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Development of an Algorithm for Computing the Force and
Stress Parameters of a Cycloid Reducer
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Abstract: The paper is devoted to the development of an algorithm for the automated calculation
of force characteristics of cycloid toothing when the initial parameters vary widely. The algorithm
forms a structured data array that accelerates finding and outputting the necessary parameters and
reduces the probability of error in determining these parameters. The algorithm serves the basis for a
program that allows for the examination of the change in force and geometrical parameters in various
combinations. The study includes the analysis of the dependence of forces and contact stresses in
transmission toothing with intermediate rolling elements and a free cage on the initial parameters of
this transmission. The obtained results will make it possible to select optimal combinations of initial
parameters in order to minimize the force impact on the mechanism parts when designing modern
compact mechanisms based on the cycloid with intermediate rolling elements and a free cage.

Keywords: automated calculation; modeling; algorithm; cycloid toothing; transmission toothing;
cycloid with intermediate rolling elements

MSC: 65Z05

1. Introduction

Currently, it is impossible to develop modern mechanical transmissions in general and
transmissions with intermediate rolling elements (IRE) in particular without the automated
design of structures and design calculations.

The automation of calculations of cycloids increases the quality of selection of the
functional parameters and reduces the time for determining the technical parameters
provided by the designed mechanism. In addition, it reduces the probability of design
errors in the finished product. Modern mathematical methods allow us to determine
stresses and strains in the toothing of various transmissions with high accuracy, and the
capabilities of processing a large amount of data allow us to study the cycloid profile
in detail.

The transmission with intermediate rolling elements and a free cage (IREFC) is the
most promising for use in modern mechatronic and automated systems, since it most
fully provides a set of the required technical characteristics. This transmission provides
compactness and, at the same time, a high load capacity owing to the toothing multipairing,
has a high efficiency due to the replacement of sliding friction in the toothing with rolling
friction, and a high toothing accuracy and small angular gaps. The entire set of these
characteristics is the most in-demand when designing modern mechanisms.

Currently, the calculation of cycloids with IRE and, especially, transmissions with
IREFC, is quite time consuming. The calculation and design of the transmission with
IRE often require several iterations of the recalculation of the force characteristics of the
mechanism with different combinations of the cycloid initial parameters. This process
takes a lot of time, which delays the design stage. Therefore, it is quite relevant to create
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Mathematics 2023, 11, 993

an algorithm for the automated determination of forces and contact stresses of cycloid
toothing of the transmission with IREFC.

Many authors [1–16] are engaged in the study of cycloids using mathematical methods,
including the force characteristics of pin gears and transmissions with IRE [17–29]. The
determination of forces through deformations in the toothing of the transmission with IRE
and a loaded separator is considered in [1]. In [2], the author analyzes the kinematic error
and tolerance allocation of cycloidal gear reducers. In another work [3], the author analyzes
a cycloidal reducer output mechanism while taking into account machining deviations.
In [4], the authors propose a technology for reducing the accuracy of performing cycloid
profiles while maintaining the toothing accuracy. The authors in [5,6] investigate the
changes in the torque of the drive gearing system. In [7], the dynamic behavior of a two-
stage pin cycloid reducer of a new design is analyzed, and the effect of vibrations on the
cycloid toothing is considered. In [8,9], the authors analyze the operation of the cycloid.
The author [10] describes the design features of the transmission when contacting fixed
intermediate links with grooves cut in the torus. He also presents the equations of the
spirals used for cutting these grooves. Studies [11,12] analyze contact stresses in a spherical
transmission with intermediate rolling elements and propose an algorithm for calculating
the number of rolling elements simultaneously transmitting the load. In [13], the authors
investigate the forces and torque in a two-stage sine wave gearbox with IRE and analyze the
changes in the output torque together with the main parameters. In [14], the authors present
methods for generating profiles of plane cycloids with improved geometry; numerical
examples are given to illustrate the proposed methods. In [15], the authors propose a
generalized dynamic model for the pin gear transmission, which allows for the estimation
of the intensity in the contact of the pin with the cycloid profile. Study [16] proposes
an approach to optimizing the cycloid drive profile, stress, and efficiency. The authors
in [17,18] develop an algorithm for determining contact stresses in the toothing of a pin
gear transmission, and the maximum force in the toothing is determined by the method of
successive iterations. Works [19–22] consider the contact characteristics of the pins with the
cycloid profile. The forces in the pin gear engagement are determined using a single contact
stiffness. The forces obtained using the finite element method, including experimental data,
are compared. An algorithm for determining the torque, taking into account the friction
forces in the engagement of the pin gear toothing, is developed. In [23], the authors analyze
the loadings of the cycloid disk using the finite element method. The authors in [24] use
an analytical method for determining forces in cycloid toothing and present a program
interface for their calculation. The authors of [25] propose a method for calculating the
deformation of the cycloid tooth and the gap between the cycloid profile and the rolling
element. Study [26] proposes an expression to determine the geometric parameter of a
transmission with intermediate rolling elements based on the contact strength condition.
Another study, [27], performs the analysis of forces and contact stresses in cycloid toothing
of the end transmission with intermediate rolling elements using the numerical modeling
of the finite-element model. The author of [28] proposes a new design of a two-stage
cycloid with IRE and studies the forces and stresses in toothing. The clearances in the pin
toothing are analyzed in [29]. The authors in [30] determine defects in the cycloid toothing
of the pin gear based on vibration signals. The authors consider and improve not only the
geometry of the cycloid engagement, but also the design of the transmission in [31]. In [32],
the authors present a method for diagnosing cycloidal gear damage on a laboratory stand.

The presented analysis of sources confirms various studies of transmissions with
cycloid toothing and works on the algorithms to determine stresses and forces in cycloid
toothing; however, there was no algorithm for automated calculation and analysis of the
connection of force and geometrical parameters of transmissions with IREFC.

Thus, the algorithm for the automated calculation of force parameters of the IRE
transmission is relevant. It will expand the field of knowledge on cycloids with intermediate
rolling elements and a free cage.
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The purpose of this work is to develop an algorithm for the automated determination
of the maximum contact stress in a transmission with rolling elements and a free cage, which
makes it possible to determine the parameters of the transmission IREFC corresponding to
the maximum stress. This will require the solution of the following tasks:

1. To identify the dependence of geometric parameters from initial parameters of the
transmission with IREFC.

2. To identify the dependence of force characteristics from initial parameters of the
transmission with IREFC.

3. To develop an algorithm for calculating the force parameters (contact stresses and
forces) in toothing with the specified initial parameters of the transmission with IREFC.

4. To create the software according to the developed algorithm that allows studying the
dependence of force parameters on the initial ones in the transmission with IREFC.

5. To analyze the obtained results.

2. Materials and Methods

To solve the set tasks, the authors developed a methodological model of the sequence
of determining the force characteristics of the transmission with IREFC and the procedure
for their analysis with the initial parameters of this transmission.

When finding the curvature radii of cycloid profiles to determine contact stresses, an
analytical expression of the Bobillier geometric construction was used based on the Euler-
Savary theorem. The forces in toothing and stresses in the contact of the rolling elements
with cycloid profiles of wheels were determined on the basis of the Hertz elasticity theory.

A unique data structure was created for the software implementation of the algorithm
for the complex calculation of the force parameters of the transmission with IREFC accord-
ing to a set of parameters, each of which is varied in its range. The calculation implies that
a structure sample is created as a dynamic array element for each combination of input
parameters. To determine the range of valid values, the calculation algorithm iteratively
selects among all the parameters, each of which has its own step and range of changes.

3. Cycloid with Intermediate Rolling Elements and a Free Cage

The transmission with IREFC [26] having a single-pole engagement (Figure 1) consists
of an input link–a planet carrier (1), an internal cycloid wheel–a cam (2) installed on a
rolling bearing on the planet carrier (1), rolling elements (3) in a cage (4) and an external
cycloid wheel–a crown (5). The cam (2) or the crown (5) may serve as the output link. If the
output link is the cam (2), then the crown (5) is rigidly fixed in the mechanism body and is
stationary. If the output link is the crown (5), then the cam (2) should be fixed. However,
due to the specifics of the transmission with IREFC, the cam (2) has tow motions as a
rotation and linear motion; its complete fixation is impossible. In this case, the rotation is
locked, and the linear motion remains.

Since two toothings are connected in one transmission with IREFC, there are situations
when the pitch points P (Figure 2) of the first and the second toothings do not coincide;
then the transmission has two pitch points, and it is named as a double-pole transmission.
When the pitch point of both toothings in the transmission coincide, such transmission is
called single-pole.

The transmission ratio of the rolling elements and a cam is defined as follows:

i21 = 1 − 1
Z2

. (1)

The transmission ratio of the rolling elements and a crown is defined as follows:

i23 = 1 +
1

Z2
. (2)

3
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Figure 1. Diagram of the transmission with intermediate rolling elements and a free cage.

The transmission with IREFC has two toothings: rolling elements and a cam (Fig-
ure 2a); rolling elements and a crown (Figure 2b) [26].

 
(a) 

 
(b) 

Figure 2. Toothing of the transmission with intermediate rolling elements and a free cage: (a)—rolling
elements with a cam; (b)—rolling elements with a crown.
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In expressions (1) and (2), Z2 is the number of rolling elements, which is one of
the initial transmission parameters. In addition, before the beginning of the design, the
following initial parameters are set: the generating circle radius r2 and the displacement
factor χ [26]. After choosing the specified three parameters, the range of possible values of
the rolling elements radius rb is determined based on the dependence [26]:

2
r2

Z2
< rb < r2·χ· sin

(
180◦

Z2

)
. (3)

The radius (Figure 2) rc of the centers of the rolling elements is determined using the
following expression:

rc = r2·χ. (4)

The displacement coefficient χ in the transmission with IREFC is an important param-
eter, because it influences the cycloid profile geometry and the transmission assemblability;
it cannot be less than 1.25. This parameter shows (4) to what degree the radius of the
centers of the rolling elements rc is greater than the radius of the generating circle r2, and
therefore it has a direct impact on the force values in the cycloid toothing.

One should note that in case of the single-pole transmission with IREFC, the initial pa-
rameter r2 is the same for both toothings (rolling elements with the cam and the crown). In
the case of the double-pole transmission, different values of this parameter are used. At the
same time, the parameter χ is the same for both single-pole and double-pole transmissions.
Further, let us consider the calculations intended for designing a single-pole transmission.

Since the initial parameters are preset arbitrarily at the beginning of designing, the
geometry of the cycloid toothing, the power characteristics of the transmission with the
IREFC, and the designed mechanism depend on them. The equations presented below
to represent the transmission geometry and to determine the mesh forces will be written
mainly using the initial parameters of the transmission with IREFC.

The axial distance (eccentricity) is determined according to the following expression:

aw = ei =
r2

Z2
. (5)

The total eccentricity of the transmission with IREFC is calculated using the following formula:

e = e1 + e2,

where e1 and e2 are the eccentricities of the engagement of the rolling elements with the
cam and the crown, respectively (Figure 2b).

The angle ϕ2 is present in all the expressions for calculating and designing the trans-
mission with IREFC, which will be observed further. The cycloid profiles are formed when
the rolling elements begin to migrate together with a circle of the radius r2. The angle of
this migration is calculated in the same way as ϕ2 is.

The rotation angle ϕ2 of the separator with rolling elements is used to determine all
geometrical parameters of the transmission with IREFC. It is a basic variable in the calcula-
tion of geometry and transmission force parameters. To determine the force parameters of
the transmission with IREFC, ϕ2 should be taken in the range from 0 to 180◦. The rotation
angle ϕ1 of the cam and the rotation angle ϕ3 of the crown also depends on ϕ2 [26]:

ϕ1 =
ϕ2

i21
=

ϕ2(
1 − 1

Z2

) ; (6)

ϕ3 =
ϕ2

i23
=

ϕ2(
1 + 1

Z2

) . (7)

These angles determine the position of the cycloid teeth of the cam and crown, de-
pending on the position of the rolling elements.

5
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The radius of the initial circle of the cam (Figure 2) is determined depending on r2:

r1 = r2

(
1 − 1

Z2

)
.

The geometrical parameters of cycloid wheels are determined according to the follow-
ing expressions:

• cam tip radius

rcm
tip = r2

(
χ +

1
Z2

)
− rb; (8)

• cam root radius

rcm
root = r2

(
χ − 1

Z2

)
− rb; (9)

• crown tip radius

rcn
tip = r2

(
χ − 1

Z2

)
+ rb; (10)

• crown root radius

rcn
root = r2

(
χ +

1
Z2

)
+ rb. (11)

The expressions (8)–(11) make it possible to define the range of coordinates of the
distribution of contact points of cycloid profiles with rolling elements.

4. Loading Characteristic of the Cycloid

To determine the forces in the transmission toothing with IREFC, let us consider the
design model (Figure 3). The torque on the cam through toothing forces is expressed
through the formula:

Tcam = ∑Fi·hi. (12)

 

Figure 3. Calculation of forces in the toothing of the transmission with intermediate rolling elements
and a free cage.
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The arm h is calculated according to the geometry (Figure 3) as follows:

hi = b·sinαi. (13)

where b is the distance from the center of the profile wheel (cam or crown) to the pitch P,
which is equal to r1 for the cam or r3 for the crown.

The rotation angle α of the normal profile relative to the vertical transmission axis is
found via the sine theorem based on the triangle OPO2 (Figure 3):

sinαi =
sinϕ2i · rc

Li
→ αi = arcsin

(
sinϕ2i · rc

Li

)
(14)

where the distance Li is determined through the rotation angle ϕ2 of the cage with rolling
elements and through the initial parameters:

PO = Li = r2

√
1 + χ2 − 2χcosϕ2i (15)

Assuming the fact that the forces in toothing are connected by the linear dependence
with the deformations [33], the correspondence of the maximum force and the maximum
deformation can be considered. Then the ratio of the force to the corresponding arm in
the toothing of one transmission is equal. We know the position of the line of action of the
maximum force, because we know the inclination angle of the normal profile at this point
of contact and the arm of this force [26]. Thus, let us determine the force on each rolling
element using the proportion:

Fi
hi

=
Fmax

b
,

Then the force on the i rolling element equals:

Fi =
Fmax·hi

b
. (16)

Let us substitute the obtained expression into (13), and after conversion we get an
expression to determine the maximum force to engage the transmission with IRE and a
free cage through the input torque:

Fmax =
Tcam·b
∑ h2

i
. (17)

Then, according to (17), let us determine the force on each rolling element transmitting
the load.

By determining all forces in the transmission toothing with IREFC, i.e., at the points
of contact of the rolling elements with the profiles of the cam and the crown, it is possible
to determine the stresses in these points. The literature [26] provides the formula for
determining the contact strength in the toothing of planetary cycloids:

(σH)i =

√
TcamhiE(ρ2i + ρ1i)

2π·lb·ρ1iρ2i(1 − μ2)∑ h2
i

. (18)

where Tcam is the torque on the cam;
ρ1i, ρ2i are radii of the profile curvature of the first and second contacting bodies at the

contact point (cycloid profile of the wheel and the rolling element, respectively);
μ is the Poisson’s ratio for the first and second contacting bodies, respectively;
E is the elongation modulus of the first and second bodies, respectively;
hi is the shortest distance from the axis of the cam center to the normal profile and to

the cycloid profiles;

7
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lb is the large side of the contact spot rectangle, in our case equal to the length of
the roller.

To determine the radii of the profile curvature of the cam ρ1i and the crown ρ3i,
we use the Euler–Savary theorem [34], which can be expressed through the Bobillier
construction [33].

The curvature radius of the cycloid profile of the cam and the crown is then determined
using the following relationship:

ρi = ±L − rb ∓ lMP, (19)

where it should be noted that the upper sign is used to calculate the curvature radius of the
cycloid profile of the cam, and the lower sign is used to calculate that of the crown profile.
The distance lMP from the pitch to the center of the curvature radius of the cycloid profile is
defined based on the expression:

lMP =
r2

(
1 − 1

Z2

)
sinα
tgβ + cosα

. (20)

In this case, the tangent of the angle of location of the curvature radius center of the
cycloid profile is determined based on the following expression:

tgβ =
lO2Csinϕ

lO2Ccosϕ + r2
Z2

.

lO2C =
r2

sinϕ·tgα − cosϕ
.

When determining the curvature radius of the corresponding profile from the expres-
sion (20), we get a negative radius for the concave section of the profile and a positive
radius for the convex section of the profile.

5. Automatization Calculation Algorithm of Loading Characteristic

Specifying the initial radius of the generating circle (r2) and the radius of the rolling
element (rb), as well as the number of rolling elements (Z2) and the displacement coefficient
(χ), let us determine the geometrical parameters of the transmission with IREFC. By setting
the output torque Tout and the length of the rolling body lb, let us determine the forces
in the cycloid toothing and the contact stresses. These calculations are performed using
expressions (1)–(20) according to the sequence in the algorithm (Figure 4).

Let us note that we should set the range of changes Z2 and χ before starting the
calculations to analyze the change in the maximum contact stress and the corresponding
forces in the toothing of the cycloid with IREFC, as well as other parameters. In this case,
the number of rolling elements Z2 can vary arbitrarily, but only in increments of one,
and the displacement coefficient χ is always considered in the range of 1.25–1.67, but in
arbitrary increments.

When developing the algorithm, specifying the length of the rolling body is provided:
it is equal to the diameter of the rolling body by default and, if required, it is arbitrary.
Next, the maximum toothing force is determined by creating a temporary data array.

After determining the maximum force in the cycloid toothing, we generate an array
of data for the angle ϕ2 of the position of the rolling elements in increments of 0.02◦. The
study of the cycloid profile is performed in the range of angle ϕ2 from 0◦ to 180◦.

Further, using the received ranges Z2 and χ, as well as the maximum force determined
earlier (18), the geometrical parameters of cycloid toothing, forces, and contact stresses at
each point of the cycloid profile are calculated. All calculated parameters are entered into
the structured array base. After filling the data array, the maximum and corresponding

8
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initial data, forces in toothing, and geometrical parameters of the cycloid with IREFC are
determined using a sequential comparison according to contact stresses.

  

Figure 4. Algorithm for determining the maximum contact stresses in a cycloid.

Having determined the maximum contact stress in the cycloid toothing, let us de-
termine the dependencies between the force and geometrical parameters in the form
of graphs.

9
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Thus, a data structure was created for the software implementation of a complex
transmission calculation with intermediate rolling elements based on a set of parameters,
each of which varies in its range. The calculation implies that a structure sample is created
as a dynamic array element for each combination of the input parameters. To determine the
range of valid values, the calculation algorithm iteratively selects among all the parameters,
each of which has its own step and range of changes. The calculation results are recorded
in the corresponding copy of the dynamic array. After calculating all the combinations of
the parameters, the results are displayed on the screen as a text and a graph.

6. Results and Discussions

A calculation program was written in the Lazarus cross-platform development envi-
ronment according to the developed algorithm. The average calculation and plotting time is
0.2 s for the parameters taken as examples. However, the calculation time directly depends
on the specified ranges and the steps of the calculated parameters, such as the number of
rolling elements Z2 and the displacement coefficient χ. That is, the wider the ranges and
the smaller the calculation step, the longer the calculation time. However, in the case of our
calculations, having different ranges and calculation steps up to 0.002, the calculation time
was not more than 0.3 s. A personal computer with an Intel(R) Core(TM) i5-9400F 2.9 GHz
processor and random-access memory of 8 GB was used for the calculations.

According to the algorithm of the automated calculation of the force parameters of
the cycloid with IREFC, the major result is the multiple of force characteristic values of the
transmission with IRE and the geometrical parameters corresponding to them. In contrast
to [35], where a computational program with a user-friendly interface is proposed, this
algorithm allows us to comprehensively study the changes in the power characteristics in a
wide range of several initial parameters of the transmission with IREFC.

The algorithm makes it possible to obtain a large amount of data on the values of
forces and contact stresses in the toothing of the cycloid with IREFC by determining these
data at high resolution (small step). This allows for a more accurate analysis of the cycloid
profile loading. The use of a structured data array allows us to reduce the time taken to
find the necessary information and the time taken for designing the entire mechanism.

Figure 5 shows the interface of the program developed according to the above algo-
rithm, which allows us to quickly change the initial parameters of the transmission with IRE
and their limits of testing (on the left). The calculated values of the force parameters and
geometrical parameters corresponding to them (on the right) are immediately displayed
with high accuracy. The use of the algorithm makes it possible to obtain an exact value of
the contact stress, since the cycloid profile is analyzed in increments of 0.02◦ over the angle.

 

Figure 5. Interface of the program for automated calculation of the transmission force parameters
with intermediate rolling elements and a free cage according to the developed algorithm.

10
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According to the obtained data, the structured array element allows us to build and
study the dependencies of various parameters of the transmission with IREFC. For example,
the maximum contact stress for different values of χ and Z2 corresponds to the graph of
studying the change in the position angle of rolling elements (Figure 6). The graph (Figure 6)
shows that for different values Z2, the angle of occurrence of the maximum contact stress
varies within different limits in the specified range of the variation of the displacement
coefficient χ. In this way, in the presence of definite parameters Z2 and χ, one angle ϕ2
corresponds to the maximum contact stress. Thus, the use of a structured array allows us
to quickly obtain a change in the force parameters depending on the initial ones for the
transmission with IREFC, which is also illustrated below.

Figure 6. Dependence of the maximum contact stress angle on the displacement coefficient χ at
different values of the rolling elements number Z2.

Figure 7 shows the multiple of the graphs of the change in the maximum contact
stress in the cycloid toothing with IREFC for the same range χ and a different number
of transmission rolling elements. The algorithm makes it possible to clearly see what
displacement factor should be selected for a particular number of rolling elements in order
to obtain the minimum value of the contact stress in the designed mechanism. Or otherwise,
it allows us to select the number of rolling elements for a particular displacement factor in
order to minimize loads in the designed product.

It is also possible to study the change in the maximum force in the toothing of the
cycloid with IREFC (Figure 8). The use of the algorithm makes it possible to see that the
maximum force in the cycloid toothing for a certain number of rolling elements almost
does not depend on the displacement coefficient χ.

The results of the algorithm operation determine the dependence of the force char-
acteristics on the initial geometric parameters of the cycloid with IREFC; the composite
parameters, such as eccentricity, circle radius of centers, etc., are not analyzed at this stage.

11
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Figure 7. Dependence of the maximum contact stress on the displacement coefficient χ at different
values of the rolling elements number Z2.

Figure 8. Dependence of the maximum force in the toothing on the displacement coefficient χ at
different values of the rolling elements number Z2.
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7. Conclusions

Thus, the developed algorithm of the automated determination of force characteristics
depending on the initial and geometrical parameters of the cycloid with intermediate
rolling elements and a free cage allows us to reduce the time required to provide data for
the design of the information mechanism. The proposed algorithm made it possible to
build a program into the Lazarus cross-platform development environment. The program
allows us to study various combinations of the force and geometrical parameters, such as:

− the maximum contact stress in toothing;
− angles of rolling element positions corresponding to the maximum contact stress;
− toothing forces corresponding to the maximum contact stress;
− number of rolling elements varying over a wide range; and
− the displacement factor varying over a wide range.

These studies can also be carried out for various materials of contacting links: both
cycloid wheels and rolling elements.

The algorithm made it possible to create a structured array of force and geomet-
ric parameters of the transmission with IREFC, which facilitates the access to the nec-
essary parameters and eliminates errors in providing the incorrect combination of the
requested parameters.

The work of the algorithm and the developed program, as compared to the design time
without using the algorithm, allowed us to reduce the time allotted for selecting the correct
parameters by 30% and the time for designing the mechanism based on the transmission
with IREFC by 15%. Without the proposed algorithm, the selection of operable transmission
parameters and the process of designing the mechanism on its base took more time.

The algorithm allows us, with a new degree of accuracy, to analyze the cycloid
profile, which, in turn, makes it possible to determine most accurately both the values
of the maximum force and contact stress in the cycloid toothing, and the accuracy of the
values themselves.

The algorithm allows us to analyze both the dependence of the mesh force on the
displacement coefficient and the forces arising due to the change in the radius of the
generating circle or the center circle of the rolling elements. It is also possible to analyze
changes in contact stresses arising due to the eccentricity of the transmission with IREFC
and the number of rolling elements, the change in the number of rolling elements owing
to the displacement coefficient, and the number of rolling elements due to the mesh
force. Obviously, not all of these graphs have been presented in this work. The radius of
the centers of the rolling elements and the eccentricity of the transmission are complex
composite parameters, and the analysis of changing the forces owing to these parameters
is the next stage of the work. The analysis of the influence of clearances in the toothing on
the distribution of forces, when rolling elements contact with the cycloid profile, is also
planned to be included in the next stage of the work.

The developed algorithm can be used when designing one-, two-stage, etc., reducers,
but it is necessary to design each stage separately. In the long term, the end-to-end design
of multi-stage cycloids is planned to be studied thoroughly. The algorithm may also be
extended to determine the gap in the toothing of the designed cycloid.

Author Contributions: Conceptualization, E.A.E.; methodology, S.A.S.; software, S.A.S.; valida-
tion, E.A.E.; formal analysis, N.V.M.; investigation, E.A.E.; resources, N.V.M.; data curation, S.A.S.;
writing—original draft preparation, E.A.E.; writing—review and editing, N.V.M.; visualization, S.A.S.
All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

13



Mathematics 2023, 11, 993

Data Availability Statement: The data presented in this study are available from the corresponding
authors upon reasonable request.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Kan, A.; Il’In, A.S.; Lazurkevich, A. Load analysis of the planetary gear train with intermediate rollers. Part 2. IOP Conf. Ser.
Mater. Sci. Eng. 2016, 124, 012004. [CrossRef]

2. Lin, K.-S.; Chan, K.-Y.; Lee, J.-J. Kinematic error analysis and tolerance allocation of cycloidal gear reducers. Mech. Mach. Theory
2018, 124, 73–91. [CrossRef]

3. Bednarczyk, S. Analysis of the cycloidal reducer output mechanism while taking into account machining deviations. Proc. Inst.
Mech. Eng. Part C J. Mech. Eng. Sci. 2021, 235, 7299–7313. [CrossRef]

4. Efremenkov, E.A.; Martyushev, N.V.; Skeeba, V.Y.; Grechneva, M.V.; Olisov, A.V.; Ens, A.D. Research on the Possibility of Lowering
the Manufacturing Accuracy of Cycloid Transmission Wheels with Intermediate Rolling Elements and a Free Cage. Appl. Sci.
2021, 12, 5. [CrossRef]

5. Ren, Y.; Bian, W.; Yan, R. Optimization analysis of air gap magnetic field in electromagnetic harmonic movable tooth drive system.
Int. J. Comput. Eng. 2019, 4, 132–135.

6. Ren, Y.; Ma, Y.; Wan, R. Parametric design of inner teeth of center wheel in electromagnetic harmonic movable teeth transmission.
J. Phys. Conf. Ser. 2021, 1965, 012009.
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Abstract: Attenuation of mechanical vibrations is an ongoing field of research in engineering aiming
at reducing damage and improving performance in the presence of dynamical forces. Different
alternatives have been proposed over time; the active vibration absorber can be highlighted as
an alternative which can absorb the vibration from system in real time. In this study, an active
vibration absorber was modelled as an electromechanical device. It was applied to a cantilever
beam, mathematically modelled as a continuous beam. A set of differential equations representing
the dynamical behaviour of the cantilever beam and active vibration absorber was obtained and it
was simulated in Matlab Simulink®. Results indicated that the active vibration absorber is able to
significantly reduce the vibration amplitudes of a system, especially in resonance conditions. The
analytical model and procedure developed here can easily spread to any more complex system.

Keywords: vibration absorber; tuned mass damper; active vibration absorber model; active control;
electromagnetic vibration absorber

MSC: 37M05

1. Introduction

Mechanical vibrations are manifested in almost any human activity. In the engineering
field, they appear in structures, machinery, piping systems and other areas as a consequence
of dynamic forces over time. High vibration amplitudes affect negatively the performance
of a system and damage its structure, components and other systems which are connected
in some way. Vibrations are usually monitored in specific locations which provide useful
information in order to prevent catastrophic failures and correct them in an initial stage [1,2].
In this sense, attenuation of vibration amplitudes has been a continuous field of research
for engineering. The dynamic vibration absorber invented by Frahm in 1909 [3] can be
highlighted as a mechanical device capable of changing the dynamical characteristics of an
existing system. It consists of a secondary system tuned to a specific excitation frequency
in order to produce an opposite equal force to the perturbation in a primary system over
time [4].

The main disadvantage of the passive vibration absorber is it is not effective if the
perturbation changes its frequency since the vibration absorber parameters are not able to
change. On the other hand, the active vibration absorber compensates for this characteristic
since it is able to tune its parameters for different requirements. In active absorption, an
actuator component is added to the vibration absorber in order to tune it to any excitation
frequency in real time. Control strategies of this active component have been developed,
especially in active control for structural engineering [5,6]. One of the first active vibration
absorbers was designed in order to reduce the vibration amplitudes of a tall building,
modelled as discrete masses [7,8]. Chang and Yang proposed an active mass damper for a
structure modelled as discrete masses, but actuator dynamics was not considered [9]. Kwak,
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Yang and Shin proposed a semi active absorber, where the active component was controlled
by a correlation with the current magnitude through a solenoid [10]. Yu, Thenozhi and
Li studied the active vibration absorber implemented in a discrete structure model with
PD/PID control of the active force using position over time as feedback [11]. Yang, Shin,
Lee, Kim and Kwak used an acceleration feedback, since it was the simplest variable which
can be measured directly by accelerometers [12]. Chang developed an LQR control of
an AMD with an acceleration feedback for a scaled bridge modelled as a rigid body [13].
Ramesh and Narayanan presented a better accurate structure model of a beam based on
the finite element method (FEM) [14]. Cao and Li proposed a new control algorithm,
with a better response than LQR under same conditions, based on the calculation of the
optimal gains in order to obtain the minimum variance of the displacement response
over time [15]. Zhou and Li applied an active tuned mass damper (AMTD) with an
LQR control algorithm to a tall building represented as an FEM model calibrated by its
dynamical response measurement [16]. In these studies, primary systems were modelled
as discrete systems. However, real systems are more complex than a discrete model as well
as their dynamical behaviours. Different control strategies and feedback variables have
been implemented, where PD/PID control algorithms can be highlighted as the standard
industrial controllers due to its simplicity and the theory being well known [11]. Other
current strategies consist of adding devices for damping. Some authors proposed structural
damping for controlling the vibration amplitude [17]. Active damping was also proposed
based on magnetorheological damper [18]. Linear motion is not the only consequence
of vibration, torsional vibration is also a field of research. An electromagnetic torsion
active vibration absorber has been proposed [19]. Applications of an active vibration
absorber are not limited to structural and mechanical engineering, The concept has been
extended to the medical field in order to reduce the vibration amplitude of tremor in
human arms [20]. Passive vibration absorber has been effective for this application [21–23].
The main advantage for patients is that it is a non-invasive device. However, it is not able
to tune its parameters for different requirements as an active absorber.

In this paper, an active vibration absorber (AVA) is modelled as an electromechanical
device. A cantilever beam is chosen as a primary system since it can be used to represent
different structures. This was represented as a continuous model which is the most accurate
model of a real body since it is based on a strong formulation of the differential equations.
The main advantage of a continuous model is that it allows to quantify the influence of the
AVA when it is placed in different positions along the structure. The PD control algorithm
is used for controlling the active force. The developed procedure is not limited to structures,
it can be applied to different systems by coupling the AVA equations.

2. Materials and Methods

2.1. Active Vibration Absorber Model

The active vibration absorber can be modelled as a 1-DOF system, Figure 1. It consists
of a mass ma, a damper that is represented by a damping coefficient ba, stiffness ka and an
external active force produced by an actuator u. The magnitude and direction of the active
force is calculated in order to tune this system to any excitation frequency.

Figure 1. Active vibration absorber.
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By using Newton’s 2nd Law, the equation of motion for this vibration absorber is
given by (1).

maẍa + baẋa + kaxa = u (1)

The actuator is modelled as an electromagnetic actuator. Thus, the dynamic behaviour
is obtained from its geometric and electromagnetic characteristics according to the mod-
elling presented in [24,25]. It can be simplified as an equivalent electrical LR circuit given
by (2), where L is inductance, R is resistance, I is current and ec is excitation voltage.Kbẋa is a
voltage induced by the relative movement in the presence of current through a solenoid [26],
where Kb is the actuator constant.

Li̇ + Ri + Kbẋa = ec (2)

The interaction between an electromagnetic field and the current through a circuit of
the electromagnetic actuator produces the active force over time according to Lorentz’s
Law, (3), where u is the active force and Kc is an actuator constant.

u = Kci (3)

According to the vibration absorption theory, the natural frequency of the decoupled
system must be equal to the excitation frequency of the primary system. The same working
concept is used to tune the active vibration absorber. In this sense, a PD control is able to
modify the real part as well as the imaginary part of the poles of its characteristic equation
in order to locate these poles in the imaginary axis with a frequency equal to the excitation
frequency. The PD control of the electromagnetic actuator voltage was proposed in [26]
and it has the following form (4), where Kp and Kd are the PD gains for the position and
velocity feedback.

ec = Kpxa + Kdẋa (4)

Using Laplace transform in Equations (1)–(3) and ordering, Equations (5) and (6) in
the Laplace domain are obtained.

Xa(s) =
Kc

(mas2 + bas + ka)(sL + R) + KbKcs
E(s) (5)

Ec(s) = KpXa(s) + sKdXa(s) (6)

Solving the characteristic equation of the system, the PD gains which tune the natural
frequency of the active vibration absorber to the excitation frequency ωc are given by (7)
and (8) according to [26].

Kp = Re

(
−(Ls + R)

(
mas2 + cas + ka

)− KbKcs
Kc

)
s=ωci

(7)

Kd =
1

ωc
Im

(
−(Ls + R)

(
mas2 + cas + ka

)− KbKcs
Kc

)
s=ωci

(8)

The equations above in the Laplace domain of the active vibration absorber response
are represented as a control diagram with the position and velocity of the absorber feedback,
Figure 2.
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Figure 2. Scheme of active vibration absorber control diagram.

2.2. Active Control for a Cantilever Beam

The active vibration absorber is implemented to a cantilever beam, Figure 3. The force
produced by the absorber to the beam is considered as a punctual force. A continuous
model of a cantilever beam is used for the analysis. Kinetic and potential energy expressions
of the cantilever beam have the following form (16) and (10), where ρ(x) is the density,
A(x) is the section transversal area, w(x, t) is the deflection over time, E(x) is the Young
modulus and I(x) is the inertia of the transversal area along the x axis. The perturbance is
considered an external force over time p(t) placed at a position lp.

Figure 3. Cantilever beam implemented with an active vibration absorber at its free end.

T =
1
2

∫ l

0
ρ(x)A(x)

(
∂w
∂t

)2
dx (9)

V =
1
2

∫ l

0
E(x)I(x)

(
∂2w
∂2x

)2

dx (10)

The deflection of any position along the beam can be represented as the superposi-
tion of the modal coordinates [27], which is given by (11), where qi(t) is the generalized
coordinate related to i-mode of vibration and ϕi(x) is the normal mode function defined by
(12)

w(x, t) =
n

∑
i=1

qi(t)ϕi(x) (11)

ϕi(x) = Ci[senβix − senhβix − αi(cos βix − cosh βix)], i = 1 2 3 ... n (12)

αi =
senβi l − senhβi l
cos βi l − cosh βi l

(13)

According to the procedure developed in [28], using the Lagrange equations for (16)
and (10), the dynamics of the cantilever beam are represented by the differential equations
system in (14), where mij is the generalized mass, kij is the generalized stiffness, h1

j is the
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generalized force of disturbance and h2
j is the generalized force of the force produced by

the active vibration absorber at its position along the beam.

n

∑
i=1

mijq̈i(t) +
n

∑
i=1

kijqi(t) = h1
j + h2

j, j = 1 2 ... n (14)

{
mij =

∫ l
0 ρ(x)A(x)ϕi(x)ϕj(x)dx = 0

kij =
∫ l

0 E(x)I(x) d2 ϕi
dx2

d2 ϕj
dx2 dx = 0

Si i �= j (15)

{
h1

j = p(t)ϕ(l)j
h2

j = f (t)ϕ(l)j
j = 1 2 (16)

Solving the differential equations system in (14) in the Laplace domain and substituting
it in (11), the deflection, in the Laplace domain, along the beam as a function of the
disturbance P(s) and active force U(s) is obtained:

W(l, s) =
2

∑
i=1

Gi
pP(s) +

2

∑
i=1

Gi
uU(s) (17)

where {
Gi

p(s) = Gi
−1 ϕi

2(l)
Gi

u(s) = Gi
−1

(
− mas2

mas2+bas+ka

)
ϕ2

i(l)
(18)

Gi = miis2 + kii +
mas2(ka + bas)
mas2 + bas + ka

ϕi(l)2 (19)

Hence the active control is obtained coupling the equations of the PD control, the elec-
tromagnetic actuator and the cantilever beam. Figure 4 shows a scheme of the developed
active control of the cantilever beam using the relative position and velocity feedback.

Figure 4. Active control diagram of a cantilever beam implemented with the active vibration absorber.

2.3. Simulation

The developed model was simulated using Matlab Simulink® R2022a. Parameters
used for the simulation are listed in Table 1. Parameters of the electromagnetic actuator
presented in [26] were used. PD control gains must change the dynamic characteristics of
the active vibration absorber. Thus, its natural frequency has to be equal to the excitation
frequency of the primary system since the inertial force must be equal and opposite to the
excitation force. By using Equations (7) and (8), the PD gains were calculated for the second
resonant frequency; Kp is 606.87 V/m and Kd is −3.22 V-s/m.
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Table 1. Parameters of the cantilever beam and active absorber.

Description Parameter Value

Cantilever beam

b 50 mm
e 5 mm
ρ 7850 kg/m3

A 250 mm2

E 210 GPa
I 5000 mm4

l 1 m

Active vibration absorber

ma 0.05 kg
ka 141.8 N/m
ba 0.1 N.s/m
R 1.6 Ohm
L 0.75 mH
Kc 3.5 N/A
Kb 3.5 V.s/m

2.3.1. Dynamic Characteristics of the AVA

The dynamic behaviour of only the AVA was evaluated with the parameters es-
tablished. The step response was calculated with and without control represented as
Xa(s)/Ec(s) and Xa(s)/Err(s). The first condition simulates the dynamic behaviour con-
sidering just dynamic characteristics of the actuator and the mechanical absorber as an
open loop. In this case, the step signal was a voltage unit for the actuator. The second
condition simulates the PD control, the actuator and the absorber as an open loop. In this
case, the step signal was the error signal calculated as the difference between reference and
absorber position.

2.3.2. Natural Frequencies of the Cantilever Beam

The addition of a mass and spring after absorber implementation to the cantilever
beam changes the original natural frequencies without them. When AVA is off, its dynami-
cal behaviour depends on mass and stiffness mainly while the actuator acts as damping.
In this case, natural frequencies of the cantilever beam were calculated numerically with
Equation (14) by solving an eigenvalue problem with and without absorber mass and
stiffness, simulating a passive absorber case. Three modes of vibration were considered in
order to model the dynamical behaviour in Equation (11), since excitation frequency for
evaluation was within the first and second modes of vibration.

When AVA is activated, free vibration was simulated by the dynamical response in
the time domain after a unitary impulse application in Matlab Simulink.

2.3.3. Dynamic Response of the Cantilever Beam

Attenuation of vibration amplitude was evaluated under different conditions with an
excitation force located at the free end of the cantilever beam model since it is the most
critical location for an external force. The cantilever beam model was excited in its first and
second resonant frequency with and without an absorber. Likewise, the dynamic influence
of the absorber position at the cantilever beam was evaluated since the maximum vibration
attenuation is one of the objectives for designing a solution. The absorber was placed in
three different positions at 1/3, 2/3 of its length relative to the fixed end. For each absorber
position, the displacement of the free end was obtained over time when the primary system
was excited in the second resonant frequency,

3. Results

3.1. AVA Dynamic Characteristics

Natural frequencies of the cantilever beam with and without mass and stiffness of the
absorber are shown in Table 2. The response of only the active vibration absorber to a step
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signal is shown in Figure 5a without a control algorithm. Figure 5b shows the response
with PD control in an open loop tuned to the second resonant frequency. In Figure 5a,
the input signal was a unit voltage step, there are no overshoots over time and the settling
time was 0.87 s. In Figure 5b, the input signal was a unit error step which is the difference
between reference and absorber position; the settling time was 0.875 s.

Figure 6 shows the dynamic response in the frequency domain when it is tuned to
first and second resonant frequencies. Peaks show the natural frequencies of only the AVA.
It can be noticed that they match the desired absorption frequency of the primary system.

Table 2. Natural frequencies of the cantilever beam.

Natural Frequency Without Absorber With Absorber

First 4.14 Hz 3.50 Hz
Second 26.26 Hz 4.93 Hz
Third 73.53 Hz 26.26 Hz
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Figure 5. Step response of the active vibration absorber: (a) without PD control in open loop; (b) with
PD control from an error signal in open loop.
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Figure 6. Frequency response of the active vibration absorber.

