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Editorial

Applications Based on Symmetry/Asymmetry in Fluid
Mechanics

Xi Chen

Key Laboratory of Fluid Mechanics of Ministry of Education, Beihang University (Beijing University of
Aeronautics and Astronautics), Beijing 100191, China; chenxi97@outlook.com

This Special Issue of Symmetry is devoted to recent advances in the analysis and
applications of fluid mechanics based on Symmetry/Asymmetry.

In recent years, the growing significance of symmetry analysis and its applications
has been realized in fluid mechanics, due not only to theoretical achievements in this
area, but also because of its numerous applications. This symmetry can be either on the
space–time level or on the time level. The applications of symmetry in fluid mechanics are
usually interdisciplinary, such as mechanical, aerospace, chemical, and process engineering.
Therefore, their exploration is crucial for many real-life applications. This Special Issue
focuses on the following topics, but is not limited to the following: the importance of
symmetry in a variety of fluid flows, heat transfer and its applications, including heat
exchangers, thermal storage, heat pipes, etc.

The Special Issue contains twelve papers contributed by researchers from China, USA,
Romania, and India, covering a wide spectrum of important problems and topics of current
research interest. These topics include the following: the mean velocity distribution in
atmospheric surface layers [1]; velocity gradient tensors in two-dimensional isotropic
turbulence [2]; tip leakage vortex in axial compressor rotors [3]; axisymmetric and weakly
non-axisymmetric supersonic jets [4]; trailing-edge tonal noise with symmetry spanwise
source regions [5]; decomposition methods for wall friction and heat flux [6]; blood damage
analysis at laminar conditions [7]; asymmetry of two-dimensional thermal convection at
high Rayleigh numbers [8]; horizontal divergence asymmetry in the Gulf of Mexico [9];
porous and magnetic effects on axial Couette flows of second grade fluids in cylindrical
domains [10]; assessment of the measured mixing time in a water model of asymmetrical
gas-stirred ladle [11]; and the influence of fewer strand casting on the symmetry breaking
of flow [12].

We hope that this Special Issue comes to serve as a source of ideas for many mechanists,
mathematical physicists, and engineers interested in pursuing recent developments in the
Symmetry/Asymmetry phenomena of fluids.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflicts of interest.
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Influence of Fewer Strand Casting on the Symmetry Breaking of
Flow, Temperature Fields, and Transition Billets in a
Symmetrical Double Six-Strand Tundish
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Abstract: In continuous casting, fewer strand operations are sometimes required to match
production schedules. However, the study of flow behavior and temperature distribution
under fewer strand casting conditions remains insufficiently systematic, especially with
regard to the grade casting process, which has not yet been explored. This study presents
an innovative investigation of the grade transition process in a symmetrical 12-strand
tundish under fewer strand casting conditions. Seven operational cases were analyzed:
standard casting (the normal symmetric Case 0), individual closure of strands 1–6 (the
asymmetric Cases 1–6), and simultaneous closure of strands 1–2 (the asymmetric Case 7).
Notably, strand closures in Cases 5 and 6 significantly impair flow characteristics in their
respective strands. The impact area temperature reaches approximately 1844 K (new heat)
after 30 min of continuous casting. However, Case 6 exhibits persistent low-temperature
regions near strands 5 and 6. The average transition billet lengths for Cases 0 to 7 are
72.41 m, 70.16 m, 70.30 m, 71.68 m, 72.95 m, 72.12 m, 76.35 m, and 65.45 m, respectively.
Based on a comprehensive evaluation of flow dynamics, temperature uniformity, and
transition billet length, Case 1 emerges as the most favorable single-strand closure strategy.
Operational recommendations suggest avoiding strand closure patterns implemented in
Cases 5 and 6 during reduced strand casting operations.

Keywords: symmetrical double six-strand tundish; fewer strand casting; transition billet;
computational fluid dynamics (CFDs); flow field

1. Introduction

Molten steel flows from the ladle, through the ladle shroud, into the tundish, and
finally enters the mold—a process extensively studied by metallurgists and commonly
referred to as tundish metallurgy [1–3]. At present, extensive research primarily focuses
on single-strand [4] or double-strand [5,6] tundishes. By optimizing internal flow control
devices [7–10], applying tundish gas injection technology [11–14], and improving the
structure of ladle shroud [15,16], the aim is to reduce the turbulent kinetic energy of molten
steel. This approach enhances flow patterns, prolongs residence time [17–19], homogenizes

Symmetry 2025, 17, 850 https://doi.org/10.3390/sym17060850
3



Symmetry 2025, 17, 850

temperature distribution across strands, and improves inclusion removal efficiency [20–25].
During unsteady casting processes, efforts are primarily directed at optimizing casting
flow rate, tundish level, and turbulence inhibitors to reduce slag entrapment [26,27] and
re-oxidation [28,29].

The symmetrical double six-strand tundish consists of a single ladle connected to two
ladle shrouds [27,30,31], each inserted into two independent six-strand tundishes. The
inlet area (impact area) is offset to one side of the tundish, forming a biased flow casting
pattern [32–34]. This type of tundish is mainly used for small billet production. In practice,
due to constraints on the annual production capacity and casting rhythm, one or two
strands in a symmetrical double six-strand tundish are often shut off for fewer strand
casting [35]. In multi-heat sequence continuous casting operations, the symmetrical double
six-strand tundish bridges molten steel from the preceding and following heats, enabling a
continuous casting process. However, if there are compositional differences between the
two heats, a segment of billet with inconsistent composition—meeting neither the previous
nor the next heat’s specifications—may form during the transition. This segment is referred
to as a transition billet [36].

Researchers have investigated the effects of fewer strand casting on molten steel flow,
temperature distribution, and inclusion removal in tundishes. In terms of steel flow, C.
Bruch and P. Valentin [37] conducted numerical simulations on strand closure in a six-
strand tundish and found that the streamlines around the stopper rod were significantly
sparser compared to normal conditions. T. Merder [38] also studied a six-strand tundish
and reported that when outlets far from the ladle shroud were closed, the dead zone
volume increased markedly; however, for outlets near the ladle shroud, flow characteristics
in a 12-strand tundish improved after strand closure, concluding that closure near the
strand resulted in better flow behavior. In terms of temperature field, A. Braun et al. [39]
performed a simulations of a two-strand tundish and showed that closing one strand
caused the return flow point to shift closer to the ladle shroud, leading to significant
temperature drops in the tundish. S. K. Mishra et al. [40] found that two asymmetrically
close strands in a six-strand tundish could cause a maximum strand temperature difference
of up to 10 ◦C. In terms of inclusion removal, L. Zhang et al. [41] simulated inclusion
behavior in a four-strand tundish and found that strand closure not only enhanced the
surface removal of inclusions, but also led to notable temperature drops. P. Zhao et al. [42]
modeled inclusion behavior after outlet closure in a six-strand tundish and noted that
closing one or two strands, especially those closer to the impact zone, improved flow
characteristics and increased inclusion removal rates. X. Wang et al. [35] investigated
inclusion removal under fewer strand casting conditions and found that shutting down
strands in a six-strand tundish negatively affected the removal of inclusions sized 30–
70 μm. In terms of flow control device optimization, L. Zhong et al. [43] optimized baffles
by introducing rectangular openings, showing that closing the central strand extended
the response time of other strands and reduced the dead zone volume. C. Yao et al. [44]
replaced a V-shaped baffle with a U-shaped one, improving the tundish flow field after
strand closure. The V-shaped baffle produced a 5 K temperature difference between the two
sides of the tundish. J. Song and J. Fan et al. [45,46] compared different flow control setups
for a four-strand tundish under fewer strand operation and found that the U-shaped baffle
provided better consistency across strands due to its interconnecting structure, compared
to the double-baffle configuration.

Regarding transition billets, they are typically either scrapped or downgraded, leading
to economic losses. To address this, researchers have widely studied methods to reduce
the length of transition billets and accurately predict their start and end positions. These
approaches include optimizing tundish operating practices, improving flow control devices
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and internal structures, analyzing temperature differences between successive heats, and
developing mathematical prediction models. In terms of operational practices during grade
transition, A. Diener et al. [36] were the first to study the transition casting of different steel
grades in the tundish in 1990. They found that reducing the amount of residual steel in
the tundish could effectively shorten the length of the transition billet. Later, M.C. Tsai
and M.J. Green [47] carried out numerical simulations of grade transitions in a 30-ton
single-strand slab caster tundish and discovered that increasing the casting speed and
lowering the tundish level could reduce the transition time. M.T. Burns et al. [48] conducted
full-scale physical water model experiments of single-strand tundishes and found that,
in addition to confirming the relationship between residual steel and transition billet
length, transitioning from narrow to wide specification resulted in shorter transition billets.
Regarding flow control device optimization, H.S. Chen and R.D. Pehlke [49] used numerical
simulations to compare the effects of baffles and dam-weir combinations in double-strand
tundish during grade transition. They concluded that baffles were not beneficial for
reducing transition billet length. T.J. Piccone et al. [50] conducted industrial trials and water
model experiments on a 45-ton single-strand tundish and demonstrated that tundishes
equipped with turbulence inhibitors and dams performed better than traditional designs
with perforated baffles. S. Kant et al. [51] explored the effect of dam placement on transition
billet length through water modeling of a six-strand tundish and found that positioning
the dam near the inlet area reduced the transition length. J. Guarneros et al. [52] found
that an inhibitor, a baffle, and vortex killer yields a smaller amount of intermixed liquid.
S. Chakraborty et al. [53] designed a step-shaped tundish bottom that maintained steel
cleanliness while achieving a high liquid level with reduced transition billet. D. Xu et al. [54]
elevated the tundish bottom (trapezoidal: higher in the middle, lower at the strands) and
optimized the turbulence inhibitor structure, which helped reduce steel level fluctuations,
increased plug flow ratio, and decreased the mixing between old and new steel, thereby
lowering the transition billet volume. During grade transitions, the temperature difference
between the new and residual steel in the tundish results in thermal buoyancy, which
affects flow behavior. L.C. Amorim et al. [55] studied this in six-strand tundishes and
found that hotter new steel created thermal buoyancy when poured into colder residual
steel, altering the flow field. The temperature difference between steel grades significantly
influenced mixing behavior. A. Cwudziński [56] performed both water model experiments
and numerical simulations on a double-strand tundish and observed that due to density
differences at varying temperatures, high-temperature steel layered above the colder, denser
residual steel during grade transitions. In recent years, S. Song et al. [57,58] have conducted
extensive studies on transition casting of different steel grades. In [57], multi-physics
coupling models were used to simulate the transition process in a four-strand tundish. It
was found that although reducing the casting speed lowered centerline segregation, it also
increased the transition billet length from 10.88 m to 12.41 m. Furthermore, by studying
the entire process from the ladle shroud to the solidification end, it was discovered that
pouring low-density, high-solute steel into high-density, low-solute steel resulted in a
24.70 m transition billet, whereas the reverse case produced a 33.44 m billet.

To ensure flow consistency across strands and meet the requirements of large-
scale production, the tundish is typically designed with symmetrically arranged ladle
shrouds [23,24,33–37]. T. Merder [38] found that closing a single outlet leads to an asym-
metric nozzle configuration, resulting in increased dead zone volume and reduced strand
consistency. S. K. Mishra et al. [40] reported that closing two symmetrically located strands
yields better performance than asymmetric closure, with the maximum temperature dif-
ference at the outlets increasing by up to 10 ◦C in the asymmetric case. These findings
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indicate that fewer strand operation causes asymmetry in the tundish nozzle layout, which
deteriorates flow characteristics and temperature uniformity.

Numerous studies have been conducted on fewer strand casting and grade transition
processes, primarily focusing on single-strand, double-strand, as well as four-strand and
six-strand tundishes. However, these two phenomena are quite common in the production
process of a symmetrical double six-strand tundish. At present, research on fewer strand
operation and grade transition casting in a symmetrical double six-strand tundish under
asymmetric casting conditions remains limited. Moreover, the impact of fewer strand
casting on the grade transition process has not yet been reported, and the molten steel flow
patterns, temperature distribution, and transition billet length under such conditions are
still unclear.

Therefore, this study takes the symmetrical double six-strand tundish as the research
object and establishes a numerical model of grade transition casting under fewer strand
operation. Using the normal casting condition as a reference, the effects of various strand
closure cases on flow field, temperature field, and the start and end positions of the
transition billet are compared. The goal is to propose a reasonable strand closure strategy
to optimize grade transition casting during the continuous casting process and reduce the
length of the transition billet.

2. Materials and Methods

2.1. Geometric Model

A full-scale 1:1 geometric model was established based on a symmetrical double
six-strand tundish (capacity: 50 t) from a steel plant as shown in Figure 1. The ladle shroud
is located on one side of the tundish, and the strands are numbered from 1 to 6 from the
inlet area (impact area) toward the short wall of the tundish. The symmetrical double
six-strand tundish is used for casting 150 × 150 mm square billets, with a casting speed of
2.8 m/min and a steel throughput of 2.56 t/min. The tundish liquid level is 820 mm, and
the insertion depth of the ladle shroud is 300 mm. The center-to-center spacing between
adjacent strands is 1200 mm, and each strand has a length of 710 mm and a diameter of 25
mm.

Figure 1. A 12-strand tundish-ladle system.

2.2. Model Assumptions

The following assumptions are made for the 3D mathematical model of the
tundish [45]:
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1. The molten steel is assumed to be an incompressible Newtonian fluid, with only the
flow and temperature changes in the molten steel in the tundish considered;

2. The Realizable k-ε Two-Layer (RKE-2L) turbulence model is used to describe the
turbulence phenomena within the tundish;

3. The influence of the slag layer on the molten steel flow and heat transfer in the tundish
is neglected;

4. Chemical reactions in the tundish are not considered;
5. Changes in the tundish liquid level are not considered.

2.3. Control Equations

According to Patankar [59], the continuity and momentum equations are unified into
a single form. The flow of molten steel inside the tundish is described by the unified
differential Equation (1) as follows:

ρ
∂φ

∂t
+ ρu

∂φ

∂x
=

∂

∂x

[
Γφ,e f f

∂φ

∂x

]
+ Sφ, (1)

where ρ is the density, kg/m3; ϕ represents the solved variables such as velocity, concentra-
tion, turbulent kinetic energy, and turbulent dissipation rate; u is the velocity vector, m/s; t
is time, s; Γφ,eff is the effective diffusion coefficient of the solved variable, m2/s; and Sϕ is
the source term.

2.4. Tracer Transport Model

The tracer transport model adopts a passive scalar approach. The passive scalar is a
virtual tracer without physical properties, which is transported passively along with the
molten steel flow. In the numerical simulation, the governing equation for passive scalar
transport is solved, as shown in Equation (2) [45,60,61]:

∂

∂t
(ρω) +∇ · (ρuω) = ∇ ·

(
ρDe f f∇ω

)
(2)

where ω represents the volume fraction of the tracer within the computational domain—
that is, the proportion of each grid cell volume occupied by the tracer. A value of ω = 1
indicates that the grid cell is completely filled with the tracer. Deff denotes the effective
diffusion coefficient of the passive scalar, m2/s.

In the pulsed tracer injection scenario, the tracer is introduced by setting the concentra-
tion ω = 1 in the injection region while maintaining ω = 0 elsewhere. The injection occurs
with a time interval of 1 s. After the injection is completed, the tracer concentration ω at
the inlet region is reset to 0. By tracking the transport of the tracer through the tundish, the
variation of ω at the strands is monitored to obtain the residence time distribution (RTD)
curves, which reflect the flow characteristics within the tundish.

During grade transition casting, compositional differences between consecutive heats
can produce a billet segment with inconsistent properties that meets neither the preceding
nor subsequent heat’s specifications. This segment is called a ‘Transition Billet’. Continuous
tracer injection simulates the compositional shift between the previous and new heats. The
initial tracer concentration ω in the tundish is set to 0. After t = 0, the tracer concentration
ω in the inlet region is set to 1. As casting progresses, the tracer concentration within
the tundish gradually increases from 0 to 1. The concentration variation at each strand is
monitored, where the strand tracer concentration ω represents the proportion of the con-
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centration difference between the previous and the new heats during the grade transition
process, as shown in Equation (3):

ω =
wO − wP

wN − wP
, (3)

where wO, wN, and wP represent the mass fractions of a given element at the strand, in the
new heat, and in the previous heat, respectively.

2.5. Heat Transfer Model

The influence of temperature variation on molten steel density is considered using
the Boussinesq model. The relationship between density and temperature is given by the
following Equation (4):

ρ = ρst(1 − βΔT), (4)

where ρst is the molten steel density, kg/m3; β is the thermal expansion coefficient β = 9.72
× 10−5 K−1; and ΔT is the instantaneous temperature difference, ◦C.

2.6. Mesh Generation

The geometric model of the tundish was meshed using a polyhedral mesh genera-
tor [62]. The mesh was locally refined in the inlet area, as shown in Figure 2. The total
number of mesh elements was 662,278.

Figure 2. Mesh division of tundish with impact pad. (a) Front view; (b) left view; (c) top view; (d)
impact pad.

2.7. Boundary Conditions

The boundary conditions were defined as follows: solid surfaces were treated as
no-slip, rough walls with a roughness height of 0.00027. The inlet was defined as a velocity
inlet. The boundary conditions of the numerical simulation in this study are similar to
those used in our previous work [27]. In combination with actual production conditions,
the detailed computational parameters and boundary conditions are determined, as shown
in Table 1. The turbulence kinetic energy (k) and turbulence dissipation rate (ε) at the inlet
were calculated as follows:

k =
3
2
(Iv)2, (5)

ε =
C3/4

μ k3/2

L
(6)

where I is the turbulence intensity, I = 0.02; v is the inlet velocity; Cμ is the model constant,
Cμ = 0.09; L is the characteristic length, L = 0.07 D; and D represents the diameter of the
ladle shroud.
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Table 1. Numerical simulation parameters and wall boundary conditions.

Parameter Value

Density of molten steel (kg·m−3) 7020
Dynamic viscosity (Pa·s) 0.005967

Inlet velocity (m·s−1) 1.558
Turbulent kinetic energy (J·kg−1) 0.001456

Turbulent dissipation rate (m2·s−3) 0.001807
Free surface heat flux (kW·m−2) 15
Bottom wall heat flux (kW·m−2) 1.4
Long wall heat flux (kW·m−2) 3.2
Short wall heat flux (kW·m−2) 3.8

Internal wall (dam, weir, stopper) heat flux
(kW·m−2) 1.75

Initial temperature (K) 1793
New heat temperature (K) 1844

2.8. Solution Procedure

The governing equations were solved using Simcenter STAR-CCM+ V2021.3 [63],
a software based on the finite volume method. The Realizable k-ε Two-Layer (RKE-2L)
model was used to iteratively compute the steady-state flow field. The results from the
steady-state simulation were then used as the initial condition for the transient simulation.
Pressure–velocity coupling was solved using the semi-implicit method for pressure-linked
equations (SIMPLE) algorithm. The convergence criterion required the residuals of all
variables to fall below 1 × 10−4. For the transient simulation, the time step was gradually
increased: the initial time step was 0.002 s, with a growth factor of less than 1.25, and the
maximum time step was set to 1 s, with 20 iterations per time step.

In terms of the temperature field, the simulation modeled the continuous casting
process where higher-temperature molten steel from the new heat (1844 K) was poured into
the tundish containing lower-temperature molten steel from the previous heat (1793 K).
The study did not account for the temperature drop of molten steel in either heat. The
temperature calculation process was as follows: the initial temperature of the tundish was
set to 1793 K, and wall heat flux boundary conditions were applied. The simulation iterated
until all residuals dropped below 1 × 10−4, at which point the steady-state wall temperature
distribution was obtained. This steady-state result served as the initial condition for the
transient simulation, during which 1844 K molten steel was continuously poured into the
tundish over time.

3. Results and Analysis

3.1. Computational Fluid Dynamic (CFD) Model Verification and Validation

Figure 3 presents a comparison between PIV measurements and CFD-predicted veloc-
ity vectors. As shown in Figure 3a, a strong counterclockwise vortex is observed across
all liquid heights between the ladle shroud and the right wall, while a clockwise vor-
tex appears at the lower region on the left side of the ladle shroud. The velocity vector
directions in the CFD results, shown in Figure 3b, are in good agreement with the PIV
measurements, confirming the reliability of the CFD model for simulating the flow field in
the 12-strand tundish.
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(a) (b)

Figure 3. Velocity vectors at the tundish inlet longitudinal section. (a) PIV measurement; (b) CFD
simulation.

3.2. Influence of Fewer Strand Casting in Tundish on Transition Billet
3.2.1. Research Plan for Fewer Strand Casting

The normal symmetric Case 0 serves as the control group, in which all 12 strands
are fully open and the casting process proceeds symmetrically, representing the ideal
symmetric casting condition. In contrast, the reduced-flow casting scenarios focus on the
effects of shutting down a single strand—thus disrupting the symmetry—on the molten
steel flow characteristics, temperature distribution within the tundish, and the resulting
transition billet length. Additionally, for the case of shutting down two strands, strands 1
and 2 are closed, following actual production conditions in the plant. The specific research
cases are shown in Table 2.

Table 2. Research plan for fewer strand casting.

Case Case 0 Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7

Strand
Closure

Condition

All Strands
Open Strand 1 Strand 2 Strand 3 Strand 4 Strand 5 Strand 6 Strands 1 and 2

3.2.2. Tundish Flow Field

The streamlines of the tundish flow field for each case are shown in Figure 4. The
tundish can be divided into different regions. The inlet region exhibits substantially
elevated molten steel velocities (>0.1 m/s), surpassing other flow domains by an order of
magnitude. A small and a large recirculation zone are formed near strand 1 and between
strands 2 and 3, with velocities around 0.05 m/s. Under both the ideal symmetric condition
and the symmetry-breaking scenarios, the flow patterns in the inlet region and near strands
1–3 remain largely consistent. The main flow stream passes through strands 3 and 4,
forming an upward flow between strands 4 and 6. In Case 2 (strand 2 closed), the molten
steel has a relatively low velocity between strands 4 and 5, falling below 0.02 m/s, as
shown in Figure 4e. In Case 6 (strand 6 closed), the upward flow between strands 5 and 6
disappears, as shown in Figure 4g.

According to the definition of slow-flow region (dead zone) in the tundish by F. He
et al. [64], the slow-flow region inside the tundish is visualized. The slow-flow regions for
each case are shown in Figure 5, where the molten steel flow velocity is ≤0.0025 m/s. The
volume and percentage of the slow-flow regions in each case are shown in Figure 6. In the
normal symmetric Case 0, the volume of the slow-flow region is 0.878 m3, accounting for
12.2% of the total tundish volume. Under fewer strand casting conditions, all scenarios lead
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to an expansion of the slow-flow region within the tundish, thereby disrupting the ideal
symmetric flow pattern observed in the normal symmetric Case 0. In the asymmetric Cases
1 to 6, the volume of the slow-flow region gradually increases from 1.135 m3 to 1.731 m3,
with the percentage of the total tundish volume rising from 15.76% to 24.04%. According
to the flow streamlines in the tundish shown in Figure 3, strands 1 to 4 are located within
the main flow region of the tundish. Therefore, closing strands 1 and 2 or strands 3 and 4
has a similar effect on the volume of the slow-flow region. As a result, the differences in
the slow-flow region volume between Case 1 and Case 2, as well as between Case 3 and
Case 4, are minimal. In the asymmetric Cases 5 and 6, the slow-flow region occupies more
than 20% of the tundish volume, making these conditions more detrimental to the molten
steel flow compared to other cases. In the asymmetric Case 7, the volume of the slow-flow
region is 1.398 m3, accounting for 19.42% of the total tundish volume.

Figure 4. Streamline of the tundish for each case. (a) Case 0; (b–g) Cases 1–6; (h) Case 7.

Figure 5. Slow-flow regions in the tundish for each case. (a) Case 0; (b–g) Cases 1–6; (h) Case 7.
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Figure 6. Slow-flow volume and percentage in the tundish for each case.

3.2.3. Residence Time Distribution (RTD) Curves for Each Case Under Fewer
Strands Operation

The RTD curves for each strand provide further insights into the fluidity and consis-
tency of the tundish. This study systematically investigates the influence of different strand
closures on the tundish flow field by comparing the normal symmetric Case 0 (all strands
open) with the asymmetric fewer strand operation cases (Cases 1–7). The RTD curves of
different strands under each case are presented in Figures 7–14. The flow characteristic
parameters for each strand, calculated based on the RTD curves, are summarized in Table 3
for clarity.

Figure 7. RTD curves of each strand in Case 0 (all strands open). (a) Strands 1–4; (b) strands 5 and 6.

Figure 8. RTD curves of each strand in Case 1 (strand 1 closed). (a) Strands 2–4; (b) strands 5 and 6.
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Figure 9. RTD curves of each strand in Case 2 (strand 2 closed). (a) Strands 1, 3, and 4; (b) strands 5
and 6.

Figure 10. RTD curves of each strand in Case 3 (strand 3 closed). (a) Strands 1, 2, and 4; (b) strands 5
and 6.

Figure 11. RTD curves of each strand in Case 4 (strand 4 closed). (a) Strands 1, 2, and 3; (b) strands 5
and 6.
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Figure 12. RTD curves of each strand in Case 5 (strand 5 closed). (a) Strands 1–4; (b) strand 6.

Figure 13. RTD curves of each strand in Case 6 (strand 6 closed). (a) Strands 1–4; (b) strand 5.

Figure 14. RTD curves of each strand in Case 7 (strands 1 and 2 closed). (a) Strands 3 and 4; (b)
strands 5 and 6.

In the normal symmetric Case 0 (Figure 7), the minimum response times of strand 1
to strand 6 are 16.7 s, 23.3 s, 43.0 s, 68.3 s, 130 s, and 339.5 s, respectively. The peak times
follow a similar increasing trend, recorded as 34.7 s, 39.0 s, 65.1 s, 98.8 s, 226.7 s, and 888.8 s.
The peak concentration reaches its maximum at strand 2 (9.93), with strand 1 at 7.85, and
then decreases gradually to 0.62 at strand 6. The average residence times increase steadily
from 200.4 s (strand 1) to 1063.9 s (strand 6). The tundish forms a biased flow casting
pattern, with the impact zone equipped with a triangle-like impact pad. As a result, molten
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steel flows directly toward the area near strand 2 through the open section of the impact
pad, leading to the highest peak concentration at strand 2.

Table 3. Flow characteristic parameters of each case.

Case Parameters
Strand

1 2 3 4 5 6

Case 0

Minimum response time/s 16.7 23.3 43.0 68.3 130 339.5
Peak concentration time/s 34.7 39.0 65.1 98.8 226.7 888.8

Peak concentration 7.85 9.93 7.80 4.97 1.21 0.62
Mean residence time/s 200.4 256.0 353.1 507.3 999.3 1063.9

Case 1

Minimum response time/s 27.0 50.8 80.7 138.6 377.5
Peak concentration time/s 44.6 78 118 223.2 1177.5

Peak concentration 10.28 7.02 4.89 1.68 0.61
Mean residence time/s 300.8 442.4 576.5 971.5 1314.3

Case 2

Minimum response time/s 19.6 49.9 80.1 154.8 387.6
Peak concentration time/s 42.4 76.2 117.6 272.9 958.5

Peak concentration 7.51 8.37 5.07 1.28 0.68
Mean residence time/s 276.8 436.1 605.5 1094.1 1341.5

Case 3

Minimum response time/s 19.6 27.4 78.8 149.5 368.5
Peak concentration time/s 42.5 45.92 115.8 258.2 909.8

Peak concentration 7.49 9.9 5.47 1.39 0.682
Mean residence time/s 261.0 315.2 577.5 1102.2 1374.8

Case 4

Minimum response time/s 19.6 27.5 50.5 139.6 338.5
Peak concentration time/s 42.5 46.0 77.7 230.6 947.3

Peak concentration 7.52 9.91 7.69 1.64 0.65
Mean residence time/s 258.7 319.6 442.7 1028.9 1386.1

Case 5

Minimum response time/s 19.7 27.5 50.5 80.9 487.9
Peak concentration time/s 42.4 45.7 77.6 118.4 1246

Peak concentration 7.49 9.91 7.70 4.79 0.63
Mean residence time/s 259.6 319.0 443.4 621.5 1432.8

Case 6

Minimum response time/s 19.5 27.2 50.0 80.0 158.0
Peak concentration time/s 42.4 46.1 77.6 118.6 298

Peak concentration 7.57 10.07 7.82 4.89 1.03
Mean residence time/s 256.7 314.2 436.2 612.5 1253.5

Case 7

Minimum response time/s 64.4 105.2 191.4 503
Peak concentration time/s 100.9 157.9 320 1245.9

Peak concentration 7.423 4.614 1.44 0.76
Mean residence time/s 422.8 578.8 993.9 1615.1

In the asymmetric Case 1 (Figure 8), strands 2–4 exhibit slightly longer response and
peak times compared to the normal symmetric Case 0, while their peak concentrations
decline. Strand 5 shows an earlier peak time than in the normal symmetric Case 0, with
a higher peak concentration of 1.68, indicating enhanced fluidity. For strand 6, the peak
time extends significantly to 1177.5 s, and the average residence times at strands 5 and 6
increase by approximately 315 s and 250 s, reaching 971.5 s and 1314.3 s, respectively.

Under the asymmetric Case 2 (Figure 9), the flow patterns of strands 1, 3, and 4 remain
similar to the asymmetric Case 1, with a slight increase in peak concentration at strand 3.
Strand 5, however, experiences an increase in response time to 154.8 s and a sharp rise in
peak concentration time to 272.9 s, while its peak concentration drops to 1.28. A sharply
rising and falling RTD curve indicates a short-circuit flow at the outlet, while a gradually
increasing (sinusoidal) RTD curve suggests slow flow from the outlet. The delayed peak
concentration time and the reduced peak concentration at strand 5 indicate a decrease in
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molten steel flow velocity. These flow characteristics demonstrate that the closure of strand
2 in Case 2 has an adverse effect on strand 5. At strand 6, the peak time decreases slightly
to 958.5 s compared to the asymmetric Case 1, and its average residence time increases by
280 s relative to the normal symmetric Case 0.

In the asymmetric Cases 3 and 4 (Figures 10 and 11), the minimum response times of
strands 1–5 are consistently extended. The minimum response time at strand 6 is 368.5 s in
the asymmetric Case 3—29 s longer than in the normal symmetric Case 0—and 338.5 s in
Case 4, slightly shorter than in the normal symmetric Case 0. Peak concentration times at
strands 5 and 6 are 258.2 s and 909.8 s in Case 3, and 230.6 s and 947.3 s in the asymmetric
Case 4. The peak concentration at strand 5 increases to 1.39 and 1.64 in the asymmetric
Cases 3 and 4, respectively, while strand 4 reaches 5.47 in the asymmetric Case 3. Other
strands show peak concentrations comparable to the normal symmetric Case 0. Overall, the
average residence times in these two cases are notably higher than in the normal symmetric
Case 0.

The asymmetric Cases 5 and 6 (Figures 12 and 13) exhibit nearly identical trends. The
minimum response times of strands 1–4 range from 20 s to 80 s, and their peak concentration
times fall within 40 s to 120 s—both metrics slightly extended from the normal symmetric
Case 0. Peak concentrations at strands 1–4 remain similar to those in the normal symmetric
Case 0, with strand 2 registering the highest values: 9.91 in the asymmetric Case 5 and 10.02
in the asymmetric Case 6. In Case 5, the minimum response time and peak time at strand 6
are 484.9 s and 1246 s—up by 148.4 s and 357.2 s compared to the normal symmetric Case
0. In the asymmetric Case 6, strand 5 shows response and peak times of 158 s and 298 s,
respectively, rising by 28 s and 71.3 s. These observations suggest that closing strands 5
and 6 exerts minimal influence on strands 1–4 but significantly affects flow behavior at the
closed or adjacent strands.

Finally, the asymmetric Case 7 (Figure 14) reveals that the minimum response times
for strands 4–6 are 64.4 s, 105.2 s, 191.4 s, and 503 s, while their peak concentration
times are extended to 100.9 s, 157.9 s, 320 s, and 1245.9 s, respectively. Notably, the
peak concentrations at strands 5 and 6 increase to 1.44 and 0.76 compared to the normal
symmetric Case 0, indicating altered flow patterns under this closure configuration.

J. Zhang et al. [65] focused only on the flow field and flow behavior under fewer strand
casting conditions, which aligns with the perspective of this study. However, they did not
investigate the temperature field or the transition billet length under such conditions. This
work builds on their findings and extends the analysis to these aspects, contributing to the
novelty of the study.

3.3. Temperature Variations in Different Cases of Fewer Strand Casting

When casting a new heat in the tundish, the temperature of the new heat is often
higher than that of the present heat in the tundish. When the higher-temperature new heat
is cast into the lower-temperature present heat in the tundish, the temperature fields of the
tundish under different cases are shown in Figure 15. As shown in Figure 15a, at 120 s after
casting the new heat, the impact zone of the tundish and the surface near strand 1 exhibit
higher temperatures, ranging from 1797 K to 1820 K. Strands 2–4 are in the temperature
transition zone, with a free surface temperature between 1701 K and 1773 K. Strands 5 and 6
experience severe temperature drops on the free surface, forming a low-temperature region.
In the asymmetric Case 2, the low-temperature region near strands 5 and 6 is significantly
reduced compared to the normal symmetric Case 0. In Case 6, the low-temperature region
near strands 5 and 6 tends to expand. In Case 7, after closing strands 1 and 2, the free
surface temperature near strands 5 and 6 in the far-flow region is higher than in other
cases. At 30 min of casting, as shown in Figure 15b, the overall tundish temperature
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increases, ranging from 1773 K to 1844 K from the far-flow region to the tundish impact
zone, with the impact zone temperature nearly reaching the new heat temperature. In the
normal symmetric Case 0, the high-temperature region is significantly larger than in other
asymmetric cases. In the asymmetric Case 6, there is still a low-temperature region near
the edge strands 5 and 6.

(a) (b)

Figure 15. Tundish temperature distribution. (a) Casting for 2 min; (b) casting for 30 min.

When the higher-temperature new heat is cast into the tundish containing the lower-
temperature present heat, the outlet temperature variation curves of the tundish for each
case are shown in Figure 16. As shown in Figure 16, in the normal symmetric Case 0, the
time at which the temperature starts to rise gradually increases from strand 1 to strand 6.
The temperature rise at strand 1 is the most significant, while the temperature curves for
strands 2–4 are nearly identical. The temperature rise at strands 5 and 6 is relatively slow.
The trends of temperature variation in fewer strand casting cases (Cases 1–7) are generally
consistent with Case 0, except that the temperature rise at strand 6 in Case 5 is significantly
lower than in other cases.

Figure 16. Temperatures at different strands for each case at 1800 s of casting.
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As shown in Figure 16, at 1800 s of casting in Case 0, the temperatures at strands
1–6 are 1837.7 K, 1835.5 K, 1835.5 K, 1834.4 K, 1829.1 K, and 1822.4 K, respectively, with a
temperature difference of 15.3 K between strand 1 and strand 6. In the asymmetric Case 1,
the temperatures at strands 2–4 are 1833.9 K, 1833.6 K, and 1832.7 K, respectively, which are
1.6–1.9 K lower than those in the normal symmetric Case 0. The temperature at strand 5 is
1828.9 K, nearly identical to the normal symmetric Case 0, while the temperature at strand
6 is 1817.1 K, showing a significant decrease of 5.3 K compared to the normal symmetric
Case 0. In the asymmetric Cases 2–4, the temperatures at all strands are lower than in the
normal symmetric Case 0, with strands 1–5 decreasing by 2–3 K and strand 6 decreasing by
3–4 K. In the asymmetric Cases 5 and 6, the temperatures at strands 1–4 are 2–4 K lower
than in the normal symmetric Case 0, while the temperatures at strand 6 in the asymmetric
Case 5 and strand 5 in the asymmetric Case 6 decrease by 10.3 K and 7.1 K, respectively.
Closing strands 5 and 6 significantly reduces their corresponding temperatures. In the
asymmetric Case 7, the temperatures at strands 3–4 decrease by 3–5 K compared to the
normal symmetric Case 0, and the temperature at strand 6 decreases by 9.9 K.

Under normal symmetric casting conditions (Case 0), the molten steel temperature
shows a decreasing trend from strand 1 to strand 6, indicating that the high-temperature
new steel preferentially flows toward strand 1 near the inlet, while strand 6, located farther
away, experiences a delayed temperature rise. This suggests significant flow non-uniformity
within the tundish. Under asymmetric casting conditions (Cases 1–7), the temperature
at each strand decreases compared to the normal casting case, with varying degrees of
reduction. Overall, the temperature drop caused by fewer strand casting is closely related
to the position of the strand.

3.4. Transition Billet Calculation Results

In the process of grade transition casting, the variation curves of the new heat con-
centration difference ratio over time for each case, along with the grade transition criteria
(0.2–0.8) boundaries, are shown in Figure 17. Overall, the concentration difference ratio of
the new heat over time exhibits a rapid change at strand 1, reaching the grade transition
boundary first. The curves for strands 2 to 4 show a relatively consistent growth trend,
whereas strands 5 and 6 display significant differences, with a noticeable delay in growth.
Strand 6, in particular, shows a greater lag compared to strand 5.

The starting positions of the transition billets for different strands (with ω = 20%),
representing the length conforming to the present heat, are shown in Figure 18, with
detailed data in Table 4. Overall, whether in the normal symmetric state or the asymmetric
state, strands 1–4 exhibit shorter billet lengths conforming to the present heat, all less than
10 m. In contrast, strands 5 and 6 have significantly longer billet lengths conforming to the
present heat, with strand 5 around 20 m and strand 6 exceeding 35 m. For strand 1, the
normal symmetric Case 0 has the shortest billet length conforming to the present heat at
2.82 m, while the asymmetric Cases 2–6 show similar lengths of around 2.88–2.89 m. For
strand 2, the billet lengths are relatively close across all cases, ranging from 2.71 m to 2.79 m.
Across all cases, strands 1 and 2 exhibit nearly identical billet lengths, with strand 2 being
slightly shorter. For strand 3, the billet length conforming to the present heat increases to
around 4 m, with the asymmetric Case 2 being the shortest at 4.02 m. Strand 4 sees a further
increase to approximately 6–7 m, with the normal symmetric Case 0 being the shortest at
5.29 m. Strand 5 shows a significant increase in billet length compared to strands 1–4, with
the shortest being the asymmetric Case 1 (14.82 m) and the longest being the asymmetric
Case 6 (21.89 m). Strand 6 has the longest billet length conforming to the present heat,
with Case 0 at 41.69 m. Cases 2, 3, and 4 have noticeably shorter lengths at 37.57 m and
37.71 m. The asymmetric Case 5 exhibits a substantial increase compared to the normal
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symmetric Case 0, reaching 49.47 m. This indicates that during grade transition casting,
closing strands 2–4 reduces the billet length conforming to the present heat for strand 6,
whereas closing strand 5 significantly increases it.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 17. Concentration variation curves over time for each case: (a) Case 0; (b–g) Cases 1–6;
(h) Case 7.
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Figure 18. Transition billet starting positions for each case (ω = 20%).

Table 4. Transition billet starting positions (m) for each case.

Case Strand 1 Strand 2 Strand 3 Strand 4 Strand 5 Strand 6

Case 0 2.82 2.79 4.25 5.92 18.71 41.69
Case 1 2.71 4.55 6.84 14.82 41.71
Case 2 2.88 4.02 6.73 18.36 38.79
Case 3 2.89 2.76 6.47 17.33 37.57
Case 4 2.89 2.78 4.26 15.48 37.71
Case 5 2.89 2.78 4.26 7.05 49.47
Case 6 2.89 2.77 4.26 7.07 21.89
Case 7 4.44 7.29 16.82 39.49

In actual production, a steel plant designates the first 30 m of each strand’s billet
during grade transition casting as belonging to the present heat. However, based on the
computational results, the billet lengths for strands 1–5 at the 20% concentration difference
threshold are significantly shorter than 30 m, whereas strand 6 exceeds 30 m. This suggests
that using a uniform 30 m criterion is unreasonable. From the analysis above, different
criteria should be applied to different strands: 3 m for strands 1 and 2, 5 m for strand 3, 8
m for strand 4, 22 m for strand 5, and 50 m for strand 6. Additionally, adjustments should
be made according to different low-flow operation cases.

The transition billet lengths for different strands in each case (ω = 20–80%) are shown
in Figure 19, and the specific data are provided in Table 5. The average transition billet
lengths for each case are shown in Figure 20. In the normal symmetric Case 0, the transition
billet length for strand 1 is 52.13 m, and the lengths for strands 2, 3, and 4 are between
66–72 m, while the lengths for strands 5 and 6 are close to 88 m, with an average transition
billet length of 72.41 m. Overall, the transition billets for strands 5 and 6 are too long. In
the asymmetric Case 1, the transition billet lengths for strands 2, 3, and 4 range from 63 to
65 m, while the lengths for strands 5 and 6 are 74.16 m and 84.41 m, respectively, with an
average transition billet length of 70.16 m. Compared to the normal symmetric Case 0, the
transition billet length for strand 5 is reduced by 13.01 m. In the asymmetric Case 2, the
transition billet length for strand 1 is 54.60 m, which is an increase of 2.47 m compared to
the normal symmetric Case 0. The lengths for strands 3 and 4 are reduced by 2.96 m and
4.0 m, respectively. The length for strand 5 is lower than in the normal symmetric Case 0
but increased by 7.47 m compared to the asymmetric Case 1. The average transition billet
length between the strands in the asymmetric Case 2 is 70.30 m, slightly higher than in
the asymmetric Case 1. In the asymmetric Case 3, the transition billet length for strand 1
is 55.89 m, which is an increase of 3.76 m compared to the normal symmetric Case 0. In
addition, the transition billet lengths for strands 2 to 6 are all smaller than in the normal
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symmetric Case 0, with reductions ranging from 0.56 m to 5.21 m. The average transition
billet length for all strands in the asymmetric Case 3 is 71.68 m.

Figure 19. Transition billet lengths (m) for each case.

Table 5. Transition billet lengths and average lengths (m) for each case.

Case Strand 1 Strand 2 Strand 3 Strand 4 Strand 5 Strand 6

Case 0 52.13 68.04 66.41 72.01 87.17 88.70
Case 1 63.48 63.23 65.50 74.16 84.41
Case 2 54.60 63.45 68.01 81.63 83.83
Case 3 55.89 67.48 68.82 81.96 84.23
Case 4 56.45 70.03 68.69 82.13 87.47
Case 5 57.25 69.64 68.23 72.09 93.37
Case 6 58.48 73.02 71.42 78.14 100.69
Case 7 55.55 59.38 70.29 76.59

Figure 20. Average length of transition billet for each case.

The calculation results show that fewer strands by closing strands 1 to 3 help to some
extent in reducing the transition billet length. This is because by closing the upstream
strands (strands 1 to 3), the rapid outflow of new heat from these strands is avoided,
allowing for the concentration of new heat to be transferred more effectively to the down-
stream strands (strands 4 to 6), thus increasing the growth of molten steel concentration at
these strands.

In the asymmetric Case 4, the transition billet lengths for strands 1 to 3 are 56.45 m,
70.03 m, and 68.69 m, respectively, all of which are longer than in the normal symmetric
Case 0, with increases ranging from 2 to 4 m. The transition billet lengths for strands 5 and 6
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are 82.13 m and 87.47 m, respectively, which are shorter than in the normal symmetric Case
0, with reductions of 5.04 m and 1.23 m. The average transition billet length for all strands
in the asymmetric Case 4 is 72.95 m. In the asymmetric Case 5, compared to the normal
symmetric Case 0, the transition billet lengths for all strands are longer. Specifically, the
lengths for strands 1 and 6 are 57.25 m and 93.37 m, respectively, which represent increases
of 5.12 m and 4.67 m compared to the normal symmetric Case 0. The increase for strands 2
to 4 is smaller. The average transition billet length for all strands in the asymmetric Case
5 is 72.12 m. In the asymmetric Case 6, compared to the normal symmetric Case 0, the
average transition billet lengths for all strands have significantly increased. The lengths
for strands 1 to 4 are 58.48 m, 73.02 m, 71.42 m, and 78.14 m, respectively, with increases
from 5 to 6 m compared to strand 1. Notably, the transition billet length for strand 5 is
100.69 m, which is an increase of 13.52 m compared to strand 1. The average transition billet
length for all strands in the asymmetric Case 6 is 76.35 m. The fewer strands operation
that closes strands 4 to 6 increases the transition billet lengths for other strands. This is
because, compared to the inlet area, the downstream strands (strands 4 to 6) are farther
away, and closing these strands reduces the overall molten steel flow velocity, increasing
the slow-flow volume, as shown in Figure 19. Therefore, the case that closes strands 4 to 6
is not beneficial for reducing transition billet lengths, with the asymmetric Case 6 showing
a significant increase in transition billet length.

In the asymmetric Case 7, the transition billet lengths for strands 2 to 6 are 55.55 m,
59.38 m, 70.29 m, and 76.59 m, respectively, all of which are reduced by 10–16 m compared
to the normal symmetric Case 0. The average transition billet length for the asymmetric
Case 7 is 64.45 m, which is significantly lower than that of the normal symmetric Case 0
and the single-strand closing the asymmetric Cases 1 to 6.

Regarding the endpoint of the transition billet, the company determines the endpoint
of the transition billet when 100 t of new heat is casting, as shown in Figure 21, which
depicts the concentration difference ratio at the tundish exit for different strands when
casting 100 t in each case. Specific values are provided in Table 6. Overall, when casting
100 t, the concentration difference ratio for strands 1–6 shows a gradual decrease across
all cases, and none of them reach the determination standard of 80%. In the normal
symmetric Case 0, the concentration difference ratio for strand 1 is 79.16%, which is the
closest to 80%; the concentration difference ratio for strands 2 and 3 is around 70%; while
the concentration difference ratios for strands 5 and 6 are significantly lower, at 52.81% and
31.69%, respectively, clearly not meeting the 80% standard. In the asymmetric Case 1, the
concentration difference ratios for strands 2–4 are all above 70%, and the ratio for strand 5
increases compared to the normal symmetric Case 0 to 61.3%, while strand 6 is at 31.7%. In
the normal symmetric Case 2, the concentration difference ratios for all strands are basically
the same as in the normal symmetric Case 0, with the ratio for strand 6 increasing to 35.44%,
but still far from the 80% standard. In the asymmetric Case 3, the concentration difference
ratio for strand 1 is 77.56%, slightly lower than in the normal symmetric Case 0, but the
ratios for the other strands have increased, with the ratio for strand 6 reaching 36.77%.
In the asymmetric Case 4, the concentration difference ratios for strands 1–3 are 77.43%,
71.35%, and 71.28%, slightly lower than in the normal symmetric Case 0, while the ratios
for strands 5 and 6 are 57.81% and 35.87%, respectively, showing increases of 5% and 4.18%
compared to the normal symmetric Case 0. The operation of closing strands 1–4 in the
asymmetric Cases 1–4 can promote the concentration difference ratios for the downstream
strands 5 and 6, increasing their concentration difference ratios. In the asymmetric Cases 5
and 6, compared to the normal symmetric Case 0, the concentration difference ratios for
all strands have decreased, especially for strand 6 in the asymmetric Case 5, which is at
23.17%, and for strand 6 in the asymmetric Case 6, which is at 46.17%. This significant
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decrease indicates that closing the downstream strands 5 and 6 has a negative impact on
the molten steel flow.

Figure 21. Concentration difference ratio for casting 100 t.

Table 6. Concentration for each strand when casting 100 t.

Case Strand 1 Strand 2 Strand 3 Strand 4 Strand 5 Strand 6

Case 0 79.16% 72.25% 72.29% 68.72% 52.81% 31.69%
Case 1 74.13% 73.35% 71.10% 61.30% 31.70%
Case 2 78.03% 73.46% 69.75% 54.65% 35.44%
Case 3 77.56% 72.28% 69.69% 55.54% 36.77%
Case 4 77.43% 71.35% 71.28% 57.81% 35.87%
Case 5 77.04% 71.29% 71.26% 67.66% 23.17%
Case 6 76.79% 70.73% 70.75% 66.42% 46.17%
Case 7 76.59% 73.11% 60.31% 35.68%

In the asymmetric Case 7, the concentration difference ratios for strands 4–6 are 76.59%,
73.11%, 60.31%, and 35.68%, respectively, which are all higher compared to other cases, but
still fall short of 80%.

When the concentration difference ratio for each strand reaches 80%, the amount of
steel casting is shown in Figure 22, with specific values provided in Table 7. In the normal
symmetric Case 0, strand 1 reaches an 80% concentration difference ratio when casting
104.152 t of new heat, which marks the endpoint of mixed pouring for grade transition
casting. Strands 2–4 require casting 134.244 t, 133.925 t, and 147.715 t, respectively, to reach
the 80% concentration difference ratio. Given that the steel ladle capacity is 150 t, strands
2–4 can only meet the standard for the new steel grade after casting one full ladle of steel.
For strands 5 and 6, 200.698 t and 247.135 t of new heat are required, far exceeding the
capacity of a single ladle.

In the asymmetric Case 1, strands 2–4 reach the next steel grade standard when casting
125.454 t, 128.477 t, and 137.101 t, respectively, while strands 5 and 6 need 168.648 t and
239.042 t of new heat. Compared to the normal symmetric Case 0, the required casting
weight for each strand in the asymmetric Case 1 is reduced, with strand 5 showing a
significant reduction of 32.05 t. In the asymmetric Case 2, strand 1 requires casting 108.951 t
of new heat, which is an increase of 4.499 t compared to strand 1 in the normal symmetric
Case 0. Strands 3–6 require casting 127.887 t, 141.671 t, 189.508 t, and 232.408 t, respectively.
Compared to the normal symmetric Case 0, the casting weight for strands 3–6 is reduced
by 6–14 t. In the asymmetric Case 3, compared to the normal symmetric Case 0, the casting
weight for all strands except strand 1 is reduced, with strands 5 and 6 showing significant
reductions of 15.516 t and 16.275 t, respectively. In the asymmetric Case 4, the required
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casting weights for strands 1–3 are 112.468 t, 137.987 t, and 138.282 t, which are increases of
3–8 t compared to the normal symmetric Case 0. The required casting weights for strands 5
and 6 are 185.014 t and 237.274 t, which are reductions of 15.684 t and 9.861 t, respectively,
compared to the normal symmetric Case 0. In the asymmetric Cases 5 and 6, compared to
the normal symmetric Case 0, the required casting weight for all strands increases. In the
asymmetric Case 5, strands 1–4 require 2–10 t more, and strand 6 requires 270.739 t, which
is an increase of 23.6 t. In Case 6, strands 1–4 require 9–14 t more, and strand 5 requires
232.334 t, an increase of approximately 31.6 t.

Figure 22. Weight of casting molten steel when the concentration difference ratio reaches 80%.

Table 7. Weight of casting molten steel when the concentration difference ratio reaches 80%.

Case Strand 1 Strand 2 Strand 3 Strand 4 Strand 5 Strand 6

Normal 104.152 134.244 133.925 147.715 200.698 247.135
Closed strand 1 125.454 128.477 137.101 168.648 239.042
Closed strand 2 108.951 127.887 141.671 189.508 232.408
Closed strand 3 111.405 133.120 142.703 188.182 230.860
Closed strand 4 112.468 137.987 138.282 185.014 237.274
Closed strand 5 113.994 137.250 137.397 150.001 270.739
Closed strand 6 116.314 143.661 143.440 161.499 232.334

Closed strand 1, 2 113.690 126.368 165.110 220.010

In Case 7, compared to the normal symmetric Case 0 and the single-strand closing
cases (Cases 1–6), the required casting weight for all strands significantly decreases. For
strands 3–6, the required casting weights are 113.690 t, 126.368 t, 165.110 t, and 220.010 t,
respectively. Compared to the normal symmetric Case 0, the required casting weights for
strands 3–6 are reduced by 20.235 t, 21.347 t, 35.588 t, and 27.125 t, respectively.

Overall, the weight of casting molten steel required to reach a concentration difference
ratio of 80% for different strands in each case exceeds 100 t, and even surpasses 200 t (for
strands 5 and 6). Therefore, using 100 t of casting as the endpoint criterion for the grade
transition casting process is insufficient. A new determination basis should be established
for each strand. According to calculations, in the asymmetric Cases 1–3, strand 1 can meet
the new steel grade requirements with around 110 t of casting, strand 2 and strand 3 can
meet the new steel grade requirements with 125 t–135 t, and strand 4 can meet the new
steel grade requirements with 137 t–147 t. However, strands 5 and 6 cannot meet the new
steel grade determination standard within the 150 t capacity of a single ladle. Strands 5
and 6 will need 168 t–200 t and 230 t–250 t of casting molten steel, respectively, to meet
the new steel grade requirements. At the same time, in the low-flow operation process,
it is advisable to avoid using the asymmetric Cases 5 and 6, which close strands 5 and 6.
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For low-flow operations, a single-strand closure can involve strand 1 or strand 2. In the
asymmetric Case 7, closing two strands (strands 1 and 2) can significantly reduce the length
of the mixed billet during the grade transition casting process and reduce the amount of
new steel required for the new steel grade conversion in the next steel pour.

4. Conclusions

(1) In Cases 1–6, the volume of the slow-flow region in the tundish gradually increases
from 1.135 m3 to 1.731 m3. In Case 7, the slow-flow region volume is 1.398 m3. The
fewer strand casting operations disrupt the symmetric flow pattern observed in the
baseline Case 0, thereby enlarging the slow-flow region in the tundish.

(2) Cases 5 and 6 have minimal impact on the minimum response time, peak concentra-
tion time, and peak concentration at strands 1–4. However, they exert significantly
negative effects on strands 5 and 6, indicating impaired consistency in steel flow.

(3) At 2 min, both symmetric and asymmetric cases show a sharp surface temperature
drop near strands 5 and 6. By 30 min, the tundish temperature rises from the far
end to the impact zone (1773–1844 K), aligning with the new steel temperature at
the impact zone. In asymmetric Case 6, low-temperature zones near strands 5 and 6
remain. Fewer strand operations disrupt the temperature seen in symmetric Case 0,
with strand 6 in Case 5 showing a notably slower temperature rise.

(4) In Cases 1–3, the closure of near strands (1–3) prevents the premature outflow of
new steel, allowing its concentration to be more effectively transferred to the far
strands (4–6), thereby enhancing the new steel concentration at those locations. As a
result, these cases contribute to reducing the transition billet length to some extent.
However, they also significantly enlarge the slow-flow region, which in turn prolongs
the transition billet.

(5) Considering flow behavior, temperature distribution, and transition billet length
comprehensively, Case 1 is recommended under fewer strand casting conditions. In
contrast, Cases 5 and 6 should be avoided due to their adverse impacts.
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Abstract: Mixing time, as a key parameter for evaluating ladle refining efficiency, has
long attracted extensive attention from researchers. In typical experimental studies, salt
solution tracers are introduced into ladle water models to assess the degree of mixing
within the ladle. Previous studies have demonstrated that the volume of tracer can sig-
nificantly influence the measured mixing time. However, the gas flow rates employed in
these studies are generally relatively high, whereas, in industrial operations, especially
during final composition adjustments, lower gas flow rates are often applied. To systemati-
cally investigate the effect of the salt solution tracer volume on the mixing efficiency in a
ladle water model under asymmetrical gas stirring with a low gas flow rate, a 1:3-scaled
water model was developed based on a 130-ton industrial ladle. The mixing behaviors
corresponding to different tracer volumes were comprehensively analyzed. The results
indicate that the relationship between tracer volume and mixing time is non-monotonic.
As the tracer volume increases, the mixing time first decreases and then increases, reaching
a minimum at 185 mL. When the tracer volume was small, the dimensionless concentration
curves at Monitoring Point 4 exhibited two distinct patterns: A parabolic profile, which
was when the tracer initially moved through the left and central regions and then slowly
crossed the gas plume to reach the monitoring point. A sinusoidal profile, which was
when the tracer predominantly circulated along the right side of the ladle. When the tracer
volume exceeded 277 mL, the concentration curves at Monitoring Point 4 consistently
exhibited a sinusoidal pattern. Compared with moderate gas flow conditions (8.3 L/min),
the peak concentration at Monitoring Point 3 was significantly lower under a low gas flow
(2.3 L/min), and the overall mixing time was longer, indicating reduced mixing efficiency.
Based on the findings, a recommended tracer volume range of 185–277 mL is proposed for
low gas flow conditions (2.3 L/min) to achieve accurate and efficient mixing time measure-
ments with minimal disturbance to the flow field. It was also observed that when the tracer
concentration was relatively low, the mixing behavior throughout the ladle became more
uniform.

Keywords: ladle; water model; transport path; mixing time; salt solution tracer
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1. Introduction

The ladle plays a crucial role in the secondary refining process of steelmaking [1–5].
Gas is injected into the molten pool through porous plugs installed at the ladle bottom,
forming bubbles that rise through the melt. The circulating flow induced by bubble ascent
provides several key metallurgical functions: (1) promoting homogenization of temperature
and composition fields in the molten steel [6–13]; and (2) assisting in the removal of
non-metallic inclusions through flotation and enhancing their removal efficiency [14–16].
Due to the difficulty of directly observing the internal flow characteristics of the ladle
under industrial conditions, most scholars have employed physical modeling [17–24]
and mathematical modeling [25–34] to investigate the flow homogenization [35–38] and
inclusion behavior [39–42] inside the ladle. Due to the low stirring efficiency associated
with central gas injection [43], asymmetric stirring is commonly employed in small-capacity
ladles [44].

Among various performance indicators, the mixing time is a key parameter for evalu-
ating ladle refining efficiency. Understanding the mixing time is essential for optimizing
refining operations. It helps avoid insufficient stirring, which may lead to poor refining
quality, and it also prevents over-stirring, which can accelerate refractory erosion. How-
ever, the measurement of mixing time is influenced by multiple factors. Classic studies
have indicated that the injection location of the tracer and the position of the monitoring
point significantly affect the measured mixing time [2,45,46]. Contrarily, Krishna et al. [47]
demonstrated through optimized experimental design that, when properly measured, the
mixing time is independent of tracer injection and sampling locations. Several researchers
have examined the effects of the gas flow rate [48–50], slag layer properties [51–54], and the
position and number of porous plugs [55–60] on the mixing and flow behavior in ladles.
Notably, Renato et al. [61] found that lower gas flow rates can lead to shorter mixing times
due to a more inclined primary recirculation loop, which enhances turbulent diffusion. In
addition, the effect of slag on mixing time is dual in nature. Kim et al. [62] observed that the
presence of a slag layer increases the mixing time, which becomes more pronounced with
increasing slag thickness and viscosity. However, Han et al. [53] pointed out that, under
extremely low gas flow rates, a low-density slag layer may actually reduce the mixing time.

