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Article
Discrete-Time Fractional Difference Calculus: Origins,
Evolutions, and New Formalisms

Manuel Duarte Ortigueira

NOVA School of Science and Technology, UNINOVA-CTS and LASI, NOVA University of Lisbon,
Quinta da Torre, 2829-516 Caparica, Portugal; mdo@fct.unl.pt

Abstract: Differences are introduced as outputs of linear systems called differencers, being considered
two classes: shift and scale-invariant. Several types are presented, namely: nabla and delta, bilateral,
tempered, bilinear, stretching, and shrinking. Both continuous and discrete-time differences are
described. ARMA-type systems based on differencers are introduced and exemplified. In passing,
the incorrectness of the usual delta difference is shown.

Keywords: nabla difference; delta difference; ARMA; ARFIMA; bilateral difference; tempered;
bilinear; stretching difference

MSC: 26A33

1. Introduction

All everyday human activities give rise to signals that carry a certain type of informa-
tion about the systems that generated them. These signals are bounded functions that are
collected to be studied, transmitted and manipulated in order to extract the information
they carry. Discrete-Time Signal Processing (DTSP), also called Digital Signal Processing,
is a set of mathematical and engineering techniques that allow the processing (collection,
study, analysis, synthesis, transformation, storage, etc.) of signals performed mainly on
digital devices.

Combining ideas, theories, algorithms and technologies from different quadrants,
the DTSP has not stopped continuously evolving and increasing its already vast field of
applications. This evolution was motivated by the enormous progress of digital technolo-
gies that allow the construction of processors, in general, more reliable and robust than
analog ones and, above all, more flexible. The on-chip implementation of specialized
processors (e.g., FFT) has facilitated the application of mathematical techniques that would
be difficult (or impossible) to perform analogically. The DTSP plays an important role
in communication systems where its mission is to handle signals, both at transmission
and reception, in order to achieve an efficient and reliable flow of information between
source and receiver. However, it is not only in communication systems that we find DTSP
applications. In fact, its field of action has widened and includes areas such as speech,
radar and sonar, seismology, bio-medicine, economics, astronomy, etc. In mathematics, it
has been very useful in the study of functions and in solving differential equations. The
well-known Newton series is very famous.

Mathematically, the DTSP relied on several important tools such as real and complex
analysis, difference equations, discrete-time Fourier and Z transforms, algebra, etc. It bene-
fited from the enormous development of signal theory in the 2nd half of the 20th century
when signal processing techniques reached a sufficiently high degree of development.
However, its origins are much earlier.

In general, we can “date” the beginning of the study of signals to the discovery of
periodic phenomena that led to the introduction of the notions of year, week, day, hour,
etc. With an equal degree of importance, we can consider the theory and representation
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of music made by the Pythagoreans as the first spectral analysis. It is important to note
that they actually made a discrete time-frequency formulation. More recently, we refer
to the discovery and study of the spectrum of sunlight by Newton (1666) and the works
of mathematicians such as Euler, Gauss (who devised the first algorithm for the fast
Fourier transform in 1805), Fourier (who created the basis for spectral analysis), Sturm
and Liouville. These works had direct implications on the way of studying signals in the
frequency domain, which did not cease to evolve and gain importance from the 1940s
thanks to the works of the theoretical field of stochastic processes (Wiener and Kolmogorov):
correlation, adapted filter, Wiener filter, etc. [1,2], which are notions that would become the
basis of modern developments in spectral analysis (Tukey, Parzen, Akaike, Papoulis, and
Burg). It was also Tukey who, with Cooley, rediscovered the algorithm that allowed the
implementation of the FFT in 1965, which was a milestone in signal analysis.

The difference equations, taking the form of the ARMA (autoregressive-moving av-
erage) model, had a rapid increase in importance due to the works of Box, Jenkins, Op-
penheim, Kailath, Kalman, Robinson, Rabiner, and many others in the 1980s of the 20th
century [3-8]. We can place here the real beginning and affirmation of DTSP. Nevertheless,
the discovery of computers was perhaps the biggest impulse given to the DTSP by the
possibility of discrete implementation of processor devices, which was previously made
exclusively with analog technology and to perform simulations that allow to predict, with
great accuracy, the behavior of a given system. This led to an autonomization of the theory
of “Discrete Signals and Systems” that became an independent branch, leading to alter-
native technological solutions based on digital design and realization devices [3,4,8-15].
Although the main developments were based on difference equations, the true origins were
not forgotten and motivated some attempts to model and identify systems based on the
delta difference [16-20].

The emergence of fractional tools has opened new doors to the modeling and esti-
mation of everyday systems that were known to be best described by fractional systems.
However, this does not mean that there was a coherent theory of fractional systems in
discrete time. Probably the first attempt was made in [21], but the systems described are
not really fractional, although they use fractional delays. In the last 20 years, many texts
have been published on fractional differences and derivatives in discrete time, leading to
different views of what fractional systems in discrete time are and how they are charac-
terized [22-28]. The purpose of this paper is exactly to describe the mathematical basis
underlying the main formulations. We introduce differences through a system approach to
highlight the fact that the required definition must be valid for any function regardless of its
support. This allows for a broader scope. On the other hand, it is important to make a clear
distinction between time flow from left to right (causal case) or the other way around (anti-
causal). Under normal conditions, they should not be mixed. To this end, we define “time
sequence” as an alternative to “time scale”, avoiding the confusion that the latter might
introduce. We will proceed with the definitions of nabla (causal) and delta (anti-causal)
differences and enumerate their main properties. We proceed with the introduction of other
formulations, such as discrete-time, bilateral, tempered differences, and the completely
new bilinear differences. These differences are “invariant under translations”. We propose
new “scale-invariant differences” that are connected to Hadamard derivatives. For all the
presented differences, ARMA-type difference equations are proposed.

Given the importance of discrete signals inherent in this work, we review the classical
sampling theorem valid for the case of shift-invariant systems [14,29-32] and another
one suitable for scale-invariant systems, but they different from similar studies in the
literature [33,34].

The paper is outlined as follows. In Section 2, we present several mathematical tools
useful in the paper and clarify some notions. The sampling theorems are introduced here.
Section 3 is used to make a historical overview of the difference evolutions, both continuous
and discrete-time. The different approaches are described. The problems created by some
definitions are criticized in Section 4. The main contributions in this paper are presented
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in Section 5 where several shift-invariant differencers and accumulators, say: nabla, delta,
two-sided, tempered, and bilinear, are introduced. For all the definitions, continuous-time
and discrete-time versions are presented. The scale-invariant differences are introduced
and studied in Section 6. All the described differences are suitable for defining ARMA-type
linear systems. This is exemplified in Section 7. Finally, we present a brief discusion.

2. Preliminaries
2.1. Glossary and Assumptions

In the evolution of the DTSP, several notions have been introduced without retaining
a clear meaning. In fractional calculus, there is considerable confusion in the terminology
adopted having, in some cases, the same name for different operators. Here, we try to
clarify the meaning of some terms in order to avoid confusion. Therefore, we start with
some fundamental terms. Later, we will introduce others, which are needed in the rest of
the document [35].

e  Anti-causal [36]
An anti-causal system is causal under reverse time flow. A system is anti-causal if the
output at any instant depends only on values of the input and/or output at the present
and future time instants. The delta derivative is an example of an anti-causal system.

e Anti-difference
The operator that is simultaneously the left and right inverse of the difference will be
called anti-difference.

e Backward
Reverse time flow—from future to past.

e  Causal operator or system [37-39]
A system is causal if the output at any instant depends only on the values of the input
and/or output at the present and past instants. The nabla derivative is an example of
a causal system.

e  Forward
Normal time flow—from past to future.

e  Fractional
Fractional will have the meaning of a non-integer real number.

®  Scale-invariant system
A system is scale-invariant if a stretching or shrinking in the input produces the same
stretching/shrinking in the output. It is described by the Mellin convolution [33,40]

T) =x(T) * T:ooxT) d—n

(1) = x(0) wgm) = [ x( 5 )sn]

e  Signal
Bounded function that conveys some kind of information.

e  Shift-invariant system
A system is shift-invariant if a delay or lead in the input produces the same delay/lead
in the output. It is described by the usual convolution [37]

—+o00
y(t) = x(t)xg()) = [ x(t=mglndn.

e  System [37,38]
Any operator that transforms signals into signals. We will often use the terms system
and operator interchangeably.

2.2. Some Mathematical Tools

Traditionally, the delta symbol is used for the so-called “forward difference” and it
comes from a long time ago [41], while nabla is attached to the “backward difference” [42],
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in contradiction with the time flow. However, they are generalized for any order through
the same way: the binomial theorem [43]. Let« € R — Z~. Then,

1ot = Y LR (%) 2k 2 < 1 1
(2= D)2 H < <>

We can extend it for negative integer values of a through the Pochhammer symbol.
The binomial coefficients
zx) F(a+1)

5) =

CT(a—B+1)IT(B+1)
assume a central role in the theory we will develop in the following. They enjoy interesting
properties [36,44]:

o A
()| = o orp oo
with A > 0.

() = pet ) oy

n T(a—n+1)n!

where (a), is the Pochhammer symbol for the rising factorial

n—1
(ﬂ)n = g(ﬂ +k> = r({j(;n)r with (a)o =1,

generalized as

(a) = F(I‘f(:)ﬁ) with (a)o = 1.

(-cr(2)
()-00)
EC2)- (1)

The falling factorial is represented by [42]

n—1
(n) — . P+l _
(a) g(a k) Fat1-n) with (a)g = 1,

so that )

("‘) @ en,

n n!

and

()" = (=1)"(~a),
It is generalized by

(a) Tat1-p)’ with (a)g =1,
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and
(@) = (a—B+1)s.
The (bilateral) Laplace transform (LT) is given [45]:

Lh(t)] = H(s) = / h(te~stdt, s € C, @)

that is assumed to converge in some non-void region (region of convergence—ROC) which
may degenerate into the imaginary axis, givig rise to the Fourier transform (with s = iw.)
We define the inverse LT by the Bromwich integral

a-+ioco
h(t) = L71F(s) = ﬁ / H(s)e''ds, t € R, 3)
a—ioco

where a € Ris called abscissa of convergence. Frequently, we denote by -y the integration path.
In a similar way, we define the Mellin transform (MT) by [40]

MIh(H)] = H(v) = / h(t)—"1dt, v e C, )
0

with an inverse similar to (3)

h(t) = M H(v) = zim,/H(v)tv do, t € R*. 5)
Y

For the discrete-time case, we define the Z transform [14,36] by

ZfM =F@)= Y. f)z", zeC, ©)

n=—oo
with the inverse given by the Cauchy integral

fn) = 5 fEG@) e 7)

T2
where c is the unit circle. With the change of variable z = ew, —71 < w < 71, we obtain the
discrete-time Fourier transform.

2.3. On Time Sequences

A powerful approach to the continuous/discrete unification and generalization was
introduced by Aulbach and Hilger through the calculus on time scales [46,47]. These are
non-empty closed subsets T of the set R of real numbers. Let t be the current instant.
Using the language of the time-scale calculus, the previous next instant is denoted by p(t).
Similarly, the next following point on the time scale T is denoted by o (¢). One has

o) =t—v(t), olt) =t+pu(t),

where v(t) and yu(t) are called the graininess functions. These functions can be used to
construct any time sequences. However, we will not continue this way.

Remark 1. The designation “time scale” is misleading, since the word “scale” is associated to a
notion of stretching or shrinking, frequently having a relation to a speed or a rate. For example,
consider a function f(t) defined on R and a parameter a > 0, which allow us to define a new
function g(t) = f(at). We modified the way that the flux of information is delivered. An interesting



Fractal Fract. 2023, 7, 502

example is given by the classic turntables where we are able to switch from a rotation speed to another
one. This parameter is usually called scale. Therefore, we propose here the use of the designation
time sequence.

In this work, we will consider time sequences T defined by a set of discrete instants ¢,
n € 7Z, and by the corresponding graininess functions. We define a direct graininess [48,49]

th =ty_1+vy, nel,

and reverse graininess
tl’l:tn+l_]/£1’ll HGZ,

7

where we avoid representing any reference instant ty. These definitions of “irregular’
sequences are suitable for dealing with some of the most interesting time sequences we
find in practice. However, we have some difficulties in doing some kind of manipulations
that are also very common. Let us consider a time sequence defined on R and unbounded
when t — Foco. For example, a time sequence defined by

T

th=nT+1, n€Z T>0, |Tn|<§r

which we can call an “almost linear sequence” [50]. However, in the most interesting
engineering applications, we consider regular (uniform) sequences

T =hZ = {...,—3h,—2h,—h,0,k,21,3h,...},
with h € RT.

Remark 2. We can consider a slided time sequence by a given value, a + hZ, a < h, but this
corresponds to introducing another parameter that we cannot determine due to the relativistic
character of any time sequence. In other words, we need another time sequence not depending on a
to fix it. However, this may be an acceptable procedure for studying continuous-time functions.

Now, consider a power transformation of a time sequence:

0=gq.
We generate a new (scale)-sequence which is in R*. In particular, we will obtain sequences
such as
0,=0", ncZ, 06>0,
or

0,=0,1-1t, nerz, T,>0.

We will use these sequences when dealing with scale-invariant differences.

2.4. On the Sampling

Let f(t), t € R be a continuous-time bounded function. The discrete-time function
obtained from f(t) by retaining the values at a set of pre-specified instants is the sampled
function, f(t,), n € Z. The procedure for obtaining such a function is called ideal sampling.
From an operator (system) point of view, this is obtained with the help of the comb
distribution. Although we can consider irregular combs, we will not do it here [50]. We
intend to use uniform time sequences that lead us to the usual comb. This is a periodic
repetition of the Dirac delta function [51-54]. Here, we state it in the following format.

=y 5(%—;1), ®)

n=—o0
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where T is the sampling interval. The Fourier transform (FT) of this function is also a
periodic comb.

[Zét—nT] Z(Sw m— 9)

The comb is called the ideal sampler because, when multiplying a given function, x(t), by a
comb, ¢(t), it retains the samples of the original function, giving rise to a modulated comb:

“+o0

xs(t) =x(t)-c(t) = ) x(t)&(% —n)=T +Zoo x(nT)5(t —nT). (10)

n=—oo n=—oo

If x(t) hasajump att = nyT, we use the half sum of the lateral limits x(n(T) =
which is in agreement with the inverse Laplace and Fourier integrals. Let X(s) be the LT of
x(t). Then, the LT of x4(t) is given by [28]

x(ngTT)+x(ngT™)
2 7

ey 21
Xs(s) = FT[x(t) -c(t)] = ) X(s—imT), (11)

m=—oo

stating the well-known phenomenon: sampling in a given domain implies a repetition in
the transform domain, meaning that the sampling operation produces a repetition of the
transform in parallel to the real axis in strips of width 2% We observe here the reason for
including T in (11): the term corresponding to m = 0 is X(s). The study we performed was
based on the Laplace transform, but it can be performed also with the Fourier transform.

The choice of T depends on the objectives of the work at hand. In general, we can
choose any value except if we have in mind the recovery of X(s) from Xs(s). In such
a case, we can impose that X(s) and X;(s) have the same poles in the strip defined by
|Im(s)| < 7. However, the most known approach is the Whittaker—Kotel nikov—Shannon
sampling theorem [12,14,29-32]

Theorem 1. If a function is bandlimited to [— %, F], it is completely determined by giving its
ordinates at a series of points spaced T seconds apart [29-31]:

Z f(kT) smc(— —k), (12)
k=—o0
where _
sinc(t) = sin(rrt)
nt

with sinc(0) = 1 being the so-called sinc function that is the impulse response of the ideal lowpass

filter [14].

Consider the instanta +nT, n € Z, v = a/T < 1 and denote f(nT) by f,,. We obtain

f(a+nT) = Z f(kT) 51nc(T+n—k)

k=—0o0

and -
farr= Y F(KT) sinc(y +n—k),

k=—co

that states what we can call fractional translation, which allows expressing unknown

intermediate values in terms of the uniformly spaced samples. The reverse can also be
performed [21].

The Whittaker—Kotel nikov—Shannon sampling theorem is based on the usual Fourier

transform that has a relation with the shift-invariant systems, since it is defined in terms
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of the eigenfunctions of such systems: the exponentials. To obtain a similar theorem for
scale-invariant systems, we start from the Fourier-Mellin transform that we define by:

F(iv) = /O " f(0)rvldr, (13)
with inverse
1 o N
) = 5 /_ (i, (14)

obtained from (4) and (5) by letting v = iv.
Let Q € R". As above, consider a bandlimited scale function as the one verifying
s

F(iv)=0, |v|> 0

that has an associated Fourier series
e .
F(iv)= ) Fre~FQv,
k=—c0
with

Fo= 2 / ¢ (i) Qdu = Qf(¢9), keZ.

We have successively

1 us (] X .
)= — [¢ Fee kQurivgy,
fO=5-1" k

Q k=—o

_ Z K %/_Q eiv(ln(T)—kQ)Tivdvl

us

k=—o0

«Ql

g e )]

e Qu(mE k)

Therefore, the scale-invariant sampling theorem reads

Theorem 2. Let f(T), T € RT be a bandlimited scale function. It is completely determined by
giving its ordinates at a series of exponentialy spaced points

fo= Y f(ekQ)sinc(ln(QT)—k). (15)

k=—c0

From this and through a comparison with Theorem 1, we conclude that the scale-
invariant comb is given by:

s(t) = i (5(m(QT)—k>, (16)

k=—c0

that represents a sequence of impulses located at the points in the set Q : T = "9, k € Z.
These results, slightly different from similar results existing in the literature [33,34], will be
used later in the corresponding difference definitions.

These two sampling theorems require that the functions have Fourier transforms with
bounded support. However, this may not happen in practice, originating what is known
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by “aliasing”, and several procedures exist to alleviate its effect [14,29-31]. If we do not
want to recover the continuous-time function, the sampling theorems give us a chance to
reduce the losses in the continuous-to-discrete conversion.

Remark 3. Traditionally, we simplify the notation by writing f, = f(nT) and
futy = f((n+)T). We will adopt this procedure. For the case stated in (15), we set g = e and
for = f(e9).

3. Historical Overview
3.1. Euler Procedure

Newton and Leibniz introduced their (different) approaches to infinitesimal calculus in
the 17th century. Leibniz’s approach was based on generalizations of sums and differences.
In particular, his definition of derivative was formulated in terms of limits of increments

P =Y o POy & SOERfO
Euler (1768) took these formulae, removed the limit operation and used the “incremen-
tal quotients” as approximations of the derivative in solving differential equations on a
set, T, of pre-defined values of t, T = t,, n =0,1,2,--- . With this procedure, he was
led to discrete functions, f(t,). It was the birth of the “difference equations”, and the
procedure is the currently known Euler method. So, the difference equations gained the
protagonism that belonged to the differential equations. This procedure originated the
“numerical analysis” in mathematics and, in the 20th century, the discrete-time signal
processing [13-15,36,37,55,56] that is a well established scientific area being responsible for
important realizations in our daily life.

The former procedure, retaining the incremental ratio, was not completely aban-
doned; it continued being important as an intermediate step to obtain difference equations
[14], and it was used in some applications [17,18]. The modern approach to differential
discrete equations dates back to Hilger’s works on looking for a continuous/discrete
unification [46,47,57].

To give a more precise idea and clarify the nomenclature, consider the differential equation

WU 4 ap(ry = BU 4 pgqe)

where f(t) and g(t) are real functions of real variables and a,b € R. Using the first
incremental ratio
f(t) - ft=h)

Vi) = =" (18)
in the equation, we obtain
V() +af(t) = Vg(t) + bg(t), (19)
that leads to
(L+ah)f() = f(t =h) = (1 +bh)g(t) —g(t = h), (20)

that is a difference equation. Note that only present and past values are involved: it
represents a causal system. With a similar procedure for the other derivative

aptn = LEEN =S, 1)
we obtain
Af(t) +af(t) = Ag(t) +bg(t), (22)
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that gives
flt+h)—(1+ah)f(t) =g(t+h) — (1+ah)g(t), (23)

that is again a difference equation but involving only present and future values: anti-causal.

If we sample the function at a given discrete time grid T : t,, n € Z, (19) and (22)
become discrete-time differential equations, while (20) and (23) transform into discrete-time
difference equations.

3.2. Differences and Fractional Calculus

A fractional difference was introduced for the first time in 1832 by Liouville [58,59]
who used it for defining a fractional derivative. His first formula, derived directly to be a
generalization of the delta derivative, assumed the form:

B8£(0) = 3 (1) () 0+ (0= R, 24)

k=0

This formula constituted a second step into defining fractional-order derivatives. However,
Liouville recognized that such a formula was not exactly what he was looking for and
introduced also another one, much more interesting, that we can write as

V) =t Y 0F () £ - k), 25)

k=0

He observed that if f(t) = ¢, t € R, the summation was convergent if Re(s) > 0. This
formula was the base of the fractional derivative definition used by Griinwald [60] and
Letnikov [61,62]. It is important to note that the Liouville definition was assumed to
be valid for functions of exponential type and defined on R or C, while Griinwald and
Letnikov worked on [to, t] € R.

In the study of operators based on his operational methods, Heaviside obtained
the same result and made a study of the binomial series which he generalized [43,63,64].
This approach was retaken later by E. Post (1930) [65] and by P. Butzer and U. Westphal
(1974) [66]. In addition, in 1974, J. Diaz and T. Osier obtained a particular case of (24) with
h = 1[67]. In a later section, we will perform the analysis of such a definition.

It is important to highlight that while searching for a definition convergent for Re(s) <0,
Liouville arrived at the delta-type difference

170 = () T (0¥ () £+ k), )

k=0

However, this route to fractional calculus never gained the favor of the vast majority of
researchers, so it was basically considered as an approximation and used in numerical
methods. Very interesting are the integral representations for (25) and (26) [25,67] and the
two-sided differences [68,69]. The approach and applications introduced by V. Tarasov are
also very important [23,24].

Due to its (bad) influence, we are going to study the “difference” (24) that states the
first attempt Liouville made to define a fractional derivative using an infinite summation.
It seems that in an independent way, Diaz and Osler proposed as a delta difference the
expression [67]

(0]

Brof ()= L1} ) 1t +x - @)

k=0

As it is easy to observe, this formula, while agreeing with the requests in the positive integer
order, fails in the fractional order, since it uses simultaneously past and future values. This
fact has implications in the discrete-time differences deduced from it.

10
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To make a fair analysis, let us apply the LT to (24). We obtain

Fro () = e f(—nk (i) e B E(s). (28)

k=0

The series converges only for Re(s) > 0, which implies causality, contrarily to what we
were expecting, since the delta difference should be anti-causal. Therefore, the formula (24)
does not make sense, and not good consequences should be expected from it.

3.3. Discrete-Time Differences

A less likely appearance of a discrete difference happened in a different context, the
summation of series using Cesaro’s method [43,70,71], where S. Chapman introduced a
fractional delta discrete difference as being given by

p—n+1 a
Atv, = plgr.}o Z (—1)k (k) Vyik, HEN, (29)
0

that was considered by G. Isaacs as an alternative to Diaz and Osler’s approach, which
was mainly due to the validity of the associativity of orders [72]. However, in 1962, Isaacs
proposed another formulation reading

AZI\]vn:Z ke

> (k—n—N—l
k=n

)vk, neEN. (30)

It is important to highlight that Isaacs” formulae express anti-causal differences as we
should expect. Among several interesting results, he presented what can be considered a

discrete Leibniz rule
[ee]

AN (g = 3 @’ > Ao, AN,
k=N

Meanwhile, discrete signal (time-series) analysis, which has benefited from major
developments since World War I, received a spectacular boost with the publication of the
landmark book Time Series Analysis: Forecasting and Control by George E. P. Box and Gwilym
M. Jenkins [4]. Here, the authors presented a coherent and mathematically well-founded
study of the ARMA models and their evolution, the Autoregressive-Moving Integrated
Average models (ARIMA) [10,73]. The “integrated” factor pointed already to what was
going to happen next: the insertion of a “fractionally integrated” term, leading to the
ARFIMA models [74-80]. To the formalization of this new model, the concept of fractional
differencing was introduced through (1) [74,75]

(1 _ Zfl)rx _ i(_l)k(i>zk _ i (_k‘;‘)szk’

k=0 k=0
for |z| > 1, meaning that
VIX _ - (_a)k Z 1
Un =), gy Unk MEZ (31)
k=0 :

that corresponds to make /1 = 1 in the nabla (Liouville-)Griinwald-Letnikov difference.
These two formulae were also introduced earlier by Cargo and Shisha in the study of the
zeros of polynomials [81]. The fractionally differenced and integrated models have gained
roots and continue being used today [10,15,82]. In engineering, namely in signal processing,
a fractional generalization of the ARMA model has been proposed [25,27].

11



Fractal Fract. 2023, 7, 502

A brief glance at (31) may give us an impression of repulsion due to the summation
to infinity. However, such an impression is incorrect, because if the function is null for
n < ng € Z, the summation becomes finite. For example, if v, =0, n <0,

Vo, = f( 1)"%% , neN (32)
k=0 :

However, H. Gray and N. Zhang did not notice this fact and, in 1988, proposed an alterna-
tive through a new definition of the fractional difference. They had in mind to preserve
many properties of fractional derivative definitions, namely the exponent law and the
important Leibniz rule. To obtain it, they started from the summation formula that they
repeated using the Cauchy procedure to obtained the n-fold summation

t

VNE() Z (t—k+1)n_1f(k).

k=kg

This definition can be extended to N € Z; . It is important to refer that such a formula was
already known from the theory of Z transform [9], since it corresponds to the inverse of a
multiple pole at the point z = 1 in the complex plane (discrete integrator or accumulator).
Gray and Zhang were led to the following definition:

Leta € Rand f(t) are defined over thesetT = kg — N,k — N+1,---,0,1,--- ,t € Z.
The a-order summation over Tg = kg, ko + 1, - - ,t € Z is defined by

L VN t
V() = Ta+N) Yo (t—k+1)nga-1f(k), (33)

k=ko

where N = max0, Ny € Z such that 0 < « + N < 1. The a-order derivative is defined by
the substitution —a — «. This definition is coherent with the usual integer-order difference.
It is interesting to note that the above definition mimics the Riemann-Liouville definition
of fractional derivative [36,44,83]. It can be shown that, setting N -1 <« < N € ZO+ ,

we obtain
vN t
VEf(t) = TIN—a) k;{: (t—k+1)N—a-1f(k)
o H{j (34)
“T(N—a) kg%)(k +N—a-1f(t—k).

Consider the N = 0 case and note that

(k1) = 2 ()

meaning that (33) coincides with (26), provided that we remove the constraint on the
domain of f(t) and let it be defined over Z. On the other hand, we can prove thatif N > 0,

Nf®\ [(a+N
(=)
In such a case, we can write, for any «

VA = )kik+1,x1ft)

k(k £t

(35)

2

12
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This last expression coincides with (26) when /1 = 1. We can conclude that the work of H.
Gray and N. Zhang shows a different but equivalent to Liouville’s and Chapman’s way
to introduce fractional differences. They presented the causal (nabla) version, but it is not
very difficult to obtain the corresponding anti-causal (delta). It is important to remark that
they introduced, for the first time, the discrete-time Riemann-Liouville-type difference.
The Caputo-type difference was introduced later for both nabla and delta cases [84-86].
Meanwhile, K. Miller and B. Ross [87] presented an approach to delta difference that we
will consider next. After these publications, it seems there existed a time gap of almost
11 years without any novelty on the subject excepting the revision of the difference concepts
having in consideration the notions and unification introduced by Hilger [46,47] and the
discrete-time approximations to continuous-time derivatives by I. Podlubny [88]. In [57],
Bohner and Peterson revised the concepts of differences and derivatives in terms of the
notion of time scale.

4. A Critical View of Some Aspects Related to Differences
4.1. A “Fractional Delta Difference” that Is Not a Delta Difference

Concerning the fractional difference, only in 2007, F. Atici and P. Eloe returned to the
subject by considering the delta difference first [89,90] and the nabla later [91]. Although
they introduce a similar formulation to Gray and Zhang’s, it seems they were unaware of it,
at least initially. They intended to follow closely the continuous-time fractional derivative
definitions. The starting point was the definition of Miller and Ross, which [87] they
recovered [89,90]. However, this definition was based off the continuous-time difference
of Diaz and Osler that we studied above. These works were followed by many others in
the last 15 years. This had, as a consequence, a parallel introduction of several similar but
different formalizations, even from the same author, of both nabla and delta differences,
as the Riemann-Liouville-like and Caputo-like formulations, their compositions, and
difference equations [22,84,85,89,90,92-103].

As referred, the approach of Atici and Eloe started by using the definition of Miller
and Ross for the fractional discrete delta sum given by

t—

(8°1)(0) = g7 L= o)V f(w) (36)

k

wherea > 0,0(t) =t+1,andt=a+a+kk=0,1,2,--- ,N — 1. The function f(t) was
definedin T, =a,a+1,a+2,---. As shown by D. Mozyrska [99], it can assume the form

k
_ k—m+a—1
ISVIOED ol GRS VTR @
m=0 —m
For the nabla difference, again in disagreement with Gray and Zhang, they proposed
[90,91,104]
- LT(t—u+a—1)
v = & i)

Asabove,setu:a—|—mandt:a+1+k obtain

k m-+a— kK Tn+wa—
- ; kk ;H)l)f(”m):r(la)zr( =) ik —m).

For other versions, see [84,92,95,98,104,105].

Remark 4. Strangely, the domain of the above delta sum is not T, but Tq4n. This means that
the value at a given instant depends on past values, which is a causal behavior contrary to what
we where expecting, since it is assumed to be a delta difference, which is anti-causal. In addition,
most applications to engineering, economics, or statistics involve discrete-time systems where

13
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all the components, expressed in terms of sums and differences, are defined on the same time
sequence. However, a lot of people accepted the formulation of Miller and Ross as correct for
the delta difference with corresponding results. In fact, similar situations are repeated in other
formulations [84,92,95,98,104,106]. This has a very important consequence: it is impossible to
define ARMA-type equations using these differences.

Example 1. To have an idea of the incorrectness of the delta difference definition, assume that a = 0
and f(t) = e, t € Z. Let us compute three cases:

1.  Orderl dzﬁerence
Af(t)y=e 1 —et= (et —1)e .

For a given t, the difference depends on the present and future values.
2. Order —1 difference

A_lf(t) _ _e—t _ e—t—l _ e—t—2 - _e—t Z e = ((3_1 _ 1)_1€_t.

Aguain, for a given t, the —1-order difference (sum) depends on the present and future values.
3. Order —1/2 difference
witht =1/2 + k, we have

s er = 3 (1 e
_ ok i (” —n1/2> o
— ot/ Z < 1/2>

e (t41/2) | 1 /9= (t=1/2) _ zle—(t—S/Z)...

Contrarily to the above examples, the —1/2-order derivative depends on one future value
and infinite past values. Therefore, an operator that we were expected to be anti-causal is
essentially causal.

4.2. One for All or One for Each

In some discrete-time formulations, as well as in the usual continuous-time fractional
calculus, it is current to attach to a given difference/derivative definition the support
of the function at hand. This means that for any function, there is a particular differ-
ence/derivative definition. It is a one to one case. This was the procedure used by Gray
and Zhang. However, it creates difficulties, since we cannot add functions and differ-
ences/derivatives with different durations. This is strange because it is assumed that the
differences/derivatives are linear operators.

Alternatively, we can define general differences/derivatives over the whole possible
domain (R or Z) and only particularize at the moment of the computation. To understand
the situation, consider two functions

0 n>a
fn)=qn a<n<b
0 n>h

g(n)=mn, a<n<b.

At first glance, it looks like they are the same. However, they express different situations:

14
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1. f(n) expresses a situation where there is a past and a future. It is like some system
that exists, is in stand-by first, acts for some time, and returns to the previous state. It
is the situation corresponding to many physical, biological, and social systems.

2. g(n), on the contrary, has no past and will have no future: something is born, lives for
some time and disappears.

Assume that we want to define and compute a Z transform of such functions. In the
first, we use the usual definition

F(z)= ). f(mz", (38)

that gives
b
F(z) =) nz "
n=a
On the other hand, for g(n), we have to make a new definition

b

aGb(Z) = Z nz"", (39)

n=a

valid only for all the functions defined in the interval a < n < b. However, F(z) and ,Gp(z)
are complex variable functions analytic in the same region and to which corresponds the
same inversion integral that leads to the same inverse. In fact, the Cauchy integral

1 n—1
h(n) = 50 j{H(z)z dz
defines a function #(n) on Z. This is interesting: the inverse transform imposes an extrapo-
lation of g(t) so that its domain is Z, although its supportis a < n < b. This means that
we should use (38) as a definition of Z transform and consider functions of the type f(n),
even if its support is finite. Therefore, we do not need to specify the support in defining
differences, derivatives, and transforms.

4.3. The Riemann—Liouvile and Caputo-like Procedures

In many works and due to the influence of traditional fractional calculus, it has
become commonplace to use Riemann-Liouvile and Caputo-type procedures. These,
instead of doing a direct difference computation, use a convolution between an integer-
order difference and a fractional sum. However, while being mathematically correct, it is
not a suitable way of doing computations, since

1. We are increasing unnecessarily the number of operations; this is very important in
computational implementations, because we are increasing the numerical error [14,107];
2. We throw most of the computational burden on negative-order binomial coefficients
that behave asymptotically like n,lTH, so decreasing very slowly or even increasing.

In continuous fractional calculus, the Riemann-Liouville integral becomes singular
when the order is positive (derivative case), as Liouville recognized in his first paper [108],
having proposed both procedures that transfer the singular behavior to the derivative of
integer order. However, such a difficulty does not appear in discrete-time formulations,
since the computational burden falls heavily on the binomial coefficients, directly or other-
wise, which can be computed through the Pochhammer symbol that is always non-singular.
Therefore, there is neither particular reason nor advantage in using those procedures.

15
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5. Shift-Invariant Differencers and Accumulators
5.1. Causal

Consider two bounded piecewise continuous functions f(t),g(f), t € R with
f(—00) = g(—o0) = 0. For simplicity, assume they are of exponential order so that we
assure they have Laplace transforms, F(s), G(s), s € C, analytic over suitable ROC.

Definition 1. Let us define a nabla or causal differencer as a linear system whose output, at a given
instant, is the difference between the input at that instant and at a previous one:

g(t) = f(t) = f(t=h), (40)
where h > 0 is the delay.

The output will be called nabla difference and represented by V f(t). From this defini-
tion, we can draw some conclusions:
1. Itis a moving-average system, which is sometimes called a “feedforward” system;
2. Itsimpulse response is given by:

so that
g(t) = () * f(t),
implying that
G(s) = (1 —e*MF(s). (41)
3. The transfer function is
H(s) =1—e"*", (42)

having C as the ROC.
4. We can associate in series as many systems as we can in such a way that the output of
the (n — 1)-th system is the input of the next one, n-th

fa(t) = gna(t), go(t) = f(t)
and
8n(t) = fu(t) = fult —h) = gn-1(t) = gn-1(t —h).
The transfer function of the association is given by

Gls) = [1 —efsh]"F(s),

that inverted gives the n-th order nabla difference

v = ¥ -0F () £tk )

k=0

Now, let us return back to (40) and invert the role of the functions: assume that the input is
¢(t) and the output is f(t) (feedback system)

f(t) = f(t=h) +g(t)

that can be reused to give:

f(8) = g(t) +g(t = h) + f(t = 2h) = g(t) + g(t = h) +g(t = 2h) + f(£ = 3h) = - --

16
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It is not hard to see that

f(t) =V7lg(t) = ) g(t—mnh), (44)
n=0
with LT .
Z —nsh { e‘ﬂ 71G(s), Re(s) > 0. (45)

Relation (44) shows why this operator is called an accumulator or sum. The series associa-
tion of n equal accumulators gives the n-th order nabla sum:

n

Vg = Y (-)f () — kh).
0= L0t (46)

Definition 2. This result together with (43) suggests that the a-order nabla differencer/accumulator
be given by
=) (- ( ) (t —kh), (47)
k=0

where « is any real number.

The corresponding LT is
LIVEF(1)] = [1—575’1]“1?(5), Re(s) > 0. (48)

Therefore, there are some facts that we must emphasize:

1. A difference/sum is the output of a system: differencer/accumulator;

2. The system structure is independent of the inputs;

3. If the order is not a positive integer, even if the input function has finite support, the
output has infinite support; in particular, if f(t) has support [a,b] C R, g(t) is not
identically null above any real value: the support is [, co]. This is a very important
fact that is frequently forgotten or dismissed.

4. If the input is a right-hand function, so is the output; in particular, if f(t) =0, t <0,
then V*f(t) = 0, for negative t and for t > 0, we have

VA = R () -k, )
=0

where n = [t/h] is the the great integer such thatn < t/h.
5. The ROC of the transfer function is defined by Re(s) > 0, as expected, since we are
dealing with a causal system.

5.2. Anti-Causal

Consider the conditions of the previous subsection, but now with with f(c0) = g¢(c0) = 0.

Definition 3. We define delta or anti-causal differencer as a linear system whose output, at a given
instant, is the difference between the input at that instant and at a future one:

g(t) = f(t) = f(t+h), (50)

where h > 0 is the lead.
The output will be called the delta difference and represented by Af(t). Note that
it is the symmetric of the current definition (21). Traditionally, the symmetric of (50) is

considered: g(t) = f(t+ h) — f(t). To simplify and highlight the similarity to the nabla
difference, we found it preferable to omit the — sign.

17
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From this definition and the previous results, we conclude that:

1.  Itis also a moving-average system;
2. TheLT gives

G(s) = (1 —e™MF(s). (51)

3.  The transfer function is
H(s) =1—e*, (52)

having C as ROC.
4. The association in a series of n systems as above has a transfer function given by

G(s)=[1 —eShrP(s),

that inverted gives the n-th-order delta difference
& n
A'f(t) =Y (-1)F <k>f(t + kh). (53)
k=0
5. In a similar way, the delta accumulator is
Alg(t) =) gt +nh). (54)
n=0

The series association of 7 accumulators is expressed by

Vg = 504 (st - ) 55)
k=0
and has LT .
LIATg(H)] = [1 —eSh} G(s), Re(s) <O. (56)
Definition 4. This result, together with (43), suggests that the a-order delta differencer/accumulator
be defined by
270 = Y- (-0F () £t k), &7
k=0
where w is any real number.
The corresponding LT is
ciatf(n)] = 1 —eShrF(s), Re(s) < 0. (58)

This and the nabla differences have similar characteristics. Therefore, and in particular, we

can say relatively to the delta difference:

1. If the order is not a positive integer, even if the input function has finite support, the
output has infinite support; in particular, if f(¢) has support [a,b] C R, g(t) is not
identically null below any real value; the support is [—co, b].

2. If the input is a left-hand function, so is the output; in particular, if f(t) =0, t > 0,
then A*f(t) = 0, for positive t and for t < 0, we have

20 = Y- (=1 () F = 1), )

k=0

where n = {—t /h] is the the great integer such that n < —t/h.

18



Fractal Fract. 2023, 7, 502

3. The ROC of the transfer function is defined by Re(s) < 0, as expected, since we are
dealing with an anti-causal system.
4. We can account for the (—) sign we removed above by inserting the factor (—1)* into (57).

5.3. Properties

The nabla and delta differencers have similar properties that we will describe for the
first. The most important are [25]

e Additivity and commutativity of the orders
VE[VEF(1)] = VEIVE£(1)] = VA £(1).
®  Neutral element
This comes from the last property by putting g = —a, VX[V *f(t)] = VOf(t) = f(¢).
This is very important because it states the existence of the inverse, which is in
coherence with the previous sub-sections.
e Inverse element
From the last result, we conclude that there is always an inverse element: for every
a-order difference, there is always a —a-order difference given by the same formula.
e Associativity of the orders

VI [VATE] £() = VIR = TR A () = VR [P (1),

It is a consequence of the additivity.
e Derivative of the product

Ve If(Dg(H] = Y ("‘)Wf(t)vwga ~mh). (60)

m=0 m

The delta case is slightly different as expected

A F(Bg(D] = Y (“)A’”f(t)A"“mg(Hmh)-

m=0 m

5.4. Discrete-Time Differences

In the Introduction, we mentioned the importance of discrete-time signals. In Section 2.4,
we showed how to obtain them by sampling continuous-time signals. However, we must
highlight an important fact: discrete-time signals exist by themselves, without there needing
to be a continuous-time signal from which they resulted. There are many signals that are
inherently discrete. This means that in each case, there is necessarily a clock that defines the
time sequence in which we work. Therefore, the delay/lead, /i, must be equal or a multiple
of the sampling interval used to obtain the discrete-time formulation for differences. For
simplicity, we choose the sampling interval equal to & so that T = {t = nh, n € Z}, giving

2 (—a
Ve = Z ( n')nfk_"' keZ, (61)
n=0 '
and
2 (—w
w3 S, ke, )
n=0 :
that can assume different forms:
£ (—a)
VA = S kg kel (63)
n:z—oo (k - Tl)! !
and ~ (_a)
—
A=Y ~ ke keZ. (64)
fi rg{ (n —k)!f"
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As it is obvious, the Formulae (61)-(64) express input/output relations that are discrete-time
convolutions between the input f, and the binomial coefficients (impulse responses) to pro-
duce the outputs that are the differences. Such relations are mediated by the called impulse
responses that are the outputs, /1, when the input is the Kroneckker delta defined by

1 n=0
On =
{0 n # 0.

In passing, we define the discrete-time step by

1 n>0
&y =
0 n<O.

Therefore, the impulse responses of the nabla and delta differences are, respectively,

and
8n = Wfﬂz,

where 1 € Z, which is in agreement with the causality. It is important to remark that

1.  Both responses have finite duration if « € N, and the systems are called FIRs (finite
impulse systems) [14].

2. Ifa ¢ N, both responses extend to infinite, and the corresponding systems are IIR
(infinite impulse response).

3. Iffy =0, k<0, then V*f; =0, for negative k, and for k > 0, we have

ko(_
Vi = ZO ( noj)”fk_n, keZ (65)
or,
ko(_
Vi f, = ;]((k"i)’;)';fn, keZ. (66)

4. Similarly, if fy =0, k > 0, then A* f; = 0 for positive k and we obtain for k <0

kez (67)

Kl
Atxfk — Z ( noi)”

n=0

or

k|
A f = Z Jn kfn, ke (68)

5. Itis a simple task to obtain formulae for functions with other supports.

6. The Z transforms of the above discrete-time differences can be obtained from the
corresponding LT by setting z = ¢°. For example, the Z transform of the nabla
difference (61) is

Z[V il = (1-21)"F(2), (69)

in the suitable ROC in the region defined by |z| > 1.
7. If, in any particular application, a time sequence with the form T = a 4 nh,;n € Z,
a € R is used, we can make a substitution f(a + nh) for f(nh).
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5.5. Two-Sided Differences
There is another differencer, two-sided (bilateral), which is given by

Ouf(t) = f(t+h/2) — f(t—h/2), (70)

that originates two bilateral fractional differences, but we will not study both here [68,69,109].
We can easily obtain one of them by combining a delta with a nabla difference.