3.2. Dynamic Response

Figure 7 shows the impulse response of the cantilever beam over time with a passive,
an active and without an absorber when a unitary impulse was applied at the free end.
The AVA was tuned to the second natural frequency of the cantilever beam. It can be
seen that response periods of the cantilever beam were different in each case. Likewise,
each signal was composed of different frequencies corresponding to the multiples modes
of vibration. When a passive absorber was added, the contribution of other modes of
vibration increased. The best controlled response was obtained with the AVA. Furthermore,
the response period increased with AVA with respect to the cantilever beam without ab-
sorber.

Figure 7. Impulse response of the cantilever beam at free end.

Figure 8 shows the dynamic response of the cantilever beam over time with a pas-
sive, an active and without an absorber when it is excited in its first resonant frequency.
Without an absorber, the vibration amplitude increased over time due to the resonance
condition. However, with a passive or an active absorber, the amplitude value was con-
trolled within a range. Figure 9 shows the dynamic response when it is excited in its second
resonant frequency. Without an absorber, the vibration amplitude greatly increased over
time. A passive absorber was not more effective in this case. The active vibration absorber
was effective and controlled a low vibration amplitude over time. Figure 10 shows the
active force and relative displacement over time when the cantilever beam was excited in
its second resonant frequency. It can be seen that the active force was always opposite and
proportional to the relative displacement as an artificial stiffness tuned to that frequency.
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Figure 8. Dynamic response under the first resonant frequency.
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Figure 9. Dynamic response under the second resonant frequency.
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Figure 10. Active force and relative displacement under the second resonant frequency.

3.3. Position Influence

Figure 11 shows the displacement of the cantilever beam free end when the AVA
was placed in three different positions. For all positions, it was effective and reduced
the vibration amplitude. Nevertheless, the maximum absorption was obtained when the
AVA was placed at the free end, where the external dynamical force acts. Figure 12 shows
the dynamic response when the AVA was placed in a node of the primary system and
the response was without AVA. The second mode of vibration contains a node at 0.783
of its length where the amplitude is zero. In this case, the AVA was not effective and
the vibration amplitude increased over time. It is shown that there was not a significant
difference between the case with AVA and without it when it is placed in a node.
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Figure 11. Displacement at free end under the second resonant frequency for the active vibration
absorber placed in 1/3, 2/3 of the length and at free end.
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Figure 12. Displacement at free end under the second resonant frequency for the active vibration
absorber placed in a node of the second vibration mode at 0.783 of its length.

4. Discussion

The dynamic behaviour of the cantilever beam is a superposition of modes of vibration
with a pounded contribution since a continuous model was used. The addition of an AVA
produced a modification of the original dynamic characteristics of the structure. With a
passive absorber, mass and stiffness determined how intense the change was in the natural
frequencies. With an AVA, the change also depended on control and actuator dynamic
characteristics. Impulse responses in time domain have shown that the contribution of
different modes of vibration increased with a passive absorber. Nevertheless, with an
AVA, the response was more uniform and better controlled with a period higher than the
cantilever beam without absorber.

Natural frequencies 3.5 and 4.93 Hz after a passive absorber addition were introduced
around the tuning frequency 4.14 Hz. The difference was 15% and 19% when the absorber
mass was 2.54 % of the cantilever mass. Since the absorber mass is a few percentage of
cantilever mass, the second mode of vibration was not altered and the natural frequency
kept its value. Step response of the AVA has shown how intense the PD control gains were
in an open loop when this receives the error signal. Since PD gains were calculated in order
to tune the AVA to the excitation frequency exactly, the values are unique. However, tuning
frequency can be slightly different and continue being effective as passive absorbers within
a narrow range around the desired tuning frequency. The frequency range where AVA is
effective depends on the components’ capacity. Absorption frequency must be equal to the
natural frequency of only the AVA. This relation required an artificial stiffness proportional
to the squared absorption frequency. In this sense, a higher absorption frequency increased
the active force. Thus actuator capacity must be able to provide a sufficient force with a
dynamic behaviour fast enough to keep the AVA tuned.
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The vibration amplitude of the cantilever beam increased over time without an ab-
sorber in a resonance condition. There were no differences between passive and active
absorbers when both were tuned to the same frequency. This is due to the working concept
of the AVA. Actuator force is designed to produce a proportional opposite force to the
relative displacement between the absorber and the cantilever beam as an artificial stiff-
ness. In this sense, since mass and stiffness of the absorber are tuned to the first resonant
frequency, the AVA is already tuned without the active force. The position of the absorber
was a significant parameter for the dynamic response. Although the AVA was effective
in all positions, the exceptions were nodes of vibration where the amplitudes are zeros.
The AVA needed to be placed in positions able to transmit movement in order to produce
an inertial force opposite to the excitation external force over time.

5. Conclusions

A model of an active vibration absorber implemented to a continuous cantilever beam
was developed, this continuous model represents the most accurate dynamic response of
the real structure. Results indicate that the active vibration absorber is able to be tuned
to a desired frequency within an excitation frequency range from a primary system and
reduce the vibration amplitude, especially in critical conditions corresponding to the
resonant frequencies.

The vibration amplitude is absorbed in the whole continuous cantilever beam model,
not only at the position of the active vibration absorber. The position of the active absorber
at the cantilever beam has a significant influence at the reduction of vibration, especially
if it is placed near a vibration node from the primary system, where the active absorber
is not effective. It was found that the optimum position for the active vibration absorber
corresponds to the position of the maximum vibration amplitude at the primary system.
In this sense, a proper formulation of the primary system model and experimental vali-
dation are required, especially for complex systems in order to establish the absorption
frequency range, optimum position and active absorber physical characteristics.

The analysis of the developed active vibration absorber model is not limited to struc-
tures, but is also effective in application to any system.
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Abstract: There are few examples of mechanical coupling solutions for the transmission of high
torques between two rotating shafts that have non-coplanar, non-parallel axes. Based on the
structural analysis, the paper proposes a solution for an RP1PR-type symmetrical coupling. The
Hartenberg–Denavit methodology is not applicable for performing the kinematical analysis, hence
the solution starts from the geometrical condition of the creation of planar pairs of the mechanism,
expressed in vector form. The absolute motion of all elements of the mechanism’s structure can be ex-
pressed after developing the kinematical analysis. The theoretical results are validated via numerical
analysis. By comparing the analytical results with the CATIA-modeled results, excellent compatibility
is obtained. We also propose a constructive solution for the newly designed coupling mechanism.

Keywords: spatial coupling; crossed axes; kinematic analysis; constructive solutions; numerical
validation
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1. Introduction

One of the main tasks of the Theory of Machines and Mechanisms is the transmission of
rotational motion between two fixed axes. The problem arose even from the first machines,
which had complex requirements while the driving possibilities were limited, as is still the
case [1,2]. A mobile assembly is actuated for most cases by rotational engines—cc, dc, or
internal combustion engine—when the driving element has a rotational motion, and by free
piston linear engine when a translational motion is needed. Obviously, the motion of the
final element depends on the construction of the kinematical chain interposed between the
driving and driven elements. The designer is responsible for choosing amongst possible
solutions the one that best runs the transmission [3]. From these criteria, one can mention a
kinematical criterion [4,5], which imposes a certain law of motion for the driven element,
constructive simplicity [6–8], high efficiency, low production costs, high accuracy [9,10], etc.
However, the higher the number of imposed criteria, the fewer possibilities of completely
fulfilling them. Therefore, a prioritization of criteria is necessary for choosing the final
solution [11]. The solution can either be adapted to the actual necessities, or a completely
new one must be found. The latter case requires comprehensive study and research work
since a new solution should be original and comparable or superior to the existing ones
from the point of view of fulfilling the imposed criteria.

The present paper proposes a new coupling mechanism with high reliability and an
original method for the kinematical analysis, based on a geometrical condition concerning
the creation of planar pairs.

The kinematics analysis of a spatial mechanism can be completed by the general
methodology proposed by Hartenberg and Denavit [12], known as the “the method of
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homogenous operators”, which is appropriate for spatial bar mechanisms having in their
structure only cylindrical pairs, or particular cases of cylindrical pairs: revolute pair, pris-
matic pair, or helical pair [13]. The method is based on the relations of transformation of a
point’s coordinates when the reference system is changed and expresses the condition of
closure of the mechanism’s kinematic chain in matrix form—using square type 4 × 4 ma-
trices. For the situations when other than cylindrical pairs occur in the structure of the
mechanisms, the method proposed by Hartenberg and Denavit can be applied after each of
the non-cylindrical joints is replaced by a kinematical chain that has in its structure only
cylindrical pairs [14,15].

Fisher presents solutions for substituting the spherical joints by an assembly of three
revolute pairs with concurrent and reciprocally perpendicular axes [16]. Fisher also pro-
poses the replacement of a planar joint by an assembly of two prismatic joints with per-
pendicular axes and a revolute joint with the axis normal to the plane defined by the
revolute pairs. In [17] there is presented a methodology of replacing a class 1 pair with a
mechanism consisting of two shafts with direct contact and crossed directions. Generally,
when applying the Hartenberg and Denavit method, this produces complicated systems
of trigonometrical equations that can rarely be solved analytically. One of the difficulties
met in the positional solutioning of a spatial mechanism is the fact that the system of
trigonometrical equations obtained presents multiple solutions—solutions corresponding
to all assembling possibilities of the mechanism when the values of the driving element’s
position parameters are stipulated.

Another aspect that complicates solving the positional analysis of a spatial mechanism
is the structure of a homogenous operator’s matrix. This matrix has a structure that contains
the rotational matrix, which describes the position of the new system of coordinates with
respect to the initial one, and the displacement vector corresponding to the translation of
the old origin into the new position. Two displacements are identical when the matrices
corresponding to the homogenous operators correlated to the two displacements are
identical [12]. The identification of the elements of displacement vectors produces three
scalar equations and the identification of the rotation matrices gives nine scalar equations
from which only three are independent. These three independent equations are recognized
by deconstructing the rotation matrix into symmetric and antisymmetric matrices [18],
followed by finding the versor of the rotation axis and the rotation angle. At this stage
the conditions of equality of rotations can be imposed, specifically the axis parallelism,
resulting in two scalar equations, and the equality of the rotation angles, which results in
the third scalar equation.

Lastly, six scalar trigonometrical equations result from the condition that two displace-
ments are identical. From here, the conclusion is that the simplest spatial mechanism with
mobility M = 1, which has the kinematic completely determined by the conditions devel-
oped from the contour closure condition, has the position described by six scalar parameters.
Uicker et al. [19] developed a numerical methodology that considers a constrained system
of 12 scalar equations obtained by equalling all components of the displacement vectors
and rotation matrices. The procedure is iterative, rapidly converging, and finally offering
the position parameters of the mechanism of single-contour mechanism. The fact that
the numerical methodology is appropriate to an over-constrained system of equations
leads to the idea of applying it to over-constrained mechanisms. In the literature, there are
presented the kinematical solutions for the Bricard mechanism M = 0 [12,20], and Benett
mechanism M = −2 [12]. In the case where the mechanism contains numerous contours
whose positions cannot be described by six scalar parameters, the equations resulting from
the closing matrix equations of some loops will be considered until the number of obtained
scalar equations will equal the number of scalar parameters of position of all the considered
kinematical chains.

There are numerous types of couplings in technical applications [1,14,21–25], but the
couplings with crossed axes of high reliability and that transmit important torques are
rather infrequent. The present paper proposes a new coupling mechanism of an RP1PR
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type, an original method for the kinematics analysis, and the design of the corresponding
constructive solution.

2. Structural Considerations

Figure 1 shows two shafts with crossed axes and the coupling intermediate kinematic
chain consisting of m elements and ck, k = 1 ÷ 5 kinematic pairs of class k. The two shafts
are joined to the ground by revolute pairs c5. The transmission has a unique driving
element, 1 and that means that the mobility of the transmission should be M = 1. The
formula for the calculus of the mobility degree of spatial mechanisms [21] is:

M = 6(n − 1)−
5

∑
k=1

k · ck (1)

Applying the relation (1) for the particular case from Figure 1 gives:

1 = 6(3 + m − 1)−
5

∑
k=1

k · ck − 2 · 5 (2)

where
5
∑

k=1
k · ck represents the number of degrees of freedom nulled by the coupling kine-

matic chain composed of m elements.

Figure 1. Transmission of rotation motion between two shafts with crossed axes through an interme-
diate chain.

The final relation is:
5

∑
k=1

k · ck = 6m + 1 (3)

Equation (3) allows for finding the number of elements and kinematic joints from the
structure of the coupling chain. The simplest coupling solution corresponds to m = 0, that
is direct coupling of the two shafts. For m = 0 Equation (3) has one solution:

c1 = 1, ck = 0, k ≥ 2 (4)

which shows that between the two shafts a pair of c1 class (direct point contact) must
exist. The concrete form can be the contact between two surfaces (gear mechanisms
with crossed axes [26,27] or spatial cam mechanisms [28]), two curves [29], the contact
between a surface and a point, point-curve contact, or curve-surface contact [30]. The
above enumeration demonstrates that even for the simplest case of direct transmission,
the constructive solutions are numerous. The advantage of this structural solution is
its constructive simplicity. While the main drawback can be considered to be the high
contact stresses from the contact pair between the two elements [31–34]. The next structural
solution, m = 1, with a single intermediate element, gives the relation:

5

∑
k=1

k · ck = 7 (5)
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There are multiple structural solutions since the kinematic coupling chain can contain
any type of kinematic pair. In [35] it is presented the constructive solution:

c1 = 0, c2 = 2, c3 = 1 (6)

Next, a new solution is presented, where the coupling consists of revolute–planar–
contact–c1–planar–revolute (acronym RP1PR) joints. Possible pairs that can be used in the
structure of the mechanism are:

• the sphere–plane joint, (class 1 pair), with a unique representation, a ball on a plate
(Figure 2a);

• the planar class 3 pair, represented in Figure 2b;

  
(a) (b) 

Figure 2. Types of pairs involving the middle element: (a) sphere–plane pair; (b) planar pair.

• another class 3 pair could be the spherical joint, Figure 3a.

  
(a) (b) 

Figure 3. Constructive solution for spherical pairs: (a) spherical pair; (b) spherical pair with pin.

Therefore, an alternate mechanism (to our proposed RP1PR) is RS1SR, that is, to use
spherical joints (Figure 3a). In this case, the first significant problem that arises concerns a
passive motion of the intermediate element about the axis passing through the centers of
spheres. To eliminate this passive motion, one of the spherical joints must be replaced by a
joint of finger-sphere type of class 4 (Figure 3b). From the figures representing the planar
and spherical joints, it is obvious that the class 3, planar joint is preferable. In the case of a
spherical pair, the constructive solution is more complex from a manufacturing point of
view [36,37] because the planar pair consists of plane surfaces obtained by high machining
conditions, compared to the spherical surfaces, (especially inner spherical surfaces) which
are difficult to obtain technologically.

From a functional perspective, the planar pair is also desirable because it presents
the advantage that the three allowed motions (two translations and one rotation) are not
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limited, while, for the spherical joint, (three rotations allowed) there are imposed some
constructive restrictions and locking of the mechanism may occur.

2.1. Proposed Solution

One of the possible solutions that verify the relation (5) corresponds to the case when
the intermediate element makes with the rest of the elements two planar pairs of class 3 and
a pair of class 1 (RP1PR). The principle scheme for designing the mechanism is presented in
Figure 4a, and the kinematic diagram of the mechanism is shown in Figure 4b. The middle
element consists of the planes P′ and P′′ fixed together, having a dihedral angle of π and
B the point from the intersection line. Driving shaft 1 and driven shaft 2 have the planes
P1 and P2 attached respectively and P0 is the plane fixed to the ground. The mechanism
is created when the coincidence between the planes P1 − P′, and P2 − P′′ respectively is
ensured and the point B is obliged to lay in the plane P0.

 

(a) (b) 

Figure 4. Proposed mechanism (0—the ground; 1—the driving element; 2—the driven element; 3—the
middle element): (a) principle schematics for designing the mechanism; (b) kinematic diagram.

The elements of the mechanism are shown in Figure 4b, represented according to
international standards [38]: the ground 0, the driving element 1, the driven (exit) element 2,
and the intermediate element 3. The joints of the mechanism are: two revolute pairs R (first,
between the ground and the driving element and the second, between the driven element
and the ground), two planar pairs P (between the driving element and the intermediate
element and, between the intermediate element and the driven element, respectively), and
1, a class 1 pair (point contact between the middle element and the ground). The succession
of the pairs is the origin of the abbreviation of the name of the mechanism: RP1PR. We
must mention that in the literature [1,39], only nine possible structural solutions for spatial
mechanisms with intermediate elements are presented. The proposed RP1PR coupling is
an entirely new solution.

The kinematic analysis of the mechanism requires finding the motion from the pairs
of the mechanism. A convenient method consists in equivalating the planar joints with
an assembly of two prismatic pairs with perpendicular axes and a revolute pair with the
axis normal to the prismatic pairs and then replacing the class 1 pair with a series Oldham
coupling–Cardan coupling [21]. The Hartenberg–Denavit method could be applied to the
obtained mechanism. The disadvantage of the kinematic solution resides in a great number
of elements and kinematic pairs of the substituting mechanism.

The graph of the mechanism is presented in Figure 5 and it contains two independent
contours: 0 − 1 − 3 − 0 and 0 − 2 − 3 − 0. The position of the first contour is defined by
3 + 5 = 8 scalar parameters and the position of the second is described by 3 + 5 + 1 = 9
scalar parameters.
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Figure 5. The graph of the mechanism.

Thus, we conclude that neither of the two contours can be analyzed independently,
through the six scalar equations obtained from the condition of the closed kinematic chain.
Instead, considering the two contours simultaneously, for obtaining the complete stipula-
tion of the positions, there are required 3 + 5 + 3 + 1 = 12 scalar parameters that can be
unequivocally found from the 12 scalar equations of closure of the two loops. As mentioned
above, solving the system of 12 trigonometrical equations will encounter difficulties. There-
fore, a method where the conditions of forming the joints of the mechanism are directly
used is preferred to the classical Hartenberg–Denavit method.

Several coordinate systems are used for solving the problem, as shown in Figure 6. The
coordinate system of the ground, with the Ox axis as common normal for the axes of the
two shafts. The origin O of the fixed system is in the middle of the common normal A1 A2.
The axes of the two shafts make two planes with the common normal, and their bisecting
plane is Oxz. The distance between the axes of the shafts is 2a and the angle between them
is π − 2α. The axis Oy is in completion for the tri-orthogonal right reference system.

Figure 6. The coordinate systems and the kinematic and constructive parameters of the mechanism.

To each of the two shafts, a mobile coordinate system is attached, with the Oz axis in
coincidence with the axis of the shaft, with the origin in the foot of the common normal.
The plane A1x1y1 is the plane with the normal n1 that contains the point A1 and the plane
A2x2y2 is the plane with the normal n2 that contains the point A2. The plane P0, of normal
n0 in which the point B is obliged to move, is considered to be a plane containing the
common normal of the axes z1 and z2 of the two shafts, and making the angle β with the
axis Oy. This position was chosen in order to obtain simpler relations. Obviously, a generic
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position can be chosen for the plane (P0) and the methodology for finding the solution is
the same, but only with increased amounts of calculus. The positions of the two shafts will
be stipulated by the angles θ1 and θ2 made by the axes A1x1 and A2x2 respectively, with
the Ox axis.

The creation of planar joints imposes the next geometrical conditions:

• the planes (P1) and (P2) should be perpendicular:

n1·n2 = 0 (7)

• the point B belongs to the plane (P1):

n1 ·
(
rB − rA1

)
= 0 (8)

• the point B belongs to the plane (P2):

n2 ·
(
rB − rA2

)
= 0 (9)

The creation of the contact between the sphere and the plane requires:

• the point B belongs to the plane (P0):

n0 · (rB − rO) = 0 (10)

where rB, rA1 , rA2 , rO are the position vectors of the points B, A1, A2, and O respectively.
For the proposed RP1PR mechanism, the relations (7)–(10) are needed and all vectors

must be expressed in the same frame. The coordinate system of the ground is chosen for
this purpose. The notation v(k) will be subsequently used to specify the coordinate system,
other than the fixed one, where the Cartesian components of the vector v are stipulated.
For a simplified notation, the lack of exponent indicates that the v vector is outlined by the
Cartesian projections on the axes of the fixed system (of the ground) Oxyz.

The transformation relations [12] are used for expressing the coordinate transforma-
tions for a point when changing the coordinate system. Thus, the matrix describing the
transformation from the frame “k” to the frame “k + 1” is:

Tk,k+1 = Z(θk, sk)X(αk,k+1, ak,k+1) (11)

where Z(θ, s) is the matrix describing the roto-translation with respect to the axis of motion
Oz by a rotation of θ angle and a translation of s distance:

Z(θ, s) =

⎡
⎢⎢⎣

cosθ −sinθ
sinθ cosθ

0 0
0 0

0 0
0 0

1 s
0 1

⎤
⎥⎥⎦ (12)

The roto-translation with respect to Ox, the common normal of two axes of motion
from the same element is X(α, a):

X(α, a) =

⎡
⎢⎢⎣

1 0
0 cosα

0 a
−sinα 0

0 sinα
0 0

cosα 0
0 1

⎤
⎥⎥⎦ (13)

By choosing the position of the frames attached to the elements of the kinematic
chain where only cylindrical pairs exist, the relative position between two frames could be
described by only four scalar parameters, θ, s, α and α (named D-H parameters) instead of
six scalar parameters required by the general case.
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To bring a system “k” over the system “k + 1”, the matrix Tk,k+1 is required:

Tk,k+1 =

⎡
⎣ Rk,k+1

(3×3)
dk,k+1
(3×1)

[0 0 0] 1

⎤
⎦ (14)

Rk,k+1 is an orthogonal matrix with columns elements as the projections of the versors
of the frame “k + 1” on the axes of the frame “k”, and the matrix dk,k+1 contains the
components of the displacement vector of the origin of frame “k” for the superposition
with the origin of the “k + 1” system of coordinates.

Applying the above relations:

T01 = X
(π

2
− α, a

)
Z(θ1, 0) =

⎡
⎢⎢⎣

cosθ1 −sinθ1
sinα sinθ1 sinα cosθ1

0 a
−cosα 0

cosα sinθ1 cosα cosθ1
0 0

sinα 0
0 1

⎤
⎥⎥⎦ (15)

But n1
1 ≡ j1

1 =
[
0 1 0

]
and this gives:

n0
1 = T01n1

1 =
[−sinθ1 sin αcosθ1 cosαcosθ1

]T (16)

Similarly:
n0

2 = T02n2
2 =

[−sinθ2 sin αcosθ2 −cosαcosθ2
]T (17)

where:

T02 = X(−π/2 + α, a)Z(θ2, 0) =

⎡
⎢⎢⎣

cosθ2 −sinθ2
sinα sinθ2 sinα cosθ2

0 −a
cosα 0

−cosα sinθ2 −cosα cosθ2
0 0

sinα 0
0 1

⎤
⎥⎥⎦ (18)

The versor is:
n2

2 = j2
2 =

[
0 1 0

]
(19)

2.2. Finding the Motion of the Driven Element

Now, having the components of the normal to the two planes expressed in the coordi-
nate system of the ground, the condition (7) is imposed and leads to the equation:

sinθ1 sinθ2 + cosθ1 cosθ2 − 2 cos2 α cosθ1 cosθ2 = 0 (20)

where the unknown is θ2. The solution to this equation is:

θ′2(θ1) = atan(cos 2α/tanθ1) (21)

The use of the inverse trigonometrical function of a single argument atan(x) may
generate errors due to the length of the codomain π. For this reason, it is preferred that the
results of trigonometrical equations are expressed by inverse trigonometrical functions of
two variables [40] like atan2(x, y) with codomain [0, 2π], angle(x, y) with codomain [0, 2π]
or arg(x + iy) [41], of codomain [−π, π]:

θ2(θ1) = angle(cos2α/tanθ1) (22)

Figure 7 compares the variations of the position angle of the driven element, θ2 as a
function of the angle of the driving element θ1, found with Equations (21) and (22). It can be
seen that the plot corresponding to relation (21) presents a jump of 2π which means that, in
fact, the driven element is in the same position, but the plot corresponding to relation (21)
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presents at the middle of the interval a jump of value π which takes the driven element in
an opposite position, which doesn’t correspond to physical reality.

 

−

−

θ θ( )
π⋅

θ θ( )
π⋅

θ

π⋅

Figure 7. The rotation angle of the driven element.

Thus, the application of an inverse trigonometric function of a single argument in
describing the position of the driven element can lead to erroneous conclusions, as shown
in Figure 7. At the interval [0, π] the two relations give the same position of the driven
element while on the domain [0, π] between the two positions there is a delay of π. The fact
that the correct solution is the one given by the use of an inverse trigonometric function
of two arguments will be justified in a subsequent section, by comparing the analytical
results with the ones obtained using kinematic analysis software. The negative values of
the transmission ratio show that when element 1 rotates in the positive direction of the axis
z1, driven element 2 performs a rotation in the negative direction of the axis z2. Applying
the derivative with respect to time (chain rule) of the relation (21) (or (22)), the transmission
ratio of the mechanism can be obtained:

i1,2 = − cos2α

1 − cos2θ1 sin22α
(23)

and is represented in Figure 8; it can be seen that the absolute value of the transmission
ratio varies within the range [cos(2α), 1/cos2α].

−

−

−

−

−

−

−

−

−

−

α⋅

α⋅−

θ( )
−

θ

π⋅

Figure 8. Variation in the transmission ratio of the mechanism.
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2.3. Establishing the Trajectory of the Contact Point from the Support Plane

In order to express the conditions (8)–(10), we note: (8)–(10)

n0 =
[
0 −cosβ sinβ

]T (24)

rA1 =
[
a 0 0

]T (25)

rA2 =
[−a 0 0

]T (26)

rO =
[
0 0 0

]T (27)

By imposing the conditions (8)–(10), a system of three equations results, where the
unknowns are the coordinates of the point B:

⎧⎨
⎩

−yBcosβ + zBsinβ = 0
−xB sinθ1 + a · sinθ1 + y0 sinα cosθ1 + zB cosα cosθ1 = 0
−xB sinθ1 − a · sinθ2 + yB sinα cosθ2 − zB cosα cosθ1 = 0

(28)

The solutions of the system are the parametric coordinates of the point B:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

xB = −a cos(α−β)cos2θ1cos2α−cos(α+β)sin2θ1
cos(α−β)cos2θ1cos2α+cos(α+β)sin2θ1

yB = −a 2sinθ1sinθ2sinβ
cos(α−β)cosθ1sinθ2+cos(α+β)sinθ1cosθ2

zB = −a 2sinθ1sinθ2cosβ
cos(α−β)cosθ1sinθ2+cos(α+β)sinθ1cosθ2

(29)

Squaring the equations of the system (29) and adding them member by member gives:

x2
B + y2

B + z2
B = a2 (30)

which represents the equation of a sphere of radius a and with the center in the origin O of
the fixed system. In conclusion, the trajectory of the support point B is a circle of radius a,
with the center in origin and placed in the support plane (P0). The velocity of motion the
point B on the circular trajectory is constant, given by:

vB/ω1 = 2a (31)

2.4. Finding the Motion from the Planar Joint between the Driving and Intermediate Elements

In order to specify the motion from the planar pair between elements 1 and 3, it is
required to describe the position of a point from element 3 with respect to element 1 and of
the position of the axes of frame 3 with respect to frame 1. The coordinates of the point B
from frame 3 in frame 1 are obtained using the relation:

r(1)B = T13r(3)B (32)

where

T13 =

⎡
⎢⎢⎣

i3·i1 j3·i1
i3·j1 j3·j1

k3·i1
(
rB − rA1

)·i1
k3·j1

(
rB − rA1

)·j1
i3·k1 j3·k1

0 0
k3·k1

(
rB − rA1

)·k1
0 1

⎤
⎥⎥⎦ (33)

In relation (33), all vectors are represented by the projections on the axes of the fixed system
Oxyz by the relations:

i3 =

⎡
⎣ −sinθ1

sinα cosθ1
cosα cosθ1

⎤
⎦, j3 =

⎡
⎣ −sinθ1

sinα cosθ2
cosα cosθ2

⎤
⎦, k3 = i3 × j3 (34)
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i1 =

⎡
⎣ −cosθ1

sinα cosθ1
cosα cosθ1

⎤
⎦, j1 =

⎡
⎣ −sinθ1

sinα cosθ1
cosα cosθ1

⎤
⎦, k1 =

⎡
⎣ 0
−cosα
sinα

⎤
⎦ (35)

Relations (34) and (35) are obtained based on the physical meaning of the components
of homogenous operators from relations (15) and (19). The components of the vectors rB
and rA1 are given by Equations (28) and (25). The coordinate systems 1 and 3 have common
axes i3 and j1, respectively. Consequently, the relative motion of system 3 with respect to
system 1 is a plane-parallel motion fully specified by the motion of the point B in the plane
A1x1z1 and by the rotation angle of the axis i3 or of axis k3 with respect to axes A1x1 and
A1z1. Therefore:

r1
B = T13rB = T13[0 0 0 1] (36)

After the calculus from relation (36) is made, the next relation is obtained:

r1
B =

⎡
⎢⎢⎣

x1
B

y1
B

z1
B
1

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
(rB − rA)·i1
(rB − rA)·j1
(rB − rA)·k1

1

⎤
⎥⎥⎦ (37)

By direct calculus, it can be shown that of the three components only the component
from the axis A1x1 is non-zero. It represents the displacement of point B along the straight-
line trajectory, represented in Figure 9. By differentiating with respect to time, the velocity
of point B results, as shown in Figure 10.

For the rotation between the plane Bx3z3 with respect to the plane A1x1z1 about the
common normal j3 ≡ j1, the following relation is applied:

θ31(θ1) = angle[k3 · k1, k3 · i1] (38)

The variation in this rotation is represented in Figure 11. The Equation (38) is derived
numerically with respect to time to obtain the expression of the reduced angular velocity
ω31(θ1)/ω1 of the intermediate element with respect to the driving element. The variation
in the angular velocity ω31(θ1) is presented in Figure 12.

−
−
−
−
−

⋅

− ⋅

θ( )

θ

π⋅

Figure 9. Variation in the displacement of point B along the straight-line trajectory.
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Figure 10. The velocity of point B along the straight-line trajectory.
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⋅

θ
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Figure 11. The variation in the rotation angle θ31(θ1).

−

−

−

−

−

ω θ( )
ω

θ

π⋅

Figure 12. Variation in the angular velocity ω31(θ1).

When the velocity of a point B from the intermediate element 3 is known with respect
to the driving element 1 and the angular velocity ω31 of the intermediate element with
respect to the driving element, using the Euler relation one can find the velocity of any
point of element 3 with respect to the driving element:

vM = vB + ω31 × BM (39)
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2.5. Establishing the Relative Motion between the Intermediate and Driven Elements

Similarly, the coordinates of point B from system 3 are expressed in frame 2 by
the relation:

r(2)B = T23r(3)B (40)

where

T23 =

⎡
⎢⎢⎣

i3·i2 j3·i2
i3·j2 j3·j2

k3·i2
(
rB − rA2

)·i2
k3·j2

(
rB − rA2

)·j2
i3·k2 j3·k2

0 0
k3·k2

(
rB − rA2

)·k2
0 1

⎤
⎥⎥⎦ (41)

And

i2 =

⎡
⎣ cosθ2

sinα sinθ2
−cosα sinθ2

⎤
⎦, j2 =

⎡
⎣ −sinθ2

sinα cosθ2
−cosα cosθ2

⎤
⎦, k2 =

⎡
⎣ 0

cosα
sinα

⎤
⎦ (42)

i3 =

⎡
⎣ −sinθ1

sinα cosθ1
cosα cosθ1

⎤
⎦, j3 =

⎡
⎣ −sinθ2

sinα cosθ2
cosα cosθ2

⎤
⎦, k3 = i3 × j3 (43)

This relation (43) is written based on Equation (18). Comparing relation (43) with
relation (34), one can see that the systems A2x2y2z2 and Bx3y3z3 have coinciding axes
j2 and j3 and as a consequence, the relative motion between these systems can be fully
described by the motion of point B in plane A2x2z2 and by the rotation of one of the axes
Bx3 or Bz3 with respect to the axes of A2x2z2.

The trajectory of the point B in plane A2x2z2 is found using the relation:

r2
B =

⎡
⎢⎢⎣

x2
B

y2
B

z2
B
1

⎤
⎥⎥⎦T23rB = T13

[
0 0 0 1

]
(44)

After calculus is made in relation (44), one can observe that:

y2
B(θ1) ≡ 0 (45)

The physical meaning of relation (45) is that point B performs a planar trajectory
relative to the driven element, as shown in Figure 13.
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Figure 13. Validation in the planar trajectory of point B with respect to the driven element.

The trajectory described by point B in the plane A2x2z2 is plotted in Figure 14 and its
shape resembles a lemniscate enclosed by a 4a × a rectangle.
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Figure 14. Lemniscate-like trajectory of point B in the plane A2x2z2.

In order to obtain the rotation motion of the intermediate element with respect to the
final element, the next relation is applied:

θ32(θ1) = angle[k3 · k2, k3 · i2] (46)

The variation in this rotation for a complete rotation of the driving element is given
in Figure 15. The time derivative of relation (46) leads to the expression of reduced
relative angular velocity ω32(θ1)/ω1, whose variation is presented in Figure 16. From
Figures 12 and 16, it can be seen that for a complete rotation of the driving element, both
angular velocities ω31 and ω32 present sign changes attesting that the intermediate element
performs oscillatory motions, both with respect to the driving element and the driven
element, respectively.

As mentioned previously, there are few references in the literature concerning planar
joints. A significant example is given in [16] where the planar joint is modeled using a
different method, namely the dual matrix method. However, in fact, this methodology
transposes in dual form the condition that the planar pair is equivalated to a succession of
prismatic–prismatic–revolute joints, and the H-D method is recovered.

θ θ( )
π⋅

θ

Figure 15. Variation in the rotation of the intermediate element for a complete rotation of the
driving element.
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ω θ( )
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Figure 16. Variation in the reduced relative angular velocity for a complete rotation of the
driving element.

3. Corroboration of Theoretical Results with a Numerical Simulation

3.1. Design of the Basic Mechanism

In order to validate the analytical results obtained above, the simplified mechanism
was modeled in CATIA software. Specifically, the elements were modeled using the
Wireframe and Surface Design modules, and then, the Assembly module was used for the
assembly of the device, and the animation was performed in the DMU Kinematics module.
The result is presented in Figure 17, where the circular trajectory of point B in the support
plane and the trajectories of points from two segments belonging to the intermediate
element, parallel to coordinate axes, are shown. In Figures 18 and 19 the trajectories of
segments Δ31 and Δ32 are detailed and also compared to the analytical results, obtained
in Mathcad, following the relations (33) and (41), respectively. An excellent quantitative
concordance is attained from the comparison.

Figure 17. Simplified model of the mechanism: trajectory of point B in the fixed plane (green circle);
(1) is the plane of symmetry of driving element; (2) is the plane of symmetry of the driven element;
Δ31 and Δ32 are segments attached to the elements (1) and (2) respectively.
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(a) 

 
(b) 

Figure 18. Comparison between relative trajectories of a point situated on a segment of the interme-
diate element with respect to the driving element: (a) analytic trajectories–relations (33), of the points
from the lines Δ31; (b) CATIA simulation.

 
(a) 

 
(b) 

Figure 19. Comparison between relative trajectories of a point situated on a segment Δ32 of the
intermediate element with respect to the driven element (a) analytic trajectory obtained with the
relations (41); (b) CATIA simulation.
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3.2. The Constructive Solution of the Proposed Coupling

To realize the transmission, the elements of the mechanisms should be designed to
ensure the creation of the five kinematic pairs: revolute pairs, planar pairs, and the class
1 pair (the support between the intermediate element and the ground). The revolute
pairs through which the first element and the final element are linked to the ground are
straightforward to produce by mounting radial bearings on the surfaces A1 and A2 of the
two elements. In Figure 20, the main components of the driving and driven elements are the
two identical parts 1 and 2. In the bodies of these parts, two parallelepipedal channels are
manufactured, with walls rigorously parallel to the axes of rotation of the parts. The main
part of intermediate element 3 is crown 3 on which frontal faces are two parallelepipedal
wedges 3b1 and 3b2, with the planes of symmetry reciprocally perpendicular. These wedges
have the same width, theoretically identical to the width of the parallelepipedal channels
from parts 1 and 2. By introducing the wedges 3b1 and 3b2 in the corresponding channels
of parts 1 and 2, the two sliding fits are formed, realizing the planar pairs required by
the structure of the mechanism. For achieving the pair of class 1, the major impediments
are the revolute motions of elements 1 and 2 with respect to the ground. While rotating
about the axes of the entrance and exit of the mechanism, respectively, these parts will
generate the working spaces of the two elements. The presence of other parts in these
working spaces could generate interference, and result in the locking of the mechanism.
The proposed constructive solution is based on the fact that the points from the axes of
rotation of elements 1 and 2 are fixed and can be considered as belonging to the ground.
Additionally, as can be observed in Figure 20, the points inside any cylindrical hole coaxial
to one of the two parts may be considered fixed points belonging to the ground. This
explains the presence of the cylindrical plungers 1a and 1b, coaxial to the entering and
exiting elements respectively, and having at one end a turntable. It is proposed that the pair
of class 1 is created between the frontal surfaces of the turntables and the spherical surface
3a of the central body of the intermediate element 3, Figure 21. Obviously, the two contacts
would conduct to a degree of mobility of the mechanism M = 0. Hence, the conclusion
is that the center of sphere 3a must keep the same distance only with respect to one of
the turntables.

In Figure 20 the position of the turntable is fixed with the aid of rigid sleeve 1b of a
length adequate to maintain the center of the sphere at the desired distance with respect
to the body of part 1. Two screw nuts 1c block the plunger in the required position. For
element 2, the rigid sleeve is replaced by helical spring 2b (Figure 21b), which, acting on
the plunger 2a, will permit the axial displacement of the plunger with respect to the body
of part 2. Thus, the class 1 pair is formed between spherical part 3a and the frontal surface
of plunger 1a. An adequate running of the mechanism imposes the existence of the class
1 pair at any time. This requirement dictates that spring 2b is mounted with a minimum
interference fit, made with screw nuts 2c. The screw nut tightening force can be obtained
from dynamic analysis of the cam mechanism formed by the driving element 3a, the cam,
and the follower realized by the plunger 2b.

The contact between spherical surface 3a and the frontal faces of plungers 1a and 2a
are point Hertzian contacts, where important contact stresses occur that can lead to the
rapid deterioration of the contacting surfaces, having as an immediate effect the improper
running of the mechanism. This drawback can be mitigated as shown in [42], by introducing
a shoe-type part between spherical surface 3a and the frontal face of plunger 1a, as shown
in Figure 22.

By introducing the supplementary part between spherical surface 3a and plane sur-
faces 1a and 3a, all the pairs of the mechanism become lower pairs, having extremely
high wear resistance. From the point of view of efficiency, the revolute pair, by which the
driving and driven elements are joined to the ground, the employment of roller bearings
is a solution. The friction from the higher pair can be decreased by manufacturing shoe
part 4a from an antifriction material like graphite-filled bronze and through appropriate
lubrication. Regarding the planar pairs, there is no technical solution for replacing the
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sliding friction with rolling friction. Similar to the case of higher pair, the diminishing of
friction wear can be achieved by using antifriction pairs of materials like steel-bronze, PTFE
(Teflon)-steel, etc.

The proposed coupling should be further improved because spatial couplings with
crossed axes are quite rare, such as the patent of Segreti [43].

Figure 20. Design of the proposed coupling.

  
(a) (b) 

Figure 21. The intermediate element: (a) design; (b) assembly for ensuring the contact from class
1 pair.
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Figure 22. Solution for diminishing the contact stresses and the wear from the higher pair.

4. Discussions

The proposed coupling mechanism is entirely new among the spatial couplings trans-
mitting the rotation motion between two shafts. The structural solution of the coupling
resulted from the condition of transmission of rotation motion between two shafts, one
driving and one driven, through an intermediate element. Within the practical solutions, a
symmetrical structure of type RP1PR was the chosen option, such as the middle element
completing a planar joint to each shaft and a class 1 pair with the ground. The choice of
planar joints is based on the constructive straightforwardness and high reliability of these
types of pairs. The existence of the class 1 pair between the intermediate element and the
ground was imposed by the requirement that the degree of mobility of the mechanism is
M = 1. To create the class 1 pair, it was required that the axis points of the two shafts are
fixed and consequently can be considered as belonging to the ground. A stationary plane
was fixed to one of the shafts, on which a spherical surface attached to the driving element
is supported. Thus, the condition is met that the center of the spherical surface is perma-
nently in a fixed plane attached to the ground and normal to the axis of the shafts (here,
the driving shaft). A solution for diminishing the contact stresses from the sphere-plane
concentrated point contact is presented, by placing a part between the spherical and plane
surfaces, specially designed to replace the class 1 pair with two lower pairs of class 3: a
spherical pair and a planar pair. The kinematic analysis of the planar pair requires obtaining
the motions from planar joints, the relative trajectory of a point, and the angular velocity
normal to the contacting surfaces. With these elements known, the absolute motion of any
element of the transmission can then be expressed. The classical H-D methodology cannot
be applied directly. It is shown that the method assumes equivalating the mechanism to
another mechanism having a structure composed only of cylindrical, prismatic, and/or
revolute pairs. By applying this methodology, complex trigonometrical systems result that
can be solved only by numerical methods. For this solving procedure, the initialization
demands a set of values corresponding to values close to a possible assembly solution for
the actual mechanism, which is an extremely difficult task. The geometrical conditions
(expressed in vector form) of constructing the joints from the structure of the mechanism,
were applied. The components of the vectors from the relations of condition were expressed
via the method of homogenous operators.

