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Article

Prognostic Properties of Instantaneous Amplitudes Maxima of
Earth Surface Tremor

Alexey Lyubushin * and Eugeny Rodionov

Institute of Physics of the Earth RAS, Moscow 123242, Russia; evgeny_980@list.ru
* Correspondence: lyubushin@yandex.ru

Abstract: A method is proposed for analyzing the tremor of the earth’s surface, measured by GPS, in
order to highlight prognostic effects. The method is applied to the analysis of daily time series of
vertical displacements in Japan. The network of 1047 stations is divided into 15 clusters. The Huang
Empirical Mode Decomposition (EMD) is applied to the time series of the principal components from
the clusters, with subsequent calculation of instantaneous amplitudes using the Hilbert transform.
To ensure the stability of estimates of the waveforms of the EMD decomposition, 1000 independent
additive realizations of white noise of limited amplitude were averaged before the Hilbert transform.
Using a parametric model of the intensities of point processes, we analyze the connections between
the instants of sequences of times of the largest local maxima of instantaneous amplitudes, averaged
over the number of clusters and the times of earthquakes in the vicinity of Japan with minimum
magnitude thresholds of 5.5 for the time interval 2012-2023. It is shown that the sequence of the largest
local maxima of instantaneous amplitudes significantly more often precedes the moments of time of
earthquakes (roughly speaking, has an “influence”) than the reverse “influence” of earthquakes on
the maxima of amplitudes.

Keywords: earth surface tremor; cluster analysis; principal components; Hilbert-Huang decomposition;

seismic process; event sequence intensity model

1. Introduction

This article presents the further development of methods for analyzing ground surface
tremor proposed in [1-3]. The coherence of the tremor of the earth’s surface was analyzed
in [4,5]. In [6,7], coherent analysis of GPS time series was used to assess seismic hazard in
Japan and California.

In this case, the main emphasis is on the use of the Hilbert-Huang expansion, which
is well suited to take into account the effects of nonstationarity and nonlinearity in time
series [8,9]. This method has been successfully used to analyze geodetic time series [10,11],
when processing hydrological [12], financial [13], biological [14,15] and seismic [16] data.

The main purpose of the article is to clarify common hypotheses that movements of the
earth’s crust recorded by GNSS may contain predictive information. That displacements
recorded by geodetic methods respond to the effects of earthquakes is widely known and
has been demonstrated many times. But extracting geodetic effects that predict seismic
events is much more challenging. In our paper, we propose one method for detecting
predictive effects in space geodesy data.

The works [17-20] analyzed the composition of GPS time series—both their high-
frequency part and low-frequency seasonal components—in connection with the estimates
of the velocities of tectonic plates. In [21-27], using multivariate statistical methods, the
influence of hydrological loads on tectonic displacements of sections of the earth’s crust
was studied. The influence of time delays on the sensitivity of GPS solutions due to the
impact of ionospheric and tropospheric factors was analyzed in [28]. The causes of the
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occurrence of “anomalous harmonics” in the spectral decomposition of GPS time series
were considered in [29].

The detailed structure of earth surface displacements presented in GPS time series
has been analyzed in the works of a large number of scientists. One of the most popular
approaches is the use of the maximum likelihood method for estimating the parameters of
GPS time series models [30-33]. This method was used in [34-36] to estimate the parameters
of the power spectrum shape and noise amplitude for data from different regions of the
world, and the error estimates are discussed in [37,38]. The influence of the spectrum shape
and noise amplitude on the errors of displacement velocity estimates was investigated
in [39,40]. Phase correlations of GPS time series were studied in [41,42] using parametric
models for a number of tectonically active regions.

In [43,44], principal component analysis, empirical orthogonal function analysis, and
singular spectrum analysis were used to determine the most common spatial and temporal
components of GPS time series. In [45], a joint analysis of accelerometer readings and
the noise component of GPS time series was performed. The influence of non-stationary
effects on the estimates of relative displacements of crustal blocks and station positions
was studied in [46—48].

2. Data

GPS data of daily earth displacements are taken from the Nevada Geodetic Labo-
ratory website [49] at: http://geodesy.unr.edu/gps_timeseries/tenv3/1GS14/, access at
19 August 2024.

The set of 1047 GPS stations within domain 30° < Lat < 46°,128° < Lon < 146°, were
chosen. These stations presented in Figure 1a have daily time series from the beginning of
2009 to the end of 2023 (15 years), with a total number of gaps of less than 365 samples, and
the longest gap less than 182 samples. The vertical components of ground displacement
are investigated. The choice of only the vertical component for Japan is due to the fact that
it does not contain the catastrophic jump and subsequent long-term relaxation due to the
impact of the mega-earthquake of 11 March 2011. Gaps in the GPS time series are filled in
using information from the left and right neighborhoods of the gap of the same length as
the gap length [4].

The set of stations was previously divided into 15 clusters (Figure 1). The number 15
was chosen as the number of clusters, which optimally splits their “cloud”. Let us split

—

the set of station position vectors { into a given number g of clusters using the k-means
—

clustering method [50]. Let C,, r =1, ..., q be clusters, let ?r = ZZE c { /n, be the vector

of the center of mass of the cluster C,, and let n, be the number of vectors in the cluster,

— -
Zgzl n, = N. Vector ¢ € C, if the distance | { — z,| is the minimum among the positions

of all cluster centers. The k-means method minimizes the sum of squared distances:

2
— _min (1)

q
= Zl,...,Zq

— — - =
G(Z1,...,2¢q) =), ‘C—zr
r=177
geC

relative to the position of the cluster centers ?r. Let ®(q) = HminH G(?l, e, ?q) We
Z1,e2 q

used a trial number of clusters in the range 2 < g < 50. The problem of choosing the best

number g* of clusters was solved using the maximum pseudo-F-statistic criterion [51]

PFS(q) = ot (9)/ 05 (q) — , max, @)
h
o 2 Q(q) In |- =32 1N -
UO(q):N_qr‘Tl(Q):Zﬁ"zr—zo 'Zozﬁzé )
r=1 1
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Figure 1. (a) shows the positions of 1047 GPS stations and their division into 15 clusters. The
numbered circles indicate the centers of gravity of the clusters, and the blue lines indicate the
boundaries between Voronoi cells. The blue star shows the position of the center of mass of all
cluster centers. (b) shows a plot of the pseudo-F-statistic that allowed us to select 15 as the number
of clusters.

The plot in Figure 1b presents the pseudo-F-statistic values as a function of the trial
number of clusters. The number 15 on the pseudo-F-statistics graph is the inflection point
of the dependence on the trial number of clusters and realizes one of the largest local
maxima for the number of clusters from 2 to 50. On the pseudo-F-statistics graph, they
represent two local maxima with close values of the number of clusters 6 and 15. Of these
two values, 15 was chosen as the largest in order to provide the most detailed breakdown
of the set of stations. Figure 1a shows the division of a set of stations into 15 clusters along
with Voronoi cells, which indicate that the stations belong to a particular cluster.

Clusters of stations are ordered by increasing latitude of the position of their centers
of gravity. Table 1 shows for each cluster (first row) the number of stations in the cluster
(second row).

Table 1. Number of Ny, stations in each Clust# cluster.

Clust#. 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Nita 57 56 54 83 69 61 78 77 91 76 57 95 48 88

3. Principal Components of Increments in a Moving Time Window

Since the goal is to study the tremor of the earth’s surface, that is, the high-frequency
part of the earth’s surface displacements, the analysis was carried out for increments of
time series. Switching to increments reduces the dominant influence of low frequencies
in the daily GPS time series and ensures stationarity of time series fragments within the
365-day time windows that are used further.
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The division of a set of stations into 15 clusters is used for the subsequent application
of the principal component method [52]. For each cluster of stations, the first principal
component of the time series of increments of vertical displacements of the earth’s surface
was calculated in a sliding adaptation time window of 365 days in length.

Let there be a p-dimensional cloud of similar N-dimensional signals {y]- (k), k=1,...,N},
j=1,...,p. Let us choose the size of the sliding window w and center the signals,

x]'(k):yj(k)—y]'(k),jzl,...,p,k:w,...,N, (4)

T

<

yi(k) = yi(k—w+i), k=w,...,N. (5)

1

g

i

The next step is to calculate the sample estimate of the covariance (p x p)-dimensional
matrix in a sliding window:

w
rg(";é") = %me(i—w—l—k)xn(i—w—o—k), kij=1,...,p, k=w,...,N. (6)
i=1

T
Let ¢0®) = (4)55), . ,4)15,5)) be the eigenvector of this matrix corresponding to the
maximum eigenvalue. Let us put

4
Gk =Y (¢](k>)2xj(k), k=uw,...N. @)
=1

Having generalized Formulas (4)—(7) with understandable changes to the case
k=1,...,w—1, let us determine the weighted average in a sliding time window of
length w using the formula

_ Cow— (k), k <w,
0 ={ e ©

Thus, Formulas (7) and (8) determine the values of the weighted average increments
of vertical time series of displacements of the earth’s surface. The squared values of the
eigenvector of the covariance matrix in the sliding time window corresponding to the
largest eigenvalue are taken as weights. The sum of these weights is equal to one.

Within each of the 15 clusters, a transition to a weighted average was made using the
method described above; the length w of the sliding time window was taken as equal to 365
samples, i.e., 1 year. At the same time, in order to eliminate the influence of large outliers,
before calculating the weighted average, the so-called winsorization procedure was carried
out [53], which consists in eliminating outliers falling beyond the level u 4 40 by cutting
off the values of the time series in a sliding time window (4 and ¢ are sample estimates of
the mathematical expectation and standard deviation for the current time window). The
procedure is repeated iteratively until the values y and ¢ stop changing.

Figure 2 shows graphs of the first principal components of increments (in the form of
weighted averages) of vertical displacements of the earth’s surface in each of the identified
15 clusters.
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Figure 2. Graphs of weighted average vertical displacements of the earth’s surface in each of the
selected 15 clusters in a sliding time window of 365 days. The Y axes represent displacement
increments in mm.

4. Empirical Mode Decomposition

Let x(k) be the analyzed discrete signal. Empirical mode decomposition (EMD) [8,9]
represents the decomposition of the signal into modes of oscillation:

n

x(k) = ) hj(k) + ru (k) ©)

j=1

where h;(k) is the j-th empirical mode, (k) is the remainder, 7 is the number of empirical
modes.

The algorithm for decomposing into a sequence of empirical modes is iterative for
each level j. Let us denote by m, m =0,1,..., Mj the index of iterations, where Mj is the
maximum number of iterations for level j. The iterations are described by the formula

B (k) = W™ (k) — 2 k), (10)

Here z](-m) (k) = ( ](.m) (k) + q](-m) (k)) /2, where p](.m) (k) and q](-m) (k) are both the upper
and lower envelopes for the signal, which are constructed using spline interpolation

(usually a third order spline) over all local maxima and minima of the signal h](.m) (k).
Iterations (10) are initialized with step zero for the first level (j = 1) of the expansion
hgo) (k) = x(k). Next, the upper pgo) (k) and lower qgo) (k) envelopes are found, and the

middle line zgo) (k) is calculated and found hgz) (k) using Formula (10). For hgl) (k), the

upper pgl) (k) and lower qgl) (k) envelopes are determined, and the middle line zgl) (k) is

found, and so on, until the last iteration index My, after which it is considered that the first
empirical mode h1 (k) has been found.

The condition for stopping iterations is usually chosen in the form of the following
inequality:

0w ) [E ) < 5 an

k
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where ¢ is some small number, for example 0.01. After the mode h; (k) is found, the iterative
process of determining the empirical mode /1, 1 (k) of the next level is started. This process
is initialized by the formula for the initial iteration index m = 0:

h/@l (k) = x(k) — (), (12)

According to formula (12), the high-frequency part is subtracted from the original
signal and a new, lower-frequency signal is considered as a new signal for subsequent
decomposition. The construction of empirical oscillation modes continues until the number
of local extrema becomes too small for envelopes to be constructed from them. As the
number j of the empirical mode level increases, the signals become increasingly low-
frequency and tend towards an unchanging form. The sequence &y (k), hy(k), ..., h, (k) is
constructed in such a way that its sum gives an approximation to the original signal x(k),
which can be represented in formula (9) [8,9]. Empirical modes are orthogonal to each other,
thus constituting a certain empirical basis for the decomposition of the original signal.

In the practical implementation of the method, technical difficulties arise due to
edge effects, since the continuation of the envelopes beyond the first and last points of
local extrema is ambiguous. To overcome this difficulty, there are several approaches, in
particular mirror continuation [8,13] of the analyzed sample back and forth for a sufficiently
long period of time. It was this approach that was used in this work.

5. Ensemble Empirical Mode Decomposition

One of the key disadvantages of the EMD method is the problem of mode mixing,
which occurs when one empirical mode includes signals of different scales or when signals
of the same scale are distributed over different empirical modes. For example, if “inter-
mittency” is observed in the signal, that is, against the background of a smooth signal,
short-term sections of higher frequency behavior appear, then with EMD decomposition
behavior modes with different frequencies are mixed, since relatively rare points of local
extrema of smooth behavior are interspersed with much more frequent points of local
extrema of the high-frequency component.

To combat this effect, ref. [9] proposed the ensemble empirical mode decomposition
(EEMD) method. This is a regularization of the EMD method in which white noise of
finite amplitude is added to the original data. This allows the true empirical modes to be
determined as the average over an ensemble of trials, each of which is the sum of signal
and white noise.

The EEMD algorithm includes the following steps:

1.  Add a white noise implementation to the original data.

Decomposition of data with the addition of white noise into empirical modes.

3. Repeat steps 1 and 2 quite a large number of times with different implementations of
white noise.

4. Obtain the ensemble average for the corresponding empirical modes.

N

Thus, numerous “artificial” observations are simulated:
xD (k) = x(k) + € (k), (13)

where ¢;(k) is the i-th realization of white noise.

The true component, according to the EEMD definition, for a sequence of all levels
of empirical modes is calculated as the average value of the expansions of the noisy
modes (13). It is important to note that EEMD largely eliminates this mixing problem [9].
Adding independent white noise to the sample has a regularizing effect, since it simplifies
the construction of envelopes (after adding a small amount of white noise, many local
extrema are immediately created). The operation of averaging over a sufficiently large
number of independent implementations of white noise makes it possible to eliminate the
influence of the noise component and to isolate the true internal modes of oscillations.
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For each of the resulting 15 time series, EEMD waveforms of principal components
were calculated. EEMD waveforms are obtained by averaging 1000 decompositions of the
original signals, to which are added independent Gaussian white noises with a standard
deviation of 0.1 from the standard deviation of the weighted average from each cluster.
Figure 3 shows EEMD waveform plots for the first 6 expansion levels for three of the
15 clusters.
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Figure 3. EEMD waveform plots for the first 6 decomposition levels for 3 clusters (numbers 1, 9 and
15). Decomposition level numbers are indicated on the left.

6. Hilbert Transform
The Hilbert transform of the signal is determined by the formula [54]:

Hy (F) = 70X(“>) du = X(t)+ (1) (14)

t(t—u it

where f(t) f f(u) - g(t — u) du is the convolution of two functions. If f(w) and

g(w) are the Fourier transforms of convolutional functions f(w f f(t)-e ™! dt, then,

as is known, the Fourier transform of convolution is equal to the product of the Fourier
transforms of convolutional functions. Fourier transform from 1/ (7t) equals:

+°°€_Z‘wt 71', w >0
/ —dt = —isign(w) = {0, =0 (15)
—00 n i, w < 0

2024
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Thus, if X(w) there is a Fourier transform of X(t), then

—i-X(w), w >0
Hy(w) = —i-sign(w) - X(w) = { 0, w=0 (16)
i-X(w), w<0

If you present X (w) :‘X(w) e~9(@)  then

’X(w)‘e‘i<‘l’(‘*’)+”/2), w>0
Hx(w)=1¢ 0, w=0 (17)
’X(w)‘e‘i<‘l’(w)_”/2), w<0

In practice, it is more convenient to calculate the Hilbert transform using the concepts
of an analytical signal:

Zx(t) = X(t) +i- Hx(t) :‘Zx(t)‘f”(t) = Ax(t) - e®?) (18)

where Ax(t) = |/X?(t) + H%(t) are the amplitudes of the signal X(t) envelope, and

8(t) is the instantaneous phase. The derivative v(f) = dd(t)/dt is called instantaneous
frequency. The Fourier transform of the analytical signal Zx(w) = X(w) +1i- Hx(w) =

X(w) - (14 sign(w)) or: B
2X(w), w >0
Zx(w) = { X(0), w=0 (19)

0, w <0

after which the Hilbert transform is equal to the imaginary part of the result of the inverse
Fourier transform of Zx (w)

Hy(#) = Im (21 / Zx(w)efwfdw> 20)

For each of the resulting 15 time series, EEMD waveforms of principal components
were calculated. EEMD waveforms are obtained by averaging 1000 decompositions of the
original signals, to which are added independent Gaussian white noises with a standard
deviation of 0.1 from the standard deviation of the weighted average from each cluster.
Figure 4 shows EEMD waveform plots for the first 6 expansion levels for three of the
15 clusters.

For a discrete-time signal X(t), t =0, ..., (N — 1), this transformation can be calcu-
lated using the discrete Fourier transform:

(N) N . 2
dy ' (wr) = Y X(t) - exp(—iwyt), wi = W(k -1),k=0,1,...,(N=1) (21)
t=0

after which the second part of the Fourier coefficients (corresponding to negative frequen-
cies) should be reset to zero: hg(N) (wg) =0, k=N/2+1,...,(N —1) while the 1st part

should be doubled: hg(N) (wp) = 2- dg(N) (wg), k =1,...,N/2. The Hilbert transform is
then calculated as the imaginary part of the inverse discrete Fourier transform:

N-1
Hx(t) = Im ( Y Y (@) -exp(iwkt)/N>, t=0,1,...,(N-1) (22)
k=0
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Figure 4. Plots of mean EEMD waveforms and mean instantaneous amplitudes averaged over all
15 station clusters for the first 6 decomposition levels. The left side of the figure, separated by a
vertical blue line, shows pairs of graphs (waveforms—their amplitudes) for levels 1-3, and the
right side shows graphs for levels 4-6. The decomposition level numbers are indicated between the
waveform and amplitude graphs.

Thus, after determining the instantaneous amplitudes and frequencies of the EEMD,
the Hilbert-Huang decomposition can be represented as follows:

x() = Y hi(t) + ra(8), i(t) = Re {Aj(t) exp (i : /uj(s) ds) } 23)

j=1

7. Influence Matrix

To solve the problem of estimating the connection between two sequences of random
events, a parametric intensity model is used. In [55-57] this method was used to test the
hypotheses that local extrema of the average values of certain properties of seismic noise
and magnetic field precede the instants of strong earthquakes.

Let t](-“), j=1,...,Ny; &« = 1,2 represent the moments in time of 2 streams of events.
In our case it is:

(1) a sequence of moments in time corresponding to the largest local maxima of the
amplitudes of the envelopes at certain levels of the EEMD Huang decomposition
(2) asequence of times of seismic events with a magnitude not less than a given value.

Let us present their intensities in the form:

(24)

where b(()a) >0, b(“)

g = 0 are parameters, and g(#) () is the influence function of flow events
(B)
g

with number B:

gP(t) = Y exp(—(t—tF)/7) (25)

(B
t/- <t

According to formula (25), the weight of an event with number j becomes non-zero

(B) ()

i and decays with a characteristic time 7. The parameter by

the degree of influence of the sequence B on the sequence «. The parameter bf;")

for timest > t determines

determines

the degree of self-excitation to which the flow « influences itself, and the parameter b(()a)
reflects the purely random (Poisson) intensity component. Let us fix the parameter T and

@ @)

consider the problem of estimating the parameters b, B
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The log-likelihood function for a non-stationary Poisson process within the time
interval [0, T] equals [58]:

Na T
=Y In(A® /A s)ds, a =1,2 (26)
L J

We need to find parameters b(()“), bg‘) from maximum of functions (26). It is easy to
obtain the following expression:

b( )aln

2
2 — N — / A (5)ds 27)

abo p=1
The parameters ng), ng) are non-negative. It means that each term on the left side
of (27) equals to zero at point of maximum of function (26)—either due to the necessary
conditions for the extremum (if the parameters are positive), or, if the maximum is reached
at the boundary, then the parameters themselves are equal to zero. Therefore, at the

maximum point of the likelihood function the equality holds:

T
//\("‘) (s)ds = Ny (28)
0

Let us substitute the expression g(#) (t) from (28) into (27) and divide by T. Then we
get another form of formula (28):

b+ Y o) g® = Al =N /T (29)
B=1
where T
7B = /0 ¢ B (s)ds/T (30)

average value of the influence function. Substituting bé“) from (29) into (26), we obtain the
following maximum problem:

CD( b(zx Zln + Z b("‘) Ag( )(t](,a))) — max (31)

where Ag(F) (t) = ¢F) (t) — g), under restrictions:
(@) A
b\ > 0,05 >0, Z b Ao (32)

It could be shown that function (31) is convex with a negative definite Hessian. There-
fore, problem (31) and (32) has a unique solution. The problem (31) and (32) is solved
numerically for a given relaxation parameter 7. After this step we can define the influence
(a)

matrix with elements x g A= 1,2; B = 0,1,2 using the formulas:

(@) R
K(()'X) _ by >0, KgX) _ B & >0 (33)
A[()oc) A(()a)

10
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is the share of the average intensity /\(()a) of the process with number

(a)

«, which is purely random, part x, ’ is caused by the influence of self-excitation « — «,

()

The value K(()’X)

and x, ', B # a is due to external influence f — «. From Formula (29) the normalization
condition follows: )
Y =1, a=1,2 (34)
p=1
As a result, the influence matrix can be determined:
K((]:) K%) K%) )
K((] ) K§ )Ké )

The first column of matrix (35) is composed of Poisson shares of average intensities.
The diagonal elements of the right submatrix of size 2 x 2 consist of self-exciting elements
of mean intensity, while the off-diagonal elements correspond to mutual excitation. The
sums of the component rows of the influence matrix (34) equal 1. The influence matrices
are estimated in a certain moving time window of length L with an offset AL and with a
given value of the relaxation parameter t.

8. Estimation of Connections between the Times of Local Amplitude Maxima and
Seismic Events

The further plan of the article is to use the apparatus of influence matrices to assess the
relationship between the times of maximum average amplitudes of the envelopes and the
times of sufficiently strong earthquakes. A magnitude threshold of 5.5 was chosen. There
were 673 such seismic events in the vicinity of the Japanese islands during the period of
time 2009-2023—see Figure 5a. However, the mega-earthquake of 11 March 2011 with a
magnitude of 9 gave rise to a surge in aftershock activity, as a result of which, if we consider
the time interval 2012-2023, when the intensity of aftershocks had already decreased, the
number of earthquakes with a magnitude of at least 5.5 will decrease by almost 2 times
to 349—see Figure 5b. It should be noted that accurately estimating the time of the end of
the Tohoku earthquake aftershocks is a difficult task [59] and in this case we used a rough
estimate based on the visual perception of the intensity of seismic events.

9 M (a) - 673 events

8

7

6

5

2010 2012 2014 2016 2018 2020 2022 2024

8 M (b) - 349 events, t > 2012
7
6 |
5 | \
2012 2014 2016 2018 2020 2022 2024

Figure 5. Time sequence of earthquakes with a magnitude of at least 5.5 in the vicinity of the Japanese
Islands: (a) in the time period 2009-2023; (b) in the period of time 2012-2023.

The working hypothesis is that for certain levels of EEMD decomposition, the times of
the largest local maxima of the average amplitudes of the envelopes precedes the times of
earthquakes. For a correct comparison of two streams of events, it is necessary that their
average intensity be approximately equal. This means that the number of the largest local

11
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maxima of the amplitudes of the envelopes during the time period under study should be
equal to the number of earthquakes. From these considerations, it becomes clear that for a
correct analysis of the connections between the time instants of local maximum amplitudes
of envelopes and seismic events, the time interval of aftershock activity must be excluded.
Therefore, further analysis is carried out for the time period 2012-2023 lasting 12 years.

Figure 6 shows the distribution of epicenters of earthquakes with a magnitude of at
least 5.5.

Latitude, degrees

130 135 140 145 150
Longitude, degrees

Figure 6. Distribution of epicenters of 349 earthquakes with a magnitude of at least 5.5 in the vicinity
of the Japanese Islands in the time period 2012-2023. The red asterisk marks the center of gravity of
the centers of 15 clusters of GPS stations (Figure 1a), which is chosen as the center of a circle with a
radius of 1500 km.

It should be taken into account that as the number of the decomposition level increases,
both the waveforms of the levels themselves and the amplitudes of their envelopes become
increasingly low-frequency. As a result, it is possible to select the 349 largest local maxima of
average amplitudes in the interval 2012-2023 only for a certain number of lower expansion
levels. For the time interval 2012-2023, only the first two levels are suitable for selecting
349 local maxima of amplitudes, since the number of local extrema already at the third
level is 242, that is, less than 349. From the first two levels, it was decided to choose the
second as the lower frequency, and for which the results of mutual influence assessments
are more expressive.

In Figure 7, the red dots represent the selected 349 largest local maxima of the average
amplitude of the envelopes at the second level of decomposition.

=T
= il

0 \ T T T T \
2012 2014 2016 2018 2020 2022 2024

Figure 7. Average instantaneous amplitudes of the second level of EEMD decomposition and the
349 largest local maxima (red dots).

12
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Let us call the “direct” influence of the moments of time of earthquakes on the occurrence of
local maxima of the average amplitudes of the envelopes, and the “reverse” —correspondingly,
the advance of the moments of time of local maxima of amplitudes relative to the times of
earthquakes. Figure 8 shows graphs of changes in the components of the matrix of “direct”
and “reverse” influence for level 2 when assessed in a sliding window of 2 years.

First - local maxima of amplitudes Second - seismic events, M > 5.5
1 0))
(a1)- &%) (a2)- k|
1. 2 1
o8 8 0s ]
§ §
% 0.6 % 0.6
3 04 504
3 3
g 0.2 g 0.2
0 0
b1)- &’ (b2)- £
1 (b1) - K, 1- 2
208 208
T 0.6 § 0.6
Lo4a 2 oa
» 0.2 $ 0.2-
1] 0-
(1) (2)
(c1)- K, (c2)- «;
1 1-
0.8 \‘ﬂ V\ g 08
0.6 g 0.6
204 204
(<]
- 0.2 % 0.2
0
72 (d1) - # of local maxima 80 (d2) - # of seismic events
£ e £ 70
564 360
S 60 I3
3 56 g 50
§ 52 E 40
48 30

2014 2016 2018 2020 2022 2024 2014 2016 2018 2020 2022 2024
Right end of moving time window of the length 2 years with mutual shift 0.01 year

Figure 8. Graphs of changes in the components of the influence matrix between sequences of seismic
events with a magnitude of at least 5.5 and the sequence of moments in time of 349 of the largest local
maxima of the average amplitudes at the second level of EEMD decomposition. The estimates were
made in a sliding time window of length 2 years with a shift of 0.01 year for a relaxation time 7 of the
model (24, 25) of 0.1 year. The graphs (al—c1) refer to the components of the influence matrix (35),
which refers to the intensity fractions of the sequence of the largest local amplitude maxima, while
the graphs (a2—-c2) refer to the intensity fractions of the sequence of seismic events. Plots (d1) and (d2)
present the numbers of local maxima of amplitudes (d1) and the number of seismic events (d2) within
moving time window. Other explanations are in the text.