Current methods for measuring the mixing time can be broadly categorized into
two types: (1) invasive techniques, and (2) non-invasive techniques. Non-invasive meth-
ods include colorimetry [63,64] and the Planar Laser-Induced Fluorescence (PLIF) tech-
nique [65–67]. Although PLIF involves higher costs and greater operational complexity,
it is increasingly favored by researchers due to its non-intrusive nature and its ability
to capture instantaneous concentration fields without disturbing the flow. In contrast,
invasive measurement techniques, such as conductivity probes [46] and pH probes [68],
may introduce minor disturbances to the flow field. However, their lower cost and ability
to provide high measurement accuracy at specific locations make them the most widely
used tools in ladle water model experiments.

Existing studies show limitations in the selection of tracers. In most ladle water
models, saturated NaCl or KCl solutions are used. These solutions have densities that
are 16.6% and 19.9% higher than water, respectively, at room temperature. This density
difference may influence the accuracy of mixing time measurements. Furthermore, the
volume of tracer introduced could also impact the results. Table 1 summarizes the ratio
of the tracer-to-total-water volume used in various studies [69–82]. A wide variation has
been observed in this ratio, ranging from 0.038 × 10−3 to 4.42 × 10−3, which has been
shown to significantly affect experimental results [83–88]. Chen et al. [86] were among the
first to identify that increasing the volume of salt solution tracer significantly reduces the
measured mixing time. Gómez et al. [87] attributed this to the greater buoyancy of the
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salt solution tracer, noting that this effect becomes more pronounced under low gas flow
conditions. Furthermore, Zhang et al. [88], using numerical simulations, confirmed that the
mixing process of saturated KCl solution is faster than that of pure water tracers in water
models. It is important to note that the gas flow rates used in the above experiments, when
converted to industrial scale, correspond to high gas flow conditions. In practice, however,
excessively high gas flow rates can lead to emulsification between slag and steel [89] and
may erode refractory linings or increase operating costs. Therefore, lower gas flow rates
are typically employed during the later stages of industrial ladle refining.

Table 1. Ratio of the tracer-to-total-water water model.

Researchers
Tracer Tracer to Water

Volume Ratio
Flow Rate

(L/min)
Year

Kind Concentration Dosages (mL)

Pan et al. [69] NaCl - 15 0.038 × 10−3 5/10/20/30/40 1997
Wen et al. [70] KCl Saturated 200 0.56 × 10−3 2.67/7.33/8 2007
Ek et al. [71] NaCl - 400 4.42 × 10−3 2.5/5/7 2010
Liu et al. [72] NaCl Saturated 50 1.09 × 10−3 250 2019
Tan et al. [73] NaCl Saturated 150 0.96 × 10−3 0.7/2.26/3.01/3.76 2020

Aguilar et al. [74] KCl 3.35 mol/L 20 0.41 × 10−3 4.9 2021
Conejo et al. [75] KCl Saturated 100/20/10 0.3 × 10−3 5.15/8.83/18.4 2021

Shi et al. [76] NaCl Saturated 500 0.96 × 10−3 500–700 2021
Ortega et al. [77] KCl Saturated 35 0.41 × 10−3 800 2021
Cheng et al. [78] KCl Saturated 500 1.17 × 10−3 5/10/20/30/40 2021
Wang et al. [79] NaCl Saturated 24 0.11 × 10−3 73 2021
Wu et al. [80] KCl Saturated 100 0.267 × 10−3 65/130/195 2022

Zhou et al. [32] NaCl Saturated 200 0.215 × 10−3 5 2022
Li et al. [81] KCl Saturated 200 0.52 × 10−3 0.6/1.1/1.5/2.5 2023

Shan et al. [82] KCl Saturated 100 0.27 × 10−3 4.2–21 2023

In previous research conducted by our group, it was found that, under moderate
gas flow conditions (Q = 8.3 L/min), the tracer volume mainly influences the mixing
behavior in the lower region of the ladle [90]. However, under low gas flow conditions
(Q = 2.3 L/min), tracer transport exhibits multiple possible paths, resulting in diverse
concentration–time curves [91]. Accordingly, a 1:3-scaled water model was established in
this study based on a 130-ton industrial ladle from a steel plant. Multiple conductivity
probes were installed at various positions within the ladle to monitor spatial variations
in conductivity. The objective was to investigate the influence of the salt solution tracer
volume on mixing time under low bottom-blowing gas flow conditions, as well as to
analyze the transport paths of tracers within the ladle corresponding to different injection
volumes.

2. Method of Experiment

2.1. Principle of Experiment

To ensure the reliability of physical simulation results, the experimental water model
must satisfy both geometric and dynamic similarity criteria.

2.1.1. Geometric Similarity

Based on a 130-ton industrial ladle prototype, a water model was constructed with a
geometric similarity ratio of λ = 1:3. The model strictly maintained dimensionless geometric
characteristics of the prototype, including the height-to-diameter ratio (H/D) and bottom-
blowing porous plug position (0.2 R offset from center). The comparative geometric
parameters between the prototype and model are presented in Table 2.
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Table 2. Size parameters of the industrial prototype and water model.

Parameters Prototype Model

Diameter of Ladle Top (mm) 2925 975
Diameter of Ladle Bottom (mm) 2690 897
Ladle Height (mm) 3150 1050
Liquid Level (mm) 3000 1000
Gas Flow Rate (L/min) 200 2.3

2.1.2. Dynamic Similarity

Dynamic similarity was achieved through the dimensionless number G proposed by
K. Krishnapisharody and G.A. Irons [92], which is expressed as follows:

G =
ρ2

m1Q2
m

ρ2
m2Hmd4

m
=

ρ2
p1Q2

p

ρ2
p2Hpd4

p
. (1)

In the equation, ρm1 and ρm2 are the densities of gas and liquid used in the model,
kg/m3; ρp1 and ρp2 are the densities of Ar and steel used in the plant, kg/m3; Qp is the Ar
flow rate used in the plant, m3/h; and Qm is the air flow rate used in the model, m3/h.

During the actual steelmaking process, when gas enters the ladle, the gas flow rate
will change due to variations in temperature and pressure. Therefore, it is necessary to
correct Qp as follows:

Q′
p =

Tm

TP

Pp

Pm
Qp. (2)

In the equation, Tp and Tm are the temperatures of the steel and room temperature, K;
Pm and Pp are the standard atmospheric pressure and the gas pressure at the ladle outlet,
Pa; and Q‘

p is the Ar flow rate under standard conditions, m3/h.
Numerical calculation demonstrates that the prototype’s soft blowing process with

200 L/min argon flow corresponds to 2.3 L/min gas injection in the water model.

2.2. Experimental Facility and Scheme

The schematic diagram of the water model apparatus is shown in Figure 1. During
experiments, the liquid level was maintained at 1000 mm with single-hole bottom gas
injection through the right side of the ladle bottom (0.2 R offset from the center). To
minimize the disturbance to the ladle flow field during tracer injection, a funnel was
employed to buffer the addition of the tracer. Gas was continuously injected for 5 min
to achieve stable flow field conditions. The stimulus-response method was employed
to evaluate fluid mixing efficiency by measuring the mixing time at monitoring points.
To minimize the disturbance of the flow field caused by the probes, the conductivity
probes were installed along the sidewalls of the ladle model during the experiments [85].
Tracer was introduced vertically above the ladle center, with real-time monitoring of liquid
conductivity variations using a DDSJ308A conductivity meter (±5% accuracy) and DJS—
1D Platinum Black Electrodes. Electrical conductivity data were recorded and analyzed
across multiple measurement points to determine the complete mixing status. Mixing time
was defined as the duration required for dimensionless conductivity values to stabilize
within ±5% of the equilibrium values. The experiment was repeated 10 times, and the final
results were calculated as the average of repeated measurements.

To investigate the tracer dosage effects on mixing time under low gas flow conditions,
six tracer volumes (92 mL, 185 mL, 277 mL, 370 mL, 463 mL, and 695 mL) were systemat-
ically tested. The volumetric ratios between tracer and water in the ladle are detailed in
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Table 3. Comparative analysis of the mixing time across different tracer dosages provides
insights into their quantitative relationship with mixing efficiency.

Figure 1. Schematic diagram of the experimental installation.

Table 3. The tracer-to-water-volume ratio.

Tracer Volume (mm) 92 185 277 370 463 695

Tracer-to-Water-
Volume

Ratio
0.13 × 10−3 0.26 × 10−3 0.39 × 10−3 0.52 × 10−3 0.65 × 10−3 0.97 × 10−3

3. Results and Discussion

3.1. Experimental Error Analysis

To ensure the reliability and repeatability of the experimental results, a preliminary
error analysis was conducted prior to formal experimentation, focusing on three key factors
that may affect measurement accuracy: (1) the impact of the probe volume on fluid flow
behavior; (2) the influence of tracer addition on the overall fluid properties; and (3) the
measurement errors associated with dimensionless concentration curves and mixing time.

In the experiments, Platinum Black electrodes were employed as conductivity probes.
Each probe had a volume of 0.118 cm3, and a total of six probes were installed, resulting in a
combined volume of 0.708 cm3. Given that the total volume of the ladle model was 0.53 m3,
the volume ratio of probes to the model was only 1.336 × 10−6. Therefore, the effect of
probe volume on the flow behavior in the ladle water model can be considered negligible.

A saturated NaCl solution was used as the tracer, with a maximum injection volume of
695 mL, which accounted for 0.131% of the total water volume (530 L), corresponding to a
mass fraction of 0.047%. At 20 ◦C, a 7% NaCl solution has a dynamic viscosity of 1.079 mPa·s
compared to 1.005 mPa·s for pure water. Additionally, a 1% NaCl solution has a density of
1005 kg/m3, which is slightly higher than the density of water (998.2 kg/m3) [93]. Therefore,
in the context of this study, the introduction of the tracer had a minimal effect on the
viscosity and density of the fluid, and its impact on flow behavior was deemed insignificant.
The water in the ladle was replaced after each experiment to maintain consistency.

To evaluate the repeatability of the experiment, a representative case involving the
addition of 185 mL of saturated NaCl solution was selected for ten repeated trials. The
resulting dimensionless concentration curves were compared and analyzed. As shown in
Figure 2, the maximum and minimum concentration curves were used to generate a shaded
region over time [90], visually representing the range of variation. These figures indicate
that the variation range of the repeated experimental data at these monitoring points was
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relatively small compared to the average curve. Table 4 summarizes the mixing times
obtained from ten experimental repetitions. The average mixing time from the ten trials
was adopted as the representative value for each monitoring point. The standard deviation
between the individual mixing times and their average was also calculated. Results showed
that the standard deviation at all monitoring points remained within 12%, indicating good
repeatability and high reliability of the measured data.

(a) (b) (c)

(d) (e) (f)

Figure 2. Dimensionless concentration curve summary chart: (a) Monitoring Point 1, (b) Monitoring
Point 2, (c) Monitoring Point 3, (d) Monitoring Point 4, (e) Monitoring Point 5, and (f) Monitoring
Point 6.

Table 4. Compare the mixing times of 10 trials and the average mixing time.

1 2 3 4 5 6 7 8 9 10 AVG S.D.

Monitoring Point 1 96.9 93.3 90.6 87.6 90.4 66.2 70.0 72.5 75.7 72.8 81.6 10.61
Monitoring Point 2 132.7 129.6 126.3 123.8 121.0 100.3 103.4 106.7 109.1 112.6 116.5 10.99
Monitoring Point 3 117.6 115.1 111.4 109.2 105.8 83.7 86.8 89.8 93.3 95.3 100.8 11.82
Monitoring Point 4 117.3 114.2 111.4 108.5 105.7 89.1 92.3 95.5 98.4 101.6 103.2 9.05
Monitoring Point 5 140.5 136.2 131.8 127.3 124.9 107.1 111.6 116.0 120.4 123.2 124 11.7
Monitoring Point 6 138.7 135.4 132.1 128.8 125.5 109.3 112.6 115.9 119.2 122.5 115.4 10.4

AVG: the average mixing time. S.D.: the standard deviation of the mixing time of ten trials.

In conclusion, the disturbance caused by the probe volume and tracer properties
can be considered negligible. Furthermore, the dimensionless concentration curves and
mixing time data demonstrated excellent repeatability. Thus, the experimental results were
considered reliable and suitable for subsequent analysis.

3.2. Flow in Ladle Unit

The computational fluid dynamics (CFD) model results for the streamlines in the ladle
are shown in Figure 3. In this study, the Euler–Euler multiphase flow model combined with
the Realizable k-ε turbulence model was employed to solve the continuity and momentum
equations, as well as to compute the steady-state flow field. The modeling strategy, mesh
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testing, simulation software (STAR-CCM+ 13.04), and validation followed the methodology
used in our previous work [91]. Since these CFD results were not the primary focus of
this study, a detailed simulation setup is not described here. From the simulation results,
it can be observed that, after the gas entered through the bottom-blowing nozzle, a gas
plume formed and rose toward the free surface. The flow field in the ladle can be divided
into three regions: a large recirculating flow that forms on the left side of the ladle; a
smaller recirculating flow that develops in the upper right region of the gas plume; and the
left-side recirculating flow and the smaller right-side recirculating flow that meets in the
lower-right region, merging into the gas plume, completing the circulation, and forming a
fully developed flow field.

Figure 3. Prediction results of the streamline in a ladle water model.

3.3. Transport Path of Tracer

Figure 4 illustrates the movement of a 100 mL ink–salt solution mixed tracer in the
ladle under a bottom-blowing gas flow rate of 2.3 L/min after being injected at the center
of the ladle’s liquid surface. At 1 s, the tracer penetrated the liquid surface and began
convection transport downward. At 5 s, the tracer reached approximately one-third of the
liquid depth (330 mm below the surface). By this time, the ink component had already
spread across the surface, forming a black layer covering the entire top region. At 10 s, the
ink started descending along the left-side wall, with significantly more ink observed on
the left than on the right. At 15 s, the downward convection transport of the ink on both
sides became nearly symmetrical. However, due to the gas injection port being located
on the right side, the main recirculating flow occurred on the left, resulting in a higher
ink concentration on the left side. Between 20 s and 30 s, the ink continued to convection
transport downward at a synchronized and slow rate on both sides, indicating that, at
2.3 L/min, the gas flow had a significantly weaker influence on tracer movement compared
to a higher gas flow rate of 8.3 L/min. At 35 s, the tracer began spreading from the bottom
right toward the left, eventually dispersing throughout the ladle.

Figure 4. The tracer transport pathway diagram under soft stirring with a flow rate of 2.3 L/min
is shown.
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3.4. Tracer Transport Path and Analysis

Figure 5 presents the concentration–time curves at Monitoring Point 1 after adding
tracer agents of different volumes into the water model of the ladle. Table 5 summarizes the
key time points extracted from the dimensionless concentration curves. The tracer agent
volumes were 92 mL, 185 mL, 277 mL, 370 mL, 463 mL, and 695 mL. All dimensionless
concentration curves were obtained by averaging the results of ten experimental runs.
After introducing 92 mL of saturated NaCl solution into the ladle, the dimensionless
concentration at Monitoring Point 1 began to respond at 8 s, which was followed by a
rapid increase. At 15 s, the concentration reached a peak value of 2.4, after which it rapidly
decreased to 0.69 at 32 s, which represents the lowest concentration observed after the
peak. Subsequently, the dimensionless concentration gradually rose and stabilized around
1. For the 185 mL tracer volume, the dimensionless concentration started to rise at 8 s
and reached a maximum value of 3.37 at 18 s. Between 18 s and 36 s, the concentration
decreased, reaching its lowest value of 0.75 at 36 s, after which it gradually increased and
fluctuated around 1. When the tracer volume was 277 mL, the dimensionless concentration
began to increase at 5 s, reaching its peak of 3.2 at 18 s. Subsequently, the concentration
declined to 0.92, followed by a gradual rise after 35 s. A minor fluctuation was observed
at 52 s, after which the curve stabilized around 1. For the 370 mL tracer volume, the
dimensionless concentration started to rise after 8 s, reaching a peak value of 2.6 at 19 s.
It then declined to 0.81, followed by a gradual increase after 43 s, and then eventually
stabilizing within a ±5% standard range. After adding 463 mL of saturated NaCl solution,
the concentration variation began at 8 s. The concentration continued to increase between
8 s and 19 s, reaching a peak of 2.76. From 19 s to 38 s, the concentration decreased to
its lowest value of 0.75, then slowly rose and stabilized around 1. For the 695 mL tracer
volume, the concentration started increasing at 9 s and reached a peak of 1.9 at 21 s. The
concentration then declined to its lowest value of 0.64 at 39 s before gradually rising
and stabilizing within the ±5% standard range. The initiation time of the concentration
variation at Monitoring Point 1 remained around 8 s for all tracer volumes, indicating
that changes in tracer volume do not significantly affect the response time at this location.
However, the time required to reach the concentration peak varies with volume, recorded
as 15 s, 18 s, 18 s, 19 s, 19 s, and 21 s for 92 mL, 185 mL, 277 mL, 370 mL, 463 mL, and
695 mL, respectively. This suggests that increasing the tracer volume delays the peak
concentration occurrence. The peak concentration values for increasing tracer volumes
were 2.4, 3.37, 3.2, 2.6, 2.76, and 1.9, respectively, indicating an initial increase followed
by a decrease. The lower peak concentration at 92 mL was attributed to the small tracer
volume, which, upon introduction, was largely carried by strong flow fields to the left side
of the ladle, resulting in a lower tracer concentration on the right side. Consequently, the
peak concentration at Monitoring Point 1 remained relatively low at 18 s. When the tracer
volume exceeded 185 mL, a noticeable decline in peak concentration was observed. The
duration from the concentration increase to peak occurrence for each tracer volume was
recorded as 7 s, 10 s, 13 s, 11 s, 11 s, and 12 s, respectively, demonstrating that a larger tracer
volume extended the time required to reach peak concentration. However, the duration of
concentration declined following the peak, which was 17 s, 18 s, 17 s, 24 s, 19 s, and 18 s,
respectively. Except for the 370 mL tracer volume, the time interval from peak-to-minimum
concentration remained approximately 18 s for all cases, indicating that the tracer volume
had minimal influence on the time span from peak-to-minimum concentration.
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(a) (b) (c)

(d) (e) (f)

Figure 5. Dimensionless concentration curves of different volume tracers at Monitoring Point 1:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.

Table 5. The key points in the dimensionless concentration curves of Monitoring Point 1.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 8 8 5 8 8 9
Mixing time (s) 114 81.6 133.6 154.3 156.8 141.1

Figure 6 presents the concentration–time curves at Monitoring Point 2 after adding
saturated NaCl solutions of different volumes into the ladle water model. Table 6 sum-
marizes the key time points extracted from the dimensionless concentration curves. For
a tracer volume of 92 mL, the dimensionless concentration began to change at 8 s and
reached its peak value of 3.75 at 16 s. Between 16 s and 32 s, the concentration gradually
decreased, reaching a minimum value of 0.67 at 32 s. Subsequently, a slight increase was
observed, leading to a secondary peak at 51 s with a value of 1.4. When the tracer volume
was 185 mL, the concentration started increasing at 8 s and reached a maximum of 2.2 at
18 s. Between 18 s and 33 s, the concentration rapidly decreased to its post-peak minimum
of 0.44, after which it gradually stabilized around 1. For the 277 mL tracer volume, the
dimensionless concentration began to rise at 9 s, reaching a peak of 2.2 at 19 s. The con-
centration then gradually decreased, reaching its lowest value of 0.56 at 34 s. After 34 s,
the concentration gradually increased and stabilized within a ±5% standard range. When
the tracer volume was 370 mL, the concentration response began at 10 s, reaching a peak
value of 1.79 at 20 s. Subsequently, the concentration decreased, following a downward
trend until reaching its minimum value of 0.45 at 37 s. Afterward, the concentration slowly
rose and gradually stabilized around 1. For the 463 mL tracer volume, the conductivity
sensor detected a response at 9 s, which was followed by a rapid increase in concentration
between 9 s and 18 s. After reaching a maximum value of 2.1, the concentration began to
decrease and reached its minimum of 0.51 at 36 s, subsequently stabilizing around 1. When
the tracer volume reached 695 mL, the dimensionless concentration started rising at 9 s,
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reaching its peak of 1.35 at 20 s. It then underwent a sharp decline, reaching its minimum
of 0.37 at 38 s, after which it gradually increased and stabilized around 1. For all six tracer
volumes, the response time at Monitoring Point 2 was approximately 9 s, indicating that
the tracer volume did not significantly affect the electrical conductivity response time at
this location. As the tracer volume increased from 92 mL to 695 mL, the times required
to reach peak concentration were 16 s, 18 s, 19 s, 20 s, 18 s, and 20 s, respectively. This
suggests that a larger tracer volume delays the time to reach the maximum concentration,
indicating an influence on the transport velocity of dissolved salts. The peak concentration
values for increasing the tracer volumes were recorded as 3.75, 2.2, 2.2, 1.8, 2.1, and 1.35,
respectively, demonstrating a general decreasing trend. This trend was attributed to the
increased volume reducing the salt concentration at this point, as well as the excessive
tracer volumes leading to salt settling at the bottom. By comparing the six dimensionless
concentration curves under two different flow rates, it was observed that, at a flow rate of
2.3 L/min, secondary peaks were rarely present, and this phenomenon became even less
frequent as the tracer volume increased. This was due to the lower flow rate limiting the
movement of dissolved salts along the ladle’s flow field, preventing a substantial amount
of salts from re-accumulating and reaching the upper monitoring point, which would
otherwise result in a secondary peak. Additionally, the minimum concentration values at
2.3 L/min were consistently lower than those observed at 8.3 L/min. This is because the
lower flow rate failed to keep salts suspended in the upper region, which caused them to
settle due to buoyancy force, leading to lower minimum values at the upper monitoring
point. Furthermore, the recovery from the minimum concentration to the ±5% standard
level predominantly exhibited a slow growth trend.

(a) (b) (c)

(d) (e) (f)

Figure 6. Dimensionless concentration curves of different volume tracers at Monitoring Point 2:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.
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Table 6. The key points in the dimensionless concentration curves of Monitoring Point 2.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 8 8 9 10 9 9
Mixing time (s) 116.6 116.5 92.6 123 113 148.8

Figure 7 presents the concentration–time curves at Monitoring Point 3 after adding
tracer agents of six different volumes into the ladle water model. Table 7 summarizes the
key time points extracted from the dimensionless concentration curves. For a tracer volume
of 92 mL, the dimensionless concentration began to rise at 8 s and reached its maximum
value of 8 at 15 s. The concentration increased rapidly, with a steep slope observed in the
concentration curve between 8 s and 15 s. In the interval from 15 s to 40 s, the concentration
exhibited a rapid downward trend, indicating that a large amount of dissolved salt quickly
passed through this location. At 50 s, a secondary peak appeared with a value of 1.52,
which was followed by a gradual decrease until the concentration stabilized at 1. When
the tracer volume was 185 mL, the concentration started increasing at 10 s and reached a
maximum value of 3.4 at 21 s. Subsequently, the concentration declined until it stabilized
at 1. For the 277 mL tracer volume, the electrical conductivity response was still detected
at 8 s, with the concentration reaching a peak value of 2.7 at 19 s. The concentration then
continued to decrease until 50 s, reaching a value of 0.76, after which it gradually rose and
stabilized at 1. When 370 mL of saturated NaCl solution was introduced, the concentration
began to increase slowly at 10 s, which was followed by a rapid rise after 15 s, reaching a
peak value of 1.6 at 23 s. Thereafter, the concentration followed a general downward trend,
reaching its lowest value of 0.66 at 55 s. After 55 s, the concentration gradually increased
until complete mixing was achieved. For the 463 mL tracer volume, the concentration
started rising at 8 s, reaching a peak of 2.6 at 20 s. The overall trend of the concentration
curve was similar to that observed for the 370 mL tracer volume. When the tracer volume
was 695 mL, the concentration increased from 9 s, reaching its peak value of 1.9 at 20 s.
From 20 s to 46 s, the concentration followed a decreasing trend, reaching a minimum
value of 0.59 at 46 s, after which it slowly increased and eventually stabilized within a ±5%
standard range. The response time at Monitoring Point 3 remained around 8 s, indicating
that the upper monitoring point’s response time was not significantly affected by the tracer
volume. However, at a flow rate of 8.3 L/min, the response time at the upper monitoring
point varied noticeably with tracer volume, suggesting a clear relationship between the gas
injection rate and the time required for the tracer to reach the upper monitoring point. Since
the response times at the three upper monitoring points were similar (all around 8 s), it can
be concluded that the gas injection nozzle had little effect on the liquid velocity near the
free surface. By comparing the six dimensionless concentration curves in Figure 7, it was
observed that the first peak value generally decreased with increasing tracer volume. This
phenomenon occurred because, at smaller tracer volumes, nearly all of the tracer followed
the strong recirculating flow to Monitoring Point 3. As the tracer volume increased, the
added tracer initially moved downward, temporarily disrupting the flow field in the ladle
water model, leading to partial salt deposition. Once the flow field stabilized, only a small
amount of salt was transported to the upper Monitoring Point 3 by recirculating flow,
resulting in a lower first peak as the tracer volume increased. Furthermore, at Monitoring
Point 3, the first peak values under a lower flow rate (2.3 L/min) were consistently lower
than those observed at a higher flow rate (8.3 L/min), further confirming that variations in
gas flow rate significantly influence the transport behavior of the tracer within the ladle.

Figure 8 presents the concentration–time curves at Monitoring Point 4 after introducing
tracer agents of different volumes into the ladle. Table 8 summarizes the key time points
extracted from the dimensionless concentration curves. When 92 mL of saturated NaCl
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solution was added, two distinct concentration trends, Trend 1 and Trend 2, were observed
in the dimensionless concentration curve at Monitoring Point 4. The black curve in the
figure represents the average of both trends. The primary difference between these trends
lay in their initial concentration behavior: Trend 1 exhibited a gradual increase from zero
without pronounced peaks before reaching a dimensionless concentration of 1, whereas
Trend 2 showed a rapid increase in concentration with noticeable but relatively small peaks
immediately after the response began. A similar phenomenon was observed when the
tracer volume increased to 185 mL, with the concentration curve displaying both trends
similar to those observed for the 92 mL tracer. This behavior was mainly attributed to
the small tracer volume being more significantly affected by the recirculating flow within
the ladle, making it highly sensitive to minor variations in the flow field. Consequently,
subtle changes in the ladle’s flow conditions altered the tracer transport direction, leading
to the emergence of two distinct trends [90,91]. Trend 1 closely resembled the previously
studied Path 2 curve, indicating that, after injection, the tracer was primarily transported
through the left and central regions of the ladle before gradually crossing the gas plume and
reaching Monitoring Point 4. In contrast, Trend 2 was similar to the Path 5 curve, suggesting
that the tracer predominantly circulated on the right side, leading to the appearance of
peak values in the concentration curve. When the tracer volume increased to 277 mL, the
dimensionless concentration began to change at 18 s and reached its peak of 1.92 at 40 s.
A minor trough appeared at 52 s, with the concentration dropping to 1.36. Between 52 s
and 57 s, the concentration increased again, reaching 1.7, before gradually declining after
57 s, until then stabilizing within the range of 0.95–1.05. For a tracer volume of 370 mL, the
concentration response began at 13 s, which was followed by a rapid increase, reaching
a maximum of 5.4 at 32 s. Subsequently, the concentration declined sharply, reaching
its lowest value of 1.39 at 86 s. A temporary increase was observed between 86 s and
103 s, leading to a second peak at 103 s with a value of 1.82. Afterward, the concentration
continuously decreased until it stabilized around 1. When 463 mL of saturated NaCl
solution was introduced, the concentration started increasing at 14 s, showing a rapid
growth phase until 22 s, after which the growth rate slowed. The concentration reached
a maximum of 2.27 at 47 s, which was followed by a continuous decline. By 72 s, the
concentration decreased to 1.2. Between 72 s and 104 s, fluctuations were observed, with
a secondary peak appearing at 104 s with a value of 1.5. Afterward, the concentration
gradually decreased with minor oscillations until stabilizing within the required range. For
the 695 mL tracer volume, the concentration began to respond at 13 s, which was followed
by a rapid increase, reaching a peak of 3.7 at 37 s. After 37 s, the concentration continuously
declined with significant fluctuations until complete mixing was achieved. The initial
response time of the dimensionless concentration curve for tracer volumes of 92 mL and
185 mL was 24 s and 23 s. For tracer volumes of 277 mL, 370 mL, 463 mL, and 695 mL, the
initial response times were 18 s, 13 s, 14 s, and 13 s, respectively. This suggests that, when
the tracer volume was small, its transport path was significantly influenced by the flow
field, leading to a delayed response at Monitoring Point 4. However, as the tracer volume
increased, the influence of the flow field on transport pathways decreased, resulting in a
more consistent response time at Monitoring Point 4. Furthermore, with increasing tracer
volume, Trend 2 became dominant in the concentration curves at Monitoring Point 4.

Table 7. The key points in the dimensionless concentration curves of Monitoring Point 3.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 8 10 8 10 8 9
Mixing time (s) 129.6 100.8 102.9 125.5 126.1 143
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(a) (b) (c)

(d) (e) (f)

Figure 7. Dimensionless concentration curves of different volume tracers at Monitoring Point 3:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.

(a) (b) (c)

(d) (e) (f)

Figure 8. Dimensionless concentration curves of different volume tracers at Monitoring Point 4:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.
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Table 8. The key points in the dimensionless concentration curves of Monitoring Point 4.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 24 23 18 13 14 13
Mixing time (s) 123.6 103.2 130.8 147.3 151.2 168.8

Figure 9 presents the concentration–time curves at Monitoring Point 5 after adding
tracer agents of different volumes into the ladle. Table 9 summarizes the key time points
extracted from the dimensionless concentration curves. For a tracer volume of 92 mL, the
concentration curve began to change at 25 s. Before complete mixing was achieved, the
concentration remained below 1, indicating that the dimensionless concentration increased
gradually from zero to 1 with minor fluctuations. A relatively faster increase was observed
only between 15 s and 25 s. When the tracer volume was 185 mL, the dimensionless
concentration started changing at 20 s. However, between 20 s and 27 s, the concentration
increased very slowly, indicating that the tracer reached this location at approximately
27 s. Between 27 s and 39 s, the concentration increased rapidly. After 39 s, noticeable
fluctuations appear in the concentration curve, which was followed by a gradual decrease
until mixing was complete. For the 277 mL tracer volume, the concentration began to
change at 20 s. Similar to the 185 mL case, the concentration exhibited minimal variation
between 20 s and 28 s, suggesting that only a small amount of salt reached this location
initially. Between 28 s and 43 s, the concentration increased rapidly, reaching a maximum
value of 1.38 at 49 s. The concentration then declined from 49 s to 61 s, briefly reaching
a local minimum of 1.1, which was followed by a slight increase to 1.3. After 69 s, the
concentration decreased with minor fluctuations until stabilizing within the range of
0.95–1.05. When the tracer volume increased to 370 mL, the concentration response began
at 15 s, which was followed by a rapid increase, reaching 4 at 30 s. Subsequently, the
concentration gradually declined, exhibiting significant fluctuations that resulted in a
jagged pattern of peaks. Eventually, the concentration stabilized around 1. For the 463 mL
tracer volume, the concentration starts increasing at 22 s, with multiple peaks appearing
in the curve. The highest peak, reaching 1.9, occurred at 59 s. However, due to significant
fluctuations, a clear trend was not observed. When the tracer volume reached 695 mL, the
concentration began changing at 15 s, followed by a rapid increase, reaching 3.2 at 26 s.
After a brief fluctuation, the concentration continued to rise, reaching a maximum value of
3.7 at 39 s. Beyond 39 s, the concentration exhibited an overall decreasing trend but was
accompanied by significant fluctuations, resulting in a jagged concentration curve. These
oscillations persisted until approximately 150 s before stabilizing. The response times for
different tracer volumes at Monitoring Point 5 were recorded as 25 s, 20–27 s, 20–28 s, 15 s,
22 s, and 15 s, respectively. Most of the response times fell within the 20–25 s range, with
the remaining cases occurring at 15 s. This suggests that the first arrival time of the tracer
at Monitoring Point 5 was not uniform, indicating the possibility of multiple transport
pathways leading to that location. Additionally, the maximum concentrations recorded
for different tracer volumes were 1, 1.13, 1.38, 4, 1.9, and 3.7, respectively. The significant
variation in both peak concentration values and their occurrence times further confirmed
that the tracer reached this point via multiple, possibly non-unique transport pathways.

Table 9. The key points in the dimensionless concentration curves of Monitoring Point 5.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 25 20 20 15 22 15
Mixing time (s) 141 124 134.4 136.1 142.7 191.2
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(a) (b) (c)

(d) (e) (f)

Figure 9. Dimensionless concentration curves of different volume tracers at Monitoring Point 5:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.

Figure 10 presents the concentration–time curves at Monitoring Point 6 after intro-
ducing saturated NaCl solutions of different volumes (92 mL, 185 mL, 277 mL, 370 mL,
463 mL, and 695 mL) into the ladle water model. Table 10 summarizes the key time points
extracted from the dimensionless concentration curves. For a 92 mL tracer volume, the
dimensionless concentration curve began to change at 25 s. However, between 25 s and 35 s,
the concentration remained relatively stable, showing no significant increase. After 35 s, a
rapid rise was observed, reaching 1.0 at 58 s. From 58 s to 68 s, the concentration decreased
to 0.83, which was followed by a gradual increase until it fluctuated around 1.0. When the
185 mL tracer was added, the concentration began to rise at 23 s, showing rapid growth and
reaching a maximum of 1.35 at 53 s. After a slight decrease, the concentration increased
again to 1.34 at 71 s, which was followed by a gradual decline until complete mixing
was achieved. For the 277 mL tracer volume, the concentration started changing at 25 s.
Between 25 s and 35 s, the concentration increased rapidly. After 35 s, the concentration
curve exhibited a sawtooth pattern, which is characterized by fluctuations with relatively
small variations in overall concentration. The peak concentration of 1.37 was recorded at
85 s. When the 370 mL tracer volume was introduced, the concentration began increasing at
18 s, showing a very rapid growth phase. At 35 s, the concentration momentarily stabilized
before experiencing a slight decrease, reaching 3.3 at 46 s. The concentration then increased
again to 4.5 at 50 s, which was followed by a general downward trend. Throughout the
decline, significant fluctuations were observed until the concentration eventually stabilized
near 1.0. For the 463 mL tracer volume, the conductivity sensor detected a response at 20 s,
which was followed by a rapid increase between 20 s and 40 s. The concentration reached
a peak value of 2.6 at 40 s, after which it gradually decreased until complete mixing was
achieved. Minor fluctuations were observed throughout the decline. When the 695 mL
tracer was added, the concentration started changing at 17 s and exhibited a very rapid
increase, reaching 3.7 at 31 s. A short-lived decrease followed, with the concentration
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dropping to 2.5 at 55 s. After 55 s, the concentration increased slightly again, peaking at
2.9 at 61 s. Subsequently, the concentration followed a general downward trend, which
was accompanied by fluctuations. The dimensionless concentration curve at Monitoring
Point 6 showed significant fluctuations, with multiple secondary peaks and sawtooth-like
oscillations during the concentration decline. This suggests that the tracer, after reaching
this location, accumulated and settled before being gradually transported away in batches
under the influence of the gas plume, rather than being immediately and entirely dispersed.
This stepwise removal process resulted in the observed oscillatory behavior. The sensor
response times for different tracer volumes were recorded as 25 s, 23 s, 25 s, 18 s, 20 s, and
17 s, respectively. As the tracer volume increased, the response time of the conductivity
sensor gradually shortened, indicating that larger tracer volumes were transported to
Monitoring Point 6 more quickly under the influence of the gas plume. Additionally, as the
tracer volume increased, sedimentation at Monitoring Point 6 became more pronounced,
leading to a prolonged mixing time at this location.

(a) (b) (c)

(d) (e) (f)

Figure 10. Dimensionless concentration curves of different volume tracers at Monitoring Point 6:
(a) 92 mL, (b) 185 mL, (c) 277 mL, (d) 370 mL, (e) 463 mL, and (f) 695 mL.

Table 10. The key points in the dimensionless concentration curves of Monitoring Point 6.

Tracer Volume (mL) 92 185 277 370 463 695

Response time (s) 25 23 25 18 20 17
Mixing time (s) 141.5 115.4 144 162.5 170 198.3

3.5. Analysis of Mixing Time

Figure 11 illustrates the mixing times at various monitoring points after introducing
tracer agents of different volumes into the ladle water model. At Monitoring Point 1,
the mixing times corresponding to tracer volumes of 92 mL, 185 mL, 277 mL, 370 mL,
463 mL, and 695 mL were 114 s, 81.6 s, 133.6 s, 154.3 s, 156.8 s, and 141.1 s, respectively.
The mixing time initially decreased, which was followed by an increase and then another
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decrease. Two transition points were identified at 185 mL and 463 mL, where the mixing
time significantly decreased when the tracer volume increased from 92 mL to 185 mL,
which was followed by a continuous increase from 185 mL to 463 mL. However, when
the volume increased to 695 mL, the mixing time shortened again. At Monitoring Point
2, the mixing times for increasing tracer volumes were 116.6 s, 116.5 s, 92.6 s, 123 s, 113 s,
and 148.8 s, respectively. The mixing time exhibited two increasing phases, occurring
between 277 mL to 370 mL and 463 mL to 695 mL. For Monitoring Point 3, the mixing
times corresponding to 92 mL, 185 mL, 277 mL, 370 mL, 463 mL, and 695 mL were 129.6 s,
100.8 s, 102.9 s, 125.5 s, 126.1 s, and 143 s, respectively. The mixing time first decreased,
then increased, and then remained in an upward trend when the tracer volume exceeded
185 mL. At Monitoring Point 4, the mixing times for increasing tracer volumes were 123.6 s,
103.2 s, 130.8 s, 147.3 s, 151.2 s, and 168.8 s. Notably, when the tracer volume was 185 mL,
the mixing time was significantly shorter than for other tracer volumes. For Monitoring
Point 5, the mixing times corresponding to different tracer volumes were 141 s, 124 s,
134.4 s, 136.1 s, 142.7 s, and 191.2 s, respectively. A trend of initial reduction followed by
an increase was observed. At Monitoring Point 6, the mixing times for increasing tracer
volumes were 141.5 s, 115.4 s, 144 s, 162.5 s, 170 s, and 198.3 s. Similar to other locations,
the mixing time first decreased and then increased, with the longest mixing time observed
at 695 mL, making it the longest among all six monitoring points. As the tracer volume
changed, the mixing time at all six monitoring points also varied accordingly, generally
exhibiting a trend of initial shortening followed by an increase. Figure 11 also shows that
the mixing times at the bottom monitoring points were relatively concentrated, following
similar trends, with a high degree of overlap among different tracer volumes. In contrast,
the mixing time variations at the upper monitoring points were less consistent, suggesting
that the upper regions were more susceptible to changes in tracer volume.

(a) (b)

Figure 11. Mixing time at different monitoring points: the (a) top monitoring points and (b) bottom
monitoring points.

Figure 12 shows that the mixing times at the upper monitoring points were generally
shorter than those at the lower monitoring points. This difference was particularly pro-
nounced when larger tracer volumes were introduced as the mixing times at the lower
monitoring points became significantly longer than those at the upper monitoring points.
This observation suggests that the gas flow rate was insufficient to fully disperse larger
volumes of tracer within the ladle. The three-dimensional visualization further confirmed
that when the tracer volume was 185 mL, the mixing time was notably shorter compared to
other tracer volumes. Additionally, the mixing time initially decreased and then increased
as the tracer volume increased.
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Figure 12. The mixing time of different volume tracers at monitoring points.

3.6. Analysis of Tracer Concentration Experiments

To further clarify the relative influence of the tracer volume and concentration on
mixing behavior, a set of controlled experiments was designed in which the tracer vol-
ume was held constant at 185 mL, thereby keeping the total liquid volume in the system
unchanged. The effect of different NaCl mass concentrations on the mixing process was
evaluated by varying the NaCl concentration while maintaining a constant volume. The
selected concentrations were 6.63%, 13.25%, 19.68%, and 26.5%.

As shown in Figure 13a–c, changes in NaCl concentration had a limited impact on
the dimensionless concentration curves at the upper monitoring points. The tracer arrival
time at the top was nearly identical across all concentrations, and the differences in the
time to initial response were minimal. This indicates that the tracer response in the upper
region was relatively stable. However, the peak concentration decreased progressively
as the NaCl concentration decreased, suggesting that, although the diffusion rate was
not significantly affected, the signal intensity detected by the probes was influenced by
the tracer concentration. In contrast, as shown in Figure 13d–f, the effect of the NaCl
concentration was more pronounced at the bottom monitoring points. Notably, when
the NaCl concentration was 19.68%, the bottom monitoring points exhibited significantly
higher peak values than those observed under the other three conditions. This indicates that,
at this concentration, the transport and accumulation of the tracer in the lower region was
more effective. Moreover, at higher concentrations (19.68% and 26.5%), larger differences
between the concentration curves were observed, whereas, at lower concentrations (6.63%
and 13.25%), the curves tended to converge, indicating reduced sensitivity to concentration
changes. Further analysis from Figure 14 reveals that the influence of NaCl concentration on
the mixing time varied among different monitoring points. The most significant effects were
observed at Monitoring Points 3, 4, and 6. Nevertheless, the overall mixing trends remained
consistent, indicating that, while concentration changes can affect local signal intensity and
mixing time, they do not significantly alter the global mixing behavior. In summary, the
results of the controlled concentration experiments suggest that, under a constant tracer
volume, the effect of the NaCl concentration on mixing behavior is region-specific, with the
bottom of the ladle being more sensitive to concentration variations.
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(a) (b) (c)

(d) (e) (f)

Figure 13. Dimensionless concentration curves of different tracer concentrations: (a) Monitoring
Point 1, (b) Monitoring Point 2, (c) Monitoring Point 3, (d) Monitoring Point 4, (e) Monitoring Point 5,
and (f) Monitoring Point 6.

Figure 14. Mixing time at different monitoring points.

4. Conclusions

A water model with a geometric similarity ratio of 1:3 based on the 130 t steel ladle of
the steel plant was established to study the transmission path and mixing time of the tracer
under low flow conditions, and the following conclusions were made:

1. At a bottom-blowing gas flow rate of 2.3 L/min, two distinct trends appeared in the
dimensionless concentration curve at Monitoring Point 4 when the tracer volume was
92 mL or 185 mL. This indicates that, at low tracer volumes, the tracer transport path to
Monitoring Point 4 was unstable due to the significant influence of the gas plume. As
the tracer volume increased, only one dominant transport path was observed. When
the bottom-blowing gas flow rate was 8.3 L/min, only two trends were observed at a
tracer volume of 92 mL.
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2. When the tracer volume was too small, the dimensionless concentration curve at
Monitoring Point 4 exhibited either a sinusoidal or parabolic shape. If the tracer
first moved through the left-side and central regions before slowly crossing the gas
plume to reach Monitoring Point 4, the curve followed a parabolic shape. If the tracer
predominantly circulated on the right side, the curve exhibited a sinusoidal pattern.
When the tracer volume exceeded 277 mL, the concentration curve at Monitoring
Point 4 was always sinusoidal.

3. Regardless of the gas flow rate, Monitoring Point 3 exhibited the highest peak con-
centration among the six monitoring points. At a bottom-blowing gas flow rate of
8.3 L/min, the peak concentration at Monitoring Point 3 was significantly higher than
that observed at 2.3 L/min.

4. Different bottom-blowing gas flow rates led to distinct trends in the mixing time
variation with increasing tracer volume. At 2.3 L/min, the mixing time at the bottom
first decreased and then increased, reaching the shortest duration at 185 mL. At
8.3 L/min, the mixing time at the bottom monitoring points decreased continuously
with increasing tracer volume, whereas, at the top monitoring points, the mixing time
first decreased and then increased.

5. At different bottom-blowing gas flow rates, the mixing time at the upper monitoring
points was consistently shorter than at the lower monitoring points.

6. At a bottom-blowing gas flow rate of 2.3 L/min, the optimal tracer volume range was
185 mL–277 mL. This ensured a stable transport path while minimizing the flow field
disturbances caused by tracer injection.

7. The tracer concentration experiments indicate that variations in concentration have
a considerable impact on the mixing behavior at the bottom of the ladle, while their
influence on the overall mixing trend remains limited. When the tracer concentration
is relatively low, the mixing behavior throughout the ladle becomes more uniform.
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Abstract: Axial Couette flows of electrically conducting incompressible second grade
fluids are analytically and numerically investigated through a porous medium in the
presence of a constant magnetic field. General exact analytical expressions are derived
for the dimensionless velocities corresponding to unidirectional unsteady motions in an
infinite circular cylinder and between two infinite coaxial circular cylinders. They can
be immediately particularized to give similar results for Newtonian fluids in same flows.
Exact expressions for steady velocities of a large class of flows were provided. Due to
the generality of boundary conditions the problems in discussion are completely solved.
For illustration, some case studies with engineering applications are considered and the
corresponding velocity fields are provided. Their correctness is graphically proved. It was
also proved that the fluid flows slower and the steady state is rather touched in the presence
of a magnetic field or porous medium. Moreover, the steady state is rather touched in the
case of the motions between circular coaxial cylinders as compared with same motions in
an infinite circular cylinder.

Keywords: axial couette flows; second grade fluids; porous and magnetic effects; cylindri-
cal domains
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1. Introduction

Flows of incompressible second grade fluids have been extensively investigated in
the existing literature. Ting [1] was among the first authors who derived exact solutions
for motions of such fluids both in rectangular and cylindrical domains. Other important
studies regarding isothermal flows of these fluids in cylindrical domains have been offered
by Rajagopal [2], Bandelli and Rajagopal [3], Fetecacau and Corina Fetecau [4], Erdogan
and Imrak [5] and Bano et al. [6]. Exact general solutions for unsteady unidirectional
motions of same fluids induced by an infinite circular cylinder that applies longitudinal
or rotational shear stresses to the fluid have been established by Corina Fetecau et al. [7].
The natural convection of these fluids in an oscillating circular cylinder has been recently
investigated by Maria Javaid et al. [8]. Interesting results concerning unsteady flows of
incompressible second grade fluids in rectangular domains were obtained, for instance, by
Erdogan [9], Erdogan and Imrak [10], Yao and Liu [11], Sultan et al. [12], Imran et al. [13],
Baranovskii and Artemov [14], Veera Krishna and Subba Reddy [15], Fetecau and Vieru [16],
Baranovskii [17] and Kanuri et al. [18].
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It is also known that the motion of a fluid through a porous medium or in the presence
of a magnetic field has many engineering applications. Motions through porous media have
practical applications in geophysics, astrophysics, composite manufacturing processes,
oil reservoir technology, the petroleum industry and agriculture. Interaction between
a moving electrically conducting fluid and a magnetic field generates effects that have
multiple applications in physics, chemistry and engineering. However, in the existing
literature, are few results regarding flows of electrically conducting incompressible second
grade fluids (ECISGFs) in cylindrical domains under the influence of a magnetic field
or porous medium. Jamil and Zafarullah [19] provided interesting exact solutions for
some magnetohydrodynamic (MHD) motions of such fluids between circular cylinders
when porous effects are taken into consideration. Unfortunately, their work contains some
writing mistakes (see Eqs. (9) and (19), for instance) and it does not contain any proof of
the results’ correctness. General solutions for some MHD rotational motions of ECISGFs
through a porous medium in an infinite circular cylinder have been recently established by
Fetecau et al. [20].

The main purpose of this work is to study axial Couette flows of ECISGFs through
a porous medium in cylindrical domains under the influence of a magnetic field. Exact
general expressions are derived for the dimensionless velocity fields of the fluid motion
induced by an infinite circular cylinder that moves along its symmetry axis with a time-
dependent velocity. Actually, they represent the first general solutions for such flows of
ECISGFs in cylindrical domains and are obtained in the simplest way using the finite
Hankel transform only. For the results validation, as well as to bring to light the fluid
behavior in some concrete situations, three particular cases are considered and the corre-
sponding velocity fields are provided. They are written as sum of steady state and transient
components. The steady state components of these velocities are presented in two different
forms whose equivalency is graphically proved. Graphical representations clearly show
that the fluid flows faster and the steady state comes later in the absence of a magnetic field
or porous medium.

2. Problem Presentation

Let us consider an ECISGF at rest in a porous medium in an infinite circular cylinder
of radius R or between two infinite coaxial circular cylinders of radii R1 and R2(> R1). Its
constitutive equation is given by the relation

T = −pI + μA1 + α1A2 + α2A2
1, (1)

in which T is the stress tensor, A1 and A2 are the first two Rivlin-Ericksen tensors, I is the
unit tensor, p is the hydrostatic pressure, μ is the dynamic viscosity of the fluid, while α1

and α2 are material constants. Taking α1 = α2 = 0 in Equation (1), the governing equation
of incompressible Newtonian fluids is obtained.

At the moment t = 0+ the cylinder in the first case or the outer cylinder in the second
case begins to slide along its symmetry axis with the velocity V f (t) and a circular magnetic
field of constant strength B acts in the azimuthally direction on the fluid motion [19,21].
The function f (·) is piecewise continuous and has the zero value in t = 0 while V is a
constant velocity. Owing to the shear the fluid begins to move and, bearing in mind the
previous results in the field, we are looking for a velocity field whose velocity vector v is
given by the relation

v = v(r, t) = v(r, t)k, (2)
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reported to a convenient cylindrical coordinate system r, θ and z in which k is the unit
vector along z-direction. Introducing v from Equation (2) in (1) one obtains the relation

τ(r, t) =
(

μ + α1
∂

∂t

)
∂v(r, t)

∂r
. (3)

for the non-trivial shear stress τ(r, t) = Trz(r, t).
In the next we assume that the fluid is finitely conducting, its magnetic permeability

is constant, the induced magnetic field is negligible and there is no surplus electric charge
distribution. In these conditions, in absence of a pressure gradient in the flow direction, the
balance of linear momentum reduces to the differential equation (see [19])

ρ
∂v(r, t)

∂t
=

∂τ(r, t)
∂r

+
1
r

τ(r, t)− σB2v(r, t)− ϕ

k

(
μ + α1

∂

∂t

)
v(r, t), (4)

where ρ is the fluid density, σ is the electrical conductivity while ϕ and k are the porosity
and the permeability of the porous medium. Replacing τ(r, t) from Equation (3) in (4) one
finds the governing equation [19,21]

ρ
∂v(r, t)

∂t
=

(
μ + α1

∂

∂t

)[
∂2v(r, t)

∂r2 +
1
r

∂v(r, t)
∂r

]
− σB2v(r, t)− ϕ

k

(
μ + α1

∂

∂t

)
v(r, t), (5)

for the velocity field v(r, t). The corresponding initial and boundary conditions are

v(r, 0) = 0, 0 ≤ r ≤ R; v(R, t) = V f (t), t > 0, (6)

for motions in an infinite circular cylinder.

3. Fluid Velocity for Flows Through a Circular Cylinder

In order to determine the velocity field corresponding to this flow, the governing
Equation (5) together with the initial and boundary conditions (6) has to be solved. Using
the next non-dimensional functions and variables

r∗ = 1
R

r, t∗ = ν

R2 t, v∗ = 1
V

v, τ∗ = R
μV

τ, f ∗(t∗) = f
(

R2

ν
t∗
)

, (7)

one attains to the next initial-boundary value problem

∂v(r, t)
∂t

=

(
1 + α

∂

∂t

)[
∂2v(r, t)

∂r2 +
1
r

∂v(r, t)
∂r

]
− Mv(r, t)− K

(
1 + α

∂

∂t

)
v(r, t), (8)

v(r, 0) = 0, 0 ≤ r ≤ 1; v(1, t) = f (t), t > 0. (9)

The constant α and the magnetic and porous parameters M and K, respectively, from
Equation (8) are defined by the relations

α =
α1

ρR2 , M =
R2

μ
σB2 =

R2

ν

σB2

ρ
, K =

ϕ

k
R2. (10)

The magnetic parameter M is an important indicator of the influence of the magnetic
field on the fluid flow. It represents the ratio between the electromagnetic forces and the
inertial forces in the fluid. The non-dimensional form of Equation (3) is

τ(r, t) =
(

1 + α
∂

∂t

)
∂v(r, t)

∂r
; 0 < r < 1, t > 0. (11)
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To determine the dimensionless velocity field v(r, t) corresponding to the motions in
discussion, the finite Hankel transform and its inverse defined by the relations (A1) from
Appendix A and the identity (A2) are used. In these relations J0(·) and J1(·) are Bessel
functions of the first kind of zero and one order, respectively, and rn are the positive roots of
the transcendental equation J0(r) = 0. Consequently, multiplying Equation (8) by rJ0(rrn),
integrating the result between 0 and 1 one finds

∂vH(rn, t)
∂t

+
r2

n + Ke f f

1 + α(r2
n + K)

vH(rn, t)− f (t) + α f ′(t)
1 + α(r2

n + K)
rn J1(rn) = 0, vH(rn, 0) = 0. (12)

In above relation Ke f f = M + K is the effective permeability. The solution of the
problem with initial value (12) is given by the relation

vH(rn, t) = α f (t)
rn J1(rn)

1 + α(r2
n + K)

+(1 − αM)
rn J1(rn)

[1 + α(r2
n + K)]2

t∫
0

f (s) exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

(t − s)

]
ds.

(13)

Applying the inverse finite Hankel transform to Equality (13) and using the first entry
of Table X from Appendix C of the reference [22] one finds that the dimensionless starting
velocity v(r, t) of the fluid can be written in the suitable form

v(r, t) = f (t)− 2(1 + αK) f (t)
∞
∑

n=1

J0(rrn)

[1 + α(r2
n + K)]rn J1(rn)

+2(1 − αM)
∞
∑

n=1

rn J0(rrn)

[1 + α(r2
n + K)]2 J1(rn)

t∫
0

f (s) exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

(t − s)

]
ds,

(14)

which satisfies the initial and boundary conditions (9). In above relations J0(·) and J1(·) are
standard Bessel functions of the first kind of zero and one order, respectively.

Making α = 0 in Equation (14) one finds the dimensionless starting velocity field

vN(r, t) = f (t)− 2 f (t)
∞

∑
n=1

J0(rrn)

rn J1(rn)
+ 2

∞

∑
n=1

rn J0(rrn)

J1(rn)

t∫
0

f (s)e−(r2
n+Ke f f )(t−s)ds, (15)

corresponding to MHD axial Couette flow of electrically conducting incompressible New-
tonian fluids through a porous medium in an infinite circular cylinder that moves along its
symmetry axis with the velocity V f (t). This velocity does not depend of the parameters
M and K independently and a two parameter approach in this case is superfluous. The
dimensionless starting shear stresses τ(r, t) and τN(r, t) corresponding to the same mo-
tion of incompressible second grade and Newtonian fluids can be immediately obtained
substituting v(r, t) and vN(r, t) from Equations (14) and (15) in (11).

The relation (14) gives the general expression of the dimensionless velocity field v(r, t)
corresponding to MHD axial Couette flow of ECISGFs through a porous medium in an
infinite circular cylinder that moves along its symmetry axis with the time dependent
velocity V f (t). Using this expression it is possible to derive the velocity field for any
motion of this kind of the respective fluids. Consequently, the problem in discussion is
completely solved. For illustration, some particular study cases are considered in the
following and the corresponding velocity fields are provided. They will be later used to
bring to light some characteristics of the fluid motion and to find the necessary time to
reach the steady state. This time is very important for experimental researchers who want
to know the transition moment of the motion to the steady or permanent sate.
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3.1. Case f (t) = H(t) cos(ωt) or f (t) = H(t) sin(ωt) (Motion in a Cylinder)

Replacing f (t) by H(t) cos(ωt) or H(t) sin(ωt) in Equation (14) (where H(t) is the
Heaviside unit step function and ω is the non-dimensional frequency of the oscillations)
one finds the dimensionless starting velocity fields vc(r, t) and vs(r, t) corresponding to the
axial Couette flows induced by cosine or sine oscillations, respectively, of the cylinder along
its symmetry axis. Since these flows become steady in time, the corresponding starting
velocities can be written as sum of their steady state (long time) and transient components,
i.e.,

vc(r, t) = [vcs(r, t) + vct(r, t)]H(t), vs(r, t) = [vss(r, t) + vst(r, t)]H(t), (16)

where

vcs(r, t) = cos(ωt)− 2(1 + αK) cos(ωt)
∞
∑

n=1

J0(rrn)

[1 + α(r2
n + K)]rn J1(rn)

+2(1 − αM) cos(ωt)
∞
∑

n=1

rn(r2
n + Ke f f )J0(rrn)

[1 + α(r2
n + K)]an J1(rn)

+ 2ω(1 − αM) sin(ωt)
∞
∑

n=1

rn J0(rrn)

an J1(rn)
,

(17)

vct(r, t) = −2(1 − αM)
∞

∑
n=1

rn(r2
n + Ke f f )J0(rrn)

[1 + α(r2
n + K)]an J1(rn)

exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
, (18)

vss(r, t) = sin(ωt)− 2(1 + αK) sin(ωt)
∞
∑

n=1

J0(rrn)

[1 + α(r2
n + K)]rn J1(rn)

+2(1 − αM) sin(ωt)
∞
∑

n=1

rn(r2
n + Ke f f )J0(rrn)

[1 + α(r2
n + K)]an J1(rn)

− 2ω(1 − αM) cos(ωt)
∞
∑

n=1

rn J0(rrn)

an J1(rn)
,

(19)

vst(r, t) = 2ω(1 − αM)
∞

∑
n=1

rn J0(rrn)

an J1(rn)
exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
. (20)

The constants an from the above relations are given by the relation

an = (r2
n + Ke f f )

2
+ ω2[1 + α(r2

n + K)]
2
, n = 1, 2, 3 . . . (21)

For a check of the obtained results, let us provide equivalent expressions for the steady
state velocities vcs(r, t) and vss(r, t), namely

vcs(r, t) = Re
{

I0(r
√

γ)

I0(
√

γ)
eiωt

}
, (22)

vss(r, t) = Im
{

I0(r
√

γ)

I0(
√

γ)
eiωt

}
, (23)

where Re and Im mean the real part and the imaginary part of that which follows. The
complex constant γ from these expressions, that have been determined using the complex
velocity vcom(r, t) = vcs(r, t) + ivss(r, t), is given by the relation

γ =
Ke f f + iω(1 + αK)

1 + iωα
(24)

and Figure 1 shows the equivalence of the expressions of vcs(r, t) and vss(r, t) given by
the relations (17), (22) and (19), (23), respectively. Of course, in the case of incompressible

57



Symmetry 2025, 17, 706

Newtonian fluids, all previous relations take simpler forms. The steady state velocities
from Equations (22) and (23), for instance, become

vcs(r, t) = Re

⎧⎨
⎩

I0(r
√

Ke f f + iω)

I0(
√

Ke f f + iω)
eiωt

⎫⎬
⎭, vss(r, t) = Im

⎧⎨
⎩

I0(r
√

Ke f f + iω)

I0(
√

Ke f f + iω)
eiωt

⎫⎬
⎭. (25)

Figure 1. Equivalence of the expressions of vcs(r, t) and vss(r, t) given by the relations (17), (22) and
(19), (23), respectively, for α = 0.3, ω = π/3, M = 1, K = 0.7.