The proposed mechanism was also modeled in silico in order to obtain a numerical
solution to validate the analytical results, comparing:

• the absolute trajectory of the center of the spherical surface of the intermediate element;
• the relative trajectories of points belonging to two segments from the middle part with

respect to the driving element and final element, respectively.

A very good agreement was observed.
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5. Conclusions

This work presents a completely new constructive solution of mechanical coupling
that permits the transmission of motion between two axes positioned at a random angle in
space, containing the succession of revolute–planar–point contact–planar–revolute joints,
abbreviated RP1PR.

The kinematical analysis of the mechanism requires finding the motion from the
revolute pair of the driven shaft, the trajectory of the spherical surface’s center, and the
motions from the planar pairs.

The well-known method of Hartenberg and Denavit cannot be applied directly to the
mechanism due to the presence in the structure of the planar pair and of the class 1 pair.

In order to overcome these difficulties, the geometrical conditions of creating the pairs
from the structure of the mechanism, expressed in vector form were utilized.

With the purpose of validating the resulting theoretical relations, a scheme of the
mechanism was modeled in numerical simulation software.

The excellent concordance between analytical and numerical results confirms that the
obtained relations are correct.

The constructive solution of the mechanism is presented in a section of the paper,
detailing the conception of the kinematical pairs and ways of diminishing contact stresses
and wear. Compared to other structural solutions containing non-H-D pairs (spherical
joints), the solution is more robust, reliable, and simpler from a technological point of view
and more economic. From a constructive perspective, if a spherical joint risks locking, here,
the three permitted motions are not limited.

The analytical results that were obtained could be, for future research, the basis for
studies on the optimization of dimensions, with the task of reducing wear and improving
the efficiency of transmission.
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Abstract: The fault transitivity of machining center components causes their fault propagation
indexes to demonstrate dynamic time variability, which affects their importance. The method
proposed in this study overcomes the biases of existing methods of evaluating the importance of
system components, as they are mostly based on single indexes; the fault propagation probability and
fault propagation risk are selected to perform a comprehensive evaluation. This study first establishes
a network hierarchical structure model for machining center components, and the degree of influence
of fault propagation among the components is calculated. On this basis, the improved adjacent
spreading paths (ASP) algorithm is used to calculate the fault propagation index of each component;
from the two perspectives of fault propagation probability and fault propagation risk, an evaluation
mechanism involving the combined variable weight is used to comprehensively evaluate components’
importance. Taking a certain type of machining center as an example, through a comparison with
ranking results from other node importance methods, it is verified that the proposed method can
more effectively distinguish the differences in the importance of each component, thus illustrating
the effectiveness and practical value of this method.
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1. Introduction

As the foundation and one of the most widely used types of equipment in the equip-
ment manufacturing industry, with the development of artificial intelligence and system
automation, the structure of machining center systems has gradually become complex,
and the components have become more diverse [1]. The complex coupling relationships
between components cause fault propagation to occur frequently, which increases invest-
ments in fault diagnosis and equipment maintenance [2–4]. Therefore, the comprehensive
evaluation of the importance of machining center components at different moments allows
the timely and accurate identification of the key components of a system, which is con-
ducive to real-time maintenance and the management of equipment for enterprises, thus
reducing the occurrence of cascade failures, improving the service life of the machining
center, increasing the utilization and service life of manufacturing equipment, and laying
the foundation for the development of predictive maintenance technology.

Research on node importance evaluations has mainly been focused on complex net-
works, and a variety of related techniques and methods for finding key nodes that affect
the structure and function of the network have been proposed, which is the focus in the
field of network science [5–9]. The characteristics of a network are extended to hardware
systems. By abstracting a hardware system into a topological network, the complexity and
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statistical characteristics of the system can be described and analyzed, and an algorithm
can be designed to identify the key nodes quickly and accurately. Since the ranking of node
importance is based on different network models, many node-ranking methods have been
derived, and they can be divided into three categories:

(1) Methods of node ranking based on complex network topology characteristics. These
methods [10] use a network’s characteristics to identify its key nodes, including the
connections of a node itself and its connections with adjacent nodes, as well as degree
centrality, semi-local centrality, eigenvector centrality, etc. Bonacich, P. [11] proposed
“degree centrality” in 1972, arguing that the influence of a node on the whole network
depends on the number of nodes with which it is connected. Chen et al. [12] proposed
a method for ranking node importance based on “semi-local centrality” by using
semi-local information to sort nodes. Martin et al. [13] improved the eigenvector
centrality method by proposing a non-retrospective centrality method. This method
was relatively simple and easy to understand, but it was only suitable for regular
and less complex networks; it was not suitable for problems with high computational
complexity, and the results were not accurate enough.

(2) Methods of key network node identification based on node operations. These meth-
ods [14] measure the importance of a node according to its impact on the whole
network after processing the nodes, such as by shrinking nodes, deleting nodes, in-
serting nodes, etc. Berberler, Z. N. et al. [15] conducted a node importance analysis in
wheel-related networks by using a method of evaluating node importance through
node contraction based on network agglomeration in communication networks. Obei-
dat, A. et al. [16] presented a novel adaptive and dynamic network routing algorithm
based on a regenerating genetic algorithm (RGA) with the analysis of network delays,
the deletion of links or nodes from the network, and the assessment of the network
volume (with numerous routes). Choi, W. Y. [17] proposed a node insertion algorithm
for the real-time implementation of a connectivity-based multi-polling mechanism
in the MAC protocol for Wi-Fi sensor networks. Although this type of method can
be used to evaluate node importance in reverse, it may cause the disconnection of
the network after its operation, and the measurement method does not consider the
particularities of network topologies, resulting in inaccurate evaluation results.

(3) Methods of node importance evaluation based on iterative optimization algorithms.
In an iterative calculation process, such methods [18] judge the importance of nodes
according to the scoring values of their neighbors and themselves to ensure that the
scoring values can converge quickly, such as in the PageRank algorithm, LeaderRank
algorithm, HIT algorithm, etc. Liu, C. et al. proposed a novel algorithm for evaluating
node contributions based on TOPSIS and PageRank [19], and Jiang, S. et al. defined an
improved gravity centrality for identifying key nodes in multi-layer networks based
on multi-PageRank centrality [20]. Jiang, S. et al. [21] used an improved weighted
LeaderRank algorithm to measure the importance of components and obtain the
sequence of critical components. Vinodha, R. et al. [22] recommended a hypertext
induced topic search (HITS) based point of interest (POI) recommendation calculation
that could take into account the effects of social connections when recommending
POIs to individual users. This type of method takes the number of nodes connected
to a node and the importance of adjacent nodes when evaluating the importance
of a node into account, and this has a wide range of applications. However, most
algorithms are not universal; the convergence speeds of various iterative algorithms
are different and the evaluation indexes are singular, which is not conducive to their
application and popularization.

In this study, based on a hierarchical structure model of a network of machining
center components, a comprehensive method of evaluating component importance using
the combined variable weight evaluation mechanism is proposed. Compared with the
existing methods, the fault propagation impact degree model based on the characteristics
of complex network topology established in this paper can demonstrate the relationship
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of fault propagation among system components more clearly. Moreover, previous studies
have not considered the differences of each component at a different hierarchy, which
will inevitably lead to deviation in the fault propagation impact results. Therefore, in this
paper, it is more reasonable to evaluate the degree of fault propagation impact between
components based on a complex network and an interpretive structure model (ISM). The
structural characteristics of the model and fault mechanism of the machining center is
considered synthetically, two key indexes of importance are proposed from the perspective
of fault propagation, and the problem of bias in the evaluation of a single index is corrected.
The fuzzy and dynamic problems in the comprehensive evaluation are solved by using
the mechanism of combined variable weights, which makes the evaluation results more
realistic and provides them with high use value.

2. Comprehensive Evaluation of the Importance of Machining Center Components
Based on the Combined Variable Weight

Firstly, according to the mechanical structure and failure information of machining
center components, a hierarchical network structure model based on a complex network
and an ISM method was established, the characteristic parameters of the network structure
of the components were calculated, and the degree of influence of fault propagation among
the components was determined from the perspective of the components themselves and
the levels of the associated components. Secondly, considering the correlation with failure
time, the Johnson method was applied to correct the rankings of the fault data, and a
failure probability model for the whole machine and each component was established.
Considering the correlations between failure modes, the analytic hierarchy process (ANP)
was used to calculate the degree of influence of the failure mode, and the failure risk
of each component was calculated according to its failure mode frequency and failure
rate. Integrating the degree of influence of fault propagation among the component units,
the fault propagation probability and fault propagation risk of each component were
calculated by using an improved ASP algorithm. Finally, from the two perspectives of
fault propagation probability and fault propagation risk, the mechanism of the combined
variable weight was used to comprehensively evaluate the importance of the components.
The specific process of the comprehensive evaluation of the importance of machining center
components is shown in Figure 1.

2.1. Construction of the Model of the Degree of Influence of Fault Propagation

The choice of the fault propagation path is influenced by the structural characteristics
of the fault propagation model and the reliability level of the nodes in the network [23]. In
combination with the historical fault information of the machining center, the correlation of
the fault was analyzed, and the machining center was taken as a complex system. According
to its structural characteristics and functional modules, the model of the influence of fault
propagation was constructed based on the ISM of a complex network and an analysis of
the fault mechanism.

2.1.1. Calculation of the Feature Parameters of the Topology Based on the
Complex Network

The network model of a machining center is a simple abstract expression of the fault
propagation relationships of the components of the machining center system through
abstract concepts such as nodes and connecting edges in the network. Each node in
the network shows an inequality due to the different physical locations. Therefore, it is
possible to reflect the differences in the influence of each node on fault propagation by
evaluating the network nodes’ characteristic parameters [24]. Combined with the structural
characteristics of the machining center and the relevant problems studied, the network
topological characteristic parameters selected in this study were the node efficiency and
edge betweenness.
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Figure 1. Flowchart of the comprehensive evaluation of the importance of the machining center.

Node efficiency is a metric that indicates the topological properties of a network. The
efficiency of a node indicates its average degree of correlation with other nodes. The larger
the efficiency value is, the greater the centrality of the node in the network will be. The
calculation formula for the efficiency of machining center components Ii is as follows:

Ii =
1
N

N

∑
j=1,i �=j

1
dij

, (1)

where dij is the distance between components i and j, and N is the number of machining
center components.

Edge betweenness is a dynamic feature indicator of edges in a network diagram. The
larger the edge betweenness is, the greater the load of the edge will be, the stronger the
contact control effect of the edge on other components will be, the more likely it is to
lead to the rapid propagation of faults. The calculation formula for the edge betweenness
L
(
vi → vj

)
is as follows:

L
(
vi → vj

)
= ∑

vi, vj, ve, v f
(e, f ) �= (i, j)

κe f E
(
vi, vj

)
κe f

, (2)

where ke f is the number of paths between any components e and f , and ke f E
(
vi, vj

)
is the

number of edges v(i, j) passing by the paths between any components e and f.

52



Mathematics 2024, 12, 330

2.1.2. Calculation of the Network Hierarchical Weights Based on the ISM Method

The ISM method [25] hierarchically divides all of the elements affecting a system,
identifies the interrelationships between the different elements, and forms a relationship
matrix and hierarchical structure diagram. The network-level weight is an important
index that reflects the differences in component importance between different hierarchies
from a quantitative perspective. In this study, the ISM method was used to classify the
hierarchy, and the network hierarchical weight of the component to be evaluated was
comprehensively evaluated by using the network hierarchy in which the component itself
was located and the network hierarchies in which other components connected to the
component were located.

The formula for calculating the network hierarchical weight of a component is pre-
sented below:

Hi =
1/i′

n
∑

i′=1
(1/i′)

, (3)

where Hi represents the network hierarchical weight of component i to be evaluated, and
i′ represents the network hierarchy in which component i is located.

Ti is used to indicate the degree of influence of the network hierarchical weights of
component i to be evaluated; the calculation formula is shown in Equation (4).

Ti = Q∑
k

Hk→iDk→i + O∑
j

Hi→jDi→j, (4)

where Q and O are, respectively, the in-degree node coefficient and out-degree node
coefficient, and Q + O = 1. Because the importance of system components is considered
from the perspective of fault propagation in this study, this means that the influence of
a component’s failure on other components is the main consideration. Therefore, the
out-degree node of the component is more important than the in-degree node, so O > Q,
and the weight values of the two indicators can be calculated with the method of weight
determination. In this study, the analytic hierarchy process was chosen to calculate Q = 0.25
and O = 0.75. Hk→i denotes the network-level weights at which all in-degree nodes
associated with component i are located; Hi→j denotes the network-level weights at which
all out-degree nodes associated with component i are located; Dk→i denotes the number
of in-degree nodes associated with component i; Di→j denotes the number of out-degree
nodes associated with component i.

2.1.3. Construction of the Model of the Degree of Influence of Fault Propagation

The contribution matrix of the influence of fault propagation represents the matrix
form of the contribution values of all nodes in the network to the fault influences of other
neighboring nodes [26]. It reflects the communication control effect between neighboring
nodes in the network. That is, the stronger the communication control effect between
interconnected nodes, the more likely it is to lead to a rapid propagation of faults. Combined
with the edge betweenness that was calculated above, the contribution matrix of the
components’ influence on fault propagation HC is defined as follows:

HC =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

rij
rij L(v1→v2)

∑ L(vi→vj)
· · · rij L(v1→vn)

∑ L(vi→vj)
rij L(v2→v1)

∑ L(vi→vj)
rij · · · rij L(v2→vn)

∑ L(vi→vj)
...

... · · · ...
rij L(vn→v1)

∑ L(vi→vj)
rij L(vn→v2)

∑ L(vi→vj)
· · · rij

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (5)

where rij is the contribution assignment parameter; rij = 1 if the node i has an influence
on the node j, otherwise rij = 0. ∑ L

(
vi → vj

)
is the sum of all edge betweennesses.
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In order to determine the position of a component in the whole network and its
degree of influence on other components accurately, based on the contribution matrix
of components’ influence on fault propagation, a determination matrix of components’
influence on fault propagation HE is defined with the efficiency values of the components
themselves and the comprehensive weights of their locations.

HE =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r11T1
I1

∑ Ii
r12T1

(
I1

∑ Ii
+ L(v1→v2)

∑ L(vi→vj)

)
· · · r1nT1

(
I1

∑ Ii
+ L(v1→vn)

∑ L(vi→vj)

)

r21T2

(
I2

∑ Ii
+ L(v2→v1)

∑ L(vi→vj)

)
r22T2

I2
∑ Ii

· · · r2nT2

(
I2

∑ Ii
+ L(v2→vn)

∑ L(vi→vj)

)
...

... · · · ...

rn1Tn

(
In

∑ Ii
+ L(vn→v1)

∑ L(vi→vj)

)
rn2Tn

(
In

∑ Ii
+ L(vn→v2)

∑ L(vi→vj)

)
· · · rnnTn

In
∑ Ii

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6)

where ∑ Ii is the sum of all component efficiencies.

2.2. Calculation of the Fault Propagation Index Based on an Improved ASP Algorithm

Considering the influence of fault propagation among machining center components,
fault propagation probability and fault propagation risk were selected as important param-
eters for evaluating the influences of components in this study, and a specific process of
solving this problem was introduced.

2.2.1. Fault Probability Modeling Based on Time Correlation

The traditional method of fault probability modeling for a machining center and
its components does not consider the correlation with the failure time, which leads to
some deviation in the model [27]. In order to obtain relatively accurate results, this study
establishes a fault probability model of a machining center and its components based on
time correlation. First of all, the hypothetical distribution is identified according to data on
the operating failure intervals of the component units, and then the least-square method
is used to estimate the parameters based on the correction of the rank of the fault data by
using Johnson’s method. When the number of samples is small, the estimated parameters
should undergo an unbiased correction. Finally, a test of the hypothesis was carried out on
the obtained probability model, and the fault probability functions of the whole machine
and the components were obtained after passing the test. The specific solution process is
shown in Figure 2.

2.2.2. Fault Risk Assessment Based on the ANP Method

The fault risk of a machining center component refers to the risk caused by a fault in
the component itself, and the calculation formula is as follows:

RIi(t) =
n

∑
j=1

αij(t)λi(t)βij, (7)

where RIi(t) represents the fault risk value of component i at time t, n is the number of
types of fault modes of component i, αij(t) represents the ratio of fault mode frequencies
of the component unit i at time t due to failure mode j, λi(t) is the fault rate of component
unit i at time t, and βij represents the impact of the first failure mode j of component unit i.

In order to obtain the fault risk value of a machining center component, it is necessary
to calculate its ratio of fault mode frequencies, fault rate, and degree of fault mode influence.
The solutions for these three metrics will be highlighted below:

(1) Calculation of the fault mode frequency ratio

The fault modes and causes are analyzed for each component in the machining center,
the kinds of fault modes that may occur in the parts or components are found, the fault
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mechanisms are identified or inferred, the impacts are studied, and then the fault mode
frequency ratio of the machining center is obtained.

System and components fault data

  Correct fault
    time order 

The Johnson method

Model parameter estimation

 The two-parameter   Weibull model

      The empirical 
 distribution function

          The fault
 distribution function

  Hypothesis testing (A linear 
 correlation coefficient test)

  Fault probability function 
     of system components

The middle-rank-method

Unbiased correction

Figure 2. Flowchart of fault probability modeling for machining center components.

(2) Calculation of the fault rate

Since there is a relationship between the failure rate function and the failure proba-
bility function, the failure rate function of machining center components at any time can
be obtained.

F(t) = 1 − exp
(
−
∫ t

0
λ(t)dt

)
. (8)

Therefore, the calculation formula of the fault rate function of each component of the
machining center is as follows:

λ(t) =
f (t)
R(t)

=
β

αβ
tβ−1. (9)

(3) Calculation of the degree of influence of a fault mode

By analyzing the fault modes of each component of the machining center, it can be
found that the fault modes of different components may be the same or different; the same
fault mode may have different impacts on different components, and there are certain
correlations and differences among the fault modes. Therefore, the ANP method [28] is
introduced to calculate the impact of the fault mode of each component. The steps of the
calculation are shown in Figure 3.
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Figure 3. Flowchart of the assessment of fault modes’ impacts on machining center components.

2.2.3. Evaluation of Fault Propagation Indexes Based on the Improved ASP Algorithm

In the actual fault propagation process, the fault information of a machining center
component depends on its fault indicators and the impacts of upstream component faults.
Therefore, in order to examine the fault propagation among components, fault probability
and fault risk are combined with the determination matrix of fault propagation effect in a
machining center in this study. It is known that a fault in a system component may cause
faults in other components that are associated with it. The fault probability and fault risk
of a component and the influences of faults among components are combined to represent
the fault propagation probability and fault propagation risk among these components.

P
(
vi, vj

)
(t) = Fi(t)HE

(
vi, vj

)
, (10)

RP
(
vi, vj

)
(t) = RIi(t)HE

(
vi, vj

)
, (11)

where P
(
vi, vj

)
(t) is the probability of component i propagating a fault to component j at

time t; RP
(
vi, vj

)
(t) is the risk of component i propagating a fault to component j at time t.

The different locations of machining center components cause the influences of prop-
agation to be different. According to the principle of third-order influence [29], faults in
machining center components will not only propagate to the adjacent components, but they
may also have an impact on the components within the third order. Therefore, the fault
propagation probability and the fault propagation risk are introduced into the improved
ASP algorithm. By combining this with the structural model of fault propagation, the
values of the probability of fault propagation and the risk of fault propagation can be
calculated for each component. The specific calculation process and calculation formula
are shown below:

f pU
ASP_i(t) = f pU

ASP_ij(t) + f pU
ASP_in(t) + f pU

ASP_iq(t), (12)

where f pU
ASP_i(t) is the Uth fault propagation index of component i at time t. In this

study, we choose to use the fault propagation probability and the fault propagation risk as
the fault propagation indexes, so U = 1, 2. f pU

ASP_ij(t) is the success rate of component
i in propagating fault information to the one-step-neighboring component j at time t;
f pU

ASP_in(t) is the success rate of component i in propagating fault information to the two-
step neighboring component n at time t; f pU

ASP_iq(t) is the success rate of the component
i in propagating fault information to the three-step neighboring component q at time t.
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The solution process for the fault propagation probability is similar to that for the fault
propagation risk. Taking the solving process of fault propagation probability as an example,
for the one-step-neighboring components of component i, f p1

ASP_ij(t) is the success rate of
component i in propagating fault probability to the one-step-neighboring component j at
time t, and calculation formula is shown below:

f p1
ASP_ij(t) = ∑

j∈A(i)
P
(
vi, vj

)
(t) + ∑

m∈A(i)
P(vi, vm)(t)P

(
vm, vj

)
(t) + ∑

r∈A(i)
P(vi, vm)(t)P(vm, vr)(t)P

(
vr, vj

)
(t), (13)

where A(i) is the set of all one-step-neighboring components of component i; P
(
vi, vj

)
(t) is

the fault propagation probability between components i and j at time t; P(vi, vm)(t)P
(
vm, vj

)
(t)

is the propagation probability at time t, where component i passes the fault to component j
through component m; P(vi, vm)(t)P(vm, vr)(t)P

(
vr, vj

)
(t) is the propagation probability

for component i passing the fault to component j through components m and r.
For the two-step-neighboring components of component n,

f p1
ASP_in(t) = ∑

m∈A(i),n∈A2(i)
P(vi, vm)(t)P(vm, vn)(t) + ∑

l∈A2(i)
P(vi, vm)(t)P(vm, vl)(t)P(vl , vn)(t), (14)

where A2(i) is the set of all two-step-neighboring components of component i;
P(vi, vm)(t)P(vm, vn)(t) is the propagation rate of component i passing the fault to compo-
nent n through component m; P(vi, vm)(t)P(vm, vl)(t)P(vl , vn)(t) is the propagation rate
of component i passing the fault to component n through components m and l.

For the three-step-neighboring components of component q,

f p1
ASP_iq(t) = ∑

m∈A(i),n∈A2(i),q∈A3(i)
P(vi, vm)(t)P(vm, vn)(t)P

(
vn, vq

)
(t), (15)

where A3(i) is the set of all three-step-neighboring components of component i;
P(vi, vm)(t)P(vm, vn)(t)P

(
vn, vq

)
(t) is the propagation rate of component i passing the

fault to component q through components m and n.

2.3. Mechanism for Evaluating Component Importance Based on the Combined Variable Weight

In order to avoid deviations in the evaluation of the importance of a single index, a
comprehensive evaluation of the importance of machining center components was carried
out from the two perspectives of fault propagation probability and fault propagation risk.
In comprehensive evaluations, subjective weighting and objective weighting methods have
advantages and disadvantages. Subjective weighting can better reflect the importance of
an index itself, while objective weighting mainly reflects information on the laws of index
data. Therefore, a combined weighting method is reasonable and effective.

In this study, the Delphi method was used to calculate the subjective weight, and
the entropy weighting method was used to solve the objective weight. Both methods
are relatively mature, and they will not be described again here. The subjective weight
values for the m evaluation indicators were determined as ωs = (ω1, ω2, · · · , ωu), and the
objective weight values were determined as ωo =

(
ω′

1, ω′
2, · · · , ω′

u
)
. It was assumed that

the two weighting methods were of the same importance. After passing a consistency test,
equal weights were combined to assign weights, and the constant weight coefficient of each
index was obtained. The calculation formula is as follows:

ωU
c =

(
ω1

c , ω2
c , · · · , ωu

c

)
=

1
2
(
ω1 + ω′

1, ω2 + ω′
2, · · · , ωu + ω′

u
)
. (16)

Although the combined weighting method can be used to effectively evaluate the
comprehensive importance of machining center components on both the subjective and
objective levels, the weight coefficients obtained with this method cannot change with
the change in the component fault propagation index value. When the value of a certain
index is high, but the weight proportion is relatively small, the evaluation result still cannot
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accurately reflect the actual situation. Therefore, a variable weight formula is introduced to
modify the combined variable weights in real time.

ωu
b
(

f pu
ASP_i(t)

)
=

ωu
c

f pu
ASP_i(t)j

u
∑

j=1

(
ωu

c / f pu
ASP_i(t)

) , (17)

where ωu
b

(
f pu

ASP_i(t)
)

is the variable weighting coefficient of the uth fault propagation
index value of component i at time t; ωu

c is the constant weighting factor of the uth index,
and U is the number of indexes.

The formula for calculating the comprehensive importance of machining center com-
ponents CIi(t) is as follows:

CIi(t) = ω1
b

(
f p1

ASP_i(t)
)

f p1
ASP_i(t) + ω2

b

(
f p2

ASP_i(t)
)

f p2
ASP_i(t). (18)

The calculated results are sorted according to their size to determine the importance
ranking of each component. Once a component in the top ranking fails, it has a great impact
on other components; attention should be paid to this to provide a strong guarantee for the
subsequent development of fault tracing and maintenance strategies.

3. Case Application

We took MDH series horizontal machining centers, which are mainly used to process
rotary parts, as research objects. According to the working principle and the functional
mapping relationships of the structures of such machining centers, they were divided into
11 components, namely, the spindle system (S), tool magazine (M), feed system (J), CNC
system (NC), hydraulic system (D), electrical system (V), pneumatic system (G), lubrication
system (L), cooling system (W), auxiliary system (K), and workbench (T). A total of 108
on-site fault details from 36 machining centers of this series were collected and analyzed
over the course of one year. After a fault analysis, we determined whether each component
fault was an independent fault or a related fault. If it was a related fault, the previous
component that caused the component fault was determined through fault analysis, and a
network diagram expressing the fault propagation relationship among the components of
the machining centers was established as shown in Figure 4.

Figure 4. Diagram of the failure propagation network of machining center components. Note:
Component T did not have any associations with other components, so subsequent operations did
not consider this component.

In order to facilitate quantitative analysis, the failure propagation network diagram of
machining center components in Figure 4 is represented by a matrix based on binary logic
relationships. Matrix A is an n-order square matrix consisting of 0 and 1 as elements, if
the failure of component i directly affects component j, aij = 1, else aij = 0. A correspond-
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ing direct correlation matrix was established for the fault correlations of the remaining
10 components:

S M J NC D V G L W K

A =

S
M
J

NC
D
V
G
L
W
K

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 1 0
1 1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (19)

In order to facilitate path analysis and hierarchical processing, it is necessary to convert
matrix A into matrix M. The Warshall algorithm was applied to transform the adjacency
matrix A into a reachable matrix M:

S M J NC D V G L W K

M =

S
M
J

NC
D
V
G
L
W
K

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 1 1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 0 0
1 1 1 0 1 0 0 0 0 0
1 1 1 1 0 1 0 0 1 0
1 1 1 0 0 0 1 0 0 0
1 1 1 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0 1 0
0 0 1 0 0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (20)

According to Formulas (1)–(4), the network topology parameters for each component
of the machining center were calculated, as were the weight values of the influence of the
network hierarchy, as shown in Tables 1 and 2.

Table 1. Statistics on the edge betweenness of machining center components.

v(i,j) L(vi→vj) v(i,j) L(vi→vj) v(i,j) L(vi→vj) v(i,j) L(vi→vj)

S→M 3.5 V→W 0.25 V→S 0.75 D→S 1.5
S→J 3.5 G→S 1.5 V→NC 1.5 D→M 0

NC→S 2.75 G→M 0 W→J 0.25 L→M 0
NC→J 0.25 L→S 1 K→J 0 L→J 0

Table 2. Statistics on the efficiency and network hierarchical weight of components.

Code Ii Ti Code Ii Ti

S 0.20 0.220183 V 0.40 0.128440
M 0 0.122324 G 0.20 0.064220
J 0 0.116208 L 0.30 0.091743

NC 0.25 0.100917 W 0.10 0.064220
D 0.20 0.064220 K 0.10 0.027523
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The data were brought into Equations (5) and (6) to solve for the contribution matrix
and the decision matrix for the influence of fault propagation.

Hc =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0.208955 0.208955 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

0.164179 0 0.014925 0 0 0 0 0 0 0
0.089552 0 0 0 0 0 0 0 0 0
0.044776 0 0 0.089552 0 0 0 0 0.014925 0
0.089552 0 0 0 0 0 0 0 0 0
0.059701 0 0 0 0 0 0 0 0 0

0 0 0.014925 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (21)

HE =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.025164 0.076057 0.076057 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

0.030102 0 0.015469 0.014417 0 0 0 0 0 0
0.011520 0.006459 0 0 0.007339 0 0 0 0 0
0.030897 0 0 0.035959 0 0.029358 0 0 0.027523 0
0.011520 0.006459 0 0 0 0 0.007339 0 0 0
0.018661 0.013841 0.013841 0 0 0 0 0.015727 0 0

0 0 0.004738 0 0 0 0 0 0.003670 0
0 0 0.001384 0 0 0 0 0 0 0.001573

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (22)

The model obtained for the degree of influence of fault propagation is shown in
Figure 5.

Figure 5. Degree of influence of failure propagation between machining center components.

The collected field failure data of the machining center were statistically analyzed
to obtain the frequency diagram of the failure components of the machining centers as
shown in Figure 6. The component element code and fault time of the machining centers
are shown in Table 3.

Based on the modeling of the failure probability of machining center components
shown in Figure 2 and the fault time of machining center components shown in Table 3, the
failure probability function was determined for each component of the machining center
and the statistical results are shown in Table 4.
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Figure 6. Frequency diagram of failure parts of the machining centers.

Table 3. System component code and failure time statistics table.

Element Code Fault Time (h)

D 9.53 19.07 57.21 182.15 200.22 266.96 362.30
400.44 429.04 896.22 1849.64 2507.51

S 19.07 28.60 104.88 152.55 209.75 247.89 371.84
533.92 600.66 610.19 696.00 743.67 781.81 1029.70

M 104.88 143.01 190.68 276.49 343.23 400.44 514.85
524.38 638.79 657.86 676.93 962.96 1010.63 1239.45

1411.07 1420.60 2059.40 2269.40 3422.79
J 123.95 305.10 419.51 448.11 486.25 648.33 686.47

NC 219.29 486.25 1353.87
V 57.21 85.81 95.34 266.96 362.30 724.60 791.34

1296.66 1821.04
G 9.53 128.71 181.15 247.89 419.51 1191.78 1372.93
L 57.21 114.41 705.53 1277.59 1649.42 1792.44 1925.92
W 38.14 104.88 114.41 133.48 162.08 266.96 276.49

476.71 543.45 791.34 943.89 1058.30
K 114.41 448.11 505.32 514.85 982.03 1859.18
T 47.67 57.21 152.55 228.82 247.89 400.44 429.04

1678.03 2088.00

Table 4. The fault probability functions of system components in the machining center.

Code Fault Probability Code Fault Probability

S
FS(t) = 1 −

exp
[
−( t

7832.7
)0.6414

] V
FV(t) = 1 −

exp
[
−( t

7935.7
)0.7712

]
M

FM(t) = 1 −
exp

[
−( t

2458.1
)1.3117

] G
FG(t) = 1 −

exp
[
−( t

27503.4
)0.5243

]
J

FJ(t) = 1 −
exp

[
−( t

2606.4
)1.2949

] L
FL(t) = 1 −

exp
[
−( t

8161.5
)0.7910

]
NC

FNC(t) = 1 −
exp

[
−( t

7912.4
)0.5422

] W
FW(t) = 1 −

exp
[
−( t

4145.7
)0.9101

]
D

FD(t) = 1 −
exp

[
−( t

8905.1
)0.6556

] K
FK(t) = 1 −

exp
[
−( t

5960.8
)0.9314

]

The ANP method was applied to solve the influence of the failure mode of each
component, and according to the process of assessing the impacts of the failure modes of
machining center components shown in Figure 3. The results are summarized in Table 5.

61



Mathematics 2024, 12, 330

Table 5. Statistics on the influence of the failure modes of machining center components.

Code Mode αij(t) βij Code Mode αij(t) βij

S

0101 0.142857 0.07288
V

0103 0.777778 0.28312
0202 0.142857 0.02272 0108 0.111111 0.20851
0203 0.071429 0.01607 0409 0.111111 0.50837

0410 0.214286 0.45179
G

0103 0.142857 0.30574
0503 0.071429 0.10450 0301 0.714286 0.20805
0603 0.071429 0.03647 0404 0.142857 0.48621

0605 0.142857 0.03157
L

0101 0.142857 0.41025
0606 0.071429 0.17020 0103 0.571429 0.35443
0609 0.071429 0.09381 0301 0.285714 0.23532

M

0101 0.315789 0.23085

W

0101 0.285714 0.21368
0201 0.052632 0.02538 0103 0.071429 0.27109
0202 0.105263 0.04964 0301 0.214286 0.08792
0205 0.105263 0.21235 0302 0.142857 0.06050
0501 0.052632 0.08795 0601 0.071429 0.14315
0503 0.157895 0.12623 0610 0.071429 0.18355
0506 0.052632 0.07042 0805 0.142857 0.04010

0605 0.105263 0.04268
K

0101 0.500000 0.50000
0616 0.052632 0.13226 0501 0.500000 0.50000

J

0101 0.285714 0.20472

D

0101 0.153846 0.28747
0103 0.142857 0.28898 0103 0.153846 0.17769
0502 0.142857 0.13812 0104 0.076923 0.36466
0603 0.142857 0.12362 0105 0.076923 0.03580
0607 0.142857 0.20530 0301 0.461538 0.03171
0803 0.142857 0.03925 0607 0.076923 0.10267

NC
0102 0.666667 0.50000
0501 0.333333 0.50000

The relationship between the failure probability function and the failure rate function
in Formulas (8) and (9) was used to solve the probability of failure and the failure rate of
each component of the machining center at any time, and the failure rate value was brought
into formula (7) to obtain the failure risk value of each component. In this study, 500 h and
2000 h were used as examples, and the results obtained are shown in Table 6.

Table 6. Statistics on the failure probability and failure risk of machining center components.

Code Fi(500) Fi(2000) RIi(500) × 10−4 RIi(2000) × 10−4

S 0.157533 0.340882 0.031861 0.193801
M 0.160189 0.509823 0.048254 0.743361
J 0.107180 0.563434 0.052543 0.790793

NC 0.174242 0.377515 0.121305 0.643066
D 0.155207 0.298884 0.024791 0.153796
V 0.172201 0.292742 0.054853 0.399435
G 0.115266 0.223705 0.033573 0.173614
L 0.182400 0.312183 0.057049 0.426991
W 0.135228 0.406857 0.036364 0.321034
K 0.147985 0.296352 0.092606 0.842048

By using the improved ASP algorithm, the data in Table 6 were brought into Formulas
(12)–(15) to find the value of the fault propagation index of each component, and at the same
time, through the solution process of combining the variable weights, the variable weight
for each fault propagation index of each component at different moments was obtained.
Again, 500 h and 2000 h were used as examples, and the results after normalization are
shown in Tables 7 and 8.
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Table 7. Statistics of the failure propagation probability and combined variable weight.

Code fp1
ASP_i(500) ω1

b(fp1
ASP_i(500)) fp1

ASP_i(2000) ω1
b(fp1

ASP_i(2000))

S 0.342023 0.411216 0.168593 0.375533
M 0 0.520614 0 0.520614
J 0 0.520614 0 0.520614

NC 0.126512 0.703178 0.217187 0.635815
D 0.049059 0.352237 0.026581 0.345499
V 0.284106 0.521667 0.385911 0.586170
G 0.037379 0.491478 0.071993 0.432069
L 0.147825 0.517005 0.110365 0.586613
W 0.009546 0.481495 0.005994 0.454933
K 0.003550 0.683642 0.013376 0.750343

Table 8. Statistics of the failure propagation risk and combined variable weight.

Code fp2
ASP_i(500) ω2

b(fp2
ASP_i(500)) fp2

ASP_i(2000) ω2
b(fp2

ASP_i(2000))

S 0.219957 0.588784 0.208086 0.624467
M 0 0.479386 0 0.479386
J 0 0.479386 0 0.479386

NC 0.275976 0.296822 0.227537 0.364185
D 0.024564 0.647763 0.023701 0.654501
V 0.285307 0.478333 0.323120 0.413830
G 0.033266 0.508522 0.026755 0.567931
L 0.145703 0.482995 0.169606 0.413387
W 0.008163 0.518505 0.011208 0.545067
K 0.007064 0.316358 0.009989 0.249657

The results in Tables 7 and 8 were brought into Equation (18) to evaluate the compre-
hensive importance of each component at 500 h and 200 h and then rank them accordingly.
The results are shown in Table 9.

Table 9. Comprehensive importance values and the ranking of machining center components.

Code CIi(500) Rank CIi(2000) Rank

S 0.270152 2 0.271060 2
NC 0.170876 3 0.172858 3
D 0.033192 6 0.032358 5
V 0.284681 1 0.278933 1
G 0.035287 5 0.031696 6
L 0.146800 4 0.146255 4
W 0.008829 7 0.012743 7
K 0.004662 8 0.005202 8
M 0 9 0 9
J 0 10 0 10

The ranking results in Table 4 showed that at 500 h and 2000 h, the electrical system
(V) was ranked first in terms of importance, followed by the spindle system (S), which
should be taken into account in fault diagnosis and health maintenance.

Since the values of the fault propagation indexes for each component of the machining
center dynamically changed at different moments, the fault propagation probability and
the fault propagation risk of the system components could be determined at any time by
using Formulas (7)–(15). Then, the comprehensive importance values at any time could
be determined when different time values were inputted into Formulas (16)–(18). So, the
trends of the comprehensive importance of each component are shown in Figure 7.
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Figure 7. Diagram of the comprehensive importance of machining center components.

4. Comparative Analysis

The method proposed in this study was compared with a method of evaluating
the importance of machining center components based on the PageRank algorithm [30].
Referring to the process of calculating the PR value of web nodes with the PageRank
algorithm, the system components were regarded as web nodes, and the fault propagation
relationships between components were used to replace link relationships between web
pages. Unlike in the calculation of web nodes, the degree of influence of component
faults was calculated based on the out-degree. According to the above case, based on
fault information, MATLAB programming was used to achieve the iterative calculation of
the importance of each component of the machining center. The calculation results were
compared with the comprehensive importance values at 2000 h, and the statistical values
are shown in the following table.

From the ranking results in Table 10, it can be seen that the components with the
highest importance values according to the two methods were the electrical system (V) and
the spindle system (S), and the ranking results were basically consistent, which verified
the correctness and reliability of the method in this study. However, the importance
values of the CNC system (NC) and hydraulic system (D) according to the PageRank
algorithm were equal, and the values of the cooling system (W) and auxiliary system (K)
were also equal, so the differences in the importance of the components were not reflected
well. The calculation results verified that the method proposed in this study was more
effective than the PageRank method in distinguishing the differences in the importance of
each component.

Table 10. Comparison of the importance values of machining center components.

Code CIi Rank Pri Rank

S 0.229485 2 0.105196 2
M 0 9 0.091134 9
J 0 10 0.091134 10

NC 0.163382 3 0.097193 4
D 0.045910 6 0.097193 5
V 0.423358 1 0.129771 1
G 0.079020 5 0.097193 6
L 0.122867 4 0.103252 3
W 0.009634 8 0.093847 8
K 0.012700 7 0.093847 7
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In this study, the comprehensive importance values obtained with the proposed
method were compared with the importance evaluation results obtained with a single
index. Taking the results calculated for 500 h as an example, Figure 8 was drawn.

 

Figure 8. Comparison of the evaluation indicator values of machining center components.

The graph shows that the component with the highest fault propagation probability at
500 h was the spindle system (S), and the spindle system (S) was considered to be the most
important component in the importance evaluation using the fault propagation probability.
In the graph, we can also see that the component with the highest fault propagation risk
was the electrical system (V) at 500 h, and the electrical system (V) was considered to be
the most important component in the importance evaluation using the fault propagation
risk. The results of evaluating the importance with a single indicator were highly biased.
Therefore, the method in this study effectively avoided the one-sidedness and bias of
evaluating node importance from a single perspective, and it improved the accuracy of the
importance evaluation.

5. Conclusions

In this study, a method of comprehensively assessing importance was proposed, and
the main results and conclusions were as follows:

(1) A model of the degree of influence of fault propagation was constructed. The cal-
culation results showed that the spindle system had the greatest fault propagation
influence on the tool magazine and feed system components, followed by that of the
electrical system on the CNC system, thus clarifying the position of each component
in the propagation structure and the influences on other components. The topological
structure-based fault propagation impact model of the machining center laid the
structural foundation for a comprehensive evaluation of importance.

(2) A comprehensive importance evaluation method was established. The comprehensive
importance value of the machining center at 2000 h was obtained, and the ranking
result was V > S > NC > L > G > D > K > W > M = J. The component with the highest
comprehensive importance was the electrical system, followed by the spindle system,
and the two components with the lowest importance were the tool magazine and feed
system. The tool magazine and feed system were at the end of the propagation in the
fault propagation structure model and did not propagate faults to other components;
hence, they had the least importance. The evaluation results for the importance are
significant for the identification and maintenance of critical components.

