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Stöckinger and Matthias Weißwange

Introduction to Renormalization Theory and Chiral Gauge Theories in Dimensional
Regularization with Non-Anticommuting γ5
Reprinted from: Symmetry 2023, 15, 622, https://doi.org/10.3390/sym15030622 . . . . . . . . . . 114

v





About the Editor

Dubravko Klabučar
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Editorial

Special Issue: Chiral Symmetry in Physics

Dubravko Klabučar

Physics Department, Faculty of Science, University of Zagreb, Bijenička cesta 32, 10000 Zagreb, Croatia;
klabucar@phy.hr

The study of symmetry principles has consistently provided excellent guidance in the
search to understand the fundamental laws of nature. Symmetries underpin our theoretical
frameworks, define conservation laws, and guide the classification of particles and inter-
actions. Among these, chiral symmetry occupies a position of particular significance. It
provides profound insights into many areas of physics, notably field theory and elemen-
tary particle physics. Rooted in the structure of quantum chromodynamics (QCD), chiral
symmetry and its spontaneous (i.e., dynamical) breaking are essential for explaining a
considerable portion of particle physics data [1] and understanding a wide array of physical
phenomena, from the many properties of hadrons to the collective behavior of matter under
extreme conditions.

This Special Issue brings together a diverse set of contributions that explore both
the established and emerging roles of chiral symmetry in modern theoretical physics. It
assembles seven outstanding papers—five original research articles and two reviews—that
employ a range of theoretical tools, from perturbative and nonperturbative field theory
methods to lattice QCD simulations and effective field theories. These works collectively
offer a broad and insightful survey of how chiral symmetry, and its dynamical breaking or
partial restoration, manifest across various physical systems and energy scales. The Table
of Contents lists the articles in the chronological order of their acceptance. The first five
are research articles; the final two are reviews. Each paper highlights a different aspect of
the evolving role of chiral symmetry in modern physics, and together they underscore the
enduring relevance of symmetry principles in shaping theoretical inquiry.

Selected Advances in Chiral Symmetry Research

The papers in this Special Issue present some of the key modern developments in our
understanding of chiral symmetry. Its spontaneous, viz. dynamical, breaking in quantum
chromodynamics (QCD) leads to emergent phenomena in hadron and nuclear physics.

Craig Roberts’ exploration of Empirical Consequences of Emergent Mass [2] has attracted
significant attention and won the Symmetry 2020 Best Paper Award [3] It demonstrates how
the relatively simple Lagrangian of QCD generates the remarkable complexity observed
in nuclear physics through the mechanism of emergent mass. As Roberts eloquently
explains, this emergent mass may be QCD’s self-stabilizing mechanism, with observable
consequences ranging from pion parton distributions to nucleon electromagnetic form
factors. This work provides a crucial framework for understanding how abstract symmetry
principles manifest themselves in measurable physical properties. Some subsequent results
and related considerations are presented in, e.g., [4–7] and references therein.

Ulf-G. Meißner’s highly cited work Two-Pole Structures in QCD: Facts, Not Fantasy! [8]
challenges conventional wisdom by revealing that certain states in the hadron spectrum—
as listed in The Review of Particle Physics [1]—actually represent two distinct states in
the complex plane. Beginning with the Λ(1405) and extending to excited charm mesons,
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Meißner’s analysis employs unitarized chiral perturbation theory to demonstrate how this
two-pole structure emerges from fundamental symmetry considerations. Here, progress
requires an interplay between theoretical methods, experimental data, and lattice QCD
simulations. To date, almost a dozen such two-pole structures have now been identified,
with those presented in [9–14] being the most recent, establishing a new class of players in
hadron spectroscopy. This work exemplifies how careful, symmetry-guided analysis can
uncover subtleties missed by more conventional approaches. Related considerations and
results are presented in, e.g., refs. [15–17] and references therein.

In a complementary vein, Mannque Rho’s investigation titled Multifarious Roles of
Hidden Chiral-Scale Symmetry [18] has made substantial contributions to our understanding
of how the axial current coupling constant impacts nuclear processes. Rho demonstrates
that the long-standing puzzle of the “quenched” gA in nuclear superallowed Gamow–
Teller transitions actually encodes the emergence of chiral-scale symmetry hidden in QCD.
This insight connects phenomena across vastly different energy scales—from neutrinoless
double-beta decays to the equation of state in massive compact stars—illustrating the
unifying power of symmetry principles. More recent work on “quenched” gA can be found
in [19–21].

The article by David Blaschke, Denis Devyatyarov, and Olaf Kaczmarek, titled Quark
Cluster Expansion Model for Interpreting Finite-T Lattice QCD Thermodynamics [22], provides a
unified approach to understanding the thermodynamics of hadron–quark–gluon matter.
Their generalized Beth-Uhlenbeck approach, with its ansatz for hadronic phase shifts,
reveals how the transition from a hadron resonance gas to a quark–gluon plasma occurs
in a narrow temperature window of 150–185 MeV, with the Mott dissociation of hadrons
triggered by the restoration of chiral symmetry. Their work exemplifies how symmetry con-
siderations can illuminate phase transitions in strongly interacting matter. This approach
has triggered follow-up research, as reported in [23], where the ansatz for the hadronic
phase shifts has been qualitatively improved and the composition of the hadron–quark–
gluon matter has been evaluated, and in [24], where the Beth-Uhlenbeck approach has been
extended to the entire QCD phase diagram and the location of the critical end point has
been discussed, while also admitting its absence.

Gergely Fejős’ contribution, titled Perturbative RG Analysis of the Condensate Dependence
of the Axial Anomaly [25], employs renormalization group techniques to investigate the
thermal behavior of ’t Hooft’s determinant coupling in the three-flavor linear sigma model.
To this end, the standard ’t Hooft term is extended by a dimension-5 anomaly operator,
resulting in a condensate-dependent effective anomaly coupling. His finding—that mesonic
fluctuations enhance the anomaly strength as the chiral condensate decreases at high
temperatures—offers critical insight into the intricate relationship between chiral symmetry
breaking and the UA(1) anomaly. Applying formalism to the nuclear liquid–gas transition
reveals that the partial restoration of chiral symmetry at the transition point leads to an
approximately 20% increase in the effective UA(1) coupling. This contrasts with many
other predictions of a weakening axial anomaly at high temperatures (for example, [26–30],
including those based on lattice QCD, e.g., [31,32], and references therein). Hence, this
underscores the importance of mesonic fluctuations and highlights the need for further
theoretical and numerical investigations into the nonperturbative dynamics of UA(1)
symmetry. Related considerations and results are presented in [33–36].

Especially striking in its bridging of theoretical domains and synthesis of seemingly
disparate fields is the mini-review by Ma and Rho, titled Dichotomy of Baryons as Quantum
Hall Droplets and Skyrmions in Compact-Star Matter [37]. Their exploration of the possible
domain-wall structure of compressed baryonic matter in massive compact stars brings
together concepts from condensed matter physics, nuclear theory, and astrophysics. By in-
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corporating hidden symmetries—flavor local symmetry and scale symmetry—into an
effective nuclear field theory, they offer a fresh perspective on the structure of nuclear
matter across density regimes. Their framework suggests a hadron–quark duality in bary-
onic matter that could revolutionize our approach to nuclear dynamics, from ordinary
nuclear matter to the extreme densities found in compact stars. Some examples of papers
outlining the broader context of bridging these different fields, and/or presenting recent
related results, are [38–46] and references therein. In particular, [21] points out the crucial
link between “quenched” gA, as explained in Ref. [18], and the pseudo-conformal sound
velocity in dense compact stars.

The comprehensive pedagogical review Renormalization Theory and Chiral Gauge Theo-
ries in Dimensional Regularization with Non-Anticommuting γ5 [47] by Dominik Stöckinger,
Amon Ilakovac and collaborators provides an invaluable resource for researchers working
with chiral gauge theories, which are the theoretical foundation of our understanding
of fundamental interactions of elementary particles. Their detailed exposition of how to
handle the spurious breaking of gauge invariance and determine symmetry-restoring coun-
terterms offers both theoretical foundations and practical guidance. The paper’s methodical
presentation of the BPHZ renormalization, Slavnov–Taylor identities, and BRST formalism
makes complex techniques accessible to a broader audience. In particular, it contains
the first published pedagogical exposition of the Breitenlohner–Maison–’t Hooft–Veltman
(BMHV) scheme of dimensional regularization applied to the renormalization of chiral
gauge theories. For related research and results, see [48–51] and references therein.

Summary

Collectively, the contributions to this Special Issue underscore the central role that
chiral symmetry and its breaking play across diverse domains of physics—from the sub-
structure of hadrons to the interior of dense astrophysical objects. These papers illustrate
the richness of the theoretical landscape and highlight the evolving interplay between
analytical methods, numerical simulations, and experimental data. As new tools and
perspectives continue to emerge—especially in areas such as lattice QCD, functional renor-
malization group methods, and holographic duality—the study of chiral symmetry remains
a fertile and dynamic field of research. Its unifying nature not only connects very different
energy scales but also bridges conceptual frameworks, from quantum field theory to con-
densed matter analogies. Pedagogical expositions of complex topics are especially valuable
for young researchers entering the field. This Special Issue includes such contributions,
with the final article in particular offering a clear and comprehensive review of founda-
tional methods in chiral gauge theories. It is our hope that this Special Issue will serve as a
resource for both active researchers and those new to the field.

Acknowledgments: The web page for this Special Issue, with links to all included articles, is
available at the following address: https://www.mdpi.com/journal/symmetry/special_issues/
chiral_symmetry_physics (accessed on 16 July 2025). I sincerely thank all the authors for their valuable
contributions and the effort they invested in preparing their work. I also gratefully acknowledge the
efficient and professional support of the Symmetry Editorial Team in bringing this issue to fruition.

Conflicts of Interest: The author declares no conflicts of interest.
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Abstract: The Lagrangian that defines quantum chromodynamics (QCD), the strong interaction piece
of the Standard Model, appears very simple. Nevertheless, it is responsible for an astonishing array of
high-level phenomena with enormous apparent complexity, e.g., the existence, number and structure
of atomic nuclei. The source of all these things can be traced to emergent mass, which might itself
be QCD’s self-stabilising mechanism. A background to this perspective is provided, presenting,
inter alia, a discussion of the gluon mass and QCD’s process-independent effective charge and
highlighting an array of observable expressions of emergent mass, ranging from its manifestations in
pion parton distributions to those in nucleon electromagnetic form factors.

Keywords: confinement of gluons and quarks; dynamical chiral symmetry breaking; Dyson-Schwinger
equations; emergence of hadronic mass; hadron elastic form factors; hadron spectroscopy and structure;
Higgs mechanism; parton distribution amplitudes and functions; strong (non-perturbative) QCD

1. Introduction

One might define emergent phenomena as those features of nature which do not readily admit an
explanation solely in terms of known or conjectured mathematical rules. The concept is at least as
old as Aristotle (384–322 BC), who argued that a compound item can have (emergent) properties in
the whole which are not explicable merely through the independent actions of the item’s constituent
parts. His view is often represented by the statement “The whole is more than the sum of its parts.”
In this sense, emergence has its origins in the Greek “sunergos”: “together” plus “working”, which is
the origin of our current concept of synergy, viz. things working together more effectively than could
be anticipated from their independent actions in isolation. (Etymologically, the word “emergence”
entered English in the mid 17th century, meaning “unforeseen occurrence” and derived from the
medieval Latin “emergentia”, itself from the Latin “emergere”, meaning “bring to light” (Source:
Oxford English Dictionary). Herein, “emergence” is seen as a larger notion than is typically expected
from this literal connection.).

This perspective is typically contrasted with that described as reductionism; namely, the view that
everything in nature can ultimately be viewed as no more complex in principle than, e.g., a (very good)
watch, which is clearly a complex object; but, equally clearly, not more than the sum of its parts.

In developing such a contrast through debate, hard lines are sometimes drawn, with individuals
deciding or being forced to choose one side or the other. This is taking the argument too far, however.
During each epoch in history, there has always been a line dividing physics from metaphysics; but the
location of that border is neither fixed nor impermeable. As time and humanity have progressed,
more aspects of nature have seeped into the pool of physics. Notwithstanding such progress, it does
not follow that fewer questions have been left beyond physics. Typically, as mathematics has succeeded
in explaining more phenomena, new discoveries have been made, often emerging from attempts to
test the newly formulated theories. (One may think here of the discovery of the neutron and then
the plethora of other so-called elementary particles, to which the introduction of order demanded the

Symmetry 2020, 12, 1468; doi:10.3390/sym12091468 www.mdpi.com/journal/symmetry
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development of quantum field theory.) Therefore, the tension remains. If nature is bounded, then this
might change at some future time; but today it would be gross hubris to maintain such a position.

The question “Can all objects that have emerged in nature be explained by a finite collection of
rules?” is at least as old as human thought, and we cannot know the answer until all that nature can
produce has been discovered. Plainly, the debate must continue, and, perhaps, its greatest merit is the
spur that each side provides the other as we seek to understand our place in the scheme of things.

2. Strong Interactions in the Standard Model

2.1. Natural Mass Scale

A significant part of the ongoing debate centres on the character of mass and its consequences in
the Standard Model of Particle Physics (SM), especially as it emerges from the strong interaction sector;
namely, quantum chromodynamics (QCD). To introduce this problem, it is worth recalling the Nobel
Prize acceptance speech given by H. D. Politzer; in particular, the following remarks [1].

The establishment by the mid-1970’s of QCD as the correct theory of the strong interactions completed
what is now known prosaically as the Standard Model. It offers a description of all known fundamental
physics except for gravity, and gravity is something that has no discernible effect when particles are
studied a few at a time. However, the situation is a bit like the way that the Navier-Stokes equation
accounts for the flow of water. The equations are at some level obviously correct, but there are only a
few, limited circumstances in which their consequences can be worked out in any detail. Nevertheless,
many leading physicists were inclined to conclude in the late 1970’s that the task of basic physics was
nearly complete, and we’d soon be out of jobs. A famous example was the inaugural lecture of Stephen
Hawking as Lucasian Professor of Mathematics, a chair first held by Isaac Barrow at Cambridge
University. Hawking titled his lecture, ‘Is the End in Sight for Theoretical Physics?’ And he argued
strongly for ‘Yes’.

Concerning the character of mass, many might believe that the answer was found in 2012 with the
discovery of the Higgs boson [2,3] and the subsequent Nobel Prize awarded in equal share to F. Englert
and P. Higgs [4,5], with the citation “for the theoretical discovery of a mechanism that contributes to our
understanding of the origin of mass of subatomic particles . . . ”. Nevertheless, while discovery of the
Higgs was a watershed, it should be placed in context; something achieved nicely and informally on
The Guardian’s live blog: theguardian.com/science/2011/dec/13/higgs-boson-seminar-god-particle

The Higgs field is often said to give mass to everything. That is wrong. The Higgs field only gives
mass to some very simple particles. The field accounts for only one or two percent of the mass of more
complex things, like atoms, molecules, and everyday objects, from your mobile phone to your pet llama.
The vast majority of mass comes from the energy needed to hold quarks together inside atoms.

These remarks implicitly highlight QCD, the quantum field theory formulated in four spacetime
dimensions which defines what is arguably the SM’s most important chapter. QCD is supposed
to describe all of nuclear physics through the interactions between quarks (matter fields) that are
mediated by gluons (gauge bosons). Yet, fifty years after the discovery of quarks [6–8], science is only
just beginning to grasp how QCD moulds the basic bricks for nuclei: pions, neutrons, protons, etc.,
and it is far from understanding how QCD produces nuclei.

The natural scale for nuclear physics (strong interactions) is characterised by the proton mass:

mp ≈ 1 GeV ≈ 2000 me , (1)

where me is the electron mass, i.e., mp = 1.783 × 10−27 kg. In the SM, me is correctly attributed to
the Higgs boson, but what is the cause of the prodigious enhancement required to produce mp?
Followed logically to its source, this question leads to an appreciation that our Universe’s existence
depends critically on, inter alia, the following empirical facts. (i) The proton mass is large, i.e.,
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the mass-scale for QCD is very much larger than that of electromagnetism; (ii) the proton does not
decay, despite being a compound state built from three valence-quarks; and (iii) the pion, which carries
long-range interactions between nucleons (neutrons and protons), is abnormally light (not massless),
having a lepton-like mass even though it is a strongly interacting object built from a valence-quark and
valence antiquark. (The μ-lepton, discovered in 1936 [9], was initially mistaken for the pion. The pion
was only found a decade later [10].) These qualities of Nature transport us to a reductionist definition
of emergence. Namely, assuming it does describe strong interactions, then the one-line Lagrangian of
QCD—a very simple low-level rule—must somehow produce high-level phenomena with enormous
apparent complexity.

At this point, it is worth studying the Lagrangian of chromodynamics, which appeared as the
culmination of a distillation process applied to a large array of distinct ideas and discoveries [11,12]:

LQCD = ∑
j=u,d,s,...

q̄j[γμDμ + mj]qj +
1
4 Ga

μνGaμν, (2a)

Dμ = ∂μ + ig 1
2 λa Aa

μ , Ga
μν = ∂μ Aa

ν + ∂ν Aa
μ − g f abc Ab

μ Ac
ν. (2b)

Here, {qj} are the quark fields, with j their flavour label and mj their Higgs-generated
current-quark masses, and {Aa

μ, a = 1, . . . , 8} are the gluon fields, with { 1
2 λa} the generators of

the SU(3) (chromo/colour) gauge-group in the fundamental representation. Comparing with quantum
electrodynamics (QED), the solitary difference is the piece describing gluon self-interactions, marked as
the underlined term in Equation (2b). Somehow, the origin, mass and extent of almost all visible matter
in the Universe is attributable to LQCD—one line plus two definitions. That being true, then . . .

QCD is quite possibly the most remarkable fundamental theory ever invented.

The only apparent energy scales in Equation (2) are the Higgs-generated current-quark masses,
but focusing on the u (up) and d (down) quarks that define nucleons, this scale is more-than
one-hundred-times smaller than mp [13]. No amount of “staring” at LQCD can reveal the source
of that enormous amount of “missing mass”; yet, it must be there. (This is a stark contrast to QED
wherein, e.g., the scale in the spectrum of the hydrogen atom is set by me, which is a prominent feature
of LQED that is generated by the Higgs boson.).

Models and effective field theories (EFTs) for nuclear physics typically assume existence of the
mp ≈ 1 GeV mass-scale and build upon it. They also assume the reality of effectively pointlike nuclear
constituents (nucleons) and force carriers (pions and, perhaps, other meson-like entities). Their task
is not to elucidate the internal structure of such objects. Instead, they aim to develop systematically
improvable techniques that can describe the number and properties of atomic nuclei. This may be
seen as reductionism built on an emergent plateau. The basic reductionist question generated by this
approach is “Can the plateau upon which the nuclear model/EFT paradigm is built be constructed
from QCD?” If the answer is “yes”, then all parameters used and fitted in such theories of nuclear
structure will (some day) be confronted with ab initio predictions in a profound test of the SM.

Today there is a good case to be made for an affirmative answer to this question. Amongst the
numerous supporting examples, one may list QCD-connected computations of the hadron spectrum.
Depicted in Figure 1, one sees that two disparate approaches to solving QCD [14,15] produce a
spectrum of ground-state hadrons in good agreement with experiment.

Importantly, however, neither calculation presented in Figure 1 was able to predict the size of
the proton mass. Apart from the Higgs-generated current-quark masses, each has an undetermined
mass-scale parameter, denoted hereafter as ΛQCD. Its value is chosen to fit one experimental number,
e.g., the pion’s leptonic decay constant, but after ΛQCD is fixed, all other results are predictions.
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Figure 1. Masses of pseudoscalar and vector mesons, and ground-state positive-parity octet and
decuplet baryons calculated using continuum (Contm—squares, red) [14] and lattice (lQCD—circles,
blue) [15] methods in QCD compared with experiment [13] (PDG—black bars, with decay-widths of
unstable states shaded in grey). The continuum study did not include isospin symmetry breaking effects,
which are evidently small, as highlighted by the empirically determined Σ-Λ mass difference (<7%).

2.2. Whence Mass?

Herein, it is worth explaining the need for such a scale-setting procedure. Regarded classically,
chromodynamics is a local non-Abelian gauge field theory, and defined in four spacetime dimensions,
there is no mass-scale if Lagrangian masses for the fermions are omitted. (The absence of such masses
defines the chiral limit.) Scale invariant theories do not support dynamics, only kinematics. Therefore,
bound states are impossible; so, the Universe cannot exist.

Spontaneous symmetry breaking, as generated by the Higgs mechanism, does not resolve this
issue. The masses of the neutron and proton, which lie at the heart of all visible matter, are two
orders-of-magnitude greater than the Higgs-generated current-masses of the u- and d-quarks, which are
the defining constituents of protons and neutrons.

Consequently, questions like “How does a mass-scale appear?” and “Why does this scale have its
observed value?” are consanguineous with the question “How did the Universe form?”

Modern quantum field theories are built upon Poincaré invariance. In this connection, consider
the energy-momentum tensor in classical chromodynamics, Tμν. In field theory, conservation of energy
and momentum is a consequence of spacetime translational invariance, one of the family of Poincaré
transformations. Consequently,

∂μTμν = 0 . (3)

Consider now a global scale transformation in the Lagrangian of classical chromodynamics:

x → x′ = e−σx , Aa
μ(x) → Aa′

μ (x′) = e−σ Aa
μ(e

−σx) , q(x) → q′(x′) = e−(3/2)σq(e−σx) , (4)

where σ is spacetime-independent. The associated Noether current is

Dμ = Tμνxν , (5)

viz. the dilation current. In the absence of fermion masses, the classical action is invariant under
Equation (4), i.e., the theory is scale invariant; therefore,

∂μDμ = 0 = [∂μTμν]xν + Tμνδμν = Tμμ , (6)
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where the last equality follows from Equation (3). Evidently, the energy-momentum tensor must be
traceless in a scale invariant theory.

Classical chromodynamics is not a meaningful physical framework for many reasons;
amongst them the fact, illustrated by Figure 1, that strong interactions are empirically known to
be characterised by a large mass-scale, mp ≈ 1 GeV. In quantising the theory, a mass-scale is introduced
by regularisation and renormalisation of ultraviolet divergences. This is “dimensional transmutation”:
all quantities, including the field operators themselves, become dependent on a mass-scale. This entails
the violation of Equation (6), i.e., the appearance of the chiral-limit “trace anomaly” [16]:

Tμμ = β(α(ζ)) 1
4 Ga

μνGa
μν =: Θ0 , (7)

where β(α(ζ)) is QCD’s β-function, α(ζ) is the associated running-coupling, and ζ is the
renormalisation scale. Equation (7) indicates that a mass-scale linked to the resolving power of
a given measurement is engendered via quantisation; to wit, the scale emerges as an indispensable part
of the theory’s quantum definition.

This mass is exhibited in the gauge-boson vacuum polarization. In QED, the photon vacuum
polarization does not possess an infrared mass-scale, and dimensional transmutation acts simply to
generate the gentle evolution of the QED coupling, i.e., any dynamical breaking of QED’s conformal
features is small; therefore, the associated trace anomaly is normally negligible. In contrast, gauge sector
dynamics drives a Schwinger mechanism in QCD [17–34], so that the QCD trace anomaly expresses a
mass-scale which is, empirically, very significant. This is discussed in Section 4.2.

There is another aspect of chromodynamics that should be highlighted, namely, the classical
Lagrangian still defines a non-Abelian local gauge theory. Accordingly, the concept of local gauge
invariance persists; but without a mass-scale, there is no notion of confinement. For instance, one can
compose a colour-singlet combination of three quarks and colour rotations will preserve its colour
neutrality; but the participating quarks need not be close together. In fact, it is meaningless to discuss
proximity because, in a scale invariant theory, all lengths are equivalent. Accordingly, the question
of “Whence mass?” is indistinguishable from “Whence a mass-scale?”, is indistinguishable from
“Whence a confinement scale?”.

Evidently, one does not learn much from knowing that a trace anomaly exists. It only means
there is a mass-scale. The central concern is whether the magnitude of that scale can be computed
and understood.

The magnitude of the scale anomaly can definitely be measured, and this simply by considering
the in-proton expectation value of the energy-momentum tensor (see, e.g., in [35]):

〈p(P)|Tμν|p(P)〉 = −PμPν , (8)

where the equations-of-motion for a one-particle proton state were used to obtain the right-hand-side.
Now, in the chiral limit

〈p(P)|Tμμ|p(P)〉 = −P2 = m2
p = 〈p(P)|Θ0|p(P)〉 . (9)

Therefore, there is a sound position from which one may conclude that gluons generate all the
proton’s mass: the measured value of the trace anomaly is large; and, logically, that feature owes to
gluon self-interactions, the agent behind asymptotic freedom.

This is a valid deduction because, ultimately, what else could account for a mass-scale in QCD?
Gluon self-interactions are QCD’s definitive feature, and it is these interactions that might enable a
rigorous (non-perturbative) definition of the matrix element in Equation (9). Nevertheless, it is only
reasonable to conclude this when the operator and wave function are computed at a resolving scale
ζ � mp, i.e., when one employs a parton-model basis [36].
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There is another issue, too, which can be exposed by returning to Equation (8) and replacing the
proton by the pion

〈π(q)|Tμν|π(q)〉 = −qμqν ⇒ 〈π(q)|Θ0|π(q)〉 = m2
π

chiral limit
= 0 (10)

because the chiral-limit pion is a massless Nambu–Goldstone (NG) mode [37,38]. It is possible that
Equation (10) means the scale anomaly is trivially zero in the pion, i.e., gluon self-interactions have no
effect in the pion because each term required to express the operator vanishes separately. Yet, such a
conclusion would sit uncomfortably with known QCD dynamics, which expresses both attraction and
repulsion, but never passive inactivity. More likely, then, the final identity in Equation (10) results from
cancellations between different terms in the complete operator matrix element. Naturally, such precise
cancellation could not be accidental. It would require that some symmetry is broken in a very particular
manner. (The mechanism is explained in Section 4.5.)

Equations (9) and (10) present a quandary. They stress that any understanding of the proton’s
mass is incomplete unless it simultaneously explains Equation (10). Moreover, any discussion of
confinement, fundamental to the proton’s stability, is unreasonable before this conundrum is resolved.
As will become clear, at least some of these features of Nature have a reductionist explanation grounded
in the dynamics responsible for the emergence of mp as the natural mass-scale for nuclear physics;
and one of the most important goals in modern science is to explain and elucidate the entire array of
empirical consequences of this dynamics [39–43].

3. Confinement

It is a textbook result, with its origin in the Nobel Prize for the discovery of asymptotic
freedom [1,44,45], that QCD is characterised by an interaction which becomes stronger as the
participants try to separate. Remaining within those results that can be established using perturbation
theory, one is led to contemplate some unusual possibilities: if the coupling strength rises rapidly with
separation, then perhaps it is not bounded, and perhaps an infinite amount of energy is required to
remove a gluon or quark from the interior of a hadron? Such thinking has produced

The Confinement Hypothesis: Colour-charged particles cannot be isolated and therefore cannot
be directly observed. They clump together in colour-neutral bound-states.

Confinement seems to be an empirical reality, but a credited mathematical proof is lacking.
Partly as a result, the Clay Mathematics Institute proffered a “Millennium Problem” prize of $1 million
for a proof that pure-glue QCD is mathematically well defined [46]. One necessary part of such a proof
would be to establish whether the confinement postulate is correct in pure-gauge QCD i.e., the theory
obtained from Equation (2) after omitting all terms containing quark fields.

There is a pitfall here, however: no reader of this material can be described within pure-glue QCD.
Light quarks are essential to understanding all known visible matter. Thus, a proof of confinement
in pure-glue QCD is chiefly irrelevant to our Universe. Life exists because nature has supplied two
light quark flavours, combinations of which form the pion, and the pion is unnaturally light, thus very
easily produced and capable of propagating over nuclear-size distances. Therefore, as noted previously
by others [47,48], no explanation of SM confinement is empirically relevant unless it also describes
the link between confinement and the emergence of mass, and so the existence and role of pions, i.e.,
pseudo-NG modes with mπ 
 mp.

One piece of the Yang–Mills millennium problem [46] is to prove that a mass-gap, Δ > 0, exists in
pure-glue QCD. This conjecture is supported by some strong evidence, e.g., numerical studies of
lattice-regularised QCD (lQCD) find Δ � 1.5 GeV [49]. This sharpens the conundrum described above:
with Δ2/m2

π � 100, can the mass-gap in pure Yang–Mills theory really play any role in understanding
confinement when the emergence of mass, driven by kindred dynamics, ensures that our Universe
supports almost-massless strongly-interacting excitations? Skirting the question, one can respond that
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any explanation of confinement must simultaneously describe its link to pion properties. From this
position, pions are viewed as playing a critical role in any explanation of SM confinement, and a
discussion that omits reference to pions is practically irrelevant.

These observations indicate that the potential between infinitely-heavy quarks computed in
numerical simulations of quenched lQCD—the static potential [50], often associated with formation of
an incredibly strong flux tube between the colour source and sink [51]—is detached from the question
of confinement in our Universe. In fact, as light–particle annihilation and creation effects are essentially
non-perturbative in QCD, it is impossible to calculate a quantum mechanical potential between two
light quarks [52–54]. It follows that there is no discernible flux tube in a Universe with light quarks; so,
the flux tube is not the correct paradigm for confinement.

As highlighted already, the emergence of mass is key here. It ensures the existence of pseudo-NG
modes, and no flux tube linking a static colour source and sink can have an observable existence in the
presence of these modes. To verify this statement, suppose that such a tube is stretched between a source
and sink. The potential energy stored within the tube may only increase until it reaches the amount
required to produce a particle–antiparticle pair of the system’s pseudo-NG modes. Simulations of
lQCD demonstrate [52,53] that the flux tube then disappears instantaneously, leaving two separated
colour-singlet systems. The length-scale characterising this effect is r� σ � (1/3) fm; so, if any such
string forms, it would disintegrate well within a hadron’s interior.

An alternative realisation associates confinement with marked changes in the analytic properties
of coloured propagators and vertices, driven by QCD dynamics. That leads such coloured n-point
functions to violate the axiom of reflection positivity, thereby eliminating the associated excitations
from the Hilbert space associated with asymptotic states [55]. This is certainly a sufficient condition
for confinement [25,31,56–71].

It should be highlighted, however, that the appearance of such modifications when analysing
some simplification of a given theory does not signify that the theory itself is truly confining:
uncommon spectral properties can be introduced by approximations, yielding a truncated version of a
theory which expresses confinement even though the complete theory does not, see, e.g., in [72,73].
Notwithstanding exceptions like these, in a veracious treatment of QCD the computed violation of
reflection positivity by coloured functions does express confinement.

4. Strong QCD

4.1. Dyson–Schwinger Equations

The appearance and size of the natural scale for nuclear physics (mp ≈ 1 GeV) and the confinement
of gluons and quarks are emergent phenomena. They are not apparent in the QCD Lagrangian,
yet they determine the character of QCD’s spectrum, the structure of bound states and so forth.
Given Equation (2), the natural question to ask is whether one can understand these features reductively,
i.e., directly in terms of the degrees-of-freedom used to formulate QCD, or does the complexity of
strong interaction phenomena make prediction and explanation impractical (impossible)? For instance,
is it pointless to attempt the QCD-connected prediction of any nucleon structural property on a domain
that is not yet empirically accessible?

If a reductive explanation is impossible, then science must rely on a tower of EFTs, each level
developed for a different energy domain, in order, e.g., to express and understand the consequences of
the emergence of mass and contingent effects, such as confinement, without identifying their source.

On the other hand, if a reductive approach is possible, then non-perturbative calculational
methods must be developed to define and solve QCD. Prominent amongst such techniques today are
(i) the numerical simulation of lQCD [74–76] and (ii) continuum Schwinger function methods (CSMs),
viz.ã collection of models and schemes, each with varying degrees of connection to Equation (2).
Currently, each of these two approaches has strengths and weaknesses, so the best way forward is to
combine them to the fullest extent that is reasonably possible and exploit the synergies that emerge.
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Among CSMs, the Dyson–Schwinger equations (DSEs) have proven useful [63,77–86]. These
quantum field theory generalisations of the Euler–Lagrange equations provide a continuum method
for calculating Schwinger functions; namely, the same Euclidean-space Green functions that are
computed using lQCD. Consequently, there are many opportunities for cross-fertilisation between
DSE and lQCD studies, and this has been exploited to increasingly good effect during the past twenty
years, especially at the level of propagators (2-point functions) and vertices (3-point functions) defined
using QCD’s elementary degrees-of-freedom.

The challenge to DSE analyses is found in the fact that the equation for any given n-point
function is coupled with those for some higher-n-point functions, e.g., the gap equation for the quark
2-point function is coupled to those for the gluon 2-point function and the gluon-quark 3-point
function. Therefore, truncations are necessary in order to define a tractable problem. Systematic,
symmetry-preserving schemes have been developed [87–93], so that today DSE predictions can be
distributed into three classes: (A) model-independent results in QCD; (B) illustrations of such results,
using well-constrained model elements and possessing a recognisable connection to QCD; and (C)
analyses that can reasonably be described as QCD-based, but whose elements have not been calculated
using a truncation that maintains a systematically-improvable connection with QCD. Regarding the
last two classes, comparisons between schemes and orders within schemes can be used to identify
robust outcomes. Results can also be compared with lQCD predictions, when available, capitalising
on the overlap domain of these two approaches, and, of course, predictions can be tested against
experiment, which is, as always, the final arbiter in physics.

4.2. Gluon Mass

It is now possible and appropriate to return to the confinement hypothesis, introduced in the opening
paragraph of Section 3 and expressed in the “Millennium Problem”. Beginning with pioneering efforts
roughly forty years ago [17,18], continuum and lattice studies of QCD’s gauge sector have been
growing in sophistication and reliability. The current state of understanding can be traced from an
array of sources, see, e.g., in [17–34]. Of specific interest is the property that the gluon propagator
saturates at infrared momenta; to wit,

Δ(k2 � 0) = 1/m2
g, (11)

where Δ(k2) is the scalar function that characterises the dressed gluon propagator. This entails that
the long-range propagation characteristics of gluons are markedly altered by their self-interactions.
Significantly, one may associate a renormalisation-group-invariant (RGI) gluon mass-scale with this
effect: m0 ≈ mp/2, and summarise a large body of work by recording that gluons, although behaving as
massless entities on the perturbative domain, actually possess a running mass, with m0 characterising
its value at infrared momenta.

Asymptotic freedom guarantees that QCD’s ultraviolet behaviour is tractable; but the emergence
of a gluon mass reveals a new SM physics frontier because the existence of a running gluon
mass, sizeable at infrared momenta, influences all analyses of the continuum bound-state problem.
For instance, it could be a harbinger of gluon saturation [94,95].

Furthermore, m0 > 0 entails that QCD dynamically generates its own infrared cut-off, so that
gluons with wavelength λ � σ := 1/m0 ≈ 0.5 fm decouple from the strong interaction, hinting at a
dynamical realisation of confinement [25,31,56–71]. In this picture, once a gluon or quark is produced,
it starts to propagate in spacetime, but following each “step” of average length σ an interaction
occurs and the parton loses its identity, sharing it with others. Ultimately a parton cloud is produced,
which fuses into colour-singlet final states. This physics is embodied in parton fragmentation functions
(PFFs), which describe how QCD partons, (nearly) massless when produced in a high-energy event,
transform into a cascade of massive hadrons. PFFs express the emergence of hadrons with mass from
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massless partons [96]. Such observations suggest that PFFs are the cleanest expression of dynamical
confinement in QCD. This perspective can be explored at modern and anticipated facilities.

4.3. Effective Charge

Among the many other consequences of QCD’s intricate non-perturbative gauge-sector dynamics
is the generation of a process-independent (PI) running coupling, α̂(k2), see, e.g., in [32–34]. Depicted
as the solid (black) curve in Figure 2, this is a new type of effective charge. It is an analogue of the
Gell–Mann–Low effective coupling in QED [97] because it is completely determined by the gauge-
boson vacuum polarisation, when the problem is approached using the pinch technique [17,98–100]
and background field method [101]. The result in Figure 2 is a parameter-free Class-A DSE prediction,
capitalising on analyses of QCD’s gauge sector undertaken using continuum methods and informed
by numerical simulations of lQCD.

Figure 2. Solid black curve within grey band—RGI PI running-coupling, α̂(k2)/π, computed in [34]
(Cui et al. 2020), and dot-dashed green curve—earlier result (R-Q et al. 2018) [33]. (The grey band
bordered by dashed curves indicates the uncertainty in the result arising from that in both continuum
and lattice-QCD inputs and is detailed in [34].) For comparison, world data on the process-dependent
charge, αg1 , defined via the Bjorken sum rule, are also depicted. (The data sources are listed
elsewhere [34]. For additional details, see e.g., in [102–104].) The k-axis scale is linear to the left
of the vertical partition, and logarithmic otherwise. The vertical line, k = mG, marks the gauge sector
screening mass, Equation (12).

The data in Figure 2 represent empirical information on αg1 , a process-dependent effective-
charge [105,106] determined from the Bjorken sum rule, a basic constraint on our knowledge of
nucleon spin structure. Solid theoretical reasons underpin the almost precise agreement between α̂

and αg1 [32–34], so that the Bjorken sum serves as a window through which to gain empirical insight
into QCD’s effective charge.

Figure 2 shows that QCD’s unique effective coupling is everywhere finite, i.e., there is no
Landau pole and the theory plausibly possesses an infrared-stable fixed point. Apparently, QCD is
infrared-finite because a gluon mass-scale is dynamically generated. (A theory is said to possess a
Landau pole at k2

L if the effective charge diverges at that point. In QCD perturbation theory, such a
pole exists at k2

L = Λ2
QCD. Were such a pole to persist in a complete treatment of QCD, it would signal

an infrared failure of the theory. On the other hand, the absence of a Landau pole supports a view
that QCD is alone amongst four-dimensional quantum field theories in being defined and internally
consistent at all energy scales. This might have implications for attempts to develop an understanding
of physics beyond the SM based upon non-Abelian gauge theories [71,107–113]). In this case, the value
of the PI charge at k2 = Λ2

QCD defines a screening mass [114,115]: mG ≈ 1.4 ΛQCD ≈ 0.71 GeV.
As evident in Figure 2, mG marks a boundary: the running coupling alters character at k � mG so that
modes with k2 � m2

G are screened from interactions and the theory enters a practically conformal
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domain. Evidently, the line k = mG draws a natural border between soft and hard physics; therefore,
defines the “hadronic scale”:

ζH = mG . (12)

This is the scale at which all the properties of a hadron are expressed by the dressed quasiparticles
that form the DSE kernels and emerge as the self-consistent solutions of the associated equations.

As a unique PI effective charge, α̂ appears in each of QCD’s dynamical equations of motion,
including the gauge- and matter-sector gap equations, setting the strength of all interactions.
It therefore plays a critical role in settling the fate of chiral symmetry; to wit, the dynamical origin of
light-quark masses in the SM even in the absence of a Higgs coupling.

4.4. Dynamical Chiral Symmetry Breaking

Just as a gluon mass-scale emerges dynamically in QCD, massless current-quarks become massive
dressed-quarks through a phenomenon known as dynamical chiral symmetry breaking (DCSB) [116].
This effect is another of the critical emergent phenomena in QCD. It is expressed in hadron wave
functions, not in vacuum condensates [81,117–120], and modern theory indicates that more than
98% of the visible mass in the Universe can be attributed to DCSB. As classical massless-QCD is a
scale-invariant theory (Section 2.2), this means that DCSB is fundamentally connected with the origin of
mass from nothing.

DCSB is most readily apparent in the dressed-quark propagator

S(p) = 1/[iγ · pA(p2) + B(p2)] = Z(p2)/[iγ · p + M(p2)] , (13)

which is obtained as the solution of a gap equation whose kernel is critically dependent upon α̂. M(p2)

in Equation (13) is the dressed-quark mass-function, depicted and explained in Figure 3.

Figure 3. Renormalisation-group-invariant dressed-quark mass function, M(p) in Equation (13):
solid curves—gap equation solutions [121,122], “data”—numerical simulations of lQCD [123],
available for current-quark masses m = 30, 70 MeV. QCD’s current-quark evolves into a constituent-quark
as its momentum becomes smaller. The constituent-quark mass arises from a cloud of low-momentum
gluons attaching themselves to the current-quark. This is DCSB, the essentially non-perturbative
effect that generates a quark mass from nothing; namely, it occurs even in the chiral limit. Notably,
the size of M(0) is a measure of the magnitude of the QCD scale anomaly in n = 1-point Schwinger
functions [124]. Moreover, experiments on Q2 ∈ [0, 12]GeV2 at the modern Thomas Jefferson National
Accelerator Facility (JLab) will be sensitive to the momentum dependence of M(p) within a domain
that is here indicated approximately by the shaded region.

One must insist that chiral symmetry breaking in the absence of a Higgs mechanism is dynamical.
It is distinct from Higgs-induced spontaneous symmetry breaking because (a) nothing is added to
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QCD to catalyse this remarkable outcome and (b) no simple change of variables in the QCD action can
reveal it. Instead, following quantisation of classical chromodynamics, with its massless gluons and
quarks, a large mass-scale emerges in both the gauge- and matter-sectors.

DCSB is empirically revealed very clearly in properties of the pion, whose structure in QCD is
described by a Bethe–Salpeter amplitude:

Γπ(k; P) = γ5
[
iEπ(k; P) + γ · PFπ(k; P) + γ · k Gπ(k; P) + σμνkμPν Hπ(k; P)

]
, (14)

where k is the relative momentum between the pion’s valence-quark and -antiquark (defined such that
the scalar functions in Equation (14) are even under k · P → −k · P) and P is their total momentum.
Γπ(k; P) is directly related to an entity that, if a nonrelativistic limit were appropriate, would become
the pion’s Schrödinger wave function.

In chiral-limit QCD, if, and only if, chiral symmetry is dynamically broken, then [89,91,93]

f 0
πEπ(k; 0) = B(k2) , (15)

where f 0
π is the pion’s leptonic decay constant evaluated in the chiral-limit. This identity is exceptional.

It is independent of the renormalisation scheme and true in any covariant gauge, and it entails that
the two-body problem is solved, nearly completely, once the solution to the one body problem is
known. Furthermore, Equation (15) has many corollaries, e.g., it ensures that chiral-QCD generates
a massless pion in the absence of a Higgs mechanism; predicts m2

π ∝ m on m � 0, where m is
the current-quark mass; and entails that the chiral-limit leptonic decay constant vanishes for all
excited-state pseudoscalar mesons with nonzero isospin [125,126]. It is also the keystone that supports
the success of chiral effective field theories in nuclear physics.

Equation (15), which may be described as a quark-level Goldberger–Treiman relation, is the most
basic statement in QCD of the Nambu–Goldstone theorem [37,38]. (Additional considerations applying
to the η-η′ complex are described elsewhere [127,128].)

The Nambu–Goldstone theorem is fundamentally an expression of equivalence between the one-body
problem and the two-body problem in QCD’s colour-singlet pseudoscalar channel.

It means that pion properties are practically a direct measure of the dressed-quark mass function
rendered in Figure 3. Thus, the qualities of the nearly-massless pion are, enigmatically, the cleanest
expression of the mechanism that is responsible for almost all visible mass in the Universe.

Reinstating the Higgs mechanism, so that the light-quarks possess their small current-masses,
roughly commensurate with the electron mass, then DCSB is responsible for, inter alia, the physical
size of the pion mass (mπ ≈ 0.15 mp); the large mass-splitting between the pion and its valence-quark
spin-flip partner, the ρ-meson (mρ > 5 mπ); and the natural scale of nuclear physics, mp ≈ 1 GeV.
Curious things also happen to the kaon. Similar to a pion, except that a strange quark replaces one of
the light quarks, the kaon comes to possess a mass mK ≈ 0.5 GeV. In this case, a competition is taking
place between dynamical and Higgs-driven mass generation [114,115,128–131].

Expanding upon these observations, it is worth highlighting that the physical size of mπ is actually
much bigger than that linked with the Higgs mechanism for light quarks. Empirically, the scale of
the Higgs effect in the light-quark sector is ∼1 MeV [13]. As remarked above, mπ = 0 without a
Higgs mechanism, but the current-masses of the light quarks in the pion are the same as they are in
nucleons. Therefore, the simple Higgs mechanism result is mπ ≈ (mu + md), yielding a value which
is only 5% of the physical mass. This physical mass emerges as the result of a hefty DCSB-induced
enhancement factor, which multiplies the current-quark mass contribution [42]. However, the scale of
DCSB is ∼ mp/3, i.e., the size of a typical u or d constituent-quark mass, and the special NG-character
of the pion means that although it should have a mass ∼ (2/3)mp ≈ mρ, most of that mass is cancelled
by gluon binding effects owing to constraints imposed by DCSB [124]. The mechanism will now
be explained.
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4.5. Pion and the Trace Anomaly

At this point, it is possible to resolve the dichotomy expressed by Equations (9) and (10).
These statements hold equally on a measurable neighbourhood of the chiral limit because each hadron’s
mass is a continuous function of the current-masses of its valence-quarks/antiquarks. So consider that
for any meson, H2, constituted from a valence-quark with current-mass mq and a valence-antiquark
with mass mq̄,

sH2(0) = 〈H2(q)|mΣψ̄ψ|H2(q)〉 = mΣ
∂m2

H2

∂mΣ
, (16)

where mΣ = (mq + mq̄), viz. the scalar form factor at zero momentum transfer measures the reaction
of the meson’s mass-squared to a variation in current-quark mass. It is merely a misleading convention
to define the meson’s σ-term as σH2 = sH2(0)/[2mH2 ]. Notably, the pion (and any other NG mode)
possesses the peculiar property that

sπ(0)
mΣ�0
= mΣ

∂m2
π

∂mΣ
= 1 × m2

π , (17)

which is the statement that in the vicinity of the chiral limit, 100% of the pion mass-squared owes to
the existence of the current-mass in LQCD. One should compare this result with that for the pion’s
valence-quark spin-flip partner, i.e., the ρ-meson [132]:

sρ(0) ≈ 0.06 m2
ρ, (18)

indicating that just 6% of the ρ-meson’s mass-squared is generated by the current-mass term in
LQCD. The remainder arises largely as a consequence of EHM [42], as suggested by the fact that
mρ ≈ 2M(0), where M(k2) is the dressed-quark mass function in Figure 3. The key to understanding
Equation (10) is Equation (15) and three associated Goldberger–Treiman-like relations, which are
exact in chiral QCD. Utilising these identities when working with those DSEs needed to describe
a pseudoscalar meson, an algebraic proof of the following statement can be constructed [89,91,93]:
at every order in a symmetry-preserving analysis, the masses generated for the valence-quarks
that constitute the system are exactly cancelled by the attraction produced by interactions between
them. This cancellation ensures that the initial two-valence-parton system, which began massless,
grows into a complex system, with a bound-state wave function tied to a pole in the scattering matrix
at P2 = 0. Stated simply, Equation (10) is obtained through cancellations between one-body dressing
and two-body binding effects:

Mdressed
quark + Mdressed

antiquark + Udressed
quark−antiquark interaction

chiral limit≡ 0 , (19)

with the sum being exactly zero if, and only if, chiral symmetry is broken dynamically in the Nambu
pattern. (A full discussion is provided in Sec. 3.3 of Ref. [124].) Away from the chiral limit for NG
modes and always in other channels, the cancellation is incomplete.

It is important to remark that such a transparent resolution of the conundrum expressed by
Equations (9) and (10) is impossible if one insists on using a parton model basis, in which the
trace anomaly operator is given simply by Equation (7). One must employ a modern quasiparticle
formalism. Then, with dressed-particle propagators and bound-state wave functions, obtained at a
low renormalisation scale, ζ � mp, as solutions of coupled integral equations, each of which sums a
countable infinity of diagrams, Equation (10) can be re-expressed:

〈π(q)|Θ0|π(q)〉 ζ�mp
= 〈π(q)| 1

4 β(α(ζ))Ga
μνGa

μν|π(q)〉 ζ�mp→ 〈π(q)|D1 + I2|π(q)〉 , (20a)

D1 = ∑
f=u,d

Mf (ζ) Q̄ f (ζ)Q f (ζ) , I2 = 1
4 [β(α(ζ))Ga

μνGa
μν]2PI . (20b)
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Equations (20) describe the transfigurement of the chiral-limit parton-basis expression of the trace
anomaly’s expectation value in the pion into a new form, written in terms of a non-perturbatively-
dressed quasi-particle basis, with Q denoting dressed-quarks and G the dressed-gluon field strength
tensor. Here, the first term expresses the one-body-dressing content of the trace anomaly. It is positive.
Patently, a massless valence-quark (antiquark) gaining a large mass by way of interactions with its
own gluon field is an effect of the trace-anomaly in what may be described as the one-quasiparticle
subspace of a complete pion wave function. The second term expresses the two-particle-irreducible
(2PI) interaction content of the forward scattering process represented by this trace anomaly matrix
element. It is negative and acquires a scale because the gluon- and quark-propagators and the couplings
in the 2PI processes have all gained a mass-scale.

The discussion of Equations (19) and (20) and their connection with Equation (10) bring a
well-known adage to mind, quoted here from S. Weinberg in [133]: “You may use any degrees
of freedom you like to describe a physical system, but if you use the wrong ones, you’ll be sorry!”

5. Empirical Manifestations of Emergent Mass

5.1. Pion Wave Function

Empirical signals of the emergence of mass are ubiquitous, but their appearance typically changes
from one system to another. This means that it is essential to study a wide variety of observables
because each one is apt to expose different aspects of the underlying mechanisms. It is useful,
therefore, to begin with the most obvious, whose importance derives from Equation (15), i.e., the pion’s
leading-twist two-particle parton distribution amplitude (PDA), ϕπ , the simplest component of its
light-front wave function. Any framework that is capable of delivering a hadron’s Poincaré-covariant
bound-state amplitude can also be used to calculate its PDA, and in this case, ϕπ is given by a light-front
projection of the pion’s Bethe–Salpeter wave function [134]

fπ ϕπ(x; ζ) = trCDZ2

∫ Λ

dq
δ(n · q+ − x n · P) γ5γ · n S(q+)Γ(q; P)S(q−) . (21)

In Equation (21), the trace is over colour and spinor indices;
∫ Λ

dq is a Poincaré-invariant
regularisation of the four-dimensional integral, with Λ the ultraviolet regularization mass-scale;
Z2(ζ, Λ) is the quark wavefunction renormalisation constant; n is a light-like four-vector, n2 = 0; and P
is the pion’s four-momentum, P2 = −m2

π and n · P = −mπ in the pion’s rest frame.
Two distinctively different truncations of QCD’s DSEs [134] have been used to calculate the

amplitude in Equation (21). Both agree: compared with the asymptotic profile, which is valid on
ΛQCD/ζ � 0, there is a marked broadening of ϕπ(x; ζ), which owes exclusively to DCSB, i.e.,
the emergence of mass as exhibited in Figure 3. This causal connection may be asserted because
the PDA is calculated at a low renormalisation scale in the chiral limit, in which case the quark mass
function owes entirely to DCSB via Equation (15). Moreover, the PDA’s dilation is related to the rate at
which a dressed-quark approaches the asymptotic bare-parton limit. The prediction determined using
the most sophisticated kernel [114,115] is depicted in Figure 4:

ϕπ(x; ζH) = 20.227 x(1 − x)[1 − 2.5088
√

x(1 − x) + 2.0250 x(1 − x)] , (22)

It can be verified empirically at JLab 12, e.g., in measurements of the pion’s electromagnetic form
factor (see Section 5.2 below).
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Figure 4. Twist-two pion PDA at the hadronic scale, ζH . Solid blue curve, Equation (22)—determined
using the most sophisticated available symmetry preserving DSE kernels; dot-dashed green
curve—original prediction from the work in [134]. These PDA results are consistent with contemporary
lQCD results [135,136]. The dashed orange curve is ϕ

asy
π (x) = 6x(1 − x), the limiting form under QCD

evolution [137–139]. The PDAs are dimensionless.

It is worth remarking here that the authors of [134] chose to reconstruct the pion’s DA from
its Mellin moments using an order-α Gegenbauer expansion. This is useful as a first step because
the procedure converges rapidly, so enables the qualitative feature of broadening driven by EHM
in the SM to be exposed. Such broadening, however, need not and should not disturb the DA’s
endpoint behaviour, which QCD predicts to be linear in the neighbourhoods x � 0, 1. Therefore, as a
second step, the authors of [114,115] re-expressed the result from the work in [134] as the function in
Equation (22). The first eleven moments agree at the level of 1.6 (1.4)%, i.e., well within any sensible
estimate of uncertainty in the computation of high-order moments. Pointwise, the curves are practically
indistinguishable, as highlighted in Figure 4.

It is important to emphasise that the computed PDAs in Figure 4 are concave functions.
Such pointwise behaviour contrasts markedly with the “bimodal” or “double-humped” distributions
that have been favoured in phenomenological applications by some authors [140]. It should be
understood in this connection that a double-humped profile for the twist-two PDA places it in the
class of distributions produced by a Bethe–Salpeter wave function which is suppressed at zero relative
momentum, instead of maximal thereat. No ground-state solution of the pseudoscalar or vector meson
Bethe–Salpeter equation exhibits corresponding behaviour [141–145]. Thus, a bimodal distribution
cannot be an accurate pointwise rendering of the PDA for a ground-state meson. Notwithstanding
that, if one employs such a distribution in a phenomenological application for which only its lowest
Mellin moments are important, then some carefully-constrained bimodal distributions may supply
useful approximations to the moments of a broad, concave PDA and thereby prove practically useful.

A question of more than thirty-years standing can be answered using Figure 4, namely, when does
ϕ

asy
π (x) provide a good approximation to the pion PDA? Plainly, not at ζH . The ERBL evolution

equation [137–139] describes the ζ-evolution of ϕπ(x; ζ), and applied to ϕπ(x; ζ) in Figure 4,
one finds [135,136] that ϕ

asy
π (x) is a poor approximation to the true result even at ζ = 10 GeV. Thus at

energy scales accessible to experiment, the twist-two PDAs of ground-state hadrons are “fat and squat”.
Evidence supporting this picture had long been accumulating [146–149], and the dilation is confirmed
by simulations of lQCD [135,136].
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5.2. Pion Electromagnetic Form Factor

The cross sections for many hard exclusive hadronic reactions, i.e., processes involving a highly
energetic probe that strikes a target and leaves it intact, can be written in terms of the PDAs of the
hadrons involved. An example is the elastic electromagnetic form factor of the pion, for which the
prediction can be stated thus [137–139]:

∃Q0 > ΛQCD | Q2Fπ(Q2)
Q2>Q2

0≈ 16πα(Q2) f 2
πw 2

ϕ, (23a)

wϕ =
1
3

∫ 1

0
dx

1
x

ϕπ(x) , (23b)

where α(Q2) is the running coupling, which is practically equivalent to α̂(Q2) in Figure 2 on any
domain within which perturbation theory is valid. The value of Q0 is not predicted by perturbative
QCD (pQCD), but it is computable in any non-perturbative framework that veraciously expresses EHM.

It was anticipated that JLab would verify the fundamental prediction in Equation (23). Indeed,
the first publication by the Fπ Collaboration [150] heralded the beginning of a new era in mapping the
pion’s internal structure. Ensuing measurements [151–155] confirmed the data’s trend, leading to a
common perception that, at Q2 = 2.45 GeV2, one remains far from the resolution field wherein the
pion acts like an elementary partonic quark–antiquark pair, i.e., far from validating Equation (23).
This conclusion was based on the assumption that inserting ϕ

asy
π (x) into Equation (23) delivers a valid

approximation at ζ2 = Q2 = 2.45 GeV2, so that

Q2Fπ(Q2)
Q2=4 GeV2

≈ 0.15 . (24)

The result in Equation (24) is a factor of 2.7 smaller than the empirical value quoted at
Q2 = 2.45 GeV2 [154]: 0.41+0.04

−0.03, and a factor of three smaller than that computed at Q2 = 4 GeV2

in [156]. At the time, the authors of [156] supplied the lone prediction for the Q2-dependence of Fπ that
was both applicable on the full spacelike region mapped reliably by experiment and confirmed thereby.

Here, the perception of a mismatch and a real discrepancy are not equivalent because, as elucidated
above, Q2 = 4 GeV2 is not within the domain Λ2

QCD/Q2 � 0 upon which Equation (23) used with
ϕ

asy
π (x) provides a valid approximation. This being so, and given the successful prediction in [156],

it was natural to ask whether DSE methods could address the issue of the ultimate validity of
Equation (23).

Developments within the past decade have made that possible and now a computation of the
pion’s electromagnetic form factor is available to arbitrarily large-Q2 [131,157,158]. The result is
the solid (black) curve in Figure 5. In addition, the study enables that result to be correlated with
Equation (23) via the modern PDA computed in the same framework, which is the dashed (blue) curve
in Figure 5. On the depicted domain, this leading-order, leading-twist QCD prediction, computed with
a pion valence-quark PDA evaluated at a scale fitting the experiment, underestimates the full DSE result
by a fairly uniform 15%. The mismatch is explained by a mix of higher-order, higher-twist corrections
to Equation (23) in pQCD on the one hand and, on the other hand, shortcomings in the leading-order
DSE truncation used in [131,157,158], which predicts the right power-law behaviour for the form
factor but not precisely the correct anomalous dimension (logarithm exponent) in the strong-coupling
calculation. It is now anticipated that the upgraded JLab facility will reveal a maximum in Q2Fπ(Q2)

at Q2 ≈ 6 GeV2 and an experiment at Q2 = 9 GeV2 will see an indication of parton model scaling
and scaling violations for the first time in a hadron elastic form factor. While JLab’s grip on these
things might be tenuous, the reach of an electron ion collider would certainly enable validation of
these predictions [39].

20



Symmetry 2020, 12, 1468

0 5 10 15 20
0

0.2

0.4

Q
2 / GeV2

Q
2 F

/GeV
2

Figure 5. Q2Fπ(Q2). Solid curve (black)—theoretical prediction [131,157,158]; dashed curve (blue)—
pQCD prediction computed with the modern, dilated pion PDA described in Section 5.1; and dotted
(red) curve—pQCD prediction computed with the asymptotic profile, ϕ

asy
π (x), which had previously

been used to guide expectations for the asymptotic behaviour of Q2Fπ(Q2). The filled-circles and
-squares represent existing JLab data [154] and the filled diamonds and triangle, whose normalisations
are arbitrary, indicate the projected Q2-reach and accuracy of forthcoming experiments [159,160].

5.3. Valence-Quark Distributions in the Pion

Given the pions’ simple valence-quark content, i.e., one quark and one antiquark, a basic quantity
in any discussion of their structure is the associated parton distribution function (PDF), q π(x; ζ).
This density charts the probability that a valence q -quark in a pion carries a light-front fraction x of the
system’s total momentum [161], and one of the earliest predictions of pQCD is [162–164]:

q π(x; ζ = ζH) ∼ (1 − x)2 . (25)

Moreover, the exponent evolves as ζ increases beyond ζH , becoming 2 + γ, where γ � 0 is an
anomalous dimension that increases logarithmically with ζ [165–168]. (In the limit of exact G -parity
symmetry, which is a good approximation in the SM, uπ+

(x) = d̄π+
(x), etc. Therefore, it is only

necessary to discuss one unique distribution.)
As described in connection with Equations (19) and (20), for nature’s pion there is near-complete

cancellation between (a) strong-mass-generating dressing of the valence-quark and -antiquark and (b)
binding attraction. Such effects distinguish this system from the more massive kaon, within which
the cancellation is far less efficient because the s-quark current mass generated by the Higgs is so
much larger than that of the u- and d-quarks. Consequently, high-precision measurements of the
valence-parton distributions in the pion and kaon are a high priority at existing and anticipated
facilities [39,169–171].

Such efforts are driven by ongoing progress in theory. Marking one significant class of
advances, lQCD is beginning to yield results for the pointwise behaviour of the pion’s valence-quark
distribution [172–176], offering promise for information beyond the lowest few moments [177,178].

Extensions of the continuum analysis in [179] are also yielding new insights [180], leading to the first
parameter-free predictions of the valence, glue and sea distributions within the pion [181,182], unifying
them with, inter alia, electromagnetic pion elastic and transition form factors [128,131,157,158,183,184].
The analysis reveals that, like the pion’s PDA in Figure 4, the valence-quark distribution function
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is hardened by DCSB, producing the following apportioning of light-front momentum at the scale
ζ = ζ2 = 2 GeV:

〈xvalence〉 = 0.48(3) , 〈xglue〉 = 0.41(2) , 〈xsea〉 = 0.11(2) . (26)

A similar valence-quark momentum fraction was obtained in Ref. [185] by analysing data
on π-nucleus Drell–Yan and leading neutron electroproduction [185]: 〈2x〉π

q = 0.49(1) at ζ = ζ2.
Even though this phenomenological PDF yields a compatible momentum fraction, its x-profile
is different. In fact, the phenomenological PDF conflicts with the QCD constraint, Equation (25).
Significantly, the analysis in [185] ignored threshold resummation effects, which are known to have a
material impact at large x [186,187]. (Similar remarks apply to the analysis in [188].)

Importantly, as illustrated in Figure 6, after evolution [165–168] to ζ = ζ5 = 5.2 GeV, using α̂(k2)

in Figure 2 to integrate the evolution equations, the continuum prediction for uπ(x) from the works
in [181,182] matches that obtained using lQCD [175]. Given that no parameters were varied in order
to procure this or any other outcome in [181,182], a remarkable, modern confluence has been reached,
which suggests that real strides are being made toward understanding pion structure and its relation
to the emergence of mass. (Predictions for kaon PDFs are described in [114,115].)

Figure 6. Pion valence-quark momentum distribution function, xuπ(x; ζ5): dot-dot-dashed (grey)
curve within shaded band—lQCD result [175]; long-dashed (black) curve—early continuum
analysis [179]; and solid (blue) curve within shaded band—modern, continuum calculation [181,182].
From the works in [181,182]: gluon momentum distribution in pion, xgπ(x; ζ5)—dashed (green) curve
within shaded band; and sea-quark momentum distribution, xSπ(x; ζ5)—dot-dashed (red) curve
within shaded band. (The shaded bands indicate the size of calculation-specific uncertainties, detailed
in the source material [175,181,182].) Data (purple) from in [189], rescaled according to the analysis
in [186].

5.4. Emergence of Diquark Correlations

The emergence of mass is also expressed in the properties of baryons, something which can
readily be seen when the three valence-quark bound-state problem is studied with the same level
of sophistication that is now typical for mesons. In this connection, DCSB, as displayed in the
momentum-dependence of the dressed-quark mass—Figure 3, is as important to baryons as it is to
mesons. In fact, one important consequence of DCSB is that any interaction able to create composite
pseudo–NG modes from a light dressed-quark and -antiquark, and reproduce the observed value of
their leptonic decay constants, will also generate tight colour-antitriplet correlations between any two
of a nucleon’s dressed-quarks. This conclusion is based upon evidence gathered in thirty years of
studying two- and three-body bound-states in hadron physics [190].
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The properties of such diquark correlations are known. As colour-carrying correlations, diquarks
are confined [88,191]. Additionally, owing to properties of charge-conjugation, a diquark with
spin-parity JP may be viewed as a partner to the analogous J−P meson [192]. It follows that the
strongest diquark correlations in the nucleon are scalar isospin-zero, [ud]0+ , and pseudovector,
isospin-one, {uu}1+ , {ud}1+ , {dd}1+ . Furthermore, although no pole-mass exists, the following
mass-scales, expressing the range and strength of the correlation, can be associated with these
diquarks [192–199] (in GeV),

m[ud]0+
≈ 0.7 − 0.8 , m{uu}1+

≈ 0.9 − 1.1 , (27)

with m{dd}1+
= m{ud}1+

= m{uu}1+
in the isospin symmetric limit. Notably, the nucleon contains

both scalar-isoscalar and pseudovector-isovector correlations. Neither can safely be ignored and their
presence has many observable consequences [200–203].

Realistic diquark correlations are also soft and interacting. They all carry charge, scatter electrons,
and have an electromagnetic size which is similar to that of the kindred mesonic system,
see, e.g., in [194,204,205]:

r[ud]0+
� rπ , r{uu}1+

� rρ, (28)

with r{uu}1+
> r[ud]0+

. As in the meson sector, these scales are set by that associated with DCSB.
It should be emphasised that such fully dynamical diquark correlations are vastly different

from the static, pointlike “diquarks” introduced originally [206] in an attempt to solve the so-called
“missing resonance” problem [207], viz. the fact that quark models predict a far greater number of
baryon states than were observed in the previous millennium [208]. Moreover, their existence enforces
certain distinct interaction patterns for the singly- and doubly-represented valence-quarks within the
proton, as exhibited elsewhere [81,84,199–202,209–213].

The existence of these strong correlations between two dressed quarks is the path to converting
the three valence-quark bound-state problem into the simpler Faddeev equation drawn in Figure 7,
without loss of dynamical information [214]. The three-gluon vertex, a definitive feature of QCD’s
non-Abelian nature, is not an explicit part of the scattering kernel in this picture. Instead, one profits
from the following features, phase-space factors materially enhance two-body interactions over
n ≥ 3-body interactions and the primary three-body force, produced by a three-gluon vertex attaching
once, and only once, to each valence quark, vanishes when projected into the colour-singlet channel;
and subsequently capitalises on diquark dominance in the two-body subsystems. Then, while iterated,
overlapping three-body terms might alter fine details of baryon structure, the primary effect of
non-Abelian multi-gluon vertices is manifested in the formation of diquark correlations. (On the other
hand, the three-gluon vertex appears to play a material and distinguishable role in the formation
of hybrid hadrons [215] and glueballs [216]). Accordingly, the active kernel describes binding in
the baryon through diquark breakup and reconstitution, mediated by exchange of a dressed-quark.
The properties and interactions of such a baryon are chiefly determined by the quark+diquark structure
evident in Figure 7.

Figure 7. Poincaré covariant Faddeev equation: a homogeneous linear integral equation for Ψ,
the matrix-valued Faddeev amplitude for a baryon of total momentum P = pq + pd, which expresses
the relative momentum correlation between the dressed-quarks and -diquarks within the baryon.
The shaded rectangle demarcates the kernel of the Faddeev equation: single line, dressed-quark
propagator; Γ, diquark correlation amplitude; and double line, diquark propagator.
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The spectrum of baryons produced by the Faddeev equation [197,198,211,217] is like that found
in the three-constituent quark model and consistent with lQCD analyses [218]. Notably, modern data
and recent analyses have reduced the number of missing resonances [219–224].

5.5. Proton Wave Function

After solving the Faddeev equation in Figure 7 for the proton’s Faddeev amplitude, one can
then compute the proton’s dressed-quark leading-twist PDA [203]. The result for this proton “wave
function” is depicted in Figure 8.
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Figure 8. Baryon leading-twist dressed-quark distribution amplitudes depicted using barycentric plots.
Left panel—asymptotic profile, baryon PDA, ϕ

asy
N ([x]) = 120x1x2x3; middle panel—computed proton

PDA evolved to ζ = 2 GeV, which peaks at ([x]) = (0.55, 0.23, 0.22); and right panel—Roper resonance
PDA. The white circle in each panel marks the centre of mass for ϕ

asy
N ([x]), whose peak lies at

([x]) = (1/3, 1/3, 1/3). Here, x1, x2, x3 indicate the fraction of the bound-state’s light-front momentum
carried by the associated quark; naturally, x1 + x2 + x3 = 1. The amplitudes are dimensionless; hence,
the height is simply a real number.

Table 1 lists the proton PDA’s four lowest-order moments. They reveal important insights,
e.g., when the proton is pictured as solely a quark+scalar-diquark correlation, 〈x2〉u = 〈x3〉d,
because these two form the scalar quark+quark correlation, and the system is very asymmetric,
with the PDA’s peak being shifted strongly in favour of 〈x1〉u > 〈x2〉u. This outcome conflicts with
lQCD results [225,226]. On the other hand, as explained above, realistic Faddeev equation calculations
suggest that pseudovector diquark correlations are an essential piece of the proton’s wave function.
When these {uu} and {ud} diquarks are included, momentum is shared more evenly, shifting from the
spectator u(x1) quark into u(x2), d(x3). Adding these diquarks with the known weighting, the PDA’s
peak shifts back toward the centre, relocating to ([x]) = (0.55, 0.23, 0.22), and the computed values
of the first moments line up with those computed using lQCD. This convergence delivers a more
complete understanding of the lQCD simulations, which by that means are seen to confirm a picture of
the proton as a bound-state with both tight scalar and pseudovector diquark correlations, wherein the
scalar diquarks are responsible for ≈ 65% of the Faddeev amplitude’s canonical normalisation.

Importantly, like ground-state S-wave mesons [134,136,227–230], the leading-twist PDA of the
ground-state nucleon is both broader than ϕ

asy
N ([x]) (defined by Table 1, Row 1) and decreases

monotonically away from its maximum in all directions, i.e., the PDAs of these ground-state S-wave
systems possess endpoint enhancements, but neither humps nor bumps. Models which produce
such humped structures were previously considered reasonable [140]. However, it is now clear that
pointwise behaviour of this type is in conflict with QCD. The models may nonetheless be viewed as
possessing a qualitative truth, insofar as they represent a way by which endpoint enhancements can
be expressed in hadron PDAs if one limits oneself to the polynomial basis characterising QCD in the
neighbourhood ΛQCD/ζ � 0.

As with the pion prediction described in Section 5.2, the veracity of this result for the proton
PDA can be tested in future experiments. For instance, it can be used to provide the first realistic
evaluation of the scale at which exclusive measurements involving proton targets may reasonably be
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compared with predictions based on pQCD hard scattering formulae. Analogous to the pion case,
the value of this mass-scale is an empirical manifestation of the emergence of mass, here within the
three-valence-quark proton bound-state.

Table 1. Computed values of the first four moments of the proton and Roper-resonance PDAs. The error
on fN , a dynamically-determined quantity which measures the proton’s “wave function at the origin”,
reflects a nucleon scalar diquark content of 65 ± 5%, and values in rows marked with “ �⊃ av” were
obtained assuming the baryon is constituted solely from a scalar diquark. Including axial-vector
diquark correlations, the mean absolute relative difference between continuum and lattice results
improves by 36%. (All results listed at a renormalisation scale ζ = 2 GeV.)

103 fN /GeV2 〈x1〉u 〈x2〉u 〈x3〉d

asymptotic PDA 0.333 0.333 0.333

lQCD [225] 2.84 (33) 0.372 (7) 0.314 (3) 0.314 (7)
lQCD [226] 3.60 (6) 0.358 (6) 0.319 (4) 0.323 (6)

DSE proton [203] 3.78 (14) 0.379 (4) 0.302 (1) 0.319 (3)
DSE proton �⊃ av 2.97 0.412 0.295 0.293

DSE Roper [203] 5.17 (32) 0.245 (13) 0.363 (6) 0.392 (6)
DSE Roper �⊃ av 2.63 0.010 0.490 0.500

5.6. Proton’s First Radial Excitation

Almost immediately after discovery of the Roper resonance [231–235], the proton’s first
positive-parity excitation, questions were asked regarding the nature of like-parity excitations of
ground-state positive-parity baryons. A lucid picture is now emerging following [84], (i) the acquisition
and analysis of a large amount of very precise nucleon-resonance electroproduction data,
involving single- and double-pion final states on a large domain of energy and momentum-transfer;
(ii) development of an advanced dynamical reaction theory, able to simultaneously describe all partial
waves extracted from available data; (iii) formulation and extensive application of the DSE approach to
the continuum bound state problem in relativistic quantum field theory, which expresses diverse local
and global impacts of EHM; and and (iv) the improvement of constituent quark models so that they can
also qualitatively incorporate these features of strong QCD. In this picture, such states are primarily
radial excitations of the associated ground-state baryon, comprised of a well-defined dressed-quark
core supplemented by a meson cloud.

Using the Faddeev equation framework sketched above, properties of the Roper-resonance’s
dressed-quark core have been exposed [195,199]: it is found that the scalar functions in the Roper’s
Faddeev amplitude have a zero at quark+diquark relative momentum

√
�2 ≈ 0.4 GeV≈ 1/[0.5 fm].

Working with this input, the authors of [203] delivered the associated leading-twist PDA, depicted
in the rightmost panel of Figure 8 and whose first four moments are listed in Table 1. The prediction
reveals some interesting features, e.g., the PDA of this excitation is not positive definite and there is a
conspicuous locus of zeros in the lower-right section of the barycentric plot, both of which duplicate
aspects of the wave function describing the first radial excitation of a quantum mechanical system that
are also seen in the PDAs of meson radial excitations [236,237], and here the influence of pseudovector
diquarks is contrary to that in the ground-state, viz. they shift momentum into u(x1) from u(x2), d(x3).

These observations highlight that the ground state is just one isolated member of a set of
Hamiltonian eigenvectors with infinitely many elements: many Hamiltonians can possess practically
equivalent ground states and yet lead to excited-state spectra that are vastly different. Moreover,
masses alone, as infrared-dominated quantities, contain relatively little information. Different
Hamiltonians may adequately reproduce known hadron spectra; but these same Hamiltonians can
yield predictions that disagree markedly when used to compute structural properties. Such properties—
like wave functions and the Q2-dependence of elastic and transition form factors—possess the greatest
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discriminating power. Therefore, study of the structure of nucleon resonances is a critical complement
to that of ground-state nucleons and mesons because it is capable of revealing additional novel features
of strong QCD. Modern theory must be deployed to compute observable properties of all these systems.
Aspects of this effort are sketched elsewhere [41,43].

5.7. Emergent Features of Nucleon Form Factors

The character of emergent mass and the diquark correlations within baryons it induces are visible
in baryon elastic and transition form factors, and particular examples of contemporary significance
are neutron and proton elastic form factors. Nucleons are the most basic elements of nuclear physics;
and these form factors are manifestations of the nature of the nucleons’ constituents and the dynamics
holding them together.

Paradigmatic shifts in our understanding of these things are being driven by new, precise form
factor data. This is nowhere more evident than in analyses of experimental data acquired in the past
vicennium, which have established a new ideal. Namely, despite its elementary valence-quark content,
the nucleon’s internal structure is very complex. For instance, there are measurable differences between
the distributions of charge and magnetisation throughout the interiors [238] and between the way
these qualities are carried by the different quark flavours [202,209,239]. The aim now is to explain the
observations in terms of emergent features of the strong interaction.