In above relations I0(·) is the modified Bessel function of the first kind of zero order.

3.2. Case f (t) = H(t) (Motion in a Cylinder)

In this case the fluid motion is generated by the cylinder that slides along its symmetry
axis with the constant velocity V. The expressions of steady and transient components
vCs(r) and vCt(r, t) of the corresponding starting velocity vC(r, t), namely

vCs(r) = 1 − 2Ke f f

∞

∑
n=1

J0(rrn)

rn(r2
n + Ke f f )J1(rn)

, (26)

vCt(r, t) = −2(1− αM)
∞

∑
n=1

rn J0(rrn)

[1 + α(r2
n + K)](r2

n + Ke f f )J1(rn)
exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
, (27)

have been directly obtained putting ω = 0 in Equations (17) and (18). An equivalent
expression for the dimensionless steady velocity vCs(r), namely

vCs(r) =
I0(r

√
Ke f f )

I0(
√

Ke f f )
, (28)

has been derived from Equation (22).
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3.3. Case When lim
t→∞

f (t) = 	 < ∞

It is interesting to observe that the steady velocity field corresponding to such a motion
can be generally determined using the following property

lim
s→0

sg(s) = lim
t→∞

g(t), (29)

if g(s) is the Laplace transform of g(t). Indeed, applying the Laplace transform to the
equality (14) one finds that

v(r, s) = f (s)− 2(1 + αK) f (s)
∞
∑

n=1

J0(rrn)

[1 + α(r2
n + K)]rn J1(rn)

+2(1 − αM) f (s)
∞
∑

n=1

rn J0(rrn)

[1 + α(r2
n + K)]2 J1(rn)

f (s)
1

s +
r2

n + Ke f f

1 + α(r2
n + K)

. (30)

Multiplying the equality (30) with s, taking its limit when s → 0 and bearing in mind
the property (29) one finds the steady or permanent velocity field

vp(r) = 	 − 2	Ke f f

∞

∑
n=1

J0(rrn)

rn(r2
n + Ke f f )J1(rn)

. (31)

Now, taking 	 = 1 in the last equality one recovers vCs(r) from Equality (26).

4. Fluid Velocity for Flows Between Infinite Coaxial Circular Cylinders

The initial and boundary conditions for this motion are

v(r, 0) = 0, R1 ≤ r ≤ R2; v(R1, t) = 0, v(R2, t) = V f (t), t > 0. (32)

Introducing the next non-dimensional variables and functions

r∗ = 1
R2

r, t∗ = ν

R2
2

t, v∗ = 1
V

v, τ∗ = R2

μV
τ, f ∗(t∗) = f

(
R2

2
ν

t∗
)

, (33)

and again dropping out the star notation one obtains the same dimensionless form (8) for
the governing equation of the dimensionless velocity field v(r, t). The corresponding initial
and boundary conditions are

v(r, 0) = 0, r0 ≤ r ≤ 1; v(r0, t) = 0, v(1, t) = f (t), t > 0, (34)

where the constant r0 = R1/R2.
In order to solve the partial differential Equation (8) with the initial and boundary

conditions (34), we use the finite Hankel transform and its inverse defined by the relations
(A3) from Appendix A [23]. Multiplying Equation (8) by rA(r, rn) where rn are the positive
roots of the transcendental equation A(1, r) = 0 and

A(r, rn) = Y0(r0rn)J0(rrn)− J0(r0rn)Y0(rrn) (35)

and integrating the result between the limits r0 and 1 and bearing in mind the identity (A4)
from Appendix A one finds the following problem with initial value

∂vH0(rn, t)
∂t

+
r2

n + Ke f f

1 + α(r2
n + K)

vH0(rn, t) =
2
π

f (t) + α f ′(t)
1 + α(r2

n + K)
J0(r0rn)

J0(rn)
, vH0(rn, 0) = 0. (36)
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The solution of this problem is given by the relation

vH0(rn, t) =
2
π

α f (t)J0(r0rn)

[1 + α(r2
n + K)]J0(rn)

+
2(1 − αM)J0(r0rn)

π J0(rn)[1 + α(r2
n + K)]2

t∫
0

f (s) exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

(t − s)

]
ds.

(37)

Applying the inverse finite Hankel transform to the last relation, one finds the dimen-
sionless velocity field

v0(r, t) = απ f (t)
∞
∑

n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]

+ π(1 − αM)

× ∞
∑

n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)]2[J2

0 (r0rn)− J2
0 (rn)]

t∫
0

f (s) exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

(t − s)

]
ds.

(38)

In this form, the dimensionless velocity v0(r, t) satisfies the initial condition and the
first boundary condition. The second boundary condition seems to be unsatisfied. An
equivalent form for the velocity field v0(r, t), namely

v0(r, t) =
r2 − r2

0
1 − r2

0
f (t)− π(1 + αK) f (t)

∞
∑

n=1

J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]

+
4π f (t)
1 − r2

0

∞
∑

n=1

J0(rn)

r2
n[J0(r0rn) + J0(rn)]

A(r, rn) + π(1 − αM)

× ∞
∑

n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)]2[J2

0 (r0rn)− J2
0 (rn)]

t∫
0

f (s) exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

(t − s)

]
ds,

(39)

has been obtained using the identities (A5) and (A6) from Appendix A. In this form, v0(r, t)
satisfies all imposed initial and boundary conditions. Taking α = 0 in Equation (39) one
finds the dimensionless velocity field corresponding to the MHD axial Couette flows
of electrically conducting incompressible Newtonian fluids through a porous medium
induced by the outer cylinder that moves along its symmetry axis with the time dependent
velocity V f (t). Its expression is

vN0(r, t) =
r2 − r2

0
1 − r2

0
f (t) +

4π f (t)
1 − r2

0

∞
∑

n=1

J0(rn)

r2
n[J0(r0rn) + J0(rn)]

A(r, rn)

−π f (t)
∞
∑

n=1

J0(r0rn)J0(rn)A(r, rn)

J2
0 (r0rn)− J2

0 (rn)
+ π

∞
∑

n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

J2
0 (r0rn)− J2

0 (rn)

t∫
0

f (t − s) e−(r2
n+Ke f f )sds.

4.1. Case f (t) = H(t) cos(ωt) or f (t) = H(t) sin(ωt) (Motion Between Two Cylinders)

Substituting f (t) by H(t) cos(ωt) or H(t) sin(ωt) in Equation (39) one finds the dimen-
sionless starting velocities v0c(r, t) and v0s(r, t) corresponding to the MHD axial Couette
flows of ECISGFs through a porous medium between coaxial circular cylinders due to
cosine or sine oscillations, respectively, of the outer cylinder. The dimensionless steady state
and transient components v0cs(r, t), v0ct(r, t) and v0ss(r, t), v0st(r, t) of the these velocities,
respectively, are given by the relations

v0cs(r, t) =
r2 − r2

0
1 − r2

0
cos(ωt)− π(1 + αK) cos(ωt)

∞
∑

n=1

J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]

+
4π cos(ωt)

1 − r2
0

∞
∑

n=1

J0(rn)

r2
n[J0(r0rn) + J0(rn)]

A(r, rn) + π(1 − αM)

× ∞
∑

n=1

r2
n

[
(r2

n + Ke f f ) cos(ωt) + ω[1 + α(r2
n + K)] sin(ωt)

]
J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]an

,

(40)
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v0ct(r, t) = −π(1− αM)
∞

∑
n=1

r2
n(r2

n + Ke f f )J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]an

exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
, (41)

v0ss(r, t) =
r2 − r2

0
1 − r2

0
sin(ωt)− π(1 + αK) sin(ωt)

∞
∑

n=1

J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]

+
4π sin(ωt)

1 − r2
0

∞
∑

n=1

J0(rn)

r2
n[J0(r0rn) + J0(rn)]

A(r, rn) + π(1 − αM)

× ∞
∑

n=1

r2
n

[
(r2

n + Ke f f ) sin(ωt)]− ω[1 + α(r2
n + K)] cos(ωt)

]
J0(r0rn)J0(rn)A(r, rn)

[1 + α(r2
n + K)][J2

0 (r0rn)− J2
0 (rn)]an

,

(42)

v0st(r, t) = ωπ(1 − αM)
∞

∑
n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

[J2
0 (r0rn)− J2

0 (rn)]an
exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
. (43)

Newtonian solutions corresponding to same motions are obtained making α = 0 in
above relations. As before, they do not depend of the magnetic and porous parameters M
and K independently, but only by means of the effective permeability Ke f f = M + K.

Equivalent expressions for the steady state velocities v0cs(r, t) and v0ss(r, t) are given
by the simple relations

v0cs(r, t) = Re
{

K0(r0
√

γ)I0(r
√

γ)− I0(r0
√

γ)K0(r
√

γ)

K0(r0
√

γ)I0(
√

γ)− I0(r0
√

γ)K0(
√

γ)
eiωt

}
, (44)

v0ss(r, t) = Im
{

K0(r0
√

γ)I0(r
√

γ)− I0(r0
√

γ)K0(r
√

γ)

K0(r0
√

γ)I0(
√

γ)− I0(r0
√

γ)K0(
√

γ)
eiωt

}
, (45)

where K0(·) is the modified Bessel function of second kind and zero order. The equivalence
of the expressions of the dimensionless steady state velocities fields v0cs(r, t) and v0ss(r, t)
given by the relations (40), (44) and (42), (45), respectively, is proved by means of Figure 2.

Figure 2. Equivalence of the expressions of v0cs(r, t) and v0ss(r, t) given by the relations (40), (44) and
(42), (45), respectively, for α = 0.3, ω = π/3, M = 1, K = 0.7 and r0 = 0.25.
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As it was to be expected, simple computations show that the limits of the steady state
velocities v0cs(r, t) and v0ss(r, t) of the motions between infinite circular cylinders give even
the steady state velocities vcs(r, t) and vss(r, t), respectively, of the fluid motions through
an infinite circular cylinder when r0 → 0 , i.e.,

lim
r0→0

v0cs(r, t) = Re
{

I0(r
√

γ)

I0(
√

γ)
eiωt

}
= vcs(r, t), (46)

lim
r0→0

v0ss(r, t) = Im
{

I0(r
√

γ)

I0(
√

γ)
eiωt

}
= vss(r, t). (47)

For completion, it is showed in Figure 3 that the diagrams of the dimensionless starting
velocities fields v0ct(r, t) and v0st(r, t) corresponding to flows between circular cylinders
overlap over the diagrams of the starting velocities vct(r, t) and vst(r, t) of the motions
through an infinite circular cylinder when r0 → 0 .

Figure 3. Convergence of the dimensionless starting velocities v0ct(r, t) and v0st(r, t) to the corre-
sponding staring velocities vct(r, t) and vst(r, t), respectively, of the motion in a circular cylinder
when α = 0.4, ω = π/3, M = 0.8, K = 0.6 and r0 → 0 .

4.2. Case f (t) = H(t) (Motion Between Two Cylinders)

Substituting f (t) by H(t) in Equation (39) one finds the dimensionless starting velocity
v0C(r, t) corresponding to the motion of ECISGFs between two infinite circular coaxial
cylinders induced by the outer cylinder that slides along its symmetry axis with the constant
velocity V. The expressions of the steady and transient components v0Cs(r) and v0Ct(r, t) of
v0C(r, t), which are given by the relations

v0Cs(r) =
r2 − r2

0
1 − r2

0
+

4π

1 − r2
0

∞
∑

n=1

J0(rn)A(r, rn)

r2
n[J0(r0rn) + J0(rn)]

−πKe f f
∞
∑

n=1

J0(r0rn)J0(rn)A(r, rn)

(r2
n + Ke f f )][J2

0 (r0rn)− J2
0 (rn)]

,
(48)

v0Ct(r, t) = −π(1 − αM)
∞
∑

n=1

r2
n J0(r0rn)J0(rn)A(r, rn)

(r2
n + Ke f f )[1 + α(r2

n + K)][J2
0 (r0rn)− J2

0 (rn)]

× exp

[
− r2

n + Ke f f

1 + α(r2
n + K)

t

]
,

(49)
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can be directly obtained taking ω = 0 in Equations (40) and (41). An equivalent form for
the steady component v0Cs(r), namely

v0Cs(r) = Re

⎧⎨
⎩

K0(r0

√
Ke f f )I0(r

√
Ke f f )− I0(r0

√
Ke f f )K0(r

√
Ke f f )

K0(r0

√
Ke f f )I0(

√
Ke f f )− I0(r0

√
Ke f f )K0(

√
Ke f f )

⎫⎬
⎭, (50)

has been obtained replacing ω by zero in Equation (44). Taking the limit of the equality
(50) when r0 → 0 one recovers the velocity field vCs(r) given by Equation (28). Finally,
following the same way as in Section 3.3. and using the expression of v0c(r, t) from Equation
(39) with ω = 0, it is easily to show that the permanent velocity field v0p(r) corresponding
to the case when lim

t→∞
f (t) = 	 < ∞ is given by the simple relation

v0p(r) =
r2 − r2

0
1 − r2

0
	+ 4π	

1 − r2
0

∞
∑

n=1

J0(rn)

r2
n[J0(r0rn) + J0(rn)]

A(r, rn)

−π	Ke f f
∞
∑

n=1

J0(r0rn)J0(rn)

(r2
n + Ke f f )][J2

0 (r0rn)− J2
0 (rn)]

A(r, rn).
(51)

Making 	 = 1 in above relation one finds the expression of v0Cs(r) from Equation (48).

5. Numerical Results

General analytic expressions for the dimensionless velocity fields corresponding to
MHD axial Couette flows of ECISGFs through a porous medium in an infinite circular
cylinder and between two infinite coaxial circular cylinders have been established. Such
flows describe a fairly complex fluid dynamics involving several physical phenomena.
Models shearing flow situations which are useful in applications like lubrication, polymer
processing and geophysical flows. For validation of the obtained results, some partic-
ular flows with technical relevance have been considered. The corresponding motions
become steady in time and the starting velocity fields have been presented as sum of their
steady state and transient components. The steady state components of these velocities
have been presented in different forms whose equivalence was graphically proved in
Figures 1 and 2. Interesting expressions for the steady velocity fields corresponding to a
large class of flows of these fluids have been also provided. In all cases similar solutions for
electrical conducting incompressible Newtonian fluids performing the same flows can be
immediately determined.

Now, in order to bring to light some characteristics of the fluid behavior and to
determine the dimensionless time that is necessary to get the steady state for both types
of unsteady motions, Figures 4–7 have been prepared for increasing values of the time t,
different values of the parameters K and M and fixed values for ω and α. This time is very
important for the experimental researchers who want to know the moment of transition
of the motion to the steady state. It is the time after which the profile of starting velocity
superposes over that of its steady component. In all cases the boundary conditions are
clearly satisfied and the necessary time to reach the steady state diminishes for increasing
values of the parameters K or M. In addition, as it clearly results from these figures and
Table 1, the fluid velocity grows up in time but is a decreasing function with regard to
the porous and magnetic parameters K and M. Consequently, as expected, the fluid flows
slower and the steady state is rather obtained under the influence of a porous medium or
magnetic field. Furthermore, it also results from these figures that the steady state is earlier
touched in the case of motion between infinite coaxial circular cylinders than in an infinite
circular cylinder in the same conditions. This is due to the stationary inner cylinder that
slows down the fluid motion.
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Figure 4. Convergence of the starting velocity vC(r, t) to its steady component vCs(r) given by
Equation (26) for α = 0.4, M = 0.8, K = 0.3 and K = 0.9 and increasing values of t.

Figure 5. Convergence of the starting velocity vC(r, t) to its steady component vCs(r) given by
Equation (26) for α = 0.4, K = 0.3, M = 0.5 and M = 0.9 and increasing values of t.

Figure 6. Convergence of starting velocity v0C(r, t) to its steady component v0Cs(r) given by Equation
(44) for α = 0.4, M = 0.8, K = 0.3 and K = 0.9 and increasing values of t.
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Figure 7. Convergence of starting velocity v0C(r, t) to its steady component v0Cs(r) given by Equation
(48) for α = 0.4, K = 0.3, M = 0.5 and M = 0.9 and increasing values of t.

Table 1. Comparative values of the steady velocity v0Cs(r) and starting velocity v0C(r, t) at dimen-
sionless times 1.6, 1.3 and 1.2, 1 from Figures 6 and 7, respectively.

r

Figure 6 Figure 7

v0C v0Cs v0C v0Cs v0C v0Cs v0C v0Cs

t=1.6 t=1.3 t=1.2 t=1

r0 = 0.25 0 0 0 0 0 0 0 0

0.30 0.118 0.119 0.111 0.112 0.121 0.122 0.116 0.117

0.35 0.218 0.219 0.206 0.208 0.223 0.225 0.214 0.217

0.40 0.306 0.307 0.289 0.291 0.312 0.315 0.300 0.304

0.45 0.384 0.385 0.363 0.366 0.391 0.395 0.377 0.382

0.50 0.454 0.456 0.431 0.434 0.462 0.467 0.447 0.452

0.55 0.520 0.521 0.495 0.498 0.528 0.534 0.511 0.517

0.60 0.580 0.582 0.555 0.558 0.590 0.595 0.572 0.578

0.65 0.638 0.640 0.612 0.615 0.647 0.653 0.629 0.636

0.70 0.693 0.695 0.668 0.671 0.702 0.707 0.685 0.691

0.75 0.747 0.748 0.723 0.726 0.755 0.760 0.739 0.744

0.80 0.798 0.800 0.778 0.780 0.806 0.810 0.791 0.796

0.85 0.849 0.850 0.832 0.834 0.856 0.859 0.844 0.848

0.90 0.900 0.900 0.887 0.889 0.904 0.907 0.896 0.898

0.95 0.950 0.900 0.943 0.944 0.952 0.954 0.948 0.949

1.00 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

In conclusion, when such fluids move in a magnetic field electromagnetic forces arise,
affecting the flow and models shearing flow situations which are useful in applications like
lubrication, polymer processing, and geophysical flows. Even though it sounds highly the-
oretical, the present study can be useful to models real systems in engineering, geophysics,
biomedical, metalurgical processes, polymer and chemical processes, lubrication systems
and environmental engineering.
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6. Conclusions

Axial Couette flows of ECISGFs through a porous medium in two cylindrical domains
have been analytically and numerically investigated in the presence of a magnetic field.
The fluid motion is produced by an infinite circular cylinder that slides along its symmetry
axis with the time-dependent velocity V f (t). General analytic expressions were established
for the dimensionless velocity field v(r, t) using the finite Hankel transform only. These
expressions can be used to derive the fluid velocity for any motion of this kind of the
respective fluids and the problems in discussion are completely solved. For illustration,
some flows with engineering applications have been considered and the corresponding
velocity fields have been used to bring to light some characteristics of the fluid behavior.

The main findings that have been obtained by means of this study are:

- MHD axial Couette flows of ECISGFs through a porous medium in two cylindrical
domains were analytically investigated. The fluid motion was induced by a circular
cylinder that moves along its symmetry axis with the time-dependent velocity V f (t).

- General expressions have been established for the corresponding dimensionless ve-
locity fields. They can generate exact solutions for any motion of this type of the
respective fluids and the motion problems in discussion are completely solved.

- For illustration, some particular cases have been considered and the corresponding
velocity fields were derived. For validation, the steady components of these velocities
were presented in different forms and their equivalence was graphically proved.

- As application, since the considered motions become steady in time, the necessary time
to reach the steady state was graphically determined. That time, which is important
for experimental researchers, declines for increasing values of K or M.

- Consequently, the steady state for such motions of ECISGFs is earlier touched in the
presence of a porous medium or magnetic field. It is also rather touched for flows
between infinite circular cylinders than in an infinite circular cylinder.

- The fluid flows faster in the absence of a porous medium or magnetic field.

In completion, we provide an important equation for the non-trivial shear stress that
can be useful for readers to solve similar motion problems in which the shear stress is
prescribed on the boundary. In such cases they can use the fact that the dimensionless shear
stress τ(r, t) satisfies the governing equation

∂τ(r,t)
∂t =

(
1 + α ∂

∂t

)[
∂2τ(r,t)

∂r2 + 1
r

∂τ(r,t)
∂r − 1

r2 τ(r, t)
]

−Mτ(r, t)− K
(

1 + α ∂
∂t

)
τ(r, t),

(52)

that can be easily solved using the Hankel transforms. As soon as the shear stress τ(r, t)
is determined for a given motion, the corresponding velocity field can be easily obtained
solving the linear differential Equation (8).
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Appendix A

uH(rn) = H{u(r)} =

1∫
0

ru(r)J0(rrn)dr, u(r) = 2
∞

∑
n=1

J0(rrn)

[J1(rn)]
2 uH(rn), (A1)

1∫
0

r
{

d2u(r)
dr2 +

1
r

du(r)
dr

}
J0(rrn)dr = rnu(1)J1(rn)− r2

nuH(rn), (A2)

uH0(rn) = H{u(r)} =

1∫
r0

ru(r)A(r, rn)dr, u(r) =
π2

2

∞

∑
n=1

r2
n J2

0 (rn)A(r, rn)

J2
0 (r0rn)− J2

0 (rn)
uH0(rn), (A3)

1∫
r0

r
[

d2u(r)
dr2 +

1
r

du(r)
dr

]
A(r, rn)dr =

2
π

[
J0(r0rn)

J0(rn)
u(1)− u(r0)

]
− r2

nuH0(rn), (A4)

1∫
r0

rA(r, rn)dr =
2
π

J0(r0rn)

r2
n J0(rn)

, (A5)

1∫
r0

r3 A(r, rn)dr =
2
π

J0(r0rn)

r2
n J0(rn)

+
2
π

(4 − r2
0r2

n)J0(rn)− 4J0(r0rn)

r4
n J0(rn)

, (A6)

The last identity has been determined using the known results

d
dz

[
z3 J1(z)− 2z2 J2(z)

]
dz = z3 J0(z),

d
dz

[
z3Y1(z)− 2z2Y2(z)

]
dz = z3Y0(z). (A7)
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Abstract: Due to the geostrophic balance, horizontal divergence-free is often assumed when
analyzing large-scale oceanic flows. However, the geostrophic balance is a leading-order
approximation. We investigate the statistical feature of weak horizontal compressibility
in the Gulf of Mexico by analyzing drifter data (the Grand LAgrangian Deployment
(GLAD) experiment and the LAgrangian Submesoscale ExpeRiment (LASER)) based on
the asymptotic probability density function of the angle between velocity and acceleration
difference vectors in a strain-dominant model. The results reveal a notable divergence at
scales between 10 km and 300 km, which is stronger in winter (LASER) than in summer
(GLAD). We conjecture that the divergence is induced by wind stress with its curl parallel
to the Earth’s rotation.

Keywords: homogeneous turbulence; isotropic turbulence; oceanic surface flow; ocean
surface drifter; skewness of horizontal divergence

1. Introduction

In large-scale oceanic flows, the Coriolis effect and the pressure gradient dominate the
horizontal momentum balance [1,2]. When the Coriolis parameter is a constant, geostrophic
flow is horizontally non-divergent. This horizontal non-divergent condition simplifies
many theoretical analyses. For instance, the third-order structure function theory with
the incompressible condition can be used to study the direction of energy cascades in the
atmosphere [3] and ocean [4,5].

Geostrophic balance describes the oceanic mesoscale to the leading order of small
Rossby number, while at submeso and smaller scales, horizontal divergence can be of
leading order [6] and even mesoscale motion can have weak horizontal divergence. Second-
order structure functions can be constructed to detect the amplitude of this compressibil-
ity [7], but the sign of horizontal velocity divergence is unknown.

We go beyond the velocity structure function and study the combined information
from the velocity difference vector δu and acceleration difference vector δa. In three-
dimensional (3D) turbulence, the ensemble average of their dot product, denoted as
〈δu · δa〉, is found to be a constant under a fixed energy cascading rate with its sign
corresponding to the direction of cascade in the inertial range, which is justified by experi-
ments [8]. Thus, it is natural to study the angle θ between δu and δa. In a simple model
with constant strain rates and without rotation, the probability density function (p.d.f.)
of cos θ is related to the ratio of the eigenvalues of the velocity strain rate tensor [9]. The

Symmetry 2025, 17, 136 https://doi.org/10.3390/sym17010136
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p.d.f. of cos θ under this model fits well with the p.d.f. from experiments [9]. Therefore, it
is possible to obtain information about the eigenvalues of the strain rate tensor from the
p.d.f. of cos θ, which has not been realized in former studies.

This paper treats the oceanic surface flow as a projection of 3D flow. In this sense,
the eigenvalues of the strain rate tensor reveal the compressibility of the surface flow. By
analyzing drifter data in the Gulf of Mexico, we aim to detect the amplitude and sign
of the horizontal divergence in oceanic surface flow. This will be realized through an
asymptotically derived relation between the p.d.f. of cos θ and the ratio of eigenvalues of
the strain rate tensor.

The structure of the rest of this paper is as follows: Section 2 introduces the theoretical
background and methods for analyzing the drifter data. Then we show the main results
in Section 3. Finally, we discuss the phenomenon found from the results and propose the
possible physics in Section 4. Details of data processing and error estimation will be shown
in Appendices A and B. More fitting results are displayed in Appendix C.

2. Theories and Methods

We built a model that captures the relation between the angle of acceleration and
velocity difference vectors and the divergence at a certain scale, which is inspired by
Gibert et al. (2012) [9]. Since drifters may be distributed at strain-dominant regions
around vortices in a diffusion process [10], we consider that at each scale, random strains
dominantly impact pair separation. Thus, we keep the model to be irrotational.

2.1. Random Strain Model

We can start from a simple case where the flow has constant strain rates and does not
rotate. Consider a 3D incompressible flow, then the velocity gradient tensor M is constant
and symmetric with zero trace:

Mij =
∂ui
∂xj

=
∂uj

∂xi
= Mji = const. (1)

In general, the velocity can be integrated from its gradient tensor M, which is u = u0 +
∫

M ·dr.
Additionally, the acceleration can be derived from velocity, i.e., a = ∂u/∂t + u · ∇u [1], where
∂u/∂t-related terms are zero in a statistically steady flow. For simplicity, we consider a
linear velocity profile and the corresponding acceleration can be expressed as follows [9]:

ui = Mijxj, (2a)

ai = uj
∂ui
∂xj

= Mijuj. (2b)

Here, we chose the Cartesian coordinates O-xyz, where the x-axis points to the East, the y-
axis points to the North and the z-axis is vertically upwards. The indices i, j range from 1
to 3, and each pair of repeating indices represents the corresponding summation from 1 to
3. The velocity is also denoted as u = ui + vj + wk, where i, j, k represent the unit vectors
of the axes x, y, z, respectively.

We can perform an orthogonal diagonalization since M is assumed symmetric. Choos-
ing the principal coordinates O-ξηζ, we obtain the following:

M =

⎛
⎜⎝λ1

λ3

λ2

⎞
⎟⎠ = λ1

⎛
⎜⎝1

−(1 + α)

α

⎞
⎟⎠, (3)
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where λ1 ≥ λ2 ≥ λ3 are the eigenvalues of M. Here, we applied the incompressibility
condition as follows [9]:

∇ · u = trM =
3

∑
i=1

λi = 0, (4)

and α = λ2/λ1.
For the large-scale oceanic flow, due to the dominant geostrophic balance, the principal

axes ξ and η lie close to the x-y plane. Therefore, it is reasonable to assume |α| 
 1 and the
ζ-axis is parallel to the z-axis. Under these assumptions, the horizontal velocity divergence
is not zero:

∇z · u =
∂u
∂x

+
∂v
∂y

= −∂w
∂z

= −λ2, (5)

where ∇z := i∂x + j∂y is the horizontal gradient.
Thus, a divergent flow would correspond to a negative λ2 and a negative α, and a

convergent flow would correspond to a positive λ2 and a positive α.
Considering two-dimensional (2D) drifter pair dispersion in the ocean, the relative

position vector between two drifters can be expressed as follows:

δr = r0(eξ cos δφ + eη sin δφ), (6)

where eξ and eη are the unit vectors of the axes ξ and η, r0 is the distance between the
drifters, and δφ represents the angle between δr and eξ . When δr is fixed, the velocity and
acceleration difference vectors can be expressed as follows:

δu =

⎛
⎜⎝λ1

λ3

λ2

⎞
⎟⎠ · δr = r0λ1

⎛
⎜⎝ cos δφ

−(1 + α) sin δφ

0

⎞
⎟⎠, (7)

and

δa =

⎛
⎜⎝λ2

1
λ2

3
λ2

2

⎞
⎟⎠ · δr = r0λ2

1

⎛
⎜⎝ cos δφ

(1 + α)2 sin δφ

0

⎞
⎟⎠. (8)

Let θ be the angle between δu and δa. We can obtain the exact expression of cos θ:

cos θ =
δu · δa
|δu||δa| =

cos2 δφ − (1 + α)3 sin2 δφ√
cos2 δφ + (1 + α)2 sin2 δφ

√
cos2 δφ + (1 + α)4 sin2 δφ

, (9)

which is independent of r0 and λ1.
Oceanic flows can be different when the scale changes. To apply the model to real

oceanic flows, we assume λi (i = 1, 2, 3) and α to be functions of the scale, i.e., functions of
r0 in a 2D drifter pair dispersion. We further assume that the angle δφ is a random variable
(r.v.), to capture the changing direction of the principal axes and drifter pairs. When the
flow is assumed isotropic, α is independent of δφ. Considering Equation (9), for a fixed
scale, the quantity cos θ as a function of δφ is also a r.v. Our aim is to obtain α from the
distribution of cos θ under different scales.

2.2. Probability Distribution of cos θ

The exact expression of cos θ as a function of δφ (9) has a complicated form which is not
easily applicable to data analysis. As has been discussed above, the dominant geostrophic
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balance implies |α| 
 1, so we can expand cos θ into a series of α through Taylor expansion:

cos θ =
∞

∑
k=0

αk fk(δφ). (10)

At the first order, we obtain the following:

cos θ = cos 2δφ +
3
2

α(cos2 2δφ − 1). (11)

It is reasonable to reset cos 2δφ instead of δφ to be the independent variable. We introduce
the following notations for convenience:

x := cos 2δφ, y := cos θ. (12)

The reverse function of (11) exists when |α| ≤ 1/3, and the 1st-order relations become

y = x − 3
2

α(1 − x2), (13a)

x = y +
3
2

α(1 − y2). (13b)

To the second order, these relations become

y = x − 3
2

α(1 − x2) + α2(1 − x2)

(
3
4
− 19

8
x
)

,

x = y +
3
2

α(1 − y2)− α2(1 − y2)

(
3
4
+

17
8

y
)

,
(14)

where the inverse function x = x(y) here can be derived by the matching of expansions in
a perturbative method. The results of our study will show that α is on the order of 10−2 for
oceanic surface flow, making the 1st-order expansion a good approximation.

The probability distribution of cos θ can be expressed by the distribution of δφ (or
cos 2δφ) in an asymptotic form. Consider a simple case when δφ is uniformly distributed
over [0, 2π]. The p.d.f. of x = cos 2δφ was derived in the 2D incompressible case with
α = 0 [9]:

P(x) =
1

π
√

1 − x2
, x ∈ (−1, 1). (15)

To the 1st order of α, we derive the expression of p.d.f. of cos θ as follows:

P̃(y) =
1 − 3

2
αy

π
√

1 − y2
, y ∈ (−1, 1). (16)

This expression introduces an asymmetric part with α as the leading order, which inspires
us to describe the influence of non-zero α by even-odd decomposition.

2.3. Procedure for Analyzing Oceanic Surface Flow

Hinted by (16), we decompose the p.d.f.s into the even and odd parts

Peven(x) =
P(x) + P(−x)

2
, P̃even(y) =

P̃(y) + P̃(−y)
2

,

Podd(x) =
P(x)− P(−x)

2
, P̃odd(y) =

P̃(y)− P̃(−y)
2

.
(17)

The analysis will be based on the following assumptions:
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Assumption 1. Assuming that in the even-odd decomposition P(x) = Peven(x) + Podd(x),
Peven(x) � Podd(x). So we can introduce a bookkeeping parameter ε to mark the smallness of the
odd part of the p.d.f., i.e.,

P(x) = Peven(x) + εPodd(x), 0 < ε 
 1. (18)

Assumption 2. α = λ2/λ1 is small in oceanic flows, i.e., |α| 
 1. Hence the discussion in
Section 2.2 holds valid.

Assumption 3. |α| � ε, i.e., the odd p.d.f. of cos θ is dominated by α instead of ε. Thus, α

measures the skewness of p.d.f. of the angular distribution of drifter pairs.

The p.d.f. of y = cos θ can be derived through a simple relation: P̃(y) =

P(x(y))|dx/dy|, where dx/dy = 1 − 3αy always holds non-negative under Assumption 2.
Denoting x = x0(y) + αx1(y) with x0(y) = y and x1(y) = 3(1 − y2)/2, we obtain
the following:

P̃(y) = P(x(y))
dx
dy

= P(x0 + αx1)

(
dx0

dy
+ α

dx1

dy

)

=
[
P(x0) + αx1P′(x0)

](dx0

dy
+ α

dx1

dy

)

= P(x0)
dx0

dy
+ α

d
dy

[x1(y)P(x0(y))]

= P(y) +
3
2

α
d

dy
[(1 − y2)P(y)],

(19)

where we omitted the second-order term. Combined with Assumption 1 and Assumption 3,
we obtain the even-odd decomposition for P̃(y):

P̃(y) = Peven(y)︸ ︷︷ ︸
even

+
3
2

α
d

dy

[
(1 − y2)Peven(y)

]
︸ ︷︷ ︸

odd

, (20)

where the skewness of p.d.f. of the angular distribution is captured by α.
Considering the decomposition in Equation (20), we can use the even part to express

the odd part, thus obtaining the α by fitting. Here, we use the least square method for fitting.
After obtaining the odd and even parts of the p.d.f. from data, we introduce the loss

function as follows:

L(α) =
1
n

n

∑
i=1

[
3
2

αq′(yi)− p(yi)

]2
, (21)

where

p(y) = P̃odd(y), (22a)

q(y) = (1 − y2)P̃even(y), (22b)

then we obtain α by minimizing L(α):

α =
2 ∑n

i=1 p(yi)q′(yi)

3 ∑n
i=1[q′(yi)]

2 . (23)

Here, the sequence {yk}n
k=1 represents the data points, and it is chosen to be a finite

arithmetic sequence with a common difference in Δy.
In our model, α is closely related to horizontal compressibility by Equation (5). If α

itself is a r.v. with its p.d.f. denonted as f (α), assuming that f (α) is negligible when
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|α| > 1/3, then the relation between x and y is 1-to-1; therefore, the α in Equation (20) can
be understood as its expectation

∫
α f (α) dα. Thus, we may expect to obtain a statistical

average of horizontal velocity divergence, i.e., the asymmetry towards divergence or
convergence, by the sign of α.

3. Results

In this study, we analyze two data sets of drifter motion from the Grand LAgrangian
Deployment (GLAD) experiment and the LAgrangian Submesoscale ExpeRiment (LASER).
Drifters were deployed in the Gulf of Mexico in Summer, July to August 2012 (GLAD), [11]
and in Winter, January to February 2016 (LASER) [12]. The locations of drifters are tracked
using the Global Positioning System (GPS) within a nominal position error less than
10 m [5]. We think these two sets of data can reflect the velocity of oceanic surface flows
precisely at the scales studied here.

The p.d.f. of cos θ to the zeroth order is (15) when δφ is uniformly distributed over
[0, 2π]. Therefore, we can do a rough comparison between the actual p.d.f. of cos θ and
(15). Choose the data in LASER and |δr| around 33 km as an example, and the result is
shown in Figure 1. Details of data processing are written in Appendix A. We find that
Equaiton (15) can already qualitatively describe the p.d.f. of cos θ, i.e., cos θ distributing
around ±1 has the maximum probability, while the p.d.f. changes little and lies below 0.5
around cos θ = 0. The dimensionless quantity α, which may represent the compressibility
by Equation (5), appears in the first-order expansion. Then, a rough estimation of α can be
conducted according to Equation (16).

-1 -0.5 0 0.5 1
0

0.5

1

1.5

Figure 1. Comparison between the actual p.d.f. of cos θ and Equation (15) in LASER, at the scale
around 33 km.

Section 2.3 provides a method to obtain α with a weaker assumption to the distribution
of δφ, and we can take an example to show the whole process. Figure 2 shows the fitting
process and its performance for |δr| around 33 km in LASER. We first decompose the p.d.f.
of cos θ into the even and odd parts, as shown in Figure 2a and c, respectively. Note that in
Figure 2a, q relates to the even part of p.d.f. of cos θ through (22b). Then, using the discrete
format in Appendix A, we take the derivative of q, shown in Figure 2b. Thus, we fit p using
q′ to obtain α following the least-square procedure shown in Equations (21)–(23). The red
fitting curve in Figure 2c well captures p. Figure 2d shows the comparison between the

74



Symmetry 2025, 17, 136

p.d.f. of cos θ obtained from data and the theoretical expression (20) obtained from our
fitting procedure.
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Figure 2. Fitting process in LASER at the scale around 33 km. (a) The even part of the p.d.f. of cos θ

multiplied by (1 − cos2 θ), denoted as q(cos θ). (b) The derivative of q, using the discrete format
in (A1). (c) The odd part of the p.d.f. of cos θ, denoted as p(cos θ), and its fitting curve 3

2 αq′(cos θ),
where α is obtained by (23). Here, α = −0.0123. (d) The comparison between the original data and
fitting of p.d.f. of cos θ.

The above process can be carried out in other scales of |δr|, in GLAD and LASER.
More fitting results are shown in Appendix C. Then we can obtain α as a function of scale,
which is shown in Figure 3. Details of data processing and error estimation are written in
Appendices A and B, which will tell us that Figure 3 is reliable when the scale is above
3 km. We can find that α is on the order of 10−2 in general, and stays negative when the
scale ranges from about 10 km to about 300 km. This range of scale is larger in LASER than
in GLAD, and so is the amplitude of negative α.
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Figure 3. The obtained α-|δr| curve. Blue lines and red lines are used for GLAD and LASER,
respectively. α is of O(10−2) or less in general. The value of it is significantly negative at scales
between 10 km and 300 km, and this phenomenon is more prominent in LASER than in GLAD. Note
that the data in very small scales (less than 500 m) and very large scales (larger than 800 km) may be
subject to insufficient data with a probably large error.

4. Discussion

Figure 3 shows that α is negative (implying an average divergent flow) at most of
the scales and positive (convergent flows) at some scales around 1–10 km. The negative
α is more prominent in LASER than in GLAD. This at least verifies that the surface flow
is weakly compressible, as α is small and non-zero, and may involve some patterns in 3D
flows. Additionally, compared with theories of 3D homogeneous isotropic turbulence [13]
with 〈λ1λ2λ3〉 < 0, which may imply a positive α). Here, λi refers to the eigenvalues of the
symmetric part of the velocity gradient tensor, and the negative α implies the uniqueness
of oceanic flow. We do not know the exact reason behind this negative α, but we propose
two possible explanations in the following sections.

4.1. Kinematics: Drifter Concentration Caused by Mesoscale Vortices and Surface Compressibility

Cressman et al. (2004) [14,15] analyzed the motion of small particles on the surface of
water in a square tank, and simulated the velocity distribution numerically. They claimed
that the surface flow is a compressible flow with low speed (lower than the speed of sound).
Structures of source and sink will exist on the surface, as the motion is still 3D in essence.
Particles will be trapped in narrow convergent regions (with negative 2D divergence of
velocity) and will distribute around vortices with a larger scale.

For oceanic flows, the leading-order vortices are mesoscale eddies (with scales rang-
ing from several kilometers to several hundreds of kilometers). It is possible that these
mesoscale vortices are accompanied by narrow convergent fronts, so that the drifters will
accumulate around these vortices [12]. Meanwhile, the vortices correspond to divergent
regions due to mass conservation. This qualitative view agrees with the suggestion of
divergence (negative α) at mesoscales (∼10–100 km), with some suggestion of convergence
(positive α) at submesoscale fronts (∼1–10 km). We further speculate that the negative α

seen at even smaller scales may correspond to the divergent zones of Langmuir cells.
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4.2. Dynamics: Weak Compressibility Caused by Ekman Pumping

The Coriolis force is non-negligible for large scales in oceanic flows. The balance
between the Coriolis force and internal friction force is significant near the surface, resulting
in the boundary layer between the ocean and the atmosphere, which is called the Ekman
layer. For the Ekman layer on the surface of the ocean, friction at the bottom is zero (from
definition), and wind stress τT will happen at the top. The z-component w of the velocity
stays zero at the top, but non-zero at the bottom [1]:

wB =
1
ρ0

(
curlz

τT

f
+∇ · Mg

)
. (24)

where curlz denotes the z-component of the curl, Mg =
∫

Ek ρ0ugdz, and ug is the hor-
izontal component of the velocity under geostrophic balance. The term ∇ · Mg =

−(β/ f )Mg · j represents the divergence of geostrophic transport, which is relatively small
in Equation (24) [1].

Therefore, wind stress with a curl consistent with the rotation of the Earth (i.e., positive
curl in the northern hemisphere) will cause the up-welling and surface divergence, which
is likely to contribute to the negative α. The Gulf of Mexico is a region associated with
negative wind stress curl on average [16], which could not explain the observed negative α

(divergence) at scales between 10 km and 300 km. However, this region is also subject to
hurricanes, which are cyclones with a positive wind stress curl. In particular, the LASER ex-
periment experienced a strong hurricane, which may explain the more negative α detected
in the LASER dataset.

5. Conclusions

We constructed a pure-strain model with a parameter α to analyze the drifter data,
where α can reflect the existence of compressibility in a 2D flow, and the horizontal di-
vergence asymmetry in 2D turbulence. We find that α stays negative at the mesoscales,
representing a divergent flow, and we conjecture that mesoscale eddies interspersed with
convergent fronts or a wind stress with a cyclonic wind stress curl arising from hurricanes
may explain this observed divergence. Since particles and pollution tend to concentrate in
regions with negative horizontal divergence, our results potentially lead to better models
for pollution transports.

This study analyzed two data sets, and our model better matches LASER than GLAD
(shown in Appendix B). This difference may be caused by the difference in data volume,
or our assumptions, such as homogeneity and isotropy, are better satisfied in LASER than
in GLAD. The inhomogeneity and anisotropy in GLAD were already discussed in other
studies [17].

A major caveat of this work is that we assumed the flow to be pure-strain but oceanic
flows are known to have comparably strong vorticity as well [18]. Thus, this strong assump-
tion on our flow model may impact some of the results and conclusions. Also, our model is
probably invalid when the velocity gradient tensor changes significantly with time, and the
assumption of linearity is restrictive. Regardless, we provide an interesting and novel proof
of concept for analyzing ocean observations, which is worthy of further investigation.
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Appendix A. Details of Data Processing

The data used in this research covers the time period from day 10 to day 52 in GLAD
and LASER experiments. The positions (latitudes and longitudes) and velocities of the
drifters are contained in the original data. Acceleration is computed by the central differ-
encing scheme, and the time interval between neighbouring data points is 15 min originally.
The actually used data takes 30 min as the time interval.

The p.d.f. of cos θ (defined by the first equals sign in Equation (9)) is generated at
different scales of |δr| (i.e., the distance between drifters). We choose a sequence {rk} as
the representative scales in advance. This is a geometric sequence with a ratio of 1.5, so
it is equidistant in the logarithmic coordinate and is consistent with a former study [5].
Meanwhile, we tolerate a relative error of 0.2 when categorizing each actual |δr| into a
certain rk, i.e., |δr| is considered on the scale of rk if and only if ||δr| − rk|/rk < 0.2. Then
almost all the data can be used without repetition when the scale is between the first and the
last term of {rk}. The first term is set as r1 = 10 m and the last term is about 852 km, so there
are 29 terms of {rk} in total, all consistent with [5]. The examples in Figures 1, 2, and A1,
where the scale is chosen as 33 km, correspond to r21 to be precise.

As is mentioned in Section 2.3, we choose a sequence {yk} with a common difference
in Δy to represent different values of cos θ when generating the p.d.f. of cos θ. To obtain
the p.d.f., we compute a discrete probability mass function (p.m.f.) of the event sequence
{cos θ ∈ [yk − Δy/2, yk + Δy/2)}, where

⋃n
k=1[yk − Δy/2, yk + Δy/2) = [−1, 1). The ex-

treme case cos θ = 1 will fall under the last interval. Divide the p.m.f. by Δy, and we can
obtain the p.d.f. for analysis. In the main text, Δy is set as 0.02 by default.

The function q(y) in Section 2.3 is also defined on discrete points {yk}. The derivative
of q(y) can be defined by a discrete format with second-order accuracy, i.e.,

q′(yi) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

4q(y2)− 3q(y1)− q(y3)

2Δy
, i = 1,

q(yi+1)− q(yi−1)

2Δy
, 2 ≤ i ≤ n − 1,

3q(yn)− 4q(yn−1) + q(yn−2)

2Δy
, i = n.

(A1)

Appendix B. Error Estimation of the Fitting

Appendix B.1. Noise in the Generated p.d.f.

We generated p.d.f. of cos θ from drifter data directly. But these functions are not
smooth, and contain irregular oscillation, which is called noise. The existence of noise will
reduce the effect and reliability of our fitting. Observation tells us that noise will probably
decrease (i.e., Signal to Noise Ratio (SNR) will increase) as the scale and data volume
increase. For instance, there are more valid drifters in LASER (956) than in GLAD (297),
and accordingly, the p.d.f.s appear smoother in LASER than in GLAD.

Moreover, SNR will also increase when Δy appropriately increases. An example is
taken for 33 km in LASER, shown in Figure A1. Obvious oscillations can be seen when

78



Symmetry 2025, 17, 136

Δy = 0.02, and this phenomenon vanishes gradually as Δy grows up. However, changes in
Δy will result in changes in the obtained α, and the amplitude of this change also depends
on the scale and data volume.

We can plot the α-|δr| curves at different values of Δy, which are shown in Figure A2.
There should not be big changes in α if our method is proper enough. According to
Figure A2, small scales correspond to a bigger amplitude of change in α and thus, a lower
reliability compared with the larger scales. The demarcation approximately locates at 3 km.
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Figure A1. Odd part of the p.d.f. and the fitting curve when Δy equals (a) 0.02, (b) 0.05 and (c) 0.1,
at the scale around 33 km in LASER.
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Figure A2. The α − |δr| curves at different values of Δy in (a) GLAD and (b) LASER. The values of
Δy are set as 0.02, 0.05, and 0.1, plotted in blue, red and black, respectively.

Appendix B.2. Root Mean Square Error

In the former section, we found that the fitting is effective and reliable at mesoscale
and large scale. But we have not checked whether the fitting matches the p.d.f. well enough,
and this is independent from the existence of noise. Therefore, we set Δy = 0.1 to increase
SNR, and define the bias of fitting as follows:

σBias =

√√√√ 1
n′

n′

∑
i=1

[
p(y′i)− pfit(y′i)

]2, (A2)

where n′ denotes the number of data points y′i when Δy = 0.1, p(y′i) and pfit(y′i) =
3
2 αq′(y′i)

denote the odd part of the p.d.f. of cos θ and the fitting curve. Figure A3 shows the σBias-|δr|
curves. The value of σBias reduces to a stable platform when the scale is over 500 m.
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Figure A3. σBias − |δr| curves in (a) GLAD and (b) LASER.

In addition, the amplitude of the odd part of the p.d.f. of cos θ will vary as the scale
changes. A quantity describing the relative error needs to be introduced, i.e.,

eBias =
σBias√

1
n′ ∑n′

i=1 p2(y′i)
. (A3)

The eBias − |δr| curves are shown in Figure A4. We can find that the fitting matches better
in LASER than in GLAD, and the error is indeed smaller in larger scales (roughly larger
than 3 km). The difference between the two data sets may be resulted by the difference in
data volume, or GLAD is less likely to accord with our model.
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Figure A4. eBias − |δr| curves in (a) GLAD and (b) LASER.

Appendix C. More Fitting Results

Here, we select more fitting results in GLAD and LASER, as are shown in
Figures A5 and A6. The value of Δy is set as 0.02. In GLAD, obvious oscillations of data
and the fitting curve appear when the scale is small (Figure A5a). The fitting curves are
approximately horizontal at mesoscale (Figure A5b–d). This is consistent with the result
that the amplitude of α is smaller in GLAD than in LASER at mesoscale, as can be seen
in Figure 3. Large scales have a better fitting result (Figure A5e). The oscillation of the
fitting curve around cos θ = 0 in Figure A5e may be a result of insufficient data volume. In
LASER, oscillation is less obvious than in GLAD when the scale is small, while the curves
appear horizontal and capture little features of the data (Figure A6a,b). The fitting is fine
for mesoscale and large scale (Figure A6c–e).
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Figure A5. Fitting results of p.d.f. of cos θ at different scales, using the data from GLAD. Five cases
are shown here at scales around (a) 51 m, (b) 577 m, (c) 6.6 km, (d) 50 km and (e) 568 km. Each single
case contains two sub-figures, plotting the whole and the odd part of the p.d.f. (blue circles) and the
fitting curve (red curve).
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Figure A6. Fitting results of p.d.f. of cos θ at different scales, using the data from LASER. Five cases
are shown here at scales around (a) 51 m, (b) 577 m, (c) 6.6 km, (d) 50 km and (e) 568 km. Each single
case contains two sub-figures, plotting the whole and the odd part of the p.d.f. (blue circles) and the
fitting curve (red curve).

81



Symmetry 2025, 17, 136

References

1. Vallis, G.K. Atmospheric and Oceanic Fluid Dynamics; Cambridge University Press: Cambridge, UK, 2017.
2. Vallis, G.K. Essentials of Atmospheric and Oceanic Dynamics; Cambridge University Press: Cambridge, UK, 2019.
3. Cho, J.Y.; Lindborg, E. Horizontal velocity structure functions in the upper troposphere and lower stratosphere: 1. Observations.

J. Geophys. Res. Atmos. 2001, 106, 10223–10232. [CrossRef]
4. Qiu, B.; Nakano, T.; Chen, S.; Klein, P. Bi-directional energy cascades in the Pacific Ocean from equator to subarctic gyre. Geophys.

Res. Lett. 2022, 49, e2022GL097713. [CrossRef]
5. Balwada, D.; Xie, J.H.; Marino, R.; Feraco, F. Direct observational evidence of an oceanic dual kinetic energy cascade and its

seasonality. Sci. Adv. 2022, 8, eabq2566. [CrossRef] [PubMed]
6. McWilliams, J.C. Submesoscale currents in the ocean. Proc. R. Soc. A Math. Phys. Eng. Sci. 2016, 472, 20160117. [CrossRef]

[PubMed]
7. Balwada, D.; LaCasce, J.H.; Speer, K.G. Scale-dependent distribution of kinetic energy from surface drifters in the Gulf of Mexico.

Geophys. Res. Lett. 2016, 43, 10–856. [CrossRef]
8. Ott, S.; Mann, J. An experimental investigation of the relative diffusion of particle pairs in three-dimensional turbulent flow. J.

Fluid Mech. 2000, 422, 207–223. [CrossRef]
9. Gibert, M.; Xu, H.; Bodenschatz, E. Where do small, weakly inertial particles go in a turbulent flow? J. Fluid Mech. 2012,

698, 160–167. [CrossRef]
10. Solomon, T.; Tomas, S.; Warner, J. Chaotic mixing of immiscible impurities in a two-dimensional flow. Phys. Fluids 1998,

10, 342–350. [CrossRef]
11. Poje, A.C.; Özgökmen, T.M.; Lipphardt, B.L., Jr.; Haus, B.K.; Ryan, E.H.; Haza, A.C.; Jacobs, G.A.; Reniers, A.; Olascoaga, M.J.;

Novelli, G.; et al. Submesoscale dispersion in the vicinity of the Deepwater Horizon spill. Proc. Natl. Acad. Sci. USA 2014,
111, 12693–12698. [CrossRef] [PubMed]

12. D’Asaro, E.A.; Shcherbina, A.Y.; Klymak, J.M.; Molemaker, J.; Novelli, G.; Guigand, C.M.; Haza, A.C.; Haus, B.K.; Ryan, E.H.;
Jacobs, G.A.; et al. Ocean convergence and the dispersion of flotsam. Proc. Natl. Acad. Sci. USA 2018, 115, 1162–1167. [CrossRef]
[PubMed]

13. Betchov, R. An inequality concerning the production of vorticity in isotropic turbulence. J. Fluid Mech. 1956, 1, 497–504. [CrossRef]
14. Cressman, J.R.; Goldburg, W.I.; Schumacher, J. Dispersion of tracer particles in a compressible flow. Europhys. Lett. 2004, 66, 219.

[CrossRef]
15. Cressman, J.R.; Davoudi, J.; Goldburg, W.I.; Schumacher, J. Eulerian and Lagrangian studies in surface flow turbulence. New J.

Phys. 2004, 6, 53. [CrossRef]
16. Yu, L. Sea surface exchanges of momentum, heat, and freshwater determined by satellite remote sensing. Encycl. Ocean Sci. 2009,

2, 202–211.
17. Huntley, H.S.; Lipphardt, B., Jr.; Kirwan, A., Jr. Anisotropy and inhomogeneity in drifter dispersion. J. Geophys. Res. Ocean. 2019,

124, 8667–8682. [CrossRef]
18. Balwada, D.; Xiao, Q.; Smith, S.; Abernathey, R.; Gray, A.R. Vertical fluxes conditioned on vorticity and strain reveal submesoscale

ventilation. J. Phys. Oceanogr. 2021, 51, 2883–2901. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

82



symmetryS S

Article

Asymmetry of Two-Dimensional Thermal Convection at High
Rayleigh Numbers

Jian-Chao He 1, Yun Bao 2 and Xi Chen 1,*

1 Institute of Fluid Mechanics, Beijing University of Aeronautics and Astronautics, Beijing 100191, China;
hejch7@buaa.edu.cn

2 School of Aeronautics and Astronautics, Sun Yat-sen University, Shenzhen 518107, China;
stsby@mail.sysu.edu.cn

* Correspondence: chenxi97@outlook.com

Abstract: While thermal convection cells exhibit left–right and top–bottom symmetries at low
Rayleigh numbers (Ra), the emergence of coherent flow structures, such as elliptical large-scale
circulation in Rayleigh–Bénard convection (RBC), breaks these symmetries as the Rayleigh number in-
creases. Recently, spatial double-reflection symmetry was proposed and verified for two-dimensional
RBC at a Prandtl number of 6.5 and Ra values up to 1010. In this study, we examined this new
symmetry at a lower Prandtl number of 0.7 and across a wider range of Rayleigh numbers, from 107

to 1013. Our findings reveal that the double-reflection symmetry is preserved for the mean profiles
and flow fields of velocity and temperature for Ra < 109, but it is broken at higher Rayleigh numbers.
This asymmetry at high Ra values is inferred to be induced by a flow-pattern transition at Ra = 109.
Together with the previous study, our results demonstrate that the Prandtl number has an important
influence on the symmetry preservation in RBC.

Keywords: thermal convection; direct numerical simulation; symmetry

1. Introduction

Turbulence, which is prevalent in both nature and industrial systems [1,2], is a complex
phenomenon in fluids that is characterized by chaotic changes in velocity and pressure.
One example of these complex phenomena is the Rayleigh–Bénard convection (RBC). This
phenomenon occurs in a system that is heated from the bottom and cooled from the top with
two constant temperatures (Tbot and Ttop), while the sidewalls remain adiabatic. The fluid
in this system is driven by buoyancy and gravity. The cold fluid sinks while the hot fluid
rises. They encounter and mix in the center of the cell, leading to complex flow patterns.
The geometry of such a system can be arbitrary, including cubic, rectangular, or cylindrical
configurations. The characteristics of RBC are determined by three key parameters: the

Rayleigh number Ra = αgΔTH3

νκ , the Prandtl number Pr = ν
κ , and the aspect ratio Γ = D

H .
Here, α is the thermal-expansion coefficient, ν is the viscosity, κ is the thermal-diffusion
coefficient, g is the gravitational acceleration, H is the system’s height, and D is the system’s
width or diameter. The temperature difference between the horizontal conducting plates at
the bottom and top of the system is represented by ΔT = Tbot − Ttop.

