
mdpi.com/journal/mathematics

Special Issue Reprint

Recent Advances in Finite 
Element Methods
with Applications

Edited by 

Shuo Zhang



Recent Advances in Finite Element
Methods with Applications





Recent Advances in Finite Element
Methods with Applications

Guest Editor

Shuo Zhang

Basel • Beijing • Wuhan • Barcelona • Belgrade • Novi Sad • Cluj • Manchester



Guest Editor

Shuo Zhang

Academy of Mathematics and

Systems Science

Chinese Academy of Sciences

Beijing

China

Editorial Office

MDPI AG

Grosspeteranlage 5

4052 Basel, Switzerland

This is a reprint of the Special Issue, published open access by the journal Mathematics (ISSN

2227-7390), freely accessible at: https://www.mdpi.com/journal/mathematics/special_issues/

FEM.

For citation purposes, cite each article independently as indicated on the article page online and as

indicated below:

Lastname, A.A.; Lastname, B.B. Article Title. Journal Name Year, Volume Number, Page Range.

ISBN 978-3-7258-6252-8 (Hbk)

ISBN 978-3-7258-6253-5 (PDF)

https://doi.org/10.3390/books978-3-7258-6253-5

© 2026 by the authors. Articles in this book are Open Access and distributed under the Creative

Commons Attribution (CC BY) license. The book as a whole is distributed by MDPI under the terms

and conditions of the Creative Commons Attribution-NonCommercial-NoDerivs (CC BY-NC-ND)

license (https://creativecommons.org/licenses/by-nc-nd/4.0/).



Contents

About the Editor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Alejandro Ferrero and Juan Pablo Mallarino

Approximate Solution of Two Dimensional Disc-like Systems by One Dimensional Reduction:
An Approach through the Green Function Formalism Using the Finite Elements Method
Reprinted from: Mathematics 2023, 11, 197, https://doi.org/10.3390/math11010197 . . . . . . . . 1

Aatef Hobiny and Ibrahim Abbas

Generalized Thermoelastic Interaction in Orthotropic Media under Variable Thermal
Conductivity Using the Finite Element Method
Reprinted from: Mathematics 2023, 11, 955, https://doi.org/10.3390/math11040955 . . . . . . . . 33

Md Mamunur Rasid, Masato Kimura, Md Masum Murshed, Erny Rahayu Wijayanti and

Hirofumi Notsu

A Two-Step Lagrange–Galerkin Scheme for the Shallow Water Equations with a Transmission
Boundary Condition and Its Application to the Bay of Bengal Region—Part I: Flat Bottom
Topography
Reprinted from: Mathematics 2023, 11, 1633, https://doi.org/10.3390/math11071633 . . . . . . . 52

Nilesh Satonkar and Venkatachalam Gopalan

Simulation of Electromagnetic Forming Process and Optimization of Geometric Parameters of
Perforated Al Sheet Using RSM
Reprinted from: Mathematics 2023, 11, 1983, https://doi.org/10.3390/math11091983 . . . . . . . 77

Xudong Jiang, Wei Zhang, Xiaoyan Teng and Xiangyang Chen

Concurrent Topology Optimization of Multi-Scale Composite Structures Subjected to Dynamic
Loads in the Time Domain
Reprinted from: Mathematics 2023, 11, 3488, https://doi.org/10.3390/math11163488 . . . . . . . 95

Todd Arbogast and Chuning Wang

Construction of Supplemental Functions for Direct Serendipity and Mixed Finite Elements on
Polygons
Reprinted from: Mathematics 2023, 11, 4663, https://doi.org/10.3390/math11224663 . . . . . . . 124

Victor Scartezini Terra, Fernando M. F. Simões and Rafaela Cardoso

A Bio-Chemo-Hydro-Mechanical Model for the Simulation of Biocementation in Soils:
One-Dimensional Finite Element Simulations
Reprinted from: Mathematics 2024, 12, 3267, https://doi.org/10.3390/math12203267 . . . . . . . 142

Christopher Provatidis and Ioannis Dimitriou

Automatic Handling of C0-G0 Continuous Rational Bézier Elements Produced from T-Splines
Through Bézier Extraction
Reprinted from: Mathematics 2025, 13, 377, https://doi.org/10.3390/math13030377 . . . . . . . . 168

v





About the Editor

Shuo Zhang

Shuo Zhang is currently an Associate Professor at the Academy of Mathematics and Systems

Science, Chinese Academy of Sciences, China. He received his B.S. degree from the School of

Mathematics, Shandong University, China, in 2003, and his Ph.D. degree from the School of

Mathematical Sciences, Peking University, China, in 2008. Following his doctoral studies, he

conducted postdoctoral research at The Pennsylvania State University, USA. As a first author or

corresponding author, his published papers have been awarded the Second Prize and the First Prize

of the Excellent Youth Paper Award by the China Society for Computational Mathematics. He is

a Senior Member of the China Computer Federation (CCF), a member of the First Committee on

FinTech and Algorithms and the Committee on Mathematics in Information and Communications

Technology of the China Society for Industrial and Applied Mathematics (CSIAM). He has organized

and co-organized more than 10 international special sessions, symposiums, and conferences. His

main research focuses on numerical algorithms for partial differential equations, with interests

including finite element methods, neural network methods, multilevel methods, structure-preserving

algorithms, and computational problems in advanced manufacturing.

vii





mathematics

Article

Approximate Solution of Two Dimensional Disc-like
Systems by One Dimensional Reduction: An Approach
through the Green Function Formalism Using the Finite
Elements Method

Alejandro Ferrero 1,* and Juan Pablo Mallarino 2
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2 Facultad de Ciencias—Laboratorio Computacional HPC, Universidad de los Andes-Bogotá,

Bogotá 111711, Colombia
* Correspondence: aferrero@ucatolica.edu.co

Abstract: We present a comprehensive study for common second order PDE’s in two dimensional
disc-like systems and show how their solution can be approximated by finding the Green function
of an effective one dimensional system. After elaborating on the formalism, we propose to secure
an exact solution via a Fourier expansion of the Green function, which entails solving an infinitely
countable system of differential equations for the Green–Fourier modes that in the simplest case
yields the source-free Green distribution. We present results on non separable systems—or such
whose solution cannot be obtained by the usual variable separation technique—on both annulus and
disc geometries, and show how the resulting one dimensional Fourier modes potentially generate
a near-exact solution. Numerical solutions will be obtained via finite differentiation using Finite
Difference Method (FDM) or Finite Element Method (FEM) with the three-point stencil approximation
to derivatives. Comparing to known exact solutions, our results achieve an estimated numerical
relative error below 10−6. Solutions show the well-known presence of peaks when r = r′ and a
smooth behavior otherwise, for differential equations involving well-behaved functions. We also
verified how the Green functions are symmetric under the presence of a “weight function”, which
is guaranteed to exist in the presence of a curl-free vector field. Solutions of non-homogeneous
differential equations are also shown using the Green formalism and showing consistent results.

Keywords: Coulomb interactions; finite elements method FEM; two-dimensional two-component
plasma; two dimensions; Green function

MSC: 34B27; 35A25; 42B05; 74S05; 74S15

1. Introduction

In the present work, we elaborate on the FEM for solving complex two-dimensional
partial differential equations (DE) using a Green function construction. Green’s method has
been employed extensively in physics for solving Laplace’s equation and associates in a
cornucopia of areas, such as Quantum and Statistical Mechanics. In quantum mechanics,
for example, the method of non-equilibrium Green’s functions (NEGF) has been used to
study the Brownian motion of a quantum oscillator [1], quantum thermal transport [2,3],
electron transport through single and two levels of interacting quantum dot [4], derive
quantum kinetic equations [5,6], study hadronic physics [7], among others. In statistical
mechanics, some of the applications of the Green functions include the predictions of
some observables [8], help to describe 1D hydrodynamic models [9], finding electrical
properties of some physical systems [10,11], study non-extensive statistical mechanics
with new normalized q-expectation values [12], as well as time- and ensemble-average
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statistical mechanics of the Gaussian network model [13], and so much more. Even the
Green functions are used in quantum field theory to describe the propagators of quantum
fields in the perturbative regime.

Not only are Green functions useful to solve systems described by inhomogeneous
differential equations, but they can also be used to describe thermodynamic properties. For
instance, the density and correlations of particles immersed in two-dimensional two com-
ponent plasmas at certain temperatures can be described by sets of Green functions [14–16].
The calculation of the energy gap in the one-dimensional Hubbard model can also be
approached by means of the Green function formalism [17]. From a mathematical and
more fundamental perspective, the Green functions and domains with uniformly rectifiable
boundaries of all dimensions have been approximated [18]; an analysis of extra critical
points of Green functions on Flat Tori has also been performed, in which their minimality
has been emphazised [19].

In order to study how an inhomogenous partial DE can be solved by the method we
propose, we start defining a differential operator

L̂{r}� = (�∇{r} + �f (r)) · (�∇{r}�) + g(r)� , (1)

acting on a scalar field, denoted by �, in Rd, with d the dimension of the system—i.e.,
r ∈ Rd. This operator is known in other contexts as the Liouville operator; via this
definition, we often describe the evolution of a relevant quantity ψ by means of the equation
∂tψ(r, t)− L̂ψ(r, t) = 0 as it is the case of the wave function in quantum mechanics. For
example, in the diffusion phenomenon the functions take the form �f (r, t) = �∇D(r, t) and
g(r) = 0, and for the Helmholtz equation �f (r, t) = 0 and g(r) = m2, with m a constant.

Finding solutions to the latter has motivated the development of numerical methods
that grow in number and complexity. For instance, using Restricted Boltzmann Machines
we can engineer an artificial neural network that is able to accurately sample the probability
distribution for quantum statistical systems [20,21]. However, some effort can be made
from a mathematical point of view prior to implementing a full scale numerical calculation.

Green’s function—or more precisely, distribution—is perhaps the most interesting
artifact of a huge bag of tricks that we have when facing differential equations. Its power
relies on the possibility of inverting the differential operator L̂ to solve the inhomoge-
neous equation

L̂ψ(r) = φ(r) , (2)

with ψ(r) and φ(r) two scalar functions. Hinting that its existence, the Green Distribution,
is conditioned by some properties of L̂.

A disadvantage of the Green methodology is the duplication of degrees of freedom,
encouraging researchers to find ψ(r) directly. Our aim is not to develop a generalized theory for
an arbitrary problem and number of dimensions. Despite this, we can look into the consequences
of breaking down one dimension by focusing on the simple two-dimensional case.

Two-dimensional systems are of great interest in statistical mechanics [14–16], material
sciences [22–24], quantum computing [25,26], high-energy physics [27,28], ionic fluids [29],
theoretical mathematics [30,31], and many others.

The outline of the paper is as follows. We first remind some relevant known results
for the Green’s function construction in Section 2 prior to presenting the strategy to move
from 2D to 1D in Section 2.4. We lay out a clever geometric interpretation of the result
in Section 2.1 followed by a connection to a relevant theory for Hilbert Space functions
in Section 2.3. Consequently, we next discuss its implications towards finding the Green
function using FDM in Section 3. We then present some mathematical results that include
the solution of certain well known systems for testing purposes and the implementation of
the method in a non-separable 2D system in Section 4; a discussion of such results and an
explanation of how the algorithm can be adapted to solve the heat diffusion problem in
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thermal equilibrium is stated in Section 5. Finally, we wrap up the conclusions in Section 6.
Intermediate calculations and numerical details are left for further inspection in appendices.

2. Framework and Methodology

We start studying the Green function formalism by postulating the convolution iden-
tity from the Dirac distribution,

ψ(r) =
∫

r′
ψ(r′) δ(r′ − r)w(r′, r)dr′ , (3)

with w(r′, r) a weight function properly defined by two conditions; the first of which
w(r, r) = 1. Now by defining G(r′, r) as,

L̂{r′}G(r′, r) = δ(r′ − r) , (4)

with δ(r′ − r) = δ(r − r′) the Rd Dirac delta distribution, then,

ψ(r) =
∫

r′
ψ(r′)

[
L̂{r′}G(r′, r)

]
w(r′, r)dr′. (5)

The second condition over w(r, r′) will be determined in such a way that L̂ is self-
adjoint (Hermitian), or equivalently∫

r′
ψ(r′)

[
L̂{r′}G(r′, r)

]
w(r′, r)dr′ =

∫
r′

[
L̂{r′}ψ(r′)

]
G(r′, r)w(r′, r)dr′ + b.c. , (6)

with added Dirichlet or Neumann boundary conditions (b.c.). Direct substitution into
Equation (5), using Equation (2), yields

ψ(r) =
∫

r′
G(r′, r)φ(r′)w(r′, r)dr′ + b.c. . (7)

2.1. On the Nature of w(r, r′), and L̂−1

This former known result deserves a more delicate look, particularly, on the existence
of the weight function, and how previous solution relates with the usual convolution
theorem ψ(r) =

∫
r′ G(r, r′)φ(r′)dr′ + b.c. As mentioned, an appropriate choice for the

weight function ensures that Equation (5) reproduces Equation (7). This is performed by
using the Green’s and Divergence theorem in Equation (5) to perform an integration by
parts. After simplifications, we realize that by choosing the weight function, such that
�∇{r′}w(r′, r)− w(r′, r)�f (r′) = 0 (See Appendix A for further details) we ensure that the
operator is self-adjoint! This is essential to Green’s method. Hence, if no weight function
exists, we might be forced to use other analytical and/or numerical procedures in order to
find ψ. For that matter, the range of problems that we aim to analyze is narrowed down
to the few ones satisfying the aforementioned condition; despite this, a great many of this
subset are of special interest for mathematics and physics.

Assuming w(r′, r) exists we are able to incorporate the premise for Equation (7)
yielding exactly,

ψ(r) =
∫

r′
G(r′, r)φ(r′)w(r′, r)dr′+∮

∂r′
w(r′, r)

[
ψ(r′)�∇{r′}G(r′, r)− G(r′, r)�∇{r′}ψ(r′)

]
· n dS′ . (8)

Notice how the second term depends on ψ(r)’s boundary conditions. By choosing
identical conditions and trivial values for the Green distribution function at the boundaries
(G = 0 for Dirichlet or G′ = 0 for Neumann) we are capable of solving an infinite number
of similar boundary value problems.
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The discussion for the existence of the weight function can be answered mathematically.
Given the relationship required, the weight is defined as w(r′, r) ≡ exp[−γ(r′, r)], yielding
�∇{r′}γ(r′, r) = −�f (r′). Considering that the curl of the gradient of any scalar function

is trivial then γ(r′, r) exists if, and only if, �∇ × �f = 0, which means that �f must be a
conservative vector field! Within this view, γ(r′, r) represents the scalar potential associated
with a force. Anticipating this last restriction, the solution for γ(r′, r) is independent of a
path that simply connects r to r′ yielding,

w(r′, r) ≡ e−γ(r′)

e−γ(r)
=

1
w(r, r′)

, (9)

reflecting on the symmetry of the distribution as it will be shown later. Finally, we are
ready to define the inverse operator of L̂ as

L̂−1
{r}� =

∫
r′

G(r′, r)�(r′)w(r′, r)dr′, (10)

conditioned by the boundary-value problem, which in turn defines G(r′, r) from Equation (4).
There is one last piece of the puzzle to be resolved and it is related to the symmetry of

the Green function distribution. Let us evaluate L̂{r}G(r′, r)—i.e., the operator acting on
the second variable. Direct application of L̂{r} on Equation (8), using Equation (2),

φ(r) =
∫

r′
L̂{r}{G(r′, r)w(r′, r)}φ(r′)dr′ + L̂{r}{b.c.} , (11)

hints how this operator appears to work and leads us to anticipate the convolution of a
Dirac distribution. Indeed this is true. To clarify, here we exchanged integral and Liouville
operators because they are acting on separate variables, and the weight and Green functions
(except at r′ = r) are differentiable.

This conjecture can be proved from the following statement: two separate prob-
lems with different boundary values and identical inhomogeneous differential equation—
Equation (2)—share the same Green function distribution and satisfy Equation (11); there-
fore, by comparing equations for any two cases leads to L̂{r}{b.c.} = 0 because we can
always choose convenient trivial boundary values (i.e., b.c. = 0) in one case. Consequently,

L̂{r}{G(r′, r)w(r′, r)} ≡ δ(r′ − r) , (12)

an equality that bears meaning in the sense of the distributions. These final result unravels
the symmetry of the Green distribution function via the weight function, i.e.,

G(r′, r) = G(r, r′)w(r, r′) . (13)

An interesting question now arises, and it is related to the possibility of using
Equation (13) to drop the weight function out of the equation. This operation, with the
addition of the relation �∇{r′}w(r, r′) = −w(r, r′)�f (r′), leads to,

ψ(r) =
∫

r′
G(r, r′)φ(r′)dr′+∮

∂r′

[
ψ(r′)�∇{r′}G(r, r′)− G(r, r′)

[
ψ(r′)�f (r′) + �∇{r′}ψ(r′)

]]
· n dS′. (14)

Notice that for Neumann boundary conditions (NBC), unlike Dirichlet (DBC), both
ψ(r) and its derivative—at the boundaries—are necessary. Ergo, Equation (14) is inconve-
nient for NBC unless either ψ vanishes or �f (r) = 0. In such a case, it deems necessary to
use the version that incorporates weight function.

Actually, the vector field �f does not appear in some of the Liouville operators used in
physics. For instance, the Green function associated with the electrostatic field satisfies the

4
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relation �∇2G(r, r′) = −4πδ(r − r′)—the irrelevant factor of −4π appears by convenience.
The static regime of the Klein Gordon equation—which also leads to the Yukawa potential—
also follows a similar behavior, as its associated Green function in 2D is K0(μr), satisfying
the DE (�∇2 − μ2)G(r) = −2πδ(r) [32]. Clearly, �f is absent in both systems.

Yet, the DEs describing the behavior of other physical systems, such as the driven
damped harmonic oscillator, (the one-dimensional driven damped harmonic oscillator is
modeled by the DE mẍ + bẋ + kx = F(t). The damping constant b plays the role of �f in
this one dimensional system. Although the time t is the relevant variable describing this
system (instead of the position x), the one dimensional formalism we describe is analog to
this model.) the diffusion equation at thermal equilibrium with an anisotropic diffusion
coefficient, and the electrostatic potential in the presence of anisotropic media, include the
existence of a vector field �f —see Section 4 for more details about the first system.

Surprisingly, any dependence on the weight function in Equation (14) has vanished.
As previously stated, the weight function can only be defined when �f is a conservative field.
Then, an important question now arises: is Equation (14) still valid for non-conservative
vector fields? This in a fundamental question that can be addressed in a future work.
Since the main purpose is to present a compact and rigorous algorithm to solve the Green
function in 2D space, we will restrict our analysis to only the supported cases.

2.2. Boundary Conditions

As previously stated, the Green function conveniently inherits identical types of
conditions as the target function ψ at the boundaries. These can be summarized as,

DBC : → G(r, r′)|r at Rext/int = 0 , (15)

NBC : → ∂rG(r, r′)|r at Rext/int = 0 . (16)

However, there are two hidden additional conditions that must be satisfied enforced
by the presence of Dirac’s distribution. The rationale behind this is that without them
G = 0 will be a solution to the Green function for the simple boundary value problem.
Although this is directly visible for Dirichlet, notice that it also applies for Neumann’s case.
The added restrictions appear at the artificial boundary r = r′ implying continuity of G
and discontinuity of the local derivative. Both are essential to secure a non-zero solution.
Continuity is often regarded considering that the Green distribution is still a function and
its derivatives up to second order exist in the classical sense of the DE everywhere except
at r = r′. Though there is a stronger argument that stems from the fact that the annulus
and the disc are Lipschitz domains [33], in DE it always results convenient to decide what
do we take as an acceptable solution to any problem, which is our particular case here.

Turning to the plane r = r′, conditions are derived directly from Equation (4) by
integrating over r inside the volume delimited by the surface Sδ enclosing r′ such that it is
contained inside a vicinity—Vδ—of r′ (see right of Figure 1 for an artistic view). Using the
divergence theorem, the condition simplifies to,

lim
δ→0

∮
Sδ

�∇{r}G(r, r′) · n̂ dS = 1 , (17)

where we have kept the leading contributing term while taking the limit. For the one
dimensional case, it yields the relation G′(r′>, r′)− G′(r′<, r′) = 1.

2.3. Connection with the Sturm–Liouville Problem

The weight function, if existent, is able to transform the Liouville operator into a
self-adjoint differential operator. Notice that action of w(r′, r) on Equation (1),

w(r′, r)L̂{r′}� = �∇{r′} ·
[
w(r′, r)�∇{r′}�

]
+ w(r′, r)g(r′)� , (18)

5
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yields the otherwise known Sturm–Liouville form for Partial Differential Equations (PDE)’s.
Namely, the Sturm–Liouville differential operator reads then as,

L̂SL
{r′}� = w(r′, r)L̂{r′}� . (19)

Figure 1. Contours used in the path integration: to the left Sε and Sδ to the right. The radius and
thickness are chosen purposely as δ < ε/2 to take the ε → 0 limit.

Consequently, operating onto the Green distribution function gives equal results for
both operators, i.e., L̂SL

{r′}G(r′, r) = δ(r − r′).
This last result connects the Sturm–Liouville problem with null eigenvalues and the

Green function distribution problem where the former is the solution to the first strictly
when r �= r′ under either Dirithlet or Neumann boundary conditions. Resulting from this,
G(r′, r) is continuous everywhere and differentiable at r �= r′; the behavior of its derivative
at r = r′ is dictaminated by the Liouville operator in the domain of the problem and
specified by the Dirac Delta distribution.

2.4. Moving from 2D to 1D: The Infinite Coupling

As noted before, let us elaborate on the simplest scenario where a reduction in the
dimension of the problem significantly improves our chances of procuring a general
solution. Assume we would like to find the two-dimensional Green function in accordance
with Equation (4). Taking advantage of the completeness of the Fourier infinite expansion
of any periodic function, we propose to solve the two-dimensional DE in polar coordinates;
the dimensional reduction occurs due to the periodicity in θ that does not take place in
Cartesian coordinates.

Although the Laplace operator in polar coordinates is known to be separable in
the variables r and θ, the introduction of the additional terms in Equation (1), as already
mentioned, may lead to a DE that cannot be split conveniently. Equation (4) is then given by,[

∂2

∂r2 +
1
r

∂

∂r
+

1
r2

∂2

∂θ2 + fr(r, θ)
∂

∂r
+ fθ(r, θ)

1
r

∂

∂θ
+ g(r, θ)

]
G(r, r′) = δ(r − r′) , (20)

where convenient periodic conditions that must be satisfied suggests we should expand
the Green function distribution in Fourier modes. Tentatively, we can resort to a Fourier
expansion of the form ∑λ eiλ(θ−θ′)Gλ, where

f (r, θ) = ∑
μ∈Z

fμ(r)eiμθ ; fμ(r) =
1

2π

∫ 2π

0
f (r, θ)e−iμθdθ ,

to match the delta distribution expansion—i.e., δ(r − r′) = 1
2πr δ(r − r′)∑λ eiλ(θ−θ′)—but

since we cannot guarantee that the Gλ coefficients are θ′-independent (only under proper
angular symmetry conditions) then we will assume G(r, r′) expands as,

6



Mathematics 2023, 11, 197

G(r, r′) =
1

2π ∑
λ∈Z

eiλθGλ(r, r′, θ′) . (21)

With that in mind and multiplying Equation (20) by r2 to avoid divergences at r = 0,

∑
λ∈Z

eiλθ
[
r2 d2

dr2 + r(1 + r fr)
d
dr

+ (−λ2 + iλr fθ + r2g)
]

Gλ = ∑
λ∈Z

ei(λ−λ′)θrδ(r − r′) . (22)

Notice how we cannot obtain a solution because there remains a residual dependence
of θ in functions �f and g. Despite this, a simplification can be manufactured when they
are replaced by their Fourier series form before integrating on θ over a full period. This
step yields our master equation where we deduce that the Gλ(r, r′, θ′) modes satisfy the
DE (we have dropped out the dependencies of all functions on r, θ, r′, and θ′ facilitating a
comprehensible reading),

r2G′′
λ + r G′

λ − λ2Gλ + ∑
μ∈Z

r2 fr μG′
λ−μ + ∑

μ∈Z

[
ir(λ − μ) fθ μ + r2gμ

]
Gλ−μ

= rδ(r − r′)e−iλθ ′
. (23)

This final result shows we have accomplished to reduce the rank of the effective
Green function to solve at the expense of requiring a countable large number of these
Green modes. It is remarkable how the dependence on θ′ is delegated to a quasi-negligible
term at the right hand side of the equation. We will develop this argument further in the
following sections.

This formulation represents an infinitely coupled system of linear differential equa-
tions that unsurprisingly contains the solution to the Green function for the classical
source-free wave function; the structure of functions �f and g defines the strength of the
entanglement of Green’s free wave modes appearing in the rate at which the Fourier
coefficients—functions—go to zero with increasing mode frequency. For simplicity, we opt
to recall Green’s Fourier modes as λ-modes, and �f and g’s modes as μ-modes suggested by
the indexes employed in the equation above.

2.5. More on Boundary Conditions of the λ-Modes

One last effort must be made to explain how boundary conditions are inherited along
the free-wave modes. The key to this understanding depends on the geometry of the
problem and the originating expansion from Equation (21); we can identify two cases for
disc-like systems: the annulus and the disc. Other geometries will be studied in a future
work. For the annulus, either under Dirichlet or Neumann boundary conditions, the func-
tion or its derivative must vanish at the boundaries. This can be met if all modes preserve
the vanishing values at both inner and outer boundaries—under uniform convergence.
In doing so, we guarantee to meet all requisites for the Green function and a solution is
obtained. Conversely, preserving boundary conditions for the disc is not trivial because
we do not have one but two boundaries (the second at r → 0+). Due to the oscillating
behavior of eiλθ with θ at r → 0+, all λ �= 0 modes must vanish at the origin to ensure
continuity of the Green distribution function. This can be enforced examining Equation (23)
as r → 0+. Discontinuity due to the source at r = r′ may be neglected for now to realize
that we can, while approaching the origin, consider the behavior of each r0, r1, and r2 terms
independently. We draw then conveniently,

7
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r0
[
−λ2Gλ

]
=

r→0
0 , (24)

r1
[

G′
λ + i ∑

μ∈Z
(λ − μ) fθμGλ−μ

]
=

r→0
0 , (25)

r2
[

G′′
λ + ∑

μ∈Z
frμG′

λ−μ + ∑
μ∈Z

gμGλ−μ

]
=

r→0
0 , (26)

where we can choose, via r0 terms, that Gλ = 0 ∀ λ �= 0 and G0 �= 0. Plugging this
sequentially into r1 and r2 terms hints G′

λ = 0 and G′′
λ = 0 (∀λ �= 0) assuming that

limr→0 fθμGλ−μ = 0 and limr→0 frμG′
λ−μ = 0 ∧ limr→0 gμGλ−μ = 0 (with the exception

of λ = 0 where the μ = 0 term remains, thus we will choose G′′
0 = −g0G0), respectively.

This is supported from continuity of g(r) everywhere in the disc and from the defini-
tion of �f (r), where limited by the existence of w(r′, r), as the gradient of a scalar function.
If such functions, γ(r), where to be free of pathologies and differentiable everywhere in the
disc (including the origin) then limr→0 frλ = 0 and limr→0 fθλ = 0 for λ �= 0. It remains to
say, that in order to fulfill all above conditions we will require that fθ0 and fr0 are finite as
r → 0+. Looking under the hood of these assumptions, note that consequently the 0-mode
has a logarithmic divergence when r′ = 0, i.e., G0 ∝

r→0
− log r.

In summary, the conditions for the disc at the origin are the following two only for
r′ > 0 (see Section 3 for numerical details)

Gλ(0+, r′, θ′) = 0 ∀ λ �= 0 , (27)

G′
λ(0

+, r′, θ′) = 0 ∀ λ . (28)

Exceptions and particularities emerging from the specific form of functions �f and g
must be taken into account when detailing the boundary conditions and may alter the
relationships obtained above.

This relationship has to be completed with the resulting relationship at the artificial
boundary r = r′ obtained when using a complementary surface Sε corresponding to an
open ring of ε > 0 thickness—see left Figure 1 and Equation (17). This gives,

r′ lim
ε→0

∫ 2π

0

[
∂rG(r, r′)> − ∂rG(r, r′)<

]
dθ = 1 . (29)

which entails the radial averaged contribution. We have eliminated angular contributions
by selecting the convenient contour Sε suggesting a pathway to extend it to the λ-modes.
Direct substitution of Equation (21) along with a convenient choice of unity—inspired by
Equation (23)—gives us ultimately,

r′
[
G ′

λ(r
′
>, r′, θ′)− G ′

λ(r
′
<, r′, θ′)

]
= e−iλθ′ , (30)

where primes denote partial derivatives with respect to the first argument at both left (<)
and right (>) hand sides of r′. Substituting this relationship in the differential equation, we
obtain a similar relationship for the second derivatives, essential to the numerical method,
as follows,

(r′)2[G ′′
λ (r

′
>, r′, θ′)−G ′′

λ (r
′
<, r′, θ′)

]
= −e−iλθ′[1 + r′ fr(r′, θ′)

]
. (31)

For the disc, the r′ = 0 case must be clarified. In polar coordinates, Dirac’s distribution
is best described as absent of angular dependence, which entails that for all λ-modes except
λ = 0 it is exactly zero. Therefore, the boundary at the origin for each λ-mode is dictated by
symmetry except for λ = 0. This last, carries the logarithmic divergence. This means that
conditions for non-zero modes are unchanged. For the zero mode and due to symmetry

8
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G′
0|r→0+ = −G′

0|r→0− and G′′
0 |r→0+ = G′′

0 |r→0− ; however, due to the divergence a cut-off
must be set in place. Such a choice of cut-off will be discussed later.

3. Finite Differences Method, FDM, or FEM on a Regular Grid

The FDM, or uniform mesh FEM, has been used extensively in the literature to find
approximate solutions for many physical systems and its stability makes it a suitable
candidate to obtain a numerical Green distribution function. Some examples include the
one-dimensional Schrödinger equation [34], the Poisson equation for Electrodynamics [35],
the Euler equations of inviscid fluid flow [36], solutions to 1D and 2D Burgers’ equation [37],
and the time-fractional diffusion equation [38]. From the mathematical perspective, the
same method has been implemented to solve elliptic, hyperbolic and parabolic partial
DEs on irregular meshes [39], with interfaces [40], or in finding optimal algorithms on
non-trivial meshes [41].

Orchestrating an exact solution to Equation (23) is virtually not possible. There are four
cases where an analytical approach can be attempted: two cases where either �f or g are zero,
requiring to find a base of Gλ’s that can decouple the system—hence, a diagonalization—
the unique case where the same base applies to both coupling matrices accompanying
G′

λ and Gλ, and the trivial free-wave (�f and g zero). Excluding the latter, finding this
diagonalizing operator for the first three cases will be addressed in a future study.

Therefore, we will compute a numerical solution where we approximate the operator
with finite differentiation (the finite difference method—FDM or FEM for a regular grid)
and bind expansions to include all relevant Green and function modes up to a calculated
cut-off; maximum and minimum modes will be chosen, respectively, for λ- and μ-modes
symmetrically as |λ| ≤ L and |μ| ≤ M considering that M ≤ L for reasons that will be
clarified afterwards.

Since the Green function is twice differentiable, when r �= r′, its Fourier series con-
verges uniformly and its coefficients decay at least as λ−2, conditioned by equally well-
behaved functions �f and g. Then, a possible educated choice of L is the minimum integer
such that the sum of 1/k2 up to L exceeds π2

6 p, with p a percentage of accuracy; for example,
to achieve at most 1% of estimation error we require L > 60.

Numerical details and calculations performed henceforth are presented solely for the
3-point stencil. The strategy for the implementation of more accurate approximations will
only be mentioned and briefly discussed; their details will be left for the reader to carry
them out. Other minor and major details regarding the procedure will be addressed in
future works.

3.1. A Large Matrix Equation

The Finite Differences Method (FDM) or Finite Elements Method (FEM) with uniform
grid is a simple approach to computing derivatives of functions at a point by using Taylor
expansions on a discretized mesh. (The choice of whether dissecting uniformly or non-
uniformly is highly dependable on the problem. For example, if we were interested
in fracture dynamics we would prefer a non-uniform grid to model complex material
topologies.) In doing so, a derivative will rely on knowledge of the values of the function
in neighboring sites. Such is the art of computing derivatives. The number of neighboring
sites to be taken into consideration determines the degree of which the function approaches
to the point value. For instance, in the so called three-point stencil (the site in question and
its two adjacent neighbors), the first and second derivatives are accurate up to order square
of the mesh size.

Going back to our problem in Equation (23), we turn to a simply redefined one
dimensional DE for a sketch of the forthcoming operations. The left hand side reads
rewritten as,

9
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P(r)
d2

dr2 Gλ(r, r′, θ′) + ∑
μ∈Z

Qμ(r)
d
dr

Gλ−μ(r, r′, θ′) + ∑
μ∈Z

Rλ, μ(r)Gλ−μ(r, r′, θ′) .

In transforming the continuous variables r and r′ into a discrete equally-spaced mesh
of size h, we will adopt matrix notation for variables and functions; ergo, for N partitions
defining N + 1 points h = (Rext − Rint)/N in a disc-like geometry. For clarity, we summa-
rize notation changes in Table 1. This procedure applied over the aforementioned equation
gives for r �= r′,

Pj
[

1
h2 ∑

η∈A|j

a(2)
η|j Gj+η, k

λ|θ′

]
+ ∑

μ∈Z
Qj

μ

[
1
h ∑

η∈A|j

a(1)
η|j Gj+η, k

λ−μ|θ′

]
+ ∑

μ∈Z
Rj

λ, μGj, k
λ−μ|θ′ + O(hξ),

with ξ the order of approximation, A|j the set of neighbor site indices, and a(n)
η|j the respective

coefficient (namely the finite difference coefficient included into a matrix representation
A(n)—see Appendix B) of the η-th neighbor required to compute the n-th derivative up to
a predetermined order of accuracy [42]; in the three-point stencil case, ξ = 2. Both sets of
neighbor indices and coefficients depend on the information of the site j under inspection;
if, for example, we are at or near an interface, boundary, or discontinuity, then the strategy
for choosing neighbors may differ; we might be interested in computing derivatives using
only points in regions where it makes sense.

Table 1. A summary on the change of notation from continuous to discrete form. We have r0 = Rint

and j ∈ {0, 1, 2, . . . , N}.

Variable or Function Equivalent Array

r and r′ rj = r0 + h j ,

Gλ(r, r′, θ′) Gj, k
λ|θ′ = Gλ(rj, r′k, θ′)

P(r) ≡ r2 Pj = P
(

rj
)

Qμ(r) ≡ r2 fr μ(r) + rδ0, μ Qj
μ = Qμ

(
rj
)

Rλ, μ(r) ≡ r2gμ(r)− λ2δ0,μ + ir(λ − μ) fθ μ(r) Rj
λ, μ = Rλ, μ

(
rj
)

With some reorganization, the generated discrete DE can be regarded as a matrix
multiplication. To see this, first we realize that by understanding Gj, k

λ|θ′ as the (j, k)-th
element of a constructed matrix Gλ|θ′—of size N + 1 × N + 1—we can envision a column
matrix vector Gθ′ that contains all λ-modes, or all of {Gλ|θ′ ∀ λ ∈ Z}, where all operations
from the previous complex array equation are condensed into an equally conceived matrix
U multiplying Gθ′ . The following is a view of Gθ′ ,

10
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Gθ′ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...
G−L|θ′

...
G−1|θ′
G0|θ′
G1|θ′

...
GL|θ′

...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, with Gλ|θ′ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

G0, 0
λ|θ′ G0, 1

λ|θ′ · · · G0, N−1
λ|θ′ G0, N

λ|θ′
G1, 0

λ|θ′ G1, 1
λ|θ′ · · · G1, N−1

λ|θ′ G1, N
λ|θ′

...
...

. . .
...

...
GN−1, 0

λ|θ′ GN−1, 1
λ|θ′ · · · GN−1, N−1

λ|θ′ GN−1, N
λ|θ′

GN, 0
λ|θ′ GN, 1

λ|θ′ · · · GN, N−1
λ|θ′ GN, N

λ|θ′

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (32)

In principle, both matrices are infinitely large but for practical terms they will be
truncated on both λ- and μ-modes, as mentioned in the previous section. Despite this
numerical simplification that will be carried out in the numerical analysis, the infinite
matrix U has a well-defined structure, as will be detailed in Section 3.2.

Finally, the terms to the right of Equation (23) vanish for all r �= r′ leading us to believe
that if U is invertible then the solution to the discrete Green function Gθ′ is identically
zero. However, attention should be paid at r = r′ for its effect discards the trivial solution.
Along with the other geometrical boundary conditions the problem will now have a unique
solution. These boundary conditions will be addressed in Section 3.3.

3.2. Infinite Matrix U

To understand the structure of U we turn to the set of operations for a particular
λ-mode. Seeing as U is infinite we may encode rows by the integer value of the mode being
solved and columns by the value of the mode being correlated. Thus taking row λ from U,

UλGθ′ =

⎛⎜⎜⎜⎝· · · ,

column λ−μ︷ ︸︸ ︷
1
h

Qμ + Rλ, μ, · · · ,
··· , M , ··· , 3 , 2 , 1←− μ |

column λ︷ ︸︸ ︷
1
h2 P +

1
h

Q0 + Rλ, 0

μ=0

, · · · ,

column λ−μ︷ ︸︸ ︷
1
h

Qμ + Rλ, μ, · · ·
| μ−→−1 ,−2 , ··· ,−M , ···

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

Gλ−μ|θ′
}

row λ−μ

...

Gλ|θ′
}

row λ

...

Gλ−μ|θ′
}

row λ−μ

...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (33)

with the following definitions for matrices P, Qμ, Rλ, μ,

11
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P =

⎛⎜⎜⎜⎝
P0 0 · · · 0
0 P1 · · · 0
...

...
. . .

...
0 0 · · · PN

⎞⎟⎟⎟⎠× A(2) , (34)

Qμ =

⎛⎜⎜⎜⎜⎝
Q0

μ 0 · · · 0
0 Q1

μ · · · 0
...

...
. . .

...
0 0 · · · QN

μ

⎞⎟⎟⎟⎟⎠× A(1) , (35)

Rλ, μ =

⎛⎜⎜⎜⎜⎝
R0

λ, μ 0 · · · 0
0 R1

λ, μ · · · 0
...

...
. . .

...
0 0 · · · RN

λ, μ

⎞⎟⎟⎟⎟⎠ . (36)

One last remark on matrix U is that the density of non-zero entries is at most 3/N for
the three-point stencil. For sufficiently large N, it will become essential to find a way to man-
age such sparsity for all speed-ups, data-compression, and efficiency in memory footprint.

3.3. Discrete Boundary Conditions

Using conditions detailed thoroughly in Section 2.2 and at end of Section 2.4 we are
now in capacity of parameterizing the values of Gj, k

λ|θ′ . This parametrization should further
reflect the behavior of the δ-function. The following are the conditions for the 3-point
stencil: (i.) at r = Rext,

GN, k
λ|θ′ = 0 for DBC ; (37)

GN+1, k
λ|θ′ − GN−1, k

λ|θ′ = 0 for NBC , (38)

(ii.) at Rint for the annulus,

G0, k
λ|θ′ = 0 for DBC ; (39)

G1, k
λ|θ′ − G−1, k

λ|θ′ = 0 for NBC , (40)

(iii.) for the disc at Rint (disregarding G′
λ = 0 for now),

G1, k
0|θ′ − G−1, k

0|θ′ = 0 λ = 0, (41)

G0, k
λ|θ′ = 0 λ �= 0, (42)

and, finally, (iv.) at the interface r = r′ the condition reads,

(
Gk>+1, k

λ|θ′ − Gk>−1, k
λ|θ′

)
−
(
Gk<+1, k

λ|θ′ − Gk<−1, k
λ|θ′

)
=

2h
rk e−iλθ′ . (43)

Here we have adopted the subscript convention of <,> to refer to points to the left
and right of the site of derivative evaluation. Note how all equations above reference and
highlight a few fictitious points. The mesh points that lay outside or beyond the valid grid
are GN+1, k

λ|θ′ , G−1, k
λ|θ′ , Gk<+1, k

λ|θ′ , and Gk>−1, k
λ|θ′ . These spurious terms must be dealt with and

simplified in order to be able to incorporate readily all conditions.
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3.4. A Non-Trivial Matrix Equation and a Solution

We will now show the explicit matrix equation associated with the conditions de-
scribed above. As mentioned, they depend on the degree of accuracy that we choose, or
equivalently, the stencil. We will describe the procedure for the three-point stencil and
further discuss how to generalize for higher orders of approximation.

With the boundary relationships in mind, here in Equations (37), (39), (41) and (43),
Equation (23) (multiplied by −h2) equates partially to zero (when r �= r′) as,

2PjGj, k
λ|θ′ − Pj(Gj+1, k

λ|θ′ + Gj−1, k
λ|θ′ )− h2 ∑

μ

Rj
λ, μGj, k

λ−μ|θ′ −
h
2 ∑

μ

Qj
μ(G

j+1, k
λ−μ|θ′ − Gj−1, k

λ−μ|θ′) = 0 ,

where via Equation (43) the latter can be used to simplify both spurious terms (appearing
at r = r′) Gk<+1, k

λ|θ′ and Gk>−1, k
λ|θ′ . After crossing out these terms by iterative substitution we

obtain a generalized expression for the above valid for almost every point in the grid. The
general discrete equation yields for r′ > 0,

2PjGj, k
λ|θ′ − Pj(Gj+1, k

λ|θ′ + Gj−1, k
λ|θ′ )− h

2 ∑
μ

Qj
μ(G

j+1, k
λ−μ|θ′ − Gj−1, k

λ−μ|θ′)− h2 ∑
μ

Rj
λ, μGj, k

λ−μ|θ′

= −hrjδj, ke−iλθ′
{

1 − h2

4(rk)2 [1 + rk fr(rk, θ′)]2
[
1 − δλ, 0

]}
, (44)

where the new term that accounts for the boundary condition at r = r′ has appeared. Due
to the absence of a left-hand limit as r′ = 0, according to Equation (43), this term is exactly
−hrjδj, ke−iλθ′ at the origin. Actually, this condition holds for the mode λ = 0 in general due
to translational invariance—this invariance is clearly absent for the other modes. The terms
composing the right-hand side of last equation can be viewed as of order of mesh-size or
order of radial distance from the origin as follows,

1. − h3

4 fr(rk, θ′), a surprising third order correction due to the vector field appearing
after substituting the interface difference in derivatives.

2. h rk = h Rint + h2k, the leading order that substituted yields a first order constant term
and a second order increasing term.

3. − h3

4
1
rk = − h3

4
1

Rint+h k , a negative term significant closer to the origin. As expected, the
behavior of the discrete version near zero validates our previous choice of boundary
condition for the disc.

4. For r′ = 0, we must implement a cut-off such that r0 = ε > 0 instead of zero to avoid
numerical divergences. The choice for ε will be discussed below.

Because the error in the differential equation is of O(h4), we should incorporate all
terms to the calculation. However, we will neglect the higher order term—first term—since
this will simplify our calculations of ψ(r).

This final expression is valid everywhere including the controversial j = 0, N points,
where either Dirichlet or Neumann conditions complete Equation (44) at the borders. In
those two cases, substitutions must take place following Equations (37), (39) and (41). After
replacements, and due to the nature of derivative calculation in the three-point stencil, rows
from U corresponding to exterior and interior borders are modified. See the substitution
rules in Tables 2 and 3.

Table 2. Non-vanishing matrix elements of U for 1 ≤ j ≤ N − 1 for an annulus and a disc.

Mode U
j, j
λ, λU
j, j
λ, λ

U
j, j
λ, λ U

j, j±1
λ, λU
j, j±1
λ, λ

U
j, j±1
λ, λ U

j, j
λ, λ−μU
j, j
λ, λ−μ

U
j, j
λ, λ−μ U

j, j±1
λ, λ−μU
j, j±1
λ, λ−μ

U
j, j±1
λ, λ−μ

∀ λ 2Pj − h2Rj
λ, 0 −Pj ∓ h

2 Qj
0 −h2Rj

λ, μ ∓ h
2 Qj

μ
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Table 3. Non-vanishing matrix elements of matrix U that define DBC (D) and NBC (N) for an annulus.
N/A specifies those elements that lay outside U.

Mode j U
j, j
λ, λU
j, j
λ, λ

U
j, j
λ, λ U

j, j+1
λ, λU
j, j+1
λ, λ

U
j, j+1
λ, λ U

j, j−1
λ, λU
j, j−1
λ, λ

U
j, j−1
λ, λ U

j, j
λ, λ−μU
j, j
λ, λ−μ

U
j, j
λ, λ−μ

(D) ∀ λ 0, N 1 0, N/A N/A, 0 0

(N) ∀ λ 0 2P0− h2R0
λ, 0 −2P1 N/A −h2R0

λ, μ

(N) ∀ λ N 2PN− h2RN
λ, 0 N/A −2PN−1 −h2RN

λ, μ

We now define our complete matrix system as U ·Gθ′ = −hV · Eθ′ . Among other
things, the right-hand side accounts for the contribution of Dirac’s distribution. The two
additional definitions appearing correspond to first a distance parameter generalized into
α

j
λ, a new object that incorporates the boundary conditions at both j = 0 and j = N. Notice,

for instance, that keeping the term rj at every point does not explain the vanishing of the
Green function at the boundaries when DBC are considered, neither does it describe the
correct behavior at r = 0 for a disk. Actually, when the last condition is considered, an
ultraviolet cut-off ε—such that ε → 0—must be introduced to avoid divergences, as seen
in previous works [14–16]. Such a cut-off is not surprising, as the 2D Green distribution
has a natural divergence at r = r′ and a logarithmic behavior near the origin when r′ = 0.
Although the appearance of this divergence can easily be visualized after studying the
behavior of Equation (44) at j = 0 for the mode λ = 0 in a disk, its existence at any
point—also for an annulus—is guaranteed by the infinite number of λ-modes that must
be summed up to obtain an exact solution. Therefore, it is not surprising that ε and h are
related—see Section 4 for more details.

Matrix terms are written as,

V
j, k
λ, μ = α

j
λδλ, μδj, k , (45)

E
j, k
λ|θ′ = e−iλθ′δj, k, (46)

and the solution to the λ-modes matrix Gθ′ is,

Gθ′ = −hA ·Eθ′ , (47)

where we have defined A = U−1 ·V assuming that U is invertible.
Matrix A was declared because it has interesting symmetry properties that will be

discussed in the next section. Tables 2–5 outline how to fill the matrix elements of the
objects we have described.

Table 4. Non-vanishing matrix elements of matrix U that define DBC (shown above) and NBC
(shown below) for a disc. N/A specifies those elements that lay outside U.

Mode j U
j, j
λ, λU
j, j
λ, λ

U
j, j
λ, λ U

j, j+1
λ, λU
j, j+1
λ, λ

U
j, j+1
λ, λ U

j, j−1
λ, λU
j, j−1
λ, λ

U
j, j−1
λ, λ U

j, j
λ, λ−μU
j, j
λ, λ−μ

U
j, j
λ, λ−μ

λ = 0 0 2 − h2g0
0 −2 N/A 0

λ = 0 N 1 N/A 0 0

λ �= 0 0, N 1 0, N/A N/A, 0 0

λ = 0 0 2 − h2g0
0 −2 N/A 0

∀ λ N 2PN− h2RN
λ, 0 N/A −2PN−1 −h2RN

λ, μ

λ �= 0 0 1 0 N/A 0
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Table 5. Elements α
j
λ that define DBC and NBC for an annulus (A) and a disc (D).

Mode j α
j
λ (DBC) α

j
λ (NBC) Geom.

λ = 0 0 ε−1 ε−1 (D)

λ = 0 0 0 r0 (A)

λ = 0 1 ≤ j ≤ N − 1 rj rj (A, D)

λ = 0 N 0 rN (A, D)

λ �= 0 0 0 0 (D)

λ �= 0 0 0 r0 − h2

4r0 (A)

λ �= 0 1 ≤ j ≤ N − 1 rj − h2

4rj rj − h2

4rj (A, D)

λ �= 0 N 0 rN − h2

4rN (A, D)

3.5. The Parameter α and the Symmetry of A

A closed relation can be found for the matrix describing the entire Green function.
Using the results from previous section, it is

Gj,k
θ,θ′ = − h

2π ∑
λ, μ

eiλθe−iμθ′A
j, k
λ, μ , (48)

where A
j, k
λ, μ = [U−1]

j, k
λ, μ αk

μ. As previously mentioned, the parameter αk
λ generalizes the

radial parameter rk, including the boundary conditions. On the other hand, it is worthwhile
to state the symmetry conditions that A satisfies (a more detailed derivation can be found
in Appendix D; z denotes the complex conjugate of z.)

Im
(
A

j, k
0, 0
)
= 0 , (49)

A
j, k
−λ, 0 = A

j, k
λ, 0 , A

j, k
0,−μ = A

j, k
0, μ , (50)

A
j, k
−λ, μ = A

j, k
λ,−μ , A

j, k
−λ,−μ = A

j, k
λ, μ . (51)

Using Table 5, it is easy to see that the matrix elements [U−1]
j, k
λ, μ satisfy the same

symmetry properties.

3.6. The Algorithm

The algorithm for a numerical solution can be summarized as follows:

1. The values of L and M are determined according to the required level of approximation.

2. We fill all elements described in Table 1; the matrix elements U
j, k
λ, μ are filled by blocks

using the rules shown in Tables 2–4. Matrix elements α
j
λ are also filled according to Table 5.

3. Matrix U is inverted and so matrix A is computed.
4. The Green function is computed according to Equation (48).

Using previous results, we can deduce a closed form for ψ(r) for both DBC and NBC
using the conventions stated in Equations (8) and (14). Although there are many ways to
perform the integrals stated in previous equations, and the reader can choose the method
that he or she prefers, a sketch of these solutions, using the trapezoid rule, is shown in
Appendices F and G.
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3.7. Particular Cases and Properties

We will analyze some particular cases that can be deduced from the procedure ex-
plained above. We will start focusing on the one-dimensional case.

One-Dimensional Case

The analysis of a Green function in one dimension requires an appropriate definition
of a general DE obeyed by the Green function G(x, x′). Unfortunately, a direct analysis of
the results by studying Equation (23) is not straightforward due to the clear differences
between the Laplacians in Cartesian and polar coordinates. Let us imagine a general second
order DE of the form Lxψ(x) = φ(x), where the Green function satisfies the relation

LxG(x, x′) = P(x)
d2G
dx2 + Q(x)

dG
dx

+ R(x)G = βδ(x − x′) . (52)

The function P(x) might not be necessary, as it can be eliminated by division, but its
inclusion allows us to have a more general analysis. The constant therm β seems clumsily
placed, as its value is usually 1. Nonetheless, some formalisms define the Green function
by means of the operator LxG(x, x′) = −δ(x − x′), thus introducing a change of sign that
can be contemplated in our study.

By following a similar analysis as that shown above, we can deduce an appropriate
recurrence relation for Equation (52), which is

(2Pj − h2Rj)Gj, k − (Pj +
h
2

Qj)Gj+1, k − (Pj − h
2

Qj)Gj−1, k = −hβ δj, k . (53)

Having confined the system within the domain x ∈ [x0, xN ], our step size is now
h = (xN − x0)/N.