(3) A solution method for combined variable weights was established. The weight value
of the first evaluation index of the spindle system at 500 h was 0.411216, the weight
value of the first evaluation index of the CNC system was 0.703178, and the weight
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value of the spindle system at 2000 h was 0.375533. Through calculation, it was
found that the weight values of the importance indexes of different components in
different machining centers changed at different times. This effectively solved the
problem of a constant weight coefficient not accurately reflecting the variations in
index values, and this is conducive to accurately evaluating the importance of each
index at different times.

This study presented a comprehensive method of evaluating the importance of compo-
nents of a machining center, and this can be used to identify the key components of a center
at any time. On this basis, fault warning and preventive maintenance can be conducted
in a targeted manner, thereby reducing the economic losses and safety hazards of manu-
facturing enterprises due to equipment faults. However, there are some shortcomings of
this study that need to be improved. For example, the mathematical model for evaluating
the importance of machining center components was established only from the point of
view of fault propagation, without considering other reliability factors of the components
themselves, causing certain limitations. Future studies will involve importance evaluations
from multiple angles and with multiple indicators, as well as the establishment of a more
comprehensive importance evaluation mechanism.
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Abstract: Currently, mechanical gears with cycloid engagement are increasingly used in mechanisms
along with involute ones. In modern drive mechanisms, using pin gears and gears with intermediate
rolling elements (IRE) is widespread, which simultaneously use cycloid gears. To a greater extent,
pin gears are now being investigated, but IRE gears have their undeniable advantages. Many works
are devoted to the study of cycloid toothing for certain gears, but the efficiency, especially that of IRE
gears, has practically not been investigated. Therefore, the analysis of power losses in the engagement
of a gear with IRE and a free cage (IREFC) is relevant. In this analysis, the authors of the work have
used laws of mechanics, methods of energy flows and a secant normal. Mathematical expressions
have been obtained to estimate slip speeds and power friction losses in the engagement of a gear
with IREFC, and a formula has been derived to determine the efficiency of a mentioned mechanical
transmission. The calculation of slip speeds and power losses at the points of contact of a rolling
element with cycloid profiles of wheels for selected initial parameters of a gear with IREFC has been
presented. The friction power and the overall efficiency of the entire gear engagement have also been
calculated. This work shows that power friction losses at the points of contact of a rolling element
with cycloid profiles of tooth wheels of a gear with IREFC are not the same. The friction power in the
contact of a rolling element with a cycloid profile of a cam is an order of magnitude higher than the
friction power in the contact of a rolling element with a cycloid profile of a crown.

Keywords: friction power; efficiency; cycloid gears; rolling elements; free cage; cycloid engagement;
sliding speed; cycloid profile; cycloid wheel; rolling friction; sliding friction

MSC: 65C20

1. Introduction

Mechanical transmissions with cycloid toothing are widely used when designing
modern devices and mechanisms. This is explained by the increased resistance of such
mechanisms to high loads due to the perception of only contact loads by links in the gear-
ing [1]. Cycloid gears with intermediate rolling elements (IRE) have a set of high technical
characteristics; however, the issue of power loss in a cycloid gear with intermediate rolling
elements remains insufficiently studied.

Many works are devoted to the study of the engagement of cycloid gears [2–8]. But
pin gears, in which there are no intermediate rolling elements, are mainly studied [9–18].
In [9], the efficiency coefficient in the engagement of a pin gear with pins without bushings
and with bushings was investigated. It showed that using pins with bushings makes the
transmission work smoother, and friction losses decrease. In another work [10], authors
developed a nonlinear dynamic model of a needle bearing, taking into account the friction
among a cycloid wheel, a needle roller and a bearing cage in a pin gear. The study [11]
presented a method for diagnosing damage to a cycloid tooth wheel of pin toothing on a

Mathematics 2024, 12, 873. https://doi.org/10.3390/math12060873 https://www.mdpi.com/journal/mathematics68
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laboratory bench based on a frequency analysis of vibration signals. In [12], the distribution
of forces in pin toothing was considered, taking into account the finger deflections of a pin
wheel; an improved model of the load distribution of an uncoordinated kinematic cycloid–
finger pair was proposed. In works [13,14], the authors considered the operation of a pin
cycloid reducer and the influence of various factors on it. The authors of [15] investigated
the impact of a gap in the engagement of a cycloid gearing on the distribution of forces,
taking into account errors in the assembly, the manufacturing and the modification of
a cycloid profile. In another paper [16], the authors proposed a semi-analytical model
of the load distribution based on a three-dimensional elastic solution that considers the
longitudinal configuration of a cycloid tooth. The model takes into account the contact
deformation of a cycloid tooth, and loads are calculated in compliance with the conditions
of compatibility and equilibrium. The authors in [17] proposed a new method for modifying
the profile of a tooth of a pin gear, based on considering the complex effect of the distribution
of the pressure angle, the gap in the engagement and the gap between a tip and a leg of
a cycloid tooth. In [18], a new model of cycloid contact in an engagement with several
rows of teeth was proposed. This model allows for the studying of the influence of the
load on various methods of modifying cycloid teeth, including the accuracy of the pin gear,
mechanical characteristics and its efficiency.

When studying cycloid gears with IRE, attention was mainly paid to research of
engagement forces and stresses arising in the contact of a cycloid tooth profile with rolling
elements [19,20]. The most promising gears with IREB are those with intermediate rolling
elements and a free cage (IREFC), and the engagement of this gear was studied mainly to
change the accuracy of the profile and the distribution of forces and contact stresses [3,4,21].
Gears with IRE, in general, and a gear with IREFC, in particular, can be used in different
mechanisms of shut-off and adjusting fittings, in driving units of transport systems, in
rotary drives and in drives of various installations, where it is necessary to use compact
mechanisms capable of withstanding significant loads. Such mechanisms can work in
an intermittent mode and in an average continuous operating mode. Mechanisms that
are based on gears with IRE can operate both indoors and outdoors in various weather
conditions. However, despite extensive studies of gears with IRE, the investigation of the
friction in an engagement has not been given sufficient attention. Therefore, the analysis
of power friction losses in the engagement of gears with IRE is relevant. Power losses in
engagement and efficiency can be considered taking into account various factors: materials
of contacting links, lubricants, etc. But in this paper, we will consider only the efficiency of
the engagement of a gear with IREFC. Therefore, the purpose of this work is to determine
the friction losses of engaging the links made of steel, without taking into account losses in
lubrication and rolling bearings, on which the links of a gear with IREFC are installed.

Let us consider a gear with IREFC (Figure 1), which consists of an input shaft 1 with
an eccentric disc 2 located on it, a tooth wheel 3 with a cycloid profile, which is mounted
on the eccentric disc 2 through a rolling bearing 4, a chain of intermediate rolling elements
5 located in a cage 6 and a wheel 7 with internal cycloid teeth fixed motionlessly in a
gear housing.

The motion in a gear with IREFC (Figure 1) is transmitted from the input shaft 1
through the eccentric 2 to the chain of rolling elements 5, which, rolling along the cycloid
profile of the tooth wheel 7, transmit motion to the tooth wheel 3. Hence, rolling elements
are engaged with cycloid profiles of two tooth wheels. Therefore, a gear with IREFC
has two contact points of the engagement of rolling elements with tooth wheels, and
this is a peculiarity of this gear, which should be taken into account when determining
gear efficiency.

69



Mathematics 2024, 12, 873

Figure 1. Scheme of a gear with intermediate rolling elements and a free cage: 1—input shaft;
2—eccentric disc; 3—cycloidal wheel-cam; 4—rolling bearing; 5—intermediate rolling elements;
6—cage; 7—cycloidal wheel-crown.

2. Determination of Efficiency and Friction Power at Points of Contact of Rolling
Element with Cycloid Profiles of Wheels

Let us determine the efficiency of a gear with IREFC by analogy with rolling bearings.
This is justified because, as in the case of rolling bearings, intermediate elements are located
between two profiles. The only difference is that bearing rings have straight roller paths (if
we consider a reamer) and cycloid wheels have a wavy roller path (in a reamer). But when
considering a single rolling element in an enlarged way, the comparison is fair (Figure 2).
In general, equations of cycloid profiles for a gear with IREFC are derived in [3].

Figure 2. Forces and speeds at the points of contact of a rolling element with a profile of wheels.
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Using a method of “energy flows” [22,23], let us consider the engagement of rolling
elements with cycloid profiles in a gear with IREFC. The essence of the method is reduced
to an analytical representation of efficiency in the form of a power ratio: the power of useful
resistances Nout to the power of driving forces Nin:

η =
Nout

Nin
(1)

In the case of a gear with IREFC, the power of useful resistances is Nout, which is
the power on the tooth wheel 3 (Figure 1), since it is connected to the output shaft of the
mechanism. And the power of driving forces Nin is the power at the input shaft of the
gear supplied to the eccentric disc 2 (Figure 1). The power of useful resistances, i.e., the
power spent on performing useful work, is the product of the torque at the output link
of the gear (or the output shaft of the mechanism) and the angular velocity of this link.
However, it can be presented in a different way. So, the power of useful resistances can be
represented as the difference in powers of driving forces Nin and friction forces Ns arising
in the engagement of rolling elements (Figure 2) with two cycloid profiles of gears 3 and 7
(Figure 1).

Then, taking into account the above, Expression (1) will take the following form:

η =
Nin − Ns

Nin
= 1 − Ns

Nin
(2)

The points of contact in the engagement of a gear with IREFC can be schematically
represented (Figure 2) similarly to ball guides [23] of a translational or rotational motion.
Taking advantage of the similarity of the engagement with a rolling support, the friction
power can be represented as the sum of friction powers at the points of contact of rolling
elements with cycloid profiles of wheels (Figure 2):

Ns = NSA + NSB (3)

Figure 2 shows that the rolling element is in contact with the cycloid profile of the cam
at point A and with the cycloid profile of the crown at point B. According to the principle
of operation of a gear with IREFC, a rolling element is rolled along a cycloid profile of a
crown without sliding, i.e., only rolling friction is present at point B. When interacting
with a cycloid cam profile, a rolling element rolls and slips along this profile; therefore,
rolling friction and sliding friction are present at point A. When composing Formula (3),
it is necessary to consider the friction power NSB at point B as a single-component power
that depends only on rolling friction. At the same time, the friction power NSA should be
considered as complex, depending on the rolling friction Nrf and the sliding friction Nsf of
a rolling element along a cycloid cam profile. Therefore, the friction power at point A can
be defined as follows:

NSA = Nr f + Ns f

The rolling friction at point A is determined from an expression:

Nr f = Rμ·ωb

where

R—the engagement force of a rolling element and a cam, which is also a normal force to
contacting surfaces;
μ—the coefficient of the rolling friction;
ωb—the rolling element rotation rate.

71



Mathematics 2024, 12, 873

The engagement force R is determined by Hooke’s law, based on the proportional
dependence of force and deformation [3,4].

And the sliding friction at point A is defined as:

Ns f = Fs·Vs = R fs·Vs

where

Fs—the friction force in contact with a rolling element and a cycloid cam profile;
Fs—the coefficient of the sliding friction;
Vs—the sliding speed of a rolling element along a cam profile.

Then, the friction power at point A is calculated using the following formula:

NSA = R(μ·ωb + fs·Vs) (4)

The friction power at point B, as already mentioned, depends only on rolling friction
forces and is determined by a formula:

NSB = Rμωb (5)

Engagement forces are determined based on the Hertz theory, assuming a linear
relationship between a force and a deformation. A detailed definition of these efforts was
described earlier in [3]. Let us choose friction coefficients based on the fact that steel links
of high hardness are involved in contact. Supposing this, the coefficient of rolling friction
can be assumed to be μ = 0.001 m, and the coefficient of sliding friction is f s = 0.1 [23].
Speed parameters of a gear with IREFC will be determined based on the geometry of
its engagement.

3. The Determination of the Slip Speed in an Engagement

To determine the slip speed in the engagement of a gear with IREFC, let us consider
contact points of an arbitrary rolling element with cycloid profiles of wheels (Figure 3).
As is known [3], these contact points are located on a general normal to profiles passing
through a pitch point of a gear with IREFC. Figure 3 presents an arbitrary rolling element
on a circumference of centers rc. Points of contact with cam A and crown B are indicated
on a rolling element. Also in Figure 3, P indicates the pitch point of a gear with IREFC; V12

is the speed at a point of contact of a rolling element with a cam profile; V32 is the speed of
a rolling element with a crown profile.

The slip speed is determined using the secant normal method [24]. Since velocities
V12 and V32 are applied to a rolling element (Figure 3), the slip speed is determined by
adding a vector of these speeds:

VS = V12
+ V32 (6)

The speeds at points of contact of a rolling element with profiles are analytically
determined relative to pitch point P, using a quadratic dependence of the distance from
the pitch to contact points on the angle of a rolling element position ϕ2. The distance from
the pitch point P to the center of the rolling element (Figure 3), expressed through initial
parameters of a gear with IREFC, has the form [3]:

O′P = L = r2
√

χ+ 1 − 2χcosϕ2 (7)

The initial parameters of a gear with IREFC are as follows [3]: the radius of the
generating circle r2, the displacement coefficient χ, the number of rolling elements Z2 and
the radius of the rolling element rb.
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Figure 3. Calculation scheme for determining the slip speed in the engagement of a gear.

Then, the distance from the pitch point P to points of contact A and B (Figure 3),
respectively, is equal to:

LA = L − rb; LB = L + rb (8)

Cam–cage and cage–crown gear ratios are determined by the following ratios:

i12 =
ωc

ω2
; i23 =

ω2

ωcr
(9)

where

ωc—the angular velocity of the cam;
ω2—the angular velocity of the cage;
ωcr—the angular velocity of the crown.

Then, the linear velocities at the points of contact of the rolling element with profiles of
cycloid wheels through the angular velocity of the cage are expressed, taking into account
Formulas (8) and (9), respectively:

V12 = ω2(L − rb)(i12 − 1)V23 = ω2(L + rb)(i32 − 1) (10)

Considering the differential dependence of the velocity on a path and the difference in
a traveled path by the point of a rolling element in contact with cycloid profiles of a cam
and a crown, we can determine an analytical expression for a slip speed. To do this, let us
substitute Expression (10) for linear velocities at contact points into Formula (6) and obtain
an analytical expression of the slip speed through gear ratios of contacting links and the
angular velocity of a cage:

Vs = ωc

[
LA

(
1 − 1

i12

)
+ LB

(
i32 − 1

i12

)]
(11)

Replacing angular velocities in Expression (9) with radii of corresponding circles, we
will rewrite formulas of gear ratios between links as follows:

i12 =
r2

rc
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i32 =
r2

rcr

In turn, the radii of the generating circles of gears have the following dependence on
the initial parameters of a gear with IREFC:

rc = r2

(
1 − 1

Z2

)

rcr = r2

(
1 +

1
Z2

)

Taking into account the proportional dependence of the radii of the generating circles
of links, let us substitute expressions for gear ratios in the following dependence (11):

Vs = ωc

⎡
⎣LA· 1

Z2
+ LB

⎛
⎝ 1(

1 + 1
Z2

) − 1

⎞
⎠·

(
1 − 1

Z2

)⎤⎦

and after transformations, we will obtain an analytical expression of the slip speed through
the number of intermediate rolling elements and the angular velocity of a cam:

Vs = ωc

[
LA
Z2

+
LB(1 − Z2)

Z2
2 + Z2

]
(12)

It follows from Formula (12) that the sliding velocity VS of a rolling element along a
cam profile is obtained with a negative sign. This indicates that the angular velocity of a
cam rotation is directed in the opposite direction of the sliding velocity of a rolling element.

In Expression (12), the angular velocity of a cam is expressed through the angular
velocity of an input shaft (Figure 1):

ωc = ω1
2

Z2 − 1
(13)

where ω1—the angular velocity of the input link (input shaft).
Let us substitute (13) into Equation (12) and obtain an expression of the slip speed in

the engagement of a gear with IREFC through the number of teeth and the angular velocity
of an input link:

Vs = LAω1
2

Z2(Z2 − 1)
− LBω1

2
Z2(Z2 + 1)

After the conversion, we will obtain:

Vs =
2ω1

Z2

[
LA

Z2 − 1
− LB

Z2 + 1

]
(14)

The angular velocity of the input link ω1, as a rule, is equal to the angular velocity of
a motor shaft, to which a gear is attached.

4. The Determination of the Total Efficiency in the Engagement of a Gear

After determining the slip speed (14) of a rolling element by a cam profile, it is possible
to proceed to derive an analytical expression for friction powers at contact points and to
obtain the full efficiency of engaging a gear with IREFC.

Determining the friction power at the points of contact of a rolling element with cycloid
profiles of wheels requires determining only the angular velocity of the rolling element
ωb. The angular velocity of the rolling element can be found through the proportional
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dependence of the radius (rb) and the linear velocity (V23) at a point of contact with a
crown profile:

ωb =
V23

rb
(15)

The linear velocity of the rolling element (10) at a point of contact with a cycloid profile
of a crown, expressed through the angular velocity (13) of an input link, is analytically
determined as:

V23 = LBω1· 2
Z2(Z2 + 1)

(16)

where

Z2—the number of rolling elements of a gear;
LB—the distance from the pitch point to the point of contact of a rolling element with a
crown profile.

The distance from the pitch point LB, expressed taking into account (7) and (8), is
the following:

LB = rb + r2
√

χ + 1 − 2χ cosϕ2

Let the angular velocity of a rolling element be expressed with initial parameters and
the angular velocity of the input link of a gear with IREFC. For this purpose, Expression (15)
of the angular velocity of the rolling element, taking into account (16) and without the
consideration of the sign of the relative movement of the links, will be written as follows:

ωb = LB·ω1· 2
rbZ2(Z2 + 1)

(17)

Then, analytical Expression (4) of the friction power at point A, considering (14)
and (17), will take the form of:

NSA = R
(
μLBω1

2
rbZ2(Z2 + 1)

+ fs·2ω1

Z2

[
LA

Z2 − 1
− LB

Z2 + 1

])

and after the conversion, we will finally write an equation for calculating the friction power
at point A:

NSA =
2Rω1

Z2

(
LB

Z2 + 1

(
μ

rb
− fs

)
+

fsLA
Z2 − 1

)
(18)

Taking into account (13), Expression (5) can be rewritten as:

NSB = Rμ· 2LB·ω1

rbZ2(Z2 + 1)
(19)

Therefore, considering (18) and (19), after the conversion, Expression (3) will have the
following view:

Nm =
2Rω1

Z2

[
LB

Z2 + 1

(
2μ
rb

− fs

)
+

fsLA
Z2 − 1

]
(20)

In Equation (20), the friction power is expressed through the angular velocity of the
input link and represents the quadratic dependence on the number of rolling elements.
Then, to determine the efficiency of a gear with IREFC, it is necessary to specify the power
of its driving forces. The power of the driving forces is defined as the product of the
driving torque (Min), which is the torque on an electric motor shaft, by the angular velocity
of the input shaft of an electric motor (the input link of a gear with IREFC), while the
angular velocity of the input link will decrease. Then, Expression (2), which determines the
efficiency of the gear in question, can be written as an analytical expression:

η = 1 − 2R
MinZ2

[
LB

Z2 + 1

(
2μ
rb

− fs

)
+

fsLA

Z2 − 1

]
(21)
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The obtained dependence (21) allows for estimating the efficiency of a gear with IREFC
in contact with a rolling element with profiles of cycloid wheels. But one must understand
that half of the rolling elements are involved in the engagement and transmission of power.
In this regard, in order to completely determine the friction losses in the engagement
of a gear with IREFC, it is necessary to calculate these losses on each rolling element
transmitting power in the engagement:

Nmi =
2Riω1

Z2

[
LBi

Z2 + 1

(
2μ
rb

− fs

)
+

fsLAi

Z2 − 1

]
(22)

In this case, i covers the values from 1 to Z2/2 in increments of 1, which corresponds
to the number of the rolling element, when numbering from a rolling element, located in
a depression, to a rolling element, located on a protrusion of a cycloid profile. In view
of this, an algebraic sum of expressions will yield the total power of friction losses in the
engagement of a gear with IREFC.

And to determine the efficiency of the complete engagement of a gear with IREFC,
it is necessary to obtain an algebraic product of the efficiency on each rolling element
transmitting power in the engagement of a gear:

2 b
 (23)

The resulting Expression (23) allows for the determining of the efficiency of a gear
with IREFC depending on its initial parameters.

5. An Analysis of the Change in the Friction Power on Loaded Rolling Elements of
a Gear

Let us consider a gear with IREFC, which has the following initial parameters:

• r2 = 20 mm;
• Z2 = 26;
• χ = 1.4;
• rb = 2 mm.

To determine the engagement losses of a gear, having specified initial parameters, we
will also set the power and the speed of an electric motor. Let the power of the electric
motor be 1500 watts, and the number of revolutions of the electric motor shaft will be
n = 1500 rpm. Then, the angular velocity of the rotation of the input link of a gear with
IREFC will be ω1 = 157.1 s–1, and the torque on the electric motor shaft and, consequently,
on the input transmission link will be Min = 9.55 Nm.

According to Formulas (8) and (14), we will calculate the geometric parameters of
the LA and LB engagement, as well as the value of the slip speed for each rolling element
transmitting a load in the engagement of a gear with IREFC. The obtained values for
each rolling element are presented in the form of Table 1. Further, after calculating the
friction power in the contact of each rolling element with cycloid wheel profiles according
to Formula (22), Table 1 can be supplemented. For more information on the distribution of
the friction power in the engagement, based on analytical Expressions (18) and (19), we
will also provide power values at points A and B.

As already noted, a sign before the value of the slip speed indicates the multidirec-
tionality of the vectors of the linear velocity of the cam relative to the linear velocity of the
rolling element at the point of contact with a cycloid profile of the cam. As Table 1 shows,
the highest slip speed occurs at the first rolling element, i.e., the one located in a depression.
And as the rolling element moves closer to the top of a tooth, the slip speed decreases.
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Table 1. Values of geometric, kinematic and energy parameters of the engagement of a gear
with IREFC.

No. of the Rolling Element LA, m LB, m VS, 10–3, m/s NS, W NSA, W NSB, W R, N

1 0.006 0.01 −1.58 0 0 0 0
2 0.007826 0.011826 −1.51 3.3487 0.1455 0.0013 651.33
3 0.011867 0.015867 −1.37 6.2414 0.1867 0.0024 896.22
4 0.016592 0.020592 −1.2 8.6756 0.1818 0.0033 953.81
5 0.021404 0.025404 −1.02 10.5946 0.1624 0.0039 940.35
6 0.026051 0.030051 −0.86 11.9113 0.1384 0.0044 891.39
7 0.030388 0.034388 −0.7 12.5565 0.1140 0.0046 819.65
8 0.034318 0.038318 −0.56 12.4937 0.0909 0.0046 730.96
9 0.037764 0.041764 −0.44 11.7252 0.0701 0.0043 628.82

10 0.040664 0.044664 −0.33 10.2936 0.0519 0.0037 515.85
11 0.04297 0.04697 −0.25 8.2790 0.0363 0.0030 394.33
12 0.044645 0.048645 −0.19 5.7950 0.0228 0.0021 266.43
13 0.04566 0.04966 −0.16 2.9821 0.0110 0.0011 134.28
14 0.046 0.05 −0.14 0 0 0 0

A change in the friction power in the engagement of rolling elements with cycloid
profiles has a nature that differs from a change in the slip speed. On the first and last
rolling elements, the friction power is practically absent, which is explained by the lack of
forces in the engagement in these places. That is, in these positions, rolling elements do not
transmit load or power. The maximum power loss can be attributed to rolling elements,
located approximately in the middle of the chain of elements, transmitting the power in
the engagement of a gear with IREFC.

Table 1 demonstrates that the friction power at the point of contact of a rolling element
with a cam profile is much greater than the friction power at the point of contact with a
crown profile.

Having performed the calculation according to Formula (21) for each rolling element
and, finally, according to Formula (23), we will obtain a total efficiency of a gear with IREFC
with specified initial parameters equal to η = 0.93.

6. Results and Discussions

By linearly changing the values of the initial parameters of a gear with IREFC, one can
see nonlinear changes in the values of the slip speed and the friction power. For example,
by changing the radius of the generating circle r2 from 20 to 30 mm, we can observe a
significant change in the slip speed (Figure 4). When r2 = 20 mm, the entire graph of the
slip speed lies in a negative range of values (Figure 4a). And when the radius increases
to 30 m, the graph moves from an area of negative values to an area of positive values
(Figure 4b). However, the friction power in the engagement practically does not change
(Figure 5). When r2 = 20 mm, the maximum friction power in the engagement of a gear is
NS = 12.56 W, and NS = 12.37 W when r2 = 30 mm. The presented data were determined at
the rated power of an electric motor of 1.5 kW, as indicated earlier.

On the other hand, if the radius of the rolling element is changed, when other initial
parameters remain unchanged, both the slip speed and the friction power undergo signifi-
cant changes. For example, if we change rb from 1.2 to 2.8 mm in increments of 0.4 mm,
it is possible to observe a sequential change in the slip speed Vs. in the engagement of a
rolling element with a cycloid cam profile (Figure 6) and the friction power NS on each
rolling element in the engagement of a gear with IREFC (Figure 7).
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(a) (b) 

Figure 4. The change in Vs depending on the position of the rolling element: (a) slip speed when
r2 = 20 mm; (b) slip speed when r2 = 30 mm.

Figure 5. The change in NS depending on the position of the rolling element.

Figure 6. The change in Vs depending on the position of the rolling element when rb values
are different.
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Figure 7. The change in NS depending on the position of the rolling element at different rb values.

The graphs of a cosinusoid (Figure 6) show that when the radius of the rolling element
increases, the values of the slip speed in the engagement of a rolling element with a cycloid
cam profile shift to the negative zone. As already noted, the sign of the slip speed shows
the relative direction of its vector. However, this sign has no effect on the determination of
the friction power in the engagement, since for this purpose, the slip speed is taken modulo.
It should be noted that when changing only the radius rb, the range of changing the slip
speed between the first rolling element and the last one in the power transmission section
does not change and is ΔVS = 0.00143 m/s. Also, the law of changing the slip speed along
the cycloid profile of a tooth does not change.

Parabolic graphs (Figure 7) show that when the radius of a rolling element increases,
the value of the maximum slip power decreases. When rb = 1.2 mm, the maximum friction
power in the gear engagement is NS = 20.54 W, and NS = 9.11 W when rb = 2.8 mm. This
is explained by the direct proportional dependence of the power on the force, the speed
and the inverse dependence on the geometry of a rolling element. That is, as the radius
of a rolling element increases, the circumferential velocity on its surface increases and,
accordingly, the slip speed in contact decreases, as can be seen in the graphs of Figure 6. At
the same time, the force in contact with a cycloid profile with a rolling element remains
unchanged, since the radius of a generating circle is constant (r2 = const). Therefore, the
friction power decreases when the radius of a rolling element increases by 1.6 mm and the
maximum friction power decreases by 11.4 W (Figure 8).

For example, when designing mechanisms based on a gear with IREFC, in order to
reduce power losses, it is necessary to choose the largest possible diameter of a rolling
element. This will allow for reducing the friction power in the gear engagement and
therefore increasing the efficiency of the entire mechanism.
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Figure 8. The change in the maximum power NS depending on rb in the gear engagement.

7. Conclusions

In conclusion, this work provides analytical expressions for estimating power losses
in the engagement of a gear with IREFC, and a formula for determining the efficiency of a
specified mechanical transmission has been derived. The calculation of the efficiency, the
friction power in the engagement and the power losses at the points of contact of a rolling
element with cycloid profiles of wheels for selected initial parameters of a gear with IREFC
has been presented.

The authors have shown that the power friction losses at the points of contact of a
rolling element with cycloid profiles of tooth wheels of a gear with IREFC are not the same
and vary according to the parabolic law. The friction power in the contact of a rolling
element with a cycloid profile of a cam is an order of magnitude higher than the friction
power in the contact of a rolling element with a cycloid profile of a crown. For example, in
contact with the cam, it is 0.091 W, and in contact with the crown, it amounts to 0.0046 W.
The authors have also demonstrated that a change in the radius of the generating circle
r2, other things being equal, does not influence the friction power in the engagement of
a gear in any way. By changing the radius r2 1.5 times, we obtain a change in the friction
power in the engagement by 0.19 W. On the other hand, a change in the radius of the rolling
element rb influences simultaneously the values of the slip speed in the contact of a cycloid
cam profile with a rolling element and the friction power in the gear engagement. This
work demonstrates that the slip speed in the engagement varies along a cosinusoid with
a possible transition from the fourth quarter to the first quarter of the coordinate plane.
Hence, a method for determining the efficiency of engaging a gear with intermediate rolling
elements and a free cage was proposed.

The obtained results allow for increasing the accuracy of detection by 1.5% determining
the efficiency of a projected gear with IREFC and, therefore, more precisely selecting the
power of an electric motor for electromechanical drives based on the mentioned mechanical
transmission. The obtained results should be used for designing electromechanical drives,
as well as for studying the influence of other initial parameters on the change in power
distribution and the efficiency in the engagement of a cycloid gear with intermediate rolling
elements and a free cage.
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Abstract: In rigid lower-mobility parallel manipulators the motion of the end-effector is partially
constrained due to a combination of passive kinematic pairs and rigid components. Translational
mechanisms, such as the Delta manipulator, are the most common ones among this type of mecha-
nisms. When flexible elements are introduced, as in Parallel Continuum Manipulators, the constraint
is no longer rigid, and new challenges arise in performing certain motions depending on the degree
of compliance. Mobility analysis shifts from being purely a geometric issue to one that heavily relies
on force distribution within the mechanism. Simply converting classical lower-mobility rigid parallel
mechanisms into Parallel Continuum Mechanisms may yield unexpected outcomes. This work,
making use of a planar parallel continuum Delta manipulator, on the one hand, presents two different
approaches to solve the Forward Kinematics of planar continuum manipulators, and, on the other
hand, explores some challenges and issues in assessing the resultant workspace for different design
alternatives of this kind of flexible manipulators.

Keywords: continuum manipulators; cosserat rods; forward kinematics; workspace; quasi-translational
motion; parasitic angle
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1. Introduction

Lower-mobility parallel manipulators are a category of closed-loop mechanisms where
the motion of the end-effector is restricted to fewer degrees of freedom than the typical three
in planar systems or six in the spatial case [1]. These rigid-body mechanisms are constrained
by geometric factors, which arise from the configuration and design of passive kinematic
joints and are thus independent of the input actuation. These geometric constraints impose
relationships between the output parameters, and in simpler cases may completely define
some of them. A well-known example is the family of translational manipulators, like the
Delta robot [2–4], which maintains a constant oriented end-effector while moving.

In contrast to traditional robots composed of rigid elements, Parallel Continuum Ma-
nipulators (PCMs) incorporate flexible elements—such as thin rods, cables, or springs—to
connect the rigid end-effector to the actuators [5–7]. These manipulators exhibit character-
istics of both conventional parallel kinematic machines and compliant mechanisms [8,9].
The flexibility of components, which undergo significant deformation, plays a key role
in their mobility alongside the kinematic joints. Many modern PCMs are adaptations of
classical rigid kinematic systems. For instance, substantial research has been conducted on
hexapod-like flexible manipulators, as seen in [10–12].

Nevertheless, regarding continuum lower-mobility parallel manipulators, only few
studies can be found [13–15]. One of the main differences is that, unlike their rigid coun-
terparts, strict constraints cannot be imposed on flexible manipulators due to the inherent
flexibility of the rods. In the context of PCM systems that could serve as alternatives to
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the classical rigid Delta, this flexibility makes the moving platform to tilt at slight angles
rather than follow a purely translational path, resulting in unwanted angular motions,
also known as parasitic motion [16]. For modelling manipulators with flexible rods, the
methods employed in this work are based on Cosserat theory, particularly using the sim-
plified Kirchhoff model. This model, which is designed for slender flexible components,
must be combined with the dynamic equilibrium of the entire mechanical system under
all applied forces, leading to a nonlinear set of differential equations. A solution for this
system is provided in [17], another possibility being applying energetic approaches as
in [18,19].

As happened with rigid parallel manipulators, the solving of Forward Kinematics (FK)
problem in the case of continuum parallel manipulators may result in multiple different
solutions, known as assembly modes. One of the aims of this work is to approach the
Forward Kinematics in flexible manipulators. For that, we propose two methodologies: one
capable of obtaining all the different solutions, meaning that the Full FK problem is solved,
and another approach aimed at obtaining a nearby solution to a certain starting assembly
mode configuration. Moreover, a novel strategy combining both methods is presented so
as to obtain the workspace of planar continuum robots in a very efficient way.

In general, most classical rigid lower-mobility parallel mechanisms are fully parallel,
featuring identical and symmetrical kinematic chains. This symmetry translates into
balanced kinematics and workspaces, with both singularities and dexterity distributed
symmetrically. However, some asymmetrical mechanisms are also effective. For example,
the IGUS commercial planar Keops–Delta manipulator in [20] behaves very well despite its
lack of symmetry. Another objective of this work is to demonstrate that simply replacing
rigid bars with flexible rods in rigid-body parallel mechanisms may lead to impractical
outcomes. To illustrate this, we focus on the planar Keops–Delta continuum parallel robot.
Depending on the design alternative of this flexible mechanism, and depending also on the
selected assembly mode, the resultant workspace exhibits nearly translational motion, which
can be evaluated based on the parasitic inclination angle of the end-effector. This work also
discusses key design considerations for creating optimal quasi-translational workspaces.

2. Materials and Methods

In this section, we describe the mathematical procedure and methods used to assess
the motion constraints in Parallel Continuum Manipulators. Although general, it is taylored
to the case study chosen to illustrate the contribution, a planar quasi-translational flexible
mechanism. The schedule followed in this section is structured as follows:

• Overall Analysis Procedure;
• Fundamentals on Deformation Analysis of Rods;
• Methods for Kinematics Analysis;
• Workspace Analysis;
• Mechanisms’ Alternative Designs.

2.1. Overall Analysis Procedure

Most Parallel Continuum Mechanisms (PCMs) are devised as a flexible alter ego
of a classical Parallel Kinematic Machine (PKM). In this sense, flexible hexapods are de-
rived from the classical hexapod [6]. Many successful applications of PKMs are mecha-
nisms with Lower-Mobility, i.e., they have an end-effector with a motion submanifold,
as it is the case of the well-known Delta Robot. The planar version of the Delta Robot
with linear actuators is shown in Figure 1, alongside its workspace for different input
strokes. The rigid parallelogram constrains the end-effector’s motion to be a planar transla-
tional subgroup.
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Figure 1. Planar translational rigid mechanism: Workspaces for variable input stroke limits.

A PCM version of the planar Delta robot is shown schematically in Figure 2. Flexible
rods replaced rigid bars, and as their deformation adds mobility to the system, the revolute
joints at the attachment to linear actuators can be eliminated and simply clamp the first tip
of rods to the linear tables.

Figure 2. Planar quasi-translational flexible mechanism.
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There is no longer a rigid parallelogram to constrain the rotation of the end-effector, as
observed in the inclined end-effector in Figure 2, and flexible rods cannot be a generator of
a motion subgroup because they do not introduce any geometric constraint. Any restriction
of the motion has to be produced by the stiffness behavior of the system as a whole.
Moreover, being now a flexible mechanical system, any pose of the system should be at a
stable equilibrium configuration, as unstable poses cannot withstand loads. The purpose
of this study is to highlight the way different design alternatives generate such restrictions
and to what extent.

In order to obtain the design of a flexible parallel mechanism that performs, as much as
possible, such a reduced mobility motion, we follow the flowchart in Figure 3. First, several
design alternatives are proposed as, for example, the mechanism morphology in Figure 2.
For each of those designs, we solve the multiple solutions of the Forward Kinematics (FK)
problem. These multiple solutions are called assembly modes.

Flexible Mechanism Designs

Mech. 1 ... Mech. N

Solve FK Problem Multiple Solutions

FK 1
...

FK n

Stability Check

Yes?
No

Workspace

Angle? No

Load analysis

Dimensions
Optimization

Comparison FK Sols.

Comparison Designs

Mechanism

Figure 3. Flowchart for Mechanism’s Design Analysis.

For each assembly mode, we check the stability of the solution before finding the
available stable workspace. Such workspace needs to be characterized with standard
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kinematics properties. The most relevant here is the angle of orientation of the end-effector,
the objective being to keep this value as close to the horizontal as possible to obtain quasi-
translational motions. The variety of applicable loads should be considered to evaluate
the consistency of the results, and a dimensional optimization is performed on the design
candidates to obtain the best possible result of each one. After that, a comparison of
assembly modes is performed for every mechanism design, and the best candidates are
compared to finally achieve the best design for quasi-translational motion.

2.2. Fundamentals on Deformation Analysis of Rods

The Kinematic Analysis of closed-loop mechanisms consists in finding the values for
some unknown geometric parameters that fulfil a set of geometric constraints. When these
mechanisms have flexible elements, such flexibility influences the geometrical conditions
due to forces in the system, and then some dynamic equilibrium has to be considered in
the problem. The result is that Kinematic Analysis becomes a combination of geometric
and force equilibrium conditions.

These flexible mechanisms require a model of deformation for its flexible rods. Here,
the choice is the Kirchhoff rod model. The Kirchhoff model neglects the extension of the
neutral line and the transverse shear strain, i.e., the deformation of the rod occurs mainly
due to bending; then, the complexity of material equations reduces, making more efficient
algorithms. A detailed derivation of the following draws on Antman’s work [21] (Chapters
4 and 8) on nonlinear elasticity, with adapted notation [22].

The deformed shape of a certain rod can be established by a parametric Cartesian
curve p(s) ∈ R

3 defining the centroid of each cross-section and the orthonormal rotation
matrix R(s) ∈ SO(3) to orientate a local frame attached to that section. If we consider the
rod plotted in Figure 4, its deformed shape is within the plane XY, and the orientation of a
certain cross-section can be expressed as

R(s) =

⎡
⎣cos θ − sin θ 0

sin θ cos θ 0
0 0 1

⎤
⎦ (1)

Both position and orientation depend on a scalar arc-length parameter s over some
finite interval, s ∈ [0, L], L being the rod’s length.

Both position and orientation vary along the arc length according to rates of change,
linear v(s) ∈ R

3 and angular u(s) ∈ R
3. They can be defined in the local frame from the

derivatives of p(s) and R(s) with respect to parameter s:

v(s) = R(s)T dp(s)
ds

= R(s)Tp′(s)

U(s) = R(s)TR′(s)
(2)

where U(s) is a skew-symmetric matrix of the form

U(s) =

⎡
⎣ 0 −uz(s) uy(s)

uz(s) 0 −ux(s)
−uy(s) ux(s) 0

⎤
⎦ (3)

In the planar case above, taking the derivative of R in (1) allows finding

U = RTR′ =

⎡
⎣ 0 −θ′ 0

θ′ 0 0
0 0 0

⎤
⎦ =

⎡
⎣ 0 −uz 0

uz 0 0
0 0 0

⎤
⎦ (4)

Hence, the only component that is not null is uz = θ′, because there is no bending
moment with respect to the local y-axis and there is also no torsion (expressed through ux).
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Figure 4. Flexible clamped−hinged planar rod under force R at the end extreme.

When v(s) and u(s) are those of the reference, i.e., the unloaded shape of the rod, they
are designated as v◦ and u◦, an initially straight rod has v◦ = [1 0 0]T and u◦ = 0. Changes
in these magnitudes with respect to the reference values, namely Δv(s) = v(s)− v◦(s) and
Δu(s) = u(s)− u◦(s), are related to material strain.

Because the stress field is obtained due to the strain field, and the internal force n(s)
and moment m(s) are due to the stress field, they can be expressed as a function of Δv(s)
and Δu(s). Making use of a linear constitutive law relating linear deformation v to internal
forces and angular deformation u to internal moment, through the use of shear-extension
stiffness matrix KSE(s) and bending-torsion matrix KBT(s), we obtain

n(s) = RKSE(s)Δv

m(s) = RKBT(s)Δu
(5)

The equilibrium of forces and moments for each section of the rod, subjected to
distributed forces f(s) and moments l(s) defined within the infinitesimal interval ds, yields
the non-linear ordinary differential equations for the equilibrium of a Cosserat rod which
describes the evolution of the internal force n(s) and moment m(s) along the arc length:

n′(s) + f(s) = 0

m′(s) + p′(s)× n(s) + l(s) = 0
(6)

The Static Model for a flexible rod can be obtained by combining Equations (2) and (6)
with Kirchhoff conditions using m and n as state variables:

p′ = Re1

R′ = RU

n′ = −f

m′ = −p′ × n − l

(7)

where u = K−1
BTRTm.
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Hence, for planar rods, neglecting the distributed force and moment (f and l) along
the rod, we obtain ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx
ds
dy
ds
dθ
ds

dnx
ds

dny
ds

dmz
ds

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

cos θ
sin θ

mz
EI
0
0

nx sin θ − ny cos θ

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(8)

where E is the Young’s modulus and I is the moment of area of the cross-section.
The differential equation system in Equation (8) can be solved either by using a

direct integration method, such as the 4th-order Runge–Kutta, or analytically by using
Elliptic Integrals.