Definition 5. Let t = kh, k € Z. We define a bilateral differencer through

[ (=)"T(B+1)
@ﬁfk _ vllAhfk _
? n_z—oor(’g”’—n+1)r(’32"+n+1

)fknr (71)

with B = a + b (difference order) and 0 = a — b (asymmetry parameter).

For p € Z~, we obtain singular cases that were treated in [69]. Suitable choices of
these paramters allow us to recover the above introduced differences:

e  With 6 = 3, we obtain (47);
e  Similarly, with § = —p and variable change, we obtain (57);

Some particular cases of (71) are very interesting:

1.  Riesz-type difference, § = 0,

be (=1)"T(B+1)
O fi n;oor(g—n+1)r(§+n+1) k- (72)

2. Feller-type difference, 0 = £1,

br o ¥ (~1)'T(B+1)
(Blfk_nzz_oo r(%_nJrl)r(%JrnJrl)fk—n. (73)

3.  Two-sided discrete Hilbert transform, g = 0,
+00 1

O i = n:z_oo(_l)n ’ r(g —n+1)r(—79 +n+1)

fkfn- (74)

With 0 = 1, we obtain the usual discrete-time formulation of the Hilbert transform [14].

Remark 5. It must be noticed that in the general case stated in (71), the difference G)g fi does not
have Z transform, since the ROC degenerates in the unit circle (z = e'), meaning that it has
discrete-time Fourier transform, F(e'“) [68,109]:

f[@g fk} = |2sin(w/2)|Pe @l sEN@OT/2p(oi0) || < 7, (75)

where sgn(.) is the signum function.

5.6. The Tempered Differences

We introduced above the three standard definitions for the differences of order one
(40), (50) and (70). With a slight modification, we obtain their tempered versions. We only
need to make adaptations of the results described in [110]. The concept of a tempered
fractional difference was introduced, for the first time, by Sabzikar et al. [111], starting from
the Griinwald-Letnikov derivative. Their results are similar to those that we are going
to present.
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Definition 6. Let A € R. We can define three tempered differences (TDs):

e Nabla TD
Vasf(t) = f(t) —e Mf(t—h), (76)
that has LT
LIVAf(H)] = [1 —e_M‘e_Sh}F(s), (77)
forany s € C.
e Delta TD
MAf(t) = f(t) =M f(t+ ). (78)

Its LT is valid for any s € C and given by
LIAF(H)] = [1— M| F(s), (79)

As above, we removed a (—) sign.
o Two-sided TD

@oaf(1) = [ttt 5) —e M- 3)] 0

It is straightforward to invert the relations (76) and (78), and so, we obtain the first-
order anti-differences

V() = Y e V(- nh) o)

n=0

and .
AVUF(E) = Y ™M f(t+ nh) (82)

n=0

that can be generalized for any real order.

Definition 7. For o« € R, we can write [110]

10 = Y e ) )
n=0 :
and -
—u
AF() =Y, (ni')"e”’\hf(t—b—nh). (84)
n=0 '
Definition 8. To obtain the discrete-time versions, we set t = nh and y = eM so that we can
write [110]
o) — B
1=y, Eo n,)”y " fi-n (85)
n=0 :
and
X (-
afi= Y S 86)
n=0 :

valid for any a € R.

The bilateral tempered fractional differences are somehow more involved. They can
be obtained from the results introduced in [112]. We will not do it here.
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5.7. Bilinear Differences

One of the most interesting methods of obtaining discrete-time systems from continuous-time
templates is through the conformal transformations, so that we pass from the LT context,
(s), to the one of Z transform, (z) [28]. The traditional procedures can be described by

s=1-— z_l,
for the nabla case and
s=z-—1,

for the delta case. Basically, z~! and z correspond to delay and lead, respectively. This proce-
dure is equivalent to the one described in Section 5.4. It has a great drawback: the imaginary
axis in the s plane is transformed into the Hilger circles |z — 1| = 1 and |z 4+ 1| = 1 [25]. This
fact brings some inconvenience [28].

Another alternative to obtain continuous to discrete conversion is through the bilinear
(Tustin) transformation [28,113]

_21—z71
ST hlyz

which leads to discrete-time formulations similar to the GL-like above obtained. In [114],
new discrete-time fractional derivatives based on the bilinear transformation were in-
troduced and studied. In agreemennt with such a theory, we propose new differences
here.

Definition 9. Let us define a bilinear nabla differencer as a linear system whose output, at a given
instant, is given by

g(t) +g(t—h) = f(t) = f(t = h) (87)
and the bilinear delta differencer by
g(t) +g(t+h) = f(t) = f(t+h). (88)

In terms of the LT, we can write, respectively,

_ ,—sh
Gls) = 1 F(S) 89)

and L goh
G(s) = ﬁl—“(s). (90)

It is obvious that we can formulate symmetric bilinear differences from the LT

esh/Z o efsh/Z

Gs) = Gy e F -

1)

To avoid any repetition of concepts, we will consider the nabla case only. The above
formulae suggest immediately how we make a continuous-to-discrete conversion by using
the substitution e — z.

Definition 10. We define the bilinear nabla fractional difference through

1—z1

1—|—z—1} F(z), |z|>1 (92)

2934 - |

Attending to the results in [114], we can write

b= Y Wifak, MEZ, (93)
k=0
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where [114]

ko (_ _
lrblﬂc‘ — m\éo ( n‘;‘!)m ( (k_ m)!kfm’k c Zar (94)

In particular, for « = 1, we have

2(-1)F k>0
0 k<O

. ¢k1:{1 k=0
2 k>0

Although these new differences seem to be rather involved, they are easily implemented
with the help of the fast Fourier transform (FFT) [114].

We can also obtain two-sided bilinear differences, but the procedure is rather involved
and not very useful. However, the frequency domain representation is easily obtained
from (91).

6. Scale-Invariant Differences

In previous sections, we dealt preferably with the shift-invariant differences. Here, we
will consider others that have deep relations with the scale-invariant derivatives [40].

Consider two bounded piecewise continuous functions f(t),¢(t), t € Rt with
£(0),g(0) = 0. For simplicity, assume they are of polynomial order, so that we assure
they have Mellin transforms, F(v), G(v), v € C, analytic over suitable ROC.

Definition 11. Lef q > 1. We define a stretching differencer as a linear system whose output, at a
given scale, is the difference between the input at different scales:

g(t)=f(r) = f(rg™"), TeR, (95)

where q is the scale constant.

The output will be called the stretching difference and represented by <if (f). Letting
g < 1, we obtain the shrinking difference, o> f (t). Therefore, their properties are similar. We
will study the first only, because the other is easy to obtain. From this definition, we can
draw some conclusions:

1. Its impulse response is given by:

¢(t) =d6(t=1) =d(t/q 1),

so that
8(1) = ¢(7) » f(1),
implying that
G(v) = (1—q ")F(0). (96)
2. The transfer function is
H(v)=1-q77, 97)

having C as the ROC.
3. Asin the shift-invariant case, if associated in series n systems, the resulting system
defines the n-th order stretching difference that has a transfer function given by

H(v) = [1-¢7°]",

24



Fractal Fract. 2023, 7, 502

from which we obtain the n-th order stretching difference
n - k(™ —k
I f(0) = Y (D7, ) f(ra ). (98)
k=0

Now, let us return back to (40) and invert the role of the functions: assume that the input is
¢(7) and the outputis f(7)

f(r) = f(rq7") +5(v),
that can be reused to give:

f(r)=g(t)+g(tg )+ f(rg?) =g(r) +g(tg ") +g(rg )+ f(xg 3 = - -

It is not hard to see that

)= a7 s(0) = L sl ), 99)
with MT .
F(v) = G(v) Zoq*”v =[1-q7°]7"G(s), forRe(v) > 0. (100)

Relation (99) shows why this operator is again an accumulator. The series association of n
equal accumulators gives the n-th order stretching sum:

oty = Yo (—1)F (" -y, 101
<50 = L0 (st ) (101

Definition 12. This result together with (98) suggests that the wn-order stretching differencer/
accumulator must be given by

<50 = L0 () e, (102)

where w is any real number.

As we observe, this difference uses an exponential domain in agreement with our
considerations above (Section 2.3). The corresponding MT is

M[<*f(1)] = [1 -4 °]"F(v), forRe(v) > 0. (103)

Therefore, the shrinking difference is defined by

N S bt
ot 7) = T3 e (104)
having MT
M[>*f(1)] = [1 —q°]*F(v), forRe(v) < 0. (105)

Remark 6. The relations (100) and (105) show that there is a scale-invariant system that produces
the difference as an output.

To obtain the discrete-scale versions, we only need to make a sampling in agreement
with Theorem 2. Let T = ¢". For the stretching difference, we obtain

< = i(—l)k(?ﬁ) Fo (106)

k=0
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while for the shrinking one, it is

> fr = i(—l)k(@qu. (107)

k=0

As we can see, they are formally similar to the nabla and delta differences; they
only differ in the sampling sequence used: linear or exponential. Thus, from a purely
discrete point of view, we have no way of making any distinction between linearly or
exponentially sampled functions. This means that if we want to define stretching and
shrinking differences in discrete time, we have to break the continuous connection: we have
to work exclusively with the sequences defined in Z. So, having a sequence f,,, n € Z, we
wonder how to define stretched and shrunk sequences so that we can introduce differences.
In [115], ways to produce stretched and shrunk sequences were presented. In principle, we
could use them to define differences, but this procedure has difficulties, since the operations
of stretching and shrinking involve all knowledge of the underlying sequence, and the
scale transformation system is two-sided.

However, we can use the traditional “decimation” operation used in signal processing
to define a stretching difference [5,8,14].

Definition 13. Let N be a positive integer (decimation parameter). We define a stretching difference through
AN fn = fu— fane (108)

We can show immediately that if M is a positive integer, then

M
W fa= L (=D)" <M>f (109)
N Jn m N™Mp-
m=0
If f, =n", n € Nya € R, then
Ma_M_lmMNamu_l_NaMa 110
adfnt = (-0 ( = [1 - NMe (110)
m=0
Proceeding as above, we obtain
M
_ M
M=) (m?mmen, (111)
m=0 :
that allows us to write
M
Mn=Y (—1)"1%1\7”%“ = [1— N7 Mpe, (112)
m=0 :
Definition 14. These relations suggest we write
A fam Yo T8 (113)
NJn — m! N"n,
m=0 ’
so that
v (—a)
aqnt = ZO o TN"p® = [1— N?*n". (114)
m=

This last relation seems to point to a definition of a “discrete Mellin transform”, as

F(v) =) fik’, veC,
k=1
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which is different from other proposed in the past [33,34]. We do not go further in this way.

The properties of the stretching discrete difference just proposed are readily deduced
from the results in Section 5.3. From such a definition, the reason for not defining a
shrinking difference is evident.

7. The ARMA-Type Difference Linear Systems

Definition 15. We define an ARMA-type difference linear system through the following
equation [25,28]

Z a D™ y(t) Z b DPex(t) (115)

where ay and by (k =0,1,-- - ,) with ay = 1 are real numbers. The operator D is any difference
defined previously. The orders N and M are any positive integers. The positive real numbers wy and
Br withk = 0,1, - - -, form strictly increasing sequences.

The most interesting systems are those with commensurate orders:

Z a Dy (t Z b DR x(t). (116)
k=0

In the shift-invariant cases, the exponentials are the eigenfunctions and the eigenvalues are
the transfer functions [27,36,116]. In the scale-invariant system, such a role is played by the
powers [40]. The corresponding (Laplace, Z, Mellin) transforms give the impulse response or
Green function of the system.

Example 2. Consider the ARMA(1,1) system:
V& (t) +ay(t) = by V*x(t) + box(t)
and let x(t) = ¢, t € R. The output will be y(t) = H(s)e*, t € R,c € C, with

bl(l — E_Sh)a + by

His) = (1—esmh)a4q

,  Re(s) > 0.

The impulse response is not easily obtained. From

by (1 — efsh)at + by + bra — bya

(1—esh)x4q
=b + M =b + (bo _ bm) i am(l 7e—sh>—(m+1)1x’
(1—esh)x g =
= byt (oo~ o) ) @ o L D0

|
m=0 k=0 k!

we get
h(t) = bio(t) + (by — b1a) i i%l)wké(t—kh).

The output for any x(t) is given by the usual convolution

y(t) = brx(t) + (bo — bw

HMEB

i m+1 ((m+1)a)g x(t — kh).

In the discrete-time case, we set t = nh, n € 7Z to give

V%, + ay, = b1 V%, + boxy.
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If the input is the exponential z",n € 7,z € C, the output is y, = H(z)z",n € Z,z € C, where

by (1 — Z_l)a + by

Hiz) = (1—z1)*+a

, )zl > 1

We can obtain the Z transform inverse of this function approximately through the FFT. However,
proceeding as above, we obtain

ked 2 (m+1)a
hn = blén + (b() - b]ﬂ) 2 a™ Z «IC#(SH,;C.
k=0 :

m=0

As in the continuous-time case, the output corresponding to a given input is obtained through the
discrete convolution

Yn = byx, + (bo — b1a) 2 Z )0k N ke

Example 3. Consider the scale-invariant AR(1) difference system defined by the equation

> 2y, = >3 2%, — xy
and let x, =n"2, n € Zy .
Accordingly to what we wrote in the last section, the solution is, for n € N,

i (1/2)m

o X3my.

Yn = Xpn —

m=0

So,

i 1/2 LS 2)ma—om, -2 _ —2[1_(1_1/9)—1/2} 2\2[\[3 -2

8. Which Difference?

We described the most interesting differences. We ask ourselves which one should
be used in a particular application. In some uses, there is doubt. For example, in most
engineering applications, such as digital signal processing, which is the basis of many
electrical, mechanical, or biomedical systems, the nabla derivative is the appropriate one.
In fact, these systems are causal. The bilinear nabla systems are similar, but they have one
important advantage: they are suitable for frequency domain implementations with the
fast Fourier transform. The reduction in the number of operations should be a goal in
applications. If the independent variable is not time, but any other, such as space, the delta
or bilateral derivative can also be used. Although often employed, the delta difference is not
suitable for most applications; its anti-causal characteristic gives rise to unstable systems.

In dealing with stochastic processes, such as the fractional Brownian motion or other
generalized discrete fractional processes, the nabla or the two-sided can be used [117-119].

The integer-order differences and systems are characterized by having short memory
and an exponentially decreasing impulse response, which is unsuitable for many appli-
cations. On the other hand, the fractional systems have long memory, since they have
power decrease impulse responses, which brings too big of an influence of the past into
the present. The tempered systems offer an intermediate solution. In engineering, the
frequency domain analysis helps in deciding which system is more suitable. This fact
makes the area of filter design one of the most important in applications.

The scale-invariant differences and systems, considered separately from the shift-
invariant analogues, only recently were introduced. The corresponding discrete versions
were proposed above for the first time. Therefore, there are no prescribed applications.
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9. Discussion

Differences are basic building blocks for defining derivatives, but they can be used
in many applications to solve differential equations and model many systems. In most
situations, shift-invariant differences are used, although scale-invariant versions are also
useful. Here, they have been studied separately. General continuous-time cases have been
introduced, although the main interest has been placed on the discrete versions.

When looking for a discrete-time equivalent to continuous-time differential systems,
there is a difference system that works as an intermediate [28]. Normally, such a system is
not used for anything else. Discrete differences and systems are fundamental in compu-
tational applications that are the primary means for practical implementations. For this
reason, when introducing differences, we adopted a system point of view to emphasize that
differences are outputs of linear systems, which implies that they are defined independently
of the inputs, notably their duration. Moreover, outputs are generally of infinite duration,
even if the input support is finite. In addition to the classic differences, we introduce new
ones such as bilateral and tempered differences.

The option by system approach for introducing differences allowed us to define
ARMA-type linear systems, enlarging the classic procedure used in time-series analysis
and processing which supported many important applications in engineering, economics,
statistics, and so on. It is important to remark that many interesting functions we find in
applications are acquired under a discrete-time form without having any analytical formula.
This implies that we have to deal with functions (signals) defined in the set of integers.
Anyway, implicit in any application, there is a time sequence imposed by an underlying
clock which imposes a working domain that we cannot change. This aspect was frequently
dismissed in the past, which is a fact that led to some “abnormalities” such as the loss of
(anti-)causality. This happened, for example, with the assumed “delta difference” that is
not really a delta difference, since it should be anti-causal, but it is bilateral. This fact is
expected to make a review of some associated concepts and tools.

The theory we have just described leaves open issues that deserve consideration in fu-
ture research. In fact, we have not considered the modeling/identification problems [16-20].
To do so, the frequency-domain approach will certainly be a safe way forward. This can be
applied by adapting and extending the studies in [25,114] by defining suitable transforms.
It is important to highlight the fact that such transforms use the eigenfunctions of the
differences as kernels. Another open issue is the interaction between the ARMA difference
systems above introduced and the stochastic processes, as referred above. This will imply
the search for estimation methods that may involve spectral estimation.
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Abstract

This article discusses the transformation of a continuous-time model of the fractional
system into a discrete-time model of the fractional system. For the continuous-time model,
the exact solution of the nonlinear equation with fractional derivatives (FDs) that has the
form of the damped rotator type with power non-locality in time is obtained.This equation
with two FDs and periodic kicks is solved in the general case for the arbitrary orders of
FDs without any approximations. A three-stage method for solving a nonlinear equation
with two FDs and deriving discrete maps with memory (DMMs) is proposed. The exact
solutions of the nonlinear equation with two FDs are obtained for arbitrary values of the
orders of these derivatives. In this article, the orders of two FDs are not related to each
other, unlike in previous works. The exact solution of nonlinear equation with two FDs
of different orders and periodic kicks are proposed. Using this exact solution, we derive
DMMs that describe a kicked damped rotator with power-law non-localities in time. For the
discrete-time model, these damped DMM s are described by the exact solution of nonlinear
equations with FDs at discrete time points as the functions of all past discrete moments
of time. An example of the application, the exact solution and DMMs are proposed for
the economic growth model with two-parameter power-law memory and price kicks. It
should be emphasized that the manuscript proposes exact analytical solutions to nonlinear
equations with FDs, which are derived without any approximations. Therefore, it does not
require any numerical proofs, justifications, or numerical validation. The proposed method
gives exact analytical solutions, where approximations are not used at all.

Keywords: fractional differential equation; nonlinear differential equations; fractional
calculus; fractional dynamics; discrete map with memory; processes with memory

PACS: 45.10.Hj

MSC: 26A33; 34A08

1. Introduction

Integro-differential and integral operators, which satisfy some generalizations of
the fundamental theorems of calculus, are called fractional integrals (FIs) and fractional
derivatives (FDs) and form the fractional calculus (FC) (see fundamental books [1-5], the

Fractal Fract. 2025, 9, 472

33

https:/ /doi.org/10.3390/ fractalfract9070472



Fractal Fract. 2025, 9, 472

Handbook reviews [6,7], and numerical methods seen in [8-10]). There are many types
of FDs and Fls [11-14]. The history of the FC was first described in the 1868 paper [15]
and then in a book [1] and papers [16-18], including the history of the application of the
FC [19-21]. Equations with FDs with respect to time can be used to describe processes
and systems with memory and non-locality in time in the various fields of physics [22-25],
including continuum mechanics [26-28], physical kinetics [29,30], thermoelasticity, and
diffusion [31,32], and in other sciences, including economics [33,34], biology [35], and
engineering [36].

In physics, mechanics, and nonlinear dynamics, the discrete maps are usually derived
from differential equations of integer order with periodic kicks (for example, see the books
about the nonlinear dynamics [37-39] and the work on physics [22,40-42]). This approach
allows us to derive the exact solutions of these nonlinear differential equations without any
approximations. Therefore, it is important to have a similar approach to solve nonlinear
equations with FDs. Some scientists have tried to generalize this approach to nonlinear
equations with FDs to derive the discrete maps with memory (DMMSs) and nonlocality in
time. Until 2008, nonlinear DMMs were simply postulated in some form (for example, see
the papers of Fulinski, Kleczkowski [43], Fick with coauthors [44,45], Giona [46], Gallas [47],
and Stanislavsky [48]) and are not exact solutions of any integro-differential equations.
Some scientists even proposed a justification that periodic “blows” and kicks knock out the
memory of dynamic systems. From this, it was concluded that discrete maps associated
with equations with FDs cannot have memory. To solve the problem of finding exact
solutions to nonlinear equations with FDs and periodic kicks, deriving the corresponding
DMM was proposed by Zaslavsky to various scientists who collaborated with him.The
author of this article also offered to solve this problem in 2006. This Zaslavsky problem
was successfully solved by the author and then published in 2008 [49]. For the first time,
DMMs were obtained from nonlinear equations with FDs without approximations in [49].
Then, this approach was developed in [22,50,51] and then in works [34,52-63] in which the
following results were derived:

e The DMMs were derived from the equations with the Caputo and Riemann-Liouville
FDs in [22,49-51], including the generalization of the Henon, dissipative, and Za-
slavsky maps with memory [22,52,63].

e The DMMs were also derived from equations with FDs describing economic [34,53],
population dynamics [54], and quantum dynamic systems [55].

e  For the first time, the DMMs were obtained from the equations with FIs in [56].

e The DMMs were obtained from the equations with the Erdelyi-Kober FDs in [57], the
Hadamard-type FDs in [58], and the Hilfer FDs in [59].

e For the first time, the DMMs were derived from the equations with the general FDs
and Fls in [60,62].

e The DMMs were obtained from the equations with the distributed-order FDs in [61].

e The first computer simulations of some such DMMs, which are obtained from nonlin-
ear equations with FDs, are proposed in papers [63-65].

e New types of the chaotic behavior of systems with nonlocality in time were discovered
in these papers [63,64], the 2013 papers [66-68], and the 2014 works [69,70].

*  Note also the new works of Mendez-Bermudez and Aguilar-Sanchez [71] about tun-
able subdiffusion in the DDM; Borin [72] about scaling invariance analyses for DDM;
Orinaite, Telksniene, Telksnys, and Ragulskis [73] about the changes of the complexity
of DMM,; Orinaite, Smidtaite, and Ragulskis [74] about Arnold tongues of divergence
in the Caputo DMM.

Note some works about the derivation of exact solutions and the DMMs from equa-
tions with FDs and FIs without approximations. The importance of this approach to
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obtaining DMMs is that these maps are derived from the exact solutions of nonlinear equa-
tions with FDs and FIs for a very wide class of nonlinearities without any approximations.

For physics, mechanics, and applied sciences, the DMMs are primarily important
due to the connection of these maps with fractional differential and integral equations.
Therefore, it is important to obtain DMMs from various equations with FDs and FIs without
approximations.

Note that the DMMs were considered before the publication of the 2008 article [49],
and their maps were proposed without any connection with equations with FDs or any
differential equations at all. It should be also noted that, recently, some DMMs are sug-
gested by using the discrete fractional calculus [75-77] and discrete general fractional
calculus [78-80]. Such maps, which are called “fractional difference” maps, were con-
sidered by Wu, Baleanu, and Zeng in [81-84], by Edelman in the 2015 works [85-88], in
2018 papers [89,90], in the reviews [91,92], and in the paper of Edelman, Helman, and
Smidtaite [93-97]. Unfortunately, such fractional discrete maps are not related with the
exact solutions of equations with FDs, and such maps were not obtained from equations
with FDs without approximations. In addition, there are no well-founded models in
physics, biology, or economics that were described by the equation of the discrete fractional
calculus. Unfortunately, there are currently no studies of the relationship between discrete
FC, described in [75-77], and classical FC [1-7]. However, the description of the new
chaotic type of behavior of nonlinear systems with memory and new types of attractors
of “fractional difference” maps is important. This gives hope that similar attractors and
similar chaotic behavior are realized in discrete maps obtained from equations with FDs
without approximations.

One of the interesting systems with memory that is described by two FDs is the
periodically kicked damped rotator. This system with memory is a fractional generalization
of the system without memory that is described by the second-order differential equation

D2X(t) + ADIX(t) = KNX(8)] i(s(% ~K), (1)
k=1

where D{‘ = dk /dt* are the derivatives of integer order k > 0, A is a damping constant, T is
a kick period, K is an amplitude of these kicks, AV/[X] is a real-valued function, and §(t) is
the Dirac delta-function. Equation (1) gives [37], pp. 16-17, the memoryless discrete map

1— e*/\T

Xn+1_Xn:f(Pn+KTN[Xn])/ (2)

Poir = e*”(Pn +KTN[X,1]>. ®)

These equations are proved in Section 1.2 of [37], pp. 16-17. This map, (2), is known as the
kicked damped rotator map.

We should note that such universal DMMs were first obtained and described by the
authors in works [22,52,63] for the case « € (1,2) and § = a — 1 in Section 1.3.4 of [52] and
Sections 18.11-18.13 in [22]. The first computer simulation of the dissipative standard map
with memory (V[X,] = sin(X})) is realized by Edelman in [63] for & = 1.9975.

In this paper, we proposed the generalization of Equation (1) in the form

(DEX)(8) + A (D) (1) = KNTX(0] Y 6( % k), @)
k=1

where Dff and D} are the FDs of the arbitrary orders « > B > 0 [4]; A is a damping
constant; T is a period of the kicks; K is an amplitude of these kicks; N'[X] is a real-valued
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function; 4(t) is the Dirac delta-function. Equation (4) can be interpreted as the equation of
periodically kicked rotator with power-law memory. The structure of the original equation
is of significant importance: its left-hand side is linear and has constant coefficients, the
right-hand side is generally nonlinear, but due to delta functions, only the function values
at discrete time moments are used.

The following results are proposed in this paper.

e For the first time, the exact solution of the equation of the damped rotator with power-
law memory is obtained in the general case for the arbitrary orders of two FDs in
this paper.

e The exact solutions of the nonlinear Equation (4) with two FDs for the ordersa« > > 0
are obtained for arbitrary values of the orders of these FDs. In this article, the orders
of two FDs are not related to each other, unlike in previous works [22,52,63], where
xe(l,2land p=a—1.

e It should be emphasized that the manuscript proposed exact analytical solutions to
nonlinear equations with FDs, which are derived without any approximations. The
proposed method gives exact analytical solutions, where approximations are not used
at all.

e  Using these solutions, we derived the DMMs that describe kicked damped rotator
with power-law memory.

e Asasimple illustration of the possible directions of the application of the proposed
method, the model of economic growth was considered in addition to the well-known
model of the fractional damped oscillator with friction, memory, and external kicks.

2. Equation with Two FDs and Periodic Kicks

In this section, the equation of the dynamic systems with periodic kicks and power-
law nonlocality in time is proposed as the generalization of the periodically kicked rota-
tor without memory. This equation is an equation with two FDs of the orders a and
(x > B > 0), which describe nonlocality in time. The search for an explicit exact solution to
this nonlinear equation with two derivatives consists of three stages:

(1) At the first stage, the second fundamental theorem of fractional calculus and the
properties of FDs and FIs are used to obtain linear non-homogeneous equation with one
FD of the order & — .

(2) At the second stage, the exact solution of the non-homogeneous linear equation
with one FD is derived using Theorem 4.3 of [4].

(3) At the third stage, using the exact solution, which is written for the discrete
moments of time, the difference between these solutions at neighboring time points is
found as a function of all past discrete moments of time.

2.1. Fractional Differential Equation with Periodic Kicks

Let us consider the equation with two FDs with the periodic kicks
ad t
(Do X) (1) + A(DéOJrX) (t) = KN[X(1)] kz (5(? - k), G)
=1

where T is a period, K is an amplitude of these kicks, NV/[X] is a real-valued function, and
D¢, and Dg;0+ are the Caputo FDs of the orders N -1 <a < N, M —1 < 8 < M, with
N,M € Nand a > B > 0, such that

(D80, X)) = (B X)) = [hv-alt =0 XM (@)ar, ©®)
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(Do, X) (1) = (11 FxM /hM o(t— 7) XM (1) dr, @)

where h,(t) = t“71/T(w) with w > 0, I'(w) is the gamma function, X(N)(¢) =
dNX(t)/dtN, and XM (t) = dMX(t)/dtM with N, M € N [4].

The Dirac delta-functions are the generalized functions [98,99]. In order for the left
side of Equation (5) to make sense, the function NV [X(t)] must be continuous at ¢ = kT. In
Equation (5) with two FDs, we can use NV [X(t)] if N'[X] is continuous since this situation is
analogous to the case of an equation with one FD of the order greater than one.

Let us note well-known terms that are used in the discrete maps [22,37,39-42].

e IfN[t X(t)] = N[X(t)], then the map is called the universal DMM.

e IfN[X(t)] = — X(t), then the map is the Anosov DMM.

o If—yN[X(t)] = (r—1)X(t) — r X?(t), then the map is the logistic DMM.

e For N[X(t)] = sin(X(t)), the map is called the standard or Chirikov-Taylor
DMM [41].

Applying the Riemann-Liouville FI I Iﬁa 1,0+ of the order § to Equation (5) and using the
second fundamental theorem for the FDs and Fls, we obtain the equation

(18104 D0, X) () + A (150, DE, X) (6) — K (Iﬁmﬂ [xm]k)”jl(s(; k)) (H =0, ()
where .
(BRioif)®) = [ hgtt =) f(x)ar ©)

is the Riemann-Liouville FI of the order § > 0 [14].
Equation (8) can be written as the sum of three terms:

Ti(t) = (IﬁLm Dé;0+X)(t)f (10)
To(t) = A(I£L0+D20+X)(t), 11)
T3(t) = —K <I£L;O+N[X(T)] kof;l(s(; - k)) (1), (12)

where M -1 < B <Mand N—-1<a < N,withN,M € Nanda > > 0.
Let us consider the transformation of these terms of Equation (8).

2.2. Transformation of First Term of Equation with FDs

Using the definition of the Caputo FD of the order « € (N — 1, N| with N € N and the
semigroup property of the Riemann-Liouville FIs, we obtain

(IlﬁzL;OJrDé;OJrX) (t) = (IIEL o+ IRLy (3X+DNX)( ) = (IRL e mDNX)( ), (13)

wherea > >0, DNX(t) := dNX(t)/dtN = X(N)(t).

Let us consider the following two cases.

(D)IfN—-1< a—p < Nand X(t) € ACN[a,b] with (0,(n +1)T] C [a,b] and
—o00 < a < b < +oo, then we obtain

(IIQ’L o= ﬁ)DNX) () = (D"‘—ﬁx) () (14)
and
(100 D0, X) (1) = (DES X) (). (15)
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In this case, we obtain
Ty (t) = (Dg‘oﬁx) (t). (16)
(2) Let us consider the general case

M-1<B<M, N-1<a<N, a>B>0. (17)
Using that
a—p=(N-1+{a}) - (M-1+{p}) =N-M+{a} - {B}, (18)
where {x} = x — [x] and [x] is the integer value of the number x € R, we obtain
L-1<a—B<L, (19)

where
N-M+1 {a}>{B}ifN=M
L:={N-M {a} <{B}if N> M
N-M {a} ={B}if N> M,

4

>1
>1, (20)

wherea € (N—1,N], € (M—1,M],and N,M € N.
For the case N — L = 0, we obtain N — 1 < « — § < N and Equation (16).
For the case 1 < N — L < N, we have the equalities

(IIQL;OJrD%;O-f-X)(t) = (IIEL;O+III£]L_;(§C+DNX)(t) =

(NP DN (1) = (1 7P IN-LDN-LDLx) (1), 1)

if X(t) € ACNIa,b] with (0, (n4+1)T] C [a,b] and —c0 < a < b < 400, DEX(t) := X(L) (),
and DNX(t) := X(N) ().
Using the second fundamental theorem of the calculus for (N — L) € N as

N—-L-1
fm(0+)
Z m! o

(INEDNTEA) (1) = f(t) — , (22)

m=0

where 1 < N — L < N —1and f(t) = X1 (t). Equation (21) gives

(Ilg;g’j:ﬁ)INfLDNfLDLX)(t) _ (Ilgz;(()ﬂf;ﬁ)INfLDNfLX(L))(t) _

N—L=1 5 (L+m) (0+)

(rnoy "X = 3 (rpes ) (1) =

0 m!
B N-L-1 X(L+m)(0+)
DY P x)(t) — pmtLl—(a=p), (23)
Peo 00~ L Frs g1
where we use m! = I'(m + 1) and Equation 2.1.16 of [4], p. 71, in the form
L—(a=PB) ym _ r(m + 1) m+L—(a—p)
Urios 000 = 56 i T - py 1) ’ &
and I'(z) is the gamma function.
As a result, we obtain
N-L-1 (L+m)
_ (b B X (0+) m+L—(a—B)
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for the case (17), where L € N, 1 < L < N — 1, and we obtain
Ti(t) = (DE X)) (1) (26)
for L = N, whichmeans N —1 <a — 3 < N.

2.3. Transformation of Second Term of Equation with FDs

The second fundamental theorem of FC for the Riemann-Liouville Fls integral and
the Caputo FDs is described by Lemma 2.22 of [4], p. 96, in the following form: if X(t) €
ACM][a, b] with (0,(n+1)T] C [a,b] and —c0o < a < b < +oo,and M — 1 < B < M, then
the equation

B B M e k
(Fhas DBa X)) = X0) = 3 (a0 (=) @)
holds for all t > a, where

. xB(t .
260 = tim 0 560 = im x) 8)

For example, if 0 < p <1 (M = 1), then

(Hhias D X) (5) = X(8) — X(a) (29)
holds X(t) € AC'[a, b].
As a result, we obtain
M-1
To(t) = AX(t) = A Y ZE(0+) (30)
k=0

for p € (M —1,m] with M € N, and
To(t) = AX(t) — A X(0+) (31)
for B € (0,1].

2.4. Transformation of Third Term of Equation with FDs

Using the Riemann-Liouville FI (9), the third term is represented as

T5(t) = — K <1§L;0+ (N[X(T)] I:il(s(; - k))) (t) = (32)
—ré) /Ot(t - 1) (WX ()] 25(; — k) )dr. (33)
For nT <t < (n+1)T, we obtain
Ts(t) = _lfﬁ) knzl /Ot(t —7)p-1 (/\/[X(T)](S(% k) )dr. (34)
Using the equation
/Otf(r) 6(% — k)dT = T F(KT) Ot — KT), (35)
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where f(7) is continuous function at T = kT and 0 < kT < ¢, the term T5(t) for nT < t <
(n+1)T takes the form

Ty(t) = _1% k_zl (t — kT)P~L N'[X(KT)] 6(¢ — kT), (36)

where 6(t — kT) is the Heaviside step function.

2.5. Equation with One FD

The integration of Equation (5) with two FDs gives the equation with one FD of the
order &« — 8 > 0. Substitution of Equations (26) and (31), or (26), (30), and (36), into equation

() + To(t) + Ts3(t) = 0 (37)

gives the following linear equations with FD.

(1) Let us consider B € (0,1) suchthat N—1 <a < Nand N—-1 <a—p < N.
Substitution of Equations (26), (31), and (36) into Equation (37) gives the linear equation
with one FD

(DX (5) + A(X (1) — X(0+)) Kﬁi (t— kT)PINIX(KT) 6(t — KT). (38
Equation (38) can be represented as the linear equation with FD
(D”gjoix)(t) = —AX()+FR(b), (39)
where t € (nT,(n+1)T),n € N,A € R, and
Fi(t) == AX(0+) — T3(t) =
AX(0 f t —kT)P~L N[X(KT)] 6(t — kT). (40)

(2) Let us consider thecase M —1 < < M, N—1 <a < N,a > > 0. Substitution
of Equations (25), (30), and (36) into Equation (37) gives the linear equation with the FD

(D“C;‘Oix) (t) = —AX(t) + B(t), (41)
where the function F,(t) can be written as

By(t) = A(t) + B(t) — Ts(t) =

A(t) + B(t) + FK(T)knzl(t—kT)ﬁ—lN[X(kT)]e(t—kT), (42)
where vt
A(t) = A Y 2E(04) (43)
N-L-1 X(L+m) 0 e
BO = Y ot (a(jﬁ)) ), (44)

where L is defined by Equation (20),« € (N —1,N]and B € (M — 1, M].
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(3) Let us note a simple particular case of Equations (39) and (41), where a« — S is a
positive integer. If {a} = {B}, then

x—Bp=N-M=LEcN, (45)

and the FD is the integer-order derivative

e dtx
(DC;O/iX) (t) = T(t). (46)

Then, in the case {a} = {B}, Equations (39) and (41) are differential equations of the
integer orders

dL X (t
dtL() — CAX()+ (). (47)

dL X (t
T() == —AX(t) + R(t). (48)

If & = B+ 1, then L = 1, and we obtain a differential equation of the first order.

Remark 1. Let us note that Equations (39) and (41) are linear non-homogeneous equation with
one FD of the order x — 5 > 0.

3. Exact Solution of Equation with One FD
3.1. Exact Solution of Equation with One FD
To solve Equations (39) and (41) with FDs, we can use the theorem that was proved
in [4], pp. 230-231, as Theorem 4.3. This theorem states that if F(t) € C,[a,b] with
(0,(n+1)T] C [a,b] and —o0 < a < b < 400, then the Cauchy problem in the form of the
equation
(Do X) () +AX(t) = F(1), (49)

where A € R and the initial conditions
X®(a+)=beR, (k=0,1,..,N—1) (50)

has a unique solution X(t) € Cﬂ‘Y’N ~[a, b], such that

X(1) = X by (t—0)f By A (1= a)"] + [0 B A (= o) F(r) dr, 5)
k=0 a

where E, g(z] is the two-parameter Mittag-Leffler function [4,100]. If v = 0 and F(t) €
Cl[a, b], then the solution belongs to the space X(t) € C¥N~1[g,b]. The two-parameter
Mittag-Leffler function E, g|z] is defined [100] by the expression

=] k

z
Euplz) = k:ZO Tk T B) (52)

where a > 0, and B are arbitrary real or complex numbers. Note that E; 1 (z) = €.

Here, C,[a, b] is the weighted space [4], p. 4, of functions f(t) given on finite interval
(a,b] such that the function (t — a)7 f(t) € Cla,b]. The space C)'~![a, b] is the weighted
space [4], p. 4, of the continuously differentiable functions f(¢) up to order N — 1 given on
finite interval (a, b] such that f(N)(t) € C[a, b]

To solve Equations (39) and (41) for t € (nT,(n+1)T), n € N, we will use Theorem 4.3
of [4], where a should be « — fand N shouldbe L,a =0.Let N -1 <a < N,0<y <1,
y<a, AR
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As a result, Equations (39) and (41) have the solutions
ok ! 1
X(t) = k;)bkf Eq_prsr[-At7P] + /o (k=) P Ey papl-A(t—0)* P]F(r)dr, (53)

where j = 1 and j = 2 for Equations (39) and (41), respectively.

3.2. Calculating Fractional Integrals in Solution

Let us note that the FIs of the functions A(t) and B(t) for t € (nT(n + 1)T)can be
reduced to the integral

/Ot(t — 1) h1 Ex_pa—pl—A(t— )P 1 dr. (54)

For integration (54) of the function A(t), B(t), we can use Equation (4.4.5) from [100],
p- 70, which without tmisprint I'(«) is

t
[ =0 EglA (= D)7 T T = T(u) 5 By A, (55)
0
where § > 0 and p > 0. Note that in Equation (55) the parameter y can be considered as a
positive integer, or as a real positive number.
For our case, in Equation (55), we must use « — f instead of « and  in the form
t
t—T) P E, o gl =A(t—T) P e = T(u) P E, 5, ARl (56
| =0 pa—p|—A (=) F] o ldr = T(n) pacpin |1 F] (56)

withy =k+1for A(t)and p = m+ L — (« — B) + 1 for B(t).
Then, the integral of the function A(t) for t € (nT, (n+ 1)T) can be written as

[0 P B g2 - 1) P A e =

M-1 ;
A Y EE(0+) /0 (t=T) P Ey papl-A(t—1)" F]ThdT =
k=0
M-1
A Y EEO T+ D) P E g g [-A6]. 7
k=0

Using Equation (57) with k = 0, we can obtain the integral of the term A X(0+) in the
function Fj () in the form

./;(t — ) P E g pl—A (t—T)  PIAX(0+)dT =

AX(0+) /t(t — ) pt Ey pa—pl=A(t— )P 0dr =

0
AX(O+) P Ey popin [—At“—ﬁ}. (58)

The integral of the function B(t) for t € (nT, (n+ 1)T) can be written as
t
/ (t— 1)1 Egal—A (t— 7)%] B(r) dt =
0

N—-L-1 X(L+m)(0+)
L Tmil—@- 0

t
/ (t - T)IX71 Eﬂé,lx[_/\ (t — T)“] pm+L—(a=p) g —
0
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N-L-1
XEAM 04) " By pin i [—/\ t“’ﬁ] . (59)
m=0
For the integration of the function T3(t) t € (nT, (n+1)T), let us define the function
Ry p(tkT) fort € (nT,(n+1)T), with n € N by the equation

t _ -1
Ry p(tkT) = / (t— )2 P1 Ex_pa—pl—A(t— 7)%F) (T, O(t —kT)dt =
0 L(B)
t o B _ kT)ﬁ—l
pyap At ope-p T KD
Jop = TP B papl A = P i, (60)
where we use , ,
/ F()6(T — kT)dt = /k F(7) dr. 61)
0 T
Using the variable s = T — kT and Equation (55) with y = f in the form
t—kT u—1
= —KkT) —s)v A1 kT — ) Bl g =
Ry p(t,kT) /O (= KT) = )" B By g p[A((—KT) —5)"F] % o
(t—KT) PV E, go poy {— At — kT)“ﬂ -
(t—kT)* 1B, g4 [— At — kT)“—ﬁ}, (62)
we obtain that the function R, 4(t,kT) has the form
Rop(tkT) = (t—KT)* 1 E, g, [— At — kT)“ﬂ, (63)

where « > B > 0. Note that function (63) is defined for t > kT, where k € N, (k =
1,2,3,...).

Remark 2. We can extend the function (63) to values t < kT, by
R,X//g(t,kT> =0 if t<kT. (64)

This is due to the fact that at t € (0, T), Equation (5) contains the sum of the Dirac delta function
from k = 1. In other words, there is no kick at t = 0. Using the fact that function (63) describes the
system response to periodic kicks, one can use (64).

Example 1. For the case {a} = {B}, thena — p = N — M = L € N, and function (60) can
be written as

B L g (E—kT —s)f71
Ry p(t, kT) i= /O B[t s =
(t—kT)* 1EL, [—A(t —kT)L}, (65)

wheret > kT and k € N. Using the examples of the Mittag—Leffler function Ey 1 [z] with L =1
and L = 2 in the form

Bl = expla),  Eaale] = TV, )
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we can obtain examples of function (60) in the form

(t —kT —s)P~1
I'(g)

which is the Riemann—Liouville FI of the order B > 0 of the function exp(— A's), and

t—kT
Ryp(tKT) = R (L KT) := /0 exp(—As) ds, 67)

sds, (68)

t—kT gin P . s B-1
Rop(LKT) = Rpsap(tkT) = | T's \(/g ) (¢ krT(ﬁ) )

where t > kT and k € N, and we use sinh(ix) = i sin(x).