From this point on, we can apply the results obtained for the two-dimensional problem
in this study. Notice that, in the absence of modes that account for the angular dependence,
we can always say that Aj, k

λ, μ = A
j, k
λ, μδλ, 0δμ, 0. Therefore, Equation (48) becomes

Gjk = −hAj, k , where Aj, k = [U−1] j, kαk (54)

and αk accounts for the boundary conditions. By making the association xj = x0 + hj,
the elements described in Equation (54), for 1 ≤ j ≤ N − 1, are now filled using the
following rules:

1. U j, j = 2Pj − h2Rj.
2. U j, j±1 = −Pj ∓ h

2 Qj.
3. U 0, 0 = UN, N = 1 for DBC. For NBC: U 0, 0 = 2q0 − h2b0, UN, N = 2PN − h2RN ,

U 0, 1 = −2P1 and UN, N−1 = −2PN−1.
4. αj = β.
5. α0 = αN = 0 for DBC. For NBC: α0 = β and αN = β.

The weight function, which guarantees the symmetry condition Gkj = wjkGjk takes
the form

w(x′, x) =
eU(x′)

eU(x)
, U(z) =

1
P(z)

exp
[ ∫ z

z0

Q(y)
P(y)

dy
]

, (55)

where z0 is an irrelevant constant. Solutions for ψ(x) with both DBC and NBC using the
trapezoid rule as method of integration are shown in Appendix G.
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Monopole-like Case

This takes place when both �f (r) and g(r) have no significant angular dependence, so
the mode μ = 0 is their only relevant contribution; this implies that Qj

μ = Rj
λ, μ = 0 for

μ �= 0. The off-diagonal matrices U
j, k
λ, λ−μ thus vanish—this leads to a block diagonal U

matrix—and so the system becomes separable in the radial and angular variables. Having
now the relation A

j, k
λ, μ = A

j, k
λ, μδλ, μ, Equation (48) reduces to

G jk
θθ′ = − h

2π ∑
λ

eiλ(θ−θ′)A
j, k
λ, λ . (56)

Notice that each mode can now be solved independently.

3.8. Beyond the Three-Point Stencil

As mentioned, we only showed an explicit analysis for a three-point stencil approx-
imation. This method can be generalized to include the contribution of more neighbors
in the derivative terms, i.e., higher order stencils that provide more accurate degrees of
approximation in h. In spite of its simplicity, the three-point stencil has the great advantage
that the spurious terms that arise from the boundary conditions can be eliminated in a
simple fashion.

The description of the system with a five-point stencil, for instance, will increase
the amount of terms different from zero in U—for example, terms of form U

j, j±2
λ, λ−μ will

provide non-zero contributions. Having a higher degree of approximation, that demands
the inclusion of more non-trivial matrix terms, the grid size can be reduced. Although there
is no guarantee that the inversion process is optimized in time when the contributions of
more neighbors are included, as the matrices are highly sparse, there is a clear optimization
of memory storage.

Yet a great disadvantage that higher stencils inherit is the elimination of the spurious
terms that come from the boundary conditions. For instance, when we deal with the
condition at j = k (r = r′), Equation (43) will include more coefficients outside the grid,
so the recurrence relation that is obtained will not be able to eliminate all of them—at
least, using the same procedure we implemented. Therefore, a different approach must be
performed. A possible solution could be expanding the derivatives around a point different
from the center, so avoiding the spurious terms; this process is studied in detail in [42].
Nonetheless, this could be discussed in a future study.

4. Numerical Results

We will use the formalism described above to solve some particular examples. This
section is particularly focused on presenting our results; such results will be discussed in
the following section. Three examples will be presented.

Example 1: a one-dimensional case

As a first example, let us study a one-dimensional system with a known analytical
solution, useful to test the formalism we have described. Let us suppose we want to solve
the DE in the domain [0, 4]

x2ψ′′(x) + xψ′(x) + (x2 − 4)ψ(x) = J4(x) , (57)

where Jn(x) and Yn(x) are the Bessel functions of first and second kind of order n. Using
Equation (55), we can easily deduce that w(x′, x) = x/x′.
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The conditions ψ0 = 0 and ψN = 2 (Dirichlet), lead to the analytical solution,

ψ(x)DBC =
1

24J2(4)

[
J2(x)

(
48 − 2J4(4) + +πxJ2(4)J4(x)Y1(x)

)
− πxJ2(4)J1(x)J4(x)Y2(x)

]
. (58)

Conversely, with conditions f ′0 = 0 and f ′N = 2 (Neumann), the analytical solu-
tion yields,

ψ(x)NBC =
1

C(x)

[(
2J0(4) + 3J1(4)

)(
x(x2 − 24)J0(x)− 8(x2 − 6)J1(x)

)
+ x3 J2(x)

(
96 + 2J0(4)− 3J1(4)

)]
, (59)

with C(x) = 24x3(J1(4)− J3(4)
)
.

Analytical and numerical results are compared for both cases in Figure 2 and Table 6—see
Equations (A25a) and (A25b) for explicit expressions using a numerical approach.

Figure 2. Left: solution to the DE given by Equation (57) with the initial conditions ψ(0) = 0 and
ψ(4) = 2. Right: solution to the DE given by Equation (57) with the initial conditions ψ′(0) = 0 and
ψ′(4) = 2. Table 6 analyzes the accuracy of the numerical solutions. Note: we made x0 = 10−6 to
avoid numerical divergences at x = 0.

Table 6. Analysis of the accuracy of the two numerical solutions to Equation (57). The first two
blocks use the conditions ψ(0) = 0 and ψ(4) = 2 and show the value of the maximum—exact value
ψDBC

max = 2.6524822 . . . , its percentage error (PE) (from 0 t 100%), and mean square error (MSE) of the
function along the domain [0, 4]; the first block uses the weight function, the second one does not.
The block below shows something similar for the conditions ψ′(0) = 0 and ψ′(4) = 4 and focus on
the global minimum—exact value ψNBC

min = −3.88574186 . . . using the weight function—remember
that for NBC the formalism with the weight function is required.

Func. ψN=32 ψN=128 ψN=512

ψDBC
max 2.6510 2.6526 2.6525

PE 5.6550 × 10−2 3.7700 × 10−3 1.9221 × 10−4

MSE 3.2824 2.6156 × 10−9 1.0287 × 10−11

ψDBC
max 2.7372 2.6736 2.6577

PE 3.1939 7.9615 × 10−1 1.9671 × 10−1

MSE 3.4935 2.1177 × 10−4 1.3148 × 10−5

ψNBC
min −3.8852 −3.8853 −3.8856

PE 1.4438 × 10−2 1.2060 × 10−2 3.1806 × 10−3

MSE 1.6316 × 10−3 2.3096 × 10−5 3.5993 × 10−7
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Example 2: the two-dimensional Helmholtz equation with imaginary wave number

We now shift our attention to solve a two-dimensional system. Let us consider the DE

(�∇2 − m2)G(r, r′) = δ(r − r′) . (60)

In the absence of the vector field �f (r), we conclude that w(r, r′) = 1; besides, the
system is separable in the radial and angular coordinates. The solution to last equation
confined in a large disc of radius rN = Rext with Dirichlet boundary conditions can be
found analytically. For θ = θ′ and different values of r′, solutions are presented in Figure 3.

Figure 3. Solution to Equation (60) using the numerical solution explained in Section 3 (continuous
gray lines) and using Equation (62) (black dashed lines) for θ = θ′ and different values of r′. We
have chosen in all cases units such that m = 1. We also used L = 80 for both cases. In the numerical
solutions N = 4096 and ε = 0.25h, in the analytical solution s = 0.15h. The values of the minima and
the mean square error (MSE) are shown in Table 7.

Last numerical result will now be used to solve a non-homogeneous equation of the
form (�∇2 − m2)ψ(r) = φ(r), whose general solution is provided in Appendix G with
r0 = Rint = 0.

Now, let us consider φ(r) to be a function defined over a disc of radius R = 10 and
study the two following cases:

(a) ψ(a)(r, θ), with φ(r) = − 1
10 r sin θ, and ψ(R, θ) = 2.

(b) ψ(b)(r, θ), with φ(r) =

{
r−1/2 , 0 ≤ θ < π

−r−1/2 , π ≤ θ < 2π
, and

ψ(R, θ) =

{
1 , 0 ≤ θ < π
−1 , π ≤ θ < 2π

.

Solutions to ψ(a)(r, θ) and ψ(b)(r, θ) for some angles are shown in
Figures 4 and 5, respectively.

It is important to mention that Equation (60) is a particular case of a DE that describes
the behavior of a two-dimensional two-component plasma in thermal equilibrium at a
fixed temperature in the absence of an external electric field. Here the function ψ(r) is
naturally identified with G(r, r′) (actually, a Green function), which generates the n-body
correlation functions of the system. When the plasma is confined in a disc (or annulus)
and it is subjected to an external field, �E(r), the system can be solved numerically with
the presented method, once the identifications g(r) = −m2 − E2(r), fx(r) = −2iEy(r), and
fy(r) = 2iEx(r) are performed; more details can be found in [14–16].
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Figure 4. Solution to ψ(a)(r, θ) for different values of θ in units in which m = 1. We used N = 256.

Figure 5. Solution to ψ(b)(r, θ) for different values of θ in units in which m = 1. The continuous
line shows the solution for θ = { π

12 , π
6 , π

4 , π
2 }, the dotted line for θ = {− π

12 ,−π
6 ,−π

4 ,−π
2 }. We used

N = 256 and L = 80.

Example 3: a pedagogical example

Now let us apply the same formalism to solve another two-dimensional problem. Let
us suppose that we want to find the Green function associated with the two-dimensional
DE [�∇+ �∇Z(r)] · �∇ψ(r) = φ(r), where Z(x, y) = 2x2y2. After transforming the system
to polar coordinates, we can see that fr = r3(1 − cos 4θ) and fθ = r3 sin 4θ. The elements
defined in Table 1 now become

Qj
μ = rjδ0, μ + (rj)5[δ0, μ − 1

2
(δ4, μ + δ−4, μ)

]
, (61a)

Rj
λ, μ = −λ2δ0, μ +

1
2
(rj)4(λ − μ)(δ4, μ − δ−4, μ) . (61b)

The system will be confined in an annulus or internal radius Rint = 1 and external
radius Rext = 2. Figure 6 shows the Green function for DBC and some particular parameters
but different values of L. Figure 7 shows the results for different parameters under NBC.
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Figure 6. Solution to G(r, r′) with DBC, as given in example 3 for different values. We set h = 1
256 .

We made L = 15 in the left plot and L = 30 in the right one.

Figure 7. Solution to G(r, r′) with NBC, as given in example 3 for different values. We set h = 1
256

and made L = 40.

5. Discussion

It is worthwhile to discuss the results found in the previous section. We will analyze
the three examples presented above in respective order followed by an explanation on how
the method can be adapted to solve the diffusion equation.

Example 1. In the one-dimensional case it is interesting to contrast the numerical solutions
shown in Figure 2 using the weight function and the one that arises without the weight function
formalism—performing the replacement wjkGjk → Gkj (graphs that illustrate the results using the
weight function were not shown, but comparisons will be given. Interestingly, from Table 6, we
conclude that the introduction of the weight function leads to a more accurate result in this case.
Notice that the use of a modest grid sizes (32 ≤ N ≤ 512) leads to very accurate results.

Example 2. This two-dimensional example has an analytical solution. Adapting the result found
in [16], we deduce that the Green function associated with Equation (60) is

G(r, r′) = −m2

2π ∑
λ

eiλ(θ−θ′)
[

Iλ(mr<)Kλ(mr>)− tλ(R)Iλ(mr)Iλ(mr′)
]

, (62)

where r> and r< are the maximum and minimum between r and r′, Iλ(x) and Kλ(x) are the
well-known modified Bessel function of the second kind and tλ(R) = Kλ(mR)

Iλ(mR) . Taking a look at
Equation (62), we deduce that the Green function diverges—many distributions are formally infinite.
Actually, the first term of previous sum can be reduced to −m2

2π K0(m|r − r′|).

Notice that the Green function diverges logarithmically, in the limit r → r′, as
K0(x)x→0 ∼ ln(2/x)− γ, with γ the Euler Mascheroni constant. A cut-off s, which repre-
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sents a minimum separation distance between r and r′ [14], is usually introduced to address
this divergence. In turn, s might be related to L and ε.

We now implement the numerical analysis to verify last solution noticing that
Pj = (rj)2, Qj

μ(r) = αj = rjδμ, 0, and Rj
λ, μ = −(λ2 + m2Pj)δμ, 0.

The following step is determining an appropriate value for ε. From Figure 3, we see
that the solution for a fixed value of r′ shows a peak at r = r′. As we sum up all modes
the magnitude of the height of the peaks must be infinite. However, the introduction of L
guarantees the peaks to be finite. The height of the peak at r = r′ = 0 is associated with ε,
as the functions Kλ(r) diverge at r = 0. The cut-off ε is chosen in such way that the height
of the peaks in the neighborhood of r = r′ = 0—i.e., |r − r′| = O(h)—are close enough. We
found that for N ≥ 27, ε � 0.25h. Surprisingly, we found that ε does not depend on L for
large enough L.

We recall that this is an approximation; the exact solution for the distribution is found
in the limits ε → 0 and L → ∞. In addition to the graphical comparison between the
numerical and analytical results already shown in Figure 3, Table 7 also presents numerical
details that ratify the accuracy of our results.

Table 7. Values of the minima shown in Figure 3 for the numerical solution (NS) and analytical
solution (AS). PE means percentage error (from 0 to 100%) and MSE is the mean square error.

Values of the Minima

G(r, r′) r′ = 0 r′ = 1.172 r′ = 3.516 r′ = 7.031

NS −1.288 −0.783 −0.609 −0.498

AS −1.2778 −0.7835 −0.6087 −0.4984

PE 0.8263 3.566 × 10−2 5.148 × 10−3 1.603 × 10−3

MSE 3.629 × 10−8 1.343 × 10−10 5.053 × 10−12 6.379 × 10−13

Regarding the inhomogeneous solutions shown in Figures 4 and 5, we do not have an
analytical solution to test the algorithm; however, results show to be consistent. Particularly,
the function ψ(a)(r, θ) shows maxima for similar values of r—the value of such maxima
gradually decreases with the angular direction; interestingly, the location of the critical
points seems to occur for approximately the same value of r. Since φ(r) obeys a diffusion
equation, this suggests that the concentration of the analyzed quantity shows maximum
(or minimum) values at a certain radial location; this critical concentration, nonetheless,
is favored for larger angles—this is consistent because of the non-homogeneous function
φ(r) = − 1

10 r sin θ that has been chosen. As expected, ψ(a)(r, θ) takes the required values at
the borders for every angle. On the other hand, ψ(b)(r, θ) presents the same solution for
two sets of angles: 0 ≤ θ < π and π ≤ θ < 2π, which is expected due to the form chosen
for φ(r)—notice that the only difference between such two sets of conditions is a global
sign; this difference is clearly reflected in Figure 5. Interestingly, φ(r) is finite at r = 0, in
spite of the clear divergence of φ(r) at this value. However, such difference is weak enough
as it goes like r−1/2. Like in previous example, the presence of a critical point is evident.

Example 3. Notice from Figure 6 how the Green functions become zero at the borders and their
derivatives present a discontinuity at r = r′. As expected, the larger L, the larger the magnitude of
the value at that point; however, this value decreases as |θ − θ′| increases; under this condition, the
behavior of the Green function is smoother, but it seems to be too much more sensitive respect to the
value of L. Interestingly, for the parameters that have been analyzed, the Green function only shows
a “mirror symmetry” respect to r′ as θ = θ′ = 0. For NBC, as illustrated in Figure 7, something
similar happens. However, the derivatives at the borders are now the ones which tend no be zero.
Although this is clear as r → 2, the asymptotic behavior toward zero close to the inner border can
be appreciated. The values of the Green function at the border, however, clearly differ for different
parameters. Similarly to the case where DBC where analyzed, the “mirror symmetry” around r′
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is also absent (also when θ = θ′ = 0); the variation of the Green function is also larger as θ � θ′,
showing sharper peaks.

When using the Green function to solve a particular inhomogeneous equation, it is
clear that �∇× f = 0, so the weight function exists. It is

w(r′, r) =
e

1
4 r′4(1−cos 4θ′)

e
1
4 r4(1−cos 4θ)

=
∑λ wλ(r′)eiλθ′

w(r)
, (63)

whose only non-vanishing modes in discrete coordinates are given by the relation
wj

4λ = (−1)λe
1
4 (r

j)4
Iλ(

1
4 (r

j)4). Although we are not interested in finding ψ(r) for a particu-
lar boundary problem, all the steps are carried out to accomplish this goal.

The Stationary Diffusion Equation

It is worthwhile to describe how our formalism can be adapted to solve the diffusion
equation at “thermal” equilibrium. Let ψ(r) and D(r) represent the density of the diffusion
material and the anisotropic diffusion coefficient, respectively. In the stationary regime,
ψ(r) satisfies the DE

D(r)�∇2ψ(r) + �∇D(r) · �∇ψ(r) = 0 . (64)

Although Equation (64) does not have the standard form shown in Equation (2),
after dividing Equation (64) by D(r) and defining �f (r) as �f (r) = 1

D(r)
�∇D(r), the standard

form can be obtained. (The diffusion coefficient is assumed to be well-behaved within
the annulus or disc. However, �f can have poles within the same domain.) The weight
function is now guaranteed to exist, as �∇× �f = − 1

D2
�∇D × �∇D + 1

D
�∇× �∇D = 0. Actually,

w(r, r′) = D(r)
D(r′) .

The viability of our method to solve Equation (64) depends on the particular form of
the diffusion coefficient. The following possibilities may arise: (a) �f has no poles in the
two dimensional domain; (b) �f has a divergence in r = 0 that can be eliminated once �f is
multiplied by r; (c) the divergence at r = 0—or any other radial divergence—previously
discussed still persists after multiplication by r; and (d) D−1 has poles for some θ ∈ [0, 2π).

The cases (a) and (b) can be solved with the regular procedure we have described; the
modes fr μ and fθ μ are well-behaved and so the elements Qj

μ and Rj
λ, μ defined in Table 1

exist. The possibility stated in (c) demands a redefinition of �f to eliminate any possible
radial divergence; however, this redefinition does not guarantee the existence of the weight
function. The situation described in (d) is problematic, as some of the modes fr μ and fθ μ are
divergent. The last situation is alleviated by working with the original DE, Equation (64);
nonetheless, the process that we must follow to solve a system whose mathematical form
differs from Equation (2) has not been described in this work.

Similar analysis can be performed as we deal with the Poisson’s equation associated
with electrostatic potential in an anisotropic media, among others.

6. Conclusions

In this paper we have analyzed the Green function formalism and studied under
which conditions such mechanisms can be used to obtain the solution of an inhomogeneous
DE. We consider that the main contribution of this research has been the proposition of a
numeric algorithm to solve a family of partial differential equations for two-dimensional
systems in polar coordinates, the Green function formalism was used for this purpose.

After decomposing the Green function as a sum of Fourier modes, an infinite set of
coupled second order DE for the radial variable is found. Although such set decouples
when the initial DE is separable in the radial and angular variables, the coupling in the
modes arises as the vector field �f (r) and the scalar function g(r) are expressed as a sum of
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Fourier modes. The presented analysis allows us to state the following highlights: (a) we
found that there exists a function, which we called the weight function, that makes the
Liouville operator self-adjoint. This function also defines the symmetry properties of the
Green function (how it is transformed under the exchange of r and r′) and is guaranteed to
exist as �∇× �f = 0; (b) a non-separable DE in r and θ leads to a large matrix system that is
non-diagonal by blocks; (c) there exist a natural diverge due to the usual properties of the
Dirac Delta distribution; however, this divergence can by absorbed only in the λ = 0-mode;
and (d) the λ-modes satisfy DBC at r = 0 for a disk geometry.

An algorithm to solve the Green function associated with a general class of Liouville
operator was solved using a FEM. We used a simple three-point stencil approach to
approximate the solution and focused on both Dirichlet and Neumann boundary conditions.
A set of approximations was made, which included a truncation of the infinite number
of modes, a minimum distance when the system is confined in a disc, and the discard of
the term − h3

4 fr(rk, θ′). Although the first two approximations are well-justified because
the Green function has a natural divergence, the last one was performed by convenience
(anyway, it provides a very small contribution).

The algorithm was verified by comparing with known results and obtaining very
small percentage errors. An additional example whose solution cannot be found by means
of the regular algorithms was shown.

We consider that the presented method is a useful attempt to solve Green functions of
operators whose radial and angular variables cannot be separated. However, we expect
this algorithm can be improved by other authors in the future to obtain more accuracy
without the need of creating huge matrix systems, which demand large storage memory
and computational time. Some of the improvements may include the implementation of
the method for higher order stencils, an optimized calculation either mathematically or
numerically of ε, simplified formulas for the calculation of ψ(r) or “on the go” algorithms
that do not require the inversion of the matrix or the storage of temporal information.
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Appendix A. Deduction of the Weight Function

The relation obeyed by the weight function that makes the Liouville operator self-
adjoint can be deduced by performing a direct substitution of Equation (1) into (5) and using

Green’s:
∫
V φ(∇2ψ)dr =

∫
V ψ(∇2φ)dr+

∮
∂V
[
φ(�∇ψ)−ψ(�∇φ)

]
·n dS and the Divergence:∫

V a · (�∇ψ)dr =
∮

∂V ψ a · n dS −
∫
V ψ(�∇ · a)dr theorems. After writing it conveniently, the

result of this operation is
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ψ(r) =
∫

r′
G(r′, r)

[
w(r′, r)

[
∇2

{r′}ψ(r′)
]

+
[
�∇{r′}w(r, r′)

]
·
[
�∇{r′}ψ(r′)

]
+ w(r′, r)g(r′)ψ(r′)

]
dr′ +∫

r′

{[
�∇{r′}w(r′, r)− w(r′, r)�f (r′)

]
· �∇{r′}ψ(r′) (A1)

+ �∇{r′} ·
[
�∇{r′}w(r′, r)− w(r′, r)�f (r′)

]
ψ(r′)

}
dr′ +∮

∂r′

[
w(r′, r)

[
ψ(r′)�∇{r′}G(r′, r)− G(r′, r)�∇{r′}ψ(r′)

]
− G(r′, r)ψ(r′)

[
�∇{r′}w(r′, r)− w(r′, r)�f (r′)

]]
· n dS′.

Notice that under the choice �∇{r′}w(r′, r)− w(r′, r)�f (r′) = 0, last equation transforms
into Equation (8).

Appendix B. Finite Elements Method, Matrix Elements

The elements of matrices A(n) introduced in Section 3.1 depend on the required level
of accuracy and the central site η that we choose; a general algorithm to deduce such
elements is shown in [42]. In the simplest case, as we choose η = 0 as the central point in
conjunction with the two closets neighbors—three-point stencil approximation—we have
the following relations [42,43]

A(1) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 0
−1 0 1 · · · 0 0 0

0 −1 0 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 0 1 0
0 0 0 · · · −1 0 1
0 0 0 · · · 0 −1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
N+1×N+1

, (A2)

A(2) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2 1 0 · · · 0 0 0
1 −2 1 · · · 0 0 0
0 1 −2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · −2 1 0
0 0 0 · · · 1 −2 1
0 0 0 · · · 0 1 −2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
N+1×N+1

. (A3)

Notice how the matrices A(n) must be truncated at the boundaries; this is a natural
consequence of the FEM, coming from the boundary conditions.

Appendix C. Derivatives at the Boundaries for DBC

If the Green function is used to find a non-homgeneous function with DBC, the deriva-
tives of the Green function at the borders are needed—see Equations (8) and (14). Combining
Equation (44) with the boundary conditions stated in Equations (37), (39), (41) and (43), we
deduce the following two relations (j = 0 and j = N refer to the two possible boundaries)

G ′ (0,N),k
θ,θ′ =

1
2π ∑

λ,μ
eiλθe−iμθ′B

(0,N), k
λ, μ , where

B
(0,N), k
λ, μ = ∓P0,N ∑

ν

[
S(0,N)

]−1
λ, ν

A
(1,N−1), k
ν, μ . (A4)
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The matrix elements associated with S(0,N) are S
(0,N)
λ, λ = P0,N ∓ h

2 Q0,N
0 and

S
(0,N)
λ, λ−μ = ∓ h

2 Q0,N
μ . Since ψ is known at the boundaries, the derivatives G ′ 0,0

θ,θ′ and G ′ N,N
θ,θ′

are irrelevant; additionally, a disk only requires the calculation of G ′ N,k
θ,θ′ . The symmetric

elements G′j(0,N)
θ,θ′ can be found similarly, in terms of the transpose elements Bj, (0,N)

λ, μ , which
are defined according to last expression by performing the index change and transposition
A
(1,N−1), k
ν, μ → A

j, (1,N−1)
ν, μ . In one dimension the derivatives are G ′ (0,N)k = ∓ P0,NA(1,N−1), k

P0,N∓ h
2 Q0,N .

Appendix D. Symmetry Properties of Some Matrix Elements

Expanding Equation (48) to eliminate the negative modes, we can write the Green
function as

Gj,k
θ,θ′ = − h

2π

[
A

j, k
0, 0 + ∑

λ≥1

{[
A

j, k
−λ, 0 +A

j, k
λ, 0

]
cos(λθ) + i

[
−A

j, k
−λ, 0 +A

j, k
λ, 0

]
sin(λθ)

}
+ ∑

μ≥1

{[
A

j, k
0,−μ +A

j, k
0, μ

]
cos
(
μθ′
)
+ i
[
A

j, k
0,−μ −A

j, k
0, μ

]
sin(μθ)

}
+ ∑

λ, μ≥1

{[
A

j, k
−λ,−μ +A

j, k
−λ, μ +A

j, k
λ,−μ +A

j, k
λ, μ

]
cos(λθ) cos

(
μθ′
)

(A5)

+ i
[
A

j, k
λ,−μ +A

j, k
λ, μ −A

j, k
−λ,−μ −A

j, k
−λ, μ

]
sin(λθ) cos

(
μθ′
)

+ i
[
A

j, k
−λ,−μ −A

j, k
−λ, μ +A

j, k
λ,−μ −A

j, k
λ, μ

]
cos(λθ) sin

(
μθ′
)

+
[
A

j, k
−λ,−μ −A

j, k
−λ, μ −A

j, k
λ,−μ +A

j, k
λ, μ

]
sin(λθ) sin

(
μθ′
)}]

.

Since the Green function must be real for real Liouville operators, we demand that the
imaginary contributions of last expression must vanish. Hence, we have the restrictions
stated in Equation (49).

Appendix E. Expansion of the Green Function as Sines and Cosines

This expansion allows us to write the Green function as a sum of real elements, explic-
itly showing that the Green function is real. Using the properties stated in Equation (49)
into Equation (A5), we find that

Gjk
θθ′ =− h

2π
Re
(
A

j, k
0, 0
)
− h

π ∑
λ≥1

[
Re
(
A

j, k
λ, 0

)
cos(λθ) + Re

(
A

j, k
0, λ

)
cos
(
λθ′
)

− Im
(
A

j, k
λ, 0

)
sin(λθ) + Im

(
A

j, k
0, λ

)
sin
(
λθ′
)]

− h
π ∑

λ, μ≥1

[
Re
(
A

j, k
λ, μ

)
cos
(
λθ − μθ′

)
+ Re

(
A

j, k
λ,−μ

)
cos
(
λθ + μθ′

)]
(A6)

+
h
π ∑

λ, μ≥1

[
Im
(
A

j, k
λ, μ

)
sin
(
λθ − μθ′

)
+ Im

(
A

j, k
λ,−μ

)
sin
(
λθ + μθ′

)]
.

In the presence of angular symmetry, Ajk
λμ = Ajk

λμδλμ, so last equation reduces to

Gjk
θθ′ =− h

2π
Re
(
A

j, k
0, 0
)

− h
π ∑

λ≥1

[
Re
(
A

j, k
λ, λ

)
cos[λ(θ − θ′)]− Im

(
A

j, k
λ, λ

)
sin[λ(θ − θ′)]

]
. (A7)
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Appendix F. Computation of ψ(r) as an Exponential Expansion

In this section, we will derive expressions for Equations (8) and (14) for both DBC and
NBC. Although both approaches must lead to the same results, it is worthwhile to show
how both relations can be found through the formalism we have described.

For convenience, we will split ψ(r, θ) into a volume (V) and surface (S) contribution—
the volume contribution is the term containing the integral over r′ in Equations (8) and (14);
the surface contribution is the one containing the integral over the closed surface ∂r′ in the
same equations. For DBC and NBC, ψ can be written in discrete coordinates as

(ψ
j
θ)

DBC = (ψ
j
θ)V + (ψ

j
θ)

DBC
S , (A8a)

(ψ
j
θ)

NBC = (ψ
j
θ)V + (ψ

j
θ)

NBC
S . (A8b)

There are many ways to evaluate numerically an integral. We will use one of the
simplest, however, very efficient, ways to do so, the so called trapezoid rule. Due to the
discretization we have used, this rule will be applied to evaluate the the radial integrals,
appearing in the volume contributions; the integrals over angular coordinates will be
evaluated directly using the Fourier expansions of the functions involved.

Using the weight function

Having adopted the convention described in Equation (8), we start performing a
Fourier expansions of the external field: φ(r′) → φk

θ′ = ∑λ φk
λeiλθ′ , the weight function:

w(r′, r) → wk
θ′

w(rj ,θ)
= 1

w(rj ,θ) ∑λ wk
λeiλθ′—and something similar for the boundary conditions

ψ
(0,N)
θ′ and ψ

′ (0,N)
θ′ . Now, we will define the function

ξw(k, Mk,j, ηk, θ) =
1

2π

∫ 2π

0
dθ′ ∑

λ, μ

eiλθ′ Mk,j
λ,μ e−iμθ ∑

ν

ηk
νeiνθ′ ∑

ρ

wk
ρeiρθ′

= ∑
λ, μ, ν

e−iμθ Mk,j
λ,μ ηk

ν wk
−λ−ν . (A9)

This definition will be used to define the volume- and surface-terms.

Since the volume-term can be written as
∫ rN

r0 r′dr′
∫ 2π

0 w(r′, r)G(r′, r)φ(r′)dθ′

(r0 = Rint, rN = Rext), we can say that

(ψ
j
θ)V =− h2

w(rj, θ)

[ N−1

∑
k=1

rkξw(k,Ak, j, φk, θ) +
1
2

r0ξw(0,A0, j, φ0, θ)

+
1
2

rNξw(N,AN, j, φ0, θ)
]

. (A10)

The surface-term arising in DBC is written as r′
∫ 2π

0 w(r′, r)ψ(r′)∂r′G(r′, r)dθ′
∣∣rN

r0 . Simi-
larly as shown above, in discrete coordinates it is given by

(ψ
j
θ)

DBC
S =

1
w(rj, θ)

[
rNξw(N,BN, j, ψN , θ)− r0ξw(0,B0, j, ψ0, θ)

]
. (A11)

Finally, the surface-term −
∮

∂r′ w(r′, r)G(r′, r)�∇{r′}ψ(r′) · ndS′ that appears in NBC can

now be expanded in the form −r′
∫ 2π

0 w(r′, r)G(r′, r)∂r′ψ(r
′)dθ′

∣∣rN

r0 ; it now becomes

(ψ
j
θ)

NBC
S =

h
w(rj, θ)

[
rNξw(N,AN, j, ψN , θ)− r0ξw(0,A0, j, ψ0, θ)

]
. (A12)
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Remark A1. The matrix elements of matrices A and B(0, N) are given by Equations (48) and
Equation (A4), respectively—the indices associated to the position in the blocks have been omitted by
convenience. The function ψ

j
θ is defined in the interval 1 ≤ j ≤ N − 1; in DBC the terms ψ0

θ and
ψN

θ are given, in NBC the function at the borders is not accurate enough due to the discontinuity of
the Green function at the borders.

Using no weight function

When we adapt the convention stated in Equation (14), Equations (A10)–(A12) are
slightly modified. We now define the function ξ as

ξ(k, Mj,k, ηk, θ) =
∫ 2π

0

dθ′

2π ∑
λ, μ

eiλθ Mj,k
λ,μ e−iμθ′ ∑

ν

ηk
νeiνθ′ = ∑

λ, μ

eiλθ Mj,k
λ,μ ηk

μ . (A13)

We can now conclude that

(ψ
j
θ)V = −h2

N−1

∑
k=1

[
rkξ(k,Aj, k, φk, θ) +

1
2

r0ξ(0,Aj, 0, φ0, θ) (A14)

+
1
2

rNξ(N,Aj, N , φN , θ)
]

, (A15)

(ψ
j
θ)

DBC
S = rNξ(N,Bj, N , ψN , θ)− r0ξ(0,Bj, 0, ψ0, θ) , (A16)

(ψ
j
θ)

NBC
S = hrN[ξ(N,Aj, N , f N

r , θ) + ξ(N,Aj, N , ψ′N , θ)
]

− hr0[ξ(0,Aj, 0, f 0
r , θ) + ξ(0,Aj, 0, ψ′0, θ)

]
. (A17)

Appendix G. Computation of the Inhomogeneous Function as Expansion of

Trigonometric Functions

It is now useful to expand the relations shown in previous section as trigonometric
functions. Although the expressions found are much longer, this allows us to use the
symmetry properties, Equation (49), to get rid of irrelevant terms and explicitly express
ψ(r) as a real function. In addition, the exponential expansion defined in Appendix F might
introduce some spurious imaginary contributions, which may arise by as a consequence of
the truncating process of matrix U—the complex conjugate counterparts of some modes
may be discarded in this process. Taking advantage of the definitions used in Appendix F,
Equations (A10) to (A12) are still valid when we adopt the convention stated in Equation (8);
similarly, when the convention Equation (14) is adopted, Equations (A14) to (A17) are also
valid. Now, we only need to expand ξw and ξ eliminating the negative complex modes to
express them as sum of real modes. By doing so, Equation (A9) becomes
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ξw(k, Mk,j, ηk, θ) = Re
(

Mk,j
0,0
)
Re
(
ηk

0
)
Re
(
wk

0
)
+ 2 ∑

λ≥1
Re
(
ηk

0
)[

Re
(

Mk,j
0,0
)
Xk

λ + Yk,j
λ

]
+ 2 ∑

λ≥1
Re
(
ηk

0
)
Re
(
wk

0
)[

Re
(

Mk,j
0,λ

)
cos(λθ) + Im

(
Mk,j

0,λ

)
sin(λθ)

]
+ 4 ∑

λ, μ≥1
Xk

μ

[
Re
(

Mk,j
0,λ

)
cos(λθ) + Im

(
Mk,j

0,λ

)
sin(λθ)

]
+ 2 ∑

λ, μ≥1
Re
(
ηk

0
)[

Re
(
wk

λ

)
M(1)k,j

(+)λ,μ + Im
(
wk

λ

)
M(2)k,j

(+)λ,μ

]
cos(μθ)

− 2 ∑
λ, μ≥1

Re
(
ηk

0
)[

Im
(
wk

λ

)
M(1)k,j

(−)λ,μ − Re
(
wk

λ

)
M(2)k,j

(−)λ,μ

]
sin(μθ)

+ 2 ∑
λ,μ≥1

Re
(
ηk

μ

)[
Re
(

Mk,j
λ,0

)
w(1)k
+(λ,μ) + Im

(
Mk,j

λ,0

)
w(2)k
+(λ,μ)

]
(A18)

+ 2 ∑
λ,μ≥1

Im
(
ηk

μ

)[
Re
(

Mk,j
λ,0

)
w(2)k
−(λ,μ) − Im

(
Mk,j

λ,0

)
w(1)k
−(λ,μ)

]
+ 2 ∑

λ,μ,ν≥1

[
M(1)k,j

(+)λ,μ

[
Z(1)k
(λ,ν) + Z(2)k

(λ,ν)

]
+ M(2)k,j

(+)λ,μ

[
Z(3)k
(λ,ν) + Z(4)k

(λ,ν)

]]
cos(μθ)

+ 2 ∑
λ,μ,ν≥1

[
M(2)k,j

(−)λ,μ

[
Z(1)k
(λ,ν) + Z(2)k

(λ,ν)

]
− M(1)k,j

(−)λ,μ

[
Z(3)k
(λ,ν) − Z(4)k

(λ,ν)

]]
sin(μθ) ,

where we used the definitions

Xk
λ = Re

(
ηk

λ

)
Re
(
wk

λ

)
+ Im

(
ηk

λ

)
Im
(
wk

λ

)
(A19)

Yk,j
λ = Re

(
Mk,j

λ,0

)
Re
(
wk

λ

)
+ Im

(
Mk,j

λ,0

)
Im
(
wk

λ

)
; (A20)

M(1)k,j
(±)λ,μ = Re

(
Mk,j

λ,μ

)
± Re

(
Mk,j

λ,−μ

)
, M(2)k,j

(±)λ,μ = Re
(

Mk,j
λ,μ

)
± Re

(
Mk,j

λ,−μ

)
; (A21)

w(1)k
±(λ,ν) = Re

(
w k

λ+ν

)
± Re(w k

λ−ν

)
, w(2)k

±(λ,ν) = Im
(
w k

λ+ν

)
± Im(w k

λ−ν

)
; (A22)

Z(1)k
(λ,ν) = Re

(
ηk

ν

)
w(1)k
+(λ,ν) , Z(2)k

(λ,ν) = Im
(
ηk

ν

)
w(2)k
−(λ,ν) ,

Z(3)k
(λ,ν) = Re

(
ηk

ν

)
w(2)k
+(λ,ν) , Z(4)k

(λ,ν) = Im
(
ηk

ν

)
w(1)k
−(λ,ν) . (A23)

Similarly, Equation (A13) is now written as

ξ(k, Mj,k, ηk, θ) = Re
(

Mj,k
0,0
)
Re
(
ηk

0
)
+

2 ∑
λ≥1

[
Rj,k

λ + Re
(
ηk

0
)[

Re
(

Mj,k
λ,0

)
cos(λθ)− Im

(
Mj,k

λ,0

)
sin(λθ)

]]
+

2 ∑
λ, μ≥1

[
M(1)j,k

(+)λ,μRe
(
ηk

μ

)
− M(2)j,k

(−)λ,μIm
(
ηk

μ

)]
cos(λθ)− (A24)

2 ∑
λ, μ≥1

[
M(2)j,k

(+)λ,μRe
(
ηk

μ

)
+ M(1)k,j

(−)λ,μIm
(
ηk

μ

)]
sin(λθ) ,

with Rj,k
λ = Re

(
Mj,k

0,λ

)
Re
(
ηk

λ

)
− Im

(
Mj,k

0,λ

)
Im
(
ηI k

λ

)
.
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The one-dimensional case

The function ψ, satisfying the equation Lxψ(x) = φ(x), where Lx is defined according
to Equation (52), can be found by means of the relations below. For DBC with either weight
function or not

ψj = −h2
[ N−1

∑
k=1

wk,j Ak,jφk +
1
2

w0,j A0,jφ0 +
1
2

wN,j AN,jφN
]

+
PNwN,jψN AN−1,j

1 + h
2

1
QN

+
P0w0,jψ0 A1,j

1 − h
2

1
Q0

; (A25a)

= −h2
[ N−1

∑
k=1

Aj,kφk +
1
2

Aj,0φ0 +
1
2

Aj,NφN
]
+

qNψN Aj,N−1

1 + h
2

1
QN

+
P0ψ0 Aj,1

1 − h
2

1
Q0

. (A25b)

For NBC

ψj = −h2
[ N−1

∑
k=1

wk,j Ak,jφk +
1
2

w0,j A0,jφ0 +
1
2

wN,j ANjφN
]
+ hPkwk,jψ ′ k Ak,j

∣∣∣N
k=0

; (A26a)

= −h2
[ N−1

∑
k=1

Aj,kφk +
1
2

Aj,0φ0 +
1
2

Aj,NφN
]
+ hPk Aj,k[ψ ′ k + ψk f k]∣∣∣N

k=0
. (A26b)

Appendix H. Notation and List of Used Parameters

Table A1 shows a list of most parameters that have been used in this document
specifying their notation

Table A1. Notation used in this document. For additional information, please see Table 1.

Parameter Notation Parameter Notation

Liouville operator L̂{r} Arbitrary scalar field �
Vector field �f (r) Scalar field g(r)

Unknown scalar
function ψ(r)

Non-homogeneous
scalar function φ(r)

Green function G(r, r′) Weight function w(r, r′)
Internal radius Rint, r0 External radius Rext, rN

Polar coordinates r, θ, r′, θ′ Fourier modes Indexed by λ or μ
Min. radius ε (cutoff) Max. Fourier mode L (cutoff)

Grid size h Matrix size N
Full “Green matrix” Gθ′ Blocks of Gθ′ Gλ|θ′
Convenient matrices P, Qμ, Rλ, μ Matrix to be inverted U

Temporary matrices V, Eθ′ , A = U−1 ·V Matrices used in FEM A(n)
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Abstract: This article addresses a thermoelastic problem under varying thermal conductivity with
and without Kirchhoff’s transforms. The temperature increment, displacement, and thermal stresses
in an orthotropic material with spherical cavities are studied. The inner surface of the hole is
constrained and heated by thermal shock. The numerical solutions are derived using the finite
element technique in the setting of the generalized thermoelasticity model with one thermal delay
time. The thermal conductivity of the material is supposed to be temperature-dependent without
Kirchhoff’s transformation. Due to the difficulty of nonlinear formulations, the finite element
approach is used to solve the problem without using Kirchhoff’s transformation. The solution is
determined using the Laplace transform and the eigenvalues technique when employing Kirchhoff’s
transformation in a linear example. Variable thermal conductivity is addressed and compared with
and without Kirchhoff’s transformation. The numerical result for the investigated fields is graphically
represented. According to the numerical analysis results, the varying thermal conductivity provides
a limited speed for the propagations of both mechanical and thermal waves.
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variable thermal conductivity
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1. Introduction

Anisotropic media have material characteristics at specific places that differ from
the three perpendicular axes, each of which has a twofold rotationally symmetry in solid
mechanics and materials science. Over the last four decades, several researchers have
shown a strong interest in generalized thermoelastic models, both technically and mathe-
matically. Due to their realistic implications in various fields, such as nuclear engineering,
acoustics, continuum mechanics, high-energy particle accelerators, and aeronautics, these
theories are gaining popularity. In this theorem, the concepts of heat transport and elasticity
are coupled. Many generalizations of the thermoelasticity hypothesis were established
by Lord–Shulman [1]. The Lord–Shulman hypothesis was improved by Dhaliwal and
Sherief [2] in 1980 so that it could account for anisotropic examples.

When temperatures rise, it is possible that the material’s properties may decrease.
In most materials, the thermal conductive K decreases almost linearly with increasing
absolute temperature. A mapping approach (Kirchhoff’s transformation) [3] is applied
to obtain a solution to the problem under varying thermal conductivity in [4]. For a
one-dimensional problem with variable material parameters, [5] used a finite difference
approach. Because it varies with temperature, varying thermal conductivity is critical to
better understand the study of thermal loads of specific materials, primarily semiconduct-
ing devices. The LS theory on generalized magneto-thermoelastics under varying thermal

Mathematics 2023, 11, 955. https://doi.org/10.3390/math11040955 https://www.mdpi.com/journal/mathematics33



Mathematics 2023, 11, 955

conductivity for indefinitely long annular cylinders was examined in [6]. The effect of ther-
mal relaxations on thermal and elastic interactions in an unbounded orthotropic material
with a cylindrical cavity were investigated by Abbas and Abd-alla [7]. Yasein et al. [8]
discussed the effects of varying thermal conductivity in a one-dimension semiconducting
material subjected to photothermal stimulation. Abbas and Zenkour [9] applied the finite
element scheme to study the magnetothermoelastic interactions in unbounded FG ther-
moelasticity cylinders. Sharma et al. [10] discussed the thermal conduction and diffusion
of two-temperature thermo-elastic diffusion plates under variable thermal conductivity.
Hobiny and Abbas [11] studied generalized thermoelastic interaction due to a pulse heat
transfer in two-dimension orthotropic materials. Song et al. [12] investigated the vibrations
of optically activated semiconductors and micro conductors using the extended thermoe-
lastic theorem. Mondal and Sur [13] investigated photothermoelastic wave propagations
and memory response in an orthotropic semiconductor medium with a spherical cavity.
Said [14] used the eigenvalues technique to compare three theories on the problem of
magneto-thermoelasticity spinning medium with varying thermal conductivity. Lata and
Himanshi [15] discussed the fractional effects in an orthotropic magneto-thermoelasticity
rotating solid due to normal forces under the Green–Naghdi model. Singh et al. [16] studied
the magneto-thermoelastic interactions under memory responses due to laser pulse in an
orthotropic material based on the Green–Naghdi model. Many studies are conducted
under the broad thermoelastic models described in the following types of literature [17–41].
In the scientific literature, exact solutions of the linear or nonlinear governing equations for
the problems of generalized thermoelasticity theories only exist for certain circumstances.
To calculate complex problems, a numerical solution method must be used. Therefore,
the finite-element approach is selected. The technique of weighted residuals produces
the most accurate approximation of linear and nonlinear ordinary and partial differential
equations when applied to the formulation of finite-element equations. Applying this
method involves three steps. The first step is to assume that the general behaviour of the
unknown field variables can be described in a form that satisfies the differential equations
that have been provided. Then, when these approximation functions are substituted into
the differential equations and boundary conditions, it leads to certain inaccuracies that
are referred to as the residual. On average, across the solution domain, this residue must
disappear completely. The next stage, which is the second one, is the integration of time.
It is necessary to use the previous results in order to calculate the time derivatives of the
variables that are unknown. Applying a finite-element solution method to the equations
that have been generated as a consequence of the first and second processes is the third
step in the process as in [42–51].

This work studies the influence of varying thermal conductivity and thermal relaxation
time in orthotropic media with a spherical cavity. The material’s thermal conductivity is
supposed to be temperature-dependent, which gives the nonlinear and complex problems.
The nonlinear problem (without Kirchhoff’s Transform) has been studied in this work. Due
to the difficulty of nonlinear formulations, the finite element method is used to solve this
problem without using Kirchhoff’s transformations. In addition, Kirchhoff’s transforma-
tions are applied to obtain the linear problem, and then the solution is obtained using the
Laplace transforms and the eigenvalue technique. Variable thermal conductivity has been
addressed and compared with and without Kirchhoff’s transformations. According to the
numerical analysis results, the varying thermal conductivity provides limited speed for the
propagation of both mechanical and thermal waves.

2. Mathematical Model

The basic equations in an orthotropic material in the absence of body forces and
thermal source are presented as [2]:

σij,j = ρ
∂2ui
∂t2 , (1)
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∂T,ii

∂t
(KiiT,i),i =

(
∂

∂t
+ τo

∂2

∂t2

) (
ρceT + βiiTo∂uj,j

)
, (2)

σij = cijklekl − βij(T − To)δij, (3)

eij =
1
2
(
ui,j + uj,i

)
, (4)

where T points to the temperature increments, ce points to the specific heat, βij are the
thermal moduli, ρ is the density of mass, Kii are the thermal conductivity components that
are temperature-dependent and variable, ekl are the strain tensor components and cijkl are
the elastic constants, To is the reference temperature, σij are the stresses components and
ui are the components of displacement. Consider an unbounded elastic body involving
spherical cavities occupying the area a ≤ r < ∞, whose states are defined in terms of space
variable r and the time variable t. The only non-vanishing component of displacement
is the radial one ur = u(r, t), which is related to the spherical coordinates (r, θ, ϕ) as in
Figure 1. The nonvanishing strain tensor components are as follows:

err =
∂u
∂r

, eθθ =
u
r

, eϕϕ =
u
r

, (5)

Figure 1. The diagram of an unbounded medium with a spherical hole.

Substituting for err, eθθ and eϕϕ into the basic equations can be given by

∂σrr

∂r
+

1
r
(
2σrr − σθθ − σϕϕ

)
= ρ

∂2u
∂t2 , (6)

1
r2

∂

∂r

(
r2K(T)

∂T
∂r

)
=

(
∂

∂t
+ τo

∂2

∂t2

)(
ρceT + β11To

∂u
∂r

+ β22To
2u
r

)
, (7)

σrr = c11
∂u
∂r

+ c12
2u
r

− β11T,σθθ = σϕϕ = c12
∂u
∂r

+ (c22 + c23)
u
r
− β22T, (8)

e =
∂u
∂r

+
2u
r

, (9)

In this case, the varying thermal conductivity of orthotropic media that may be chosen
as in [52]

K(T) = Ko(1 + KnT), (10)

where Ko are the thermal conductivity when T = To and Kn ≤ 0 identifies the negative
parameter.
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3. Application

The initial condition can be given by:

u(r, 0) = 0,
∂u(r, 0)

∂t
= 0, T(r, 0) = 0,

∂T(r, 0)
∂t

= 0, (11)

whereas the following constitute the requirements of the boundaries:

u(a, t) = 0, T(a, t) = TsH(t), (12)

where H(t) is the Heaviside function and Ts is constant. Consequently, the nondimension-
ality of variables may be stated as follows:

T∗ =
T − To

To
, (r∗, u∗) = μc(r, u), (t∗, τ∗

o ) = ωc2(t, τo), (σ∗
rr, σ∗

θθ) =
(σrr, σθθ ,)

c11
, (13)

where μ = ρce
Ko

and c =
√

c11
ρ . Equation (13)’s non-dimensional governing equations are

written as (after the superscript * has been removed for appropriateness)

∂2u
∂r2 +

2
r

∂u
∂r

− 2(s3 − s1)u
r2 − s2

∂T
∂r

+
2(s4 − s2)

r
T =

∂2u
∂t2 , (14)

(1 + KnT)
∂2T
∂r2 + Kn

(
∂T
∂r

)2
+

2(1 + KnT)
r

∂T
∂r

=

(
∂

∂t
+ τo

∂2

∂t2

)(
T + ε1

∂u
∂r

+ ε2
2u
r

)
, (15)

σrr =
∂u
∂r

+ 2s1
u
r
− s2T,σθθ = σϕϕ = s1

∂u
∂r

+ s3
u
r
− s4T, (16)

where s1 = c12
c11

, s2 = To β11
c11

, s3 = (c22+c23)
c11

, s4 = To β22
c11

, ε1 = β11
ρce

, ε2 = β22
ρce

.

4. Numerical Scheme

The standard techniques may be used to generate the finite element method (FEM) for
thermoelasticity problems. The finite element scheme is the preferred method for complex
systems in numerous domains since it is a powerful and most sophisticated way to obtain
numerical solutions to complicated problems. The solutions of the governing relations (14)
and (15) under the boundary condition (12) and the use of the initial condition (11) are
obtained using a finite element diagram. The displacement u and the temperature T are
linked to the corresponding nodal values in finite element techniques by

u = ∑n
j=1 Njuj(t), T = ∑n

j=1 NjTj(t), (17)

where n refers to the number of nodes per element, and N refers to the shape functions. For
the unknown displacement u and the unknown temperature T, the same shape function is
used in Galerkin methods to approximate the corresponding test functions.

δu = ∑n
j=1 Njδuj, δT = ∑n

j=1 NjδTj, (18)

We assume that the master elements local coordinates fall between [1 and −1]. In this
situation, one-dimension quadratic components are used, and they are written as follows:

N1 = 1
2
(
χ2 + χ

)
, N1 = 1 − χ2, N3 = 1

2
(
χ2 − χ

)
, (19)

The weak formulation of finite element method that correspond to the nonlinear
formulations (14) and (15) may be written by:

∫ L

a
δu
(

∂2u
∂t2 − 2

r
∂u
∂r

+
2(s3 − s1)u

r2 + s2
∂T
∂r

− 2(s4 − s2)

r
T
)

dr+
∫ L

a

∂δu
∂r

(
∂u
∂r

)
dr = δu

(
∂u
∂r

)L

a
, (20)
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∫ L

a
δT
(
(

∂

∂t
+ τo

∂2

∂t2 )(T + ε1
∂u
∂r

+ ε2
2u
r
)− 2(1 + KnT)

r
∂T
∂r

)
dr +

∫ L

a

∂δT
∂r

(
(1 + KnT)

∂T
∂r

)
dr = δT

(
(1 + KnT)

∂T
∂r

)L

a
. (21)

Implicit approaches can be employed to determine the time derivatives of unknown
variables. For example, the time derivatives of the unknown variables must be determined
using the Newmark time integration method or the central finite difference method by time
step 0.0001 [53]. The grid size was changed until the values of the fields under examination
were stable. Further increasing the mesh size over 25,000 elements has no discernible effect
on the results. Therefore, for this investigation, a grid size of 25,000 was chosen.