Of these graphs, the pair (al, a2) is of greatest importance: al represents the change in
the components of the direct influence of seismic events on the positions of local amplitude
maxima, while a2 represents the inverse influence of the times of local amplitude maxima
on seismic events. From a comparison of these two graphs, it is clear that the reverse
influence significantly exceeds the direct influence; that is, there is a delay effect of seismic
events relative to the maximum amplitudes. In other words, there is a predictive effect.
Graphs (b1, b2) represent changes in the self-exciting component of average intensities,
while graphs (c1, c2) represent changes in the purely random (Poisson) component. Finally,
the pair of plots (d1, d2) represents the change in the number of jointly analyzed time
points in each time window. Let us recall once again that the sum of the components (al,
bl, c1) and (a2, b2, c¢2) is equal to 1 for any position of the time window.

Figure 8 presents the results of estimates of the mutual influence of two sequences of
events only for a time window of 2 years. In order to increase the representativeness of this
result, we will carry out similar estimates for a sufficiently large set of time lengths varying
within specified limits. In this case, for each value of the length of the time window, we
will identify local maxima of the components of the influence matrix, which are responsible

13
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0.8
0.6
0.4
0.2 —

2012

for the mutual influence of sequences of events when the time windows are shifted. Let
us describe a method for constructing a set of maximum components of mutual influence
matrices in the form of numbered points.

1. The minimum L, and maximum Lpyax lengths of time windows and N; —the num-
ber of lengths of time windows in this interval are selected. Thus, the lengths
of the time windows took on the values Ly = Lyyn + (k—1)AL, k = 1,...,Np,
AL = (Lmax — Lmin)/ (N — 1). In our calculations, we took L, as equal to 1 year,
and Lmax—3 years, Np = 100.

2. Each time window of length L; was shifted from left to right along the time axis with
some offset At. Let us denote by t;(Ly), j = 1,..., M(Ly) the sequence of moments in
time of the positions of the right windows with length L;. The number M(Ly) of time
windows in length L is determined by their time offset At. We used a time window
offset At of 0.01 year.

3. For each position of a time window of length Ly, the elements of the influence matrix
(35) are estimated for a given relaxation time T of the model (26-27), corresponding to
the mutual influence of the two processes being analyzed. We took a value T equal
to 0.1 year. For definiteness, we will consider one influence, for example, of the first
process on the second. As a result of such estimates, we obtain their values in the form
(tj(Lx), cj(Lx)), where c;(Ly) is the corresponding element of the influence matrix for
a position with a time window number j of length L.

4. In the sequence (t;(L), cj(Lx)), we select elements (tj’f(Lk), C;(Lk)) corresponding
to local maxima of values c;(Ly), that is, from the condition ¢;_1(Ly) < C;‘(Lk) <
¢i+1(Lg)- Let us present each element (t]* (Ly), ci (L)) as a vertical segment of length
cf (L) located at a time point tj (Lk). The combination of such vertical graphic ele-
ments forallk=1,...,Ng,j=1,..., M(Ly) visualizes the “strength” of the mutual
influence of processes on each other.

So, the full set of free parameters of the method: T, Liin, Lmax, Nr, At. The result of
such estimates is presented in Figure 9.

(a) (b)

1
0.8
0.6 -
0.4
0.2

0 ! | |
2014 2016 2018 2020 2022 2024 2012 2014 2016 2018 2020 2022

Right ends of 100 time window sequences ranging in length from 1 to 3 years

Figure 9. Maximum values of the elements of the influence matrices in a sequence of 100 time
windows of length from 1 to 3 years, taken with an offset of 0.01 year: (a) for the “direct” influence of
the time points of seismic events on the positions of the largest local maxima of average amplitudes on
the second EEMD level of decomposition; (b) for the “reverse” influence of the positions of amplitude
maxima on earthquakes. The relaxation time of the model is 0.1 year.

The results presented in Figure 9 confirm the conclusions made earlier based on the
graphs in Figure 8: the “reverse” influence of the time instants of local maxima of envelope
amplitudes at the second level on the time instants of earthquakes is significantly greater
(Figure 9b) than the “direct” influence of earthquakes on the occurrence of local maxima in
the amplitudes of the envelopes (Figure 9a).
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9. Conclusions

Traditional methods of analyzing data on crustal movements obtained using space
geodesy are focused on identifying systematic low-frequency components that can be
interpreted as manifestations of slow tectonic movements. The high-frequency component
of these time series, which can be called the “tremor” of the earth’s surface, is most
often interpreted as a manifestation of noise arising from atmospheric and ionospheric
fluctuations. Our point is that, despite the presence of this process noise, it is in the
high-frequency component of GPS data that there is hidden prognostic information. In
this article, the joint use of cluster analysis, principal component analysis, Hilbert-Huang
decomposition and evaluation of parametric models of the mutual influence of sequences
of events allowed us to obtain a result confirming the presence of predictive information in
high-frequency tremor of the earth’s surface.

The authors used software which was written by them using programming languages
Fortran and Python.
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Abstract: In this study, the topological properties of the shallow seismicity occurring in the area
around the Lai Chau hydropower plant (Vietnam) are investigated by using visibility graph (VG)
analysis, a well-known method to convert time series into networks or graphs. The relationship
between the seismicity and reservoir water level was analyzed using Interlayer Mutual Information
(IMI) and the Frobenius norm, both applied to the corresponding VG networks. IMI was used to
assess the correlation between the two variables, while the Frobenius norm was employed to estimate
the time delay between them. The total seismicity, which resulted in an M > 0.8 with a b-value
of 0.86, is characterized by a k-M slope of ~9.1. Analyzing the variation of the seismological and
topological parameters of the seismicity relative to the distance from the center of the Lai Chau
reservoir revealed the following features: (1) the b-value fluctuates around a mean value of 1.21 at
distances of up to 10-11 km, while, for distances larger than 25-30 km, it tends to the value of 0.86 ;
(2) the maximum IMI between the monthly number of earthquakes and the monthly mean water
level occurs at a distance of 9-11 km, showing a distance evolution similar to that of the b-value; (3) at
these distances from the center of the reservoir, the time lag between the earthquake monthly counts
and the monthly water level mean is 9-10 months; (4) the relationship between the b-value and the
k-M slope suggests that the k-M slope depends on the number of earthquakes within a 22 km radius
from the center of the dam. Our study’s findings offer new insights into the complex dynamics of
seismicity occurring around reservoirs.

Keywords: reservoir-triggered seismicity; fractal; spectral; time clustering

1. Introduction

Visibility graph (VG) analysis has become an increasingly popular statistical method
for characterizing the time-dynamic properties of series across various research fields. It
has been applied in economics [1-4], meteorology [5-7], and oceanography [8], among
other fields.

By the VG method, initially introduced by Lacasa et al. [9], time series are transformed
into graphs where nodes represent the values of the series, and the links or connections be-
tween nodes indicate the relationships between them. In the VG method, these connections
are determined by the mutual 'visibility” between the values of the series. The graphs ob-
tained by the VG exhibit various parameters, with one of the most crucial being the degree,
which quantifies the number of links connecting a node to others within the same graph.

In recent years, the VG method has been employed for analyzing the complexity
of seismicity. Due to its ability to describe and characterize complex systems, VG anal-
ysis serves as a valuable tool for uncovering the intricate features of seismic processes.
A sequence of earthquakes can be modeled as a discrete time series, where magnitudes
occurring at specific times represent its values. By applying the VG to this series, the time
series of magnitudes is converted into a graph.
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The first analysis of the topological properties of earthquakes through the VG method
was focused on the behavior of the distribution of the degree of earthquakes, whose magni-
tudes represented the nodes of the graph [10]. For the particular case of seismicity in Italy,
it was found that this distribution was magnitude threshold independent. The relationship
between the seismological and topological properties of earthquakes was firstly investi-
gated in [11], where the b-value of the Gutenberg-Richter law, which approximates the
frequency—magnitude distribution, was linked with the slope of the line fitting the degree
versus magnitude (called the k-M slope). Successive studies performed on the real seismic-
ity of various seismo-tectonic areas and on synthetic seismicity produced by laboratory
stick—slip-type experiments reinforced such a relationship, suggesting that a certain uni-
versality might exist between the b-value and the k-M slope [12-14]. Very recently, in [15],
on the basis of synthetic seismic catalogs obeying various probability distributions, it was
demonstrated that the relationship between the b-value and the k-M slope is universal and
stable, and that an estimate of the k-M slope can perform better than the commonly used
b-value estimation methods, especially in cases with incomplete catalogs or affected by
variations in the magnitude—frequency relations.

2. Seismo-Tectonic Settings

The collision between the Indian and Eurasian plates, which began approximately
45 million years ago, led to the formation of numerous strike—slip faults between Myanmar
and the Red River fault during the early Cenozoic [16,17]. Northwestern Vietnam is a
mountainous region with a complex geological structure dominated by several active faults,
including the Lai Chau-Dien Bien fault zone, the Son La fault, the Ma River fault, the Da
River fault, and the Red River fault. This region is the most seismically active in Vietnam,
bounded by the Lai Chau-Dien Bien fault zone to the west, the Red River fault to the
northeast, and the Ma River fault to the southwest. The present tectonic characteristics of
these faults are determined based on surface geological investigations and studies of deep
crustal structures [17-21]. Lai Chau Hydroelectric Reservoir is located in the northwest,
with a total capacity of 1215 million m3. Construction of the dam began on 5 November
2011, at the uppermost section of the Da River’s mainstream in Vietnam, near the border
with China. The Lai Chau hydropower reservoir area has high mountainous terrain, strong
cleavage, and large slopes and is strongly affected by the Muong Te fault and Dien Bien-Lai
Chau fault. The geology of the area belongs to the Dien Bien Phu complex and formations
such as the Da River, Nam Ma, and Nam Po (Figure 1) [18,21]. The reservoir began
impounding in May 2015, and, shortly afterward, earthquakes started occurring around the
dam and its vicinity. Since then, earthquakes have continued to occur, with approximately
1500 recorded to date. There are four main faults in the region under study, the Lai Chau-
Dien Bien, Muong Te, Nam Nho, and Nam Nhe, with all other faults being branches of
these main ones. The Lai Chau-Dien Bien fault zone is one of the most seismically active
zones in Indochina, beginning in southern Yunnan Province (China) and extending over
150 km in Vietnam from the north of Chieng Chai (at the Vietnam—China border), through
Lai Chau and Dien Bien Phu, to Tay Trang (near the Vietnam-Laos border). The strongest
earthquakes (M > 5) have been recorded along this fault zone. The northern section follows
a nearly north—south strike, while the southern section gradually shifts from a southward
to a southwestward strike. The main fault, along with its associated subsidiary faults, is
characterized by both strike—slip and oblique—slip movements, with the principal fault
plane dipping westward at angles of 60-70° in the northern part and 70-80° (sometimes up
to 90°) in the southern part of the fault zone [17,18,21]. During the Cenozoic, the Lai Chau-
Dien Bien fault zone underwent two main phases of tectonic development, marked by
dextral (right-lateral) and sinistral (left-lateral) shear activities. The shift from right-lateral
to left-lateral motion occurred over 5 million years ago, during the Pliocene. The Muong Te
fault zone, near to which the Lai Chau reservoir is located, is a fairly large fault running
in the NW-SE direction from Chinese territory through Vietnam, with a length within
Vietnamese territory of about 120 km. In the Neo-Tectonic period, the fault had two phases
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of deformations: the early phase of left-lateral strike—slip motion and the late phase of
right-lateral strike—slip motion. Moderate earthquakes (4 < M < 4.8) were observed on
this fault zone. The Nam Nhe fault zone is a branch of the Muong Te fault zone that has a
length < 50 km and the width of the rupture zone reaches > 1 km. Moderate earthquakes
(4.1 < M < 4.6) have been observed in this fault zone (Figure 1) [17,18,21]. The Muong
Nhe fault zone had two phases of deformations, the same as the Muong Te fault zone.
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Figure 1. Spatial distribution of earthquake epicenters during the period of September 2014 to June
2021 (dark circles). Lai Chau reservoir is in light blue. The blue and red building symbols indicate the
local seismic stations and national seismic stations, respectively. Geology and identified geologically
mapped faults (red) with dip and slip direction as given by [18]. (Modified from [22]).

3. The Frequency—-Magnitude Distribution

The Gutenberg—Richter (GR) law [23] represents the relationship between the number
N of earthquakes with magnitude M > My, and the threshold magnitude My;,. The function
log1oN = a — bMy, is utilized to fit the frequency-magnitude distribution of earthquakes.
The parameters a and b indicate, respectively, the level of seismicity and the proportion
of small events compared to large ones. The b-value is crucial for reliably assessing the
seismic hazard of an area [24,25]. In this paper, the estimate of b is performed by using the
maximum likelihood method (MLE) [26]:

_ logio(e)
<M > — (M — 2Min)

)

where < M > is the mean magnitude of the earthquakes with magnitude M > M., AMy;,

is the binning width of the catalog (generally 0.1), and M, is the completeness magnitude,
defined as the smallest magnitude detectable by a seismic network [27].

The estimate of the b-value depends on the calculation of the completeness magnitude
M. Two common methods for estimating M, are the goodness-of-fit (GFT) test and
the maximum curvature (MAXC) method [28]. In the GFT method, M, is calculated by
comparing the observed frequency—-magnitude distribution with synthetic distributions.
These synthetic distributions are generated using the values of a and b estimated from the
observed data for magnitudes M > M, as a function of increasing cutoff magnitude M.
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Let R represent the absolute difference in the number of earthquakes in each magnitude
bin between the observed and synthetic distributions. The completeness magnitude, M., is
determined at the first cutoff magnitude, M.,, where the observed data for M > M, can be
modeled by a straight line (in a log-linear plot) for a fixed confidence level R = R.. In the
maximum curvature (MAXC) method [28], M, is identified as the magnitude corresponding
to the largest bin in the non-cumulative frequency-magnitude distribution.

In our paper, we utilize both the MAXC and GFT methods, estimating the complete-
ness magnitude with each. Subsequently, we determine the M, by selecting the maximum
value between the two methods, opting for the more conservative approach.

4. Methods

In this study, we employed the visibility graph (VG) method, which converts a time
series into a graph or network. Two arbitrary data values (f4,y,) and (t,, y;) have visibility,
and, consequently, become two connected nodes of the associated graph, if any other data
(te,ye) placed between them fulfill the following [9]:

t, — t
(ko) < ylt) + (v(ta) — y(t) 1=, @
for the so-called Natural Visibility Graph (NVG), or
y(ta),y(ty) > yl(te), ®)

for the so-called Horizontal Visibility Graph (HVG), where ¢, < t. < t;.

The VG method has been applied in several research fields, like economics [1-3],
weather forecasting [5,6], medicine [29], etc. One of the most relevant parameters of the
VG method is the degree that is the number of links departing from a node; generally, the
higher values of the series behave as hubs of the graph, since they “attract” more links than
those converging to the lower ones.

After constructing the network associated with the time series using the visibility
graph, the adjacency matrix is an N x N matrix, where N is the length of the time series.
The element ajj of this matrix is equal to 1 if the nodes i and j are linked; otherwise, it is 0.

An earthquake sequence can be analyzed using the VG method by considering the
magnitudes as the nodes of the graph and “drawing” links between two magnitudes
fulfilling the “visibility” rule (Equation (2)). Thus, a seismic sequence can also be converted
into a graph using the VG method. Figure 2a shows an example of an earthquake sequence
with the links drawn by applying Equation (2), while Figure 2b shows the resulting graph.
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Figure 2. (a) Earthquake sequence and the links among the magnitudes defined by the VG. (b) Graph
of the links among the nodes defined by the VG.
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The VG can also be utilized to explore the relationship between two time series by
employing the Interlayer Mutual Information (IMI), I,5. Consider two time series x, (t) and
xp(t) and their VG (VG, and VGg). Let k, and kg denote their respective degree sequences.

The IMI is defined as follows [30]:

P(ky, k
Ig = ZZP(kmkﬁ)log<M>, 4)

ko kg

where P(kq, kg) is the joint probability of finding a node with a degree of k, in VG, and kg
in VGg. This joint probability is computed as follows:

Niy kg
N 7

P ks, kg) = 5)
with N, i, being the number of nodes that have the corresponding degree of k, and kg in
VG, and VGg, respectively. Since N is the total number of nodes, it must hold that it is
equal to the sum over all possible Nj_ . values.

By definition, I, describes the the average statistical dependency between the degree
sequences, which can be used to characterize the nature of the time series [9,31]. From this,
it can be inferred that the higher this parameter is, the more similarly the signals underlying
the VGs are expected to behave.

Recently, ref. [32] proposed a method to compare two series and identify the time
lag between them using the visibility graph algorithm, which has been shown to be more
effective than cross-correlogram techniques. If A, and Ap are the adjacency matrices of
the VGs of time series x,(t) and xg(t), respectively, we can define their “distance”, the
quantity || Ay — Agl|2, where || - ||2, called the Frobenius norm of a matrix, is the square root
of the sum of the squares of the elements of the matrix, that is, the square root of the trace
of the product of the matrix with itself. In mathematical notation, if D denotes the matrix
Ay — Ag and Dj; the (i, j)th element of D (withi,j =1,...,T), then

T T
|Aa = Apll2 = [ID|l2 = y/Trace(DDT) = | } |} D7. (6)

i=1j=1

To calculate the time lag between x,(f) and xg(t), convert xg(t) into its corresponding
adjacency matrix, Ag. Consider time-shifted copies of the x4 (), (Xa,, (t), - - -, Xaz (t), €ach
shifted in time by a lag from the set {1y, ..., T }. Convert these time-shifted copies of x,
into their visibility graphs and obtain the corresponding adjacency matrices Ay 7, ..., A z-
We determine the copy Ay,r, for which the Frobenius norm [[Ag — Ay z |2 is minimized.
The time lag between the two original series is then taken as 7.

27t

As an example, consider two sinusoids, y(t) = sin(5F) and yq4(t) = sin(%of?’) .

Both have a period of T = 10, while the second one is delayed by d = 3 (Figure 3). Plotting
|Ay — Ay, |l2 between the two sinusoids, the minimum is at T = 3, which is exactly the
delay of the second sinusoid with respect to the first one (Figure 4).
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Figure 3. Comparison between two sinusoids, y(t) = sin(%) (blue) and y4(t) = sin(zn(lt(; 3))
(red), both with period T = 10 and the second one delayed by d = 3.
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Figure 4. Froebenius norm || A, — Ay, ||> between the two sinusoids plotted in Figure 3.

5. Results
5.1. Analysis of the Whole Seismic Dataset

In our study, we analyzed the shallow (depth < 10 km) seismicity that occurred
around the Lai Chau reservoir, up to 40 km from the center of the dam, from 2015 to
2021, and its relationship with the water level. The seismic catalog contains 805 events.
Figure 5 shows the cumulative and non-cumulative frequency—magnitude distribution
of the earthquakes occurring at depths of up to 10 km and within a 40 km radius from
the center of the dam. Applying the MAXC and GFT methods with a confidence level
of 90%, we obtained M, values of 0.8 and 0.7, respectively. Therefore, we selected 0.8 as
the completeness magnitude for the seismic dataset. With this value of M., the complete
seismic catalog contains 533 events. Applying Equation (1), the value of b is 0.86 £ 0.03.

We applied the VG method to this seismic dataset. Figure 6 shows the NVG and HVG
applied to the seismic dataset. At each magnitude, M is associated with a degree k that
represents the number of links of that magnitude (Figure 7).
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Figure 5. Frequency-magnitude distribution of earthquakes occurring at depths of up to 10 km and

within a 40 km radius from the center of the dam.
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Figure 6. Sequence of earthquakes occurring within 40 km of the center of Lai Chau reservoir. The
links among the magnitudes are defined by the NVG (a) and HVG (b).
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Figure 7. Sequences of degree k for the NVG and HVG applied to the seismic dataset shown in

Figure 6.
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In a study by Telesca et al. [11], an interesting relationship was found between the
degree k(NVG) of a seismic sequence and magnitude. The slope of the linear fit of such a
relationship is called the k-M slope. Several studies of observational [13], experimental [33],
and physics-based synthetic [14] seismic catalogs have shown a positive correlation between
the k-M slope and the b-value. Recently, ref. [15] demonstrated that the relationship between
the k-M slope and b is universal and stable, and that their ratio depends on the size of
the catalog.

The relationship between the k(NVG) and M of our seismic dataset is illustrated in
Figure 8, along with the fitting regression line, whose slope is the k-M slope. The k-M
slope is positive (9.07 & 0.30), and this indicates that the degree and the magnitude are
positively correlated; thus, the larger the magnitude, the higher the degree. In fact, the more
intense events behave as “hubs” of the seismic sequence, attracting more connections than
the smaller events and being made visible by more earthquakes than the smaller ones.
We generated 1000 randomize earthquake sequences by shuffling the magnitudes while
preserving the original times of occurrence. For each random sequence, we calculated
the k-M slope. Figure 9 illustrates the distribution of the k-M slopes from the randomized
sequences, alongside the k-M slope derived from the original seismic series. It is evident
that the randomization does not significantly alter the k-M slope of the original sequence.
This is due to the dominant role of the largest events, which continue to act as "hubs’ of the
sequence even after shuffling the magnitudes, thereby driving the structure of the seismic
network. This suggests that the k-M relationship is primarily influenced by the presence of
these large events.
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Figure 8. k-M relationship between the degree and the magnitude for the whole seismic dataset.
The slope of the regression line is 9.07.
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Figure 9. Distribution of the k-M slope for the randomized earthquake sequences. The vertical line
indicates the k-M slope of the original sequence.
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Figure 10 illustrates the monthly variations in the number of earthquakes (with
M > M) alongside the mean water level of the Lai Chau reservoir. Applying Equation (4),
the IMI calculated by using the NVG is ~1.07 and that calculated by using the HVG is

~0.41.
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Figure 10. Monthly earthquake counts (red) and mean water level (blue) during the investigation period.

5.2. Distance-Dependent Analysis of Seismicity

To investigate the changes in the seismological and topological properties of the
seismicity relative to the distance from the center of the dam, we analyzed seismic events
occurring within a range of 6 to 40 km from the center.

Figure 11 shows the variation with the distance from the center of the completeness
magnitude (Figure 11b) and the number of earthquakes with magnitude greater than or
equal to M, (Figure 11a).

550 : T T T | | — 0.95
500 - / ]
f 09t

0.85

I
o
S

[XEEEN
& o
S o

081 ” ”

075 | || Il |

size of the complete catalog
poow
5 8
o o
M
(4

0.7

n
=}
15y

a
=]

oes5r || | | |
|
|

NW o “v“mm |

L L L L L L L L
5 10 15 20 25 30 35 40 45 5 10 15 20 25 30 35 40 45

o
15y

o
S

distance from the dam center (km) distance from the dam center (km)
(a) (b)

Figure 11. Number of earthquakes in the complete seismic catalog (a,b) showing completeness
magnitude versus distance from the center of the reservoir.

Figure 12 illustrates the variation of the b-value with distance from the dam center.
The red horizontal line represents the b-value calculated for the tectonic seismicity ob-
served prior to the reservoir impoundment, corresponding to the completeness magnitude
M, = 0.7, as indicated by Lizurek et al. [34]. Three distinct regimes can be observed in the
variation of the b-value with distance from the center of the dam:

1. Up to approximately 10-11 km, the b-value ranges around a mean value of ~1.21.
2. Between approximately 10-11 km and 24-25 km from the center of the dam, the b-
value decreases with the distance from the center of the dam.
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3. For distances greater than approximately 25-30 km from the dam center, the calculated
b-value closely matches the value reported by Lizurek et al. [34].

b-value

0.7 i

5 10 15 20 25 30 35 40
distance from the dam center (km)

Figure 12. Variation of the b-value with the distance from the center of the dam (blue). The red
horizontal line represents the b-value calculated for the tectonic seismicity observed prior to the
reservoir impoundment, corresponding to a completeness magnitude of 0.7, as indicated in [34]. The
error on b is indicated by the vertical bars, while the red dotted horizontal lines delimit the error
band on b calculated in [34].

Since Lizurek et al. [34] calculated the b-value for the background seismicity that oc-
curred before the impoundment of the reservoir, the events occurring more than
~24-25 km from the dam are likely tectonic in nature. In the first regime (up to approx-
imately 10-11 km), the b-value is significantly larger than that of the regional seismicity,
which could provide additional evidence that the earthquakes occurring near the dam are
likely reservoir triggered [35]. In the regime of intermediate distances from the dam center,
the decrease in the b-value could suggest a mixture of tectonic and reservoir-triggered earth-
quakes, with seismicity tending to be dominated by tectonic earthquakes as the distance
from the dam increases.

We calculated the IMI between the monthly number of earthquakes and the monthly
mean water level (Figure 13). The variation of the IMI with the distance from the center of
the dam is quite similar to that of the b-value; for small distances, it increases, reaching a
maximum at 9-11 km, then it decreases up to approximately 25 km. For larger distances, it
fluctuates around mean values of approximately 0.99 (NVG) and 0.39 (HVG).

The similarity in the distance-related variation of both the b-value and IMI is very
striking; three distance regimes are identified in the b-value variation, which closely match
those identified in the IMI variation. The distance of 9-11 km, at which the IMI reaches its
maximum, could be considered the furthest distance from the dam where the water level
fluctuations impact on seismicity.

Considering the distance from the center of the dam corresponding to the peak of IMI,
we computed the time lag between the monthly number of earthquakes and the monthly
mean water level shifted by lag T ranging from —12 to 12 months (Figure 14). In both cases,
the time lag between the two variables is 9-10 months, showing that the occurrence of
earthquakes follows water level fluctuations with a delay of 9-10 months.
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Figure 13. IMI between monthly number of earthquakes and monthly mean water level calculated
by NVG (red) and HVG (blue).
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matrix of the monthly number of earthquakes and that of the t-shifted monthly mean of water
calculated by using the NVG (a) and the HVG (b).

