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Symmetry/Asymmetry of Differential Equations
in Biomathematics

Liang Zhang 1,*, Junli Liu 2,* and Tailei Zhang 3,*

1 College of Science, Northwest A&F University, Yangling 712100, China
2 School of Science, Xi’an Polytechnic University, Xi’an 710048, China
3 School of Science, Chang’an University, Xi’an 710064, China
* Correspondence: zhanglsd@126.com (L.Z.); jlliu2008@126.com (J.L.); tlzhang@chd.edu.cn (T.Z.)

Differential equations serve as powerful mathematical tools for studying biomathematics,
where symmetry and asymmetry are fundamental phenomena in biological systems. Inves-
tigating these properties in differential equations is crucial for uncovering the underlying
mechanisms of organismal interactions and dynamic behaviors.

This Special Issue highlights recent advances in the application of differential equations
to biomathematics, with a particular focus on the roles of symmetry and asymmetry in
biological modeling. Key topics include the following:

• Mathematical modeling in biology—Development and analysis of differential equation-
based models.

• Computational methods—Novel techniques for solving biologically relevant differential
equations.

• Complex biological systems—Exploration of symmetry and asymmetry in ecological,
physiological, and evolutionary dynamics.

By bridging mathematics, biology, and computational science, this Special Issue seeks
to foster interdisciplinary collaboration, stimulate innovative research, and advance the
field of biomathematics.

The Special Issue contains eight papers contributed by researchers from China, Lithuania,
and the USA, encompassing a broad range of critical issues and cutting-edge research topics.
These topics include Positive Periodic Solution of Phytoplankton–Zooplankton Model on Time
Scales [1]; Stability Analysis of Biological Systems Under Threshold Conditions [2]; Modeling
the Digestion Process by a Distributed Delay Differential System [3]; Diffusion Mechanisms
for Both Living and Dying Trees Across 37 Years in a Forest Stand in Lithuania’s Kazlų Rūda
Region [4]; Optimal Harvesting Strategies for Timber and Non-Timber Forest Products with
Nonlinear Harvesting Terms [5]; Bogdanov–Takens Bifurcation of Kermack–McKendrick
Model with Nonlinear Contact Rates Caused by Multiple Exposures [6]; Stability and Hopf
Bifurcation of a Delayed Predator–Prey Model with a Stage Structure for Generalist Predators
and a Holling Type-II Functional Response [7]; and Dynamics of a Stochastic SVEIR Epidemic
Model with Nonlinear Incidence Rate [8].

We anticipate that this Special Issue will serve as a valuable resource for mathematicians,
biologists, and computational scientists seeking to engage with contemporary advancements
in differential equations and their applications in biomathematics.

Author Contributions: L.Z.: conceptualization, investigation, writing—original draft. J.L. and T.Z.:
discussing, writing—review and editing. All authors have read and agreed to the published version
of the manuscript.
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Article

Positive Periodic Solution of Phytoplankton–Zooplankton
Model on Time Scales

Yan Li and Famei Zheng *

School of Mathematics and Statistics, Huaiyin Normal University, Huaian 223300, China; liyan@hytc.edu.cn
* Correspondence: hystzfm@163.com

Abstract

This paper addresses a phytoplankton–zooplankton model on time scales. Based on a
fixed point theorem of strict-set-contraction, some sufficient conditions are established
for global existence of positive periodic solution to the considered system. Finally, two
examples are presented to illustrate effectiveness of the results. The main purpose of
this paper is to study a more general class of biological system and to investigate the
existence of positive solutions for the aforementioned system using strict-set-contraction
theory. It is interesting that the results of this paper are applicable to both discrete and
continuous systems. Periodic behavior is widely present in biological systems and also
reflects symmetry in nature. Therefore, studying the periodic solutions of biological systems
can help us better understand the dynamic behavior of biological systems.

Keywords: positive periodic solution; existence of periodic solution; phytoplankton–
zooplankton model

1. Introduction

In 2002, Chattopadhyay et al. [1] introduced a toxic phytoplankton–zooplankton
model, as follows:

x′(t) = r1x(t)
(

1 − x(t)
k

)
− ax(t)y(t)

c + x
,

y′(t) = −r2y(t) +
bx(t)y(t)

c + x
,

(1)

where x and y denote toxic phytoplankton and zooplankton populations, respectively, r1 is
the intrinsic growth rate of x, k is the environmental carrying capacity of x, c is the rate of
predation, a is the conversion rate of x, r2 denotes the natural death rate of y, and b is the
conversion rate of y. All coefficients of system (1) are positive constants. Plankton are the
most abundant form of life floating freely near the surfaces of all aquatic environments,
including rivers, lakes, oceans, and estuaries [2,3]. Almost all aquatic life depends on
plankton. Pphytoplankton are the plant forms of plankton community. Zooplankton are
the animals in the plankton community. In the past few decades, studying the release of
toxic substances by phytoplankton has been one of the hot topics. In [1], the authors studied
toxic substances released by plankton, which play an important role. Sarkar and Chat-
topadhyay [4] investigated a toxic phytoplankton–non-toxic phytoplankton–zooplankton
systemwith environmental noises and obtained the dynamic properties of the system.
In [5], a delay differential equation model on harmful algal blooms in the presence of toxic
substances was proposed and analyzed, and the authors described a suitable mechanism to
explain the cyclic nature of the above system. In [6], the effects of the Texas (USA) brown

Symmetry 2026, 18, 45 https://doi.org/10.3390/sym18010045
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tide alga on planktonic grazers were studied. Saha and Bandyopadhyay [7] studied a
toxin-producing phytoplankton–zooplankton system and proved the existence of local
Hopf bifurcation and the existence of stability switching phenomena. Sarkar et al. [8]
studied two producing plankton and their effect on a phytoplankton–zooplankton system.
We list more results for phytoplankton and zooplankton models as follows: stationary
distribution and ergodicity [9], stochastic periodic solution [10], effects of toxin delay on
the dynamics [11], dynamical behaviours [12], and so on.

To the best of the authors’ knowledge, there are few results for system (1) on time
scales. Hence, we study the following non-autonomous phytoplankton–zooplankton model
on time scales:

xΔ(t) = r1(t)x(σ(t))− r1(t)x2(t)
k(t)

− a(t)x(t)y(t)
c(t) + x(t)

,

yΔ(t) = −r2(t)y(σ(t)) +
b(t)x(t)y(t)
c(t) + x(t)

,
(2)

where t ∈ T is a periodic time sale (see [13]), Δ is the delta (or Hilger) derivative, and σ is
the forward jump operator. All coefficients of system (2) are positive periodic functions
with the period ω. For the background material concerning notations and calculus on time
scales, see [14].

We found that research on phytoplankton–zooplankton models is mostly focused
on continuous and stochastic systems, with little attention paid to discrete systems and
systems on time scales. Since the system on the time scale unifies both discrete and
continuous cases, the results of this paper generalize existing related results. In addition,
periodic phenomena are widely present in biological systems, and studying them can
help understand the operational mechanisms of biological systems. Therefore, this article
has high research value in studying positive periodic solutions. We list the following
innovations of this paper:

(1) We first study the existence of a positive periodic solution for a phytoplankton–
zooplankton model on time scales and expand the scope of research for phytoplankton–
zooplankton models.

(2) We develop a fixed-point theorem of strict-set-contraction for studying periodic solu-
tion problems on time scales.

(3) The results of this article are applicable to both discrete and continuous systems.

The remainder of this paper is organized as follows. Section 2 gives the preliminaries.
Section 3 explores the existence of positive periodic solutions of system (2) by using a fixed-
point theorem of strict-set-contraction. In Section 4, we give two examples for illustrating
the main results. Finally, we summarize the entire article and provide possible research
directions for the future.

2. Preliminaries

A time scale T is a nonempty closed subset of real numbers. The forward jump
operator σ, backward jump operator ρ, regressive rd-continuous functions R, and positive
regressive rd-continuous functions R+ can be found in the book [14]. The interval [u, v]T
means [u, v]∩T. The intervals (u, v]T, (u, v)T, and [u, v)T are defined similarly. For s, t ∈ T,

the exponential function eδ(t, s) is defined by eα(t, s) = exp
( ∫ t

s ξμ(v)(α(v))Δv
)

, where

ξμ(v)(α(v)) =

{
1

μ(v) Log(1 + α(v)μ(v)), μ(v) > 0,

α(v), μ(v) = 0,

where μ = σ(t)− t is the graininess function.

https://doi.org/10.3390/sym18010045
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Lemma 1 ([14]). Let ζ, η ∈ R. Then

[1] e0(t, s) ≡ 1 and eζ(t, t) ≡ 1;
[2] eζ(ρ(t), s) = (1 − μ(t)ζ(t))eζ(t, s);
[3] eζ(t, s)eη(t, s) = eζ⊕η(t, s);
[4] eζ(t, s) = 1

eζ (s,t) = e�ζ(s, t);

[5] eζ(t, s)eζ(s, r) = eζ(t, r).

Definition 1 ([13]). A time scale T is periodic if there is T > 0 for each u ∈ T, such that
u ± T ∈ T. For T �= R, the smallest positive T is the period of time scale.

Definition 2 ([13]). Let T �= R be a periodic time scale with the period T. The function f : T → R
is periodic with period γ if there exists a natural number n such that γ = nT, f (γ ± u) = f (γ)
for each u ∈ T. When T = R, f is a periodic function if κ is the smallest positive number, such that
f (x ± κ) = f (x) for each x ∈ T.

Lemma 2. (Schauder’s fixed-point theorem [15]). Let Θ be a closed, convex and nonempty subset
of a Banach space B. Let G : Θ → Θ be a continuous mapping such that GΘ is a relatively compact
subset of B. Then, G has at least one fixed point in Θ.

For obtaining the existence of a periodic solution of system (2), we use a fixed-point
theorem of strict-set-contraction. Let B be a Banach space and P be a cone in B. The
semi-order induced by the cone P is denoted by “≤”, that is, u ≤ v if, and only if, v − u ∈ P.
For a bounded subset Ω ⊂ B, let αB(Ω) be the (Kuratowski) measure of non-compactness,
as follows:

αB(Ω) = inf
{

γ > 0 : there exists a finite number of subsets Ωi ⊂ Ω such that Ω = ∪iΩi, diam(Ωi) < γ

}
,

where diam(Ωi) denotes the diameter of Ωi. Let B and C be two Banach spaces and D ⊂ B.
A continuous and bounded map Γ : Ξ → C is called k−set contractive if for any bounded
set E ⊂ D we have αC(Γ(E)) ≤ kαB(E), where 0 ≤ k < 1, then Γ is strict-set-contractive.

Lemma 3 ([16]). Let P be a cone of the Banach space B and Pr,R = {x ∈ P : r ≤ x ≤ R, R > r > 0}.
Assume that Γ : Pr,R → P is strict-set-contractive such that one of the following two condi-
tions holds:

(i) Γx � x, ∀x ∈ P, ||x|| = r and Γx � x, ∀x ∈ P, ||x|| = R;
(ii) Γx � x, ∀x ∈ P, ||x|| = r and Γx � x, ∀x ∈ P, ||x|| = R. Then Γ has at least one fixed

point in Pr,R.

3. Existence of Positive Periodic Solution

Let

Γ = {u = (u1, u2)
T : ui(t) ∈ C(T,R), ui(t + ω) = ui(t), i = 1, 2}

with the norm ||u|| = max |ui|0, |ui|0 = supt∈T |ui(t)|, i = 1, 2. Obviously, Γ is a Banach
space. Let

P = {u = (u1, u2)
T ∈ Γ : ui(t) ≥ λ|ui|0, t ∈ T, i = 1, 2},

where λ = min{ ρ1
ρ2

, ρ3
ρ4
}, ρi is defined by (5) and (6), i = 1, · · · , 4. From

λ = min{ ρ1
ρ2

, ρ3
ρ4
}, (5) and (6), we have 0 < λ < 1.

https://doi.org/10.3390/sym18010045
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Lemma 4. Assume that −ri ∈ R+, where i = 1, 2, R+ is positive regressive rd−continuous
function space. Then system (2) exists a periodic solution u = (x, y)T if, only if,

x(t) =
1

e�(−r1)
(t, t − ω)− 1

∫ t

t−ω

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
e�(−r1)

(t, s)Δs,

y(t) =
1

e�(−r2)
(t, t − ω)− 1

∫ t

t−ω

[
2r2(s)y(σ(s))− b(s)x(s)y(s)

c(s) + x(s)

]
e�(−r2)

(t, s)Δs.

Proof. Let u = (x, y)T be a periodic solution of system (2). We change the first equation of
system (2) into the following equation:

xΔ(t)− r1(t)x(σ(t)) = − r1(t)x2(t)
k(t)

− a(t)x(t)y(t)
c(t) + x(t)

. (3)

Multiplying both sides of (3) by e−r1(t, 0) and integrating them from t − ω to t, we obtain

∫ t

t−ω
[e−a1(s, 0)u(s)]ΔΔs =

∫ t

t−ω

[
r1(s)x2(s)

k(t)
− a(t)x(s)y(s)

c(s) + x(s)

]
e−r1(s, 0)Δs. (4)

Dividing both sides of (4) by e−r1(t, 0), we have

x(t) =
1

e�(−r1)
(t, t − ω)− 1

∫ t

t−ω

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
e�(−r1)

(t, s)Δs.

Similar to the above proof, we also have

y(t) =
1

e�(−r2)
(t, t − ω)− 1

∫ t

t−ω

[
2r2(s)y(σ(s))− b(s)x(s)y(s)

c(s) + x(s)

]
e�(−r2)

(t, s)Δs.

Since the above proof is reversible, the proof is completed.

For s, t ∈ [0, ω]T = [0, ω] ∩T, by −r1 ∈ R+ we have

e�(−r1)
(t, s) = exp

( ∫ t

s

log(1 +�(−r1(u))μ(u))
μ(u)

Δu
)

= exp
( ∫ t

s

log 1
1−r1(u)μ(u)

μ(u)
Δu
)

.

Thus,

ρ1 := exp
(
−
∫ ω

0

∣∣∣∣ log 1
1−r1(u)μ(u)

μ(u)

∣∣∣∣Δu
)
≤ e�(−r1)

(t, s) ≤ exp
( ∫ ω

0

∣∣∣∣ log 1
1−r1(u)μ(u)

μ(u)

∣∣∣∣Δu
)

:= ρ2. (5)

From the proof of (5), there exist positive constants ρ3, ρ4 such that

ρ3 ≤ e�(−r2)
(t, s) ≤ ρ4, s, t ∈ [0, ω]T, − r2 ∈ R+. (6)

Define the mapping F : P → P by

(Fu)(t) = ((Fx)(t), (Fy)(t))T , t ∈ T, u = (x, y)T ∈ P,

https://doi.org/10.3390/sym18010045
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where

(Fx)(t) =
1

e�(−r1)
(t, t − ω)− 1

∫ t

t−ω

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
e�(−r1)

(t, s)Δs,

(Fy)(t) =
1

e�(−r2)
(t, t − ω)− 1

∫ t

t−ω

[
2r2(s)y(σ(s))− b(s)x(s)y(s)

c(s) + x(s)

]
e�(−r2)

(t, s)Δs.
(7)

Let f (t) ∈ C(T,R) be a bounded function, denote

f+ = sup
t∈T

| f (t)|, f− = inf
t∈T

| f (t)|.

Throughout the entire paper, we need the following assumption:

Hypothesis 1. The following inequality holds:

2r2(t)− b(t) ≥ 0 for t ∈ T.

Since e�(−ri)
(t, t − ω) does not depend on t, let

μi =
1

e�(−ri)
(t, t − ω)− 1

, i = 1, 2, (8)

where μi > 0 is constant.

Lemma 5. Assume that Hypothesis 1 holds, then F : P → P is well defined.

Proof. For u = (x, y)T ∈ P, we have

(Fx)(t + ω) =
1

e�(−r1)
(t + ω, t)− 1

∫ t+ω

t

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
e�(−r1)

(t + ω, s)Δs

=
1

e�(−r1)
(t, t − ω)− 1

∫ t−ω

t

[
r1(u)x2(u)

k(u)
+

a(u)x(u)y(u)
c(u) + x(u)

]
e�(−r1)

(t + ω, u + ω)Δu

=
1

e�(−r1)
(t, t − ω)− 1

∫ t−ω

t

[
r1(u)x2(u)

k(u)
+

a(u)x(u)y(u)
c(u) + x(u)

]
e�(−r1)

(t, u)Δu

= (Fx)(t).

(9)

Similar to the proof of (9), we also have (Fy)(t+ω) = (Fy)(t). Hence, (Fu)(t + ω) = (Fu)(t).
From the first equation of system (7), for u = (x, y)T ∈ P and t ∈ [0, ω]T we have

|Fx|0 ≤ μ1ρ2

∫ ω

0

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
Δs.

Thus,

(Fx)(t) ≥ μ1ρ1

∫ ω

0

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
Δs

≥ ρ1

ρ2
|Fx|0 ≥ λ|Fx|0.

(10)

In view of Hypothesis 1, for u ∈ P and t ∈ [0, ω]T, we have

2r2(t)y(σ(t))− b(t)x(t)y(t)
c(t) + x(t)

≥
(

2r2(t)− b(t)
)

λ|y|0 ≥ 0
(11)

https://doi.org/10.3390/sym18010045
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and (Fy)(t) ≥ 0. Similar to the proof of (10), by (11) we have

(Fy)(t) ≥ ρ3

ρ4
|Fy|0 ≥ λ|Fy|0. (12)

From (9), (10) and (12), the proof is completed.

Let ΞR = {u = (u1, u2)
T ∈ Γ : |ui|0 < R, i = 1, 2} and

k = max
{

μ1ρ2
r+1 ω

k− 2R +
μ1ρ2a+ω

(c−)2 (2c+R + R2), 2μ2ρ4r+2 ω +
μ2ρ4b+ω

(c−)2 (2c+R + R2)

}
,

where ρ2 and ρ4 are defined by (5) and (6), μ1 and μ2 are defined by (8).

Lemma 6. Assume that Hypothesis 1 holds and k < 1, then F : P ∩ ΞR → P is strict-set-contractive.

Proof. Obviously, F is continuous and bounded on P ∩ ΞR. Now, we show
αΓ(F(E)) ≤ kαΓ(E), where E ⊂ ΞR. Let ξ = αΓ(E). For any positive constant ε < kξ,
there is a finite family of subsets Ei with E = ∪iEi and diam(Ei) < ξ + ε. For
u1 = (x1, y1)

T , u2 = (x2, y2)
T ∈ Ei, we have

|x1 − x2|0 ≤ ξ + ε and |y1 − y2|0 ≤ ξ + ε. (13)

For u1 = (x1, y1)
T , u2 = (x2, y2)

T ∈ Ei, t ∈ [0, ω]T, by (13), we have

|(Fx1)(t)− (Fx2)(t)| ≤ μ1ρ2

∫ ω

0

r1(s)|x2
1(s)− x2

2(s)|
k(s)

Δs

+ μ1ρ2

∫ ω

0

∣∣∣∣ a(s)x1(s)y1(s)
c(s) + x1(s)

− a(s)x2(s)y2(s)
c(s) + x2(s)

∣∣∣∣Δs

≤ μ1ρ2
r+1 ω

k− 2R(ξ + ε) + μ1ρ2a+
∫ ω

0

∣∣∣∣ x1(s)y1(s)
c(s) + x1(s)

− x2(s)y2(s)
c(s) + x2(s)

∣∣∣∣Δs.

(14)

Considering the term
∣∣∣∣ x1(s)y1(s)

c(s)+x1(s)
− x2(s)y2(s)

c(s)+x2(s)

∣∣∣∣ in (14), we have∣∣∣∣ x1(s)y1(s)
c(s) + x1(s)

− x2(s)y2(s)
c(s) + x2(s)

∣∣∣∣ = ∣∣∣∣ c(s)[x1(s)y1(s)− x2(s)y2(s)] + x1(s)x2(s)[y1(s)− y2(s)]
(c(s) + x1(s))(c(s) + x2(s))

∣∣∣∣
≤ 1

(c−)2

(
c+R(|x1(s)− x2(s)|+ |y1(s)− y2(s)|) + R2|y1(s)− y2(s)|

)
≤ 1

(c−)2 (2c+R + R2)(ξ + ε).

(15)

From (14) and (15), we have

|(Fx1)(t)− (Fx2)(t)| ≤
(

μ1ρ2
r+1 ω

c− 2R +
μ1ρ2a+ω

(c−)2 (2c+R + R2)

)
(ξ + ε). (16)

By (15), we also have

|(Fy1)(t)− (Fy2)(t)| ≤
(

2μ2ρ4r+2 ω +
μ2ρ4b+ω

(c−)2 (2c+R + R2)

)
(ξ + ε). (17)

From (16) and (17), we have
||Fu|| ≤ k(ξ + ε).

https://doi.org/10.3390/sym18010045
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As ε is arbitrarily small, it follows that αΓ(F(E)) ≤ kαΓ(E). Therefore, F is strict-set-
contractive.

Theorem 1. Assume that Hypothesis 1 holds and k < 1. Then, system (2) has at least one positive
ω−periodic solution, provided that

μ2ρ4ω

(
2r+2 − b−λ2r

c+ + 1

)
< λ and μ2ρ3ω(2r+2 − b+)λ > 1. (18)

Proof. Let R > k+

μ1ρ1ωλ2r−1
1

, r < min{ λ
μ1ρ2ω

( r+1
k− + a+

c−
)−1, 2r+2 (c++1)

b−λ2 , 1}, where 0 < r < R.

Based on Lemma 6, F is strict-set-contractive on Pr,R. Considering Lemma 5, if there is a
point u∗ = (x∗, y∗)T ∈ P such that Fu∗ = u∗, then u∗ is one positive periodic solution of
system (2). We first show that Fu � u, ∀u = (x, y)T ∈ P, ||u|| = r. Otherwise, there exists
u = (x, y)T ∈ P with ||u|| = r such that Fu ≥ u.

Case 1: ||u|| = |x|0 = r. Since Fu ≥ u, then (Fu − u) ∈ P. Thus,

(Fx)(t)− x(t) ≥ λ|Fx − x|0. (19)

We also have

|Fx|0 ≤ μ1ρ2

∫ ω

0

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
Δs

≤ μ1ρ2ωr
(

r+1
k− +

a+

c−

)
|x|0

< λ|x|0.

(20)

From (19) and (20), we have
|x|0 ≤ |Fx|0 < |x0|

which is a contradiction.
Case 2: ||u|| = |y|0 = r. Since Fu ≥ u, then (Fu − u) ∈ P. Thus,

(Fy)(t)− y(t) ≥ λ|Fy − y|0. (21)

By (18), we have

|Fy|0 ≤ μ2ρ4

∫ ω

0

[
2r2(s)y(σ(s))− b(s)x(s)y(s)

c(s) + x(s)

]
Δs

≤ μ2ρ4ω

(
2r+2 − b−λ2r

c+ + 1

)
|y|0

< λ|y|0.

(22)

From (21) and (22), we have
|y|0 ≤ |Fy|0 < |y0|

which is a contradiction. Next, we show that Fu � u, ∀u ∈ P, ||u|| = R. Otherwise, there
exists u = (x, y)T ∈ P with ||u|| = R such that Fu ≤ u.

Case 1: ||u|| = |x|0 = R. Since Fu ≤ u, then (u − Fu) ∈ P. Thus,

x(t)− (Fx)(t) ≥ λ|x − Fx|0. (23)

https://doi.org/10.3390/sym18010045
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Furthermore, for t ∈ [0, ω]T, we have

|Fx|0 ≥ μ1ρ1

∫ ω

0

[
r1(s)x2(s)

k(s)
+

a(s)x(s)y(s)
c(s) + x(s)

]
Δs

≥ μ1ρ1ωλ2R2 r−1
k+

> R.

(24)

From (23) and (24), we have
R < |Fx|0 ≤ R

which is a contradiction.
Case 2: ||u|| = |y|0 = R. Since Fu ≤ u, then (u − Fu) ∈ P. Thus,

y(t)− (Fy)(t) ≥ λ|Fy − y|0. (25)

Furthermore, for t ∈ [0, ω]T, by (18), we have

|Fy|0 ≥ μ2ρ3

∫ ω

0

[
2r2(s)y(σ(s))− b(s)x(s)y(s)

c(s) + x(s)

]
Δs

≥ μ2ρ3ω(2r+2 − b+)λR

> R.

(26)

From (25) and (26), we have
R < |Fy|0 ≤ R

which is a contradiction. By Lemma 3, F has at least one nonzero fixed point in P. Therefore,
system (2) has at least one positive periodic solutions.

Remark 1. In general, Mawhin’s continuation theorem of coincidence degree theory can be used
for studying the existence of periodic solutions to differential equation, see [17–21]. However,
Mawhin’s continuity theorem struggles to estimate the prior bounds of solutions when studying the
existence of positive periodic solutions. Therefore, this article uses a fixed-point theorem of strict-
set-contraction to study the existence of positive solutions for system (2), which can overcome the
above difficulties. In fact, in recent years, with the continuous development of strict-set-contraction
theory, a large number of achievements have been published. In [22], the authors used fixed-point
theorems for studying fractional and differential equations. Proinov [23] obtained a new fixed
point theorems assuming that the operator T satisfies a contractive-type condition, the results
extended and unified many earlier results. Mehmood and Ahmad [24] applied strict-set-contraction
theory for studying fractional order boundary value problem with nonlocal non-separated-type
multi-point integral boundary conditions In [25], fixed points and continuity of contractive maps
were systematically investigated.

4. Examples

Example 1. For the case t ∈ R, consider the following system:

x′(t) = r1(t)x(t)− r1(t)x2(t)
k(t)

− a(t)x(t)y(t)
c(t) + x(t)

,

y′(t) = −r2(t)y(t) +
b(t)x(t)y(t)
c(t) + x(t)

,
(27)

where

https://doi.org/10.3390/sym18010045
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r1(t) = 9 + 2 cos 200πt, r2(t) = 6 + 4 sin 200πt, a(t) = 0.03 + 0.02 cos 200πt,

b(t) = 4 + cos 200πt, c(t) = 0.1 × 10−5 + 0.05 × 10−5 sin 200πt, k(t) = 2 × 10−5 + 10−5 cos 200πt.

By simple calculation, we have

r+1 = 11, r−1 = 7, r+2 = 10, r−2 = 2, a+ = 0.05, a− = 0.01, b+ = 5,

b− = 3, c+ = 0.15 × 10−5, c− = 0.05 × 10−5, k+ = 3 × 10−5, k− = 10−5.

ω = 0.01, μ1 ≈ 11, μ2 ≈ 16, ρ1 ≈ 0.91, ρ2 ≈ 1.09, ρ3 ≈ 0.94, ρ4 ≈ 1.06, λ ≈ 0.89.

Choosing r = 7, R = 8.5, we obtain

μ2ρ4ω

(
2r+2 − b−λ2r

c+ + 1

)
≈ 0.54 < λ and μ2ρ3ω(2r+2 − b+)λ ≈ 1.56 > 1.

Then, all conditions of Theorem 1 hold, so system (27) has a positive periodic solution. The simulation
of the positive periodic solution to system (27) is given as Figure 1. It follows from Figure 1 that the
solution of system (27) is positive periodic.

Figure 1. Positive periodic solution to system (27).

Example 2. For the case k ∈ Z, consider the following system:

Δx(k) = r1(k)x(σ(k))− r1(k)x2(k)
k(k)

− a(k)x(k)y(k)
c(k) + x(k)

,

Δy(k) = −r2(k)y(σ(k)) +
b(k)x(k)y(k)
c(k) + x(k)

,
(28)

where Δ is forward difference,

r1(k) = 10 + 2 cos 100πk, r2(k) = 5 + 3 sin 100πk, a(k) = 0.04 + 0.02 cos 100πk,

https://doi.org/10.3390/sym18010045
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b(k) = 3 + cos 100πk, c(k) = 0.1 × 10−5 + 0.05 × 10−5 sin 100πk, k(k) = 2 × 10−5 + 10−5 cos 100πk.

By simple calculation, we have

r+1 = 12, r−1 = 8, r+2 = 8, r−2 = 3, a+ = 0.06, a− = 0.02, b+ = 4,

b− = 2, c+ = 0.15 × 10−5, c− = 0.05 × 10−5, k+ = 3 × 10−5, k− = 10−5.

ω = 0.02, μ1 ≈ 4.5, μ2 ≈ 10, ρ1 ≈ 0.82, ρ2 ≈ 1.22, ρ3 ≈ 0.9, ρ4 ≈ 1.1, λ ≈ 0.67.

Choosing r = 17, R = 17.5, we obtain

μ2ρ4ω

(
2r+2 − b−λ2r

c+ + 1

)
≈ 0.65 < λ and μ2ρ3ω(2r+2 − b+)λ ≈ 1.68 > 1.

Then, all conditions of Theorem 1 hold, so system (28) has a positive periodic solution. The simulation
of the positive periodic solution to system (28) is given as Figure 2. It follows from Figure 2 that the
solution of system (28) is positive periodic.

Figure 2. Positive periodic solution to system (28).

5. Conclusions

In practical systems, the variation in the parameters of such systems is not always
continuous. Therefore, studying the dynamic behavior of systems on time scales has
important value. In this paper, some criteria are established for the existence of positive
periodic solutions for system (2). In future research, we will focus on more complex
phytoplankton–zooplankton models, including pulse models, random models, and so on.
The theoretical and numerical results in the present paper show the following:

• The prerequisite for the existence of positive periodic solutions in system (2) is that the
verification operator F is strict-set-contractive. In this article, we verify that operator F
is strict-set-contractive under the condition that the parameters of system (2) satisfy
simple conditions. The set-contractive theorem has important applications in non-
linear systems, and its development has promoted the research and development of
nonlinear systems, with a large number of achievements emerging, see [26–30]. This
article extends the application of the compression theorem to time-scale dynamical

https://doi.org/10.3390/sym18010045
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systems and obtains the existence conditions of positive periodic solutions under
simple conditions. For more recent references of dynamic equations, see [31–37].

• From Figures 1 and 2, it can be observed that under the condition of satisfying
Theorem 1, system (2) has both continuous and discrete positive periodic solutions.
This study expands the scope of research on phytoplankton–zooplankton systems and
deepens researchers’ understanding and recognition of the system.

• Considering the practical significance of phytoplankton–zooplankton systems, the
solution of system (2) must be positive. In order to obtain the existence of positive
solutions, we constructed a suitable Banaach space P and verified that the operators
defined on it are reasonable. Lemma 5 provides a rigorous proof. Of course, we
can also use other methods to study the periodic solutions of system (2), such as
topological theory, critical point theorem, etc. In future work, we will consider the
application of these methods in studying system (2).
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Abstract: In biological models exhibiting symmetric interactions within each compartmen-
tal group, threshold dynamics are typically governed by a key parameter known as the
basic reproduction number R0. The stability of an equilibrium often hinges on whether
R0 is greater than or less than one. However, general results for stability at the critical
threshold—when R0 equals one—remain scarce. In this paper, we establish two theorems to
analyze the stability of both trivial and boundary equilibria under this threshold condition.
Our results provide explicit expressions for the threshold parameters in terms of partial
derivatives of the nonlinear reaction function, making them readily applicable to a wide
range of biological systems.

Keywords: stability; biological systems; threshold dynamics; basic reproduction number;
equilibrium

1. Introduction

In many biological systems exhibiting symmetry in birth and death rates across
subpopulations, one should define the basic reproduction number based on the Jacobian
matrix obtained by linearizing the system about an equilibrium point. For instance, consider
a multigroup or multistage ecological model.

u′(t) = f (u(t)), (1)

where u(t) ∈ Rn
+ denotes the population densities at t ≥ 0, and f ∈ C2(Rn

+,Rn) with
f (0) = 0. The Jacobian matrix of the system about the trivial equilibrium 0 is given by

A = f ′(0) ∈ Rn×n. (2)

Assume that A is cooperative: all off-diagonal entries of A are non-negative. Furthermore,
assume that A is irreducible: there does not exist a permutation matrix P ∈ Rn×n such
that PT AP is a block upper triangular matrix, or equivalently, for any j, k = 1, · · · , n, there
exists m such that the (j, k) entry of Am is nonzero, namely, (Am)jk �= 0. Let

A = F − V (3)

be a regular splitting Section 3.6 of ref. [1] in the sense that F ∈ Rn×n
+ is a non-negative

matrix containing the birth/growth rates of the species and the transition/development
rates between different groups/stages, and V ∈ Rn×n is an invertible matrix that includes
the death/removal rates of species with a non-negative inverse matrix V−1 ∈ Rn×n

+ . We

Symmetry 2025, 17, 1193 https://doi.org/10.3390/sym17081193
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can define the basic reproduction number as the spectral radius of the next-generation
matrix FV−1; that is,

R0 := ρ(FV−1) = ρ(V−1F); (4)

see [2,3]. It is well known that the following threshold dynamics holds:

(i) if R0 < 1, then the spectral bound s(A) is negative and the trivial equilibrium 0 is
locally asymptotically stable;

(ii) if R0 > 1, then s(A) > 0 and the trivial equilibrium 0 becomes unstable.

The biological interpretation of this result is that the species will survive if the basic
reproduction number R0 exceeds the threshold value 1 and will be extinct if R0 < 1. A nat-
ural question is what if R0 = 1. Will the trivial equilibrium 0 be stable or unstable under the
threshold condition when the basic reproduction number is equal to one? The objective of
this work is to provide a criterion for the stability of 0 under threshold conditions. Note that
if R0 = 1 then s(A) = 0 is the principal eigenvalue of A with a non-trivial and non-negative
eigenvector u0 ∈ Rn

+. In this case, the linearized system u′(t) = Au(t) possesses infinitely
many equilibrium points cu0 with c ≥ 0. Thus, a linear approximation is not sufficient to
determine the stability of 0 for the original system. To resolve this issue, we shall consider
the second-order approximation of the function f and investigate the normal form of (1) in
the center manifold of the equilibrium point 0.

In many applications, in particular for disease models or predator-prey systems, we
shall linearize the system about the disease-free equilibrium or predator-free equilibrium
to define the basic reproduction number R0. We will also investigate the stability of the
boundary equilibrium point under the threshold condition R0 = 1.

Throughout this paper, we say a vector (or matrix) is non-negative if each component
of the vector (or matrix) is non-negative. We use Rn

+ and Rn×n
+ to denote the sets of

non-negative (column) vectors and non-negative square matrices, respectively. We say a
vector (or matrix) is positive if each component of the vector (or matrix) is positive. Given
f ∈ C2(Rn

+,Rn), the first-order (Fréchet) derivative of f is denoted as f ′ ∈ C1(Rn
+,Rn×n)

such that
f ′ij(x) =

∂ fi
∂xj

(x),

for any x ∈ Rn
+ and i, j = 1, · · · , n. For each component fi ∈ C2(Rn,R), the second-order

(Fréchet) derivative of fi is denoted as f ′′i ∈ C(Rn
+,Rn×n) such that

f ′′ijk(x) =
∂2 fi

∂xj∂xk
(x),

for any x ∈ Rn
+ and i, j, k = 1, · · · , n. For any square matrix M ∈ Rn×n, the spectral radius

ρ(M) is defined as the maximum of the absolute values of its eigenvalues, while the spectral
bound s(M) is the maximum of the real parts of its eigenvalues. For any x ∈ Rn and ε > 0,
we defined Bε(x) the open ball of all vectors whose Euclidean distance to x is less than ε.

For a mathematical model in biological systems, we provide a rigorous definition for
the local asymptotic stability of the trivial equilibrium or a boundary equilibrium.

Definition 1. Consider the system (1) with f ∈ C(Rn
+,Rn) and an equilibrium point ū ∈ Rn

+

satisfying f (ū) = 0. Assume that Rn
+ is positively invariant; that is, u(0) ∈ Rn

+ implies
u(t) ∈ Rn

+ for all t ≥ 0. We say ū is locally asymptotically stable (in Rn
+) if the following

conditions are satisfied:

1. (stability) For any ε > 0 there exists δ > 0 such that u(0) ∈ Bδ(ū) ∩ Rn
+ implies

u(t) ∈ Bε(ū) for all t ≥ 0.

