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Editorial

Mathematical Models and Simulations, 2nd Edition

Giovanni Nastasi

Department of Engineering and Architecture, University of Enna “Kore”, Plesso E-Cittadella Universitaria,
94100 Enna, Italy; giovanni.nastasi@unikore.it

1. Introduction

In this Editorial, we are pleased to introduce a Special Issue of the scientific journal
Axioms, entitled “Mathematical Models and Simulations, 2nd Edition”. This is a con-
tinuation of a previous Special Issue, entitled “Mathematical Models and Simulations”,
published in Contribution 1.

Mathematical modeling is a cornerstone of scientific inquiry, providing essential tools
for understanding and predicting the behavior of complex systems in physics, biology,
finance, and engineering. Alongside theoretical developments, numerical simulations play
a crucial role in practical applications, enabling researchers to explore and forecast the
dynamics of quantities of interest.

This Special Issue brings together a collection of papers in the field of mathematical
physics and applied mathematics, showcasing a diverse range of modeling approaches.
These include the development of new analytical frameworks and numerical schemes, as
well as innovative applications in fluid dynamics, electrodynamics, decision-making, and
data-driven modeling.

The contributions encompass a broad range of mathematical and computational
approaches. Several papers address deterministic systems governed by ordinary or partial
differential equations, focusing on stability, convergence, and solution behavior. Others
explore stochastic, fuzzy, or hybrid modeling techniques that capture uncertainty and
complexity in real-world contexts. A variety of computational methods are featured,
including finite-difference, finite-element, Galerkin, spline-based, and network simulation
techniques, each tailored to the mathematical structure of the problem under study.

Beyond methodological innovation, many works bridge theory and application. Exam-
ples include modeling optical fusion effects via equivalent electrical networks, simulating
two-dimensional viscous flows with high boundary accuracy, and developing fuzzy de-
cision frameworks for complex business environments. Other studies extend classical
analysis through modern theoretical tools such as C-pseudoresolvent families, generalized
electrodynamics, and penalized likelihood estimation in spatial statistics.

This Special Issue reflects the dynamic interplay between mathematical theory and
computational practice, offering valuable insights and methodologies for researchers en-
gaged in modeling and simulation across scientific disciplines.

2. Overview of the Published Papers

This Special Issue brings together eight high-quality contributions that reflect the di-
versity and depth of current research in mathematical modeling and simulation. Each paper
underwent a rigorous peer-review process and presents original approaches to theoretical
analysis, numerical methods, and applied modeling across various domains. The selected
works span topics such as differential equations, fluid dynamics, fuzzy decision-making,
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electrodynamics, statistical modeling, and computational schemes, offering valuable in-
sights and methodologies for both academic and practical applications.

In Contribution 2, M. Alotaibi presents an implicit finite difference scheme for a wave
equation with strong damping and discrete delay. Stability is analyzed using the Jury
criterion, leading to a condition linking discretization steps with model parameters. A
numerical example confirms the scheme’s decay behavior and theoretical stability.

In Contribution 3, M. Kostić investigates existence and uniqueness for abstract de-
generate non-scalar Volterra equations using the vector-valued Fourier transform and
(A,k,B)-regularized C-pseudoresolvent families. The theoretical results are supported by
remarks and illustrative applications.

In Contribution 4, V. Sobchuk, O. Kurylko, O. Boryseiko, O. Perehuda, I. Lebedyeva,
I. Ulitko, and O. Vashchilina investigate a two-dimensional periodic Stokes flow in a
rectangular cavity with constant wall velocities. The velocity field is derived analytically
via superposition, while particle trajectories are computed numerically. Boundary accuracy
is assessed through local integration control, and fluid advection is modeled using cubic
spline interpolation. The results align well with experimental data.

In Contribution 5, J. F. Sanchez-Pérez, J. Solano-Ramírez, F. Marín-García, and E.
Castro model the fiber optic fusion effect using the Network Simulation Method (NSM),
transforming thermal behavior into an equivalent electrical system. Simulations in NGSpice
capture temperature dynamics under high-power conditions, with nondimensional analysis
revealing the influence of fiber geometry and refractive index. The results confirm NSM’s
effectiveness for nonlinear thermal problems in optical systems.

In Contribution 6, V. Nikolova Traneva, V. Todorov, S. Tranev Tranev, and I. Dimov
introduce a confidence-interval circular intuitionistic fuzzy set (CIC-IFS) framework for
franchise selection, applied to Pizza Hut’s European operations. By integrating decision-
maker competence and modeling uncertainty through fuzzy aggregation scenarios, the
method improves selection accuracy and aligns franchise choices with brand values.

In Contribution 7, Y. M. Alawaideh, A. Alb Lupas, B. M. Al-khamiseh, M. A. Yousif, P.
Othman Mohammed, and Y. S. Hamed analyze the Hamiltonian formulation for continuous
systems with second-order derivatives using Dirac’s theory, focusing on Podolsky’s gener-
alized electrodynamics. They show that the Hamiltonian and Euler–Lagrange approaches
yield equivalent results, highlighting the Hamiltonian method as a powerful alternative for
modeling complex second-order systems.

In Contribution 8, G. Ibacache-Pulgar, P. Pacheco, O. Nicolis, and M. A. Uribe-Opazo
extend Thin-Plate Spline Generalized Linear Models (TPS-GLMs) to evaluate local influ-
ence via maximum penalized likelihood estimators. Using Fisher Scoring and weighted
backfitting, they assess sensitivity to data perturbations and detect influential observations.
Applications in agronomy and environmental data illustrate the model’s flexibility in
capturing nonlinear spatial effects.

In Contribution 9, R. Čiegis, O. Suboč, and R. Čiegis analyze the efficiency of finite-
difference and finite-element Galerkin schemes for non-stationary hyperbolic and parabolic
problems on dynamic grids. They present improved stability and convergence estimates,
highlighting the impact of grid movement and recommending projection operators to
enhance accuracy. Computational experiments confirm the theoretical findings.

Conflicts of Interest: The authors declare no conflict of interest.
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Article

Asymptotic Stability of a Finite Difference Scheme for a Wave
Equation with Delayed Damping

Manal Alotaibi 1,2

1 Department of Mathematics, King Fahd University of Petroleum & Minerals (KFUPM),
Dhahran 31261, Saudi Arabia; manal.alotibi@kfupm.edu.sa
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Abstract: In this paper, we propose an implicit finite difference scheme for a wave equation
with strong damping and a discrete delay term. Although the scheme is implicit, the use of
second-order finite difference approximations for the strong damping term in both space
and time prevents it from being unconditionally stable. A sufficient condition for the
asymptotic stability of the scheme is established by applying the Jury stability criterion
to show that all roots of the characteristic polynomial associated with the resulting linear
recurrence lie strictly inside the unit disk. This stability condition is derived under an
appropriate constraint that links the time and space discretization steps with the damping
and delay parameters. A numerical example is provided to illustrate the decay behavior of
the scheme and confirm the theoretical findings.

Keywords: partial differential equations with delay; finite difference scheme; jury stability
criterion; discrete-time delay; asymptotic stability

MSC: 35L05; 35M06; 65M06; 65M12

1. Introduction

Delays are ubiquitous in many physical and engineering systems, and experimental
evidence suggests that they cannot be ignored. They naturally arise in the study of wave
propagation, structural vibrations, and signal processing, where time delays play a critical
role in transmission and filtering. Moreover, delays are prevalent in diverse scientific
disciplines such as control theory and heat transfer in materials with thermal memory
(see [1–3] and references therein).

The well-posedness and stability of delayed evolution equations have attracted consid-
erable attention from researchers; see, for example, [4–8]. Likewise, the numerical solution
and stabilization of schemes for both ordinary and partial differential equations with delay
have been active areas of research for decades. We refer the reader to [9–12] for ODEs, and
to [13–16] for PDEs and references therein.

In [13], Garcia et al. considered the diffusion equation with delay⎧⎪⎪⎨⎪⎪⎩
∂u
∂t (t, x) = a2 ∂2u

∂x2 (t, x) + a2c2 ∂2u
∂x2 (t− τ, x), t > τ, 0 ≤ x ≤ l,

u(t, x) = φ(t, x), 0 ≤ t ≤ τ, 0 ≤ x ≤ l,

u(t, 0) = u(t, l) = 0, t ≥ 0,

(1)

where τ > 0, a �= 0, and 0 < c < 1 are real constants. They proved the convergence and
asymptotic stability of an explicit finite difference scheme for this problem. In [14], the

Axioms 2025, 14, 497 https://doi.org/10.3390/axioms14070497
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same authors analyzed the convergence of an implicit finite difference scheme applied to
the same model.

In [16], Zhang et al. established asymptotic stability results for a compact θ-method
applied to a generalized delay diffusion equation. In another related work, Lekomtsev
and Pimenov [15] developed a weighted numerical scheme for parabolic equations with
delay, specifically addressing the case of variable heat conductivity. They investigated the
accuracy, stability, and convergence order of the proposed method.

While the above studies focus primarily on parabolic problems with delay, related
efforts have also been directed toward wave equations exhibiting damping and memory
behaviors. Several other articles have proposed and analyzed finite difference schemes for
wave equations with various damping and memory effects, notably those in [17–20].

In this paper, we consider a system of wave equations with strong damping and a
delayed damping term, given by

utt(x, t) = uxx(x, t) + μ1utxx(x, t)− μ2ut(x, t− τ), in [0, L]× (0, ∞), (2a)

u(0, t) = u(L, t) = 0, (2b)

u(x, 0) = u0(x), ut(x, 0) = u1(x), in [0, L], (2c)

ut(x, t− τ) = f0(x, t− τ), in [0, L]× (0, τ), (2d)

where τ > 0, and μ1, μ2 are positive constants. The system (2a)–(2d) features a time-delay
term appearing in the first time derivative ut, rather than in the state variable itself—a
configuration that introduces significant analytical and numerical challenges. The implicit
finite difference scheme constructed to approximate the solution of Problem (2) is based
on classical second-order Taylor expansions for the derivatives of u(x, t) (see [21]). These
approximations are applied in both space and time and are paired with a consistent
initialization of the delay term over the interval [−τ, 0], as discussed in Section 3.

While delay differential equations and PDEs with delay in the state variable u have
been extensively studied, and some works have addressed delays in spatial derivatives
such as ux or uxx in diffusion-type models, the presence of a delay in ut directly affects the
system’s temporal dynamics and has received comparatively less attention. This type of
delay introduces implicit memory effects and complicates both the discretization process
and stability analysis, particularly within finite difference frameworks.

To the best of our knowledge, this specific configuration has not been thoroughly
addressed in the literature. In this work, we construct a fully discrete, second-order
accurate (in both time and space) implicit finite difference scheme tailored to this structure.
Despite the presence of a strong damping term, our stability analysis—based on the Jury
criterion—reveals that the scheme is conditionally stable, depending on the time step, delay,
and damping parameters. These results highlight the subtle interplay between the delay
structure and numerical stability, underscoring the need for careful analysis when extending
finite difference methods to non-standard delayed PDEs.

In this paper, we focus on constructing a second-order finite difference scheme to
approximate the solution of the system (2a)–(2d), building on the work presented in [13,14].
Following the introduction, Section 2 provides essential theoretical results on the continuous
system and introduces key definitions that underpin the stability analysis of the discretized
model. The finite difference scheme itself is presented in Section 3, with a rigorous stability
analysis given in Section 4. Finally, Section 5 illustrates the performance of the proposed
scheme through numerical experiments that confirm the theoretical findings. The paper
concludes in Section 6.
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2. Preliminaries

This section provides the theoretical background necessary for the stability analysis
of the proposed finite difference scheme. We begin by recalling an exponential stability
result for the continuous Problem (2a)–(2d), which ensures that the system’s energy decays
under appropriate parameter conditions. We then review the Jury stability criterion, which
is instrumental in analyzing the stability of the fully discretized system.

2.1. Exponential Stability of the Continuous System

Before presenting the numerical approximation and its stability analysis, we recall a
theoretical result that establishes exponential stability for wave equations with time-delay
feedback. In [6], the authors consider a wave equation with frictional (weak) damping and
delayed feedback and prove exponential stability under the condition μ2 < μ1. Although
their analysis focuses on weak damping, a similar stabilization mechanism applies in the
presence of strong damping (i.e., μ1Δut), where the analogous condition becomes

μ2 <
μ1

Cp
, (3)

with Cp denoting the Poincaré constant arising from the use of the Poincaré inequality.
To ensure that the continuous system exhibits exponential stability, we assume through-

out our stability analysis of the discrete scheme that the parameters μ1 and μ2 satisfy
Condition (3).

2.2. Review of the Jury Stability Criterion

Jury’s criterion is a classical method used to assess the stability of linear time-invariant
discrete-time systems by analyzing their characteristic polynomials in the z-domain. It
serves as the discrete-time counterpart to the Routh–Hurwitz criterion used in continuous-
time analysis. The method determines whether all roots of the characteristic polynomial lie
strictly inside the unit circle in the complex plane. This is achieved by applying a sequence
of algebraic tests to the coefficients of the polynomial. For a detailed treatment of the Jury
stability criterion and its application to discrete-time systems, we refer the reader to [22,23].

We let D(z) be the characteristic polynomial of the system, given by

D(z) = a0zn + a1zn−1 + · · ·+ an−1z + an, with a0 > 0.

To determine the system’s stability, the Jury table is constructed using the coefficients of
D(z). The first two rows contain the coefficients in forward and reverse order, respectively.
Each subsequent row is computed recursively.

The structure of the Jury table is as follows:

a0 a1 a2 · · · an−2 an−1 an

an an−1 an−2 · · · a2 a1 a0

b0 b1 b2 · · · bn−2 bn−1

bn−1 bn−2 · · · b2 b1 b0
...

...
. . .

...
...

The entries of the third and subsequent rows are computed using the following
determinant-based formulas:

bi =

∣∣∣∣∣ an an−1−i

a0 ai+1

∣∣∣∣∣, cj =

∣∣∣∣∣ bn−1 bn−2−j

b0 bj+1

∣∣∣∣∣, i = 0, · · ·, n− 1, j = 0, · · ·, n− 2.

6
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For the polynomial D(z) to be stable (i.e., all of its roots lie within the unit circle), it
must satisfy the following necessary conditions:

D(1) > 0, (−1)nD(−1) > 0.

Additionally, the sufficient conditions provided by the Jury test include

a0 > |an|, |bn−1| > |b0|, |cn−2| > |c0|, . . .

These conditions are applied iteratively through each row of the table. Violation of any one
of them indicates that the system is unstable.

2.3. Well-Posedness of the Continuous Problem

Before proceeding with the discretization, we briefly state a standard existence and
uniqueness result for the continuous System (2a)–(2d). The well-posedness can be estab-
lished using semigroup theory combined with energy estimates.

Theorem 1 (Well-posedness of the continuous problem). We let μ1, μ2 > 0, and assume
that the initial data satisfy u0, u1 ∈ H1

0(Ω) and f0 ∈ L2((0, τ); H1
0(Ω)). Then System (2a)–(2d)

admits a unique weak solution
u ∈ C1([0, T]; H1

0(Ω)).

For further details and related proofs, we refer the reader to [24,25].

3. Finite Difference Scheme

Building on the foundational work in [13], we begin by discretizing the spatial domain
and time interval to construct a finite difference scheme that approximates the solution
of System (2a)–(2d). The resulting scheme is then reformulated as a two-level scheme
(see [26]), which facilitates the stability analysis presented in the following section.

Spatial discretization: We let L > 0 and define h = L
P for some integer P. Then we

can divide the interval [0, L] into P intervals of equal size h. We denote by xi = ih for
i = 0, 1, · · ·, P the partition nodes (see Figure 1).

Figure 1. Discretization of the computational domain in the x-t plane. The horizontal axis represents
the spatial mesh points xi = ih for i = 0, . . . , P, and the vertical axis represents the temporal mesh
points tn = nk for n = 0, . . . , M. The shaded region corresponds to the interval t ∈ [−τ, 0], used
to initialize the delay term ut(x, t − τ) through the prescribed data f0(x, t − τ). The main finite
difference scheme is applied over the interval t ∈ [0, T].

7
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Time discretization: We can truncate the time interval (0, ∞) to (0, T] for sufficiently
large integer T > τ. Then we divide the interval [0, T] into M equal sub-intervals using
the time step-size k = T

M . We denote by tn = nk, for n = 0, 1, · · ·, M the nodes of the time
partitioning. Furthermore, we let τ = Nk, where N < M (see Figure 1).

The discrete solution: Next, we approximate the solution u(x, t) with the discrete
solution u(xi, tn) = u(ih, nk) for i = 0, · · ·, P and n = 0, · · ·, M and we write u(x, t) ≈
un

i = u(ih, nk). Similarly, we approximate u(x, t− τ) ≈ un−N
i = u(ih, (n− N)k).

Remark 1. The discrete-time domain shown in Figure 1 covers the main computational interval
[0, T], while the delayed term ut(x, t− τ) requires initialization on the separate interval [−τ, 0].
This distinction is visualized by shading the region t < 0. All delay values are initialized via the
given function f0(x, t− τ) as defined in Equation (2d).

Finite difference approximations. The partial derivatives in (2) are approximated using
second-order central differences as follows:

utt|(xi ,tn) ≈
un−1

i − 2un
i + un+1

i
k2 , (4)

uxx|(xi ,tn) ≈
un

i−1 − 2un
i + un

i+1
h2 , (5)

utxx|(xi ,tn) ≈
1

2kh2

[
(un+1

i−1 − 2un+1
i + un+1

i+1 )− (un−1
i−1 − 2un−1

i + un−1
i+1 )

]
, (6)

ut|(xi ,tn−τ) ≈
un−N+1

i − un−N−1
i

2k
, (7)

where k and h are the time and space steps, respectively, and N ∈ N satisfies τ = Nk.
Substituting the above approximations into the PDE (2), sampled at the grid point

(xi, tn), yields the discrete equation:

2h2un−1
i − 4h2un

i + 2h2un+1
i = 2k2(un

i−1 − 2un
i + un

i+1)

+ μ1k(un+1
i−1 − 2un+1

i + un+1
i+1 )

− μ1k(un−1
i−1 − 2un−1

i + un−1
i+1 )

− μ2kh2un−N+1
i + μ2kh2un−N−1

i .

Rearranging terms, we obtain an update formula for un+1
i :

−μ1kun+1
i−1 + 2(μ1k + h2)un+1

i − μ1kun+1
i+1 = −μ1kun−1

i−1 + 2(μ1k− h2)un−1
i − μ1kun−1

i+1

+ 2k2(un
i−1 + un

i+1) + 4(h2 − k2)un
i

− α(un−N+1
i − un−N−1

i ), (8)

where α = μ2kh2.
We define Un = [un

1 , un
2 , . . . , un

P−1]
T ∈ RP−1. Recurrence (8) can be written in compact

matrix form as

AUn+1 = CUn + BUn−1 − α(Un−N+1 −Un−N−1), n ≥ 0, (9)

where A, B, and C are tridiagonal matrices.
For completeness, their entries are defined as follows:

A = tridiag(−μ1k, 2(μ1k + h2), −μ1k),

B = tridiag(−μ1k, 2(μ1k− h2), −μ1k),

C = tridiag(2k2, 4(h2 − k2), 2k2).

8
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Since Scheme (9) is a three-level recurrence, the initial vectors U0 and U1 must be
computed using the initial and delay data provided in (2c)–(2d).

The finite difference approximations of the initial and boundary conditions:
The initial and boundary conditions in (2) are also approximated by the finite difference

approximations as follows:

un
0 = un

P = 0, n = 0, · · ·, M boundary condition (10)

u0
i = u0(xi), i = 1, · · ·, P− 1 initial condition for u (11)

u1
i − u−1

i = 2ku1(xi), i = 1, · · ·, P− 1 initial condition for ut (12)

un−N+1
i − un−N−1

i = 2k f0(xi, tn − τ), i = 1, · · ·, P− 1 and n = 0, · · ·, N − 1 (13)

Using (11), we define U0 = [u0
1, u0

2, · · ·, u0
P−1]

T . To define the vector U1, we first rewrite the
initial Condition (12) as u−1

i = u1
i − 2ku1(xi), or in a vector notation as

U−1 = U1 + V, (14)

where V = −2k[u1(x1), u1(x2), · · ·, u1(xP−1)]
T ∈ RP−1.

Next, we write the matrix Equation (9) at n = 0 as follows:

AU1 = BU−1 + CU0 − α
(

U−N+1 −U−N−1
)

.

After substituting U−1 from (14), we can solve for U1 the following equation:

(A− B)U1 = BV + CU0 − α
(

U−N+1 −U−N−1
)

. (15)

Once the solution of (15) is obtained, we can compute U−1 from (14). However, solving (15)
requires evaluating U−N+1 −U−N−1 that can be obtained from (13) with n = 0 as follows:

U−N+1 −U−N−1 = F0,

where Fn is a P− 1 vector defined as

Fn = 2k[ f0(x1, tn − τ), f0(x2, tn − τ), · · ·, f0(xP−1, tn − τ)]T , for n ≥ 0 (16)

Note that for n = 1, · · ·, N − 1, the conditions in (13) can be written in vector notation as

For n = N − 1 ⇒ U0 −U−2 = FN−1

For n = N − 2 ⇒ U−1 −U−3 = FN−2

For n = N − 3 ⇒ U−2 −U−4 = FN−3

...
...

For n = 3 ⇒ U4−N −U2−N = F3

For n = 2 ⇒ U3−N −U1−N = F2

For n = 1 ⇒ U2−N −U−N = F1

Given U0 and U−1 (from (14)), we can solve the first two equations to obtain U−2 and U−3,
respectively. Subsequently, we can compute U−4, . . . , U−N in a step-by-step manner.

We let A∗ denote the block diagonal matrix diag(A, I, I, · · ·, I), where I is the identity
matrix of size (P− 1)× (P− 1), Un∗ = [Un, Un−1, · · ·, Un−N+1, Un−N , Un−N−1]T and
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Φ∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C B 0 · · · 0 −αI 0 αI
I 0 0 · · · 0 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · I 0 0 0
0 0 0 · · · 0 I 0 0
0 0 0 · · · 0 0 I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (17)

Then, Equation (9) can be rewritten in an equivalent compact form

A∗Un+1∗ = Φ∗Un∗ , n ≥ 0. (18)

Since μ1, k, h > 0, the matrix A is symmetric and positive definite and therefore nonsingular
(invertible). The invertibility of the matrix A implies that the block diagonal matrix A∗ is
also invertible. We let Ψ∗ := A−1∗ Φ∗. Equation (18) has a unique solution given by

Un+1∗ = Ψ∗Un∗ , n ≥ 0. (19)

4. Asymptotic Stability of the Fully Discrete Scheme

In this section, we establish conditions on the mesh parameters that ensure the asymp-
totic stability of the fully discretized System (19). Specifically, we determine sufficient
criteria under which all eigenvalues of the associated amplification matrix Ψ∗ lie strictly
inside the unit disk. This guarantees that the discrete solution decays asymptotically as
time progresses, in accordance with the Jury stability criterion.

Given the matrix

M =

⎡⎢⎢⎢⎢⎢⎢⎣
−2 1 0 . . . 0 0
1 −2 1 · · · 0 0
0 1 −2 · · · 0 0
...

...
...

. . . −2 1
0 0 0 · · · 1 −2

⎤⎥⎥⎥⎥⎥⎥⎦,

we can define the matrices A, B and C in terms of the matrixM as follows:

A = 2h2 I − μ1kM,

B = −2h2 I − μ1kM, (20)

C = 4h2 I + 2k2M.

The eigenvalues of the matrixM (see, for example, [21]) are given by

λm = −4 sin2
(πm

2P

)
, m = 1, . . . , P− 1, (21)

and decrease strictly as m increases. Moreover, the matrix M is diagonalizable and can
be written asM = QΛQ−1, where Q is the matrix of eigenvectors and Λ is the diagonal
matrix of eigenvalues. Having that the identity matrix can be written as I = QQ−1, we
reformulate the block matrices Φ∗ and A∗ as follows:

A∗ = Q∗ Ã∗Q−1∗ , (22)

Φ∗ = Q∗Φ̃∗Q−1∗ , (23)

where Ã∗ = diag(2h2 I − μ1kΛ, I, · · ·, I), Q∗ = diag(Q, Q, · · ·, Q) and
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Φ̃∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4h2 I + 2k2Λ −2h2 I − μ1kΛ 0 · · · 0 −αI 0 αI
I 0 0 · · · 0 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · I 0 0 0
0 0 0 · · · 0 I 0 0
0 0 0 · · · 0 0 I 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (24)

Substituting (22) and (23) into (18), we obtain

Q∗ Ã∗(Q−1∗ Un+1∗ ) = Q∗Φ̃∗(Q−1∗ Un∗ ), n ≥ 0. (25)

We let Un := Q−1Un = [ϕn
1 , ϕn

2 , . . . , ϕn
P−1]

	 ∈ RP−1, and define the block vector

Un∗ := [Un,Un−1, . . . ,Un−N+1,Un−N ,Un−N−1]	 = Q−1∗ Un∗ ,

so that Un∗ ∈ R(P−1)(N+2). Then, the difference Equation (25) simplifies to

Un+1∗ = Ψ̃∗Un∗ , n ≥ 0, (26)

where Ψ̃∗ := Ã−1∗ Φ̃∗. It follows that Ψ∗ (from (19)) and Ψ̃∗ (from (26)) are similar matrices
and therefore share the same set of eigenvalues.

Equation (26) may be reformulated into an equivalent expression by reordering its
components. For m = 1, . . . , P− 1, we define

Hn
m := [ϕn

m, ϕn−1
m , . . . , ϕn−N+1

m , ϕn−N
m , ϕn−N−1

m ]	,

and assemble them into a block vector

Hn∗ := [Hn
1 , Hn

2 , . . . , Hn
P−1]

	.

In a similar manner, for m = 1, . . . , P− 1, we define the diagonal matrix

Dm := diag
(

2h2 − μ1kλm, 1, . . . , 1
)

,

and the matrix Gm as

Gm :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4h2 + 2k2λm −(2h2 + μ1kλm) 0 · · · 0 −α 0 α

1 0 0 · · · 0 0 0 0
0 1 0 · · · 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 · · · 1 0 0 0
0 0 0 · · · 0 1 0 0
0 0 0 · · · 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

We then define D∗ := diag(D1, . . . , DP−1) and G∗ := diag(G1, . . . , GP−1). The matrix D∗ is
invertible, since each Dm is invertible for m = 1, . . . , P− 1. This allows us to introduce the
block matrix

˜̃Ψ∗ := D−1∗ G∗ = diag(D−1
1 G1, · · ·, D−1

P−1GP−1),

and to rewrite the difference Equation (26) in the equivalent form:

Hn+1∗ = ˜̃Ψ∗Hn∗ , n ≥ 0. (27)

11
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The matrices Ψ̃∗ and ˜̃Ψ∗ are similar and therefore have the same set of eigenvalues.
The matrices

D−1
m Gm =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4h2+2k2λm
2h2−μ1kλm

−(2h2+μ1kλm)
2h2−μ1kλm

0 · · · 0 −α
2h2−μ1kλm

0 α
2h2−μ1kλm

1 0 0 · · · 0 0 0 0
0 1 0 · · · 0 0 0 0
...

...
...

. . .
...

...
...

...
0 0 0 · · · 1 0 0 0
0 0 0 · · · 0 1 0 0
0 0 0 · · · 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

for m = 1, . . . , P− 1, are companion matrices (see [27]) corresponding to the P− 1 polynomi-
als

πm(z) = zN+2 − 4h2 + 2k2λm

2h2 − μ1kλm
zN+1 +

2h2 + μ1kλm

2h2 − μ1kλm
zN +

α

2h2 − μ1kλm
z2 − α

2h2 − μ1kλm
. (28)

The N + 2 roots of each polynomial πm(z) are precisely the eigenvalues of the matrix
D−1

m Gm. Therefore, verifying that all eigenvalues of the block matrix Ψ∗ in (19) lie strictly
within the unit disk reduces to showing that all roots of πm(z), for m = 1, . . . , P− 1, lie
inside the unit disk.

Remark 2. The index m corresponds to the spectral modes associated with the diagonalization of
the spatial discretization matrixM, whose eigenvalues λm < 0 define the modal structure of the
semi-discrete system. This decoupling enables mode-by-mode stability analysis via the characteristic
polynomials πm(z). Consequently, verifying that all such polynomials have roots strictly inside the
unit disk ensures the asymptotic stability of the fully discrete scheme.

To analyze the stability of discrete dynamical systems or difference schemes—particularly
when explicit root-finding is impractical—we often turn to root location criteria tailored
to the unit disk. One such result is the Jury stability criterion, a discrete analogue of the
Routh–Hurwitz test for continuous systems. It provides a systematic, algebraic procedure
to determine whether all the roots of a characteristic polynomial lie strictly inside the unit
circle. This criterion is especially well suited for analyzing the stability of linear recurrence
relations and finite difference schemes, making it a natural tool in our context. In this
work, we apply the Jury test to assess the stability of the proposed second-order scheme by
verifying the root conditions of the associated characteristic equation.

To assess the stability of the proposed finite difference scheme, we analyze the location
of the roots of its characteristic equation. For this purpose, we employ the Jury stability
criterion, presented in Section 2, which is well suited for evaluating whether all roots of
πm(z) lie within the unit circle.

Proposition 1. We let N > 0 and let λm denote the mth eigenvalue of the matrix M
defined in (21). Suppose the parameters μ1, μ2, k, and h are positive and satisfy the fol-
lowing Courant–Friedrichs–Lewy (CFL) time-step restriction involving the spectral radius
ρ(M) := maxm |λm|:

0 < k < kCFL := min

{
2h2

μ2h2 + (μ1 + 4μ2)ρ(M)
,

√
2h√

ρ(M)

}
. (29)

Then all roots of the polynomial πm(z) defined in (28) lie strictly inside the unit disk.

12
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Proof. We analyze the asymptotic stability of the fully discrete scheme by applying the
Jury stability criterion to the mode-wise characteristic polynomial

πm(z) = zN+2 − AmzN+1 + BmzN + Cmz2 − Cm =
n

∑
j=0

ajzn−j, n = N + 2. (30)

The coefficients Am, Bm, Cm are given by

Am =
4h2 + 2k2λm

2h2 − μ1kλm
, Bm =

2h2 + μ1kλm

2h2 − μ1kλm
, Cm =

μ2kh2

2h2 − μ1kλm
,

where λm < 0 is the mth eigenvalue ofM. The coefficients aj in (A1) are

a0 = 1, a1 = −Am, a2 = Bm, an−2 = Cm, an−1 = 0, an = −Cm,

aj = 0 for 3 ≤ j ≤ n− 3.

Before proceeding, we note that the coefficients Am, Bm, and Cm share the same de-
nominator 2h2 − μ1kλm, which is positive since λm < 0. Therefore, Cm > 0 immediately.
The coefficients Am and Bm are also positive provided that

k2 <
2h2

|λm| and k <
2h2

μ1|λm| .

These inequalities are both implied by the CFL condition (29). Hence, we conclude that all
three coefficients Am, Bm, and Cm are positive under the CFL restriction.

Step 1: Necessary conditions. We first verify the necessary Jury conditions:

NC1: πm(1) = 1− Am + Bm =
−2k2λm

2h2 − μ1kλm
> 0, since λm < 0.

NC2: (−1)nπm(−1) = 1 + Am + Bm > 0, since Am, Bm > 0.

Step 2: First sufficient condition. The condition |a0| > |an| becomes

SC1: 1 > |−Cm| = Cm,

which leads to

Cm < 1 ⇔ μ2kh2

2h2 − μ1kλm
< 1. (31)

Since λm < 0, the denominator is positive. Multiplying both sides and solving gives

k <
2h2

μ2h2 + μ1λm
. (32)

Although λm < 0, the right-hand side remains positive because

μ2h2 + μ1λm < μ2h2 + μ1|λm| < μ2h2 + μ1ρ(M),

which implies
2h2

μ2h2 + μ1λm
>

2h2

μ2h2 + μ1ρ(M)
.
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Under the CFL condition (29), we have

k <
2h2

μ2h2 + (μ1 + 4μ2)ρ(M)
<

2h2

μ2h2 + μ1ρ(M)
,

which ensures Inequality (32) holds. Hence, Cm < 1 and the first necessary condition (SC1)
is satisfied.
Step 3: Second sufficient condition. The next Jury condition involves

b0 = ana1 − a0an−1 = (−Cm)(−Am) = AmCm, bn−1 = a2
n − a2

0 = C2
m − 1.

Note. The quantity b0 = AmCm is positive under the CFL condition (29). Also, Step 2
guarantees that bn−1 = C2

m − 1 < 0. The Jury condition reads

SC2: |bn−1| > |b0| ⇒ 1− C2
m > AmCm.

To verify this inequality rigorously, we consider the difference

1− C2
m − AmCm =

(2h2 − μ1kλm)2 − [
h4k2μ2

2 + 2h2kμ2(2h2 + k2λm)
]

(2h2 − μ1kλm)2 .

We let D(k) := 2h2 − μ1kλm and define the polynomial

χ(k) := D(k)2 − h4k2μ2
2 − 2h2kμ2(2h2 + k2λm).

Thus, Condition 1− C2
m > AmCm is equivalent to χ(k) > 0.

Since χ(0) = D(0)2 = 4h4 > 0, it suffices to show χ(k) is non-decreasing. Direct differenti-
ating gives

χ′(k) = −4μ2h4 − 2μ2
2kh4 + 4μ1|λm|h2 + 6μ2|λm|k2h2 + 2μ1λ2

mk.

Each term in χ′(k) is nonnegative except the first two, which are of size O(h4). The positive
terms scale like O(h2) or O(k). Then, under the CFL restriction (29), we have

k < min

{
2h2

(μ1 + 4μ2)|λm| ,
√

2h√|λm|

}
.

This ensures the positive terms dominate. Hence, χ′(k) ≥ 0, and χ(k) ≥ χ(0) > 0 for all
0 ≤ k ≤ kCFL. We conclude that SC2 is satisfied.
Step 4: Higher-order conditions. Due to the sparsity of πm(z), all higher-order determi-
nants in the Jury table involve only the nonzero coefficients a0, a1, a2, an−2, an. This structure
allows the higher-order Jury inequalities to be expressed in a simplified form:

(1− θ1Cm)(1− θ2Cm) > θ3Cm, with θi > 0.

A detailed verification of this form and the derivation of representative cases, including the
third sufficient condition SC3, is provided in Appendix A. That appendix shows how these
inequalities follow from the previously established conditions SC1 and SC2, and are thus
guaranteed by the CFL restriction (29).

Therefore, under the CFL condition (29), all Jury conditions are satisfied for each mode
m, and all roots of πm(z) lie strictly inside the unit disk.
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Remark 3. If the damping and delay parameters μ1 and μ2 are sufficiently large, then the first term
in the CFL condition (29) becomes more restrictive than the second, and the condition simplifies to

k <
2h2

μ2h2 + (μ1 + 4μ2)ρ(M)
.

However, for generality and mathematical precision, we retain the full minimum expression in (29).

Remark 4. While the proposed scheme discretizes a wave equation with delay, the Jury criterion
is not applied to the PDE directly but to the characteristic polynomial πm(z) derived from the
recurrence relation (A1). The coefficients depend on delay parameters (e.g., μ2) but remain constant
for each mode. Thus, the standard Jury test is applicable. See [28] for more general validation.

Since the roots of πm(z) are the eigenvalues of the matrix ˜̃Ψ∗, and hence are also
eigenvalues of Ψ∗, we arrive at the following result.

Proposition 2. We let k, h > 0. If the CFL-type condition (29) is satisfied, then all eigenvalues of
the matrix Ψ∗ in (19) lie strictly inside the unit disk.

The following theorem then follows immediately from Proposition 2 and
([29] Theorem 4.13).

Theorem 2 (Stability of the Discrete Scheme). We let k, h > 0. If Inequality (29) is satisfied,
then the finite difference scheme (19) is asymptotically stable.

Remark 5. In [13], the authors consider the delayed diffusion equation stated in our Introduction
as Equation (1). Their stability condition for the explicit scheme is given in Theorem 5 (page 863)
and reads

Δt <
Δx2

2a2(1 + c2)
,

where a is the diffusion coefficient and c is the delay strength. The condition reflects a CFL-type
restriction that involves the time step Δt, space step Δx, and delay-related constant.

In [14], the same delay model is treated using implicit schemes, and unconditional stability is
shown in Proposition 4 (page 1284) through spectral norm estimates of a block companion matrix.

In contrast, the present work considers a delayed wave equation with strong damping and
delay in the derivative ut(t− τ). The resulting discrete scheme leads to a higher-order recurrence
relation, and the stability condition derived in Proposition 1 implies

0 < k <
2h2

μ2h2 + (μ1 + 4μ2)ρ(M)
,

where μ1 and μ2 are the damping and the delay parameters, respectively, and ρ(M) is the spectral
radius of the spatial discretization matrix.

This condition shares the CFL-type structure with [13], but reflects the more complex dynamics
introduced by the wave operator and delay in the derivative term. As the associated characteristic
polynomial has higher degree and five nonzero terms, we apply the Jury stability criterion rather
than relying on spectral radius estimates or root formulas. This approach offers a general framework
to verify asymptotic stability in delayed wave systems.

Remark 6. The exponential stability of the continuous system is ensured under certain assumptions
on the delay and damping parameters presented in Condition (3). In contrast, the CFL-type
condition (29) arises purely from the discrete stability analysis and is not inherited from the

15



Axioms 2025, 14, 497 13 of 19

continuous model. This condition ensures that the roots of the characteristic polynomial lie strictly
inside the unit disk, thereby guaranteeing asymptotic stability of the numerical scheme.

5. Numerical Examples

We now illustrate the performance of the proposed finite difference scheme by solving
System (2a)–(2d) in a one-dimensional spatial domain. The domain is discretized uniformly
with spatial step size h, and time integration is carried out using the second-order implicit
scheme derived in Section 3.

To investigate the stability of the numerical scheme, we consider parameter values μ1

and μ2 that satisfy the exponential stability Condition (3) of the continuous system. This
ensures that any observed instability is due to the discretization and not the underlying PDE.
We also examine the role of the CFL-type restriction (29), which governs the asymptotic
stability of the discrete scheme. As μ2 increases, both conditions become more restrictive,
emphasizing the need for careful parameter selection.

The initial data for all test cases are given by

u0(x) = 2x(x− L), u1(x) = 0, f0(x, t− τ) = sin(x). (33)

We compare two test cases where the continuous system is exponentially stable, but
the numerical scheme may or may not be stable depending on whether the CFL condition is
satisfied. These cases are summarized in Table 1, where we denote the continuous stability
Condition (3) as Condition I and the CFL-type condition (29) as Condition II.

Table 1. Satisfaction of stability conditions in each test case.

Case Condition I: Condition II:

μ2 <
μ1

Cp
, Cp =

L
π

k < kCFL

1 Satisfied Satisfied
2 Satisfied Not satisfied

We fix the spatial domain to the interval [0, 5] and the time interval to [0, 200]. The
scheme parameters h, k, τ, μ1, μ2 are listed in Table 2.

Table 2. Parameter values used for each test case.

Case h k τ μ1 μ2 kCFL

1 0.5 0.01036 1.03 3.0 1.69646 0.01295
2 0.5 0.01554 1.55 3.0 1.69646 0.01295

Figure 2 shows the evolution of the energy norm

‖E‖ = 1
2

[
‖ut‖2 + ‖∇u‖2

]
(34)

over time on a logarithmic scale. In Case 1, where both stability conditions are satisfied,
the energy decays exponentially, indicating that the discrete scheme faithfully reproduces
the decay behavior of the continuous system. In Case 2, although the continuous system
is exponentially stable, the CFL condition is violated. As a result, the numerical solution
becomes unstable over time. These results highlight the necessity of the discrete stability
condition for maintaining asymptotic stability in practice, even when the continuous model
is well behaved.
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(a) (b)

Figure 2. Log plots of the energy norm ‖E‖ versus time for two test cases listed in Table 1. Each case
demonstrates the influence of the CFL-type condition on the asymptotic stability of the numerical
scheme, assuming the continuous system is exponentially stable. (a) Case 1: Both conditions satisfied.
Condition I: μ2 < μ1/Cp. Condition II: CFL condition satisfied. (b) Case 2: Only Condition I satisfied.
Condition I: μ2 < μ1/Cp. Condition II: CFL condition not satisfied.

To complement the energy norm analysis, we present the numerical solution u(x, t)
under the parameter values used in Case 1. As shown in Figure 3, the solution profiles at
selected time levels exhibit a clear decrease in amplitude over time. This indicates that the
solution decays across the spatial domain. Figure 4 provides a 3D surface plot of u(x, t),
highlighting the smooth decay of the solution. These plots visually confirm the behavior
predicted by the theoretical analysis: the solution vanishes gradually as time progresses, in
accordance with the exponential decay of the energy norm.

Figure 3. Solution u(x, t) at selected time levels under the parameter settings of Case 1 (see Table 2). The
amplitude decreases as time progresses, indicating uniform temporal decay across the spatial domain.

Figure 4. Three-dimensional surface plot of the solution u(x, t) for x ∈ [0, 5] and t ∈ [0, 50].
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Remark 7. The parameter sets in Tables 2 and 3 are designed to test the stability of the scheme
under different theoretical scenarios. Specifically, we vary μ1, μ2, τ, and k to create cases that either
satisfy or violate the derived stability conditions (Condition I and Condition II). These parameters
are not chosen to reflect a specific physical application, but rather to support a structured numerical
investigation of the proposed scheme’s stability behavior.

Table 3. Parameter values for the simulations in Figure 5. All configurations satisfy the CFL-type
stability condition.

h k τ μ1 μ2 kCFL

0.50 0.0155 0.1554 1.1310 3.9021 0.019425
0.50 0.0052 0.0518 3.3929 3.9021 0.006475
0.50 0.0031 0.0311 5.6549 3.9021 0.003885

Figure 5. Energy decay over time for three configurations of Case 1 with increasing μ1, plotted on a
linear scale. All cases satisfy the continuous and discrete stability conditions. As μ1 increases, the
required time step k decreases due to the CFL condition, resulting in slower observed decay per
unit time.

5.1. Effect of Damping Strength and CFL Restriction on Decay Rate

To explore the effect of increasing the damping parameter μ1 on the energy decay rate,
we simulate three configurations of Case 1, keeping μ2 fixed and adjusting k to satisfy the
CFL-type stability condition (29) in each case. The corresponding parameter values are
listed in Table 3. The results are presented in Figure 5, plotted on a linear scale, with time
restricted to the interval [0, 30] to highlight differences in the early-stage decay behavior.

All three simulations satisfy both stability conditions, yet the observed decay rate
varies. The case with the smallest μ1 exhibits the fastest decay. As μ1 increases, the CFL
restriction imposes a smaller time step k, which leads to slower decay. This observation
illustrates the practical trade-off: stronger damping does not necessarily accelerate decay
in simulations due to the more restrictive CFL condition it entails.

5.2. Effect of the CFL Condition When Continuous Stability Fails

We also consider a case where the exponential stability condition for the continuous
system is not satisfied (i.e., μ2 ≥ μ1/Cp), while the CFL-type condition remains enforced.
As illustrated in Figure 6a, the numerical solution in this case still exhibits asymptotic decay,
confirming the stabilizing influence of the CFL condition on the discrete scheme. This result
suggests that the CFL restriction plays a central role in maintaining numerical stability,
even when the continuous system lies near or beyond the exponential stability threshold.
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By contrast, when both the continuous and discrete stability conditions are violated,
as shown in Figure 6b, the solution becomes numerically unstable. This reinforces the
necessity of satisfying at least the CFL condition for obtaining stable numerical results.