In this connection, it is here worth highlighting that the behaviour of the proton’s electric form
factor on Q2 � 4 GeV2 is particularly sensitive to the running of the dressed-quark mass (displayed in
Figure 3), especially the rate at which the dressed-quark mass runs between the infrared and ultraviolet
domains [209,213,240].

The proton’s momentum-space charge and magnetisation distributions are expressed in
combinations of the two Poincaré-invariant elastic form factors that are needed to express the proton’s
electromagnetic current:

ie ū(p′)
[
γμF1(Q2) +

Qν

2mN
σμν F2(Q2)

]
u(p) , (29)

where mN is the nucleon mass; Q = p′ − p, u(p) and ū(p′) are, respectively, spinors describing
the incident and scattered proton; and F1,2(Q2) are the proton’s Dirac and Pauli form factors.
The combinations that feature in the electron-proton elastic scattering cross section are the charge and
magnetisation distributions [241]

GE(Q2) = F1(Q2)− (Q2/[4m2
N ])F2(Q2) , GM(Q2) = F1(Q2) + F2(Q2) . (30)

Data available before the year 1999 led to a view that

μp
Gp

E(Q
2)

Gp
M(Q2)

∣∣∣∣∣
Rosenbluth

≈ 1 , (31)

μp Gp
M(Q2 = 0) = 1; therefore, a conclusion that the distributions of charge and magnetisation within

the proton are approximately identical [242]. At the time, the proton was viewed as a simple bound
state, wherein quark+quark correlations and attendant orbital angular momentum played little role.
Equation (31) is consistent with this picture.

The situation changed dramatically when the combination of high-energy, -current and
-polarisation at JLab enabled a new type of experiment to be performed, viz. polarisation-transfer
reactions [238], which are directly proportional to GE(Q2)/GM(Q2) [243,244]. A series of these
experiments [238,245–248] has determined that

μp
Gp

E(Q
2)

Gp
M(Q2)

∣∣∣∣∣
JLab PT

≈ 1 − constant × Q2 , (32)
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where the constant is such that the ratio might become negative for Q2 � 8 GeV2. This behaviour
contrasts starkly with Equation (31); and since the proton’s magnetic form factor is reliably known on
a spacelike domain that extends to Q2 ≈ 30 GeV2 [249,250], the Q2-dependence of Gp

E/Gp
M exposes

novel features of the proton’s charge distribution, as expressed in Gp
E(Q

2).
An understanding of the behaviour in Equation (32) is provided by the analyses in [209,213,240],

and the answer lies largely with the proton’s Pauli form factor. Fp
2 is a gauge of the proton’s

magnetisation distribution. Ultimately, this magnetisation is borne by the dressed-quarks and
influenced by the k2-dependence of (i) their propagators and (ii) the correlations amongst them.
Both are expressed in the Faddeev wavefunction.

Thus, for the sake of argument, suppose that dressed-quarks are described by a momentum-
independent mass-function, e.g., as obtained using a symmetry-preserving regularisation of a
vector× vector contact interaction [251]. They then behave as Dirac particles with constant Dirac
values for their magnetic moments. Consequently, the composite proton possesses a hard Pauli form
factor and this produces a zero in Gp

E at Q2 ≈ 4 GeV2 [240,252].
Alternatively, suppose that the dressed-quarks have a momentum-dependent mass-function,

like that depicted in Figure 3, which is large at small momenta but vanishes as their momentum
increases. At infrared momenta the dressed-quarks will then act as constituent-like particles with a
large magnetic moment, but as the probe momentum grows, their mass and magnetic moment will drop
toward zero. (N.B. Massless fermions do not have a measurable magnetic moment [253], so that any
significant magnetic moment for a constituent-like quark is an emergent feature.) Such dressed-quarks
will produce a proton Pauli form factor that is large on Q2 � 0 but drops rapidly on the domain
of transition between the infrared and ultraviolet domains, to give a very small result at large-Q2.
The proton’s Dirac form factor is far less sensitive to spin-related effects; hence the interplay between
the Dirac and Pauli form factors, expressed in Equation (30), entails that GE(Q2) must have a zero
at larger values of Q2 when calculated with a running mass function than we computed with
momentum-independent dressed-quark masses. The precise form of the Q2-dependence will depend
on the evolving nature of the angular momentum correlations between the dressed-quarks [209,213].

The Class-C DSE analyses in [209,213] implement a dressed-quark mass function that is
distinguished by a particular transition rate between the non-perturbative and perturbative domains.
If that rate were increased, then the transformation to partonic quarks would become more rapid;
hence the proton’s Pauli form factor would drop even more quickly to zero. In this event, the quark
angular momentum correlations, embodied in the diquark structure, remain but the separate
dressed-quark magnetic moments diminish markedly. Thus a quicker transition will push the zero
in μpGp

E/Gp
M to larger values of Q2. Moreover, there will be a rate of transformation beyond which

the zero disappears completely: there is no zero in a theory whose mass function rapidly becomes
partonic. (For instance, pQCD analyses cannot produce a zero.) These expectations are realised in
explicit calculations, as illustrated in Figure 4 of Ref. [209].

It follows that the possible existence and location of a zero in the ratio of proton elastic form
factors μpGp

E(Q
2)/Gp

M(Q2) are a fairly direct measure of the character of EHM in the SM. Consequently,
in pushing experimental measurements of this ratio, and thereby the proton’s electric form factor,
to larger momenta, i.e., in reliably determining the proton’s charge distribution, there is an exceptional
opportunity for a positive dialogue between experiment and theory. That feedback should assist
greatly with contemporary efforts to reveal the character of the SM’s strong interaction and its
emergent phenomena.
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Figure 9. Ratios of Sach’s form factors , μN GN
E (Q2)/GN

M(Q2). Upper panels— Proton. Left , [213]
calculation compared with data (red up-triangles [238]; green squares [245]; blue circles [246]; black
down-triangles [247]; and cyan diamonds [248]); right, compared with available lQCD results, drawn
from Ref. [254]. Lower panels—Neutron. Left, comparison with data (blue circles [255] and green
squares [256]); right, with available lQCD results, drawn from the work in [254]. In all panels, the 1σ

band for the SPM approximants is shaded in light blue.

Given such potential, the analysis in [209] was recently revisited [213], using improved algorithms
to calculate the form factors on Q2 � 10 m2

p. The new study employed a statistical implementation
of the Schlessinger point method (SPM) [31,210,257–260] for the interpolation and extrapolation of
smooth functions to deliver predictions for form factors on Q2 > 9 m2

p with a quantified uncertainty
estimate. Results for the form factor ratios discussed herein are presented in Figure 9.

For the proton, the new analysis predicts

μp
Gp

E(Q
2
zp)

Gp
M(Q2

zp)
= 0 , Q2

zp = 10.3+1.1
−0.7 GeV2 . (33)

This value is compatible with, although a little larger than, that obtained earlier [209]:
Q2

zp ≈ 9.5 GeV2; and a more recent inference based on ρ-meson elastic form factors [261]:
Q2

zp ≈ 9.4(3)GeV2.
Regarding the neutron, the authors of [209] predicted a peak in this ratio at Q2 ≈ 6 GeV2, which is

reproduced in [213]. Furthermore, it located a zero at Q2
zn ≈ 12 GeV2. With the statistical SPM method

for reaching to large-Q2:

μn
Gn

E(Q
2
zn)

Gn
M(Q2

zn)
= 0 , Q2

zn = 20.1+10.6
− 3.5 GeV2 , (34)

viz. at 1σ SPM confidence level, this ratio is likely to exhibit a zero, but it probably lies beyond the
reach of 12 GeV beams at JLab. On the other hand, the prediction of a peak in Rn

EM = μnGn
E/Gn

M,
which is a harbinger of the zero in this ratio, can be tested at the 12 GeV JLab.
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The properties of the dressed-quark propagators and bound-state amplitudes which influence the
appearance of a zero in Rn

EM are qualitatively the same as those described in connection with Rp
EM.

However, because of the different electric charge weightings attached to the quark contributions in
the neutron (1 valence u-quark and 2 valence d-quarks), the quantitative effect is opposite to that
for the proton (2 valence u-quarks and 1 valence d-quark). Namely, when the transformation from
dressed-quark to parton is accelerated, the zero occurs at smaller Q2. On the other hand, a model
which generates a momentum-independent dressed-quark mass typically produces no zero in the
neutron ratio [240].

In order to understand the source of these features, consider that the strange quark contributes
very little to nucleon electromagnetic form factors [262,263], in which case one can write

Gp
E = euGp,u

E − |ed|Gp,d
E , Gn

E = euGn,u
E − |ed|Gn,d

E (35)

(eu = 2/3, ed = −1/3), where the contribution from each quark flavour is made explicit. Consider
next that charge-symmetry is almost exact in QCD; to wit,

Gn,d
E = Gp,u

E , Gn,u
E = Gp,d

E . (36)

Therefore, to a very good level of approximation,

Gn
E = euGn,u

E − |ed|Gn,d
E = euGp,d

E − |ed|Gp,u
E . (37)

Now, with a zero in Gp
E at Q2 = Q2

zp =: sp
z , one has Gp,d

E (sz) = 2 Gp,u
E (sz) and hence

Gn
E(sz) = Gp,u

E (sz) > 0. This shows that although the behaviours of Gp,u
E and Gp

E are qualitatively
similar, the zero in Gp,u

E occurs at a larger value of Q2 than that in Gp
E itself. Under these conditions,

any zero in Gn
E must occur at a larger value of Q2 than the zero in Gp

E, a prediction confirmed in Figure 9.
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Figure 10. Data: neutron electric form factor—blue circles [256], and proton electric form factor—green
squares [264]. Associated curves depict least-squares fits obtained via a jackknife analysis of the
depicted Gn

E, Gp
E data. Vertical black line within grey bands marks the boundary of the domain

described by Equation (38).

A curious effect follows from the combination of faster-than-dipole decrease of the proton’s
electric form factor (and probable appearance of a zero) and steady increase of Rn

EM to a peak at
Q2 ≈ 6 GeV2. Namely, there must be a domain of larger Q2 upon which the neutron’s electric form
factor is greater than that of the proton’s; therefore, at some value of Q2, the electric form factor of the
neutral compound fermion is actually larger than that of its positive counterpart. This was predicted
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in [209] and confirmed by the updated analyses in [213]. It is therefore worth testing with available
data [256,264]. Figure 10 depicts Gn

E, Gp
E data along with a set of associated least-squares fits produced

using a jackknife analysis. On the domain currently covered by data, Gn
E < Gp

E; but extrapolation of
the fits suggests that

Gn
E(Q

2)
Q2>Q2

n>p
> Gp

E(Q
2) , Q2

n>p = 4.4(3)GeV2. (38)

With 12 GeV operations under way at JLab, neutron electric form factor data to Q2 = 10.2 GeV2 will
soon be available [265], enabling this prediction to be tested.

It is worth reiterating that the existence and location of a zero in Gp
E—similarly for Gn

E—
are sensitive to the rate at which the dressed-quark mass function transits from the strong to
perturbative QCD domains: denote this rate by Rsp

M. Note, too, that in contrast to Gp,u
E , Gp,d

E evolves
more slowly with changes in Rsp

M. This inertia derives from the d-quark being preferentially contained
within a (soft) scalar diquark. Subject to these insights, consider Equation (37): with the location of a
zero in Gp,d

E shifting slowly to larger values of Q2, but that in Gp,u
E moving rapidly (as noted above,

the zero in Gp,u
E disappears if Rsp

M is sufficiently quick) one is subtracting from Gp,d
E (Q2) a function

whose domain of positive support is increasing in size. That operation typically shifts the zero in Gn
E to

smaller values of Q2, potentially enabling a zero in Gn
E even when that in Gp

E has disappeared.

6. Epilogue

The Lagrangian that defines QCD, the strong interaction sector of the Standard Model (SM),
appears very simple, yet it is responsible for a remarkable array of high-level phenomena with
enormous apparent complexity. One can argue that the foundation for all such effects is laid by the
emergence of hadronic mass (EHM), whose consequences are variously expressed in a wide range of
empirical observables. This emergence itself is currently beyond a reductionist explanation, unless one
is content to find that in the need for ultraviolet renormalisation of four-dimensional quantum field
theory. Even supposing the latter, then the size of the associated mass-scale, ΛQCD, is not something
which can be predicted from within the SM.

The simplest expression of EHM is to be found in the generation of a running mass for the
gluon. Mechanically, this is driven by gluon self-interactions, and the scale of the effect is known
once ΛQCD is fixed. It is interesting theoretically to explore the impact on observables induced by
reducing/increasing ΛQCD. Perhaps there is a critical value (or set of values) at which the Universe
would appear very different?

Gluon mass generation in the SM entails that quarks, which are massless in the absence of a Higgs
mechanism, also acquire a running mass, whose scale at infrared momenta is roughly one-third of
the proton mass. This effect is known as dynamical chiral symmetry breaking (DCSB). One of its
corollaries is the emergence of pseudoscalar Nambu–Goldstone bosons—most recognisably, the pions;
and their appearance and properties have a profound impact on the character of the physical Universe.
Nuclear physics, e.g., the formation of the elements and the number of elements that may be formed,
seems to be very sensitive to the pion mass; and the pion mass is a quantity which is uniquely sensitive
to the interplay between emergent and explicit (Higgs) mass generating mechanisms.

A non-perturbative framework that can unify the emergence of gluon and quark masses,
and express their impacts on solutions of the associated bound-state equations in quantum field
theory and also in the matrix elements which describe complex observable processes, can provide
reductive explanations for physical phenomena. No single such framework exists, but an amalgam of
high-level approaches is bearing fruit.
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Abbreviations

The following abbreviations are used in this manuscript.

CSM continuum Schwinger-function method
DA (PDA) (parton) distribution amplitude
DF (PDF) (parton) distribution function
DCSB dynamical chiral symmetry breaking
DSE Dyson–Schwinger Equation
EFT effective field theory
EHM emergent hadronic mass
ERBL Efremov–Radyushkin–Brodsky–Lepage
JLab Thomas Jefferson National Accelerator Facility
lQCD lattice-regularised quantum chromodynamics
PDG Particle Data Group
PI process independent
PFF parton fragmentation function
pQCD perturbative quantum chromodynamics
QED quantum electrodynamics
QCD quantum chromodynamics
RGI renormalisation group invariant
SM Standard Model (of Particle Physics)
SPM Schlessinger point method
2PI two-particle irreducible
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Abstract: The two-pole structure refers to the fact that particular single states in the spectrum as
listed in the PDG tables are often two states. The story began with the Λ(1405), when in 2001, using
unitarized chiral perturbation theory, it was observed that there are two poles in the complex plane,
one close to the K̄p and the other close to the πΣ threshold. This was later understood combining
the SU(3) limit and group-theoretical arguments. Different unitarization approaches that all lead
to the two-pole structure have been considered in the mean time, showing some spread in the pole
positions. This fact is now part of the PDG book, although it is not yet listed in the summary tables.
Here, I discuss the open ends and critically review approaches that cannot deal with this issue. In the
meson sector, some excited charm mesons are good candidates for such a two-pole structure. Next,
I consider in detail the D∗

0 (2300), which is another candidate for this scenario. Combining lattice
QCD with chiral unitary approaches in the finite volume, the precise data of the Hadron Spectrum
Collaboration for coupled-channel Dπ, Dη, DsK̄ scattering in the isospin I = 1/2 channel indeed
reveal its two-pole structure. Further states in the heavy meson sector with I = 1/2 exhibiting this
phenomenon are predicted, especially in the beauty meson sector. I also discuss the relation of these
two-pole structures and the possible molecular nature of the states under consideration.

Keywords: chiral symmetry; coupled channels; hadron spectrum; lattice QCD; chiral perturbation
theory; unitarization

1. Introduction

The hadron spectrum is arguably the least understood part of Quantum Chromodynamics (QCD),
the theory of the strong interactions. It is part of the successful Standard Model (SM) and, thus, we
can say that structure formation, that is the emergence of hadrons and nuclei from the underlying
quark and gluon degrees of freedom, is indeed the last corner of the SM that is not yet understood.
For a long time, the quark model of Gell–Mann [1] and Zweig [2] (and many sophisticated extensions
thereof, e.g., [3]) have been used to bring order into the particle zoo. However, already before QCD
it was a puzzling fact that all observed hadrons could be described by the simplest combinations
of quarks/antiquarks, namely mesons as quark–antiquark states and baryons as three quark states,
while symmetries and quantum numbers would also allow for tetraquarks, pentaquarks and so on.
The situation got even worse when QCD finally appeared on the scene, as it allows for the following
structures (bound systems of quarks and/or gluons):

• Conventional hadrons, that is mesons and baryons as described before;
• Multiquark hadrons, such as tetraquark states (mesons from two quarks and two antiquarks),

pentaquark states (baryons made from four quarks and one antiquark) and so on;
• Hadronic molecules and atomic nuclei, that is multiquark states composed of a certain number of

conventional hadrons (as discussed in more detail below);
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• Hybrid states, which are composed of quarks and (valence) gluons; and
• Glueballs, bound states solely made of gluons, arguably the most exotic form of matter, which

has so far been elusive in all searches.

The observed hadrons are listed with their properties in the tables of the Particle Data Group
(PDG) (also called “Review of Particle Physics” (RPP)) [4] within a certain rating scheme, just telling us
that some states are better understood as others. What complicates matters a lot is the fact that almost
all hadrons are resonances, that is unstable states. These decay into other hadrons and leptons, e.g., the
ρ meson decays into two pions or into a pion and a photon (and other final states). Such a resonance
is thus described by a complex energy, more precisely, the real part is called the mass, mR, and the
imaginary part the half-width, ΓR/2. Consequently, all other properties are also given by complex
numbers. The only model-independent way (There are very few exceptions of isolated resonances
on an energy-independent background where other methods can be used, but even in such cases a
unique determination of the mass and the width is not always possible, see, e.g., the discussion of the
ρ(770) in the RPP.) to pin down these basic resonance properties is to look for poles in the complex
plane, where resonances are usually located on the second Riemann sheet at

zR = (�zR,�zR) = (mR, ΓR/2). (1)

The residues at these poles contain information about the possible decays of such a resonance, as
discussed in more detail below.

As I discuss in what follows, the hunt for such poles in the complex plane has revealed the
astonishing feature of the two-pole structure, namely that certain states that are listed in the RPP are
indeed superpositions of two states. The most prominent example is the Λ(1405), which is discussed
in detail in Section 3. More recently, the D∗

0 (2300), an excited charm meson, has become another
prime candidate for the two-pole scenario, paving the way for a whole set of such states in the
heavy-light sector (mesons made of one light (u, d, s) and one heavy (c, b) quark) (see Section 4). Before
discussing these intricate states, it is, however, necessary to review the pertinent methods underlying
the theoretical analyses (see Section 2). The conclusions and outlook are given in Section 5.

2. Methods

We start with the Lagrangian of QCD for up, down and strange quarks (Nf = 3), which can be
written as:

LQCD = L0
QCD − q̄Mq,

L0
QCD = − 1

2g2 Tr
[
GμνGμν

]
+ q̄iγμ(∂μ − iAμ︸ ︷︷ ︸

=Dμ

)q. (2)

Here, q = (u, d, s)T is the quark triplet, Aμ is the gluon field, Gμν is the gluon field strength tensor,
g is the strong coupling constant and the color indices related to the underlying SU(3)c local gauge
symmetry have not been displayed. Further, M = diag(mu, md, ms) is the quark matrix and the heavy
flavors charm and bottom can be added analogously (We eschew here the top quark as it does not form
hadrons due to its fast decay.). In addition, gauge fixing and the CP-violating θ-term are not displayed.
Remarkably, L0

QCD displays a SU(3) × SU(3) flavor symmetry (I do not discuss the additional U(1)
symmetries/non-symmetries here),

L0
QCD(Gμν, q′, Dμq′) = L0

QCD(Gμν, q, Dμq), (3)

in terms of left- and right-handed quark fields,

q′ = gRPRq + gLPLq, PR,L =
1
2
(1 ± γ5), gI g†

I = 1, detgI = 1, I = L, R. (4)

43



Symmetry 2020, 12, 981

This is the chiral symmetry of QCD. It leads to 16 = 2 · (N2
f − 1) conserved Noether currents,

which can be rearranged as eight conserved vector and eight conserved axial-vector currents. However,
we know that the symmetry of the ground state is not the symmetry of the QCD Hamiltonian, as, e.g.,
there is no parity-doubling in the spectrum. The symmetry is spontaneously broken (or hidden, as
Nambu preferred to say) to its vectorial subgroup:

SU(3)L × SU(3)R → SU(3)V . (5)

The Goldstone theorem then tells us that for each broken generator there should be a massless
boson (the famous Goldstone bosons). Therefore, in the absence of quark masses, we are dealing with
a theory without a mass gap, which implies that Taylor expansions are not analytic. When the quark
masses are included, the pseudoscalar Goldstone bosons acquire a small mass. In fact, the lightest
hadrons are the eight pseudoscalar mesons (π, K, η). All this is the basis for the formulation of an
effective field theory (EFT) that allows for perturbative calculations at low energy. Similarly, for the
heavy quarks c and b, one can formulate a different EFT, based on the fact that the c ad b masses are
large, mc,b � ΛQCD, as discussed next.

2.1. Limits of QCD

We discuss one particular limit of QCD above, namely the chiral limit of the three light flavor
theory. Such a special formulation can be extended also to the heavy quark sector and to so-called
heavy-light systems. The various limits of QCD are:

• Light quarks:

LQCD = q̄L iD/ qL + q̄R iD/ qR +O(m f /ΛQCD)[ f = u, d, s]. (6)

In this limit, left- and right-handed quarks decouple which, is the chiral symmetry. As stated,
it is spontaneously broken leading to the appearance of eight pseudo-Goldstone bosons. The
pertinent EFT is chiral perturbation theory (CHPT) (see Section 2.2). Note that the corrections due
to the quark masses are powers in m f .

• Heavy quarks:

LQCD = Q̄ f iv · D Q f +O(ΛQCD/m f )[ f = c, b], (7)

where Q denotes the field of a heavy quark. In this limit, the Lagrangian is independent of quark
spin and flavor, which leads to SU(2) spin and SU(2) flavor symmetries, called HQSS and HQFS,
respectively. The pertinent EFT is heavy quark effective field theory (HQEFT) (see, e.g., [5,6]).
Here, the corrections due to the quark masses are powers in 1/mQ.

• Heavy-light systems: Here, heavy quarks act as matter fields coupled to light pions and one thus
can combine CHPT and HQEFT, as pioneered in [7–9] (see also Section 2.3).

2.2. A Factsheet on Chiral Perturbation Theory

Chiral perturbation theory is the EFT of QCD at low energies [10,11]. For introduction and
reviews, see, e.g., [12–14]. Its basic properties are:

• L is symmetric under some Lie group G; here, G = SU(3)L× SU(3)R.
• The ground state |0〉 is asymmetric and G is spontaneously broken to H ⊂ G, leading to the the

appearance of Goldstone bosons (GBs) |φi(p)〉. In QCD, H = SU(3)V and the Goldstone bosons
are the aforementioned eight pseudoscalar mesons.

• In QCD, the matrix element of the axial-vector current Ai
μ, 〈0|Ai

μ|φk(p)〉 = iδik pμF �= 0
(i = 1, . . . , 8), where F is related to the pseudoscalar decay constant in the chiral limit. F �= 0 is a
sufficient and necessary condition for spontaneous chiral symmetry breaking.

• There are no other massless strongly interacting particles.

44



Symmetry 2020, 12, 981

Universality tells us that, at low energies, any theory with these properties looks the same as long
as the number of space-time dimensions is larger than two. One can readily deduce that the interactions
of the GBs are weak in the low-energy regime and indeed vanish at zero energy. This allows for a
systematic expansion in small momenta and energies, and the quark masses lead to finite but small GB
masses, which defines a second expansion parameter. In fact, these two parameters can be merged in
one. The corresponding effective Lagrangian is readily constructed; it takes the form

Leff = L(2) + L(4) + L(6) + . . . , (8)

where the superscript denotes the power of the small expansion parameter p (derivatives and/or GB
mass insertions). This expansion is systematic, as an underlying power counting [11] can be derived.
This shows that graphs with n loops are suppressed by powers of p2n and that, at each order, we have
local operators accompanied by unknown coupling constants, also called low-energy constants (LECs).
These LECs must be determined from fits to experimental data or can be calculated using lattice QCD.
Their specific values single out QCD from the whole universality class of theories discussed above.
One important issue concerns unitarity. Leading order calculations are based on tree diagrams with
insertions from L(2), which means that such amplitudes are real. Imaginary parts are only generated
at one-loop order through the loop diagrams, which means that unitarity is fulfilled perturbatively but
not exactly in CHPT (for a general discussion, see [15]). We come to this issue in Section 2.4.

Matter fields such as baryons can also be included in a systematic fashion. There is one major
complication, namely the matter field mass that is of the same size as the breakdown scale of the EFT,
here Λχ ∼ 1 GeV. Therefore, only three-momenta of the matter fields can be small and the mass must
be dealt with in some manner. Various schemes such as the heavy baryon approach [16,17], infrared
regularization [18] and the extended on-mass-shell scheme [19] exist to restore the power counting.
For details, I refer to the reviews [20–22].

2.3. Chiral Perturbation Theory for Heavy-Light Systems

In this section, we display the effective Lagrangians that we need for the discussion of charm
mesons and their interactions. Consider first Goldstone boson scattering off D-mesons. The effective
Lagrangian takes the form [23–25]:

Leff = L(1) + L(2),

L(1) = DμDDμD† − M2
DDD†,

L(2) = D
[
−h0〈χ+〉 − h1χ+ + h2〈uμuμ〉 − h3uμuμ

]
D̄ +DμD [h4〈uμuν〉 − h5{uμ, uν}]DνD̄. (9)

Here, D = (D0, D+, D+
s ) is the D-meson triplet, MD is the average mass of the D-mesons and

we utilize the standard chiral building blocks uμ ∼ ∂μφ, with φ a member of the GB octet and
χ+ ∼ diag(mu, md, ms). The pertinent LECs can all be determined: h1 = 0.42 from the Ds-D splitting,
while h2,3,4,5 are fixed from a fit to lattice data [26]. Further, h0 can be fixed from the pion mass
dependence of the D meson masses.

In what follows, we also consider B̄ → D transitions with the emission of two light pseudoscalars
(pions). Here, chiral symmetry puts constraints on one of the two pions while the other one moves fast
and does not participate in the final-state interactions. The corresponding chiral effective Lagrangian
is developed in Ref. [27]:

Leff = B̄
[
c1
(
uμtM + Mtuμ

)
+ c2

(
uμ M + Muμ

)
t + c3 t

(
uμ M + Muμ

)
+ c4

(
uμ〈Mt〉+ M〈uμt〉

)
+ c5 t〈Muμ〉+ c6〈

(
Muμ + uμ M

)
t〉
]
∂μD†, (10)
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in terms of the B-meson triplet B̄ = (B−, B̄0, B̄0
s ), M is the matter field for the fast-moving pion and

t = uHu is a spurion field for Cabbibo-allowed decays,

H =

⎛⎜⎝0 0 0
1 0 0
0 0 0

⎞⎟⎠ . (11)

In the B → Dππ decays that we discuss below, only some combinations of the LECs ci (i = 1, . . . , 6)
appear (see Section 4.3).

2.4. Unitarization Schemes

As stated above, unitarity is only fulfilled perturbatively in CHPT. The hard scale in this EFT
is set by the appearance of resonances, such as the f0(500) or the ρ(770) in various partial waves of
pion–pion scattering. CHPT is thus not the proper framework to describe resonances. One possible way
to extend the energy region where this can be applied is unitarization, originally proposed in Ref. [28].
However, this comes at a price, usually crossing symmetry is violated in such type of approach and
the coefficient of subleading chiral logarithms are often incorrectly given (see [15]). Here, let us just
discuss a familiar approach on solving the Bethe–Salpeter equation in the on-shell approximation (see,
e.g., [29,30]). To be specific, let us consider the coupled-channel process φ + D → φ + D (suppressing
all indices). The basic unitarization method is depicted in Figure 1. It amounts to a resummation
of the so-called “fundamental bubble” (the 2-point loop function). To describe resonances, e.g., the
D∗

s0(2317), one has to search for poles of the T-matrix, which is generated from the CHPT potential by
unitarization.

= + + + ...V V VV V V
V

G GGT

Figure 1. The T-matrix for GB (dashed lines) scattering off D-mesons (solid lines) as a bubble sum
based on the effective potential V, which is obtained from the underlying chiral effective Lagrangian.

This version of unitarized CHPT is based on the fundamental equation

T−1(s) = V−1(s)− G(s), (12)

where V(s) is derived from the effective Lagrangian Equation (9) and G(s) is the 2-point scalar loop
function regularized by a subtraction constant a(μ),

G(s) =
1

16π2

{
a(μ) + ln

m2
2

λ2 +
m2

1 − m2
2 + s

2s
ln

m2
1

m2
2
+

σ

2s

[
ln(s − m2

1 + m2
2 + σ)

− ln(−s + m2
1 − m2

2 + σ) + ln(s + m2
1 − m2

2 + σ)− ln(−s − m2
1 + m2

2 + σ)
] }

, (13)

with σ =
{
[s − (m1 + m2)

2][s − (m1 − m2)
2]
}1/2 and m1 and m2 are the masses of the two mesons in

the loop, here one D-meson and one GB. μ is the scale of dimensional regularization, and a change of μ

can be absorbed by a corresponding change of a(μ). Promoting T(s), V(s) and G(s) to be matrix-valued
quantities, it is easy to generalize Equation (12) to coupled channels. More details on the unitarization
schemes are given in the subsequent sections.
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2.5. Unitarized Chiral Perturbation Theory in a Finite Volume

To compare with lattice data, we need to formulate the unitarization scheme in a finite volume
(FV). Obviously, in any FV scheme, momenta are no longer continuous but quantized,

�q =
2π

L
�n,�n ∈ Z3, (14)

in a cubic volume of length L, i.e., V = L3. An appropriate FV representation of the scalar 2-point
function is (see [31] for details)

G̃(s, L) = lim
Λ→∞

[
1
L3

|�q|<Λ

∑
�n

I(�q )−
∫ Λ

0

q2dq
2π2 I(�q )

]
, (15)

with I(�q ) the corresponding integrand. The FV energy levels of the process under consideration are
then obtained from the poles of T̃(s, L):

T̃−1(s, L) = V−1(s)− G̃(s, L). (16)

Note that all volume dependence resides in G̃(s, L) and the effective Lagrangian and thus the effective
potential are the same as in the continuum [32]. Again, in the case of coupled channels, Equation (16)
is promoted to a matrix equation.

3. The Story of the Λ(1405)

3.1. Basic Facts

In the quark model, the Λ(1405) is a uds excitation with JP = 1/2− a few hundred MeV above
the ground-state Λ(1116). The RPP gives one corresponding state with

m = 1405.1+1.3
−1.0MeV , Γ = 50.5 ± 2.0 MeV. (17)

In fact, the Λ(1405) was predicted long before the quark model as a resonance in the coupled πΣ
and K̄N channels (see [33] and also [34]), and considered as a K̄N bound state, arguably the first “exotic”
hadron ever. The analytical structure in the complex energy plane between the πΛ and ηΛ thresholds
is shown in Figure 2, together with the location of the the Λ(1405) and the further isospin splitting of
the pertinent πΣ and K̄N thresholds. The Λ(1405) was clearly seen in K−p → Σ3π reactions at 4.2 GeV
at CERN [35]. The spin and parity were only recently determined directly in photoproduction reactions
at Jefferson Laboratory, consistent with the theoretical expectation of JP = 1/2− [36]. However, it is
too low in mass for the quark model, but can be described in certain models such as the cloudy bag
model (it is amusing to note that the two-pole structure of the Λ(1405) was already observed in this
model but little attention was paid to this work [37]) or the Skyrme model. However, these models are
only loosely rooted in QCD and do not allow for controlled error estimates, an important ingredient in
any theoretical prediction.

 

Figure 2. Complex energy plane in the vicinity of the Λ(1405).
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3.2. Enter Chiral Dynamics

An important step in the theory of the Λ(1405) was based on the idea of combining the (leading
order) chiral SU(3) meson–baryon Lagrangian with coupled-channel dynamics [38]. This study gave
an excellent description of the K−p → K−p, K0n, π0Λ, π±Σ∓, π0Σ0 scattering data and the πΣ mass
distribution, and it was found that the Weinberg–Tomozawa (WT) term gave the most important
contribution. In this scheme, the Λ(1405) appears as a dynamically generated state, a meson–baryon
molecule, connecting the pioneering coupled-channel works with the chiral dynamics of QCD. This led
to a number of highly cited follow-up papers by the groups from Munich and Valencia (see, e.g., [39,40]
and the early review [29]). These groundbreaking works were, however, beset by certain shortcomings.
In particular, there was an unpleasant regulator dependence for the employed Yukawa-type functions
or momentum cutoffs and the issue of maintaining gauge invariance in such type of regulated theories
was only resolved years later [41–43].

3.3. The Two-Pole Structure

A re-analysis of coupled-channel K−p scattering and the Λ(1405) in the framework of unitarized
CHPT was performed by Oller and Meißner [44]. This work was originally motivated by
developing methods to overcome some of the shortcomings discussed before. The following technical
improvements were worked out: (1) the subtracted meson–baryon loop function based on dimensional
regularization, cf. Equation (13), which has become the standard regularization method; (2) a
coupled-channel approach to the πΣ mass distribution, which replaced the common assumption
that this process is dominated by the I = 0 πΣ system and thus can be calculated directly from the
πΣ → πΣ S-wave amplitude; and (3) matching formulas to any order in chiral perturbation theory
were established, which allows for a better constraining of such non-perturbative amplitudes. The
most significant finding of that work was, however, the finding of the two-pole structure: “Note that
the Λ(1405) resonance is described by two poles on sheets II and III with rather different imaginary
parts indicating a clear departure from the Breit-Wigner situation”. The location of the poles are:
Pole 1 at (1379.2 − i27.6)MeV and pole 2 at (1433.7 − i11.0)MeV on Sheet II, close to the πΣ and
K−p thresholds, respectively. This two-pole structure was also found in follow-up works by other
groups [45,46]. A better understanding of this two-pole structure was achieved in Ref. [47] using SU(3)
symmetry considerations and group theory. For the case under consideration, namely the dynamical
generation of resonances in Goldstone boson scattering off baryons, the following group theoretical
consideration applies: The decomposition of the combination of the two octets, the Goldstone bosons
and the ground-state baryons, is

8 ⊗ 8 = 1 ⊕ 8s ⊕ 8a︸ ︷︷ ︸
bindingatLO

⊕10 ⊕ 10 ⊕ 27, (18)

where using the leading order WT-term one finds poles in the singlet and in the two octets. The two
octets are degenerate and the poles are located on the real axis (see Figure 3). One can now follow the
developments of these poles in the complex plane. For that, one parameterizes the departure from
the SU(3) limit for the GB (Mi) and baryon masses (mi) and subtraction constants ai (the subtraction
constants can be channel-dependent but collapse to one value in the SU(3) limit) as follows:

M2
i (x) = M2

0 + x(M2
i − M2

0), mi(x) = m0 + x(mi − m0), ai(x) = a0 + x(ai − a0), (19)

with 0 ≤ x ≤ 1, where x = 0 corresponds to the SU(3) limit and x = 1 describes the physical world.
Further, m0 = 1151 MeV, M0 = 368 MeV and a0 = −2.148. The trajectories of the various poles in the
complex plane as the SU(3) breaking is gradually increased up to the physical values at x = 1 is shown
in Figure 3. First, we observe that not all poles present in the SU(3) limit appear for x = 1 (using the
LO WT term only).
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Figure 3. Trajectories of the poles in the scattering amplitudes obtained by changing the SU(3) breaking
parameter x. In the SU(3) limit (x = 0), only two poles appear, one for the singlet and the other for the
octets. The symbols correspond to the step size δx = 0.1 and the two trajectories contributing to the
Λ(1405) are highlighted.

Second, concerning the Λ(1405), we see that the singlet pole moves towards the πΣ threshold and
becomes rather broad, whereas the second pole from the octet comes out close to the K−p threshold
and stays rather narrow. Thus, there are in fact two resonances. Having determined these poles, one
can determine the couplings of these resonances to the physical states by studying the amplitudes in
the vicinity of the poles,

Tij =
gigj

z − zR
+ regularterms, (20)

with i, j channel indices and the couplings gi are complex valued numbers. While the lower pole
couples more strongly to the πΣ channel, the higher one displays a stronger coupling to K̄N.
Consequently, it is possible to find the existence of the two resonances by performing different
experiments, since in different experiments the weights by which the two resonances are excited are
different (see [47] for more details). Further early support of the two-pole scenario was provided by
the leading order investigation of the reaction K−p → π0π0Σ0 [48].

3.4. Beyond Leading Order

Clearly, to achieve a better precision, one has to go beyond leading order and include the
next-to-leading order (NLO) terms in the chiral SU(3) Lagrangian in the effective potential. This
task was performed by three groups independently [49–51]. These investigations were also triggered
by the precise measurements of the energy shift and width of kaonic hydrogen [52], which was based
on the improved Deser-type formula from Ref. [53], thus resolving the long standing “kaonic hydrogen
puzzle” (the discrepancy between the values of the K̄N scattering lengths extracted from scattering data
or earlier kaonic hydrogen experiments). This allowed to pin down the subthreshold K−p scattering
amplitude to better precision and to make predictions for the K−n scattering lengths. Most importantly,
all of these works confirmed the two-pole structure as shown in Figure 4 based on the results of [51].
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Figure 4. Three-dimensional plot of the two-pole structure of the Λ(1405). W denotes the
center-of-mass energy. Figure courtesy of Maxim Mai.

There was yet another surprise, namely by looking more closely at the scattering and kaonic
hydrogen data, one can find at least eight solutions of similar quality with different pairs of poles
for the Λ(1405) (see [54]). Here, photoproduction comes to the rescue. The CLAS collaboration at
Jefferson Laboratory did a superb job in measuring the Σπ photoproduction line shapes near the
Λ(1405) [55]. These data were first analyzed using LO unitarized CHPT and a polynomial ansatz
for the photoproduction process γp → K+MiBi in Ref. [56], leading to a good fit of these data and a
further check of the two-pole nature of the Λ(1405). The same ansatz was used in Ref. [54], leaving
only two of the eight solutions, as shown for one of the remaining solutions in Figure 5 for a fraction
of the data (the complete fit is shown in [54]). Similarly, the spread in the two poles from the eight
solutions was sizeably reduced, although the lower pole could not be pinned down as well as the
higher one. This work also supplied error bands, not only for the photoproduction results but also for
the underlying hadronic scattering processes. This shows that the inclusion of the photoproduction
data serves as a new important constraint on the antikaon–nucleon scattering amplitude. In view of
all these NLO results, the two-pole structure first appeared in the RPP in form of a mini-review [57],
called “Pole structure of the Λ(1405) region” co-authored by Hyodo and Meißner, which give also
references to other works related to the two-pole scenario. However, in the RPP summary tables, the
Λ(1405) was listed (and still is) as one resonance only.

Figure 5. Result of the fits to the CLAS data in all three channels π+Σ− (green), π−Σ+(red) and π0Σ0.
Correspondingly, green (dashed), red (full) and blue (dotted) lines represent the outcome of the model
for Solution 4 in the π+Σ−, π−Σ+, π0Σ0 channels, respectively. Figure courtesy of Maxim Mai.

3.5. Where Do We Stand?

A comparative analysis of the theoretical approaches that aim at description of low-energy
meson–baryon interactions in the strangeness S = −1 sector was presented by Cieply et al. [58].
All the models discussed [49–51,59] are derived from a chiral Lagrangian that includes terms up
to NLO, O(p2), with the free parameters fitted to the low-energy K−p reactions data and to the
characteristics of the kaonic hydrogen as measured by the SIDDHARTA collaboration. Thus, the
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various models available on the market were put under a direct comparison aiming at determining
the subthreshold energy dependence of the K̄N scattering amplitudes and on the pole content of the
models related to the dynamically generated baryon resonances. The discussed approaches represent
the variety of different philosophies they are built on. Most of them (the Kyoto–Munich, Murcia and
Bonn ones) use dimensional regularization to tame the ultraviolet divergences in the meson–baryon
loop function and treat the meson–baryon interactions on the energy shell while the Prague model
introduces off-shell form factors to regularize the Green function and phenomenologically accounts
for the off-shell effects. All approaches but the Bonn one are based on a potential concept, introducing
an effective meson–baryon potential that matches the chiral amplitude up to a given order and is then
used as a potential kernel in the Lippmann–Schwinger equation to sum a major part of the chiral
perturbation series. The Bonn model differs by solving a genuine Bethe–Salpeter equation before
making a projection to the S-wave and neglecting the off-shell contributions. Finally, the Kyoto–Munich
and Prague models have relatively small NLO contributions (representing only moderate corrections
to the LO chiral interactions) while the Murcia and Bonn models introduce sizeable NLO terms
that generate inter-channel couplings very different from those obtained by only the WT interaction.
Despite all these differences, the models are able to reproduce the experimental data on a qualitatively
very similar level and in mutual agreement especially concerning the data available at the K̄N threshold.
The models also tend to agree on a position of the higher energy of the two poles generated for the
Λ(1405) resonance, predicting it at the complex energy with the real part �z ≈ 1420 . . . 1430 MeV and
the imaginary part −�z ≈ 10 . . . 40 MeV (see Figure 6).
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Figure 6. Pole positions for various approaches: Kyoto-Munich (KM) [49], Prag (P) [59], Murcia (M) [50]
and Bonn (B) [51].

However, that is about where the agreement among the predictions ends. In particular, these
different approaches lead to very different locations of the lighter pole and different predictions for the
elastic K−p and K−n amplitudes at sub-threshold energies. This certainly has impact on the predictions
one can make (or has made) for kaonic atoms and antikaon quasi-bound states (see, e.g., [60]).

Clearly, we need better data to constrain the πΣ spectra in various processes besides the already
mentioned photoproduction data. A step in this direction was performed by Kamiya et al. [61],
who provided further constraints on the K̄N subthreshold interaction by analyzing πΣ spectra in
various processes, such as the K−d → πΣn reaction and the Λc → ππΣ decay. In addition, the yet to be
measured 1S level shift of kaonic deuterium will put further constraints on the K̄N interaction [62,63].
For the status of such measurements, see [64]. Further progress has also been made by including the
P-waves and performing a sophisticated error analysis [65], confirming again and sharpening further
the two-pole scenario of the Λ(1405) (note that the P-waves had already been included earlier with a
focus on the S = 0 sector [66]). Despite these remaining uncertainties, it must be stated clearly that the
two-pole nature of the Λ(1405) is established!
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To end this section, I briefly discuss two recent works that challenged the two-pole structure.
It was claimed by Revai [67] that the two-pole nature is an artifact of the on-shell approximation
used in most studies. Including off-shell effects, only one pole is generated in that study. However,
as convincingly shown in Ref. [68], that approach violates constraints imposed by chiral symmetry.
The origin of this violation can be traced back to the off-shell treatment of the chiral-effective vertices,
in combination with the use of non-relativistic approximations and the chosen regularization scheme.
Overcoming these deficiencies, the two-pole scenario reappears. This does not come as a surprise as
the NLO study of Mai and Meißner [51] already went beyond the on-shell approximation. Another
recent paper with only one pole is Ref. [69], based on the phenomenological Bonn–Gatchina (BnGa)
approach. In this framework, a large number of scattering and photoproduction data is fitted. However,
this scheme does not allow for the dynamical generation of resonances and no pole searches in the
complex-energy plane are reported in Ref. [69]. In a recent update, these authors also included a
second pole in their model [70]. They found that the second pole does not considerably worsen the
description of the considered data but still they prefer the solution with one pole. Thus, these results
are not conclusive. In addition, data that further support the two-pole nature on π−p → K0πΣ and
pp → pK+πΣ [71] as well as K+Λ(1405) electroproduction [72] are also not included. It can therefore
safely be said that these papers do not challenge the two-pole scenario.

4. Meson Sector: The D∗
0 (2300) and Related States

Thus far, one might consider the two-pole structure a curiosity related to just one particular state.
In the meson sector, a similar doubling of states was already considered in 1986 in the discussion
of the mysterious decay properties of the f0(980) (then called δ(980)), but that remained largely
unnoticed [73]. However, let us now take a closer look at the spectrum of the excited charmed mesons,
especially the D∗

s0(2317) first observed by BaBar [74] and the D∗
0 (2300) first observed by Belle [75] (see

also [76]). According to the recent edition of the PDG, the characteristics of these states are:

D∗
0 (2300) : M = 2300 ± 19MeV, Γ = 274 ± 40MeV, I(JP) =

1
2
(0+), (21)

D∗
s0(2317) : M = 2318.0 ± 0.7MeV, Γ < 3.8MeV, I(JP) = 0(0+). (22)

According to the quark model, the quark composition for these scalar mesons is cū and cs̄, respectively.
This immediately poses the question: Why is the D∗

s0(2317) as heavy as the D∗
0 (2300), it should be

about 100 MeV, which is the mass of the strange quark, heavier? In addition, why is the D∗
s0(2317)

about 150 MeV below the prediction of the quark model, that has been rather successful [3]? While this
is an interesting question (I refer to the review [77], which has a very detailed discussion of this state),
here I focus on the the non-strange charmed scalar meson, as it appears to be too heavy, but in fact
gives further support to the two-pole scenario.

4.1. Two-Pole Structure

Let us consider first the fine lattice QCD work by the Hadron Spectrum Collaboration, who
investigated coupled-channel Dπ, Dη and DsK̄ scattering with JP = 0+ and I = 1/2 in three
lattice volumes, one value for the temporal and the spatial lattice spacing, respectively, at a pion
mass Mπ = 391 MeV and D-meson mass MD = 1885 MeV [78]. They used various K-matrix type
extrapolations of the type

Kij =
(

g(0)i + g(1)i s
) (

g(0)j + g(1)j s
) 1

m2 − s
+ γ

(0)
ij + γ

(1)
ij s, (23)

to find the poles in the complex plane, by fitting the parameters g, γ to the computed energy levels,
and use the T-matrix to extract the poles. They found one S-wave pole at (2275.0± 0.9)MeV, extremely
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close to the Dπ threshold at 2276 MeV. This state is consistent with the D∗
0 (2300) of the PDG. However,

the extrapolations in Equation (23) do not take into account chiral symmetry.
Therefore, this topic was revisited by Albaladejo et al. [79], who implemented the chiral

Lagrangian, Equation (9), together with LECs from Ref. [26] within the finite volume formalism
outlined in Section 2.5 to postdict in a parameter-free manner the energy levels measured by the
Hadron Spectrum Collaboration. The stunning result of this unitarized CHPT calculation is shown
in the left panel of Figure 7; a very accurate postdiction of the lattice levels is achieved (note that
this is not a fit). Note further that the region above 2.7 GeV is beyond the range of applicability of
this NLO calculation. The level below the Dπ threshold is interpreted in Ref. [78] as a bound state
associated to the D∗

0 (2300) as stated before. The finite-volume UCHPT calculation also finds this
pole at M = 2264+8

−14 MeV and half-width Γ/2 = 0 MeV, very similar to the results of Moir et al. [78].
However, there is a second pole at M = 2468+32

−25 MeV with Γ/2 = 113+18
−16 MeV (see also Figure 7,

right). Using chiral extrapolations, one can then evaluate the spectroscopic content of the scattering
amplitudes for the physical pion mass, collected in Table 1.

Figure 7. (Left) Energy levels calculated in finite-volume unitarized chiral perturbation theory with
all LECs determined before (red bands representing the 1σ uncertainties) in comparison to the lattice
QCD results of [78] (black circles). The dashed lines give the various free levels of the two-particle
systems Dπ, Dη and DsK̄. (Right) Location of the two poles in the complex energy plane for the lattice
masses (red symbols) and physical masses (blue symbols). The black diamond represents the PDG
value. The various thresholds are indicated by the dotted lines. Figures courtesy of Feng-Kun Guo.

Table 1. Position
√

s = M − iΓ/2 (in MeV) and couplings (in GeV) of the two poles in the (0,1/2) sector
using physical pion masses.

M (MeV) Γ/2 (MeV) |gDπ | |gDη| |gDsK̄|
2105+6

−8 102+10
−12 9.4+0.2

−0.2 1.8+0.7
−0.7 4.4+0.5

−0.5

2451+36
−26 134+7

−8 5.0+0.7
−0.4 6.3+0.8

−0.5 12.8+0.8
−0.6

The bound state below the Dπ threshold evolves into a resonance above it when the physical
masses are used, where the threshold is now at 2005 MeV. This behavior is typical for S-wave poles.
The second pole moves very little and its couplings are rather independent of the meson masses. It is
a resonance located between the Dη and DsK̄ thresholds on the (110) Riemann sheet, continuously
connected to the physical sheet. Thus, the D∗

0 (2300) of the RPP is produced by two different poles,
and in fact the lower pole solves the enigma discussed in the beginning of this section. Note that
this two-pole structure was observed earlier by the authors of [80–82] but only explained properly in
Ref. [79], as discussed next.
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Consider again the SU(3) limit, where the eight Goldstone bosons take the common value M0

and the three heavy D-mesons the common value MD0, so that departures from the SU(3) limit are
parameterized as

Mφ,i = Mphys
φ,i + x(M0 − Mphys

φ,i )(i = 1, . . . , 8),

MD,j = Mphys
D,j + x(MD0 − Mphys

D,j )(j = 1, . . . , 3),

with x = 0 and x = 1 corresponding to the physical and the SU(3) symmetric case, respectively, and
M0 = 0.49 GeV and MD0 = 1.95 GeV. In that study, only one subtraction constant for all channels was
used and kept fixed with varying x. Note that in contrast to the work of Jido et al. [47] discussed
above, here a linear extrapolation formula is used for the GB masses, which is also legitimate. As above,
the two-pole nature is understood from group theory,

3̄ ⊗ 8 = 3̄ ⊕ 6︸ ︷︷ ︸
attractive

⊕15. (24)

This means one has attraction in the 3̄ and 6 irreducible representations (irreps) but repulsion
in the 15 irrep at leading order in the effective potential. The most attractive irrep, the 3̄, admits a
cq̄ (q = u, d, s) configuration. At NLO, the potentials receive corrections, but the qualitative features
remain. The evolution from the SU(3) limit to the physical case is shown in the left panel of Figure 8.
Shown are the two poles corresponding to the D∗

0 (2300) and its strange sibling, the D∗
s0(2317). As one

moves away from the SU(3) limit, the lower pole of the D∗
0 (2300) moves down in the complex plane,

restoring the expected ordering that the cū excitation should be lighter than its cs̄ partner.

Figure 8. (Left) Pole paths in the complex plane when recovering the SU(3) limit (left subpanel).
Mass evolution of the different poles with x. Besides the two (0,1/2) poles, denoted as high and low
(blue dashed and green solid lines), the evolution of the (1,0) bound state, the D∗

s0(2317) resonance
(orange dot-dashed line), is shown on the right. Figure courtesy of Feng-Kun Guo. (Right) Mass of the
predicted sextet state M6 at the SU(3) symmetric point as a function of the Goldstone boson mass Mφ.
The inset shows the half-width of the resonance for GB masses below 475 MeV.

It was already observed in Ref. [79] that the higher pole connects with a virtual state in the sextet
representation due to the weaker binding. This issue was further elaborated on by Du et al. [83],
who studied the SU(3) limit in more detail. In the right panel of Figure 8, the sextet pole is shown
for varying GB masses. Below Mφ � 475 MeV, the pole is a resonance with its imaginary part (Γ6/2)
shown in the inserted sub-figure. Above Mφ � 475 MeV, it evolves into a pair of virtual states, and
finally it becomes a bound state at Mφ � 600 MeV. Such a study in the SU(3) limit mu = md = ms at
large GB masses could be performed on the lattice and offer another test of this scenario. Finally, let
me come back to the lattice calculation in Ref. [78]. Indeed, while various of the amplitudes employed
in that analysis contained a second pole, its location was strongly parameterization-dependent [84],
and therefore not reported in that paper.

54



Symmetry 2020, 12, 981

4.2. Other Candidates

As already noted, in the (S, I) = (1, 0) sector, the same chiral Lagrangian produces a pole at
2315+18

−28 MeV which is naturally identified with the D∗
s0(2317). It emerges from the pole in the triplet

representation. The D∗
s0(2317) is dominantly a DK molecule. Substituting the D-meson by a D∗ and

employing HQSS, the molecular picture naturally gives [85]

MDs1(2460) − MD∗
s0(2317) � MD∗ − MD, (25)

which is also obtained in the so-called doublet model [86–88]. Similar to the D∗
0 (2300), the nonstrange

charmed meson D1 also comes with two poles (see Table 2). This was noted before by Guo et al. [89].
In both cases, the single RPP pole sits in between the lower and the higher pole.

Using HQFS, one can further predict similar states in the B-meson sector, by just replacing the
corresponding D-mesons with their bottom counterparts at leading order [81,85]. Using the NLO
framework employed in the charm sector, one has to scale the LECs h0,1,2,3 ∼ mQ and h4,5 ∼ 1/mQ
and the subtraction constant is adjusted, as described in Ref. [81]. This leads again to the two-pole
structures also collected in Table 2.

For the lowest positive-parity heavy strange mesons, it is instructive to compare with lattice
QCD results. This gives for the masses of the charm-strange mesons MD∗

s0
= 2315+18

−28[2348+7
−4] [90],

MDs1 = 2456+15
−21[2459.5 ± 0.6] [90], and for the strange-bottom ones MB∗

s0
= 5720+16

−23[5711 ± 23] [91],
MDs1 = 5772+15

−21[5750 ± 25] [91], where the first (second) number refers to the molecular (lattice QCD)
prediction. The agreement is rather remarkable.

Table 2. Predicted poles corresponding to the positive-parity heavy-light nonstrange mesons given as
(M, Γ/2), with M the mass and Γ the total decay width, in units of MeV. The current RPP [4] values are
listed in the last column.

Lower Pole Higher Pole RPP

D∗
0

(
2105+6

−8, 102+10
−11

) (
2451+35

−26, 134+7
−8

)
(2300 ± 19, 137 ± 20)

D1

(
2247+5

−6, 107+11
−10

) (
2555+47

−30, 203+8
−9

)
(2427 ± 26 ± 25, 192+54

−38 ± 37)

B∗
0

(
5535+9

−11, 113+15
−17

) (
5852+16

−19, 36 ± 5
)

-

B1

(
5584+9

−11, 119+14
−17

) (
5912+15

−18, 42+5
−4

)
-

Thus, the plot of the two-pole scenario thickens. In the absence of direct measurements of some of
these states, one might ask the question: Is further experimental support for the picture just outlined?

4.3. Analysis of B → Dππ Data

To further test the mechanism of the dynamical generation of the charm-light flavored mesons
discussed thus far, let me turn to the high precision results of the LHCb collaboration for the decays
B → Dππ [92]. As shown in Ref. [83], the amplitudes with the two D∗

0 states are fully consistent with
the LHCb measurements of the reaction B− → D+π−π−, which are at present the best data providing
access to the Dπ system and thus to the nonstrange scalar charm mesons. This information is encoded
in the so-called angular momenta, which are discussed in detail in the LHCb paper [92].

The theoretical framework to analyze this process is based on the unitarized chiral effective
Lagrangian, Equation (10), where one pion is fast and the other participates in the Dπ final-state
interactions (for more details, see [83]). To be specific, consider the reaction B− → D+π−π−.
For sufficiently low energies in the Dπ system, it suffices to include the lowest partial waves (S,P,D),
so we can write the decay amplitude as
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A(B− → D+π−π−) =
2

∑
L=0

√
2L + 1AL(s)PL(z) , (26)

where A0,1,2(s) correspond to the amplitudes with D+π− in the S-, P- and D-waves, respectively, and
PL(z) are the Legendre polynomials. For the P- and D-wave amplitudes, we use the same Breit–Wigner
form as in the LHCb analysis [92], containing the D∗ and D∗(2680) mesons in the P-wave and the
D2(2460) in the D-wave. For the S-wave, however, we employ

A0(s) = A
{

Eπ

[
2 + G1(s)

(
5
3

T1/2
11 (s) +

1
3

T3/2(s)
)]

+
1
3

EηG2(s)T1/2
21 (s) +

√
2
3

EK̄G3(s)T1/2
31 (s)

}
+ BEηG2(s)T1/2

21 , (27)

where A and B are two independent couplings following from SU(3) flavor symmetry (i.e.,
combinations of the LECs ci, A =

√
2(c1 + c4)/Fφ and B = 2

√
2(c2 + c6)/(3Fφ), with Fφ the GB

decay constant), and Eπ,η,K̄ are the energies of the light mesons. Further, the TI
ij(s) are the S-wave

scattering amplitudes for the coupled-channel system with total isospin I, where i, j are channel indices
with 1, 2 and 3 referring to Dπ, Dη and DsK̄, respectively, and the Gi(s) are the corresponding 2-point
loop functions. These scattering amplitudes are again taken from Ref. [26] where also all the other
parameters are fixed. To filter out the S-wave, the following (combinations of) angular moments
are used:

〈P0〉 ∝ |A0|2 + |A1|2 + |A2|2,

〈P2〉 ∝
2
5
|A1|2 +

2
7
|A2|2 +

2√
5
|A0||A2| cos(δ2 − δ0),

〈P13〉 = 〈P1〉 −
14
9
〈P3〉 ∝

2√
3
|A0||A1| cos(δ1 − δ0), (28)

with δ0, δ1, δ2 the S-, P- and D-wave phase shift, respectively.
The best fit to the LHCb data is shown in Figure 9 together with their best fit provided by LHCb

based on cubic splines (dashed lines). The bands in Figure 9 reflect the one-sigma errors of the
parameters in the scattering amplitudes determined in Ref. [26]. It is worthwhile to notice that, in
〈P13〉, where the D2(2460) does not play any role, the data show a significant variation between 2.4 and
2.5 GeV. Theoretically, this feature can now be understood as a signal for the opening of the D0η and
D+

s K− thresholds at 2.413 and 2.462 GeV, respectively, which leads to two cusps in the amplitude. This
effect is amplified by the higher pole which is relatively close to the DsK̄ threshold on the unphysical
sheet. There is some discrepancy between the chiral amplitude and the data for 〈P13〉 at low energies:
Does this point at a deficit of the former? Fortunately, the LHCb Collaboration provided more detailed
information on their S-wave amplitude in Ref. [92]: in the analysis of the data, a series of anchor points
were defined where the strength and the phase of the S-wave amplitude were extracted from the data.
Then, cubic splines were used to interpolate between these anchor points.

In Figure 10, the S-amplitude fixed as described above is compared to the LHCb anchor points.
Not only does this figure show very clearly that the strength of the S-wave amplitude largely
determined by the fits to lattice data is fully consistent with the one extracted from the data for
B− → D+π−π−, but the presented amplitude also shows the importance of the Dη and DsK̄ cusps
and thus also of the role of the higher pole in the I = 1/2 and S = 0 channel even more clearly than
the angular moments discussed above. This clearly highlights the importance of a coupled-channel
treatment for this reaction. An updated analysis of the LHC Run-2 data is called for to confirm the
prominence of the two cusps.
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Figure 9. Fit to the LHCb data for the angular moments 〈P0〉, 〈P13〉 and 〈P2〉 for the B− → D+π−π−

reaction [92]. The largest error among 〈P1〉 and 14〈P3〉/9 in each bin is taken as the error of 〈P1〉 −
14〈P3〉/9. The solid lines show the results of Du et al. [83], with error bands corresponding to the
one-sigma uncertainties propagated from the input scattering amplitudes, while the dashed lines stand
for the LHCb fit using cubic splines for the S-wave [92].

LHCb presented also data on B0
s → D̄0K−π+, which are, however, less precise than the ones

just discussed. Using the same formalism as before, with one different combination of the LECs ci
and the same resonances in the P- and D-wave as LHCb, these data can be well described by a one
parameter fit (see [83] for more details). A combined analysis including also data for B0 → D̄0π−π+,
B− → D+π−K− and B0

s → D̄0K−π+ performed in Ref. [93] gives further credit to this picture.

Figure 10. Comparison of the S-wave amplitude based on UCHPT to the S-wave anchor points found
in the experimental analysis, shown as the data points [92]. The red line gives the best fit results
and the grey band quantifies the uncertainties that emerged from the fitting procedure. The fitting
range extends up to 2.55 GeV. The dashed perpendicular lines indicate the location of the Dη and DsK̄
threshold, respectively.

4.4. The K1 Meson

Another state that offered support to the two-pole scenario even before the heavy-light mesons
just discussed is the axial-vector meson K1(1270), which in the quark model is a kaonic excitation with
angular momentum one, I(JP) = 1

2 (1
+). The two-pole nature of the K1(1270) was first noted in the

study of the scattering of vector mesons off the Goldstone bosons in a chiral unitary approach at tree
level [94]. This was further sharpened by Geng et al. [95]. There, the high-statistics data from the WA3
experiment on K−p → K−π+π−p, analyzed by the ACCMOR collaboration [96], were reanalyzed and
shown to favor a two-pole interpretation of the K1(1270). Geng et al. [95] also reanalyzed the traditional
K-matrix interpretation of the WA3 data and found that the good fit of the data obtained there was
due to large cancellations of terms of unclear physical interpretation. It was recently shown how this
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two-pole scenario can show up in D-meson decays, in particular D0 → π+VP and D+ → νe+VP,
where P and V are pseudoscalar and vector mesons, respectively [97,98].

5. Discussion and Outlook

Let me summarize briefly:

• The story with the two-pole structure started with the Λ(1405), which can now be considered
as established. However, the position of lighter pole close to the πΣ threshold needs to be
determined better, whereas the higher pole close to the K−p threshold is pretty well pinned down.
It is comforting to note that the re-analysis of the Jülich K̄N meson-exchange model from the
1990s also confirmed the two-pole structure of the Λ(1405) (see [99] and references therein).
I again point out that approaches that do not allow for the dynamical generation of resonances,
e.g., the BnGa model, are insufficient for describing the whole hadron spectrum.

• Further support of the two-pole scenario comes from charmed baryons. Recently, an analysis
of the LHCb data on Λb → pD0π− in the near-pD0-threshold region also revealed a two-pole
structure of the Σc(2800)+ when isospin-breaking is taken into account [100].

• The spectrum of excited charmed mesons, made from a heavy c quark and a light u, d, s quark,
offers further support of the two-pole structure and the dynamical generation of hadron resonances.
Here, a beautiful interplay of experimental results, unitarized chiral perturbation theory and lattice
QCD gives very strong indications that this picture is indeed correct. Further lattice calculations
and the measurement of the corresponding B-mesons will serve as further tests.

• This leads to a new paradigm in hadron physics: The hadron spectrum must not be viewed as a
collection of quark model states, but rather as a manifestation of a more complex dynamics that
leads to an intricate pattern of various types of states that can only be understood by an interplay
of theory and experiment (cf. the light scalar mesons or the states discussed here).

• The dynamical generation of hadron states through hadron–hadron interactions ties together
nuclear and particle physics, as these molecular compounds bear resemblance to the light nuclei,
the deuteron, the triton and so on. Therefore, such molecular states were called “deusons” by
Törnquist, one of the pioneers in the field of hadronic molecules [101].

From all this, it is rather obvious that the PDG tables published in the RPP must undergo a drastic
change and finally acknowledge the two-pole structure in the main listings, not just in the review
section. Time will tell how long this necessary change will take.
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Abstract: I discuss how the axial current coupling constant gA renormalized in scale symmetric
chiral EFT defined at a chiral matching scale impacts on the axial current matrix elements on beta
decays in nuclei with and without neutrinos. The “quenched” gA observed in nuclear superallowed
Gamow–Teller transitions, a long-standing puzzle in nuclear physics, is shown to encode the
emergence of chiral-scale symmetry hidden in QCD in the vacuum. This enables one to explore how
trace-anomaly-induced scale symmetry breaking enters in the renormalized gA in nuclei applicable
to certain non-unique forbidden processes involved in neutrinoless double beta decays. A parallel
is made between the roles of chiral-scale symmetry in quenching gA in highly dense medium and
in hadron–quark continuity in the EoS of dense matter in massive compact stars. A systematic
chiral-scale EFT, presently lacking in nuclear theory and potentially crucial for the future progress,
is suggested as a challenge in the field.

Keywords: nuclear quenched gA; Fermi-liquid fixed point; hidden scale and local symmetries in
nuclear matter; genuine dilaton; anomalous dimension of gluon stress tensor in nuclei

1. Introduction

It has been recently argued [1,2] that the long-standing mystery of “quenched” gA
in nuclear super-allowed Gamow–Teller transitions can be resolved by the combination
of two mechanisms: (1) strong nuclear correlations controlled by an emerging scale
symmetry hidden in QCD; (2) an effect of quantum anomaly in scale symmetry inherited
from QCD at the chiral scale Λχ ∼ 4π fπ that defines effective field theory for nuclear
dynamics. (I put the quotation marks here because what is referred to in the nuclear
physics literature as “quenched gA” is a misnomer. The coupling constant gA appearing
in the nucleonic axial current used to calculate nuclear Gamow–Teller matrix elements is
in fact not quenched in the sense used in shell-model calculations in the literature. This is
explained in what follows. I continue the discussions without the quotation marks unless
otherwise noted.)

In this note, I discuss how what triggers the quenched superallowed Gamow–Teller
transitions in nuclear medium encodes the emergence of chiral-scale symmetry, hidden
in QCD, in strong nuclear correlations and suggest in what way the anomaly-induced
breaking of scale symmetry—referred to by the acronym AISB—affects how the axial-
current coupling constant gA can indeed be “fundamentally” renormalized by the vacuum
change—as opposed to the effect of nuclear correlations. This AISB is argued to have an
important impact on neutrinoless double beta decay matrix elements.

2. Superallowed Gamow–Teller Transitions

To zero-in on essentials for the quenched gA problem, first consider the superal-
lowed Gamow–Teller decay of the doubly magic nucleus 100Sn with 50 neutrons and
50 protons. I pick this case because there is what is claimed to be “accurate” data and
equally importantly it offers a well-defined theoretical framework. This process allows
exploiting the “extreme single-particle shell model (ESPSM)” description [3,4]. In the
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ESPSM description, the GT process involves, via the spin-isospin flip, the decay of a
proton in a completely filled shell g9/2 to a neutron in an empty shell g7/2, which can be
equated nearly precisely to the GT transition of a quasi-proton to a quasi-neutron on top
of the Fermi sea formulated in the Landau Fermi-liquid fixed point theory [1]. Such a
feat is not usually feasible for an ESPSM description of generic (say, non-doubly-magic)
nuclei.

Let us begin by defining the quenching factor q often used in the literature

MGT = gAqMστ . (1)

Here, gA is the free-space (neutron decay) axial-vector coupling constant gA =
1.276(4) and Mστ is the proton-to-neutron single-particle GT matrix element. The quan-
tity on the right-hand side representing nature should of course be model independent
but q and M depend on how M is to be calculated, so separately model dependent. The
approach adopted in [1] gives a precise meaning to what q is in the scheme and how it can
be related to the experimental value. As emphasized there, given the superallowed transi-
tion with zero momentum transfer, the quantity M is just the spin-isospin factor for the
Fermi-liquid as well as ESPSM descriptions with all the interaction effects, fundamental
(i.e., AISB) as well as of pure nuclear correlations, lumped into the “quenching” factor q.
In general, the two are of course intricately mixed, and it is difficult, if not impossible, to
disentangle them in nuclear processes. However, if one assumes that the AISB effect is
small, then the axial-current can be written with the anomaly factor qssb representing the
scale symmetry breaking (ssb) simply multiplying the scale-invariant axial current as

qssbgAψ̄τ±γμγ5ψ (2)

with

qssb = cA + (1 − cA)Φβ′ . (3)

Here, cA is a (in general) density-dependent constant and β′ is the anomalous di-
mension of the gluon stress tensor trG2

μν, both of which remain, up-to-date, unknown
for QCD with the flavor number Nf ∼< 3. The quantity Φ is the ratio f ∗π/ fπ with the ∗
indicating density dependence of the nuclear medium. Φ has been measured by deeply
bound pionic nuclei [5], so is known up to the nuclear matter density n0. Note that,
because of Φ, qssb is explicitly density-dependent. In the vacuum, Φ = 1, so there is no
dependence on β′. Furthermore, if cA were equal to 1 either on symmetry grounds or by
density effects in medium, there would be no dependence on β′. In both cases, the impact
of scale symmetry breaking is absent in the GT transitions.

In [1], resorting to an EFT that incorporates both hidden local symmetry and hidden
scale symmetry in chiral Lagrangian, the matrix element of the superallowed GT matrix
element was calculated in the large Nc and large N̄ approximations in the Fermi-liquid
approach. In QCD, the gA is proportional to Nc in the large Nc counting, and, in the
Fermi-liquid theory, the Fermi-liquid fixed point is given by O(1) term in the limit
N̄ = kF/(ΛFL − kF) → ∞ with ΛFL the cut-off in the Fermi-liquid renormalization group
decimation. In these double limits, it comes out that

〈ψ̄τ±γμγ5ψ〉 f i = qLandau
snc 〈τ±σ〉 f i (4)

where the entire strong nuclear correlation (snc) effects are captured in

qLandau
snc = (1 − κ)−2 (5)

with

κ =
1
3

ΦF̃π
1 . (6)
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Here, F̃π
1 is the pionic contribution to the Landau mass, governed by chiral symmetry

for any density ≤ n0 ≈ 0.16 fm−3. (The pionic contribution to the Landau mass is the
Fock term, which is formally of O(1/N̄), and goes beyond the Landau Fermi-liquid fixed
point approximation made in (5). However, soft theorems for both chiral symmetry
(pion) and scale symmetry (dilaton) figure for the validity of the relation (5), so the pionic
contribution is essential. See [2] for discussions on this matter.) Therefore, the quantity
κ is almost completely controlled by low-energy theorems. In addition, due to near
compensation of the density effects in the two factors, κ remains remarkably insensitive
to density. It varies negligibly between n0 and n0/2. Therefore, it is applicable equally
well to both light and heavy nuclei.

From (3) and (5), we get the total quenching factor

q = qssbqLandau
snc . (7)

To see what we have, let us first ignore the AISB and set qssb = 1. Evaluating qsnc in
the Landau Fermi-liquid theory, we get at n ≈ n0 [1]

qLandau
snc ≈ 0.79. (8)

Thus, what is identified as the “scale-symmetric effective gA” given in the Landau
Fermi-liquid theory is

gss
A ≡ gLandau

A ≈ gAqLandau
snc = 1.276 × 0.79 ≈ 1.0. (9)

Note that gss
A is not a quenched coupling constant. The quenching is in the nuclear

interactions captured in qLandau
snc . There is more on this crucial point below.

2.1. Fermi-Liquid Fixed Point (FLFP) ≈ Extreme Single Particle Shell Model (ESPSM)

In what sense can this result (9), which figures crucially in what follows, be taken as
reliable? It relies on taking two limits. The first is the large Nc limit in QCD combined
with soft theorems. The second is the large N̄ limit in the renormalization-group approach
to Landau Fermi-liquid theory in treating strongly correlated nuclear interactions. The
former is akin to the Goldberger–Treiman relation which is known in the matter-free
vacuum to be accurate within a few percent discrepancy. Thus, combining the two limits
in nuclear processes can be considered to be comparable to applying to the Goldberger–
Treiman relation in nuclear dynamics. It has been shown that the Landau Fermi-liquid
fixed point approximation combined with soft theorems give very accurate predictions
for such nuclear electroweak processes as the anomalous orbital gyromagnetic ratio of
the proton δgp

l and the axial charge 0± ↔ 0∓ ΔT = 1 transitions in heavy nuclei [6,7]. To
the best of my knowledge, there are no other approaches that match the precision in the
predictive power for these quantities. I would consider (9) to be of the same accuracy. At
present, one cannot make any more precise error assessment.

As argued above, we can equate qLandau
snc to the ESPSM description of the quenching

factor of the doubly magic nucleus

qLandau
snc � qESPSM

snc . (10)

Thus, the total quenching factor can be written as

q = qssbqLandau
snc � qssbqESPSM

snc . (11)

2.2. Scale-Symmetric Effective gss
A

That gss
A is close to 1 raises two questions: (1) What does the effective gss

A approaching
1 signify? (2) What does it represent in comparison with experiments?

Since the direct impact of matching to QCD at the given scale Λχ is factored out, qsnc
encodes pure nuclear correlation effects. Thus, gss

A in (9) represents their effects captured
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in the constant gAqsnc multiplying the non-interacting single particle transition involving
only the spin-isospin flip taking place: (a) on the Fermi surface for the LHS of (10); (b) in
the ESPSM for the RHS.

To put more precisely, gss
A would correspond to a full-scale shell-model calculation

with the unquenched or un-renormalized gA that takes into account the excitation of all
configurations connected to the parent (ground) state by nuclear forces, in particular,
the nuclear tensor forces up to excitation energies of ΔE ∼< (mΔ − mN). Such a full scale
microscopic calculation for a mass number of ∼100 would be far from feasible at present,
so the relation (10) could at best be conjectural. However, highly powerful numerical
techniques have been developed up-to-date that can handle the dynamics of few-nucleon
systems, say, A ∼< 10. Such a microscopic numerical calculation in light nuclei anchored
on an effective field theory suitably defined at, say, the chiral scale would do the same
physics as the mapping of the Fermi-liquid fixed point approximation to the ESPSM
description for many-nucleon systems. Indeed, a recent quantum Monte-Carlo (QMC)
calculation of Gamow–Teller matrix elements entering β decay and electron capture rates
in A = 3 − 10 nuclei was shown, quite convincingly, by King et al. [8], to reproduce the
experimental Gamow–Teller matrix elements at a few % level. Note that no quenched
coupling constant is involved in this calculation. There, two-body exchange-current
operators which enter, chiral-order-suppressed, at N3LO [9] were included, but found
to contribute insignificantly, say, only at the 2–3% level as predicted a long time ago [9].
As argued in [1], however, there are no theoretical justifications within the framework
of chiral effective field theory to ignore next-order terms of NrLO for r > 3 if the r = 3
terms, whether negligible or not, are taken into account. The reason for this is that there
can be non-negligible cancelations between the calculated r = 3-order terms and the
higher-order terms of comparable strength that are however not calculable due to large
number of unknown counter terms. Therefore, it is argued in [1] that the many-body
terms be dropped for consistency. Furthermore the possible 2–3% contribution can be of
the same order as the AISB effect qssb contributing at density n < n0, as made clear below.