5. Special Cases and the Validation of the Numerical Approach

Analytical solutions for homogeneous and isotropic material are being provided
to validate the finite element approach. Moreover, when Kn = 0, the analytical and
numerical solutions are compared with each other to validate the numerical solutions. For
homogeneous and isotropic material c11 = c22 = λ + 2μ, c12 = c23 = λ, β11 = β22 = γ
and Kn = 0. As a consequence of this, Equations (14)–(16) with the initial and boundary
conditions may be expressed as follows:

∂2u
∂r2 +

2
r

∂u
∂r

− 2u
r2 − a2

∂T
∂r

=
∂2u
∂t2 , (22)

∂2T
∂r2 +

2
r

∂T
∂r

=

(
∂

∂t
+ τo

∂2

∂t2

)(
T + ε1

(
∂u
∂r

+
2u
r

))
, (23)

σrr =
∂u
∂r

+ 2a1
u
r
− a2T,σθθ = σϕϕ = a1

∂u
∂r

+ (1 + a1)
u
r
− a2T, (24)

u(r, 0) = 0,
∂u(r, 0)

∂t
= 0, T(r, 0) = 0,

∂T(r, 0)
∂t

= 0, (25)

T(a, t) = TsH(t), u(a, t) = 0, (26)

where a1 = λ
λ+2μ , a2 = Toγ

λ+2μ , ε = γ
ρce

. Applying Laplace transforms in order to find
solutions to Equations (22)–(26):

f (x, s) = L[ f (x, t)] =
∞∫

0

f (x, t)e−stdt. (27)

As a consequence of this, we can deduce the following:

d2u
dr2 +

2
r

du
dr

− 2u
r2 = s2u + a2

dT
dr

, (28)

d2T
dr2 +

2
r

dT
dr

=
(

s + s2τo

)(
T + ε1

(
du
dr

+
2u
r

))
, (29)

σrr =
du
dr

+ 2a1
u
r
− a2T,σθθ = σϕϕ = a1

du
dr

+ (1 + a1)
u
r
− a2T, (30)

T(a, s) =
Ts

s
, u(a, s) = 0, (31)

Using Equation (28) with the differentiating Equation (29) with respect to r, we obtain

d2

dr2

(
dT
dr

)
+

2
r

d
dr

(
dT
dr

)
− 2

r2

(
dT
dr

)
=
(

s + s2τo

)(
ε1s2u + (1 + a2ε1)

dT
dr

)
(32)

It is possible to write Equations (28) and (32) in the form of a vector–matrix differential
equation as follows:

DV = AV, (33)
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where d2

dr2 + 2
r

d
dr − 2

r2 , V =
(

u dT
dr

)T
and A =

(
a11 a12
a21 a22

)
, a11 = s2, a12 = a2,

a21 = ε1s2(s + s2τo
)

and a22 = (1 + a2ε1)
(
s + s2τo

)
,

The using of eigenvalue approach [54,55] to solve the Equation (33), the characteristic
relation of matrix A can be written as

a11a22 − a12a21 − (a11 + a22)ζ + ζ2 = 0, (34)

where ζ = ζ1, ζ = ζ2 are the roots of the characteristic Equation (34) which have the
corresponding eigenvectors X1 = a12 and X2 = ζ − a11. Thus, the solution of Equation (34)
can be expressed by

u(r, s) = r−1/2U1 A1 I3/2

(
r
√

ζ1

)
+ r−1/2U2 A2 I3/2

(
r
√

ζ2

)
, (35)

T(r, s) =
T1√
rζ1

A1 I1/2

(
r
√

ζ1

)
+

T2√
rζ2

A2 I1/2

(
r
√

ζ2

)
(36)

where A1 and A2 are constants that can be calculated from the boundary condition of
the problem, and I3/2, I1/2 are the modified of Bessel’s functions with order 3

2 and 1
2,

respectively. It is possible to use the Stehfest [56] method as a numerical inversion technique
in order to obtain the final solutions of temperature, displacement and stresses distributions.

6. Numerical Outcomes and Discussions

Numerical results for a single crystal of magnesium medium using the following
physical parameters are computed to demonstrate the theoretical findings derived in the
previous sections [57]:

c11 = 5.974 × 1010(N)
(
m−2), β11 = β22 = 2.68 × 106(N)

(
m−2)(k−1

)
, To = 298(k), a = 1,

c22 = 6.17 × 1010(N)
(
m−2), Ko = 170 (W)

(
m−1)(k−1

)
, c12 = 2.624 × 1010(N)

(
m−2),

ρ = 1470(kg)
(
m−3), ce = 1040 (J)

(
kg−1

)(
k−1

)
, τo = 0.05, t = 0.25,

c23 = 2.17 × 1010(N)
(
m−2).

Figures 2–21 show the calculated physical values (numerical) under generalized
thermoelastic theory with one thermal delay time based on the previous set of parameters.
The computation is carried out for the time t = 0.25. The temperature variations, radial
displacement, and the variation in the radial and shear stress distributions along the radial
distances r under variable thermal conductivity are determined numerically. Figure 2 shows
the variation in temperature along the radial distance r. It is clear that the temperature
has maximums value T = 1 at the internal surface of hole a = 1 to accept the boundary
condition of the problem, and then steadily falls when the radial distance r is increased to
close to zero. Figure 3 shows the variations in radial displacement via the radial distances.
It is seen that the radial displacement starts at zero, which meets the boundary condition of
the problem, and lowers steadily up to peak values before decreasing to near zero. Figure 4
depicts the variations of radial stress σrr versus the radial distances r. The radial stress
has maximum negative values before gradually diminishing to near zero. The variations
in shear stress σθθ along the radial distance r are displayed in Figure 5. It is noted that
it has negative maximums before steadily rising to zero. Under the variable thermal
conductivity, there are big significant variances in the values of all considering variables,
according to the results. The varying thermal conductivity has a remarkable impact on the
values of all considering variables, as predicted. Figures 6–9 show the impact of thermal
delay time in all physical quantities, whereas Figures 10–13 show the variation of physical
quintettes along the distance for different time values. The variations in temperature, the
radial displacement, the radial stress and the shear stress under comparisons between
the isotropic and orthotropic materials under varying thermal conductivity and with one
relaxation time are shown in Figures 14–17. The analytical results for isotropic elastic
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material have been presented to verify that the suggested approach is accurate as in
Figures 14–17. Additionally, the variations of temperature, the radial displacement, the
radial stress and the shear stress under the comparisons between the elastic and orthotropic
materials under varying thermal conductivity and with one relaxation time are shown in
Figures 18–21. Finally, based on the numerical results, it is possible to infer that utilizing
a generalized thermoelastic theory under the changing thermal conductivity is a major
phenomenon with a considerable effect on the physical quantity distributions.

Figure 2. The temperature variations T via r when τo = 0.05 under varying thermal conductivity.

Figure 3. The variation of radial displacement u via r when τo = 0.05 under varying thermal
conductivity.
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Figure 4. The variations of radial stress σrr via r when τo = 0.05 under varying thermal conductivity.

Figure 5. The variation of sheer stress σθθ via r when τo = 0.05 under varying thermal conductivity.
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Figure 6. The impacts of thermal delay time τo in the temperature variations T, when Kn = −0.6.

Figure 7. The impacts of thermal relaxation time τo in the variation of radial displacement u when
Kn = −0.6.
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Figure 8. The impacts of thermal delay time τo in the variations of radial stress σrr, when Kn = −0.6.

Figure 9. The impacts of thermal relaxation time τo in the variation of shear stress σθθ , when
Kn = −0.6.
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Figure 10. The temperature variation T for different values of time.

Figure 11. The radial displacement variation u for different values of time.
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Figure 12. The radial stress variation σrr for different values of time.

Figure 13. The shear stress variation σθθ for different values of time.
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Figure 14. The temperature variation T for isotropic material.

Figure 15. The radial displacement variation u for isotropic material.
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Figure 16. The radial stress variation σrr for isotropic material.

Figure 17. The shear stress variation σθθ for isotropic material.
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Figure 18. The temperature variation T for different materials.

Figure 19. The redial displacement variation u for different materials.
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Figure 20. The redial stress variation σrr for different materials.

Figure 21. The shear stress variation σθθ for different materials.

7. Conclusions

This work presents a mathematical analysis of the effect of variable thermal conductiv-
ity in an orthotropic medium including a spherical hole. The distributions of temperature,
radial displacement, radial stress, and shear stress in a thermoelastic orthotropic medium
with one thermal relaxation time have been given. To provide a numerical solution for
nonlinear equations, the finite element technique is used. It was discovered that the vary-
ing thermal conductivity has significant effects and influences how various physical field
components behave as they deform. The effects of thermal delay time are presented. It
was shown that the deformation behaviour of different components of physical fields is
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significantly affected by the thermal relaxation time. The impact of time is shown. It was
shown that time has a considerable impact on the deformation behavior of several physical
field components. There are comparisons shown between the orthotropic and isotropic
materials. To verify that the suggested approach is accurate, numerical solutions and
analytical solutions have been compared for isotropic elastic material.
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Abstract: A two-step Lagrange–Galerkin scheme for the shallow water equations with a transmission
boundary condition (TBC) is presented. First, we show the experimental order of convergence to
see the second-order accuracy in time realized by the two-step methods for conservative and non-
conservative material derivatives along the trajectory of fluid particles. Second, we observe the effect
of the TBC in a simple domain, and the artificial reflection is removed significantly when the wave
touches the TBC. Third, we apply the scheme to a practical domain with islands, namely, the Bay of
Bengal region, and observe the effect of the TBC again for the practical domain; the artificial reflections
are removed significantly from the transmission boundaries on open sea boundaries. We also study
the effect of a position of an open sea boundary with the TBC and reveal that it is sufficiently small to
neglect. The numerical results in this study show that the scheme has the following properties: (i) the
same advantages of Lagrange–Galerkin methods (the CFL-free robustness for convection-dominated
problems and the symmetry of the matrices for the system of linear equations); (ii) second-order
accuracy in time by the two-step methods; (iii) mass preservation of the function for the water level
from the reference height (until the contact with the transmission boundaries of the wave); and (iv) no
significant artificial reflection from the transmission boundaries. The numerical results by the scheme
presented in this paper are for the flat bottom topography of the domain. In the next part of this work,
Part II, the scheme will be applied to rapidly varying bottom surfaces and a real bottom topography
of the Bay of Bengal region.

Keywords: shallow water equations; two-step Lagrange–Galerkin scheme; second order in time;
transmission boundary condition; Bay of Bengal; bottom topography

MSC: 65M25; 65M60; 76D05; 76B15

1. Introduction

The system of shallow water equations (SWEs) is one of the most common models
for describing fluid flow in rivers, channels, estuaries, and coastal areas, and is often used
for simulating tsunamis and storm surges in oceanic phenomena. Natural disasters like
tsunamis, cyclones, and storm surges cause a tremendous loss of lives and properties in
the coastal areas in several regions. According to [1], statistics show that about 5% of the
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global tropical cyclones form over the Bay of Bengal, and, on average, five to six storms
form in this region every year, but with 80% of the global casualties. The significant factors
behind the heavy casualties are the shallow coastal water, thickly populated low-lying
islands, highly curved coastal and island boundaries, river discharge, high astronomical
tidal range, and favorable cyclone track, cf. [2] and Figure 1. That is why an effective storm
surge prediction model and method are highly desired for the coastal region of Bangladesh
to minimize the resulting damage from storm surges.

Figure 1. The Bay of Bengal region.

Studies focusing on the Bay of Bengal region are found in [1–8] and references therein.
Almost all the researchers implemented SWEs with a radiation-type boundary condition
for open sea boundaries. Although for real problems, the finite element method is more
suitable than the finite difference method because of the advantages of handling complex
physical domains, geometries, or boundary conditions, as far as we know, there is no study
to solve SWEs employing a transmission boundary condition (TBC) for the Bay of Bengal
region using the finite element method except [9,10].

Since a bounded computational domain is needed to compute the SWEs in a practical
coastal region, e.g., the Bay of Bengal, we set an artificial boundary in the open sea, called
the open boundary, which is a part of the boundary of the domain. Let u = (u1, u2)

� be the
velocity (averaged in x3-direction), φ (= η + ζ) the total wave height, η the water level from
the reference height, and ζ (>0) the depth of the water level from the reference height. On
the coastal boundary, it is natural to have the reflection, which is realized by the Dirichlet
boundary condition, u = 0, and, on the open boundary, an artificial boundary condition
is required so that the wave passes through the boundary without any reflection, as the
boundary is set artificially on the open sea. Most open boundary conditions proposed
in the literature are based on or modifications of the Sommerfeld radiation boundary
condition (RBC) [11] whose typical form is

u =
√

g/ζ ηn (1)
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for the gravity constant g (>0) and the outward unit normal vector n. The condition (1)
is derived by considering the SWEs in one-dimensional space essentially and assuming
that the velocity u on the open boundary is u = Vη/ζ n for the wave propagation speed V
and that V is given by V =

√
gζ. Due to some limitations of the RBC for oblique flows,

many researchers suggested and implemented modified boundary conditions for open
boundaries similar to the RBC, cf., e.g., [12–14]. Kanayama and Dan [15] also employed an
open boundary condition of the form,

u = c0
√

gζ η/φ n (2)

for a constant c0 (>0), which removes the artificial reflection from the open boundary
significantly. The condition (2) is comparable to the RBC as Equation (2) is obtained
by replacing ζ with φ2/ζ in Equation (1), where the relation ζ ≈ φ2/ζ ≈ φ holds if
|η| � ζ is satisfied. In fact, the numerical results by the TBC and the RBC are similar, cf.
Appendix B. On the other hand, the TBC is more reasonable than the RBC for the theoretical
stability study of the system of the SWEs from the viewpoint of energy as presented in
Murshed et al. [9] and Murshed [10], while it is still a partial study (but practically useful),
cf. Remark 6 for a brief review of the theoretical results. Based on the stability study, we
employ the TBC in this paper and observe the effect of the TBC (or the RBC) for the passing
wave in addition to the effect of the Dirichlet boundary condition for the reflection wave.
These observations are basic but necessary for the development of a scheme for SWEs.

The system of the SWEs consists of two equations, a pure convection equation for
the total wave height and a modified Navier–Stokes momentum equation for the velocity
derived by taking the average of function values in x3-direction, cf. [9,16], which include
the material derivatives in conservative and non-conservative forms, respectively. For
a time step size Δt > 0, let tn := nΔt. The so-called Lagrange–Galerkin method is the
finite element method combined with the idea of the method of characteristics; the non-
conservative and conservative material derivatives are discretized as, for a scalar-valued
function φ and a velocity u, cf., e.g., [17–20],

[∂φ

∂t
+ u · ∇φ

]
(x, tn) =

φn(x)− φn−1(x − un(x)Δt)
Δt

+ O(Δt),[∂φ

∂t
+∇ · (uφ)

]
(x, tn) =

φn(x)− φn−1(x − un(x)Δt)γn(x)
Δt

+ O(Δt),

respectively, which are first-order approximations in time, where x − un(x)Δt is an up-
wind point of x with respect to un(x) and γn is the Jacobian determinant of the map-
ping x − un(x)Δt. In general, the Lagrange–Galerkin method has two advantages; (i) the
CFL-free robustness for convection-dominated problems and (ii) the symmetry of the result-
ing coefficient matrices for the system of linear equations. In addition to the four pioneering
works above, many authors have proposed the ideas of this type of approximation in the
context of the finite element method, cf. [21–48] and references therein. When we focus on
the SWEs, to the best of our knowledge, Murshed et al. [9] and Murshed [10] firstly solved
the SWEs with a TBC by a (single-step) Lagrange–Galerkin scheme of first-order in time for
a flat bottom topography. Recently, a two-step mass-preserving Lagrange–Galerkin scheme
of second order in time for conservative convection-diffusion problems has been proposed
and analyzed with error estimates in [49].

In this paper, we present a new two-step Lagrange–Galerkin scheme to solve the SWEs
together with a TBC, which is of second order in time and maintains the two advantages
of the Lagrange–Galerkin methods, i.e., the CFL-free robustness and the symmetry of
the resulting matrices. The two material derivatives are discretized based on the ideas
of two-step methods proposed for the non-conservative form in [17,21,24,40] and the
conservative form in [49]. Firstly, preparing an artificial exact solution, we observe our
scheme’s experimental order of convergence (EOC) to see the second-order accuracy in
time on a simple (square) domain. Since long (real-)time computations on a mesh refined
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locally are needed in practical problems, the CFL-free second-order accuracy in time of our
scheme is a significant advantage, enabling us to employ a more extensive time increment
compared with first-order numerical methods. Secondly, we observe the effect of the
TBC on a simple (square) domain, and the artificial reflections are kept from the Dirichlet
boundaries and removed significantly from the transmission boundaries. Thirdly, our
scheme is applied to the Bay of Bengal region, which is non-convex, includes islands,
and is, therefore, a complex domain. We again observe the effect of the TBC for this
realistic domain. The artificial reflections are removed significantly from the transmission
boundaries, which are set on open sea boundaries. We also study the effect of a position of
an open sea boundary with the TBC and reveal that it is sufficiently small to neglect. In [9],
energy estimates for the SWEs were given, where the L2-norm of the water level from the
reference height was an important value related to the potential energy. Focusing on the
energy and the mass of the water level function, we observe the L2-norm and the mass of
the water level function, which show the effectiveness of the TBC.

From the computations, we show that our new scheme has the following properties;
(i) the same advantages of Lagrange–Galerkin methods; (ii) second-order accuracy in
time; (iii) mass preservation of the function of the water level from the reference height
(until the contact with the transmission boundaries of the wave); and (iv) no significant
artificial reflection from the transmission boundaries. We mention again that the TBC is
employed in this paper based on the theoretical stability study in [9,10], while the numerical
results by the TBC and the RBC are similar.

All of the numerical results in this paper, Part I, are for the flat bottom topography, and the
non-homogeneous bottom topography will be studied in our forthcoming paper, Part II.

The outline of this paper is as follows. Section 2 presents a two-step Lagrange–Galerkin
scheme for the SWEs together with a TBC, which is of second order in time. In Section 3,
numerical results for simple square domains are shown to observe the second-order accu-
racy in time and the effect of TBC. In Section 4, our scheme is applied to the Bay of Bengal
region, where the domain is non-convex and complex. In Section 5, conclusions are given.
The data for choosing the constant c0 required in the TBC and a comparison of the TBC
with the RBC are given in Appendixes A and B, respectively.

2. A Two-Step Lagrange–Galerkin Scheme

We introduce some notations to be used in this paper. Ω is a bounded spatial domain inR2,
Γ := ∂Ω is the boundary of Ω, and (0, T) is a temporal domain in R+ (:= {x ∈ R; x > 0})
for a positive constant T. We use the Lebesgue space Lp(Ω) (p ∈ [1, ∞]) and the Sobolev
space H1(Ω). For any normed space X with its norm ‖ · ‖X, we define function spaces
C0([0, T]; X) and L∞(0, T; X) consisting of X-valued functions in C0([0, T]) and L∞(0, T),
respectively. Let (·, ·) be the inner product in L2(Ω), i.e., ( f , g) :=

∫
Ω f (x)g(x)dx for

f , g ∈ L2(Ω). We employ the same notation (·, ·) to represent the L2(Ω) inner product
for scalar-, vector-, and matrix-valued functions. Let A : B be the tensor product defined
by A : B := ∑2

i,j=1 AijBij = tr(AB�) for A, B ∈ R2×2.

2.1. Statement of the Problem

Our problem is to find (φ, u) : Ω × (0, T) → R×R2 such that

∂φ

∂t
+∇ · (uφ) = f in Ω × (0, T), (3a)

ρφ
[∂u

∂t
+ (u · ∇)u

]
− 2μ∇ · (φD(u)) + ρgφ∇η = F in Ω × (0, T), (3b)

φ = η + ζ in Ω × (0, T), (3c)

u = 0 on ΓD × (0, T), (3d)

u = c0
√

gζ
η

φ
n on ΓT × (0, T), (3e)

(φ, u) = (φ0, u0) in Ω, at t = 0, (3f)
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where the total wave height and the velocity are denoted by φ and u = (u1, u2)
�, re-

spectively, the water level from the reference height and the depth of water level from
the reference height, i.e., bottom topography, are represented by η : Ω × (0, T) → R and
ζ : Ω → R+, respectively, a pair of external forces is given by ( f , F) : Ω × (0, T) → R×R2,
a pair of initial values is given by (φ0, u0) : Ω → R×R2, density and viscosity constants of
water are denoted by ρ > 0 and μ > 0, the gravity constant is given by g > 0, the strain-rate
tensor D(u) is defined by

D(u) :=
1
2

[
∇u + (∇u)�

]
,

and the outward unit normal vector is denoted by n : Γ → R2, cf. Figure 2. We suppose
that the boundary Γ is divided into two non-overlapping parts, ΓD and ΓT, i.e., Γ = ΓD ∪ ΓT
and ΓD ∩ ΓT = ∅, where the subscripts “D” and “T” imply Dirichlet and transmission
boundaries, respectively. A positive constant c0 is chosen suitably to remove the artificial
reflection, and, throughout this paper, we employ c0 = 0.9, which is determined based on
numerical experiments given in Appendix A. We consider homogeneous flat bottom topog-
raphy in this paper, Part I, and non-homogeneous bottom topography in our forthcoming
paper, Part II.

x1

x2x3

Ω

ζ
φ (= η + ζ)

ηΩΩΩΩΩΩΩΩΩΩ

u1

u2

Figure 2. Diagrams for the problem; left: the domain Ω and the velocity u = (u1, u2)
�; right: the

total wave height φ = η + ζ.

2.2. Presentation of the Scheme

Let Ψ := L2(Ω), Y := H1(Ω)2,

V(G) :=
{

v ∈ Y; v = 0 on ΓD and v = G on ΓT
}

for a function G : ΓT → R2, and V := V(0). We introduce a φ-dependent function,
G(φ) = G(φ; η) : ΓT → R2, defined by

G(φ) = G(φ; η) := c0
√

gζ
η

φ
n.

Assume φ0 ∈ Ψ, η0 := φ0 − ζ ∈ Ψ and u0 ∈ V(G(φ0)) = V(G(φ0; η0)). A weak
formulation to problem (3) is to find {(φ, u)(t) ∈ Ψ × V(G(φ(t); η(t))); t ∈ (0, T)} such
that, for t ∈ (0, T), (∂φ

∂t
+∇ · (uφ), ψ

)
= ( f , ψ) ∀ψ ∈ Ψ, (4a)

ρ

(
φ
[∂u

∂t
+ (u · ∇)u

]
, v
)
+ a(u, v; φ) + b(η, v; φ) = (F, v) ∀v ∈ V, (4b)

φ = η + ζ, (4c)

with the initial condition (φ, u)(0) = (φ0, u0) ∈ Ψ × V(G(φ0; η0)), where the bilinear
forms a(·, · ; φ) : Y × Y → R and b(·, · ; φ) : Ψ × Y → R are defined by

a(u, v; φ) := 2μ
(
φD(u), D(v)

)
, b(η, v; φ) := ρg

(
φ∇η, v

)
.
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Now, we present our scheme for solving problem (3). Let Th = {K} be a partition of Ω
by triangular elements, h be the maximum diameter of K ∈ Th, and Ωh := int(∪K∈Th K) be
an approximated domain. Although it holds that Ω �= Ωh in general, we assume Ω = Ωh
throughout the paper to avoid the complexity of introducing many symbols. We define
finite element spaces, Ψh, Yh and Vh(G), corresponding to Ψ, Y and V(G) by

Ψh := {ψh ∈ C0(Ω); ψh|K ∈ Pk(K) ∀K ∈ Th},

Yh := {vh ∈ C0(Ω)2; vh|K ∈ P�(K)2 ∀K ∈ Th},

Vh(G) := {vh ∈ Yh; vh = 0 on ΓD and vh = G on ΓT},

for k, � ∈ N, and set Vh := Vh(0), where Pk(K) is the space of polynomial functions of
degree k ∈ N on K ∈ Th. In this paper, we employ k = � = 1, and the function G : ΓT → R2

is assumed to be a piecewise linear function.
Let Δt be a time increment, NT := �T/Δt� a total number of time steps, and tn := nΔt

a time at n-th time step. For v : Ω → R2, we define mappings X1[v], X̃1[v] : Ω → R2 and
γ1[v], γ̃1[v] : Ω → R by

X1[v](x) := x − Δt v(x), X̃1[v](x) := x − 2Δt v(x),

γ1[v](x) := det
(

∂X1[v]
∂x

(x)
)

, γ̃1[v](x) := det
(

∂X̃1[v]
∂x

(x)
)

.

For
{

φn}NT
n=0 and

{
un}NT

n=0, we define an operator AΔt[u]φn by, for n = 1, . . . , NT ,

AΔt[u]φn :=

⎧⎨⎩A(1)
Δt [u]φ

n (n = 1),

A(2)
Δt [u]φ

n (n ≥ 2),

where

A(1)
Δt [u]φ

n :=
φn − φn−1 ◦ X1[un−1]γ1[un−1]

Δt
,

A(2)
Δt [u]φ

n :=
3φn − 4φn−1 ◦ X1[un∗]γ1[un∗] + φn−2 ◦ X̃1[un∗]γ̃1[un∗]

2Δt
.

The composition of functions is represented by the symbol ◦, i.e.,(
ψ ◦ X1[v]

)
(x) = ψ

(
X1[v](x)

)
,

and the function un∗ : Ω → R2 is defined by

un∗ := 2un−1 − un−2,

which is a second-order temporal approximation of un if u is sufficiently smooth. We also
define, for

{
wn}NT

n=0,

BΔt[w]un :=

{
B(1)

Δt [w]un (n = 1),
B(2)

Δt [w]un (n ≥ 2),

where

B(1)
Δt [w]un :=

un − un−1 ◦ X1[wn−1]

Δt
,

B(2)
Δt [w]un :=

3un − 4un−1 ◦ X1[wn∗] + un−2 ◦ X̃1[wn∗]
2Δt

.

57



Mathematics 2023, 11, 1633

The two-step Lagrange–Galerkin scheme is to find {(φn
h , un

h) ∈ Ψh × Vh(G(φn
h ; ηn

h ));
n = 1, . . . , NT} such that, for n = 1, 2, . . . , NT ,(

AΔt[uh]φ
n
h , ψh

)
=
(

f n, ψh
)

∀ψh ∈ Ψh, (5a)

ρ
(
φn

hBΔt[uh]un
h , vh

)
+ a

(
un

h , vh; φn
h
)
+ b

(
ηn

h , vh; φn
h
)
=
(

Fn, vh
)

∀vh ∈ Vh, (5b)

φn
h = ηn

h + Πhζ, (5c)

with an initial condition (
φ0

h, u0
h
)
=
(
Πhφ0, Πhu0) ∈ Ψh × Yh, (5d)

where the Lagrange interpolation operator is denoted by Πh : C(Ω) → Ψh, which is also
used for the vector-valued function u0, i.e., Πhu0 ∈ Yh.

Remark 1. Scheme (5) is equivalent to(
φn

h − φn−1
h ◦ X1[un−1

h ]γ1[un−1
h ]

Δt
, ψh

)
=
(

f n, ψh
)

∀ψh ∈ Ψh,

ρ

(
φn

h
un

h − un−1
h ◦ X1[un−1

h ]

Δt
, vh

)
+ 2μ

(
φn

h D(un
h), D(vh)

)
+ρg

(
φn

h∇ηn
h , vh

)
=
(

Fn, vh
)

∀vh ∈ Vh,

φn
h = ηn

h + Πhζ,

for the first step n = 1, and(
3φn

h − 4φn−1
h ◦ X1[un∗

h ]γ1[un∗
h ] + φn−2

h ◦ X̃1[un∗
h ]γ̃1[un∗

h ]

2Δt
, ψh

)
=
(

f n, ψh
)

∀ψh ∈ Ψh,

ρ

(
φn

h
3un

h − 4un−1
h ◦ X1[un∗

h ] + un−2
h ◦ X̃1[un∗

h ]

2Δt
, vh

)
+2μ

(
φn

h D(un
h), D(vh)

)
+ ρg

(
φn

h∇ηn
h , vh

)
=
(

Fn, vh
)

∀vh ∈ Vh,

φn
h = ηn

h + Πhζ,

for general steps n ≥ 2.

Remark 2. We have the following notes.

(i) At each time step, we obtain φn
h ∈ Ψh from Equation (5a) and un

h ∈ Vh(G(φn
h ; ηn

h ))
from Equation (5b) combined with Equation(5c), where both of the resulting coefficient matri-
ces of the systems of linear equations derived from Equations (5a) and (5b) are symmetric.

(ii) We need A(1)
Δt [u] and B(1)

Δt [w] due to the lack of the functions φn−2
h and un−2

h for n = 1, which

are used for A(2)
Δt [uh]φ

n
h and B(2)

Δt [uh]un
h for n ≥ 2.

(iii) The two-step methods in conservative and non-conservative forms, A(2)
Δt [uh]φ

n
h and B(2)

Δt [uh]un
h,

are developed and analyzed for convection-diffusion problems in [17,49].
(iv) It is discussed in [40,49] that the one-time use of first-order single-step methods, A(1)

Δt [uh]φ
n
h

and B(1)
Δt [uh]un

h, has no loss of convergence order in discrete version of L∞(0, T; L2(Ω))-norm
for a conservative convection-diffusion equation and the Navier–Stokes equations, respectively.

(v) The so-called quadrilateral elements Qk(K), e.g., bilinear (k = 1) and biquadratic (k = 2)
elements, with a partition of Ω, Th = {K}, by rectangles are also available for Ψh and Yh.

Remark 3. Suppose that the pair (φ, u) : Ω× (0, T) → R×Rd is a smooth solution to Equation (3)
and that n ≥ 2. Then, the truncation errors of the Equations (5a) and (5b) are of second order in
time, i.e., ∥∥AΔt[u]φn − f n∥∥

L∞(Ω)
= O(Δt2),
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∥∥ρφnBΔt[u]un − 2μ∇ ·
(
φD(un)

)
+ ρgφn∇ηn − Fn∥∥

L∞(Ω)
= O(Δt2),

as AΔt[u]φn and BΔt[u]un are second-order approximations of the conservative and non-conservative
material derivatives, respectively, i.e.,

[
AΔt[u]φn](x) =

[∂φ

∂t
+∇ · (uφ)

]
(x, tn) + O(Δt2),[

BΔt[u]un](x) =
[∂u

∂t
+ (u · ∇)u

]
(x, tn) + O(Δt2),

and the evaluation point is (x, tn) ∈ Ω × (0, T), cf. [40,49].

Remark 4. Suppose that Ω is convex and Γ = ΓD, that φ is known and smooth, that there exist
positive constants c† and c† such that (0 <) c† ≤ φ(x, t) ≤ c† for any (x, t) ∈ Ω × [0, T],
and � = 1. Then, the unknown function of problem (3) is only u, and we can prove stability and
error estimates for the velocity if u is smooth enough, i.e., there exist positive constants h∗ and
c∗ independent of h and Δt such that, for any pair (h, Δt) with h ∈ (0, h∗] and Δt ≤ c∗h2/5,
the solution {un

h}
NT
n=1 ⊂ Vh to scheme (5) whose φn

h is replaced with φn satisfies ‖uh‖�∞(L∞(Ω)) ≤
‖u‖C0(L∞(Ω)) + 1 and ‖uh − u‖�∞(L2) = O(Δt2 + h2) by induction argument similar to the proof
of the stability and error estimates of a scheme for the Navier–Stokes equations in [40].

3. Numerical Results in Square Domains

In this section, numerical results via FreeFem++ [50] with k = � = 1 (piecewise linear,
P1-element) are presented to see the experimental order of convergence (EOC) and the
effect of the TBC in square domains, where both of the systems of linear equations for
Equations (5a) and (5b) are solved by the LU decomposition method in FreeFem++. We call
scheme (5) LG2, and also call scheme (5) replacing AΔt and BΔt with A(1)

Δt and B(1)
Δt , respec-

tively, LG1 [9,10], which is a (single-step) Lagrange–Galerkin scheme of first order in time.

3.1. Experimental Order of Convergence

We solve Examples 1 and 2 below by LG1 and LG2 and compare the experimental
orders of convergence (EOCs).

Example 1 (Γ = ΓD). In problem (3), we set Ω = (0, 1)2, Γ = ΓD (ΓT = ∅), T = 1,
g = ρ = μ = ζ = 1, and the function η0, u0, f and F are given so that the exact solution is

φ(x, t) = 1 +
sin πx1 sin πx2(2 + sin πt)

8
, u(x, t) =

sin πx1 sin πx2(2 + sin πt)
3

[
1
1

]
.

Example 2 (Γ = ΓD ∪ ΓT). In Example 1, we replace ΓT and ΓD with ΓT = {x ∈ Γ; x2 = 0} and
ΓD = Γ \ ΓT, respectively.

For a numerical solution zh = {zn
h}

NT
n=0 and its exact solution z = {zn}NT

n=0, we intro-
duce notations of errors, Ei(z), i = 0, 1, defined by

E0(z) :=
‖zh − z‖�∞(L2)

‖z‖�∞(L2)
, E1(z) :=

‖∇(zh − z)‖�∞(L2)

‖∇z‖�∞(L2)
,

where ‖ · ‖�∞(L2) is a norm given by

‖z‖�∞(L2) := max{‖zn‖L2(Ω); n = 0, . . . , NT}.

Let N be a division number of each side of the unit square domain Ω and h := 1/N
a representative mesh size. We prepare non-uniform triangulations of Ω, Th, for N =
8, 16, 32, 64, 128 and 256, cf. Figure 3 for N = 32.

Choosing Δt = 0.25
√

h, we compute the errors, Ei(η) and Ei(u), i = 0, 1, by LG1
and LG2. Figures 4 and 5 show graphs of the errors of E0(·) and E1(·), respectively, in loga-
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rithmic scale by LG1 for Example 1 (i) and Example 2 (ii), and by LG2 for Example 1 (iii)
and Example 2 (iv), and the values of errors and their EOCs are given in Tables 1 and 2. We
observe that LG2 is of second order in time numerically and that the order is higher than
that of LG1. Although E1(η) is not of second order in time, it is natural as Equation (3a)
for φ (= η + ζ) does not include any diffusion term.

Remark 5. Lagrange–Galerkin schemes are basically CFL-free, and our scheme also has this
property. In fact, the CFL number in this computation is UΔt/h = 1/(4

√
h) = 4 for N = 256 as

the maximum velocity U is 1 and the Δt is chosen as Δt = 0.25
√

h.

Figure 3. A sample mesh with N = 32 for Example 1.
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Figure 4. Graphs of errors E0(η) and E0(u) in logarithmic scale by LG1 for Example 1 (i) and
Example 2 (ii), and by LG2 for Example 1 (iii) and Example 2 (iv).
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Figure 5. Graphs of errors E1(η) and E1(u) in logarithmic scale by LG1 for Example 1 (i) and
Example 2 (ii), and by LG2 for Example 1 (iii) and Example 2 (iv).

Table 1. Values of Ei(η) and Ei(u), i = 0, 1, by schemes LG1 and LG2 for Example 1 (Γ = ΓD).

LG1

N Δt E0(η) EOC E0(u) EOC

8 8.84 × 10−2 3.89 × 100 - 3.78 × 10−2 -
16 6.25 × 10−2 2.20 × 100 1.65 2.28 × 10−2 1.45
32 4.42 × 10−2 1.45 × 100 1.19 1.57 × 10−2 1.09
64 3.13 × 10−2 1.01 × 100 1.05 1.10 × 10−2 1.03

128 2.21 × 10−2 7.11 × 10−1 1.01 7.77 × 10−3 1.00
256 1.56 × 10−2 5.02 × 10−1 1.00 5.51 × 10−3 0.99

LG1

N Δt E1(η) EOC E1(u) EOC

8 8.84 × 10−2 3.00 × 100 - 7.78 × 10−2 -
16 6.25 × 10−2 1.73 × 100 1.59 4.63 × 10−2 1.49
32 4.42 × 10−2 1.25 × 100 0.93 2.95 × 10−2 1.31
64 3.13 × 10−2 9.78 × 10−1 0.71 2.04 × 10−2 1.06

128 2.21 × 10−2 6.42 × 10−1 1.22 1.42 × 10−2 1.04
256 1.56 × 10−2 4.35 × 10−1 1.12 1.00 × 10−2 1.01

LG2

N Δt E0(η) EOC E0(u) EOC

8 8.84 × 10−2 6.81 × 10−1 - 1.71 × 10−2 -
16 6.25 × 10−2 1.96 × 10−1 3.60 7.03 × 10−3 2.57
32 4.42 × 10−2 8.53 × 10−2 2.40 3.32 × 10−3 2.16
64 3.13 × 10−2 3.82 × 10−2 2.32 1.64 × 10−3 2.04

128 2.21 × 10−2 1.87 × 10−2 2.05 8.20 × 10−4 1.99
256 1.56 × 10−2 9.46 × 10−3 1.97 4.17 × 10−4 1.95

LG2

N Δt E1(η) EOC E1(u) EOC

8 8.84 × 10−2 3.97 × 100 - 5.68 × 10−2 -
16 6.25 × 10−2 2.24 × 100 1.65 2.90 × 10−2 1.94
32 4.42 × 10−2 2.00 × 100 0.33 1.20 × 10−2 2.54
64 3.13 × 10−2 1.64 × 100 0.57 6.72 × 10−3 1.67

128 2.21 × 10−2 1.17 × 100 0.97 3.23 × 10−3 2.11
256 1.56 × 10−2 8.64 × 10−1 0.88 1.47 × 10−3 2.28
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Table 2. Values of Ei(η) and Ei(u), i = 0, 1, by schemes LG1 and LG2 for Example 2 (Γ = ΓD ∪ ΓT).

LG1

N Δt E0(η) EOC E0(u) EOC

8 8.84 × 10−2 3.88 × 100 - 3.86 × 10−2 -
16 6.25 × 10−2 2.19 × 100 1.65 2.33 × 10−2 1.46
32 4.42 × 10−2 1.45 × 100 1.19 1.58 × 10−2 1.11
64 3.13 × 10−2 1.01 × 100 1.05 1.11 × 10−2 1.03

128 2.21 × 10−2 7.09 × 10−1 1.01 7.82 × 10−3 1.01
256 1.56 × 10−2 5.01 × 10−1 1.00 5.53 × 10−3 1.00

LG1

N Δt E1(η) EOC E1(u) EOC

8 8.84 × 10−2 2.95 × 100 - 7.80 × 10−2 -
16 6.25 × 10−2 1.71 × 100 1.57 4.64 × 10−2 1.50
32 4.42 × 10−2 1.24 × 100 0.94 2.95 × 10−2 1.31
64 3.13 × 10−2 9.78 × 10−1 0.67 2.03 × 10−2 1.07

128 2.21 × 10−2 6.42 × 10−1 1.21 1.41 × 10−2 1.04
256 1.56 × 10−2 4.34 × 10−1 1.13 9.96 × 10−3 1.01

LG2

N Δt E0(η) EOC E0(u) EOC

8 8.84 × 10−2 6.70 × 10−1 - 1.75 × 10−2 -
16 6.25 × 10−2 1.95 × 10−1 3.56 7.23 × 10−3 2.55
32 4.42 × 10−2 8.58 × 10−2 2.37 3.37 × 10−3 2.20
64 3.13 × 10−2 3.97 × 10−2 2.22 1.67 × 10−3 2.03

128 2.21 × 10−2 1.87 × 10−2 2.17 8.37 × 10−4 2.00
256 1.56 × 10−2 9.54 × 10−3 1.94 4.25 × 10−4 1.96

LG2

N Δt E1(η) EOC E1(u) EOC

8 8.84 × 10−2 3.89 × 100 - 5.70 × 10−2 -
16 6.25 × 10−2 2.21 × 100 1.63 2.93 × 10−2 1.92
32 4.42 × 10−2 1.98 × 100 0.32 1.24 × 10−2 2.49
64 3.13 × 10−2 1.65 × 100 0.54 6.90 × 10−3 1.69

128 2.21 × 10−2 1.17 × 100 0.97 3.26 × 10−3 2.16
256 1.56 × 10−2 8.62 × 10−1 0.89 1.48 × 10−3 2.27

3.2. Effect of the TBC

We consider the following example to see the effect of the TBC.

Example 3. In problem (3), we set Ω = (0, 10)2, T = 100, g = ρ = μ = ζ = 1, ( f , F) = (0, 0),
η0 = c exp(−100 |x − p|2), c = 10−3, p = (5, 5)�, and u0 = 0. We consider five cases of ΓT,

(a) ΓT = ∅, i.e., Γ = ΓD,
(b) ΓT = {x ∈ Γ; x2 = 0} (bottom), ΓD = Γ \ ΓT,
(c) ΓT = {x ∈ Γ; x1 = 10, x2 = 0} (right and bottom), ΓD = Γ \ ΓT,
(d) ΓT = {x ∈ Γ; x1 = 10, x2 = 0, 10} (right, bottom and top), ΓD = Γ \ ΓT,
(e) ΓT = Γ.

We solve Example 3 by LG2. Figure 6 shows the color contours of ηn
h for t = 25k,

k = 0, . . . , 4, cf. (i)–(v), for the five cases, (a)–(e). We can see the effect of the boundary
conditions; the artificial reflection is observed and removed significantly when the wave
touches the Dirichlet (ΓD) and the transmission (ΓT) boundaries, respectively. Thus, LG2
works well for the SWEs with and without the TBC in the simple square domain.
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Figure 6. Color contours of ηn
h by LG2 with and without the TBC for the five cases, (a–

e), in Example 3.

4. Application to the Bay of Bengal

In this section, we apply LG2, i.e., scheme (5) discussed in Section 2.2, to a computa-
tional domain of the Bay of Bengal region, cf. Figure 7, which is an approximate domain of
the original, cf. Figure 1. All the computations are performed via FreeFem++ [50].
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Figure 7. The domain for the Bay of Bengal region with the information of boundaries, ΓD

and ΓT (= ΓT1 ∪ ΓT2 ∪ ΓT3) used in Example 4.

4.1. Numerical Simulation with and without the TBC

We set the following example.

Example 4. Let Ω be the domain shown in Figure 7. The domain is considered from 0 to 1051.4 [km] in
the horizontal direction and 0 to 889.59 [km] in the vertical direction. We employ two boundary conditions,
the Dirichlet boundary condition on ΓD and the TBC on ΓT, cf. Figure 7. We set ΓD on the coastal and
island boundaries and ΓT on the artificial boundaries for the open sea. As shown in Figure 7, there are three
artificial boundaries on the open sea, i.e., ΓT = ΓT1 ∪ ΓT2 ∪ ΓT3. In problem (3), we set T = 5000 [s],
ζ = 2 [km], η0(x) = c1 exp(−0.04|x − p|2) [km], c1 = 0.01 [−], p = (559.56, 430.02)�, u0 = 0,
μ = 1 [Pa · s], ρ = 1012 [kg/km3], g = 9.8× 10−3 [km/s2] and ( f , F) = (0, 0).

We prepare a triangular mesh of the domain as shown in Figure 8, where the numbers
of elements and nodal points are 60,619 and 31,120, respectively. Then, a numerical
simulation is done by LG2 with Δt = 0.2 [s]. The results at t = 0, 2500, 3000, 4000, 4500
and 5000 [s] are presented in Figures 9 and 10. In the figures, for comparison to see the
effect of the TBC, we compute Example 4 by replacing ΓT with ΓD and put it on the left.
From Figure 9, we can see that a circular wave is created at around the point p, that it
propagates towards the boundary over time, that reflections are found when the wave
touches ΓD, and that the results with Γ = ΓD (left) and Γ = ΓD ∪ ΓT (right) are similar.
From Figure 10, we can observe that artificial reflections on the open sea boundaries are
significantly removed when the wave touches ΓT, cf. the right figures. Thus, LG2 works
well for a simple (square) domain and this complex domain, the Bay of Bengal region,
which is non-convex and includes islands.

For any (smooth) solution to problem (3), we define the total energy E(t) by

E(t) := E1(t) + E2(t) :=
∫

Ω

ρ

2
φ|u|2dx +

∫
Ω

ρg|η|2
2

dx, (6)

where E1(t) is the kinetic energy, and E2(t) is the potential energy. Then, it is worthy to
note that the following energy estimate holds, cf. ([9] Corollary 3.3-(i)),

d
dt
E(t) = −ρ

2

∫
ΓT

φ|u|2u · n ds − ρg
∫

ΓT

φηu · n ds
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+ 2μ
∫

ΓT

φ[D(u)n] · u ds − 2μ
∫

Ω
φ|D(u)|2 dx. (7)

Here, focusing on E2(t) (= 1
2

∫
Ω ρg|η|2dx) and the mass of η, i.e.,

∫
Ω η dx, we present

the values of the L2(Ω)-norm of ηn
h , i.e, ‖ηn

h‖L2(Ω), and the mass of ηn
h , i.e.,

∫
Ω ηn

h dx,
in Figures 11 and 12, respectively. In principle, we can say that the TBC works well
numerically if ‖ηn

h‖L2(Ω) and
∫

Ω ηn
h dx decrease around the time that the wave touches

the transmission boundaries. Figure 11 shows graphs of ‖ηn
h‖L2(Ω) for the two cases,

with and without the transmission boundaries, i.e., Γ = ΓD ∪ ΓT and Γ = ΓD (ΓT = ∅),
respectively. Figure 12 shows the graphs of

∫
Ω ηn

h dx for the four cases of (transmission)
boundaries, (i) no transmission boundary, i.e., ΓT = ∅, (ii) one transmission boundary,
i.e., ΓT = ΓT2, (iii) two transmission boundaries, i.e., ΓT = ΓT1 ∪ ΓT3, and (iv) three
transmission boundaries, i.e., ΓT = ΓT1 ∪ ΓT2 ∪ ΓT3. From Figures 11 and 12, we can see
that there are decreasing phenomena of the value of L2(Ω)-norm as well as the value of
the mass when the TBC is imposed. From Figure 9, we can see that the wave touches
the transmission boundary ΓT2 at time around t = 3000 [s]; that is why, the mass of ηn

h
decreases drastically from around 3000 [s] to 3200 [s], cf. Figure 12 (yellow and green
lines). Again, the mass started to decrease between the period from around 4000 [s] to
4500 [s], cf. Figure 12, since the wave reached the transmission boundary ΓT1 and ΓT3,
cf. Figure 10.

Figure 8. The mesh for the Bay of Bengal region used for Example 4.
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(a1) t = 0 (a2) t = 0

(b1) t = 2500 (b2) t = 2500

(c1) t = 3000 (c2) t = 3000

Figure 9. Contour plot of ηn
h by LG2 with Γ = ΓD (left) and Γ = ΓD ∪ ΓT (right) on the Bay of Bengal

for t = 0, 2500 and 3000.

66



Mathematics 2023, 11, 1633

(a1) t = 4000 (a2) t = 4000

(b1) t = 4500 (b2) t = 4500

(c1) t = 5000 (c2) t = 5000

Figure 10. Contour plot of ηn
h by LG2 with Γ = ΓD (left) and Γ = Γ̄D ∪ Γ̄T (right) on the Bay of Bengal

for t = 4000, 4500 and 5000.

Remark 6. We recall the results in [9] and mention the advantage of the TBC Equation (3e) on the
stability under the assumption φ > 0 on ΓT × [0, T].

(i) The last term in the RHS of (7) is obviously non-positive. From the TBC Equation (3e),
i.e., φu = c0

√
gζηn, we observe that the second term in the RHS of Equation (7) is non-positive:

−ρg
∫

ΓT

φηu · n ds = −ρg
∫

ΓT

c0
√

gζ η2 ds ≤ 0.

Since it is numerically observed in [9] that the second term is dominant from the viewpoint of
the energy E(t), cf. ([9] (Remark 3.5)), we can expect that this non-positivity derived from the
TBC Equation (3e) improves the stability of the SWEs Equation (3).
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(ii) Let us additionally introduce a theorem ([9] (Theorem 3.4)). Suppose that there exists α ∈ (0, 1)
such that

η(x, t) ≥ −αζ(x) (x ∈ ΓT, t ∈ [0, T]),

0 < c0 ≤
√

2/α (1 − α). (8)

Then, the summation of the first and second terms in the RHS of Equation (7) is non-positive, i.e.,

−ρ

2

∫
ΓT

φ|u|2u · n ds − ρg
∫

ΓT

φηu · n ds ≤ 0,

in particular,

d
dt
E(t) ≤ 2μ

∫
ΓT

φ[D(u)n] · u ds.

(iii) As mentioned in ([9] (Remark 3.6)), the condition (8) is not strict in the practical computation,
where α and c0 are chosen typically as, e.g., α = 0.01 and c0 = 0.9. These satisfy condition (8)
since

√
2/α (1 − α) ≈ 14.

(iv) We have compared our results by the TBC (c0 = 0.9) and a modified TBC (c0 = 1) with those
by the RBC:

u =
√

g/ζ ηn on ΓT × (0, T). (9)

The results by the three boundary conditions are not significantly different as presented
in Appendix B. We note that condition (9) is the well-known RBC, cf., e.g., [8], and that
the modified TBC is obtained by replacing ζ with φ2/ζ in Equation (9), where the rela-
tion ζ ≈ φ2/ζ ≈ φ holds if |η| � ζ is satisfied.

Figure 11. Graphs of ‖ηn
h ‖L2(Ω) with respect to time (t = tn) for Example 4 with ΓT (Γ = ΓD ∪ ΓT)

and without ΓT (Γ = ΓD).
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Figure 12. Graphs of the mass of ηn
h with respect to time (t = tn) for Example 4 with the fol-

lowing four settings; no transmission boundary, i.e., ΓT = ∅ (purple), one transmission boundary,
i.e., ΓT = ΓT2 (green), two transmission boundaries, i.e., ΓT = ΓT1 ∪ ΓT3 (blue), and three transmission
boundaries, i.e., ΓT = ΓT1 ∪ ΓT2 ∪ ΓT3 (yellow).