(a) (b)

Figure 6. Log plots of the energy norm ‖E‖ versus time for two test cases where the continuous
exponential stability condition is not satisfied. In (a), the CFL condition ensures asymptotic decay.
In (b), the absence of both stability conditions leads to numerical instability. (a) μ2 ≥ μ1/Cp, CFL
condition satisfied. The numerical solution remains asymptotically stable, despite the continuous
system lacking exponential stability. (b) μ2 ≥ μ1/Cp, CFL condition not satisfied. The numerical
solution becomes unstable, confirming the necessity of the CFL restriction.

6. Conclusions and Future Work

In this paper, we analyzed a wave equation with strong damping and a delay term.
We developed a fully discrete second-order finite difference scheme for the spatial and
temporal discretization of the problem. The stability of the discrete scheme was rigorously
analyzed using the Jury stability criterion. A CFL-type condition on the time step was
derived to guarantee that the roots of the characteristic polynomials associated with each
mode lie strictly within the unit disk, ensuring asymptotic stability of the scheme.

Numerical experiments confirmed the theoretical results and demonstrated that the
discrete solution exhibits exponential-like decay in practice, consistent with the behavior of
the continuous system. These results highlight the effectiveness of the proposed method
and emphasize the importance of careful parameter selection in the presence of time delay.

The proposed scheme can in principle be extended to higher spatial dimensions such
as (1 + 2)D or (1 + 3)D. The finite difference formulation and stability framework are
generalizable, but such an extension would lead to significantly larger discrete systems, in-
creasing both computational cost and implementation complexity. Efficient implementation
in higher dimensions remains an open direction for future study.

Beyond dimensionality, extending the scheme to non-uniform grids in space or time is
another important challenge. Non-uniform discretization would require the reformulation
of the stability analysis, likely leading to mesh-dependent conditions. This direction is
particularly relevant for adaptive methods or problems with localized features.

Another promising direction for future work is the development of higher-order
accurate difference schemes for delayed wave equations. While standard finite difference
techniques can be extended to achieve greater accuracy, doing so may significantly increase
the complexity of both implementation and stability analysis. Extending the Jury-based
framework to handle such cases remains an open challenge.

Finally, incorporating nonlinearities—such as a nonlinear source term—into the de-
layed wave model is a natural next step. While the finite difference scheme could be
modified to handle such terms, the linear stability tools used in this paper would not
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directly apply. A new analysis framework would be needed, possibly based on energy
methods or nonlinear stability theory.
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Appendix A. Higher-Order Conditions in the Jury Stability Criterion

In this appendix, we provide a detailed construction of the components of the Jury
table introduced in Section 2 and verify the higher-order stability conditions referenced in
Step 4 of the proof of Proposition 1.

We apply the Jury stability criterion to the following real polynomial of degree N + 2:

πm(z) = zN+2 − AmzN+1 + BmzN + Cmz2 − Cm =
n

∑
j=0

ajzn−j, n = N + 2. (A1)

The coefficients Am, Bm, Cm are defined by

Am =
4h2 + 2k2λm

2h2 − μ1kλm
, Bm =

2h2 + μ1kλm

2h2 − μ1kλm
, Cm =

μ2kh2

2h2 − μ1kλm
,

where λm < 0 is the mth eigenvalue of the matrixM. The nonzero coefficients aj are

a0 = 1, a1 = −Am, a2 = Bm, an−2 = Cm, an−1 = 0, an = −Cm,

aj = 0 for 3 ≤ j ≤ n− 3.

The first-level Jury components bj and the second-level components cj are computed
using

bj =

∣∣∣∣∣ −Cm an−1−j

1 aj+1

∣∣∣∣∣, j = 0, . . . , n− 1, (A2)

cj =

∣∣∣∣∣ C2
m − 1 bn−2−j

AmCm bj+1

∣∣∣∣∣, j = 0, . . . , n− 2. (A3)

These values are summarized in Table A1.
We recall from Proposition 1 that the first two sufficient Jury conditions are

SC1: |a0| > |an| ⇒ Cm < 1,

SC2: |bn−1| > |b0| ⇒ 1− C2
m > AmCm.
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Under the CFL condition (29), both SC1 and SC2 are satisfied. We now verify the third
sufficient condition:

SC3: |cn−2| > |c0|.

From Table A1, we find

|cn−2| = (C2
m − 1)2 − C2

m A2
m > 0, from SC2,

and
|c0| =

∣∣∣(1− C2
m)(1 + Bm)− A2

m

∣∣∣Cm.

Then, SC3 reads

(C2
m − 1)2 − C2

m A2
m >

∣∣∣(1− C2
m)(1 + Bm)− A2

m

∣∣∣Cm. (A4)

A sufficient condition for (A4) to hold is

(C2
m − 1)2 >

∣∣∣(1− C2
m)(1 + Bm)− A2

m

∣∣∣Cm,

which can be rewritten in the form

(1− θ1Cm)(1− θ2Cm) > θ3Cm,

with θ1 = θ2 = Cm > 0, and θ3 =
∣∣(1− C2

m)(1 + Bm)− A2
m
∣∣ > 0.

Given that Cm < 1 (from SC1) and AmCm < 1− C2
m (from SC2), both Am and Cm are

sufficiently small under the CFL condition (29), ensuring the right-hand side of (A4) is
smaller than the left-hand side. This reasoning can be extended recursively.

In fact, all higher-order conditions (involving cj, dj, . . .) preserve the same structure:
the left-hand side is a product of terms like (1− θiCm), while the right-hand side involves
a small multiple of Cm. Consequently, the CFL restriction, together with SC1 and SC2,
guarantees that all sufficient conditions in the Jury table are satisfied.

Table A1. Jury table components for the polynomial πm(z), showing the values of aj, bj, and cj

computed using determinant formulas.

j aj bj cj

0 1 AmCm Cm[(1− C2
m)(1 + Bm)− A2

m]
1 −Am −Cm(1 + Bm) AmCm(C2

m + Bm)
2 Bm 0 0
3 0 0 0
...

...
...

...

n− 3 0 −C2
m − Bm 2AmC2

m − Am + AmBmC2
m

n− 2 Cm Am (C2
m − 1)2 − C2

m A2
m

n− 1 0 C2
m − 1 —

n −Cm — —
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1. Introduction and Preliminaries

In ([1], Section 11, Section 12), J. Prüss investigated the solvability of the following
problem on the line:

u(t) = f (t) +
∫ +∞

0
A(s)u(t− s) ds, t ∈ R, (1)

where X and Y are complex Banach spaces such that Y is densely embedded into X,
A ∈ L1

loc([0,+∞) : L(Y, X)) and f ∈ L1
loc(R : X). The author introduced the notion of a

vector-valued homogeneous spaceH(X) and analyzed the well-posedness of the equation

u′(t) =
∫ +∞

0
A0(s)u′(t− s) ds +

∫ +∞

0
dA1(s)u(t− s) ds + f (t), t ∈ R, (2)

where A0 ∈ L1([0,+∞) : L(Y, X)) and A1 ∈ BV([0,+∞) : L(Y, X)). The existence of
strong solutions to (2) has been proved in the case that the forcing term f (·) belongs
to a subspace Hσ

Λ(X) of H(X). In particular, for such inhomogeneities f (·), the Fourier–
Carleman spectrum σ( f ) ⊆ Λ is compact (cf. ([1], Subsection 0.5, Subsection 0.6) for more
details on the subject), where the real spectrum of (2) is defined through

Λ :=
{

ξ ∈ R : iξ − iξ Â0(iξ)− d̂A1(iξ) ∈ L(Y, X) is not invertible
}

,

andHσ
Λ(X) is a proper subspace of the space consisting of all functions f (·), which admits

an extension to an entire function of exponential growth (the strong solution u(·) of (2)
also enjoys this feature; see ([1], Theorem 11.1). For some other references concerning
the abstract Volterra integro-differential equations on the line, one may refer, e.g., to the
paper [2] by V. E. Fedorov and N. M. Skripka and [3] by R. Ponce. The abstract Volterra
integro-differential inclusions on the real line with generalized Weyl fractional derivatives
have recently been investigated in [4]; cf. also [5,6] for some other important references
worth mentioning.

Axioms 2025, 14, 266 https://doi.org/10.3390/axioms14040266
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Here, we briefly analyze the following extension of problem (1):

Bu(t) = C f (t) +
∫ +∞

0
A(s)u(t− s) ds, t ∈ R, (3)

where X and Y are complex Banach spaces, Y is embedded into X, B is a closed linear
operator with a domain and range contained in X, Y ⊆ D(B), A ∈ L1

loc([0,+∞) : L(Y, X)),
f ∈ L1

loc(R : X) and the operator C ∈ L(X) is injective. For simplicity, we will not
consider the perturbations of term A(·) which are bounded in variation, and we will apply
the usually considered Fourier transform in place of the Fourier–Carleman transform
considered in [1].

The structure of this paper is as follows: We first explain the basic notation and
terminology used throughout the paper. After that, we recall the basic definitions and
results on (A, k, B)-regularized C-pseudoresolvent families (Section 1.1) and generalized
Weyl integro-differential operators (Section 1.2).

In Section 2, we investigate the well-posedness of abstract degenerate non-scalar
Volterra integral Equation (3) on the line. The first structural result of Section 2 is
Proposition 2, where we consider the situation in which (S(t))t≥0 ⊆ L(X, [D(B)]) is a
global (A, k, B)-regularized C-pseudoresolvent family. Here, we prove the existence of
solutions to the Cauchy problem

Bu(t) =
∫ t

−∞
k(t− s)C f (s) ds +

∫ t

−∞
A(t− s)u(s) ds, t ∈ R.

In Proposition 3, we clarify a uniqueness result for the above problem, where we
assume the existence of a global (A, k, B)-regularized C-uniqueness family (V(t))t≥0 ⊆
L(X) for (3); cf. [7] for the notion and more details in this direction. In Theorem 1, we
apply the Fourier transform in the space of tempered vector-valued distributions in order
to analyze the existence and uniqueness of solutions to Problem (3); cf. also Example 1,
where we provide some applications to the kernels

A(t) := a1(t)A1 + .... + am(t)Am, t ≥ 0,

where m ∈ N, aj ∈ L1([0,+∞)), Aj is a closed linear operator on X (1 ≤ j ≤ m) and the
vector space Y := D(B) ∩ D(A1) ∩ ...∩ D(Am) is equipped with the graph norm ‖y‖Y :=
‖y‖+ ‖By‖+ ‖A1y‖+ ... + ‖Amy‖, y ∈ Y. In Theorem 2, we consider the differential and
analytical properties of mapping

ξ �→
(

B−
∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R,

which is incredibly important in our analysis. After that, we are ready to apply the operator-
valued version of Mikhlin’s theorem ([8], Proposition 8.2.3) in the analysis of the existence
of a solution u(·) of (3) which satisfies u ∈ L1(R : Y) and Bu ∈ L1(R : X); cf. Theorem 3
for more details. The existence and uniqueness of almost-periodic-type solutions to (3) are
briefly considered in Section Almost-Periodic-Type Solutions to (3).

For convenience, we will work in the setting of complex Banach spaces. We will
reconsider the results established by J. Prüss in ([1], Section 11, Section 12) for a degenerate
abstract Cauchy problem on the line (3) somewhere else. We will not consider here the
abstract semilinear Volterra integral equations of non-scalar type on the line as well.

Before explaining the notation and terminology used throughout the paper, we feel
it is our duty to emphasize that we have not been able to find any practical applications
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of the established results in physical or engineering models and also that our theoretical
findings are not accompanied here by any numerical illustrations or concrete examples.
Although some notations probably could be refined, we have done our best to increase the
clarity and readability of this paper as well as the exposition of the material.

Notation and preliminaries. If ζ > 0, then we set gζ(t) := tζ−1/Γ(ζ), t > 0, where Γ(·)
denotes the Euler Gamma function and g0(t) :=the Dirac delta distribution. If z ∈ C and
r > 0, then we set L(z, r) := {w ∈ C : |z− w| < r}.

Unless specified otherwise, we assume henceforward that (X, ‖ · ‖) and (Y, ‖ · ‖Y) are
complex Banach spaces such that Y is embedded into X as well as that A ∈ L1

loc([0, τ) :
L(Y, X)), where L(Y, X) denotes the space consisting of all continuous linear mappings
from Y into X and L(X) ≡ L(X, X). We assume that the operator C ∈ L(X) is injective and
B is a closed linear operator in X such that Y ⊆ D(B), by [D(B)]. We denote the Banach
space (D(B), ‖ · ‖B), where the graph norm ‖ · ‖B is defined by ‖x‖B := ‖x‖ + ‖Bx‖,
x ∈ D(B). The symbol I stands for the identity operator on X. For more details about the
integration of functions with values in Banach spaces, we refer the reader to [7,8]. We will
use the same notion and notation as in [7]. Finally, let us recall that the Fourier transform
on the real line and its inverse transform are defined by

(F f )(ξ) :=
∫ +∞

−∞
e−iξt f (t) dt and

(F−1 f
)
(t) :=

1
2π

∫ +∞

−∞
eiξt f (ξ) dξ (t, ξ ∈ R),

respectively; see [8–12] and the references quoted therein.

1.1. (A, k, B)-Regularized C-Pseudoresolvent Families

We need the following notion (cf. ([7], Definition 2.9.2)):

Definition 1. Let τ ∈ (0, ∞], k ∈ C([0, τ)), k �= 0 and A ∈ L1
loc([0, τ) : L(Y, X)). A family

(S(t))t∈[0,τ) in L(X, [D(B)]) is called an (A, k, B)-regularized C-pseudoresolvent family if the
following holds:

(S1) The mappings t �→ S(t)x, t ∈ [0, τ) and t �→ BS(t)x, t ∈ [0, τ) are continuous in X for
every fixed x ∈ X, BS(0) = k(0)C and S(t)C = CS(t), t ∈ [0, τ).

(S2) Put U(t)x :=
∫ t

0 S(s)x ds, x ∈ X, t ∈ [0, τ). Then (S2) means U(t)Y ⊆ Y, U(t)|Y ∈ L(Y),
t ∈ [0, τ) and (U(t)|Y)t∈[0,τ) is locally Lipschitz continuous in L(Y).

(S3) The resolvent equations

BS(t)y = k(t)Cy +
∫ t

0
A(t− s)dU(s)y, t ∈ [0, τ), y ∈ Y, (4)

BS(t)y = k(t)Cy +
∫ t

0
S(t− s)A(s)y ds, t ∈ [0, τ), y ∈ Y, (5)

hold, and (4), resp. (5), is called the first resolvent equation, resp. the second resolvent equation.

Let us recall that (S3) can be equivalently written as

(S3)’ BU(t)y = Θ(t)Cy +
∫ t

0
A(t− s)U(s)y ds, t ∈ [0, τ), y ∈ Y,

BU(t)y = Θ(t)Cy +
∫ t

0
U(t− s)A(s)y ds, t ∈ [0, τ), y ∈ Y,

where Θ(t) :=
∫ t

0 k(s) ds, t ∈ [0, τ); cf. also ([1], p. 153).
By continuity, we mean continuity in X. We need to recall the notion from ([7], Defini-

tion 2.9.3):

25



Axioms 2025, 14, 266

Definition 2. Let τ ∈ (0, ∞], k ∈ C([0, τ)), k �= 0 and A ∈ L1
loc([0, τ) : L(Y, X)). A

strongly continuous operator family (V(t))t∈[0,τ) ⊆ L(X) is said to be an (A, k, B)-regularized
C-uniqueness family if

V(t)By = k(t)Cy +
∫ t

0
V(t− s)A(s)y ds, t ∈ [0, τ), y ∈ Y.

For further information, the reader may consult [7] and the references quoted therein.

1.2. Generalized Weyl Fractional Derivatives

For Weyl fractional calculus, we refer to the research monographs [13] by K. S. Miller
and B. Ross and [14] by S. G. Samko, A. A. Kilbas and O. I. Marichev; cf. also the research
articles quoted in [4]. In ([15], Definition 3), we recently introduced the notion of a gener-
alized Weyl (α, a)-fractional derivative Dα,a

W u of a locally integrable function u : R → X,
where X is a complex Banach space. A special case of Dα,a

W u is the usually considered Weyl
fractional derivative Dα

Wu :

Definition 3. Suppose that a ∈ L1
loc([0, ∞)), u : R→ X is a locally integrable function, α > 0

and m = �α�. The generalized Weyl fractional derivative Dα,a
W u of function u(·) is well defined if the

mapping t �→ ∫ t
−∞ a(t− s)u(s) ds, t ∈ R is well defined and m-times continuously differentiable by

[
Dα,a

W u
]
(t) :=

dm

dtm

∫ t

−∞
a(t− s)u(s) ds, t ∈ R.

The function t �→ IW,a(t) :=
∫ t
−∞ a(t− s)u(s) ds, t ∈ R is said to be a generalized Weyl

a-integral of function u(·). If a(t) = gζ(t) for some ζ ∈ (0, 1), then the class of functions
for which the above integral absolutely converges was first considered by M. J. Lighthill
in [16].

We need the following auxiliary results from [4]:

Lemma 1. (i) Suppose that a, b ∈ L1
loc([0,+∞)), u ∈ L1

loc(R : X) and t ∈ R. If

∫ +∞

−t

∣∣∣(a ∗0 b)(s− t)
∣∣∣ · ‖u(−s)‖ ds < +∞, (6)

then the term (IW,a IW,bu)(t) is well defined, the term (IW,a∗0bu)(t) is well defined and we
have (IW,a IW,bu)(t) = (IW,a∗0bu)(t).

(ii) Suppose that a ∈ L1
loc([0,+∞)), Z is a complex Banach space, the operator family

(R(t))t>0 ⊆ L(Z, X) is strongly continuous, for each x ∈ Z we have
∫ 1

0 ‖R(t)x‖ dt < +∞,
u ∈ L1

loc(R : Z) and t ∈ R. If

∫ +∞

−t

∥∥∥(a ∗0 R
)
(s− t)u(−s)

∥∥∥ ds < +∞,

then the term (IW,a IW,Ru)(t) is well defined, the term (IW,a∗0Ru)(t) is well defined and we
have (IW,a IW,Ru)(t) = (IW,a∗0Ru)(t).

We can similarly prove the next proposition:
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Proposition 1. Suppose that A ∈ L1
loc([0,+∞) : L(Y, X)), Z is a complex Banach space, the

operator family (R(t))t>0 ⊆ L(Z, Y) is strongly continuous,
∫ 1

0 ‖R(t)‖L(Z,Y) dt < +∞, u ∈
L1

loc(R : Z) and t ∈ R. If

∫ +∞

−t

∥∥∥(A ∗0 R
)
(s− t)u(−s)

∥∥∥ ds < +∞,

then the term (IW,A IW,Ru)(t) is well defined, the term (IW,A∗0Ru)(t) is well defined and we have
(IW,A IW,Ru)(t) = (IW,A∗0Ru)(t).

2. Well-Posedness of Abstract Degenerate Non-Scalar Volterra Integral
Equations on the Line

In the following proposition, all considered integrals are taken with respect to the
topology of space X (cf. also ([7], Proposition 11.4)):

Proposition 2. Assume that k ∈ C([0, ∞)), k �= 0, A ∈ L1
loc([0, ∞) : L(Y, X)), f ∈ L1

loc(R : Y)
and (S(t))t≥0 ⊆ L(X, [D(B)]) is a global (A, k, B)-regularized C-pseudoresolvent family. Suppose
that the functions

u(t) :=
∫ t

−∞
S(t− s) f (s) ds, t ∈ R and v(t) :=

∫ t

−∞
U(t− s) f (s) ds, t ∈ R

are well defined and Lebesgue measurable on the real line, the integrals
∫ t
−∞ BU(t− s) f (s) ds and∫ t

−∞ Θ(t− s)C f (s) ds are convergent and

∫ +∞

0

∥∥∥(A ∗0 U
)
(s) f (t− s)

∥∥∥ ds < +∞, t ∈ R.

Then, we have

Bv(t) =
∫ t

−∞
Θ(t− s)C f (s) ds +

∫ t

−∞
A(t− s)v(s) ds, t ∈ R. (7)

Furthermore, if the function u(·) is continuous, the functions
∫ ·
−∞ k(· − s)C f (s) ds and∫ ·

−∞ A(· − s)u(s) ds are well defined and continuous on the real line and the integrals defining
the functions v(·) and

∫ ·
−∞ Θ(· − s)C f (s) ds are absolutely convergent, then the function Bu(·) is

also continuous on the real line and we have

Bu(t) =
∫ t

−∞
k(t− s)C f (s) ds +

∫ t

−∞
A(t− s)u(s) ds, t ∈ R. (8)

Proof. It is clear that v(t) =
∫ +∞

0 U(s) f (t− s) ds, t ∈ R. The prescribed assumptions imply,
together with ([7], Theorem 1.2.3), Proposition 1 and (S3)’, that

Bv(t) =
∫ +∞

0
BU(s) f (t− s) ds =

∫ +∞

0

[
Θ(s)C +

(
A ∗0 U

)
(s)

]
f (t− s) ds

=
∫ t

−∞
Θ(t− s)C f (s) ds +

∫ t

−∞
A(t− s)v(s) ds, t ∈ R,

as claimed. Suppose now that the requirements in the second part of the proposition hold.
To show that Bu(·) is continuous on the real line and (8) holds, observe first that the integral
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which defines the function v(·) is absolutely continuous and the function u(·) is continuous.
It can be simply proved by means of Lemma 1(ii) that

v(t) =
∫ t

−∞

(
g1 ∗0 S

)
(t− s) f (s) ds =

∫ t

−∞

∫ s

−∞
S(s− r) f (r) dr ds, t ∈ R,

so that v′(t) = u(t), t ∈ R. Since the functions
∫ ·
−∞ k(· − s)C f (s) ds and

∫ ·
−∞ A(· −

s)u(s) ds are continuous on the real line and the integral which defines the function
v(·) = ∫ ·

−∞(g1 ∗0 A)(· − s)u(s) ds is absolutely convergent, we can similarly prove with
the help of Lemma 1(ii) that

d
dt

∫ t

−∞
Θ(t− s)C f (s) ds =

∫ t

−∞
k(t− s)C f (s) ds, t ∈ R

and
d
dt

∫ t

−∞
A(t− s)v(s) ds =

∫ t

−∞
A(t− s)u(s) ds, t ∈ R.

This simply implies the desired assertion by differentiation of (7).

In the commonly considered case k(·) ≡ 1, the integral
∫ t
−∞ C f (s) ds must be de-

fined for all t ∈ R so that the boundedness of function C f (·) is not sufficient enough for
applications of Proposition 2.

The uniqueness of solutions to Problem (8) with f ≡ 0 is examined in the
following result:

Proposition 3. Assume that k ∈ C([0, ∞)), k �= 0 and (V(t))t≥0 ⊆ L(X) is an (A, k, B)-
regularized C-uniqueness family for (3). Suppose, further, that u : R → X is a continuous
function, u(t) ∈ Y for a.e. t ∈ R, there exist b ∈ L1

loc([0, ∞)) and m ∈ N such that k ∗0 b = gm,
the integral

∫ t
−∞ gm(t − s)Cu(s) ds is absolutely convergent in X for each t ∈ R, the integral∫ t

−∞(V ∗0 A)(t− s)Cu(s) ds is absolutely convergent in X for each t ∈ R and

Bu(t) =
∫ t

−∞
A(t− s)u(s) ds, t ∈ R. (9)

Then, u(t) = 0 for all t ∈ R.

Proof. Since we have assumed that the integral
∫ t
−∞(V ∗0 A)(t− s)Cu(s) ds is absolutely

convergent in X, Proposition 1 and (9) together imply that the integral
∫ t
−∞ V(t− s)Bu(s) ds

is convergent in X for each t ∈ R and

∫ t

−∞
V(t− s)Bu(s) ds =

∫ t

−∞
V(t− s)

∫ s

−∞
A(s− r)u(r) dr ds

=
∫ t

−∞

(
V ∗0 A

)
(t− s)u(s) ds, t ∈ R.

Using the functional equality of (V(t))t≥0, the above yields

∫ t

−∞
V(t− s)Bu(s) ds =

∫ t

−∞

[
V(t− s)Bu(s)− k(t− s)Cu(s)

]
ds, t ∈ R,

so that
∫ t
−∞ k(t − s)Cu(s) ds = 0, t ∈ R. Since k ∗0 b = gm and the integral

∫ t
−∞ gm(t −

s)Cu(s) ds is absolutely convergent in X for each t ∈ R, Lemma 1(i) implies
∫ t
−∞ gm(t−

s)Cu(s) ds = 0, t ∈ R. Keeping in mind that the function u(·) is continuous, we can
differentiate m-times the last equality to show that Cu(t) = 0, t ∈ R. By the injectiveness of
regularizing operator C, we finally obtain u(t) = 0, t ∈ R.
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Concerning possible applications of Proposition 2 and Proposition 3 with C �= I, we
would like to say that these results can be successfully applied to the (A, 1)-regularized C-
pseudoresolvent families constructed in ([17], Theorem A.12, Corollary A.13) and (A, 1, B)-
regularized C-pseudoresolvent families constructed in ([7], Theorem 2.9.7). In a degenerate
setting, possible applications can be given to the abstract degenerate fractional integro-
differential equations considered on p. 221 in [7].

Suppose now that, for every ξ ∈ R and x ∈ X, there is a unique continuous function
u : R→ X such that (3) holds with f (t) = eiξtCx, t ∈ R, the function Bu(·) is differentiable
and (d/dt)

∫ +∞
0 A(s)u(t− s) ds =

∫ +∞
0 A(s)u′(t− s) ds, t ∈ R. Then, the closedness of B

implies (d/dt)Bu(t) = Bu′(t), t ∈ R, and we have

Bu′(t) =
∫ +∞

0
A(s)u′(t− s) ds + iξeiξtCx, t ∈ R.

Multiplying (3) with iξ and using the uniqueness of the solutions, it follows that
u′(t) = iξu(t), t ∈ R so that there is a unique element y ∈ Y s.t. u(t) = eiξty, t ∈ R. Coming
back to (3), we obtain

Beiξty =
∫ +∞

0
A(s)eiξ(t−s)y ds + eiξtCx, t ∈ R.

Therefore, the integral
∫ +∞

0 e−iξs A(s)y ds is convergent for every ξ ∈ R and (B −∫ +∞
0 e−iξs A(s) ds)y = Cx. Consequently, we have

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R. (10)

If h(·) is a vector-valued function and the integral

∫ +∞

−∞
e−iξth(t) dt := lim

T→+∞

∫ T

−T
e−iξth(t) dt

is convergent for some ξ ∈ R, then we tacitly assume henceforth that h(·) is locally
integrable. By a Fourier-transformable function, we mean any locally integrable function
h(·) such that the integral

∫ +∞
−∞ e−iξth(t) dt is convergent for all ξ ∈ R.

The condition (10) has an important role in the formulation of the subsequent theorem,
which seems to be new even for the equations of scalar type, with B = I:

Theorem 1. (i) Suppose that the operator B− ∫ +∞
0 e−iξs A(s) ds is well defined and injective

for all ξ ∈ R. Then, there exists a unique function u ∈ L1(R : Y) such that the inte-
gral

∫ +∞
−∞ e−iξtBu(t) dt is convergent in X for every ξ ∈ R, (3) holds with f ≡ 0 and∫ +∞

−∞

∫ +∞
0 ‖A(s)u(t− s)‖ ds dt < +∞.

(ii) Suppose that (10) holds, f ∈ L1(R : X), the function

ξ �→ G(ξ) :=

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ·
∫ +∞

−∞
e−iξt f (t) dt, ξ ∈ R (11)

is locally integrable in Y and the regular distribution determined by G(·) belongs to the space
of tempered Y-valued distributions. If u := F−1G ∈ u ∈ L1(R : Y), then u(·) is a solution
of (3) for a.e. t ∈ R, provided that Bu ∈ L1(R : X) and

∫ +∞
−∞

∫ +∞
0 ‖A(s)u(t− s)‖ ds dt <

+∞.
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Proof. Suppose that the function Bu(·) is Fourier transformable, (3) holds with f ≡ 0 and∫ +∞
−∞

∫ +∞
0 ‖A(s)u(t− s)‖ ds dt < +∞. Since B is closed, it follows that

B
∫ +∞

−∞
e−iξtu(t) dt =

∫ +∞

−∞
e−iξtBu(t) dt, ξ ∈ R;

Furthermore, the Fubini theorem yields that the function t �→ ∫ +∞
0 A(s)u(t− s) ds,

t ∈ R is Fourier transformable and

B
∫ +∞

−∞
e−iξtu(t) dt =

∫ +∞

−∞
e−iξt

∫ +∞

0
A(s)u(t− s) ds dt

=
∫ +∞

0
e−iξs A(s)

∫ +∞

−∞
e−iξ(t−s)u(t− s) dt ds

=

(∫ +∞

0
e−iξs A(s) ds

)
·
∫ +∞

−∞
e−iξtu(t) dt, ξ ∈ R,

so that (
B−

∫ +∞

0
e−iξs A(s) ds

)
·
∫ +∞

−∞
e−iξtu(t) dt = 0, ξ ∈ R.

The injectivity of operator B− ∫ +∞
0 e−iξs A(s) ds implies

∫ +∞
−∞ e−iξtu(t) dt = 0, ξ ∈ R.

Since u ∈ L1(R : Y), the Fourier inversion formula ([8], Theorem 1.8.1 d) yields that
u(t) = 0 for a.e. t ∈ R, which completes the proof of (i). The proof of (ii) is quite similar.
First of all, it is clear that

(Fu)(ξ) =

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ·
∫ +∞

−∞
e−iξt f (t) dt, ξ ∈ R.

Taking into account the prescribed assumptions, the above simply implies by the
reverse procedure that

∫ +∞

−∞
e−iξtBu(t) dt =

∫ +∞

−∞
e−iξt

∫ +∞

0
A(s)u(t− s) ds dt +

∫ +∞

−∞
e−iξtC f (t) dt,

for any ξ ∈ R. Since Bu(·) ∈ L1(R : X),
∫ +∞

0 A(s)u(· − s) ds ∈ L1(R : X) and C f (·) ∈
L1(R : X), the Fourier inversion formula ([8], Theorem 1.8.1 d) yields that (3) holds for a.e.
t ∈ R.

Unfortunately, we cannot expect that there exists a function H ∈ L1(R : L(X, Y))
such that

(FH)(ξ) = G(ξ) =

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R, (12)

so the solution u ∈ Lp(R : Y) of (3), where 1 ≤ p ≤ ∞, cannot be found in the form u = H ∗ f
with H ∈ L1(R : L(X, Y)) and f ∈ Lp(R : X). More precisely, the following holds:

Proposition 4. Suppose that A ∈ L1([0, ∞) : L(Y, X)), H ∈ L1(R : L(X, Y)) and (12) holds.
Then, X = Y = {0}.
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Proof. Suppose the contrary. Take any x ∈ X such that x �= 0. Then, Cx �= 0 and(
B−

∫ +∞

0
e−iξs A(s) ds

)
(FH)(ξ)x = Cx, ξ ∈ R. (13)

Define Ã : R→ L(Y, X) by Ã(t) := A(t), t ≥ 0 and Ã(t) := 0, t < 0. By ([8], Theorem
1.8.1 a), the equality (13) implies

B(FH)(ξ)x =
(
F(Ã ∗ H

))
(ξ)x + Cx. (14)

It is clear that Ã ∗ H ∈ L1(R : L(X)) so that the Riemann–Lebesgue lemma ([8],
Theorem 1.8.1 c) yields that lim|ξ|→+∞(FH)(ξ)x = 0 and lim|ξ|→+∞(F (Ã ∗ H))(ξ)x = 0.
Keeping in mind these facts, the closedness of B and (14) together imply 0 = B0 = Cx,
which is a contradiction.

Now we will illustrate Theorem 1(ii) with the following example:

Example 1. The most symptomatic case for applications to multi-term problems is the case in
which we have

A(t) := a1(t)A1 + .... + am(t)Am, t ≥ 0,

where m ∈ N, aj ∈ L1([0,+∞)) and Aj is a closed linear operator on X (1 ≤ j ≤ m). We
endow the vector space Y := D(B) ∩ D(A1) ∩ ... ∩ D(Am) with the graph norm ‖y‖Y :=
‖y‖+ ‖By‖+ ‖A1y‖+ ...+ ‖Amy‖, y ∈ Y, under which Y is complete. In our concrete situation,
we have(

B−
∫ +∞

0
e−iξs A(s) ds

)−1

C

=

(
B−

∫ +∞

0
e−iξsa1(s) ds · A1 − ...−

∫ +∞

0
e−iξsam(s) ds · Am

)−1

C, ξ ∈ R.

Assume now that there exist closed linear operator A on X and complex polynomials Pj(·),
where 0 ≤ j ≤ m, such that B := P0(A) and Aj := Pj(A) for 1 ≤ j ≤ m; cf. [7] for the
notion and more details. Despite the negative result established in Proposition 4, the requirements
necessary for applications of Theorem 1 are satisfied in many concrete situations, especially in
those situations where the forcing term f (·) belongs to the Schwartz space of rapidly decreasing
functions S(X), and the functions ξ �→ (B − ∫ +∞

0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R and
ξ �→ ∫ +∞

0 e−iξs A(s) ds ∈ L(Y, X), ξ ∈ R admit polynomially bounded holomorphic extensions
to the strip {z ∈ C : |�z| < ε}, where a sufficiently small number ε > 0. Take, for instance,
aj(t) = exp(−εjt)gαj(t), t > 0, where εj > 0 and αj > 0 for 1 ≤ j ≤ m. Then, the functions

ξ �→ (B− ∫ +∞
0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R and ξ �→ B(B− ∫ +∞

0 e−iξs A(s) ds)−1C ∈
L(X), ξ ∈ R are infinitely differentiable and all their derivatives are polynomially bounded on the
real line, which follows by means of the product rule, Cauchy integral theorem and equality

B

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

= C +

[∫ +∞

0
e−iξs A(s) ds

]
·
(

B−
∫ +∞

0
e−iξs A(s) ds

)−1

C, ξ ∈ R,
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so that the solution u = F−1G of (3) and the function Bu(·) belong to the space S(Y). For some
concrete examples, we may refer to ([7], Theorem 1.2.7, Example 2.5.8). We can also provide many
illustrative applications of Theorem 1(ii) to the abstract (degenerate) Volterra equations of the scalar
type on the line.

Let us note that Theorem 1(ii) can be also applied to the abstract degenerate non-scalar
Volterra equations on the line, provided that the forcing term f (·) belongs to the space
of rapidly decreasing ultra-differentiable functions of Beurling type S (Mp)(X) as well as
that the functions ξ �→ (B − ∫ +∞

0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R and ξ �→
B(B − ∫ +∞

0 e−iξs A(s) ds)−1C ∈ L(X), ξ ∈ R admit ultra-polynomially bounded holo-
morphic extensions to the strip {z ∈ C : |�z| < ε}; see ([18], Proposition 4.1) and
([7], Example 2.2.18) for more details in this direction.

For the sequel, we need the next result:

Theorem 2. Suppose that the mapping ξ �→ (B− ∫ +∞
0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R is

continuous and
∫ +∞

0 s‖A(s)‖L(Y,X) ds < +∞. Then, the following holds:

(i) If the assumption x ∈ D(B) implies Cx ∈ D(B) and BCx = CBx and the assumptions
y ∈ Y and t ≥ 0 imply Cy ∈ Y and A(t)Cy = CA(t)t for t ≥ 0, then the following holds:

d
dξ

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C2 =

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

×
(

B−
∫ +∞

0
e−iξs(−is)A(s) ds

)(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R. (15)

Furthermore, if for each ξ ∈ R there exists ε > 0 such that there exist analytic mappings F :
L(ξ, ε)→ L(X, Y) and G : L(ξ, ε)→ L(X) such that F(t) = (B− ∫ +∞

0 e−its A(s) ds)−1C,
t ∈ (ξ − ε, ξ + ε) and

G(t) =

(
B−

∫ +∞

0
e−its(−is)A(s) ds

)(
B−

∫ +∞

0
e−its A(s) ds

)−1

C, t ∈ (ξ − ε, ξ + ε),

then the mapping F′ : L(ξ, ε) → L(X, Y) is analytic, the mapping λ �→ C−1F(λ)G(λ) ∈
L(X, Y), λ ∈ L(ξ, ε) is analytic, F′(λ)x = C−1F(λ)G(λ)x, λ ∈ L(ξ, ε), x ∈ X, d

dξ (B−∫ +∞
0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R,

C−1

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

×
(

B−
∫ +∞

0
e−iξs(−is)A(s) ds

)(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R, (16)

and

d
dξ

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C = C−1

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

×
(

B−
∫ +∞

0
e−iξs(−is)A(s) ds

)(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R. (17)

(ii) If (B− ∫ +∞
0 e−iξs A(s) ds)−1 ∈ L(X, Y), ξ ∈ R, then the following holds:
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d
dξ

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C =

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

×
(

B−
∫ +∞

0
e−iξs(−is)A(s) ds

)(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ∈ L(X, Y), ξ ∈ R. (18)

Proof. Denote Ix := (B− ∫ +∞
0 e−ixs A(s) ds)−1C, x ∈ R. Then we have

B
[

Ix − Iy

]
=

(
B−

∫ +∞

0
e−ixs A(s) ds

)[
Ix − Iy

]
+

[∫ +∞

0
e−ixs A(s) ds−

∫ +∞

0
e−iys A(s) ds

]
· Iy, x, y ∈ R.

Let us fix now a number x ∈ R. Since the operator B− ∫ +∞
0 e−ixs A(s) ds is injective,

the above equality implies after a simple computation that

Ix − Iy

x− y
=

(
B−

∫ +∞

0
e−ixs A(s) ds

)−1

·
[∫ +∞

0

e−ixs − e−iys

x− y
A(s) ds

]
· Iy ∈ L(X, Y), y ∈ R \ {x}.

Since
∫ +∞

0 s‖A(s)‖L(Y,X) ds < +∞, the dominated convergence theorem implies

lim
y→x

∫ +∞

0

e−ixs − e−iys

x− y
A(s) ds =

∫ +∞

0
e−ixs(−is)A(s) ds ∈ L(Y, X).

Moreover, the mapping ξ �→ (B − ∫ +∞
0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R is con-

tinuous so that limy→x Iy = Ix in L(X, Y). Taken together with the above equality, we
obtain

lim
y→x

[∫ +∞

0

e−ixs − e−iys

x− y
A(s) ds

]
· Iy =

[∫ +∞

0
e−ixs(−is)A(s) ds

]
· Ix ∈ L(X).

This simply yields (15) and (18). The second statement in (i) remains to be proved.
Towards this end, observe first that the mapping F′ : L(ξ, ε) → L(X, Y) is analytic. Let
x ∈ X be fixed. From the first part of (i) and the identity theorem for holomorphic functions
([8], Proposition A.2), it follows that F′(λ)Cx = F(λ)G(λ)x, λ ∈ L(ξ, ε). Using the
last equality, prescribed commutativity assumptions and ([8], Proposition A.3), we
find that the mapping λ �→ C−1F(λ)G(λ) ∈ L(X, Y), λ ∈ L(ξ, ε) is analytic and
F′(λ) = C−1F(λ)G(λ) ∈ L(X, Y), λ ∈ L(ξ, ε). This simply yields that (d/dξ)(B −∫ +∞

0 e−iξs A(s) ds)−1C ∈ L(X, Y), ξ ∈ R as well as that (16) and (17) hold true, finish-
ing the proof of the theorem.

Observe that the statements of Bernstein’s lemma ([8], Lemma 8.2.1) and Mikhlin’s
theorem ([8], Proposition 8.2.3) continue to hold for the vector-valued functions. Using this
fact, it readily follows that there exists a function u ∈ L1(R : Y) such that (Fu)(ξ) = G(ξ),
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ξ ∈ R, where G(·) is given by (11), provided that G ∈ C1(R : Y) and there exists a
sufficiently small real number ε > 0 such that

sup
ξ∈R

[(
1 + |ξ|)ε‖G(ξ)‖Y +

(
1 + |ξ|)1+ε∥∥G′(ξ)

∥∥
Y

]
< +∞. (19)

Now we would like to state the following result:

Theorem 3. Suppose that (10) holds,
∫ +∞

0 ‖A(s)‖L(Y,X) ds < +∞, f ∈ L1(R : X), G ∈ C1(R :
Y), BG ∈ C1(R : X) and there exists ε > 0 such that (19) holds and

sup
ξ∈R

[(
1 + |ξ|)ε‖BG(ξ)‖+ (

1 + |ξ|)1+ε∥∥BG′(ξ)
∥∥] < +∞. (20)

Then, there exists a function u ∈ L1(R : Y) such that Bu ∈ L1(R : X), (Fu)(ξ) = G(ξ),
ξ ∈ R and (3) holds for a.e. t ∈ R.

Proof. Clearly, there exists a function u ∈ L1(R : Y) such that (Fu)(ξ) = G(ξ), ξ ∈ R.
Since BG ∈ C1(R : X) and (20) holds, we similarly obtain Bu ∈ L1(R : X). Furthermore,

∫ +∞

−∞

∫ +∞

0
‖A(s)u(t− s)‖ ds dt ≤

∫ +∞

0
‖A(s)‖L(Y,X)

∫ +∞

−∞
‖u(t− s)‖Y dt ds

= ‖u‖L1(R:Y) ·
∫ +∞

0
‖A(s)‖L(Y,X) ds < +∞.

Now the statement follows Theorem 1(ii).

Under certain reasonable assumptions, we have the following identity:

d
dξ

[(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C ·
∫ +∞

−∞
e−iξt f (t) dt

]

=

[
d

dξ

(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

]
·
∫ +∞

−∞
e−iξt f (t) dt

+

[(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

C

]
·
∫ +∞

−∞
e−iξt(−iξ) f (t) dt, ξ ∈ R,

so that Theorem 2 can be used to state a straightforward corollary of Theorem 3. To illustrate
this result, let us assume that C = I and A(t) = a(t)A, t ≥ 0, where a ∈ L1([0,+∞)) and A
is a closed linear operator on X. Then, we have

d
dξ

[(
B−

∫ +∞

0
e−iξs A(s) ds

)−1

·
∫ +∞

−∞
e−iξt f (t) dt

]

=

(
B−

[∫ +∞

0
e−iξsa(s) ds

]
· A

)−1

·
(

B +

[∫ +∞

0
e−iξs(iξ)a(s) ds

]
· A

)

·
(

B−
[∫ +∞

0
e−iξsa(s) ds

]
· A

)−1

·
∫ +∞

−∞
e−iξt f (t) dt

+

(
B−

[∫ +∞

0
e−iξsa(s) ds

]
· A

)−1

·
∫ +∞

−∞
e−iξt(−iξ) f (t) dt, ξ ∈ R,
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so that Theorem 2 can be applied in many concrete situations in which the terms∫ +∞
−∞ e−iξt f (t) dt and

∫ +∞
−∞ e−iξt(−iξ) f (t) dt decay sufficiently enough as |ξ| → +∞.

Finally, let us note that it would be very tempting to state some notable results on the
existence of Lp-solutions of (3) in the case of 1 < p < ∞.