One might think that gss
A being close to 1 may merely be an accident. Surprisingly,

however, gss
A ≈ 1 is a ubiquitous and pervasive outcome of simple shell-model calcu-

lations in light nuclei (see, e.g., [10]) and has prompted many authors, starting with
Wilkinson [11], to ask whether it has something fundamental intrinsic of QCD. Indeed
if the Fermi-liquid theory is extended to Δ-hole configurations and the Landau–Migdal
Fermi interaction g′0 is assumed to be universal, that is, g0

NN = g0
NΔ = g′0ΔΔ, the Δ-hole

loop contribution can be made to screen the gA by the same quenching factor q ≈ 0.80
as qLandau

snc . However, this result would make sense only if all nuclear correlations up to
the energy scale of the Δ-N mass difference turned out to sum to nearly zero. However,
there is absolutely no reason known why this can be so. Furthermore, even if one were to
formulate, assuming it makes sense, the Fermi-liquid theory in the space of both nucleon
and Δ—Landau–Migdal theory—there would be no reason the universality should hold
for the g′0 channel.

In any event, I must say it is highly puzzling why the naively calculated Δ-N screening
leads to the more or less same quenching as the purely nucleonic Landau Fermi-liquid
correlations do—even if it were coincidental. This has led to a long-standing confusion in
the field. This clearly points to that what is “fundamental” depends on how and at what
scale the EFT is matched to QCD.

2.3. gss
A and Dilaton-Limit Fixed-Point

Let me now address what gss
A ≈ 1 could imply. As noted, the axial current gAψ̄γμγ5ψ

is scale-invariant. Thus, the nuclear interaction that leads to (10) reflects scale symmetry
because it is associated with both soft-pion and soft-dilaton theorems, although the NG
boson masses figure in the Landau interactions involved. Again, this is quite analogous
to the Goldberger–Treiman relation which holds both with and without the pion mass
as long as the mass is small compared with the QCD scale, reflecting soft theorems in
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chiral symmetry. That gss
A ≈ 1 is not accidental but could perhaps reflect scale symmetry

in action can be seen in what happens as baryonic matter is tweaked to the putative chiral
restoration or more appropriately to the infrared (IR) fixed point in the “genuine dilaton”
theory of scale symmetry [12,13]. (The idea of genuine dilaton may be controversial
in technicolor approaches to the BSM, but we find it highly appropriate for nuclear
dynamics, as reviewed in [2,14].) This is because, in the chiral limit, approaching the
chiral restoration or the IR fixed point, the dilaton condensate and the quark condensate
approach each other, fχ → fπ , in arriving at what is called “dilaton-limit fixed-point
(DLFP)” [15] relevant for compact-star matter [14]. In the EFT giving gLandau

A , going
toward the DLFP by increasing density is found to impose the constraint on the quark
axial current gQ

AQ̄γμγ5Q—where Q is the quark field—which is likewise scale-invariant

gQ
A → 1. (12)

This corresponds to a non-interacting quasi-quark in the medium in which fπ �
fχ �= 0 making the GT transition. It resembles—uncannily— the quasi-proton making the
superallowed GT transition in the ESPSM in the doubly magic nucleus in the absence of
AISB effect, i.e., with qssb = 1. It is thus tempting to consider that albeit approximate scale
symmetry permeates from low density—nuclei—to high density—compact-star matter.
This could be considered as one of multifaceted manifestations of hadron–quark continuity
discussed in [2,14]. An equally striking manifestation of continuity between hadrons and
quarks, which may be related to the pervasive continuity of scale symmetry in gA, is in
the equation of state (EoS) of dense baryonic matter. Conformal symmetry, broken both
by anomaly and spontaneously—and invisible in nuclear systems—emerges pervasively
in the unitarity limit at low density in light nuclei [16] and in the pseudo-conformal sound
speed v2

sPC/c2 ≈ 1/3 in massive compact stars at high density, n ∼> 3n0 [2], an observation
that could be considered as a critical opalescence to the conformal speed v2

c /c2 = 1/3
expected at asymptotic density in QCD.

3. Strongly Forbidden Axial Transitions

It follows from the discussions made so far that (9) is not a fundamental coupling
constant to be applied generically to any axial responses in the background defined by
the modified vacuum. It encodes as completely as feasible nuclear correlations gener-
ated in the given background for the superallowed GT transitions in nuclei. It is not
applicable to nuclear axial responses different from the superallowed (zero-momentum
transfer) GT transitions. It is in particular not applicable to non-unique strongly for-
bidden transitions. This should be highly relevant to neutrinoless double beta decay
processes [17]—important for going BSM—where the momentum transfer involved can
be of order ∼100 MeV.

This problem was brought to light recently by Kostensalo et al. [18] in the “effective”
value of gA, denoted ḡA, in the β decay spectrum-shape function involving leptonic
phase-space factors and nuclear matrix elements in forbidden non-unique beta decays.
The nuclear operators involved there are non-relativistic momentum-dependent impulse
approximation terms. In principle, there can be n-body exchange-current corrections
with n ≥ 2. However, the corrections to the single-particle (impulse) approximation are
typically of mth order with m ∼> 3 relative to the leading one-body term in the power
counting in χEFT and could be suppressed so ignorable. Unlike in the superallowed GT
transition however, neither soft theorems nor the Fermi-liquid renormalization-group
strategy can be exploited. Hence, (9) is not relevant to the spectrum-shape function
discussed in [18]. What is relevant instead is the scale-anomaly correction (3) modulo of
course the reliability of the impulse-approximation operator. This means that one can
identify ḡA as “fundamentally renormalized gA” in distinction to gss

A , Equation (9).
Given that experimental data are available for the superallowed decay in 100Sn [3,4],

one can first analyze what one learns from it. The recent RIKEN data [4] are claimed
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to be a big improvement with much less error bars over what is given, among others,
in [3], so let me look only at the RIKEN result. As above, I do not quote error bars
in arriving at qssb. (I eschew the kind of “error analyses” done in standard chiral EFT
circles which are not needed for the new ideas developed here. This is because here
I am dealing with distinctively qualitative effects, not quantitative. Going beyond the
accuracy commensurate with the soft theorems I relied on would require a formulation of
high-order chiral-scale perturbation theory much superior in power and quality to what
is available up to now.) From the RIKEN data, dividing by the ESPSM matrix element,
the experimental quenching factor comes out to be

qESPSM
riken ≈ 0.50. (13)

Equating qLandau
snc to what is given in ESPSM, i.e., qESPSM

snc , and dividing (13) by (8),
one obtains

qRIKEN
ssb ≈ 0.63. (14)

The deviation δ = (1 − qRIKEN
ssb ) represents the AISB effect.

Let me suppose that the future measurements will confirm the present RIKEN data.
Then, (14) can be used to deduce the axial coupling constant ḡA = gAqssb in the axial
current ḡAψ̄γμγ5ψ applicable to all axial transitions in the background of given density

ḡRIKEN
A = gAqRIKEN

ssb = 1.276 × 0.63 ≈ 0.80. (15)

In distinction to gss
A , this is the “genuine” quenched axial vector constant.

Now, how does this prediction compare with the results of the analysis—referred
to as “COBRA”—of the spectrum-shape factor of 113Cd β decay in [18]? Listed in the
increasing average χ-square are

ḡCOBRA
A = 0.809 ± 0.122, 0.893 ± 0.054, 0.968 ± 0.056. (16)

Allowing possible uncertainty in (14), it seems reasonable to take these results [18]
to be consistent with the prediction (15).

There are however two caveats to keep in mind in assessing the results given above.
The first is the accuracy of (14) extracted from the RIKEN experiment. In the previous

experiments (see, e.g., [3]), various different values of qssb were obtained. Thus, it is highly
desirable that the RIKEN measurement be reconfirmed or improved on. It is shown below
that the RIKEN value for qssb (14) as it stands could get in tension with the theory for the
AISB effect as given by Equation (3).

The second is the nuclear model dependence in the analyses leading to (16). The
current operator ψ̄γμγ5ψ for strongly forbidden β decay is involved. It is known in
chiral perturbative approach since a long time [9]—and reconfirmed in subsequent re-
fined calculations—that many-body (exchange current) corrections to the single-particle
spatial component of the axial current are suppressed by high chiral orders, at least by
three orders, so the impulse approximation—ignoring multi-body currents—in the axial
channel, unless accidentally suppressed, should be sufficiently reliable in dealing with
the strongly forbidden transitions involved. (The story of the unique first-forbidden
transition mediated by the axial-charge operator is a totally different story. There, the
two-body exchange charge operator is dominated by terms governed by soft-pion and
soft-dilaton theorems as predicted by theory and confirmed by experiments a long time
ago [6]. It does not however affect non-unique highly forbidden operators concerned
here.) The operators involved are necessarily non-relativistic and are in principle known
up to a manageable form reduced from the covariant current. However, the numerical
results for ḡA must sensitively depend on nuclear models that enter in the calculation of
the transition matrix elements involved. It is not easy to assess the quantitative reliability
of the nuclear models in giving highly forbidden non-unique transition matrix elements.
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In particular, one cannot achieve for non-unique transitions the accuracy with which
the qsnc can be computed in the superallowed kinematics of the doubly magic nucleus.
This is because the mapping of the Landau Fermi-liquid fixed-point theory to the ESPSM
description exploited in the superallowed GT transition is not feasible for forbidden
transition kinematics.

4. Anomaly-Induced Symmetry Breaking

Let me now turn to the AISB effect (3) and how the caveats mentioned above impact
on confronting theory with observations.

The two parameters that figure in the theory are quantities that are inaccessible
perturbatively. They are intrinsically nonperturbative and remain un-calculated even in
the matter-free vacuum [12]. Furthermore, they are inaccessible by QCD lattice simulation
due to the density dependence in nuclear processes. The only thing one can say at present
is that the “genuine dilaton” approach [12,13] requires that β′ > 0. Thus, both are as yet
unknown parameters.

Given that there are two unknown parameters, one cannot make a unique determi-
nation of qssb from only the RIKEN result. However, as discussed in [19], approaching
dense matter in the skyrmion description in the presence of hidden local symmetry and
dilaton scalar mesons—the key degrees of freedom that figure crucially in the EoS of
compact stars in [14]—is found to break down disastrously unless the homogeneous
Wess–Zumino (hWZ) Lagrangian LhWZ—which is scale-invariant similar to the axial
current—is corrected by an AISB factor of the form

qhWZ = chWZ + (1 − chWZ)Φ
β′ . (17)

As with cA, chWZ is unknown. It turns out—fortunately—that, if one picks 1 ∼< β′ ∼< 3.5
and 0 ∼< chWZ ∼< 0.2, then one can not only eliminate the catastrophe but also obtain
a qualitatively reasonable phase structure of the dense matter [19]. (The anomalous
dimension β′ has been extensively studied in nonabelian gauge theories for Nf ∼> 8 in
connection with the technicolor QCD for going BSM. However, there is no information
for Nf ∼ 3 that is concerned here.) It turns out that, with chWZ ≈ 0 and β′ ≈ (2–3), a
satisfactory result can be obtained.

The high density-matter structure addressed in [19] is to zero-in on the density
regime where the chiral condensate 〈q̄q〉 tends toward zero. Here, one is dealing with
Φ 
 1. The density regime involved in β decay is instead near the equilibrium density n0
at which Φ is ∼<1. In this case, it may be unreliable to adopt the value of β′ appropriate
for the regime where Φ 
 1.

Just to have an idea how the expression (3) fares, let me simply take β′ ≈ 2.5
indicated from the dense matter case of [19]. Now, assuming that Φ ≈ f ∗π/ fπ ≈ 0.79,
one can evaluate cA’s corresponding to (16). (This corresponds to density n ≈ n0. I am
assuming that one can use the nuclear matter value although nuclei of mass number 113
are concerned.)

0.15 ∼< cexp
A ∼< 0.48. (18)

In fact, cA ≈ 0.15 gives ḡA compatible with the superallowed RIKEN data as well as
with the skyrmion crystal structure for dense matter.

It turns out however that the density dependence of Φ in nuclear β-decay processes
can play an extremely important role if β′ turns out to be > 1. Suppose the nuclei
considered in [18] have the average density ∼ 0.6n0 as in the deeply bound pionic nuclei
of mass number ∼ 110 measured [5], then only the qssb that yields ḡA ≈ 1 is acceptable.
Others are ruled out. Furthermore, if β′ < 2, even the RIKEN data are in serious tension
with the AISB Formula (3). In this case, either the RIKEN measurement is cast in doubt or
the AISB Formula (3) relying on linearized approximation is in error.
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5. Remarks

While what is discussed in this note is quite interesting in that nuclear beta decay
with strong sensitivity to density can give a glimpse into how hidden scale symmetry can
be probed, a long-standing problem in strong-interaction physics, there are many issues
to resolve to make what is obtained here truly sensible. First, there are no known reasons
cA should be directly related to chWZ except that they are of the same RG nonperturbative
effects and the c coefficients for a given β′ > 0 could very well be correlated. It is
nonetheless exciting that nuclear processes can offer an, albeit first, hint on β′ for Nf as
low as 3, up-to-date a totally unknown quantity in QCD. Second, it is imperative to check
that similar AISB effects do not appreciably upset the properties of normal nuclear matter
as well as of dense matter that are more or less well described with the c coefficients set
equal to 1, i.e., with no explicit AISB effects. Thus far, there seem to be no indications for
c �= 1 in the EoS in nuclear physics. If it turned out that cζ ≈ 1 for certain channels ζ and
≈0 for other channels, it would be absolutely necessary to understand how and why.

What transpires from the result discussed in this note is that scale symmetry com-
bined with chiral symmetry must play a crucial role, as argued in [2], in nuclear dynamics
ranging from nuclear density all the way to compact-star matter density. The work avail-
able up-to-date in the literature of incorporating scale symmetry with chiral symmetry
in nuclear physics is far too involved with too many unknown parameters to be on the
right track in view of the power and simplicity found in the large Nc and large N̄ limit in
resolving the intricate gA problem. Much work needs to be done.
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Abstract: In this work, we present a unified approach to the thermodynamics of hadron–quark–
gluon matter at finite temperatures on the basis of a quark cluster expansion in the form of a
generalized Beth–Uhlenbeck approach with a generic ansatz for the hadronic phase shifts that
fulfills the Levinson theorem. The change in the composition of the system from a hadron resonance
gas to a quark–gluon plasma takes place in the narrow temperature interval of 150–190 MeV,
where the Mott dissociation of hadrons is triggered by the dropping quark mass as a result of
the restoration of chiral symmetry. The deconfinement of quark and gluon degrees of freedom
is regulated by the Polyakov loop variable that signals the breaking of the Z(3) center symmetry
of the color SU(3) group of QCD. We suggest a Polyakov-loop quark–gluon plasma model with
O(αs) virial correction and solve the stationarity condition of the thermodynamic potential (gap
equation) for the Polyakov loop. The resulting pressure is in excellent agreement with lattice QCD
simulations up to high temperatures.

Keywords: Polyakov quark–gluon plasma; hadron resonance gas; Beth–Uhlenbeck approach;
lattice QCD thermodynamics

1. Introduction

Recently, continuum extrapolated lattice QCD (LQCD) thermodynamics results for
physical quark masses have become available [1–4]. It has now become a major goal
to construct an effective low-energy QCD model that would reproduce these results
in the finite temperature and low chemical potential domain to high accuracy. Such a
description could form a basis for extrapolations to the region of low temperatures and
high baryochemical potentials where the sign problem still prevents LQCD obtaining
benchmark solutions.

QCD Dyson–Schwinger equations [5,6] and functional renormalization group (FRG)
methods [7,8] are promising tools to investigate the nonperturbative aspects of the QCD
phase diagram in the vicinity of the chiral and deconfinement transitions from first
principles. However, to date, they do not self-consistently account for the bound state
formation. Therefore, despite a satisfactory description of the temperature dependence of
the renormalized light chiral condensate [8], a question arises regarding the relationship
to the chiral perturbation theory limit, where the onset of chiral condensate melting is
solely due to light pseudoscalar meson excitations in the medium [9]. The account for
bound states in the FRG approach to low-energy QCD is still under development [10]
and not yet applicable to address the role of hadronic bound states for chiral condensate
melting.
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Complementary to these first-principle approaches is the Polyakov–quark–meson
(PQM) model (see, e.g., [11] and references therein), which is suitable to study the inter-
relation of chiral and deconfinement transitions. Both transitions are closely correlated,
but in comparison with LQCD, the chiral restoration temperature result is too high. It
could be suspected that the inclusion of further mesonic and baryonic degrees of freedom
could improve the situation. Furthermore, the dynamic quark self-energy effects due to
dressing by the meson cloud should be taken into account. In the PQM model, mesons
are not composites but elementary degrees of freedom.

In order to properly account for the composite nature of mesons and baryons, as well
as their Mott dissociation in a hot and dense medium, a Beth–Uhlenbeck approach can be
employed [12–22]. This approach has been limited to the application of low-lying mesons
only and did not take into account perturbative corrections, meaning that a quantitative
description of LQCD thermodynamics has not yet been possible.

To overcome these limitations, the generic behavior of the scattering phase shifts
in the hadronic channels has been constructed in the spirit of a cluster expansion model
which reproduces the full hadron resonance gas at low temperatures and the quark–gluon
plasma (QGP) with O(αs) virial corrections at high temperatures [21,22]. The model
embodied the main consequence of chiral symmetry restoration in the quark sector:
the lowering of the thresholds for the two and three-quark scattering state continuous
spectrum, which triggers the transformation of hadronic bound states to resonances in
the scattering continuum. In the early version of this model, the gap equation for the
Polyakov-loop was incomplete, and the model of the phase shifts was a rather complicated
one.

We suggest here a Polyakov-loop quark–gluon plasma model with O(αs) virial
correction in order to obtain a satisfactory agreement with lattice QCD simulations up to
high temperatures and solve the complete stationarity condition of the thermodynamic
potential (gap equation) for the Polyakov loop. The phase shift model employed in this
work is simpler than in previous works and universally applicable for all hadronic species.
It is in accordance with the Levinson theorem and results in the vanishing of hadronic
contributions to the thermodynamics at high temperatures.

2. Cluster Virial Expansion to Quark-Hadron Matter

The main idea behind unifying the description of the quark–gluon plasma (QGP)
and the hadron resonance gas (HRG) phase of low-energy QCD matter is the fact that
hadrons are strong, nonperturbative correlations of quarks and gluons. In particular,
mesons and baryons are bound states (clusters) of quarks and should therefore emerge in
a cluster expansion of interacting quark matter as new, collective degrees of freedom.

For the total thermodynamic potential of the model, from which all other equations
of state can be derived, we make the following ansatz:

Ωtotal(T; φ) = ΩQGP(T; φ) + ΩMHRG(T) , (1)

where ΩQGP(T; φ) = ΩPNJL(T; φ) + Ωpert(T; φ) describes the thermodynamic potential
of the quark and gluon degrees of freedom with a perturbative part Ωpert(T; φ) and a
nonperturbative mean field part ΩPNJL(T; φ) = ΩQ(T; φ) + U (T; φ) that can be decom-
posed into the quark quasiparticle contribution ΩQ(φ; T) and the gluon contribution that
is approximated by a mean field potential U (T; φ). Note that all these contributions to
the QGP thermodynamic potential are intertwined by the traced Polyakov loop φ as the
order parameter for confinement. The correlations beyond the mean field approximation
which correspond to the hadronic bound states and their scattering state continuum are
described by the Mott–HRG pressure PMHRG(T). This is an HRG pressure that takes
into account the dissociation of hadrons by the Mott effect, when their masses would
exceed the mass of the corresponding continuum of unbound quark states. A detailed
description and numerical evaluation of these contributions is given below.
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2.1. Beth–Uhlenbeck Model for HRG with Mott Dissociation

For the MHRG part of the pressure of the model, we have PMHRG(T) = −ΩMHRG(T),

PMHRG(T) = ∑
i=M,B

Pi(T) , (2)

where the sum extends over all mesonic (M) and baryonic (B) states from the particle data
group (PDG), comprising an ideal mixture of hadronic bound and scattering states in the
channel i that are described by a Beth–Uhlenbeck formula. Then, the partial pressure of
the hadron species i is

Pi(T) = ∓di

∫ ∞

0

dp p2

2π2

∫ ∞

0

dM
π

T ln
(

1 ∓ e−
√

p2+M2/T
)dδi(M; T)

dM
, (3)

where di is the degeneracy factor. For the phase shift of the bound states of Ni quarks in
the hadron i, we adopt the simple model that is in accordance with the Levinson theorem:

δi(M; T) = π[Θ(M − Mi)− Θ(M − Mthr,i(T))]Θ(Mthr,i(T)− Mi). (4)

Inserting (4) into (3) results in

Pi(T) = ∓di

∫ ∞

0

dp p2

2π2 T
[
ln
(

1 ∓ e−
√

p2+M2
i /T
)
− ln

(
1 ∓ e−

√
p2+Mthr,i(T)2/T

)]
Θ(Mthr,i(T)− Mi). (5)

The temperature dependent threshold mass of the two (or three) quark continuum
for mesonic (baryonic) bound state channels i is

Mthr,i(T) =
√

2[(Ni − Ns)m(T) + Nsms(T)] , (6)

where Ns = 0, 1, ..., Ni is the number of strange quarks in hadron i. The factor
√

2
originates from quark confinement in the following way. In the confining vacuum, the
quarks are not simple plane waves with an arbitrarily long wavelength, but due to the
presence of bag-like boundary conditions, their wavelength shall not exceed a certain
length scale. Therefore, a minimal quark momentum applies to the quark dispersion
relations Eq,min(T) =

√
m2

q(T) + p2
q,min, which for the choice pq,min = mq(T) results in

Eq,min(T) =
√

2mq(T). For details, see [23]. The chiral condensate is defined as

〈ψ̄ψ〉q,T = −∂Ω(T)
∂mq

, q = u, d, s, (7)

where ml (ms) is the current-quark mass in the light (strange) quark sector, l = u, d. It is
an order parameter for the dynamical breaking of the chiral symmetry that is reflected in
the corresponding temperature dependence of the dynamical quark masses mq(T).

In our present model, we do not treat the dynamical quark mass as an order param-
eter that should follow from the solution of an equation of motion (gap equation) that
minimizes the thermodynamic potential, as in the case of the Polyakov-loop variable φ,
but we use the quantity Δl,s(T) from simulations of 2 + 1 flavor lattice QCD as an input.
This quantity has been introduced in [24] with the definition

Δl,s(T) =
〈ψ̄ψ〉l,T − (ml/ms)〈ψ̄ψ〉s,T

〈ψ̄ψ〉l,0 − (ml/ms)〈ψ̄ψ〉s,0
, (8)

and was used later on, e.g., in [1,2]. Further, we assume the following for the temperature-
dependent light quark mass,

m(T) = m(0)Δl,s(T) + ml , (9)
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where ml = 5.5 MeV is the current-quark mass, and for the strange quark mass, we adopt

ms(T) = m(T) + ms − ml = m(0)Δl,s(T) + ms , (10)

with ms = 100 MeV. The LQCD result for the temperature dependence of the chiral
condensate [1,2] can be fitted by

Δl,s(T) =
1
2

[
1 − tanh

(
T − Tc

δT

)]
, (11)

where Tc = 154 MeV is the common pseudocritical temperature of the chiral restoration
transition of both LQCD Collaborations and δT = 26 MeV is its width for the data from [1],
while δT = 22.7 MeV for those from [2], see Figure 1. For our present applications
modeling QCD thermodynamics, we use the fit of the chiral condensate (11), but with
the modern value of Tc = 156.5 ± 1.5 MeV [25]. We have checked that the results for the
total pressure of our model are practically inert against a changing value of δT within the
above range of variation. Inserting (9) and (10) into (6), we get

Mthr,i(T) =
√

2[Nim(T) + Ns(ms(T)− m(T))]

=
√

2[msNs + ml(Ni − Ns) + m(0)NiΔl,s(T)] , (12)

and using (9) results in

Mthr,i(T) =
√

2
{

msNs + ml(Ni − Ns) + m(0)Ni

[
1
2
− 1

2
tanh

(
T − Tc

δT

)]}
. (13)

Figure 1. Comparison of the fit (11) for the temperature dependence of the chiral condensate
Δl,s(T) and the LQCD data for it from the Wuppertal–Budapest Collaboration [1] and the hotQCD
Collaboration [2].

In Figure 2 we show the pressure (2) as a function of temperature for the hadron
resonance gas (HRG) model with stable hadrons (red line) and for the HRG with Mott
dissociation of hadrons (MHRG) according to the simple phase shift model (4) employed
in the present work. These results are compared to the LQCD data from the HotQCD
Collaboration [4] (green band) and the Wuppertal–Budapest Collaboration [3] (blue
band). We want to point out that due to the Mott dissociation effect hadrons completely
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vanish from the system at T ≈ 190 MeV while the pressure of the ideal HRG model is
misleadingly still in perfect agreement with LQCD data at this temperature!

Figure 2. Pressure as a function of temperature for the HRG model with stable hadrons (red line)
and for the MHRG model with Mott dissociation of hadrons according to the simple phase shift
model (4) employed in the present work. These results are compared to the LQCD data from the
HotQCD Collaboration [4] (green band) and the Wuppertal–Budapest Collaboration [3] (blue band).

2.2. Polyakov-Loop Improved Nambu–Jona-Lasinio (PNJL) Model

The underlying quark and gluon thermodynamics are divided into a perturbative
contribution Ωpert(T) which is treated as virial correction in two-loop order following [26]
and a nonperturbative part described within a PNJL model in the form

PPNJL(T; φ) = PQ(T; φ) + U (T; φ) , (14)

where the quark quasiparticle contribution is given by

PQ(T; φ) = 4Nc ∑
q=u,d,s

∫ dp p2

2π2
T
3

ln
[
1 + 3φ(1 + Yq)Yq + Y3

q

]
, Yq = e−

√
p2+m2

q(T)/T , (15)

and the Polyakov-loop potential U (T; φ) takes into account the nonperturbative gluon
background in a meanfield approximation using the polynomial fit of [27]

U (T; φ) =
b2(T)

2
φ2 +

b3

3
φ3 − b4

4
φ4 , (16)

where the temperature-dependent coefficient b2(T) is given by

b2(T) = a0 + a1

(
T0

T

)
+ a2

(
T0

T

)2
+ a3

(
T0

T

)3
, (17)

and the coefficients are given in Table 1.

76



Symmetry 2021, 13, 514

Table 1. Set of values for the Polyakov-loop potential U (T; φ) [27].

a0 a1 a2 a3 b3 b4

6.75 −1.95 2.625 −7.44 0.75 7.5

2.3. Perturbative Contribution

It is well known that the lattice QCD thermodynamics at high temperatures of T ∼
1 GeV follow a Stefan–Boltzmann like behavior ∝ T4, but with a 15–20% reduction of
the effective number of degrees of freedom. It has been observed, e.g., in [26], that this
deviation can be described by the virial correction to the pressure due to the quark–gluon
scattering at O(αs) shown in Figure 3. Here, we modify the standard expression [28] of
the form

Ωpert(T; φ) = − 8
π

αsT4
[

I(T; φ) +
3

π2 (I(T; φ))2
]

(18)

by introducing the modified integral

I(T; φ) =
∫ ∞

Λ/T
dx x fφ(x), (19)

where the generalized Fermi distribution function of the PNJL model for the case of
vanishing quark chemical potential considered here is defined as

fφ(x) = [φ(1 + 2Y)Y + Y3]/[1 + 3φ(1 + Y)Y + Y3], Y = exp(−x) (20)

and Λ = ml(T) is the momentum range below which nonperturbative physics domi-
nates and is accounted for by the dynamically generated quark mass. Here, we use a
temperature-dependent, regularized running coupling [29–31]

αs =
g2

4π
=

12π

11Nc − 2Nf

(
1

ln(r2/c2)
− c2

r2 − c2

)
, (21)

where r = 3.2T, c = 350 MeV and Nc = Nf = 3.

Figure 3. Two-loop diagram for the contribution of the one-gluon exchange interaction to the
thermodynamic potential of quark matter.

3. Stationarity Condition for the Polyakov Loop

The pressure follows from the thermodynamic potential under the condition of
stationarity with regard to variations of the order parameters. Since the chiral condensate
is fixed by the fit (11) to the numerical result from lattice QCD, the Polyakov loop φ is the
only free-order parameter in the system to be varied; this condition means

PQGP(T) = −min
φ

{
ΩQGP(T; φ)

}
. (22)
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This is realized by demanding

dΩQGP(T; φ)

dφ
=

dU(T; φ)

dφ
+

dΩQ(T; φ)

dφ
+

dΩpert(T; φ)

dφ
= 0 , (23)

where the separate contributions come from the variations of the Polyakov loop potential

dU(T; φ)

dφ
= b2(T)φ + b3φ2 − b4φ3 , (24)

and the quark quasiparticle pressure

dΩQ(T; φ)

dφ
= 4Nc ∑

q=u,d,s

∫ dp p2

2π2
(1 + Yq)Yq

1 + 3φ(1 + Yq)Yq + Y3
q

, (25)

with Yq = exp[−
√

p2 + m2
q(T)/T], and the O(αs) quark loop contribution

dΩpert(T; φ)

dφ
= − 8

π
αsT4

[
dI(φ, T)

dφ
+

6
π2 I(φ, T)

dI(φ, T)
dφ

]
, (26)

where
dI(T; φ)

dφ
=
∫ ∞

Λ/T
dx x

d fφ(x)
dφ

, (27)

and

d fφ(x)
dφ

=
Y + 2Y2 − 2Y4 − Y5

(1 + 3φ(1 + Y)Y + Y3)
2 =

(1 + 2Y)Y − (2 + Y)Y4

(1 + 3φ(1 + Y)Y + Y3)
2 , Y = exp(−x) . (28)

The equation resulting from the stationarity condition (23) can be dubbed a “gap
equation” for φ since it has a similar structure to the quark mass gap equation, known
from Nambu–Jona-Lasinio models. In previous work [21,22], the contribution to this
gap equation from the O(αs) quark loop diagram was omitted. Since this perturbative
contribution is calculated with the Polyakov-loop generalized quark distribution functions
fφ, it has to be included to the generalized gap equation for the traced Polyakov loop.
This has been done in the present paper for the first time.

Moreover, an infrared cutoff is placed at the loop integrals in the perturbative
contribution which is set at the medium-dependent quark mass. Therefore, the full
perturbative contribution in accordance with [28] is restored only at high temperatures,
where m(T) → ml and φ ≈ 1, while in the vicinity of the chiral and deconfinement
transition, the effects of both the quark mass and Polyakov loop are taken into account.
The solution of this gap equation gives the temperature dependence of the traced Polyakov
loop φ. This is discussed in the next section.

4. Results

4.1. Polyakov Loop

We performed the numerical solution of the gap Equation (23) for the traced Polyakov
loop as a function of the temperature which enters via the coefficient b2(T) of the Polyakov-
loop potential (16) and the Boltzmann factors Yq and Y of the distribution functions in the
integrals (26) and (27). The result is shown in Figure 4 along with a comparison to the lat-
tice QCD data for the renormalized Polyakov loop from the TUMQCD Collaboration [32]
and the Wuppertal–Budapest Collaboration [1].
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Figure 4. The traced Polyakov loop φ from the solution of the stationarity condition (23) on the ther-
modynamical potential as a function of temperature (magenta solid line) compared with the lattice
results for the renormalized Polyakov loop the TU Munich QCD (TUMQCD) Collaboration [32]
(green band) and the Wuppertal–Budapest Collaboration [1] (blue symbols).

In Figure 5, we compare the Polyakov-loop susceptibility dφ/dT with the chiral sus-
ceptibility dΔl,s/dT and obtain a strong synchronization effect of the chiral and Polyakov-
loop crossover transitions. This is demonstrated by the almost coincident vertical lines
indicating the peak positions of these transitions at Tχ = 156.5 MeV and Tφ = 159.0 MeV,
respectively.

Figure 5. The temperature derivatives of the chiral condensate (chiral susceptibility dΔl,s/dT,
red solid line) and of the Polyakov loop (Polyakov-loop susceptibility dφ/dT, ) as functions of
temperature. The vertical lines indicate their almost coincident peak positions at Tχ = 156.5 MeV
and Tφ = 159.0 MeV, respectively.

4.2. Pressure

The main result of this work is a unified approach to the pressure of hadron–quark–
gluon matter at finite temperatures that is in excellent agreement with lattice QCD
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thermodynamics (see Figure 6). The nontrivial achievement of the presented approach
is that the Mott dissociation of the hadrons described by the MHRG model pressure
conspires with the quark–gluon pressure described by the Polyakov-loop quark–gluon
model with O(αs) corrections in such a way that the resulting pressure as a function
of temperature yields a smooth crossover behavior. By virtue of the Polyakov-loop-
improved perturbative correction, the agreement with the lattice QCD thermodynamics
extends to the high temperatures of T = 1960 MeV reported in [33]; see Figure 7.

Figure 6. The temperature dependence of the total scaled pressure (red solid line) and it’s con-
stituents: MHRG (coral dotted line), quark (dashed magenta line), Polyakov-loop potential U (T; φ)

(dash–dotted green line) and perturbative QCD contribution (dash-dotted blue line) compared to the
lattice QCD data: HotQCD Collaboration [4] (green band) and Wuppertal–Budapest Collaboration
[3] (blue band).

Figure 7. The temperature dependence of the total scaled pressure (red solid line) and its con-
stituents: MHRG (coral dotted line), quark (dashed magenta line), Polyakov-loop potential U(φ, T)
(dash-dotted green line) and perturbative QCD contribution (dash-dotted blue line) compared to the
lattice QCD data: HotQCD Collaboration [4] (green band) and Wuppertal–Budapest Collaboration
[3] (blue band), and the high-temperature result [33] (magenta band).
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4.3. Quark Number Susceptibilities

In the present work, we did not consider the generalization of the approach to finite
chemical potentials which would then allow us to evaluate the (generalized) suscepti-
bilities as derivatives of pressure with respect to the corresponding chemical potential
in appropriate orders. On that basis, ratios of susceptibilities could be formed as they
indicate different aspects of the QCD transition between the limiting cases of a HRG and
a QGP. Here, we would like to discuss, as an insight into these extensions of the approach,
one of the simplest susceptibility ratios, namely the dimensionless ratio of quark number
density to quark number susceptibility:

R12(T) =
nq(T)

μq χq(T)

∣∣∣∣
μq=0

, (29)

where nq(T) = ∂P(T, μq)/∂μq|μq=0 and χq(T) = ∂2P(T, μq)/∂μ2
q|μq=0. This ratio (29) has

two well-known limits. At low temperatures, in the hadron resonance gas phase, it is
given by

RHRG
12 (T) =

T
3μq

tanh
(

3μq

T

)
, (30)

while in the QGP phase for massless quarks it approaches

RQGP
12 (T) =

1 + (1/π2)(μq/T)2

1 + (3/π2)(μq/T)2 . (31)

An evaluation of (29) for the present model for the QCD pressure would require
its extension to a finite μq, which we will perform in a subsequent work. In the present
model, we used our knowledge of the composition as a function of temperature to define
a proxy for (29) by interpolating between the two known limits (30) and (31) with the
partial pressure of the HRG, xHRG(T) = PMHRG(T)/Ptot(T), as

R12(T) = xHRG(T)RHRG
12 (T) + [1 − xHRG(T)]R

QGP
12 (T) . (32)

The result is shown in Figure 8 for two values of μq/T, for which lattice QCD results
in the two-flavor case [34] are shown for a comparison. The fact that the present approach
reproduces the transition between HRG and QGP asymptotics well in the narrow range
of temperatures 150 MeV � T � 190 MeV is a nontrivial result. In previous effective
approaches to describe the finite-temperature lattice QCD thermodynamics results based
on a spectral broadening of the HRG states, the transition to the QGP asymptotics occurred
at a much higher temperature 250 MeV � T � 400 MeV [35] or never [26,36,37]. In the
latter case, the QGP asymptotic behavior is mimicked by an appropriate number of
unaffected low-lying hadronic degrees of freedom.
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Figure 8. The dimensionless ratio of quark number density to quark number susceptibility
R12(T) = nq(T)/(μqχq(T))|μq=0 as a function of temperature for μq/T = 0.4 (red solid line) and
μq/T = 0.8 (blue dash-dotted line) compared to the lattice QCD data [34] μq/T = 0.4 (red band),
μq/T = 0.8 (blue band). For details, see text.

5. Discussion and Conclusions

The main result of the present work is a unified approach to the thermodynamic po-
tential of hadron–quark–gluon matter at finite temperatures that is in excellent agreement
with lattice QCD thermodynamics on the temperature axis of the QCD phase diagram.
The key aspect to this approach is the quark cluster decomposition of the thermodynamic
potential within the Beth–Uhlenbeck approach [38], which allowed us to implement the
effect of Mott dissociation to the hadron resonance gas phase of low-temperature/low-
density QCD. The MHRG model description includes, in principle, the information about
the spectral properties of all hadronic channels with their discrete and continuous part
of the spectrum, encoded in the hadronic phase shifts. Instead of solving the equations
of motion with a coupled hierarchy of Schwinger–Dyson equations in the one, two and
many-quark channels self-consistently (a formidable task of finite-temperature quantum
field theory), we applied a schematic model for the in-medium phase shifts that was
in accordance with the Levinson theorem and sufficiently general to be applicable for
all multiquark cluster channels. This phase shift model requires only the knowledge
of the vacuum mass spectrum which can come from the particle data group tables or
from relativistic quark models and the medium dependence of the multi-quark contin-
uum threshold.

The latter requires the knowledge of the quark mass (i.e., the chiral condensate)
with its medium dependence as an order parameter of the chiral symmetry breaking
and restoration. Since a quark mean field model of the (P)NJL type is not sufficient
as it lacks the back-reaction from the hadron resonance gas on the quark propagator
properties, we employ here the chiral condensate measured in continuum-extrapolated,
full lattice QCD with physical current quark masses as an input. This procedure restricts
the applicability of the present model to small chemical potentials only, where lattice
QCD data for the chiral condensate are available. In a further development of the model,
a beyond-mean-field derivation of the quark self-energy will be given. Furthermore,
at the same level of approximation, the corresponding sunset-type diagrams for the Φ
functional of the 2PI approach should be derived and evaluated. This would allow us to
calculate the generalized polarization-loop integrals which determine the analytic proper-
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ties of the multi-quark states. These can be equivalently encoded in the corresponding
medium-dependent phase shifts of the generalized Beth–Uhlenbeck approach, as has
been demonstrated in particular examples for pions, diquarks [16,39] and nucleons [40]
within the Polyakov-loop generalized NJL model.

Another important aspect of the present approach is that it leads to a relativistic
density functional theory for QCD matter in the QCD phase diagram, with the known
limits of the HRG and pQCD manifestly implemented. Such an approach allows us to
predict the existence and location of critical endpoints in the QCD phase diagram, as
has been demonstrated, e.g., in [41], where a dependence on a free parameter could
have—besides the critical endpoint of the liquid–gas transition in the nuclear matter
phase—another endpoint for the deconfinement transition or none. This “crossover all
over” case of the QCD phase diagram is impossible to address with two-phase approaches
that use a Maxwell construction for the phase transition. Other models that are in use for
the analysis of the critical behavior of QCD (see, e.g., [42,43]) impose this by assuming a
so-called “switch function” between HRG and QGP phases. They are valuable tools but
do not have predictive power.
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Abstract: Coupling of ‘t Hooft’s determinant term is investigated in the framework of the three-
flavor linear sigma model as a function of the chiral condensate. Using perturbation theory around
the minimum point of the effective action, we calculate the renormalization group flow of the first
field-dependent correction to the coupling of the conventional UA(1) breaking determinant term. It
is found that, at low temperatures, mesonic fluctuations make the anomaly increase when the chiral
condensate decreases. As an application, we analyze the effect at the zero temperature nuclear
liquid–gas transition.
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1. Introduction

The UA(1) subgroup of approximate UL(3)×UR(3) chiral symmetry is anomalously
broken in quantum chromodynamics (QCD). QCD is a strongly coupled theory, and as
such, most accurate results can be expected to emerge through lattice simulations. These,
however, lack the ability to simulate the system at finite density due to the notorius
sign problem. To tackle this issue, it is common to build effective models upon chiral
symmetry, which are expected to capture essential features of QCD in the low energy
regime. Even at zero density, these models are known to provide reasonable results for
temperatures below that of the chiral transition [1].

In effective theories, such as the Nambu–Jona–Lasinio or linear sigma models, this
is taken into account by ‘t Hooft’s determinant term. Coefficients of operators in the La-
grangian of field theories, including the aforementioned determinant term, are considered
to be (coupling) constants, without any field or environment dependence. In the quantum
version of the action, however, fluctuations introduce temperature (T), baryochemical
potential (μB) and also field dependence as they become coefficient functions. When
talking about field dependence of a given coupling, one has in mind the resummation of
higher dimensional operators that can reappear when Taylor expanding the coefficient
functions in terms of the field variable(s) around a conveniently chosen expansion point.

In QCD, it is well established that the anomalous breaking of UA(1) symmetry should
gradually disappear beyond the critical temperature, as at high T the instanton density
causing the anomaly exponentially vanishes [2,3]. At lower temperatures, however, the
situation is far from being understood in a satisfactory fashion. One has also great interest
in gaining results regarding the anomaly evolution at finite μB due to the sign problem,
as mentioned earlier.

The finite temperature and/or density behavior of the UA(1) anomaly represents an
active direction of research. More conservative results usually argue that the evaporation
of the anomaly should follow that of the chiral condensate and thus the UA(1) symmetry
restores around the critical temperature (TC) of the chiral transition [4–8]. There are also
several arguments and results that indicate that it is visible even beyond TC [9–13]. For
example, earlier renormalization group studies indicate that when considering a field-
dependent anomaly coefficient, it decreases as a function of the chiral condensate [11,14],
and this profile function can also depend explicitly on the tempereture (though the former
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effect is more dominant). Effective restoration of the anomaly has, e.g., a consequence
regarding the order of the chiral transition [15], the axion mass [16], and the fate of η′

meson, whose mass if substantially drops [17–22], in a nuclear medium could lead to the
formation of an η′-nucleon bound state.

The goal of this paper is to calculate the first field-dependent correction to the cou-
pling of the ‘t Hooft determinant in the effective action perturbatively, i.e., we determine
the first Taylor coefficient of the anomaly function. Determining this coefficient (at least
qualitatively) allows for obtaining the behavior of the anomaly strength as the function
of the chiral condensate. This allows for providing answer for the question whether the
aforementioned results on anomaly strengthening [11,14] can be reproduced within a
simple perturbative renormalizatrion group setting of the linear sigma model, or deter-
mining a full functional dependence of the effective action is necessary. Fluctuations will
be included using the functional variant of the renormalization group (FRG) [23], in the
so-called local potential approximation (LPA). Even though renormalizable, we think of
the model as an effective field theory; therefore, an ultra violet (UV) cutoff is inherently
part of the system, which we set to Λ = 1 GeV (we expect the linear sigma model to
emerge from QCD around this scale). Our task is to integrate out all fluctuations below Λ.

The paper is organized as follows. In Section 2, we introduce the model and the
corresponding method of the FRG. Section 3 is devoted for calculating the effective action
and discussing the problem of the expansion point of the Taylor series. After appropriate
parametrization of the model, in Section 4, as an application, we show how the anomaly
strengthens at the zero temperature nuclear liquid–gas phase transition. Section 5 contains
the summary.

2. Model and Method

The model we are working with in this paper is the three-flavor linear sigma model,
which is defined via the following Euclidean Lagrangian:

L = Tr (∂i M†∂i M) + m2 Tr (M† M) + g1

(
Tr (M† M)

)2
+ g2 Tr (M† M − Tr (M† M))2

+a(det M + det M†)− (h0s0 + h8s8), (1)

where M contains the meson fields, M = (sa + iπa)Ta [Ta = λa/2 are generators of the
U(3) group with λa being the Gell-Mann matrices, a = 0, ..., 8], m2 is the mass parameter
and g1, g2 refer to independent quartic couplings. As discussed in the previous section,
the determinant term and the corresponding a parameter is responsible for the UA(1)
anomaly. We also have explicit symmetry breaking terms containing h0 and h8, which
represent finite quark masses.

Our main goal is to calculate the quantum effective action, Γ, built upon the theory
defined via (1). As announced in the introduction, we think of (1) as an inherently effective
model, which is only valid up to the scale Λ = 1 GeV , therefore, one needs to take into
account fluctuations with a cutoff Λ. The scale dependent quantum effective action, Γk,
which includes fluctuations with momenta larger than k (i.e., they are integrated out) is
defined as

Zk[J] =
∫

DMDM† exp
{
−
∫

L−
∫
(JM + h.c.)−

∫ ∫
M†Rk M

}
,

Γk[M] = − log Zk[J]−
∫
(JM + h.c.)−

∫ ∫
M†Rk M, (2)

where we omitted matrix indices, J is the conjugate source variable to M, and Rk is an
appropriately chosen (bilocal) regulator function freezing fluctuations with momenta
smaller than k. We note that the integrals can be considered either in direct or Fourier
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spaces. The Γk functional, for homogeneous field configurations, obeys the following,
so-called flow equation [23]:

∂kΓk[M] =
1
2

Tr
∫

x

∫
q
(Γ(2)

k + Rk)
−1(q)∂kRk(q), (3)

where Γ(2)
k is the second functional derivative of Γk in a homogeneous background field

M, thus the x integral merely gives a spacetime volume factor. We also assumed that the
regulator is diagonal in momentum space.

Our aim is to calculate the scale dependent effective action, Γk, in an approximation
that takes into account the evolution of the anomaly at the next-to-leading order, i.e., we
wish to determine in Γk the coefficient of the operator Tr (M† M) · (det M + det M†). Our
ansatz for Γk is as follows:

Γk =
∫

x

[
Tr (∂i M†∂i M) + m2

k Tr (M† M) + g1,k

(
Tr (M† M)

)2

+g2,k Tr (M† M − Tr (M† M))2 − (h0s0 + h8s8)

+ak(det M + det M†) + a1,k Tr (M† M) · (det M + det M†)
]
. (4)

This is sometimes called the Local Potential Approximation (LPA), where momentum
dependence is only introduced into the two point function, via the standard kinetic
term in (4). Note that the LPA can be considered as the leading order of the derivative
expansion, and there is substantial evidence that these kind of series do converge [23].
As seen in (4), instead of working with a completely general field-dependent potential,
we are employing perturbation theory in terms of the small parameter 1/Λ. That is,
by gradually including higher dimensional operators, since their coefficients scale with
inverse powers of the scale, the ansatz (4) in the UV can be thought of as a power series in
1/Λ. We choose (4) to be compatible with (1), but all couplings come with k–dependence.
The only exceptions are h0 and h8, as one point couplings do not flow with respect to
the scale. Furthermore, notice the new term proportional to a1,k, which is key for our

purposes to determine the anomaly behavior at k = 0. First, our task is to calculate Γ(2)
k

from (4), then plug it into (3), and identify the individual differential equations for m2
k ,

g1,k, g2,k, ak, and a1,k. Finally, these equations need to be integrated from k = 1 GeV to
k = 0 to obtain Γ ≡ Γk=0. In the ansatz (4), obviously the actual strength of the anomaly
is not described by the parameter a, but rather a + a1 · Tr (M† M)|min, where we need to
evaluate the chiral condensates in the minimum point of the effective action. Therefore,
what we are basically after is the relative sign of a1 to a at k = 0 to decide whether the
anomaly strengthens or weakens as the chiral condensate gradually evaporates.

We finally note that there are various choices for the regulator function, Rk. In this
paper we will stick to Rk(q, p) ≡ Rk(q)(2π)3δ(q+ p) = (k2 − q2)Θ(k2 − q2)(2π)4δ(q+ p),
where Θ(x) is the step function. This variant has been shown to be the optimal choice for
the LPA [24], maximizing the radius of convergence of an amplitude expansion.

3. Calculation of the Effective Action

The first step is to calculate Γ(2)
k . In principle it is a 18 × 18 matrix in the sa − πa

space, and there is not much hope that one can invert such a complicated expression
analytically. Luckily, it is not necessary at all, as in (4) we kept the field dependence up to
the order of O(M5). By working with a restricted background, Γ(2)

k is easily invertable
and by expanding the rhs of (3) in terms of the field variables it still allows for identifying
each operator that are being kept in (4).
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A convenient choice is to work with M = s0T0 + s8T8. In such a background, the
operators that need to be identified are as follows:

ρ := Tr (M† M) =
1
2
(s2

0 + s2
8), (5a)

τ := Tr (M† M − Tr (M† M))2 =
1

24
s2

8(8s2
0 − 4

√
2s0s8 + s2

8), (5b)

Δ := det M + det M† =
1
36

(2
√

6s3
0 − 3

√
6s0s2

8 − 2
√

3s3
8). (5c)

The Γ(2)
k matrix elements in the scalar sector read

Γ(2)
k,s0s0

= q2 + m2
k + g1,k(3s2

0 + s2
8) +

2
3

g2,ks2
8

+

√
2
3

aks0 + ak,1

(5
3

√
2
3

s3
0 −

1
2
√

6
s0s2

8 −
1

6
√

3
s3

8

)
, (6)

Γ(2)
k,s0s8

= 2g1,ks0s8 + g2,k

(4
3

s0s8 −
1√
2

s2
8

)
− ak√

6
s8 − a1,k

( 1
2
√

6
s2

0s8 +
1

2
√

3
s0s2

8 +
1√
6

s3
8

)
, (7)

Γ(2)
k,s8s8

= q2 + m2
k + g1,k(s2

0 + 3s2
8) + g2,k

(2
3

s2
0 −

√
2s0s8 +

1
2

s2
8

)
−ak

( 1√
6

s0 +
1√
3

s8

)
−a1,k

( 1
6
√

6
s3

0 +
1

2
√

3
s2

0s8 +

√
3
2

s0s2
8 +

5
3
√

3
s3

8

)
, (8)

Γ(2)
k,s1s1

= Γ(2)
k,s2s2

= Γ(2)
k,s3s3

= q2 + m2
k + g1,k(s2

0 + s2
8) + g2,k

(2
3

s2
0 +

√
2s0s8 +

1
6

s2
8

)
+ak

(
− 1√

6
s0 +

1√
3

s8

)
+a1,k

(
− 1

6
√

6
s3

0 +
1

2
√

3
s2

0s8 −
1√
6

s0s2
8 +

1
3
√

3
s3

8

)
, (9)

Γ(2)
k,s4s4

= Γ(2)
k,s5s5

= Γ(2)
k,s6s6

= Γ(2)
k,s7s7

=

q2 + m2
k + g1,k(s2

0 + s2
8) + g2,k

(2
3

s2
0 −

1√
2

s0s8 +
1
6

s2
8

)
−ak

( 1√
6

s0 +
1

2
√

3
s8

)
−a1,k

( 1
6
√

6
s3

0 +
1

4
√

3
s2

0s8 +
1√
6

s0s2
8 +

5
12
√

3
s3

8

)
, (10)

while the pseudoscalar components are
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Γ(2)
k,π0π0

= q2 + m2
k + g1,k(s2

0 + s2
8)−

√
2
3

aks0 − a1,k

(1
3

√
2
3

s3
0 +

1
2

√
3
2

s0s2
8 +

1
6
√

3
s3

8

)
, (11)

Γ(2)
k,π0π8

= g2,k

(2
3

s0s8 −
1

3
√

2
s2

8

)
+

ak√
6

s8 + a1,k

( 1
2
√

6
s2

0s8 +
1

2
√

6
s3

8

)
, (12)

Γ(2)
k,π8π8

= q2 + m2
k + g1,k(s2

0 + s2
8) + g2,k

(
−

√
2

3
s0s8 +

1
6

s2
8

)
+ ak

( 1√
6

s0 +
1√
3

s8

)
+a1,k

(5
6

√
1
6

s3
0 +

1
2
√

3
s2

0s8 +
1

3
√

3
s3

8

)
, (13)

Γ(2)
k,π1π1

= Γ(2)
k,π2π2

= Γ(2)
k,π3π3

=

q2 + m2
k + g1,k(s2

0 + s2
8) + g2,k

(√2
3

s0s8 −
1
6

s2
8

)
+ak

( 1√
6

s0 −
1√
3

s8

)
+ a1,k

(5
6

√
1
6

s3
0 −

1
2
√

3
s2

0s8 −
2

3
√

3
s3

8

)
, (14)

Γ(2)
k,π4π4

= Γ(2)
k,π5π5

= Γ(2)
k,π6π6

= Γ(2)
k,π7π7

=

q2 + m2
k + g1,k(s2

0 + s2
8) + g2,k

(
− 1

3
√

2
s0s8 +

5
6

s2
8

)
+ak

( 1√
6

s0 +
1

2
√

3
s8

)
+ a1,k

(5
6

√
1
6

s3
0 +

1
4
√

3
s2

0s8 +
1

12
√

3
s3

8

)
. (15)

Using that ∂kRk(q) = 2kΘ(k2 − q2) and Γ(2)
k (q) + Rk(q) = Γ(2)

k (k) for q < k, from (3)
we get

∂kΓk =
∫

x

k5

32π2 Tr
(
Γ(2)

k (k)
)−1. (16)

Plugging in the matrix elements calculated in the M = s0T0 + s8T8 background, we
can expand the rhs of (16) in terms of s0 and s8. After this step, using (5) we identify the ρ,
τ and Δ operators as

∂kΓk =
∫

x

[
∂km2

k · ρ + ∂kg1,k · ρ2 + ∂kg2,k · τ + ∂kak · Δ + ∂ka1,k · ρΔ + ...
]
, (17)

where

∂km2
k = − k5

32π2
8(15g1,k + 4g2,k)

3(k2 + m2
k)

2
, ∂kg1,k =

k5

32π2

8(117g2
1,k + 48g1,kg2,k + 16g2

2,k)

9(k2 + m2
k)

3
,

∂kg2,k =
k5

32π2

48g1,kg2,k + 32g2
2,k

(k2 + m2
k)

3
, ∂kak =

k5

32π2

(8ak(3g1,k − 4g2,k)

(k2 + m2
k)

3
− 24a1,k

(k2 + m2
k)

2

)
,

∂ka1,k =
k5

32π2

(32ak(−9g2
1,k + 6g1,kg2,k + 2g2

2,k)

(k2 + m2
k)

4
+

16a1,k(33g1,k − 2g2,k)

3(k2 + m2
k)

3

)
. (18)

Note that we treated the anomaly as perturbation and dropped every term beyond
O(ak, a1,k). Introducing scale independent variables, from (18) one easily reproduces the
well known 1-loop β functions of the couplings in the linear sigma model [25]. Our task
now is to solve Equation (18) starting from k = Λ ≡ 1 GeV to k = 0.

Solving (18) all the way down to k = 0 would require m2
k > 0 throughout the

renormalization group flow. Since we wish to obtain phenomenologically reasonable
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results, the potential has to show spontaneous symmetry breaking. That is to say, when
all fluctuations are integrated out, m2

k=0 has to be negative. However, then there exists a
critical scale k crit > 0, for which all denominators in (18) blow up and the flow equations
lose their meaning. The way out is to realize is that one actually has the choice to
determine the flow equations in the minimum point of the effective action, Γk|s0,min,s8,min ,
rather than evaluating it in a vanishing background. That is, all renormalization group
flows are to be extracted at s0,min, s8,min. This way one always has a positive definite
denominator and the flow equation is valid for any k.

One, therefore, repeats the calculations starting from (16), but this time expands
only in terms of s8 so that the ρ dependence of the parameters can be traced via s0. A
long but straightforward calculation leads once again to the possibility of identifying the
invariants appear in (17), whose coefficients now read as

∂km2
k = − k5

32π2

[
18g1,k

(k2 + m2
k + 2g1,kρ0)2

+
6g1,k

(k2 + m2
k + 6g1,kρ0)2

+
16(3g1,k + 2g2,k)

3(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)2

+
72g2

1,kρ0

(k2 + m2
k + 2g1,kρ0)3

+
72g2

1,kρ0

(k2 + m2
k + 6g1,kρ0)3

+
64(3g1,k + 2g2,k)

2ρ0

9(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)3

]
,

∂kg1,k =
k5

32π2

[
36g2

1,k

(k2 + m2
k + 2g1,kρ0)3

+
36g2

1,k

(k2 + m2
k + 6g1,kρ0)3

+
32(3g1,k + 2g2,k)

2

9(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)3

]
,

∂kg2,k =
k5

32π2

[
6g2

2,k

(k2 + m2
k + 2g1,kρ0)3

− 9g2,k/2
ρ0(k2 + m2

k + 2g1,kρ0)2

+
3g2,k(6g1,k + g2,k)

ρ0(g2,k − 3g1,k)(k2 + m2
k + 6g1,kρ0)2

+
30g2

2,k

(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)3

+
3g2,k(g2,k − 21g1,k)/2

ρ0(g2,k − 3g1,k)(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)2

]
,

∂kak =
k5

32π2

[
− 36g1,k(ak + 2a1,kρ0)

(k2 + m2
k + 2g1,kρ0)3

− 18(ak + a1,kρ0)

ρ0(k2 + m2
k + 2g1,kρ0)2

−12g1,k(3ak + 10a1,kρ0)

(k2 + m2
k + 6g1,kρ0)3

− 6ak + 10a1,kρ0

ρ0(k2 + m2
k + 6g1,kρ0)2

+
16(3g1,k + 2g2,k)(3ak + a1,kρ0)

3(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)3

+
4(6ak + a1,kρ0)

ρ0(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)2

]
,
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∂ka1,k =
k5

32π2

[
36g1,k(ak + 2a1,kρ0)

ρ0(k2 + m2
k + 2g1,kρ0)3

+
9ak

ρ2
0(k

2 + m2
k + 2g1,kρ0)2

+
12g1,k(3ak + 10a1,kρ0)

ρ0(k2 + m2
k + 6g1,kρ0)3

− 16(3g1,k + 2g2,k)(3ak + a1,kρ0)

3ρ0(k2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)3

− 12ak

ρ2
0(k

2 + m2
k + 2g1,kρ0 + 4g2,kρ0/3)2

]
, (19)

where we have denoted the expansion point by ρ0, which is to be set to the value of ρ
corresponding to the minimum point of the effective action [note that ρ = Tr (M† M)/2].
As a side remark, one easily checks that choosing ρ0 = 0 (19) would lead back to the earlier
results, (18). Our task is to integrate the system of equations (19) from k = Λ ≡ 1 GeV
down to k = 0 with the boundary conditions m2

Λ = m2, g1,Λ = g1, g2,Λ = g2, aΛ = a,
a1,Λ = 0, where m2, g1, g2, a are such constants that reproduce as accurately as possible
the mesonic spectrum in the infrared. Here we used that at the UV scale the coefficient
of the operator ρΔ can be set to zero due to perturbative renormalizability. This might
be questionable if the UV scale was not high enough, as being a dimension 5 operator,
dimensional analyis suggests that its coefficient, a1, is of O(1/Λ). Obviously, if the linear
sigma model was not an effective theory, and Λ could be sent to infinity, the term in
question would not be present. But, in principle the a1 coupling could be included already
in the UV action. Investigation of such a scenario is beyond the scope of this paper.

Before solving the coupled system of equations (19), we need to fix the explicit
symmetry breaking terms, i.e., the values for h0, h8. Instead of h0 and h8, we will work in

the nonstrange–strange basis, i.e., h ns =
√

2
3 h0 +

1√
3

h8, hs =
1√
3

h0 −
√

2
3 h8. The partially

conserved axialvector current (PCAC) relations give

m2
π fπ = h ns , m2

K fK =
h ns

2
+

hs√
2

, (20)

where m2
π = δ2Γ/δπ2

i (q = 0) [i = 1, 2, 3] and m2
K = δ2Γ/δπ2

i (q = 0) [j = 4, 5, 6, 7].
Using physical pion and kaon masses, ∼ 140 MeV , ∼ 494 MeV , respectively, and decay
constants, fπ = 93 MeV , fK = 113 MeV , one gets

h ns = m2
π fπ ≈ (122 MeV )3, h s =

1√
2
(2m2

K fK − m2
π fπ) ≈ (335 MeV )3, (21)

which is equivalent to

h0 =

√
2
3
(
m2

π fπ/2 + m2
K fK) ≈ (285 MeV )3, h8 =

2√
3

(
m2

π fπ − m2
K fK) ≈ −(310 MeV )3. (22)

Now we use that Ward identities of chiral symmetry lead to

δΓ
δs ns

(q = 0) = m2
πs ns − h ns ,

δΓ
δs s

(q = 0) =
m2

K − m2
π√

2
s ns + m2

Ks s − h s . (23)

Combined with (21), this shows that no matter how we choose the remaining param-
eters m2, g1, g2, a, in the minimum point of the effective action

s ns ,min = fπ , s s ,min =
√

2( fK − fπ/2). (24)

That leads to ρ0 = (s2
ns ,min + s2

s ,min)/2, and thus we are ready to fix the aforementioned
parameters. Solving (19), the values {m2, g1, g2, a} ≈ {0.6835 GeV 2, 29.7, 91.5,−4.4 GeV} lead
to the masses of the pion, kaon, η, η′ as mπ ≈ 133 MeV , mK ≈ 494 MeV , mη ≈ 537 MeV ,
mη′ ≈ 957 MeV , respectively. Note that the strength of the axial anomaly, a, is negative, and
it remains so throughout the renormalization group flow. However, after solving (19), one
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concludes that at k = 0 the coefficient a1,k=0 is positive. That is to say, since the actual strength
of the determinant term is A := ak=0 + a1,k=0 · ρ0, when the chiral condensate evaporates,
the absolute value of A becomes larger. This shows that at low temperatures T, where the T
dependence of the anomaly parameters is negligible, the anomaly is actually strengthening as
chiral symmetry gradually restores. That is one of the main results of the paper.

In what follows, we provide a rough estimate how the anomaly behaves at the zero
temperature nuclear liquid–gas transition.

4. Anomaly Strengthening at The Nuclear Liquid–Gas Transition

In this section we apply our results to the zero temperature nuclear liquid–gas
transition. We assume that the nucleon field couples to the mesons via Yukawa interaction,
L int = gψ̄M5ψ, ψT = (p, n), M5 = ∑a= ns ,1,2,3(sa + iπaγ5)Ta, where the nonstrange
generator is T ns =

√
2/3T0 + 1/

√
3T8, while γ5 is the fifth Dirac matrix. In principle,

one would also need to include the dynamics of an ω vector particle into the system
[26,27] that models the repulsive interaction between nucleons, but as we will see in a
moment, for our purposes it plays no role.

First, we exploit some of the zero temperature properties of nuclear matter. Note
that, in the current model, the nucleon mass entirely originates from the spontaneous
breaking of chiral symmetry,

mN(s ns ) = gYs ns /2, (25)

and since mN( fπ) ≈ 939 MeV in the vacuum, we arrive at gY ≈ 20.19. Normal nuclear
density, nN ≈ 0.17 fm −3 ≈ (109.131 MeV )3 leads to the Fermi momentum, pF, of the
nucleons, since at the mean field level, for T = 0 we have

nN = 4
∫

p
nF

(√
p2 + m2

N − pF

)∣∣∣
T=0

≡ 2
3π2 p3

F, (26)

therefore, pF ≈ 267.9 MeV ≈ 1.36 fm −1. This leads to the nonstrange condensate in the
liquid phase, s ns, liq , because the Landau mass, which is defined as

ML =
√

p2
F + m2

N(s ns, liq ) (27)

is known to be ML ≈ 0.8mN( fπ) ≈ 751.2 MeV , and thus s ns,liq ≈ 69.52 MeV [26,27].
This shows that as we increase the chemical potential, the nonstrange chiral condensate,
s ns , jumps: fπ → s ns, liq . This will definitely be accompanied by a jump in the strange
condensate, but it has been shown to be significantly smaller [14]. Neglecting the change
in s s , the ρ chiral invariant jumps as ( f 2

π + s2
s,min)/2 → (s2

ns, liq + s2
s ,min)/2. As discussed

in the previous section, the anomaly strength is A = ak=0 + a1,k=0 · ρ, which also jumps
accordingly, and the change in A becomes

ΔA = a1,k=0 · Δρ, (28)

where Δρ = (s2
ns , liq − f 2

π)/2. Solving (19) one gets ak=0 ≈ −9.05 GeV and a1,k=0 ≈
494.5 GeV −1, therefore, the relative change in the anomaly at the liquid–gas transition is

ΔA
A

=
a1,k=0 · Δρ

ak=0 + a1,k=0 · ρ0
≈ 0.2 = 20%, (29)

which is in the ballpark of the result of [14]. One can now check how robust this result is
with respect to changing the cutoff Λ. A thorough investigation reveals that in a cutoff
interval of 0.8–1.5 GeV , while the mass spectrum can be maintained within a few percent
error after reparametrization, the ΔA/A ratio is less stable. One finds that the latter is a
monotonically decreasing function of the cutoff and varies roughly between 15–40% in the
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above interval. Results show that when going below 1 GeV the cutoff dependence gets
stronger, which is understandable, since non-renormalizable operators are absent at the
UV scale. That is, if the latter is chosen to be too small, the model cannot provide robust
results (more operators would be needed). Going beyond 1.5–2 GeV , in turn, would be
physically inappropriate as at those scales quark degrees of freedom would definitely
play a crucial role. From these findings it is safe to say is that the relative change of the
anomaly strength is of O(10%) at the transition point.

At this point, we once again wish to emphasize that we have neglected the drop in
the strange condensate, and also, the present analysis is based on perturbation theory. In
principle higher order operators that break the UA(1) subgroup should also be resummed,
e.g., terms such as ∼

(
Tr (M† M)

)n
(det M + det M†) could be of huge importance. The

lesson we wish to point out here is that the present, rather simple perturbative calculation
can also capture the phenomenon of strengthening anomaly as the chiral condensate
(partially) evaporates.

5. Conclusions

In this paper, we investigated how the UA(1) anomaly behaves as a function of the
chiral condensate. We worked with the three-flavor linear sigma model, and calculated
the leading correction in a 1/Λ expansion to the conventional anomaly term caused
by quantum fluctuations. We have found that the coefficient of the aforementioned
operator, ∼ Tr (M† M) · (det M + det M†), causes the actual strength of the anomaly to
become larger once the chiral condensate evaporates. For the sake of an example, we
demonstrated that at the zero temperature nuclear liquid–gas transition, where (on top of
a jump in the nuclear density) the chiral condensate partially restores, the actual strength
of the anomaly increases. This could also happen toward the full restoration of chiral
symmetry, where quark dynamics also play a significant role. Note that our findings are
based solely on calculating mesonic fluctuations, and no instanton effects have been taken
into account.

The linear sigma model, being an effective field theory, cannot accommodate in-
stantons as the fundamental model of QCD. Still, there are at least two directions worth
exploring in the effective model framework. Recently it has been shown [28] that 3Q-
point interactions are generated by instantons with Q topological charge, which can be
embedded into the linear sigma model via ∼ [(det M†)Q + (det M)Q] operators. Another
important direction could be to assign environment dependence even to the bare anomaly
coefficient(s) from QCD data and see how these compete against thermal effects caused
by mesonic fluctuations.

Finally, we wish to point out that our study calls for an extension via a non-
perturbative treatment, where fluctuations are taken into account beyond the O(a) order,
and the coefficient function of the determinant term is obtained in a functional fashion,
rather than at the lowest order of its Taylor series. The aforementioned directions are
under progress and will be reported in a separate study.
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Abstract: We review a new development on the possible direct connection between the topological
structure of the Nf = 1 baryon as a FQH droplet and that of the Nf ≥ 2 baryons (such as nucleons
and hyperons) as skyrmions. This development suggests a possible “domain-wall (DW)” structure
of compressed baryonic matter at high density expected to be found in the core of massive compact
stars. Our theoretical framework is anchored on an effective nuclear effective field theory that
incorporates two symmetries either hidden in the vacuum in QCD or emergent from strong nuclear
correlations. It presents a basically different, hitherto undiscovered structure of nuclear matter at
low as well as high densities. Hidden “genuine dilaton (GD)” symmetry and hidden local symmetry
(HLS) gauge-equivalent at low density to nonlinear sigma model capturing chiral symmetry, put
together in nuclear effective field theory, are seen to play an increasingly important role in providing
hadron–quark duality in baryonic matter. It is argued that the FQH droplets could actually figure
essentially in the properties of the vector mesons endowed with HLS near chiral restoration. This
strongly motivates incorporating both symmetries in formulating “first-principles” approaches to
nuclear dynamics encompassing from the nuclear matter density to the highest density stable in
the Universe.

Keywords: topological structure; compressed baryonic matter; hadron-quark duality

1. Introduction

In this review note, we recount what we have carried out in the past few years to
uncover a totally novel structure, not found in the literature, of dense nuclear matter
relevant to massive compact stars. Our approach is anchored on two symmetries hidden
in dilute hadronic systems, i.e., chiral symmetry and scale symmetry, that could play a
crucial role as density increases high. In the accompanying article written by one of us
(MR), how the very symmetries involved in dense compact-star matter also manifest at
nuclear matter density in one of the outstanding problems in nuclear physics for more
than four decades, namely, the “quenching” of the axial-vector coupling constant gA in
nuclear Gamow–Teller transitions.

The structure of highly dense matter found in massive compact stars is a totally
uncharted domain. Unlike at high temperature, at high density it can be accessed neither
by lattice QCD nor by terrestrial experiments. While, as comprehensively reviewed
recently [1,2], finite nuclei as well as infinite nuclear matter can be fairly accurately
accessed by nuclear effective field theories, pionless or pionful, referred to herein as
“standard nuclear effective field theory (SnEFT)” anchored on relevant symmetries and
invariances along the line of Weinberg’s Folk Theorem [3], SnEFTs, as befits their premise,
are expected to break down at some high density (and low temperature) relevant to, say,
the interior of massive stars.
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In SnEFT, the power counting in density is O(kq
F) where kF is the Fermi momentum

and increasing density involves going to higher q. For the “normal” nuclear matter with
density n0 ≈ 0.16 fm−3, the expansion is required to go up to q ∼ 5 [2]. The breakdown
must occur as kF goes beyond the nuclear matter density, say, at n ∼ (2 − 4)n0. On
the other hand, if one organizes effective field theories in renormalization-group (RG)
approach built on Fermi surface, the power counting in kF comes out to be O((1/N̄)κ)
where N̄ = kF/(Λ̃− kF) with Λ̃ being the cutoff on top of the Fermi sea measured relative
to the center of the Fermi sphere. The expansion in κ ≥ 0 leads to Fermi-liquid fixed-point
theory [4,5]. The equilibrium nuclear matter is given at the Fermi-liquid fixed point with
N̄ → ∞. Approaching Fermi-liquid theory starting from SnEFT for nuclear (or neutron)
matter valid up to roughly ∼ n0 has been formulated [2,6]. It has also been formulated
using the Vlowk RG approach applicable to both finite nuclei and infinite matter, taking
into account 1/N̄ corrections [7].

Given that the kF expansion must inevitably break down—and hence SnEFT becomes
no longer valid—at some high density above n0, a potentially promising and justifiable
approach is to go over to the Fermi-liquid structure starting from the normal nuclear
matter density at which the Fermi-liquid structure is fairly well established to hold. Our
strategy is to build a model, that we shall refer to as “GnEFT,” that while capturing fully
what SnEFT successfully does up to n0, can be extrapolated up beyond the density at
which SnEFT is presumed to break down. Such an approach extensively developed in [8]
is anchored on a Lagrangian that incorporates, in addition to the pions and nucleons, the
lowest-lying vector mesons ρ and ω and the scalar meson χ standing for f0(500). We treat
the vector mesons V = (ρ, ω) as “dynamically generated” fields possessing hidden local
symmetry (HLS) [9]—equivalently “composite gauge fields” [10]—and the scalar χ as a
“genuine dilaton (GD)” [11], a (pseudo-)Nambu–Goldstone (NG) boson of hidden scale
symmetry [12]. We cannot say whether these symmetries are intrinsic in QCD. If they are
intrinsic then they must be hidden in the vacuum since they are not visible. What must
happen in our systems in nuclear medium is that they become “unhidden” by strong
nuclear correlations as nuclear matter is highly compressed. Or they can emerge from
highly correlated hadronic interactions such as those in condensed matter physics. One of
our basic assumptions is that the HLS is consistent with the Suzuki theorem [10], and the
scale symmetry with genuine dilaton has an infrared (IR) fixed point with both the chiral
and scale symmetries realized in the NG mode [11] at some high density. How these
symmetries, invisible in free space, could appear in dense medium has been the subject of
the past efforts [8] in nuclear astrophysics and motivates us to go beyond what has been
explored so far. We approach this issue by analyzing the structure of cold dense baryonic
matter with density n > (2 − 3)n0 in terms of a “baryon-quark duality” n QCD. It should
be noted that the emphasis, as is to be clarified, is on “duality,” not on “continuity”,
discussed in connection with confinement–deconfinement issue.

In this paper, we find that the combined hidden scale symmetry (HSS) and HLS,
suitably formulated so as to access high density compact-star matter [8], not necessarily
intrinsic in QCD but interpreted as “emergent” from strong nuclear correlations, reveals
a dichotomy in the structure of baryons treated in terms of topology in the large Nc
approximation and discuss how it could affect the equation of state (EoS) at high density
relevant to the cores of massive compact stars. The merit of this work is that it exploits in
strongly interacting baryonic matter a certain ubiquitous topological structure of highly
correlated fermions, similar to electrons in condensed matter, thereby bringing in a
possible paradigm change in nuclear dynamics.

2. The Problem: Dichotomy

Consider the baryons made up of the quarks with nearly zero current quark masses.
We will be dealing primarily with two flavors, u(p) and d(own). However, for the role
of scale symmetry, it is essential to think in terms of three flavors [11] as we will explain
below. For three flavors, all octet baryons B(α), α = 1, ..., 8, can be obtained as solitons,
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i.e., skyrmions [13], from the octet mesons. This has to do with the homotopy group
π3(SU(3)) � Z and is justified in QCD at the large Nc limit. However there has been one
annoying puzzle in this matter: There is no skyrmion associated with the singlet meson
η′. This is because π3(U(1)) = 0. The resolution to this conundrum was suggested in
2018 by Komargodski [14]: The baryon for η′, while not a skyrmion soliton, turns out
to be also a topological object at the large Nc limit but more appropriately a fractional
quantum Hall (FQH) droplet, somewhat similar to a pancake (or perhaps pita [15,16]).