4.2. Effect of Position of a Transmission Boundary

We consider Example 4 again to see the effect of the TBC with an extension of the
domain (Ω), where the size of the domain in the vertical direction is extended from
889.59 [km] to 989.59 [km], i.e., 100 [km] extension. We employ the same boundary condi-
tions on Γ = ΓD ∪ ΓT for both original and extended domains, where ΓT = ΓT1 ∪ ΓT2 ∪ ΓT3.
We compare the numerical results for the extended domain with the ones for the original
domain, cf. Figures 13 and 14, where the left and right figures show the results for the
extended and original domains, respectively. It is observed that there is no significant effect
of the vertical position of the bottom transmission boundary ΓT2. We also computed the
mass of η for both domains, cf. Figure 15. From Figure 15, we can see that the mass of
ηk

h started to decrease at time t = 3000 for the original domain, cf. Figure 13c2, while the
mass of ηk

h started to decrease at time t = 4000 for the extended domain, cf. Figure 14b1,
because the wave touches the boundary ΓT2 at these times (t = 3000 and t = 4000) for the
original and extended domains, respectively. A similar decreasing property of mass of ηk

h
can be observed from Figure 15 when the wave touches the transmission boundaries. The
results confirm that the TBC works well numerically and that we can choose the vertical
position of the bottom transmission boundary ΓT2 without significant effect.
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(a1) t = 0 (a2) t = 0

(b1) t = 2500 (b2) t = 2500

(c1) t = 3000 (c2) t = 3000
Figure 13. Contour plot of ηn

h by LG2 with Γ = Γ̄D ∪ Γ̄T for the extended domain (left) and for the
original domain (right) on the Bay of Bengal for t = 0, 2500 and 3000. The green dotted lines in the
left figures indicate the position of the bottom boundary of the original domain.
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(a1) t = 3500 (a2) t = 3500

(b1) t = 4000 (b2) t = 4000

(c1) t = 5000 (c2) t = 5000
Figure 14. Contour plot of ηn

h by LG2 with Γ = Γ̄D ∪ Γ̄T for the extended domain (left) and for the
original domain (right) on the Bay of Bengal for t = 3500, 4000 and 5000.
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Figure 15. Graphs of the mass of ηn
h for the extended and original domain with a TBC.

5. Conclusions

We have presented a two-step Lagrange–Galerkin scheme for the shallow water
equations with a TBC. For the scheme, the EOCs have been computed (cf. Examples 1 and 2
in Section 3.1) and the second-order accuracy in time has been confirmed. From numerical
experiments on a simple square domain (cf. Example 3 in Section 3.2), it has been observed
that the effect of the TBC works well. Our scheme has been applied to a realistic domain,
the Bay of Bengal, and numerical experiments have been performed for two different types
of boundary conditions, i.e., with and without the TBC (cf. Section 4.1). There have been
no significant reflections from ΓT and the wave has passed through ΓT while reflections
have been observed from ΓD, and, in the graphs of ‖ηn

h‖L2(Ω) and the mass of ηn
h (cf.

Figures 11 and 12), natural decays of the values of ‖ηn
h‖L2(Ω) as well as the mass of ηn

h
have been observed when the TBC is imposed. In addition, for the domain extended by
100 [km] in the vertical direction, it has been confirmed that there is no significant effect of
changing the position of the transmission boundary (cf. Section 4.2). From these numerical
experiments, we conclude that our two-step Lagrange–Galerkin scheme, cf. Equation (5),
works well numerically not only for a simple domain but also for a complex domain with
the TBC if the bottom topography is flat. We note that the TBC is employed in this paper
based on the theoretical stability study in [9,10], while the numerical results by the TBC
and the RBC are similar (cf. Appendix B). In our forthcoming paper, Part II, the scheme
will be applied to rapidly varying bottom surfaces and a real bottom topography of the Bay
of Bengal region to investigate the effect of non-homogeneity of the bottom topography. In
addition to the effect of the non-homogeneous bottom topography, there are other effects
for developing an accurate storm surge prediction, e.g., the Coriolis and the bottom friction
forces and the wind stresses, which will be the future work.
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Abbreviations

The following abbreviations are used in this manuscript:

RBC Radiation boundary condition
TBC Transmission boundary condition
SWEs Shallow water equations
EOC Experimental order of convergence
LG1 Single-step Lagrange–Galerkin scheme of first order in time
LG2 Two-step Lagrange–Galerkin scheme of second order in time

Appendix A. Choice of c0

Based on [9], focusing on the potential energy E2(t), cf. Equation (6), we perform
numerical experiments for the choice of c0 for two cases with the following settings:

- Case I (the square domain). In problem (3), we set Ω = (0, 10)2, T = 100, g = 9.8 × 10−3,
ρ = 1012, μ = ζ = 1, ( f , F) = (0, 0), c = 10−3, η0 = c exp(−100|x − p|2), p = (5, 5)�,
u0 = 0 and Γ = ΓT (ΓD = ∅). We employ discretization parameters, N = 200 (h = 1/N),
and Δt = 0.25

√
h.

- Case II (the Bay of Bengal). The parameters are the same as Example 4 except the
value of c0. We employ the same mesh and Δt (=0.2) in Section 4.

For ηh = {ηn
h}

NT
n=1, let ‖ηh‖�2(L2) be a norm of ηh defined by

‖ηh‖�2(L2) :=

√√√√Δt
NT

∑
n=1

‖ηn
h‖2

L2(Ω)
(≈ ‖η‖L2(0,T;L2(Ω))).

We compute the two cases for c0 = 0.5, 0.6, . . ., and 1.2. The results are shown
in Table A1 and imply that, for both cases, we have minimum values of ‖ηh‖�2(L2) for c0 = 0.9.

Table A1. Values of c0 and ‖ηh‖�2(L2).

‖ηh‖�2(L2)

Value of c0 Case I (the Square Domain) Case II (the Bay of Bengal)

0.5 8.16 × 10−2 13.55
0.6 8.08 × 10−2 13.54
0.7 8.03 × 10−2 13.5342
0.8 8.002 × 10−2 13.5323
0.9 7.997 × 10−2 13.5319
1.0 8.006 × 10−2 13.5328
1.1 8.02 × 10−2 13.5354
1.2 8.05 × 10−2 13.5375

Appendix B. Comparison with Radiation Type Open Boundary Condition

For the comparison, we consider the same problem settings of Case I and Case II
in Appendix A. We compare the TBC (with c0 = 0.9) and a modified TBC (with c0 = 1)

with the RBC Equation (9) used for the Bay of Bengal in [1–8] by focusing on the values
of ‖ηh‖�2(L2). Table A2 shows the values, which are all similar, while the smallest value is
obtained by the TBC (with c0 = 0.9) employed in this paper. Figure A1 shows the graphs
of ‖ηn

h‖L2(Ω) (≈ ‖η(·, tn)‖L2(Ω)) for further information.
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Table A2. Valuesof ‖ηh‖�2(L2) for different boundary conditions for Case I and Case II.

‖ηh‖�2(L2)

Boundary Condition Case I (the Square Domain) Case II (the Bay of Bengal)

TBC 7.997 × 10−2 13.5316
modified TBC with c0 = 1 8.006 × 10−2 13.5328

RBC 8.007 × 10−2 13.5334

Figure A1. Graphs of L2(Ω)-norm of ηn
h for different boundary conditions for Case II (the Bay of Bengal).
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Abstract: Electromagnetic forming (EMF) is a kind of high-speed forming technology that can be
useful for materials like aluminum. EMF helps to overcome the limitations of traditional forming.
Due to this ability, the use of EMF in automotive applications has risen in recent years. The application
of finite element software packages such as ANSYS 22 gives numerical modelling capabilities to
simulate the EMF process and to design the forming process. Hence, the aim of this research work
is to build and study the three-dimensional finite element model for the electromagnetic forming
process and analyze the geometric parameters influencing the deformation of the perforated sheet
with a design of experiments (DOE) approach. The finite element simulation is used in two stages.
In the first stage, the electromagnetic force or Lorentz force striking the workpiece (i.e., Al sheet)
is predicted using the ANSYS 22 Emag module. In the second stage, the predicted Lorentz force
is then applied on an Al sheet to calculate the sheet deformation. The deformation of the sheet is
predicted for different combinations of the geometric parameters of the sheet, such as open area
percentage, ligament ratio (LR) and size of the hole, using ANSYS 22 Structural. In the DOE, response
surface methodology (RSM) is used by considering the geometric parameters of perforated sheet
such as open area percentage, ligament ratio (LR) and size of the hole. To minimize the number
of experiments, an RSM model named central composite design (CCD) is employed. Further, the
optimization study finds that the maximum deformation 0.0435 mm is calculated for the optimized
combination of 25% open area, 0.14 LR and 4 mm hole size.

Keywords: electromagnetic forming; finite element method; numerical simulation; Lorentz force;
design of experiments

MSC: 65-04; 65-11; 65K10

1. Introduction

In the electromagnetic forming (EMF) process, metal sheets are deformed by using
repulsive force created between the opposite magnetic fields in adjacent conductors. When
a pulsed current passes through the coil, it generates transient magnetic field which in
turn induces eddy currents in the metallic workpiece opposite to the direction of the
current passing through the coil. Due to the induced eddy current, a repulsive force is
generated between the work piece and the forming coil, which causes the deformation of
the workpiece.

This repulsive force causes the workpiece to stress beyond its yield limit, so that the
workpiece is shaped permanently at high strain rates. In order to design an EMF system
successfully and analyze its performance, appropriate numerical methods must be used in
order to have cost effective industrial applications. For calculating the magnetic forces, a
three-dimensional (3D) finite element model is created. To determine the deformation, this
generated magnetic force is applied to a perforated aluminum 5052 sheet.
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1.1. Working Principle of EMF

In electromagnetic forming, Lorentz forces (magnetic forces) are used to deform metal-
lic sheets at high speeds. Figure 1a,b shows the set-up of the EMF process, consisting of
a low inductance electrical circuit with large capacitance, which supplies electric current
through a (forming) coil tool. Therefore, by Faraday’s law of induction, the current induces
a magnetic flux in the nearby conductor (workpiece), which generates eddy current. This
eddy current induces magnetic forces, causing the deformation of the metal sheet (work-
piece) beyond its elastic limit. The impulse electromagnetic system is used for different
applications, including welding, compression or expansion of sheet metal tubes, and the
forming of flat metal sheets (e.g., Figure 2) such as panels used in the automotive industry.
The arrangement of an impulse electromagnetic forming system depends on the geometries
of the forming coils and the geometry of the workpiece to be modified.

(a) (b) 

Figure 1. (a) Schematic representation of the EMF process (b) Set- up of the EMF process.

Figure 2. Electromagnetic flat sheet forming.

The fundamental equations representing the electromagnetic fields are governed by
Maxwell, as given in Equations (1)–(5) [1].

Δ × E= −dB
dt

(1)

Δ × H = J (2)

Δ·B = 0 (3)

B = μH (4)

Δ·J = 0 (5)

where, E is the electric field, H is the magnetic field intensity, B is the magnetic field density,
μ is the permeability, F is the Lorentz force, and J is the current density.
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The current density dependence can be represented per Equation (6):

J = σE, (6)

in which σ is the electrical conductivity of workpiece.
In 1895, Lorentz stated that the force density (F) acting on the workpiece depends

upon the magnetic flux density (B), generated due to the supplied current density (J),
given as:

F = J × B (7)

1.2. Existing Research Efforts

Furth and Waniek [2] first introduced the electromagnetic forming by which the
workpiece is pushed away from the tool coil. The authors suggested using two different
coils to establish pulling forces, which in turn allow the formation of bulges on hollow
workpieces or large sheets.

Kleiner et al. [3] analyzed the effects of process parameters such as strain rate and
magnetic pressure on workpiece deformation for tubular as well as flat sheet workpieces.
Meriched et al.’s [4] investigation developed a numerical technique to solve the three
coupled problems: electric circuit analysis, electromagnetic force and the deformation
of a circular thin sheet using a flat spiral coil. Fenton et al. [5] used a computer code
ALE (Arbitrary Lagrangian–Eulerian) to simulate the EMF process. They validated the
simulation results of deformation of a thin aluminum sheet using two dimensional axi-
symmetric models with experimental results. Zhang et al. [6] simulated a 2D axi-symmetric
model in the COMSOL Multiphysics software package, and analyzed the dynamic behavior
of a sheet metal workpiece. Reese et al. [7] focused on the use of coarse mesh, with which
the accuracy of the numerical solution can be increased. It also reduced the computational
time by reducing the gauss points. This reduced integration and hourglass stabilization
method may be used to couple the mechanical and electromagnetic fields more efficiently.
Mamalis et al. [8] used the ANSYS finite element code and LS-DYNA software to model
a 2D axi-symmetric aluminum alloy sheet using a loose coupling approach. The authors
also validated the current numerical model with experimental results using an equivalent
circuit method.

Another 2D finite element model was developed by Luca [9], using FLUX2D software.
The stresses and strains on the AlMn0.5Mg0.5 sheet are calculated using the ALGOR
software. These numerical simulation results were compared with the EMF experiment
and found to be in good agreement with each other.

Siddiqui et al. [10] considered the simulation of the electromagnetic forming pro-
cess as two separate problems, i.e., an electromagnetic problem and a mechanical prob-
lem. The magnetic forces were predicted with the help of a finite element code named
FEMM4.0. These forces were taken as the input boundary condition, and by a subrou-
tine VDLOAD, were then applied to a finite element model with commercial FE software
ABAQUS/Explicit. Unger et al. [11] investigated the coupled multi-field formulation of
the electromagnetic forming process with which a thermo-magneto-mechanical model
was developed, and simulation was performed on an aluminum alloy (AA 6005) plate.
Denga et al. [12] studied electromagnetic attractive force forming, in which ANSYS soft-
ware was used to simulate a 2D axisymmetric model. Along the flat coil, magnetic flux was
distributed and validated with the experiment results, indicating that the workpiece was
attracted to the coil and moved quickly.

Khandelwal et al. [13] performed experimental and numerical analyses of EMF on
aluminum tubes. They considered discharge energy, standoff distance (gap between
workpiece and coil) and workpiece thickness as influencing parameters on the workpiece’s
deformation using an ANOVA approach. Imbert et al. [14] employed a commercial FEA
package LS-DYNA to carry out numerical simulation of EMF process on conical and V-
shaped AA 5754 sheets. For both models, the numerical and experimental results were
compared and found to be in good agreement. The authors concluded that the formability
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of the sheets was improved due to the reduction in tool–sheet interaction. To explore the
numerical approaches to the EMF process, Parez et al. [15] used software such as Maxwell
3D, Sysmagna® and Pam-Stamp2G. These pieces of software were used to model sequential
coupling and loose coupling, and their results were validated with experimental results
carried out on an Al 1050 sheet.

Siddiqui et al. [16] carried out numerical simulation of an Al 1050 aluminum tube, with
the help of FE code FORTRAN and FEA software FEMM. The results were compared with
experimental results from earlier literature. Then, these numerical results were introduced
in FEA software ABAQUS/Explicit to predict the electromagnetic tube expansion process.
Bahmani et al. [17] used field shapers to concentrate the magnetic field at required points
of metal sheet. They concluded that in 3D modeling of the EMF process, the magnitude
of magnetic flux density generated is greater than 2D axisymmetric simulation by 15%.
Haiping et al. [18] formulated a sequential coupling approach to model a 2D axisymmetric
electromagnetic model in ANSYS for the process of electromagnetic tube compression.
They analyzed the effect of tube deformation on electromagnetic geometry so that accuracy
of simulation would be improved.

Xu et al. [19] focused on using various meshing types in the simulation of the EMF
process in order to reduce the computational time and increase the accuracy of numerical
simulation. They also concluded that due to the use of a regular progressive meshing
method, there is a reduction in the computational time. Ahmed et al. [20] placed em-
phasis on the design of the forming coil, which helped to distribute the magnetic forces
properly along the workpiece. The authors used ANSYS software to perform electromag-
netic simulation. Additionally, they investigated the current density and distribution of
magnetic forces.

Psyk et al. [21] reviewed various aspects of electromagnetic forming such as the process
principle, influential process parameters, workpiece deformation and various industrial
applications. The authors also reviewed the various research articles on process analysis, an-
alytical analysis, numerical analysis and experimental analysis of electromagnetic forming.

Bhole et al. [22] studied the stress and strain generated in tool–sheet interactions, as
well as the formability improvement of ALU5754MF and ALU5182MF metal sheets. The
authors created a numerical model for the EMF process using LS-DYNA explicit finite
element code. They calculated the strain distributions on workpieces at various levels of
discharge energy, which produced points of failure. Qiu et al. [23] used pieces of finite
element software such as COMSOL multiphysics and FLUX to develop numerical models
of the EMF process. The authors concluded that when the workpiece velocity is above
200 m/s, the effect of workpiece motion on forming velocity should be taken into account.

Since a loosely coupled approach gives accurate simulation results within short period
of time, Abdelhafeez et al. [24] focused on using it to simulate the electromagnetic forming
process. The authors developed two material hardening models named the Steinberg model
and the rate-dependent power law model. The numerical simulation results of these models
were compared with the experimental results of Takatsu et al. [25]/Fenton and Daehn [5],
and found to be in good agreement. Deng et al. [26] proposed the electromagnetic punching–
flanging (EMPF) process for 6061 Al alloy sheets, along with electromagnetic-mechanical-
fracture numerical simulation of them. This numerical model predicted the electromagnetic
punching–flanging process. It also established the relationship between flange deformations
and discharge energies. Xu et al. [27] focused on electromagnetic blanking’s ability to make
high-quality, no-burr diaphragm parts. In conclusion, electromagnetically driven loading
was used to finish both the punching and the flanging. In order to achieve precise control
of the forming process, Yan et al. [28] investigated the impact of the induced eddy current
in electromagnetic forming (EMF). To forecast the current-carrying dynamic deformation
behaviors of aluminum alloy bands, they created a semi-phenomenological model.

From the literature, it can be concluded that very few researchers have attempted
three-dimensional finite element modeling of the EMF process. In this research work, the
study and analysis of perforated aluminum sheet metals is carried out by applying the
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electromagnetic forming process in two stages. In the first stage (electromagnetic analysis),
the magnetic force (also called the Lorentz force) is generated by applying current density
to the forming coil. In the second stage (structural analysis), the generated Lorentz force is
applied to an aluminum 5052 perforated sheet to study deformation.

2. Modeling and Finite Element Simulation

To simulate the electromagnetic forming process, the result of Asati et al. [29] is referred
to. Firstly, a two-dimensional (2D) finite element (FE) model is created axi-symmetrically. In
order to validate this finite element model, it is compared with the results of Asati et al. [29].
Based on these results, the authors developed a three-dimensional (3D) simulation of the
EMF process and calculated the deformation of a perforated aluminum sheet workpiece.
Figure 3 shows the flow chart of steps followed.

 

Problem identification: Simulation of EMF process by prediction of mag-

netic forces and calculate the deformation of perforated Al 

A two-dimensional (2D) FE model for EMF process is created and pre-

dicted magnetic forces are validated.  

Extending the 2D FE model of EMF process to 3D FE model. 

Performed stage I (electromagnetic analysis) using Ansys Emag for pre-

dicting the magnetic force 

Formulation of 20 combinations cases by varying geometric parameters 

of perforated Al sheet using RSM 

Performed stage II structure analysis using Ansys structural to calculate 

the deformation of perforated Al sheet 

Figure 3. Flow chart of the research work.

2.1. Geometric Parameters of the Perforated Sheet

Perforated sheets (dimension 156 mm × 156 mm × 1.5 mm) of a rectangular shape
with circular holes are considered for the structural analysis. The modeled commercial
aluminum 5052 sheet for the sample (Run 1) is shown in Figure 4. The sheet has a Poisson’s
ratio and Young’s modulus of 0.27 and 70 GPa, respectively. Venkatachalam et al. [30]
studied the influential geometrical parameters of the perforated sheet, such as the open area
percentage, ligament ratio and hole size. The open area is a ratio that reflects how much of
the sheet is occupied by holes, normally expressed by a percentage. The ligament ratio is
the ratio of ligament width to perforation pitch. Ligament width is the distance between the
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boundaries of two successive holes, whereas the perforation pitch is the distance between
the center points of two successive holes. The open areas considered are 5%, 10%, 15%,
20% and 25%. For the study, ligament ratios of 0.14, 0.2, 0.25, 0.29 and 0.33 are used. The
third geometrical measure is the diameter of a circular hole, which is taken as 4 mm, 8 mm,
12 mm, 16 mm and 20 mm.

Figure 4. Perforated sheet (for Run 1).

2.2. Two-Dimensional (2D) Finite Element Model

The electromagnetic forming process simulation and computation of Lorentz force
(magnetic force) is achieved using commercial FEA software ANSYS 22 Emag. With
reference to literature results from Asati et al. [29], a two-dimensional (2D) FE model is
created axi- symmetrically, as shown in Figure 5. The geometric parameters are given in
Table 1. Four noded axi-symmetric elements (PLANE13) are used to simulate the mesh
coil, workpiece (Sheet) and air region. The material properties that are assigned to simulate
the electromagnetic forming process are given in Table 2. In this simulation, the model is
discretized into 12,480 elements, with a total number of 12,717 nodes.

Figure 5. Finite element model.
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Table 1. Geometric parameters for 2D model.

Geometric Parameters Values

Length of the sheet (mm) 156

Thickness of the sheet (mm) 1.5

Number of coils 10

Size of the square coil (mm2) 5 × 5

Table 2. Material properties of finite element model.

Material Relative Permeability (μ)

Air 1

Copper (for forming coil) 0.999

Aluminum (for metal sheet) 1.003

The flux parallel boundary conditions are used, and current density (equal to 8000 A/m2)
is given as an input to the square-shaped copper coil with 10 turns, which induces a
magnetic field. The magnetic force generated due to the forming coil is calculated. Figure 6
shows the meshed model. Figures 7–9 illustrate the magnetic force vector sum, a 2D flux
line plot and a Vector plot, respectively. In order to validate this finite element model, it is
compared with the results of Asati et al. [29], as shown in Table 3. The error percentage is
0.19%, which shows the accuracy of the present model.

Figure 6. 2D Meshed model.

Figure 7. The magnetic force vector sum.
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Figure 8. 2D flux lines.

Figure 9. Vector plot.

Table 3. Comparison of the present finite element model with Asati et al. [29].

Process Parameters Input Values
Magnetic Force Generated

(N) Error Percentage (%)

Asati et al. [29] Present 2D model

Current density (A/m2) 8000

19,923.9 19,885.6 0.192
Gap between sheet and coil (mm) 2

Size of square coil
(Length × Height) (mm2) 5

2.3. Three-Dimensional (3D) Finite Element Model

After the validation of the 2D finite element model, the same approach is extended
to develop a three-dimensional simulation of the EMF process. The three-dimensional
(3D) setup of the EMF system, as shown in Figure 10, is modelled in Solidworks 2021 and
imported into ANSYS 22 Emag. The geometry details are given in Table 4. The material
properties used are given in Table 5.

ANSYS 22 Emag software is used to simulate the 3D electromagnetic simulation. The
electromagnetic force is generated after the current excitation of the forming coil. Figure 11
represents the finite element model of the EMF process. A SOLID97 element is used
for meshing the forming coil, the Al sheet and the air region so that a magnetic field is
propagated in the region. Over the outer surface area, the flux parallel boundary condition
is provided. As shown in Figure 12, a magnetic field is created when a square-shaped
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copper coil with 10 turns is subjected to a current density of 13.75 × 106 A/m2, which
produces a Lorentz force of 300 N in the area. This force is given to a perforated aluminum
sheet in the structural analysis to determine the sheet’s deformation.

Figure 10. Three-dimensional setup of the Al sheet, forming the coil and air regions.

Table 4. Geometric parameters for 3D model.

Geometric Parameters Values

Length of the sheet (mm) 156

Thickness of the sheet (mm) 1.5

Number of turns of coil 10

Cross-section of the square coil (mm2) 5 × 5

Table 5. Material properties of the 3D finite element model.

Material Relative Permeability (μ)

Air 1

Copper (for forming coil) 0.999

Aluminum (for metal sheet) 1.003

Figure 11. 3D Meshed model.
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Figure 12. Magnetic force generated.

3. Structural Analysis

3.1. Design of Experiments and Optimization

In the RSM designs, the CCD (central composite design) is the most widely used
design. In a minimum number of runs, it provides much information on variable effects
and overall error. It consists of 20 points with 6 axial and 8 corner points. Five different
levels of all three parameters are set. The levels of all three parameters are categorized as
−2, −1, 0, 1 and 2 (Table 6). In Figure 13, the CCD with 20 simulation runs is shown. The
influential geometric parameters of the perforated sheet are considered to be the open area
percentage, ligament ratio and size of the hole. To perform the simulation, 20 different
combinations (Runs) of open area percentage, ligament ratio and size of hole are found with
the help of the DOE method. For each of these open area percentage, ligament ratio and
size of the hole parameters, five different levels are considered. As depicted in Figure 13,
the response surface methodology’s central composite design (CCD) is employed.

After the end of stage I (electromagnetic analysis), the Lorentz force is obtained, and
stage II (structural analysis) is used to determine the deformation and stresses in the sheet
following the forming process. The generated Lorentz force from stage I is then applied
to a perforated sheet to determine the deformation. The outcomes for Run 1 are shown in
Figure 14.

 
Figure 13. Central composite design.
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Figure 14. Deformed sheet.

Table 6. Geometric parameter levels.

Factors
Levels

−2 −1 0 1 2

Open area (%) 5 10 15 20 25

Ligament Ratio 0.14 0.2 0.25 0.29 0.33

Hole size (mm) 4 8 12 16 20

Figure 15 depicts the three-dimensional finite element model of the perforated alu-
minum sheet for Run 1. Solidworks 2021 software is used to build the geometric model,
which is then imported into ANSYS 22 software. The nonlinear material properties of an
Al 5052 sheet with a Poisson’s ratio of 0.27 are included in numerical model.

Figure 15. 3D finite element model (for Run 1).

The DOE table, i.e., Table 7, gives the number of simulations to be performed, and
accordingly, the geometric models are created. With the help of ANSYS structural, the
obtained Lorentz force (i.e., 300 N) from stage I (electromagnetic analysis) is applied, and
the corresponding deformation is calculated for each sample model (combinations or runs).
To determine the impact of three input geometrical parameters, namely the open area
percentage, ligament ratio, and hole size, on the response parameter, i.e., deformation, the
analysis of variance (ANOVA) technique is used. Table 8 displays the ANOVA findings. A
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regression equation that describes the connection between the response parameter and the
input parameters is produced from the ANOVA. It also shows the relationships between the
variables of the model. The ANOVA is performed with the help of MINITAB 19 software.

Table 7. DOE table representing different combinations and corresponding sheet deformation.

Run Open Area (%) Ligament Ratio Hole Size (mm) Deformation (mm) × (10−3)

1 25 0.25 12 3.6

2 15 0.25 20 0.75

3 5 0.25 12 0.61

4 10 0.29 8 1.7

5 15 0.25 12 1.4

6 15 0.25 12 1.4

7 15 0.14 12 5.8

8 10 0.2 8 2.2

9 15 0.25 12 1.4

10 15 0.25 4 5.4

11 15 0.25 12 1.4

12 10 0.29 16 0.53

13 15 0.25 12 1.4

14 20 0.2 8 18.5

15 15 0.33 12 1.1

16 15 0.25 12 1.4

17 20 0.29 16 1

18 20 0.29 8 5.7

19 10 0.2 16 0.9

20 20 0.2 16 1.6

Table 8. ANOVA results.

Source DF Adj SS Adj MS F-Value p-Value

Model 9 0.000255 0.000028 5.14 0.009

Linear 3 0.000078 0.000026 4.72 0.027

Open area (%) 1 0.000041 0.000041 7.53 0.021

Ligament ratio 1 0.000005 0.000005 0.96 0.351

Hole size (mm) 1 0.000008 0.000008 1.44 0.257

Square 3 0.000010 0.000003 0.62 0.616

Open area (%) × Open area (%) 1 0.000002 0.000002 0.40 0.543

Ligament ratio × Ligament ratio 1 0.000005 0.000005 0.87 0.373

Hole size (mm) × Hole size (mm) 1 0.000007 0.000007 1.31 0.278

2-Way interaction 3 0.000090 0.000030 5.41 0.018

Open area (%) × Ligament ratio 1 0.000022 0.000022 4.04 0.072

Open area (%) × Hole size (mm) 1 0.000046 0.000046 8.30 0.016

Ligament ratio × Hole size (mm) 1 0.000021 0.000021 3.90 0.077

Error 10 0.000055 0.000006

Lack-of-Fit 5 0.000055 0.000011

Pure error 5 0.000000 0.000000

Total 19 0.000310
Where Adj SS—adjusted some of squares, DF–degrees of freedom, Adj MS—adjusted mean squares, with p-value
guides to find the significance of results. The F-value helps to decide whether to “accept or reject” the hypothesis.
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3.2. Regression Equation

The regression equation (Equation (8)) is a second-order polynomial equation obtained
through MINITAB software. In this regression equation, the deformation of the Al sheet
is calculated by substituting the corresponding values of open area percentage, ligament
ratio and size of the hole for different samples, as shown in Table 9. Table 9 also contains
the error percentage between the sheet deformation calculated from the finite element
simulation (ANSYS Emag) and the regression equation.

Deformation (mm) = 0.0077 + 0.00325 A − 0.124 B − 0.00178 C+ 0.000012 A2 + 0.196 B2

+ 0.000034 C2 − 0.00739 AB − 0.000120 AC + 0.00908 BC
(8)

where A = percentage of open area, B = ligament ratio, and C = hole size.

Table 9. DOE table showing different combinations and deformation and error percentage.

Run Open Area (%) Ligament Ratio Hole Size (mm)
Deformation (mm) × (10−3)

Error (%)
Finite Element Simulation Regression Equation

1 25 0.25 12 3.6 3.98 9.54

2 15 0.25 20 0.75 0.714 3.46

3 5 0.25 12 0.61 0.624 2.24

4 10 0.29 8 1.7 1.68 1.17

5 15 0.25 12 1.4 1.51 7.28

6 15 0.25 12 1.4 1.51 7.28

7 15 0.14 12 5.8 6.3 8.62

8 10 0.2 8 2.2 2.5 1.01

9 15 0.25 12 1.4 1.51 7.28

10 15 0.25 4 5.4 6.1 10

11 15 0.25 12 1.4 1.51 7.28

12 10 0.29 16 0.53 0.49 9.43

13 15 0.25 12 1.4 1.51 7.28

14 20 0.2 8 18.5 17.2 7.02

15 15 0.33 12 1.1 1 9.03

16 15 0.25 12 1.4 1.51 7.28

17 20 0.29 16 1 0.98 2

18 20 0.29 8 5.7 5.91 9.98

19 10 0.2 16 0.9 0.89 1.9

20 20 0.2 16 1.6 1.75 9.3

Regression model compatibility is tested by comparing it with FEA findings. The error
calculated between the regression model and the finite element simulation pertaining to
the deformation value is less than 10%, which shows the legitimacy of regression model.

Figure 16 shows the influence of different parameters on sheet deformation. Figure 17
shows the maximum deformation generated when the percentage of open area ranges from
20 to 25%, with respect to a variation of ligament ratio from 0.2 to 0.25.

In Figure 18, the contour plot helps to identify the effect of open area (%) and hole size
on deformation. Figure 19 shows that maximum deformation is generated for hole sizes
ranging from 4 to 8 mm.
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Figure 16. Main effects plot showing influences of different parameters on the sheet deformation.

 

Figure 17. Influence of percentage of open area and ligament ratio.

 

Figure 18. Influence of percentage of open area and hole size.
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Figure 19. Influence of ligament ratio and hole size.

3.3. Response Optimization

The MINITAB software is used to carry out study on response optimization. It predicts
the optimized combination of variables that optimizes a single or multiple responses. As
shown in Figure 20, it helps to observe the effect of multiple variables on response. After the
optimized values are obtained from MINITAB, they are again checked and validated with
finite element simulation. The maximum deformation (equal to 0.0435 mm) is calculated
for the optimized combination of 25% open area, 0.14 LR and 4 mm hole size, as shown
in Table 10. The deformation is also calculated for this optimized combination in ANSYS
Emag, and is equal to 0.0419 mm. The error for deformation calculated by optimized
combination in MINITAB (0.0435 mm) and FE simulation (0.0419 mm) is 4%, which shows
worthiness of optimized model (Figure 21).

 

Figure 20. Influence of ligament ratio and hole size (for optimized model).
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Table 10. Response optimization results.

Variable Setting

Open area (%) 25

Ligament ratio 0.14

Hole size (mm) 4

Response Fit SE Fit 95% CI 95% PI

Deformation (mm) 0.04351 0.00757 (0.02664, 0.06038) (0.02585, 0.06118)

 

Figure 21. Response optimization of different parameters.

4. Conclusions

In this research work, a three-dimensional (3D) model for the EMF process is devel-
oped by extending a validated 2D axisymmetric model to three dimensions. In terms of the
EMF process, experimental studies are usually very expensive, whereas numerical analyses
are much more cost-effective and enable a wider range of parameters to be investigated
quickly. The deformation of the perforated Al sheet is caused due to the magnetic force
generated, which is then calculated by finite element simulation of the EMF process. The
DOE/RSM approach is used to investigate the influences of the geometric parameters of
the perforated sheet (i.e., the open area percentage, ligament ratio and size of the hole). For
20 different combinations, finite element simulations are performed, and the corresponding
deformation is calculated. These finite element results are compared with the deformation
calculated by a regression equation developed through ANOVA, which gives less than 10%
error, showing the accuracy of the regression model. It is concluded that the optimized
combination of 25% open area, 0.14 LR and 4 mm hole size gives the maximum deformation
of the sheet, equal to 0.0435 mm. The confirmation simulation is carried out to validate the
optimization study, showing good agreement (error percentage = 4%) with the optimized
regression model, which will help by saving lot of time in future designs.
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Abstract: This paper presents a concurrent topology optimization of multi-scale composite structures
subjected to general time-dependent loads for minimizing dynamic compliance. A three-field
density-based method is adopted to implement the concurrent topological design, with macroscopic
effective properties of the microstructure evaluated through energy-based homogenization method
(EBHM). Transient response is obtained from the two-scale finite element analysis with the HHT-α
approach as an implicit time integration procedure. Design sensitivities are formulated employing
the adjoint variable method (AVM) based on two main philosophies: “discretize-then-differentiate”
and “differentiate-then-discretize” approaches, respectively. The method of moving asymptotes is
adopted to update the design variables at two scales. Several benchmark examples are presented
to demonstrate that the “discretize-then-differentiate” AVM attains consistent sensitivities in an
inherent manner such that the resulting optimal topology is more efficient when compared with the
“differentiate-then-discretize” AVM. Moreover, the potential of the proposed method for concurrent
dynamic topology optimization problems under general time-dependent loads is also highlighted.

Keywords: concurrent topology optimization; multi-scale composite structure; compliance minimization;
elastodynamics; adjoint sensitivity analysis; energy-based homogenization method

MSC: 57R18

1. Introduction

Additive manufacturing process enables the fabrication of structures in the light of
an expected macrostructure layout along with underlying microstructures. This offers
significant design space for designers to create lighter and more efficient structures. Con-
current topology optimization provides a rigorous mathematical framework for seeking
optimized material distribution at macro and micro scales to achieve superior structural
performances. Therefore, they are of great interest for exploring multi-scale modeling and
design methodology in this exciting field [1–3].

The two-scale concurrent topology optimization framework simultaneously optimizes
two sets of design variables representing respective layout of the macrostructure and peri-
odic unit cell. This framework is widely applied to two-scale hierarchical structural design
issues, such as static compliance [4–6], eigenfrequency [7–9], structural modal damping
ratio [10], as well as thermomechanical behavior [11,12]. Bai et al. [4] introduced a two-step
Helmholtz filtering/projection scheme to describe the shell interface, whereby a multi-scale
topology optimization model for shell-infill structure is developed for minimizing the static
compliance. Gangwar et al. [6] presented a concurrent material and a structure design
framework considering shape and orientation of various phrases in a hierarchical system
across multiple various length scales. Xiao et al. [7] designed graded lattice sandwich
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structures in terms of maximal natural frequency through multi-scale topology optimiza-
tion, which is employed to integrate the optimization of thickness of two solid face-sheets
and layout of lattice cells into a core layer. Zhang et al. [8] extended the work of Xiao
et al. [7] to inhomogeneous cellular structures for maximizing the eigenfrequencies of
desired modes based on mode-tracking strategy. Hu et al. [9] performed the multi-scale
topology optimization of coated structures with multiple layers of graded lattice infill for
maximization of the fundamental eigenfrequency. Ni et al. [10] proposed an optimization
strategy to maximize the structural damping performance, where the damping material
layout and its microstructural configuration are concurrently optimized. Ali et al. [11]
formulated the concurrent multi-scale and multiphysics topology optimization for mini-
mization of the thermal and mechanical compliances. Zhou et al. [12] designed lightweight
channel-cooling cellular structures with eminent heat barrier and load-carrying capacity
via metamodel-assisted concurrent multi-scale and multi-material topology optimization.
For a comprehensive review on concurrent multi-scale topology optimization, one can refer
to the published literature [13].

Despite this, certain challenges still remain in some efficient cumbersome sensitivity
analysis and dynamic response analysis across multiple scalers for hierarchical structures
under dynamic load. Concurrent topology optimization for dynamic response was in-
vestigated in both the frequency domain [14–20] and the time domain [21,22]. This work
concentrates on a transient response optimization problem for minimizing the dynamic
compliance of multi-scale composite structures under general time-dependent load. Mil-
lions of design variables for transient problems of multi-scale structures pose great signifi-
cance to efficient sensitivity analysis when gradient-based topology optimization algorithm
is implemented. Therefore, the adjoint variable method (AVM) is essential for sensitivity
analysis. There are two dominant philosophies to implement the AVM in terms of the
order of discretization and differentiation regarding the time variable, i.e., differentiate-
then-discretize method and discretize-then-differentiate approach. Zhao et al. [22] adopted
the AVM based on a differentiate-then-discretize approach to conduct the sensitivity anal-
ysis for transient concurrent topology optimization of two-scale hierarchical structures.
Majority of investigations adopted the differentiate-then-discretize approach for linear
transient problems due to its relative simplicity in formulation and implementation [22–26].
Nevertheless, Jensen et al. [27], Zhang et al. [28] and Ding et al. [29] demonstrated that the
differentiate-then-discretize AVM can cause consistency errors representing differences be-
tween the calculated and accurate sensitivities through investigating a single DOF damping
system. Alternatively, AVM based on a discretize-then-differentiate approach can dimin-
ish resulting consistency errors associated with the differentiate-then-discretize approach.
Giraldo-Londono et al. [30] proposed a transient topology optimization implementation of
an elastodynamic system employing the discretize-then-differentiate AVM, whereafter their
work was further extended to local stress-constrained topology optimization problem with
arbitrary dynamic loads [31]. Other studies, such as microstructural layout optimization of
viscoelastical component under time-dependent loading and transient thermomechanical
coupling problems have also been based on the differentiate-then-discretize AVM [32,33].
Recently, Kristiansen [34] developed a completely parallel framework to address the large-
scale transient topology optimization employing the fully discretized adjoint sensitivity
analysis in [35]. Nevertheless, to the author’s knowledge, very few investigations on multi-
scale concurrent topology optimization adopting the differentiate-then-discretize AVM are
focused on linear transient problems due to comparatively cumbersome sensitivity analysis.

This work intends to construct an efficient two-scale concurrent topology optimiza-
tion framework for minimizing the dynamic compliance of composite structures under
transient loading. A three-field density-based method is exploited for multi-scale concur-
rent topology optimization to achieve material-structure integrated designs. The major
contributions of this study consists of three aspects: (1) to formulate an efficient sensitivity
computation for transient response optimization of two-scale hierarchical structures; (2)
to demonstrate and discuss some findings in concurrent topology optimization aiming at
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the dynamic compliance minimization in the context of linear transient problems; and (3)
to indicate the capabilities of the proposed concurrent topology optimization approach to
design composite structures suffering from general transient loads.

The remainder of this paper is organized as follows. Section 2 briefly reviews the prob-
lem formulation of concurrent topology optimization for minimizing dynamic compliance
of two-scale composite structures in the time domain. We present the HHT-α method in
Section 2, followed by the adjoint sensitivity analysis via the discretize-then-differentiate
approach in Section 3. Next, the inconsistent sensitivity via the differentiate-then-discretize
approach is formulated in Section 4. Section 6 explains that the order of differentiation
and discretization plays a critical role in the consistency of adjoint sensitivity analysis,
and demonstrates the potential of the proposed approach to address a wide variety of
concurrent topology optimization problems under general transient loading, with four
numerical examples. Finally, the conclusions of this work are presented in Section 7.

2. Concurrent Topology Optimization for Dynamic Compliance Minimization

The concurrent topology optimization framework is presented to simultaneously
achieve the optimal macrostructure and material microstructure for minimal dynamic
compliance in the time domain. Material microstructure is assumed to be uniform in the
composition of a macrostructure for convenient manufacturing. This framework is briefly
outlined to comprehend the fundamental procedure of performing concurrent topology
optimization in this section.

2.1. Three-Field Density-Based Approach

We adopt the three-field density-based approach [36,37] to guarantee clear topologies
in two scales. Two sets of design variables are separately defined, namely macroscopic
design density in structural design domain and microscopic design density in a unit cell.
Each design variable ranges from 0 to 1. To diminish the chessboard pattern and mesh-
independence, the original design variables are regulated with a smooth regularization
filter [38] and expressed as follows:

ξ i =
∑k∈Φi

wmac
ki vmac

k ξk

∑k∈Φi
wmac

ki vmac
k

(1)

η j =
∑l∈Ψj

wmic
l j vmic

l ηl

∑l∈Ψj
wmic

l j vmic
l

(2)

where Φi is the neighboring set of elements within a specified filter radius R in the macro-
scopic design domain that have a center located at the centroid of the ith element and
Ψi is the neighboring set of elements within a specified filter radius r in the unit cell that
have a center located at the centroid of the jth element. vmac

k is the volume of element k in
the macroscopic design domain and vmic

l is the volume of element l in the unit cell. The
weighting factors wmac

ki and wmic
l j are defined using a linearly decaying function:

wmac
ki = R − ‖xk − xi‖ (3)

wmic
l j = r − ‖yl − yj‖ (4)

where x and y denote the center position of elements in both macro and micro design
domains, respectively.

To achieve the clear black-white design, Wang et al. [39] modified the linearly filtered
design densities in Equations (1) and (2) employing a threshold projection function:

ξ̃i = ξmin + (1 − ξmin)
tanh(βmacξth) + tanh

(
βmac(ξ i − ξth

))
tanh(βmacξth) + tanh(βmac(1 − ξth))

(5)
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η̃j = ηmin + (1 − ηmin)
tanh

(
βmicηth

)
+ tanh

(
βmic

(
η j − ηth

))
tanh(βmicηth) + tanh(βmic(1 − ηth))

(6)

where the physical design variables, ξ̃i and η̃j, use the Ersatz parameters much less than
one denoted by ξmin and ηmin, respectively, to inhibit numerical instabilities of the stiffness
and mass matrices when ξ → 0 and η → 0 . βmac and βmic are exploited to regulate the
aggressiveness of the projection function. ξth and ηth are the threshold density specified as
0.5 in this work.

2.2. Numerical Homogenization

To attain the clear configuration at both scales, the material interpolation schemes with
penalization are employed. At the microscale, the modulus matrix of an element within
the cellular microstructure is interpolated via SIMP [40]. At the macro-scale, the modulus
matrix of an element within the macrostructure with porous material is interpolated with
RAMP [41].

Dmic
j = η̃

p
j DB (7)

Dmac
i = g

(
ξ̃i

)
DH (8)

where DB is the elastic constitutive matrix of base material and DH is the effective macro-
scopic constitutive matrix, which is computed as follows:

DH =
1

|Ωm|
∫

Ωm

Dmic
j (I − bum)dΩm (9)

where I denotes a unit matrix, b denotes the strain matrix at the microscale and um denotes
the unknown displacement field excited by the unit test strains in the microstructural
domain Ωm.

The resultant displacement matrix um is obtained through resolving the following unit
cell equilibrium problem with periodic boundary conditions:

kmicum =
∫

Ωm

bTDmic
j dΩm (10)

where the stiffness matrix kmic is given by the following:

kmic =
∫

Ωm

bTDmic
j bdΩm (11)

To prohibit the local eigenmodes occurring in regions with low densities, the polyno-
mial function, as suggested by [42], is selected to penalize the macroscopic element stiffness
matrix via the RAMP model:

g
(

ξ̃i

)
=
(

15ξ̃
p
i + ξ̃i

)
/16 (12)

where the penalization exponent p is set to be 3.
In addition, the effective mass density of corresponding periodic cellular material is

represented as follows:

ρH =
1

|Ωm|
∫

Ωm

ρBη̃jdΩmj (13)
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where ρB is the physical mass density of the base material. The energy-based homogeniza-
tion method (EBHM) was employed to calculate the macroscopic effective properties of the
porous material [43].

2.3. Formulation of Compliance Minimization

When a two-scale hierarchical structure is excited by a transient external load, the
finite element equation used to solve the boundary value problem for this elastodynamic
system is expressed as follows:

M
..
ut + C

.
ut + Kut = ft (t = 0, · · · , N) (14)

where M, C, and K represent the global mass, damping, and stiffness matrices, respectively.
..
ut,

.
ut, and ut are the respective acceleration, velocity, and displacement vectors in response

to the force vector ft at time step t. N is the number of analysis steps. The global mass and
stiffness matrices are assembled using the penalized macroscopic element matrix:

K =
Nmac

∑
i=1

g
(

ξ̃i

)
k0

i (15)

M =
Nmac

∑
i=1

ξ̃im
0
i (16)

where
k0

i =
∫

Ωi

BTDHBdΩi (17)

m0
i = ρH

∫
Ωi

NTNdΩi (18)

where N is the matrix of shape functions and B is the first derivative of N.
We employ the Rayleigh damping to compute the damping matrix as linear combina-

tion of mass and stiffness matrices, such that

C = αrM + βrK (19)

where αr and βr are the respective mass and stiffness proportional damping coefficients,
which are assumed to be design-independent in this work.

This work aims to minimize the dynamic compliance for a two-scale hierarchical
structure with the limited available amount of material in the time domain. Mathematically,
we formulate this two-scale concurrent topology optimization problem as follows:

min
ξ,η

f (ξ,η, u(t)) =
N
∑

t=0
fT

t ut

s.t. M
..
ut + C

.
ut + Kut = ft (t = 0, · · · , N)

G1 = (
Nmac

∑
i=1

ξ̃ivmac
i )/Vmac − ς ≤ 0

G2 = (
Nmic

∑
j=1

η̃jvmic
j )/Vmic − ϑ ≤ 0

0 ≤ ξi ≤ 1, 1 ≤ i ≤ Nmac

0 ≤ ηj ≤ 1, 1 ≤ j ≤ Nmic

(20)

where f (ξ,η, u(t)) is the concerned objective function, Vmac and Vmic are the respective
volumes of macroscopic and microscopic design domains. ς and ϑ are the volume fraction
upper bounds associated with macroscopic and microscopic constraints of G1 and G2,
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respectively. Here, the macroscopic design domain is discretized into Nmac elements, while
the unit cell is discretized into Nmic elements.

3. HHT-α Method

We apply the HHT-α method, a well-developed implicit time integration scheme, to
solve the second-order initial value problems stated as Equation (14). Due to an uncondi-
tional stability along with a second-order convergence [44,45], the HHT-α method have
been used for linear and nonlinear structural dynamic analysis [46,47]. The HHT-α method
is characteristic of superior numerical dispersion and energy dissipation by introducing a
parameter α into the Newmark method to control the numerical damping. Accordingly,
the motion Equation (14) representing the dynamic equilibrium is modified as follows:

M
..
ut + (1 − α)C

.
ut + αC

.
ut−1 + (1 − α)Kut + αKut−1

= (1 − α)ft + αft−1, t = 1, . . . , N
(21)

The HHT-α method adopts finite difference relationships from the Newmark-β method
and hence the recursive formula of displacement and velocity is determined with the following:

ut = ut−1 + Δt
.
ut−1 + Δt2[(1/2 − β)

..
ut−1 + β

..
ut
]

(22)

.
ut =

.
ut−1 + Δt

[
(1 − γ)

..
ut−1 + γ

..
ut
]

(23)

where the Newmark parameters β and γ are constants which control the integration
accuracy and stability, respectively, by satisfying the following relationship:

0 ≤ α ≤ 1/3, β =
(

1 + α2
)

/4, γ = (1 + 2α)/2 (24)

By substitution of Equations (22) and (23) into Equation (21), the time-discretized
motion equation in residual form is derived as follows:

Rt = M1
..
ut + M0

..
ut−1 + C0

.
ut−1 + Kut−1 − (1 − α)ft − αft−1 = 0 (25)

where
M1 = M + (1 − α)γΔtC + (1 − α)βΔt2K (26)

M0 = (1 − α)(1 − γ)ΔtC + (1 − α)

(
1
2
− β

)
Δt2K (27)

C0 = C + (1 − α)ΔtK (28)

Following a standard HHT-α scheme, we can obtain the dynamic response at each
time step. We resolve Equation (25) for

..
ut and thereupon compute ut and

.
ut by applying

the Newmark-β Formulas (22) and (23), respectively. As for
..
u0, by assuming

.
u0 and u0 to

be design-independent, it can be computed using the following residual equation:

R0 = M
..
u0 + C

.
u0 + Ku0 − f0 = 0 (29)

4. Adjoint Sensitivity Analysis Using Discretize-Then-Differentiate

We apply the discretize-then-differentiate AVM to construct the corresponding adjoint
equation on the discretized elastodynamic system in space and time. The standard AVM
sensitivity analysis is performed following two essential procedure. First, some residual
equations are added into the objective function to develop an augmented function. Then,
this augmented function is differentiated and the adjoint variables are derived by vanishing
the derivative terms of state variables regarding design variables.
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In terms of the chain rule, the sensitivities of both the objective and constraint functions
with respect to the original design variables can be calculated as follows:

∂ f
∂ξi

= ∑
k∈Φi

∂ f
∂ξ̃k

∂ξ̃k

∂ξk

∂ξk
∂ξi

(30)

∂G1

∂ξi
= ∑

k∈Φi

∂G1

∂ξ̃k

∂ξ̃k

∂ξk

∂ξk
∂ξi

(31)

∂ f
∂ηi

= ∑
l∈Ψj

∂ f
∂η̃l

∂η̃l
∂ηl

∂ηl
∂ηj

(32)

∂G2

∂ηi
= ∑

l∈Ψj

∂G2

∂η̃l

∂η̃l
∂ηl

∂ηl
∂ηj

(33)

where
∂ξ̃k

∂ξk
= (1 − ξmin)

βmac(sech(βmac(ξk − ξth)))
2

tanh(βmacξth) + tanh(βmac(1 − ξth))
(34)

∂η̃l
∂ηl

= (1 − ηmin)
βmic(sech(βmic(ηl − ηth)))

2

tanh(βmicηth) + tanh(βmic(1 − ηth))
(35)

∂ξk/∂ξi = wkivmac
i

/
∑i∈Φk

wkivmac
i (36)

∂ηl/∂ηj = wljvmic
j

/
∑j∈Ψl

wljvmic
j (37)

The sensitivity of f with respect to the arbitrary design variable x(ξi,ηi) is also written
as follows:

d f
dx

=
∂ f
∂x

+
N

∑
t=0

∂ f
∂ut

∂ut

∂x
(38)

In order to facilitate the sensitivity analysis, we transform Equations (22) and (23) into
the following residual form:

Pt = −ut + ut−1 + Δt
.
ut−1 + Δt2[(

1
2
− β)

..
ut−1 + β

..
ut]= 0 t = 1, . . . , N (39)

Qt = − .
ut +

.
ut−1 + Δt[(1 − γ)

..
ut−1 + γ

..
ut]= 0 t = 1, . . . , N (40)

Sequentially, we add adjoint variables λt, μt and ζt and rewrite Equation (38) as follows:

d f
dx

=
∂ f
∂x

+
N

∑
t=0

∂ f
∂ut

∂ut

∂x
+

N

∑
t=0

λT
t

dRt

dx
+

N

∑
t=1

μT
t

dPt

dx
+

N

∑
t=1

ζT
t

dQt
dx

(41)

From Equations (39) and (40), it is obvious that ∂Pt/∂x = 0 and ∂Qt/∂x = 0. Due to
the design-independence of the initial conditions, ∂u0/∂x = 0 and ∂

.
u0/∂x = 0. We employ

these simplifications and eliminate all implicit terms including ∂u/∂x, ∂
.
u/∂x and ∂

..
u/∂x

in Equation (41), such that the following adjoint equations can be obtained:

λT
0

∂R0

∂
..
u0

+ λT
1

∂R1

∂
..
u0

+ μT
1

∂P1

∂
..
u0

+ ζT
1

∂Q1

∂
..
u0

= 0 (42)
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N
∑
�=1

(
λT
�

∂R�
∂ut

+ μT
�

∂P�
∂ut

+ ζT
�

∂Q�
∂ut

+ ∂ f
∂ut

)
= 0

N
∑
�=1

(
λT
�

∂R�

∂
.
ut

+ μT
�

∂P�

∂
.
ut

+ ζT
�

∂Q�

∂
.
ut

)
= 0

N
∑
�=1

(
λT
�

∂R�

∂
..
ut

+ μT
�

∂P�

∂
..
ut

+ ζT
�

∂Q�

∂
..
ut

)
= 0

(43)

By substituting the residual Equations of (25), (29), (39) and (40) into the adjoint
Equations of (42) and (43), we obtain the solution of the adjoint problem as follows:

μN =
∂ f

∂uN
, ζN = 0, M1λN = −βΔt2μN − γΔtζN (44)

μt−1 =
∂ f

∂ut−1
+ Kλt + μt, ζt−1 = C0λt + Δtμt + ζt (45)

M1λt−1 = M0λt − Δt2
[

βμt−1 +

(
1
2
− β

)
μt

]
− Δt[γζt−1 + (1 − γ)ζt] (46)

Mλ0 = M0λ1 −
(

1
2
− β

)
Δt2μ1 − (1 − γ)Δtζ1 (47)

Using the adjoint solution from Equations (44)–(47), we rewrite Equation (38) as follows:

d f
dx

=
∂ f
∂x

+
N

∑
t=0

λT
t

∂Rt

∂x
(48)

4.1. Sensitivity Analysis for Design Variables at the Macroscale

Provided that the concurrent optimization problem (20) applies macrostructural den-
sity relevant information via the stiffness interpolation function, E = [Ei] =

[
g
(

ξ̃i

)]
, and

the volume interpolation function, V = [Vi] =
[
ξ̃i

]
, it facilitates recasting the sensitivity in-

formation of macroscopic design variables according to these fields. Therefore, we compute
the sensitivity of f with respect to ξ by chain rule as follows:

d f
dξ

=
d f
dE

∂E

∂ξ
+

d f
dV

∂V

∂ξ
(49)

where the sensitivities of f regarding the macroscopic element volume fractions and
stiffness parameters can be attained as demonstrated in Equation (48).

d f /dEi = ∂ f /∂Ei +
N

∑
t=0

λT
t ∂Rt/∂Ei (50)

d f /dVi = ∂ f /∂Vi +
N

∑
t=0

λT
t ∂Rt/∂Vi (51)

The terms, ∂Rt/∂Ei and ∂Rt/∂Vi, are evaluated in terms of Equations (25) and (29),
respectively. There is a case for t = 0.