16
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2. (attractivity) There exists δ > 0 such that u(0) ∈ Bδ(ū) ∩Rn
+ implies that u(t) → ū as

t → ∞.

We say ū is unstable if there exists ε > 0 such that for any δ > 0, we can find an initial value
u(0) ∈ Bδ(ū) ∩Rn

+ and a time t1 ≥ 0 such that u(t1) /∈ Bε(ū).

Remark 1. Comparing with the traditional definition of local asymptotic stability of an equilibrium,
we have used Bδ(ū) ∩Rn

+, instead of Bδ(ū), in Definition 1. If ū is an interior equilibrium with
positive components, then it is unnecessary to make this modification because Bδ(ū) ⊂ Rn

+ for
sufficiently small δ > 0. However, if ū is the trivial equilibrium or a boundary equilibrium with
some components being zero, then we should replace Bδ(ū) with Bδ(ū) ∩ Rn

+. This is because,
in biological systems, we are only interested in the non-negative solutions.

2. Stability of Trivial Equilibrium

In this section, we consider the system (1) with the following biologically reason-
able assumptions:

(A1) f ∈ C2(Rn
+,Rn) with f (0) = 0.

(A2) Rn
+ is positively invariant; that is, u(0) ∈ Rn

+ implies u(t) ∈ Rn
+ for all t ≥ 0.

(A3) A = f ′(0) ∈ Rn×n is cooperative and irreducible.
(A4) There exists a regular splitting A = F − V , where F ∈ Rn×n

+ is non-negative and V
is invertible with a non-negative inverse V−1 ∈ Rn×n

+ .

The following lemma plays a crucial role in the proof of our theorem.

Lemma 1. Consider a scalar equation

y′(t) = h(y(t)), (5)

where h ∈ C2(R+) with h(0) = 0 and h′(0) = 0. Then 0 is locally asymptotically stable (in R+)
if h′′(0) < 0 and unstable if h′′(0) > 0.

Proof. It is readily seen from f (0) = 0 that R+ is positively invariant; that is, y(0) ≥ 0
implies y(t) ≥ 0 for all t ≥ 0.

If h′′(0) < 0, then there exist α > 0 and δ > 0 such that h′′(y) ≤ −2α for all y ∈ [0, δ].
By Taylor expansion, we obtain

h(y) =
h′′(ξ)

2
y2 ≤ −αy2,

for all y ∈ [0, δ], where ξ ∈ [0, y] depends on y. If y(0) ∈ (0, δ], then

y′(0) = h(y(0)) ≤ −αy(0)2 < 0.

The positive invariance of R+ implies that y(t) > 0 for all t ≥ 0. We claim that y′(t) < 0
for all t ≥ 0. If not, there exists t1 > 0 such that y′(t) < 0 for all t ∈ [0, t1) and y′(t1) = 0.
Hence, we obtain 0 < y(t1) < y(0) ≤ δ, which implies

y′(t1) = h(y(t1)) ≤ −αy(t1)
2 < 0,

a contradiction to y′(t1) = 0. Therefore, we have proved that if y(0) ∈ (0, δ], then y(t) is
always positive and strictly decreasing in t. Denote

c := lim
t→∞

y(t) ∈ [0, δ].

17
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It follows from

0 = lim
t→∞

y′(t) = h(c) ≤ −αc2 ≤ 0

that c = 0. Thus, 0 attracts the interval [0, δ]. Moreover, since the interval [0, α] is positively
invariant for any ε ∈ (0, δ), 0 is locally asymptotically stable.

Now we assume h′′(0) > 0. A similar application of the continuity of h′′ and Taylor
expansion guarantees the existence of two small positive numbers β > 0 and σ > 0
such that

h(y) ≥ βy2,

for all y ∈ [0, σ]. For any ε > 0, we choose y(0) = min{ε, σ} > 0 and prove by contradiction
that y(t2) > σ for some t2 > 0. Assume y(t) ≤ σ for all t ≥ 0. The positive invariance of
R+ implies y(t) > 0 for all t ≥ 0. Hence,

y′(t) = h(y(t)) ≥ βy(t)2,

for all t ≥ 0. Solving the above differential inequality yields

1
y(0)

− 1
y(t)

≥ βt.

The left-hand side is bounded by 1/y(0) while the right-hand side can be arbitrarily large.
This leads to a contradiction. Therefore, 0 is unstable.

Remark 2. In Lemma 1, we say 0 is locally asymptotically stable (in R+) when it satisfies the
conditions given in Definition 1. Note that if f ′′(0) < 0, then 0 attracts solutions from the interval
(0, δ) for sufficiently small δ > 0 while repelling those in the interval (−ε, 0) for sufficiently small
ε > 0. This phenomenon is called semi-stable or half-stable in some literature or textbooks [4].
However, since we are only interested in the non-negative solutions in biological systems, it is more
convenient and common to say that 0 is locally asymptotically stable (in R+); see Remark 1.

Now, we are ready to state our first main theorem.

Theorem 1. Consider the system (1) under the assumptions (A1)–(A4). Define R0 = ρ(FV−1) =

ρ(V−1F). If R0 = 1, then we have s(A) = 0 and it is a simple eigenvalue of A with a positive left
eigenvector α ∈ Rn and a positive right eigenvector β ∈ Rn such that

αT A = 0, Aβ = 0, αT β = 1.

Denote

λ :=
n

∑
i=1

n

∑
j=1

n

∑
k=1

αi f ′′ijk(0)β jβk.

Then the trivial equilibrium 0 is locally asymptotically stable (in Rn
+) if λ < 0 and unstable if

λ > 0.

Proof. By (A4), the matrix FV−1 is non-negative. Hence, the Perron–Frobenius theorem im-
plies that R0 = ρ(FV−1) = 1 is an eigenvalue of FV−1 with a non-negative left eigenvector
α ∈ Rn

+; namely,
αT FV−1 = R0αT .
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From R0 = 1, we have αT F = αTV and hence

αT A = αT(F − V) = 0.

Since A is cooperative by (A3), there exists c > 0 such that B := cI + A is non-negative.
The above equation shows that c > 0 is an eigenvalue of B with a non-negative left
eigenvector c. Again, by Perron–Frobenius theorem, c = ρ(B) is a simple eigenvalue of B
and c is a positive left eigenvector. Consequently, 0 is a simple eigenvector of A. If μ ∈ C is
any eigenvalue of A, then μ + c is an eigenvalue of B and |μ + c| ≤ c. Therefore, we have
Re(μ + c) ≤ c and Re μ ≤ 0; namely, s(A) = 0.

Now, we restrict the dynamics of (1) to the center manifold that is locally represented by

w = αTu = α1u1 + · · ·+ αnun.

Assume ui = βiw + O(w2). Then we have from (1) and Taylor expansion

w′ =
n

∑
i=1

αi fi(u) =
n

∑
i=1

n

∑
j=1

αi f ′ij(0)β jw + O(w2).

Recall that A = f ′(0) and αT A = 0, the first/linear term on the right-hand side of the
above equation vanishes. Hence, we have w′ = O(w2). To determine the coefficient of the
quadratic term, we shall make use of (1) and Taylor expansion again to obtain for each
i = 1, · · · , n,

u′
i = fi(u) =

n

∑
j=1

f ′ij(0)β jw + O(w2).

From ui = βiw + O(w2) and w′ = O(w2), we have u′
i = O(w2). Hence, the first/linear

term on the right-hand side of the above equation should be zero; that is,

n

∑
j=1

f ′ij(0)β j = 0, i = 1, · · · , n.

This implies that β = (β1, · · · , βn)T ∈ Rn is a right eigenvector of A with respect to the
eigenvector 0. From non-negativeness of u and positiveness of α, we obtain w ≥ 0. Hence,
we shall choose β to be positive. Moreover, since w = αTu = αT βw + O(w2), the left
eigenvector α and the right eigenvector β are normalized by the condition αT β = 1.

Finally, we obtain from (1) and f ∈ C2(Rn
+,Rn) that

w′ =
n

∑
i=1

αi fi(u) =
1
2

n

∑
i=1

n

∑
j=1

n

∑
k=1

αi f ′′ijk(0)β jβkw2 + o(w2).

The result is a direct application of Lemma 1 and the equivalence of the dynamics of (1)
and its restriction on the center manifold [5,6].

Remark 3. In real applications, the normalization condition αT β = 1 can be released because any
multiplication by a positive constant does not affect the sign of the stability parameter λ.

3. Stability of Boundary Equilibrium

In this section, we consider the following system

u′(t) = f (u(t), v(t)), (6)

v′(t) =g(u(t), v(t)), (7)
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where u(t) ∈ Rn
+, v(t) ∈ Rm

+, f ∈ C2(Rn+m
+ ,Rn) and g ∈ C2(Rn+m

+ ,Rm). Assume (0, v̄) ∈
Rn+m
+ is a boundary equilibrium such that f (0, v̄) = 0 and g(0, v̄) = 0. Denote the partial

derivative of f with respect to u and v at the boundary equilibrium (0, v̄) by

A = Du f (0, v̄) ∈ Rn×n, B = Dv f (0, v̄) ∈ Rn×m (8)

such that
Aij =

∂ fi
∂uj

(0, v̄), i, j = 1, · · · , n, (9)

and
Bip =

∂ fi
∂vp

(0, v̄), i = 1, · · · , n, p = 1, · · · , m. (10)

Denote the partial derivative of g with respect to u and v at the boundary equilibrium
(0, v̄) by

C = Dug(0, v̄) ∈ Rm×n, D = Dvg(0, v̄) ∈ Rm×m (11)

such that

Cpi =
∂gp

∂ui
(0, v̄), p = 1, · · · , m, i = 1, · · · , n, (12)

and

Dpq =
∂gp

∂vq
(0, v̄), p, q = 1, · · · , m. (13)

Similarly to Assumptions (A1)–(A4), we make the following assumptions.

(B1) f ∈ C2(Rn+m
+ ,Rn) and g ∈ C2(Rn+m

+ ,Rm) with f (0, v̄) = 0, where v̄ ∈ Rm
+.

(B2) Rn+m
+ is positively invariant; that is, u(0) ∈ Rn

+ and v(0) ∈ Rm
+ implies u(t) ∈ Rn

+

and v(t) ∈ Rm
+ for all t ≥ 0.

(B3) A = Du f (0, v̄) ∈ Rn×n is cooperative and irreducible.
(B4) There exists a regular splitting A = F − V , where F ∈ Rn×n

+ is non-negative and V
is invertible with a non-negative inverse V−1 ∈ Rn×n

+ .

In addition to (B1)–(B4), we also assume that

(B5) B = Dv f (0, v̄) = 0 ∈ Rn×m; namely,

∂ fi
∂vp

(0, v̄) = 0,

for any i = 1, · · · , n and p = 1, · · · , m.
(B6) D = Dvg(0, v̄) ∈ Rm×m is invertible.

Our second main theorem is presented below.

Theorem 2. Consider the system (6) and (7) under the assumptions (B1)–(B6). Define R0 =

ρ(FV−1) = ρ(V−1F). If R0 = 1, then we have s(A) = 0 and it is a simple eigenvalue of A with a
positive left eigenvector α ∈ Rn and a positive right eigenvector β ∈ Rn such that

αT A = 0, Aβ = 0, αT β = 1.

Denote δ := −D−1Cβ ∈ Rm and

λ :=
n

∑
i=1

αi

[ n

∑
j=1

n

∑
k=1

∂2 fi
∂uj∂uk

(0, v̄)β jβk + 2
n

∑
j=1

m

∑
p=1

∂2 fi
∂uj∂vp

(0, v̄)β jδp

+
m

∑
p=1

m

∑
q=1

∂2 fi
∂vp∂vq

(0, v̄)δpδq

]
.
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Then the boundary equilibrium (0, v̄) is locally asymptotically stable (in Rn
+) if λ < 0 and unstable

if λ > 0.

Proof. Similarly as in the proof of Theorem 1, we can show that s(A) = 0 and it is a simple
eigenvalue of A with a positive left eigenvector α ∈ Rn such that αT A = 0.

Now, we restrict the dynamics of (6) and (7) to the center manifold that is locally
represented by

w = αTu = α1u1 + · · ·+ αnun,

with ui = βiw + O(w2) for i = 1, · · · , n and vp = v̄p + δpw + O(w2) for p = 1, · · · , m.
Applying the Taylor expansion to (6) yields

u′
i =

n

∑
j=1

∂ fi
∂uj

(0, v̄)uj +
m

∑
p=1

∂ fi
∂vp

(0, v̄)(vp − v̄p) + O(w2).

By (B3), we have Du f (0, v̄) = A. By (B5), we have Dv f (0, v̄) = 0. It then follows from
αT A = 0 and w = αTu that

w′ =
n

∑
i=1

αiu′
i = O(w2).

A combination of ui = βiw + O(w2) and the above two equations gives

n

∑
j=1

∂ fi
∂uj

(0, v̄)β j = 0, i = 1, · · · , n.

This implies that β = (β1, · · · , βn)T ∈ Rn is a right eigenvector of A with respect to the
eigenvector 0. We choose β to be positive and normalize it such that αT β = 1.

Next, we apply the Taylor expansion to (7) and find

v′p =
n

∑
i=1

∂gp

∂ui
(0, v̄)ui +

m

∑
q=1

∂gp

∂vq
(0, v̄)(vq − v̄q) + O(w2).

Since ui = βiw + O(w2) and vq = v̄q + δqw + O(w2), we rewrite the above equation as

v′p =
n

∑
i=1

∂gp

∂ui
(0, v̄)βiw +

m

∑
q=1

∂gp

∂vq
(0, v̄)δqw + O(w2).

In view of vp = v̄p+δpw +O(w2) and w′ = O(w2), the left-hand side of the above equation
is of order O(w2). Hence, the linear term on the right-hand side of the above equation
vanishes, that is,

n

∑
i=1

∂gp

∂ui
(0, v̄)βi +

m

∑
q=1

∂gp

∂vq
(0, v̄)δq = 0,

for all p = 1, · · · , m. On account of the definitions of matrices C and D in (11), the above
system can be written in matrix form:

Cβ + Dδ = 0.

By (B6), D is invertible and we have

δ = −D−1Cβ.
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Finally, we obtain from (6) and f ∈ C2(Rn+m
+ ,Rn) that

w′ =
n

∑
i=1

αi fi(u, v)

=
1
2

n

∑
i=1

αi

[ n

∑
j=1

n

∑
k=1

∂2 fi
∂uj∂uk

(0, v̄)β jβk + 2
n

∑
j=1

m

∑
p=1

∂2 fi
∂uj∂vp

(0, v̄)β jδp

+
m

∑
p=1

m

∑
q=1

∂2 fi
∂vp∂vq

(0, v̄)δpδq

]
w2 + o(w2).

Since the dynamics of (6) and (7) is equivalent to the dynamics of its restriction on the center
manifold [5,6], we obtain our desired result from a direct application of Lemma 1.

Remark 4. Similar as in Remark 3, we may release the normalization condition αT β = 1 in real
applications. It is also noted that Theorem 1 is a special case of Theorem 2 if we set m = 0.

4. Applications

We consider the age structure model of a biological species that exhibits asymmetry
between the immature and mature population densities, denoted by u1 and u2, respectively.
The dynamics of these two compartments are governed by the equations

u′
1(t) =

ru2(t)
1 + u2(t)/H

− d1u1(t)− σu1(t), (14)

u′
2(t) =σu1(t)− d2u2(t), (15)

where r is the intrinsic birth rate, σ is the maturation rate, and d1 and d2 are the death rates
of immature and mature population, respectively. Note that asymmetry is introduced by
assuming different death rates for the immature and mature groups. The nonlinear birth
function is modeled by the Holling type function ru2/(1 + u2/H), which is a decreasing
function of the mature population u2, where H denotes the density of mature population
when the birth rate is reduced to half the intrinsic birth rate r/2. Denote the right-hand side
of the above system by a vector-valued function f ∈ C2(R2

+,R2). Linearizing the above
system about the trivial equilibrium 0 ∈ R2, we obtain the Jacobian matrix

A = f ′(0) =
(
−d1 − σ r

σ −d2

)
.

We use the regular splitting A = F − V, where

F :=

(
0 r
0 0

)

is the matrix of birth, while

V :=

(
d1 + σ 0
−σ d2

)
is the matrix of death and maturation. Hence, the basic reproduction number R0 is defined
as the spectral radius of the next-generation matrix

FV−1 =

(
rσ/[(d1 + σ)d2] r/d2

0 0

)
;
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that is,

R0 = r · σ

d1 + σ
· 1

d2
,

where r is the intrinsic birth rate, σ/(d1 + σ) is the probability of maturation, and 1/d2 is
the average lifespan of the mature population. It is easily seen that (A1)–(A4) are satisfied.
Now, we assume that R0 = 1, that is, rσ = (d1 + σ)d2. The spectral bound of the Jacobian
matrix A is 0 and it is an eigenvalue associated with a positive left eigenvector α = (d2, r)T

and a positive right eigenvector β = (d2, σ)T . As mentioned in Remark 3, we do not need
to normalize the inner product αT β. A simple calculation gives

f ′′2jk(0) = 0, j = 1, 2, k = 1, 2,

and
f ′′111(0) = f ′′112(0) = f ′′121(0) = 0,

and
f ′′122(0) = − r

H
.

Consequently,

λ =
2

∑
i=1

2

∑
j=1

2

∑
k=1

αi f ′′ijk(0)β jβk = α1 f ′′122β2
2 = −d2σ2r

H
< 0.

Based on Theorem 1, we have the following result.

Proposition 1. If R0 = 1, then the trivial equilibrium 0 ∈ R2 of the system (14) and (15) is locally
asymptotically stable in R2

+.

The above result is illustrated in Figure 1.
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Figure 1. The trivial equilibrium 0 of the system (14) and (15) is locally asymptotically stable for
R0 = 1. The model parameters are chosen as H = 1, r = 2, d1 = 2, σ = 2, d2 = 1.

23



Symmetry 2025, 17, 1193

Next, we consider the infectious disease model with four compartments: suscepti-
ble (S), exposed (E), infectious (I) and recovered (R) populations. The dynamical system is
given by

S′(t) =b − dSS(t)− h(S(t), I(t)) + ηR(t), (16)

E′(t) =h(S(t), I(t))− σE(t)− dEE(t), (17)

I′(t) =σE(t)− dI I(t)− γI(t), (18)

R′(t) =γI(t)− dRR(t)− ηR(t), (19)

where b is the birth rate, dS, dE, dI , and dR are the death rates that characterize the asymme-
try among the four compartmental groups, and h ∈ C2(R2

+,R+) is the nonlinear function
of infection satisfying

h(x1, 0) = h(0, x2) = 0,

for any x1, x2 ∈ R+. For convenience, we denote the partial derivatives of h as

hj(x) =
∂h
∂xj

(x), hjk(x) =
∂2h

∂xj∂xk
(x)

for j = 1, 2, k = 1, 2, and x = (x1, x2)
T ∈ R+

2 . Clearly,

h1(x1, 0) = h11(x1, 0) = 0

for any x1 ≥ 0. The progression rate from exposed to infectious is denoted by σ, while
the recovery rate is γ. We also denote by η the rate of immunity loss. The disease-free
equilibrium is given by E0 = (S̄, 0, 0, 0), where S̄ = b/dS. We choose n = 2 and m = 2,
and define

u(t) =

(
E(t)
I(t)

)
∈ R2

+, v(t) =

(
S(t)
R(t)

)
∈ R2

+.

Hence, the infectious disease model (16)–(19) is equivalent to (6) and (7) with

f (u, v) =

(
h(v1, u2)− (σ + dE)u1

σu1 − (dI + γ)u2

)
,

g(u, v) =

(
b − dSv1 − h(v1, u2) + η v2

γu2 − (dR + η)v2

)
.

The boundary equilibrium is (0, v̄), with v̄ = (S̄, 0) ∈ R2
+. A simple calculation gives

A =Du f (0, v̄) =

(
−(σ + dE) h2(S̄, 0)

σ −(dI + γ)

)
∈ R2×2,

B =Dv f (0, v̄) = 0 ∈ R2×2,

C =Dug(0, v̄) =

(
0 −h2(S̄, 0)
0 γ

)
∈ R2×2,

D =Dvg(0, v̄) =

(
−dS η

0 −(dR + η)

)
∈ R2×2.

Now, we introduce the regular splitting A = F − V, where

F =

(
0 h2(S̄, 0)
0 0

)
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is the matrix of infection, and

V =

(
σ + dE 0
−σ dI + γ

)

is the matrix of transition and death. The basic reproduction number is defined as the
spectral radius of the next-generation matrix

R0 = ρ(FV−1) = ρ(V−1F) = h2(S̄, 0) · σ

σ + dE
· 1

dI + γ
, (20)

where h2(S̄, 0) is the transmission rate, σ/(σ + dE) is the probability of progression from
exposed to infectious, and 1/(dI + γ) is the average infectious duration. It is easily seen
that (B1)–(B6) are satisfied.

If R0 = 1, then h2(S̄, 0)σ = (σ + dE)(dI + γ) and s(A) = 0 is a simple eigenvalue
of A with a positive left eigenvector α = (σ, σ + dE)

T and a positive right eigenvector
β = (dI + γ, σ)T . As commented in Remark 4, it is unnecessary to normalize the inner
product αT β. A simple calculation gives

δ = −D−1Cβ =

(
1/dS η/[dS(dR + η)]

0 1/(dR + η)

)(
−h2(S̄, 0)σ

γσ

)
=

(
δ1

δ2

)
,

where

δ1 =
ηγσ

dS(dR + η)
− h2(S̄, 0)σ

dS
, δ2 =

γσ

dR + η
.

Next, we evaluate the non-zero partial derivatives

∂2 f1

∂u2
2
(0, v̄) = h22(S̄, 0),

and
∂2 f1

∂v1∂u2
(0, v̄) = h12(S̄, 0).

Finally, we compute

λ = α1[h22(S̄, 0)β2
2 + 2h12(S̄, 0)δ1β2] = σ3

[
h22(S̄, 0) + 2h12(S̄, 0)

ηγ − h2(S̄, 0)(dR + η)

dS(dR + η)

]
.

An application of Theorem 2 gives the following result.

Proposition 2. Assume R0 = 1. Denote a threshold parameter

ξ := dS(dR + η)h22(S̄, 0) + 2[ηγ − h2(S̄, 0)(dR + η)]h12(S̄, 0).

The boundary equilibrium E0 = (S̄, 0, 0, 0) ∈ R4 of system (16)–(19) is locally asymptotically
stable (in R4

+) if ξ < 0 and unstable if ξ > 0.

Proof. Note that
λdS(dR + η) = ξσ3.

The signs of λ and ξ are the same. Hence, the results follow from a direct application of
Theorem 2.
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Corollary 1. Assume h12(S̄, 0) > 0 and h22(S̄, 0) ≤ 0. If R0 = 1, then the boundary equilibrium
E0 = (S̄, 0, 0, 0) ∈ R4 of system (16)–(19) is locally asymptotically stable in R4

+.

Proof. Since η < dR + η and

h2(S̄, 0) =
(σ + dE)(dI + γ)

σ
> γ,

we obtain ξ < 0. The result then follows from a direct application of Proposition 2.

Remark 5. The condition in Corollary 1 is satisfied by many commonly used disease transmission
functions h(S, I), including the mass-action/bilinear function cSI, the standard incidence function
cSI/(S + I), the Holling type function cSI/(1 + aI), and the media impacted function cSIe−mI;
see [7,8].

We consider the following air pollution model [9]

G′(t) =Λ − aG(t)P(t) + b4C(t)− μG(t), (21)

P′(t) =aG(t)P(t)− b1P(t) + b3C(t), (22)

C′(t) =b1P(t)− (b2 + b3)C(t), (23)

where G(t), P(t), and C(t) denote the general air class, the polluted air class, and the clean
air class, respectively. The pollution-free equilibrium is given by E0 = (Ḡ, 0, 0), where
Ḡ = Λ/μ. According to [9] (Theorem 3), E0 is locally asymptotically stable if R0 < 1 and
unstable if R0 > 1, where R0 is the basic reproduction number defined as

R0 =
aḠ(b2 + b3)

b1b2
(24)

We choose n = 2 and m = 1, and define

u(t) =

(
P(t)
C(t)

)
∈ R2

+, v(t) = G(t) ∈ R1
+.

Consequently, the air pollution model (21)–(23) can be rewritten as (6) and (7) with

f (u, v) =

(
avu1 − b1u1 + b3u2

b1u1 − (b2 + b3)u2

)
,

g(u, v) =Λ − avu1 + b4u2 − μv.

The boundary equilibrium is (0, v̄), where v̄ = Ḡ = Λ/μ. It is easy to verify that

A = Du f (0, v̄) =

(
av̄ − b1 b3

b1 −(b2 + b3)

)

has a regular splitting A = F − V with

F =

(
av̄ 0
0 0

)
, V =

(
b1 −b3

−b1 b2 + b3

)
.

A simple calculation gives the explicit formula of the basic reproduction number
R0 = ρ(FV−1) as in (24), which is consistent with Section 3.3 of ref. [9]
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If R0 = 1, then av̄(b2 + b3) = b1b2 and s(A) = 0 is a simple eigenvalue of A with
a positive left eigenvector α = (b2 + b3, b3)

T and a positive right eigenvector β = (b2 +

b3, b1)
T . Furthermore, we compute

δ = −[Dvg(0, v̄)]−1[Dug(0, v̄)]β = − (−av̄s. b4)

−μ

(
b2 + b3

b1

)
=

b1(b4 − b2)

μ
.

The only non-zero second-order partial derivative of f is

∂2 f1

∂u1∂v
(0, v̄) = a.

Hence, we obtain

λ = 2α1aβ1δ =
2ab1(b2 + b3)

2(b4 − b2)

μ
.

Proposition 3. Assume R0 = 1. The boundary equilibrium E0 = (Ḡ, 0, 0) ∈ R3 of system
(21)–(23) is locally asymptotically stable (in R3

+) if b4 < b2 and unstable if b4 > b2.

Proof. Since the sign of λ coincides with that of b4 − b2, the conclusion follows directly
from Theorem 2.

Remark 6. Note that λ = 0 if b4 = b2. Theorem 2 is not applicable in this critical case. It would
be interesting and more challenging to extend our results to the general models when both R0 = 1
and λ = 0 hold.

5. Conclusions and Discussion

In this work, we establish a simple criterion for determining the stability of biological
equilibrium when the basic reproduction number equals one. We examine two distinct
scenarios based on whether the equilibrium is trivial or located on the boundary. By ap-
plying the center manifold theorem, we reduce the original dynamical system to a scalar
equation that preserves the local dynamics. For each case, we derive an explicit expression
for the threshold parameter in terms of the partial derivatives of the nonlinear reaction
term evaluated at the equilibrium. Our results have broad applications in the stability
analysis of ecological and epidemiological models.

It is important to note a limitation in applying our results. When R0 = 1, we define a
threshold parameter λ based on second-order approximations of the nonlinear system. We
prove that the relevant equilibrium is locally asymptotically stable for λ < 0 and unstable
for λ > 0. However, the critical case λ = 0 remains unresolved. Third-order or even
higher-order approximations of the nonlinear system are required to derive the normal
form equation. The scenario where both R0 = 1 and λ = 0 hold simultaneously is left for
future study.
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Abstract: We modified the work of Wang and Zou, where both the costs and benefits of
fear effects were considered, and a constant time delay was used to represent the biomass
conversion time from prey to predator. In our work, we assumed that the digestion
delay is not a constant, but rather follows a specific distribution. The delay was modeled
using a general kernel function, and a more general functional response function was
also employed. Then, we established an integral–differential model with distributed time
delays. We show that there exists a delay-dependent threshold that determines the system’s
dynamics and the presence of coexistence equilibrium. In the absence of coexistence
equilibrium, both populations tend toward extinction, or only the prey population survives.
Conversely, when coexistence equilibrium exists, the system persists. Four kernel functions
were considered to explore the effect of fear levels and time delays on population dynamics.
We found that an increase in the fear level of the prey may alter the system dynamics from
periodic oscillations to stability. Furthermore, our findings indicate that a fear effect-related
functional response has great influence in shaping the model’s dynamics. These results
indicate that ignoring time delay or fear effects, or the inappropriate use of kernel functions,
may lead to inaccurate prediction results of the model. We want to point out that, when we
investigate a pair of purely imaginary roots of the characteristic equation at the coexistence
equilibrium, we just need to consider one of them due to the symmetry.

Keywords: fear effect; distributed delay; stability; periodic solution

1. Introduction

Recently, people have been paying more attention to the indirect effect (such as the
fear effect) between predators and prey [1–3]. To study prey anti-predation behaviors in
response to predators, Wang et al. [4] developed a system of ordinary differential equations
with a functional response of Holling types I and II [5]. In Wang and Zou [6], prey consists of
immature and mature stages, assuming that adult prey can adjust their behavior according
to the surrounding environment, then a delay differential equation is proposed to study the
interplay between the fear effect and the maturation delay of prey. Later, the model in [4]
was extended by Wang and Zou [7] to a delay differential equations model by incorporating
the benefits of fear effects, that is, the prey’s anti-predation response will reduce the change
in the prey being caught by the predators. In this model, a constant delay is used to
represent the time needed for the digestion of the predator. Sasmal and Takeuchi [8] used
a model with anti-predation and a group defense of prey against predation to study the
stability and Hopf bifurcation. Hossain et al. [9] introduced an eco-epidemiological model,

Symmetry 2025, 17, 604 https://doi.org/10.3390/sym17040604
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where it was assumed that the fear effect decreases the reproductive rate of the prey and
the transmission between susceptible prey and infected prey. Mishra and Upadhyay [10]
formulated a partial differential equation model in a continuous state space to study the
stability and Hopf-bifurcation, where the fear effect has a stabilizing effect on the instability
induced by the cross-diffusion and spot patterns. Ma and Meng [11] used the same type of
model to consider the fear effect and predator cannibalism. Li [12] proposed a diffusive
Leslie–Gower model with a both-density-dependent fear effect, they discussed the global
steady-state bifurcation near the homogeneous steady state, and they discussed the stability
and the structure of the bifurcated spatially inhomogeneous steady-state solutions. Their
results show that, when the fear level of the prey is moderate, complex spatial dynamic
patterns are manifested, while, for high or low levels of fear, the system will tend to stabilize
to be a uniform distribution in space. Cong et al. [13] developed a three-species food chain
model to investigate the impact of fear. This model includes the prey and the middle
predator and the top predator populations, where the cost and benefit of anti-predator
behaviors are both included. They studied the dissipativity of the system and performed
analysis on the existence and stability of equilibria. Numerical simulations show that the
predators’ fear effect can transform the system from chaotic dynamics to a stable state. Li
and Zou [14] formulated a patch model to investigate the fear effect, and they considered
not only cost, but also the benefit of the anti-predation response of the prey. The analysis of
the model shows that dispersal will enhance the co-persistence of the prey on both patches.
Numerical simulations imply the existence of an optimal anti-predation response level.
Panday et al. [15] considered the difference of an anti-predator strategy for the juvenile and
adult stages of the prey by a predator–prey model with an age structure. It was assumed
that adult prey only adapt group defense as an anti-predator strategy, where an anti-
predator sensitivity parameter is introduced to interlink both cost and benefit of group
defense. It was found that a fear-induced stage-structured model exhibits rich dynamics.
Liu et al. [16] proposed a fractional-order predator–prey system affected by fear effects
and toxic substances with the function response of Holling type II. They explored the local
stability of the equilibria and the Hopf bifurcation of the system. Based on their numerical
simulations, they concluded that toxic substances have a significant impact on the stability
of the system. Li et al. [17] proposed and analyzed a Leslie–Gower predator–prey model
with a ratio-dependent type functional response, which incorporates both the Allee effect
and fear effect on prey. They showed that the system undergoes saddle-node bifurcation,
degenerate Hopf bifurcation, and Bogdanov–Takens bifurcation of codimension 2, and it
exhibits two limit cycles.

In the real world, the time it takes for a predator to digest its food is not a constant,
rather it follows some kind of distribution. Inspired by the studies of [4,6,7], in the present
paper, we replace the discrete time delay with general distributed time delays and then we
formulate an integral-differential equation, where our purpose is to analyze the model’s
dynamical behavior, explore how the fear effects and the kernel distributions impact the
dynamics of the model, and compare the effects of different kernel functions on the model
prediction results.

In Section 2, we will propose a model with general kernel distributions and address
the well posedness of the model. We show that there are, at most, three equilibria. In
Section 3, it is shown that, when the coexistence equilibrium is absent, both the extinction
equilibrium and the predator-free equilibrium are globally asymptotically stable. Then, we
consider the persistence of the model in Section 4. In Section 5, we consider the case when
the coexistence equilibrium is present. We then assume the functional response is Holling
type I and perform local stability analysis for the coexistence equilibrium with general
kernel distributions. To obtain more information about the coexistence equilibrium, we
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then consider the gamma, delta, and the uniform distributions as delay kernels. After this,
we show that Hopf bifurcations could occur at the coexistence equilibrium. In Section 6, we
perform some numerical simulations to demonstrate how different forms of distribution
impact the dynamical behavior of the model. We conclude with some discussions in the
final part.

2. Model Formulation

We denote by u(t) and v(t) the number of prey and predators, respectively. And
we assume that the time needed for the biomass transfer from prey to predator is not fixed,
but, instead, is distributed with a kernel function h(s) that satisfies

h(s) ≥ 0,
∫ ∞

0
h(s)ds = 1.

We define the mean delay as τ =
∫ ∞

0 sh(s)ds. As mentioned in [18], if the current state of
the model system only depends on the history of the system over a finite interval of past
times, it was assumed that there exists a constant L > 0, so that h(s) = 0 for s ∈ [L, ∞).
If the current state of the model system depends on all past times, then L = ∞ is taken
and h(s) > 0 is allowed for all s ≥ 0. In our present work, we follow these assumptions.

When the predator is absent, it was assumed that the prey grows according to a logistic
law. For the prey population, we assumed that its natural birth rate is r and the natural
death rate is d, and the crowding effect in the prey is represented by au2. Considering
the fear of the prey to the predators, the reproduction rate of the prey will be reduced to
r f (k, v), where f (k, v) is used to account for the anti-predation of the prey and k > 0 refers
to the level of fear. Also, due to the fear effects, the prey will reduce foraging activity, which,
in turn, lowers the risk of being captured by predators; thus, the functional response g(k, u)
is a monotonically decreasing function with respect to the level of fear k and v. Here, we
assume that g(k, u) depends on the prey only. Based on these assumptions, we propose the
following differential equations:⎧⎪⎪⎨⎪⎪⎩

du(t)
dt

= f (k, v(t))ru(t)− du(t)− au2(t)− g(k, u(t))v(t),

dv(t)
dt

= c
∫ ∞

0 g(k, u(t − s))v(t − s)e−msh(s)ds − mv(t).

(1)

Here, c is the biomass transform efficiency, m is the death rate of the predators, and e−ms

is referred as the “discounting” factor. The term g(k, u(t − s))v(t − s)e−ms in System (1)
represents the number of prey at time t that were consumed at time t − s. It follows that
the integral term in the second equation of System (1) is the predators at time t produced
by all those prey individuals that were caught at previous times to t.

Following Wang and Zou [7], we make the following biologically meaningful assump-
tions for functions f (k, v) and g(k, u):

(A1) f (k, 0) = f (0, v) = 1,
∂ f
∂k

< 0,
∂ f
∂v

< 0, limk→∞ f (k, v) = limv→∞ f (k, v) = 0;

(A2) g(k, 0) = 0,
∂g
∂k

< 0, limk→∞ g(k, u) = 0, for u > 0, g(k, u) > 0,
∂g
∂u

> 0;

(A3) For each fixed k, there is a positive real number u∗, which is related to k, such that⎧⎪⎪⎨⎪⎪⎩
g(k, u) <

m
c
∫ ∞

0 F(s)ds
if u < u∗,

g(k, u) >
m

c
∫ ∞

0 F(s)ds
if u > u∗,

(2)
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where F(s) = e−msh(s).