Figure 15 shows the variation of the k-M slope with the distance from the dam center.
This topological parameter exhibits an increasing trend followed by an approximately
constant or weakly decreasing one. In order to more precisely identify the breakpoint
between these two trends, we applied the segmented regression method [36]. The found
breakpoint is at 22 km. Figure 16 shows the relationship between the b-value and the k-M
slope for the Lai Chau seismic sequence compared with that of seismic datasets analyzed
in previous studies [11,12,37]. For distances from the center of the dam greater than or
equal to 22 km, the Lai Chau seismic dataset aligns with the general relationship found for
the other seismic datasets, while, for smaller distances, the seismic sequences in the Lai
Chau area deviate from this general relationship. Focusing only on the Lai Chau dataset,
the relationship between the k-M slope and the b-value (Figure 17) is characterized by two
distinct behaviors. For distances from the dam center less than 22 km, the relationship is
negative, while for distances greater than or equal to 22 km, the relationship is positive.
To explain the negative relationship for distances less than 22 km, we analyzed the k-M
slope in relation to the number of events for each distance. We found that, up to about
22 km from the center of the dam, the k-M slope increases with the number of events,

whereas, for distances greater than 22 km, the k-M slope appears to be independent of the
number of events (Figure 18).
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Recently, Li et al. [15] found that the ratio between the k-M slope and the b-value
can be influenced by the catalog size and, for Poissonian catalogs, derived the following
relationship between this ratio and the number N of earthquakes:

k'M% = —15.15(log1oN) 2™ 4 11.85. @)

We calculated the ratio between the k-M slope and the b-value for the Lai Chau data
and related it to the number of earthquakes, changing the distance from the dam center. The
results are shown in Figure 19 and compared with Equation (7). Although the two curves
do not perfectly overlap (Equation (7) is derived from Poissonian catalogs), their trends are
almost identical. There is a clear increase in the ratio with the size of the catalog, which
tends to stabilize as the catalog size grows. For the Lai Chau dataset, the saturation of the
ratio starts for distances from the dam center larger than 22 km.
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Figure 15. Variation of the k-M slope with the distance from the center of the dam.
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Figure 16. Relationship between the k-M slope and the b-value for the Lai Chau dataset (for distances
from the dam center less than, larger than, or equal to 22 km) compared with that of the seismic
datasets analyzed in previous studies (Iran [12], Italy and Taiwan [33], Mexico [11], Pannonia [38], R1
and R2 [39], and ST2 [37]).
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Figure 17. Relationship between the k-M slope and the b-value for the seismic datasets extracted
at distances from the center varying from 6 to 40 km. The vertical black line separates the values
relative to distances less than, greater than, or equal to 22 km from the center of the dam.
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6. Conclusions

In this study, we analyzed the time dynamics of the shallow seismicity occurring in the
vicinity of the Lai Chau reservoir (Vietnam), focusing on its seismological and topological
properties, along with their mutual relationship. We employed the VG method to convert
the investigated series into networks and analyzed a variety of network quantities (degree,
k-M slope, IMI, and Frobenius norm) related to the earthquake series and also to the
reservoir water level. The total seismicity, whose completeness magnitude is 0.8 and b-
value is 0.86, is characterized by a k-M slope of ~9.1. The positive value of the k-M slope
indicates a positive correlation between degree and magnitude, which means that the
higher the magnitude, the larger the degree. Thus, the larger events behave as “hubs” of
the VG seismic network, being made visible by more earthquakes than the smaller ones.
The b-value shows a non-trivial pattern as the distance from the dam’s center increases.
For distances up to 10-11 km, it ranges around a mean value of 1.21, while, for distances
larger than 25-30 km, it aligns with the background value found by [34]; for intermediate
distances, the b-value decreases with the distance from the dam’s center. The IMI between
the monthly number of earthquakes and the monthly mean water level is at its maximum
at a distance of 9-11 km, and, at these distances, the time lag between the two variables
is 9-10 months. The relationship between the b-value and the k-M slope seems to suggest
that the k-M slope depends on the number of earthquakes within a 22 km radius from the
center of the dam.
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Abstract: We investigate multimodal seismicity by analyzing it as the result of multiple seismic
sources. We examine three case studies: the Redoubt and Spurr regions in Alaska, where volcanic
and subduction-related seismicity occur, and the Kii Peninsula in Japan, where shallow and deep
earthquakes are clearly separated. To understand this phenomenon, we perform spatial, temporal,
and magnitude analyses. Our application of non-extensive statistical mechanics shows that mul-
timodal models provide a significantly better fit than unimodal ones. We identify patterns in the
distributions of time between events and distances between events using multimodal Tsallis g-gamma
distributions. In addition, we use the multimodal Sotolongo—Costa model to analyze the magnitude
distribution, which effectively captures the complex interactions that may explain the observed lack
of fractality in multimodal seismicity.

Keywords: multimodal seismicity; non-extensive statistical mechanics; g-gamma distributions

1. Introduction

Earthquakes are complex spatio-temporal phenomena that represent a catastrophic
natural hazard, and their triggering mechanisms remain an open question. Indeed, it is
not fully understood why earthquakes occur both in tectonically stable parts of the inner
regions of tectonic plates (known as intraplate earthquakes [1,2]) and in unstable areas,
such as tectonic plate boundaries [3,4] and volcanoes [5,6]. In this context, it is natural to
consider various focal mechanisms in the same seismogenic area. Therefore, analyzing the
distribution of earthquakes and their magnitudes is crucial for a better understanding of
their occurrence and spatial and temporal distribution.

In recent decades, the Gutenberg—Richter (GR) law [7] has been used to describe the dis-
tribution of earthquakes by analyzing the number of earthquakes, N- 51, with a magnitude
greater than M, as a frequency-magnitude power law. Laboratory studies provide valuable
insights into the frequency-magnitude relationship, as described by the GR law, and its
variability with different materials and stress conditions. For example, ref. [8] found that
microfractures in rocks induced by pressure experiments follow a frequency—magnitude
relationship similar to that of earthquakes, with the b-value depending primarily on the
stress and the confining pressure. Extending these findings, ref. [9] conducted thermal ex-
periments on rock samples and discovered microquakes generated by thermoelastic stress
relief. They observed that the frequency—magnitude relationship of these thermal events
had a higher b-value than is typical for ordinary earthquake series. Ref. [10] extended the
cumulative frequency-magnitude relationship by reformulating it based on the seismic
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moment and introducing the b-value as an analog to the original b-value. Finally, ref. [11]
investigated the rock behavior under different stress conditions, showing that the confining
pressure and intermediate stress strongly influence rock strength and ductility, affecting
the frequency and magnitude of seismic events.

However, the GR law exhibits local scale invariance, i.e., the minimum magnitude
is not always related to the incompleteness of seismic catalogs [12]. In this respect, the
self-similarity of seismic sources and their magnitudes breaks down for low-magnitude
earthquakes [13]. Moreover, the statistical distribution of earthquake magnitudes in differ-
ent areas exhibits multimodal behavior [14-17] due to the diversity of focal mechanisms
in a seismic region. Indeed, multimodality has been associated with non-fractality and
the breakdown of self-similarity. For example, multimodal seismicity patterns have been
observed in mining-induced seismicity, attributed to complex geologic features associ-
ated with inhomogeneous fault planes and dikes [18]. In addition to anthropogenic cases,
natural features also exhibit multimodal characteristics, as in the case of the well-known
Himalayan seismicity due to the non-planar and frictional geometry of the main Himalayan
thrust, which is responsible for triggering numerous earthquakes [19,20].

In addition, several studies have demonstrated the existence of long-range correlations
between seismic events, i.e., earthquake sequences exhibit a significant statistical depen-
dence between two distant events, as measured by the autocorrelation function [21-23].
Significant progress has been made in seismological modeling through the use of Tsallis
g-statistics (also known as non-extensive statistical mechanics) by incorporating concepts
of long-range correlation [24-26]. More specifically, the Sotolongo—Costa—Posadas (SCP)
model is based on a probability distribution derived from the principle of maximum en-
tropy applied to the Tsallis entropy. This model generalizes the GR law and physically
justifies the relationship between frequency and earthquake magnitude [27-29]. Based on
the theory of seismic moment scaling (see, e.g., [30]), Silva et al. [31] slightly revised the
SCP model by introducing a more realistic link between seismic energy and fragment size.
The SCP model provides a physically based approach that takes into account not only the
rough surfaces of the fault planes but also the distribution of rock fragments between plates
and the theory of seismic moment scaling. In this sense, the SCP model assumes that the
physical mechanisms for triggering an earthquake are related to the distribution of frag-
ments and the energy distribution of the earthquake, which is determined by maximizing
the Tsallis g-entropy according to first principles. Subsequently, a number of studies have
shown the universality of the SCP model in analyzing seismicity in various regions [32-36].
However, all these studies and related works focused on the unimodal analysis of the
statistical distribution of earthquake magnitudes.

In this work, we consider a multimodal extension of the SCP model presented in [37]
and multimodal versions of Tsallis g-gamma distributions to analyze three seismogenic
regions that exhibit multimodal empirical distributions. In this effort, we investigate the
transferability of multimodal non-extensive models to describe multimodal and non-fractal
seismicity by explaining the multi-source seismic mechanisms and their characteristics in
temporal and spatial terms. This paper is organized as follows. In Section 2, we present
the models used in seismology and their non-extensive multimodal extensions based on
the SCP and Tsallis g-distributions. In Section 3, we describe the main features of the
real-world dataset used. Then, we devote Section 4 to the presentation of the results to
demonstrate the robustness of our proposed model in analyzing the seismicity generated
by multi-source configurations. Finally, in Section 5, we summarize the concluding remarks
of this work.

2. Multi-Source Seismicity and Bimodal Distributions in the Non-Extensive Approach

In this section, we present a multimodal extension of the SCP model to describe multi-
source seismicity. The bimodal extension of the SCP model has recently been successfully
used to describe the anthropogenic seismicity triggered by the exploitation of underground
mines [37]. Two types of earthquakes can be distinguished in anthropogenic seismicity:
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one is triggered directly by human activity and is of low energy, while the other is triggered
by tectonic stresses released by human activity and is stronger than quakes triggered
directly by mining operations. Each type of earthquake is associated with different modes
in the multimodal SCP model. In the cases to be analyzed, two groups of earthquakes
are investigated, namely shallow and deep events, which are easily identified by their
spatial distribution.

Our aim is to study the cumulative frequency-magnitude distribution (FMD) of
earthquakes, the spacing between events, and the recurrence times. To analyze the last
two objectives, we introduce bimodal extensions to the Tsallis g-distributions, which are
commonly used to describe the distances and times between events.

2.1. Bimodal Non-Extensive Model for Earthquakes

Based on non-extensive statistical mechanics (or Tsallis g-statistics), Sotolongo, Costa,
and Posadas [27] introduced a new fragment-asperity interaction model for modeling
earthquake magnitude distributions. This model consists of two fault planes, with rough
surfaces and irregular rock fragments occupying the space between them. In this regard,
the statistical distribution of fragments maximizes the Tsallis g-entropy

1 [ee)
max Sqlp] /kp = p— <1 _/0 p%a)dc), 1)
subject to
/0 p(o)de =1, @)
_ [~ - __Plo)
(o) = /O 0P (0)do, with, Py(0) = I pi(o)de’ 3)

conditions, where kg is the Boltzmann constant, p(¢) denotes the probability density
function related to the fragment size o, and g € R is the non-extensivity parameter (en-
tropic index). The g-parameter allows the escort distribution to scan the structure of
p(c) differently, emphasizing events with higher or lower probabilities depending on
g. The constraints in Equation (2) and Equation (3) are, respectively, the normalization
condition and the g-expectation value [38], in which P, (-) represents the escort proba-
bility function [39,40]. Escort distributions are derived probability functions that allow a
controlled modification of the original distribution p(c) to emphasize different aspects
of the probability structure. In the context of Tsallis g-statistics, these escort probability
functions arise naturally when maximizing the Tsallis q-entropy. A notable example is the
g-generalized Gaussian distribution, which emerges as an equilibrium distribution from
this maximization [41-43]. In the field of source coding, for instance, escort distributions
are related to Campbell’s coding theorem by associating generalized length measures with
the Rényi-Tsallis entropy [44]. We invite the reader to refer to [45-49] for an exploration of
the fundamental concepts and diverse applications of the escort probability function.

The optimization of Equation (1), subject to the constraints in (2), leads to the distribu-
tion for the following fault plane-related fragments [31]:

p(o) = ll_ (;:Z) (‘7_<‘7q>>11_q1 4

valid for 1 < g < 2. By considering an earthquake energy ¢ to be proportional to 3, where r
is the linear dimension of fragments filling the gap between the sliding plates, we have that
o — (o4) = (e/a)?/3 [31], where « is a proportionality constant. Moreover, it is noteworthy
that the relation between the magnitude m of a seismic event and its released seismic energy
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is given by [30] m = 2log1o(e). Thus, we may write, after some algebra, the non-extensive
GR law as [31,50]:

log. (Nopt) = logy (N) + [ 2294 | 1 - (i) >
OglO( >M)— oglo( )+<1—qm> 0810 1_(%>% , ©)

for M > My, or equivalently,

log, (N>M) =ag— bq<log10 [1 + 10M/(bq '“2/3)} —log,, {1 + 1OM0/(bq . 042/3)D,

where a; = log,,(N), b; = q L
related to the frequency-magnitude distribution.

The multimodal behavior of the F-M distribution (FMD) is observed in natural earth-
quakes. It can be explained by multi-source seismicity, as in cases where many plates, the
conjunction of plates, or volcanoes are present. Thus, each source generates different types
of tremors, which break the self-similarity in the FMD. As in anthropogenic tremors in
mining operations, the multimodal GR distribution can be used to describe multi-source
natural earthquakes, that is, a piecewise linear function for the survival log;, N- can
be proposed:

is the generalized b-value, and g is the entropic index

~ al_bl(M_MO)/ My <M < Mr,
10g1 (N>M) ~ { i —by(M — My), M > My,

But, the multimodal GR ignores the long-range effects, and a multimodal extension of (5) would
be suitable to describe multi-source seismicity considering autocorrelation and fractality:

M
a1 — by ( logy, 1+£—m —logyo |1+ 102/3 , My <M< My
loguo (N-11) = o o
ay — bz loglo 1+ m loglo 1 —|— 2/3 , M> MT,
2
where the continuity conditions must be satisfied:

a1 = log;y N>y, and (8a)

1y = a1 — by (logy [1+ 10M7 /(by /%) | —log,[1+ 10" /(b1 -a3/?)|).  (8b)

The bimodal Sotolongo—Costa density is also derived:

- —by—1
1+ 101:[/3
hnlo 2 - 10M, Mo < M < My
bllxl +100 10M0
1+
b2/ |
flx) = w1\ bl 2 —b-1
[1+107T} 1+L243
bpIn10 g | e 10M, M>M
bya2/3110M M M ’ =T
2 0 1+ 1070 1+ 1070
bl-a%/s by a2/3

A trimodal distribution can be defined analogously.

The application of the bimodal extension to earthquake distributions assumes the
existence of two modes, with each mode following a Sotolongo—Costa distribution. At the
same time, the Sotolongo-Costa model describes non-linearity, long-range interactions,
fractality, self-organized criticality, long memory effects, and scaling in seismicity because it
is based on non-extensive statistical mechanics, providing a consistent statistical framework
for the description of seismicity and its properties [33,34].
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2.2. Bimodal Tsallis Distribution and Interevent Distances

The Tsallis distribution is used to model three-dimensional distances between the
hypocenters of successive earthquakes. The unimodal Tsallis distribution is defined as [51]

p(x) = (2= q75)b(1 + brs(qrs — 1) (x — x0))1/ (17975, )

The subscript TS denotes that the parameters are from the Tsallis distribution but it will be
omitted when the context is clear. Here, b > 0, x e RT if 1 < g < 2,x € (0, xmax) ifg < 1,
and x € Cwith [ p < coif g > 2. Additionally, the Tsallis model appears in the interevent
times modeling, that is, the elapsed time between successive tremors.

Given that, in some cases, the magnitudes behave bimodally or trimodally, we expect
to observe similar behavior for the interevent distances and interevent times in these cases.

In order to model the multimodality of the interevent distances and interevent times,
we define the bimodal Tsallis distribution by

1
2—q1)(A+ (g1 —1)bi1(x —x0)) "7, x <x <t

f(x) = 1
k(2—=q2)(1+ (92 = 1)ba(x —x7)) "2, x> x7,

and integrating, we obtain

201
(14 (g1 —1)b1(x —x0)) ™1, x9 < x <7
2—qp

k(1+ (g2 = D)ba(x — x7)) %2, x> x7,

F(x) =

where F(x) = P(X > x) is the survival function and k is determined by the continuity
condition at x = x7:
2-m
k= 1+ (g1 —1)bi(xr —x0)) ™.
As usual, it is preferable to plot log;,(N>y) instead P(X > x), where N is the number
of data greater than x, because the logarithm smooths out the differences along the curve
P(X > x):

Ay —Bylogo(1+ (g1 —1)b1(x —xp)), xo < x < xr

10
Az—leog10(1+(q2—1)b1(x—xT)), X > Xxr, ( )

log;((N>x) = {
where Ay = log;)N, B; = (2—4;)/(g; — 1) fori = 1,2, N is the number of data, and
Az = loglO Nk = A1 — Bl 10g10(1 + (41 - 1)b1(xT — XO)).

2.3. g-Gamma Distributions and Interevent Times

Understanding the time occurrence between successive earthquakes is vital for esti-
mating seismic hazard. Several models have been developed to describe the interevent time
distribution of earthquakes, which can be classified into Poissonian and non-Poissonian
models. Non-Poissonian models include the Tsallis distribution [33] and the gamma dis-
tribution [34,52,53]. Here, we propose to characterize multimodal seismicity using the
unimodal-bimodal versions of the Tsallis distribution (10) and the g-gamma distribution, a
deformed version of the gamma distribution, which is given by

F(8) = et = t) ™ (1 + (qr — Dbr(t— 1)), £ > ko

The subscript I' denotes that the parameters are from the g-gamma distribution, but it
will be omitted when the context is clear. Here, t € RT, 1 < g < 2 is the parameter of
deformation, b, v > 0 are shape parameters, and c is a normalization constant given by [54]

c— _a=Dp]" (11)
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Since the interevent distribution follows a gamma distribution, it is reasonable to
propose the non-extensive version of this distribution to model the interevent times, that
is, the g-gamma distribution. It is worth noting that the g-gamma law is a generalization
of the Tsallis distribution, which has been used to describe interevent time data [33]. The
cumulative distribution function for 1 < g < 2 can be expressed in terms of the incomplete
beta function I [54]:

' _ (—Db(x—x0) 1
F(x;q,b,7,%0) = I((q—l)b(x—xo)o—i- 1’%q—l ,y)

Note that for § — 1, the g-gamma distribution becomes the gamma distribution. Given that
multi-source seismicity is being studied, it is reasonable to expect bimodal behavior for
the interevent time distribution. Its modeling is especially important in order to properly
estimate the hazard function, that is, the probability that at least one earthquake with a
magnitude greater than M will occur in the next time interval AT, if the previous one
occurred before time T [33].

For the interevent time distribution in multi-source seismicity, we propose the bimodal
g-gamma distribution:

1
c(t—to) " (14 (g1 = 1)bi(t— 1)) T, to<t<tr

f(t) = B 1
ot —tr)2 Y1+ (g2 — Vba(t —t7))T%2, > tr,

(12)

where 1 < q1,92 < 2, by, b2, 71,72 > 0. c; takes the form (11), and c; is such that the
continuity condition is satisfied at x = x7. An important form of (12) is the logarithm of
the number of events whose interevent times are greater than time #:

Al - logl(](l - F(t, q1, bl/ ’Yl/to))/ tO S t S tT

log;o(N=¢) = { Ay —logy (1 = F(t;q2,b2,72,t7))), t>tr,

where A1 = log;, N and A; = log,, N +log,,(1 — F(tr;q1,b1, 71, t0))-
According to this, the interevent times can be modeled with a very good fit using the
bimodal g-gamma distribution, as we will see in Section 4 (see Table 5).

3. Data and Case Studies

To experimentally evaluate our proposal, we consider three seismogenic areas (Mount
Redoubt, Mount Spurr, and the Kii Peninsula), using earthquakes from two catalogs: the
United States Geological Survey (USGS) and the Japan Meteorological Agency (JMA), as
shown in Table 1. Mount Redoubt (60.4852 N, 152.7431 W) and Mount Spurr (61.2997 N,
152.2514 W) are active stratovolcanoes in the Alaskan volcanic zone, while the Kii Peninsula
is a large Japanese peninsula (34.1810 N, 135.5718 E). Data for the Spurr and Redoubt volca-
noes were obtained from the USGS website, while data for the Kii Peninsula were obtained
from the JMA. Table 1 summarizes the time periods and number of events analyzed in
this study, and Figure 1 shows the locations of these regions on a map. These regions
were selected because they exhibit spatially differentiated seismicity that is consistent
over time, as shown in Figure 2. We hypothesize that the clustering of earthquakes in
these areas follows different patterns, i.e., the FMDs differ for each cluster in a given area.
Nevertheless, we need to analyze the time windows for which the degree of detection is
constant, i.e., the degree of completeness must be constant. The selected volcanic areas are
significantly smaller than the Kii area, as seismicity is particularly noticeable in the vicinity
of the volcanoes due to volcanic activity. The selected time periods were chosen to ensure
constant completeness values during the periods investigated. This criterion is intended to
avoid mixing data with different degrees of completeness, which could lead to bimodal
behavior. The irregularity of M. in the volcanic areas compared to the behavior of M. on
the Kii Peninsula explains the difference in size of the selected time windows in which
seismicity is analyzed. Both Mt. Redoubt and Mt. Spurr are active stratovolcanoes, but Mt.
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Redoubt has shorter intervals between eruptions, producing more frequent seismological
records. This difference explains why the years analyzed vary between the Redoubt and
Spurr areas.

Table 1. Information on the analyzed catalogs: earthquake regions, the period covered by the datasets,
and the number of events recorded for each region.

Region/Catalog Period Number of Events

Total Shallow Deep
Redoubt/USGS 2018-2022 1055 798 257
Spurr/USGS 2020 613 359 254
Kii/JMA 2013-2021 81,154 80,054 1100
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Figure 1. Geographical locations of studied seismogenic regions. In (a), the coordinates of the
Alaskan volcanoes, Mt. Redoubt and Mt. Spurr, are marked by blue dots, and in (b), the Japanese Kii
Peninsula is represented by a blue circle.

Figure 2a,b show 3D base maps depicting the distribution of earthquakes in Mount
Redoubt, Mount Spurr, and the Kii Peninsula, in which the green points represent the
hypocenters, while the colored surfaces represent the topographic maps. In these figures,
we can see that deep earthquakes are spatially separated from shallow earthquakes in
all seismic regions. The deep earthquakes occur at depths ranging from 80 to 150 km,
60 to 150 km, and 300 to 450 km, in the Mount Redoubt, Mount Spurr, and Kii regions,
respectively, while shallow events occur at depths less than 20, 25, and 70 km. Deep
hypocenters correspond to tectonic earthquakes, often large, while shallow earthquakes
are generally low-magnitude events. In the figures, panels (d)—(f) show the temporal
distributions of the earthquakes illustrated in panels (a)—(c), where the data points refer
to all seismic events, sorted according to the occurrence time index n in ascending order,
with n = 1 being the first detected earthquake, n = 2 being the second one, and so on. In
fact, the existence of a region free of tremors is remarkable and separates the shallow and
deep events.
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Figure 2. Three-dimensional base maps representing the distribution of earthquakes in the (a) Mount
Redoubt, (¢) Mount Spurr, and (e) Kii Peninsula regions. The green points represent the hypocenters,
while the colored surfaces represent the topographic maps. Topographic data were multiplied by
a factor of ten for better visualization. Panels (b,d,f) show the temporal development in counts of
the hypocenter depth distributions associated with the Mount Redoubt (1973-2022), Mount Spurr
(1970-2022), and Kii Peninsula (2009-2020) regions.
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It is worth noting that these three seismogenic regions are known to experience multi-
source seismic activity for different reasons, and therefore, multimodal statistical behavior
is expected. For instance, Mounts Redoubt and Spurr are located at the Aleutian Arc,
where the shallow events can be explained by volcanic activity close to the surface at the
volcanic arc, which is induced by subduction of the Pacific Plate (oceanic crust) beneath
the North American Plate (continental crust) [55]. As the oceanic plate is subducted, the
pressure and temperature increase, turning the rocks into magma. The magma ascends as a
result of partial melting and interaction with the mantle wedge, forming magma chambers
whose contents are expelled through violent eruptions. The deep earthquakes in the Mount
Redoubt and Mount Spurr regions are triggered by the subduction of the Pacific Plate
beneath the North American Plate [55]. In the Kii Peninsula case, the multimodal seismicity
feature results from several factors, such as a reflection of the Median Tectonic Line seismic
activity, which extends 900 km in an east-west direction, and the oblique subduction of
the Philippine Sea plate beneath the Southwest Japan Arc through the Nankai Trough [56].
Thus, we can observe long-continuing swarm activities of shallow, slow, and megathrust
earthquakes [57]. Although our analysis considers shallow events whose hypocenters
are located in the interval [0,70] km, these events can be subclassified as shallows with a
focus in the interval [0, 20] km and deep events with a focus in the interval [20,70] km, as
discussed in [56]. But our analysis of Kii earthquakes focuses only on two groups of events:
those with a hypocenter in the depth interval [0,70] km and those with a hypocenter in
(300, 450] km.

To visually examine the impact of shallow and deep earthquakes on the entire dataset,
we analyzed the time series of earthquake magnitudes m(n), sorted according to the
occurrence time index 7 in ascending order, with m(1) representing the first recorded
earthquake, m(2) representing the second, and so on, as depicted in Figure 3 for the
Redoubt, Spurr, and Kii areas. In Figure 3, shallow events are represented by orange dots,
while deep events are represented by blue dots. We can see that shallow earthquakes
are concentrated at low magnitudes, while deep events significantly contribute to the
concentration of events around magnitudes of 1.5, 1.5, and 3 for the Redoubt, Spurr,
and Kii Peninsula regions, respectively. This contribution from deep events suggests the
generation of a second statistical mode, which will be discussed later. Furthermore, at
least two modes are observed in the histograms presented in Figure 4. In the magnitude
distribution of shallow events (first column of Figure 4), frequencies concentrate at small
magnitudes, while for deep events (second column of Figure 4), the probability accumulates
at higher magnitudes. The third column of Figure 4 shows the histograms resulting from
the superposition of the magnitude distributions for shallow and deep events, leading to
bimodal distributions. In the histograms for the Redoubt and Spurr events (Figure 4c,f),
shallow events are identified by bold bars, as they are more frequent than deep events. By
observing the histograms for all events, we can visually identify at least two modes for the
Redoubt region, which are barely visible for the Spurr region and not identifiable for the
Kii region. The difficulty in visually observing the modes, especially for the Kii region, is
explained by the small proportion of deep events (see Table 1); in this case, Figure 3 clearly
shows the existence of at least two modes for that region.
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Figure 3. Earthquake time series. On the x-axis, n represents the number of events, ordered increas-
ingly, and on the y-axis, m(1n) represents the magnitude of the event n. In the first, second, and third
rows, we show the time series for the Redoubt, Spurr, and Kii regions, respectively. Shallow events
are depicted in orange, and deep events are depicted in blue. Clearly, event magnitudes are generally
larger for deep events than for shallow ones.
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Figure 4. Histogram of the magnitudes of earthquakes. The x-axis represents the magnitude and the
y-axis represents the frequency. In the first, second, and third rows, we show the histograms for the
Redoubt, Spurr, and Kii regions, respectively. In the third column, the magnitude distributions for all
events are shown. Histograms for shallow events are depicted in the first column, and histograms for
deep events are shown in the second column.

4. Results

Before analyzing the portability of our proposed model, we examined the magnitude
distributions for all seismic catalogs to explore the data consistency and completeness
by determining the completeness magnitude. The completeness magnitude M, is the
minimum magnitude above which all earthquakes within a certain volume are reliably
detected, avoiding inconsistency issues. Since space-differentiated earthquake clusters
are present in the three regions studied in this work, we independently determined the
completeness magnitude for each cluster using the method described in [54], which is
based on the Maximum Curvature Method [58]. In each studied region, two clusters of
earthquakes were observed: shallow events and deep ones. The completeness magnitude
was determined for each cluster in a region, and the data were filtered, retaining the
events whose magnitudes were above the M.. We then obtained accurate measurements by
combining the relevant data from each cluster [58]. The obtained completeness magnitudes
are shown in Table 2. In this table, we observe that M, for shallow events is less than M,
for deep quakes, which was expected because detection is more accurate for events that
occur close to seismographs.
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Table 2. Estimated completeness magnitudes for the three seismic areas.