∂Rt

∂Ei
=

∂K

∂Ei

(
u0 + βr

.
u0
)
= ki

(
ui,0 + βr

.
ui,0

)
(52)

∂Rt

∂Vi
=

∂M

∂Ei

( ..
u0 + αr

.
u0
)
= mi

( ..
ui,0 + αr

.
ui,0

)
(53)
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and for t = 1, · · · , N

∂Rt
∂Ei

= ∂K
∂Ei

[
(1 − α)

(
ut + βr

.
ut
)
+ α

(
ut−1 + βr

.
ut−1

)]
= ki

[
(1 − α)

(
ui,t + βr

.
ui,t
)
+ α

(
ui,t−1 + βr

.
ui,t−1

)] (54)

∂Rt
∂Vi

= ∂M
∂Ei

[ ..
ut + αr

(
(1 − α)

.
ut + α

.
ut−1

)]
= mi

[ ..
ui,t + αr

(
(1 − α)

.
ui,t + α

.
ui,t−1

)] (55)

where subscript (i, t) denotes the field vector of element i at time step t and subscript (i,
t − 1) denotes the field vector at time step t − 1.

From Equation (12), the partial derivative of Ei with respect to ξ̃i is computed as follows:

∂Ei

∂ξ̃i
=

1
16

(
15pξ̃

p−1
i + 1

)
(56)

As such, the sensitivity of the objective function regarding the macroscopic design
variables can be obtained by substituting Equations (50)–(56) into Equation (49), where the
adjoint variables are solved using Equations (44)–(47).

4.2. Sensitivity Analysis for Design Variables at the Microscale

Due to the effective material properties as a bridge between macro and microstructures,
it is convenient to obtain the sensitivity information for the microscale design variables in
the light of these homogenized parameters. For transient response problems, the sensitivity
of f regarding the microscale design variables is recast via chain rule as follows:

d f
dηj

=
d f

dDH
∂DH

∂ηj
+

d f
dρH

∂ρH

∂ηj
(57)

where
∂DH

∂η̃j
=

pη̃
p−1
j

|Ωm|
∫

Ωm

Dmic
j (I − bum)dΩm (58)

∂ρH

∂η̃j
=

1
|Ωm|

∫
Ωm

ρBdΩmj (59)

The sensitivity of f with respect to the effective material properties can be attained
from Equation (48), i.e.,

d f
dDH =

∂ f
∂DH +

N

∑
t=0

λT
t

∂Rt

∂DH (60)

d f
dρH =

∂ f
∂ρH +

N

∑
t=0

λT
t

∂Rt

∂ρH (61)

where ∂ f /∂DH = 0 and ∂ f /∂ρH = 0, according to the objective function as shown in
Equation (20).

Similarly, the partial derivatives, ∂Rt/∂DH and ∂Rt/∂ρH, are evaluated using
Equations (25) and (29), and for i = 0:

∂R0

∂DH =
∂K

∂DH

(
u0 + βr

.
u0
)
=

Nmac

∑
i=1

g
(

ξ̃i

) ∂k0
i

∂DH

(
u0 + βr

.
u0
)

(62)

∂R0

∂ρH =
∂M

∂ρH

( ..
u0 + αr

.
u0
)
=

Nmac

∑
i=1

ξ̃i
∂m0

i
∂ρH

( ..
u0 + αr

.
u0
)

(63)
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for t = 1, · · · , N:

∂Rt
∂DH = ∂K

∂DH

[
(1 − α)

(
ut + βr

.
ut
)
+ α

(
ut−1 + βr

.
ut−1

)]
=

Nmac

∑
i=1

g
(

ξ̃i

)
∂k0

i
∂DH

[
(1 − α)

(
ut + βr

.
ut
)
+ α

(
ut−1 + βr

.
ut−1

)] (64)

∂Rt

∂ρH =
∂M

∂ρH

[ ..
ut + αr

(
(1 − α)

.
ut + α

.
ut−1

)]
=

Nmac

∑
i=1

ξ̃i
∂m0

i
∂ρH

[ ..
ut + αr

(
(1 − α)

.
ut + α

.
ut−1

)]
(65)

4.3. Solution Procedure

The flowchart of the proposed concurrent topology optimization for multi-scale struc-
tures is depicted in Figure 1.

k

discretize-then-differentiate

k k← +

 
Figure 1. Schematic flowchart profiling the principal procedure to solve the concurrent dynamic
compliance minimization problem.

This procedure launches through inputting the FEM information (i.e., the mesh, base
material properties and boundary conditions) and the optimization parameters (i.e., the
projection parameters, filter radius and penalty parameter), followed by the initialization
of design variables. Then, on the basis of the current design variables, the homogenized
mass density and the constitutive matrix are obtained via EBHM. The transient response
of the multi-scale structure is computed using the HHT-α method whereby the objective
function and constraints are directly calculated. Subsequently, the adjoint sensitivity
analysis is performed based on the discretize-then-differentiate approach. Finally, the
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Method of Moving Asymptotes (MMA) [48] is employed to update the design variables.
This optimization process is terminated once a certain convergence criterion is met.

5. Adjoint Sensitivity Analysis Using Differentiate-Then-Discretize

The differentiate-then-discretize AVM constructs the adjoint equation in a semi-
discretized dynamic system on the basis of spatial discrete and time continuous field
variables, and subsequently the transient response is evaluated at each time step. We
rewrite an objective function Φ in the following integral form:

Φ =
∫ J

0
c
(
u,

.
u
)
dt (66)

where J is the duration of the dynamic event and t is the continuous time variable.
We introduce the motion Equation (14) into Φ and thereby obtain the sensitivity Φ′ by

standard AVM:

Φ′ =
∫ J

0

(
∂c/∂uu′ + ∂c/∂

.
u

.
u
′)dt +

∫ J

0
λT(M ..

u + C
.
u + Ku − f

)′dt (67)

where the prime denotes differentiation regarding the design variables and λ denotes the
smooth adjoint variable. Through twice integrating-by-parts, we rearrange Φ′ as follows:

Φ′ =
∫ J

0 λT(M′ ..
u + C′ .

u + K′u
)
dt

+
∫ J

0 u′T
(

M
..
λ− C

.
λ+ Kλ+ ∂c/∂u − d

(
∂c/∂

.
u
)
/dt

)
dt

+

[
u′T
(
−M

.
λ+ Cλ+ ∂c/∂

.
u

T
)
+

.
u
′T

Mλ

]∣∣∣∣
t=J

(68)

where we employ the assumption that the external load, as well as the initial condition, is
design-independent for simplification. To remove the response derivatives u’(J) and

.
u

’
(J)

at the final time step, we assign the adjoint variables such that the terminal conditions are
satisfied as follows:

λ(J) = 0, M
.
λ(J) = (∂c/∂u)T

∣∣∣
t=J

(69)

To transform the adjoint problem into the initial value problem, we use a variable
transformation t = τ(s) = J − s and then construct a composite function Λ satisfying
Λ(s) = λ(τ(s)). Accordingly, we rewrite Equation (68) by transforming all the terms
including u’ and

.
u

’:

Φ′ =
∫ J

0 λT(M′ ..
u + C′ .

u + K′u
)
dt +

∫ J
0 u′T(τ(s))

(
∂c/∂u − d

(
∂c/∂

.
u
)
/dt

)∣∣
t=τ(s)ds

+
∫ J

0 u′T(τ(s))
(

M
..
Λ(τ(s)) + C

.
Λ(τ(s)) + KΛ(τ(s))

)
ds

+

[
u′T(J)

(
M

.
Λ(0)− CΛ(0) + ∂c/∂

.
u

T
∣∣∣
t=J

)
+

.
u
′T
(J)MΛ(0)

] (70)

To annul all the terms containing u’ and
.
u

’, we formulate the adjoint variable Λ

as follows:

M
..
Λ(τ(s)) + C

.
Λ(τ(s)) + KΛ(τ(s)) =

(
−∂c/∂u + d

(
∂c/∂

.
u
)
/dt

)∣∣
t=τ(s)

Λ(0) = 0, M
.

Λ(0) = −∂c/∂
.
u T
∣∣
t=J

(71)

where the sensitivity is simplified as follows:

Φ′ =
∫ J

0
ΛT(J − t

)(
M′ ..

u
(
t
)
+ C′ .

u
(
t
)
+ K′u

(
t
))

dt = ΛT ∗
(
M′ ..

u + C′ .
u + K′u

)∣∣∣
t=J

(72)
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where ∗ denotes the convolution operator.
Following the obtained displacement and velocity, ut and

.
ut, we approximate the

original objective function employing the rectangular formula:

Φ̃ =
N

∑
t=0

c
(
ut,

.
ut
)

(73)

Based on the discretized adjoint variables Λn solution from Equation (71), the sensitiv-
ity of objective function is approximated as follows:

Φ̃′ =
N

∑
t=0

ΛT
N−t

(
M′ ..

ut + C′ .
ut + K′ut

)
(74)

In virtue of the order of differentiation and discretization, this method is featured as
differentiate-then-discretize in that we first differentiate the augmented objective function
to achieve Equation (72) and subsequently implement the time discretization to achieve
Equation (74). This approach is seemingly elegant since the resultant adjoint transient
problem is similar to the primal problem. Nevertheless, the method encounters the notably
inconsistent sensitivity, as indicated in the following numerical examples. Since the resul-
tant optimal configuration is based on the objective function sensitivity, gradient-based
topology optimization demands the precise sensitivity information to design variables. We
examine the efficiency of both discretize-then-differentiate and differentiate-then-discretize
approaches for AVM sensitivity analysis by comparing them with the sensitivity evaluated
through the finite difference method (FDM).

6. Numerical Examples

This section offers four benchmark cases to validate the proposed approach: a can-
tilever beam, a clamped beam, a support structure, a building and a simply supported 3D
structure. We compare the two-scale optimal results obtained from Zhao et al. [22] based
on the differentiate-then-discretize AVM with those from this manuscript, based on the
discretize-then-differentiate AVM in the given four examples. For all numerical examples,
we adopt the damping coefficient α = 0.05 and determine the Newmark constants β and γ

by employing the formulas β = (1 + α)2/4 and γ = (1 + 2α)/2, for at least second-order
accuracy and unconditional stability, respectively. Moreover, in every example, we first
verify the validness of the discretize-then-differentiate method for AVM sensitivity analysis,
and then investigate the influence of loading parameters on the optimum solution using
the transient concurrent topology optimization based on the discretize-then-differentiate
AVM. All the programs in four benchmark cases are written with the available version of
MATLAB 2021.

6.1. Cantilever Beam Design under Half-Cycle Sinusoidal Load

As depicted in Figure 2, a cantilever beam is subjected to a concentrated half-sine load
vertically exerted at the midpoint of right free edge. The geometrical dimension of the
cantilever beam is as follows: length L = 8 m, height H = 4 m and thickness h = 0.01 m. For a
composite structure with uniform microstructure, its Young’s modulus is 200 GPa, Poisson’s
ratio is 0.3 and mass density is 7800 kg/m3. The Rayleigh damping parameters αr and βr
are assumed to be 10 s−1 and 1 × 10−5 s, respectively. The macroscopic and microscopic
design domains are discretized into 5000 and 2500 four-node square quadrilateral elements,
respectively. The maximal volume fraction for the macrostructure is specified to be 50%,
and that for the unit cell is defined as 50%. To solve this problem, we adopt the input
parameters listed in Table 1.
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Figure 2. Cantilever beam problem: (a) design domain and (b) half-cycle sinusoidal load.

Table 1. Input parameters used to solve the cantilever beam problem.

Parameter Value

Simulation time 0.05 s, 0.03 s, and 0.01 s
Number of time steps 100
Young’s modulus of base material 200 GPa
Poisson’s ratio of base material 0.3
Mass density of base material 7800 kg/m3

Rayleigh damping parameters 10 s−1 and 1 × 10−5 s
Volume fraction limit of macrostructure and unit cell 0.5 and 0.5
Filter radius in macro/micro design domain and filter exponent [0.12, 0.002] and 3
Chosen element type Four-nodes bilateral element
Macroscopic element thickness 0.01 m
Number of elements discretized in macroscopic design domain 5000
Number of elements discretized in microscopic design domain 2500

Table 2 compares the design sensitivity between two AVM approaches, discretize-then-
differentiate and differentiate-then-discretize, and FDM for this cantilever beam problem
with a load application duration of tf = 0.05 s. We demonstrate the consistency error,
namely the relative difference normalized by the exact sensitivity through FDM. It can
be found that the sensitivities obtained with discretize-then-differentiate are significantly
consistent with those obtained through FDM. However, the differentiate-then-discretize
AVM induces significant inconsistent sensitivities. Figure 3 presents the iteration histories
of the objective function and the constraint, and the optimized solution obtained using
these two AVM-based sensitivity analysis techniques with a load application duration of
0.05 s. Obviously, the optimized configuration via discretize-then-differentiate is more
favorable due to a lower value of the objective function. Thus, these results show that
the order of differentiation and discretization has obvious effect on the consistency errors,
which in turn can produce the inefficient optimum design.

Table 2. Comparison of design sensitivity and optimum for the cantilever beam problem.

Sensitivity Analysis
Method

Peak Relative Error (%)

Optimum (Nm)Macro Design
Domain

Micro Design
Domain

Discretize-then-differentiate 1.8 1.6 1.12
Differentiate-then-discretize 13.6 11.5 1.71
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Figure 3. Iterative history (left) and optimized topologies obtained (right) for a cantilever beam with
tf = 0.05 s using various adjoint sensitivity analysis. (a) Differentiate-then-discretize and (b) discretize-
then-differentiate.

Figure 4 shows the iterative histories during concurrent optimization and the resulting
optimal designs for the load application duration of tf = 0.03, 0.01 s. It is seen that the
optimized topologies at two scales for tf = 0.05 s (Figure 3b) and tf = 0.03 s (Figure 4a)
are nearly identical to each other. But in the case of tf = 0.01 s (Figure 4b), the optimal
configurations greatly distinguish from the counterparts obtained for larger load applica-
tion duration. When tf = 0.01s, substantial porous material is placed near the free edge
of this beam, which produces inertial force to offset the short impulsive loading, which
is is subsequently verified with the dynamic response as plotted in Figure 4. Also, the
optimized macrostructure links the large mass distributed towards the free edge to the
bracing ends by two horizontal beam-like members, which contribute to reducing the
vertical bending of the beam.

Figure 5 depicts the vertical displacement history at the load application point and the
transient dynamic compliance of the beam. These results demonstrate that the transient
responses for tf = 0.05 s resemble those for tf = 0.03 s, while they are significantly
different for tf = 0.01 s. Particularly for tf = 0.01 s, the optimal beam continuously
deflects downward, although the external load gradually decreases following tf = 0.005 s,
which attributes to the fact that the resulting inertial force is sufficiently large to drive the
beam downward.

6.2. Clamped Beam Design under Half-Cycle Cosine Load

In this example, we consider a beam fixed at both ends and excited via a concentrated
half-cosine load vertically at the center of the bottom edge, as shown in Figure 6. The
macroscopic design domain has length L = 12 m, height H = 2 m and thickness h = 0.01 m.
We adopt a linear elastic material with a Young’s modulus of 200 GPa, Poisson’s ratio
of 0.3 and mass density of 7800 kg/m3. The macroscopic design domain and the unit
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cell are discretized by respective 5000 and 2500 bilinear square elements. The volume
fraction limits for both macrostructure and unit cell are set to be 0.5. The Rayleigh damping
parameters αr and βr are the same as those in the first example. To solve this problem, we
adopt the input parameters listed in Table 3.

Table 3. Input parameters used to solve the clamped beam problem.

Parameter Value

Simulation time 0.5 s and 0.05 s
Number of time steps 100
Young’s modulus of base material 200 GPa
Poisson’s ratio of base material 0.3
Mass density of base material 7800 kg/m3

Rayleigh damping parameters 10 s−1 and 1 × 10−5 s
Volume fraction limit of macrostructure and unit cell 0.5 and 0.5
Filter radius in macro/micro design domain and filter exponent [0.10, 0.005] and 3
Chosen element type Four-nodes bilateral element
Macroscopic element thickness 0.01 m
Number of elements discretized in macroscopic design domain 5000
Number of elements discretized in microscopic design domain 2500
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Figure 4. Iterative history (left) and optimized topologies obtained (right) for a cantilever beam.
(a) tf = 0.03 s and (b) tf = 0.01 s.
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Figure 5. Time histories of deflection at the load application point and structural transient compliance
for each design of Figures 4b and 5. (a) tf = 0.05 s, (b) tf = 0.03 s, and (c) tf = 0.01 s.  denotes
the dynamic compliance and denotes the vertical displacement, respectively.
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Figure 6. Clamped beam problem. (a) Design domain and (b) half-cycle cosine load.

Table 4 compares the relative errors of the sensitivity obtained through the discretize-
then-differentiate AVM with those of the sensitivity obtained with the differentiate-then-
discretize AVM for this clamped beam problem for a load application duration of tf = 0.5 s.
The former achieves consistent sensitivities with the FDM, while the latter results in
obvious consistency errors. This comparison affirms the efficiency of the discretize-then-
differentiate AVM for dynamic problems in the time domain. To verify the discretize-then-
differentiate AVM for transient concurrent topology optimization, we apply this approach
to solve the clamped beam problem and carry out a comparison of the optimized solution
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with those obtained via the differentiate-then-discretize AVM. These results, as illustrated
in Figure 7, reveal that concurrent topology optimization based on the discretize-then-
differentiate AVM is more efficient for the transient problem due to lower optimum value
of the dynamic compliance.

Table 4. Comparison of design sensitivity and optimum for the clamped beam problem.

Sensitivity Analysis
Method

Peak Relative Error (%)

Optimum (N m)Macro Design
Domain

Micro Design
Domain

Discretize-then-differentiate 2.1 1.8 0.46
Differentiate-then-discretize 18.9 16.3 0.82

Figure 7. Iterative history (left) and optimized topologies obtained (right) for a clamped beam with
tf = 0.5 s using various adjoint sensitivity analysis. (a) Differentiate-then-discretize and (b) discretize-
then-differentiate.

Figure 8 shows the convergence history and the optimal design for tf = 0.05 s. As
seen from the results in Figures 7b and 8, the optimal topologies are highly dependent
on tf. For short-term dynamic load, the optimizer assigns less porous material within the
neighborhood of load application point and instead adds two beam-like members. That is
favorable to endure the increased local deflection near the load application point, which
arise as a result of the augmentation of dynamic influence.
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Figure 8. Iterative history (left) and optimized topologies obtained (right) for a clamped beam with
tf = 0.05 s.

Figure 9 depicts the dynamic response of respective optimized design for tf = 0.5 s and
tf = 0.05 s, as demonstrated in Figures 7b and 8. The damping effect is obviously identified
from the results acquired for tf = 0.5 s, when the amplitude of vertical displacement and
transient dynamic compliance decay over the load application duration due to the energy
dissipation in the damping material. In contrast to the results for tf = 0.5 s, the dissipation
effect of damping attenuates over time for tf = 0.05 s, owing to the shorter load application
duration. Therefore, the load application duration directly affects the dissipation of internal
energy and the structural vibration. This explains why the optimum designs are susceptible
to the load application duration.

  

Figure 9. Time histories of deflection at the load application point and structural transient compliance
for each design of Figures 9b and 10. (a) tf = 0.5 s and (b) tf = 0.05 s.  denotes the dynamic
compliance and denotes the vertical displacement, respectively.
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Figure 10. Support structure under rotating load.

6.3. Support Structure Design under Rotating Load

As shown in Figure 10, we use a square structure fixed at the bottom edge, subjected to
a rotating load with a specified constant amplitude and angular frequency at the center of
upper free edge. The square domain has length L = 3 m and thickness h = 0.05 m. The base
material has a Young’s modulus of 70 GPa, a Poisson’s ratio of 0.3, and a mass density of
7800 kg/m3. The macroscopic design domain and the unit cell are discretized by respective
5000 and 2500 bilinear square elements. The volume fraction limits of the macrostructure
and the unit cell are defined as 0.3 and 0.5, respectively. The Rayleigh damping parameters
αr and βr are assumed to be 50 s−1 and 3 × 10−5 s, respectively. To solve this problem, we
adopt the input parameters listed in Table 5.

Table 5. Input parameters used to solve the support structure problem.

Parameter Value

Simulation time 10π/ω, ω = 100π and 25π
rad/s

Number of time steps 100
Young’s modulus of base material 70 GPa
Poisson’s ratio of base material 0.3
Mass density of base material 7800 kg/m3

Rayleigh damping parameters 50 s−1 and 3 × 10−5 s
Volume fraction limit of macrostructure and unit cell 0.3 and 0.5
Filter radius in macro/micro design domain and filter exponent [0.06, 0.0015] and 3
Chosen element type Four-nodes bilateral element
Macroscopic element thickness 0.05 m
Number of elements discretized in macroscopic design domain 5000
Number of elements discretized in microscopic design domain 2500

To demonstrate the consistency of adjoint sensitivity analysis for transient concurrent
topology optimization, we plot the relative error of the two sensitivities obtained with
both differentiate-then-discretize and discretize-then-differentiate through examining this
support structure design under a rotating load. These results with angular frequency
ω = 100π rad/s, as illustrated in Table 6, confirm that the latter can ensure consistent
sensitivities despite more cumbersome implementation. In gradient-based topology opti-
mization, an accurate sensitivity analysis is requisite for the exact optimal solution. As a
consequence, the optimized design based on the discretize-then-differentiate approach is
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necessary to be more effective due to high accuracy in sensitivity computation. Figure 11
demonstrates that the objective function converges to the smaller value acquired with
discretize-then-differentiate than the counterpart acquired via differentiate-then-discretize.
As such, we prefer the former for a transient multi-scale topology optimization problem. In
order to study the influence of angular frequency on the final design for this support struc-
ture, we present an additional optimal design for ω = 25π rad/s, as shown in Figure 12.
The first design (Figure 11b) adds an extra lateral resistant system in its macroscopic
topology to diminish the structural lateral motion, whereas the second (Figure 12) is just
composed of two rod-like members in its macroscopic topology. These two designs have a
similar microscopic topology.

Table 6. Comparison of design sensitivity and optimum for the support structure problem.

Sensitivity Analysis
Method

Peak Relative Error (%)

Optimum (Nm)Macro Design
Domain

Micro Design
Domain

Discretize-then-differentiate 1.4 0.9 1.96
Differentiate-then-discretize 15.6 14.2 2.91

Figure 11. Iterative history (left) and optimized topologies obtained (right) for a support structure
with ω = 100π rad/s using various adjoint sensitivity analysis. (a) Differentiate-then-discretize and
(b) discretize-then-differentiate.
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Figure 12. Iterative history (left) and optimized topologies obtained (right) for a support structure
with ω = 25π rad/s.

Figure 13 presents the time history of horizontal displacement at the load application
point and transient dynamic compliance for the two optimum designs demonstrated in
Figures 11b and 12. The results indicate that the dynamic effect happen through the initial
time steps, followed by vibration attenuation owing to damping dissipation. Furthermore,
as is expected, the optimal design obtained for ω = 100π rad/s produce the lower vibra-
tional level than the counterpart obtained for ω = 25π rad/s due to the additional lateral
resistant system.

  

Figure 13. Time histories of deflection at the load application point and structural transient compli-
ance for each design of Figures 4b and 5. (a) ω = 25π rad/s and (b) ω = 100π rad/s.  denotes
the dynamic compliance and denotes the displacement along the rotating load, respectively.

6.4. Building Design under Ground Excitation

This example aims to design a building under a time-varying ground acceleration
in a sinusoidal function. Figure 14 states this optimization problem with the initial con-
figuration, ground acceleration as well as specified volume constraint at two scales. The
building with length L = 75 m, height H = 75 m and thickness h = 0.05 m is clamped at the
bottom and a lumped mass mc at the center of top edge is placed. The Young’s modulus,
Poisson’s ratio and mass density of the base material are 35 Gpa, 0.25 and 2400 kg/m3,
respectively. The macroscopic design domain and the unit cell are meshed into respective
10,000 and 2500 square bilateral elements, where volume fraction limits at the two scales
are prescribed as 0.5. The Rayleigh damping parameters αr and βr are assumed to be 2
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s−1 and 2 × 10−6 s, respectively. Note that when considering ground accelerations, we
replace the external load f with −mcagI in Equation (14). In this example, the frequency
of ground acceleration is supposed to be 2.5π rad/s. To solve this problem, we adopt the
input parameters listed in Table 7.

mc

L

H
t

a t

T

 
Figure 14. Building design subjected to ground acceleration: (a) building domain and (b) sinusoidal
ground acceleration.

Table 7. Input parameters used to solve the building problem.

Parameter Value

Simulation time 4.8 s
Number of time steps 100
Young’s modulus of base material 35 GPa
Poisson’s ratio of base material 0.25
Mass density of base material 2400 kg/m3

Rayleigh damping parameters 2 s−1 and 2 × 10−6 s

Lumped masses 0.1 × 106, 0.3 × 106 and
0.6 × 106 kg

Volume fraction limit of macrostructure and unit cell 0.3 and 0.5
Filter radius in macro/micro design domain and filter exponent [1.0, 0.02] and 3
Chosen element type Four-nodes bilateral element
Macroscopic element thickness 0.05 m
Number of elements discretized in macroscopic design domain 10,000
Number of elements discretized in microscopic design domain 2500

Similarly, we first review the consistency of adjoint sensitivity analysis for transient
concurrent topology optimization and then demonstrate the influence of sensitivity ap-
proximation on the final topology with this building design. These results in sensitivity
calculation with a lumped mass mc = 0.3 × 106 kg, as listed in Table 8, indicating that the
discretize-then-differentiate AVM can present consistent sensitivity due to high accuracy in
nature. However, the differentiate-then-discretize AVM inherently generates inconsistent
sensitivities. Consequently, we can obtain a more efficient multi-scale topology optimized
via discretize-then-differentiate, as demonstrated in Figure 15. Figure 15 shows the optimal
topologies obtained for 2.5π rad/s and mc = 0.6 × 106 kg. As is seen from the results in
Figures 15b and 16, the optimum design is greatly susceptible to the lumped mass mag-
nitude. The cross bars conjoined to the lumped mass are slightly thicker with increasing
lumped mass. This is due to the larger inertial loads transferred from the lumped mass to
the building when mc is increasing. Additionally, merely a lateral resistant system develops
on the upper end of the building for small mc in Figure 16a, while an additive lateral
resistant system develops at the bottom for large mc in Figures 15b and 16b, which is in
favor of incremental inertial forces’ transfer to the supports.
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Table 8. Comparison of design sensitivity and optimum for the building problem.

Sensitivity Analysis
Method

Peak Relative Error (%)

Optimum (Nm)Macro Design
Domain

Micro Design
Domain

Discretize-then-differentiate 2.0 1.2 23.4
Differentiate-then-discretize 23.6 15.4 31.6

Figure 15. Iterative history (left) and optimized topologies obtained (right) for a building structure
with mc = 0.3 × 106 kg using various adjoint sensitivity analysis. (a) Differentiate-then-discretize and
(b) discretize-then-differentiate.

To comprehend the dynamic behavior of the building underground excitation along
both horizontal and vertical directions, we plot the dynamic response of the optimum
designs for various lumped mass, as illustrated in Figure 17. As observed from these results,
the vertical displacement at the load application point is much larger than the horizontal
counterpart due to the lateral resistant system regardless of the magnitude of the lumped
mass. Note that with increasing lumped mass, the resultant vertical displacements at the
load application point increase in the amplitude, such that the corresponding dynamic
compliances became slightly larger. This inertial effect obviously influences the optimal
topology, which cannot be apprehended with static optimization formulations.
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Figure 16. Iterative history (left) and optimized topologies obtained (right) for a building structure.
(a) mc = 0.1 × 106 kg and (b) mc = 0.6 × 106 kg.

6.5. Simply Supported 3D Structure

This example optimizes a 3D structure to examine the capability of the presented
algorithm for large-scale transient topology optimization. As shown in Figure 18, this
design domain has the following dimensions: length L = 4.5 m, height H = 0.75 m and
thickness h = 0.5 m. This structure is supported at the bottom four corners under the
same transient load as the first example. The Young’s modulus, Poisson’s ratio and mass
density of base material are 200 Gpa, 0.3 and 7800 kg/m3, respectively. The macroscopic
design domain is discretized with 13,500 eight-nodes brick elements and the unit cell
with 8000 eight-nodes brick elements. The volume fraction limits at the two scales are
prescribed as 0.5. The Rayleigh damping parameters αr and βr are assumed to be 10 s−1

and 2 × 10−5 s, respectively. Table 9 offers all the adopted input data to solve the problem.
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Figure 17. Time histories of deflection at the load application point and structural transient com-
pliance for each design of Figures 15b and 16. (a) mc = 0.1 × 106 kg, (b) mc = 0.3 × 106 kg and
(c) mc = 0.6 × 106 kg. denotes the dynamic compliance, denotes the vertical displacement and de-
notes the horizontal displacement, respectively.
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L
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Figure 18. Simply supported 3D structure.
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Table 9. Input parameters used to solve the simply supported 3D structure problem.

Parameter Value

Simulation time 0.05 s
Number of time steps 100
Young’s modulus of base material 200 GPa
Poisson’s ratio of base material 0.3
Mass density of base material 7800 kg/m3

Rayleigh damping parameters 10 s−1 and 2 × 10−5 s
Volume fraction limit of macrostructure and unit cell 0.5 and 0.5
Filter radius in macro/micro design domain and filter exponent [0.15, 0.008] and 3
Chosen element type Eight-nodes brick element
Number of elements discretized in macroscopic design domain 13,500
Number of elements discretized in microscopic design domain 8000

Figure 19 depicts the final designs at macro/micro scales. Compared with the 2D
structure, the design space is enlarged by incorporating more freedom and a hollow pattern
is generated in the middle domain. For a unit cell, the main microscopic structural members
have coincident orientations with the corresponding macroscopic structural counterparts.
This is favorable to transfer the load from the loading point to the constrained points. This
numerical result demonstrates that the proposed approach has the potential to handle
the optimization problem of 3D structures. In the future work, a fully parallelized MPI
framework for multi-scale transient topology optimization is proposed to efficiently solve
the large-scale transient lattice optimization problems on the basis of [34].

 
Figure 19. Optimized macroscale (left) and microscale (right) designs for simply supported 3D structure.

7. Conclusions

This paper develops an efficient concurrent topological design approach for improving
the dynamic performance of composite structures. According to the homogenized proper-
ties calculated via EBHM, the multi-scale dynamic finite element analysis is accomplished
in the composite structure subjected to an impact load with the HHT-α method. Two adjoint
sensitivity analysis schemes, differentiate-then-discretize and discretize-then-differentiate,
are developed to evaluate the derivatives of dynamic responses regarding design vari-
ables at two scales. The consistency errors in the sensitivity calculations obtained from
both adjoint sensitivity analysis schemes are compared to analyze how the inconsistent
sensitivities influence the optimal solution for linear structural dynamic problems.

The popular AVM based on the differentiate-then-discretize approach encounters sig-
nificant consistency errors in the sensitivity evaluation as demonstrated using the numerical
examples. Alternatively, the discretize-then-differentiate AVM tackles this inconsistent
sensitivity problem and achieves the effective optimal solution, whereby the multi-scale
topology optimization problems associated with transient response are efficiently resolved.
We consider arbitrary loading situations with varying amplitudes, directions, and applica-
tion durations besides ground acceleration, such that the proposed approach can resolve a
wide variety of transient concurrent topology optimization problems. It is noted that the in-
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ertial force can play a significant role in the final optimal design at both macrostructure and
microstructure levels, particularly when the composite structure suffers from the impact
load imposed at a fast rate of speed. In future work, we extend the proposed concurrent
topology optimization formulation to multi-material design of composite structures with
non-uniform microstructures at macro and micro levels. Furthermore, the clustering-based
approach grouping the microscopic unit cells based on a physical quantity, is introduced to
implement the multi-scale topology optimization for a considerable reduction in computa-
tional cost.
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Nomenclature

Φi Neighborhood set of the ith macroscopic element R Filter radius in the macroscopic design domain
Ψj Neighborhood set of the jth microscopic element r Filter radius in the microscopic design domain
vmac

k Volume of the kth macroscopic element vmic
l Volume of the lth microscopic element

wmac
ki ,wmic

l j Weighting factors x,y Center position of macro/micro elements

ξ̃i,η̃j Physical design variables ξk,ηl Original design variables
ξmin,ηmin Ersatz parameters βmac,βmic Aggressiveness of the projection function
ξth,ηth Threshold densities DB Elastic constitutive matrix of base material
DH Effective macroscopic constitutive matrix I Unit matrix
b Strain matrix at the microscale um Microstructural displacement field
Ωm Microstructural domain kmic Stiffness matrix of microscopic element
p Penalization exponent ρB Physical mass density of the base material
t Time step M Global mass matrix
C Global damping matrix K Global stiffness matrix
..
ut Macrostructural acceleration vector

.
ut Macrostructural velocity vector

ut Macrostructural displacement vector ft External force vector
N Number of analysis steps αr,βr Rayleigh damping parameters
N Matrix of shape functions B Matrix of shape function derivatives
f (ξ,η, u(t)) Objective function Vmac Volume of macroscopic design domain
Vmic Volume of microscopic design domain G1,G2 Macroscopic and microscopic constraints
ϑ,ς Upper bounds for G1 and G2 Nmac,Nmic Element numbers of macro/micro design domains
α, β, γ HHT-α parameters E,V Stiffness and volume interpolation functions
λt,μt,ζt Adjoint variables Φ Rewritten objective function
J Duration of the dynamic event t Continuous time variable
λ, Λ Adjoint variables Φ′ Sensitivity of Φ
Φ̃ Approximated Φ Φ̃′ Sensitivity of Φ̃
L Length of the structure H Height of the structure
h Thickness of the structure tf Simulation time
ω Angular frequency mc Lumped mass
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Abstract: New families of direct serendipity and direct mixed finite elements on general planar,
strictly convex polygons were recently defined by the authors. The finite elements of index r are
H1 and H(div) conforming, respectively, and approximate optimally to order r + 1 while using
the minimal number of degrees of freedom. The shape function space consists of the full set of
polynomials defined directly on the element and augmented with a space of supplemental functions.
The supplemental functions were constructed as rational functions, which can be difficult to integrate
accurately using numerical quadrature rules when the index is high. This can result in a loss of
accuracy in certain cases. In this work, we propose alternative ways to construct the supplemental
functions on the element as continuous piecewise polynomials. One approach results in supplemental
functions that are in Hp for any p ≥ 1. We prove the optimal approximation property for these
new finite elements. We also perform numerical tests on them, comparing results for the original
supplemental functions and the various alternatives. The new piecewise polynomial supplements
can be integrated accurately, and therefore show better robustness with respect to the underlying
meshes used.

Keywords: serendipity finite elements; direct finite elements; optimal approximation; polygonal
meshes; finite element exterior calculus
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1. Introduction

There has been strong interest in using polygonal and polyhedral meshes when solving
certain types of problems via the finite element method. For just a few examples, we note
problems in solid mechanics [1,2], elasticity [3,4], fracture mechanics [5–7], thin plates [8],
shells [9], porous media [10], topology optimization [11–13], and finding eigenvalues [14].
In fact, polygonal meshes are an important motivation for the development and use of
methods beyond the classic finite element method, which include, for example, the discon-
tinuous Galerkin methods (including weak Galerkin [15] and ultra-weak methods [16–18]),
mimetic methods [19–21], and virtual element methods [22–25].

Classic conforming finite element methods have also been developed for use on
polygonal meshes, and especially for quadrilateral meshes. Approaches taken include the
use of maps from reference finite elements [26–28], restriction to low order elements [29–32],
the use of macro-elements [33], basis function enrichment [34–36], and construction using
barycentric coordinates [9,37–39]. Ideally, we would have families of conforming finite
elements defined for any order of accuracy. These would possess a minimal number of
degrees of freedom (DoFs) subject to conformity and accuracy constraints. Finite elements
based on the use of non-affine maps from reference finite elements display degraded
accuracy. Accuracy is restricted if only low order elements are defined. Macro-elements,
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basis function enrichment, and the use of barycentric coordinates in higher order cases
results in finite elements with an excess number of DoFs.

Families of conforming finite elements defined on polygons that maintain both accu-
racy and a minimal number of DoFs have appeared recently [40–43] (as well as some finite
elements in three dimensions [44–46]). The approach taken is to begin with the space of
polynomials Pr(E) of degree up to r defined directly on the physical element E to achieve
accuracy of order r + 1. To achieve conformity, one then adds in a space of supplemental
functions. A basis for the supplemental functions must have certain properties on ∂E, but
they must be defined over all of E by filling in the interior. The “supplemental function
space” is sometimes called the “filling space”.

In this paper, we discuss the construction of the supplemental functions, in the context
of the finite elements developed by the current authors in [43], which are called direct finite
elements. Let the element E = EN ⊂ R2 be a closed, nondegenerate, convex polygon with
N ≥ 3 edges. The direct serendipity finite elements of index r ≥ 1 are H1-conforming and
take the form

DS r(EN) = Pr(EN)⊕ SDS
r (EN), (1)

where SDS
r (EN) is the space of supplemental functions. The direct mixed finite elements

are H(div)-conforming and take two forms,

Vr
r(EN) = P2

r (EN) ⊕ xP̃r(EN) ⊕ SV
r (EN),

Vr−1
r (EN) = P2

r (EN) ⊕ SV
r (EN),

(2)

for full (r ≥ 0) and reduced (r ≥ 1) H(div)-approximation, respectively, where P̃r(EN) are
the homogeneous polynomials of (exact) degree r. These two finite elements are related to
each other by the finite element exterior calculus [47] through the de Rham complex

R ↪−→ H1 curl−−−→ H(div) div−−−→ L2 −→ 0, (3)

resulting in, for s = r − 1, r (s ≥ 0),

R ↪−→ DS r+1(EN)
curl−−−→ Vs

r(EN)
div−−−→ Ps(EN) −→ 0. (4)

The consequence is that

Vr
r(EN) = curlDS r+1(EN)⊕ xPr,

Vr−1
r (EN) = curlDS r+1(EN)⊕ xPr−1,

(5)

and, therefore,
SV

r (EN) = curlSDS
r+1(EN). (6)

The original construction of supplemental functions made use of rational functions
(see (21)), which are difficult to numerically integrate accurately. As a consequence, when
solving a partial differential equation using direct finite elements, the quadrature error may
be significant, leading to poor overall approximation of the solution. This was observed
in [43], although in that paper, the degradation in the approximation was attributed to poor
mesh quality. While mesh quality remains an important ingredient in finite element analysis,
quadrature approximation is also a critical component, especially for high order methods.

In this work, we introduce two constructions of the supplemental functions SDS
r (EN)

which involve using continuous piecewise polynomials. Such constructions are motivated
by the work of Kuznetsov and Repin [33], and suggested by the work of Cockburn and
Fu [41]. These new supplemental functions can then be accurately integrated by quadra-
ture rules. (A similar, but more complex, construction in three dimensions for cuboidal
hexahedra is discussed in [46]).
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In the next two sections we present some basic notation and review the general
definition of the original direct serendipity and direct mixed finite elements, which have
supplemental functions that are C∞-smooth. Our new families of direct finite elements
based on piecewise continuous supplemental functions are given in Section 4. We give two
constructions of the supplemental functions, so that one set lies in H1 and the other in Hp

for any integer p ≥ 1. The approximation properties of these new direct finite elements are
given in Section 5. The results are optimal, up to the bounding constant. The proof follows
that given in [43], and we concentrate on the modifications that are required to handle the
new supplements. In Section 6, we present numerical tests that compare the errors and
convergence rates of the new and original direct finite elements. We conclude the paper in
Section 7.

2. Notation

We choose to identify the edges and vertices of EN adjacently in the counterclockwise
direction, as depicted in Figure 1 (throughout the paper, we interpret indices modulo N).
Let the edges of EN be denoted ei, i = 1, 2, . . . , N, and the vertices be xv,i = ei ∩ ei+1. Let
νi denote the unit outer normal to edge ei, and let τi denote the unit tangent vector of ei
oriented in the counterclockwise direction, for i = 1, 2, . . . , N.

ν2

ν3

ν4

ν5

ν1

τ2

τ3

τ4
τ5

τ1

xv,2

xv,3

xv,4

xv,5

xv,1

E5

e2 e3

e4

e5

e1

Figure 1. A pentagon E5, with edges ei, outer unit normals νi, tangents τi, and vertices xv,i.

For any two distinct points y1 and y2, let L[y1, y2] be the line passing through y1 and
y2, and take ν[y1, y2] to be the unit vector normal to this line interpreted as going from y1
to y2 and then spinning 90 degrees in the clockwise direction (i.e., pointing to the right).
Then we define a linear polynomial giving the signed distance of x to L[y1, y2] as

λ[y1, y2](x) = −(x − y2) · ν[y1, y2]. (7)

To simplify the notation for linear functions that will be used throughout the paper, let
Li = L[xv,i−1, xv,i] be the line containing edge ei and let λi(x) give the distance of x ∈ R2

to edge ei opposite the normal direction, i.e.,

λi(x) = λ[xv,i−1, xv,i](x) = −(x − xv,i) · νi, i = 1, 2, . . . , N. (8)

These functions are strictly positive in the interior of EN , and λi vanishes on the edge ei.

3. Direct Serendipity and Mixed Finite Elements

The general development of direct serendipity and mixed finite elements is given
in [43]. The definition of the supplemental space SDS

r (EN) in (1) is key to the construction.
For completeness, we review the definitions of these direct finite elements here.

When N = 3 (triangles), the direct serendipity supplemental space SDS
r (E3) is empty.

When N ≥ 4 and 1 ≤ r < N − 2, the direct serendipity spaces DS r(EN) are defined as
subspaces of DSN−2(EN) by the rule

DS r(EN) =
{

ϕ ∈ DSN−2(EN) : ϕ|e ∈ Pr(e) for all edges e of EN
}

. (9)

Therefore, we only need to understand SDS
r (EN) for r ≥ N − 2 and N ≥ 4.
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To define the supplemental basis functions, two series of choices must be made for
each i, j such that 1 ≤ i < j ≤ N and 2 ≤ j− i ≤ N − 2 (i.e., ei and ej are nonadjacent edges).
First, as shown in Figure 2, one must choose two distinct points x1

i,j ∈ Li and x2
i,j ∈ Lj that

avoid the intersection point xi,j = Li ∩ Lj, if it exists. Then let

λi,j(x) = λ[x1
i,j, x2

i,j](x) = −(x − x2
i,j) · νi,j, νi,j = ν[x1

i,j, x2
i,j], (10)

be the linear function associated to the line Li,j = L[x1
i,j, x2

i,j]. Second, Ri,j must be chosen
to satisfy

Ri,j(x)|ei = −1, Ri,j(x)|ej = 1. (11)

The supplemental space for r ≥ N − 2 ≥ 2 is of the form

SDS
r (EN) = span

{
φs,i,j : 1 ≤ i < j ≤ N, 2 ≤ j − i ≤ N − 2

}
, (12)

φs,i,j =
(

∏
k �=i,j

λk

)
λr−N+2

i,j Ri,j. (13)

x2,4e2
L2,4

L2
e4

L4

E5

λ2,4 =0 x1
2,4

x2
2,4

ν2,4e2 ∦ e4

e2

L2,4

L2

e4

L4

E5
λ2,4=

0
x1

2,4

x2
2,4

ν2,4

e2 ‖ e4

Figure 2. Illustration on E5 of the zero line L2,4 of λ2,4(x) = −(x − x2
2,4) · ν2,4 and the intersection

point x2,4 = L2 ∩ L4, if it exists.

3.1. Direct Serendipity Finite Elements

Every shape function of the direct serendipity finite element DS r(EN) is a sum of a
polynomial and a linear combination of the supplemental functions, as in (1). To implement
them, one must define the DoFs. For example, for ψ ∈ DS r(EN), one can take

ψ(xv,i), ∀i = 1, 2, . . . , N, (14)∫
ei

ψ p dσ, ∀p ∈ Pr−2(ei), i = 1, 2, . . . , N, (15)∫
EN

ψ q dx, ∀q ∈ Pr−N(EN), (16)

where dσ is the one dimensional surface measure. Alternatively, one can use nodal DoFs
(i.e., evaluation at a node point) in place of (15) and/or (16). For the former, on each edge
ei, its corresponding edge nodes are r − 1 points such that they, along with the two vertices,
are equally distributed on ei. For the latter, the interior cell nodes can be set to be the
Lagrange nodes of order r − N of a triangle that lies strictly inside EN .

The basis of DS r(EN) corresponding to the DoFs can be constructed. Given a com-
putational mesh of convex polygons Th over a domain Ω, the basis can be simply pieced
together to form a global H1-conforming basis of the space DS r(Ω) ⊂ H1(Ω).

3.2. Direct Mixed Finite Elements

As discussed in the introduction, full, Vr
r(EN), and reduced, Vr−1

r (EN), H(div)-
approximating mixed finite element spaces follow from a de Rham complex (3), where the
direct serendipity finite elements serve as the precursor (4). The supplemental space is
related to SDS

r+1(EN) by the simple Formula (6).
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The DoFs for these spaces (with s = r ≥ 0 or s = r − 1 ≥ 0) can be taken to be∫
ei

v · νi p dσ, ∀p ∈ Pr(ei), i = 1, 2, . . . , N, (17)∫
EN

v · ∇q dx, ∀q ∈ Ps(EN), q not constant, (18)∫
EN

v ·ψψψ dx, ∀ψψψ ∈ BV
r (EN), if r ≥ N − 1, (19)

where the H1(EN) and H(div; EN) bubble functions, for r ≥ N − 1, are

Br+1(EN) = λ1λ2 . . . λNPr−N+1(EN) and BV
r (EN) = curlBr+1(EN). (20)

Given the mesh Th over Ω, one constructs the basis and the H(div)-conforming global
space Vs

r(Ω) ⊂ H(div) (see [43] for details). As an alternative, when solving partial
differential equations, one can use the hybrid form of the method [48], which does not
require the construction of global basis functions.

4. Piecewise Continuous Supplements

In [43], Ri,j satisfying (11) on EN , for 1 ≤ i < j ≤ N, 2 ≤ j − i ≤ N − 2, was taken to
be the simple rational function

Rrational
i,j (x) =

λi(x)− λj(x)

λi(x) + λj(x)
. (21)

These rational functions are smooth over the element. We now give new direct serendipity
and mixed finite elements by providing an alternate construction of Ri,j as a piecewise
continuous polynomial defined over a sub-partition of EN . We present two strategies, the
first of which is convenient for the construction of continuous supplemental functions in
H1(EN), and the second for constructing smoother supplemental functions in Hp(EN) for
integer p ≥ 1.

4.1. Supplemental Functions in H1(EN)

Our first strategy for constructing Ri,j requires a sub-triangulation of the element EN ,
and we present two natural choices. The first sub-triangulation is depicted in Figure 3 and
denoted as T n(EN). One picks a vertex xv,n and divides EN into N − 2 sub-triangles. The
sub-triangles are Tn

m with vertices xv,n, xv,m, and xv,m+1, where m = n + 1, . . . , n + N − 2.
For the second sub-triangulation, depicted in Figure 4 and denoted as T xc(EN), one picks
a point xc in the interior of EN and divides it into N sub-triangles. Now the sub-triangles
are Txc

m with vertices xc, xv,m, and xv,m+1, where m = 1, 2, . . . , N. We use the centroid of the
element for xc.

xv,5

xv,1

xv,2

xv,3

xv,4

T5
1

T5
2

T5
3

Figure 3. A sub-triangulation based on a common fixed vertex. Shown is T 5(E5) using the fixed
vertex xv,5.
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xc

xv,5

xv,1

xv,2

xv,3

xv,4

Txc
5

Txc
1 Txc

2

Txc
3

Txc
4

Figure 4. Sub-triangulation based on a center point. Shown is T xc (E5) using the centroid xc.

Let the piecewise polynomial function space of degree s corresponding to each sub-
triangulation be

Ps(T n(EN)) = { f ∈ C0(E) | f |Tn
m ∈ Ps(Tn

m), m = n + 1, . . . , n + N − 2}, (22)

Ps(T xc(EN)) = { f ∈ C0(E) | f |Txc
m

∈ Ps(Txc
m ), m = 1, 2, . . . , N}. (23)

We construct Ri,j in P1(T n(EN)) or P1(T xc(EN)), depending on which of the two sub-
triangulations is used, such that

Ri,j|ei = −1, Ri,j|ej = 1, Ri,j|vk = 0, ∀k �= i − 1, i, j − 1, j. (24)

by using interpolation at the vertices of the sub-triangles. If the sub-triangulation is chosen
to be T n(EN), the restrictions (24) uniquely specify all the vertex values. However, if the
triangulation is T xc(EN), the center value is not determined, so we assign Ri,j(xc) = 0.