There are some typical functional response functions that satisfy Hypotheses (A2) and
(A3), such as the functional response of Holling type I, II, and III, that is, g(k, u) = ρ(k)u,

g(k, u) = ρ(k) pu
1+qu , and g(k, u) = ρ(k) pu2

1+qu2 , respectively, where p and q are positive
constants, ρ(k) is positive and decreases as k increases, and ρ(k) → 0 as k → ∞.

We state the following lemma that is used to determine the existence and uniqueness
of solution for System (1) (this lemma is from Theorem 2 in Driver [19]).

Lemma 1. Let t0 be a given finite number, and let α and γ be given numbers such that −∞ ≤ α ≤
t0 < γ ≤ ∞. And let D be a given domain (a connected open set) in En, which is a Euclidean space
of n dimensions.

We consider the delay–differential system

y′(t) = F(t, y(·)) f or t0 < t < γ,

where F(t, ψ(·)) is a functional defined and takes values in En whenever t ∈ [t0, γ) and
ψ ∈ C([α, t] → D). Let the functional F(t, ψ(.)) be (i) continuous in t and (ii) locally
Lipschitz with respect to ψ, and let ϕ be any member of C([α, t] → D). Then, there is a
number h > 0 such that a unique solution, y(t) = y(t; t0, ϕ), exists for α ≤ t < t0 + h.

In the following, we consider the initial data φ = (φ1, φ2) for System (1) to be in BC2
+,

which is the set of positive, bounded continuous functions on (−∞, 0]. The well posedness
of System (1) is presented below.

Theorem 1. For any initial data φ ∈ BC2
+, Model (1) has a unique solution, which is bounded

and non-negative as long as it exists. Furthermore, we have 0 ≤ lim supt→∞ u(t) ≤ r−d
a ,

0 ≤ lim supt→∞ v(t) ≤ c(r−d+m)2

4am
∫ ∞

0 F(s)ds. If, in addition, φi(θ) > 0 for θ ≤ 0, i = 1, 2, then
the solution is strictly positive for all t > 0.

Proof. Note that the right hand side of System (1) is continuous in t. We can show that the
right hand side is locally Lipschitz with respect to φ ∈ BC2

+. Then, from Lemma 1 , there
is σ > 0, such that (1) has a unique solution for t ∈ (0, σ). If φ1(0) = 0, we have u(t) = 0,
and φ1(0) > 0 implies that u(t) > 0 for 0 < t < σ. To show that positive initial data give
positive solutions, suppose that v(t) is zero for the first time at t� > 0. Then, v′(t�) ≤ 0 and
v(t) > 0, for t ∈ (0, t�), by (1), we have

0 ≥ v′(t�) = c
∫ +∞

0
g(k, u(t� − s))v(t� − s)F(s)ds > 0,

which is a contradiction.

Non-negativity of v(t) for t ∈ (0, σ) follows as v′(t) ≥ −mv(t). As
du(t)

dt
≤ ru(t)−

du(t)− au2(t), then lim supt→∞ u(t) ≤ r−d
a .

We then show that the solutions remain bounded for φ ∈ BC2
+. Denote V(t) =

v(t) + c
∫ ∞

0 u(t − s)F(s)ds, then, by (A1), we have

V′ = c
∫ ∞

0

[
f (k, v(t − s))ru(t − s)− du(t − s)− au2(t − s)

]
F(s)ds − mv(t)

≤ c
∫ ∞

0

[
(r − d)u(t − s)− au2(t − s)

]
F(s)ds − mv(t)

= c
∫ ∞

0

[
(r − d + m)u(t − s)− au2(t − s)

]
F(s)ds − mV(t)

≤ c(r−d+m)2

4a
∫ ∞

0 F(s)ds − mV(t).

(3)
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Therefore, we obtain lim supt→∞ V(t) ≤ c(r−d+m)2

4am
∫ ∞

0 F(s)ds, and, consequently, the bound-
edness of v(t) now follows immediately and σ = ∞ applies.

System (1) always has an extinction equilibrium P0 = (0, 0), and when r > d, then the
predator-free equilibrium P1 = ( r−d

a , 0) exists, which means only when the growth rate is
greater than the death rate can the prey population can survive; otherwise, it will become
extinct. We denote the coexistence equilibrium by P∗ = (u∗, v∗), where u∗ is described in
Assumption (A3), we have

g(k, u∗) = m
c
∫ ∞

0 F(s)ds
, (4)

and v∗ is the positive real roots of the following equation:

F(k, v) = f (k, v)r − d − au∗ − g(k, u∗)
u∗ v = 0. (5)

By (A1), F(k, 0) = r − d − au∗ and F(k,+∞) = −∞, ∂F
∂v < 0. If so, then v∗ exists if and only

if F(k, 0) > 0, namely

r > d + au∗ or u∗ < r − d
a

. (6)

By Assumption (A2) and Equality (4), then (6) has the following equivalent form:

m < cg
(

k,
r − d

a

) ∫ ∞

0
F(s)ds. (7)

3. Global Stability of P0 and P1

When linearizing System (1) at P0, then the characteristic equation’s eigenvalues are
found to be r − d and −m; hence, for r < d, P0 exhibits local asymptotic stability, and it is
a saddle point that is unstable for r > d. In the case when r < d, a much stronger result
is formulated.

Theorem 2. If r ≤ d, then P0 = (0, 0) is globally asymptotically stable.

Proof. Let L(t) = u(t) + 1
c v(t) +

∫ ∞
0 F(s)

(∫ t
t−s g(k, u(θ))v(θ)dθ

)
ds, then

L′(t) = f (k, v(t))ru(t)− du(t)− au2(t)− m
c v(t)

−(1 − ∫ ∞
0 F(s)ds

)
g(k, u(t))v(t)

≤ (r − d)u(t)− au2(t)− m
c v(t) ≤ 0.

(8)

It should be noted that L′(t) = 0 occurs only when u(t) = v(t) = 0. By applying LaSalle’s
invariance principle, the expected result is derived.

When r > d, then linearizing System (1) at P1 = ( r−d
a , 0) gives the characteristic

equation

(λ + r − d)
(

λ + m − cg
(

k,
r − d

a

) ∫ ∞

0
e−λsF(s)ds

)
= 0. (9)

It is clear that there is one root d − r < 0 for the characteristic equation, and the other roots
of this equation are governed by the equation

λ + m − cg
(

k,
r − d

a

) ∫ ∞

0
e−λsF(s)ds = 0. (10)
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This equation can be regarded as the characteristic equation of

dx(t)
dt

= cg
(

k,
r − d

a

) ∫ ∞

0
x(t − s)F(s)ds − mx(t). (11)

By Lemma 1 of [20] that if m > cg
(

k, r−d
a

) ∫ ∞
0 F(s)ds, that is, (7) is reversed, then the trivial

solution x = 0 of (11) is locally asymptotically stable; if (7) holds, then thex = 0 of (11) is
unstable. We conclude that P1 is locally asymptotically stable only when P∗ does not exit.

The following theorem demonstrates that the local stability of P1 leads to its global
stability.

Theorem 3. If r > d and (7) is reversed and let φ1(0) > 0, then

lim
t→∞

(u(t), v(t)) =
(

r − d
a

, 0
)

.

Proof. Since m > cg
(

k, r−d
a

) ∫ ∞
0 F(s)ds, then, if ε > 0 is chosen small enough, we have

m > cg
(

k,
r − d

a
+ ε

) ∫ ∞

0
F(s)ds.

Theorem 1 gives lim supt→∞ u(t) ≤ r−d
a . Then, there is some t0 > 0, for t > t0, where

u(t) ≤ r−d
a + ε. Note that∫ ∞

0 g(k, u(t − s))v(t − s)F(s)ds

=
∫ t−t0

0 g(k, u(t − s))v(t − s)F(s)ds +
∫ ∞

t−t0
g(k, u(t − s))v(t − s)F(s)ds

≤ g
(

k, r−d
a + ε

) ∫ t−t0
0 v(t − s)F(s)ds +

∫ ∞
t−t0

g(k, u(t − s))v(t − s)F(s)ds.

The boundedness of u(t) and v(t) for t ∈ R results in
∫ ∞

t−t0
g(k, u(t − s))v(t − s)F(s)ds → 0

as t → ∞. If so, then by (1), we have

dv(t)
dt

≤ cg
(

k,
r − d

a
+ ε

) ∫ ∞

0
v(t − s)F(s)ds − mv(t).

Again, by the comparison theorem and Lemma 1 of [20], we obtain limt→∞ v(t) = 0. Then,
the equation for u(t) tends to u′(t) = ru(t)− du(t)− au2(t) with u(0) = φ1(0) > 0; thus,
limt→∞ u(t) = r−d

a . This proves the theorem.

Theorem 3 suggests that the global stability of P1 = ( r−d
a , 0) is equivalent to the

reversal of (7). In other words, if the coexistence equilibrium P∗ = (u∗, v∗) exists, then P1

is unstable.

4. Permanence

By the proof of Theorem 3, when v(t) → 0 as t → ∞, then u(t) → r−d
a as t → ∞ if

r > d and φ1(0) > 0. Then, the following lemma holds.

Lemma 2. If r > d, then, for any solution (u(t), v(t)) of (1) with φ1(0) > 0, there is no solution
that converges to P0 = (0, 0).

Lemma 3. If r > d + au∗, then, for any solution (u(t), v(t)) of (1) with φi(θ) > 0 for θ ≤ 0,
i = 1, 2, there is no solution that converges to P1 = ( r−d

a , 0).
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Proof. By Theorem 1, v(t) > 0 for t > 0. If there is a sequence {tn}, which is monotonically
increasing, and limn→∞ tn = ∞, then v(tn) ≥ v(tn+1), v′(tn) ≤ 0, and, for t ∈ [0, tn),
we have v(t) ≥ v(tn). Since r > d + au∗, then r−d

a − δ > u∗ for some δ > 0; thus,

g
(

k, r−d
a − δ

)
> g(k, u∗) = m

c
∫ ∞

0 F(s)ds
. We can find T0 > 0 to be large enough, such that

∫ ∞

T0

F(s)ds <
m
c

⎛⎝ 1
g(k, u∗) −

1

g
(

k, r−d
a − δ

)
⎞⎠. (12)

For any l ∈ [0, T0), let n be large, such that tn − l > 0, then v(tn − l) > v(tn). Suppose that
(u(t), v(t)) → P1 as t → ∞, then u(tn − l) > r−d

a − δ for all l ∈ [0, T0) and sufficiently large
n, it is yielded that

v′(tn) = c
∫ ∞

0 g(k, u(tn − s))v(tn − s)F(s)ds − mv(tn)

≥ c
∫ T0

0 g(k, u(tn − s))v(tn)F(s)ds − mv(tn)

> v(tn)
(

cg(k, r−d
a − δ)

∫ T0
0 F(s)ds − m

)
> 0,

(13)

which contradicts the fact that v′(tn) ≤ 0.

Lemma 4. If r > d and (u(t), v(t)) is a solution of (1) with φ1(0) > 0, then

lim sup
t→∞

u(t) ≥ min
{

r − d
a

, u∗
}

.

Proof. Denote u∞ = lim supt→∞ u(t) and v∞ = lim supt→∞ v(t). Suppose that u∞ <

min{ r−d
a , u∗}. Applying the fluctuation method, there exists a sequence of times {tn} such

that tn → ∞ as n → ∞, limn→∞ v(tn) = v∞, and limn→∞ v′(tn) = 0. It is clear that, for any
ε > 0, there exists some T1 > 0, such that u(t) < u∞ + ε and v(t) < v∞ + ε holds for t ≥ T1.
We can let n be large enough, such that tn > T1, and then we have u(tn − l) < u∞ + ε and
v(tn − l) < v∞ + ε for l ∈ [0, tn − T1]. As such, we obtain∫ ∞

0 g(k, u(tn − s))v(tn − s)F(s)ds

=
∫ tn−T1

0 g(k, u(tn − s))v(tn − s)F(s)ds +
∫ ∞

tn−T1
g(k, u(tn − s))v(tn − s)F(s)ds

≤ g(k, u∞ + ε)(v∞ + ε)
∫ tn−T1

0 F(s)ds +
∫ ∞

tn−T1
g(k, u(tn − s))v(tn − s)F(s)ds.

Since g(k, u(t))v(t) is bounded for t ∈ R, then the second integral approaches to 0 as
n → ∞. Thus, when n is large, we have∫ ∞

0 g(k, u(tn − s))v(tn − s)F(s)ds ≤ g(k, u∞ + ε)(v∞ + ε)
∫ ∞

0 F(s)ds

and
0 = v′(tn) ≤ cg(k, u∞ + ε)(v∞ + ε)

∫ ∞
0 F(s)ds − mv∞.

Then, if we let ε → 0+, we obtain the inequality

0 ≤ cg(k, u∞)v∞
∫ ∞

0
F(s)ds − mv∞. (14)

Since u∞ < u∗, then g(k, u∞) < g(k, u∗) = m
c
∫ ∞

0 F(s)ds
. Inequality (14) leads to v∞ = 0; hence,

limt→∞ v(t) = 0. Then, by (1), u(t) → r−d
a as t → ∞, we have a contradiction to u∞ < r−d

a .
As such, the theorem is completed.
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Lemma 5. If P∗ = (u∗, v∗) exists, and φi(θ) > 0 for θ ≤ 0, i = 1, 2, then there exists some
η > 0, such that v∞ > η.

Proof. Denote u∞ = lim inft→∞ u(t) and v∞ = lim inft→∞ v(t). Applying the Laplace
transform to v(t) yields

(λ + m)L[v(t)] = v(0) + cL[g(k, u(t))v(t)]
∫ ∞

0 e−λsF(s)ds

+c
∫ ∞

0 e−λt ∫ ∞
t g(k, u(t − s))v(t − s)F(s)dsdt,

where λ > 0 is the transform variable. There is γ > 0, such that u(t) ≥ u∞ −γ > 0 for t ≥ 0.
Then, L[g(k, u(t))v(t)] ≥ g(k, u∞ − γ)L[v(t)] and λ + m ≥ cg(k, u∞ − γ)

∫ ∞
0 e−λsF(s)ds.

If we let λ, γ → 0+, we have cg(k, u∗)
∫ ∞

0 F(s)ds = m ≥ cg(k, u∞)
∫ ∞

0 F(s)ds. By Assump-
tion (A2), we obtain

u∞ ≤ u∗. (15)

By Theorem 4 of [18], we can show that there is ε > 0, such that u∞ > ε. Then, ε
2 <

u(t) < r−d
a + ε for all t ≥ T2, with T2 > 0 being a constant. Let M = maxu∈[ ε

2 , r−d
a +ε]{

g(k,u)
u }.

Since P∗ exists, that is, u∗ < r−d
a , then, if ε > 0 is to be chosen small enough, we have

u∗ < 1
a
( f (k, ε)r − d − Mε). (16)

If there is φ ∈ BC2
+ and φi(θ) > 0 for θ ≤ 0, i = 1, 2, such that v∞ < ε

2 , then, when t is large,
v(t) < ε; hence, by System (1) and (A1), we obtain

du
dt

≥ f (k, ε)ru − du − au2 − εMu.

Therefore, u∞ ≥ 1
a ( f (k, ε)r − d − εM), which is a contradiction of (15) and (16).

The uniform persistence of System (1) follows from Theorem 5 of [18].

Theorem 4. If the hypotheses in Lemma 5 hold, then a constant κ > 0 exists, such that u∞ ≥ κ

and v∞ ≥ κ.

5. Stability of P∗

To discuss the local stability of P∗ = (u∗, v∗), we let g(k, u) be linear about u, specifi-
cally, g(k, u) = ρ(k)u. Then, we observe that u∗ = m

cρ(k)
∫ ∞

0 F(s)ds
and v∗ can be solved from

the equation
f (k, v∗)r − d − au∗ − ρ(k)v∗ = 0. (17)

Then, the characteristic equation at P∗ is

G(λ) := λ2 + (m + au∗)λ + mau∗

−cρ(k)u∗ ∫ ∞
0 e−λsF(s)ds

[
λ + au∗ − ρ(k)v∗ + rv∗ ∂ f (k,v∗)

∂v

]
= 0.

(18)

Note that G(0) = m
(

ρ(k)v∗ − rv∗ ∂ f (k,v∗)
∂v

)
> 0, implying that 0 is not a solution of

G(λ) = 0.
Using similar arguments as those in the proof of Lemma 3 and Theorem 3 of [18], the

following theorem can be established.
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Theorem 5. If r > d + au∗, then P∗ exists and there are no positive real roots for (18).
Furthermore, if A < u∗ < r−d

a , then P∗ is locally asymptotically stable, where A =
1
a

(
ρ(k)v∗ − au∗ − rv∗ ∂ f (k,v∗)

∂v

)
.

To find more information about the dynamics for the case when P∗ exists, and to
compare the dynamics of the system with different distributions, we will consider four
distributions: the gamma distribution, with the weak kernel and the strong kernel variants;
the delta distribution; and the uniform distribution. These were chosen since they are
widely used in the literature and because they have different types of support.
The weak kernel [20–24] can be expressed as follows:

h(s) = αe−αs, α > 0.

The strong kernel [20,22–24] can be expressed as follows:

h(s) = α2se−αs, α > 0.

The delta kernel [20,24,25] can be expressed as follows:

h(s) = δ(s − τ).

The uniform distribution can be expressed as follows [20,21]:

h(s) =

⎧⎨⎩
ρ1

τ
, s ∈

[
τ(1 − 1

2ρ1
), τ(1 + 1

2ρ1
)
]
, ρ1 ≥ 0.5,

0, otherwise.

5.1. The Weak Kernel

In this case, the characteristic equation at P∗ reduces to

G1(λ) := λ3 + A1λ2 + A2λ + A3 = 0, (19)

with u∗ = m(m+α)
cαρ(k) , A1 = A1(α) = 2m + α + au∗ > 0, A2 = A2(α) = au∗(2m + α) > 0,

and A3 = A3(α) = mv∗(m + α)
(

ρ(k)− r ∂ f (k,v∗)
∂v

)
> 0. Let H1(α) = A1(α)A2(α)− A3(α).

If H1(α) = 0, for a certain α = α0, then (19) admits a pair of purely imaginary roots,
λ1,2 = ±iω0, ω0 =

√
A2(α0), and the third root of (19) is λ3 = −A1(α0) < 0. Direct

computation yields
d(Reλ)

dα
|α=α0 = − 1

2(A2 + A2
1)

dH1

dα
|α=α0 . (20)

Theorem 6. If H1(α) > 0, then P∗ is locally stable. If dH1
dα |α=α0 �= 0, then System (1) undergoes

Hopf bifurcation at P∗ when α passes through α0.

5.2. The Strong Kernel

The characteristic Equation (18) becomes

G2(λ) := λ4 + B1λ3 + B2λ2 + B3λ + B4 = 0, (21)

with u∗ = m(m+α)2

cα2ρ(k) , B1 = B1(α) = 3m + 2α + au∗ > 0, B2 = B2(α) = (m + α)(3m +

α + 2au∗) + mau∗ > 0, and B3 = B3(α) = au∗(m + α)(3m + α) > 0, B4 = B4(α) =

mv∗(m + α)2
(

ρ(k)− r ∂ f (k,v∗)
∂v

)
> 0. It is clear that B1(α)B2(α) − B3(α) > 0. We then

denote H2(α) = B1(α)B2(α)B3(α)− B2
3(α)− B2

1(α)B4(α). If H2(α) = 0, for a certain α = α0,
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then (21) possess a pair of simple roots, λ1,2 = ±iω1, with ω1 =
√

B3(α0)
B1(α0)

, and the other
two roots of (21) are λ3 and λ4, which have negative real parts. Direct computation gives

d(Reλ)

dα
|α=α0 = − B1

2(B3B3
1 + (B1B2 − 2B3)2)

dH2

dα
|α=α0 . (22)

Theorem 7. If H2(α) > 0, then P∗ is locally stable. If dH2
dα |α=α0 �= 0, then System (1) undergoes

Hopf bifurcation at P∗ when α passes through α0.

5.3. The Delta Kernel

For this case, System (1) reduces to a differential system with a discrete delay:⎧⎪⎪⎨⎪⎪⎩
du(t)

dt
= f (k, v(t))ru(t)− du(t)− au2(t)− g(k, u(t))v(t),

dv(t)
dt

= cg(k, u(t − τ))v(t − τ)e−mτ − mv(t).

(23)

For System (23), the characteristic Equation (18) is

G3(λ) := λ2 + (m + au∗)λ + mau∗ + me−λτ(D − λ) = 0, (24)

where u∗ = memτ

cρ(k) , D = −au∗ + ρ(k)v∗ − rv∗ ∂ f (k,v∗)
∂v . Clearly, when τ = 0, P∗ is locally

stable. If (24) has a purely imaginary root λ = iω, then G3(iω) = 0, and it follows that
G3(−iω) = G3(iω) = 0; hence, −iω is also a root of (24). According to the symmetry, we
only need to take into account λ = iω with ω > 0, and then ω satisfies

H(ω, τ) = ω4 + (au∗)2ω2 + m2((au∗)2 − D2) = 0 (25)

and ⎧⎪⎨⎪⎩
sin ωτ = −ω3+(mau∗+(m+au∗)D)ω

m(ω2+D2)
,

cos ωτ = (m+au∗+D)ω2−mau∗D
m(ω2+D2)

.
(26)

Since au∗ + D > 0, then, only when au∗ < D, (25) has a unique positive root given by
ω = ω2 = ( 1

2 (−(au∗)2 +
√

Δ))
1
2 , with Δ = (au∗)4 − 4m2((au∗)2 − D2). Let ζ(τ) ∈ [0, 2π]

be the solution of (26), namely⎧⎪⎨⎪⎩
sin ζ(τ) = −ω3+(mau∗+(m+au∗)D)ω

m(ω2+D2)
,

cos ζ(τ) = (m+au∗+D)ω2−mau∗D
m(ω2+D2)

.

According to [26], we denote

Sn(τ) = τ − ζ(τ) + 2nπ

ω2(τ)
, n ∈ N0 := {0, 1, 2, · · · }, τ ∈ (0, τ1), (27)

where τ1 is determined by the inequality au∗ < D. Note that iω2(τ̆) is a root of (24), which
is equivalent to Sn(τ̆) = 0 for some n ∈ N0. Since H′

ω(ω, τ) = 4ω3 + 2(au∗)2ω > 0 for
ω > 0, then the following theorem follows from Theorem 4.1 of [26].
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Theorem 8. If, for some n ∈ N0, there is τ̆ ∈ (0, τ1), such that Sn(τ̆) = 0, then (24) has a pair of
purely imaginary roots ±iω2(τ̆). Denote

�(τ̆) = sign
{

dReλ

dτ
|λ=iω2(τ̆)

}
= sign

{
dSn(τ)

dτ
|τ=τ̆

}
. (28)

Then, ±iω2(τ̆) crosses the imaginary axis from left to right if �(τ̆) = 1 and from right to left if
�(τ̆) = −1.

5.4. The Uniform Distribution

In this case, the characteristic Equation (18) reduces to

G4(λ) := λ2 + (m + au∗)λ + mau∗ + m2e−λτ(D − λ)
e
(λ+m)τ

2ρ1 − e−
(λ+m)τ

2ρ1

(λ + m)
(

e
mτ
2ρ1 − e−

mτ
2ρ1

) = 0, (29)

where u∗ = m2τemτ

cρ1ρ(k)
(

e
mτ
2ρ1 −e

− mτ
2ρ1

) . The theoretical analysis is difficult since (29) is a transcen-

dental equation.

6. Numerical Explorations

As in Wang and Zou [7], we let g(k, u) = ρ(k)u, ρ(k) = 1
1+c1k , and f (k, v) = 1

1+c2kv .
We take the parameter values as

r = 1, c1 = 1, c2 = 1, d = 0.1, a = 0.1, c = 4, m = 0.5, (30)

where c1 = c2 = 1 are taken from [7], and the values of other parameters are biologically
acceptable. All the simulations are carried out in MATLAB R2020b, which was produced
by MathWorks, a company headquartered in Natick, Massachusetts, USA. The numerical
method we use is the Euler method.

For the strong kernel case, we fix α = 10. Solving the equation m = cg
(

k, r−d
a

) ∫ ∞
0 F(s)ds

gives k = 64.3061. If k > 64.3061, Theorem 3 shows that P1 = (9, 0) is globally asymptoti-
cally stable (see Figure 1a for k = 65). When k < 64.3061, P1 = (9, 0) becomes unstable, and
there is a unique coexistence equilibrium P∗. If we take k = 10, then P∗ = (1.5159, 0.263)
and the inequality A < u∗ < r−d

a holds, and then, by Theorem 5 , P∗ = (1.5159, 0.263) is
locally asymptotically stable (see Figure 1b).

(a) (b)

Figure 1. The solution trajectories of System (1), with α = 10, in the strong kernel case. (a) For k = 65,
the prey persists but the predator dies out. The initial condition is as follows: (u(θ), v(θ)) = (2, 4) for
θ ∈ (−∞, 0]. (b) When k = 10, both species persist, and they will then stabilize in a stable level. The
initial condition is as follows: (u(θ), v(θ)) = (2, 4) for θ ∈ (−∞, 0].
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If we let k = 1, then solving H2(α) = B1(α)B2(α)B3(α) − B2
3(α) − B2

1(α)B4(α) = 0,

we obtain α0 = 0.29 and dH2
dα |α=α0 = −6.8539 < 0, which means d(Reλ)

dα |α=α0 > 0. When
α passes through 0.29, the coexistence equilibrium P∗ will loses its stability and periodic
solutions will appear. As shown in Figure 2a and Figure 2b, we let α = 0.2 and α = 0.4,
respectively, and these figures demonstrate that (u(t), v(t)) switches from stable to periodic
oscillation. Bifurcation diagrams in terms of α and k are depicted in Figure 3a and Figure 3b,
respectively. Note that, for the strong kernel, the mean delay τ = 2

α ; thus, Figure 3a shows
that a periodic solution occurs for a small τ, and then the solution becomes stable as τ

increases, where two populations coexist. Finally, the predator becomes extinct for a large
τ. As shown in Figure 3b, the system is unstable at first, which shows periodic oscillation,
and when we increased the strength of the fear, we observed that the system became
stable around the coexistence equilibrium. Therefore, high levels of fear can stabilize the
steady state.
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Figure 2. The solution trajectories of System (1), with k = 1, in the strong kernel case. (a) For α = 0.2,
the coexistence equilibrium was stable. The initial condition is as follows: (u(θ), v(θ)) = (2, 4)
for θ ∈ (−∞, 0]. (b) When α = 0.4, a periodic solution occurs. The initial condition is as follows:
(u(θ), v(θ)) = (0.01, 0.001) for θ ∈ (−∞, 0].
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Figure 3. Bifurcation diagram of the prey versus α and k in the strong kernel case. (a) The prey species
can be understood as a function of α when k = 1 and α varies from 0.01 to 0.5. (b) The prey species
can be understood as a function of k when α = 10 and k varies from 1.5 to 4.

For the delta kernel, we let the parameter τ vary from 0.05 to 5. The corresponding
solution trajectories of System (1) are depicted in Figure 4. It can be found from Figure 4
that the coexistence equilibrium P∗ exists and is stable when τ = 0.05, and, as τ increases,
periodic oscillations can occur with τ = 2, where the oscillations become damped when
τ = 5, and P∗ can regain stability. For a large τ, the predator species will die out. Figure 4
shows that stability switches can occur as the τ varies. As shown in Figure 5a, we give the
relation between S0(τ), S1(τ), and τ for τ ∈ [0, 4.6] and k = 1. We find that S0(τ) has two
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positive zeros: τ∗
1 = 0.083 and τ∗

2 = 4.48. At τ∗
1 and τ∗

2 , stability switches occur, and P∗ is
stable for τ ∈ [0, τ∗

1 ) ∪ (τ∗
2 , 4.6]. Then, it is unstable for τ ∈ (τ∗

1 , τ∗
2 ). These results are in

agreement with Figure 4. A bifurcation diagram with respect to parameter k is presented in
Figure 5b. We point out that, in Wang and Zou [7] with a functional response of Holling
type I, when P∗ exists, it is always unstable if τ is greater than some critical value. Since,
for the weak kernel case with uniform distribution, their numerical simulations results are
similar to the strong kernel and the delta kernel, respectively; as such, we omitted their
numerical results.
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Figure 4. The solution trajectories of System (1) in the delta kernel case when τ varies. (a) τ = 0.05.
The initial condition is as follows: (u(θ), v(θ)) = (0.05, 0.01) for θ ∈ [−0.05, 0]. (b) τ = 2. The initial
condition is as follows: (u(θ), v(θ)) = (0.05, 0.01) for θ ∈ [−2, 0]. (c) τ = 5. The initial condition is as
follows: (u(θ), v(θ)) = (0.05, 0.01) for θ ∈ [−5, 0].
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Figure 5. Graphs of the stability switch in terms of time delay τ and k in the delta kernel case.
(a) Graphs of S0(τ) and S1(τ). Here, k = 1 and τ vary from 0 to 4.6. (b) The prey species as a function
of k. Here, τ = 2 and k varies from 0 to 26.

If the functional response is Holling type II, i.e., g(k, u) = pu
(1+c1k)(1+qu) , then, by taking

the delta delay kernel, for example, when p = 0.5, q = 0.6, we set k = 1 and keep the other
parameters as those in (30). Then, if τ = 0, there is a periodic solution (see Figure 6a),
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and the periodic solution disappears when τ increases to 1.5 (see Figure 6b). A bifurcation
diagram of u(t) versus τ is depicted in Figure 7.

(a) (b)

Figure 6. The solution trajectories of System (1) for a functional response of Holling type II. (a) τ = 0.
The initial condition is as follows: (u(0), v(0)) = (0.05, 0.01). (b) τ = 1.5. The initial condition is as
follows: (u(θ), v(θ)) = (0.05, 0.01) for θ ∈ [−1.5, 0].

Figure 7. A bifurcation diagram of the prey versus τ for a functional response of Holling type II.
Here, k = 1 and τ varies from 0 to 2.5. All the other parameter values are given in (30).

7. Discussion

In this work, we modify the existing predator–prey models with the fear effect by
introducing distributed delay. We assumed that, if the prey is captured, the time required
for biomass transfer from the prey to the predator is not fixed; instead, it follows some
distribution. Then, we proposed a differential system with distributed delay, where the
functional response is a relatively general function, which is increasing with respect to
the prey.

For the model with a general kernel function, we proved its well posedness, such as the
positivity and boundedness of solutions. We discussed the global stability of the extinction
equilibrium P0 and the predator-free equilibrium P1, which is the uniform persistence of
the system. More precisely, we showed that, if the birth rate of the prey is no greater than
the death rate, then both species die out; conversely, if the coexistence equilibrium P∗ does
not exist, then P1 is globally stable, that is, only the prey survives if P∗ exists, P1 loses
stability, and the solutions persist.

If we assume that the functional response is Holling type I, then, for a general delay
kernel, we obtained criteria for the local asymptotic stability of P∗. Due to the introduction
of distributed delays, depending on the forms of delay kernels, the characteristic equation
of the coexistence steady state P∗ may differ significantly. For the weak kernel and the
strong kernel, the characteristic equations are polynomials, while it is a transcendental

42



Symmetry 2025, 17, 604

equation for the delta kernel or uniform distribution. For the weak kernel and the strong
kernel, as α varies, it is demonstrated that P∗ will lose stability and a Hopf bifurcation
occurs. For the delta kernel, we found that time delay τ can induce stability switches.

We performed numerical simulations for four particular distributions. For the weak
kernel and the strong kernel, System (1) is stable for a small α, but it becomes unstable for a
bigger α, where periodic orbits appear. For the delta delay distribution, System (1) displays
rich dynamics, and it is found that intermediate delays will destabilize the coexistence
equilibrium. However, small delays and large delays have a stabilizing effect. The dynamics
of System (1) with a uniform distribution is similar to the delta distribution. For all the
distributions that we considered, we showed that, for small values of fear level k, the system
undergoes periodic oscillations, and, as k increases, the system gains stability. Biologically,
this means that, if the level of the fear effect in prey is increased, then the populations of
the prey and predator may have a state transition, i.e., from periodic oscillation to stability.
The fear effects and delay kernels together affect the population dynamics of the model.

Our theoretical, as well as numerical, simulations results indicate that delays play
important roles in the dynamics of the system. For a functional response of Holling type
I without delay, if we further neglect the benefit of the fear effect, i.e., g(k, u) = g(u),
then System (1) reduces to an ordinary differential equation model that was proposed by
Wang et al. [4], where periodic solutions do not appear. How the delay is incorporated into
the model also impacts the dynamical behavior. If the delay is fixed as a constant, then
System (1) becomes the System (8) shown in Wang and Zou [7] (except that our model has
an extra delay dependent parameter e−mτ). In [7], when the coexistence equilibria exist, it
is unstable for all τ > τ0, namely large time delay always destabilize the system, which is
opposite to our results. Figures 6 and 7 indicate that different functional responses also
have a significant impact on model dynamics.

An extension of our model that considers the impact of seasonality would be an
interesting study. Incorporating the age structure or nonlinear harvesting of the predator
is also another interesting topic. These problems will be left for further investigation.
Our method may be applicable or useful to analyze the dynamics of other population
models with distributed delays. Applying our method for population models with spatial
heterogeneity and temporal dependence may lead to incorrect statements.
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Abstract: This study aimed to examine changes in the number of live and dying trees in
central Lithuanian forests over time. Results were obtained using stochastic differential
equations combined with the normal copula function. The examination of each tree’s
individual size variables (height and diameter) showed that the mean values of dead
or dying trees’ size variables had significantly lower trajectories that were particularly
pronounced in mature stands. According to the data set under examination, the tree
mortality rate gradually declined with age, reaching approximately 7% after 10 years. Birch
trees 60–70 years old were the first species to reach the 1% mortality rate, followed by
spruce trees 70–80 years old and pine trees 80–90 years old. The Maple symbolic algebra
system was used to implement all results.

Keywords: mortality; living and dying trees; probability density function; stochastic
differential equation

1. Introduction

Theories that suggested a decline in resource usage efficiency and received signif-
icant support in the past were not accurately formalized mathematically. Much of that
research was undertaken to determine the importance of specific tree size variables when
analyzing the mortality rate in a forest stand that is not influenced by environmental
perturbations [1]. Forest statisticians studied the equilibrium between a stand’s tree sizes
and stocking density. The fundamental idea discussed in modeling literature is that there
is a relationship between the balance of mortality, stocking density, and stand growth after
a forest stand’s mortality has reached a plateau [2]. The main goal of this study was to
provide a quantitative evaluation of changes in live and dying tree numbers over time (not
static) according to different tree species in mixed-species and uneven-aged stands. A key
factor driving changes in stands’ spatial heterogeneity is the tree mortality phenomenon.
When a stand is first established, thousands of seedlings are planted per hectare, and the
evolution of unmanaged stands demonstrates that most trees in a stand naturally die due
to competition [1,2]. The literature provides an extensive overview of the rates and causes
of mortality at various stages of stand evolution; however, little research has addressed the
dynamics of the number of dead or dying trees or how this process changes with age [1,3,4].
Assessing tree mortality factors and dynamics is among the most essential aspects of the
proper use, conservation, and restoration of forest ecosystems. In boreal forests, tree mor-
tality is mainly influenced by competition, age, disease, and random changes in the forest
environment. In the early phases of forest development, competition is especially intense
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as young trees fiercely compete for water, nutrients, and sunlight [5]. This study refers to
dying and dead trees in a stand as forming the same class. Standing dead trees, which can
take a long time to die, and fallen trees are both sources of clusters of dying trees. Even
with the far-reaching effects of dead wood accumulation, our quantitative understanding
of trees’ ongoing mortality and the reduction in wood volume over longer periods is quite
limited. As the value of the tree-level size variable in a stand and the demand for resources
to support the growth process both increase, competition between neighboring trees arises,
resulting in two processes occurring simultaneously: the process of each individual tree’s
natural mortality and the growth process of living tree size variables. The regular loss
of trees due to mortality means that a stand’s biomass at a particular age consists of the
biomass of growing trees and dying trees. The forecasted mortality time of a particular
tree depends on many fixed and random environmental factors, including location, species
composition, air quality, and climate. The most common statistical model used to study
individual tree and stand mortality is the logistic regression model. Annual survival lo-
gistic regression equations predict the probability that a tree will survive the following
year. Consequently, it might be challenging to calculate annual survival probability using
data that are routinely obtained at intervals longer than a year. The process-driven model
presented in this study is dynamic and can be fitted with remeasurements in cycles of
unequal periods. Age and tree-level size variables (diameter, height, crown base height,
etc.) are the main drivers of tree mortality in a stand, making tree mortality a dynamic
phenomenon [6–8].