Depth Shallow Deep
Region
Redoubt -0.6 1.45
Spurr 0.2 1.25
Kii 0.5 2.6

The fits of the FMD and the interevent distance and time distributions were performed
using the curve_fit module in Python from the scipy.optimize package, employing the
Trust Region Reflective algorithm. In addition, the confidence intervals for the estimated
parameters were calculated using this function.

Figure 5 depicts the FMD as a function of the magnitudes for all regions examined.
The dashed orange curve represents the best fit based on our proposed model, while the
dots represent the data points. Based on a visual examination, we propose a multimodal
model. The first, second, and third rows refer to the Mount Redoubt, Mount Spurr, and Kii
Peninsula regions, respectively, while the first, second, and third columns correspond to
shallow, deep, and all (shallow + deep) events. When examining shallow events, bimodal
FMD distributions can be observed around the active volcano Mount Redoubt, but for
the Mount Spurr and Kii regions, unimodal behavior of the FMD can be observed. For
the Mount Redoubt region, note the high density and small a-value (x; = 0) for tremors
with a magnitude less than Mt = 0.6. and the low density and relatively large a-value
(a2 = 3.3307) for events with a magnitude above Mt = 0.6. Thus, in the Mount Redoubt
area, numerous low-energy events associated with swarms can be described by the first
section of the SCP bimodal model. Similar behavior is observed for deep events in the three
analyzed areas: the first section of the SCP bimodal distribution presents a relatively small a-
value, which, in the classical SCP model, means low-energy events. In contrast, the second
section exhibits a high a-value, which means high-energy events. Additionally, in the case
of deep events, the a-values for the Redoubt and Spurr regions are significantly lower
than the a-values corresponding to the Kii area, as expected, given that the earthquakes
in the Alaskan regions are considerably smaller than those in the Kii Peninsula. We note
that multimodal models arise from the presence of multiple sources of seismicity, such as
anthropogenic and natural origins, or from sets of earthquakes with different characteristics
(e.g., both deep and shallow earthquakes). However, our data also support the existence of
multiple modes, even within sets of events that display a single characteristic. For example,
the deep events shown in the second column of Figure 5 and the shallow events in the
Redoubt area depicted in Figure 5a suggest that interactions between deep and shallow
events can generate new modes within a set of events that otherwise share a common
characteristic. This is reasonable because deep and shallow events are not independent
earthquake sets.

Table 3 shows the errors of the unimodal and multimodal fits for the FMD curve. As
can be seen, the fit for the multimodal models is tighter than that for the unimodal ones.
Additionally, the standard error of each parameter is shown in this table.

Figure 6 depicts the interevent distance distributions, where the dashed orange curve
represents the best fit, while the blue dots represent the data points. The first, second, and
third rows correspond to the Mount Redoubt, Mount Spurr, and Kii Peninsula regions,
respectively, while the first and second columns correspond to shallow and deep events,
respectively. The results reveal that the interevent distances for shallow events present
similar behavior for the Mount Redoubt and Spurr volcanic areas, while the curves for the
three areas are similar when all events are considered, i.e., shallow and deep ones. When
comparing Figure 6a,c, we observe that the interevent distance distribution initially exhibits
a high slope, followed by a smaller slope. The a-values are similar, with an order of ~10~1.
Most g-values are less than one, which is usually observed in unimodal seismicity [33].
Nevertheless, for shallow events in the Kii peninsula, the behavior is different because
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distances less than rr = 23.9 km are governed by an entropy index greater than one, while
distances greater than rr are described by a g-value less than one, as usual. The complex
behavior of shallow quakes may result from the interaction between shallow and deep
earthquakes. For deep events, the behavior of the interevent distance distribution is similar
to the standard results found in the literature [33] for the three analyzed regions: the curves
are well described by a unimodal or a bimodal Tsallis distribution, and the g-values are

less than one.

(a) Redoubt region (shallow events)
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Figure 5. FMDs for the Redoubt, Spurr, and Kii regions. The first, second, and third columns
correspond to shallow, deep, and all events. In each graphic, the empirical and multimodal SCP-fitted
distributions are shown. The standard errors of the parameters are shown in Table 4. The main
measures of goodness of fit are shown in Table 5, revealing very tight fits.

In Figure 7. we show the interevent distance distribution considering all events above
My = M., i.e., shallow and deep ones. A convex curve first appears in the distribution,
followed by a plateau region and then a concave curve. The convex section corresponds
to successive events that occur in the near field. The plateau section describes successive
earthquakes occurring at different depths; that is, one is shallow and the other is deep, or
both are at similar depths (i.e., both are shallow or both are deep). Note that the plateau
section appears in the interval distances from 20 to 80 km, 20 to 60 km, and 60 to 300 km
for the Redoubt, Spurr, and Kii regions, respectively. These intervals include the distances
that separate the shallow and deep quakes, which are 60, 35, and 230 km for the Redoubt,
Spurr, and Kii regions, respectively. The concave section represents successive earthquakes
occurring at different depths because it starts at a distance greater than the maximum
interevent distance for each cluster of earthquakes.
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Table 3. Errors of the unimodal and multimodal fits for the F-M distribution. It can be observed from
the root mean square error (RMSE), sum of squared errors (SSE), coefficient of determination (R?),

and mean absolute percentage error (MAPE) that, in all cases, the multimodal models fit more tightly

than the unimodal ones.

Region Events Model RMSE SSE R? MAPE (%)
All Unimodal 0.0917 0.1223 0.9000 26.74
Multimodal ~ 0.0335 0.0167 0.9863 10.01
Unimodal 0.060 0.0507 0.9522 16.45
Redoubt  Shallow /1o iodal  0.0079 0.0010 0.9990 2.02
Dec Unimodal 0.0625 0.9265 0.9265 8.68
P Multimodal ~ 0.0345 0.0133 0.9660 457
All Unimodal 0.0352 0.0167 0.9812 28.19
Multimodal ~ 0.0131 0.0021 0.9976 40.84
Sourr Shallow Unimodal 0.0218 0.0218 0.9944 42.94
P Multimodal - - - -
Dec Unimodal 0.0310 0.0310 0.0310 4.95
p Multimodal ~ 0.0227 0.0056 0.9876 3.59
All Unimodal 0.0452 0.0452 0.9511 434
Multimodal ~ 0.0203 0.0061 0.9907 1.83
Kii Shallow Unimodal 0.0108 0.0018 0.9972 1.06
Multimodal - - - -
Dee Unimodal 0.0360 0.0129 0.9762 3.31
P Multimodal ~ 0.0134 0.0021 0.9960 1.95
Table 4. The standard deviations of the parameters shown in Figure 5.
. (o 0, (o U'Ml U'Mz
Region Events Oy Tu, Ous .1‘76_2 .1’76_2 .1’76_2 102 102
All 1.25-104 3.61-10 3.81-10° 0.60 3.56 3.09 5.64 5.04
Redoubt Shallow 6.74-107° 751-10"1 - 0.76 0.89 - 6.29 -
Deep 1.17-1072 3.63-103 - 2.78 3.29 - 5.40 -
All 3.04 3.97 8.55- 103 498 1.11 2.26 492 63.1
Spurr Shallow 5.90-10"1 - - 0.75 - - - -
Deep 4.75-1073 0 - 1.24 0.027 - 3.31 -
All 1.75-1073 4.08-107! - 1.14 0.78 - 29.5 -
Kii Shallow 459-107! - - 0.35 - - - -
Deep 1.17-103 7.48 - 10* - 3.11 1.52 - 3.27 -
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Figure 6. Interevent distance distributions. The first, second, and third rows correspond to the
distributions for the Redoubt, Spurr, and Kii regions. In the first and second columns, the distributions
for shallow and deep events are shown, respectively. The fitted curves are the unimodal and bimodal
Tsallis distributions. The standard errors of the parameter are shown in Table 6. The main measures
of goodness of fit are shown in Table 5, revealing very tight fits.
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Figure 7. Interevent distance distributions considering all events (both shallow and deep ones) above
the completeness magnitude. In (a—c), the distributions for the Redoubt, Spurr, and Kii regions
are depicted.
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Table 5. Errors of fits shown in Figures 6 and 8 for the interevent distances and times. It can
be observed from the root mean square error (RMSE), sum of squared errors (SSE), coefficient of
determination (R?), and mean absolute percentage error (MAPE) the fits are very good.

Region Events Interevent RMSE SSE R? MAPE (%)
All Distances - - - -
Times 0.0074 0.0024 0.9991 4.49
Distances 0.010 0.0045 0.9982 3.44
Redoubt
edou Shallow 1/ les 0.0088 0.0031 0.9987 5.48
D Distances 0.021 0.0083 0.9941 9.24
cep Times 0.0155 0.0047 0.9966 7.52
All Distances - - - -
Times 0.0101 0.0051 0.9977 6.78
Spurr Shallow Distances 0.0120 0.0043 0.9975 3.96
Times 0.0845 0.1550 0.9138 19.36
Dee Distances 0.0182 0.0076 0.9948 6.10
p Times 0.0105 0.0025 0.9982 4.82
All Distances - - - -
Times 0.0193 0.1070 0.9938 6.64
Kii Shallow Distances 0.0336 0.3859 0.9820 6.56
Times 0.0203 0.1165 0.9932 6.96
Dec Distances 0.0136 0.0085 0.9972 7.44
p Times 0.0097 0.0048 0.9984 5.82

Table 6. The standard deviations of the parameters shown in Figure 6.

. Ou, On, oq g, Oy
Region Events 10-3 10-3 10-2 102 10-2
Redoubt Shallow 1.00 7.67 0.43 3.01 7.64

Deep 3.38 2.38 20.49 9.80 103.98
Sourr Shallow 2.37 44.18 0.83 15.18 16.21
p Deep 1.14 7.28 2.28 9.91 103.83
Kii Shallow 0.69 0.066 0.041 0.042 1.32
Deep 0.10 4.02 0.48 51.28 46.55

Figure 8 depicts the interevent time distributions (waiting times) for all regions examined.
The dashed orange curve represents the best fit, while the dots represent the data points. The
standard deviations (measures of goodness) of the estimated parameters are summarized
in Table 7. The first, second, and third rows refer to the Mount Redoubt, Mount Spurr, and
Kii Peninsula regions, respectively, while the first, second, and third columns correspond to
shallow, deep, and all (shallow + deep) events. We employed the g-gamma distribution to
analyze the inter-occurrence times since it describes the behavior of inter-occurrence times
well, as reported in [53]. This distribution is a generalization of the gamma distribution used
by [59] for modeling interevent times. However, given that in the analyzed seismogenic
areas, earthquakes are generated by several types of mechanisms represented by the different
modes in the multimodal FMD, as previously discussed, we also expect to observe empirical
multimodal distributions for the inter-occurrence time distributions. Thus, describing the in-
terevent time distribution using the multimodal g-gamma distribution proposed in Section 2.3
is suitable. In this regard, we note that the g-values are generally greater than one, except for
the Redoubt region when assessing the waiting times for shallow and deep earthquakes. In
addition, the shape parameters have a similar order of magnitude for the volcanic areas, i.e.,
Mount Redoubt and Mount Spurr (~10~!). However, the Kii region’s shape parameters are
considerably greater (~10). Thus, the rate of events per unit of time in the Kii region is greater
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than that in volcanic areas. In other words, in the Kii Peninsula, waiting times are shorter
than in the volcanic regions, possibly because the Kii region is larger and experiences more
frequent earthquakes, as depicted in Figure 8i.

(a) Redoubt region (b) Redoubt region (c) Redoubt region
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Figure 8. Interevent time distributions. The first, second, and third rows correspond to the waiting
time distributions for the Redoubt, Spurr, and Kii regions, respectively. The distributions for shallow
and deep events above My = M, are depicted in the first and second columns, respectively. In the
third column, the interevent time distributions for all events are depicted. In all cases, the unimodal-
bimodal Tsallis distribution has been fitted, except in (a), which shows the distribution for shallow
events in the Redoubt area, modeled by a unimodal g-gamma distribution; (c), which shows the
interoccurrence times for all events occurring in the Redoubt area, modeled by the g-gamma bimodal
distribution; and (h) which shows the interevent time distribution of deep quakes in the Kii area. The
standard deviations of the estimated parameters are summarized in Table 7.
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Table 7. The standard deviations of the parameters shown in Figure 8. The main measures of goodness
of fit are shown in Table 5. The parameters corresponding to the fits by q-gamma distributions are not

shown.
. o o o, o,

Region Events ] 1“6_3 ] 1"‘(;_3 ) 1'76_2 ) 1'76_2 Tty

Redoubt Shallow 2.58 3.29 2.24 2.08 0.28
All 10.57 - 0.37 - -

Spurr Shallow 20.21 - 0.80 - -
Deep 13.79 93.33 1.10 3.08 0.066

Kii All 8.62 0.11 0.015 0.41 17.48
Shallow 8.85 1.91 0.016 0.25 2.52

5. Conclusions

In this work, we proposed multimodal models in the context of non-extensive statisti-
cal mechanics to describe multi-source seismicity in terms of magnitude and spatial and
temporal distribution. Our objective was to respond to the demand for new statistical mod-
els to describe multi-source seismicity, since classical models, which assume self-similarity,
cannot fully explain this type of seismicity, which exhibits, at least, non-fractal behavior.
Furthermore, our analysis of magnitude distributions revealed local behaviors that the
Sotolongo—Costa Model, a generalization of the Gutenberg—Richter law that describes
fractal phenomena, can interpret. We also observed evidence that earthquakes generated
by a single source tend to present fractal behavior. Based on these considerations, we
suggest that multi-source seismicity may exhibit multifractal behavior. However, this is a
preliminary hypothesis that requires further investigation. Thus, provisionally, we assert
that the observed behavior is at least non-fractal.

It is worth noting that the application of nonlinear and multifractal methods of analysis
is of great benefit for understanding complex phenomena. For example, recent studies in
mining have shown that acoustic and electromagnetic emissions in rock fractures exhibit
multifractal properties and fracture propagation patterns similar to those in earthquakes.
These analyses provide a refined understanding of fracture processes and fault propagation
in rocks and provide indicators for predicting disasters in underground environments [60].
In addition, the use of variables such as seismic wave velocity and its gradient has been
shown to be effective in detecting stress anomalies, which are essential for the assessment
of risk areas [61]. Such approaches emphasize the relevance of nonlinear techniques and
advanced statistical models that can provide a robust basis for monitoring seismic activity
and complement traditional models, such as the Gutenberg—Richter Law, when dealing
with the complexity inherent in seismological systems.

For the first time, a multimodal extension of the celebrated SCP model was applied to
multi-source natural seismicity, surpassing the models found in the literature. In this con-
text, the literature has explored the magnitude distribution in anthropogenic and natural
multimodal seismicity, but there has been less focus on interevent distances and times. We
found that behavior far from classical results was also observed for the interevent distance
and time distributions, for which multimodal Tsallis and g-gamma distributions were
successfully fitted. Real-world data analysis showed that our proposed model is workable.
Further, our proposed model’s outstanding agreement with field data highlights a new way
to study Earth’s seismicity, such as calculating earthquake recurrences. Additionally, multi-
modal models could be used to estimate seismic hazard, performing better than unimodal
models, given that the fit of the former is tighter than that of the latter, especially for large
quakes that can be underestimated or overestimated if unimodal models are employed.

In particular, the use of a multimodal model is relevant when determining the mag-
nitude of completeness; this is because using a unimodal distribution generates inad-
equate values for the magnitude of completeness. Indeed, the proposed multimodal
distribution, like the GR law, can help in seismic risk assessment and emergency response
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planning, among other applications, by more accurately estimating the expected frequency-
magnitude of earthquakes, providing insights into the probability of specific magnitudes
occurring. In addition, a more accurate earthquake magnitude frequency law contributes
to seismic monitoring and early warning systems. Finally, this work can be complemented
by future research considering earthquake source theory to improve the understanding
of the various sources and their interactions. In addition, in volcanic areas, future studies
should focus on the spatial delimitation between seismic sources near volcanoes (affected
by magma) and the adjacent shallow crust (unaffected by magma). A detailed analysis
based on focal mechanisms, for instance, would be essential to more accurately distinguish
these sources, enhancing interpretation and seismic characterization at higher resolution.
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Abstract: The 2019 Ridgecrest My 7.1 earthquake has received significant attention due to
its complex fault activity. It is also noticeable for its My 6.4 foreshock sequence. There are
intricate dynamic relationships between earthquakes in such vigorous sequences. Based
on the relocated catalogue, we adopt the nearest neighbour algorithm to analyze its fore-
shock and aftershock sequences. Detailed links and family structures of the sequence
are obtained. The results show that a My5.0 event at 03:16 (UTC) on 6 July is a direct
foreshock of the My 7.1 mainshock. It is likely related to barriers on the northwest-striking
fault. The My 6.4 event on 4 July is characterized as a complex conjugate rupture. Notably,
a magnitude 4.0 event occurred on the northwest-striking fault before the My 6.4 event,
establishing it as a direct foreshock. The Ridgecrest sequence is predominantly influenced
by northwest fault activity. It first caused small fractures on the northwest-striking fault.
Then, it triggered conjugate slips on the southwest-striking fault. Lastly, it led to larger
ruptures on the northwest-striking fault.

Keywords: earthquake clusters; foreshock; aftershocks; earthquake sequence; statistical
seismology

1. Introduction

The pattern and frequency of earthquake sequences can vary based on the tectonic
settings, the size of the mainshock, and the characteristics of the fault system involved.
Understanding earthquake sequences is important for assessing seismic hazards and
preparing for potential future events. The July 2019 Ridgecrest My7.1 earthquake in
Southern California initiated a unique sequence, resulting in numerous aftershocks as
well as notable foreshocks, which highlights the intricate rupture process along conjugate
structures [1-3].

Similarly to other large earthquakes (e.g., 2010 Yushu Mw7.1 [4], 2011 Tohoku
Mw9.0 [5], and 2014 Chile M8.1 [6]), 2019 Ridgecrest M 7.1 had a foreshock with My 6.4 [7].
Foreshocks have always been the focus of seismologists, but they are still an ambiguous
concept without an accurate definition [8,9]. Research into foreshocks and their role in
rupture history can help us to make progress in earthquake prediction [10-12], to ana-
lyze the triggering process [13-15], and to understand the implications for earthquake
nucleation [16-20].

There are many works that have studied the relationship between the mainshock and
the foreshock. Researchers hope to approach earthquake forecasting through the statistical
characterization of foreshocks [21]; Helmstetter et al. [22] suggest that mainshocks are after-
shocks of conditional foreshocks; and Lippiello et al. [23] discuss the relevance of foreshocks

Entropy 2025, 27, 16 https://doi.org/10.3390/e27010016
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in the triggering of earthquakes from a statistical viewpoint. Petrillo et al. [24] investigate
the influence of the brittle-ductile transition zone on aftershock and foreshock occurrence.

Research on foreshocks is topical, especially with new technologies. For example,
using the same high-resolution seismic catalog enhanced by the template matching tech-
nique, Trugman and Ross [25] suggest that foreshocks existed in 72% of the mainshocks in
Southern California, whereas van den Ende and Ampuero [26] argue that this value should
be less than 18%. Moutote et al. [27] use the ETAS model and find that 10/53 mainshocks
were preceded by significant foreshocks in the same area. Wetzler et al. [28] systematically
examine foreshocks via different approaches.

The 2019 Ridgecrest My 7.1 earthquake sequence provides great opportunities to study
foreshocks. In this paper, we focus on the relationship between the foreshock sequence
and the 2019 Ridgecrest My7.1 mainshock. Based on the relocated catalogs, we apply the
nearest neighbor distance algorithm to analyze the intrinsic spatiotemporal structure of
this significant foreshock sequence. This algorithm is widely used and has proven effective
in clustering analysis for earthquakes. We also examine its statistical features. This work
might help us to understand the complex dynamic relationships in earthquake sequences
and provide some clues and insights into the related focus mechanisms.

2. Theories and Methods

There are many cluster analysis methods in seismology [29-34]. To study the Ridge-
crest sequence, we adopted the so-called “nearest neighbor distance” (NN) method [35],
which was developed in recent years [36-38].

A more complex approach to distinguishing clustering events from background events
involves assigning a generalized distance between the shocks. The subjective aspect in this
process involves choosing a formula for distance and a threshold to define independent
events. Usually, the distances in the time, space, and energy domains are considered
separately. The challenge is how to put them all together with more physical meanings. The
NN algorithm proposed by Zaliapin et al. [36] comprehensively considers the distribution
of earthquakes in the space, time, and energy domains. It also provides a normalized
parameter that makes the complex N-dimensional problem easier to handle. Based on
this defined distance, we can examine the relationship between any two earthquakes and
distinguish clustering events from background earthquakes.

The application of this method in various regions worldwide has demonstrated its
effectiveness, e.g., Moradpour et al. [39] in Southern California, Peresan and Gentili [40] in
Italy, Bayliss et al. [41] in Japan and New Zealand, Martinez-Garzon et al. [42] in Turkey,
and Zaliapin and Ben-Zion [43] for the whole world.

A brief description of the NN algorithm is given below. Each event in the catalog is
characterized by 5 numbers: {t,A, ¢, h, m} (time, latitude, longitude, depth, magnitude).
For a given earthquake catalogue {t;, A;, ¢;, h;,m;},i =1,--- , N, the asymmetric distance
njj from the event {t;, Aj, ¢;, hj,m;} to another event {t;, A;, ¢;, hj,m;} is defined by the
following formula [36]:

o {cri]-rfleb(mimO) T; >0
nij = , M
oo Tij <0

where T;; = t; — t;, 1;; is the geographical distance between two events, m is the magnitude
of the lower threshold of the catalog, c is the constant coefficient, d is the fractal dimension
of earthquake epicenters, and b is the exponent in the Gutenberg—Richter (GR) law.
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Each event {t;, A;, ¢;, hi, m;} (except for the first event in the catalog) has one closest
“ancestor”—that is, among the preceding events, the one that is the shortest distance away
from it. This is called its nearest neighbor. The minimum distance to the nearest neighbor is

1 = min;n, 2

We performed some numerical tests for synthetized and real catalogs, and the re-
sults proved that the NN algorithm can distinguish clustering events from background
activities more physically [44]. Based on the nearest neighbor distances of events, we can
classify the type of events in the whole sequence—statistically, foreshocks, mainshocks,
and aftershocks.

It is possible to further define the temporal and spatial components of the magnitude-
normalized NN distance [36]:

T = 51070"/%, Ry = 1070/, 3)
and n = TR (without loss of generality, it is assumed here that ¢ = 1,my = 0). We
therefore can analyze spatiotemporal features via distribution plots of T and R. Two-
dimensional images always provide more details than 1D images, and therefore we can
obtain some additional statistical information, as discussed by Li et al. [45]. This can be
helpful for further analysis (see Figure 1c in this paper or, for example, Figure 4 in [37,43]
and Figures 2 and 4 in [44]).

Previous works usually used images for simple statistical or qualitative evaluation,
and lacked further quantitative analysis. Since the bimodal distribution of nearest neighbor
distances has been confirmed by many researchers, Peresan and Gentili [40] estimated
Gaussian densities for clustered and background components, and Bayliss et al. [41] applied
the Markov chain Monte Carlo approach to build normal mixture models. In addition, we
also used a Gaussian mixture model to fit 2D and 1D distributions [44]. Assuming that
clustering and background earthquakes both satisfy the Poisson process with different
parameters, we can transform the 2D superimposed Poisson process into a 1D mixture
density function referring to the concept of the N-th order distance. We define the mixture
density function for the nearest neighbor distance #* as

PDF = w; - pdf1 + wy - Pdfz (4)

where pdf and pdf, are probability density functions of clustering and background events,
respectively, both for a normal distribution, while wj and w5 are proportionality coefficients,
which satisfy wj + wy =1. When we calculate the nearest neighbor distances #* for a catalog,
we can fit its probability distribution according to Formula (4). Then, we can distinguish
clustering events from background activities.

3. Data and Study Area

At 3:19 (UTC, the same below) on 6 July 2019, an Mw7.1 earthquake occurred in the
desert about 10 km northeast of Ridgecrest, Southern California, while a M 6.4 foreshock
occurred near the epicenter about 34 h before this earthquake, that is, at 17:33 on 4 July
2019. The Mw7.1 mainshock occurred in the NW-SE-trending fault zone with a dextral
strike-slip trend, while the My 6.4 foreshock occurred in the NE-SW-trending fault. The
aftershocks of the My7.1 mainshock spread in the NW-SE direction, extending northward
to China Lake and southeastward to the Garlock fault, but did not cross this fault. The
mainshock was followed by more than 100,000 aftershocks. This Ridgecrest earthquake
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sequence was systematically observed and well documented due to the high density of
instruments in California [1].

The epicenter of this earthquake was located in the Eastern California Shear Zone
(ECSZ), about 150 km northeast of the San Andres Fault and about 12 km southwest
of the Searles Valley in California (Figure 1a). The Eastern California Shear Zone is a
seismically active region characterized by strike-slip faults, with a historical record of
numerous earthquakes exceeding magnitude 7, including the Landers My 7.1 earthquake
in 1992 and the Hector Mine My 7.1 earthquake in 1999. However, since 2000, the seismic
activities in this area have been mainly composed of small and medium-scale events (only
3 events with M > 5.0).

The catalog before July 2019 is from the Southern California Seismic Network (SCSN),
which is available online (https://scedc.caltech.edu/eq-catalogs/index.html, accessed
on 30 October 2024). Figure 1b gives the frequency-magnitude distributions and their
fitted lines, (b-1) for this catalog and (b-2) for the Ridgecrest sequence. In the first half
of 2019, there were about 690 events with M > 1.0 recorded by SCSN, and the average
b =1.118. The higher b-value we obtained is close to the previous estimate for seismicity in
the Coso Range (0.99 £ 0.08, from [46]). The lowest magnitude of completeness in this area
then can be derived from the fitted line, Mc ~ 1.5. We then selected M > 1.5 events from
the catalog and applied the NN algorithm to study its clustering features. The bimodal
distribution of nearest neighbor distances is clearly shown in Figure 1c. The horizontal
spreading part is for clustering events, and the skewed part on the upper right panel is
for background events. The histogram and its fitted probability density function (PDF)
in Figure 1d confirm the bimodal distribution. We can derive from the fitted result that
w1 = 0.534 and w; = 0.466, implying a higher clustering events ratio in regional seismic
activities. As mentioned previously, the local seismicities in the Coso area are mainly
characterized by sequences and small swarms [46]. The clustering events are independent
of background events, this is in agreement with previous studies [47,48]. Here, we give the
intersection point of the two PDFs, Jx = —2.328—that is to say, the probability for an event
to be background or belong to clusters at this point is equivalent. If the nearest neighbour
distance 77* of any event is smaller than Jx, the event is more likely to be clustered.

The accurate location of earthquakes is helpful for depicting the spatial and temporal
distribution images in more detail for earthquakes in the source area and determining the
spatial distribution of seismic faults [49]. By using data from densely deployed arrays and
the Southern California Seismic Network (SCSN), White et al. [49] derived a more precise
earthquake catalogue for the 2019 My, 6.4 and M 7.1 Ridgecrest earthquake sequence.
We use this catalogue in our study for further nearest neighbor analysis. We analyze the
temporal and spatial distribution characteristics of the hypocenters and discuss the intrinsic
relationship among events in this sequence.