First, regarding direct integration and focusing on the Forward Kinematics (FK) prob-
lem of a rod that is clamped at the proximal end s = 0 (see Figure 4), the rod suffers a
deformation that depends on some boundary conditions. This is a boundary value problem,
where the independent variable is s in [0, L]. The vector of dependent variables y and the
non-linear function f(s,y) are

y =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x
y
θ

nx
ny
mz

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, f(s,y) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

cos θ
sin θ

mz
EI
0
0

nx sin θ − ny cos θ

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(9)

If, for example, the position and orientation at s = 0 are data, and the load at the
end-tip is known, then the values of y at both extremes are

y(0) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x(0)
y(0)
θ(0)

nx(0)
ny(0)
mz(0)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0
y0
θ0
?
?
?

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

, y(L) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x(L)
y(L)
θ(L)

nx(L)
ny(L)
mz(L)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

?
?
?

nx
ext

ny
ext

mz
ext

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(10)

Since there are 3 unknowns at the initial of the range of integration s = 0, we need

three starting values, guess =
[
nx

guess ny
guess mz

guess

]T
. Then, the initial value problem is

solved using the 4th R-K method. A Newton method is used to update guess values until

boundary conditions at end-tip
[
nx

ext ny
ext mz

ext

]T
are fulfilled. Randomly choosing an initial

value of these parameters may result in not reaching any feasible solution. Therefore, it
is advisable to start from a known solution that allows us to establish these starting data.
Precisely the method explained subsequently, based on the direct analytical integration of
the differential equations, allows us to obtain a feasible solution that can be used later as a
starting solution.

Second, regarding the analytical integration, the system of differential equations in (8)
can be further developed. If only end-point load is applied (load R and orientation ψ as in
Figure 4), the internal force is given by nx = R cos ψ and ny = R sin ψ. For constant E and
I, with a stress-free reference straight rod, taking into account the Bernoulli–Euler law and
substituting into Equation (8), we obtain
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⎧⎪⎪⎨
⎪⎪⎩

dx
ds
dy
ds

d2θ
d2s

⎫⎪⎪⎬
⎪⎪⎭ =

⎧⎨
⎩

cos θ
sin θ

R
EI sin (θ − ψ)

⎫⎬
⎭ (11)

Elliptic integrals are the classical mathematical tool to solve Equation (11) [7]. The
coordinates of an arbitrary point i along the beam are

x(φi) =−
√

EI
R

cos ψ[2E(k,φi)− 2E(k,φ1)− F(k,φi) + F(k,φ1)]−
√

EI
R

2k sin ψ[cos φi − cos φ1]

y(φi) =−
√

EI
R

sin ψ[2E(k,φi)− 2E(k,φ1)− F(k,φi) + F(k,φ1)] +

√
EI
R

2k cos ψ[cos φi − cos φ1]

(12)

functions F(k,φ) and E(k,φ) being the incomplete elliptic integrals of the first and second
kind, respectively. In addition, the value of the end-tip force R must fulfil

√
R =

√
EI
L

[F(k,φ2)− F(k,φ1)] (13)

Moreover, the bending moment along the rod is given by

mi = 2k
√

REI cos φi (14)

The functions F(k,φ) and E(k,φ) depend on the following two parameters:

• The non-dimensional parameter k
This is the modulus of the function and it can vary between −1 and 1. In this case, k
corresponds roughly but non-linearly to the magnitude of the load R.

• The variable φ
It is the amplitude of the elliptic integral. It is measured in radians, and it varies
continuously along the beam from the first extreme, φ1, to the last extreme, φ2. These
amplitudes are defined by the boundary conditions of rod tips.

Hence, (11) is integrated to obtain Equations (12) and (13), i.e., a parametric system
that uniquely defines the deformation of the rod in terms of parameters k and ψ for known

boundary conditions and a certain buckling mode.
For a clamped-pinned rod (as in Figure 4), the first clamped tip is defined by a given

slope θ1 for the rod at s = 0:

φ1 = arcsin
1
k

cos
(

ψ − θ1

2

)
(15)

Considering a pinned end-tip then, no moment acts at that point. Upon application
on Equation (14), the end-tip results to be a point of null curvature, i.e., an inflection point
of the deformed curve. This yields φ2 = (2q − 1)π/2 for q = 1, 2, . . . where q is the order of
the buckling mode shape.

The possible values of k may depend on ψ, as observed in Equation (15); this condition
establishes the grid plotted in Figure 5. Thus, parameters k and ψ belong to the enclosed
range of values depicted in Figure 5.

The different problems that can be stated regarding the deformation of a rod under
some given conditions result in multiple solutions for each buckling mode. Detailed
explanation can be found in [23].
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Figure 5. Space of parameters k (modulus of the elliptic integral) and ψ (amplitude).

2.3. Methods for Kinematic Analysis

In order to evaluate the kinematic performance of the different continuum mechanism
designs, we need to solve the position problem. The Forward Kinematics problem in our
planar flexible mechanism consists in determining the pose of the end-effector, i.e., pP ,
the position vector of reference point P , and the orientation given by θEE when input
values for each rod λi and a load are imposed. Such a problem has multiple solutions,
called assembly modes, that in turn generate different aspects of the workspace [24]. In
the following, we describe two alternatives to solve the FK problem, one generating all
the solutions (assembly modes) and another one generating a nearby solution to a starting
assembly mode configuration.

As the mechanism has 2 degrees of freedom, hence 2 inputs λi, there are 2 independent
outputs. Consequently, 2 of the output components of the pose of the rigid moving platform
can be controlled (principal motions, namely pP ), meanwhile its orientation θEE depends on
the motion, parasitic motion.

2.3.1. Forward Kinematics Problem

Let us consider a parallel mechanism of flexible rods like the one in Figure 2. The
moving platform is connected to the fixed base by N flexible rods AiBi, which are actuated
by some inputs. By attaching a moving frame to the end-effector at reference point P , its
orientation is defined by the rotation matrix REE function of θEE. Points Bi attached to
the moving platform are defined by position vectors ri in the moving frame. On the other
hand, the initial points of each rod, proximal-ends Ai, are expressed in the fixed frame by
position vectors ai.

To obtain a real pose of the flexible mechanism, two conditions must be fulfilled: a
geometrical assembly of the rods with the moving platform and a static equilibrium of the
whole system.

The geometrical assembly condition is given by the closed-loop equation for each rod:

pP + REEri = ai + pi(Li) i = 1...N (16)

pi(Li) being the location of the distal end of each rod i.
In addition, geometrical conditions have to be considered according to the connection

of the extremes of the rods to the moving platform. Implementing revolute joints means
that a null moment exists. Knowing that u = K−1

BTRTm, we yield

ui(Li) = 0 i = 1...N (17)
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In relation to the static equilibrium, the end-effector is subjected to external load
Fext at P and Mext and to reaction forces, namely ni(Li), at points Bi because of the rod
deformation. Thus, the following static equilibrium can be stated:

N

∑
i=1

ni(Li)− Fext = 0

N

∑
i=1

[(ai + pi(Li))× ni(Li)]− pP × Fext − Mext = 0

(18)

To sum up, to pose the position problem, the involved equations are the geometric
conditions on the position of the rod extremes (16); the geometric conditions on the attach-
ment points to the moving platform (17); and the static equilibrium conditions (18). For the
planar case, this makes a total of 3N + 3 conditions. These are compiled in the vector of
residuals gres,

gres =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

pi(Li)− pP − REEri + ai
ui(Li)

ine
...

ine ∑N
i=1 ni(Li)− Fext

∑N
i=1[(ai + pi(Li))× ni(Li)]− pP × Fext − Mext

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(19)

Direct Integration of Forward Kinematics Problem

The integration involved in each rod to find pi(Li), ui(Li), and ni(Li) can be ap-
proached as an initial value problem, as explained in Section 2.2. A vector of dependent
variables at s = 0 for each rod yi(0) is introduced to integrate along the rod Li using
Runge–Kutta. Some of those variables may be known data from boundary conditions, but
some other are guess values for unknowns. First tip position and orientation (xi(0), yi(0),
θi(0)) and load (Fext, Mext) are data; internal forces and moments (ni(0), ui(0)) and output
components (pP and θEE) are to be guessed ab initio in the FK problem to be optimized for
null residuals at the FK solution.

Applying a shooting method to verify the residual vector, guess values are updated
in an iterative process until residuals in Equation (19) are below a certain tolerance. The
Newton method used in the shooting method requires the evaluation of a Jacobian of the
residual vector with respect to the variables, i.e., the guess values. We can consider a special
order for guess values, so that the ones corresponding to a rod are together:

vguess =
{

ui(0); ni(0); . . . ; pP ; θEE
}T (20)

The Jacobian is then obtained as

J(vguess) =
∂gres(vguess)

∂vguess
(21)

The Jacobian related to the FK problem, considering the case N = 3, is a sparse matrix
J ∈ R

12x12 of the form

J =

⎡
⎢⎢⎣

A1 0 0 C1 d1
0 A2 0 C2 d2
0 0 A3 C3 d3

B1 B2 B3 C 0

⎤
⎥⎥⎦ (22)

The sub-matrices Ai ∈ R
3x3 are computed by considering the residue associated to the

geometrical conditions of rod i and the kinematic variables used as guess values for rod i.
To define matrices Bi ∈ R

3x3, we compute the residue associated to the static conditions
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of the mechanism and the kinematic variables used as guess values for rod i. Matrices
Ci ∈ R

3x2 are obtained with the residue corresponding to the geometric conditions of each
rod i and the coordinates of P used as guess values. Matrices di ∈ R

3x1 are given by the
residue associated to the geometric conditions for rod i and the orientation guess value of
the end-effector. And finally, matrix C ∈ R

3x2 is calculated with the residue of the static
conditions and the output position of point P of the moving platform.

After each iteration j, the guess values have to be updated with

v
j+1
guess = v

j
guess − J−1g

j
res (23)

repeating the process until gres is below a certain established tolerance.
The solution obtained is one that fulfills the geometric conditions for assembly and

the static equilibrium of the system; however, there is no guarantee that this equilibrium is
stable. An additional check has to be performed to detect the stability of the flexible system.
We use the one explained in detail in [12].

The final outcome is a FK solution of the configuration of the mechanism, with neither
convergence nor continuity in the assembly mode fully guaranteed, but very efficient and
quick when close approximations are used for guess values. The flowchart in Figure 6
shows the summary of the procedure.

Analytical Integration of Forward Kinematics Problem

As explained in Section 2.2, the deformation model of Kirchhoff rods can be analytically
integrated in the plane using elliptic integrals. In that case, for a given buckling mode BMi
and a set of values ki and ψi, there is a unique deformed rod shape. Hence, finding a pose
of the flexible mechanism means finding the set of mi, ki and ψi that fulfils the boundary
conditions in (19). As such values are within a finite closed space, a numerical search for all
solutions is possible. In the following, we employ a non-certified numerical search based in
the interpolation of residuals, but certified solutions could also be adopted (see [25]). The
choice is made to reduce the computational cost, but a tuning of tolerances is required to
verify that no important solutions are missed.

The process of determining the multiple solutions of the FK problem is depicted in
the flowchart in Figure 7. Using, again, the mechanism in Figure 2 for reference, given
input values of actuators (λ1 and λ2) and external load (Fext and Mext), we can define the
first-tip position of rods (xi(0), yi(0), and θi(0)). Upon definition of a grid on the space of
possible values for ki and ψi as shown in Figure 5, we have to take all possible combinations
of sets (k1 ψ1 k2 ψ2 k3 ψ3) to obtain rod end-tip positions and forces (xi(L), yi(L), Ri)
using (12) and (13). These later values are employed in (19) to evaluate the residuals vector
of the boundary conditions. A search of null values of those residuals can be performed
quickly by interpolation for a fair approximation. These approximate solutions can then be
refined using a Newton method to arrive to the final solutions fulfilling conditions. Again,
the stability of the equilibrium of these solutions must be verified [11], and those stable
solutions are definitively the final multiple solutions of the FK problem.

2.3.2. Workspace Analysis

Once the tools for the FK solution are defined, we can proceed with the finding of
workspace of the mechanism. As mentioned above, multiple solutions of the FK problem
are found to be the different assembly modes of the mechanism, and each of these in
turn generate an aspect of the workspace, i.e., a singularity–instability-free region of the
workspace [24]. In any case, each pose of the mechanism found is characterized by their
kinematics features of interest. In our case, the objective of the study is to evaluate the
translational capability of the mechanism, and hence the key factor for further evaluation
is the parasitic angle of the end-effector.
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Forward Kinematics: Direct Integration

Choose:
input values λ1, λ2

guess values ni(0) and ui(0)

x1(0) y1(0) θ1(0) x2(0) y2(0) θ2(0) x3(0) y3(0) θ3(0)

n1(0) u1(0) n2(0) u2(0) n3(0) u3(0)

Runge-Kutta Int. Runge-Kutta Int. Runge-Kutta Int.

x1(L) y1(L)
n1(L) u1(L)

x2(L) y2(L)
n2(L) u2(L)

x3(L) y3(L)
n3(L) u3(L)

Verify Boundary Conditions

< Tol?

Stability Check

Yes?

FK solution

No
Newton Update

Figure 6. Flowchart for Forward Kinematics Direct Integration Solver.

Two different approaches have been tested for the purpose of a complete finding of
aspects of the workspace. The first option is depicted in Figure 8, and it is based solely in
the FK obtaining of multiple solutions using the elliptic integrals method in Figure 7. The
second one (Figure 9) is a combination of the FK multiple solutions solver and the direct
integration method in Figure 6.

On the one hand, as shown in Figure 8, we define in the jointspace a discretization
λi

1 and λi
2 so that we have a finite set of pairs to be analyzed and generate the workspace.

Then, we proceed to solve for each pair of inputs the multiple solutions of the FK problem,
within a range of buckling modes of interest, generating several stable FK solutions. Those
solutions have to be classified into groups corresponding to the different aspects depending
on the geometric configuration. This classification is not an easy task, and it is one of the
drawbacks of this method, along with the computational cost.

As an alternative, we can proceed in a slightly different way with the purpose of
reducing the computational cost by following the flowchart in Figure 9. We can choose a
starting pair of input values (λ0

1 and λ0
2) and apply the procedure to obtain all FK multiple

solutions of interest that define the assembly modes. Then, for each of these FK solutions,
we can generate a wave propagation to nearby input values (λi

1 and λi
2) solving new poses

with the direct integration. When these are stable and non-singular, we propagate the
wave again; if not, we stop the propagation there. This approach optimizes the numerical
iterations to cover the workspace. The final outcome is again the different aspects.
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Forward Kinematics: Multiple Solutions

Choose: input values λ1, λ2

Choose: buckling modes m1; m2; m3

Grid k1; ψ1
x1(0) y1(0) θ1(0)

Grid k2; ψ2
x2(0) y2(0) θ2(0)

Grid k3; ψ3
x3(0) y3(0) θ3(0)

x1(L) y1(L) R1 x2(L) y2(L) R2 x3(L) y3(L) R3

Verify Boundary Conditions

< Tol?

Sols: k1 ψ1 k2 ψ2 k3 ψ3

Newton Update

Stability Check

Yes?

FK 1 ... FK n

Elliptic Integrals Eqs.

Figure 7. Flowchart for Forward Kinematics Multiple Solution Solver.

Workspace Analysis: Multiple Solutions’ Solver

Define JointSpace Grid: λi
1, λi

2

For i = 1...N:
λi

1, λi
2

Multiple Solutions FK

FK 1 ... FK n

Classification into Aspects

Workspace
Aspect 1

... Workspace
Aspect n

Figure 8. Flowchart for workspace analysis with Multiple Solution Solver.
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Workspace Analysis: Wave Propagation

Define JointSpace Grid: λi
1, λi

2

Choose Starting Pose: λ0
1, λ0

2

Multiple Solutions FK

FK 1 ... FK n

Wave Propag.
λi

1, λi
2

Wave Propag.
λi

1, λi
2

Wave Propag.
λi

1, λi
2

Direct Integration Direct Integration Direct Integration

Workspace
Aspect 1

... Workspace
Aspect n

Figure 9. Flowchart for workspace analysis with Wave Propagation.

2.4. Mechanism’s Alternative Designs

The rigid parallel Delta manipulator depicted in Figure 1 generates a translational
movement of the end-effector via the so-called parallelogram joint on the left. This charac-
teristic is independent of the assembly of the rods to the end-effector. Nonetheless, when it
comes to the flexible mechanism, this is not the case, and indeed the location of the end-tip
of rods at the end-effector greatly affects the resultant motion.

With the aim of achieving a quasi-translational motion, four different designs of the
flexible mechanism, in which the placing of the rods differs, have been studied. The four
design models are represented in Figure 10. The first two models connect the end-tips with
the extremes of the end-effector. On the contrary, the third and fourth design alternatives
connect either the red flexible rod (one of the rods forming the parallelogram) or the blue
rod (the opposite one) to the central point of the end-effector.

In addition, another alternative (shown in Figure 11) introduces a fourth rod, result-
ing in an overconstrained mechanism with two parallelograms. The latter model seeks
symmetry, a property that is very beneficial.

Whereas the Delta rigid mechanism, such as that in [20], does not benefit from the
introduction of a fourth rod due to the added difficulty in the process of assembly as the
dimensional tolerances of the components have to be very precise, this is not the case for
the flexible overconstrained model.

Moreover, while the diameter of the rods, the size of the end-effector, and the force
applied to it do not modify the shape of the workspace nor the parasitic angle in the rigid
mechanism, they surely do in the flexible one. All these parameters are taken into account
when analyzing and optimizing the mechanism, as shown in the next section.
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(a) Design 1 (b) Design 2

(c) Design 3 (d) Design 4

Figure 10. Four different design models according to the connection of the rods.

Figure 11. Symmetric overconstrained model.

3. Results

In this section, we describe the results and insights obtained for the different designs,
assessing the behavior of the mechanism. The schedule followed is structured as follows:

• Performance Evaluation of Kinematics Analysis;
• Workspace Analysis of Mechanism Alternatives;
• Symmetric Overconstrained Design.
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3.1. Performance Evaluation of Kinematics Analysis

The FK problem may offer us a different number of solutions for the same mechanism
depending on the values selected for the specified tolerance, the computational time and
the number of discretized points selected in the parameter space of ki and ψi. Bear in mind
that a certain point in the (k, ψ) parameter space (such as that in Figure 5) establishes the
deformed shape of one rod, so the total amount of points results in the combination of the
three rods (k1, ψ1, k2, ψ2, k3, ψ3). In this way, Table 1 shows the total number of points to be
evaluated for each degree of discretization of the grid in space (ki, ψi), denoted as Ngrid.
Having a high degree of discretization means that a dense discretized mesh is established,
formed by a high number of discrete points.

Visualizing the graph represented in Figure 12, it can be observed that the number of
different FK solutions found increases as the value of Ngrid grows and tolerance decreases.
However, the computational cost does also become higher in the same direction, so the
results end up depending on a compromise between time spent and the number of solutions
that are possible to find.

Table 1. Equivalence between Ngrid and total evaluated points (k, ψ).

Ngrid Total Evaluated Points (k, ψ)

1 43 = 64
2 163 = 4096
3 363 = 46,656
4 643 = 262,144
5 1003 = 1,000,000
6 1443 = 2,985,984
7 1963 = 7,529,536

Figure 12. Time–Tolerance–Total Solution number distribution.

For each alternative design model of the mechanism, Table 2 shows the number of
solutions (assembly modes) found, as well as the aforementioned indicators of tolerance,
computational time, and the discretized mesh for the grid (Ngrid). This computation was
performed with a standard computer and using MATLAB R2023a.

Moreover, focusing on Design model 1, a total of 14 solutions to the FK problem are
obtained (Table 2); however, only six of them are stable solutions, those represented in
Figure 13.
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Table 2. Maximum number of solutions found for different designs considering Buckling mode 1 in
every rod.

Design Model Tol Ngrid
Number

of Solutions
Time

Spent (min)

1 0.45 6 14 19.2
2 0.45 6 14 18.7
3 0.5 7 14 68.4
4 0.5 7 15 64.5

(a) AM 1 (b) AM 2

(c) AM 3 (d) AM 4

(e) AM 5 (f) AM 6

Figure 13. Stable assembly modes for Design model 1.
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Looking at the results represented in Figure 13, it is obvious that most solutions do
not constitute feasible options in practice due to the existence of collisions among the rods
and the linear guides. In this case, the first two assembly modes depicted in Figure 13a,b
are the useful solutions. As a consequence of the above results, we focus on obtaining only
the assembly modes that are potentially useful, reducing the time required to compute.

In this sense, Figure 14 shows the distribution of useful solutions with respect to
tolerance, discretized grid, and computational cost. Accordingly, Table 3 shows the results
for the first two design models.

Figure 14. Time–Tolerance–Useful Solution number distribution.

Table 3. Useful solutions found for different designs considering Buckling mode 1 in every rod.

Design Model Tol Ngrid
Number

of Solutions
Time

Spent (min)

1 0.3 5 2 2.4
2 0.2 5 2 1.3

3.2. Workspace Analysis of Mechanism Alternatives

Regarding the workspace corresponding to a certain assembly mode, also known as
aspect, Table 4 shows a numerical comparison of the time spent for the calculation of the
workspaces of the two assembly modes of Design 1 depicted in Figures 13a and 13b, respec-
tively. The two different methods illustrated in Figures 8 and 9 are compared. According
to the results given in Table 4, it is clear that the wave propagation method is much more
computationally efficient than the multiple solution solver.

Table 4. Design 1: Workspace calculation computational cost comparison

Method
Number of Points in

Workspace Grid
Time Spent (min)

Multiple solution solver 31× 31 1872
wave propagation 31× 31 36

Studying the assembly modes for each of the mechanism’s alternative designs, we
obtain the following results:

For Design 1 (shown in Figure 10a), the corresponding workspaces of its first two
assembly modes are depicted in Figure 15, displayed with a colour scale depending on the
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parasitic angle of inclination of the end-effector. As it can be seen, the workspace of the
first assembly mode (Figure 15a) is bigger and has a smaller range of the parasitic angle.
Indeed, the dark green area of the workspace has really low values of the inclination angle,
thus performing a quasi-translational motion in that area. On the contrary, the workspace
of the second assembly mode (Figure 15b) is not only more limited than the previous one,
but also the inclination angle is too high.

(a) AM 1 (b) AM 2

Figure 15. Design 1: Workspace for Assembly modes 1 and 2 (no load is applied).

Considering now the first assembly mode, the load influence on the workspace is
analyzed. If the maximum payload (50 N) is applied in the Y-direction to point P of the end-
effector, the parasitic angle distribution looks like the one in Figure 16. It can be observed
that the workspace subjected to this vertical force is slightly smaller than the previous one
with no load, and also there is a variation in the distribution of the parasitic angle.

Figure 16. Design 1 (AM 1): Workspace with maximum payload at point P .

The limits of the outer workspace for different load cases are shown in Figure 17.
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Figure 17. Design 1 (AM 1): Workspace comparison for different loads.

Repeating the same process for the second design alternative of the mechanism
(Figure 10b), we obtain the potentially useful solutions shown in Figure 18. Compared
to Design 1, it is easy to see that the solutions of the second design do not present any
advantage over the first design, as the workspace is smaller and with a higher inclination
angle of the end-effector.

(a) AM 1 (b) AM 2

Figure 18. Design 2: Workspace of the potentially useful assembly modes.

Similarly, Designs 3 and 4 lead to worse workspace results compared to the first design,
so the results are not included in the paper so as not to lengthen the content unnecessarily.

Dimensional Optimization of Chosen Design

There is the possibility of optimizing Design 1 (in particular its first assembly mode,
the one in Figure 15a) to achieve a more suitable workspace. In this sense, searching for
the optimum main dimensional parameters, such as the width of the parallelogram (a)
and the diameters of the flexible rods (di), yields the results shown in Figure 19. Both the
workspaces for the initial reference design and the optimized one are shown. For each case,
the values of the design parameters and the maximum inclination angle, θEE, are given in
Table 5.
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According to the results, increasing the width of the parallelogram (a) and reducing
the diameter (d3) of the third rod (the outer green rod), the inclination angle becomes much
more stable and closer to zero in the whole workspace.

(a) Reference design 1 (b) Optimized design 1

Figure 19. Design 1: Workspace of the reference and optimized design.

Table 5. Design parameters for reference and Optimized design 1.

Case a (m) d1 (m) d2 (m) d3 (m) Max. θEE (◦)

Reference 0.045 0.004 0.004 0.004 35.97
Optimized 0.1 0.004 0.004 0.002 13.44

Regarding the load influence, again considering the maximum payload of 50 N verti-
cally applied to the end-effector, it can be shown in Figure 20 that the optimized design
performs better than the reference one.

(a) Reference design 1 (b) Optimized design 1

Figure 20. Workspace subjected to maximum payload in reference and Optimized design 1.

3.3. Symmetric Overconstrained Design

So far, the evaluated designs consist of asymmetric designs, maintaining a similarity
to its rigid counterpart, the commercial planar Delta robot from Igus [20]. Next, we analyze
the design previously shown in Figure 11 in which, by introducing a fourth rod, we achieve
a symmetric overconstrained design. Regarding the design parameter values, the width of
the parallelogram, a, is 0.045 m and the diameter of each of the four rods, di, is 0.004 m.

The corresponding workspace of this symmetric design is represented in Figure 21. It
can be observed that the parasitic angle is almost zero throughout the whole workspace
(note that the values of the angle are multiplied by 10−5). This makes it possible for the
mechanism to move quasi-translationally independently of its position.
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Figure 21. Workspace of the symmetric overconstrained design.

In relation to the load influence, if the maximum payload (50 N) is vertically applied
to the end-effector, the workspace takes the shape of Figure 22, having a very small impact
on its shape (see also Figure 23) and even decreasing the value of the parasitic angle.

Figure 22. Symmetric design with maximum payload centered at end-effector.

Therefore, if we compare Optimized design 1 and this last symmetric design, we can
determine that the symmetric design presents a much more stable workspace in the sense
that the parasitic angle is practically null all over it, thus achieving a quasi-translational
motion along the whole workspace.

Regarding the load influence, despite having a minimal impact on the extreme limits
of the workspace (Figure 23), an even better workspace is achieved as the parasitic angle
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is smaller than in the unloaded case. As shown in Figure 22, the values of the inclination
angle are multiplied by 10−6.

Figure 23. Workspace load influence for symmetric overconstrained design.

4. Discussion

This work proposes two different approaches to solve the Forward Kinematics problem
of continuum planar manipulators. One approach is aimed at obtaining one nearby solution
of the FK problem, coming from a certain starting solution and making use of a direct
Runge–Kutta integration along the length of each rod. The second method covers the full
problem in the sense that all possible solutions, assembly modes, are obtained by means of
a numeric search in the (ki, ψi) parameter space looking for all the possible combinations of
those sets.

By using any of these methods, the workspace can be obtained. In the case of using
the multiple solutions solver, all possible workspaces are obtained, that is, each of the
so-called aspects corresponding to a given assembly mode. Obviously, the associated
computational cost is very high. Therefore, there is a very advantageous alternative that
consists in combining the two methods in the following way: once the FK problem is fully
solved and we already have all the possible assembly modes, we can focus on one specific
assembly mode of interest and then apply the wave propagation strategy to obtain the
workspace of that assembly mode. As demonstrated in this work, this latter alternative
considerably reduces the computational cost.

As a case study, the planar continuum Keops–Delta manipulator is analyzed with the
purpose of achieving a design capable of maintaining the end-effector as much horizontal
as possible along its motion throughout the workspace. By comparing various designs, it is
demonstrated that the symmetric overconstrained design is the one that presents an optimal
workspace in which quasi-translational motion is achieved over the entire area it covers.
Furthermore, analyzing how this symmetric design works in the case of applying a vertical
load on the end-effector, assuming load values similar to those supported by commercially
available Delta robots in pick and place applications, it is verified that the parasitic angle
remains practically null, even decreasing its value with respect to the unloaded case.

Future lines of work will approach the dynamic analysis of this type of flexible
manipulators. It is also interesting to contrast the real motion that is actually generated in
the end-effector with a prototype.
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Abstract

In the field of mechanical engineering, understanding mechanisms is essential for de-
signing and developing devices and systems. Mechanisms, composed of interconnected
elements, transform the energy applied to the input link into motion or force in the output
link. Mechanisms are found in a wide variety of machines, from industrial machines to
household machines. In this paper, a mechanism synthesis method is developed that
can model four-bar linkages and build their cognate mechanisms to be able to select the
mechanism that best suits the required work. Studying four-bar mechanisms offers a
strong foundation for grasping more complex mechanical systems. The concepts and prin-
ciples learned from four-bar mechanisms are widely applicable to advanced mechanical
systems, making them a crucial starting point in mechanical engineering education and
research. The mechanism synthesis method proposed in this article is organized into three
main sections. The first section provides a comprehensive overview of the theoretical and
mathematical foundations required for modeling mechanisms, laying the groundwork for
understanding the subsequent calculations. The second section delves into the process
of obtaining and analyzing the initial mechanism and constructing cognate mechanisms,
detailing the procedures and algorithms used for modeling and calculating the coupling
curve. Finally, the third section discusses the practical implementation of the method,
including the graphical representation of mechanisms and a comparative analysis of the
solutions obtained, assessing dimensional differences, design and manufacturing efficiency,
and their suitability for various practical applications. The proposed four-bar mechanism
synthesis method serves as a valuable tool for mechanism design, offering versatile and
adaptable solutions that can optimize both technical performance and economic viability
across a wide range of engineering applications.

Keywords: dimensional synthesis; four-bar linkage; cognate mechanism; path and motion
generation; optimization methods
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1. Introduction

1.1. General Background and Main Significance of the Present Research Work

The theory of machines and mechanisms constitutes a fundamental pillar of mechani-
cal engineering. It is dedicated to the comprehension of the mechanisms underlying the
transformation of energy into controlled motion or force within mechanical systems. This
field of study examines the interplay between geometry, movement, applied forces, and the
resulting energy changes within a system. The significance of this field lies in its capacity
to facilitate the design and optimization of devices and machines across a spectrum of
applications, encompassing industrial systems and everyday household appliances. The
field is divided into two main approaches: kinematic analysis, which focuses on the study
of mechanism motion independent of forces, and mechanism synthesis, which emphasizes
the design and creation of new systems tailored to specific functions [1].

The synthesis of mechanical systems plays a pivotal role in the advancement of technol-
ogy, particularly in meeting the functional and operational specifications that are essential
for the development of advanced machinery. By calculating the dimensions and config-
urations required to achieve the desired motion or force transformations, this approach
ensures the effective and efficient operation of machines. Depending on the intended
functionality, synthesis methods are classified into three main types: path generation, in
which mechanisms are designed so that a specific point follows a desired trajectory; func-
tion generation, in which a mechanism’s transmission ratio is controlled; and rigid-body
guidance, in which a particular element is constrained to follow a defined path [2]. These
classifications illustrate the versatility and scope of synthesis methods in addressing a
diverse range of engineering challenges. Among the numerous mechanical systems that
have been the subject of study, four-bar linkages are distinguished as a foundational class
of mechanisms due to their simplicity, versatility, and pervasive utilization. These mecha-
nisms provide an essential foundation for understanding more complex systems, as many
principles and concepts initially developed for four-bar linkages can be readily applied to
advanced designs [3].

Their applications are diverse, encompassing fields such as robotics, automotive
engineering, and manufacturing, and they are therefore indispensable in both academic
and industrial contexts. The significance of four-bar mechanisms lies in their adaptability
and utility across a wide spectrum of applications, which renders them more versatile
than other mechanisms. As an illustration, in the automotive industry, four-bar linkages
represent a crucial component of suspension systems, where they facilitate smooth vehicle
handling and ride quality by effectively managing wheel motion. In the field of robotics,
these mechanisms are often utilized in manipulator arms to achieve precise movement
and trajectory control, which is a prerequisite for tasks such as assembly and material
handling. In the context of manufacturing machinery, four-bar linkages facilitate the
transfer of complex motion, as exemplified by their use in presses and cutting tools, where
they provide dependable and consistent operation. Beyond industrial applications, these
mechanisms are also employed in everyday devices, including windshield wipers, which
depend on their ability to convert rotary input into linear sweeping motion. Their extensive
utility can be attributed to their capacity to deliver tailored motion profiles and force
transmission within compact and efficient designs, establishing them as a foundational
mechanism in mechanical engineering.

The study of four-bar mechanisms is therefore not only essential for engineering edu-
cation but also serves as a foundation for the resolution of real-world mechanical design
problems. Despite notable advancements, the synthesis of mechanisms continues to present
a challenge when attempting to achieve an optimal balance between functional perfor-
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mance, economic viability, and manufacturing feasibility. Conventional methodologies
frequently yield mechanisms that satisfy the theoretical specifications but are unfeasible for
production due to economic constraints, complexity, or material limitations. This gap high-
lights the necessity for the development of novel synthesis techniques that can surmount
these limitations. This research addresses this need by focusing on the systematic design of
four-bar linkages and their cognate mechanisms.

1.2. Formulation of the Specific Problem of Interest for This Investigation

The challenge in mechanism design is to reconcile the theoretical precision of synthesis
methods with the practical constraints of engineering applications. Although existing
techniques permit the design of mechanisms that are optimized for specific trajectories,
transmission ratios, or motion profiles, the solutions they produce are not always economi-
cally viable or manufacturable. This discrepancy is particularly apparent in applications
where precision and efficiency are of paramount importance, yet resources are constrained.
For example, the attainment of a desired motion trajectory may necessitate the use of
components that are prohibitively expensive or challenging to manufacture [4–6].

One promising avenue for addressing this issue is through the use of cognate mech-
anisms. Such designs represent an alternative means of achieving the desired functional
output, differing from the original in terms of their geometric and dimensional charac-
teristics. Cognate mechanisms offer the advantage of providing additional options for
evaluation in terms of cost, manufacturability, and operational constraints [7]. Nevertheless,
the construction of cognate mechanisms presents a number of challenges. The current
methods for generating these alternatives are limited in scope, relying on predefined mathe-
matical frameworks that lack the flexibility and adaptability required to address the diverse
engineering scenarios that may arise [8,9]. Therefore, there is a need to develop an intuitive
and original method for the creation of cognate mechanisms. In this context, this research
addresses the specific problem of developing a systematic, intuitive, and adaptable method
for constructing cognate mechanisms for four-bar linkages. The objective of the proposed
method is to address the shortcomings of existing approaches by providing a framework
that integrates functional requirements with economic and manufacturing considerations.
This investigation aims to bridge the gap between theoretical mechanism design and practi-
cal engineering needs, thereby providing a robust tool for engineers tasked with designing
optimized mechanical systems.

1.3. Literature Review

The design and analysis of mechanisms have undergone considerable advancement
through the application of diverse methodologies, each of which has sought to enhance
precision, adaptability, or computational efficiency. The synthesis of four-bar mechanisms
and their extensions, such as six-bar and multi-loop systems, has been a central focus of
numerous studies, given their relevance to a diverse range of engineering applications. A
significant contribution to the field of path generation was made by Wampler et al. [10],
who addressed the long-standing problem of determining all four-bar linkages whose
coupler curve passes through nine prescribed points. By employing a combination of clas-
sical elimination, multihomogeneous variables, and numerical polynomial continuation,
they demonstrated the existence of 1442 non-degenerate solutions, accompanied by their
Roberts cognates, which yielded a total of 4326 distinct solutions. The development of a
computer algorithm for computing all possible solutions for any given nine points repre-
sented a significant breakthrough in this field. This computational approach constituted a
foundation for subsequent research and applications.
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The work by Roth and Freudenstein further extended the use of algebraic methods
in kinematic synthesis, emphasizing the necessity for iterative numerical procedures in
solving non-linear algebraic equations [11]. The algorithms were particularly efficacious for
nine-point path synthesis problems in geared five-bar motion, where four-bar mechanisms
could be regarded as a special case. This study demonstrated the utility of numerical
methods in expanding the domain of mechanism design while guaranteeing convergence
without the necessity of exact initial approximations. In a related vein, Kramer and Sandor
introduced the Selective Precision Synthesis (SPS) method, which provides a general
framework for the optimal design of planar mechanisms [12]. This approach, which is
applicable to the generation of paths, motions, and functions, permitted the specification
of different accuracy limits at discrete positions. By integrating non-linear programming
and dyadic construction, the SPS method exhibited stability and adaptability that were
previously uncommon in traditional Burmester theory or other synthesis techniques. The
versatility of the method is evidenced by its capacity to accommodate four-bar, five-bar,
multi-loop, and adjustable mechanisms, particularly in the context of interactive computer-
aided design environments. In addition to four-bar linkages, six-bar mechanisms have been
the subject of considerable research interest due to their enhanced functional capabilities
and motion diversity. Plecnik and McCarthy addressed the kinematic synthesis equations
for Stephenson III six-bar mechanisms, attaining solutions capable of accommodating up
to 11 accuracy points [13]. The use of a numerically general multihomogeneous homotopy
facilitated the discovery of thousands of linkage solutions, which were subsequently sorted
and analyzed for practical applications such as dynamic wrist splints for stroke survivors.
Similarly, Baskar and Plecnik investigated six-bar timed curve generators of the Stephenson
type, employing random monodromy loops to compute comprehensive solution sets [14].
This research demonstrated the potential of six-bar mechanisms for modifying force and
velocity transmission in specific applications.

The properties and applications of mechanism cognates have also been subjected to
extensive investigation. Simionescu and Smith presented a novel proof of the existence of
three function cognates for Stephenson II mechanisms and two for Stephenson III mecha-
nisms, along with a new class of overconstrained mechanisms [15]. Their investigation of
four-bar and six-bar planar mechanisms revealed pivotal functional characteristics, includ-
ing the diagonal-type function cognates of four-bar couplers. This study served to reinforce
the theoretical and practical relevance of cognates in extending the design possibilities
for both simple and complex mechanisms. Han and Liu put forth the Solution Region
Synthesis Methodology (SRSM) for path synthesis in planar four-bar mechanisms, with
an emphasis on eight-precision-point path generation [16]. Their approach represented
an infinite number of solutions within a plane, thereby enabling the elimination of de-
fective solutions and the classification of feasible linkages. This methodology provided
an innovative approach to visualizing and optimizing design spaces, particularly when
additional constraints or design requirements were imposed. Further studies have explored
the integration of diverse linkage types. Mehdigholi and Akbarnejad examined the optimal
synthesis of four-bar linkages and their combination with cognates to form Watt’s six-bar
mechanisms [17]. The aforementioned mechanisms exhibited utility in applications such as
legged machinery, where the ability to achieve both straight and parallel motion was crucial
for maintaining stability and enhancing efficiency. Meanwhile, Starns and Flugrad [18]
illustrated the synthesis of geared five-bar path generators using continuation methods,
emphasizing the flexibility provided by variable gear ratios. Their approach permitted
designers to investigate a multitude of configurations, thereby enhancing the versatility of
geared mechanisms.
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The collective evidence presented in these studies illustrates the extensive scope and
complexity of research in mechanism synthesis, encompassing a range of methodolo-
gies from foundational algebraic approaches to advanced numerical and computational
techniques. While four-bar mechanisms remain a fundamental aspect of this field, the
investigation of six-bar, multi-loop, and overconstrained mechanisms illustrates the contin-
ued evolution of kinematic design methodologies. These developments not only enhance
the theoretical comprehension of mechanisms but also furnish practical instruments and
insights for confronting intricate engineering quandaries.

1.4. Scope and Contributions of This Investigation

The objective of this investigation is to develop and apply a novel synthesis method
for four-bar linkages. By focusing on this specific class of mechanisms, the research
aims to address fundamental challenges in mechanical design while offering engineers
practical tools for use in their work. The study is structured into three phases: the first
is the establishment of the theoretical foundations, the second is the development of the
synthesis method, and the third is the evaluation of its practical implementation. Each
phase contributes to a comprehensive understanding of the proposed approach and its
potential applications.

The theoretical foundations of this study establish the groundwork for modeling
and analyzing four-bar linkages, providing the mathematical and geometric principles
necessary for mechanism synthesis. Subsequently, these principles are employed to de-
velop a systematic methodology for the generation of cognate mechanisms, encompassing
algorithms for the derivation of coupler curves and the evaluation of design alternatives.
Finally, the practical implementation of the method is explored. This includes graphical
visualization and dimensional comparisons. This investigation makes several contributions
to the existing literature. First, it provides a framework for visualizing and comparing alter-
native mechanisms. This enhances decision-making in the design process, and it addresses
a critical gap in the literature. The investigation also presents an intuitive and adaptable
approach to constructing cognate mechanisms. This advances the state of knowledge in
mechanical engineering research.

2. Materials and Methods

The mechanism synthesis method proposed in this article is structured in three essen-
tial parts. First, a detailed description of the theoretical and mathematical foundations on
which the method is based is presented, including the equations and expressions necessary
for modeling the mechanisms. This part provides the necessary theoretical background
and lays the foundation for understanding the subsequent calculations. The second part
describes the process of obtaining and analyzing the initial mechanism and the construction
of cognate mechanisms. The procedures and algorithms used for modeling the initial mech-
anism and the calculations for obtaining the coupling curve are detailed here. Finally, the
practical implementation of the method is addressed, where the graphical representation
of the mechanisms and a comparative study of the solutions obtained are shown. This
comparison includes the evaluation of dimensional differences, efficiency in terms of design
and manufacturing, and the suitability for different practical applications.