Our construction has Ri,j being −1 on ei and 1 on ej as required by (11). Moreover,
Ri,j ∈ H1(EN). After constructing the supplemental functions in (13) with this Ri,j, each
φs,i,j is in Pr+1(T n(EN)) or Pr+1(T xc(EN)), and therefore also in H1(EN).

4.2. Supplemental Functions in Hp(EN)

We now present the second of our two strategies for constructing Ri,j for two nonadja-
cent edges ei and ej. Recall that λk(x) is the linear polynomial giving the (signed) distance
to the line Lk extending edge ek. When ei and ej are parallel, we simply define Ri,j as the
linear polynomial

Ri,j =
λi − λj

λi(xv,j)
. (25)

When ei and ej are not parallel, we first define a sub-partition of EN by adding a single
extra line �i,j through a point xi,j as depicted in Figure 5. The point xi,j is chosen so that it is
closer to Lj than the endpoints of ei, i.e.,

λj(x
i,j) ≤ min{λj(xv,i−1), λj(xv,i)}. (26)

The line �i,j passes through xi,j and is parallel to ej. This line divides EN into Ei,j,1
N near ei

and Ei,j,0
N near ej, i.e.,

Ei,j,1
N = EN ∩ {x | λj(x) ≥ λj(x

i,j)}, (27)

Ei,j,0
N = EN ∩ {x | λj(x) < λj(x

i,j)}. (28)

Let νi,j = −νj be the unit normal vector of �i,j pointing into Ei,j,1
N , and let τi,j = τj be a unit

tangent vector.

129



Mathematics 2023, 11, 4663

Ei,j,0
6

Ei,j,1
6

ei

ej

xv,i

xv,i−1

Lj �i,j

xi,j
νi,j

τi,j

Figure 5. A sub-division of E6 using the line �i,j.

We next construct the function ρi,j, which is 1 on edge ei and 0 on edge ej. It is defined
piecewise on the sub-partition of EN as

ρi,j(x) =

⎧⎪⎨⎪⎩
1, x ∈ Ei,j,1

N ,

1 −
(

1 −
λj(x)

λj(xi,j)

)p
, x ∈ Ei,j,0

N ,
(29)

where p ≥ 1 is an integer. The function is continuous, since λj(x) = λj(x
i,j) on �i,j implies

that ρi,j|�i,j = 1 in either case of the definition. Moreover, in the tangential direction,

∂ρi,j

∂τi,j

∣∣∣
�i,j

= 0, (30)

and, in the normal direction,

∂ρi,j

∂νi,j (x) =

⎧⎪⎨⎪⎩
0, x ∈ Ei,j,1

N ,
p

λj(xi,j)

(
1 −

λj(x)

λj(xi,j)

)p−1
, x ∈ Ei,j,0

N ,
(31)

which is continuous for p > 1, so ρi,j ∈ C1(EN). By iterating the argument, we have that
ρi,j ∈ Cp−1(EN) and so also in Hp(EN) for p > 1. If p = 1, ρi,j is continuous, so it is in
H1(EN).

Finally, after constructing both ρi,j and ρj,i, we define

Ri,j = ρj,i − ρi,j, (32)

which is −1 on ei, 1 on ej. Moreover, Ri,j ∈ Hp(EN). The supplemental functions in (13)
constructed with this Ri,j lie in Hp(EN).

We end this section with two specific examples, using the sub-partitions shown in
Figure 6, which divide EN by N lines. The first example has a sub-partition based on the
midpoints xM

e,i of the edges ei, i = 1, 2, . . . , N, and gives rise to the spaces denoted DSM
r (EN)

and VM,s
r (EN). We compute the minimal distance of the midpoints to the edges, i.e.,

hM = min
1≤i≤N,k=i±1

λi(x
M
e,k). (33)

Then for any two non parallel and nonadjacent edges ei and ej, simply take the partition
line �i,j to be the line parallel to ej that is the fixed distance hM > 0 away and intersects EN .

The second specific example uses a sub-partition based on trisecting each edge, re-
sulting in the points, for edge ei, being denoted counterclockwise as xe,i,k for k = 1, 2,
i = 1, 2, . . . , N. In this case, we simply take xi,j to be the closest of these points to Lj,
omitting xe,j,1 and xe,j,2. We denote the resulting spaces DST

r (EN) and VT,s
r (EN).
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xv,5

xv,1

xv,2

xv,3

xv,4
xM

e,4hM

xv,5

xv,1

xv,2

xv,3

xv,4xe,5,2

xe,3,1

xe,4,1

xe,3,2

xe,4,2

Figure 6. The two sub-partitions of E5 used for constructing specific Hp supplemental functions. The
left one is used for DSM

r and VM,s
r , where hM = λ5(x

M
e,4). The right one is used for DST

r and VT,s
r ,

where the closest trisection points are marked in red.

5. Approximation Properties

We discuss now the global approximation properties for our direct finite element
spaces. The results of [43] do not directly apply here because there it was assumed that
the functions Ri,j are smooth on the element. Consider a collection of meshes Th of convex
polygons partitioning a domain Ω, where h > 0 is the maximal element diameter.

We need to make the usual assumption that our collection of meshes is uniformly
shape regular [49] (pp. 104–105). For any EN ∈ Th, let hEN be its diameter. Denote by Ti,
i = 1, 2, . . . , N(N − 1)(N − 2)/6, the sub-triangle of EN with vertices being three of the N
vertices of EN , and define

ρEN = 2 min
1≤i≤N(N−1)(N−2)/6

{diameter of the largest circle inscribed in Ti}. (34)

The shape regularity parameter of the single mesh Th is

σTh = min
EN∈Th

ρEN

hEN

. (35)

Assumption 1. The collection of meshes {Th}h>0 is uniformly shape regular. That is, the shape
regularity parameters are bounded below by a positive constant: there exists σ∗ > 0, independent of
Th and h > 0, such that the ratio

ρEN

hEN

≥ σ∗ > 0 for all EN ∈ Th, h > 0. (36)

We also require some mild restrictions on the construction of SDS
r (EN).

Assumption 2. For every EN ∈ Th, assume that the functions of SDS
r (EN) are constructed using

λi,j such that the zero set Li,j intersects ei and ej. Moreover, suppose that Ri,j ∈ Hp(EN) for some
p ≥ 1 and that the sub-partitions introduced in Section 4 for their construction depend continuously
on the vertices of EN.

The continuous dependence requirement of the sub-partitions is met if we system-
atically choose the points xc in Section 4.1 (say as the centroid) and xi,j satisfying (26)
in Section 4.2 (say be taking xi,j as the closer endpoint of ei to Lj, or so that λj(x

i,j) =
1
2 min{λj(xv,i−1), λj(xv,i)}).

We state first the approximation result for DS r(Ω).

Theorem 1. Let r ≥ 1, 1 ≤ p ≤ ∞, and � > 1/p (or � ≥ 1 if p = 1). If Assumptions 1 and 2
hold (so the basis functions are in Hp on each element), then there exists a constant C > 0, such
that for all functions v ∈ W�,p(Ω),

inf
vh∈DSr(Ω)

‖v − vh‖Wm,p(Ω) ≤ C h�−m ‖v‖W�,p(Ω), 0 ≤ � ≤ r + 1, m = 0, 1. (37)
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Proof. The methodology of the proof follows [42,43]. The key difference is that we must
relax the smoothness requirement made on the supplemental functions. We highlight the
differences, and leave the reader to consult [42,43] for some of the details.

Given a mesh Th, we construct an interpolation operator I r
h : Wl

p(Ω) → DS r as a
generalization of that defined in [50]. To do so, we use a nodal set of DoFs for the finite
elements, and identify global nodal points ai, i = 1, 2, . . . , dimDS r. These nodal points
must be chosen systematically with respect to the vertices of the mesh, so they depend
continuously on them. The global nodal basis function for ai is denoted ϕi.

A geometry object Ki is associated to each ai. If ai lies in the interior of some element,
we choose the element to be Ki. Otherwise, we choose an edge containing ai to be Ki, where
we additionally ask that Ki ⊂ ∂Ω if ai ∈ ∂Ω. We use these to define the dual basis ψi
with respect to L2(Ki), i = 1, 2, . . . , dimDS r. The corresponding interpolation operator
I r

h : Wl
p(Ω) → DS r is then

I r
hv(x) =

dimDSr

∑
i=1

( ∫
Ki

ψi(y) v(y) dy
)

ϕi(x). (38)

There are two essential steps towards showing the approximation property. First, the
nodal basis functions are bounded,

max
1≤i≤dimDSr(Ω)

max
E∈Th

||ϕi||Wm
q (E) ≤ C, (39)

and, second, the dual basis functions are bounded up to a scaling factor,

||ψi||L∞(Ki)
≤ Ch−dim Ki

Ki
. (40)

We show the necessary boundedness by mapping the elements and using a continuity and
compactness argument.

As depicted in Figure 7, to each element EN , we associate a regular polygon (equilateral
and equiangular) ÊN . We can then define a map FEN : ÊN → EN as a composition of a
map that changes the geometry but not the size to ẼN , and then a scaling map (see [43] for
precise details).

(0, 0) Ê5
(1, 0)

x̂

FẼ5−−−→

(0, 0) Ẽ5
(1, 0)

(v1, v2)

(v3, v4)
(v5, v6)

x̃
scaling
−−−→

xv,1 E5
xv,2

xv,3

xv,4

xv,5

x

Figure 7. An element E5 ∈ Th is shown on the right-hand side in its translated and rotated local
coordinates. It is the image of a regular reference polygon Ê5 on the left-hand side. The map is
decomposed into one that changes the geometry but not the size FẼ5

: Ê5 → Ẽ5, and a scaling map
x̃ �→ Hx̃.

Define the nodal basis functions ϕẼN
i on ẼN . It is enough to show the boundedness of

their Wm
q norms. Although they are no longer smooth functions, compared to [42,43], they

are continuous on ẼN , and smooth on all the subregions generated by the sub-partition.
Moreover, by assumption the sub-partition is required to depend continuously on the

vertices of ẼN . Therefore, ϕẼN
i will still depend continuously on x̂ = F−1

ẼN
(x̃) and the

vertices of ẼN , which vary in a compact set. We conclude that the nodal basis functions
are bounded in Wm

q norm. The boundedness of ψi in the L∞ norm can be shown in a
similar way.
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For the mixed finite elements, we have the following result, wherein we see projection
operators π : H(div; Ω) ∩ (L2+ε(Ω))2 → Vs

r, s = r − 1, r, where ε > 0, and PWs , the
L2-orthogonal projection operator onto Ws = ∇ · Vs

r.

Theorem 2. Let r = s ≥ 0 or r ≥ 1, s = r − 1. If Assumptions 1–2 hold, then there is a constant
C > 0, such that

‖v − πv‖L2(Ω) ≤ C ‖v‖Hk(Ω) hk, k = 1, . . . , r + 1, (41)

‖p −PWs p‖L2(Ω) ≤ C ‖p‖Hk(Ω) hk, k = 0, 1, . . . , s + 1, (42)

‖∇ · (v − πv)‖L2(Ω) ≤ C ‖∇ · v‖Hk(Ω) hk, k = 0, 1, . . . , s + 1, (43)

where s = r − 1 ≥ 0 and s = r ≥ 1 for reduced and full H(div)-approximation, respectively.
Moreover, the discrete inf-sup condition

sup
vh∈Vs

r

(wh,∇ · vh)

‖vh‖H(div)
≥ γ ‖wh‖L2(Ω), ∀wh ∈ Ws, (44)

holds for some γ > 0 independent of h > 0.

For the proof, we define the projection operator π by piecing together local operators
πE that are defined in terms of the DoFs (17)–(19). The approximation properties given
in [42,43] hold with a similar proof, using now that the subregions generated by the
sub-partition depend continuously on the vertices of the element.

6. Numerical Results

We present numerical experiments for our new finite elements as applied to Poisson’s
equation

−∇ · (∇p) = f in Ω, (45)

p = 0 on ∂Ω, (46)

where f ∈ L2(Ω). The corresponding weak form finds p ∈ H1
0(Ω) such that

(∇p,∇q) = ( f , q), ∀q ∈ H1
0(Ω), (47)

where (·, ·) is the L2(Ω) inner product. Setting

u = −∇p, (48)

we have the mixed weak form, which finds u ∈ H(div; Ω) and p ∈ L2(Ω) such that

(u, v)− (p,∇ · v) = 0, ∀v ∈ H(div; Ω), (49)

(∇ · u, w) = ( f , w), ∀w ∈ L2(Ω). (50)

These weak forms naturally give rise to finite element approximations. According to
Theorems 1 and 2, the following convergence analysis holds by a standard argument [27,51].

Theorem 3. If Assumptions 1 and 2 hold, then there exists a constant C > 0, independent of Th
and h > 0, such that for r ≥ 1,

‖p − ph‖m,Ω ≤ C h�+1−m |p|�+1,Ω, � = 0, 1, . . . , r, m = 0, 1, (51)
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where ph ∈ DS r(Ω) ∩ H1
0(Ω) approximates (47). Moreover, with r = s ≥ 0 or r ≥ 1, s = r − 1,

‖u − uh‖0,Ω ≤ C‖u‖k,Ωhk, k = 1, . . . , r + 1, (52)

‖p − ph‖0,Ω ≤ C‖u‖k,Ωhk, k = 1, . . . , s + 1, (53)

‖∇ · (u − uh)‖0,Ω ≤ C‖∇ · u‖k,Ωhk, k = 0, 1, . . . , s + 1, (54)

where (uh, ph) ∈ Vs
r × Ws approximates (49)–(50).

We perform our tests on a unit square domain Ω = [0, 1]2, and take the source term
f (x) = 2π2 sin(πx1) sin(πx2), so the exact solution is u(x1, x2) = sin(πx1) sin(πx2). We
consider five types of supplemental spaces. The original direct serendipity and mixed finite
element spaces will be denoted DSR

r and VR,s
r , respectively. These use supplements based

on the rational functions (21).
For the H1 supplemental functions introduced in Section 4.1, there are two varieties.

Denote the space using supplemental functions that are constructed based on the vertex
sub-triangulation as DSV

r and its corresponding mixed spaces as VV,s
r , and those based on

the center point sub-triangulation as DSC
r and VC,s

r , respectively. The spaces based on the
Hp supplements were described in Section 4.2 and denoted DSM

r , VM,s
r and DST

r , VT,s
r .

6.1. The Meshes Used

Approximate solutions are computed on a sequence of Voronoi meshes T 2
h generated

by the package PolyMesher [52]. Each mesh has n2 elements, which are generated with n2

random initial seeds and up to 104 smoothing iterations to improve the shape regularity.
For comparison to the results appearing in [43], we use the same mesh sequence T 2

h
with n = 6, 10, 14, 18, and 22. We show the meshes for n = 6 and n = 18 in Figure 8. The
shape regularity parameters are given in Table 1. Note that the n = 10 and n = 18 meshes
are the least regular.

n = 6 n = 18

Figure 8. Meshes with 6 × 6 and 18 × 18 elements.

Table 1. Shape regularity parameters for each mesh T 2
h .

n = 6 n = 10 n = 14 n = 18 n = 22

σTh 0.180 0.115 0.161 0.127 0.150

In [43] it was observed numerically that the n = 18 mesh performed well for the
original direct finite elements (using rational supplemental functions) when r = 2, 3, 4, but
had a degraded convergence rate when r = 5. The problem was resolved by removing
short edges from the n = 18 mesh. However, as we will see in this section, the problem is
actually due to inaccurate numerical quadrature of the rational supplemental functions,
which only showed up in those tests for the more refined mesh (i.e., not n = 10) and higher
values of r.
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6.2. Results for Direct Serendipity Spaces

We present and compare the results of the numerical tests performed for DSR
r , DSV

r ,
DSC

r , DSM
r , and DST

r , where r = 2, 3, 4, 5. We take p = 1 in Section 4.2 for the construction
of DSM

r and DST
r , because it gives better results than a larger p in most cases. According to

Theorem 3, we expect all those spaces to have the convergence rates r + 1 for L2 errors and r
for H1-seminorm errors. As Tables 2 and 3 suggests, the convergence rates at n = 10, 14, 22
for DSR

r are all slightly better than optimal in this test. However, we can observe a slower
convergence rate at n = 18 for DSR

r . (We interject that convergence rates are computed as
improvement from the previous mesh in our sequence.)

Table 2. L2 errors and convergence rates for DSR
r and DSC

r .

DSR
2 DSC

2 DSR
3 DSC

3
n error rate error rate error rate error rate

10 2.160 × 10−4 3.45 2.144 × 10−4 3.50 8.859 × 10−6 4.34 1.031 × 10−5 4.35
14 7.329 × 10−5 3.16 7.165 × 10−5 3.21 2.175 × 10−6 4.11 2.518 × 10−6 4.13
18 3.452 × 10−5 2.95 3.409 × 10−5 2.92 7.927 × 10−7 3.96 8.964 × 10−7 4.05
22 1.863 × 10−5 3.47 1.841 × 10−5 3.46 3.555 × 10−7 4.51 4.045 × 10−7 4.48

DSR
4 DSC

4 DSR
5 DSC

5
n error rate error rate error rate error rate

10 3.467 × 10−7 5.69 3.972 × 10−7 6.11 1.133 × 10−8 6.97 1.730 × 10−8 6.61
14 5.644 × 10−8 5.31 6.622 × 10−8 5.24 1.202 × 10−9 6.57 1.964 × 10−9 6.37
18 1.530 × 10−8 5.12 1.823 × 10−8 5.06 4.376 × 10−10 3.97 4.134 × 10−10 6.12
22 5.314 × 10−9 5.95 6.239 × 10−9 6.03 8.905 × 10−11 8.95 1.243 × 10−10 6.76

Table 3. H1-seminorm errors and convergence rates for DSR
r and DSC

r .

DSR
2 DSC

2 DSR
3 DSC

3
n error rate error rate error rate error rate

10 3.561 × 10−3 2.32 3.552 × 10−3 2.36 1.933 × 10−4 3.13 2.390 × 10−4 3.11
14 1.683 × 10−3 2.19 1.660 × 10−3 2.23 6.724 × 10−5 3.09 8.343 × 10−5 3.08
18 1.018 × 10−3 1.97 1.013 × 10−3 1.94 3.144 × 10−5 2.98 3.783 × 10−5 3.10
22 6.712 × 10−4 2.34 6.696 × 10−4 2.33 1.730 × 10−5 3.36 2.114 × 10−5 3.27

DSR
4 DSC

4 DSR
5 DSC

5
n error rate error rate error rate error rate

10 8.530 × 10−6 4.55 1.027 × 10−5 4.91 3.103 × 10−7 5.73 4.394 × 10−7 5.57
14 1.973 × 10−6 4.29 2.439 × 10−6 4.21 4.625 × 10−8 5.57 7.098 × 10−8 5.34
18 6.952 × 10−7 4.09 8.785 × 10−7 4.01 2.646 × 10−8 2.19 1.981 × 10−8 5.01
22 2.969 × 10−7 4.78 3.689 × 10−7 4.88 5.973 × 10−9 8.37 7.233 × 10−9 5.66

In Table 4, we compare the results for the n = 18 mesh of DSR
r , DSV

r , DSC
r , DSM

r ,
and DST

r . On the one hand, the results suggest that the new spaces are all approximately
optimal for r = 5, which is an obvious improvement compared to DSR

5 . On the other hand,
the errors for r = 2, 3, 4 of the new spaces are slightly worse than those of DSR

r , and among
all the new spaces, DSC

r has the best performance in error. We conclude that DSC
r shows

the best overall performance among all the spaces considered.
We suggest that the reason for such an observation is that the dominant errors for

r = 5 are from the numerical quadrature applied to the integration of rational functions,
especially on the elements that are less shape regular. However, for r = 2, 3, 4, the new
supplements, as piecewise polynomials, cannot approximate the shape of a smooth function
as well as the original rational supplements, especially those from DSM

r and DST
r , of which

Ri,j for ei ∦ ej are flat in the middle and oscillate near the boundary. In contrast, the
supplements from DSV

r and DSC
r are more reasonably shaped, and those from DSC

r are
better since its partition has sub-triangles that are more shape regular (as was shown in
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Figures 3 and 4). This argument is also supported by the observation that the results are
usually worse if we take larger p for DSM

r and DST
r , where the shape of the supplements

are even worse.

Table 4. Errors and convergence rates at n = 18 computed from the previous step n = 14, for the
direct serendipity spaces DSR

r , DSV
r , DSC

r , DSM
r , and DST

r .

r = 2 r = 3 r = 4 r = 5
Error Rate Error Rate Error Rate Error Rate

L2 errors and convergence rates

DSR
r 3.452 × 10−5 2.95 7.927 × 10−7 3.96 1.530 × 10−8 5.12 4.376 × 10−10 3.97

DSV
r 3.554 × 10−5 2.89 1.073 × 10−6 3.87 2.108 × 10−8 4.83 4.637 × 10−10 5.92

DSC
r 3.409 × 10−5 2.92 8.964 × 10−7 4.05 1.823 × 10−8 5.06 4.13 × 10−10 6.12

DSM
r 6.820 × 10−5 2.88 1.697 × 10−6 3.85 3.095 × 10−8 4.80 6.11 × 10−10 6.02

DST
r 7.072 × 10−5 2.92 1.866 × 10−6 4.04 3.367 × 10−8 4.91 5.83 × 10−10 6.07

H1-seminorm errors and convergence rates

DSR
r 1.018 × 10−3 1.97 3.144 × 10−5 2.98 6.952 × 10−7 4.09 2.646 × 10−8 2.19

DSV
r 1.059 × 10−3 1.89 4.199 × 10−5 2.93 9.959 × 10−7 3.85 2.184 × 10−8 4.80

DSC
r 1.013 × 10−3 1.94 3.783 × 10−5 3.10 8.785 × 10−7 4.01 1.981 × 10−8 5.01

DSM
r 1.976 × 10−3 1.88 6.334 × 10−5 3.01 1.590 × 10−6 3.95 3.076 × 10−8 4.83

DST
r 2.059 × 10−3 1.94 6.895 × 10−5 3.16 1.710 × 10−6 4.04 3.008 × 10−8 4.87

6.3. Results for Direct Mixed Spaces

We perform numerical tests for VR,s
r , VV,s

r , VC,s
r , VM,s

r , VT,s
r , for the full H(div)-

approximation spaces where r = s = 0, 1, 2, 3, and the reduced H(div)-approximation
spaces where r = 1, 2, 3, and s = r − 1. Since those mixed spaces are constructed from
corresponding direct serendipity spaces DS r+1, it is natural that we find the comparison
of the results similar to the small r cases discussed in Section 6.2. For all the spaces, we
can observe the convergence rates approximately optimal in general but the errors are
slightly worse for n = 18, especially when r = s = 3, as shown in Tables 5 and 6. All spaces
perform similarly well, although VR,s

r usually performs best in these tests. Among the new
spaces, VC,s

r performs a bit better, and it gives results close to those of VR,s
r . For reference,

we provide the numerical results for VC,s
r in Tables 7 and 8.

Table 5. Errors and convergence rates at n = 18 computed from the previous step n = 14, for the
reduced H(div)-approximation spaces VR,r−1

r , VV,r−1
r , VC,r−1

r , VM,r−1
r , and VT,r−1

r .

‖p − ph‖ ‖u − uh‖ ‖∇ · (u − uh)‖
Error Rate Error Rate Error Rate

r = 1, reduced H(div)-approximation

VR,0
1 7.039 × 10−2 1.01 5.428 × 10−3 1.98 6.988 × 10−2 0.99

VV,0
1 7.039 × 10−2 1.01 5.429 × 10−3 1.98 6.988 × 10−2 0.99

VC,0
1 7.039 × 10−2 1.01 5.443 × 10−3 1.98 6.988 × 10−2 0.99

VM,0
1 7.039 × 10−2 1.01 5.366 × 10−3 1.98 6.988 × 10−2 0.99

VT,0
1 7.039 × 10−2 1.01 5.362 × 10−3 1.98 6.988 × 10−2 0.99
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Table 5. Cont.

‖p − ph‖ ‖u − uh‖ ‖∇ · (u − uh)‖
Error Rate Error Rate Error Rate

r = 2, reduced H(div)-approximation

VR,1
2 2.614 × 10−3 1.96 8.492 × 10−5 2.92 2.614 × 10−3 1.96

VV,1
2 2.614 × 10−3 1.96 8.876 × 10−5 2.89 2.614 × 10−3 1.96

VC,1
2 2.614 × 10−3 1.96 8.850 × 10−5 2.87 2.614 × 10−3 1.96

VM,1
2 2.614 × 10−3 1.96 8.895 × 10−5 2.85 2.614 × 10−3 1.96

VT,1
2 2.614 × 10−3 1.96 8.973 × 10−5 2.85 2.614 × 10−3 1.96

r = 3, reduced H(div)-approximation

VR,2
3 6.515 × 10−5 2.96 1.887 × 10−6 3.90 6.515 × 10−5 2.96

VV,2
3 6.515 × 10−5 2.96 1.931 × 10−6 3.89 6.515 × 10−5 2.96

VC,2
3 6.515 × 10−5 2.96 1.911 × 10−6 3.89 6.515 × 10−5 2.96

VM,2
3 6.515 × 10−5 2.96 2.007 × 10−6 3.81 6.515 × 10−5 2.96

VT,2
3 6.515 × 10−5 2.96 2.105 × 10−6 3.83 6.515 × 10−5 2.96

Table 6. Errors and convergence rates at n = 18 computed from the previous step n = 14, for the full
H(div)-approximation spaces VR,r

r , VV,r
r , VC,r

r , VM,r
r , and VT,r

r .

‖p − ph‖ ‖u − uh‖ ‖∇ · (u − uh)‖
n Error Rate Error Rate Error Rate

r = 0, full H(div)-approximation

VR,0
0 7.030 × 10−2 1.01 2.701 × 10−2 1.10 6.988 × 10−2 0.99

VV,0
0 7.027 × 10−2 1.01 3.095 × 10−2 1.03 6.988 × 10−2 0.99

VC,0
0 7.028 × 10−2 1.01 2.951 × 10−2 1.03 6.988 × 10−2 0.99

VM,0
0 7.027 × 10−2 1.01 3.065 × 10−2 0.93 6.988 × 10−2 0.99

VT,0
0 7.026 × 10−2 1.01 3.163 × 10−2 0.92 6.988 × 10−2 0.99

r = 1, full H(div)-approximation

VR,1
1 2.614 × 10−3 1.96 4.895 × 10−4 2.19 2.614 × 10−3 1.96

VV,1
1 2.614 × 10−3 1.96 5.542 × 10−4 2.13 2.614 × 10−3 1.96

VC,1
1 2.614 × 10−3 1.96 5.226 × 10−4 2.17 2.614 × 10−3 1.96

VM,1
1 2.614 × 10−3 1.96 7.505 × 10−4 2.08 2.614 × 10−3 1.96

VT,1
1 2.614 × 10−3 1.96 7.917 × 10−4 2.15 2.614 × 10−3 1.96

r = 2, full H(div)-approximation

VR,2
2 6.515 × 10−5 2.96 8.818 × 10−6 3.10 6.515 × 10−5 2.96

VV,2
2 6.515 × 10−5 2.96 1.887 × 10−5 2.92 6.515 × 10−5 2.96

VC,2
2 6.515 × 10−5 2.96 1.526 × 10−5 3.03 6.515 × 10−5 2.96

VM,2
2 6.515 × 10−5 2.96 2.801 × 10−5 2.49 6.515 × 10−5 2.96

VT,2
2 6.515 × 10−5 2.96 3.010 × 10−5 2.67 6.515 × 10−5 2.96

r = 3, full H(div)-approximation

VR,3
3 1.182 × 10−6 3.99 2.144 × 10−7 3.65 1.182 × 10−6 3.99

VV,3
3 1.182 × 10−6 3.99 3.324 × 10−7 3.43 1.182 × 10−6 3.99

VC,3
3 1.182 × 10−6 3.99 2.933 × 10−7 3.50 1.182 × 10−6 3.99

VM,3
3 1.183 × 10−6 3.99 1.254 × 10−6 3.10 1.182 × 10−6 3.99

VT,3
3 1.183 × 10−6 3.99 1.547 × 10−6 3.61 1.182 × 10−6 3.99
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Table 7. Errors and convergence rates in L2 for VC,r−1
r .

‖p − ph‖ ‖u − uh‖ ‖∇ · (u − uh)‖
n Error Rate Error Rate Error Rate

r = 1, reduced H(div)-approximation

10 1.290 × 10−1 1.24 1.775 × 10−2 2.29 1.260 × 10−1 1.15
14 9.109 × 10−2 1.02 9.024 × 10−3 1.98 9.001 × 10−2 0.98
18 7.039 × 10−2 1.01 5.443 × 10−3 1.98 6.988 × 10−2 0.99
22 5.736 × 10−2 1.15 3.630 × 10−3 2.28 5.708 × 10−2 1.14

r = 2, reduced H(div)-approximation

10 8.635 × 10−3 2.23 5.210 × 10−4 3.28 8.634 × 10−3 2.23
14 4.308 × 10−3 2.04 1.841 × 10−4 3.04 4.308 × 10−3 2.03
18 2.614 × 10−3 1.96 8.850 × 10−5 2.87 2.614 × 10−3 1.96
22 1.715 × 10−3 2.37 4.772 × 10−5 3.47 1.715 × 10−3 2.37

r = 3, reduced H(div)-approximation

10 3.881 × 10−4 3.38 2.021 × 10−5 4.39 3.881 × 10−4 3.38
14 1.384 × 10−4 3.02 5.151 × 10−6 4.00 1.384 × 10−4 3.02
18 6.515 × 10−5 2.96 1.911 × 10−6 3.89 6.515 × 10−5 2.96
22 3.507 × 10−5 3.48 8.432 × 10−7 4.60 3.507 × 10−5 3.48

Table 8. Errors and convergence rates in L2 for VC,r
r .

‖p − ph‖ ‖u − uh‖ ‖∇ · (u − uh)‖
n Error Rate Error Rate Error Rate

r = 0, full H(div)-approximation

10 1.281 × 10−1 1.20 6.389 × 10−2 1.54 1.260 × 10−1 1.15
14 9.086 × 10−2 1.01 3.832 × 10−2 1.50 9.001 × 10−2 0.98
18 7.028 × 10−2 1.01 2.951 × 10−2 1.03 6.988 × 10−2 0.99
22 5.731 × 10−2 1.15 2.145 × 10−2 1.79 5.708 × 10−2 1.14

r = 1, full H(div)-approximation

10 8.635 × 10−3 2.23 2.003 × 10−3 2.65 8.634 × 10−3 2.23
14 4.308 × 10−3 2.04 9.076 × 10−4 2.32 4.308 × 10−3 2.03
18 2.614 × 10−3 1.96 5.226 × 10−4 2.17 2.614 × 10−3 1.96
22 1.715 × 10−3 2.37 3.320 × 10−4 2.55 1.715 × 10−3 2.37

r = 2, full H(div)-approximation

10 3.881 × 10−4 3.38 1.007 × 10−4 3.47 3.881 × 10−4 3.38
14 1.384 × 10−4 3.02 3.303 × 10−5 3.26 1.384 × 10−4 3.02
18 6.515 × 10−5 2.96 1.526 × 10−5 3.03 6.515 × 10−5 2.96
22 3.507 × 10−5 3.48 7.889 × 10−6 3.71 3.507 × 10−5 3.48

r = 3, full H(div)-approximation

10 1.294 × 10−5 4.60 3.537 × 10−6 4.84 1.294 × 10−5 4.60
14 3.270 × 10−6 4.03 7.157 × 10−7 4.68 3.270 × 10−6 4.03
18 1.182 × 10−6 3.99 2.933 × 10−7 3.50 1.182 × 10−6 3.99
22 5.219 × 10−7 4.60 1.301 × 10−7 4.57 5.219 × 10−7 4.60

7. Conclusions

We reviewed the construction of direct serendipity and mixed finite elements on non-
degenerate, planar convex polygons. The direct serendipity finite element spaces are of
the form

DS r(EN) = Pr(EN)⊕ SDS
r (EN). (55)
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The full and reduced H(div)-approximation mixed finite element spaces are obtained from
a de Rham complex, where the direct serendipity finite elements serve as a precursor. The
mixed spaces are of the form

Vr
r(EN) = P2

r (EN) ⊕ xP̃r(EN) ⊕ SV
r (EN),

Vr−1
r (EN) = P2

r (EN) ⊕ SV
r (EN),

(56)

where
SV

r (EN) = curlSDS
r+1(EN). (57)

We presented two approaches to construct the supplemental functions in SDS
r (EN)

as piecewise polynomials. The first approach divides a polygonal element EN into sub-
triangles, and constructs the supplements as continuous piecewise polynomials that lie in
H1(EN). The second approach has a more complicated subdivision of EN that needs to be
treated carefully. However, it provides a framework for constructing supplements that lie
in Hp(EN) for any p ≥ 1.

The approximation properties of the new finite elements were proved under the regu-
larity assumption of the mesh sequences and some mild restrictions on the construction.

We performed numerical tests on a randomly generated mesh sequence and compared
results for five different ways of constructing the supplemental functions, including the
original construction using smooth but rational functions. The comparison suggested that
it is better to use the piecewise polynomial supplements rather than the rational supple-
ments for higher order r. Although the rational supplements are smooth and so tend to
approximate better, noticeable errors could be seen due to inaccurate numerical integration,
especially on meshes with short edges. Among the new spaces, it was found that the spaces
with supplements based on the center point sub-triangulation (23) performed best.

Author Contributions: Conceptualization, T.A. and C.W.; Methodology, T.A. and C.W.; Software,
T.A. and C.W.; Writing—original draft, T.A. and C.W.; Writing—review & editing, T.A. and C.W.;
Funding acquisition, T.A. Both authors contributed about equally to the work. All authors have read
and agreed to the published version of the manuscript.

Funding: This research was funded by U.S. National Science Foundation grant number DMS-2111159.

Data Availability Statement: All pertinent data generated or analyzed during this study are in-
cluded in this published article. Supporting data omitted from the article are available from the
corresponding author on reasonable request.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Bishop, J.E. A displacement-based finite element formulation for general polyhedra using harmonic shape functions. Int. J.
Numer. Methods Eng. 2014, 97, 1–31. [CrossRef]

2. Bishop, J.E.; Sukumar, N. Polyhedral finite elements for nonlinear solid mechanics using tetrahedral subdivisions and dual-cell
aggregation. Comput. Aided Geom. Des. 2020, 77, 101812. [CrossRef]

3. Tabarraei, A.; Sukumar, N. Application of polygonal finite elements in linear elasticity. Int. J. Comput. Methods 2006, 3, 503–529.
[CrossRef]

4. Paz, J.D.M. PolyDPG: A Discontinuous Petroz-Galerkin Methodology for Polytopal Meshes with Applications to Elasticity.
Ph.D. Thesis, University of Texas at Austin, Austin, TX, USA, 2020.

5. Spring, D.W.; Leon, S.E.; Paulino, G.H. Unstructured polygonal meshes with adaptive refinement for the numerical simulation of
dynamic cohesive fracture. Intl. J. Fract. 2014, 189, 33–57. [CrossRef]

6. Chi, H.; Talischi, C.; Lopez-Pamies, O.; Paulino, G. Polygonal finite elements for finite elasticity. Int. J. Numer. Methods Eng. 2015,
101, 305–328. [CrossRef]

7. Bishop, J.E. Applications of Polyhedral Finite Elements in Solid Mechanics. In Generalized Barycentric Coordinates in Computer
Graphics and Computational Mechanics; CRC Press: Boca Raton, FL, USA, 2017; pp. 179–196.

8. Di Pietro, D.; Droniou, J. A fully discrete plates complex on polygonal meshes with application to the Kirchhoff–Love problem.
Math. Comput. 2023, 92, 51–77. [CrossRef]

9. Ho-Nguyen-Tan, T.; Kim, H.G. Polygonal shell elements with assumed transverse shear and membrane strains. Comput. Methods
Appl. Mech. Eng. 2019, 349, 595–627. [CrossRef]

139



Mathematics 2023, 11, 4663

10. Arbogast, T.; Tao, Z. A Direct Mixed–Enriched Galerkin Method on Quadrilaterals for Two-phase Darcy Flow. Comput. Geosci.
2019, 23, 1141–1160. [CrossRef]

11. Talischi, C.; Paulino, G.H.; Pereira, A.; Menezes, I.F. Polygonal finite elements for topology optimization: a unifying paradigm.
Int. J. Numer. Methods Eng. 2006, 82, 671–698. [CrossRef]

12. Nguyen, K.C.; Tran, P.; Nguyen, H.X. Multi-material topology optimization for additive manufacturing using polytree-based
adaptive polygonal finite elements. Autom. Constr. 2019, 99, 79–90. [CrossRef]

13. de Lima, C.R.; Paulino, G.H. Auxetic structure design using compliant mechanisms: A topology optimization approach with
polygonal finite elements. Adv. Eng. Softw. 2019, 129, 69–80. [CrossRef]

14. Boffi, D.; Kikuchi, F.; Schöberl, J. Edge element computation of Maxwell’s eigenvalues on general quadrilateral meshes. Math.
Model. Methods Appl. Sci. (M3AS) 2006, 16, 265–273. [CrossRef]

15. Mu, L.; Wang, J.; Ye, X. Weak Galerkin finite element methods on polytopal meshes. Int. J. Numer. Anal. Model. 2015, 12, 31–53.
16. Demkowicz, L.; Gopalakrishnan, J. A class of discontinuous Petrov–Galerkin methods. Part I: The transport equation. Comput.

Methods Appl. Mech. Eng. 2010, 199, 1558–1572. [CrossRef]
17. Vaziri, A.; Mora Paz, J.; Fuentes, F.; Demkowicz, L. High-order Polygonal Finite Elements Using Ultraweak Formulations.

Comput. Methods Appl. Mech. Eng. 2018, 332, 686–711. [CrossRef]
18. Bacuta, C.; Demkowicz, L.; Mora Paz, J.; Xenophontos, C. Analysis of non-conforming DPG methods on polyhedral meshes

using fractional Sobolev norms. Comput. Math. Appl. 2021, 95, 215–241. [CrossRef]
19. Brezzi, F.; Lipnikov, K.; Simoncini, V. A family of mimetic finite difference methods on polygonal and polyhedral meshes. Math.

Models Methods Appl. Sci. 2005, 15, 1533–1551. [CrossRef]
20. Kuznetsov, Y.; Lipnikov, K.; Shashkov, M. The mimetic finite difference method on polygonal meshes for diffusion-type problems.

Comput. Geosci. 2004, 8, 301–324. [CrossRef]
21. Manzini, G.; Russo, A.; Sukumar, N. New perspectives on polygonal and polyhedral finite element methods. Math. Models

Methods Appl. Sci. 2014, 24, 1665–1699. [CrossRef]
22. Beirão da Veiga, L.; Brezzi, F.; Cangiani, A.; Manzini, G.; Marini, L.; Russo, A. Basic principles of virtual element methods. Math.

Models Meth. Appl. Sci. 2013, 23, 199–214. [CrossRef]
23. Beirão da Veiga, L.; Brezzi, F.; Marini, L.; Russo, A. H(div) and H(curl)-conforming virtual element methods. Numer. Math. 2016,

133, 303–332.
24. Beirão da Veiga, L.; Brezzi, F.; Marini, L.; Russo, A. Virtual element method for general second-order elliptic problems on

polygonal meshes. Math. Models Methods Appl. Sci. 2016, 26, 729–750. [CrossRef]
25. Beirão da Veiga, L.; Dassi, F.; Russo, A. High-order virtual element method on polyhedral meshes. Comput. Math. Appl. 2017,

74, 1110–1122. [CrossRef]
26. Thomas, J.M. Sur L’analyse Numerique des Methodes D’elements Finis Hybrides et Mixtes. Ph.D. Thesis, Sciences Mathematiques,

à l’Universite Pierre et Marie Curie, Paris, France, 1977.
27. Brezzi, F.; Fortin, M. Mixed and Hybrid Finite Element Methods; Springer: New York, NY, USA, 1991.
28. Boffi, D.; Brezzi, F.; Fortin, M. Mixed Finite Element Methods and Applications; Number 44 in Springer Series in Computational

Mathematics; Springer: Berlin/Heidelberg, Germany, 2013.
29. Shen, J. Mixed Finite Element Methods on Distorted Rectangular Grids; Technical Report ISC-94-13-MATH; Institute for Scientific

Computation, Texas A&M University: College Station, TX, USA, 1994.
30. Bochev, P.B.; Ridzal, D. Rehabilitation of the lowest-order Raviart–Thomas element on quadrilateral grids. SIAM J. Numer. Anal.

2008, 47, 487–507. [CrossRef]
31. Kim, S.; Yim, J.; Sheen, D. Stable cheapest nonconforming finite elements for the Stokes equations. J. Comput. Appl. Math. 2016,

299, 2–14. [CrossRef]
32. Chen, W.; Wang, Y. Minimal degree H(curl) and H(div) conforming finite elements on polytopal meshes. Math. Comp. 2017,

86, 2053–2087. [CrossRef]
33. Kuznetsov, Y.; Repin, S. Mixed finite element method on polygonal and polyhedral meshes. In Numerical Mathematics and

Advanced Applications; Springer: Berlin, Germany, 2004; pp. 615–622.
34. Arnold, D.N.; Boffi, D.; Falk, R.S. Quadrilateral H(div) Finite Elements. SIAM. J. Numer. Anal. 2005, 42, 2429–2451. [CrossRef]
35. Siqueira, D.; Devloo, P.R.B.; Gomes, S.M. A new procedure for the construction of hierarchical high order Hdiv and Hcurl finite

element spaces. J. Comput. App. Math. 2013, 240, 204–214. [CrossRef]
36. Calle, J.L.D.; Devloo, P.R.B.; Gomes, S.M. Implementation of continuous hp-adaptive finite element spaces without limitations on

hanging sides and distribution of approximation orders. Comput. Math. Appl. 2015, 70, 1051–1069. [CrossRef]
37. Floater, M.S.; Hormann, K.; Kós, G. A general construction of barycentric coordinates over convex polygons. Adv. Comput. Math.

2006, 24, 311–331. [CrossRef]
38. Sukumar, N. Quadratic maximum-entropy serendipity shape functions for arbitrary planar polygons. Comput. Methods Appl.

Mech. Eng. 2013, 263, 27–41. [CrossRef]
39. Rand, A.; Gillette, A.; Bajaj, C. Quadratic serendipity finite elements on polygons using generalized barycentric coordinates.

Math. Comp. 2014, 83, 2691–2716. [CrossRef] [PubMed]
40. Arbogast, T.; Correa, M.R. Two families of H(div) mixed finite elements on quadrilaterals of minimal dimension. SIAM J. Numer.

Anal. 2016, 54, 3332–3356. [CrossRef]

140



Mathematics 2023, 11, 4663

41. Cockburn, B.; Fu, G. Superconvergence by M-decompositions. Part II: Construction of two-dimensional finite elements. ESAIM
Math. Model. Numer. Anal. 2017, 51, 165–186. [CrossRef]

42. Arbogast, T.; Tao, Z.; Wang, C. Direct serendipity and mixed finite elements on convex quadrilaterals. Numer. Math. 2022,
150, 929–974. [CrossRef]

43. Arbogast, T.; Wang, C. Direct serendipity and mixed finite elements on convex polygons. Numer. Algorithms 2023, 92, 1451–1483.
[CrossRef]

44. Cockburn, B.; Fu, G. Superconvergence by M-decompositions. Part III: Construction of three-dimensional finite elements. ESAIM
Math. Model. Numer. Anal. 2017, 51, 365–398. [CrossRef]

45. Arbogast, T.; Tao, Z. Construction of H(div)-conforming mixed finite elements on cuboidal hexahedra. Numer. Math. 2019,
142, 1–32. [CrossRef]

46. Arbogast, T.; Wang, C. Direct serendipity finite elements on cuboidal hexahedra. 2023, submitted.
47. Arnold, D.N.; Falk, R.S.; Winther, R. Finite element exterior calculus: from Hodge theory to numerical stability. Bull. Am. Math.

Soc. (N.S.) 2010, 47, 281–354. [CrossRef]
48. Arnold, D.N.; Brezzi, F. Mixed and nonconforming finite element methods: Implementation, postprocessing and error estimates.

RAIRO Model. Math. Anal. Numer. 1985, 19, 7–32. [CrossRef]
49. Girault, V.; Raviart, P.A. Finite Element Methods for Navier-Stokes Equations: Theory and Algorithms; Springer: Berlin, Germany, 1986.
50. Scott, L.R.; Zhang, S. Finite element interpolation of nonsmooth functions satisfying boundary conditions. Math. Comp. 1990,

54, 483–493. [CrossRef]
51. Brenner, S.C.; Scott, L.R. The Mathematical Theory of Finite Element Methods; Springer: New York, NY, USA, 1994.
52. Talischi, C.; Paulino, G.H.; Pereira, A.; Menezes, I.F.M. PolyMesher: a general-purpose mesh generator for polygonal elements

written in Matlab. Struct. Multidisc. Optim. 2012, 45, 309–328. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

141



mathematics

Article

A Bio-Chemo-Hydro-Mechanical Model for the Simulation of
Biocementation in Soils: One-Dimensional Finite Element
Simulations

Victor Scartezini Terra, Fernando M. F. Simões * and Rafaela Cardoso

Instituto Superior Técnico and CERIS, University of Lisbon, Av. Rovisco Pais, 1, 1049-001 Lisboa, Portugal;
victor.terra@tecnico.ulisboa.pt (V.S.T.); rafaela.cardoso@tecnico.ulisboa.pt (R.C.)
* Correspondence: fernando.simoes@tecnico.ulisboa.pt

Abstract: Microbially induced calcite precipitation is a soil improvement technique in which bacteria
are used to produce calcium carbonate (biocement), precipitated after the hydrolysis of urea by
the urease enzyme present in the microorganisms. This technique is becoming popular, and there
have been several real cases of its use; however, the dosages and reaction times used to attain a
required percentage of biocement mainly stem from previous experimental tests, and calculations
are not performed. Thus, it is fundamental to have more robust tools and the existence of numerical
models able to compute the amount precipitated, such as the one proposed in this paper, can be an
important contribution. A two-phase porous medium model is created to analyse the precipitation
process. The solid phase contains soil particles, bacteria and biocement, while the fluid phase
contains water, urea and other dissolved species. A coupled bio-chemo-hydro-mechanical finite
element formulation is defined, embodying the biochemical reaction, water seepage, the diffusion of
species and soil deformation. The main novelties of this study are as follows: (i) porosity changes are
computed considering the generation of solid mass due to biocement precipitation, and, therefore, soil
permeability is updated during the calculation, with these highly coupled equations being integrated
in time simultaneously and not sequentially; and (ii) the model is calibrated with experimental
tests conceived especially for this purpose. The model is then used to compute the biocement
precipitated in a sand column simulating a real experimental test. The results of the simulations
present a distribution of biocement along the column closer to that observed in the experimental tests,
validating the model.

Keywords: bio-chemo-hydro-mechanical coupled model; microbially induced calcium carbonate
precipitation; finite element analysis; reaction rate

MSC: 65M60

1. Introduction

Biocementation, also referred as microbially induced calcite precipitation (MICP), is
a ground improvement technique that involves the use of microorganisms (particularly
bacteria) to generate calcium carbonate (CaCO3) predominantly in the form of calcite.
The used microorganisms are usually non-pathogenic and can be found in different types
of soils.

Figure 1 presents a detailed representation of the mechanism of MICP. Basically, a
feeding solution with urea and calcium chloride is added to a medium of urease-producing
bacteria. The urease enzymes hydrolyse urea, producing ammonium (NH+

4 ) and bicarbon-
ate (CO2−

3 ) ions, according to the following chemical reaction (1):

CO(NH2)(aq.) + 2H2O(l) → 2NH+
4 (aq.) + CO2−

3 (aq.). (1)
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Figure 1. Schematic representation of microbially induced calcite precipitation: (a) urease-producing
bacteria and feeding solution with urea and a calcium source; (b) hydrolysis of urea by urease
produces ammonium (NH+

4 ) and bicarbonate (CO2−
3 ) ions; (c) bicarbonate ions react with calcium

ions and calcite precipitates; (d) eventually, bacteria encapsulation occurs when the bacteria are
trapped by precipitated calcite crystals.

Calcium chloride is usually supplied in the feeding solution as a calcium source, which
dissolves into calcium (Ca2+) and chloride ions. The bacteria cells serve as a nucleation site
for calcium ions which react with the bicarbonate ions, resulting from the urea hydroly-
sis, precipitating solid calcium carbonate (CaCO3), according to the following chemical
reaction (2):

Ca2+
(aq.) + CO2−

3 (aq.) → CaCO3(s), (2)

This calcium carbonate, usually referred to as calcite, may lead to bacteria encapsula-
tion when it accumulates, forming an envelope and trapping bacteria.

The precipitated CaCO3 clogs the pores and bonds soil grains, thus decreasing soil
permeability and increasing its stiffness and strength [1–3], sealing rock fractures [4] and
increasing its resistance to erosive processes [5–8]. However, in the case of large-scale field
applications, one of the main limitations of this technique is to achieve a homogenous
biocement distribution in the treated volume [1,9,10].

Treatment dosages, the number of injections and the reaction time to attain a required
percentage of calcium carbonate are determined through experimental tests performed
in the laboratory before the field work is carried out. However, it is fundamental to have
more robust tools. Numerical models able to compute the amount precipitated, such as
the one proposed in this paper, would be an important contribution. The majority of
the works concerning the numerical modelling of biocementation in soils are reactive
transport models (e.g., [11–16]), which only focus on the fluid transport along the porous
matrix by modelling water flow, chemical species transport and reactions related to MICP
processes. There are also a few hydro-mechanical models (e.g., [17,18]) that consider soil as
a deformable medium.

This research presents a chemo-hydro-mechanical coupled finite element model to
predict precipitated calcite content in soils during biocementation and subsequent changes
in the hydro-mechanical properties of this porous medium. The main purpose of this model
is to be able to predict the amount of precipitated biocement for a given treatment protocol,
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i.e., by knowing the dosages of urea and calcium and the duration of the treatment. This
new bio-chemo-hydro-mechanical model has some differences to the above-mentioned
ones, listed as follows:

(i) The model considers soil grains and attached bacteria as a single species in the solid
phase for the sake of simplicity. In this way, it is assumed that the attached bacteria
are already homogeneously distributed in the solid matrix, and no bacterial injections
are simulated;

(ii) The species present are solid grains with attached bacteria, solid calcite, water, urea,
ammonium, calcium and chloride ions;

(iii) All the couplings are integrated in the formulation. Moreover, for the usual hydro-
mechanical coupled behaviour in saturated soils, in which the deformation caused by
mechanical actions affects the water flow (consolidation) or changes in water pore
pressure affect the effective stresses, biochemical coupling is introduced. The chemical
reactions result in the precipitation of solid calcium carbonate (referred to as calcite
from now on) in the pores, reducing the soil porosity. At every time step, permeability
changes are calculated as a function of the new porosity values (the pore-clogging
effect), which may affect the flow velocity. The elastic stiffness of the medium is
considered to be constant at this stage but could be updated to consider the presence
of calcite forming bonds between the soil particles.

The most important novelty of the presented model is that the biochemical reaction
rate parameters are calibrated experimentally with small-scale sand column tests.

Moreover, and contrary to other numerical techniques proposed in the literature, the
highly coupled equations of the model, which considers porosity and permeability changes
due to biocement precipitation, are simultaneously and not sequentially integrated in time.