Using function (60), the integral of the function T3(t) for t € (nT, (n+1)T) withn € N
can be written as

=0 P B gl = 1) P Ty dT =

1% aniN[X(kT)] /Ot(t - T)lx—ﬁ—l Ea—ﬁ,a—ﬁ[*/\ (t— T)oc—ﬁ] (t— kT)ﬂ—l 6(t —kT)dt —

—KT f NIX(KT)] Ry (t, kT). (69)
k=1

As a result, Equations (39) and (41) have the following solutions for t € (nT, (n+1)T).
Equation (39), where L = N, has the solution

L1 ¢
X() = 3 bt B pra AR 4 [ (-0 P B g pl-A (1) P i1 de =
k=0 0

N-—1
Y bt Ey g [ A P+ AX(O04) 2P Ey pa pin [—At“ﬂ +
k=0

KT f N[X(KT)] Ry (t,kT), (70)
k=1

wheret € (nT,(n+1)T) withn € N.
Equation (41) has the solution

L—1 t
X(t) = Y bt Ep_prpa[-A P + /0 (t—7) P Eypup[-A(t—T) F] Fa(7) dT =
k=0

L-1 M-1
bt Ey_pra[-AE Pl + A Y SE(0H)T(k+ 1) P E, g, i [—At“ﬂ +
k=0 k=0

n
Z x (L+m) (O+) pm+L Etx—ﬁ,m-‘rlf‘rl |:—)L ta_.B} + KT Z N[X(kT)] Ra,ﬁ(tr kT), (71)
m=0 k=1
wheret € (nT,(n +1)T) withn € N.
Note that all terms of the solutions contain the Mittag-Leffler function E, g [—A(t —
kT)*~P] with different values of the parameter v (y = &, vy = a — B, v = a — B+ 1,
y=k+1l,y=a—-B+k+1,y=m+L+1).
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Example 2. For the case {a} = {B}, thenaw —p = N — M = L € N, and solution (70) has

the form
L-1
X(6) = Y X®(04) F Ep s [-A 1] + AX(0+) tF B [-A 8] +
k=0
n
KT Y N[X(kT)] Ry p(t,kT). (72)
k=1
and solution (71) is
L—1 M—-1
X(t) = Y XOO4) FEp[-At] + A Y SEO+H) T(k+ 1) 50 Ep e [—AtL] +
k=0 k=0
M-1 n
Y X O4) "L Ep i [—Atﬂ + KT Y N[X(KT)] Ryg(t,kT),  (73)
m=0 k=1

where t € (nT,(n+1)T) withn € N,
For the case & = B+ 1, we have L = 1, and solution (72) has the form

X(t) = X(04) + KT fN[X(kT)]Rﬁ(t—kT), (74)
k=1

where t € (nT, (n+1)T) with n € N and the function

1 b -

Rs(t) = 15 /0 e (t—s)PVds = tPEyp g [—A 4] (75)
with T > 0. Equation (74) is the Riemann—Liouville FI of the function e~*'. Equation (74) for
t € (nT, (n+1)T) describes the solution for all positive « and p, such that « = p + 1, for example,
fora =12and p =0.20ra =3.8and p = 2.8, and so on.

To simplify the derivation of the discrete map with memory, we will use the function
L1 L
Quopr(t) = Y XW(0+) " Ex_pra[-A 1P+
k=0

M-—1
A Y EEO) T+ ) PHRE g0 g [-AeF] +
k=0

N-L-1 , .
Y XEHD(0+) T Ey piiria [—)\ fafﬁ} , (76)
=0

if L € [1,N—1]with N € N. For L = N, the function is defined as
N-1
Qupn(t) = Y XOO+1) By ppa[-AF) + AX(O04) P Ey po i |[-A8P|. (77)
k=0
Using Equations (76) and (77), solutions (70) and (71) can be represented as

X(5) = Qu_pr(t) + KT Y NIX(KT)] Ry(tKT) 78)
k=1
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fort € (nT,(n+1)T) withn € Nand L € [1, N] with N € N. Note the function R, (¢, kT)
is defined for t € (0, T), and we have

X(t) = Qa—pr(t), (79)

since R, g(f,kT) = 0 for t < kT. Note that there are no kicks at t < T since the sum of
the delta-function in Equation (5) starts at k = 1, i.e., st t = T. To reflect this fact in one
equation, both Equations (79) and (79) can be written by using the Heaviside step function

X(t) = QupL(t) + KT fN[x(kT)] Ry p(t, kT)0(t — KT), (80)

k=1

where the step function 6(x) = 1 for x > 0 and 6(x) = 0 for x < 0.
To consider the DMMs, we must use the function

Pu(t) := XU"(t), m=0,...,L. (81)

Using the functions (78) and (81), we obtain the equations
n
Pu(t) = Q" () + KT Y N[X(T)] RYY (£, kT), (82)
k=1

wherem =0,...,L, ngf)ﬁ L (t),and Rg;) (t,kT) are integer-order derivatives of the functions
Qu—p,1(t) and Ry g(t, kT).

Remark 3. Note that the derivatives Q{E‘"ﬁ)ﬁ | (t) of the integer order m can be calculated explicitly.
Using Equation (52), which defines the Mittag—Leffler function, we obtain

0 (A \k ak+p—1
P E gAY = ) (-A)°t

= T(ak+p) ®3)

Then, the derivative of the integer order m € N has the form

qm fo1 o\ ﬂ 0 (_/\)ktlkarﬁfl B
dagm (t Eupl=At D T oaem <k§ T (ak + B) ) -

- (_)‘)k dmktp _ i (_/\)k r(“k + ‘B) poktp—m—1 _
= T(ak+pB)  dtm = T(ak + ) T'(ak + B —m)

0 (_)\)ktakJrﬁfmfl /3 1 )\t“) B

= T(ak+ (B—m)) 2 T(ak+ (B—m))

P Ey b [—AEY]. (84)
As a result, we proved the equation

an

o (tﬁ UE,pl— At"‘]) — PV E g AR (85)
for m € N. Using Equation (85), we obtain

(m) d"

Qupr(t) = Zpm Q- pL(t) =
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L1
Y. X® (0+) ¢k Eo_pempr[—A P +
k=0

M—
Z T(k+ 1) FHmE, g, ﬁ+k+1{ /\f“_ﬁ} + (86)
=0
N—-L-1 .
Z x(L+) (0+) pi+L—m Eapjilmit [—)\ ta*ﬁ}, (87)
=0

where x — B > 0.
Using Equation (85), we also obtain the m-order derivative of the function Ry g(t,kT) in the
form

R“';;(t KT) = Ry mp m(LKT) = (t—KT)* 1" Ea,ﬁ,a,m[—A(t—kT)“*ﬁ}, (88)

wheret € (nT,(n+1)T) withn € N,and « > B > 0. One can use that

Rif’;) (tkT) = 0 (89)

fort < kT

The short representation of exact solutions (78) and (82) of the equation with FD allows
us to obtain the desired DMMs in the next section.

4. Dissipative Discrete Maps with Memory

Using the exact solutions (78) and (82) of the equation with FDs, we obtain the DMMs
a with power-law memory function.

To derive DMMs, we should use discrete moments in time t = nT and t = (n +1)T,
where 1 € N. Using the functions

Xj = €1_1>161+ X(jT —e), (90)
P, = hm Pu(jT—€), (j=1,...,n+1), 1)

solutions (78) and (82) at the limit € — 0+ can be derived in the following forms.
For nT < t < (n+1)T with n € N, using the solutions for t = (n+1)T —€ €
(nT,(n+1)T), we obtain

Punir = QM (1 +1)T) + KT ZN IRV ((n+1)T,jT). (92)
j=1
For (n —1)T <t <nT withn € N, usingt =nT —e € ((n—1)T,nT), we obtain
Py = Qa ﬁL(nT + KT ZN (nT iT). (93)
j=

Note that
Put = Q" (nT), (94)

since Rl%) (t,kT) = Ofort < kT.
Subtracting Equation (93) from Equation (92), we obtain

’

Pm,n+1 - Pkn = Q,Séni)/g;,L((n—'—l)T) - Q,S( )gL(nT)—i_
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KT N[X,] RU ((n+1)T,nT) +

n—1
KT Y N[X]] (jog((n +1)T,jT) — Rgcf’;;(nT,jT)),
j=1

forn =2,3,...,and for n = 1, we have

Pm,z - Pk,l = Qini)ﬁ,L(ZT) - Qi"i)ﬁ,L(T) +

KTN[X;] R™

g T, T),

wherem =0,1,...,L.
For m = 0, we have Py, ,41 = X;;4+1 and Py, = X;;, and the DMMs are

Xpv1 — Xn = Qupr((n+1)T) — Qup(nT) +
KTN[X,] Ryp((n+1)T,nT) +
n—1
KT Y NIX] (Ryp((n+1)T,JT) = Ryp(nT,jT))
=
forn =2,3,...and for n = 1, we have

Xy — X1 = Qu-pL(2T) = Qupr(T) +

KTN[X1] Ry (2T, T).

(95)

(96)

(97)

(98)

These discrete maps are the exact solution of the equations with two FDs at the discrete

moments in time.

Example 3. For the case « = B+ 1, the DMM (97) is described as

n—1

Xpi1 — Xy = KTN[Xg] Rop((n+1)T,nT) + KT Y N[Xj] Rop(n,j),

j=1

with the function

Rp(n,j) == Rp((n—j+1)T) — Rg((n—j)T) =

((n=j+D)T)P Evpa[-A((n—j+1)T)] = ((n = )T Expia[-A (n = )T)],

where Rg(t) is defined by Equation (75).

(99)

(100)

The DMM (100) describes the exact solutions of equations with FDs at discrete moments of
time for all possitive & and B, such that « = B+ 1, for example, fora = 1.5and p = 0.50r &« = 1.8

and p=0.80ra =82and p =7.1, and so on.

Note that such univeral DMMs were first obtained and described by the author in
works [22,52,63] for the case « € (1,2] and B = a — 1 in Section 1.3.4 of [52] and
Sections 18.11-18.13 in [22]. The first computer simulation of the dissipative standard map with

memory is realized by Edelman in [63] for & = 1.9975.

5. Economic Model of Growth with Two-Parameter Memory and

Price Kicks

As an example of the application of the proposed DMMs, let us consider an economic

growth model (EGM) instead of the usual physical model of the rotator.
The following assumptions are used in the economic model of growth.
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(1) Let the price P be a function of released product Y(¢), i.e., P = P(Y(t)). In the
logistic growth model, it is assumed that P(Y(t)) = b — aY(t), where a is the marginal
price, and b is the price that is independent of the output.

In economics, we can consider the sudden changes of price in the form of price
splashes. Let us assume that the price splashes are periodic with period 6 > 0, and we will
describe them by the Dirac delta function. In this case, we obtain the economic model with
the periodic price kicks. This assumption assumes that the price function P;(Y(t)) with the
periodic sharp splashes of the price (periodic price kicks) is

s t
(Y = P(Y ol =—k),
POY() = POY() L 5( 7 - F) (101)

where P(Y) is the continuous function of the output Y.
(2) The amount of net investment is assumed to be the fixed part of the income
P(Y(t)) Y(t), such that
1) = pR(Y(D) Y(2), (102)

where 1 is the norm of net investment (0 < p < 1), specifying the share of income, which is
spent on the net investment.

(3) In the EGM without memory and lag, it is assumed that the rate of change of the
output (dY(t)/dt) is directly proportional to the value of the net investment I(t) that is
described by the accelerator equation

I(t) = oYW (p), (103)

where v > 0 is the investment coefficient (the power of the accelerator), and 1/v is the
marginal productivity of capital (the rate of acceleration).

The standard accelerator equation (103) is generalized in [34] by taking into account
the memory effects. The equation of the accelerator with power-law memory [34] can be
described as

I(t) = o) (D&, Y)(t), (104)

which allows us to take into account the influence of the history of changes in output Y (7)
on net investment ().

This allows us a description that takes into account the impact of the history of
changes in the dynamics of output Y (7) on the net investment I(¢). As a result, we obtain a
growth model in a competitive environment with power-law memory, which is considered
in [34,53].

In Section 10.5 of book [34], pp. 210-212, the economic growth model with two
parameter memories has been proposed and investigated. This model is based on the
accelerator with two memory functions

I(t) = 01(a) (Do, Y)(t) + v2(B) <Déo+Y)(t), (105)

where x > > 0.
The substitution of Equations (101) and (105) into Equation (102) gives

(Do, Y) () + 02(P) (ngy)(t) =t N[X(t)]éé(;—k). (106)

v1 (@) v1 (@)

Equation (106) is the equation that describes the EGM growth in a competitive envi-
ronment with two parameter memory and sharp splashes (price kicks). For price linearity
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P(Y(t)) = b —aY(t), the nonlinear equation describes the logistic-type EGM with the two
parameter memories.
Equation (106) is Equation (5), where X (t) = Y(t) and

NIX(B] = YO P(Y(), A= 2B g B (107)

This fact allows us to write the exact solution of the nonlinear Equation (78) with two

FDs as "
sz (Z) ];P(Y(kT)) Y (KT) Ry (£,kT), (108)

Y(t) = Qupr(t) +
and discrete maps (97) as

Yiy1 — Yn = Qupr((n+1)T) — Qup(nT)+

uT
v1 (&) P(Yn) Yn Ry p((n+1)T,nT) +
uT ”il P(Y))Y; (Ra,ﬁ((ﬂ +1)T,jT) — Ra,ﬁ(nT,jT)), (109)
v1 () =

where R,g(t,jT) and Q, pr(t) are defined by Equations (60) and (76) with A =
v2(B)/v1(a).

Dependence on initial conditions is an important issue. Note that the initial conditions
will determine whether the economy will grow or fall. This issue is discussed in detail
in the book. In this article, the economic model is simply an example of the application.

The dependence of economic dynamics on initial conditions is discussed in detail in the
book [34].

6. Conclusions

In this paper, the fractional generalization of periodically kicked damped rotator is
proposed. This dynamical system is described by the nonlinear equation with two FDs of
the arbitrary positive orders « and 8, where « > 8 and periodic kicks occur. These FDs
allow us to describe power-law non-locality in time. The exact solution of the equation
with FDs is obtained in the general case for the arbitrary orders of FGDs in this paper.
Using the exact solutions, we derived DMMs that describe a kicked damped rotator with
power-law non-localities in time. These maps, described as the exact solution of nonlinear
equations with FDs, are at the same discrete time points as the function of all past discrete
moments of time. Let us emphasize that these nonlinear dissipative DMMs are derived
from the equations with two FDs without any approximations.

Let us note the following possible developments, generalizations, and applications of
the proposed methods and results.

®  One of the most important continuations of the development of the proposed exact
solutions and discrete mappings is computer modeling. It can be assumed that the
new type of attractors and the new type of chaotic behavior can be demonstrated
in the proposed DMMs obtained from nonlinear equations with FDs. This is an
important and very interesting direction of research, namely, the search for new types
of chaotic behavior and a new type of attractors in dynamic maps with memory,
which are exact solutions of equations with FDs. This is especially important due
to the fundamental nature of these new types of the chaotic behavior and a new
type of attractors. Unfortunately, such research is only developing, and new types
of behavior and attractors have been found only for the simplest maps. A computer
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simulation of the proposed DMMs will allow us to discover and describe new types of
chaotic behavior and new types of attractors with memory. However, such computer
simulations are open questions at the present time and require new research to make
possible great discoveries in the future.

Another of the most important continuations of the development of the proposed
approach to obtaining exact solutions and discrete mappings is the generalization
of the approach to nonlinear equations with power memory to a general form of
memory. The proposed model and the three-stage method, which is proposed for
solving the nonlinear equation with two FDs and deriving DMMs, can be generalized
from the power-law type to the wide class of time nonlocalities by using general FDs
(for example, see the basic articles by Luchko [101-103], subsequent articles by Luchko
and co-authors [104-106], Ortigueira’s paper [107], and Al-Refai and Fernandez’s
papers [108,109]). These generalized DDMs will be generalizations from equations
with the one general FD [60,62] to the equations with two general FDs.

It is very important to generalize the proposed method and to derive the exact so-
lutions of nonlinear equations with FDs from the one-dimensional case to the mul-
tidimensional case. Let us emphasize that the first fractional generalization of the
proposed method of obtaining exact analytical solutions and DMMs was suggested in
the 2010 works [22,52]. In these works, the fractional generalization of the Henon and
Zaslavsky maps, which are the two-dimensional dissipative quadratic maps given by
the two coupled equations, is proposed. In paper [63], the computer simulation of the
fractional Zaslavsky maps is realized. Then, recently in works [110-113], some mul-
tidimensional DMMs are suggested by using the discrete fractional calculus [75-77].
Unfortunately, these fractional discrete maps were proposed without any connec-
tion with equations with FDs or any differential equations at all. Therefore, these
multidimensional DMMs cannot be considered as the exact analytical solutions of
nonlinear equations at discrete time points. Let us note that Orinaite, Smidtaite, and
Ragulsk in the 2025 paper [74] proposed to derive the multidimensional DMMs as
maps of matrices from the exact analytical solutions of nonlinear fractional differential
equations with matrices. This OSR approach to the multidimensional maps, which
are exact solutions of equation with FDs, is very promising.

Applications of the proposed method and the exact solutions of nonlinear equations
with two FDs can be realized in various studies, for example, in the following areas:
(1) in physics and mechanics to describe systems with dissipation (or friction) and
memory [55]; (2) in economics and finance to derive various economic and financial
models with memory [34,53]; (3) in describing the chemical kinetics and population
dynamics [54]; (4) to describe the behavior of engineering systems involving adaptive
memory and path losses due to power-law frequency dispersion [114-116] since the
erasure and loss of information can be interpreted as a fading memory; (5) a very
interesting and important application can be found for describing self-organization
with memory in complex systems and processes [117].

All these possible developments, generalizations, and applications of the proposed

methods and results are open questions at the present time and require new research in the

future.
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1. Introduction

The mathematical framework often used to define systems is based on shift-invariant
derivatives [1,2], resulting from the works of Leibniz, Euler, Lagrange, and Liouville.
However, a different concept was introduced by C. Braccini and G. Gambardella: the
form-invariant linear filtering. It was a new kind of processing that was applied to several
different fields such as optical pattern recognition, image restoration and reconstruction
from projections [3]. This was the first step into the introduction of the scale-invariant
linear systems, really done by B. Yazici and R. L. Kashyap for analysis and modelling
1/f phenomena and in general the self-similar processes, namely the scale stationary
processes [4,5]. In parallel, physicists started studying the importance of scale in several
physical systems [6-13]. Although the concept of scale is not very well defined, since it is a
parameter expressing relative relations [6], the concept of scale-invariant system is well
defined. While the shift-invariant systems are related and use in their definition the usual
convolution [14] (D’ Alembert’s) and corresponding derivatives, the scale-invariant systems
are based on the Mellin’s convolution [15]. To fully define these systems the fractional
scale-derivatives were introduced and studied [16], generalizing the classic Hadamard
definitions [17]. These derivatives allow the formalization of linear scale-invariant systems
of the autoregressive-moving average (ARMA) type [16,18]. With the use of the Mellin
transform, the transfer functions of these systems assume a form identical to the one got
from the shift-invariant systems through the use of the Laplace transform [19].

The objective of this paper is the study and search for the impulse and step responses
of these systems. For this purpose, we first find a sequence of functions for which the
fractional scale derivative behaves as a decremental index operator and then develop an
algebraic framework similar to the one we used in the shift-invariant systems [20]. This
approach allows us to closed forms for both the impulse and step responses of the systems.

Fractal Fract. 2023, 7, 524. https:/ /doi.org/10.3390/fractalfract7070524 56 https://www.mdpi.com/journal/fractalfract
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The paper is organized as follows. Section 2 contains some preliminary results [16]. In
Section 3 the sequence of functions {u () }x for which Hadamard right (left) derivative and
fractional scale derivatives of type Griinwald-Letnikov are decremental index operators
is founded. Section 3.2 contains the algebraic framework needed to solve fractional scale-
invariant systems. In Section 4 we present an operational method based on algebraic
framework introduced in Section 3. Numerical examples are solved in Section 5. Finally,
Section 6 contains the main conclusions.

2. Scale-Invariant Systems and Derivatives
2.1. The Mellin Convolution

Definition 1. We call a linear system scale-invariant or dilation-invariant (DI) if its input—output
relation is given by the Mellin convolution [16]

) = x(@) x50 = [x(D)an ™,
0

where T € RT, and g(t) is the impulse response: the response to x(t) = 6(T — 1).

We demand that the impulse response, g(t), be at least

®  piecewise continuous,
e  with bounded variation.

Similarly to the shift-invariant case, where the exponentials are the eigenfunctions, the
powers x(7) = 7%, T € R, v € C, are the eigenfunctions of the dilation-invariant systems.
In fact, if the input is x(7) = 77, then the output is

y(1) = x(1) x (1) = G(0)7°,
where G(v) is the transfer function given by

[o°]

G(o) = [ glwu > du, M)

0

which is a modifed version of the Mellin transform (MT) of the impulse response. The
Mellin transform in (1), denoted by M([g(7)](v), has a parameter sign change —v — v
relatively to the usual Mellin transform [15,21,22].

Suppose that M[f(7)](v) and M|[g(7)](v) exist in the regions of convergence (ROC)
a1 < Re(v) < by and a; < Re(v) < by, respectively. An important property of Mellin
convolution is

Mf(t) xg(T)](v) = F(v)G(v),  max(ay,az) < Re(v) < min(by, b2),

where F(v) and G(v) are the Mellin transforms of f and g, respectively. The inverse Mellin
transform related to (1) is

(1) = MU X(0)] = ﬁ [ Xy, e,
Y

where 7 is vertical straight line in the ROC of the transform.
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2.2. Scale-Derivatives

Definition 2. Let « € R. We define the x-order scale derivative (SD) as the operator D obeying
the rule [16,23]
DY =ov*1Y, TR, veC,

for Re(v) > 0 (expansion or stretching case) or Re(v) < 0 (shrinking case).

If a function x(7) has Mellin transform X(v), then it has fractional scale-derivative that
is given by
M[Dsx(7)] = v*X(v), 0

for a suitable ROC. The way how we express v* imposes a form for the derivative. To start,
we notice that we can consider two situations corresponding to the sign of Re(v). If it is
positive, we obtain stretching derivatives, while if it is negative, we obtain the shrinking
one. For both, we can express the inverse Mellin transform of v*X(v) in two different
forms: summation or integral.

2.2.1. Stretching Derivatives: Re(v) > 0 [16]
Let ¢(7) be Heaviside step function. We have two ways of expressing v*:

lim, ¢ {(1—170)]“ _ i ﬂqﬂw

!
. Ing = M

ot = o ®3)
In*" (1)
M [MS(T — 1)‘|

These expressions lead to the following scale derivative [16]:

lim In"%(q) ;0 (7:?)"36(76]_”)

g—1*

0, x(1) = : ) -
+ ;/ lX(u) _Nzl( 1) Qs—:f()lnn(’r/u)] zxfl(,L,/M)d7
0

(the last expression is valid for any real order, provided that we assume the summation to be
null for N < 0). These relations can alternatively be expressed by the Hadamard derivatives:

1.  Hadamard right derivative [17,24]

T o
0tx(v) = grp =gy O8NS 5)
1
2. Hadamard-Liouville right derivative [16]
T e d
08x(r) = =gy / [P 0" )
1

These derivatives are equivalent from the Mellin transform point of view, although
not from numerical aspects.
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2.2.2. Shrinking Derivatives: Re(v) < 0[16]

We have again two ways of expressing v*:

lim, 1+ (—1)* Pllngv)] i )n g

P n=0

B VA Ll 23] De(1— 1)
I'(—a)

These expressions lead to the following scale derivative [16]:

lim (~1)*In~(q) ¥ Six(rq”)

g—1t n=0

00 _ (6)
L/ [x(u) - Nzl :D"N;j(ﬂln”(u/r)] lnf"‘fl(u/T)dju

that can alternatively be expressed by the Hadamard derivatives
1. Hadamard left derivative [17,24]
1
1

L d
Di_x(1) = lwgy—o/x(f/ﬁ)lnh] 1(1/77)7;7

2. Hadamard-Liouville left derivative [16]

1
D _x(1) = 1"(Nl—a) / [Dé\’,x(f)} lnN_”‘_l(u/T)dgu.
0

2.3. ARMA Type Systems

Definition 3. We define the dilation (scale)-invariant fractional autoregressive-moving average
(DI-FARMA) system through

No
Y a@ky(T Z b x (7 T e RY, )
k=0

where @Si(ﬁ ) k=0,1,2,--- , mean the fractional uy(By)-order scale-derivatives and Ny, My
are the system orders. The parameters ay, by, k =0,1,- - -, are considered real numbers. Without
losing generality, we set ay, = 1.

The results in [25] can be easily adapted. As the power 17 is the eigenfunction of (7),
we obtain easily the transfer function

My
Y. byoPr

k=0
G(U) - 1\107,

Y agotk
k=0

which is a bit difficult to manipulate [26]. In the following, we shall be considering the
so-called “commensurate” systems described by differential equations with the format

Z DMy Z bk x T eR".
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The corresponding transfer function is

My
Z bkvktx
k=0

G(D) = NO 7
E akvka
k=0

where we assume that My < N, for simplicity. The objective of our work is to find the
impulse and step responses of systems. As expected, we have two cases in agreement with
the assumed ROC.

3. The Algebraic Framework for Solving DI-FARMA Systems
3.1. Sequence of Basic Functions for Fractional Scale Derivatives

Definition 4. Let 8 be an operator and {uy(7) }reyz a sequence of functions, verifying
Sup(t) =wp1(7), ke (8)
We say that 8 is decremental index operator of the sequence of functions {ug(7) }rez.

Remark 1. A well known example involves the generalized shift-invariant derivatives, D, and the

power functions, stating
h tt’l—l

Hg(t) - (I’Z — 1)!8(t)/

It has been extended and studied by several researchers [27-29].

D ne

The main goal in this section is to find sequence of functions {uy(7) }xcz verifying (8)
for the scale derivatives, mainly the Hadamard’s.

Hadamard Right (Left) Derivative

In the following we shall be addressing the stretching derivative case (Re(v) > 0); the
case of the shrinking derivative (Re(v) < 0) is analogous. We remember the result shown
in Section 2.2.1

In* (1)
—171.,,—« _ o
Mo (1) = OB e(t—1), Re(v) >0, ©)
which will be used in this subsection.
Theorem 1. Let uy () be given by
1nkocfl (T)
uk(T) — WE(T - 1), k S N (10)
Then,
srur(1) =upq (1), kel (11)

Proof. Leta > 0,1 < 7 and k € N. Using (9) with order ka,

ka—1
M [Ws(r - 1)] =0,  a>0, k>1 (12)
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In’

Following (2), the derivative D¢, ( ) e(t— 1)) is given by

ka—1
DeL (ml"(lm()r)g(T - 1)) =

Finally, from (12) we obtain that

lnkucfl(T) ln(kfl)afl(T)
o _ — 7 —
Dy T (k) e(t—1) Tk 1)a) e(t—1)
fora >0andk >1. O
Remark 2. For the next result, we need to observe that [30]
-1
uo(t) = 2D (2 21y = sin(e))e(r — 1) = (- 1).
I'(0)
L 1. Leta > Oand 1< . F @
emmal. Letaw > 0and 1 < 1. For up(7) = ) e(t—1),
@’X u (T) — w‘g('{_jl)
o (=) |

Proof. From Remark 2 and (5) we obtain

« _ 1 N /°° T N-a—1,,,1
©S+uO(T) - F(N _0() ©S+ 1 5 77 ]' ln (17) 7]

Performing the variable change w = T we have that

1
[ee] T
/ 5<T—1> 1nN—“—1(17)di7:/ 5(w—1)1nN—“—1(1)dﬁ.
1 U n 0 w/ w
It follows that
1 N [Ty aN—a—1( T\dw
r(N—a)D”/o Sw-DmN (D)o v
N Mesymee (e
(N —a)" "t Jo w/ w  T(-a) ’ -
Therefore
In~*(t
0%, 0(r) = S e = 1)
O
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The previous Lemma tells us that D%, ug(7) = u_1(7). So, we wonder what about
D%, u_1(7). For this, from the additivity of operator D¢, we have that

Dgyu-1(T) = Dy (Dgyuo(T))
= D uo(7)
—20—1 (13)
= L) e(t—1)
r(—2«)
=u_2(7)
The penultimate equality follows from Lemma 1 with the order of the derivative equal
to 2a. Following this reasoning we obtain that ©%, u_;(7) = D5, u_4_1(7), k € N. Finally,
we conclude that

Corollary 1.
D5 uk (1) = D5 ug_1(7), for any k € Z. (14)

Therefore Hadamard right (left) derivative is a decremental index operator on the
sequence of functions (10).

Remark 3. The condition Re(v) < 0 leads to the 0 < T < 1 case. The construction of the uy(T)’s
is similar to case 1 < T. Here we get that

It is not difficult to verify that
D¢ uk (1) = tx_1(7), for any k € Z.

Remark 4. As we previously mentioned the Hadamard right (left) derivative and scale derivative
of type Griinwald-Letnikov are equivalent. Despite this, in Appendix A we verify that the scale
derivative of type Griinwald-Letnikov is a decremental index operators on the same sequence of
functions (10).

In some situations, it is more convenient to use the step response instead of the impulse
response because this one has a singularity at T = 1. Therefore, another definition of 1 ()
for which both Hadamard right (left) derivative and fractional scale derivative of type
Griinwald-Letnikov are decremental index operators is possible and desired. For 1 < T

nktx
(1) = l"l(koci—T)l)E(T -1), kez,

andwhen0 <7 <1

lnk”‘(%)
up(t) = ms(l - 1), keZ.

The justification can be seen in Appendix B.

3.2. The Framework
Let ux(7), k € Z, having Mellin transform Uy (v). Then, for any k,m € N

Mug () % um ()] () = Uy (0) U (0).
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As U (v) = v and Uy, (v) = 0™, hence
Ui (0) U (v) = oM Re(v) >0,

and
i ()t (1) = M B8] = g ().

Therefore, we extend this product to any k, m € Z as follows
g (T) % 1t (T) = g (T)- (15)
Remark 5. Observe that
(1) = u_pn(7) *ur(t) =y (1), keZ, neN

Consider {uy(T) }xez as a sequence of basic functions. Let F be the set of all the formal
Laurent series

F= { Y cpug(t) :m e Ny, € (C}.
k=—n
Several properties of F and the product (15) can be founded in [20,31]. Observe that

*  uy(7) is the neutral element of the Mellin convolution, 1y (T) * u(T) = ur(7T);
e theinverse element of uy(7) is u_(7), up(t) * u_,(7) = up(7).

By means of Cauchy series product, we can extend the Mellin product, %, to any

elements of F as follows. Let aj, bj, two sequences of real numbers and define

a= Y aju(t),
j:*ka
and .
b= Z bju]‘(T),
j==ke
as elements of F. Then .
axb=f= Y faun(7),
i’l:—ka—kh
where
fa= ), @b,
—ko<k<n-+k,

This product is associative and commutative. Under this multiplication F is a field.

Definition 5. Let us define the function

> k—1 o
Exn(T) =), ( )’Yk "y (1), v€C,neN,.

k=n+1 n
that we will call a—log-exponential function.
We could define an analogue to the Mittag-Leffler function [16], but this one is

more useful.
Let us introduce also the sequential convolution
I = (ug (1) = qyue(7)) % -+ (11 () = yuo(7)).

m—+1—times

(u-1(7) = yu0(7))

63



Fractal Fract. 2023, 7, 524

It is not difficult to verify that

(u_1(7) = yuo(7)) * &y 0(T) = uo(7),

and in general,
(u-1(7) = y1to(T)s " Equ(T) = 10 (7).
The a—log-exponential function has some useful properties [31]:
1. Derivative on a parameter

Dn
—FEn0(7) = Exn(T),

where D, means usual derivative with respect to 7.
2. Convolution of two different a-log-exponential functions, but with the same parame-
ter 7y

57,m(7) * 57,11 (T) = S’y,m+n+l (T)

3. Convolution of two different 7y parameters a—log-exponential functions

For y1 # 72, £ o2} — £ oft)
£ *E& 71,0\T 720(T ,
71,0( ) 72, O( ) ,)/1 72
(! L (D
Enm(T) * Epn(T) = ; W&h,m—l(ﬂ + kg;) W yan—k(T)-

Next, we will introduce and prove some other properties which will allow us to
deduce that functions £, ,,(T) are the generating elements of solution space of fractional
scale-invariant systems.

Theorem 2. Let n > 1. Then

U_1(T) * Eyn(T) = Eypn—1(T) +YE (7).

Proof. Observe that

U_1(T) *x Eq (1) = u_1(7) % i (k B 1) 'yk*””uk(r)

k=n+1 n

- ¥ ()t

k=n-+1

Using the basic recurrence (k b= (ﬁj) + (k 2), we obtain

wa@=Ea@ = L |(121)+ (577 e

k=n+1

Z < ) k—n— 1uk l + Z < > k— nflukil(,w

k=n+1 k=n+2
B, £ ()

k=n k=n+1

yn—1 (T) + ')’57,71 (T>
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Remark 6. Observe that letting n = 0 in Theorem 2 we get
u-1(7) * €4,0(7) = uo(T) + 1E4,0(7) (16)
Theorem 3. Let N and n be positive integers such that N < n. Then we have
NN
(@8 = 1 () o)

Proof. The proof is done by induction with N < n. For the base step of the induction
(N = 1), we appeal to Lemma 2. For N = 2, due to u_»(7) = u_1(7) xu_1(7) we have that

U—2(T) * Eqn(T) = u—1(T) * (u-1(T) * Eyn(T))
=u_1(7) * (Eyn-1(T) + & n(7))
= 7257,11(7) =+ 2'757,7171(1') + gv,n—Z(T)'

Suppose that theorem is valid for N — 1. This is

NN =1 Nk
wnva(@ &) = & (N )N ), a7)

k=0

Now, we will prove that theorem is valid for N. Observe that

u_1(7) * (U-N+1(T) * E4n(T))

N-1

N-1 ke
= (V) @ i)

N-1 18
k )7Nkl (57,n7k71(7) + 757,n7k(7)) ( )

O

Theorem 4. Let | € N. Then

n+l _ n
wmir @ = 3 () @+ 1 (3 ) e a9

k=nt1 \ T k=0

Proof. The proof is by induction on I € N. For the base step of the induction (I = 1) we
have that

U1 (T) % Eyn(T) = u_1(T) % (U—n(T) * Ey (7))

() ( Y (’;)vke%km)

k=0

(1) + 7E30(0) + 1 () 74(Eppca (0)-+ 7834()
k=1

ol A A
)+ 3 (1 )7 el
k;) k+1 K
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In the penultimate equality we apply the Remark 6 to the first term of the sum.

Suppose that the theorem is valid for / — 1, this is

n+l—1 k—1
U (D) Egp(T) = (

k=n+1 k=0

Now, we will prove that theorem is valid for /. Observe that
Uy ) (T)*Eqyn(T) = -1 (T) * (U—y—111(T) * Ey,n(T))

S T () L PRI o (i) LA VBTG ML

k=n+1

o (o 941 ()1 et

k=n+1
Again, Remark 6 is applied in the last equality. O

Theorem 4 suggests that impulse (step) response to a fractional scale-invariant system
is a linear combination of functions &, ,(t).

4. Impulse and Step Responses
4.1. The AR Case

Consider an AR system. Its impulse response is given by the solution of the equation
PO )y(r) = 6(r—1), (22)

where p(x) = a,,x™ + A X" Vb dayx+ag,a, € C,a, =1,anditsroots y1, Y2, - - ., Ym
have multiplicity 1. Consider that y(7) € F. In terms of the convolution *, the Equation (22)
can be rewritten as

(At — (T) + a1t _yy1(T) + - - +a1u_1(T) + aguo (7)) * y(T) = (7).

Assume that impulse response is given by a linear combination of a—log-exponential
functions

r(g(T) = Clg'yl,O(T) +---+ Cm(c/‘ m,o(T).
From (19), it is not difficult to deduce that

() % €0 271 U k(T) + 1 P€y0(t),  forany m € N.

A simple computation leads to
m —j-1

2 Y a0

m
(Amh— (T) + a1ty i1 (T) + - -+ aoup(t)) * 75(T Z

Now, in order to find the impulse response we obtain a linear system with m equations
which can be reduced recursively to

cptceptez+ 4oy =0
Y€1+ v2c2 + 9363+ -+ YmCm =0

7?7161+’Yz Cz+7’3” g4 o4y le, =1
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The coefficient matrix is invertible, since it has Vandermonde format and the roots v;
are distinct. Therefore, the system has a unique solution. Finally, using the c;’s, we obtain
r5(T), the solution to fractional system (22).

For the case of roots with multiplicity greater than one, we must propose an alternative
solution. Consider that a given root, v, has multiplicity m; > 1. To obtain the solution, we
need to add another linear combination of a—log-exponentials to the previous solution

Ck,Og’)/k,O(T) + Ck,lg'yk,l (T) + e + Ck,mkg'y],mk(T)

With the obtained guess of the solution we are led to a linear system with m equations.
The coefficient matrix is of generalized Vandermonde-type [32] having non null determi-
nant. To fix ideas, consider the system (22) but with 74, s, . . ., v simple roots of p(x) and
71 a root with multiplicity 3 (41 = 2 = 73). The proposed solution assumes the form

75(T) = c1€4,,0(T) + 2€4,1(T) +€3E432(T) + a0 (T) + - + Cm&y,, 0(T)
As in the previous case, from
(At — (T) + a1t _yy1(T) + - - +a1u_1(T) + agup (7)) * 15(T) = 1p(T)

we obtain a system of m linear equations that can be recursively reduced to the following system

citegt+--+em = 0
Y11+ 2+ v4c4+ -+ Ymlm = 0
Y31 427200+ y3c3+ Yiea+ -+ Yhem = 0
m—1)(m—2
Vi ley + (m— 1)y e + M’Y’;q% +9y e+ e, = L

2!

This system has a coefficient matrix of generalized Vandermonde-type whose determi-
nant is equal to

1T Gi—ap™m,

3<i<j<m

where m;, m; are the multiplicities of the roots 7;, 7, respectively. It follows that the system
has a unique solution.
We have proven that the solution to system (22) is an element of vector space generated
by the set
{&yn(T) v € C,nm e Np}. (24)

Furthermore, in (p. 338, [31]) it is proved that the set (24) is linearly independent.

4.2. The ARMA Case

By means of the method above described, we can solve the more general problem

p(D5)y(t) = q(D54)é(T - 1),

where p(x) = aux™ +a, (X" 1+ +apx+agand g(x) = bx" + b, x4 bix+
bg are polynomials of degree m and r, respectively, with constant coefficients in C. We
procedure as follows. Firstly, we compute the impulsive response r5(7). In different words,
we solve the fractional system

p(D54)y(1) = 6(t—1).

Later, the solution is given by the convolution

y(1) = (bru—r(7) + br a1 (T) + - -+ bru1 () + boto (7)) % 75(7).
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This is known as cascade connection of two systems

System S1:  p(Ds, )rs(t) =46(t—1)
System S : y(t) = q(D5, )rs(T) (25)

5. Examples

In all the following examples, we will compute both impulse and step response, by
means of operational method. In order to compare ours with the classic transform method,
we include the computation of impulse response in Example 1 using the Mellin transform.

Example 1. Consider the fractional scale-invariant linear system

p(D54)y(1) = 6(t = 1). (26)

with p(x) = x> + 2. The roots of p(x) are \/2i and —~/2i of multiplicity 1.

*  Operational method:
By means of our operational method, the system can be rewritten as

(4—2(7) +2u0(7)) x y(7) = 1o (7).
We propose the solution
y(t) = Clgﬂi,o(T) + ng—ﬁi,o(T)'

Following the presented in Section 3.2 we obtain the system of equations

1 + C2 =0
V2ic; — V2ic, = 1°
j jons is 1 = —L_ - __1
The solution to system of equations is c; = NI and ¢y = PNT Therefore, for T > 1 the

impulse response is

00 nkzxfl T
rs(T) = 21\@ <I;((ﬁz)k1 - (—\61')]“1) lr(lm())g('f - 1))
1n2ka—1(T)

= kzzl(—z)k_lms(r -1),

and step response
2%
k-1 In™ (1)

ru(t) = k;(—Z) ms(’r -1).

Remark 7. When o =1, r5(T) = \2 sin(v21In(7)) and r,(7) = 1- Cos(;@ln(*r))'
The Figures 1 and 2 show the graphical representation of the solutions with T > 1 and several

values of a.
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0=0.3 — 0=0.5 7 0=0.7 — 0=0.9
— o=l

100 150 200 250
T
-0

Figure 1. Impulse response of Example 1 with 1 < 7 and several values of .

0=0.3 —— 0=0.5 — 0=0.7 —— 0=0.9

— o=l
11
0.89
0.61

—

r 6( T) —
0.44
0.29

0 T T T T T
50 100 150 200 250

T

Figure 2. Step response of Example 1 with 1 < T and several values of .

For 0 < T < 1, the impulse response is

n2ka—1 ( 1

& M) <

and step response

(= 52t MG
" = T(2ka+1)

Remark 8. When o =1,

ro(7) = \}Esin(ﬁmC))sa _ 1),

" 1—cos(ﬁln(%))

ru(T) = 5

e(1—1).

The Figures 3 and 4 show the graphical representation of the solutions with 0 < T < 1 and
several values of .
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e Mellin transform:
We only consider the case T > 1, the case 0 < T < 1is analog. By means of Mellin transform,
the system (26) can be transformed to equation

1
v2% 4 2
i 1 _ i 1
22 0% + V21 22 0% — /20
i i
— 22 o 22
1+ V2i 1— V2i

-UDL

Y(v) =

v[‘t

Using the geometric series, with \/2 < v*, we obtain that

o= foe B () Lo B (2

© anerfl
= ’;(—Z)klr(zka(;) e(t—1).

For the step response we apply (A1) and obtain

) h‘IZka(T)
k—1
=y (o)t Y,
ru(T) k;( T ES TR
0=0.3 — 0=0.5 — 0=0.7 — 0=0.9
— o=l
2.57
5]
1.59
(0
0.5
02 03 04 05 06 07 08 09 1.0
S

Figure 3. Impulse response of Example 1 with 0 < 7 < 1 and several values of .
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0=0.3 — 0=0.5 7 0=0.7 — 0=0.9
— o=l

1

0.8

0.2

T——

0.1 02 03 04 05 06 07 08 09 1.0
T

Figure 4. Step response of Example 1 with 0 < 7 < 1 and several values of a.

Example 2. Consider the fractional scale-invariant linear system

p(D54)y (1) = (D54 )8(T - 1),

with p(x) = x> +2and q(x) = x — /2. Observe that system is related with the Example 1.
Following (25) we only need to compute the convolution

(1) = (140 = VE(0)) * (3758 mn(0) ~ 356 vmal™) )

Simplifying we obtain that

y(1) = (u-a(1) ~ Vau(v) ()“j

-1
i g1 (1) 2i —2) gy (7).

For T > 1, the impulse response is

2 _In@DaT (g o0 I
rs(T) = k;(—z)k lms(f —-1) - \[2](:21(—2) WS(T - 1),
and step response
& L In® e In** (7)
ru(T) 21(221(—2)1( lr((2k—1) +1) 22 2)k= 121(7_'_1)8(’[ 1).