Over the years, research on RBC has encompassed various aspects, including the
system’s heat transfer, the emergence of coherent structures, and fluid dynamics. In early
studies, the instability and chaos in RBC systems attracted much attention [3–6]. After the
moderately high-Ra experiments reported by Castaing et al. in 1989 [7], the properties of
turbulence in RBC were widely investigated by researchers, including considerations of
velocity and thermal fluctuations [8,9], kinetic and thermal dissipation [10–12], boundary
layers [13,14], and small-scale turbulence [15,16]. Turbulent RBC shows different flow
patterns with different Ra–Pr phases [17,18], with some coherent structures emerging, i.e.,
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large-scale circulation (LSC) and plumes [12]. In particular, the flow patterns experience a
transition with increasing Ra, leading to different statistical behaviors [18]. These properties
are closely related to the heat transfer of RBC. For instance, thermal plumes are transported
upward or downward by LSC, facilitating the transfer of heat flux; however, alterations to
the boundary conditions or constraints on the flow motion can lead to significant changes
in the system’s heat transfer behavior [19–21]. Furthermore, heat transfer is influenced by
the cell’s aspect ratio and shape, both of which have garnered significant attention [22–26].
The heat transfer is quantified by the Nusselt number (Nu), and its scaling with Ra and Pr
has been discussed in numerous reports [27–33]; however, no unified conclusions have yet
been reached on this topic.

Symmetry in RBC systems has also been investigated in many studies [34–37]. Symme-
try is an important concept in physics as it reflects the invariance within a system [38], and
it is associated with a pattern that satisfies invariance under a specific transformation rule.
Generally speaking, if there is an invariant quantity—one that remains unchanged under
transformation—then a corresponding symmetry exists. With symmetric boundary condi-
tions and symmetric geometry, symmetry is expected in the properties of the flow within an
RBC system. At very low Ra values, an RBC system will maintain a motionless state with a
uniform vertical temperature gradient. Above a critical Rayleigh number Rac, a convective
motion appears and swirl structures are formed [35]. Then, as the Ra is increased, the flow
state of the RBC experiences convection, oscillation, chaos, transition, and turbulence [39].
In these states, the symmetry of an RBC system also experiences different states, such as
axisymmetric convection and non-axisymmetric motions [35]. With cryogenic helium gas
as the working fluid, for moderately high Ra values in the turbulent state, it was found
that the flow is statistically symmetric for Ra > 1011 in 3D cylinders with aspect ratios (Γ)
of 0.5 and 1.0 [34]. In experiments with water (Pr = 5.3), the mean velocity field is also
azimuthally symmetric in a cylinder with Γ = 0.5, while no such symmetry is observed in
a cylinder with Γ = 1.0 [36,37]. For a large Pr, the local boundary layers have been found
to be either symmetric [40] or asymmetric [41–43]. In a 2D RBC, elliptical LSC forms within
the cell at moderately high Ra values [11,44], as shown in Figure 1; therefore, the left–right
and top–bottom symmetry of the system will be broken. These results indicate that the
symmetry might be broken or restored in different cells or those with different Ra–Pr
phases; in other words, symmetry plays a crucial role in the potential transitions exhibited
by this system. Recently, the x–y double-reflection symmetry in thermal convection at Re
values between 107 and 1010 has been proposed, and the symmetry under this reflection
was validated [45]. This symmetry for other Pr values or higher Ra values is unknown.
For this reason, we sought to examine double-reflection symmetry for higher Ra values at
Pr = 0.7.

Figure 1. Schematic illustration of a turbulent RBC. This system is confined with two adiabatic
side walls and two conducting plates, with heating from the bottom and cooling from the top. The
major structures include thermal boundary layers, large-scale circulation (black ellipse), and thermal
plumes. The yellow dashed lines represent the symmetry axes of the RBC system.
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In this work, the x–y double-reflection symmetry in a 2D RBC with Ra values ranging
from 107 to 1013 and Pr = 0.7 was investigated using direct numerical simulation (DNS). In
the simulation model, the aspect ratio of the cell was unity, and it was confined by adiabatic
walls. The Ra range in the previous study was only up to 1010, and it was necessary to verify
the symmetry at higher Ra. In addition, the Pr effect in the double reflection symmetry
was unknown. Therefore, the Pr in this paper was set as 0.7, which is different from the
Pr = 6.5 set in the previous study. The remainder of this paper is structured as follows.
The numerical setup of the DNS is described in Section 2, the temperature and velocity
flow fields are presented in Section 3, the verification of the double-reflection symmetry
using the data is discussed in Section 4, and the conclusions are presented in Section 5.

The RBC system is considered to be incompressible, with the temperature treated as
an active scalar. In general, the Oberbeck–Boussinesq approximation is used to simplify
the Navier–Stokes equations [14,18,46], i.e., ρ(T) = ρ(T0)[1 − α(T − T0)], while various
transport coefficients (e.g., α, ν, and κ) are treated as constants. Under this approximation,
the effect of temperature on the velocity field is realized through the buoyancy term. Using
the scaling factors H, ΔT, U =

√
αgHΔT and τ =

√
H/αgΔT [14], the governing equations

can be written in a dimensionless form as follows:

∇ · u = 0 (1)
∂u

∂t
+ (u · ∇)u = −∇p +

1√
Ra/Pr

∇2u + θŷ, (2)

∂θ

∂t
+ (u · ∇)θ =

1√
Ra · Pr

∇2θ, (3)

where u = (u, v) is the dimensionless velocity, p is the dimensionless pressure, θ is the
dimensionless temperature, and ŷ is a vertical unit vector whose direction is opposite to that
of gravity. For the thermal boundary conditions, the temperatures of the two conducting
plates were kept constant, while the two sidewalls were adiabatic:

θ(y = 0) = 0.5, θ(y = 1) = −0.5 (4)
∂θ

∂x
(x = 0) = 0,

∂θ

∂x
(x = 1) = 0. (5)

No-slip velocity boundary conditions were imposed on all the conducting plates and side-
walls:

u(y = 0) = 0, u(y = 1) = 0, u(x = 0) = 0, u(x = 1) = 0 (6)

v(y = 0) = 0, v(y = 1) = 0, v(x = 0) = 0, v(x = 1) = 0. (7)

2. Equations and Numerical Settings

The simulation scheme applied in this work uses a finite-difference method known
as the parallel direct method of DNS [47]. This process for solving the Navier–Stokes
equations are illustrated in Figure 2. Specifically, the process of solving the Poisson equation
is also shown there. In the flowchart, f (un, θn) = −(un · ∇)un + 1√

Ra/Pr
∇2un + θnŷ and

g(un+1, θn) = −(
un+1 · ∇)

θn + 1√
Ra·Pr

∇2θn. A fully explicit projection method, with
second-order accuracy in both space and time, was used to solve the governing equations.
In the first step, the pressure pn+1 was unknown, and the Poisson equation for the pressure
was solved in the third step. An explicit second order Runge–Kutta scheme was employed
in the time-marching. The Poisson equation for pressure was solved using the parallel
diagonal dominant (PDD) algorithm in combination with fast Fourier transforms (FFTs).
Finally, the velocity un+1 was corrected with u∗ and pressure pn+1, and the temperature
θn+1 was calculated with un+1 and θn.
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Figure 2. Numerical process for solving the Navier–Stokes equations (left) and the pressure Poisson
equation (right) .

The code was written in Fortran using parallel technologies, including MPI and
OpenMP. We used this code for the work we reported in previous publications that related
to investigating flow patterns, the scaling transition of thermal dissipation, and boundary
layers [14]. In our simulations, staggered grids were employed. The grids were uniform in
the horizontal direction (x), while they were un-uniform in the vertical direction (y). To
accurately capture the intense fluctuations near the top and bottom plates, the grid points
were clustered closer to these regions.

The key parameters and grid for the cases in this work are outlined in Table 1. To resolve
the smallest turbulence scales—i.e., the Kolmogorov scale ηK = HPr1/2/[Ra(Nu − 1)]1/4

and the Batchelor scale ηB = ηKPr−1/2—the grid in the vertical direction (y) was refined in
the boundary layer, and the number of grid points (NBL in Table 1) in the thermal boundary
layer satisfied the condition derived by Shishkina et al. [48]:

Nθ,BL ≥
√

2aNuPr−0.5355+0.033 log Pr, (8)

Nv,BL ≥
√

2aNu1/2Pr−0.1785+0.011 log Pr, (9)

where a ≈ 0.482 and Nθ,BL and Nv,BL are the minimum numbers of grid points in the ther-
mal boundary layer and the viscous boundary layer, respectively. Note that Equations (8)
and (9) were only valid for 3 × 10−4 ≤ Pr ≤ 1; the conditions for other Pr values can be
found in Ref. [48] and are not discussed here. The dimensionless time step Δt was set to be
less than 1/1000 of the Kolmogorov time scale τK =

√
Pr/(Nu − 1) to accurately capture

the intense fluctuations. The simulations were executed on the Tianhe-2 supercomputer,
requiring millions of core hours to complete.

For cases with low Ra values (≤2 × 108), the number of grid points was relatively
small, allowing the statistical time tavg to reach up to 1000 free-fall times (tf), with tf
calculated as tf =

√
H/αgΔT. For higher Ra values, the number of grid points rapidly

increased, and the cost of the simulation also increased, resulting in a shorter statistical
time. The value of tavg was set to at least 200tf before Ra = 1013 to ensure convergence
of the data. It was noted that Nu is a key response variable for assessing the state of the
system and is commonly used to verify convergence. For the statistical analysis, Nu was
calculated as the average of data from two successive long-term statistical segments. It was
found that the relative differences between the Nu values from these segments were within
1%. For the highest Ra case, tavg was only 50tf, but the relative difference was about 3.6%.
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Table 1. Details of the numerical simulations employed for the present simulations. Here, Nu is
calculated as Nu =

√
RaPr〈vθ〉Ω,t −

〈
∂yθ

〉
Ω,t, where 〈〉Ω,t represents the time–space average over

the entire system; Nx and Ny represent the grid resolution in the horizontal and vertical directions,
respectively; and NBL is the number of grid points in the thermal boundary layer of a conducting plate.

Ra Pr Γ Nx × Ny tavg Nu NBL

1 × 107 0.70 1.0 512 × 576 1000 11.38 33
2 × 107 0.70 1.0 512 × 576 1000 14.33 27
5 × 107 0.70 1.0 512 × 576 1000 19.71 20
1 × 108 0.70 1.0 512 × 576 1000 25.22 16
2 × 108 0.70 1.0 512 × 576 1000 31.24 13
5 × 108 0.70 1.0 1024 × 1152 1000 42.13 26
1 × 109 0.70 1.0 1024 × 1152 400 50.53 21
2 × 109 0.70 1.0 1024 × 1152 400 59.83 18
5 × 109 0.70 1.0 1024 × 1152 400 78.25 14
1 × 1010 0.70 1.0 1536 × 1728 600 95.50 30
2 × 1010 0.70 1.0 2048 × 2304 400 118.23 36
5 × 1010 0.70 1.0 2048 × 2304 400 158.12 28
1 × 1011 0.70 1.0 2048 × 2304 400 198.43 22
2 × 1011 0.70 1.0 2560 × 2880 200 243.14 40
5 × 1011 0.70 1.0 2560 × 2880 200 326.14 30
1 × 1012 0.70 1.0 4096 × 4608 200 404.86 51
2 × 1012 0.70 1.0 4096 × 4608 300 502.11 41
5 × 1012 0.70 1.0 5120 × 5760 200 666.74 57
1 × 1013 0.70 1.0 5120 × 5760 50 839.71 48

3. Flow Fields

3.1. Instantaneous Flow Fields

The instantaneous velocity and temperature fields are presented in Figure 3. In the
top row of Figure 3, the high-speed fluid is represented in red and the low-speed fluid
is represented in blue. In the bottom row of Figure 3, red is used to represent the high-
temperature fluid, while blue represents the low-temperature fluid. Note that, in the 2D
RBC, the direction of the LSC was arbitrary as it could be either clockwise or counter-
clockwise. Similar to the approach taken in Ref. [13], the direction of the LSC was unified
to be counter-clockwise in this work, and this did not affect the analysis.

In cases with low Ra values, a large elliptical swirl (red on the outside and blue on
the inside) fills almost the entire system, and there are usually two small swirls beside it
(see Figure 3a,b top-right and bottom-left corners). Generally, this large elliptical swirl is
referred to as LSC, and the small counter-rotating swirls are referred to as corner rolls. In
contrast, the top-left and bottom-right corners were almost blue, meaning that the motion
of the fluid in these regions was very slow. The four corners were filled by cold and hot
fluid, as shown in Figure 3e,f, as a result of the emission of thermal plumes. The motion
of the thermal plumes was primarily constrained by the LSC, resulting in an elliptical
distribution of the mean-temperature fluid in the bulk region. This flow pattern has also
been observed at lower Ra values in some previous works [11,44]. Due to the presence of
the LSC and corner rolls, the flow pattern remained almost steady for the low Ra values in
the current range up to 5 × 108.

For relatively high Ra values (≥109 in this paper), the red areas were less stable, and
a large-scale swirl moved around in the system, as shown in Figure 3c,d. Additionally,
the corner rolls became less prominent and were able to move away from their original
positions. More small swirls (shown by vectors) appeared in the system, making the flow
pattern more complex. These swirls varied in scale, which is related to the energy inverse
cascade in 2D turbulence [49]. The small swirls were generated by the shearing action
between the large-scale swirl and the boundary layers. As these swirls moved throughout
the system with the large-scale swirl, they mixed with the larger ones. Meanwhile, the
motion of the plumes was disorganized, as shown in Figure 3g,h, and the plumes were
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mainly carried by the small swirls. Moreover, the size of the plumes decreased as the Ra
increased, as has been previously reported [14]. The flow pattern was markedly different
from that observed at lower Ra values, as can be seen in Figure 3a,b,e,f. This transition in a
flow pattern was also reported by Gao et al., who conducted a more detailed investigation
using stability analysis [18]. This transition also lead to changes in the thermal dissipation
[14] and fluctuations [9].

In these instantaneous fields, the top–bottom and left–right symmetry of the system
was, evidently, broken. Next, we examined the time-averaged temperature and veloc-
ity fields.

Figure 3. Instantaneous snapshots of the velocity fields V(x, y) =
√

u2 + v2 (top row) and tempera-
ture fields θ(x, y) (bottom row) for (a,e) Ra = 107, (b,f) Ra = 108, (c,g) Ra = 109, and (d,h) Ra = 1010.
Note that the color map for the velocity field in each case was set from the minimum value to
maximum value of that case, while the color maps for the temperature fields were set from −0.1 to 0.1
for better visualization of the plumes. The vectors indicate velocity, with their lengths representing
its magnitude.

3.2. Time-Averaged Flow Fields

The time-averaged velocity and temperature fields are shown in Figure 4. As shown
in Figure 4a, there were only two corner rolls, in the top-right and bottom-left corners,
while there were no swirls in the other two corners. The high-speed flow formed a large
swirl, which is the LSC mentioned above. The maximum velocity was located in the region
between the LSC and corner roll. As shown in Figure 4e, the time-averaged temperature
field revealed a yellow ellipse, indicating a mean temperature distribution of zero in most
parts of the cell. The thermal plumes were primarily carried by the LSC or were confined
in the corner rolls, leading to the high- and low-temperature regions that correspond to the
LSC shown in Figure 4a.

For the Ra = 108 in Figure 4b,f, the flow pattern and temperature fields were very
similar to those for Ra = 107; however, the flow motion in top-left and bottom-right corners
became more complex, suggesting the appearance of additional swirls in these regions.
Moreover, the velocity magnitude remained small, indicating that these swirls had little
influence on the heat transfer. For these two cases, the time-averaged velocity fields were
similar to the instantaneous velocity fields, suggesting that the flow motion was relatively
steady for Ra values ranging from 107 to 5 × 108.

As shown in Figure 4c,d, a large red annulus almost filled the system together with
four low-speed corner rolls. At Ra = 1010, the shapes of these corner rolls appeared
different, and their sizes were smaller. This distribution was quite different from that of
the instantaneous velocity fields that are shown in Figure 3. The time-averaged velocity
field indicated that a large-scale swirl persisted in the cell while many smaller swirls
were present, making it challenging to identify the largest swirl. Reviewing the fields in
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Figure 3c,d, the red region resembles an annulus and it was surrounded by several swirls.
Therefore, the LSC still exists in the system at high Ra values, but it was difficult to identify.
For the temperature fields in Figure 4g,h, the fluctuations of the plumes were eliminated in
the bulk region. The high- (or low-) temperature region in the bottom-left (or top-right)
corner disappeared as the flow in these two corner rolls was not steady, unlike those in
Figure 4a,b. The hot and cold layers near the conducting plates were thermal boundary
layers. In previous studies [14], the boundary layer was divided into three regions (from
left to right): the impacting region, the shearing region, and the ejecting region. In these
three regions, the motions of the fluid were different, and their properties changed with
different Ra values.

The mean fields in Figure 4 indicate that the top–bottom and left–right symmetries
were absent. The flow fields for Ra ≤ 5× 108 were similar to the results for Pr = 6.5, which
were also found in a recent study [45], although the effects of the flow transitions were not
included. Therefore, we applied double reflection to the flow fields, as shown in the next
section, to investigate the symmetry at higher Ra values.

Figure 4. The time-averaged velocity fields V(x, y) =
√
〈u〉2

t + 〈v〉2
t (top row) and temperature fields

(bottom row) θ(x, y) at (a,e) Ra = 107, (b,f) Ra = 108, (c,g) Ra = 109, and (d,h) Ra = 1010. The
velocity color map was set from the minimum to maximum value in each case, while the temperature
color maps each ranged from −0.1 to 0.1. Note that the vectors only represent the direction of the
velocity, and their length did not correspond to the magnitude. To show the velocity directions more
clearly, the vectors were each normalized to unity.

4. Double-Reflection Symmetry and Data Verification

In this section, we will examine the symmetry by applying an x–y reflection at the
center of the system. If a reflection is performed over x = 1/2 and is followed by another
reflection over y = 1/2, then

t∗ = t, x∗ = 1 − x, y∗ = 1 − y, u∗ = −u, p∗ = p, θ∗ = −θ, (10)

where the superscript * indicates transformed variables. Equations (1)–(3) can then be
written as follows:

∇∗ · u∗ = 0 (11)
∂u∗

∂t∗ + (u∗ · ∇)u∗ = −∇p∗ + 1√
Ra/Pr

∇∗2u∗ + θ∗ŷ∗ (12)

∂θ∗

∂t∗ + (u∗ · ∇)θ∗ =
1√

Ra · Pr
∇2θ∗. (13)
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Comparing Equations (11)–(13) with Equations (1)–(3), it can be seen that their forms are
the same; it is, thus, clear that the governing equations are symmetric with the reflections
applied in both the x and y directions.

4.1. Flow Fields

As shown in this section, the time-averaged temperature 〈θ(x, y)〉t and velocity magni-

tude fields V =
√
〈u〉2

t + 〈v〉2
t were transformed using double reflection, where 〈〉t indicates

time averaging. For brevity, we use Θ(x, y) to denote 〈θ(x, y)〉t; U(x, y) to denote 〈u(x, y)〉t;
and V(x, y) to denote 〈v(x, y)〉2

t . Taking the temperature field Θ(x, y) as an example, the
process of the double-reflection transformation is as follows:

Θ(x, y) → Θ(1 − x, y) → −Θ(1 − x, 1 − y) = Θ∗(x∗, y∗). (14)

This process at Ra = 108 is directly shown in Figure 5. The process was similar for
other physical fields, as shown in Equation (10). From Figure 5a,c, it can be seen that the
differences in the temperature fields before and after the transformation were not visually
apparent; the two plots are almost identical, showing a dominant LSC accompanied by
two corner rolls. Therefore, the relative difference between the two fields was defined to
quantify the quality of the double reflection as follows:

D(Θ) = |Θ(x, y)− Θ∗(x∗, y∗)|/ΔΘ × 100%, (15)

where ΔΘ = Θbot − Θtop = 1. The relative difference between the two temperature fields
is shown clearly in Figure 5d. If the difference D(Θ) across most of the region is very small,
the double-reflection symmetry is validated. The symmetry of the velocity magnitude
field V will also be examined in a similar way, with the relative difference D(V) defined
as follows:

D(V) = |V−V
∗|/Vmax × 100%, (16)

where V∗ =
√

U∗2 + V∗2 and Vmax is the maximum velocity magnitude.

Figure 5. Time-averaged temperature fields at Ra = 108 during the transformation process: (a) origi-
nal temperature field Θ(x, y); (b) temperature field after horizontal reflection Θ(1 − x, y); (c) the tem-
perature field after both horizontal and vertical reflections Θ∗(x∗, y∗) = Θ(1 − x, 1 − y); and (d) the
relative difference D(Θ) between Θ(x, y) and Θ∗(x∗, y∗).

For Ra < 109, the mean velocity fields were symmetrical after the double reflection,
with the relative difference D(V) remaining below 1%, as shown in Figure 6a,b. The
maximum value of D(V) was found in the region between the LSC and the corner rolls,
where the velocity fluctuations were the most intense [50].

In contrast, for Ra ≥ 109, the distribution of the difference D(V) changed, as shown
in Figure 6c,d. The value of D(V) in the center of the cell was much larger, exceeding
10%. The value of D(V) also increased in the middle of the conducting plates (the shearing
regions), as well as in the bottom-left and top-right regions, which were dominated by
impacting plumes. These distributions indicate that the double-reflection symmetry was
broken in the mean velocity fields for Ra ≤ 109 at Pr = 0.7. This asymmetry corresponds
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to the flow-pattern transition mentioned above and reflects the change in the flow fields,
as shown in Figures 3 and 4. In the flow state for Ra ≤ 109, more of the plumes moved
around the center of the cell, inducing more intense fluctuations. Therefore, D(V) became
larger in the center of the cell.

The mean temperature fields exhibited symmetry after a double reflection for Ra < 109,
with D(Θ) values remaining below 1% in Figure 6e,f; however, for Ra ≥ 109, the D(Θ)
values increased throughout the system, which is similar to the behavior seen in D(V).
The maximum D(Θ) value was around 5%, as shown in Figure 6g,h, and this was located
in the ejecting region. In this region, thermal plumes were primarily emitted, leading
to stronger thermal fluctuations [50]. For the mean temperature fields, the symmetry of
double reflection held for Ra < 109 within the current range, while the symmetry was
broken for Ra ≥ 109. According to [18], the flow pattern transition occurred at about
Ra = 1.1 × 109Pr1.41. In our previous study for Pr = 6.5, the highest Ra was 1010, while
the transition Ra for this Pr was, approximately, 1.54 × 1010. Under the transition Ra,
the double-reflection symmetry held. In this paper, the highest Ra was 1013, which was
significantly higher than the transition Ra for Pr = 0.7 (6.65 × 108 approximately). As a
result, asymmetry was observed in this regime.

Figure 6. Top row: the relative difference D(V) between V and V∗. Bottom row: the relative
difference D(Θ) between Θ(x, y) and Θ∗(x∗, y∗). (a,e) Ra = 107, (b,f) Ra = 108, (c,g) Ra = 1011, and
(d,h) Ra = 1012. Note the varying color maps: 0 to 1% in (a,b,e,f), 0 to 15% in (c,d); and 0 to 5%
in (g,h).

4.2. Mean Velocity and Temperature Profiles

In this section, the symmetry at the low Ra values was examined in more detail using
the horizontal profiles of the mean temperature (Θ) and velocity components (U, V). Two
horizontal sections at different heights, y = 0.01 and y = 0.1, were selected to study the
double-reflection symmetry of the velocity and temperature profiles. The y = 0.01 section
was closer to the boundary layer, while the y = 0.1 section was situated in the bulk region.

The mean profile at y = 0.99 was transformed to correspond with the mean profile at
y = 0.01 in accordance with Equation (10). If the two profiles collapsed onto one another,
the symmetry of the double reflection held; otherwise, the symmetry was considered
broken. Similarly, the profile at y = 0.9 was transformed to match the profile at y = 0.1.

The profiles for Ra = 107 and 108 were compared, as shown in Figure 7. It can be seen
that the profile U(x, y = 0.01) closely matches −U(x, y = 0.99), confirming the symmetry
after the double reflection. Similarly, the profiles of V(x, y = 0.01) and Θ(x, y = 0.01)
also aligned with their counterparts following double reflection (see Figure 7, left-hand
panel). Furthermore, the profiles at y = 0.1 and y = 0.9 were nearly identical, validating
the symmetry of the double reflection. Although the profiles for other Ra values are not
shown here and they varied with Ra, the double-reflection symmetry consistently held for
all Ra values below 109 in this study.
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It was also evident that these profiles exhibited asymmetry in the x direction. Using
the profiles at y = 0.1 as an example, we can explain the source of the left–right asymmetry.
On the left-hand side, the corner roll generated a negative horizontal velocity U and a
positive vertical velocity V (see Figure 4a,b). In contrast, on the right-hand side, the absence
of a corner roll resulted in velocity components that differed from those on the left side of
the cell. The plateaus observed in Figure 7b,f were induced by the shear from the elliptical
LSC, and they were not symmetrical about the center axis at x = 0.5. Therefore, the
left–right symmetry was broken in these cases.

Figure 7. Streamwise variations of the (a,b) mean horizontal velocity U(x), (c,d) mean vertical
velocity V(x), and (e,f) mean temperature profiles Θ(x). In the left-hand panels, the solid lines
represent the original profiles before transformation at y = 0.01, while the plus symbols represent the
double-reflection-transformed profiles from data at y = 0.99 (dashed lines). Similarly, in the right-
hand panels, the solid lines represent the original profiles at y = 0.1, while the plus symbols represent
the double-reflection-transformed profiles from the data at y = 0.9. The pink lines and corresponding
plus symbols represent the data for Ra = 107, while the purple lines and corresponding plus symbols
represent the data for Ra = 108.

At high Ra values (≥109), the double-reflection symmetry was broken, as indicated in
Figure 8. For the velocity components U and V, as well as the temperature Θ, the trends of
the profiles near the bottom plate (y = 0.01, 0.1) were similar to those near the top plate
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(y = 0.99, 0.9). However, the profiles near the bottom plate (represented by plus symbols)
did not coincide with those near the top plate (shown by solid lines). We can see clear
discrepancies in Figure 8, and these discrepancies increased with increasing Ra.

Figure 8. Streamwise variations of the (a,b) mean horizontal velocity U(x), (c,d) mean vertical
velocity V(x), and (e,f) mean temperature profiles Θ(x). In the left-hand panels, the solid lines
represent the original profiles before transformation at y = 0.01, while the plus symbols represent
the double-reflection-transformed profiles from the data at y = 0.99 (dashed lines). Similarly, in the
right-hand panels, the solid lines represent the original profiles at y = 0.1, while the plus symbols
represent the double-reflection-transformed profiles from data at y = 0.9. The colors pink, green, and
blue represent the data for Ra = 109, 1011, and 1012, respectively.

4.3. Boundary Layer Characteristics

As shown in this section, the wall units of the boundary layers were compared to
examine the double-reflection symmetry. The wall units were calculated for two regions
(as shown in Figure 1): the top-left region (y = 1, 0 ≤ x ≤ 0.5) and the bottom-right region
(y = 0, 0.5 ≤ x ≤ 1).
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Following Ref. [46], the friction velocity in the top-left (TL) region uT
τ or in the bottom-

right (BR) region uB
τ were calculated as

uT
τ =

(
Pr
Ra

)1/4
〈∣∣∣∣∂u

∂y

∣∣∣∣1/2

y=1

〉
t,0≤x≤0.5

, uB
τ =

(
Pr
Ra

)1/4
〈∣∣∣∣∂u

∂y

∣∣∣∣1/2

y=0

〉
t,0.5≤x≤1

, (17)

where 〈〉t,a≤x≤b denotes the time–space average over the region a ≤ x ≤ b. The wall units
of temperature θT

τ and θB
τ were also investigated, and these were calculated as follows [46]:

θT
τ = − 1

uτ

√
Ra · Pr

〈
∂θ

∂y

∣∣∣∣
y=1

〉
t,0≤x≤0.5

, θB
τ = − 1

uτ

√
Ra · Pr

〈
∂θ

∂y

∣∣∣∣
y=0

〉
t,0.5≤x≤1

. (18)

As shown in Figure 9a,b, the wall units uτ and θτ in the TL and BR regions were
identical before Ra = 109; however, after Ra = 109, the uτ in the TL region decreased
with increasing Ra, while the uτ in the BR region was slightly smaller than that in the TL.
Additionally, the temperature wall unit θτ showed a clear discrepancy between the TL and
BR regions. Since θτ was calculated using uτ in Equation (18), a decrease in uτ led to an
increase in θτ .

Figure 9. Variation within the Ra of (a) the friction velocity uτ , (b) the wall unit temperature θτ ,
(c) the boundary layer thickness δ∗, and (d) the friction Reynolds number Reτ . The blue squares
represent the data for the top-left region, and the red circles represent the data for the bottom-right
region.

We further investigated the boundary layer thickness in the TL and BR regions. The
boundary layer thickness δT∗ was defined as the distance between the top wall and the
maximum value of 〈|U|〉 in the domain (0 ≤ x ≤ 0.5, 0.5 ≤ y ≤ 1.0). Similarly, δB∗ is the
distance from the bottom wall to the maximum value of 〈|U|〉 in the domain (0.5 ≤ x ≤ 1.0,
0 ≤ y ≤ 0.5). Consequently, two friction Reynolds numbers Reτ were defined as follows:

ReT
τ = uT

τ δT∗
√

Ra/Pr, ReB
τ = uB

τ δ∗
√

Ra/Pr. (19)
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The boundary layer thickness δ∗ remained almost constant for Ra ≤ 5 × 107, but it
began to diverge from Ra = 1 × 108, as shown in Figure 9c. A sharp increase appeared at
Ra = 109, after which δ∗ was consistently larger until Ra = 1010. Although the variations
in δT∗ and δB∗ with respect to Ra were similar, they showed some differences for Ra ≥ 1010.
The values of Reτ were almost the same for Ra = 1011, as shown in Figure 9d, but, for the
highest five cases, the discrepancy was clear, meaning that the double-reflection symmetry
was broken.

Based on these results for the TL and BR regions, we can conclude that the flow in
RBC remained symmetrical after an x–y reflection for low Ra values in the current cases,
i.e., Pr = 0.7 and 107 ≤ Ra ≤ 5 × 108. However, the symmetry was broken above Ra = 109.
There was a slight deviation between the wall units of the TL and BR regions, indicating that
the flow was different after double reflection. This transition at Ra = 109 was correlated
with the flow-pattern transition discussed above [18].

5. Conclusions

In this study, we investigated the symmetry after an x–y double reflection using the
DNS data of a 2D RBC in a confined square cell for Ra values ranging from 107 to 1013 at
Pr = 0.7. As illustrated by the instantaneous and mean flow fields, both the top–bottom and
left–right symmetries were broken within the current range, as was expected. We examined
the mean temperature and velocity fields, the horizontal profiles at two specific heights,
and the boundary layer properties in the TL and BR regions, including the friction velocity,
friction temperature, boundary layer thickness, and friction Reynolds number. To assess
the validity of the symmetry, the relative differences between the original and transformed
quantities were calculated. It was revealed that the double-reflection symmetry held for
Ra < 109 but was broken at higher Ra values within the range considered. In contrast to a
previous study [45], which found double-reflection symmetry for Ra values up to 1010 at
Pr = 6.5, the present results indicate that the symmetry was broken at Ra = 109 when the
Pr value was decreased to 0.7. Therefore, the effect of Pr was crucial for determining the
symmetry properties in a RBC. The observed asymmetry may be related to the flow-pattern
transitions previously reported [18], leading to stronger fluctuations in the flow fields. The
current findings demonstrate the parameter range for the double-reflection symmetry. The
application in the latter in the boundary settings could potentially accelerate the simulations
of RBC cases and reduce computational costs, but this will have to be explored in the future.
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Abbreviations

The following abbreviations are used in this manuscript:

RBC Rayleigh–Bénard convection
DNS Direct numerical simulation
Ra Rayleigh number
Pr Prandtl number
Re Reynold number
Nu Nusselt number
LSC Large-scale circulation
TL Top left
BR Bottom right
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Abstract: There is a prevailing consensus that most Computational Fluid Dynamics (CFD) frame-
works can accurately predict global variables under laminar flow conditions within the Food and
Drug Administration (FDA) benchmark nozzle geometry. However, variations in derived variables,
such as strain rate and vorticity, may arise due to differences in numerical solvers and gradient
evaluation methods, which can subsequently impact predictions related to blood damage and non-
Newtonian flow behavior. To examine this, flow symmetry indices, vortex characteristics, and blood
damage—were assessed using Newtonian and four non-Newtonian viscosity models with CFD
codes Ansys Fluent and OpenFOAM on identical meshes. At Reynolds number (Re) 500, symmetry
breakdown and complex vortex shapes were predicted with some non-Newtonian models in both
OpenFOAM and Ansys Fluent, whereas these phenomena were not observed with the Newtonian
model. This contradicted the expectation that employing a non-Newtonian model would delay the
onset of turbulence. Similarly, at Re 2000, symmetry breakdown occurred sooner (following the
sudden expansion section) with the non-Newtonian models in both Ansys Fluent and OpenFOAM.
Vortex identification based on the Q-criterion resulted in distinctly different vortex shapes in Ansys
Fluent and OpenFOAM. Blood damage assessments showed greater prediction variations among the
non-Newtonian models at lower Reynolds numbers.

Keywords: flow symmetry; FDA Nozzle Geometry; non-Newtonian; Q-criterion; laminar; viscosity
model; blood damage; CFD

1. Introduction

Numerical simulations aimed at predicting the transition from laminar to turbulent
flow (with throat Reynolds numbers (Re) ranging from 2000 to 3500) within the Food and
Drug Administration (FDA) benchmark nozzle geometry (Figure 1a) face considerable
challenges. However, there is a general consensus that laminar flow behavior (Re < 2000)
within the FDA benchmark nozzle geometry can be accurately predicted. This has been
demonstrated through various computational fluid dynamics (CFD) methodologies and has
been summarized in Table 1. However, just as small variations in geometric configuration
(such as eccentricity) and disturbances in inflow conditions can trigger a transition to
turbulence, subtle differences in derived variable predictions, such as strain rates and
vorticities resulting from differences in numerical solvers and gradient evaluation methods
among different CFD solvers can result in vortex shape differences and transition onset
identification. These differences in the derived variables may be further exacerbated when
non-Newtonian models are employed to model the blood viscosity.

Therefore, this paper presents a numerical simulation study that highlights the chal-
lenges and complexities associated with predicting the transition from laminar to turbulent
flow within the FDA benchmark nozzle geometry, focusing on Reynolds numbers (Re)
ranging from 500 to 2000 employing only laminar models to simulate the flow. Additionally,
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prediction sensitivities to modeling blood viscosity using different non-Newtonian model
formulations were explored. The importance of this study lies in its focus on the complexi-
ties and challenges of accurately predicting the transition from laminar to turbulent flow
within the FDA benchmark nozzle geometry.

Figure 1. (a) Schematic Representation of FDA Benchmark Nozzle with different axial distances fol-
lowing the sudden expansion (Z in meters) at which the results in this study are reported; (b) Viscosity
variations employing the different non-Newtonian models employed in this study.

Table 1. A summary of CFD studies corresponding to Re 500, 2000 within the FDA Nozzle with an
emphasis on symmetry and jet breakdown after the sudden expansion region.

Authors Publication Year Summary

Bergersen et al. [1] 2013

In this study, at a Reynolds number (Re) of 500, simulation predictions remained
stable despite numerical noise introduced at the inlet to simulate experimental
uncertainties. However, at a Reynolds number of 3500, such inlet perturbations
influenced the location of vortex breakdown

Bhushan et al. [2] 2013

In this study, the use of turbulence models at Reynolds number (Re) 500 led to
excessive diffusion, which resulted in lower centerline velocities compared to
experimental data. However, transition-sensitive unsteady RANS turbulence
models can deliver accurate predictions across the entire Reynolds number range
if the turbulence intensity levels at the inlet are correctly specified.

99



Symmetry 2024, 16, 1165

Table 1. Cont.

Authors Publication Year Summary

Chabannes et al. [3] 2017
In this study, at Re 500, solution accuracies were assessed using mesh refinement
studies. At Re 2000, the jet breakdown occurred downstream of the experimentally
measured location.

Delorme et al. [4] 2013

LES and Immersed Boundary Method were employed. Predictions agreed with
the experimental results for the mean velocities at Re = 500, 2000 and 3500. While
Re = 500 stayed symmetric throughout, coherent vortices, as identified by the λ2
criterion, were observed close to the 0.032 m mark.

Fehn et al. [5] 2019
Flow remains laminar throughout at Re 500. At Re 2000 transition can be induced
if the simulation parameters can be tweaked. Simulations were carried out using a
high-order discontinuous Galerkin discretization technique.

Huang et al. [6] 2022
No jet breakdown after sudden expansion at Re 500 for unsteady simulations
carried out with the Lattice Boltzmann Method. Symmetric solutions and zero
centerline shear stresses persist downstream of the sudden expansion.

Jain [7] 2020

High resolution (HR) and Extreme spatial resolution (XR) of 40 μm; 20 μm is
necessary for accurate results in Lattice Boltzmann Method-based simulations. Jet
breakdown for the Re 2000 case occurs between 0.06 m and 0.08 m downstream of
the sudden expansion. At low resolutions, the jet breaks down between 0.024 m
and 0.032 m.

Manchester et al. [8] 2020

Using LES at Re 2000 using the OpenFOAM solver, laminar quantities were
predicted throughout the model. In the jet breakdown region (0.06 m downstream
of sudden expansion), where maximum Reynolds stresses occur, Reynolds shear
stresses showed excellent agreement with measurements.

Nicoud et al. [9] 2018
LES simulations were carried out with a fourth-order accurate solver. Inlet
perturbations did not induce turbulence in the laminar case (Re 500), whereas
improved axial velocity predictions were seen at Re 2000.

Passerini et al. [10] 2013

Transient finite element simulations were carried out. At Re 500, the flow is axially
symmetric throughout. At Re 2000, simulations predicted a jet breakdown location
further downstream of the experimental and the differences were attributed to the
fidelity of the numerical integration in the solver.

Pewowaruk et al. [11] 2021
Adaptive Mesh Refinement (AMR) study was carried out in a cut-cell
representation of the device. Velocity contours show that symmetric profiles
persist downstream of the sudden expansion at Re 500.

Sanchez, A. et al. [12] 2020

Used a high-order Spectral Element Method to carry out the simulations. At Re
500, no flow transition was observed. At Re 2000, flow did not transition to
turbulence. However, by increasing the length of the domain downstream of the
expansion and by incorporating some fluctuations at the inlet, a transition was
eventually observed.

Stewart et al. [13] 2012

Re 500–6500 simulated. Turbulence models (k-epsilon, k-omega, and shear stress
transport models) were employed in all Re > 500 simulations. Turbulence models
were unable to accurately predict velocities and shear stresses in the recirculation
zones downstream of the sudden expansion.

Stewart et al. [14] 2012

Summarized the results from several CFD groups. Results showed modest
agreement in global and local flow behaviors. All CFD data sets contained wide
degrees of velocity variation in comparison to the experiment and with each other
at Re 2000 and between 0.032 m and 0.06 m downstream of the sudden
expansion section.

Stiehm et al. [15] 2017

Pulsatile (time-dependent) boundary condition simulations were performed on a
scaled-down (1/3rd scale) of the original FDA geometry at Re 500. Replacing the
time-dependent boundary condition with an appropriate time-average boundary
condition to employ in steady-state simulations was deemed to be sufficient if the
interest is on obtaining time-averaged values.

100



Symmetry 2024, 16, 1165

Table 1. Cont.

Authors Publication Year Summary

Taylor et al. [16] 2016

Large variations in the LDV and PIV measurements of axial velocity at 0.06 m
downstream of the sudden expansion due to instabilities for the Re 2000 case. The
highest turbulence intensity and shear stresses were seen during jet breakdown
between 0.032 m and 0.06 m downstream of the sudden expansion.

Zmijanovic et al. [17] 2017
LES simulations showed that Re 500 remains laminar throughout with no
breakdown in symmetry. Results indicate a considerable impact of numerical
aspects on the prediction of the location of the transition to turbulence for Re 3500.

Qiao et al. [18] 2022
Thrombus formation investigated at different Re. An inverse relationship between
thrombosis and hemolysis was observed with thrombosis formation accelerated at
lower Re.

Tobin et al. [19] 2020

The objective of this study is to utilize existing models to account for turbulence’s
chaotic nature and the interplay of fluctuating velocities and eddies within the
flow. To validate these adaptations, the study compared model predictions with
experimental data gathered from previous research.

1.1. Flow Symmetry within the FDA Benchmark Nozzle in the Laminar Regime (Re < 2000)

As detailed in Table 1, flow conditions at Reynolds number (Re) 500 within the FDA
benchmark nozzle are expected to remain symmetric throughout. However, jet breakdown
or asymmetry has been observed at Re 2000, occurring between 0.032 m and 0.06 m of the
sudden expansion region. In the biomedical field, flow symmetry is crucial for achieving
harmonious biological flow patterns ensuring the safety and efficacy of medical procedures
and outcomes for patients. For instance, symmetric flow is essential to minimize turbulence
and reduce the risk of damage to cells and vessel walls. Disruptions in flow symmetry
can alter the forces and velocities within the fluid, potentially leading to cell deformation,
blood clot formation (thrombosis), or cell damage (hemolysis).

Studies by Sobey and Drazin [20] demonstrate that a symmetric flow through a
channel with an expanding throat becomes asymmetrical as the Reynolds number increases
(Re = 384). Although the studies listed in Table 1 report a general agreement on global flow
variables (such as velocity profiles) in this regime, variations in symmetry breakdown and
vortex shape predictions can arise due to differences in numerical solvers and gradient
evaluation methods. These variations, which are dependent on velocity derivatives like
strain rate and vorticity, can occur even after achieving grid-independent results for global
variables such as velocity and pressure. Recognizing these prediction variations among
different CFD frameworks is important, particularly when CFD predictions are used to
optimize device geometry based on the identification of stagnation zones or vortices that
could promote hemolysis.

Contribution #1 of this study: To address the identified gap, this study first examines
symmetry breakdown and vortex predictions for a Newtonian fluid using the commercial
code Ansys Fluent [21] and OpenFOAM [22] on identical meshes. The analysis is limited to
steady-state, laminar flow solvers in both frameworks to eliminate the effects of turbulent
wall functions and time discretization variations.

1.2. Newtonian vs. Non-Newtonian Viscosity Model Effects in the Laminar Regime (Re < 2000)

Even within the laminar regime (Re < 2000), predicting clot formation (thrombosis)
in blood-contacting devices remains challenging. From a fluid mechanics perspective,
shear stresses and viscosity are critical in the thrombosis process, which involves platelet
aggregation, platelet activation, and the formation of a gel-like mesh by fibrin proteins
in blood plasma. The viscosity of red blood cells, which depends on hematocrit content,
influences the flow and transport characteristics of platelets in recirculation zones resulting
from abrupt changes in flow direction or cross-section. While various Newtonian and
non-Newtonian viscosity models have been proposed to characterize blood’s transport
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properties, the choice of model can affect flow characteristics and thrombosis prediction, as
summarized in Table 2. Key conclusions from Table 2 include: non-Newtonian viscosity
models have been shown to delay thrombus formation due to their shear-thinning behavior,
and flow geometry and inlet boundary conditions have a more significant impact on flow
characteristics than the choice of non-Newtonian model. There is no consensus on which
non-Newtonian model formulation offers the highest fidelity.

Table 2. Thrombosis and transition to turbulence (TT) prediction variations in different geometries at
low Reynolds Numbers (Re < 2000) resulting from the choice of non-Newtonian viscosity models.

Authors Publication Year Summary

Biswas et al. [23] 2016

Two mathematically defined methods, based on the velocity profile shape change
and turbulent kinetic energy (TKE), were used to detect the transition to
turbulence experimentally. Overall, the critical Re for turbulence onset was
delayed by 20% (2316 vs. 2871) for blood compared to the Newtonian fluid.

Cebral et al. [24] 2005

Non-Newtonian viscosity models, like the Casson model, produce smaller velocity
gradients due to higher local viscosity in low-flow regions. Despite this, the
overall flow patterns and mean wall shear stress remain largely unchanged. The
most significant factor influencing intra-aneurysmal flow patterns is the geometry
of the aneurysm and its connections.

Costa et al. [25] 2022
Normalized turbulent kinetic energy (TKE) was employed to establish the critical
Reynolds number for each fluid. The study found a 19% delay in TT for whole
blood compared to the Newtonian fluid.

Haley et al. [26] 2021

Delays in TT between “noisy” non-Newtonian and Newtonian results were
studied in an eccentric geometry. Introducing noise did not eliminate this
distinction. However, as Re increased, the flow profiles under both rheologies
started to converge towards similar outcomes.

Johnston et al. [27] 2004

While the Newtonian model of blood viscosity provides a good approximation in
regions of mid-range to high shear, it is advisable to use the Generalized Power
Law (non-Newtonian) model. This model converges to the Newtonian model in
high shear ranges but offers a better approximation of wall shear stress at low
shear rates.

Khan et al. [28] 2019

Blood exhibits a delayed TT compared to Newtonian fluids. However, defining a
critical Reynolds number for non-Newtonian fluids accurately remains
challenging in complex geometries. This difficulty is compounded by factors
beyond shear thinning, including the potential influence of viscoelastic properties.

Lee, S.W. et al. [29] 2007

Prediction sensitivities to non-Newtonian models were in different geometries and
flow rates. Using the Carreau–Yasuda model, it was observed that shear-thinning
has a minimal effect on carotid bifurcation hemodynamics. In contrast, high shear
rates, inlet boundary conditions, and geometric factors exerted more
significant influences.

Razavi, A. et al. [30] 2011

In this study, flow conditions in a stenosed artery for various viscosity models,
including Newtonian and six non-Newtonian models (power law, generalized
power law, Carreau, Carreau–Yasuda, modified Casson, and Walburn–Schneck)
were compared. The findings indicate that the power law model exhibits greater
variation in wall shear stress and velocity values compared to other models. In
contrast, the modified Casson and generalized power law models show a closer
approximation to Newtonian behavior.

Contribution #2 of this study: This study investigates the sensitivity of symmetry
breakdown and vortex shapes to four non-Newtonian (shear-thinning) viscosity models
in both Ansys Fluent and OpenFOAM. The study aims to explore prediction variations
across both frameworks regarding symmetry breakdown and vortex shapes as indicators of
thrombus formation. Additionally, since non-Newtonian viscosities depend on strain rates,
the study examines whether symmetry and vortex shape prediction variations between the
two frameworks are exacerbated in non-Newtonian simulations.
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1.3. Non-Newtonian Simulations of the FDA Nozzle

Non-Newtonian model studies conducted within the FDA nozzle geometry under
well-characterized inflow conditions are summarized in Table 3. From this table, it is
evident that while differences between Newtonian and non-Newtonian models become
more pronounced at lower Reynolds numbers (Re) within this device, there is no consensus
on the impact of viscosity models on shear stresses, pressure drop, and hemolysis.

Table 3. Non-Newtonian simulations of the FDA nozzle.

Authors Publication Year Summary

Good [31] 2023
Model differences were most evident at Re = 500. The non-Newtonian model
predicted blunter upstream velocity profiles, and a greater pressure drop, with
minimal differences observed at higher Reynolds numbers.

Hussein et al. [32] 2021

At Re 500, TKE and turbulent viscosity ratio were lower with Carreau in
comparison to the Newtonian model. Pressure profiles were also different,
attributed to larger recirculation zones at lower Re. Both differences diminished
between the viscosity models at higher Re.

Trias, et al. [33] 2014

Axial velocity in the downstream region is inversely proportional to viscosity, with
the highest velocity in the Newtonian model, followed by Carreau–Yasuda and
then Casson. Velocity differences are within 10%. Viscosity models do not
significantly affect the pressure drop. Non-Newtonian effects, while not greatly
impacting velocity or pressure drop, are important for assessing blood damage, as
they predict higher wall shear stresses and greater blood damage.

Zakaria et al. [34] 2019

The Newtonian model exhibits higher centerline velocities due to its constant
viscosity assumption, which should be higher at lower shear rates. It also shows a
higher pressure drop, likely due to more vortices. Using the lambda-2 criterion,
chaotic and unstable vortices were observed with the Newtonian model. Overall,
the Newtonian model produced more severe hemodynamic properties.

Contribution #3 of this study: To address this gap, this study examines the sensitivity
of hemolysis predictions to non-Newtonian models within the Ansys Fluent framework.

1.4. Prediction Sensitivity to Software

While Table 1 demonstrates that various CFD methodologies can adequately represent
global variables and overall flow characteristics (at Re < 2000) within the FDA nozzle,
subtle differences in vortex identification may arise due to variations in gradient prediction
methods among CFD frameworks. These differences are illustrated in Table 4, which
compares two established CFD codes, Ansys Fluent [21] and OpenFOAM [22]. Recognizing
these variations is crucial, particularly when optimizing device geometry based on the
identification of stagnation zones or vortices that could promote hemolysis. Examining
these prediction variations is especially important in the context of vortex identification,
as highlighted in Table 5, given its increasingly significant role when CFD simulations are
being employed to guide the design of medical devices.

Table 4. Literature summary comparing the predictions of Ansys Fluent and OpenFOAM.

Authors Publication Year Summary

Berg et al. [35] 2012

Centerline pressure predictions between Ansys Fluent and OpenFOAM show a
high level of agreement, with differences being less than 1.03%. This indicates that
both software packages provide reliable and consistent results for predicting
centerline pressures in CFD simulations.
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Table 4. Cont.

Authors Publication Year Summary

Lysenko et al. [36] 2013

In simulations of turbulent flow (Reynolds number = 3900) over a circular cylinder,
AF and OF showed differences in predicting small, secondary vortices at the rear
of the cylinder. These discrepancies underscore the importance of turbulence
modeling and numerical methods in accurately capturing flow features and
phenomena in CFD simulations.

Robertson et al. [37] 2015

In flow simulations around a sphere at Reynolds number 104, OF exhibits
secondary circulations near the sphere’s separation point. Variations in predictions
between OF and other solvers primarily stem from differences in turbulence
source term modeling rather than numerical methods. For simulations involving a
backward-facing step, OF shows greater sensitivity to grid resolution. However,
both OF and other solvers agree well on integral and mean flow variables,
demonstrating reliable performance in predicting overall flow characteristics
despite localized differences.

Jones et al. [38] 2015

Accurate CFD simulations are crucial for submarine support. The authors
compared Fluent to commonly utilized OpenFOAM. Simulations on a submarine
model showed up to 15% differences in drag coefficients between the two codes.
Some discrepancies were resolved, but significant differences remain. This report
details efforts to address these differences and suggests further work to ensure
confidence in both codes.

Greifzu et al. [39] 2015

This study investigates two benchmark problems for turbulent dispersed
particle-laden flow using CFD programs OpenFOAM and Ansys Fluent. The
Lagrangian–Eulerian point-particle models for RANS simulations are compared in
steady state and transient modes against experimental data. The results from both
programs align well with experimental data. Dispersed phase results show Ansys
Fluent slightly under-predicting and OpenFOAM slightly overestimating
particle dispersion.

Table 5. Sensitivity of vortex identification characteristics (based on the Q-criterion adopted in this
study) to CFD models in biomedical devices.

Authors Date of Publication Summary

Dresar et al. [40] 2019
RANS, SAS, DES and LES turbulence models were compared. While RANS and
SAS did not show vortices, their predictions were insensitive to boundary
mesh size.

Jarrell et al. [41] 2021

Intracellular delivery of functional macromolecules, such as DNA and RNA,
across the cell microfluidic chips CFD simulations highlighted key hydrodynamic
features that enhance vortex shedding and promote intracellular delivery of
functional macromolecules such as DNA and RNA across cell microfluidic chips.

Menon et al. [42] 2013

The study visualized vortical structures in simulated aortic cannulation
configurations using the Q-criterion to identify coherent vortex patterns in the jet
wake. It compared two configurations: one arbitrarily oriented, leading to complex
vortex structures and high hemolysis near the transverse aortic arch, and another
based on surgeon sketches, showing simpler vortex patterns and lower hemolysis
near the descending aorta. The findings highlight the importance of optimizing
cannulation parameters for better hemodynamic outcomes during surgery.

Mancini et al. [43] 2020

LDA, along with Q-criterion, was employed to assess stenosis in vivo. Receiver
operating characteristic analyses of power spectra revealed that the most relevant
frequency bands for the detection of moderate (56–76%) and severe (86–96%)
stenoses were 80–200 Hz and 0–40 Hz, respectively.
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Table 5. Cont.

Authors Date of Publication Summary

Ozturk et al. [44] 2017

The study found that smaller eddies, specifically those with diameters up to about
10μm (Kolmogorov scale eddies), are significantly associated with hemolysis.
There is a clear correlation between hemolysis and the total surface area occupied
by these smaller eddies. However, no such relationship was observed for larger
eddies. This suggests that predicting the distribution of Kolmogorov scale eddies
could help evaluate the susceptibility of medical device designs to hemolysis.
Adjusting the design to increase the size of Kolmogorov scales may be beneficial in
reducing the risk of hemolysis associated with these smaller turbulent structures.

Sonntag et al. [45] 2019 Intraventricular vortices were identified and visualized using the Q criterion in
various studies. These vortices are linked to ventricular health.

2. Materials and Methods

Detailed dimensions and specifications of the FDA benchmark nozzle geometry are
shown in Figure 1a, along with different axial distances following the sudden expansion
where the results of this study are reported. Fully developed flow velocity profiles were
imposed for both Newtonian and non-Newtonian scenarios by simulating a straight pipe
(diameter: 0.012 m) with a constant velocity at the inlet and allowing the velocity profiles to
evolve to fully developed conditions at the outlet by making the pipe sufficiently long. The
velocity profiles at the outlet were then imposed at the inlet of the FDA nozzle simulations.
Three hexahedral-dominant mesh configurations with cell counts—coarse [231 K], medium
[439 K], and fine [966 K]—were used to discretize the domain and were employed in both
Ansys Fluent and OpenFOAM. The simulations were performed at Reynolds numbers (Re)
500 and 2000, incorporating both Newtonian and non-Newtonian fluid properties. For
Newtonian fluid simulations, constant density (1056 kg/m3) and viscosity (0.0035 cp) were
assumed, while non-Newtonian fluid properties were evaluated using four commonly
used viscosity models: Cross, Power Law, Carreau–Yasuda (CY), and Casson, to account
for variations in fluid behavior. The non-Newtonian viscosity models were implemented
in Ansys Fluent as user-defined functions. The different non-Newtonian viscosity model
formulations and corresponding parameters are summarized in Table 6. The shear-thinning
viscosity predicted by the different models is shown in Figure 1b.

Table 6. Viscosity Models and coefficients were utilized to evaluate the non-Newtonian behavior of
the fluid (blood) based on Kopernik [46].

Type Viscosity Model Constants

Carreau–Yasuda (CY) μ = μ∞ + (μ0 − μ∞)
[
1 +

(
λ

.
γ
)α

] n−1
α

μ∞ = 0.0035 Pa.s
μ0 = 0.056 Pa.s

λ = 1.902
α = 1.25
n = 0.22

Casson

μ =
μ2

∞.
γ

+
2μ∞ N∞√ .

γ
+ N2

∞

N∞ =
√

μp
8√1−Hct

μ∞ =
√

0.625 Hct

μp = 0.00145
Hct = 0.4

Cross μ = μ∞ +
μo−μ∞

1+
( .

γ
γc

)n

μ∞ = 0.0035 Pa.s
μo = 0.0364 Pa.s

γc = 2.63 s−1

n = 1.45

Power Law μmin < μ = λ
∣∣ .
γ
∣∣n−1

< μmax

n = 0.7755
λ = 0.01467

μmax = 0.025 Pa.s
μmin = 0.00345 Pa.s
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3. Results

3.1. Mesh Convergence

Convergence in the axial velocity across both Ansys Fluent and OpenFOAM frame-
works at the three mesh resolutions is showcased in Figures 2–5.

Figure 2. OpenFOAM (OF) predictions of axial velocity at different axial distances following the
sudden expansion region at Re 500 employing the Newtonian (N) viscosity model at different grid
resolutions (231 K, 439 K and 966 K): (a) Z = 0.008 m; (b) Z = 0.016 m; (c) Z = 0.024 m; (d) Z = 0.032 m;
(e) Z = 0.06 m; (f) Z = 0.08 m.
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Figure 3. Ansys Fluent (AF) predictions of axial velocity at different axial distances following the
sudden expansion region at Re 500 employing the Newtonian (N) viscosity model at different grid
resolutions (231 K, 439 K and 966 K): (a) Z = 0.008 m; (b) Z = 0.016 m; (c) Z = 0.024 m; (d) Z = 0.032 m;
(e) Z = 0.06 m; (f) Z = 0.08 m.

At Re 500, velocity predictions from both OpenFOAM (Figure 2) and Ansys Fluent
(Figure 3) are in good agreement with experimental measurements [13,14] at all three
mesh resolutions, with a radially symmetric profile being maintained through z = 0.06
m. At Re 500, slight differences in the velocity profiles at z = 0.06 m between the coarse
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and medium/fine mesh simulations are observed in Ansys Fluent; the symmetry indices,
vortex identification and blood damage calculations are all reported in the finest mesh
(966K) employed in this study.

Figure 4. OpenFOAM (OF) predictions of axial velocity at different axial distances following the
sudden expansion region at Re 2000 employing the Newtonian (N) viscosity model at different grid
resolutions (231 K, 439 K and 966 K): (a) Z = 0.008 m; (b) Z = 0.016 m; (c) Z = 0.024 m; (d) Z = 0.032 m;
(e) Z = 0.06 m.
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Figure 5. Ansys Fluent (AF) predictions of axial velocity at different axial distances following the
sudden expansion region at Re 2000 employing the Newtonian (N) viscosity model at different grid
resolutions (231 K, 439 K and 966 K): (a) Z = 0.008 m; (b) Z = 0.016 m; (c) Z = 0.024 m; (d) Z = 0.032 m;
(e) Z = 0.06 m.