Based on White et al.’s catalog [49], we selected the events within the red rectangle in
Figure 1a for our next analysis. The clusters that occurred in Garlock stepover, as well as in
Coso geothermal field and Cactus Flats (see in Figure 1a), which were clearly identified
as induced activities (as studied in many papers, e.g., [2,50]), were not included in the
sequence. We first determined the lowest magnitude of completeness Mc of the sequence
based on the GR relationship. Figure 1b shows the results of the least square method:
the b-value of the Ridgecrest sequence is about 0.826, and the approximate magnitude of
completeness Mc ~ 1.5. However, it is obvious from the fitting result in Figure 1(b-2) that
the linear relationship does not match the data well. The reason for this situation, as shown
in Figure 2 (and also analyzed in [1]), would be that small-magnitude events following a
large earthquake are missing at the very beginning point, even when the template matching
technique is performed. We thus selected events with M > 2.0 for subsequent calculations,
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Figure 1. (a) Distribution map of the 2019 Ridgecrest sequence and regional seismic activities. The
dashed red rectangle denotes the select range of the Ridgecrest sequence, which is studied next
in this paper. Events that occurred in Cactus Flats and the Coso geothermal area are not included
in the sequence, mainly because the activities in these areas have been proven to be non-tectonic
earthquakes. (b) The Gutenberg—Richter (GR) relationship for (b-1) regional activities in the first
half of 2019 and (b-2) the 2019 Ridgecrest sequence. Solid purple lines show the fitting results.
(c,d) Results of the NN algorithm for the catalog of (b-1): (c) 2D distribution and density contours of
re-scaled time (tj) and re-scaled distance (1j) components; (d) histogram of re-scaled nearest neighbor
distances n* for the ECSZ M1.5+ catalogue in the first half of 2019, with the red solid curve denoting
the fitted probability density function (PDF). The azure bell-shaped curve represents the clustering
part, while the orange bell-curve represents background events.

59



Entropy 2025, 27, 16

200

&
=)

No. of observations

100

50

8.0 -

Date

Figure 2. Magnitude-time plot for the first week of the Ridgecrest sequence. The two red stars denote
the My7.1 mainshock and the My 6.4 foreshock, respectively. Note the catalog’s incompleteness
during the short time after the large events and the activities before the My 6.4 foreshock. The red
dashed line denotes M = 2.0, and the catalog above this limitation seems more complete.

4. Results
4.1. Family Relations in the Whole Sequence

We applied the NN algorithm to analyze family relations in the 2019 Ridgecrest
earthquake sequence. From the histogram of its nearest neighbor distance #* (Figure 3a), it
can be fitted by a single normal probability density function, which implies that most events
in the Ridgecrest earthquake sequence belong to clustering earthquakes. This opinion also
can be confirmed by the spatiotemporal distribution of n* (Figure 3b). The data encircle
around a horizontal line, as discussed by other researchers [38,45], which indicates that
aftershocks are restricted in a limited spatial area and extend only to the time domain.
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Figure 3. Statistical results of the nearest neighbor distance n* for the Ridgecrest Myy7.1 earthquake se-
quence. (a) Nearest neighbor distance n* statistical histogram with normal distribution fit; (b) contour
plot of the two-dimensional spatiotemporal distribution density.

We connect each M > 2.0 event in the Ridgecrest sequence to its nearest neighbor (as
in Figure 2 in [38]), which can be seen as its parent event, according to the distance #* (see
Figure 4). The logarithmic coordinate is applied on the horizontal time axis in Figure 4b to
demonstrate the structures of the foreshock sequence more clearly.
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Figure 4. Magnitude-time plot of M > 2.0 events in the Ridgecrest sequence (a). Panel (b) is the same
as (a), but the logarithmic time coordinate is applied. Green circles and blue lines in (a,b) denote
earthquakes, while gray lines are links. (c) shows the time variation of the b-value.

It is obvious that the My?7.1 mainshock plays a dominant role in the aftershock
activities of the sequence. Most aftershocks are physically intimately related to it and
are its offspring events. However, its influence gradually weakens with passage of time.
After a few days, some larger aftershocks also have their own aftershocks (Figure 4a). It
is also noted in Figure 4 that the impact of the My 6.4 foreshock does not vanish with the
occurrence of the My7.1 mainshock. There are still many aftershocks that can be seen as
offspring of the My6.4 event in the sequence after the My 7.1 mainshock. This is also
consistent with other studies [3].

The changes in b-value in the G-R relationship demonstrate variation in tectonic stress.
Figure 4c shows the b-value time series along with the Ridgecrest sequence. Here, the
b-values were calculated with equal event numbers; specifically, the window size is 240,
and the step size is 30. The b-value increases within the first few days. At the start of the
sequence, the b-value is significantly lower (<0.7) and then rises to nearly 0.8. Throughout
the entire foreshock sequence, the b-values remain below 0.8. Aftershocks following the
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Mw?7.1 mainshock showed elevated b-values compared to foreshocks, yet remained below
background levels (1.118, as mentioned above). This is consistent with previous results from
other studies [52]. The foreshock sequences always have lower b-values [53], as observed
before many large earthquakes (e.g., [54-56]), as well as in laboratory observations [57].
This seismic pattern reveals shifting stress dynamics throughout the earthquake sequence,
hinting at complex tectonic interactions beneath the surface.

4.2. My6.4 Foreshock Sequence

The My 6.4 foreshock occurred in ECSZ on the side of the California plate boundary.
The rupture began on a northwest-striking right-lateral fault and then continued on a
southwest-striking fault with mainly left-lateral slip [3,58]. The M 6.4 foreshock sequence
might have triggered the My 7.1 Ridgecrest mainshock. However, if we refer to the nearest
neighbor link in Figure 4, the My6.4 event is probably not the immediate cause of the
rupture of the My7.1 mainshock. From Figure 4a,b, the parent event of the Ridgecrest
Mw7.1 mainshock, or, in other words, the direct foreshock, is an My 5.0 event that occurred
at 03:16 a.m., which is about 3 min and 20 s before the mainshock. This is the ‘ancestor’
event to the mainshock by means of statistical significance. We then examine the activities
of the My 6.4 foreshock sequence.

The relocated catalogue of the Myy6.4 foreshock sequence shows that the rupturing
process can be divided into two parts: a northwest-striking fault and a southwest-striking
fault (see Figure 5a). Notably, all the M > 5.0 events occurred on the northwest-striking
fault, suggesting that this fault is the main rupturing fault.

It can be derived from Figure 5c,d that the My 6.4 event invoked aftershocks in both
faults. But, compared to the northwest-striking fault (BB’), the cracks were more evenly
distributed on the southwest-striking fault’s plane (AA’). The biggest aftershock of the
Mw6.4 foreshock was a My5.4 event. This event and its own aftershocks were clustered
on the northwest-striking fault (BB’). In the left section of Figure 5d (i.e., in the northwest
direction of the My 6.4 event), all aftershocks, except a small group, appear to be halted by
a line, particularly in the shallower areas. These phenomena of earthquake migration and
seismicity quiescence have already been discussed in [59]. This indicates that there might
be a barrier on the fault. The My5.4 event and its own aftershocks took place at the edge of
the barrier, but did not break it. Finally, the Mw5.0 event took place at the end part of the
quiescence area, and then the My7.1 mainshock.

In other words, the My5.4 event is classical aftershock of the My 6.4 event, while the
M 5.0 event, which occurred after the My 6.4 and My 5.4 events, is not aftershock of either
of them. It has a much closer relationship with the My?7.1 mainshock (as can also be seen
in Figure 4b). We finally give the nearest neighbor for M > 5.0 events in the 2019 Ridgecrest
Mw?7.1 sequence (Table 1).

Table 1. Nearest neighbors of M > 5.0 events in the 2019 Ridgecrest sequence.

M > 5.0 Earthquakes

Event No. (yyyy-mm-dd HH:MM:SS.s) Nearest Neighbours
1 2019-07-04 17:33:48.6 My 6.4 2019-07-04 17:02:55.4 M4.0
2 2019-07-05 11:07:53.2 Mw5.4 2019-07-04 17:33:48.6 My 6.4
3 2019-07-06 03:16:32.1 Mw5.0 2019-07-06 03:12:41.0 M2.2
4 2019-07-06 03:19:52.3 My 7.1 ! 2019-07-06 03:16:32.1 Mw5.0
5 2019-07-06 03:47:53.0 Mw5.5 2019-07-06 03:19:52.3 My 7.1 1
6 2019-07-06 04:18:55.4 Mw5.4 2019-07-06 03:19:52.3 My 7.1 !

1 Mainshock.
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Figure 5. Distribution of the Myy6.4 foreshock sequence. (a) shows the epicenters of the sequence,
where the red star denotes the My7.1 mainshock, while the yellow star is the My 6.4 foreshock,
and the blue stars indicate two M > 5 events; (b) shows the NN results for M > 2.0 events in the
My 6.4 foreshock sequence, here the My 6.4 event is seen as a mainshock. Green circles and blue
lines denote earthquakes, while gray lines are links. Events with epicenters located between two
NE-SW-trending solid blue lines are projected on an AA” profile (c), and (d) is the profile of events
between two dashed red lines. Different colors of circles in panel (c,d) denote the time order of
these events.

4.3. Foreshocks of the My6.4 Foreshock

We examined the catalogues from White et al. [49] and SCSN. No earthquakes took
place in the epicenter area of the oncoming My 6.4 event, at least in June (Figure 6a). Moving
into July, two small events with M = 1.5 occurred on 1st July in the rupture area of the
coming My7.1 earthquake. So, what is the relationship between these two microshocks and
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the Mw6.4 or My 7.1 event? Are they the pre-ruptures of the fault? From our calculation,
the distance between the latter one and its nearest events in the Ridgecrest sequence
N*~23.343, which is much larger than the Jx = —2.328 in Figure 1. This indicates that these
two weak events do not belong to clustering events, and therefore should be seen as
background activities. Another piece of evidence is that there were also two M > 1.0 events
almost at the same location in January 2019. We therefore did not include them in the
Ridgecrest sequence.
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Figure 6. The distribution maps of earthquakes in different periods in the Ridgecrest area. (a) Gray
dots are earthquakes that occurred in June 2019, and filled purple circles are earthquakes that occurred
from 1st July to 17:33 on 4 July, before the Myy6.4 event in the Ridgecrest sequence. The small figure
in the upper right corner is an enlargement of the dashed box in this panel; (b) circles filled with
a gradually changing color from blue to yellow are aftershocks which occurred in the 1 h after the
My 6.4 event; (c) green circles represent the My 6.4 foreshock sequence, while red circles represent
aftershocks in the 1 h after the My 7.1 mainshock. Note that the whole My 6.4 foreshock sequence
did not expand any more than its beginning time, as shown in panel (b).

Following this, 3.5 days later, the Ridgecrest sequence begins. A small set of weak
earthquakes arrived ahead of the My 6.4 event, with the biggest M = 4.0 event being at
17:02 on 4 July (Figure 6a). From the NN algorithm (Figure 7), the M4.0 earthquake is the
parent event of the My6.4 earthquake. Statistically, the M4.0 event at 17:02 is the foreshock
of the My 6.4 event, while the M1.5 event at 16:13 is the foreshock of the M4.0 event, and
the MO0.4 event at 16:07 is the foreshock of M1.5 event.

The Mw6.4 earthquake is seen as conjugate faulting [1,50,60,61]. In the foreshock
sequence, the My 6.4 event triggers simultaneous activities in both the northeast and north-
west faults. As shown in Figure 6b, aftershocks form a “T” shape just minutes after the
Mw6.4 event. Subsequent activities remained within this area until the My7.1 mainshock
outbreak (Figure 6¢c). The M4.0 foreshock sequence extended in the northwest direction
(Figure 6a). Our analysis suggests that the initial rupture of the My 6.4 event likely origi-
nated from the northwest faults. This is also in agreement with other studies [51,60,61].
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5. Conclusions and Discussion

Large earthquakes can occur in a more complex fault system than commonly assumed.
A series of ruptures occur in a web of interconnected faults, with rupturing faults triggering
other faults. The stress changes and interactions during the earthquake sequence are
intricate and complicated. The 2019 Ridgecrest Mw7.1 earthquake sequence occurred in
these exact tectonic conditions. In addition to numerous studies on this sequence based
on many aspects, e.g., focus kinematics and dynamics, this paper employs statistical
techniques to elucidate the relationships between each event within it.

The Ridgecrest My7.1 earthquake has a foreshock sequence characterized by a sig-
nificant My6.4 event. However, the results presented in this paper indicate that the
My 6.4 event is not the foreshock of the My 7.1 mainshock, as is generally supposed. In-
stead, a My 5.0 event in the foreshock sequence, which occurred about 3 min and 20 s before
the Mw?7.1, is the direct foreshock of the mainshock. This event occurred in a quiescence
area along the northwest-striking fault in the foreshock sequence, and also with a shallower
focus, just like the mainshock. It was located about 6km southeast of the initial rupture
point of My?7.1 mainshock. We suppose that this mid-strong event may be linked to
barriers that generated the My 7.1 mainshock.

The Mw6.4 event triggered aftershocks in both the NW- and SW-direction faults, even
several minutes after it. The SW-striking fault ruptured fairly significantly, while subse-
quent aftershocks on it did not exceed the initial range formed at the beginning. In contrast,
the ruptures on the NW-striking fault seem to be restricted or hindered. With the develop-
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ment of the My 6.4 sequence, aftershocks gradually extended beyond its initial limitations
in the NW direction, ultimately leading to the occurrence of the My 7.1 mainshock.

Before the My 6.4 earthquake, there was still a small group of events in the sequence.
The biggest event in the sequence is a M4.0 medium-strength earthquake, which occurred
about 30 min before the My 6.4 event. This small cluster occurred at a place between the
Mw?7.1 and My 6.4 events, northwest of My 6.4 and also on the NW-striking fault. From
this paper, the M4.0 event is the direct foreshock of My6.4. This implies that NW fault
activity dominates the whole sequence. Small fractures emerge on the NW faults and then
trigger conjugated fault slips. Barriers on the NW faults retard the development of ruptures,
and a much larger rupture takes place at last.

Based on the nearest neighbor distance algorithm, we analyze the rupture process of
the 2019 Ridgecrest sequence. Our findings lead to similar conclusions to those in works
focused on other aspects. These findings indicate that statistical approaches with physical
meanings can also receive the same understanding in seismology. The results shown in
this paper are only from statistical analysis. As demonstrated by other works, foreshocks
might have lower stress drops [14,62], higher waveform similarity [57], and other source
features [63—65]. We hope that the direct ‘foreshocks’ recognized in this paper may have
some different features which can be derived from their waveforms or other observations.
Multidisciplinary studies and more elaborate works on this topic are thus required in
the future.
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Abstract: We discuss a model of seismic activity that is based on the concept of energy in
a cluster of sources of seismic activity. We show that specific cases of the studied model
lead to the Gutenberg—Richter relationship and the Omori law. These laws are valid for
earthquakes that happen in a single cluster of sources of seismic activity. Further, we
discuss the distribution of earthquakes for several clusters containing sources of seismic
activity. This distribution contains, as a specific case, a version of the negative binomial
distribution. We show that at least a part of the roll-off effect connected to the parameter
b of the Gutenberg— Richter law occurs because one records earthquakes that happen in
more than one cluster of sources of seismic activity.

Keywords: seismic activity; earthquakes; energy-based model; Gutenberg—Richter law;
Omori law; negative binomial distribution; roll-off effect

1. Introduction

Earthquakes are complicated and interesting space-time events. One reason for the
large research interest in earthquakes is that the destruction potential of an earthquake can
be very large. Because of this, it is very important for us to have methods for forecasting
the probability that an earthquake will occur. This can help us make decisions in the case
of emergencies that are connected to an earthquake [1].

Another reason for the research interest in earthquakes is the hypothesis that earth-
quakes are specific members of the class of critical phenomena [2—4]. A reason for this
hypothesis is that the frequency of earthquakes has a power law relationship to quantities
which are characteristic of the size and energy of an earthquake [5].

A standard test for evaluating models is to compare the number of forecast events
to the number of real events for the tested period of time. To perform this task, one has
to know the relationship for the probability distribution of earthquakes. A discussion
of several discrete distributions can be found in [6], where the Poisson distribution, the
geometric distribution, the logarithmic distribution, and the negative binomial distribution
are discussed. Of these distributions, the negative binomial distribution is the only one that
has two parameters. Kagan [6] assumes the possibility that the second parameter in the
negative binomial distribution could describe the clusterization of the process.

Several empirical relationships are well-known in seismology. The Gutenberg—Richter
law [7] gives a relationship between the magnitude and the number of earthquakes in a
region for an interval of time:

log,g N =a — bM. (1)

Entropy 2025, 27, 130

70

https://doi.org/10.3390/e27020130



Entropy 2025, 27,130

where M is the magnitude of the earthquake and N is the number of earthquakes with a
magnitude equal to or larger than M. The magnitude of an earthquake reflects its strength,
and it is measured through the magnitude recorded by seismometers. The parameter a
depends on the total number of events and describes the seismic productivity of the region
under consideration. The parameter b gives information about the ratio between strong
and weak earthquakes in the region. The magnitude M reflects the size of an earthquake,
but it is different from the strength of the quake (the energy E freed by the quake) and its
seismic moment M. Empirically, the relationships between the magnitude, energy, and
seismic moment of an earthquake are

log,y My = a9+ BoM,
log\E = a+BM, (2)

where g, &, Bo, B are empirical constants and g ~ By = 1.5 [8]. Then
N «MyBy, N «EB, (3)

where By = 2b/3, and it is analogous to the parameter b from the Gutenberg—Richter
law [5,8,9].

In all empirical catalogs of earthquakes, a noticeable decline can be observed in the
value of b for earthquakes of small magnitudes. This is referred to as the “roll-off” effect of
the value of b. In the logarithmic plot of the Gutenberg—Richter law, the roll-off effect is
seen as an almost horizontal curve in the region of small magnitudes. This may be a result
of the incompleteness of the data in the area of small magnitudes due to a decrease in the
experimentally recorded amplitude in relation to the amplitude of the noise [10]. Some
recent models of earthquake dynamics lead to the roll-off effect as a natural consequence of
the model [11,12].

In addition, due to the finite size of the regions of seismic activity, the Gutenberg—
Richter law should be constrained from above. In other words, a maximum amplitude
M,yax should exist for the considered space-time interval [13,14]. The value of M4y is an
important characteristic, as it is necessary for the evaluation of the risk associated with
large earthquakes in the region under consideration. Thus, various methodologies for the
determination of M, are available [15-17]. In order to account for the above-mentioned
phenomena, some authors modify the Gutenberg—Richter law [18].

Another famous law in seismology is the Omori law of aftershocks [19]. The Omori law
states that after a strong earthquake, the frequency of aftershocks (the underground shocks
that follow the main shock) decays with time, on average, according to the hyperbolic law
[20,21]: L

*
N (t):c—_H,k>0,c>0. 4)

Nowadays, one uses the formula [22,23]

N*(t):L,k>O,c>O, (5)
(c+t)P
and p can be larger than 1 or smaller than 1.

In this article, we discuss a simple model of seismic activity. The model does not
contain assumptions about the mechanics of seismic events, such as the consideration of
fractures. Instead, we base the model on considerations connected to energy. Our goal
is to show that specific cases of the model lead to several well-known relationships and
distributions in seismology such as the Gutenberg-Richter relationship, the Omori law,
and the negative binomial distribution.
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The text below is organized as follows. In Section 2, we formulate a model based on
several assumptions about the motion of energy in a volume containing a cluster of sources
of seismic activity. In Section 3, we discuss several results for specific cases of the model.
Section 4 is devoted to the discussion of the energy—frequency distributions that occur on
the basis of the model. In Section 5, we discuss the magnitude—frequency distributions
and the conditions for the occurrence of the Gutenberg—Richter relationship. Section 6 is
devoted to a discussion of the relationship between the model and the Omori law. We
show in Section 7 that the negative binomial distribution of earthquakes can be connected
to the recording of earthquakes from several regions of seismic activity containing different
clusters of sources of seismic activity. A short discussion of the results is presented in
Section 8. Several concluding remarks are summarized in Section 9.

2. Mathematical Formulation of the Problem

There are many studies on earthquakes based on an assumption of clustering and on
stochastic point processes [24-31]. We mention, especially, the models based on branching
processes [32-38]. Such models can reproduce the Gutenberg—Richter relationship and the
Omori law. We also note the negative binomial distribution, which was used to approximate
the earthquake numbers in catalogs [36—42]. We show below that a simple model of seismic
activity can lead to similar results as those obtained by the models mentioned above. We
have already studied models of this kind and have applied them to various problems
connected to the motion of substances in networks [43-49].

Let us consider some volume below the surface of the Earth. In this volume, we
assume the existence of a cluster of sources of seismic activity. We note the difference
between the source of seismic activity and the seismic source. An earthquake is a seismic
source. As a source of seismic activity, we understand a volume which contains a potential
seismic source. Thus, below, we understand the energy of the source of seismic activity
to be internal energy stored in the corresponding volume and connected to the potential
seismic source.

Our model is simple. It is based only on the internal energy connected to a source
of seismic activity. We do not consider below the complicated mechanics connected to
the seismic sources [50]. We assume that the source of seismic activity may arise from an
inflow of energy into the considered cluster. The energy of a source of seismic activity may
increase or decrease. At some point, the energy can be released, and we observe a seismic
event (an earthquake).

In our model, we collect the sources of seismic activity into groups with respect to the
internal energy of the source. Let E; be the maximum internal energy of the i-th group of
sources. Then, the sources from the initial group of sources have internal energy smaller
than Ey. We denote this group of sources as the 0-th group of sources. The sources of the
next group have internal energy larger than Ej and smaller than or equal to E;. This is the
first group of sources of seismic activity. We further define the second group of sources
(sources with internal energy up to E; > Ej), etc. The intervals between E; and E; ;1 can be
chosen to be small enough. Thus, we can have numerous intervals.

Several processes connected to the internal energy of the sources of seismic events are
taken into account in the model. A source of seismic activity may arise or vanish in each of
the groups. The reason for this is energy, which arrives from (or moves to) the environment.
The sources of seismic activity can move from one group of sources to another group of
sources. We assume that this motion is only between the neighboring groups of sources
(as we discuss short intervals of time). The sources can move from group i to group i + 1.
Such sources of seismic activity gain energy. Other sources can move from group i to group
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i — 1. Such sources of seismic activity lose energy. Finally, in each of the groups, a source of
seismic events can release its energy and produce an earthquake.
The processes connected to our model are described mathematically as follows:

1.  Arising of new sources of seismic activity: In the considered cluster for unit time,
we observe the birth of ¢;(t) N;(t) new sources of seismic activity, where N;(t) is the
number of sources in the i-th group in the time ¢ (the number of sources of internal
energy between E;_; and E;). 0; > 0 corresponds to arising of new sources. 0; < 0
corresponds to the vanishing of sources.

2. Changes in the internal energy of the existing sources of seismic activity: Part
fi(£)N;(t) of the sources of seismic activity from the i-th group of sources of seis-
mic activity moves to the i 4 1-st group of sources of seismic activity. Such changes
lead to sources of seismic activity with greater internal energy.

3. Changes in the internal energy of the existing sources of seismic activity: Part
Qi(t)N;j(t) of the sources of seismic activity from the i-th group of sources of seis-
mic activity moves to the i — 1-st group of sources of seismic activity. These changes
lead to sources of seismic activity with smaller internal energy.

4. Release of energy of sources of seismic activity: Part y;(f)N;(t) of sources of seismic
activity from the i-th group of sources of seismic events releases its energy and an
earthquake occurs. The seismic energy of this earthquake is assumed to be propor-
tional to the internal energy of the corresponding source. We note that in the presented
theory, the earthquakes are seismic sources. The energy released by an earthquake
can move to other sources of seismic activity from the cluster and may create new
sources of seismic activity.

We assume that changes in the energy occur continuously over time. The correspond-
ing model equations are

% = 0o(t)No(t) = [fo(t) + v0(H)|No(t) + g1 ()N (t),
% = G(ONi() + i1 (HONi1(8) = [filt) + 1 (BINi (1) + gi1 () Nia (£) — i(OONi(1),i = 1,

The model (6) is a complicated one and can be treated numerically. It has an important
specific case that can be treated analytically. In this case, g;(f) is very small, and because of
this, these terms can be neglected. In other words, we assume that the probability that a
source of seismic activity loses internal energy for reasons other than an earthquake is very
small in comparison to the probabilities of occurrence for the other processes described in
the model. In this case, the corresponding model equations become

% = 0o(t)No(t) — [folt) + yo(t)]No(t),
d;t]i = Gi(t)N;i(t) + fir1t ()N;_1(t) = [fi(t) + v (D)|Ni(t),i=1,.... @)

The solution of the model system of Equation (7) is as follows:

[«

—~
~

~—

Coexp] [ atlen(t) = fo) = 2a(0)]

=
=

~—
I

exp

_ /dt [fi(t) = 0i(t) + 7i(t)]

oi(t) + %‘(t)]] ) }

{Cﬂr/dt fi1(t)Ni_1(t) exp ([/dt [fi(t) —
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where Cy and C; are constants of integration. By means of this model, we can discuss many
situations in the studied cluster of sources of seismic activity.

We note that we can also write equations for the finite number of groupsi =0,1,..., 1.
In this case, we have again (7), and the second equation of this systemis fori =1,...,1 — 1.
For i = I, we have an additional equation. In this equation, we have to account for the fact
that there is no next group, and because of this, f; = 0. The additional equation becomes

AN,

= froa(t)Np-1(t) + [o7(t) — v1(t)|N1(t) — gr(t)Ni(t). )

As we assume that ¢j(t) has small values, (9) becomes

% = fr1 (N1 (8) + [o7(8) = 71 (D) N1 (). (10)

Next, we show that specific cases of the above model lead to the Gutenberg—Richter
law and the Omori law, which are well known in seismology.

3. Several Specific Cases of the Model

First, we consider the specific case where the model coefficients are time-independent.
In this case, the model system (7) becomes

% = ooNo(t) — [fo + Y0l No(t),
d;t]i = oiNi(t) + fiiaNi1(t) = [fi +7iINi(t), i=1,.... (11)

The solution is a specific case of the solution to the case of time-dependent coefficients
No(t) = Coexp[(oo — fo—0)t],

Ni(t) = exp [(@fz")’i)t {Ci+fi—1/df N;_1(t) exp ([fz‘Jr’YiUi]fD}r (12)

where Cy and C; are constants of integration.

We will consider an even simpler specific case. This is a stationary case with time-
independent model coefficients. In this case, the number of sources of seismic activity
in each interval of energy does not change despite the changes in internal energy of the
sources of seismic activity. The model equations are

ooNo — [fo+70]No = 0,
oiN; + fi—1Ni—1 — [fi + 7i]N;

I
o
<
~.