Individual tree mortality occurs when a tree is recorded as dead, but it is not possible
to determine the exact time and cause of death. A precise mathematical definition of
the dynamic process of mortality in a forest stand requires repeated measurements of
experimental plots, which are usually not large enough. Most models that explain forest
mortality dynamics rely on databases that combine dendrochronologically derived infor-
mation on individual tree age and radial growth with static data on the forest’s structure
and composition [9–11]. The dynamics of a region’s forests can be characterized using tree
mortality rates.

For the past 20 years, experimental plots have served as the foundation for the majority
of ecosystem-scale studies on tree mortality in stands [12,13]. Long-term tree mortality
trajectories would undoubtedly greatly improve our understanding of growth processes
and increase our capacity for predicting stand development. However, long-term stand
monitoring is expensive and time-consuming, which raises the problem of how to replace
regression models used to simulate growth processes with more complex models that
cover the whole age range of tree growth. Normal distribution with constant variance has
long been central to building regression models for a wide range of values of modeled
variables, but unfortunately, regression concepts are often applied to highly asymmetrical
data [14–16].

This study proposed a dynamic model in all respects, defined by mixed-effects pa-
rameters and stochastic differential equations with unknown parameters estimated from
repeated measurements on permanent experimental plots. Most current models of the
mortality process are based on even-aged forest conditions, as they assume that mortality
is simply calculated as the ratio of the mean annual mortality to the number of trees per
hectare and requires uniform intervals of the remeasurement cycle throughout the time
interval. These models, therefore, have two main limitations: (1) they may distort the
actual underlying process, as it is continuous in time, which may lead to the misidenti-
fication of relationships, and (2) they have difficulty adjusting to non-uniform intervals
in remeasurement cycles. Without a doubt, many phenomena that have been continually
observed throughout time in domains like forestry, biology, and ecology have inherent
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uncertainty [17–20]. Stochastic differential equation models outperform deterministic
models in these situations because they relate to stochastic processes that can capture
both the unpredictability of the underlying trajectory and the deterministic trend [21,22].
Typically, random noise drives stochastic differential equations and is represented by the
standard Brownian process [23,24]. Using Brownian motion to control a stochastic dif-
ferential equation’s trajectory is mathematically supported by the central limit theorem,
which states that normal distribution is naturally found in “many” situations, namely as
a case of a limit distribution. Therefore, to model biological processes without sufficient
information about the shape of the probability distribution of the quantity being modeled,
it is appropriate to define changes in the quantity over time using a stochastic differential
equation constructed using a normal distribution [25]. Stochastic differential equations
with fixed- and random-effect parameters have been used to predict tree-size components
(diameter at breast height, height, crown base height, volume, etc.) using univariate or
multivariate measurements. Because the modeled variable was dynamic, it was possible to
analyze the dynamics of the current size increment as well as tree-level size variables in
detail using models defined by stochastic differential equations [26,27]. For a long time,
forest statisticians focused on modeling individual tree size variables (diameter, height,
etc.) using sigmoidal regression models, as changes in plant development over time follow
a sigmoidal pattern [28].

The development of model systems that describe the growth behavior of trees and
stands has yielded a significant amount of knowledge. Fluctuations in the number of
living and dying trees in a stand over time are described herein, taking into account the
process-driven method’s superiority and focusing on earlier research regarding stochastic
differential equations and copula functions. This approach is superior to commonly applied
static regression methods. Notably, in the past, the number of living trees was traditionally
determined using the balancing regression equation between a stand’s stocking density
and tree sizes.

2. Methodology

The main goal of this study was to define the linkage between a tree’s potentially oc-
cupied area and tree mortality processes to characterize more precisely the dynamics of the
number of dead and living trees per hectare. Two methods were used in this study: (1) the
dynamic of the individual tree size variable was described in the diffusion process’ frame-
work, and the corresponding exact transition probability density function was obtained; (2)
density functions of individual tree size variables were combined using the normal copula
function. In this paper, we present a mixed-effects 4-parameter Gompertz-type stochastic
differential equation to define the dynamics of tree size variables. Fixed- and random-effect
parameters were estimated using an approximate maximum likelihood procedure and an
observed estimation dataset. The number of living and dead trees per hectare and their
relationship to the mean tree diameter and occupied area in a stand were examined. Results
are illustrated visually and statistically and were implemented using the Maple symbolic
algebra system.

This paper presents a simulation framework for the tree mortality process in a forest
stand using stochastic differential equations (SDEs) and the normal copula function. The
number of living and dead trees per hectare and their relationship to a stand’s mean diame-
ter and height are examined. Transition probability density functions are derived in the
exact form using the proposed mixed-effects parameters SDE framework, and parameter
estimators for the diameter and occupied area are produced using an approximated maxi-
mum likelihood technique. In the next step, we estimate the dependence parameter of the
two-dimensional copula density function. Finally, we define the number of live trees in
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the stand as the mean value of the random variable using the integration operation, as all
densities with the corresponding parameter estimates are known, and using the derivative
operation, we define the number of dying trees in the stand. This formalization also makes
it possible to write formulas for volume and basal area calculations using an integration
process, which may support foresters in assessing various management strategies. The
framework was designed to make it as flexible as possible by allowing machine-learning
resources to adapt in response to evolving conditions at any point, as depicted in Figure 1.

Figure 1. SDE algorithm flow chart visualization.

2.1. Stochastic Differential Equation Framework

The probability distribution of tree-level size variables is useful for defining the
mean, mode, median, quantiles, and other numerical characteristics of tree-level and
stand-level size attributes. The main tools for assessing tree or stand quantitative and
qualitative characteristics are tree height and diameter distributions [29,30]. Classical, well-
known distributions, including gamma, Weibull, normal, exponential, and others, are most
frequently used by forest statisticians [31,32]. The main drawback of these distribution
models is that they are not associated with trees’ ages. Itô-type [23,33] stochastic differential
equations, which describe diffusion processes, can be effectively used to determine the
relationship between changes in a tree size variable and a tree’s age or a stand’s average age.

Vasicek, Gompertz, Bertalanffy, and gamma SDE growth models provide exact solu-
tion transition probability density functions. In this paper, we use a multiplicative form
of noise and a one-dimensional mixed-effects 4-parameter Gompertz-type stochastic dif-
ferential equation, separately defining the dynamics of the area occupied by the tree and
those of the tree’s diameter. Suppose that change rates in tree diameter at breast height
Xi

1k(t), i = 1, . . ., M; k = 1, . . ., ni1 (M is the number of plots and ni1 is the number of trees in
the ith plot), and change rates in the occupied area Xi

2k(t) are determined according to the
Gompertz-type stochastic differential equation:

dXi
jk(t) =

((
αj + ϕi

j

)
− β jln

(
Xi

jk(t)− γj

))(
Xi

jk(t)− γj

)
dt +

√
σj

(
Xi

jk(t)− γj

)
dWi

jk(t), (1)

where α1 and α2 are birth rate parameters, β1 and β2 are death rate parameters (α1, α2 > 0
and β1, β2 > 0), γ1 and γ2 are threshold parameters, σ1 and σ2 are volatility coefficients,
and random effects ϕi

1, ϕi
2, i = 1, . . ., M have constant variances and zero means. They are

independent, normally distributed random variables, respectively, ϕi
1 ∼ N

(
0; σ2

11
)

and
ϕi

2 ∼ N
(
0; σ2

21
)
. Moreover, ϕi

j is a random variable that is independent to Wi
jk(t), and an

initial condition takes the following form: if t = t0, then Xi
1(t0) = x10, and Xi

2(t0) = x20 = δ

(x10 > γ1, x20 > γ2). The unknown fixed-effect parameters vectors θ1 = {α1, β1, γ1, σ1} and
θ2 = {α2, β2, γ2, σ2, δ} must be estimated.

After performing the process transformation Yi
jk = eβ j tln

(
Xi

jk(t)− γj

)
, j = 1, 2, we can

derive the transition probability density function of the solution in the exact form. The
solution of the 4-parameter Gompertz-type stochastic differential Equation (1) Xi

jk(t)− γj

has a lognormal distribution LN1

(
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2.2. Bivariate Normal Copula

Copula functions play an important role in linking one-dimensional probability distri-
butions to multidimensional distributions of a particular form. That parameter estimates
of tree diameter and occupied area stochastic differential Equation (1) may be obtained
utilizing different samples highlights the benefit of employing the copula function method.
Sklar’s theorem makes this link possible [34]. The normal copula function has attracted
particular attention because the normal probability distribution is widely used in agricul-
ture, biology, engineering, economics, and finance. Let us define a normal two-dimensional
copula function. The two-dimensional normal copula distribution function with correlation
parameter ρ ∈ (−1; 1) is defined using Sklar’s formula in the following form:

C(u, v; ρ) = Φ2

(
Φ−1(u), Φ−1(v); ρ

)
, (10)

where
Φ(x) =

∫ x

−∞
ϕ(z)dz, ϕ(x) =

1√
2π

e−
x2
2 , (11)
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1
2π
√
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e
− x2−2ρxy+y2

2(1−ρ2) . (12)

The two-dimensional normal copula probability density function takes the following form:

c2(u, v; ρ) =
1√

1 − ρ2
e
− ρ2(x2+y2)−2ρxy

2(1−ρ2) , (13)
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where x = Φ−1(u) and y = Φ−1(v). The joint two-dimensional copula-type probability
density function f (x, y) is given as follows:

f (x1, x2) = c2(F1(x1), F2(x2); ρ) f1(x1) f2(x2), (14)

where f j
(

xj
)

and Fj
(

xj
)
, j = 1, 2 are the probability density and cumulative distribution

functions of Xj, respectively.
The conditional probability density function of Xj(t), j = 1, 2 at a given (Xk(t) = xk),

j �= k, is defined as follows:

f1|2(x1|x2) =
f (x1, x2)

f2(x2)
, f2|1(x2|x1) =

f (x1, x2)

f1(x1)
. (15)

2.3. Semiparametric Maximum Pseudo-Likelihood Procedure

Given that in the previous section we determined the exact transition probability den-
sity functions for tree diameter and occupied area and the two-dimensional normal copula
function that connects them, we can directly apply the maximum likelihood method to
estimate unknown parameters. The direct implementation of the one-step maximum likeli-
hood method raises several numerical problems in optimizing the maximum log-likelihood
function [35]. Naturally, estimating parameters using the maximum log-likelihood function
can be divided into two steps.

In the first step, Equations (1) and (2) can be fitted to the diameter sample dataset{
xi

11, xi
12, . . . , xi

1nij

}
or occupied area sample dataset

{
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21, xi
22, . . . , xi

2nij

}
at discrete times
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{

ti
1, ti

2, . . . , ti
nij

}
(nij is the number of observed trees of the ith plot for the jth variable,

i = 1, 2, . . ., M) using the maximum likelihood procedure. The associated maximum
log-likelihood function for the mixed-effects parameters takes the following form:
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where
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are fixed-effect parameters (the same for all plots), the normal density

function of random effects is p
(

ϕi
j

∣∣∣σ2
j1

)
, and Ψj =

(
ϕ1

j , ϕ2
j , . . . , ϕM

j

)
.

For mixed-effects parameters Models (1) and (2), the two-stage approximated maxi-
mum log-likelihood procedure takes the following form (j = 1, 2; i = 1, . . ., M):

LLj
(
θj, σj1, Ψ̂j

) ≈ M

∑
i=1
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2
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⎛⎜⎝
⎡⎢⎣−∂2g
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ϕi

j

∣∣θj

)
∂
(

ϕi
j

)2
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⎞⎟⎠
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ϕi
j=ϕ̂i

j

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎠ (17)

ϕ̂i
j = argmaxg

ϕi
j

(
ϕi

j
∣∣θ̂j

)
, (18)

where

g
(

ϕi
j
∣∣θj

)
=

ni

∑
k=1

ln
(

f i
j

(
xi

jk, ti
k

∣∣∣θj, ϕi
j

))
+ ln

(
p
(

ϕi
j

∣∣∣σ2
j1

))
, (19)

and argmax is an operation that finds the argument that gives the maximum value from a
target function.

The maximization of LLj

(
θj, σj1, Ψj

)
is a two-stage optimization problem. The internal

optimization step estimates the ϕi for every plot i = 1, . . ., M using Equation (18). The external
optimization step maximizes LLj

(
θj, σj1, Ψ̂j

)
after plugging ϕ̂i

j, i = 1, . . ., M into Equation (17).
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In the second step, we estimate the density parameters of the two-dimensional copula
density function defined using Equation (13) by maximizing the log-likelihood copula
function defined as follows:

l(p) = ∑M
i=1 ∑

nij
k=1 ln

(
c2

(
Φ−1

(
Fi

1

(
xi

1k, ti
k

))
, Φ−1

(
Fi

2

(
xi

2k, ti
k

))))
, (20)

where Fi
j

(
xi

jk, ti
k

)
=
∫ xi

jk
γj f i

j

(
z, ti

k

∣∣∣θ̂j, ϕ̂i
j

)
dz and Φ−1 is the inverse of a standard normal

distribution.

2.4. Parameter Calibration

The main challenge in defining the dynamics of tree size variables comes from cal-
ibrating random effects to the new stand. Observed data from a new plot were used in
this study to estimate random effects [36]. If there are no measurements of standing dead
trees in a new plot, the random effects needed to define the dynamics of the dead tree size
variables are equated to the corresponding random effects of the living trees. For a new
plot, the random effects ϕ̂ are defined in the following form [37]:

∧
ϕj = argmax

ϕj

(
∑m

k=1 ln
(

f j

(
xjk, tk

∣∣∣∣∧θ j, ϕj

))
+ ln

(
p
(

ϕj

∣∣∣σ̂2
j1

)))
, (21)

where the number of observed trees in a plot is denoted by m,
{

xj1, xj2, . . . , xjm
}

, j = 1, 2
(tree diameter or occupied area) is the newly observed dataset (measured plot) on fixed

time values {t1, t2,, . . . , tm}, t0 = 4, and f j

(
xjk, tk

∣∣∣∣∧θ, ϕj

)
is the log-normal density func-

tion defined using Equation (5). Estimated values of fixed-effect parameters for mixed-
effects Models (1) and (2) are denoted by “hat” and are estimated separately for living
and dead trees using an approximated maximum likelihood procedure described using
Equations (17)–(19).

3. Material

3.1. Sample Collection

In this paper, we present 37 years of measurements from continued monitoring of
permanent experimental plots. During the 1983–1987 period, 53 permanent experimental
plots were installed in the forests of Lithuania’s Kazlų Rūda region and measured between
one and seven times at 2- to 37-year intervals. Figure A1 shows the location of the perma-
nent experimental plots in the forests of the Kazlų Rūda region of Lithuania. The sampling
method used rectangular plots that consisted of about 0.16–0.72 ha. The area covered
by Scots pine (Pinus sylvestris L.) stands accounts for 63.8% of the particular allocation;
Norway spruce (Picea abies) for 30.2%; silver birch (Betula pendula Roth and Betula pubescens
Ehrh.) for 5.8%; and other stands for 0.2%. From 1983 to 2020, 58,829 live trees (36,689 pine,
18,738 spruce, 3270 birch, and 132 other species) were measured in 48 plots. During each
measurement, the following were recorded for every sample tree: age, diameter at breast
height, and tree position (x and y coordinates). The area occupied by a tree was determined
by measuring each tree’s location inside the plots and utilizing a Voronoi diagram [37].
Trees that fell out of measurement within 37 years were considered dead. Figure 2 shows
the dynamics of the number of trees per ha depending on the stand’s average age by tree
species. A total of 16,857 trees (10,620 pine, 5049 spruce, 1104 birch, and 94 others) died in
48 plots from 1983 to 2020, which represents 28.7% of the sample population (58,829 trees).
In most cases, we were unable to identify the causal agent, and death was not consistently
associated with biotic or abiotic forest characteristics.

Notably, the data-gathering process design likely contributed to the uncertainty of
model predictions. Most likely, number-of-trees-per-hectare models lacked precision be-
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cause age was a complicated variable to control in these ongoing experiments. This was
problematic, as only 10% of trees whose height was measured had their age measured; the
remaining trees were evaluated based on an average age.

 

Figure 2. Dynamics of the number of observed trees per hectare: (a) all species; (b) Scots pine;
(c) Norway spruce; and (d) silver birch.

3.2. Parameter Estimation

We used the semiparametric maximum likelihood method described above to find
unknown parameters, where the diameter of the trees

{
xi

11, xi
12, . . . , xi

1ni

}
and the area

occupied by the trees
{

xi
21, xi

22, . . . , xi
2ni

}
at a fixed point in time

{
ti
1, ti

2, . . . , ti
ni

}
were dis-

cretely measured for i = 1, . . ., M in M = 48 plots. Parameters of the stochastic differential
Equation (1) were estimated separately for living and dead (dying) trees under four possible
outcomes: all trees, Scots pine, Norway spruce, and silver birch. The results of the param-
eter estimation are summarized in Table 1. All parameters were statistically significant.
The observed Fisher information matrix, which is the negative of the second derivative
(the Hessian matrix) of the approximated maximum log-likelihood function, was used to
estimate standard deviations [38].

Table 1. Parameter estimates for Equations (1) and (2) for living and dead trees.

Species
Living Trees Dead Trees

α1 β1 È1 δ σ1 σ11 α1 β1 È1 δ σ1 σ11

Diameter, θ̂1

All 0.0904 0.0252 −6.3206 - 0.0051 0.0075 0.0904 0.0251 −3.4080 - 0.0059 0.0112
Pine 0.0815 0.0198 −20.0858 - 0.0008 0.0027 0.1043 0.0292 −7.3245 - 0.0021 0.0067

Spruce 0.0967 0.0296 −1.5744 - 0.0098 0.0102 0.1415 0.0564 −0.5799 - 0.0185 0.0233
Birch 0.1421 0.0427 −4.6322 - 0.0071 0.0159 0.4630 0.1865 0.0479 - 0.0504 0.0938

α2 β2 È2 δ σ2 σ21 α2 β2 È2 δ σ2 σ21

Occupied area, θ̂2

All 0.0499 0.0139 −1.8124 1.6003 0.0075 0.0086 0.0586 0.0195 −0.8030 1.6003 0.0121 0.0118
Pine 0.0620 0.0177 −1.6587 1.6040 0.0079 0.0086 0.0486 0.0126 −1.1019 1.6040 0.0078 0.0099

Spruce 0.0559 0.0180 −0.8855 2.1216 0.0131 0.0103 0.0533 0.0176 −0.6102 2.1216 0.0148 0.0101
Birch 0.0581 0.0177 −2.0621 2.0168 0.0083 0.0093 0.1042 0.0408 −2.1966 2.0168 0.0134 0.0151
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Equation (20) was used to estimate the parameter of dependence, ρ̂, which yielded
values of 0.2913 for all tree species, 0.2180 for pine, 0.2374 for spruce, and 0.1999 for birch.

4. Results and Discussion

4.1. Effect of Age on Mortality

Deadwood is generally classified according to its position in relation to the forest
canopy as standing or fallen because the decay rate of standing deadwood can be much
lower than that of fallen deadwood. In this study, each stand’s standing and fallen dead
trees were merged into a single class called dead (dying) trees. As trees age, stands
naturally change into a phase of spontaneous decline in stem number in a process known
as self-thinning. In forestry research, a complicated phenomenon like tree self-thinning is
typically described mathematically as a power function between the number of trees per
hectare (stand density) and tree size (e.g., mean diameter, volume, or biomass) [39–41]. This
proposed power function is universal but dependent on species, age, and environmental
conditions. Subsequent investigations by Yoda [3] and Mrad et al. [42] documented similar
patterns relating to the time dependency of tree size and density. Modeling forest growth
requires self-thinning equations to predict changes in stand density by tree species, age,
and any combination of species or age. Using the stochastic differential Equation (1) for the
dynamics of a tree’s occupied area (j = 2), we defined the dynamics of the number of trees
per ha for four outcomes: all tree species, pine species, spruce species, and birch species in
a forest stand using the following equation:

Nli(t) =
10,000

mi
2
(
t
∣∣θ̂2, ϕ̂i

2
) , i = 1, . . . M, (22)

where estimates of fixed-effect parameters θ̂2 are from living trees data in Table 1; and
random effects ϕ̂i

2 are calibrated using Equation (21) or, in the case of a fixed-effect scenario,
are set to the mean values, namely zero (ϕ̂i

2 = Eϕi
2 = 0).

We defined the dynamics of the number of trees per hectare of dead trees using the
derivative operation, as follows:

Ndi(t) = −10,000
d
dt

(
1

mi
2
(
t
∣∣θ̂2, ϕ̂i

2
)), i = 1, . . . M, (23)

where estimates of fixed-effect parameters θ̂2 are taken from living trees data in Table 1;
and random effects ϕ̂i

2 are calibrated using Equation (21) or, in the case of a fixed-effect
scenario, are set to the mean values, namely zero (ϕ̂i

2 = Eϕi
2 = 0).

Tree mortality per hectare is often defined differently [43,44], so it makes sense to
have a single measure of mortality. The absolute mortality rate per hectare derived from
Equation (23) depends on the existing number of trees in the stand and is therefore not
useful for mortality analysis when comparing stands with different initial numbers of trees.
In this case, the relative mortality rate, or, in other words, the instantaneous dynamics of
the relative mortality rate, is defined as the decrease in the number of trees per hectare
compared to the current number of trees (using a percentage scale) in the following form:

Mri(t) = − d
dt

(
ln
(

Nli(t)
)

100 − d
dt

(
1

mi
2
(
t
∣∣θ̂2, ϕ̂i

2
))·mi

2

(
t
∣∣∣θ̂2, ϕ̂i

2

)
100, i = 1, 2, . . . , M. (24)

The relationship between relative mortality and logarithmic size characteristics, ex-
pressed in Equation (24), is commonly used in forestry, for example, to describe the rela-
tionship between the number of trees per hectare in a stand and tree size [25,45,46].
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Figure 3 shows simulated trajectories of the number of trees per hectare of living
and dead trees, along with observations, and dynamics of tree mortality in the stand are
shown on a percentage scale. Figure 3a–c shows that thinning occurred at a high rate
in stands up to 60 years of age, whereas in stands above 90 years of age, the rate was
below 1%. Figure 3 also shows trends in the number of living and dead trees per ha in all
mixed-species, uneven-aged stands in the region, ignoring the plot’s characteristics (only
fixed-effect parameters were used). Figure 4 visualizes analogous trajectories for Scots
pine, Norway spruce, and silver birch species separately. In this region, Norway spruce
had significantly lower relative mortality than other tree species, as seen by comparing
Figure 4(p3,s3,b3).

Figure 3. Trajectories of number of trees per 1 ha: (a) living trees; (b) dead trees; (c) dead–living trees
ratio expressed as a percentage. Circles indicate observed values.

Figure 4. Trajectories of number of trees per 1 ha: (p1,s1,b1) living trees; (p2,s2,b2) dead trees;
(p3,s3,b3) dead–living trees ratio expressed as a percentage; (p1,p2,p3) pine species; (s1,s2,s3) spruce
species; (b1,b2,b3) birch species. Circles indicate observed values.

4.2. Effect of Tree Size on Mortality

Next, we analyze how the mean diameter of trees in a stand affects the number of trees
per ha. To determine the conditional number of trees per hectare in relation to the mean
diameter of trees in the stand, we use a copula-type two-dimensional probability density
function of the tree diameter and the occupied area, which is defined using Equation (14)
and an additional integration operation, as follows:

Nli(t| x1) = 10,000
[∫ +∞

0
x2 f i

2|1(t, x2|x1)dx2

]−1
, i = 1, 2, . . . M, (25)

54



Symmetry 2025, 17, 213

where conditional probability density function is defined as:

f i
2|1(t, x2|x1) = c2

(
Fi

1(x1, t), Fi
2(x2, t); ρ̂

)
f i
2

(
x2, t
∣∣∣θ̂2, ϕ̂i

2

)
, (26)

and Fi
j
(

xj, t
)

=
∫ xj

0 f i
j

(
z, t
∣∣∣θ̂j, ϕ̂i

j

)
dz; j = 1, 2; estimates of fixed-effect parameters θ̂j are

taken from living trees data in Table 1; the parameter of dependence ρ̂ is estimated using
Equation (21) (for all tree species, 0.2913; for pine, 0.2180; for spruce, 0.2374; and for
birch 0.1999); and random effects ϕ̂i

j are calibrated using Equation (21) or, in the case of a

fixed-effect scenario, are set to the mean values, namely zero (ϕ̂i
j = Eϕi

j = 0).
Next, we visually analyze whether the number of trees per hectare is affected by the

mean diameter of a forest stand. For Figure 5, the number of trees per hectare was modeled
by taking three different trajectories of tree diameter dynamics: the mean (defined using
Equation (6)), the 5% quantile, and the 95% quantile (defined using Equation (9)). Figure 5
shows that a strong increase in the diameter trajectory significantly affected the dynamics
of the number of trees per ha. In this context, it is appropriate to investigate the rates of
increase and decrease in the number of trees per ha as a function of the rate of change in
the trajectory of tree diameter in a forest stand. For this purpose, the mean tree diameter in
the stand, as defined using Equation (6), was increased or decreased by 10%, 25%, and 50%,
and the effect on the number of trees per ha is shown graphically in Figure 6. Increasing
the mean stand diameter by 10%, 25%, and 50% would reduce the number of trees per
hectare by more than 3.5%, 8%, and 14%, respectively, at an average stand age of 60 years
(see Figure 6a). On the other hand, reducing the mean stand diameter by 10%, 25%, and
50% would increase the number of trees per hectare by more than 4%, 10%, and 24%,
respectively, at an average stand age of 60 years (see Figure 6b). This confirms that thinning
accelerates the increase in stand diameter and reduces the number of trees in the stand.

Figure 5. Dynamics of the number of trees per ha of living trees using different trajectories of tree
diameter in a stand: mean diameter trend (black); the trend of the diameter’s 5% quantile (red); the
trend of the diameter’s 95% quantile (blue). Circles indicate the observed dataset.

Figure 6. Percentage dynamics of decreases or increases in the number of trees per hectare: (a) mean
increases in diameters of the stand’s trees of 10% (blue), 25% (red), and 50% (black); (b) mean
decreases in diameters of the stand’s trees of 10% (blue), 25% (red), and 50% (black).
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The analysis of the number of trees per hectare shown in Figures 4–6 was carried out
using a fixed-effect scenario, i.e., random effects were equated to their mean values, which
were zero under the previous assumption. The analysis of the dynamic of the number of
trees per hectare under the mixed-effects scenario is presented below. For this purpose,
estimates of fixed-effect parameters were taken from Table 1, and random effects were
calibrated according to Equation (21). Figure 7 shows the dynamic of the number of trees
per ha for living and dead trees and the dynamic of the relative mortality (dead–live trees
ratio). Simulated trajectories of the number of trees per ha for all species of trees were
in good agreement with the observed values for both living and dead trees, as shown in
Figure 7(a1,p1,s1,b1) (for living trees) and Figure 7(a2,p2,s2,b2) (for dead trees). Notably,
the tree mortality rate reached about 7% from the age of 10 years onwards and steadily
decreased with age (see Figure 7(a3,p3,s3,b3)). Figure 7(a3,p3,s3,b3) shows that birch
species (60–70 years old) reached the 1% mortality rate the fastest, followed by spruce
species (70–80 years old) and then pine species (80–90 years old). In the case of pine
species, the proportion of species in the species composition did not affect the mortality
rate (see Figure 7(p3)). In contrast, birch species showed a higher mortality rate with a low
proportion of birch species (see Figure 7(b3)).

Figure 7. Trajectories of the number of trees per 1 ha for the mixed-effects scenario: (a1,a2,a3) all
species of trees: the first stand consisted of 92% pine (P), 2% spruce (S), and 6% birch (B) (black), the
second stand consisted of 14% P, 82% S, and 4% B (red), and the third stand consisted of 60% P, 3% S,
and 37% B (blue); (p1,p2,p3) pine trees: the first stand consisted of 99% P, 0% S, and 1% B (black), the
second stand consisted of 65% P, 31% S, and 4% B (red), and the third stand consisted of 18% P, 80% S,
and 2% B (blue); (s1,s2,s3) spruce trees: the first stand consisted of 18% P, 80% S, and 2% B (black), the
second stand consisted of 49% P, 48% S, and 3% B (red), and the third stand consisted of 60% P, 3% S,
and 37% B (blue); (b1,b2,b3) birch trees: the first stand consisted of 37% P, 26% S, and 37% B (black),
the second stand consisted of 84% P, 0% S, and 16% B (red), and the third stand consisted of 92% P,
2% S, and 6% B (blue); (a1,p1,s1,b1) living trees; (a2,p2,s2,b2) dead trees; (a3,p3,s3,b3) dead–living
trees ratio, expressed as a percentage. Circles indicate observed values.
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To understand the mechanisms underlying tree mortality, it is worthwhile to investi-
gate further the relationship between stand size attributes (mean diameter, height, etc.) and
the relative mortality between different tree species and environmental conditions. To find
a link between relative mortality and mean size attributes, we used tree diameter, height,
and occupied area as size proxies and investigated their relationship with relative mortal-
ity. It has been repeatedly observed in the literature that mortality rates have a general
multivariate dependence on tree size attributes and various environmental factors [4,47].
The analysis of the dynamic of relative mortality’s dependence on mean diameter and
mean occupied area, shown in Figure 8, was carried out using a fixed-effect scenario; i.e.,
random effects were set to their mean values, which were assumed to be zero according
to the previous assumption, estimates of fixed-effect parameters in Table 1 (living trees)
were taken into account, and the mean trajectories of diameter and occupied area were
calculated using Equation (5).

Figure 8. Dead–living trees ratios, expressed as percentages, for the fixed-effect scenario: (a1,a2,a3) all
species of trees; (p1,p2,p3) pine species; (s1,s2,s3) spruce species; (b1,b2,b3) birch species; (a1,p1,s1,b1)
dynamic of dead–living trees ratio versus mean diameter; (a2,p2,s2,b2) dynamic of dead–living
trees ratio versus mean occupied area; and (a3,p3,s3,b3) dynamic of dead–living trees ratio versus
mean height.

As Figure 8 shows, Norway spruce’s relative mortality was the most likely to reduce,
by up to 4%, when the mean diameter exceeded 1.5 cm or the occupied area exceeded 3 m2.
In addition, Norway spruce’s relative mortality was reduced by up to 2% when the mean
diameter exceeded 8 cm or the occupied area exceeded 6.5 m2. The next most common
species in terms of the rate of decline in relative mortality was silver birch, for which the
relative mortality rate decreased by up to 4% when the mean diameter was greater than
8 cm or the occupied area was greater than 4.5 m2. The relative mortality of silver birch
decreased by up to 2% when the mean diameter exceeded 15 cm or when the occupied area
exceeded 8 m2. The smallest decreases in relative mortality were observed for Scots pine:
4% relative mortality occurred when the mean diameter exceeded 9 cm or the occupied area
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exceeded 4.5 m2, and 2% relative mortality occurred when the mean diameter exceeded
19.5 cm or the occupied area exceeded 10 m2.

Relative mortalities shown in Figure 8 reflect all stands in the Kazlų Rūda region and
do not take into account the peculiarities of tree growth processes in a particular stand.
To reflect the effects of individual stands on differences in relative mortality required a
mixed-effects scenario to be applied. Figure 9 shows the relationship of relative mortality
with the mean tree diameter and the mean area occupied in three different stands. Figure 9
also shows the dependence of the relative mortality dynamic on the mean diameter and
the mean occupied area under a mixed-effects scenario; i.e., random effects were calibrated
according to Equation (21), fixed-effect parameters from Table 1 (living trees) were used,
and the mean trajectories of diameter, height, and occupied area were calculated according
to Equation (5). The asymptotic values of mean diameter and mean occupied area for pine
species are roughly illustrated in Figure 9: e.g., mean diameters were 32 cm (black in the
first plot), 42 cm (red in the second plot), and 49 cm (blue in the third plot); and mean
occupied areas were 23 m2 (black in the first plot), 24 m2 (red in the second plot), and 31 m2

(blue in the third plot). Through analysis, we observed that the relative mortality was lower
in the plot where asymptotic values of the explanatory variable (diameter or occupied
area) were smaller. Therefore, Figure 9 indicates that the process of slowing down relative
mortality is proportional to the increase in tree size attributes (mean diameter and occupied
area). Figure 9 also shows that site characteristics such as tree species composition and soil
type had the greatest influence on the relative mortality rate of birch trees and the least
influence on pine trees. This shows that the Kazlų Rūda region, where these observations
were made, had the most favorable conditions for pine species tree growth.

Figure 9. Dynamics of relative mortality over mean diameter, mean occupied area, and mean height
for mixed-effects scenario: (a1,a2,a3) all species of trees; (p1,p2,p3) pine species; (s1,s2,s3) spruce
species; (b1,b2,b3) birch species; (p1,s1,b1) dynamic of relative mortality versus mean diameter;
(p2,s2,b2) dynamic of relative mortality versus mean occupied area; and (p3,s3,b3) dynamic of
relative mortality versus mean height.
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Table 2 presents the potential for forecasting the number of trees per hectare using the
newly developed mixed-effects parameters model. It utilizes fixed-effect parameter esti-
mates from Table 1 and random effects for the occupied area calibrated using Equation (21)
and the observed datasets. The presented model showed high goodness-of-fit statistical
measures for the number of trees per hectare of live tree predictions in this region. For
example, the root mean square error (percentage root mean square errors) for all species
and pine, spruce, and birch species were 171.6 (15.4%), 130.1 (16.6%), 101.4 (24.2%), and
22.0 (30.0%), respectively, and the coefficient of determination for all species and pine,
spruce, and birch species were 94.4%, 96.9%, 94.6%, and 95.8%, respectively.

Table 2. Statistical measures * for the number of live trees per hectare model defined using
Equation (22).

Tree Species B (%) AB (%) RMSE (%) R2

All
131.963 133.167 171.593

0.9439(11.82) (11.93) (15.37)

Pine
88.359 89.201 130.075

0.9691(11.25) (11.36) (16.56)

Spruce 59.866 66.511 101.429
0.9457(14.30) (15.89) (24.23)

Birch
3.292 13.651 22.028

0.9577(4.47) (18.56) (29.95)

* Statistical measures: the mean bias, B = 1
n ∑n

i=1

(
yi − ∧

yi

)
(the percentage mean bias, %B = 1

n ∑n
i=1

yi−
∧
yi

yi
∗ 100);

the absolute mean bias, AB = 1
n ∑n

i=1

∣∣∣yi − ∧
yi

∣∣∣ (the percentage absolute mean bias, %B = 1
n ∑n

i=1

∣∣∣∣ yi−
∧
yi

yi

∣∣∣∣ ∗ 100);

the root mean square error, RMSE =

√
1
n ∑n

i=1

(
yi − ∧

yi

)2
(the percentage root mean square error,

%RMSE =

√
1
n ∑n

i=1

(
yi−

∧
yi

yi

)2

∗ 100); and the coefficient of determination, R2 = 1 −
∑n

i=1

(
yi−

∧
yi

)2

∑n
i=1(yi−y)2 .