One way of seeing how this FQH droplet comes about in QCD, the approach we
adopt in this paper, is in terms of the “Cheshire Cat phenomenon” (CCP) formulated a
long time ago [17].

In the CCP, the trade-in of topology for hadron–quark continuity for low energy/long
wavelength nuclear processes involving the u quark and d quark is via the “infinite hotel
mechanism” where Nc quarks disappear into the vacuum, with the baryon charges taken
up by the triplet pions, i.e., skyrmions. The Nf = 1 quarks, on the other hand, forbidden
to fall into the infinite hotel and become skyrmions, go instead into a 2-dimensional
quantum Hall (QH) droplet described by Chern–Simons (CS) theory. In [18], this was
described as the anomaly cancelation, known as the “anomaly inflow” from the bulk of a
system to its boundary [19]. Here, what is involved is that the quarks propagating in one
direction flow to one higher dimension making a sheet in (x, y) with the anomaly caused
by the “confinement” boundary condition, with the resulting system given by abelian
CS theory for the FQH droplet. One can think of this as a topological object of η′ with a
topology different from that of the skyrmions of π’s. We denote this baryon B(0).

There is another way of interpreting the CCP construction of the fractional quantum
Hall droplet that could be more appropriate for resolving the “dichotomy problem”
mentioned below. That is to formulate it in terms of a domain-wall (DW) structure.
Consider the confinement wall at x3 = 0. The vacua at x3 > 0 and x3 < 0 are clearly
different. Then, the confinement wall makes the DW at x3 = 0. As an example, think of
the region x3 < 0 as the region in which quarks are confined in the sense of the MIT bag.
Then, calculating the spectral asymmetry in the limit of the thin wall with the chiral bag
boundary condition set at x3 = 0, one reproduces the same baryon charge obtained in the
anomaly-inflow mechanism [20].

One important consequence of this observation is that the QH droplet has the spin
J = Nc/2, namely 3/2 for Nc = 3, corresponding to the baryon resonance Δ(3/2, 3/2).
The mass of the B(0) in the large Nc limit is of course ∼ O(Nc) but it can also receive O(N0

c )
contribution [14]. In the skyrmion system, there is also a baryon of the same quantum
numbers (3/2, 3/2) but there is no correction coming at O(N0

c ) that distinguishes spin-
1/2 and spin-3/2. There is the Casimir contribution to the skyrmion mass that comes at
O(N0

c ) but that is common to the skyrmions of both spins 1/2 and 3/2. The first correction
to the skyrmion mass in the large Nc limit comes at O(1/Nc) arising from the rotational
quantization. This presents a “dichotomy problem” (dubbed DP for short).

One can see this dichotomy if one applies the same argument made for the CCP for
the QH droplet for B(0) to Nf = 2 systems, namely, the nucleon. Instead of dropping
into the “infinite hotel” in the CC mechanism for the Nf = 2 skyrmion when the bag is
shrunk to zero [17,21], there seems to be nothing that would prevent the quarks from
undergoing the anomaly inflow into fractional quantum Hall droplets making the CS
theory nonabelian [18]. Why not form a sheet-structured matter arranged, say, in the
lasagne arrays seen at high density in crystal lattice simulations of compact-star matter
(to be mentioned below)?

The pertinent question then is: What dictates the Nf = 2 quarks to (A) drop in
the ∞-hotel skyrmions or (B) instead to flow to nonabelian FQH droplets? Or could
it be (A) and (B) in some combination? This sharpens and generalizes the dichotomy
problem raised above. A solution to this dichotomy problem has recently been addressed
by Karasik [15] in terms of a “generalized” current that unifies the Nf = 1 baryon, QH
droplet, and the N ≥ 2 baryon, skyrmion. Here, we explore whether and how one can
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go from one to the other for the Nf = 2 systems in terms of the EoS for dense baryonic
matter. We do this by “dialing” baryon density. The hope is that this will unravel the
putative hadron–quark duality possibly involved in the physics of massive compact stars.
The strategy here is to extract the conceptual insights gained in the phenomenological
development discussed in [8] for the physics of massive compact stars, the only system
currently available in nature for high density n � n0 at low temperature and translate
them into a scheme that could address, at least qualitatively, the dichotomy problem.

3. GnEFT Lagrangian

We begin by writing the effective Lagrangian involved, in as simple a form as
possible, which allows us to capture the basic idea developed. The details look rather
involved, but the basic idea is in fact quite simple. We will first deal with the mesonic
sector with baryons generated as solitons and later explicitly incorporate baryons. In
developing the basic idea, we will frequently switch back and forth between the former
description and the latter.

3.1. Scale-Invariant Hidden Local Symmetric (sHLS) Lagrangian

To address the dichotomy problem (DP) in highly compressed baryonic matter,
we incorporate the η′ field, η′ ∈ UA(1), in addition to the pseudo-scalar NG bosons
π ∈ SU(2) and the vectors ρμ ∈ SU(2) and ω ∈ U(1). The reason for this, as we will
argue, is that although η′ is massive compared with the mesons we will take into account,
it goes massless in the limit that Nc → ∞ and plays a crucial role for bringing in Chern–
Simons topological field theory structure in (possibly) dense baryonic systems. In the
modern development, it is being suggested that the role of η′ in the guise of fractional
quantum Hall “pancake” for the flavor singlet baryon B(0) plays an indispensable role for
QCD phase structure at high density. We will comment on this matter later although it is
not well understood at present.

The Crewther’s GD approach to scale symmetry [11] adopted in this paper—which
will turn out to play a crucial role in our theory—necessitates the kaons on par with the
dilaton. For our purpose, however, we can ignore the strange quark—given the presence
of the η′ meson—and focus on the two light flavors. For a reason that will become clear
later, unless otherwise specified, the ρ and ω fields will be treated in U(2)-nonsymmetric
way. In the Seiberg-type dual approach to HLS, the ω meson is not pure U(1) of U(Nf )
that contains ρ but a mixture of U(1)s. This feature will appear later in Section 5 where
baryonic matter with η′ present is treated.

We write the chiral field U as (Unless otherwise noted, we shall use the convention
of [22])

U = ξ2 = eiη′ eiτaπa/ f (1)

and the HLS fields as

Vρ
μ =

1
2

gρρa
μτa, Vω

μ =
1
2

gωωμ. (2)

Expressed in terms of the Maurer-Cartan 1-forms

α̂
μ

‖,⊥ =
1
2i

(
Dμξ · ξ† ± Dμξ† · ξ

)
(3)

where Dμξ = (∂μ − iVρ
μ − iVω

μ )ξ, the HLS Lagrangian we are concerned with is of the
same form as the HLS Lagrangian for three flavors [22] with the parity-anomalous homo-
geneous Wess–Zumino (hWZ) Lagrangian composed of three terms (in the absence of
external fields). For the SU(2)× U(1) case we are dealing with, there is no 2-dimensional
Wess-Zumino (WZ) term.
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To implement scale symmetry à la GD [11], we are to use as explained below the
conformal compensator field χ = fχeχ/ fχ which has both mass dimension and scale
dimension 1. The structure of the Lagrangian that we use in this discussion was noted
previously in our reviews [8] and we shall note it again here with η′ incorporated. In
order to justify its extension in the density domain where FQH droplets could play a role,
an additional ingredient to what figures in [8] is needed. It will be given below.

The scale-symmetrized Lagrangian that we denote as sHLS is of the form

LsHLS = f 2Φ2Tr
(

α̂
μ
⊥α̂⊥μ

)
+ f 2

σρΦ2Tr
(

α̂
μ

‖ α̂‖μ

)
+ f 2

0 Φ2Tr
(

α̂
μ

‖

)
Tr
(

α̂‖μ

)
+ LhWZ

− 1
2g2

ρ
Tr(VμνVμν)− 1

2g2
0

Tr(Vμν)Tr(Vμν)

+
1
2

∂μχ∂μχ + V(χ)

(4)

where LhWZ is the hWZ term that conserves parity and charge conjugation but violates
intrinsic parity, Φ is defined as

Φ = χ/ fχ (5)

and Vχ is the dilaton potential, the explicit form of which is not needed for our purpose.
Vμν is the usual field tensor

Vμν = ∂μVν − ∂νVμ − i[Vμ, Vν] (6)

with Vμ = Vμ
ρ + Vμ

ω . In (4)

f 2
0 =

f 2
σω − f 2

σρ

2
,

1
g2

0
=

1
2

(
1

g2
ω
− 1

g2
ρ

)
, (7)

where fσV figures in the mass formula m2
V = f 2

σV g2
V . The U(2) symmetry is recovered

at the classical level by setting gω = gρ and f0 = 1/g0 = 0 in (4). The hWZ Lagrangian
that will be found to unify the Nf = 1 and Nf ≥ 2 baryons consists of four terms with an
external potential Jext

μ included:

LhWZ =
Nc

16π2

4

∑
i=1

ciLi. (8)

We have not written down the explicit expressions here because they are not very illu-
minating and are not needed for what follows (see [22] for the detailed forms.) They are
constructed of the Maurer–Cartan 1-forms with the covariant derivatives in the vector
field Vμ plus the Jext

μ which is either U(1) baryonic potential or EM potential.
We should make two remarks on the Lagrangian (4) that need to be kept in mind

in what follows. First, it is O(p2) in power counting [22] except for the hWZ term which
while O(p4) is indispensable for unifying FQH droplets and skyrmions [15]. Second, it is
made scale-invariant by the conformal compensator (CC) except for the dilaton potential
V(χ) which could contain scale-symmetry explicit breaking, e.g., quark mass terms. The
hWZ terms are scale-invariant, so are free of the CC fields. The rationale for this strategy
for scale symmetry which resorts to what is known as “quantum scale invariance” [23] is
explained below.

3.2. “Genuine Dilaton” Scenario (GDS)

In accordance with the GD scheme [11] with the IR fixed point specified above, even
if explicit symmetry breaking is ignored, scale symmetry can be spontaneously broken by
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dilaton condensate generating masses to the hadrons. The scheme follows roughly the
line of ideas based on “hidden quantum scale invariance” [23]. The underlying reason
is that sHLS that we are exploiting is connected with strong–weak dualities à la Seiberg,
typically associated with supersymmetric gauge theories [24–27]. This connection allows
us to exploit the possible duality of HLS to the gluons that will figure in the problem. In
addition, the applicability of duality in non-supersymmetric case as ours is made feasible
if scale symmetry is broken by the dilaton in terms of the conformal compensator [26].
Thus, the theory at the tree level contains renormalization with the regularizer that brings
scale elevated to a field, the CC field χ.

From the point of view of our bottom-up approach, it is important to note that the
HLS we are dealing with is dynamically generated [9]. This means that the coefficients
cis in the hWZ term that play a key role in the unification of solitonic description of both
Nf = 1 and Nf ≥ 2 baryons are constants that cannot be fixed by the theory. For low
density, therefore, they are to be determined by experiments. They could be fixed by
holographic QCD, but there are no known holographic QCD models that possess possible
“orange” [15]—not to mention ultraviolet—completion that would allow for approaching
the density above n0. However, as we will see later, in approaching QH droplet baryons
bottom-up in density, the coefficients will be “quantized” by topology [15,16]. This takes
place because there can be a phase transition from a Higgs mode to a topological phase in
which the HLS fields are supposed to be (Seiberg-)dual to the gluons of QCD [24].

Unhiding Hidden Scale Symmetry in Nuclei

Underlying the idea of duality in hadronic matter is that scale symmetry is hidden.
The VeV of the dilaton χ breaks scale-symmetry spontaneously in nuclear medium
and slides with the density of the matter. This spontaneous scale-symmetry breaking in
nuclear medium via the dilaton condensate dependent on density can have a highly subtle
impact on certain nuclear properties. One of the celebrated cases highlighting the possible
restoration of scale symmetry by nuclear renormalization is the gA quenching in nuclear
Gamow–Teller transitions [28,29]. It has been shown that the hidden scale invariance
emerges precociously in nuclear medium via strong nuclear correlations to lead to an
effective gA, say gss

A → 1, approaching what is referred to as “dilaton limit fixed point.”
The Lagrangian as given in (4) is in the leading order in scale-chiral expansion [12,30]. In
the sector where η′ plays no role—or a negligible role—and the dilaton field is ignored,
the HLS Lagrangian is gauge-equivalent to nonlinear sigma model; therefore, one can
do a systematic chiral-perturbation calculation similar to the standard χPT [22]. The
treatment of many-body systems resorted to in [28] is in Landau Femi-liquid fixed point
theory (FLFP) with the Lagrangian (10) (given below) that figures in [8] amounts to doing
nuclear higher-loop renormalization calculations in Wilsonian-RG approach on Fermi
surface and what leads to geff

A → 1 aptly captures the restoring of scale symmetry hidden
at the tree level to pseudo-conformal symmetry at the quantum level.

Now, going to high density beyond the normal nuclear matter, an important issue
of the EoS of massive compact stars is the role of the dilaton and indispensably the scale
symmetry in QCD. The story of scale symmetry in gauge theories has a long history
dating from 1960s and it remains still a highly controversial issue in particle physics going
beyond the Standard Model (BSM). Here, we will confine ourselves to QCD for Nf ≤ 3 for
which we adhere to the notion that f0(500) is a “genuine” dilaton being associated with
hidden scale symmetry [11,12]. The distinctively characteristic feature of the “genuine
dilaton” scenario (GDS for short) is the presence of the IR fixed point signaling the scale
invariance at which both scale and chiral symmetries are in the NG mode admitting
massive particles, such as nucleons, vector mesons etc. It may be that this notion of the
GDS is not widely accepted in the particle physics community working on BSM [31]. It
seems, however, consistent with the notion of hidden quantum scale invariance [23]. In
our approach to dense matter, it turns out, as recalled below, that the GDS is consistent
with the general structure of scale symmetry that manifests as an emerging symmetry
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from nuclear correlations at what we call “dialton-limit fixed point (DLFP)” in dense
matter.

4. Baryonic Matter without η′

We first consider baryonic matter where UA(1) anomaly does not figure. In (4),
we set η′ equal to zero or properly integrated out given its massiveness in nature. The
property of dense matter described by the theory, GnEFT, is analyzed in some detail in [8].
How to address many-nucleon systems directly from the Lagrangian that contains meson
fields only, that is in the class of skyrmion approach, has not been worked out in a way
suitable for dense matter physics. Therefore, a direct exploitation of the Lagrangian (4)
treated entirely in terms of skyrmions is not feasible at present for studying the properties
of dense baryonic matter. However, an astute way is to map what are established to be
“robust” topological properties of skyrmions obtained with (4) to a density functional-
type theory—referred frequently to as “DFT” in nuclear physics circles—by introducing
explicitly baryon fields, and suitably coupling them, to (4). The strategy is to capture
as fully as feasible non-perturbative properties associated with the topological structure
involved. One possible way of how this can be achieved is discussed in detail in [8].
Here, we summarize what one finds in the mean-field approximation of GnEFT which
corresponds to Landau fixed-point theory. Going beyond the approximation can be
formulated in what is known as “Vlowk” RG approach and applied to compact stars in [8].

4.1. Dilaton Limit Fixed Point (DLFP)

To exploit the mapping of topological inputs of the sHLS Lagrangian into a mean-
field approximation with GnEFT, we add the nucleon coupling to the sHLS fields imple-
menting both HLS and scale symmetry as

LN =N̄(i/D − ΦmN)N + gAN̄/̂α⊥γ5N

+ N̄
(

gVρ/̂α‖ + gV0Tr[/̂α‖]
)

N + · · · ,
(9)

with the covariant derivative Dμ = ∂μ − iVρ
μ − iVω

μ and dimensionless parameters gA,
gVρ and gV0 ≡ 1

2 (gVω − gVρ). The ellipsis stands for higher derivative terms that will not
be taken into account in what follows. The Lagrangian concerned that we shall refer to as
bsHLS is

LbsHLS = LsHLS + LN . (10)

With the explicit presence of the baryon field, the role of the hWZ terms is relegated to
the baryon-field coupling to the vector and scalar fields that takes over the ω repulsion in
dense baryonic matter.

We consider what happens when the density goes up and approaches the DLFP first
considered by Beane and van Kolck [32] and apply it to the model we are considering
in [8]. To do this we assume that approaching the DLFP at high density amounts to going
toward the IR fixed point à la CT [11,12] described above where both chiral symmetry
and scale symmetry are realized in the NG mode with the dilaton mass and pion mass
going to zero in the chiral limit.

Starting from the vacuum where chiral symmetry is realized nonlinearly, as density
increases, one would like to arrive, at some point near n0, at the linear realization of
chiral symmetry, say, in the form of the Gell–Mann–Lévy (linear) sigma model [33] which
qualitatively captures nuclear dynamics as the Walecka mean-field model does. This
means transforming the nonlinear structure of sHLS that is the habitat of the skyrmion
structure to a form more adapted to dense matter, namely, the half-skyrmion structure
developed for the EoS of massive compact stars in [8]. This feature of transformation is
encoded in the hidden scale symmetry as pointed out by Yamawaki [34]. This point will
be further elaborated on in Section 7.
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To see how the bsHLS Lagrangian behaves as density is increased, we follow Beane
and van Kolck [32] and transform bsHLS to a linear basis, Σ = fπ

fχ
Uχ ∝ σ′ + i�τ · �π′. We

interpret taking the limit S ≡ Tr(Σ†Σ) → 0 as approaching the DLFP. Now how to take
the dilaton limit requires a special interpretation. In mapping the key information of
topological structure of baryonic matter to GnEFT as explained in [8], it is essential to
interpret the limiting S → 0 in the same sense as in going from the skyrmion phase to
the half-skyrmion phase at a density above that of normal nuclear matter. In going from
skyrmions to half-skyrmions in skyrmion crystal simulation, the quark condensate 〈q̄q〉
is found to globally go to zero at a density denoted n1/2 > n0. To give an idea, n1/2
in massive compact stars comes in [8] at ∼ 3n0. The condensate, however, is non-zero
locally, thereby supporting a chiral density wave in skyrmion crystal [35]. This seems to
be the case in general as observed in various models [36]. As a consequence, the pion
decay constant is non-zero, hence the state is in the NG mode. The same is true for
the dilaton condensate with inhomogeneity in consistency with the GDS. This feature
resembles the “pseudogap” structure in condensed matter physics, as there the issue is
subtle and highly controversial (see [37] for a comprehensive discussion on this matter).
In what follows, we interpret the limiting S → 0 in this sense. The order parameters
for the symmetries involved in medium up to the possible IR fixed point of [11] are
more complicated, involving higher dimensional field operators [38]. Approaching the
DLFP, the quantities involved will be denoted by asterisk ∗ as 〈χ〉∗ ∝ f ∗π and 〈χ〉∗ ∝ f ∗χ
with f ∗π ∼ f ∗χ �= 0. The matter in the half-skyrmion phase going toward the DLFP then
has a resemblance to the pseudo-gap phase with fractional skyrmions present in SYK
superconductivity [39].

One finds that in the limit S → 0, there develop singularities in the thermodynamic
potential. Imposing that there be no singular terms in that limit gives what we identify as
DLFP “constraints” [8]

fπ → fχ �= 0, gA → gVρ → 1. (11)

Furthermore, since the ρ-meson coupling to the nucleon is given by

gρNN = gρ(gVρ − 1), (12)

one sees that the ρ meson decouples—independently of the “vector manifestation (VM)”
with gρ → 0 [22]—from the nucleons as the DLFP is approached. On the other hand, the
ω-NN coupling gωNN = gω(gVω − 1) remains nonzero for gω �= 0 because gVω − 1 �→ 0
in the DLFP limit. This has been verified at one-loop order in the renormalization-group
equation. In fact, the EoS at high density relevant to massive compact stars requires this for
the stability of the matter. It is well known that there is a delicate balance between the dilaton
condensate which enters in the dilaton mass m∗

χ and the ω-NN coupling gωNN. In fact this
balance is the well-known story of the roles of the scalar attraction and vector repulsion in
nuclear physics at normal nuclear matter density. It becomes more acute at higher densities.

The broad phase structure involved is depicted in Figure 1. Apart from the nuclear
matter equilibrium density n0 and the topology change density n1/2, other densities are
not precisely pinned down. What is given in the review [8] does not represent precise
values, hence Figure 1 should be taken at best schematic.
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Linear chiral symmetry
Nonlinear 

chiral symmetry

Figure 1. The proposed schematic phase structure for density regimes: n0 stands for equilibrium
nuclear matter density, n1/2 for onset density of half-skyrmions, nDLFP for dilaton limit fixed point,
nIRFP for IR fixed point and nVM for vector manifestation fixed point.

4.2. Interplay between gωNN and 〈χ〉∗
The nucleon in-medium mass is connected to the ω-nucleon coupling by the equa-

tions of motion for χ and ω and the in-medium property of the χ condensate, 〈χ〉∗,
or more appropriately the in-medium dilaton decay constant f ∗χ which controls the in-
medium mass of the dilaton, hence the nucleon mass, at high density. This means that
up to the DLFP, the effective nucleon mass will remain constant proportional to the
dilaton condensate 〈χ〉∗. This is seen in Figure 2. This 〈χ〉∗ comes out to be equal to the
scale-chiral invariant mass of the nucleon m0 that figures in the parity-doubling model
for the nucleon [40]. This then suggests that m0 can show up, signaling the presence at a
higher density of the DLFP through strong nuclear correlations even if it is not explicit in
the QCD Lagrangian.

We claim that this is in accord with the GDS (“genuine dilaton” scenario) with the
nucleon mass remaining massive together with the non-zero dilaton decay constant.
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Figure 2. The ratio 〈χ〉∗/〈χ〉0 where 〈χ〉∗ ∝ f ∗χ as a function of density n for varying “induced
density dependence” (DDinduced)—distinct from IDD (intrinsic density dependence) inherited from
QCD—of g∗Vω which is parameterized as g∗Vω − 1 = (gVω − 1)(1+ y n

n0
)−1. The density at which the

ratio 〈χ〉∗/〈χ〉0 becomes constant is not given by the theory but comes out to be ∼ 3n0 in compact-
star phenomenology. This density can be identified with n1/2, the density at which skyrmion matter
transitions to half-skyrmion matter.

The remarkable interplay between the dilaton condensate 〈χ〉∗ and the ω-NN cou-
pling has an important impact on the EoS for density n � n1/2 at which 〈χ〉∗ flattens in
density (The flattening to a density-independent constant of 〈χ〉∗/ fχ at n1/2 arising from
an intricate interplay between gωNN and 〈χ〉∗ in Figure 2 is related to that of 〈q̄q〉∗/ fπ in
a skyrmion-crystal simulation of HLS [41]. It is not obvious how to correctly implement
the dilaton field in the crystal simulation, so the relation between the dilaton and quark
condensates does not seem to come out correctly on skyrmion crystals. However, in
the genuine dilaton scenario incorporated in GnEFT, we believe they should be tightly
related—as we argued—as density approaches the IR fixed point density.). As noted
above, the induced density dependence for the ρ-NN coupling ∝ (gVρ − 1) drops rapidly
such that the ρ decouples from nucleons at the DLFP whereas (gVω − 1) remains non-zero.
How this impacts on nuclear tensor forces and consequently on the symmetry energy Esym
deserves to be investigated in nuclear structure. Furthermore, the vector manifestation
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leads to the gauge coupling gρ → 0 [22] whereas that for ω coupling gω drops only
slightly. The delicate balance between the attraction due to the scalar (dilaton) exchange
and the repulsion due to the ω exchange plays a crucial role for the EoS for n � n1/2 of
massive neutron stars [8].

4.3. The Trace Anomaly and Pseudo-Conformal Symmetry

A striking consequence of the interplay between the gωNN coupling and the con-
densate 〈χ〉∗ at n � n1/2 in the GnEFT framework, not shared by other models in the
literature, is the precocious emergence of hidden scale symmetry in nuclear interac-
tions. The details are involved but the phenomenon can be clearly seen in the mean-field
approximation with the bsHLS Lagrangian (10).

The vacuum expectation value of the trace of the energy-momentum tensor θ
μ
μ is

given by

〈θμ
μ〉 = 4V(〈χ〉)− 〈χ〉

(
∂V(χ)

∂χ

)∣∣∣∣
χ=〈χ〉∗

+ · · · (13)

where the ellipsis stands for chiral symmetry breaking (quark mass) terms. Now, if one
ignores the quark mass terms, then given that the 〈χ〉∗ which should be identified with
the dilaton decay constant is independent of density as illustrated in Figure 2, we have

∂〈θμ
μ(n)〉
∂n

=
∂ε(n)

∂n
(
1 − 3v2

s /c2) = 0. (14)

One expects that ∂ε(n)
∂n �= 0 and hence, within the range of density where (14) holds, say,

∼ (3 − 7)n0, we arrive at what is commonly associated with the “conformal sound speed”

v2
s /c2 = 1/3. (15)

Since, however, the trace of the energy-momentum tensor is not zero at the density
involved which is far from asymptotic, it should be more appropriately called “pseudo-
conformal” velocity.

This prediction made in the mean field for a neutron star of mass M � 2M� has
been confirmed—modulo of course quark-mass terms—in going beyond the mean-field
approximation using the VlowkRG approach [8]. Needless to say, the quark mass terms
could affect this result, bringing in possible deviation from (15), but it seems reasonable
to assume that the corrections cannot be significant.

5. Baryonic Matter with η′

To date, baryonic matter without the η′ degree of freedom is treated as density
increases toward the DLFP. The baryons involved there are skyrmions for Nf = 2. It
has been assumed that the UA(1) anomaly plays no role at high density for compact-star
physics.

However, there are at least three reasons why the η′ degree of freedom cannot be
ignored in nuclear dynamics. First, it is known that the UA(1) anomaly plays a crucial role
for the color-charge conservation in the CCP [42] and consequently for the flavor-singlet
axial-vector coupling constant of the proton g0

A 
 1 [43]. Second, the η′, though massive
at low density, may become lighter and become relevant at high density. Third, it has
been suggested that the FQH droplet structure of Nf = 1 baryon [14] can be unified in
scale-symmetric HLS theory with the skyrmion structure of Nf ≥ 2 baryons [15]. The
third, while giving a possible solution to the dichotomy problem raised in Section 2, could
influence the EoS at high density.

We now discuss how to approach quantum Hall droplets from skyrmions.
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5.1. From sHLS to the η′ Ring

In following Karasik’s arguments [15,16], we take the sHLS Lagrangian (4) and focus
on the terms that involve the η′ field in that Lagrangian. In doing this manipulation, the
role of the conformal compensator present to provide (Seiberg-)duality plays the crucial
role in contrast to what was conducted in [15,16] where the the role of dilaton effects
is performing double trace, which is ignored. With the baryons generated as solitons
in sHLS, the parameters of the Lagrangian contain the “intrinsic density dependence”
(IDD) inherited from QCD at the matching between EFT and QCD. First we ask what one
should “dial” in the parameters of GnEFT—in the spirit of the strategy used—to access
compact stars so that the system approaches the η′ sheet. Next, we ask whether high
baryon density supplied by gravity makes the η′ ring “visible”.

Suppose we increase density beyond n1/2. Recalling from what we have learned in
the mean-field result with (10) (with the nucleon explicitly included), it seems reasonable
to assume the ρ decouples first at some density above n1/2 before reaching the DLFP.
Since the gauge coupling gρ goes to zero in approaching the vector manifestation fixed
point nVM (say, n � 25n0) [8]), the mass mρ ∼ fπ gρ goes to zero independently of whether
or not fπ goes to zero and the ρ decouples from the pions. The Lagrangian LsHLS (4) will
then reduce to what was noted by Karasik [15,16]

LsHLS =
1
2
(∂μχ)2 + V(χ) +

1
2

Φ∗2(∂μη′)2 − 1
4
(ωμν)

2 +
1
2

m2
ωΦ∗2ωμωμ

− c3
Nc

8π2 εμναβωμ∂νωα∂βη′ + · · · ,
(16)

where we have written f = fη and f 2
σρ = a f 2

π and Φ∗ ≡ f ∗χ / fχ ≈ f ∗π/ fπ with the ∗
standing for density dependence in baryonic matter. In this operation, we assumed that
the limit S → 0 is equivalent to having, as in the crystal simulation, both the dilaton
and chiral condensates—space averaged globally—go to zero while they locally support
density waves with their decay constants remaining nonzero. As density increases
further beyond the DLFP, the condensate will vanish locally, hence Φ∗ → 0 and the
kinetic energy term of η′ field, ill defined due to singularity, is killed and the ω mass
mω ∝ 〈χ〉 goes to zero. Indeed, it is explicitly shown in [41] in the crystal approach that at
a density n � n1/2 the phase becomes homogeneous—without density waves—so that
fπ ∝ fχ ∝ 〈χ〉 = 0. We interpreted this phase as deconfined since both chiral and scale
symmetries are restored. Note that the density involved must be considerably higher
than the core density of massive stars. We will be left with the massless χ and ω fields
and the ωη′ coupling coming from L3 in the hWZ term, (8).

It is here that our approach to scale symmetry à la GD [11,23] brings the role of the
sliding dilaton condensate at high density into contact via the Seiberg-type duality with
the η′ ring structure.

The last term of (16) can be written as

LCSη′ = −c3
Nc

4π
Jμναωμ∂νωα. (17)

with the topological U(1) 2-form symmetry current

Jμνα =
1

2π
εμναβ∂βη′. (18)

Now, a pertinent observation is that the charged objects under these symmetries are
metamorphosed to infinitely extended sheets that interpolate from η′ = 0 on one side to
η′ = 2π on the other [14,15], involving a sheet η′ = π. The current is conserved because
η′ in the space of η′ configuration is a circle and π1(S1) = Z . The Lagrangian (17)
corresponds to the CS field identified with the ω field coupling to the baryon charge. The
CS field is a topologically non-trivial gauge field and hence gauge invariance requires
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that the c3 be quantized c3 = 1. This argument holds if we assume that the matter is in
the topological phase where HLS is Seiberg-dual to QCD [24]. Karasik identifies the hWZ
term with constrained coefficients as “hidden WZ” term in contrast to the “homogenous
WZ term” [22] relevant at lower density. Note that going from “homogeneous hWZ” to
“hidden hWZ” by density would require the unhiding of hidden scale invariance [11,23].
Now, going beyond the DLFP as the system is brought toward the putative density at
which 〈χ〉 → 0 and 〈q̄q〉 → 0, fπ ∼ fχ → 0 and mχ → 0, mω → 0 etc., one is left with a
quantum Hall baryon with B = 1 and J = Nc/2 [14]. This essentially rephrases Karasik’s
argument in terms of the GnEFT to arrive at the Nf = 1 baryon from the Nf = 2 baryons.

In what is described above, we have assumed that the ρ field decouples first before
reaching the DLFP as indicated in Section 4.1. This is what seems to take place in
compact-star matter studied in [8]. Instead of U(1) CS field theory, however, one can
generalize the discussion to nonabelian CS field theory from the sHLS Lagrangian (4).
The Lagrangian (17) is modified to [24] (This matter will be discussed elsewhere. We
merely note that this Lagrangian figures as the boundary term in the chiral bag model
to account for the color anomaly in the chiral bag model [42]. It illustrates that η′ could
enter non-trivially in baryon structure in the background of the η′ singular ring invisible
at low density (and low temperature) far away from the chiral restoration regime that
will be addressed later.).

L′
CSη′ = −c3

Nc

4π
JμναTr

(
Vμ∂νVα +

2
3

VμVνVα

)
(19)

where Vμ = 1
2 (τ · ρμ + ωμ), assuming U(2) symmetry, is restored at the high density

concerned. We now identify the source of the baryon number as B = (Nc/Nf )TrV and
differentiating the action

∫
L′

CSη′ with respect to B, we obtain the baryon density

ρB = c3
1

4π2 εijkTr(∂iVj)∂kη′ + · · · . (20)

With the configuration η′ = 0 at x3 = −∞ and η′ = 2π at x3 = ∞, the baryon number is
obtained by integrating over x3. That requires again

c3 = 1. (21)

This exposes the η′ ring in the Nf = 2 setting. This observation is relevant to the
possible decay of the η′ ring to a pionic sheet described in the next subsection.

Above, we have seen that in some density regime, one arrives at a CS theory coupled
to a baryon-charge one object that could be identified with the η′ ring. This is achieved,
we suggest, by what amounts to going beyond the DLFP in the GnEFT Lagrangian. To
do this more realistically, it may be necessary to include higher-lying vectors and scalars
as in holographic models [24]. This is beyond our scheme so we will not go into the
matter further. What is interesting is to view the process in terms of the Nf = 2 skyrmion
given by the sHLS Lagrangian, namely, how the hedgehog ansatz ( For the SU(2) flavor
chiral field U = eiτ·π/ f , which in [15] is written as U = σ + iτ · π, the hedgehog ansatz is
U = eiθ(r)�τ·r̂. θ(r) is sometimes called chiral angle.) in the background of the η′ field is
“deformed” as density goes up. It seems plausible, as suggested in [15], that high density
first impacts on the EoS such that

π1 = π2 = 0, V1
μ = V2

μ = 0, V3
μ = ωμ (22)

and then distorts the hedgehog configuration to

(σ + iπ3)/
√

σ2 + π2
3 = eiη′ . (23)
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This suggests that while at low density η′ in U = eiη′ eiτ·π/ f present in the η′ ring plays no
significant role, except perhaps, giving an O(N0

c ) correction to the Δ − N mass difference
which could not be significant, the η′ ring becomes important as density increases.

5.2. Going from the η′ Ring to the Pionic Sheet

We consider the density regime where the ρ mesons are decoupled from the nucleons
and the η′ ring is unstable, and so decays to skyrmions. Noting that the η′ ring, i.e., LCSη′ ,
is embedded in the full hWZ term, we should look at the hWZ term (8). Following [15],
we write (in the unitary gauge ξR = ξ†

L = ξ)

LhWZ =
Nc

24π2 εμνρσgωωμ

× Tr

[(
3
8

κ1

)
2∂νξξ†∂ρξξ†∂σξξ†

+

(
1
2

κ2

)
3iVν(∂ρξ∂σξ† − ∂ρξ†∂σξ) +

(
1
2

κ3

)
3i∂νVρ(∂σξξ† − ∂σξ†ξ)

] (24)

where only the terms contributing to the Nf = 2 completion of the topological term LCSη′

are retained. The coefficients κis can be identified with cis of the hWZ term (8)

κ1 = c1 − c2, κ2 = c1 + c2, κ3 = c3. (25)

Under gauge transformation ωμ → ωμ − 1
gω

∂μλ, one has

δS =
Nc

12π2 εμνρσ∂μλTr

[(
3
8

κ1

)
∂νξξ†∂ρξξ†∂σξξ†

]

+
iNc

8π2 εμνρσ∂μλ∂νTr

[(
1
2

κ2

)
Vρ(∂σξξ† − ∂σξ†ξ)

]
.

(26)

Then the gauge invariance yields the constraints∫
dφ

[(
1
2

κ2

)(
ωφ + V3

φ

)
+

(
3
8

κ1

)
4π1∂φπ2

]
= const. (27)

So that, on the world-sheet for the Nf = 1 baryon, one has [15]

1
2

κ2

∫
dφ(ωφ + V3

φ ) = 2π, π1,2 = 0. (28)

Thus, the η′ is “seen”. Note that the mixing of two U(1)s (ωφ + Vφ) in this formula (and
also the equality V3 = ω in (22)) follows from the assumed duality of HLS [27].

Now, suppose the η′ sheet structure, a background buried in the system of Nf = 2
skyrmions, is unstable and could subsequently decay into skyrmions in a different sheet
structure containing the isovector degrees of freedom

ωφ + V3
φ = 0,

3
8

κ1

∫
dφπ1∂φπ2 =

π

2
. (29)

The question is: What is the structure of the matter encoded in the condition 3
8κ1

∫
dφπ1∂φπ2

= π/2 to which the η′ decays? Could this be a sort of droplets that can be described in a
topological field theory, involving isovector degrees of freedom, e.g., the π±, the ρ vectors
etc. as in the form of a nonabelian CS Lagrangian that seems to arise in the Cheshire Cat for

107



Symmetry 2021, 13, 1888

Nf = 2 baryons? We have no answer to this question. Clearly, isovector mesons must figure.
This has to do with the quantization of other coefficients than the one giving the η′ ring.

6. Ubiquitous Sheet Structure of Baryonic Matter

While it is not clear how the background of the η′ ring, perhaps insignificant in
the dynamics of strongly interacting many-nucleon matter at low density, affects the
process of going toward the DLFP—and beyond—to “expose” the η′ ring structure, we
first inquire how the QH droplets structure could manifest in the sheet structure of dense
matter as seen in the EoS of massive compact stars described with fair success in [8].

6.1. Crystal Skyrmions

We return to the skyrmion crystal simulation on which the GnEFT for massive
compact stars is anchored [8]. As detailed there, the topological structure of the skyrmions
simulated on crystal is translated into the parameters of the GnEFT Lagrangian, which is
then treated in an RG-approach to many-nucleon interactions. The key role played in this
procedure is the topological feature encoded in the skyrmion structure of hidden scale
symmetry and local symmetry of sHLS. Notable there are the cusp in the symmetry energy
of dense matter due to the “heavy” degrees of freedom, the parity doubling in the baryon
spectra, and a “pseudo-gap” structure of the half-skyrmion phase. These properties
encapsulated in the RG-approach with GnEFT led to the prediction of possible precocious
emergence of scale symmetry in massive-star matter with the pseudo-conformal sound
velocity of star v2

pcs/c2 � 1/3 at a density n � 3n0.
Let us explore what this skyrmion crystal structure suggests for a possible sheet

structure of dense matter.
It is observed in molecular dynamics simulation of nuclear matter expected in

neutron-star crust and core-collapse supernova at a density a packing fraction of ∼ 5/16
of nuclear saturation density n0 ∼ 2 × 1014 g/cm3 that a system of “sheets” of lasagne,
among a variety of complex shapes of so-called “nuclear pasta”, could be formed and play
a significant role in the EoS in low-density regime of compact star matter [44]. Involved
here are standard nuclear interactions between neutrons and protons in addition to
electromagnetic interactions.

At higher densities, say, at densities ∼ (2 − 7)n0, it is seen in skyrmion crystal
simulations that a stack of lasagne sheets [45] or of tubes or spaghettis [46] is energetically
favored over the homogenous structure. Involved here are fractionalized skyrmions, 1/2-
baryon-charged for the former and 1/q-charged for the latter with q odd integer. Those
fractionalized skyrmions can be considered “dual” to (constituent) quarks in the sense of
baryon-quark duality in QCD. There is an indication that the sheet structure of the stack
of lasagnes could give a consistent density profile of even finite nuclei [45]. In fact, there
seems little doubt that an inhomogeneity is favored in dense matter at non-asymptotic
densities [35,36]. Thus, it could be considered robust.

The two phenomena at low and high densities involve basically different aspects of
strong interactions, but there is a tantalizing hint that something universal is in action in
both cases. We are tempted to consider that topology is involved there. This is particularly
plausible at high density given that the “pasta” structure, be that lasagne or tubes (or
spaghetti), is found to be strikingly robust. To date, the analysis has been made with an
ansatz for the pion field, i.e., the Atiyah–Manton ansatz for the lasagne sheet and a special
ansatz allowing analytical treatment for the tubes. The robustness must have to do with
the fact that what is crucially involved is the topology and it is the pion field that carries
the topology. What is striking is the resulting structure does not seem to depend on the
presence of other massive degrees of freedom such as the vector mesons or scalar [41,47].
There, adding an infinite number of higher derivative terms to the Skyrme Lagrangian is
found not to modify the ansatz for the tubes. It is, therefore, highly likely that the same
structure would arise from the presence of the hidden scale-local degrees of freedom
manifested in different forms of sHLS.
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6.2. Density Functional Theory (DFT)

Our sHLS Lagrangian could contain the unified descriptions of both Nf = 1 droplet—
η′ ring—and Nf = 2 skyrmions in an EoS, but we have not been able to capture both in a
unified way. That is, how the infinite-hotel and the FQH structures combine in the EoS,
and whether and how the latter structure figures in compact-star physics.

A significant recent development, relevant conceptually to this matter, is the work
treating the fractional quantum Hall phenomenon in the Kohn’s functional density approach
à la Kohn–Sham [48]. The key ingredient in this approach is the weakly interacting composite
fermions (CF) formed as bound states of electrons and (even number of) quantum vortices.
Treated in Kohn–Sham density functional theory, one arrives at the FQH state that captures
certain strongly correlated electron interactions. The merit of this approach is that it maps
the Kohn–Sham density functional, a microscopic description, to the CS Lagrangian, a
coarse-grained macroscopic description, for the fractional quantum Hall effect.

Now, the possible relevance of this development to our problem is as follows. First,
Kohn–Sham theory more or less underlies practically all nuclear EFTs employed with
success in nuclear physics, as for instance, energy density functional approaches to
nuclear structure. Second, our GnEFT approach belongs to this class of density-functional
theories in the strong-interaction regime. Third, the successful working of the GnEFT
model backed by robust topology and implemented with intrinsic density dependence
inherited from QCD could very well be attributed to the power of the (Kohn–Sham-type)
density functional in baryonic matter at high density n � 3n0. These three observations
combined suggest that we approach the dichotomy problem in a way related to what was
performed for FQHE.

The first indication that GnEFT anchored on the topology change could be capturing
the weak CF structure of [48] in FQHE is seen in the nearly non-interacting quasiparticle
behavior in the chiral field configuration U in the half-skyrmion phase (see Figure 8 in [8]).
This feature may be understood as follows. Due to hidden U(1) gauge symmetry in the
hedgehog configuration, the half-skyrmion carries a magnetic monopole associated with
the dual ω [49,50]. The energy of the “bare” monopole in the half-skyrmion diverges when
separated, but the divergence is tamed by interactions in the skyrmion as a bound state of
two half-skyrmions where the divergence is absent. In a way analogous to what happens
in the Kohn–Sham theory of FQHE [48], there could intervene the gauge interactions
between the skyrmions pierced by a pair of monopoles in sHLS—as composite fermions—
possibly induced by the Berry phases due to the magnetic vortices. Thus, it is possible
that the topological structure of the FQH is buried in the bound half-skyrmion structure
at high density. A possible avenue to the problem is to formulate the EoS in terms of a
stack of ordered coupled sheets of CS droplets. We hope to elucidate this in future work.

6.3. Hadron—Quark Continuity a.k.a. Duality

In the dilaton limit where the constraints (11) set in, there are NG excitations and
the nucleon mass is O(m0) with m0 � ymN , y ∼ (0.6 − 0.9). In compact stars treated
in [8], the core of the massive stars with M ∼ 2M� has density ∼ (6 − 7)n0. A natural
question one raises is whether the core of the star contains “deconfined” quarks either
co-existing with or without baryons. In the framework of [8], the constituents of the core
are fractional-baryon-charged quasiparticles. They are neither baryons nor quarks. The
fractional-charged phase arises without order-parameter change and hence considered
evolving continuously from baryonic phase with a certain topology change. In certain
models having domain walls, those fractional-charged objects can be “deconfined” on the
domain wall [51]. If the sheets in the skyrmion matter discussed above are domain walls,
then it is possible that the fractional-charged objects are “deconfined” on the sheets in the
sense discussed in [51].

There are two significant issues raised here.
One is the possible observation of an evidence for “quarks” in the core of massive

neutron stars [52]. Very recently, combining the astrophysical observations and theoretical

109



Symmetry 2021, 13, 1888

ab initio calculations, Annal et al. concluded that inside the maximally massive stars there
could very well be a quark core consisting of “deconfined quarks” [52]. Their analysis
is based on the observation that in the core of the massive stars, the sound velocity
approaches the conformal limit vs/c → 1/

√
3 and the polytropic index takes the value

γ < 1.75, 1.75 being the value close to the minimal one obtained in the hadronic model.
It has been found [53] that in the pseudo-conformal structure of our GnEFT, the sound
velocity becomes nearly conformal vpcs/c ∼ 1/

√
3 and the γ goes near 1 at n � 3n0. Thus,

at least at the maximum density relevant for ∼ 2M� stars, what could be interpreted as
“deconfined quarks” can be more appropriately fractionally charged quasipartlcles. Are
these “deconfined” objects on domain walls as in [51] or confined two half-skyrmions as
mentioned in Section 6.1?

The other is what is referred to as “baryon-quark continuity” in [8] in the domain of
density relevant to compact-star phenomenology. This is not in the domain of density
relevant to the color-flavor locking which is to take place at asymptotic density [54]. It
seems more appropriate to say that the gauge degrees of freedom we are dealing with
should be considered as “dual” to the gluons in QCD [24].

6.4. Hadron—Quark Continuity or Deconfinement

It has recently been argued that the hadron–quark continuity in the sense of [54]
is ruled out on the basis of the existence of a nonlocal order parameter involving a
(color-)vortex holonomy [55]. However, such a “theorem”, perhaps holding at asymptotic
density, could very well be irrelevant even at the maximum possible density observable
in nature, whatever the maximum mass of the star stable against gravitational collapse
might be. The argument of [55] cannot rule out the baryon-quark duality argument
given in [8] and in this paper which is far below asymptotic density. The presence of the
scale-chiral-invariant nucleon mass m0 testifies for this assertion.

6.5. Emergence of Hidden Scale Symmetry in Nuclear Matter

The hadron–quark duality for which the hidden scale symmetry—together with the
HLS—figures crucially in our discussion of resolving the dichotomy, we argue, leaves
a trail of other observables where its effect has impacts on. One prominent case is the
long-standing mystery described above of the “quenched” axial-vector coupling constant
gA in nuclear medium reviewed in the note that accompanies this note [29].

We recall as the density approaches the DLFP density, the constraints (11) require
that the effective gA → 1. Surprisingly, as has been recently shown [28], the effective gss

A in
Gamow–Teller transitions (most accurately measurable in doubly-magic nuclei)—which
is denoted as gLandau

A in [28]—is predicted to be “quenched” in the presence of emerging
scale invariance from gA = 1.27 in free space to gss

A ≈ 1 at a much lower density, say, in
finite nuclei.

Now, here is an intriguing possibility. While the precocious onset of the conformal
sound speed v2

s /c2 = 1/3 in massive stars at density n � 3n0 is a signal for an emergence
of an albeit approximate scale symmetry, there has been, to date, no evident indication
of the pseudo-conformal structure at low density n � 3n0. As suggested in [56], it is
an appealing possibility that geff

A ≈ 1 in nuclei (modulo possible, as yet unknown, β′

corrections) and gA = 1 at the DLFP is the continuity of the “emergent” scale symmetry
reflecting hidden quantum scale invariance between low and high densities.

Regardless of whether the hidden nature of scale symmetry is appropriate for the
“genuine dilaton” of Crewther [11] or quantum scale invariance [23] or the dilaton in the
conformal window [31], scale symmetry is intrinsically hidden. This point has been clearly
illustrated in Yamawaki’s argument [34]. Yamawaki starts with the SU(2)L × SU(2)R
linear sigma model with two parameters which corresponds to the Standard Model Higgs
Lagrangian, makes a series of field re-parameterizations and writes the SM Higgs model
in two terms, a scale invariant term and a potential term which breaks scale symmetry
which depends on one dimensionless parameter λ. By dialing λ → ∞, he obtains the
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nonlinear sigma model with the scale symmetry breaking shoved into the NG boson field
kinetic energy term, and by dialing λ → 0 he obtains scale-invariant theory going toward
the conformal window. This suggests that one can think of what is happening in baryonic
matter as dialing the parameter λ in terms of nuclear dynamics. For compact-star physics,
it is the density that does the dialing.

7. Comments and Further Remarks

The principal proposition of this article is that the effective low-energy Lagrangian
sHLS that incorporates hidden scale and local symmetries containing, in addition to the
(octet) pions, the η′ degree of freedom could contain both Nf = 1 baryons and Nf = 2
baryons through hidden scale and local symmetries dual to the gluons in agreement
with Karasik. What is highly non-trivial is that the GnEFT with η′ included in the chiral
field U could contain both the topological structure of quantum Hall baryons and that
of skyrmion baryons. How to write the ansatz for the former as one does for the latter
is unclear, but it should be feasible to do so and would allow one to see how the former
comes into the latter to resolve the dichotomy problem.

We are uncovering an interesting role that could be played by the scale symmetry
with its dilaton and the hidden local symmetry with the vector mesons dual to the gluons
in “unifying” the two different topological sheet structures. The analysis made in the
GnEFT framework based on sHLS indicates that in the density regime relevant to massive
compact stars, the chiral condensate and dilaton condensate go proportional to each other
in the NG mode. In going beyond the regime of massive compact stars, we find the DLFP
approaching, if not coinciding with, the IR fixed point with fπ = fχ. How and where the
density regime for the IR fixed point is approached cannot at present be fixed.

It should be re-stressed that the scale symmetry involved in dense matter is basically
different from the presently favored scenario invoking the “conformal window” in the
domain of BSM with Nf ∼ 8 typically characterized by the ratio [31] F2

π/F2
d ∼ 0.1. This

is in stark contrast with f 2
π/ f 2

χ ∼ 1 which seems to be encoded in the pseudo-conformal
structure in dense nuclear systems. Another notable observation is that zeroing-in on the
deep IR regime associated with the η′ singularity involved in the domain-wall topological
structure of baryons as argued in [15,16] uncovers the ω (a.k.a. Chern–Simons) mass
going to zero as the fermion (“quark”) mass m → ∞. This contrasts with how the η′ ring
structure could be “exposed” in dense nuclear processes at high density as the ω mass is
to go to zero with the dilaton mass mχ ∝ 〈χ〉 going to zero. This could be explainable in
terms of a (Seiberg-type) duality between the gluons (in the topological phase) and the
HLS mesons (in the Higgs phase). See a related discussion in [24]. In the former, the vector
dominance is found to play a crucial role for the Nf = 1 baryon structure [16] whereas
in the latter, the VD—unless a high tower of vector mesons is taken into account [57]—
famously fails to work for the Nf = 2 (i.e., nucleon) EM form factors. How to correlate or
reconcile these two processes appears highly challenging.

Finally, there is an intriguing, so far un-explored, role that the η′ singular ring (a.k.a.
FQH droplet) could play in the properties of HLS mesons near chiral restoration. This
could be particularly relevant to dilepton production in relativistic heavy-ion collisions
in search of dropping vector meson mass in extreme conditions, in particular at high
temperature Tc ∼ 150 MeV near chiral restoration. What our work suggested is that
near the chiral transition where the dialton decay constant goes to zero, there would be
exposed FQH droplets. Kitano and Matsudo have argued [58], based on their analysis of
vector mesons on domain wall and on what is conjectured in [24], that when the chiral
phase transition is approached, the FQH pancake configurations are absolutely essential
for the description of the behavior of the vector mesons near the phase transition. To date,
the theoretical analyses on the vector mesons in the dilepton experiments did not take
into account, in addition to the what was argued in a similar vein in [59], the possibly
crucial role of the FQH pancakes; therefore, the failure of the dilepton experiments to see
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the dropping-mass effect could not be concluded as “ruling out” the vector manifestation
fixed point as was performed in the heavy-ion community [60].

In contrast, given that the density of the core of massive neutron stars is predicted
to be far below the putative chiral restoration density, the phase with the FQH-pancakes
with conformal invariance may not have a direct impact on the EoS for neutron stars.
Nevertheless, it may not be ignorable in that at densities much lower than that relevant to
the FQH pancake configurations it could have an “un-nuclear matter” structure in the
star properties—such as “unnuclei” [61] along the notion of “unparticles” [62], a possible
example being the pseudo-conformal sound speed predicted in the GnEFT approach [8].
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Abstract: This review provides a detailed introduction to chiral gauge theories, renormalization
theory, and the application of dimensional regularization with the non-anticommuting BMHV scheme
for γ5. One goal was to show how chiral gauge theories can be renormalized despite the spurious
breaking of gauge invariance and how to obtain the required symmetry-restoring counterterms.
A second goal was to familiarize the reader with the theoretical basis of the renormalization of
chiral gauge theories, the theorems that guarantee the existence of renormalized chiral gauge the-
ories at all orders as consistent quantum theories. Relevant topics include BPHZ renormalization,
Slavnov–Taylor identities, the BRST formalism, and algebraic renormalization, as well as the theo-
rems guaranteeing that dimensional regularization is a consistent regularization/renormalization
scheme. All of these, including their proofs and interconnections, are explained and discussed in
detail. Further, these theoretical concepts are illustrated in practical applications with the example of
an Abelian and a non-Abelian chiral gauge theory. Not only the renormalization procedure for such
chiral gauge theories is explained step by step, but also the results of all counterterms, including the
symmetry-restoring ones, necessary for the consistent renormalization, are explicitly provided.

Keywords: renormalization; chiral gauge theories; dimensional regularization
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1. Introduction

Except for gravity, all known fundamental particles and interactions in nature are
described by quantum gauge theories. The Standard Model (SM) of particle physics
combines the theories for electromagnetic, weak, and strong interactions. It is based on
the gauge group SU(3) × SU(2) × U(1) and includes fermionic fields describing spin
1/2 quarks and leptons and bosonic fields describing the Higgs boson and electroweak
symmetry breaking.

Exact solutions for quantum gauge theories rarely exist. Often, SM predictions can
be successfully evaluated in a perturbative treatment. Based on known exact solutions of
the free non-interacting quantum field theory, higher-order corrections can be evaluated
step by step. The higher-order corrections lead to Feynman diagrams with closed loops
and momentum integrations, which lead to ultraviolet divergences. Therefore, the higher-
order amplitudes have to be regularized and renormalized. Equivalently, a mathematically
rigorous treatment has to inductively construct higher orders from lower orders, where
the construction has to respect fundamental requirements such as causality, Lorentz in-
variance, and the unitarity of the time evolution. Practical regularization/renormalization
prescriptions that agree with such a rigorous approach are called consistent schemes.
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For so-called vector gauge theories, in which left-handed and right-handed fermions
have the same gauge interactions, an essentially perfect regularization/renormalization
framework is provided by dimensional regularization [1–3]. It is not only consistent in
the sense above, but it also manifestly preserves the fundamental gauge invariance at all
steps of the calculations. Further, a useful practical tool is provided by the validity of the
quantum action principle [4], which enables the straightforward study of symmetries and
equations of motion on the level of Green functions. Alternative consistent schemes such
as analytic renormalization or Pauli–Villars regularization break gauge invariance. For the
status of further modern developments of alternative schemes, we refer to Reference [5].

However, a fundamental discovery of elementary particle physics is that electroweak
interactions act on chiral fermions, i.e., they treat left-handed and right-handed fermions
differently. Accordingly, the SM and all its extensions for potential new physics are chiral
gauge theories, in which left-handed and right-handed fermions interact differently with
gauge bosons. The presence of such chiral fermions and chiral interactions is manifested
through phenomena such as non-conservation of parity and charge conjugation invariance
of the weak interactions. Connected with chiral fermions is the possibility of chiral anoma-
lies [6–8], i.e., the possibility that classically conserved currents are not conserved in the full
quantum theory. Chiral anomalies lead to observed phenomena such as neutral pion decay
into two photons. Chiral gauge theories, however, can only be consistently renormalized if
chiral anomalies in currents coupling to gauge fields cancel. Although the cancellation is
valid in the SM [9–11], the potential presence of chiral anomalies makes it impossible to
define a consistent regularization/renormalization procedure that manifestly preserves all
symmetries involving chiral fermions. A particularly transparent analysis can be given in
terms of the non-invariance of the fermion path integral measure [12,13].

Within chiral models, dimensional regularization schemes meet the so-called “γ5-
problem”, which is a consequence of the fact that γ5 (similarly, the Levi-Civita tensor εμνρσ)
is an intrinsically four-dimensional quantity. The three basic properties, anticommutativity
of γ5 with other γμ matrices, cyclicity of traces, and the nonzero trace of products of γ5
with four different γμ-matrices, cannot be simultaneously retained without spoiling the
consistency of the scheme. The usage of the naive scheme [14], including the γ5 anticom-
mutativity, is the most common in practical calculations, but it is restricted to subclasses of
diagrams [14,15], and within it, the γ5-matrix is ambiguously defined. Giving up the cyclic-
ity of the trace, one has to introduce a consistent reading prescription defining combinations
of reading points for evaluations of noncyclic traces [16–18], which makes the mathematical
consistency of higher orders less transparent and questionable. Abandoning the anti-
commutativity of the γ5-matrix [1,2,19–21] leads to the mathematically most-rigorously
established dimensional regularization scheme, the so-called Breitenlohner–Maison/’t
Hooft–Veltman (BMHV) scheme, for which all basic quantum field theory properties were
proven to be valid [4,22–24].

Unfortunately, in the BMHV scheme with non-anticommuting γ5, some of the advan-
tages of dimensional regularization are lost. In particular, gauge invariance is not mani-
festly valid in chiral gauge theories, reflecting the possibility of anomalies. Even if the actual
anomalies cancel, as in the SM, gauge invariance is broken in intermediate steps, and the
breaking has to be compensated by a more complicated renormalization procedure. Instead
of the typical textbook approach of generating a bare Lagrangian and counterterms by a
renormalization transformation of fields and parameters, specific symmetry-restoring coun-
terterms of a more general structure need to be found and included. Several recent works
have begun to systematically investigate the practical application of the BMHV scheme to
chiral gauge theories and determine such counterterms [25–28]; see also Reference [29] for
a compact summary.

The present review provides a detailed introduction into chiral gauge theories, dimen-
sional regularization, renormalization theory, and the application of the BMHV scheme to
chiral gauge theories. Its intentions and motivations can be summarized as follows:

115



Symmetry 2023, 15, 622

• We aimed for a pedagogical review, starting at the level of typical quantum field theory
textbooks and containing detailed step-by-step explanations and illustrative examples.

• On a practical level, we show how chiral gauge theories can be renormalized employ-
ing the BMHV scheme for γ5 and how the required symmetry-restoring counterterms
can be obtained and used. Thus, we also provide an introduction to the recent litera-
ture mentioned above. The general motivation is an increasing need for high-precision
(multi-)loop calculations in the SM and beyond and an increasing interest in mathe-
matically rigorous treatments that avoid pitfalls such as inconsistencies, ambiguities,
or incorrect results.

• On a conceptual level, we discuss the theoretical basis of the renormalization of
chiral gauge theories. The existence of renormalized quantum gauge theories at
all orders, together with their physics interpretation, is a major result in theoretical
physics. It is based on a large set of complicated theorems and formalisms, rang-
ing from BPHZ theorems on causal and unitary renormalization to Slavnov–Taylor
identities and the BRST formalism, the theorems of algebraic renormalization, and to
the theorems guaranteeing that dimensional regularization is a consistent regular-
ization/renormalization scheme. All these relevant theorems, their role, and their
interconnections are discussed and explained in detail. The proofs are either given or
illustrated and explained.

• In line with the pedagogical goals, we used extensive cross-referencing between
sections. Wherever possible, introductory sections develop intuition and expectations
of later steps, and later sections refer back to simpler, more qualitative explanations
and illustrations. In our citations, we cite not only original works, but wherever
possible, we also cite textbooks or other reviews, where further details can be found.
References to the remarks made at the beginning of this Introduction can be found in
the appropriate sections.

In the following, we present an extensive outline of the individual sections.
In Section 2, the basic knowledge necessary for a discussion of chiral gauge theories in

dimensional regularization is presented:

• Beginning with key ingredients, first, non-Abelian Yang–Mills gauge theories and
spinors, chirality, and chiral fermions are introduced, including required notions
from Lie group theory and Poincaré group representations. BRST invariance and a
corresponding Slavnov–Taylor identity are discussed in detail already at the classical
level. Turning to the quantum level, the notions needed for discussions of Green
functions and their generating functionals are introduced. Then, Slavnov–Taylor
identities for Green functions and generating functionals are introduced, derived from
the path integral and interpreted in detail. The concluding subsection considers the
case of an Abelian gauge theory, and simplifications and additionally valid equations
compared to the non-Abelian case are shown.

Section 3 gives a detailed introduction to dimensional regularization as a mathemat-
ically well-defined regularization procedure, which allows efficient computations and
preserves basic properties of quantum field theory:

• As a preview and to set the stage, the general structure of dimensional regulariza-
tion, renormalization, and the counterterms, as well as corresponding notations are
presented. Then, D-dimensional extensions of four-dimensional quantities are dis-
cussed, starting with the notion of the quasi D-dimensional space. The core of the
method is D-dimensional integrals. After listing their properties relevant for practical
calculations, they are mathematically constructed in two ways, using parallel and
orthogonal spaces, as well as via Schwinger parametrization. The definition and
properties of the metric tensor and its inverse are given. Of particular importance for
chiral gauge theories are the definitions and properties of D-dimensional γ matrices.
Here, an explicit construction of quasi-D-dimensional γ matrices is provided, which is
optimized for the study of chiral gauge theories. The extension to D dimensions leads
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to the well-known γ5 problem; this problem is explained, and the BMHV scheme
is presented together with its definitions and properties of the γ5 matrix and the
εμνρσ symbol.

• In addition to defining the regularization and constructing its basic elements, the re-
lationship of regularized Feynman rules to Lagrangians in D dimensions via a D-
dimensional Gell–Mann–Low formula is discussed. Special emphasis is put on the
relation between kinetic terms and corresponding propagators and chiral fermion–
gauge boson interactions. As an outlook and somewhat orthogonal topic, the variants
HV, CDR, DRED, and FDH of dimensional regularization schemes are briefly dis-
cussed. Their distinctions are of particular importance in the context of infrared
divergences and in the context of supersymmetric gauge theories.

In Section 4, the quantum action principle and regularized quantum action principle
in dimensional regularization are introduced. This is a set of relations between variations
of the classical action and variations of the Green functions of the resulting quantum
theory, which allow expressing symmetries and symmetry violations of the regularized or
renormalized theory:

• First, an instructive, but formal derivation from the path integral is given, sidestep-
ping the need for regularization and renormalization. Then, an exact proof of the
regularized quantum action principle within dimensional regularization is presented.
This validity constitutes an important advantage of dimensional regularization. Its
role is illustrated by proving rigorously the all-order validity of the Slavnov–Taylor
identity for QCD and explaining the extent of the validity of supersymmetry in the
DRED scheme.

Section 5 is devoted to general renormalization theory, focusing on aspects not yet
specific to gauge theories. One goal is to explain the rigorous theorems guaranteeing
that the regularization, renormalization, and cancellation of divergences are possible, and
physically sensible quantum field theories can be constructed at all orders. A second goal
is to analyze conditions for consistent regularization/renormalization procedures and to
show how we know that dimensional regularization is one such consistent procedure:

• Renormalization is introduced as a mathematical construction of time-ordered prod-
ucts of free field operators in agreement with the unitarity and causality of the per-
turbative S-matrix. The “main theorem” of renormalization relates the construction
and its ambiguities to reparametrizations. Importantly, the ambiguities and the
reparametrizations are local in a well-defined sense. The relationships between the
BPH approach and the R-operation, the BPHZ approach and the forest formula, and
the usual counterterm approach are explained. Further, analytic regularization is
discussed as a conceptually interesting non-dimensional regularization scheme that
can facilitate all-order proofs.

• In the second subsection, the main theorem on dimensional regularization is re-
viewed. First, an extensive discussion of the main statements is given; the most
important is the applicability of dimensional regularization as a consistent regulariza-
tion/renormalization framework. Then, the proof is sketched in detail. The first steps
set up Feynman graph theoretical notions, an organization of the loop integrations,
and an optimized forest formula. Then, the resulting integrals are investigated in
detail, and an inductive proof can be given. All steps are explained and illustrated
with examples.

With the fundamentals of regularization and renormalization thus established,
Section 6 goes on to consider the case of quantized gauge theories and their renormaliza-
tion. It focuses on the compatibility of BRST invariance and Slavnov–Taylor identities,
which are vital for the correct physical interpretation of gauge theories, and the regulariza-
tion/renormalization procedure, which may in general spoil symmetries:

• Revisiting first the familiar textbook case of a symmetry-preserving regularization
such as in QED or QCD reminds the reader of practically important concepts such as
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renormalization transformations and puts into context the symmetry-breaking case,
which is the central topic of this review.

• Focusing on this case of interest, the theory of algebraic renormalization is reviewed
as the framework in which rigorous and elegant proofs of the renormalizability of
gauge theories can be carried out, even if regularization procedures break symmetries.
The quantum action principle of BPHZ renormalization emerges as the main theo-
retical tool of this framework; hence, a brief exposition of this tool is given, and its
connection to the quantum action principle in dimensional regularization is explained.
The section then illustrates the inductive all-order proof of the restoration of the
spuriously broken symmetry by symmetry-preserving finite counterterms. It also
includes a brief discussion of anomalies, their cancellation conditions, and an outlook
on further applications of algebraic renormalization.

• Finally, coming to the practical goal of this review, the formalism is specialized to
dimensional regularization. Here, explicit equations for the computation of symmetry-
preserving counterterms are derived and the resulting structure of the counterterm
Lagrangian is discussed.

Section 7 gives a detailed illustration of the treatment of chiral gauge theories in the
BMHV scheme, using concrete examples:

• It focuses mainly on an Abelian example, a chiral QED model, discusses its structure,
symmetry breaking as the result of the scheme, and the required counterterm structure.
It explains and compares several ways to determine the required symmetry-restoring
counterterms in practical calculations.

• The symmetry restoration is illustrated in detail for the photon self-energy case, where
it becomes apparent how the quantum action principle and Ward identities have a
crucial practical role in the calculations.

• For the chiral QED model, the calculations are generalized to the full one-loop and the
full two-loop level, and the new features arising at the two-loop level are discussed.

• Finally, a detailed comparison of the Abelian chiral QED and a chiral non-Abelian
Yang–Mills theory is given at the one-loop level.

2. Setup

In this section, we collect background information on the main theoretical concepts
needed to discuss the renormalization of chiral gauge theories in dimensional regularization.
We begin with the general notions of Yang–Mills gauge theories and of spinors, γμ-matrices,
and chirality. On the level of classical field theory, gauge invariance is then extended to
BRST invariance, including gauge fixing and Faddeev–Popov ghosts, and BRST invariance
is formulated as a Slavnov–Taylor identity (Sections 2.1–2.3). In Section 2.4, the basic
objects of quantized field theories, Green functions, and generating functionals are defined.
Section 2.5 discusses the role and interpretation of the Slavnov–Taylor identity on the level
of the quantum field theory. Finally, Section 2.6 discusses the case of Abelian gauge theories,
which involves additional identities. Much of the material of this section can also be found
in standard textbooks such as References [30–36].

2.1. Yang–Mills Gauge Theories

We begin by summarizing the construction of general Yang–Mills gauge theories with
simple gauge groups such as SU(N) or SO(N) and with generic matter fields.

The first ingredient is the gauge group. It is a Lie group in which all group elements
can be written as continuous functions of a certain number Ngen of parameters. The Lie
group can be associated with a Lie algebra with Ngen generators, called ta, a = 1 . . . Ngen.
The generators satisfy the commutation relations:

[ta, tb] = i f ab
c tc (1)
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with antisymmetric structure constants f ab
c . There exists a set of generators for which the

structure constants are totally antisymmetric, such that we write f ab
c ≡ fabc ≡ f abc. This

is the case for sums of simple compact and U(1) subalgebras; see, e.g., [32]. Any set of
matrices Ta that satisfy the relation (1) is called a representation of the Lie algebra.

One special representation, the so-called adjoint representation, always exists. It is
defined by

(Ta
adj)ij = −i f aij (2)

and, thus, a representation in terms of Ngen × Ngen matrices. The commutation relation (1)
is fulfilled because of the Jacobi identity of commutators.

For any representation of the Lie algebra, we can form a representation of the Lie
group (at least locally in a region around the identity) by exponentiation:

U(θa) = e−igθaTa
(3)

where θa are real parameters and where g is the gauge coupling.
Once the Lie group and Lie algebra are defined, we assumed the existence of NF

so-called matter fields ϕi(x), i = 1 . . . NF. We collectively denote them as a tuple ϕ = (ϕi).
We further assumed that there exists a representation of the Lie algebra in terms of NF × NF
matrices Ta, and we define (local) gauge transformations of the matter fields as

ϕi(x) → U(θa(x))ij ϕj(x) . (4)

The representation may be reducible or irreducible. To simplify the notation, we will
often suppress the indices and arguments and write the previous equation as

ϕ → Uϕ . (5)

Next, we introduce the central elements of Yang–Mills gauge theories: the covariant
derivative Dμ and the gauge fields Aa

μ. They are related as

Dμ = ∂μ + igTa Aa
μ (6)

where g is the gauge coupling. As the notation indicates, there is one vector field Aa
μ for

each generator a = 1 . . . Ngen. The relation (6) is valid for any representation, and the vector
fields Aa

μ are independent of the chosen representation. It is often useful to define the
matrix-valued and representation-dependent gauge field Aμ ≡ Ta Aa

μ.
The fundamental requirement is that, under a gauge transformation, the covariant

derivative behaves as

Dμ ϕ → UDμ ϕ . (7)

This is valid if and only if the matrix-valued gauge field transforms as

Aμ → UAμU−1 − 1
ig
[∂μU]U−1 . (8)

Finally, the field strength tensor can be defined as

Fμν =
1
ig
[Dμ, Dν] . (9)
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With this definition, the field strength tensor is matrix-valued and dependent on the
chosen representation. We can decompose it as Fμν = TaFa

μν and evaluate the previous
definition with the result:

Fa
μν = ∂μ Aa

ν − ∂ν Aa
μ − g f abc Ab

μ Ac
ν . (10)

Here, we see that the field strength tensors Fa
μν are independent of the chosen repre-

sentation and are generalizations of the field strength tensor of electrodynamics.
At this point, we collect all gauge transformations in compact and matrix-valued

form as

ϕ → Uϕ , (11a)

Dμ ϕ → UDμ ϕ , (11b)

Aμ → UAμU−1 − 1
ig
[∂μU]U−1 , (11c)

Fμν → UFμνU−1 , (11d)

where the last equation directly follows from the definition (9). We also record the gauge
transformations for the fundamental fields in more explicit form, by taking the parameters
θa to be infinitesimal, as

ϕ → ϕ − igθaTa ϕ , (12a)

Aμ → Aμ + ∂μθ − ig[θ, Aμ] , (12b)

Aa
μ → Aa

μ + ∂μθa + g f abcθb Ac
μ , (12c)

where we also set θ = Taθa. The last of the previous equations is particularly important.
It holds universally for any representation. It also contains the gauge coupling g. This
is at the heart of the universality of the gauge coupling, i.e., the physical statement that
one single gauge coupling governs all interactions of the gauge bosons with other gauge
bosons and with any matter fields. Note that this statement relies on the assumption of a
simple non-Abelian gauge group.

The renormalizable gauge-invariant Lagrangian for this Yang–Mills theory can be
written as

Linv = LYM + Lmat , (13a)

LYM = −1
4

FaμνFa
μν , (13b)

Lmat = Lmat(ϕ, Dμ ϕ) . (13c)

The concrete form of the matter field Lagrangian depends on details such as the spin
of the matter field and interactions between different matter fields.

2.2. Chiral Fermions

In this subsection, we introduce the next ingredient: chiral fermions. A fundamental
discovery of elementary particle physics is that electroweak interactions fundamentally act
on chiral fermions, i.e., they treat left-handed and right-handed fermions differently. Chiral
fermions are also fundamental building blocks in many extensions of the Standard Model,
such as grand unified theories or supersymmetry.

Here, we will first summarize general properties of four-component, or Dirac or
Majorana spinors in four dimensions, and then, define the notion of chirality in this context.
Thereafter, we also introduce the two-component Weyl/van der Waerden spinor notation,
which allows an efficient understanding of many important relationships. We will then
collect such relationships.
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2.2.1. General Representation-Independent Relations for γ-Matrices and Four-Spinors

Spinors are defined via their properties under Lorentz transformations. Therefore, we
begin with the reminder that a Lorentz transformation of ordinary 4-vectors is defined by
a matrix Λμ

ν, which leaves scalar products of 4-vectors invariant. Infinitesimal Lorentz
transformations are given by matrices of the form Λμ

ν = δμ
ν + ωμ

ν with an infinitesimal,
antisymmetric matrix ωμν. A representation of the Lorentz group U(Λ) is (at least locally)
defined by specifying

U(δ + ω) = 1 − i
2

ωμν Jμν (14)

with generators Jμν that must satisfy the commutation relations of the corresponding
Lie algebra:

[Jμν, Jρσ] = i(gνρ Jμσ − gμρ Jνσ + gμσ Jνρ − gνσ Jμρ) . (15)

Now, we can turn to spinors. The basic building blocks of four-component spinor theory
are the γμ-matrices. They are 4 × 4 matrices satisfying the defining Clifford algebra relation:

{γμ, γν} = 2gμν
� . (16)

Here and everywhere else, we use the mostly minus metric. The fundamental importance
of these matrices is that they generate a representation of the Lorentz group. Indeed, setting

Sμν =
i
4
[γμ, γν] , (17)

one can show that these Sμν satisfy the required commutation relations (15). Hence, we can
now define the notion of a four-component (Dirac or Majorana) spinor: a four-component
spinor ψ is an object whose Lorentz transformation properties are given by

ψ
Λ=δ+ω−→

(
1 − i

2
ωμνSμν

)
ψ . (18)

In addition to the γμ-matrices, the γ5 matrix and projection operators PL,R are defined as

γ5 = iγ0γ1γ2γ3 = − i
4!

εμνρσγμγνγργσ , PL,R =
1
2
(�∓ γ5) , (19)

with the totally antisymmetric Levi-Civita (pseudo-)tensor εμνρσ with ε0123 = −1. These
matrices satisfy the additional equations:

{γμ, γ5} = 0 , (γ5)
2 = � , (PL,R)

2 = PL,R , PLPR = 0 . (20)

Though not required in general, in many representations (including the chiral repre-
sentation introduced below), the relations

(γμ)† = γ0γμγ0 , (γμ)∗ = γ2γμγ2 , (γμ)T = −C−1γμC , C = iγ0γ2 (21)

hold. In particular, γ2 is the only imaginary matrix. We will assume these relations in
the following.