2.1. Theoretical Background

A mechanism is formed by a set of solids joined together with the objective of per-
forming a specific movement. The movement can be either rotational or translational, as
shown in Figure 1.
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Figure 1. Examples of rotational motion (1) and translational motion (2).

Mechanisms can take on a variety of configurations and be composed of a wide variety
of parts, but the function remains the same: to trace a specific path at a given point in the
mechanism by means of the movement of the input link. To simplify these systems, the
components of the mechanism are represented symbolically, thus creating a diagram that
facilitates a visual understanding of the mechanism.

Mechanisms are composed of three main types of components, as shown in Figure 2:

(1) Links: These are the solid parts of the mechanism that connect to each other to transmit
movement. Depending on the number of nodes (connection points between links) the
links are classified as binary, ternary, or quaternary.

(2) Joints or rotation pairs: These are the points of connection between two or more links
where some movement is allowed between the interconnected links. Reuleaux coined
the term lower pair to describe joints with lower contact and the term upper pair to
describe joints with point or line contact [19–22].

(3) Supports: These are the fixed points of the mechanism that provide stability and
support to the mechanism.

Figure 2. Four-bar planar mechanism.

The types of mechanisms studied in this article are four-bar mechanisms; this means
that the mechanism consists of four interconnected solid elements, forming a closed loop
whose paths of travel at any point will be contained in the same plane. The mechanisms
will consist of two supports and three interconnected links, where one link will be ternary
(containing three nodes), known as the coupling triangle, and a fixed link located between
the supports. The main function of this type of mechanism is that, when the input link
rotates, the coupling point of the ternary link follows the specific desired path, called the
coupling path; see Figure 2.
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2.1.1. Determination of Degrees of Freedom

A characteristic that determines whether the mechanism being studied can move,
or is instead a static structure, is the degrees of freedom (DOF) of the mechanism. This
characteristic determines the number of independent coordinates necessary to define its
position or, in other words, indicates the number of directions in which a mechanism
can move.

To determine the DOF of a mechanism, the number of links and joints and the interac-
tion between them must be considered. To do this, the Grübler criterion is applied, which
states that the degree of freedom of a kinematic chain depends on the number of its links
and rotation pairs [23]; see Equation (1).

DOF = 3·(N − 1)− 2· f1 − f2 (1)

In Equation (1), N is the number of links, f 1 is the pairs of one degree of freedom and
f 2 is the pairs of two degrees of freedom. In the case where DOF > 1, the system will be
considered as a mechanism, whereas if DOF = 0, the system will be considered as a fixed
structure.

In the case of the four-bar mechanisms studied in this paper, they have one degree
of freedom. This means that the mechanism can only move on a fixed axis or move in a
specific linear direction.

2.1.2. Grashof Method

Four-bar mechanisms are differentiated from each other based on their kinematic
characteristics. Therefore, these mechanisms are divided into two classes:

(1) Class I: They are defined as crank mechanisms where at least one of its links performs
a complete rotation.

(2) Class II: They are defined as rocker mechanisms where none of the elements of the
quadrilateral performs a complete rotation.

To classify four-bar mechanisms into one of these two classes, the engineer and
professor of applied mechanics Franz Grashof developed a theorem known as “Grashof’s
Theorem” where, depending on the lengths of the links of the mechanism, one of these
two classes could be assigned to the mechanism [24–26].

Grashof’s theorem consists of measuring the lengths of the links of the mechanism
and observing whether the following condition is met, Equation (2).

a + d ≤ b + c (2)

In Equation (2), a is the length of the shortest link. d is the length of the longest link. b
and c are the lengths of the other two links; see Figure 3.
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Figure 3. Parameters of a four-bar mechanism.

Thus, if the mechanism is found to be Grashof compliant, at least one of the links will
be able to make a complete rotation with respect to the fixed link. This type of kinematic
chain belongs to class I. If, on the other hand, the mechanism does not comply with Grashof,
then no link will be able to make a complete rotation. This type of kinematic chain is said
to be class II.

2.1.3. Mechanism Modeling by Natural Coordinates

Natural coordinates are those variables that completely describe the configuration and
position of a mechanism and are related by geometric considerations. These relationships
are expressed by constraint equations. The number of constraint equations is determined by
the DOF and the dependent coordinates of the mechanism, which is obtained by applying
Equation (3) [27–31].

m = n − F (3)

In Equation (3), m indicates the number of constraint equations, n indicates the number
of dependent coordinates, and F indicates the degrees of freedom of the mechanism.

As indicated in the previous section, the four-bar mechanism to be modeled consists of
one degree of freedom defined by the angular coordinate ϕ and six dependent coordinates
that refer to the position of the kinematic pairs of the mechanism. Applying Equation (3),
it is obtained that six constraint equations are necessary to define the position of the
mechanism; see Figure 3.

The constraint equations defining the mechanism are obtained by applying the vector
loop theorem by adding the input link length and angle. The constraint equations for a
four-bar coupler triangle mechanism, as shown in Figure 3, are Equation (4).

(Cx − Ax)− acos(ϕ) = 0(
Cy − Ay

)− asin(ϕ) = 0

(Dx − Cx)
2 +

(
Dy − Cy

)2 − b2 = 0

(Dx − Bx)
2 +

(
Dy − By

)2 − c2 = 0

(Px − Cx)
2 +

(
Py − Cy

)2 − d2 = 0

(Px − Dx)
2 +

(
Py − Dy

)2 − e2 = 0

(4)

In Equation (4), A and B indicate the fixed supports of the mechanism, and a, b, c, d,
and e indicate the lengths of the bars. These nine independent parameters, represented in
Figure 3, are not easy to determine since in most cases, non-linear equations must be solved.
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2.1.4. Methods for Constructing Cognate Mechanisms

The term “Cognate” was used to describe a mechanism, of different geometry, that
generates the same coupler trajectory [32,33]. Sometimes, a good solution to a mechanism
synthesis problem that satisfies the realization of the desired path presents dimensional
problems such as inappropriate support positions or excessive mechanism size. To solve
these cases, the use of a cognate of the mechanism can be useful.

Samuel Roberts and Chebyshev [34] proposed a theorem based on graphical meth-
ods for the construction of cognate mechanisms which is currently known as the
“Roberts–Chebyshev theorem”. This theorem states that three planar quadrilateral mecha-
nisms share the same coupling point P; therefore, they will share the same path motion on
their coupling curves, Figure 4. The Roberts–Chebyshev theorem is based on the use of
diagrams and geometric representations to construct and visualize cognate mechanisms
and is known for its simplicity and direct application through drawings. This method has
the disadvantage of being a laborious method and requires the user to have good skills in
interpreting and applying the necessary graphical techniques.

Figure 4. Example of original mechanism and its cognates.

Another useful method for constructing cognate mechanisms is the method proposed
by Samantha Sherman et al. [8,9], which is based on the Roberts–Chebyshev theorem but
contains a more analytical and mathematical approach. The core of this method lies in
permuting the rotations of the links of the initial mechanism. This involves exchanging the
positions and connections of the rotations to create a new mechanism that preserves the
characteristics of the original mechanism. This method is only applicable to one-degree-of-
freedom mechanisms that satisfy Grashof’s principle. As discussed above, this method uses
a more analytical and mathematical approach, using kinematic equations and permutations
of rotations to identify cognates. This leads to a greater understanding of advanced
mathematics and kinematics. It also offers greater flexibility and can be applied to a wider
variety of mechanisms, including those with a larger number of bars. The method proposed
by Samantha can be useful in environments where accuracy and mathematical validation
are crucial, but it may be the case that the exchange of rotations does not correspond to a
cognate mechanism, creating an inconsistency in the resulting linear equations resulting
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in laborious work consuming a significant amount of time. This method also relies on
graphical interpretation and the need for simulation to verify the results.

The method of constructing cognate mechanisms that this paper proposed aims to
be more accessible, without the need to apply complex mathematical concepts, as well as
being easier to implement in an application, such as MATLAB (latest v. R2024b), making it
useful for practical applications.

2.2. Proposed Method of Constructing Cognate Mechanisms

To develop the construction method, the initial data must first be known. As shown in
Figure 5, the data required for modeling the original mechanism are dimensional parame-
ters, such as the position of the two supports and the lengths of the links that define the
original mechanism, and the cognate mechanisms will be obtained.

Figure 5. Method development.

With the dimensional parameters of the mechanism entered, the proposed method
will perform the following tasks by means of MATLAB:

(1) Modeling of the four-bar mechanism, classification of this according to whether it
complies with Grashof or not, and plotting of the trajectory of the coupling point.

(2) Construction of the cognate mechanism 1, classification based on the Grashof condi-
tion, and plotting of the trajectory of the coupling point.

(3) Construction of the cognate mechanism 2, classification based on the Grashof condi-
tion, and plotting of the trajectory of the coupling point.

The flow chart in Figure 6 shows the processes followed by the proposed method to
be able to size the original mechanism and build its cognate mechanisms. The purpose
of this method is to be able to graphically represent the mechanisms together with the
layout of the coupling curves that they perform. To do this, the synthesis method follows a
sequential execution in which the initial mechanism is previously sized, and the trajectory
is calculated, then the cognate mechanism 1 is built by relating its parameters to the original
mechanism, and, finally, cognate mechanism 2 is built by relating its parameters to the
previous mechanisms.
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Figure 6. Flow chart of the proposed mechanism synthesis method.

The method, once implemented in MATLAB, will provide a graphical representation
in Cartesian coordinates of each mechanism. This will include the curve traced by each
mechanism at the coupling point, as well as a joint graphical representation of the mech-
anisms. This visualization will allow the dimensional differences between the different
mechanisms to be evaluated and compared.

2.2.1. Dimensioning of the Original Mechanism

The method starts by introducing the dimensional parameters of a quadrilateral
articulated mechanism as shown in Figure 7. The parameters to be introduced are the
following:

(1) The separation distance “l” between the supports A and B, expressed in units of length.
(2) The lengths of the links a, b, c, d, and e, expressed in units of length.
(3) The coefficients “t1” and “t2”, whose values are 1 or −1 and indicate the configuration

of the mechanism, as shown in Figure 8.
(4) The input angle θ2 expressed in degrees to be able to represent the mechanism in a

fixed position.
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Figure 7. Original mechanism parameters.

Figure 8. Mechanism configurations.

Once the lengths of the links have been entered, it is checked whether the mechanism
complies with Grashof using Equation (2). Thus, the mechanism will be classified as a
mechanism where the input link performs the complete rotation if it complies with Grashof;
if it does not comply with Grashof, it will be classified as a mechanism where the input link
rotation is limited. Knowing this is necessary because mechanisms that do not perform the
complete rotation will have values of angles that they will not be able to reach.

To solve this problem, a geometric constraint, Equation (5), is added that decides
whether the mechanism can be modeled. This constraint means that if the distance from
point D to point B, defined as s (Figure 7) is greater than the sum of the lengths of links b and
c, the mechanism cannot be modeled. Thus, if an angle is introduced that the mechanism is
not able to reach geometrically, that mechanism will not be represented.

s ≤ (b + c) (5)
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To model the mechanism, it is necessary to calculate the natural coordinates of the
points of connection between links that define the position of the mechanism for the given
input angle. These coordinates are obtained by developing the restriction equations that
define the four-bar mechanisms.

To facilitate the calculations, it is decided that the fixed support A will be located at
the origin of the coordinates and the fixed support B will be located on the same horizontal
line as the support A, separated by the distance “l” that will be introduced as an input
parameter (Figure 7). Knowing the length of link a, the coordinates of point D can be
obtained with the Equation (6).

D =

[
Ax + a cos(θ2)

Ay + a sin(θ2)

]
(6)

To obtain the coordinates of point E (Figure 7) a line “s” corresponding to the segment
DB is previously drawn, the length of which is obtained by calculating its module; see
Equation (7).

s = ‖B − C‖ =

√
(Bx − Dx)

2 +
(

By − Dy
)2 (7)

From point E, a line is drawn that cuts “s” perpendicularly, whose intersection point
is defined as F and divides the segment “s” into r1 and l1. In this way, there are two right
triangles, ˆDEF and ˆFEB , in which, applying Pythagoras and knowing that s = l1 + r1, the
Equations (8) and (9) are obtained.

l1 =
b2 + s2 − c2

2s
(8)

h1 = t1

√
b2 − l2

1 (9)

In this way, the coordinates of point F are obtained from Equation (10), where they are
defined by the position of point C and the relation of the vector BD.

F = D +
l1
s
(B − D) (10)

Point E will be defined by Equation (11), where FD is obtained from Equation (12).

E = F + FD (11)

FD =
h1

s
(B − D) (12)

Therefore, Equation (13) defines the coordinates of point E.

E = D +
l1
s
(B − D) +

h1

s
(B − D) (13)

In the same way, Equations (14)–(16) that define point P are deduced.

l2 =
d2 + b2 − e2

2b
(14)

h2 = t2

√
d2 − l2

2 (15)
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P = C +
l2
b
(E − D) +

h2

b
(E − D) (16)

With the obtained expressions, the natural coordinate vector that defines the position
of the four-bar mechanism is constructed; see Equation (17).

q =

⎡
⎢⎣D

E
P

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

Dx

Dy

Ex

Ey

Px

Py

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ax + a cos(θ2)

Ay + a sin(θ2)

Dx +
l1
s (Bx − Dx) +

h1
s
(

By − Dy
)

Dy +
l1
s
(

By − Dy
)
+ h1

s (Bx − Dx)

Dx +
l2
b (E − Dx) +

h2
b
(

Dy − Ey
)

Dy +
l2
b
(
Ey − Dy

)
+ h2

b (Dx − Ex)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(17)

As explained at the beginning of the section, if these restriction equations are calculated
for an angle that the mechanism is not able to reach, these equations will have no solution.

2.2.2. Generation of the Trajectory of Mechanisms

To calculate the trajectory, an iteration is performed on the obtained expressions where
the value of the introduced angle is increased and, in turn, the value of the coordinates of
point P is represented. In the case of mechanisms that do not comply with Grashof and do
not perform a complete rotation, the representation will be limited to the angle values that
the mechanism can reproduce.

In the case of the original mechanism, it is decided to represent the trajectory by
calculating the parametric Equations (18) and (19) that define the natural coordinates of
point P for an introduced input angle θ2 (see Figure 9).

Figure 9. Path of a mechanism.

x = a·cosθ2 + d·cos(φ + δ − θ2) (18)

y = a·sinθ2 + d·sen(φ + δ − θ2) (19)

These coordinates are obtained by previously calculating the angles that define the
position of the points of the mechanism. These angles, shown in Figure 10, are calculated
with the Equations (20)–(22).
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Figure 10. Original mechanism solution.

δ = asin
(

a·sen(θ2)

s

)
(20)

φ = t1·acos
(

s2 + b2 − c2

2·s·b
)

(21)

θ = φ − δ (22)

As with the modeling of the mechanism, to obtain the trajectory of point P, it is
necessary to indicate which of the two configurations of point D the mechanism will have;
to do this, the value 1 or −1 is introduced into the input for the parameter t1 (Figure 8).

2.2.3. Construction of Cognate Mechanisms

To build the cognate mechanisms of the original mechanism, it is first necessary to
obtain the point where cognate 1 and cognate 2 will be supported. This point is called
support C, as shown in Figure 4, and its function is to serve as a second fixed support for
the cognate mechanisms.

As a characteristic of this support C (Figure 4), the triangle formed by the points
ˆACB is similar to the coupling triangle formed by the points ˆDPE. Having the length

between the supports A and B, and the lengths of the links d, c, and e, Equation (23) of
similarity between triangles can be applied to obtain the length from the support A to the
support C, which will be called mAC.

mAC =
d
b
·l (23)

Once the length of the segment mAC has been obtained, it is necessary to determinate
the angle formed by the lines AB and AC that coincides with the angle formed by the
links d and b. This angle is called θ3 and is obtained by applying the cosine theorem; see
Equation (24) and Figure 7.

θ3 = acos
(

d2 + b2 − e2

2·d·b
)

(24)
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With the length mAC and the angle θ3, the coordinates of point C are obtained.

C =

[
Ax + AC cos(θ3)

Ay + AC sin(θ3)

]
(25)

To facilitate understanding, the original mechanism will be the mechanism shown
in Figure 7, for which all its dimensional parameters will be known. The objective will
be to obtain the dimensional parameters of cognate mechanism 1 and the dimensional
parameters of cognate mechanism 2. Once these parameters are obtained, it will be easy to
represent them graphically by means of MATLAB software.

Cognate one is constructed from the relationship between it and the original mech-
anism. As explained in Chebyshev’s method [34], the segment DP of length d coincides
with the segment AD1 of length a1, that is, d = a1. Therefore, the coordinates of point D1

can be calculated with the Equation (26); see Figure 4.

D1 =

[
Ax + d· cos(θ3 + θ)

Ay + d· sin(θ3 + θ)

]
(26)

Since segment a1 coincides with segment d, the coupling point P1 is obtained from
Equation (27).

P1 =

[
D1x + a· cos(θ2)

D1y + a· sin(θ2)

]
(27)

The segment b1 of the coupling triangle ˆD1P1E1 is obtained from the similarity relation
of this with the coupling triangle ˆDPE; see Equation (28).

b1 =
d
b
·d1 (28)

Another relationship between the original mechanism and cognate one is that the
lengths d1 = a; thus, Equation (28) can be replaced by Equation (29).

b1 =
d
b
·a (29)

The length of segment e1 is obtained by applying the cosine theorem to the coupling
triangle of cognate one; see Equation (30).

e1 =
√

d2
1 + b2

1 − (2·d1·b1·cos(θ2 + θ3)) (30)

The coordinates of point E1 are obtained based on the angles that define the position
of the mechanism. The link D1P forms the same angle, θ2, as the link formed by points AD,
so the link D1P will form an angle (θ2 + θ3); see Equation (31).

E1 =

[
D1x + b1· cos(θ3 + θ2)

D1y + b1· sin(θ3 + θ2)

]
(31)

Finally, the length c1 is obtained from the module formed by the segment E1C; see
Equation (32).

c1 =
√
(E1x − C1x)

2 +
(
E1y − C1y

)2 (32)
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Once the lengths of the links of cognate mechanism one have been obtained, the
Grashof condition is applied to classify the mechanism; see Equation (33).

a1 + mAC ≤ b1 + c1 (33)

In Equation (33), mAC is the modulus of the vector AC.
As with the original mechanism, if the mechanism does not comply with Grashof, the

rotation of the input angle will be limited, so a restriction is imposed to be able to represent
the mechanism with the angles it can reach; see Equation (34).

s1 ≤ (b1 + c1) (34)

If the geometric condition expressed in Equation (34) is not met, cognate mechanism
one will not be represented since the separation distance D1C exceeds the sum of the
lengths of the links b1 and c1.

The construction of cognate mechanism two is done through the relations that
it shares with the original mechanism and cognate mechanism one. Following the
Roberts–Chebyshev theorem [34] and the parameters in Figure 5, Equations (35)–(38),
which define the relations between the lengths of the links of these mechanisms are ob-
tained. Treating the links as vectors, it can be said that the vector CD2 coincides with the
vector E1P but transferred to point C and the vector D2P2 coincides with the vector E1C but
transferred to point D2.

a2 = e1 (35)

e2 = c (36)

c2 = e (37)

d2 = c1 (38)

Since the coupling triangle of cognate mechanism two is similar to the coupling triangle
of the original mechanism, their parameters can be related to apply triangle similarity. Thus,
the link length b2 is obtained; see Equation (39).

b2 =
e
b
·e2 (39)

To obtain the coordinates of point E2, the vector EP is transferred to support B,
resulting in Equations (40) and (41).

EP =
[
(Px − Ex)

(
Py − Ey

)]
(40)

E2 = [(Bx − EPx)
(

By − EPy
)
] (41)

The coordinates of point D2 are obtained by transferring the segment E1P to point C;
see Equations (42) and (43).

CD2 = P − E1 (42)

D2 = C + CD2 (43)
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To obtain the coordinates of point P2, the vector E1C is transferred to point D2; see
Equation (44).

P2 = D2 + E1C (44)

Once the lengths of the links of cognate mechanism two have been calculated, we pro-
ceed to check whether the mechanism meets the Grashof condition, shown in Equation (45),
to classify the mechanism according to whether the input link a2 has full rotation or has
limited rotation.

a2 + mBC ≤ b2 + c2 (45)

To obtain the trajectory of point P2, iterations are performed with the expressions
obtained by recalculating and representing point P2 for each value of the input angle. As
the mechanism is related to the original mechanism, the trajectory will be represented for
each increment of angle θ2. In the case that the mechanism does not comply with Grashof
and a2 cannot perform a complete rotation, the geometric restriction in Equation (46) must
be checked. Thus, if for a given angle, the restriction is not fulfilled, the mechanism will
not be represented.

s2 ≤ (b2 + c2) (46)

As with the condition in Equation (34) for cognate one, if the module D2B exceeds the
sum of the lengths b2 and c2, the mechanism will not be able to reach that position and will
therefore not be represented. The trajectory will only be traced with the angles that the
mechanism can reach.

It is important to note that both cognate mechanism one and cognate mechanism two
are built based on the relationships they share with the original mechanism. This means
that if the input angle of the original mechanism is modified, the position of the original
mechanism and the cognate mechanisms will be modified. However, not all angles valid
for modeling the original mechanism will necessarily be valid for building the cognate
mechanisms, since each mechanism has its geometric requirements, even if they trace the
same path. In addition, if a length parameter of the original mechanism is modified, it will
directly affect the design of the cognate mechanisms.

3. Results

In this section, we will show an example of how the developed method works as pro-
grammed in MATLAB. To do this, the mechanism that appears as the original mechanism
in Figure 4 will be modeled. In this case, the mechanism is oriented with the supports
positioned on the same horizontal line. In the case that the supports have an angle of
inclination, the mechanism will be interpreted and represented with the supports on the
same horizontal line, since the angle of inclination does not influence the results.

The input parameters introduced are shown in Table 1 for the original mechanism
column. For the representation of the original mechanism, the input angle is θ2 = 30◦.

First, the mechanism is classified according to the Grashof condition. By observing
the lengths of the links and applying Equation (2), it is determined that the mechanism
does not satisfy Grashof. This means that the input link “a” will not perform a complete
rotation and must pass through the geometric restriction; refer to Equation (5). In this way,
it is determined whether the mechanism can be represented based on whether it satisfies
the condition for the given angle.
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Table 1. Values of dimensional parameters in units of length.

Dimensional Parameters

Parameter Original Mechanism Cognate 1 Cognate 2

A (x, y) (0, 0) (0, 0) -
B (x, y) (l,0) - (l, 0)
C (x, y) - (−0.05, 2.31) (−0.05, 2.31)
l (cm) 3.10 - -
a (cm) 1.13 0.92 1.43
b (cm) 1.23 1.13 1.04
c (cm) 1.04 0.78 1.56
d (cm) 0.92 0.84 0.78
e (cm) 1.56 1.43 1.32

The trajectory of the mechanism will be represented by calculating Equations (18) and
(19). The mechanism does not perform a complete rotation. It only traces the curve for the
values of the input angle that the original mechanism can reach.

Figure 10 shows the original mechanism with the calculated points, and the trajectory
curve of the coupling point P is drawn in green. The black-filled points mark the supports A
and B where the mechanism rests. It can be observed that point P coincides with one of the
points of the trajectory, ensuring that it passes through any point of the curve for different
input angles. The ends of the curve mark the limits of the angle that the mechanism can
reach due to its geometric restrictions.

Before starting with the construction of the cognate mechanisms, the coordinates of
point C are obtained with Equation (25), which will serve as a second support for cognate
one and as a first support for cognate two. To obtain cognate mechanism one, the existing
relationships between the cognate and the original mechanism are observed, such as the
similarity of coupling triangles and the similarity in the lengths of the links. Once the
relationship expressions have been obtained, the lengths of the links and the coordinates of
the points of cognate one are calculated.

After calculating the expressions that define cognate 1, the parameters that appear
for the cognate mechanism one in Table 1 are obtained. Some lengths coincide with the
original mechanism due to the relationships they share. It can also be observed that the
coordinates of point P1 coincide with the coordinates of point P for the given angle. This
gives an indication that the trajectories coincide.

Figure 11 shows the graphic representation of cognate mechanism one drawn in blue
and the curve of the trajectory of point P1 obtained. In the figure, it can be observed that
cognate mechanism one is different from the original mechanism in terms of dimensions,
but it shows certain similarities with the original mechanism. The coupling triangle of
cognate mechanism one can be seen to be similar to the coupling triangle of the original
mechanism; in addition, the two mechanisms share the support point A. Regarding the
trajectory, it can be observed that the layout of the trajectory of cognate one is not the same
as the layout of the trajectory of the original mechanism, but they do coincide in being
the same curve. This is because, due to geometric restrictions, the two mechanisms are
limited to plotting the points of the curve that their input angles allow, causing the layout
of the trajectory of cognate one to be the continuation of the layout of the trajectory of the
original mechanism.
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Figure 11. Cognate mechanism 1 solution.

To construct cognate mechanism two, the existing relationships between it and the
original mechanism and cognate mechanism one are used. As with cognate one, the
coupling triangles are similar, so the dimensions of the coupling triangle of cognate two can
be easily calculated. In this case, the input link is located at support C and shares support
B with the original mechanism. As a solution, after calculating the expressions that relate
them, the dimensional parameters of cognate mechanism two are obtained, which appear
for cognate mechanism two in Table 1.

Since the Grashof condition is not met, the geometrical constraint must be applied to
determine if the mechanism can be represented for the given angle. As for the dimensional
parameters obtained, it can be observed that cognate mechanism two contains lengths
that coincide with the lengths of the links of cognate mechanism one and the original
mechanism. In addition, the coordinates of point P2 coincide with those of point P, which
indicates that, for the introduced angle, the coupling point of the original mechanism and
that of the cognate mechanisms coincide.

Figure 12 shows the representation of cognate mechanism two in red next to the
trajectory curve of cognate P2, where it can be observed that this cognate resembles cog-
nate one and the original mechanism, but its dimensions and movements are different.
As for the trajectory of cognate mechanism two, it coincides with the trajectory of the
original mechanism, also being limited because the input link “CD” does not perform the
complete rotation.

As a final solution, the mechanisms are represented graphically as a whole as they
appear in Figure 13, with the original mechanism in black, cognate mechanism one in blue,
and cognate mechanism two in red. The trajectory that appears in green is the superposition
of the curves of the coupling point made by the three mechanisms.
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Figure 12. Cognate mechanism 2 solution.

Figure 13. Solution of the original mechanism set and cognates.

In Figure 13, it can be seen how the coupling point P of the three mechanisms coincides
for the given angle. If the value of the input angle θ2 was modified, the position of the
three mechanisms would be modified, with the coupling point coinciding with a point on
the trajectory. To elucidate the rotational points within the mechanism, it is imperative to
acknowledge that although the diagram may visually depict additional segments, only
four revolute joints delineate the kinematic structure of the mechanism. Specifically, the
four rotational points are as follows: (1) point A, (2) point B, (3) the intersection between
segments (AD) and (DE), and (4) the intersection between segments (DE) and (EB). The
triangle (DPE), although present within the diagram, acts as a rigid structure that does
not deform during motion. Therefore, it does not introduce additional rotational points or
independent links. This distinction guarantees that the mechanism is correctly classified as
a four-bar linkage. This same distinction applies to the other two cognate mechanisms. As
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for the dimensions, the similarity between the coupling triangles can be seen, where each
mechanism has the coupling point located at a different point of the triangle. Observing
the graphic representation in Figure 13 and the calculated dimensional parameters in
Table 1, it can be seen how some dimensions obtained from the links of the cognates
coincide with the dimensions of the links of the original mechanism. This shows that, to
obtain a pair of mechanisms that follow the same trajectory at the coupling point as an
initial mechanism, there must be dimensional relationships between these and the original
mechanism. Moreover, the geometric properties of the cognates were analyzed, and it was
observed that the coupling triangle for these mechanisms exhibited dimensional similarities
to those of the original mechanism.

bi
bj

=
di
dj

=
ei
ej

i, j = 1, 2, 3 (47)

Furthermore, the calculated dimensions of the links are in accordance with the antici-
pated dimensional relationships derived from the original mechanism, thereby reinforcing
the theoretical foundation of the method. Furthermore, as illustrated in Figure 14, the
synthesis process was employed to construct a second cognate mechanism, thereby provid-
ing additional validation of the proposed method’s robustness. The objective of this new
mechanism was to replicate the coupler point trajectory of the original mechanism.

Figure 14. Solution of the new mechanism set and cognates.

The results demonstrated that the coupler point of the second cognate mechanism
follows the same trajectory as the initial mechanism for any value of the input angle θ2

(see Figure 9), which is consistent with the theoretical expectations of cognate mechanism
synthesis. This supplementary confirmation serves to illustrate the dependability and
precision of the proposed methodology in the generation of cognates that satisfy the
requisite kinematic specifications, thus ensuring identical coupler point trajectories.

4. Conclusions

This paper presents a synthesis method developed specifically for four-bar linkages.
Despite their apparent simplicity, four-bar linkages offer remarkable flexibility and versatil-
ity, making them a fundamental class of mechanisms in engineering applications. These
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mechanisms serve as the foundation for numerous devices and systems, including robotic
manipulators, automotive suspensions, and manufacturing equipment, due to their ability
to achieve tailored motion profiles and efficient force transmission. The method presented
is concerned with the construction of cognate mechanisms, which are alternative configura-
tions that replicate the motion of the original mechanism while introducing variability in
geometric constraints, thereby enhancing design flexibility.

The proposed method is effective in that it generates cognate mechanisms that share
the same coupler curve as the original linkage. This guarantees that the desired motion
characteristics are maintained, while the geometric variations of the cognates provide the
opportunity to optimize the mechanism to align with specific design and manufacturing
constraints. The developed method incorporates a robust algorithm implemented in MAT-
LAB, which offers a user-friendly interface for modeling and analyzing these mechanisms.
The graphical representations generated by the algorithm illustrate the coupler point tra-
jectories and highlight the dimensional discrepancies between the original and cognate
mechanisms. This visualization is essential for enhancing comprehension of the operational
characteristics of each mechanism and for facilitating informed design decisions. One of
the key advantages of this methodology is its capacity to facilitate the input of dimensional
parameters for the initial mechanism in a streamlined manner. The MATLAB-based imple-
mentation facilitates the process of precise parameter calibration, allowing for real-time
adjustments that enhance efficiency in the design and optimization phases. This accessibil-
ity broadens the applicability of the method to a more diverse audience, including those
with less technical expertise, while maintaining precision and reliability.

Although the proposed algorithm has been shown to be effective in generating cognate
mechanisms for four-bar linkages, it is not without limitations. The primary limitation
of this approach is its specificity to four-bar linkages, as the mathematical models and
algorithms employed are tailored exclusively to this class of mechanisms. Extending this
approach to encompass additional types of mechanisms, such as five-bar linkages or spatial
mechanisms, represents a logical next step that could further enhance its applicability
across engineering disciplines. Such an extension would entail the development of novel
mathematical models and algorithms capable of accommodating the heightened complexity
of these systems while maintaining the fundamental tenets of cognate synthesis.

Another promising avenue of research is the integration of multi-objective optimiza-
tion techniques into the synthesis process. Such an approach would enable designers to
simultaneously consider multiple criteria, including the minimization of manufacturing
costs, the maximization of mechanical efficiency, and the assurance of reliability under
operational loads. The incorporation of these considerations could render the method
even more valuable in practical applications. Furthermore, the integration of advanced
visualization tools, such as interactive three-dimensional models or augmented reality in-
terfaces, could enhance the usability and effectiveness of the algorithm in both educational
and professional contexts. Although this research focuses on the geometric and kinematic
aspects of mechanism design, future studies could investigate the dynamic performance of
the synthesized cognate mechanisms. It is essential to understand how these mechanisms
behave under varying loads, speeds, and environmental conditions to ensure their viability
in real-world applications. Incorporating these dynamic analyses into the synthesis method
would provide a more comprehensive tool for engineers and researchers.
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Abstract

To achieve intelligent manufacturing and improve the machining quality of machine tools,
this paper proposes an interpretable machining size prediction model combining eXtreme
Gradient Boosting (XGBoost), autoencoder (AE), and Shapley additive explanation (SHAP)
analysis. In this study, XGBoost was used to establish an evaluation system for the actual
machining size of computer numerical control (CNC) machine tools. The XGBoost model
was combined with SHAP approximation to effectively capture local and global features in
the data using autoencoders and transform the preprocessed data into more representative
feature vectors. Grey correlation analysis (GRA) and principal component analysis (PCA)
were used to reduce the dimensions of the original data features, and the synthetic minority
overstimulation technique of the Gaussian noise regression (SMOGN) method was used
to deal with the problem of data imbalance. Taking the actual size of the machine tool as
the response parameter, based on the size parameters in the milling process of the CNC
machine tool, the effectiveness of the model is verified. The experimental results show that
the proposed AE-XGBoost model is superior to the traditional XGBoost method, and the
prediction accuracy of the model is 7.11% higher than that of the traditional method. The
subsequent SHAP analysis reveals the importance and interrelationship of features and
provides a reliable decision support system for machine tool processing personnel, helping
to improve processing quality and achieve intelligent manufacturing.

Keywords: machine tool processing; dimension prediction; XGBoost; autoencoder; SHAP

MSC: 68T07; 65D17

1. Introduction

Predicting the quality of the machine tool is the basis and the prerequisite for intelligent
machine tool manufacturing and closed-loop control of the machine tool. Therefore, many
scholars have carried out in-depth research on the factors affecting machining quality, and
analyzed the impact of tools’ geometric parameters, cutting parameters, cutting fluid type,
CNC component performance degradation, chatter, dynamic and static characteristics of
a tool-works-jig machine tool system, thermal deformation and thermal error and other
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factors affecting machining quality. Based on directional importance sampling, the Monte
Carlo simulation, Zhang et al. [1] proposed a reliability evaluation method for machining
accuracy that considered both geometric and vibration errors. Sato et al. [2] developed
a nonlinear friction model that takes into account the relationship between friction and
vibration and proposed a method to evaluate the impact of tool–chip contact on vibration
characteristics; then they evaluated the effects of nonlinear friction and process damping
through simulation analysis. Sun et al. [3] used laser texture to make pits on tool surfaces
and conducted cutting experiments; the results show that the surface roughness of textured
tools is lower than that of non-textured tools, and there is a critical value for the pit
diameter on textured tools that will affect the surface roughness of the machined workpiece.
Zhang et al. [4] developed an integrated model of the ball screw and cutting process and,
based on the proposed model and experimental verification, investigated the effect of
harmonics on the surface quality of the final machined part. Liu et al. [5] proposed a
robust modeling method based on separated unbiased grey relation analysis, aiming to
reduce the collinearity of temperature-sensitive points and select the temperature point
with the greatest influence weight, thereby reducing the model accuracy decline caused
by fluctuations in temperature-sensitive points. Huang et al. [6] established an integrated
model for predicting milling machining accuracy by combining mechanical structure,
control system, and cutting force, which significantly improved the reliability of CNC
machine tool design by accurately simulating actual machining conditions; at the same
time, the correct use of cutting fluid, coupled with the application of external lubrication
and cooling methods, is also conducive to improving processing quality, thereby improving
the performance of the machine tool [7–9].

With the development of technology, neural networks and machine vision technology
are applied to predict the machining quality of machine tools. Considering the differences
between human-induced faults in a laboratory setting and those encountered in real-world
scenarios, Tan et al. [10] introduce a deeply coupled joint distributed adaptive network that
enhances the detection of machine tool performance and provides a basis for predictive
modeling of machining quality. Liu et al. [11] proposed a tool wear identification method
based on analyzing textures generated during machining based on variable-magnifying
lenses. Chen et al. [12] proposed a large-scale surface roughness detection method based
on machine vision. Shi et al. [13] used wavelet transform to decompose the spindle power
signal of the machine tool into feature scale, which was used as an input variable of the
support vector machine to predict tool wear and evaluate workpiece machining quality.
Song et al. [14] used the deep convolutional neural network model to extract features from
the spindle current noise signal and used them as the classification index for four types of
milling cutter wear state, thus realizing the monitoring of milling cutter state and workpiece
processing quality. Tang et al. [15] developed an online monitoring system for disk milling
cutter wear and machining quality prediction by combining current monitoring with the
BP neural network and using the GA-BP algorithm to improve the prediction model.

XGBoost [16] is an improved gradient lift tree algorithm that has been widely used
in many fields and its effectiveness in solving complex predictive modeling problems has
been verified. Qu et al. [17] developed a robust feature recognition model for urban road
traffic accidents, which has advantages in identifying key accident features and provides
valuable insights for improving traffic safety and developing intelligent transportation
systems. Lin et al. [18] established a prediction model of the transverse tensile strength of
the self-thrust riveted joint based on the self-thrust riveted dataset of experimental tests and
finite element simulation and trained the regression model with the XGBoost algorithm.
Dai et al. [19] introduced an enhanced short-term power load forecasting method, which
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combined the BiLSTM model with an attention mechanism with XGBoost, and with a
weighted grey relation projection algorithm for data pre-processing. The accuracy and
reliability of the proposed method are verified by predicting the power load in the Singapore
and Norway markets. Cao et al. [20] propose an improved XGBoost model that combines a
window mechanism and random grid search to enhance short-term regional power load
self-prediction and shows better predictive performance and generalization ability on four
datasets compared to five alternative models. Han et al. [21] introduce an edge-computing-
enabled framework that uses the optimized SMOTE-XGBoost model for unbalanced data
quality monitoring in an industrial IoT environment and improves classification accuracy
and efficiency during product assembly. Wan et al. [22] used the XGBoost machine learning
algorithm to establish a highly accurate mass flow prediction model for refrigerants in
electronic expansion valves, which significantly improved the prediction performance,
optimized the efficiency of refrigeration systems, and provided effective control strategies.
Based on the adaptive self-learning adjustment method, Zhang et al. [23] proposed an
improved XGBoost algorithm, which was optimized by the improved bat algorithm to
solve the problems of strong coupling and low precision in the existing strip thickness
control mathematical model. Chen et al. [24] proposed an optimized XGBoost model based
on an improved sparrow search algorithm to predict milling-cutter wear under variable
operating conditions. The model integrated a recursive feature elimination algorithm
for feature selection and showed high recognition accuracy and prediction performance.
Lan [25] uses AE to extract features and reduce dimensions of high-dimensional network
traffic data, remove redundant information, and combine with the powerful learning ability
of XGBoost to classify and predict the reduced data, which improves detection accuracy.
Shan [26] uses AE to reduce noise and extract features from the monitoring data of electric
gate valves. XGBoost analyzes features and diagnoses faults, which reflects that AE can
deal with data noise and XGBoost can mine potential relationships in data.

In the prediction of tool wear, fault detection, and product quality in machining
operations, the main categories usually represent the normal or defect-free machining
state. While a few categories indicate the presence of anomalies or defects, these anoma-
lies or defects typically occur much less frequently than canonical states, resulting in an
unbalanced data distribution in the collected dataset. For the problem of data imbalance,
Chawla et al. [27] put forward the synthetic minority over-sampling technique (SMOTE)
to solve the problem of class imbalance in the dataset. They used the SMOTE to improve
classifier performance for a few categories in various datasets and compared it with other
methods such as under-sampling and changing misclassification loss functions in existing
algorithms such as Ripper and naïve Bayes. Khan et al. [28] conducted extensive research
on the combination, implementation, and evaluation of ensemble learning methods and
data enhancement techniques for solving class imbalance problems, and gained insight
into their effectiveness and applicability in various fields.

For the problem of data imbalance in regression tasks, Torgo et al. [29] proposed
an improved SMOTE method to synthesize samples to balance the distribution of target
variables. Branco et al. [30] introduced a new preprocessing method called SMOGN, which
combined under-sampling and two over-sampling techniques to solve the unbalanced
regression problem, and evaluated the effectiveness of the proposed method through
extensive experimental evaluation of various regression datasets and learning algorithms.
Avelino et al. [31] conducted a comprehensive investigation and empirical analysis of
resampling strategies for unbalanced regression. They proposed a new taxonomy and
validated the effectiveness of various techniques across multiple datasets and learning
algorithms while highlighting the impact of dataset characteristics on model performance.
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To improve the performance of models in regression tasks affected by unbalanced data,
some researchers also explored the introduction of neural networks to solve these problems.
Nguyen et al. [32] introduced a new approach to integrate a differentiable fuzzy logic
system into a generative adversarial network to enhance its regression capabilities. They
emphasized that fuzzy logic is effective in improving the stability and performance of
generative adversarial networks in regression tasks.