I
—_
N

(13)

We use this specific case in the discussion below in the text.
In the stationary case, we have

00— fo— 7 =0,

and Nj is a free parameter. For the case of an infinite number of groups

N,':#Ni,l,izl,...
fitvi—o

N;_1 and N; must be constants because of dé\t]" = 0. Then, we can set f; 1 = ;[fi + vi — 0,

where «; is a parameter. We note that x; < 1 for the case N; < N;_;. For Nj, we obtain
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i

N; = No[ [« OHf] ':1,.... (14)

j=1 + ,Y]

For the case of a finite number of groups, we obtain

i i
Ni=No[[xi= NOH i=1,...,1—1
=1 f/+71_‘71
and . ,
f1-1 f1-1 - f1-1 .
Ny =N, = — I N T T = (15)
! o ! o1 =1 0]11] Y1 — 0] Hf]‘i"Y]—U

Next, we can calculate the number of earthquakes in our system for the considered
case of stationary-state and time-independent coefficients. For the case when the number
of groups is infinite, the number of events by group i is

i
-/\/;' = 7iN, 'YZNOHK] 71NOH i=1,.... (16)
j=1 f] + ,),] - U
For the case of a finite number of groups, we have again (16), but in this case, i changes
from 1 to I — 1. For i = I, we can use (16), keeping in mind that f; = 0.
We note that for the case x; = «, (16) reduces to

N; = 9iN; = 4iNox',i=1,.... (17)

fi-1
fitri—o
Let us consider another specific case. This specific case would be of use for us in

In this case, k =

Section 7 when we discuss the relationships of the number of earthquakes arising from
several regions. In this specific case, 0; = 0,1 = 1, ... for the case of an infinite number of
groups. This means that energy arrives at the system only through the smallest sources of
seismic activity, which are in group 0. The model Equation (11) become

%?::%MW—%+me.
dgi ficiNi—q = [fi+7i]Ni(t),i=1,.... (18)

Let us consider the specific case when all sources of seismic activity of a group are active,
and they either supply energy to the next group or release energy by an earthquake. Then
fi+vi = 1 and we can write f; = g; and y; = 1 — g;. Then x; = g;. We obtain from the
model equations for the case of an infinite number of groups

dNy
W = (ToNo(t) — No(t).
dN; .
dtl = qi-1Ni.1—Ni(t),i=1,..., (19)
For the stationary case, Ny is a free parameter and oy = 1. Further, we obtain for
this case .
i
N; = ¢i-1Ni-1 = No [ [ 4/ (20)
j=0
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For the case when all g; = g, this reduces to
Ni = Noqi. (21)

The number of earthquakes in the case of different g; is
i-1
Ni=7iNi = (1= 4)No ] T g;- (22)
j=0
For the case of all g4; = g, this reduces to

N; = 9iN; = (1 - q)q'No. (23)

Let us now obtain the corresponding relationships for the case of a finite number of
groups. In this case, the model equations are

AN,
Tto = U'QNo(t) - NO(t)/
= 4N = Nit)i=1, 11,
dN,
7; q1-1N1-1 — (1 —qr)Ni(t). (24)

Then, for the stationary case, we have again Ny as a free parameter and (21) till
i =1—1.Fori = I, one obtains

-2

N = EL N [y (25)
— 41 =0
In the case g; = g, this leads to
q'
N; = 1in0. (26)
The total number of earthquakes from category I in the case of a finite number of
groups is
g1 1
Ni=(1-q) No [ 4 (27)
1-— qr =0

In the case g; = g, this leads to
N1 = q'Np. (28)

The last results will be used in Section 7, where we will discuss earthquakes from more
than one area and the connection of this situation to the negative binomial distribution.

4. Energy-Frequency Distribution

Let us return to the case of an infinite number of groups. We start from (14). We
assume that the quantities connected to the exchange of energy depend on the internal
energy, which is characteristic of the corresponding group. Let us assume the following
relationships:

fi= B vi=2E" o=0E" @9)
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Above, f, 'y]’f, and (7]-* are constant parameters. s is also a parameter (we assume that
this parameter has positive value). From (14), we obtain

N; = Nonf*+7] — (EE_1>‘ (30)

Let us denote

Ei 1\ °®
i(E;, E; ! .
ir bi— 1 Hf* ‘|"Y] < Ez’ )

Then, for the number of earthquakes of category i, we obtain
Ni = 7iN; = 7 Noxi(Ei, Ei—1)E;°. (31)

Note that if x;(E;, E;_1) does not depend much on i and it is close to a constant, then
N; o E;°.
We can choose different relationships for the relation between E; and E;_;. For exam-
ple, we can assume
E;=€E;_1, € > 1.

i f*
Then we have x;(E;, E; 1) = €° H f*+7] = €%xj.
Thus, from (30), we obtain

N; = Nox;j€’

For the total number of earthquakes of category i, we obtain
Ni = 7iN; = Noe*x; 77 E;°. (32)

We note that we can consider another relationship between E; and E;_;. For example,
we can assume E; = E;_1 + A where A is some constant.

i —s
Then x;(E;, Ei—1) = xi(E;) = €° H f*ﬂ] = (1 — E%) and

Ni = 7iN; = Noxi(Ei)vE; . (33)
For small EAI- from (33), we have again that \V; « E;°.

5. Magnitude-Frequency Distribution. Gutenberg—Richter Law

The magnitude of the earthquake is proportional to the released energy. Thus, as
magnitude M > M;, we understand an earthquake with energy E > E;.

Let us discuss the conditions for the occurrence of the Gutenberg—Richter law in our
model. We begin with (17). Thus, we have made all the assumptions which lead to (17)
and, in addition, ¥ < 1. We can calculate

i—1

(34)

00 0 i—1
N; = N, E K = YN E K — E k' | = YN,
l ! O]'*‘i ! 0<j‘0 j=0 ) ! 01

Let us set € = 10°%, and we remember that x = «*e 5. Then from (34), we have

K*iflef(ifl)s
> M) = o=
N(M > M) = No"
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Next, we assume that € = 10°°. Then from the last relationship, we obtain

K*l’—llo—ﬁﬁ(l'—l)s

> i = - . 5.
N(M - MZ) (YNO 1— K*lO_"ﬁs

Let now M; = éi. Then,

K*i*llofM,ﬂS

> M) =
N(M > M;) =vNy 10-9F5[1 — x*10-9P"]

xi—1

Furthermore, we set b = Bs. In addition, we set 10 = YN TR Then

K
[1—x*109F%]
N(M > M;) = 10°~M;, (35)

6. The Omori Law

In order to obtain the Omori law, we start from the system (7). We consider the case
where 0;(t) = 0. This means that we have a large earthquake and that no energy moves to
the area under consideration. What happens are aftershocks (7;(t) # 0) and changes in
energy of the sources of seismic activity. (f;(t) # 0). The model system becomes

dNp

5 = Lot +70(6)]No(t).
d;t]i = fict(ONi_1(t) = [fi(t) +7i(D)IN;(£),i =1,.... (36)

o
Let N(t) = Y N(t) be the total number of sources of seismic activity. We sum the
i=0

equations of the model system. The result is
dN >
ar = - 2 Yi(H)Ni(t). (37)
j=0

The key assumption is that y;(t) = (t). Then, the last relationship becomes

T = NG, (38)

The solution of this equation is

N(t) = Dexpl— [ dt (1), (39)

where D is a constant of integration.
Let us first consider the case 7 (t) = 7. Then

N(t) = Dexp[—t].

The number of aftershocks at the moment f is

N*(t) = Y Nj =Y N;(t) = yN(t) = yD exp[—71]. (40)
j=0 =0

Thus, for the case of constant 7, we have the exponential decay of aftershocks in the
considered time. Note that for small ¢,
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¥D
1+t

N*(t) ~

7

which is the original form of the Omori law.

In order to obtain the Omori law, we have to assume that y(t) has appropriate depen-
dence on t. Then, we have to start from (39). In this case, the number of aftershocks at the
time t is

N() = YN = L p(ONit) = 7(ON() = 1D expl— [ dtr(0)],
j=0 j=0

We equate this to the Omori law (5) and obtain an equation for (). Let us assume
that y(t) = (du/dt)/p. This leads to the following equation for p:

dp _ ko

dt D(c+t)r’” ' 1)

The solution of this equation is

I,[ = k
From here,
p—1
t) = .
1(t) c+t

In order to obtain the Omori law, we have to set the integration constant D to
D =k/(p—1). Thus,
k

D(c+t)
Thus, the Omori law occurs for the specific value of y(t) given by (42).

v(t) = (42)

7. Earthquakes from Different Clusters of Sources of Seismic Activity

Let us consider (17). For the case of two volumes containing clusters of seismic
sources—cluster 1 and cluster 2—we obtain

(12) ‘
N =202 )
0

Below, we demonstrate the occurrence of the negative binomial distribution for the
observation of earthquakes happening in several clusters of seismic sources. In order to
achieve this, we return to the specific case of the relationship (17) considered above in the
text. This specific case leads us to the relationship (23). For the case of two clusters, we
obtain from (23)

N.(1/2) .
Nl(lrz) = ql(l - ‘7) (44)
0

where g is the same for the two regions and i runs from 1 to # — 1 for region 1 and from 1 to
m — 1 for region 2. We treat the number of earthquakes in the two regions as independent
random variables. Under this assumption (that T = X + Y is a sum of two independent
random variables), we obtain for the distribution function fr = fx.y(t), t < min(n,m).

t

ﬁmzzhwmwwzszLMHﬂm=C+§ﬂ1qﬂ

x=0 t
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Then, for this process,

Ni i+1\ ;
No =( ; )q’(l—q)z- (45)
However,
(1) (2)
N0 N® M N,
No=N; '+ N, 71—tq” 1_tqm.
-1 —1
Here, /\/;m = nz N; for region 1 and M(z) = mZ N; for region 2. Then the number of
j=0 j=0

earthquakes generated in the two regions is

(g (M A

For the case of r regions, the corresponding result is

i+r—1\ ro N0
N-:(l )11— ry (47)
i 1 q( q)k;l_qn(k)

Thus, the discussed model supports the assumption [1] and the observations [51,52]
that the negative binomial distribution can occur as a statistical distribution of earthquake
numbers and can describe very well sets of such numbers.

8. Discussion

In this article, we discuss a simple model that leads to several important relationships
connected to earthquakes such as the Gutenberg—Richter law and the Omori law. The model
uses minimal information about the topology and mechanics of occurrence of earthquakes.
Instead, the model is based on the concept of the motion, dissipation, accumulation, and
release of energy in a cluster of sources of seismic activity. The sources of seismic activity
are distributed in groups according to their internal energy. In the case of an infinite
number of groups, we consider a specific form of the model, which is given by the system
of Equation (6). This system can be treated numerically. The assumption of a much larger
probability of accumulation of internal energy leads us to the system of Equation (7). This
system can be solved analytically, and it is the basis for analytical results discussed in
this article. In the case of a finite number of groups, we have to add Equation (10). This
model can describe various kinds of complicated dynamics. The Gutenberg—Richer law
and the Omori law are obtained for specific cases of the model. In order to obtain the
Gutenberg-Richter law, we have to assume a specific case where one has a stationary state
and time-independent parameters of the model. In addition, we reduced the number of
parameters which regulate the motion of energy: we have only three such parameters: -,
o, and f. We note that the relationships are obtained for a single volume (single cluster of
sources of seismic activity). In addition, we note that the model can also lead to relationships
that are different from the Gutenberg—Richter relationship. This can happen if the values of
some of the parameters <;, 0;, and f; differ from the values y, ¢, and f or/and the case is not
stationary. Thus, the model can explain a part of the differences between the relationship
connected to the real situation and the Gutenberg-Richter relationship, which is connected
to very specific requirements about the model parameters and about the motion of the
energy in the (single) cluster of sources of seismic activity.

The Omori law is obtained for the specific case of the absence of an exchange of energy
between the environment and the system of seismic sources after a large earthquake. In
addition, a specific value of the parameter 7(t), which regulates the release of seismic
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energy, must be presented, and this parameter has to be the same for the sources of seismic
activity with different energies. It is clear that if these requirements are not met, the
relationship for the time dependence of the number of aftershocks can differ from the
Omori law, and this law can be only an approximation of the relationship corresponding to
the real situation.

Finally, we discuss the distribution of earthquakes from several volumes (several
clusters of sources of seismic activity). We show that the distribution of earthquakes in
this case contains a specific case distribution which is very close to the negative binomial
distribution. The obtained distribution has two parameters. The first parameter r is
characteristic of the number of volumes (clusters of sources of seismic activity), and the
second parameter g can be connected to the parameter b of the Gutenberg—Richter law.
The occurrence of a distribution that is close to the negative binomial distribution leads
to a natural explanation of the roll-off effect and the possibility for the occurrence of
characteristic earthquakes (large-magnitude earthquakes which occur more frequently as
predicted by the Gutenberg-Richter law). Thus, the model supports the hypothesis that the
negative binomial distribution occurs because of the consideration of earthquakes from
more than one cluster of sources of seismic activity.

Further information about the application of the theory to real data can be seen in
Appendix A.

9. Conclusions

In this article, we present a simple mathematical theory which leads to several well-
known relationships such as the Gutenberg-Richer law, Omori law, etc. The theory is based
on the concept of energy. This allows us to obtain the corresponding relationships without
the use of considerations connected to the mechanics of seismic events. We do not use
details of seismic sources or equations of motion, and we do not consider the different
kinds of waves traveling at the surface and in the interior of the Earth. We do not use details
about kinematics or about the dynamics of the seismic sources. However, we have shown
that a simple model, linear with respect to N(t) and with time-dependent coefficients in
general, is capable of leading to important laws and relationships in seismology. We note
that research based on energy considerations has also been conducted by other authors [53].

We think that our approach will point to new research questions. One of these
questions is about the connections between the presented theory and the characteristics of
the mechanical vibrations of the Earth caused naturally by earthquakes. Other questions
are connected to the relationship between the presented theory and the aspects of the
mechanics of seismic events, mentioned above. Research results on some of these questions
will be presented elsewhere.
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Appendix A. Notes About the Application of the Model (6) to Real Data

The model (6) and its truncated versions (6), (9), can fit very well into any real data set
because of the flexibility of the model parameters. To show this, we present below a Lemma
and a Theorem that prove the last statement for a single cluster of sources of seismic activity
(the Lemma) and any set of clusters of sources of seismic activity (the Theorem).

Lemma A1. Let us have a cluster of sources of seismic activity, and let us measure the changes in
the internal energy of the sources over time. Let the internal energy of the sources in the group i be
between E; 1 and E; > E;_1,i=1,2,.... Let us record the following: the rise of new sources of
seismic activity, changes in the internal energy of existing sources, and the release of internal energy
by means of earthquakes. Then, the model (6) describes the time evolution of the number of sources
of seismic activity in each group of sources of seismic activity.

Proof. Let us consider the groups of sources of seismic activity that occur from sorting
the sources in a cluster of sources of seismic activity according to their internal energy, as
described in the text of the Lemma. Then, we consider the following:

1. One observes the birth of some number of new sources of seismic activity in each
group. This change is described in the model by the term o;(#) Nj(t). Let the number
of the newborn sources be N/ (t). Then we can set 0;(t) = N;*(t)/N;(t). Thus, the
model (6) captures correctly the number of new sources of seismic activity arising in
each group i at any moment ¢.

2. The internal energy of the sources of seismic activity from group i can increase and
decrease in time and some of these sources can leave group i. The model gives the
number of sources of seismic activity that increase their internal energy and leave
group i as f;(t)N;(t) and the number of sources of seismic activity that decrease their
energy and leave group i as g;(f)N;(t). Let the number of sources of seismic activity
that increase their internal energy and leave group i be I;(t). Let the number of sources
of seismic activity that decrease their internal energy and leave group i be D;(t). We
can set f;(t) = I;(t)/N;(t) and g;(t) = D;(t)/Nj(t). Thus, the model (6) captures
correctly any changes in the number of the existing sources of seismic activity in
group i which are a consequence of an increase or decrease in the internal energy of
the sources, which leads to the transfer of sources of seismic activity to other groups.

3. Finally, the number of sources of seismic activity in group i can decrease because of
the release of energy by the sources in the form of earthquakes. The model describes
this change as ;(t)N;(t). Let the number of earthquakes from the i-th group be Q;(t).
Then we can set 7;(t) = Q;(t)/N;(t). Thus, the model (6) captures correctly any
changes in the number of the existing sources of seismic activity in group i which are
a consequence of the release of internal energy in the form of earthquakes.

Thus, we have shown that the model (6) can capture correctly the birth, deaths, and
changes in the number of sources of seismic activity with a specified internal energy in a
cluster of sources of seismic activity using the appropriate setting of the functions o;(f),
fi(t), gi(t), and ;(t), which are parametric functions of the model. [J

Theorem A1. Let us have a set of clusters of sources of seismic activity. Let us measure the changes
of the internal energy of these sources over time. Let us group the sources of seismic activity from
any cluster k (k = 1,2,...) in groups, and let the internal energy of the sources in group i be
between Ey, | and Ey, > Ey, |, i=1,2,.... Let us record the following: the rise of new sources of
seismic activity, changes in the internal energy of the existing sources, and the release of internal
energy through earthquakes in any of the clusters. Then, the model (6) describes the time evolution
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of the number of sources of seismic activity in each group of such sources in the entire set of clusters
of sources of seismic activity.

Proof. According to the Lemma above, the model (6) describes the time evolution of the
number of sources of seismic activity in each group of such sources in any of the clusters
of sources of seismic activity. This holds for any cluster from the sets of clusters. Thus,
the model (6) describes the time evolution of the number of sources of seismic activity
in each group of energy sources in any cluster of the entire set of clusters of sources of
seismic activity. [

We note that a similar Lemma and Theorem can be formulated also for the truncated
version of the model (6), which includes Equations (6) and (9). Thus, the model discussed
in the main text is very flexible for describing the corresponding class of experimental sets
of data connected with seismic activity.
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Abstract: As the forefront of inland extension on the Indian plate, the northeastern Tibetan
Plateau, marked by low strain rates and high stress levels, is one of the regions with the
highest seismic risk. Analyzing seismicity through statistical methods holds significant
scientific value for understanding tectonic conditions and assessing earthquake risk. How-
ever, seismic monitoring capacity in this region remains limited, and earthquake frequency
is low, complicating efforts to improve earthquake catalogs through enhanced identifica-
tion and localization techniques. Bi-scale empirical probability integral transformation
(BEPIT), a statistical method, can address these data gaps by supplementing missing events
shortly after moderate to large earthquakes, resulting in a more reliable statistical data
set. In this study, we analyzed six earthquake sequences with magnitudes of Mg > 6.0
that occurred in northeastern Tibet since 2009, following the upgrade of the regional seis-
mic network. Using BEPIT, we supplemented short-term missing aftershocks in these
sequences, creating a more complete earthquake catalog. ETAS model parameters and b
values for these sequences were then estimated using maximum likelihood methods to
analyze parameter variability across sequences. The findings indicate that the b value is
low, reflecting relatively high regional stress. The background seismicity rate is very low,
with most mainshocks in these sequences being background events rather than foreshock-
driven events. The p-parameter of the ETAS model is high, indicating that aftershocks
decay relatively quickly, while the x-parameter is also elevated, suggesting that aftershocks
are predominantly induced by the mainshock. These conditions suggest that earthquake
prediction in this region is challenging through seismicity analysis alone, and alternative
approaches integrating non-seismic data, such as electromagnetic and fluid monitoring,
may offer more viable solutions. This study provides valuable insights into earthquake
forecasting in the northeastern Tibetan Plateau.

Keywords: earthquake sequence; statistical analysis; ETAS model; b value; bi-scale
transformation

1. Introduction

Earthquakes are among the most devastating natural disasters worldwide. The largest
and most destructive seismic events typically occur at plate boundaries. Notable examples

Entropy 2025, 27,174 https://doi.org/10.3390/e27020174
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include the 1960 M9.5 Valdivia earthquake in Chile, the 2010 M 8.8 Maule earthquake in
Chile, the 2011 Mw9.0 Tohoku earthquake in Japan, and the 2007 My8.5 Sumatra earth-
quake, among others [1-5]. However, accurate earthquake prediction remains an unsolved
challenge. To advance this field, many researchers have concentrated on seismically active
regions, including Sichuan-Yunnan in China, Japan, California in the United States, and
New Zealand, and conducted extensive observations. Utilizing a wealth of data from these
regions, researchers have developed various statistical and physical methods to identify
patterns of seismic activity, which has led to improvements in prediction efficiency. Exam-
ples of such methods include the b value, the Epidemic-Type Aftershock Sequence (ETAS)
model, as well as methods for earthquake identification and localization [6-12]. However,
these methods are not applicable in certain regions, making earthquake prediction in these
areas particularly challenging.

The Tibetan Plateau is a region of particular geological significance, characterized by
its highly complex geological structure. The northeastern section of the plateau represents
the frontal region, extending into the mainland [13,14]. Due to the extension of the plateau,
stress continuously accumulates; however, the strain rate is approximately 2 mm/year [15],
significantly lower than that observed in subduction zones, and the earthquake frequency
is relatively low [16]. This discrepancy results in a high level of stress within the region. The
high stress levels combined with the complex geological conditions make this region one
of the areas with the highest earthquake hazard, contributing to its complex seismicity. His-
torically, the region has experienced numerous large earthquakes, one of the most notable
being the 1920 M8! /, Haiyuan earthquake, renowned as one of the most destructive events
in seismic history. In recent years, significant seismic events have occurred, including the
Ms7 4 earthquake in Maduo in 2021; the Ms6.9 earthquake in Menyuan, Qinghai Province,
in 2022; and the Maerkang Ms6.0 earthquake swarm in Sichuan Province in 2022. These
events suggest increased seismic activity in the northwestern part of the Qinghai-Tibet
Plateau, highlighting the region’s substantial earthquake hazard and drawing considerable
attention from seismologists. A clear understanding of seismicity characteristics in this
area is essential for effective earthquake prevention and disaster response efforts. With the
comprehensive upgrade of the seismic network since 2009, earthquake monitoring capa-
bilities have significantly improved, providing an invaluable opportunity to investigate
seismicity characteristics through statistical approaches.

The ETAS model is a widely used tool for simulating the temporal evolution of seis-
micity rates. As one of the most realistic time series models, the ETAS model has been
employed by researchers to analyze earthquake sequences across different regions, yielding
insights into the characteristics of seismic activity. In China, some scholars [17,18] have
utilized the ETAS model to investigate the distribution characteristics of earthquake se-
quence parameters. As a method based on statistics, the ETAS model relies heavily on
earthquake catalogs as its data source. However, the effectiveness of earthquake moni-
toring can decline significantly following a major earthquake, both within the affected
area and potentially in surrounding regions, due to the difficulty of detecting smaller
earthquakes amidst the occurrence of numerous moderate to large earthquakes [19,20].
Consequently, a significant amount of post-earthquake data remain unrecorded, resulting
in an increase in the number of incomplete magnitude readings. This scarcity can severely
undermine the accuracy and stability of parameters fitting within the ETAS model. One
relatively straightforward approach to mitigate this issue is to select a higher threshold
magnitude; however, a low number of recorded earthquakes can also lead to unstable
results [21,22]. Alternative methods aim to address catalog completeness. The template
matching technique and other earthquake recognition methods are frequently employed
to identify smaller earthquakes, but they require an extensive earthquake observation
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system [23-27]. The complex terrain of the northeastern Tibetan Plateau complicates the
establishment of a dense seismic network, making the application of template matching in
this region challenging. The bi-scale empirical probability integral transformation (BEPIT)
method proposed by Zhuang et al. [28,29] can be applied to seismic sequences with sparse
seismic stations and weak early monitoring ability based on the statistical law of aftershock
attenuation. This method has been proven to help estimate stable attenuation parameters
and obtain parameter information of early post-earthquake aftershock sequences [30,31].
Consequently, this method is employed in the present investigation to replenish the catalog
of earthquake events immediately following the main shock.

In this study, we investigate the statistical characteristics of strong earthquake se-
quences (Mg > 6.0) in the northeastern Tibetan Plateau since 2009. Prior to analysis, we
apply a seismic event replenishment technique based on statistical seismology to address
the low seismicity rate and the incompleteness of the earthquake catalog following major
earthquakes. Our analysis focuses on the seismic sequence parameters of these events,
utilizing the ETAS model and the b value to elucidate the characteristics of seismicity in
the region. Subsequently, we discuss the implications and potential applications of these
findings in earthquake forecasting. This study seeks to contribute meaningful insights
toward improving earthquake forecasting in the northeastern Tibetan Plateau.

2. Materials and Methods
2.1. Study Area and Data Selection

Six earthquake sequences with Mg > 6.0 have occurred on the northeastern Tibetan
Plateau since 2009 and were selected for investigation. In the study region, seismic station
coverage is sparse; as shown in Figure 1, there are four or fewer seismic stations within
100 km of each mainshock epicenter. Figure 1 displays the locations of these seismic events,
which include the following: the 2013 Mg6.6 earthquake sequence in Minxian, Gansu
Province; the 2016 Mg6.4 earthquake sequence in Menyuan, Qinghai Province; the 2017
Ms7.0 earthquake sequence in Jiuzhaigou, Sichuan Province; the 2021 Mg7.4 earthquake
sequence in Maduo, Qinghai Province; the 2022 Mg6.9 earthquake sequence in Menyuan,
Qinghai Province; and the 2022 Mg6.0 earthquake cluster in Maerkang, Sichuan Province.
The earthquake data utilized in this study were obtained from the China Earthquake
Networks Center (CENC). Only events with M, > 0.0 are included in the data set. In
selecting earthquake sequences, priority is given to intensive aftershock areas that develop
within one month following each main event. The data retained for analysis also include
the period preceding the main earthquake, enabling an examination of background seismic
activity based on the level of seismicity and magnitude of the main event within the
selected region.

Complete seismic samples are the basis of reliable results. The complete magnitude of
completeness (Mc) is the smallest magnitude at which an earthquake can be completely
monitored. It is an index to evaluate the quality of an earthquake catalog. In this study,
the maximum curvature (MAXC) method is applied to estimate the temporal Mc of the
sequence catalog [32]. This approach aids in estimating a new empirical distribution
function based on fully recorded seismic data. However, previous studies indicate that
the complete magnitude calculated by the MAXC method tends to be relatively low [33].
Therefore, in this study, we adjusted the MAXC result by adding 0.2 to define the complete
magnitude. Using a moving time window, we conducted a temporal Mc. The higher Mc
before and after the main shock are set to be the thresholds of magnitude for replenishing
to ensure the completeness of the earthquake catalog for most of the time except for
immediately after the mainshock. The Mc after supplementing is shown in Table 1.

87



Entropy 2025, 27,174

36°N [

2017-08-08
‘ ; Jiuzhaigou Ms7.0
32°N :
o v 4 ¥ ZM NG ﬁ | 1 ﬁl A A A
96°E 98°E 100°E 102°E 104°E 106°E

Figure 1. The spatial distribution of six earthquake sequences with a mainshock of Mg > 6.0 in
the northeastern Tibetan Plateau since 2010. The seismic events are represented by red dots, scaled
according to their magnitudes. The mainshocks of each sequence are distinguished by yellow five-
pointed stars, and the individual focal mechanisms of the mainshocks are marked. Tectonic blocks are
delineated by solid blue lines, while tectonic fractures are depicted by solid black lines. Additionally,
observation stations are denoted by light blue triangles in the diagram. The focal mechanism results
were obtained from the Global CMT Catalog (www.globalcmt.org).

Table 1. The M¢ and the supplementary results of six seismic sequences.

Time Region M Mc Before Mc After

(dd-mm-yyyy) s Supplementing  Supplementing
22 May 2021 Maduo 7.4 2.9 15
22 July 2013 Minxian 6.6 24 1.0
22 January 2016 Menyuan 6.4 15 0.8
8 August 2017 Jiuzhaigou 7.0 2.1 15
8 January 2022 Menyuan 6.9 2.0 1.5
10 June 2022 Maerkang 6.0 2.0 0.6

2.2. Seismic Event Supplement Technique Based on Statistical Seismology

Randomly occurring seismic events are commonly regarded as marking point pro-
cesses [34-37]. Based on this framework, Zhuang et al. [28,29] proposed a novel algorithm,
the BEPIT, employing a two-scale transformation technique. This algorithm was designed
to supplement missing seismic events in incomplete records.