The Figures 5 and 6 show the graphical representation of the solutions with T > 1 and several
values of «.

For 0 < T <1, the impulse response is

In(—1Da—1 (l

) e(1—1)— fzkil(—z)klmsu —1),

rs(T) = k;(_z)k*l (k1)) T (2ka)

and step response

In@—1a ( 1

T) o0 - anklx(%)
k=1 r((zkfl)ochl)E(l_T)_\[2,(;1(_2)’c lmdl—ﬂ.
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0=0.3 — 0=0.5 7 0=0.7 — 0=0.9
— o=l

0.5

-0.5

Figure 5. Impulse response of Example 2 with 1 < 7 and several values of .

0=0.3 — 0=0.5 7 0=0.7 — 0=0.9
— o=l

02l m
0 T T T T T

-0.2

~0.41

Figure 6. Step response of Example 2 with 1 < T and several values of «.

The Figures 7 and 8 show the graphical representation of the solutions with 0 < v < 1 and
several values of «.

0=03 — o=0.5 7 0=0.7 7 a=0.9
— o=l

2

Figure 7. Impulse response of Example 2 with 0 < 7 < 1 and several values of .

72



Fractal Fract. 2023, 7, 524

0=0.3 — 0=0.5 7 0=0.7 — 0=0.9
— o=l

Figure 8. Step response of Example 2 with 0 < T < 1 and several values of a.

6. Conclusions

We have proved that both Hadamard right (left) derivative and fractional scale deriva-
tive of type Griinwald-Letnikov are decremental index operators on the same sequence
of functions {uj };.,. The Mellin convolution suggested to us how to define an algebraic
product, which allowed us to construct a simple mathematical method to resolve fractional
scale-invariant systems. The method relies on the roots of characteristic polynomial and
the resolution of a linear system of equations. As expected, in our simulations, there is no
convergence issue.
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Appendix A

The fractional scale derivatives of type Griinwald-Letnikov were defined in (4) and (6).

Definition Al. Let q > 1. The following expressions,

® 1 —u - (_‘X)n —n
DLx(r) = lim In(g) ) a(mg ")

and

ot +(r) = lim (-1 () I (o)

=

represent scale-derivatives that we can call stretching and shrinking Griinwald-Letnikov type
derivatives, respectively.

Suppose that T > 1 and k > 1. Hence

o (1) o agy v (@) I (")
St T(ka) S(T_l)_qlgﬂln (q>7;) n! [(ka)
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Using the Mellin transform and its inverse the previous relation can be rewritten as

o (o) . = (—a) kg )]
D 78(1'—1)— lim In™* Z Zm/M —— | T dv

ST (ka) g1+ = nl T(ka)
1w G i)
= %/Wli‘{i I (q) M iy [T

By binomial theorem and properties of limits it is not difficult to verify that

(1-g)]" _ . Lo S ™
lX = pu—
=] = = (q) o R
It follows that
» (1) 1 T R GO
Doy T (k) S(T—l)—ﬁ/yv./\/l T (k) T°dv
— L/U_(k_l)afrvdv
271 Jy
(k—1)a—1
— ug(’r _ 1)
I'((k—1)a)

The last equal follows from (3).

Theorem Al. Let « < Oand T > 1. Then

o, lnr(o()T)e(T 1= 1n;2‘:;()r)8(7 1)
Proof. Observe that e
) ST =dr-1)
Hence
In"!(1)

5+W€(T —1)=95.46(t—1)

= lim In"%(q) i (_a)né(l'q*” -1).

g—1+

By properties of delta function, §(7g~" — 1) = ¢"6(T — g"). It follows that

@g‘+hll:(()()ﬂs(T— 1) = lim In"*(g) i %

"5(t—q").
Jim, Py q'o(t—4q")
By Mellin transform we get that 6(T — g") = 5= fv 7"V 1%dy. So

—0()

agk

In~!(7) _
« — = i L v— l) v
D1, T0) e(t—1) qlir{'l+ In~*(q) q" o /q ’do

= L/ lim )’ (=) In"*(q)g"tdv.
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By binomial Theorem and properties of limits we have that

] _ v 14
lim & In™* m _ i (1 ! = o~
)3 9)q

g1+ = n! g—1+\ Ing
Therefore
In"!(7) 1
?_i_wg('f — 1) - ﬁ /U“Tvdv
Y
In~*"(1)

= -1
F(—DC) S(T )

O
Finally, by means of reasoning similar to (14) we obtain that
D¢ uk (1) = D¢ uk_1(7), for any k € Z.
Remark A1l. The case 0 < T < 1 is similar to case 1 < T.
Appendix B
Observe that (3) is valid for all« > 0. If &« > 0, thena + 1 > 0. So

In*(7)

M1 [ﬂm)} (1) = ms(r ~1),

Re(v) > 0. (A1)

The case Re(v) < 0 is analogous. With this inverse Mellin transform we can prove that

L Inf(7) I
S A v Yy

In the case when k = 0, it is true that

e(t—1), keN.

D e(r—1) = me(r 1),

The proof runs as Lemma 1. The same argument as in (13) applies to show

7ku¢( ln(fkfl)zX(T)

T((—k—Da +1)

« InT™(7)
ST (—ka+1)

e(t—1) = e(t—1), ke N.

Therefore the new definition is given by

ko
up(t) = me(r -1).
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Abstract: In this work, we apply fractional calculus to study quantum cosmology. Specifi-
cally, our Wheeler-DeWitt (WDW) equation includes a Friedman-Robertson-Walker (FRW)
geometry, a radiation fluid, a positive cosmological constant (A), and an ad-hoc poten-
tial. We employ the Riesz fractional derivative, which introduces a parameter «, where
1 < a <2,in the WDW equation. We investigate numerically the tunneling probability for
the Universe to emerge using a suitable WKB approximation. Our findings are as follows.
When we decrease the value of «, the tunneling probability also decreases, suggesting
that if fractional features could be considered to ascertain among different early universe
scenarios, then the value & = 2 (meaning strict locality and standard cosmology) would
be the most likely. Finally, our results also allow for an interesting discussion between
selecting values for A (in a non-fractional conventional set-up) versus balancing, e.g., both
A and « in the fractional framework.

Keywords: fractional calculus; quantum cosmology; tunneling probabilities; dark energy

1. Introduction

Since the introduction of the Wheeler-DeWitt equation [1,2], intending to describe the
Universe as a quantum mechanical system, quantum cosmology (QC) [3-7] has steadily
developed and achieved significant results concerning the quest to understand the origin
of the Universe. For seminal contributions and recent reviews, cf. references [8,9].

The framework of QC includes audacious scenarios, namely the spontaneous creation
from nothing [10-14]: our time and space emerge through a potential barrier. The universe
(we will find ourselves in and observe) tunneling through the potential barrier and appear-
ing to the right of it with a finite size and free from the initial singularity. This concept
was broadly embraced, leading to the study of tunneling probabilities (TP) for the birth of
the Universe for different cosmological models [15]. Because the regime is of high energy
and the time is of the order of Planck time, quantum cosmology has no observable data.
For more information on observables in quantum cosmology, their contributions of the
theory and future predictions, we suggest reading reference [16].

Given the discussion in the above paragraph it is immensely tempting to explore QC
further, trying new tools to better understand the Universe’s origin. One such tool that
recently gathered interest is fractional calculus [17], an extension of traditional calculus
that allows for the modelling of complex systems and thus may be applied to describe
phenomena in classical and quantum cosmology. See, e.g., [18,19] for a broad sample of
recently published contributions.

Fractal Fract. 2025, 9, 349 https:/ /doi.org/10.3390/ fractalfract9060349
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Originating from the works of G. 'Hopital and G. W. Leibniz, and subsequently devel-
oped by mathematicians such as Abel, Liouville, and Riemann, an innovative mathematical
tool was introduced, allowing derivatives and integrals to assume non-integer orders. This
tool enabled the development of fractional calculus and is currently applied in various
branches of physics, including field theory, particle physics, and atomic and molecular
physics [17]. In addition, fractional calculus has also been used in engineering, biophysics
and biomedicine, with encouraging results. For more information see [20-22], e.g., and the
many references therein.

Depending on the phenomenon to be described, the system of fractional differential
equations can be linear [23-26] or nonlinear [27-29]. Especially, there are many impor-
tant phenomena in nature that can be described by the nonlinear fractional differential
equations [27-29] or by the nonlinear integer differential equations [30-32]. In the present
work we will focus on the study of cosmological systems described by linear fractional
differential equations.

The application of Fractional calculus to quantum mechanics has allowed a general-
ization of path integrals and the Schrodinger equation, giving rise to fractional quantum
mechanics (FQM) [33]. This new research area has gathered interest, and quite a few
publications have appeared in the literature, pointing to potential benefits and new tests
of traditional quantum mechanics. There still exist significant open problems to address
in FQM. Please, see references [23,24,34,35] for more information. In particular, one of
such open problems concerns the tunneling effect. Let us be more concrete. In [36,37],
the authors studied quantum tunneling through delta potential barriers and through a
rectangular barrier, respectively, using a space fractional Schrodinger equation. Tunneling
with fractional time derivatives (Caputo derivative) can be found in [38]. In the first pa-
per, the authors found an analytical expression for the TP as a function of the fractional
parameter (x): the TP increased as « decreased. In the latter paper, the authors obtained
a numerical solution where the TP decreased as « decreased. The scenarios were not
so qualitatively different, nevertheless, fractional calculus generated discrepant results
regarding the behavior of TP, in terms of .

The application of fractional calculus in classical and quantum cosmology has also
been of recent interest. The application of fractional calculus in quantum cosmology is
usually designated as fractional quantum cosmology (FQC). Let us point out the following
references [25,26,39,40]. Notably, FQC usually means taking (spatial) fractional derivatives.
An application of interest is the Riesz derivative which affects the kinetic term of the
Hamiltonian. Overall, for derivatives with a non-integer (e.g., fractional) order, we can
suitably modify the Wheeler-DeWitt equation, which governs the quantum state of the Uni-
verse, and discuss fractional dimensions and, most importantly, non-local effects [25,36-38].
In fact, the Riesz fractional derivative operates as a non-local operator unless & = 2. We
can also anticipate scale-dependent geometries, which can emerge subtly as mimicked
quantum gravity effects.

To be more precise, the Riesz fractional derivative has been considered non-local
because its definition involves a convolution between a function and a kernel that considers
the function’s values over a certain domain, not just at a single point [17]. In the classical
calculus, derivatives measure a function’s local rate of the change at a given point [41].
In contrast, the fractional derivatives, particularly the Riesz fractional derivative, produces
a non-local interaction with the function, where the behavior at a point depends on the
values of the function at other (even distant) points [17]. Mathematically, the Riesz fractional
derivative is often defined as [17],

D) = 5 [ 70 ek
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In this definition, there is a Fourier transformation and a power-law factor that introduces
the fractional differentiation order («). Its non-local nature arises because the Fourier
transform representation incorporates the global information of the function (i.e., the entire
function in the frequency domain) rather than just the local information around a point.
Consequently, the Riesz derivative responds to changes in the function’s behavior over a
wide region, constituting a non-local derivative. This contrasts with the classical derivative,
which is strictly local and focuses only on the function’s behavior near the point of interest.
If we apply those ideas to a fractional Wheeler-DeWitt equation, we conclude that the
behavior of the wave function in a specific region is influenced by the conditions in that
region and in other regions, possibly in the entire domain. Thus, a broader influence
of quantum mechanical features on semiclassical domains can be substantial. Namely,
within a WKB tunneling discussion.

Based in the above discussion, our present work bears a twofold purpose. Firstly,
we want contributing to the solution of the problem of seemingly distinct results in ref-
erences [36,37], regarding tunneling in FQM. In particular, in reference [37] the authors
employ a realistic (albeit simplified) approximation for the potential barrier, being rectan-
gular and having a finite width and height, allowing one to estimate TP’s and other effects.
As a result of their calculations, they concluded that fractional parameters seem to alter the
tunneling dynamics. However, the authors in [37] suggest that more realistic and elaborate
potentials should be probed in order to solve the issue: how the TP’s would change when
one varies the fractional parameter «? That is exactly what we are going to do here. We will
investigate a cosmological model endowed with a more realistic and elaborate potential.

Secondly, we are widening the scope of references [15,42] using the fractional Riesz
derivative. It is tempting to check if a variation of # can mimic any other alteration we
could make in A, or another parameter in references [15,42], and within which range this
may be possible. Moreover, by investigating the fractional Riesz derivative in FQC, we will
be studying the TP for the birth of a FRW Universe. As mentioned, above, our cosmological
model is endowed with a more realistic and elaborate potential and the TP will be a function
of the fractional parameter . Our potential barrier was first introduced in references [15,42]
and bears the curvature constant of the Universe (k), the cosmological constant (A), that
plays the role of dark energy, and a parameter associated with the magnitude of the ad-hoc
potential (¢). Thus, we are interested in comparing our results with the ones obtained in
references [15,37,42], contributing to a still scarce study area.

Our paper is structured as follows. In Section 2, we introduce the Wheeler-DeWitt
equation and then construct the fractional Schrédinger equation for our model. We solve
the WDW equation using the WKB approximation and determine the WKB tunneling
probability (TPykp). In Section 3, we present the numerical results of TPy kp, for different
selected parameters (namely, o, A, k,0). We, also, compare the TPygp obtained here,
with the ones obtained in references [15,42]. Finally, Section 4 presents our conclusions and
discussions about our work. This paper brings new results for the application of fractional
calculus in quantum cosmology, thus contributing to the development and comprehension
of the area.

2. Fractional WKB Tunneling Probabilites

We want to study how fractional calculus modifies the quantum tunneling studied
in references [15,42], where the authors studied the classical and quantum dynamics of
the universe with radiation, cosmological constant and an ad hoc potential, for different
curvatures.
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Starting from the FRW metric, using the ADM formalism [43] and the Schutz varia-
tional formalism [44,45], the total Hamiltonian of the Universe (H) is written as [15,42],

2
NH = —% + pr — 3ka® + Aa* + Vy, )

where p, and pr are the canonically conjugated momenta to a and T, respectively. Here we
are using the natural unit system where i = ¢ = kg = 871G = 1. The Schutz variational
formalism is used to recover the covariance that is lost when using the ADM formal-
ism by rewriting the fluid in terms of potentials, one of which is entropy. In this way,
the variable T, associated with the radiation fluid, plays the role of time in this model.
For more information see the “Appendix: Hamiltonian for the radiation fluid” in refer-
ence [42]. The parameter A is the cosmological constant and V,, is the ad hoc potential,
first introduced in reference [15]. It is written as,

o2a*

= e

@)
where ¢ is a dimensionless parameter associated to the magnitude of that potential.

We study the creation of this universe within a quantized model. Specifically, the total
Hamiltonian (1) is transformed into an operator using the usual commutation relations.
Afterward, we introduce a wave function ¥ that depends on the canonical variables.
Imposing that the total Hamiltonian operator annihilates the wave function, we obtain the
Wheeler-DeWitt equation,

. . )
= M CUR

Equation (3) can be re-cast in the form of a time-dependent Schrédinger equation,

with the aid of a new variable T = —T,
1 92 ) 4 o?at .0
(125)az —3ka” + Aa” — @17 Y(a,1) = —za—T‘Y(a, 7). 4)

The application of fractional calculus, using the Riesz derivative in the kinetic term of
the Hamiltonian operator is given by [25,46],

Hey(p,r) = Dalp|* + V(r), (5)

where D, is a coefficient. For the standard textbook Schrodinger equation we have ihaa—‘f =

—%A‘P + V¥, whereas the fractional QM imports that % — Dy(—h2A)% and with 1 <
« < 2[23]. The fractional Hamiltonian operator (5) is Hermitian [24,47], that is, it has real
eigenvalues that can be related to physical observables. When the eigenvalues associated
with the Hamiltonian are not real, one may have complex dimensions. For more information
on complex dimension, see reference [48].

Therefore, applying the Riesz derivative in the kinetic term of the Hamiltonian opera-
tor (4), we find the equation,
(o

t o?a* %)
2| 3ka® + Aa* — ——— |¥(a, 1) = —i—¥(a, 1), (6)

(a3 +1)2 ot
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where we take 11—2 = Dy, when a = 2. The Riesz fractional derivative is a spatial, symmetric,
nonlocal, linear fractional derivative [17,23,24].

The parameter a is known as the Lévy index and has its domain defined as
a € (0,2] [23,24,33,34]. This parameter allowed the generalization of Brownian motion to
Lévy motion, so that Brownian motion became a particular case of Lévy motion when a = 2.
Thus, the path integral over Lévy trajectories allowed the generalization of the Schrodinger
equation of quantum mechanics, leading to the fractional Schrodinger equation. However,
due to the fractional dimension [33], the parameter « has its domain limited to (1,2] in the
application of fractional calculus to quantum mechanics.

E. Capelas de Oliveira and Jayme Vaz Jr, in reference [36], solved the fractional
Schrodinger equation for the delta and double delta potential, taking into account that
the fractional derivative is a nonlocal operator. M. Hasan and B.P. Mandal, in chapter
4 of referenece [37], studied the tunneling time in space fractional quantum mechanics
for a time-independent fractional Schrodinger equation, whose potential barrier was rect-
angular. Differently from what was proposed by these authors, in their studies, we will
obtain the tunneling probability by solving the Wheeler-DeWitt equation, in the form of a
time-dependent Schrodinger equation, for a more realistic and elaborate potential barrier.
For this, we will use the WKB approximation.

So let us propose a solution for Equation (6) in the following form [42],

Y(a,1):=¢(a)e 'ET (7)

where we choose (a) = A(a)e'(®, with A(a) being the amplitude, ¢(a) the phase, and E
is the energy associated to the radiation fluid of the Universe [42].
Substituting Equation (7) into Equation (6), we obtain the following expression,

82 % 2 4 . . P} .
(Da 8512] — 3ka® + Aa* — (a§f1)2>1p(a)elh = —za—Tlp(a)eflET, (8)
and therefore,
o0* 1
PO 1 2 (B~ Vs @)p(a) =0 ©

This last equation can be rewritten as,

PV k(@) p(a) = 0, 10)

da%

R=

where K(a) = (D% (E-V, ff)) and V,s¢(a) is the effective potential,

) . o2a
Veff(a) = 3ka® — Aa™ + W (11)
The general solution to Equation (10) is given by,
‘I’(ﬂ) _ G . eiifl@(a)da, E> Veff/
K(a)®
(12)

‘I’(a) = Czleif"(a)d“, E < Vef ,

1

where C; and C; are constants and «(a) = (D%(Ve ff—E )) * When a = 2, the standard

solution in reference [49] is recovered.
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The WKB tunneling probability is given by [49],

4

— 13
(20 + )2 ~

TPWKB =

where 6 measures the height and thickness of the barrier for a given energy [49]. For our
model, we have,
R k(a)da

6 — elu (14)

Here, a; and ag are the turning points where the energy line crosses the potential
barrier on the left and right sides, respectively. Substituting (14) into (13), we obtain the
tunneling probability for a wave function to pass through a high and wide barrier (6 > 1),

JoR k(a)da : 1 z
i —

R
ZE'LZL x(a)da

TPWKB = (15)

1
o

where x(a) = (Dla (3ku2 — Aa* + % - E))

3. Results

With the Fractional WKB Tunneling Probability, Equation (15), we are now able to
compute the tunneling probabilities for the creation of the universe: an application of
a simplified version of fractional calculus, in other words, the Riesz derivative in QC.
In order to help us computing the TPygp Equation (15), we will use the Maple 18 Symbolic
Software.

Equation (15) has 5 (five) parameters: (1) the curvature k, (2) the radiation energy E,
(3) the cosmological constant A, (4) the ad hoc potential parameter ¢ and (5) the FC «. D,
is a constant. We will investigate how the TP kp depends on each of these five parameters.
In order to do that, we will fix the value of four parameters and compute the TPyp for
several different the values of the remaining one. In this way, we will determine how the
TPwkp depends on this fixed parameter. Then, we will repeat the same procedure for the
other four parameters. For a better visualization of our results, we will show several graphs
of the TPykp. Let us be more concrete. To compare our results with the ones obtained in
reference [42], we will use the same values for the four parameters k, E, A and ¢, which the
authors used in reference [42]. All our results for the cases where & # 2 will be exhibited in
Section 3.2. Before that, in Section 3.1, we will comment on the constant D,.

3.1. Tunneling Probability When o = 2

Here, we call attention to the constant D, present in the TPykp Equation (15). This
constant is dependent on the parameter « and its definition involves some arbitrariness.
An important condition that quantity must satisfy is that, when a = 2 the result must be
the constant of the standard model, without the fractional calculus. For fractional quantum
mechanics, the constant D, = ﬁ is recovered when a = 2 [33,34].

In the present paper, we will choose one of the simplest possible values for D,, such
that it has the correct limit when &« = 2. In this way, we define D, = (11—2)% When we
substitute & = 2 in Equation (15), we obtain the same equation and results for the TPyxp
as in the model in reference [42]. In a future work, we want to explore in details this
arbitrariness, which may lead to some quantitatively different results. In order to give some
idea about these quantitatively different results, we show in Appendix A some results for
T Pykp obtained with a different choice for D,.
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3.2. Tunneling Probability When o # 2

We now investigate quantitatively how the fractional calculus features, namely the
presence of the Riesz derivative, modify the quantum tunneling probabilities. To do that,
we will study how the TPygp Equation (15) depends on the parameters: k, E, A, o and «.
We will employ the same values used for these parameters in reference [42], in order to
compare our results with theirs.

3.2.1. TPykp as a Function of E

Concerning the variation of the energy E, we will fix A = 1.5 and o = —50 like in [42].
All values for the energy E are below V,¢r = 691.51, which is the maximum value of the
barrier. We computed numerically Equation (15) for different values of E, a (1 < o < 2)
and k. We found that when E and & increase, the tunneling probabilities increase too. When
we vary only the geometry (k) keeping the other parameters fixed, we obtain that TPygp
is larger for the hyperbolic spatial sections (k = —1). An example of these results can be
found in Figure 1.

0

-100 -

=200+

ln(TPWKB)

=300 -

Figure 1. TPygp, in logarithmic scale, for the variation of the parameter E and for different values of
the parameters « and k, with A = 1.5 and ¢ = —50. All parameters, with the exception of «, have the
same value as in model [42].

3.2.2. TPygg as a Function of A

The following study is for the cosmological constant A, which plays the role of dark
energy in this model. We compute numerically Equation (15), for different values of A, «
(I <a<2)and k = 0,£1, but with ¢ = —50 and E = 690. We can see in Figure 2, as an
example of our general result, that TPykp increases when « and A increase and is larger
fork = —1.
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ln( TPWKB)

Figure 2. TPyp, in logarithmic scale, for the variation of the parameter A and for different values of
the parameters a and k, with ¢ = —50 and E = 690. All parameters, with the exception of &, have the
same value as in model [42]. In this figure, for « = 1.10 we can only see the k = —1 curve.

3.2.3. TPykpg as a Function of o

Let us now vary the parameter o, where ¢ is a dimensionless parameter associated
with the magnitude of the ad hoc potential [15]. Following the same procedure, fixing the
parameters E = 680 and A = 1.5, we vary and take several values of « and o, for different
curvatures of the space-like sections (k). As an example of our results, we can see in
Figure 3, that TPygp increases when ¢ and « increase. The biggest value of TPyp is for
k = —1 geometry, if compared to k = 0,1 geometries.

3.3. Analysis and Implication of the Riesz Derivative in the Calculation of the
Tunneling Probability

The Riesz derivative is an operator often used in fractional calculus and acts only
on the kinetic term of the Hamiltonian operator (6). Thus, the effective potential (11) is
identical to the effective potential of the model in reference [42]. In Section 3.2.1, we noticed
that the TPyp decreases when we decrease the value of the parameter «, even when the
energy E remains the same as the value used in reference [42]. In the non-fractional model,
in order to decrease the TP, while keeping the energy fixed, we need to modify the potential
barrier to become e.g., wider and higher. On the other hand, in the model with the Riesz
derivative, this can go quite different. Let us be more specific.

In Figures 4-6, we draw the potential barriers for three different cases: (i) the fractional
case with & = 1.9397961 (blue line), (ii) the non-fractional case with A = 0.7 (red line),
and (iii) the non-fractional case with the same values of A, 7, k as in case (i) (gold dot line).
This last case (iii), is the one studied in reference [42]. In each Figure, the three cases are
models with the same values of k. The horizontal black line, representing the constant
energy E = 200, illustrates how the energy line intersects the barriers. We can see that the
potential barriers in cases (i) and (iii) coincide. However, they generate different T Pygp’s
for the same energy, as per informed from Figures 1-3. It means that, the introduction
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of the Riesz derivative modifies in a significant way the TPyp’s associated with a given

QC model.
« = 1.9397961, as we can see from the Figures 7-9. In each Figure, the two cases are

On the other hand, we find that the results of TPyp for the non-fractional model
models with the same values of k. The potential barriers of the two models can be seen in

with A = 0.7 closely mimic the results found for the fractional model with A = 1.5 and

Figures 4-6.
r T T T T T T T T T T 0
-64 -62 -60 -58 -56 -
=100
F-200
F-300 (77, )
- -400
:F-500
--600

— &
Figure 3. TPygg, in logarithmic scale, for the variation of the parameter o and for different values of
the parameters « and k, with A = 1.5 and E = 680. All parameters, with the exception of a, have the

same value as in model [42].
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Figure 4. Effective potential for: fractional case (blue line), non-fractional case with A = 0.7 (red line)

and non-fractional case studied in reference [42] (gold dot line). All of them with k = —1
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Figure 5. Effective potential for: fractional case (blue line), non-fractional case with A = 0.7 (red line)
and non-fractional case studied in reference [42] (gold dot line). All of them with k = 0.
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Figure 6. Effective potential for: fractional case (blue line), non-fractional case with A = 0.7 (red line)
and non-fractional case studied in reference [42] (gold dot line). All of them with k = 1.

86



Fractal Fract. 2025, 9, 349

E
100 200 300 400 500 600
-100+
In(7P,, ) ~2007
=300+
-4001
— o=19397961,k=—1 —— A=0.7, k= —1
Figure 7. Comparison of TPy, in logarithmic scale, for different energies E in the fractional (blue
line) and non-fractional (A = 0.7), red line, models for k = —1.
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Figure 8. Comparison of TPykg, in logarithmic scale, for different energies E in the fractional (blue

slash line) and non-fractional (A = 0.7), red slash line, models for k = 0.
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Figure 9. Comparison of TPy, in logarithmic scale, for different energies E in the fractional (blue

dot line) and non-fractional (A = 0.7), red dot line, models for k = 1.

This new and interesting result suggests that modifying the parameter « in the frac-

tional model may be comparable to modifying the potential barrier in the non-fractional

model, i.e., its height and width. In Tables 1-6, we show some results for 6 Equation (14)

and TPykp Equation (15) for different values of E, regarding the fractional model with
A =15and a = 1.9397961, and the non-fractional model with A = 0.7.

®  For hyperbolic space-like sections

Table 1. Comparative table of 8 for different energies in the fractional and non-fractional models for

k=-1.
k E 9non—fr't/wt‘iumll (A = 0'7) 6j"ruct‘ional (A = 1'5) and a = 1.9397961
10 1.002778169 x 1088 1.303841382 x 10%8
170 3.873356742 x 10°8 1.577277123 x 1060
-1 340 3.066824521 x 103 1.353799484 x 10%¢
500 7.888358713 x 1010 5.091334256 x 107
660 463.1719831 400.5848243

Table 2. Comparative table of tunneling probabilities for different energies in the fractional and

non-fractional models for k = —1.
k E TPWKBnon—fmctional (A = 0.7) TPWKBfmctianal (A = 1.5) and &« = 1.9397961
10 9.944667312 x 10~177 5.882344812 x 10~177
170 6.665381380 x 10118 4.019610680 x 10121
-1 340 1.063217573 x 1092 5.456212944 x 10~73
500 1.607040038 x 1034 3.857773981 x 1036
660 0.000004661379104 0.000006231744824

e  For flat space-like sections

88



Fractal Fract. 2025, 9, 349

Table 3. Comparative table of the parameter 6 for different energies in the fractional and non-fractional
models for k = 0.

k E enon—fractional (A = 0'7) efractional (A = 1'5) and & = 1.9397961
10 1.793016944 x 10%2 1.146483507 x 10!
170 1.379498224 x 106! 1.674829609 x 102
0 340 5.585366235 x 10%° 2.076589094 x 1037
500 3.790604212 x 107 2.537403708 x 108
660 1191.527234 1069.113378

Table 4. Comparative table of tunneling probabilities for different energies in the fractional and
non-fractional models for k = 0.

k E TPWKBnun—fractiunal (A = 0.7) TPWKBfmmDmI (A = 1.5) and & = 1.9397961
10 3.110507212 x 1018 7.607892668 x 10183
170 5.254818360 x 10~123 3.564993479 x 1012
0 340 3.205506704 x 10~72 2.318989928 x 10~ 7°
500 6.959581392 x 1036 1.553176674 x 1037
660 6.959581392 x 10~7 8.748876416 x 10~7

®  For spherical space-like sections

Table 5. Comparative table of the parameter 6 for different energies in the fractional and non-fractional
models for k = 1.

k E 6mm—fractional (A=07) efractianul (A =15) and a = 1.9397961
10 1.577640978 x 10%7 1.907005973 x 10%*
170 1.313683533 x 1064 2.830562481 x 10%4
1 340 1.380589165 x 1037 3.946000113 x 1038
500 1.992360778 x 1018 1.370930167 x 1017
660 3160.340886 2945.792223

Table 6. Comparative table of tunneling probabilities for different energies in the fractional and
non-fractional models for k = 1.

kB TPWwKB,,_jructionss (A =07)  TPWKB,,, 0y (A =15) and & = 1.9397961

10 4.017756788 x 10~195 2.749766985 x 10187
170 5.794533632 x 10129 1.248114729 x 10129
1 340 5.246516932 x 10~7° 6.422229384 x 1078
500 2.519208036 x 1037 5.320706876 x 10~37
660 1.001226000 x 107 1.152380106 x 107

Thus, analyzing the results qualitatively through the Figures 4-9 and quantitatively
through the Tables 1-6, we see that the shapes of the barriers and the results for 6 and
TPwkg, of the fractional model with A = 1.5 and & = 1.9397961 and the non-fractional
model with A = 0.7, are close. This convergence between the fractional and non-fractional
models is lost for small A, on the order of 10~2, since the behavior of the effective potential
for k = 1 is modified.

4. Conclusions and Discussions

In this work, we investigated whether a concrete tool of fractional calculus may
influence the tunneling probability computed using the WKB approximation. For this
purpose, a FRW model was employed, containing a radiation fluid, a positive cosmological
constant, and an ad-hoc potential. Moreover, we used the Riesz fractional derivative in the
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Hamiltonian operator, which was applied to the kinetic term. In this manner, we made it
possible to investigate the behavior of the tunneling probability as a function of the new
fractional parameter a.

Our results show that when « = 2, we obtain the same results found in the study
carried out in reference [42]. When we allow « to vary, we observe that when « decreases,
within its domain 1 < a < 2, the tunneling probability decreases. Thus, the Universe is
more likely to be created for higher values of &, namely o = 2.

These results allowed us to conclude that although our potential barrier is the same
as that established in reference [42], applying fractional calculus in the kinetic term of
the Hamiltonian operator modifies the tunneling probabilities. Upon investigating this
feature in more detail, we noticed that the decrease of the parameter & seems to produce
an effect similar to a modification on the potential barrier of the non-fractional model in
reference [42]. More precisely, in order to achieve that we have to make the potential barrier
broader and higher by modifying its parameters A, o, k. To substantiate this observation,
we presented an example with a fractional model where A = 1.5 and & = 1.9397961 and a
non-fractional model with A = 0.7. We showed that the tunneling probabilities computed
for both models are very close. This was checked for other ranges, as presented in the
previous section. Please compare Tables 1-6 and Figures 4-9.

In addition to the qualitative analysis of the potential barriers in the fractional and non-
fractional models, through the Figures 4-9, we performed a quantitative analysis through 6,
which informs about the height and length of the barriers. The results, found in Tables 1-3,
confirm the similarity of the barriers and the values of the tunneling probabilities between
the models.

Finally, our results also allow for an interesting discussion between selecting values
for A (in a non-fractional conventional set-up) versus balancing, e.g., both A and « in the
fractional framework. Concretely, as pointed out above, the TPygp in the non-fractional
model if, e.g., A = 0.7, is very close to the TPygp computed if in the fractional model
we choose, e.g.,, A = 1.5,& = 1.9397961. This suggests that if fractional derivatives were
present in a model with a certain A, the universe described by this model could be born
with almost the same probability of another universe with a smaller value of A, provided
that in the second model there were only usual derivatives.

These new results also contribute and shed additional light on the use of fractional
calculus in quantum cosmology. More precisely, on the calculation of tunneling probabilities
by using a more realistic and elaborate potential than those studied in references [37]
and [36]. Lastly, the application of fractional calculus in quantum cosmology, specially in the
calculation of tunneling probabilities, is relatively new and requires further investigation.
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Appendix A. D, Analysis

In Section 3.1, we reported some arbitrariness in choosing the constant D,. This
constant is a function of the Riesz parameter &, which also appears explicitly in the tunneling
probability expression (15). Let us write again this equation here,

4
(Zef;fx(a)da L )2

aR
ZefﬂL K(a)da

TPWKB =

where k(a) = | p- <3ka2 — Aa* + % — E)

By analyzing this equation in detail, we can see that the fractional exponent « present
in the term x(a) acts faster than the constant D,, a multiplicative factor. Thus, the definition
of D, only changes the result quantitatively, not qualitatively.

We will show here a brief study as a concrete example to determine the influence of
the constant D, on the tunneling probability. We present below an analysis for two choices
of this constant: D, = (%)% and Dy = (15) % . Note that there are other possible choices for
D, that satisfy the condition that D, = 11—2, when « = 2. However, for simplicity, we will
only analyze these two examples here, leaving a broader analysis of the possible choices
for D, for a future paper.

In Figures Al and A2, we can see, as an example, the TPygp’s, in logarithmic scale,
for different energies E, different curvatures k and two values of the fractional parameter a.
We have the parameters A = 1.5 and ¢ = —50 fixed in both figures.

0 T T T T T )
100 200 300 400 500 700
-1004
-200
ln(TPWKB)
-300
-400
—k=—1——k=0"""-- k=1f0r0c=1.97|

Figure A1. TPykp, in logarithmic scale, as a function of energy E and curvature k, when a = 1.97,
A =15and ¢ = —50, for D, = (11—2)% (black color) and D, = (%)% (purple color).
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-2000
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Figure A2. TPygpg, in logarithmic scale, as a function of energy E and curvature k, when & = 1.5,
A =15and o = —50, for D, = (11—2)% (black color) and D, = (%)% (purple color).

Thus, it can be observed that the constant D, can be more influential in the result of
the tunneling probability when « — 1, where a € (1,2]. However, as discussed at the
beginning of the Appendix A, the behavior of the tunneling probability as a function of the
model parameters remains unchanged, that is, we will not have qualitative differences in
the results, only quantitative ones.
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Abstract: Chaotic behavior and memory-dependent dynamics in fractional-order brushless
DC motors (FOBLDCMs) pose significant challenges for robust and stable control design,
particularly when physical constraints such as actuator saturation and rate limitations are
present. Existing control frameworks often neglect these nonlinear limitations, resulting in
performance degradation and potential instability in practical applications. Motivated by
these challenges, this paper presents a comprehensive Lyapunov-based stability and control
synthesis framework for FOBLDCMs within the fractional-order (FO) range 0 < v < 1.
The proposed methodology employs indirect, direct, and composite Lyapunov functions to
derive sufficient stability conditions under four scenarios: unconstrained input, saturation-
only, rate-limited-only, and combined constraints. For each case, a family of stabilizing
controllers is designed to explicitly handle the respective limitations. To the best of our
knowledge, this is the first study to rigorously address both saturation and rate limitations
in the control design of FO chaotic systems. Numerical simulations confirm that the
proposed controllers significantly improve performance over existing methods. Specifically,
the unconstrained controller achieves a notable reduction in control energy (from 2.72 x 10°
to 1.83 x 10° ), @ 26.3% decrease in maximum control effort, and enhanced or comparable
tracking accuracy, as indicated by lower ISE and RMSE values. These results highlight the
robustness and practical applicability of the proposed control framework for real-world FO
electromechanical systems.

Keywords: chaotic system; saturation; rate limitation; stability; indirect Lyapunov method

1. Introduction

Fractional calculus (FC), an extension of classical integer-order calculus, offers a
powerful framework for capturing memory and hereditary properties in complex dynami-
cal systems. By introducing non-local operators, FC enables more accurate descriptions
of processes where current states depend not only on present conditions but also on
historical trajectories. This capability makes it highly relevant for modeling and analy-
sis in control engineering, signal processing, viscoelasticity, and beyond. Recent works
have increasingly leveraged FC to study physical and engineering systems where con-
ventional integer-order models fall short [1-4]. Particularly, the mathematical richness of
fractional-order (FO) derivatives has facilitated nuanced modeling of nonlinear, chaotic,
and high-dimensional systems.

Fractal Fract. 2025, 9, 369 https:/ /doi.org/10.3390/ fractalfract9060369
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1.1. Motivation and Background

FO modeling techniques have gained substantial attention across various engineering
disciplines due to their superior ability to capture complex dynamics with fewer parameters
and enhanced accuracy compared to their classical integer-order counterparts [5-7]. These
methods have proven particularly useful in analyzing chaotic systems, where nonlinearities
and sensitivity to initial conditions demand more refined modeling tools. Prominent
examples include the FO Lorenz, Chen, and Lii systems, as well as FO models of brushless
DC motors (BLDCMs) [8-11]. The pioneering work by Hemati [12] introduced chaotic
dynamics in BLDCMs, while subsequent studies such as [13] utilized both analytical
and computational tools to characterize chaotic regimes and design stabilizing strategies.
Researchers in [11] further extended the analysis by deriving bifurcation properties of FO
BLDCMs (FOBLDCMs), and detailed investigations in [14-16] explored their bifurcation
structures and qualitative behaviors. These studies confirmed that while chaos poses risks
to the performance and reliability of actuators, it can be rigorously studied and mitigated
through advanced modeling approaches.

In terms of control strategies for FO chaotic systems, numerous methods have been
proposed within the FO domain (0 < v < 1). For instance, Ref. [17] proposed a Lyapunov-
based stabilization approach leveraging a single state variable. In a related work, the au-
thors of [18] analyzed the stabilization of a nonlinear FOBLDCM using Caputo deriva-
tives, supported by mathematical tools such as the Laplace transform, the Mittag-Leffler
function, Jordan decomposition, and Gronwall’s inequality. Moreover, Ref. [19] intro-
duced a novel adaptive control strategy based on the Immersion and Invariance (I&I)
theorem and fuzzy systems to synchronize chaotic BLDCM dynamics with desired tra-
jectories, especially for electric vehicle applications. Alternative formulations such as FO
operators—including the Caputo, Caputo-Fabrizio, and Atangana—-Baleanu definitions—have
also been employed in modeling and control, as seen in [20]. Sensorless control approaches
have also been developed for high-speed BLDCMs, using digital signal processors (DSPs) to
enhance commutation accuracy, as discussed in [21]. Bifurcation-based anti-control techniques
were proposed in [22], where various external periodic and constant signals were shown
to influence complex bifurcation structures, including Hopf, Bogdanov—Takens, and period-
doubling types. Additionally, works such as [23] explored single-input stabilization, [24]
analyzed quasi-Mittag—Leffler stability for distributed-order systems, and the authors’ con-
tributions in [25] addressed delay-induced instability in FO power systems using Lyapunov
functionals. However, many of these studies still assume idealized conditions and often neglect
key practical constraints such as actuator saturation and input rate limitations—challenges that
are critical in real-world applications.

1.2. Modeling with Input Constraints

The integration of actuator saturation into FO system modeling yields a block-oriented
structure, notably resembling Hammerstein models, where a static nonlinearity (saturation)
precedes a linear or nonlinear FO dynamic system. This opens a promising avenue for
system identification and control. Recent contributions in FO Hammerstein modeling
include the development of smoothed functional algorithms with norm-limited update
vectors for the identification of continuous-time FO Hammerstein systems [26]. Similarly,
iterative parameter estimation methods were applied in [27] to FO Hammerstein systems
under colored noise. However, these approaches primarily focus on identification, not
stabilization or constrained control design. The current work seeks to bridge this gap
by formulating a control-oriented FO Hammerstein framework for systems with both
amplitude and rate limitations, a direction previously unexplored.
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Furthermore, in recent years, significant advancements have been made in the control
of BLDCMs, particularly through the application of FO control theory. Classical control
strategies have been extended with robust, adaptive, and intelligent features to handle
system nonlinearities, parameter uncertainties, and external disturbances more effectively.
For instance, the authors of [28] proposed a finite-time super-twisting algorithm based on
recurrent neural networks for FO systems, demonstrating improved transient and steady-
state performance. In another direction, Ref. [29] tackled the challenges of rate-limited
control in FO systems by introducing flat phase constraints derived from Bode integrals.
Furthermore, Ref. [30] presented a novel integration of active disturbance rejection control
(ADRC) with compensation for actuator rate limitations, validating its effectiveness through
experimental results on benchmark systems. Despite these promising developments, most
control approaches for FO chaotic systems—including BLDCMs—do not simultaneously
consider both actuator saturation and rate limitations, which are frequently encountered in
practice. Instead, these limitations are typically addressed separately, with many designs
assuming ideal actuator behavior.

A contribution addressing input constraints can be found in the work of Alavian
Shahri et al. [31-35], who analyzed saturation effects on control inputs in both linear and
nonlinear systems, including cases with and without time delays. These studies offered
valuable insights into the impact of input bounds in FO systems. However, they primarily
focused on saturation constraints, leaving rate limitations either unaddressed or only
marginally considered. Moreover, their scope did not encompass chaotic dynamics or
FOBLDCMs specifically, where the interaction of saturation and rate constraints plays a
critical role in achieving safe and stable operation.

Beyond constraint handling, another common limitation in current control designs lies
in the underlying assumptions regarding system observability and feedback availability.
Many approaches rely heavily on direct Lyapunov methods and presume access to full
state measurements or multiple sensors—conditions often impractical in embedded or
resource-limited systems. Additionally, few controllers incorporate physical actuator
characteristics such as limited bandwidth or maximum permissible control effort during
the synthesis process. Neglecting these constraints can result in suboptimal tracking
performance, delayed response, or even destabilization of the closed-loop system under
real-world operating conditions.

1.3. Gap and Contribution Overview

To the best of our knowledge, no prior work has systematically addressed the stabi-
lization of FO chaotic BLDCMs under both amplitude saturation and rate-limited control
inputs. Motivated by this practical need, this paper proposes a unified framework for
stability analysis and controller synthesis using novel Lyapunov candidates for various
constrained scenarios. The proposed approach accommodates single, dual, and triple input
cases, reducing sensor dependency while ensuring robust performance under physical
limitations. By extending FO system modeling to include block-oriented nonlinearities, this
research also lays a theoretical foundation for FO Hammerstein-type control architectures.