2. Model Formulation

The formulation developed encompasses the hydro-geologic point of view (e.g., [11,12,14]),
which only addresses diffusion couplings that involve water seepage and water advective
diffusion/dispersion of ionic species, and the geo-mechanical point of view (e.g., [17,18]), which
addresses hydro-mechanical couplings and accounts for soil deformation.

A two-phase saturated porous medium is considered, in which each phase is composed
of several species, as presented by the schematic pore-scale representation in Figure 2. The
solid phase (S) contains soil particles with attached bacteria, homogeneously distributed
in the whole medium and jointly denoted by the symbol (s) as well as calcite, denoted by
the symbol, (c). It is assumed that calcite is the only calcium carbonate morphotype that is
considered as a resulting product of the ureolysis-induced calcium carbonate precipitation
process. The fluid phase (W) contains water (w), urea (u), calcium (Ca), chloride (Cl) and
ammonium (a) ions.

The main hypotheses of this model follow the strongly interacting model by Bataille
and Kestin [19]:

i Mass balance is required for each species;
ii Momentum balance is required for the porous medium as a whole;
iii Species in the fluid phase are endowed with their own velocities; the velocity of the

species in the solid phase is equal to the velocity of the phase (vkS = vS, k ∈ S);
iv The urea hydrolysis reaction, as shown in Equation (1), produces bicarbonate and

ammonium ions;
v Calcium and bicarbonate ions in the fluid phase precipitate, forming calcite in the

solid phase, according to Equation (2);
vi As a simplification, the reactions in iv. and v. have the same rate. Therefore, the mass

of bicarbonate formed in the hydrolysis of urea immediately precipitates when the
calcite is formed, and bicarbonate ions are not a part of the model.
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Figure 2. Pore-scale representation of main species of the model.

During the formulation, several mass and volume quantities (defined in Table 1)
are used. The current volume, mass and number of moles of the species k in phase K
are denoted by VkK, MkK and NkK, respectively. The molar mass, the molar volume and
the intrinsic density of the species k are denoted by m(M)

k , v(M)
k and ρk, respectively. The

initial volume of the porous medium is denoted by V0, and the current solid, fluid and
total volumes are denoted by VS, VW and V, respectively. Several other quantities may be
defined for species k in phase K, like the volume fraction (nkK), the volume content (vkK),
the mass content (mkK), the molar concentration (ckW) and the apparent density

(
ρkK

)
.

Summing the contributions of the species, it is also possible to define the volume fraction
(or porosity) of the fluid phase (nW), the volume content of the fluid phase (vW) and the
volume content of the solid phase (vS).

Table 1. Definition of several mass and volume quantities. The suffix kK is used in this research as a
designation for the species k in phase K.

Quantity (Unit) Definition

Current volume of solid phase—VS (m3) VS = ∑
kεS

VkS

Current volume of fluid phase—VW (m3) VW = ∑
kεW

VkW

Current total volume—V (m3) V = VS + VW
Volume fraction of the species—nkK nkK = VkK/V
Volume content—vkK vkK = VkK/V0

Mass content—mkK (kg m−3) mkK = MkK/V0

Molar concentration—ckW (mol m−3) ckW = NkW/VW

Intrinsic density of the species k—ρk (kg m−3) ρk = m(M)
k /v(M)

k = MkK/VkK
Apparent density of the species—ρkK (kg m−3) ρkK = MkK/V = nkKρk
Volume fraction (porosity) of the fluid phase—nW nW = ∑

k∈W
nkW

Volume content of the fluid phase—vW vW = ∑
k∈W

vkW

Volume content of the solid phase—vS vS = ∑
k∈S

vkS.
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2.1. Mass Balance of Species k in Phase K

The species mass balance can be written, in the current configuration, as presented by
Loret and Simões in [20,21]:

dkρkK

dt
+ ρkKdiv vkK = ρ̂kK (3)

where dk( )/dt is the total time derivative as seen by an observer moving with the particles
of species k, vkK is the velocity of species k in phase K and ρ̂kK is the rate of the mass of
the species per unit of volume that is created or lost during the chemical reactions. Upon
linearization, the mass balance equation in the reference configuration is as follows (see
Equation (A4) in Appendix A):

dvkK
dt

+ div JkK =
m̂kK

ρk
(4)

where JkK = nkK(vkK − vS) is the flux of the species through the solid skeleton and m̂kK

is the rate of the mass of the species per unit of volume that is created or lost during the
chemical reactions, in the reference configuration.

By adding the contribution of all species k ∈ W and all species k ∈ S, we obtain the
following global equation of mass balance (see Equation (A10) in Appendix A):

div vS + div JW = ∑k∈W
m̂kW

ρk
+ ∑k∈S

m̂kS

ρk
(5)

where JW = ∑k∈W JkW represents the flux of water.
In the case of a species k ∈ W, the diffusive flux is defined as follows:

Jd
kW = nkW(vkW − vwW) = JkW − nkW

nwW
JwW (6)

Therefore, the mass balance in Equation (4) for a species in the fluid phase can be
rewritten as follows:

nwv(M)
k

dckW
dt

− div αk + v(M)
k Jw·∇ckW + ckWv(M)

k

(
∑l∈W

m̂lW

ρk

)
− m̂kW

ρk
= 0, (7)

where αk = −∑l∈W

(
Ikl − ckWv(M)

k

)
Jd

lw, and I is the identity matrix.
On the other hand, for calcite, Equation (4) simply results in the following:

dmcS

dt
= m̂cS. (8)

In the reaction of urea hydrolysis, one mole of urea is consumed when two moles of
ammonium are formed at the rate r1. Therefore, using the notation by van Wijngaarden
et al. [11], the rate of the mass change of the species involved in this reaction is defined
as follows:

m̂uW

ρu
= −v(M)

u nwr1 (9)

m̂aW

ρa
= 2v(M)

a nwr1 (10)
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In the reaction of calcite precipitation, one mole of Ca2+ is consumed when one mole
of calcite is formed at the rate r2. Therefore, the rate of the mass change of the species
involved in this reaction is as follows:

m̂cS

ρc
= v(M)

c nwr2 (11)

m̂CaW

ρCa
= −v(M)

Ca nwr2 (12)

The efficiency of the reactions of urea hydrolysis and calcium carbonate precipitation
depends on several factors, such as temperature and pH [11], bacterial activity and the
mineralogy of the clay particles in the soil [22]. Encapsulation by calcium carbonate crystals
can also occur, creating a diffusion barrier around the bacteria. In addition, aerobic bacteria
injected into an anaerobic soil may eventually die due to the lack of oxygenation [11]. All
these factors can reduce the efficiency of the reaction.

Regarding the reaction of urea hydrolysis, the Michaelis–Menten kinetics mathematical
model is usually used to define the reaction rate. Although some authors (e.g., [12]) defined
different velocities for the reactions of urea hydrolysis and calcite precipitation, in this
work, the two reactions have the same rate (as in [11]):

r1 = r2 = r = vmax
cuW

Km + cuW
e(−

t
tmax ) (13)

where vmax, Km and tmax are constants to be obtained. Since the bacteria distribution is
assumed to be homogeneous, parameter vmax is constant, and, therefore, Equation (13)
presents an exponential time decay for the reaction rate, where tmax is related to the lifespan
or the activity of the bacteria.

Due to the simplification adopted in Equation (13), even though bicarbonate ions are
involved in the reactions, their mass balance is not a part of the model since it is considered
that the mass of the bicarbonate that is formed immediately precipitates when the calcite
is formed.

2.2. Momentum Balance of the Species

The global equation for the conservation of linear momentum is as follows:

div σ+ ρg = 0 (14)

where σ is the total stress tensor, which for soils, according to Terzaghi’s principle, is
defined as follows:

σ = σ′ − pWI (15)

where σ′ is the effective stress tensor, pW is the pore–water pressure (the negative sign
is introduced as it is a general convention to consider the tensile components of stress
as positive [23]), I is the identity matrix, g is the gravity acceleration (9.8 m/s2) and
ρ = ∑k∈W,S ρkK.

Assuming a linear elastic behaviour, the effective stress tensor is related to the defor-
mation tensor ε by Hooke’s law as follows:

σ′ = E : ε (16)

where E is the fourth-rank elasticity tensor, and the colon denotes the double dot product.
In the 1-D case, only one material constant, the Young’s modulus E, is needed.
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2.3. Diffusion Equation for the Ionic Species (Fick’s Law)

The diffusive/dispersive flux of the ionic species is related to the concentration gradi-
ents according to Fick’s law as follows:

Jd
kW = −v(M)

k nwD·∇ckW (17)

where D is the matrix of the diffusion constants. In the 1-D case, the diffusive/dispersive
flux has the following form [11]:

Jd
kW = −v(M)

k nwαL‖vwW‖∇ckW (18)

where αL is the longitudinal diffusion coefficient, which is assumed to be constant for all
the ionic species.

2.4. Flow Equation for the Fluid Phase (Darcy’s Law)

It is assumed that the water flow in the porous medium is governed by Darcy’s law
as follows:

Jw = −k·
(
∇pW − ρWg

nw

)
, (19)

where k is the water permeability tensor (an isotropic medium is assumed) and ρW =

∑kεW ρkW. Particularly for the 1-D case, the following can be written:

Jw = −kx

(
dpW
dx

+
ρWg
nw

)
, (20)

where kx = kh/ρwg is the longitudinal permeability obtained in m3skg−1, and kh is the
hydraulic conductivity, related to the porosity nw (see Equation (A14) in Appendix B for its
update) according to the Kozeny–Carman equation as follows:

kh = kh
(nW)3

(1 − nW)2 . (21)

3. Finite Element Formulation

3.1. The Semi-Discrete Field Equations

The 1-D finite element formulation of the problem in its weak form is obtained by
multiplying the equations of the global momentum balance (14), global mass balance (5),
aqueous species mass balance (7) and calcium carbonate mass balance (8) by the fields of
the virtual displacement (u∗), water pressure (p∗), concentration (c∗) and mass per unit of
volume (m∗), respectively. Their integration over the element volume Ω using the Gauss
theorem results in the following:∫

Ω
∇u* : σdV −

∫
Ω
ρu*·gdV =

∫
∂Ω

u*·σ·ndS (22)

∫
Ω p*div vsdV −

∫
Ω ∇p*·JwdV −

∫
Ω p∗

(
∑k∈W

m̂kW

ρk
+ ∑k∈S

m̂kS

ρk

)
dV

= −
∫

∂Ω p*Jw·ndS
(23)

∫
Ω c*nw

dckW
dt v(M)

k dV+
∫

Ω c*
[(

∑l∈W
m̂lW

ρl

)
ckWv(M)

k − m̂kW

ρk

]
dV +

∫
Ω ∇c*·αkdV+∫

Ω c∗Jw·∇ckWv(M)
k dV =

∫
∂Ω c*αk·ndS, k = u, a, Ca, Cl

(24)

∫
Ω

m*
(

dmcS

dt
− m̂cS

)
dV = 0 (25)
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where ∂Ω is the element surface, and n is its unit normal vector.
The seven primary unknown fields (the solid displacements, water pressure, concen-

trations of the ionic fluid species—namely urea, ammonium, calcium and chloride—and
the calcite mass per unit of volume) are approximated inside each bar finite element (e) by
using a linear combination of shape functions (NU, NPW, NC and NMc ) and nodal values
(U(e), Pw

(e), CkW
(e) and Mc

(e)):
u(e) = NU·U(e) (26)

pW
(e) = NPW ·Pw

(e) (27)

ckW
(e) = NC·CkW

(e), k = u, a, Ca, Cl (28)

mcS
(e) = NMc ·Mc

(e) (29)

The same approximations are made for the virtual fields. Quadratic interpolation is
employed for solid displacements (three nodes per element), and linear interpolation is
employed for the other primary unknowns (two nodes per element).

By substituting the virtual fields’ approximation into (22)–(25), we obtain the following
element first-order semi-discrete equation:

F
(e)
int = F

(e)
ext, (30)

where the element external forces vector is as follows:

F
(e)
ext =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
∂Ω NT

Uσ·ndS
−
∫

∂Ω NT
PW

Jw·ndS∫
∂Ω NT

Cαu·ndS
0∫

∂Ω NT
CαCa·ndS∫

∂Ω NT
CαCl·ndS

0

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(31)

and, since ∑k∈W
m̂kW

ρk
=
(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
1

m(M)
c

dmcS
dt and ∑k∈W

m̂kW

ρk
+ ∑k∈S

m̂kS

ρk
=(

−v(M)
u + 2v(M)

a − v(M)
Ca + v(M)

c

)
1

m(M)
c

dmcS
dt , the element internal forces vector is as follows:

F
(e)
int =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ω BT

UσdV −
∫

Ω NT
UρgdV

____________________________________________________________________ _∫
Ω NT

PW
div vsdV −

∫
Ω ∇NT

PW
JwdV

−
(
−v(M)

u + 2v(M)
a − v(M)

Ca + v(M)
c

)
1

m(M)
c

∫
Ω NT

PW

dmcS
dt dV

____________________________________________________________________ _∫
Ω NT

Cnw
dcuW

dt v(M)
u dV +

∫
Ω ∇NT

CαudV +
∫

Ω NT
CJw·∇cuWv(M)

u dV
+
∫

Ω NT
Cv(M)

u

[
cuW

(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
+ 1

]
1

m(M)
c

dmcS
dt dV

____________________________________________________________________ _∫
Ω NT

Cnw
dcaW

dt v(M)
a dV +

∫
Ω ∇NT

CαadV +
∫

Ω NT
CJw·∇caWv(M)

a dV
+
∫

Ω NT
Cv(M)

a

[
caW

(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
− 2

]
1

m(M)
c

dmcS
dt dV

____________________________________________________________________ _∫
Ω NT

Cnw
dcCaW

dt v(M)
Ca dV +

∫
Ω ∇NT

CαCadV +
∫

Ω NT
CJw·∇cCaWv(M)

Ca dV
+
∫

Ω NT
Cv(M)

Ca

[
cCaW

(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
+ 1

]
1

m(M)
c

dmcS
dt dV

____________________________________________________________________ _∫
Ω NT

Cnw
dcClW

dt v(M)
Cl dV +

∫
Ω ∇NT

CαCldV +
∫

Ω NT
CJw·∇cClWv(M)

Cl dV
+
∫

Ω NT
Cv(M)

Cl cClW

(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
1

m(M)
c

dmcS
dt dV

____________________________________________________________________ _∫
Ω NT

MC

(
dmcS

dt − m(M)
c nwr

)
dV

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (32)
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From the element internal force vector, the element tangent stiffness and tangent diffu-
sion matrices may be retrieved as K(e) = dF

(e)
int /dX(e) and C(e) = dF

(e)
int /dV(e), where X(e) is

the unknown vector containing the nodal primary variables (displacements, water pressure,
concentrations of ionic species and calcite mass content)
as follows:

X(e) =
[
U(e) Pw

(e) CuW
(e) CaW

(e) CCaW
(e) CClW

(e) Mc
(e)

]
(33)

and V(e) =
.
X
(e)

.
The Gaussian quadrature rule is applied to obtain the components of the internal

forces vector (32), as well as the components of the stiffness and diffusion matrices. Due
to the presence of highly nonlinear terms in this vector and in these matrices, the number
of integration points per element is two, for all vectors and matrices, despite quadratic
interpolation being used for the displacements and linear interpolation being used for the
remaining primary variables. A list with the formulas of additional dependent variables is
presented in Appendix B, while the block structure of the element diffusion and stiffness
matrices can be found in Appendix C.

In this 1-D formulation, essential boundary conditions may be imposed at the top
and the bottom of the soil column to specify the values of the primary variables: the
displacements, water pressure or ionic concentrations. Natural boundary conditions may
be imposed at the top and at the bottom of the soil column to specify forces per unit of area,
the water flux or the diffusive fluxes of the urea, calcium and chloride ionic species (see
(31)). On the other hand, the extension of this formulation to 2-D or 3-D biocementation
problems is straightforward.

3.2. Time Integration

The formulated semi-discrete equations are integrated in time. A midpoint scheme
is employed for the integration, signifying that, for each increment, the equations are
evaluated at time tn+α = tn + αΔt, with α = 0.5 and Δt = tn+1 − tn.

Since the internal forces are a non-linear function of the nodal primary unknowns,
within each step, several iterations are performed until the system’s convergence is reached,
that is, the residual global force R is zero:

Rn+α = Fext
n+α − Fint

n+α � 0 (34)

where Fext is the global vector of external forces, dependent on the nodal “loads” S, while
the global vector of internal forces depends on X and V. The quantities A = S, X, V,
evaluated at time tn+α are defined as An+α = (1 − α)An + αAn+1.

The Newton–Raphson method is applied, with the previous linearization of the
equations around an approximation of the solution through the development of the internal
forces vector in Taylor series neglecting the higher-order terms, requiring the residual vector
at the next iteration to be zero:

Ri+1
n+α = Fext

n+α − Fint
n+α � Ri

n+α − αC*i
n+αΔV = 0, (35)

where C* = C + αΔtK is the effective tangent diffusion matrix. Equation (35) is solved in
order to obtain the increment of velocity ΔV that is used to update V and X, according to
the following:{

f or i = 0 V0
n+1 = Vn, X0

n+1 = Xn + (1 − α)ΔtVn

f or i ≥ 1 Vi
n+1 = Vi−1

n+1 + ΔV, Xi
n+1 = X0

n+1 + αΔtVi
n+1.

(36)
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While the choice of the steps’ number used in the incremental process may be variable
and free, the number of iterations within each step depends on a predefined criterion
of convergence. As the iteration process progresses, returning in each iteration ΔV that
is used to update the velocity vector, the convergence of the process is achieved when
the residual, and consequently ΔV, vanish. Thus, the proposed convergence criterion is
as follows: ∥∥ΔV

∥∥i∥∥ΔV
∥∥0

≤ TOL, (37)

where
∥∥ΔV

∥∥i is the norm of a nondimensional ΔV vector at step n and iteration i, and TOL
is the tolerance, which is a very small number.

The nondimensionalisation of ΔV is required since both X and V encompass nodal
values with different physical dimensions and orders of magnitude (e.g., displacements,
water pressure, concentrations of ionic species and the mass content of calcite). Conse-
quently, the positions related to the displacement variables in the computed ΔV vectors,
are divided by the corresponding maximum value occurring at the initial (0) iteration. The
same is done for the positions in ΔV related to the water pressure, to the concentrations of
the ionic species and to the calcite mass content:

(
ΔV

i
)

U
=

(ΔVi)
U

(ΔV0)max,U

,
(

ΔV
i
)

Pw
=

(ΔVi)
Pw

(ΔV0)max,Pw

,
(

ΔV
i
)

CkW
=

(ΔVi)
CkW

(ΔV0)max,CkW

, and
(

ΔV
i
)

Mc
=

(ΔVi)
Mc

(ΔV0)max,Mc

.
(38)

When this is performed, the same tolerance TOL may be used for all variables.

4. Experimental Procedure and Results

4.1. Soil

A uniform grading-size commercial river sand named APAS 30 was used in the
experimental tests. This soil is composed of fine-sized quartz grains with a specific gravity
GS ≈ 2.6. The samples were prepared, aiming for a bulk density around 1.50 ∼ 1.52g/cm3,
which corresponds to an initial void ratio of e0 ≈ 0.71 and an initial porosity (nW0) of 41.5%.

4.2. Bacteria and Feeding Solution

Sporosarcina pasteurii are the bacteria selected for this study. This type of bacteria is
commonly found in nature and is harmless to humans. Bacteria were supplied by the
American Type Culture Collection (ATCC) entity and were lyophilized upon receipt. The
growing process of Sporosarcina pasteurii was carried out until reaching a concentration of
∼ 108 bacteria/mL. More detailed explanation on bacteria growing stages and process is
presented in [3].

To produce calcium carbonate, a feeding solution had to be prepared with the nutrients
that are necessary to supply to the bacteria. This solution was prepared with 0.5 M of urea
and 0.5 M of calcium chloride (CaCl2).

4.3. Experimental Treatment Procedure

In each experimental test, a solution with the concentration of approximately
∼ 108 bacteria/mL was initially added to the sand, in order to saturate the soil (Fig-
ure 3a). The sand column tests were then carried out in small-scale specimens inside
syringes with 2 cm diameter and 20 mL capacity (Figure 3b). A draining layer, composed
of a geotextile and filter paper, was placed at the bottom of the syringe, followed by a layer-
by-layer compaction of the sand previously saturated with bacteria. The sand column, with
an assumed homogeneous distribution of bacteria, had a final height of 6 cm (Figure 3c).

The sand column tests started by irrigating 15.7 mL (the equivalent to two void
volumes) of feeding solution on the top of the syringe. The upper part of the syringe was
filled with feeding solution, while a downward fluid flow was established by opening the
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bottom of the syringe (Figure 3d). The application of feeding solution took 60 s. The exit at
the bottom of the syringe was closed when the fluid on the top of the soil column achieved
a constant height of 2 cm (Figure 3e), stopping fluid flow through the soil. In this manner,
it was possible to investigate the precipitation of biocement with time and depth caused by
diffusion of calcium and urea, assuming the bacteria would be immobile because they were
attached to the soil particles. Several cases were investigated varying the time the treatment
fluid was immobile at the top of the sand column, with some duplicates for estimating the
experimental error, as summarized in Table 2.

Figure 3. Representative scheme of the 1-D sand column tests: (a) dry soil is previously saturated
with bacterial solution; (b) 20 mL syringe used as a mould; (c) soil saturated with bacterial solution
is compacted inside the syringe; (d) feeding solution is applied from above for 60 s, generating
downward flow; (e) the bottom exit of the syringe is closed after 60 s and a 2 cm layer of feeding
solution remains on top.

Table 2. Summary of the sand column tests performed.

Duration of Treatment Quantity of Tests Performed

1 h 4
2 h 3
3 h 4
5 h 3

12 h 3
24 h 3

For each case, at the end of the treatment, 7.85 mL (one void volume) of distilled
water was applied at the top of the column to wash away the feeding solution. The soil
column was then removed from the syringe and divided in three approximately equal-sized
fractions (top, middle and bottom of the specimen), which were subjected to dissolution
tests in hydrochloric acid to measure the calcium carbonate content and its distribution
along the height of the column.
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The CaCO3 content was determined through acid leaching tests performed in each
fraction. Prior to the leaching tests, each fraction was dried in oven for 24 h at 105 ◦C to
determine the mass of solids (M1). Then, the fraction was washed with hydrochloric acid
(0.5 M), which dissolved the calcium carbonate. The occurrence of the reaction was verified
by gas liberation and pH measurements. After that, the sample was washed with distilled
water, filtered and dried again in the oven at 105 ◦C for 24 h to measure the final mass (M2).
The percentage of calcium carbonate content (%cc) was then calculated as follows:

%cc = (M1 − M2)/M1 (39)

while the calcium carbonate mass content (referred to as calcite content, mc) of each fraction
was calculated as follows:

mcS =
(

Mi
1 − Mi

2

)
/
(

VMi
1/∑ Mi

1

)
, (40)

where i refers to the bottom, middle and top fractions, respectively, and V is the total
volume of the specimen.

4.4. Experimental Results

The percentages of calcium carbonate content, %cc, measured in all tests are presented
in Table 3 (including average values for each soil column) considering the period of
time that the treatment fluid was kept immobilized at the top of the columns (duration
of treatment).

Table 3. Calcium carbonate content obtained from leaching tests.

Duration of Treatment (h)
Average %cc Measured in

Each Column
%cc (Average)

1

0.92

0.84
0.91

0.78

0.76

2

0.65

0.740.94

0.65

3

0.62

0.68
0.74

0.72

0.64

5

0.79

0.690.49

0.78

12

0.84

0.750.67

0.75

24

0.95

0.830.69

0.84

Despite some small variations, the precipitation of calcium carbonate remained practi-
cally constant after 1 h of treatment, probably because bacterial encapsulation had occurred.
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Since treatment was conducted under no-flow conditions after the first 60 s, the transport
of ionic species after that time was restricted to purely diffusive flow, which occurred at
very low velocities. This could also have reduced feeding fluid circulation and caused the
accumulation of chemical compounds in the pores, therefore creating difficulties for the
survival of bacteria [3]. On the other hand, the decrease in calcite content that sometimes
was observed after 1 h of treatment could be attributed to the dissolution of irregularly
shaped and less stable CaCO3 minerals [24].

The first observation is in line with the findings of other authors. For example, Cuth-
bert et al. [25] evaluated the effects of high initial concentrations of feeding solution (0.5 M,
the same concentration applied in this study) on calcite formation. They found precipitation
of large calcium carbonate crystals immediately after the treatment due to higher ureolysis
rate at that stage. According to the authors, these large calcium carbonate crystals that
were attached to the bacteria blocked further access of the feeding solution. Xiao et al. [24]
also studied the distribution of calcite in microchannels with different concentrations of the
feeding solution. For larger concentrations, they observed a fast precipitation of calcium
carbonate crystals without further development along the remaining treatment time. They
explained this stabilization by the early encapsulation of bacteria. This type of behaviour
can be mathematically described by Equation (23) for the ureolysis reaction, and therefore,
experimental data could be used to calibrate the parameters in this equation. Because the
amounts measured were stable after 1 h of treatment, the data found in these tests were
used as reference.

Figure 4 presents the average values of the mass of calcite per unit of volume pre-
cipitated after 1 h of treatment, at the top, middle and bottom fractions. In general, more
precipitated calcite was formed at the top, while less calcite mass per unit volume was
formed at the bottom. This same distribution was observed in other experimental sand
column studies ([26,27]) and could be explained by pore clogging of the upper fraction,
occurring after the injection of the feeding solution.

 

Figure 4. Calcite mass per unit volume distribution for the samples with 1 h of treatment.
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5. Numerical Simulations

5.1. Model Parameters

The model was used to simulate the experiments; basically, a 1-D behaviour was
observed in the soil columns. The adopted constants are presented in Table 4. The reaction
rate parameters ( vmax, Km, tmax) and the diffusion constant (αL) were calibrated to better fit
the calcite mass values measured experimentally after 1 h of treatment. This calibration
process will be explained later in Section 5.3.

Table 4. Values of the constants used in the simulation.

Constant Value

Soil constants

Specific gravity (G S = ρS/ ρW) 2.60
Young’s modulus (E) 50 × 103 kPa

Hydraulic conductivity parameter (kh) 3.5 × 10−5 m/s
Initial porosity (nW0) 0.415

Chemical constants

Calcite molar mass (m(M)
c ) 100.1 × 10−3 kg/mol

Calcite molar volume (v(M)
c ) 36.9 × 10−6 m3/mol

Urea molar mass (m(M)
u ) 60.1 × 10−3 kg/mol

Urea molar volume (v(M)
u ) 45.4 × 10−6 m3/mol

Ammonium molar mass (m(M)
a ) 18.0 × 10−3 kg/mol

Ammonium molar volume (v(M)
a ) 20.0 × 10−6 m3/mol

Calcium molar mass (m(M)
Ca ) 40.1 × 10−3 kg/mol

Calcium molar volume (v(M)
Ca ) 1.75 × 10−6 m3/mol

Chloride molar mass (m(M)
Cl ) 35.5 × 10−3 kg/mol

Chloride molar volume (v(M)
Cl ) 15.42 × 10−6 m3/mol

Longitudinal diffusion constant (αL) 0.02 m

Reaction rate parameters

vmax 2 mol/(m3s)
Km 125 mol/m3

tmax 260 s

Bar (1-D) finite elements were employed with quadratic interpolation for the solid
displacements (with three nodes per element) and linear interpolation for the other primary
unknowns (with two nodes per element). Several simulations were performed varying the
sizes of the elements, the time steps and tolerance values, until the convergence of the results
was found. In Table 5, the percentage of total calcium carbonate obtained in the numerical
simulations after 1 h of treatment is shown as a function of the mesh refinement and
integration time step. The chosen model had a total of 60 elements, comprising 121 nodes
and 487 global degrees of freedom. A constant time step of 0.01 s and a 0.001 tolerance
were used in the time integration.

Table 5. Convergence study: percentage of total calcium carbonate obtained in numerical simulations
after 1 h of treatment, as a function of mesh refinement and integration time step.

Number of Elements Time Step

0.05 s 0.01 s 0.005 s 0.001 s

30 0.75208% 0.75225% 0.75229% 0.75225%

60 0.75205% 0.75221% 0.75222% 0.75222%

90 0.75205% 0.75221% 0.75222% 0.75222%
120 0.75204% 0.75221% 0.75222% 0.75222%
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5.2. Initial and Boundary Conditions

For the calculation, it was assumed that the soil column was saturated with a homoge-
neous bacteria distribution for the studied depth, without the presence of urea, calcium,
chloride or calcite. Two time stages were considered, as described in Figure 5. The first one
(for t ≤ 60 s) corresponded to the initial addition of the feeding solution by establishing
a constant fluid flow through the column. In the second one (for t > 60 s), the fluid flow
was stopped and the treatment progressed by diffusion over different periods of time. The
boundary conditions corresponding to both stages are also presented in Figure 5:

• Concerning the mechanical model, the bottom boundary was restrained, and therefore,
all the displacements were null during the entire calculation;

• Concerning the hydraulic model, the flow is free during the first 60 s at the bottom
boundary, and the pore pressures remained constant at the top boundary after that;

• Concerning the biochemical model, at the top boundary, during the first 60 s when
the feeding solution was applied, there was a sudden increase in the concentration of
urea and calcium from 0 to 0.5 M and in the concentration of chloride from 0 to 1 M;
these concentrations remained constant until the end of the analysis. These values
were set to mimic the application of the feeding solution in the experimental tests, in
which the fluid flow applied at the top of the columns was equal to 0.2 mm/s during
the first 60 s of the analysis and in which a layer of feeding solution remained, with a
constant height and constant concentration, at the top of the syringe until the end of
the analysis.

Figure 5. Boundary conditions of the bio-chemo-hydro-mechanical model: (a) boundary conditions
for t ≤ 60 s; (b) boundary conditions for t > 60 s; (c) detail of the top boundary conditions.

5.3. Calibration of the Reaction Rate Parameters and of the Diffusion Constant

The calibration of the reaction rate parameters in (13) and of the diffusion constant in
(18) was performed after several numerical simulations, carried out with values varying
among 1~10 mol/(m3s) for the maximum reaction velocity (vmax), 100~300 mol/m3 for the
half-saturation constant (Km), 200~3600 s for tmax and 0.01~0.2 m for the diffusion constant
(αL). The values presented in Table 4 were the ones that fitted the calcite mass values
measured experimentally for treatments lasting 1 h (3600 s) better.

In Figure 6a, it may be seen that the numerical profile of the mass of calcite per unit
of volume obtained with the calibrated parameters presented in Table 4 fits the minimal
and maximal experimental values for the top and bottom fractions, with both experimental
and numerical values presenting the same distribution trend. Moreover, it may be seen in
Figure 6b that, for the calibrated parameters, the reactions stopped around t = 1200 s.
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5.4. Results and Discussion

Figure 7 presents the profiles along the column height of the chemical species involved
in the biochemical reactions (cuW, cCaW, cClW, caW) computed at different time instants. It
may be observed in Figure 7a–c that, as expected, the concentrations of urea, calcium
and chloride ions remained constant at the top boundary because this was the point of
application of the feeding solution. Along the sand column, it can be confirmed that the
concentrations of urea (Figure 7a) and calcium (Figure 7b) decreased at the same rate with
time, which is expected because urea and calcium are consumed in the reactions. The
concentrations along the column of chloride ions increased only during the first 60 s, while
the feeding solution was added, and then remained constant because these ions do not
participate in the MICP process (Figure 7c).

The progression of the biochemical reaction was identified by the reduction in the
concentrations of urea and calcium, and consequently by the increase in the ammonium
concentrations (Figure 7d). Accordingly, there was an increase in the mass of calcite per
unit volume with time (Figure 8a), which was always more noticeable at the top of the sand
column. This calcite distribution trend is confirmed by other authors for similar boundary
conditions ([11,27]). The ammonium concentrations and calcite mass remained constant
after 1200 s because then the reaction rate became practically zero (see Figure 6b). The
precipitation of solid calcite into the voids reduced the soil porosity, which is confirmed in
Figure 8b.

 
(a) 

 
(b) 

Figure 6. (a) Profile of mass of calcite per unit volume after 1 h of treatment, comparing experimental
data and numerical simulation results; and (b) profile of the evolution of the reaction rate with time.
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7. Time evolution of the profiles along the soil column of (a) urea concentration, (b) calcium
concentration, (c) chloride concentration and (d) ammonium concentration.
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(a) 

 
(b) 

Figure 8. Time evolution of the profiles along the soil column of (a) mass of precipitated calcite per
unit of volume, and (b) porosity.

The evolution with the time of fluid flow is presented in Figure 9a. During the first
60 s of the simulation, the fluid flow was practically constant along the specimen and equal
to the flow applied at the top of the column; when the bottom exit was closed, the flow
was reduced to zero. The evolution with time of the pore–water pressure is presented in
Figure 9b. The water pressure profile started as hydrostatic before applying the boundary
condition, and then it increased at the top of the column, creating a constant hydraulic
gradient in the first 60 s. Then it became hydrostatic again, once the flow at the bottom
was interrupted and the feeding solution accumulated above the soil column, becoming
equal to the weight of the liquid column above this horizontal section. Due to the hydro-
mechanical coupled behaviour, this slight pore pressure increment implies a reduction in
effective stresses, and for this reason, very small swelling deformations (about 0.0067%)
were computed (Figure 9c). The observed very small deformations justify the linear elastic
effective stress–strain relationship that was assumed in this work.

Finally, Figure 10 presents a comparison between numerical and experimental values
of the total calcium carbonate content for all tested columns and all treatment durations.
The experimental average results are represented together with the minimal and maximal
experimental values (see Table 3). The numerical simulation curve presents a constant
value that intercepts all the experimental data range, therefore validating the model. The
numerical values shown in Figure 10 are independent of the treatment duration because,
according to Figure 6b, the reactions stopped around t = 1200 s. This can be explained by
bacteria encapsulation, as already discussed ([24,25]). The reduction in calcite content that
is sometimes observed in the experimental values in Figure 10 could possibly be attributed
to the dissolution of irregular-shaped and less stable CaCO3 polymorphs ([24]).
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(a) 

 
(b) 

 
(c) 

 

Figure 9. Time evolution of the profiles along the soil column of (a) water flux, (b) pore–water
pressure and (c) vertical deformation.
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Figure 10. Validation of the numerical model showing that the results of the simulations intercept
the entire experimental data range.

6. Conclusions

A finite element numerical model to perform a coupled biochemical-hydro-mechanical
analysis was developed for the simulation of the biocementation process in a sand column.
This was intended to be a tool to compute the amount of biocement precipitated for a given
set of treatment dosages and hydraulic and mechanical boundary conditions. With the
hydraulic model, it was possible to simulate the transport by conduction and diffusion of
the ions, with the hydro-mechanical coupled model being related to changes in the soil’s
effective stresses. The precipitation of solid mass (calcite, i.e., the biocement) determined
porosity changes, affecting permeability (bio-chemo-hydraulic coupling). The model is
prepared to be modified to include this pore-clogging effect into stiffness and strength
(bio-chemo-mechanical coupling).

The parameters of the model were calibrated with the results of experimental small-
scale sand column tests, in which the biocementation treatment had a duration of 1 h. The
distribution of calcite obtained in the numerical simulations, with a noticeable concentration
at the column’s top, was in good agreement with the experimental results for all the other
tested treatment periods, therefore validating the model.

The reaction rate parameters determine the biochemical reaction and are of paramount
importance in this analysis. Nevertheless, the imposed boundary conditions dictated a
single application of the feeding solution and established a no-flow condition after the first
60 s of the treatment. This possibly limited the circulation of ionic specimens and lowered
the bacterial activity, which explained the constancy of the calcite content value obtained
for several treatment durations.

Finally, the approach adopted in this study can be used for other applications. Other
bio-chemical reactions can be simulated if the chemical species and stoichiometric calcula-
tions are adapted for the specific case at hand, as well as the bacterial activity parameters.
For example, it may be possible to simulate methane formation by methanogenic bacteria
or corrosion by iron-oxidizing bacteria.
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Appendix A Mass Balance Equations

Since different species move with different velocities, the total derivative dk()
dt in (3)

relates with the total derivative following the solid species particles ds()
dt , which will be

defined simply as d()
dt , as shown by the following:

dk()

dt
=

d()
dt

+∇()·(vkK − vS), (A1)

where ∇() is the nabla operator. Substituting (A1) in (3), we obtain the following:

dρkK

dt
+ ρkKdiv vS + div MkK = ρ̂kK (A2)

where MkK = ρkK(vkK − vS) is the flux of mass of species k through the solid skeleton.
Multiplying (A2) by det F = V/V0 (where F is the strain gradient tensor) and using the
fact that d(det F) /dt = det F div vS, we obtain the following mass balance equation in the
reference configuration:

dmkK
dt

+ detF div MkK = m̂kK (A3)

where m̂kK = ρ̂kKdetF. Dividing (A3) by the intrinsic density of species k, we obtain
the following:

dvkK
dt

+ detF div JkK =
m̂kK

ρk
(A4)

where JkK = nkK(vkK − vS) = MkK/ρk is the flux of the species through the solid skeleton.
For a species k ∈ W, Equation (A4) may be written as follows:

1
V0

dVkW
dt

+ detF div JkW =
m̂kW

ρk
(A5)

or, upon linearization:

nkWdiv vS +
dnkW

dt
+ div JkW =

m̂kW

ρk
. (A6)

By adding the contribution of all species k ∈ W, we obtain the following:

dnW

dt
+ nWdiv vS + div JW = ∑

k∈W

m̂kW

ρk
(A7)
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where JW = ∑k∈W JkW represents the flux of water.
Summing (A4) for all species k ∈ W and for all species k ∈ S, upon linearization, we

obtain the following:
dvW

dt
+ div JW = ∑

k∈W

m̂kW

ρk
(A8)

and
dvS

dt
= ∑

k∈S

m̂kS

ρk
(A9)

respectively.
Since dv

dt = dvW
dt + dvS

dt = div vS, it is possible to obtain a global equation of mass
balance by summing (A8) and (A9) as follows:

div vS + div JW = ∑
k∈W

m̂kW

ρk
+ ∑

k∈S

m̂kS

ρk
(A10)

We may also obtain the following:

dvW

dt
= div vS − ∑

k∈S

m̂kS

ρk
(A11)

By replacing (A10) in (A.7), we obtain the following:

dnW

dt
= (1 − nW)div vS − ∑

k∈S

m̂kS

ρk
(A12)

which corresponds to Equation (A9) in [28].

Appendix B Dependent Variables

This section presents the equations governing the dependent variables of the devel-
oped model.

a. The total volume of the medium

The total volume of the domain is calculated as follows:

V = V0·(1 + tr ε), (A13)

where ε is the strain tensor.

b. The porosity

The porosity of the porous medium is obtained as follows:

nW = 1 − 1
1 + tr ε

(
VsS + McS/ρc

V0

)
, (A14)

c. The volume of the ionic species

The volume of the ionic species (namely urea, ammonium, calcium and chloride ions)
is obtained as follows:

VkW = ckWnWVv(M)
k , (A15)

d. The volume fraction of the ionic species

The volume fraction of the ionic species is obtained as follows:

nkW =
VkW

V
, (A16)
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e. The volume fraction of water

The volume fraction of the water is obtained as follows:

nwW = nW

(
1 − ∑k∈W ckWv(M)

k

)
, (A17)

f. The density of the water phase

The density of the water phase is obtained as follows:

ρW = ∑kεW nkWρk, (A18)

g. The density of the solid phase

The density of the solid phase is obtained as follows:

ρS =
VsS

V
ρs +

McS

V
, (A19)

h. The water velocity

The water velocity is calculated as follows:

vwW = vS +
JW − ∑l∈W Jd

lW
nW

. (A20)

Appendix C Element Diffusion and Stiffness Matrices

The element diffusion and stiffness matrices have a block structure as follows:

C(e) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0

C
(e)
PwU 0 0 0 0 0 C

(e)
PwmcS

0 0 C
(e)
CuWCuW

0 0 0 C
(e)
CuWmcS

0 0 0 C
(e)
CaWCaW

0 0 C
(e)
CaWmcS

0 0 0 0 C
(e)
CCaWCCaW

0 C
(e)
CCaWmcS

0 0 0 0 0 C
(e)
CClWCClW

C
(e)
CClWmcS

0 0 0 0 0 0 C
(e)
mcSmcS

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A21)

and

K(e) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K
(e)
UU K

(e)
UPW

0 0 0 0 0

0 K
(e)
PWPW

0 0 0 0 0

0 K
(e)
CuWPW

K
(e)
CuWCuW

K
(e)
CuWCaW

K
(e)
CuWCCaW

K
(e)
CuWCClW

0

0 K
(e)
CaWPW

K
(e)
CaWCuW

K
(e)
CaWCaW

K
(e)
CaWCCaW

K
(e)
CaWCClW

0

0 K
(e)
CCaWPW

K
(e)
CCaWCuW

K
(e)
CCaWCaW

K
(e)
CCaWCCaW

K
(e)
CCaWCClW

0

0 K
(e)
CClWPW

K
(e)
CClWCuW

K
(e)
CClWCaW

K
(e)
CClWCCaW

K
(e)
CClWCClW

0

0 0 K
(e)
mcSCuW

0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A22)

where
K
(e)
UU =

∫
Ω

BT
uEBudV (A23)

with Bu as the strain–displacement matrix and E as the elastic constant’s tensor,

K
(e)
UPW

= −
∫

Ω
tr
(

BT
u

)
NPWdV (A24)
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K
(e)
PWPW

=
∫

Ω

(
∇NPW

)Tk∇NPW dV (A25)

K
(e)
CkWPW

=
∫

Ω
NT

C(−kx)v
(M)
k ∇CkW∇NPWdV, k = u, a, Ca, Cl. (A26)

K
(e)
CkWClW

=
∫

Ω ∇NT
CnWαL‖vwW‖v(M)

k

(
Ikl − CkWv(M)

l

)
∇N

C
dV

+v(M)
k

∫
Ω NT

CJw∇NCdV, k, l= u, a, Ca, Cl.
(A27)

K
(e)
mcSCuW

= −
∫

Ω
NT

Mc
m(M)

c nW
dr

dcuW
NCdV (A28)

C
(e)
PwU =

∫
Ω

NT
PW

tr(BU)dV = −K
(e)
UPW

(A29)

C
(e)
PwmcS

= −
∫

Ω
NT

PW

(
−v(M)

u + 2v(M)
a − v(M)

Ca + v(M)
c

) 1

m(M)
c

NMc dV (A30)

C
(e)
CkWClW

= v(M)
k

∫
Ω

NT
CnWNCdVIkl , k, l= u, a, Ca, Cl. (A31)

C
(e)
CuWmcS

=
v(M)

u

m(M)
c

∫
Ω

NT
C

[(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
cuW + 1

]
NMc dV (A32)

C
(e)
CaWmcS

=
v(M)

a

m(M)
c

∫
Ω

NT
C

[(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
caW − 2

]
NMc dV (A33)

C
(e)
CCaWmcS

=
v(M)

Ca

m(M)
c

∫
Ω

NT
C

[(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
cCaW + 1

]
NMc dV (A34)

C
(e)
ClWmcS

=
v(M)

Cl

m(M)
c

∫
Ω

NT
C

[(
−v(M)

u + 2v(M)
a − v(M)

Ca

)
cClW

]
NMc dV (A35)

C
(e)
mcSmcS =

∫
Ω

NT
Mc

NMc dV (A36)

Three nodes per finite element and quadratic interpolation functions were used for the
bar element displacements field, while two nodes per finite element and linear interpolation
functions were used for the other fields (Figure A1). This results in quadratic shape functions
for NU (A37)–(A39) and linear shape functions for NPW, NC and NMc (A40) and (A41):

Figure A1. Types of elements used in the numerical model.

NU1 = −ξ

2
(1 − ξ) (A37)

NU2 = 1 − ξ2, (A38)
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NU3 =
ξ

2
(1 + ξ), (A39)

NK1 = −ξ

2
+

1
2

, (A40)

NK2 = +
ξ

2
+

1
2

, (A41)

where K = PW, C, Mc and ξ is a local coordinate that varies from −1 to 1.
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Abstract: This paper shows that at a certain time-point in the analysis procedure, the
accuracy of T-spline based isogeometric analysis (IGA) may be substantially improved
by increasing the multiplicity of the inner knots up to the polynomial degree. This task
can be performed by considering the Bézier extraction operator matrix elementwise, and
thus an increased number of updated control points are easily received in the geometrical
and computational models. Nevertheless, after the determination of the unique control
points, the Bézier elements near the T-junctions may not be well shaped, and thus minor
automatic interventions are required to ensure full (i.e., C0 and G0) compatibility. The
improved IGA-based solution may be used as a reference to determine the a posteriori error
estimations in the T-spline elements of the domain, and thus may be a useful tool for IGA
adaptation. The methodology is shown in BVPs dominated by Laplace–Poisson equations
in rectangular and curvilinear domains, while eigenvalues and eigenvectors were extracted
in a rectangular acoustic cavity.

Keywords: isogeometric analysis; T-splines; Bézier extraction operator; C0-G0 continuity;
potential problems; Laplace equation; eigenvalue problem

MSC: 65N06; 65B99

1. Introduction

Isogeometric analysis is today’s research frontier in computational methods for the
solution of BVPs and eigenvalue (Sturm–Liouville) problems. According to this method,
the domain is decomposed into smaller patches which are based on tensor-product NURBS
approximation [1]. Later, the method was implemented in conjunction with T-spline
approximation [2]. While in both of these cases the basis functions may be computed as
tensor-products which are based on either global or local knot vectors, it has been proposed
instead to implement the Bézier extraction (BEXT) operator [3,4].

The main advantage of this approach is that Bézier extraction, compared to the original
implementation of IGA given in [1], is such that apart from the coefficients of the extraction
operator, the basis functions are identical for all elements in the mesh, as is the case for
classical finite elements. Therefore, there is no need to implement B-spline (basis) function
evaluation routines; these are costly, from a numerical point of view. Another practical
reason for using BEXT is that it reduces the communication errors in the data transfer
between the geometric model and the analysis.

On the other hand, the BEXT operator is a matrix which, when multiplied by the
original control points of the T-mesh, provides a greater number of new (updated) control

Mathematics 2025, 13, 377 https://doi.org/10.3390/math13030377
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points; these have not been exploited to date. In this paper, we propose the utilization
of the new control points, which form Bézier elements of C0-continuity, to automatically
solve a parallel BVP. The latter solution is generally more accurate for the same number
of elements as found in the original T-spline, and therefore may be used as a reference
in an a posteriori error estimator. The next step is obviously a refined T-spline classical
isogeometric analysis.

2. Conventional IGA Procedures

2.1. Tensor-Product of Local Knot Vectors (MODEL-1)

It is well known that for two given global knot vectors associated with a patch, the
tensor-product B-spline (or NURBS) functions can be determined using Cox–de Boor recur-
sion [5,6]. The same can be performed in T-spline approximation, with the only exception
being that the tensor-product is based on local knot vectors associated with anchors.

For the sake of simplicity, we limit ourselves to cubic T-splines (i.e., those with poly-
nomial degree p = 3). Therefore, in a usual T-spline it is sufficient to construct a matrix,
let us call it Uvec, which for each anchor ‘α’ determines the knots of those other anchors to
the left and the right of that under consideration, and thus forming the local knot vector
Ξα = {ξ1, ξ2, ξ3, ξ4, ξ5}. Similarly, we need another matrix, let us call it Vvec, which deter-
mines the knots of those anchors at the bottom and the top of that under consideration, and
thus forming the local knot vector Hα = {η1, η2, η3, η4, η5}. Again, for p = 3, the matrix
Uvec (and similarly Vvec) is of the size nα × 5, where nα is the number of anchors in the
T-patch. Based on these two matrices as input, for each couple (ξ, η) of the T-patch, we can
determine the tensor-product of B-splines, Nα,p(ξ)Nα,p(η).

The abovementioned B-spline functions, Nα,p(ξ) and Nα,p(η), can be easily calculated
using the function spcol included in MATLAB® R2018, but open-source software is also
available in many repositories and books (e.g., [7]).

Moreover, in the case of p = 3, for any set of five nondecreasing knots {x1, x2, x3, x4, x5},
which may be a single row from the abovementioned matrix Uvec, there is a single piecewise
cubic B-spline function Nα(x), which analytically is given by the following (see, e.g., [8]):

Nα(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(x−x1)
3

(x2−x1)(x4−x1)(x3−x1)
, 0 < x ≤ x2

(x−x1)
2(x3−x)

(x3−x2)(x4−x1)(x3−x1)
+ (x4−x)(x−x1)(x−x2)

(x3−x2)(x4−x2)(x4−x1)
+ (x5−x)(x−x2)

2

(x3−x2)(x5−x2)(x4−x2)
, x2 < x ≤ x3

(x−x1)(x4−x)2

(x4−x3)(x4−x2)(x4−x1)
+ (x5−x)(x4−x)(x−x2)

(x4−x3)(x5−x2)(x4−x2)
+ (x5−x)2(x−x3)

(x4−x3)(x5−x3)(x5−x2)
, x3 < x ≤ x4

(x5−x)3

(x5−x4)(x5−x3)(x5−x2)
, x4 < x ≤ x5

0, x ≤ x1 or x > x5

(1)

In general, the independent variable x and the knots x1 to x5 shown in Equation (1)
may represent either of the parameters ξ or η, as well as the knots involved in the abovemen-
tioned local knot vectors Ξα = {ξ1, ξ2, ξ3, ξ4, ξ5} and Hα = {η1, η2, η3, η4, η5}. Therefore,
for each anchor ‘α’, Equation (1) applied to Ξα determines one B-spline Nα(ξ), and applied
to Hα produces Nα(η). The range of the non-vanishing tensor-product bivariate basis func-
tion Nα,p(ξ)Nα,p(η) is the rectangle [ξ1, ξ5]× [η1, η5]. In general, a weight wα is associated
to the anchor Pα.

Based on the above B-spline functions Nα(ξ) and Nα(η), for each anchor ‘α’ we can
calculate the bivariate blending function Bα(ξ, η) = Nα(ξ)Nα(η). When the patch is
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curvilinear, each anchor is also associated to a weight wα. Following the notation in [2], if
‘A’ is the set of all the anchors in the patch, we define the blending functions as follows:

Rα(ξ, η) =
wαBα(ξ, η)

∑β∈A wβBβ(ξ, η)
(2)

Clearly, the numerator of Equation (2) represents a weighted tensor-product of the
local B-spline functions associated to the anchor ‘α’. The denominator W(ξ, η) represents
the sum of the weighted tensor-products due to all the contributed anchors, and is set to
ensure the partition of unity property at every point (ξ, η) of the parametric space:

∑
α∈A

Rα(ξ, η) = 1, ∀(ξ, η) ∈ [0, 1]× [0, 1] (3)

Based on the above blending functions Rα(ξ, η) within a curvilinear patch, and given
the control points Pα, the T-spline in physical space is described by the following:

S(ξ, η) = ∑
α∈A

PaRα(ξ, η) (4)

It is instructive to recall that in the special case of a NURBS tensor-product of degree
p = 3, the abovementioned set ‘A’ consists of exactly (p + 1)2, i.e., sixteen, nonzero
bivariate basis functions which fulfil Equation (3). In contrast, in a sub-patch of a T-spline,
there may be more than 16 non-vanishing bivariate blending functions. Regarding an
annulus, Ref. [4] shows that most T-elements are influenced by 16 (and a few of them by 17)
blending functions.