Suppose N = {(t;, m;):i=1,2, ..., n} is a temporal marked point process in a
time-magnitude domain [0, T] X M, where M is the space of marks. Using the following
BEPIT, the empirical distribution function of time and magnitude is defined:

Ty :[0,T] x M — [0,1] x [0,1] 1)

(t,m) — (f,m') = {iil(tf <t), %il(m]- <m)} )

j=1 j=1
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where [ is a logical function. It is defined as I(x) = 1 if x is true or as I(x) = 0 if x is false.

BEPIT is used to convert the non-uniform mode generated by the actual point process
into a uniform mode, and then the missing aftershock events are filled in. The method
comprises the following five main steps (for a detailed description of the method, see
Zhuang et al. [28,29]):

Step 1. Seismic events are transformed to a [0, 1] x [0, 1] range using the BEPIT
point processing technique, and the approximate time-magnitude range is established for
missing events, S.

Step 2. Based on the seismic events within the time-magnitude range that should
be fully observed, a new empirical distribution function is obtained by searching for the
uniform distribution of events through an iterative process and adjusting the missing event
region, S.

Step 3. Based on the empirical distribution function of the previous step, independent
and uniformly distributed events are generated in the missing event region.

Step 4. Since the missing region will also contain some real seismic events, the
supplementary data set needs to be adjusted. Duplicate events in the synthetic data set can
be avoided by deleting the most recent supplementary data point for each real event.

Step 5. By means of linear interpolation, the magnitude of each supplementary event
is assigned based on the observed relationship between magnitude and time.

2.3. ETAS Model

Ogata [38] extended the Omori-Utsu law by applying the Hawkes point process,
positing that aftershocks exhibit self-similarity and that each earthquake has the potential
to generate aftershocks. This leads to a cascading series of direct and indirect aftershocks
following a main event. He introduced the ETAS model, characterized by a branching
point process structure.

The intensity function of the seismic series {(¢;, M;);i =1,2,..., N} inthe subsequent
observation period [0, T] with parameters [y, A, ¢, «, p] can be expressed as follows [34,38]:

_ M—M) P~ 1 [t 7
)\(t)—y+zti<tAe"‘( 0>C(C’+1) M; > My ©)

where t represents the elapsed time after the initial zero time. M; and t; refer to the
magnitude and onset time of the ith event, respectively. M is the reference magnitude,
which is usually taken as the cutoff magnitude that is equal to or greater than the complete
magnitude Mc. The background seismicity rate is denoted by y and is caused by the
loading of regional stress, but it is usually negligible when compared to the aftershock
sequence. The p value indicates how quickly the sequence decays; the larger this value
is, the faster the decay, and vice versa. The length of time during which the frequency of
aftershocks reaches its peak after the main earthquake is represented by c. A represents the
average number of earthquakes triggered by an earthquake of magnitude Mc. « indicates
the ability to trigger aftershocks. When it comes to swarm-type sequences, « is generally
less than 1; if there is no obvious stimulated aftershock in the earthquake sequence, « is
generally greater than 1 [39].

The ETAS model parameters are estimated using the maximum likelihood method,
with the likelihood function L taking the form in [S, T] in the fitting time range.

T
nL= Y ln)\(ti)—/s A(H)dt @)

i:S<t;<T
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We perform the maximum likelihood estimation of parameters [y, A, ¢, «, p] by
bringing Equation (3) into Equation (4) and maximizing Equation (4).

2.4. b Value

The Gutenberg—Richter (G-R) law indicates the frequency—magnitude distribution of
earthquakes [40,41] as follows:

IgN =a—bM (M > Mc) (5)

where N is the number of earthquakes with a magnitude greater than or equal to M, a is the
earthquake productivity, and b is the slope indicating the relative proportion of large and
small earthquakes. Research has demonstrated that the b value is inversely related to the
underground stress level [42-47]. As such, the b value serves as an indicator of geological
structure and stress conditions and is widely used in earthquake forecasting and related
research [10,48,49].

3. Results
Supplemental Data on Missing Earthquakes

To address the shortage of short-term aftershock data following an earthquake, we
employed the BEPIT method. Using a moving time window, we conducted a temporal
Mc analysis for each of the six sequences, and the maximum Mc values are summarized;
the resulting Mc values are shown in Table 1. In the immediate aftermath of the main
earthquake, some aftershock signals were obscured by large-amplitude tail waves [50,51],
leading to a temporary increase in Mc. As monitoring capabilities in the aftershock
region gradually improved, Mc began to decrease. However, with the reduction in mobile
observation stations, Mc gradually increased again, eventually stabilizing at levels similar
to those observed prior to the main event.

The BEPIT method was applied to supplement missing earthquake data immediately
following the main shock. Figures 2-7 illustrate the results of this supplementation for
the early aftershock data of six sequences. The findings show a significant increase in the
number of recorded seismic events shortly after the main earthquake, highlighting the
effectiveness of this supplementation technique. The enhanced seismic catalog provides a
more comprehensive primary data set for subsequent research, enabling the derivation of
more stable parameters.

The ETAS model parameters for the six seismic sequences are estimated using maxi-
mum likelihood estimation based on a relatively complete catalog. To facilitate comparison
and analysis across the six sequences, a unified Mc = M} 1.7 is selected for calculation.
Table 2 presents the estimated model parameters. Additionally, the maximum likelihood
method is employed to estimate the b values of each seismic sequence (Figure 8).

An analysis of six earthquake sequences in the northeastern Tibetan Plateau revealed
that although these sequences occur within the same tectonic region and share some general
characteristics, they also display distinct parameter differences. As shown in Table 2, the
u values for all six sequences are low, indicating generally low seismic activity in these
areas, with few earthquakes occurring before the main shock, particularly in sequences 2,
4,5, and 6. Observational records confirm that no significant earthquakes occurred near
the epicenters in the months preceding the 2013 Minxian Mg6.6, 2017 Jiuzhaigou Ms7.0,
2022 Menyuan Mg6.9, and 2022 Maerkang Mg6.0 earthquakes, making it challenging to
assess earthquake hazards through foreshock activity. Sequence 3, however, has a relatively
higher u value, suggesting that background seismic activity in this region was higher than
in the other sequences.
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Figure 2. The supplementary results of the aftershock data of the 2021 Mg7.4 Maduo earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside of the missing event range after the double-scale
transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes in the
original data set (gray curve) and the supplementary data set (black curve); and (f) shows the
empirical distribution of the magnitude and timing of actual and supplementary seismic events
(Step 4). The blue polygon on (a,b,d,f) is the region where the missing event is located, and its
corresponding mapping and the green dots on (c,f) are the supplementary events. The x-axis
and y-axis in (b,d,f) are the empirical time and empirical magnitude transformed from time and
magnitude by BEPIT.
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Figure 3. The supplementary results of the aftershock data of the 2013 Mg6.6 Minxian earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside of the missing event range after the double-
scale transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes
in the original data set (gray curve) and the supplementary data set (black curve); and (f) shows
the empirical distribution of the magnitude and the timing of actual and supplementary seismic
events (Step 4). The blue polygon in (a,b,d,f) is the region where the missing event is located, and
its corresponding mapping and the green dots in (c,f) are the supplementary events. The x-axis
and y-axis in (b,d,f) are the empirical time and empirical magnitude transformed from time and
magnitude by BEPIT.
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Figure 4. The supplementary results of aftershock data of the 2016 Mg6.4 Menyuan earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside of the missing event range after the double-
scale transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes
in the original data set (gray curve) and the supplementary data set (black curve); and (f) shows
the empirical distribution of the magnitude and the timing of actual and supplementary seismic
events (Step 4). The blue polygon in (a,b,d,f) is the region where the missing event is located, and
its corresponding mapping and the green dots in (c,f) are the supplementary events. The x-axis
and y-axis in (b,d,f) are the empirical time and empirical magnitude transformed from time and
magnitude by BEPIT.
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Figure 5. The supplementary results of aftershock data of the 2017 Mg7.0 Jiuzhaigou earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside of the missing event range after the double-scale
transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes in the
original data set (gray curve) and the supplementary data set (black curve); and (f) shows the
empirical distribution of the magnitude and timing of actual and supplementary seismic events
(Step 4). The blue polygon in (a,b,d,f) is the region where the missing event is located, and its
corresponding mapping and the green dots in (¢, f) are the supplementary events. The x-axis and y-axis
in (b,d,f) are the empirical time and empirical magnitude transformed from time and magnitude by
BEPIT.
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Figure 6. The supplementary results of aftershock data of the 2022 Mg6.9 Menyuan earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside of the missing event range after the double-scale
transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes in the
original data set (gray curve) and the supplementary data set (black curve); and (f) shows the
empirical distribution of the magnitude and timing of actual and supplementary seismic events
(Step 4). The blue polygon in (a,b,d,f) is the region where the missing event is located, and its
corresponding mapping and the green dots in (¢, f) are the supplementary events. The x-axis and y-axis
in (b,d,f) are the empirical time and empirical magnitude transformed from time and magnitude by
BEPIT.
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Figure 7. The supplementary results of aftershock data of the 2022 Mg6.0 Maerkang earthquake
obtained by using BEPIT. (a) shows the magnitude and occurrence time of actual seismic events and
missing event ranges; (b) shows the empirical distribution of magnitude and the event occurrence
time after the double-scale transformation technique (Step 1); (c) shows the magnitude and occurrence
time of actual and supplementary seismic events (Step 5); (d) shows the empirical distribution of
magnitude and the event occurrence time outside the missing event range after the double-scale
transformation technique (Steps 2 and 3); (e) shows the cumulative number of earthquakes in the
original data set (gray curve) and the supplementary data set (black curve); and (f) shows the
empirical distribution of the magnitude and timing of actual and supplementary seismic events
(Step 4). The blue polygon in (a,b,d,f) is the region where the missing event is located, and its
corresponding mapping and the green dots in (c,f) are the supplementary events. The x-axis and y-axis
in (b,d,f) are the empirical time and empirical magnitude transformed from time and magnitude by
BEPIT.
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Figure 8. The b values of the six seismic sequences. The histogram represents the magnitude—

frequency distribution of the sequence, the blue dots represent the magnitude—frequency distribution
under the logarithmic relationship, and the black dashed lines represent the results of fitting using
the G-R.

Parameters A and « collectively reflect aftershock productivity [52,53]. Specifically,
parameter A represents the number of aftershocks triggered by an earthquake of magnitude
Mc, while parameter « indicates the relationship between an earthquake’s magnitude and
its potential to generate aftershocks [7,54]. A high « suggests that a significant portion of
aftershocks are triggered by larger earthquakes, primarily the mainshock. In sequences 2,
3, and 5, the high « value indicates a lower proportion of high-order aftershocks, with most
aftershocks primarily being triggered by the mainshock.

The statistical decay of aftershocks is governed by parameters ¢ and p. Sequence
5 exhibits the smallest ¢ value, indicating a shorter time for the aftershock frequency to
peak. A larger p value suggests a faster decay rate. Utzu et al. [55], in their analysis of over
200 global seismic sequences, reported an average p of 1.1. In the six sequences presented in
Table 2, sequences 1-4 display a p value exceeding this average, suggesting that aftershocks
decay rapidly following large earthquakes, potentially reducing the relative damage from
aftershock sequences. The b value reveals that aside from sequence 6, overall, the b values
are lower, reflecting regional seismic statistical characteristics and indicating high stress
levels in the northeastern Tibetan Plateau [56-58].

4. Discussion
4.1. ETAS Parameter

The effect of different cutoff magnitudes on seismic sequence parameters is analyzed
using the 2017 Jiuzhaigou Ms7.0 earthquake sequence as a case study, and the results are
presented in Table 3. By varying the cutoff magnitudes to M 1.7, 1.8, and 1.9, parame-
ters u, A, and c gradually decrease while « increases, and p remains largely unchanged.
These results align with the typical parameter variation characteristics of the ETAS model,
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indicating that the supplementary catalog is relatively stable. Furthermore, the b value
decreases slightly as the cutoff value increases, remaining within the margin of error, which
suggests the stability of b and the suitability of the chosen cutoff magnitudes. Therefore,
when examining seismic sequence parameters, the selection of the cutoff magnitude should
be carefully considered.

Table 3. ETAS model parameter and b values of 2017 Jiuzhaigou Mg7.0 earthquake sequence at
different cutoff magnitudes.

Cutoff Magnitude 1 A 1% c p b
Mp1.7 0.000192 0.073782 1.921365 0.029117 1.154718 1.1139 £ 0.025
M 1.8 0.000293 0.020183 2.230346 0.016399 1.178645 1.0088 £ 0.032
M 19 0.000255 0.018494 2.257887 0.009518 1.168921 1.0089 £ 0.035

Among the six seismic sequences analyzed in this study, five are mainshock-aftershock
types, with sequence 6 exhibiting a swarm-type clustering pattern. As shown in Table 2,
the ETAS model parameters vary significantly across these sequence types. The swarm-
type sequence (sequence 6) demonstrates a higher b value, lower « value, and reduced ¢
value and p value compared to the five mainshock-aftershock sequences. These parameter
differences suggest that swarm sequences may feature relatively frequent aftershocks,
slower attenuation rates post-event, and a heightened capacity to trigger second-order
aftershocks. After a major earthquake, determining the sequence type is essential for
assessing post-earthquake trends. The parameter characteristics observed here provide
valuable insights for post-earthquake sequence classification and trend assessment.

The six seismic sequences examined in this study are situated on the Tibetan Plateau
and represent continental intraplate earthquakes. Compared with subduction zone earth-
quakes, such as those in Japan, these intraplate sequences exhibit higher p and lower c
values [7,59,60]. Consequently, the p and c values can also serve as indicators of tectonic
environments.

4.2. Implication on Earthquake Forecasting

To investigate this further, we analyzed the probability of each mainshock being a
background event [36], and the findings are presented in Table 2. With the exception of the
2022 Ms6.0 Maerkang earthquake, most of the primary earthquakes exhibit a high prob-
ability of being background events, indicating limited foreshock activity and suggesting
that these main events were not foreshock-triggered. Indeed, none of these significant
earthquakes were preceded by foreshocks. Furthermore, due to the sparse earthquake
activity before the main events, it is challenging to observe the long-term decline in the
b value that has been observed before some major earthquakes, such as the Wenchuan
earthquake, the Tohoku earthquake in Japan, and the Sumatra earthquake [48,49,61,62].
This scarcity of pre-event seismicity complicates earthquake risk assessment based solely
on precursor activity.

Due to the low incidence of background earthquakes in the northeastern Tibetan
Plateau, seismicity-based prediction methods are challenging to apply in this area. In addi-
tion to statistical seismicity modeling, other effective earthquake prediction approaches rely
on non-seismic precursors. Currently, geomagnetic field variations and underground fluid
anomalies serve as relatively mature earthquake precursors in this region. Approximately
six months prior to the 2022 Menyuan Mg6.9 earthquake, eight underground fluid anoma-
lies were observed, primarily within a 200 km radius of the epicenter [63]. Approximately
two months before the Menyuan Mg 6.9 earthquake, anomalously high geomagnetic polar-
ization values exceeding the threshold were detected [64]. These geomagnetic observations,
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combined with recorded underground fluid anomalies, facilitated a successful prediction
of the event [65]. Thus, earthquake forecasting in the northeastern Tibetan Plateau might
be enhanced by integrating precursor-based approaches [66-68]. In addition to advancing
seismic network capabilities, establishing dedicated precursor observation stations should
be prioritized to improve predictive accuracy in this region.

The probability of the mainshock in the 2022 M;6.0 Maerkang earthquake sequence
being a background event is nearly zero, indicating that it was triggered by preceding
foreshock activity. Consistent with previous findings, this sequence exhibited a concentra-
tion of foreshocks across multiple faults prior to the mainshock, likely attributable to the
region’s complex seismogenic environment. The Ms6.0 Maerkang earthquake, the largest
event in this swarm, was preceded by an M;5.8 foreshock and was followed by an Ms5.2
event, resulting in three earthquakes being above M;5.0. This earthquake swarm occurred
at the intersection of the Songgang and Longriba faults within the Bayan Har block, an
area characterized by a complex epicentral structure. Studies on the precise location of the
sequences suggest that the Maerkang swarm is influenced by multiple parallel and small-
scale conjugate faults in proximity to the epicenter [69-71]. These three M5.0+ earthquakes
took place on distinct fault sections, forming a swarm driven by multi-fault planes [72].
Compared to single-fault systems, such complex, multi-fault structures can yield more
intricate earthquake sequences. Thus, in regions with similarly complex fault systems, the
possibility of subsequent moderate to large earthquakes following an initial significant
event should be anticipated.

4.3. Constraints and Challenges

As this research progressed, constraints in the application of certain methods also
became apparent. One notable limitation pertains to the Gutenberg—Richter (G-R) law.
Beyond the requirement that earthquakes used for a b value analysis must have magnitudes
equal to or greater than the completeness magnitude, the G-R law may not hold for large-
magnitude earthquakes, as illustrated in Figure 8. To address this issue, some studies
have introduced derivative forms of the G-R law based on statistical methods, but their
practical application remains limited [73]. From the perspective of physical properties, the
statistical analysis of seismic energy has been shown to yield more accurate fits and robust
results [74,75].

Another limitation involves the determination of the missing event range in the BEPTI
algorithm. In Step 2 of BEPTI, the time-magnitude range for missing events, SS, must be
manually estimated. This range should encompass the entire region where earthquakes are
missing and extend beyond it. However, the manual estimation of this range introduces
subjectivity, which may affect the results, as discussed by Zhuang et al. [29]. While it has
been suggested that the selection of this range is not highly sensitive to the final outcomes,
the development of an algorithm for the objective determination of missing earthquakes is
necessary to improve the method’s reliability and objectivity.

5. Conclusions

This study examined six Mg > 6.0 earthquake sequences that have occurred in the
northeastern Tibetan Plateau since 2009. Using the BEPIT method, missing earthquakes
from the short-term period following major events were supplemented, resulting in a more
comprehensive seismic sequence catalog. The findings confirm that BEPIT is a highly
efficient method suitable for supplementing any earthquake sequence initially affected
by limited early monitoring, facilitating the assessment of missing data impacts and the
correction of related biases. A subsequent analysis of the ETAS model parameters for these
six sequences yielded the following conclusions.
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The u values for the six seismic sequences in the northeastern Tibetan Plateau are
uniformly low, suggesting a generally low background seismicity rate with few foreshocks
preceding major earthquakes. This underscores the challenges in forecasting earthquakes in
this region solely through seismic activity analysis and foreshock observations, providing
critical insights for the strategic planning of earthquake prediction efforts. The findings
of this research provide valuable reference points for designing seismic monitoring strate-
gies prior to large earthquakes and for analyzing changes in regional seismic sequence
parameters. Additionally, they can contribute to improving the scientific accuracy of early
assessments of post-earthquake trends.

The parameters of the six earthquake sequences in the northeastern Qinghai-Tibet
Plateau examined in this study differ from those observed in previous earthquake cases
within mainland China and subduction zones [59,60,76]. These differences arise from vari-
ations in regional stress conditions, seismogenic structures, and crustal medium properties.

It is important to note that the study area experienced a limited number of strong
earthquakes after the upgrade of the seismic network, resulting in the selection of only six
earthquake sequences for analysis. Consequently, the findings of this study may capture
only a subset of statistical characteristics. Further research incorporating a larger set of
earthquake cases is needed for a more comprehensive and in-depth analysis.
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Abstract: The use of the Visibility Graph Algorithm (VGA) has proven to be a valuable
tool for analyzing both real and synthetic seismicity series. Specifically, VGA transforms
time series into a network representation in which structural properties such as node
connectivity, clustering, and community structure can be quantitatively measured, thereby
revealing underlying correlations and dynamics that may remain hidden in traditional
linear or spectral analyses. The time series transformation into complex networks with
VGA provides a new approach to analyze seismic dynamics, allowing scientists to extract
trends and behaviors that may not be possible by classical time-series analysis. On the
other hand, many studies attempt to find viable trends in order to identify preparation
mechanisms prior to a strong earthquake or to analyze the aftershocks. In this work, the
seismic activity of Southern California Earthquake was analyzed focusing only on the
significant earthquakes. For this purpose, seismic series preceding and following each
earthquake were constructed using a windowing method with different overlaps and the
slope of the connectivity (k) versus magnitude (M) graph (k-M slope) and the average degree
were computed from the mapped complex networks. The results revealed a significant
decrease in these parameters after the earthquake, due to the contribution of the aftershocks
from the main event. Interestingly, the study was extended to synthetic seismicity series
and the same behavior was observed for both k-M slope and average degree. This finding
suggests that the spring-block model reproduces a relaxation mechanism following a large-
magnitude event like those of real seismic aftershocks. However, this conclusion contrasts
with conclusions drawn by other researchers. These results highlight the utility of VGA in
studying events that precede and follow major earthquakes. This technique may be used to
extract some useful trends in seismicity, which could eventually be employed for a deeper
understanding and possible forecasting of seismic behavior.

Keywords: seismicity series; seismicity from California; spring-block model; visibility
graph algorithm; complex networks

1. Introduction

Complex systems comprise numerous elements that interact non-linearly, exchange
information with the environment, and continuously modify their internal structure and
activity patterns through self-organization, a distinguishing property of these systems. As
a result, they are flexible and easily adapt to changing external conditions [1].

Self-organized criticality (SOC) is a concept related to conservation laws in complex
systems. It was introduced by Bak, Tang, and Wiesenfeld to describe the appearance
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of scale invariance in nature. Earthquakes are an example of a self-organized critical
(SOC) phenomenon in nature and exhibit power law behavior [2,3]. Power laws describe
the behavior of earthquakes and the distribution of their magnitude. The movement of
continental plates is caused by convection currents in the Earth’s mantle. These currents
generate displacements and collisions between the plates, which causes the accumulation
of tension at their limits. When the accumulated tension exceeds the resistance of the
rocks, it is released abruptly, causing an earthquake. In this process, the release of energy
causes a rebound or sudden displacement of the plates, which generates seismic waves that
propagate through the Earth. Earthquakes are the result of the dynamic organization of the
Earth’s crust and the fault system that forms it. The large-scale structure of the crust is the
product of a historical accumulation of seismic events that have modified and weakened
rocks over time [3,4].

Researchers studying earthquakes seek specific mechanisms underlying large events,
frequently describing each occurrence individually and independently of others. Seismic
events adhere to a simple distribution known as the Gutenberg-Richter law. This law
illustrates the frequency of earthquakes at each magnitude in a region, representing the
energy released during seismic events. The Gutenberg-Richter law indicates that large
or small earthquakes have the same rules. Therefore, this law serves as evidence that the
Earth’s crust has self-organized until it reaches a critical state [1,5-7].

Olami, Feder, and Christensen (OFC) have studied self-organized criticality (SOC)
in non-conservative systems using an earthquake model. They showed that a two-
dimensional spring-block model for earthquakes is equivalent to a non-conservative contin-
uum cellular automaton model. The model exhibits power-law distributions for the energy
released during an earthquake and characteristics similar of real earthquakes: the occur-
rence of small earthquakes is random, while larger earthquakes appear to be clustered. The
simplest test for these models is their ability to reproduce the Gutenberg-Richter law [8,9].

Network analysis, based on concepts from statistical physics and graph theory, can
be useful in characterizing the irregular behavior of seismicity time series [10,11]. This
approach consists of transforming a discrete set of data into a network consisting of nodes
and the links between them. Converting a time series into a network facilitates the explo-
ration of complex system dynamics through analysis of network properties [12,13]. Several
methods have been proposed to convert time series into networks and to characterize
these series in terms of the parameters that describe the network. For instance, Zhang and
Small [14] transformed periodic time series into networks by representing each cycle as a
node. Connections between nodes were established based on the similarity or difference
between cycles. Marwan et al. [15] constructed univariate recurrence networks by deter-
mining whether points in a phase space reconstruction of the time series are proximate to
each other. If they are, a link is created between the corresponding nodes. Furthermore,
Gao et al. [16] proposed an extension of univariate recurrence networks to multiple time
series, linking nodes based on proximity in a high-dimensional phase space.

A key method in this area is the visibility graph algorithm (VGA) [17], which trans-
forms a time series into a complex network while preserving its fundamental characteristics,
thereby enabling the application of network theory to characterize the original data. This
mapping transforms the dynamic characteristics of the time series into features of the resul-
tant network. In this method, each data point in the time series is treated as a node. Two
nodes are connected by an edge if they can “see” each other, meaning there exists a direct
line of sight between them that does not intersect any intermediate data points. In VGA,
the degree of connectivity represents the number of connections per node. This algorithm
has recently been applied to various fields, including heart rate variability analysis [18],
medical science [19-22], and particularly real and synthetic seismicity series [12,13,23-28].
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For instance, Munoz-Diosdado et al. [18] identified significant differences in the k-M
parameter, average degree, and average path length of complex networks derived from
heart rate variability series of subjects under various exercise and health conditions.

In seismicity research, Telesca et al. [23] applied the VGA method to analyze sequences
of seismic magnitudes, revealing a power-law distribution in the connectivity degrees.
This scale-free pattern in connectivity aligns with other scale-invariant features observed
in earthquake studies. Earthquakes demonstrate complex spatial and temporal behavior,
with numerous seismological laws exhibiting fractal characteristics, as indicated by scale
exponents [29,30].

In the visibility graph methodology, the degree of connectivity, k, is defined for each
event based on its magnitude M and its position in the time series. The k-M parameter rep-
resents the slope of the linear regression of the graph plotting k against M. Telesca et al. [12]
performed a similar analysis on regional seismicity in Pannonia, proposing that the correla-
tion between these two parameters is nearly universal. Analogous results were obtained
when analyzing experimentally derived seismicity time series [12]. Further studies in this
direction were conducted by Azizzadeh-Roodpish et al. [27,31] for Southern California
and the Alaskan Crustal and Aleutian subduction zones, by Khoshnevis et al. [26] for the
seismicity of northern Iran, and by Pérez-Oregon et al. [28] using synthetic earthquake time
series. These studies collectively reinforced the notion of a universal linear correlation.

In this study, we analyzed the complex network parameters k-M slope and average
degree using VGA by using real seismicity data from California and synthetic seismicity
generated with the spring-block model. The series were selected based on high-magnitude
earthquakes, and windowing was applied to include all events before and after each main
earthquake. This approach allowed us to observe how these parameters change within the
dynamics of seismicity, particularly during aftershock sequences.

2. Materials and Methods
2.1. Visibility Graph Algorithm

The visibility graph algorithm (VGA) was used to transform the seismicity time
series into a complex network. In the undirected visibility graph (VG), two events are
connected if they can “see” each other, meaning that no event between them intersects
the line connecting them (see Figure 1). By mapping the time series into a graph with
interconnected nodes, the resulting complex network retains various properties of the time
series [17]. Let x(i),1 <i < N be a seismicity time series of length N, and consider each
earthquake as a node in the VG. Nodes x(i) and x(j) (i # j) are connected only when the
following condition is met [17]:

x(j) = x(i)

e (D) < x() = =) 75

)

Adjacency matrices were constructed for the visibility graph of the seismicity time
series. The dimension of the adjacency matrix corresponds to the number of nodes in the
network. If there is a connection between the nodes represented by a specific row and
column, the matrix element is one; otherwise, it is zero. For an undirected visibility graph,
this matrix is symmetric, with the main diagonal elements being zero. Typically, there
are ones around the main diagonal since neighboring events are more likely to be visible
to each other. The degree of connectivity for each node is determined by summing the
number of connections in the corresponding row of the matrix [17].