Similarly, at Re 2000, data shows good agreement with experimental results for
both CFD software platforms OpenFOAM version 9 and Ansys Fluent version 2023 R2
(Figures 4 and 5). In the case of Ansys Fluent prediction, results start to deviate at Z = 0.032,
whereas, in OpenFOAM, similar symmetry degeneration occurs at Z = 0.06 m.
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Axial velocities (shown in Figures 2–5) indicate that grid-independent results have
been obtained employing the 966 K mesh up to an axial distance of Z = 0.06 in most cases.
Therefore, all subsequent analyses were performed at this mesh resolution.

3.2. Axial Velocity Prediction Sensitivity to Viscosity Models

Axial velocity prediction variations with the non-Newtonian models are shown in
Figures 6 and 7. The profiles align with our expectations, indicating that non-Newtonian
models predict lower peak velocities at Re 500 due to enhanced momentum diffusion
resulting from higher viscosity. However, a consistent trend in peak velocity variations
with non-Newtonian models is not observed across both frameworks. This inconsistency
may result from differences in strain rate predictions between the frameworks, which
subsequently impact the non-Newtonian viscosity. This will be examined in the context
of vortex formation in Section 3.4. At Re 2000, however, the variations in axial velocity
predictions between the non-Newtonian models are minimized as the importance of
convection relative to diffusion becomes more significant.

Figure 6. Axial velocity profiles (Re 500) at Z = 0.06 m following the sudden expansion using
different non-Newtonian models in (a) Ansys Fluent (AF) (radial distances − 0.002 m to 0.002 m
only to highlight differences); (b) Ansys Fluent (across the entire radius); (c) OpenFOAM (OF)
(radial distances −0.002 m to 0.002 m only to highlight differences); (d) OpenFOAM (across the
entire radius).
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Figure 7. Axial velocity profiles (Re 2000) at different distances following the sudden expansion
using different non-Newtonian models in (a) Ansys Fluent (Z = 0.032 m); (b) OpenFOAM (Z = 0.032
m); (c) Ansys Fluent (Z = 0.06 m); (d) OpenFOAM (Z = 0.06 m).

3.3. Symmetry Index (SI)

The symmetry index (SI) is a metric used to evaluate the degree of symmetry in various
flow transport parameters. In this study, SI values are calculated using Equations (5) and (6)
at different axial distances from the nozzle’s sudden expansion section based on the velocity
values along the lines shown in Figure 1a. As illustrated in Figure 8, a significant breakdown
of symmetry is observed beyond a radial distance of 0.06 m (at Re 500). This breakdown
indicates a point where the flow begins to deviate significantly from a symmetrical pattern,
suggesting regions of potential instability or turbulence transition. At 0.06 m, SI predictions
from Ansys Fluent are greater than those from OpenFOAM. Unexpectedly, while New-
tonian fluid simulations maintained high symmetry across both frameworks, consistent
with previous studies listed in Table 1, three non-Newtonian models in OpenFOAM (CY,
Cross, Power Law) and one in Ansys Fluent (Casson) show a symmetry breakdown at
0.06 m. This is contrary to the expectation that non-Newtonian models would delay the
onset of turbulence. This phenomenon is also observed at Re 2000 (Figure 9), where a
symmetry breakdown occurred sooner (following the sudden expansion section) with
all non-Newtonian models in both Ansys Fluent and OpenFOAM, while the Newtonian
fluid in AF maintained its symmetry. However, a consistent pattern in SI variations with
different non-Newtonian models is not discernible from Figures 8 and 9.
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Figure 8. Symmetric index predicted from employing different viscosity models at Re 500 using
OpenFOAM (OF) and Ansys Fluent (AF) (a) Newtonian Fluid, (b) Carreau–Yasuda (CY), (c) Casson,
(d) Cross (e) Power Law.
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Figure 9. Symmetric index predicted from employing different viscosity models at Re 2000 using
OpenFOAM (OF) and Ansys Fluent (AF) (a) Newtonian Fluid, (b) Carreau–Yasuda (CY), (c) Casson,
(d) Cross (e) Power Law using OpenFOAM (OF) and Ansys Fluent (AF).
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3.4. Q-Criterion and Vortex Shape Identification

The Q-Criterion is a metric used in fluid dynamics to evaluate turbulent flows and
detect vortices. In this study, the Q-Criterion was employed to visualize and analyze
vortices, providing insights into the complex dynamics of turbulent flows resulting from
the interaction between medical devices and blood. The Q criterion is defined as follows:

Q = 0.5
(
||Ω||2 − ||S||2

)
(1)

where S is the rate of strain tensor, and Ω is the velocity tensor.
Various vortex structures were identified by creating iso-surfaces of Q at zero, as

illustrated in Figures 10–13. At Re 500 (Figure 10), the Ansys Fluent-based analysis showed
that all viscosity models, except for the Casson model, exhibited no vortex formation until
the axial distance of Z = 0.06 m was reached. In contrast, the Casson model showed vortex
formation starting at a radial distance of approximately 0.032 m. Consistent and symmetric
vortex patterns were observed in OpenFOAM up to Z = 0.06 m. At Re 2000, vortex
formation began at approximately 0.032 m, as shown consistently by both OpenFOAM
and Ansys Fluent software outputs. At this Reynolds number, the flow is in a transitional
regime and on the verge of becoming fully turbulent. This means the fluid experiences
higher inertial forces compared to viscous forces, leading to the formation of vortices and
other complex flow structures. The onset of vortex formation at 0.032 m marks a critical
point where these instabilities become noticeable.

Figure 10. Three-dimensional depiction of Q-criterion-based vortex formation at Re 500 using Ansys
Fluent (colored by strain rate magnitudes, 1/s).
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Figure 11. 3D depiction of Q-criterion-based vortex formation at Re 500 using OpenFoam (colored by
strain rate magnitudes, 1/s).

Figure 12. Three-dimensional depiction of Q-criterion-based vortex formation at Re 2000 using Ansys
Fluent (colored by strain rate magnitudes, 1/s).
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Figure 13. Three-dimensional depiction of Q-criterion-based vortex formation at Re 2000 using
OpenFOAM (colored by strain rate magnitudes, 1/s).

3.5. Normalized Index of Hemolysis (NIH) Evaluation

The Normalized Index of Hemolysis (NIH) is a standardized metric used to evaluate
and compare the hemolytic effects (red blood cell destruction) of blood-handling devices.
This metric is crucial for developing safer and more efficient medical devices, ultimately
improving patient outcomes. However, predicting NIH is particularly challenging due to
the highly device-specific nature of the coefficients in viscosity models. These coefficients
vary significantly based on the characteristics and configurations of the devices, making it
difficult to generalize predictions across different setups.

In this study, as shown in Figure 14, the overall findings demonstrated a significant
correlation between NIH values and the flow regime, whether laminar or turbulent. At
Re 500, NIH values indicated that all models except Casson predict a higher NIH than
the Newtonian (N) model. This observation contrasts the results of Trias et al. [33], who
showed that both the Casson and Carreau–Yasuda models predicted higher NIH than the
Newtonian model. Nevertheless, the NIH values predicted by the Newtonian model in our
study were in reasonable agreement with those reported by Trias et al. [33], even though
the values were computed using different software packages.

At Re 2000, NIH values across different Reynolds numbers appear to be nearly in-
dependent of the non-Newtonian model used. This suggests that in spite of the viscosity
prediction variations among the non-Newtonian models at low strain rates, the enhance-
ment ratio of NIH across different Reynolds numbers can be predicted fairly consistently
and is independent of the non-Newtonian model. The Newtonian models, on the other
hand, tend to provide conservative estimates of NIH values. This conservatism arises
because Newtonian models can underestimate viscosity, leading to lower predicted NIH
values. The higher viscosity predicted by other models could potentially result in more
accurate and possibly higher NIH predictions, but the Newtonian model’s tendency to
underpredict provides a cautious upper bound for the enhancement ratio. This is a crucial
consideration when assessing the potential hemolytic effects of blood-handling devices.
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Figure 14. NIH values for evaluating hemolytic effects at (a) Re 500, (b) Re 2000 and (c) the ratio of
NIH values at Re 2000/Re 500.

3.6. Mathematical Component

The incompressible flow Navier–Stokes equation was used to calculate velocity (v)
and Shear Stress ( τ). Although velocity has been the generated parameter, shear stress
evaluation is more relevant and critical to medical device applications. Therefore, the
shear stress values were indirectly estimated by velocity profiles. The steady state mass
conservation equation is given as [21]:

∇·
(

ρ
→
v
)
= 0 (2)

where ρ and
→
v represent the density and velocity vector, respectively. The momentum

conservation for the fluid can be written as [21]:

∇·
(

ρ
→
v
→
v
)
= −∇p +∇·

(→
τ
)
+ ρ

→
g (3)
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where
→
τ is the stress tensor, p the static pressure, and

→
g the direction of the gravitational

component. The stress tensor is evaluated as follows:

→
τ = μ

[(
∇→

v +∇→
v

T
)
− 2

3
∇·→v I

]
(4)

where μ is the molecular viscosity, I is the unit tensor and the second term on the right-
hand side is the effect of volume dilation. The pressure velocity coupling associated with
Equations (2) and (3) was handled using the SIMPLE scheme in both Ansys Fluent and
OpenFOAM [22,23]. The gradients in Ansys Fluent were evaluated using the Lease-Square
Cell Based option, whereas a Gauss Linear scheme was employed in OpenFOAM [22,23].

The symmetry index (SI) at different axial locations (lines shown in Figure 1a) was
evaluated by computing the volumetric flow rates above and below the axial center em-
ploying the axial velocities shown in Figures 2–5. Equations (5) and (6) were employed to
limit the SI values to a maximum value of one.

I f QUpper hal f < QLower hal f SI =
Flow Rate (Upper hal f )
Flow Rate (Lower hal f )

(5)

I f QLower Hal f < QUpper hal f SI =
Flow Rate (Lower hal f )
Flow Rate (Upper hal f )

(6)

NIH was computed by solving a scalar transport equation for linear damage De:

∂(ρDe)

∂t
+∇

(
ρDe

→
u
)
= C

1
a ρ|τ| b

a (7)

Equation (7) shows that De is a dynamic field that can be evolved together with the
density and linear momentum, governed by Equations (2)–(4). The constant a, b and C on
the right-hand side of Equation (7) were assigned values of: 0.785, 2.416 and 3.62 × 10−7,

respectively, following Trias et al. [33].
The normalized index of hemolysis (NIH) quantified the extent of blood damage result-

ing from shear stresses within a specific flow domain and was evaluated using Equation (8).

NIH = 100 ∗ (1 − Hct)× De × k (8)

In Equation (8), De was computed at each spatial location using Equation (7). Hct is
the hematocrit count (obtained from literature at 40%), and k is the hemoglobin content of
blood and was set at 160 g/L per literature [33].

4. Discussion

The research highlights significant variability in predicting flow symmetry indices and
vortex characteristics when using laminar flow models across two leading CFD codes: An-
sys Fluent and OpenFOAM. Although both codes employed identical mesh configurations
to control mesh-related discrepancies, differences in their numerical methods and gradient
evaluation approaches resulted in notable variations in predictions. These variations can
be attributed to differences in mesh topologies, solver algorithms, and gradient evaluation
methods, which affect how each code calculates and interprets flow dynamics, leading to
discrepancies in vortex formation and flow symmetry.

Beyond the standard Newtonian fluid modeling, which aligns with FDA guide-
lines, the study also incorporated simulations using four different non-Newtonian vis-
cosity models in both CFD frameworks. The goal of these initial simulations was to
achieve high fidelity by ensuring that the predicted velocity profiles closely matched
experimental measurements.

At Reynolds number 500 (Re 500), both Ansys Fluent and OpenFOAM predicted
symmetric vortices, indicating that turbulence had not yet onset for the Newtonian fluid.
This finding is consistent with existing literature. However, discrepancies arise with non-
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Newtonian models. OpenFOAM showed a breakdown in symmetry for three of the four
non-Newtonian models, whereas Ansys Fluent exhibited this breakdown for only one non-
Newtonian model. This result contradicts the expected behavior of non-Newtonian fluids,
which are anticipated to delay the onset of turbulence compared to Newtonian fluids.

Similarly, at Reynolds number 2000, a higher flow regime where turbulence is more
prominent, all non-Newtonian models in both frameworks displayed a symmetry break-
down at approximately 0.032 m downstream from the sudden expansion. In contrast, the
Newtonian fluid in Ansys Fluent maintained symmetry beyond 0.06 m. This suggests that
the non-Newtonian models react differently to flow conditions, leading to an earlier onset
of turbulence.

Visualization using Q-criterion-based iso-surfaces further highlighted these differences.
Distinctly different vortex shapes were observed between Ansys Fluent and OpenFOAM,
underscoring the sensitivity of vortex structure identification to numerical solver variations.
This sensitivity reflects how different numerical methods can impact turbulence onset
predictions using vortex characterization.

Regarding blood damage assessments, non-Newtonian models demonstrated a greater
sensitivity at lower Reynolds numbers (Re 500). However, this sensitivity decreased at
higher Reynolds numbers (Re 2000). However, the enhancement ratio of blood damage
between Re 2000 and Re 500 was relatively consistent across non-Newtonian models,
indicating that a fairly consistent assessment of how blood damage scales with Reynolds
number may be obtained irrespective of the non-Newtonian model employed. In contrast,
the Newtonian model estimated a higher blood damage ratio, which could be employed to
establish safety boundaries when designing medical devices.

In summary, this study highlights how variations in CFD software and viscosity
models can result in different predictions of fluid dynamics, which in turn can impact
assessments of blood damage. This underscores the importance of understanding these
differences when evaluating risks using medical device simulations.

5. Conclusions

This study delves into the complexities associated with predicting the transition from
laminar to turbulent flow (Reynolds numbers (Re) 500–2000) within the FDA benchmark
nozzle geometry using CFD codes. Despite a rigorous examination of numerical noise
and geometric imperfections at the inflow, there is a consensus that most CFD codes can
accurately predict the global variables under laminar flow conditions in this geometry.
However, variations in predictions for derived variables, such as strain rate and vorticity,
may arise due to differences in numerical solvers and gradient evaluation methods. These
variations can subsequently impact blood flow-related phenomena such as blood damage,
thrombosis, and non-Newtonian flow predictions.

In conclusion, the study highlights how prediction differences in numerical solvers can
be exacerbated by the use of non-Newtonian viscosity models, leading to distinctly different
vortex shapes and patterns. The results underscore the importance of understanding
prediction variabilities across software frameworks when using simulations to assess risks
associated with hemolysis and thrombosis, even under assumed steady-state, laminar
flow conditions.
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Abstract: A novel decomposition method that adheres to both local time translation symmetry and
spatial rotational symmetry is proposed in this study, thereby extending the limitations of existing
methods, which are typically restricted to quasi-two-dimensional configurations. Grounded in the
FIK and RD identities, this method provides a clear physical and reliable interpretation suitable for
arbitrary-curvature profiles. Utilizing this method, an analysis of the aerothermodynamic charac-
teristics of the bistable states of curved compression ramp flows was conducted. The results reveal
that the generation of undisturbed and peak Cf is dominated by viscous dissipation. Specifically,
flow separation happens when all of the energy input from the work exerted by the adverse pressure
gradient (APG) is insufficient to be entirely converted into local viscous dissipation and kinetic energy.
Furthermore, the propensity for flow separation at higher wall temperatures is firstly elucidated
quantitatively from the perspective of the work by the APG. The peak heat flux is predominantly
triggered by the work of viscous stress, with the secondary contribution from energy transport
playing a more significant role in the generation of the peak heat flux of the separation state than that
of the attachment state.

Keywords: time translation symmetry; decomposition method; generation mechanism; wall friction;
heat flux

1. Introduction

Shock-wave/boundary-layer interaction (SBLI) frequently occurs on the deflected
control surface of a vehicle during its supersonic/hypersonic flight. SBLI may cause
significant flow separation and severe peak heat flux, resulting in a substantial reduction
in control effectiveness and even a loss of control [1–4]. During flight, wall friction can
contribute as much as 50 percent to the total drag [5], and the peak heat flux induced by SBLI
and shock/shock interactions (SSIs) can reach 10 ∼ 100 times that without interactions [6].
Therefore, clarifying the generation mechanism of wall friction and peak heat flux is
essential for further control intention.

To elucidate the individual contributions of different physical processes to the frictional
drag for further guidance on wall friction control, Fukagata, Iwamoto and Kasagi [7]
proposed a relationship (referred to as the FIK identity) by integrating the momentum
equation. The FIK identity provides a quantitative analysis method for researchers to
understand the generation and control mechanisms of wall friction and has been widely
applied. By generalizing the FIK identity to compressible flows, Gomez et al. [8] analyzed
the compressibility impact on the generation of mean wall friction drag, but their analysis
did not quite focus on the impact of compressibility on the contribution terms. However,
the FIK identity is generally thought to lack a simple physical interpretation involved in the
derivation. Therefore, Renard and Deck [9] proposed a decomposition method (called the
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RD identity) based on the Galileo transform and streamwise kinetic energy equation, which
has a clearer physical interpretation. This method was extended to compressible flows by
Li et al. [10]. Combined with empirical mode decomposition or spectral form equations, the
FIK and RD identities help researchers investigate the roles of different flow structures in
the generation of wall friction [11–13]. Another obvious benefit of decomposition methods
is that they clarify the direction of each part of the energy [14–16], which is helpful in
exploring a more efficient flow control method.

The accurate prediction of heat flux is very important for the thermal protection
design of high-speed vehicles, and there exist some classical pressure–heat flux scaling
relations [1,2,17–20]. However, the generation mechanism of heat flux is still vague. To
understand this mechanism, the FIK and RD identities have also been extended to heat flux
decomposition, such as in the studies by Zhang and Xia [21,22] and Sun et al. [23]. The heat
flux decomposition method was also further derived to investigate the heat flux generation
mechanism of turbulent flows in a high-enthalpy scenario by Li et al. [24]. In addition,
Zhang and Xia [22] analyzed the results of different forms of heat flux decomposition
by the FIK and RD identities and concluded that the twofold repeated integration of the
FIK identity had a better physical interpretation. And Wenzel, Gibis and Kloker [25] hold
the same viewpoint. However, they did not provide the physical image. In fact, some
arbitrariness still exists in the selection of the order of integrals in the FIK identity or
the transformation speed in the RD identity. In addition, different understandings of the
physical processes of the contributions in the FIK and RD identities also lead to significant
differences in understanding the influence of different contributions [26].

The present decomposition analyses mainly focus on the equilibrium flow in quasi-
two-dimensional flows, such as channel flow and flat-plate flow. Sagaut and Peet [27]
and Bannier, Garnier and Sagaut [28] extended the FIK identity to surfaces with spanwise
complex geometries like riblets, enabling the quantitative investigation of such wall friction
drag reduction control methods. However, these methods do not account for the streamwise
geometry changes due to insufficient consideration of time translation symmetry (energy
conservation). Therefore, there has been little discussion on the flow separation, wall
friction change and severe heat flux caused by the SBLI induced by flow turning, such as
compression ramp flows.

Due to the difference in initial flow states, maneuvering of the aircraft may result in
multistable states of the flow, which is ubiquitous in aerospace flow systems [29]. Bistable
states of SSIs between regular and Mach reflections are observed when varying the inci-
dent shock angle [30–34]. The underlying mechanism for this bistable behavior has been
elucidated by Hu et al. through minimal viscous dissipation theory [35]. Recently, Hu et
al. numerically observed bistable states of SBLI between separation and attachment in
curved compression ramp (CCR) flows by varying the attack angle [29] and mathematically
demonstrated their existence [36]. Multistable states can lead to quite different aerother-
modynamic performance results, such as the lift and drag coefficients, wall parameters
and the start margin of the inlet [37–42]. The mechanism of separation hysteresis and
the aerothermodynamics associated with bistable states in CCR flows were thoroughly
examined by Zhou et al. [43] and Tang et al. [44]. However, the origin of the disparities in
the aerothermodynamic characteristics across multistable states needs further investigation.

The aim of this paper is to address the fact that the existing decomposition methods are
limited in their applicability to complex geometries by proposing a decomposition method
that satisfies local time translation symmetry and spatial translation symmetry. Moreover,
this method can offer a unified framework for analyzing the generation mechanism of wall
friction and heat flux for further guidance in researching their simultaneous control. Before
deriving the decomposition method, the details of the numerical simulations are described
in Section 2. Based on the local time translation symmetry and spatial rotation symmetry, a
physically clear form of the wall friction and heat flux decomposition method, which can
apply to a surface with a streamwise arbitrary curvature, as well as the verification of the
method, is proposed in Section 3. The flow fields, the aerothermodynamic characteristics of
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bistable states in CCR flows, and the mechanism of wall friction and heat flux generation
are analyzed in Sections 4–6. The conclusions are drawn in Section 7.

2. Numerical Simulation

2.1. Governing Equations and Numerical Methods

Direct numerical simulations (DNSs) of laminar flows were carried out for the present
analysis and implemented by the in-house code OPENCFD-SC, which has been successfully
validated and applied to many cases [29,45–47]. The governing equations, formulated in a
non-dimensionalized conservative form and expressed within the framework of curvilinear
coordinates, are as follows:

∂U
∂t

+
∂F
∂ξ

+
∂G
∂η

= 0 (1)

with U = J{ρ, ρu, ρv, ρe} as the conservative vector flux, ρ as the density, (u, v) as the
streamwise and vertical components of velocity, and e = cvT as the internal energy per
volume. J is the Jacobian matrix transforming Cartesian coordinates (x, y) into a computa-
tional space defined by curvilinear coordinates (ξ, η). The flux term F in the ξ direction is
composed of the convective term Fc and the viscous term Fv:

F = Fc + Fv = Jrξ

⎡
⎢⎢⎣

ρu∗
ρuu∗ + psx
ρvu∗ + psy
(ρe + p)u∗

⎤
⎥⎥⎦− Jrξ

⎡
⎢⎢⎣

0
sxσxx + syσxy
sxσyx + syσyy
sxτx + syτy

⎤
⎥⎥⎦ (2)

where
u∗ = usx + vsy, sx = ξx/rξ , τx = uσxx + v

rξ =
√

ξ2
x + ξ2

y, sy = ξy/rξ , τy = uσxy + vσyy − qy,

σij = 2μ

[
1
2

(
∂ui
∂xj

+
∂uj

∂xi

)
− 1

3
∂uk
∂xk

δij

]
,

qj = − μ

Pr(γ − 1)Ma2
∞

∂T
∂xj

.

(3)

where i, j = x, y. G is the flux term in the η direction having similar forms to F [48]. The
working fluid is an ideal gas, fulfilling the pressure condition p = ρT/γMa2

∞, where
γ = 1.4 is the ratio of specific heats, T the static temperature, and Ma the Mach number.
The free-stream condition is denoted by the subscript “∞”. The free-stream quantities
are used to normalize the flow parameters ρ, u, p and T. The unit Reynolds number Re∞
(m−1) = 3 × 106 and Prandtl number Pr = 0.7. The viscosity μ fulfills Sutherland’s law,

μ = 1
Re∞

T3/2(1+110.4/T∞)
T+110.4/T∞

, with T∞ = 108.1 K as the free-stream static temperature.

2.2. Computational Domain and Flow Conditions

Curved compression ramps (CCRs), as shown in Figure 1, were selected for numerical
simulation. The streamwise region x ranges from −82 mm to 108.9 mm (x = −80 mm is
the start of the flat plate, and the extension line of the flat plate intersects the extension
line of the tilted plate at x = 0 mm). The normalwise region y ranges from 0 mm to 40
mm. The flat plate and the tilted plate are linked by an arc wall with the curvature radius
R = L

sin φ
2

, where L = 25 mm, with the curved wall starting at x = −L and with φ as the

turning angle.
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Figure 1. Sketch of curved compression ramp.

The algebraically generated computational mesh consists of 3401 × 401 nodes in the
streamwise and normalwise directions, respectively. The streamwise grids consist of a
uniformly spaced region with Δx = 0.05 mm and a buffer region containing 160 nodes with
a stretch factor of 1.015. The normalwise grids are clustered in the near-wall region, with the
first grid height Δy = 0.01 mm. The laminar boundary layer thickness δ|x=−50mm ≈ 0.5 mm
results in 41 points inside the boundary layer, ensuring good resolution.

The wall boundary conditions are set as no-slip and isothermal, with the wall temper-
ature ratio given by Tw = T̂w/T∞, where T̂w is the wall temperature and the subscript “w”
represents the wall condition. A uniform inlet flow condition is applied at x = −82 mm. A
non-reflecting boundary condition is applied at the outlet. Bistable states of CCR flows are
obtained by altering φ and Tw, and the two series of DNSs conducted are summarized in
Table 1.

Table 1. Flow and geometric conditions for the present simulations. (For each case, the attachment
state and separation state, denoted by “Att” and “Sep”, respectively, may exist with the same
boundary condition and ramp angle but with different initial conditions.)

Ma∞ Tw φ (◦)

6.0 1.5

17 (Att), 18 (Att/Sep),
19 (Att/Sep), 20 (Att/Sep),
21 (Att/Sep), 22 (Att/Sep),
23 (Att/Sep), 24 (Sep)

6.0
1.25 (Att), 1.5 (Att/Sep),
1.75 (Att/Sep), 2.0 (Att/Sep),
2.25 (Sep)

18

2.3. Convergence Study and Validation

A flat-plate ramp with a turning angle φ = 24◦ was selected for mesh convergence
examination. The flow condition is Ma∞ = 6.0 and Tw = 1.5 (denoted by IBC1 in the
following). Time convergence will be discussed in Section 4. Four grid scales were selected,
including 1201 × 141 (grid A), 1701 × 201 (grid B), 2401 × 281 (grid C) and 3401 × 401 (grid
D). Surface pressure coefficient Cp distributions are shown in Figure 2, where Cp = (pw−p∞)

1
2 ρ∞u2

∞

and pw is the wall pressure. The pressure plateau ppla and pressure peak ppk collapse well
with that predicted by the minimal viscous dissipation (MVD) theorem [46]. As shown in
Figure 2b, the separation point (the black circle) moves upstream, and the pressure rises
with a denser grid. And, both the distributions of Cp and locations of the separation points
of grids C and D collapse well, indicating that the mesh size of grid D is deemed adequate
for the present analysis.
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(a) (b)

Figure 2. Four grid scales for mesh convergence examination by the case IBC1, φ = 24◦. (a) Cp

distributions of four grid scales. The gray solid and dashed lines are the pressure plateau and pressure
peak predicted by the MVD theorem [46], respectively. (b) Close-up plots of the separation and
vertex regions.

The distributions of non-dimensionalized u and T in the normalwise direction inside
the boundary layer are validated by comparison against theoretical Blasius solutions with
compressible correction [49]. Good agreement validates the DNS results, as shown in
Figure 3. Further validation with published experimental and numerical results can be
found in Appendix A.

Figure 3. Comparison of u and T from DNS with theoretical predictions at x = −43 mm of the case
IBC1, φ = 18◦, with the subscript “e” representing the external boundary layer flow.

3. Decomposition Method

Existing studies involving the simultaneous decompositions of wall friction and
heat flux frequently employ a consistent decomposition methodology [25,50], and the
most common one is the twofold repeated integration of the momentum and energy
equations based on the the FIK identity [7]. By employing this method, individual physical
mechanisms can be distinctly decoupled for analysis. However, the connection between
wall friction and heat flux generation is not clear enough, as they are manifested through
the distinct forms of momentum and energy, respectively. Therefore, it finds difficulty in
guiding the efficient control of friction and heat flow simultaneously. Since all contributions
in heat flux decomposition are in the form of energy, and the RD identity [9] is based on the
work–energy conversion process between different mechanisms, the RD and FIK identities
are adopted for wall friction and heat flux decompositions, respectively. In this way, the two
decompositions are related from the perspective of energy. Noether’s theorem [51–53] posits
a profound relationship between conservation laws and the corresponding symmetries.
Critical to the application of decomposition methods in fluid dynamics from the perspective
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of energy is their adherence to the principle of time translation symmetry. This adherence
ensures that the decomposition methods uphold energy conservation, thereby providing
a robust physical basis for its application to flows across diverse surfaces. In addition,
the clear energy conversion path [14,16] obtained by the method may help improve flow
control efficiency. In the following, the decomposition methods of wall friction and heat
flux for an arbitrary surface are introduced, and the unique and disambiguated selection
of the integral order in the FIK identity and the Galileo transformation speed in the RD
identity are clarified from the perspective of local time translation symmetry.

3.1. Derivation of Wall Friction Decomposition

Renard and Deck analyzed the work–energy conversion process in differential form
in their paper (Equation (2.5) in Ref. [9]). On the basis of their idea, the present paper will
further discuss this process from the perspective of energy conversion between the wall
and flow and demonstrate the disambiguation of Galileo transformation velocity ub, since
the arbitrariness of ub may lead to non-compliance with local energy conservation, which
will be explained in detail in the following. The following derivation is based on the rotated
equations of the coordinate system, which will be discussed in Section 3.3. Specifically, the
Reynolds-averaged streamwise momentum equation is expressed as

∂ρu
∂t

+
∂ρuuj

∂xj
=

∂τx,j

∂xj
− ∂p

∂x
(4)

where “−”, ρ, uj, τx,j and p represent the Reynolds average operator, density, velocity
component, shear stress and pressure, respectively. This equation represents streamwise
momentum conservation and satisfies spatial translation symmetry. So, we can follow the
process of the RD identity [9,10] and adopt Galileo transformation with a speed of −ub
to transform the reference frame from a stationary wall (the initial reference frame) to a
moving wall (absolute reference frame). Then, the parameters in the absolute reference
frame satisfy

ta = t, ρa = ρ, xa = x − ubt, ya = y, ua = u − ub, va = v (5)

where the subscript “a” represents the variables in the absolute frame. The streamwise
momentum equation in this reference frame can be obtained by substituting Equation (5)
into (4):

∂ρua

∂ta
+

∂ρauauaj

∂xaj
=

∂τx,j

∂xaj
− ∂pa

∂xa
(6)

Then, the energy budget equation of the averaged streamwise kinetic energy
Ka = 1/2ρauaua in the absolute reference frame can be obtained by multiplying both
sides of Equation (6) by ũa and is expressed as

∂Ka

∂ta
+

∂Kauaj

∂xaj
= ũa

∂τx,j

∂xaj
− ũa

∂pa

∂xa
(7)

where the superscript “˜” represents the Favre average operator. Integrating Equation (7)
by parts over y from 0 to infinity and adopting the steady-state condition and non-slip
condition on the wall, we can obtain the intermediate result as

ubτ̄w =
∫ δ

0
τxy

∂ũ
∂y

dy +
∫ δ

0

∂Kauaj

∂xj
dy +

∫ δ

0
ũa(−∂τxx

∂xa
)dy +

∫ δ

0
ũa

∂pa

∂xa
dy (8)

and
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ubτ̄w =
∫ δ

0
τxy

∂ũ
∂y

dy +
∫ δ

0
(ũ − ub)[

∂ρuu
∂x

+
∂ρuv

∂y
]dy (9)

+
∫ δ

0
(ũ − ub)(−∂τxx

∂x
)dy +

∫ δ

0
(ũ − ub)

∂p
∂x

dy

In the absolute reference frame with the moving wall and still flow after Galileo
transformation, the boundary layer is generated by the moving wall because of the viscosity
and non-slip condition. The left-hand sides of Equations (8) and (9) represent the work
input from the wall to the fluid to maintain the boundary layer, and the work input should
be equal to the work required for the wall of a vehicle to overcome frictional drag to ensure
local energy conservation at any point T on the wall of a vehicle, as shown in Figure 4. The
work by wall frictional drag at any point T in Figure 4 is equal to the product of the wall
shear stress and velocity component in the direction of the force:

SW = �τ · �u∞ = τ̄wu∞ cos ϕ (10)

where SW is the wall shear stress work by wall friction, τw = μw
∂u
∂yn

|yn=0 the wall shear
stress, and ϕ the angle between the tangential direction of the local wall surface and �u∞.
As discussed above, the left-hand side of Equation (9) should be equal to SW at point T
to ensure local energy conservation. It should be emphasized that the above derivation
and analysis focus on point T locally. And, the Galileo transformation is also implemented
locally along the wall surface, which is different from the global transformation in the
traditional RD identity [9,10]. The benefit of this approach is that local time translation
symmetry is guaranteed. Therefore, this method has a clear physical interpretation in
evaluating frictional drag reduction research for vehicles with complex configurations.
According to the analysis of Equation (9), the Galileo transformation velocity ub is unique
and disambiguated as

ub = u∞ cos ϕ (11)

rather than arbitrary.

Figure 4. Schematic diagram of Galileo transformation on curved wall with boundary layer profile
on it.

Combining Equations (9) and (11), as well as the definition of wall friction as
Cf =

τw
1/2ρ∞u2

∞
, the final form of wall friction decomposition can be obtained as

Cf =
2

ρ∞u3
∞ cos ϕ

∫ δ

0
τxy

∂ũ
∂y

dy︸ ︷︷ ︸
CL

f

+
2

ρ∞u3
∞ cos ϕ

∫ δ

0
(ũ − u∞ cos ϕ)[

∂ρuu
∂x

+
∂ρuν

∂y
]dy︸ ︷︷ ︸

CMT
f

(12)

+
2

ρ∞u3
∞ cos ϕ

∫ δ

0
(ũ − u∞ cos ϕ)(−∂τxx

∂x
)dy︸ ︷︷ ︸

CS
f

+
2

ρ∞u3
∞ cos ϕ

∫ δ

0
(ũ − u∞ cos ϕ)

∂p
∂x

dy︸ ︷︷ ︸
CP

f

where the contribution terms for wall friction generation are the viscous dissipation CL
f ,

the kinetic energy transport CMT
f , the streamwise distortion CS

f and the work performed
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by the pressure gradient CP
f . In the above derivations, ϕ is a local quantity to reflect the

local wall shape. In addition, as previously mentioned, cos ϕ is a typical parameter to
reflect the real local work performed by wall shear stress on a curved wall, which is quite
different from the case of flat-plate flows. After non-dimensionalization, Cf represents
the local wall shear work, which is converted into CL

f , CMT
f and CS

f , while CP
f can usually

serve as a source (or sink) term, since CP
f originates from the pressure gradient, which is

generally induced by compression or expansion walls, or incident shocks. For an aircraft,
Cf and CP

f correspond to friction and wave resistance, respectively, and the conversion

between Cf and CP
f is achieved indirectly by CL

f , CMT
f and CS

f . After decomposition, the
generation mechanism of wall friction is decoupled into these quantified terms, which is
crucial for understanding the relative importance of each effect and for designing targeted
flow control strategies. Moreover, decomposition by the RD identity inherently satisfies
energy conservation, providing a robust basis for analyzing the work–energy conversion
process. Similar to Refs. [14,16], the whole energy conversion process can be depicted in
Figure 5. With respect to this physical description, the wall friction decomposition method
for arbitrary profiles is obtained.

Figure 5. A schematic to illustrate the energy conversion pathways in the flow. The pathways
in the gray and green boxes are based on the wall friction and heat flux decomposition methods,
respectively. The red and blue arrows represent the links between the terms.

3.2. Derivation of Heat Flux Decomposition

For heat flux decomposition, we agree with the viewpoint of Zhang and Xia [21,22] and
Wenzel et al. [25] that the twofold integration of the FIK identity has better interpretability.
The following derivation is consistent with that of Zhang and Xia [21,22], but we will
propose an explicit physical depiction and physical interpretation from the perspective
of the redistribution of temperature (enthalpy) in the boundary layer. The equation for
averaged static enthalpy is

∂ρe
∂t

+
∂ρhuj

∂xj
=

∂qj

∂xj
+ τi,j

∂ui
∂xj

+ uj
∂p
∂xj

(13)

where the static enthalpy h = e + p/ρ = cpT, and the heat flux qj = κ∂T/∂xj.
For steady flows, integrating Equation (13) from the wall (y|w = 0) to a distance

y in the wall-normal direction and applying the no-slip condition uw = vw = 0 on the
wall yields
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qw =qy − ρhv
∣∣∣
y
+

∫ y

0
τi,j

∂ui
∂xj

dy1 +
∫ y

0
uj

∂p
∂xj

dy1 +
∫ y

0
−∂ρhu

∂x
dy1 (14)

where qw is the wall heat flux, and the terms on the right-hand side of Equation (14) are
energy conduction at y, enthalpy transfer along the normal direction (convective heat
transport, red arrow in Figure 6), the work by viscous stress, the work by the pressure
gradient and enthalpy transport along the streamwise direction, respectively. This equation
expresses the local equilibrium relation on the wall but also gives the essence of heat
flux generation on the wall, namely, the redistribution of temperature (enthalpy) in the
boundary layer along the normal direction. This process includes the local generation
of enthalpy in the boundary layer and the transport along the streamwise and normal
directions. In this case, the convective heat transport term ρhν

∣∣∣
y

is the most obvious way to

enhance the redistribution of the boundary-layer temperature along the normal direction,
except qy. And, the total normally convected enthalpy from the outer boundary layer to
the wall (or in reverse) can be obtained by integrating this term from 0 to δ, with δ as the
boundary layer thickness.

Figure 6. Normalwise enthalpy transfer.

Similar to the FIK identity and Zhang and Xia’s derivation, by integrating Equation (14)
by parts from 0 to δ along the wall-normal direction, we can obtain the final form of heat
flux decomposition.

Ch =
1

ρ∞u∞(haw − hw)δ

∫ δ

0
qydy︸ ︷︷ ︸

CL
h

+
1

ρ∞u∞(haw − hw)δ

∫ δ

0
−ρhvdy︸ ︷︷ ︸

CCHT
h

+
1

ρ∞u∞(haw − hw)δ

∫ δ

0
(δ − y)τi,j

∂ui
∂xj

dy︸ ︷︷ ︸
CWMS

h

+
1

ρ∞u∞(haw − hw)δ

∫ δ

0
(δ − y)uj

∂p
∂xj︸ ︷︷ ︸

CWP
h

dy (15)

+
1

ρ∞u∞(haw − hw)δ

∫ δ

0
(δ − y)

(
−∂ρhu

∂x

)
dy

︸ ︷︷ ︸
CXT

h

where the Stanton number Ch = qw
ρ∞u∞(h∞+ru2

∞/2−hw)
, and r =

√
Pr. This relation decouples

the generation mechanism of the heat flux at the wall into five physical processes, including
the heat transfer CL

h , representing the energy transfer process achieved through molecular
motion due to the temperature gradient; the convective heat transport CCHT

h , representing
the transport of enthalpy along the normal direction brought by the flow; the work from
viscous stress CWMS

h , representing the energy corresponding to the deformation of fluid
microclusters and viscous dissipation caused by viscous stresses, where viscous dissipation
leads to the loss of flow kinetic energy, which is converted into internal energy, resulting
in an increase in local temperature; the pressure gradient CWP

h , representing the energy
corresponding to the deformation of fluid microclusters and viscous work by pressure
gradients induced by shock waves; and streamwise enthalpy transport CXT

h , representing
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the net increase in local enthalpy caused by the flow along the streamwise direction.
Focusing on a certain location within the boundary layer, a significant portion of CWMS

h is
dissipated and converted into internal energy, leading to an increase in local temperature.
According to the Reynolds analogy for an undisturbed boundary layer [54], changes in
temperature within the boundary layer are closely related to changes in velocity, which,
in turn, can cause variations in the local streamwise and normalwise velocities. The
increased temperature will be transported by the altered velocities in both the streamwise
and normalwise directions by CXT

h and CCHT
h . Specifically, CCHT

h will further lead to a
redistribution of the temperature profile within the boundary layer. This redistribution
results in changes in the near-wall temperature gradient, thereby altering the local wall
heat flux. In the strongly perturbed flows caused by SBLI, this process still holds. The work
by APG injects much higher energy, and its impact on this process is more significant. The
decomposition method used in this paper can obtain a comprehensive effect of this process
through integration.

Comparing Equations (12) and (15), we can find that the integrated terms in CL
f \CWMS

h

and CP
f \CWP

h are quite similar and represent the same energy generation mechanism.
Therefore, the combined decomposition method links the generation of Cf and Ch from the
perspective of energy conversion, as shown in Figure 5. And, one benefit of the method is
that it provides a helpful evaluation tool for the simultaneous flow control of wall friction
and heat flux.

3.3. Mesh-Independent Data Transformation Method for Arbitrary-Curvature Surface

According to the definition, the integrated terms in the wall friction and heat flux
decompositions should be integrated along the wall-normal direction to ensure local time
translation symmetry. The existing wall friction and heat flux decomposition analyses are
usually established on quasi-two-dimensional profiles, such as flows on flat plates and
in channels, and the integration along the wall-normal direction can be directly carried
out along the grid lines, while the transformation of the flow field is needed for arbitrary-
curvature profiles, since the vertical grid lines are not perpendicular to the wall. The
transformation methods include using coordinate scaling, applying coordinate rotation, or
directly dealing with the equations in curved surface coordinates.

• Coordinate scaling can be carried out by Jacobi transformation, i.e., transforming
the flow field of any shape into a square, and then integration along grid lines with
the Jacobian matrix is feasible, as the grid lines have been transformed to the wall-
normal component.

• If we directly deal with the equations in the curved coordinate system, the equations
are clear (Equation (16)). However, it is somewhat difficult to sort out the format of
the grids for integrating these equations.

ρ

[
us

h
∂us

∂s
+ un

∂us

∂n
+

κusun

h

]
= −1

h
dp
dx

+
∂τ

∂n
(16)

• The rotation of the computational domain with the given angle of the local slope
satisfies spatial rotational symmetry and is also a feasible method. That is, the flow
field is rotated to the concerned direction without changing the essence of the inertial
system (Figure 7). This method is selected for the present analysis.

Figure 7. Coordinate rotating diagram.
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The selection of the integral path direction is discussed below. Except for the definition,
although the information on grid lines can transform to the normal position of the wall,
it represents the upstream or downstream information of the actual position. In addition,
the integral results will be associated with a grid set and may not be unique. Therefore,
integration along the wall-normal direction may be a better choice to obtain the real
wall friction and heat flux decomposition results. Specifically, grid interpolation can be
performed; that is, a local normal grid is set (green line in Figure 7), along which the flow
field is interpolated to obtain flow parameters along the normal direction.

3.4. Decomposition Method Verification

The wall friction Cf and heat flux Ch are determined through their definitions or
Equations (12) and (15), which reflect the wall quantity and the overall effects inside the
boundary layer, respectively. Figure 8 compares the results obtained by their definitions
and Equations (12) and (15) (tagged with the superscript “d”) with the conditions of
IBC1, φ = 18◦, between the DNSs and decompositions. The relative errors (calculated
by error = |(Cd

m − Cm)/Cm| × 100% with m = f , h representing the wall friction and heat
flux, respectively) are within 3%. The small error indicates that the decomposition method
offers a correct estimation of the overall effects inside the boundary layer on Cf and Ch.
Further comparisons of the contribution terms with theoretical solutions are carried out
and discussed in Sections 5 and 6.

(a) (b)

Figure 8. A comparison of the results with the conditions of IBC1, φ = 18◦, between the numerical
simulations and the decomposition (tagged with the superscript “d”) of (a) wall friction and (b) heat
flux (the orange area is the 3% error band, and the separation and attachment states are denoted by
the subscripts “sep” and “att”, respectively.) The vertical solid and dashed gray lines represent the
streamwise locations of separation and reattachment points, respectively.

4. Bistable States of CCR Flows

The bistable states characterized by flow separation and attachment are achieved
through variations in φ and Tw, as shown in Figure 9. For the φ-variation-induced bistable
states, only the steady attachment flow state exists when φ = 17◦, as shown in Figure 9b.
Increasing φ with Δφ = 1◦ after the flow reaches convergence and using it as the initial
condition (state Att_φ = 17◦ to Att_φ = 23◦ in Figure 9a), the attachment state is main-
tained until φ = 23◦. However, a sudden flow separation occurs when φ = 24◦. In the
opposite process of decreasing φ from 24◦ with the same Δφ, the flow remains separated
until φ = 17◦, at which point the attachment state suddenly appears again. The interval
(φatt = 17◦, φsep = 24◦) is the bistable state interval (BSI, as shown in the green square
in Figure 9a) for the current inlet and boundary conditions (IBCs), in which the same
IBCs may result in either separation or attachment flow states, contingent upon varying
initial conditions.
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(a) (b)

Figure 9. Bistable states of separation/attachment achieved through (a) φ variation with the condition
IBC1 and (b) Tw variation with the conditions Ma∞ = 6.0, φ = 18◦, colored by the local density. The
streamlines are represented by golden lines with arrows. Inside the green square is the bistable state
interval.

Bistable states induced by Tw variation are obtained in a similar process, as shown
in Figure 9b. Starting with the attachment flow state of Tw = 1.25, the attachment state is
maintained up to a threshold value of Tw = 2.0 when increasing Tw by ΔTw = 0.25. Beyond
this threshold, specifically at Tw = 2.25, the flow state transitions to a distinct separation
state. Decreasing Tw from Tw = 2.25 by the same ΔTw, the separation state is maintained
until Tw = 1.5. And, only the attachment state exists with Tw = 1.25. Therefore, the BSI is
(Tw,att = 1.25, Tw,sep = 2.25) in this case.

The differences in Cf and Ch between bistable states are distinct, as shown in Figure 8.
The separation state has a negative Cf and a higher peak Ch, and the reasons for these
differences will be discussed in the following. More discussions about the differences in
aerothermodynamic characteristics between bistable states can be found in Refs. [43,44].

The separation length Lsep is continuously observed to ascertain time convergence,
where

Lsep = xreatt − xsep (17)

with xreatt and xsep as the streamwise locations of reattachment and separation points,
respectively. Figure 10 illustrates the evolution of separation lengths as the flow transitions
from separation to attachment (φ18◦ _sep _ to _ φ17◦, with “φ18◦ _sep” representing
the separation state of CCR at φ = 18◦) and from attachment to separation (φ23◦ _att
_ to _ φ24◦). Starting from the attachment state, the flow separates after about 1000 τ

(dimensionless time 1τ = 1/(Ma∞

√
γRgT̂re f )), or equivalently, about five flow-through

times on the ramp, but takes a long time to converge. The separation flow state is considered
steady when the change in Lsep is below 0.01 mm over a time interval of 1000 τ. Starting
from the separation state, Lsep drops to zero quickly after about 8000 τ and finally converges
to zero. Therefore, the time convergence and the steady state are verified. For other cases,
enough flow-through time is also carried out to ensure time convergence.
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Figure 10. Time convergence process of separation length Lsep for IBC1. The suffixes “_sep” and
“_att” denote flow states of separation and attachment, respectively.

5. Streamwise Evolution of Cf

The decomposition method and the data have been verified in the previous sections.
In this section, the streamwise evolution of the contribution terms for Cf in Equation (12) at
different locations (including the equilibrium flow region upstream of the origin interaction
point, the separation region around the separation point, and the reattachment and peak
wall friction region around the reattachment and peak wall friction points) are analyzed,
as shown in Figure 11. It should be emphasized that for the wall friction decomposition,
the following analysis takes place in the absolute reference frame by the Galilean transfor-
mation. That is, the boundary layer is generated by the moving wall, and the work from
wall motion is a major source of the energy contained in the boundary layer, as described
in Equations (10) and (12).

In the equilibrium flow region (Figure 11a), the flow remains undisturbed and at-
tached. We further validate the decomposition results with theoretical Blasius solutions [49]
(depicted by the scatters) in this region. The good agreement of each contribution term
verifies the reliability of the decomposition analysis results. Moreover, we believe that
the results of the separation and reattachment regions are reliable. From the distributions
of the contribution terms, the dominant factor for wall friction generation is the viscous
dissipation CL

f , which indicates that the work performed by wall friction from the vehicle
to the boundary layer is mainly dissipated by viscous stresses. The streamwise kinetic
energy transport CMT

f plays a secondary role, consistent with the streamwise progression
of the boundary layer, as the boundary layer thickens and the kinetic energy contained
in the boundary layer increases. But, the increase in kinetic energy also shows a gradual
downward trend.

In the separation region (Figure 11b), the attachment state maintains the characteristics
of the equilibrium flow region, since the flow is not disturbed. The wall friction of the
separation state obviously decreases, which is the combined effect of CMT

f and the work

performed by the adverse pressure gradient (APG) CP
f . Considering the energy conversion

process shown in Figure 5, the positive and negative values of the contributions on the
right-hand side of Equation (12) signify the direction of energy conversion, and a positive
term indicates that the work by wall friction is converted into this contribution term, while
a negative term is the opposite. Then, the negative CP

f caused by the separation shock
wave indicates that the work by the APG is injected into the boundary layer. Since the
streamwise pressure gradient ∂p/∂x induced by shock waves is positive, and ũ ≤ u∞ cos ϕ

inside the boundary layer, CP
f = 2

ρ∞u3
∞ cos ϕ

∫ δ
0 (ũ − u∞ cos ϕ) ∂p

∂x dy around the separation
and reattachment shock waves is always negative. Therefore, we refer to the absolute value
of CP

f when we talk about it in the following discussion. The APG will inevitably change
the boundary-layer velocity profile, which is manifested as the obvious increase in kinetic
energy in the boundary layer, as shown by the solid blue line in Figure 11b. The distortion
of the velocity profile will also lead to local shear enhancement and result in higher CL

f
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(solid red line in Figure 11b). In this region, CP
f and CL

f are the two major contribution terms
in the energy conversion process. The work performed by the APG leads to a significant
decrease in the requirement for the work by the wall friction to maintain the boundary
layer and even results in negative work by local wall friction, i.e., flow separation.

(a) (b)

(c)

Figure 11. A comparison of different terms in the wall friction decomposition of separa-
tion/attachment states at different streamwise positions with the conditions of IBC1, φ = 18◦.
The vertical solid and dashed gray lines indicate the streamwise separation and reattachment lo-
cations, respectively. The other solid and dashed lines indicate separation and attachment states,
respectively. (a) The equilibrium flow region, with the scatters representing the results obtained
theoretically; (b) the separation region; (c) the reattachment and peak wall friction region.

The relations of different contribution terms in the reattachment region (Figure 11c)
are similar to those in the separation region, where CP

f induced by the reattachment shock
wave plays the dominant role. Specifically, the stronger intensity of the reattachment shock
leads to a higher CP

f .

As delineated in Equation (12), CP
f is the coupling between the APG and the boundary-

layer velocity profile, which will be affected by the wall temperature, thereby indirectly
affecting CP

f and the distribution of Cf . To elucidate the impact of the boundary-layer veloc-
ity profile on these parameters, it is advantageous to juxtapose the results from attachment
states that share identical ramp angles and inlet Mach numbers but exhibit distinct wall
temperature ratios Tw, as shown in Figure 12. In the equilibrium flow region (x ≤ −25 mm),
where the pressure gradient is nearly 0, the terms of wall friction decomposition are not
affected by Tw variation, indicating that CL

f , CMT
f and CS

f are independent of Tw. On the
curved wall, with the increase in Tw, the minimum of Cf obviously decreases, and the
reduction is primarily attributed to the escalation of CP

f . Since the pressure rise on the
surface is under nearly isentropic compression [43], the pressure gradient distribution is
basically the same and independent of the wall temperature in these cases. The increase
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in CP
f with higher Tw reflects a larger velocity profile deficit, which is consistent with the

higher shape factor discussed by Zhou et al. [43]. However, CL
f is nearly unaffected by Tw

variation. Therefore, it is more difficult to dissipate the energy injection by the APG for
higher Tw, and the flow is more likely to separate.

Figure 12. A comparison of the terms in the wall friction decomposition of attachment states with
the conditions of Ma∞ = 6.0, φ = 18◦, but different Tw (solid lines: Tw = 1.25; dashed lines: Tw = 1.5;
dash-dot lines: Tw = 1.75; dotted lines: Tw = 2.0).

From Figures 11b,c and 12, CMT
f and CP

f are obviously highly correlated at the sep-
aration and reattachment regions of separation states or the curved walls of attachment
states. The anti-correlation between them indicates that most of CP

f is converted into CMT
f ,

which is the conversion inside mechanical energy. Then, we add CMT
f and CP

f to obtain the

mechanical energy transport term CME
f , i.e., CME

f = CMT
f + CP

f , to further investigate the
energy conversion process, as shown in Figure 13. Similar to the previous discussion, the
negative mechanical energy also means that the work performed by the APG supplies the
mechanical energy input into the boundary layer.

(a) (b)

Figure 13. A comparison of the terms in wall friction decomposition in the mechanical energy form
at different streamwise positions with the conditions of IBC1, φ = 18◦. The vertical solid and dashed
gray lines indicate the streamwise separation and reattachment locations, respectively. The other
solid and dashed lines indicate separation and attachment states, respectively. (a) The separation
region; (b) the reattachment and peak wall friction region.

Figure 11b illustrates that the reduction in wall friction prior to the separation point is
mainly caused by CP

f . Figure 13 shows more clearly that the viscous dissipation increases
slightly; therefore, it is difficult to dissipate further mechanical energy input, which results
in a decrease in Cf (non-dimensionalized SW) until the flow separates. So, a key to keeping
the boundary layer attached is the dissipation of the mechanical energy input via viscous
dissipation. In the reattachment region, viscous dissipation obviously increases, and the
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mechanical energy input starts to decrease after the reattachment shock wave, so an increase
in wall friction is needed to maintain the boundary layer. The coupling of CL

f and CME
f

leads to the appearance of peak wall friction, and CL
f is the principal contribution term

in the generation of Cf after the reattachment point. The enhanced reattachment shock,
triggered by an increased ramp angle φ, leads to reduced minimum wall friction within the
separation bubble, as illustrated in Figure 14. This reduction is primarily attributed to the
significant disparity in CME

f . However, it is noteworthy that the peak wall friction remains

largely unaffected by variations in CME
f .

Figure 14. Effect of ramp angles on wall friction decomposition results of separation states at
reattachment position (solid lines: φ = 18◦; dashed lines: φ = 20◦; dash-dot lines: φ = 22◦; dotted
lines: φ = 24◦).

6. Streamwise Evolution of Ch

The analysis of wall heat flux decomposition takes place in the initial reference frame,
different from the above analysis of Cf . The streamwise evolution of each contribution
term is also analyzed first to elucidate the generation mechanism of heat flux Ch, as shown
in Figure 15. For different regions, the heat transfer term CL

h is very small and can be
neglected, which represents a notable divergence from the results of Sun et al. [23]. They
adopted the RD identity, resulting in the heat transfer weighted by the normal gradient
of streamwise velocity, which will amplify the near-wall heat transfer. However, in the
present analysis, CL

h is the summation of heat transfer across the boundary layer. The
difference may originate from these factors. In the equilibrium flow region (Figure 15a),
we also validate the decomposition results with theoretical Blasius solutions [49] (depicted
by the scatters). Good agreement of each contribution term is also obtained, verifying the
reliability of the heat flux decomposition analysis results. From the distributions of the
contribution terms, the convective heat transport term CCHT

h , the viscous stress work term
CWMS

h and streamwise enthalpy transport term CXT
h gradually decrease as the boundary

layer develops. Although CCHT
h convects the enthalpy outward from the wall to the outer

flow, CXT
h will supplement these parts. In addition, CWMS

h is higher than Ch, so it can be
inferred that the enthalpy convection along the normal direction by CCHT

h is higher than
the streamwise accumulation. In other words, CCHT

h exerts a more pronounced influence
on the generation of Ch.
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(a) (b)

(c)

Figure 15. A comparison of different terms in the heat flux decomposition of separation/attachment
states at different streamwise positions with the conditions of IBC1, φ = 18◦. The vertical solid
and dashed gray lines indicate the streamwise separation and reattachment locations, respectively.
The other solid and dashed lines indicate separation and attachment states, respectively. (a) The
equilibrium flow region, with the scatters representing the results obtained theoretically; (b) the
separation region; (c) the reattachment and peak heat flux region.

In the separation region (Figure 15b), similar to the previous analysis of Cf , prominent
work by the APG CWP

h originating from the separation shock wave can be found. Different
from the results of wall friction decomposition, CWP

h in heat flux decomposition presents as
positive work and directly inputs energy into the boundary layer. Within the interval from
the origin interaction point, located at approximately x = −41 mm, to the region where
the boundary layer begins to noticeably deflect, situated at approximately x = −36 mm,
the energy input associated with CWP

h is transported downstream along the flow direction.
This transport predominantly occurs through the streamwise enthalpy transport CXT

h ,
which accounts for a larger proportion of the energy transfer. Consequently, this leads
to a reduction in the wall heat flux. Furthermore, at x > −36 mm, an escalation in the
normal velocity within the boundary layer contributes to a significant decrease in CCHT

h . A
very interesting phenomenon in this area is that CCHT

h and CXT
h together lead to an energy

reduction, rather than anti-correlation between them in the equilibrium flow region. The
energy input by CWP

h accelerates the enthalpy transport, while the change in CWMS
h is small,

which is consistent with the results of the wall friction decomposition analysis.
In the reattachment and peak heat flux region (Figure 15c), CCHT

h plays a positive role
in the increase in wall heat flux as a consequence of the shear layer’s impingement during
the reattachment process of the separation state, and its value is significantly larger than
those of Ch and CWP

h . However, most of this energy is transported downstream by CXT
h . For
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the attachment state, CCHT
h also directs energy to the wall as the flow deflection falls behind

the wall shape, but the amount is significantly lower than that of the separation state.
Comparing the values and distributions of CCHT

h , CXT
h and CWP

h , we can find that these
terms always exhibit quasi-balance characteristics. In addition, the sum of CCHT

h and CXT
h

is the local enthalpy variation. Here, we sum the three terms as the energy transport term
CTrans

h , i.e., CTrans
h = CCHT

h + CXT
h + CWP

h . And, the distributions are shown in Figure 16.

(a) (b)

Figure 16. A comparison of different terms in wall heat flux decomposition in the energy transport
form at different streamwise positions with the conditions of IBC1, φ = 18◦. The vertical solid
and dashed gray lines indicate the streamwise separation and reattachment locations, respectively.
The other solid and dashed lines indicate separation and attachment states, respectively. (a) The
separation region; (b) the reattachment and peak heat flux region.