For any four-spinor ψ, we can define an adjoint spinor ψ̄ and a charge-conjugated
spinor ψC by

ψ̄ = ψ†γ0 , ψC = Cψ̄T . (22)

In this way, ψC is also a four-spinor satisfying the transformation rule (18), and ψ̄
transforms with the inverse matrix. One can show that bilinear expressions such as ψ̄1ψ2,
ψ̄1γμψ2 transform as Lorentz scalars and four-vectors, respectively.
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2.2.2. Chirality and Chiral Fermions

At the level of four-component spinors, the concept of chirality is related to the γ5
matrix and the projectors PL,R. Let us define for any four-spinor ψ so-called left-handed
and right-handed spinors by

ψL = PLψ , ψR = PRψ . (23)

Then, we can make three observations:

• The matrix γ2
5 = �. Hence, the eigenvalues of γ5 are ±1.

• The spinors ψL and ψR are eigenspinors of γ5 with eigenvalues −1, +1, respectively.
• The matrix γ5 and the projectors PL,R commute with the Lorentz generators Sμν.

Hence, the left-handed and right-handed spinors are proper spinors in the sense of
Equation (18), and they form two distinct invariant subspaces of the Lorentz representation:
the representation defined by Equations (17) and (18) is reducible.

We refer to the eigenvalue of γ5 as chirality; the left-handed and right-handed spinors
are chiral, or chirality eigenstates. In view of the above, chirality is a Lorentz-invariant
property, and its existence is linked to the structure of the Lorentz group representation
theory. For the general analysis, we refer to Reference [37] and, in particular, the textbooks
by Weinberg, Srednicki, and Ryder [31,35,38]. The spaces of the left-handed and right-
handed spinors each define an irreducible representation of the Lorentz group; these are
the simplest nontrivial representations, which are commonly known as the ( 1

2 , 0) and
(0, 1

2 ) representations.
Slightly reformulating the previous statements, we may say that the left-handed

and right-handed spinors have different, independent Lorentz transformation properties.
Hence, in a Lorentz-invariant field theory, left-handed or right-handed spinor fields may
appear independently. Specifically, gauge theories may be constructed in which left-handed
or right-handed spinor fields appear with different gauge group representations. This is
precisely what happens in the case of the electroweak interactions. Chiral fermions are the
fermions described by such field theories based on chiral spinor fields.

2.2.3. Chiral Representation and Two-Component Spinor Formalism

Although many important relationships hold independently of any specific represen-
tation of the γμ-matrices, it is useful to introduce here the so-called chiral representation,
which is given as follows by 2 × 2 block matrices:

γμ =

(
0 σμ

σμ 0

)
, γ5 =

( −1 0
0 1

)
, PL =

(
1 0
0 0

)
, PR =

(
0 0
0 1

)
. (24)

This representation uses the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
(25)

and the following four-vectors of 2 × 2 matrices:

σμ = (1, σk) , σμ = (1,−σk) . (26)

In this representation of γ-matrices, the Lorentz generators (17) take the form:

Sμν =

( i
4 (σ

μσν − σνσμ) 0
0 i

4 (σ
μσν − σνσμ)

)
. (27)

The block structure of all these matrices makes manifest that the Lorentz representation
is reducible and that the left-handed and right-handed spinor spaces are invariant under
Lorentz transformations.
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This block structure of the chiral representation suggests introducing individual two-
component spinors for the left-handed and right-handed parts. In the following, we will
briefly introduce the corresponding two-component spinor formalism, which allows a very
transparent formulation for many important and useful equations.

We mention that a systematic theory of the Lorentz group representations automat-
ically leads first to such 2-component spinors as the natural spinors for the ( 1

2 , 0) and
(0, 1

2 ) representations and that, in such a context, the 4-component spinors appear as sec-
ondary objects. We also refer to the review [39] for an excellent account of 2-spinors and
relationships between formalisms and relationships between different conventions.1

To avoid confusion, in the remainder of the present subsection, we will always denote
4-component spinors with capital Greek letters such as Ψ and 2-component spinors with
lower-case Greek letters such as χ, η. The relationship between a 4-component spinor Ψ
and 2-component spinors is given by the decomposition:

Ψ =

(
χα

η̄α̇

)
. (28)

Here, the indices α = 1, 2 and α̇ = 1, 2 and χα and η̄α̇ are two distinct two-component
spinors. For the two-component spinors, we define Hermitian conjugation as

χ̄α̇ = (χα)† , χα̇ = (χα)
† , (29)

and the raising and lowering of indices as

χα = εαβχβ , χα = εαβχβ , χα̇ = εα̇β̇χβ̇ , χα̇ = εα̇β̇χβ̇ , (30)

with the antisymmetric symbol:

εαβ = −εβα, εα̇β̇ = −εβ̇α̇, εαβ = εβα, εα̇β̇ = εβ̇α̇, ε12 = 1, ε1̇2̇ = 1. (31)

The Lorentz transformations of the original 4-spinors induce how the 2-spinors trans-
form. For an infinitesimal Lorentz transformation matrix Λ = δ + ω, we can define the
2 × 2 matrix:

M(δ + ω)α
β ≡ 1 − i

2
ωμν

(
i
4
(σμσν − σνσμ)

)
α

β (32)

in accordance with the general Equation (14). The explicit form of Sμν in Equation (27)
shows that this is the transformation matrix for two-spinors χα. The matrix M is a general
complex invertible matrix with det(M) = 1, i.e., M is an element of the group SL(2,C).
Elementary computations involving raising and lowering of indices and inspection of Sμν

show that, in total, the four kinds of two-spinors transform as follows:

χα → (M)α
β χβ, (33a)

η̄α̇ → (M−1†)α̇
β̇ η̄ β̇, (33b)

χα → χβ (M−1)β
α, (33c)

η̄α̇ → η̄β̇ (M†)β̇
α̇. (33d)

These relations highlight explicitly that the four types of spinors have four different
Lorentz transformation rules. The efficiency of the two-component spinor formalism is

1 In our presentation we have chosen to start from the 4-component spinors despite the fundamental nature
of 2-component spinors. Our most important reason is that we aim to consider DReg, where there is the
γ5-problem which precisely means that the treatment of chirality and specifically 2-component spinors is
problematic, while the treatment of ordinary γμ-matrices remains possible.
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strongly related to this use of the index notation to denote the different Lorentz repre-
sentations. The four representations are different, but not all inequivalent: The fact that
εαβ Mβ

γ εγδ = (M−1)δ
α shows that the spinors χα and χα transform in equivalent (i.e., uni-

tarily related) transformations—the ( 1
2 , 0) representation. Analogously, the representations

for η̄α̇ and η̄α̇ are both equivalent to the general (0, 1
2 ) representation.

The Lorentz transformation properties also suggest the following definitions for an
index-free notation for spinor products:

χη = χαηα , χ̄η̄ = χ̄α̇η̄α̇ , (34a)

χσμη̄ = χασ
μ
αα̇η̄α̇ , χ̄σ̄μη = χ̄α̇σ̄μα̇αηα . (34b)

The expressions in the first line are clearly Lorentz-invariant scalar quantities, and a
calculation shows that the expressions in the second line transform as Lorentz four-vectors.
The index-free notation and the conventions to denote the matrix indices of the σμ and
σ̄μ-matrices in this way reflect the Lorentz transformation properties of all these objects.

As announced, we will now use the two-component formalism to write useful spinor
relations in a transparent way. We begin with the spinors and their conjugates:

Ψ =

(
χα

η̄α̇

)
, Ψ = (ηα χα̇) , ΨC =

(
ηα

χα̇

)
, ΨC = (χα η̄α̇) , (35)

i.e., these conjugations simply exchange the two-component spinors and the index positions.
Chiral spinors take the forms:

ΨL =

(
χα

0

)
, ΨL = (0 χ̄α̇) , ΨR =

(
0

η̄α̇

)
, ΨR = (ηα 0) . (36)

Examples of useful bilinear expressions for anticommuting spinors (which allow
rearrangements such as χη = ηχ in view of ηαχα = −χαηα) are

Ψ1PLΨ2 = ΨC
2 PLΨC

1 = η1χ2, (37)

Ψ1PRΨ2 = ΨC
2 PRΨC

1 = χ1η̄2, (38)

Ψ1γμPLΨ2 = ΨC
2 (−PLγμ)ΨC

1 = χ1σμχ2 = −χ2σμχ1, (39)

Ψ1{1, γ5, γμ, γμγ5}Ψ2 = ΨC
2 {1, γ5,−γμ,−γ5γμ}ΨC

1 . (40)

Using the Hermiticity relations for two-spinors:

ψ
α̇
= (ψα)†, ψα̇ = (ψα)

†, (ψ1ψ2)
† = ψ2ψ1, (ψ1σμψ2)

† = ψ2σμψ1, (41)

directly leads to the following equations for Hermitian conjugation of four-component bilinears:

(Ψ1PLΨ2)
† = Ψ2PRΨ1, (42)

(Ψ1γμPLΨ2)
† = Ψ2PRγμΨ1, (43)

(Ψ1γμPRΨ2)
† = Ψ2PLγμΨ1, (44)

(Ψ1{1, γ5, γμ, γμγ5}Ψ2)
† = Ψ2{1,−γ5, γμ,−γ5γμ}Ψ1. (45)

At this point, we stress again that all equations of this section are valid in strictly
four-dimensional Minkowski spacetime. Later, we will use dimensional regularization
in which two-component spinors are not directly defined. However, all equations for
four-component spinors written in this section have been written in such a way that they
remain valid on the D-dimensional regularized level.
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2.3. BRST Invariance and Slavnov–Taylor Identity

Though the construction of the Yang–Mills Lagrangian (13) is elegant and predictive,
the Lagrangian cannot directly be quantized. On the level of canonical quantization,
the canonical conjugate momentum field corresponding to Aa

0 identically vanishes; on the
level of path integral quantization, the naively defined path integral is ill-defined due to
the integration over infinitely many gauge equivalent field configurations.

The well-known proposal by Faddeev and Popov modifies the path integral definition
of the quantum theory by separating off this divergent factor [40]. Via a clever manipulation,
the path integral can then be written in terms of a modified Lagrangian, which contains a
gauge-fixing term, as well as terms with Faddeev–Popov ghost fields. The interactions
of the Faddeev–Popov ghosts are determined by the choice of the gauge fixing. This path
integral formulation also allows deriving Slavnov–Taylor identities, which could then be
used in the first proofs of the renormalizability of Yang–Mills theories, as discussed later
in Section 6.

Historically, it was observed afterwards that the resulting Faddeev–Popov Lagrangian
is invariant under a new symmetry, the so-called BRST invariance [41–44]. Here, we will
directly start with this BRST invariance, which can be intrinsically motivated and which
provides an efficient formalism for setting up the quantization of Yang–Mills theories.
Our presentation has similarities to the presentation of the Kugo/Ojima formalism in
Reference [45] and the presentations of the BRST and Batalin/Vilkovisky formalisms in
References [32,46].

The main idea is that the concept of local gauge invariance means that physics is de-
scribed by equivalence classes. Precisely speaking on the classical level, field configurations
that are related by local gauge transformations by definition describe the same physical
state. The BRST formalism implements this idea in an elegant way. It first introduces the
notion of ghost number Ngh. All fields introduced so far have a vanishing ghost number,
but we shall introduce objects with positive or negative ghost numbers later. The BRST
formalism further postulates the existence of an operator s, the BRST operator, which acts
on classical fields and has the following properties and interpretations:

• It generalizes gauge invariance in the sense that: a field configuration X with ghost
number zero is “physical” if

sX = 0 . (46)

• It generalizes gauge transformations and gauge equivalence in the sense that: two
“physical” field configurations X1, X2 with ghost number zero are physically equiva-
lent if some Y exists with

X1 = X2 + sY . (47)

As a side note, objects X, which are total BRST transformations,

X = sY , (48)

are, therefore, “unphysical” in the sense that they are equivalent to the trivial field
configuration where all fields vanish (even if they also satisfy sX = 0).

• It is nilpotent:

s2 = 0 , (49)

and this nilpotency is important for the consistency of the previous two relations.
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• In general, s acts as a fermionic differential operator, which increases the ghost number
by one. Specifically, on products of fermionic and bosonic expressions Fi, Bi, it satisfies
the product rules corresponding to a so-called graded algebra:

s(B1B2) = (sB1)B2 + B1(sB2), (50a)

s(F1B2) = (sF1)B2 − F1(sB2), (50b)

s(F1F2) = (sF1)F2 − F1(sF2). (50c)

In order to define an operator with these properties, one first introduces ghost fields
ca(x), which are scalar fields with fermionic statistics and ghost number +1. As for the
gauge fields, there is one such ghost field for each gauge group generator a = 1 . . . Ngen,
and we can also write c = Taca with representation matrices Ta. On the ordinary
fields, the BRST operator is then defined as an infinitesimal gauge transformation (see
Equation (12)), but with the replacement θa → ca:

sAμ(x) = ∂μc(x)− ig[c(x), Aμ(x)] , (51a)

sAa
μ(x) = ∂μca(x) + g f abccb(x)Ac

μ(x) = (Dμc(x))a , (51b)

sϕ(x) = −igc(x)ϕ(x) . (51c)

Here, we also used the covariant derivative acting on ghost fields, which is defined by
using the adjoint representation for the generators. The BRST transformation of the ghost
fields themselves is defined via the structure constants of the Lie algebra:

sca(x) =
1
2

g f abccb(x)cc(x) , (52a)

sc(x) = −igc(x)2 . (52b)

In this way, the BRST operator is indeed nilpotent if it acts on any combination of
these fields, and it clearly generalizes the original gauge transformations.

In this formalism, introducing gauge fixing and associated ghost interaction terms
becomes very natural and transparent. The existence of two further kinds of fields is
postulated, the antighosts c̄a and the Nakanishi–Lautrup auxiliary fields Ba (with ghost
numbers −1 and 0, respectively). From the present point of view, these fields essentially
have the sole purpose of allowing the formulation of a gauge fixing. They form a so-called
BRST doublet, which means the following very simple BRST transformations:

sc̄a(x) = Ba(x) , (53a)

sBa(x) = 0 , (53b)

which are again consistent with nilpotency. It is known that introducing such a BRST
doublet does not change the cohomology classes of the BRST operator [47]. In terms of the
interpretation specified above, this means that introducing the BRST doublet does not not
change the physical content of the theory.

With these ingredients, we can discuss Lagrangians of the type:

Lfix,gh = s[c̄aXa] (54)

with some ghost number zero object Xa. Evaluating the BRST transformation on the right-
hand side produces terms of ghost number zero, which are allowed terms in a Lagrangian.
Given the interpretations listed above, such Lagrangians are “unphysical” since they are
total BRST transformations. Similarly, adding such a Lagrangian to the original gauge-
invariant Yang–Mills Lagrangian Linv + Lfix,gh does not change the physical content.
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Hence, we may use this possibility to design a Lagrangian of this type that can be
used for gauge fixing, allowing straightforward quantization of the theory. The common
choice is

Lfix,gh = s
[

c̄a
(
(∂μ Aa

μ) +
ξ

2
Ba
)]

= Ba(∂μ Aa
μ) +

ξ

2
(Ba)2 − c̄a∂μ(Dμc)a . (55)

The B-fields are auxiliary fields in the sense that they have no kinetic term and have
purely algebraic equations of motion. They can, hence, be eliminated by their equations
of motion:

Ba = −1
ξ

∂μ Aa
μ, (56)

Lfix,gh = − 1
2ξ

(∂μ Aa
μ)

2 − c̄a∂μ(Dμc)a . (57)

In this way, the Lagrangian contains the usual ξ-dependent gauge fixing term, and the
way it was constructed led to corresponding ghost kinetic terms and ghost–antighost–
gauge boson interactions. The result of this construction is the same as the result of the
Faddeev–Popov approach.

Before turning to quantization, there is one final useful extension of the classical
Lagrangian. We note that most of the BRST transformations are local products of fields,
i.e., constitute nonlinear field transformations. In a non-Abelian gauge theory, the only
exceptions are the BRST transformations sc̄a and sBa, which are linear or zero. In an Abelian
theory (where f abc would vanish), also the BRST transformations of ca and Aa

μ would be
linear. In the quantized theory, such field products will define composite operators that
require dedicated renormalization. It is useful to introduce “sources” for these composite
operators, i.e. classical fields ρaμ(x), ζa(x), Yi(x),2 which couple to the composite operators
in the Lagrangian. We, therefore, define

Lext = ρaμsAa
μ + ζasca + Yisϕi . (58)

Each source has a negative ghost number such that the Lagrangian has in total a zero
ghost number, and each source has the opposite statistics of the original field, such that
the Lagrangian is bosonic. The dimensions of the sources are such that the Lagrangian
has dimension four. Specifically, the sources ρaμ are fermionic with ghost number −1
and dimension 3, and the sources ζa are bosonic with ghost number −2 and dimension 4.
By convention, the BRST transformation of all sources vanishes.

In total, we can then define the full classical Lagrangian, which will be the basis of
quantization, as follows:

Lcl = Linv + Lfix,gh + Lext . (59)

Each of the three parts is individually BRST-invariant. The first part is the gauge-
invariant physical Lagrangian. It depends only on ordinary fields, on which BRST transfor-
mations act as gauge transformations. The second part contains the gauge fixing and ghost
terms, which allow quantization of the theory. Together, they are a total BRST transforma-
tion and, hence, BRST-invariant and unphysical. The third part is BRST-invariant in view
of the nilpotency s2 = 0. In total,

sLcl = 0 . (60)

2 These sources are not quantized and not integrated over in the path integral. These sources are also called
“external sources” or “external fields” or “antifields”. One may also regard them as local, x-dependent
parameters of the Lagrangian.
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The same statement can be rewritten in functional form. Defining the classical action:

Γcl =
∫

d4xLcl (61)

allows rewriting Equation (60) as the Slavnov–Taylor identity:

S(Γcl) = 0 (62)

with the Slavnov–Taylor operator:

S(F ) =
∫

d4x

(
δF

δρaμ(x)
δF

δAa
μ(x)

+
δF

δζa(x)
δF

δca(x)
+

δF
δYi(x)

δF
δϕi(x)

+ Ba(x)
δF

δc̄a(x)

)
. (63)

The Slavnov–Taylor identity (62) is the ultimate reformulation of the gauge invariance of the
classical action after introducing gauge fixing, ghost terms, and external sources for composite
operators. This identity will be a crucial ingredient in the renormalization procedure.3

2.4. Green Functions in Quantum Field Theory

In this subsection, we introduce the basic notation for quantum field theory required
for our discussion of higher orders and regularization and renormalization. We considered
a generic quantum field theory with dynamical fields φi(x) (these may be the gauge
fields, matter fields, or ghost or antighost fields introduced in earlier subsections) and a
Lagrangian L.

Fundamental objects of the full, interacting quantized theory are Green functions,
i.e., time-ordered expectation values of Heisenberg picture field operators φH

i in the full
vacuum |Ω〉 of the interacting theory:

Gi1...in(x1, . . . , xn) = 〈Ω|TφH
i1 (x1) . . . φH

in (xn)|Ω〉 . (64)

We also considered Green functions involving composite local operators O:

Gk1...km
i1...in (y1, . . . , ym, x1, . . . , xn) = 〈Ω|TOH

k1
(y1) . . .OH

km
(ym)φ

H
i1 (x1) . . . φH

in (xn)|Ω〉
≡ 〈TOk1(y1) . . .Okm(ym)φi1(x1) . . . φin(xn)〉 . (65)

Here, φ denotes a generic quantum field, and the above expressions may contain
different kinds of such fields. Where unambiguous, we shall write φi1(x1) ≡ φi1 . The second
line here introduces an alternative short-hand notation for such Green functions, where the
explicit symbols for the vacuum state and for the Heisenberg picture are suppressed. We
will often use this short-hand notation in the following.

Generally, Green functions are important since they encapsulate the essential infor-
mation of a given quantum field theory. We briefly remark how they particularly allow
constructing important observable quantities. The physical rest masses of one-particle
states are reflected in the poles of momentum-space two-point functions, as a result of
the Källen–Lehmann representation. S-matrix elements for scattering processes between

3 We remark that the choice of gauge fixing used in the present review is not the only option. Other options
include physical gauges such as the axial gauge, where no ghosts are required, or the background field
gauge; see, e.g., References [32,34] for textbook discussions. Of particular interest for the present discussion is
the application of the background field gauge to the electroweak SM, which includes chiral fermions (and
electroweak symmetry breaking) [48]. Later, in Section 6.2.4, we will further comment on the proofs of
renormalizability and physical properties such as charge universality in these different gauges. The central
point of the present review is the application of the BMHV scheme for non-anticommuting γ5 to chiral gauge
theories. Here, it is noteworthy that this application is essentially unchanged regardless of whether the gauge
fixing of the main text or the background field gauge is used. The corresponding discussion and the required
computation of symmetry-restoring counterterms were carried out in Reference [27]. The main technical
difference to the formalism presented here is that the dominant role of the Slavnov–Taylor identity is replaced
by a Ward identity reflecting gauge invariance with respect to background fields; the overall logic and detailed
calculational steps are essentially the same.

128



Symmetry 2023, 15, 622

asymptotically free states are obtained via the Lehmann–Symanzik–Zimmermann reduc-
tion formalism, which can be derived from Haag–Ruelle scattering theory (see, e.g., the
textbooks by Srednicki and Peskin/Schroeder [33,35] and the monograph by Duncan [49]
for a particularly detailed account). We note here an important subtlety. Green functions
are particularly defined in momentum-space for off-shell momenta, while physical ob-
servables are related to the on-shell limits, where Green functions may develop infrared
divergences. In the present review, we will not discuss the specifics of the on-shell limits of
Green functions.

A very useful tool for general discussions is the generating functional Z(J, K) for the
most-general Green functions with elementary fields and composite operators. It can be
written by introducing sources (or “external fields”, i.e., fields that always remain classical
and never are quantized) Ji(x) for the elementary fields and Ki(x) for the composite
operators such that

Gk1...km
i1...in (y1, . . . , ym , x1, . . . , xn) (66)

=
1

Z(0, 0)
δm+n Z(J, K)

δiKk1 (y1) . . . δiKkm (ym) . . . δi Ji1 (x1) . . . δi Jin (xn) . . .

∣∣∣∣∣
J=K=0

.

In perturbation theory, the Green functions are given by Feynman diagrams obtained
from the well-known Gell–Mann–Low formula. Specifically, in perturbation theory, the
Lagrangian is split as L = Lfree + Lint, where the free part Lfree is bilinear in the quantum
fields, allowing quantization as a free field theory. This quantization then leads to free
field operators, which we denote as φi without the superscript, and to a free vacuum |0〉.
The Gell–Mann–Low formula for the perturbative evaluation of Green functions then
yields an explicit construction of the generating functional:

Z(J, K) =
〈0|T exp

(
i
∫

d4x(Lint + Jiφi + KiOi)
)
|0〉

〈0|T exp(i
∫

d4xLint )|0〉
. (67)

The evaluation of this formula via Wick contractions leads to Feynman rules and
Feynman diagrams. In Equation (67), we also introduce a short-hand notation, which we
will often use: all appearing fields and sources Ji, φi, Ki,Oi and the Lagrangian Lint have
the spacetime argument x, which is suppressed. Further, there is a summation over the
index i, and the summation range extends over all quantum fields in the term Jiφi and over
all composite operators with sources in the term KiOi.

Another representation of the generating functional is given by the path integral:

Z(J, K) =
∫

Dφ ei
∫

d4x(L+Jiφi+KiOi) , (68)

where Dφ is the measure of the integration over all field configurations and the quantities in
the exponent are number-valued fields (either sources or path integral integration variables).
The same short-hand notation suppressing the arguments is used. We stress that both
Equations (67) and (68) are formal and not yet fully defined: the literal application of the
Gell–Mann–Low formula leads to divergences unless the theory is regularized, and the
path integral formula requires a precise definition of the path integral measure. Both
formulas will become well-defined via the process of regularization and renormalization
(this process can also be regarded as a constructive definition of the path integral measure).

The full Green functions discussed so far are described by the most-general Feynman
diagrams, which are allowed to contain several disconnected components. It is possible
to define a second generating functional Zc that directly generates only connected Green
functions, i.e., the sums of connected Feynman diagrams. The relation is given by

Z(J, K) = eiZc(J,K) . (69)
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For a proof that this generates precisely the connected Green functions, see, e.g.,
References [50,51].4

For renormalization, one-particle irreducible (1PI) Feynman diagrams are most useful
since they are the smallest building blocks that suffice to discuss ultraviolet divergences
and counterterms. The corresponding 1PI Green functions can also be generated by a
generating functional. This 1PI generating functional is called Γ, or effective action. It is
defined by a Legendre transform of Zc, which replaces the sources by classical fields.

In order to prepare for the introduction of this 1PI generating functional Γ, we make
two remarks: First, we note that there is a mapping between the sources Ji and expectation
values of field operators φi. Specifically, the first derivatives of the generating functional Zc
have the special interpretation as the expectation values of the field operators:

φclass
i (x) ≡ δZc

δJi(x)
= 〈φi(x)〉J,K . (70)

In contrast to Equation (66), we have not set the sources to zero. Each choice of
the sources Ji(x) (for fixed Ki(x)), thus, defines expectation values of the quantum field
operators. These expectation values are number-valued, “classical” fields φclass

i (x). We
may regard these classical fields as functionals of the sources Ji(x) (for fixed Ki(x)), or we
may invert the relationship and regard the sources as functionals of the classical fields. In
the following, we will always assume that the vacuum expectation values of the operators
φi vanish. Here, this means that J = 0 is mapped to φclass = 0 and vice versa (for K = 0):

δZc

δJi(x)

∣∣∣∣∣
J=K=0

= 0 . (71)

The second remark is the following: In the classical limit, the path integral is dominated
by the classical field configuration minimizing the classical action. Hence, in the classical
limit (“cl.lim.”) and up to an irrelevant constant, we have

Z(J, K) = eiZc(J,K) cl.lim.−→ ei(Γcl(φ
class,K)+

∫
d4xJiφ

class
i )

∣∣∣
0=

δΓcl
δφclass ±J

, (72)

where Γcl =
∫

d4x(L+ KiOi) is the classical action (including source terms for composite
operators) and where the ± signs apply for bosonic/fermionic fields φ, respectively.

This motivates the definition of a new functional Γ via the analogous, exact relation:

Zc(J, K) = Γ(φclass, K) +
∫

d4xJiφ
class
i

∣∣∣
J=∓ δΓ

δφclass

. (73)

This relation is a Legendre transformation, which can be inverted to

Γ(φclass, K) = Zc(J, K)−
∫

d4xJiφ
class
i

∣∣∣
φclass= δZc

δJ

. (74)

In the Legendre transformation, the sources Ki for composite operators act as specta-
tors, such that the relation:

δΓ(φclass, K)
δKi(x)

=
δZc(J, K)

δKi(x)
(75)

holds.

4 The conventions for the generating functionals differ slightly between most references. Our conventions are
essentially the same as in Reference [33], except that our connected functional Zc = −E there.
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The functional Γ defined in this way has two very important properties. First, it is
equal to the classical action plus quantum corrections, i.e.,

Γ(φclass, K) = Γcl(φ
class, K) +O(h̄) , (76)

where we reinstate explicit powers of h̄ to count the number of loops. This justifies
the name “effective action”. Second, Γ generates one-particle irreducible (1PI) Green
functions. For the full proofs of these statements, see, e.g., the textbooks by Zinn-Justin or
Itzykson/Zuber [50,51], and for detailed discussions including subtleties in cases with
spontaneous symmetry breaking, see, e.g., the textbooks by Weinberg or Brown [32,52].

Let us introduce further useful notation related to Green functions and Γ. First, in the
following and in general, we simplify the notation for Γ and write only φi instead of φclass

i
for its arguments if no misunderstanding is possible.

Next, we introduce the notation for specific 1PI Green functions. Such concrete 1PI
Green functions in position-space are obtained from derivatives of Γ with respect to the
classical fields as

Γφiφj ...(x1, x2, . . .) =
δΓ

δφi(x1)δφj(x2) . . .

∣∣∣
φ=0

= −i〈φi(x1)φj(x2) . . .〉 1PI . (77)

In terms of Feynman diagrams, iΓφiφj ... corresponds to the set of 1PI diagrams with
the indicated external fields. When passing to momentum-space via the Fourier transform,
we split off a δ-function corresponding to momentum conservation; symbolically:

Γφiφj ...

∣∣∣F.T.
(p1, p2, . . .) = Γφiφj ...(p1, p2, . . .)(2π)4δ(4)(∑n

j=1 pj) . (78)

Equations (72) and (76) show that, naturally, the source terms for composite operators
combine with the Lagrangian; hence, it is motivated to absorb these source terms into the
Lagrangian. This is precisely what was performed in Section 2.3 for certain important
operators corresponding to nonlinear BRST transformations; see Equation (58). In this
way, the renormalization of such composite operators is fully integrated into the standard
renormalization procedure.

Sometimes, special operators need to be considered only in the simpler context of
single operator insertions. Let O be such an operator and KO the corresponding source,
treated as in Equations (67) or (68) or absorbed into the Lagrangian. The sources for all
remaining operators are collectively called K. Then, for single insertions of O, a special
notation is defined:

O(x) · Z(J, K) =
δZ(J, K, KO)
δ(iKO(x))

∣∣∣
KO=0

, (79a)

O(x) · Γ(φ, K) =
δΓ(φ, K, KO)

δKO(x)

∣∣∣
KO=0

. (79b)

For particular 1PI Green functions with a single operator insertion, we can write

(O(x) · Γ)φiφj ...
(x1, x2, . . .) = −i〈O(x)φi(x1)φj(x2) . . .〉 1PI . (80)

In terms of Feynman diagrams, i(O(x) · Γ)φiφj ...
corresponds to 1PI diagrams with the

indicated external fields and one insertion of a vertex corresponding to iO(x), where the
factor i results as usual from the exponential function in the Gell–Mann–Low formula (67).

An important consequence is the lowest-order behavior of the operator insertion
into Γ:

O · Γ(φ) = Oclass +O(h̄) , (81)

131



Symmetry 2023, 15, 622

where Oclass is the classical field product corresponding to the operator O. This is in line
with the interpretation of Γ as the effective action.

2.5. Slavnov–Taylor Identities for Green Functions and Their Interpretation

In Section 2.3, we introduced BRST invariance as a substitute for gauge invariance in
the presence of a gauge fixing, and we found the BRST-invariant classical action. The ques-
tion is now: How is this BRST invariance reflected in the full quantum theory? The
most-general answer is that the off-shell Green functions introduced in Section 2.4 sat-
isfy so-called Slavnov–Taylor identities. Here, we provide a formal derivation of these
Slavnov–Taylor identities. This derivation is simple and elegant and allows an efficient
understanding and interpretation of the structure of the Slavnov–Taylor identities. It is
however formal in the sense that it ignores the procedure of regularization and renormaliza-
tion; hence, we will later, in Section 6, need to discuss how this procedure might change the
identities. There, we will also discuss the important role of the Slavnov–Taylor identities
in establishing the renormalizability of Yang–Mills theories, including the decoupling of
unphysical degrees of freedom and the unitarity of the physical S-matrix.

We start from the BRST invariance of the classical action, which was already expressed
by Equation (60) and rewritten as the Slavnov–Taylor identity (62). Here, we rewrite it as
an invariance relation:

Γcl(φ, K) = Γcl(φ + δφ, K) (82)

where φ denote all dynamical fields (Aμ, ϕi, c, c̄, B) and K denote all sources (ρμ, Yi, ζ) and
where the field transformations are given as

δφ = θsφ (83)

with an infinitesimal fermionic parameter θ such that δφ always has the same
bosonic/fermionic statistics as φ itself. Equation (82) is meant at first order in θ, and
at this order, it is clearly equivalent to both Equations (60) and (62).

Now, we use this invariance as a starting point and derive the Slavnov–Taylor identities
for the generating functional (68) in the path integral formulation. We assumed that the path
integral measure is invariant under the same symmetry transformation φ → φ + δφ ≡ φ′

and, therefore, write

Z(J, K) =
∫

Dφ′ ei(Γcl(φ
′ ,K)+

∫
d4xJiφ

′
i )

=
∫

Dφ ei(Γcl(φ,K)+
∫

d4xJiφi+Jiδφi) . (84)

The variation δφ only appears in the exponent. We can expand the right-hand side at
first order in δφ and subtract it from the left-hand side to obtain

0 =
∫

Dφ

(∫
d4xJiδφi

)
ei(Γcl(φ,K)+

∫
d4xJiφi) . (85)

This is already one basic version of the Slavnov–Taylor identity. We can rewrite it in
several ways to familiarize us with its interpretation:

• A first way is to replace the path integral with its interpretation as an operator expec-
tation value, in line with Equation (70). Then, we obtain

0 =
∫

d4xJi〈δφi〉J,K . (86)
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This can be further rewritten by replacing the sources Ji in terms of derivatives of Γ,
the effective action or generating functional of 1PI Green functions, via the Legendre
transform (73) such that

0 =
∫

d4x〈δφi〉J,K δΓ
δφi

, (87)

where, again, the sum over all fields i is implied and where the order of the factors
was exchanged to compensate the ± signs in the relation for Ji in Equation (73). Both
of these equations have the forms of typical infinitesimal invariance relations. We may
also rewrite the previous equation as

Γ(φ, K) = Γ
(

φ + 〈δφ〉J,K, K
)

, (88)

valid to first order in the variation. This equation is directly analogous to the starting
point (82). It clarifies the interpretation of the Slavnov–Taylor identity as an invari-
ance relation for the full effective action Γ under symmetry transformations given by
〈δφi〉J,K. An important distinction can now be made about these symmetry transfor-
mations. In general, the δφi are nonlinear products of fields (i.e., composite operators),
and generally, the expectation value of a product is different from the product of
expectation values. In other words, the symmetry transformations may receive non-
trivial quantum corrections. Hence, the symmetry transformation in Equation (88)
is in general different from the classical expression δφi (which becomes δφclass

i using
the more explicit notation of the previous section), which one might have expected to
appear. Only in the case where all δφi are linear in the dynamical fields, the symmetry
relation (88) corresponds to the same invariance as Equation (82).

• A second way to rewrite the Slavnov–Taylor identity (85) is by taking derivatives
with respect to the sources as in Equation (66) to obtain identities for specific Green
functions. In this way, Equation (85) leads to infinitely many identities of the kind:

0 = δ〈Tφi1(x1) . . . φin(xn)〉J,K (89)

≡ 〈T(δφi1(x1)) . . . φin(xn)〉J,K + . . . + 〈T(φi1(x1)) . . . δφin(xn)〉J,K ,

where the first line is defined as an abbreviation for the second line and the uniform +
signs of all terms are correct because the transformation δ as defined by Equation (83)
is of a bosonic nature. In these identities, Green functions involving ordinary fields
φi and the symmetry transformation composite operators δφi appear. In this form,
Slavnov–Taylor identities may be checked explicitly by computing Feynman diagrams
for such Green functions. We can illustrate this with a simple, but important ex-
ample. Taking the Yang–Mills theory of the previous subsections with fermionic
matter fields ψ, we can consider δ〈c̄ψiψ̄k〉 and use the BRST transformations in
Equations (51c) and (53) to obtain

0 = 〈TBψiψ̄k〉+ ig〈Tc̄(cψ)iψ̄k〉 − ig〈Tc̄ψi(ψ̄c)k〉 (90)

where the brackets indicate local composite operators. The auxiliary field B will
effectively be replaced by ∂μ Aμ via Equation (56). In Abelian QED, the ghosts are free
and can be factored out of the matrix elements. Hence, in QED, this identity simply
leads to the familiar Ward identity between the electron self-energy and the electron–
electron–photon vertex function. In non-Abelian Yang–Mills theories, the identity
also relates the fermion self-energy and the fermion–fermion–gauge boson three-point
function, but the relationship is more complicated and involves nontrivial composite
operators, which need to be renormalized.

• A final way to rewrite the Slavnov–Taylor identity is to write it as functional equations
for the generating functionals Z, Zc, or Γ. Since we coupled the nonlinear classical
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symmetry transformation (83) to the sources K in the classical action (58), the expecta-
tion values of nonlinear composite operators appearing in the previous equations may
be rewritten in terms of functional derivatives with respect to K. A slight technical
complication is that there are also linear symmetry transformations that we have
not coupled to sources, such as the BRST transformations of the c̄ and B fields. Pre-
cisely, we can, therefore, replace the nonlinear δφi by δ/δ(iKi) in the Slavnov–Taylor
identity (85), but the linear δφi remain. If we express the path integral in terms of the
connected functional, Equation (85) takes the schematic form:

0 =
∫

d4x ∑
δφi=nonlinear

Ji
δZc(J, K)

δKi
+
∫

d4x ∑
δφi=linear

Ji〈δφi〉J,K , (91)

where the expectation value in the last term really is a linear combination of the
expectation values of fundamental fields, i.e., a linear combination of φclass

j as used in

Equation (74) and, thus, equal to what we mean by δφclass
i , where the index class will

be dropped again. The previous equation can be rewritten as an equation for the 1PI
functional Γ by replacing the sources Ji via the Legendre transformation to Γ and by
using that the sources K are unaffected by the Legendre transformation, as expressed
by Equation (75). In this way, we obtain

0 =
∫

d4x ∑
δφi=nonlinear

δΓ(φ, K)
δKi

δΓ(φ, K)
δφi

+
∫

d4x ∑
δφi=linear

δφi
δΓ(φ, K)

δφi
. (92)

This is literally the same equation as the Slavnov–Taylor identity for the classical
action with the Slavnov–Taylor operator (63), but rewritten for the full effective action:

S(Γ) = 0 . (93)

This explains the reason why we rewrote the BRST invariance of the classical action in
Section 2.3 as the Slavnov–Taylor identity using Equation (63): This equation has the
potential of remaining valid without modification in the full quantum theory, provided the
above formal manipulations survive the regularization and renormalization procedure.

Finally, we comment on the validity of our derivation. The derivation assumed the
classical action to be symmetric, the path integral to be well-defined, and the path integral
measure to be invariant under the symmetry. A full treatment must define the quantum
theory via the procedure of regularization and renormalization, which may be viewed as
a constructive definition of the path integral and its measure and which might change
the action, e.g., by counterterms. An essential result of algebraic renormalization theory
(see below in Section 6) is that the above derivations are essentially correct up to local terms
in the following sense: If the above Slavnov–Taylor identity (93) is valid at some given loop
order, then at the next loop order, it can at most be violated by a local functional of the
fields. Hence, there is a chance that any such local violation can be canceled by adding
local, symmetry-restoring counterterms. If this is possible, the Slavnov–Taylor identity
indeed can be established at all orders in the renormalized theory.

In the present review, we mainly work in dimensional regularization. In this context,
the above derivation acquires a more literal meaning. In Section 4, we will discuss the
so-called regularized quantum action principle, which essentially states that all deriva-
tions remain literally valid in dimensional regularization if all quantities are defined via
regularized Feynman diagrams in D �= 4 dimensions. In that case, however, it becomes
questionable whether the D-dimensional version of the classical action satisfies the same
symmetry (82) as the original four-dimensional version. If this is not the case, there is
again a violation of the Slavnov–Taylor identity at the regularized level, which needs to be
studied and which may be canceled by introducing symmetry-restoring counterterms.
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2.6. Peculiarities of Abelian Gauge Theories

So far, the discussions above focused on the non-Abelian case. However, there are
some peculiarities in the Abelian case that will be highlighted in this subsection (we assume
the absence of spontaneous symmetry breaking). Obviously, in an Abelian gauge theory,
there are less interactions than in the non-Abelian case, with corresponding implications
for higher-order corrections. However, there are also less restrictions by the gauge group,
which leads to the need for an additional symmetry condition to ensure a consistent renor-
malization of the Abelian coupling constant, as discussed below. For further information
of Abelian theories in this context, we refer the reader to [42,53–56], where they focused,
in contrast to the present section, on the Abelian case with spontaneous symmetry break-
ing, whereas the more general case of the Standard Model and extensions was discussed
in [57–59]. For a general overview, we refer to the textbook by Piguet/Sorella [47].

Starting with the classical Lagrangian of the Abelian gauge theory of quantum elec-
trodynamics, using the notation of Section 2.3, we may write it in the same form as in
Equation (59), this time, however, with

Linv = i ψi /Dijψj −
1
4

FμνFμν , (94)

with the covariant derivative Dμ
ij = ∂μδij + ieQiδij Aμ and the field strength tensor Fμν =

∂μ Aν − ∂ν Aμ, with the gauge-fixing and ghost Lagrangian:

Lfix,gh = s
[

c̄
(
(∂μ Aμ) +

ξ

2
B
)]

= B(∂μ Aμ) +
ξ

2
B2 − c̄∂μ∂μc , (95)

with B = −(∂μ Aμ)/ξ and with the Lagrangian of the external sources:

Lext = ρμsAμ + R̄isψi + Risψi , (96)

where we used the concrete name Ri for the matter field sources instead of the generic
name Yi of Section 2.3. The classical action is then, again, given by (61).

The BRST transformations in the Abelian case, already used in (95), are provided by

sAμ(x) = ∂μc(x) , (97a)

sψi(x) = −ieQic(x)ψi(x) , (97b)

sψi(x) = ieQic(x)ψi(x) , (97c)

sc(x) = 0 , (97d)

sc̄(x) = B(x) , (97e)

sB(x) = 0 . (97f)

It can be seen that, in the Abelian case, except from the BRST transformations for the
fermions ψi and ψi, all other BRST transformations are linear in dynamical fields. Recall
that, for a linear classical symmetry of the form:

δφi(x) = vi(x) +
∫

d4y tij(x, y)φj(y) (98)

with number-valued kernel tij, its expectation value is identical to the classical symmetry
transformation (see also the discussions around Equations (88), (91) and (92)), i.e.,

〈δφi(x)〉J,K = vi(x) +
∫

d4y tij(x, y)〈φj(y)〉J,K = δφclass
i . (99)

Hence, on the basis of Equations (87) and (88) from Section 2.5, the full effective
quantum action Γ is invariant under such linear classical symmetries as they do not receive
nontrivial quantum corrections. In other words, linear symmetry transformations of the
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classical action Γcl are automatically symmetry transformations of the full effective quantum
action Γ.

In particular, the BRST transformation of the photon Aμ is linear, and hence, sAμ does
not receive quantum corrections, and the expectation value 〈sAμ〉J,K is identical to the
classical expression (sAμ)class.

Further, Ri and R̄i are external sources, and the Abelian Faddeev–Popov ghost and
antighost completely decouple from the rest of the theory (cf. (95)). Hence, neither Ri and
R̄i nor the ghost c and antighost c̄ can occur in loops; they can only appear as external legs,
as there are no corresponding interactions and the external sources are not dynamical fields,
and thus cannot propagate. Consequently, none of the Abelian BRST transformations obtain
quantum corrections, or in other words, in the Abelian case, the BRST transformations do
not renormalize.

In a theory with a non-Abelian simple gauge group G with gauge coupling g, the gen-
erators Ta are uniquely determined by choosing a representation. For this reason, the cou-
plings of all matter fields to the gauge fields ∝ gTa and of all gauge boson self-interactions
∝ g f abc are uniquely determined up to one common, universal gauge coupling g.

In contrast to this, in an Abelian gauge theory, every diagonal matrix would be a
representation of the corresponding Lie algebra. Thus, the corresponding charges Qi of
the respective fermions could in principle be arbitrary real numbers. Group theory alone
would allow these charges to obtain quantum corrections, i.e., they could renormalize,
and could thus even take different values at every order in the perturbation theory. Hence,
due to the fact that the group structure of an Abelian gauge group is not as powerful as
the one of a non-Abelian gauge group, the Abelian couplings need to be determined, in all
orders, by an additional symmetry condition to the full effective quantum action, either by
the local Ward identity or by the so-called antighost equation.

The special simplicity of Abelian gauge theories and the existence of additional all-
order identities is technically reflected in several field derivatives of the classical action. We
begin with the antighost equation:

δΓcl
δc(x)

= �c̄(x) + ∂μρμ(x)− ieQiR̄i(x)ψi(x) + ieQiψi(x)Ri(x) . (100)

Additionally, varying Γcl with respect to the antighost and the external source of the
photon yields

δΓcl
δc̄(x)

= −�c(x) ,
δΓcl

δρμ(x)
= sAμ(x) = ∂μc(x) , (101)

which can be combined to obtain the so-called ghost equation:(
δ

δc̄
+ ∂μ

δ

δρμ

)
Γcl = 0 . (102)

The gauge fixing condition is obtained by varying Γcl with respect to the Nakanishi–
Lautrup field B:

δΓcl
δB(x)

= ξB(x) + ∂μ Aμ(x) . (103)
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Importantly, it can be seen that all of the above Equations (100)–(103) are linear in
dynamical fields, e.g., δΓcl/δc(x) = (linear expression). In contrast, all other functional
derivatives of the classical action:

δΓcl

δRi(x)
= sψi(x) = ieQic(x)ψi(x) , (104a)

δΓcl
δψi(x)

= i∂μψi(x)γμ + eQiψi(x) /A(x) + ieQiR̄i(x)c(x) , (104b)

δΓcl

δR̄i(x)
= sψi(x) = −ieQic(x)ψi(x) , (104c)

δΓcl

δψi(x)
= i/∂ψi(x)− eQi /A(x)ψi(x)− ieQiRi(x)c(x) , (104d)

are nonlinear in dynamical fields. The special feature of linear Equations (100)–(103) is
that there are no quantum corrections expected, which could spoil these linear relations.
Indeed, for loop corrections, we need interactions and, thus, at least three dynamical fields,
which is not the case here.

Hence, we may require that these identities hold at all orders as part of the definition
of the theory, meaning that they also hold for the full effective quantum action Γ, i.e.,5

δΓ
δc(x)

!
=

δΓcl
δc(x)

,
δΓ

δc̄(x)
!
=

δΓcl
δc̄(x)

,
δΓ

δρμ(x)
!
=

δΓcl
δρμ(x)

,
δΓ

δB(x)
!
=

δΓcl
δB(x)

. (105)

The charges Qi of all fields explicitly occur in the antighost Equation (100), and (105),
thus, fixes the charges of the fields to all orders.

Additionally, we can derive the aforementioned Ward identity (which, in the present case
without spontaneous symmetry breaking and in the presence of the identities (105), is equivalent
to the Slavnov–Taylor identity). Starting with the Slavnov–Taylor identity for the Abelian case:

0 = S(Γ) =
∫

d4x
(

δΓ
δR̄i

δΓ
δψi

+
δΓ
δRi

δΓ
δψi

+
δΓ
δρμ

δΓ
δAμ

+ B
δΓ
δc̄

)
, (106)

cf. (63) for the non-Abelian case, varying it with respect to the Faddeev–Popov ghost c(x), i.e.,

0 =
δS(Γ)
δc(x)

=
∫

d4y

[(
δ

δc(x)
δΓ

δR̄i(y)

)
δΓ

δψi(y)
+

δΓ
δR̄i(y)

(
δ

δc(x)
δΓ

δψi(y)

)

+

(
δ

δc(x)
δΓ

δRi(y)

)
δΓ

δψi(y)
+

δΓ
δRi(y)

(
δ

δc(x)
δΓ

δψi(y)

)
+

(
δ

δc(x)
δΓ

δρμ(y)

)
δΓ

δAμ(y)
− δΓ

δρμ(y)

(
δ

δc(x)
δΓ

δAμ(y)

)

+ B
(

δ

δc(x)
δΓ

δc̄(y)

)]
(107)

=
∫

d4y

[(
δ

δR̄i(y)
δΓ

δc(x)

)
δΓ

δψi(y)
− δΓ

δR̄i(y)

(
δ

δψi(y)
δΓ

δc(x)

)

+

(
δ

δRi(y)
δΓ

δc(x)

)
δΓ

δψi(y)
− δΓ

δRi(y)

(
δ

δψi(y)
δΓ

δc(x)

)

−
(

δ

δρμ(y)
δΓ

δc(x)

)
δΓ

δAμ(y)
− B

(
δ

δc̄(y)
δΓ

δc(x)

)]

= −ieQiψi(x)
δΓ

δψi(x)
+ ieQi R̄i(x)

δΓ
δR̄i(x)

+ ieQiψi(x)
δΓ

δψi(x)

− ieQi Ri(x)
δΓ

δRi(x)
− ∂μ

δΓ
δAμ(x)

−�B(x) ,

5 In case of an Abelian gauge theory with spontaneous symmetry breaking, not all of these identities are valid, but one
may introduce background fields which allow obtaining a valid local Ward identity and/or an Abelian antighost
equation, see Refs. [54,56].
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where we used the fact that fermionic objects anticommute and that δ/δc(x) is a fermionic
functional derivative. After the third equality, we moved δ/δc(x) past the other respective
functional derivative and utilized the antighost Equation (100) (which is valid to all orders,
see Equation (105)). We dropped the penultimate term of the second equality, as the RHS
of the antighost Equation (100) does not contain a term depending on Aμ. Rearranging the
last line, we obtain the functional form of the local Abelian Ward identity:(

∂μ
δ

δAμ(x)
+ ieQi ∑

Ψ
(−1)nΨ Ψ(x)

δ

δΨ(x)

)
Γ = −�B(x) , (108)

with Ψ ∈ {ψi, ψi, Ri, R̄i} and nΨ ∈ {0, 1, 0, 1}. The well-known Ward identity for the
relation of the electron self-energy and the electron–electron–photon interaction vertex may
then be deduced from this equation. Further discussions will be made later in Section 7
for the example of chiral QED. Again, the charges Qi of all fields are fixed as (108) is
established to all orders. Consequently, the above statements imply a nonrenormalization
of the field charges Qi, which means that a single counterterm is sufficient to renormalize
the Abelian coupling to all orders of the perturbation theory, thus guaranteeing a consistent
renormalization of the coupling constant.

The above identities, viewing them as part of the definition of the theory, constrain
the regularization and renormalization procedure. On the one hand, symmetry-preserving
(field and parameter) renormalization constants are constrained by the equations (meaning,
in particular, that certain combinations such as the gauge fixing term or terms such as R̄isψi
do not renormalize). On the other hand, the local Ward identity (108) particularly will be of
interest in determining symmetry-restoring counterterms. It can be used to interpret the
breaking and restoration of the Slavnov–Taylor identity.

3. Dimensional Regularization

In a perturbative quantum field theory, Feynman diagrams with closed loops corre-
spond to higher orders in h̄. They, hence, represent genuine quantum corrections and are of
fundamental interest. Such loop diagrams, however, are known to give rise to ultraviolet
(UV) divergences, which need to be handled. The reason for this can easily be understood
by imagining a loop made of a propagator with coinciding end points. Since the propagator
is a distribution, one may expect this object to be ill-defined, as is the product of distribu-
tions at the same spacetime point in general. In fact, such loops correspond to the exchange
of virtual particles, whose momenta are integrated over and which may run up to infinity,
hence the possibility of divergent integrals in momentum-space. In essence, the purpose
of renormalization is to remove all divergences and assign a meaning to such ill-defined
expressions and ultimately to define physically meaningful results.

In practice, this means that we first need to isolate the aforementioned divergences
before they can be subtracted. In the typical setting, isolating divergences is achieved via
regularization, while their subtraction is performed via counterterms, which are added to
the Lagrangian. The entire procedure constitutes the renormalization. Hence, in order to
obtain meaningful results at the quantum level, i.e., including higher-order corrections, one
needs regularization and renormalization, as already mentioned at the end of Section 2.5.

There are several regularization schemes; here, we focus on dimensional regularization
(DReg). In this present Section 3 and the subsequent Section 4, we provide an overview of the
main properties of DReg and of how to perform calculations using this regularization procedure.

Dimensional regularization and its variants are the most-common regularization
schemes in relativistic quantum field theories. These schemes have several key advantages
that make them particularly useful in practical, concrete computations. The structure of
integrals in formally D dimensions is essentially unchanged, allowing efficient integration
techniques. The divergent terms appear as 1/(D − 4) poles and can be isolated in a
transparent way. Lorentz invariance and gauge invariance of non-chiral gauge theories
is essentially kept manifest. Furthermore, fundamental properties such as equivalence to
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BPHZ renormalization, consistency with the unitarity and causality of quantum field theory,
and consistent applicability at all orders are rigorously established. The key disadvantage
is the problematic treatment of the γ5 matrix and the εμνρσ symbol. As a result, gauge
invariance is manifestly broken in chiral gauge theories. The treatment of such theories is
the main topic of the present review.

The previous statements are discussed in detail later in Section 5. That section will
explain that, based on DReg, local counterterms exist that can subtract the UV divergences.
It will also explain how the regularization/counterterm/renormalization procedure in
DReg amounts to a rigorous and physically sensible construction of higher orders. Then,
in Section 6, we will consider DReg applied to gauge theories and see that (under certain
conditions where chiral gauge anomalies are absent) the Slavnov–Taylor identity can
be established at all orders in the renormalized, finite theory. In case DReg breaks the
symmetry in intermediate steps, the existence of symmetry-restoring counterterms is
then guaranteed.

The basic idea of DReg is to replace the 4-dimensional spacetime and the 4-dimensional
momentum-space by formally D-dimensional ones, with parametrization D = 4 − 2ε. In
this way, all integrals become formally D-dimensional. DReg was put forward in several
works by ’t Hooft and Veltman [1], by Bollini and Giambiagi [2], and by Ashmore [3]. Specif-
ically, Reference [1] already highlighted all key advantages and disadvantages mentioned
above and showed how to compute 1-loop and 2-loop Feynman diagrams using DReg.

In the following, we begin the section by introducing our notation for the dimen-
sionally regularized and renormalized effective quantum action and schematically sketch
its construction. This provides a short overview of the general structure of dimensional
regularization and renormalization (Section 3.1).

Then, we will explain what the properties of D-dimensional integrals are and how
these integrals can be consistently defined (Section 3.2). Together with the integrals, many
other quantities have to be formally continued to D dimensions, in particular momenta,
vector fields, metric tensors, and γ matrices. Section 3.3 will focus on such quantities and
delineate to what extent a purely D-dimensional treatment is correct and at which points
a distinction of four-dimensional and D-dimensional quantities needs to be made in the
calculations. In particular, it introduces the BMHV scheme for non-anticommuting γ5.

Section 3.4 describes an important feature of DReg, which is not shared by all regular-
ization methods: the precise expressions of regularized Feynman diagrams in D dimensions
may be encoded in a formally D-dimensional Lagrangian, from which Feynman rules are
obtained in the usual way. This relation is obviously useful in the study of symmetries
of regularized Feynman diagrams since the properties of diagrams can be obtained from
the properties of the regularized Lagrangian. In Section 3.5, we discuss several variants of
DReg such as regularization by dimensional reduction and further subvariants. We will
discuss the relationships between the variants on the level of the regularized Lagrangians
and on the level of Green functions and S-matrix elements.

3.1. General Structure of Dimensional Regularization and Renormalization

Before we discuss the properties of D-dimensional integrals and how to formally con-
tinue certain quantities to D dimensions, and thus perform calculations in DReg, we briefly
introduce our notation with respect to the dimensionally regularized and renormalized
effective quantum action, the key quantity of the theory, and sketch its construction.

As mentioned above, UV divergences in loop integrals are isolated as 1/(D − 4) poles
in DReg. These divergences must be subtracted using counterterms in order to renormalize
the theory. In general, such counterterms may not only contain these UV divergent but
also finite contributions.6 Here we sketch the renormalization procedure and introduce
useful notation.

6 The general counterterm structure of a dimensionally regularized theory using the BMHV scheme makes
use of further subdivisions of counterterms. This will be presented in Section 6 and illustrated in a practical
example in Section 7.
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The perturbative expansion is organized in terms of orders in h̄, equivalent to or-
ders in loops. The classical action of order h̄0 defining the theory is denoted S0 ≡ Γcl;
the counterterm action is denoted as Sct; the sum of the two is called the bare action Sbare.
In the following, symbols without an upper index denote all-order quantities, while for
perturbative expressions, an upper index i labels quantities of precisely order i, whereas
quantities up to and including order i are labeled with an upper index (i). Using this
notation, the bare and the counterterm actions may be written as

Sbare = S0 + Sct, Sct =
∞

∑
i=1

Si
ct, S(i)

ct =
i

∑
j=1

Sj
ct. (109)

In dimensional regularization and renormalization, the perturbative construction
of the effective action is performed iteratively at each order of h̄, i.e., at each loop order,
starting from the tree-level action S0. Then, a counterterm action Si

ct needs to be constructed
at each higher order i ≥ 1, which has to satisfy the two conditions that the renormalized
theory is UV-finite and in agreement with all required symmetries.

The subrenormalized quantum action of order i is denoted by

Γi
subren (110)

and obtained at order i by using Feynman rules from the tree-level action and counterterms
up to order i − 1. The counterterms Si

ct to be constructed at the order i are subdivided into
singular counterterms (which, by definition, contain only pole terms in (D − 4) and are
denoted by subscript sct) and finite counterterms (finite in the limit D → 4 and denoted by
subscript fct). By constructing and including singular counterterms of the order i, we obtain

lim
D→4

(
Γi

subren + Si
sct

)
= finite, (111)

which determines the singular counterterms unambiguously. If necessary, we may then
also include additional finite counterterms. Once the finite counterterms are determined,
we obtain

Γi
DRen ≡ Γi

subren + Si
sct + Si

fct. (112)

This quantity Γi
DRen is finite and essentially renormalized, but it may still contain the

variable ε = (4 − D)/2 and so-called evanescent quantities, which vanish in strictly D = 4
dimensions. Thus, the completely renormalized quantum action is obtained by taking the
limit D → 4 and setting all evanescent quantities to zero. This procedure is denoted by7

Γi ≡ LIM
D → 4

Γi
DRen. (113)

Some comments on the finite counterterms are in order. They can have two purposes.
On the one hand, it may happen that regularized quantum corrections spoil a symme-
try of the theory, such that, e.g., the Slavnov–Taylor identity is invalid on the level of
Equation (111). If the symmetry is part of the definition of the theory, finite counterterms
must be found and added such that the symmetry is valid on the renormalized level (113).
The purpose of counterterms is then not solely to remove UV divergences, but also to
restore symmetries if necessary (and if possible). If no finite counterterms can be found
that restore the symmetry, the symmetry is lost. This situation is called an anomaly,
or anomalous symmetry breaking. It signals an irreconcilable clash of the symmetry and
the quantum theory. If the symmetry is part of the definition of the theory or required for

7 We will sometimes synonymously refer to the completely renormalized and 4-dimensional quantum action as
Γi

ren, i.e. Γi ≡ Γi
ren, in order to emphasize that it is completely renormalized.
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the consistency of the theory, the theory must be abandoned. The later Section 6.2.3 will
provide a detailed discussion of the symmetry restoration using finite counterterms.

On the other hand, the finite counterterms can also be used in order to fulfil certain
renormalization conditions. In general, the choice of the finite counterterms (beyond sym-
metry restoration) is called a renormalization scheme. Popular examples of renormalization
schemes are on-shell or (modified) minimal subtraction schemes. In the present review we
will not further discuss renormalization schemes. For textbook-level discussions of this
important topic we refer to the books by Böhm/Denner/Joos and Srednicki [34,35].8

Finally, we reiterate that we only sketched the general procedure and introduced the
notation, but we have not yet proven that this procedure actually works. This will be
performed in the later Sections 5 and 6, and it is exemplarily illustrated in Section 7 for the
case where finite symmetry-restoring counterterms are required.9

3.2. Integrals in D Dimensions

In this subsection, we will discuss momentum integrations in DReg. As explained
above, in DReg, we replace four-dimensional spaces by formally D-dimensional ones.
In this way, all integrals become formally D-dimensional, and we can schematically write
for the loop integration measure:

∫ d4k
(2π)4 → μ4−D

∫ dDk
(2π)D , (114)

where μ denotes a new, artificial mass scale, the dimensional regularization scale. Though
the basic idea [1–3] is simple, care is needed to avoid incorrect or inconsistent results.
After the first detailed discussions in Reference [22,61,62], very systematic definitions and
analyses of D-dimensional integrals were given by Breitenlohner and Maison [4] and by
Collins [63].

3.2.1. Quasi-D-Dimensional Space

Before discussing integrals, we discuss the simpler concept of a D-dimensional space.
Let us denote the original four-dimensional Minkowski space as 4S and the formal, or quasi-
D-dimensional space as QDS. The question is which properties QDS can have and what its
relationship to the original space 4S can be.

Clearly, even on the regularized level, we need the usual properties of linear combina-
tions. If two momenta pμ and qμ are elements of QDS, then also apμ + bqμ is an element
of QDS for any real or complex a and b, with the usual properties of linear combinations.
Hence, QDS must constitute a proper mathematical vector space. However, there do
not exist mathematical vector spaces with dimensionality D if D is a non-integer real or
complex number.

8 Although the main focus of the review is on the renormalization of Green functions, we provide here a
remark on the extraction of physical S-matrix elements via LSZ reduction as mentioned in Section 2.4. LSZ
reduction involves the need for so-called wave function renormalization, which ties in with the discussion of
finite counterterms and renormalization schemes. In order to obtain properly normalized S-matrix elements,
Green functions need to be divided by

√
zi for each external line, where zi is the residue of the corresponding

two-point function at the pole corresponding to the rest mass of the considered external particle i. This may
be automatically achieved by choosing an on-shell renormalization scheme for renormalized fields, where
all such residues are equal to unity; see, e.g., the discussion in Reference [34]. If a different renormalization
scheme is chosen, the wave function factor

√
zi may be different from unity and needs to be explicitly taken

into account, such as in the scheme proposed in Reference [60] for the electroweak Standard Model. In practical
computations in DReg, it is actually often possible to carry out the renormalization program only partially,
such that quantum fields remain unrenormalized and the residue factors

√
zi remain divergent. After LSZ

reduction and proper wave function renormalization, nevertheless finite and correct S-matrix elements can
be obtained.

9 In textbooks and in practical computations, counterterms are often obtained by applying a so-called renor-
malization transformation onto the tree-level action. Section 4.3 and, in more generality, Section 6.1 will also
explain under which conditions this procedure is possible.

141



Symmetry 2023, 15, 622

The crucial observation [61] is that, on the regularized level, we need to accept that
arbitrary sets of momentum vectors may have to be treated as linearly independent. Hence,
we need to accept that QDS must actually be an infinite-dimensional vector space. Corre-
spondingly, what we call D-dimensional momentum vectors are actually elements of QDS
with infinitely many components (of course, in the case of physical momenta, only four of
them will be nonzero). It turns out to be possible to define objects and operations on QDS
with the desired properties, which resemble D-dimensional behavior, justifying the name
quasi-D-dimensional space.

An important consequence for practical applications is that the original space 4S is
always a subspace of QDS:

4S ⊂ QDS , (115)

regardless of whether D > 4, or D < 4, or D is complex, assuming the opposite relation
leads to mathematical inconsistencies, which will be discussed in the context of dimensional
reduction below in Section 3.5.

3.2.2. Properties of D-Dimensional Integrals

Now, we turn to integrals over functions of vectors defined on QDS. Clearly, the plethora
of successful calculations and available multi-loop techniques (see, e.g., the book [64]) pro-
vides ample evidence of the existence of D-dimensional integrals and of the consistency of
their evaluations. Still, as stressed in Reference [63], it is important to establish the existence
of D-dimensional integrals in general and to prove the uniqueness of the results. In the
literature, different constructive definitions have been proposed. Here, we will describe the
construction by Collins [63], which extends the earlier work by Wilson [61].

We begin by listing important properties of D-dimensional integration given in
Reference [63]. It is generally sufficient to discuss the case of the Euclidean metric. D-
dimensional Minkowski spacetime can then be treated as one fixed time dimension com-
bined with (D − 1)-dimensional Euclidean space, and in quantum field theory applications,
Minkowski space integrals can be converted to Euclidean space integrals via Wick rotation.
Depending on the context, either Minkowski space or Euclidean space notation can be more
convenient. For the following integrals, we assumed Euclidean space, with the Euclidean
metric for scalar products of vectors:

Property (a) Linearity: for all functions f1,2 and coefficients a, b:∫
dDk

(
a f1(�k) + b f2(�k)

)
= a

∫
dDk f1(�k) + b

∫
dDk f2(�k) . (116)

Property (b) Translation invariance: for all vectors �p ∈QDS:∫
dDk f1(�k + �p) =

∫
dDk f1(�k) . (117)

Property (c) Scaling: for all numbers s,∫
dDk f1(s�k) = s−D

∫
dDk f1(�k) . (118)

Property (d) The D-dimensional Gaussian integral in D-dimensional Euclidean metric has
the value: ∫

dDke−�k
2
= πD/2 . (119)
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Using D-dimensional spherical coordinates to evaluate this rotationally symmetric
integral,

∫
dDk →

∫
dD−1Ω

∫ ∞
0 dkkD−1e−k2

, implies the result for the surface of a
D-dimensional sphere:

ΩD ≡
∫

dD−1Ω =
2πD/2

Γ(D/2)
(120)

which depends on the well-known Γ-function defined as Γ(z) =
∫ ∞

0 tz−1e−tdt for
Re(z) > 0 and by analytic continuation otherwise.

Remark: Properties a, b, c, and d may also be viewed as axioms on the integration. Taken
together, they uniquely fix the integration [61].

Property (e) Commutation with differentiation:

∂

∂�p

∫
dDk f1(�k,�p) =

∫
dDk

∂

∂�p
f1(�k,�p) . (121)

Property (f) Partial integration: The previous equation, together with translation invari-
ance (117), implies the possibility for partial integration:∫

dDk
∂

∂�k
f1(�k) = 0 . (122)

Property (g) Two different integrations can be interchanged:∫
dD p

∫
dDk f (�p,�k) =

∫
dDk

∫
dD p f (�p,�k) . (123)

Property (h) If an integral is finite in four dimensions, the D-dimensional version is ana-
lytic in a region for D around D = 4 and in the external momenta, and it reproduces
the original value for D = 4.

Remark: The explicit construction of References [61,63] guarantees the existence of the
D-dimensional integration and allows establishing general properties. Uniqueness
together with existence implies “consistency” in the sense that one initial expression
in DReg will always lead to one unique final expression, no matter how and in which
order the calculational steps are organized.

3.2.3. Uniqueness and Construction of D-Dimensional Integrals Using Parallel and
Orthogonal Spaces

For the full proofs of the properties listed above and for further properties, we refer to
Reference [63]. In the following, we summarize the uniqueness proof and then sketch the
integral constructions of References [61,63].

We begin with the uniqueness of the D-dimensional integral. It is sufficient to assume
the Euclidean metric, such that scalar products are given by �p ·�k = p1k1 + p2k2 + . . . for D-
dimensional vectors �p,�k. Reference [61] starts from the observation that any function of the
form f (�p1 ·�k, . . . ,�pn ·�k,�k2) can be obtained from suitable combinations of the derivatives
of the generating function:

g(s,�p,�k) ≡ e−s�k2+�p·�k . (124)

Indeed, derivatives with respect to �p and s generate arbitrary polynomials in all
components of �k and �k2, multiplied by g(s,�p,�k). Ignoring convergence questions, any
function can be sufficiently approximated in this way.
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Using linearity (116), it is sufficient to prove the uniqueness of the integral over the
generating function g(s,�p,�k). Using translation invariance to complete the square, scaling,
and the D-dimensional Gaussian integral, we obtain∫

dDkg(s,�p,�k)
(117)
=

∫
dDke−s�k2+�p2/4s (125a)

(118)
= s−D/2e�p

2/4s
∫

dDke−�k
2

(125b)

(119)
= s−D/2e�p

2/4sπD/2 . (125c)

The integral over the generating function is uniquely fixed given the four proper-
ties (116)–(119), establishing the general uniqueness of the integral.

Now, we sketch the D-dimensional integral construction proposed by
References [61,63]. Suppose the function f (�p1 ·�k, . . .�pn ·�k,�k2) is to be integrated over�k,
and we take seriously that all these vectors are elements of QDS, which is actually infinite-
dimensional. The result will depend on the n “external momenta” �p1 . . .�pn, and these span
a subspace, which is at most n-dimensional. The basic idea is then that the space of all�k
can be split into a “parallel” space and an “orthogonal” space. The parallel space is defined
such that it contains all n external vectors �p1 . . .�pn. It has a finite, integer dimensionality
np. Once the parallel space is fixed, we can uniquely decompose any loop momentum and
its scalar products as

�k =�k‖ +�k⊥ �pi ·�k = �pi ·�k‖ �k2 =�k2
‖ +�k2

⊥ . (126)

For this reason, the�k dependence of the integrand may be abbreviated as

f (�p1 ·�k, . . .�pn ·�k,�k2) ≡ f (�k‖,�k2
⊥) , (127)

i.e., the�k dependence is separated: the vector�k‖ appears explicitly, but it is an element of
a finite-dimensional vector space where ordinary integrals are defined. The orthogonal
components appear only as the square�k2

⊥. This is the crucial simplification, which allows
the two-step definition, where first, the integral is split as∫

dDk f (�p1 ·�k, . . .�pn ·�k,�k2) ≡
∫

dnp k‖
∫

dD−np k⊥ f (�k‖,�k2
⊥) (128)

and second, the D − np-dimensional integral on the right-hand side is defined via spherical
coordinates, using Equation (120):∫

dD−np k⊥ f (�k‖,�k2
⊥) ≡ ΩD−np

∫ ∞

0
dkkD−np−1 f (�k‖, k2) . (129)

In these two steps, the original D-dimensional integral is defined in terms of a series of
ordinary integrals in one dimension and in np dimensions. The effect of the regularization
becomes manifest with the D-dependence in the exponent, which governs the behavior of
the integrand at large k and at small k. If the function f has at most a power-like divergence
at large/small k, there is a range of D for which the k-integral is well defined. Its value for
arbitrary D is then defined by analytical continuation.

Reference [63] provides detailed discussions of the independence of the choice of the
parallel space and its dimensionality np, of the analytical continuation in the variable D,
and of more general integrals.
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We will now discuss the computation of such integrals with two examples, which will
illustrate several important general points. The examples are (we, again, work in Euclidean
space and use a dimensionless integration variable�k)

Iall(D) =
∫

dDk�k2δ(�k2 − 1) , (130a)

I1(D) =
∫

dDkk2
1δ(�k2 − 1) . (130b)

Both integrals only depend on the dimensionality D. In both cases, we essentially
integrate over the surface of the unit sphere, in the first case multiplied by�k2 and in the
second case multiplied by k2

1. Since no direction is special, the second integral would not
change if we replaced k2

1 by any other k2
i with a fixed index i. We will discover a useful

relationship between the two integrals.
The first integral may immediately be computed by treating the entire�k as�k⊥. We can

apply the definition (129) and evaluate the integral as

Iall(D) =
ΩD

2
. (131)

For the second integral, we treat the first component as special and align the parallel
space along this first component (the explicit component k1 might also be regarded as the
scalar product �p ·�k with a vector that happens to be �p = (1, 0, 0, . . .)). Then, the integral
becomes by definition

I1(D) =
∫ ∞

−∞
dk1k2

1

∫
dD−1k⊥δ(�k2

⊥ − (1 − k2
1)) . (132)

The D − 1-dimensional integral is now of the same type as Iall except in reduced di-
mensionality, and it is only nonzero if |k1| ≤ 1. Applying standard substitutions, we obtain

I1(D) =
∫ 1

−1
dk1k2

1
ΩD−1

2
(1 − k2

1)
(D−3)/2 . (133)

The remaining integral can be related to the definition of the Beta function
B(3/2, (D − 1)/2) by the substitution x = k2

1, and the result is

I1(D) =
ΩD−1

2
Γ(3/2)Γ(D/2 − 1/2)

Γ(D/2 + 1)
. (134)

As announced, these results illustrate important general points:

• The result (134) can be simplified by using the explicit result Γ(3/2) =
√

π/2, the re-
cursion relation zΓ(z) = Γ(z + 1), and the explicit result for ΩD in Equation (120).
After simplification, we obtain

I1(D) =
ΩD
2D

, (135)

where the (D − 1)-dimensional surface volume is replaced by the
D-dimensional one.

• As a result, we simply obtain the relation:

Iall(D) = DI1(D) , (136)

which agrees with the naive expectation from a D-dimensional space with D vector
components despite the construction of QDS as an infinite-dimensional vector space.
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• These two integrals Iall and I1 and their relationships will allow defining metric tensors
on the quasi-D-dimensional space QDS with appropriate properties resembling D-
dimensional behavior.

• Similar relationships are also the essence of the proof of the independence of the choice
of the parallel space in defining the integrals [63].

3.2.4. Construction of D-Dimensional Loop Integrals via Schwinger Parametrization

In addition to the integral construction via parallel and orthogonal spaces, we also
sketch a second way to construct D-dimensional integrals. This second way was carried
out and used, in particular, in References [4,22]. It also realizes the four basic properties
of linearity, translation invariance, scaling, and the generalization of the Gaussian inte-
gral (116)–(119), but otherwise, it is formulated specifically for loop integrals in Minkowski
space quantum field theory. It is based on the well-understood Schwinger parametrization,
which has been developed for arbitrary loop integrals and used, e.g., in BPHZ renormal-
izability proofs in References [65–67] and in the context of analytical regularization [68].
For general accounts, see also the books [64,69]. We present here, first, a simple example
and, then, indicate the general case.

The example is a standard one-loop two-point function with loop integrand

i2ei(uμ
1 (k+p)μ+uμ

2 kμ)

[(k + p)2 − m2 + iε][k2 − m2 + iε]
≡ i2ei(uμ

1 (k+p)μ+uμ
2 kμ)

D1D2
(137)

with loop integration momentum k and external momentum p, two equal masses, and the
customary +iε prescription. We also allowed for a generating function in the numerator
similar to Equation (124) with two vector-like parameters uμ

1 , uμ
2 such that the derivatives

at u1,2 = 0 can generate arbitrary polynomials of propagator momenta in the numerator.
The Schwinger parametrization, or α-parametrization, uses the following replacement for
generic propagators:

1
[p2 − m2 + iε]ν

=
1

iνΓ(ν)

∫ ∞

0
dααν−1ei(p2−m2+iε)α , (138)

which is derived by substitution and by using the definition of the Γ function. In this way,
the integrand (137) becomes∫ ∞

0
dα1dα2ei(D1α1+D2α2)ei(u1·(k+p)+u2·k) (139)

and the appearing exponent is a quadratic polynomial in the loop momentum which, up to
the factor i, can be written as10

k2M + 2kμ Jμ + K + K′ , (140)

or, by completing the square, as

k′2M − J2M−1 + K + K′ , (141)

10 Note that in this particular case, the quantity M is a number, while in the general case of multiloop integrals
M will be a matrix.
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with

k′μ = kμ + M−1 Jμ , (142a)

M = α1 + α2 , (142b)

Jμ = pμα1 +
1
2
(u1 + u2)μ , (142c)

K = p2α1 + u1 · p , (142d)

K′ = (iε − m2)(α1 + α2) . (142e)

Using this rearrangement in the exponent, the loop integral over k becomes essentially
a Gaussian integral over eik′2 M. Using translation invariance and the scaling property (117)
and (118) and employing the Minkowski metric, we obtain

∫ dDk
(2π)D ei(k′2+iε)M = (4π)−D/2i1−D/2M−D/2 . (143)

The previous steps transform the integrand (137) into a product of a purely Gaussian
integrand and a remainder, which does not depend on the integration momentum. This
leads to the following definition:

∫ dDk
(2π)D

i2ei(u1·(k+p)+u2·k)

D1D2
=(4π)−D/2i1−D/2

×
∫ ∞

0
dα1dα2M−D/2ei(−J2 M−1+K+K′) . (144)

In this way, the D-dimensional integral is defined in terms of two standard integrals
over α1,2. The integrand depends on α1,2 via the exponential function and via the term
M−D/2, where the D dependence enters.