Almost-Periodic-Type Solutions to (3)

The notion of almost periodicity was introduced by H. Bohr around 1924–1926 ([19–21]);
cf. also [22,23] and the references quoted therein. Suppose that f : R→ X is continuous.
If ε > 0, then a number τ ∈ R is said to be an ε-period for f (·) if ‖ f (t + τ)− f (t)‖ ≤ ε,
t ∈ R. By ϑ( f , ε), we denote the set consisting of all ε-periods for f (·). Let us recall that
f (·) is almost periodic if, for each ε > 0, the set ϑ( f , ε) is relatively dense in R, i.e., there
exists l > 0 such that any subinterval of R of length l meets ϑ( f , ε). Any almost-periodic
function f : R→ X is bounded and uniformly continuous, and the set of all almost-periodic
functions f : R→ X, denoted by AP(R : X), is a vector space with the usual operations.
Equipped with the sup-norm, AP(R : X) is a Banach space.

Let 1 ≤ p < +∞. Then, we say that a function f ∈ Lp
loc(R : X) is Stepanov p-almost

periodic if there is l > 0 such that any subinterval of R of length l contains a point τ

such that ∫ t+1

t
‖ f (s + τ)− f (s)‖ ds < ε, t ∈ R.

Further on, a function f ∈ Lp
loc(R : X) is said to be

(i) equi-Weyl-p-almost periodic, if, for each ε > 0, we can find l > 0 and L > 0 such that
any interval I ⊆ R of length L contains a point τ ∈ I such that

sup
x∈R

[
1
l

∫ x+l

x

∥∥ f (t + τ)− f (t)
∥∥p dt

]1/p

≤ ε;

(ii) Weyl-p-almost periodic, if, for each ε > 0, we can find L > 0 such that any interval
I ⊆ R of length L contains a point τ ∈ I such that

lim
l→∞

sup
x∈R

[
1
l

∫ x+l

x

∥∥ f (t + τ)− f (t)
∥∥p dt

]1/p

≤ ε.

Any almost-periodic function f : R→ X is Stepanov p-almost periodic, any Stepanov-
p-almost-periodic function f : R→ X is equi-Weyl-p-almost periodic and any equi-Weyl-
p-almost-periodic function f : R→ X is Weyl-p-almost periodic. All these inclusions are
strict. Let us also note that the set of all Stepanov-p-almost-periodic functions f : R→ X,
resp. equi-Weyl-p-almost-periodic functions f : R→ X, is a vector space with the usual
operations, which is no longer true for Weyl-p-almost-periodic functions.

We will first observe that the Banach contraction principle can be successfully applied
in the analysis of the existence and uniqueness of almost periodic solutions to the Problem
(1), provided that Y = X,

∫ +∞
0 ‖A(s)‖L(X) ds < 1 and f : R → X is almost periodic.

Towards this end, it suffices to observe that the mapping Π : AP(R : X) → AP(R : X),
given by

(Πg)(t) := f (t) +
∫ +∞

0
A(s)g(t− s) ds, t ∈ R, g ∈ AP(R : X),

is a well-defined contraction.
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Concerning Proposition 2, we will only observe here that the solution u(·) inherits
certain Weyl almost-periodic behavior from the forcing term f (·); cf. [22]. It is also worth
noting that, for every ω ∈ R, the abstract Cauchy problem (3) is equivalent to the problem

Bh(t) = e−ωtC f (t) +
∫ +∞

0

[
e−ωs A(s)

]
h(t− s) ds, t ∈ R,

where h(t) := e−ωtu(t), t ∈ R, as well as that the problem (8) is equivalent with the
problem

Bh(t) =
∫ t

−∞

[
e−ω(t−s)k(t− s)

][
e−ωsC f (s)

]
ds +

∫ t

−∞

[
e−ω(t−s)A(t− s)

]
h(s) ds, t ∈ R. (21)

This observation allows us to consider the situations in which the kernel A(·)
is not uniformly integrable in L(Y, X) but only exponentially bounded. Here, it is
worth noting that, if the operator family (S(t))t≥0 in L(X, [D(B)]) is a global (A, k, B)-
regularized C-pseudoresolvent family (the operator family (V(t))t≥0 in L(X) is a global
(A, k, B)-regularized C-uniqueness family), then (e−ωtS(t))t≥0 is a global (e−ω·A, e−ω·k, B)-
regularized C-pseudoresolvent family ((e−ωtV(t))t≥0 is a global (e−ω·A, e−ω·k, B)-regularized
C-uniqueness family). For example, if we assume that the forcing term e−ω·C f (·) is almost pe-
riodic and the operator family (e−ωtS(t))t≥0 is exponentially decaying, then the solution h(·)
of (21) will be almost periodic as well ([22]). For many important examples and applications
of (A, 1, I)-regularized I-pseudoresolvent families, we refer the reader to [1].

We close this subsection by stating the next proposition:

Proposition 5. Let B ∈ L(X). Then, the following holds:

(i) Suppose that A ∈ L1([0,+∞) : L(Y, X)). If u : R → X is almost periodic and (3) holds,
then the function C f : R→ X is almost periodic.

(ii) Suppose that 1 ≤ p < ∞, 1/p + 1/q = 1 and ∑∞
k=0 ‖A(·)‖Lq [k,k+1] < ∞. If u : R→ X is

Stepanov p-almost periodic and (3) holds, then the function C f : R→ X is Stepanov p-almost
periodic.

(iii) Let 1/p + 1/q = 1 and let

‖A(t)‖L(Y,X) ≤
Mtβ−1

1 + tγ
, t > 0 for some finite constants γ > β, β ∈ (0, 1], M > 0.

Suppose that u : R → Y is equi-Weyl-p-almost periodic, resp. Weyl-p-almost periodic and
Weyl p-bounded, q(β− 1) > −1 provided that p > 1, resp. β = 1, provided that p = 1, and
(3) holds. Then, the function C f : R→ X is equi-Weyl-p-almost periodic, resp. C f : R→ X
can be represented as the difference of two Weyl-p-almost-periodic functions.

Proof. We will prove only (iii), because the proofs of (i) and (ii) are quite similar to the
proof of (iii); cf. also ([22], Proposition 2.6.11). Using the argumentation given in the proof
of ([22], Theorem 2.11.4), we can show that the mapping t �→ ∫ +∞

0 A(s)u(t− s) ds, t ∈ R is
equi-Weyl-p-almost periodic, resp. Weyl-p-almost periodic. Since B ∈ L(X), the function
Bu(·) is also equi-Weyl-p-almost periodic, resp. Weyl-p-almost periodic, which simply
implies the required conclusion.

3. Conclusions and Final Remarks

In this paper, we have investigated the existence and uniqueness of solutions for
some classes of abstract degenerate non-scalar Volterra equations on the line. We have
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provided several new results and illustrative applications in this direction considering also
the existence and uniqueness of almost-periodic-type solutions.

The admissibility of homogeneous spaces of functions defined on the real line and the
Euclidean space Rn, some connections between the abstract Volterra integro-differential
equations on the half-line and the abstract Volterra integro-differential equations on the
real line and the abstract multi-term Cauchy problems with generalized Weyl integro-
differential operators will be analyzed somewhere else.
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23. Kostić, M. Selected Topics in Almost Periodicity; W. de Gruyter: Berlin, Germany, 2022.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

37



Article

Simulation of the Advection Process of Stokes Flow Inside a
Rectangular Cavity Under Constant Velocities

Valentyn Sobchuk 1,†, Oleksandr Kurylko 1,*,†, Oleksandr Boryseiko 1,†, Oleh Perehuda 1,†,

Iryna Lebedyeva 1,†, Igor Ulitko 1,† and Olena Vashchilina 2,†

1 Faculty of Mechanics and Mathematics, Taras Shevchenko National University of Kyiv, 4E Academician
Glushkov Avenue, 03127 Kyiv, Ukraine

2 Faculty of Information Technology, Taras Shevchenko National University of Kyiv, 24 Bohdana Havrylyshyna
Street, 04116 Kyiv, Ukraine

* Correspondence: alexandr.kurylko@knu.ua
† These authors contributed equally to this work.

Abstract: A two-dimensional periodic Stokes flow of viscous incompressible fluid in a rect-
angular cavity with constant velocities applied to the top and bottom walls is considered.
The study of advection regimes is reduced to the sequential solving of two problems. To
solve the first problem, the analytical method of superposition, which allows one to obtain
any desired accuracy of the velocity field, is used. To solve the second problem, which
is associated with obtaining the trajectories of individual fluid particles, numerical calcu-
lations of the Cauchy problem were performed. An analysis of the boundary conditions
accuracy was performed based on the control of local integration. The advection of the
selected volume of fluid in the rectangular cavity under the periodic motion of walls for a
finite period time based on piecewise spline cubic interpolation is modeled. The obtained
numerical results agree with well-known experimental data.

Keywords: Stokes flow; advection; mixing; rectangular cavity; simulation

MSC: 76D07; 65D07

1. Introduction

The mixing problem of laminar fluid flow is important in microtechnology when
developing mixing devices in chemical engineering and microbiology. The interest in the
problem arose due to the use of various mixing technologies in industry and technology
(aerodynamics, oceanology, biology, chemistry, etc.). Monitoring conditions of unstable
chemical reactions requires the creation of special microchemical processes that maintain
them in a narrow range of physical parameters. They are capable of mixing high-molecular-
weight compounds in a liquid, the molecules of which cannot withstand high stress.

The analysis of various motions allows one to conclude that at the initial stage of flow
with different geometric scales, convective mixing mechanisms prevail, and the problem of
mixing is reduced to the analysis of the processes of deformation of the volume of liquid in
the selected velocity field. This problem is related to the Lagrangian description of motion
in hydrodynamics and is reduced to the analysis of the system of motion of Lagrangian
particles in the Eulerian velocity field. This type of problem is called the problem of fluid
advection.

Fluid advection is associated with the study of the time deformation of selected
volumes or regions (in a two-dimensional case) of a fluid that contains a large number

Axioms 2025, 14, 3 https://doi.org/10.3390/axioms14010003
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of particles. Despite the fact that such systems have infinitely many degrees of freedom,
special attention is paid to the consolidation of individual fluid parts in hydrodynamic
flows. Reducing the number of degrees of freedom allows one to simplify the analysis of
the phenomenon, as well as reveal the main properties and patterns in intensive modes of
advection.

The study of advection regimes arising in some areas of the flow is reduced to the
sequential decoupling of two problems. The first problem is to determine the velocity
field inside a rectangular cavity for a given fluidity at the boundaries. It is necessary to
obtain exact solutions because the second problem is to find the movement trajectory of
individual particles of the fluid in the selected area and the deformation of the boundaries
of the fluid associated with a dynamically unstable fluid of movement inside the rectangle.
To solve the first problem, we use the superposition method, which allows one to find the
asymptotics of unknown coefficients in a number of general solutions, allowing one in turn
to obtain the desired accuracy.

2. Literature Analysis

In the Lagrangian representation, the problem of advection of a passive marker particle
by a prescribed flow defines a dynamical system. For two-dimensional incompressible
flow, this system is Hamiltonian and has just one degree of freedom. For unsteady flow, the
system is non-autonomous and one expects to observe chaotic particle motion. These ideas
are developed in [1] and subsequently corroborated through the study of a model that
provides an idealization of a stirred tank. In the model, the fluid is assumed incompressible
and inviscid and its motion completely two-dimensional.

The heat transfer rate from a solid boundary to a highly viscous fluid can be enhanced
significantly by a phenomenon that is called chaotic advection or Lagrangian turbulence.
Although the flow is laminar and dominated by viscous forces, some fluid particle trajec-
tories are chaotic due either to a suitable boundary displacement protocol or change in
geometry. As in turbulent flow, the heat transfer rate enhancement between the boundary
and the fluid is intimately linked to the mixing of fluid in the system. Chaotic advection
in real Stokes flows, i.e., flows governed by viscous forces and that can be constructed
experimentally, is discussed in [2].

The Stokes flow inside a two-dimensional rectangular cavity is analyzed in [3] for a
highly viscous, incompressible fluid flow, driven by a single rotlet. Specifically, a rigorous
solution of the governing two-dimensional biharmonic equation for the stream function
is constructed analytically by means of the superposition principle. With this solution,
multicellular flow patterns can be described for narrow cavities, in which the number of
flow cells is directly related to the value of the aspect ratio.

The two-dimensional chaotic mixing of similar Newtonian fluids in the presence of
an advected dissimilar minor phase fluid body with specified size, interfacial tension, and
viscosity ratio was numerically investigated in [4]. The interfacial tension was sufficiently
high to allow only small deformations in the dissimilar minor phase body. Mixing was
confined to a rectangular cavity with periodically driven upper and lower surfaces. Regions
of regular motion (i.e., islands) of comparable size to the minor phase body were eventually
destroyed or replaced by the minor phase body. Islands persisted for longer times when
the initial separation distance between the minor phase body and island was large or when
the viscosity ratio was small. When interfacial tension was small enough to deform the
minor phase body more readily, islands showed little indication of instability. The results
suggest opportunities for improving mixing uniformity in real processes and disclose how
interactions between dissimilar fluids affect mixing.
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The advection of neutrally buoyant discs in two-dimensional chaotic Stokes flow is
considered in [5,6]. The goal of the study is to explore a possibility to enhance laminar
mixing in batch-flow mixers. The addition of freely moving bodies to periodically driven
chaotic flow renders the flowfield nonperiodic [4], i.e., the Lagrangian chaos of the bodies’
motion induces the Eulerian chaos of the flow that makes mixing more intensive. Sim-
ulations were performed using a new variant of the immersed boundaries method that
allows for the direct numerical simulation of fluid–solid flows on a regular rectangular grid
without the explicit calculation of the forces that the particles exert on the fluid.

The simultaneous effects of flow pulsation and geometrical perturbation on laminar
mixing in curved ducts have been numerically studied in [7] by three different metrics:
analysis of the secondary flow patterns, Lyapunov exponents, and vorticity vector analysis.

The authors of [8] present the paradigm of “designing for chaos” as a general frame-
work for enhancing mixing in microfluidic applications. Designing for chaos is based on a
fundamental understanding of the kinematics underlying the mixing process. Computa-
tional and experimental analyses demonstrate the effectiveness of the resulting design in
generating chaos in the flow.

In paper [9], a modified three-dimensional Navier–Stokes system in an unbounded
domain, which holds the Poincare inequality, is considered. Unique global solvability is
proven. For the corresponding semigroup the existence of the global attractor in strong
topology of phase space is ascertained, and the convergence of the obtained attractors to
the set of bounded trajectories of the Navier–Stokes 3D-system is shown.

A numerical scheme for approximating the incompressible Navier–Stokes equations
based on an auxiliary variable associated with the total system energy was presented
in [10]. By introducing a dynamic equation for the auxiliary variable and restating the
Navier–Stokes equations into an equivalent system, the scheme satisfies a discrete energy
stability property in terms of a modified energy, and it allows for an efficient solution
algorithm and implementation.

Based on the analysis of literature sources, it was found that the superposition method
is not widely used in the study of fluid advection in bounded domains with a viscous
incompressible fluid. This formed the aim of the present study: to analytically define the
velocity field inside a rectangular cavity using the method of superposition. The method
provides the high accuracy and low computational cost needed to obtain the desired
velocity field. It also analytically describes the local structure of the stream function near
corners and points of discontinuity of boundary velocities.

The purpose of the work is also to simulate the advection process of the allocated
volume of fluid in a rectangular cavity under the action of tangential velocities applied
to the top and bottom walls, using the method of piecewise spline interpolation [11]. The
use of cubic spline interpolation on smooth contour segments allows one to determine the
coordinates of additional points on the boundary of the selected volume with high accuracy.
The motion of the walls is set by the law, which was considered in the experimental work
of Ottino [12]. The novelty of the present study is that the superposition method and
piecewise spline cubic interpolation in such a combination were used for the first time to
simulate the experiment described in Ottino’s paper.

3. Analytical Determination of the Velocity Field of a Flow of a Viscous
Fluid in a Rectangular Cavity

3.1. The Equation of Motion of a Viscous Fluid in the Stokes Approximation

Consider a two-dimensional flow of a viscous incompressible homogeneous fluid
whose density is equal to ρ. Inside the cavity of dimensions 2a× 2b, where the top and
bottom boundaries are movable and the side walls are stationary, the flow moves with
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constant kinematic viscosity ν. Define the Cartesian coordinate system related to the
geometric center of the rectangle (Figure 1). The velocity of the top wall is denoted by
Utop(x), and the bottom one is Ubot(x). The problem is to determine the distribution of the
velocity field �U(x, y) inside the cavity under consideration.

Figure 1. Geometry of a rectangular cavity.

The flow regime is determined by the Reynolds number Re

Re =
UL
ν

, (1)

where U is a characteristic flow rate U = max{Utop(x), Ubot(x)}, and L is the geometric
scale of the flow, L = 2a. For this case, the inertial and viscous terms are proportional
to u2/L and uν/L2, respectively. The Reynolds number, given by (1), shows the ratio of
inertial forces to viscosity forces [13].

The velocity index for the flow under consideration must be chosen in such a way that
the Reynolds number Re � 1. This approximation in the available sources [14] is called
the Stokes approximation.

The motion of a viscous incompressible fluid, which has constant physical properties,
can be described by the Navier–Stokes equation and the continuity equation

∂�u
∂t

+ �u∇�u = �F− 1
ρ
∇p + νΔ�u, (2)

�∇ · �u = 0, (3)

where �u—velocity vector, �F—the main vector of volume forces, p—pressure, and t—time.
The left part of Equation (2) can be written as

d�u
dt

=
∂�u
∂t

+ �u∇�u. (4)

The term in the left-hand side of (2) is called the inertial term; it represents the
acceleration of a fluid particle or substantial acceleration. This term corresponds to the
force of inertia and shows the rate of formation of the momentum of a fluid element on
which external forces act. In the right-hand side of (2), the first term is responsible for
the volume forces. The second term is responsible for the pressure and the third for the
viscosity force.

For small Reynolds numbers, flows begin to develop under the action of viscosity
forces; hence, the inertial properties of the fluid can be neglected. The formation of such
flows occurs under the action of an applied pressure gradient, or they are affected by the
reaction of the boundaries of the Stokes approximation to an instantaneous change in the
velocity field throughout the entire flow region.
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In case the inertial components are neglected for an incompressible fluid, when there
are no external volume forces and, taking into account all conservative mass pressure
forces, the Navier–Stokes equations are simplified to the form:

−1
ρ
�∇p + νΔ�u = 0, (5)

together with the continuity Equation (3), it is called the Stokes equation.
This equation is linear with respect to the flow velocity field and pressure distribution,

and the time component is not included. So the Stokes equations describe a stationary
flow of a viscous incompressible fluid, with constant boundary conditions and a stationary
pressure gradient.

In the Cartesian coordinate system (x, y), the system of Stokes equations can be
represented in the form of three differential equations⎧⎪⎪⎪⎨⎪⎪⎪⎩

− 1
ρ

∂p
∂x + ν( ∂2u

∂x2 +
∂2u
∂y2 ) = 0,

− 1
ρ

∂p
∂y + ν( ∂2ν

∂x2 +
∂2ν
∂y2 ) = 0,

∂u
∂x + ∂ν

∂y = 0.

(6)

Let us differentiate between the first and second equations of system (6) with respect
to x and y by conducting the additional operation, getting rid of the pressure, replacing the
first two equations of system (6) with one third-order differential equation

∂3u
∂y3 +

∂3u
∂x2∂y

− ∂3ν

∂x3 −
∂3ν

∂x∂y2 = 0. (7)

Let us introduce a vector stream function �ψ, with its expression�u = rot �ψ, that connects
the distribution of the velocity field of an incompressible flow [14]. In the two-dimensional
case, the vector function �ψ has only one component ψz = ψ(x, y), which connects the
components of the velocity field in the following form:

u =
∂ψ

∂y
, ν = −∂ψ

∂x
. (8)

Substituting (8) into (7) yields a biharmonic equation with respect to the stream function

∂4ψ

∂x4 + 2
∂4ψ

∂x2∂y2 +
∂4ψ

∂y4 = 0. (9)

Taking into account (8), we conclude that the latter equation describes the distribution of
the velocity field in the flow that is considered.

Let us supplement Equation (9) with boundary conditions on the top and bottom
surfaces. For a viscous fluid, the no-slip conditions [14] on the moving boundary, denoted
by S, are as follows:

�u|S = US (10)

and can be written in the form of derivatives along the normal and tangent, respectively

∂ψ

∂n

∣∣∣∣
S
= US,

∂ψ

∂τ

∣∣∣∣
S
= 0 or ψ|S = const. (11)

For further calculations, let us use the biharmonic Equation (9) and boundary condi-
tions (11) to construct an analytical solution of the hydrodynamic problem of the flow of a
viscous fluid in a rectangular cavity.
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3.2. Stokes Flow in a Rectangular Cavity

The two-dimensional Stokes flow of an incompressible viscous fluid can be described
as a biharmonic problem with the stream function satisfying the biharmonic equation

Δ2ψ = 0. (12)

where Δ is the Laplacian operator in two dimensions.
The flow in a rectangular cavity |x| < a, |y| < b arises with the participation of

tangential velocities U+ and U− on the top (y = b) and bottom (y = −b) walls, while
the side walls remain stationary x = ±a, and therefore, the boundary conditions for
Equation (12) have the form:

ψ = 0,
∂ψ

∂x
= 0, if x = ±a, |y| ≤ b,

ψ = 0,
∂ψ

∂y
= U±, if y = ±b, |x| ≤ a.

(13)

The velocities U+ and U− can both depend on coordinate x and on time t simulta-
neously. Periodic functions with a definite period T and its dependence on time are of
particular interest. So the stream function ψ, which is a solution to the quasi-stationary
limiting problem, will also be periodic with a period T.

Using the linear boundary value problem (12), (13), the representation for the stream
function in a rectangular cavity can be presented as a sum of two functions ψ1 and ψ2

describing a symmetric and antisymmetric velocity field. The tangential velocities U(1)
+ =

−U(1)
− = U1 and U(2)

+ = U(2)
− = U2 applied on the upper and lower walls, respectively,

of the cavity excite these fields. In this case, an arbitrary load velocity with even on X
functions U+(x) and U−(x) can be represented in the form

U1(x) =
U(1)
+ −U(1)

−
2

, U2(x) =
U(2)
+ + U(2)

−
2

. (14)

3.2.1. Construction of a Solution to a Symmetric Problem with Constant Velocities

Using the superposition method, a solution for a symmetric problem with constant
velocities can be constructed as a sum of two Fourier series in the complete orthogonal
system of functions [15–17].

ψEE =b
∞

∑
m=1

(−1)m X(1)
m

αm
(b tanh αmb

cosh αmy
cosh αmb

− y
sinh αmy
cosh αmb

) cos αmx

− a
∞

∑
l=1

(−1)l Y(1)
l
βl

(a tanh βl a
cosh βl x
cosh βl a

− x
sinh βl x
cosh βl a

) cos βly,

(15)

where ψEE is the stream function expressing the flow of the symmetric problem, αm =
(2m−1)π

2a , βl =
(2l−1)π

2b .
The first part of the equation in (15) is the solution for the strip |y| ≤ b, −∞ < x < ∞,

while the second part is the solution for the strip |x| ≤ a, −∞ < y < ∞. For the first and
second series, there is the required number of degrees of functional freedom in order to
satisfy the boundary conditions on two opposite boundaries of the rectangle and to satisfy
the requirement of completeness of the system of functions on different sides.

43



Axioms 2025, 14, 3

The unknown coefficients of the Fourier series X(1)
m , Y(1)

l can be calculated by solving
the system⎧⎪⎪⎨⎪⎪⎩

X(1)
m bΔ1(αmb)− ∞

∑
l=1

Y(1)
l

4α2
m βl

(β2
l +α2

m)2 = (−1)m−1αmU(1)
m , 1 ≤ m ≤ ∞,

Y(1)
l aΔ1(βl a)−

∞
∑

m=1
X(1)

m
4β2

l αm

(α2
m+β2

l )
2 = 0, 1 ≤ l ≤ ∞,

(16)

where
Δ1(ξ) = tanh ξ +

ξ

cosh2 ξ
(17)

and U(1)
m — Fourier coefficients of the even function U1(x).

Using the boundary conditions: the first equation is satisfied by the boundary condi-
tion ∂ψEE

∂y = ±U1(x) at y = ±b, multiplied by cos αmx and integrated over x from −a to a,

and the second—by fulfilling the boundary condition ∂ψEE
∂x = 0 at x = ±a for the desired

flow function ψEE(x, y), multiplied by cos βly and integrated over y from −b to b.
At infinity, the asymptotics of the coefficients X(1)

m , Y(1)
l take the form

X(1)
m =

2π2U1(α)

ab(π2 − 4)
− πU′1(a)

2abαm
+�(E(1)

λ α−λ1
m ) + o(m−3), m → ∞,

Y(1)
l =

4πU1(a)
ab(π2 − 4)

− πU′1(a)
2abβl

−�(E(1)
λ β−λ1

l ) + o(l−3), l → ∞,
(18)

where λ1 = 1.7396 + i1.1190 is the root with the lowest positive real part of the transcen-
dental equation cos(πλ1

2 ) = −λ1 − 1.
In the case when the function U1(x) is continuous together with the first and second

derivatives on the interval |x| ≤ a, we have

U1(x)−U1(a) =
∞

∑
m=1

(−1)m−1Um cos αmx, Um = O(α−3
m ), m → ∞, (19)

Um − 2
aαm

U1(a) = Um. (20)

Let us use the expression

U′1(a) =
∞

∑
m=1

αmUm, (21)

which follows from the differentiation of the uniformly convergent Fourier series (19) for
the function U1(x)−U1(a).

When U1(x) �= 0, then with the increase in m the value of |αmUm| does not fall. This
condition affects the stability of the numerical solution of an infinite system.

Consider the case when U1(x) = U = const on the interval |x| ≤ a. According to the
formula

U(1)
m =

1
a

∫ a

−a
U1(x) cos αmxdx, (22)

the Fourier coefficients for this case take the form U(1)
m = 2U

aαm
. Therefore, the peculiarity of

the system (16) will be that the right-hand-side terms will grow. Therefore, it is impossible
to use existing data in the study of the asymptotics of unknown coefficients in systems
of this type because the right-hand-side terms do not satisfy the necessary decreasing
condition O( 1

α2
m
) [18].
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To use the method of analysis of regular systems, let us apply new unknown coeffi-
cients x(1)m and y(1)l [19] according to formulas

X(1)
m = X1 + x(1)m , Y(1)

l = Y1 + y(1)l , (23)

where X1 and Y1 are some constants. Substituting (23) into (16), we obtain one more system
for determining the unknown coefficients.

x(1)m bΔ1(αmb)−
∞

∑
l=1

y(1)l
4βlα

2
m

(α2
m + β2

l )
2
= F(1)

m , m = 1, 2, . . . ,

y(1)l aΔ1(βl a)−
∞

∑
m=1

x(1)m
4β2

l αm

(α2
m + β2

l )
2
= G(1)

l , l = 1, 2, . . . ,

(24)

where

F(1)
m = 4Y1α2

m

∞

∑
l=1

βl

(α2
m + β2

l )
2
− X1bΔ1(αmb) +

2
a

U,

G(1)
l = 4X1β2

l

∞

∑
m=1

αm

(α2
m + β2

l )
2
−Y1aΔ1(βl a).

Let us impose a decreasing condition O( 1
α2

m
) on F(1)

m and G(1)
l . Set the coefficients

F(1)
m =

(
2b
π

Y1 − bX1 +
2
a

U
)
+

π

6bα2
m

Y1 + O(m−4), m → ∞,

G(1)
l =

(
2a
π

X1 − aY1

)
+

π

6aβ2
l

X1 + O(l−4), l → ∞.
(25)

In the equations, the condition of decreasing the right-hand-side terms must be satis-
fied. As a result, we obtain the values of the constants X1 and Y1 as a result of equating the
main terms to zero

X1 =
2π2

ab(π2 − 4)
U, Y1 =

4π

ab(π2 − 4)
U. (26)

Therefore, the infinite system of linear algebraic equations (24) with respect to un-
known coefficients x(1)m and y(1)l , in general, satisfies the regularity conditions [18], and for
such a system the asymptotic law for the solutions is true

lim
m→∞

x(1)m = lim
l→∞

y(1)l = A. (27)

It follows from this condition that there exists a main solution that is bounded, and it
can be found using the reduction method. The numbers of unknown coefficients x(1)m and
y(1)l are finite (M and L), and therefore, in order to find the unknown coefficients x(1)m and

y(1)l , it is necessary to solve a finite system of M + L linear equations.
Next, let us calculate the unknown stream function ψEE(x, y). Substitute (23) in (15)

and obtain the relation

ψEE(x, y) = ψ
(a,b)
EE (x, y) + ψ

(x,y)
EE (x, y), (28)

where
ψ
(a,b)
EE (x, y) = XlbS(1)

a (x, y)−Y1aS(1)
b (x, y),

ψ
(x,y)
EE (x, y) = b

∞

∑
m=1

(−1)m

αm
x(1)m p(1)m (y) cos αmx− α

∞

∑
l=1

(−1)l

βl
x(1)l q(1)l (x) cos βly,
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p(1)m (y) = b tanh αmb
cosh αmy
cosh αmb

− y
sinh αmy
cosh αmb

,

q(1)l (x) = a tanh βl a
cosh βl x
cosh βl a

− x
sinh βl x
cosh βl a

,

S(1)
a (x, y) =

∞

∑
m=1

(−1)m

αm
x(1)m p(1)m (y) cos αmx,

S(1)
b (x, y) =

∞

∑
l=1

(−1)l

βl
x(1)l q(1)l (x) cos βly.

In a rectangular cavity, the terms of the equation cosh αmy
cosh αmb and sinh αmy

cosh αmb are quantities of

the order eαm(|y|−1) of that; the series in (24) inside the cavity and on the boundary of the
region converge uniformly [15,16,18]. There is no need to improve convergence for these
series. But on the border, there are diverging rows S(1)

a (x, y) and S(1)
b (x, y).

To transform the expressions p(1)m (y) and q(1)l (x), let us use the relations

1
cosh ξ

= 2
∞

∑
r=0

(−1)re−(2r+1)ξ ,
sinh ξ

cosh2 ξ
= 2

∞

∑
r=0

(−1)r(2r + 1)e−(2r+1)ξ . (29)

Let us perform certain transformations to obtain expressions for S(1)
a (x, y) and

S(1)
b (x, y), namely,

S(1)
a (x, y) =

∞

∑
r=0

(−1)r[(2rb + b− y)S1(x, 2rb + b− y) + (2rb + b + y)S1(x, 2rb + b + y)],

S(1)
a (x, y) =

∞

∑
r=0

(−1)r[(2ra + a− x)S2(y, 2ra + a− x) + (2ra + a + x)S2(y, 2ra + a + x)],
(30)

where

S1(ξ, η) =
∞

∑
m=1

(−1)m

αm
e−αmη cos αmξ = − a

π
arctan

[
cos(πξ/2a)

sinh(πη/2a)

]
,

S2(ξ, η) =
∞

∑
l=1

(−1)l

βl
e−βl η cos βlξ = − b

π
arctan

[
cos(πξ/2b)

sinh(πη/2b)

]
.

By finding that the terms slowly coincide and adding them, let us obtain the functions
S1(ξ, η) and S2(ξ, η). Now, in expression (24), the series uniformly coincide both at all
points of the region and on the boundary. For the functions S1(ξ, η) and S2(ξ, η) at the
boundary of the region, we encountered a singularity, so the calculations were carried out
on the basis of the passage to the limit.

Let us analyze the convergence of the series for the velocity field. Velocity components
can be calculated using the formulas given above, as the corresponding derivatives with
respect to and from the stream function
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uEE(x, y) = b
∞

∑
m=1

(−1)m

αm
X(1)

m

(
b tanh αmb

αm sinh αmy
cosh αmb

− y
αm cosh αmy

cosh αmb
− sinh αmy

cosh αmb

)
cos αmx

+ a
∞

∑
l=1

(−1)lY(1)
l

(
a tanh βl a

cosh βl x
cosh βl a

− x
sinh βl x
cosh βl a

)
sin βly

= b
∞

∑
m=1

(−1)mX(1)
m

(
b tanh αmb

sinh αmy
cosh αmb

− y
cosh αmy
cosh αmb

)
cos αmx

− b
∞

∑
m=1

(−1)m

αm
X(1)

m
sinh αmy
cosh αmb

cos αmx− a
∞

∑
l=1

(−1)lY(1)
l

(
a tanh βl a

cosh βl x
cosh βl a

− x
sinh βl x
cosh βl a

)
sin βly,

vEE(x, y) = b
∞

∑
m=1

(−1)mX(1)
m

(
b tanh αmb

cosh αmy
cosh αmb

− y
sinh αmy
cosh αmb

)
sin αmx

+ a
∞

∑
l=1

(−1)l

βl
Y(1)

l

(
a tanh βl a

βl sinh βl x
cosh βl a

− x
βl cosh βl x

cosh βl a
− sinh βl x

cosh βl a

)
cos βly

= b
∞

∑
m=1

(−1)mX(1)
m

(
b tanh αmb

cosh αmy
cosh αmb

− y
sinh αmy
cosh αmb

)
sin αmx

− a
∞

∑
l=1

(−1)l

βl
Y(1)

l
sinh βl x
cosh βl a

cos βly + a
∞

∑
l=1

(−1)lY(1)
l

(
a tanh βl a

sinh βl x
cosh βl a

− x
cosh βl x
cosh βl a

)
cos βly.

(31)

Based on Formula (28), there are expressions for the velocity component

uEE(x, y) = u(a,b)
EE (x, y) + u(x,y)

EE (x, y),

vEE(x, y) = v(a,b)
EE (x, y) + v(x,y)

EE (x, y),
(32)

where u(x,y)
EE (x, y) and v(x,y)

EE (x, y) are possible to express from Formula (31). The coefficients

take the form x(1)m and y(1)l , u(a,b)
EE (x, y), and v(a,b)

EE (x, y) and have the sums of terms with

constant coefficients X1 and Y1. Expressions for u(a,b)
EE (x, y) and v(a,b)

EE (x, y) are as follows:

u(a,b)
EE (x, y) = X1b

∞

∑
r=0

(−1)r[(2rb + b− y)S3(x, 2rb + b− y)− (2rb + b + y)S3(x, 2rb + b + y)]

− X1b
∞

∑
r=0

(−1)r[S1(x, 2rb + b− y)− S1(x, 2rb + b + y)]

+ Y1a
∞

∑
r=0

(−1)r[(2ra + a− x)S4(y, 2ra + a− x) + (2ra + a + x)S4(y, 2ra + a + x)],

v(a,b)
EE (x, y) = X1b

∞

∑
r=0

(−1)r[(2rb + b− y)S5(x, 2rb + b− y) + (2rb + b + y)S5(x, 2rb + b + y)]

−Y1a
∞

∑
r=0

(−1)r[S2(y, 2ra + a− x) + S2(y, 2ra + a + x)]

+ Y1a
∞

∑
r=0

(−1)r[(2ra + a− x)S6(y, 2ra + a− x)− (2ra + a + x)S6(y, 2ra + a + x)],

(33)

where

S3(ξ, η) =
∞

∑
m=1

(−1)me−αmη cos αmξ = −1
2

cos(πξ/2a) cosh(πη/2a)
cos2(πξ/2a) + sinh2(πη/2a)

,

S4(ξ, η) =
∞

∑
l=1

(−1)l e−βl η sin βlξ = −1
2

sin(πξ/2b) sinh(πη/2b)
cos2(πξ/2b) + sinh2(πη/2b)

,
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S5(ξ, η) =
∞

∑
m=1

(−1)me−αmη sin αmξ = −1
2

sin(πξ/2a) sinh(πη/2a)
cos2(πξ/2a) + sinh2(πη/2a)

,

S6(ξ, η) =
∞

∑
l=1

(−1)l e−βl η cos βlξ = −1
2

cos(πξ/2b) cosh(πη/2b)
cos2(πξ/2b) + sinh2(πη/2b)

,

components S1(ξ, η) and S2(ξ, η) are expressed by Formula (30), and S1(ξ, 0) = −a/2,
S1(±a, η) = 0, S2(ξ, 0) = −b/2, S2(±b, η) = 0.

The series that are included in the solution coincide quickly, so it is possible to select a
part to sum to the final values. The accuracy of the fulfillment of the boundary conditions
is associated with an infinite number of members of the series; when using the reduced
series, there is an error in solving the boundary value problem.

3.2.2. Construction of a Solution to an Antisymmetric Problem with Constant Velocities

Similarly to how the general solution ψEE(x, y) was found using the superposition
method, let us find the solution to the boundary value problem [15,16]

ψEO = b
∞

∑
m=1

(−1)m X(2)
m

αm

(
b coth αmb

sinh αmy
sinh αmb

− y
cosh αmy
sinh αmb

)
cos αmx

− a
∞

∑
k=1

(−1)k Y(2)
k
γk

(
a tanh γka

cosh γkx
cosh γka

− x
sinh γkx
sinh γka

)
sin γky,

(34)

where ψEO is the stream function expressing the flow of the antisymmetric problem,
γk =

kπ
b .

When the boundary conditions are satisfied, let us obtain a system of linear algebraic
equations for the unknown Fourier coefficients X(2)

m and Y(2)
k and write it in the form

X(2)
m bΔ2(αmb)−

∞

∑
k=1

Y(2)
k

4δkα2
m

(α2
m + δ2

k )
2
= αmU(2)

m , m = 1, 2, . . . ,

Y(2)
k aΔ1(δka)−

∞

∑
m=1

X(2)
m

4δ2
k αm

(α2
m + δ2

k )
2
= 0, l = 1, 2, . . . ,

(35)

where
Δ2(ξ) = coth ξ − ξ

sinh2 ξ
, (36)

and δk =
kπ
b , U(2)

m —Fourier coefficients of an even function U2(x).
Let us suppose that U2(x) = U = const for |x| ≤ a. The Fourier coefficients in this

case will have the form

U(2)
m =

(−1)m−1

a

∫ a

−a
U2(x) cos αmxdx =

2U
aαm

. (37)

To neglect the influence of a non-decreasing free term, let us introduce new unknown
coefficients x(2)m and y(2)k

X(2)
m = X2 + x(2)m , Y(2)

k = Y2 + y(2)k , (38)
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At infinity, the asymptotic of the coefficients X(2)
m and Y(2)

k takes the form

x(2)m bΔ2(αmb)−
∞

∑
k=1

y(2)k
4δkα2

m

(α2
m + δ2

k )
2
= F(2)

m , m = 1, 2, . . . ,

y(2)k aΔ1(δka)−
∞

∑
m=1

x(2)m
4δ2

k αm

(α2
m + δ2

k )
2
= G(2)

k , l = 1, 2, . . . ,

(39)

On the right-hand-side, we obtain the values

F(2)
m = 4Y2α2

m

∞

∑
k=1

δk

(α2
m + δ2

k )
2
− X2bΔ2(αmb) +

2
a

U,

G(2)
k = 4X2δ2

k

∞

∑
m=1

αm

(α2
m + δ2

k )
2
−Y2aΔ1(δka).

(40)

For F(2)
m and G(2)

k , the decrease condition O
(

1
α2

m

)
is satisfied. For system (39), the law

of asymptotic expressions can be applied since it satisfies the regularity conditions [18].

lim
m→∞

x(2)m = lim
k→∞

y(2)k = B. (41)

The solution is sought by a simple reduction method. The numbers of unknown
coefficients x(2)m and y(2)k are finite (M and K) and can be found by solving a finite system of
linear equations.

Let us also take x(2)m and y(2)k for the known values. We calculate the stream function

ψEO(x, y) = ψ
(a,b)
EO (x, y) + ψ

(x,y)
EO (x, y), (42)

where

ψ
(x,y)
EO (x, y) = b

∞

∑
m=1

(−1)n

αm
x(2)m p(2)m (y) cos αmx− a

∞

∑
k=1

(−1)k

δk
y(2)k q(2)k (x) sin δky,

ψ
(a,b)
EO (x, y) = X2b

∞

∑
m=1

(−1)m

αm
p(2)m (y) cos αmx−Y2a

∞

∑
k=1

(−1)k

δk
q(2)k (x) sin δky,

p(2)m (y) = b coth αmb
sinh αmy
sinh αmb

− y
cosh αmy
sinh αmb

,

q(2)k (x) = a tanh δka
cosh δkx
cosh δka

− x
sinh δkx
cosh δka

.

Let us use the ratios

1
sinh ξ

= 2
∞

∑
r=0

e−(2r+1)ξ ,
cosh ξ

sinh2 ξ
= 2

∞

∑
r=0

(2r + 1)e−(2r+1)ξ , (43)

to transform p(2)m (y) and q(2)k (x). Consequently, we find an expression for ψ
(a,b)
EO (x, y)

ψ
(a,b)
EO (x, y) = X2b

∞

∑
r=0

[(2rb + b− y)S1(x, 2rb + b− y)− (2rb + b + y)S1(x, 2rb + b + y)]

−Y2a
∞

∑
r=0

(−1)r[(2ra + a− x)S14(y, 2ra + a− x) + (2ra + a + x)S14(y, 2ra + a + x)],
(44)

49



Axioms 2025, 14, 3

where

S14(ξ, η) =
∞

∑
k=1

(−1)k

δk
e−δkη sin δkξ = − b

π
arctan

[
sin(πξ/b)

exp(πη/b) + cos(πξ/b)

]
.

The velocity components, as derivatives with respect to x and y of the stream function,
can be represented as

uEO(x, y) = u(a,b)
EO (x, y) + u(x,y)

EO (x, y),

vEO(x, y) = v(a,b)
EO (x, y) + v(x,y)

EO (x, y),
(45)

where u(x,y)
EO (x, y) and v(x,y)

EO (x, y) are expressed from the following formulas with coeffi-

cients x(2)m and y(2)k

u(x,y)
EO (x, y) = b

∞

∑
m=1

(−1)mx(2)m

(
b coth αmb

cosh αmy
sinh αmb

− y
sinh αmy
sinh αmb

)
cos αmx

− b
∞

∑
m=1

(−1)m

αm
x(2)m

cosh αmy
sinh αmb

cos αmx− a
∞

∑
k=1

(−1)ky(2)k q(2)k (x) cos δky,

v(x,y)
EO (x, y) = a

∞

∑
k=1

(−1)ky(2)k

(
a tanh δka

sinh δkx
cosh δka

− x
cosh δkx
cosh δka

)
sin δky

− a
∞

∑
k=1

(−1)k

δk
y(2)k

sinh δkx
cosh δka

sin δky + b
∞

∑
m=1

(−1)mx(2)m p(2)m (y) sin αmx,

(46)

and u(a,b)(x,y)
EO and v(a,b)

EO (x, y) have the sums of all components with constant coefficients
X2 and Y2; they can be calculated as derivatives with respect to x and y of the component
of the stream function ψ

(a,b)
EO (x, y),

u(a,b)
EO (x, y) = X2b

∞

∑
m=1

(−1)m
(

b coth αmb
cosh αmy
sinh αmb

− y
sinh αmy
sinh αmb

)
cos αmx

− X2b
∞

∑
m=1

(−1)m

αm

cosh αmy
sinh αmb

cos αmx−Y2a
∞

∑
k=1

(−1)kq(2)k (x) cos δky

= X2b
∞

∑
r=0

[(2rb + b− y)S3(x, 2rb + b− y) + (2rb + b + y)S3(x, 2rb + b + y)]

− X2b
∞

∑
r=0

[S1(x, 2rb + b− y) + S1(x, 2rb + b + y)]

−Y2a
∞

∑
r=0

(−1)r[(2ra + a− x)S15(y, 2ra + a− x) + (2ra + a + x)S15(y, 2ra + a + x)],

(47)

where

S15(ξ, η) =
∞

∑
k=1

(−1)ke−δkη cos δkξ =
1
2

[
sinh(πη/b)

cosh(πη/b) + cos(πξ/b)
− 1

]
.
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v(a,b)
EO (x, y) =Y2a

∞

∑
k=1

(−1)k
(

a tanh δka
sinh δkx
cosh δka

− x
cosh δkx
cosh δka

)
sin δky

−Y2a
∞

∑
k=1

(−1)k

δk

sinh δkx
cosh δka

sin δky + X2b
∞

∑
m=1

(−1)m p(2)m (y) sin αmx

= X2b
∞

∑
r=0

[(2rb + b− y)S5(x, 2rb + b− y)− (2rb + b + y)S5(x, 2rb + b + y)]

−Y2a
∞

∑
r=0

[S14(y, 2ra + a− x)− S14(y, 2ra + a + x)]

+ Y2a
∞

∑
r=0

(−1)r[(2ra + a− x)S16(y, 2ra + a− x)− (2ra + a + x)S16(y, 2ra + a + x)],

(48)

where

S16(ξ, η) =
∞

∑
k=1

(−1)ke−δkη sin δkξ = −1
2

sin(πξ/b)
cosh(πη/b) + cos(πξ/b)

.