In the separation region, although CWMS
h increases to offer more enthalpy, Ch continues

to decrease, which aligns with the results of Sun et al. [23]. The reason is that the additionally
generated enthalpy is transported by CTrans

h , as shown in Figure 16a. In the peak heat flux
region (Figure 16b), CWMS

h dominates the wall heat flux generation. This result indicates
that, although the enthalpy brought by the impinging flow is large and the work induced
by the APG is also considerable, most of them are transported downstream, and little is
left locally. For the attachment state, CTrans

h remains nearly constant along the streamwise
direction. As a result, the streamwise positions of peak wall heat flux and peak CWMS

h are
nearly the same as those of the attachment state, while the position of the peak heat flux of
the separation state is affected by CTrans

h . In addition, the difference in the peak heat flux
between the separation and attachment states is mainly attributed to CTrans

h . A larger CTrans
h

results in higher peak heat flux in the separation state, although the CWMS
h associated with

the attachment state within the vicinity of the peak heat flux is a little higher than that of
the separation state.

The influences of the ramp angle and wall temperature ratio on the contribution terms
to wall heat flux generation are illustrated in Figure 17a and Figure 17b, respectively. With
the increase in the ramp angle, CWMS

h increases slightly. In contrast, the increase in CTrans
h is

more obvious, and the increase in peak heat flux is primarily caused by CTrans
h . However,

the difference in wall temperature has less influence on CWMS
h and CTrans

h . The results
indicate that the increase in CWMS

h is mainly caused by the enhanced distortion of the
velocity profile induced by a stronger APG, while the influence of the changed molecular
viscosity caused by different wall temperature ratios is small.
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(a) (b)

Figure 17. A comparison of decomposition in energy transport forms of separation states in peak heat
flux region. (a) The influence of ramp angle (solid lines: φ = 18◦; dashed lines: φ = 20◦; dash-dot
lines: φ = 22◦; dotted lines: φ = 24◦); (b) the influence of Tw (solid lines: Tw = 1.5; dashed lines:
Tw = 1.75; dash-dot lines: Tw = 2.0; dotted lines: Tw = 2.25).

Compared with the results in Section 5, viscous dissipation/work dominates the
generation of peak wall friction and peak heat flux. Therefore, one control method to
simultaneously decrease peak wall friction and peak heat flux may be altering the matching
of the velocity profile and stress distribution there to reduce the work by viscous stresses.

7. Conclusions

This study presents a significant advancement in the analysis of wall friction and
heat flux in complex configurations, overcoming the resistance of existing decomposition
methods that are suitable only for quasi-two-dimensional configurations. This decompo-
sition method, which incorporates local time translation symmetry and spatial rotational
symmetry, allows for a more accurate and comprehensive understanding of the generation
mechanisms of wall friction and heat flux in complex flow configurations. This approach
incorporates a specific Galilean transformation parameter that considers the variation in
the wall slope. Based on the proposed decomposition method, the generation mechanism
of the wall friction and heat flux of bistable states of curved compression ramp flows is
investigated.

The generation of wall friction is dominated by viscous dissipation and the work by the
adverse pressure gradient (APG). Moreover, these two contribution terms are correlated.
The separation process is depicted from the perspective of energy conversion. In the
absolute reference frame where the flow is still, the work by the APG will input energy
into the boundary layer, a large proportion of which is converted into kinetic energy, while
the remaining portion should be dissipated by viscous stresses; otherwise, the flow will be
separated. The generation of peak wall friction is dominated by viscous dissipation.

The peak heat flux is primarily induced by the work of viscous stress. In the separation–
reattachment process caused by shock-wave/boundary-layer interactions, although the
energy brought by shear-layer impinging is high, most of the energy is transported down-
stream. However, the difference in peak heat flux between the separation and attachment
states is mainly caused by energy transport. In addition, the impact of energy transport on
the generation of peak heat flux increases with the increase in the ramp angle, i.e., a more
intense APG, while viscous dissipation varies much less during this process.

The inherent symmetry within this analytical approach facilitates its straightforward
extension to the evaluation of any three-dimensional engineering configuration, with a
more accurate and reasonable interpretation of wall friction and heat flux generation. A
key innovation of this work is the potential for the simultaneous control of wall friction
and heat flux, originating from the unified framework that links these phenomena through
energy conversion within the method, in contrast to existing methods, which often focus
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on isolated aspects of the flow, such as skin friction or heat flux independently. Therefore, a
further research endeavor involves conducting flow control studies aimed at reducing wall
friction and heat flux simultaneously. Given that both peak wall friction and heat flux are
primarily driven by viscous dissipation, diminishing this dissipative effect emerges as a
promising strategy for achieving concurrent reductions in these parameters. However, it is
crucial to recognize that a reduction in viscous dissipation could potentially compromise
the boundary layer’s capacity to resist the APG. Therefore, this method may serve as a
valuable tool in exploring more efficient control methodologies that balance the reduction
in wall friction and heat flux with the maintenance of adequate boundary-layer resilience
against the APG.
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Abbreviations

The following abbreviations are used in this manuscript:

SBLI Shock-wave/boundary-layer interaction
CCR Curved compression ramp
FIK Fukagata, Iwamoto and Kasagi
RD Renard and Deck
DNS Direct numerical simulation
BSI Bistable state interval
APG Adverse pressure gradient

Appendix A. Further Validation of the Numerical Simulation

The selected compression ramp configuration with φ = 15◦ is consistent with the
Aachen shock tube TH2 experiment [55]. The flat plate and the inclined plate both exhibit
a length dimension of L = 100 mm. The Reynolds number Re∞(m−1) = 4.2 × 106. Ma∞
and Pr are 7.7 and 0.7, respectively. The wall boundary condition is no-slip and isothermal
with a wall temperature ratio Tw = 2.344. Uniform inflow at a 0◦ attack angle is specified
as the inlet condition. The computational mesh of the case is 1021 × 251.

The Mach number distributions in this case are shown in Figure A1. The separation
angle θs and separation shock angle βs are all quite consistent with the results predicted by
the MVD theorem [46].
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Figure A1. Mach number distributions with labeled separation angle θs and separation shock angle
βs predicted by MVD theorem.

Figure A2 compares the distributions of the pressure and Stanton number with experi-
mental [55] and numerical results [56]. The distributions are in good agreement, including
the separation length, the pressure plateau and pressure peak, as well as heat flux peak.

(a) (b)

Figure A2. A comparison of the numerical simulations with published experimental [55] and numer-
ical results [56]. (a) Distributions of the pressure coefficient; (b) distributions of the Stanton number.
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Abstract: For noise reduction at a low-to-moderate Reynolds number, airfoil trailing-edge tonal
noise has multiple prominent tones. Among these tones, secondary tones are greatly influenced by
external disturbances such as oscillations commonly in the environment. In previous experiments,
the spatial movement of sources was found to be related to an inherent high-frequency oscillation.
Therefore, the spatial influence of external low-frequency oscillations was investigated in this study.
By using tripping tapes to construct different symmetry source regions on the pressure side with side
secondary tones, a transient spatial analysis of an NACA0012 airfoil at 2 degrees was performed by
microphone arrays when a 10 Hz pressure oscillation was significant at 24 m/s. Temporally, this
10 Hz periodic strength change became more intense at a broader frequency bandwidth for a longer
source region. Furthermore, a substantial time delay, significantly larger than the sound propagating
time difference between microphones, was observed exclusively along the spanwise direction. This
delay led to a periodic directivity pattern, particularly when two 0.2 m source regions were separated
by a 0.2 m or 0.4 m tripping region. This low-frequency oscillation introduces an asymmetric transient
switching pattern for symmetric spanwise source regions. Consequently, the response of airfoils to
external oscillations in field tests should be considered.

Keywords: aeroacoustics; microphone array; transient analysis; low-frequency oscillation

1. Introduction

Aerodynamic noise has been an unignorable factor for engineering applications such
as unmanned aerial vehicles and small wind turbines at a low-to-moderate Reynolds
number [1–3]. Among these noises, airfoil noise is of great importance and is directly
related to aerodynamic performance, which is critical in quiet airfoil designs [4–6]. Among
these airfoil self-noises, airfoil trailing-edge tonal noise is so prominent that scientists all
over the world have spent decades conducting experiments and simulations to understand
the noise and noise reduction mechanism [7–29]. Generally, at a moderate Reynolds number
between Rec = 2 × 104 and Rec = 2 × 106, this noise has one or several narrowband tones
and some broadband humps in the acoustic spectra [20]. Due to the influence of the acoustic
feedback loop (AFL) and the flow instability growth in noise amplification, the frequency
of the multiple tones has a piecewise ladder structure with jumps at certain velocity
ranges [16]. The dominant tone is related to the steady periodic symmetric shedding
vortical structures along the spanwise direction, while the secondary tones are attributed
to the intermittent unsymmetric changes in the frequency, time and spatial domains [23].
As a result, interesting transient patterns related to secondary tones have been found, such
as switching tones [19,24], side secondary tones [21] and the periodic spanwise movement
of sources [22]. Meanwhile, the difference between experiments and simulations [19] has
attracted researchers to analyze the occurrence of transient patterns in spatial distributions.
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Hence, it is of great significance to investigate trailing-edge tonal noise in the frequency,
time and spatial domains.

Basically, according to Longhouse [10], trailing-edge tonal noise began as an initial
disturbance on the transitional region, which grew in the boundary layer towards the
trailing edge, scattering as shedding vortical structures around the edge to release acoustic
waves backward, causing new initial disturbances that propagate forward and maintain
a phase-match state. In this process, AFL dominated the selection of amplificated tones
on the broadband hump from growing instabilities along the airfoil, which produced
corresponding flow coherent structures. In experiments based on the transient correlation
analysis between velocity signals from particle image velocity (PIV) data and acoustic
signals from a single microphone, Pröbsting [15] confirmed that the vortical structures shed
at the same frequency as the dominant tone frequency. And the growing instabilities were
the result of Tollmien–Schlichting (T-S) instability along the boundary layer [15] and Kelvin–
Helmholtz (K-H) instability related to the laminar separation bubbles [17]. In simulations,
Ricciardi [23] found that although the AFL confirmed that only a dominant tone existed
during the initial cycles, secondary tones would gradually emerge due to the unsteadiness
of growing instabilities after several cycles. In addition, scientists pointed out that the
strength of noise sources in the time domain was receptive to the pressure oscillations [13]
and dynamics of flow coherent structures [23,25]. Furthermore, experiments confirmed that
trailing-edge tonal noise was sensitive to external disturbances from a surface-mounted
plasma actuator [30], acoustic excitation [31] and serrations [32]. Therefore, as an inevitable
disturbance in the open test section from the wind tunnel buffeting [33], the low-frequency
pressure oscillation should be considered in the transient source localization of trailing-edge
noise measurement.

In the literature, this low-frequency pressure oscillation generally exists in the open
test section of low-speed wind tunnels [33,34]. It usually has a frequency lower than 20 Hz
accompanied by velocity fluctuations [35,36]. Called wind tunnel buffeting, pumping or
swaying in the literature [37–40], this phenomenon is generally attributed to a feedback
loop between the shear layers around the inlet nozzle and flows around the collector
through the coherent vortex structures [34]. Consequently, since trailing-edge tonal noise is
receptive to the flow of coherent structures [41], it is possible for the low-frequency pressure
fluctuation in the flow to influence the trailing-edge tonal noise in the frequency, time and
spatial domains.

According to the amplitude modulation theory [42], a periodic strength change can
produce side tones around the dominant tone in equal frequency intervals. In experiments,
Pröbsting [15] confirmed that this periodic modulation of the fluctuation amplitude in the
vortical structures on one side of the airfoil could produce secondary tones. In simulations,
Ricciardi [23] concluded that the different periodic changes in spanwise coherence led to
different secondary tones. Specifically, for airfoil trailing-edge tonal noise, when the coher-
ent flow structure passes the airfoil edge, a spatial–temporal unsteady pattern influenced
the amplitude of the dominant tone and produced secondary tones. Hence, based on the
results of experiments and simulations by the transient wavelet analysis between acoustic
fields and velocity fields, the emergence of secondary tones is a result of the periodic and
intermittent coherent flow structures [15,17,23,24]. Correspondingly, according to Yang’s
PIV measurement experiments with proper orthogonal decomposition (POD) [21], low-
frequency oscillations beneath the incoming flow produced the side secondary tones at a
frequency gap lower than 20 Hz. In addition, similar patterns could be found due to forced
disturbances in the literature [30–32]. Therefore, being influenced by the low-frequency
pressure oscillation, the source region should have a spatial transient source distribution
pattern, which awaits further experiments.

In source localization problems, the microphone array technique has been widely used
in experiments [43–46]. It utilizes the difference of time in propagating between micro-
phones to localize sources. In recent years, thanks to the development of wavelet-based
beamforming methods [47–49], it is possible for airfoil experiments to investigate transient
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source localization. It was found by Yu [22] that the major noise sources moved along the
spanwise direction at a frequency according to the amplitude modulation frequency. Hence,
if the low-frequency oscillations changed the dominant tone’s strength in a similar way,
there could be an obvious transient spatial movement pattern due to the long period time of
the low frequency. Since the deformations of airfoils and unsteady flow oscillations might
exist at a low frequency for UAVs and wind turbines in the environment, this response to
the external oscillations from the environment should be considered in airfoil design if the
results show significant patterns.

In this study, aimed at investigating the influence of low-frequency oscillation on
trailing-edge tonal noise in the frequency, time and spatial domains, two microphone
arrays were introduced to localize sources on different specially designed spanwise source
regions of an NACA0012 airfoil model. This airfoil had a chord length of 0.1 m and a
span of 1.6 m on the open test section of the Beihang D5 aeroacoustics wind tunnel [50].
The reason to choose an NACA0012 profile is due to the existing large number of trailing-
edge tonal noise investigations based on NACA0012 with different chord lengths and
spans [4,7,11,12,15,19,22]. NACA0012 shows a steady time-average pattern within a con-
siderable velocity range, which makes it credible to highlight the influence of the flow
oscillations. For the currently open test section of a D5 aeroacoustics wind tunnel, a 10 Hz
strong oscillation due to wind tunnel buffeting could be found at 24 m/s according to the
background noise measurement, which was able to produce a strong periodic strength
change in the time domain. To further highlight the role of this low-frequency pressure
oscillation on the noise signals, the tripping tapes on the airfoil suction side diminished the
phase modulation between flow structures from two sides of the airfoil [13], and cases with
high-frequency intervals for primary secondary tones were excluded. Therefore, different
configurations for symmetry spanwise distributions of source regions could be created on
the pressure side, where only one dominant tone with only side secondary tones due to the
10 Hz oscillation was present.

Inspired by the previous experiments in localizing transient sources [22], microphone
arrays were employed with wavelet-based beamforming methods. Based on the 64-channel
spiraled microphone array, source strength distribution maps in a high spatial resolution
were generated to validate the time-average consistent pattern along the spanwise di-
rection. Based on the 21-channel cross-shaped microphone array, simultaneous acoustic
measurement along the spanwise direction and horizontal direction could be achieved
to analyze the different transient patterns along the spanwise and horizontal directions
directly. By using continuous wavelet analysis and a corresponding wavelet-based beam-
forming method, periodic strength changes in the frequency, time and spatial domains
were detected. According to the transient source strength distribution maps, the symmetry
source region along the spanwise direction produced a switching pattern between consecu-
tive line sources and separated sources in the time domain. During this periodic switching
process, unsymmetric strength distributions were found along the spanwise direction for
each microphone as a periodic directivity pattern. It was found that a significant large
time delay between microphones only along the spanwise direction was responsible for
the periodic directivity pattern. Hence, the response to the low-frequency oscillations in
the flow field became a significant characteristic. For future airfoil designs involved with
trailing-edge tonal noise, the noise measurement experiments should consider the airfoil’s
response to environmental disturbances.

The structure of this paper is as follows: Section 2 will briefly introduce the flow
facility, experiment setup and analysis tools. The configurations with different spanwise
source regions will be illustrated in diagrams, and beamforming methods will be discussed.
Section 3 is concerned with the results of the time-average, transient and spatial–temporal
analyses. The time-average characteristics, such as the ladder structure of tonal frequencies
and spatial distribution of sound sources, will be illustrated in plots and contour maps. The
strong 10 Hz oscillation at 24 m/s was first proposed in the background noise measurement.
Then came the time-average analysis for the trailing-edge noise validation in the frequency
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and spatial domains. Transient analysis by continuous wavelet transform was performed
to evaluate the difference between different spanwise distributions of source regions. For
cases with a 0.2 m tripping region inside the symmetry 0.6 m source region, it was found
that the 10 Hz oscillation had a significant time delay between different microphones
only along the spanwise directions, which contributed to a switching pattern between
consecutive strong line sources and weak separated sources. In contrast, the microphones
along the horizontal direction showed consistent results in the time delay. As a result, by
decreasing the horizontal microphones’ weight in the calculation, nearly equal strength of
sources for two types of source strength distribution could be achieved at the cost of a low
horizontal resolution.

2. Materials and Methods

2.1. Experiment Setup

The experiment for the trailing-edge tonal noise investigation was conducted at the
Beihang D5 aeroacoustics wind tunnel [50] at Beihang University. The D5 wind tunnel is a
small-scale, closed-circuit wind tunnel with a cross-section of 1 m × 1 m (height × width).
The length of the open test section is 2 m from the nozzle to the collector.

The airfoil is an aluminum 0.1 m chord length NACA0012 with a sharp trailing edge
(around 0.2 mm at height). It has a span of 1.6 m, which is long enough to cover the shear
layer length and leave enough spanwise source region within the uniform flow from the
nozzle. The airfoil is placed vertically with a sweep angle of less than 0.5 degrees according
to a laser level. The suction side of the airfoil is fully tripped by coarse tapes (the tape has a
height of 0.5 mm). In this study, the angle of attack is fixed at 2 degrees and the incoming
flow velocity ranges from 10 m/s to 60 m/s.

For noise measurement, a 64-channel spiraled microphone array and a 21-channel
cross-shaped microphone array were placed at a distance of 1.5 m toward the pressure
side of the airfoil in two separate experiments with the same model setup. As shown in
Figure 1, general views in experiments are presented for these two microphone arrays with
the airfoil. Specifically, a geometry placement between the airfoil and arrays is shown in
Figure 2. Both the centers of these arrays were placed towards the symmetry line of the
trailing edge. For the cross-shaped microphone array, 11 microphones are in the same
horizontal line, and 9 microphones are in the same spanwise line vertically.

  
(a) (b) 

Figure 1. The experiment setups of (a) the 64-channel spiraled microphone array in a view from
pressure side of the airfoil, and (b) the 21-channel cross-shaped microphone array in a view from the
suction side of the airfoil. The suction side surface of the airfoil is fully tripped.

GRAS 40PH (GRAS Sound & Vibration from Holte, Denmark) and Brüel & Kjær
4954A (Hottinger Brüel & Kjær from Hertfordshire, UK) microphones with a sampling
rate of 51,200 Hz for a duration of 30 s were applied for the 64-channel spiraled array and
the 21-channel cross-shaped array, respectively. They are both high-accuracy free-field
microphones and calibrated under the same GRAS 42AA pistonphone (GRAS Sound &
Vibration from Holte, Denmark). An average periodogram method was used to generate
estimates of the power spectrum density (PSD) and sound pressure level (SPL). For the
general time-average analysis, the number of samples per window was 12,800, resulting in a
frequency resolution of 4 Hz. For the low-frequency oscillation analysis and auto-spectrum
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of wavelet power coefficients, each window block consisted of 102,400 samples, which
contributed to a frequency resolution of 0.5 Hz. The Hanning window and an overlap of
50% were applied in the analysis.

Figure 2. The geometry position of arrays with microphones and airfoils in the X-Y plane. The
dashed black lines indicate the leading edge and trailing edge of the airfoil on the left and on the right,
respectively. The black squares refer to the BK 4189A microphones for the 21-channel cross-shaped
array, while the red circles refer to the GRAS 40PH microphones for the 64-channel spiraled array.
The incoming flow direction is highlighted by the arrow.

As previously shown in Figure 1, the suction side was fully tripped, while the pres-
sure side was tripped partially to create different source regions. In this study, the main
configurations are shown in Figure 3 with different spanwise conditions on the pressure
side. A set of terms, such as L0, L2 and L8T4, are defined according to the lengths of the
clean region and tripped region. The number after L refers to the length of clean regions in
a unit of 0.1 m, and the number after T stands for the length of the tripping region within
the clean region in a unit of 0.1 m. Three dotted square lines are used to further distinguish
configurations in different clusters. For configurations within region (a) and region (b),
a symmetry placement of clean regions is present. Configurations within region (c) are
aimed at evaluating the time-average consistency along the spanwise direction. Hence,
an additional microphone was positioned on the pressure side towards the center of the
0.2 m clean region at a distance of 1.2 m as the reference microphone. For other cases, the
reference microphone from the microphone arrays was positioned on the pressure side
towards the center of the airfoil trailing edge within the uniform flow region at a distance
of 1.5 m.

2.2. Microphone Array Methods

In comparison with the velocity measurement from invasive hotwires and short-time-
period particle image velocity (PIV) in the flow field, the microphone array method is non-
invasive and can obtain long-time-period data [43]. By using wavelet-based beamforming
methods [22], it is possible to describe the high-correlated flow-induced noise sources in
the time and spatial domains, especially when the spanwise source strength distribution is
inconsistent due to tripping devices.
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Figure 3. The surface conditions of the pressure side of airfoils for different configurations. The red
filled area indicates the source region without tripping. The grey shadow area indicates the region
with tripping. (a) Fully tripped region or source regions in consistent symmetrical distributions. (b) A
disruption of tripped region between source regions. (c) Different locations of the 0.2 m clean region.
The incoming flow has a spanwise length of 1 m. Without T, L stands for the length of symmetry
clean region without tripping. T refers to the length of symmetric tripping region inside clean regions
from L.

For source localizations by microphone array, a brief introduction of the beamforming
method and the wavelet beamforming method are illustrated below. A detailed discussion
of different microphone array methods can be found in a review [51]. According to the
delay-and-sum approach, the estimated spatial strength distributions of sound sources are
deduced by the microphones’ time signals and the spatial distributions between scanning
points and microphones. The sound pressure at a scanning position

→
x b is deduced in

Equations (1) and (2) in the time and frequency domain, respectively.
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In these equations, the following apply:

- t is global time and ω(= 2π f ) is the angular frequency for the Fourier transform;
- pm is the sound pressure signal for the number m microphone. In the time domain,

pm(t) is the transient sound pressure according to the global time. In the frequency
domain, pm(ω) represents the estimated complex strength and phase in a frequency
for a time period ranging from t1 to t2. By confining the value of t2 − t1, a relatively
transient estimation of sound source is achieved in the frequency domain;

-
→
x m is the position of the number m microphone;

- wm is a weight function to determine the influence of the number m microphone;
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strength according to the distance between the microphone and the sound source. For
the monopole point source and Green function, Am
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By using the short-term Fourier transform and defining the length of the time period,
an estimation of source positions in different frequencies is produced in a relatively large
time resolution. And by averaging over the time periods, a typical time-average conven-
tional frequency domain beamforming result can be produced. In the current experiments,
the maximum time delay between each microphone should be below 0.002 s, which is
much less than the 10 Hz time period of 0.1 s.

Analogously, by substituting continuous wavelet transform from the Fourier transform
in Equation (3), a high-time-resolution time domain microphone array method can be
produced as the wavelet-based beamforming method. In the literature [22,47–49], the
wavelet-based beamforming methods showed extraordinary abilities in detecting the
movement of sources, identifying the relative strength shift between sources and increasing
the signal-to-noise ratio to perform better cross−correlation analysis. In this paper, complex
Morlet wavelets are applied to acquire the temporal phase information. The selection of
an appropriate non-dimensional frequency and other parameters has been undertaken to
better describe the spatial and time characteristics. And a source integration method [52,53]
is introduced to calculate summed SPL over different source regions. For the spanwise
source regions, the calculated horizontal regions cover a whole chord length (0.1 m) from
the center of the airfoil toward the trailing edge.

3. Results

3.1. Time-Average Analysis

As has been mentioned in the introduction, low-frequency pressure oscillations com-
monly exist in wind tunnel experiments [34]. For the open test section of the Beihang D5
aeroacoustics wind tunnel, strong pressure oscillations can be detected through background
noise measurement. As shown in Figure 4, a contour map of PSD for the background noise
is produced within a velocity range from 10 m/s to 60 m/s. The constant tone at 4 Hz
is related to the inherent natural frequency of the anechoic chamber. The tone changing
at different velocities is a result of the unsteady coherent vortices in the shear layer. For
example, a dashed line indicates a velocity-dependent frequency law between the wind
tunnel’s inner frequency and incoming flow velocity as f = 0.2U + 5.2 in standard science
units. Among these tones, the significantly strong tone is a result of amplification due to
resonance between the nozzle and collector, which contributes to the well-known wind
tunnel buffeting phenomenon [35]. The dashed line and dotted line in Figure 4 indicate a
strong 10 Hz oscillation around 24 m/s, which is focused on in the present study as it is the
strong low-frequency pressure oscillation that influences the trailing-edge tonal noise.

In order to validate the airfoil trailing-edge noise and check if the tripping tapes
succeed in having only pressure side sources, a series of acoustic measurements has been
performed for configuration L2 and L0 at different incoming flow velocities. The angle of
attack is fixed at 2 degrees, so the upper surface is the suction side and the down surface
is the pressure side towards the reference microphones. The time-average PSD by the
reference microphone from the 64-channel microphone array is presented in contour maps
and plots in Figure 5. In Figure 5a, ladder-type structures are indicated by black dashed
lines with jumps. The dominant tones are highlighted by red cycles whose frequencies
follow a 0.85th power law of velocity on ladders with a jump between different ladders.
During a velocity range from 18 m/s to 28 m/s, no primary secondary tones are found in a
high frequency interval around the dominant tones. Specifically, for cases ranging from
20 m/s to 28 m/s at an interval of 2 m/s, the dominant tones in Figure 5b are significantly
stronger than the fully tripped broadband noise. In general, the time-average noise power
spectra have validated the airfoil trailing-edge tonal noise experiments with the suction side
being fully tripped among all the other experiments in the literature [7,11,16]. In addition,
the 10 Hz oscillation has been found in Figure 5c at 24 m/s and 26 m/s for configuration
L2 and L0, which will be focused on in the following transient analysis.
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Figure 4. A contour map of acoustic spectra of PSD for the background noise. Without the airfoil
within the flow regions, the background noise is measured by the reference microphone at a distance
of 1.5 m towards the centerline of the open test section. The dashed line is an approximate line as
f = 0.2U + 5.2 for low-frequency oscillations with a 10 Hz peak at 24 m/s. The dotted line indicates
the 10 Hz oscillation.

 
(a) 

 
(b) (c) 

Figure 5. The time-average noise characteristics according to the reference microphone from the
64-channel spiraled array. (a) A contour map of acoustic spectra of PSD for the configuration L2 with
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incoming flow velocities ranging from 10 m/s to 50 m/s; (b) plots of PSD ranging from 20 m/s to
28 m/s for the configuration L2 and L0. L2 is the straight line and L0 is the dotted line; (c) zoomed
plots of (b) in a low frequency range. The 10 Hz oscillations at 24 m/s and 26 m/s are highlighted by
an arrow.

In order to exclude the inherent influence on different spanwise configurations, an
evaluation of the spanwise consistency was performed by moving the 0.2 m source region
in a spanwise range from z = −0.2 m to z = 0.2 m in Figure 3c. A moving microphone
towards the center of the 0.2 m source region and the 64−channel spiraled microphone array
were used to compare the time-average characteristic in the frequency–spatial domains.
As shown in Figure 6, contour maps of PSD for the moving microphone towards different
spanwise locations of the source region were present at a velocity range from 20 m/s to
28 m/s. Due to the velocity fluctuations, a difference in dominant tone frequency occurs,
but a generally similar pattern was confirmed along the spanwise directions. As shown
in Figure 7, time-average source localization of the 0.2 source region at different spanwise
locations validated that the tripping tapes confined the sound sources within the 0.2 m
clean region and there was a similar spatial pattern along the spanwise direction. SPL was
summed at a 1/3 octave around the center frequency of 1424 Hz.

Figure 6. The time-average PSD for the moving 0.2 m clean region along the spanwise location at
different velocities according to the moving microphone. The moving microphone is placed towards
the center of 0.2 m clean region at a fixed distance of 1.2 m.

Based on the results of source localization and strength measurement for the 0.2 m
source region, a symmetric source distribution should be present for a symmetric source
region in source localization. As shown in Figure 8, the time-average source localization
maps at 24 m/s for different spanwise configurations show a generally symmetric source
strength distribution, especially for the configuration L6. SPL is summed at a 1/3 octave
around the center frequency of 1424 Hz, which is enough to consider the frequency de-
viation along the spanwise direction. In addition, a spurious source was found in the
tripping region for the configuration L6T2 in comparison with L6. According to the spatial
resolution of beamforming methods established from the Rayleigh limit [43], the spurious
source is attributed to the insufficient distance between two symmetric 0.2 m source regions.
Proof is given in Figure 9 as source localization maps, where two 0.2 m source regions
are measured independently with a sum of the strength of the two source localization
maps. The source strength distribution map in Figure 8e is similar to the one in Figure 9c.
Therefore, it could be assumed that the impact of the low-frequency pressure oscillation on
the time-average result of the summed SPL over a wide frequency range is insignificant.
However, in the following transient analysis with a better frequency-time resolution, the
influence of the low-frequency oscillation becomes notable.
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Figure 7. The time-average source localization for the moving 0.2 m clean region along the spanwise
location at 24 m/s according to the 64-channel spiraled microphone array. (a–i) refer to the spanwise
location from z = −0.2 m and z = 0.2 m in Figure 6. The black X−direction lines refer to the leading
edge and trailing edge, while the black Y-direction lines indicate the red source regions on the left.

Figure 8. The time-average source localization of different source regions along the spanwise location
at 24 m/s according to the 21-channel cross-shaped microphone array. (a) L2; (b) L4; (c) L6; (d) L8;
(e) L6T2; (f) L8T4. The black lines refer to the leading edge and trailing edge. The unfilled white
cycles indicate the positions of maximum SPL, which is located around the trailing edge.
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Figure 9. The time-average source localization of different source regions along the spanwise location
at 24 m/s according to the 21-channel cross-shaped microphone array. (a) The 0.2 m source region
in the down part; (b) 0.2 m source region in the upper part; (c) a sum of (a,b) to produce L6T2. The
black lines refer to the leading edge and trailing edge. The unfilled white cycles indicate the positions
of maximum SPL, which is located around the trailing edge.

3.2. Transient Analysis

By using continuous wavelet analysis, the transient characteristics of noise signals can
be revealed. As a time-frequency-dependent parameter, the wavelet coefficient W stands for
the transient efficient amplitude at a certain frequency. W2

n is defined as a non-dimensional
normalization of the square absolute values of the wavelet coefficient W according to the
maximum values in the contour maps. The reference microphone at the symmetrical line
towards the airfoil trailing edge is chosen to compare the transient results between different
spanwise configurations at 24 m/s.

As shown in Figure 10, a periodic 10 Hz strength change around the dominant tone
could be found in the frequency-time domain, especially for configurations L2 and L4.
Therefore, according to amplitude modulation, side secondary tones should be present
in the time-average acoustic spectra, which are present in Figure 11. The black square
and red cycle symbols indicated a 10 Hz interval, which was similar to the side secondary
tones’ pattern in the literature [21]. Meanwhile, as shown in Figure 10, a larger spanwise
length of the source region (from L4 to L8) can greatly increase the unsteadiness towards a
higher value in the time domain. For L6T2 and L8T4, a decrease in clean regions by adding
tripping tapes inside the total spanwise clean region tends to control the periodic strength
change in a much more regular and steady way.

Moreover, by using an auto-spectrum of the total strength around the center frequency
(1424 Hz at 24 m/s) in a 1/3 octave way, the 10 Hz oscillations were prominent as peaks
for all configurations in Figure 12. From L2 to L8, an increase in the total spanwise source
regions led to a larger sound strength in a more broadband-like way. While L2 and L4
mainly show the 10 Hz peak and 20 Hz harmonic peak, a tendency of larger frequency
oscillation can be observed in L6 and L8. When tripping regions were added, L6T2 and
L8T4 were degenerations of L6 and L8 in strength and regularized in the time domain. In
addition, the normalization of the auto-spectrum strength as E( f )/E(0) clearly exhibited
this similar normalization pattern at 10 Hz. The tripping region within the clean region
increased the quality factors of the dominant tone and decreased the lower frequency
broadband components.

Similar to previous experiments in the literature [21], by transient analysis, a periodic
strength change in the dominant tone was confirmed with the 10 Hz oscillation to produce
side secondary tones. Therefore, it is feasible to carry on spatial–temporal analysis for the
influence of low-frequency oscillation on trailing-edge tonal noise. Based on the above
transient results for the single reference microphone, the procedure to compare different
microphones in the horizontal line and spanwise line can be performed, and transient
source localization by the wavelet beamforming method could be undertaken.
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Figure 10. The normalized wavelet coefficients in contour maps for different spanwise configurations.
The incoming velocity is 24 m/s. (a) L2; (b) L4; (c) L6; (d) L8; (e) L6T2; (f) L8T4.

Figure 11. The time-average PSD according to the reference microphone from the 21-channel cross-
shaped array for L2 and L4 at 24 m/s. A sampling time from 6 s to 8 s is applied as in Figure 9.
A 10 Hz interval could be found between tones. The square black symbols refer to tones for L2, while
the red cycle symbols refer to tones for L4.
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(a) (b) 

Figure 12. (a) Auto-spectrum of the summed wavelet coefficients around the dominant tone frequency
in a 1/3 octave for different spanwise configurations at 24 m/s; (b) normalization of the auto-spectrum
from E( f ) to E( f )/E(0). Dashed red lines indicate 10 Hz peaks.

3.3. Spatial–Temporal Analysis

To address the influence of intermittency in the time and spatial domains, the transient
results of microphones at different locations are compared. According to the spatial
distribution of the 21-channel cross-shaped microphone array in Figure 2, microphones
from the 21-channel microphone array can be divided into two parts along the horizontal
and spanwise locations, respectively. By using the same wavelet analysis process in
Section 3.2, the SPL is summed from the center frequency (1424 Hz at 24 m/s) in a 1/3
octave frequency range. The results of the SPL for microphones along horizontal and
spanwise directions are shown in Figures 13 and 14, respectively.

As shown in Figure 13, the microphones at horizontal locations reveal a consistent
periodic strength change pattern in the time domains for all configurations from L2 to L8.
Although an increased length generates a more complicated pattern in the time domain,
the strengths along the horizontal line remain identical in the time domain. In contrast,
in Figure 14, the microphones along the spanwise direction indicate an unsteady, uneven
time delay for the low-frequency oscillation. As has been mentioned in Section 2.2 about
the microphone array methods, the maximum time delay between microphones in current
experiments should not exceed 0.002 s, which is much less than the delay time period in
Figure 14 between horizontal microphones for L6T2 and L8T4. In comparison, a single
0.2 m clean region (L2) shows an almost constant time of arrival for the 10 Hz oscillation,
which indicated that a longer length of source region was more sensitive to the strength
change in the time domain. Therefore, it can be assumed that these periodic strength
changes in microphones along the spanwise direction produce a periodic directivity pattern
in the time domain, which occurs in spanwise configurations with long enough source
regions. In addition, the tripping regions inside L6 and L8 produce L6T2 and L8T4 with a
more uniform source strength distribution and a stronger periodic directivity pattern along
the spanwise direction.

As a result, this periodic directivity pattern for the low-frequency oscillation con-
tributes to periodic source localization within a 10 Hz period time. By selecting a range of
0.2 s for the two period times at 10 Hz, the wavelet-based beamforming method produces
the transient source localization for different spanwise configurations in Figure 15. For a
compact single 0.2 m clean source region, L2 shows a consistent pattern with the single mi-
crophone, resulting in a periodic strength change without spatial change. For an increased
length of source region from L4 to L8, an unsteady change along the spanwise direction can
be found more and more clearly. For L6T2 and L8T4, transient maps indicate sound sources
in the tripping regions. Although it should be partially due to the Rayleigh limit, which is
mentioned in previous time-average discussions, the periodic switch between two types of
source distribution should be greatly influenced by the periodic directivity pattern along
the spanwise direction. The significant time delays along the spanwise direction directly
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change the transient strength from different microphones in Equation (1) to produce source
strength distribution maps.

Furthermore, by using source power integration methods [52,53], transient total
strength as the summed SPL along the spanwise direction was produced, which high-
lighted the spanwise difference in the time domains. As shown in Figure 16, the consecu-
tive spanwise configuration from L2 to L8 tends to show a consecutive change along the
spanwise direction, while for L6T2 and L8T4, an interruption between two 0.2 sources
region was found, which was unlike the time-average results in Figure 8. It should be
noted that although the unsteady intermittent patterns prevail in source regions with a
large spanwise length, periodic strength change at 10 Hz always exists in Figures 12 and 16.
Since the strong low-frequency oscillation is inherent due to the wind tunnel buffeting, it
can be assumed that a periodic vortical structure is strong enough to dominate the acoustic
feedback loop, which contributes to the current spanwise periodic directivity pattern in
Figure 14.

Figure 13. The contour maps of sound pressure level (SPL) for each microphone in the horizontal line
in time domain for different spanwise configurations. SPL is summed around the tonal frequency in
a 1/3 octave. The incoming velocity is 24 m/s. (a) L2; (b) L4; (c) L6; (d) L8; (e) L6T2; (f) L8T4.
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Figure 14. The contour maps of sound pressure level (SPL) for each microphone in the spanwise line
in time domain for different spanwise configurations. SPL is summed around the tonal frequency in
a 1/3 octave. The incoming velocity is 24 m/s. (a) L2; (b) L4; (c) L6; (d) L8; (e) L6T2; (f) L8T4.

Based on the above results, the strength influence can be changed to add weights in
Equation (1) for different microphones. Considering the periodic directivity pattern in the
time domain along the spanwise direction, weight coefficients are added to decrease the
influence of consistent horizontal microphones. As a result, the transient source localization
in Figure 17 for L6T2 and L8T4 reduces the strength change between the consecutive
source and separated sources. This conclusion can also be applied to time-average source
localization. As shown in Figure 18, the weighted source localization tends to increase the
spanwise distribution along the spanwise direction between two source regions. Therefore,
it can be concluded that the 10 Hz oscillation is critical in changing the roles of different
microphones in source localizations, which should be paid attention in experiments.

159



Symmetry 2024, 16, 710

(a) 

(b) 

Figure 15. Cont.
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(c) 

(d) 

Figure 15. Cont.
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(e) 

(f) 

Figure 15. The transient wavelet-based results at 24 m/s for different spanwise configurations. The
columns from the left and rows from the bottom are the transient wavelet-based imaging results from
7.12 s to 7.32 s, which indicate two periods at 10 Hz. (a) L2; (b) L4; (c) L6; (d) L8; (e) L6T2; (f) L8T4.
The unfilled white cycles indicate the positions of maximum values.
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Figure 16. The summed SPL of wavelet-based beamforming results at different spanwise locations
near the trailing edge in the time and spatial domain. (a) L2; (b) L4; (c) L6; (d) L8; (e) L6T2; (f) L8T4.
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(a) 

(b) 

Figure 17. The weighted transient wavelet-based results at 24 m/s for different spanwise configura-
tions. The columns from the left and rows from the bottom are the transient wavelet-based imaging
results from 7.12 s to 7.32 s, which indicate two periods at 10 Hz. (a) L6T2; (b) L8T4. The unfilled
white cycles indicate the positions of maximum values.
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Figure 18. The weighted time-average source localization of different source regions along the
spanwise location at 24 m/s according to the 21-channel cross-shaped microphone array. (a) L2; (b) L4;
(c) L6; (d) L8; (e) L6T2; (f) L8T4. The unfilled white cycles indicate the positions of maximum values.

4. Conclusions

In this paper, an investigation of the low-frequency oscillation on the trailing-edge
tonal noise was carried out. Inspired by previous experiments for high-frequency oscilla-
tions from unsteady coherent flows, the present study aimed to figure out the influence
of low-frequency oscillations from the wind tunnels. By using tripping tapes to diminish
the local sources, configurations for symmetry spatial distributions of source regions were
generated to check the noise characteristics. Periodic strength change was focused upon
by continuous wavelet analysis to reveal the spatial difference between microphones at
different locations.

In wind tunnel experiments, the NACA0012 airfoil trailing-edge tonal noise was mea-
sured by two microphone arrays that were used to analyze the time-average and transient
characteristics. For the time-average patterns, a consistent source strength distribution in a
0.2 m source region along the spanwise direction was validated by a 64-channel spiraled
microphone array. And a symmetric source strength distribution was found for symmetric
spanwise configurations by a 21-channel cross-shaped array. The impact of a low-frequency
oscillation on the time-average results was generally insignificant, except for on the side
secondary tones due to amplitude modulation.

In contrast, for the transient analysis by continuous wavelet methods, a periodic
strength change pattern around the dominant tone emerges from each microphone’s
result. The increasing length of source regions without tripping from L2 to L8 produced
more intermittent broadband patterns in the time domain. Meanwhile, based on the
simultaneous transient wavelet coefficients, a significantly large delay of time for the 10
Hz oscillation occurs between microphones along the spanwise direction rather than the
horizontal direction. The delay time is almost 0.1 s, which is much larger than the maximum
propagating delay time between microphones of 0.02 s. Therefore, a significant periodic
directivity pattern was found along the spanwise direction. As a result, the transient source
localization caused by the wavelet-based beamforming method contributes to a switching
pattern between the two types of results. One of the results is similar to the time-average
results as a consecutive line source strength distribution, while the other separates the
sources in different source regions better than the Rayleigh limit. Hence, low-frequency
oscillations play a role in changing the transient spatial directivity of sources, which was
quite interesting and few discussions had been undertaken before.

Moreover, for microphone arrays in transient source localization, the time delay as a
shift of phase in the frequency-time domains greatly influences the results of wavelet-based
beamforming methods, which produces a switching pattern between different spatial dis-
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tributions. Therefore, based on the weighted results, to decrease the influence of horizontal
microphones in the symmetrical line, it can be assumed that a low-frequency oscillation
increases the spanwise complexity in transient source localization even for symmetric
spanwise source regions. However, since the low-frequency oscillation is inherent due
to the wind tunnel buffeting, a periodic pattern should exist, which contributes to the
current results in the spatial domain. Since this pattern was greatly involved with low-
frequency oscillations, the response from different airfoils or even different regions within
a three-dimensional wing model might be considered in experiments. Furthermore, the
same NACA0012 airfoil in different wind tunnels might possess different transient noise
spectra and these spectra were highly related to the location of sources due to this periodic
directivity pattern. However, since only NACA0012 as a 0.1 m chord length symmetric
airfoil is involved in the current study with different spanwise configurations, there might
be other patterns for unsymmetric airfoils. Future investigations should be conducted for
other different airfoils. In addition, artificial low-frequency oscillations could be generated
to further check the effects of the oscillations at different frequencies.

Considering that all these complicated patterns exist with only side secondary tones
being involved in this experiment, the primary secondary tones with a much higher
frequency interval should be handled with more caution. For further investigations of
trailing-edge tonal noise, the current study indicates that transient analysis could be
greatly influenced by external disturbances in the wind tunnel, which partially explains the
difference between experiments and simulations. Noise measurement of different airfoils
should be performed with multiple microphones along the spanwise direction to check if
the periodic directivity pattern exists. Meanwhile, since it was confirmed that the source’s
directivity might change dramatically in the time domain due to wind tunnel buffeting, it
should be similar for other external disturbances in a low frequency in the real environment.
As a result, the environment in applications should be considered in the design of airfoils.
Supplementary experiments should be conducted to investigate the potential influence of
low-frequency oscillations.
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Abstract: The Schlieren technique is widely adopted for visualizing supersonic jets owing to its non-
invasiveness to the flow field. However, extending the classical Schlieren method for quantitative
refractive index measurements is cumbersome, especially for three-dimensional supersonic flows.
Background-oriented Schlieren has gained increasing popularity owing to its ease of implementation
and calibration. This study utilizes multi-view-based tomographic background-oriented Schlieren
(TBOS) to reconstruct axisymmetric and weakly non-axisymmetric supersonic jets, highlighting the
impact of flow axisymmetry breaking on TBOS reconstructions. Several classical TBOS reconstruction
algorithms, including FDK, SART, SIRT, and CGLS, are compared quantitatively regarding recon-
struction quality. View spareness is identified to be the main cause of degraded reconstruction quality
when the flow experiences axisymmetry breaking. The classic visual hull approach is explored to
improve reconstruction quality. Together with the CGLS tomographic algorithm, we successfully
reconstruct the weakly non-axisymmetric supersonic jet structures and confirm that increasing the
nozzle bevel angle leads to wider jet spreads.

Keywords: tomographic background-oriented Schlieren; supersonic jet; visual hull; tomography
algorithm

1. Introduction

Jet propulsion systems play a pivotal role in aviation and aerospace. These systems
are based on the momentum theorem, and the core mechanism for generating propulsion is
to accelerate the exhaust of high-pressure gas so that the aircraft or rocket obtains reacting
force. The high-speed exhaust forms a supersonic jet and produces complex flow structures
such as shock waves, expansion waves, and shear flow under the influence of the boundary
conditions of the nozzle and the ambient atmosphere. These flow structures significantly
impact the propulsion performance and jet noise emissions, thus requiring further in-depth
research.

The state of the supersonic jet depends on the relationship between the total pressure
at the nozzle outlet and the ambient pressure. It can be characterized by the nozzle pressure
ratio (NPR) shown in the following equation:

NPR =
Pt

Pamb
= (1 +

γ − 1
2

Ma2)
γ

γ−1 (1)

Inside Pt and Pamb are the stagnation pressure of the jet and the ambient pressure, respec-
tively; Ma represents the jet Mach number, and γ is the specific heat ratio. The jet of aero
and rocket engines is usually in an under-expansion state; that is, its Ma is greater than
the designed Mach number of the nozzle Mad so that the jet can gain higher momentum.

Symmetry 2024, 16, 596. https://doi.org/10.3390/sym16050596 https://www.mdpi.com/journal/symmetry169



Symmetry 2024, 16, 596

Many studies have explored the impact of complex flow structures such as shock reflection,
shock hysteresis, and nozzle flow separations on supersonic jet performance [1–4].

Supersonic jets are also the main noise sources of aircraft, which produce turbulent
mixing noise, broadband shock-associated noise, and screech tones [5–7]. Some studies
have pointed out that enhancing the mixing of jets with surrounding fluids can signifi-
cantly alleviate turbulent mixing noise and shock-associated noise, and many methods
for promoting low-speed jet mixing have been developed [8–11]. However, due to the
significant compressibility effect, effectively mixing supersonic jets with ambient flows is
not trivial. Appropriate modification of the nozzle trailing edge is a method that has been
widely studied to enhance the mixing of supersonic jets. The extended perimeter of the
trailing edge will facilitate the interaction between high-speed and low-speed flows [12–14].
Wu and New [15] studied single-beveled nozzles and observed changes in the shock cell
structure caused by the presence of the nozzle notch, and the beveled nozzle shortened
the potential core length, indicating better jet mixing capabilities. Rice and Raman [16]
found that compared with the single-beveled nozzle, a double-beveled nozzle with a more
symmetrical geometry can produce a more symmetrical jet and may provide better mixing
performance. Raman [17] studied the shock cell structure and the noise of beveled rectan-
gular jets, and they noted that jets produced by inclined notches generally produce weak
screech tones over a limited range of Mach numbers.

Further improvements in the propulsion system require a detailed and accurate
three-dimensional description of the supersonic jet flow structures. The compressibility
of supersonic flow causes its density to change, and according to the Gladstone–Dale
relation (n − 1 = Kρ), the gas index of refraction (IOR, n) is proportional to its density
ρ (assuming that the G–D constant K of air is constant). Therefore, the flow structures
can be characterized by the IOR distribution of the flow field. The classical Schlieren
method uses this feature of the compressible flow to visualize supersonic flow fields. The
background-oriented Schlieren (BOS) method was proposed around 2000 [18,19], and due
to the advantages of simple optical design and low implementation cost, it has been widely
used in the two-dimensional (2D) measurement of supersonic jets [20,21].

Tomographic background-oriented Schlieren (TBOS), which combines tomography
with BOS measurement, makes it possible to measure three-dimensional (3D) non-uniform
density fields. Abel inversion was first applied to the reconstruction of axisymmetric
flow fields [22,23]. Later, Venkatakrishnan and Meier [24] proposed using the Filtered
Back Projection (FBP) algorithm to reconstruct the axisymmetric density field to avoid the
algorithm singularities and noise sensitivity of Abel inversion. Tan et al. [25] successfully
implemented the density field measurement of axisymmetric supersonic jets using the
adaptive Fourier–Hankel (AFH) methods. Xiong et al. [26] compared the onion peeling
(OP), three-point Abel (TPA), FBP, and AFH methods and found that, in the presence of
noise, the three-point Abel inversion yielded the best axisymmetric IOR reconstruction
results. Facing the reconstruction of the more general 3D supersonic jet, multi-view BOS
measurement is required. Kirby [27] reported the use of TBOS technology to measure super-
sonic jets generated by elliptical nozzles, which study used BOS observations of 40 views
and the FBP-SART combined algorithm; although his results restored flow structures such
as shocks to a certain extent, errors and artifacts are still evident. Nicolas et al. [28] used
the least squares optimization algorithm and spatial mask constraints to achieve axisym-
metric under expanded supersonic jet reconstruction with fewer than 20 viewing angles.
However, achieving high-quality flow reconstruction for non-axisymmetric supersonic jets
with sparse camera views remains challenging.

In this paper, we systematically investigated the application of TBOS reconstruction
to under-expansion supersonic jets with/without axisymmetry breaking. The paper is
organized as follows: Section 2 outlines the measurement principle of TBOS, the tomo-
graphic reconstruction algorithm, and virtual device settings used subsequently; Section 3
studies the reconstruction of the jet structures transitioning from axisymmetry to weak
non-axisymmetry, focusing on the impact of algorithms, noise, and visual-hull-like mask
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methods on reconstruction, and the physics of jets are discussed; and Section 4 provides
the main conclusions of this study.

2. Methodology

2.1. Principle of TBOS

The TBOS principle has been discussed in detail in previous studies [29,30], so it
is only briefly introduced here. As shown in Figure 1, the X point on the background
pattern is mapped to the Y point on the imaging plane after passing through the space
of constant IOR; however, in the presence of a flow field with non-uniform IOR, the light
ray is deflected and mapped on Y’. At this time, the optical path can be described by the
following ray equation:

d
ds

(n
dr

ds
) = ∇n (2)

where r represents the coordinates of a certain point on the optical path, ds represents the
differential length, and ∇n represents the local refractive index gradient. This equation can
be rewritten as follows:

n
dr

ds
= d,

dd

ds
= ∇n (3)

where d represents the ray vector. For a gas environment with n ≈ 1, d can be approximated
as a unit vector. Therefore, the deflection�ε of a light ray passing through the entire non-
uniform IOR region is defined as the integral of ∇n along the optical path S:

�ε = dout − din =
∫

S
∇nds. (4)

where din and dout represent the direction vectors of a light ray entering and leaving the
flow field, respectively. In the actual BOS experiment, the background pattern is first
imaged to obtain the Y position under a uniform IOR condition. The imaging settings
are kept unchanged and performed in the presence of non-uniform IOR. Based on this
pair of images and the cross-correlation algorithm or the optical flow method [31], the
imaging/pixel displacement �Δ is calculated, and Ŷ′ = Y + �Δ. Finally, through simple
geometric optics calculations, the approximate din and dout and deflection�ε can be obtained.
For a multi-camera TBOS measurement, through imaging with multiple view angles and
further discretizing Equation (4), we can obtain the following:

εu = T · (∇n)u (5)

The inside subscript u represents the directions x, y, z. The multi-camera imaging deter-
mines I rays, and the measurement volume contains a total of J discrete voxels. Then
εu ∈ RI represents the vector of all ray deflections; (∇n)u ∈ RJ is a vector recording all
IOR gradients; and T ∈ RI×J is the tomographic coefficient matrix, in which the elements
marked by (i, j) record the contribution weight of ∇n of the j-th voxel to the deflection of
the i-th ray. Obviously, Equation (5) forms a large linear system of equations in the form
b = Ax. Solving x, that is, (∇n)u in Equation (5), is to solve the inverse problem of linear
equations.
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Figure 1. BOS imaging schematic diagram.

2.2. Tomographic Reconstruction Algorithm

Under a limited observation angle, the sampled I (number of effective rays) is usually
much smaller than J. Furthermore, Equation (5) is seriously ill-posed due to measurement
errors and noise. Therefore, the direct inversion method cannot solve the tomographic
reconstruction problem. Still, some numerical solution techniques must be used to estimate
a solution as close to the true value as possible.

Many algorithms have been used for tomographic reconstruction, driven by multiple
disciplines, such as computed tomography and magnetic resonance imaging. Based on
the principle of solving, tomography reconstruction algorithms are mainly divided into
analytical and iterative types. The analytical algorithm is based on the mathematical model
of the measurement system and is directly calculated analytically. Iterative algorithms are
based on statistical models of measured data, using iterative optimization operations to
estimate the best reconstructions. The two types of reconstruction algorithms have specific
characteristics, so during TBOS reconstruction, they must be selected based on objective
conditions and requirements.

When the flow field to be measured has the characteristics of axisymmetry, it can be
considered that the BOS measurements performed around the symmetry axis are the same.
Therefore, only the BOS measurement of one view is needed to carry out the tomographic
reconstruction of any multiple view angles. Currently, the number of effective rays (I in
Equation (5)) can be increased without limit, making the system of equations close to a
positive definite state. In this case, analytical algorithms, such as Abel transform, AFH, and
FBP, can be used for reconstruction. Multi-view measurements are required for the TBOS
reconstruction of a non-axisymmetric flow field. However, the number of observation view
angles (projection planes) is limited due to laboratory space and equipment costs. In this
case, iterative algorithms show better reconstruction results in practice. For a detailed
introduction to various volume tomography reconstruction algorithms, please refer to
the review by Grauer et al. [32]. The following is a brief introduction to the tomographic
reconstruction algorithm used in this paper:

2.2.1. Analytical Algorithm

FBP is currently the most widely used analytical reconstruction algorithm. Its basis is
the Fourier central slice theorem [33]: If a 3D measured target x is imaged from different
viewing angles, a series of 2D projections b can be obtained; the 1D Fourier transform
of these projections b is equal to the slice of the 2D Fourier transform of x at the corre-
sponding viewing angle. Therefore, when enough views of b are sampled, the slices can
be combined into a complete 2D Fourier transform of x, and finally, the reconstruction of
x can be completed through the inverse Fourier transform. Another necessary operation
of FBP is performing convolution filtering on the Fourier transformed b to eliminate the
measurement error and the noise diffusion. Therefore, the reconstruction process of FBP
can be summarized as follows:

1. Perform a 1D Fourier transform on the projection data.
2. Select appropriate filters to perform convolutional filtering on the transformed projection.
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3. Back-project the filtered projection data into the measurement volume.
4. All back projections are superimposed to obtain the reconstructed projection.

The traditional FBP algorithm can only process projection data under parallel beam
and uniform distribution conditions, so it cannot be directly applied to TBOS reconstruction
based on the camera imaging model (cone beam) and arbitrary viewing angle sampling.
We use the improved FBP algorithm proposed by Feldkamp, Davis, and Kress, also known
as the FDK algorithm [34]. It introduces a more complex reconstruction geometric model
and overcomes the limitations of FBP through weighted correction in the operation. In
addition, the Ram-Lak filter is used in the current FDK algorithm, which is equivalent to an
ideal high-pass filter in the frequency domain, so it can remove low-frequency information
and enhance high-frequency information, thereby highlighting the flow structure.

2.2.2. Iterative Algorithm

The algebraic reconstruction technique (ART) is the most commonly used iterative
algorithm family. It was originally used to replace the FBP algorithm and outperforms FBP
in the case of fewer projections. For inverse problems of the form b = Ax, the ART follows
the following iteration structure:

xk+1 = xk + λVATW(b − Axk) (6)

where λ is the relaxation coefficient used to control the convergent speed of iteration, and
V and W are weight matrices based on the length of the light ray. The basic ART algorithm
sequentially calculates Ai (i−th row of A, corresponding to one ray) and projection bi to
update x and completes an iteration after traversing all rays.

To improve computational efficiency and robustness, modified ART algorithms such
as SART and SIRT [35] emerged: the SART algorithm updates x by projection planes one
by one, while SIRT uses all projection planes to update. Generally, the more data are
used in an update, the faster each iteration step will be, but the slower the convergence
(more iterations) will be. The current study uses these two algorithms, and the relaxation
coefficients are all set to 0.99k−1.

Another type of iterative algorithm is performing optimization operations on
Equation (7) under the least squares framework to obtain the reconstruction result with the
highest probability. This method is derived from the statistical model based on the TBOS
system and measurement data.

x̂ = arg min
x

‖b − Ax‖2
2 (7)

This paper used the CGLS [36] algorithm for the above problem, which is a derivative
iterative algorithm of Krylov methods: at the k−th iteration, the optimal solution xk belong-
ing to the Krylov subspace of increasing dimensions is found according to the optimality
criterion defined by the specific Krylov solver. Krylov subspaces are linear combinations of
matrices’ first k − 1 powers acting on vectors. In the tomographic reconstruction problem,
we mainly focus on the subspace of AT A acting on ATb, as shown in the following equation:

Kk(AT A, ATb) = span{ATb, (AT A)ATb, ..., (AT A)k−1 ATb}. (8)

CGLS uses the conjugate gradient method to find the fastest descent direction. There-
fore, the result of the k-th iteration is the least square solution under the k-order Krylov
subspace:

xk = arg min
x∈Kk

‖b − Ax‖2
2 (9)

which can make the residual statistics ‖b − Axk‖ monotonically decrease. Algorithm 1
below shows the simplified CGLS process.

It is apparent that FDK, utilizing the Fourier central slice theorem, circumvents the
cumbersome iterative process by directly deriving the reconstruction result from projection
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data. Consequently, FDK offers a significantly faster computational speed, which is widely
acknowledged as one of its primary advantages. In contrast, iterative algorithms necessitate
continuous projection and back-projection operations to iteratively minimize the final
residual. As a result, they incur higher computational loads and usually require more time
to accomplish the reconstruction process.