1.4. Main Contributions
The primary contributions of this work are summarized as follows:

e  Unified stability framework: A comprehensive Lyapunov-based stability framework is
developed for FO chaotic BLDCMs under input constraints including saturation, rate
limits, and their combination. To our knowledge, this is the first study that considers
both rate and amplitude limitations simultaneously in FO chaotic control design.
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e Novel Lyapunov candidates: Tailored Lyapunov functions are constructed for each
control scenario—unconstrained, saturated, rate-limited, and jointly constrained—based
on a combination of direct and indirect Lyapunov methods.

e Input-constrained controller design: Multiple controller configurations are derived
from stability conditions, enabling implementations with reduced sensor requirements
(single-, double-, and triple-input variants).

e  Benchmark validation: The effectiveness of the proposed framework is demonstrated
through extensive simulations on FOBLDCMs with varying degrees of input con-
straints and nonlinear behavior.

1.5. Organization

The organization of this paper is as follows: Section 2 delineates the requisite defini-
tions and preliminaries imperative for comprehending the concepts and methods employed
in subsequent sections. Section 3 details the stability analysis and controller design method-
ologies, underscoring the introduced indirect Lyapunov method without and with limita-
tions. Section 4 presents comprehensive simulation results, corroborating the efficacy of
the proposed methods in stabilizing FOBLDCMs. Finally, Section 5 encapsulates the study,
summarizing salient findings and suggesting potential trajectories for future exploration.

2. Preliminaries

In this section, the preliminary mathematical concepts are presented.

Definition 1 ([2]). The Caputo derivative of a smooth function, denoted by ¢(t) : RT — R,
with an FO v, can be expressed as follows:

t
C o _ 1 g(n) (T)
tODtg(t) - F(Tl o ,0) / (t o T)’U—l’l—i-l dT’ (1)

wheren € N, n —1 < v < n, is the n'" derivative of the function g(t).
The Laplace transform of g(t) can be expressed as follows:

n—1
{5oisn} =s"G(s) - ¥ s+ 1M (0). @)
k=0

Theorem 1 ([36,37]). The following equation satisfies the condition for any s € Cand 0 < v < 1:

[EDg, - 1, )
; S+w sv

sin(v7)
mw?

By applying the Laplace transform to Equation (3), we obtain

where iy (w) =

e v—1
O/yv(w)e“’tdw = ;(—zj) (4)
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Theorem 2 ([37]). The FO nonlinear differential equation ¢ DYy(t) = g(t) can be interpreted

0
using the continuous-frequency-distributed model of the fractional integrator as follows:

dz(w, t)

S = —wa(w, 1) +5(0) ©

In this context, the variable z(w, t) € R represents the frequency-distributed state, and the
output y(t) corresponds to the weighted integral of z(w, t).

()

v(t) = [ mo(@)z(w, Hiw, ©)

0

withy(t) =0and 0 < v < 1.

Lemma 1 ([38]). For any real matrices M and N of appropriate dimensions, the following inequality
is satisfied for any scalar k:

MN + MTNT < kMMT + k- 'NNT ?)

3. Main Results

Consider the FO brushless DC motor (FOBLDCM) described by the following equa-

tion [39]:
CDPig = Sat(ug) — dig +igw, || g | <
CDYiy = Sat(ug) —ig — iqw +yw, || g

. | <cy ,0<v<1 (8)
CDYw = o(ig—w) —Sat(Ty), | Ti| <cr

where w, i;, and iy represent the angular speed, quadrature-axis current, and direct-axis
current of the motor, respectively. The system also includes positive parameters , 7y, and o,
which determine the specific dynamical behavior of the motor. Additionally, the controls
ug, ug, and T play a role in governing the system dynamics. Furthermore, c4, c;, and ct are
positive numbers that show rate limitation in specific inputs. Figure 1 shows the control
system block diagram of the FOBLDCM. The function Sat(-) represents the saturation
function, defined as Sat(r) = sign(r)Min(r, a), that has the saturation level a. This
function is shown in Figure 2.

lISat(ug)]l < A,
d

g Cori. =5 L ' i
tig = Sat{ug) — dig + igw, d
Ug W [|Sat(ug)ll < B, §uq !“fi CD:‘jq=Sﬁr[u¢}—q—idw + yw, | iy
sy <c LT Ti | CDfw = o(ig — w) - Sak(Ty),  |w
Saturation control
FO Brushless DC Motor

&

S
g | ||l € ea | ug
“q || u‘ill = C‘? “fi

Tt €er T

lig i
uy i

T: Hl

Rate Limitations

Controller

Figure 1. Block diagram of the FOBLDCM.
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Figure 2. Saturation function.

As a first step, we have to make some assumptions about the control input, as follows:

| Sat(ug)]| < 4,4 €R* ©
|| Sat(uy)||< B,B €R" (10)
| Sat(Ty)||< C,C €R* (11)

The open-loop behavior of the FOBLDCM is illustrated in Figures 3 and 4 for different
values of the fractional derivative. Specifically, when ¢ = 4, v = 55, and § = 0.875,

and with initial condition [10 3 —12} T, the system exhibits aperiodic, sudden, random,
or morbid oscillations, indicating chaotic behavior. These chaotic oscillations can have
detrimental effects on system stability. Therefore, it is of utmost importance to address
the challenges posed by the chaotic FOBLDCM and develop effective control methods to
stabilize the system.

20
10 ﬁ h
z 0
-10
20
20
100
0 80
- o 60
i 40 7, ZU
q Id

Figure 3. Space representation [i; i; w| of the chaotic attractor with v = 0.968 for the open-
loop FOBLDCM.
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q

Figure 4. Space representation [i; i; w] of the chaotic attractor with v = 0.99 for the open-
loop FOBLDCM.
3.1. No Limitation Control

We consider the present analysis step by step. In the first step, study Equation (8)
without any limitation, as described by the following equation [39]:

CDfid = Uug — 5id + iqw
CDYig = ug— iy — igw+yw , 0 <v< 1 (12)
“Diw = c(ig—w) — T

Theorem 3. The system described in Equation (12) can achieve global stability at the equilibrium
point by implementing the following controller:

igug + igitg + (0 + v)wig — wT; < 0. (13)

where ug, uq, and Ty are the control inputs. By substituting this controller into Equation (12)
and satisfying the inequality constraint given by Equation (13), then the closed loop system is
asymptotically stable.

Note 1. Theorem 3 is satisfied with the necessary condition that none of the eigenstates, iy or iy or
w, are included in the denominator of the designed controller.

Proof. Based on Theorem 2, we can alternatively express the system described by

Equation (12) as
W = —wzi(w, t) +ug — dig + igw
iy = [ to(w)z1 (w, t)dw, (14)
0

Ho(w) = %

P20 — —wzp(w, ) + 1ty — iy — igw + Y

ig = | po(w)za(w, Hdew, (15

0
polw) = 227
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6235‘;] 1) — _wzs(w, t) + o(ig —w) — T
o
= [ po(w)z3(w, t)dw,
0
) = e

(16)

Consider two Lyapunov functions for the system, denoted as V; (w, t) = z3 + 23 + 23,

which represents the monochromatic Lyapunov function based on the elementary frequency,
and V(t), which is defined as the sum of all the monochromatic functions V; () weighted
by the function y,(w); see Equation (17). The monochromatic Lyapunov function V;(w, t)
captures the energy associated with each individual frequency component of the system. It
quantifies the stability of the system with respect to the elementary frequency components,

considering their magnitudes in the squared sum.
13,7

=3, Z / o (w dw.
=0

i=1

It can easily be derived from Equation (17) that

T azl(w t)
/P‘v ——dw
=1y ot
Simplifying Equation (18),

w7 P 2z(wh)

dat {Vv(w)zl(w/ ) =5 dw

—l—fﬂv(a))Zz(a}, t) azz( dw+fyv 23(w t)de

0

Substituting Equations (14)—(16) into Equation (19), we have

‘Z—‘{ = [ po(w)zi(w, t) (—wz1 (w, t) + ug — big + iqgw)dw
0

w)za(w, ) (—wzp(w, t) + g — ig — iqgw + yw)dw

+ bf po(w)za(

+ [ po(w)z3(w, t) (—wz3(w, t) + o (iyg —w) — Tj)dw
0

This can be rewritten as

[o°]

W = [ —wpo(w){Z(w,t) + Bw,t) + B(w, 1) }dw
0

+

po(w)z1 (w, t)dw (ug — dig + igw)
po(w)zo(w, t)dw (uy — ig — igw + yw)

po(w)zz(w, t)dw (o (ig — w) — T))

+

+

Simplifying Equation (21), we have
%/ = Of—wyv(w){z%(w,t) + 23 (w, t) +z§(w,t)}dw

tig(ug — 6ig + iqw) + i (ug — iy — igw + yw)
+w(o(iy —w) = T)
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Classifying Equation (22), it can be presented as

[e9)
%/ = [ —wpo(w){z}(w,t) + 23(w, t) + 3 (w, t) bdw
: (23)
{65+ +ou?}
+ (iqug + igiqw + igug — igigw + ywiy + woig — wTy)

The first and second terms of (23) are negative definite due to w > 0, py, > O,
and ¢; > 0. The third term is negative semi-definite to satisfy the stability condition
%/ < —wV. Therefore, the true states will tend to zero and the FOBLDCM will be
asymptotically stable. Thus, the proof is complete. []

3.2. Saturation Control

In this section, we assume there is just the limitation of saturation on the controller,
then (8) can be expressed as follows:

CDYiy = Sat(ug) — 6ig + iqw
CDYig = Sat(ug/) —ig — igw+~yw ,0 <v<1 (24)
“Diw = o (iy — w) — Sat(T;)

In the presence of saturation control, stability analysis and design controller must be
different. If we can introduce a group of controllers, it has a special condition. This section
considers the system shown in Equation (24) and studies this special condition.

Theorem 4. Consider system (24) under assumptions (9)—(11). If there exist three positive
numbers, kq, ko, and ks, such that Equations (25) and (26) are satisfied, then the closed-loop system
is globally exponentially stable at the zero equilibrium point:

piigig + (p1 — p2)igiqw + paigug + (p27y + p3o)wig — pswT; <0 (25)

pria by + k7 A%) + (p1 = pa)igiqw + paig (ka + k3 'B2) + (p2y + pac)wiy

—p3w <k3 + k§1C2> <0 26)

where k; and p;, i = 1,2,3 are positive scalars and A, B, and C satisfy assumptions (9)—(11).

Proof. Based on Theorem 2, the system specified by Equation (24) can alternatively be
expressed in another form as

% = —wz(w,t) + Sat(ug) — dig + i;w
ig = [ o(w)zi (w, t)dw, 27)
0

po(w) = 752(:;}?)

3226(;;%1‘) = —wzz(w, t) + Sat(uq) — iq — lgw + yw

ig = [ po(w)za(w, t)dw, (28)
0

VU(W) _ sin(v;t)

% = —wz3(w,t) + U'(iq - w) — Sat(T)

w= [ po(w)zz(w, t)dw, (29)
0
Plv(w) _ sin(v;r)
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Consider two Lyapunov functions. V;(w, t) = p1z3 + paz3 + p3z3 is the monochromic
Lyapunov function based on the elementary frequency, and the other Lyapunov function
V (t) is the sum of all the monochromatic V; (f)s with the weight function y,(w):

/yv Ypizi(w, t) dw (30)
1o

N\P—‘

i=

It can easily be derived from Equation (30) that

=1

3 7 3z (w, t
=Y [ m@ipatonZ gy @1
0

Simplifying Equation (30),

e}

WV — | py(w)prza (w, £) 2180
0o (32)

[ ml@pzi. T dw+fuv Jpaza(w, t) 25 de

Substituting Equations (27)-(29) into Equation (32), we have

[e0)

W= [ po(w)prz1(w, t) (—wz1 (w, t) + Sat(ug) — 8ig + iqgw)dw
0

+ O}Qy (w)p2za(w, t) (—wza(w, t) + Sat(ug) — iy — igw + yw)dw (33)
+ LZO‘u (W)P3Z3(W/ t) (—w23(w, t) + U(iq — ZU) — Sat(T[))dw

This can be rewritten as

LfT‘t/ = Of—wyv(w){plz%(w,t) + paz3(w, t) + paz3(w, t) pdw

_I_

po(w)p1z1 (w, t)dw (Sat (ug) — Sig + igw)
(34)
po(w)pazo(w, t)dw (Sat(ug) — iy — igw + yw)

_|_

_.|_

po(w) paza(w, t)dw (o (i, — w) — Sat(Ty))
Simplifying Equation (34), we have
av 7

G = f —wito (W) {p17}(w, t) + p2zh(w, t) + p3zs(w, t) fdw

+p11d(5at — Oig + igw) + paig(Sat (uy) — ig — igw + yw) (35)

+psw(o(iy — ) — Sat(Ty))

Classifying Equation (35), it can be presented as

8 = [ -omle) iz, + (e, t) + pa(e ) e

— {pl(Siﬁ + leg + p30w2} (36)

+(p1iaSat(ug) + prigigw + paigSat(ug) — paigiqw + paywiy + pswoiy — pswSat(Ty))
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The first and the second items of Equation (36) are negative definite since w > 0,
Hyi > 0, and for the third term, we must consider two cases. The first case is when the
saturation element is in the linear domain, Sat(r) = r, this means that there is no limitation
on control; then the third term of Equation (36) can be rewritten as follows:

piiqig + (p1 — p2)igiqw + paigug + (p27y + pao)wiy — pswT; <0 (37)

If Equation (37) is negative, then the stability condition is satisfied in the linear case.
If there exists the limitation of saturation, then the third term of Equation (36) is
as follows:

plidSat(ud) + (pl — pz)idiqw + pziant(uq) + (Pz’)/ + p3(7)wiq — pg,wSat(Tl) (38)
Based on Lemma 1, we have

pria(ki + ki1 Sat (ug) + (p1 — p2)iaigw + paig (k2 + kflsatz(“q))

| 2 (39)
+(p2y + p3o)wig — psw(ks + k5 ' Sat*(Tp)
Considering the three assumptions in Equations (9)—(11),
. —1 42 . . . . —1p2
pilg (kl + k1 A ) + (pl pz)ldlqw + paiy (kz + kz B ) (40)

+(p2y + psc)wig — pyw (ks +k51C?) <0

Equation (40) is negative until the stability condition holds. Thus, the proof is com-
plete.

3.3. Rate Limitations

Rate limitation is a crucial aspect of control engineering, involving constraints on how
quickly a system can change states or execute commands. Addressing rate limitations is
essential for designing controllers that ensure stable and precise system responses. Research
in this area is vital for improving control strategies and advancing control theory, leading
to more adaptable systems in various real-world scenarios. Therefore, the study focuses on
systems with up to two rate limitations as follows:

CDVig = ug — Sig+iqw, | g || <cg
CDYig = ug —ig —igw+yw, |ty || <cq ,0<v<1 (41)
Cwa:U(iq—w)—Tl, || Tl || <cr

where ¢4, ¢;, and c7 are positive numbers that show rate limitation in specific inputs.
In the following, we present some theorems that consider the FOBLDCM system
subject to rate limitations.

Theorem 5. The system described in Equation (41) can achieve global stability at the equilibrium
point if the desired controller satisfies the following inequality:

(iq + casgn (itg) Yug + (ig + cqsgn (itg) )ug + (y + 0)wiy — (w — crsgn <Tl) ) T, <0. (42)

where 114, ug, and Ty are the control inputs and c4, cq, and cr are, respectively, their rate limitations.
By substituting this controller into Equation (41) and satisfying the inequality constraint
given by Equation (42), we can ensure the desired stability property.

Note 2. Note 1 is satisfied for Theorem 5.
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Proof. We can alternatively consider a new Lyapunov candidate V(t), which is defined
as the sum of all the monochromatic functions V; (t) weighted by the function y,(w) and

another functions as follows:

I\)M—‘
||Mm

i 1
/yv w)zi(w,t) dw+§(u§+u§+T,2)
1o

It can easily be derived from Equation (43) that

e

3 dz;(w,t . . .
Z/VU w, t) l(at )dw + (uquq + ugug + TlT,)
=19
Simplifying Equation (44),
v _ it ¢ azl(w,t)d
ar Ofﬂv(w)zl(w/ ) of w

+ [ po(w)za(w, £) =27~ aZZ(“” dw+fy w)z3(w, t)de
0
gy + itgug + TiTy

Substituting Equations (14)—(16) into Equation (45), we have

%/ = [ po(w)z1(w, t) (—wz1 (w, t) + ug — big + iqgw)dw
0

+ [ po(w)zo(w, t) (—wzp(w, t) + uy — iy — igw + yw)dw
0
+ [ po(w)z3(w, t) (—wz3(w, t) + o (iyg —w) — Tj)dw
0
+Liquq +ugug + ;T
Applying the rate limitation, we have

v < Of—w‘uy(w){z%(w,t) + 23 (w, ) + Z5(w, t) fdw

[eo)

+ [ po(w)z1 (w, t)dw (ug — iy + igw)

80

[ polw)za(w, )daw (g — ig — igw + )

80

+ [ po(w)z3(w, t)dw (o (ig — w) — T)
0
cqsgn (itg)ug + casgn (itg)ug + crsgn <Tl> T

Simplifying Equation (47), we have

e

¥ < [ —er(@){z (@) + 5w, ) + 5w, jdo

tig(ug — Sig +iqw) + i (ug — iy — igw + yw)
tw(o(ig —w) —Tp)
cqsgn (itg)ug + casgn (itg)ug + crsgn (Tl) T
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Classifying Equation (48), it can be presented as

W [ —wpy(w) {22 (w, t) +23(w, 1) + 23 (w, 1) }dw

0
—{(5i§+i§+aw2} + {((ig + casgn (ug) ) ug+ (49)
(ig + cqsgn (itg) ) ug + (7y + o) wig — (w — crsgn (Tl))Tl)}

The first and second terms of (49) are negative definite due to w > 0, py, > O,

and g; > 0. The third term must be negative semi-definite to satisfy the stability condition

%/ < —wV. Therefore, the true states will tend to zero and the FOBLDCM will be

asymptotically stable. Thus, the proof is complete. [

Corollary 1. The system described in Equation (41) can achieve global stability at the equilibrium

point if there are three positive numbers, k1, ky, and ks, and the following inequality is satisfied:
(ia+ (a5 ) Jua + (i + (ko + K1) g + (7 + 0)wig — (w — (ks +K3)) T <0 (50)

where 114, ug, and Ty are the control inputs and c4, cq, and cr are, respectively, their rate limitations.

Proof. The proof is similar to Theorem 5; the third term of Equation (49) based on Lemma 1
can be rewritten as

(ig + casgn (itg) Yug + (ig + cqsgn (itg) Jug + (v + o)wiy — (w — crsgn (Tl))Tl) =

(ia+ (3 +51) Jua+ (ig + (kack +k51) g + (7 + 0)ig — (w = (kack +K3)) Ty < 0 D

The proof is completed. [

3.4. Saturation and Rate Limitation Simultaneously

In this section, we consider saturation and rate limitations in the input control si-
multaneously. We conduct a stability analysis and derive the stability conditions under
these limitations.

Theorem 6. Consider system (8) under assumptions (9)—(11). If there exist six positive numbers,
ki, ...ke, such that Equations (52) and (53) are satisfied simultaneously, then the closed-loop system
is globally exponentially stable at the zero equilibrium point:

(prig + cdsgn(ud))ud + (p1 — p2)iaiqw + (paiq + cgsgn(ig) ) ug + (p2ry + p3o)wiy

52
+ (cngn (Tl) - pg,w) ;<0 )
. —1 42 .. . “1p2 .
piig (k1 +k A ) + (p1 — p2)iaiqw + paig (kz +k,'B ) + (p27v + p3o)wiy 53)
—paw (ks +k5"C2) +cq (ks + k5 'B2) + ca (ks + k51 A2) +er (ks + k5 1C2) <0
where k; and p;, i = 1,2, 3 are positive scalars and A, B, and C satisfy assumptions (9)—(11).
Note 3. Note 1 is satisfied for this theorem.
Proof. Consider a Lyapunov function as follows:
1& 7 2 Lo, 2,
V= 5. 1/yv(w)pizi(w,t) dw.+§(uq+ud+T,) (54)
=0
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It can easily be derived from Equation (54) that

v ST dzi(w, t . . :
=L [ m@paiw ZICA (gt + tiguq + 1,1} (55)
Y ot
Simplifying Equation (55),
W = [ po(w)przi(w, ) 2D dw + [ o (@) paza(w, £) 250 deo+
o 0 N 0 _ (56)
[ wo(w)pazs(w,t) Zng’ Ldw + (u'quq + ugug + TlTl>
0
Substituting Equations (27)—(29) into Equation (56), we have
v — Ofyv(w)plzl(w, t) (—wz1(w, t) + Sat(ug) — dig + igw)dw
+ [ po(w)przo(w, t) (—wza(w, t) + Sat (uy) — ig — iqgw + yw)dw (57)
0
+ [ po(w)p3zs(w, t) (—wzz(w, t) + o (iy — w) — Sat(T;))dw + (u'quq +ugug + TlT,)
0
This can be rewritten as
W — [ —wpy(w){pr122(w, t) + p2z3(w, t) + p3z3(w, ) }dw
0
+ [ po(w)prz1(w, t)dw (Sat (ug) — dig + igw)
% (58)
+ [ po(w) pazo(w, t)dw (Sat (ug) — iy — igw + yw)
0
+ [ po(w)p3za(w, t)dw (o (ig — w) — Sat(Ty)) + (Liquq + tgug + TlTl)
0
Simplifying Equation (58), we have
‘fi—‘t/ = —wyv(w){plz%(w,t) + paza(w, t) + p3z§(w,t)}dw
0
+prig(Sat(ug) — big + igw) + poig(Sat(uy) — iy — igw + yw) (59)
+psw (O’(iq — w) — Sat(Tl)) + (liquq + lidud + TlTl)
Classifying Equation (59) and applying the rate limitation, we have
W = [ —wpo(@){p1z}(@,t) + paz3(e, 1) + paz3(w, 1) }deo — { pr63 + pail + paoeo? }

0
+ (p1iaSat(ug) + prigiqw + paigSat(ug) — paigiqw + prywiq + psweoiq — pawSat(Ty) )+ (60)

cqsgn (itg)ug + casgn (itg)ug + crsgn (Tl) T;
Based on Lemma 1, we have three positive scalars, ki, ky, and k3, that satisfy the

following equation:

‘fiit/ - Of —wiy(w) {plz%(w, t) + pazi(w, t) + pazi(w, t) pdw — {pléiﬁ + pzifl 4 pgawz}
+(prigSat(ug) + prigiqw + paigSat (ug) — paigiqw + paywiy + pswoiy — pswSat(T;))

(cqsgn (1g)ug + cqsgn (ig)ug + cngn(Tl> Tl) <0

(61)
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The first and the second items of Equation (61) are negative definite since w > 0,
Hyi > 0, and for the third term, we must consider two cases. The first case is when the
saturation element is in the linear domain, Sat(r) = r, this means that there is no limitation
on control; then the third term of Equation (61) can be rewritten as follows:

(p1ia + c‘.isgn(itd))ud + (p1 — p2)igiqw + (paiq + cgsgn (ig) ) ug + (p2ry + p3o)wig+
cngn(Tl> - p3w> ;<0

If Equation (62) is negative, then the stability condition is satisfied in the linear case.
If there exists the limitation of saturation, then the third and fourth terms of
Equation (61) are as follows:

;ElidSat(ud) + (p1 — p2)igiqw + pziant(uq) + (p27y + pao)wiy — pswSat(T;)+ ©3)

cqsgn (itg)ug + casgn (itg)ug + crsgn (Tl> Tl) <0

In the worst case, when saturation control occurs, e.g., u; could not violate Sat (1),
then the above equation must be rewritten as

pigSat(ug) + (p1 — p2)igiqw + paigSat(ug) + (p27y + pao)wiy — pswSat(T;)+

(cqsgn (i1g) Sat (ug) + cgsgn (ing) Sat(uy) + crsgn (Tl)Sut(Tl) <0 (64)

Based on Lemma 1, we have

piig (kl -+ kl_lsatz(ud)> + (Pl — pz)idiqw + Pziq <k2 + k;lsatz (uq))
+(p2y + p3o)wiy — p3w <k3 + k;lsatz(Tl)) + (65)
¢ (k4 +k; 'Sat? (uq)) +cy (k5 + kglsatz(ud)) +er (k5 + kglsatz(Tl)) <0

Considering the three assumptions of Equations (9)—(11),

pria (ku + KT A%) + (p1 = pa)iaiqw + paig (ke + k3 'B2) + (p2y + pac)wiy

*p3w(k3 + k;lcz) +eg (k4 + k;lBZ) Ty (k5 + kglAz) tor (k5 + kglcz) <0 (66)

Equation (66) is negative until the stability condition holds. Thus, the proof is complete.
O

Corollary 2. Consider system (8) under assumptions (9)—(11). If there exist nine positive numbers,
ki, ... ko, such that Equations (67) and (68) are satisfied simultaneously, then the closed-loop system
is globally exponentially stable at the zero equilibrium point:

(plid + (k7cﬁ + k;l))ud + (p1 — p2)igiqw + (PZiq + (k8cé + k8_1))u‘7+

(p2y + p3o)wig + ((kgczT n k;l) B p3w> T, <0 (67)

piig (kl + kl_lAz) + (p1 — p2)igiqw + paig (kz + k2_132> + (p27y + p3o)wig

—p3w(k3 1 k;lcz) + o (k4 + k;132> .y <k5 + kglAZ) +or (k5 + kg1C2) <0 (55)

where k; and p;, i = 1,2, 3 are positive scalars and A, B, and C satisfy assumptions (9)—(11).
Note 4. Note 1 is satisfied for this theorem.

Proof. The proof is similar to Theorem 6 based on Lemma 1. [l
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Note 5. In certain applications, it is crucial to utilize a single input. This is particularly relevant
when contemplating the obtained theorems by adjusting a single input. We suggest employing
straightforward controllers that involve only one state variable. This implies the need for just one
sensor instead of the usual requirement of two or more in practical applications.

4, Numerical Simulations and Performance Evaluation

In this section, we first design a set of controllers that satisfy the stability conditions
established by the theorems presented in this study, particularly those with single sufficient
conditions, such as Theorems 3 and 5 in Sections 3.1 and 3.3. These controllers are then val-
idated through comprehensive numerical simulations conducted on the FOBLDCM model.

To assess the performance of the proposed control strategies, we employ the following
quantitative criteria:

e Integral of squared error (ISE): Measures the accumulated squared tracking error
over the simulation time for each state variable, reflecting the long-term tracking
performance of the system.

e  Root mean square error (RMSE): Evaluates the average deviation between the system
outputs and their reference trajectories, providing a normalized metric for comparison.

e  Control energy: Represents the total energy consumed by the control inputs, calculated
as the integral of the squared control signal, and is used to evaluate the energy
efficiency of the controller.

e  Maximum control effort (#max): Denotes the peak value of the control input, serv-
ing as an indicator of actuator feasibility and the extent of input constraints such
as saturation.

These criteria enable a fair and systematic comparison between different control
approaches, particularly in the presence of input constraints. The numerical results for
each case are presented and discussed in the following subsections.

After evaluating controllers designed based on single-condition theorems, we also
propose and implement controllers that satisfy multi-condition theorems, such as those
involving composite Lyapunov approaches.

Overall, the simulations are carried out across three general control scenarios:

1. Scenario 1: Control without any actuator limitations;
2. Scenario 2: Control with rate limitation constraint only;
3. Scenario 3: Control under both saturation and rate limitation constraints simultaneously.

Scenario 1: Control Without Any Actuator Limitations

Table 1 presents a set of controllers based on Theorem 3. This set of controllers is
designed without any constraints. We offer a range of controllers, including single-input,
double-input, and triple-input controllers, tailored to meet different design requirements
and conditions.

Table 1. Some desired controllers satisfying Theorem 3.

Input Design Controller
Ug = 0 Uug = 0
Single Input u; =0 ug=—(c+yw
Tl:(‘7+7)iq TIZO
Ug = 0 Ug = 0
Double Input Uy = —ow Uy = —yw
T = 7iq T) = oig
Ug = —iq Ug = iq
Triple Input Ug =iy ug = —ig
T = (y+0)iy T = (y+0)ig
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Table 1. Cont.

Input Design Controller
ug = ig Uy =w
Triple Input ug = —(ig + (c+7—-1w) Uy =w
T =i, Ty =ig+ (y+o+1)i

First Scenario: we consider the ¢ = 4, we choose v = 0.97 as the FO and an initial
condition of [10,3, —12]T. Based on the stability conditions derived from Theorem 3,
the controller needs to satisfy the inequality ijuy + i5uy + ywiy + woi; — wT; < 0 in the
absence of limitations. One possible choice for the controller is uy; = —iz, u; = iz, and
T; = (v + 0)i,. Figures 5 and 6 illustrate the behavior of the closed-loop system and the
phase plot of the FOBLDCM for the chosen FO v = 0.97. It can be observed that after
4 s, the states of the FOBLDCM converge to the equilibrium point of the system. This
demonstrates the effectiveness of the designed controller in achieving stability and graceful
behavior of the FOBLDCM.

10

States

15 I I I I I I I I I
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time (s)
Figure 6. Phase plot of iy, 1, and w of the closed-loop FOBLDCM for v = 0.97.
To benchmark the effectiveness of the proposed control framework, we perform
a comparative analysis against an existing FOBLDCM control method reported in the

literature. Specifically, the study in [39] addresses the stabilization of an FOBLDCM
without considering any actuator constraints. The control law proposed in that work is
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uy = —80w, which directly regulates the mechanical subsystem of the motor. Among the
various controller configurations developed in the present work, the closest in structure to
the method in [39] is given by u; = —(0 + 7)w = —59w, highlighting a similar yet more
energy-efficient approach.

To facilitate a fair and quantitative comparison, we evaluate several standard perfor-
mance indices, including ISE, RMSE, control energy, and the maximum control input #max.
The results are summarized in Table 2. As shown, our proposed controller demonstrates su-
perior performance in terms of lower control energy and reduced maximum control effort,
while maintaining comparable or improved tracking accuracy across all state variables.
These results underscore the practicality and robustness of the proposed controller under
both constrained and unconstrained input scenarios.

Table 2. Performance indices for comparison with Ref. [39].

Performance Indices ISE RMSE Control Energy Umax
ISE;, = 76.063 RMSE;, = 0.019
Controller from [39] ISE,-q = 318.447 RMSE,-q = 0.0064 2.7153 x 10° uj, = 96
ISE,, = 76.063 RMSE,, = 0.0016
Our proposed ISE;, = 81.945 RMSE;, = 0.0173
prop ISE; = 291.604 RMSE; = 0.000229 1.8321 x 10° u; =708
controller (close to [39]) ISE/;, — 78,002 RMS}:jw — 00012 q
ISE;, = 66.685 RMSE;, = 0.081 u;, =227
PrOPgiggaCr‘i’;‘ter’Her ISE;, = 70.044 RMSE; = 0.084 2.4383 x 10° u;, =
ISE,, = 78.953 RMSE,, = 0.088 Uy =177

Second scenario: In the second scenario, we consider the case where only rate
limitations exist. Based on Theorem 5 and Note 2, we have u; = w, u; = 0, and
T) = cgsgn(w) +iq + (v + 0)ig.

Implementing cr = 0, ¢ = 10, and ¢; = 10 in the proposed controller for the
FOBLDCM yields encouraging outcomes, as evidenced by the convergence of the closed-
loop system behaviors illustrated in Figures 7 and 8 in the presence of rate limitations.
The rapid stabilizing of the system, coupled with the manifestation of stability, under-
scores the efficacy and efficiency of the applied control strategy, aligning with the desired
performance characteristics for practical applications.

Table 3 presents several desired controllers that satisfy Theorem 5 and Note 1. This
table also offers various controllers based on the available sensors or specific applications.
It includes a new column labeled “rate limitation” where c; # 0. It is essential to note that
when ¢; = 0, Note 1 is not satisfied. This is because the polynomial (o + )i;w lacks the
presence of i;. Consequently, for the designed controller, i; must appear in the denominator
to meet the requirements of Note 1. Therefore, Note 1 is not satisfied in this case.

Third scenario: We consider both saturation and rate limitations in the input control.
Under the previous conditions, the closed-loop system is unstable when saturation and rate
limitations are applied to the input control. We assume that A = B = C = 10 and the initial
state is (1,3, —1.2). By applying Theorem 6 and considering Corollary 2, we utilize the
Matlab function Fmincon to achieve stability. We apply the control input as follows: u; = 0,
ug =0,and T) = — (¢ + 7)ugw/ (c} + 1 — w) + 1. This control input makes the closed-loop
system asymptotically stable, and the states converge to zero. Figure 9 shows the time
evolution of the state variables of the closed-loop system, while Figure 10 illustrates the
input control. We deduce that the system can achieve stability even with saturation and
rate limitations.
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Figure 7. Phase plot of i4,i;, and w of the closed-loop FOBLDCM for v = 0.97 in presence of

rate limitations.
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Figure 8. Time evolution of state variables i4,i;, and w for the closed-loop FOBLDCM for v = 0.97 in

presence of rate limitations.
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Table 3. Some desired controllers satisfying Theorem 5.

Rate Limitation Input Design Controller
Ug = 0
Single Input 1y =0
T = (c+7)ig
P He =W
€q ; 0 Double Input ug =0
Ca = T) = cgsgn(w) +ig + (v +0)ig
Ug =w
Triple Input Ug=w
T) = (y+0+1)ig+ig+sgn(w)(cq+cq)
Uy = 0
Single Input T, =0
ug=—(c+yw
Ug = iq
Double Input Uy = _(id+cdsg”(iq>) —(y+o)w
Cq 2 0 Ug = 0
> .
cr =20 Double Input ug = (w + crsgn (iq)> —(y+o)w
T =14
Ug = iq
Triple Input ug = —ig — (cqg + cr)sgn (iq> —(y+oc—-1w
T =14
100 T T T T T T T T T
80 —i| ]
w
60 o .
40 .
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Figure 9. Time evolution of state variables iy, i;, and w for the closed-loop FOBLDCM for 0.99.
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Figure 10. Input controls for the closed-loop FOBLDCM for 0.99.

These improved and extended simulation results provide strong evidence of the
effectiveness of the proposed control approaches for the FOBLDCM.

Table 4 presents the performance indices for the third control scenario, where both
input saturation and rate limitation are simultaneously imposed. The proposed controller
demonstrates satisfactory tracking performance under these challenging constraints. Specif-
ically, the ISE for the direct-axis current (i), quadrature-axis current (i), and angular speed
(w) is kept within acceptable bounds, with ISE;, = 2.65 x 10%, 1 SEiq = 1.075 x 10%, and
ISEy, = 4.27 x 10%, respectively. Furthermore, the RMSE indicates relatively smooth track-
ing with minimal steady-state deviation. The control energy remains moderate (6.63 x 10°),
highlighting the controller’s efficiency in regulating the system without excessive actu-
ation effort. Notably, the maximum control efforts (#max) remain within the saturated
limits—u;, = 0, u; , = 0, and uy, = 10—demonstrating that the designed control law
successfully respects both the amplitude and rate constraints while maintaining system
stability and tracking accuracy.

Table 4. Performance indices for third scenario.

Performance Indices ISE RMSE Control Energy Umax
Proposed controller ISE;; = 2.6524 x 10° RMSE;, = 50.2996 uj, =0
pScenario 3 ISEiq =1.075 x 10* RMSEl-q = 1.9848 6.63 x 10° uj, = 0
ISE,, = 4.2702 x 10* RMSE,, = 1.0439 Uy = 10

Although the overall performance is not as favorable as in scenario 1, this decline
is directly attributed to the presence of two stringent nonlinear constraints—saturation
and rate limitation—imposed concurrently. Nevertheless, the results still validate the
effectiveness and robustness of the proposed Lyapunov-based approach under severe prac-
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tical limitations, reinforcing its applicability in real-world systems where such constraints
are unavoidable.

Comparison with the results obtained in [34] demonstrates several key distinctions, as
highlighted below:

e Proposed set of controllers based on available sensors: This paper introduces a com-
prehensive set of controllers tailored to the available sensors. In contrast, Ref. [34]
proposed only a feedback linear controller, which can be considered a subset of the
more general controller set presented in this work.

e  Simultaneous consideration of saturation and rate limitation on the controller: This
study addresses the FOBLDCM under the simultaneous constraints of saturation and
rate limitation on the controller. In comparison, Ref. [34] only considered saturation
as a limitation without accounting for rate limitation. Furthermore, other valuable
papers did not consider any constraints [17-19,23,24,39].

e  Robust solution approach: The proposed results in this paper are derived using a
presented novel Lyapunov candidate to establish novel stability conditions in the
presence of rate limitations and saturated control inputs. On the other hand, Ref. [34]
relied on estimations of the solutions to the given equations, which presents a less
robust approach than the one presented in this paper.

Table 5 summarizes the above statements.

Table 5. Comparison of proposed work with related studies.

Feature Proposed Work [34] [39]
Controller design based on Comprehensive set . - . -
sensor availability (single/double/triple input) Only feedback linearization Only feedback linearization
Constraints considered Both saturation and rate Only saturation No constraints
limitation

Lyapunov-based analytical

Stability analysis method Estimation-based Estimation-based
approach
Robustness High (based on derived Moderate lack of rate-limit Moderate lack of saturation
sufficient conditions) handling and rate-limit handling

The achieved stability, convergence, and desired system behavior highlight the practi-
cal applicability and potential of the proposed methods in real-world applications. These
findings contribute to the advancement of control techniques for FOBLDCMs, opening up
new possibilities for their utilization in various domains.

5. Conclusions

This work addresses the stabilization problem of fractional-order chaotic brushless
DC motors (FOBLDCMs) subject to input constraints, including saturation and rate limits,
within the fractional domain 0 < v < 1. The proposed approach overcomes the limitations
of classical methods by developing a unified framework that explicitly incorporates actuator
constraints into the control design process. The primary contributions of this research can
be summarized as follows:

e Novel Lyapunov candidates: Dedicated Lyapunov functions are constructed for
each control scenario—namely, unconstrained, saturated, rate-limited, and jointly
constrained—by integrating both direct and indirect Lyapunov-based techniques
tailored to fractional-order dynamics.

e Input-constrained controller design: Multiple controller configurations are derived
based on the developed stability conditions, enabling practical implementation with
reduced sensor dependencies through single-input, double-input, and triple-input
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controller variants. To the best of our knowledge, this is the first study to simul-
taneously address both amplitude and rate constraints in the control design of FO
chaotic systems.

e Benchmark validation: The effectiveness of the proposed framework is validated
through extensive numerical simulations conducted on FO chaotic BLDCMs under
varying degrees of nonlinear behavior and input limitations, providing a solid bench-
mark for future studies.

Practical significance: The proposed framework is particularly beneficial for pre-
cision motion control applications where BLDC motors are subjected to strict actuator
limitations—common in electric vehicles, robotic manipulators, unmanned aerial vehi-
cles (UAVs), and industrial automation. By explicitly considering actuator constraints,
the designed controllers prevent performance degradation, avoid instability caused by
saturation-induced limit cycles, and ensure safe motor operation, especially in embedded
and energy-limited platforms.

Technological recommendations:

- For manufacturers: It is recommended to embed FO control logic and constraint-
aware algorithms within motor control chips or firmware, enabling higher-fidelity
performance in FO dynamic environments. Support for configurable constraint-aware
control modules should be considered during motor drive design.

- For system integrators and end users: When selecting control algorithms for high-
precision or safety-critical systems, priority should be given to those that explicitly
handle rate and amplitude constraints. The use of adaptable multi-input controllers
can provide significant performance benefits when sensor configurations are flexible.

In conclusion, this study offers a scalable, constraint-aware control strategy for a class
of nonlinear FO systems, addressing both theoretical and practical challenges. Future
work will focus on real implementation, robustness under parametric uncertainty, and
experimental validation on physical motor platforms.
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Abbreviations

The following abbreviations are used in this manuscript:

FOBLDCM Fractional-order brushless DC motor

FC Fractional calculus

FO Fractional order

BLDCM Brushless DC motor

PID Proportional-integral-derivative
ADRC Active disturbance rejection control
1&I Immersion and Invariance

DSPs Digital signal processors
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ISE Integral of squared error
RMSE Root mean square error
UAVs Unmanned aerial vehicles
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Abstract: This paper extends Lyapunov stability theory to mixed fractional order direct
model reference adaptive control (FO-DMRAC), where the adaptive control parameter is of
fractional order, and the control error model is of integer order. The proposed approach can
also be applied to other types of model reference adaptive controllers (MRACs), provided
the form of the control error dynamics and the fractional order adaptive control law are
similar. This paper demonstrates that the control error will converge to zero, even if the
derivative of the classical Lyapunov function V is positive during a transient period, as long
as V (e, ¢) tends to zero as time approaches infinity. Finally, this paper provides application
examples that illustrate both the convergence of the control error to zero and the behavior
of V(e, ¢).

Keywords: Lyapunov function; fractional order control; fractional order direct model
reference adaptive control (FO-DMRAC); convergence of the control error

1. Introduction

This paper extends the classical Lyapunov stability theory to mixed fractional order
direct model reference adaptive control (FO-DMRAC), providing a theoretical foundation
for analyzing the stability of fractional order dynamic systems. The principal aim of this
paper is to demonstrate that, for such systems, the control error e; (t) approaches zero as
time tends to infinity, leveraging the classical Lyapunov stability approach.

This work prioritizes establishing that the control error e;(t) = y,(t) — ym(t) con-
verges to zero, even if the Lyapunov method (V(e, ¢) < 0) conditions are not met for all ¢
The analysis shows that this convergence holds as long as the difference between the plant
output y,(t) and the reference model output y;,(t) approaches zero as t — .

Numerous methods applied to fractional adaptive systems rely on fractional Lyapunov
functions [1,2], resulting in analyses that primarily ensure the stability of the mean square
of the control error [3-7]. For instance, the approach presented in [4] develops a specialized
fractional Lyapunov function tailored for fractional order dynamic systems. Similarly,
the works of [5] and [6] propose the use of fractional Lyapunov derivatives to address an
adaptive class of fractional systems, but those methods do not use the classical or integer
Lyapunov approach. Additionally, other noteworthy approaches include the utilization
of fractional gradients for control applications [8-15] and adaptive laws based on the MIT
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rule [8-10]. However, these approaches often lack rigorous stability analysis, and the
proposed fractional Lyapunov functions tend to be quite complex.

For this reason, this work seeks to perform a stability analysis using a classical Lya-
punov function but applied to a fractional controller, thus decreasing the analysis’s complex-
ity level. To conduct this analysis, we utilized the adaptive error model 3, which operates
without access to the system’s states. This approach adds complexity and generality to the
analysis while simultaneously ensuring that the control error converges to zero [1,2]. It is
worth mentioning that fractional calculus could be used in the case of Lyapunov exponent
problems if we change the classical derivative to a fractional one [16].