With a constant velocity distribution on the boundary, the stream function ψEO(x, y)
can be calculated by combining Formulas (42) and (44). Velocity components uEO(x, y) and
vEO(x, y) are calculated by combining (45)–(48).

4. Advection of Fluid

4.1. Advection Equations of a Moving Fluid Particle

Any small, non-inert fluid particle moves with a velocity equal to the flow velocity at
the point at which it is located. This means that

−→
V particle =

−→
V f low (49)

and this will be the formal expression of advection. This equation is defined in Lagrangian
hydromechanics [14]: the kinematics of the fluid itself are such that each particle of the
fluid undergoes passive advection.

The velocity of a particle in the two-dimensional case Vparticle is, of course, given by
the rate of change in its position:

−→
V particle =

(
dx
dt

,
dy
dt

)
, (50)

where (x, y)—the coordinates of the radius vector of the particle in the Cartesian coordinate
system.

The fluid velocity is specified according to other considerations, including solving a
system of partial differential equations, for example, the Euler equations, the Navier–Stokes
equations, or the Stokes equations. In other words, the analysis of the motion of individual
fluid particles provides that a hydrodynamic problem has been solved, which allows for
an arbitrary point at an arbitrary time instant to determine the magnitude of the velocity
vector of the flow under consideration

−→
V f luid = (u(x, y, t), v(x, y, t)). (51)

Then condition (49) leads to a system of ordinary differential equations, which are
called advection equations [20,21]

dx
dt

= u(x, y, t),
dy
dt

= v(x, y, t), (52)
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In other words, Equation (52) describes the motion of a Lagrangian liquid particle in a
Eulerian velocity field [14].

From the point of view of the theory of dynamical systems, two ordinary differential
equations (52) are more than enough to obtain a non-integral or chaotic dynamical system.
The right-hand sides of the equations do not even need to be very complicated.

In two-dimensional space, to obtain a chaotic motion of a particle, it is necessary that
the flow depends on time. Stationary 2D advection is integrated.

The greatest point of interest from the point of view of the randomness of the motion
of individual fluid particles in hydrodynamic systems is two-dimensional flows. In this
case, the velocity components are the derivatives of the stream function ψ and are expressed
by Formula (8).

If Equation (8) is combined with advection equations (52), then they turn into Hamil-
tonian canonical equations for a system with one degree of freedom

dx
dt

=
∂ψ

∂y
,

dy
dt

= −∂ψ

∂x
, (53)

with initial conditions x = x0, y = y0 at t = 0.
Kinematic equations (53) can be interpreted as a Hamiltonian dynamical system with

one degree of freedom, where both play the role of canonical variables and are conjugate
coordinates. Any of these coordinates can be taken as a generalized coordinate. Then, the
second Cartesian coordinate will be the conjugate generalized impulse. The stream function
ψ plays the role of the Hamiltonian. The phase space in this problem is configuration space.

The system of differential equations (53) describes the motion of passive non-inertial
particles in the two-dimensional case in terms of the stream function, regardless of whether
the fluid is viscous or not. There is no contradiction or paradox here because the Hamilto-
nian nature of kinematics arises precisely from incompressibility. This does not depend
on whether the motion is dynamically dissipative or not. To determine the position of the
particles, it is necessary to integrate the equations of motion (53) of each particle within a
certain time interval.

4.2. Numerical Modeling of Closed Loop Advection Process

After finding the velocity field in a rectangular cavity, one can begin to study the
problem of mixing a viscous fluid with slow motions of the Stokes flow. Below, there are
examples of calculations obtained on the basis of understanding the analytical velocity
field. The periodic motion of the rectangular cavity walls is given by

Utop =

⎧⎨⎩U0, nT ≤ t <
(

n + 1
2

)
T

0,
(

n + 1
2

)
T ≤ t < (n + 1)T, n = 1, 2, . . . ,

Ubot =

⎧⎨⎩0, nT ≤ t <
(

n + 1
2

)
T

−U0,
(

n + 1
2

)
T ≤ t < (n + 1)T, n = 1, 2, . . . .

(54)

Let the top wall move from left to right with velocity U0 during the first half of the
period, while the bottom wall is motionless, and during the second half of the period, the
bottom wall moves from right to left with velocity −U0, while the upper wall is motionless.

In the future, it is convenient to normalize the problem to the width of the cavity 2b
and to the period T of motion of the boundaries of the rectangular cavity. Let us introduce
a dimensionless parameter D = U0T

2a characterizing the movement of each of the movable
walls, where U0—the modulus of the maximum wall velocity.
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As an example, let us consider the mixing process in a rectangular cavity with param-
eters U0 and D corresponding to the data of the Ottino experiment [12].

Let us consider the process of advection of a selected volume of liquid in the form of a
circular region of radius r = 0.1 centered at the origin, the dimensions of which coincide
with the dimensions of the spot from the Ottino experiment. The initial position of the
circular spot is shown in Figure 2a.

Figure 2. Deformation of the selected volume of fluid at a constant velocity U0.

In order to numerically simulate the fluid advection process depicted in Figure 2e at
D = 6.24, the following procedure was chosen. Let us fix the value U0 = 10.24, increase T
from 0 to 8T (corresponds to the value D = 6.24), and monitor the advection process of the
selected spot. This approach minimizes the accumulation of error. Consideration of the
advection process during only one period T with a sufficiently large value U0 leads to an
erroneous result.

It should be noted that the process of advection of the contour is based on the piecewise
spline cubic interpolation method, developed by Prof. A. Gourjii [11].

The images obtained illustrate that numerical calculations in the process of solving the
problem quite accurately illustrate the advection process. The results are in agreement with
the experiment carried out by Ottino [12]. As in the experiment, we obtained the Period-1
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island, where the mixing process does not take place (Ottino’s article [12] demonstrates
this phenomenon).

5. Conclusions

Using the superposition method, an analytical distribution of the velocity field of the
flow of a viscous fluid moving in a rectangular cavity under the action of constant tangential
velocities applied to the upper and lower walls is obtained. Solutions are obtained for the
general case of given functions on the moving boundaries of a rectangular cavity. Despite
the cumbersome calculations and mathematical transformations, the final solutions turned
out to be quite simple and give the exact distribution of the velocity field in a rectangular
region.

The singularity in the vicinity of a corner point of a rectangular cavity is investigated,
and a good convergence of the series is obtained with a small number of terms in Fourier
series.

The process of advection of the selected volume of fluid with periodic movement of the
cavity walls was numerically modeled using the contour advection technique developed
by Prof. A. Gourjii. The technique is based on the piecewise spline cubic interpolation that
is applied to the points lying on the boundary of the selected volume of the fluid to be
advected inside the rectangular cavity.

The results obtained are in good agreement with the experiment taken from Ottino’s
work. The performed simulations with the selected volume in a circular form correspond
to the full mixing process, which is described in the Ottino’s work.
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Abstract: This paper presents an innovative approach to modelling the fiber optic fusion
effect using the Network Simulation Method (NSM). An analogy between the heat conduc-
tion equations and electrical circuits is developed, allowing a complex physical problem to
be transformed into an equivalent electrical system. Using NGSpice, thermal interactions
in an anisotropic optical fiber under high optical power conditions are simulated. The
methodology addresses the distribution of the temperature in the system, considering
thermal variations and temperature-dependent material characteristics. In an NSM equiv-
alent circuit, the effect of applying the spark is modelled by a switch that switches the
spark-generating source on and off. It can be seen that temperature variation with time, or
temperature rise rate (K/s), depends on the applied power. In addition, the mathematical
method of nondimensionalization is used to study the real influence of each parameter of
the problem on the solution and the relationship between the variables. Four optical fiber
cases are analysed, each characterised by different areas and refractive indices, revealing
how these variables affect the propagation of the melting phenomenon. The results high-
light the effectiveness of the NSM in solving nonlinear and coupled problems in thermal
engineering, providing a solid framework for future research in the optimisation of optical
communication systems.

Keywords: network simulation method; mathematical modelling; non-linear material
characteristics; coupled differential equations; nondimensionalization; heat transfer

MSC: 76M55; 80M10; 37N30

1. Introduction

The fiber fusion effect, also known as optical discharge, refers to a phenomenon that
takes place in fiber optic cables when high-density radiation is transmitted. This process
involves an initial stage of optical breakdown, which is succeeded by a plasma spark that
moves along the fiber towards the source of radiation, causing significant damage to large
portions of the fiber optic lines (see Figure 1). This effect was initially explained by Blow
et al. during the years 1987–1988 [1–3]. A more detailed description of the problem, as well
as the properties used to solve it, can be found in the article by Starikova et al. [4].

Axioms 2025, 14, 2 https://doi.org/10.3390/axioms14010002
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Figure 1. The computational space is integrated by four distinct regions with varying thermophysical
characteristics: the core (1), the cladding (2), the guard envelope (3), and the metal plate (4). Thermal
equilibrium is maintained at the interfaces between these regions.

In the book Fiber Fuse, Todoroki, S. [5] describes the phenomenon of fiber fusion,
which causes a serious problem for current optical communication systems. High-power
light often causes catastrophic damage to optical devices. When the fiber melts, a heated
region of the fiber cable emits a few watts of light and travels towards the light source,
destroying its core region. The book includes the classification of its propagation mode and
the self-pulse effect.

Due to the drastic consequences of this phenomenon, it has been studied and analysed
by several researchers. Ha, W et al. [6] examine the non-linear fiber fusion effect (FFE) in
hollow optical fibers (HOF), which feature a central void encircled by a ring core with a
high refractive index, along with a silica outer layer, in contrast to traditional solid-core
fibers. They provide thorough comparisons regarding threshold power, the formation of
holes, and penetration depth.

In the study conducted by Shuto, Y. [7], the focus is on understanding how core
melting and fiber melting occurs in a single-mode fiber optic connector. The process of heat
flow in the core, which leads to the melting of the fiber core, is evaluated using the explicit
finite difference method. Meanwhile, Xiao et al. [8] explore the conditions that trigger fiber
fusion (IFF), a severe type of damage that impacts all optical fibers, particularly those made
of silica. An analysis of fibers with various chemical compositions is performed prior to
IFF, revealing for the first time a consistent relationship between critical temperatures and
the optical powers they transmit.

The work of Konin et al. [9] studies and analyses the internal structure of microcavities
in single-mode and multimode acrylate and polyimide-coated optical fibers, which appear
due to the melting that occurs when a plasma spark propagates through the core. The
study is carried out on the structure of the microcavities on the outer and lateral surfaces of
the fibers.

Shuto, Y. [10] examines the impact of fiber melting in multicore fibers (MCF) through
the explicit finite difference method, utilising a thermochemical model for SiOx production.
The analysis presumes that MCF varieties possess a uniform refractive index profile akin to
that found in doubly coated single-mode fibers. This study is influenced by the presence of
optical power restrictions caused by the fiber melting effect and the limited transmission
bandwidth set by fiber optic amplifiers.

In order to complete the state of the art of the problem addressed in this article, we
can highlight a series of references that may be useful when it comes to deepening the
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knowledge of the fiber fuse phenomenon [8,11–13], as well as being able to clearly see some
of the industrial applications that have been made using this effect [14–16].

This article wants to contribute to the analysis of the fiber fusion effect by using a new
approach to modelling it with the NSM. So, the numerical model of the optical breakdown
starting process in the fiber and the thermophysical characteristics of optical fibers are
shown. Subsequently, the equivalent formulation of the physical problem in the SNM will
be presented. With the results obtained, the initial phenomenon, as well as the propagation
of this defect, can be better understood.

To solve the model, the NSM has been used. This is a numerical simulation method,
which is a widely tested method, by Peusner, L., Nagel, L. and Nagel, L. [17–19]. In this
method, the equations defining the physical problem are transformed into electrical circuits,
with a behaviour in their response equivalent to the physical equations.

The open-source program NGSpice has been used to solve the different circuits that
make up the equivalent problem. NGSpice provides the numerical solutions to the problem,
and by means of the inverse path to the one used to transform the original problem, the
solutions to the physical problem can be obtained, and in this way, conclusions can be
drawn about the results.

Furthermore, the nondimensionalisation numerical procedure makes it possible to
determine the influence of each study variable of the problem by grouping them into
monomials. This technique has been used in several engineering problems, Sánchez-Pérez
et al. [20].

This paper presents a model based on the heat transfer equation in the initial stage of
fiber fusion. With this model, the temperature distribution is obtained in the same, in the
stationary phase, neglecting the transient. With this model, the temperature distribution in
the same, in the transient phase and studying certain cases is obtained. The plasma spark
process movement is neglectable. The calculations were performed using NGSpice V42
and Matlab R2020. In addition, the study of nondimensionalization is indicated for the
study of the influence of the variables.

2. Materials and Methods

This research investigates an anisotropic optical fiber with cylindrical geometry. A
cylindrical coordinate system is employed for modelling, with the z-axis aligned with the
fiber’s axis and the r-axis along its span. The computational space, depicted in Figure 1, is
axisymmetric, allowing for 2D analysis in the z-r plane. Symmetry conditions are applied at
the axis of symmetry (r = 0). The distribution of temperature does not depend on the polar
angle. The computational domain illustrated in Figure 1 is made up of four elements, each
exhibiting distinct thermophysical characteristics. The conditions for thermal equilibrium
are satisfied at the boundaries between these elements.

A single-mode fiber (SMF-28e) with a stepped refractive index profile is examined.
The fiber is pressed against a duraluminum plate, and the starting temperature of both is
T0 = 293 K.

The material properties of the fiber are obtained from SMF-28e specifications, while
the duraluminum plate adheres to ISO standard 2024. Table 1 provides a summary of the
materials and dimensions of each region.
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Table 1. Values for the different simulation cases [4].

Case λ, nm n1 n2 V Aeff, μm2

1 1080 1.4483 1.4439 2.76 13.25
2 1310 1.4552 1.4508 2.17 15.29
3 1550 1.4617 1.4573 1.88 17.27
4 2050 1.4662 1.4618 1.39 23.49

The core of the fiber (1), its cladding (2), the protective reinforcement cladding (3), and
the metal plate (4) in Figure 1 have contact contours with each other at S12, S14, S23, S24,
and S34.

The distribution of the temperature T(r,z,t) within the computational domain is ruled
by the heat conduction expression as follows:

ρiCpi

∂T
∂t

= ki

(
∂2T
∂r2 +

1
r

∂T
∂r

+
∂2T
∂z2

)
+ Q (1)

where i = 1–4 is the section number (Figure 1), ρi are the densities (kg/m3), Cpi are the
specific heat capacities (J/(kg K)), ki is the thermal conductivity of the materials (W/(mK)),
and Q is the heat source, whose intensity is obtained by optical radiation (W/m3). In the
article [4], the authors show temperature-dependent functions.

Assuming that the temperature changes across the interface continuously, at edges S12,
S14, S23, S24, and S34 of the calculation scheme, the heat flow equilibrium conditions apply:(

ki
∂T
∂r

lr + ki
∂T
∂z

lz

)
Sij

=

(
kj

∂T
∂r

lr + kj
∂T
∂z

lz

)
Sij

(2)

where lr and lz are the unit vector projections onto the r and z axes. The outer contour is
considered to be quite well conducting with T0 = 293 K.

The heat source, Q, is determined by:

Q(r, z) = α(r, z)
P

Ae f f
Γ(r, z) (3)

where α(r, z) is equal to the aggregation of the under normal conditions absorption coeffi-
cient α0 and the electron gas absorption coefficient αe. describes the non-linear absorption of
radiation in chaotically localised defects in the fiber. Defects appear in the fiber core because
of chemical reactions in fabrication, as shown by Carslow, H.S. et al. and Davis et al. [21,22].

P is the input power (W), Γ is the normalised Gaussian distribution Γ(x) = 1√2π e− x2
2 and

Ae f f is the effective area of the mode point (m2). Γ takes a two-dimensional form due to
the solution is a two-dimensional layer:

Γ(r, z) = Γ(r)·Γ(z) (4)

In the article [23], the GeE′ concentration ions are obtained by:

nGeE′ = npe−
E f

kBT (5)
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where Ef = 2.5 eV is the GeE′ formation energy, np = 1.72× 1015 m−3 is the GeE′ centre
concentration at 293 K, and kB is the Boltzmann constant. The quartz, due to free electrons
conductivity, will be stated by:

σ = eμene = eμenpe−
E f

kBT (6)

where e is the modulus of charge of the electrons, μe is the electron drift velocity, with
5 × 10−3m2/(V·s) [24], and ne = nGeE′. Considering (5) the electron gas absorption
coefficient in the fiber, Equation (3), will equal to this expression:

αe =
kBn1√

2

⎡⎢⎣
√√√√1 +

(
μ0c0σ

k0n2
1

)2

− 1

⎤⎥⎦
1
2

≈ μ0c0σ

2n1
=

μ0c0

2n1
eμenpe−

E f
kBT (7)

where n1 is the refractive index at the core, μ0 is the magnetic permeability, c0 is the vacuum
speed of light and k0 is the vacuum wavenumber.

The effective area of the model in Equation (3) is solved employing the effective radius
for each of the wavelengths, Marcuse et al. [25]

Ae f f = πa2
(

0.65 +
1.619

V
3
2

+
2.879

V6

)2
(8)

where a is the fiber core radius (see Table 1). The parameter V is the normalised fre-
quency [4]:

V =
2πa

λ

√
n2

1 − n2
2 (9)

where λ is the transported radiation wavelength, n2 is the fiber cladding refractive index.
Finally, in Table 1, Starikova, V. A. et al. [4] presents different values of wavelength,

core refractive index, cladding refractive index and area to simulate different cases with the
NSM and in Table 2, Starikova, V. A. et al. [4] gives some values of the different parameters
that appear in the equations that make up the mathematical model.

Table 2. Values of the constants for the calculation model [4].

Description Value Units

Boltzmann’s constant 1.38·10−23 J/K
Core refractive index 1.4617
Charge of electron 1.6·10−19 C
Concentration 1.72·1015 m−3

Input power 1.10 W
Formation energy GeE0 4.0054·10−19 J
Light velocity 3·108 m/s
Core radius 4.1·10−6 m
Core layer thickness 4.1·10−6 m
Magnetic constant 1.2566·10−6 H/m
Drift mobility of electrons 5·10−3 m2/(V·s)

2.1. Mathematical Model of the Heat Transfer Mechanism

The mathematical model we will discuss pertains to a cylindrical structure composed
of potentially diverse materials whose properties are subject to temperature variations, as
outlined by Fernández-Gracía, M. et al. [26].

As previously mentioned, the model incorporates heat transfer mechanisms.
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For conduction processes, Fourier’s law is employed to quantify heat transfer:

α

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)
+

Q
ρce

=
∂T
∂t

; α =
k

ρce
(10)

In the equation above, T represents temperature (K), α is thermal diffusivity (m2/s), k
is thermal conductivity (W/mK), ce is specific heat capacity (J/kg K), ρ is density (kg/m3),
t is time (s), and x, y, and z are spatial coordinates. As stated earlier, thermal conduc-
tivity, density, specific heat, and, consequently, thermal diffusivity will be declared as
temperature functions.

Given the cylindrical geometry of the problem, it is advantageous to formulate it in
cylindrical coordinates. The angle, ϕ; the radius, r; and the height, z, define the equation
illustrated in Figure 2:

1
r

∂

∂r

(
k r

∂T
∂r

)
+

1
r2

∂

∂ϕ

(
k

∂T
∂ϕ

)
+

∂

∂z

(
k

∂T
∂z

)
+ Q = ρce

∂T
∂t

(11)

Figure 2. Cylindrical geometry.

It can be simplified, because of the symmetry of the problem, to two dimensions, axial
and radial, leaving Equation (11) as follows:

1
r

∂

∂r

(
k r

∂T
∂r

)
+

∂

∂z

(
k

∂T
∂z

)
+ Q = ρce

∂T
∂t

(12)

It is obtained the following, if it is developed the above expression:

1
r

k
ρce

∂T
∂r

+
k

ρce

∂2T
∂r2 +

k
ρce

∂2T
∂z2 +

Q
ρce

=
∂T
∂t

(13)

Grouping the properties together streamlines their integration into the network model.
This is particularly beneficial considering their temperature-dependent nature.

To account for convective heat transfer, Newton’s law is applied:

dQb
dt

= Ah(Ts − Te) (14)

where Qb represents the heat transfer (J), h is the heat transfer coefficient (W/m2 K), A is
the heat transfer surface area (m2), Ts is the surface temperature of the solid (K), and Te is
the ambient temperature (K).
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The final phenomenon to be considered is thermal radiation, which is modelled using
the Stefan–Boltzmann law:

dQr

dt
= εσ

(
T4

s − T4
e

)
dS (15)

where ε is the emissivity and σ is the Stefan–Boltzmann constant (W/m2 K4).

2.2. Network Model

A physical phenomenon that is modelled mathematically can be solved using the
NSM. Each member of the mathematical model equation can be assigned an equivalent
electrical element. In this case, we are dealing with a heat transfer problem which will have
a corresponding electrical equivalent.

The equivalence between thermal and electrical variables has been extensively em-
ployed in heat transfer problems by Hao, L. et al. and Kreith, F. et al. [27,28]; however, the
resolution methodology is different. Numerous engineering problems have been success-
fully solved through this method, as shown by Alhama, F. et al., Del Cerro Velázquez, F
et al., Alhama, F. et al., Sánchez-Pérez, J.F. et al., and Solano, J. et al., [29–33].

To adapt Equation (14) for use with the NSM, we will express the term resulting
from multiplying all summands on the left-hand side as thermal diffusivity, given its
temperature-dependent variables. Additionally, through mathematical manipulation, the
second derivative terms will be accomplished as two in-series resistors.

1
r

α
∂T
∂r

+ α
∂2T
∂r2 + α

∂2T
∂z2 +

Q
ρce

=
∂T
∂t

(16)

To represent the second derivatives as resistors, it is compulsory to isolate them from
variable terms. To achieve this, they are split into two components (Equation (18)). One
component will be electrically analogous to a voltage-controlled current source, while the
other will be represented by in-series-connected two resistors, as described by Fernández-
García, M. et al. [26].

α
∂2T
∂r2 = (α− 1)

∂2T
∂r2 +

∂2T
∂r2 (17)

For the ∂2T
∂z2 term, the same procedure is followed as for the ∂2T

∂r2 term, leaving
Equation (16) as follows:

1
r

α
∂T
∂r

+ (α− 1)
∂2T
∂r2 +

∂2T
∂r2 + (α− 1)

∂2T
∂z2 +

∂2T
∂z2 +

Q
ρce

=
∂T
∂t

(18)

Any second-order partial derivative without variable terms is represented in the
circuit as in-series-connected two resistors. Similarly, any second-order or first-order partial
derivative involving multiplicative dependent terms is represented as a voltage-controlled
current source. Finally, the time derivative is represented as a capacitor. Consequently, our
circuit will be configured as follows:

1
r α ∂T

∂r , (α− 1) ∂2T
∂r2 , (α− 1) ∂2T

∂z2 + Q
ρce

: some voltage-controlled current sources
∂2T
∂r2 , ∂2T

∂z2 : two in-series-connected resistors; and ∂T
∂t : one capacitor.

Given the temperature-dependent nature of the involved terms, voltage-controlled
sources will be employed. Before applying the NSM, the differential equations are spatially
discretised by splitting the space into n-volume elements, as depicted in Figure 3. This
discretisation allows for the representation of the equations in finite difference form. Ulti-
mately, the balance of currents at the centre of each cell is ensured by the electrical elements
constituting the electrical circuit.
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Figure 3. Volume element terminology.

Employing the terminology presented in Figure 3, the spatial discretisation of first
and second derivatives is achieved through equilibrium considerations between central
nodes and cell edges, as described by Kreith, F. and Zheng, W. et al. [28,34]. For instance,
the finite difference approximation of the first derivative is given by:

∂T
∂r

=
Ti+1, j − Ti−1, j

Δr
(19)

where Δr = ri+1, j − ri−1, j, and the second derivative is:

∂2T
∂r2 =

Ti+1, j + Ti−1, j − 2Ti−1, j
Δ2r

2

(20)

In Equation (20) the value of the equivalent resistance for each node, Rz, when imple-
menting the electrical element is:

Rz,l =
1

Δ2r
2

Rz,r =
1

Δ2r
2

Rz,d =
1

Δ2z
2

Rz,u =
1

Δ2z
2

(21)

Consequently, the circuit representing our problem, incorporating all the previously
discussed elements, is illustrated in Figure 4. Each of the circuits in Figure 4a represents the
unit cell defined in the geometry section. The boundary conditions, radiation, convection
and spark gap effects are implemented by voltage-controlled current sources. The remain-
ing voltage-controlled current sources represent the variation of the density variation,
Figure 4b, the variation in the thermal conductivity, Figure 4c, the variation of the specific
heat capacity, Figure 4d, and the variation in the thermal diffusivity, Figure 4e.

The network model is then solved by employing the circuit simulation program
NGSpice, Holger, V. [35].

NGSpice (version ngspice-42), Holger, V. [35], employs computational algorithms to
solve circuits understood from coupled and non-linear mathematical models, such as the
one proposed in this article. These algorithms, rooted in the work of Nagel, L.W. [18,19],
include Gear’s time-stepping methods, Gear, C. W. [36], and trapezoidal integration, Nagel,
L. [19]. Efficiency and accuracy are achieved by minimising local truncation errors and
promoting stability in the numerical solution convergence [37].
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Figure 4. Volume element network model. (a) Temperature, (b) density, (c) thermal conductivity,
(d) specific heat capacity, and (e) thermal diffusivity.

The novelty in the present work lies in the modelling of the spark application by
implementing the discharge of a current source controlled by a switch; in Figure 4a, it can
be seen that the GIV source corresponds to the spark generator. This switch, when closed,
discharges the source at the set time. Table 3 shows the different spark application times,
which correspond to the time the switch remains closed. After the set time has elapsed, the
switch opens, simulating the completion of the spark.

The section that makes up the optical fiber has also been simplified to include the core,
the sheath, the protective layer and the metal where the spark is initiated. This reduction of
the domain allows for reduced computational time, as the mesh is smaller.
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Table 3. Temperature rise rate values for each simulation in rT (K/s).

t (s) P (W) rT1 (K/s) rT2 (K/s) rT3 (K/s) rT4 (K/s)

1 1 3816 3307 2928 2152
0.1 1 3816 3307 2928 2152

0.001 1 3816 3307 2928 2152
1 0.01 38.16 33.07 29.28 21.52
1 0.001 3.816 3.307 2.928 2.152

0.001 0.001 3.816 3.307 2.928 2.152

2.3. Nondimensionalization

Nondimensionalisation is a technique that requires a deep knowledge of the problem
and a well-defined set of equations that represent the problem under study. The difference
between this work and some previous ones lies in the importance of Q, which, in this
problem, initiates the temperature change in the system. Thus, its importance with respect
to the rest of the variables is studied. The difference is that this article has to be customised
and take into account the Q energy source.

The following is a brief explanation of the procedure to be followed in order to apply
this technique. Firstly, the dimensionless variables are established, which are as follows:

Q′ = Q
Qmax

; t′ = t
τ

; T′ = T − Ti
Te − Ti

; r′ = r
R

; z′ = z
H

(22)

where Qmax is the maximum power obtained, Ti is the initial temperature, Te is the ambient
temperature, H is the height, and τ is the steady state time and R is the radius.

Applying the π − theorem, we obtain the following dimensionless numbers:

π1 =
ατ

R2 ; π2 =
R2

H2 ; π3 =
αhτ

Rk
; π4 =

hR
k

(23)

Here, π1 represents the temperature change associated with diffusion phenomena,
while π2 represents the cylinder’s dimensions geometric relationship. π3 predominates in
convection phenomena. π4 = hD/k, where D is the cylinder diameter. This is the Nusselt
number, Nu, which describes the heat transfer coefficient, h, and the thermal conductivity
of the material, k [27].

π5 =
QmaxR2

k
(24)

π5 relates the maximum rate of temperature rise to the driving effects. As can be seen,
the effect of Q on heat transfer in the system depends, logically, on geometrical factors, R,
which in turn is related to H through π1, π2 and on the thermal conductivity, k, which in
turn is related to density and cp through π1, since all of them are included in α. Finally, the
time to reach steady state, is obtained with τ :

τ =
R2

α
f
(

R2

H2 ,
QmaxR2

k
,

hR
k

)
(25)

where f is an unknown function. From Equation (25) it follows that the steady state depends
on the heat generated by the fiber melting effect, the geometry of the optical fiber and the
conductivity of the material.

3. Results

In Figures 5–10, the same process is represented, with equal spark application time
and equal power, but for the four different cases that can be seen in Table 1. Thus, section
(a) corresponds to case 1 and is the one with the smallest area and index n1. Section
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(b) corresponds to case 2, section (c) to case 3 and section (d) is for the last case, 4, which
has the largest area and the highest index n1.

 

Figure 5. Results for the 4 cases with a spark application time of 1 s. Case 1 (a), Case2 (b), Case 3 (c)
and Case 4 (d).

 

Figure 6. Results for the 4 cases with a spark application time of 0.1 s. Case 1 (a), Case2 (b), Case 3 (c)
and Case 4 (d).
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Figure 7. Results for the 4 cases with a spark application time of 1 ms. Case 1 (a), Case2 (b), Case 3 (c)
and Case 4 (d).

 

Figure 8. Results for the 4 cases with a spark application time of 1 s and power of 10 mW. Case 1 (a),
Case2 (b), Case 3 (c) and Case 4 (d).
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Figure 9. Results for the 4 cases with a spark application time of 1 s and power of 1 mW. Case 1 (a),
Case2 (b), Case 3 (c) and Case 4 (d).

 

Figure 10. Results for the 4 cases with a spark application time of 1 ms and power of 1 mW. Case 1
(a), Case2 (b), Case 3 (c) and Case 4 (d).

This section can be organised into subheadings. It should provide a clear and concise
summary of the experimental findings, their interpretation, and the resulting experimen-
tal conclusions.
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In Figure 5, the temperature rise speed corresponding to rT to the Q
ρce

term in
Equation (10) is higher in section (a) and the lowest in section (d). Due to the cross-section
of the optical fiber, which is smaller in section (a), the generation of energy is greater in less
surface area, so the temperature rise speed is higher than in the rest of the cases. On the
other hand, in case 4, which has the largest cross-section, the rate of rise is the lowest since
the larger cross-section means that the energy dissipation is greater.

Table 3 shows the different values obtained by NSM of rT (K/s) for different spark
application times, t (s), and applied power, P (W). The simulation time is always 1 s, and t
is the application time of Q.

The behaviour of the problem in Figures 6–10 is similar to that described in Figure 5.
It is clear that the temperature reached is conditioned by the time of application of the
spark and the power of the spark. Figure 6 shows that with the reduction of the time from
1 s (Figure 5) to 0.1 s (Figure 6), the temperature reached is lower than that reached by
applying the spark for 1s.

Next, a study of the variables of the problem will be carried out using the expression
obtained by means of nondimensionalization. Substituting the value of α into expression
(25) gives Equation (26). As can be seen, the variables that only appear in a monomial
are the specific heat capacity, ce, density, ρ, heat transfer coefficient, h, and maximum
heat transfer.

τ =
ρceR2

k
f
(

R2

H2 ,
QmaxR2

k
,

hR
k

)
(26)

In this work, the effect of material density on heat transfer with a spark application
time of 1 s and power of 1 W will be studied. Table 4 and Figure 11 show the results obtained
from the study, where it can be seen how the effect of this variable on temperature is studied
at two points with different materials, cladding and the guard envelope. The position
for T1, cladding, is (6.25·10−5, 1.25·10−4) m, and for T2, guard envelope, is (12.37·10−5,
1.25·10−4) m. Thus, the effect of variations with respect to a base case is studied. For case 1,
the value of the fibre density is halved so that, as shown in expression (26), the simulation
time must be halved to obtain the same temperature value in 1. However, since the value
of the density of the envelope guard is not also halved, the value in 2 must be different.
For case 2, only the value of the guard envelope density is halved, and the simulation time
of the base case is maintained, so as expected the value of T1 is the same and T2 is not, as
it is influenced by the heat transmission from the fibre. Finally, in case 3, both densities
are halved, so according to expression (26), the simulation time must also be halved. In
this case, by halving both densities, in contrast to case 1, the same temperature values are
obtained as in the base case.

Table 4. Study of the density of materials.

Case
ρFiber

(kg/m3)
ρguard (kg/m3) t (s) T1 (◦C) T2 (◦C)

Base 2220 1190 1 3804 3743
1 1110 1190 0.5 3804 3690
2 2220 595 1 3804 3770
3 1110 595 0.5 3804 3743
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Figure 11. Results for the 4 cases with a spark application time of 1 s and power of 1 W. Base (a),
Case 1 (b), Case 2 (c) and Case 3 (d). See Table 4.

4. Discussion

Table 3 shows that the rTi remain constant as long as the applied power does not vary.
As the power decreases, the rate of rise does vary, and this variation is of the same factor as
the power decrease factor.

A strong dependence can be established between the rate of rise, the characteristics of
the section and the applied power.

These results obtained in the simulation agree with the analysis of the behaviour of
the equations and parameters governing the fiber optic fusion process.

Through nondimensionalization, it has been possible to establish which variables are
relevant and which variables are superfluous, as seen in the Results section. It has been
possible to reduce the number of variables that intervene or have a significant weight in
the problem.

Thus, the factor αe has a value of αe ≈ 8.888·10−11 m−1 which makes its influence
practically negligible and the factor α(r, z) = α0 + αe ≈ α0 = 1 m−1 . The gamma function,

Γ(x) = 1√2π e− x2
2 = 0.159, is a constant value. With this it can be seen how the heat

generated and the rate of rise only relies on the applied power and the effective area of the
optical fiber, Q(r, z) = α(r, z) P

Ae f f
Γ(r, z) = 0.159 P

Ae f f
. With this result, it can be assured

that the simulations present results in agreement with the analysis of the equations.

5. Conclusions

In this work, we have studied the phenomenon of optical fiber fusion by plasma spark.
A methodology has been developed in NSM that has allowed us to design a circuit with
the same behaviour as the physical process. One aspect to highlight is the control that we
have been able to carry out on the time and application of the spark, as well as the applied
power; this has allowed us to check the effect that each of these terms has, reaching the
conclusion that the parameter that most influences the rate of temperature rise is the power,
as can be seen in Table 3.
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In the analysis of the equations that govern the process (see Section 4 Discussion), it
was found that most of the terms are either constant or their influence is negligible, leaving
as main variables those that define the section, the material and the power of the spark.

The results obtained are used to study the behaviour of different materials with respect
to the damage caused by the fusion of the optical fiber caused by a high-energy spark and
to establish a power limit for each type of material that allows different protection devices
to be designed according to the material selected.

It is interesting how the temperature varies depending on the material selected. This
result leads to the selection of the most suitable materials for this defect, which has an
impact on the design of better-quality fiber optic cables.
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Abstract: Effective franchise selection is crucial for global brands like Pizza Hut to maintain consistent
quality and operational excellence amidst a competitive landscape. This paper introduces a novel
confidence-interval circular intuitionistic fuzzy set (CIC-IFS) framework, designed to address the
intricate challenges of master and sub-franchise selection in the European market. By integrating
competence coefficients of decision-makers into the final evaluations, the model allows for a more
accurate representation of expert judgments. Decision-makers can choose from various scenarios,
ranging from super pessimistic to super optimistic, using ten forms of aggregation operations over
index matrices. The proposed approach leverages confidence intervals within the circular intuitionistic
fuzzy set paradigm to capture the uncertainty, vagueness, and hesitancy inherent in the decision-
making process. A case study involving Pizza Hut’s European operations demonstrates the model’s
efficacy in differentiating potential franchisees and identifying those best aligned with the brand’s
values. The results indicate a significant improvement in selection accuracy compared to traditional
methods and other fuzzy approaches, thereby enabling Pizza Hut to make more informed decisions
and solidify its market position.

Keywords: aggregation operations; confidence-interval circular intuitionistic fuzzy sets; decision-
making; master franchise; sub-franchise
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1. Introduction

In the highly competitive global fast-food industry, selecting the right franchise part-
ners is essential for maintaining brand reputation, operational consistency, and market
success. For a brand like Pizza Hut, which operates across various cultural and economic
landscapes, the complexity of franchise selection is amplified. Traditional selection meth-
ods often fall short in addressing the uncertainties and subjective judgments inherent in
this process. The term “master international franchising” describes the legal arrangement
whereby a franchisor grants an independently owned sub-franchisor the exclusive right
to use the business format for a predetermined period of time in exchange for the devel-
opment of a certain number of franchises in a given nation [1]. The master franchisee is
in charge of vetting potential local franchisees, marketing franchises, educating potential
franchisees, and handling franchise and royalty payments.The two main categories of
master franchising are area development and sub-franchising.
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Under the former, the area developer takes on responsibility for a specific region, in
which he agrees to create and operate a predetermined number of outlets within a prede-
termined time frame [1]; under the latter, the master franchisee functions as a franchisor,
selling sub-franchises within a given territory. Using worldwide master franchising has
numerous benefits for the company [1], such as quick time to market, accelerated system
growth rate, low capital expenditure, and the master franchisee is familiarity with foreign
markets. Conventional franchise selection techniques frequently depend on determin-
istic criteria and subjective assessment, which might not fully account for the inherent
ambiguities and uncertainties seen in real-world situations.

A circular intuitionistic fuzzy set (C-IFS) [2] is an extension of classical fuzzy sets [3]
that allows for the representation of data with dual levels of uncertainty, defining both
membership and non-membership boundaries. The confidence interval, on the other hand,
provides a statistical framework for assessing the reliability of the obtained results, enabling
decision-makers to evaluate the likelihood of successfully choosing franchise partners. The
C-IFS offers an effective way to represent the uncertainty under the form of circle around
the point, which present the degree of truth and falsity of the element of the set, associated
with evaluating potential franchise partners. By integrating parameters that reflect both con-
fidence and ambiguity, the confidence-interval circular intuitionistic approach for franchise
selection (CIC-IFFr) allows for a more accurate and reliable assessment of candidates.

The preferred decision-making processes of several DMs in selecting, rating, and
evaluating based on multiple unrelated criteria are referred to MCGDM. However, because
of the complexity of the decision-making environment and the ambiguity and uncertainty
of DMs’ preference information, tradition fuzzy sets (FSs) [3,4] and their extensions, in-
cluding spherical fuzzy sets [5], complemental fuzzy sets [6], Z-numbers [7], intuitionistic
fuzzy sets (IFSs) [8–12], hesitant fuzzy sets (HFSs) [13–16], Pythagorean fuzzy sets [17,18],
Fermatean fuzzy sets [19–21], interval-valued fuzzy sets [22], picture fuzzy sets [23–27],
q-rung orthopair fuzzy sets [28,29], circular IFSs [11,30,31], and elliptic IFS [32] have been
applied to solve MCGDM problems. The “Extensions” of the IFSs are thoroughly compared
in the study [33]. The authors of [33] have shown that a Hesitant fuzzy set [16] can be
fully characterized by IFS. The authors also demonstrate in [33] that interval-valued IFSs
(IVIFSs) [22] can represent the Picture fuzzy sets [23], the Cubic sets [34], the Neutrosophic
fuzzy sets [35], and the Support-intuitionistic fuzzy sets [36]. The last two generalizations
of interval-valued intuitionistic fuzzy sets have emerged in the last few years under the
form of elliptic (E-IFSs) [37] and circular (C-IFSs) [2]. A circle with radius r that centers the
IFSs [8] membership and nonmembership degrees is called a C-IFS [2]. A semi-major and
semi-minor axis surrounds the place where the membership and non-membership degrees
of IFSs [8] are shown by an ellipse called an E-IFS [37].

Our aim is to enhance MCGDM algorithms on circular IF data, as they are extensions
of interval-valued IFSs, as supported by the evidence presented in [33]. Standard IFSs
are enhanced by C-IFSs, which introduce an uncertainty region with an adaptable and
adjustable radius [2]. This instability is efficiently captured by the circular area defined in
C-IF sets, which symbolizes the various degrees of belief and skepticism associated with a
choice [11,38]. For intelligent systems functioning in a variety of domains where judgments
must be made, C-IF theory offers a promising direction forward.

These apps, which mostly rely on AI techniques [39], have the potential to support
intelligent decision-making in a range of uncertain situations. Though C-IF theory and its
application in decision scenarios have advanced, Chen [11] highlights the lack of enough
attention in the existing literature on the necessity for a systematic and thorough methodol-
ogy for C-IF assignment modeling. Using C-IF sets in assignment-based decision scenarios
presents a structured approach to manage preferences and uncertainty, which is one of the
specific shortcomings of current techniques. Furthermore, the C-IF scoring functions that
are currently in use have drawbacks such instability, dependence on particular datasets,
and incompleteness in reflecting the intrinsic uncertainty of C-IF data. In the practical
world of circular intuitionistic fuzziness decision-making, score functions are essential for
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comparing and arranging C-IF data in order to create a hierarchy. Several studies have pre-
sented scoring functions tailored for C-IF contexts, including works by Çakır et al. [40,41],
Çakır and Tas [30], Chen [38], Kahraman et al. [42], and Otay and Kahraman [43]. There
are still restrictions and application-specific practical issues with the scoring functions as
they stand today, even with these improvements.

To account for the optimistic and pessimistic dispositions of decision-makers, Çakır
et al. [40,41] and Xu and Wen [44] employed a parameter during the circular function
radius normalization process. However, the very crude formula used by Xu and Wen [44]
and Çakır et al. [40,41] does not fully account for the wide range of uncertainty present
in C-IF data. Çakır and Tas [30] included parameters that represented the inclinations
of decision-makers when transforming C-IF values into optimistic and pessimistic point
estimations. Their suggested C-IF scoring method, however, does not fully utilize all of
the information properties of the C-IF set; rather, it merely extends the conventional IF
score function. Furthermore, using the reciprocal of the radius, Kahraman et al. [42] and
Otay and Kahraman [43] created a vector normalization approach to provide relative fuzzy
scores in the C-IF configuration. However, when the radius approaches 0 in relation to
the C-IF data, a noteworthy point becomes apparent. Since the denominator drops to 0 in
certain circumstances, the relative scoring technique no longer makes sense. Chen [38]
boosted C-IF scoring with improved parameters; however, the approach has instability
problems. When there are numerous decision-makers, Chen [45] recommends using a
(nine-point) linguistic rating scale to facilitate the collecting of corresponding IF values for
the construction of C-IF data. To overcome the shortcomings of the current C-IF scoring
techniques, ref. [11] presents a parameterized C-IF scoring framework. It provides guidance
on creating a specific C-IF assignment model, which is essential for handling preferences
and uncertainty in decision-making situations.