Algorithm 1 CGLS

Initialize: x(0); r(0) = b − Ax(0); p(0) = s(0) = ATr(0); γ(0) = ‖p(0)‖2

for i = 0, 1, 2, . . . , k do
q(i) = Ap(i)

α(i) = γ(i)/‖q(i)‖2

x(i+1) = x(i) + α(i)q(i)

r(i+1) = r(i) − α(i)q(i)

s(i+1) = ATr(i+1)

γ(i+1) = ‖s(i+1)‖2

β(i) = γ(i+1)/γ(i)

p(i+1) = s(i+1) + β(i)p(i)

end for
Output: xk+1

2.3. Experimental Setting

In this paper, we adopted an experimental scheme of TBOS measurement based
on CFD data and a synthetic BOS image generation platform [37]. Its process was as
follows: the target flow fields were computed via CFD simulation, the flow field data were
incorporated within the ray-tracing process of synthetic BOS image generation, and then
the background pattern imaging was performed through ray tracing technology, and the
synthetic BOS images were used for tomographic reconstruction studies. Because of the
existence of CFD data as the ground truth, this scheme has the advantage of quantifiable
algorithm accuracy.

This paper studied the under-expanded jets produced by three types of nozzles,
as shown in Figure 2. These nozzles had the same parameters: the internal diameter
(D = 12.7 mm), the total length (i.e., average of the shortest and longest axial lengths), and
the design Mach number (Mad = 1.45). Three-dimensional Reynolds-averaged Navier-
Stokes (RANS) simulations were conducted for these nozzles, assuming that the supersonic
shock structure was quasi-steady. The ANSYS CFX solver was used to simulate arbitrary
flow scenarios involving complex physical geometries under low- and high-speed condi-
tions [38,39]. To ensure the stability of the numerical simulations, shock and expansion
waves were captured via a high-resolution advection scheme. The jets of the three nozzles
were all set to NPR = 4.0, and the corresponding Mach number was 1.56. For more detailed
nozzle and CFD simulation settings, please refer to previous research [40].

174



Symmetry 2024, 16, 596

Figure 2. Geometrical details of the (a) non−beveled nozzle, (b) θ = 30◦ double−beveled nozzle,
and (c) θ = 60◦ double−beveled nozzle [40].

Figure 3 shows the configuration for generating the synthetic BOS images. The
cameras adopted an annular coplanar arrangement with the nozzle center as the axis, and
the supersonic jet was located between the camera and the background pattern. Lang
et al. [41] discussed the impact of the number and distribution of BOS camera views on
reconstruction accuracy and concluded that odd-numbered views and coplanar annular
arrangements can achieve optimal results. At the same time, arranging dozens of cameras in
actual experiments is usually not feasible. Therefore, we referred to the studies of Atcheson
et al. [42] and Nicolas et al. [28], and used 15 cameras/BOS in the present work. Under
this measurement setting, we synthesized multi-view BOS images through ray tracing
technology, and their resolution was 1280 × 2560 pixels. The data of pixel displacement
�Δ were obtained through an in-house optical flow method [43]. The inquiry window
size was set to 3 × 3 pixels, so the resolution of the �Δ field was 382 × 764 (Figure 4a).
Further, the deflection εu required for the tomographic reconstruction operation, as shown
in Figure 4b, can be obtained. Table 1 lists the detailed parameters of the TBOS device and
data processing.

Figure 3. A schematic for the TBOS setup.
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Figure 4. (a) Fields of displacement amplitude at selected views and (b) associated light deflections.

Table 1. Settings for the generation of synthetic BOS images.

Parameter Setting

DCB 1500 mm
DCO 750 mm
Reconstruction resolution 250 × 250 × 500 voxels
Measurement size 25 × 25 × 50 mm3

Lens focal length 50 mm
Pixel resolution 1280 × 2560 pixels
Pixel physical size 3.45 × 3.45 μm2

�Δ resolution 382 × 764
Camera array Coplanar
Camera number 15

3. Results and Discussion

3.1. Axisymmetric Jet Flow

We investigate the reconstruction of an under-expanded jet from the non-beveled
nozzle. Considering its special axisymmetric structure, all projection planes are identical
within the annular region. Therefore, only one projection plane was utilized to simulate
the projection planes obtained from 180 viewing angles. Figure 5 illustrates the spatial
distribution of |∇n| obtained from CFD and reconstruction data. Observational analysis
was performed on two selected cross-sections from the radial and flow direction positions.
Figure 6 compares |∇n| at two sampling positions marked in Figure 5. Note that the dashed
line 2© is not strictly linear but represents a series of points with maximum |∇n| selected
successively along the flow direction.

First, as depicted in Figure 5, it can be observed that the reconstruction results from
four algorithms effectively identify the primary flow structures of the supersonic jet. More-
over, except for the SIRT algorithm, which captures comparatively lower peak values of
|∇n|, the remaining algorithms reconstruct profiles matching the ones from CFD well.

Figure 6a illustrates that FDK attains superior reconstruction accuracy at the peaks
of |∇n|, with specific peak errors delineated in Table 2. However, its capability to capture
peak values in the downstream region might slightly lag behind that of SART and CGLS,
as portrayed in Figure 6b. Besides peak errors, we also factor in their computation time
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and utilize the root mean square error (RMSE, Equation (10)) to evaluate the overall
reconstruction quality of the algorithms, as illustrated in Table 2. Benefiting from its
analytical reconstruction nature, which circumvents cumbersome iterative processes, FDK
enjoys a clear advantage in computation time. Conversely, SART frequently demands
more time during reconstruction due to its nested iterative loop. Considering these aspects
holistically, it becomes apparent that FDK ensures high-quality reconstruction outcomes
and meets the demand for swift reconstruction.

RMSE =

√√√√ j

∑
i=1

(|∇n|CFD
i − |∇n|Tomo

i )2

j
(10)

Figure 5. Comparison of |∇n| between CFD data and reconstruction results: (left) the 3D spatial
distribution, (center) xy−slice at z = 2.5 mm, and (right) yz−slice at x = 0 mm.

Figure 6. Comparison of |∇n| profiles: (a,b) are sampled at 1© and 2© marked in Figure 5, respectively.
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Table 2. Reconstruction results from different algorithms under axisymmetric and weakly non-
axisymmetric conditions.

Algorithom

Axisymmetry Non-Axisymmetry

Δ t(s)
Peak RMSE

Δ t(s)
Peak Error (%) RMSE (×10−6)

Error (%) (×10−6) No-VH VH No-VH VH VH *

FDK 13 0.3 1.07 2 7.1 7.1 10.89 3.83 16.67

SIRT 401 40 5.97 197 40 – 6.42 – –

SART 2038 1.8 2.44 292 37 – 6.20 – –

CGLS 77 1.9 2.02 32 36 9.3 6.24 3.67 5.06

* This case is conducted under the influence of noise pollution with an intensity ratio of 5%.

3.2. Non-Axisymmetric Jet Flow
3.2.1. Weakly Non-Axisymmetric Jet Flow

Next, we consider the reconstruction of a non-axisymmetric under-expanded jet using
the θ = 60◦ double-beveled nozzle. Due to the axisymmetry breaking in the jet flow
structure, tomographic reconstruction necessitates multi-view BOS measurements, i.e.,
projections. As Section 2.3 outlined, we utilized 15 projections in the current scenario.
Similarly, we applied the method described in the preceding subsection to analyze the
reconstruction outcomes.

In this scenario, the limited projection data noticeably affect all reconstruction algo-
rithms. As depicted in Figure 7, there is a significant decrease in the overall quality of the
reconstruction results. On the one hand, noticeable streak artifacts appear in the recon-
struction results, especially in the outer regions of the flow field. On the other hand, the
algorithm’s ability to capture the peak of |∇n| is affected, with the iterative reconstruction
algorithms demonstrating inferior performance.

Through specific numerical analysis, clear differences can be observed in the recon-
struction results between analytical and iterative algorithms. Table 2 provides a com-
prehensive assessment of the overall reconstruction performance of these algorithms,
indicating that although FDK retains a notable advantage in computation time, its overall
reconstruction error is considerably higher compared with the iterative algorithms. The
three iterative algorithms produce nearly identical reconstruction results, with the CGLS
algorithm exhibiting significantly shorter computation time.

The disparity in |∇n| is depicted in Figure 8a. The variation of |∇n| from the center
to the outer regions of the jet indicates a decreasing level of consistency between the
reconstruction results of the four algorithms and the CFD data. Particularly noticeable
are significant fluctuations near the edges of the flow field, with this phenomenon being
especially prominent in the reconstruction results obtained with FDK. The red box in
Figure 8a highlights the superior artifact suppression capabilities of the iterative algorithms
compared with FDK, which contributes to the higher RMSE observed in the FDK results
(as indicated in Table 2). Figure 8b analyzes the variation of the peak of |∇n| along the
flow direction. Despite being influenced to some extent, FDK still manages to capture
the peak of |∇n| effectively. This advantage is particularly evident in regions of high
gradients upstream of the jet. The zoomed-in sections in Figure 8a,b illustrate that CGLS
demonstrates the superior peak of |∇n| capturing capabilities compared other iterative
algorithms. Furthermore, Figure 8b indicates that, in the downstream region of the flow,
the impact of artifacts on these four algorithms is minimal and the reconstructed results are
generally consistent with CFD data, effectively capturing the flow characteristics of the jet.

In summary, while FDK demonstrates efficient computation time and effective cap-
turing of the peak of |∇n|, it falls short in artifact suppression and overall reconstruction
quality compared with iterative algorithms.

From the above reconstruction results, it is evident that the limited projection data
cannot adequately facilitate the accurate reconstruction of non-axisymmetric jets, which
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is the main adverse effect of axisymmetry breaking on TBOS reconstruction. Currently,
Equation (5) is seriously ill-posed. Without altering the experimental settings, one feasible
approach to improve the reconstruction quality is constraining Equation (5) by utilizing
prior information acquired through a comparative analysis between the reconstruction
results and CFD data.

Figure 7. Comparison of |∇n| between CFD and reconstruction results: (left) the 3D spatial distribu-
tion, (center) xy−slice at z = 2.5 mm, and (right) yz−slice at x = 0 mm.

Figure 8. Comparison of |∇n| profiles: (a,b) are sampled at 1© and 2© marked in Figure 7, respectively.

3.2.2. Visual Hull Technique

To ensure the completeness of the data in the test area, the typically employed re-
construction volume is a parallelepiped, covering the entire region of the test flow field.
There are typically no significant changes in the refractive index in regions outside the flow
field. Consequently, when the ray propagates along its whole path that does not intersect
regions with |∇n| �= 0, it will not undergo deviation, resulting in no |�Δ| in the imaging
plane. However, during the tomographic reconstruction, it is inevitable that voxels without
|∇n| will receive some numerical allocation, leading to artifacts such as those observed
in the reconstruction results depicted in Figure 7. Utilizing this prior information, efforts
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can be made to systematically exclude voxels within these regions, thereby minimizing
the number of unknowns that need to be solved. This strategic approach aims to alleviate
the underdetermined nature of the problem under sparse view conditions, consequently
improving solution accuracy. Such a methodology is similar to the visual hull technology in
computer vision and finds widespread application in tomographic reconstruction [30,44].

The main idea of constructing the VH is performed as follows: By subjecting the
acquired displacement field data (Figure 9a) to thresholding and other numerical image
processing techniques, the regions devoid of pixel displacement are identified (Figure 9b),
thereby facilitating the construction of a 2D silhouette. As the displacement data on the
background pattern reflect integrated information of light ray deflections along the path,
even in cases where no displacement information is observed on the background pattern, it
cannot be conclusively inferred that no deflection occurred along the propagation path of
the light ray. Therefore, the 2D silhouette is selected more conservatively in digital image
processing.

Figure 9. (a) Pixel displacement diagram at a certain camera viewing angle. (b) Pixel displacement
diagram corresponding to the viewing angle under a 2D silhouette (white closed line segment).
(c) Visual hull, the interior of which represents the flow field flow area.

Subsequently, all projection data containing the 2D silhouettes are individually back-
projected onto the reconstruction volume subjected to binary encoding. The voxel values
corresponding to the interior regions of the silhouette in the reconstruction volume are
assigned as 1, while the voxel values corresponding to the exterior regions are assigned as 0.
The summation of voxels at corresponding positions across these reconstruction volumes
is conducted. Subsequently, voxels with a cumulative value of 15 after overlaying are
identified as focal points for subsequent reconstruction algorithms, thereby eliminating
a significant portion of voxels lying beyond the scope of the flow field region (based on
prior information, |∇n| of these voxels are assumed to be 0). Thus, we obtained a VH that
closely conforms to the silhouette of the flow field, as depicted in Figure 9c.

3.2.3. Reconstruction Results with VH

In this section, we incorporate the VH into the reconstruction process to improve
the reconstruction results. Based on the analysis of the results in Section 3.2.1, the well-
performing FDK and CGLS will be utilized for the following research analysis. Likewise,
we conduct a comparative analysis of the reconstruction results with the VH.

After employing the VH, the artifacts outside the flow field region in the reconstruction
results have been effectively constrained, as depicted in Figure 10. However, residual
artifacts persist within the reconstruction volume, particularly in the FDK reconstruction
results. Furthermore, the VH enables the CGLS algorithm to better capture the peak of
|∇n|.
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Figure 10. Comparison of |∇n| of FDK and CGLS reconstruction results after employing VH.

Figure 11 illustrates the quantitative improvement in reconstruction accuracy achieved
by employing the VH with the two algorithms. Here, δ represents the deviation between
the reconstruction results and CFD data, with lower numerical values indicating superior
reconstruction results. In Figure 11a, the variation trend of |∇n| along the radial direction of
the jet is depicted. It is evident that the VH significantly suppresses artifacts in the external
region of the flow field for both algorithms. Particularly noteworthy is the enhanced ability
of CGLS to capture internal flow field data, especially the peak of |∇n|. Incorporating
the VH into CGLS brings the reconstruction results near the inner part and edge of the jet
closer to the CFD data, albeit with subtle changes. Conversely, analyzing the variation of
reconstruction results with the FDK algorithm, besides effectively suppressing artifacts
in the external region of the flow field, there are no apparent changes in other regions.
Figure 11b reflects the ability of reconstruction algorithms to capture the peak of |∇n|
along the flow direction. The improvement in this aspect is significant for the CGLS
algorithm with the inclusion of the VH, whereas there is no benefit for FDK. However,
the advantageous performance of the FDK algorithm in capturing the peak of |∇n| is still
evident, as reflected in the peak errors of FDK and CGLS combined with the VH, as shown
in Table 2.

Figure 11. Comparison of |∇n| profiles: (a,b) are sampled at 1© and 2© marked in Figure 7,
respectively.

This observation can be attributed to the differences between the fundamental prin-
ciples of FDK and the construction methodology of the VH. FDK conducts Fourier trans-
formation on projection data and then back-projects them to reconstruct the volume. The
flow field data within the 2D silhouettes mainly correspond to the flow field distribution
in physical space. Therefore, the VH does not improve peak errors or reconstruction
accuracy in the flow field region for FDK. Its primary function is to rigidly eliminate
the influence of artifacts outside the flow field area. In contrast, for iterative algorithms,
the VH can be conceptualized as forcibly reducing the weighting of voxels outside the
region of interest during the reconstruction process. Consequently, voxels within the flow
field region receive more numerical allocation during the iterative process, effectively
enhancing the reconstruction quality of the flow field region while mitigating the impact of
external artifacts.
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In summary, employing the VH significantly improves the overall reconstruction
accuracy of the algorithms. In such cases, it can be seen from Table 2 that the reconstruction
qualities of the two algorithms are comparably close.

3.3. Noise Impact

During practical TBOS experiments, measuring noise is inevitable. For instance, when
capturing background patterns with a camera, there may be a certain degree of noise,
leading to discrepancies between the obtained displacement field data and the actual
displacement data, ultimately impacting the results of the tomographic reconstruction.
Therefore, we will consider the reconstruction results of the two algorithms when the
projection data are polluted by noise. Here, we add Gaussian white noise following
N(μ, σ2) to the acquired displacement data, where μ = 0, σ = 0.333 × Ri × max(|�Δ|),
resulting in 99.7% of the noise amplitudes being within the range of [−Ri, Ri]× max(|�Δ|).
Three intensity ratios, Ri = 1%, 2%, and 5%, are used in this work. The noisy |�Δ| is then
used to generate the VH and tomographic reconstruction. It is important to note that a
certain degree of filtering is necessary to reduce the impact of noise during the process of
generating the VH.

The reconstructions using noisy displacement data are shown in Figure 12. It is
obvious that when the noise intensity is low, both reconstruction algorithms are affected,
but overall, they still achieve relatively good reconstruction results. As the noise intensity
gradually increases to 5%, the reconstruction results of the FDK algorithm are severely
affected, making it difficult to extract useful information. In contrast, although the CGLS
algorithm is also significantly affected, it demonstrates better noise suppression than the
FDK algorithm. Therefore, the CGLS algorithm exhibits better robustness, making it more
conducive to reconstructing the target flow field in practical TBOS experiments. Here,
we only briefly compared the robustness of the two algorithms in the presence of noise
pollution in the data. Subsequently, different regularization methods will be employed
to constrain the solving process for noise reduction. However, this aspect will not be
extensively discussed in this paper.

Figure 12. Upon incorporating the VH, a comparative analysis of the reconstruction results: (a–d) are
the cases using FDK with the noise intensity ratio of 0%(no-noise), 1%, 2%, and 5% respectively, and
(e–h) are the cases using CGLS under the same condition.

3.4. Jet Flow Structure

This subsection will briefly compare the jet flows under different nozzles based on
the reconstruction results. As shown in Figure 13, we include the jet flow from the θ = 30◦
double-beveled nozzle in addition to the previous reconstruction results. It can be ob-
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served that the main structures of the jet flow under different nozzle conditions are well
reconstructed. Therefore, we can use this to analyze the jet flow structure briefly.

It can be observed that when there are double bevels, in the case of under-expanded jet
flow, the upstream portion of the jet comes into contact with the surroundings earlier. Due
to the higher jet flow static pressure, the transverse pressure relief accelerates the spread
of the jet, leading to a transition of the jet cross-section from circular to elongated. As the
bevel angle increases, this phenomenon becomes more pronounced. Therefore, compared
with a circular nozzle, the jet flow from a double-beveled nozzle may be easier to control
and adjust regarding jet direction.

Figure 13. Cross-sectional views depicting the downstream development of jet flows from different
nozzles: (top) circular nozzle, (middle) θ = 30◦ double−beveled nozzle, and (bottom) θ = 60◦

double−beveled nozzle.

At the same time, from the yz−slice in Figures 5 and 7, it can be observed that, within
the under-expanded jet flow, two shock waves appear internally. These shock waves
undergo multiple reflections along the downstream potential core of the jet, resulting in
prominent diamond shocks. It is foreseeable that these shocks will dissipate downstream
with convection, while the shear layers of the jet will gradually merge at the end of the
potential core. With the increase in bevel angle, it can be observed that the shear layers of
the jet merge more rapidly, resulting in a shorter length of the potential core. This implies
better jet mixing performance. Therefore, compared with jet flows from circular nozzles, jet
flows from double-beveled nozzles can achieve better jet mixing performance.

4. Conclusions

This paper uses multi-view-based TBOS to reconstruct axisymmetric and weakly
non-axisymmetric under expanded supersonic jets. Several classical TBOS reconstruction
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algorithms are compared quantitatively, including FDK, SART, SIRT, and CGLS. For ax-
isymmetric jet flows, all algorithms except for SIRT achieve high-quality reconstruction,
while FDK outperforms other methods in terms of reconstruction speed. For weakly
non-axisymmetric jet flows, view sparseness leads to the emergence of prominent streak ar-
tifacts outside the reconstructed flow field regions. A significantly improved reconstruction
quality can be achieved by imposing the VH during the reconstruction. Furthermore, CGLS
outperforms the other methods in suppressing reconstruction artifacts, especially when
there are strong noise contaminations. Finally, by analyzing the supersonic jet emanating
from the double-beveled nozzle, TBOS measurements confirm that a double-beveled nozzle
can induce a wider jet spread phenomenon and enhance jet mixing.

While we have considered the practical limitation on the number of cameras in TBOS
experiments, in reality, the current number is still relatively high. Under more complex
observation conditions, the actual number of cameras that can be used may not exceed
10, further affecting the experimental results. However, our current research has not yet
conducted an in-depth analysis of this aspect. In future studies, attempts will be made
to integrate more prior information about the flow to further optimize the reconstruction
process, aiming to enhance the reconstruction quality under even sparser view conditions.
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Abbreviations

The following abbreviations are used in this manuscript:

NPR nozzle pressure ratio
IOR index of refraction
BOS background-oriented Schlieren
TBOS tomographic background-oriented Schlieren
FBP Filtered Back Projection
FDK Feldkamp, Davis, and Kress
ART algebraic reconstruction technique
SART Simultaneous Algebraic Reconstruction Technique
SIRT Simultaneous Iterative Reconstruction Technique
CGLS Conjugate Gradient Least Square
CFD Computational Fluid Dynamics
RANS Reynolds-Averaged Navier–Stokes
VH visual hull
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Abstract: A Lagrangian method is introduced to analyze the tip leakage vortex (TLV) behavior in a
low-speed axial compressor rotor. The finite-time Lyapunov exponent (FTLE) fields are calculated
based on the delayed detached-eddy simulation (DDES) results and identifying the FTLE ridges
as Lagrangian coherent structures (LCSs). The computational method of the FTLE field in three-
dimensional unsteady flow fields is discussed and then applied to the instantaneous flow fields at
both the design and near-stall conditions. Results show that the accuracy of the particle trajectory
and the density of the initial grid of the particle trajectory greatly affect the results of the FTLE
field and, thus, the LCSs. Compared to the Eulerian Q method, which is calculated based on the
symmetric and anti-symmetric components of the local velocity gradient tensor, the Lagrangian
method has great potential in unraveling the mechanism of complex vortex structures. The LCSs
show a transport barrier between the TLV and the secondary TLV, indicating two separate vortices.
The aLCSs show the bubble-like and bar-like structure in the isosurfaces corresponding to the bubble
and spiral breakdown patterns.

Keywords: delayed detached-eddy simulation; Lagrangian coherence structure; tip leakage vortex;
compressor rotor

1. Introduction

The tip leakage flow (TLF), which is driven by the pressure difference between the
pressure side and the suction side of the blade, and which passes through the gap in
turbomachinery [1–3], is characterized by large-scale vortices, such as the tip leakage
vortex (TLV). The TLF has a significant impact on the compressor’s pressure rise, effi-
ciency, aerodynamic noise, and stall margin, and it is influenced by many factors [4–6].
Although researchers have made many efforts to mitigate the undesirable adverse effects
of the TLF over several decades, the complexity of its mechanism still limits the under-
standing and makes it a major concern in the design of modern axial compressors [7–9].
Therefore, a better understanding of these complexities and the details of fluid transport
should be made and will undoubtedly help to improve the design of turbomachinery in
engineering practice.

The analysis of the flow structures in the blade tip region is mainly based on con-
ventional Eulerian methods, by which the flow structures are identified from the spatial
structure of quantities derived from the velocity field, pressure field, or their gradients [10].
Helmholtz proposed the vorticity or the curl of velocity, which is the anti-symmetric com-
ponent of the velocity gradient, to identify the vortex structures in the flow field [11].
Indeed, most vortex identifications are based on the symmetric and anti-symmetric com-
ponents of the local velocity gradient. Taking the Galilean invariance into consideration,
vortex identifications such as the Q criterion, Δ criterion, λ2 criterion, and λci criterion are
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proposed [12–15]. New Eulerian vortex identification methods continue to be proposed
in modern academia, and the Liutex criterion was proposed with the aim of solving the
problem in threshold determination and vortex behavior near the wall [16], subsequently
being used to analyze complex flows in turbomachinery [17,18]. These Eulerian methods
have been widely applied in the studies of TLF.

A trajectory-based method from a Lagrangian perspective was first proposed by Haller
and has then developed by many researchers in recent years [19]. Compared with the
Eulerian methods, the Lagrangian methods are objective (not only Galilean-invariant but
also frame-independent). The flow can be regarded as a dynamic system of fluid particles
rather than a continuum, and the Lagrangian coherence structures (LCSs) are used to
divide dynamic characteristic regions and understand fluid transport by extracting the
stable and unstable manifold. These manifolds represent the exact vortex boundaries of
the time-dependent separation and reattachment profiles. For steady flow, the streamline
coincides with the pathline. For any point in space, only one streamline passes through that
point; therefore, by observing the Eulerian velocity field, we can understand the transport
structure. However, for the unsteady flow, the streamline changes with time, and the
division of transport structure and dynamic characteristic area is no longer as intuitive as
the steady flow, and so the advantages of the Lagrangian methods emerge.

The Lagrangian method has been applied to a variety of flows, such as geophysical
flows [20–22], meteorological flows [23], and biological flows [24,25]. For the engineering
flows, most of the analyses focus on the two-dimensional (2D) flows and quasi-three-
dimensional (Q3D) flows based on experiment data or numerical simulation results. The
LCSs in the boundary layer are identified to study its mechanism, such as the transportation
properties and transition process of the boundary layer [26–28]. The flow over a cylinder
is another typical flow field studied by the LCSs to reveal the formation and shedding
mechanism of the vortex in the cylindrical wake [29–32]. In the external flow, the LCSs are
analyzed to reveal the mechanism of flow separation, cavitation, and flow control in delta
wings and airfoils [33–38]. LCS theory has great potential for unraveling the transport
mechanism in engineering flows, and introducing it to the analysis of the TLF in axial
compressors should enable a deeper understanding of the flow.

In this study, considering the great potential of LCS in unraveling the hidden transport
phenomena in engineering flows, the Lagrangian method is introduced to a low-speed com-
pressor rotor, and the application of LCSs identified by FTLE fields in three-dimensional
(3D) unsteady flow fields is preliminarily explored based on delayed detached-eddy sim-
ulation (DDES) results. In Sections 2.1 and 2.2, the Lagrangian method and the Eulerian
method of Q criterion, calculated based on the symmetric and anti-symmetric compo-
nents of the local velocity gradient tensor, are introduced, respectively. Then, the numer-
ical setups of the low-speed rotor are illustrated in Section 2.3. In Sections 3.1.1–3.1.3,
three main factors of the computational method of the FTLE field are discussed. In Sec-
tion 3.2, the evolution of the TLV is analyzed by the LCSs and compared with the vortex
structures identified by the Q criterion, emphasizing the breakdown pattern of the TLV.

2. Methodology

2.1. Lagrangian Method

The local extremum of the finite-time Lyapunov exponent (FTLE) field is proposed to
characterize LCSs [39]. Shadden proposed the precise definition of the FTLE ridge as the
LCS and, based on some assumptions, derived the expression of the flow mass through
the LCS, thus proving the nature of the LCS as a transport boundary [40]. The study of
Haller et al. showed that the trough of the FTLE field at a certain moment marks the
attracting LCS at that moment [41]. To a certain extent, this has stimulated the development
of more reliable mathematical methods that can enable LCSs to identify the surface of a
parameterized material surface accurately.

The essence of the FTLE method is to quantify the maximum possible distance between
two particles at an infinitely small distance near the same space point at the initial time
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after moving with the flow for a period of time [42,43]. It is more convenient to use the
Lagrangian description. The core of the Lagrangian description of fluid motion is the flow
mapping Φt

t0
:x0 → x(t0,t:x0) on the phase space P and the time interval L = [t0,t1]. This

mapping maps the initial position x0 ∈ P to its position at any time t ∈ L. If we hypothesize
that two particles near a point in space are separated by a distance of εξ(t0), where 0 < ε 
 1,
and ξ(t0) represents an arbitrary unit vector on Rn, for the flow field, n is 2 or 3 according to
the dimension of the flow field. At time t0 + T, the relative position of these two particles is

ΔΦt
t0
(t0 + T, x0) = Φt0+T

t0
(x0 + εξ(t0)) − Φt0+T

t0
(x0) = JΦt0+T

t0
(x0)εξ(t0) +O(ε2) (1)

Here JΦt0+T
t0

(x0) represents the Jacobian of Φt0+T
t0

(x0). Landau notation is also used in
the equation, and for a constant positive function, g(x), f (x) = O(g(x)) means that for all x ∈
R, g(x)/f (x) is always bounded. The maximum distance between two particles is

t0
t0+T(x0) = lim

0
(1 max

t0 =1
| (t0+T,x0)|)  

= max
t0 =1

J t0
t0+T(x0) (t0),J t0

t0+T(x0) (t0)  

= max
t0 =1

(t0),Ct0
t0+T(x0) (t0)  = max(Ct0

t0+T(x0)) 

(2)

where Ct0+T
t0

(x0) = [JΦt0+T
t0

(x0)]T[JΦt0+T
t0

(x0)] means Cauchy–Green strain tensor, 〈•, •〉
represents the Euclidean inner product. Since this maximum distance tends to increase
rapidly, it is more convenient to use its growth exponent (log(Δt0+T

t0
(x0)))/|T|, which is

the finite-time Lyapunov exponent:

σt0+T
t0

(x0) =
1

2|T| log(Δt0+T
t0

(x0)) (3)

The FTLE is divided into a forward-time FTLE and a backward-time FTLE. The
difference between the two is that the former uses forward integration time (T > 0) to
produce repelling LCS (rLCS), while the latter uses reverse integration time (T < 0) to
produce attracting LCS (aLCS). To facilitate the comparison of LCS structures with different
integration times, the FTLE is nondimensionalized by the maximum value of the whole
FTLE field, and this non-dimensional value is denoted as FTLErel.

FTLErel = σt0+T
t0

(x0)/max[σt0+T
t0

(x0)] (4)

In this study, the FTLE field is computed from discrete flow fields, not directly from the
fluid equations. This is applied in most practical applications, and it is particularly useful
when the velocity field is obtained from observations and simulations. In the following
sections, we employ linear interpolation in time and space.

2.2. Eulerian Q Criterion Method

Among all the Eulerian vortex identification methods typically formulated regarding
the invariants of the velocity gradient tensor G =∇u, if we hypothesize that the P, Q, R
are the first, second and third invariant of the velocity gradient G, then the characteristic
equation for the eigenvalues of ∇u reads:

λ3 − Pλ2 + Qλ − R = 0 (5)

The Q criterion, proposed by Hunt et al. [12] identifies the vortices using positive
Q for incompressible fluid (especially the large-scale vortex in turbulent flow). Q can be
expressed by the following equation for incompressible flow:
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Q =
1
2
[tr(∇u)]2 − tr[(∇u)2] =

1
2

tr[(∇u)2] =
1
2
(‖Ω‖2 − ‖S‖2) > 0 (6)

where the strain rate tensor S and the rotation tensor Ω are the symmetric and anti-
symmetric components of G, defined as S = 1

2 (G + GT) and Ω = 1
2 (G − GT), so that Q > 0 is

the region in which the vorticity magnitude prevails over the strain-rate magnitude.

2.3. Numerical Setups
2.3.1. Experimental Configurations

Du et al. [44] conducted experimental research in the low-speed, large-scale axial
compressor test rig at Beihang University. This compressor features a 1.5-stage layout that
includes an inlet guide vane, a rotor, and a stator. Calculations of the Reynolds number,
which were based on the length of the rotor’s tip chord (C), yielded a value of 750,000.
The specific parameters of the compressor are detailed in Table 1. Velocity measurements
in great detail were obtained at cross-sections that were almost perpendicular to the
direction of the rotor’s tip chordwise, utilizing intervals of either 5% or 10% of the chord
length through the stereoscopic particle image velocimetry (SPIV) technique. For further
information on the experiment, refer to ref. [44].

Table 1. Design parameters of the test facility.

Parameter Parameter Value

Outer diameter 1.0 m
Hub-to-tip ratio 0.6

Design Speed 1200 r/min
Configuration Inlet guide vane + Rotor + Stator

Number of rotor blades 17
Mid-span blade chord 152 mm

Mid-span Blade camber angle 40.8◦
Mid-span Blade stagger angle 36.5◦

Solidity (mid-span) 1.03
Aspect ratio (mid-span) 1.32

Rotor tip gap 3.5 mm
Rotor tip gap/blade height 1.75%

2.3.2. Computational Domain and Numerical Method

With the rapid development of computer resources, the computational fluid dynamics
(CFD) technique was rapidly developed and has been widely used to study aerodynamic
and aeroelastic problems [45,46]. The choice of the turbulence model plays a pivotal role
in the Reynolds-averaged Navier–Stokes equations (RANS) method within engineering
fields [47], and it represents a notable challenge in the aerodynamics of compressors [48],
particularly concerning the analysis of tip leakage flows [49]. Hence, to explore the evo-
lution of tip leakage flow in the rotor, the DDES method, a hybrid approach combining
large eddy simulation (LES) and RANS, is utilized in this study to reduce the need for an
extensive computational grid that an LES commonly requires. Compared to the RANS
method, the DDES method performs significantly better in predicting the TLF [50]. This
study employs the DDES method based on the shear stress transport (SST) k-ω model [51],
a turbulent model that is frequently used in turbomachinery simulations [52].

For the simulation focusing on tip leakage flow, the study opted for an O4H-type mesh
configuration to maintain high grid quality, as illustrated in Figure 1. The y+ is set to around
0.8 of the solid walls. The simulation’s inlet was positioned at 1.0 chord length ahead of
the blade’s leading edge, with the entire computational domain extending approximately
4.0 chord lengths in the axial direction downstream. Within the TLV region, at a spanwise
height exceeding 80% of the blade, refined meshes were utilized. The mesh has an aspect
ratio below 2 and an expansion ratio under 1.05 to enhance the resolution of the TLV
structure. The grid spacings in the spanwise, pitchwise, and streamwise dimensions
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relative to the blade tip’s chord length are capped at Δx+ ≤ 110, Δy+ ≤ 1, and Δz+ ≤ 120,
respectively. This grid quality aligns with that of prior studies conducted under comparable
flow conditions that also employed the DDES method [53,54]. The total number of grid
points used in the simulation is around 6.2 million.

Figure 1. Computation domain and mesh of the rotor.

The simulations were performed in Fluent with a pressure-based implicit solver. The
SIMPLE algorithm, an algorithm for coupling pressure and velocity, was applied in the
simulations. The spatial aspect of the simulation utilized a bounded central differencing
scheme for integration, while temporal discretization was achieved through second-order
implicit time integration. To capture the steady total pressure distribution of the inlet flow
between the inlet guide vane and the rotor, five-hole probes were strategically placed in
the center of the blade passage, and the results of pressure measurements at various radii
were applied to the inlet boundary condition.

In the DDES calculations, approximately 1000 time steps (Δt) cover the duration it
takes for a rotor blade to pass one pitch. This time step size is selected to adequately
capture the dynamics of the unsteady tip leakage flow, ensuring compliance with the
Courant–Friedrichs–Lewy condition for numerical stability. The chosen time step is nondi-
mensional, normalized by both the rotor-tip chord length and the speed of the inlet’s
main flow, set at 5 × 10−4. During each time step, 30 inner iterations are executed to
ensure accuracy and convergence. To comprehensively document the flow’s behavior over
time, 3000 instantaneous results are recorded throughout the simulation, with a saving
interval of every 10 physical time steps, providing a detailed temporal resolution of the
flow characteristics.

2.3.3. Validation of the Numerical Method

The simulation results of time-averaged streamwise vorticity of the representative
cross-sections at design (DE) and near-stall (NS) conditions are compared with an experi-
mental measurement in Figure 2. To better capture the TLV, the s-y-p coordinate system
is set up by rotating the x-axis and z-axis about the y-axis to the position that the x-axis is
parallel to the blade tip chord and perpendicular to the cross-sections in the SPIV measure-
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ments, as shown in Figure 1. The rotated x-axis direction is termed streamwise, and the
rotated z-axis direction is termed pitchwise in the following sections. The flow coefficient
has been checked to guarantee that the operating point is compatible with the experiment.
The flow coefficients in the simulations are 0.58 with the DE condition and 0.51 with the
NS condition, respectively, showing that the agreement between them is quite good. The
DDES captures the location and track of TLV at different working conditions. The sim-
ulation results capture the location of TLV and show qualitatively good agreement with
experimental results.

 

Figure 2. Time-averaged streamwise vorticity of different conditions. (a) Experimental result at
the DE condition; (b) DDES result at the DE condition; (c) experiment result at the NS condition;
(d) DDES result at the NS condition.

3. Results and Discussion

3.1. Effect of Parameters on the LCS Structure in the Low-Speed Rotor

As understood from the calculation process of the FTLE, there are several parameters
which affect the results of the LCSs. Three of them are considered to be the main factors,
namely the initial grid of the particle trajectory, the trajectory integration method, and the
integration time T. In this section, these three factors are discussed separately.

3.1.1. The Initial Grid of the Particle Trajectory

Two regular grids are compared, and the calculation parameters of the FTLE field are
shown in Table 2. The initial grids are located at the cross-section of s/C = 0.5 and cover the
TLV in the time-averaged flow field at DE condition. In the streamwise cross-section plane,
the grid is uniform, and two layers of the grid are set in the streamwise direction to compute
the derivative along this direction. The grid cells are nearly cubic. The grid of particle
trajectory is advected in time as the flow field is steady. The total number of grid points in
grid-2 is 6.25 times greater than that in grid-1, attributed to a 2.5-fold increase in the grid
point number of grid-1 in each spatial direction. Calculations for both negative and positive
integration times are performed, which correspond to aLCSs and rLCSs, respectively. The
results are shown in Figure 3.
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Table 2. Calculation parameters of FTLE field with different regular grids.

Grid No. Grid Size Integration Time Step Integration Time Time Integration Method

1 300(p) × 180(r) 2.5 Δt ±2000 Δt Fourth-order Runge-Kutta
2 750(p) × 450(r) 2.5 Δt ±2000 Δt Fourth-order Runge-Kutta

 

Figure 3. Sketch of initial grids and contours of an FTLE field with different regular grids. Contours
of aLCS and isolines of Q = 0 s−2 with (a) grid-1 and (b) grid-2; contours of rLCS and isolines of
Q = 0 s−2 with (c) grid-1 and (d) grid-2.

The general LCSs are similar in both grids, while the ridges are more evident in the
higher-density grid. The LCSs are defined as the ‘ridges’ of the FTLE field represented
by the position of local maximum values, and the exact values are not that important in
illustrating the structures. For the aLCSs of the TLV core region, where the curvature
of the ridge is much larger and more complicated in a small region, the differences are
more significant between the two grids. For the FTLE field of forward time, the ridges are
more complicated, and the lower-density initial grid mashes the ridges close to each other,
forming into one.

The increasing initial grid points result in more distinct LCSs and higher computation
costs simultaneously. Adaptive meshes are generated based on the FTLE fields from grid-1
to balance the calculation accuracy and costs. Regular grid points of four different densities
are used to seed at different regions with various FTLE ranges and are particularly refined
inside the TLV core, as shown in Table 3. Then, these seeding points are triangulated into
the unstructured grid. As the grid density near the ridges stays nondecreasing, the grid
numbers of the adaptive grids reduce to 27.5% and 82.7% of the grid-2 for the FTLE field
of negative and positive integration time, respectively. The sketch of the adaptive grids
and contours of the FTLE fields are shown in Figure 4. With the adaptive grids, the ridges
are further clarified, while the general LCSs stay the same. In the core region of the TLV,
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where the radius of curvature of the ridges is small, the detailed aLCSs are captured with
the higher-density grid. For the rLCSs, the decrement of the total grid points of the initial
grid is not significant, as the structures are complicated.

Table 3. Grid densities for different FTLE ranges.

Grid Density Level Grid Size FTLE Range

1 150(p) × 90(r) (−∞, 0.27]
2 300(p) × 180(r) (0.27, 0.56)
3 750(p) × 450(r) [0.56, +∞)
4 1500(p) × 900(r) [0.56, +∞) (partial)

 

Figure 4. Sketch of adaptive grids and contours of FTLE field with different direction of integration
times. (a) Sketch of adaptive grid for aLCS; (b) sketch of adaptive grid for rLCS; (c) contours of aLCS;
(d) contours of rLCS.

For the calculation of the three-dimensional FTLE field, the cost increases sharply. To
capture the LCS as that at the 2D plane, the grid number of the initial particle trajectory grid
would be greatly larger than the mesh of the numerical simulation. To save computation
resources, the initial grid of particle trajectory is limited to the region inside the blade row
within a 25% span near the shroud. The sketch of the initial grid is shown in Figure 5,
and the grid is referred to as grid-3D in this study. The total grid number of grid-3D is
approximately 4.34 million.
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Figure 5. Sketch of the initial grid grid-3D.

Figure 6 shows the FTLE field and vorticity field of the time-averaged flow field with
the DE condition. The Eulerian Q criterion is applied as well, and the isolines of Q = 0 s−2

are shown in Figure 6c, along with the vorticity field. Compared to the LCSs calculated
from grid-1, the outlines of the general structures at the cross-section plane s/C = 0.5 are
similar, while the ridges of grid-3d are rougher due to the lower density of the initial grid
of the particle trajectory.

 

Figure 6. FTLE field and vorticity field of the time-averaged flow field at the DE condition.
(a) Contours of aLCS; (b) contours of rLCS; (c) streamwise vorticity with Q = 0 s−2.

A regular grid, termed grid-3Duni, is generated and shown in Figure 7a. The total
number of grid points is approximately 8.80 million, and the distributions of the grid points
in each direction are uniform. The spanwise range of the grid is narrowed down to a 7.5%
span to capture the TLV core and save the computational resources. The grid density at the
cross-section plane s/C = 0.5 is nearly half of grid-1.

This grid gets clearer ridge structures of the FTLE field than the other 3D grid, es-
pecially with the high curvature. However, compared with the results from grid-1, the
detailed LCSs cannot be distinguished, while the computational costs are far beyond that
of grid-1. Limited by computational resources and efficiency, the identification of LCSs in
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3D presents the overall LCSs in the whole flow field, and detailed LCSs are more suitable
for identification in 2D.

 

Figure 7. Sketch of grid-3Duni and FTLE field of time-averaged flow field at DE condition. (a) sketch
of grid-3Duni; (b) contours of aLCS.

3.1.2. The Time Integration Method

The time integrations of all the particle trajectories results above are carried out by the
fourth-order Runge–Kutta method. To test the effect of the time integration method, the
time integrations are performed via the fourth-order Runge–Kutta method, with a longer
integration time step, and the linear integration method with two integration time steps;
the FTLE fields are shown in Figure 8. The impact of the time integration method falls
primarily in the aLCSs, while the rLCSs are almost unaffected. Compared to the aLCSs
in Figure 3c, the ridges of the TLV become rougher with the longer time step, while the
general shape and scale of the ridges stay the same. The ridges of the induced vortex stand
out when using the low-order time integration method. The ridges of both the TLV and the
induced vortex shrink towards the core, and the scales of these LCSs are all reduced. The
results are more sensitive to the integration time step length when using the linear method.
When increasing the integration time step length from 2.5 Δt to the longer integration time
step of 20 Δt, the LCSs are significantly different from the other results.

Figure 9 shows the final streamwise position of the particle with different time integra-
tion methods. When applying the time integration in a negative time direction, the ridges
of the TLV and IV are related to two regions of large particle separations, respectively,
with one being near the shear layer at the blade tip, while the other is near the shear layer
at the shroud. For an axial rotor, the blade is relatively thin, and the clearance is small.
However, the flow inside the gap is complex, featuring vortex structures and jet flows.
When particles advect to the gap, a large time interval may lead them to pass the gap within
a few integration steps, and thus, it is difficult to capture the flow features inside the gap.
The RK4 method performs better than the linear method in tracking the particles inside the
gap and thus gives a more stable structure of the LCSs.
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Figure 8. The FTLE field of different time integration methods. (a) Contours of aLCS of RK4 method
with integration time step of 20 Δt; (b) contours of rLCS of RK4 method with an integration time step
of 20 Δt; (c) contours of aLCS of linear integration method with an integration time step of 2.5 Δt;
(d) contours of rLCS of linear integration method with an integration time step of 2.5 Δt; (e) contours
of aLCS of linear integration method with an integration time step of 20 Δt; (f) contours of rLCS of
linear integration method with an integration time step of 20 Δt.

Figure 10 shows the 3D view of the final position of the particles with different time
integration methods with an integration time step of 20 Δt. The differences in the final
positions of the particles between the two methods mainly exist in the particles that have
passed the blade gap. For the linear method, a great part of the particles is finally located
near the shroud. The particles near the shroud tend to be trapped in the shear layer at low
speed or hit the shroud and stop. With a longer time step length, the particle trajectories
further deviate with time-advecting, and the general LCSs are altered.
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Figure 9. Final streamwise position of the particles with different time integration methods. (a) RK4
method with an integration time step of 2.5 Δt; (b) linear method with an integration time step of 2.5
Δt; (c) RK4 method with an integration time step of 20 Δt; (d) linear method with an integration time
step of 20 Δt.

 

Figure 10. Final position of the particles with different time integration methods. (a) RK4 method
with an integration time step of 20 Δt; (b) linear method with an integration time step of 20 Δt.

198



Symmetry 2024, 16, 344

3.1.3. The Integration Time

The integration time (T) is another critical factor for the LCSs, as it determines the
final position of the particle. The LCSs of a series of integration times for both negative
and positive time directions are shown in Figure 11, and the corresponding final particle
positions are shown in Figure 12. For the negative time direction, the particles transport
ahead of the blade row where the flow is relatively undisturbed, and the general structures
of the aLCSs are similar. In the positive time integration direction, the particles are trans-
ported downstream and entrained into different vortex structures, or even into the gap of
the adjacent blade. Thus, more rLCSs emerge with the increase in the integration time. In
this rotor, the period of a rotor blade passing through one pitch is about 1000 Δt, and the
period of a particle passing through the blade row is about 1500 Δt. As the integration time
length exceeds 1000 Δt, the primary LCSs tend toward stability.

 

Figure 11. The LCSs of a series of integration times, both negative and positive, and the time direction
of the time-averaged flow field at the DE condition. (a) Integration time of T = −500 Δt; (b) integration
time of T = −1000 Δt; (c) integration time of T = −1500 Δt; (d) integration time of T = −2000 Δt;
(e) integration time of T = +500 Δt; (f) integration time of T = +1000 Δt; (g) integration time of
T = +1500 Δt; (h) integration time of T = +2000 Δt.

 

Figure 12. Final particle positions of a series of integration times. (a) Negative time direction for
aLCS; (b) positive time direction for rLCS.
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3.2. LCSs of TLF in the Low-Speed Rotor

The FTLE and vorticity fields of the time-averaged flow fields in the DE and NS
conditions are shown in Figures 6 and 13, respectively. The Eulerian Q criterion is applied,
and the isolines of Q = 0 s−2 are shown in Figures 6c and 13c, along with the vorticity field.
For the time-averaged flow field, the aLCSs are similar to the TLV structure identified by the
Q criterion, while the correlativity between the rLCS and the vortex structures seems weak.
The region enclosed by the aLCS and the rLCS covers the TLV. In our previous study [55,56],
the evolution of the TLV was divided into three phases, namely the generation phase, the
development phase, and the dissipation phase. In the first two phases, the LCSs are clear,
while, as the flow travels downstream, the TLV steps into the dissipation phase. In the
first stage of the dissipation phase, the TLF jet shears across the passage flow and rolls up
together as the secondary TLV (STLV). This structure can be confirmed by the aLCS, as clear
ridges between the TLV and the STLV indicate two separate vortex structures. Then, the
TLV breaks down. For the Eulerian Q criterion, the vortex structures it identified become
unrecognizable. Meanwhile, for the LCSs, the aLCS gives the boundary of the passage
flow entrainment.

Figure 13. TLV structure in the time-averaged flow field at the NS condition. (a) contours of aLCS;
(b) contours of rLCS; (c) contours of streamwise vorticity with isonlines of Q = 0 s−2.

Figure 14 shows the LCSs at the cross-section s/C = 0.5 of two instantaneous flow
fields at the DE and NS conditions. The FTLE field is calculated using the grid-2, same
as that in Figure 3b,d, employing the RK4 method for time integration with a step length
of 2.5 Δt and a total integration period of 1000 Δt. The figure also depicts isolines for
Q = 0 s−2 and 107s−2. Affected by the unsteadiness, the rLCS with the DE condition in the
instantaneous flow field demonstrate a higher number of ridges than that in the steady flow
field, which indicates the unstableness of the flow. With the NS condition, the TLV evolves
more rapidly with higher unsteadiness, and the rLCSs exhibit increased complexity. The
general structures of the aLCSs maintain consistency at the DE and NS conditions. In the
DE condition, the vortex region, as identified by the Q criterion, covers the helical ridges
of the TLV and induced vortex, while, with the NS condition, the vortex region identified
by the Q criterion only covers the helical ridges of the TLV, especially for the higher-value
regions. Part of the region at the shear layer of the TLF and passage flow is recognized as
the vortex. The transport of the induced vortex is delineated by the aLCS, which is not
captured by the Eulerian method.
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Figure 14. FTLE field with isolines of Q in the instantaneous flow field of cross-section s/C = 0.5 at
t = +17,500 Δt at the DE and NS conditions. Contours of (a) aLCS and (b) rLCS with the DE condition;
(c) aLCS and (d) rLCS with the NS condition.

The 3D LCSs of two instantaneous flow fields with the DE and NS conditions are
shown in Figures 15 and 16, respectively. The aLCSs at different streamwise cross-sections
are shown in (a), the aLCS isosurfaces of FTLErel are shown in (b), the isosurfaces of Q are
shown in (c), and the snapshots of the streaklines releasing along the TLV core are shown
in (d) for both working conditions. A streakline is formed by continuously releasing fluid
particles at a fixed point and observing the trajectories that the fluid particles reach over
time. In this study, the streaklines are constructed by releasing particles along the TLV core
at continuous time intervals of 10 Δt. The particle release begins from the initial sampled
flow field, with particles advecting downstream with an integration time step of 10 Δt
using the RK4 time integration method. The integration method is consistent with the LCS
calculations. Compared to the aLCS in the time-averaged flow field, the differences are
caused by the unsteadiness of the flow. The breakdown of the TLV features a characteristic
unsteady flow structure in this rotor, and the breakdown patterns are different in the
DE and NS conditions. Only the spiral breakdown pattern of the TLV exits at the DE
condition, while the spiral and bubble breakdown patterns of the TLV appear alternately at
the NS condition.

As shown in Figures 15c and 16c, it is hard to assess the breakdown pattern by the
isosurfaces of Q. From the snapshots of the streaklines, the breakdown patterns of these
two flow fields could be distinguished: a spiral breakdown pattern for the DE condition
and a bubble breakdown pattern for the NS condition. This method is commonly used to
determine the breakdown pattern of vortices in the flow of pipes or delta wings. In the flow
field of a rotor where the secondary flow is strong, the structure of the vortex breakdown
alters, and the performance of this method relies on the judgment of the researchers. An
accurate depiction of the breakdown pattern is contingent upon the strategic placement
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of the initial seeding points. When reducing the number of seeding points along the core,
or displacing the seeding points away from the TLV core, it is hard for the streaklines to
construct a bubble, and the breakdown pattern becomes ambiguous. Moreover, due to the
complexity of the vortex structures, streaklines are inadequate for illustrating the features
of the entire flow field, resulting in particles dispersing throughout. The isosurfaces of the
aLCSs show different structures in vortex breakdown patterns. For the TLV of the bubble
breakdown pattern, the surface of the TLV core ends, and a bubble-like surface appears
downstream. For the TLV of the spiral breakdown pattern, the surface of the TLV core
ends, and a bar-like surface appears downstream. The FTLE fields of other instantaneous
flow fields have been checked for both working conditions. The aLCS patterns of each
breakdown pattern correspond with the above descriptions and so are not shown here.

 
Figure 15. FTLE field, Q, and streaklines of instantaneous flow field at t = +17,500 Δt at the DE
condition. (a) Contours of aLCS; (b) isosurfaces of FTLErel = 0.6; (c) isosurfaces of Q; (d) snapshot
of streaklines.
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Figure 16. FTLE field, Q, and streaklines of instantaneous flow field at t = +17,500 Δt at the NS
condition. (a) Contours of aLCS; (b) isosurfaces of FTLErel = 0.6; (c) isosurfaces of Q; (d) snapshot
of streaklines.

4. Conclusions

A Lagrangian analysis is introduced to study the LCSs of the TLF in a low-speed axial
compressor rotor based on DDESs. The calculation method of the FTLE field in a 3D flow
field is discussed, emphasizing three primary factors. Then, the Lagrangian method is
compared with the Eulerian Q method in analyzing the vortex structures of the TLF. The
main findings are summarized as follows:

(1) The accuracy of calculating the particle advecting trajectory affects the results of the
FTLE field the most. A shorter integration step or higher-order integration method
would improve this accuracy.

(2) The clarity of the ridges depends on the density of the initial grid near them. With the
complex flow field as the low-speed axial compressor rotor, it is suggested that the
general LCSs be detected on the coarse 3D initial grid while a two-layer mesh is then
used to capture detailed LCSs.

(3) The LCSs have advantages in identifying the relationships and interactions between
vortex structures. The LCSs show a transport barrier between the TLV and the
secondary TLV, indicating two separate vortices.
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(4) The breakdown patterns of the vortices in the whole flow field can be recognized
clearly by the LCSs, which is not true with the Q criterion method, while the streaklines
rely on subjective judgment. The aLCSs show the bubble-like and bar-like structure
in the isosurfaces corresponding to the bubble and spiral breakdown patterns. The
Lagrangian method has great potential in regard to unraveling the mechanism of
complex vortex structures and is worth applying more in turbomachinery.
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Nomenclature

Δt Physical time step of simulation
t Time of instantaneous flow field
s,p Streamwise and pitchwise coordinate
C Blade tip chord length
Q Second invariant of the velocity gradient tensor
T Integration time
u Velocity
ω Vorticity
σt0+T

t0
(x0) Finite-time Lyapunov exponent

FTLErel Relative finite-time Lyapunov exponent
TLV Tip leakage vortex
TLF Tip leakage flow
FTLE Finite-time Lyapunov exponent
aLCS Attracting Lagrangian coherent structure
rLCS Repelling Lagrangian coherent structure
DDES Delayed detached-eddy simulation
DE Design condition
NS Near-stall condition
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Abstract: In isotropic turbulence, symmetry of different directions can reduce the number of inde-
pendent components for velocity gradient tensors. In three-dimensional isotropic turbulence, the
independent components under either incompressible or compressible conditions have already been
analyzed in the literature. However, for two-dimensional isotropic turbulence, they are still unclear.
We derive rigorously the independent components for velocity gradient tensors of two-dimensional
isotropic turbulence and give physical explanations. These theoretical results are validated using
high-resolution direct numerical simulations (DNSs) of two-dimensional compressible turbulence.
Results show that the present DNS setup is still not sufficient to capture the isotropy of third-order
moments, suggesting that more investigations on determining the smallest scale and improving the
numerical schemes for two-dimensional compressible turbulence are required.
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1. Introduction

Homogeneous and isotropic turbulence (HIT) is the simplest type of turbulent flow.
It provides a cornerstone for us to study more complex turbulence systems. For example,
the local isotropy assumption for small-scale dynamics is one of the main hypotheses in
the celebrated K41 theory [1,2], from which we could obtain the important −5/3 energy
spectrum, the four-fifth law for third-order structure functions, etc. In the small-scale
dynamics of turbulence, the velocity gradient tensor m ≡ ∇u (or mij ≡ ∂ui

∂xj
in component

form, where u denotes the velocity) characterize the local flow pattern. For example, the
deformation and rotational motion can be described by the symmetric part S and the anti-
symmetric part w of m, where S ≡ 1

2 (m + mT) and w ≡ 1
2 (m − mT) [3–5]. Specifically, the

second-order moments of the velocity gradient m, defined as M(2)
ipjq ≡

〈
∂ui
∂xp

∂uj
∂xq

〉
, describe

the strength of the local motions, like the enstrophy D ≡ 1
2 〈ωiωi〉, which describes the

strength of local rotational motion, where ωi = εijkwjk is the vorticity vector and εijk is

the Levi-Civita symbol. Furthermore, the viscosity dissipation in turbulence, ν
〈

∂ui
∂xj

∂ui
∂xj

〉
,

with ν, the kinematic viscosity, is obviously determined by M(2). Then, in the dynamic
equation of the second-order moment M(2), the third-order moment of the velocity gradient

M(3)
ipjqkr ≡

〈
∂ui
∂xp

∂uj
∂xq

∂uk
∂xr

〉
appears due to the nonlinearity of the Navier–Stokes equation.

These third-order moments M(3) determine the key nonlinear process such as the vortex
stretching rate ωiSijωj [3,5,6], which is crucial for the generation of small-scale motions in
turbulence. As a consequence, a complete understanding of the properties of the moments
of the velocity gradient is important in the studies of small-scale dynamics of turbulence.
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In this work, we will focus on the kinematics properties of M(2) and M(3), especially their
invariants and independent components.

Betchov’s relation is one of the important theoretical results in the studies of kinematic
properties of velocity gradients. In 1956, Betchov derived two constraints on the second-
and third-order invariants of m for homogeneous and incompressible flows [7]. In three-
dimensional (3D) isotropic incompressible turbulence, with the help of Betchov’s relations,
we can determine all the components of M(2) and M(3) with, respectively, only one scalar
quantity [8,9]. Recently, Yang et al. [10] generalized the Betchov’s relation to compressible
turbulence and showed that one needs two and four scalars to fully determine M(2)

and M(3), respectively, in isotropic compressible turbulence. Furthermore, we note that
Carbone and Wilczek [11] have proved that Betchov’s relations are the only constraints
on the invariants of the velocity gradient under the homogeneity condition. In addition
to the second- and third-order moments, the structure of higher-order moments, such as
fourth-order, has also been studied previously for 3D homogeneous incompressible and
compressible turbulence [12–14].