By studying the current mainstream hybrid machine learning (ML) prediction mod-
els, Simona et al. [33] used autoencoders in clinical data for various purposes such as
dimensionality reduction, denoising, feature extraction, and anomaly detection. XGBoost
was trained based on features extracted from AE features. The combination of the two
improves the prediction performance and generalization ability and improves the pre-
diction ability of data in clinical data. In terms of soft sensing modeling, the parallel
LSTM autoencoder proposed by Ge Zhiqiang [34] extracts dynamic features through the
parallel training of data and models. After the original features are merged, XGBoost
trains the model based on this to achieve efficient and accurate soft sensing modeling,
which improves the prediction performance and robustness. In the field of machine tool
processing, Zhao Hongshan et al. [35] used AE and XGBoost for generator fault diagnosis
of wind turbines, which not only improved the prediction accuracy but also reduced the
computational complexity due to the dimension reduction in AE and improved the overall
performance. In practice, the model performance can be optimized by adjusting the struc-
ture of AE and XGBoost hyperparameters, such as the convolutional layer of AE and the
number of nodes [36], or the learning rate of XGBoost and the maximum depth of the tree
to balance the training speed and prediction accuracy.

Summarizing the previous research results of hybrid machine learning, it is found
that the data imbalance is not considered enough in the machine tool machining size
prediction: there are problems of data redundancy and high complexity, and there is a
lack of effective methods to combine feature extraction and model prediction. Therefore,
our proposed AE-XGBoost model fills this gap and inherits the autoencoder for feature
extraction. XGBoost is used for prediction, SMOGN is used to process the imbalance data,
and finally, SHAP is used for interpretation to help engineers intuitively understand the
model behavior, so as to better optimize the processing parameters and model size. Various
previous hybrid MLs are shown in Table 1 below.

Table 1. Summary of multiple hybrid ML models.

Hybrid
ML Model

Model Com-
position

Key of Implementation
Application

Scenarios
Advantages and

Disadvantages of Performance

XGBoost-
LightGBM
ensemble

model

XGBoost +
LightGBM

XGBoost and LightGBM
models were initialized using

open-source machine
learning frameworks, and the
respective hyperparameters

were adjusted to fuse the
predicted values through

weighted averages or
voting mechanisms.

Industrial process
monitoring and

forecasting based on
large-scale datasets.

Advantages: can handle
large-scale data; disadvantages:
hyperparameter tuning is more
complex and more sensitive to

data noise.

Random
forest-

Adaboost
ensemble

model

Random
forest +

AdaBoost

Random forest and AdaBoost
models were built in Python

with the help of the
Scikit-learn library to integrate

the prediction output.

Prediction of
machining size for

small machine tools
with high

machining accuracy

Advantages: good robustness,
can handle high-dimensional
data; disadvantages: longer

training time on large datasets
and poor model interpretation.
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Table 1. Cont.

Hybrid
ML Model

Model Com-
position

Key of Implementation
Application

Scenarios
Advantages and

Disadvantages of Performance

CNN-
LSTM
Mixed
model

CNN +
LSTM

A deep learning framework
was used to construct the

CNN part, connect the LSTM
layer, and train the model
with loss functions such as

mean square error.

A machine tool
process

characterized by a
space-time sequence

Advantages: it can effectively
capture spatiotemporal

characteristics, and has strong
modeling ability for complex

time series data. Disadvantages:
model training requires a large

amount of data and
computational resources, takes

a long time to train, and is
prone to overfitting.

Stacking
fusion
model

Base model +
meta-learner

The training and validation
sets were divided, and

multiple base models were
trained. A new dataset was

constructed using the
prediction results of the

validation set to train the
meta-learner, and the model

parameters of each stage
were adjusted.

A variety of
machine tool
processing

scenarios, especially
when the processing

data sources are
diverse and

complex features

Advantages: it can integrate the
advantages of multiple models

to improve prediction
performance and generalization

ability. Disadvantages: high
model complexity, cumbersome

training process, and high
computational cost.

Blending
fusion
model

Fusing
different
models
trained

on
different
subsets

Different models were
trained with different subsets.

The fusion weight was
determined according to the
performance of the validation
set, and the fusion predictive

value was weighted.

Machine tool
processing scenarios

that require rapid
construction of

prediction models

Advantages: the training speed
is relatively fast and the model

fusion method is simple.
Disadvantages: it is sensitive to
data subset division and may
lose part of the information.

AE-
XGBoost

Model

AE +
XGBoost

The autoencoder architecture
was built by PyTorch or

TensorFlow, and the coding
features were obtained after

pre-training, which were sent
to the XGBoost model in

Scikit-learn for training and
prediction.

Machine tool
processing data

have high
dimension,

redundancy, and
unobvious features,

such as size
prediction in

complex machine
tool processing with
multi-process and
multi-parameter.

Advantages: autoencoder can
effectively perform feature

extraction and dimensionality
reduction, and remove

redundant information and
noise, while XGBoost can make
efficient and accurate prediction
based on the extracted features.
The combination of the two can
improve the performance and

generalization ability of the
model, and the requirement for

data preprocessing is
relatively low.

Its uniqueness lies in the
combination of unsupervised
feature learning (autoencoder)

and supervised prediction
(XGBoost), which gives full play
to the advantages of both, and

has better adaptability and
accuracy when processing

complex machine tool
processing data.
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The following chapters are as follows. Section 2 is the methodology of this paper,
introducing the overall description of the model, the three preprocessing methods, the
construction of the AE-XGBoost model, and the visualization and interpretation model
of the model results—SHAP analysis model in sequence. In Section 3, the experimental
verification is carried out, and the data source, software and hardware configuration,
Results and Analysis of Data Screening Processing, Results and Analysis of Prediction of
AE-XGBoost and XGBoost, Results and Analysis of feature interpretation based on SHAP
analysis, Results, and Analysis of Dimensions Interpretation based on SHAP Analysis are
presented in turn; the results are then discussed. Section 4 summarizes the findings and
suggests future research directions.

2. AE-XGBoost Model Construction

2.1. Global Model Description

The AE-XGBoost model developed in this paper is short for autoencoder-XGBoost.
The advantages of AE and XGBoost are utilized to better process and analyze the machine
tool machining dimensional prediction problems. An autoencoder automatically learns
important features in the input data and compresses high-dimensional data into a low-
dimensional representation. The encoder maps the input data to a low-dimensional latent
space, and the decoder reconstructs the original data from the latent space. XGBoost is an
efficient gradient-boosting algorithm that performs well in classification and regression
tasks. It builds strong learners by integrating multiple weak learners (usually decision
trees) that are capable of handling complex nonlinear relationships. Combining AE with
the XGBoost model can use AE to learn the intrinsic structure of the data to extract features,
better characterize the XGBoost input data size, improve the prediction ability of the error
data by using the structural characteristics of the AE error robustness, and also reduce the
model’s dependence on specific data distributions by combining the two to achieve better
generalization ability.

In addition, the input data for machine tool prediction usually exists in multivariate
data, which increases the workload of data collection and the complexity of problem
analysis to a certain extent. Therefore, it is necessary to use the principal component
analysis, PCA, method to downsize the data to achieve a reduction in indicators to be
analyzed while minimizing the loss of information contained in the original indicators; at
the same time, it is necessary to combine with the correlation analysis method because if
each indicator is analyzed separately, it is easy to blindly downsize the data and lose a large
amount of useful information; therefore, combining with the GRA to study the relationship
between data dimensions and the resultant prediction to understand the relative strength of
the impact of certain residual size factors on the machining size. The imbalance of machine
tool size data is also a common problem, so it is necessary to process the data. The core
idea of the SMOGN algorithm selected in this paper is to synthesize new minority samples
to balance the dataset. For each size data in the minority class, SMOGN will add a certain
amount of Gaussian noise to its feature space to add new size data. The initial data are
preprocessed by a combination of PCA, GRA, and SMOGN to provide more effective data
input for subsequent prediction models.

SHAP [37] values are calculated based on Shapley values in cooperative game theory
to fairly distribute the contribution of model predictions among the individual features and
are used in this model to quantify the contribution of dimensional features to dimensional
prediction results and to verify safe ranges for important dimensions. The overall model,
as shown in Figure 1, demonstrates how the data flow from input, preprocessing, and
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between the AE, XGBoost, and SHAP analysis modules, as well as the internal structure
and connectivity of each module.
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Figure 1. Overall model flowchart.

As can be seen in Figure 1, the data related to machine tool processing is used as input
to the overall model, including numerical data such as positioning accuracy, repetitive
positioning accuracy, clamping rigidity, etc. The size of the input data is 15 × 85, which can
be used as a part of the subsequent processing; and then, through the data pre-processing,
the data are subjected to PCA dimensionality reduction, GRA correlation analysis, and
SMOGN imbalance processing in order; then the data are passed into the self-encoder for
feature extraction.

Self-encoder contains an encoder, bottleneck, and decoder; the encoder reduces the
input size and compresses the input data into coded form; the bottleneck represents a
potential space, which contains all the hidden variables, that is, the smallest features that
exist in the space obtained, this is the smallest size of the input data, the minimum number
of neurons; the decoder is the inverse of the encoder, which is the role of the realization of
data reconstruction, so that the coded representation of the bottleneck layer is as close as
possible to the original input data, and verifies the model compression effect.

Subsequently, the potential spatial data of the self-encoder are used as the input
features of the XGBoost model, and the combination of the original numerical data and the
advanced features extracted by deep learning is passed into the XGBoost prediction module;
XGBoost constructs multiple decision trees based on the principle of gradient boosting,
and each decision tree learns the patterns in the data by splitting the input features to
predict the machining dimensions of the machine tool, and the prediction results of the
multiple decision trees are weighted by the weighting of the input features. The prediction
results of multiple decision trees are integrated by weighted summation to obtain the final
prediction value.

The trained XGBoost model is used to create a SHAP interpreter, which calculates the
contribution of each input feature to the model prediction (i.e., SHAP value), which can be
used to interpret the model’s prediction, and shows how each feature affects the prediction
result and the interactions between the features through the visualization of the feature
importance graph and SHAP dependency graph. The model results contain the XGBoost
model predictions.

The model results contain the predicted values of the XGBoost model output machine
tool dimensions, which can be used for quality control, process optimization, and other
applications in real-world production, as well as the interpreted results provided by the
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SHAP analysis, which help to understand the model’s prediction process by showing
which features are critical factors for further optimization of the model and the machining
process.

The information flow is as follows: the raw data first enters the PCA block, where
principal components are calculated. These components are then passed to the grey
correlation analysis (GRA) block. The GRA block outputs a ranked list of features based on
their correlation significance, which is then used as input to the autoencoder. The SMOGN
method is applied to the original dataset before PCA to address data imbalance issues,
ensuring that the subsequent processing steps work on a more representative sample.

2.2. Data Preprocessing Method

Data preprocessing includes three methods, at first, PCA is used for the dimensionality
reduction in data, then relational analysis is conducted based on the GRA, and finally,
SMOGN is used for unbalanced processing of data. The following describes how to use
each method in detail.

A. Data dimensionality reduction based on PCA
PCA is a method for dimensionality reduction in high dimensional feature data,

which makes the machine tool processing dimension dataset easier to use and reduces the
computation amount of the algorithm. The raw data features are of high dimensionality and
vary considerably in the dimension of the influence of different factors during machining
on various machine tools, such as positioning accuracy, repeatability, clamping rigidity,
machining material, initial heat treatment status of the material, tool structure, tool material,
number of cutting edges, cutting edge length, and the amount of free-state oscillation.
According to the PCA method, we first set the dataset Xn×m = [x1, x2 · · · , xm], representing
15 features, m = 15, where each X is an n-dimensional column vector. Decentralization first,
and then the average value of each feature is subtracted as follows:

X = X − 1
m ∑m

i=1 xi (1)

Then, the covariance matrix C = 1
m XXT , and eigenvalue decomposition of the co-

variance matrix are calculated to obtain the eigenmatrix, arranged in columns from the
largest to the smallest eigenvalues, and the first k columns are taken to form the matrix
Pn×k, where k is the target dimension, P is equivalent to a coordinate system, and each
column in P is a coordinate axis. The data after dimensionality reduction can be obtained
by projecting the original data into the P coordinate system. Yk×m = PT

n×kXn×m can reduce
the dimension of 15-dimensional data to a new space of 5 feature vectors.

B. Data relational processing based on GRA
GRA is a method used to analyze the degree of correlation between factors in a system,

and in machine tool dimensional analysis, it is possible to quantify the degree of influence
of influencing factors on machining dimensions. GRA can help determine which factors
are most closely related to machining dimensions, and it can also be used to screen out
key factors efficiently, reducing the complexity of data analysis and making the analysis
of machine tool dimensions more efficient and accurate. According to the PCA method,
dimensionless processing is carried out on the machine tool dimensions dataset, as shown
in the equation below:

xi(k) =
x′i(k)

1
m ∑m

k=1 x′i(k)
(2)

Then calculate the grey relation coefficient of each factor, as shown in the formula below:
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ζi(k) =
minimink|x0(k)− xi(k)|+ ρ•maximaxk|x0(k)− xi(k)|

|x0(k)− xi(k)|+ ρ•maximaxk|x0(k)− xi(k)| (3)

where x0(k) is the reference column, k = 1, · · · , m. ρ is the resolution coefficient, ρ repre-
sents the differentiation coefficient used to control the degree of differentiation, its value is
set to 0.5, the smaller the ρ, the greater the difference between the relation coefficients, the
stronger the differentiation ability.

Then calculate the grey-weighted relation degree, and the mean value of this column
is the final score, as shown in the formula below:

ri =
1
m

m

∑
k=1

ζi(k) (4)

C. Data imbalance processing based on SMOGN
The SMOGN algorithm will also be used to deal with the imbalance of the dataset

before constructing the XGBoost model, including interpolating the minority class samples
to generate synthetic samples to increase the number of minority class samples. Also, this
method reduces the number of large samples in the process of generating new samples. The
specific steps of the over-sampling algorithm are as follows: first, the distance between the
seed sample and its farthest and nearest neighbor is calculated, and half of this distance is
selected as the safety margin. Next, a safe zone for the seed sample is established according
to this margin. Samples are classified as “safe” or “unsafe” based on whether the distance
between the seed and its neighbors exceeds the safety margin. If the selected neighbor
is within the “safe” margin, it is suitable to use the synthetic minority over-sampling
technique (SmoteR) policy. Conversely, if the selected neighbor exceeds the “safe” margin,
it is considered too far from the interpolation. That means in this case, it is best to introduce
Gaussian noise to the seed sample to generate a new sample.

Figure 2 shows a composite example of a seed sample and its 5 closest neighbors. “Tgt”
represents the samples showing high relation; the high relation category is represented
by the blue dotted line with dots at both ends; the low relation category is represented by
the red dotted line with asterisks at both ends; the “case” represents the parameters and
dimension results corresponding to a certain processing operation, set as the seed sample;
and the horizontal and vertical coordinates represent two different processing parameters.
The dark gray “Safe” indicates the area where the data points whose processing dimensions
are within the safety margin are distributed, while the light gray “unsafe” indicates the
area where the data points whose processing dimensions are within the unsafe margin
are located. Different interpolation methods are adopted in the two zones. “Five-nearest
neighbors” represent the 5 other data points closest to the seed sample in the data control.
The effect is that if the dataset has far more qualified data points than unqualified data
points, a few classes of samples can be processed based on the division of the “safe” and
“unsafe” zones and the nearest neighbor information. A few class samples are selected
in the “unsafe” area, and then new minority class samples are generated by using the
information of its nearest neighbors through the over-sampling technology in the SMOGN
algorithm to balance the dataset and improve the model’s ability to identify abnormal
processing dimensions.
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Figure 2. SMOGN sampling.

2.3. AE-XGBoost Model

A: AE Structural Foundations
In a machine tool dimension prediction model based on XGBoost, convolutional

neural network (CNN), and SHAP analysis, CNN can be used to automatically extract
features from machine tool machining data. CNN is a deep learning model that is good
at processing data with grid structure, which can automatically learn features in the
data through structures such as the convolution layer and pooling layer. The parameter
data in the machining process of the machine tool can be used as the input of the CNN.
The structure of the CNN usually includes a convolution layer, pooling layer, and fully
connected layer, as shown in Figure 3.

Figure 3. Convolutional neural network diagram.

Convolution layer: involves feature extraction using multiple convolution checks on
input data. Convolution nuclei in the convolution layer slide over the machining parameter
data to extract different features using local joins and weight sharing; for example, a
convolution kernel may detect some interaction pattern between cutting speed and feed
rate, which may be related to changes in machining dimensions.

In the training phase, CNN learns the feature representation in the data and then uses
the feature output learned by CNN as input for the XGBoost model.

B: AE-XGBoost Model
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XGBoost is an integrated learning algorithm, the basic components are decision trees,
which are “weak learners” for classification and regression tasks. Based on the principle of
gradient enhancement, each successive tree is constructed to predict the residuals of the
previous tree, and there is a sequence between the decision trees that make up XGBoost:
the latter will take into account the prediction results of the previous tree, i.e., the deviation
of the previous tree. Based on the principle of gradient enhancement, each successive
tree is constructed to predict the residuals of the previous tree, and there is a sequence
between these decision trees: the generation of the latter decision tree will take into account
the prediction results of the previous tree, i.e., the bias of the previous tree will be taken
into account so that the training samples of the previous tree that made mistakes in the
subsequent tree will be paid more attention to, and then based on the adjusted distribution
of the samples to train the next decision tree, and the positive and negative results will
be gradually optimized by integrating multiple decision trees. The prediction results
are gradually optimized, and the regularization term effectively prevents overfitting and
improves the model’s generalization ability. The feature vectors extracted by AE are used
as inputs to the XGBoost model to construct an XGBoost-based regression model to predict
the machining dimensions of the machine tool. The combination of these individual tree
predictions together produces a collective decision for the final prediction. Let us assume
that the tree model trained during the t iteration is denoted by ft(xi), then the prediction
of the sample i after the t iteration, ŷ(t)i can be expressed mathematically by (5), as follows:

ŷ(t)i =
t

∑
j=1

f j(xi) = ŷ(t−1)
i + ft(xi) (5)

where xi is the ith data point in the input dataset. Based on the actual value and predicted
value, the loss function is obtained as follows (6):

L =
n

∑
i=1

l(yi, ŷi) (6)

where the
n
∑

i=1
l(yi, ŷi) quantifies the difference between the predicted value and the actual

value. XGBoost adds regularization terms to the original loss function of the gradient
lifting decision tree to improve its performance and prevent overfitting. The improved loss
function is expressed in the following Formula (7):

obj =
n

∑
i

l(yi, ŷi) +
J

∑
j=1

Ω( f j) (7)

Ω( ft) = γT +
1
2

λ
T

∑
k=1

w2
k (8)

In Formula (8), the Ω( ft) is a regularization term, T is the number of leaf nodes, w
represents the fraction assigned to leaf nodes, γ is used to control the number of leaf nodes
and thus affects the complexity of the tree structure, λ ensures that the fraction of leaf nodes
does not become too large, helping to maintain balance and prevent overfitting.

By substituting Equation (1) into Equation (3) and performing a second-order Taylor
expansion of the loss function, it can be derived that the objective function of the t-th tree,
as shown in Formula (9) as follows:

obj(t) =
n

∑
i=1

[l(yi, ŷ(t−1)
i ) + gi ft(xi) +

1
2

hi f 2
t (xi)] + Ω( ft) (9)
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where the equation has gi = ∂
ŷ(t−1)

i
l(yi, ŷ(t−1)), hi = ∂2

ŷ(t−1) l(yi, ŷ(t−1)). For a given tree,

we can calculate the best value of the objective function by finding the best weight, thus
determining the best leaf node, as shown in Formula (10).

w∗
k = −

∑
i∈Ik

gi

∑
i∈Ik

hi + λ
(10)

By calculating the gain before and after the segmentation, we can evaluate the quality
of the model, as shown in Formula (11).

gain =
1
2

⎡
⎢⎢⎢⎢⎢⎣

(
∑

i∈Ik

gi

)2

∑
i∈Ik

hi + λ
+

(
∑

i∈IR

gi

)2

∑
i∈IR

hi + λ
−

(
∑
i∈I

gi

)2

∑
i∈I

hi + λ

⎤
⎥⎥⎥⎥⎥⎦− γ (11)

XGBoost parameters determine the performance of the model. We chose max_depth,
n_estimators, learning_rate, colsample_bytree, objective, reg_alpha, and reg_lambda for
adjustment. max_depth is used to enhance the complexity of the model, and to capture
the relationship in the data in a more detailed way; learning_rate adjusts the weight of the
residual fitted by each weak learner, and the fitting effect can be improved by adjusting the
number of weak learners; n_estimators represents the number of constructed trees, which
is used to improve the accuracy of the model. colsample_bytree represents the proportion
of features considered during the splitting process of each tree, helping to manage the
complexity of the model. reg_alpha and reg_lambda control L1 and L2 regularization,
respectively, to reduce the complexity of the model and prevent overfitting. The objective
is used to define the objective function to be optimized by the model, with the parameters
set as shown in Table 2.

Table 2. The values of AE-XGBoost parameters.

Parameters Optimal Values

max_depth 6
n_estimators 400
learning_rate 0.05

colsample_bytree 0.8
objective reg: squared error
reg_alpha 0.05

reg_lambda 0.1

We define the range of the above parameters. By using grid search cross-validation
(GridSearchCV), we systematically traverse the parameter space for a comprehensive
combinational search, which evaluates the validity of each parameter combination through
cross-validation, ensuring a reliable assessment of its predictive performance. Ultimately,
we chose the combination with the highest score to determine the parameters used in the
XGBoost model.

C: Model Evaluation Indicators
After completing the AE-XGBoost model dimensional prediction, the dimensional

accuracy predicted by the proposed model is compared with the actual dimensional
accuracy of the machining process. We selected three commonly used metrics to evaluate
the model’s performance: mean absolute error (XMAE), mean square error (XMSE), and
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coefficient of determination (XR2 ) scores. XMAE measures the degree of average absolute
deviation between the predicted value and the true value, as shown in Formula (12)
as follows:

XMAE =
1
n

n

∑
t=1

|yt − ŷt| (12)

XMSE focuses on the square of the difference between the predicted value and the true
value, so it gives a higher penalty for large errors, as shown in Formula (13) as follows:

XMSE =
1
n

n

∑
t=1

(yt − ŷt)
2

(13)

The XR2 score is an indicator used to assess the goodness of fit of a regression model,
it represents the proportion of the total variation in the dependent variable that can be
explained by the regression model, as shown in Formula (14), as follows:

XR2 = 1 −

n
∑

t=1

(
�
y t − yt

)2

n
∑

t=1
(y − yt)

2
(14)

where n is the number of training data, yt is the measured machine tool machining di-
mensions,

�
y t is the predicted machine tool machining values, and y is the average of the

measured machine tool machining dimensions.

2.4. SHAP Analytical Explanatory Model

The output of the AE-XGBoost model is used as the input of SHAP analysis, which
provides the interpretability of the model prediction. The core idea is to calculate the
marginal contribution of the features to the model output, and then interpret the “black-box
model” at both global and local levels, and the method is inspired by the Shapley-value-
inspired additivity interpretation model. The value-inspired additive explanatory model,
the process of the model prediction task is schematically shown in Figure 4.

 

Figure 4. SHAP visual interpretation of machine learning models.

As seen in Figure 4, first of all, input some known conditions to the model (cutting
width, overhang elongation, feed speed, cutting depth, spindle speed), then train the
model based on the inputs, Finally, the trained model can output prediction results for this
condition (output = 0.4). However, it is impossible to know how the calculation inside the
model is performed, and the SHAP model can let us know how these known conditions
affect the final prediction results.

For a model with n features, the Shapley value φi of feature i is calculated by consid-
ering all possible subsets of features S ⊆ F, where F is the set of all features. The specific
calculation formula is shown in Formula (15).
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φi = ± ∑
S⊆F\{i}

|S|!(|F| − |S| − 1)!
|F|!

[
fS∪{i}(xS∪{i})− fS(xS)

]
(15)

where fS(xS) is the predicted value of the model on the feature subset S, and |S| represents
the number of features in the subset S. By iterating over all subsets S that do not contain
a feature i, the formula calculates the change (i.e., marginal contribution) of the model’s
predicted value after adding a feature i to subset S, and carries out weighted summation
according to the combination of subsets to obtain the Shapley value of feature i.

The dimensions of SHAP values directly reflect the importance of features to the
model’s prediction results. A SHAP value with a larger absolute value indicates that the
feature has a larger impact on the prediction results, while a SHAP value near zero indicates
that the feature has a smaller impact. For the prediction of a single sample of machining
dimensions, when the machining dimensions of a workpiece are predicted, the SHAP value
of the cutting speed is negative, which means that increasing the cutting speed will make
the predicted machining dimensions smaller under other conditions. The SHAP value
of the tool material is positive, indicating that the use of a high-quality tool material will
increase the processing dimensions. Therefore, based on the SHAP value, it is possible to
explain how each feature affects the final prediction of the model. By analyzing the SHAP
value of the feature and its positivity and negativity, we can find out whether the feature
changes the prediction result in a positive or negative direction.

3. Results and Discussion

3.1. Data Preparation

To analyze the factors that affect the dimensional accuracy in CNC milling, this paper
starts from the actual CNC milling process. A total quantity of 850 dimensional machining
data points were collected, and each data point recorded the corresponding 15 machining
size factors, providing a rich data source for model training and validation. These factors
include positioning accuracy, repeated positioning accuracy, clamping rigidity, machining
material, initial heat treatment state of the material, tool structure, tool material, blade
number, overhang elongation, blade length, free state pendulum momentum, spindle
speed, feed speed, cutting width and cutting depth, as shown in Table 3.

Table 3. Influence factors and data source.

Type Influencing Factor Data Source

Machine tool
Positioning accuracy Machine tool

Repeated positioning accuracy Machine tool
Jig and fixture Clamping rigidity Machining process routine

Processing material Machining material Machining process routine
Initial heat treatment state of the material Machining process routine

Cutting tool

Tool structure Tool maintenance center
Tool material Tool maintenance center
Blade number Tool maintenance center

Overhang elongation Tool maintenance center
Blade length Tool maintenance center

Cutting tool set Free-state pendulum momentum Operational record

Cutting parameters

Spindle speed Machine tool/CNC program
Feed speed Machine tool/CNC program

Cutting width Machine tool/CNC program
Cutting depth Machine tool/CNC program
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Table 3 shows 15 different factors affecting dimensional accuracy, divided into six
categories according to type, each factor has a specific source.

For the two factors under the “Machine tool category”, “Positioning accuracy” and
“Repeated positioning accuracy”, the source of the data is the “Machine tool” itself, and
these data reflect the performance of the machine tool in terms of positioning, which has a
fundamental influence on the accuracy of the machined dimension.

One factor in the “Jig and fixture” category, “Clamping rigidity”, is derived from the
“Machining process routine”, and these parameters affect the fixation of the workpiece in
actual machining, which in turn affects the machined dimensions.

Two influencing factors under the category of “Processing material”, “Machining
material” and “Repeated positioning accuracy”, data also from the “Machining process
routine”, and these information are recorded in the process regulations and used to guide
the machining process because different materials and heat treatment states will lead to
different deformation behaviors of the material in the cutting process, which affects the
machining dimensions.

The five influencing factors under the category of the “Cutting tool”, “Tool struc-
ture”, “Tool material”, “Blade number”, “Overhang elongation”, and “Blade length” are
provided with data from the “Tool maintenance center”. These parameters are critical to
the performance of the tool in the cutting process and they work together to influence the
machined dimensions.

One influencing factor under the “Cutting tool set” category is the “Free-state pendu-
lum momentum” data recorded by the operator. These data reflect the mounting accuracy
and stability of the toolset, which have a direct impact on machining accuracy.

Four influencing factors under the category of “Cutting parameters” are “Spindle
speed”, “Feed speed”, “Cutting width”, and “Cutting depth”, for which data are available
from the “machine tool/CNC program”, and for which changes in these parameters directly
lead to changes in the machined dimensions. A total of 850 records are included in the
comprehensive dataset. Eighty percent of the collected data is used for training and the
remaining data is used for testing.

The model is equipped with a 12th-generation Intel(R) Core (TM)i7-12700H proces-
sor manufactured by Intel, George Town, Malaysia. The basic processor frequency is
2.70 GHz. The GPU is NVIDIA GeForce RTX3060 manufactured by Gigabyte, New Taipei
City, Taiwan, China. The operating system is Windows 11. The programming language
used for model training is Python, version 3.10.14. The deep learning framework used is
PyTorch, version 2.2.1, and accelerated with cu121.

3.2. Results and Analysis of Data Screening Processing

A. Results and Analysis of Data Screening Processing based on PCA
The dataset contains 15 kinds of data affecting the machining dimensions of machine

tools, and whether or not to use the effect of the effect and how much the effect varies, so
data screening based on principal component analysis (PCA) and gray correlation analysis
(GRA) effectively reduces the dimensionality of the data, filters the key variables, and
reveals the relationship between the variables, which provides strong support for the
machining of machine tool machining dimension processing.

In the process of various machine tools, some influencing factors remain unchanged,
such as positioning accuracy, repeated positioning accuracy, clamping rigidity, machining
material, initial heat treatment state of the material, tool structure, tool material, blade
number, blade length, and free-state pendulum. Therefore, these constant features were
excluded to prevent the generation of misleading results by the model.
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PCA projects the original standardized data into the principal component space
through eigenvectors to obtain the principal component score of each sample. The contribu-
tion rate of the principal components reflects the proportion of the amount of information
they contain about the original data. The composite score is a weighted sum of the samples’
scores on each principal component according to the principal component contribution
ratio, such that the composite score provides a comprehensive measure of the “importance”
of the samples in the principal component space, which is used for tasks such as sample
ranking. The formula is shown below.

scorej =
num

∑
j=1

d fij ×
ratej

100
(16)

where i represents the sample, j represents the principal component, scorej is the composite
score of the jth principal component, num is the number of principal components, d fij is
the score of the ith sample on the jth principal component, and ratej is the contribution rate
of the jth principal component. Because the principal components with a high contribution
rate contain more original information, they are more important in the comprehensive eval-
uation, and their corresponding scores have greater weights. The top five comprehensive
evaluation values are actual mass, tool overhang extension, cutting feed rate, cutting spin-
dle speed, cutting width, and depth of cut, and the comprehensive scores are 15.42762416,
5.497486898, −4.643924089, −5.222349954, −5.396497335, respectively.

B. Results and Analysis of Data Screening Processing based on GRA
For the five major factors selected, the GRA algorithm was used to explore the relation

between the factors, as shown in the GRA heat map results in Figure 5.

 
Figure 5. GRA heat map.

As can be seen in Figure 5, the bluer the color, the higher the relation between factors,
and the redder the color, the lower the relation between factors. The relation between
various factors is shown in Table 4 below.
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Table 4. Relation between factors.

Spindle Speed Feed Speed Cutting Width Cutting Depth Overhang Elongation

Spindle speed 1 0.74 0.64 0.69 0.67
Feed speed 0.76 1 0.66 0.65 0.65

Cutting width 0.71 0.69 1 1 0.63
Cutting depth 0.73 0.66 0.64 0.66 1

Overhang elongation 0.71 0.66 0.61 0.69 0.69

According to the calculation results of GRA, there are five main influencing factors
in the first row and the first column, and the remaining five main influencing factors
have a great influence on the GRA value of the machine tool processing dimensions
distributed in the range of [0.65, 0.76]. Therefore, overhang elongation, spindle speed, feed
speed, cutting width, and cutting depth were selected as the characteristics to predict the
machining dimensions.

C. Results and Analysis of Data Screening Processing based on SMOGN
In the unbalanced regression problem, the imbalance in the number of samples may

cause the model to perform poorly in predicting samples from fewer categories. To solve
this problem, the SMOGN algorithm is used to synthesize the samples to balance the
dataset, and the results before and after processing are shown in Figure 6 below, for the
size feature of true mass.

Figure 6. Comparison of quality_real distribution in raw data and SMOGN processed data.

The upper histogram in Figure 6 shows that the x-axis represents the value of real
quality in the dataset, ranging from 19.90 to 20.00 and the y-axis represents the number of
samples corresponding to each quality_real value, with a scale from 0 to 175.

The blue bars represent the pre-processed data and the orange bars represent the
SMOGN post-processed data. The blue bars indicate that the number of samples in the
original data is higher for the quality_real values of 19.96, and 19.97, which is around 175,
while the number of samples for other quality_real values is relatively low. The orange bars
show the distribution of the data after SMOGN processing, and it should be noted that the
processed data are weakened on distributions with more quality_real samples, e.g., lower-
ing the number of samples around 19.96, 19.97, 19.98, and 20.00, and re-synthesizing to a
certain number of samples on distributions with fewer samples, e.g., raising the number of
samples around 19.92, 19.93, and 19.94 near to which the sample size was raised.
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By comparing the blue and orange bars, it can be seen that the SMOGN processing has
an impact on the data distribution, which makes the processed data more spread out and
even in the distribution of quality_real values. SMOGN achieves balanced data and avoids
the situation where the number of samples is too much or too little for certain values in the
original data, which can improve the generalization ability and stability of the model.

3.3. Results and Analysis of Prediction of AE-XGBoost and XGBoost

After training the XGBoost model, we evaluated the performance of the model with
test data. The predicted machined dimensions were compared with the measured mass
dimensions and the XGBoost model was compared with the AE-XGBoost model based on
three evaluation metrics. The results are shown in Figure 7.

As shown in Figure 7a, the horizontal axis index, ranging from 0 to 80, represents the
index of the data points, and the vertical axis values ranging from 19.90 to 20.00 represent
the size of the data points; the blue folds in the figure represent the true values, with values
ranging from 19.90 to 20.00, and the orange discounts in the figure represent the predicted
values from the AE-XGBoost model, with a value range between 19.90 and 19.98; the green
discount in the figure represents the value predicted only by the XGBoost model, and the
value range is between 19.90 and 20.00. It can be seen in the figure that the predicted value
of the AE-XGBoost model is closer to the real value, the value is relatively stable, and it
may be closer to the real value around 40, 50, 60, and 70.

(a) Comparison of the predict values and the true values (b) Comparison of prediction errors between AE-XGBoost and XGBoost

Figure 7. Comparison between real values and predicted values of two methods.

According to Figure 7b, the horizontal coordinate is an index, which ranges from 0 to
80, and the vertical coordinate errors, which range from 0 to 0.008, indicate the magnitude
of the error value, the blue dash line represents the error predicted by the AE-XGBoost
model, and the orange dash line represents the error predicted by the XGBoost model,
and it can be seen that the error value of the two methods is between 0 and 0.1, and the
overall level shows that the prediction error of AE-XGBoost is significantly lower than the
prediction error of XGBoost model, and at certain indexes, e.g., the positions of 20, 50, and
70, the error of the predicted values of AE-XGBoost model is significantly lower than the
prediction error of XGBoost model.

To further quantify the differences in the model before and after the improvement, the
mean absolute error, mean square error, and coefficient of determination were calculated
for both cases, and the results are shown in Table 5.
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Table 5. Evaluation metrics of two methods.

Model MAE/e-3 MSE/e-4 RMSE/e-2 R2

AE-XGBoost 7.778 1.655 1.286 0.681
XGBoost 9.415 2.696 1.642 0.480

The table shows that the MAE, MSE, RMSE, and R2 of AE-XGBoost are 7.778 × 10−3,
1.655 × 10−4, 1.286 × 10−2, and 0.681, respectively, while the evaluation metrics of XGBoost
are 9.415 × 10−3, 2.696 × 10−4, 1.642 × 10−2, and 0.480, respectively. Compared with
the XGBoost model, the AE-XGBoost model improves on these three metrics by 17.39%,
38.61%, 21.69%, and 41.88%. It can be clearly seen that the improved AE-XGBoost algorithm
has effectively improved the handling of the redundancy and imbalance problems in the
initial data.

3.4. Results and Analysis of Feature Interpretation Based on SHAP Analysis

After screening the main influencing factors in the original dataset, SHAP analysis
is used to interpret the model. The SHAP value of each feature is calculated, and the
important features are listed in descending order of importance. The results are as follows:

The horizontal axis in the bar chart of Figure 8a indicates the magnitude of the average
effect ranging from 0 to 0.008, the higher the value, the higher the average effect on the
model output magnitude, the vertical axis lists five factors and it can be seen that the
overhang elongation and the cutting width are of the highest importance, followed by the
feed rate, the depth of cut and the spindle speed.

(a) Plot of the average influence of the mean absolute value of SHAP 
values of each feature on model size

(b) Plot of the influence of SHAP value distribution of each feature 
on model output

Figure 8. Mean (|SHAP value|) and SHAP summary plot.

The horizontal axis in Figure 8b represents the SHAP values ranging from −0.02 to
0.02, and the vertical axis lists five different features: overhang elongation, cutting width,
feed speed, cutting depth, spindle speed. The color of the scatter points change from blue
to red, with blue representing a lower value of the feature and red representing a higher
value of the feature, which shows the effect of different features at different values on the
model output.

Obviously, larger eigenvalues of overhang length and cutting width correspond to
smaller SHAP values, which indicates that these two eigenvalues are negatively correlated
with the machining dimensions.
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3.5. Results and Analysis of Dimensions Interpretation Based on SHAP Analysis

Among the results of SHAP interpretation, the two factors of overhanging elongation
and cutting width are of the highest importance. The following is a further study on the
influence of these two factors on the machining dimensions. The SHAP partial dependence
graph and the SHAP dependency graph are used to analyze these two features in more
detail, and the results are shown in Figure 9.

(a) SHAP value for overhang elongation (b) SHAP value for cutting width

Figure 9. SHAP partial dependence plots of two parameters.

According to the SHAP partial dependence in Figure 9a, we observe that when the
overhang elongation is 50 or 60, it has a positive impact on the target value, and a smaller
value has a greater positive impact. In contrast, when the value is 70 or 80, the overhang
elongation has a negative effect on the target value, and the effect remains almost constant
as the value increases. According to Figure 9b, we observe that when the cutting width
is 2.0, there is a positive effect on the target value. However, when the value is 3.0, 4.0,
or 5.0, the cutting width usually has a negative effect on the target value. In addition, as
the number increases, the effect on the target value remains almost constant. However,
whether the internal coupling of the two factors affects the value of the factor requires
further analysis of the SHAP dependence diagram of the suspension length and cutting
width. The SHAP dependence results of the two factors are shown in Figure 10.

Figure 10. SHAP dependence plots of two parameters.

According to Figure 10, the variation in the influence of suspension elongation on the
target value under the same value is attributed to the influence of other characteristics.
However, when the overhang elongation is 50 or 60, the increase in the cutting width does
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not affect its positive effect on the target value. Similarly, when the overhang elongation is
70 or 80, the reduction in the cutting width does not have a negative effect on the target
value. This indicates that the coupling relationship between the two features is weak and
the parameters can be adjusted independently. The calculation results show that the other
three parameters have similar effects on suspension elongation.

3.6. Discussion

We proposed an AE-XGBoost model for predicting machine tool machining dimen-
sions, integrating XGBoost, autoencoder (AE), and SHAP analysis. The experimental
results demonstrated the superiority of the AE-XGBoost model over the traditional XG-
Boost method, with a 7.11% improvement in prediction accuracy. However, a more in-depth
discussion of these findings is warranted.

Model Performance and Feature Importance: The improved performance of the AE-
XGBoost model can be attributed to its unique architecture. The AE effectively extracts local
and global features from the data, reducing noise and redundancy. This pre-processed data
is then fed into the XGBoost model, which is known for its ability to handle complex non-
linear relationships. The combination allows for a more accurate prediction of machining
dimensions. For example, the principal component analysis (PCA) and grey correlation
analysis (GRA) pre-processing steps reduce the dimensionality of the data while retaining
important information, making the data more suitable for the XGBoost model.

Regarding feature importance, SHAP analysis revealed that overhang elongation and
cutting width have the most significant effects on machining dimensions. The negative
correlation between the larger values of overhang elongation and cutting width and the
machining dimensions, as indicated by the SHAP values, can be explained by the physical
processes in machining. A longer overhang elongation may lead to increased tool deflection
during machining, causing the actual machining dimensions to deviate from the desired
values. Similarly, a wider cutting width may result in greater cutting forces, which can
also affect the final dimensions of the machined part. The feed speed, cutting depth, and
spindle speed also play important roles, but to a lesser extent.

Comparison with Existing Studies: Compared with previous research in the field of
machine tool machining size prediction, our model addresses several limitations. Many
existing studies do not adequately consider data imbalance, which can lead to inaccurate
predictions. By using the SMOGN method, we were able to balance the dataset and im-
prove the model’s generalization ability. Additionally, the integration of SHAP analysis
in our model provides interpretability, which is often lacking in other models. This al-
lows engineers to understand how different features contribute to the prediction results,
facilitating the optimization of machining parameters.

Limitations and Future Research: Despite the promising results, our study has some
limitations. The dataset used in this study may not cover all possible machining sce-
narios, which could limit the model’s generalization to other types of machine tools or
machining processes. Future research could focus on expanding the dataset to include
more diverse machining conditions. Additionally, although the AE-XGBoost model shows
good performance, there is still room for improvement. Exploring more advanced feature
extraction techniques or optimization algorithms for XGBoost could further enhance the
model’s accuracy.

In conclusion, this study provides valuable insights into machine tool machining size
prediction. The AE-XGBoost model shows great potential, and the SHAP analysis offers a
useful way to interpret the model’s predictions. Future research should aim to overcome
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the limitations of this study and further improve the performance and generalization of
the model.