In order to improve the decision-making process for master and sub-franchise selec-
tion, this study suggests a unique method that makes use of confidence-interval circular
intuitionistic fuzzy sets (CIC-IFSs) and confidence-interval circular intuitionistic fuzzy IMs
(CIC-IFIMs), which we define here for the first time. By embedding confidence intervals
and C-IFSs [2], the proposed model captures not only the uncertainty and vagueness,
but also the hesitancy associated with expert evaluations. The integration of competence
coefficients further refines the decision-making process by weighting expert opinions ac-
cording to their perceived reliability. The confidence-interval circular intuitionistic fuzzy
franchising method (CIC-IFFr) combines the robustness of confidence intervals with the
advantages of CIC-IFSs, which manages imprecise and uncertain information, to produce
a more thorough and trustworthy evaluation framework. By definition, each element is
surrounded by a circle with a radius, which size varies on the probability level of β.

In this model, the criteria values are expressed as CIC-IF numbers, and are established
by experts with dynamic ranks. Each condition’s significance is assessed by the investor.
The input data are transformed into circular intuitionistic fuzzy data based on a confidence
probability coefficient β determined by the decision maker. Decision-makers can choose
from various scenarios, ranging from super pessimistic to super optimistic, using ten forms
of aggregation operations over index matrices (IMs) [46]. The suggested CIC-IFFr technique
integrates probabilistic information into the CIC-IFS, which may be useful in ensuring the
quality and integrity of the CIC-IFS data. This study focuses on the European market for
Pizza Hut [47], examining the efficacy of the CIC-IFFr approach in selecting franchisees that
meet the brand’s strategic and operational criteria. By leveraging this advanced fuzzy logic
methodology, the paper aims to demonstrate how CIC-IFS can facilitate better-informed
and more resilient franchise selection decisions, ultimately contributing to Pizza Hut’s
sustainable growth and competitive advantage in Europe. This model’s benefit is that it
may be used with confidence interval circular IF data, as well as regular data.
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The rest of the paper is as follows: A survey of the literature on franchise selection in
the face of uncertainty is given in Section 2. The confidence interval circular intuitionistic
index matrices (CIC-IFIM), sets (CIC-IFSs), triples (CIC-IFTs), and certain operations and
relations with them are defined in Section 3. A confidence interval circular IF method for
the most benevolent franchisor is proposed in Section 4. A case study of Pizza Hut in
Europe is presented in Section 5 to illustrate the usefulness and feasibility of our method-
ology. Section 6 discusses the recently developed CIC-IFFr methodology. Ultimately, a
review of the results, recommendations for further research, and implications for franchise
management round up Section 7.

2. Review of Literature on Franchise Selection under Uncertainty

Fuzzy logic, as created by [3], is a helpful tool when handling unclear or partial data.
Fuzzy logic has been effectively applied to multi-criteria decision-making situations because
of the fact that human judgments are typically imprecise when selecting an option based
on numerous factors that vary in importance. A linguistic criteria values-based approach
is described in [48], which can be applied to fuzzy criteria-based multi-criteria decision-
making problems. Fuzzy franchisee selection models are created by the studies [49,50]
using neural networks and an Analytic Hierarchical Process (AHP). One of the first gener-
alizations of fuzzy sets, intuitionistic fuzzy sets (IFSs, [8]), exhibit some hesitancy. They
work better at illustrating the uncertainty of the environment. To choose the best franchise
candidates, we have also developed software for performing IF selection of the franchisor
using IFIMFr approach [51], based on the concept of index matrices (IMs, [52]). In [31], the
creation of Circular Intuitionistic Fuzzy Multicriteria Analysis (C-IFFr) for Petrol Station
Franchisor Selection is discussed. We have presented elliptic intuitionistic fuzzy algorithm
(E-IFFr) [32] for the optimal franchise organization selection, which is based on the toolset
of index matrices (IMs) theories and elliptic intuitionistic fuzzy sets (E-IFSs). In [53], we
use confidence interval elliptic-IF data to expand the optimal method (E-IFFr) for choosing
a franchise organization for the courier franchisor.

3. Preliminaries

The definitions of the confidence interval circular intuitionistic index matrices (CIC-
IFIM), sets (CIC-IFSs), triples (CIC-IFTs), and some operations and relationships between
them are among the concepts that are introduced in this part.

In 1963, Zadeh [3] introduced fuzzy sets. A class of items with a continuum of member-
ship grades is called a fuzzy set. A membership function belonging between zero and one
characterizes such a set. As an expansion of Lotfi Zadeh is fuzzy set concept, Atanassov [8]
proposed intuitionistic fuzzy sets (IFSs) in 1983. Sets with varying degrees of membership
and non-membership are known as IFSs. Let us review the fundamental definitions of
intuitionistic fuzzy pairs (IFPs), relations and operations with them [54].

3.1. Intuitionistic Fuzzy Pairs

An object of the type 〈a, b〉 = 〈μ(p), ν(p)〉, where a, b ∈ [0, 1] and a + b ≤ 1, is used to
assess a proposition p [54]. μ(p) and ν(p), respectively, define the degrees of membership
and non-membership. Given two IFPs, let x = 〈a, b〉 and y = 〈c, d〉. A few operations are
recalled according to [54–57],
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¬x = 〈b, a〉; x ∧1 y = 〈min(a, c), max(b, d)〉;

x ∨1 y = 〈max(a, c), min(b, d)〉; x ∧2 y = x + y = 〈a + c− a.c, b.d〉;

x@y = 〈 a+c
2 , b+d

2 〉; x ∨2 y = x.y = 〈a.c, b + d− b.d〉;

α.x = 〈1− (1− a)α, bα〉(for α > 0);

x− y = 〈max(0, a− c), min(1, b + d, 1− a + c)〉;

x : y =

⎧⎨⎩
〈min(1, a/c), min(max(0, 1− a/c), max(0, (b− d)/(1− d)))〉if c �= 0 &d �= 1

〈0, 1〉 otherwise

(1)

and some relations [54],

x ≥ y iff a ≥ c and b ≤ d; x ≥� y iff a ≥ c;
x ≥� y iff b ≤ d.

(2)

One of the most recent IFS expansions is the circular IFSs, which Atanasov presented
in 2020 [2]. They work well as a method of showing the fuzziness of data. Let us review the
definitions of Circular Intuitionistic Fuzzy Sets (C-IFSs) and Circular Intuitionistic Fuzzy
Triples (C-IFTs) before extending them.

3.2. Circular Intuitionistic Fuzzy Sets (C-IFSs) [2,58]

The C-IFS is a mathematical construct that represents uncertainty under the form
of a circle to depict degrees of truth and falsity associated with the elements of a set.
Assume that A is a subset of E, which is fixed. The set A∗u = {〈x, μA(x), νA(x); u〉|x ∈ E},
where μA(p) + νA(p) ≤ 1 and u ∈ [0,

√
2] is the radius of the circle surrounding each

element x ∈ E, is called Circular IFS (C-IFS). The μA : E → [0; 1] and νA : E → [0, 1]
denote the degree to which element x ∈ E belongs to a fixed set A ⊆ E in terms of
membership (validity, etc.) and non-membership (non-validity, etc.). The function πA =
1− μA(x)− νA(x) (πA : E → [0; 1]) relates to the level of uncertainty. The set A∗u can be
rewritten in the form

A∗u = {〈x, Eu(μA(x), νA(x))〉|x ∈ E}, (3)

where Eu is a part of a circle (section, [2]) with the center in point μA(x), νA(x) and a radius
u that lies in intuitionistic fuzzy triangle. The graphical representation of the C-IFS is made
in [2].

3.3. Circular Intuitionistic Fuzzy Triples (C-IFTs)

A circular intuitionistic fuzzy triple (C-IFT) is defined as an object with the following
form [31]: 〈a(p), b(p); u〉 = 〈μ(p), ν(p); u〉. The assertion p has two degrees of truth and
falsity, which are a(p)(μ(p)) ∈ [0, 1] and b(p)(ν(p)) ∈ [0, 1], and a(p) + b(p) ≤ 1. r ∈
[0,
√

2] is the radius of the circle around 〈a(p), b(p)〉.
Let two C-IFTs be given: xu1 = 〈a, b; u1〉 and yu2 = 〈c, d; u2〉. Let us denote the set

of radii R = {R1, R2, . . . , Rn}. The domain for the operation ∗ is R. When ∗ represents
the minimum operation, the result from ∗(R1, R2, . . . , Rn) = min(R1, R2, . . . , Rn)} yields
the smallest value among the selected radii. Conversely, when ∗ represents the maximum
operation, the result ∗(R1, R2, . . . , Rn) = max(R1, R2, . . . , Rn)} yields the the largest value
among the selected radii.

77



Axioms 2024, 13, 758

In [31], the operations defined below are defined over C-IFTs:

xu1 ∧∗ yu2 = 〈min(a, c), max(b, d); ∗(u1, u2)〉;
xu1 ∨∗ yu2 = 〈max(a, c), min(b, d); ∗(u1, u2)〉;

xu1 +∗ yu2 = 〈a + c− a.c, b.d; ∗(u1, u2)〉;
xu1 •∗ yu2 = 〈a.c, b + d− b.d; ∗(u1, u2)〉;

(4)

3.4. Confidence Interval Circular Intuitionistic Fuzzy Sets (CIC-IFSs)

We first extend the C-IFSs to Confidence Interval Circular Intuitionistic Fuzzy Sets
(CIC-IFSs) in this section.

The definition of CIC-IFSs is based on building a confidence interval for the unknown
mean Mu by adding and subtracting a margin of error from x, the mean of our random
sample [59], and the definition of C-IFSs [2]. The confidence level α for this interval is
represented by a number, such 10, 5, or 1 percent. A higher confidence level corresponds to
a larger confidence interval. There are two scenarios for computing the confidence interval
for a mean, depending on whether it is applied to exact numbers [59], fuzzy numbers [60],
or intuitionistic fuzzy numbers [60]:

• Confidence interval for a mean Mu with known standard deviation σ is[
x− zα/2

σ√
n

; x + zα/2
σ√
n

]
(5)

In case the data are fuzzy or intuitionistic fuzzy, we use the operations of (1) in (5).
A probability for the process used to compute the confidence interval is the confidence
level 1− α. If the population is normal, and we know σ, we may safely apply the following
process to generate the confidence interval for Mu. Under the assumption that x has a
normal distribution, n ≥ 30 suffices if σ is known, but the normality of the population is
unknown, as long as the population is relatively symmetric and free of outliers.

• Confidence interval for a mean Mu with uncertain σ.

When the population is normally distributed, but the standard deviation σ is un-
known [59,60], Student’s t distribution should be utilized instead of the normal z distribu-
tion. This is particularly important when the sample size is small. With the exception of
substituting z for t and σ for s, the confidence interval formula for an unknown σ is similar
to the expression for a known σ:[

x− t{α/2;d f }
s√
n

; x + t{α/2;d f }
s√
n

]
, (6)

where the d f is the degree of freedom of the sample. When the data are fuzzy or intuition-
istic fuzzy, we use the operations of (1) for calculating of the interval from (6).

Confidence-interval C-IFS (CIC-IFS) is defined here. Let A be a subset of a fixed
universe E. The set

Aβ
u = {〈x, μA(x), νA(x); uβ〉|x ∈ E}, (7)

where μA(p) ∈ [0, 1], νA(p) ∈ [0, 1], μA(p) + νA(p) ≤ 1 and {uβ} ∈ [0,
√

2] is the circle’s
radius around every element x ∈ E, is referred to as Confidence interval circular IFS
(CIC-IFS) at a probability level of confidence beta. The functions μA : E → [0, 1] and
νA : E → [0, 1] express the extent to which element x ∈ E belongs to a fixed set A ⊆ E,
and to which it does not. The degree of indeterminacy is correlated with the function
πA = 1 − μA(x) − νA(x) (πA : E → [0, 1]). Rewriting the set Aβ

u in the form can be
achieved by utilizing the concept from [2].

Aβ
u = {〈x, Euβ(μA(x), νA(x))〉|x ∈ E}, (8)

where Euβ is a part of a circle with center in point μA(x), νA(x) and a radius uβ that
depend on the chosen confidence level α. Inspired by Atanassov’s C-IFSs [2], the idea for
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constructing CIC-IFSs incorporated ideas from Torra [16] and intuitionistic hesitant fuzzy
sets [61] by Chen et al.

H = {〈x, {〈μ(xi), ν(xi〉|i = 1, . . . , kx}〉|x ∈ E}, (9)

is the form of the hesitant IFS. The number of distinct values for element x is denoted by kx.
For a fixed element x ∈ E, the numbers a(x) and c(x), respectively, indicate the left

and right limits of the confidence interval for a given confidence probability β for the
different values for the membership degree of x− μk1 , . . . , μkx . b(x) and d(x), respectively,
represent the left and right boundaries of the confidence interval at a probability β for the
different values of the non-membership degree of x− νk1 , . . . , νkx . The center and radius
of the circle are then calculated using the following formulas, which are similar to those
proposed in [2].

• A point having coordinates serves as the circle’s center.

〈μ(x)β, ν(x)β〉 =
〈 a(x) + c(x)

2
,

b(x) + d(x)
2

〉
. (10)

The coordinates μ(x), ν(x) of the circle’s center are found by taking the arithmetic
means of the different values for the membership degree of x (μk1 , . . . , μkx ) and non-
membership degree of x (νk1 , . . . , νkx ). In contrast, the coordinates of the circle center
for C-IFSs [2] are determined by taking the arithmetic mean of the largest and lowest values
of the different membership and non-membership degrees of x, respectively.

• At a α confidence level, the circle’s radius is

uβ(x) = max
1≤i≤kx

|
√
(μ(x)β − μ

β
ki
)2 + (ν(x)β − ν

β
ki
)2| (11)

A new circle with the following radius is made:

uβ = max
x∈E

uβ(x) (12)

Two CIC-IFSs, Aβ
u and Bβ1

w , have comparable relations and operations to those de-
scribed in [2].

3.5. Confidence Interval Circular Intuitionistic Fuzzy Triples (CIC-IFTs)

By expanding on the concept of C-IFT from [31], we define confidence interval circular
triple (CIC-IFT) as follows:

〈μ(p), ν(p); uβ〉 = 〈a(p), b(p); uβ〉, (13)

where a(p) + b(p) ≤ 1 and a(p)(μ(p)), b(p)(ν(p)).
Under the form of intuitionistic fuzzy pairs (IFPs), let us the experts i = 1, . . . , kr

evaluate the “truth degree” and “falsity degree” of the assertion p under the form of
{〈μ(pi), ν(pi)〉|i = 1, . . . , kr}〉}.

Then, at a given probability level β, we compute the following values for the left
and right limits of the confidence interval: a(p) and c(p), respectively, given the various
membership degree values of p - μk1 , . . . , μkr . For a set of non-membership degree values
of p - νk1 , . . . , νkr , the left and right boundaries of the confidence interval are b(p) and
d(p), respectively.

Next, the circle’s center and radius are computed in the same way as in Section 3.4.

• At a confidence level of α, the coordinates of the circle’s center are as follows:

〈μ(p), ν(p)〉 =
〈 a(p) + c(p)

2
,

b(p) + d(p)
2

〉
. (14)
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The coordinates μ(p), ν(p) of the circle’s center are obtained by taking the means
of the different values for the membership (μk1 , . . . , μkr ) and non-membership degrees
(νk1 , . . . , νkr ) of p.

• The radius of the circle is

uβ(p) = max
1≤i≤kr

|
√
(μ(p)β − μ

β
ki
)2 + (ν(p)β − ν

β
ki
)2|. (15)

Let us consider the following two CIE-IFTs: yβ1
u2 = 〈c, d; uβ1

2 〉 and xβ
u1 = 〈a, b; uβ

1 〉.
We are going to define an operation ∗ ∈ {min, max}. In this section, we will expand the
operations performed on C-IFTs [31,53,62] to CIC-IFTs:

¬x = 〈b, a; vβ
1 〉; xβ

u1 ∧∗ yβ1
u2 = 〈min(a, c), max(b, d); ∗(uβ

1 , uβ1
2 )〉;

xβ
u1 ∨∗ yβ1

u2 = 〈max(a, c), min(b, d); ∗(uβ
1 , uβ

2 )〉;
xβ

uβ
1

+∗ yβ1

u
β1
2

= 〈a + c− a.c, b.d; ∗(uβ
1 , uβ1

2 )〉;
xβ

u1 •∗ yβ1
u2 = 〈a.c, b + d− b.d; ∗(uβ

1 , uβ1
2 )〉;

x@y = 〈 a+c
2 , b+d

2 ; ∗(uβ
1 , uβ1

2 )〉;
α.x = 〈1− (1− a)α, bα; ∗(uβ

1 , uβ1
2 )〉(for α > 0);

x− y = 〈max(0, a− c), min(1, b + d, 1− a + c); ∗(uβ
1 , uβ1

2 )〉;

x : y =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
〈min(1, a/c), min(max(0, 1− a/c), max(0, (b− d)/(1− d))); ∗(uβ

1 , uβ1
2 )

if c �= 0 &d �= 1

〈0, 1;
√

2〉 otherwise

(16)

Here, we establish the relation that compares two CIC-IFTs in an analogous manner to
those found in (2):

x ≥ y iff a ≥ c, b ≤ d, uβ
1 ≥ uβ

2 (17)

We extend the method from [62] to utilizing the distance between the ideal positive
option 〈1, 0;

√
2〉 and the alternatives x and y to rank them. xβ has higher rank than yβ iff

Rcirc
xβ ≤ Rcirc

yβ1
, where Rcirc

xβ =
1
6
(2− a− b)

(|√2− uβ
1 |+ |

√
2− vβ

1 |+ |1− a|). (18)

3.6. Three-Dimensional Confidence Interval Circular Intuitionistic Fuzzy Index Matrices
(3-D CIC-IFIM)

The theory of index matrices, or IMs, first appeared in 1987 [46]. Over IMs [52,63], a
multitude of relations, operators, and operations are defined. Assume that I is a fixed set
of indices. In this instance, we extend 3-D circular intuitionistic fuzzy IM (C-IFIM) [31] to in-
clude 3-D confidence interval C-IFIM (CIC-IFIM) Aβ = [K, L, H, {〈μki ,lj ,hg , νki ,lj ,hg ; r f β

ki ,lj ,hg
〉}]

for the first time in this manner:

hg ∈ H l1 . . . ln
k1 〈μk1,l1,hg , νk1,l1,hg ; r f β

k1,l1,hg
〉 . . . 〈μk1,ln ,hg , νk1,ln ,hg ; r f β

k1,ln ,hg
〉

...
... . . .

...
km 〈μkm ,l1,hg , νkm ,l1,hg ; r f β

km ,l1,hg
〉 . . . 〈μkm ,ln ,hg , νkm ,ln ,hg ; r f β

km ,ln ,hg
〉

, (19)

where α is the confidence level, (K, L, H ⊂ I), K = {k1, . . . , ki, . . . , km}, L = {l1, . . . , lj, . . .,
ln}, H = {h1, . . . , hg, . . . , h f }, and the elements are CIC-IFTs.

Let Aβ = [K, L, H, {〈μki ,lj ,hg , νki ,lj ,hg ; r f β
ki ,lj ,hg

〉}] and Bβ1 = [P, Q, R{〈ρpr ,qs ,te , σpr ,qs ,te ;

δ f β1
pr ,qs ,te

}] are the CIC-IFIMs. Let βnew = min(β, β1).
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We describe here a few fundamental operations on CIC-IFIMs that expand the ones
found in [31,52]:

Addition-(◦1, ◦2, ∗):

Aβ ⊕(◦1,◦2,∗) Bβ1 = [K ∪ P, L ∪Q, H ∪ R, {〈φtu ,vw ,xy , ψtu ,vw ,xy ; η f βnew

tu ,vw ,xy
〉}], (20)

where 〈◦1, ◦2〉 ∈ {〈max, min〉, 〈min, max〉, 〈average, average〉} and ∗ ∈ {max, min},

〈φtu ,vw ,xy , ψtu ,vw ,xy ; η f βnew

tu ,vw ,xy
〉 = 〈◦1(μki ,lj ,xy , ρpr ,qs ,xy), ◦2(νki ,lj ,xy , σpr ,qs ,xy); ∗(r f β

tu ,vw ,xy
, δ f β1

tu ,vw ,xy
)〉).

Multiplication:

Aβ"(◦1,◦2,∗) Bβ1 = [K∪ (P− L), Q∪ (L− P), H ∪ R, {〈φtu ,vw ,xy , ψtu ,vw ,xy ; η f βnew

tu ,vw ,xy
〉}], (21)

where 〈φtu ,vw ,xy , ψtu ,vw ,xy〉 is defined in [52], and η f βnew

tu ,vw ,xy
= ∗(r f β

tu ,vw ,xy
, δ f β1

tu ,vw ,xy
).

Term-wise subtraction-(max,min):

Aβ −(max,min) Bβ1 = Aβ ⊕(max,min) ¬Bβ1 . (22)

Term-wise multiplication:

Aβ ⊗(min,max) Bβ1 = [K ∩ P, L ∩Q, {H ∪ R, {〈φtu ,vw ,xy , ψtu ,vw ,xy ; η f βnew

tu ,vw ,xy
〉}], (23)

where 〈φtu ,vw ,xy , ψtu ,vw ,xy〉

= 〈min(μki ,lj ,xy , ρpr ,qs ,xy), max(νki ,lj ,xy , σpr ,qs ,xy)〉, η f βnew

tu ,vw ,xy
= ∗(r f β

tu ,vw ,xy
, δ f β1

tu ,vw ,xy
). (24)

Aggregation operation (AO) over CIC-IFIM Aβ by one dimension: Let ∗ ∈ {min, max}.
Using the definition for the 10 operations from [64], denoted by #i, (1 ≤ i ≤ 10), let us
extend the aggregation operations over C-IFIT [31] so they can be used over two CIC-IFTs
x = 〈a, b; r f β

1 〉, and y = 〈c, d; r f β1
2 〉:

x#1y = 〈ac, 1− ac, ∗(r f β
1 , r f β

2 )〉,
x#2y = 〈ac, b + d− bd, ∗(r f β

1 , r f β
2 )〉,

x#3y = 〈min(a, c), max(b, d), ∗(r f β
1 , r f β

2 )〉,
x#4y = 〈min(a, 1− d), max(b, d), ∗(r f β

1 , r f β
2 )〉,

x#5y = 〈1−max(b, d), max(b, d), ∗(r f β
1 , r f β

2 )〉,
x#6y = 〈max(1− b, c), 1−max(1− b, c), ∗(r f β

1 , r f β
2 )〉,

x#7y = 〈max(1− b, c), min(b, d), r f β
1 ), ∗(r f β

1 , r f β
2 )〉,

x#8y = 〈1−min(b, d), min(b, d), ∗(r f β
1 , r f β

2 )〉,
x#9y = 〈1− bd, bd〉, ∗(r f β

1 , r f β
2 )〉,

x#10y = 〈min(1, 2− b− d), max(0, b + d− 1), ∗(r f β
1 , r f β

2 )〉.

(25)

Using the theorem from [64], we can prove the following:

x#1y ≤ x#2y ≤ x#3y ≤ x#4y ≤ x#5y ≤ x#6y

≤ x#7y ≤ x#8y ≤ x#9y ≤ x#10y.
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Consider k0 /∈ K as the fixed index. We recommend composing the aggregation
operation αK,#q ,∗(Aβ, k0) by K over 3-D CIC-IFIM Aβ, extending those over IFIMs [64]:

hg ∈ H l1 . . . ln

k0

m
#q, ∗
i=1

〈μki ,l1,hg , νki ,l1,hg ; r f β
ki ,l1,hg

〉 . . .
m

#q, ∗
i=1

〈μki ,ln ,hg , νki ,ln ,hg ; r f β
ki ,l1,hg

〉 (26)

In particular, we could use #∗1 to execute a super pessimistic aggregation operation (AO)
in an environment with high inflation, #∗5 or #∗6, to execute an average AO in anticipation of
minor changes in the market environment, and #∗10 to execute a super optimistic AO in an
environment with stable market conditions.

Projection: Let W ⊆ K, V ⊆ L and U ⊆ H. Then,

prW,V,U Aβ = [W, V, U, {〈Rpr ,qs ,ed , Spr ,qs ,ed〉}], (27)

where, for each ki ∈ W, lj ∈ V and ed ∈ U,

〈Rpr ,qs ,ed , Spr ,qs ,ed〉 = 〈μki ,lj ,hg , νki ,lj ,hg ; r f β
ki ,lj ,hg

, rsβ
ki ,lj ,hg

〉. (28)

Reduction: An IM A’s operations-reduction (k,⊥,⊥) is defined as follows:

Aβ

(k,⊥,⊥) = [K− {k}, L, H, {cβ
tu ,vw ,ed

}],

where
cβ

tu ,vw ,ed
= aβ

ki ,lj ,hg
(tu = ki ∈ K− {k}, vw = lj ∈ L, ed = hg ∈ H). (29)

Substitution: [
p
ki

;⊥,⊥
]

Aβ =
[
(K− {ki}) ∪ {p}, L, H, {aβ

ki ,lj ,hg
}
]

(30)

Composition: Let index set I and set X be fixed. The IMs Aβ
1 , Aβ

2 , . . . ,

Aβ
n are CIC-IFIMs over both sets be given. For s(1 ≤ s ≤ n), let

(∀p, q)(1 ≤ p < q ≤ n)(Kp ∩ Kq = Lp ∩ Lq = Hp ∩ Hq = &) and

Aβ
s = [Ks, Ls, Hs{aβ,s

ki ,lj ,hg
}]

=

hs,g ∈ Hs ls,1 . . . ls,j . . . ls,ns

ks,1 μks,1,ls,1,hs,g , νks,1,ls,1,hs,g . . . μks,1,ls,j ,hs,g , νks,1,ls,j ,hs,g . . . μks,1,ls,n ,hs,g , νks,1,ls,n ,hs,g
...

... . . .
... . . .

...
ks,i μks,i ,ls,1,hs,g , νks,i ,ls,1,hs,g . . . μks,i ,ls,j ,hs,g , νks,i ,ls,j ,hs,g . . . μks,i ,ls,n ,hs,g , νks,i ,ls,n ,hs,g
...

... . . .
... . . .

...
ks,m μks,m ,ls,m ,hs,g , νks,m ,ls,m ,hs,g . . . μks,m ,ls,j ,hs,g , νks,m ,ls,j ,hs,g . . . μks,m ,ls,n ,hs,g , νks,m ,ls,n ,hs,g

. (31)

The following is the definition of the “composition” operation:

�{Aβ
s |1 ≤ s ≤ n} = [

n⋃
s=1

Ks,
n⋃

s=1

Ls,
n⋃

s=1

Hs, {〈c1,t1,u ,v1,w ,d1,e , c2,t2,u ,v2,w ,d2,e , . . . , cn,tn,u ,vn,w ,dn,e〉}], (32)
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where, for r (1 ≤ r ≤ n),

cr,tu ,vw ,de =

{
aβ

r,ki ,lj ,hg
, if tu = ki ∈ Kr, vw = lj ∈ Lr and de = hg ∈ Hr

⊥, otherwise
(33)

Decomposition: Given a set of n-dimensional vectors X , an IM with elements from X
is denoted by Aβ. Then,

Prs(Aβ) =

⎧⎨⎩
I∅, if s ≤ 0 or s > n

Aβ
s , otherwise

, (34)

where Aβ
s = [Ks, Ls, Hs, {aβ,s

ki ,lj ,hg
}] and as

ki ,lj ,hg
is the s-th component of vector 〈a1

ki ,lj ,hg
, a2

ki ,lj ,hg
,

. . . , an
ki ,lj ,hg

〉, which is an element of Aβ. The operation “decomposition” (�), which is the

opposite of the operation “composition” (�), is defined as follows: �(Aβ) = {@Prs(Aβ)|1 ≤
s ≤ n}.

Internal subtraction of IMs’ components:
Let A and B be 2-D CIC-IFIMs. Then,

IO−(max,min,∗) (
〈

ki, lj; r f β
ki ,lj ,hg

Aβ
〉

,
〈

pr, qs; r f nβ1
ki ,lj ,hg

Bβ1
〉
) (35)

= [K, L, {〈γtu ,vw , δtu ,vw ; ∗(r f β
ki ,lj ,hg

, r f nβ1
ki ,lj ,hg

)〉}],
where ki ∈ K, lj ∈ L; pr ∈ P, qs ∈ Q and

〈γtu ,vw , δtu ,vw〉 =

⎧⎪⎪⎨⎪⎪⎩
〈μtu ,vw , νtu ,vw ; ∗(r f β

ki ,lj ,hg
, r f nβ1

ki ,lj ,hg
)〉, if tu �= ki ∈ K, vw �= lj ∈ L

〈max(0, μki ,lj
− ρpr ,qs); ∗(r f β

ki ,lj ,hg
, r f nβ1

ki ,lj ,hg
) if tu = ki ∈ K,

min(1, νki ,lj
+ σpr ,qs , 1− μki ,lj

+ ρpr ,qs)〉 vw = lj ∈ L

(36)

4. A Confidence Interval Circular Intuitionistic Fuzzy Algorithm (CIC-IFFr) to Identify
the Most Benefiting Franchisor

This section defines a new method known as CIC-IFFr for master and sub-franchise
selection that uses confidence-interval circular intuitionistic fuzzy sets (CIC-IFSs) and
confidence-interval intuitionistic fuzzy IMs (CIC-IFIMs), extending the circular IF algorithm
for franchise selection [31]. The criteria values in this model are determined by experts
with dynamic ranks and are expressed as CIC-IF numbers. The investor determines the
significance of each condition. Circular intuitionistic fuzzy data are created from the input
data based on a confidence probability coefficient β that the decision maker determines.
Ten distinct scenarios—ranging from extremely pessimistic to extremely optimistic—are
available for decision-makers to select from.

To find the best master and sub-franchise, let us expand the circular IF algorithm for
franchise selection from [31].

In an undefined market, a franchising corporation in Europe is seeking applicants to
be master (sub-)franchisees. The decision maker determines the confidence probability
coefficient β. Candidates will be assessed using a system of criteria {c1, . . . , cj, . . . , cn} (for
j = 1, . . . , n). Experts E = {d1, . . . , ds, . . . , dD} are involved in the evaluation process of
potential franchisees. Their competence coefficients are denoted as rs(1 ≤ s ≤ D). For
1 ≤ i ≤ m, 1 ≤ j ≤ n, and 1 ≤ s ≤ D, professional evaluations of possible franchisees
are conducted. The assessments are provided as IF data evki ,cj ,ds . At time h f , the final

franchisee evaluations are computed as CIC-IFTs f iβ
ki ,ve ,h f

(for 1 ≤ i ≤ m). From the
standpoint of the franchise brand ve at a given moment h f at a probability β, these CIC-IF
priorities are weighed as pkβ

cj ,ve ,h f
of the criteria cj (for j = 1, . . . , n). Finding the master
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(sub-)franchisee for Europe who best suits the franchise organization at a probability β is
the optimal outcome.

To find the optimal solution of this problem, we need to expand the algorithm from [31]
to convert the input data into CIC-IFTs at β confidence level. Ten scenarios are provided by
the algorithm to help choose the best candidate. It makes use of the ∗-operation, which
offers two choices: max and min, based on the level of environmental uncertainty.

The CIC-IFFr algorithm consists of the subsequent operations.
Step 1. The experts evaluate the candidates using the initial algorithmic criteria. IM

EVR[K, C, E, {evki ,cj ,ds}], K={k1, k2, . . . , km}, C={c1, c2, . . . , cn} and E={d1, d2, . . ., dD} is
constructed. A C-IFT rs = 〈δs, εs; rads〉, (1 ≤ s ≤ D), where components can be interpreted
as expressing the competence (δs) or ineptitude (εs) with a radius around center rads, should
specify each expert’s score coefficient. The IM EVR∗[K, C, E, {ev∗ki ,cj ,ds}] was developed by:

EVR∗ = r1 prK,C,d1 EV ⊕(◦1,◦2)
r2 prK,C,d2 EV . . .⊕(◦1,◦2)

rD prK,C,dD EV. (37)

EVR := EVR∗(evrki ,cj ,ds = evr∗ki ,cj ,ds
, ∀ki ∈ K, ∀cj ∈ C, ∀ds ∈ E).

The volatility in the market has left the specialists unsure about their assessments. Using
the following methods, the assessments are converted into IFPs. The intervals of the
expert assessments for each candidate at a given time h f by all criteria are provided:

[p1, f
ki ,cj ,ds

; p2, f
ki ,cj ,ds

] and let

Amin,i,j,s, f = min p1, f
ki ,cj ,ds

1≤i≤m,1≤j≤n,1≤s≤D

< max p2, f
ki ,cj ,ds

1≤i≤m,1≤j≤n,1≤s≤D

= Amax,i,j,s, f . (38)

For the interval between [p1, f
ki ,cj ,ds

; p2, f
ki ,cj ,ds

], at a time point h f , we employ the IFP [54] format
to construct the cj-th criterion and the ds-th expert evaluation for the ki-th candidate
as follows:

μki ,cj ,ds ,h f
=

p1, f
ki ,cj ,ds

− Amin,i,j,s, f

Amax,i,j,s, f − Amin,i,j,s, f
, νki ,cj ,ds ,h f

=
Amax,i,j,s, f − p2, f

ki ,cj ,ds

Amax,i,j,s, f − Amin,i,j,s, f
. (39)

Some of the experts’ conclusions might not be accurate. In [54], several techniques for
altering the evaluations of flawed experts are investigated. Next, EV[K, C, E, {evki ,cj ,ds}],
K={k1, k2, . . . , km}, C={c1, c2, . . . , cn} and E={d1, d2, . . . , dD} are created by converting
the IM EVR into intuitionistic fuzzy IM. The elements {evki ,cj ,ds} = 〈μki ,cj ,ds , νki ,cj ,ds〉 (for
1 ≤ i ≤ m, 1 ≤ j ≤ n, 1 ≤ s ≤ D) of the matrix EV are unpredictable because of the state
of the economy and they are IF valuations of the ds-th expert for the ki-th franchisor by
the cj-th criterion. EV := EV∗(evki ,cj ,ds = ev∗ki ,cj ,ds

, ∀ki ∈ K, ∀cj ∈ C, ∀ds ∈ E). Next, we
continue to Step 2.

Step 2. The resulting candidate scores (evki ,cj ,ds∀ki ∈ K, ∀cj ∈ L, ∀ds ∈ E) will be
translated into CIC-IFTs at a certain β probability in order to represent the uncertainty
in the data. Let us calculate the centers of the CIC-IFTs: piave = ev∗ki ,cj ,ds(∀ki ∈ K, ∀cj ∈
C, ∀ds ∈ E) of the candidates’ marks through the aggregation operation αE,#q over EV∗.

We acquire the IM PIave[K, C, h f , {piave
ki ,cj ,h f

}].
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PIave = αE,#2(EV∗, h f ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h f c1 · · · cn

k1

D
#2

s=1

〈μk1,c1,ds , νk1,c1,ds〉 · · ·
D
#2

s=1

〈μk1,cn ,ds , νk1,cn ,ds〉
...

... · · · ...

km

D
#2

s=1

〈μkm ,c1,ds , νkm ,c1,ds〉 · · ·
D
#2

s=1

〈μkm ,cn ,ds , νkm ,cn ,ds〉

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (40)

Let us use the operation “decomposition” to divide the degrees of belonging and
non-belonging of the elements of PIave into index matrices PIave

μ and PIave
ν .

@Pr1(PIave) = PIave
μ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h f c1 · · · cn

k1

D
#2

s=1

μk1,c1,ds · · ·
D
#2

s=1

μk1,cn ,ds

...
... · · · ...

km

D
#2

s=1

μkm ,c1,ds · · ·
D
#2

s=1

μkm ,cn ,ds

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
; (41)

@Pr2(PIave) = PIave
ν =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h f c1 · · · cn

k1

D
#2

s=1

νk1,c1,ds · · ·
D
#2

s=1

νk1,cn ,ds

...
... · · · ...

km

D
#2

s=1

νkm ,c1,ds · · ·
D
#2

s=1

νkm ,cn ,ds

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (42)

Let us use the “decomposition” operation to partition the degrees of belonging and
non-belonging of the elements of EV∗ into index matrices. We will investigate EV∗ν =
@Pr2(EV∗), as well as EV∗μ = @Pr1(EV∗). Here, are definitions for the aggregation
operations αE,#σ (EV∗μ , h f ) and αE,#σ (EV∗ν , h f ). These procedures calculate the standard
deviation [59,60] of the expert judgments of the candidates according to the criteria, corre-
sponding to their degrees of belonging and non-belonging.

αE,#σ (EV∗μ , h f )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h f c1 · · · cn

k1

D
#σ

s=1

μk1,c1,ds · · ·
D
#σ

s=1

μk1,cn ,ds

...
... · · · ...

km

D
#σ

s=1

μkm ,c1,ds · · ·
D
#σ

s=1

μkm ,cn ,ds

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
; (43)

αE,#σ (EV∗ν , h f )

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h f c1 · · · cn

k1

D
#σ

s=1

νk1,c1,ds · · ·
D
#σ

s=1

νk1,cn ,ds

...
... · · · ...

km

D
#σ

s=1

νkm ,c1,ds · · ·
D
#σ

s=1

νkm ,cn ,ds

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (44)
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Then, we calculate the value of ME at a level α, respectively, by

MEz = zα/2
σaverage√

D
or MEaverage,t = tα/2

saverage√
D

,

depending on whether there are more or fewer than thirty participating experts D in the
evaluation, which is the value of ME at a level of confidence α.

We perform this by employing the averaged standard deviation saverage of the expert
evaluations for the ki-th candidate for the cj-th criterion [59] and the normal distribution,
or t-distribution, respectively. Both when the evaluated IM EV has an intuitionistic fuzzy
shape, and when it contains crisp number elements, the following computations can be
used. The following calculations are performed during the process:

ME.αE,#σ (EV∗μ , h f ); ME.αE,#σ (EV∗ν , h f );

PIle f tCB
μ [K, C, h f ] = PIave

μ '(◦1,◦2,∗) ME.αE,#σ (EV∗μ , h f );

PIrightCB
μ [K, C, h f ] = PIave

μ ⊕(◦1,◦2,∗) ME.αE,#σ (EV∗μ , h f );

PIle f tCB
ν [K, C, h f ] = PIave

ν '(◦1,◦2,∗) ME.αE,#σ (EV∗ν , h f )

and PIrightCB
ν [K, C, h f ] = PIave

ν ⊕(◦1,◦2,∗) ME.αE,#σ (EV∗ν , h f ).

These IMs, produced by the “composition” procedure, show the left and right bounds of
the confidence intervals for the expert opinions for each candidate based on the given criteria:

PIle f tCB[K, C, h f ] = �{PIave
μ '(◦1,◦2,∗) ME.αE,#σ

(EV∗μ , h f ), PIave
ν '(◦1,◦2,∗) ME.αE,#σ

(EV∗ν , h f ); }
PIrightCB[K, C, h f ] = �{PIave

μ ⊕(◦1,◦2,∗) ME.αE,#σ
(EV∗μ , h f ), PIave

ν ⊕(◦1,◦2,∗) ME.αE,#σ
(EV∗ν , h f ).}

We next proceed to Step 3.
Step 3. The system for evaluating master (sub-)franchisees will now be optimized. We

suggest using inter-criteria analysis to eliminate slower or more expensive criteria from the
franchisee assessment system because research indicates that they closely correlate with
other criteria in intuitionistic fuzzy settings (ICrA, [65]). Let an IFP be 〈γ, δ〉.

If μCk ,Cl > γ and νCk ,Cl < δ, then the criteria Ck and Cl are in (γ, δ)-positive consonance.
If μCk ,Cl < γ and νCk ,Cl > δ, then the criteria Ck and Cl are in (γ, δ)-negative consonance.
In other cases, Ck and Cl are in (γ, δ)-dissonance.

For the IM PIave = [K, C, h f , {piave
ki ,cg ,h f

}], consonant criteria are sought using the
ICrA method. By applying the IM reduction operation on matrix PIave, the evaluation
franchise system gets rid of more expensive, time-consuming, or sophisticated criteria. We
proceed to Step 4.

Step 4. CIC-IFIM Aβ[K, C, h f , {aβ
ki ,cg ,h f

}] can now be computed, which denotes the

master (sub-)franchisees’ existing evaluations utilizing the methodology from [31]:

h f c1 . . . cn

k1 〈μβ
k1,c1

, ν
β
k1,c1

; r f β
k1,c1

〉 . . . 〈μβ
k1,cn

, ν
β
k1,cn

; r f β
k1,cn

〉
...

... . . .
...

km 〈μβ
km ,c1

, ν
β
km ,c1

; r f β
km ,c1

〉 . . . 〈μβ
km ,cn

, ν
β
km ,cn

; r f β
km ,cn

〉

, (45)

where K={k1, . . . , ki, . . . , km}, i = 1, . . . , m; C=
{

c1, . . . , cj, . . . , cn
}

, j = 1, . . . , n.

Its elements aβ
ki ,cj ,h f

(for i = 1, . . . , m; j = 1, . . . , n) are generated as CIC-IFTs from the

IFPs piave
ki ,cj ,h f

using the following operations.
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for j = 1 to n
for i = 1 to m {

μ
β
ki ,cj ,h f

= μ
piT

ki ,cj ,h f
; ν

β
ki ,cj ,h f

= ν
piT

ki ,cj ,h f
(46)

rβ
ki ,cj ,h f

= max |
√
(μev

ki ,cj ,ds
− μ

piT

ki ,cj ,h f
)2 + (νev

ki ,cj ,ds
− ν

piT

ki ,cj ,h f
)2|

1≤s≤D

}
.

We proceed to Step 5.
Step 5. Thus, a 3-D CIE-IFIM PK is produced. From the standpoint of the chain ve, the

coefficients utilized in the following operation determine how each assessment criterion is
weighted for the master (sub-)franchisees:

PKβ1 [C, ve, h f , {pkcj ,ve ,h f
}] =

h f ve

c1 pkc1,ve ,h f
...

...
cj pkcj ,ve ,h f
...

...
cn pkcn ,ve ,h f

, (47)

where C={c1, c2, . . . , cn} and the elements pkcj ,ve ,h f
are CIC-IFTs.

The assessment CIC-IFIM

FIβnew
[K, ve, h f , { f iβ

ki ,ve ,h f
}] = Aβ "(◦1,◦2,∗) PKβ1 (48)

(for 1 ≤ i ≤ m) for master (sub-)franchisees for the brand ve includes all of the CIC-IF
estimates for the ki-th franchisee at a particular confidence probability β. βnew = min(β, β1).
We go on to Step 6.