Up to now, most studies on the velocity gradient focus on 3D turbulence. At the
same time, a reduction in dimensionality leads to the emergence of new phenomena.
For example, in two-dimensional (2D) incompressible HIT, all components of the third-
order moments are equal to zero because of the absence of vortex stretching [15–17]. This
results in the conservation of enstrophy and a net energy transfer from small to large
scales, which is known as the inverse energy cascade [18,19]. Furthermore, 2D isotropic
compressible turbulence exhibits distinct phenomena, such as the energy flux loop between
incompressible and compressible components [20]. However, to the best of our knowledge,
the structure of the velocity gradient in 2D turbulence, especially in the compressible case,
is yet to be explored. The current studies on 2D compressible turbulence [20–23] are rather
phenomenological and mainly focus on the dual cascade of energy and enstrophy, as well
as the interchange of energy between the dilation and divergence-free parts in the spectral
space. There is still no strict theory explaining the energy transfer and energy flux loop. We
recall that in 3D isotropic incompressible turbulence, the energy transfer can be represented
by using the Kármán–Howarth equation, in which the analysis of independent scalars plays
an essential role. A study of the velocity gradient tensor in this case would be beneficial for
understanding the local flow motion and energy transfer in 2D turbulence.

In this work, we investigate the structure of the velocity gradient tensor in 2D turbu-
lence, including the components of its low-order moments, i.e., M(2)

ipjq and M(3)
ipjqkr, and the

corresponding invariants, e.g.,
〈
tr(m2)

〉
,
〈
tr(m3)

〉
. The rest of the paper is structured as

follows. In Section 2, we present the theoretical derivations, focusing first on the decomposi-
tion of velocity gradient tensor m, and then using the isotropy and homogeneity constraints
to determine the independent components of low-order moments. Furthermore, we ex-
press the second- and third-order invariants in terms of these independent components
and explain the underlying physical meaning of them. The above theoretical derivation
is verified in Section 3 by direct numerical simulations (DNSs) of 2D homogeneous and
isotropic compressible turbulence. Finally, in Section 4 we give further discussions on the
analytical relations and the numerical results.

2. Analytical Studies on the Components of Velocity Gradient Tensors in 2D
Turbulence

2.1. Decomposition of the Velocity Gradient Tensor

In general, the velocity gradient tensor m can be decomposed into dilatational,
symmetric-deviatoric, and antisymmetric parts, as follows:

m =
1
n

θI + s + w, (1)
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where 1
n θI is the dilatational part with θ = ∇ · u = m and n is the dimension of the

flow field. Here, for simplicity, we used the overbar symbol to denote the trace operation:
X = tr(X). The tensor s is the deviatoric part of the rate-of-strain tensor:

s = (m + mT)/2 − 1
n

θI, (2)

where XT is the transpose of the tensor. The tensor w is the antisymmetric rate-of-rotation
tensor defined as in the introduction, which can be equivalently expressed by the vorticity
vector ω with ωi = εijkωjk.

In a 3D space generated by an orthogonal basis (e1, e2, e3), if the flow is confined in
the plane (e1, e2), then the velocity gradient tensor can be decomposed as:

m =
1
2

[
ϕ ψ
ψ −ϕ

]
(e1,e2)

+
1
2

ω

[
0 −1
1 0

]
(e1,e2)

+
1
2

θ

[
1 0
0 1

]
(e1,e2)

, (3)

where ϕ, ψ, ω, θ are four independent components of the local velocity gradient tensor,
and the subscripts of each matrix means that the matrix is expressed in the (e1, e2) basis.
More precisely, ϕ and ψ are defined as ϕ ≡ ∂u1

∂x1
− ∂u2

∂x2
and ψ ≡ ∂u1

∂x2
+ ∂u2

∂x1
, respectively,

which represent the local shear motion of the flow. ω denotes the vorticity and because
of the constraints from 2D space, it only has the e3 components, i.e., ω = ωe3, where
ω = ∂u2

∂x1
− ∂u1

∂x2
. Finally, θ denotes the dilatation as mentioned above.

For 2D homogeneous turbulence, the four independent components θ(x), ω(x), ψ(x), ϕ(x)
are locally independent, but they are globally related in spectral space. This relation is
shown in Appendix A.

2.2. Isotropic Expressions for M(2) and M(3)

Under the isotropic condition, second- and third-order moments of the velocity gradi-
ent, M(2) and M(3), can be expressed, respectively, as the following [9]:

M(2)
ipjq = a1δipδjq + a2δijδpq + a3δiqδpj, (4)

M(3)
ipjqkr =b1δipδjqδkr + b2(δipδjkδqr + δjqδikδpr + δkrδijδpq)

+ b3(δipδjrδqk + δjqδirδpk + δkrδiqδpj) + b4(δiqδpkδjr + δirδpjδqk)

+ b5(δijδpkδqr + δijδqkδpr + δikδpjδqr + δikδrjδpq + δjkδqiδpr + δjkδriδpq),

(5)

where δ is the Kronecker tensor (δij = 1 if i = j, and 0 otherwise), and a1, a2, a3 and
b1, b2, b3, b4, b5 are scalar quantities.

These two formulas generally hold in 2D and 3D (or even in higher-dimension flows,
which do not exist physically). However, if the flow is confined to 2D, the subscripts
in Equations (4) and (5), (i, j, k, p, q, r), can choose only from two different values, 1 and
2. As the second-order moment M(2)

ipjq has the specific form shown in Equation (4), its
components would be non-zero only if there are even numbers of 1 and even numbers
of 2 among the four subscripts (i, p, j, q). As a consequence, there are only four types of
non-zero components of M(2)

ipjq, as shown in Table 1. For example, if a second-order moment

has the form M(2)
αααα, such as M(2)

1111 with α = 1 and M(2)
2222 with α = 2, its value will be

a1 + a2 + a3. This can be shown by setting all subscripts (i, p, j, q) in Equation (4) to 1 or 2.
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Table 1. All non-zero types of M(2)
ipjq. The subscripts α, β in the type name only show different

numbers without applying the Einstein summation convention.

Type Examples Expression with Independent Scalar

M(2)
αααα M(2)

1111, M(2)
2222 a1 + a2 + a3

M(2)
ααββ M(2)

1122, M(2)
2211 a1

M(2)
αβαβ M(2)

1212, M(2)
2121 a2

M(2)
αββα M(2)

1221, M(2)
2112 a3

Similarly, M(3)
ipjqkr is non-zero only if there are even numbers of 1 and even numbers

of 2 among the six subscripts (i, p, j, q, k, r). We should also note that the indices pairs
(i, p), (j, q), (k, r) are interchangeable due to the symmetry of M(3). M(3)

ipjqkr thus has four

non-zero types of components, as shown in Table 2. For example, M(3)
111122, M(3)

222211 and

M(3)
112211 all belong to the same type M(3)

ααααββ, as the first two are just the cases α = 1, β = 2

and α = 2, β = 1, and the third M(3)
112211 = M(3)

111122 because the indices pairs (j, q) and (k, r)
are interchangeable. Thus, from Equation (5), these three components all have the same
value b1 + b2 + b3.

Table 2. All non-zero types of M(3)
ipjqkr. The subscripts α, β in the type name only show differ-

ent numbers without applying the Einstein summation convention. The order of three pairs, i.e.,
(i, p), (j, q), (k, r), could be interchanged symmetrically.

Type Examples
Expression with

Independent Scalar

M(3)
αααααα M(3)

111111, M(3)
222222

b1 + 3b2 + 3b3 + 2b4 + 6b5

M(3)
ααααββ M(3)

111122, M(3)
222211, M(3)

112211, etc. b1 + b2 + b3

M(3)
αααβαβ and M(3)

ααβαβα M(3)
111212, M(3)

222121, M(3)
112121, M(3)

221212, etc. b2 + 2b5

M(3)
αααββα M(3)

111221, M(3)
221221, M(3)

121121, etc. b3 + b4 + b5

It can be shown from Table 2 that

M(3)
αααααα =2(b2 + 2b5) + 2(b3 + b4 + b5) + (b1 + b2 + b3)

=2M(3)
αααβαβ + 2M(3)

αααββα + M(3)
ααααββ.

(6)

Thus, for 2D compressible isotropic turbulence, M(3)
ipjqkr could be fully determined by

three scalars, i.e., B1 = b1 + b2 + b3, B2 = b2 + 2b5, and B3 = b3 + b4 + b5. It should be
remarked that this is only applicable in 2D and b1, b2, b3, b4, b5 are all indeed independent
in 3D or in higher dimensions. This derivation is a novel process in 2D that has not been
and can not be applied in 3D cases to reduce the independent components.

Next, in Tables 3 and 4, we express the second- and third-order invariants in terms
of the scalars in Equations (4) and (5). In these two tables, the first column gives the
tensor notation of the invariants and the second column gives the corresponding subscript
representation in terms of the components of M(2) and M(3). By substituting Equation (3)
into the definitions of the invariants, i.e., the expressions in the first columns of those
tables, we could obtain the expression of these invariants in terms of θ, ω, ψ, ϕ, the results
of which are presented in the third columns of Tables 3 and 4. Furthermore, with the help
of Equations (4) and (5), we can express these invariants in terms of the scalars, a1, a2, a3
and B1, B2, B3, which is shown in the fourth columns of those tables.
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Table 3. Second-order invariants of the velocity gradient under the isotropic constraints.

Tensor Notation Subscript Notation Expression of θ, ω, ψ and ϕ Independent Scalar Expression〈
m2

〉
M(2)

iijj
〈
θ2〉 4a1 + 2a2 + 2a3〈

m2
〉

M(2)
ijji

1
2
(〈

ψ2〉+ 〈
ϕ2〉)− 1

2
〈
ω2〉+ 1

2
〈
θ2〉 2a1 + 2a2 + 4a3〈

mmT
〉

M(2)
ijij

1
2
(〈

ψ2〉+ 〈
ϕ2〉)+ 1

2
〈
ω2〉+ 1

2
〈
θ2〉 2a1 + 4a2 + 2a3

Table 4. Third-order invariants of the velocity gradient under the isotropic constraints.

Tensor Notation Subscript Notation Expression of θ, ω, ψ and ϕ Independent Scalar Expression〈
m3

〉
M(3)

iijjkk
〈
θ3〉 8B1 + 4B2 + 4B3〈

m3
〉

M(3)
ijjkki

3
4
(〈

ψ2θ
〉
+

〈
ϕ2θ

〉)− 3
4
〈
ω2θ

〉
+ 1

4
〈
θ3〉 2B1 + 4B2 + 10B3〈

mm2
〉

M(3)
iijkkj

1
2
(〈

ψ2θ
〉
+

〈
ϕ2θ

〉)− 1
2
〈
ω2θ

〉
+ 1

2
〈
θ3〉 4B1 + 4B2 + 8B3〈

mmmT
〉

M(3)
iijkjk

1
2
(〈

ψ2θ
〉
+

〈
ϕ2θ

〉)
+ 1

2
〈
ω2θ

〉
+ 1

2
〈
θ3〉 4B1 + 8B2 + 4B3〈

m2mT
〉

M(3)
ijjkik

3
4
(〈

ψ2θ
〉
+

〈
ϕ2θ

〉)
+ 1

4
〈
ω2θ

〉
+ 1

4
〈
θ3〉 2B1 + 8B2 + 6B3

The identifications in Tables 3 and 4 also allow us to make a connection between the
independent scalars and θ, ω, ψ, ϕ. For the second-order values,〈

θ2
〉
= 4a1 + 2a2 + 2a3, (7a)〈

ψ2
〉
+

〈
φ2

〉
= 4a2 + 4a3, (7b)〈

ω2
〉
= 2a2 − 2a3. (7c)

For the third-order values, 〈
ψ2θ

〉
+

〈
ϕ2θ

〉
= 8B2 + 8B3, (8a)〈

ω2θ
〉
= 4B2 − 4B3, (8b)〈

θ3
〉
= 8B1 + 4B2 + 4B3. (8c)

The identifications in Table 4 and Equations (8a)–(8c) are also consistent with the
limiting case when the turbulence is incompressible, i.e., θ = 0. The left-hand side of
Equations (8a)–(8c) will all be zero and will lead to:

B1 = B2 = B3 = 0. (9)

As a result, velocity gradient skewness S =
〈
(∂ux/∂x)3

〉
/
〈
(∂ux/∂x)2

〉3/2
is zero for 2D

incompressible isotropic flows.

2.3. Homogeneity Constraints to Second- and Third-Order Invariants

According to Yang et al. [10], under the homogeneity condition, i.e., (∂/∂xi)〈•〉 = 0,
one can obtain two invariants relation for second- and third-order moments of velocity
gradient, i.e.,

M(2)
iijj = M(2)

ijji , (10)

M(3)
ijjkki =

3
2

M(3)
iijkkj −

1
2

M(3)
iijjkk. (11)
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For the second-order invariant, by substituting the results of Table 3 into Equation (10),
we have:

a1 = a3 = M(2)
ααββ = M(2)

αββα. (12)

As a result, the second-order velocity gradient moment only has two independent compo-
nents. From Equations (7a)–(7c), we can show that:〈

ω2
〉
+

〈
θ2

〉
=

〈
ϕ2

〉
+

〈
ψ2

〉
, (13)

which could also be proved from the spectral approach—see Equation (A13) in the Appendix A.
This shows the consistency between independent scalar analysis and spectral space analysis.

However, if we combine Table 4 and Equation (11) for the third-order invariants,
we find that Equation (11) is automatically satisfied without giving any new constraint to
B1, B2, B3. This is different from the 3D case analysed by Yang et al. [10], where Equation (11)
gives a new constraint b1 = 3b3 − 2b4 to the five independent components. This shows
that the constraints on independent components for the third-order moment are from
different sources. In the 2D case, the constraints are from isotropy, while in the 3D case, the
constraints are from the homogeneity. Consequently, copying simply the same method of
3D tensor derivation in reference [10] will lead to incorrect independent scalars and will
result in a contraction that the third-order moment has more independent components in
2D than in 3D.

We also note that
〈
θ2〉 is positive definite (

〈
θ2〉 ≥ 0), thus, from Equations (7a) and (12),

we can readily show that 3a1 + a2 ≥ 0, and the equal sign holds when
〈
θ2〉 = 0, that is, the

incompressible case. Similarly, as
〈
ω2〉 ≥ 0, from Equations (7c) and (12), we have a2 ≥ a1,

and the equal sign holds when the flow is irrotational. These two inequalities provide
restrictions on the ratio between the components of M(2):

1
3
=

a2

2a2 + a2
≤

M(2)
αβαβ

M(2)
αααα

=
a2

2a1 + a2
= 3

a2

2(3a1 + a2) + a2
≤ 3. (14)

The minimum and maximum of the ratio are achieved, respectively, at irrotational flow
and incompressible flow.

3. Numerical Validation of Independent Components

To verify the theoretical results presented above, we performed a 2D compressible
isotropic DNS. We numerically solve the following two-dimensional compressible Navier–
Stokes equations:

∂ρ

∂t
+

∂ρui
∂xi

= 0, (15a)

∂ρui
∂t

+
∂

∂xj
(ρuiuj + pδij)− ∂

∂xj
σij = 0, (15b)

∂E
∂t

+
∂

∂xj
[(E + p)uj]− ∂

∂xj
(σijui − Qj) = 0, (15c)

in which ρ is the density, p is the pressure, E = 1
2 ρuiui + p/(γ − 1) is the total energy with

γ = 1.4, the ratio of the specific heats, σij = μ( ∂ui
∂xj

+
∂uj
∂xi

− 2
3

∂uk
∂xk

δij) is the viscous stress

tensor with the effect of bulk viscosity neglected [24], and Qj = −κ( ∂T
∂xj

) is the heat flux.
The ideal gas law p = ρRT is applied in calculation to connect the temperature T, pressure
p, and density ρ through the ideal gas law, and R is the ideal gas constant. The viscosity
μ is connected with the local temperature through Sutherland’s law μ = μre f (T/Tre f )

3/2

((Tre f + Ts)/(T + Ts)) with μre f , Tre f , and Ts constants. The thermal conductivity κ is
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determined from the viscosity by a constant Prandtl number Pr = μCp/κ = 0.72, with
Cp = γ

γ−1 R being the specific heat at constant pressure.
In terms of the numerical methods, the set of Equations (15a)–(15c) are solved with a

high-order finite difference method. Specifically, the convective terms are calculated by a
seventh-order low-dissipative monotonicity-preserving scheme [25] such that shock waves
in a compressible flow can be captured and the capabilities of resolving small-scale turbu-
lent structures are preseved. The diffusion terms are discretized by a sixth-order compact
central scheme [26] with a domain decoupling scheme for parallel computation [27]. The
time integration is computed by a three-step third-order total variation diminishing Runge–
Kutta method [28]. For the flow solution of the present study, we use an open-source solver
called ASTR (The code is accessible in https://github.com/astr-code/astr (accessed on 30
December 2023)). This solver has been widely validated in DNSs of various compressible
turbulent flows with and without shock waves [10,14,25,29–31].

The flow we study is a decaying flow. The computational domain is a (2π)2 square do-
main discretized with a 40962 uniform grid. Periodic boundary conditions are applied in both
directions. The initial velocity field is divergence-free with a spectrum E(k) = Ak4e−2k2/k2

0 . The
maximum wavenumber is set at k0 = 25 to include both directions of the 2D dual-cascade
effect in the simulation. The initial kinetic energy is determined by a constant A. The
density, pressure, and temperature are all initialized to constant values. The divergence-free
nature of the initial velocity field leads to the emergence of strong compression during the
initial stage before transitioning to a stable decaying state. To measure the compressibility,
we use the turbulent Mach number, which is defined basing on the root-mean-square
velocity u′ = √

uiui and the speed of sound c =
√

γRT, i.e., Mat = u′/c. Its initial value
is set as Mat = 1.10. Figure 1a shows the evolution of Mat. Except for a small fluctuation
during the initial stage, Mat decreases continuously to about 0.56 at the end of the simu-
lation. In terms of the time normalization, we adopt the initial large-eddy-turnover time
τ0 = (

∫ ∞
0 E(k)/kdk)/u′3. Throughout the simulation, the Kolmogorov scale first decreases

and then increases continuously once the turbulent regime is well-established. The mini-
mum Kolmogorov scale verifies η/Δx = 1.8 with Δx being the grid size; therefore, the flow
is well-resolved down to the dissipation scale.

0 5 10 15 20
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M
a
t

0 10 20
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D(t)/D(0)

C(t)/Cmax

(a) (b)

Figure 1. (a) Time evolution of the turbulent Mach number Mat and the skewness of the longitudinal
velocity derivative S (shown in inset). (b) Time evolution of the kinetic energy normalized by its
initial value K(t)/K(0), the enstrophy normalized by its initial value D(t)/D(0) and the average
squared dilatation normalized by its maximum value C(t)/Cmax .

The inset of Figure 1a represents the evolution of the skewness of the longitudinal velocity
gradient, calculated asS =

〈
(∂u1/∂x1)

3 + (∂u2/∂x2)
3〉/[

〈
(∂u1/∂x1)

2〉3/2
+

〈
(∂u2/∂x2)

2〉3/2
].

Figure 1b shows the evolution of the kinetic energy K = 1
2〈ρuiui〉 normalized by its initial

value K(0), the enstrophy D = 1
2
〈
ω2〉 normalized by its initial value D(0), and the average

squared dilatation C = 1
2
〈
θ2〉 normalized by its maximum value Cmax . The latter is defined
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similarly to enstrophy to show the compressibility effect. These figures illustrate the flow
field evolution. In the initial stage, a strong compression emerges due to the divergence-free
uniform-density initial condition, leading to a rapid increase in the average squared dilatation
C, a sharp decrease in the enstrophy D, and a distinct negative peak in the skewness S. Both
C and S reach their extrema at t/τ0 ∼ 1. The flow field attains a relatively stable state after
t/τ0 ∼ 2, from which point, the skewness becomes stable with small oscillations between −8
and −6. The kinetic energy K, the enstrophy D, and the average squared dilatation C all show
a smooth decaying curve caused by the viscous dissipation. Notably, D and C decay more
rapidly than the kinetic energy K.

In the following paragraphs, we will calculate the quantities relating to velocity
gradients to validate the analytical results in Section 2.

Figure 2 shows the time evolution of quantities relating to the independent compo-
nents of the second-order moments. Figure 2a shows the equality of a1 and a3 normalized
by the average squared Frobenius norm of the velocity gradient tensor

〈||m||2F
〉
=

〈
mmT

〉
.

The initial value of a1 (and a3) reaches the incompressible limit of − 1
8 , which can be proved

by using Table 3 and Equation (7a)

a1〈
mmT

〉 =
a1

4a1 + 4a2
=

a1

4a1 − 12a1
= −1

8
. (16)

Figure 2b shows the evolution of the ratio M(2)
αβαβ/M(2)

αααα, which should lie between 1/3
and 3 according to Equation (14). The initial value reaches the incompressible limit value 3.
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Figure 2. (a) Time evolution of second-order independent components a1 = M(2)
ααββ and a3 = M(2)

αββα

normalized by
〈

mmT
〉

, which should be equal in 2D isotropic compressible turbulence. The dashed

line in black is −1/8. (b) Time evolution of the ratio M(2)
αβαβ/M(2)

αααα, which should lie between 1/3
and 3 in 2D isotropic turbulence. The dashed lines in black are, respectively, 1/3 and 3.

Figure 3 shows the time evolution of quantities relating to the second-order invariants
or moments of the velocity gradient tensor. The evolution of the third-order invariants

M(3)
ijjkki and 3

2 M(3)
iijkkj − 1

2 M(3)
iijjkk is presented in Figure 3a, normalized by

〈
mmT

〉3/2
. The

equality in Equation (11), obtained by homogenous constraints, is validated perfectly. For
Equation (6), the time evolution of the left-hand side, i.e., M(3)

αααααα, and of the right-hand
side, i.e., 2M(3)

αααβαβ + 2M(3)
αααββα + M(3)

ααααββ, is presented in Figure 3b. Their values are both

normalized by
〈

mmT
〉3/2

. To mitigate directional bias, each type of velocity gradient

moment is computed by considering all possible expressions. For instance, M(3)
αααααα is

calculated using 1
2 (M(3)

111111 + M(3)
222222). In Figure 3b, both values exhibit similar trends and

fall to the same level, but slight differences occur occasionally. These small disagreements
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are due to the strict isotropy condition required for Equation (6), which is difficult to
achieve numerically. In compressible flow, strong local shocks are likely to occur and cause
local anisotropy, as a single shock can only be oriented in a specific direction; while global
isotropy is theoretically attainable in a sufficiently large flow field, practical limitations
emerge due to bounded domains and finite grid sizes, resulting in unavoidable random
anisotropy in numerical results. This random anisotropy leads to disagreements in results
requiring isotropic conditions. In particular, third-order moments of the velocity gradient
are more sensitive than second-order moments, since they are more influenced by rare
but extreme values of the local velocity gradient. These extreme values are exactly caused
by local strong shocks. As our DNS is performed by the exact use of classical numerical
criteria, i.e., the grid resolution set to η/Δx > 0.5 with η the Kolmogorov length, in this
sense, the present analytical study on the moments of the velocity gradient tensor reveals
the limitation of current numerical methods in capturing isotropy of third-order moments
in 2D compressible turbulence. This calls for more investigations on the smallest scale of
two-dimensional compressible turbulence and the numerical schemes of shock capturing
in the future.
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Figure 3. (a) Time evolution of third-order invariants M(3)
ijjkki and 3

2 M(3)
iijkkj − 1

2 M(3)
iijjkk, normalized by〈

mmT
〉3/2

, which should be equal in 2D isotropic compressible turbulence. (b) Time evolution of

third-order independent components M(3)
αααααα and 2M(3)

αβαβ + 2M(3)
αααββα + M(3)

ααααββ, normalized by〈
mmT

〉3/2
, which should be equal in strictly isotropic 2D compressible turbulence.

4. Conclusions

In this paper, we analyze the independent components of the second- and third-order
moments of the velocity gradient tensor in 2D isotropic turbulence. The second-order
moments have two independent components in the 2D compressible isotropic turbulence,
which is the same as in the 3D case. However, as an example of the effect of dimension
reduction, the third-order moments could be fully determined by three independent com-
ponents in 2D isotropic compressible turbulence, while in 3D we need four. This fact leads
to an important result that the third-order moments disappear when the flow is incom-
pressible in 2D. From the perspective of small-scale generation, which is closely related to
the third-order moments of the velocity gradient, the difference between the number of
independent components for 2D and 3D is a consequence of the absence of vortex stretching
in two-dimensional flows. We expect that the present study on the independent scalars in
2D isotropic compressible turbulence will represent a step toward rigorously explaining
the energy transfer in the future.

We further demonstrate those analytical discussions by numerical simulations. We
find that all theoretical results are satisfied by the DNS data except Equation (6), where we
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see small discrepancies between the l.h.s. and r.h.s. of the equation. This observation is
novel and shows that the isotropy of third-order moment of the velocity gradient is not
satisfied, such that the derived exact relation, i.e., Equation (6), cannot be obtained by a
classical DNS numerical setup. The underlying reason for this might due to the inappro-
priate prediction on the smallest scale of two-dimensional compressible turbulence, or the
inappropriate numerical schemes of shock capturing, which requires future improvement
in numerical simulations of HIT. Our result is thus expected to be a criterion for examining
the appropriate resolution of small-scale structures and the isotropy of the turbulence field.
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Appendix A. The Relation of θ, ω, ψ,ϕ in Fourier Space

In this appendix, we will show the global relation of the locally independent velocity
gradient components, i.e., θ(x), ω(x), ψ(x), ϕ(x), in the Fourier space.

In a 3D space generated by an orthogonal basis (e1, e2, e3), where the flow is confined
in the plane (e1, e2), we first apply the Helmholtz decomposition to the velocity field
u(x), as

û(k) = ûs(k) + ûd(k) = ûs(k)k̃⊥ + ûd(k)k̃, k �= 0, (A1)

where û(k) denotes the Fourier transform of the velocity field, k̃ = k
|k| =

k
k denotes the unit

vector in the direction of wave vector k, and k̃⊥ = e3 × k̃ denotes the unit vector with which
an orthogonal right-hand coordinate system (k̃, k̃⊥, e3) can be formed. In this equation,
ûs(k) and ûd(k) represent, respectively, the solenoidal and the dilatational component of
the velocity fluctuation field. The k = 0 component of û is exactly the ensemble average of
velocity field

û(k = 0) = 〈u〉, (A2)

which will be dropped out in the following text as it will not contribute to the velocity gradi-
ent. It is also worth noting that the solenoidal component can only follow one direction, i.e.,
k̃⊥, in 2D, while in 3D, it can be in the Craya plane and gives two independent components.

The counterpart of the velocity gradient tensor in Fourier space can be expressed as

m̂(k) = (ik ⊗ û(k))T , k �= 0 (A3)

Furthermore, we set m̂(k = 0) = 0. Specifically, the vorticity and the dilatation in Fourier
space can be uniquely expressed as

ω̂(k) = ω̂(k)e3 = ik × ûs(k) = ik × k̃⊥ûs(k) = ikûs(k)e3, (A4)

θ̂(k) = ik · ûd(k) = ik · k̃ûd(k) = ikûd(k). (A5)
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The velocity field can also be expressed as

û(k) = ûs(k)k̃⊥ + ûd(k)k̃ =
ω̂(k)

ik
k̃⊥ +

θ̂(k)
ik

k̃, k �= 0. (A6)

As a result, the velocity gradient tensor in Fourier space can be expressed with only θ̂(k)
and ω̂(k)

m̂(k) =

[
ik ⊗

(
ω̂(k)

ik
k̃⊥ +

θ̂(k)
ik

k̃

)]T

= ω̂(k)k̃⊥ ⊗ k̃ + θ̂(k)k̃ ⊗ k̃, k �= 0. (A7)

The Fourier space velocity gradient tensor can also be decomposed into dilatational,
symmetric-deviatoric, and antisymmetric parts. When it is expressed in the global basis
(e1, e2), it can result in a similar expression to Equation (3) with ϕ̂(k), ψ̂(k), ω̂(k), θ̂(k).
However, when we express it in the local wave-number basis (k̃, k̃⊥), it gives

m̂(k) =
1
2

[
θ̂(k) ω̂(k)
ω̂(k) −θ̂(k)

]
(k̃,k̃⊥)

+
1
2

ω̂(k)
[

0 −1
1 0

]
(k̃,k̃⊥)

+
1
2

θ̂(k)
[

1 0
0 1

]
(k̃,k̃⊥)

, k �= 0.

(A8)
It should be noted that (k̃, k̃⊥) is a local basis. For different wave numbers ka, kb , unless
they are in the same direction, (k̃a, k̃⊥

a ) and (k̃b, k̃⊥
b ) give two different bases. If we carry

out a change of basis for Equation (A8) to (e1, e2), we can derive for k �= 0

θ̂(k) = 2ψ̂(k)k̃1k̃2 + ϕ̂(k)(k̃2
1 − k̃2

2), (A9)

ω̂(k) = ψ̂(k)(k̃2
1 − k̃2

2)− 2ϕ̂(k)k̃1k̃2, (A10)

with k̃i =
ki
k being the coordinate of k̃ in ei(i = 1, 2) direction. These two equations link

ω̂(k), θ̂(k) and ϕ̂(k), ψ̂(k), showing the consistency between different decompositions.
It can also be concluded from Equations (A9) and (A10) that

ω̂2(k) + θ̂2(k) = ϕ̂2(k) + ψ̂2(k), k �= 0 (A11)

and k = 0 also verifies this equation. With an integral in the whole wave number space
and Parseval’s identity, this leads to∫

x∈R2
ω2(x)dx +

∫
x∈R2

θ2(x)dx =
∫

x∈R2
ϕ2(x)dx +

∫
x∈R2

ψ2(x)dx. (A12)

In the case of homogeneous turbulence, we then obtain〈
ω2

〉
+

〈
θ2

〉
=

〈
ϕ2

〉
+

〈
ψ2

〉
, (A13)

which is also proved in Equation (13) using the independent components of the second-
order moment.
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Abstract: The mean velocity distributions of unstably and stably stratified atmospheric surface layers
(ASLs) are investigated here using the symmetry approach. Symmetry groups for the mean momen-
tum and the Reynolds stress equations of ASL are searched under random dilation transformations,
which, with different leading order balances in different flow regions, lead to a set of specific scalings
for the characteristic length �13 (defined by Reynolds shear stress and mean shear). In particular,
symmetry analysis shows that in the shear-dominated region, �13 scales linearly with the surface
height z, which corresponds to the classical log law of mean velocity. In the buoyancy-dominated
region, �13/L ∼ (z/L)4/3 for unstably stratified ASL and �13/L ∼ const for stably stratified ASL,
where L is the Obukhov length. The specific formula of the celebrated Monin–Obukhov similarity
function is obtained, and hence an algebraic model of mean velocity profiles in ASL is derived,
showing good agreement with the datum from the QingTu Lake observation array (QLOA) in China.

Keywords: atmospheric surface layer; mean velocity profile; symmetry analysis

1. Introduction

The atmospheric surface layer (ASL) is a specific turbulent boundary layer (TBL) in
which atmosphere exchanges momentum and energy with the earth’s surface through
nearly constant momentum and heat flux [1]. Due to its large dimension in the horizontal
and surface-normal directions, ASL typically reaches a (friction) Reynolds number of
several millions [2], making it a candidate for the study of high Reynolds number canonical
wall turbulence. Also, as a result of the diurnal release and absorption of the heat of the
earth’s surface, the turbulent flow states of ASL in the daytime and at night are significantly
different [3]. Notable observation arrays, such as QLOA [4] and SLTEST (Surface Layer
Turbulence and Environmental Science) [5], have been established to experimentally study
the high Reynolds number properties of turbulent boundary layers [2,5–13]. Due to the
limitation of grid spatial resolution, the numerical weather research and forecasting model
(WRF) cannot solve the flow field in the ASL [14]. Therefore, studies on the unified
description of mean velocity distribution (MVD) under various momentum and heat flux
conditions are important for applications in the weather forecasting, pollutant prediction,
and wind energy industry [1,3,15–17].

Since the boundary layer concept of Prandlt [18], the Monin–Obukhov (MO) similarity
theory [19] has been a milestone for understanding the ASL and is regarded as the starting
point of modern micrometeorology [16]. The MO theory relies on statistical stationarity
and horizontal homogeneity, which results in the constant momentum and heat flux in
the surface-height (or wall-normal) direction. In particular, four physical parameters are
proposed in MO to depict the mean flow of the ASL: heat flux Hw = w′T′, friction velocity
uτ =

√
−u′w′, buoyancy force factor g/T, and the height z. Dimensional analysis leads to

the Obukhov length scale L = −u3
τ/

[
κw′T′g/T

]
, where T is the mean temperature, g is
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the acceleration of gravity, κ is the von Kármán constant, and w′ and T′ are the fluctuating
wall-normal velocity and temperature, respectively. In practical terms, L can be explained
as a critical height, below which turbulence is dominated by the wall-induced shear effect,
and above which it is dominated by buoyancy. Consequently, a non-dimensional similarity
variable ζ = z/L is defined by MO to quantify the ratio between the shear production and
buoyancy effect in the ASL. Since then, statistical quantities have all been expressed as
certain functions of ζ, validated by many atmospheric experimental studies [20,21].

Particularly for the mean velocity distribution, MO proposed investigating the follow-
ing dimensionless similarity function:

ϕm(ζ) =
κz
uτ

dU
dz

. (1)

To determine ϕm, an implicit function equation ϕ4
m − γϕ3

mζ = 1 has been derived under an
approximation of the kinetic energy balance equation, known as the O’KEYPS equation
(Obukhov, Kazansky, Ellison, Yamamoto, Panofsky, and Sellers) [22]. However, the constant
eddy diffusivity assumed in the O’KEYPS equation remains a subject of doubt, and the
empirical parameter γ, which varies from 5 to 18 for different data sets, indicates that the
form of ϕm in the O’KEYPS equation may not be universal [23].

On the other hand, based on the Kansas experimental measurements, ϕm = (1 − 16ζ)−1/4

for ζ < 0 and ϕm = 1 + 4.7ζ for ζ > 0 are well-known as the Businger–Dyer (BD)
function [24,25]. However, the asymptotic scaling of BD function at the free convection
limit, i.e., ϕm ∼ (−ζ)−1/4 for −ζ � 1, differs from the prediction by teh O’KEYPS equation.
To address this, Carl et al. [26] proposed a modified ϕm = (1 − 15ζ)−1/3, to conform with
the O’KEYPS equation. Moreover, Kader and Yaglom [27] argued that in the O’KEYPS
equation, γ � 1, as the buoyancy acts only on the direction normal to the earth’s surface
and hence contributes mostly to momentum transfer. They also proposed the same scaling
ϕm ∼ (−ζ)1/3, validated by their measured data in the top convective sublayer of the
ASL [27].

More recently, Katul et al. developed a heuristic model of MVD in ASL under the
attached eddy hypothesis. The characteristic velocity uτ is derived from the assumed
inertial-range spectrum, which further leads to a relation between buoyancy and momen-
tum flux [23,28]. This model yields a similar prediction to that of the O’KEYPS equation,
but it incorporates more physical considerations. For example, the large value of γ is
attributed to the effects of turbulent transport, pressure redistribution, and the anisotropy
of turbulent eddies. However, it should also be noted that the functional form of the simi-
larity function becomes more complicated, and its prediction for the stable ASL deviates
from observations. To account for this, Li et al. revisited Katul’s model by introducing the
Ozmidov scale [29] and obtained a better description of the data. Liu et al. developed an
analytical model describing the vertical structure of conventionally neutral atmospheric
boundary layers, providing predictions of wind and turbulent shear stress profiles [17,30].
In addition to the works mentioned, there are also efforts to extend the MO theory by
further consideration of large-scale coherent structures [31], turbulence anisotropy [32],
and non-zero vertical turbulent transport effects [33].

This paper aims to understand the MVD from a symmetry perspective. It is worth
noting that symmetry analysis is a well-developed method for finding the similarities or
invariant solutions of differential equations. A typical example is the Blasius similarity
solution of a laminar boundary layer flow, the symmetry analysis of which involves three
steps. First, search the dilation symmetry transformation that keeps the governing equation
unchanged; second, obtain the dilation invariants for the independent and dependent
variables; finally, use these invariants as variables to transfer the partial differential equation
to an ordinary differential equation. When dealing with turbulence, there is a challenge
in these steps because of the unknown Reynolds stresses. However, by searching the
symmetry of characteristic length scales, one can construct candidate invariant solutions by
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using group invariants as similarity variables. This approach has been utilized to describe
turbulent mean flows in wall flows, with details provided in [34–36].

Specifically, for canonical turbulent boundary layers, a multi-layer description of the
mean velocity profiles has been obtained in [34–36] through a random dilation analysis of
Reynolds-averaged Navier–Stokes equations. In comparison to previous works, the novelty
in [34–36] is that different leading order balances are considered in the symmetry analysis,
and a general ansatz is proposed to connect the local dilation invariants. In the past few
years, a large set of experimental and direct numerical simulation (DNS) data of canonical
wall flows (channel, pipe, and turbulent boundary layer—TBL) have verified the multi-
layer description, with successful extensions to complex boundary conditions, including
pressure gradient effects, heat flux effects, and surface roughness [37,38]. Note that, as ASL
is also a wall-induced shear flow, the dilation symmetry proposed in [34–36] along the
wall-normal direction (z) may also exist. Thus, we plan to develop a similar modeling of
the ASL in this paper based on the symmetry analysis approach.

Before proceeding further, it is important to note that a theoretical description of
thermally stratified ASL flow is crucial for climate modeling of the near-surface wind fields.
For instance, in the Weather Research and Forecasting (WRF) model, due to computational
power cost, the WRF cannot resolve the near wall flow details. Therefore the Monin–
Obukhov similarity theory (MOST) is used to estimate the exchanges of heat, momentum
and humidity between the earth’s surface and the ASL. Specially for the wind speed at
approximately 10 m above the earth’s surface, the accuracy of MOST is crucial for WRF
predictions. Various corrections of MOST have been proposed in the WRF [14]. In this
context, we present a theoretical framework for describing thermally stratified ASLs based
on the symmetry approach, which offers a more comprehensive understanding compared
to the models and corrections based on MOST. The results can be integrated into the WRF
to enhance the prediction of near-surface wind fields.

The rest of this paper is organized as follows. The balance equations and the dilation
symmetry analysis are introduced in Section 2. Section 3 introduces the experimental data,
the comparison of which with our theory is provided in Section 4. Final conclusions are
presented in Section 5.

2. Methods

This study is inspired by the symmetry approach for canonical TBL developed by She
et al. and Chen et al. [35,36]. Note that to obtain the mean velocity distributions in ASL,
one needs to address the closure problem of the unknown Reynolds shear stress. In the
literature, this is usually resolved by the hypothesis of eddy viscosity or mixing length (the
so-called stress length here), which builds a relation between the mean shear and Reynolds
stress. However, these hypotheses have no link with the balance equations. The current
paper aims to develop a procedure to determine the mixing length (or stress length) based
on the balance equations. As we demonstrate below, the balance equations allow for a set
of random dilations, which define the dilation invariant of the stress length. By assuming
a constant dilation invariant, we can thus obtain the power-law scaling exponent for the
stress length function, and hence the mean velocity distributions in ASL. Therefore, the key
contribution of our paper is to present the rationale behind the scaling exponent of stress
length from the symmetry consideration of the balance equations. This is reminiscent of
Monin and Obukhov, who also derived the logarithmic law of wind distribution based on
the concept of dilation symmetry [19]. However, our approach contains more mathematical
details and extends to different flow regions.

221



Symmetry 2023, 15, 1951

The ensemble averaged momentum and Reynolds stresses equations are [27,36]
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where overline denotes the time-spatial ensemble average; p′ is the pressure fluctuation
and u′, w′, v′ are the streamwise, vertical (or surface-height), and spanwise velocity fluctua-
tions with U the mean streamwise velocity; SP is the shear production; Ru,w,v are pressure
redistribution terms; Tu,w,v are vertical spatial turbulent transports; εu,w,v are turbulent
dissipation rates; Du,w,v are diffusion terms; subscript u, w, v denote three velocity fluctua-
tion components.

The above equations for ASL are similar to the canonical boundary layer flows ex-
cept for the additional buoyancy term (i.e., the heat flux) B = w′T′g/T in Equation (5).
The buoyancy term could be an energy source for upward heat flux (B > 0), or a sink
for downward heat flux (B < 0). Since the shear production (SP) decreases as z−1 and
the buoyancy (B) is invariant as the height Z increases, the shear production dominates
the balance equations for small z while the buoyancy dominates for large z. As shown
below, the alteration of dominant balance would result in different dilation transformations,
leading to different scalings in different flow regions.

To proceed, normalizing the above Equations (2)–(6) by the friction velocity uτ , the wall
heat flux Hw, and the Obukhov length L yields
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where superscript plus + means being normalized by wall variables, i.e.,
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,
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and ∇L = ∂/∂ζx + ∂/∂ζy + ∂/∂ζz is gradient operator, with ζx = x/L, ζy = y/L, and
ζz ≡ ζ = z/L.

Following the step in [35,36], we define the Reynolds shear stress length function

�∧13 =

√
−u′+w′+

∂U+/∂ζ
, which characterizes the size of eddies responsible for vertical momentum

transport. This enables us to solve the mean velocity profile from Equation (7):

U+(h/L) =
∫ h/L

h0/L

√
−u′+w′+
�∧13

dζ. (12)

Here, h is the height of interest, h0 is the typical roughness height, and �∧13 = �13/L

with �13 =
√−u′w′
∂U/∂z . Note that ASL is a constant momentum flux layer, which means

−u′+w′+ = 1; hence, Equation (12) is written

U(h) = uτ

∫ h

h0

dz
�13

. (13)

Once �13 is known, the mean velocity U(h) can also be determined.
To obtain the formula of �13, a random dilation transformation [36] is introduced

as follows:

ζ∗i = qiζi, U∗ = λUU L∗ = λLL u′∗
i = λiu′

i, p′∗ = λp p′, T′∗ = λTT′, (14)

where qi and λU , λL are regular dilation factors, while λi , λp, and λT are random factors
with zero means; and i = (1, 2, 3) denotes (x, y, z). Note that superscript ‘+’ is neglected
here. Substituting (14) into the balance Equations (7)–(11), the symmetry requires that
equations under dilation remain invariant, which leads to the following relationships
among dilation parameters:
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An important fact is that in different flow regions, there are different leading order
balances in (7)–(11) so that we can define a locally valid dilation group by neglecting unim-
portant terms. This provides extra freedoms for the group parameters in Equations (15)–(19),
as practised below in different flow layers.

2.1. Homogeneous Dilations in the Shear Dominated Layer

In the shear dominated layer, the shear production (SP) is balanced by dissipation from
all three spatial directions. Hence, all the spatial derivatives in (3)–(6) are important, leading to
a homogeneous dilation in three directions, i.e., q1 = q2 = q3 = q in (15)–(19). Furthermore,

from λ1λ3
λU
q =

λpλ1
q = 1

λL

λ1λ3
q2 , we obtain λUλL = q−1; considering λ3λT = 1 for constant

heat flux, from Equations (15), (18), and (19), we obtain λ2
L/λU = q−3, and hence
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λL = q−4/3, (20)

λU = q1/3, (21)

λ1λ1 = λ1λ3 = λ3λ3 = q2/3, (22)

λpλ1 = λpλ3 = λ1λ1λ3 = λ2λ3λ3 = λ3λ3λ3 = q. (23)

Therefore, the dilation factor for length function �∧13 is

λ13 =
λ1λ3

1/2

λU/q
=

q1/3

q1/3/q
= q, (24)

whose corresponding dilation invariant is

I13 =
�∧13
ζ

. (25)

It is a normal result that length function takes its ordinary dimension if no direction
is preferred, the same as the classical dimensional analysis result. In [36], the dilation
invariant for stress length is found to be I13 = 0.45, and hence �∧13 = 0.45ζ for canonical
boundary layer flows. In ASL, the value of I13 may slightly change, but the functional form
is the same.

2.2. Inhomogeneous Dilation in the Convective Layer (B > 0)

Let us consider the region where height z > L and B > 0, and hence the buoy-
ancy term overtakes the shear production to balance dissipation in Equations (16)–(18).
Subsequently, the shear production and turbulent transport terms could be neglected in
Equations (16)–(18). On the other hand, in the Reynolds shear stress Equation (11) or (19),
the dominant balance is still between the first term of production and the fifth term of dissi-
pation. Based on these considerations, Equations (15), (18) and (19) could be, respectively,
simplified to

λ1λ3

q
=

1
λL

λU

q2 , (26)

λ3λT = =
1

λL

λ3λ3

q2 , (27)

λ3λ3
λU
q

=
1

λL

λ1λ3

q2 . (28)

Furthermore, considering that momentum and heat flux are constant in the buoyancy
dominant layer, we obtain λ3λT = 1 and λ1λ3 = 1, and hence λU = q−1/3, λT = q−4/3 and
λ3λ3 = q2/3. Thus, the dilation factor of �∧13 is

λ13 =
1

λU/q
= q4/3. (29)

Therefore, in the convective layer, the stress length satisfies �∧13 ∝ ζ4/3.

2.3. Inhomogeneous Dilation in the Stably Stratified Layer (B < 0)

When B < 0, buoyancy, acting as a sink, would absorb kinetic energy. Hence, the domi-
nant balance for the Reynolds normal stresses are between SP and B (instead of dissipation).
In other words, when summing Equations (8)–(10) all together, the balance is between SP
and B. Under this condition, the dilation parameters are simplified to be

λ3λT = λ1λ3
λU
q

. (30)
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Again, as λ3λT = 1 and λ1λ3 = 1, we obtain λU = q. Therefore, the dilation parameter of
�13 is

λ13 =
1

λU/q
= 1, (31)

which means that �∧13 is a constant.

2.4. Composite Formula of �∧13 in ASL

According to the dilation analysis above, the scaling of �∧13 in different flow layers is
obtained. Following the same matching procedure introduced in [35], a two-layer formula
of stress length connecting the adjacent power-law scalings can be obtained:

�∧13 ∝

⎧⎪⎨
⎪⎩

ζ
(

1 − ζ
ζUC

)1/3
, ζ < 0

ζ
(

1 + ζ
ζSC

)−1
, ζ > 0

. (32)

Here, ζUC and ζSC are empirical parameters to be determined from data. In [33], they are
given as ζUC = 1/6.3 and ζSC1/2, respectively. For ζ below the critical height ζUC and
ζSC, the linear scaling of �∧13 is consistent with wall-attached eddy size in the log layer [39].
For ζ above ζUC, the scaling ζ4/3 for unstably stratified ASL indicates that the momentum
transport eddies are stretched in the vertical direction by the buoyancy force. On the
contrary, for stably stratified ASL, the buoyancy force depresses eddy size in a vertical
direction, resulting in a finite value of �∧13.

2.5. Composite Formula of φm in ASL

According to the definitions of φm and �13, we obtain the relation between φm and
�13 as:

φm(ζ) =

√
−u′w′
�13

× κz
uτ

. (33)

Considering that
√
−u′w′/uτ = 1, we have

φm ∝

{
(1 − ζ/ζUC)

−1/3, ζ < 0
1 + ζ/ζSC, ζ > 0

. (34)

3. Data

Data collected for the verification of our derivations include the Kansas measurements,
the AHATS (advection horizontal array turbulence study) measurements, and the QLOA
measurements. AHATS investigated surface-layer turbulence in the San Joaquin Valley,
California, during the summer of 2008, while details on Kansas and AHATS are referred to
references [24,40].

For QLOA, it is conducted on the dry lake bed located in Minqin County, Gansu
Province, in the northwestern region of China. QLOA has one main tower that is 32 m
high, surrounded by twenty lower towers that are 5 m high and shaped like the character
‘T’. Data measured from the main tower are examined here, which are acquired from
eleven sonic anemometers. Wind speed vectors and virtual temperature are sampled at
a frequency of 50 Hz. QLOA has collected day and night data lasting about ten years,
covering various weather conditions, and has been used to study the large-scale motion,
energy spectrum, amplitude modulation between multi-scale turbulent motions, and two-
phase flows during sand storms [4,41,42]. The observations of QLOA are divided into
time-ensemble blocks of 1 h. This study uses 12 sets of unstably stratified data and 11 sets
of stably stratified data, with details shown in Table 1. The pretreatment of the data is
conducted to transform wind signals into a streamwise direction [4]. The friction velocity

uτ is estimated using Reynolds shear stress, uτ =
√

∑11
i=1〈−u′w′〉i/11. Here i denotes sonic
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anemometer at various heights and 〈∗〉i means averaging one hour at ith height. Similarly,
the wall heat flux is estimated by Hw = ∑11

i=1〈w′T′〉i/11. To obtain shear production, dU/dz
is calculated from mean velocity data using the log-polynomial fitting [43], specifically,
U = c0 + c1 log z + c2(log z)2. At each height z, five adjacent points are used to determine
the coefficients c0, c1, and c2, so that dU/dz = c1/z + 2c2 log z/z. The turbulent dissipation
rate is estimated using ε ≈ 1

K1−K0

∫ K1
K0

(E11(k)k5/3/C11)
3/2dk, where E11 is the spectrum

of streamwise velocity fluctuation, C11 = 0.5 is the longitudinal Kolmogorov constant,
while K0 and K1 indicate the start and the end of the Kolmogorov initial range, and
wavenumber k is calculated from frequency and local mean velocity by using the Taylor
freezing hypothesis, k = 2π f /U [44].

Table 1. The information of QLOA data used in this paper.

No. Time and Date uτ (m/s) Hw (K·m/s) L (m)

1 2014-5-23 7:00–8:00 0.28 0.016 −96.4
2 2014-5-23 8:00–9:00 0.31 0.087 −22.8
3 2014-5-23 9:00–10:00 0.32 0.155 −13.5
4 2014-5-23 10:00–11:00 0.33 0.203 −11.4
5 2014-5-23 11:00–12:00 0.34 0.222 −11.4
6 2014-5-23 12:00–13:00 0.29 0.209 −7.7
7 2014-5-23 13:00–14:00 0.33 0.230 −10.4
8 2014-5-23 14:00–15:00 0.29 0.279 −6.1
9 2014-5-23 15:00–16:00 0.30 0.180 −9.8
10 2014-5-23 16:00–17:00 0.34 0.161 −16.9
11 2014-5-23 17:00–18:00 0.39 0.147 −27.2
12 2014-5-23 18:00–19:00 0.35 0.080 −36.8
13 2014-3-27 0:00–1:00 0.26 −0.036 31.0
14 2014-3-27 1:00–2:00 0.59 −0.057 237.6
15 2014-3-27 2:00–3:00 0.67 −0.055 351.0
16 2014-3-27 3:00–4:00 0.59 −0.039 350.5
17 2014-3-27 4:00–5:00 0.48 −0.026 263.9
18 2014-3-27 5:00–6:00 0.41 −0.018 259.4
19 2014-3-27 6:00–7:00 0.31 −0.014 134.9
20 2014-3-27 7:00–8:00 0.25 −0.007 143.8
21 2014-5-23 2:00–3:00 0.22 −0.025 27.5
22 2014-5-23 6:00–7:00 0.21 −0.013 47.2
23 2014-5-23 20:00–21:00 0.23 −0.019 40.6

4. Results

In Section 2, we demonstrate that different leading order balances of the budget
equations lead to different dilation symmetries. However, due to a scarcity of data, it is
impossible to check every equation for Reynolds stresses. To address this, we sum together
Equations (3)–(5) and obtain the turbulent kinetic energy equation (TKE), which could
also be used to verify the leading order balances in different flow conditions. Accordingly,
Figure 1 shows the wall-normal (or surface-normal) variation of shear production (SP),
buoyancy effect (B), dissipation rate (ε), and all other terms (including pressure and spatial
transport effects) as the residue (i.e., SP + B − ε). In particular, Figure 1a presents the
neutrally stratified ASL where heat flux is small and the Obukhov length L is about
−96.4 m. It is clear that for lower heights (e.g., z < 10 m), the dominant balance is between
the shear production and dissipation, which is consistent with the analysis in Section 2.1.
Conversely, for z > 10 m, the residue is comparable with the dissipation, but the buoyancy
term is always smaller than others, hence indicating the neutral stratification condition.

In contrast, Figure 1b shows the unstably stratified case in which L = −6.1 m. While
the dominant balance is between the shear production and the dissipation for z < 1 m,
the heat flux is much larger than the neutral case. For z > 5 m, the heat flux is comparable
to the dissipation and the shear production, indicating a strong buoyancy effect that
plays a role as an energy source—consistent with the analysis in Section 2.2. Meanwhile,

226



Symmetry 2023, 15, 1951

the pressure and transport effect (indicated by the residue) is negative, drawing out the
local kinetic energy to other flow regions.
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Figure 1. The measured TKE budget in QLOA for neutrally (a), unstably (b) and stably (c) stratified
ASL. The inset shows TKE budget for z > 5 m.

Moreover, the TKE budget for the stably stratified ASL is shown in Figure 1c for which
L = 27.5 m. It is obvious that when z < 20 m, the shear production and dissipation are
the two dominant terms. However, for z > 20 m, the shear production, buoyancy effect,
dissipation, and the transport effect are all comparable with each other. The notable point is
that the buoyancy term B is negative (consistent with the analysis in Section 2.3), indicating
that it drains out flow energy as the role of dissipation ε, a distinct feature for the stably
stratified condition.

Therefore, different leading order balances specified in the above Section 2 have all been
verified by ASL data. Now, let us validate the scaling of stress length derived in Section 2.
Figure 2 shows the comparison between Equation (32) and the data, with panel (a) for the
stable stratification and (b) for the unstable stratification of ASL. Note that φm are extracted
from Kansas and AHATS data and then translated to �13 using �13 = κz/φm. Dashed lines
indicate the linear scaling, while solid lines are Equation (32) derived from our symmetry
analysis. For |ζ| = |z/L| < 0.1, the stress length �∧13 displays a linear variation (dashed
line), indicating the dominance of the shear production and hence the log-law of mean
velocity. However, for large |ζ|, �∧13 deviates from linear behavior. On the one hand, for stable
stratification in Figure 2a, �∧13 tends to be a constant. A close examination of the data shows the
best fit of �∧13 = 0.35ζ(1 + 2.0ζ)−1 for QLOA measurements, while �∧13 = 0.35ζ(1 + 4.0ζ)−1

for the Kansas and AHATS measurements. The different value of ζSC = 0.5 for QLOA
compared to ζSC = 0.25 for Kansas and AHATS is understandable because a non-zero
pressure and spatial transport effect may bring in different heat flux, subsequently altering
ζSC. Such a point has been observed and explained in [33]. On the other hand, as shown in
Figure 2b for the unstable stratification case, all the data from QLOA, Kansas, and AHATS
align nicely. They follow the trend of Equation (32) with �∧13 = 0.40ζ(1 − 6.3ζ)1/3, which is a
general expression for the unstable stratification of ASL.

Finally, the mean velocity profile is obtained using Equation (13) with the stress length
provided in Equation (32). While MVD data of Kansas and AHATS measurements are not
available, the comparison is presented here only for the QLOA measurements, as shown in
Figure 3. In total, there are twelve mean velocity profiles presented here; they are measured
in different time. At h = 30 m (the highest data point for experimental observation),
the friction Reynolds number Re30m = 30 m∗uτ

ν is calculated, along with the value of the
Obukhov length L, both marked on top of the labels for each of the subplots. Notably,
subplots (a), (g), and (h) pertain to the neutrally stratified ASL indicated by the very large
value of |L|, approximately 100 m. The latter condition means that most of the data points
are measured in the flow region |z/L| < 0.1, in which buoyancy is insignificant. Moreover,
subplots (b), (c), (d), (e), and (f) are for unstably stratified ASL, where the heat flux is
upward and L is negative. The rest of the subplots are for stably stratified ASL where
L is positive. The dashed lines in Figure 3 indicate the log-law, which agrees with most
flow data for neutrally stratified cases (subplots (a), (g), and (h)), but only depicts data
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at small z for other flow cases. The red lines in Figure 3 indicate the predictions using
�∧13 = 0.35ζ(1 + 2.0ζ)−1 for unstable cases, while blue lines indicate the predictions using
�∧13 = 0.40ζ(1 − 6.3ζ)1/3 for stable cases. It is evident that data deviation from the log-law
is well captured by the formula of �13 derived from our symmetry analysis.
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Figure 2. The normalized stress length �∧13 = �13/L for stably (a) and unstably (b) stratified ASL.
Circles are QLOA measurements; squares are Kansas experimental data [24], and triangles are AHATS
experimental data [40].

It should be mentioned that, to obtain the mean velocity profile, an integration param-
eter h0 is needed in Equation (13), which indicates the surface roughness height in QLOA.
According to our study, we find that h0 varies slightly for the above twelve mean velocity
profiles. That is, for subplots (a)–(f), h0 = (0.08, 0.23, 0.57, 0.42, 0.32, 0.20) mm; for subplots
(g)–(l), h0 = (0.60, 0.20, 0.28, 1.30, 1.60, 1.90) mm. The mechanism for the slight variation of
these h0 heights deserves future studies.

Figure 3. Cont.
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Figure 3. Mean velocity distributions measured in QLOA for neutrally (a,g,h), unstably (b–f), and
stably (i–l) stratified ASL. Dashed lines indicate the log-law; solid lines are given by Equation (13)
provided with Equation (32).

5. Conclusions

The symmetry approach developed for canonical wall turbulence [35,36] has now
been extended to describe the mean velocity distribution in the stratified atmospheric
surface layer. By performing the random dilation on the governing equations and further
considerations on different leading order balances, the scaling of Reynolds stress length is
specified in different flow layers. That is, in the shear-dominated log layer, �13 ∝ ζ; in the
buoyancy dominated layer, �13 ∝ ζ4/3 for unstably stratified ASL while a constant �13 for
stably stratified ASL. Using the matching procedure in [35,36], a composite formula of �13 is
obtained, i.e., 0.40ζ(1 − 6.3ζ)1/3 for unstable stratification and 0.35ζ(1 + 2.0ζ)−1 for stable
stratification, which leads to a close representation for the mean velocity distributions
measured in QLOA.

It should be noted that the linear coefficients are 0.40 for unstable stratification and
0.35 for stable stratification. Additionally, the value of ζUC,SC cannot be explained by
the symmetry view. More effort should be devoted to determining these values from
a theoretical perspective. Furthermore, the symmetry approach can also be applied to
describe the intensity profiles in the streamwise, wall-normal, and spanwise directions,
which will be investigated in the future.
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