This paper suggests analyzing the instantaneous tree relative mortality in a forest
stand using models based on stochastic differential equations. Higher predictability
and interpretability are the primary benefits of newly developed stochastic differential
equation models.

5. Conclusions

The main achievement of this study was the application of a 4-parameter Gompertz-
type diffusion process to model tree mortality in mixed-species, uneven-aged stands. The
normal copula function combined several diffusion processes and allowed the inclusion
of not only age but also additional explanatory variables, such as tree diameter, height,
crown base height, and crown width, to explain stand mortality. These newly derived
probability density functions allow the formulation of equations describing the mean,
quantile, and variance of the number of living and dead trees in mixed-species, uneven-
aged forest stands.

Future work will focus on the derivation of multivariate distributions (e.g., diameter,
height, and occupied area) with a general shape, which would allow the study of the
basal area and volume and their increments of living and dead trees in a stand. To gener-
ate multivariate distributions, it is appropriate to use the copula method and stochastic
differential equations.
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Abstract: Forest resources are renewable, and the rational exploitation and utilization of forest
resources are not only conducive to sustainable development on a population scale, they can also
lead to higher economic benefits. Based on the actual timber harvest problem, this paper establishes
the joint harvest model of timber and non-timber with nonlinear harvest items. In the numerical
simulation, by comparing the existing proportional harvest model, it is concluded that the optimal
harvest strategy of nonlinear harvest items in this paper can obtain larger ecological benefits and be
more conducive to the sustainable development of a population. Firstly, using the qualitative theory
of ordinary differential equations, the dynamic behavior of the model is studied, and the existence
and stability of the equilibrium point of the model are proven. Secondly, the optimal control solution
is obtained by using the optimal control theory. Finally, the optimal harvesting strategy of timber and
non-timber products is given based on the numerical simulation results, and a comparison of the
effects of different parameters on the optimal harvest strategy, which provides a certain theoretical
basis for the sustainable development of the ecological economy of forestry, is carried out.

Keywords: biomathematics model; nonlinear harvest; optimal control; non-timber forest products;
sustainable timber harvest

1. Introduction

Population dynamics is one of the branches of biomathematics, which focuses on
the quantitative, spatial, and structural dynamics of populations, and can be used to de-
scribe the dynamic relationships between populations and their environment and between
populations and other populations, as well as to explain, predict, regulate, and control
the developmental processes and trends of species [1]. The updating and development of
biological population dynamics models have effectively contributed to human knowledge
of biological systems. At present, many scholars have established mathematical models to
judge and predict the stable development of populations, such as forestry, agriculture, fish-
eries, the integrated control and management of pests, etc., which have given us practical
production knowledge [2–4].

Symmetry in mathematics and its applications are very broad fields. Geometric
symmetry plays an important role in design, architecture, and mathematical proofing.
Algebraic symmetry helps us better understand and solve a wide range of equations and
algebraic problems. In this paper, some concepts of symmetry are referred to, and related
journal articles solve some problems in the processing of differential equations [5].

The problem of the optimal control of ecosystems has been one of the hot issues
studied by scholars. The maximum sustainable yield policy obtained by studying the
optimal harvesting of biological populations is an important ecological management tool to
protect the survival of populations and to maximize economic benefits [6,7]. Faustmann’s
formula is a method used in forest economics to determine the optimal rotation age for
a forest stand. While Faustmann’s formula is a powerful tool in forest economics, it has
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limitations. One of the main challenges is accurately predicting future timber prices, costs,
and growth rates over long periods, which can be highly uncertain [8]. The use of linear
planning methods can use land, forest resources, equipment, labor, capital, etc., effectively,
which is achieved by integrating numerous production and operational activities and
related complex factors and various needs into the model integration, and these methods
can accurately reflect the vertical and horizontal connection between the input and output of
various activities in the process of change. This is difficult to achieve by other conventional
methods, as it can not only reflect and feedback adjustment after a limited selection, so that
the selected decision to complete is very convenient. Now, in the enterprise management
of forestry production, many practical problems can be used in linear planning for optimal
management [9,10].

Forests are important natural resources, which not only provide the necessary eco-
nomic support for human production and life but also play a role in regulating the climate,
water conservation, air purification, and biodiversity conservation [11,12]. In recent years,
the increasing demand of the timber market and the intensification of commercial exploita-
tion have led to the over-harvesting of forest resources, and the balance of timber and forest
product supply has been greatly damaged. In order to ensure the sustainable development
of forest resources, a series of logging policies have been established in various regions, and
it is therefore necessary to develop reasonable timber harvesting strategies to obtain higher
ecological benefits. However, because of such restrictions, it may not be economically
viable to provide sufficient income for local residents and timber harvesters. Non-timber
products such as fruits, seeds, leaves, bark, gum, etc., can also generate significant eco-
nomic and ecological benefits and can even generate more economic income than timber
harvesting or agricultural production. Therefore, the study of the ecological impacts of the
utilization of non-timber forest products is also very important for the sustainable use of
forest resources and biodiversity conservation [13,14]. Most previous studies have been
devoted to timber harvesting, while non-timber harvesting has been studied less frequently
and in a discontinuous manner. For example, in 2011, Isabel B et al. [15] modeled the
ecological impacts of harvesting non-timber products using stage structure matrix models
based on projection matrices. Although these models can quantify the effects of different
life stages on plant population dynamics, they do not explicitly represent harvest intensity,
which poses a challenge to quantify the effects of the harvest intensity on each stage of
transition. In addition, matrix models have more parameters than classical logistic growth
models and may be difficult to relate to well-established harvesting theories based on
logistic growth models.

In 2016, Gaoue et al. [16] developed a joint harvest model for timber and non-timber
products based on a logistic timber growth equation with proportional harvest, which is the
first continuous theoretical model for non-timber harvest. The model includes harvesting
of timber and non-timber products and additional synergistic effects of harvesting on the
growth rate of plant populations.{ dx

dt = rx(1 − x
K )− hLx

τ dr
dt = re − r − αhN − βhL,

(1)

It is also shown that the sustainability of timber and non-timber harvests depends on
the effect of harvesting on species’ growth rates for each type of population, and that there
are two states in this differential equation: x denotes the population density, r represents
the endogenous growth rate of the plant, and re is the maximum growth rate in the absence
of harvest. The population x has logistic growth, and K is the environmental holding
capacity. hL is the timber harvest intensity, hN is the non-timber harvest intensity, τ is the
average population longevity, α is the population decay rate due to non-timber harvest,
and β is the population decay rate due to timber harvest.

The harvest term of the first differential equation in this model uses proportional
harvesting, but in practical ecological problems, the human harvest does not increase
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infinitely with the increase in harvest effort and biological resources. Therefore, more and
more scholars have started to study predation systems with nonlinear harvest rates [17–19].

Therefore, this paper investigates the problem of joint harvesting of timber and non-
timber products with nonlinear harvest items based on the current exploitation status
of the relevant background of timber and non-timber products in forests, so as to de-
rive the optimal harvesting strategy that is conducive to the conservation and recovery
of populations.

2. Model Building

Agnew [20] considered the competition between fishing boats as an example of fishery
harvesting, and the nonlinear harvest term was improved by taking into account the
competition among fishing boats and the processing time of the captured fishery, and for a
specific model that conforms to the logistic growth law, a nonlinear harvest function term
of the following form was given after a simplified analysis.

H(x, E) =
xE

1 + a1E + a2x
, (1a)

where E is the harvesting effort of timber products, a1 is used to measure the multiple
user groups with competing interests, and a2 represents the proportionality constant of the
handling time.

The harvesting and processing of timber products is more complicated and requires
more processing time, while generally, for timber, permits need to be established and there
are fixed contractors, so there is not much competition. Therefore, in this paper, we only
consider the timber handling time without considering the competition among multiple
user groups with competing interests and simplify the nonlinear harvesting term as follows:

H(x, E) =
E1x

1 + ax
, (1b)

where x denotes the population density, E1 is the harvesting effort of timber products,
which represents the amount of harvesting over time, and a is the handling time of timber
products, such as the transit time, etc. Non-timber products are easier to handle and are
represented in the model as proportional harvest, i.e., the amount of harvesting effort for
non-timber products E2.Therefore, we introduced the nonlinear harvesting function into
the model established by Gaoue et al. and established a harvesting model for timber and
non-timber products with a nonlinear harvesting function:{

dx
dt = rx(1 − x

K )− E1x
1+ax ,

τ dr
dt = re − r − αE2 − β E1

1+ax .
(1c)

3. Qualitative Analysis

3.1. Existence of Equilibrium Point

Theorem 1. Equation (1c) has a trivial equilibrium pointx0 = 0, and when the condition
re > αE2 + (1 + β)E1 is satisfied, the equation has a unique positive equilibrium point x∗.

Proof. Considering the harvest of timber and non-timber, the dynamics of the long-term
range is in quasi-steady state; therefore,

r = re − αE2 − β
E1

1 + ax
, (2a)
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We use this to reduce Equation (2) into the following single equation:

dx
dt

= (re − αE2 − β
E1

1 + ax
)x(1 − x

K
)− E1x

1 + ax
. (2b)

By discussing Equation (3), we have:

(1) The equation always has a trivial equilibrium point x0 = 0.
(2) Otherwise, there is

(re − αE2 − β
E1

1 + ax
)(1 − x

K
)− E1

1 + ax
= 0, (2c)

From the basic theoretical knowledge of quadratic equations with one variable, the discrim-
inant of the root is

Δ = ((ka − 1)(re − αE2) + βE1)
2 + 4ka(re − αE2)(re − αE2 − (1 + β)E1) (2d)

�

If Δ > 0, the equation has two unequal real roots, and we know that re > αE2 + (1+ β)E1.
Because the quadratic coefficients of the equation −a(re − αE2) < 0, the parabola

opens down.
When re > αE2 + (1 + β)E1,
according to Veda’s theorem, k(re−αE2−(1+β)E1

−a(re−αE2)
< 0. The equation has two different

roots, in which case Equation (3) has a unique positive equilibrium point; thus,

x∗ =

√
((ka−1)(re−αE2)+βE1)

2+4ka(re−αE2)(re−αE2−(1+β)E1)

2a(re−αE2)

+ ((ka−1)(re−αE2)+βE1)
2a(re−αE2)

.
(2e)

3.2. Stability of Equilibrium Point

Theorem 2. Equation (1c) has a locally asymptotically stable equilibrium point x0 if
re < αE2 + (1 + β)E1; Equation (1c) has a unique locally asymptotically stable positive equi-
librium point x∗ if re > αE2 + (1 + β)E1 is satisfied.

Proof. (1) The Jacobian matrix at equilibrium x0 is given by

J(x) = [re − αE2 − (1 + β)E1], (2f)

and it can be obtained that the eigenvalues

λ = re − αE2 − (1 + β)E1 (2g)

Thus, where re < αE2 + (1 + β)E1, the equilibrium is locally asymptotically stable.
The Jacobian matrix x∗ at the equilibrium is given by

J(x∗) =
[

x∗

K
(

KaE1(1 + β) + βE1

(1 + ax)2 + αE2 − re)

]
, (2h)

and the eigenvalues is

λ =
x∗

K
(

KaE1(1 + β) + βE1

(1 + ax)2 + αE2 − re) (2i)
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where x∗
K > 0. We can obtain that

re >
KaE1(1 + β) + βE1

(1 + ax∗)2 + αE2, (2j)

and the condition can be strengthened by taking the maximum value at x = 0,

re > KaE1(1 + β) + βE1 + αE2 (2k)

�

When discussing the existence of the solution, there is a unique positive equilibrium
point x∗ of the equation if re > αE2 + (1 + β)E1. At this time, if the positive equilibrium
is stable, the condition re > KaE1(1 + β) + βE1 + αE2 will also be satisfied, and the above
analysis holds.

In summary, when the condition re < αE2 + (1 + β)E1 is satisfied, Equation (1c) has a
locally asymptotically stable trivial equilibrium point x0. Harvesting timber and non-timber
in this case leads to a high decay rate of the plant population, which will eventually lead to
extinction if the plant population keeps growing at such a growth rate; when condition
re > αE2 + (1 + β)E1 is satisfied, the equation has a unique positive equilibrium point x∗,
and x∗ is locally asymptotically stable. The plant growth rate is sustainable when combined
timber and non-timber harvesting is carried out in this case.

4. Optimal Harvesting Strategy

In this section, we consider the issue of harvesting timber and non-timber products.
The economic revenue benefits are maximized while minimizing the harvesting costs of
timber and non-timber products, while ensuring the sustainability of system populations.
Economic benefits are considered in the objective generalization to establish the optimal
control problem.

max
E1,E2∈U

J(E1, E2) = ATx(t) +
∫ T

0 e−δt(Ax(t) + B1
E1(t)

1 + ax(t)
x(t)

+B2E2(t)x(t)− C1(
E1(t)

1 + ax(t)
)

2

− C2E2
2(t))dt

s.t.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dx(t)

dt
= r(t)x(t)(1 − x(t)

K
)− E1(t)

1 + ax(t)
x(t).

τ
dr(t)

dt
= re − r(t)− α

E1(t)
1 + ax(t)

− βE2(t).

0 ≤ E1(t) ≤ 0.7, 0 ≤ E2(t) ≤ 1,

(3a)

where J is the objective function of the optimal control problem, and it is desired
to find an optimal control pair (E∗

1 , E∗
2 ) so that the objective function is maximized. In

addition, the coefficient B1, B2 denotes the price of the two types of harvesting, and
B1

E1(t)x(t)
1+ax(t) + B2E2(t)x(t) is the corresponding income; e−δt denotes the discount term,

and a basic problem in the development of renewable resources is to determine the opti-
mal balance between the current harvest and the future harvest. From the perspective of
economics, a “time discount” can be used to solve the problem of inter-period economic
benefits. Existing studies also show that the change in discount rate will affect the optimal

solution of the harvest [21]; C1(
E1(t)

1+ax(t) )
2
+ C2E2

2(t) is the cost term, and in reference [15],
Gaoue et al. used the nonlinear cost term of harvesting and the quadratic form of control.
In order to facilitate the comparison of the difference between the harvesting strategies
corresponding to nonlinear harvesting and proportional harvesting, the quadratic form of
control is also used for the cost term in this paper.
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The weighting factor A balances the importance of stock conservation, and ATx(t)
indicates the conservation value of the stock at the end of the harvest. The total economic
return is

max
E1,E2∈U

P(E1, E2) =
∫ T

0
e−δt(B1

E1(t)
1 + ax(t)

x(t) + B2E2(t)x(t)− C1(
E1(t)

1 + ax(t)
)

2

− C2E2
2(t))dt, (3b)

The control set of the Lebesque measurable function boundary of the equation is

u =
{
(E1, E2) ∈ (L∞(0, T))2 : 0 ≤ E1 ≤ M1, 0 ≤ E2 ≤ M2, 0 ≤ t ≤ T

}
, (3c)

where M1, M2 is an upper bound on the control, for which the control set and the target
generalization have appropriate tightness and convexity assumptions to guarantee the
existence of optimal control pairs and corresponding states. The Hamiltonian function
constructed here is

H =
∫ T

0 e−δt(Ax(t) + B1(t)
E1(t)x(t)
1 + ax(t)

+ B2E2(t)x(t)− C1(
E1(t)

1 + ax(t)
)

2

− C2E2
2(t))

+λx(r(t)x(t)(1 − x
K
)− E1(t)

1 + ax(t)
) +

λr

τ
(re − r(t)− (αE2(t) + β

E1(t)
1 + ax(t)

)dt.
(3d)

The concomitant function is derived from Pontryagin’s principle of maximum value
as

λ′
x = − ∂H

∂x = −e−δt(A + B1E1(t)
(1+ax(t))2 + B2E2(t) +

2aC1E1(t)
(1+ax(t))3 )

−λx(r(t)− 2x(t)r(t)
K − E1

(1+ax(t))2 ) +
λr βE1(t)a

τ(1+ax(t))2 ,

λ′
r = − ∂H

∂r = −λxx(t)(1 − x(t)
K ) + λr

τ .

(3e)

The transversality conditions are

λx(T) = AT , λr(T) = 0. (3f)

Also, from ∂H2
∂E1

= 0, ∂H2
∂E2

= 0, it can be derived that{
e−δt( B1x(t)

1+ax(t) −
2C1E1(t)
1+ax(t) )−

λx x(t)
1+ax(t) +

λr β
τ(1+ax(t)) = 0,

e−δt(B2x(t)− 2C2E2(t)− λrα
τ = 0.

(3g)

We have the following:⎧⎨⎩ E∗
1 = B1x(t)(1+ax(t)−eδt(1+ax(t)(λx x(t)−λr β)

2C1
,

E∗
2 =

B2x(t)−α λr
τ eδt

2C2
.

(3h)

For the timber harvesting problem with a nonlinear harvesting term, the objective
function can be maximized when the optimal control pair (E∗

1 , E∗
2 ) takes the value of J, so

that the economic and ecological benefits are optimized.

5. Numerical Simulation

In this section, the optimal harvesting strategy is simulated numerically, and the
numerical results of the optimal harvesting strategy with a nonlinear harvesting term are
compared with proportional harvesting, and parameter sensitivity analysis is performed.
The values of the parameters are shown in Table 1.
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Table 1. Notation for the model and optimal control and value.

Values Definition References

x0 80 Initial population density at t = 0(each−1) [22]
K 100 Carrying capacity for the plant (each−1) [22]
re 0.03, 0.25 Maximum growth rate without harvest (years−1) [23,24]
τ 1, 5, 10, 20 Average lifespan of the plant in years (years−1) Estimated
α 0.4 Growth decay rate for non-timber harvest [25]
β 0.23 Growth decay rate due to timber harvest [26]
A 0, 0.1 Weight for the value of conservation [22]

AT 0, 0.1 Weight for the value of conservation at the end of
harvest [22]

δ 0.05 Discount rate [22]
B1 0.3 Benefit from timber harvest (1 × 10−2 dollar) [22]
B2 0.15 Benefit from non-timber harvest (1 × 10−2 dollar) [22]
C1 15 Cost coefficient of timber harvesting (dollar−1) [22]
C2 15 Cost coefficient of non-timber harvest (dollar−1) [22]
a 0.01, 0.1 processing time for timber harvesting (year−1) Estimated

M1 0.7 Upper bound for timber harvest rate [22]
M2 1 Upper bound for non-timber harvest rate [22]

5.1. The Effect of Proportional Harvesting and Nonlinear Harvesting on the Optimal
Harvesting Strategy

1. Some parameters of proportional harvesting and nonlinear harvesting are taken
as T = 5, τ = 5, re = 0.25, a = 0.1, A = 0.1, AT = 0.1, δ = 0.05. See Table 1 for
other parameters.

In the actual harvest problem, there are many influencing factors, and it cannot be a
simple linear harvest, so this paper adopts the nonlinear harvest to build the model and
uses the optimal control theory to study the optimal capture problem. Figure 1 shows
the harvesting strategy with proportional harvesting, and it can be seen that the timber
harvesting starts around the fourth year after the non-timber harvesting starts, and at the
end of harvesting, the timber population decreases by about 10%, and the objective function
of the optimal control problem has a maximum value of Jmax = 60.779, pmax = 19.783.
Figure 2 shows the nonlinear harvesting strategy, and it can be seen that when nonlinear
harvesting is used, the timber harvesting starts around year 3.7, and at the end of harvesting,
the population size is the maximum value of the objective function of the optimal control
problem is Jmax = 60.2475, pmax = 16.8275. Compared with proportional harvesting, the
economic benefit is reduced by 14.87%, but the economic benefit plus ecological benefit is
only reduced by 0.8%. This shows that compared with the existing results of proportional
harvest, the nonlinear harvest method has greatly improved the ecological benefits, which
is more conducive to the recovery of the population.

 

Figure 1. Optimal solution with proportional harvesting.
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Figure 2. Optimal solution with nonlinear harvesting.

5.2. Sensitivity Analysis of Parameters

Sensitivity analysis is a test of the sensitivity to changes in the parameters of the model
results and can help evaluate the stability and reliability of the model. In this section, the
sensitivity of the objective function with respect to each parameter is calculated using the
partial rank correlation coefficient (PRCC) method for the optimal control problem.

Figure 3 shows the parameter sensitivity analysis of J, and it can be seen that the
importance of population conservation at the end of harvest AT has a greater impact on
the objective function; at the same time, the timber treatment time a also has an impact on
the objective function, indicating that it is necessary for us to consider the timber treatment
time; the price and cost of non-timber B2, C2 also have a greater impact on the sensitivity of
J, so a combined harvest of timber and non−timber can yield increased benefits.

Figure 3. Sensitivity analysis of the objective value J.

5.3. Effect of Different Parameters on the Optimal Harvesting Strategy

Based on the conclusion in Section 5.2., this section specifically examines the effects
of the timber treatment time a, population growth rate re, species lifespan τ, importance
of species conservation during harvest A, and species conservation at the end of harvest
AT , which affects the optimal harvesting strategy. The price of timber B1, the cost of timber
harvesting C1, the price of non-timber B2, and the cost of non-timber harvesting C2 are
influenced by the market and are not specifically analyzed here.

1. To determine the effect of the timber processing time on the optimal control strategy,
some parameters are taken as T = 5, τ = 5, re = 0.25, A = 0.1, AT = 0.1. See Table 1 for
other parameters.
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The objective functions of the optimal harvesting strategies for different timber treat-
ment times are Jmax = 60.2475, pmax = 16.8275 Jmax = 60.6665, pmax = 19.7374 As shown
in Figure 4 when the nonlinear harvest is used, the lower the processing time for the timber
is, the higher the economic benefit is, the lower the ecological benefit is, and the smaller the
population is. Therefore, if you want to harvest with high economic benefits, try to choose
species with short processing times, and if you want to have high ecological benefits, try to
choose species with long processing times.

  

(a) a=  (b) a =  

Figure 4. Effect of optimal harvest for different timber treatment times.

2. To determine the effect of the plant growth rate on the optimal control strategy,
some parameters are taken as T = 5, τ = 20, a = 0.1, A = 0.1, AT = 0.1. See Table 1 for
other parameters.

The objective functions for slow-growing and fast-growing trees are as follows:
Jmax = 54.9543, pmax = 14.8346, Jmax = 60.918pmax = 17.1486. As shown in Figure 5
the plants with a fast growth rate can obtain more economic and ecological benefits.
Slow-growing plants can start harvesting timber earlier and do not reduce the biological
population, or they decrease less, while enabling harvesting of more non−timber products.
Therefore, selecting species with fast plant growth as far as possible can obtain higher
economic and ecological benefits.

  
(a) er =  (b) er =  

Figure 5. Effect of optimal harvest for fast-growing species and slow-growing species.

3. To determine the effect of different species’ lifespan on the optimal control strategy,
some parameters are taken as T = 5, re = 0.25, a = 0.1, A = 0.1, AT = 0.1. See Table 1 for
other parameters.

The species objective function for the short and long harvest lifespans are
Jmax = 60.2457, pmax = 16.8275; Jmax = 60.9181, pmax = 17.1486; at the same time, it
can be analyzed through Figure 6 the length of life has little effect on the optimal harvest
strategy. Species with different lifespans also approximate populations at the end of the
harvest. However, the population growth rate at the last moment of harvest is much
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lower than the long-lifespan species, indicating that timber harvest has a greater impact on
short-lived timber.

  
(a) τ =  (b) τ =  

Figure 6. Effect of optimal harvest for short- and long-lived species.

4. To determine the importance of species conservation and the influence of the impor-
tance of species conservation at the end of harvest on the optimal control strategy, some
parameters are taken as T = 5, τ = 5, re = 0.25, a = 0.01. See Table 1 for other parameters.

By comparing (b) with (c) in Figure 7, it is concluded that species with lower impor-
tance for species conservation are harvested from the beginning and maintain the harvest
behavior until the end of the harvest, when the population decreases more. By comparing
(c) with (d), it can be concluded that species with higher conservation importance begin
wood harvesting several years later, and that fewer populations decrease at the end of the
harvest. Therefore, species with low conservation importance impact the harvest.

  
a TA A= =  b TA A= =  

  
(c) TA A= =  (d) TA A= =  

Figure 7. Effect of optimal harvest for conservation weight coefficient A and conservation weight
coefficient at the end of the harvest AT .
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6. Conclusions

Most of the current harvest studies are based on proportional harvesting. In this paper,
we assess timber and non−timber products in nonlinear harvest projects and present
the optimal harvest strategy. Compared with the existing proportional harvest study
results, the optimal harvest strategy given under this nonlinear harvest model can lead to
higher ecological benefits and be more conducive to the sustainable development of the
population. The combination of the nonlinear cutting period of timber and the nonlinear
cutting strategy can ensure higher ecological benefits. The numerical simulation results
provide theoretical suggestions for the harvest strategy and provide a theoretical basis for
the sustainable development of forestry’s ecological economy.

We studied the dynamic behavior of the model. It was concluded that when combined
harvesting was carried out, there was a unique locally asymptotically stable positive
equilibrium point in Equation (1c) when the condition re > αE2 + (1 + β)E1 was satisfied,
and the plant growth rate was sustainable at that time for both timber and non−timber
harvesting. When re < αE2 + (1 + β)E1, there was only one trivial equilibrium point in
Equation (1c), and harvesting timber and non−timber resulted in a large decay rate of the
plant population, which eventually led to extinction if the plant population kept growing
at such a growth rate.

For the optimal control problem of combined timber and non−timber harvesting
with nonlinear harvesting, expression (3h) of the optimal control strategy was obtained
using the Hamilitonian function and Pontryagin’s optimality principle, and numerical
simulations were carried out using MATLAB. Compared with the existing proportional
harvest results, the optimal harvesting strategy with a nonlinear harvesting term can lead
to higher ecological benefits and more sustainable development of the population.

Through the parameter sensitivity analysis, it is concluded that the price and cost of
timber and non−timber, B2 and C2, have a great impact on the harvest benefit, so more
economic and ecological benefits can be obtained from the combined harvest of timber and
non−timber. Considering the specific effects of parameters on the harvest strategy, the
analysis concluded that higher economic and ecological benefits can be obtained for species
with fast growth rates and low importance to species conservation. However, the timber’s
livespan τ had little effect on the optimal harvesting strategy. The numerical simulation
provided theoretical suggestions for the harvest strategy.
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Abstract: In this paper, we consider the influence of a nonlinear contact rate caused by multiple
contacts in classical SIR model. In this paper, we unversal unfolding a nilpotent cusp singularity in
such systems through normal form theory, we reveal that the system undergoes a Bogdanov-Takens
bifurcation with codimension 2. During the bifurcation process, numerous lower codimension bifur-
cations may emerge simultaneously, such as saddle-node and Hopf bifurcations with codimension 1.
Finally, employing the Matcont and Phase Plane software, we construct bifurcation diagrams and
topological phase portraits. Additionally, we emphasize the role of symmetry in our analysis. By con-
sidering the inherent symmetries in the system, we provide a more comprehensive understanding
of the dynamical behavior. Our findings suggest that if this occurrence rate is applied to the SIR
model, it would yield different dynamical phenomena compared to those obtained by reducing a
3-dimensional dynamical model to a planar system by neglecting the disease mortality rate, which
results in a stable nilpotent cusp singularity with codimension 2. We found that in SIR models with
the same occurrence rate, both stable and unstable Bogdanov-Takens bifurcations occur, meaning
both stable and unstable limit cycles appear in this system.

Keywords: limit cycle; Hopf bifurcation; cusp; nilpotent singularity
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1. Introduction

Kermack–McKendrick models of SIR type are always used to describe infectious
diseases where the immunity of infected individuals can persist,

dS
dt

= A − βSI − dS,

dI
dt

= βSI − (d + μ + δ)I,

dR
dt

= μI − dR,

such as measles, smallpox, and polio, et al. In the model, the population is divided into
three categories: susceptible (S), infected (I), and removed (R). A and d are the birth rate
and natural death rate of people in the area, μ is the removal rate, δ denotes the disease-
related death rate, β denotes the effective contact rate between susceptible and infected
person, which is the average probability of infection per infected person per contact with
a susceptible person, and βS is the the number of susceptible people who are infected by
an infected person. The bilinear incidence rate βSI is considered a mass action incidence,
and it is considered to be correct in the early stages of an outbreak of diseases or a huge
number of the population. During the recent COVID-19 pandemic, this incidence rate was
widely adopted [1]. However, this is insufficient for many epidemics.
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For example, the effective contact rate sometimes depends on the proportion of in-
fected persons. To overcome the deficiencies, many nonlinear occurrence rates are used
in the epidemic model [2–5]. However, these nonlinear incidence rates often imply more
complex dynamical behaviors, such as Hopf bifurcation and nilpotent singularity bifur-
cations, et al. [6–9]. Moreover, in multi-timescale scenarios, infectious disease models can
exhibit new bifurcation phenomena, such as canard explosions and relaxation oscillations,
as discussed in works like [10,11], among others. Multiple exposures will increase the
possibility of infection, saturation exposure, etc. These factors will significantly change the
contact rate. Through experiment and analysis, P. van den Driessche et al. [12] proposed a
nonlinear incidence rate that has multiple exposure effects, as follows:

βSI(1 + νI). (1)

This paper [13] generalizes this incidence rate as

βSI(1 + f (I, v)I). (2)

This paper finds that SIV models with this incidence may have a bi-stable phenomenon.
By calculating the first Lyapunov coefficient, it is proved that Hopf bifurcation can occur
in the system. However, the more degenerate bifurcation of singularities is not covered.
Subsequently, the incidence rate (2) is applied to an SIR model with both nonlinear incidence
and nonlinear clearance in [14]. It is proved that the system can generate Bautin bifurcation
and Bogdanov–Takens bifurcation.

Susceptible individuals become infected due to multiple exposures to certain infected
individuals.This incidence rate is used to describe the infection rate of multiple exposures.
Compared with experimental results, this incidence rate can better simulate the incidence
data of mumps. This incidence rate is frequently used in infectious disease models. Recently,
in many COVID-19 models, this multi-exposure transmission rate is often employed to
describe the infection of symptomatic and asymptomatic infectious. Ref. [15] provides the
basic reproduction number under this transmission rate in a COVID-19 model. Meanwhile,
Ref. [16] demonstrates that models of this type can exhibit bistability and even periodic
phenomena in an SIRS model. Additionally, Ref. [17] establishes an infectious disease
model in a two-patch environment with this incidence rate, analyzing various complex
bifurcations in the system; especially, cusps with codimension 2 and codimension 3 are
also found in this model. Other information about nilpotent singularity in the infectious
disease model can be found in [18,19] et al.

The dynamic properties of the SIR model are explicit in the study of classical epidemic
models. By applying the regenerative matrix method [20], it is easy to obtain the basic
reproductive number R0 = Aβ1

d(d+μ+δ)
. When R0 < 1, the system only has disease-free

equilibrium, which is globally stable;when R0 > 1, there is a globally stable positive
equilibrium, whereas the disease-free equilibrium becomes unstable. However, if we
adopt the incidence rate (1) in the SIR model, will the system generate other interesting
dynamic phenomena? To address this, we proceed to investigate the following model in
the subsequent sections of this paper:

dS
dt

= A − dS − (β1 + β0 I)SI,

dI
dt

= (β1 + β0 I)SI − (d + μ + δ)I,

dR
dt

= μI − dR.

(3)
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Note that the first two equations of the above system are independent, so we consider the
following derived system:

dS
dt

= A − dS − (β1 + β0 I)SI,

dI
dt

= (β1 + β0 I)SI − (d + μ + δ)I,
(4)

where ρ = d + μ + δ. In this paper, we will analyze its dynamic properties completely.
This paper is organized as follows: in the next section, we obtain the existence of the

equilibria of the system and analyze the type of equilibria. We have obtained the existence
of disease-free and epidemic equilibrium. In the third part, we analyze the bifurcation of
the system, including the saddle-node bifurcation, Hopf bifurcation, and Bogdanov–Takens
bifurcations. In addition, the germs of the system are universally unfolded, and the global
phase diagrams on each parameter interval are obtained. Finally, we conducted numerical
simulations of this system and discussed related biological significance.

2. Existence and Types of Equilibria

It is easy to obtain that there is a positive invariant set of system (4): D = {(S, I) ∈
[0,+∞)× [0,+∞)|S + I < A

d )}. In view of the biological significance of the model, we
will discuss the dynamic properties of the model in the set in the following proofs. This
means that if S(0) > 0, I(0) ≥ 0, then the solution (S(t), I(t)) of model (4) is positive for
all t ≥ 0, and all non-negative solutions of model (4) are ultimately uniformly bounded in
forward time.

Firstly, to find the equilibria, we let system (4) have zero rights.A disease-free equilib-
rium E0 = ( A

d , 0) always exists. Furthermore, the other equilibrium satisfies

A − dS − ρI = 0, (β1 + β0 I)S − ρ = 0.

By direct calculation, the coordinates of the non-negative equilibria should satisfy

S∗ = ρ

β0 I + β1
,

and the coordinates I are to be the positive roots of the quadratic equation

ρβ0 I2 + (ρβ1 − Aβ0)I + (dρ − Aβ1) = 0.

If the discriminant of the equation above is positive, the equation may have two roots

I∗1 =
Aβ0 − ρβ1 −

√
Δ

2ρβ0
, I∗2 =

Aβ0 − ρβ1 +
√

Δ
2ρβ0

,

where
Δ = 4ρβ0(Aβ1 − dρ) + (Aβ0 − ρβ1)

2,

which imply that the system can have two different positive equilibria E∗
1 = (S∗

1, I∗1 ) and

E∗
2 = (S∗

2 , I∗2 ). Although Δ = 0, i.e., A =
ρ
(

2
√

β0d−β1

)
β0

and β1 <
√

β0d, these two equilibria

collide into a unique positive equilibrium with multiplicity 2, E∗ = ( ρ√
β0d

,
√

β0d−β1
β0

).

Theorem 1. For system (4),

(1) If A <
ρ
(

2
√

β0d−β1

)
β0

, only disease-free equilibrium E0 exists.

(2) If A =
ρ
(

2
√

β0d−β1

)
β0

, and

(i) β1 <
√

β0d, epidemic equilibrium E∗ and disease-free equilibrium E0 exist.
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(ii) β1 ≥ √β0d, only E0 exists.

(3) If A >
ρ
(

2
√

β0d−β1

)
β0

, and

(i) β0 ≤ A2d
ρ2 , β1 < dρ

A or β1 < Aβ0
ρ , β0 > A2d

ρ2 , system (4) has two epidemic equilibria E∗
1 , E∗

2 and
and disease-free equilibrium E0.
(ii) β1 > dρ

A , there is an epidemic equilibrium E∗
2 and a disease-free equilibrium E0.

(iii) Aβ0
ρ < β1 < dρ

A , β0 > A2d
ρ2 , only epidemic equilibrium E0 exists.

Types of Equilibria

In this section, and throughout the subsequent discussions, we will employ the Central
Limit Theorem and the Reduction Principle, presented in lemma form. For further details,
please refer to the citation [21].

Consider a continuous-time dynamical system defined by

dx
dt

= f (x), x ∈ Rn, (5)

where f ∈ C∞ and f (0) = 0. λ1, λ2....λn are the eigenvalues of the Jacobian matrix A at
the equilibrium point x0 = 0. If the eigenvalues with zero real part, the equilibrium is not
hyperbolic. Suppose there are n+ eigenvalues with Re λ > 0, n0 eigenvalues with Re λ = 0,
and n− eigenvalues with Re λ < 0. Tc is the linear eigenspace of A corresponding to the
collection of the n0 eigenvalues on the imaginary axis, and φt denotes the flow associated
with Equation (5). Given the assumptions outlined above, the following lemma is valid.