4. Conclusions and Future Work

4.1. Conclusions

In this study, we proposed an interpretable machining size prediction model that com-
bines XGBoost, autoencoder (AE), and SHAP analysis to address the challenges in machine
tool machining size prediction. Our approach aimed to achieve intelligent manufacturing
and enhance the machining quality of machine tools.

We began by constructing a comprehensive dataset that incorporated actual machining
process parameters, machine parameters, and final machining dimensions. Given the data
imbalance commonly encountered in practical engineering scenarios, we employed grey
correlation analysis (GRA) and principal component analysis (PCA) to preliminarily screen
the features. This not only reduced data redundancy but also retained the most relevant
information. Subsequently, the synthetic minority over-sampling technique of gaussian
noise regression (SMOGN) was utilized to balance the dataset, ensuring that the model
could handle different data distributions effectively.

Before training the XGBoost model, we leveraged the autoencoder network to extract
data features. The AE was able to capture both local and global features within the
data, transforming the pre-processed data into more representative feature vectors. These
features were then fed into the XGBoost model, and its optimal parameters were determined
through grid search cross-validation.

The experimental results demonstrated the effectiveness of our proposed AE-XGBoost
model. Compared with the traditional XGBoost method, the AE-XGBoost model showed a
significant improvement in prediction accuracy. Specifically, it achieved a 7.11% increase
in accuracy, with mean absolute error (MAE), mean square error (MSE), and coefficient
of determination (R2) values of 1.071 × 10−2, 2.741 × 10−2, and 0.570 respectively. These
improvements indicated that the AE-XGBoost model was better at handling the redun-
dancy and imbalance problems in the initial data, enabling more accurate predictions of
machining dimensions.

We further employed SHAP analysis to rank the feature importance of machining
dimensions. Overhang elongation and cutting width were identified as the most significant
factors affecting the target variable. Through SHAP partial dependence diagrams and
SHAP dependency graphs, we found that an overhang elongation of 50 or 60 had a positive
effect on the target, while values of 70 or 80 had a negative effect. For the cutting width, a
value of 2.0 had a positive effect, while 3.0, 4.0, and 5.0 had a negative effect. Moreover,
the coupling relationship between overhang elongation and cutting width was found to
be weak, suggesting that these parameters could be adjusted independently to optimize
machining dimensions.

In summary, our research provides a reliable and interpretable model for machine
tool machining size prediction. The AE-XGBoost model offers a practical solution for
engineers to better understand and control the machining process, ultimately contributing
to an improvement in machining quality and the realization of intelligent manufacturing.
However, it should be noted that our model still has some limitations. For example, the
performance of the model may be affected by the limited diversity of the dataset. Future
research directions are discussed in the following section.
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4.2. Future Work

Future work could focus on expanding and diversifying datasets and developing new
imbalanced data sampling methods, which could help improve model performance under
imbalanced data conditions. In addition, more efficient hyperparameter tuning techniques
can be explored to further optimize the performance of the XGBoost model. In terms
of practical machining applications, this study provides valuable insights for optimizing
machining dimensions and adjusting machine parameters, which is helpful in developing
more reasonable and effective machining schemes.
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Abstract

Improving the fuel economy of electric buses requires traction motors that provide not only
high-power density but also high efficiency under diverse driving conditions. While high
slot fill factor (HSFF) coils such as the maximum slot occupation (MSO) coil improve motor
torque and power density, they inevitably increase AC copper losses due to elevated AC
resistance, especially at high speeds. Unlike conventional motor optimization studies that
mainly focus on efficiency at specific operating points, this paper proposes a drive-cycle-
aware design optimization method that minimizes AC copper loss to enhance real-world
fuel economy. By combining 2D finite element analysis (FEA) with vehicle-level simulations
under three representative driving cycles (Manhattan, HWFET, HDUDDS), an optimal
motor design was derived. The optimized motor achieved improvements in fuel economy
by 0.20%, 0.86%, and 0.36%, respectively, compared to the initial design. Experimental
validation through prototype fabrication confirmed the effectiveness of the proposed
method. These results demonstrate that the proposed design approach can contribute to
improving energy efficiency and reducing operational costs in electric bus applications.

Keywords: AC copper loss; electric bus; fuel economy; optimal design; traction motor;
vehicle simulation

MSC: 49S05

1. Introduction

Recently, along with the rapid development of electric vehicles, various related studies
have been conducted. In [1], an analysis of domain- and zone-based automotive archi-
tecture topologies with vehicle-centralized or controller-based mappings was conducted.
Reference [2] proposed the practical methodology for security analysis of grid-connected
electric vehicle charging stations with wind-generating resources. Reference [3] proposed
a decentralized resource allocation mechanism based on deep reinforcement learning.
Reference [4] proposes a method to enhance the fuel efficiency (FE) of an electric vehicle by
altering the winding connection in a wound field synchronous motor. In addition, recent
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studies have explored the optimization of thermal management in electric vehicle pow-
ertrain systems to further improve energy efficiency and overall vehicle performance [5].
Among various studies, there is also a method to improve mileage, which has been pointed
out as a problem in terms of electric vehicle (EV) supply [6]. In terms of components,
various studies are being conducted on improving the power density and efficiency of a
traction motor to improve EV mileage [7].

Proposals for increasing the power density of the motor have included coil
technologies [8–10]. The slot fill factor (SFF) of the winding is directly related to the area of
the slot and consequently affects the volume of the motor. Essentially, the utilization of high
slot fill factor (HSFF) coils, as discussed in reference [11], contributes to the enhancement of
the motor’s power density. A representative coil technology developed due to the demand
for HSFF coils is hairpin winding. Hairpin windings have a SFF of about 60% and are
applied to motors in various automotive industries [11,12]. The maximum slot occupation
(MSO) coil developed by The Korea Institute of Industrial Technology (KITECH) is also
one of the HSFF coils, like hairpin winding. By cutting copper blocks to match the slot’s
form, MSO coils can achieve a SFF of up to 80%. Thus, applying MSO coils to the motor
can lead to an enhancement in the motor’s power density.

However, HSFF coils have a large area of the conductor, resulting in large AC resistance
due to skin and proximity effects at high frequencies [13]. The motor encounters difficulties
in achieving high efficiency because AC resistance leads to additional losses commonly
referred to as AC copper loss within the motor. For this reason, the use of HSFF coils can
help to improve the power density, but it is difficult to achieve high efficiency. Therefore, to
achieve high efficiency as well as the high-power density of the motor using HSFF coils,
AC resistance must be considered when designing the motor.

Several papers have reported methods for reducing AC copper loss. Reference [14]
reported a decrease in AC copper loss, achieved through the winding transposition tech-
niques. Reference [13] discussed strategies involving the arrangement of the strands bundle
to reduce AC copper loss. Reference [15] reported a winding technique aimed at minimiz-
ing the AC copper loss of a hairpin winding. However, these methods are not suitable for
application in the motor using MSO coils. For this reason, a method for reducing AC copper
loss that is suitable for MSO coils has been recently reported. Reference [16] reported the
trend of AC resistance of MSO coils according to the current density and the number of
parallel circuits. Reference [17] reported a method of decreasing the AC copper loss of
MSO coils through the optimal design of the tooth width. However, no research has been
conducted on the optimal design that takes AC copper loss into account to enhance the FE
of the EV.

The purpose of this paper is to enhance the electric bus’s FE by optimizing the traction
motor while considering its AC copper loss. First, the influence of the traction motor design
variables on its electrical performance is analyzed. Second, a multi-objective optimization
is performed using energy consumption as an objective function. Three driving cycles are
selected to represent different operational purposes of the bus.

In this study, an optimal design method to increase FE considering AC copper loss of
motor for the electric bus traction using the MSO coil is proposed. First, the specifications
and issues of electric bus traction motors using MSO coils will be described. Next, the effect
of design variables on electrical performance is checked through 2D finite element analysis
(FEA). Tooth width and slot opening width are stator design variables related to the slot
leakage flux. The slot leakage flux affects the AC resistance, so the tooth width and slot
opening width are important stator design variables. Since AC resistance occurs almost on
the coil side, the stack length is also an important design variable. Third, a multi-objective
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optimization for improving the FE of electric buses is conducted. Three driving cycles have
been selected to consider the various purposes of the electric bus. The energy consumption
according to the driving cycle is defined as an objective function. Additionally, this study
conducts a comparative analysis of the FE of electric buses with respect to both the initial
motor and the optimal motor resulting from the multi-purpose optimal design. Finally, an
optimal motor is fabricated and subjected to testing procedures to validate this study.

2. Electric Bus and Initial Motor for Traction

A bus terminal is a place where all buses begin or end a designated route. For this
reason, the bus is more advantageous than the passenger vehicle in applying the electric
powertrain system because the battery-charging device only needs to be installed at the
bus terminal. Due to this advantage, research is being conducted to replace the powertrain
of the bus with an electric system consisting of a motor and inverter instead of an internal
combustion engine.

2.1. Initial Motor for Electric Bus Traction

Figure 1 shows the shape of an initial motor, which is an Interior Permanent Magnet
Synchronous Motor (IPMSM) using an MSO coil. The initial motor applying the MSO
coil is designed for electric bus traction. Reference [18] introduces the MSO coil as one of
several coil types developed to enhance the SFF. The bare SFF of the MSO coil is up to 80%
because the copper block is cut according to the form of the slot, unlike other coils. An
advantage of HSFF coils is that they help to achieve high-torque density or high-power
density of the motor. However, at high-speed operation, the large area of the conductor
causes AC resistance. For this reason, the motor encounters difficulties in achieving high
efficiency because AC resistance leads to additional losses that are commonly referred to as
AC copper loss within the motor.

 

Figure 1. The shape of the initial motor using MSO coil.

Table 1 provides the specifications of the initial motor intended for electric bus traction.
For electric bus traction, the motor is required to deliver a maximum torque of 800 Nm,
maximum power output of 130 kW, and operate at a maximum speed of 5200 rpm.
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Table 1. Specification of initial motor.

Items Unit Value

Maximum Torque Nm 800
Base Speed rpm 1600

Maximum Speed rpm 5200
DC Voltage VDC 360

Maximum Line Current Arms 500
Stator Outer Diameter mm 210

Stack Length mm 83
As per the battery and inverter specifications, the DC-link voltage is 360 VDC, and the maximum line current
is 500 Arms.

2.2. Issue of Initial Motor for Electric Bus Traction

In general, buses serve three primary purposes: transit, express, and suburban. Each
type of bus is tailored to specific operational requirements:

• Transit bus: Designed to operate between short stops within downtown areas.
• Express bus: Intended for long-distance travel between cities, typically covering

extensive routes.
• Suburban bus: Geared towards medium-length journeys within metropolitan areas,

serving commuters traveling to and from suburban locations.

To summarize the characteristics of the bus, the bus drives at a low or high speed,
depending on the purpose. Therefore, it is necessary to design the motor in consideration
of all purposes of the bus. As mentioned in Section 2.1, due to the high fill factor of the
MSO coil, the initial motor causes additional losses due to AC resistance when operating
at a high speed. AC copper loss, which is the additional loss caused by AC resistance,
worsens fuel efficiency. The FE is expressed as (1) and obtained by dividing the total driving
distance by the total energy consumption. The total energy consumption is obtained as
the integral of the input power with respect to time. As shown in (2), the input power
is obtained using the output power, the motor efficiency, the inverter efficiency, and the
battery efficiency. At this time, the motor efficiency is obtained using the output power and
the losses, including the AC copper loss and the iron loss, as indicated in (3). Therefore, an
increase in AC resistance results in greater AC copper loss and reduced motor efficiency.
The reduced motor efficiency, in turn, increases the input power required for motoring
and decreases the input power during the generating operation. Consequently, the FE
deteriorates. Conversely, it can be concluded that the reduction in the AC copper loss,
which is the design target of this paper, leads to an increase in the FE. Hence, given that
buses operate at varying speeds depending on their purpose, from low speed to high speed,
it is imperative to design the motor while considering AC copper loss to enhance the FE of
electric buses.

FE =

∫
Vv(t)dt∫
Pin(t)dt

(1)

Pin =

{
Pout

ηMηInvηBat
, TM ≥ 0

PoutηMηInvηBat, TM < 0
(2)

ηM =
Pout

Pout + Pcopper,AC + Piron
(3)

where Vv is the vehicle speed, Pin is the input power, Pout is the output power, ηM is the
motor efficiency, ηInv is the inverter efficiency, and ηBat is the battery efficiency. Pcopper,AC

represents the AC copper loss, Piron is the iron loss, and TM is motor torque.
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3. Stator Design Variables Affecting Efficiency of Motor Using High Fill
Factor Coil

This section describes the design variables that affect the efficiency of motors using
HSFF coils. First, the reason for analyzing the AC resistance of the motor through 2D
FEA due to the limitation of the AC resistance coefficient formula is explained. Next, the
influence of tooth width and slot opening width, which are design variables that affect the
AC copper loss of a motor using HSFF coils through 2D FEA, is investigated. Finally, the
tendency of the torque, copper loss, and line-to-line induced voltage with the change in the
design variable were examined to confirm.

3.1. Limitation of Analytical Method for Predicting AC Resistance

Under DC current conditions, the current density in the conductor is uniform. How-
ever, under AC current conditions, the voltage induced by the magnetic flux passing
through the conductor causes an imbalance in the current density distribution in the
conductor [19]. As illustrated in Figure 2a, the current density in the conductor is not
uniform for the area of one conductor and is concentrated in a specific area like the red
square in Figure 2a. In particular, this phenomenon is remarkable in conductors close to the
air gap. The imbalance of the current density, which occurs within one conductor, increases
the copper loss because the concentrated areas in the current density have a greater effect on
the copper loss than the unconcentrated areas. In addition, the larger the cross-section area
of the conductor, the larger the concentrated areas in the current density are, and the more
severe imbalance of the current density is. As referenced in [15], larger conductor areas
correspond to increased AC copper loss. In addition, as shown in Figure 2a, the current
density distribution of the conductor far from the air gap is constant in the horizontal
direction and changes in the vertical direction. However, the current density distribution
of the conductor close to the air gap is not similar to the current density distribution of the
conductor far from the air gap. This is because the leakage magnetic flux flows through the
arc-shaped path due to the tooth tip shape, as presented in Figure 2b. These results imply
that not only the slot width but also the tooth tip shape affects the AC copper loss.

 
(a) (b) 

Figure 2. Time-harmonic analysis results of the E- and I-shaped cores: (a) current density;
(b) magnetic flux density and magnetic flux line.

The AC resistance coefficient is a value obtained by dividing the AC resistance by
the DC resistance and is a representative coefficient representing the effect of the AC
resistance [19]. From [17], it was confirmed that the AC resistance coefficient calculated
through the time-harmonic analysis and formula is almost similar. However, the formula
for predicting the AC resistance coefficient has the following disadvantages:

• It ignores the influence of field flux.
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• Slot leakage magnetic flux generated by the field cannot be reflected.
• It ignores the nonlinearity of the iron core.
• It is impossible to reflect the magnetic flux of leakage in the slot that changes due to

the nonlinearity of the stator core.
• Assume that the slot leakage magnetic flux flows horizontally with the air gap.
• It is not possible to accurately reflect the path of the leakage magnetic flux flowing

through the arc-shaped path due to the tooth tip.

Due to the above assumptions of the formula for predicting AC resistance, it is difficult
to calculate the accurate characteristics of the AC copper loss of the motor through the
formula. For this reason, it is necessary to analyze the tendency of AC copper loss through
2D FEA.

3.2. Determination of Design Variables Considering Electric Performance

In this section, the design variables that affect torque and copper loss are defined for
the optimization process described in Section 4.3. The design variables are determined
by analyzing the trend of motor performance, as the tooth width and slot opening width
are varied. This analysis utilizes the results of the 2D FEA, conducted at both the base
speed and maximum speed of the initial motor, exploring the impact of the changes in
these dimensions on motor performance. When the stator design parameters change, the
area of the slot remains constant. Reducing the tooth width while preserving the area of
the slot results in the widening of both the yoke width and the slot width. Consequently,
the form of the coil adjusts accordingly in response to alterations in the slot form, reflecting
the unique characteristics of the MSO coil. In addition, when motor performance according
to the change in one design variable is examined, the other variable is kept constant to
independently examine the influence of each design variable.

The motor performance to be checked in common at base speed and maximum speed
is torque and copper loss. Moreover, at the maximum speed, the peak value of line-to-line
induced voltage was additionally checked. At high speeds, since the harmonic component
of the induced voltage is remarkable, the line-to-line induced voltage may exceed the DC-
link voltage. Due to this phenomenon, sinusoidal current cannot be input in the motor and
additional torque ripple may occur due to the current containing harmonics component.
This is the reason the line-to-line voltage at the maximum speed is checked.

Figure 3 illustrates the motor performance with varying tooth widths under the
condition that the slot opening width is maintained at 15 mm. As shown in Figure 3,
when checking motor performance through 2D FEA, the magnitude and phase angle of the
current are (500 Arms, 10◦) and (350 Arms, 65◦) at the base and maximum speed, respectively.
Figure 3a presents the torque and copper loss at the base speed, and Figure 3b shows the
torque, copper loss, and peak values of line-to-line induced voltage at the maximum speed.
Figure 3 depicts several key parameters as follows: the torque is represented by the black
line, the copper loss by the red dotted line, the peak value of line-to-line induced voltage
by the blue dashed line, and the maximum torque required by the electric bus system,
accounting for manufacturing tolerances, is illustrated by the green line with rectangular
symbols. To consider potential deviations in the motor performance due to manufacturing
tolerances, the target torque was established at 105% of the maximum torque. As the tooth
width increases, the torque tends to increase up to a certain dimension, after which it starts
to decrease. However, the copper loss decreases and then increases. At the base speed,
there is little variation in copper loss between the tooth widths ranging from 30 to 40 mm,
all of which fulfill the maximum torque requirement of the electric bus system. Conversely,
at maximum speed, there is a noticeable trend of continuous increase in copper loss as the
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tooth width increases within the range of 30 to 40 mm. Here, the difference between the
maximum and minimum copper losses is approximately 61%. In addition, the peak value
of line-to-line induced voltage at maximum speed increases and then decreases as the tooth
width increases and is largest at 38 mm of the tooth width. Also, 38 mm of the tooth width
is the point generating the largest torque at the base speed.

  
(a) (b) 

Figure 3. Electric performance according to tooth width: (a) base speed and (b) maximum speed.

Figure 4 depicts the motor performance according to the slot opening width. At
this time, the tooth width is fixed to 30 mm. As demonstrated in Figure 4, the current
condition is the same as when examining the motor performance according to the tooth
width. Figure 4a shows the tendency of torque and copper loss at the base speed, and
Figure 4b illustrates the torque, copper loss, and peak values of line-to-line induced voltage
at maximum speed. In Figure 4, the black line is the torque, the red dotted line is the copper
loss, the blue dashed line is the peak value of line-to-line induced voltage, and the green
line with a rectangular symbol is the target torque considering manufacturing tolerances.
Figure 4a shows that it is not more dramatic than the tendency of torque or copper loss
according to the change in tooth width. However, as can be seen from Figure 4b, the slot
opening width greatly affects the copper loss or peak value of line-to-line induced voltage
at maximum speed. The copper loss and the peak value of the line-to-line induced voltage
are the smallest at 11 mm of slot opening width.

  
(a) (b) 

Figure 4. Electric performance according to slot opening width: (a) base speed and (b) maximum
speed.

Through the above analysis, the tooth width and slot opening width affect the torque,
the copper loss, and the peak value of the line-to-line induced voltage. Although not
included in the above analysis, the stack length is also one factor that influences the torque,
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the copper loss, and the peak value of the line-to-line induced voltage. The stack length
proportionally affects the torque, AC resistance, and line-to-line induced voltage under the
same current condition. As the stack length increases, the effective magnetic flux, conductor
length, and flux linkage also increase proportionally, resulting in a linear increase in torque,
AC resistance, and induced voltage. Therefore, the stack length is also added as a design
variable, and according to the design variables, such as the tooth width, the slot opening
width, and the stack length, the optimal design to improve the FE of the electric bus
is performed.

4. Multi-Objective Optimization Design for Improving Fuel Economy

This section presents the motor multi-objective optimization design method and its re-
sults for enhancing the FE of the electric bus. First, a vehicle simulation model is introduced
to evaluate the FE based on the motor’s electrical performance. Next, the optimization
design process applied to the motor is described in detail. Finally, the performance of the
optimized motor is compared with that of the initial motor.

The overall procedure of the proposed multi-objective optimization is illustrated in
Figure 5. The detailed steps are summarized as follows:

1. Define the vehicle model and motor design variables.
2. Formulate the optimization problem (objectives and constraints).
3. Design of the experiments using the optimal Latin hypercube design (OLHD).
4. Conduct 2D FEA and vehicle simulation to obtain results.
5. Build a Kriging surrogate model.
6. Validate the surrogate model.
7. Perform optimization using a surrogate model.
8. Obtain an optimal motor design.

 

Figure 5. Flowchart of the proposed multi-objective optimization process for the motor design.

4.1. Vehicle Simulation for Calculating Fuel Economy of Electric Bus

Vehicle simulation is a method used to calculate the fuel economy (FE) of a vehicle
under specific driving conditions. It enables the evaluation of how various component
designs and control strategies impact the overall vehicle’s performance without the need for
full-scale experiments. In this study, the vehicle simulation model is developed using the
ADVISOR platform, a widely validated simulation tool created by the National Renewable
Energy Laboratory (NREL) [20]. To ensure accurate simulation results, the model reflects
the specifications of the target vehicle and its major components, including the motor,
inverter, gear, and battery, as well as the intended driving cycles. All major parameters,
such as vehicle mass, frontal area, wheel radius, gear ratio, inverter efficiency, and battery
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characteristics, are set according to the actual specifications of the target electric bus. The
motor efficiency map is generated from 2D finite element analysis (FEA) results and
experimentally validated data to accurately represent the motor’s electrical performance
under various operating conditions. Figure 6 shows a schematic diagram of the vehicle
simulation process used to calculate the fuel economy by considering the drive cycle and
system characteristics. Through this modeling approach, the established vehicle simulation
model reliably reflects the real-world performance characteristics of the electric bus system.
This ensures that the subsequent fuel economy evaluation and optimization results are
based on a realistic and credible framework.

 
Figure 6. Schematic diagram of the vehicle simulation process.

4.1.1. Longitudinal Vehicle Dynamics

Figure 7 depicts the dynamic force diagram of a vehicle. As shown in Figure 7, there is
a rolling resistance, air resistance, and gradient resistance as the resistance forces applied to
the vehicle. According to vehicle longitudinal dynamics, the torque demand at the wheel
can be calculated as:

Tw = (FR + FG + FD)r

=
(

mg fR cos θ + 1
2 AFCdρairv2 + mg sin θ

)
r

(4)

where Tw is the torque demand at the wheel, FR is the rolling resistive force, FG is the
grading resistive force, FD is the aerodynamic drag force, m is the vehicle mass, g is the
gravity acceleration, fR is the rolling resistance coefficient, θ is the slope of the road, AF is
the frontal area, Cd is the aerodynamics drag coefficient, v is the vehicle speed, and r is the
wheel radius.

 
Figure 7. Dynamic force diagram of the vehicle.

In addition, the vehicle’s powertrain provides torque demand at the wheel, and the
energy balance is as follows:

Tw = ηTigTM (5)

where ηT is the efficiency of the gear, and ig is the gear ratio.

4.1.2. Motor Model

The motor model needs a motor efficiency map according to the rotation speed and
torque to perform vehicle simulation. The efficiency of the motor is predicted over three
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steps [21]. First, the d- and q-axes based electrical parameters, are calculated through 2D
FEA according to the magnitude and phase of the current. Next, the magnitude and phase
angle of the current according to the torque and rotational speed are determined through
maximum torque per ampere control. Also, the torque equation is used to determine the
current condition, which is expressed below.

TM = pp
[
ψ f ioq +

(
Ld − Lq

)
iodioq

]
(6)

where pp is the number of pole-pairs, ψf is the rms value of the flux linkage by field, ioq and
iod are the magnetizing q-axis and d-axis current, and Ld and Lq are the d, q-axis inductance,
respectively. Here, the d- and q-axes equivalent circuit of the motor illustrated in Figure 8 is
used to consider the voltage limit [22]. Finally, the motor efficiency is calculated through
the copper loss and iron loss calculated by 2D FEA according to the magnitude and phase
of the current.

  
(a) (b) 

Figure 8. The d- and q-axes equivalent circuit of the motor: (a) d-axis; (b) q-axis.

4.1.3. Battery Model

The battery model is modeled as a 2nd RC equivalent circuit, as shown in Figure 9.
Figure 10 presents the battery model parameters measured through experiments [23–25].
The state-space model of the battery is as follows:

dSOC(t)
dt

=
i(t)
Cbat

(7)

dv1(t)
dt

= − v1(t)
R1C1

+
i(t)
C1

(8)

dv2(t)
dt

= − v2(t)
R2C2

+
i(t)
C2

(9)

vt(t) = voc(SOC) + v1(t) + v2(t) + R0i(t) (10)

where SOC represents the state of charge, i denotes the current, Cbat refers to the nominal
capacity of the battery, and R and C indicate the resistance and capacitance, respectively.
Further, v1 and v2 correspond to the voltages across the first and second capacitors, respec-
tively. R0 is the ohmic resistance, and vt represents the terminal voltage. R1 and C1 are
related to the first RC pair, while R2 and C2 are linked to the second RC pair.

Figure 9. Battery equivalent circuit.
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(a) (b) (c) 

Figure 10. Battery model parameters according to SOC: (a) open circuit voltage; (b) resistance;
(c) capacitance.

4.1.4. Vehicle Model and Vehicle Simulation Conditions

The target vehicle for this study is an electric bus. Table 2 outlines the specifications
of the electric bus, and Table 3 delineates the vehicle simulation conditions. The gear and
inverter are both expected to operate with an efficiency of 95%.

Table 2. Specification of electric bus traction.

Items Unit Value

Curb Weight kg 12,500
Frontal Area m2 6.72

Overall Width m 2.50
Overall Height m 3.21
Overall Length m 10.58

Wheelbase m 5.95
Wheel Radius m 0.48

Inverter Efficiency % 95

Gear
Ratio - 9.5

Efficiency % 95

Battery Overall Nominal Voltage VDC 360
Overall Nominal Capacity kWh 256

Table 3. Drive condition.

Items Unit Value

Air Density kg/m3 1.28
Gravitational Acceleration m/s2 9.81

Aerodynamic Drag Coefficient - 0.7
Rolling Resistance Coefficient - 0.007

Number of Passengers - 40
Weight per Passenger kg 65

As explained in Section 2.2, the bus is used for three purposes: transit bus, express
bus, and suburban bus. In this study, three driving cycles were selected to conduct the
multi-objective optimization design of the motor to improve FE, considering all three
purposes of the bus. Figure 11 depicts the target driving cycle. The Manhattan cycle was
chosen considering that the electric bus was used as a transit bus because it was developed
for the FE test of the transit bus, and HWFET was developed for the highway driving test,
so it was selected to consider the case where the electric bus was used as an express bus.
The suburban bus has the characteristics of a transit bus and an express bus at the same
time. Because HDUDDS reflects the driving characteristics of both the Manhattan cycle and
HWFET, it is chosen as a driving pattern of the suburban bus. Thus, based on the depicted
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driving cycle in Figure 11, a multi-objective optimization design of the motor is conducted
with the aim of enhancing the FE of the electric bus.

   
(a) (b) (c) 

Figure 11. Target driving cycle: (a) Manhattan; (b) HWFET; (c) HDUDDS.

4.2. Multi-Objective Optimization Formulation

As discussed in Section 3, the consideration of AC resistance is crucial when designing
motors applying HSFF coil. The form of the stator, as previously mentioned, directly
impacts AC resistance. Iron loss, as well as AC resistance is determined by the shape of
the stator. In other words, it is necessary to design an appropriate stator shape to increase
the efficiency of the motor. However, the motor design that improves efficiency without
considering the driving point of the motor is meaningless in terms of vehicle FE. Therefore,
the motor design that improves efficiency considering the driving cycle should be made to
improve the FE of the electric bus.

Utilizing in-house codes, the multi-objective optimization was conducted employing
the Kriging surrogate model. This optimization aimed to confirm the optimal design
point across multiple driving conditions [26,27]. The energy consumption according to the
driving cycle is defined as an objective function, and a multi-objective optimization model
in which all objective functions are combined is defined using the desirability function to
minimize energy consumption [28]. The defined objective functions and multi-objective
optimization model are as follows:

Objectives :

⎧⎪⎨
⎪⎩

min f1(x) = EManhattan

min f2(x) = EHWFET

min f3(x) = EHDUDDS

(11)

min : fo(x) = −d1
w1 · d2

w2 · d3
w3(w1 = w2 = w3) (12)

where fi denotes the objective function, x is the design parameter, EManhattan, EHWFET, and
EHDUDDS are the energy consumption according to the driving cycle, fo is the multi-objective
optimization function, di is the individual desirability function, and wi is the weighting
factor, respectively. In this paper, a genetic algorithm was employed to find the optimal
design that maximizes the overall desirability. The individual desirability function, di, is
expressed as follows:

di =
fi − fim ax

fimin − fimax
(13)

where fi is the arbitrary value, and fimax and fimin are the maximum and minimum values of
the objective function, respectively [29]. At this time, fimax and fimin are the maximum and
minimum among the values obtained from all sample points of each objective function.

In addition to the optimization objectives, constraints have been established, taking
into consideration the requirements of the vehicle. Initially, to account for potential reduc-
tions in torque due to mechanical loss or manufacturing tolerances, the target torque was
set at 105% of the required torque for the vehicle system. Next, the ratio of the peak value of
line-to-line induced voltage and the DC link voltage were added to the constraints at high
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speeds so that the inverter could flow a sinusoidal current to the motor. The constraints
can be expressed as follows:

⎧⎪⎨
⎪⎩

g1(x) = 800 × 1.05 − Tbase ≤ 0
g2(x) = 238.9 × 1.05 − Tmax ≤ 0
g3(x) = VLL(nmax)/VDC − 1 ≤ 0

(14)

where gi is the constraint, Tbase is the maximum torque required by the vehicle system at the
base speed, Tmax is the maximum torque required by the vehicle system at the maximum
speed, VLL is line-to-line induced voltage, nmax denotes the maximum speed of the motor,
and VDC is the DC link voltage.

Sample points for multi-objective optimization are sampled using the optimal Latin
hypercube design (OLHD) [30]. The initial sample points are sampled as follows:

ns =
(nd + 1)(nd + 2)

2
(15)

where ns is the number of the initial sample points, and nd is the number of the
design variable.

The number of the initial sample points is selected as the boundary values of the input
parameters to encompass a feasible region as widely as possible, but the initial sample
points are the minimum number to compose the surrogate model. In general, since the
more sample points (the higher the accuracy of the Kriging surrogate model) to determine
the appropriate number of sample points, a cross-validation method is implemented to
evaluate the model’s accuracy. Here, calculating the normalized root mean square error
(NRMSE) is used as an evaluation index to evaluate model accuracy [6]. Based on this
method, the number of sample points was determined to be 40, which is 4 times the number
of the initial sample points obtained through (15).

4.3. Multi-Objective Optimization Result and Discussion

Figure 12 presents the contours of the multi-objective optimization function with
respect to variations in two design variables, while the other design variable is kept
constant. The direction in which the desirability function increases is indicated by an
orange-colored arrow. Also, areas that satisfy the constraints are shaded. The shaded area
with a dotted red border indicates the area that satisfies all the constraints. As a result,
through multi-objective optimization, the tooth width, slot opening width, and stack length
were determined to be 31.7 mm, 9.6 mm, and 83 mm, respectively. The optimal design
point is indicated by a white circle with a black border in Figure 12.

   
(a) (b) (c) 

Figure 12. Contour plot of the multi-objective optimization function: (a) tooth width–stack length (@
slot opening width: 9 mm); (b) slot opening width–stack length (@ tooth width: 29 mm); (c) tooth
width–slot opening (@ stack length: 85 mm).
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Figure 13 shows the initial and optimal motors, and Table 4 lists the dimensions of
each design variable according to the motor. The tooth width, slot opening width, and
stacking length of the initial motor are 26 mm, 16 mm, and 90 mm, respectively, and those
of the optimal motor are 31.7 mm, 9.6 mm, and 83 mm, respectively. As a result, compared
to the initial motor, the optimal motor has a wider tooth width, a narrower slot opening
width, and a reduced stack length.

 

Figure 13. The shape of the initial and optimal motors.

Table 4. Dimension of each design variable according to the motor.

Design Variable Unit Initial Motor Optimal Motor

Tooth width mm 27 31.7
Slot opening width mm 10.4 9.6

Stack length mm 87 83

Figure 14 depicts the FE performance of the electric bus when equipped with different
motors. In Manhattan, the optimized motor led to a 0.20% increase in FE, improving
from 1.592 km/kWh to 1.596 km/kWh. Similar enhancements were noted in the HWFET
and HDUDDS cycles. Specifically, the HWFET exhibited an increase of 0.86%, with FE
rising from 1.196 km/kWh to 1.207 km/kWh. Likewise, the HDUDDS showed a 0.36%
improvement, with FE increasing from 1.229 km/kWh to 1.233 km/kWh. Overall, these
results indicate that the FE has improved across all driving cycles.

(a) (b) (c) 

Figure 14. Fuel economy according to motors: (a) Mahattan; (b) HWFET; (c) HDUDDS.

Considering the real-world operations of electric buses, which typically cover
200–300 km per day for about 300 days annually, the accumulated driving distance ex-
ceeds 60,000 to 90,000 km [31,32]. Even a 0.5% improvement in FE translates into annual
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energy savings of approximately 150–200 kWh per vehicle. This contributes to signifi-
cant operational cost reductions and helps lower the environmental impact by reducing
electricity consumption and the associated carbon emissions. In this optimization, design
variables related to stator geometry—such as the tooth width, slot opening width, and stack
length—were strategically selected and adjusted. By carefully modifying only essential
parameters without major structural changes, the optimized motor achieved meaningful
improvements in FE while maintaining manufacturability and cost efficiency. Given the
already high baseline efficiencies of electric buses, such incremental improvements are
considered valuable advancements in electric vehicle technology.

The analysis of FE improvement for each driving cycle begins with an examination of
the distribution of operating points (OP) corresponding to each cycle. Figure 15 illustrates
the motor operating proportion map across different driving cycles. This map aids in
effectively analyzing the motor’s OPs. The heatmap visually displays the frequency of
motor operation, with the darker colors indicating a higher frequency. Additionally, the
bar graph illustrates the operating proportion concerning the motor’s speed or torque.

 
(a) 

 
(b) 

 
(c) 

Figure 15. Motor operating proportion map according to the driving cycles: (a) Manhattan;
(b) HWFET; (c) HDUDDS.
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In the Manhattan cycle, as depicted in Figure 15a, the motor’s OPs are primarily
concentrated in the low-speed region, with higher torque being utilized more frequently
compared to other driving cycles. The main OP is at 1000 rpm and 100 Nm. Likewise,
during the HWFET cycle, the OPs are focused on a particular speed. In contrast to the
Manhattan cycle, the motor mostly functions in the high-speed range. In the HWFET
cycle, the main OP is at 4600 rpm and 100 Nm. In contrast, the HDUDDS cycle shows OPs
distributed more evenly across the speed range, but the main OP remains the same as in
the HWFET cycle at 4600 rpm and 100 Nm.

Figure 16 displays the efficiency map and the efficiency difference between the initial
motor and the optimal motor, generated based on the electrical parameters obtained
through 2D FEA. The efficiency of the optimal motor improved across all speed ranges
compared to the initial motor, although a slight decrease was observed in the low-speed,
high-torque regions. The maximum improvement in efficiency reached up to 3.62%p.

  
(a) (b) 

 
(c) 

Figure 16. Efficiency map: (a) initial motor; (b) optimal motor; (c) difference between initial and
optimal motors.

As shown in Figure 15, the OPs during typical driving cycles for the electric bus
are predominantly concentrated in the low-torque region. Based on this observation,
the optimization strategy specifically focused on enhancing efficiency in the low-torque
operating range to maximize real-world fuel economy (FE).

Therefore, the improvements observed in the low-torque regions of the efficiency
map (Figure 16) are consistent with the intended optimization objectives and contribute
meaningfully to the FE enhancement across all driving cycles.

In particular, the HWFET cycle exhibited a more significant improvement in FE, as the
vehicle mainly operated in the high-speed, low-torque region where the efficiency of the
optimal motor was further enhanced. Conversely, in the Manhattan and HDUDDS cycles,
the FE improvement was less noticeable because the vehicle also operated in the low-speed,
high-torque area, where the efficiency of the optimal motor was relatively reduced.
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5. Experimental Verification

The validity of the proposed design method was confirmed via experiments with the
fabricated optimal motor. Figure 17 shows the experiment configuration and the fabricated
optimal motor. As presented in Figure 17, the pieces of equipment such as inverters, power
analyzers, and dynamometers were used in the experiment. The motor was controlled
with the current condition obtained through 2D FEA. To calculate the efficiency, the power
analyzer recorded the input power, while the output power was determined based on
data obtained from speed and torque sensors on the dynamometer. However, due to the
limitations of the dynamometer, measurements were limited to only 50% of the power
and torque.

Figure 17. Configuration of the experimental setup and fabricated optimal motor.

The no-load phase BEMF was measured at 1000 rpm. Figure 18 illustrates the wave-
forms of the phase BEMF of the FEA and experiment. As shown in Figure 18, the FEA and
experimental results are almost the same. The peak values of the no-load phase BEMF of
the FEA and experiment are 83.3 Vpeak and 83.2 Vpeak, respectively, and the error between
the two results is 0.1%. Based on the no-load experimental result, it can be seen that the
test motor is well-fabricated.

Figure 18. Waveforms of the no-load phase BEMF of the FEA and experiment.

Figure 19a shows the efficiency map measured through the experiment, and Figure 19b
depicts the error between the measured efficiency map and the efficiency map calculated
using the 2D FEA presented in Figure 16b. Each operating point was measured over 5 s
with 10 Hz sampling, and the efficiency results were averaged from 50 samples, ensuring
repeatability and reliability of the experimental data shown in Figure 19. Since the main
operating points are located near 100 Nm, the experiment was conducted up to 400 Nm.
The maximum error and average error between measured efficiency and calculated effi-
ciency through 2D FEA are 2.54%p and 0.73%p, respectively. In other words, the difference
between the measured efficiency and the efficiency calculated through 2D FEA is very small.
Thus, the experimental results confirm the validity of the proposed design method. Fur-
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thermore, the motor experiment results indirectly demonstrate that this method contributes
to enhancing the FE of EVs.

  
(a) (b) 

Figure 19. Efficiency map: (a) experimental result; (b) error between calculated and measured values.

6. Conclusions

This paper proposes a motor design method that accounts for AC resistance in motors’
HSFF coils to enhance the FE of EVs. Among the HSFF coils, MSO coils are effective in
improving motor torque density. However, HSFF coils inherently have a disadvantage:
the large conductor area results in high AC resistance, which, in turn, decreases motor
efficiency. To address this issue, a motor design method considering AC resistance has been
proposed. Moreover, since designing for efficiency improvement without considering OPs
is not meaningful for EV traction motors, the proposed method also considers multiple
driving cycles reflecting different vehicle operation purposes.

Through the multi-objective optimization process aimed at enhancing FE, improve-
ments were achieved across all considered driving cycles. Specifically, the FE increased by
0.20%, 0.86%, and 0.36% in the Manhattan, HWFET, and HDUDDS cycles, respectively. To
analyze the factors contributing to the FE improvement, OP analysis and efficiency map
analysis were conducted. First, the OP analysis revealed that motor operation predomi-
nantly occurs in low-torque regions across all cycles. Second, the motor efficiency map
demonstrated overall efficiency enhancements in the optimized motor, although a slight de-
crease was observed in the low-speed, high-torque regions. As a result, the FE of the electric
bus was improved through the proposed multi-objective optimization approach. Notably,
the HWFET cycle exhibited the most significant FE improvement, primarily because it
operates in a high-speed, low-torque region where the optimized motor showed enhanced
efficiency. Conversely, the Manhattan and HDUDDS cycles showed less pronounced FE
improvements due to a greater proportion of operation in low-speed, high-torque regions,
where the motor efficiency gains were relatively smaller. To validate the effectiveness of
the proposed motor design method, an optimal motor was fabricated and tested. The
experimentally measured efficiency closely matched the efficiency predicted by 2D FEA,
thus verifying the reliability of the simulation results.

Although this study primarily focused on simulations under specific vehicle con-
figurations and representative driving cycles, the proposed approach provides a strong
foundation for further advancements. Future research will aim to significantly expand
the optimization framework by incorporating real-world driving data, accounting for
detailed thermal and aging effects, and applying the methodology across a wider range
of electric vehicle platforms and operating environments. In addition, the adoption of
advanced optimization techniques and the integration of more complex multi-physics
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models are expected to further enhance the applicability and robustness of the proposed
design approach.

In conclusion, this proposed method proves highly effective in improving the FE of
electric buses equipped with MSO coils and opens promising pathways for future research
and development in motor design optimization for electric mobility.
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