This example can be generalized to arbitrary loop integrals, and it may be generalized
to numerator polynomials in the integration momentum. We provide here the result for the
general case of a 1PI graph G with L loops, loop momenta ki, I internal lines with momenta
�k, a generating function with parameters uk, and a derivative operator Z(−i∂/∂u) with
respect to all the uk in the numerator (see, e.g., [4,64]):

TG =
∫

dDk1 . . . dDkLZ(−i∂/∂u)
iI eiuk ·�k

D1 . . . DI

∣∣∣∣∣
u=0

. (145)

Selecting specific choices of the operator Z and setting u = 0 after taking the derivative
produce specific numerators. Going through similar steps as before, the integrand can be re-
arranged into the form of pure Gaussian integrals, leading to the result and D-dimensional
definition:

TG = cL
D

∫ ∞

0
dα1 . . . dαI Z(−i∂/∂u)U−D/2eiW

∣∣∣∣∣
u=0

, (146a)

cD = i1−D/2(4π)−D/2 . (146b)

By definition, the variables u have to be set to zero before performing the α integration.
The formula clearly corresponds to the one-loop example, where L = 1, I = 2, and Z = 1, and

U = M = α1 + α2 , (147a)

W =
p2α1α2 − α1u2 · p + α2u1 · p − 1

4 (u1 + u2)
2

U + K′ . (147b)

In the general case, the quantities in the result (146a) have the following properties:
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• U is the so-called Symanzik polynomial in the αs of degree L. All its terms have a
unity coefficient; hence, inside the α-integration range, U is positive.

• The ultraviolet divergences (including subdivergences) of the original loop integral are
mapped to the singularities of the α integrals at small α. As some of the αs approach
zero, U vanishes with a certain power-like behavior, depending on the original power
counting of the Feynman diagram. The D-dependence of U−D/2 then effectively
regularizes the divergences.

• The exponent W is a rational function in the αs and depends on the external momenta,
the masses, and the uk variables.

The definition of the general loop integral (145) via Equation (146a) provides not
only a second constructive definition of D-dimensional integration (which is of course
equivalent to the one in Section 3.2.2 thanks to the uniqueness theorem), but it also provides
a starting point for practical computations and allows rigorous proofs of renormalizability
and further renormalization properties [4,22].

For completeness, we present here briefly the full computation of the one-loop exam-
ple (144) for the scalar numerator case where u1,2 = 0. With the substitutions α = α1 + α2
and β = α1/α, we obtain

(144) = (4π)−D/2i1−D/2
∫ ∞

0
dα
∫ 1

0
dβα1−D/2e−iαQ(β) (148)

with

Q(β) = −p2β(1 − β) + m2 − iε . (149)

The α-integration is given by the Γ function up to a substitution, so we obtain the final
expression:

(144) = −i(4π)−D/2Γ(2 − D/2)
∫ 1

0
dβQ(β)D/2−2 , (150)

which is the well-known one-dimensional integral representation of the result.

3.3. Metric Tensors, γ Matrices, and Other Covariants in D Dimensions

In this subsection, we will discuss covariant objects used in DReg calculations, such
as momentum vectors kμ, vector fields Aμ(x), γμ-matrices, and the metric tensor gμν. We
first provide a summary of the basic properties, which are often sufficient in practical
calculations. Afterwards, we will give details on the explicit construction of the required
objects on the quasi-D-dimensional space QDS. As in the case of integrals, the explicit
construction is important to guarantee the consistency of the calculational rules.

In the context of Equation (115), we have seen that the original four-dimensional
Minkowski space is necessarily a subspace of QDS. Hence, strictly four-dimensional objects
always exist in addition to the quasi-D-dimensional ones, and we will discuss the relevant
relationships. At the end of the subsection, we will discuss the objects γ5 and εμνρσ, which
are tied to strictly four dimensions.

3.3.1. Properties of D-Dimensional Covariants and γ-Matrices

We begin with the main properties that can be used in the calculations:

• Vectors or more general objects Xμ on QDS with upper indices such as kμ, Aμ(x), γμ,
and gμν can be defined by the explicit values of their components. The index μ takes
infinitely many values and runs from 0, 1, 2, . . . to infinity.

• Indices can be lowered and raised with the D-dimensional metric tensor gμν and
gμν as

Xμ = gμνXν Xμ = gμνXν . (151)
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We reiterate that we used a mostly minus metric.
• The D-dimensional metric tensor with a mostly minus signature satisfies the expected

relations:

gμν = gμν =

⎧⎨⎩
+1 for μ = ν = 0
−1 for μ = ν = 1, 2, . . .
0 forμ �= ν

(152a)

gμνgμν = D . (152b)

These two relations extend the most-important and -obvious properties of the metric
tensor to D dimensions. They, however, seem contradictory since the indices take
infinitely many values, and naively, one might expect the contraction in the second
equation to diverge. The solution is to regard a contraction with the lower index
gμν as a linear mapping, acting on upper index quantities, instead of defining it
via summation over explicit index values. Below, we show in detail how this idea
reconciles the two equations (152) and gives meaning to general lower index quantities.

• Contraction with gμν commutes with D-dimensional integration, as, e.g., in

gμν

∫
dDkkμkν f (k) =

∫
dDkgμνkμkν f (k) =

∫
dDkk2 f (k) , (153)

and if a tensor Tμν has only a finite number of nonvanishing entries, the expected
result with an explicit summation is obtained:

gμνTμν =
∞

∑
μ,ν=0

gμνTμν = T00 −
∞

∑
i=1

Tii . (154)

• The γμ-matrices may also be defined on QDS, i.e., for μ = 0, 1, 2, . . . up to infinity,
such that they satisfy the basic relations:

{γμ, γν} = 2gμν
� , γμγμ = D� . (155)

A representation exists that satisfies the same relations for complex conjugation,
Hermitian conjugation, and charge conjugation as the ones of Equations (21) also for
all μ. Hence, it is also possible to define spinors on QDS and to use the definitions (22)
for adjoint and charge-conjugated spinors in D dimensions.
As a result, the following relations hold for bilinear expressions of anticommuting
spinors on QDS:

ψ̄1Γψ2 = ψC
2 ΓCψC

1 with ΓC = −CΓTC (156a)

(ψ̄1Γψ2)
† = ψ̄2Γψ1 with Γ = γ0Γ†γ0 (156b)

and

{1, γ5, γμ, γμγ5}C = {1, γ5,−γμ,−γ5γμ}, (157a)

{1, γ5, γμ, γμγ5} = {1,−γ5, γμ,−γ5γμ}. (157b)

For more details on the γ5 matrix, see Section 3.3.3.
• The quasi-D-dimensional space actually is infinite-dimensional and, hence, contains

the original four-dimensional Minkowski space, as expressed in Equation (115).
On the level of covariants, we therefore can define the purely 4-dimensional metric
tensor ḡμν by the 4-dimensional entries ḡ00 = −ḡii = +1 for i = 1, 2, 3 and ḡμν = 0
in all other cases. This tensor acts as a projector on the original Minkowski space.
It also allows defining a complementary projector, the metric tensor of the (D − 4)-
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dimensional complement as ĝμν = gμν − ḡμν. In summary, all these tensors satisfy the
following equations:

D-dim. : gμν = ḡμν + ĝμν 4-dim. : ḡμν (D − 4)-dim. : ĝμν (158)

with the dimensionalities expressed by

gμνgμν = D , ḡμν ḡμν = 4 , ĝμν ĝμν = D − 4 (159)

and the following contraction rules, expressing the projection and subspace relationships:

ḡμν ḡνρ = ḡμνgνρ = gμν ḡνρ = ḡ ρ
μ , (160a)

ĝμν ĝνρ = ĝμνgνρ = gμν ĝνρ = ĝ ρ
μ , (160b)

ḡμν ĝνρ = ĝμν ḡνρ = 0 . (160c)

• Since the metric tensors ḡμν and ĝμν act as projectors on the four-dimensional and
(D − 4)-dimensional subspaces, we can generally decompose any vector Xμ as

Xμ = X̄μ + X̂μ X̄μ = ḡμ
νXν X̂μ = ĝμ

νXν , (161)

such that, e.g., squares and scalar products behave as

X2 = X̄2 + X̂2 XμYμ = X̄μȲμ + X̂μŶμ X̄μŶμ = 0 . (162)

Similar relationships can be defined for tensors in obvious ways.
• As in Equation (161), we can define four-dimensional and (D − 4)-dimensional ver-

sions γ̄μ and γ̂μ, respectively, which satisfy

{γμ, γ̄ν} = {γ̄μ, γ̄ν} = 2ḡμν
� γμγ̄μ = γ̄μγ̄μ = 4� , (163a)

{γμ, γ̂ν} = {γ̂μ, γ̂ν} = 2ĝμν
� , γμγ̂μ = γ̂μγ̂μ = (D − 4)� , (163b)

{γ̄μ, γ̂ν} = 0 , γ̄μγ̂μ = 0 . (163c)

Traces of γ-matrices are defined such that

Tr(�) = 4 Tr(γμ) = 0 . (164)

With these relations, all other traces of products of γ-matrices can be calculated.
• The properties of γ5 and εμνρσ are discussed below in Section 3.3.3.
• Generally, objects (covariants or operators) that vanish in purely four dimensions are

called evanescent. Examples of evanescent objects are all contractions with ĝμν such
as ĝμν itself, γ̂μ, or products such as γ̂μγ̂ν, γ̂μγ̄ν. Later, we will see that many objects
related to γ5 or related to Fierz identities are also evanescent.

3.3.2. Construction of D-Dimensional Covariants and γ Matrices

Now, we describe how objects may be defined that satisfy these relations. The main
difficulties are to define the lower index metric tensor and its contraction rules and the
γμ-matrices. We essentially follow Collins [63] in the construction of all these quantities.

As mentioned above, at first sight, it appears difficult to reconcile the different prop-
erties (152) of the D-dimensional metric tensor gμν. The basic idea is that, fundamentally,
tensors with lower indices can be viewed as multilinear forms, i.e., mappings of objects
with upper indices to numbers. In the case of infinite-dimensional vector spaces, it is
not always sufficient to specify their component values. For the Euclidean metric and
for a general tensor T with components Tij, Collins proposed the definition of δijTij as
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an abbreviation of a mapping δ(T). This mapping can be defined via a D-dimensional
integral [63]:

δijTij = δ(T) = A
∫

dDkTijkikjδ(�k2 − 1) (165)

with normalization constant A = DΓ(D/2)/πD/2. For the integration momentum, we
simply take ki = ki such that δijkikj =�k2. The crucial point is that, by definition, the index
contraction is performed before evaluating the integral. As a special case, the definition
also contains a definition of the individual components:

δij = A
∫

dDkkikjδ(�k2 − 1) . (166)

The calculations of the integrals in Equations (130) leading to Equation (136) then
show that

δijδij = D , (167a)

δij = δij . (167b)

The first of these relations demonstrates the effective D-dimensional behavior of the
metric tensor, and the second holds componentwise and shows that the individual compo-
nents have the usual values. However, the equations also show, again, that contraction with
δij is not defined by summation over explicit component values, but via the integral (165),
where contraction and integration cannot be interchanged. Clearly,

∞

∑
i,j=1

δijδij = ∞ (168)

in contrast to the correct Equation (167a).
By treating the space-like components of gμν analogously to the definition of δij

discussed above, it is clear that we can define a metric tensor that indeed fulfills the
announced Equations (152). General tensor contractions of the form Tμνgμν are defined
via integrals such as Equation (165) and not via explicit summation over component
values; in general, summation over indices does not commute with integration (which
here defines contraction). The exception are cases of tensors with only a finite number
of nonvanishing components, in which case, Equations (152a) and (167b) immediately
establish the relation (154). In addition, the definition via an integral benefits from the
fact that different D-dimensional integrations can be interchanged; see Equation (123).
Therefore, gμν may be pulled inside or outside integrals as exemplified in Equation (153).
In this way, we established all desired properties of the D-dimensional metric tensor by
explicit construction.

Next, we discuss the construction of γμ-matrices that satisfy the formally
D-dimensional relations (155). We define them similarly to Reference [63]. We start
from any standard representation for the usual four-dimensional γμ-matrices such as the
representation (24) and denote these 4 × 4-matrices now as γ

μ

[4], μ = 0, 1, 2, 3. The usual

four-dimensional γ5-matrix is now denoted as γ[4]5 = iγ0
[4]γ

1
[4]γ

2
[4]γ

3
[4]. We assumed a

representation such as (24) in which the properties (21) hold, such that only γ2 is imaginary
and all others are real.

151



Symmetry 2023, 15, 622

Then, the formally D-dimensional γμ-matrices can be defined as infinite-dimensional
block matrices. Adapting the construction of Reference [63], we first set for μ = 0, 1, 2, 3

γμ =

⎛⎜⎜⎜⎝
γ

μ

[4] 0 0 · · ·
0 γ

μ

[4] 0 · · ·
0 0 γ

μ

[4] · · ·
. . .

⎞⎟⎟⎟⎠ (μ = 0, 1, 2, 3) , (169)

where each entry corresponds to a 4 × 4 submatrix. To construct γμ with μ > 3, we define
the intermediate matrices γ̂(4k) by

γ̂(4) = γ[4]5 γ̂(4k+1) =

⎛⎜⎜⎜⎝
γ̂(4k) 0 0 0

0 −γ̂(4k) 0 0
0 0 −γ̂(4k) 0
0 0 0 γ̂(4k)

⎞⎟⎟⎟⎠ (k ≥ 1) . (170)

In this way, γ̂(4k) is a real, Hermitian, 4k-dimensional matrix, which consists of ±γ[4]5-
blocks on the diagonal and which satisfies (γ̂(4k))

2 = 1. Using these matrices, we define,
for any μ ≥ 4, the 22μ+1-dimensional real, anti-Hermitian block matrix:

γ
μ

(2(2μ+1))
=

(
0 γ̂(4μ)

−γ̂(4μ) 0

)
(μ ≥ 4) (171)

and finally, the infinite-dimensional block matrix:

γμ =

⎛⎜⎜⎝
γ

μ

(22μ+1)
0 . . .

0 γ
μ

(22μ+1)
...

. . .

⎞⎟⎟⎠ (μ ≥ 4) . (172)

The γμ-matrices defined in Equations (169) and (172) satisfy all properties announced
in Section 3.3.1; with the exception of the commutation relations of γ5 (see below), these are
identical to the purely four-dimensional properties listed in Equations (16), (19), (21) and (22).

We note that the construction of Reference [63] is different in that the Hermitic-
ity/reality/charge conjugation properties of the γμ-matrices are different from Equation (21).
Our construction corresponds essentially to a subset of the γμ-matrices of Reference [63].

3.3.3. Definition of γ5 and εμνρσ in DReg

A particularly problematic issue is the definition γ5 and the εμνρσ symbol in DReg;the
issue is often referred to as the “γ5-problem of DReg”. In four dimensions, three properties
hold for the γ5-matrix and traces:

{γ5, γμ} = 0, (173a)

Tr(γ5γμγνγργσ) = −4iεμνρσ, (173b)

Tr(Γ1Γ2) = Tr(Γ2Γ1) . (173c)

The last equality means that the traces are cyclic. In D �= 4 dimensions, it is inconsistent
to require these properties simultaneously, and one has to give up one of them. To exhibit
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the problem, we consider the trace tμ1...μ4 = Tr(γμ1 . . . γμ4 γ5) and employ the following
series of steps, making use of Equation (173).

Dtμ1...μ4 = Tr
(
γαγαγμ1 . . . γμ4 γ5

)
= Tr

(
(2γαgαμ1 − γαγμ1 γα) . . . γμ4 γ5

)
= . . .

= 8tμ1...μ4 + Tr
(
γαγμ1 . . . γμ4 γαγ5

)
= (8 − D)tμ1...μ4 . (174)

In the first step, the D-dimensional contraction rule is used, leading to the factor D;
in the intermediate steps, the γμ anticommutation rule is used four times, leading to the
factor of eight. In the last step, cyclicity and the anticommutation relation (173a) are used
to relate all terms to the initial trace. The outcome is that

(4 − D)tμ1...μ4 = 0 ; (175)

hence, either D = 4 or the trace must vanish. In other words, for D �= 4, two of the
Equations (173) imply that the third equation is wrong. In order to set up a consistent
regularization that allows a continuous limit to four dimensions, we need both D �= 4 and
a nonvanishing trace at the same time, and therefore, we need to give up the validity of
some of the Equations (173).

As a result, there is a plethora of proposals for how to treat γ5. The standard one,
which is known to be mathematically well-defined and consistent, is the so-called BMHV
scheme [1,4]. This scheme gives up the anticommutation property of γ5; it is consistent
in the sense that it is compatible with the unitarity and causality of quantum field theory,
but it does not manifestly lead to the correct conservation/non-conservation properties of
currents and does not manifestly preserve the gauge invariance of chiral gauge theories.

In the BMHV scheme, γ5 is defined in the identical way as in four dimensions:

γ5 = iγ0γ1γ2γ3 . (176)

This clearly treats the first, original four dimensions differently from the remaining
(D − 4) dimensions. Accordingly, we obtain the modified anticommutation relations:

{γμ, γ5} = {γ̂μ, γ5} = 2γ̂μγ5 , (177a)

{γ̄μ, γ5} = 0 , (177b)

[γ̂μ, γ5] = 0 , (177c)

where, as in Equation (163), the split γμ = γ̄μ + γ̂μ into the four-dimensional and (D − 4)-
dimensional parts was used. Only the original matrices γ̄μ fully anticommute with γ5.
In this way, D-dimensional Lorentz invariance is effectively broken by the regularization.
Similarly, this modification leads to a breaking of gauge invariance in chiral gauge theories
on the regularized level in DReg. This is clearly a drawback and a central topic of the
present review.

Similarly, the Levi-Civita εμνρσ symbol, defined as a fully antisymmetric object with
four indices, is only well defined in purely four dimensions. Hence, using the split notation,
we may write, as stressed in Reference [4],

εμνρσ = ε̄μνρσ , ε̂μνρσ = 0 , (178)

and rewrite the definition of γ5 as

γ5 = − i
4!

ε̄μνρσγ̄μγ̄νγ̄ργ̄σ , (179)
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with the sign convention:

ε0123 = −ε0123 = +1 , (180)

which was already used in Equation (19). In practical computations, often, combinations of
two ε-symbols appear. The following four-dimensional identity remains valid:

ε̄μνρσε̄αβγδ = −ḡμ
α ḡν

β ḡρ
γ ḡσ

δ ± . . . (181)

where the dots denote 23 further similar terms leading to total antisymmetrization in
the indices. Some calculations, e.g., the prescription by Larin [70] propose to elevate this
identity to the level of D dimensions, i.e., to assume the validity of the corresponding
identity with formally D-dimensional metric tensors, i.e., effectively without the bars. Let
us remark that such a D-dimensional identity can ultimately lead to inconsistencies in the
sense that one initial expression could lead to different answers. To make this inconsistency
explicit, we denote the right-hand side of Equation (181) in D dimensions as pμνρσ

αβγδ. Then,
consider the product of four ε-symbols:

εμνρσεαβγδεμνρσεαβγδ . (182)

This can be evaluated in two ways with the two results:

either pμνρσ
αβγδ pαβγδ

μνρσ or pμνρσ
μνρσ pαβγδ

αβγδ . (183)

In strictly four dimensions, both expressions give 242 = 576, so there is no incon-
sistency. However, assuming the validity of these equations in D dimensions and using
D-dimensional metric tensors in the contractions, the two results are different:

either 24D(D − 1)(D − 2)(D − 3) or [D(D − 1)(D − 2)(D − 3)]2 . (184)

Hence, in an amplitude involving such contractions of ε-symbols, the result is am-
biguous, except for the leading poles in 1/(D − 4). For this reason, in a fully consistent
treatment, only the four-dimensional version of the identity (181) is valid [4].

In view of the drawbacks of the BMHV scheme, many alternative versions of DReg
have been proposed in the literature. For instance, Reference [14] proposed that a fully
anticommuting γ5 may be used in certain Feynman graphs, in spite of the inconsistency
between the Equation (173) mentioned above. Similarly, References [71,72] derived that, in
specific applications, the correct results can be also be obtained using simpler schemes with
anticommuting γ5. A well-known review of the situation was given by Jegerlehner [15],
where further arguments were presented that the “naive” anticommuting γ5 may be used
in many cases. Kreimer et al. [17] proposed a different kind of alternative to BMHV: out of
the three Equations (173), the cyclicity of the trace is given up, but the anticommutativity is
kept. In this case, special attention must be paid to “subdiagram consistency”, as described
in Reference [72]: “It should give unique results independently of whether some diagram
is considered as a subdiagram, and independently of the order in which subdiagrams
are calculated. Otherwise subdivergences could not be properly subtracted in multiloop
diagrams.” Reference [17] introduced so-called “reading-point” prescriptions to deal with
this difficulty.

All these alternative proposals have in common that their general applicability to
all cases has not been established; hence, the all-order proofs of the renormalizability
properties of, e.g., References [4,22,73,74] do not apply to them.

We also briefly comment on two recent investigations of the γ5-problem in alternatives
to DReg. Reference [75] considered dimensional schemes in various slightly different
implementations (e.g., the so-called four-dimensional helicity (FDH) scheme discussed
in more detail below in Section 3.5) from the point of view of practical one- and two-
loop calculations. At the two-loop level, there is no single scheme that stands out as
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computationally most efficient. Reference [76] considered strictly four-dimensional schemes
as alternatives to dimensional regularization, in the hope that these schemes might offer
practical advantages with respect to the treatment of γ5. The considered class of schemes
is wide and general, but contains only schemes that do not break gauge invariance as
immediately as, e.g., the Pauli–Villars scheme. This reference showed clearly that all these
schemes have very similar problems for γ5 as dimensional schemes. The reason is that, in
those schemes, the regularization is essentially performed by replacement rules, and those
replacement rules do not necessarily commute with applying, e.g., the cyclicity of traces.

3.4. Relation to the Lagrangian in D Dimensions

This subsection is devoted to a seemingly simple statement, which, however, con-
stitutes another important advantage of DReg. DReg can already be formulated at the
level of the Lagrangian, and regularized Feynman diagrams can literally be obtained
from a D-dimensional version of the Gell–Mann–Low formula with a D-dimensional La-
grangian. This fact allows a very efficient investigation of the properties of regularized
Green functions. Examples are the all-order proof of the regularized quantum action prin-
ciple (see Section 4.2) and the textbook derivation of renormalization group β functions
and anomalous dimensions from divergences in the counterterm Lagrangian (see, e.g., the
textbook by Srednicki [35]).

The explicit construction of formally D-dimensional objects in DReg provides all
objects needed to formulate a D-dimensional Lagrangian. Fields φ(x) are defined as
functions of D-dimensional vectors xμ, i.e., of elements of the quasi-D-dimensional space
QDS. Metric tensors, derivatives, vector fields, and γ-matrices have all been extended
to D dimensions as well. The construction of γ-matrices implies also a definition of D-
dimensional extensions of four-spinor fields (which have infinitely many components in
view of Equation (169)). For this reason, any Lagrangian of a four-dimensional quantum
field theory involving such fields can be naturally extended to D dimensions.11

If a Lagrangian involves the γ5-matrix or the εμνρσ symbol, e.g., in the case of chiral
fermion interactions, an extension to D dimensions remains possible, but the D-dimensional
version involves, e.g., γ5 with its modified anticommutation relations (177). Hence, in
such cases, the resulting D-dimensional Lagrangian will not be invariant under formally
D-dimensional Lorentz transformations. This, however, does not preclude the application
of DReg. In particular, even in such cases, it remains true that four-dimensional Lorentz
invariance is manifestly preserved.

This issue illustrates a more general point. Though there is often a preferred choice,
the extension of any Lagrangian to D dimensions is, in principle, never unique. It is always
possible to change so-called evanescent terms in the Lagrangian, i.e., terms that vanish in four
dimensions. If γ5 is present, this possibility is obvious, e.g., a four-dimensional expression
ψ̄γμPLψ may be extended to the following three inequivalent D-dimensional choices:

ψγμPLψ , or ψPRγμψ , or ψPRγμPLψ . (185)

In four dimensions, these terms are all equal, but in D dimensions, they are different
due to the modified anticommutation relations. However, even independently of γ5, one
may extend, e.g., an interaction term between a vector and a scalar field as

φ† Aμ∂μφ , or φ† Āμ∂̄μφ , (186)

where the second possibility involves only the purely four-dimensional part of the derivative.

11 Unfortunately, the 2-component spinor notation described in Section 2.2.3 is not known to be extendable
to D dimensions since it is explicitely tied to the representation theory of the 4-dimensional Lorentz group.
2-component spinor Lagrangians need to be rewritten in terms of 4-component spinors before an extension to
D dimensions and an application of DReg becomes possible.
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Despite the non-uniqueness, clearly, any field theory Lagrangian can be extended to
a D-dimensional version. This Lagrangian L(D) can then be split into a free part and a
remainder (the “interaction” part):

L(D) = L(D)
free + L(D)

int , (187)

where the free part must be bilinear in the fields and contain the appropriate kinetic terms.
The non-uniqueness affects mainly the “interaction” part; a constraint we will always
impose is that the kinetic terms involve strictly D-dimensional derivatives. A reason for
this constraint will be illustrated below. It essentially fixes the “free” part of the Lagrangian,
such that we may schematically write the free Lagrangian as

L(D)
free =

1
2

φiD(D)
ij φj (188)

with some differential operator D(D)
ij involving D-dimensional derivatives. The notation

is meant in a general sense, including the familiar expressions for complex scalar fields,
spinor fields, or vector fields. Standard free field theory quantization then leads to the
D-dimensional propagators:

P (D)
jk = 〈0|Tφjφk|0〉 (189)

which are the Green functions of the differential operators, i.e., which satisfy the inverse relation:

D̃(D)
ij P̃ (D)

jk = iδik (190)

in momentum-space in D dimensions.
Let us exemplify these relations and highlight the related subtleties, e.g., for spinor

fields, we take the straightforward D-dimensional free Lagrangian ψ̄(iγμ∂μ − m)ψ ≡
ψ̄D(D)ψ, leading to the momentum-space propagator:

P̃ (D) = 〈0|Tψψ̄|0〉F.T. =
i

/p − m
=

i(/p + m)

p2 − m2 (191)

where F.T. denotes Fourier transformation of the respective expression (x-arguments are
suppressed); the argument of the Fourier transformation is the momentum p; all appearing
momenta are D-dimensional, and the +iε prescription in the propagator denominator is
suppressed. Such propagator Feynman rules lead to loop integrals such as the ones of
Section 3.2.4 and denominator structures as in the example (137). The propagator (191) is
indeed the inverse of the momentum-space differential operator of the Lagrangian:

D̃(D) = (/p − m). (192)

Taking instead the purely four-dimensional derivative ∂̄μ in the free Lagrangian would
lead to

〈0|Tψψ̄|0〉F.T =
i

/̄p − m
=

i(/̄p + m)

p̄2 − m2 , (193)

which involves only the purely four-dimensional momentum in the denominator. The prob-
lem of this choice is that loop integrals would not be regularized; hence, such a choice is not
permitted. Similarly, one may propose a recipe where Dirac propagators are regularized as

〈0|Tψψ̄|0〉F.T → i(/̄p + m)

p2 − m2 , (194)
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which involves the purely four-dimensional momentum in the numerator and the D-
dimensional momentum in the denominator. Such a recipe cannot arise from a D-dimensional
Lagrangian; it will not be used, and statements such as the regularized quantum action
principle would not necessarily be valid.

As illustrated by this example, the general D-dimensional relationships for the free
Lagrangian and the propagators (188)–(190) can always be realized; they will always be
assumed, and they are nontrivial.

Once the free Lagrangian is chosen in agreement with the mentioned constraint
and the interaction Lagrangian is fixed, D-dimensional regularized Feynman diagrams can
be defined via the standard Gell–Mann–Low formula, suitably written in D dimensions.
One way to write it is to take the original formula (67) and replace the integrations by D-
dimensional ones. In this case, the parameters and fields must have appropriately modified
dimensionalities; see, e.g., [77] for a presentation that makes extensive use of this possibility.
A second way is to write

Z(J, K) =
〈0|T exp

(
iμD−4

∫
dDx(L(D)

int + Jiφi + KiOi)
)
|0〉

〈0|T exp
(

iμD−4
∫

dDxL(D)
int

)
|0〉

, (195)

where the regularization scale μ is introduced such that the regularized Lagrangian has
mass dimension four. Either way, if the Gell–Mann–Low formula is evaluated via Wick con-
tractions and Fourier transformed, the correct DReg expressions for regularized Feynman
diagram amplitudes are obtained. The variant (195) also generates a factor μ4−D accompa-
nying each loop integration, as indicated by Equation (114).

As mentioned in the beginning, this relation between the Lagrangian and regular-
ized Feynman diagrams has important consequences, some of which we will discuss in
subsequent sections. Here, we remark that the present discussion allows the possibility
that the Lagrangian contains 1/(D − 4) poles in coefficients; in particular, the discussion is
unaffected if the interaction Lagrangian L(D)

int is defined to include counterterms that are
defined order by order to cancel divergences or to restore symmetries.

3.5. Variants: Dimensional Reduction and CDR, HV, and FDH Schemes

DReg as defined so far still leaves room for different options, and there are other vari-
ants of dimensional schemes that share the idea of D-dimensional integrals. Here, we give
a brief overview of several schemes used in the literature. The overview essentially follows
the review [5], and we refer to this review for more details and the original references.

We remark that the following distinction between the schemes does not have much
influence on the discussion of chiral fermions and the treatment of γ5 in DReg. The remarks
of Section 3.3.3 apply to all the following schemes, and different alternative treatments of
γ5 have been employed in the literature. In the following discussion, we focus on aspects
independent of γ5.

All the following schemes treat integrals always in D dimensions. They differ in their
treatment of vector fields. In order to consistently define the different schemes, it has
turned out to be useful [78,79] to introduce the following spaces extending the original four-
dimensional space 4S. In Section 3.2.1, we already introduced the quasi-D-dimensional
space QDS, on which objects such as formally D-dimensional momenta pμ and momentum
integrations are defined. The explicit construction showed that this space necessarily is
infinite-dimensional and contains the original space 4S. Now, we introduce an even bigger
space QDsS (later, Ds = 4 will be taken, so this is often called a “quasi-4-dimensional”
space). It contains QDS and is formally Ds-dimensional. The relationships are thus

4S ⊂ QDS ⊂ QDsS (196)

regardless of the values of D and Ds.
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Before describing the scheme definitions, we note that vector fields can appear in
different roles in Feynman diagrams:

• There are vector fields appearing in propagators in loop diagrams or as propagators
or external fields in phase space regions, which lead to infrared, soft, or collinear
singularities. We call such vector fields singular vector fields. They may be treated in
either 4S, QDS, or QDsS.

• All other vector fields appear outside of 1PI diagrams and outside singular phase
space regions. We call them regular , and they may be treated differently from singular
vector fields.

To motivate the concrete scheme choices, we further list two simple observations:

• Gauge invariance relies on the gauge covariant derivative Dμ, which combines the
ordinary derivative (which is always D-dimensional) and vector fields. In order not
to directly break gauge invariance on the regularized level, there should be at least a
fully D-dimensional covariant derivative. Hence, the singular vector fields should be
treated at least as D-dimensional.

• Supersymmetry relies on an equal number of fermionic and bosonic degrees of free-
dom. The number of spinor degrees of freedom is essentially fixed via Tr� = 4. Hence,
in order not to directly break supersymmetry, singular vector fields should be treated
as four-dimensional.

It appears difficult to reconcile the requirements of gauge invariance and supersym-
metry, and the different schemes are motivated by focusing on different aspects.

Now, we list the four schemes and refer to Table 1 for a summary:

• Dimensional regularization has two subvariants, called HV and CDR (’t Hooft/Veltman
and Conventional Dimensional Regularization). Both variants treat singular vector
fields as D-dimensional, i.e. in QDS. This is in line with D-dimensional gauge invari-
ance12 but leads to a direct breaking of supersymmetry. The HV scheme treats regular
vector fields without regularization, i.e. in 4S, and the CDR scheme treats all vector
fields in QDS. The space QDsS is not used.

• The other class of choices is dimensional reduction, originally introduced in the context
of supersymmetry [80]. It also has two subvariants, called FDH and DRED (four-
dimensional helicity scheme and dimensional reduction). Singular vector fields are
treated as Ds-dimensional, and in practical calculations, Ds is eventually set to Ds = 4.
Hence, singular vector fields are essentially treated as quasi-4-dimensional, but the
quasi-4-dimensional space contains the D-dimensional subspace, such that both gauge
invariance and supersymmetry are not immediately broken. FDH is analogous to HV

and treats regular vector fields as strictly four-dimensional, and DRED treats all vector
fields in QDsS.

Table 1. Treatment of singular and regular vector fields in the four different schemes. The table
indicates which metric tensor is to be used in propagator numerators and polarization sums. This
table is adapted from References [5,79].

CDR HV FDH DRED

singular vector
field g[D]

μν g[D]
μν g[Ds ]

μν g[Ds ]
μν

regular vector
field g[D]

μν g[4]
μν g[4]

μν g[Ds ]
μν

12 We stress again that here our definitions of the four schemes only refer to the treatment of vector fields. In prin-
ciple, in either scheme one would also have different options of treating γ5, of which the non-anticommuting
one is the most rigorous. The agreement with gauge invariance is meant on a superficial level. The existence of
a D-dimensional covariant derivative by itself does not prove the all-order preservation of gauge invariance,
and clearly gauge invariance of chiral gauge theories can be broken in dimensional schemes. For an example
rigorous statement on the preservation of gauge invariance see later Section 4.3.
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Technically, the schemes are expressed and summarized by Table 1 by specifying
which metric tensor is to be used in propagator numerators or in polarization sums for
squared matrix elements. In the table and in the remainder of this subsection, we use
a more explicit notation for metric tensors on the different spaces and use the symbols
g[dim]

μν, where dim denotes the respective space, i.e., dim = 4, D, Ds or dim = D − 4, Ds − D.
Our previous notation is rewritten as

ḡμν ≡ gμν

[4] , ĝμν ≡ gμν

[D−4] , gμν ≡ gμν

[D]
. (197)

The scheme differences for singular vector fields (which are sufficient for 1PI Green
functions) can be well explained by comparing the gauge covariant derivatives. In the CDR

and HV schemes, a generic covariant derivative is purely D-dimensional:

D[D]
μ = ∂[D]

μ + igA[D]
μ , (198)

and the regularized vector field A[D]
μ plays the role of a D-dimensional gauge field.

In contrast, a covariant derivative in the DRED and FDH schemes can be split as

D[Ds ]
μ = ∂[D]

μ + igA[D]
μ + ige A[Ds−D]

μ . (199)

From a D-dimensional spacetime point of view, only the part A[D]
μ acts as a D-

dimensional gauge and vector field. In contrast, the field components A[Ds−D]
μ are extra

fields that behave like scalar fields in D dimensions; they are often referred to as “ε-
scalars”. The behavior under renormalization reflects this difference, and in general, the
two coupling constants ge, g renormalize differently.

In practical calculations, it is often not required to write the covariant derivative
as explicitly as in Equation (199). Often, it is sufficient to set Ds = 4 and ge = g such
that the vector field in the covariant derivative in DRED and FDH behaves essentially
four dimensionally. If this is possible, it constitutes an advantage of these schemes.
Specifically in supersymmetric theories, the symmetry leads to g = ge. In general, however,
the split (199) is, in principle, always possible and, sometimes, required. In the literature,
the split was often useful to understand scheme behaviors, to resolve inconsistencies, and
to derive scheme translation rules (for some examples, see Reference [5]).

We now give a brief overview of the theoretical status of the DRED and FDH schemes.
For a more practical description with example calculations in all schemes, we refer to
Reference [5]. DRED was introduced with the goal to preserve supersymmetry on the
regularized level [80,81]. Over time, however, several inconsistencies were reported in the
literature. Reference [82] found a mathematical inconsistency in the simultaneous applica-
tion of four-dimensional and D-dimensional algebra. The inconsistency is very similar to
Equations (182) and (184). It turned out that the inconsistency is due to the assumption
that the D-dimensional space is a proper subspace of the original four-dimensional space.
If one distinguishes between the original 4-dimensional space and the quasi-4-dimensional
space QDsS and uses the relationships (196), the inconsistency is resolved [78].

An important result is the all-order equivalence between all the schemes [83,84] (the
proof was given for Green functions without infrared divergences and, hence, does not
distinguish CDR/HV or DRED/FDH). For this proof, the split (199) and the independent
renormalization of couplings such as ge and g are essential. In this way, another incon-
sistency reported in Reference [85] was resolved. In that reference, couplings such as ge
and g were always assumed to be identical, and it was shown that the unitarity of the
S-matrix can be violated at higher orders. This necessity of the split (199) and its role for
renormalization, finiteness, and unitarity has also been stressed and exemplified by explicit
calculations in References [86,87]. In summary, DRED is established as a fully consistent
and applicable regularization for UV divergences.

The scheme properties for infrared divergences have also been investigated, in partic-
ular focusing on the computation of real and virtual higher-order corrections to physical
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processes. In the context of such calculations, the different treatments of regular vector
fields become important. The schemes HV and, in particular, FDH are motivated by the
potential to carry out much of the algebra in strictly four dimensions, allowing, e.g., pow-
erful spinor and helicity methods. It was shown that the CDR, HV, and FDH schemes are
equivalent at the next-to-leading (NLO) level, and elegant scheme transition rules have
been derived [88–90]. In a parallel development, several references observed an apparent
inconsistency in DRED with infrared factorization [91–93]. The resolution of this inconsis-
tency [79,94] is, again, based on the observation that the split (199) and a separate treatment
of D-dimensional gauge fields and ε-scalars is, in general, necessary. Further higher-order
extensions of these analyses were presented in References [95–97].

As discussed in Reference [79], some of the described results were somewhat ob-
scured by the fact that different authors used different names for equivalent schemes
and, sometimes, the same names for different schemes: The schemes called DR (dimen-
sional reduction) in References [88–90] are actually equivalent to the FDH scheme [98], but
References [91–93] used the term dimensional reduction in the same sense as we define
DRED here.

Finally, we comment on the question of supersymmetry preservation. In dimensional
regularization (regardless of whether CDR or HV), the number of bosonic and fermionic de-
grees of freedom on the regularized level is different. This immediately leads to a violation
of supersymmetry relations already at the one-loop level. Dimensional regularization may
still be used, but specific finite supersymmetry-restoring counterterms have to be added to
the Lagrangian. Such counterterms were evaluated and documented in [99–101].

For dimensional reduction (DRED or FDH), many studies have confirmed the compat-
ibility with SUSY and the absence of non-SUSY counterterms. Overviews of the results
can be found, e.g., in References [78,83,84,102]. References [78,103] made clear that, in the
consistent versions of DRED/FDH, supersymmetry will eventually be broken. The reason is
that the regularized Lagrangian is formulated not in the actual four-dimensional space, but
in QDsS, where the Fierz identities do not hold. The quantum action principle in DRED [78]
then implies a supersymmetry breaking on the level of Green functions; the reasoning
applied in Reference [78] is essentially the same as the strategy described in the present
review for restoring gauge invariance in chiral gauge theories. Because of this general
statement, the supersymmetry of DRED must be investigated on a case-by-case basis, and it
has turned out that, for a large set of relevant multi-loop calculations, supersymmetry is
preserved [86,102,104,105].

4. Quantum Action Principle in DReg

If Green functions of a quantum field theory are defined via the path integral (68) or
the Gell–Mann–Low formula (67), the properties of Green functions clearly reflect the prop-
erties of the underlying Lagrangian. Example properties are the Ward or Slavnov–Taylor
identities already discussed in Sections 2.5 and 2.6, which reflect symmetry properties of
the Lagrangian.

This section is devoted to a related, but more general relationship—the so-called quan-
tum action principle, specifically the regularized quantum action principle in DReg. This is
a very useful relationship, allowing, e.g., rigorous derivations of Slavnov–Taylor identities
or their breakings. The quantum action principle might appear obvious or straightforward,
and sometimes, its validity is taken for granted. However, actually, its validity and also its
precise meaning depend on the chosen regularization and renormalization procedure. For
DReg, it was proven in [4] both on the regularized and on the renormalized level; the proof
was extended to the consistent version of dimensional reduction in Reference [78]. We re-
mark that there is also a regularization-independent quantum action principle, established
in the context of BPHZ-renormalization in References [106–111]. We will discuss it and its
relation to the regularized quantum action principle of DReg later in Section 6.2.

Here, in this section, we will begin with a formal derivation to motivate the statement,
to highlight its simplicity, and to fix its interpretation (Section 4.1). Then, we will present
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a full proof of the regularized quantum action principle in DReg (Section 4.2). Finally,
Section 4.3 will illustrate how to use this regularized quantum action principle to establish
symmetry properties.

4.1. Formal Derivation of the Quantum Action Principle

The quantum action principle is a simple relation between the properties of the
Lagrangian and the full Green functions. Here, we will present a formal derivation using
the path integral (allowing general dimension D):

Z(J, K) =
∫

Dφ ei
∫

dD x(L+Jiφi) , (200)

where possible composite operator terms coupled to sources K have been absorbed into the
Lagrangian L. Similar to Section 2.5, we consider a variable transformation:

φ → φ + δφ ; (201)

however, here, we do not assume that the action is invariant, but instead, we allow a
change of the Lagrangian:

L → L+ δL . (202)

By assuming the path integral measure to be invariant under the transformation, steps
analogous to the ones of Section 2.5 lead to

0 =
∫

Dφ

(∫
dDx i(δL+ Jiδφi)

)
ei
∫

dD x(L+Jiφi). (203)

This is the most-important basic version of the quantum action principle.
In an even simpler way, one may derive the following relations for derivatives with

respect to an external field K(x) or to a parameter λ appearing in the Lagrangian:

δZ(J, K)
δK(x)

=
∫

Dφ

(
δ

δK(x)

∫
dDx iL

)
ei
∫

dD x(L+Jiφi) , (204a)

∂Z(J, K)
∂λ

=
∫

Dφ

(
∂

∂λ

∫
dDx iL

)
ei
∫

dD x(L+Jiφi) . (204b)

These are further variants of the quantum action principle.
Similar to Section 2.5, it is instructive to rewrite the quantum action principle in

various ways. First, identities for explicit Green functions can be obtained by taking
suitable derivatives of the above identities with respect to sources J. In summary, the three
variants of the quantum action principle then read as follows:

• Variation of quantum fields: δ =
∫

dDxδφi(x) δ
δφi(x) .

i δ〈Tφ1 . . . φn〉 = 〈Tφ1 . . . φnΔ〉 , (205)

where Δ =
∫

dDx δL and the left-hand side is an abbreviation of Green functions
involving δφi as in Equation (89). Here, and generally in the present section, we use a
compact notation and suppress field arguments in a self-explanatory way such that,
e.g., φk ≡ φk(xk),

∫
dDxJiφi ≡

∫
dDxJi(x)φi(x), etc.

• Variation of an external (non-propagating) field K(x):

−i
δ

δK(x)
〈Tφ1 . . . φn〉 = 〈Tφ1 . . . φnΔ〉 , (206)

with Δ = δ
δK(x)

∫
dDxL.
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• Variation of a parameter λ:

−i
∂

∂λ
〈Tφ1 . . . φn〉 = 〈Tφ1 . . . φnΔ〉 , (207)

with Δ = ∂
∂λ

∫
dDxL.

An important further way to rewrite the quantum action principle is in terms of
the generating functional Γ. By suitable Legendre transformation and expressing δφ in
Equation (203) by derivatives with respect to sources K, we obtain, in particular, the form:

S(Γ) = Δ · Γ , (208)

where S(Γ) is a Slavnov–Taylor operator as in Equation (93) or (62) and where Δ = S
(∫

dDxL
)
.

Interestingly, this identity relates the Slavnov–Taylor identity for full Green functions on the
LHS with the Slavnov–Taylor identity for the action appearing in the path integral on the RHS.

4.2. Proof of the Quantum Action Principle in DReg

The derivation presented above is only heuristic because the path integral measure Dφ
was assumed to be invariant under the variable transformation. This is precisely the point
where the regularization and renormalization enter. Hence, the quantum action principle
has to be established separately for each regularization. Here, we consider what is called
the regularized quantum action principle in DReg and present its proof. The proof was
first given in Reference [4]; here, we follow the presentation of Reference [78], where the
proof was extended to dimensional reduction.

Put simply, on the regularized level in DReg, all identities presented above are literally
valid, provided all equations are interpreted as identities between Feynman diagrams
regularized in DReg in D dimensions. A possible interpretation of this validity is that DReg
provides a concrete perturbative definition of the path integral in which the measure is
invariant under all field transformations of the form (201).

For the proof, we focus on the most-basic and most-complicated case, Equation (203)
equivalently rewritten for explicit Green functions in Equation (205). All other identities
can be treated similarly. To precisely formulate the statement, we rewrite Equation (205)
as an identity of Feynman diagrams regularized in DReg. As stressed in Section 3.4, the
Feynman diagrams regularized in DReg can be obtained from the Gell–Mann–Low formula
in D dimensions. We call the regularized Lagrangian simply L, omitting the superscript
(D), and split it again as

L = Lfree + Lint , (209)

where Lfree determines the propagators in Feynman diagrams and Lint may contain terms
coupling composite operators to sources K; it may contain counterterms involving coeffi-
cients with 1/(D − 4) poles. Then, Equation (205) is rewritten as

n

∑
k=1

i 〈Tφ1 . . . (δφk) . . . φn exp
(
i
∫

dDxLint
)
〉 = 〈Tφ1 . . . φnΔ exp

(
i
∫

dDxLint
)
〉 (210)

with

Δ =
∫

dDx(δLfree + δLint) , (211)

where both sides of Equation (210) are to be evaluated via Wick contractions in dimensional
regularization. This is the statement that needs to be proven.
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Let us write down the three parts of Equation (210) at some specific order with N
powers of Lint. Each term on the left-hand side becomes

i
N!

〈
Tφ1 . . . (δφk) . . . φn (i

∫
dDx1Lint) . . . (i

∫
dDxNLint)︸ ︷︷ ︸

N factors

〉
(212)

and the term involving δLint on the right-hand side becomes

1
(N − 1)!

〈
Tφ1 . . . φn(

∫
dDxδLint) (i

∫
dDx1Lint) . . . (i

∫
dDxN−1Lint)︸ ︷︷ ︸

N − 1 factors

〉
(213)

For the term involving δLfree, the discussion of Section 3.4 is crucial. The free La-
grangian in DReg contains fully D-dimensional derivative operators and can be schemati-
cally written as Lfree = 1

2 φiD(D)
ij φj, such that δLfree = δφiD(D)

ij φj. Hence, the corresponding
term in Equation (210) becomes

1
N!

〈
Tφ1 . . . φk . . . φn(

∫
dDxδφiD(D)

ij φj)(i
∫

dDx1Lint) . . . (i
∫

dDxNLint)︸ ︷︷ ︸
N factors

〉
. (214)

Each term must be evaluated using Wick contractions. It will be sufficient to consider
all possible kinds of Wick contractions for the special field operator φj in δLfree as indicated
in Equation (214). This field operator can be Wick contracted either with δφi at the same
spacetime point (Contraction (a)), or with an external field operator φk (Contraction (b)),
or with a field operator inside one of the Lint factors (Contraction (c)).

For each contraction, we can use the crucial property (190), which means that the
Feynman diagram propagators are the inverse of the kinetic operators appearing in the
regularized Lagrangian:

D(D)
ij P (D)

jk = iδik . (215)

This relation establishes the relationship between the Lagrangian and Feynman rules
and is the core reason why the quantum action principle holds. Using this relation, Con-
traction (a) produces a single-loop integral over D(D)

ij times the propagator P (D)
jl from φj to

some field φl within the composite operator δφi. The loop integrand is, therefore, simply a
constant δil , hence scaleless and, therefore, zero.

Contraction (b) with the external field φk produces the combination D(D)
ij P (D)

jk = iδik.

In this way, the
∫

dDx integral is effectively canceled and the external field operator φk is
replaced by iδφk. Hence, the contractions of Type (b) in Equation (214) yield exactly the
same as Equation (212), and we have proven the first required cancellation.

Finally, a contraction of Type (c) between φj and some field φl within one of the Lint

factors results in the product D(D)
ij P (D)

jl
δLint
δφl

. Using the inverse relation for the propagators
again, we found that all contractions of Type (c) in Equation (214) lead to

i2N
N!

〈
Tφ1 . . . φn(

∫
dDxδφl

δLint
δφl

) (i
∫

dDxLint) . . . (i
∫

dDxLint)︸ ︷︷ ︸
N − 1 factors

〉
. (216)

This is precisely the negative of Equation (213). In total, we have, therefore, shown the
equality (212) = (213) + (214), and we have established the quantum action principle (210).

In the same way, it is possible to prove all other identities presented in Section 4.1.
The essential point in the proof is the possibility to express Feynman diagrams in DReg
via the Gell–Mann–Low formula together with the relationship between regularized prop-
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agators and the regularized free Lagrangian. Reference [4] gave the proof using the
α-representation of all diagrams explained in Section 3.2.4, where the relationship for the
propagators is less obvious. Reference [78] extended the proof to the consistent version of
dimensional reduction.

4.3. Examples of Applications of the Quantum Action Principle

The quantum action principle is a very powerful tool to study symmetry properties of
Green functions. Here, we provide two example applications that illustrate this. The exam-
ples are very important in their own right, but they also provide a blueprint for the analysis
of chiral gauge theories discussed later.

The first example is gauge invariance in non-chiral gauge theories such as QED or
QCD. The gauge-invariant Lagrangian of QCD with one quark flavor is given by

Linv = −1
4

FaμνFa
μν + ψ̄i /Dψ , (217a)

Dμ = ∂μ + igTa Aa
μ , (217b)

where the generators Ta correspond to the triplet representation of SU(3) and the field
strength tensor is defined as in Equation (9). The full Lagrangian including gauge fixing
and ghost terms and source terms for BRST transformations is given by

Lcl =Linv + Ba(∂μ Aa
μ) +

ξ

2
(Ba)2 − c̄a∂μ(Dμc)a

+ ρaμsAa
μ + ζasca + Yψsψ + Yψsψ , (218)

where the BRST transformations are given as in Section 2.3.
All ingredients of the QCD Lagrangian can be interpreted as D-dimensional quantities

without any changes in the algebraic relations. The D-dimensional version of Linv is
still fully gauge-invariant, and the full BRST-invariant classical Lagrangian Lcl is BRST-
invariant in D dimensions. Likewise, the Slavnov–Taylor identity (62) is satisfied in D
dimensions.

We therefore have

S
(∫

dDxLcl

)
= 0 , (219)

for the D-dimensional regularized theory. Now, we can use the quantum action principle
in the form of Equation (208), where now, the breaking term Δ = 0. Accordingly, the
symmetry of the D-dimensional classical action implies that the regularized Green func-
tions represented by the generating functional ΓDReg satisfy the Slavnov–Taylor identity
S(ΓDReg) = 0 at all orders.

This is the precise form of the statement that DReg preserves gauge invariance of QCD
manifestly. The analogous statement is also true for QED or other non-chiral gauge theories.
One can go one step further and discuss the renormalized level. If counterterms are
generated from the classical Lagrangian by the standard procedure of field and parameter
renormalization, the bare Lagrangian Lbare = Lcl + Lct still satisfies the Slavnov–Taylor
identity, S(

∫
dDxLbare) = 0. For this reason, even the renormalized, finite functional ΓDRen

in the notation of Section 3.1, which is obtained from Lbare, satisfies the Slavnov–Taylor
identity without the need for special symmetry-restoring counterterms. The manifest
preservation of gauge/BRST invariance at all steps of the construction of QCD dramatically
simplifies practical calculations, as well as all-order proofs.

As our second example, we briefly sketch the situation of supersymmetry in regular-
ization by dimensional reduction. As explained in Section 3.5, the dimensional reduction
scheme treats vector fields in quasi-four dimensions and should, therefore, be better com-
patible with supersymmetry. Without going into the details, supersymmetry can also be
expressed in terms of a Slavnov–Taylor identity. If a supersymmetric Lagrangian is defined
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in dimensional reduction as LDRed
SUSY and this scheme is defined mathematically consistently,

it does not remain supersymmetric. Instead, applying the corresponding Slavnov–Taylor
operator yields S(

∫
dDxLDRed

SUSY) = Δ �= 0. The value of Δ for a general supersymmetric
gauge theory was provided in Reference [78]. The reason for the nonvanishing value of Δ is
that the quasi-four-dimensional space does not permit using Fierz identities. The nonvan-
ishing value of Δ implies that, ultimately, supersymmetry is not preserved by dimensional
reduction at all orders.

Nevertheless, dimensional reduction preserves supersymmetry to a very large extent,
and the quantum action principle provides a succinct method to check the validity of
supersymmetry in concrete cases: The evaluation of concrete Green functions with an
insertion of the breaking, Δ · Γ, directly determines the potential breaking of the super-
symmetric Slavnov–Taylor identity in a concrete sector. This method was used, e.g., to
verify that supersymmetry, indeed, is conserved in a variety of important cases, including
phenomenologically important 2-loop and 3-loop contributions to the Higgs boson mass
prediction in the minimal supersymmetric standard model [102,105].

5. Renormalization in the Context of DReg

In this section, we review the basic renormalization theory in the context of per-
turbative relativistic quantum field theories, from the point of view of applications of
dimensional regularization. Renormalization has both technical and physical aspects. On
the most-technical level, renormalization is a procedure to remove ultraviolet divergences
and generate finite Green functions, S-matrix elements, and other quantities of interest.
It effectively provides a definition of each term in the Gell–Mann–Low formula (67) and
may be viewed as a definition of the path integral measure (68). The removal of ultraviolet
divergences is not arbitrary, but subject to important physical constraints such as unitarity
and causality. In more physical terms, renormalization can be viewed as a reparametriza-
tion. This is reflected by the “main theorem of renormalization” (the name was coined in
Reference [112], where also a very general proof was given, which essentially relies on the
physical causality constraint), which states that all allowed renormalization procedures
differ by nothing but reparametrizations. It is also reflected by the customary practical
procedure of first regularizing the theory, then introducing counterterms that depend on
the regularization and cancel the divergences. These counterterms can be viewed as arising
from reparametrizations, or renormalizations, of Lagrangian parameters and fields.

The need for renormalization and the possibility of renormalization to generate a
finite theory also reflect further deep physical properties of quantum field theories. The
existence of ultraviolet divergences and the resulting need for subtractions and a renormal-
ization procedure result in the possibility of so-called anomalies. These are breakings of
symmetries, which are valid in the classical theory, but broken on the quantum level via
the regularization and renormalization procedure. Fundamentally, anomalies arise if the
unitarity and causality constraints on renormalization are incompatible with the symmetry
in question.

The possibility to successfully carry out the renormalization program and its relation
to reparametrizations reflects the physical phenomenon of decoupling. Physics at a certain
distance and energy scale is insensitive to physics at a much smaller distance and higher
energy scales, leading to the important concepts of effective field theories and the renor-
malization group. Ultra-short distance details influence long-distance physics only via
their effect on long-distance parameters. Since any regularization effectively changes the
short-distance behavior of the theory in a cutoff-dependent (but unphysical) way, it is not
too surprising that the cutoff dependencies, including divergences, can be compensated by
reparametrizations such that a finite and regularization-independent limit exists.

In the present section, we provide a brief review of the general theorems governing the
previous statements; this discussion has a strong focus on the so-called BPHZ approach to
renormalization, and an outcome is that the customary regularization/renormalization pro-
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cedure is correct. Then, we review the main theorem stating that dimensional regularization
may be employed as one such consistent regularization/renormalization framework.

5.1. General Renormalization Theory and Constraints from Unitarity and Causality

Here, we review the basic properties of renormalization as a means to eliminate
ultraviolet (UV) divergences and to generate finite relativistic quantum field theories.
The discussion is organized along four questions: What are the required properties of
any renormalization procedure? Which procedures satisfy these properties? What are the
possible differences between different allowed renormalization procedures? How does
the usual procedure of regularization and counterterms fit into the fundamental analysis
of renormalization?

As we will discuss, all these questions have rigorous and positive answers, first
obtained by Bogoliubov/Parasiuk [113] and Hepp [65], with important additional develop-
ments by Speer [22,68,114] and Zimmermann [115] and Epstein/Glaser [116]. We refer to
lectures by Hepp [117] (contained in [118]) for very detailed and pedagogical explanations
and to Reference [119] for an overview.

We begin by explaining the fundamental requirements on any renormalization proce-
dure. A minimal requirement would be that perturbative S-matrix elements become UV
finite; a very strong requirement would be the nonperturbative construction of well-defined
products of interacting field operators. Following the analysis of the mentioned references,
we choose an intermediate approach. In this approach, a renormalization is a procedure
that constructs all possible time-ordered products of free field operators, or equivalently, a
renormalization is a mapping that maps any Feynman diagram to a well-defined and UV
finite expression. In detail, the requirement can be efficiently formulated by writing an
interaction Lagrangian:

Lint(x) = ∑
i

Wi(x)gWi (x) , (220)

where Wi(x) are all local field monomials of interest (including all monomials appearing in
the actual Lagrangian of interest, but also possible further composite operators of interest,
similar to the discussion of composite operators in Sections 2.3 and 2.4), and where gWi (x)
are number-valued test functions (acting like the sources Ki in Sections 2.3 and 2.4 or in
Equation (58) or like localized coupling constants). This Lagrangian generates a perturba-
tive scattering operator S(g), where the argument g denotes the functional dependence on
all the gWi :

S(g) = 1 +
∞

∑
n=1

in

n!

∫
∑

i1...in

Ti1...in(x1, . . . , xn)gWi1
(x1) . . . gWin

(xn)d4x1 . . . d4xn , (221)

where, formally, the appearing T-products would be given by

Ti1...in(x1, . . . , xn) = T(Wi1(x1) . . . Win(xn)) . (222)

However, the expressions in Equation (222) are, in general, ill-defined if n > 1 and
several of the xi coincide. Hence, a renormalization is a construction of the T-products
and, thus, of Equation (221), which satisfies the following properties, adapted from
References [112,116]:

Initial conditions:

S(0) = 1 , (223a)

Ti(x) = Wi(x) . (223b)
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Unitarity:

S(g)†S(g) = S(g)S(g)† = 1 (224)

for all Hermitian WigWi . Here, S(g)† must be written in terms of anti-T-products
T̄ii ...in , which also must be constructed.

Translational invariance:

U(1, a)S(g)U(1, a)† = S(ga) , (225)

where U(1, a) is the representation of translations on the respective free Fock space
and ga(x) = g(x − a).

Causality:

S(g + h) = S(g)S(h) if supp(g) � supp(h) , (226)

where supp(g) � supp(h) means that all points in the support of h are outside the
support of g and its future light cone, such that the points in supp(h) cannot be
causally influenced by the points in supp(g).

Via the expansion (221), these requirements translate into constraints on the T-products
and T̄-products. For instance, the causality requirement is particularly powerful [112] and
translates into the relation:

Ti1...in(x1, . . . , xn) =Tij1
...ijm

(xj1 , . . . , xjm)Tijm+1
...ijn

(xjm+1 , . . . , xjn)

if {xj1 , . . . , xjm} � {xjm+1 , . . . , xjn}
and {j1, . . . , jn} = {1, . . . , n} (227)

for T-products.
A construction fulfilling all these constraints, thus, amounts to a construction of

all T-products of possible field monomials Wi and, thus, of all terms appearing in the
Gell–Mann–Low formula (67) and ultimately of Feynman diagrams and Green functions,
including Green functions of composite operators. Similar sets of requirements can also be
found in the Bogoliubov/Shirkov textbook [120] and, for Feynman diagrams, in Hepp’s
lectures [117].

Let us briefly comment on the central role of unitarity and causality. Both requirements
allow expressing T-products with a certain number of operator factors in terms of T-
products (or T̄-products) with fewer factors, such as in Equation (227). Hence, higher-order
T-products and, thus, the entire renormalization procedure are not arbitrary, but largely
fixed. The only ambiguity arises when all arguments are equal, xi1 = . . . = xin , in which
case, causality and unitarity do not imply a relation to lower-order T-products.

This clarifies that renormalization is not unique and there can be different renormal-
ization schemes with different choices to fix these ambiguities. However, it also gives an
indication that the ambiguities affect only local terms, such that different schemes differ
only by reparametrizations of local terms in the Lagrangian (220). Further, it is in line with
the fact that UV divergences are local in position-space and can be canceled (in the presence
of a regularization) by adding local counterterms to the Lagrangian.

The local nature of the ambiguities and possible scheme differences can be formulated
as a rigorous theorem: The statement is that any two constructions satisfying all require-
ments listed above differ only in a finite reparametrization (often called finite renormalization
in the original literature); conversely, if an allowed renormalization is changed by a finite
reparametrization, another allowed renormalization is obtained. In our formulation, two
different renormalizations may be expressed as ST(g) and ST′(G), where T and T′ denote
the two different constructions of T-products, and g and G represent two different sets
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of the prefactors gWi in the Lagrangian (220). A finite reparametrization may be written
as [112]

GWi (x) = gWi (x) +
∞

∑
n=1

GWi ,n(g, Dg)(x) , (228)

which is a reparametrization of the couplings expressed in terms of GWi ,n, which are
local functions of all gWj(x) and their derivatives. The index n denotes the order in
perturbation theory. On this level, the statement is that, if both ST(g) and ST′(G) are
allowed renormalizations, then they can be related as

ST(g) = ST′(G) (229)

with a suitable finite reparametrization of the form (228), and conversely, if ST′(G) is
allowed, then any finite reparametrization of the form (228) effectively defines another
allowed renormalization via requiring (229). Reference [112] gave a very general proof
based directly on the causality requirement of renormalizations, and Reference [117] gave
a proof on the level of Feynman diagrams.

Since reparametrizations do not change the physical content of a theory, this also shows
that any two allowed renormalizations are equivalent, i.e., describe the same physics.

Now, we turn to the question about which renormalization procedures exist and how
they are related to the counterterm approach often used in practical computations, giving
a brief survey of the approaches and results. Historically, the BPH theorem constitutes
the first rigorous proof that all the above properties can be established [65,113]. These
references used a recursive, so-called R-operation and an intermediate regularization.
Though successful, Hepp [117] assessed the approach as “hideously” complicated and
noted that a cleaner approach is provided by analytic regularization [62,68]. Working on the
level of Feynman diagrams, the idea of analytic regularization is to replace the propagator
denominator of any internal line with index k as

1
�2

k − m2
k + iε

→ 1
(�2

k − m2
k + iε)λk

(230)

with complex parameters λk. Similar to DReg, there is a domain for λk where all integrals
are well defined, and analytic continuation leads to poles at the physical value λk = 1. It is
then possible to define the renormalized expressions via Laurent expansion in (λk − 1) and
keeping only the zeroth-order term.

In this approach, the finiteness of the construction, as well as the validity of all required
properties including causality and unitarity are comparatively easy to prove [117]. The
equivalence to the counterterm method was at first only established indirectly by using the
equivalence to BPH, but later also directly [68]. A drawback of analytic regularization is
that the relation to the Lagrangian is obscured. In contrast to, e.g., DReg (see Section 3.4),
the regularization cannot be expressed in terms of a regularized Lagrangian.

Though technically more complicated, the BPH approach and the BPH theorem are
very instructive, most importantly since they establish the connection with the customary
procedure of regularization and counterterms. In this approach, first, every Feynman
diagram is regularized, e.g., using the Pauli–Villars prescription. Then, the renormalization
procedure is carried out via the so-called recursive R-operation. For any 1PI graph G,
a subrenormalized amplitude is defined by

RG = G + ∑
H1...Hs

G/H1∪...∪Hs · C(H1) . . . C(Hs) , (231)

where the sum runs over all possible sets of disjoint 1PI subgraphs Hi of G (excluding G
itself). The object in the sum denotes the amplitude for the graph, where all the disjoint
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subgraphs H1 . . . Hs are shrunk to points and replaced by the counterterms C(H1) . . . C(Hs).
The fully renormalized result and the counterterms are defined as

RG = RG + C(G) , (232a)

C(G) = −TRG , (232b)

where T denotes the operation to extract the divergent part. In the BPH approach, T is de-
fined via a Taylor expansion in external momenta of a graph and, therefore, by construction,
a polynomial in momentum space.

The BPH theorem [65,113] states that the renormalized graphs RG are finite (in the
sense of distributions in momentum-space) and that all required properties are valid.
The difficult part of the proof is the proof of finiteness. The big advantage of the R-
operation is its relationship to the usual counterterm approach. Indeed, it is easy to
see that the formula (231) combinatorically corresponds to the prescription to add to G
all possible counterterm Feynman diagrams with all possible insertions of counterterm
vertices; furthermore, the counterterms are local in position space and, therefore, can be
obtained from a local counterterm Lagrangian. For a detailed discussion of the R-operation
and a full proof of its relationship to counterterm diagrams and counterterm Lagrangians,
we also refer to the monograph [63], Chapter 5.7.

Since both the BPH procedure and analytic regularization constitute allowed renor-
malizations, they must be physically equivalent in the sense defined above, i.e., they differ
only by reparametrizations/finite renormalization. This equivalence has also been directly
established in References [68,117], where it was also shown that the required finite renor-
malization only involves counterterms whose power-counting degree is bounded by the
superficial degree of divergence of the original Feynman diagrams.13

A further instructive and important renormalization procedure was developed by
Zimmermann [115], leading to the notion of BPHZ renormalization. Its main virtue is
that it completely eliminates the need for any regularization, but directly constructs finite
momentum-space loop integrals. Its technical tool is the famous forest formula, which
is a direct solution of the recursive R-operation. It allows constructing loop integrals via
repeated applications of Taylor subtractions on the integrand level. A technical obstacle
is that care must be taken to avoid ambiguities from different loop momentum routings
in case the same subdiagram is inserted into different higher-order diagrams. While the
proof of the finiteness of the construction is highly nontrivial, the proof of equivalence to
the BPH approach is rather straightforward if an intermediate regularization is employed.

Already, Reference [65] on the BPH theorem and References [62,68,117] on analytic
regularization made essential use of the α-parametrization (see Section 3.2.4) in their
proofs. The idea of using the α-parametrization was combined with the forest formula in
References [66,67,114] to strongly simplify the finiteness proof. These references applied
subtractions via Taylor expansions with respect to the αs such that directly finite α integrals
were obtained.

5.2. Theorem on Divergences and Renormalization in DReg
5.2.1. Statement of the Theorem

Here, we discuss the central theorem of dimensional regularization, most rigorously
established as Theorem 1 in the paper by Breitenlohner/Maison, Reference [4]. In essence,
it implies the following: the renormalization of relativistic quantum field theories can
be performed using DReg as an intermediate regularization, the renormalized answer is
correct and equivalent to the results from other consistent schemes discussed in the previous
subsection, and the required subtractions can be implemented as counterterm Lagrangians.

13 Such a renormalization was called “minimal” in Reference [117], but we stress that this is a different notion of
minimality than, e.g., in the so-called minimal subtraction prescription within DReg.
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In more detail, it can be formulated as follows. Let G be a 1PI Feynman graph (in
Reference [4], a theory without massless particles is required; References [23,24] considered
the case with massless particles). The corresponding regularized Feynman integral TG is
defined as discussed in Section 3, making use of the consistently constructed formally D-
dimensional covariants and D-dimensional integrals. Reference [4] specifically employed
the α-parametrization introduced in Section 3.2.4.

Then, it is possible to apply a subtraction algorithm to the graph that defines first a
subrenormalized Feynman integral T G and, finally, a fully renormalized Feynman integral
RG. Assuming four-dimensional quantum field theory and writing D = 4 − 2ε, these
objects have the following properties:

• The regularized, but not-yet-renormalized amplitude TG is a meromorphic function
of D or, equivalently, of ε.

• The subrenormalized amplitude T G may have singularities in ε, which are poles of
the form:

1
ε

P(1)
G + . . . +

1
εLG

P(LG)
G , (233)

where LG is the number of closed loops in the graph G. The coefficients P(k)
G are

polynomials in the external momenta and the masses appearing in G (corresponding
to local terms in position-space). The degree of all these polynomials is bounded by
the superficial power-counting degree of the graph ωG = 4LG − 2IG + rG with IG the
number of internal lines in G and rG the power-counting degree of the numerator.

• RG is finite, i.e., it is an analytic function of ε in a region around ε = 0.

The theorem provides several crucial additional details:

• The subtraction is organized according to a forest formula, which is equivalent to
Bogoliubov’s recursive R-operation (we also refer to the monograph [63] for a detailed
explanation). For this reason, the subtraction algorithm is equivalent to adding
counterterm Feynman diagrams.

• The subtractions corresponding to subgraphs H of G, called CH , are given by T H with
analogous properties to T G as explained above.

• The subtractions corresponding to a subgraph H are independent of the surrounding
graph G; they really only depend on H itself (and, of course, its subgraphs).

• The renormalized results for all graphs RG are equivalent to the results obtained
in the BPHZ framework (before Reference [4], this point had been established also
in Reference [22]). This means they differ from the BPHZ results at most by finite,
local counterterms at each order, in line with the general theorem discussed around
Equations (228) and (229).

The previous, rather technical details have very important consequences for practical
calculations and physical interpretations:

• The combinations of all subtractions of all graphs can be written as a counterterm
Lagrangian, which is local and contains only terms of dimensionalities limited by the
power-counting of the original graphs.

• The renormalized amplitudes constructed in DReg provide a finite quantum field
theory, which is consistent with unitarity and causality in the sense analyzed by
References [65,113,115,116,120].

We provide even further details:

• Initially, all propagators in the integrals are defined via the +iε prescription in
momentum-space (which corresponds to time-ordering in position-space) with ε > 0.
As long as ε > 0, the dependence of RG on external momenta and masses is infinitely
differentiable, i.e., of the C∞ type. After the limit ε → 0 has been taken, the depen-
dencies take the character of tempered distributions. In this regard, DReg behaves
identically to, e.g., BPHZ [65].
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• The setup of the subtractions requires that all 1/ε poles are subtracted, even if the
coefficients happen to be evanescent in the sense defined in Section 3.4. In the coef-
ficients P(k)

G in Equation (233), a four-dimensional limit is not permitted during the
subtraction procedure. For the counterterm Lagrangian, this implies that evanescent
operators (operators that have no four-dimensional counterpart since they would
vanish either in view of Fierz identities or γ5 identities or because of contractions with
ĝμν) must be included in case they are needed to cancel 1/ε poles.

5.2.2. Overview of the Proof

The full proof of the theorem explained above requires many ingredients, which need
to be analyzed in detail. Most of them are largely independent of the regularization scheme,
but related to Feynman graph theory, relationships between graphs and subgraphs, and
the structural properties of the α-parametrization. Several key ideas for the proof are
common to proofs for BPHZ renormalization. The specific aspects of DReg enter in a very
localized form.

Here, we first list the most-important ingredients of the proof:

• The α-parametrized integral can be decomposed into sectors.
• A particularly elegant forest formula holds for each sector of the α-parametrization.
• In each sector, clever variable substitutions can be made, which lead to an explicit

general formula for the integral.
• There is a general relationship between the integrand for a certain graph and the

integrands for corresponding subgraphs and reduced graphs.
• There are a few simple observations for typical integrals and functions encapsulating

the 1/ε poles.

The following subsections will illustrate each of these ingredients with the help of
suitable examples and will motivate the general statements, which can all be found in
Reference [4]. A further subsection will sketch the essential steps of the proof by induction.

5.2.3. Ingredient 1: Sectors of the α Integration

In Equation (144), we already considered a simple one-loop integral transformed into
Schwinger or α-parametrization. For each internal line of the diagram, there is one αl
parameter, and all αl are integrated in the range from 0 to ∞. It is easy to compute one
integral explicitly, and the second integral could be computed as well. For the general proof
of renormalization, we neither want nor need an explicit computation of all loop integrals.
We rather need to transform all integrals into a uniform structure from which we are able
to read off the required properties. It turns out that decomposing the α integrations into
sectors is extremely helpful in this regard.

The strategy of similar sector decompositions of the α integrations has been employed
also in the important proof of the BPH theorem in Reference [65] and in simplified proofs of
the BPHZ theorem in References [66,67] and is the basis of modern numerical evaluations of
multiloop integrals [121,122]. For the integral (144), the sector decomposition is very simple:

∫ ∞

0
dα1dα2 =

∫
sector 1

dα1dα2 +
∫

sector 2
dα1dα2 , (234a)

where the two sectors are defined as

sector 1 = {α1 ≤ α2} , (234b)

sector 2 = {α2 ≤ α1} . (234c)

Let us describe the sector decomposition used for the proof in Reference [4] with the
following six-loop example diagram:
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(235)

with line labels and vertex labels as indicated. One particular sector is constructed by the
following algorithm. First, we chose one particular one-loop subdiagram. As an example,
we chose the diagram consisting of the lines 14, 15 and call it H1. Next, we chose either a
second, disjoint 1-loop subdiagram, or a 2-loop subdiagram, which contains H1. Let us
choose the diagram consisting of Lines 3, 4 and call it H2. Next, we chose a subdiagram H3
such that H3 either contains H1 and/or H2 or is disjoint and such that, overall, the union
of H1,2,3 contains three loops. We might choose H3 as the two-loop diagram with Lines
2, 3, 4, 5, 6, 7. We continued this way until we reached the six-loop diagram H6 ≡ G itself.
An example choice of subgraphs C = {H1, H2, . . . , H5, H6} is illustrated in the diagram of
Figure 1.
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Figure 1. The same diagram as in Equation (235), with additional indications of subdiagrams Hi

(i = 1 . . . 6), which define an example maximal forest.