This paper is structured as follows: Section 2 presents the classical integer order im-
plementation of direct model reference adaptive control (IO-DMRAC). In Section 3, we
explore fundamental concepts and key results from fractional calculus, which serve as the
foundation for analyzing the stability of FO-DMRAC systems. Section 4 addresses the
challenges associated with proving the convergence of the control error eq(t) to zero and in-
troduces the proposed methodology for establishing this convergence. Section 5 showcases
the simulation results across various examples that illustrate both the convergence of the
control error to zero and the behavior of the function V(e, ¢) Lastly, Section 6 summarizes
the conclusions.

2. Control Model System

Figure 1 shows a simplified block diagram for the classical integer order direct model
reference adaptive control (DMRAC), in which control parameters k and 6 are adjusted
using their corresponding adaptive laws to keep the control error as small as possible.

ym(t)

4

Reference Model

rt)

+ u(t)
Plant
yp(t)
+

<
<€

PN

Figure 1. Classical DMRAC block diagram.

DMRAC Algorithm

The objective of the DMRAC is to minimize the control error e;(t) This approach
simplifies implementation by eliminating the need for an identification block, as asymptotic
convergence of the controller parameters to their ideal values is not required, making
parameter adjustments less critical [17].

In Figure 2, a detail DMRAC adaptive control scheme of a linear (or linearized) nth
order plant, with relative degree 1 (n* = 1), is shown. In this scheme, only the control
error ej () is accessible (error model 3), while the full state error vector e(t) is not. This lim-
itation simplifies the analysis of the stability conditions [17]. Next, we show the differences
between error models 2 and 3, respectively.
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Figure 2. DMRAC block diagram for plant with relative degree 1 (n* = 1).

Model error 2:

%Dfe(t) = Amne(t) + bun [¢T (H)w(t)], e(tg) = eo. In this case, the whole sate error
vector e(t) is accessible, including the output or control error eq (t), which is one element of
the state vector.

Model error 3:

SDPe(t) = Amne(t) + b |97 (D) (1)) e(t0) = eo,

e1(t) = hl,e(t), e1(ty) = e1o. In this case, we only have access to the output of the
system or control error ej (t).

The control law has the following form

u(t) = 0T (t)-w(t) where 0(t) = [k(t), 67, 6o(t), 61]" € R*" and

w(t) = [r(t), wi, yp(t), w]] T € R?" are the controller parameters and the auxiliary

]T

signals, respectively, and # is the order of the plant.
The parameters error vector controller is as follows:

¥(t) k(t) =k

o(t) = P1(t)| _ |61(t) = 91 e R with
po(t) Oo(t) — 05
$2(t) 02(t) — 63
k*
0" = gi the ideal controller parameters.
0
0

The auxiliary signals are defined by the following:

w1 (t) = Awy + Lu(t),
@ (t) = A + 1y 1),

with k(t), 6o(t), r(t), yp(t) € R, 61(t), 62(t), wi(t), wa(t) € R and (A,I) is any
arbitrary stable and controllable pair with A e R*~1*"~1 a Hurwitz matrix.
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For simplicity, we choose (A,I) in the controllable canonical form. Furthermore,
when n* = 1, the control parameters for the classical or integer order adaptive laws
(IO-DMRAC) can be chosen as follows:

and the output control error ei(t) = yp(t) — ym(t)R, can be expressed as
e1(t) = :—;Wm (s)¢T (+)w(t), where Wy, (s) is a strictly positive real (SPR) transfer function.

On the other hand, for the fractional order adaptive laws (FO-DMRAC) case, these
adaptive laws can be written as

[ DFO(t) = [ Dip(t) = —sgn (ky)er (H)ew(t) )
where a € (0,1] is a fractional derivative term.

3. Fractional Calculus Preliminaries

In this section, we present some definitions and the main advances in the stability of
fractional order model reference adaptive control systems.

3.1. Basic Concepts of Fractional Calculus

The basic definitions of fractional derivative and integral most used in engineering
are presented in [18,19], which will be useful for implementing the FO-DMRAC.

Definition 1 ([19]). The Riemann—Liouville fractional integral of order & > 0 of a function
f(t) € Ris defined by

t
I f(t) = F(lvc)/to T f(TT))la dt , t > tganda > 0, )

where T(«) is the Gamma function defined as

I'(a) = /Ooo t* e~ tdt. 3)

Definition 2 ([19]). Let « > 0 and n = [a] + 1. The Caputo fractional derivative of order w of a
function f(t) € R is defined as

1 t (m)
tCE,Dltxf(t) = T(n—a) /to (t fT)ﬂ(*TlH dt; aslongas f") e Lyto, t]. 4)

Some additional lemmas and a theorem are important for the stability analysis of
fractional order adaptive control systems. In what follows, we will mention these and
reference their proofs.

Lemma 1 (Principle of fractional comparison). Let e(t) € R" be a vector of differentiable
functions. Then,¥ t > tg the following inequality holds [1,2].

DH{el(tPe(t)} < 2eT(HPG Dfe(t), W € (0,1),
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where P € R™" is a symmetric square matrix of constant coefficients and positive definite. Proof of
this Lemma can be found in [2].

3.2. Principal Advances in Stability of Fractional Order Systems

Theorem 1. Let the state error e(t) and the control error ej(t) be represented by equations
(model error 3)

CDPe(t) = Amne(t) + bun [¢7T (N (1)], e(to) = eo,

5
er(t) = KT e(t), er(fo) = e, ©)

where Ay € R™ is a Hurwitz matrix, such that there is a given matrix Q = QT >0 e R™",
Then, there exists a matrix P = PT > 0 € R™" gsuch that

AL P+ PA,, = —Q,
Pbmn - hmn

whose adaptive adjustment laws to estimate the unknown controller parameters are given by

LDER(t) = {Df6(t) = —ysgn(ky)er(Hw(t),  ¢(to) = ¢o )

where k, > 0 is the gain of the plant, which is unknown, but the sign is known. Also, a < p
and « € (0,1]. Then, if e(t) and ¢(t) are differentiable and uniformly continuous functions, it
holds that

(@) The parametric error ¢(t) the state error e(t) and the control error e;(t) remain
bounded for all time.

(b) Furthermore, if the auxiliary signal w(t) is bounded, then E)Df‘(])(t) and E]Df e(t) also
remain bounded.

(c) The mean value of the squared norm of the state error ||e(t)||* is o(£~%) Ve > 0,
or equivalently

t 2
lim t”"gif w (DT

t—00 t

=0,V¥e>0 @)

where o(#7%) means that the speed of converges to zero is higher than t~* The proof of
this theorem can be found in [3].

Remark 1. This theorem applies to systems whose relative degree n* is greater than one as long
as the model transfer function Wy, (s) is strictly positive real. Otherwise, it is necessary to modify
Wi (s) to meet this condition.

From Theorem 1, since e1(t) = hle(t) with i1, is a constant vector, then the control
error e (t) will also be (£##7%) Ve > 0.

If (c) holds, it must also hold for the mean value of the square norm of e (t) since
e1(t) = hl,e(t) with k1, a vector whose components are constants.

There is a lemma that relaxes hypothesis (b) imposed from Theorem 1 when g =1 (i.e.,
the error model equation is of integer order); therefore, all the internal signals w(t) are
bounded, and there is no need to impose the boundedness condition over w(t). The proof
of this lemma can be found in [20].
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Furthermore, as the auxiliary signal w(t) is bounded and Theorem 1 guarantees (c),
the squared norm of the control error |e; (£)|* also tends to 0 as t tends to infinity. That is

t 2
e1(T)7dt
lim t“*SM =0,Ve>0 (8)
t—o00 t

Therefore, the stability of the proposed FO-DMRAC is guaranteed.

Nevertheless, it is impossible to conclude the convergence of the errors (e(t) and eq(t))
to 0 as t tends to co. Also, it is still a pending issue to prove the analytical differentiability
of ¢p(t).

The high-frequency gain of the plant b, is supposed to be unknown, but its sign is
assumed to be known (sgn (b,) > 0).

4. Some Issues That Difficult to Prove Convergence of Errors to 0 in
Adaptive Fractional Order Systems

In the well-known classical (or integer order) DMRAC, the proof of the convergence
of the state error and the control error (e(f) and e; (), respectively) to 0 rests on the Barbalat
Lemma. That is, the derivative of the Lyapunov function

V(e ¢) = —e"(H)Qe(t) < 0.

Then, using the Barbalat Lemma, we can conclude that the state error tends to 0
(tILrEO e(t) = 0); therefore, the control error eq (t) = hl,,e(t) also tends to 0 (tlgrglo e1(t) = 0)[17].

Nevertheless, even though it is not explicitly mentioned in the literature, because of
the above, it must also be satisfied that tlln.}, Ve, ¢) = 0.

In the mixed fractional order direct model reference adaptive control (FO-MRAC),
there is no equivalent Barbalat Lemma like in the integer order case. Therefore, it is not
possible to conclude the convergence of the state error e(t) and the control error e (t) to 0.

If we write the Lyapunov function for the mixed adaptive system, we have (consider-

ing, from Figure 3, k;, = 1 for simplicity)

Vie,¢) = e (t)Pe(t) + " (H)o(t) €)
therefore, .
V(e,9) = —e"Qe+2¢7 (1) {er(Hw(t) — D' (es (H)w(t) | (10)
"1 1 T T T T T ] -

time

(a) (b)

Figure 3. (a) FO-DMRAC reference output, response, and (b) control error when r(¢) = 1.

As we can see, it is not easy to know the sign of the second term

124



Fractal Fract. 2025, 9, 98

297 (t){e1(t)w(t) — D' "¥(e1(t)w(t))} or the term

¢ (O {er(w(t) = D (e (D (1) § (a1

with o € (0,1). To make the notation easier, we can make the variable change vy =1 —«;
therefore, v € (0,1). Then, (11) could be rewritten as

o7 (H{er(Hw(t) = DT (er(Hw(t))} (12)

By Lemma 2 [20], we know that w(t) is boundness. By part (a) of Theorem 1, e (t) is
boundness; therefore, D7 (e1(t)w(t)) = 0 (when t tends to infinity) by Caputo derivative
properties. Moreover, as ¢(t) is boundness by the same theorem, (12) is a boundedness term.

Still, we cannot prove that the term

V(e,¢) = —e"Qe+2¢" () {er(t)w(t) — D7 (er (Hewo(t))} <0

Remark 2. If the signals are of the PE type (Persisting Excitation type) class of an ade-
quate order, tlim ¢(t) could converge to 0, but this is more related to the case of identification
—> 00

problems [17,21]. In the direct model reference adaptive control (DMRAC) case, it is not
necessarily tlim ¢(t) =0.
— 00

Even in this case, we can only show that tlim Ve, ¢) = tlim —eT Qe, but it is not enough
—00 —00

to conclude that }LTO V(e,¢) = 0or tlirgo —eTQe = 0, and thus that tlir?o e=0withQasa
constant and symmetric matrix.

Therefore, we must explore what happens with the term inside the parenthesis. That
is, the term {e1(t)w(t) — D7 (eq(t)w(t))}.

First, we know that all the signals inside the parenthesis are bounded; then,
tlgn;o{e1(t)w(t) —D7(e1(H)w(t))} = }Lrgoel(t)w(t) because as we showed before, by Ca-
puto derivative properties [18,19], D7 (e1(t)w(t)) = 0, as t tends to co, because the
term eq (#)w(f) will be at least constant. Then, as w(t) is a bounded signal, if tan;o e1(t) =0,

then tlim V(e,¢) = 0and tlirn —eT Qe = 0; therefore, tlime = 0 will prove the convergence
—00 —00 —00

to 0 of all errors (state error e(t) and control error 1 (t)). But we assume that tlim e1(t) =0,
— 00

which is not possible to establish a priori.

It is important to mention that several fractional adaptive systems present this behavior.
That is, tlLrEO V(e,¢) = 0and }Lrgo e1(t) = 0. In the Simulation Results Section (Section 5), we
will show some examples that show this behavior for both stable and unstable systems.

Now, from (7), as ¢ is arbitrary, as long as ¢ > 0, we can choose ¢ = «; therefore, (7) can
be rewritten as

lim ffro e(:)2dT

] = 0 which gives a term that is divided by co Even more, as part (a) of
—00

Theorem 1, e(t) is bounded, and by part (b) of the same theorem, ¢(t) is bounded and e(t) is

part of (5); all the other terms (¢(t) and w(t)) are bounded. Therefore, the numerator

of (5) (tlim J tg e(r)zd’r) can be infinite or constant (if ¢() is square integrable), and then
— 00

we can use the L'Hopital rule, that is, if e(if)2 and 1 are continuous and differentiable
functions, then

If 1. e(t) ]. 2 ]. E' 0 |] ]. ftoé(l) dat O ] . ] ] ]
pro\/ed 11’1|3 .
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/ 2
That is to say, as the L'Hopital’s rule states, if lim f ,(t) = lim | 24| = 0 = lim £ _
3008 (1) t 1

—00 t—o0&(t)
ft e(t)%dt
lim |[0———| =0

t—o0 t

Therefore, as }Lrgoe(t) =0= }Lrgoel(t) = 0 because e; (t) = h},,e(t) with k], a vector
of constants elements, this means that the control error e (¢) tends to 0 conform t tends to co
Therefore, we have proven the convergence of the state and control error to 0, which is a new
result for fractional order direct model reference adaptive control systems (FO-DMRAC).
Also, this result means that tlLr?o V(e, $) = 0, as in the integer order case.

5. Simulation Results

In this section, we will show some examples (of different relative degree plants) that
support what has been developed and concluded in Section 4. The simulations were
performed using Matlab—Simulink [22-24]. For all examples, zero initial conditions were
considered.

For simplicity of the analysis but without loss of generality, k, = 1 is considered.
Then, as was said before (9), a typical Lyapunov function can be chosen, such as V (e, ) =
el (t)Pe(t) + ¢ (t)¢(t). Therefore,

Ve, ¢) = —eT Qe+ 29T (t){e1(t)w(t) — D*(er(t)w(t))} If ¥ = 1 — a then the above
term can be rewritten as

V(e ¢) = —e(t)" Qe(t) +2¢7 (1) {er (t)w(t) — D (er (e (t)) } (13)

Unlike the classic case, in (13), a term with a fractional derivative appears. For doing
the simulation analysis, the designer can choose any «,y € (0,1], such as ¥ = 1 — . In this
case, we will choose &« = 0.8 = v = 0.2, but any combination of values of x and 7 could
be chosen as long as a + ¢ = 1.

In the mixed FO-DMRAC case, where the error model dynamic is of integer order
and the adaptive laws are fractional (see Equation (1)), the dynamic of the state error e(t)
considering the plant together with the controller (error model 3) [17], is

e(t) = Amne(t) + bun [T (D ()]

er(t) = T, (1) (9

where ; ; ;
Ap+by0hT  b,6;T b6 b,
Amn= | 16GhT  A+16;T 1657 | byy = | 1
Ih; 0 A 0
and - .
hmn:[hg 0 o} ,x(t):[xg(t) wI(t) sz(t)} and
T T T T
xoun(t) = [T (5) @iT(H) wT()], where e(t) = x(t) = xuu(t).

Although, from a theoretical point of view, it is not necessary to calculate the value
of P from Q since it is enough that the conditions of the Meyer—Kalman—-Yakubovich (MKY)
lemma are met, it is important for the purposes of carrying out the calculation of V (e, ¢).

Next, we present some examples to show the behavior of the control error e (t) and the
derivative of the Lyapunov function V (e, ¢) that confirm the convergence to zero of e (t),
which is the main result of this paper, and this was proven in the previous section.
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5.1. Scalar Stable Plant

Example 1. (n = 1and n* =1).

Remark 3. In the scalar case, 05 = 0% = % and k* = Z—'Z, where 0* and k* are the ideal

control parameters and u(t) = k(t)r(t) + 6(t)x,(t) is the control law.

Then, using the MKY lemma, that is, for any Q = QT >0aP = PT > 0 exists,

such that
AL P+ PA,, = —Q.
Pbmn - hmn-

we may calculate A;;;, P, and Q for the system of Example 1 and thus be able to calcu-
late V (e, ).

In this example, Ay = =2, P=1,Q =2, k" = Z—;’]’ = 2,and 0* = % = —1.In
Table 1 the differential equations and values of Example 1 are shown.

Table 1. FO-DMRAC implementation for a stable plant.

Plant Model Reference Model

W,(s) = L Ym(t) = xm(t).
p\*) = s¥1- Wi (s) = SJ%Z

a,=-1,b,=1, h, =hl =1. _ _ T _
P 2 P P am=—2, by =2, hyy="h,;,, =1.

A=0,1=0, Apun = =2, bn = —1, e(t) = e1(t) = xp — xn

The fractional adaptive laws were implemented using the Ninteger Toolbox [23].
Specifically, the NID block was used based on the Oustaloup method [24].

Figure 3 shows the plant response v, (t), reference output y,,(t), and control error e; (t),
respectively. From Figure 4, we can see the evolution of V(e, ¢), respectively.

0.2 T
Vaor

-0.2

0.4

-0.6

-0.8

. L L L . I . I .
0 2 4 6 8 10 12 14 16 18 20
time

Figure 4. FO-DMRAC graph of V (e, ¢)vs t when r(t) = 1.

Additionally, as shown in Figures 3 and 4, the control error e () converges to zero,
and while V(e, ¢) may be greater than zero in certain time intervals, it ultimately converges
to zero as t — oo, like the classical case.

If we change r(t) by a sinusoidal signal such as r(t) = 2sin(f), the response, control
error, and the graph of V(e, ¢) are shown in Figures 5 and 6, respectively.
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2 T T T T T T T T 03

e

-0.3

04 L . . . L . . .
2 . . . . . . . . .
0 2 4 5 s 10 12 14 16 18 20 0 10 20 30 40 li?noe 60 70 80 90 100
time

@) (b)

Figure 5. (a) FO-DMRAC reference output, response, and (b) control error when r(t) = 2sin(t).

0.1

T T
0 T\PW

-0.1

-0.2

-0.3

-0.4

05 I I . . . . 1 . .
0 10 20 30 40 50 60 70 80 90 100

time
Figure 6. FO-DMRAC graph of V (e, ¢) when r(t) = 2sin(t).
From Figure 5, the control error e (t) convergence takes more time than the stable

case, but the convergence is assured anyway. A similar convergence behavior can be seen
from Figure 6.

5.2. Scalar Unstable Plant
Example 2. (n = 1and n* =1).

Auyp = -2, P=1,Q0 =2k = %’: = 2 and 0% = % = —3. Table 2 shows the
differential equations and values of Example 2.

Table 2. FO-DMRAC implementation for an unstable plant.

Plant Model Reference Model
t) = x,(1). =
z\r; S) = i ym(t) = xm(t).
P 1 A
a,=1,b,=1,h,=hl =1. s+
p r Op r Mp p am = —2, by =2, hy = hl = 1.

AN=0,1=0, Apun = =2, bun = —1, e(t) = e1(t) = xp — X

The next figures (Figures 7 and 8) show similar convergence behavior as the graphics
of Example 1 for the unstable plant.
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0.4

03

02f

01

e,

Figure 7. (a) FO-DMRAC reference output, response, and (b) control error when r(t) = 1.

0.2 T T T

Vole.0(0)

f (k

-1

8 10 12 14 16
t

18

20

Figure 8. FO-DMRAC graph of V (e, ¢)vs t when r(t) = 1.

Now, if we change the reference to 7(f) = 2sin(t), the figures are as follows (Figures 9 and 10).

(@)

05

0.4

0.3

0.2

0.1

=]

Wv’ hhrhrbririesvivnes

100 120 140
time

20 40 60 80

(b)

160 180 200

Figure 9. (a) FO-DMRAC reference output, response, and (b) control error when r(t) = 2sin(f).
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02
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-0.6

-0.8

-1

0 20 40 60 80 100 120 140 160 180 200
time

Figure 10. FO-DMRAC graph of V (e, $) when r(t) = 2sin(t).

As we can see, from Figures 10 and 11, both the control error e; (t) and V (e, ¢p) converge
to 0, even if V (e, ¢) can take positive values in some time intervals.

0.1

[

0.1
0.2

""" Y 03
0.4
05

0.6

0.7

0.8

0.9

Figure 11. (a) FO-DMRAC reference output, response, and (b) control error when r(t) = 1.

5.3. Vectorial Case (Stable Plant)

Example 3. (n =2 and n* = 1).
Table 3 shows the differential equations and values of Example 3.

Table 3. FO-DMRAC implementation.

Plant Model Reference Model
p(t) = Ap(£)xp(t) + byu(t). Xm(t) = —2(t) +2r(t).
yp(t) = lxy(t). Y (t) = xm(t).
Wy (s) = el r(t) = 1. .
- g2

P $24+75+12 Wm(s) = s—'%Z (;_1)
Controllable Canonical form: Controllable Canonical form:
A 0 1 b 0 A — 0 1 b — 0

P= |12 _7|"% = |1}V P -2 =37 P 1

hy = [11] W =[11]
T

A=-1,1=1, by, =[0110]", hl,=[1100]
e(t) = x(t) — xmn(t) e1(t) = Hame(t)
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Remark 4. The reference model transfer function Wiy, (s) has been changed (order 2) just to match
the conditions for finding the control ideal parameters 0*, but the behavior is the same as the original

transfer function Wy, (s) = 5%2

Control Laws:

0(t) = [k(t) 67(t)6o(t) 6I(r)] R
wt) = [r(t) @ (yp(t) wI()] er?
u(t) =0T (Hw(t)

Note: 67 (t) and 67 (t) € R
Internal auxiliary signals:

G (t) = Awr () + Tu(t)
() = Awy(t) + Ly, ()
A=—-1
1=1

Fractional order adaptive laws:

CD{O(t) = —Tiey (Hw(t)

Remark 5. I'; is a diagonal matrix where i =1,...,4. For practical implementation simplicity, we
choose T'; = I (identity matrix of appropriated dimension).

e [k -k
P(t) = 91(t) - |4 (t) -6 € R* are the parameters error vector controllers and
$o(t) Oo(t) — 65
0
¢2(5)]  [02(8) — 63
k* 2
. 07 0 .
0" = or| = |a] 3 the ideal controller parameters.
0
03 |6
010 0]
Finally, A, = ;8;3 01 2
110 -1}

whose eigenvalues are —1, —2, —1, and —1; therefore, A, is Hurwitz. Also, if
[ 2 265 —235 6]
265 33 —16.5-8
Q= , which is a symmetrical and positive defined matrix,
—-235-165 4 0

-6 -8 0 2

then )
4 05051

053 =20 S . o . .

P = 05-2 2 ol’ which is also a symmetrical and positive defined matrix that

|1 0 01
satisfies the MKY Lemma. That is

Al P+ PAu, = —Q,
Pbyn = hn.
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As before, Figures 11 and 12 show the response, control error e; (¢) and V (e, ¢) behav-
ior, respectively.

60

V o€0).00)

Figure 12. FO-DMRAC graph of V (e, ¢) when r(t) = 1.

Figure 11 shows similar behavior as Examples 1 and 2; that is, the plant out-
put y,(t) converges to the model reference output y,,(t), which is equivalent to saying that
the control error tends to 0 as t — co. Also, from Figure 12, we confirm that tlim V(e, ¢$) =0,

—> 00

even if in some time intervals (mainly in the transient period), V(e, ¢) can be positive.

Now, by changing the reference signal to a sinusoidal one as in the previous example,
that is, r(t) = 2sin(t), we obtain the following dynamic behavior, which is shown in the
next figures (Figures 13 and 14 respectively).

-2
0 5 10 15 20 25 20 35 40 0 20 40 60 80 |'Ilr:(]e 120 140 160 180 200

(a) (b)

Figure 13. (a) FO-DMRAC reference output, response, and (b) control error when r(t) = 2sin(t).

40 T T T T T T T T T

20

[HH[HI bbb
0 HW“HVWerwwwmm
-20

-40

-60

80 . | | . | 1 . . .
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time

Figure 14. FO-DMRAC graph of V (e, ¢) when r(t) = 2sin(t).
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Remark 6. These simulations are made to show that tlim e1(t)= 0 (the control error converges to
—00

0) in the case of fractional order model reference adaptive control implementation (FO-DMRAC)
and not to show the performance of the controllers. Better performance can be achieved by using an
optimization algorithm such as PSO [25] or another one in such a way as to choose the fractional
parameters a; and adaptive gains T'; more conveniently.

Finally, new conditions of the Lyapunov method can be established and applied to
FO-DMRAC. That is, let V (e, ¢) be a continuous and derivable function, then

1. V(e¢) > 0.

2. V(0,0)=0.

3. If tlggo V (e, ¢)= 0, then, tli)H; e(t) = 0, which implies that the control error e;(t) also
converges to 0.

6. Conclusions

In this article, we have proven that in the FO-DMRAC case, the control error
e1(t) = yp(t) — ym(t) converges to 0 even if the derivative of the Lyapunov func-
tion Ve, ¢) is greater than 0 in some time intervals (mainly in the transient periods).
Some examples have been presented to show the convergence of the control error e (t) and
the behavior of the function V (e, ¢) as t approaches infinity.

One of the main difficulties in carrying out the synthesis of V (e, ¢), for simulation
purposes, is that we need to compute the ideal control parameters 6* analytically and
the matrix Q explicitly, which is not an easy task when the order of the plant to control
grows in order. One practical approach to determine the ideal controller parameters * is
to implement the controller system using a Persistent Excitation (PE) reference input signal
and wait for convergence. Sometimes, it could take a long time, depending on the system
order, because the higher the order, the more parameters we must compute.

In conclusion, the convergence of the state error e(t) and the control error e (f) to zero
has been demonstrated for a class of fractional adaptive control systems (FO-DMRAC)
using the classical Lyapunov approach, avoiding additional complexities in the analysis.
Previously, it had only been established that the mean square errors converge to zero as
time approaches infinity; however, the convergence of errors themselves had not been
explicitly demonstrated until now.
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Abstract

This study introduces a novel model reference adaptive control (MRAC) framework that
incorporates fractional-order gradients (FGs) to regulate the displacement of an inverted
pendulum-cart system. Fractional-order gradients have been shown to significantly im-
prove convergence rates in domains such as machine learning and neural network optimiza-
tion. Nevertheless, their integration with fractional-order error models within adaptive
control paradigms remains unexplored and represents a promising avenue for research.
The proposed control scheme extends the classical MRAC architecture by embedding
Caputo fractional derivatives into the adaptive law governing parameter updates, thereby
improving both convergence dynamics and control flexibility. To ensure optimal perfor-
mance across multiple criteria, the controller parameters are systematically tuned using
a multi-objective Particle Swarm Optimization (PSO) algorithm. Two fractional-order
error models (FOEMs) incorporating fractional gradients (FOEM2-FG, FOEM3-FG) are
investigated, with their stability formally analyzed via Lyapunov-based methods under
conditions of sufficient excitation. Validation is conducted through both simulation and
real-time experimentation on a physical pendulum-cart setup. The results demonstrate
that the proposed fractional-order MRAC (FOMRAC) outperforms conventional MRAC,
proportional-integral-derivative (PID), and fractional-order PID (FOPID) controllers. Specif-
ically, FOMRAC-FG achieved superior tracking performance, attaining the lowest Integral
of Squared Error (ISE) of 2.32 x 107> and the lowest Integral of Squared Input (ISI) of 6.40
in simulation studies. In real-time experiments, FOMRAC-FG maintained the lowest ISE
(5.11 x 107). Under real-time experiments with disturbances, it still achieved the lowest
ISE (1.06 x 10~°), highlighting its practical effectiveness.

Keywords: fractional-order model reference adaptive control (FOMRAC); fractional-order
gradient (FG); Lyapunov stability; inverted pendulum-cart system
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1. Introduction

The inverted pendulum-cart system remains a paradigmatic benchmark in nonlinear
control theory due to its underactuated nature, structural instability, and rich dynamic
behavior. This system serves as a standard platform for evaluating advanced control
strategies and finds practical applications in robotics (e.g., bipedal locomotion), aerospace
(e.g., satellite orientation), and civil engineering (e.g., structural vibration mitigation) [1-3].

The fundamental control objective is to stabilize the pendulum around its unstable up-
right equilibrium by applying horizontal forces to the cart. In recent decades, a wide range
of control strategies have been proposed to address this challenge, including proportional-
integral-derivative (PID) control, linear quadratic regulators (LQRs) [4], sliding mode
control (SMC) [5,6], fuzzy logic [7], and model reference adaptive control (MRAC) [§],
as well as hybrid and intelligent approaches that integrate multiple control paradigms.
These control schemes can be broadly categorized into classical, robust, and intelligent
control strategies.

Classical controllers, such as PID, are frequently employed due to their simplicity
and ease of implementation. However, they exhibit limited robustness and adaptability.
As reported in [7], while PID controllers achieve faster settling times, they underperform
in adaptability compared to fuzzy logic, particularly under varying conditions such as
inclined surfaces.

Robust controllers, including LORs and SMC, provide improved stability and distur-
bance rejection. LQRs offer guaranteed stability under quadratic cost functions, although
their effectiveness depends heavily on the appropriate selection of weight matrices [4].
SMC, on the other hand, exhibits strong robustness to model uncertainties and external dis-
turbances, and is often combined with observers for state and disturbance estimation [5,9].

Intelligent control techniques, such as fuzzy logic, neural networks, and reinforce-
ment learning, have gained traction in recent years for handling system nonlinearities
and adaptability challenges. Fuzzy controllers enhance adaptability compared to PID [7].
Hybrid approaches that combine energy-based swing-up control with LQRs or SMC have
been proposed for complex configurations such as rotary or double inverted pendulum
systems [6,10]. Reinforcement learning methods, including Q-learning adapted to continu-
ous control domains, have shown promise in simulation environments [11], although they
remain sensitive to modeling inaccuracies and hardware constraints.

Robust and intelligent controllers continue to evolve. For instance, adaptive fuzzy
terminal sliding mode control (AFFTSMC) [9] demonstrates experimental fault tolerance
and reduced chattering. In [12], a second-order sliding mode controller is used to stabilize a
pendulum mounted on an omnidirectional mobile robot, achieving semi-global asymptotic
stability. Neural-based PID (PIDNN) architectures, optimized using Ant Colony Optimiza-
tion [13], exhibit improved tracking and robustness compared to PSO-tuned PID/FOPID
schemes, although they introduce increased model complexity and typically lack hardware
validation. Experimental comparisons in [14], using an Arduino-based platform, demon-
strate that both indirect adaptive control (IAC) and neuro-fuzzy control (NFC) outperform
PID in terms of robustness and transient response.

While several advanced nonlinear control strategies have been proposed in recent
years—such as BELBIC [15], fuzzy brain emotional learning controllers (FBELC) [16], neural
PID structures [13], and deep reinforcement learning (DRL) approaches [17]—they still
present major limitations. These include reliance on trial-and-error tuning [15], increased
structural and computational complexity [16], and strong sensitivity to hyperparameter
selection and model architecture [17]. Moreover, many of these methods are data-driven
and lack analytical guarantees for convergence and stability, which limits their applicability
in safety-critical real-time systems.
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In contrast, fractional-order control has emerged as a novel and promising approach
that offers a sound mathematical foundation with greater flexibility for tuning and im-
proved robustness. By generalizing classical calculus to non-integer orders, fractional-order
controllers introduce additional degrees of freedom in controller design [18,19]. Among
them, the fractional-order PID (FOPID) controller extends the classical PID by incorporating
fractional-order integrals and derivatives, enabling improved performance in the presence
of model uncertainties and disturbances. Experimental studies, such as [20], validate its
effectiveness in various real-world settings without requiring changes to model order.
Recent works have applied metaheuristic optimization techniques—such as Particle Swarm
Optimization (PSO), genetic algorithms, and differential evolution—to fine-tune FOPID
parameters for multi-objective performance indices, including ITSE, settling time, and rise
time [21,22]. These results confirm that fractional-order strategies can outperform conven-
tional PID and many existing nonlinear controllers in both performance and adaptability.

Despite these advances, an important research gap persists: the integration of
fractional-order gradients (FGs) into adaptive control frameworks like model reference
adaptive control (MRAC). While FG methods have demonstrated improved convergence
rates in optimization and machine learning applications [23], their incorporation into real-
time adaptive control—particularly for nonlinear systems—remains largely unexplored.
Recent work [24] has introduced a first-order fractional error model with fractional gradi-
ents (FOEM1-FG), showing encouraging results in simulations and initial experimental
validations. The present paper aims to build upon this foundation, offering a systematic de-
velopment and analysis of a novel fractional gradient-based MRAC scheme with theoretical
guarantees and practical relevance.

In this paper, we address this gap by proposing a novel fractional-order error
model (FOEM) framework that systematically embeds Caputo fractional gradients into
the parameter adaptation law. Two new formulations, FOEM2-FG and FOEM3-FG, are
presented and analyzed using Lyapunov stability theory. The proposed controller is tuned
using a multi-objective PSO algorithm and validated using simulations and real-time
experiments on an inverted pendulum-cart system.

The main contributions of this work are as follows:

1.  The formulation of two original architectures, FOEM2-FG and FOEM3-FG, that
incorporate fractional gradients into the adaptive law via Caputo derivatives. This
contribution systematically extends classical adaptive control theory to fractional-
order systems.

2. Arigorous Lyapunov-based stability and convergence analysis demonstrating bound-
edness of the tracking error and asymptotic convergence under persistent excitation.

3.  Extensive validation using simulations and real-time experiments, showing that the
proposed FOEMRAC strategy outperforms conventional MRAC, PID, and FOPID
controllers in tracking accuracy and convergence speed.

The paper is organized as follows: Section 2 introduces the fundamentals of fractional
calculus and fractional gradient methods. Section 3 formally defines the fractional-order
error models (FOEM1-3) using Caputo derivatives and the Lyapunov-based stability and
convergence analysis. Section 4 presents the case study and experimental validation, dis-
cussing the results and implications of fractional-order MRAC in underactuated nonlinear
systems. Conclusions are presented in Section 5.

2. Preliminaries

Fractional calculus generalizes conventional calculus by allowing for differentiation
and integration to be defined for orders that are not necessarily integers [25].
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Several definitions of fractional derivatives exist in the literature, including the
Riemann—Liouville and Griinwald—Letnikov definitions. This research employs the Caputo
fractional derivative [26], which is preferred in engineering due to its straightforward
treatment of initial conditions, clear physical interpretation, and availability of effective
numerical tools. These features make it a robust method for modeling and analyzing
systems that exhibit fractional behavior in practical applications.

Definition 1 (Caputo fractional derivative). The Caputo fractional derivative of order « € R of
function f (-), defined in a finite interval [ty,t] in R, is defined as

LD F(E) =t I [D" ()]
1 b fn(q) 1)
/t dt

t>t
I(n—a)Jy (t—1)0 17 -t

withn = min{k € N/k > a}. Also, it can be defined in a series form as

%Dg‘f(t) = i Im(t — o) e, )

2.1. Fractional Gradient Using Caputo Derivative

The main concept behind fractional gradient (FG) methods is to use fractional-
order derivatives instead of first-order ones while ensuring that the algorithm still con-
verges properly:

1 =t — ’Y%Dif(f)- ®)

where t; is the current position, t;; is the next position, and y > 0 is the learning rate.

In [23], the authors address the challenge that the fractional-order optimal point does
not always align with the true optimum of the objective function [23,27,28]. To overcome
this limitation, they propose three algorithms leveraging the Caputo fractional derivative.
The first approach, called the fixed memory step method, takes advantage of the fractional
derivative’s long-memory property and then truncates it to a finite window. The second
strategy simplifies the infinite series expansion of the fractional derivative by only retaining
its leading term. The third technique dynamically adjusts the fractional order at each
iteration based on the current loss function.

Moreover, these strategies are not mutually exclusive and can be combined in various
ways. Together, they guarantee that a convergent algorithm will indeed approach the true
extremum of the objective function. This makes the fractional-order gradient approach
highly practical, versatile, and effective [23].

This paper builds upon the initial application of FG introduced in the authors’ earlier
research [24]. The FG equation is equal to

FO (k)

feo1 =t — 'Ym(“k — | +0)17F, 4)

where v is the adaptation gain, I'(-) denotes the Gamma function, and 6 > 0 is a small
constant to prevent numerical singularities.

Usually, 1 is selected as a very small value to ensure the convergence of the FG so that
|ty — tx_1| decreases quickly below 1. The convergence speed of FG (4) for 0 < g < 1 could
be worse than in the conventional case because ﬁ (|t — ti_q| + )P can be viewed
as the algorithm’s step size. In contrast, the FG for 1 < g < 2 will exhibit a convergence
speed significantly faster than the conventional case.
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2.2. Definitions

To analyze the convergence properties of fractional-order adaptive laws, we recall
some fundamental concepts and results that establish the conditions under which the error
dynamics are guaranteed to converge. The following definitions and properties summarize
key notions of persistent and sufficient excitation for fractional-order systems, as well as
their relationships:

Property 1 (Theorem 2, [29]). For the FOEM-1, ifw € PE(n,1) and a = 1, then (¢, e) converges
uniformly to zero. If w € SE(n,a) and 0 < a < 1, then (¢, e) converges asymptotically to zero.

Definition 2. Let I,, be the n x n identity matrix and R the set of all real numbers greater than or
equal to zero. Let us define the subset SE(n, a) in the space of bounded, continuously differentiable
functions as the set of sufficiently exciting functions as follows:

SE(n,a) :={w:[0,00) = R"|(3fw : [0,00) = [0,00)),

st lim £y (6) = 0o A (v > D)w(t)a” (1) < fult)lu). ©)

Property 2 (Lemma 3, [29]). Let w € R" be a uniformly continuous function. If w € PE(n, 1),
then w € SE(n, ) for every 0 < o < 1.

3. Fractional-Order Error Models with Fractional Gradient-Adaptive Laws
3.1. Fractional-Order Error Model 1 with Fractional Gradient-Adaptive Laws

In the work of [24], the fractional-order error model 1 with a fractional gradient
(FOEM1-FQG) is introduced. This model extends previous contributions [23,28] by incorpo-
rating both fixed-memory steps and truncated higher-order terms.

ey(t) = 9T (Haw(t),

6

1900) = e (Oalt) s~ il + 6, ©
ey(t) denotes the output error, and Df ¢(t) represents the fractional update law. The
signal w(t) : RT™ — R" corresponds to the input or information vector (also referred to
as the auxiliary signal). The term ¢(t) captures the parameter error, while v € RT is a
constant adaptive gain, although it could be generalized to a time-varying gain with its
own adaptation law. When = 1, Equation (6) simplifies to fractional-order error model 1
(FOEM1), and when a = 1, it transforms into the standard error model 1 (EM1) [30].

The simulation results reported in [24] confirm that the output error remains bounded
and converges to zero for a wide range of signals, especially when the gradient order g > 1,
which accelerates convergence. Theoretical analysis based on Lyapunov stability, fractional
derivatives, and sufficient excitation (SE(n, «)) confirms the boundedness and stability of
the parameter error ¢(t). While classical Barbalat-type results cannot be directly applied
due to the properties of fractional integrals, parametric convergence is still guaranteed
under specific conditions, particularly when the input signal belongs to SE(n, «). These
results establish FOEM1-FG as a robust and flexible adaptive scheme suited for systems
with limited plant information and fractional dynamics.

The analysis conducted for FOEM1-FG serves as the foundation for the subsequent
subsections, in which FOEM2-FG and FOEM3-FG errors are presented.
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3.2. Fractional-Order Error Model 2 with Fractional Gradient-Adaptive Laws (FOEM2-FG)

In the case of the fractional-order error model 2 (FOEM2), the error corresponds to
the output of a dynamic system in which all state variables are accessible, as illustrated in

Figure 1.
(o)
*T Ab
-/
y(®)
() 9
— O— o
+
y(®)
o
67 () A b
) 4

Figure 1. Fractional-order error model 2 scheme.

Since the full state vector is available, the error e(t) : RT — R” can be defined using a
fractional derivative of order #:

D] e(t) = Ae(t) +bgp" (t)w (1), @)

where DZ) represents the fractional derivative of order 77, which relies on the characteristics
of the plant to be controlled. y(t) = x(t) and y(t) = X(t), where x(t) represents the actual
state and X(t) denotes the estimated state. A € R"*" is an asymptotically stable matrix,
b € R" is a known vector, and the pair (A, b) is controllable. The ideal parameter 6* € R"™
is assumed to be unknown, and 6(t) : R — R™ is the adjustable parameter that estimates
the ideal parameter 6*. The parametric error is defined as ¢(t) = 6(t) — 6*.

If the loss function is defined as

L(gp(t)) = %{M}jﬁm)%(t), ®

2

and the following fractional adjustment law is used,

Di (1) = =LY (p(1))

9
Ep(t) = —ye(t) Pbw(t), ©)

where L!(¢(t)) is the standard (integer-order) derivative of L(¢(t)) and P € R"*" is a
symmetric positive definite matrix satisfying the equation ATP + PA = —Q < 0 (where
Q € R™" is an arbitrary symmetric positive definite matrix that penalizes the error).
v € RT is the adaptive gain, which is considered constant in this case.

The fractional adjustment law for the FOEM2 in (9), with the fractional gradient
applied [23,28], is redefined as

Lo(t) = —YVhL(¢(E) (10)

where the term Vg L(¢(t)) is the gradient of the loss function L(¢(t)) associated with the
adaptive parameter 6.

_ LW(g()) ]

VAL = T gy (18— ] + )P, an
_e(t)TPbw(t) -

VAL(p(1) = W(Wt — 01 +6) P, (12)
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From Equation (12), retaining the value of the parameter 6 from the previous moment
(recorded data) is crucial. Consequently, the proposed adaptive law is

T
ho(t) = —v‘%% 8| +0)1 . (13)
Equation (13) represents the fractional-order error model 2 with fractional gradient
(FOEM2-FQG) for the fractional error defined in Equation (7). Simulation studies of the
FOEM2-FG for different values of &, and varying §, show that values of > 1 significantly
enhance the performance indices, regardless of the value of a. In the case of f = 1, (13)
becomes the FOEM2 defined in [31].
We can state the following general conclusions regarding the two-dimensional vector
case for the FOEM2-FG:

e The output error is bounded and converges to zero for all analyzed signals, regardless
of the value of g for 0 < § < 2.

e Values of B > 1 enhance the convergence speed of the output error, regardless of the
value of .

e The parametric error remains bounded, and its convergence to zero depends on the
characteristics of the input signal w(t) used.

Stability and Convergence Analysis for FOEM2-FG

For the stability analysis, it is assumed that 7 = «. Although the case 77 # a has not yet
been fully developed, it has been observed that the error model remains Lyapunov-stable
within the FOEM2-FG framework (see Equation (13)).

(s defined as a positive definite adaptation gain matrix given by

[ 200 =0 )
re-p

the behavior of {; depends on f values (see Figure 2). For g > 1, if |6; — 6;_1| = 0, then {;
is upper-bounded and remains finite. Conversely, if < 1, simulations indicate that this

(14)

does not improve the convergence speed of the algorithm, and, therefore, this range of 3
values is not recommended for FOEM2-FG.
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Figure 2. {; performance as a function of |6; — 6;_1|.

Additionally, if |6; — 6;_1| — oo, then {; — co. However, in practice, the objective
of the optimization algorithm is to ensure that ; converges to 8;_; through successive
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iterations. Consequently, abrupt parameter changes are unlikely, thereby guaranteeing that
{+ remains bounded.