Lemma 1. There is a locally defined smooth n0 dimensional invariant manifold Wc
loc(0) of (5) that

is tangent to Tc at x = 0. Moreover, there is a neighborhood U of x0 = 0, such that if φtx ∈ U for
all t ≥ 0(t ≤ 0), then φtx → Wc

loc(0) for t → +∞(t → −∞).

Wc
loc(0) is called the center manifold. Applying the lemma above, we can derive the

following conclusion.

Theorem 2. For system (4), the disease-free equilibrium E0(
A
d , 0)

(1) if β1 > dρ
A is a saddle;

(2) if β1 < dρ
A is a stable node;

(3) if β1 = dρ
A is a saddle-node. Moreover,

(i) the codimension is 1 if β0 = dρ2

A2 ,

(ii) the codimension is 2 if β0 = dρ2

A2 .

Proof. With the change of variables (S, I) → (x, y) by x = S − A/d, y = I. The eigenvalues
of Jacobian at E0 are −d, Aβ1/d− ρ. Hence, these are the first two conclusions of Theorem 2.
If β1 = dρ

A , the system (4) can be rewritten as

dx
dt

= −dx +
ρ(ρ − d)

A
xy +

(d − ρ)(dρ2 − β0 A2)

d2 A
y2 + (

ρ

d
− 1)β0xy2

+
(d − ρ)ρβ0

d2 y3 := X(x, y),

dy
dt

=
dρ

A
xy + (

Aβ0

d
− ρ2

A
)y2 + β0xy2 − ρβ0

d
y3 := Y(x, y).

(6)

By the Lemma 1, there is a unique function x = x(y), such that x(0) = 0 and
X(x, x(y)) = 0. In fact, the solution can be given as
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x(y) =
(d − ρ)

(
A2β0 − dρ2)
Ad2 y2 +

ρ(d − ρ)
(

A2β0(ρ − 2d) + dρ2(d − ρ)
)

A2d3 y3 +O(|y|4).

Substituting this expression into Equation (6), we can obtain

dy
dt

= (
Aβ0

d
− ρ2

A
)y2 +

ρ
(

dρ2(d−ρ)
A2 + β0(ρ − 2d)

)
d2 y3 +O(|y|4).

From [22], E0 is a saddle-node of codimension 1 if β0 �= dρ2

A2 . If β0 = dρ2

A2 , the system has
been changed into

dy
dt

= − ρ3

A2 y3 +O(|y|4),
hence, the codimension is 2.

Remark 1. The existence of a saddle-node E∗ reflects the critical conditions for disease occurrence.
When the infection rate β1 is relatively small, the disease-free equilibrium is stable, indicating that
the disease will not become prevalent. However, if β1 increases, under certain parameter conditions,
the disease will spiral out of control, leading to its sustained existence.

Theorem 3. For system (4), if A =
ρ
(

2
√

β0d−β1

)
β0

, β1 <
√

β0d, the unique epidemic equilibrium
E∗ is a saddle-node.

Proof. At E∗, by X = S − S∗, Y = I − I∗, we translate this equilibrium to zero and linearize
the system (4), and obtain the following system:

dx
dt

= d

(
β1√
β0d

− 2

)
x + ρ

(
β1√
β0d

− 2

)
y + (β1 − 2

√
β0d)xy

− ρ
√

β0d
d

y2 + O(|x, y|3),
dy
dt

=

(
d − β1d√

β0d

)
x +

(
ρ − β1ρ√

β0d

)
y +
(

2
√

β0d − β1

)
xy

+
ρ
√

β0d
d

y2 + O(|x, y|3).

Next, we make the transformation x1 = d
(

β1√
β0d

− 2
)
+ ρ

(
β1√
β0d

− 2
)

y, y1 = y; then, the

system can be changed into

dx1

dt
= a1,0x1 + a1,1x1y1 + a0,2y2

1 + O(|x1, y1|3),
dy1

dt
= b1,1x1y1 + b0,2y2

1 + O(|x1, y1|3),
(7)

where

a1,0 =
β1(d − ρ)√

β0d
− 2d + ρ, a1,1 =

(
β1 − 2

√
β0d
)
(d − ρ)

d
,

a0,2 = −
ρ
(
−β3

1 + 4(β0d)3/2 + 5β2
1
√

β0d − 8β0β1d
)
(d − ρ)

d
(
2β0d − β1

√
β0d
) ,

b1,1 =
√

β0d, b0,2 = ρ
(√

β0d − β1

)
.
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If β1 �=
√

β0d(2d−ρ)
d−ρ , then a1,0 �= 0. Applying the center manifold theorem to system

Lemma 1, the system has a center manifold

x1 = − a0,2

a1,0
y2

1 +
a0,2a1,1 − a0,3a1,0

a2
1,0

y3
1 + O(y4

1).

We can obtain the equation on the center manifold,

dy
dt

= ρ
(√

β0d − β1

)
y2 +O(|y|3).

Hence, if β1 <
√

β0d, the equilibrium is saddle-node with codimension 1.

As for E∗
1 and E∗

2 , we have the following conclusion:

Theorem 4. For system (4), if simple endemic equilibrium E∗
1 exists, it is a hyperbolic saddle. If E∗

2
exists, it is an anti-saddle.

Proof. Denoting any endemic equilibrium as Ẽ(S̃, Ĩ), and noting S̃(β0 Ĩ + β1) = ρ, then the
Jacobian matrix of (4) is given by(

−d − Ĩ(β1 + β0 Ĩ) −S̃(2 Ĩβ0 + β1)

Ĩ(β1 + β0 Ĩ) β0S̃ Ĩ

)
,

the eigenvalues of this matrix are roots of λ2 + C1λ + C0 = 0, where

C1 = d + Ĩ(β1 + β0 Ĩ + β0S̃), C0 = S̃ Ĩ
(

Ĩ2β2
0 + β2

1 − β0(d − 2 Ĩβ1)
)

.

Notice S̃ = ρ

β1+β0 Ĩ
, hence,

C0( Ĩ) = ρ Ĩ

(
β1 + β0 Ĩ − dβ0

β1 + β0 Ĩ

)
.

On the other hand, discriminant Δ > 0 is equivalent to β1 > 2
√

dβ0 − Aβ0
ρ . Through this

inequality, we can easily prove

β1 + β0 Ĩ∗1 − dβ0

β1 + β0 Ĩ∗1
< 0,

β1 + β0 Ĩ∗2 − dβ0

β1 + β0 Ĩ∗2
> 0,

i.e., C0( Ĩ∗1 ) < 0, C0( Ĩ∗2 ) > 0. That is to say, E∗
1 is a hyperbolic saddle and E∗

2 is an anti-saddle.
Especially, if C1 = 0, E∗

2 is a weak focus or center; if C1 > 0, E∗
2 it is attracting a node or

focus. If C1 < 0, E∗
2 , it is repelling a node or focus.

If we denote S∗
0 = ρ√

β0d
, I∗0 = d2√

β0d(ρ−d)
, then the system has a nilpotent singular-

ity. For further information on this topic, readers are referred to the literature [23]. For
system (4), we have the following:
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Theorem 5. Suppose A = dρ2√
β0d(ρ−d)

, β1 =

√
β0d(ρ−2d)

ρ−d , ρ > 2d and ρ �= 3d system (4) has a

unique positive equilibrium E∗
0 (S

∗
0 , I∗0 ), which is a codimension 2 cusp-type nilpotent singularity,

and the system at E∗
0 is topologically equivalent to system

dx
dτ

= y,

dy
dτ

= x2 ± xy + O(|x, y|3),
(8)

where if 2d < ρ < 3d, then the “ ± ” above takes a positive sign, but if ρ > 3d, then the “ ± ”
above takes a negative sign. Hence, E∗

0 is a codimension 2 cusp-type nilpotent singularity.

Proof. If A = dρ2√
β0d(ρ−d)

, β1 =

√
β0d(2d−ρ)

d−ρ , ρ > 2d, the existence of E∗
0 can be proved easily,

so we omit here, and only prove this equilibrium is a degenerate nilpotent singularity, and
the system at E∗

0 is topologically equivalent to system (8). After translating the equilibrium
to origin and performing Taylor expansion, we obtain

dx1

dt
=

2

∑
i+j=1

ãi,jxi
1yj

1 +O(|x1, y1|3),

dy1

dt
=

2

∑
i+j=1

b̃i,jxi
1yj

1 +O(|x1, y1|3),
(9)

where

ã1,0 =
dρ

d − ρ
, ã0,1 =

ρ2

d − ρ
, ã1,1 =

ρ
√

β0d
d − ρ

, ã0,2 = −ρ
√

β0d
d

,

b̃1,0 = − d2

d − ρ
, b̃0,1 =

dρ

ρ − d
, b̃1,1 = −ρ

√
β0d

d − ρ
, b̃0,2 =

ρ
√

β0d
d

.

Let x2 = x1 and y2 = dρ
d−ρ x1 ++ ρ2

d−ρ y1, then system (9) can be changed into

dx2

dt
= y2 + ∑

i+j=2
c̃i,jxi

2yj
2 +O(|x2, y2|3),

dy2

dt
= ∑

i+j=2
d̃i,jxi

2yj
2 +O(|x2, y2|3),

(10)

where

c̃2,0 = −d2
√

β0d
dρ − ρ2 , ã1,1 =

√
β0d(2d − ρ)

ρ2 , c̃0,2 = −
√

β0d(d − ρ)2

dρ3 ,

d̃2,0 = −d2
√

β0d
d − ρ

, d̃1,1 =

√
β0d(2d − ρ)

ρ
, d̃0,2 = −

√
β0d(d − ρ)2

dρ2 .

Make near-identity transformation

x3 = x2, y3 = y2 + ∑
i+j=2

c̃i,jxi
2yj

2 +O(|x2, y2|3),
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in system (10) to eliminate the non-resonant terms. Then, we obtain

dx3

dt
= y3,

dy3

dt
=

2

∑
i+j=1

ẽi,jxi
3yj

3 + O(|x3, y3|3),
(11)

where

ẽ2,0 =
d2
√

β0d
ρ − d

> 0,

ẽ1,1 =

√
β0d(ρ − 3d)

d − ρ
�= 0,

ẽ0,2 =

√
β0d
(
d2 + dρ − ρ2)

dρ2 .

At the last step, by scale transformation

x3 =
ẽ2,0

ẽ2
1,1

x4, y3 =
ẽ2

2,0

ẽ3
1,1

y4, t =
ẽ1,1

ẽ2,0
τ,

the system is C∞ equivalent to system (8). Thus, we prove that there exist smooth coordinate
changes which take system (4) into the system above. From [22,24–26], the germ in the
system will produce a nilpotent singularity bifurcation of codimension 2. This completes
the proof of Theorem 5.

Remark 2. Theorem 5 discusses the case when ρ > 2d and ρ �= 3d, but if ρ = 3d, then the
situation is very complicated; the system may have a degenerate shoot of higher codimension, which
will be discussed in the following works.

Remark 3. The nilpotent singularity serves as the organizational core of the model, and its existence
reflects the complexity of the model.

3. Bifurcation

To investigate the dynamics implied in system (4), we first consider the bifurcation
direction and codimension of the Hopf bifurcation.

3.1. Hopf Bifurcation

Recall S∗
1 =

A−ρI∗1
d and A(E∗

1 ) = −d − I∗2 (β1 + β0 I∗1 + β0S∗
1) = − A

S∗
1
+ ρ − β1S∗

1, and
we have the following:

Theorem 6. A generic Hopf bifurcation could occur if A(E∗
1 (β0)) = 0.

Proof. We only need to verify the transversal condition. The real part of the eigenvalue of
system (4) is −A/2. In the following, we will prove ∂A/∂β0 �= 0.

∂A(β0)

∂β0
= −∂S∗

1
∂β0

(β1 +
A

S∗2
1
)

=
ρ(β1 +

A
S∗2

1
)

2dβ2
0

√
A2β2

0 + ρ2β2
1 + 2ρβ0(Aβ1 − 2dρ)

f (β0),
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here f (β0) = β0(Aβ1 − 2dρ) + β1

(
ρβ1 −

√
A2β2

0 + ρ2β2
1 + 2ρβ0(Aβ1 − 2dρ)

)
, and

f (β0) = 0 holds if and only if β0 = 0, contradicting the range of β0. Thus, Theorem 6
holds.

3.2. Cusp-Type Nilpotent Bifurcation with Codimension 2

If A∗ = dρ2√
β0d(ρ−d)

, β∗
1 =

√
β0d(2d−ρ)

d−ρ , ρ > 2d and ρ �= 3d, E∗
0 is a cuspital point from

Theorem 5. In this section, we will unfold the singularity. First, we chose β1 and d as
bifurcation parameters and let (A, β1) = (A∗, β∗

1), satisfying the conditions in Theorem 5.
To prove that these parameters can unfold the singularity, we perturb the parameters and
eliminate β1 and d. Let A = A∗ + ε1, β1 = β∗

1 + ε2. Next, we will study the bifurcation of
the perturbed system

dS
dt

= A + ε1 − dS − (β∗
1 + ε2 + β0 I)SI,

dI
dt

= (β∗
1 + ε2 + β0 I)SI − ρI.

(12)

By
x1 = S − S∗

0 , y1 = I − I∗0 ,

we have

dx1

dt
=

2

∑
i+j=0

âi,jxi
1yj

1 +O(|x1, y1|3),

dy1

dt
=

2

∑
i+j=0

b̂i,jxi
1yj

1 +O(|x1, y1|3),
(13)

where

â0,0 = ε1 +
dρε2

β0(d − ρ)
+ O(|ε1, ε2|2), â1,0 =

dρ

d − ρ
+

d2ε2√
β0d(d − ρ)

+ O(|ε1, ε2|2),

â0,1 =
ρ2

d − ρ
− ρε2√

β0d
+ O(|ε1, ε2|2), â2,0 = 0,

â1,1 =
ρ
√

β0d
d − ρ

− ε2 + O(|ε1, ε2|2), â0,2 = −ρ
√

β0d
d

,

b̂0,0 =
dρε2

β0(ρ − d)
+ O(|ε1, ε2|2),

b1,0 =
d2

ρ − d
+

d2ε2√
β0d(ρ − d)

+ O(|ε1, ε2|2),

b̂0,1 = − dρ

d − ρ
+

ρε2√
β0d

+ O(|ε1, ε2|2),

b̂1,1 = −ρ
√

β0d
d − ρ

+ ε2 + O(|ε1, ε2|2), b̂0,2 =
ρ
√

β0d
d

.

By the transformation

x1 = x2 − â0,0

â1,0
, y1 = y2.
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System (13) is C∞ equivalent to

dx2

dt
=

2

∑
i+j=1

ĉi,jxi
2yj

2 + O(|x2, y2|3),

dy2

dt
=

2

∑
i+j=0

d̂i,jxi
2yj

2 + O(|x2, y2|3),
(14)

where

ĉ1,0 = â1,0, ĉ0,1 = â0,1 − â0,0 â1,1

â1,0
, ĉ1,1 = â1,1, ĉ0,2 = â0,2,

d̂0,0 = b̂0,0 − â0,0b̂1,0

â1,0
, d̂1,0 = b̂1,0, d̂0,1 = b̂0,1 − â0,0b̂1,1

â1,0
, d̂1,1 = b̂1,1, d̂0,2 = b̂0,2.

Next, we perform the following transmission,

x3 = x2, y3 = ĉ1,0x2 + ĉ0,1y2,

then the system can be changed into

dx3

dt
= y3 + ∑

i+j=2
êi,jxi

3yj
3 + O(|x3, y3|3),

dx3

dt
=

2

∑
i+j=0

f̂i,jxi
3yj

3 + O(|x3, y3|3),
(15)

where

ê2,0 =
ĉ0,2 ĉ2

1,0

ĉ2
0,1

− ĉ1,0 ĉ1,1

ĉ0,1
, ê1,1 =

ĉ1,1

ĉ0,1
− 2ĉ0,2 ĉ1,0

ĉ2
0,1

, ê0,2 =
ĉ0,2

ĉ2
0,1

,

f̂0,0 = ĉ0,1d̂0,0, f̂1,0 = ĉ0,1d̂1,0 − ĉ1,0d̂0,1, f̂0,1 = ĉ1,0 + d̂0,1,

f̂2,0 =
ĉ0,2 ĉ3

1,0 − ĉ0,1 ĉ1,0

(
ĉ1,0

(
ĉ1,1 − d̂0,2

)
+ ĉ0,1d̂1,1

)
ĉ2

0,1
,

f̂1,1 =
ĉ0,1

(
ĉ1,0

(
ĉ1,1 − 2d̂0,2

)
+ ĉ0,1d̂1,1

)
− 2ĉ0,2 ĉ2

1,0

ĉ2
0,1

, f̂0,2 =
ĉ0,1d̂0,2 + ĉ0,2 ĉ1,0

ĉ2
0,1

.

Next, letting
x4 = x3, y4 = y3 + ∑

i+j=2
êi,jxi

3yj
3 + O(|x3, y3|3),

then system (15) becomes

dx4

dt
= y4,

dy4

dt
=

2

∑
i+j=0

ĝi,jxi
4yj

4 + O(|x4, y4|3),
(16)
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where

ĝ0,0 = f̂0,0, ĝ1,0 = ê1,1 f̂0,0 + f̂1,0, ĝ0,1 = 2ê0,2 f̂0,0 + f̂0,1,

ĝ2,0 = −2ê0,2 ê2,0 f̂0,0 − ê2,0 f̂0,1 + ê1,1 f̂1,0 + f̂2,0,

ĝ1,1 = ê0,2

(
2 f̂1,0 − 2ê1,1 f̂0,0

)
+ 2ê2,0 + f̂1,1,

ĝ0,2 = −2ê2
0,2 f̂0,0 + ê0,2 f̂0,1 + ê1,1 + f̂0,2.

Make the following transformation

x5 = x4, y5 =
y4√
ĝ2,0

, τ =
∫ t

0

√
ĝ2,0ds,

then system (16) can be rewritten as

dx5

dt
= y5,

dy5

dt
= h0,0 + h1,0x5 + x2

5 + y5

(
h0,1 + h1,1x5 +O(x2

5)
)
+ y2

5O(|x5, y5|),
(17)

where

h0,0 =
ĝ0,0

ĝ2,0
, h1,0 =

ĝ1,0

ĝ2,0
, h0,1 =

ĝ0,1

ĝ2,0
, h1,1 =

ĝ1,1

ĝ2,0
.

At the last step, let u = x5 +
h1,0

2 , v = h1,1y5, t = h1,1τ, and system (17) can be changed into

du
dτ

= v,

dv
dτ

= ν1(ε1, ε2) + ν2(ε1, ε2)v + x2 + xy + O
(
|u, v|3, ε1, ε2

)
,

(18)

where

ν1 = h0,0 −
h2

1,0

4

= − ρ

d
√

β0d
ε1 −

ρ2
√

β0d
β2

0d2
ε2 + O(|ε1, ε2|2),

ν2 =
h0,1

h1,1
− h1,0

2

=
4d4 − 2d3ρ − dρ3 + ρ4

2d2ρ2(3d − ρ)
ε1 +

4d4 − 4d3ρ + 4d2ρ2 − 3dρ3 + ρ4

2β0d2ρ(3d − ρ)
ε2 + O(|ε1, ε2|2).

and if 2d < ρ < 3d,

D(ν1, ν2)

D(ε1, ε2)
|(ε1,ε2)=(0,0) =

β0ρ(d − ρ)2

(β0d)5/2(3d − ρ)
�= 0. (19)

Hence, we have the following conclusion.

Theorem 7. For ε = (ε1, ε2), which is sufficiently small, system (12) is a universal unfolding of
the cusp singularity of codimension 2.

Remark 4. The existence of unstable periodic solutions provides a threshold condition. If the initial
values lie within the limit cycle, the number of infected individuals stabilizes at a constant after a
period of oscillation. However, if the initial values lie outside the limit cycle, the number of infected
individuals tends to die out after oscillation.
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3.3. Bifurcation Diagram and the Phase Diagrams

In this section, we will conduct numerical simulations based on the previous analysis.
Firstly, we employ the MatCont7P4 program to generate bifurcation diagrams. Taking
A = 0.864, d = 0.2, and μ = 0.2, δ = 0.15, then ρ = d + μ + δ = 0.55 < 3d. We keep
these parameters constant and only vary the values of β0 and β1, thus obtaining the
bifurcation diagram Figure 1a. In this figure, the blue curve represents the saddle-node
bifurcation curve, whereas the red curve represents the Hopf bifurcation curve. BT denotes
the Bogdanov–Takens point with codimension 2. These three curves divide the parameter
plane β1 − β0 into three parts. In Figure 2, we use the Phase Plane software to provide the
global phase portraits in these three parts. Combining Figures 1a and 2, we can clearly
observe the variation process of the phase portraits with the changes in parameters β0
and β1.

Next, we consider the case where ρ > 3d, taking A = 0.98, d = 0.2, μ = 0.3, and
δ = 0.2. Then, ρ = 0.7 > 3d. In this case, the Hopf bifurcation curve and the saddle-node
bifurcation curve divide the entire region into five parts (see Figure 3). Unlike Figure 1a,
the Hopf bifurcation curve exhibits self-intersections. This complicates the dynamical
properties of the system. In fact, through the phase portraits, we discover that multiple
limit cycles may emerge outside the positive singularity point E∗

2 in regions I I I and V,
and the stability of these two limit cycles may be opposite. To thoroughly understand the
relative positions and stability of these two limit cycles, it may be necessary to compute
higher-order focal quantities, which is inherently very challenging. We will discuss this in
future work.

(a) 2d < ρ < 3d (b) ρ > 3d

Figure 1. Bifurcation diagram of system (4). “Hopf” represents the Hopf bifurcation curve, “Saddle-
Node” refers to the saddle-node bifurcation curve, “DH” represents the degenerate Hopf bifurcation
point, and “BT” represents the location of the Bogdanov–Takens bifurcation.

(a) (b)

Figure 2. Cont.
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(c)

Figure 2. Global phase diagram of system (4) in Figure 1a when 2d < ρ < 3d. (a) In region I, the
system has only one disease-free equilibrium E0, which is globally stable; (b) in region I I, there are
two positive equilibrium points E∗

1 and E∗
2 in the system, and near E∗

2 there exists an unstable limit
cycle; (c) in region I I I, there are two positive equilibrium points E∗

1 and E∗
2 in the system. E∗

2 is a
stable focus.

(a) (b)

(c) (d)

(e)

Figure 3. Global phase diagram of system (4) in Figure 1b when ρ > 3d. (a) In region I, the system has
only one disease-free equilibrium E0, which is globally stable; (b) in region I I, there are two positive
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equilibrium points E∗
1 and E∗

2 in the system, and E∗
2 is a stable focus or node, whereas E∗

1 is a saddle;
(c) in region I I I, the system may exhibit two limit cycles; (d) in region IV, E∗

2 is a stable focus or node,
and E∗

1 is a saddle; (e) in region V, the system may exhibit two limit cycles.

Remark 5. In Figure 3c,e, although there are two concentric limit cycles around E∗
2 , the stability of

the larger and smaller cycles may be opposite. We did not provide a formal proof for this in the paper,
but we observed this phenomenon through numerical simulations.

4. Discussion

This paper presents an analysis of the dynamics of an epidemic model featuring a
nonlinear incidence rate, originally proposed by Van den Driessche and Watmough [12],
and subsequently studied by Jin [7]. Jin’s findings indicate that in the SIRS model, af-
ter neglecting the disease-induced mortality rate, the three-dimensional model can be
reduced to a planar polynomial system. Utilizing qualitative theory, it was discovered that
the system may harbor a stable cusp-type singularity, leading to the emergence of stable
Bogdanov–Takens bifurcations accompanied by stable limit cycles. Here, we extend the
same incidence rate to the SIR model. Consequently, the stable nodes in the system become
unstable, resulting in the emergence of unstable limit cycles through bifurcation. Dynami-
cally, if the limit cycle is stable, trajectories near it tend towards the cycle. Conversely, if the
limit cycle is unstable, the system exhibits a peculiar bistable structure, with the limit cycle
itself acting as a boundary. Trajectories starting within the limit cycle converge towards a
positive equilibrium point, whereas those outside tend towards a boundary equilibrium
point, indicating disease extinction.

In practical applications, our results underscore that the most effective disease control
strategy involves regulating β1, representing the probability of contact between suscep-
tible and infected individuals. This highlights the paramount importance of controlling
the effective contact rates between these two groups when managing infectious diseases.
Additionally, we observe that elevated multiple contact rates lead to unstable periodic
solutions in the system. Consequently, the system’s dynamics become less governed by
the basic reproduction number R0 and entail a more intricate mechanism. Importantly, the
disease’s progression depends not only on system parameters but also on initial conditions.
Trajectories initiated within the limit cycle stabilize at a constant level of infected individu-
als, whereas those outside lead to disease eradication. This underscores the necessity of
controlling the populations of susceptible and infected individuals.

It is worth noting that whereas this paper identifies a Bogdanov–Takens bifurcation
with codimension 2, further analysis of higher codimension bifurcations and the dynamic
impact of immune factors and social distancing measures remain avenues for future
research in our model.
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Abstract: In this paper, we carry out some research on a predator–prey system with maturation delay,
a stage structure for generalist predators and a Holling type-II functional response, which has already
been proposed. First, for the delayed model, we obtain the conditions for the occurrence of stability
switches of the positive equilibrium and possible Hopf bifurcation values owing to the growth of
the value of the delay by applying the geometric criterion. It should be pointed out that when we
suppose that the characteristic equation has a pair of imaginary roots λ = ±iω(ω > 0), we just need
to consider iω(ω > 0) due to the symmetry, which alleviates the computation requirements. Next,
we investigate the nature of Hopf bifurcation. Finally, we conduct numerical simulations to verify
the correctness of our findings.

Keywords: maturation delay; geometric criterion; stability switch; Hopf bifurcation; predator–prey

1. Introduction

Interspecies relationships include competition, predation, parasitism and mutualism,
where predation describes the interplay between the predator and prey. It is crucial to
explore the interaction between them and then formulate an appropriate mathematical
model to accurately capture the dynamics of the predator–prey model. The classic predator–
prey model was first put forward by Lotka [1] and Volterra [2]. Since then, a lot of scholars
have incorporated multifarious factors into the classic model to expound intricate biological
processes in a more realistic way [3–6].

Since all biological processes take time to complete, one tends to take into account
time delays in the modeling efforts [7–10]. This will produce delay differential equation
models in most instances. Some of these models result from age structure models or
elaborate formulations, which means that time lags often arise in the survival rates of the
populations, such as e−dτ [11]. Clearly, these models possess delay-dependent parameters,
while most of delay differential equation models only have parameters independent of
time delays [12–16].

In ecological research, stability analysis is a key task. Common stability analysis
includes finite-time stability, exponential stability, local asymptotic stability and global
asymptotic stability [17]. In this paper, we focus on analyzing the local asymptotic stability
of the positive equilibrium. Studying the stability of the delayed system has aroused wide
concern in mathematical biology since the time lag plays a surprisingly vital role in affecting
dynamics of the model. It may make the model stable or unstable, relying on the length of
the time delay [18]. Cooke and Grossman [12] first demonstrated that constructing a system
with stability switches was possible. By combining graphical information with analytical
work, Beretta and Kuang [18] proposed a geometric criterion to effectively study the
stability switches of the model with only one discrete delay. Furthermore, the parameters
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of this model are relevant to the delay. The corresponding characteristic equation for the
above model can be written as

D(λ, τ) := P0(λ, τ) + P1(λ, τ)e−λτ = 0, (1)

where P0(λ, τ), P1(λ, τ) are polynomials in λ. Recently, the prominent geometric method
set forth by Beretta and Kuang [18] has been applied by a lot of scholars [16,19,20]. Subse-
quently, Beretta and Tang [21] extended the geometric stability switch criterion introduced
in [18] to be appropriate for the more general characteristic equation

D(λ, τ) := P0(λ, τ) + P1(λ, τ)e−λτ + P2(λ, τ)e−2λτ = 0, (2)

where P0(λ, τ), P1(λ, τ), and P2(λ, τ) are polynomials in λ.
For the scenario that parameters of the model fail to be related to the delay, Gu

et al. [22] put forward the crossing curves method for general systems with double delays.
They studied the change of system stability for the following characteristic equation as
delays vary.

D(λ, τ, τ1) := P0(λ) + P1(λ)e−λτ + P2(λ)e−λτ1 = 0, (3)

where Pl(λ), l = 0, 1, 2 are polynomials in λ. The application of this crossing curves method
can be found in [23].

The geometric method developed by Gu et al. [22] was extended by An et al. [24] to
explore the stability switches of a system with two discrete delays and delay-dependent
parameters relevant only to one of the time delays. Clearly, the stability of such a model is
absolutely decided by the roots of its characteristic equation

D(λ, τ, τ1) := P0(λ, τ) + P1(λ, τ)e−λτ + P2(λ, τ)e−λτ1 = 0, (4)

where Pl(λ, τ), l = 0, 1, 2 are polynomials in λ whose coefficients, say pkl(τ), are bounded
functions pkl : I −→ R of class C1. Some applications of this geometric method are available
in [11,25,26].

Recently, based on the models in [27–32] and the hypothesis that the predator is
generalist, that is, it can achieve an alternative food apart from the prey, Roy et al. [33]
formulated the following predator–prey model with the generalist predator:⎧⎪⎪⎨⎪⎪⎩

dX
dT

= X(r1 − b1X)− c1XY
1 + aX

,

dY
dT

= Y(r2 − b2Y) +
cc1XY
1 + aX

,
(5)

where X(T) and Y(T) represent the densities of prey and generalist predator populations
at time T, respectively. r1 and r2 are the growth rates of prey and predator populations,
respectively. b1 and b2 denote the intra-specific competition among prey and predator
populations, respectively. c1 refers to the capture rate, a is the time of handling each
captured prey, c represents the efficiency that predators convert consumed prey into new
predators. In order to simplify the calculations, they rescaled model (5) by x = b1X

r1
, y = b2Y

r2
,

t = Tr1 and then obtained the following model:⎧⎪⎪⎨⎪⎪⎩
dx
dt

= x(1 − x)− βxy
1 + αx

,

dy
dt

= yρ̃(1 − y) +
γxy

1 + αx
,

(6)

where β = c1r2
b2r1

, α = ar1
b1

, ρ̃ = r2
r1

and γ = cc1
b1

. All above parameters in model (6) are
supposed to be positive. Moreover, inspired by the modeling method in [27,34,35], they
modified model (6) by considering a stage structure for generalist predators. They classified
the predator population into two stages: the immature stage and the mature stage. It is well
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known that immature predators require some time to mature. In the maturation process,
there exists a natural death of immature predators. After accomplishing the maturation
process, they deviate from the immature class and join the mature class. Thus, it can be
seen that a maturation delay is common in a predator–prey model with a stage structure.
That is to say, there is a close connection between the maturation delay and the model
with stage structure. So the research of the model with a stage structure should focus
on the maturation delay. Based on the above analysis and the hypothesis that immature
predators are incapable of reproducing or capturing prey because they are weaker than
mature predators, model (6) can be converted into⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dx
dt

= x(1 − x)− βxya

1 + αx
,

dyj

dt
=

γxya

1 + αx
− γe−δjτx(t − τ)ya(t − τ)

1 + αx(t − τ)
− δjyj,

dya

dt
= yaρ̃(1 − ya) +

γe−δjτx(t − τ)ya(t − τ)

1 + αx(t − τ)
,

(7)

with (x(θ), y(θ)) ∈ C+ ≡ C
[
[−τ, 0],R2≥0

]
and x(0) > 0, yj(0) > 0, ya(0) > 0. In the above

model, yj and ya represent the densities of immature and mature predator populations,
respectively. δj denotes the death rate of immature predator populations. τ is the matura-
tion delay and e−δjτ refers to the probability that a juvenile predator grows up to become
an adult predator successfully. The biological significances of the remaining parameters
are the same as those in model (6). For all we know, no one puts forward such a model
apart from Roy et al. [33]. And it is more reasonable and more grounded in reality to
investigate a model with a generalist predator and a maturation delay. Because x(t) and
ya(t) absolutely determined yj(t), they just considered the following delayed model for
further investigation. ⎧⎪⎪⎨⎪⎪⎩

dx
dt

= x(1 − x)− βxy
1 + αx

,

dy
dt

= yρ̃(1 − y) +
γe−δjτx(t − τ)y(t − τ)

1 + αx(t − τ)
.

(8)

For the delayed model (8), they studied the positivity and boundedness of solutions,
the stability of all equilibriums and local bifurcations. The conclusions they have reached
are colorful. However, they demonstrated that under certain conditions, model (8) would
not occur with a stability switch (see Proposition 6.1 in [33]), which means that Hopf
bifurcations would not occur either. The main target of this paper is to extend the work
carried out by Roy et al. [33] to further study the occurrence of stability switches and Hopf
bifurcation near the positive equilibrium for model (8) by dint of the geometric stability
switch criterion introduced in [18]. We hypothesize that incorporating a maturation delay in
a predator–prey model with a stage structure for generalist predators and a Holling type-II
functional response will influence the dynamic behavior of the system, potentially leading
to stability switches and Hopf bifurcations. The subsequent sections will be devoted to
exploring how the maturation delay affects the dynamics of model (8).

The organization of the remainder of the paper is as follows. In Section 2, we apply a
geometric criterion to present the conditions for the occurrence of stability switches and
Hopf bifurcations induced by the maturation delay. Section 3 focuses on the exploration
of the nature of Hopf bifurcation by solving its normal form. To confirm our theoretical
findings, numerical simulations are proceeded in Section 4. Finally, we summarize this
paper with a conclusion section.
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2. A Geometric Criterion for Hopf Bifurcation Values

In this section, we study the occurrence of possible stability switches and Hopf bifur-
cation values induced by the increase in time lag. According to Subsection 5.1 in [33], we
can directly obtain the following details about the existence of positive equilibriums.

Lemma 1. The following statements are correct for the model (8).

(i) If β < 1, there exists at least one interior equilibrium E∗(x∗, y∗) for the delayed model (8).
(ii) If β > 1, there is at least one positive equilibrium E∗(x∗, y∗) with the following sufficient

condition holding:

τ ≥ 1
δj

ln
4(α − 1)βγ

ρ̃(α + 1)[(α + 1)2 − 4αβ]
:= τmin.

It is direct from Subsection 5.2 in [33] that the characteristic equation of the model (8)
at E∗ is

λ2 − (a1 + b3)λ + a1b3 + (a1b2 − a2b1 − b2λ)e−λτ = 0, (9)

where
a1 = 1 − 2x∗ − βy∗

(1 + αx∗)2 , a2 = − βx∗

1 + αx∗ ,

b1 =
γe−δjτy∗

(1 + αx∗)2 , b2 = −ρ̃(1 − y∗), b3 = ρ̃(1 − 2y∗).
(10)

When τ = 0, we can further receive the following lemma about the local stability of
E∗ by the use of Routh–Hurwitz criteria.

Lemma 2. When τ = 0, if the condition (H1): a1 + b2 + b3 < 0, a1b3 + a1b2 − a2b1 > 0 holds,
then the interior equilibrium E∗ is locally asymptotically stable.

In what follows, when τ �= 0, we plan to explore the stability switches and Hopf
bifurcations of model (8) resulting from the maturation delay τ by applying the geometric
criterion introduced in [18].

Equation (9) can be rewritten as

D(λ, τ) := P0(λ, τ) + P1(λ, τ)e−λτ = 0, (11)

where P0(λ, τ) = λ2 − (a1 + b3)λ + a1b3 and P1(λ, τ) = a1b2 − a2b1 − b2λ.
Obviously, P0(λ, τ) and P1(λ, τ) are analytic functions in λ and differentiable in τ.