Step 6. The franchise chain ve now uses the aggregation operation αK,#q ,∗(FIβ, k0) to
select the most beneficial master (sub-)franchisee using scenarios ranging from extremely
pessimistic to extremely optimistic, based on the value of q, 1 ≤ q ≤ 10:

αK,#q ,∗(FIβ, k0) =

h f ve

k0

m
#q, ∗
i=1

〈μki ,ve ,h f
, νki ,ve ,h f

, r f β
ki ,ve ,h f

〉 . (49)

We go on to Step 7.
Step 7. At this point, the updated rating coefficients for the experts taking part in

the assessment are acquired. Assume for the moment that the expert ds (s = 1, . . . , D) has
used γs evaluation methods to choose a franchisee. The following processes were used to
determine his score, at a specific confidence level β: rβ

s = 〈δs, εs, φ1
s , φ2

s 〉. Following that,
concepts from [54] will modify his updated score.

rβ′
s 〈δ′s, ε

′
s; φ1

′
s〉 =

⎧⎪⎪⎨⎪⎪⎩
〈 δγ+1

γ+1 , εγ
γ+1 ; ∗(φ1

′
s, φ1

s )〉, if the expert’s assessment was accurate

〈 δγ
γ+1 , εγ

γ+1 ; ∗(φ1
′
s, φ1

s )〉, if the expert has not provided any estimates

〈 δγ
γ+1 , εγ+1

γ+1 ; ∗(φ1
′
s, φ1

s )〉, if the expert has made an inaccurate assessment

(50)

The procedure is finished.

The suggested CIE-IFFr approach has a complexity of O(Dm2n2), based on the com-
plexity of ICrA [66]. In the case of more ambiguity, the operation ∗ = max is used;
otherwise, ∗ = min.
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The proposed CIE-IFFr technique can be applied to both crisp and CIC-IF data. It can
be used without limitations for other kinds of MCGDM problems, and adjusts effectively
to the different kinds of data that are present in a fuzzy environment. Ten options, ranging
from extremely pessimistic to extremely optimistic, are provided by the suggested method.
The procedure can be modified to work with multidimensional data by utilizing the
CIC-IFIMs apparatus.

Because of this, the suggested CIC-IF optimal franchisor selection challenge maintains
a societal viewpoint while accounting for the preferences of experts and decision-makers.

The CIC-IF data utilized in the optimum franchising problem study represent the
uncertain fuzzy environment more than the C-IFTs ones and describe the data’s un-
certainty with a varied probability β, depending on the chosen confidence level from
the decision-maker.

5. A Confidence-Interval Elliptic Intuitionistic Fuzzy Case Study for Selecting Master
and Sub-Franchises for Pizza Hut in Europe

In this section, we develop the role of AmRest Holdings SE as the main franchisee,
explaining its strategic responsibilities and the sub-franchising process. This introduces the
application of the CIC-IFFr technique of Section 4, allowing readers to better understand
the practical implications of selecting franchisees in Europe.

The optimal CIC-IF franchisee problem is: Pizza Hut, a global leader in the pizza indus-
try, effectively utilizes this model through its master and sub-franchise arrangements [47].
In Europe, AmRest Holdings SE is a prominent master franchisee for Pizza Hut. The
company manages the brand’s presence across several European countries, including the
Czech Republic, France, Hungary, Poland, and Slovakia. As a master franchisee, AmRest is
responsible for the overall strategy, marketing, and operational standards for Pizza Hut in
these regions. Additionally, the holding holds the authority to sub-franchise, selling the
rights to operate individual Pizza Hut units to local entrepreneurs. AmRest Holdings SE
(ve) searches for sub-franchisees of Pizza Hut in European countries, including the Czech
Republic, France, Hungary, Poland, and Slovakia.

Utilizing the knowledge of specialists d1, d2, and d3, they develop a set of standards
for assessing possible franchisees ki (for 1 ≤ i ≤ 4) in European nations. The Pizza Hut [47]
franchise company’s requirements form the basis of the procedure for selecting franchisees,
which is composed of four groups of criteria:

• C1—Financial stability and investment capability: Candidates for sub-franchisee must
meet the following minimal standards in order to be considered: EUR 650,000 in
net worth; EUR 350,000 in liquid assets; and a strong credit history and report. The
prospective master franchisee needs to show that they have the financial wherewithal
to contribute to the growth and development of the franchise system.

• C2—Experience and market understanding: a competent applicant would possess
extensive understanding of the local market conditions in addition to successful
ownership or management experience in the retail or restaurant industries.

• C3—Growth mindset: a well-defined and workable strategy for growing the franchise
network inside the assigned region.

• C4—An enthusiasm for operations is required of a Pizza Hut franchisee. They should
be completely “hands-on” in the business, customer-focused, meticulous, and able to
develop a team of people.

For each criterion (financial stability, experience, growth mindset, and operational
enthusiasm), we have provided deeper insights into why these criteria are critical for sub-
franchisee success. For instance, financial stability ensures the sub-franchisee can handle
long-term commitments, while operational enthusiasm guarantees that they are hands-on
in maintaining Pizza Hut’s service standards.

The ranking coefficients for the experts {r1, r2, r3}(1 ≤ s ≤ 3) are given. Expert
evaluations of the four courier franchise chains were determined by using the criteria;
the results were then displayed as IF data evki ,cj ,ds (for 1 ≤ i ≤ 4, 1 ≤ j ≤ 4, 1 ≤ s ≤ 3).
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The sub-franchisees’ final CIC-IF evaluations f ibeta
ki ,ve ,h f

(for 1 ≤ i ≤ 4) are based on the

priorities pkβ
cj ,ve

of criteria cj (for j = 1, . . . , 4), from the standpoint of the master franchise
ve at time h f at a certain probability level 95%.

We utilize the CIC-IFFr method from Section 4 to determine the best solution to the
problem in order to determine the ideal franchisee.

Step 1. 3-D EV[K, C, E, {eski ,cj ,ds}] are the professional judgments at this step. For
the ki-th franchisee (for 1 ≤ i ≤ 4, 1 ≤ j ≤ 4, 1 ≤ s ≤ 3), is constructed the expert’s
estimations by the cj-th criterion. The experts’ rank coefficients are given as {r1, r2, r3} =
{〈0.4, 0.1〉, 〈0.5, 0.1〉, 〈0.6, 0.1〉}.

The matrix of assessments is calculated by the operations

EV∗[K, C, E, {ev∗}] = r1 prK,C,d1 EV ⊕(◦1,◦2)
r2 prK,C,d2 EV ⊕(◦1,◦2)

r3 prK,C,d3 EV; EV := EV∗

and its IF form is⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
d1 c1 c2 c3 c4
k1 〈0.12, 0.73〉 〈0.20, 0.69〉 〈0.21, 0.70〉 〈0.36, 0.52〉
k2 〈0.36, 0.24〉 〈0.12, 0.69〉 〈0.20, 0.42〉 〈0.52, 0.24〉
k3 〈0.12, 0.6〉 〈0.36, 0.43〉 〈0.36, 0.51〉 〈0.36, 0.42〉
k4 〈0.28, 0.33〉 〈0.20, 0.51〉 〈0.52, 0.24〉 〈0.20, 0.51〉

,

d2 c1 c2 c3 c4
k1 〈0.14, 0.6〉 0.22, 0.33〉 〈0.18, 0.61〉 〈0.25, 0.34〉
k2 〈0.25, 0.43〉 〈0.25, 0.61〉 〈0.11, 0.69〉 〈0.32, 0.42〉
k3 〈0.18, 0.78〉 〈0.25, 0.51〉 〈0.46, 0.24〉 〈0.46, 0.15〉
k4 〈0.32, 0.42〉 〈0.11, 0.69〉 〈0.53, 0.15〉 〈0.25, 0.52〉

,

d3 c1 c2 c3 c4
k1 〈0.13, 0.78〉 〈0.31, 0.51〉 〈0.13, 0.33〉 〈0.31, 0.60〉
k2 〈0.31, 0.69〉 〈0.22, 0.78〉 〈0.31, 0.51〉 〈0.41, 0.51〉
k3 〈0.13, 0.78〉 〈0.31, 0.60〉 〈0.22, 0.60〉 〈0.49, 0.24〉
k4 〈0.13, 0.03〉 〈0.22, 0.69〉 〈0.40, 0.42〉 〈0.40, 0.50〉

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
Step 2. It is assumed that we have stability in the economic situation in which

franchisee candidates are evaluated. In this case, the realistic form of the aggregation
operator αE,#6 is used. If the economic situation improves, then the optimistic form of the
aggregation operation will be used αE,#10, while in the case of significant environmental
instability and inflation, the pessimistic form αE,#1 of the aggregation operation will be
applied. Now, let us use the realistic aggregation procedure to obtain the centers of the
CIC-IFTs (or mathematical expectations). αE,#6 over EV∗. piave = ev∗ki ,cj ,ds∀ki ∈ K, ∀cj ∈
C, ∀ds ∈ E) are the applicants’ grades. We acquire the IM PIave[K, C, h f , {piave

ki ,cj ,h f
}]:

PIave = αE,#6(EV∗, h f ) =

h f c1 c2 c3 c4
k1 〈0.13, 0.71〉 〈0.24, 0.51〉 〈0.17, 0.66〉 〈0.31, 0.48〉
k2 〈0.31, 0.39〉 〈0.2, 0.74〉 〈0.21, 0.57〉 〈0.41, 0.39〉
k3 〈0.14, 0.72〉 〈0.31, 0.51〉 〈0.35, 0.45〉 〈0.44, 0.27〉
k4 〈0.24, 0.49〉 〈0.17, 0.63〉 〈0.48, 0.27〉 〈0.28, 0.48〉

We calculate the results in accordance with the three experts involved in the evaluation.

ME = MEaverage,t =
tα/2.saverage√

D
= 0.19

at a given confidence level 95%.
Next, we compute the following IMs in order:

ME.αE,#σ (EV∗μ , h f ); ME.αE,#σ (EV∗ν , h f );
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PIle f tCB
μ [K, C, h f ] = PIave

μ '(◦1,◦2,∗) ME.αE,#σ (EV∗μ , h f );

PIrightCB
μ [K, C, h f ] = PIave

μ ⊕(◦1,◦2,∗) ME.αE,#σ (EV∗μ , h f );

PIle f tCB
ν [K, C, h f ] = PIave

ν '(◦1,◦2,∗) ME.αE,#σ (EV∗ν , h f )

and PIrightCB
ν [K, C, h f ] = PIave

ν ⊕(◦1,◦2,∗) ME.αE,#σ (EV∗ν , h f ).

Step 3. At this stage, we applied γ = 0.80 and δ = 0.10 to the matrix PIave using the
ICrA. It is determined that there are no criteria that rely on consonants based on ICrA. In
the μ− ν view result matrix (cf. Table 1), the outcomes are displayed as an IM.

Table 1. The InterCriteria correlations are provided by the IFPs.

C1 C2 C3 C4

C1 — 〈0.67, 0.28〉 〈0.77, 0.14〉 〈0.72, 0.22〉
C2 〈0.67, 0.86〉 — 〈0.72, 0.24〉 〈0.78, 0.16〉
C3 〈0.77, 0.14〉 〈0.72, 0.24〉 — 〈0.75, 0.22〉
C4 〈0.72, 0.22〉 〈0.78, 0.16〉 〈0.75, 0.22〉 —

Step 4. It is now possible to compute CIC-IFIM Aβ[K, C, h f {aβ
ki ,cg ,h f

}], which indicates

the sub-franchisees’ present assessments with a confidence level of α = 5% according to
the following criteria:

h f c1 c2 c3 c4
k1 〈0.13, 0.70; 0.75〉 〈0.24, 0.52; 0.77〉 〈0.17, 0.66; 0.78〉 〈0.31, 0.48; 0.76〉
k2 〈0.31, 0.39; 0.76〉 〈0.20, 0.66; 0.86〉 〈0.21, 0.57; 1.03〉 〈0.41, 0.39; 0.76〉
k3 〈0.14, 0.72; 0.79〉 〈0.30, 0.51; 0.76〉 〈0.35, 0.45; 0.82〉 〈0.44, 0.27; 0.94〉
k4 〈0.24, 0.48; 0.94〉 〈0.18, 0.63; 0.85〉 〈0.48, 0.28; 1.03〉 〈0.28, 0.49; 0.87〉

Step 5. These coefficients are used in the next phase on a 3-D CIC-IFIM PKβ to
determine the weights assigned to each evaluation criterion from the AmRest Holdings SE.

PKβ[C, ve, h f , {pkcj ,ve ,h f
}] =

h f ve

c1 〈0.80, 0.10; 0.02〉
c2 〈0.60, 0.20; 0.02〉
c3 〈0.80, 0.10; 0.02〉
c4 〈0.90, 0.10; 0.02〉

The CIC-IFIM FIβ[K, ve, h f , { f iki ,ve ,h f
}] = A"(◦1,◦2,min) PKβ (for 1 ≤ i ≤ m) is created.

We assume that the market environment is stable and the fuzziness of the parameters is
lower, in which case we will apply the aggregation operation αK,#10,min, and operation ∗
on the radii of the C-IFTs will be the minimum. Based on the optimistic situation, (for
1 ≤ i ≤ m) contains the complete estimates of the ki-th franchisee:

FI =

h f ve

k1 〈0.48, 0.16; 0.02〉
k2 〈0.58, 0.10; 0.02〉
k3 〈0.64, 0.06; 0.02〉
k4 〈0.61, 0.06; 0.02〉
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Step 6. With a maximum acceptance degree of 0.64 and a minimum rejection degree of
0.06, the super optimistic aggregation process αK,#10,min(FIβ, k0), produces k3 as the optimal
Pizza Hut franchisee. If the future is unknown, and the environment in which decisions
are made is unpredictable, the decision-makers in a gloomy condition (ultra pessimistic)
will choose the candidate k1 with the lowest degree of membership (0.48) and the largest
degree of non-membership (0.16).

Step 7. Finally, we take into consideration that senior experts evaluated the experts’
assessments for accuracy and concluded that they are correct from the standpoint of IF
logic [54]. These are their updated rating coefficients, with a confidence level of α = 5%:

{〈0.64, 0.09; 0.02〉, 〈0.55, 0.09; 0.02〉, 〈0.45, 0.09; 0.02〉}.

The decision-maker will favor the extreme pessimistic scenario in situations where
there is a great deal of uncertainty; the realistic scenario in situations where there are only
minor deviations in the market parameters; and the super optimistic scenario in situations
where the market parameters are stable uncertainty situations, as defined by CIE-IF logic;
hence, we were unable to compare the recommended CIE-IFKP method for franchisor
optimization with other methods.

The question of whether little differences in the input parameter values used had an
effect on the model’s conclusions arises after the CIC-IFFr results. Evaluating the created
model’s results’ sensitivity and resistance to changes in the input variables is crucial to
solving the CIC-IFFr problem. The CIC-IFFr outcomes are significantly influenced by the
criterion weights.

A sensitivity study [67] with eight alternative scenarios has been carried out to examine
the effects of varying the weight of each criterion on the ranking results by ±10%, ±25%,
±50%, and±75%, in that order. Eight distinct modifications to the study’s criterion weights
were performed during the research, and the outcomes varied according on the scenarios
that were explored.

To identify other options, the sensitivity of franchisee ranking to criteria weights
is investigated. Candidate k3 is the best choice if the first criterion is given top priority.
Candidate k4 is the best choice if the second criterion is given top priority. Candidate k2
is the best choice if the third criterion is given top priority, and candidate k1 is the best
choice if the fourth criterion is given top priority. In Section 5, we provided a detailed
explanation of the franchisee selection using the CIC-IFFr approach, by determining the
CIC-IF evaluations of the candidates according to the criteria. This addresses the uncertainty
present in decision-making processes and shows how these confidence intervals assist in
selecting a reliable sub-franchisee.

Once an appropriate sub-franchisee is chosen, it is necessary to align the franchisee is
goals with the master franchise is growth strategies for more efficient business operations
and market penetration.

6. Discussion

The proposed method, which integrates Confidence-Interval Circular Intuitionis-
tic Fuzzy Sets (CIC-IFSs) and Confidence-Interval Intuitionistic Fuzzy Index Matrices
(CIC-IFIMs), offers a novel and advanced approach to the decision-making process for
master and sub-franchise selection. By embedding confidence intervals within circular
intuitionistic fuzzy sets, this model significantly enhances the ability to capture uncer-
tainty, vagueness, and hesitancy in expert evaluations—critical factors often encountered
in real-world decision-making scenarios. The inclusion of competence coefficients further
refines the process by appropriately weighting expert opinions according to their perceived
reliability, ensuring that more credible evaluations exert a stronger influence on the final
decision.

The introduction of a dynamic evaluation framework is one of the main contributions
of this study. Unlike traditional models, where criteria values are static, the proposed
method allows for dynamic ranking by experts, tailored to the specific context and require-
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ments of the investor. This flexibility is particularly valuable in complex decision-making
environments like franchise selection, where the importance of different criteria may vary
significantly based on the specific circumstances.

Moreover, the CIC-IFFr method provides decision-makers with a spectrum of scenar-
ios, from super pessimistic to super optimistic, enabling a more nuanced analysis. This
capability to simulate various outcomes under different levels of uncertainty and opti-
mism adds a robust layer of adaptability to the decision-making process. The use of ten
forms of aggregation operations over index matrices allows the model to accommodate
different decision-making preferences, making it highly versatile and adaptable to various
decision contexts.

The application of this model to Pizza Hut’s European market serves as a practical
demonstration of its efficacy. The study’s findings suggest that the CIE-IFFr approach is
well-suited to identifying franchisees that align with the brand’s strategic and operational
criteria, thereby supporting better-informed, resilient, and sustainable franchise selection
decisions. The method’s ability to integrate both circular intuitionistic fuzzy data and
regular data further underscores its versatility, making it applicable to a wide range of
decision-making scenarios beyond franchise selection. Crisp and CIC-IF data can be used
with the suggested CIE-IFFr approach. It can be used without limitations and adjusts
effectively to the different kinds of MCGDM problems that are present in a fuzzy environ-
ment. The proposed approach offers 10 decision scenarios from super pessimistic to super
optimistic. The use of the CIC-IFIMs apparatus enables the algorithm used to be extended
to be used on multidimensional data.

Experts evaluate franchisees and consider the importance of the criteria while eval-
uating them in order to determine which is the greatest alternative. For this reason, the
recommended CIC-IF optimum franchisor selection challenge takes into account the pref-
erences of both experts and decision-makers while maintaining a social perspective. The
CIC-IFTs data utilized in the optimum franchising problem study represent the uncertain
fuzzy environment more than the C-IFTs ones, and describe the data’s uncertainty with a
varied probability β, depending on the chosen confidence level from the decision-maker.

7. Conclusions

This study presents a pioneering decision-making framework that leverages confidence-
interval circular intuitionistic fuzzy sets (CIC-IFSs) and confidence-interval intuitionis-
tic fuzzy index matrices (CIC-IFIMs) to enhance the selection process for master and
sub-franchises. By effectively capturing and incorporating uncertainty, vagueness, and
hesitancy—along with the integration of competence coefficients—our model offers a
more refined and reliable decision-making process. The dynamic criteria evaluation and
the capacity to simulate various decision-making scenarios further enhance the model’s
robustness and adaptability.

Our method has demonstrated several key advantages.

• Introduction of a novel method: The study introduces a unique method that leverages
CIC-IFSs for the first time. This new framework is designed to improve the decision-
making process specifically for master and sub-franchise selection.

• Enhanced capturing of uncertainty, vagueness, and hesitancy: by embedding con-
fidence intervals within the circular intuitionistic fuzzy sets, the proposed model
effectively captures not only the uncertainty and vagueness, but also the hesitancy in
expert evaluations.

• Incorporation of competence coefficients: The model refines the decision-making
process by integrating competence coefficients, which weight expert opinions based
on their perceived reliability. This ensures that more reliable expert judgments have a
greater influence on the final decision.

• Robust evaluation framework: the CIC-IFFr method combines the robustness of
confidence intervals with the advantages of C-IFSs, leading to a more comprehensive
and trustworthy evaluation framework for franchise selection.
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• Dynamic criteria evaluation: Criteria values are expressed as CIC-IF numbers and
established by experts with dynamic ranks. The significance of each condition is
assessed by the investor, adding a layer of adaptability to the model.

• Scenarios for decision-making: the model allows decision-makers to choose from
various scenarios, ranging from super pessimistic to super optimistic, by using ten
forms of aggregation operations over index matrices.

• Application to real-world case: the study focuses on Pizza Hut’s European market,
demonstrating the efficacy of the CIE-IFFr approach in selecting franchisees that meet
the brand’s strategic and operational criteria.

• Improved decision-making framework: the CIC-IFFr technique outperforms previ-
ous multi-criteria decision-making methods by integrating probabilistic information,
enhancing the quality and integrity of the data used in the evaluation process.

• Versatility of the model: The model is versatile, as it can be applied to both confidence
interval circular IF data and regular data, broadening its applicability. Using the IMs
as a means of storing large amounts of data allows the algorithm to be easily extended
so that it can be used on multidimensional data.

The CIC-IFFr approach exhibits several key advantages.
It provides a nuanced and comprehensive evaluation framework that captures the

varying degrees of membership, non-membership, and hesitancy associated with potential
franchisees. The integration of confidence intervals strengthens the robustness of the
decision-making process by accounting for variability and imprecision in expert judgments.
The circular membership function offers greater flexibility and adaptability than traditional
IFSs and their extensions, allowing for a more precise representation of criteria values. The
application of this method to the European market of Pizza Hut demonstrates its practical
relevance and effectiveness, showing that the CIC-IFFr approach can significantly enhance
the quality and integrity of franchise selection decisions. The model’s versatility, with
the ability to handle both circular intuitionistic fuzzy data and regular data, broadens its
applicability across various domains.

In conclusion, the proposed CIC-IFFr method represents a substantial advancement
in multi-criteria decision-making frameworks, particularly in contexts requiring careful
consideration of expert evaluations under uncertainty. Future research could explore its
application to other industries and decision-making scenarios, potentially expanding its
utility and further validating its effectiveness.
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Abstract: This paper presents an analysis of the Hamiltonian formulation for continuous systems
with second-order derivatives derived from Dirac’s theory. This approach offers a unique perspective
on the equations of motion compared to the traditional Euler–Lagrange formulation. Focusing on
Podolsky’s generalized electrodynamics, the Hamiltonian and corresponding equations of motion
are derived. The findings demonstrate that both Hamiltonian and Euler–Lagrange formulations
yield equivalent results. This study highlights the Hamiltonian approach as a valuable alternative for
understanding the dynamics of second-order systems, validated through a specific application within
generalized electrodynamics. The novelty of the research lies in developing advanced theoretical
models through Hamiltonian formalism for continuous systems with second-order derivatives. The
research employs an alternative method to the Euler–Lagrange formulas by applying Dirac’s theory to
study the generalized Podolsky electrodynamics, contributing to a better understanding of complex
continuous systems.

Keywords: Podolsky Lagrangian; Hamiltonian formulation; classical fields variables; Euler–Lagrange
equations
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1. Introduction

In the context of a deep understanding of theoretical physics, quantum theories
have emerged as a crucial theoretical framework. These are theories that aim to provide
an accurate mathematical description of natural phenomena and interactions between
particles and fields. We can envision these theories as carefully crafted mathematical tools
that enable us to better understand the surrounding world through the interpretation of
multiple experiments and measurements. The Podolsky equation exemplifies a type of
higher derivative gauge theory within the realm of quantum theories, where a kinetic
term is integrated into the Maxwell Lagrangian. This category of theories has prompted
extensive scholarly discussion [1–8]. Researchers are currently exploring the potential of
achieving enhanced organization of interactions at close distances by incorporating higher-
order derivatives akin to the framework employed in Podolsky’s electromagnetic dynamics.
This approach presents an exciting opportunity to formulate specific theories that surpass
the indeterminacies and difficulties associated with traditional gauge theory formulations.
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Moreover, systems governed by higher-order Lagrangians have gained increasing
significance in investigating physical phenomena. The prominent examples encompass the
organization of theories in the field of quantum measurement, in addition to the behaviors
of solid strings. In the realm of theoretical physics, the behavior of solid strings is studied as
vibrational patterns in space and time. Solid strings are considered theoretical models used
to comprehend the behavior of particles at the quantum level, where this theory relies on
the interaction of strings with variables like energy and intensity. As such, it can contribute
to interpreting phenomena at the particle level [9,10]. These examples also include the
study of solid particles [11,12] and relativistic particles in three-dimensional spacetime
with curvature and twisting. This concept is part of the general theory of relativity, which
posits that spacetime interacts as a single unit called spacetime. In the presence of mass or
energy, this leads to the curvature of spacetime around it, affecting the trajectory of moving
particles in the curved region [13]. Podolsky’s proposal to extend electrodynamics with
third-order derivatives [14] has further fueled interest in these system types.

Additionally, the effective Lagrangian in gauge theories was initially pioneered by
Ostrogradski [2,15,16]. It provides a valuable framework for deducing Hamiltonian equa-
tions of motion and Euler–Lagrange equations. Exploration of systems characterized by
fractional higher-order derivatives has been extensively researched in recent years. Build-
ing upon this context, Ref. [17] introduces a novel approach to address such systems,
specifically those featuring third-order fractional derivatives. This method is then applied
to Lee–Wick’s generalized electrodynamics, illuminating the behaviors of these intricate
systems. Ref. [18] further builds on this foundation, delving into advancements for systems
featuring even higher-order derivatives. Drawing from this context, Awaideh et al. have
effectively computed high-level fractional order derivatives using the Atangana–Baleanu
fractional derivative, allowing them to determine conserved variables such as energy
density, momentum, and Poynting’s vector [19].

The electromagnetic potentials, ϕ and Ai, play a crucial role as mathematical con-
structs intricately connected to electric and magnetic fields through Maxwell’s equations.
These potentials simplify the understanding of fields, especially those that vary with time,
and are essential in deriving the electric field. They effectively embody the electromagnetic
field that originates from charged particles, providing an internal view of field distributions
within specific spatial regions. In the past, the description relied solely on electric and
magnetic fields to portray the electromagnetic field. However, the integration of elec-
tromagnetic potentials introduced a precise framework for portraying electromagnetic
phenomena with greater comprehensiveness. Everyone contributes to providing an accu-
rate framework for depicting electromagnetic phenomena. The electromagnetic potentials
serve as mathematical tools to visualize the distributions of electric and magnetic fields
in space, with complete integration into the traditional description of the electromagnetic
field.

Higher-order variational theory includes functions that depend on higher-order deriva-
tives. There are two forms: the dependent form that involves derivatives and the indepen-
dent form that covers the function and its derivatives from the first order up to the (n − 1)
th order. The dependent form is helpful in calculating partial derivatives in mathematical
physics and for analyzing functions that rely on higher-order derivatives. On the other
hand, the independent form is valuable for solving boundary problems and for study-
ing functions that require control over super functions, as demonstrated in the optimal
endpoint problem in thermodynamics. Inspired by these discussions, researchers have
extended these formulations to encompass broader applications to continuous systems with
second-order derivatives. This methodology has also been expanded to include Podolsky’s
generalized electrodynamics. As a practical application of second-order derivatives in
rotational dynamics and stability, several studies [20–23] have examined topics such as
rigid body motion with gyrostatic moments, the dynamics of charged solid bodies, and
periodic solutions in two degrees-of-freedom systems. The main contributions of this study
can be summarized as follows:
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i. Second-order Hamiltonian analysis: The study presents a comprehensive analysis
of systems using Second-Order Lagrangian and Generalized Dirac’s derivatives.
Researchers gain insights into how the proposed methodology aligns with expected
theories. Subsequently, these results can be compared with the findings of other
researchers to verify alignment and attain a more generalized formulation.

ii. Enhanced understanding of Hamiltonian formalism: By applying Dirac’s method
to second-order Lagrangians, the research sheds light on a deeper understanding of
Hamiltonian formalism. This facilitates a more comprehensive analysis of physical
systems with intricate dynamics.

iii. Systems governed by higher-order Lagrangians:

1- These systems have gained increasing significance in investigating physical phe-
nomena, such as the organization of theories in the field of quantum measurement
and the behaviors of solid strings.

2- Other examples include the study of solid particles and relativistic particles in
three-dimensional spacetime with curvature and twisting.

iv. Higher-order variational theory: This theory includes functions that depend on higher-
order derivatives and is useful for calculating partial derivatives in mathematical
physics and analyzing functions that rely on higher-order derivatives.

This research aims to achieve two main objectives. Firstly, it aims to explore the
analysis of systems using generalized Dirac’s derivatives and second-order Lagrangian.
Secondly, it aims to illustrate how Podolsky’s generalized electrodynamics can be enhanced
through a more comprehensive approach, enabling its application to continuous systems
that involve second-order derivatives.

This work is structured as follows: Section 2 provides a concise overview of the Euler–
Lagrange equations of motion. Section 3 delves into the examination of the Hamiltonian
formulation of continuous systems. The equations of motion, expressed in terms of (φ, Ai),
are presented in Section 4 through Hamilton’s equations. Moving on to Section 5, we
explore a classical field example leading to the Podolsky equation in the second-order form.
Section 5 will introduce various applications of fractional calculus and provide research
recommendations. Lastly, Section 7 encompasses the conclusion of this study.

2. Classical Field Theories: Lagrangians of Second Order

We can discuss a continuous system described by a Lagrangian density, dependent
on dynamic field variables and their second-order derivatives. A Lagrangian density is a
function that describes a physical system’s dynamics, defined as the difference between
kinetic and potential energies. In our case, the Lagrangian density captures both the
system’s current state and its changing behavior over time. The term “continuous system”
implies smooth changes in field variables over time and space, contrasting with discrete
changes in other systems.

L = L(ψρ, ∂ηψρ, ∂η∂σψp
)
.

Now L can be expressed as:

L =
∫
L(ψp, ∂ηψρ, ∂η∂σψp

)
d3r. (1)

The variational principle and the classical variants of Lagrangian of the second order
are closely related. The Lagrangian function represents the difference between the kinetic
and potential energies of a physical system, and the classical variants of Lagrangian of
the second order are a set of mathematical equations used to describe the system’s motion
based on this function. To derive these equations, the principle of least action is applied to
the Lagrangian function, which is a specific form of the variational principle. Therefore,
the classical variants of Lagrangian of the second order provide an example of how the
variational principle can be used to determine the motion of physical systems.
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δ
∫

Ldt =
∫ ∫

δL d3rdt = 0, (2)

Equation (1) allows us to calculate the variation of the Lagrangian function in La-
grangian mechanics. The variation of L is denoted by δL and can be written as:

δL =
∂L
∂ψρ

δψρ +
∂L

∂
(
∂ηψρ

) δ
(
∂ηψρ

)
+

∂L
∂
(
∂η∂σψp

) δ
(
∂η∂σψp

)
, (3)

where L is the Lagrangian function, ψρ represents the generalized coordinates that describe
the configuration of the system, δ is a small parameter, and δψρ is the corresponding
variation in the generalized coordinate.

Substituting Equation (3) in Equation (2), and using the following commutation
relationship [20],

δ
(
∂ηψρ

)
= ∂η

(
δψρ

)
δ
(
∂η∂σψp

)
= ∂η∂σ

(
δψp

)⌉. (4)

We obtain,

δL =
∫ ∫ ⎛⎜⎜⎜⎝ ∂L

∂ψρ
δψρ +

∂L
∂
(
∂μψρ

)∂μ

(
δψρ

)
︸ ︷︷ ︸

second

+
∂L

∂
(
∂μ∂νψp

)∂μ∂ν

(
ψp

)
︸ ︷︷ ︸

third

⎞⎟⎟⎟⎠d3rdt = 0.

Integrating the second and third terms by parts we obtain:

δL =
∫ (

∂L
∂ψρ

δψρ − ∂μ
∂L

∂
(
∂μψρ

) δ
(
ψρ

)
+ ∂η∂σ

∂L
∂
(
∂η∂σψp

) δ
(
ψρ

))
d3rdt = 0.

This leads to Euler–Lagrange equation:

∂L
∂ψρ
− ∂μ

∂L
∂(∂μψρ)

+ ∂μ∂ν
∂L

∂(∂μ∂νψp)
= 0.

The equations of motion for a given physical system can be derived from the Euler–
Lagrange equation, which relates to the fields involved in the system. In the case of a
system with fields (φ and Ai), the equations of motion can be constructed using the Euler–
Lagrange equation with these fields as variables. This will result in a set of equations that
describe the motion of the system under consideration.

∂L
∂A0

− ∂μ
∂L

∂
(
∂μ A0

) + ∂μ∂ν
∂L

∂
(
∂μ∂ν A0

) = 0,

∂L
∂Ai

− ∂μ
∂L

∂
(
∂μ Ai

) + ∂μ∂ν
∂L

∂
(
∂μ∂ν Ai

) = 0.

To simplify the Euler–Lagrange relations, we can use the notation
(
∂μ= ∂v = ∂0, ∂i

)
,

as an example. With this notation, we can express the Euler–Lagrange relations in their the
first of all forms in the following manner:(

∂L
∂A0

− ∂0
∂L

∂(∂0 A0)
−∂i

∂L
∂(∂i A0)

+ ∂0∂0
∂L

∂(∂0∂0 A0)

+∂i∂0
∂L

∂(∂i∂0 A0)
+∂i∂j

∂L
∂(∂i∂i A0)

)
= 0, (5)

(
∂L
∂Ai
− ∂0

∂L
∂(∂0 Ai)

−∂i
∂L

∂(∂i Ai)
+ ∂0∂0

∂L
∂(∂0∂0 Ai)

+∂i∂0
∂L

∂(∂i∂0 Ai)
+∂i∂j

∂L
∂(∂i∂i Ai)

)
= 0. (6)
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3. Analysis of Hamiltonian Formalism for Second-Order Lagrangians Using
Dirac Method

In that section, we analyzed the Hamiltonian formalism using the Dirac method to
adapt it to second-order Lagrangians. We focused on explaining the concepts of “indepen-
dent variables” and “dependent variables” in detail.

Independent variables are those that are determined independently and are not con-
nected to any other variables in the system. For example, when studying the motion of
an object on a flat surface, time can be an independent variable as it is determined sep-
arately from the position or velocity. On the other hand, dependent variables are those
that depend on independent variables and change based on their values. For instance, if
we have a rectangle’s length and width, the rectangle’s area depends on these variables
and represents a dependent variable. Let us clarify this with a simple mathematical exam-
ple: Let us assume we have an equation for the motion of an object influenced by force
and acceleration. In this context, the independent variables are time and distance. The
dependent variables are velocity and acceleration, where velocity depends on distance and
time, and acceleration depends on the change in velocity over time. Using this example,
we can clearly understand the distinction between independent and dependent variables
in the context of Hamiltonian analysis. It is important to note that this formalism can be
universally applied to any second-order Lagrangian.

We analyze the Lagrangian by utilizing time derivatives of coordinates of the specified
type, L = L(ψρ, ∂ηψρ, ∂η∂σψp

)
. The generalized momenta π1 and π2 corresponding to

.
ψp

= ∂0ψp and
..

ψp = ∂
2
0ψp can be defined as follows [21]:

π1 =
∂L

∂
.
ψρ

− ∂0

⎛⎝ ∂L

∂
..
ψρ

⎞⎠,

π2 =
∂L

∂
..
ψρ

.

The Hamiltonian, depending on the time derivatives, reads as:

H = π1
.
ψρ + π2

..
ψρ −L

(
ψρ, ∂ηψρ, ∂η∂σψp

)
. (7)

Based on the equation provided earlier, the total differential corresponding to this
specific function can be articulated in the subsequent manner:

dH =

⎧⎪⎪⎨⎪⎪⎩
.
ψρdπ1 + π1d

.
ψρ +

..
ψρdπ2 + π2d

..
ψρ

− dL
dψρ

dψρ − dL
d(∂0ψp)

d
(
∂0ψp

)− dL
d(∂iψp)

d
(
∂iψp

)
− dL

d(∂2
0ψp)

d
(
∂2

0ψp
)− dL

d(∂i∂iψp)
d
(
∂i∂iψp

)
⎫⎪⎪⎬⎪⎪⎭.

Now, we can rewrite equations of Hamiltonian’s derivative of the above equation in
terms of Lagrangian density using the defined values of the momenta given as follows:

dH =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

.
ψρdπ1 + π1d

.
ψρ +

..
ψρdπ2 + π2d

..
ψρ

− dL
dψρ

dψρ − π1d
.
ψρ − π2d

..
ψρ

− dL
d(∂iψp)

d
(
∂iψp

)− dL
d(∂i∂iψp)

d
(
∂i∂iψp

)
− dL

d(∂i∂0ψp)
d
(
∂i∂0ψp

)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
. (8)

This means that the Hamiltonian can be expressed as a mathematical function in the
following manner:

H = H[(
ψρ, π1, ∂iψp, π2, ∂0∂iψp

)]
.
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Given the equation above, the complete differential for this specific function can be
formulated as follows:

dH =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂H

∂(ψp)
d
(
ψp

)
+ ∂H

∂(∂gψp)
d
(
∂gψp

)
+ ∂H

∂π1
dπ1 +

∂H
∂(π2)

d(π2)

+ ∂H
∂(∂0∂jψp)

d
(
∂0∂jψp

)
+ ∂H

∂(∂i∂0ψp)
d
(
∂i∂0ψp

)
+ ∂H

∂(∂i∂jψp)
d
(
∂i∂jψp

)
⎫⎪⎪⎪⎬⎪⎪⎪⎭. (9)

In cases 1 and 2, we can express the variation of the Hamiltonian resulting from
changes in the independent variables as a second-order derivative, similar to how we
define the variation in the Lagrangian.

Case 1: All variables are independent (ψρ, π1, π2):

dH =

(
∂H
∂ψρ

dψρ +
∂H
∂π1

dπ1 +
∂H
∂π2

dπ2

)
. (10)

We can rewrite Hamilton’s equations of motion by comparing Equations (8) and (9) as
outlined below. {

∂H
∂ψρ

= − ∂L
∂ρψp

, (11)

{
∂H

∂(∂iψp)
= − dL

∂(∂iψp) ,

{
∂H
∂π1

=
.
ψρ,

∂H
∂π2

=
..
ψρ,{

∂H
∂(∂i∂iψp)

= − ∂L
∂(∂i∂iψp) .

The Euler–Lagrange equation may be used to rewrite Equation (10). This equation has
the following form:

∂H
∂ψρ

= −
(

∂μ
∂L

∂
(
∂μψρ

) − ∂μ∂ν
∂L

∂
(
∂μ∂νψρ

)). (12)

Extending ∂μ∂ν in terms of (0, i), we obtain:

∂H
∂ψρ

=

⎛⎝−∂0
∂L

∂(∂0ψρ)
− ∂i

∂L
∂(∂iψρ)

+ ∂i∂0
∂L

∂(∂i∂iψρ)
+∂0∂0

∂L
∂(∂0∂0ψρ)

+ ∂i∂iψp
∂L

∂(∂i∂iψp)

⎞⎠. (13)

Case 2: The value of π1 depends on the variable (ψρ), while the value of π2 depends
on the variable (∂0ψρ). Therefore, when taking a variation, we only need to consider
variations in the independent variables ψρ and ∂0ψρ. This approach allows us to simplify
the calculation and focus only on the variables that have a direct impact on the values of
π1 and π2.

dH =
∂H
∂ψρ

dψρ +
∂H

∂
(
∂0ψρ

)d
(
∂0ψρ

)
. (14)

To represent the equations of motion obtained from Equation (14), write π1 and π2
in the general case π1 = R( ψρ) and π2 = f ( ∂0ψρ). As a result, their derivative can be
expressed as follows:

dπ1 =
∂R
∂ψρ

dψρ, (15)

dπ2 =
∂ f

∂(∂0ψρ)
d(∂0ψρ). (16)
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As a consequence of substituting Equations (15) and (16) for Equation (10) and compar-
ing the results with Equation (14), the following Hamiltonian density formulas are obtained:

∂H
∂ψρ

= −
(

∂μ
∂L

∂
(
∂μψρ

) − ∂μ∂ν
∂L

∂
(
∂μ∂νψρ

))+

⎛⎝ ∂R
∂ψρ

+
∂ f

∂
(

∂0ψρ

)
⎞⎠ ∂0ψρ. (17)

Equations (13) and (15) are powerful tools for analyzing dynamic systems that are
constrained by explicit or implicit limitations. In order to incorporate these constraints,
Lagrange multipliers are introduced. The Hamiltonian Dirac approach utilizes generalized
variables and their conjugate momenta as independent variables while emphasizing the
Hamiltonian as the dependent variable. This method is particularly useful for studying
complex systems that have constraints.

4. Hamilton Formalism in Form (φ, Ai) for Second-Order Lagrangians

Hamiltonian mechanics and classical field theory use the Lagrangian density and
field variables in the Hamiltonian formalism to derive equations of motion. This process
gives rise to two distinct scenarios: When all variables are independent, the equations
derive directly from the Euler–Lagrange equations. This results in a set of coupled partial
differential equations that effectively depict the evolution of the field. On the other hand,
when certain variables depend on others, a heightened level of complexity emerges. In such
cases, the equations of motion must account for these interdependencies. This intricate
consideration is achieved by implementing constrained variations, a method that expresses
changes in dependent variables (φ, Ai) with respect to independent ones. Consequently,
this approach leads to the emergence of modified Euler–Lagrange equations.

4.1. In the First Case

All variables
(
ψρ, π1, π2

)
are independent, and we can use the definition given in

Equation (12) to rewrite the equations of motion (i.e., Equation (13)) in terms of Lagrangian
density. Specifically, we can express the Hamiltonian H as a function of the field variables
(φ, Ai) and their conjugate momenta (πφ, πAi ), and take partial derivatives, with respect to
φ and Ai, to obtain Equations (16) and (17), respectively.

∂H
∂A0

=

(−∂0
∂L

∂(∂0 A0)
− ∂i

∂L
∂(∂i A0)

+ ∂i∂0
∂L

∂(∂i∂i A0)

+∂0∂0
∂L

∂(∂0∂0 A0)

)
, (18)

∂H
∂Ai

=

(−∂0
∂L

∂(∂0 Ai)
− ∂i

∂L
∂(∂i Ai)

+ ∂i∂0
∂L

∂(∂i∂i Ai)

+∂0∂0
∂L

∂(∂0∂0 Ai)

)
. (19)

These equations give us the rate of change of the Hamiltonian with respect to changes
in the field variables φ and Ai.

4.2. In the Second Case

The variables are dependent on one other; π1 depends on ψρ, and π2 depends on(
∂0ψρ

)
. To generate equations of motion in terms of Lagrangian density in this scenario,

we can still follow the same steps as in the previous one, but we also need to add some
more terms. Specifically, we need to add terms related to the variation of the dependent
variables with respect to φ and Ai. These terms are given by ∂R

∂(A0, Ai)
and ∂ f

∂(A0, Ai)
:

∂H
∂A0

=

(−∂0
∂L

∂(∂0 A0)
− ∂i

∂L
∂(∂i A0)

+ ∂i∂0
∂L

∂(∂i∂i A0)

+∂0∂0
∂L

∂(∂0∂0 A0)

)
+

(
∂R

∂A0
+

∂ f
∂(∂0 A0)

)
∂0 A0, (20)
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∂H
∂Ai

=

(−∂0
∂L

∂(∂0 Ai)
− ∂i

∂L
∂(∂i Ai)

+ ∂i∂0
∂L

∂(∂i∂i Ai)

+∂0∂0
∂L

∂(∂0∂0 Ai)

)
+

(
∂R
∂Ai

+
∂ f

∂(∂0 Ai)

)
∂0 Ai. (21)

5. Utilizing Euler and Hamiltonian Methods for Modeling the Podolsky Equation

In this section, we investigate the practical implementation of the aforementioned
methodology, focusing on the Podolsky Equation. This equation involves a Lagrangian den-
sity featuring second-order derivatives [22]. The Lagrangian can be expressed as follows:

L = −1
4

FμνFμν + a2∂λFαλ∂ρFρα,

where Fμν is defined as ∂μ Av − ∂v Am.
Expanding L with respect to (0, i), we can rewrite the Lagrangian as:

L =
1
2
(∂0 Ai − ∂i A0)

2 − a2
(

∂i

(
∂0 Ai − ∂i A0

)2 − ∂0

(
∂0 Ai − ∂i A0

)2
)

.