In this way, we can generally construct what is called a maximal forest. In general,
the definition of a forest is a set of 1PI subgraphs of G, which are non-overlapping, i.e.,
either disjoint or nested. A maximal forest is thus a maximal set of 1PI subgraphs that
are non-overlapping. The above construction illustrates how one can construct all such
maximal forests, and it illustrates that each maximal forest contains as many elements as
there are loops in G.

The example also illustrates that each subgraph Hi in a maximal forest contains at
least one line that is specific to it, i.e., that is not contained in any smaller subgraphs of the
maximal forest. We may define a mapping, called “labelling” in Reference [4], of the form

Hi  → σ(Hi) = one of the lines specific to subgraph Hi. (236)
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In the example, we can choose

σ(H1) = 14 σ(H2) = 3 σ(H3) = 7 (237a)

σ(H4) = 11 σ(H5) = 8 σ(H6) = 16. (237b)

The labeled lines are illustrated in blue color in the diagram of Figure 2.
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Figure 2. The same diagram as in Figure 1, with additional indications of the labeled lines σ(Hi) for
each subgraph, according to Equation (237).

For any such choice of a maximal forest together with a labeling for specific lines,
(C,⊃), we define an integration sector for the αl variables in the following way: in each
subgraph Hi, the α for the specific labeled line is the largest, i.e.,

αl ≤ ασ(Hi)
∀ l ∈ Hi . (238)

For the example, the integration sector defined by (C,⊃) is

α15 ≤ α14 α4 ≤ α3 α2,3,5,6 ≤ α7 (239a)

α10,12 ≤ α11 α7,11,9 ≤ α8 α1,14,8,13,17 ≤ α16 . (239b)

Note that this does not imply a fixed ordering of all the αl .
It is elementary to prove a variety of useful properties of maximal forests and labelings.

In particular, this way of defining sectors leads to a partitioning of the entire α integration
region of any Feynman graph loop integral:∫ ∞

0
dα1 . . . dαI = ∑

(C,⊃)

∫
(C,⊃)

dα1 . . . dαI . (240)

Using the notation TG for the regularized amplitude of the graph G, we can therefore write

TG = ∑
(C,⊃)

TG,(C,⊃) , (241)

with an obvious meaning and where the sum extends over all maximal forests of G and all
possible labelings (C,⊃). This construction of sectors is the essential content of Lemma 3 in
Reference [4].

5.2.4. Ingredient 2: Forest Formula after Decomposition into Sectors

In the all-order investigation of renormalization, the graphical language of Feynman
diagrams with counterterms has to be formalized in terms of subtractions of divergent inte-
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grals. In the historical development of the rigorous BPHZ renormalization, this formaliza-
tion was first performed via Bogoliubov’s recursive definition of the so-called R-operation.
This recursive definition was later rewritten into Zimmermann’s forest formula [115].
The sector decomposition described above permits a very elegant and powerful alternative
version of the forest formula, which simplifies the proof. Such simplified forest formulas
were also discussed and applied in the context of BPHZ, e.g., in References [66,114,123].

To explain these relations, we begin with the recursive R-operation, defined in
Equations (231) and (232). We recall the main equation, the definition of a subrenormalized
amplitude:

RG = G + ∑
H1...Hs

G/H1∪...∪Hs · C(H1) . . . C(Hs) , (242)

where the counterterms are defined as C(H) = −TRH .
This R-operation is recursive because the definition of the subrenormalized ampli-

tude depends on lower-order counterterms, which in turn are defined via lower-order
subrenormalized amplitudes. One may work out the recursion and obtain a direct, non-
recursive formula. To illustrate this, consider the case where the full graph G has one
2-loop subgraph γ2, which in turn has a 1-loop subgraph γ1. Then, one term in RG is
given by

RG = . . . + G/γ2 · C(γ2)

= . . . + G/γ2 · [−TR(γ2)]

= . . . + G/γ2 · [−T(γ2 + γ2/γ1 · C(γ1) + . . .)]

= . . . + G/γ2 · [−Tγ2 + T(γ2/γ1 · Tγ1) + . . .] . (243)

Hence, working out the recursion leads to subtraction operators T acting on unrenor-
malized (potentially multiloop) graphs like γ2 and to iterated subtractions. If we introduce
a new notation Tγ · G ≡ G/γ · Tγ for the operation “replace γ within G by Tγ”, where
products are defined as, e.g., Tγ2 · Tγ1 · G = G/γ2 · T(Tγ1 · γ2), then we can rewrite the
above terms as

. . . + G − Tγ2 · G + Tγ2 · Tγ1 · G . (244)

We note that both the subgraph {γ2}, as well as the chain of subgraphs {γ1, γ2}
constitute forests in the sense defined above.

In general, if γ1 and γ2 are subgraphs and elements of a forest of G, we define

γ2 � γ1: Tγ2 · Tγ1 · G = G/γ2 · T(Tγ1 · γ2) (245a)

γ1, γ2 disjoint: Tγ2 · Tγ1 · G = G/γ1∪γ2(Tγ1)(Tγ2) (245b)

while the product Tγ2 · Tγ1 is undefined for the case when γ2 is subgraph of γ1. Working
out the recursion formula, in general, leads to the following forest formula [115]:

R(G) = ∑
F=forest

of G

∏
γi∈F

(−Tγi ) · G , (246)

where the forests may contain the full graph G and where also the empty set is an allowed
forest F = ∅. The formula for R(G) is similar, but the forests may not contain the full
graph G. The Tγi -operators are by definition always ordered as in Equations (244) and
(245) according to nesting. Simply put: operators with bigger subgraphs act on the left, and
operators with subgraphs contained in the bigger subgraphs on the right. The forest formula
can be easily proven by noting that every forest that does not contain G itself has certain
disjoint maximal elements M1 . . . Ms and can be partitioned into forests of the M1 . . . Ms.
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Based on this, the equivalence to the recursive formula can be established by induction over
the number of loops.

Now, we turn to the announced elegant simplification of the forest formula due to the
sector decomposition. We need to know one additional statement about sectors relevant
for combinations like

Tγ · G = G/γ · T(γ) = ∑
(C1,σ1)

for G/γ

∑
(C2,σ2)

for γ

(G/γ)(C1,σ1)
· T(γ(C2,σ2)

) . (247)

The statement is that there is a one-to-one correspondence between such combinations
for sectors (C1, σ1), (C2, σ2) for the graphs G/γ and γ and sectors (C, σ) for the full graph
with the constraint that γ ∈ C. Then, we can split the forest formula into sectors as follows:

R(G) = ∑
F=forest

of G

∑
(C,σ) for G which

contain all γ ∈ F

∏
γi∈F

(−Tγi |subsector ) · G|subsector , (248)

where it is used that every sector (C, σ) with the given constraint generates appropriate
subsectors for all subtraction operators Tγi and the remaining reduced graph and that
all possible subsectors are generated in this way. Abbreviating slightly, we can then
rearrange as

R(G) = ∑
F

∑
C⊇F

∏
γi∈F

(−Tγi ) · G

= ∑
C

∑
F⊆C

∏
γi∈F

(−Tγi ) · G

= ∑
C

∏
γi∈C

(1 − Tγi ) · G . (249)

The last step used that the sum over all possible forests F , which are contained in C,
effectively generates the power set of C, i.e., the set of all possible subsets of C. This simply
leads to the last line, which contains only a summation over all maximal forests C and the
factors (1 − Tγi ). In this way, the forest formula becomes

R(G) = ∑
(C,σ)

R(G)(C,σ) , (250a)

R(G)(C,σ) = ∏
γi∈C

(1 − Tγi ) · G|(C,σ) . (250b)

The ordering of the (1 − Tγi )-operators is as in the original forest formula, according
to the nesting of subgraphs.

This represents an important improvement. The operators (1 − Tγi ) have the effect of
replacing an object by the one without the subdivergences from the subgraph γi (in the
appropriate sector). Intuitively, every such operator improves the finiteness. On a more
technical level, consider what any specific Tγ for a multiloop subgraph γ acts on. In the
original forest formula, there are terms such as Tγ · G, which lead to G/γ · T(γ). The T(γ)
is the divergence of the unrenormalized multiloop graph γ, which is typically a very
complicated expression, non-polynomial in momentum-space, or non-local in position
space. In contrast, in the forest formula modified for sectors, any such multiloop Tγ only
acts on expressions where all subdivergences corresponding to subgraphs of γ have already
been subtracted:

Tγ ∏
γi∈C,γi�γ

(1 − Tγi ) · G(C,σ) = T

(
∏

γi∈C,γi�γ

(1 − Tγi ) · γ

)
· G(C,σ) (251)
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Hence, here, the left-most T actually acts on the fully subrenormalized expression
R(γ) in the appropriate subsector, which can be hoped to have simpler, polynomial/local
divergences. These properties of the forest formula help in setting up an inductive proof
of renormalization.

5.2.5. Ingredient 3: Sector Variables and Formula for the Integral

Introducing sectors into the α integrations required for Feynman graph integrals has
further important advantages. Besides yielding the simpler forest formula, the sectors
allow rewriting the actual integrals such that the power counting and the structure of
divergences are isolated in a quite transparent way. Here, we illustrate this in a very simple
case; then we provide the general result and give comments.

Let us focus on the integral (144), (4π)−D/2i1−D/2
∫ ∞

0 dα1dα2U−D/2eiW , and consider
the sector α1 ≤ α2. In this sector, we introduce sector-specific variables: the largest α in the
sector is replaced by a new variable t2; the other α is rewritten as t2β in terms of a scaling
variable β, which runs from 0 to 1. In total, we carry out the following substitution of
variables and the integration measure in the sector:

α2 = t2 , (252a)

α1 = t2β , (252b)∫
0≤α1≤α2

dα1dα2 = 2
∫ ∞

0
dtt(2I−1)

∫ 1

0
dβ , (252c)

where I = 2 is the number of internal lines. The integral (144) depends on two functions,
the Symanzik polynomial U and the exponent W given in Equation (147). After the variable
substitution, the Symanzik polynomial takes the value:

U = M = t2(1 + β) , (253)

and we observe that we can factor out the variable t2. This is no accident. As already
mentioned in Section 3.2.4, the behavior of U if some αs vanish reflects the ultraviolet
behavior of the original Feynman integral. If all αs simultaneously vanish ∝ t2, U generally
behaves as t2L, where L is the number of loops in the graph. We can exhibit this behavior
by defining a new function d̃:

U = t2d̃ , d̃ = 1 + β ≥ 1 . (254)

The indicated inequality provides a very important lower bound on the function d̃.
A second observation is that we can essentially eliminate the t-variable from the

exponent W by rescaling the physical variables p, u1,2, and m as

p̃ = t p , (255a)

m̃ = t m , (255b)

ũ1,2 = t−1 u1,2 . (255c)

The rescaled variables are dimensionless. In terms of these variables, we can write the
exponent as

W =
p̃2β − βũ2 · p̃ + ũ1 · p̃ − 1

4 (ũ1 + ũ2)
2

(1 + β)
+ (it2ε − m̃2)(1 + β) , (256)

where, indeed, t does not appear explicitly, except in the product t2ε.
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Using all these ingredients, we can rewrite the α integral (144) in the considered
sector as

(−i)2(4π)−D/2i1−D/22
∫ ∞

0
dtt−D+2I−1

∫ 1

0
dβd̃−D/2eiW , (257)

where we record the following observations:

• The power-like behavior of
∫

dtt−D+2I−1 corresponds to the superficial ultraviolet
power counting of the original loop integral (144), which behaves like

∫
dDkk−2I .

• The remaining integrand d̃−D/2eiW has essentially no explicit dependence on t at all;
it only depends on t via the rescaled variables (255) and via t2ε.

• If ε > 0 in the +iε prescription, eiW decreases exponentially for large t, and the full
dependence of the integrand on the rescaled variables (255) and on β is of the C∞-type.
The result of the β integration is still C∞ in the rescaled variables.

We need a second example to shape our understanding of the general case. Let us consider
again the six-loop diagram of Section 5.2.3 and fix the same sector (C, σ) discussed there; see
Equation (239). Which variable substitutions analogous to Equations (252) and (255) should
we now choose? The sector is defined by a maximal forest with six subgraphs, each subgraph
containing one specific labeled line, and for each subgraph, there is an inequality stating that the
labeled α is the largest. The idea, generalizing the one-loop case, is to introduce one ti-variable
for each subgraph Hi and to define the labeled αs in terms of these ti-variables. The t6 ≡ tG-
variable corresponding to the full graph runs from 0 to ∞, and all the other ti run from 0 to 1.
Then, all inequalities for the labeled αs are implemented by the following scheme:

subgraph: labelled α substitution: rewrite

H1 α14 = t2
1t2

6 t2
1ξ2

1 (258a)

H2 α3 = t2
2t2

3t2
5t2

6 t2
2ξ2

2 (258b)

H3 α7 = t2
3t2

5t2
6 t2

3ξ2
3 (258c)

H4 α11 = t2
4t2

5t2
6 t2

4ξ2
4 (258d)

H5 α8 = t2
5t2

6 t2
5ξ2

5 (258e)

H6 α16 = t2
6 t2

6ξ2
6 (258f)

where also abbreviation variables ξi were introduced; they are products of all the “other
ti”, as appropriate. In the next step, we introduce βk-variables for all the remaining, non-
labeled, αs, where the βk all run from 0 to 1. We remark that t6 ≡ tG is dimensionful, while
all other ti and β variables are dimensionless. In addition, we introduce two further useful
notations, illustrated in the graph in Figure 3. First, for each subgraph in C, we define
a reduced subgraph H̄i = Hi/M(Hi)

, where M(Hi) is the set of maximal elements in C,
which are properly contained in Hi. The lines in H̄i are the lines specific to Hi, i.e., the
lines contained in Hi, but in no smaller subgraph in C. Clearly, the full graph is partitioned
into H̄i, i.e., every line is in one unique H̄i. Second, we denote by q

Hi
a set of independent

external momenta of H̄i, where we, in principle, allow nonzero incoming momenta into all
vertices of the graph (the graph is drawn as if it has only two external momenta, but the
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renormalization procedure becomes more systematic if every graph is generalized to allow
arbitrary incoming momenta into all vertices). This leads to the following scheme:

red. subgraph: αs indep. ext. momenta

H̄1 = H1 {α15, α14} = {β15, 1} × t2
1ξ2

1 p8 (259a)

H̄2 = H2 {α4, α3} = {β4, 1} × t2
2ξ2

2 p3 (259b)

H̄3 = H3/H2 {α2,5,6, α7} = {β2,5,6, 1} × t2
3ξ2

3 p2, p5, p11 (259c)

H̄4 = H4 {α10,12, α11} = {β10,12, 1} × t2
4ξ2

4 p6, p7 (259d)

H̄5 = H5/H3∪H4 {α9, α8} = {β9, 1} × t2
5ξ2

5 p6 + p7 + p12 (259e)

H̄6 = H6/H5∪H1 {α1,13,17, α16} = {β1,13,17, 1} × t2
6ξ2

6 p1, p8 + p9, p10 (259f)

3
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7 10
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14

15

16

17

Figure 3. Illustration of sectors and sector variables t and β in Equations (258) and (259). The example
is the 6-loop diagram and its subdiagrams already used in Equation (235) and Figures 1 and 2. Here,
we chose six different colors for the reduced subdiagrams H̄i (i = 1 . . . 6) into which the diagram can
be partitioned.

The reduced subgraphs H̃i are formed solely by the lines proper to them, and the lines
shared amongst the Hi are shrunk to a point. The subgraphs H1, H2, H4 are identical to
the reduced ones and, hence, take the obvious form as depicted in Figure 3. In the case
of H3, H5, H6, the reduced subgraphs are obtained by shrinking different subgraphs to a
point. Let us illustrate this by specifying the form of these reduced subgraphs as follows:

H̃3 H̃5 H̃6

.
(1)

.
(2)

.
(1)

.
(4)

.
(1)

p2

2

5

p5

6

p11

11

p2 + p3 + p4

+ p5 + p11

8

p6 + p7 + p12

9

p1 1

7∑

i=2
pi + p11 + p12

13 16

p8 + p9

p10

17

(260)

The crossed dots of order (n) denote the counterterm insertion due to shrinking
the respective n-loop subgraph to a point. Since we assumed that, to each vertex Vi,
there is associated an entering momentum pi, shrinking a subgraph comprised of vertices
Vi1 , . . . , Vik leads to a combination of incoming momenta pi1 + · · ·+ pik for that counterterm
vertex, as indicated in the graphs. In choosing independent momenta, we can make use
of momentum conservation. For a reduced subgraph with n vertices, it is sufficient to
specify n − 1 incident momenta to the vertices. They uniquely characterize the momenta of
a given reduced subgraph. What is more, all momenta of the graph can be reconstructed
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by linear combinations of these independent external momenta. A specific choice is given
in Equation (259). Clearly, in this way, all inequalities of the sector (239) are implemented,
and the combination of all the selected independent incoming momenta of the H̄i span all
independent incoming momenta of the full graph and can be used as independent variables
in the result. The variable substitution leads to the following replacement of the integration
measure, analogous to Equation (252):

∫
(C,σ)

dα1 . . . dα17 = 2L
∫

t6=0...∞
t1...5=0...1

6

∏
i=1

dtit
(2IHi

−1)
i

∫ 1

0
∏

k
dβk , (261)

where IHi is the number of internal lines in Hi.
This example provides us with sufficient information to construct the general result

for the integral representation of a general 1PI graph G in a specific sector (C, σ). As in the
example, the sector defines a chain of subgraphs Hi (as many as there are loops; one of
them is equal to the full graph G). The sector also defines a particular replacement of all αs
in terms of ti and βk; for each subgraph Hi, it is also useful to define the variable ξi for the
product of all the “other ti”. All lines of G are partitioned into lines of the reduced graphs
H̄i, and for each H̄i, one can choose a set of independent incoming momenta q

Hi
, which in

total span all incoming momenta of the full graph. Since each line carries one mass variable
and one u-variable, we can also partition these variables into sets of masses mHi and sets of
us, uHi , corresponding to the respective H̄i.

With these variables, we can rescale physical quantities, generalizing Equation (255) as

q̃
Hi

= tiξiqHi
, (262a)

m̃Hi = tiξimHi , (262b)

ũHi = (tiξi)
−1uHi . (262c)

We allow the integral to contain a numerator expressed as a derivative with respect to
u-variables as in Equations (145) and (146a), but we assume that the derivative operator Z
in the numerator is a product of ZHi , where each ZHi only depends on variables specific
to H̄i. This is always the case in actual Feynman diagrams. For simplicity, we follow
Reference [4] and assumed that all ZHi are homogeneous polynomials in the variables
∂/∂uHi and mHi of some degree rH̄i

. Then, we can write

Z̃Hi = (tiξi)
rH̄i ZHi (263)

where Z̃Hi is the same homogeneous polynomial expressed with ∂/∂ũHi and m̃Hi . Writing
D = 4 − 2ε, we can finally define a power-counting degree of each reduced subgraph H̄i
and the complete (sub)graphs Hi as

ωH̄i
= 4LH̄i

− 2IH̄i
+ rH̄i

, (264a)

ωHi = ∑
H′⊆Hi
H′∈C

ωH̄′ . (264b)

This clearly corresponds to the superficial power-counting degree of the original
momentum integral.

With these building blocks, we can formulate the general result for the integral
specified in Equations (145) and (146a). Decomposing the integral into sectors as in
Equation (241),

TG = ∑
(C,σ)

TG,(C,σ) , (265)
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and setting again D = 4 − 2ε, the result for each sector can be written as

TG,(C,σ) = cL
D2L

∫
tL=0...∞

t1...L−1=0...1

L

∏
i=1

dti
ti
(tiξi)

−ωH̄i
+2εZ̃Hi

×
∫ 1

0
∏

k
dβkd̃−D/2

G eiWG

∣∣∣∣∣
u=0

. (266)

The properties of the appearing objects are:

• All variables ti, ξi, and βk, the rescaled physical variables q̃
Hi

, m̃Hi , and ũHi , and the
power-counting degrees ωH̄i

are defined above.
• The explicit powers of ti correspond to the original superficial power-counting degrees

of the momentum integrals over the subdiagrams Hi. For each ti integral, a factor
(tiξi)

2ε was split off, which may be viewed as the essence of the D-dimensional
integration measure.

• The remaining integrand d̃−D/2
G eiWG has no explicit dependence on tL at all. It depends

on tL only via the rescaled physical variables. The other ti with i = 1 . . . L − 1 typically
appear explicitly, however.

• The function d̃G is a rescaled Symanzik polynomial, which satisfies d̃G ≥ 1 in the
integration region.

• For ε > 0 in the +iε prescription, the function eiWG is exponentially decreasing for
large tL.

• The product d̃−D/2
G eiWG , therefore, is analytic in ε and C∞ in ti, βk, and the rescaled

physical variables q̃
Hi

, m̃Hi , and ũHi .

This statement is the starting point for the inductive proof of renormalization in DReg
given in Reference [4], and it is a direct consequence of Lemma 4 of that Reference.

5.2.6. Ingredient 4: Integrand Relation between Graphs and Subgraphs

An important step in the proof is the application of subtraction operators TH to a
graph G. In order to analyze this operation, relationships between the original graph G,
the reduced graph G/H , and the subgraph H are needed. These relationships are again
essentially independent of D-dimensional treatments. They rely on detailed analysis of the
graphs themselves and the relationships between graphs and the α-parametrizations.

The required theory involves incidence matrices and graph theoretical representations
of the Symanzik polynomial U , or d̃G, and the exponent WG. Although the theory is
very elegant and not too difficult, we do not develop it here. Hence, we only list several
important statements without proof. For the proofs, we refer to Reference [4] and the
references therein. Further discussions were given, e.g., in References [51,69,124]

Consider the Symanzik polynomial UG for a graph G, and let H be a subgraph of
G. U is a homogeneous polynomial in all αs of degree L. Consider the case where all αs
corresponding to the subgraph H are rescaled by a factor ρ, while all other αs remain fixed.
Then, for small ρ, we have

UG(αs in H rescaled by ρ) = UG/H︸ ︷︷ ︸
ρ-independent

UH︸︷︷︸
∝ρLH

+O(ρLH+1) , (267)

i.e., at the lowest nonvanishing order, the Symanzik polynomial factorizes into the two
individual Symanzik polynomials for the reduced graph and the subgraph. If G and H are
part of an integration sector as defined above, then variables tG, tH (and possibly further, ti),
and βk exist, and rescaled Symanzik polynomials d̃ can be defined for each of these graphs.
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In this case, d̃G for the full graph cannot depend on tG, but it can depend on tH , while d̃G/H

and d̃H can neither depend on tG nor on tH . Their relationship is the factorization:

d̃G|tH=0 = d̃G/H d̃H . (268)

A similar relationship can be established for the exponent WG appearing in the general
result of the integral (266). Defining WH and WG/H using the same variable transformations
for the sector (C, σ), suitably adapted to the subgraph and reduced graph, the relation-
ship is

WG|tH=0 = WG/H + WH |tH=0 , (269)

if all these quantities are expressed in terms of rescaled variables q̃, ũ, and m̃. This prop-
erty can be established in an elementary way once the exponents are constructed via
incidence matrices.

For the same conditions, a further, more intricate property can also be established and
is important. It is the following property involving derivatives:

d
dtH

d̃−D/2
G eiWG

∣∣∣∣∣
tH=0

= ξHUH

[
d

dtH
d̃−D/2

H eiWH

]
tH=0

· d̃−D/2
G/H

eiWG/H . (270)

Here, UH [X] denotes an insertion operator that effectively inserts its argument X as a
vertex into a bigger graph. To achieve this insertion, the external momenta of the argument
X must become internal momenta of the bigger graph, in this case of G/H . Technically, UH
acts by shifting in its argument the momentum variables q̃

H
by terms involving derivatives

with respect to u-variables for the bigger graph G/H .
This is a statement of pivotal importance for the full proof of the theorem stated

in Section 5.2.1 since it allows relating the divergences of a full graph to divergences of
counterterm graphs and, thus, allows making manifest the cancellation of subdivergences.
It is essentially the content of Lemma 5 of Reference [4].

5.2.7. Ingredient 5: Simple Integrals and Non-Analytic Functions of D − 4

Now, we discuss several simple integrals and special functions that arise in DReg
due to the D dimensionality of spacetime. They encapsulate how the regularization acts,
how divergences arise as 1/(D − 4) poles, and how divergences cancel by adding suitable
counterterms. We set again D = 4 − 2ε.

First, we discuss a simple type of integral, defined as

f (z) =
∫ ∞

0
dttz−1g(t) , (271)

where z is a complex variable and g(t) is a C∞ function, which either decreases exponentially
for t → ∞ or which involves the step function θ(1 − t) cutting off the integral at t = 1. This
simple integral appears in the general result (266), but also in the one-loop example (257). In all
these cases, the t-integration involves one factor, which is of the form tn−1+2ε, where n is an
integer. This corresponds to the above form for z = n + 2ε. This factor is nonanalytic in t
around t = 0. The remaining t-dependences in Equations (266) and (257) are complicated, but
are C∞ functions in t, which indeed fulfil the requirements on g(t) listed above. In the case of
the tL integration, the remaining integrand exponentially decreases, and in the case of all other
ti integrations, the integration stops at ti = 1.

The above function f (z) is a generalization of the Γ-function, where g(t) = e−t. The Γ-
function is known to have simple poles at z = 0, z = −1, z = −2, . . . . It is easy to see
that the same is true for the more general f (z). Clearly, when for Re(z) > 0, the integral
defining f (z) converges and defines an analytic function. To study negative Re(t), we can
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add to and subtract from g(t) a Taylor polynomial ∑ g(k)(0)tk/k!, where g(k) denotes the
k-th derivative. Integrating this polynomial from 0 to 1, we obtain

f (z) =
∫ ∞

0
dttz−1

[
g(t)− θ(1 − t)

n

∑
k=0

g(k)(0)
k!

tk

]
+

n

∑
k=0

g(k)(0)
k!

1
z + k

. (272)

For any non-negative integer n and for Re(z) > 0, the value and convergence prop-
erties of the integral are not changed. However, the square bracket behaves like tn+1 for
small t; hence, the integral now converges even for negative z, as long as Re(z) > −n − 1.
Hence, this formula represents an analytic continuation of f (z) onto the entire complex
z plane. It makes also manifest that this analytically continued f (z) has single poles at
z = −0, z = −1, z = −2, . . . .

We can rewrite the result in the form of an integration rule for the typical t-integrals
appearing in DReg by replacing z = −n + 2ε with integer non-negative n and ε ≈ 0. We
then have the rule:

∫ ∞

0
dtt−n−1+2εg(t) =

1
n!

(
d
dt

)n
g(t)

∣∣∣∣∣
t=0

1
2ε

+ regular expression , (273)

where the form of the regular expression can be read off from Equation (272). The t-integrals
in the general formula (266) are to be analytically continued in this way. Hence, this rule
immediately shows that any t-integration can only lead to single 1/ε-poles and not to more
complicated divergences as ε → 0.

Next, we consider two special simple classes of nonanalytic functions of t. They are
defined as the two kinds of sets (for integer K, L):

K < L : JL
K =

{
f (t, ε) =

c1t2ε + . . . + cLt2Lε

εK = finite for ε → 0
}

, (274a)

K ≤ L : J̃L
K =

{
f (t, ε) =

c0 + c1t2ε + . . . + cLt2Lε

εK = finite for ε → 0
}

. (274b)

In the definitions of the sets, the lower index K refers to the ε-power in the denominator,
and the upper index L can be thought of as the loop number at which the functions become
of interest. The coefficients ci are arbitrary except for the constraint that the defined
functions are finite for ε → 0.

Let us illustrate how such functions can appear by considering a 2-loop diagram G with
a 1-loop subdiagram H. We imagine a calculation not only of the diagrams themselves, but
of the entire renormalization procedure, taking into account suitable counterterm diagrams
canceling subdivergences. In the imagined calculations, we use the general formula (266).
If the one-loop diagram H is computed in isolation, it involves one t1-integral whose
essential nonanalytic part is simply

t2ε
1 ∈ J1

0 , (275)

which is an element of the set J1
0 and which may be attributed to the D-dimensional measure.

The result of the t1-integration via the rule (273) then leads particularly to a 1/(2ε) pole,
and a counterterm for diagram H can be defined that cancels this divergence. In the 2-loop
calculation of G, the 1-loop diagram H appears as a subdiagram with corresponding t1
integration. Here, the t1 variable is accompanied by ξ1, which is here simply ξ1 = t2.
After the t1 integration, the nonanalytic factor ξ2ε

1 remains and combines with the 1/(2ε)
pole. In the corresponding counterterm diagram, where the subdiagram H is replaced by
the counterterm canceling its 1/(2ε) pole, there is no t1 integration and no appearance of
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the variable ξ1. Therefore, after the t1 integration and after combining with the counterterm
diagram canceling the subdivergence, a combined function:

t2ε
2 − 1

2ε
∈ J̃1

1 (276)

appears. The finiteness of functions in the set J̃1
1 reflects the successful cancellation of the

subdivergence. Proceeding with the computation of the two-loop diagram G, this function
is combined with the measure factor, such that the interesting nonanalytic part of the
t2-integrand is

t2ε
2

t2ε
2 − 1

2ε
∈ J2

1 . (277)

This example illustrates the general idea: Functions in JL
K are the functions that actually

appear as the nonanalytic factors in the tL integrations at the L-loop level during the
renormalization procedure. After carrying out a tL integral and after combining with the
suitable counterterm contribution, a function in the set J̃L

K+1 appears. At the next loop level,
the integrand needs to be prepared by suitable rearrangements and combined with the
measure factor t2ε

L+1 to produce a function of the set JL+1
K+1, and so on.

For this reason, it is helpful to study the properties of functions in these sets on their
own, before tackling the actual loop integrations. Some particularly useful properties are
as follows:

(i) Any function f ∈ JL
K has the limit f (t, 0) = const × (ln t)K.

(ii) For a function f ∈ JL
K, the integral

∫ t
1

dt′
t′ f (t′, ε) produces an element of the next

set J̃L
K+1.

(iii) The converse is also true, i.e., every element of J̃L
K+1 can be written in terms of such

an integral.
(iv) A function f ∈ JL

K where the first argument is a product can be factorized as f (ξt, ε) =

∑j f1j(ξ, ε) f2j(t, ε), where all functions on the right-hand side are elements of fnj ∈ JL
Knj

,
where K1j + K2j = K. This property is obviously important to prepare higher-loop
integrands such that t integrals act on isolated functions depending only on t, not
on ξ.

(v) There is a simple product rule f L1
K1

f L2
K2

∈ JL1+L2
K1+K2

for functions f Li
Ki

∈ JLi
Ki

. This property
is also important on the multiloop level in case a multiloop diagram contains two
disjoint divergent subdiagrams.

The properties can all be proven using elementary integration tricks and l’Hopital’s
rule for limits. Such properties of these functions are the content of Lemma 2 of
Reference [4].

5.2.8. Sketch of Proof by Induction

All explained ingredients are important in the full proof of the central Theorem 1 in
Reference [4] and stated in Section 5.2.1. Here, we give a sketch of this proof. The proof
applies the α parametrization of integrals decomposed into sectors as in Equation (241).
The renormalization procedure is then expressed in terms of the forest formula (250). This
formula provides the basis for an inductive proof, where a graph G and a sector are fixed,
and then, all factors (1 − THi ) in the forest formula are successively applied in the correct
ordering. The base case of the induction is provided by the general formula (266). The
induction step needs to carry out the actual integration over one t variable and some β
variables corresponding to the next (1 − THi ) factor. The step uses the properties of the
special functions of ε defined in Section 5.2.7, and the relationships between the graph,
subgraph, and reduced graph described in Section 5.2.6.

Obtaining the precise form of the induction hypothesis is highly nontrivial, but it can
be motivated using all the developed insight. It can be formulated as follows. Consider
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a 1PI graph G and a sector (C, σ). All the following quantities are specific to this sector,
but for brevity, we will omit all indices denoting this dependence. The graph has LG
loops, and the sector contains LG subgraphs H1, . . . , HLG . Without loss of generality, we
assume the labeling such that the subgraphs are already ordered according to their allowed
appearance in the forest formula (250), such that if Hj ⊇ Hi, then also j ≥ i (the ordering
is not unique). Then, after evaluating L ≤ LG factors in the forest formula, we obtain the
expression (suppressing the dependence on the sector (C, σ)):

RX(G) ≡ (1 − THL) · . . . · (1 − TH2) · (1 − TH1) · G . (278)

This represents a partially renormalized graph where L loops and L subgraphs have
already been treated in previous induction steps. Section 5.2.4 gave arguments that this
expression should have simple divergence properties when acted upon by further THi
operators. Despite this, the partially renormalized expression on its own clearly can have
a very complicated analytical structure and can still have non-polynomial divergences,
which the proof needs to deal with. The label X denotes the set of all subgraphs that
have already been treated, and we also define X0 as the subset of X, which contains only
maximal subgraphs, i.e.,

X = {H1, . . . , HL} , X0 = {M1, . . . , MS, HL} , (279)

where it is used that HL itself is necessarily a maximal subgraph in X and where names
have been given to all other elements of X0.

The induction hypothesis states that, after evaluating all ti and βk integrals corre-
sponding to lines in the already treated graphs in X, we obtain

RX(G) = sum of terms like∫
≥L+1

∏
M∈X0

ξ
−ωM
M f̃M(ξM, ε)gG,X

∣∣∣∣∣
ũ=0

, (280)

where the integration factors for the remaining integrals are abbreviated as

∫
≥L+1

= cLG−L
D

∫ LG

∏
i=L+1

dti
ti
(tiξi)

−ωH̄i
+2ε

∫
∏

k∈G/X0

dβkZ̃Hi . (281)

Here, the integration boundaries of the ti and βk integrals are as in Equation (266),
and the notation k ∈ G/X0 corresponds to all indices k corresponding to any line outside the
already treated graphs in the set X. In the product over the maximal subgraphs M (which
includes the case M = HL), each M is equal to one particular Hj(M), and for simplicity, we
identified the indices ξM ≡ ξ j(M).

We provide the following comments on the induction hypothesis:

• The “sum of terms like” refers to the expression in the integrand, which really is of
the form ∑a ∏M f̃M,agG,X,a. Since the proof can be carried out for each such term, we
drop the index a and this summation.

• The integration variables ti and βk and the ũk variable for the already treated graphs
do not exist anymore, since they have been integrated over/set to zero. Hence, the
only appearing ti, βk, and ũk are the ones for i = L + 1, . . . , LG and for k ∈ G/X0 .

• The sets of physical variables q̃
Hi

, m̃Hi and the remaining ũHi (for Hi /∈ X) are rescaled
only by the remaining tis, i.e., Equation (262) applies in a modified form where, on the
right-hand side, ti = 1 ∀i ≤ L and where the ũHi for i ≤ L do not exist.

• The particularly nontrivial and interesting part of the statement is the integrand in
Equation (280). It displays the analytic structure of the partially renormalized graph
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and the result of all the evaluated ti and βk integrals. The result is a product of
functions f̃M, which are nonanalytic in the remaining ti, and the function gG,X .

• Each function f̃M is an element of a set J̃L
K with K ≤ L. These functions are thus

nonanalytic in the remaining ti, but have a finite limit for ε → 0, reflecting the
successful subtraction of subdivergences. The functional form of each f̃M is further
specific to the chain of subgraphs XM = {H′ ⊆ M, H′ ∈ C} and does not depend
on any details of graphs or a part of graphs outside M. Only the argument ξM has a
dependence on ti variables corresponding to bigger graphs.

• The function gG,X carries the complicated dependence on all physical variables and all
other ti and βk variables. gG,X is C∞ in all these remaining integration variables and
all the physical variables q̃

Hi
, m̃Hi , and ũHi rescaled as defined above. It is analytic in ε,

again reflecting the cancellation of subdivergences, and it has no explicit dependence
on tLG corresponding to the full graph G (except for the product t2

LG
ε, similar to

Equation (256)). Its functional form is specific to the full graph G and the treated
graphs Hi ∈ X.

The induction base case is the one where L = 0 and no subgraph has been treated yet.
In this case, the sets X and X0 are empty, and RX(G) simply refers to the unrenormalized
result TG. The form of the unrenormalized result is given in Equation (266), and it directly
confirms the induction hypothesis (280) with gG,∅ = 2LG d̃−D/2eiWG .

For a sketch of the induction step, we assumed L ≥ 1 and assumed the partial
renormalization was carried out up to loop number L − 1 and that the induction hypothesis
holds at loop number L − 1. It is then useful to introduce the notation for the previously
treated subgraphs and previously treated maximal subgraphs. We write

X′ = {H1, . . . , HL−1} X′
0 = {m1, . . . , ms} ∪ {M1, . . . , MS} , (282)

and we keep the definitions of Equation (279) such that X = X′ ∪ {HL} and such that the
subgraphs mi are the maximal subgraphs of HL. The remaining subgraphs are HL, as well
as Hi with i ≥ L + 1; the lines and βk are the ones with k ∈ G/X′

0
or, equivalently, the

ones with k ∈ G/X0 or with k ∈ H̄L. The induction hypothesis for loop number L − 1 can,
therefore, be cast into the form:

RX′(G) = sum of terms like∫
≥L+1

∏
M∈X0\{HL}

ξ
−ωM
M f̃M(ξM, ε)

× cD

∫ dtL
tL

(tLξL)
−ωH̄L

+2εZ̃HL

∫
∏

k∈H̄L

dβk

× ∏
mi

ξ
−ωmi
mi f̃mi (ξmi , ε)gG,X′

∣∣∣∣∣
ũ=0

. (283)

In this way of writing, the role of the graph HL, which is to be treated next, is exhibited,
while the factors in the first line contain the same integration factors and almost the same
f̃M factors as Equation (280). The physical variables appearing here inside Z̃Hi and gG,X′

are rescaled with all ti for i ≤ L, and all comments made for the induction hypothesis apply
with suitable modifications.

In the induction step, we need to assume the validity of Equation (283) and carry
out the next step, construct RX(G), and prove that it takes the form (280) with all listed
properties. The construction involves the evaluation of all integrals in the last two lines of
Equation (283). It also involves the application of the next subtraction operator (1 − THL),
which also only affects the last two lines of Equation (283), in particular because the
integration factors

∫
L+1 stay unchanged if the subgraph HL is replaced by its counterterm.

We begin with several immediate simplifications of the factors in the last two lines
of Equation (283). First, we observe that all the ξmi in the last line are equal to each other,
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and they are equal to ξmi = tLξL. The reason is that the ξmi are the products of tj for
all subgraphs in C that contain mi and that the mi are maximal subgraphs of HL. One
consequence is that the ωH̄L

- and ωmi -dependent terms combine simply to (tLξL)
ωHL . A

less trivial consequence is that all nonanalytic functions and the measure factor for tL can
be combined as

fHL(tLξL, ε) = (tLξL)
2ε ∏

mi

f̃mi (tLξL, ε) , (284)

which is an element of the set JL
K for some K < L thanks to the properties of the functions

discussed in Section 5.2.7. Second, after the βk integrations and after applying the derivative
operator Z̃HL and setting ũHL = 0, we obtain

ḡG,X′ = Z̃HL

∫
∏

k∈H̄L

dβkgG,X′

∣∣∣∣∣
ũHL=0

. (285)

This function is still C∞ in the remaining variables and analytic in ε. Hence, the last
two lines of Equation (283) can be written as

cD

∫ dtL
tL

(tLξL)
−ωHL fHL(tLξL, ε)ḡG,X′ . (286)

The more difficult part of the induction step is the evaluation of the tL integral and
the application of the (1 − THL) subtraction operator. Two cases need to be distinguished.
The first case is when the next step is the final step of renormalization, i.e., when L = LG
and HL = G. The second case is when L < LG and HL is still a proper subgraph of the full
graph G.

To sketch the first case with L = LG and HL = G, we note that, in this case, the second
line of Equation (283) is just the factor one, since there are no remaining integrations and
there are no other maximal subgraphs M. Likewise, the remaining ξL = 1, and from the
induction hypothesis, we know that the variable tL = tLG does not appear explicitly in
ḡG,X′ ; this variable only enters via rescaled physical variables q̃Hi and m̃Hi , i.e., via the
products of tL and physical momenta and masses. Plugging in the general form of the
function fHL yields a sum of terms as

∑
n

cnt2nε
L

εK ḡG,X′ , (287)

which need to be integrated over tL with the measure
∫

dtLt
−ωHL−1
L . This integral is

performed via the general rule (273). This rule leads to a regular expression and a singular
term. The regular expression can be shown to be analytic in ε and C∞ in all other variables.
The singular term contains poles in ε and takes the form:

∑
n

cn

2nεK+1
1

ωHL !

[(
d

dtL

)ωHL
ḡG,X′

]
tL=0

. (288)

This singular term can be shown to have all desirable properties. The poles in ε are at
most of degree 1/εLG . The coefficients are polynomials in the physical variables, masses,
and momenta, of degree ωHL . Here, and in Reference [4], the factor of the dimensional
regularization scale μ2ε is omitted from the definition of renormalized amplitudes. If this
factor is included, it is also possible to prove that the divergent polynomial is independent
of μ. It is, therefore, possible to define the subtraction operator (1 − TG) for this sector
such that it subtracts this polynomial divergence; the resulting finite remainder satisfies all
properties listed after the induction hypothesis (280). It is further possible to define the full
divergent part of the full diagram, TRG, as the sum of all these singular terms arising in
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this way in all sectors. This object has all properties required for a possible contribution to
a counterterm Lagrangian: in position-space, it is local; it has the correct power-counting
degree; its value depends only on the graph G and not on its embedding into bigger graphs.

Finally, we also sketch the remaining induction step for the case L < LG and HL �= G. Here,
evaluating the tL integral and applying the subtraction operator (1 − THL) to Equation (286)
lead to three terms: the regular expression from the tL integration, the singular expression from
the tL integration, and the counterterm contribution from THL , where THL is defined via the
full renormalization of the graph HL in isolation. All terms need to be rearranged by using the
properties of the f functions discussed in Section 5.2.7, in particular of the factorization property
of these functions. Furthermore, the singular expression of the tL integration has to be rearranged
by using properties such as (270) for the relationships between graphs, subgraphs, and reduced
graphs. In these ways, it is possible to show that the combination of all terms acquires the form
of the induction hypothesis (280) and that all announced properties are fulfilled.

In this way, all properties announced in Section 5.2.1 are established, except for
the equivalence to BPHZ. Illustrating this point requires comparing the structure of the
appearing integrals in the DReg and the BPHZ approaches. For this, we refer to the original
literature [4,22].

6. Renormalization and Symmetry

In the preceding section, we saw how the renormalization program allows subtracting
the divergences from Feynman diagrams. Importantly, the subtraction terms are polyno-
mials in momenta constrained by power counting, and the subtraction is equivalent to
adding certain counterterms to the Lagrangian. By choosing a certain renormalization
scheme, the remaining ambiguities of finite counterterms can be fixed, and the Lagrangian
supplemented by those counterterms defines a finite four-dimensional theory.

In this section, we consider the problem of renormalization in the presence of symme-
tries, specifically gauge invariance. On the one hand, symmetries put additional restrictions
on certain quantities, which allows for simplifications. On the other hand, we also have
to ask about the compatibility of symmetries and regularization and whether they can be
restored if intermediately broken. Since regularization may, in general, spoil the classical
symmetry, we shall require its validity as part of the definition of our theory. The sym-
metry of interest for us is gauge invariance promoted to BRST invariance as described in
Section 2.3. On the level of Green functions, this symmetry is implemented by the Slavnov-
Taylor identity as described in Section 2.5. In a more compact notation (cf. Equation (92)), it
can be written as

S(Γren) =
∫

d4x
δΓren

δφ(x)
δΓren

δKφ(x)
!
= 0. (289)

Here, we assumed for simplicity that all symmetry transformations, i.e., both linear
and nonlinear, are coupled to sources Kφ. The Slavnov–Taylor identity is the pivotal tool in
the proof of the renormalizability of quantized Yang–Mills gauge theories, including the
proof that the quantum theory actually is physically sensible.

The first proofs of the renormalizability of non-Abelian gauge theories were given by
’t Hooft, Lee, and Zinn-Justin in References [125–130], all employing various versions of
Slavnov–Taylor identities. These proofs establish not only the finiteness and validity of the
Slavnov–Taylor identity, but also the interpretation of the quantum theory with a unitary
and gauge-fixing independent S-matrix defined on a Hilbert space of quantum states with
a positive norm. Later, the proofs were generalized by Becchi, Rouet, Stora, and Tyutin
(BRST) to the case where nothing is known about the symmetry properties of the employed
regularization scheme, establishing the approach of algebraic renormalization [41–44]; see
also the reviews by Piguet/Rouet and Piguet/Sorella [47,119]. A particularly satisfactory
formulation was achieved with the Kugo/Ojima formalism [45], where the existence of a
nilpotent operator QB was derived from the Slavnov–Taylor identity. QB generates BRST
transformations on the level of asymptotic states, and its role on the level of quantum states

187



Symmetry 2023, 15, 622

is similar to the role of the BRST operator s on the classical level; see Equations (46)–(49). It
may be used to define the physical Hilbert space as the quotient space:

Hphys = (ker QB)/(im QB) . (290)

Hence, two states are equivalent if they differ by a total QB-variation. A single state is
called physical if QB|ψ〉 = 0, provided it is not some total variation, i.e., |ψ〉 �= QB|χ〉 for
some |χ〉, in which case it would be equivalent to the zero vector. The fields act Lorentz
covariantly on the whole space including unphysical states, and because of the Slavnov–
Taylor identity, QB commutes with the S-matrix. Hence, the physical S-matrix defined on
the physical Hilbert space maps physical states to physical states; it is Lorentz-invariant,
unitary, and causal. All these properties can be shown in a very elegant way [45]. We thus
see that, if we make sure that the Slavnov–Taylor identity is obeyed after renormalization,
we are guaranteed a consistent quantum field theory.

Hence, the logic now is the following. In Section 2, we defined gauge theories that
classically satisfy the BRST symmetry. Then, we established dimensional regularization
as a framework for treating such theories perturbatively in loop orders. Now, we are
in a position to define our renormalized theory with the fundamental Slavnov–Taylor
identity intact and study the possible obstructions posed by regularization. To this end, we
shall first discuss the counterterm structure for manifestly preserved symmetries during
renormalization in Section 6.1. Then, in Section 6.2, we give a brief overview of the field of
algebraic renormalization, which is the appropriate setting in which to discuss the breaking
and restoration of symmetries. Finally, we discuss how the general analysis of algebraic
renormalization can be specialized to the case of dimensional regularization in Section 6.3.

6.1. Counterterms in Symmetry-Preserving Regularization

We first recall the simple case where a symmetry is manifestly preserved at all steps
of the calculation. This is the standard case often encountered in textbook discussions
and practical calculations using DReg in QED and QCD, for reasons described already in
Section 4.3. There, one frequently uses so-called renormalization transformations of the
generic form:

g → g + δg (291a)

φi →
√

Zij φj, (291b)

for coupling constants g and quantum fields φi with associated parameter and field renor-
malization constants δg and δZij = Zij − δij. The renormalization constants are to be
understood as power series in loop orders or, equivalently, in the renormalized parameters.

This procedure is applied onto the classical action S0 and, thereby, defines a bare action
Sbare (cf. (109)), itself giving rise to the counterterm action:

Sct = Sbare − S0. (292)

The divergent parts of these generated counterterms cancel the UV divergences of
loop diagrams, and the finite parts of the counterterms can be used to fulfil certain renor-
malization conditions, as mentioned in Section 3.1.

In terms of the Slavnov–Taylor identities, the standard case is expressed by the statement

S(Γreg) = 0, (293)

which, as explained in Section 4.3, means that the regularized Green functions already
satisfy the Slavnov–Taylor identity. If applicable, similar equations should hold for other
identities such as the ones discussed in Section 2.6 (e.g., ghost equation). This is indeed the
case in QED and QCD in DReg at all orders. The basis of this statement was explained in
Section 4. The manifest symmetry at the regularized level (293) has two implications for the
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structure of renormalization. First, the possible divergences are restricted by Equation (293),
which, in turn, also restricts the structure of counterterms needed to cancel divergences.
Second, possible finite counterterms are also restricted by Equation (293), together with
the ultimate requirement (289) for the renormalized theory. Both implications can be
simultaneously evaluated as follows. Assuming that the theory has been renormalized up
to order O(h̄n−1), we are interested in the O(h̄n)-order counterterms Ln

ct and the O(h̄n)
divergences of the regularized theory. The renormalized theory at order O(h̄n) can be
written as

Γ(n)
ren = Γ(n)

reg,fin + Γn
reg,div + Sn

ct. (294)

For further analysis, it is customary to introduce the linearized Slavnov–Taylor op-
erator sΓ, defined by expanding the Slavnov–Taylor operator S(Γ) for both linearly and
nonlinearly transforming fields φ and Φ, respectively:

S(Γ) =
∫

d4x
δΓ

δKi(x)
δΓ

δΦi(x)
+
∫

d4x sφi(x)
δΓ

δφi(x)
, (295)

as follows:
S(Γ + ζF ) = S(Γ) + ζsΓF +O(ζ2), (296)

for some functional F . Its concrete form is given by

sΓ =
∫

dx
(

δΓ
δKi(x)

δ

δΦi(x)
+

δΓ
δΦi(x)

δ

δKi(x)
+ sφi(x)

δ

δφi(x)

)
. (297)

Of special interest is the case of the classical action Γcl, for which we define

b ≡ sΓcl , (298)

as the linearized Slavnov–Taylor operator based on the classical action. In agreement with
the nilpotency of the BRST operator (49), the algebraic structure of the Slavnov–Taylor
operator leads to two nilpotency relations:

sΓS(Γ) = 0, (299)

sΓsΓ = 0 if S(Γ) = 0. (300)

Substituting the decomposition of Equation (294) into Equations (293) and (289), we
first obtain

b Γn
reg,div = 0. (301)

This establishes the restriction on the possible divergences. Second, we obtain

b Sn
ct = 0, (302)

both for the divergent and the finite parts. The most-general solution of this equation in
terms of admissible counterterm actions yields the counterterm structure, which is sufficient
to cancel the divergences and required to establish the symmetry. The corresponding
calculations were carried out in the original references on the renormalization of Yang–
Mills theories cited at the beginning of this section; textbook discussions can be found, e.g.,
in the textbooks by Zinn-Justin, Weinberg, and Böhm/Denner/Joos [32,34,50].

For most theories of interest including the SM, the outcome is the familiar statement
cited in the beginning (cf. Equation (291)) that all counterterms can be obtained by renor-
malization transformation of the classical action. A second related outcome is then that any
two consistent regularization/renormalization prescriptions that both fulfil the symmetry
requirement (289) can only differ by a reparametrization of the form (291). This latter
result is a stronger statement than the one of Equation (228) because a smaller number of
parameters is affected.
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6.2. Broken Symmetries and Algebraic Renormalization

Now, we turn to the case of interest for, e.g., chiral gauge theories in which the
symmetry is not manifestly preserved by the regularization. This case is characterized by

S(Γreg) �= 0, (303)

in contrast to Equation (293). Clearly, the required structure of the counterterms is more
complicated. Now, the divergences and required divergent counterterms may be non-
symmetric and not fulfil Equation (301). In this case, one has to determine them by explicit
calculation of the divergences of Green functions instead of reading off their structure from
a renormalization transformation such as (291). In this way, the theory can be rendered
finite despite the broken symmetry (303).

Even on the finite level, the symmetry breaking (303) might still persist. Finite coun-
terterms then have to be determined such that the fully renormalized theory fulfills the
basic requirement (289). In some cases, it can actually be impossible to find such coun-
terterms; the symmetry is then said to be broken by an anomaly. Since we considered the
Slavnov–Taylor identity as part of the definition of the theory, an anomalous breaking of
the Slavnov–Taylor identity means that the theory is inconsistent and not renormalizable.
In cases without an anomaly, it is indeed possible to recover the symmetry by appropriately
chosen finite counterterms.

Even though the precise form of the symmetry breaking depends on the regularization,
it is possible to study the general case of (303) in a regularization-independent way. This
study is the content of algebraic renormalization, pioneered by BRST [41–44]; see also
the reviews [47,119]. The main insight of the procedure is that the possible breakings are
restricted in two ways. On the one hand, they are restricted by the Slavnov–Taylor identity
itself, similar to the possible divergent structures in Equation (301). On the other hand, they
are restricted by a regularization-independent version of the quantum action principle.

Those two restrictions taken together provide a regularization-independent analysis
of the renormalization of gauge theories. In the following, we shall first sketch the quan-
tum action principle in the BPHZ framework of renormalization, where it was originally
established and subsequently used for algebraic analysis, as well as exhibit a connection to
the regularized quantum action principle of DReg. The central point is then to review how
the aforementioned restrictions can be used to restore the broken symmetry by suitable
counterterms provided there are no anomalies.

6.2.1. The Quantum Action Principle in BPHZ

As discussed in Section 5.1, the BPHZ approach to renormalization constituted one of
the first full discussions of all-order renormalization, rigorously establishing the possibility
to obtain finite Green functions and S-matrix elements in agreement with basic postulates
such as causality and unitarity. In this framework, Lowenstein and Lam derived various
theorems now summarized as the quantum action principle [106–110]. The theorems
are similar to the regularized quantum action principle in DReg discussed in Section 4.
The difference is that the theorems discussed here are valid in strictly four dimensions,
for the fully renormalized theory.

Furthermore, this form of the quantum action principle is generally valid not only
in the BPHZ framework, but in all regularization/renormalization frameworks that are
equivalent; hence, it also applies to results obtained using DReg, if the LIMD→4 defined in
Equation (113) has been taken. The algebraic method is based on this general formulation,
and its results hold for all such equivalent frameworks. In BPHZ, finite expressions and the
Gell–Mann–Low formula are defined by an iterative operation on momentum-space inte-
grals whereby Taylor series contributions up to some UV subtraction degree are subtracted
from the integrands, giving finite integrals by power counting. Further, normal products,
i.e., products of fields and their derivatives at the same spacetime point, may be defined
as finite parts of certain Wick-ordered insertions into the Green function. One can derive
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so-called Zimmermann-identities, which linearly relate over-subtracted normal products,
i.e., of a higher UV degree than the canonical operator dimension, to minimally subtracted
ones. These prove a powerful tool in, e.g., deriving field equations and studying anomalies.

A first version of the quantum action principle can be used to express the relation of
some infinitesimal variation of Green functions, or equivalently generating functionals,
with the insertion of a normal product. Reference [107] considered differential vertex oper-
ations (DVOs), which are insertions of integrated normally ordered local field polynomials
into the Gell–Mann–Low formula corresponding to the respective Green function:

Δ · Gi1,...,in(x1, . . . , xn) = 〈0|T
∫

dy N[P(y)]φi1(x1) . . . φin(xn)|0〉. (304)

Then, one can connect the variation of the Green function with respect to some
parameter with those DVOs, i.e., taking some infinitesimal variation as Lint → Lint +

∑k εkPk(x), it follows:
∂Gε

∂εk

∣∣∣∣
ε=0

= iΔ · G. (305)

This result is valid for BPHZ-renormalized disconnected, connected, and 1PI Green
functions and, therefore, also for the corresponding generating functionals.

It can be used to derive the renormalized QAP for a generic parameter of the theory λ:

∂Γ
∂λ

= iΔλ · G, (306)

where Δλ =
∫

dx N[ ∂L
∂λ ].

There are several further versions of the quantum action principle with regard to
variations of parameters or (external) fields. In particular, References [108–110] established
a version of the action principle with respect to variations of dynamical fields (see, e.g., Ref-
erence [108], Equation (5.4)). The left-hand side being equal to zero due to the conservation
of some current, the resulting relation corresponds to Equation (89) for the more general
case of a non-invariant Lagrangian δL �= 0 under some symmetry transformation. It is
rigorously established in terms of the generating functional for general Green functions
renormalized in the BPHZ framework, and it can be connected to the generating functional
of 1PI Green functions via Legendre transformation.

Thus, the finite BPHZ framework is a setting in which the formally derived identities
among generating functionals such as the ones described in Sections 4.1 or 2.5 can be given
a sensible all-order meaning.

In addition, in any regularization/renormalization procedure in agreement with the
basic postulates, there is a way to cancel divergences and to obtain finite Green functions.
These may differ from the ones obtained in BPHZ (or any other regularization), but in
view of the theorems discussed in Section 5.1, the differences can only amount to local
counterterms at each order.

In the following, we summarize important statements of the quantum action principle
valid for any such finite Green functions defined via any consistent regularization and
subtraction of divergences. The statements can be cast in a variety of forms, similar to
Section 4.1. Here, we provide the formulation for the effective action Γ, as reviewed
in Reference [47]. First, the equations of motion for the generating functionals can be
written as

δΓ
δφi(x)

− Δi(x) · Γ = 0 . (307)

For variations with respect to the parameters, we have

∂Γ
∂λ

=
∫

dx Δ(x) · Γ . (308)
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As discussed in Sections 2.4 and 2.5, in the case of nonlinear symmetry transformations,
it is useful to couple the composite operators to some external field, say ρa(x). Then, one can
arrive at the following version of the quantum action principle relevant for such nonlinear
symmetry transformations:

δΓ
δρa(x)

δΓ
δφi(x)

= Δai(x) · Γ . (309)

In all previous Equations (307)–(309), the quantities Δ denote insertions of local com-
posite field operators, whose dimensions are bounded by power counting and whose
tree-level value is fixed in terms of the classical expression Γcl. For example, in the case
of Equation (307), Δi is a local composite field operator whose dimension is bounded by
(D− di), where di denotes the power-counting dimension of the corresponding field φi, and

Δi =
δΓcl
δφi

+O(h̄) . (310)

6.2.2. Comparing Quantum Action Principles in BPHZ and DReg

The quantum action principles discussed in the previous subsection for BPHZ and in
Section 4 for DReg are similar, but different. Here, we briefly comment on their relationship.
The BPHZ version is valid for any regularization/renormalization procedure, including
DReg. However, it is valid for the finite theory, in DReg for the theory after taking LIMD → 4
as defined in Equation (113). The definition of this limit includes setting evanescent
quantities (such as the (D − 4)-dimensional metric ĝμν) to zero. The insertions Δ appearing,
e.g., in Equations (309) are always finite, four-dimensional normal product insertions into
the finite Green functions.

In contrast, in the DReg case, the counterpart Equation (205) is valid for general D �= 4,
including evanescent quantities. In addition, if the identity corresponds to a symmetry
such as the Slavnov–Taylor identity, which is valid at the tree level and in four dimensions,
then the insertion Δ appearing in Equation (205) is purely evanescent.

It may not be immediately obvious how this can be reconciled with the purely four-
dimensional case of BPHZ. This is, however, important as we shall be making use of general
considerations following from the algebraic framework while working in DReg. In fact,
both versions of the quantum action principle are valid and useful. The BPHZ version
is useful to establish general existence proofs, which we can rely on also within DReg,
but the DReg version is useful for explicit computations since, there, the explicit form of
the insertion Δ is known.

The key is provided by the Bonneau identities established in References [73,74].
These identities precisely state that the insertion of an evanescent operator in DReg as in
Equation (205) may in the LIMD→4 be rewritten as an insertion of a finite, four-dimensional
operator as in Equation (309). In this way, the BPHZ quantum action principle can also be
rederived from the one in DReg.

On the technical level, the Bonneau relationship also provides the coefficients in the
expansion of evanescent operator insertions in terms of four-dimensional, finite insertions.
They are given by the residue of the simple 1/(D− 4) pole of the insertion of the evanescent
operator into Green functions. The proof is essentially achieved by taking dimensionally
renormalized amplitudes RG associated with a graph G and comparing the vertex inser-
tions ĝμν[Oμν · RG], on the one hand, with the vertex insertions with [ĝμνOμν] · RG, on the
other hand.

At the one-loop level, the Bonneau identities are not surprising since evanescent quan-
tities can only contribute in the LIMD→4 if they hit 1/(D − 4) poles, which, at the one-loop
level, have local coefficients, which may be interpreted as a four-dimensional local opera-
tor. However, their validity lies in their all-order nature. We mention here that Bonneau
identities can also be used to obtain information on renormalization group equations in the
presence of symmetry breakings of the regularization; see, e.g., References [25,28,131].
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6.2.3. Algebraic Renormalization and Symmetry Restoration

With the quantum action principle at our disposal, we can now describe the logic of
the algebraic renormalization of gauge theories. The starting point is the possible breakings
of the Slavnov–Taylor identity (or similar identities) as given by Equation (303) due to
the regularization. The quantum action principle provides a useful tool in restricting
the structure of the breaking and in determining whether the symmetry can be restored,
i.e., whether there are anomalies. For that, we proceed inductively order by order in
perturbation theory. The goal is to determine the required finite, symmetry-restoring
counterterms Sn

ct step by step for each n.
At the lowest order, at the classical level n = 0, the Slavnov–Taylor identity is valid

by construction. This forms the basis of the inductive procedure. Let us then suppose the
theory is renormalized completely; hence, it is finite, and the Slavnov–Taylor identity is
fulfilled at some order n − 1. In addition, at the next order n, the divergences are already
canceled by appropriate singular counterterms. Hence, we have

S(Γ(n),fin
subren) = O(h̄n), (311)

where we have introduced the notation:

Γ(n),fin
subren = Γ(n)

subren + Sn
sct, (312)

which denotes the effective action finite at order n after subrenormalization and adding
the necessary divergent n-loop counterterms. This quantity corresponds to the set of finite
Green functions for which the validity of the quantum action principle in BPHZ has been
proven, and it can be defined in any other regularization scheme equivalent to BPHZ.

The task is then to study the possible breakings on the RHS of Equation (311), as
well as the possible structure of the counterterms. As mentioned before, the breaking is
restricted in two ways. First, we may employ the quantum action principle to find

S(Γ(n),fin
subren) = h̄nΔ · Γ(n),fin

subren = h̄nΔ +O(h̄n+1). (313)

The important point is that Δ is a local polynomial in fields and derivatives, also
restricted by power counting. This property was announced in Section 2.5, where the
Slavnov–Taylor identity was formally derived from the path integral.

Second, applying the linearized BRST operator sΓcl ≡ b to Equation (313) using
Equation (299) and extracting the O(h̄n) terms, we arrive at a consistency condition (also
called the Wess–Zumino consistency condition):

bΔ = 0. (314)

Hence, the possible breaking Δ is restricted very similarly (cf. Equation (301)) to the
possible divergences Γdiv in Section 6.1. Both Γdiv in Equation (301) and Δ in Equation (314)
are local polynomials restricted by power counting, which are annihilated by b, but Γdiv is
of ghost number 0, whereas Δ has ghost number 1. Now, one can make a distinction. If Δ is
a b-exact term, i.e., if there exists another local polynomial Δ

′
with

Δ = bΔ
′
, (315)

it is called a trivial element of the cohomology of the BRST operator. In this case, we can
supplement the original action with a new n-loop order counterterm:

Sn
fct = Sn

fct,non-inv + Sn
fct,inv = −Δ

′
+ Sn

fct,inv, (316)
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where the last term reflects the freedom to add to the action any finite, symmetric counter-
term, obeying b Sn

fct,inv = 0. Hence, we end up with

S(Γ(n),fin
subren + h̄nSn

fct) = S(Γ(n),fin
subren) + b h̄nSn

fct +O(h̄n+1) = O(h̄n+1), (317)

where the last step follows from the induction hypothesis. Compatibility with ghost and
gauge fixing equation was shown in Reference [47].

Hence, under the condition (315), we can find a counterterm action Sn
fct,non-inv that

defines finite, non-invariant counterterms that repair the symmetry. Furthermore, it is
possible to add any number of finite, invariant counterterms to the action as they satisfy
b Sfct,inv = 0 and, hence, do not disturb the STI. These invariant counterterms behave
like the finite counterterms discussed in Section 6.1 and can be used to satisfy certain
renormalization conditions.

One task of the algebraic renormalization program is, therefore, to determine the
most-general solution of the equation bΔ = 0. If all possible solutions are b-exact, then this
constitutes a proof that the Slavnov–Taylor identity can be established at all orders in the
renormalized theory.

However, if we cannot write the breaking Δ as a b-exact term, the symmetry cannot be
repaired. This is an anomaly. In the case of the Slavnov–Taylor identity, such an anomaly is
disastrous since it destroys the interpretation of the theory as a sensible quantum theory;
see the discussion at the beginning of the present section. Anomalies are thus nontrivial
elements of the cohomology of the b-operator, i.e., expressions that are annihilated by b,
but are not b-exact.

The previous remarks constitute crucial insights into the BRST formalism [41–44].
The analysis of whether a gauge theory is renormalizable, i.e., whether the Slavnov–Taylor
identity can be restored at each order, can be made on a purely classical level, by finding all
possible solutions of Equation (314) and checking whether they are all b-exact.

The actual computation can be found in the original references and in the
reviews [47,119]. It can be sketched as follows. From the Wess–Zumino consistency
condition (314) and the nilpotency of the BRST operator, one can derive a set of equations,
the so-called descent equations. Solving these gives a general expression of the possible
anomalies of a theory. In the present case of interest for a generic Yang–Mills theory, it
can be shown that the consistency condition simplifies to sΔ(G, c) = 0 (see, e.g., [47])
with dependence on the gauge and the ghost field only. Writing Δ as an integrated local
product and solving the descent equations lead to the famous Adler–Bell–Jackiw gauge
anomaly first discovered in References [6–8] (note the different relative sign of the first
term of Equation (318) compared to [47], which comes from a different sign convention in
the covariant derivative; see Equation (6)),

Δ = L × εμνρσTr
∫

d4x ca∂μ

(
−gdabc

A ∂νGρ
b Gσ

c + g2 Dabcd
A
12

Gν
b Gρ

c Gσ
d

)
, (318)

where L is a coefficient that can be determined from explicit calculations and which depends
on the theory inputs. The group symbols are given by

dabc
A = Tr

(
Ta

adj
{

Tb
adj, Tc

adj
})

, (319)

and
Dabcd

A = dnab
A f ncd + dnac

A f ndb + dnad
A f nbc, (320)

where Ta
adj denotes adjoint generators under which ghosts and gauge fields transform;

cf. Equation (2). Expression (318) must vanish by itself, i.e., it cannot be absorbed by the
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counterterms, for the theory to be consistent. In the case of a single left-handed fermion, it
can be shown by a one-loop calculation that the anomaly is proportional to

1
2

dabc
A Tr(Ta{Tb, Tc}), (321)

which means that its cancellation depends on an appropriate choice of the matter con-
tent of the theory. The famous Adler–Bardeen theorem guarantees that, if the gauge
anomaly vanishes at one-loop order, it also vanishes at all orders; cf. [47]. The expression in
Equation (321) cannot vanish by itself, but in such a theory with a family of left-handed
fermions, their charges may add up to zero, as is the case in the SM. For some gauge groups
such as SU(2), the above expression vanishes identically due to the vanishing of some
group symbols. Hence, there can be no anomaly.

In summary, we have sketched how algebraic renormalization allows identifying the
general structure of the breaking of the Slavnov–Taylor identity. It constitutes a setting in
which the restoration of the symmetry can be proven to all orders for trivial elements of the
BRST cohomology such as spurious breakings introduced by the BMHV algebra. In the case
of non-spurious breakings, e.g., the gauge anomaly, one can derive explicit conditions for
its cancellation that a sensible theory must satisfy. Further, nonrenormalization theorems,
as in the case of the Adler–Bardeen theorem, can be shown and allow evaluating the gauge
anomaly in a simple way. The main technical tool that serves to establish these findings is
the general quantum action principle valid in many equivalent subtraction schemes. A key
advantage of the algebraic proof is that there is no need for an invariant regularization,
which for, e.g., chiral gauge theories does not exist.

6.2.4. Outlook and Further Remarks on Anomalies and Algebraic Renormalization

At this point, we interject with a brief outlook on anomalies and further applications
of the techniques of algebraic renormalization. Next to the perturbative chiral gauge
anomalies discussed above and discovered in References [6–8], there exist global chiral
anomalies [132] and perturbative mixed gauge–gravitational anomalies [133–135]. A chiral
gauge model can be renormalized only if all these chiral anomalies cancel, which may be
achieved by a proper choice of fermion representations of the chiral model; for example,
see Reference [11] and the references therein. Equation (318) is necessary, but not sufficient
if gravity and nonperturbative effects are taken into account.

Important theories such as the Standard Model of particle physics are renormalizable.
In particular, the electroweak SM was completely treated in algebraic renormalization in
Reference [57], establishing the SM as a fully all-order consistent, renormalizable theory.
Reference [56] gave a similar proof using the background field gauge (see footnote 3),
and Reference [59] gave a similar proof for the supersymmetric SM. These papers comple-
ment earlier extensive discussions of the renormalization of the electroweak SM by, e.g.,
References [60,136]; see also Reference [137].

The validity of the Slavnov–Taylor identity and the techniques of algebraic renormal-
ization can also be used to establish further interesting physics properties of quantum
gauge theories such as the renormalized electroweak SM, e.g., charge universality can be
established based on both gauge choices [48,136]; see also Reference [137] for further dis-
cussions. As another example, the renormalization of the Higgs vacuum expectation values
in spontaneously broken gauge theories can be controlled via a suitable Slavnov–Taylor
identity [138,139].

6.3. Algebraic Symmetry Restoration in the Context of DReg

So far in this section, we have studied the role of symmetries in the process of renor-
malization. If the symmetry is respected by the regularization, this implies a great sim-
plification for the UV counterterms. If it is not, algebraic renormalization constitutes a
general setup that allows identifying symmetry violations and restoring the symmetry.
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Here, we specialize the general procedure to the case of DReg. We use the BMHV scheme
with non-anticommuting γ5 in which gauge invariance may be broken.

6.3.1. Formulation of Symmetry and Symmetry Breaking in DReg

The ultimate symmetry requirement is the Slavnov–Taylor identity expressing the
BRST invariance of the full renormalized theory, Equation (289). In the context of DReg,
this requirement can be formulated as

LIM
D → 4

(SD(ΓDRen)) = 0. (322)

As defined in Section 3.1, ΓDRen denotes the renormalized effective action, still in
D dimensions, but including all counterterms canceling 1/ε divergences and restoring
symmetries. The limit refers to the operation of letting ε → 0, as well as putting evanescent
quantities such as ĝμν to zero.

In order to discuss the inductive procedure, we considered some order n and supposed
the theory has been renormalized and all counterterms have been constructed up to the
previous order n − 1. This provides us with

Γ(n)
subren , (323)

again using the notation of Section 3.1. At this point, we know from Section 5 that the
divergences at the n-th order can be canceled by adding a local counterterm action Sn

sct.
It may or may not be true that the divergences follow the simple pattern described in
Section 6.1. In general, we can always write

Sn
sct = Sn

sct,inv + Sn
sct,non-inv , (324)

where the first term corresponds to symmetric counterterms as described in Section 6.1 and
the second term corresponds to whatever other divergent counterterms are required.

After subtracting these divergences, the theory is finite at the order n, and the Slavnov–
Taylor identity may be written as

SD(Γ
(n)
subren + Sn

sct) = h̄nΔD +O(h̄n+1) , (325)

where ΔD is a possible finite breaking term, still evaluated in D dimensions. The subrenor-
malized and finite effective action introduced for the algebraic analysis in Equation (312) is
now given by LIMD → 4(Γ

(n)
subren + Sn

sct), and the counterpart of Equation (313) is given by
the four-dimensional limit:

LIM
D → 4

ΔD = Δfrom Eq. (313) . (326)

This finite quantity Δ is the one constrained by algebraic renormalization and dis-
cussed after Equation (313). That is, it is a local breaking term that satisfies the Wess–
Zumino consistency conditions and that can be canceled by adding suitable counterterms
(we assumed that there is no genuine anomaly).

The practical question is then how to obtain, first, the breaking term Δ and, then, the
symmetry-restoring counterterms. There are two strategies for this. The first, obvious
option is to evaluate all Green functions appearing on the LHS of Equation (325) including
their finite parts, plug them into the Slavnov–Taylor identity, and determine the potentially
nonvanishing breaking. This straightforward procedure is convenient in that it operates
on ordinary Green functions. Its drawback is that most finite parts of Green functions—in
particular, parts that are non-polynomial in the momenta—will be in agreement with the
symmetry and, hence, drop out of Equation (325), such that the calculation can become un-
necessarily complicated. Nevertheless, this direct approach has been used in the literature,
e.g., in References [140–144] on applications on chiral gauge theories and supersymmetric
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gauge theories. In the subsequent Section 7.4.1, we will also illustrate this approach with a
concrete example.

A second, alternative approach is provided by using the regularized quantum action
principle in DReg, described in Section 4. This theorem guarantees that we can rewrite the
LHS of Equation (322) as

SD(ΓDRen) = (Δ̂ + Δct) · ΓDRen. (327)

The possible breaking of the Slavnov–Taylor identity is, thus, rewritten as an operator
insertion of the composite operator Δ̂ + Δct, which is defined as

Δ̂ = SD(S0) , (328a)

Δ̂ + Δct = SD(S0 + Sct) , (328b)

In this approach, the breaking Δ may be computed in terms of the RHS of (327). The ad-
vantage lies in significantly restricting possible nonvanishing contributions. In particular,
Δ̂ is evanescent; hence, it can contribute in the LIMD→4 only in combination with the 1/ε
singularities of Feynman diagrams.

The RHS of (327) can be expanded in loop orders as

Δ̂ +
∞

∑
i=1

h̄i

(
Δ̂ · Γi

DRen +
i−1

∑
k=1

Δk
ct · Γ(i−k)

DRen + Δi
ct

)
. (329)

Plugging the previous definitions into Equation (322), we arrive at an equation ex-
pressing the symmetry requirement exactly at the order n:

LIM
D → 4

(
Δ̂ · Γn

DRen +
n−1

∑
k=1

Δk
ct · Γn−k

DRen + Δn
ct

)
= 0, (330)

for all n ≥ 1. The individual terms in this equation have divergent and finite parts,
but by construction, the entire expression is finite; hence, the cancellation of divergences
may be used as a consistency check of practical calculations. For the determination of
symmetry-restoring counterterms, Equation (330) should be viewed as follows. At the order
n and after subrenormalization and adding divergent n-loop counterterms, everything
in Equation (330) is already known except the finite counterterms of order n. They enter
via Δn

ct, which in turn depends on the to-be-determined counterterms. The following
subsubsection will make the dependence explicit. Hence, Equation (330) can be regarded
as the optimized defining relation for the symmetry-restoring counterterms in DReg.