We now present the stability and convergence properties of the FOEM2-FG scheme;
the results are summarized in the following theorem.

Theorem 1 (Lyapunov Stability of FOEM2-FG). Consider the fractional-order error model
FOEM?2-FG with adaptation law given by

DUg(t) = —e' () Pbw(t) Tty (15)
and error dynamics defined by
D%(t) = Ae(t) +b¢T (t)w(t), (16)

where A € R™ " is Hurwitz and P = PT > 0. Then, under these conditions and assuming w(t)
is bounded, the closed-loop system is Lyapunov-stable, i.e.,

Iy < lly(to)ll, vt = to, (17)

Be(t)

where y(t) = [ o(t)

] and P = BTB.

Proof. Define the Lyapunov candidate function:

V(t) =el (t)Pe(t) + T (t) I; ' (). (18)

Taking the Caputo fractional derivative of order a and applying known bounds for FO
derivatives of quadratic functions [32-34], we obtain

D*V(t) <2e"PD% +2K; ' ¢"D*¢
=2¢"P(Ae+b¢Tw) —2¢Te"Pbw
=2eTPAe +2eTPb¢pTw —2¢ e’ Phw
= 2¢T PAe. (19)

Using the property ATP + PA = —Q with Q = QT > 0, we have
T Loroar LT
e PAe:Ee (A P+PA)e:—§e Qe. (20)

Therefore,
D*V(t) < —elQe. (21)

Since Q > 0, V(t) is non-increasing. Integrating both sides yields

V(t) = V(tg) < —If [e"Qe] <. (22)
Recalling that P = BT B, define
Be(t)
t) = , 23
y(t) [ o1 ] (23)
so that
ly(£)[1* = e"Pe +¢Tp = V(). (24)
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Hence,

ly(DII? = lly(to) 1> < 0, (25)

implying:
lyOI < lly()ll, vt = to. (26)

This proves Lyapunov stability. [

Theorem 2 (Asymptotic Convergence under Sufficient Excitation). Assume the conditions
of Theorem 1. Furthermore, suppose that w(t) € SE(n, ). Then, the tracking error e(t) and the
parameter estimation error ¢(t) converge asymptotically to zero:

lime(t) =0, lim ¢(t) =0. (27)

t—c0 t—o0

Proof. Define the auxiliary error signal:
e(t) := D%(t) — Ae(t) = b (t) w(t). (28)

Under the adaptive law,
DYp(t) = —Cre (1) Pbw(t), (29)

the coupled fractional-order system (¢(t),e(t)) satisfies the hypotheses of Property 1.
Therefore, if w € SE(n,«), then €(t) — 0 and ¢(t) — 0 as t — oo. Since €(t) — 0, consider

D%e(t) = Ae(t) + €(t). (30)
Applying Theorem 5 in [35], it follows that e(t) — 0 as t — co. [

3.3. Fractional-Order Error Model 3 with Fractional Gradient-Adaptive Laws (FOEM3-FG)

The fractional-order error model 3 (referred to as FOEM3) has the same structure as
FOEM2, with one key difference: access is restricted to an algebraic combination of its
components, specifically e; (t) € R. In contrast, FOEM2 allows for access to the entire error
vector e(t) € R", which reflects the state access available in real plants. Generally, this error
model arises when only the output of the plant being controlled or identified is accessible,
making FOEM3 applicable to a broader range of problems compared to FOEM2. Figure 3
presents the diagram for FOEM3.

W (sF)

\

y(t)

=0, C _)—» ex(t)

+
0]

Y
a7 (1) w(sF
N e

Figure 3. Fractional-order error model 3 scheme.

In this error model, the output error e (t) is determined by
er(t) = h'e(t), (31)

where KT is the output weighting vector and e(t) is the state estimation error. Considering
a dynamic system, the fractional error dynamics equation is similar to (7), where now
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the pair (1T, A) must be observable. The fractional adjustment law for FOEM3 takes the
following form:
er(Hw(t)

Wo(t) = —15 =g (10 =0 +8)F, (32)
where 6* € R is the ideal parameter assumed to be unknown, 0(t) : Rt — R™ is the
adjustable parameter that estimates 6%, and ¢(t) = 0(t) — 0* : R* — R™ is the parametric
error. e(t) : RT™ — R" is the state error, w(t) : RT — R™ is the input signal, also known
as the information signal, and e; (t) : Rt — Ris the output error, which is assumed to
be accessible.

As stated earlier, the fact that only eq (¢) is available instead of the complete state vector
makes this error model more commonly used than FOEM2. However, as anticipated, more
restrictive conditions are placed on the transfer function W(sf) between ¢ (t)w(t) and
e1(t), so that the tuning laws could be synthesized. Specifically, the triplet (h7, A, b) must
ensure that the transfer function h7 (sI — A)~!b is strictly positive real (SPR) [30].

The tuning law for this error model is expressed as v > 0, which is related to the
adaptive gain. This adaptive gain may be a constant or a time-varying scalar v € R, or it
might take the form of a constant or time-varying matrix I € R™*" [30].

Stability and Convergence Analysis for FOEM3-FG

We now present the stability and convergence properties of the proposed FOEM3-FG
scheme for the case # = a. The results are summarized in the following theorem.

Theorem 3 (Lyapunov Stability of FOEM3-FG). Consider the fractional-order error model
FOEMS3-FG with adaptation law governed by:

W (t) = —etw(t) G, (33)
and error dynamics defined by:
D%(t) = Ae(t) +b¢T (H)w(t), (34)

where A € R™" is Hurwitz and the transfer function h™ (sI — A)~1b is strictly positive real
(SPR). Then, under these conditions and assuming w(t) is bounded, the closed-loop system is
Lyapunov stable in the sense that:

Iy < lly(to)ll, Yt > to, (35)

Be(t)
¢(t)

Proof. Let us define the Lyapunov candidate function:

where y(t) = [ ] with P = BT B a positive definite matrix.
V(t) = e (t)Pe(t) + K '¢T (H)(1), (36)
where P = PT > 0 is the solution of the Lyapunov equation:
ATP+PA=-Q, Q=0Q">0, Ph=h. (37)

Taking the Caputo fractional derivative of V (t) of order &, we obtain
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D*V(t) = D" [eTPe] +K; 1D [4>T¢]
< eT(ATP + PA)e + 2T PbpTw — 2¢Terw
= —eTQe + 2e1<pTw - 2¢Telw
= —eQe. (38)

Since Q > 0, this implies D*V(t) < 0, which shows that V(t) is non-increasing.
Integrating both sides yields

t
V() = Vi) < = [ pos(t= ) e (D) Qe(0)dr. )
to T'(w)
ye . T . Be(t)
Rewriting V (t) using P = B' B, we define y(t) = ot) | so that
ly(D)* = e"Pe+ ¢ = V(). (40)
Then the inequality becomes
ly(OI2 = ly(to) I < — 1 [e"Qe] <0, (41)
which implies
Iyl < lly(to)ll, vt = to. (42)

Thus, the system is Lyapunov-stable. [J

Theorem 4 (Asymptotic Convergence under Persistent Excitation). Assume the conditions of
Theorem 3 hold. Furthermore, suppose that the regressor w(t) € SE(n, ), i.e., it is a-persistently
exciting. Then, the tracking error e(t) and the parameter estimation error ¢(t) converge asymptoti-
cally to zero:

lime(t) =0,  lim ¢(t) = 0. (43)

Fo0 t—o0
Proof. Define the auxiliary signal:
e(t) := D%(t) — Ae(t) = b (Hw(t). (44)
Under the adaptive law,
D*(t) = —Cie(t) Paw(t), (45)

the pair (¢(t),e(t)) forms a coupled fractional-order dynamic system. According to
Property 1, if w(t) € SE(n,«), then both ¢(t) — 0 and e(t) — 0 as t — oo. Since w(t) is
bounded, this implies ¢ (t)w(t) — 0. Now consider the fractional-order linear system:

D%(t) = Ae(t) +€(t), (46)
with e(t) — 0. Applying Theorem 5 in [35], it follows thate(t) — Oast — co. O

4. Results and Simulations
4.1. Case Study: The Inverted Pendulum

The advantages of the FOEM3-FG are examined in an experimental case of study: the
inverted pendulum (InvP). The InvP is a servomechanism consisting of a pivot, which
can swing freely about its axis and is mounted on a carriage (Figure 4). The carriage
moves along a horizontal axis within a finite range, generating thus an oscillation in the
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pendulum. The objective is to keep the pendulum vertical and maintain it at equilibrium by
implementing a control system [36]. Fractional-order PID (FOPID) controllers have already
been experimentally validated in this plant [37].

Figure 4. Inverted pendulum-cart system [36].

The carriage’s movement is generated by the traction of a chain coupled to the shaft
of a direct current (DC) motor located at the end of the rail. Applying voltage to the
motor allows for the carriage’s movement to be controlled in both directions. The two
variables measured in the system using optical encoders are the carriage’s position and the
pendulum’s inclination angle. Table 1 shows the parameters of the pendulum-cart system
used in this study.

The control signal is limited in the range [-2.5V ... 4 2.5V] and the magnitude of the
generated force varies in the interval [-20.0N ... + 20.0 N]. The length of the rail physically
limits the position of the carriage and is equal to [-0.5m... 4+ 0.5m].

The phenomenological model of the inverted pendulum is presented in Equation (47).
By adding the forces acting on the pendulum and cart system, as well as the moments, the
following nonlinear equations of motion are derived:

(m 4 M) + bx + mlficosd — ml§?sind = F,

N . 47)
I+ ml?)§ — mgelsing + mlicosd + do = 0,
8

where x [m] is the cart position corresponding to the center of the rail, § [rad] is the
pendulum angular position concerning the vertical axis, g is the gravitational acceleration,
[ is the pendulum length, M is the mass of the cart, m is the mass of the pendulum, I is the
moment of inertia, b is the friction coefficient of the cart, d is the viscous friction coefficient
of the pendulum, and F is the force applied to the cart by the motor and corresponds to
the input to the system. The parameter values are listed in Table 1. For the simplicity of
presenting our theoretical results, the control input u(#) used in the inverted pendulum
state model is the force exerted on the cart, u(t) = F.

Next, we will analyze the equilibrium states of the pendulum and their effects on the
phenomenological model. The pendulum has two equilibrium points: one occurs when
f = 0 (inverted pendulum, unstable system), and the other occurs when 0 = 7 (freely
suspended, stable system). To demonstrate the applicability of the proposed adaptive
controller, we will focus on the linearized model for the operating point 6 = pi. The
position of the cart, denoted as x, will be controlled by letting the angle hang freely.
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Table 1. Pendulum parameters.

Parameter Value
g—Gravity 9.81 m/s?
[—Rod length 0.36 m
M—Cart mass 24kg
m—Pendulum mass 0.23 kg
I—Moment of inertia 0.099 kg - m?
b—TFriction coefficient 0.05 Ns/m
d—Damping coefficient (negligible) 0.005 Ns/m

4.2. Linearized Model for Equilibrium Point 6 = 7t

To linearize the system with respect to the equilibrium point 6 = 7, the following

substitutions are made:

resulting in

Building the matrices in the state variable, we obtain

with the state vector x(t) defined as

x(t)

. D

(m+ M)x + bx —mlf = F,
(I+ml*)8 4 mglo — mli +db = 0.

The state matrices (A € R**4, B € R**!) and output matrices (C € R?**) become

0 1
_mgl(M+m)  D(M+m)
A= z z
0 0
_gm?i? _mlD
z z

where

z = I(M+m) + Mml?,
y=TI+ml*

4.3. Parameters Tuning

o O O O

(48)
(49)
(50)
(51)

0

ml

e [roo 01, )

0 0010

Y

The controller parameters are tuned using the Particle Swarm Optimization (PSO)
algorithm [38]. PSO is a population-based metaheuristic method inspired by swarm
intelligence. It mimics the social behavior of a biological population (such as insects, birds,

or fish) in their search for food. According to its creators, each individual (particle) interacts
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with another, exchanging experiences, so that the group will gradually move into better
regions of the search space [38].

In PSO, Figure 5, the solution search for each particle is defined by the update of its
speed and position inside the swarm, which are established as follows:

VUt = VU= 4 Ciry(PB — XUADY 4 Corp (G — XU,
whith  j=1,...,N t=1,...,T (53)
and XUt = xUt=1) Ly i),

where N and T are the number of particles of the swarm and the number of iterations,
respectively. V and X are the speed and the position of the particle (i.e., the candidate
solution), C; and C; are the acceleration coefficients (individual or population), PV is the
best position found by the particle in previous iterations, Gb is the best position found by
the population, 71 and r; are uniformly distributed random numbers in the interval [0, 1]
used to keep the population diversity, and w is the inertial weight.

Input: Parameters: C; (acceleration individual coefficients), C; (acceleration social
coefficients), w (inertia weight), N (population size),
Initialize X° and velocities V° randomly.
Initialize personal bests Pb = X°.
Initialize Pareto archive.
Repeat
Forj=1to N /= Each individual =/
Evaluate objective functions at X,
Update personal best Pbl if necessary (random non-dominated solution).
End For
Update Pareto Front Archive
Forj=1to N /* Each individual =/
Select leader Gb (random non-dominated solution).
Update velocities:
VU = oV Ut=D 4 €1y (Ph) — XUtD) + Cory (G — XUED)
Move to the new position: XU1) = x Ut 4 G0
Apply velocity and position constraints.
End For
Until Stopping criteria /+ ex: a given number of generations =/
Output: Pareto front archive (best solutions found)

Figure 5. Pseudocode of the Multiobjective PSO algorithm.

A high value of w implies greater exploration of the search space and a longer con-
vergence time. In contrast, a small value reduces convergence time, but increases the risk
of getting trapped in a local optimum. The value of w is typically set to decrease linearly,
promoting greater exploration at the beginning of the algorithm and greater exploitation of
the solutions found as the search progresses.

In this work, a multi-objective problem is defined. A first primary objective function
is defined as the Integral of Squared Error (ISE):

T
J, = ISE = /0 o(t)2dt, (54)
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where e(t) represents the control error, computed as the difference between the reference
signal 7(t) and the system output y(t), i.e., e(t) = r(t) — y(t). A lower ISE indicates better
tracking performance and improved accuracy.

Then, a second objective function is defined as the Quantitative Total Variation (QTV).
The QTV metric is used to evaluate the variability of the control signal u(t), reflecting the
aggressiveness of its variation over time. The QTV is defined as

N-1
L=QTV =Y (up1—u)? (55)
=1
where u(t) is the control signal by the instant t and N is the total number of samples, taken
with a sampling time of 0.001 s. | is focused on minimizing highly abrupt behavior.
Although it is possible to aggregate the two objectives (J; and J,) into a single weighted
cost function, this study employs a Pareto-based approach to preserve the trade-offs
between competing objectives. To this end, a Multiobjective Particle Swarm Optimization
(MOPSO) algorithm is applied, which extends the classical PSO framework to handle
multiple objectives simultaneously. Key modifications include the following:

*  Maintaining an archive of non-dominated (Pareto-optimal) solutions found through-
out the optimization process.

®  Selecting a random leader from the Pareto front to maintain solution diversity and
prevent premature convergence.

In MOPSO, each particle represents a candidate controller configuration defined by
parameters such as gains or fractional orders. The algorithm evaluates each configuration
using simulations of the cart-pendulum system, computing ISE and QTV as objective
metrics for tracking accuracy and trajectory smoothness. These values define the fitness
function, allowing for the construction of a Pareto front with non-dominated solutions.
Particle positions and velocities are iteratively updated until a stopping criterion is met,
enabling the simultaneous optimization of both performance objectives.

Three key performance indices—Integral of Squared Error (ISE) (54), Quantitative
Total Variation (QTV) (55), and Integral of Squared Input (ISI)—are used to quantitatively
evaluate the control performance of the different controllers implemented on the inverted
pendulum-cart system. These indices measure tracking accuracy, control signal smoothness,
and control effort.

The Integral of Squared Input (ISI) measures the energy associated with the control
signal and is defined as

IST = /O L2 dt. (56)

A lower ISI implies reduced control effort and energy consumption, which are critical in
real-time embedded systems and power-sensitive applications.

These indices collectively allow for a comprehensive evaluation of control perfor-
mance, balancing accuracy (ISE), smoothness (QTV), and effort (ISI).

4.4. Controllers Design
4.4.1. PID and FOPID Controllers

The manufacturer provides a PID controller for controlling the car’s movement on
the rail [36]. Since the manufacturer’s PID effectively meets the control objective, the
performance of this controller will serve as a reference for the other designed controllers.
The PID equation is described as follows:
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upip () = Ky e(t) + K; / T)dt + Ky d(t) (57)

To construct the fractional order of the FOPID controller, as shown in Equation (58),
we utilize the structure of the manufacturer’s PID controller, but with fractional parameters.
The fractional parameters, denoted as A and y, are optimized using Multiobjective Particle
Swarm Optimization (MOPSO). The numerical values for the PID and FOPID controllers
are defined in Table 2.

A value of ¢ = 0.02 indicates that the FOPID controller essentially behaves as a
FOPI controller, since the derivative action effectively becomes a proportional action. It
is also interesting to note that A = 1.15 is greater than one, corresponding to the integer-
order integration.

MFOPID(t) = Kp e(t) + K; D[’\e(t) + Ky Dfe(t). (58)

4.4.2. MRAC and FOMRAC Controllers

With the aim of controlling the position of the car x3, without concern for the angular
position of the pendulum, we include integral tracking of reference error, thus resulting in
an extended state plant model given by

A 0 B 0
iBext = | |;Bm= ;Cm:[o 0100, (59
00100 0 1

the reference model for the design of the MRAC [39] is defined as follows:

&m = Amfm + Bur(t),

(60)
]?m = Cmfm/

where A;; = Aext — BextK and where the gain K is defined by linear quadratic regulator
(LQR) methods that keep the system stable.
The control signal is defined as

F=—¢(t) w(t), (61)

where it is a negative linear combination of the information vector w = [x(t), r(t)], weighted
by adaptive parameters.

The control error is defined as the difference between the plant output in Equation (50)
and the reference model described in (60), and the error dynamic é(¢) is defined in
Equation (7), with the corresponding adjustment law:

Bt
I2-§)
with e1(t) = h'e(t), where h = [0 1] and ¢ = 0.01. The model reference adaptive control
described by Equations (7) and (62), illustrated in Figure 6, corresponds to the FOEM3-FG,
as complete access to the system output state vector is not available.
For the design of the integer-order MRAC, the tuning of 7y, and 7y, is performed
individually, as separating the output error gains from the parameter adaptation gains

Lo(t) = (16 — 01| +0) P, (62)

proves to be more beneficial. The control signal is given by

umrac(t) = uromrac(t) = —p(t) w(t), (63)
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with the error model é(t) and adaptation law ¢(t) defined in Equations (7) and (62),
respectively, and the information vector equal to w = [x(t),7(t)]. Whena =1and p =1,
the formulation corresponds to the standard MRAC. In contrast, when a and g differ from
1, the method corresponds to the fractional-order variant, FOMRAC.

X t
Tef( ) _| Modelreference
w, (t) i InvP

O—

» InvP

@ w1 (t)

Figure 6. Block diagram of the inverted pendulum with the FOMRAC controller.

4.4.3. Simulations for the System of the Inverted Pendulum

Fractional operators were implemented using the Ninteger toolbox for MATLAB [40],
specifically through the NID block, which approximates fractional-order transfer functions.
Since the NID block does not handle initial conditions by default, the Caputo definition
of the fractional derivative and relevant properties of fractional integrals were adopted in
order to incorporate the system’s initial states correctly.

The NID block operates based on the Oustaloup recursive approximation method.
For this implementation, a configuration of ten poles and ten zeros was selected, with
a frequency range of [0.001,1000] rad/s to ensure a reliable approximation across the
operating bandwidth.

For all simulations, the initial conditions placed the cart at the center of the rail, while
the pendulum started from the inverted position (180° from the vertical) and at rest. The
simulation time was set to 60 s. The values of the linear quadratic regulator (LQR) matrices
Qraor and Ry gR, as well as the gain matrix K, were defined using LQR methods to ensure
closed-loop system stability.

Qror = Rior =1, (64)

o O O O O
o O O O O
o O O O O
o O O O O
- o O O O

where the gain K is equal to K = [—0.0848; —0.1135; 2.7592; 3.7567; 1]. The numerical values
for the MRAC and FOMRAC controllers are defined in Table 2.

Table 2. Numerical values of the parameters for the PID, FOPID, MRAC, and FOMRAC controllers.

Controller K, K; K, A 7 Yo, Yo, o B
PID 27.3 50 3.9 1 1 - - - -
FOPID 27.3 50 3.9 1.15  0.02 - - - -
MRAC - - - - - 594.44 632.85 1 1
FOMRAC - - - - - 2.95 8.13 038 171

Figure 7 shows the pendulum position control simulation in response to a sinu-
soidal reference input, defined as r(t) = 0.15sin(0.2073t), and the corresponding control
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signal u(t) generated by the four designed controllers (PID, FOPID, MRAC, and FOM-
RAC). Table 3 presents a comparative analysis using the performance indices defined in
Section 4.3.

- - - Reference -
x_PID
x_FOPID
x_MRAC
x_FOMRAC
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Figure 7. Simulation of control over the movement of the pendulum carriage on the rail. (a) Position
x. (b) Control signal in volts v. PID (blue), FOPID (orange), MRAC (green), FOMRAC (yellow).

In Figure 7a, which shows the cart position x over time, the conventional MRAC
controller exhibits significant overshoot and oscillatory behavior, indicating a less robust
response to the system’s nonlinear dynamics. The FOPID controller improves damping
and reduces oscillatory behavior, but still displays a delayed and less accurate tracking of
the reference. However, it achieves the best QTV score (Table 3). The proposed FOMRAC
controller demonstrates the best tracking performance, following the desired reference
with minimal error and the fastest convergence, as reflected by its superior ISE value (Table
3).

Figure 7b presents the control signal in volts. The MRAC controller generates the most
aggressive control action, characterized by high peaks and rapid variations, which may
lead to increased energy consumption and actuator wear. The FOPID controller provides
a moderately smoother control effort, but exhibits noticeable transients. In contrast, the
FOMRAC controller produces the softest and most efficient control signal among all
methods, with minimal amplitude and variation, corresponding to the best ISI score
(Table 3). This suggests a more energy-efficient use of control effort while maintaining high
trajectory-tracking performance. Overall, the FOMRAC strategy outperforms the others in
both reference tracking and control efficiency. Although the FOPID controller exhibits the
best Quadratic Tracking Variation (QTV), the FOMRAC's performance remains comparable
and well-balanced across all indices.

Including fractional-order gradients markedly enhances the adaptability and robust-
ness of the control scheme, resulting in a notably smoother transient response. As shown
in Table 2, the adaptive gain values 7, and 7 required for the FOMRAC controller are
significantly lower than those needed for the conventional MRAC approach. Despite these
lower gains, FOMRAC not only outperforms the classical MRAC in terms of stability and
tracking precision, but also delivers performance comparable to—and in some cases exceed-
ing—that of the FOPID controller. These results demonstrate that incorporating fractional
calculus into adaptive control strategies introduces additional degrees of freedom that
enhance flexibility, robustness, and overall control performance, particularly in scenarios
where integer-order methods prove insufficient.
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Table 3. Performance of controllers for simulation results.

Controller ISE QTV ISI
PID 2.0248 x 10~* 1.8299 x 1073 6.6207
FOPID 1.2303 x 10~* 8.2456 x 10~* 6.5697
MRAC 4.8070 x 1072 1.3485 x 102 14.1294
FOMRAC 2.3248 x 10~° 5.7534 x 1073 6.4062

4.4.4. Experimental Simulations for the System of Inverted Pendulum

The experimental results presented in Figure 8 were obtained experimentally in the
research group’s laboratory using the inverted pendulum model provided by Feedback
Instruments [36].
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Figure 8. Experimental simulation of control over the movement of the pendulum carriage on
the rail. (a) Position x. (b) Control signal in volts v. PID (blue), FOPID (orange), MRAC (green),
FOMRAC (yellow).

In Figure 8a, the cart position x reveals a clear contrast between the control strategies.
As observed in simulation, the MRAC controller (green) continues to display overshoot and
oscillations, indicating limited robustness in handling real-world nonlinearities and noise.
The FOPID controller (orange) improves greatly, reducing oscillatory behavior and showing
a more stable trajectory than MRAC, obtaining the best QTV. The proposed FOMRAC
controller (yellow) also accurately tracks the reference trajectory, achieving the best ISE.
Despite the increased variability inherent in the physical setup, it minimizes the tracking
error over the full time horizon and exhibits faster convergence than the other methods.

Figure 8b shows the control signals in volts. The control effort of the MRAC exhibits
the highest amplitude signal, although it remains within the permissible range of the DC
motor. The FOPID signal has a lower amplitude than the MRAC and achieves the best
ISI (see Table 4), although it still displays visible transients. In contrast, the FOMRAC
controller, in its practical implementation, produces control actions with more frequent
abrupt changes than the other methods. Although the inverted pendulum setup applies
constraints such as slew rate limiting, high-frequency filtering, and dead zone compensation
to protect the motor from overvoltage, current spikes, and excessive wear, this behavior
suggests a potential area for improvement in the FOMRAC design, since its control signal
could impose considerable stress on the actuators in real-world applications. Overall, the
FOMRAC strategy demonstrates superior experimental performance in precise reference
tracking, even if this entails larger variations in the control signal, thereby validating the
advantages of incorporating fractional-order gradients into adaptive control laws.
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Table 4. Performance of controllers for experimental results.

Controller ISE QTV ISI
PID 7.9273 x 107> 1.0607 x 101 1.0670
FOPID 7.3898 x 107> 7.6233 x 1072 1.0172
MRAC 3.4059 x 102 41561 x 1072 1.9829
FOMRAC 5.1070 x 10~° 15.8057 1.6068

4.4.5. Experimental Simulations for the System of the Inverted Pendulum with Disturbances

To validate the robustness of the designed controllers against disturbances, simulations
were carried out in which the pendulum was displaced from its stable equilibrium position
at® = mto § = 3. This scenario represents a significant alteration of the system dynamics
and allows for assessments of how each control strategy maintains trajectory tracking
performance under adverse conditions.

In the case of the PID controllers, both the classical integer-order and the fractional-
order variants (see Figure 9a), it is observed that reference tracking is noticeably affected
during the application of the disturbance. This performance degradation manifests as small
oscillations superimposed on the reference trajectory, which tend to diminish progressively
as the controllers increase the control action to compensate for the error. This behavior is
numerically reflected in the performance indices presented in Table 5, where an increase in
the ISE is evident. Likewise, Figure 9b shows that this compensation involves a considerable
increase in the control signal amplitude and its transients, reflecting additional control
effort that could compromise energy efficiency and actuator lifespan if sustained over time.

02+ - - - Reference| -{
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10 20 30 40 50 60
Time [s]
Figure 9. Experimental simulation of control over the movement of the pendulum carriage on the
rail with disturbances. (a) Position x. (b) Control signal in volts v. PID (blue), FOPID (orange).

In the case of the conventional MRAC controller (Figure 10a), the system initially
exhibits oscillations that gradually decrease until, after second 30, the disturbance is applied.
The system then experiences a rise in oscillations around the reference, accompanied by a
sustained increase in the control signal amplitude (Figure 10b). This increase highlights the
limited capability of the conventional MRAC to dynamically adapt to abrupt changes in
operating conditions, partially compromising tracking performance.

In contrast, the FOMRAC controller demonstrates more robust behavior against the
disturbance. Although an increase in the magnitude of the control action is observed in the
control signal (Figure 10b) when compensating for the perturbation, the reference tracking
remains practically unaffected, without additional noticeable oscillations in the trajectory.
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This result is quantitatively corroborated in Table 5, where the FOMRAC achieves the
lowest ISE among all evaluated controllers, confirming its ability to maintain high-precision
tracking despite sudden variations in the system dynamics. This superior performance is
attributed to the combination of the adaptive law based on fractional gradients and the
greater flexibility introduced by the non-integer order parameters, which enable a smoother
and more efficient response to external disturbances.
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Figure 10. Experimental simulation of control over the movement of the pendulum carriage on the
rail with disturbances. (a) Position x. (b) Control signal in volts v. MRAC (green), FOMRAC (yellow).

Table 5. Performance of controllers for experimental results with disturbances.

Controller ISE QTV ISI
PID 6.0120 x 10~* 3.1653 x 10! 1.2561
FOPID 8.0615 x 10~* 3.7433 x 101 3.1189
MRAC 3.7816 x 102 6.7814 x 102 2.2033
FOMRAC 1.0606 x 10~° 15.6162 3.3372

In future work, the proposed fractional-order adaptive control strategies (FOEM2-FG
and FOEM3-FG) could be extended beyond the inverted pendulum to a broader class of
nonlinear and underactuated systems. For example, integrating fractional-order MRAC
schemes with robust controllers, such as fractional-order sliding mode control (FOSMC),
offers a promising research direction for differential-drive mobile robots subject to skidding,
slipping, and unknown disturbances [41]. In this context, fractional gradient-adaptation
laws can enable the online estimation of uncertain dynamic parameters without requiring
prior knowledge of disturbance bounds, thereby enhancing adaptability and tracking
performance under highly variable operating conditions. Such hybrid controllers may
significantly improve convergence speed, disturbance rejection, and control smoothness in
applications including payload stabilization in aerial drones, trajectory tracking in ground
vehicles, and precise manipulation in robotic arms [42]. Further research will focus on
developing composite Lyapunov-based stability proofs and experimentally validating the
proposed methods on real-time embedded platforms.

5. Conclusions

This paper introduced two adaptive control strategies—fractional-order error models
2 and 3—incorporating a fractional gradient. Model 3 extends model 2 by relaxing the
requirement of full plant knowledge, making it more suitable for practical implementations.
Theoretical foundations for stability and convergence were established based on the Caputo
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fractional derivative, and the proposed methods were applied to the position control of an
inverted pendulum system.

The experimental and simulation results demonstrate that, while the classical PID
controller fulfilled the basic control objectives, it was outperformed by controllers utilizing
fractional calculus. The FOPID controller, in particular, exhibited improved damping and
smoother control signals compared to PID, highlighting the benefits of fractional-order
dynamics for improving transient behavior.

Although the MRAC controller was developed based on a linearized model, its per-
formance suffered from overshoot and aggressive control action both in the simulation
and on the real system, suggesting limited robustness to nonlinearities and disturbances.
In contrast, the proposed FOMRAC controller, which integrates the fractional gradient,
achieved superior performance in both scenarios. It delivered more accurate trajectory
tracking and enhanced disturbance rejection capabilities, validating the effectiveness of
the fractional-order adaptive control framework in handling real-world nonlinear systems
with greater precision, resilience, and efficiency.

Author Contributions: Conceptualization and methodology, M.S.-R., M.A.D.-M. and L.B.-M.; inves-
tigation, M.S.-R., M.A.D.-M., M.E.O. and L.B.-M,; validation, M.S.-R., M.A.D.-M., L.B.-M., M.E.O.
and G.C.-B.; writing—original draft, M.S.-R. and L.B.-M.; writing—review and editing, M.S.-R,,
M.A.D.-M., M.E.O,, L.B.-M. and G.C.-B. All authors have read and agreed to the published version of
the manuscript.

Funding: The first author acknowledges CONICYT/ANID for its funding through the project
National Doctoral Program 2020/21200215. ANID-FONDECYT partly supported this work under
grant numbers 3240317 and 1250036. Marcos Orchard would like to thank the Advanced Center for
Electrical and Electronic Engineering, ANID Basal, under Project AFB240002.

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.

10.

Hamza, M.E; Yap, H.J.; Choudhury, .A; Isa, A.L; Zimit, A.Y.; Kumbasar, T. Current development on using Rotary Inverted
Pendulum as a benchmark for testing linear and nonlinear control algorithms. Mech. Syst. Signal Process. 2019, 116, 347-369.
[CrossRef]

Kafetzis, I.; Moysis, L. Inverted Pendulum: A System with Innumerable Applications. In Proceedings of the 9th International
Week Dedicated to Maths, Thessaloniki, Greece, 7-12 April 2017.

Boubaker, O. The inverted pendulum benchmark in nonlinear control theory: A survey. Int. J. Adv. Robot. Syst. 2013, 10, 233.
[CrossRef]

Maity, S.; Luecke, G.R. Stabilization and optimization of design parameters for control of inverted pendulum. J. Dyn. Syst. Meas.
Control 2019, 141, 081007. [CrossRef]

Jmel, I; Dimassi, H.; Hadj-Said, S.; M’Sahli, F. An adaptive sliding mode observer for inverted pendulum under mass variation
and disturbances with experimental validation. ISA Trans. 2020, 102, 264-279. [CrossRef] [PubMed]

Mathew, N.J.; Rao, K.K; Sivakumaran, N. Swing up and stabilization control of a rotary inverted pendulum. IFAC Proc. Vol.
2013, 46, 654-659. [CrossRef]

Kharola, A.; Patil, P.; Raiwani, S.; Rajput, D. A comparison study for control and stabilisation of inverted pendulum on inclined
surface (IPIS) using PID and fuzzy controllers. Perspect. Sci. 2016, 8, 187-190. [CrossRef]

Fan, X.; Wang, Z. A fuzzy Lyapunov function method to stability analysis of fractional-order T-S fuzzy systems. IEEE Trans.
Fuzzy Syst. 2021, 30, 2769-2776. [CrossRef]

Zeghlache, S.; Ghellab, M.Z.; Djerioui, A.; Bouderah, B.; Benkhoris, M.F. Adaptive fuzzy fast terminal sliding mode control for
inverted pendulum-cart system with actuator faults. Math. Comput. Simul. 2023, 210, 207-234. [CrossRef]

Singh, S.; Swarup, A. Control of Rotary Double Inverted Pendulum using Sliding Mode Controller. In Proceedings of the 2021
International Conference on Intelligent Technologies (CONIT), Hubli, India, 25-27 June 2021; IEEE: Piscataway, NJ, USA, 2021;

pp- 1-6.

156



Fractal Fract. 2025, 9, 485

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.
37.

Safeea, M.; Neto, P. A Q-learning approach to the continuous control problem of robot inverted pendulum balancing. Intell. Syst.
Appl. 2024, 21, 200313. [CrossRef]

Kao, S.T.; Ho, M.T. Balance control of a configurable inverted pendulum on an omni-directional wheeled mobile robot. Appl. Sci.
2022, 12, 10307. [CrossRef]

Mohsen, Z.S.; Mohamed, J. PID neural controller design for nonlinear inverted pendulum system. Int. . Intell. Eng. Syst. 2023,
16, 783-798. [CrossRef]

de la Cruz-Alejo, J.; Beatriz-Cuellar, H.; Guillermo, I.C.A.; Ortega, A.M. A decision-making approach on control techniques for
an inverted pendulum based on, neuro-fuzzy, indirect adaptive and PID controllers. Discov. Appl. Sci. 2024, 6, 251. [CrossRef]
Kim, J.W,; Oh, C.Y. Control of a rotary inverted pendulum system using brain emotional learning based intelligent controller.
J. Korean Soc. Manuf. Technol. Eng. 2013, 22, 837-844. [CrossRef]

Lin, C.-M.; Chung, C.-C. Fuzzy brain emotional learning control system design for nonlinear systems. Int. J. Fuzzy Syst. 2015, 17,
117-128. [CrossRef]

Ozalp, R.; Varol, N.K,; Tasci, B.; Ugar, A. A review of deep reinforcement learning algorithms and comparative results on
inverted pendulum system. In Machine Learning Paradigms: Advances in Deep Learning-Based Technological Applications; Springer:
Berlin/Heidelberg, Germany, 2020; pp. 237-256.

Mishra, S.K.; Chandra, D. Stabilization and tracking control of inverted pendulum using fractional order PID controllers. J. Eng.
2014, 2014, 752918. [CrossRef]

Patra, A.K.; Mishra, AK,; Nanda, A.; Subudhi, D.K.; Agrawal, R.; Patra, A. Stabilizing and trajectory tracking of inverted
pendulum based on fractional order PID control. In Advances in Intelligent Computing and Communication: Proceedings of ICAC
2019; Springer: Singapore, 2020; pp. 338-346.

Bettayeb, M.; Boussalem, C.; Mansouri, R.; Al-Saggaf, U.M. Stabilization of an inverted pendulum-cart system by fractional
Pl-state feedback. ISA Trans. 2014, 53, 508-516. [CrossRef] [PubMed]

Mondal, R.; Chakraborty, A.; Dey, J.; Halder, S. Optimal fractional order PIADy controller for stabilization of cart-inverted
pendulum system: Experimental results. Asian J. Control 2020, 22, 1345-1359. [CrossRef]

Mondal, R; Dey, J. A novel design methodology on cascaded fractional order (FO) PI-PD control and its real time implementation
to Cart-Inverted Pendulum System. ISA Trans. 2022, 130, 565-581. [CrossRef] [PubMed]

Wei, Y.; Kang, Y.; Yin, W.; Wang, Y. Generalization of the gradient method with fractional order gradient direction. J. Frankl. Inst.
2020, 357, 2514-2532. [CrossRef]

Sénchez-Rivero, M.; Duarte-Mermoud, M.A.; Travieso-Torres, ].C.; Orchard, M.E.; Ceballos-Benavides, G. Analysis of Fractional
Order-Adaptive Systems Represented by Error Model 1 Using a Fractional-Order Gradient Approach. Mathematics 2024, 12, 3212.
[CrossRef]

Vinagre, B.M.; Monje, C.A. Introduccién al Control Fraccionario. Rev. Iberoam. Autom. Inform. Ind. 2006, 3, 5-23.

Kilbas, A.A; Srivastava, H.M.; Trujillo, ].J. Theory and Applications of Fractional Differential Equations; North-Holland Mathematics
Studies; Elsevier: Amsterdam, The Netherlands, 2006; Volume 204.

Pu, Y.E; Zhou, ].L.; Zhang, Y.; Zhang, N.; Huang, G.; Siarry, P. Fractional Extreme Value Adaptive Training Method: Fractional
Steepest Descent Approach. IEEE Trans. Neural Netw. Learn. Syst. 2015, 26, 653—662. [CrossRef] [PubMed]

Chen, Y.; Gao, Q.; Wei, Y.; Wang, Y. Study on fractional order gradient methods. Appl. Math. Comput. 2017, 314, 310-321.
[CrossRef]

Gallegos, J.A.; Duarte-Mermoud, M.A. Convergence of fractional adaptive systems using gradient approach. ISA Trans. 2017,
69, 31-42. [CrossRef]| [PubMed]

Narendra, K.S.; Annaswamy, A.M. Stable Adaptive Systems; Courier Corporation: Chelmsford, MA, USA 2012.
Aguila-Camacho, N. Analisis del Comportamiento de Sistemas Adaptables Fraccionarios Representados por Modelos de Error.
Ph.D. Thesis, Universidad de Chile, Santiago, Chile, 2014.

Aguila-Camacho, N.; Duarte-Mermoud, M.A.; Gallegos, J.A. Lyapunov functions for fractional order systems. Commun. Nonlinear
Sci. Numer. Simul. 2014, 19, 2951-2957. [CrossRef]

Tuan, H.T,; Trinh, H. Stability of fractional-order nonlinear systems by Lyapunov direct method. IET Control Theory Appl. 2018,
12,2417-2422. [CrossRef]

Hai, P.V,; Rosenfeld, J.A. The gradient descent method from the perspective of fractional calculus. Math. Methods Appl. Sci. 2021,
44, 5520-5547. [CrossRef]

Gallegos, J.A.; Duarte-Mermoud, M.A. Boundedness and convergence on fractional order systems. . Comput. Appl. Math. 2016,
296, 815-826. [CrossRef]

Digital Pendulum Control Experiments, Manual: 33-936S; Feedback Instruments Ltd.: Crowborough, UK, 2006.
Fernandez-Jorquera, M.; Zepeda-Rabanal, M.; Aguila-Camacho, N.; Barzaga-Martell, L. Design, Tuning, and Experimental
Validation of Switched Fractional-Order PID Controllers for an Inverted Pendulum System. Fractal Fract. 2025, 9, 234.
[CrossRef]

157



Fractal Fract. 2025, 9, 485

38.

39.

40.

41.

42.

Kennedy, J.; Eberhart, R. Particle swarm optimization. In Proceedings of the ICNN’95-International Conference on Neural
Networks, Perth, WA, Australia, 27 November-1 December 1995; IEEE: Piscataway, NJ, USA, 1995; Volume 4, pp. 1942-1948.
[CrossRef]

Gaudio, J.E.; Annaswamy, A.M.; Lavretsky, E.; Bolender, M.A. Parameter estimation in adaptive control of time-varying systems
under a range of excitation conditions. IEEE Trans. Autom. Control 2021, 67, 5440-5447. [CrossRef]

Oliveira Valerio, D. Ninteger v. 2.3, Fractional Control Toolbox for MatLab. 2005. Available online: https://web.ist.utl.pt/duarte.
valerio/ninteger/ninteger.htm (accessed on 28 May 2025)

Aguilar-Pérez, ].I.; Duarte-Mermoud, M.A.; Velasco-Villa, M.; Castro-Linares, R. Fractional order tracking control of a disturbed
differential mobile robot. PLoS ONE 2025, 20, €0321749. [CrossRef] [PubMed]

Govea-Vargas, A.; Castro-Linares, R.; Duarte-Mermoud, M.A.; Aguila-Camacho, N.; Ceballos-Benavides, G.E. Fractional order
sliding mode control of a class of second order perturbed nonlinear systems: Application to the trajectory tracking of a quadrotor.
Algorithms 2018, 11, 168. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

158



ractal and fractional N
® Ll by

Article
A Robust Fractional-Order Controller for Biomedical Applications

Nicoleta E. Badau, Teodora M. Popescu, Marcian D. Mihai, Isabela R. Birs and Cristina I. Muresan *

Automation Department, Technical University of Cluj-Napoca, Memorandumului Street No. 28,

400114 Cluj-Napoca, Romania; nicoleta.badau@aut.utcluj.ro (N.E.B.); teodora.popescu@aut.utcluj.ro (T.M.P.);
marcian.mihai@aut.utcluj.ro (M.D.M.); isabela.birs@aut.utcluj.ro (I.R.B.)

* Correspondence: cristina.muresan@aut.utcluj.ro

Abstract

Automatic control in biomedicine has attracted the attention of clinicians to mitigate the side
effects resulting from drug overdoses administered to patients. To provide the most optimal
and accurate results, the computer-controlled systems in biomedical engineering require
more advanced tuning procedures that tackle patient variability and ensure the robustness
of the control system. This has been enhanced over the past two decades through the
replacement of standard PID controllers with fractional-order controllers. However, most
of the developed fractional-order control methods address only the robustness with respect
to gain variations. In this study, a novel fractional-order control algorithm that is robust to
time constant variations is developed. The control algorithm is designed for second-order
plus dead time systems. A graphical solution is chosen to solve the nonlinear system of
equations for the proposed approach. Three biomedical applications are employed as case
studies. The first one consists in the control of the bispectral index in general anesthesia,
the second one refers to the blood glucose level control for diabetic patients, and finally,
the third one tackles computerized control in chemotherapy. The closed-loop simulation
results validate the efficiency of the tuning method according to the accepted values of the
performance specifications in the scientific literature.