To obtain the conjugated momenta, we use the Euler–Lagrange Equations (5) and (6)
separately for the variables (φ, Ai). We then apply derivatives to each variable, which
allows us to obtain distinct outcomes for each variable.(

1 + 2a2
(

∂0
2 − ∂i

2
))

(∂0 + ∂i)
(

∂0 Ai − ∂i A0
)
= 0. (22)

The result in (22) is the same as the result in [24–26].
To obtain conjugated momenta, we introduce the generalized momenta with respect

to the variables (φ, Ai).

π1
1 =

∂L
∂(∂0 A0)

− ∂0

(
∂L

∂
(
∂2

0 A0
)) = 0, (23)

π2
1 =

(
∂L

∂(∂0 Ai)
− ∂0

(
∂L

∂(∂2
0 Ai)

)
= F0i − a2

(
2∂2

0 Ai−∂0∂i A0

))
, (24)

π1
2 =

∂L
∂
(
∂2

0 A0
) = 0, (25)

π2
2 =

∂L
∂
(
∂2

0 Ai
) = −2a2∂0F0i. (26)

By using the canonical Hamiltonian, which is defined as:

H = π1
1∂0 A0 + π2

1∂0 Ai + π1
2∂2

0 A0 + π2
2∂2

0 Ai −L.

Substituting the Lagrangian, we obtain:

H =

⎛⎜⎜⎝
[

F0i − a2
(

2∂2
0 Ai−∂0∂i A0

)]
∂0 Ai

−[2a2∂0F0i
]

∂2
0 Ai − 1

2 (∂0 Ai − ∂i A0)
2

a2
(

∂i
(
∂0 Ai − ∂i A0)2 − ∂0

(
∂0 Ai − ∂i A0)2

)
⎞⎟⎟⎠. (27)

Let us use Equations (16) and (17) to represent the dependent variables (φ, Ai). In case
one, we obtain: (

1 + 2a2
(

∂0
2 − ∂i

2
))

(∂0 + ∂i)
(

∂0 Ai − ∂i A0
)
= 0. (28)
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The equation obtained above is equivalent in form to the equation obtained from
Equation (20). This equivalence is achieved by taking into account the relationship:
ημν∂μ∂ν = ��� =

(
∂2

0 −∇2), [
1− 2a2���

]
∂μFμν = 0. (29)

Here, (�) represents the Dellembrian operator. The equations presented in this study
can be used to describe the motion of fourth-order systems, and the result obtained from
Equation (28) is in perfect agreement with the result presented in [25,26]. This result shows
how the mathematical analysis used in this study was accurate and consistent.

To obtain the derivative with respect to the independent variables (φ, Ai), we use the
Hamiltonian Equations (20) and (21).(

1 + 2a2
(

∂0
2 − ∂i

2
))

(∂0 + ∂i)
(

∂0 Ai − ∂i A0
)
= 0. (30)

The Hamilton–Dirac method and second-order differential equations show a striking
similarity in the equations of motion for both independent and dependent variables, as
seen in Equations (17)–(20), respectively. This similarity indicates that the equations of
motion derived from both approaches are equivalent, giving researchers confidence in
using either method when studying constrained systems. Understanding the mathematical
foundations of physical systems, especially those with constraints, is crucial for accurately
modeling and analyzing their behavior.

6. Applications of Second-Order Podolsky Lagrangians and Suggestions for
Further Research

Using the innovative Dirac theory, the generalized electric dynamics fields proposed
by Podolsky stands out as one of the most actively researched areas. These fields primarily
focus on exploring second-order derivatives within Podolsky’s equations for electrical
dynamics, playing a pivotal role in developing the quantum theory for electrical dynam-
ics. These advancements within the Hamiltonian model for continuous second-order
systems have the potential to trigger a profound transformation in our understanding
of physical phenomena, including Coulomb’s law and the principle of superposition.
Efforts by physicists have effectively demonstrated the possibility of extending the electro-
static laws derived from the principle of superposition and Coulomb’s law to encompass
second-order derivatives. Additionally, researchers have conducted thorough examina-
tions of the first-order relativistic model alongside interaction fields. Their precise analyses
delve into scenarios characterized by unique momentum-energy projections based on the
fractional-order Podolsky equation. Currently, exploration is underway to formulate novel
arrangements for individual systems, introducing new methods for investigating these
complex setups.

In a broader context, this research builds on classical dynamics frameworks, includ-
ing Lagrangian equations, Hamiltonians, and Euler equations. Each method has its own
strengths and limitations in solving complex problems. For example, additional constraints
may arise for second-order derivatives when dealing with exponential and Mittag-Leffler
factors that introduce singularities. The Hamiltonian approach with second-order deriva-
tives adds mathematical complexity compared to traditional methods like Euler–Lagrange,
especially in scenarios with numerous interactions. Furthermore, applying this approach to
specific systems often requires additional controls or assumptions. Challenges also include
handling non-physical solutions and analyzing intricate models with implicit electronics,
which complicates numerical applications. Such constraints might pave the way for the
emergence of a new and distinctive realm of research.

7. Conclusions

We have devised a novel methodology for investigating continuous systems charac-
terized by second-order derivatives. Our approach employs a Hamiltonian formulation,
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which has enabled us to deduce the Euler–Lagrange equations governing the dynamics of
such systems. We also obtained the Hamiltonian for these systems and used it to derive
the Hamiltonian equation of motion, which involves second-order derivatives. It is worth
noting that our results are consistent with those obtained using the conventional Euler–
Lagrange approach. To illustrate the utility of our approach, we have applied it to a specific
example of a system with second-order derivatives. This exercise allowed us to validate
our framework and obtain a deeper understanding of the physical behavior of such sys-
tems. Our study has presented a comprehensive Hamiltonian formulation for continuous
systems with second-order derivatives. The novelty of the research lies in an alternative
and complementary perspective to the traditional Euler–Lagrange framework. The results
obtained through our approach have been verified through a specific example, indicating
the potential utility of this framework in investigating a variety of physical systems.

The results confirm the effectiveness of the proposed approach in analyzing continuous
systems with second-order derivatives. These findings enhance the understanding of
complex physical systems, paving the way for practical applications in electrodynamics and
developing advanced control systems. The paper presents a comprehensive mathematical
framework that can be applied to a wide range of physical phenomena.
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Abstract: Thin-Plate Spline Generalized Linear Models (TPS-GLMs) are an extension of Semipara-
metric Generalized Linear Models (SGLMs), because they allow a smoothing spline to be extended to
two or more dimensions. This class of models allows modeling a set of data in which it is desired
to incorporate the non-linear joint effects of some covariates to explain the variability of a certain
variable of interest. In the spatial context, these models are quite useful, since they allow the effects
of locations to be included, both in trend and dispersion, using a smooth surface. In this work, we
extend the local influence technique for the TPS-GLM model in order to evaluate the sensitivity of
the maximum penalized likelihood estimators against small perturbations in the model and data.
We fit our model through a joint iterative process based on Fisher Scoring and weighted backfitting
algorithms. In addition, we obtained the normal curvature for the case-weight perturbation and
response variable additive perturbation schemes, in order to detect influential observations on the
model fit. Finally, two data sets from different areas (agronomy and environment) were used to
illustrate the methodology proposed here.

Keywords: exponential family; smoothing spline; penalized likelihood function; weighted back-
fitting algorithm; diagnostics measures

MSC: 62P12; 62J20; 62G05

1. Introduction

Thin-Plate Spline Generalized Linear Models (TPS-GLMs) represent an extension
of semiparametric generalized linear models (SGLMs) by enabling the application of
smoothing splines in multiple dimensions. These models have the same characteristics
of the generalized linear model (GLM), as described by McCullagh and Nelder [1]. Like
GLMs, TPS-GLMs can assume a variety of distribution families for the response variable.
They also allow for a non-linear relationship between the response variable’s mean and
the linear predictor via a link function, and they account for non constant variance in the
data. Furthermore, the TPS-GLM allow modeling non-linear joint interaction effects due to
some covariates, as well as the effects of coordinates in spatial data, making them a useful
tool to model dynamic pattern in different scientific areas, such as environment, agronomy,
ecology, and so on. Some of the main works related to thin-plate spline technique are
Duchon [2,3], Bookstein [4], and Chen et al. [5], while in the context of statistical modeling,
Wahba [6], Green and Silverman [7], Wood [8], and Moraga et al. [9], can be mentioned,
among others.
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However, it is well known that diagnostic analysis is a fundamental process in all
statistical modeling for any data set. This analysis allows us to validate the assumptions
established about the model in question and identify discrepant observations, and even-
tually influential ones on the fit of the model. One of the main diagnostic techniques
used in GLM and SGLM is local influence. In general, the idea of the local influence
technique introduced by Cook [10] is to evaluate the sensitivity of the MLEs when small
perturbations are introduced in the assumptions of the model or in the data, both in the
response variable and in the explanatory variables. This technique has the advantage,
regarding the case elimination technique, that it is not necessary to calculate the estimates
of the parameters for each case excluded. In our case, we are interested in developing
the local influence technique in the TPS-GLM, in order to detect observations that may
have a disproportionate influence on the estimators of both the parametric (regression
coefficient) and non-parametric (surface) part of the linear predictor. Such influence may
be due, for example, to the fact that each experimental unit contributes differently to the
model or that our variable of interest is exposed to a certain modification. In the context
of GLM and SGLM, there is empirical evidence that the maximum likelihood estimators
(MLEs) and maximum penalized likelihood estimators (PMLEs) are sensitive to this type
of situation, and therefore we believe that this sensitivity is also present in the estimators of
the TPS-GLM, in particular, in the surface estimator.

Various studies have expanded upon the technique of local influence within different
parametric models. Thomas and Cook [11] applied Cook’s method of local influence [10]
to generalized linear models to assess the impact of minor data perturbations. Ouwens
and Beger [12] obtained the normal curvature under a generalized linear model in order to
identify influential subjects and/or individual observations. Zhu and Lee [13] developed
the local influence technique for incomplete data, and extended such results to generalized
linear mixed models (see also Zhu and Lee [14] for further details). Espinheira et al. [15]
extended the local influence analysis to beta regression models considering various pertur-
bation scenarios. Rocha and Simas [16] and Ferrari et al. [17] derived the normal curvature
considering a beta regression model whose dispersion parameter varies according to the
effect of some covariates. Ferreira and Paula [18] developed the local influence approach to
partially linear Skew Normal models under different perturbation schemes, and Emami [19]
evaluated the sensitivity of Liu penalized least squares estimators using local influence
analysis. Most recently, Liu et al. [20] have reported the implementation of influence
diagnostics in AR time series models with Skew Normal (SK) distributions.

Within a semiparametric framework, Thomas [21] developed diagnostics for local
influence to assess the sensitivity of estimates for the smoothing parameter, which were
determined using the cross-validation criterion. Zhu and Lee [14] and Ibacache-Pulgar and
Paula [22] introduced measures of local influence to analyze the sensitivity of maximum
penalized likelihood estimates in normal and partially linear Student-t models, respectively.
Ibacache-Pulgar et al. [23,24] explored local influence curvature within elliptical semi-
parametric mixed models and symmetric semiparametric additive models. Subsequently,
ref. [25] and Ibacache-Pulgar and Reyes [26] further extended local influence measures to
normal and elliptical partially varying-coefficient models, respectively. Ibacache-Pulgar
et al. [27] developed the local influence method within the context of semiparametric addi-
tive beta regression models. Meanwhile, Cavieres et al. [28] calculated the normal curvature
to assess the sensitivity of estimators in a thin-plate spline model that incorporates skew
normal random errors. Jeldes et al. [29] applied the partially coefficient-varying model
with symmetric random errors to air pollution data from the cities of Santiago, Chile, and
Lima, Peru. In this context, they carried out an application of the local influence technique
to detect influential observations in the model fit. Saavedra-Nievas et al. [30] extended the
local influence technique for the spatio-temporal linear model under normal distribution
and with separable covariance. Recently, Sánchez et al. [31] obtained the normal curvature
for the varying-coefficient quantile regression model under log-symmetric distributions,
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and presented an interesting application of such results to an environmental pollution
data set.

In this work, we extend the local influence approach in Thin-Plate Spline Generalized
Linear Model.

The contents are organized as follows: Section 2 introduces the thin-plate spline
generalized linear model. Section 3 details the method for obtaining maximum penalized
likelihood estimators and discusses some statistical inferential results. In Section 4, we
provide a detailed description of the local influence method and derives normal curvatures
for various perturbation schemes. In Section 5, the methodology is illustrated using two
datasets. The paper concludes with some final observations in Section 6.

2. The Thin-Plate Spline Generalized Linear Model (TPS-GLM)

In this section, we present the TPS-GLM and the penalized function to carry out the
process of estimating the parameters.

2.1. Statistical Model

Let {yi | i = 1, . . . , n} be a data set where each response variable yi follows a distribu-
tion from the exponential family with the following density function:

fy(yi; θi, φ) = exp

[
yiθi − ψ(θi)

ai(φ)
+ c(yi, φ)

]
,

where θi is the canonical form of the location parameter and depends on the mean μi.
The term ai(φ) represents a known function of the unknown dispersion parameter φ
(or a vector of unknown dispersion parameters). The function c depends on both the
dispersion parameter and the responses, while ψ is a known function, such that the mean
and variance of yi are given by: μi = E(yi) = ∂ψ(θi)/∂θi and Var(yi) = ai(φ)Vi, with
Vi = V(μi) = ∂2ψ(θi)/∂θ2

i , respectively. The TPS-GLM is defined by Equation (1) and the
following systematic component:

g(μi) = ηi = w	
i α + f (ti), (1)

where wi is a (p× 1) vector of covariables, α = (α1, . . . , αp)	 corresponds to the vector of re-
gression coefficients, f (·) is unknown smooth arbitrary surface, and ti is a two-dimensional
covariates vector. To write the model given by Equation (1) in a matrix form, first con-
sider the one-to-one transformation of the vector f suggested by Green and Silverman [7],
stated as

f =

⎛⎜⎝ f (t1)
...

f (tn)

⎞⎟⎠ = Eδ + TTa ,

where a is a 3× 1 vector with components ai, δ is a n× 1 vector with components δi, E is a
(n× n) matrix whose elements are given by Eij =

1
16π ‖ti − tj‖2 log ‖ti − tj‖2, with Eii = 0

for each i, and T is a (3× n) matrix defined as

T =

(
1 1 . . . 1
t1 t2 . . . tn

)
.

Thus, the Model (1) can be written in a matrix form as

η = Xβ + Eδ,

where the regression matrix is structured as X =
(
TT W

)T , with W =
(
w	

1 , . . . , w	
n
)T ,

and the vector of regression coefficients as β =
(
aT α

)T
=

(
β1, . . . , βp+3

)
, where
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β j = aj (j = 1, 2, 3) and β j = αj−3 (j = 4, . . . , p + 3); see [9]. Note that this matrix
representation of the linear predictor allows us to treat the TPS-GLM as a semiparametric
generalized linear model, in which the term Xβ represents the parametric component and
Eδ the nonparametric component. One of the advantages of the TPS-GLM, apart from
being able to model both discrete and continuous variables that belong to the exponential
family, is its flexibility to model the non-linear joint effect of covariates through the surface
f present in the linear predictor η. In the context of spatial data, this models allows the
effect of coordinates to the incorporated into the modeling process. It is important to note
that when the surface f is not present in the linear predictor η, the model reduces to the
classical generalized linear model. However, if the vector t reduces to a scalar, t, the model
reduces to the semiparametric generalized linear model discussed, for instance, by Green
and Silverman [7].

2.2. Penalized Function

Under the TPS-GLM, we have that θ = (β	, δ	, φ)	 ⊆ Rp∗ , with p∗ = (p + 3) + n + 1
parameters. Then, the log-likelihood function is given by

L(θ) =
n

∑
i=1

Li(θ), (2)

where

Li(θ) =

[
yiθi − ψ(θi)

ai(φ)
+ c(yi, φ)

]
.

To ensure the identifiability of the parameter vector α, we assume that f belongs to the
function space where all partial derivatives of total order m reside within the Hilbert space
L2[Ed], the space of square-integrable functions on Euclidean d-space. Incorporating a
penalty function over f , we have that the penalized log-likelihood function can be expressed
as (see, for instance, Green and Silverman [7])

Lp(θ, λ f ) = L(θ) + λ∗f Jd
m( f ) , (3)

where Jd
m( f ) is a penalty functional measuring the wiggliness of f , and λ∗f (λ f ) is a constant

that depends on the smoothing parameter λ f ≥ 0. In general, a measure of the curvature
of f corresponds to its squared norm, ‖ f ‖, defined as

Jd
m( f ) = ‖ f ‖ = ∑

υ1+...+υd=m

m!
υ1! . . . υd!

∫ +∞

−∞
. . .

∫ +∞

−∞

(
∂m f

∂tα1
1 . . . ∂tαd

d

)2 d

∏
j=1

dtj .

For simplicity, in this work, we will consider the case in which d = 2, m = 2 and
g = g(t1, t2). Consequently, the penalty function J2

2 ( f ) is expressed in the form

J2
2 ( f ) =

∫ ∫
R2

{(
∂2 f
∂t2

1

)2

+ 2

(
∂2 f

∂t1∂t2

)2

+

(
∂2 f
∂t2

2

)2}
dt1dt2 ,

and measures the rapid variation in f and the departure from local linearity. In this case, the
estimation of f leads to a natural thin-plate spline. According to Green and Silverman [7],
we may express the penalty functional as J2

2 ( f ) = δTEδ. Then, if we consider λ∗f = −λ f /2,
the penalized log-likelihood function (3) can be expressed as

Lp(θ, λ f ) = L(θ)− λ f

2
δTEδ . (4)
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The first term in the right-hand side of Equation (4) measures the goodness-of-fit,
while the second terms penalizes the roughness of f with a fixed parameter λ f . Selecting
appropriate parameters is crucial in the estimation process, as they determine the balance
between the goodness-of-fit and the smoothness (or regularity) of the estimated function. It
is important to emphasize that selecting appropriate parameters is crucial in the estimation
process because they control the trade-off between goodness-of-fit and the smoothness (or
regularity) of the estimated function. In this work, the smoothing parameter is selected
through the Akaike Criterion (AIC) based on the penalized log-likelihood function given
in Equation (3). More details of the method are given in Section 3.7.

3. Estimation and Inference

In this section, we discuss the problem of estimating the parameters under the TPS-
GLM. Specifically, we derive a weighted iterative process based on the backfitting algorithm
and estimate the variance–covariance matrix of our estimator from the penalized Fisher
information matrix (see Green [32] and Green and Silverman [7]). A brief discussion of the
smoothing parameter selection is also presented.

3.1. Penalized Score Function

First, we are going to assume that the function Lp(θ, λ f ) is regular in the sense that it
admits first and second partial derivatives with respect to the elements of the parameter
vector θ. To obtain the score function for β, we must calculate ∂Lpi (θ, λ f )/∂β j for i ∈
{1, . . . , n} and j ∈ {1, . . . , p + 2}. After performing some partial derivative operations, we
have that the score function for β can be written in matrix as follows:

U
β
p(θ) =

∂Lp(θ, λ f )

∂β
= X	T̃(y− μ) ,

where X is an (n× 3 + p) matrix whose ith row is x	i , T̃ = diag
[
(ai(φ))

−1
(

∂μi
∂ηi

)
V−1

i

]
is a

(n× 3 + p) matrix, with Vi = V(μi) = ∂2ψ(θi)/∂θ2
i the variance function, ai(φ) a function

of φ, y = (y1, ..., yn)	 and μ = (μ1, ..., μn)	 are (n× 1) vectors.
Conversely, to derive the score function for δ, we need to compute ∂Lpi (θ, λ f )/∂δ� for

i ∈ {1, . . . , n} and � ∈ {1, . . . , n}. Again, after some algebraic operations, the score function
for δ can be written in matrix as follows:

Uδ
p(θ) =

∂Lp(θ, λ f )

∂δ
= E	T̃(y− μ)− λ f Eδ ,

where the matrix E is defined in Section 2.1. Finally, the score function for φ is given by

U
φ
p(θ) =

∂Lp(θ, λ f )

∂φ
= −

n

∑
i=1

(ai(φ))
−2{yiθi − ψ(θi)}+

n

∑
i=1

c′(yi, φ),

with c′(yi, φ) = ∂c(yi, φ)/∂φ, for i ∈ {1, . . . , n}. Thus, the vector of penalized score func-
tions of θ can be expressed compactly as

Up(θ) =

⎛⎜⎝ U
β
p(θ)

Uδ
p(θ)

U
φ
p(θ)

⎞⎟⎠ .

Note that if the model under consideration only considers the parametric component
in the linear predictor, that is, the nonparametric component is omitted, the expressions of
the remaining score functions are reduced to those obtained under the classical generalized
linear model.
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3.2. Penalized Hessian Matrix

To obtain the penalized Hessian matrix, we must compute the second-derivate of
Lp(θ, λ f ) with respect to each element of θ, that is, ∂2Lp(θ, λ f )/∂θj∗θ�∗ , for j∗, �∗ ∈ {1, . . . , p∗}.
After some algebraic operations, we have that the diagonal elements (block matrices) of the
Hessian matrix are given by

L
ββ
p =

∂2Lp(θ, λ f )

∂β∂α	
= −X	M∗X ,

Lδδ
p =

∂2Lp(θ, λ f )

∂δ∂δ	
= −E	M∗E− λ f E and

L
φφ
p =

∂2Lp(θ, λ f )

∂φ2 =
n

∑
i=1

2(ai(φ))
−3(yiθi − ψ(θi)) +

n

∑
i=1

c′′(yi, φ)) ,

where M∗ = diag1≤i≤n

[
(ai(φ))

−1(∂μi/∂ηi)
2V−1

i

]
and c′′(yi, φ) = ∂2c(yi, φ)/∂φ2, for 1 ≤

i ≤ n. The elements outside the main diagonal of the Hessian matrix take the form

L
βδ
p =

∂2Lp(θ, λ f )

∂β∂δ	
= −X	M∗E ,

L
β jφ
p =

∂2Lp(θ, λ f )

∂αj∂φ
= −

n

∑
i=1

(ai(φ))
−2

{
(yi − μi)V−1

i
∂μi
∂ηi

xij

}
and

L
δ�φ
p =

∂2Lp(θ, λ f )

∂δ�∂φ
= −

n

∑
i=1

(ai(φ))
−2

{
(yi − μi)V−1

i
∂μi
∂ηi

ei�

}
,

where xij denotes the (i, j)th element of the matrix X and eij denotes the (i, �)th element of
the matrix E, for i ∈ {1, . . . , n}, j ∈ {1, . . . , p + 2} and � ∈ {1, . . . , n}. Thus, the penalized
Hessian matrix can be represented as

Lp(θ) =

⎛⎜⎜⎝
L

ββ
p L

βδ
p L

βφ
p

L
βδ	
p Lδδ

p L
δφ
p

L
βφ	
p L

δφ	
p L

φφ
p

⎞⎟⎟⎠ .

It is noteworthy that this matrix simplifies to the Hessian matrix used in generalized
linear models when the nonparametric component is absent. The primary application of
this matrix lies in the normal curvature, which is essential for developing the local influence
technique. This will be discussed in the following section.

3.3. Penalized Expected Information Matrix

By taking the expectation of the matrix −Lp(θ), we derive the penalized expected
information matrix, which is of dimension (p∗ × p∗), as follows:

Jp(θ) = −E

[
∂2Lp(θ, λ)

∂θ∂θT

]
.

This matrix assumes the following diagonal structure in blocks:

Jp(θ) =

(
J

βδ
p (θ) 0

0 J
φφ
p (θ)

)
,
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where

J
βδ
p (θ) =

(
X	M∗X X	M∗E
E	M∗X E	M∗E + λ f E

)
and

J
φφ
p (θ) =

n

∑
i=1
−2(ai(φ))

−3(μiθi − ψ(θi))−
n

∑
i=1

E(c′′(yi, φ)),

with c′′(yi, φ) = ∂2c(yi, φ)/∂φ2 for i ∈ {1, . . . , n}.

3.4. Derivation of the Iterative Process

The value of θ that maximizes Lp(θ, λ f ), called maximum penalized likelihood es-
timate (MPLE) and denoted by θ̂, is carried out by solving the corresponding estima-

tion equations. Let θ =
(
θ	1 θ2

)	
, where θ1 =

(
β	 δ	

)	
and θ2 = φ. In addition,

consider the partition of the score function vector Up(θ) =
(

U1	
p (θ) U2	

p (θ)
)	

, where

U1	
p (θ) =

(
U

β	
p (θ) Uδ	

p (θ)
)

and U2
p(θ) = U

φ
p(θ). In order to estimate θ based on penali-

zed likelihood function given by Equation (4), we have to solve the equations{
U1

p(θ) = 0

U2
p(θ) = 0 .

These estimating equations are nonlinear, and necessitate an iterative approach for
their solution. An alternative frequently proposed in the context of generalized linear
models is the Fisher scoring algorithm (Nelder and Wedderburn, [33]), considering the fact
that in some situations the matrix −Lp(θ) can be non-positive definite. Then, the algorithm
for estimating θ1, with φ fixed, is given by

θnew
1 = θold

1 + (J
βδ
p (θ)−1)oldU1old

p (θ),

which is equivalent to solving the matrix equation(
I Sold

β E

Sold
δ X I

)(
βnew

δnew

)
=

(
Sold

0 zold

Sold
1 zold

)
, (5)

where zold = (y− μold) + ηold, with Sold
ϑ defined as

Sϑ =

⎧⎪⎨⎪⎩
(X	M∗old

X)−1X	M∗old
ϑ = β

(E	M∗old
E + λ f E)−1E	M∗old

ϑ = δ .

Consequently, the weighted back-fitting (Gauss–Seidel) iterations for simultaneously
updating β and δ are given by

βnew = Sold
β

(
zold − Eδold) , (6)

δnew = Sold
δ

(
zold − Xβold) , (7)

It is crucial to note that the system of Equations (5) is consistent, and the back-fitting
algorithm converges to a solution for any initial values, provided that the weight matrix
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M∗ is symmetric and positive definite. Additionally, if the parametric component w	
i β is

absent in the linear predictor, the estimator of δ is given by:

δnew = Sold
δ zold .

The MPLE of the dispersion parameter, θ̂2 = φ̂, can be determined through the
following iterative procedure:

θnew
2 = θold

2 − (J
φφ
p (θ)−1)oldU2old

p (θ) .

Summarizing, each iteration of the Fisher scoring algorithm updates β and δ using
Equations (6) and (7), and evaluating matrices Sϑ and M∗ at the MPLE of θ obtained in the
previous iteration, that is, θold, until convergence is obtained. The joint iterative process
that resolves Up(θ) = 0 is presented below.

3.5. Estimation of Surface

To obtain the MPLE of f, we must consider its one-to-one representation given in
Equation (2) and MPLE obtained from the iterative process described above. Indeed, we
have that f̂ can be obtained as

f̂ = Eδ̂ + TT â, ,

where δ̂ and â are the MPLE of δ and â, respectively. Note that vector â corresponds to the
first three elements of vector β̂. Consequently, f̂ is a natural thin-plate spline. Details of the
conditions that guarantee this result are given, for example, in Green and Silverman [7]
and Wood [34].

3.6. Approximate Standard Errors

In this study, we propose approximating the variance–covariance matrix of θ̂ by using
the inverse of the penalized Fisher information matrix. Specifically, we have that

Ĉov(θ̂) ≈ J−1
p (θ)

∣∣
θ̂

.

If we are interested in drawing inferences for β, the approximate variance–covariance
matrix can be estimated by using the corresponding block-diagonal matrix obtained from
J−1

p (θ), similarly for f and φ.

3.7. On Degrees of Freedom and Smoothing Parameter

For the TPS-GLM, the degree of freedom (d f ) associated with the smooth surface is
given by (see, for instance Green and Silverman [7])

d f (λ f ) = tr(E	Sδ),

which approximately represents the number of effective parameters used in the modeling
process to estimate the smooth surface f .

Regarding the selection of the smoothing parameter, we propose to use the Akaike
Information Criterion (AIC) (see, for instance, [24,35]), defined as

AIC(λ f ) = −2Lp(θ, λ f )
∣∣
θ̂
+ 2[1 + p + d f (λ f )] ,

where Lp(θ, λ f ) denote the penalized likelihood function evaluated at MPLE of θ, and p
denote the number of parameters in β. As usual, the idea is to select the value of λ f that
minimizes AIC(λ f ).
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4. Local Influence

In this section, we extend the local influence technique to evaluate the sensitivity of
the MPLE under the TPS-GLM. Specifically, we present some theoretical aspects of the
method and, subsequently, we derive the normal curvature for three perturbation schemes.

4.1. Local Influence Analysis

Consider ω = (ω1, . . . , ωn)	, an n × 1 vector of perturbations restricted to some
open subset Ω ⊂ Rn. Let Lp(θ, λ f | ω) denote the logarithm of the perturbed penalized
likelihood function. Assume there exists a vector of non-perturbation ω0 ∈ Ω, such that
Lp(θ, λ f | ω0) = Lp(θ, λ f ). To evaluate the influence of small perturbations on the MPL
estimate θ̂, we can consider the penalized likelihood displacement given by:

2[Lp(θ̂, λ f )− Lp(θ̂ω, λ f )] ≥ 0,

where θ̂ω is the MPL estimate under Lp(θ, λ f | ω). The measure LD(ω) is useful for
assessing the distance between θ̂ and θ̂ω . Cook [10] suggested examining the local behavior
of LD(ω) around ω0. The procedure involves selecting a unit direction d ∈ Ω, with ‖d‖ = 1,
and then plotting LD(ω0 + ad) against a, where a ∈ R. This plot, called the lifted line, can be
characterized by considering the normal curvature Cd(θ) around a = 0. The suggestion is to
assume the direction d = dmax corresponding to the largest curvature Cdmax(θ). The index
plot of dmax can identify those cases that, under small perturbations, have a significant
potential influence on LD(ω). According to Cook [10], the normal curvature in the unit
direction d is expressed as

Cd(θ) = −2{d	Δ	p L−1
p Δpd},

with

Lp =
∂2Lp(θ, λ f )

∂θ∂θ	

∣∣∣∣
θ=θ̂

and Δp =
∂2Lp(θ, λ f

∣∣ω)

∂θ∂ω	

∣∣∣∣
θ=θ̂, ω=ω0

.

Note that −Lp represents the penalized observed information matrix evaluated at
θ̂ (see Section 3.2), and Δp is the penalized perturbation matrix evaluated at θ̂ and ω0.
It is essential to highlight that Cd(θ) denotes the local influence on the estimate θ̂ after
perturbing the model or data. Escobar and Meeker [36] suggested examining the normal
curvature in the direction d = ei, where ei is an n× 1 vector with a one at the ith position
and zeros elsewhere. Consequently, the normal curvature, referred to as the total local
influence of the ith case, takes the form Cei (θ) = 2|cii| for i ∈ {1, . . . , n}, where cii is the ith
principal diagonal element of the matrix C = Δ	p L−1

p Δp.

4.2. Derivation of the Normal Curvature

Typically, the perturbation schemes used in the analysis of local influence are de-
termined by the structure of the model under consideration, as discussed by Billor and
Loynes [37]. These schemes can generally be divided into two main categories: perturba-
tions to the model (to examine changes in assumptions) or perturbations to the data. For
instance, we might consider perturbing the response variable or the explanatory variables.
The motivation for employing these perturbation schemes often includes addressing issues
such as the presence of outliers or the occurrence of measurement errors in the data. Subse-
quently, we will present the formulas for the matrix Δp for various perturbation schemes.

Consider the weights assigned to the observations in the penalized log-likelihood
function, given by:

Lp(θ, λ f
∣∣ω) = L(θ

∣∣ω)−
n

∑
i=1

λ f

2
δ	Eδ ,
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where L(θ
∣∣ω) = ∑n

i=1 ωiLi(θ), ω = (ω1, . . . , ωn)	 is the vector of weights, with 0 ≤ ωi ≤
1. In this case, the vector of no perturbation is given by ω0 = 1(n×1). Differentiating
Lp(θ, λ f

∣∣ω) with respect to the elements of θ and ωT , we have that the matrix Δp takes
the form

Δp =

⎛⎝ X	Dτ

E	Dτ

û	

⎞⎠,

where the matrix Dτ = diag1≤i≤n
(
τi
)

and u = (u1, . . . , un)	, with τi = (ai(φ))
−1(yi −

∂ψ(h(ηi))/∂h(ηi))∂h(ηi)/∂ηi, h(ηi) = ψ
′−1

(ηi), ψ
′−1

(·) denotes the inverse function of ψ
′
(·),

ui = −(ai(φ))
−2(yih(ηi)− ψ(h(ηi)) + c′(yi, φ)e	in, and ein a vector with 1 at the ith position

and zero elsewhere.
To perturb the response variable values, we consider yiω = yi + ωi for i ∈ {1, . . . , n},

where ω = (ω1, . . . , ωn)	 is the vector of perturbations. The vector of no perturbation
is ω = (0, . . . , 0)	. The perturbed penalized log-likelihood function is constructed from
Equation (3) with yi replaced by yiω, as follows:

Lp(θ, λg
∣∣ω) = L(θ

∣∣ω)−
n

∑
i=1

λ f

2
δ	Eδ ,

where L(·) is defined in Equation (2) with yiω replacing yi. By differentiating Lp(θ, λ | ω)
with respect to the elements of θ and ωi, and after some algebraic manipulation, we obtain:

Δp =

⎛⎝ X	Dc
E	Dc

d̂	

⎞⎠,

where the matrix Dc = diag1≤i≤n
(
ci
)

and d = (d1, . . . , dn)	, with ci = ∂h(ηi)/∂ηi and
di = −(ai(φ))

−2(h(ηi)e
	
in + c′(yiω, φ)/∂ωi), with ein denoting a vector with 1 at the ith

position and zero elsewhere.

5. Applications

In this section, we show the applicability of the TPS-GLM and the local influence
method with two real data applications. The model estimation and diagnostics have been
implemented using MatLab 9.13.0 (R2022b) software [38] (the developed code is available
on request by the authors).

5.1. Wypych Data

The first dataset we use to illustrate the applicability of the TPS-GLM consists of
83 sample points within a 46.6-hectare agricultural area in Wypych, located at latitude
24°50′24′′ S and longitude 53°36′36′′ W, with an average altitude ranging from 589 to 660 m.
The data were collected during the 2006/2007 agricultural year in the western region
of Paraná State, Brazil (see [39], Appendix 4). The soil is classified as Dystroferric Red
Latosol with a clayey texture. The region’s climate is mesothermal, super-humid temperate,
classified as Cfa according to (Köeppen), with a mean annual temperature of 21 °C. The
83 georeferenced points were determined by a regular grid of 75× 75 m using a global
positioning system (GPS). The collected variables were as follows:

• Soya: average of soybean yield (t/ha).
• Height: average height (cm)of plants at the end of the production process.
• Pods: average number of pods.
• Lat: latitude (UTM).
• Long: longitude (UTM).

The original objective was to investigate the spatial variability of soybean yield (Soya)
in the studied area based on the covariates: average plant height, average number of pods
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per plant, latitude, and longitude. Figure 1 shows the scatterplots between the response
variable Soya and the explanatory variables Height and Pods. In addition, the plot of the
response variable against the coordinates is shown. Clearly, from Figure 1a,b, it can be seen
that the explanatory variables Height (X2) and Pods (X3) are linearly related to the response
variable Soya (Z). The spatial effect given by the coordinates (X,Y) will be incorporated into
the model through a smooth surface.
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Figure 1. Scatter plots: Soya versus Height (a), Soya versus Pods (b), and Soya versus coordinates in
UTM (c).

5.1.1. Fitting the TPS-GLM

Based on the above analysis, we propose the TPS-GLM, introduced in Section 2, to
model the trends present in the Wypych data. Specifically, we are going to assume that the
response variable Soya belongs to the Gaussian family, and that the link function is the
identity. Therefore, the model is expressed as follows:

g(μi) = μi = β0 + β1Heighti + β2Podsi + f (Lati, Longi) i ∈ {1, . . . , 83},

where β = (β0, β1, β2)
	 correspond to the regression coefficients associated with the

parametric component of the model, and f (·) is a smooth surface. Table 1 lists the MPLE of
β. The respective asymptotic standard errors are presented in parentheses.
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Table 1. MPLEs with their standard errors (within parenthesis), AIC and R2(Adj).

Model

Parameters Gaussian Linear TPS-GLM

β0 1.1921 (0.672) 0.497 (0.751)
β1 0.0116 (0.0128) 0.032 (0.015)
β2 0.0339 (0.0079) 0.030 (0.008)

AIC 149.99 139.9992
R2(Adj) 0.168 0.315

The value of the smoothing parameter λ f was selected in such a way that the AIC
criterion was minimized. The adjusted determinant coefficients (R2(Adj)) are evaluated
for assessing the goodness-of-fit of the two models. It is important to note that our model
have a lower AIC and an higher R2(Adj), compared to the multiple regression model that
does not consider the spatial effect. Figure 2a shows the QQ-plot for the standardized
residuals, whose adjustment to the Gaussian TPS-GLM seems to be reasonable. However,
the presence of some atypical observations is observed in one of the tails of the distribution.
Figure 2b displays the scatter plot between the observed values, Soya, and their estimated
values, Ŝoya. Considering the trend of the points, we conclude that the estimates are good,
since they generate consistent adjusted values of the response variable.
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Figure 2. QQ-plots of the standardized residuals for the TPS-GLM with its confidence interval
(dashed lines) (a) and scatterplot between Soya and Ŝoya (b), under model fitted to Wypych data.

5.1.2. Diagnostic Analysis

To identify potentially influential observations on the MPLE under the fitted Gaussian
TPS-GLM for the Wypych data, we present several index plots of Bi = Bei (γ) for γ = β, δ.
Figure 3 shows the index plot Bi for the case-weight perturbation scheme under the fitted
model. Figure 3a reveal that the observations #6, #61, #69 and #71 are more influential on
β̂, whereas the observations #6, #66, #61 and #38 are more influential on δ̂; see Figure 3b.
When we perturb the response variable additively, we have that the observations #80, #32,
#75 and #88 are more influential on β̂; see Figure 4a. Regarding δ̂, observations #3, #42 and
#80 appear as slightly influential as seem in Figure 4b.
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Figure 3. Index plots of Bi for assessing local influence on β̂ (a) and δ̂ (b), considering case-weight
perturbation.
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Figure 4. Index plots of Bi for assessing local influence on β̂ (a) and δ̂ (b), considering response
variable additive perturbation.

We conclude that the maximum penalized likelihood estimates (MPLE) of the regres-
sion coefficients and the smooth surface exhibit sensitivity to modifications made to the
data or the model. This analysis has shown that observations identified as influential for the
parametric component do not necessarily exert influence on the non-parametric component,
and vice versa. For instance, under the case-weight perturbation scheme, observations
#69 and #71 were detected as influential for the parametric component, but not for the
nonparametric component.

5.1.3. Confirmatory Analysis

Table 2 displays the relative changes experienced by each element in the vector of
regression coefficients. In this analysis, we only consider the three most influential observa-
tions under the case-weight perturbation scheme. As can be seen in this table, observations
#6, #61 and #69 generate significant changes in the estimates. Still, no relevant inferential
changes were noted. However, the AIC and &R2(Adj) present some differences once the
above observations are dropped.
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Table 2. Relative changes (RCs) (in %) in the MPL estimates of β j in cases-weight perturbation
under the TPS-GLM. The last two columns indicate the AIC and R2(Adj) of the model with dropped
observations.

Parameters and Relatives Changes

Dropped Obs. β0 β1 β2 RCβ0
RCβ1

RCβ2
AIC R2(Adj)

6 1.696 0.009 0.023 122.59 63.93 27.52 125.50 0.267
61 0.987 0.022 0.027 29.47 15.19 12.23 131.96 0.356
69 0.432 0.035 0.028 43.33 35.04 10.85 138.07 0.326

6-61 1.996 0.002 0.022 161.89 92.06 27.65 116.20 0.218
6-69 1.481 0.014 0.023 94.35 45.61 26.09 124.52 0.268
61-69 0.704 0.029 0.028 7.59 9.58 10.93 131.03 0.358

6-61-69 1.868 0.005 0.023 145.16 81.03 26.90 115.83 0.310

On the other hand, Table 3 shows the relative changes in the vector of regression
coefficients under the additive perturbation scheme of the response variable. Here, we
consider the four most influential observations. As can be seen in the table, observations
#32, #69, #75 and #80 generate important relative changes in the estimates of the parametric
component of the model. However, no significant inferential changes were observed. About
the AIC and &R2(Adj), there are not evident differences.

Table 3. Relative changes (RCs) (in %) in the MPL estimates of β j in response variable perturbation
under the TPS-GLM. The last two columns indicate the AIC and R2(Adj) of the model with dropped
observations.

Parameters and Relatives Changes

Dropped Obs. β0 β1 β2 RCβ0
RCβ1

RCβ2
AIC R2(Adj)

32 0.701 0.027 0.029 8.000 4.62 5.23 138.73 0.319
69 0.432 0.034 0.027 43.33 29.0 12.22 138.07 0.326
75 0.760 0.028 0.027 0.24 6.22 12.65 139.44 0.307
80 0.699 0.028 0.029 8.21 7.86 8.16 139.01 0.311

32-69 0.382 0.035 0.030 49.87 32.82 4.00 136.81 0.33
32-75 0.700 0.027 0.030 8.17 4.12 4.90 138.11 0.319
32-80 0.621 0.028 0.031 18.49 6.34 0.16 137.63 0.316
69-75 0.430 0.035 0.028 43.61 34.96 10.96 137.53 0.318
69-80 0.333 0.036 0.029 56.33 38.32 5.39 136.99 0.322
75-80 0.695 0.028 0.029 8.85 7.25 7.90 138.39 0.302

32-69-75 0.381 0.035 0.030 49.98 32.33 3.74 136.22 0.322
32-75-80 0.621 0.028 0.031 18.54 5.23 0.96 136.93 0.308
69-75-80 0.333 0.036 0.029 56.26 37.40 5.09 136.42 0.314

32-69-75-80 0.271 0.035 0.032 64.47 30.15 3.22 134.96 0.320

5.2. Ozone Concentration Data

For our analysis, we utilize data from a study examining the relationship between
atmospheric ozone concentration (O3) and various meteorological variables in the Los
Angeles Basin for a sample of 330 days in 1976. The data were initially presented by
Breiman and Friedman [40], and are available for download from various public reposito-
ries. Although the dataset includes several variables, in this application, we will consider
only three explanatory variables, which are detailed in the following.

• O3: daily maximum one-hour average ozone concentration in Upland, CA, measured
in parts per million (ppm).

• Temp: Sandburg Air Base temperature, in Celsius.
• Vis: visibility, in miles.
• Day: calendar day.

Figure 5 contains the dispersion graphs between the outcome variable (log(O3)) and
each one of the explanatory variables Temp, Vis and Day.
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Figure 5. 3D plots between the response variable and the explanatory variables: logarithm of ozone
data versus temperature and day variables (a), and logarithm of ozone data versus visibility and day
variables (b).