As discussed above, regarding a certain T-spline patch, it is possible that a part of
it (an element) is influenced by 16 non-vanishing blending functions, whereas another
element might be influenced by 17. Moreover, another possibility is that the same number
of 16 functions might be in evidence, but different blending functions may dominate in
different elements of the same patch. In all these cases, we talk about “elements with
reduced continuity”, and to make these elements suitable for isogeometric analysis, it
becomes necessary to subdivide them with continuity reduction lines (extended T-mesh),
and thus an increased number of T-elements is produced. As a result of this process, we
have an “Analysis Suitable T-spline” (AST) patch.

After the creation of analysis-suitable T-elements, the blending functions of Equation (2) may
be used to estimate the mass and stiffness matrices associated with the T-patch under consideration.

2.2. The Standard Utilization of the Bézier Extraction Operator (MODEL-2)

Despite the ease in the implementation of Equation (1), and although numerical evalu-
ations may be easily performed using open-source libraries or proprietary libraries, the
tendency is to utilize the Bézier extraction (BEXT) version. The basic theory is given below.

In the theory of computer-aided geometric design (CAGD), it is well known that knot
insertion does not alter the shape of a curvilinear patch, either in shape or parametrically [7].
For one-dimensional interpolation of a curve C(ξ) with p = 3, initially we have C2-
continuity at the inner knots, and after one knot insertion it decreases to C1-continuity.
Continuing with a second knot insertion at the inner knots (thus, three equal knots in
total, i.e., equal to degree p), the continuity further decreases to C0. Therefore, when
the multiplicity λ of inner knots becomes equal to the polynomial degree p, we obtain
C0-continuity at the inner knots.

Moreover, for a two-dimensional NURBS patch, the above procedure is again applica-
ble, but then the multiplicity of the inner knot should become λ = p2, so that C0-continuity
is obtained in both directions. As shown in [3], the column-vector including the non-zero
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B-spline (basis) functions Ne is related to the extracted Bernstein polynomials stored in the
column-vector Be per element, through the following formula:

Ne(ξ, η) = Ce · Be(ξ, η), (5)

where Ce is the Bézier extraction operator matrix, which corresponds to the e-th B-
spline tensor-product element. In general, in a NURBS patch, Ce is a matrix of size
(p + 1)2 × (p + 1)2, whereas Ne and Be are column-vectors of size (p + 1)2 × 1, due to
the local-support property of B-splines.

In a similar way, for a two-dimensional T-spline patch, Scott et al. [4] presented
a pseudocode and showed that multiple knot insertion leads to the “Bézier extraction
operator matrix”, Ce, which may be used to estimate the C2-continuous blending functions
of the T-spline element assembly. It is clarified that Ce comes from the same concept as
the one underlying the expression in Equation (5) for NURBS patches, but is now applied
locally for the T-spline patches.

In more detail, given the initial control points Pe and their weights we of the C2-
continuous e-th T-spline element, the abovementioned multiple knot insertion alters the
initial weights according to the following formula:

wb
e = CT

e we. (6)

In Equation (6), wb
e denotes the updated element weights after the multiple knot

insertion, whereas we are the initial given element weights which are associated to the
initial control points Pe.

As we mentioned earlier, within a T-mesh there may be some sub-patches of reduced
continuity, and this has been a matter of intensive research [9]. To ensure uniqueness and
then perform accurate numerical integration, it becomes necessary to elongate some edges
of the T-mesh and thus obtain an analysis-suitable T-mesh. Nevertheless, although this
procedure leads to an increased number of analysis-suitable T-elements, a standard number
of non-vanishing blending functions is not always ensured.

As we shall see later, in the benchmark test of the annulus (Example 3), which has
been studied in [4], most of the elements are influenced by (p + 1)2 = 16 nonzero basis
functions, but also there are two elements which are influenced by 17 functions. This in
turn means that, for most elements, the Bézier extraction operator matrix Ce will be of size
16 × 16, but in some of them, it will be of the size 17 × 16.

For the sake of completeness, the computation of the blending functions is performed
as follows:

From Equation (2) one may observe that the bivariate blending functions R(ξ, η) are
tensor-products of local univariate basis functions, properly normalized, as follows:

Rα(ξ, η) =
Nα,p(ξ)Nα,p(η)wα

W(ξ, η)
, (7)

where the denominator W(ξ, η) is the so-called “weighting function”. Each blending
function Rα(ξ, η) is associated to an anchor Pα, which for the polynomial degree p = 3 is a
true control point.

At a certain point (ξ, η) of the T-patch, there are a number of ‘n’ nonzero bivariate
basis functions, in sum approximating the value (p + 1)2 (e.g., n = 16, 17, . . .).

171



Mathematics 2025, 13, 377

Dropping out the subscript ‘e’ denoting the element under consideration, if W is the
diagonal matrix which includes all the above ‘n’ involved weights,

W =

⎡⎢⎢⎢⎢⎣
w1

w2
. . .

wn

⎤⎥⎥⎥⎥⎦, (8)

and N(ξ, η) is the column-vector (of size n × 1) of all the bivariate B-spline functions
affecting the element under consideration, then Equation (7) is rewritten in a matrix form
which provides the rational column-vector R(ξ, η) [of size n × 1],

R(ξ, η) =
1

W(ξ, η)
WN(ξ, η) (9)

To obtain the blending functions, we still need to calculate the weighting function
W(ξ, η), which is involved in the denominator of Equation (9). The latter is written as

W(ξ, η) =
n

∑
α=1

Nα,p(ξ, η) wα = wTN(ξ, η) (10)

Substituting the B-spline column-vector N from Equation (5) into Equation (10), the
latter becomes

W(ξ, η) = wTN(ξ, η) = wTCB(ξ, η) ≡
(

CTw
)T

B(ξ, η) (11)

Substituting Equation (6) into Equation (11), we receive the following:

W(ξ, η) = (wb)
T

B(ξ, η) = Wb(ξ, η), (12)

where wb = CTw is a column-vector of standard size 16 × 1, including the weights
associated to the Bézier–Bernstein basis functions. Substituting Equations (5) and (12) into
Equation (9), we eventually receive the following:

R(ξ, η) =
1

Wb(ξ, η)
WCB(ξ, η), (13)

where W is the diagonal matrix including the initial weights of the control points in the
C2-continuous model (cf. Equation (8)). Equation (13) dictates that it is not necessary to
directly calculate the B-spline functions, either through the recursive (Curry–Schoenberg
1966) formulas or by using the analytical ones given by Equation (1), but only the extraction
matrix C, which depends only on the knot vectors, while the expression of the tensor-
product Bernstein polynomials B(ξ, η) is trivial.

Based on the blending functions given by Equation (13), the computation of the mass
and stiffness matrices is straightforward.

3. The Proposed Computational Procedure (MODEL-3 and MODEL-4)

3.1. General Theory (MODEL-3)

Although Ref. [4] has focused on the estimation of the C2-continuous blending func-
tions according to the BEXT Equation (13), for the purposes of the present paper we focus
below on the updated control points as well.

172



Mathematics 2025, 13, 377

In more detail, given the initial set of control points P and their associated weights w in
the C2-continuous T-spline model, the multiple knot insertion until the multiplicity becomes
equal the degree p, provides new control points Q according to the following formula:

Qw
e = CT

e Pw
e (14)

In Equation (14), the superscript ‘w’ indicates projective coordinates, i.e., Cartesian
coordinates multiplied by the associated updated weight, whereas the superscript ‘T’
indicates the transpose of the BEXT matrix Ce. Moreover, as previously mentioned in
Section 2.2, in Equation (6), wb

e ≡ wQ
e denotes the updated weights of the new control

points Q (after the multiple knot insertion), whereas we ≡ wP
e are the initially given weights

associated to the initial control points P. Note that the superscripts {Q} and {P} are set only
to clearly indicate the status after and before knot insertion, respectively.

Regarding the size of the arrays involved, we repeat that the element Bézier extraction
operator matrix Ce includes as many rows as the number of the non-vanishing blending
functions within the T-spline element (e.g., 16, 17), whereas the number of columns is
standard, and equal to 16. Therefore, in general, Ce is a non-square matrix. Concerning the
element vector of control points Pe and the associated vector of element weights wQ

e in the
initial C2-continuous model, each of them has exactly as many rows as the matrix Ce (i.e.,
16, 17, etc.). Interestingly, whatever the number of rows in Ce is, the resulting number of
updated control points Qe in the C0-continuous Bézier element equals (p + 1)2 = 16.

The applied algorithm of the present paper is as follows:

• Based on the initial nP control points P and the given index space, create nele analysis-
suitable T-spline elements.

• Apply the BEXT matrix Ce in each of the above nele T-spline elements, and thus
determine the following:

� The updated control points Qe;

� The associated weights wQ
e .

• Find the unique control points (Qe)unique among the above Qe (initially including
nQ′ = 16nele points), and thus determine the final number of nQ control points,
which fully defines the nele rational Bézier elements. An instructive example is pre-
sented in Section 3.3. Alternatively, one could implement a variation of the Oslo
algorithm [10], which is a recursive procedure designed to simultaneously handle
multiple knot insertion.

• For the abovementioned nele rational Bézier elements, calculate the element stiff-
ness matrix (and mass matrix, if necessary). Note that, since in the present pa-
per only cubic elements have been implemented (degree p = 3), there are always
npts = (p + 1)2 = 16 control points in each rational Bézier element, and thus for po-
tential problems (one degree of freedom per node) each element matrix has a size of
16 × 16. Obviously, if the same concept is extended to plane elasticity problems, the
stiffness (or mass) matrix of each rational Bézier element will have a size of 32 × 32,
and so on.

• Build the total matrices of the entire T-patch, apply the boundary conditions, and solve
the equations system to determine the unknown coefficients.

As we demonstrate below in the five examples of the present paper, the final number,
nQ, of control points in the proposed C0-continuous model is larger than the initial number
of nP control points in the C2-continuous one. By analogy to the tensor-product NURBS
model, a closed-form expression will be provided below for the quantity nQ.

173



Mathematics 2025, 13, 377

3.2. Estimation of Control Points nQ for C0-Continuity

To establish the procedure for the estimation of the updated control points Q which
are produced by the BEXT process, we resort to the conventional tensor-product B-spline
approximation. For the sake of simplicity, we consider the piecewise cubic tensor-product B-
spline patch shown in Figure 1a (of degree p = 3) for the following unidirectional knot vector:

U = [0,0,0,0, 1/3,2/3, 1,1,1,1] (15)

Based on trivial computer-aided geometric design (CAGD)-theory [7] (p.66), the
number of control points per direction is given by

n = m − p − 1, (16)

where m is the number of elements in the knot vector U. Since in Equation (15) there are
m = 10 knots and p = 3, we have n = 6 per direction, which means nP = n2 = 36 control
points in the entire two-dimensional patch.

After double knot insertion at the nin = 2 inner knots, as required by BEXT [7] (p.161),
the number of control points per direction becomes

n′ = n + nin(p − 1) = 10, (17)

and therefore, the total number of the updated control points {Q} after BEXT will be

nQ = n′2 = 102 = 100. (18)

 

Figure 1. Tensor-product (a) B-spline in traditional form; (b) T-spline form after knot insertion.

Below, the same result will be derived, considering now the tensor-product B-spline
patch as a T-spline patch. The conclusions of this approach will be extended to T-spline
patches as well.

Obviously, the above two-dimensional B-spline patch, as described by Equation (15), is
equivalent to a T-mesh with six anchors per direction, and thus forming the following index space:

Ax = Ay = {0, 0, 1/3, 2/3, 1, 1} = {ξ1, ξ2, ξ3, ξ4, ξ5, ξ6}. (19)

The anchors in the set described in Equation (19) are denoted by blue-colored lines
in Figure 1b. The BEXT procedure requires the knot insertion at the inner knots, such
as ξ3 = 1/3 and ξ4 = 2/3, until the multiplicity becomes λ = p = 3. This demands the
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introduction of the red-colored lines shown in Figure 1b, wherein one may distinguish
three different types of knots, as follows:

• Type A: Knots related to the corners of the patch (four corners with four anchors per corner).
• Type B: Knots related to intermediate places along the four edges, not coinciding with

the corners (six anchors per initial knot).
• Type C: Knots related to initial knots in the interior of the patch (nine anchors per

initial knot).

Based on the above categorization, for the case shown in Figure 1b, in which there are
four, six, and nine initial knots of categories A, B, and C, circled respectively, we have

i. Anchors at the corners: 4 × 4 = 16 (20a)

ii. Anchors along boundaries: 8 × 6 = 48 (20b)

iii. Anchors in interior: 4 × 9 = 36 (20c)

SUM of anchors in the patch: nQ = 100, Q.E.D. (20d)

A procedure similar to that used to determine the number nQ may be followed for
a T-mesh, which is again divided into the above three categories, A, B, and C. The only
minor exception concerns elements of reduced continuity, in which extra inner knots are
added in the index space by the extension of existing connecting lines, as mentioned earlier.
Depending on the location of these extra points, which may also be classified as Type C,
the full number ‘9’ or part of it may be applied to them.

3.3. On the Uniqueness of Control Points

Let us continue working with the nine tensor-product B-spline elements illustrated in
Figure 1, which are based on the univariate knot vector of Equation (15).

For this configuration, the initial (nP = 36) control points are shown in Figure 2a,
whereas those (nQ = 100) after multiple knot insertion are shown in Figure 2b. One may
observe that, after the multiple knot insertion, each of the nine Bézier elements is occupied
by 4 × 4 = 16 control points. Obviously, the number of the actual nQ = 100 control points
differs from the blind product nQ′ = 9 elements × 16 control points per element = 144.

 

Figure 2. Control points (a) before and (b) after knot insertion (shared control points: at intersections •;
along the inter-element boundaries ×).
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The above discrepancy between the erroneous nQ′ = 144 and the correct nQ = 100 is
due to the following reasons:

• Each of the four control points at the intersections between horizontal and vertical
inter-element boundaries (illustrated in Figure 2b by red circle, •) belongs to four
elements, while they must be countered only once. Therefore, instead of the blind
number 4 × 4 = 16, we must consider only four of them, which means that we have
twelve additional fictitious points to subtract from 144.

• Each of the thirty-two control points along the inter-element boundaries (illustrated in
Figure 2b by red cross, ×) belongs to two elements, and therefore a blind computation
would result in 32 × 2 = 64 points. To obtain the exact number, half of them (i.e., 32)
must be subtracted from 144.

Therefore, the total fictitious number of the additional control points is 12 + 32 = 44.
When the latter (44) is subtracted from the blind number nQ′ = 144, we obtain the correct
number, nQ = 100.

3.4. Fixing C0 and G0-Incompatibilities (MODEL-4)

Although the procedure discussed in Section 3.1 (MODEL-3) is straightforward, some-
times there are minor shortcomings to be corrected before analysis is performed. In this
context, it may happen that within a sub-patch there is a “discontinuity”, and thus parti-
tioning using an extension line is necessary for the accurate numerical integration (e.g.,
the dashed line GH shown in Figure 3a). For example, in the test case of [4] (p. 134), it
was shown that among twenty-four T-spline elements, twenty-two of them are affected by
16 whereas the other two are affected by by 17 control points.

 

Figure 3. Formation of Bézier elements near to reduced continuity: (a) two sub-patches (I) and (II),
(b) three incompatible elements, and (c) four compatible elements.

To be more specific, the discontinuity of the sub-patch (I) in Figure 3a demands
its subdivision (using the abovementioned extension line GH) into sub-patches I(a) and
I(b). After the introduction of the line GH, the model becomes “analysis-suitable” (AS).
This means that each of the produced new elements I(a) = HGFE and I(b) = BCGH is
continuous and thus accurate numerical integration is allowed. This task is compulsory
even in the original IGA and is performed using only information provided by the index
space. However, in the original IGA, the hanging node H is no problem at all, because
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it is not associated with an independent degree of freedom (and thus the compatibility
makes no sense), but rather—as was previously mentioned—the line GH serves only for
domain integration.

On the contrary, in the framework of the present paper it was found that although the
abovementioned Bézier elements (I(a) and I(b)) are well formed, their neighboring Bézier
element (II), which shares a common edge BE (perpendicular to the end H of the extension
line GH) with the sub-patch (I) of reduced continuity, is not compatible (see also Figure 3b).
Clearly, this happens although the Bézier element (II) is fully continuous. Although
sometimes the accuracy of the numerical solution may be sufficient while ignoring the
incompatibility, in general it becomes imperative to perform a further tessellation on the
largest element (II), as shown in Figure 3c. The procedure of this tessellation is easy and
is based on the common edge previously considered, from the side of the element (I)
of reduced continuity. A full description of the applied numerical scheme is given in
Sections A and B.

Therefore, given the index space of a T-spline, the first step in IGA is to introduce
the extension lines GH, and thus the number of incompatibilities equals the number of
nincompatible points H at the ends of them. Before the tessellation (MODEL-3), the total
number of Bézier elements is nnele, of which a set of nincompatible (like the abovementioned
element (II)) is incompatible. Therefore, (nnele − nincompatible) out of the initial nnele ele-
ments are compatible.

Regarding MODEL-4, we recall that the common edges at which tessellation is further
conducted are perpendicular to the ends H of the extension lines GH, whereas the total
number of Bézier elements becomes (nnele + nincompatible). As for the extra computation
effort of MODEL-4 with respect to MODEL-3, the former includes one extra rational Bézier
element per incompatibility, which means that the extra computer effort for the estimation
of the element matrices is nincompatible/nnele of the computer effort in MODEL-3. (Note that
the matrices of (nnele − nincompatible) elements remain unaltered.)

4. Matrix Formulation

Numerical results refer to potential problems, particularly with reference to the Laplace
equation and wave propagation equation. The latter partial differential equation is writ-
ten as

(1/c2)∂2u/∂t2 −∇2u = 0. (21)

Based on any set of control points (P or Q) associated with blending functions RPQ

(column-vector) in general, the matrix formulation of IGA is

M
..
u + Ku = f(t), (22)

where the stiffness and mass matrices as given by the following domain integrals:

Mass matrix: M = (1/c2)
∫

A
RPQ(RPQ)

TdA, (23)

and
Stiffness matrix: K =

∫
A
∇RPQ(∇RPQ)

TdA., (24)

Obviously, Laplace equation (∇2u = 0) is a special, steady-state, case of Equation (22),
and thus is described by the matrix equation

Ku = f, (25)
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where the force vector is given as

f =
∮
Γ

RPQ
∂u
∂n

dΓ. (26)

Regarding the numerical extraction of the eigenvalues (λ = ω2) of an acoustic cavity,
we use the following formula:

det(K − λM) = 0. (27)

5. Results

The theory is supported by five examples. The first two examples are simple rectangles
and have been devised to require edge extension in the same direction at two places to
ensure analysis-suitable T-splines. The third example refers to an annulus and follows
the pattern of [4], which also requires two edge extensions, but in this case, in relatively
perpendicular directions. The fourth example utilizes a more complicated index space, as it
refers to a fully two-dimensional problem. The fifth example has an index space similar to
that of the annulus (third example) but refers to a rectangular domain.

Each example was solved using four models, as follows:

• MODEL-1: B-spline functions N were calculated as local tensor-product associated
to control points P, using de Boor’s spcol MATLAB® function; Equation (1) is also
applicable as an alternative. Furthermore, weights and normalization were imposed
to obtain the final blending functions R.

• MODEL-2: B-spline functions N were calculated using Bézier extraction operator
matrices, Ce, which were associated to initial control points P. Furthermore, weights
and normalization were imposed to obtain the final blending functions R.

• MODEL-3: Basis functions B (Bézier–Bernstein polynomials) are known functions and
were combined with the new control points Q on the Bézier elements of C0-continuity.

• MODEL-4: When MODEL-3 leads to inter-element incompatibility like that demon-
strated in Figure 3, the larger Bézier element is subdivided according to Sections A and B,
thus eventually producing the further-updated set of control points Q′, which is
slightly larger than Q. Based on the further corrected weights wQ′ and the further
updated set of control points Q′, we construct the new rational Bernstein polynomials
B′ which constitute the final set of basis functions.

By the theory, MODEL-1 and MODEL-2 are identical, because they only use a different
computational procedure to calculate the same B-spline functions N, which are associated
to the same control points P, and at the same Gauss points. The only reason that MODEL-2
is separately mentioned here is because it crosschecks the accuracy of the computer code
and thus increases confidence.

In each example, for the first three models (MODEL-1 to MODEL-3), the number of
(T-spline or Bézier) elements and the number of Gauss points is the same. Nevertheless, the
number of the involved DOFs of MODEL-3 differs from those of (MODEL-1 and MODEL-2),
i.e., we always have nQ > nP, as was explained in Sections 3.1 and 3.2.

Furthermore, in MODEL-4 the number of elements is larger by those subdivided,
whereas the number of DOFs (nQ′ ) is slightly larger than nQ.

In the steady-state problems (Laplace equation), the accuracy of the models was
expressed in terms of the L2-norm in percent (%), using the following formula:

L2 =

[∫
Ω (ucalculated − uexact)

2dΩ∫
Ω (uexact)

2dΩ

]1
2 × 100(%) (28)
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All computations were performed on the same PC, using MATLAB® R2018.

5.1. EXAMPLE 1: Vertical Heat Flow

In the rectangular domain of size L × H = 7 × 4, of which the index space is
shown in Figure 4, the temperature is prescribed on the bottom and top edges as fol-
lows: Ttop = 1000 ◦C (at y = H) and Tbottom = 0 ◦C (at y = 0); the vertical edges at x = 0
and x = L are fully insulated (∂T/∂x = 0).

Figure 4. Index space for Example 1 and Example 2.

One may observe in Figure 4 that the index space includes nP = 56 anchors and
19 initial patches. However, to ensure continuity, it becomes necessary to extend the edge
19–20 by two units to the right (thus producing the new points 1 and 2, connected by dashed
line), and to extend the edge 38–37 to the left (thus producing the new points 3 and 4,
connected again by dashed line). In this way, the number of degrees of freedom (DOF)
remains the same at nDOF = 56, but due to the two subdivisions (each by two units), the
number of T-spline elements in which Gauss integration will be performed increases, from
the initial 19 to, eventually, nele = 23.

The numerical solution using MODEL-1 and MODEL-2, which is associated to the
system of nDOF = 56 DOF shown in Figure 4, was found to coincide with the exact solution,
Texact(x, y) = 250y, with 0 ≤ y ≤ 4.

Regarding the formation of Bézier elements produced after multiple knot insertion
using BEXT (which constitutes MODEL-3), one may observe in Figure 5 two shortcomings
regarding compatibility, as described in the following. The first shortcoming concerns the
element at the upper left corner along the edge (31–43 in Figure 4, 108–159 in Figure 5)
and the second refers to the element in the lower right corner along the edge labelled
(14–26 in Figure 4, 43–64 in Figure 5). Nevertheless, the numerical solution of MODEL-3
(nQ = 244 DOF) was also found to coincide with the exact solution. It is hypothesized
that this happens because the heat flow is vertical, and the existing vertical edges do not
interrupt the continuity of the interpolation. It is worth mentioning that the implementation
of MODEL-4 (not shown but explained in Example 2) did not change the excellent result of
MODEL-3 at all.
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Figure 5. Bézier elements after Bézier extraction in vertical heat flow (Example 1, MODEL-3).

It is worth mentioning that the number of nQ = 244 control points could be predicted
by classifying the anchors into three categories according to Section 3.2. Thus, considering
(A: 4 corners, B: 14 intermediate anchors on boundary, and C: 9 internal anchors including
the extra ones produced after extension), the result, nQ = 244, is shown in Table 1.

Table 1. Estimated number of updated control points (nQ).

Control Points in MODEL-3

Type A Type B Type C TOTAL (nQ)

4 × 4 14 × 6 16 × 9 244

The distribution of the temperature using MODEL-3 is shown in Figure 6, but it is the
same in all four models.

Figure 6. Temperature distribution in vertical heat flow (Example 1).
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5.2. EXAMPLE 2: Horizontal Heat Flow

The same geometric model as that of Example 1 is now solved under different Dirichlet
boundary conditions: Tle f t = 0 ◦C and Tright = 1000 ◦C on the vertical edges, whereas the
bottom and top edges are now thermally insulated (∂T/∂y = 0). Obviously, the heat flow
is horizontal, and the exact solution is given by Texact(x, y) = (x/7)1000 with 0 ≤ x ≤ 7.

Again, the T-mesh is the same as that shown in Figure 4, whereas the obtained
set of nele = 23 Bézier elements after Bézier extraction is again that shown in Figure 5
(for MODEL-3).

As previously was the case, again in Example 2, MODEL-1 and MODEL-2 resulted in
zero errors across the entire domain, as shown in Figure 7.

Figure 7. Temperature distribution in MODEL-1 and MODEL-2.

Nevertheless, now, the average numerical error of MODEL-3 (Figure 5, 23 Bézier ele-
ments) is substantially larger, equal to about 8.39%, as shown in Figure 8. This problematic
result obviously happens because the heat flux (∂T/∂x) is discontinuous when it passes
through the incompatible vertical edge 108–159 in the large Bézier element at the upper
left corner, as well as from the vertical edge 43–64 in the large Bézier element at the lower
right corner.

Figure 8. Temperature distribution in MODEL-3.
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To fix this error, we must ensure continuity along the two abovementioned in-
terfaces 108–159 and 43–64 by splitting the neighboring elements and thus obtaining
(nele)4 = 25 Bézier elements (an extra 2, in addition to previously (nele)3 = 23 elements)
associated to nQ′′ = 256 nodes (previously nQ = 244). This configuration defines MODEL-
4, shown in Figure 9, which eventually leads to zero error (precisely, L2 = 4.91 × 10−10%).
The distribution of the temperature for MODEL-4 is perfect, as shown in Figure 10.

Figure 9. Final set of Bézier elements after two subdivisions (Example 2, MODEL-4).

Figure 10. Example 2: Temperature distribution using MODEL-4.

5.3. EXAMPLE 3: Annulus
5.3.1. T-Spline Model

This example is a standard benchmark test [4], originally from Scott’s Ph.D. thesis [11],
for which all technical data (coordinates, weights) have been provided. It refers to an
annulus of a central angle of 90 degrees, with internal radius R1 = 1.5 and external radius
R2 = 3. The index space, for polynomial degree p = 3, is shown in Figure 11.
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Figure 11. Example 3 and Example 4: Index space.

One may observe in Figure 11 that the index space consists of nP = 57 anchors,
and those numbered ‘25’ and ‘33’ are of valence 3. Therefore, as previously, we must
extend the associated central edge (‘26-25’ and ‘25-33’, respectively) to recover the reduced
continuity along the pseudo-lines ‘25-1-2’ and ‘33-3-4’, respectively. In this way, the initial
20 sub-patches increase to nele = 24 T-spline elements (note that those between double
boundaries are of zero area and thus ignored). In more detail, the sub-patch bounded
by the anchors ‘19-20-32-31’ splits into ‘19-20-1-2’ and ‘2-1-32-31’. Similarly, the sub-
patch ‘20-21-33-32’ splits into ‘20-21-25-1’ and ‘1-25-33-32’. Moreover, the sub-patch ‘32-
33-34-41-40’ splits into ‘32-33-3-40’ and ‘33-34-41-3’. Finally, the sub-patch ‘40-41-48-47’
splits into ‘40-3-4-47’ and ‘3-41-48-4’. It is worth mentioning that, even after the final
decomposition in nele = 24 C2-continuous elements, the number of DOFs remains at the
initial nP = 57 anchors (the double anchors along the boundary are also included).

For the above model of nP = 57 DOF (MODEL-1 and MODEL2), the result is shown
in Figure 12.

Figure 12. Example 3: Temperature distribution (MODEL-1 and MODEL-2).
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Moreover, in Figure 13 we present the nele = 24 Bézier elements associated to
nQ = 247 unique nodes (MODEL-3), exactly as were produced using the Bézier extrac-
tion operator matrix. One may observe that the second element from the bottom in the first
column (also shown as ‘18-19-31-30’ in Figure 11) is not compatible with its neighboring
element (the edge ‘19-2-31’ of Figure 11).

Figure 13. Example 3 and Example 4: Incompatibility near the element of reduced continuity (MODEL-3).

After the tessellation of the abovementioned element ‘18-19-31-30’ (of Figure 11) in
the vertical direction, the number of nodes in the assembly of the final n′

ele = 25 Bézier
elements further increases, from nQ = 247 to nQ′′ = 256, as shown in Figure 14 (MODEL-4).

Figure 14. Final configuration of 25 compatible Bézier elements (MODEL-4).

For all of the four models, the calculated average errors, according to Equation (28),
are given in Table 2. One may observe that MODEL-3 is worse than MODEL-1 and -2, the
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value for which was previously presented in Figure 12 (due to incompatibility), whereas
MODEL-4 is the most accurate.

Table 2. Calculated errors for T-mesh (L2-norm in percent).

L2-Norm in Percent (%)

MODEL-1
(57 DOF)

MODEL-2
(57 DOF)

MODEL-3
(247 DOF)

MODEL-4
(256 DOF)

0.0058 0.0058 0.0098 0.0015

5.3.2. Tensor-Product Model

For the sake of completeness and to sustain the tendency of the accuracy in the four
models tested, we also present results obtained using the tensor-product using uniform
knot distribution. More precisely, for both directions we used the uniform knot vector:

U = [0, 0, 0, 0, 1/4, 2/4, 3/4, 1, 1, 1, 1]. (29)

This means four uniform subdivisions per direction (both circumferential and radial),
and thus nP = 72 = 49 DOFs, for MODEL-1 and MODEL-2.

Regarding MODEL-3 and MODEL-4, obviously they are identical, consisting of
4 × 4 = 16 Bézier elements, and associated to nQ = 132 = 169 DOFs.

For all of the four models, the results are shown in Table 3. One may observe here
that, in contrast to the T-spline model (reported in Table 2), the MODEL-3 is superior to
MODEL-1 and MODEL-2 (has half the error), because it also represents MODEL-4, which
in all the previous cases was the best overall. However, we must consider that MODEL-4
used 3.4 times more DOFs than MODEL-1 and MODEL-2.

Table 3. Calculated errors for the tensor-product (L2-norm, in percent).

L2-Norm in Percent (%)

MODEL 1
(49 DOF)

MODEL 2
(49 DOF)

MODEL 3
(169 DOF)

MODEL 4
(169 DOF)

1.0785935 × 10−3 1.0785935 × 10−3 5.2938191 × 10−4 5.2938191 × 10−4

5.4. EXAMPLE 4: Thermal Analysis of Rectangular Domain

This example is a fully two-dimensional problem in which the Laplace equation
dominates (∇2u = 0), under partial Dirichlet and Neumann boundary conditions. It refers
to a rectangular domain of size a × b = 7 × 4 (Figure 15), of which the temperature along
the right vertical edge is given as

u(x = a, y) = um cos
(πy

2b

)
, 0 ≤ y ≤ b. (30)

The exact solution is given as

u(x, y) = um
sinh

(
πx
2b
)

sinh
(

πa
2b
) cos

(πy
2b

)
, 0 ≤ x ≤ a, 0 ≤ y ≤ b. (31)

The index space consists of 54 anchors (Figure 16) and requires extension in all of the
four directions. Therefore, using an in-house computer code we have inserted four new
knots (55, 56, 57, and 58), dividing an element into three parts (i.e., 22-55-57-56, 56-57-58-31,
and 55-23-32-58-57), in combination with their updated weights.
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Figure 15. Dimensions and boundary conditions for the rectangular domain.

Figure 16. Index space for the rectangular domain.

The initial ANS-model consists of the 26 elements which are used in the first three
computational models (MODEL-1, MODEL-2, and MODEL-3). Due to the incompatibility
along the double face 24-33 shown in the index space (Figure 16), the patch (24-25-34-33)
is subdivided into two parts and thus in MODEL-4 the number of Bézier elements in-
creases (from 26) to 28, as shown in Figure 17. The deterioration of the numerical solution
in MODEL-3 and its spectacular improvement in MODEL-4 is shown in Table 4. The
distributions of the exact and calculated temperatures are shown in Figures 18 and 19.

Figure 17. Final configuration of 28 Bézier elements in MODEL-4.

186



Mathematics 2025, 13, 377

Table 4. Calculated errors for rectangular domain (L2-norm, in percent).

L2-Norm in Percent (%)

MODEL 1
(54 DOF)

MODEL 2
(54 DOF)

MODEL 3
(270 DOF)

MODEL 4
(286 DOF)

2.6992 2.6992 4.9125 0.0051

(a) 

 
(b) 

Figure 18. Temperature distribution (top: exact solution; bottom: (a) MODEL-1 and (b) MODEL-2).

(a) (b) 

Figure 19. Temperature distribution ((a) MODEL-3 and (b) MODEL-4).
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5.5. EXAMPLE 5: Rectangular Acoustic Cavity

We consider a rectangular cavity of size a × b = 3.5 m × 1.5 m, and wave velocity
c = 1 m/s, under Neumann boundary conditions (∂u/∂n = 0). The closed-form analytical
eigenvalues may be found in [12].

The index space is shown in the previous figure, Figure 11, and thus consists of
nP = 57 anchors. All of the four models were taken to be the same as those in Example 3.

For each separate acoustic mode, the error (in percent) was calculated according to the
following formula:

Error(in %) =
ω2

calculated − ω2
exact

ω2
exact

× 100(%). (32)

In Figure 20, we present the error of the first fifty calculated eigenvalues using
MODEL-1 (57 DOFs, 24 elements), MODEL-3 (nQ = 247 DOFs, nele = 24 elements),
and MODEL-4 (n′

Q = 256 DOFs, n′
ele = 25 elements). One may observe the superiority

of MODEL-4 in the entire spectrum of frequencies, mostly in the lower ones, in which
MODEL-3 (although better than MODEL-1 and MODEL-2) slightly underestimates the
exact eigenvalues.

Figure 20. Calculated eigenvalues for the rectangular acoustic cavity.

Moreover, we also present the second normalized calculated eigenvector in Figure 21,
as calculated in MATLAB®, which is consistent with the properly scaled exact eigenvector
u(x, y) = cos(πx/a).

Figure 21. The second calculated eigenvector of the acoustic cavity.
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Overall, one may observe that in this example, the tessellation of the one neighboring
Bézier element did not seriously affect the quality of the numerical solution.

6. Computational Issues

In Section 5 we have demonstrated that once the solution of MODEL-4 is completed,
we have a sufficiently accurate numerical solution across the entire domain, and one
which can be used for a posteriori error estimation. Afterwards, the initial T-mesh may be
properly refined following well-known (or even possible novel) procedures, and thus a
second Cp−1-continuous IGA may follow, and so on.

In this pilot study, the approach we followed was as follows. We completed the IGA
solution (MODEL-2) and then continued with the computation of the Bézier elements
(MODEL-3). At the end, we performed MODEL-4. In other words, in this study each model
was solved sequentially and separately.

However, it is possible for MODEL-2 [with element matrices (KP,e, MP,e) associated
to nP DOFs] and MODEL-3 [with element matrices (KQ,e, MQ,e) associated to nQ DOFs] to
be integrated into the same loop, at least in two alternative ways, as follows.

• The first way is to take into consideration that spline elements and Bézier elements
share the same Gauss points and have the same Jacobian matrix at them (because the
shape of the patch does not change after knot insertion), and thus the computer effort
for the Bézier elements may be substantially reduced, if properly programmed.

• The second way is to consider Equation (5), in which the Bézier extraction operator Ce

is the transformation matrix between the two sets of basis functions (spline elements
denoted by the subscript ‘P’, and Bézier elements denoted by ‘Q’). Thus, the element
matrices of each Bézier element are directly calculated in terms of the associated
NURBS element using the following algebraic quadratic form:

KQ,e = (C−1
e )KP,e(C

−1
e )

T
and MQ,e = (C−1

e )MP,e(C
−1
e )

T
, (33)

without performing any numerical integration at all (see, [13]). At the end of each el-
ement loop, we will receive two sets of matrices, the former (KP,e, MP,e) and the latter
(KQ,e, MQ,e), both of standard size, which will eventually occupy different positions in
their corresponding total matrices (Ktotal, Mtotal)P and (Ktotal, Mtotal)Q, according to the
associated connectivity (topology) arrays, (IEN)P and (IEN)Q, respectively.

Again, although the spline elements in a NURBS patch and the assembly of the associ-
ated Bézier elements are produced by the same number of non-zero matrix elements (kij, mij)

according to Equation (33), it is their final location in the system matrices (Ktotal, Mtotal)Q
which determines a larger model for the Bézier elements (nQ > nP). In this sense, the
utilization of the assembly of associated Bézier elements should not be confused with
any arbitrary higher-order FEM, because this assembly is within the IGA context, having
a particular quality due to the similarities of the Jacobian matrix with IGA across the
entire domain.

To remove any doubt, it is instructive to discuss the NURBS model (36 control points)
and its associated Bézier model (100 control points), which are shown in Figure 2a,b,
respectively. Since the problem under study is potential (Laplace equation, wave equation,
etc.), we have one degree of freedom per control point. The NURBS model consists
of nine spline elements, each with a size of 16 × 16, and thus in principle it utilizes
9 × (16 × 16) = 2304 non-zero matrix elements, which eventually build a total stiffness
matrix (Ktotal)P of size 36 × 36 including 900 non-zero matrix elements (kij, mij)P with
bandwidth 21 (Figure 22a). On the other hand, the associated assembly includes nine
Bézier elements, which again utilize in principle 2304 non-zero matrix elements according
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to Equation (33), and eventually build a total stiffness matrix (Ktotal)Q of size 100 × 100
with 2116 non-zero matrix elements (kij, mij)Q and bandwidth 33 (Figure 22b).

 
(a) (b) 

Figure 22. Sparsity patterns of total matrices: (a) NURBS (MODEL-2), (b) Bézier elements (MODEL-
3).

In other words, the IGA element matrices (MODEL-2) are transformed (according to
Equation (33)) and are eventually located in a matrix larger than NURBS, but less populated.
This is the central point of the present paper.

Moving from the abovementioned NURBS to T-splines, the two alternative computa-
tional ways are again valid, but the second one may conditionally need some modifications.
Therefore, since the BEXT Ce is not always a square matrix (e.g., in the present paper
we noticed a few elements of size 17 × 17, whereas most of them were of the standard
size 16 × 16), we cannot always construct the inverse matrix (C−1

e ) as was the case in Equa-
tion (33). For these elements (larger than 16 × 16), after trivial matrix manipulation, one
may easily validate that the matrices of the Bézier elements are slightly different, given by:

KQ,e = (CT
e Ce)

−1
CT

e · KP,e · Ce(C
T
e Ce)

−1
and MQ,e = (CT

e Ce)
−1

CT
e · MP,e · Ce(C

T
e Ce)

−1
. (34)

Equations (33) and (34) have been carefully tested, and only minor truncation errors
were noticed between the several alternatives.

7. Discussion

It is well known to people working on IGA (isogeometric analysis) that knot insertion
preserves the number of elements as well as the shape and the parameterization of the
patch. To achieve Bézier elements of NURBS with C0-continuity, it is adequate to insert
repeated interior knots to the global knot vectors in both directions until the multiplicity
equals the polynomial degree, p. This will increase the degrees of freedom, even though
the element number is not changed. Since the solution space is expanded, the accuracy will
be definitely improved, because the resulting solution space is a superset of the original
solution space. The advantage of using the assembly of the associated Bézier elements,
compared with the classical higher-order FEM, is that the shape and the parameterization
of the patch, and thus the Jacobian matrix, are preserved, which means a mesh quality in the
aforementioned assembly which is very consistent with IGA [13,14].

Beyond the state of the art, the present paper showed that each member in the as-
sembly of the associated Bézier elements is merely a quadratic form (or similar, according
to Equation (33) or (34)) of the same stiffness (and mass) element matrices used in con-
tinuous IGA, and thus it is the other side of the same coin. It was made quite clear that,

190



Mathematics 2025, 13, 377

although both formulations (MODEL-2 and MODEL-3) start with the same raw material
[i.e., both with the element matrices (KP,e, MP,e)], after the implementation of Equation (33)
or Equation (34) to element matrices of sizes 16 × 16 or 17 × 17, respectively, the produced
element matrices (KQ,e, MQ,e) of MODEL-3 (always of size 16 × 16) are merely stored in
total (system) matrices larger than MODEL-2, according to the corresponding connectivity
arrays, (IEN)P or (IEN)Q.

At this point, it should become quite clear that the utilization of the abovementioned
Bézier elements (MODEL-3 and MODEL-4) is not competitive with respect to the IGA
(MODEL-2) but should be considered only as a supplementary step in the determination
of a reasonable accurate reference value for a posteriori error estimation. Therefore, in
no way do we imply the replacement of the IGA (Cp−1-continuity) with Bézier elements
(C0-continuity), because then we lose the CAD-based information; it is only as a step
to determine the refined NURBS or T-mesh for the next continuous IGA model in an
adaptive sequence. Interestingly, although the assembly of the Bézier elements (MODEL-4,
with nQ DOFs) is generally more accurate than the IGA solution (MODEL-2, with nP

DOFs), if we seek to determine the size of continuous IGA model which has the same
accuracy as MODEL-4, it will be found to have more spline elements but fewer control
points than MODEL-4 (i.e., n′

P < nQ). In other words, ongoing research shows that it is
preferrable to update the Cp−1-continuous spline model, rather than increase the number
of Bézier elements.

The background of the present paper is as follows. In the context of T-splines IGA,
basis functions are usually calculated through the Bézier extraction operator Ce, which is
derived for each T-spline element. The merits of using Bézier extraction in IGA over the
standard IGA have been reported in [15] (p. 75). To derive this operator, knot insertion is
implicitly applied to all the knots of the model until the multiplicity equals the polynomial
degree; the outcome of this procedure was documented many years ago in the form of a
pseudocode [4]. Since the usual IGA is implemented using the Bézier operator anyway,
Ce can be further used to easily calculate the new control points that form the rational
Bézier elements of C0-continuity; a similar idea was recently implemented for the solution
of topology optimization problems [16]. In other words, the control points which are
implicitly involved in the already-computed Bézier extraction operator matrix can serve
as a vehicle to build rational Bézier elements of C0-continuity. This is implemented with
just a multiplication of the extraction matrix Ce by the vector of control points of the
associated e-th element, but special care is required to calculate the unique control points.
Interestingly, Evans et al. [17] extended Bézier extraction to hierarchical analysis-suitable
T-splines (HASTS), which are utilized as a basis for adaptive IGA.

As has been previously reported by others, “there is no one-to-one correspondence
between the T-spline elements and the Bézier elements if there is T-junction” [15] (p. 78),
and this issue has been handled in MODEL-4 throughout the present paper.

To make the whole procedure clear, let us describe the workflow. Designers often use
commercial software such as Fusion360TM (by Autodesk), Rhinoceros 3DTM (developed
by TLM, Inc., Seattle, DC, USA), and similar to develop mechanical parts. Using such
programs, freely producing new geometries and finishing the procedure, we reach the
point where we must perform the Analysis (IGA). Due to the design procedure, T-junctions
and extraordinary points very commonly appear in the model. As a result, there is a
need to check and convert (if necessary) the T-spline design from the form of “None
Analysis Suitable” T-spline (N-AST) to the preferable “Analysis Suitable” T-spline (AST).
For detailed explanations, the reader may refer to [18]. Clearly, AST means that there are
no sub-patches of reduced continuity, and this determines a slightly higher total number
of T-spline elements, compared to those existing in the initial N-AST model; this happens
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if either the usual IGA (MODEL-1 and MODEL-2) or the procedure relating to Bézier
elements (MODEL-3 and MODEL-4) is implemented.

To overcome the above drawback, engineers use subroutines to convert any (N-AST) to
(AST). Even then, geometry may include T-junctions, but then the procedure may integrate
to the next phase, which is the Analysis module, without obstacles. In the proposed
methodology, an AST scheme is always confirmed to present the new approach.

Although the generation of Bézier elements is a straightforward procedure in NURBS
approximation [13], T-splines suffer from minor shortcomings, close to the (known in
advance) borders of sub-patches with reduced continuity, i.e., those involved in the transfor-
mation from N-AST to AST. Therefore, it becomes conditionally necessary also to subdivide
the closest Bézier element into the previously subdivided elements of reduced continuity.
For example, one exception to this rule is when the extension reaches the boundary layer
(and thus no additional Bézier element can be formed within the domain in the direction of
the extension), as shown in Figure 13, in which only one element needs to be tessellated (as
eventually shown in Figure 14), despite there being two elements of reduced continuity.

It was found that the abovementioned tessellation is not always necessary, but strongly
depends on the boundary conditions. In Example 1, which was concerned with vertical
uniaxial heat flow, no tessellation was necessary for either of the two discontinuous Bézier
elements, because the line of discontinuity did not influence the flow (it was parallel to it).

In contrast, in Example 2, with the same T-mesh, but with BCs leading to horizontal
flux, the lines of discontinuity were perpendicular to the flow and thus influenced it to a
large degree (8.4%). It is worth mentioning that when only the Bézier element to the top-left
part of the domain was tessellated, the average error decreased (from 8.4%) to only 7%,
and this can be attributed to the low average temperature within it. Eventually, when both
discontinuous Bézier elements were subdivided, the overall error completely vanished.

The tessellation of the neighboring Bézier elements close to them (which constitutes
MODEL-4), is a standard technique which was developed in the context of the present
paper. After the tessellation, the neighboring rational Bézier elements are not only C0- but
also G0-continuous, which means that they share the same control points. Although the
results are found to be very encouraging, a shortcoming of this approach is the need for
tessellation in the entire row of elements until the boundary of the entire patch is reached.
To resolve this drawback, instead of the tessellation of the discontinuous Bézier element
and those in the same row, a single rational transient element (i.e., the one closest to the
line of discontinuity) may be constructed [19,20].

In Example 3 regarding the annulus, the average error was small because, due to
the small ratio of the radii, specifically, R1/R2 = 1/2, the logarithmic distribution of the
temperature was almost linear in terms of the radius r. In this example, Table 2 clearly
shows that MODEL-3 has an error 1.7 times larger than that in MODEL-1 and MODEL-2,
whereas MODEL-4 is the most accurate among the four models (with an average error
being 3.6 times smaller than that in MODEL-1 and MODEL-2). Note that all of them refer to
the same number of nele = 24 T-spline elements; however, MODEL-3 deals with 24 Bézier
elements (the same as the T-spline elements) whereas MODEL-4 deals with 25. For the
avoidance of any doubt regarding the relative accuracy of the models due to round-off
errors of coordinates and weights, tensor-product (NURBS) analysis was added to elucidate
this example (see, Table 3), because standard coordinates and standard weights may be
applied in its reproduction by any researcher.
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In Example 4, concerned with the thermal analysis of a rectangular domain under fully
two-dimensional boundary conditions, the quality of the results was like those of Example
3, but the value of the initial error was larger than what it was in Example 3 (in MODEL-1
and MODEL-2: about 2.7%). In more detail, MODEL-3 showed an error 1.8 times greater
than that of MODEL-1 and MODEL-2, whereas MODEL-4 outperformed with an error
about 500 times smaller than that of MODEL-1 and MODEL-2. Obviously, this finding is in
favor of our claim that MODEL-4 can be used for a posteriori error estimation.

In Example 5, concerned with the eigenvalue–eigenvector analysis of a rectangu-
lar acoustic cavity, impressive results had been previously received for NURBS-based
IGA [14] for different dimensions of the cavity (aspect ratio 2.5:1.1 ∼= 2.27 in [14], compared
to 3.5:1.5 ∼= 2.33 of the present paper). Quite similarly, equally impressive results were
obtained in T-spline-based IGA as well.

Overall, the superior accuracy of MODEL-4 dictates that it can take the role of a
reference value for a posteriori error estimation.

In principle, the proposed methodology is applicable to the entire spectrum of com-
putational mechanics, including elasticity, where, for the most part, the research is fo-
cused [21,22].

8. Conclusions

Bézier extraction matrices, the use of which is the golden standard in isogeometric
analysis (IGA), may be used to construct updated unique control points which further
determine a set of rational Bézier elements with C0-continuity characterized by more
degrees of freedom than found in the standard IGA model. This in turn leads to a second
numerical solution of higher accuracy, practically without affecting the number of T-spline
elements, and thus useful for a posteriori error estimation. It was found that in most cases,
the blind formation of the Bézier elements using the Bézier extraction operator matrix of
the patch is problematic, and thus it is necessary to further subdivide a small number
of Bézier elements which share the same interface with T-spline elements of reduced
continuity. Although in the present paper a standard tessellation of Bézier elements was
applied, transient rational elements are also applicable. The applied methodology is
generally applicable to the whole spectrum of computational mechanics as well as to
three-dimensional problems.
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Appendix A. Determination of Common Points in Neighboring Patches

In Appendix A we describe the procedure of the subdivision of a Bézier patch. Since
the three patches shown in Figure 3c have been produced by the procedure of Bézier
extraction, which preserves the shape of the patch, it is obvious that they share a unique
common point H. It is apparent that the point H belongs to the position (ξ = 0, η = 1)
of the element (I-a), and to the position (ξ = 0, η = 0) of the element (I-b); as well, as it
lies along the edge AD (with ξH = 1) of the larger element ABED. Since the Cartesian
coordinates (xH , yH) of the point H are known because it coincides with a corner control
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point in the two small sub-patches, the determination of the parameter ηH along the edge
AD is merely to fulfil the following condition:

n

∑
i=1

Bi,3(η)yi = yH , (A1)

where Bi,3(η) are the Bernstein basis polynomials of degree p = 3:

B0,3(η) = (1 − η)3, B1,3(η) = 3(1 − η)2η, B2,3(η) = 3(1 − η)η2, B3,3(η) = η3, (A2)

while yi is the corresponding coordinate of the i-th control point along the edge AD.
Substituting Equation (A2) into Equation (A1), we receive the following cubic equation:

aη3 + bη2 + cη + d = 0, (A3)

with

a = (3y1 − y0 − 3y2 + y3), b = (3y0 − 6y1 + 3y2), c = (3y1 − 3y0), d = y0. (A4)

The finding of the unique real root ηH ∈ (0, 1) of the cubic polynomial in Equation
(A3) is a trivial task of numerical analysis, which may be facilitated using a mathematical
package such as MATLAB®, and using the following commands: coefficients = [a, b, c, d];
root_values = roots (coefficients); in conjunction with the condition find (root_values < 1
and root_values > 0).

Appendix B. Control Points After the Subdivision

Suppressing the first subscript ‘3’, which indicates the isoline ξ = 1, let the control
points along the common edge BE (see Figure 3c) be P0, P1, P2, P3, as shown in Figure A1.
Having determined the parameter ηH of the common point H, of known Cartesian coordi-
nates (xH , yH) implementing Appendix A, we set it as a new control point, and continue
with the subdivision of the Bézier patch ABED by the line HH’. Then, we must determine
the three control points (Q0, Q1, Q2, Q3 = H) on the left of H, and the other three control
points (H = Q3, Q4, Q5, Q6) on the right of it. Based on the same subdivision ratio ηH ,
it is easy to show that these seven updated projected control points, useful for the two
subdivided Bézier elements, are given by the following:

Qw
0 = Pw

0 ,

Qw
1 = (1 − ηH)Pw

0 + ηH Pw
1 ,

Qw
2 = (1 − ηH)

2Pw
0 + 2(1 − ηH)ηH Pw

1 + η2
H Pw

2 ,

Qw
3 = (1 − ηH)

3Pw
0 + 3(1 − ηH)

2ηH Pw
1 + 3(1 − ηH)η

2
H Pw

2 + η2
H Pw

3 ,
Qw

4 = (1 − ηH)
2Pw

1 + 2(1 − ηH)ηH Pw
2 + η2

H Pw
3 ,

Qw
5 = (1 − ηH)Pw

2 + ηH Pw
3 ,

Qw
6 = Pw

3 .

(A5)

The above procedure is repeated with respect to the next three polygon lines (P0, i, P1,
i, and P2, i, with i = 0, 1, 2) shown in Figure A1.
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Figure A1. Element to be tessellated.
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