To utilize the geometric criterion, we also need to verify the following conclusions (see [18]):

(i) P0(0, τ) + P1(0, τ) �= 0 for any τ;
(ii) If λ = iω, ω ∈ R, then P0(iω, τ) + P1(iω, τ) �= 0 for any τ;

(iii) lim sup
λ→∞,Reλ≥0

(∣∣∣ P1(λ,τ)
P0(λ,τ)

∣∣∣) < 1 for any τ;

(iv) F(ω, τ) := |P0(iω, τ)|2 − |P1(iω, τ)|2 for each τ has at most a finite number of real
zeros;

(v) Any positive root ω(τ) of F(ω, τ) = 0 is continuous and differentiable in τ whenever
it exists.

Next, we will corroborate the above results in turn. In addition, it is posited that the
hypothesis (H1) in Lemma 2 is true, that is to say, a1 + b2 + b3 < 0, a1b3 + a1b2 − a2b1 > 0.

(i) P0(0, τ) + P1(0, τ) = a1b3 + a1b2 − a2b1 > 0 for any τ;
(ii) P0(iω, τ) + P1(iω, τ) = −ω2 + (a1b3 + a1b2 − a2b1)− i(a1 + b2 + b3)ω �= 0 for any τ

on account of a1 + b2 + b3 < 0;
(iii) For any τ, lim sup

λ→∞,Reλ≥0

(∣∣∣ P1(λ,τ)
P0(λ,τ)

∣∣∣) = lim sup
λ→∞,Reλ≥0

(∣∣∣ a1b2−a2b1−b2λ
λ2−(a1+b3)λ+a1b3

∣∣∣) = 0 < 1;

(iv) Due to
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F(ω, τ) = |P0(iω, τ)|2 − |P1(iω, τ)|2 = ω4 + (a2
1 + b2

3 − b2
2)ω

2 + a2
1b2

3 − (a1b2 − a2b1)
2,

it is clearly true that F(ω, τ) admits at most a finite number of real zeros for each τ;
(v) This conclusion can be verified by the use of the implicit theorem directly.

Assume that λ = ±iω(ω > 0) are a pair of imaginary roots of Equation (11). Be-
cause P0(−iω, τ) = P0(iω, τ) and P1(−iω, τ) = P1(iω, τ), in line with the symmetry, we
just need to take into account λ = iω(ω > 0). Plug iω into Equation (11) and then separate
real and imaginary parts, we obtain{

− b2ω sin(ωτ) + (a1b2 − a2b1) cos(ωτ) = ω2 − a1b3,

(a1b2 − a2b1) sin(ωτ) + b2ω cos(ωτ) = −(a1 + b3)ω,
(12)

which gives ⎧⎪⎪⎪⎨⎪⎪⎪⎩
sin(ωτ) =

−(ω2 − a1b3)b2ω − (a1 + b3)(a1b2 − a2b1)ω

(a1b2 − a2b1)2 + b2
2ω2

,

cos(ωτ) =
(ω2 − a1b3)(a1b2 − a2b1)− (a1 + b3)b2ω2

(a1b2 − a2b1)2 + b2
2ω2

.
(13)

On the other side of the coin, if Equation (11) admits a root λ = iω(ω > 0), then it
follows that

P0(iω, τ)

P1(iω, τ)
= − cos(ωτ) + i sin(ωτ).

Hence, we can rewrite (13) as

sin(ωτ) = Im
(

P0(iω, τ)

P1(iω, τ)

)
, cos(ωτ) = −Re

(
P0(iω, τ)

P1(iω, τ)

)
,

which means that ∣∣∣∣P0(iω, τ)

P1(iω, τ)

∣∣∣∣2 = 1.

Consequently, if ω(τ) satisfies (13), then it must satisfy the following equation:

F(ω, τ) = |P0(iω, τ)|2 − |P1(iω, τ)|2
= ω4 + (a2

1 + b2
3 − b2

2)ω
2 + a2

1b2
3 − (a1b2 − a2b1)

2 = 0.
(14)

Define I ⊆ R+0 as the set of τ such that ω(τ) is a positive root of Equation (14). If I is
empty, then there does not exist any stability switch and Hopf bifurcation value, which
has been discussed and proven in [33]. However, they did not consider the case that I is
nonempty any more. To fill up this gap, we extend the analysis in [33] by supposing that I
is nonempty. In addition, we can sum up the following proposition.

Proposition 1. If conditions (H1) and (H2): a1b3 − a1b2 + a2b1 < 0 hold, then Equation (14)
has a unique positive root ω+(τ), τ ∈ I, which means that I is nonempty.

Proof. By a series of calculations, we can obtain the roots of Equation (14) given by

ω2
+ =

1
2

{
Δ

1
2 − (a2

1 + b2
3 − b2

2)
}

, ω2− =
1
2

{
−Δ

1
2 − (a2

1 + b2
3 − b2

2)
}

, (15)

where
Δ = (a2

1 + b2
3 − b2

2)
2 − 4

[
a2

1b2
3 − (a1b2 − a2b1)

2
]
.
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It is direct from (10) and y∗ > 1 that a2
1 + b2

3 − b2
2 > 0. Therefore, ω2− < 0. Due to

a2
1b2

3 − (a1b2 − a2b1)
2 = (a1b3 + a1b2 − a2b1)(a1b3 − a1b2 + a2b1), we can further obtain

ω2
+ > 0 with conditions (H1) and (H2) holding. The proof is thus completed. �

For any τ ∈ I, the angle θ(τ) ∈ [0, 2π] can be defined as the solution of⎧⎪⎪⎪⎨⎪⎪⎪⎩
sin θ(τ) =

−(ω2
+ − a1b3)b2ω+ − (a1 + b3)(a1b2 − a2b1)ω+

(a1b2 − a2b1)2 + b2
2ω2

+

,

cos θ(τ) =
(w2

+ − a1b3)(a1b2 − a2b1)− (a1 + b3)b2ω2
+

(a1b2 − a2b1)2 + b2
2ω2

+

.

(16)

Hence, for any τ ∈ I, we have ω+(τ)τ = θ(τ) + 2nπ, n ∈ N0. Then, we can construct the
maps τn : I −→ R+0, which is given by

τn(τ) :=
θ(τ) + 2nπ

ω+(τ)
, n ∈ N0, τ ∈ I,

where ω+(τ) > 0 is a root of Equation (14). We further define the functions I −→ R:

Sn(τ) := τ − τn(τ), τ ∈ I, n ∈ N0, (17)

which are continuous and differentiable in τ. Then, we can obtain the following geometric
criterion to certify the transversality condition and describe the direction of λ crossing the
imaginary axis.

Theorem 1. Assume that (H2) holds and that Sn(τ) admits one positive root τ∗ ∈ I for some
n ∈ N0, then at τ = τ∗, Equation (11) has a pair of simple conjugate pure imaginary roots
λ+(τ∗) = iω+(τ∗), λ−(τ∗) = −iω+(τ∗), which crosses the imaginary axis from left to right
when δ(τ∗) > 0 and crosses the imaginary axis from right to left when δ(τ∗) < 0, where δ(τ∗) is
the transversality condition denoted by

δ(τ∗) = sign
{

dReλ

dτ

∣∣∣∣
λ=iω+(τ∗)

}
= sign

{
dSn(τ)

dτ

∣∣∣∣
τ=τ∗

}
. (18)

Proof. Compared to the proof of Theorem 2.2 in [18], we just need to further prove the
transversality condition (18). From Theorem 2.2 in [18], we obtain that

δ(τ∗) = sign
{

dReλ

dτ

∣∣∣∣
λ=iω+(τ∗)

}
= sign

{
F′

ω(ω+(τ
∗), τ∗)

}
sign

{
dSn(τ)

dτ

∣∣∣∣
τ=τ∗

}
. (19)

It is direct from Equation (14) that

F′
ω(ω+(τ

∗), τ∗) = 4ω3
+ + 2ω+(a2

1 + b2
3 − b2

2) = 2ω+(2ω2
+ + a2

1 + b2
3 − b2

2).

On the other hand, from (15), we can obtain ω2
+ = 1

2

{
Δ

1
2 − (a2

1 + b2
3 − b2

2)
}

, which

implies that 2ω2
+ + a2

1 + b2
3 − b2

2 = Δ
1
2 . Therefore, F′

ω(ω+(τ∗), τ∗) = 2ω+(τ∗)Δ 1
2 > 0,

which is equivalent to sign{F′
ω(ω+(τ∗), τ∗)} = 1. The proof is completed. �

Clearly, Sn(τ) > Sn+1(τ) for all n ∈ N0, τ ∈ I. Hence, if S0(τ) < 0 on I, then
Sn(τ)(n ∈ N0) admits no zeros on I. To sum up, we show the following theorem with
respect to the stability switches of E∗ and the occurrence of Hopf bifurcations.

Theorem 2. Take into account model (8) with conditions (H1) and (H2) being satisfied.

(i) If S0(τ) admits no positive real root τ ∈ I, then when β < 1, E∗ is locally asymptotically
stable for any τ > 0 and when β > 1, E∗ is locally asymptotically stable for τ ≥ τmin.
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(ii) Assume that for some n ∈ N0, Sn(τ) admits the unique positive real root τn ∈ I and satisfies
dSn(τn)/dτ > 0. If β < 1, then E∗ is locally asymptotically stable for τ ∈ (0, τ0) and
unstable for τ ∈ (τ0, ∞). Moreover, the model (8) undergoes a Hopf bifurcation at E∗ when
τ = τn, n ∈ N0. If β > 1, then E∗ is locally asymptotically stable for τ ∈ (0, τ0) ∩ [τmin, ∞)
and unstable for τ ∈ (τ0, ∞) ∩ [τmin, ∞).

(iii) Assume that for some n ∈ N0, Sn(τ) has two positive real roots τ1
n , τ2

n ∈ I and satisfies
dSn(τ1

n)/dτ > 0, dSn(τ2
n)/dτ < 0. Clearly, τ1

0 < τ1
1 < τ1

2 < · · · < τ2
2 < τ2

1 < τ2
0 .

If β < 1, then E∗ is locally asymptotically stable for τ ∈ (0, τ1
0 ) ∪ (τ2

0 , ∞) and unstable for
τ ∈ (τ1

0 , τ2
0 ). In addition, a Hopf bifurcation occurs at E∗ when τ = τ1

n , τ2
n , n ∈ N0. If β > 1,

then E∗ is locally asymptotically stable for τ ∈ ((0, τ1
0 ) ∪ (τ2

0 , ∞)
) ∩ [τmin, ∞) and unstable

for τ ∈ (τ1
0 , τ2

0 ) ∩ [τmin, ∞).
(iv) Assume that for some n ∈ N0, Sn(τ) has k positive real roots τk

n ∈ I and that ωk
n is the

corresponding root of (12), n ∈ N0, k ∈ N. Similar to the above process, we can probe into
the stability switches and Hopf bifurcation of E∗ by judging the value of β and the sign of
dSn(τk

n)/dτ.

3. Direction of Hopf Bifurcation and Stability of Bifurcated Periodic Solutions

In this section, we intend to apply the center manifold theorem and normal form
method put forward by Hassard et al. [36] to discuss the direction of Hopf bifurcation and
the stability of bifurcated periodic solutions of model (8) at τ = τk

n .
Let τ = τk

n + μ, μ ∈ R. Therefore, the model (8) experiences a Hopf bifurcation when
μ = 0. Let x1(t) = x(τt)− x∗, y1(t) = y(τt)− y∗ and replace x1(t), y1(t) with x(t), y(t),
respectively. Then model (8) can be converted to the functional differential equation in the
phase space C = C

(
[−1, 0],R2) as

U̇(t) = Lμ(Ut) + f (μ, Ut), (20)

where U(t) = [x(t), y(t)]T ∈ R2, Ut(θ) = U(t + θ) ∈ C, Lμ : C → R2 and f : R× C → R2

are given as follows.

Lμ(φ) =
(

τk
n + μ

)
[B1φ(0) + B2φ(−1)] and f (μ, φ) = (τk

n + μ)( f1, f2)
T ,

where φ(θ) = (φ1(θ), φ2(θ))
T ∈ C,

B1 =

(
a1 a2
0 b3

)
τ=τk

n

,

B2 =

(
0 0
b1 b2

)
τ=τk

n

,

f1 = k11φ2
1(0) + k12φ1(0)φ2(0),

f2 = k21φ2
2(0) + k22φ2

1(−1) + k23φ1(−1)φ2(−1),

with

k11 =
αβy∗

(1 + αx∗)3 − 1, k12 = − β

(1 + αx∗)2 ,

k21 = −ρ̃, k22 = −αγy∗e−δjτ
k
n

(1 + αx∗)3 , k23 =
γe−δjτ

k
n

(1 + αx∗)2 .

By utilizing the Riesz representation theorem, it is quite easy to know that there is a
2 × 2 matrix function η(θ, μ) filled with bounded variation (θ ∈ [−1, 0]), such that

Lμ(φ) =
∫ 0

−1
dη(θ, μ)φ(θ), φ ∈ C

(
[−1, 0],R2

)
.
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As a matter of fact, we can select

η(θ, μ) =
(

τk
n + μ

)
B1δ(θ)−

(
τk

n + μ
)

B2δ(θ + 1),

where δ represents the Dirac-delta function. For φ ∈ C1([−1, 0],R2), we define

A(μ)φ(θ) =

⎧⎪⎪⎨⎪⎪⎩
dφ(θ)

dθ
, θ ∈ [−1, 0),∫ 0

−1
dη(μ, s)φ(s), θ = 0,

and

R(μ)φ(θ) =

{
0, θ ∈ [−1, 0),

f (μ, φ), θ = 0.

Then Equation (20) is equal to

U̇t = A(μ)Ut + R(μ)Ut. (21)

For ψ ∈ C1
(
[0, 1],

(
R2)∗), the adjoint operator A∗ of A(0) can be denoted by

A∗ψ(s) =

⎧⎪⎪⎨⎪⎪⎩
− dψ(s)

ds
, s ∈ (0, 1],∫ 0

−1
dηT(t, 0)ψ(−t), s = 0.

(22)

For φ ∈ C1([−1, 0],R2), ψ ∈ C1
(
[0, 1],

(
R2)∗), a bilinear form is given by

〈ψ(s), φ(θ)〉 = ψ̄(0)φ(0)−
∫ 0

−1

∫ θ

ξ=0
ψ̄(ξ − θ)dη(θ)φ(ξ)dξ, (23)

where η(θ) = η(θ, 0).
Through the argument in the previous section, we see that ±iωk

nτk
n are the eigenvalues

of A(0). Hence, they are also the eigenvalues of A∗. Moreover, we hold the assumption
that q(θ) = (1, ρ)Teiθωk

nτk
n and q∗(s) = D(1, ρ∗)Teisωk

nτk
n are the eigenvectors of A(0) and A∗,

which correspond to eigenvalues iωk
nτk

n and −iωk
nτk

n , respectively.
A careful calculation gives

ρ =
iωk

n − a1

a2
and ρ∗ = − a1 + iωk

n

b1eiωk
nτk

n
.

Direct from Equation (23), we obtain

〈q∗(s), q(θ)〉 = q∗T
(0)q(0)−

∫ 0

−1

∫ θ

ξ=0
q∗T

(ξ − θ)dη(θ)q(ξ)dξ

= D̄
(
1, ρ∗

)( 1
ρ

)
−
∫ 0

−1

∫ θ

ξ=0
D̄
(
1, ρ∗

)
e−iωk

nτk
n(ξ−θ)dη(θ)

(
1
ρ

)
eiωk

nτk
n ξdξ

= D̄
[

1 + ρ∗ρ −
∫ 0

−1

∫ θ

ξ=0

(
1, ρ∗

)
eiθωk

nτk
n dη(θ)

(
1
ρ

)
dξ

]
= D̄

[
1 + ρ∗ρ + τk

ne−iωk
nτk

n
(
1, ρ∗

)
B2

(
1
ρ

)]
= D̄

[
1 + ρ∗ρ + τk

ne−iωk
nτk

n (b1ρ∗ + b2ρρ∗)
]
.
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As a result, we define

D̄ =
[
1 + ρ∗ρ + τk

ne−iωk
nτk

n (b1ρ∗ + b2ρρ∗)
]−1

such that 〈q∗(s), q(θ)〉 = 1.
Furthermore, we can easily obtain 〈q∗(s), q̄(θ)〉 = 0 due to 〈q∗, A(0)q̄〉 = 〈A∗(0)q∗, q̄〉.
In what follows, we intend to apply the same nations as those in [36]. We plan to work

out the coordinates to describe the center manifold C0 at μ = 0. When μ = 0, the solution
of Equation (21) is denoted by Ut. Define

z(t) = 〈q∗, Ut〉, W(t, θ) = Ut(θ)− zq(θ)− z̄q̄(θ) = Ut(θ)− 2Re{z(t)q(θ)}. (24)

On the center manifold C0, it follows that

W(t, θ) = W(z(t), z̄(t), θ) � W20(θ)
z2

2
+ W11(θ)zz̄ + W02(θ)

z̄2

2
+ W30(θ)

z3

6
+ · · · , (25)

where z and z̄ refer to local coordinates for C0 in the direction of q∗ and q∗. If Ut is real, it is
obvious to recognize that W is real. In consequence, we only consider real solutions.

For the solution of Equation (21) Ut ∈ C0, because of μ = 0, we obtain

ż(t) =
〈
q∗, U̇t

〉
= 〈q∗, A(0)Ut + R(0)Ut〉

= 〈A∗(0)q∗, Ut〉+ q∗(0) f (0, Ut)

� iωk
nτk

nz + q∗(0) f0(z, z̄).

The equation above can be rewritten as

ż(t) = iωk
nτk

nz + g(z, z̄),

with

g(z, z̄) = q∗(0) f0(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄
2

+ · · · . (26)

Being aware that Ut(θ) = (xt(θ), yt(θ))T = W(t, θ) + zq(θ) + z̄q̄(θ), q(θ) = (1, ρ)Teiθωk
nτk

n

and Equation (25), we have

xt(θ) = zeiθωk
nτk

n + z̄e−iθωk
nτk

n + W(1)
20 (θ)

z2

2
+ W(1)

11 (θ)zz̄ + W(1)
02 (θ)

z̄2

2
+ O(|(z, z̄)|3),

yt(θ) = ρzeiθωk
nτk

n + ρ̄z̄e−iθωk
nτk

n + W(2)
20 (θ)

z2

2
+ W(2)

11 (θ)zz̄ + W(2)
02 (θ)

z̄2

2
+ O(|(z, z̄)|3).

Consequently, from Equation (26), we obtain

g(z, z̄) =q∗(0) f0(z, z̄) = D̄
(
1, ρ∗

)
τk

n

(
k11x2

t (0) + k12xt(0)yt(0)
k21y2

t (0) + k22x2
t (−1) + k23xt(−1)yt(−1)

)
=D̄τk

n

[
k11

(
z + z̄ + W(1)

20 (0)
z2

2
+ W(1)

11 (0)zz̄ + W(1)
02 (0)

z̄2

2
+ O(|(z, z̄)|3)

)2

+ k12

(
z + z̄ + W(1)

20 (0)
z2

2
+ W(1)

11 (0)zz̄ + W(1)
02 (0)

z̄2

2
+ O(|(z, z̄)|3)

)
×
(

ρz + ρ̄z̄ + W(2)
20 (0)

z2

2
+ W(2)

11 (0)zz̄ + W(2)
02 (0)

z̄2

2
+ O(|(z, z̄)|3)

)]
+ D̄τk

nρ∗
[

k21

(
ρz + ρ̄z̄ + W(2)

20 (0)
z2

2
+ W(2)

11 (0)zz̄

+ W(2)
02 (0)

z̄2

2
+ O(|(z, z̄)|3)

)2
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+ k22

(
ze−iωk

nτk
n + z̄eiωk

nτk
n + W(1)

20 (−1)
z2

2
+ W(1)

11 (−1)zz̄

+ W(1)
02 (−1)

z̄2

2
+ O(|(z, z̄)|3)

)2

+ k23

(
ze−iωk

nτk
n + z̄eiωk

nτk
n + W(1)

20 (−1)
z2

2
+ W(1)

11 (−1)zz̄

+ W(1)
02 (−1)

z̄2

2
+ O(|(z, z̄)|3)

)
×
(

ρze−iωk
nτk

n + ρ̄z̄eiωk
nτk

n

+W(2)
20 (−1)

z2

2
+ W(2)

11 (−1)zz̄ + W(2)
02 (−1)

z̄2

2
+ O(|(z, z̄)|3)

)]
.

Comparing the above formula with Equation (26), we can obtain

g20 = 2D̄τk
n(k11 + ρk12) + 2D̄τk

nρ∗(ρ2k21 + e−2iωk
nτk

n k22 + ρe−2iωk
nτk

n k23),

g11 = D̄τk
n [2k11 + (ρ̄ + ρ)k12] + D̄τk

nρ∗[2ρρ̄k21 + 2k22 + (ρ̄ + ρ)k23],

g02 = 2D̄τk
n(k11 + ρ̄k12) + 2D̄τk

nρ∗(ρ̄2k21 + e2iωk
nτk

n k22 + ρ̄e2iωk
nτk

n k23),

g21 = D̄τk
n

[(
4W(1)

11 (0) + 2W(1)
20 (0)

)
k11 +

(
2W(2)

11 (0) + W(2)
20 (0) + ρ̄W(1)

20 (0) + 2ρW(1)
11 (0)

)
k12

]
+ D̄τk

nρ∗
[(

4ρW(2)
11 (0) + 2ρ̄W(2)

20 (0)
)

k21 +
(

4W(1)
11 (−1)e−iωk

nτk
n + 2W(1)

20 (−1)eiωk
nτk

n
)

k22

+
(

2W(2)
11 (−1)e−iωk

nτk
n + W(2)

20 (−1)eiωk
nτk

n + ρ̄W(1)
20 (−1)eiωk

nτk
n + 2ρW(1)

11 (−1)e−iωk
nτk

n
)

k23

]
.

We further require to derive the expression of W20(θ) and W11(θ) on account of their
appearance in g21.

From Equations (21) and (24), we gain

Ẇ = U̇t − żq − ˙̄zq̄

=

{
AW − 2Re

{
q∗(0) f0q(θ)

}
, θ ∈ [−1, 0),

AW − 2Re
{

q∗(0) f0q(θ)
}
+ f0, θ = 0,

� AW + H(z, z̄, θ),

(27)

where

H(z, z̄, θ) = H20(θ)
z2

2
+ H11(θ)zz̄ + H02(θ)

z̄2

2
+ · · · . (28)

Notice that Ẇ = Wzż + Wz̄ ˙̄z = AW + H(z, z̄, θ), that is to say

[W20(θ)z + W11(θ)z̄]
[
iωk

nτk
nz + g(z, z̄)

]
+ [W11(θ)z + W02(θ)z̄]

[
−iωk

nτk
n z̄ + ḡ(z, z̄)

]
+ · · ·

= AW20(θ)
z2

2
+ AW11(θ)zz̄ + AW02(θ)

z̄2

2
+ · · ·+ H20(θ)

z2

2
+ H11(θ)zz̄ + H02(θ)

z̄2

2
+ · · · .

Paying attention to the corresponding coefficients, we can obtain

(A − 2iωk
nτk

n)W20(θ) = −H20(θ),

AW11(θ) = −H11(θ),

(A + 2iωk
nτk

n)W20(θ) = −H02(θ),

· · ·

(29)

From (27), we observe that for θ ∈ [−1, 0),

H(z, z̄, θ) = −q∗(0) f0q(θ)− q∗(0) f̄0q̄(θ) = −g(z, z̄)q(θ)− ḡ(z, z̄)q̄(θ). (30)
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Comparing the coefficients of the above equation with those in Equation (28), we have

H20(θ) = −g20q(θ)− ḡ02q̄(θ), H11(θ) = −g11q(θ)− ḡ11q̄(θ). (31)

It is direct from (29), (31) and the definition of A that{
Ẇ20(θ) = 2iωk

nτk
nW20(θ) + g20q(θ) + ḡ02q̄(θ),

Ẇ11(θ) = g11q(θ) + ḡ11q̄(θ),

which indicates that⎧⎪⎪⎨⎪⎪⎩
W20(θ) =

ig20q(0)
ωk

nτk
n

eiθωk
nτk

n +
iḡ02q̄(0)
3ωk

nτk
n

e−iθωk
nτk

n + E1e2iθωk
nτk

n ,

W11(θ) = − ig11q(0)
ωk

nτk
n

eiθωk
nτk

n +
iḡ11q̄(0)

ωk
nτk

n
e−iθωk

nτk
n + E2,

(32)

where E1 =
(

E(1)
1 , E(2)

1

)
∈ R2, E2 =

(
E(1)

2 , E(2)
2

)
∈ R2. In addition, they are all constant

vectors. Next, we shall be devoted to finding appropriate E1 and E2.
It is obvious that when θ = 0, H(z, z̄, 0) = −2Re

{
q∗(0) f0q(0)

}
+ f0. So it follows that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

H20(0) = −g20q(0)− ḡ02q̄(0) + 2τk
n

(
k11 + ρk12

ρ2k21 + e−2iωk
nτk

n k22 + ρe−2iωk
nτk

n k23

)
, (33)

H11(0) = −g11q(0)− ḡ11q̄(0) + τk
n

(
2k11 + (ρ̄ + ρ)k12

2ρρ̄k21 + 2k22 + (ρ̄ + ρ)k23

)
. (34)

Moreover, according to the expression of A and (29), we obtain

∫ 0

−1
dη(θ)W20(θ) = 2iωk

nτk
nW20(0)− H20(0), (35)

and ∫ 0

−1
dη(θ)W11(θ) = −H11(0). (36)

Now, substituting the first equation of (32) and (33) into (35) and observing that(
iωk

nτk
n I −

∫ 0

−1
eiθωk

nτk
n dη(θ)

)
q(0) = 0,

and (
−iωk

nτk
n I −

∫ 0

−1
e−iθωk

nτk
n dη(θ)

)
q̄(0) = 0,

then we obtain

(
2iωk

nτk
n I −

∫ 0

−1
e2iθωk

nτk
n dη(θ)

)
E1 = 2τk

n

(
k11 + ρk12

ρ2k21 + e−2iωk
nτk

n k22 + ρe−2iωk
nτk

n k23

)
,

which results in(
2iωk

n − a1 −a2

−b1e−2iωk
nτk

n 2iωk
n − b3 − b2e−2iωk

nτk
n

)
E1 = 2

(
k11 + ρk12

ρ2k21 + e−2iωk
nτk

n k22 + ρe−2iωk
nτk

n k23

)
,
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that is

E1 = 2

(
2iωk

n − a1 −a2

−b1e−2iωk
nτk

n 2iωk
n − b3 − b2e−2iωk

nτk
n

)−1(
k11 + ρk12

ρ2k21 + e−2iωk
nτk

n k22 + ρe−2iωk
nτk

n k23

)
. (37)

Similarly, substituting the second equation of (32) and (34) into (35), we receive

E2 =

( −a1 −a2
−b1 −b2 − b3

)−1( 2k11 + (ρ̄ + ρ)k12
2ρρ̄k21 + 2k22 + (ρ̄ + ρ)k23

)
. (38)

Thus, we can determine g21 from (32), (37) and (38). Furthermore, we are able to
calculate such values:

c1(0) =
i

2ωk
nτk

n

(
g20g11 − 2|g11|2 − |g02|2

3

)
+

g21

2
,

μ2 =− Re{c1(0)}
Re
{

λ′(τk
n
)} ,

β2 =2Re{c1(0)},

T2 =−
Im{c1(0)}+ μ2Im

{
λ′
(

τk
n

)}
ωk

nτk
n

,

(39)

which describe the nature of bifurcated periodic solutions in the center manifold at the
threshold value τ = τk

n . Therewith, we can present the following theorem.

Theorem 3. The following statements are all correct.

(i) The direction of the Hopf bifurcation is determined by the sign of μ2. If μ2 > 0(< 0), the Hopf
bifurcation is supercritical (subcritical).

(ii) The stability of the bifurcated periodic solutions is decided by the sign of β2. If β2 > 0(< 0),
the bifurcated periodic solutions are unstable (stable).

(iii) The period of the bifurcated periodic solutions is decided by the sign of T2. The period increases
(decreases) if T2 > 0(< 0).

4. Numerical Simulation

In this section, we provide a comprehensive analysis of how the maturation delay in-
fluences ecological dynamics of model (8) by giving some numerical examples. In addition,
we will provide some biological interpretations.

In the first place, in accordance with the values of parameters in [33] and conditions
given in the theoretical part of our paper, we choose

α = 2.78, β = 0.6, ρ̃ = 0.04, γ = 0.7, δj = 0.2, (40)

with initial conditions (0.1, 0.1).
When τ = 0, there exists one and only one positive equilibrium E∗(0.0532, 1.8115).

Moreover, E∗ is locally asymptotically stable based on Lemma 2, just as shown in Figure 1.
Biologically, when it takes no time for immature predators to mature, two populations can
coexist in a stable state for a long time.

We draw the image of the function Sn(τ)(n = 0, 1) versus τ with the parameters
satisfying (40) by using Matlab, just as illustrated in Figure 2. Figure 2a manifests that
S0(τ) has two zeros, one is τ1

0 = 0.0556, the other is τ2
0 = 4.3889, and dSn(τ1

0 )/dτ > 0,
dSn(τ2

0 )/dτ < 0. Moreover, we find that S1(τ) < 0 for all τ ∈ I from Figure 2b. Because
Sn(τ) > Sn+1(τ) for all n ∈ N0, τ ∈ I. Hence, Sn(τ)(n = 1, 2, · · · ) admits no zeros on I.
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Figure 1. Dynamic behavior of the model (8) with τ = 0, α = 2.78, β = 0.6, ρ̃ = 0.04 and
γ = 0.7. In this case, the interior equilibrium E∗ is locally asymptotically stable. (a) Time series plot,
(b) phase portrait.
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Figure 2. Graphs of Sn(τ) in terms of maturation delay τ with the values of parameters given in (40).
(a) S0(τ), it has two zeros, named τ1

0 and τ2
0 , (b) S1(τ), it has no zeros on I.

It is direct from Figure 2 and Theorem 2 that E∗ is locally asymptotically stable for
τ ∈ (0, 0.0556) ∪ (4.3889, ∞) and unstable for τ ∈ (0.0556, 4.3889). By considering the
maturation delay as the bifurcation parameter, we further plot the bifurcation diagrams
of the model (8) to demonstrate the switching process of E∗, just as illustrated in Figure 3.
From a biological perspective, if the value of the maturation delay belongs to the interval
(0, 0.0556), both populations can survive and tend to a stable state. Once the matura-
tion delay passes through the threshold value τ1

0 = 0.0556, the positive equilibrium E∗
loses it stability and a Hopf bifurcation occurs, which also means that both individuals
can still exist but their densities fluctuate periodically with time. When the maturation
delay exceeds the threshold value τ2

0 = 4.3889, the positive equilibrium E∗ regains its
stability, that is to say, both populations can coexist for a long time. We choose some τ
with different values for simulations which are displayed in Figure 4. When τ = 0.04,
4.7 ∈ (0, 0.0556) ∪ (4.3889, ∞), E∗ is locally asymptotically stable, just as illustrated in
Figure 4a,f. When τ = 0.09, 0.1, 2, 4.2 ∈ (0.0556, 4.3889), E∗ is unstable, just as illustrated in
Figure 4b–e. These simulations indicate that stability switches occur as τ moves from 0.04
to 2 to 4.7.
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Figure 3. Bifurcation diagrams of the model (8) by considering τ as the bifurcation parameter. (a) x(t),
(b) y(t).
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Figure 4. Dynamics of the model (8) with different values of τ. (a) τ = 0.04, (b) τ = 0.09, (c) τ = 0.1,
(d) τ = 2, (e) τ = 4.2, (f) τ = 4.7.
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5. Conclusions

In this paper, an existing delayed predator–prey model with maturation delay, a stage
structure for generalist predators and a Holling type-II functional response was investigated.
We first obtained the conditions for the existence of the stability switches of the positive
equilibrium and Hopf bifurcations caused by the increase in the value of the maturation
delay for model (8) by utilizing the geometric criterion proposed by Beretta and Kuang [18].
After that, we discussed the properties of Hopf bifurcation by dint of the normal form
method and center manifold theory. At last, we confirmed our theoretical findings by
numerical simulations. Notice that, the authors in [29] considered a predator–prey model
with a Holling-II type functional response and a prey refuge and then investigated the Hopf
bifurcation of the model by seeing some key parameters as bifurcation parameters, such as
the refuge parameter and death rate of the predator. Roy et al. [33] further introduced the
maturation delay and generalist predator into the modeling framework and then proposed
model (7). Based on model (7), we extended the research carried out in [33]. We further
studied the stability-switching properties of the positive equilibrium and Hopf bifurcation
by considering the maturation delay as a bifurcation parameter, which was not conducted
in [33]. Moreover, the authors in [29,33] all applied the traditional theoretical method
to study the bifurcation. Compared to the method in [29,33], we utilized a geometric
method, which is novel and practical. The results we obtained in this article are very
important in respect of ecology and are essential for enhancing the predictive power of the
mathematical model and have significant implications for understanding and managing
predator–prey interactions in real-world ecosystems. They indicate that the delay lengths
affect the stability of the model. As a result, we can legitimately control the value of the
maturation delay to make E∗ stable, which is beneficial to the coexistence of populations,
beneficial to biodiversity protection.

Some interesting topics also deserve further considerations. For example, one can
introduce additional biological delays in model (7), such as gestation delay, because the
predator spends time in reproducing after consuming the prey and then try to study the
stability switching properties of the positive equilibrium on the two-delay plane. If we
consider other types of functional responses, what changes may take place? Moreover,
a model incorporating stochastic elements to mimic random environmental fluctuations
could be more realistic. Conducting a thorough sensitivity analysis of the key parameters
could be conducive to identify which factors most significantly affect the stability of the
model. Performing robustness checks would be helpful to ensure that the conclusions are
not sensitive to specific starting points or configurations. Hence, considering a model with
the above factors and further carrying out some analysis and checks are necessary. All of
these are presented here for further research.
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Abstract: This paper delves into the analysis of a stochastic epidemic model known as the susceptible–
vaccinated–exposed–infectious–recovered (SVEIR) model, where transmission dynamics are gov-
erned by a nonlinear function. In the theoretical analysis section, by suitable stochastic Lyapunov
functions, we establish that when the threshold value, denoted as Rs

0, falls below 1, the epidemic
is destined for extinction. Conversely, if the reproduction number R0 of the deterministic model
surpasses 1, the model manifests an ergodic endemic stationary distribution. In the numerical sim-
ulations and data interpretation section, leveraging a graphical analysis with COVID-19 data, we
illustrate that random fluctuations possess the capacity to quell disease outbreaks, underscoring the
role of vaccines in curtailing the spread of diseases. This study not only contributes to the under-
standing of epidemic dynamics but also highlights the pivotal role of stochasticity and vaccination
strategies in epidemic control and management. The inherent balance and patterns observed in epi-
demic spread and control strategies, reflect a symmetrical interplay between stochasticity, vaccination,
and disease dynamics.