Keywords: fractional order control; closed-loop control systems; biomedical applications;
robustness; numerical simulations

1. Introduction

Fractional-order controllers are increasingly sought after in industrial applications
alongside classical proportional integral derivative (PID) controllers, due to their robustness
and efficiency [1]. Over the past twenty years, these controllers and their associated design
methods have experienced significant growth [2]. The fractional-order PID (FO-PID)
controller has two extra degrees of freedom, one for the fractional order of integration
and the other one for differentiation. This is considered a generalization of the standard
integer-order controller [3]. Due to these two degrees of freedom, the FO-PID design
algorithm proves to be more robust and efficient than the traditional one [4].

The FO-PID controllers are generally designed in the frequency domain using per-
formance specifications such as phase margin, gain margin, crossover frequency, and
iso-damping property [5-8]. Noise attenuation and disturbance rejection are occasional
performance criteria. The design of fractional-order PID controllers for various types of
processes is discussed in several outstanding survey papers [3,7,8]. The robustness of the
fractional-order controllers is also addressed in some of these review papers.
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Compared to the classical PID controller, the FO-PID controller ensures greater robust-
ness of the system. Robustness to gain variations is found in several studies for various
system models, from simple first-order [9], to more complex higher-order processes [10]
or those with time delay [11]. The tuning procedure of an FO-PID controller is proposed
in [12] for robustness to gain variations by using the mentioned performance specifications,
as well as the integral time absolute error (ITAE), which is a time domain specification.
Another fractional-order controller is designed in [13] using the integral of absolute error
(IAE). To ensure robustness, an additional constraint of maximum sensitivity is used. An
FO-PID controller cascaded with a fractional-order filter is presented in [14]. The tuning
method of this controller is based on Bode’s ideal loop transfer function with dead time.
For this control strategy, only robustness to gain variations is analyzed and tested. In [15] a
tuning procedure of an FO-PID controller based on the same idea is proposed. In [16] a sim-
ilar approach based on Bode’s ideal loop transfer function is used to tune a fractional-order
PI (FO-PI) controller for robustness to gain variations only. Bode’s optimal loop transfer
function is proposed also in [17] to design an FO-PI controller using the internal model
control (IMC) approach. The previously presented fractional-order controllers are tuned to
meet the performance specifications such as phase margin and gain crossover frequency.
The method’s robustness is tested and validated experimentally using a DC motor setup.
The fractional-order PD (FO-PD) controllers are tuned in [18] using the iso-damping prop-
erty and its associated robustness. The design method is again based on Bode’s ideal loop
transfer function.

By using both the gain and phase margin specifications, the robustness to gain and
time constant variations are proposed in [19], although no method is provided by the
authors on how to design the fractional-order controller to be robust to time constant
variations. For diverse parameter uncertainties of the process, a tuning method based on
probabilistic robustness is tackled in [20]. A similar idea is also presented in [21], but no
design methods for the fractional-order controllers are provided. The robustness of the
control structure for the cascaded fractional-order controllers tackled in [22] is tested on a
hybrid electric vehicle considering parameter uncertainties. To optimize the primary and
secondary controllers” gain, a multi-objective genetic algorithm is applied, considering
settling time, maximum overshoot, and the minimization of IAE. In [23] a cascaded control
strategy using two FO-PI controllers is designed. The robust control system is obtained
through design based on optimizing the IAE. A tuning procedure for FO-PID controllers is
developed in [6]. The proposed method ensures design specifications such as an imposed
phase margin, gain crossover frequency, and iso-damping property. This procedure consists
of tuning controllers for robustness to undamped natural frequency variations of a system.
The oscillatory systems are represented by minimum phase rational transfer functions,
whose dynamics must satisfy the interlacing property of pole-zero combinations on the
imaginary axis. In [24] a novel approach is proposed to tune the fractional-order controllers
using interval fractional-order pole placement. Compared to classical robust control, the
proposed approach achieves improved transient response performance, as well as good
control effort and robustness, and has been tested and experimentally validated in a
thermal plant.

In [25] a robust stabilization criterion for fractional-order controllers, without tuning
rules, is proposed for uncertainties in all process parameters. A toolbox for designing
robust controllers based on the CRONE control system was developed in [26] for irrigation
canals. A similar procedure based on a CRONE controller was recently designed and
tested for robustness in wind energy systems [27]. Fractional-order robust controllers
are developed using D-K iterations for interval plants in [28], but the tuning procedure
is regarded as laborious. A robust stability area for FO-PID controller parameters is
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investigated in [29], using uncertain first-order plus dead time (FOPDT) systems. Most
research papers that focus on the robustness of the control system to plant uncertainties
provide an exact procedure for determining the actual value of the parameters, but in the
case of the proposed method in this paper, such a tuning approach is not detailed.

Several papers introduce the concept of tuning fractional-order controllers for robust-
ness, not only to gain variations but also to time constant variations. FO-PID controllers
are designed and tested on an FOPDT system in [30], using a generalized iso-damping
condition based on a min-max optimization problem. The obtained controllers validate
the effectiveness of the approached method for 30% parameter variations. A tuning proce-
dure based on the usual performance criteria, such as phase margin and gain crossover
frequency, is tackled in [31] to design an FO-PD controller. Robustness to time constant
variations is considered the third tuning constraint. To achieve the specified robustness for
time constant variations, the basic idea consists in using the gradient of the phase margin
and the cutoff frequency with respect to the time constant of the FOPDT process and to
the actual frequency. Due to the nonlinear system equations, the optimization methods
are used to compute the controller parameters. Hints about the parameter constraints and
how to choose the gain crossover frequency are also provided. The efficiency of the tuning
algorithm for robustness to time constant variations is proven through the closed-loop
simulation results for £20% time constant variations and through the experimental results
using a servo system. A concept based on the same tuning method was subsequently
introduced in [32]. The designed controller simultaneously satisfies the possible ranges
for the gain crossover frequency and the phase margin, ensuring the robustness of the
closed-loop system with respect to variations in the process time constant. Recently, a
generalized tuning procedure of an FO-PID controller was introduced in [4]. The proposed
design method is based on maintaining a constant phase margin to ensure that the tuned
controller is robust to an uncertain parameter in the plant model. To determine the con-
troller parameters using optimization routines, the partial derivatives of the phase margin
and gain crossover frequency with respect to the process parameter are calculated and used
alongside other specifications of the frequency domain.

Widely used methods that consider the trade-off between robustness and performance,
using maximum sensitivity (MS) as a criterion to ensure a desired level of robustness, are
introduced in [33,34]. Several methods that emphasize simple tuning rules for FO-PI
controllers, as well as extensions of the kappa-tau methods to the fractional-order case,
are presented in [35-38]. Modifications of the Ziegler—Nichols methods adapted to FO-PI
controllers are also presented in [39-42].

The proposed control method in this article involves the tuning of the robust FO-
PI controllers to time constant variations for a second-order plus dead time (SOPDT)
process. To determine the controller parameters, the three performance criteria are also
imposed, such as a certain phase margin (for the overshoot), a gain crossover frequency
(for the settling time), and robustness to time constant variations. The key aspect of this
approach is to ensure that a constant overshoot is obtained, despite variations in the time
constant; the procedure is similar to that in [4,31,32]. The variation in the time constant
will lead to changes in both the phase and magnitude of the open-loop system, causing
modifications of the phase margin and gain crossover frequency. To preserve the imposed
value of the phase margin, the partial derivatives of the magnitude and phase of the open-
loop frequency response with respect to the variable time constant of the model and the
frequency are used. For the tuning of the robust fractional-order controller, a complex
system of analytical equations is developed. The system of nonlinear equations could be
solved using optimization routines, but in this paper, a graphical method is chosen.
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In this paper, case studies from biomedical engineering are considered to validate the
proposed approach. The computer-controlled systems in biomedicine would be a safer
option for the patients, being more robust to various disturbances that may occur, and
with optimally computed drug doses. These features would reduce the side effects caused
by drug overdose [43]. Some of the biomedical applications in which there is a growing
preference to use automatic control are general anesthesia [44], diabetes [45], and cancer
treatment [46]. Fractional-order controllers are potential candidates to provide the most
accurate and optimal results in biomedical engineering. These would have to be robust to
patient variability. As such, in this paper, three case studies are employed, where patient
variability is directly addressed, in terms of time constant variations. The FO-PI controllers
are designed based on a novel approach that follows in the remainder of the manuscript.
The three case studies are bispectral index (BIS) control in anesthesia, blood glucose level
control for diabetic patients, and automatic control of chemotherapy.

Patient variability represents the main challenge in developing a computer-controlled
solution for managing the depth of hypnosis in general anesthesia [47,48], the blood glucose
level of diabetic patients [45], and the drug concentration used in cancer treatment [49].
Undesirable side effects such as under- or overdosing of the required drugs may arise from
modeling uncertainties that impact the closed-loop performance of the system, caused by
inter- and intra-patient variability [50]. Thus, a controller that ensures the robustness to
modeling uncertainties, such as time constant variations, is desirable.

The main objectives and the original elements of the current study consist of
the following:

e  The development of a fractional-order robust control algorithm for the process time
constant variations.

e  The design of an FO-PI controller that is robust to time constant variations for BIS
level control in general anesthesia.

e  The design of an FO-PI controller that is robust to time constant variations for blood
glucose level control of diabetic patients.

e The design of an FO-PI controller that is robust to time constant variations for
computer-controlled chemotherapy.

The manuscript consists of six sections. Following the Introduction, the algorithm
for designing an FO-PI controller that is robust to time constant variations for a second-
order model with dead time is described in Section 2. Three case studies of tuning robust
fractional-order controllers for biomedical applications are included in Section 3. Com-
parative closed-loop results to demonstrate the efficiency of the proposed approach are
included in Section 4. Some insights and limitations of the proposed method are indicated
in Section 5. In Section 6 the concluding remarks and further research topics are given.

2. FO-PI Controller for Robustness to Time Constant Variations

The closed loop of the fractional-order control system is presented in Figure 1, w(s)
is the set-point signal, C(s) is the FO-PI controller to be designed, P(s) is the controlled
process, and y(s) is the output signal. The process P(s) is a SOPDT model defined by the
following transfer function:

K —1ys
PO) = T 7 D@ 7 1° @

where K is the process gain, T and T, are the process time constants, and T, is the dead
time. The SOPDT models discussed in this paper are characterized by a small (T) and a
dominant time constant (T5). Since the overall dynamics of the process is little influenced
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by the small time constant and its possible variations, only variations in the dominant time
constant (T») are considered [51].

Figure 1. Block diagram of the fractional-order control system.

The transfer function of the FO-PI controller C(s) is given as:

Cls) = (kp n ’;)A @

where k, and k; are the proportional and integral components, and A € (0,1) is the
fractional order. The FO-PI controller is equal to a standard PI controller, when A = 1. The
fractional order A is used to increase the flexibility of the controller design and to ensure
robustness to time constant T, variations.

Based on the block diagram from Figure 1, the open-loop system is given as follows:

Hoi(s) = P(s)C(s) ®)

The frequency response of the open-loop transfer function H,(s) can be written as:

. ) . k —jTyw ki g
Haljw) = Pw)C(jw) = G Tyt T 1° (k” ’ J‘co) @

The phase and magnitude of H,(s) at any frequency w can be calculated using (4):

A
[ Hat(je)| = (2 + )’ (5)

k
V@n)? + 1/(@n)? + 1

. kyw AT
/Hy(jw) = —tan™ ! (Tyw) — tan™}(Thw) — Tw + Atan™ ! (Z) - (6)
i
To tune the FO-PI controller, three performance specifications are imposed. The first
performance criterion consists in imposing a certain gain crossover frequency w, to ensure
a specific settling time of the closed-loop system:

k
\/(wCT1)2 + 1\/(wCT2)2 +1

The second performance criterion consists in imposing a certain phase margin ¢, to

A
2

(kf, + k%w;z) —1 @)

[Hoi(jwe)| =

ensure a specific overshoot of the closed-loop system and stability:
ZHg(jwe) = =7 + o 8)

and replacing (6) into (8) leads to:

k
—tan " Y(Tyw,) — tan Y(Thw,) — Twe + /\tan_1< ’;{wc) - /\2—7( = -7+ ¢m 9
1

The third performance criterion refers to robustness to time constant T, variations,
tackled by the extra design parameter of the FO-PI controller in (2). Any changes to the time
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constant T in Equations (7) and (9) will cause variations in the two performance specifica-
tions, the phase margin ¢,,, and the gain crossover frequency w,, respectively. The follow-
ing two conditions must be satisfied for the system to be robust to time constant variations:

9| Hoi(jew)| Aw + 9| Hot (jw)| AT = 0 (10)
ow (we,To) oT (we,To)
aZHol (](U) Aw + aéHol (]w) AT =0 (11)
dw (we,Ty) oT (we,Ty)
Rewriting (10) and (11) leads to:
AT a\ng(jw)l ’
=2 « (we,T2)
Aw a\Hoz(]'w)l‘ (12)
T (weT2)
aé}gul (]w) ‘
£ _ « (we,T)
Aw o aéHUI(jw) ‘ (13)
T N(weT)

From (12) and (13), the final equation is obtained for robustness to time constant variations:

a\Hglng ’(w - aﬂéﬁ,{jw) ’(w .
QAN T ) | ) (9
T lwen) (we,T2)
Assumptions:
1.  Thenotation A = k’;::]c , A > 0 will be substituted into equations in what follows.

2. The fractional order A € (0,1) is assumed to be known. A later procedure will show
how to compute the actual value of A.

Theorem 1. Given a process described by second-order plus dead time dynamics, the parameter A of
a fractional-order PI controller ensures robustness to time constant variations and can be determined
by solving a quadratic equation, under the mentioned assumptions.

Proof. The partial derivatives of the modulus with respect to w and T are computed

using (5):
| Hy (jw)| _ lekwcx% Tzzkwcxgil )\kkizx%_l
dw RN 3 T T . 3 (15)
(we,T2) yvz YWz wyy/z
a|I_Iol (]w) | _ Tkaczx% (16)
T lwam) Yz
2
where x = % + k%,, y = TV’w?2+1,z = T2w? + 1.
In the same way, the partial derivatives of the phase are determined using (6):
0ZH,(j Ak T T
aOI (]w) - K2 21” T T2 21 T T2 22 - T (17)
w (we,T2) kl< p]j—zic + l> T1 we= + 1 T2 wes + 1
0/H, (jw w
;}(] ) _ c (18)

(we,T) (Tzzwcz + 1)
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The following equation that assures robustness to time constant variations is obtained
by replacing (15)—(18) in (14):

T(s)
Tow3 (kiz + k,,szZ) (lewCZ + 1)

—(wacz n 1) -0 (19)

where T(s) has the following form:

T(S) = Akiz + lekiz(dcz + lekpza)54 + le/\kl‘2a)52 — T1T2k12wcz
—Tszkpzwc4 — Tzkiz’l’wcz — Tkaszc4 — leTzkl‘ZTa)C4 (20)
—leTzkpszcé + Tz/\kikpwcz + leTzAkikch4

kpewe

The quadratic equation is obtained by applying the notation A = 5 A > 0into (19):

21A2 + 20A 4+ 23 = 0 (21)
where
z1 = wi(T? = 1 Tr — Tot — TP Thw?7),
Zp = (UCTz)t(l + Tzwf),
23 = A+ TPwe? + TPw A — Tihw? — Thtw? — TP Thtwdt

The A parameter is computed based on the fractional-order A function, using as-
sumption no. 2, as previously presented. Thus, the quadratic equation in (21) has two

possible solutions:
—zp £ /23 — 42123
Ay = (22)

2zq

This completes the proof. [

Theorem 2. The proportional and integral gains, k,, and k;, of the fractional-order PI controller in

1
. . _ Ak o ((wch)z + 1)(("~7CT2)2 + 1) A
(2) are determined as follows: k, = 5% and k; = wc\/ o) .
Proof. Considering the dominant time constant T, and applying the notation A = k”k—j},
the phase margin criterion in (9) has the following form:
-1 1 1 ATT
—tan™ (Thw,) —tan™  (Thwe) — Twe + Atan™ * (A) — — = — 7T+ ¢ (23)

2

The parameter A is determined as a function of the fractional order A using (23):

. 4)

A - tan (tan1 (Thwe) + tan Y (Twe) + Twe + 4F — 7 + (pm>

Using Equations (22) and (24), the unknown parameters A and A can be computed.

Due to the tangent function in (24), the solution is not easily attainable. The graphical
method is preferred instead of the analytical method to obtain a simplified solution. There-
fore, the parameter A from (22) and (24) is computed for different values of the fractional
order A, taken in small increments of 0.01 within the interval [0, 1]. A smaller step size can
be used to obtain an even more accurate solution. The determined A values are graphically
represented with respect to A, and the intersection point of the graphs yields the final solu-
tion. Using (7), the parameters k, and k; of the FO-PI controller are determined based on
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the results of the A and A. Applying the notation A = k’;((jc specified in Assumption no. 1,

the proportional gain of the controller can be determined:

Ak;
kp = wl (25)

(o

Substituting kj, into (7) yields:
k A%02 2
(7 + k) =1 (26)
\/(wch)z + 1\/(wCT2)2 +1
which is used to compute the integral gain k;:

. [(@eT)” + 1] [(weTo)® + 1 .
P K2(A2 + 1) &7

O

The design of the fractional-order controller using the proposed approach ensures the
robustness of the control system with respect to time constant variations. This means that
the overshoot is expected to remain constant despite variations in the time constant. The
tuning algorithm of the FO-PI controller that is robust to time constant variations for the
BIS level control is given in the Appendix A.

3. Design of FO-PI Controllers for Biomedical Applications
3.1. BIS Level Control Using an FO-PI Controller for Robustness to Time Constant Variations

One of the biomedical applications where the design method of an FO-PI controller
that is robust to time constant variations can be applied is the control of the BIS level in
general anesthesia. The depth of hypnosis is measured by the BIS index using electroen-
cephalography (EEG). To induce and maintain the hypnotic state, a short acting drug such
as propofol is required [52]. A propofol bolus of 0.6 mg/kg/min is administered to the
patient during the induction phase. The estimation method of a SOPDT model is tackled
in [53] using the propofol infusion rate and the BIS signal. The transfer function that models
a patient’s bispectral index (BIS) response has the following form:

42.34 197
(73255 + 1)(248.875s + 1)

G(s) = (28)
where k = 42.34, T; = 7.325, and T, = 248.875.

To design an FO-PI controller for BIS level control, a gain crossover frequency
we = 0.0135 rad/s and a phase margin ¢, = 65° are imposed as performance crite-
ria. Moreover, the robustness to time constant variations is additionally considered for the
iso-damping property. As a function of fractional order A, the values of the variable A are
determined using (22) and (24). Figure 2 shows the resulting values, and the intersection
point is given by A = 0.82 and A = 2.12. Using (25) and (27), the proportional and integral
gains of the controller are computed as k, = 0.0436 and k; = 2.77-10~%. The determined
FO-PI controller has the following transfer function:

0.82

(29)

. —4
i) = (oome + 27210
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A as resulting from (24)
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Figure 2. Graphical solution for A as a function of A for BIS control.

To implement the controller, a direct discrete-time approximation method is used.
The details are given in [54]. For this specific case study, a fourth-order approximation
was considered, and the sampling period was chosen to be T; = 1 s. The open-loop Bode
diagram is included in Figure 3 and clearly shows that the performance specifications have
been met.

Bode Diagram

Sk
=]
& o
T T
i

Magnitude (dB)
)
[ =]
o

S

S B

5 B
T

or Response BIS control m\ ]

T Phase Margin (deg) 65.9
5 Delay Margin (seconds) 85.7
E‘Mﬂrﬂ | Frequency (rad/s) 0.0134 |
& Closed loop stable? Yes
o 4
-2880 | | -
' " bl A sl " al 1‘
10® 10 102 10°

Frequency (rad/s)

Figure 3. Bode diagram of the open-loop system for BIS control.

The closed-loop responses of the BIS signal are indicated in Figure 4, for a nominal
value of the time constant T, as well as for the +20% time constant variations. The T,
variations are considered to test the robustness of the designed FO-PI controller. As can
be seen in Figure 4, the maximum amplitude of the BIS signal ranges between 48 and
50 for the variations in the time constant T,. In the nominal case, a maximum amplitude
of 49 is obtained, whereas for time constant variations, no undershoot is indicated. For
+20% variation in the time constant, the maximum BIS amplitude reaches 48, close to the
nominal case. In this case, the computed undershoot yields 4%; thus only minor undershoot
variations are present. The settling time for the level BIS control is considered as the time to
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target (TT), the time needed by the BIS signal to reach a band of 45-55 and remain within
that range. In this case, TT varies between 99 and 142 s. According to the literature [55,56],
accepted values for TT should not exceed 3 to 5 min (180-300 s). Consequently, the resulting
TT represents a good performance, having a value smaller than 180 s.

100
T2
20%T,
90 ¥20% T,
80
9
o TOf
[ua]
60 |
50 B —— ———8
” . . . . . . | . . |

0 50 100 150 200 250 300 350 400 450 500
Time (seconds)

Figure 4. Closed-loop system responses of the BIS level, considering T, and +20% variations.

The closed-loop control signals for the BIS level of £20% time constant variations is
depicted in Figure 5. Notice that the control signal reaches the steady state value at the
required propofol infusion rate for the patient. These propofol boluses correspond to the
accepted values in the literature [57-59]. Figure 6 shows the closed-loop responses of the
BIS level for different variations in the variable time constant T,. The undershoot is at
approximately 0% for —5% variation, and this can increase up to 4% for +20% variation in
T5. Thus, it is clearly highlighted that the designed FO-PI controller ensures the robustness
of the closed-loop system to the variations in T5.

Control Signal
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Figure 5. Closed-loop control signals of the BIS level, considering T, and 4+-20% variations.
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Figure 6. Closed-loop system responses for BIS control, considering T, and several variations in T5.

When significantly larger variations of £50% of the time constant T, are considered,
larger differences in the BIS signals can be noticed, as illustrated in Figure 7. For —50%
variation in Ty, the system shows a fairly large variation in BIS level between 45 and 55.
The system becomes quite slow for +50% variation and the time to target (TT) is 168 s.
This TT exceeds the obtained TT for a +20% variation, but remains below 180 s, which is
regarded as a good performance in this case too. The undershoot in both +50% and —50%
variation in T, reaches 10% (with a maximum amplitude of the BIS signal that decreases
to 45, compared to the nominal case when the maximum amplitude was 49). This shows
the efficiency of the designed controller that manages to maintain a low overshoot despite
significant variations in the time constant. The control signals considering +50% variations
in T, are shown in Figure 8. For +50% variation in T, the administered propofol bolus to
the patient stabilizes much more slowly at the required dose compared to +20% variation
for the control signal depicted in Figure 5, but the system remains robust to such variations.
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Figure 7. Closed-loop system responses of the BIS level, considering T, and 450% variations.
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Figure 8. Control signals for BIS control, considering T, and +50% variations.

3.2. Glucose Control for Diabetic Patients Using an FO-PI Controller for Robustness to Time
Constant Variations

The proposed design method can also be applied to other processes from biomedical
engineering, such as the blood glucose level control for type-I diabetes patients. The
Bergman minimal model is used to model the dynamic interaction between the glucose
concentration of blood and the administration of insulin for a patient [60,61]. The system
response is estimated by a second-order linear transfer function, and it has the following

form [62]:
Gpps

K
P(S) _ nVipip2 _ (30)

(%s + 1) <pi]s + 1) (s + 1)(ms + 1)

where Gy, is the initial blood glucose concentration, 7 is the decay rate of plasma insulin, V;

is the blood volume, and p1, py, p3 are the pre-calibrated parameters of the blood sample.
The numerical values of the parameters for the Bergman minimal model are given in Table 1.
These values are given in [45] and are used to compute the transfer function in (30).

Table 1. The parameter values for Bergman minimal model.

Parameter Value Unit
p1 0.0317 min !
P2 12:1073 min !
3 4.92.107° min !
n 0.2659 min !
Gy 80 mg/dL
i 12 L
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Replacing the parameter values of Table 1 in (30), the following transfer function of
the process for the glucose-insulin dynamics model is determined as:

0.3164
118.6s> + 35.31s + 1

P(s) = 1)
where k = 0.3164, T1 = 3.7608, and T, = 31.5457.

To design an FO-PI controller for blood glucose level control, a gain crossover fre-
quency w, = 0.11 rad/s and a phase margin ¢,, = 65° are imposed as performance
criteria. Moreover, the robustness to time constant variations is considered. As a function
of fractional order A, the A values are determined using (22) and (24). Figure 9 shows
the resulting values, and the intersection point is given by A = 0.6028 and A = 1.67.
Using (25) and (27), the proportional and integral gains are computed as k, = 55.56 and
k; = 3.65. The determined FO-PI controller has the following transfer function:

3.65 0.6028
Ca(s) = <55.56 + s) (32)
1691 A as resulting from (22) |
A as resulting from (24)
1.685 |- .
1.68 g

« 1.675

1.67

1.665 | T

1.66 T

0.602 0.6024 0.6028 0.6032 0.6036 0.604
A

Figure 9. Graphical solution for A as a function of A for glucose control.

A similar approach to the designed C;(s) controller in (26) is used to implement the
Ca(s) controller. The direct discretization method in [54] is used to produce a discrete-time
fourth-order integer transfer function with the sampling period chosen to be Ts = 0.1 min.
The open-loop Bode diagram is included in Figure 10 and clearly shows that the perfor-
mance specifications have been met.

The closed-loop responses for the blood glucose level control, considering the time
constant T, and +20% variations in T, are depicted in Figure 11. The blood glucose level
presents an initial state of hyperglycemia (200 mg/dL) and reaches a set-point value of
80 mg/dL. As indicated in this figure, the overshoot remains constant at approximately
4% for these variations, which demonstrates the robustness of the proposed method. The
settling time of the system is 225 min for nominal T, and for £20% variations in Ty, it is
between 217 and 233 min. According to the scientific literature [45,63,64], the obtained
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values correspond to the clinical data. The control signals are represented by the insulin
infusion rate and can be seen in Figure 12.
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Figure 10. Bode diagram of the open-loop system for glucose control.
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Figure 11. Closed-loop responses for glucose control, considering T, and +20% variations.

The closed-loop system responses for glucose control with £50% variations in the time
constant T are presented in Figure 13. For —50% variation in T, the amplitude decreases
up to a value of 77, corresponding to 3% overshoot. In the nominal case, the overshoot is
4%. A slight increase in the overshoot is visible for +50% variation, with the amplitude
decreasing up to 74, which corresponds to an overshoot of 7.5%. The proposed method
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manages to maintain the robustness to £20% time constant variations, as indicated in
Figure 11, as well as for —50%, as seen in Figure 13. Some alterations of the robustness
occur for significantly larger variations of +50%. In this particular case, the system also
exhibits a slower response time. Nevertheless, the obtained results fall within the ranges
specified in [45] and meet clinical requirements. The glucose level control signals for +50%
variations in T, representing the insulin infusion rate, are shown in Figure 14.
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Figure 12. Control signals for glucose control, considering T, and £20% variations.
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Figure 13. Closed-loop responses for glucose control, considering T, and £50% variations.
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Figure 14. Control signals for glucose control, considering T, and £50% variations.

3.3. Computer-Controlled Chemotherapy Using an FO-PI Controller for Robustness to Time
Constant Variations

The proposed design method for the FO-PI controller can also be applied in chemother-
apy to control the required drug dose for a patient. One of the chemotherapeutic drugs
used in cancer treatment is irinotecan [49]. The mathematical model is represented by the
following transfer function:

3.15
(299 + 1)(0.1s + 1)

P(s) = (33)
where k = 3.15,T; = 0.1, and T, = 2.99.

To design an FO-PI controller for automatic control of chemotherapy, the following
performance criteria are imposed: w, = 1.4 rad/s and ¢,, = 60°. Moreover, the
robustness to time constant variations is considered. As a function of fractional order A,
the A values are determined using (22) and (24). Figure 15 shows the resulting values,
and the intersection point is given by A = 0.4159 and A = 0.08. Using (25) and (27),
the proportional and integral gains are computed as k, = 0.1785and k; = 3.0246. The
determined FO-PI controller has the following transfer function:

02 0.4158
Cs(s) = (0.1778 + 30s53) (34)

To implement the controller C3(s), the direct discrete-time approximation method
detailed in [54] is used. The resulting discrete-time integer-order transfer function that
approximates the dynamics of the initial fractional-order controller is of the fourth order
and was computed using a sampling period of T; = 0.01 s. The open-loop Bode diagram is
included in Figure 16 and clearly shows that the performance specifications have been met.
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Figure 15. Graphical solution for A as a function of A for chemotherapy control.
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Figure 16. Bode diagram of the open-loop system for chemotherapy control.

The irinotecan concentration used in cancer treatment is approximately 35 mg/dL.
The closed-loop simulation results for the chemotherapy control, considering the variable
time constant T, and £20% variations in Ty, are shown in Figure 17. The overshoot remains
constant at approximately 9%. The obtained results are according to those in [49,65]. The
control signals are represented by the drug dose and can be noticed in Figure 18.
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Figure 17. Closed-loop responses for chemotherapy control, considering T, and +20% variations.

Control Signal
40 r

T2
a5 | 20%T,
+20% T,

[ 45
o

[hS)
]

20 -

Drug dose (mg-Day-I/ml}

—-
o
T

of \7—— ——

5 . | . . | . . | . )
0 2 4 6 8 10 12 14 16 18 20

Time (days)

Figure 18. Control signals for chemotherapy control, considering T, and +20% variations.

Figure 19 shows the closed-loop system responses for chemotherapy control with
+£50% variations in the time constant T,. In this case, compared to the nominal case when
an overshoot of 9% was obtained, overshoot varies to 8% for —50% variation in T, and 10%
for the case when the time constant varies by +50%. The obtained results remain within the
ranges specified in [49], and the system remains robust under these variations as well. The
control signals of the FO-PI controller applied in chemotherapy for +50% variations in T5,
representing the drug dose, are shown in Figure 20.
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Figure 19. Closed-loop responses for chemotherapy control, considering T, and +50% variations.
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Figure 20. Control signals for chemotherapy control, considering T, and +50% variations.
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4. Comparative Results with Traditional PI Control
4.1. BIS Level Control Using a Standard PI Controller

A traditional PI controller is designed for the BIS level to meet the same performance
specifications imposed as for the previously presented FO-PI controller, a gain crossover
frequency w, = 0.0135rad/s and a phase margin ¢,, = 65°. This controller is used for
comparative purposes. By solving (7) and (9) with A = 1, the standard PI controller has the
following form:
ki

Cp[(S) = kp + . (35)

and by computing the controller parameters k, and k; using the same algorithm as for
the fractional-order controller, the following transfer function of the simple PI controller

is obtained:
1.32-10*

Cu(s) = 0.0259 + — (36)
The closed-loop responses of the BIS level using a standard PI controller are shown
in Figure 21, for the time constant T, as well as for the £50% variations in T;. Figure 22
shows the closed-loop control signals for the BIS level with +50% variations in T,. For this
controller, the root mean square error (RMSE) was computed to be 18.22 and for the FO-PI
controller, it is 16.44. For —50% variation in T, the RMSE using the classical PI controller is
16.11, and the RMSE using the FO-PI controller is 14.3. For +50% variation in T,, the RMSE
using the classical PI controller is 20.33, and the RMSE using the FO-PI controller is 18.53.
The RMSE results for the BIS level control are presented concisely in Table 2. Compared to
the obtained results for the FO-PI controller, larger discrepancies of the undershoot can be
noticed in Figure 21 and of the drug doses in Figure 22, when significant variations in the
constant T, occur. Therefore, the FO-PI controller is more robust than the standard one for
BIS level control.
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Figure 21. Closed-loop system responses for BIS control, using a traditional PI controller and £50%
variations in T».
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Figure 22. Control signals for BIS control, using a traditional PI controller and +50% variations in T5.

Table 2. The RMSE values for all three case studies.

Contr(.)llc.ers and BIS Control Glucose Control Chemotherapy
Variations Control
FO-PI 16.44 35.74 51.57
Standard PI 18.22 38.18 52.34
—50% for FO-PI 14.3 34.59 41.64
+50% for FO-PI 18.53 36.76 58.79
—50% for PI 16.11 36.99 41.05
+50% for PI 20.33 39.3 61.6

4.2. Glucose Control for Diabetic Patients Using a Standard PI Controller

For the blood glucose level control, a traditional PI controller is tuned using the same
performance criteria as for the proposed FO-PI controller, a gain crossover frequency of
we, = 0.11rad/s and ¢, = 65°. By solving (7) and (9) with A = 1, the resulting PI
controller has the following transfer function:

4334
Cs(s) = 11.7063 + % (37)

The closed-loop responses of the blood glucose level control using a standard PI
controller are depicted in Figure 23, considering the time constant T, and +50% variations
in T;. Notice that in this case, there is no actual overshoot, but the dynamics become
oscillatory for —50% variation in the time constant. The RMSE of the classical controller
was computed to be 38.18, and for the FO-PI controller, it is 35.74. For —50% variation in T,
the RMSE using the PI controller is 36.99, and the RMSE using the FO-PI controller is 34.59.
For +50% variation in T, the RMSE using the PI controller is 39.3, and the RMSE using the
FO-PI controller is 36.76. The RMSE values demonstrate that better closed-loop control
can be achieved with the FO-PI controller despite significant time constant variations. The
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RMSE results for glucose level control are presented concisely in Table 2. The closed-loop
control signals for the standard PI controller are represented by the insulin infusion rate
and are shown in Figure 24.
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Figure 23. Closed-loop system responses for glucose control, using a traditional PI controller and
+50% variations in T».
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Figure 24. Control signals for glucose control, using a traditional PI controller and +50% variations
in Tz.
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4.3. Computer-Controlled Chemotherapy Using a Standard PI Controller

For the chemotherapy control, a standard PI controller is designed for comparative
purposes. The same performance criteria as for the FO-PI controller are imposed, including
a gain crossover frequency w. = l.4rad/s and a phase margin ¢;;, = 60°. The standard
PI controller transfer function is determined using (7) and (9) with A = 1:

1.12
Cols) = 1.1236 + T% (38)

The closed-loop responses for the chemotherapy control using a standard PI controller
are presented in Figure 25, for the time constant T, as well as for the £50% variations in T5.
For the nominal case, an overshoot of 5% is obtained. This varies to 0% for —50% variation
in the time constant and increases to 10% for +50% variation in T;. This clearly shows that
the PI controller cannot maintain a constant overshoot despite the time constant variations.
The FO-PI controller on the other hand maintains a quasi-constant overshoot between
8 and 10%, according to Figure 19, and it is therefore more robust than the standard one for
the chemotherapy control. The RMSE value of the classical PI controller is 52.34, which is
higher than that of the FO-PI controller, which has a value of 51.57. For —50% variation
in Ty, the RMSE using the classical PI controller is 41.05, and the RMSE using the FO-PI
controller is 41.64. For +50% variation in T, the RMSE using the classical PI controller is
61.6, and the RMSE using the FO-PI controller is 58.79. These RMSE values clearly indicate
that the FO-PI controller achieves better closed-loop control compared to the standard PI
controller. The RMSE results for chemotherapy control are shown concisely in Table 2. The
closed-loop control signals for the standard PI controller are represented by the drug dose
and can be noticed in Figure 26.
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Figure 25. Closed-loop system responses for chemotherapy control, using a traditional PI controller
and +50% variations in T5.
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Figure 26. Control signals for chemotherapy control, using a traditional PI controller and +50%
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5. Insights and Limitations of the Proposed Approach

As indicated in the Introduction section, a limited number of papers cover the design
of fractional-order controllers for robustness to time constant variations. The main novelty
of this research resides in the direct design of the fractional-order controllers to ensure
robustness to time constant variations. The graphical method used in the tuning is by
no means better compared to standard optimization routines. These offer the benefit of
a higher degree of automation in determining the solution. This is not the case with the
current approach, which might be seen as a limitation. However, the graphical approach
comes with some important advantages. The main advantage is that such a graphical
approach is very simple, straightforward, and easy to understand, without requiring
expert knowledge of optimization routines. At the same time, the graphical approach is as
efficient in determining the solution compared to optimization routines. Naturally, the step
size used in the graphical approach is important, but even a large step size can indicate
an approximate range of the solution. Once this approximate range has been estimated
choosing a smaller step size implies an increased accuracy in determining the final solution.

The great majority of fractional-order tuning algorithms are exemplified and validated
on simple mathematical representations of the processes, such as FOPDT or SOPDT systems.
From this point of view, the proposed tuning algorithm is similar to existing methods. The
approach can be easily extended to multivariable systems, in a decentralized or decoupled
approach, similarly to other types of fractional-order controllers.

The case studies considered in this paper are mathematically represented by simple
SOPDT models. These are simplistic representations of biomedical applications that do
not cover the complexity of the human body. All these transfer functions are taken from
existing research studies, and they have been used in the design of different types of
controllers. Such simplified models have been used before to tune controllers that are next
validated on complex patient models [49,52,55-59,63-65]. To account for uncertainties and
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modeling mismatches due to patient variability, the current paper introduces the design of
a robust fractional-order controller. The robustness refers to the time constants that govern
the patient dynamics, which are different from one patient to another due to different
reaction times to the administered drugs. Numerical simulations are used to demonstrate
the efficiency and robustness of the proposed approach by varying the time constant of the
SOPDT model.

The approach comes with some limitations. First of all, the method does not account
for variations that might occur in other parameters of the process. This is however similar
to the majority of papers dealing with the design of fractional-order controllers. Secondly,
although it accounts for patient variability, the human body is complex and generally
characterized by nonlinear dynamics. This might limit the applicability of the proposed
approach but nevertheless constitutes an important addition to the current state of the art
for designing robust fractional-order controllers. Future research could focus on dealing
with nonlinearities. Thirdly, the constraints related to the minimum and maximum values
for the input signals are not directly addressed, and this is a key feature in optimal drug
dosing. However, most existing research papers do not tackle this issue and prefer to use
hard limits rather than include the input constraints in the design of the controller.

6. Conclusions

The number of publications addressing the design of fractional-order controllers has
increased over the past two decades. The generalization of the standard PID controller to
fractional order has brought a multitude of advantages in system control, thus increasing
the interest in this approach. The improved robustness of a fractional-order control system
is one of these advantages.

The three main performance criteria in the frequency domain used in most tuning
procedures of the controllers are a certain phase margin, a gain crossover frequency, and an
iso-damping criterion (usually to ensure the robustness to gain variations). The robustness
of fractional-order systems to all possible uncertainties in process parameters is studied
in various research manuscripts, but this does not provide a clear approach for controller
design. The robustness to gain variations is extended to time constant variations in some
recent research papers, also providing a mathematical background. The analytical equations
have been derived from integrative first-order systems plus time delay. Using optimization
methods, the resulting system of nonlinear equations can only be solved numerically.

However, the most common mathematical representations of the patient dynamics
in biomedical engineering are represented by SOPDT transfer functions. This manuscript
extends existing tuning methodologies and focuses on the design of robust FO-PI controllers
for these types of processes. In order to ensure the robustness to variations in the process
time constant, the analytical equations are developed. Using a simple graphical method,
the nonlinear system of equations is solved more easily than by applying optimization
routines. The efficiency of the proposed approach is demonstrated and validated using
three case studies.

The first case study consists of BIS level control in general anesthesia. The closed-
loop simulation results for BIS control show that the tuned controller is robust to time
constant variations. In the second and third case studies, blood glucose level control
for diabetic patients and computer control in chemotherapy are presented. The process
transfer functions for these systems are either SOPDT or simply second order without
time delay and have been sourced from the literature. The closed-loop step responses
for blood glucose level control, as well as automatic control in chemotherapy, show a
constant overshoot despite the time constant variations, thereby proving the robustness
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of the designed controllers. The performance specifications and the results obtained are
consistent with those reported in the literature for all three case studies.

For future research, the method studied could be extended to the design of fractional-
order controllers that are robust to dead time variations. The control algorithm designed in
the current paper could be integrated into a toolbox dedicated to educational applications.
The tuned controllers can be reduced to recurrence relations and implemented in dedicated
devices such as microcontrollers.
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Appendix A

In the first phase, the fractional order A is determined using the graphical method,
and then the controller parameters are computed using the resulting value of A.

wc=0.0135; cutting freq
PM=65*pi/180; phase margin in rad
datal=[];data2=[];data3=[];

£=2;

for lambda=0:0.01:f
z1l = wc"2*(T172-T1*T2-T2*tau-T1"2*T2*wc"2*tau)
z2 = wc*T2*lambda* (14+T1%2*wc"2)

z3 = lambda+T172*wc”2+T1"2*wc"2*lambda-T1*T2*wc"*2-tau*T2*wc"2-T1"2*T2*tau*wc"4
A is computed from the robustness equation

Al= (-z2+sqrt(z272-4*z1%*23))/2/z1;

A2= (-z2-sqrt(z2°2-4*2z1%23))/2/2z1;
A is computed from the phase margin condition

A3= tan((atan(Tl*wc)+atan(T2*wc)+tau*wc+lambda*pi/2-pi+PM) /lambda) ;
datal=[datal; [Al]];
data2=[(data2; [A2]];
data3=[(data3; [A3]];
end
lambda=0:0.01:f;
figure(1l),plot (lambda,datal, 'r"')

hold on,plot (lambda,data3, 'b'),title('Al vs A3'),grid
figure(2),plot (lambda,data2, 'r')
hold on, plot(lambda,data3, 'b'),title('A2 vs A3'),grid

To compute the FO-PI controller, a function RAK_foc.m is used to approximate a
fourth-order discrete-time transfer function of the controller, as detailed in [54].
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read from the graph
lambda=0.82
z1l = wec”2* (T1"2-T1*T2-T2*tau-T1"2*T2*wc"2*tau)
22 = wc*T2*lambda¥* (1+T142*wc”2)
z3 lambda+T1"2*wc"2+T1"2*wc"2*lambda-T1*T2*wc 2-tau*T2*wc"2-T1"2*T2*tau*wc"4
A is computed from the robustness equation
Al= (-z2+sqrt(z272-4*z1*23))/2/z1
A2= (-z2-sqrt(z272-4*z1*z3))/2/z1
A is computed from the phase margin condition
A3= tan((atan(Tl*wc)+atan(T2*wc)+tau*wc+lambda*pi/2-pi+PM) /lambda)
delta = A3;
Ki = wc*sqrt (((wc”2*T1"2+1) * (wc”2*T272+1))/(k"2* (delta”2+1) ~lambda) )" (1/lambda)
Kp = delta*Ki/wc

Ts=1;
FO PI dis = RdK_foc(@Example3,4,1,pi/Ts);
Hdis = ¢c2d(H,Ts, 'tustin');

The fractional-order system and the controller parameters are specified in an m-file
Example3.m presented below.

function [FreqgResp]=RdK_FreqResp (s)
lambda=0.82; kp=0.011419802079288; ki=7.264824279109768e-05; PM=65, wc=0.0135
s(1)=0.1*s(2); FreqResp=(kp+ki./s).”lambda; example FO-TF3 (PID);

prevent inf at w=0
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