We close with the remark that Equation (330) does not fully determine all finite
counterterms. It only determines the required form of counterterms in order to restore the
symmetry. However, Equation (330) is blind to several types of counterterms: finite and
symmetric counterterms (which often correspond to a renormalization transformation as
described in Section 6.1) drop out; such counterterms can, therefore, still be adjusted at will,
e.g., to satisfy the renormalization conditions corresponding to an on-shell or a different
desirable renormalization scheme. In addition, evanescent and finite counterterms also
drop out and may be added to optimize the counterterm action.

6.3.2. Practical Restoration of the Symmetry

Here, we illustrate the blueprint for the practical restoration of the symmetry, if
Equation (330) is used as a basis.
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We begin at the one-loop level and start from the regularized but unrenormalized
effective action Γ(1).14 At the one-loop level, the regularized action plus counterterms, as
well as the symmetry breaking induced by the counterterms at one-loop order are given by

Γ(1)
DRen = Γ(1) + S1

sct + S1
fct , (331a)

Δ1
ct = SD(S0 + Sct)

1 = bDS1
sct + bDS1

fct , (331b)

where the last part of the last equation is a specific rearrangement possible at the one-loop
level and where the linearized Slavnov–Taylor operator bD is defined in analogy to b in
Equation (298). The general equations establishing the cancellation of divergences and
symmetry restoration, (330), become

S1
sct + Γ1

div = 0 , (332a)(
Δ̂ · Γ1 + Δ1

ct
)

div = 0 , (332b)

LIM
D → 4

(
Δ̂ · Γ1 + Δ1

ct
)

fin = 0 . (332c)

Compared to the general Equation (330), terms that vanish at one-loop order were
dropped. The quantities that need to be explicitly computed here are the one-loop diver-
gences Γ1

div and the one-loop diagrams with one insertion of the evanescent operator Δ̂,
Δ̂ · Γ1. The first of these equations then determines the divergent one-loop counterterms
S1

sct, and the second equation provides a consistency check of the divergences. In view of
Equation (331b), the last line contains bDS1

fct and, thus, determines the symmetry-restoring
one-loop counterterms.

Next, we consider the two-loop order. At the two-loop level, the corresponding
equations for the effective action and the symmetry breaking of counterterms are

Γ(2)
DRen = Γ(2)

subren + S2
sct + S2

fct , (333a)

Δ2
ct = SD(S0 + Sct)

2 = SD(S0 + S1
ct)

2 + bDS2
sct + bDS2

fct , (333b)

where the upper index 2 corresponds to extracting the two-loop terms. The last equation
exhibits the appearance of the genuine two-loop counterterms in a way specific to the
two-loop level. The equations corresponding to finiteness and symmetry restoration read

S2
sct + Γ2

subren,div = 0 , (334a)(
Δ̂ · Γ2

subren + Δ1
ct · Γ1 + Δ2

ct
)

div = 0 , (334b)

LIM
D → 4

(
Δ̂ · Γ2

subren + Δ1
ct · Γ1 + Δ2

ct
)

fin = 0 . (334c)

Here, we have to calculate, first, the two-loop divergences to obtain the two-loop
divergent counterterms. Then, we have to calculate diagrams with insertions of Δ̂ up
to the two-loop level (and including one-loop subrenormalization), as well as one-loop
diagrams with insertions of bD-transformed one-loop counterterms. The second equa-
tion must automatically hold and provides a check. The third equation then determines
the genuine finite two-loop symmetry-restoring counterterms bDS2

fct, which appear via
Equation (333b) in Δ2

ct.
In summary, the recipe is as follows:

• UV-renormalize the theory, previously renormalized up to order n − 1, at order n to
obtain the singular counterterms;

14 We slightly simplify the notation and use Γ(1) in the following equations of this subsubsection to denote the
unrenormalized effective action up to one-loop order. According to the general notational scheme defined in

Section 3.1, this could also be called Γ(1)
subren.
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• Calculate genuine n-loop Green functions with one-time insertion of Δ̂ for their diver-
gent and finite part;

• Calculate the k-loop order insertion into (n − k)-loop order graphs, and determine
their divergent and finite contributions;

• Check that the divergences thus obtained sum up to zero;
• Collect the finite contributions, and choose monomials X such that bD X cancels them.

This is always possible, as discussed in the previous subsections.

6.3.3. The Counterterm Lagrangian in the BMHV Scheme

The output of the regularization/renormalization program is the renormalized ef-
fective action and the required counterterm action consisting of singular and finite coun-
terterms. In the context of the BMHV scheme, the previous subsections showed that the
counterterm action can, in general, contain five different kinds of terms:

Sct = Ssct,inv + Ssct,non-inv + Sfct,inv + Sfct,restore + Sfct,evan. (335)

This equation is a more detailed version of the generic decomposition explained in
Section 3.1 into singular and finite counterterms. For both the singular and the finite coun-
terterms, we may isolate a symmetry-invariant piece, which has the pattern of symmetric
counterterms discussed in Section 6.1 and typically corresponds to counterterms generated
by a renormalization transformation as

S0
ren. transf. (291)−→ S0 + Ssct,inv + Sfct,inv. (336)

In general, the conditions of Section 6.1 are not met, and symmetry-violating countert-
erms are required. Accordingly, the next type of counterterms

Ssct,non-inv

corresponds to additional singular counterterms needed to cancel additional 1/ε poles
of loop diagrams that cannot be canceled by symmetry-invariant counterterms. They
may be evanescent and, starting from the two-loop order, also four-dimensional (non-
evanescent). They cannot be obtained by renormalization transformations. We note that
the subtraction of evanescent 1/ε poles is a necessity for the consistency of higher orders
(see also Reference [5] for a review discussing this point).

Next,
Sfct,restore

corresponds to finite counterterms needed to restore the Slavnov–Taylor identity and, thus,
the underlying gauge invariance. They are the central objects of the present discussion and
the outcome of the practical recipe of Section 6.3.2. Determining these counterterms is one
of the key tasks in the usage of the BMHV scheme. Once those counterterms are found,
the theory can be considered to be renormalized.

As mentioned before, the symmetry-restoring counterterms are not unique. Clearly,
they may be modified by shifting around any symmetry-invariant counterterm between
Sfct,inv and Sfct,non-inv, since invariant terms would drop out of Equations (330), (332c)
and (334c). The overall sum of Sfct,inv + Sfct,non-inv can only be fixed by imposing a renormal-
ization scheme (such as, e.g., the on-shell scheme), and the split into Sfct,inv and Sfct,non-inv
can only be fixed by picking a convention. To illustrate this point, let us assume the
counterterm Lagrangian must contain a non-gauge-invariant term zAμ � Aμ, where z is a
coefficient and Aμ a gauge field. Two different options for the counterterm Lagrangians
would then be

Lfct,non-inv = zAμ � Aμ, Lfct,inv = δZ(Aμ � Aμ + (∂A)2), (337a)

Lfct,non-inv = −z(∂A)2, Lfct,inv = (δZ + z)(Aμ � Aμ + (∂A)2). (337b)
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The invariant counterterm here corresponds to an invariant counterterm generated
by a field renormalization from the usual gauge-invariant kinetic term FμνFμν. According
to the assumption, both options restore the symmetry, and they lead to the identical
renormalized theory. The field renormalization constant δZ can be used to adopt a desired
renormalization condition.

Finally,
Sfct,evan

corresponds to additional counterterms that are both finite and evanescent. Adding or
changing such counterterms can change, e.g., a purely four-dimensional counterterm
Aμψ̄γ̄μψ to a fully D-dimensional counterterm Aμψ̄γμψ. These counterterms vanish in the
four-dimensional limit, but they can affect calculations at higher orders. They also drop
out of Equations (330), (332c) and (334c). Hence, one viable option is that the symmetry-
restoring counterterms Sfct,restore are always defined by using strictly four-dimensional
quantities only. However, this is not the only option; in concrete cases, elevating four-
dimensional terms to fully D-dimensional ones may simplify the expressions appearing at
higher orders. At any rate, each such choice generates a different, valid, renormalized theory.
From a practical point of view, it is desirable to make a computationally simple choice.

7. Practical Treatment of Chiral Gauge Theories in the BMHV Scheme of DReg

In recent years, the treatment of chiral gauge theories with the non-anticommuting γ5
BMHV scheme has received increasing interest. Applications in the SM at the multiloop
level and in effective field theories with additional operators involving chiral fermions
have become more important; see, e.g., the discussions in [137,145–147]. Accordingly, the
usefulness of regularization/renormalization schemes for which ultimate consistency is
fully established is becoming more appreciated. After the pioneering one-loop discussion
of gauge theories with chiral fermions in References [131,148], Reference [25] extended the
analysis to general chiral gauge theories including scalar fields and Yukawa couplings to
chiral fermions. Reference [26] pioneered the application of the BMHV scheme to chiral
gauge theories at the two-loop level with a first, Abelian example. Reference [27] extended
the one-loop analysis to the case of the background field gauge fixing and to the full
gauge–fermion sector of the electroweak SM.

In this section, we give concrete illustrations of how to treat chiral gauge theories in
the BMHV scheme with non-anticommuting γ5. The discussion is based on our results
in [25,26]. The following Section 7.1 provides an extended overview of the procedure and a
guide for the present section.

7.1. Overview and Guide to the Present Section

In Section 2, we discussed the basic defining gauge invariance of gauge theories and
reformulated it in terms of BRST symmetry and the Slavnov–Taylor and Ward identities.
In Section 6, we explained how these symmetry identities are elevated to defining properties
of the renormalized theory at higher orders. For the gauge theories we study here,
it is known that these defining symmetry identities can be fulfilled in any consistent
regularization/renormalization procedure, by appropriately defining the counterterms.
In Section 3, we explained the definition of dimensional regularization and the BMHV
scheme for γ5, which in general breaks gauge invariance in the presence of chiral fermions.
In Section 5, we explained the proof that dimensional regularization constitutes one of the
consistent regularization/renormalization procedures.

As a result, it was in principle established that the dimensional regularization includ-
ing the BMHV scheme for γ5 may be used for chiral gauge theories. Further, Section 6.3
also provided a blueprint for how to determine the required counterterm structure in
concrete calculations. In this section, we carry out such concrete calculations and illustrate
all required steps in detail.

In the Abelian chiral gauge theory defined below, we expect the validity of simple
QED-like Ward identities; the simplest one corresponds to the transversality of the photon
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self-energy. It turns out that, in the BMHV scheme, the actual one-loop self-energy violates
this transversality (see Equation (372)). The violation affects both the divergent and the
finite part in the BMHV scheme of dimensional regularization. The breaking, however, is a
polynomial in the momentum; hence, it can be canceled by adding a local counterterm to the
Lagrangian—in line with the general existence statement mentioned above. After adding
this counterterm, the required transversality is fulfilled. The concrete required form of the
counterterm can be found in Equations (376) and (378).

A question is then what is the most-efficient way to determine such symmetry break-
ings in general. Answers were given in Section 6.3.1 and can be illustrated as follows. One
way in principle is to explicitly evaluate all Green functions and test the validity of all Ward
and Slavnov–Taylor identities between all Green functions. The explicit computation of the
non-transverse terms in Equation (372) provides an example. Given that there are, in prin-
ciple, infinitely many identities between Green functions and given that the computation
of Green functions involves also complicated non-local terms that cannot contribute to the
symmetry violation, this strategy is not the most efficient.

Section 6.3.1 also explained a shortcut that is based on the regularized quantum action
principle of dimensional regularization discussed in Section 4. Staying with the example
of the photon self-energy, the terms violating the transversality in Equation (372) and
then in Equation (374) may be equivalently obtained by computing one special Feynman
diagram, shown in Equations (381) and (382). This diagram involves an insertion of
the operator Δ̂, which reflects the breaking of chiral gauge invariance in D dimensions,
and the quantum action principle guarantees that the evaluation of this diagram reproduces
directly the breaking of the transversality of the photon self-energy. The simplification is
threefold: First and foremost, since Δ̂ is evanescent, only the ultraviolet divergent part of
the diagram can contribute—hence, the evaluation is simpler (the degree of simplification
dramatically increases for more complicated Green functions and at higher orders). Second,
in the general case, there are much fewer diagrams with insertions of Δ̂ than ordinary
diagrams. Third, since only divergent parts contribute, it is clear that the symmetry
breaking/restoration procedure requires only the computation of power-counting divergent
diagrams with insertions of Δ̂.

This more efficient, but less obvious strategy based on the quantum action principle
was applied to chiral gauge theories at the one-loop level in References [25,27,131,148] with
and without the scalar sector and to an Abelian chiral gauge theory at the two-loop level
in Reference [26]. It was also applied to the case of supersymmetric gauge theories in the
context of dimensional reduction at the two- and three-loop level in References [102,105].

In the largest part of the present section, we focus on the simpler case of an Abelian
chiral gauge theory. We begin in Section 7.2 by defining the considered model and collecting
all relevant symmetry identities. Then, we discuss the subtleties in the continuation to D
dimensions and determine the insertion operator Δ̂. Section 7.3 provides a more technical
overview of the procedure to determine the symmetry-restoring counterterms than the
previous remarks. In Section 7.4, we then discuss the explicit computations in the Abelian
model in detail. We begin with the case of the photon self-energy mentioned above
and illustrate both strategies to determine the symmetry-restoring counterterms, then
we progress to other Green functions and to the two-loop level. Thereafter, Section 7.5
discusses the case of non-Abelian Yang–Mills theories and presents explicit calculations
and results at the one-loop level.

7.2. Definition of an Abelian Chiral Gauge Theory

Here, we define a concrete Abelian chiral gauge theory, which will be used in explicit
calculations. It is first defined in four dimensions along with its symmetry requirements in
Section 7.2.1; then, the definition is extended to D dimensions within the framework of the
BMHV γ5 scheme, and the resulting BRST symmetry breaking is exhibited in Section 7.2.2.
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7.2.1. Chiral Electrodynamics in Four Dimensions

Following Section 2.6, the four-dimensional classical Lagrangian for quantum electro-
dynamics (QED) is given by

LQED = iψi /Dijψj −
1
4

FμνFμν −
1

2ξ
(∂μ Aμ)2 − c̄∂2c + ρμsAμ + R̄isψi + Risψi, (338)

with the U(1) ghost and external BRST sources included. In contrast to Section 2.6, we
already integrated out the Nakanishi–Lautrup field B(x), i.e., we used B = −(∂μ Aμ)/ξ
already in the Lagrangian. The only generator in this theory is the real and diagonal charge
Qij = Qiδij, so that the covariant derivative reads

Dμ
ij = ∂μδij + ieAμQij . (339)

We now define a similar, but chiral Abelian gauge theory. We separated the fermionic
content into left-handed and right-handed chirality parts:

ψR/L = PR/Lψ, PR/L =
�± γ5

2
, (340)

and allowed only purely right-handed fermions to appear as dynamical fields. This was
a choice made to simplify the discussion, e.g., the U(1)Y sector of the SM contains both
left-handed and right-handed fermions with different gauge quantum numbers. It could
be treated similarly. The four-dimensional and purely right-handed classical Lagrangian of
the model then reads

LχQED = iψRi /DijψR j −
1
4

FμνFμν −
1

2ξ
(∂μ Aμ)2 − c̄∂2c + ρμsAμ + R̄isψRi + RisψRi, (341)

where the interaction, coupling only to the right-handed fermions, is defined by the
covariant derivative as

Dμ
ij = ∂μδij + ieAμYRij . (342)

Emphasizing the similarity with the U(1)Y sector of the Standard Model, we call the
generator YRij = YRiδij the hypercharge. It can be seen that the left-handed fermions
ψL are now decoupled from the theory. In order to avoid triangle anomalies, we need to
impose the following additional anomaly cancellation condition to the hypercharge:

Tr(Y3
R) = 0 . (343)

Following Section 2, the nonvanishing BRST transformations for this model are

sAμ = ∂μc , (344a)

sψi = sψRi = −i e cYRijψR j , (344b)

sψi = sψRi = −i e ψR jcYR ji (344c)

sc = B ≡ −1
ξ

∂A, (344d)

where s is the nilpotent generator of the BRST transformations, which acts as a fermionic
differential operator. This four-dimensional tree-level action:

S(4D)
0 =

∫
d4x LχQED (345)

satisfies the following Slavnov–Taylor identity:

S(S(4D)
0 ) = 0 , (346)
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where the Slavnov–Taylor operator, with the field content we considered, was already
given in Equation (106).

At this point, we emphasize two additional functional identities that hold in four dimen-
sions and that were derived and discussed in Section 2.6. The first is the ghost equation:(

δ

δc̄
+ ∂μ

δ

δρμ

)
S(4D)

0 = 0 . (347)

The second is the functional form of the Abelian Ward identity:(
∂μ δ

δAμ(x)
+ ieY j

R ∑
Ψ
(−1)nΨ Ψ(x)

δ

δΨ(x)

)
S(4D)

0 = −�B(x) , (348)

suitably adapted to the present theory χQED and its field content. The summation extends
over the charged fermions and their sources, Ψ ∈ {ψR j, ψR j, Rj, R̄j} and nΨ ∈ {0, 1, 0, 1}.
Here, we kept the Nakanishi–Lautrup field B(x) explicitly. However, one could integrate it
out here as well using B = −(∂μ Aμ)/ξ.

Functional relations such as the ghost equation and the local Ward identity are part
of the definition of our theory in four dimensions. Once we perform the regularization
and renormalization procedure, the requirement that those identities still hold imposes
important restrictions, as we will soon see in the explicit loop calculations. However, first,
we extend the model to D dimensions and examine the consequences of this extension.

7.2.2. Definition of Chiral Electrodynamics in DReg

We can immediately see that the extension of χQED to D dimensions is not unique
due to the right-handed chiral current ψRiγ

μψR j. The extension to D dimensions of this
term has three inequivalent choices, each of them equally correct:

ψiγ
μPRψj , ψiPLγμψj , ψiPLγμPRψj . (349)

They are different because PLγμ �= γμPR in D dimensions. Each of these choices leads
to a valid D-dimensional extension of the model that is renormalizable using dimensional
regularization and the BMHV scheme and is expected to produce the same final results
in physical four dimensions after the renormalization procedure is performed. However,
the intermediate calculations and the D-dimensional results will differ, depending on the
choice for this interaction term. The third option, which is equal to

ψPLγμPRψ = ψPLγμPRψ = ψRγμψR , (350)

is the most symmetric one and leads to the simplest intermediate expressions. Notice that
this choice is actually the most-straightforward one since it preserves the information that
right-handed fermions were present on the left and on the right sides of the interaction
term before the extension, see also the review [15].

The second, more serious problem, is that, as it stands, the pure fermionic kinetic term
iψRi /∂ψRi = iψiPL /∂PRψi projects only the purely four-dimensional derivative, leading to a
purely four-dimensional propagator:

iPR /p PL

p̄2 , (351)

and to unregularized loop diagrams. As discussed in Section 3.4, the only valid choice for
the propagator in the D-dimensional theory in the context of dimensional regularization is

i /p
p2 , (352)

203



Symmetry 2023, 15, 622

so we are thus led to consider the full Dirac fermion ψ with both a left- and right-handed
component and used instead the fully D dimensional covariant kinetic term iψi /∂ψi. It can
be re-expressed in terms of projectors as follows:

iψi /∂ψi = iψi /∂ψi + iψi /̂∂ψi

= i(ψiPL /∂PRψi + ψiPR /∂PLψi) + i(ψiPL /∂PLψi + ψiPR /∂PRψi)
(353)

Notice that the fictitious, sterile left-chiral field ψL is introduced, which appears only
within the kinetic term and nowhere else; it does not interact, so it does not couple in
particular to the gauge bosons of the theory, and we enforced it to be invariant under
gauge transformations.

Unfortunately, the choice of the D-dimensional propagator, crucial for loop regulariza-
tion, that led to the introduction to the left-handed component in the kinetic term breaks the
gauge invariance of the fermionic part of the Lagrangian, which is evident if we separate it
in this way:

Lfermions = Lfermions,inv + Lfermions,evan , (354a)

Lfermions,inv = iψi /∂ψi − eYRijψRi /AψR j , (354b)

Lfermions,evan = iψi /̂∂ψi , (354c)

where the first term contains purely four-dimensional derivatives and gauge fields and
preserves the gauge and BRST invariance, since the fictitious left-chiral field ψL is a gauge
singlet. The invariant term can also be written as a sum of purely left-chiral and purely
right-chiral terms involving the four-dimensional covariant derivative as

Lfermions,inv = iψLi /∂ψLi + iψRi /∂ψRi − eYRijψRi /AψR j (355a)

= iψLi /∂ψLi + iψRi /DψRi , (355b)

where the gauge invariance is obvious. The second term in Equation (354a) is purely
evanescent, i.e., it vanishes in the four-dimensional limit. If we rewrite the evanescent
term as

Lfermions,evan = iψLi /̂∂ψRi + iψRi /̂∂ψLi , (356)

it can be easily seen that it mixes left- and right-chiral fields with different gauge trans-
formation properties. This causes the breaking of gauge and BRST invariance—the central
difficulty of the BMHV scheme.15

We can summarize this symmetry property and the symmetry breaking as

sDLfermions,inv = 0 , (357a)

sDLfermions,evan �= 0 , (357b)

where sD is the obvious extension of the BRST operator (344) to D dimensions.

15 We remark that the problem is not specific to the case where the left-handed fermion is sterile. As Equation (356)
shows, the problem generally exists if the left-handed and right-handed fermions have different gauge
quantum numbers. References [27,131] considered this case and ended up with essentially the same breaking
of BRST invariance in D dimensions and the same further consequences.
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Since the extension of BRST transformation of fields in D dimensions is straightfor-
ward, our D-dimensional action is then

S0 =
∫

dDx
(

iψi /∂ψi + eYRijψRi /AψR j −
1
4

FμνFμν −
1

2ξ
(∂μ Aμ)2

− c̄∂2c + ρμ(∂μc) + i e R̄icYRijψR j + i e ψRicYRijR
j
)

≡ ∑
i

Si
ψψ

+ ∑
i

Si
ψR AψR

+ SAA + Sg-fix + Sc̄c + Sρc + SR̄cψR
+ SRcψR

,

(358)

where, also, useful abbreviations for the individual terms were introduced. Similar to the
fermion Lagrangian, the full D-dimensional action may be written as the sum of two parts,
an “invariant” and an “evanescent” part:

S0 = S0,inv + S0,evan , (359a)

S0,evan =
∫

dDx iψi /̂∂ψi . (359b)

The second part S0,evan consists solely of one single, evanescent fermion kinetic term,
the remnant of the D-dimensional propagator.

Now, we quantify the symmetry breaking caused by the BMHV scheme, the non-
anticommuting γ5, and the resulting evanescent term in the action. Acting with the
D-dimensional BRST operator on the D-dimensional tree-level action, Equation (358) gives

sDS0 = sDS0,inv + sDS0,evan = 0 + sD

∫
dDx iψi /̂∂ψi ≡ Δ̂, (360)

where the nonvanishing integrated breaking term Δ̂ is given by

Δ̂ = −
∫

dDxeYRij c

{
ψi

(←
/̂∂PR +

→
/̂∂PL

)
ψj

}
≡
∫

dDx Δ̂(x). (361)

Acting with the D-dimensional Slavnov–Taylor operator SD on the tree-level action,
we obtain

SD(S0) = sDS0,inv + sDS0,evan = 0 + Δ̂ ; (362)

hence, the Slavnov–Taylor identity in D dimensions is violated by the same BRST breaking
term at the tree level.

The simpler linear Equations (100)–(103) specific for Abelian theories are manifestly
valid also in D dimensions. We will not discuss them further, but they have the conse-
quence that higher-order corrections, including counterterm actions, cannot depend on the
ghost/antighost and source fields. For this reason, the linearized Slavnov–Taylor operator
here reduces to BRST transformations, bD = sD.

As mentioned in the overview Section 7.1, this breaking term will be a crucial tool
in practical calculations. This breaking will be used as a composite operator insertion
in Feynman diagrams. It generates an interaction vertex whose Feynman rule (with all
momenta incoming and derived from the combination iΔ̂) is:

Δ̂ c

p2
ψj
β

p1

ψ
i
α

= − e
2
YRij(( /̂p1 + /̂p2) + ( /̂p1 − /̂p2)γ5)αβ

= −eYRij( /̂p1PR + /̂p2PL)αβ .
(363)
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As discussed in the context of Equation (80), in this way, the functional derivatives of
iΔ̂ · Γ correspond to 1PI Feynman diagrams with one insertion of the Feynman rule (363).
An analogous Feynman rule is derived for charge-conjugated fermions.

It is important to notice that this breaking Δ̂ is evanescent, i.e., it vanishes in the
four-dimensional limit. This results from the evanescent original term (359b) and has
the consequence that insertions of Δ̂ can only contribute in power-counting divergent
Feynman diagrams.

7.3. Symmetry Restoration Requirements

Before beginning the explicit calculations, we recall and collect the required symmetry
identities and the strategy for symmetry restoration in a more technical way than in the
overview Section 7.1. We begin by collecting the required symmetry identities.

Symmetry identities expressing gauge/BRST invariance are considered part of the defini-
tion of the theory. Hence, they are required to be fulfilled at all orders; see Sections 2.6 and 6.2
for detailed discussions.

The symmetry requirements are defined for the renormalized and finite four-dimensional
effective action of the form

Γren = S(4D)
0 +O(h̄), (364)

where we again highlight that the effective action coincides with the classical action up to
higher-order corrections and that loop corrections are of higher order in h̄; see Equation (76)
and Section 3. The first symmetry requirement is BRST (and underlying gauge) invariance,
which is expressed as the Slavnov–Taylor identity:

S(Γren) = 0, (365)

for the renormalized theory. Notice that, in χQED, the fields c, c̄, and ρμ do not have
higher-order corrections, so relations

δΓren

δc(x)
=

δS(4D)
0

δc(x)
,

δΓren

δc̄(x)
=

δS(4D)
0

δc̄(x)
,

δΓren

δρμ(x)
=

δS(4D)
0

δρμ(x)
. (366)

hold trivially, since the respective derivatives of the tree-level action are linear in the
dynamical fields as described in Section 2.6. The fact that the ghost does not have higher
loop corrections will play a part in reducing the number of diagrams appearing in higher
orders, compared to an analogous Yang–Mills theory. The local Ward identity:(

∂μ δ

δAμ(x)
+ ieY j

R ∑
Ψ
(−1)nΨ Ψ(x)

δ

δΨ(x)

)
Γren = −�B(x) , (367)

is an automatic consequence of the Slavnov–Taylor identity, as we have shown in Section 2.6.
We record here the application of the Ward identity to the photon self-energy as an

example that will later be illustrated in explicit computations. If we rewrite the Ward
identity in the momentum-space representation and take a variation with the respect to
photon field, we obtain the requirement:

ipν
δ2Γ̃ren

δAμ(p)δAν(−p)
= 0 , (368)

which corresponds to the transversality of the photon self-energy.
All previous symmetry identities must hold after regularization and renormalization at

each loop order. If the symmetries are broken in the intermediate regularization procedure,
as is the case when we used the BMHV scheme, they must be restored order by order in
perturbation theory, by adding suitable counterterms.
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The symmetry identities are covered by the general analysis of algebraic renormaliza-
tion discussed in Section 6.2.3, and the theory has no gauge anomaly; see Equation (343).
This guarantees that the procedure of symmetry restoration works at all orders.

Now, we recapitulate the practical strategies for the concrete determination of symmetry-
restoring counterterms, following the detailed outline given in Section 6.3. The application
will be discussed in the subsequent subsections, where we treat not only the chiral model
χQED, but also compare it with the familiar case of ordinary QED to highlight the features
of the BMHV treatment of γ5.

The first obvious difference is that ordinary QED is a vector-like gauge theory, and DReg
preserves all relevant symmetry identities manifestly at each step: the counterpart to the
tree-level breaking Δ̂ in Equation (361) vanishes as already discussed in Section 4.3. Hence,
generating counterterms by a renormalization transformation is sufficient; see the discus-
sion in Section 6.1 and Equation (291).

For the case of χQED, the existence of a tree-level symmetry breaking, Δ̂ �= 0, necessi-
tates symmetry-restoring counterterms. Hence, generating counterterms by a renormal-
ization transformation is not sufficient, and the general structure is the one discussed in
Section 6.3.3, i.e., the combination:

Ssct,inv + Ssct,non-inv + Sfct,inv + Sfct,restore + Sfct,evan . (369)

Section 6.3 presented two basic strategies to carry out the required computations of
the crucial symmetry-restoring counterterms Sfct,restore. The first is based on the explicit
computation of ordinary Green functions and explicitly checking symmetry identities. Its
essential equation is Equation (325), which requires computing

SD(Γ
(n)
subren + Sn

sct)

at each new order n. If this expression is nonzero, finite counterterms have to be found and
added to the action such that the symmetry breaking is canceled.

The second strategy is based on using the regularized quantum action principle and
represented by Equation (330):

LIM
D → 4

(
Δ̂ · Γn

DRen +
n−1

∑
k=1

Δk
ct · Γn−k

DRen + Δn
ct

)
= 0.

The computation of full Green functions and evaluating Slavnov–Taylor identities is
replaced by the computation of Green functions with insertions of breaking operators such
as Δ̂. This equation is specialized to Equations (332) and (334) at the one- and two-loop level.

In the following subsections, we illustrate Feynman diagrammatic computations for
both strategies. The more efficient second strategy is illustrated also at the two-loop level.
We then see how the desired symmetry-restoring counterterms are determined.

7.4. Explicit Calculations and Results in the Abelian Chiral Gauge Theory

In this section, explicit calculations in the Abelian chiral gauge theory defined above in
Section 7.2 are performed in the BMHV scheme of DReg, and all necessary counterterms are
provided up to the two-loop level. In particular, the evaluation of the photon self-energy at
the one-loop (Sections 7.4.1 and 7.4.2) and the two-loop level (Section 7.4.3) is highlighted,
and the results are compared to the ordinary QED. As announced in Section 7.1, there are
two different ways of determining symmetry-restoring counterterms. While the method
in Section 7.4.1 amounts to the explicit evaluation of the full photon self-energy, i.e., a full
Green function, including its finite part, Section 7.4.2 employs the direct method based on
the regularized quantum action principle, where the symmetry breaking is determined via
special Feynman diagrams with an insertion of the Δ̂-operator, which reflects the breaking
of chiral gauge invariance. Section 7.4.2 then concludes by providing the full one-loop
counterterm action for chiral QED in the BMHV scheme. Similarly, in Section 7.4.3, the two-
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loop counterterms for the photon self-energy are obtained using the latter method based on
the regularized quantum action principle, but are verified by comparing with the explicit
result for the full-photon self-energy including its finite part. Concluding, Section 7.4.4
provides the full two-loop renormalization of the chiral QED in the BMHV scheme.

7.4.1. One-Loop Photon Self-Energy and Symmetry-Restoring Counterterms

To better understand the features of the BMHV scheme, we now focus on explicit loop
calculations. We take the photon self-energy and compare its results in ordinary QED and
chiral QED. The photon self-energy is subject to the simplest Ward identity (368); it must
be transverse, to guarantee the correct physical interpretation of the theory describing a
massless spin one particle with two transverse polarizations.

The photon self-energy is denoted as

iΓ̃νμ
AA(p) =

Aμ Aνp

.

We used the notation explained in Section 2.4, corresponding to the one-particle
irreducible diagrams with external fields and momentum as indicated.16

We begin by recalling the well-known one-loop result of the ordinary QED with
massless fermions as defined in Equation (338),

iΓ̃νμ
AA(p)|1div,QED =

ie2

16π2ε

4 Tr(Q2)

3
(pμ pν − p2gμν) , (370a)

iΓ̃νμ
AA(p)|1fin,QED =

ie2

16π2
2 Tr(Q2)

3

[(
10
3

− 2 ln
(
−p2

))
(pμ pν − p2gμν)

]
. (370b)

Here and in all following results, we set D = 4 − 2ε and suppress the dimensional
regularization scale μ̄2 = μ2 4πe−γE in dimensionful logarithms. We see that the result
is transverse and satisfies the Ward identity (368), both in its divergent and finite parts.
Adding the counterterm action:

S1
sct,QED =

−h̄ e2

16π2ε

4Tr(Q2)

3
SAA + . . . , (371)

where the dots denote terms unrelated to the photon self-energy, cancels the divergences
and preserves the validity of the Ward identity. The factor h̄ was explicitly restored
to highlight that the counterterm action is of one-loop order. As is well known, this
counterterm action can be generated via a photon field renormalization transformation.

In comparison, the result for the one-loop photon self-energy diagram in χQED with
massless fermions as defined in Equation (341) reads

iΓ̃νμ
AA(p)|1div,χQED =

ie2

16π2ε

2 Tr(Y2
R)

3

[
(pμ pν − p2gμν)− 1

2
p̂2gμν

]
, (372a)

iΓ̃νμ
AA(p)|1fin,χQED =

ie2

16π2
Tr(Y2

R)

3

[(
10
3

− 2 ln
(
−p2

))
(pμ pν − p2gμν)

−
(

p2 + p̂2
(8

3
− ln

(
−p2

)))
gμν

]
. (372b)

16 However, in this subsection, we use a slightly simpler notation than in Section 3.1 for unrenormal-
ized/subrenormalized expressions. We drop the subscript subren and simply write Γ1 for the unrenormalized
one-loop effective action and Γ2 for the subrenormalized two-loop effective action. Accordingly, the following
equations correspond to the unrenormalized one-loop photon self-energy.
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From this illustrative example, we can extract several interesting comments. First,
and most obviously, transversality is violated by the last terms in Equations (372). This will
be our main focus. However, also the transverse part shows two differences compared to
the ordinary QED. Since the interaction vertex in χQED differs from the one given in the
standard QED by

VQED → −ieγμQij, VχQED → −ieγ̄μPRYR,ij, (373)

it projects the fermion loop content, so the transverse part becomes purely four-dimensional,
explaining the appearance of the covariants gμν and pμ in Equations (372). Further, due to
this projection, only half the number of fermionic degrees of freedom appear in the loop
for the chiral case, resulting in the relative factor of two with respect to the ordinary QED.

Let us now focus on the breaking of transversality in the photon self-energy. The diver-
gent breaking term in Equation (372a) is proportional to p̂2, i.e., it is evanescent. In contrast,
the finite breaking term in Equation (372b) contains finite expressions that do not vanish in
the four-dimensional limit. The finite breaking also contains evanescent terms that vanish
in LIMD→4; these will be ignored in the following.

We can exhibit the breaking explicitly by plugging the photon self-energy into the
Ward identity (368); we obtain

ipνΓ̃νμ
AA(p)|1div+fin,χQED =

ie2

16π2
Tr(Y2

R)

3

[
− 1

ε
p̂2 pμ − p2 pμ

]
�= 0 . (374)

Here, we ignored the finite, evanescent term, as announced. In line with the derivation of
the Ward identity from the Slavnov–Taylor identity via derivatives with respect to a ghost field
(see Equation (107)), the result is equivalent to the violation of the Slavnov–Taylor identity:

[S(Γ)]1Aμc =
ie2

16π2
Tr(Y2

R)

3

[
− 1

ε
p̂2 pμ − p2 pμ

]
, (375)

where the left-hand side denotes functional derivatives in momentum-space, similarly to
the notation of ΓAA.

A decisive feature of the breaking terms is their locality: the breaking terms in all
the previous equations are polynomials of the momentum in momentum-space, and this
translates into local expressions on the level of the (effective) action. This locality is in line
with the general statement discussed in Section 6.2.3, which forms the basis of algebraic
renormalization. This means that a local counterterm can be defined that cancels the
symmetry breaking.

In view of the explicit results, the required counterterms for the sector of the pho-
ton self-energy can be read off as follows. We first discuss the divergent counterterms.
The divergent counterterms can be split into an invariant and a non-invariant part as in
Equation (369) as Ssct = Ssct,inv + Ssct,non-inv such that the one-loop parts relevant for the
photon self-energy in χQED read

S1
sct,inv,χQED =

−h̄ e2

16π2ε

2Tr(Y2
R)

3
SAA + . . . , (376a)

S1
sct,non-inv,χQED =

−h̄ e2

16π2ε

Tr(Y2
R)

3

∫
dDx

1
2

Āμ∂̂2 Āμ + . . . , (376b)

where the dots denote terms unrelated to the photon self-energy. As in the case of the ordi-
nary QED, the divergences are canceled, and the invariant counterterm can be generated
via a photon field renormalization transformation. In contrast to the ordinary QED, how-
ever, the non-invariant term is required, and it cannot be obtained from a renormalization
transformation, but must be read off by hand.
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Obviously, adding these counterterms does not only cancel the divergences of the
photon self-energy, but it also cancels the divergences in the breaking of the Ward/Slavnov–
Taylor identities (374) and (375). Specifically, adding the counterterms to the action modifies
the Slavnov–Taylor identity S(Γ) to S(Γ + S1

sct,χQED) = S(Γ) + sDS1
sct,χQED + . . ., where

the dots denote higher-order terms and where

sDS1
sct,χQED = Δ1

ct
∣∣
div = − h̄

16π2ε

e2Tr(Y2
R)

3

∫
dDx (∂μc) (∂̂2 Āμ) . (377)

In momentum-space, with incoming Aμ momentum p, this is precisely the negative of
the divergent term in Equation (375). This is an automatic consequence of the finiteness.

Now, we discuss the required finite counterterms to the photon self-energy. The ex-
plicit result (372b) shows that the transversality is restored by the following finite counter-
term:

S1
fct,χQED =

h̄
16π2

∫
d4x

−e2Tr(Y2
R)

6
Āμ∂

2
Āμ + . . . (378)

In momentum-space, this counterterm cancels the non-transverse p2-term of (372b)
(we recall that the remaining non-transverse finite terms are evanescent and vanish in
the LIMD→4). On the level of the Slavnov–Taylor identity, adding the finite counterterm
modifies the Slavnov–Taylor identity S(Γ) by the term:

sDS1
fct,χQED = − h̄

16π2

∫
dDx

e2Tr(Y2
R)

3
(∂μc)(∂

2
Āμ) . (379)

In momentum-space, this is the negative of the finite term in Equation (375).
In total, after adding all counterterms (376) and (378) to the photon self-energy and

taking LIMD→4, the renormalized one-loop photon self-energy is

iΓ̃νμ
AA(p)|1ren, χQED =

ie2

16π2
Tr(Y2

R)

3

[(
10
3

− 2 ln
(
−p2

))
(pμ pν − p2gμν)

]
. (380)

It is finite, defined in four dimensions, and it is properly transverse. One may still
add further, finite, symmetric counterterms. These can be derived from usual field and
parameter renormalization, but are not our focus here.

7.4.2. One-Loop Photon Self-Energy—Direct Computation of Symmetry Breaking

In the previous subsection, we determined the required counterterms (376) and (378)
by carrying out an explicit computation of a Green function, including its finite part, and by
explicitly evaluating the breaking of the relevant symmetry identity. We now show how
the determination of the counterterms can be performed in a simpler way. We still illustrate
it for the one-loop photon self-energy, but the advantage of that simplification will become
more and more prominent for higher orders and more complicated Green functions.

Instead of evaluating the full-photon self-energy including its finite part (372), the fol-
lowing is sufficient: First, we need the divergent part of the photon self-energy, i.e.,
only (372a). This, of course, determines the divergent counterterms (376) unambiguously.

Second, we need the violation of the symmetry, expressed in terms of Equation (375).
This violation can be obtained in a more direct way, by using the regularized quantum
action principle discussed in Section 4. This tells us that the violation S(Γ) �= 0 is directly
given by diagrams with insertions of the composite operator Δ̂, corresponding to the tree-
level violation of the Slavnov–Taylor identity in D dimensions. For the photon self-energy,
the violation (375) can be obtained directly by computing the Green function [Δ̂ · Γ̃μ

Ac], i.e.,
the one-particle irreducible Green function with an insertion of Δ̂ and external Aμ and
c fields.
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At one-loop order, there is only one diagram.

i[Δ̂ · Γ̃μ
Ac]

(1) =

Δ̂ c

p1Aμ

(381)

The result of this single diagram is

i[Δ̂ · Γ̃μ
Ac]

1
div =

e2

16π2ε

Tr(Y2
R)

3
p̂1

2 p1
μ , (382a)

i [Δ̂ · Γ̃μ
Ac]

1
fin =

e2

16π2
Tr(Y2

R)

3
p2

1 pμ
1 . (382b)

We see that the result of this diagram indeed agrees with the right-hand side of
Equation (375), as it is guaranteed by the regularized quantum action principle.

The important point is the technical simplification: the computation of this diagram is
technically easier than the computation of the finite part of the photon self-energy since
only power-counting divergent parts of the loop integrals are relevant. We reiterate that
the technical advantage is much more dramatic at higher orders and for more complicated
Green functions.

It is instructive to rewrite the result in coordinate space:

[Δ̂ · Γ](1)div =
e2

16π2ε

Tr(Y2
R)

3

∫
dDx(∂μc)(∂̂2 Āμ) + . . . , (383a)

[Δ̂ · Γ](1)fin =
e2

16π2
Tr(Y2

R)

3

∫
dDx (∂μc)(∂

2
Āμ) + . . . . (383b)

The dots denote terms unrelated to the photon self-energy.
The divergent part provides no independent information, but a check. As discussed after

Equation (377), the expression sDS1
sct,χQED must automatically cancel the divergent part of the

symmetry breaking. Using our new result, this means that sDS1
sct,χQED + [Δ̂ · Γ](1)div = 0 must

automatically hold. Clearly, this is true, and the check is passed.
The important new information is in the finite part of the Δ̂-insertion diagram

Equations (382) and (383). Its result is equal to the finite part of the violation of the Slavnov–
Taylor identity (375), thus eliminating the need to explicitly evaluate the Slavnov–Taylor identity.

The finite, symmetry-restoring counterterm may now be obtained from solving
the equation:

sDS1
fct,χQED = −[Δ̂ · Γ](1)fin . (384)

For the sector of the photon self-energy, the result is the one given in Equation (378).
In summary, there, the result was obtained from inspecting the finite part of the photon
self-energy; here, the result can be obtained from evaluating Equation (382) and then
solving the defining condition (384).

To conclude the section, we summarize the full one-loop results for the counterterm
structure of χQED. First, all divergences of all one-loop diagrams need to be evaluated,
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generalizing Equation (372a). The negative of these results defines unambiguously the
one-loop divergent counterterms, generalizing Equation (376). The result reads

S1
sct,χQED =

−h̄ e2

16π2ε

(
2Tr(Y2

R)

3
SAA + ξ ∑

j
(Y j

R)
2
(

Sj
ψψR

+ Sj
ψR AψR

)

+
Tr(Y2

R)

3

∫
dDx

1
2

Āμ∂̂2 Āμ

)
.

(385)

Most terms are similar to their counterparts in the ordinary QED and can be obtained
by a renormalization transformation of the fields and parameters as in Equation (291),
where it is noteworthy that only the physical, right-handed fermion is renormalized, while
the sterile, left-handed fermion is not. However, this renormalization transformation does
not generate the last term involving the ∂̂2 operator, and it generates the full D-dimensional
photon kinetic term SAA instead of its four-dimensional version SAA. Hence, the ∂̂2-term
and the difference SAA − SAA correspond to symmetry-breaking singular counterterms.
These counterterms become particularly important in the context of two-loop calculations,
where they are necessary for the proper subrenormalization.

Second, all one-loop symmetry breakings need to be determined, generalizing either
Equation (375) or Equation (383). We used the method based on the regularized quantum
action principle. In this case, the full symmetry breaking is given by the complete set of all
one-loop diagrams with a Δ̂ insertion. Since only power-counting divergent diagrams can
provide nonvanishing contributions, there are only precisely four contributing diagrams:
with external fields cA, cAA, cAAA, or cψ̄ψ. One of them vanishes due to the anomaly
cancellation condition (343). The full result of the symmetry breaking is

Δ̂ · Γ1 =
1

16π2

∫
dDx

[
e2Tr(Y2

R)

3

(
1
ε
(∂μc) (∂̂2 Āμ) + (∂μc)(∂

2
Āμ)

)
(386)

+
e4Tr(Y4

R)

3
c ∂μ(Āμ Ā2)

− (ξ + 5)e3

6 ∑
j
(Y j

R)
3 c ∂

μ
(ψjγμPRψj)

]
.

Using the defining condition (384) for the finite, symmetry-restoring counterterms,
we obtain

S1
fct =

h̄
16π2

∫
d4x

{
−e2Tr(Y2

R)

6
Āμ∂

2
Āμ +

e4Tr(Y4
R)

12
Āμ Āμ Āν Āν

+
5 + ξ

6
e2 ∑

j
(Y j

R)
2iψjγ

μ∂μPRψj

}
.

(387)

This is the complete result for the symmetry-restoring counterterms of the χQED
model at the one-loop level. Each of the terms has a clear and simple interpretation. The
first finite counterterm restores the transversality of the photon self-energy as discussed
before. The second term restores a similar transversality identity for the photon four-point
function. The last term restores the QED-like Ward identity relating the fermion self-energy
with the fermion–photon three-point function.

These three counterterms must be inserted in higher-order calculations. They give
additional contributions to loop diagrams compared to the renormalization in vector-like
theories or to a naive γ5 treatment, where gauge invariance is manifestly preserved.
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7.4.3. Two-Loop Photon Self-Energy and Corresponding Breaking Diagram

Now, we illustrate the determination of two-loop counterterms in χQED using the
BMHV scheme. We immediately follow the more direct strategy explained in Section 7.4.2
based on diagrams with Δ̂-insertions.

At the 2-loop level, diagrams contributing to the subrenormalized photon self-energy
are, on the one hand, genuine 2-loop diagrams and, on the other hand, 1-loop diagrams with
counterterm insertions. Both the singular counterterms (385), as well as finite symmetry-
restoring counterterms (387) must be used. The result for the divergent part of the sub-
renormalized two-loop photon self-energy is given by (we still used the simplified notation
described in footnote 16, where Γ2 denotes the subrenormalized two-loop effective action.)

iΓ̃νμ
AA(p)|2div,χQED =

ie4

256π4
Tr(Y4

R)

3

[
2
ε
(pμ pν − p2gμν) +

(
17
24ε

− 1
2ε2

)
p̂2gμν

]
, (388a)

which can be compared to the result in ordinary QED

iΓ̃νμ
AA(p)|2div,QED =

ie4

256π4ε
2 Tr(Q4)(pμ pν − p2gμν) . (388b)

Notice again that the transverse part for QED is fully D-dimensional, but projected
to four dimensions in the chiral case, and in the chiral case, an evanescent term is present,
again spoiling gauge and BRST invariance. Unlike at the 1-loop level, the global factor in
front of the chiral transversal part is not half of the QED case, since the additional diagram
with finite 1-loop counterterm insertion spoils this relationship.

From this singular part of the two-loop diagrams, we reconstruct an equivalent result
in coordinate space:

Γ2,AA
div =

e4

256π4
Tr(Y4

R)

3

[1
ε

Aμ(∂
2
gμν − ∂

μ
∂

ν
)Aν + Aμ∂̂2 Aμ

( 1
4ε2 − 17

48ε

)]
, (389)

which results in the required singular counterterm of the form:

S2
sct = −

(
h̄ e2

16π2

)2
Tr(Y4

R)

3

[
2
ε

SAA +

(
1

4ε2 − 17
48ε

) ∫
dDxAμ∂̂2 Aμ

]
+ . . . , (390)

which cancels the divergences. Clearly, this counterterm also breaks BRST symmetry at the
two-loop level by

Δ2
sct = sDS2

sct =
−h̄2e4

256π4
Tr(Y4

R)

6

(
1
ε2 − 17

12ε

) ∫
dDx(∂μc)(∂̂2 Aμ

) + . . . . (391)

Now, we use the regularized quantum action principle and determine the symmetry
breaking at the two-loop level in the photon self-energy sector. Hence, we need to evaluate

the Green function
(
[Δ̂ + Δ1

ct] · Γ̃
)2

Aμc
at the two-loop level.

Compared to the one-loop level, there are several new features. There are four types
of two-loop level diagrams; see Figure 4. The diagrams in the first column of the figure are
genuine two-loop diagrams with one insertion of the tree-level breaking Δ̂. The diagrams
in the second column are one-loop diagrams with one insertion of a one-loop singular
counterterm, denoted as a circled cross. The third column contains a one-loop diagram
with an insertion of a one-loop symmetry-restoring counterterm obtained from the fermion
self-energy operator, denoted by a boxed F, and a one-loop diagram with an insertion of
the one-loop breaking Δ1

ct.
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Δ̂ c

p1Aμ

Δ̂ c

p1Aμ

Δ
(1)
ct c

p1Aμ

Δ̂ c

p1Aμ

+ loop on the other fermion
propagator.

Δ̂ c

p1Aμ

+ fermion counterterm on
the other fermion

propagator.

Δ̂ c

p1Aμ

F

+ fermion finite
counterterm on the other

fermion propagator.

Figure 4. List of Feynman diagrams for the ghost–photon breaking contribution given in Equation (392).

The total two-loop breaking in this sector, i.e., the result of the diagrams in Figure 4, is

i
(
[Δ̂ + Δ1

ct] · Γ̃
)2

Aμc
=

1
256π4

e4Tr(Y4
R)

6

[(
1
ε2 − 17

12ε

)
p̂2

1 pμ
1 − 11

4
p2

1 pμ
1 +O(.̂)

]
. (392)

The result contains 1/ε2 poles and 1/ε poles with local, evanescent coefficients and a
finite, non-evanescent term.

Like at the one-loop level, we first use the result to check the cancellation of the UV
divergences as prescribed by Equation (334).17 Using this simplification, we can confirm
that the expected cancellation of UV divergences with sDS2

sct given in Equation (391) indeed
occurs as

Δ2
sct = sDS2

sct = −
(
[Δ̂ + Δ1

ct] · Γ
)2

div
. (393)

The remaining finite part can then be evaluated in strictly four dimensions:

Δ2
fct = − LIM

D→4

{(
[Δ̂ + Δ(1)

ct ] · Γ
)(2)

+ sDS(2)
sct

}
=

e4

256π4 Tr(Y4
R) s

(
11
48

∫
d4xĀμ∂

2
Āμ

)
+ . . . .

(394)

The defining relation for the finite, symmetry-restoring counterterm is then

LIM
D→4

sDS2
fct = −Δ2

fct . (395)

From this, we reconstruct the corresponding finite counterterm as

S2
fct =

(
h̄

16π2

)2 ∫
d4x e4Tr(Y4

R)
11
48

Āμ∂
2
Āμ + . . . . (396)

17 As mentioned above in Section 7.2.2, in the Abelian case considered here we have bD = sD , and therefore in
Equation (334) we can simplify and use Δ2

ct = sDS2
ct.
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As before, we only display terms related to the photon self-energy. Adding this
counterterm restores the photon self-energy transversality at the two-loop level.

At this point, the determination of the two-loop counterterms of this sector is com-
plete, and the counterterms of other sectors can be determined analogously. The required
computations were the ones of the divergent part of the photon self-energy and of the finite
part of the diagrams of Figure 4.

Nevertheless, we now confirm the result by comparing with the explicit result for
the finite part of the photon self-energy. The finite part of the photon self-energy at the
two-loop level (including one-loop counterterms, but excluding two-loop counterterms) is
given by

iΓ̃μν
AA(p)

∣∣∣2
fin

=
ie4

256π4
Tr(Y4

R)

3[(
673
23

− 6 log
(
−p2

)
− 24ζ(3)

)
(pμ pν − p2gμν) +

11
8

pμ pν

]
.

(397)

Similar to the one-loop result (372), the non-local log
(
−p2) and transcendental ζ(3)

parts are by themselves transversal and, so, do not break the gauge invariance. The last
term breaks the transversality, but this breaking term is local.

Plugging the result into the Ward or Slavnov–Taylor identity, we obtain

i pν Γ̃μν

A(−p)A(p)

∣∣∣2
fin

=
ie4

256π4
Tr(Y4

R)

6
11
4

p2 pμ (398a)

= −
(
[Δ̂ + Δ1

ct] · Γ̃
)2

fin, Aμ(−p)c(p)
. (398b)

The first of these equations is obtained by direct computation using the finite parts in
Equation (397). The second equation is then observed by comparison with Equation (392).
Hence, we confirmed that the violation of the symmetry is restored by our finite counterterm
evaluated from breaking diagrams.

7.4.4. Full Two-Loop Renormalization of Chiral QED

In the previous sections, we performed the full one-loop renormalization with singular
and finite, symmetry-restoring counterterms (385) and (387), respectively, and studied the
photon self-energy and the corresponding breaking at the two-loop level; cf. Section 7.4.3.
In this section, we present the full two-loop renormalization of chiral QED based on our
results in Reference [26].

A list of all divergent 1PI two-loop Green functions together with the individual
results is to be found in Chapter 7 of Reference [26]. From the singular part of these Green
functions, we obtain the singular counterterm action at the two-loop level:

S2
sct =−

(
h̄e2

16π2

)2 Tr(Y4
R)

3

[
2
ε

SAA +

(
1

4ε2 − 17
48ε

) ∫
dDx Āμ∂̂2 Āμ

]
+

(
h̄e2

16π2

)2

∑
j
(Y j

R)
2
[(

1
2ε2 +

17
12ε

)
(Y j

R)
2 − 1

9ε
Tr(Y2

R)

](
Sj

ψψR
+ Sj

ψR AψR

)

−
(

h̄e2

16π2

)2

∑
j

(Y j
R)

2

3ε

(
5
2
(Y j

R)
2 − 2

3
Tr(Y2

R)

)
Sj

ψψR
(399)

which cancels the divergences. Comparing (399) with its one-loop counterpart in
Equation (385), we see that its structure is the same up to the term in the last line, which
breaks the BRST invariance by a non-evanescent amount and is, thus, a new feature emerg-
ing at the two-loop level.
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This two-loop counterterm action (399) generates the BRST breaking:

Δ2
sct = sDS2

sct

= − h̄2e4

256π4
Tr(Y4

R)

6

(
1
ε2 − 17

12ε

) ∫
dDx (∂μc)(∂̂2 Āμ) (400)

− h̄2e5

256π4
1
3ε ∑

j
(Y j

R)
3
(

5
2
(Y j

R)
2 − 2

3
Tr(Y2

R)

) ∫
dDx c ∂μ

(
ψγ̄μPRψ

)
.

Compared to the previous Section 7.4.3, we this time provided the full two-loop result
explicitly and see that, in contrast to the one-loop case (377), this BRST breaking contains a
non-evanescent contribution given by the last line of (400).

Following the restoration procedure described in Sections 6.3 or 7.3 and analogous
to the ghost–gauge boson contribution (392) in the previous Section 7.4.3, we additionally
need to calculate ([Δ̂ + Δ1

ct] · Γ̃)2 for the ghost–fermion–fermion, the ghost–double gauge
boson, and the ghost–triple gauge boson contributions (i.e. with external fields cψψ̄, cAA,
cAAA, respectively). It turns out that the ghost–double gauge boson contribution vanishes
and the ghost–triple gauge boson contribution does not contain UV divergences, but only
finite terms. In total the result is([

Δ̂ + Δ1
ct
]
· Γ
)2

=
e4

256π4

∫
dDx{

− Tr(Y4
R)

6

[(
1
ε2 − 17

12ε

)
c ∂μ∂̂2 Āμ − 11

4
c ∂μ∂

2
Āμ

]
+ e ∑

j

(Y j
R)

3

3

[
1
ε

(
5
2
(Y j

R)
2 − 2

3
Tr(Y2

R)

)
(401)

+
127
12

(Y j
R)

2 − 1
9

Tr(Y2
R)

]
c ∂μ

(
ψjγ̄

μPRψj
)

+
3e2Tr(Y6

R)

2
c ∂μ

(
Āμ Āν Āν

)}
+O(.̂)

for the full two-loop breaking of the Slavnov–Taylor identity of two-loop subrenormalized
1PI Green functions. Comparing this with the corresponding one-loop contribution (386),
we see that the structure of the terms is the same.

For the symmetry restoration at the two-loop level, we first note that Δ2
sct in

Equation (400) completely cancels the UV divergent terms in Equation (401). In addi-
tion to that, we need to determine the finite, symmetry-restoring counterterms at the
two-loop as indicated in Equation (394). Thus, our choice for the full finite counterterm
action, which restores the Slavnov–Taylor identity at the two-loop level, is

S2
fct =

(
h̄

16π2

)2 ∫
dDx e4

{
Tr(Y4

R)
11
48

Āμ∂
2
Āμ + 3e2 Tr(Y6

R)

8
Āμ Āμ Āν Āν

− ∑
j
(Y j

R)
2
(

127
36

(Y j
R)

2 − 1
27

Tr(Y2
R)

)(
ψji/̄∂PRψj

)}
. (402)

Similar to its one-loop counterpart in Equation (387), S2
fct consists of three kinds of

terms, or in other words, the same three field monomials are involved. These three terms
correspond to the restoration of the Ward identity relations for the photon self-energy,
the photon four-point function, and the fermion self-energy/photon–fermion–fermion
interaction. Reference [26] also gave a discussion of the explicit results for these three
Ward identity relations, similar to the discussion at the end of Section 7.4.3. In all cases,
the breaking terms of the Ward identity are explicitly exhibited, and the cancellation with
the symmetry-restoring counterterms (402) is made manifest.
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7.5. Non-Abelian Chiral Yang–Mills Theory and Comparison with the Abelian Chiral Theory at the
One-Loop Level

In this section, we review the application of the BMHV scheme to non-Abelian chiral
gauge theories and present the differences to the Abelian chiral QED discussed above.
In particular, we study a massless chiral Yang–Mills theory at the one-loop level based on
References [25,131]. Note that, in our publication [25], the considered theory also contained
real scalar fields. Here, similar to Reference [131], scalar fields were omitted in order to
focus on the key points of the BMHV scheme in the framework of chiral gauge theories
and the differences compared to the Abelian case discussed above.

As discussed in Section 2.1, the group generators of the Yang–Mills theories satisfy the
nontrivial commutation relations (1); in particular, they are not simultaneously diagonaliz-
able. These algebraic structures of the non-Abelian gauge group of Yang–Mills theories
lead to new effects, such as more interaction terms and nonlinear BRST transformations of
the gauge fields and the ghosts, compared to the Abelian case; cf. Section 2.6. Especially,
gauge boson self-interactions, interactions of the Faddeev–Popov ghosts with the rest of
the theory, and the renormalization of the BRST transformations distinguish non-Abelian
Yang–Mills theories from the Abelian case above.

The outline of this section is analogous to the Abelian case discussed above. First,
we briefly introduce the Lagrangian of the theory and the BRST transformations using
the notations from Section 2. Second, we discuss the analytical continuation of the the-
ory to D dimensions in DReg treating γ5 with the BMHV scheme and comment on the
BRST breaking induced by this scheme. Finally, we present the results for the singular
and the symmetry restoring counterterms at the one-loop level (cf. [25,131]) necessary to
consistently renormalize the theory, and discuss the differences to the Abelian theory.

7.5.1. Definition of the Non-Abelian Chiral Yang–Mills Theory

Following the conventions of Section 2.3, the Lagrangian in four dimensions can be
written as

LχYM = Linv + Lfix,gh + Lext . (403)

The physical part of the Yang–Mills Lagrangian reads

Linv = −1
4

Ga
μνGa,μν + i ψRi /DijψR j , (404)

with covariant derivative Dμ
ij = ∂μδij + igGa,μ Ta

Rij and field strength tensor Ga
μν = ∂μGa

ν −
∂νGa

μ − g f abcGb
μGc

ν, leading to three- and four-point gauge boson self-interactions. The gauge-
fixing and ghost Lagrangian, already presented in Equation (55), is

Lfix,gh = s
[

c̄a
(
(∂μGa

μ) +
ξ

2
Ba
)]

= Ba(∂μGa
μ) +

ξ

2
BaBa − c̄a∂μDab

μ cb, (405)

with Dab
μ = ∂μδab + g f abcGc

μ, implying ghost–antighost–gauge boson interactions, which is
a consequence of the nonlinear gauge transformations of the gauge fields Ga

μ, as shown
below in (407). The Lagrangian of the external sources, as introduced in Section 2.3, is

Lext = ρa,μsGa
μ + ζasca + R̄isψRi + RisψRi . (406)
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The BRST transformations are given by

sGa
μ(x) = Dab

μ cb(x) = ∂μca(x) + g f abccb(x)Gc
μ(x) , (407a)

sψi(x) = sψRi(x) = −igTa
Rijc

a(x)ψR j(x) , (407b)

sψi(x) = sψRi(x) = −igψR j(x)ca(x)Ta
R ji , (407c)

sca(x) =
1
2

g f abccb(x)cc(x) , (407d)

sc̄a(x) = Ba(x) , (407e)

sBa(x) = 0 . (407f)

In contrast to the Abelian case, the BRST transformations of the gauge boson Ga
μ

and the Faddeev–Popov ghost ca are nonlinear, which means that nontrivial quantum
corrections are expected.

Hence, the tree-level action of the considered chiral Yang–Mills theory in four dimen-
sions is given by

S(4D)
0 =

∫
d4x LχYM (408)

and satisfies the tree-level Slavnov–Taylor identity:

0 = S
(
S(4D)

0
)

=
∫

d4x

(
δS(4D)

0
δρaμ(x)

δS(4D)
0

δGa
μ(x)

+
δS(4D)

0
δζa(x)

δS(4D)
0

δca(x)
(409)

+
δS(4D)

0
δR̄i(x)

δS(4D)
0

δψRi(x)
+

δS(4D)
0

δRi(x)
δS(4D)

0
δψRi(x)

+ Ba(x)
δS(4D)

0
δc̄a(x)

)
,

which just manifests the BRST invariance of S(4D)
0 .

The different group invariants, which will be employed in the following results below,
(follow the notations of [25]) and are provided by

C2(R)� = Ta
RTa

R , S2(R) δab = Tr
(
Ta

RTb
R
)
, (410)

with an irreducible representation R of the gauge group for the right-handed fermions with
corresponding Hermitian group generators Ta

R. The adjoint representation of the gauge
group is denoted by G, and its Casimir index is C2(G).

7.5.2. Chiral Yang–Mills Theory in DReg

To regularize the theory, we employ dimensional regularization, treating γ5 with the
BMHV scheme. Analogous to the Abelian case above, there are two problems regarding the
continuation of the chiral Yang–Mills theory (408) to D dimensions, as already discussed
in Section 7.2.2 for the Abelian case and extensively discussed in [25] for chiral Yang–
Mills theories.

First, there is an ambiguity in extending the fermion–gauge interaction term in
Equation (404), which involves the right-handed chiral current ψRiγ

μψR j, to D dimensions.
Again, there are three inequivalent choices for the D-dimensional version of this chiral cur-
rent (cf. Equation (349)), which are all equally correct. Analogous to the Abelian case above,
we resolved this problem by choosing the most-symmetric version; cf., Equation (350).

Second, the purely fermionic kinetic term iψRi /∂ψRi projects only the purely
4-dimensional derivative, leading to a purely 4-dimensional propagator and, thus, to
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unregularized loop diagrams, as explained above in Section 7.2.2. Hence, we again intro-
duce a gauge-singlet left-chiral field ψL with trivial BRST transformations:

sψLi(x) = 0, sψLi(x) = 0, (411)

which appears solely in the fermionic kinetic term and nowhere else and which is thus
completely decoupled from the rest of the theory. Using it we obtain a fully D-dimensional
covariant kinetic term iψi /∂ψi.

Finally, we can again separate the D-dimensional fermionic Lagrangian into an invari-
ant and an evanescent part, analogous to Equations (354a)–(357b). Hence, we may write
the D-dimensional action as

S0 = S0,inv + S0,evan

= (SGG + SGGG + SGGGG) + ∑
i

(
Si

ψψ
+ Si

ψRGψR

)
+ Sg-fix (412)

+ (Sc̄c + Sc̄Gc) + (Sρc + SρGc + Sζcc + SR̄cψR
+ SRcψR

) ,

having it separated into an “invariant” and an “evanescent” part in the first line (cf.
Equation (359) in Section 7.2.2) and having used the notation of [25,26] and of Equation (358)
to present the D-dimensional action as a sum of its integrated field monomials in the last
two lines.

Similar to the Abelian case in Section 7.2.2, we quantify the symmetry breaking caused
by the BMHV scheme, the non-anticommuting γ5, and the evanescent term S0,evan by
acting with the D-dimensional BRST operator sD on the D-dimensional tree-level action S0.
Thus, for the BRST breaking, we obtain

sDS0 = sDS0,inv + sDS0,evan = 0 + sD

∫
dDx iψi /̂∂ψi ≡ Δ̂ , (413)

which leads to a breaking of the Slavnov–Taylor identity of the form:

SD
(
S0
)
= Δ̂ , (414)

with the nonvanishing integrated breaking:

Δ̂ = −
∫

dDxg Ta
Rij ca

{
ψi

(←
/̂∂PR +

→
/̂∂PL

)
ψj

}
≡
∫

dDx Δ̂(x). (415)

As in the Abelian case, this breaking term will be a crucial tool in practical calculations
and will be used as a composite operator insertion in the Feynman diagrams. It generates
an interaction vertex whose Feynman rule (with all momenta incoming) is

Δ̂ ca

p2
ψj
β

p1

ψ
i
α

= − g
2

Ta
Rij(( /̂p1 + /̂p2) + ( /̂p1 − /̂p2)γ5)αβ

= −g Ta
Rij( /̂p1PR + /̂p2PL)αβ .

(416)

For charge-conjugated fermions, an analogous Feynman rule can be derived.
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7.5.3. One-Loop Singular Counterterm and Symmetry-Restoring Counterterm Action in
Chiral Yang–Mills Theory

In this subsection, we present the results of the one-loop renormalization of the above
introduced chiral Yang–Mills theory based on the results of [25], but also already discussed
in [131].18

The basic renormalization procedure is the same as in the Abelian theory discussed
above. The difference is that there are more interaction terms; in particular, the gauge
bosons interact with themselves and the Faddeev–Popov ghosts. The fact that the ghosts
now participate in the interactions, and thus may propagate as internal particles in loop
diagrams, leads to a nontrivial renormalization of the field monomials including external
sources. Besides this, the renormalization procedure is also more demanding than in an
Abelian theory, due to the larger number of loop diagrams and the more complicated
algebraic structures of the non-Abelian gauge group.

After computing all UV divergent one-loop 1PI Feynman diagrams, which can be
found in Section 5 of [25] with detailed individual results, the singular one-loop counterterm
action is given by

S(1)
sct =

h̄g2

16π2ε

{
− 2S2(R)

3
(
SGG + SGGG + SGGGG

)
− ξC2(R)

(
SψψR

+ SψGψR

)
+

13 − 3ξ

6
C2(G)SGG +

17 − 9ξ

12
C2(G)SGGG +

2 − 3ξ

3
C2(G)SGGGG

− 3 + ξ

4
C2(G)SψGψR

+
3 − ξ

4
C2(G)

(
Sc̄c + Sρc

)
(417)

− ξC2(G)

2
(
Sc̄Gc + SρGc + Sζcc + SR̄cψR

+ SRcψR

)}
− h̄g2

16π2ε

S2(R)
3

∫
d4x

1
2

Ḡa,μ∂̂2Ḡa
μ,

such that it cancels all UV divergences. The structure has similarities with the Abelian
counterpart, Equation (385). Again, most terms can be obtained by a renormalization
transformation of the kind (291), and only the right-handed fermions renormalize. How-
ever, again, also non-symmetric singular counterterms appear.

Comparing Equations (417) and (385) in detail, we can see many additional contribu-
tions. Only the SGG, SψψR

and SψGψR
terms in the first line of the RHS of (417), as well as the

explicit evanescent operator in last line of (417) have Abelian counterparts. All other terms
in (417) do not appear in the Abelian theory and are, thus, new effects of the non-Abelian
Yang–Mills theory due to additional interaction terms, as mentioned above. In particular,
we can see new contributions to the field monomials including the Faddeev–Popov ghosts
and the external sources in the last term of the third line and the penultimate line of (417),
as announced at the beginning of this subsection.

Similar to the Abelian result (385), we have just one explicit evanescent operator
in the last line of (417) in the considered Yang–Mills theory, generating the Feynman
rule −i p̂2gμνδab. This is specific to our choice for the fermion-gauge interaction term,
corresponding to the most symmetric version of Equation (350). We would have obtained
many more evanescent operators if we used another D-dimensional choice instead.

Following the algebraic renormalization procedure described in Section 6, as well as
in Section 6 of [25], specifically for the considered case, we need to check that

0 = LIM
D → 4

([
Δ̂ · Γ(1)](1)

div + bDS(1)
sct +

[
Δ̂ · Γ(1)](1)

fin + bDS(1)
fct,restore

)
. (418)

18 Note the different sign convention with respect to the covariant derivative Dμ
ij in this review compared to [25].

This influences some signs, such as the relative sign in the forthcoming Equation (420) and the relative sign in
the brackets of the last term of Equation (421).
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In other words, we need to check that the bD-variation of the singular countert-
erms (417) cancels the divergent part of the symmetry breaking [Δ̂ · Γ(1)]

(1)
div, and we need

to determine finite symmetry-restoring counterterms S(1)
fct,restore whose bD-variation cancels

the finite part of the symmetry breaking [Δ̂ · Γ(1)]
(1)
fin .

The bD-variation of the singular counterterms (417), calculated in [25], is provided by

bDS(1)
sct =

−h̄
16π2ε

{
g2 ξC2(G)

2
Δ̂ + g2 S2(R)

3
bD

∫
dDx

1
2

Ḡa,μ∂̂2Ḡa
μ

}
, (419)

where, in the last term, bD acts like the BRST transformation, leading to

bD

∫
dDx

1
2

Ḡa,μ∂̂2Ḡa
μ =

∫
dDx

(
sDḠa,μ)∂̂2Ḡa

μ

=
∫

dDx
(

∂
μ

ca − g f abcḠb,μcc
)

∂̂2Ḡa
μ . (420)

Indeed, (419) is a pure 1/ε singular term and perfectly cancels the nonvanishing
contribution:[

Δ̂ · Γ
](1)

div =
1

16π2ε

{
g2 ξC2(G)

2
Δ̂ + g2 S2(R)

3

∫
dDx

(
∂

μ
ca − g f abcḠb,μcc

)
∂̂2Ḡa

μ

}
, (421)

as explicitly shown in [25].
Now, the finite symmetry-restoring counterterms S(1)

fct,restore need to be determined
following (418) in order to cancel the remaining finite part of the symmetry breaking, which
was explicitly performed in Section 6 of [25] with the result:

S(1)
fct, restore =

h̄
16π2

{
g2 S2(R)

6

(
5SGG −

∫
d4x Ga,μ∂2Ga

μ

)
+ g2 (TR)

abcd

3

∫
d4x

g2

4
Ga

μGb,μGc
νGd,ν + g2

(
1 +

ξ − 1
6

)
C2(R)Sψψ

+ g2 S2(R)
6

SGGG − g2 ξC2(G)

4
(
SR̄cψR

+ SRcψR

)}
, (422)

where (TR)
a1···an ≡ Tr[Ta1

R · · · Tan
R ]. Comparing (422) with the Abelian result (387), we can

again see that only the first two lines of (422) have Abelian counterparts, whereas the terms
in the last line of (422) do not appear in an Abelian theory. The new terms in the last line
of (422) are due to triple gauge boson contributions and contributions including external
sources. The latter implies that, again, Green functions with external sources have to been
evaluated, this time with a Δ̂-vertex insertion, which stands in contrast to the Abelian case.

These finite counterterms (422) are necessary and sufficient to restore the BRST sym-
metry at the one-loop level in the BMHV scheme, if the (non-spurious) anomalies cancel,
which are given by [25]

− g2

16π2

(
− S2(R)

3
dabc

R

∫
d4x gεμνρσca(∂ρGb

μ

)(
∂σGc

ν

)
+

Dabcd
R

3 × 3!

∫
d4x g2caεμνρσ∂σ

(
Gb

μGc
νGd

ρ

))
, (423)

with fully symmetric dabc
R ≡ Tr[Ta

R{Tb
R, Tc

R}] and fully antisymmetric

Dabcd
R ≡ (−i)3!Tr[Ta

RT[b
R Tc

RTd]
R ] for the R-representation. This result, of course, agrees

with the general result (318) obtained by the analysis of algebraic renormalization, and it
provides an explicit result for the coefficient L appearing there. To ensure the renormaliz-
ability of the theory, the fermionic content and their associated group representations have
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to be chosen such that these anomalies cancel, i.e., such that the expression (321) vanishes,
which equivalently means that dabc

R vanishes. This then also implies the vanishing of Dabcd
R ;

see Equation (320). It becomes apparent that also the possible anomalies are more complex
than in the Abelian model.

These finite counterterms (422), purely four-dimensional and non-evanescent, are not
gauge-invariant. They modify all self-energies, as well as some specific interactions: the
gauge boson self-interactions and the interactions between gauge bosons and fermions.

Concluding, we see that the resulting counterterm action, not only for the Abelian
case at the one- and two-loop level, but also for non-Abelian Yang–Mills theories, may be
written in a relatively compact way. Thus, treating γ5 rigorously in the BMHV scheme does
not lead to extraordinarily lengthy or complicated results, but, in fact, to counterterms,
which can easily be implemented in computer algebra systems.
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26. Bélusca-Maïto, H.; Ilakovac, A.; Kühler, P.; Mad̄or-Božinović, M.; Stöckinger, D. Two-loop application of the Breitenlohner–
Maison/’t Hooft-Veltman scheme with non-anticommuting γ5: Full renormalization and symmetry-restoring counterterms in an
Abelian chiral gauge theory. J. High Energy Phys. 2021, 11, 159. [CrossRef]

27. Cornella, C.; Feruglio, F.; Vecchi, L. Gauge Invariance and Finite Counterterms in Chiral Gauge Theories. arXiv 2022, arXiv:hep-
ph/2205.10381.

28. Bélusca-Maïto, H. Renormalisation Group Equations for BRST-Restored Chiral Theory in Dimensional Renormalisation: Applica-
tion to Two-Loop Chiral-QED. arXiv 2022, arXiv:hep-th/2208.09006.
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