Keywords: stochastic SVEIR model; stability analysis; stationary distribution

MSC: 92D30; 60H10

1. Introduction

Over the past two decades, mathematical modeling has played a crucial role in both
preventing and controlling infectious diseases, including severe acute respiratory syndrome
(SARS) [1], human immunodeficiency virus infection/acquired immune deficiency syn-
drome (HIV/AIDS) [2], and H1N1 (swine flu) [3]. These models describe the evolution of
various subpopulations over time within epidemic models. One widely used model is the
SEIR (susceptible–exposed–infectious–recovered) model, which divides the population into
four compartments: susceptible (S), individuals who are at risk of infection; exposed (E),
individuals who have come into contact with infective individuals but show no symptoms;
infectious (I), individuals displaying symptoms; and recovered (R), individuals who have
recovered from the disease [4]. The SEIR model has various complex variants, including
those with different control measures such as various incidence rates, constant and feedback
vaccination and treatment controls, as well as models involving multiple interconnected
regions or towns [5–10], and others cited within. The rate of incidence is widely recognized
as playing a significant role in disease modeling, with factors such as population density
and lifestyle influencing the increase and decrease in epidemics [11,12]. Many researchers
have employed nonlinear incidence rates in their studies; for more in-depth information,
readers are referred to [13–19] and related references. Vaccination is widely acknowledged
as one of the most effective means of disease control and prevention [20], playing a pivotal
role in the complete eradication of diseases like smallpox and partial control of diseases

Symmetry 2024, 16, 467. https://doi.org/10.3390/sym16040467 https://www.mdpi.com/journal/symmetry107



Symmetry 2024, 16, 467

such as measles [21]. Numerous scholarly works have explored the dynamics of epidemic
models with different vaccination schedules [7,13,19,22–26].

In 2018, Gao and Huang [22] conducted a study on the model described below:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS
dt

= A − βSI
1 + aS + bI

− (δ0 + μ)S + ηV,

dE
dt

=
βSI

1 + aS + bI
− (δ0 + δ1)E,

dI
dt

= δ1E − (δ0 + δ2 + δ3)I,

dR
dt

= δ2 I − δ0R,

dV
dt

= μS − (δ0 + η)V.

(1)

All the parameters in model (1) are positive. The variables S, E, I, R, and V represent the
respective counts of susceptible, exposed, infectious, recovered, and vaccinated individuals
at time t. Table 1 provides the biological interpretations of the remaining parameters.

Table 1. Biological interpretations of variables and parameters in model (1).

Parameter Description

A The recruitment rate of new individuals

β
The contact rate or the rate of transfer of virus from an infectious individual to
the susceptible

δ0 The natural mortality rate

η
The rate at which the vaccinated individuals lose their immunity and join the
susceptible class

μ The vaccination rate coefficient
δ1 The rate at which exposed individuals become infectious
δ2 The recovery rate of the infectious individuals
δ3 The disease-related death rate of infectious individuals
a The proportion constant related to susceptible individuals
b The proportion constant related to infectious individuals

The results in [22] showed that the basic reproduction number of model (1) is

R0 =
βδ1S0

(1 + aS0)(δ0 + δ1)(δ0 + δ2 + δ3)
, where S0 =

(δ0 + η)A
δ2

0 + (μ + η)δ0
. (2)

It is proved that if R0 < 1, the disease-free equilibrium is globally asymptotically stable
and if R0 > 1, model (1) has an endemic equilibrium (S∗, E∗, I∗, R∗, V∗) which is globally
asymptotically stable.

The inherent randomness of epidemic growth and spread, attributed to the unpre-
dictable nature of person-to-person contacts [27] and the susceptibility of populations
to various disturbances [28], suggests that stochastic models may offer a more suitable
approach for modeling epidemics in many scenarios [29–42]. Stochastic models are particu-
larly beneficial in capturing the random occurrences of infectious contacts during the latent
and infectious periods [43]. Many realistic stochastic epidemic models can be derived from
their deterministic counterparts. For instance, Cai [38] developed a general SIRS epidemic
model with a ratio-dependent incidence rate and its corresponding stochastic differential
equation version. Ball and Neal [44] explored a general stochastic SIR model within a closed
finite population, deriving a threshold parameter that determines the possibility of global
epidemics. Yang et al. [45] examined the ergodicity and extinction of stochastic SIR and
SEIR epidemic models with saturated incidence. Zhang and Zhang [42] investigated the
threshold behavior of a deterministic and a stochastic SIQS epidemic model by considering
varying total population sizes.
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In its investigation of the stochastic epidemic model, our analysis not only sheds light
on the dynamics of disease transmission and control but also unravels the symmetrical
aspects inherent in epidemic behavior. By exploring the effects of stochasticity and vaccina-
tion strategies on disease spread, we can uncover a symmetrical relationship between these
factors and the patterns observed in epidemic outcomes.

This paper focuses on a stochastic SVEIR epidemic model with a nonlinear inci-
dence rate. ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS =

(
A − βSI

1 + aS + bI
− (δ0 + μ)S + ηV

)
dt + σ1SdB1(t),

dE =

(
βSI

1 + aS + bI
− (δ0 + δ1)E

)
dt + σ2EdB2(t),

dI = (δ1E − (δ0 + δ2 + δ3)I)dt + σ3 IdB3(t),

dR = (δ2 I − δ0R) + σ4RdB4(t),

dV = (μS − (δ0 + η)V) + σ5dB5(t).

(3)

The parameters in model (1) remain unchanged, with σ2
i > 0 denoting the intensities of

white noise. Additionally, Bi(t) (i = 1, 2, . . . , 5) represents independent standard Brownian
motions, initialized at Bi(0) = 0.

In the study of epidemic model behavior, analyzing steady states and their stability is
crucial [19]. In deterministic models, this analysis involves examining the stability of the
disease-free equilibrium (or endemic equilibrium) through the basic reproduction number
R0. However, in the case of the stochastic model (3), there is no endemic equilibrium.
Nevertheless, Khasminskii [46] demonstrated that the presence of an ergodic stationary
distribution for model (3) can reveal the persistence of the infection.

The primary objective of this paper is to examine the extinction and the existence of
an ergodic stationary distribution for model (3). We establish sufficient conditions for both
the extinction and the existence of an ergodic stationary distribution.

The paper is organized as follows: Section 2 introduces the necessary preliminaries
for subsequent analysis. Section 3 establishes sufficient conditions for both the extinction
and the existence of an ergodic stationary distribution in model (3). Section 4 presents
numerical simulations based on published data from COVID-19 to support our findings.
Lastly, some concluding remarks summarize the results.

2. Preliminaries

Let (Ω, F , {Ft}t≥0, P) be a complete probability space with a filtration {Ft}t≥0 satis-
fying the usual conditions, where it is increasing and right-continuous, and {F0} contains
all P-null sets. Additionally, define Rd

+ = {x ∈ Rd : xi > 0, 1 ≤ i ≤ d}.
We consider the d-dimensional stochastic differential equation (SDE) in general:

dx(t) = f (t, x(t))dt + g(t, x(t))dBt, (4)

here f (t, x(t)) is a function in Rd defined in [t0, ∞] × Rd, g(t, x(t)) is a d × m matrix, and f
and g are local Lipschitz functions in x. The term Bt represents an m-dimensional standard
Brownian motion defined on the complete probability space (Ω,F , {Ft}t≥0, P). The

notation C2,1
(
Rd × [t0, ∞];R+

)
refers to the family of all non-negative functions V(x, t)

defined on Rd × [t0, ∞] such that they are continuously twice differentiable in x and once
in t. The differential operator L of Equation (4) is defined [30] as

L = ∂
∂t + ∑d

i=1 fi(t) ∂
∂xi

+
1
2 ∑d

i,j=1
[
gT(x, t)g(x, t)

]
ij

∂2

∂xi∂xj
.
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When the operator L operates on a function V ∈ C2,1
(
Rd × [t0, ∞];R+

)
,

LV(x, t) = Vt(x, t) + Vx(x, t) f (x, t) +
1
2

trace
[
gT(x, t)Vxxg(x, t)

]
,

where Vt(x, t) = ∂V
∂t , Vx(x, t) =

(
∂V
∂x1

, · · · , ∂V
∂xd

)
, and Vxx =

(
∂2V

∂xi∂xj

)
d×d

. By Itô’s formula, if

x(t) is solution of (4), then dV(x, t) = LV(x, t)dt + Vx(x, t)g(x, t)dBt.
The following lemma pertains to the existence and uniqueness of a global positive

solution, which is a prerequisite for investigating the long-term behavior of system (3).

Lemma 1. Given any initial value (S(0), E(0), I(0), R(0), V(0)) ∈ R5
+, there exists a unique

solution X(t) = (S(t), E(t), I(t), R(t), V(t)) of system (3) on t ≥ 0 and this solution will almost
surely remain within R5

+.

Proof. Since the coefficients of the system (3) satisfy the local Lipschitz condition, for any
initial value (S(0), E(0), I(0), R(0), V(0)) ∈ R5

+ there is a unique local solution in [0, τe],
where τe denotes the explosion time [30]. To establish global solution existence, it suffices
to demonstrate that τe = ∞ almost surely (a.s.). To achieve this, let k0 be sufficiently large
such that every component of X0 lies within the interval [ 1

k0
, k0]. For each integer k > k0,

define the stopping time as follows:

τk = in f
{

t ∈ [0, τe) : minX(t) ≤ 1
k

or maxX(t) ≥ k
}

.

In this paper, we define in f ∅ = ∞ (where ∅ denotes the empty set). It is evident that τk
is increasing as k → ∞. Let τ∞ = lim

k→∞
τk, hence τ∞ ≤ τe almost surely. If we can prove

that τ∞ = ∞ almost surely, then τe = ∞ ensuring X(t) ∈ R5
+ almost surely. for all t ≥ 0.

Therefore, demonstrating τ∞ = ∞ almost surely is crucial for completing the proof. If this
assertion is contradicted there exit constants T > 0 and η ∈ (0, 1) such that P{τ∞ ≤ T} > η.
Consequently, there exists an integer k1 ≥ k0 such that P{τk ≤ T} > η for all k ≥ k1.

Define a C2 − f unction W: R5
+ → R1

+

W(S, E, I, R, V)

= (S − 1 − lnS) + (E − 1 − lnE) + (I − 1 − lnI) + (R − 1 − lnR) + (V − 1 − lnV).

The non-negativity of this function follows from the inequality u − 1− lnu ≥ 0 f or any u > 0.
Using Itô’s formula, we have

dW(S, E, I, R, V) =LWdt + σ1(S − 1)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t)

+ σ4(R − 1)dB4(t) + σ5(V − 1)dB5(t),

where

LW =

(
1 − 1

S

)(
A − βSI

1 + aS + bI
− (δ0 + μ)S + ηV

)
+

(
1 − 1

E

)(
βSI

1 + aS + bI
− (δ0 + δ1)E

)
+

(
1 − 1

I

)
(δ1E − (δ0 + δ2 + δ3)I) +

(
1 − 1

R

)
(δ2 I − δ0R) +

(
1 − 1

V

)
(μS − (δ0 + η)V)

+
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 )

=A + 5δ0 + δ1 + δ2 + δ3 + η + μ +
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 ) +
βI

1 + aS + bI

− βSI
(1 + aS + bI)E

− δ3 I − A
S
− ηV

S
− δ1E

I
− δ2 I

R
− μS

V
− δ0(S + E + I + R + V)

≤A + 5δ0 + δ1 + δ2 + δ3 + η + μ +
1
2
(σ2

1 + σ2
2 + σ2

3 + σ2
4 + σ2

5 ) +
βI

1 + aS + bI
.

110



Symmetry 2024, 16, 467

If aS + 1 ≥ I, then βI
1+aS+bI = β

aS+1
I +b

≤ β
1+b . While if aS + 1 < I, 0 < aS+1

I < 1, and we

can obtain that βI
1+aS+bI < β

b . Therefore, there exists a fixed positive constant F which is
independent of S(t), E(t), I(t), R(t), V(t), and t. Thus we obtain

dW ≤Fdt + σ1(S − 1)dB1(t) + σ2(E − 1)dB2(t) + σ3(I − 1)dB3(t)

+ σ4(R − 1)dB4(t) + σ5(V − 1)dB5(t).

By integrating both sides from 0 to τk ∧ T, and taking expectations, we obtain

EW ≤ W(S(0), E(0), I(0), R(0), V(0)) + FT.

For any positive k ≥ k1, let us define Ωk = {τk < T}, leading to P(Ωk) >
η
2 . Note that for

every υ ∈ Ωk, at least one of the values in the set (S(υ), E(υ), I(υ), R(υ), V(υ)) is either 1
k

or k. Therefore, we have W ≥ 1
k − 1 − ln 1

k , or W ≥ k − 1 − lnk. So we obtain

W(S(0), E(0), I(0), R(0), V(0)) + FT ≥E[IΩk W(S(t), E(t), I(t), R(t), V(t))]

=P(Ωk)W(S(t), E(t), I(t), R(t), V(t))

>
η

2

[(
1
k
− 1 − ln

1
k

)
∧ (k − 1 − lnk)

]
,

where IΩk is the indicator function of Ωk. Setting k → ∞, we have

∞ > W(S(0), E(0), I1(0), I2(0), R(0)) + FT = ∞.

This completes the proof.

The following lemma can be proven by employing the same arguments presented in
lemma 3.1 of [47]; hence, we omit its detailed proof here.

Lemma 2. Let (S(t), E(t), I(t), R(t), V(t)) be any solution of system (3) with any initial value.

Assume that μ > σ2
max
2 , then

(i) lim
t→∞

S(t)
t

= lim
t→∞

E(t)
t

= lim
t→∞

I(t)
t

= lim
t→∞

R(t)
t

= lim
t→∞

V(t)
t

= 0 a.s. Moreover,

lim
t→∞

lnS(t)
t

= lim
t→∞

lnE(t)
t

= lim
t→∞

lnI(t)
t

= lim
t→∞

lnR(t)
t

= lim
t→∞

lnV(t)
t

= 0 a.s. ;

(ii) lim
t→∞

1
t

∫ t

0
S(u)dB1(u) = lim

t→∞

1
t

∫ t

0
E(u)dB2(u) = lim

t→∞

1
t

∫ t

0
I(u)dB3(u)

= lim
t→∞

1
t

∫ t

0
R(u)dB4(u) = lim

t→∞

1
t

∫ t

0
V(u)dB5(u) = 0 a.s.,

where σmax = σ2
1 ∨ σ2

2 ∨ σ2
3 ∨ σ2

4 ∨ σ2
5 .

Consider a regular time-homogeneous Markov process X(t) in Rd
+, characterized by

the following:

dX(t) = b(X)dt +
k

∑
r=1

σr(X)dBr(t),

where the diffusion matrix is given by

A(X) = (aij(x)), aij(x) =
k

∑
r=1

σi
r(x)σj

r(x).

The lemma below is crucial for proving the existence of a stationary distribution.
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Lemma 3 ([46]). The Markov process X(t) possesses a unique ergodic stationary distribution m(·)
if there exists a bounded domain U ∈ Rd with a smooth boundary such that its closure Ũ ⊂ Rd

satisfies the following properties:

(i) Within the open domain U and its neighborhood, the minimum eigenvalue of the diffusion
matrix A(t) remains bounded away from zero.

(ii) For any x ∈ Rd \ U, the average time τ for a trajectory originating from x to each the set U is
finite. Additionally, supx∈K Exτ < ∞ for every compact K ⊂ Rd.

Furthermore, if f(·) is a function integrable with respect to measure m, then

P
(

lim
T→∞

1
T

∫ T

0
f (Xx(t))dt =

∫
Rd

f (Xx(t))m(dx)
)
= 1,

for every x ∈ Rd.

Remark 1. To establish condition (i) it is adequate to demonstrate that F exhibits uniform ellipticity
in U. Here, F(u) = b(x)ux +

1
2 trace(A(x)uxx). This implies the existence of a positive constant

M such that ∑d
i,j=1 aij(x)ζiζ j ≥ M|ζ|2, x ∈ U, ζ ∈ Rd [29,48]. To confirm condition (ii), it is

sufficient to establish the existence of a non-negative C2-function V and a neighborhood U such that
for some K > 0, LV<−K, x ∈ Rd \ U [49].

3. Theoretical Analysis

Stochastic Lyapunov functions play a crucial role in understanding the long-term
behavior of stochastic systems and assessing the impact of randomness on system dynamics.
However, the derivation and implementation of stochastic Lyapunov functions involve
a rigorous mathematical process to analyze the stability of stochastic systems. In the
following discussion, we shall construct suitable stochastic Lyapunov functions to obtain
the extinction and stationary distribution and ergodicity results for the stochastic system.

3.1. Extinction of the Stochastic Epidemic Model (3)

In this subsection, we will explore the sufficient criteria for the extinction of the
infected individuals. Set

Rs
0

.
=

2βδ1(δ0 + δ1)

a[(δ0 + δ1)2(δ0 + δ2 + δ3 +
1
2 σ2

3 ) ∧ 1
2 δ2

1σ2
2 ]

.

Theorem 1. Let (S(t), E(t), I(t), R(t), V(t)) be the solution of model (3) with any initial value

(S(0), E(0), I(0), R(0), V(0)) ∈ R5
+. If Rs

0 < 1 and δ0 >
σ2

max
2 , then the solution of model (3) satisfies

lim
t→∞

1
t

∫ t

0
S(u)du =

A(δ0 + η)

δ2
0 + ηδ0 + μδ0

, lim
t→∞

1
t

∫ t

0
V(u)du =

Aμ

δ2
0 + ηδ0 + μδ0

,

lim
t→∞

1
t

∫ t

0
E(u)du = lim

t→∞

1
t

∫ t

0
I(u)du = lim

t→∞

1
t

∫ t

0
R(u)du = 0.

Proof. Let Q(t) = δ1E(t) + (δ0 + δ1)I(t). By applying Itô′s formula, we obtain

112



Symmetry 2024, 16, 467

d ln Q(t) =

[ δ1βSI
1+aS+bI − (δ0 + δ1)(δ0 + δ2 + δ3)I

δ1E + (δ0 + δ1)I
− δ2

1σ2
2 E2 + (δ0 + δ1)

2σ2
3 I2

2[δ1E + (δ0 + δ1)2 I]2

]
dt

+
δ1σ2E

δ1E + (δ0 + δ1)I
dB2(t) +

(δ0 + δ1)σ3 I
δ1E + (δ0 + δ1)I

dB3(t)

≤ δ1β

a(δ0 + δ1)
dt − 1

[δ1E + (δ0 + δ1)I]2

[
((δ0 + δ1)

2(δ0 + δ2 + δ3) +
1
2
(δ0 + δ1)

2σ2
3 )I2

+
1
2

δ2
1σ2

2 E2
]

dt +
δ1σ2E

δ1E + (δ0 + δ1)I
dB2(t) +

(δ0 + δ1)σ3 I
δ1E + (δ0 + δ1)I

dB3(t)

≤ δ1β

a(δ0 + δ1)
dt − 1

2(δ0 + δ1)2

[
(δ0 + δ1)

2(δ0 + δ2 + δ3 +
1
2

σ2
3 ) ∧

1
2

δ2
1σ2

2

]
dt

+
δ1σ2E

δ1E + (δ0 + δ1)I
dB2(t) +

(δ0 + δ1)σ3 I
δ1E + (δ0 + δ1)I

dB3(t).

(5)

Integrating (5) from 0 to t, combining with Lemma 2, and noting Rs
0 < 1, we have

lim
t→∞

sup
lnQ(t)

t
≤ δ1β

a(δ0 + δ1)
− 1

2(δ0 + δ1)2

[
(δ0 + δ1)

2(δ0 + δ2 + δ3 +
1
2

σ2
3 ) ∧

1
2

δ2
1σ2

2

]
< 0 a.s.,

which implies that
lim
t→∞

E(t) = 0, lim
t→∞

I(t) = 0 a.s..

In other words, the susceptible individuals E(t) and the infectious individuals I(t) will
both exponentially approach zero with probability one. From model (3), it is evident that
lim
t→∞

R(t) = 0 a.s. This implies that

lim
t→∞

1
t

∫ t

0
E(u)du = lim

t→∞

1
t

∫ t

0
I(u)du = lim

t→∞

1
t

∫ t

0
R(u)du = 0 a.s.

On the other hand, according to model (3), we have

dS(t) =
(

A − βSI
1 + aS + bI

− (δ0 + μ)S + ηV
)

dt + σ1S(t)dB1(t) (6)

Integrating (6) from 0 to t on both sides, we can derive

S(t)− S(0) = At −
∫ t

0

βS(u)I(u)
1 + aS(u) + bI(u)

du −
∫ t

0
(δ0 + μ)S(u)du +

∫ t

0
ηV(u)du +

∫ t

0
σ1S(u)dB1(u).

And then, we can obtain

(δ0 + μ)
∫ t

0
S(u)du ≤ At −

∫ t

0
(δ0 + μ)S(u)du +

∫ t

0
ηV(u)du +

∫ t

0
σ1S(u)dB1(u). (7)

In the same way, we can obtain

(δ0 + η)
∫ t

0
V(u)du ≤

∫ t

0
μS(u)du +

∫ t

0
σ5V(u)dB5(u). (8)

According to (7) and (8), we can obtain

(δ0 + μ − ημ

δ0 + η
)
∫ t

0
S(u)du ≤ At +

ησ5

δ0 + η

∫ t

0
V(u)dB5(u) +

∫ t

0
σ1S(u)dB1(u). (9)
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By dividing both sides of (9) by t, taking the limit superior, and combining this result with
Lemma 2, one can deduce that

lim
t→∞

1
t

∫ t

0
S(u)du =

A(δ0 + η)

δ2
0 + ηδ0 + μδ0

a.s.

And similarly, we can obtain

lim
t→∞

1
t

∫ t

0
V(u)du =

Aμ

δ2
0 + ηδ0 + μδ0

a.s.

This completes the proof.

3.2. Stationary Distribution and Ergodicity of the Stochastic Model (3)

Theorem 2. Assume R0 > 1, where R0 is defined in (2). If the following conditions are satisfied:

(i)

m1 = 2δ0 − σ2
1 > 0,

m2 = 2δ0 − σ2
2 > 0,

m3 =
4δ1(δ0 + δ3) + 2(2δ0 + δ3(δ0 + δ2 + δ3))− (2δ0 + 2δ1 + δ3)σ

2
3

2δ1
> 0,

m4 =
4δ0δ2 + 2δ0(2δ0 + δ3)− (2δ0 + 2δ2 + δ3)σ

2
4

2δ2
> 0,

m5 =
2δ0μ + 2δ0(δ0 + η)− (μ + δ0)σ

2
5

μ
> 0;

(ii)

0 < F < min
(

m1θ2
1S∗2, m2θ2

2E∗2, m3θ2
3 I∗2, m4θ2

4 R∗2, m5θ2
5V∗2

)
,

where

F =
2δ0σ2

1 S∗2

2δ0 − σ2
1
+

2δ0σ2
2 E∗2

2δ0 − σ2
2
+

[4δ1(δ0 + δ3) + 2(2δ0 + δ3)(δ0 + δ2 + δ3)](2δ0 + 2δ1 + δ3)σ
2
3 I∗2

δ1[4δ1(δ0 + δ3) + 2(2δ0 + δ3)(δ0 + δ2 + δ3)− (2δ0 + 2δ1 + δ3)σ
2
3 ]

+
[4δ0δ2 + 2δ0(2δ0 + δ3)](2δ0 + 2δ2 + δ3)σ

2
4 R∗2

δ2(4δ0δ2 + 2δ0(2δ0 + δ3)− (2δ0 + 2δ2 + δ3)σ
2
4 )

+
2δ0(μ + η + δ0)(δ0 + μ)σ2

5 V∗2

μ[2δ0(μ + η + δ0)− (δ0 + μ)σ2
5 ]

,

θ1 =
2δ0

2δ0 − σ2
1

, θ2 =
2δ0

2δ0 − σ2
2

,

θ3 =
4δ1(δ0 + δ3) + 2(2δ0 + δ3)(δ0 + δ2 + δ3)

4δ1(δ0 + δ3) + 2(2δ0 + δ3)(δ0 + δ2 + δ3)− (2δ0 + 2δ1 + δ3)σ
2
3

,

θ4 =
4δ0δ2 + 2δ0(2δ0 + δ3)

4δ0δ2 + 2δ0(2δ0 + δ3)− (2δ0 + 2δ2 + δ3)σ
2
4

, θ5 =
2δ0(μ + η + δ0)

2δ0(μ + η + δ0)− (δ0 + μ)σ2
5

and S∗, E∗, I∗, R∗, V∗ are defined as the endemic equilibrium of the deterministic model (1), then
there exists a unique stationary distribution π(·) for the stochastic model (3) with any initial value
X0 ∈ R5

+ and it has the ergodic property.
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Proof. Since R0 > 1, there is an endemic equilibrium P∗ = (S∗, E∗, I∗, R∗, V∗) of the
deterministic model (1). Then, we have

A =
βS∗ I∗

1 + aS∗ + bI∗ + (δ0 + μ)S∗ − ηV∗,
βS∗ I∗

1 + aS∗ + bI∗ = (δ0 + δ1)E∗,

δ1E∗ = (δ0 + δ2 + δ3)I∗, δ2 I∗ = δ0R∗, μS∗ = (δ0 + η)V∗.
(10)

Define
V(X) = V1(X) +

2δ0 + δ3

2δ1
V2(X) +

2δ0 + δ3

2δ2
V3(X) +

δ0

μ
V4(X), (11)

where

V1(X) = (S − S∗ + E − E∗ + I − I∗ + R − R∗ + V − V∗)2,

V2(X) = (I − I∗)2, V3(X) = (R − R∗)2, V4(X) = (V − V∗)2.

Then, V is positive definite and lim
|X|→∞

V(X) = ∞. By virtue of (10), we can obtain

LV1 =2[(S − S∗) + (E − E∗) + (I − I∗) + (R − R∗) + (V − V∗)][A − δ0(S + E + I + R + V)

−δ0 I] + σ2
1 S2 + σ2

2 E2 + σ2
3 I2 + σ2

4 R2 + σ2
5 V2

=2[(S − S∗) + (E − E∗) + (I − I∗) + (R − R∗) + (V − V∗)][−δ0(S − S∗)− δ0(E − E∗)
− (δ0 + δ3)(I − I∗)− δ0(R − R∗)− δ0(V − V∗)] + σ2

1 S2 + σ2
2 E2 + σ2

3 I2 + σ2
4 R2 + σ2

5 V2

≤2[−δ0(S − S∗)2 − δ0(E − E∗)2 − (δ0 + δ3)(I − I∗)2 − δ0(R − R∗)2 − δ0(V − V∗)2

− (2δ0 + δ3)(E − E∗)(I − I∗)− (2δ0 + δ3)(I − I∗)(R − R∗)− 2δ0(S − S∗)(V − V∗)]
+ σ2

1 S2 + σ2
2 E2 + σ2

3 I2 + σ2
4 R2 + σ2

5 V2,

LV2 = 2(I − I∗)[δ1(E − E∗)− (δ0 + δ2 + δ3)(I − I∗)] + σ2
3 I2

= −2(δ0 + δ2 + δ3)(I − I∗)2 + 2δ1(E − E∗)(I − I∗) + σ2
3 I2,

LV3 = 2(R − R∗)[δ2(I − I∗)− δ0(R − R∗)] + σ2
4 R2

= −2δ0(R − R∗)2 + 2δ2(I − I∗)(R − R∗) + σ2
4 R2,

LV4 = 2(V − V∗)[μ(S − S∗)− (δ0 + η)(V − V∗)] + σ2
5 V2

= −2(δ0 + η)(V − V∗)2 + 2μ(S − S∗)(V − V∗) + σ2
5 V2.

This implies that
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LV =LV1 +
2δ0 + δ3

2δ1
LV2 +

2δ0 + δ3

2δ2
LV3 +

δ0

μ
LV4

≤− 2δ0(S − S∗)2 − 2δ0(E − E∗)2 −
[

2(δ0 + δ3) +
(2δ0 + δ3)(δ0 + δ2 + δ3)

δ1

]
(I − I∗)2

− 2
[

2δ0 +
δ0(2δ0 + δ3)

δ2

]
(R − R∗)2 −

[
2δ0 +

2δ0(δ0 + η)

μ

]
(V − V∗)2 + σ2

1 S2 + σ2
2 E2

+
(2δ0 + 2δ1 + δ3)σ

2
3

2δ1
I2 +

(2δ0 + 2δ2 + δ3)σ
2
4

2δ2
R2 +

(δ0 + μ)σ2
5

μ
V2

=− (2δ0 − σ2
1 )

(
S − 2δ0

2δ0 − σ2
1

S∗
)2

− (2δ0 − σ2
2 )

(
E − 2δ0

2δ0 − σ2
2

E∗
)2

−
(

2δ1(δ0 + δ3)

δ1
+

(2δ0 + δ3)(δ0 + δ2 + δ3)

δ1
− 2δ0 + δ2 + δ3

2δ1
σ2

3

)
×(

I − 2δ1[2δ1(δ0 + δ3) + (2δ0 + δ3)(δ0 + δ2 + δ3)]

4δ1(δ0 + δ3) + 2(2δ0 + δ3)(δ0 + δ2 + δ3)− (2δ0 + 2δ1 + δ3)σ
2
3

I∗
)2

−
(

2δ0δ2

δ2
+

2δ0(2δ0 + δ3)− (2δ0 + 2δ2 + δ3)

2δ2

)
×(

R − 4δ0δ2 + 2δ0(2δ0 + δ3)

4δ0δ2 + 2δ0(2δ0 + δ3)− (2δ0 + 2δ2 + δ3)σ
2
4

R∗
)2

−
(

2δ0μ + 2δ0(δ0 + η)− (μ + δ0)σ
2
5

μ

)(
V − 2δ0(μ + η + δ0)

2δ0(μ + η + δ0)− (δ0 + μ)σ2
5

V∗
)2

+ F

=− m1(S − θ1S∗)2 − m2(E − θ2E∗)2 − m3(I − θ3 I∗)2 − m4(R − θ4R∗)2

− m5(V − θ5V∗)2 + F

If F satisfies the following criteria

0 < F < min
(

m1θ2
1S∗2, m2θ2

2E∗2, m3θ2
3 I∗2, m4θ2

4 R∗2, m5θ2
5V∗2

)
,

then the ellipsoid

m1(S − θ1S∗)2 + m2(E − θ2E∗)2 + m3(I − θ3 I∗)2 + m4(R − θ4R∗)2 + m5(V − θ5V∗)2 = F

is completely contained within R5
+. One can choose U to be any neighborhood of the

ellipsoid such that Ū ⊂ R(
+5), where Ū is the closure of U. Thus, we get LV(X) < −1

for X ∈ R5
+ \ U, thus indicating the condition in Lemma 3 hold. Therefore, the stochastic

model (3) possesses a stationary distribution and exhibits ergodicity.

4. Numerical Simulations and Data Interpretation

Since the emergence of COVID-19 in late December 2019, the pandemic remains a
substantial concern. However, the situation appears to have improved with the availability
of vaccines. The purpose of this section is to provide a numerical example illustrating
our main results, and offer recommendations for controlling pandemic based on data
from COVID-19.

4.1. Model Validation

Based on official data and the research of various scholars, we have conducted a
simple data analysis to obtain important parameters, presented in Table 2.
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Table 2. Relevant variables and parameter values.

Parameter Value Reference

A 100,000 Estimate
a 0.5 [50]
b 0.5 [50]
δ0 7.14 × 10−3 [51]
μ 0.4 Estimate
η 0.3 [52]
δ1 0.2 [53]
δ2 0.02 [53]
δ3 0.2 Estimate
σ1 0.06 Estimate
σ2 0.115 Estimate
σ3 0.03 Estimate
σ4 0.008 Estimate
σ5 0.008 Estimate
S(0) 11,081,000 [53]
E(0) 600 [53]
I(0) 410 [53]
R(0) 30 [53]
V(0) 0 [53]

We set β = 1.398 × 10−3, and obtain Rs
0 = 0.8759 < 1 and δ0 = 7.14 × 10−3 > σ2

max
2 =

6.6125 × 10−3 by using these parameter values. The dynamics of model (3) is presented in
Figure 1. It shows that the disease will become extinct, which supports the results stated in
Theorem 1.
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Figure 1. The spread of COVID-19 when Rs
0 < 1.
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We set β = 0.1898 and σ2 = 0.07, and the other parameter values used are those given
in Table 2. Then, we obtain R0 = 2.1929 > 1, and m1 = 0.0107, m2 = 0.0094, m3 = 0.5098,
m4 = 0.131, m5 = 0.0252, 0 < F = 1.9007 × 109 < min

(
m1θ2

1S∗2, m2θ2
2E∗2, m3θ2

3 I∗2,
m4θ2

4 R∗2, m5θ2
5V∗2) = 1.9410 × 109. The dynamics of model (3) is presented in Figure 2.

This indicates that the disease will prevail by our analytical results stated in Theorem 2.
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Figure 2. The spread of COVID-19 when R0 > 1.

4.2. Sensitivity Analysis of R0 and Rs
0

To effectively control infectious diseases, it is crucial to investigate the impact of vari-
ous factors on disease transmission. Therefore, in this study, we examine the relationship
between certain parameters and Rs

0 and R0, as well as potential measures to mitigate the
spread of disease.

Firstly, we demonstrate the influence of the pertinent parameters on the threshold Rs
0,

as depicted in Figure 3a,b.
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Figure 3. The relationship between Rs
0 and related parameters. (a) Relationship between Rs

0 and β.
(b) Relationship between Rs

0 and σ2.

Upon setting β ∈ [10−4, 10−2] while keeping the remaining parameter values un-
changed from those presented in Table 2, we observe that Rs

0 exhibits a decreasing trend as
β decreases (refer to Figure 3a). Similarly, under the constant parameter values specified
in Table 2, when σ2 varies within the range [0, 0.5] and β = 1.398 × 10−3, we note that Rs

0
displays a decreasing pattern as σ2 increases (see Figure 3b). This observation indicates that
the introduction of random fluctuations in our stochastic model can effectively suppress
disease outbreaks.

We further investigate the relationship between several parameters and the value of
R0, as depicted in Figure 4. According to the definition of R0 in Equation (2), it is evident
that R0 decreases as β decreases or μ increases. To clearly illustrate the impact of β and μ
on R0, we fix A = 10, δ0 = 0.01, δ1 = 0.1, δ2 = 0.01, δ3 = 0.15, a = 0.01, and vary β within
the range [0.01, 0.1] and μ within the range [0, 0.8]. Through the analysis of Figure 4, it
is evident that by reducing interpersonal contact and promoting vaccination efforts, the
spread of the disease can be effectively controlled, aligning with the current strategies
implemented in response to the ongoing pandemic.
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Figure 4. Relationship between R0 and β, μ.

5. Concluding Remarks

In this paper, we considered a stochastic SVEIR epidemic model with a nonlinear
incidence rate. We utilized two key values to determine the system dynamics: one is defined
as Rs

0, and the other is the reproduction number R0 of the corresponding deterministic
model. We demonstrated that when Rs

0 < 1, the disease will become extinct. On the other
hand, if R0 > 1 and the other parameter values satisfy the conditions in Theorem 2, the
disease will persist.
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We extracted feasible coefficients from published studies on COVID-19 transmission
to exemplify our findings. Through our sensitivity analysis, we revealed that the stochastic
model, with the introduction of random fluctuations, can effectively mitigate disease
outbreaks. Specifically, the contact transmission rate β and the vaccination rate coefficient
μ exert substantial influence on the value of Rs

0. These results indicate that reducing
interpersonal contact and increasing vaccine usage are effective strategies for controlling
epidemic spread.

The utilization of stochastic Lyapunov functions and numerical simulations with
COVID-19 data accentuates the symmetrical interplay between random fluctuations, vac-
cination efficacy, and disease containment. This symmetrical perspective enhances our
understanding of epidemic dynamics and underscores the importance of balanced strate-
gies in mitigating disease outbreaks. As such, this study aligns with the principles of
symmetry, emphasizing the harmonious interactions and equilibrium present in epidemic
modeling and control efforts.

Finally, it should be noted that there are several areas that warrant further investi-
gation in the field of stochastic epidemic modeling. For instance, (1) in the model we
assumed Brownian noise, but in reality, some cases involve Lévy noise; (2) in the numerical
simulation part, we assumed certain parameter values, but the actual parameter values
are still uncertain; (3) the conditions outlined in Theorem 2 are intricate; (4) the nonlinear
incidence rate may vary when modeling different diseases; (5) since most vaccines have a
time limit, it is essential to incorporate this limitation into the model. In our future work,
we will focus on addressing these questions.
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