Figure 5a shows a curved surface in the relationship between the variable log(O3)
and the joint effect of the explanatory variables Temp and Day, whereas the relationship
between log(O3) and the joint effect of the explanatory variable Vis and Day shows less
curve; see Figure 5b. This graphical analysis recommends the inclusion in the model of a
nonparametric component, specifically a surface, that can explain the relationship between
log(O3) and the combined effect of the explanatory variables Temp and Day. For simplicity,
in this work, we will include the effect of the explanatory variable Vis in a linear form. To
begin our analysis, we are going to consider the fit of a GLM assuming that the variable of
interest O3 is Poisson distributed with mean μi and logarithmic link function. Different
structures of the linear predictor for the explanatory variables Vis, Temp, and Day will be
considered (see Table 4).

Table 4. Four structures of the linear predictor for the explanatory variables Vis, Temp, and Day,
assuming that the response variable log(O3) follows a POISSON(μi) distribution.

Model g(μi) = log(μi)

I β0 + β1Visi + β2Tempi + β3Dayi
II β0 + β1Visi + β2Tempi + f (Dayi)
III β0 + β1Visi + β2Tempi + β3Dayi + β4Tempi ×Dayi
IV β0 + β1Visi + f (Tempi, Dayi)

For Model I, we consider only the individual effects of the explanatory variables
Vis, Temp and Day. Note that all these effects were incorporated in a linear form in
the systematic component of the model. For Model II, we consider the inclusion of a
nonparametric term to model the nonlinear effects of the explanatory variable Day; see
Ibacache et al. [41]. Model III considers a systematic component that contains the individual
effects of the explanatory variables Vis, Temp and Day, in addition to the incorporation of
the interaction effect between the explanatory variables Temp and Day. Here, the interaction
effect is introduced linearly in the model. Model IV corresponds to a TPS-GLM where the
joint effect of the Temp and Day explanatory variables is included nonlinearly by using
smooth surface. Table 5 contains the ML and MPL estimates associated with the parametric
component for the four fitted models.

It is important to note that both the individual and interaction effects are statistically
significant, as the corresponding p-values (not shown here) are less than 0.05. Additionally,
the estimates of β0 are similar across the four models, whereas the estimates of β1 vary
considerably, particularly in Model IV. Concerning the associated standard errors, all
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the estimators exhibit small values. The last two rows of Table 5 display the Akaike
Information Criterion (AIC) and R2 values, respectively. It is evident that the TPS-GLM,
with AIC(λ f ) = 1777.705, provides the best fit to the Ozone data, followed by Model II
with an AIC of 1806.837. This is corroborated by the QQ-plots in Figure 6, specifically
Figure 6b,d. Furthermore, the R2 value associated with our model is higher than those
of Models I, II, and III. The smoothing parameter λ f was chosen such that the effective
degrees of freedom were approximately 7. Figure 7 illustrates the 3D plot of the adjusted
log(O3) against the explanatory variables Temp and Day, showing an adequate fit of the
TPS-GLM.

Table 5. AIC, R2(Adj), ML and MPL estimates for all four fitted models to the Ozone data.

Parameters I II III IV

β0 0.577 (0.104) 0.478 (0.142) 0.787 (0.198) 2.507 (0.040)
β1 −0.002 (0.0003) −0.002 (0.0003) −0.002 (0.0003) −0.002 (0.0003)
β2 0.035 (0.001) 0.033 (0.002) 0.032 (0.003) -
β3 −0.001 (0.002) - −0.002 (0.001) -
β4 - - 0.00002 (0.00002) -

AIC 1887.312 1806.837 1887.757 1789.92
R2(Adj) 0.673 0.715 0.670 0.728
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Figure 6. QQ-plot of the standardized residuals for the models described in Table 5: Model I (a),
Model II (b), Model III (c) and Model IV (d).
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5.2.1. Diagnostic Analysis

To identify potentially influential observations on the MPL estimators under the fitted
TPS-GLM for the Ozone data, we present some index plots of Bi = Bei (γ), for γ = β, δ.
Figure 8 shows the index plot of Bi for the case-weight perturbation scheme under the fitted
model. In Figure 8a,b, note that observations #167, #220, #168, and #177 are more influential
on β̂ and δ̂, respectively. By perturbing the response variable additively, it becomes clear
that observations #125, #175, #218, #219, and #221 are more influential on β̂ and δ̂; see
Figure 9a and 9b, respectively.

0 50 100 150 200 250 300

Index

0

0.2

0.4

0.6

B
i

(a)

167 220

177168

0 50 100 150 200 250 300

Index

0

0.2

0.4

0.6

0.8

B
i

(b)

220167

177168

Figure 8. Index plots of Bi for assessing local influence on β̂ (a) and δ̂ (b), considering case-weight
perturbation under model fitted to Ozone data.

From the local influence analysis, we conclude that the MPLE of the regression co-
efficients and the smooth surface are sensitive to perturbations in the data or the model.
Furthermore, this analysis revealed that observations identified as influential for the para-
metric component are also influential for the nonparametric component, and vice versa. For
example, under the case-weight perturbation scheme, observations #167, #220, #168, and
#177 were found to be influential for both the parametric and nonparametric components.
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Figure 9. Index plots of Bi for assessing local influence on β̂ (a) and δ̂ (b), considering response
variable additive perturbation.

5.2.2. Confirmatory Analysis

To investigate the impact on model inference when influential potentially observations
detected in the diagnostic analysis are removed, we present the relative changes (RCs)
in the MPL estimate of β j for j ∈ {1, 2} after removing the influential observations from

the dataset (%). The RC is defined as RCξ =

∣∣∣∣ ξ̂−ξ̂(I)

ξ̂

∣∣∣∣× 100%, where ξ̂(I) denotes the MPL

estimate of ξ, with ξ = β j, after the corresponding observation(s) are removed according
to set I. Table 6 presents the RCs in the regression coefficient estimates after removing the
observations identified as potentially influential for the parametric component of the model.

Table 6. Relative changes (RCs) (in %) in the MPL estimates of β j under the TPS-GLM. The last two
columns indicate the AIC and R2(Adj) of the model with dropped observations.

Dropped Obs. β0 β1 RCβ0
RCβ1

AIC R2(Adj)

167 2.513 −0.002 0.231 0.378 1777.07 0.737
175 2.506 −0.002 0.051 1.673 1784.58 0.724
219 2.540 −0.002 1.334 7.105 1784.44 0.725
220 2.507 −0.002 0.012 0.263 1777.87 0.728

167-175 2.511 −0.002 0.169 1.052 1771.76 0.734
167-219 2.538 −0.002 1.242 6.853 1771.58 0.735
167-220 2.511 −0.002 0.179 0.884 1765.08 0.738
175-219 2.538 −0.002 1.248 7.368 1779.10 0.722
175-220 2.504 −0.002 0.104 0.684 1772.55 0.725
219-220 2.507 −0.002 0.007 0.289 1772.807 0.725

167-175-219 2.536 −0.002 1.155 7.136 1766.269 0.732
167-175-220 2.512 −0.002 0.215 3.415 1759.79 0.735
175-219-220 2.504 −0.002 0.098 0.678 1767.484 0.721

167-175-219-220 2.534 −0.002 1.072 7.800 1754.761 0.731

6. Concluding Remarks and Future Research

In this work, we study some aspects of the Thin-Plate Spline Generalized Linear Mod-
els. Specifically, we derive an iterative process to estimate the parameters and the Fisher
information matrix to approximate, through its inverse, the variance–covariance matrix
of the estimators. In addition, we extended the local influence method, obtaining closed
expressions for the Hessian and perturbation matrices under cases-weight perturbation
and additive perturbation of the response variable. We performed a statistical data analysis
with two real data sets of the agronomic and environmental area. The study showed the
advantage of incorporating a smooth surface to model the joint effect of a pair of explana-
tory variables or the spatial effect determined by the coordinates. In both applications,
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it was observed that the adjusted values of the response variable were consistent. In ad-
dition, it was observed that our model presented a better fit to model the soybean yield
and ozone concentration data, compared to some classic parametric and semiparametric
models, respectively. In our analysis, it was found that those observations detected as
potentially influential generated important changes in the estimates, but not significant
inferential changes. In addition, our study confirms the need to develop the local influence
method to evaluate the sensitivity of maximum penalized likelihood estimators and thus
determine those observations that can exert an excessive influence on both the parametric
and non-parametric components, or on both.

As future work, we propose to incorporate a correlation component in the model
and extend the local influence technique to other perturbation schemes, mainly on the
non-parametric component of the model.
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Abstract: The aim of this article is to analyze the efficiency and accuracy of finite-difference and
finite-element Galerkin schemes for non-stationary hyperbolic and parabolic problems. The main
problem solved in this article deals with the construction of accurate and efficient discrete schemes on
nonuniform and dynamic grids in time and space. The presented stability and convergence analysis
enables improving the existing accuracy estimates. The obtained stability results show explicitly
the rate of accumulation of interpolation and projection errors that arise due to the movement
of grid points. It is shown that the cases when the time grid steps are doubled or halved have
different stability properties. As an additional technique to improve the accuracy of discretizations
on non-stationary space grids, it is recommended to use projection operators instead of interpolation
operators. This technique is used to solve a test parabolic problem. The results of specially selected
computational experiments are also presented, and they confirm the accuracy of all theoretical error
estimates obtained in this article.

Keywords: finite-difference schemes; Galerkin schemes; non-uniform grids; adaptive grids; hyperbolic
problems; parabolic problems; stability; interpolation errors; projection errors
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1. Introduction

Numerical algorithms that form the basis for recent simulations of various complex
processes in engineering, technologies, physics, and medicine are based on two of the most
important theoretical topics. The first one is the approximation theory, and the second one
is the stability analysis. The general convergence framework states that the stability and
approximation properties guarantee the convergence of discrete solutions [1,2]. The deep,
broad, and constructive theories of approximation and stability are developed, and they cover
various important topics dealing with non-smooth data [3–5], weak solutions [6–8], energy
and maximum principle stability estimates [1,2,9,10], ill-posed and inverse problems [11,12],
and nonlocal mathematical models including fractional derivatives [13–16].

The topic of the stability of discrete methods for solving non-stationary linear PDEs is
very important and actively investigated. In our paper, we restrict ourselves to a specific
question dealing with the stability of finite-difference schemes with respect to interpolation
and projection errors. In addition, here, we note the impact of A.V. Gulin on this field of
research [17]. Again, in the presented review, we mainly restricted ourselves to Gulin’s
works connected to a research topic that is close to our paper, when second-order PDEs are
solved with non-classical nonlocal boundary conditions [18,19].

Adaptive grids in both space and time are used to fit the grid points to the dynamics
of the solution and to minimize the approximation error [1,20,21]. At the same time, in
many cases, uniform grids have been used in recent big data projects due to two important
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properties: high-order approximations can be constructed directly on uniform grids, and
the obtained structure of the grids is well suited for parallel computing techniques [22,23].
Thus, different modifications of the algorithms are proposed that try to preserve the
uniformity of the grid as close as possible [24].

There are a huge number of different methods for solving linear second-order partial
differential equations of parabolic and hyperbolic types. Still, we are not proposing new
methods in this article. Our goal is to analyze the efficiency of the scheme that is constructed
in [25]. It uses the interpolation technique to define initial conditions on the previous time
level. Thus, our aim is to derive stability estimates with respect to this new source of
discretization error. It is shown that such errors accumulate undesirably fast. As an
alternative, we recall the Discontinuous Galerkin (DG) method, which uses the projection
operator instead of the interpolation operator. The results of the computational experiments
confirm the theoretical estimates. We note that the presented example of the time grid
was selected only as a benchmark to compare the accumulation rates of interpolation and
projection errors.

We conclude that, in this article, we present the stability and convergence analysis of a
new three-level finite-difference scheme, which is used to solve a hyperbolic problem on a
perturbed uniform time grid [25]. At some specific points, the length of the grid steps can
be doubled or halved. The error analysis performed in this paper is based on the energy
method and state that, in the worst case, changes of step lengths can lead to the estimates
of the global error (see also [9]):

‖Zn‖E � (M− + M+)
(‖Z1‖E +

n

∑
k=1

τk‖Ψn‖). (1)

Here, Ψn is the truncation error of the discrete scheme and

M− = 2m− , M+ = 2m+ ,

where m− is the number of times the time step is halved and m+ is the number of times the
time step is doubled. We note once more that our aim is to make a full stability analysis
of the interpolation errors introduced by the proposed algorithm. It is proven that the
cases of doubling and reducing twice the time steps lead to different error accumulation
rates. Our main aim is not to develop the ideas proposed in [25], but to explain why this
new finite-difference scheme is not working as good as can be expected from schemes
constructed on a uniform grid. The estimates derived in our analysis agree well with the
results of extensive computational experiments.

We also investigate the difference in the stability of the backward Euler (BE) finite-
difference scheme and the DG finite-element scheme when both schemes are used to
solve one-dimensional parabolic problems on dynamically shifted uniform space grids.
A good review on the DG method is given in [20,21,26], and applications for parabolic and
hyperbolic problems are described in [4,5,27] Our analysis also proves that the accumulation
of interpolation and projection approximation errors is quite different. The stability of the
DG scheme with respect to the projection error has much better properties. Numerical
examples illustrate these theoretical results.

In Section 2, the semi-discrete hyperbolic problem is formulated, and a standard
three-level finite difference scheme is constructed on the uniform time grid. The stability
of this scheme is investigated by using the energy and spectral methods. Note that the
spectral method will be the main tool in our theoretical analysis.

In Section 3, the three-level finite-difference scheme from [25] is considered. It is
defined on modified uniform time grids when, at some points, the lengths of the grid steps
are doubled or halved. The most valuable property of this scheme is that the approximation
is performed on uniformly distributed grid points; thus, the basic advantages of such
discrete schemes are preserved. In Section 3.1, the case when the sizes of the grid are
doubled is considered. We prove that, in this case, the finite- difference scheme remains
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unconditionally stable and the second-order accuracy in time is valid. This estimate
improves the result presented in [25]. The new global error estimate is connected to the
fact that no additional approximation errors, such as an interpolation error, are introduced,
and it is sufficient to analyze the stability of the scheme on uniform sub-grids only.

In Section 3.2, the case when the sizes of the grid are halved is considered. The obtained
stability estimates give a possibility to define the convergence rate for different asymptotics
of the number of times the time step is halved. In particular, it is proven that, due to the
accumulation of interpolation errors, the convergence order of the global error is reduced to
the first-order if the grid sizes are halved only at a finite number of points and the discrete
solution is not converging at all if this number is proportional to O(1/τ). The results of the
computational experiments agree well with these theoretical conclusions.

In Section 4, the accumulation of interpolation errors is demonstrated also for parabolic
problems. It is proven that, if the space grid depends on time (in a discontinuous fashion),
then the stability of the implicit backward Euler (BE) finite-difference scheme with respect
to the interpolation error leads only to conditional convergence rates. As a possibility to
avoid this negative effect, it is recommended to use DG schemes, when the interpolation
operator is changed to the projection operator. The DG scheme is stable with respect
to the projection error. The results of the computational experiments agree well with
these conclusions.

Some final conclusions are given in Section 5.

2. Problem Formulation

Let Ω = (0, 1)d be an open and bounded domain Ω ⊂ Rd, d � 1. Define a self-adjoint
linear elliptic diffusion operator:

Au = −div(K∇u) in Ω (2)

with K(x) ∈ Rd×d symmetric and the uniformly positive definite d× d matrix. Operator A
is supplemented with homogeneous Dirichlet boundary conditions on ∂Ω.

Next, by using the finite-volume or finite-element methods, we approximate operator
A by discrete operator Ah, which is defined in a real finite-dimensional Hilbert space H:

Ah = A∗h � αA I, αA > 0, (3)

where I is the identity operator in H. In order to simplify the notation for discrete operators,
we restrict ourselves to d = 1.

Consider a semi-discrete hyperbolic problem for the function u(t) ∈ H:

d2u
dt2 + β

du
dt

+ Ahu = f (t), t > 0 (4)

u(0) = u0,
du
dt

(0) = v0, u0, v0 ∈ H, (5)

where β > 0. Then, the following a priori estimate of the solution of (4) can be proven
directly by using the energy method (see also [1,9,25]):∥∥∥du

dt
(t)

∥∥∥2
+ ‖u(t)‖Ah � ‖v0‖2 + ‖u0‖2

Ah
+

1
2β

∫ t

0
‖ f (s)‖2ds, (6)

where, for any self-adjoint positive definite operator B, a Hilbert space HB is defined with
the inner product and the norm:

(u, v)B = (Bu, v), ‖u‖B = (u, u)1/2
B .
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First, let us define a uniform time grid

ωt = {tn : tn = tn−1 + τ, n = 1, . . . , N, t0 = 0, tN = T}.

The discrete function Un = U(tn) gives an approximation of the exact solution u(tn). The
differential problem (4) is approximated by the following standard implicit symmetrical
three-level scheme:

Un+1 − 2Un + Un−1

τ2 + β
Un+1 −Un−1

2τ
+ Ah

Un+1 + Un−1

2
= Fn, (7)

U0 = u0, U1 = u0 + τv0.

The unconditional stability of this scheme can be proven by using the energy and spec-
tral methods. They give similar general information on the stability of the discrete solution,
but still can give estimates of the accumulation of truncation and interpolation errors in
different norms. This possibility enables us to follow the dynamics of the interpolation
errors in more detail.

Let us start from the application of the standard energy method [9]. If β > 0, then it is
easy to obtain the following stability estimate:∥∥∥Un+1 −Un

τ

∥∥∥2
+

1
2
‖Un+1‖2

Ah
+

1
2
‖Un‖2

Ah

�
∥∥∥Un −Un−1

τ

∥∥∥2
+

1
2
‖Un‖2

Ah
+

1
2
‖Un−1‖2

Ah
+

τ

2β
‖Fn‖2. (8)

First, the uniform space grid is used:

ωx =
{

xj : x0 = 0, xJ = 1, xj = jh
}

.

Then, discrete functions Uj = U(xj), xj ∈ ωx can be defined. Let us assume that functions
U satisfy the homogeneous boundary conditions:

U0 = 0, UJ = 0.

The inner product in the Hilbert space H is defined in a standard way:

(U, V) =
J−1

∑
j=1

UjVjh.

Then, the second-order derivative − ∂2u
∂x2 is approximated by the discrete operator:

AhU = −Uj+1 − 2Uj + Uj−1

h2 .

The eigenvectors {ϕk(xj) =
√

2 sin(πkxj)} of Ah make a full basis set of orthonormal
vectors [1,9]:

Ah sin(πkxj) = λk sin(πkxj), λj =
4 sin2(πkh/2)

h2 , k = 1, . . . , J − 1.

It follows that Ah is a self-adjoint and positive definite operator in H.
We also consider a general nonuniform space grid:

ωx =
{

xj : x0 = 0, xJn = 1, xj = xj−1 + hj−0.5, j = 1, . . . , J − 1
}

.
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By using the finite-volume method [1,9], the following operator Ah can be defined on
this grid:

AhU = − 1
hj

(
Uj+1 −Uj

hj+0.5
− Uj −Uj−1

hj−0.5

)
,

where hj = (hj+0.5 + hj−0.5)/2. The inner product in the Hilbert space H is defined by

(U, V) =
J−1

∑
j=1

UjVjhj.

Again, it easy to prove that Ah is a self-adjoint and positive definite operator in H, i.e., the
estimates (3) are valid.

As a basic technique for the stability analysis of discrete schemes proposed in this
paper, we use the spectral method. It was efficiently used for non-stationary problems with
nonlocal fractional-order elliptic operators [16,28,29].

Functions Un ∈ H can be written as

Un
j =

J−1

∑
k=1

cn
k ϕk(xj), j = 1, . . . , J − 1,

where cn
k = (Un, ϕk).

By using the Fourier method, we write discrete problems for each coefficient cn
k :

cn+1
k − 2cn

k + cn−1
k

τ2 + β
cn+1

k − cn−1
k

2τ
+ λk

cn+1
k + cn−1

k
2

= f n
k , (9)

c0
k = ũk, c1

k = ũk + τṽk,

where

Fn
j =

J−1

∑
k=1

f n
k ϕk(xj), j = 1, . . . , J − 1,

u0
j =

J−1

∑
k=1

ũk ϕk(xj), v0
j =

J−1

∑
k=1

ṽk ϕk(xj).

Lemma 1. Let us assume that β � 0, then the discrete scheme (9) is unconditionally stable.

Proof. The solution of the homogeneous version of Equation (9) can be written as

cn
k = γk1qn

1 + γk2qn
2 ,

where q1 and q2 are solutions of the characteristic equations:

(
1 +

τ

2
β +

τ2

2
λk

)
q2 − 2q +

(
1− τ

2
β +

τ2

2
λk

)
= 0.

Next, we write this equation in a standard form:

q2 − 2

1 + τ
2 β + τ2

2 λk
q +

1− τ
2 β + τ2

2 λk

1 + τ
2 β + τ2

2 λk
= 0. (10)

It follows from the Hurwitz criterion that |q1,2| � 1 if and only if

1− τ
2 β + τ2

2 λk

1 + τ
2 β + τ2

2 λk
� 1,

2

1 + τ
2 β + τ2

2 λk
� 2 + τ2λk

1 + τ
2 β + τ2

2 λk
.

Both inequalities are unconditionally satisfied. The proof is finished.
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3. Nonuniform Grids

Let us consider a general nonuniform grid:

ωt = {tn : tn = tn−1 + τn−1/2, n = 1, . . . , N, t0 = 0, tN = T} (11)

and denote tn−1/2 = tn−1 + 0.5τn−1/2.

3.1. The Time Steps Are Doubled at Some Grid Points.

In [25], special weakly nonuniform grids are considered, when the step size of the
grid can be doubled or halved at a finite number of points. Let us consider the case that,
when starting at time t = tn, the grid step is doubled τn+1 = 2τn. Here, τn denotes the
length of the discrete step till the grid point tn, and τn+1 is a modified step for the following
sequence of uniformly distributed grid points.

The original algorithm is defined by

Un+1/2 − 2Un + Un−1

τ2
n

+ β
Un+1/2 −Un−1

2τn
+ Ah

Un+1/2 + Un−1

2
= Fn,

Un+1 − 2Un+1/2 + Un

τ2
n

+ β
Un+1 −Un

2τn
+ Ah

Un+1 + Un

2
= Fn+1/2;

next, Un+2 is computed using the standard three-level scheme on the uniform grid with
the step τn+1:

Un+2 − 2Un+1 + Un

τ2
n+1

+ β
Un+2 −Un

2τn+1
+ Ah

Un+2 + Un

2
= Fn+1. (12)

We present a slightly modified version of the original discrete scheme when temporary
grid points are not used. First, the solution Un+1 is computed

Un+1 − 2Un + Un−2

τ2
n+1

+ β
Un+1 −Un−2

2τn+1
+ Ah

Un+1 + Un−2

2
= Fn (13)

Next, the uniform grid version of the discrete scheme (12) is used to compute Un+2.
The stability and convergence analysis is based on the results of Lemma 1.

Theorem 1. The solution of the finite-difference scheme (12) and (13) converges to order O(τ2).

Proof. We restrict ourselves to the analysis of one time moment where the time step is
doubled. First, starting at time point tn, the discrete scheme is again defined as a three-level
scheme on a uniform grid with a doubled time step τn+1 = 2τn. Thus, the scheme remains
unconditionally stable.

Second, the initial conditions, i.e., discrete solutions on layers tn and tn−2, are calcu-
lated by using solutions derived by a more accurate scheme with the time step τn. As a
conclusion, we obtain that the discrete solution converges to order O(τ2). In the case of
more time moments, when the step size of the grid ωt is doubled, the same arguments are
iteratively applied.

In the computational experiments, we compared the accuracy of the constructed
combined discrete scheme (12) and (13) with a popular benchmark scheme. This three-level
finite-difference scheme is constructed on a general non-uniform time grid (11):

1
τn

(Un+1 −Un

τn+1/2
− Un −Un−1

τn−1/2

)
+ β

Un+1 −Un−1

2τn

+ Ah

[
Un +

1
2

τn

(Un+1 −Un

τn+1/2
− Un −Un−1

τn−1/2

)]
= Fn. (14)

133



Axioms 2024, 13, 244

Here, τn = 1
2 (τn+1/2 + τn−1/2).

We present the results of the computational experiments. The differential problem (4)
is solved for β = 1 till the final time moment T = 1. The initial and boundary data and
f (x, t) are chosen so that the solution u(x, t) is the function:

u(x, t) = et sin(πx).

The space grid ωx is uniform, and the number of points is equal to J = 20. The time grid is
generated by dividing the time interval [0, 1] into five subintervals:

[(k− 1)/5, k/5], k = 1, . . . , 5.

In each subinterval, uniform grids are generated with time step sizes of

τ(k) = 2k−5/N, k = 1, . . . , 5.

Let us denote Zn
j = u(xj, tn)−Un

j as the global error of the discrete solution. The max-
imum norm of a discrete function Zn is defined as

‖Z(tn)‖∞ = max
0<j<J

|Zn
j |.

The experimental convergence rate ρ(τ) is defined as

ρ(τ) = log2

(‖Z(2τ)‖∞

‖Z(τ)‖∞

)
.

In order to show that the constructed three-level discrete scheme on this special non-
uniform time grid ωt is stable and additional grid points really reduce the global error
of the discrete solution, we give also the errors Z3 of the classical three-level discrete
scheme (14) when the time grid is uniform and it has N discrete points. The results of the
computational experiments are presented in Table 1, where Z1 is the error for the discrete
solution of the scheme (12) and (13), Z2 is the error for the discrete solution of the classical
finite-difference scheme (14) on non-uniform time grids, and Z3 is the error of the solution
of the symmetrical scheme (7) when the time grid is uniform in [0, 1] and it has N points.

Table 1. Errors ‖Z1‖∞ and experimental convergence rates ρ(τ) at T = 1 for the discrete solution of
the scheme (12) and (13) and errors ‖Z2‖∞ and experimental convergence rates ρ(τ) for the discrete
solution of the finite-difference scheme (14) for a sequence of time steps τ. ‖Z3‖∞ is the error of the
discrete solution of the the symmetrical scheme (7) when the time grid is uniform and it has N points.

N ‖Z1‖∞ ρ1(τ) ‖Z2‖∞ ρ2(τ) ‖Z3‖∞

20 1.018× 10−3 — 1.279× 10−3 — 3.611× 10−3

40 2.429× 10−4 2.067 3.255× 10−4 1.974 9.042× 10−4

80 5.914× 10−5 2.038 8.204× 10−5 1.988 2.261× 10−4

160 1.458× 10−5 2.020 2.052× 10−5 1.999 5.654× 10−5

320 3.620× 10−6 2.010 5.131× 10−6 2.000 1.414× 10−5

As expected, the new three-level discrete scheme is stable and preserves the second
order of convergence. We also note that additional grid points decrease the error; thus, the
application of such a modified time grid is justified.
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3.2. The Time Steps Are Halved at Some Grid Points

For the case when the time step size is halved τn+1 = 1
2 τn, the following algorithm

is proposed in [25]. The auxiliary solution Ũn+2 is computed using the standard three-
level scheme:

Ũn+2 − 2Un + Un−1

τ2
n

+ β
Ũn+2 −Un−1

2τn
+ Ah

Ũn+2 + Un−1

2
= Fn. (15)

Then, solution Un+1 is computed by using the linear interpolation algorithm:

Un+1 =
Ũn+2 + Un

2
. (16)

The final value of the solution Un+2 is obtained on the uniform grid with time step τn+1:

Un+2 − 2Un+1 + Un

τ2
n+1

+ β
Un+2 −Un

2τn+1
+ Ah

Un+2 + Un

2
= Fn+1. (17)

Again, we propose a modification of this algorithm when an auxiliary solution is not
required. It is sufficient to use Un−1/2, which is obtained by the linear interpolation:

Un+1 − 2Un + Un−1/2

τ2
n+1

+ β
Un+1 −Un−1/2

2τn+1
+ Ah

Un+1 + Un−1/2

2
= Fn. (18)

In order to simplify the stability analysis, we take β = 0. Note, that it follows from
the results given above that the real part of the solutions of characteristic Equation (10) is
decreased for β > 0.

Theorem 2. Let us assume that the interpolation error of (16) can be bounded by

|ΨI | � Cτ2.

If M is the number of times the time step of grid ωt is halved, then the following estimate of the
global error of scheme (18) is valid:

‖Zn‖ � Mτ. (19)

In particular, if M is finite, then the error of the solution of discrete scheme (18) is estimated by

‖Zn‖ � Cτ. (20)

If M = C/
√

τ, then we have the estimate:

‖Zn‖ � C
√

τ. (21)

If M = C/τ, then the discrete solution of (18) is not converging at all:

‖Zn‖ � O(1). (22)

Proof. It is sufficient to consider the following problem for the Fourier coefficients of the
error vector:

zn
k = γk1qn

k1 + γk2qn
k2, k = 1, . . . , J − 1,

z0
k = 0, z1

k = d, |d| = Cτ2,
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where qk1 and qk2 are solutions of the characteristic equation:

(
1 +

τ2

2
λk

)
(qn+1

k )2 − 2qn
k +

(
1 +

τ2

2
λk

)
= 0.

Let us denote
b =

1

1 + τ2

2 λk
.

Simple computations give

qk,1,2 = b± i
√

1− b2,

zn
k =

d√
1− b2

sin(ϕn),

where
b± i

√
1− b2 = cos(ϕ)± i sin(ϕ).

Then, it follows that √
1− b2 =

√
1− 1/

(
1 +

τ2

2
λk

)2

=
τ
√

λk
√

1 + τ2λk
1 + τ2λk/2

. = Cτ.

Thus, taking into account the estimate of the interpolation error and the bound for
√

1− b2,
we obtain that the global error estimate (19) is valid. The remaining error estimates (20)–(22)
follow directly.

Next, we present the results of computational experiments. The time grid is generated
by dividing the time interval [0, 1] into five subintervals:

[(k− 1)/5, k/5], k = 1, . . . , 5.

In each subinterval, uniform grids are generated with step sizes

τ(k) = 21−k/N, k = 1, . . . , 5,

where N is the selected number of time points in the first subinterval. The results of the com-
putational experiments are given in Table 2, where Z1 is the error for the discrete solution
of the scheme (18), Z2 is the error for the discrete solution of the classical finite-difference
scheme (14) on non-uniform time grids, and ρ1,2(τ) are experimental convergence rates.

Table 2. Errors ‖Z1‖∞ and experimental convergence rates ρ(τ) at T = 1 for the discrete solution of
the scheme (18) and errors ‖Z2‖∞ and experimental convergence rates ρ(τ) for the discrete solution
of the finite-difference scheme (14) for a sequence of time steps τ.

N ‖Z1‖∞ ρ1(τ) ‖Z2‖∞ ρ2(τ)

20 6.600× 10−3 — 2.205× 10−4 —
40 3.200× 10−3 1.044 5.787× 10−5 1.930
80 1.573× 10−3 1.025 1.481× 10−5 1.966
160 7.798× 10−4 1.012 3.743× 10−6 1.984
320 3.881× 10−4 1.007 0.941× 10−7 1.991

The presented results agree well with the theoretical convergence rate O(τ) given in
Theorem 2.
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In the final computational experiment, the length of the time grid steps was allowed
to be doubled or halved. The length of sub-blocks is equal to 4τ, τ = 1/N, and the grid
points are distributed as

n = 12m, m = 0, 1, . . .

tn+k = tn+k−1 + τ, k = 1, 2, 3, 4,

tn+4+k = tn+4+k−1 + τ/2, k = 1, . . . , 8.

The results of the computational experiments are given in Table 3, and they agree well with
the theoretical estimates.

It follows from the presented results that, as is stated in Theorem 2, the discrete
solution is not converging at all for such a modified time grid. Still the solution of the
finite-difference scheme (14) is converging to quadratic order.

Table 3. Errors ‖Z1‖∞ and experimental convergence rates ρ(τ) at T = 1 for the discrete solution of
the scheme (18) and errors ‖Z2‖∞ and experimental convergence rates ρ(τ) for the discrete solution
of the finite-difference scheme (14) for a sequence of time steps τ.

N ‖Z1‖∞ ρ1(τ) ‖Z2‖∞ ρ2(τ)

20 1.036× 10−2 — 1.819× 10−3 —
40 9.391× 10−3 0.142 4.245× 10−4 2.099
80 9.033× 10−3 0.056 1.084× 10−4 1.969
160 8.964× 10−3 0.011 2.737× 10−5 1.986
320 8.958× 10−3 0.010 6.873× 10−6 1.994

4. Parabolic Interpolation

Let us consider one-dimensional parabolic problem:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂u
∂t

=
∂2u
∂x2 + f (x, t), (x, t) ∈ Q,

0 < x < 1, 0 < t � T,
u(0, t) = μ0(t), u(1, t) = μ1(t),
u(x, 0) = u0(x), 0 � x � 1,

. (23)

where Q = {(x, t) : 0 < x < 1, 0 < t � T} and functions f (x, t), u0(x), μ0(t), and μ1(t)
are sufficiently smooth.

In addition to the uniform time grid ωt:

ωt = {tn : tn = nτ, n = 1, 2, . . . , N},

we define a nonuniform space grid, which can depend on time:

ωx(tn) =
{

xn
j : xn

0 = 0, xn
Jn
= 1, xn

j = xn
j−1 + hn

j−0.5
}

.

The grid ωh(tk) is not constant in time; thus, the number of grid points Jn and the position
of each point may depend on tn.

4.1. Finite-Difference Scheme

The main aim of this subsection is to show that the accumulation of the classical trunca-
tion error and of the additional interpolation error can be very different [1,9]. Generally, we
are interested in investigating the stability of the BE finite difference scheme with respect
to different types of local approximation errors.
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In order to simplify our analysis, we assume that, at each time level that the space
grid ωx(tn) is uniform, only the number of grid points Jn can vary from one step to another.
The differential problem (23) is approximated by the implicit backward Euler (BE) scheme:⎧⎪⎪⎪⎨⎪⎪⎪⎩

Un
j − In

n−1Un−1
j

τ
= Un

xx + f (xn
j , tn), 0 < j < Jn,

Un
0 = μ0(tn), Un

Jn
= μ1(tn),

U0(xj) = U0(xj), x0
j ∈ ωk(t0).

(24)

Here, we denote the discrete solution Uk
j = U(xk

j , tk), and the discrete operator:

Uxx =
Uj+1 − 2Uj + Uj−1

h2 , j = 1, . . . , J − 1

is used to approximate the second-order derivative in space. Then, the linear interpolation
operator In

n−1:

In
n−1Un−1

j =
xn

j − xn−1
l

xn−1
l+1 − xn−1

l

Un−1
l+1 +

xn−1
l+1 − xn

j

xn−1
l+1 − xn−1

l

Un−1
l

is applied to compute the values of a discrete solution Un−1 at grid points xn
j ∈ ωx(tn),

where xn−1
l � xn

j � xn−1
l+1 .

Let us denote Zn
j = u(xn

j , tk)−Un
j as the error of the discrete solution; it satisfies the

following discrete problem:⎧⎪⎨⎪⎩
Zn

j − Zn−1
j

τ
= Zn

xx + Ψn
A + Ψn

I ,

Zn
0 = 0, Zn

Jn
= 0,

(25)

where Ψn
A is the truncation error of the discrete scheme and Ψn

I is the interpolation error.

Lemma 2. Let us assume that u(x, t) ∈ C2
4(Q). The truncation error Ψn

A of the discrete scheme
(24) and the interpolation error Ψn

I can be estimated by

|ΨA| � C(h2 + τ), |ΨI | � Ch2

τ
. (26)

The proof of these estimates is based on the Taylor expansion technique and is given
in many classical textbooks; see, e.g., [1].

Let us define the maximum norm of a discrete function Z, which satisfies the homoge-
neous boundary conditions:

‖Z‖∞ = max
0<j<J

|Zj|.

Theorem 3. The solution of the discrete scheme (24) converges to the solution of the differential
problem (23), and the following error estimate is valid:

‖Zn‖∞ � C
(

τ + h2 +
h2

τ

)
, n = 1, . . . , N.

Proof. By applying the maximum principle to the solution of the problem (25), we obtain
the stability estimate:

‖Zn‖∞ � ‖Zn−1‖∞ + τ
(
‖Ψn

A‖∞ + ‖Ψn
I ‖∞.

)
By applying this stability inequality iteratively, we show that
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‖Zn‖∞ � ‖Z0‖∞ +
n

∑
k=1

τ
(
‖Ψk

A‖∞ + ‖Ψk
I‖∞.

)
The required estimates of the global error are obtained by using the estimates of Lemma 2.

As one interesting conclusion from Theorem 3, we provide the accuracy estimates
when the discrete time step τ is asymptotically decreased with respect to the space grid
step h:

‖Zn‖∞ � C

⎧⎪⎪⎨⎪⎪⎩
h, i f τ = O(h),√

h, i f τ = O(h1.5)

O(1), i f τ = O(h2).

In order to show the accuracy of the obtained theoretical estimates, we present the
results of the computational experiments. The data u0(x), μ0, μ1, and f (x, t) were chosen
so that the solution u(x, t) is the function:

u(x, t) = et sin(πx).

The given test problem is solved till T = 1.
The space grids are defined as a sequence of two uniform/almost uniform grids in the

following way:

ωx(tn) =

{
ωx1 =

{
xj : x0 = 0, xJ = 1, xj = jh, j = 1, . . . , J − 1

}
, if n = 2m,

ωx2 =
{

xj : x0=0, xJ+1=1, xj=(j + 1
2 )h, j = 1, . . . , J

}
, if n=2m+1.

We see that the lengths of the steps of both grids are equal, but the grid points are shifted
by 1

2 h relative to each other. In the case of odd time layers, the approximation of the
second-order derivatives near the boundaries is performed by using the standard discrete
operators as was described in the previous section. The second order of the truncation
error is preserved also for this modified discrete scheme.

The results of the computational experiments are presented in Table 4, where Z is the
error for the discrete solution of the BE scheme (24) and ρ(h) denotes the experimental
convergence rate.

Table 4. Errors ‖Z‖∞ and experimental convergence rates ρ(h) at T = 1 for the discrete solution of
the BE scheme (24) for a sequence of time and space steps τ, h.

J τ ‖Z‖∞ ρ(h)

τ = 4h 80 0.05 5.55× 10−3 —
160 0.025 2.71× 10−3 1.034
320 0.0125 1.34× 10−3 1.016
640 0.00625 6.65× 10−4 1.011

τ = 2h1,5 160 3.12× 10−3 3.37× 10−3 —
320 1.10× 10−3 2.56× 10−3 0.397
640 3.91× 10−4 1.87× 10−3 0.453

1280 1.38× 10−4 1.34× 10−3 0.481

τ = 40h2 80 6.25× 10−3 6.65× 10−3 —
160 1.56× 10−3 7.41× 10−3 −0.156
320 3.91× 10−4 7.62× 10−3 −0.040
640 9.76× 10−5 7.67× 10−3 −0.009

The presented results of the computational experiments agree well with the theoretical
estimates obtained above.
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4.2. Discontinuous Galerkin Method

In this subsection, we solve the same parabolic problem by applying the discontinuous
Galerkin (DG) method [20,27]. Let us consider the time intervals:

In = {t : tn−1 � t � tn}.

A space of discrete solutions is defined as

W(0) = {U(x, t) : U|In ∈ S1
h,n},

where S1
h,n is a space of piecewise linear in x functions:

S1
h,n = {v(x, t) : v(x, t) =

Jn

∑
j=0

cn
j ϕn

j (x)}

and the basis functions ϕj are defined as

ϕj =

⎧⎨⎩
x−xj−1
hj−1/2

, xj−1 � x � xj,
xj+1−x
hj+1/2

, xj � x � xj+1,
, 0 � j � J.

By using the discontinuous Galerkin method, we define a discrete function U ∈ W(0),
which is constant in time t on each time interval In and satisfies the equation:

τ
(dUn

dx
,

dv
dx

)
+ ([Un−1], v+n−1) =

∫ tn

tn−1
( f , v)dt, ∀v ∈ S1

h,n , (27)

where

[Un−1] = Un −Un−1,

v±n = v(tn ± 0), vn = v−n = v+n−1,

U−0 = u0.

From (27), we obtain the discrete scheme:

Un − PhUn−1

τ
= Un

xx +
1
τ

∫ tn

tn−1
(Ph f )dt, (28)

where Ph f defines the L2 projection:

(Ph f , v) = ( f , v), ∀v ∈ S1
h,n.

By comparing the DG scheme (27) with the BE finite-difference scheme (24), we see that the
main difference is in the way in which the solution values on the previous time level are
computed. In the DG scheme, instead of the interpolation operator, the projection operator
is used.

By applying the convergence analysis techniques described, e.g., in [20], the following
result is proven directly.

Theorem 4. The solution of the DG scheme (28) converges to the solution of the differential problem
(23), and the error estimate is valid:

‖u(tk)−Uk‖ � C
(

2 + log
( tk

τ

))
max

1�k�K

(
‖h2

k f ‖Ik + ‖τ f ‖Ik + ‖[Uk−1]‖

+
∥∥∥h2

k
τ
[Uk−1]

∥∥∥∗) � C(τ + h2).

The term ‖ · ‖∗ arises only if S1
h,n−1 � S1

h,n.
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Next, in Table 5, we present the results of the computational experiments. The same
test problem is solved as for the BE scheme (24). Here, Z is the error for the discrete solution
of the DG scheme (27) and ρ(h) denotes the experimental convergence rate.

Table 5. Errors ‖Z‖∞ and experimental convergence rates ρ(h) at T = 1 for the discrete solution of
the DG scheme (27) for a sequence of time and space steps τ, h.

J τ ‖Z‖∞ ρ(h)

τ = 4h 80 0.05 1.12× 10−2 —
160 0.025 6.19× 10−3 0.855
320 0.0125 3.11× 10−3 0.993
640 0.00625 1.55× 10−3 0.998

τ = 2h1.5 160 3.12× 10−3 3.98× 10−4 —
320 1.10× 10−3 1.40× 10−4 1.507
640 3.91× 10−4 4.93× 10−5 1.506

1280 1.38× 10−4 1.74× 10−5 1.503

τ = 40h2 80 6.25× 10−3 8.12× 10−4 —
160 1.56× 10−3 2.03× 10−4 2.00
320 3.91× 10−4 5.08× 10−5 2.00
640 9.76× 10−5 1.27× 10−5 2.00

It follows from the presented results that the the solution of the DG scheme (27) is
unconditionally converging to order O(τ + h2).

5. Conclusions

In this paper, we investigated the stability of two finite-difference and finite-element
schemes constructed for the solution of hyperbolic and parabolic problems. The main result
shows that the accumulation of the classical truncation errors and the accumulation of the
interpolation errors are quite different. The accumulation of the interpolation errors gives
only conditional estimates, and the application of the discrete scheme with smaller time
steps can lead to not smaller, but larger global errors.

A more accurate stability analysis was performed for the three-level discrete scheme,
which was presented in a recent paper [25]. It was proven that, for almost uniform time
grids with a possibility to double the step sizes of the grid at some time moments, the
second-order convergence rates are preserved. In the case when the time grid step sizes are
halved at some time moments, additional interpolation errors are introduced. A detailed
spectral stability analysis was used to estimate the asymptotics of the global error in
this case.

The results of extensive computational experiments were presented, they confirmed
the accuracy of the obtained theoretical convergence estimates.
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