In seismicity analysis, the k-M refers to the slope of the linear regression of the graph
plotting the connectivity degree k against the earthquake magnitude M. It is generally
observed that periods of lower seismic activity correspond to a low connectivity degree k,
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while periods of higher seismic activity are associated with a higher connectivity degree.
Consequently, the k-M slope typically has a positive value [32].
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Figure 1. Explanation of the visibility graph algorithm. Each event is represented by a node in the
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2.2. California Seismicity
The first systematic, non-mythical treatment of earthquakes comes from Greece. With

the spread of writing, people began to collect descriptions of severe earthquakes. In Cali-
fornia, this documentation began around 1800 by the Franciscan Fathers, who documented
the development of Spanish missions. By the 19th century, the documentation was quite
detailed. Seismographic stations were installed in many parts of the world at the beginning
of the 20th century. These sensitive seismographs record small seismic waves [33].

The importance of a global network of seismographs lies in documenting earthquakes
worldwide so that they are no longer limited to subjective reports of observed effects. From
waves recorded at different seismographic observatories, it is possible to calculate the
position of the epicenter of an earthquake, which provides a uniform representation of the
distribution of earthquakes.

The seismotectonics of Southern California are shaped by the region’s complex tectonic
setting, which is dominated by the Pacific and North American plate boundary. This
interaction creates a highly active and intricate fault network, making Southern California

one of the most seismically active regions in the world. The area is particularly well known
for the San Andreas Fault, a transform fault that accommodates much of the relative plate

motion and poses a significant seismic hazard [34].
In the Figure 2, it can be observed epicenters of the earthquakes in Southern California

with magnitude > 7 between 1980 and 2024.

The southern section of the San Andreas Fault (SSAF) is the only historically active
segment of the SSAF system, which is believed to represent the greatest seismic risk in Cali-
fornia. Concerns about the timing, magnitude, and location of future earthquakes, coupled
with the fault’s accessibility, have yielded evidence of prehistoric earthquakes [35-37].

It was analyzed the earthquake catalog of Southern California for the period from 1980
to 2024, which was obtained from the website “The Southern California Earthquake Data
Center” (SCEDC), which operates at the Seismological Laboratory at Caltech and is the
primary archive of seismic data for Southern California. The downloaded catalog contains

a total of 671,533 events. However, the catalog is complete for magnitudes starting at 1.5,
with a total of 284,197 earthquakes remaining in this range. It is important to note that no

depth discrimination was performed in this analysis.
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Figure 2. The map showing the locations of earthquakes with a magnitude of 7 or greater from the
southern California catalog.

From the Catalog, it was identified earthquakes with a magnitude of 7.0 or greater,
finding four such events. The first occurred 10 km north of Yucca Valley, California, on
28 June 1992, with a magnitude of 7.3. The second occurred 16 km southwest of Ludlow,
California, on 16 October 1999, with a magnitude of 7.1. The third occurred 12 km southwest
of Delta, Baja California, Mexico, on 4 April 2010, with a magnitude of 7.2. Finally, the
fourth occurred 18 km west of Searles Valley, California, on 6 July 2019, with a magnitude
of 7.1 (see Table 1 and Figure 2 for detailed information on each earthquake). After locating
the earthquakes with magnitudes of 7 or greater, we selected 50 windows before and after
each event with 210 data. It is worth mentioning that exploration circles of 100 km radius
around the main earthquakes were used, helping to exclude distant events.

Figure 3 represents how the windowing process was applied to the seismicity series.
The light blue line shows a fragment of this series, where the earthquake (EQ) of great
magnitude is located in the middle to perform the windowing. This procedure consists
of dividing the series into consecutive windows of 1024 events selected before and after
the earthquake. In the figure, the first window before the earthquake is labeled as 1st W-B
(First Window-Before), while the first window after the earthquake is labeled as 1st W-A
(First Window-After). The double arrow line represents the overlap of 996 events between
consecutive windows. To ensure that each window contains exactly 1024 events, the data
is completed using adjacent events in the series, i.e., events immediately before or after
the current window, if necessary. Subsequent windows are named following the same
scheme. For example, the second window before the earthquake is labeled as 2nd W-B
(Second Window-Before), and the second window after the earthquake is labeled 2nd W-A
(Second Window-After). This procedure is systematically repeated to generate a total of
50 windows before and 50 windows after the selected earthquake. The goal of this method
is to analyze the variations in the characteristics of the seismicity series around the main
event. This allows for the identification of patterns or anomalies, such as possible seismic
precursors, changes in event frequency, or unusual behaviors that could be relevant for
the study.
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Table 1. The information on earthquakes with a magnitude of 7 or greater from the California catalog
for the period from 1 January 1980 to 19 August 2019.

YYY/MM/DD  HH:mm:SS.ss Ma(%\r/;ltl)xde Latitude Longitude Depth (km)
w
1992/06/28 11:57:34.13 7.3 34.20000 —116.43700 0.0
1999/10/16 09:46:44.46 7.1 34.60333 —116.26500 13.7
2010/04/04 22:40:42.36 7.2 32.28617 —115.29533 10.0
2019/07/06 03:19:53.04 7.1 35.76950 —117.59933 8.0
1024 events 1024 events
1s*W-B 1s*W-A
Overlap I Overlap
~ 996 eventi) Lsss evenli) R
T < 1| T« > >
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Figure 3. Illustration of the windowing process applied to the seismicity series. The series was
divided into overlapping windows of 1024 events before and after the earthquake of great magnitude,
with labels 1st W-B and 1st W-A for the first windows before and after the event, and 2nd W-B and
2nd W-A for the second windows before and after.

It is worth mentioning that in this study initially the overlap of the windows was
varied, however, the one that yielded the best results was with 996 data.

Figure 4 illustrates some events occurred before and after the 2019 earthquake, which
was considered in the aforementioned windowing process. It can be observed that prior to
this earthquake, normal seismic activity in Southern California is observed; however, after
the earthquake, aftershocks are evident along the San Andreas Fault.

a b
2019 EQ Mw 7.1 9 99 2019 EQ Mw 7.1 ¥ Magnitude 0-1
lat = 35.76, lon=-116. 43‘ rJPw« 9 lat = 35.76, lon=-116.43, ? E:i:::::: ;;
de th = 8.0 km e = i
Naval Air &f reid 5 ’ depth 8.0km Q Magnitude 3-4
Center China Lak Arg: ? gMagnfmde 4-5
i Naval Air War' Y irhitits
Weapons r:ufvv‘f - — Center Cr’m I_le% g
y 999
> , Q Weapons Center Searl(
daval Air Wea o)
itation China Lak % @% A0 @ Q @ ’
+
D) China Lake f‘mw oo v 9 V 3’&9
V‘ Q Magnitude 0-1 chinaTave 09 0 ?
Ridgecrest ! Magnitude 1-2
? 9 Magnitude 2-3
9 Magnitude 3-4 Ridgecrest @,9 Q
8 g Magnitude 4-5 ) * W
) Magnitude 5-6
Magnitude 6+ Q ./ , M;'Gn o

Figure 4. Illustration of the spatial variation of the events included (a) before and (b) after the 2019
earthquake. Only events with a magnitude of 2.5 or greater are shown.

Finally, the obtained series of each window were analyzed by using VGA and the k-M
slope and average degree were calculated.

2.3. Spring-Block Method

Earthquakes obey the Gutenberg-Richter law, which is the distribution of energy
released during an earthquake [5,38]. In 1956 they discovered the relationship [5,38]:
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log;y N(M > m) = a — bm. 2)

where M is magnitude, N(M) is the number of earthquakes of magnitude < M, a is a
constant related to the overall seismic activity in the region and determines the frequency of
earthquakes in that area, and b determines the relative number of earthquakes of different
magnitudes. The Equation (2) is the Gutenberg-Richter law. The parameter a and b depend
on the location, but b has been observed to vary significantly across different faults. Values
of b have been reported ranging from 0.80 to 1.06 for great magnitude earthquakes and
from 1.23 to 1.54 for small magnitude earthquakes [5,7,38].
The energy E released during the earthquake increases exponentially with the size of
the earthquake as follows [39]:
log,g E =c+dm (3)

where d is 1 and 3/2 for small and large earthquakes, respectively [8,38—40]. So, the
Gutenberg-Richter law is essentially a power law connecting the frequency distribution
function with the energy release E

N(Ey > E) ~E4—-EB (4)

B is in the same range for both small and large earthquakes, namely, 0.80-1.05 [39]. the
power law that exhibits the Gutenberg-Richter is related to geometric features of the fault
structure and Mandelbrot noted the earthquakes occur on “fractal” self-similar sets [5,38].

The Olami, Feder, and Christensen (OFC) spring-block model [38] is a two-dimensional
system of blocks interconnected by springs. Each block is connected to its four nearest
neighbors and to a single rigid drive plate by another set of springs, as well as frictionally
connected to a fixed rigid plate. The blocks are driven by the relative motion of the two
rigid plates. When the force on one of the blocks is greater than the maximum static friction,
the block slides.

The OFC model can be mapped to a cellular automaton model that uses an L x L
matrix of blocks identified by their coordinates (i,), where i,j are integers within the
interval [1,L]. The displacement of each block from its relaxed position in the grid is
denoted as dx; ;. The total force exerted by the springs on a given block (i, j) is expressed as:

Fi,j =Kj [dei,j — dxl-,lrj — dxi+1/j] + K> [dei,j — dxl',]‘,l — dxi/]qu] + Kdei,j (5)

where Kj, Ky and K|, represent the spring constants.

When the two rigid plates move relative to each other, the total force on each block
increases uniformly at a rate proportional to KV, where V is the relative velocity between
the two plates. This increase continues until a site reaches a threshold value, at which point
the relaxation process begins, triggering a synthetic earthquake.

The redistribution of stress after a local slip at position (i, ) is described by the
following relations:

Fix1j = Fix1) + 0Fi11),
Fijs1 = Fijx1 + 0F jx1, (6)
Fi,]' —0

where the increments in the forces of the nearest-neighbor blocks are given by:
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Ky
0Fqi=-—— -1 E.—BF;
T ok ok 1Ky P ”
Ky
OFit1,j = Fij = p1Fi;

2K + 2K + K,

For simplicity, the elastic redistribution coefficients are denoted as f; and 8, respec-
tively, although the isotropic case is generally considered, that is, f; = B2 = B. If we
assume that all elastic constants are on the same scale (K; =~ K, ~ K} ) then = 0.2.

The total number of slips following a single initial slip event is a measure of the
size (seismic moment) of the earthquake. OFC measure the probability distribution of
the size (the total number of relaxations) of the earthquakes, which is proportional to
the energy released during an earthquake. We used the OFC model to generate a time
series of 10,000,000 data with a conservation level of f = 0.2 for a 100 x 100 blocks. The
series contains data on the number of earthquakes and the number of relaxed blocks. To
model the relationship between magnitude and event frequency, the following expression
was used:

logsN = M (8)

where N is the number of events and M is the magnitude.

This relationship allows for the adjustment of the magnitude distribution in the
synthetic series. Earthquakes with magnitudes greater than 7.0 were excluded from the
analysis because synthetic seismicity produces a large number of events of that magnitude,
making it challenging to identify specific patterns due to their high frequency. We focused
on earthquakes with magnitudes greater than 8.0, which represent the largest and least
frequent events. In this case, it was found only three earthquakes of that magnitude,
allowing for a more detailed analysis of their characteristics. It is worth mentioning that
these identified synthetic earthquakes are well-separated from each other, ensuring no
overlap between them. Similarly, for California seismicity, we analyzed the most significant
recorded earthquakes, enabling comparisons between the behavior of extreme events in
both synthetic and real scenarios, identifying similarities and differences in the distribution
and dynamics of these events.

Therefore, we were interested in studying the dynamics that occur before and after
an earthquake, as well as the behavior of aftershocks in real seismicity and synthetic
seismicity. Then, once the earthquakes with a magnitude of 8.0 or greater were located,
we constructed 50 windows before and after each earthquake with 2!° data by using an
overlap of 996 events (see Figure 3). Additionally, in the case of synthetic catalogs, since
they are complete, a threshold magnitude is not considered (lines 100), unlike the California
catalog where it was set at 1.5. Finally, we applied VGA to these time series and calculate
the k-M and average degree.

3. Results
3.1. Seismicity from California

The California seismicity series were analyzed using VGA, where the earthquakes
were mapped to nodes in a visibility graph. In this approach, each node’s connectivity
k is obtained by counting how many other nodes (earthquakes) it is directly visible to
in the adjacency matrix of the visibility graph. Specifically, each row of the adjacency
matrix reflects a node’s links to all other nodes, so the degree k is the sum of those links.
Figure 5 shows a typical representation of the complex network formed by series before
and after the earthquake, respectively. In the visibility graphs of Figure 5a (before the
earthquake), we see a higher concentration of highly connected nodes, forming a more
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compact structure with larger clusters. By contrast, in the Figure 5a (after the earthquake),
the average degree clearly decreases: there are more dispersed clusters with fewer nodes in
each cluster, and fewer nodes exhibiting very high connectivity. In terms of visibility graphs,
this reduction can be explained by the clustering of aftershocks following the main event.
Aftershocks tend to occur in rapid succession, which affects the “lines of sight” between
seismic events in the time series—many smaller events in a short period often create shorter
visibility spans, leading to a noticeable shift in the node degree distribution toward lower
connectivity. Thus, the underlying seismic dynamics, dominated by aftershocks, become
reflected in a sparser, more fragmented visibility graph structure.

a - Data b * Data

Linear Fit

Linear Fit

.;‘_— e 05 1 15 2 1-5 2
sl - S =l Magnitude Magnitude
5oz
e
c Data d * Data
Linear Fit Linear Fit
st g o bo, 3
i S e e
. ey e 0
0 1 2 3 4 5 6 vfz‘ o v 0 1 2 3 4 5 6
Magnitude ; i e Magnitude

Figure 5. Illustration of the complex network and connectivity vs. magnitude graph formed by the
seismicity series from California (a) before and (b) after a great earthquake, as well as the complex
network and k-M plots formed by synthetic seismicity series (c) before and (d) after the earthquake.
It can be observed that before the earthquake, the networks form fewer clusters of larger size, while
those networks after the earthquake form a greater number of clusters with fewer nodes.

First, the slope of the graph of connectivity vs magnitude at each node (k-M slope) was
analyzed. Figure 6 shows the results for the 50 windows before and after the earthquake
for the four earthquakes studied. It can be observed that before the earthquake the k-M
values are around 20, however in the following window after the great earthquake these
values decrease.

It is noteworthy that for the 2019 earthquake the k-M actually increases considerably
after the great earthquake (Figure 6d), this is attributed to the fact that in window 32 before
this great earthquake an event of magnitude 6.4 had already occurred nearby (information
about this event: date 2019/07/04 , My, = 6.4, lat = 35.70533, lon = —117.50383, and
depth = 10.5 km). Such mid-sequence events can transiently alter connectivity and raise
or lower k-M values as aftershocks subside and the network reconfigures. Furthermore,
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the aftershocks of a magnitude 6.4 earthquake are smaller in magnitude and fewer in
number compared to those generated by a magnitude 7.1 earthquake, so the value of
k-M will decrease further once a larger magnitude earthquake occurs. This fact is further
strengthened by the graph where it can be observed how the k-M values decrease in this
window and decrease even more after the earthquake of magnitude 7.1.
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Figure 6. k-M slope and average degree values obtained from California seismicity series of the
(a) 1992, (b) 1999, (c) 2010, and (d) 2019 earthquakes.

Furthermore, Figure 6 shows the error bars corresponding to the calculation of the k-M
slope from the linear fit by least squares. It can be observed that the errors represent around
2.5% of the calculated k-M values, this confirms that the errors in the slope calculation are
not significant, which further strengthens the findings described above.

This study was now repeated considering the calculation of the average degree which
can be observed in the Figure 6. Here the same trend was observed, that is, the values
decrease significantly after the earthquake. It should be noted that the average degree of
the second earthquake increases after the earthquake instead of decreasing.

Overall, the observed post-earthquake decrease in k-M slope and in average degree
suggests a transient disruption in connectivity patterns, likely influenced by the clustering
of aftershocks. Over time, these values may recover or even exceed pre-earthquake levels,
reflecting how the visibility network reconfigures as seismic activity stabilizes.

3.2. Seismicity from Synthetic Series

Once it was confirmed that in real seismicity there is a significant change in the
parameters of complex networks studied for real seismicity, we were interested in verifying
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whether this trend can also be reproduced by synthetic series of seismicity, so we repeated
the same analysis with the series obtained with the OFC model. Especially because we
noticed that the representation of the complex networks shown in the insets ¢ and d of
Figure 5 also exhibit differences between the series before and after the earthquake. In that
figure, it can be observed that before the earthquake the network forms a cluster with many
nodes, whereas after the earthquake the network forms smaller clusters.

Figure 7 shows the values of k-M and average degree obtained for three synthetic series
of seismicity. Although these values were not in the same range than those obtained for the
California seismic series, with this analysis it can again be observed that both parameters
decrease after the main earthquake. Newly, the error bars for the calculation of k-M values
are shown in Figure 7. It can be observed that these errors are not significant before or after
the earthquake, which suggests that the same behavior observed in real seismicity was
reproduced by the OFC model.
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Figure 7. k-M slope and average degree values obtained from synthetic seismicity series of the

(a) earthquake 1, (b) earthquake 2, and (c) earthquake 3.

4. Discussion

The results suggest that the methods implemented in this work show changes in

the dynamics before and after the great earthquake, as reported in [41]. Specially, it was
observed that there is a significant change in the k-M slope in the windows before and
after the three California’s earthquakes analyzed. Specifically, the network parameter k-M
decreases, which is due to a reduction in node connectivity caused by the presence of
aftershocks. These aftershocks are more frequent but lower in magnitude, leading to a
loss of network connectivity. Additionally, we found that this change is also preserved
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when analyzing synthetic seismicity using the spring-block model, which suggests that
such relaxation mechanisms can also be reproduced by this model, contrary to what has
been indicated in other studies [41].

It should be remembered that, in the spring-block model, and specifically in its
non-conservative variant Olami—Feder—Christensen (OFC), the aftershock process is
not explicitly modeled. However, we observe variations in the results that suggest the
possible existence of aftershocks due to the partial redistribution of stresses. The model
consists of placing two parallel plates: one mobile and one fixed, to which small blocks are
attached by means of springs. When moving the mobile plate, one of the blocks exceeds its
threshold force, triggering the continuous movement of the neighboring blocks. During
this process, the energy is redistributed towards the adjacent blocks, leaving some of them
“loaded” with residual energy. This is manifested in the series of synthetic earthquakes as
aftershocks, observed in the graphs and in the multifractal analysis carried out in [38,41].

It is well known that the calculation of the k-M slope can be imprecise due to the wide
dispersion of points in the connectivity vs. magnitude plot. As a result, after fitting, the
correlation coefficient may not be significant. However, to corroborate the aforementioned
findings, we also decided to calculate the average degree, which is somewhat related to
k-M as it helps to measure the average connectivity level of all nodes [17,42]. This analysis
revealed that the decrease in the k-M slope after the earthquake persists, reaffirming this
trend caused by the aftershocks.

Before a large earthquake, k-M values correspond to low seismic activity. However,
when a large earthquake occurs, the number of aftershocks, which are events of higher
magnitude, causes a decrease in connectivity and therefore in k-M. Subsequently, after
the aftershocks, normal seismic activity is reestablished, causing k-M values to rise again.
Interestingly, the same pattern was observed in the analysis of synthetic series, once again
suggesting that these relaxation mechanisms are also present in the spring-block model.

It is worth mentioning that the initial proposal included the analysis of additional
complex network parameters, such as the average path length. However, we found that the
differences in the values of these parameters were not significant. This may be because the
networks formed from the windowed data exhibit small-world characteristics, which are
typically defined by relatively short average path lengths coexisting with high clustering
coefficients [43]. In such networks, even when nodes are rearranged or new connections
appear, the overall path length may remain consistently short, making it challenging to
observe subtle changes in dynamics between events. Consequently, the impact of an
earthquake on certain small-world-like properties may be overshadowed by the inherent
structural robustness of these networks. Nevertheless, future studies could explore a
broader range of parameters to identify new trends that might help detect aftershocks or
even preparation mechanisms before a great earthquake occurs.

In addition, the analysis presented highlights a significant similarity in the behavior
of the parameters derived from complex networks for both real and synthetic seismicity,
particularly in the context of large-magnitude events and their aftershocks. The process of
overlapping windowing before and after these earthquakes allows for a detailed evaluation
of the evolution of the clustering coefficient k-M and the average degree of the networks
generated using the visibility algorithm.

The observation of an increase in the k-M value in real seismicity, as a consequence of
the rise in the number of earthquakes due to aftershocks, is consistent with the physics of
the process: the triggering of a secondary seismic sequence enhances the connectivity of
the associated networks, reflecting an increase in local interactions between events. The
fact that this same behavior is observed in synthetic seismicity generated through the
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OFC model suggests that this model adequately captures the essential dynamics of stress
generation and relaxation in seismic systems.

The finding of aftershocks in synthetic large-magnitude earthquakes within the OFC
model can be interpreted as evidence that the relaxation of blocks following a main event
generates near-rupture conditions in some blocks within the affected area. This critical
state promotes the occurrence of new events, analogous to aftershocks in natural seismicity.
These results strengthen the relevance of the OFC model for studying not only main events
but also post-seismic dynamics, paving the way for a more detailed analysis of stress
conditions and their evolution after a great earthquake.

5. Conclusions

The largest earthquakes were identified in both synthetic seismicity and real seismicity
in Southern California. Taking each of these large-magnitude earthquakes as a reference, a
window superposition process was applied before and after the main event. Each window
represents a subsequence to which the visibility algorithm was applied and two parameters
of the resulting complex networks were calculated, k-M and the average degree. This
allowed us to observe the evolution of these parameters before and after the earthquake.

There is a difference in the behavior of these parameters in the seismicity of Southern
California before and after four earthquakes that were the largest between 1992 and 2019,
which is due to the presence of their aftershocks. It is important to note that the same trend
is observed in synthetic seismicity, which leads us to propose that there is also aftershock-
like behavior in the OFC model after large synthetic earthquakes. This is because after a
large synthetic earthquake, a significant number of blocks relax. These blocks represent
the “rupture zone” of the synthetic earthquake, and it appears that many of these blocks
remain in a state of stress very close to the threshold. It is therefore reasonable to expect
high activity in the blocks within the synthetic earthquake rupture area after a major event,
which is related to aftershocks in real seismicity.
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The following abbreviations are used in this manuscript:

EQ Earthquake

OFC Olami—Feder—Christensen’s model

SCEDF  The Southern California Earthquake Data Center
SSAF Southern San Andreas Fault

VG Visibility Graph

VGA Visibility Graph Algorithm
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Abstract: Characterized by frequent earthquakes and a dense population, Yunnan Province,
China, faces significant seismic hazards and is a hot place for earthquake forecasting
research. In a previous study, we evaluated the performance of the b value for 5-year seismic
forecasting during 2000-2019 and made a forward prediction of M > 5.0 earthquakes in
2020-2024. In this study, with the forecast period having passed, we first revisit the results
and assess the forward prediction performance. Then, the background seismicity rate,
which may also offer valuable long-term forecasting information, is incorporated into
earthquake prediction for Yunnan Province. To assess the effectiveness of the prediction,
the Molchan Error Diagram (MED), Probability Gain (PG), and Probability Difference (PD)
are employed. Using a 25-year catalog, the spatial b value and background seismicity rate
across five temporal windows are calculated, and 86 M > 5.0 earthquakes as prediction
samples are examined. The predictive performance of the background seismicity rate
and b value is comprehensively tested and shown to be useful for 5-year forecasting in
Yunnan. The performance of the b value exhibits a positive correlation with the predicted
earthquake magnitude. The synergistic effect of combining these two predictors is also
revealed. Finally, using the threshold corresponding to the maximum PD, we integrate the
forecast information of background seismicity rates and the b value. A forward prediction
is derived for the period from January 2025 to December 2029. This study can be helpful
for disaster preparedness and risk management in Yunnan Province, China.

Keywords: earthquake forecast; b value; background seismicity rate; Molchan Error Diagram;
Yunnan Province

1. Introduction

The Gutenberg—Richter law (G-R law) describes the relationship between earthquake
magnitude (M) and the number of earthquakes (N) using the formula log,,(N) = a — bM,
where ‘a” and ‘b’ represent constants for the seismicity and the slope, respectively [1,2].
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Several studies have identified the presence of a low b value in the vicinity of the epicenter
prior to major seismic events. Notable examples include the 2004 M 9.0 Sumatra earthquake,
the 2008 M 8.0 Wenchuan earthquake, and the 2011 M 9.0 Tohoku earthquake [3-7]. These
observations suggest a potential relationship between a low b value and the occurrence
of significant seismic activity [8-10]. Some studies on natural time analysis of earthquake
catalogs emphasize the pivotal role of entropy in assessing earthquake risk and reveal that a
decrease in the b value prior to large earthquakes corresponds to an increase in order param-
eter fluctuations as the system approaches the critical point (i.e., the mainshock) [11-13].
Further analysis from laboratory experiments demonstrates a consistent decrease in b value
with increasing stress levels [14]. This finding establishes a clear relationship between
the b value and stress differentials, providing robust evidence to support an earthquake
prediction methodology that utilizes the b value as a key indicator [15-21].

To quantitatively assess seismic risk using the b value, Wang et al. (2021) partitioned
earthquake data from January 2000 to December 2019 into four distinct five-year periods
and evaluated forecasting efficiency using the Molchan Error Diagram (MED), Probability
Gain (PG), and Probability Difference (PD) [22,23] in Yunnan Province, China. They then
utilized the spatial b value from January 2015 to December 2019 to identify high-earthquake-
potential regions in Yunnan. As of 2025, the predicted time window has elapsed, allowing
a rigorous assessment of the forward prediction performance. On the other hand, the b
value has a larger error and is less informative in the regions with very low seismicity.
A promising direction for improvement is the incorporation of additional earthquake
prediction information, such as background seismicity rate, into the existing framework.

Previous studies suggest that background seismicity rate is a valuable factor for earth-
quake prediction. According to the rate—state model (RSM), there is a positive correlation
between seismicity rate and stress changes, with regional stress loading playing a dom-
inant role in background seismicity rates [24-30]. Numerous studies have established
relationships among background seismic rates, strain rates, and underground fluid sig-
nals [25,31,32]. And numerical simulations have demonstrated that seismic activity varies
with regional stress levels [21,33]. Statistical studies indicate that major earthquakes are
more likely to occur in regions with high background seismicity rates [34,35]. The back-
ground seismicity rate is a critical reference for middle-long-term earthquake forecasts and
is commonly employed to assess earthquake hazards [34-37].

This study aims to identify high-earthquake-potential regions during 2025-2029 for
disaster preparedness and risk management in Yunnan Province, China. First, we revisit
the previous 5-year forward prediction for 2020-2024. Then, the forecast performance
of the spatial b value and background seismicity rate are examined using the data for
2000-2024, and the synergistic effect of combining these two predictors is investigated.
Finally, based on the test results, a strategy for integrating the forecast information of
background seismicity rates and the b value is proposed, and a forward prediction is
derived for 2025-2029.

2. Data

The earthquake catalog used in this study to estimate the b value and background
seismicity rate is obtained from the China Earthquake Networks Center (CENC, http:
/ /www.ceic.ac.cn). Following the methodology outlined by Wang et al. (2021), our study
area is defined by the coordinates 97° E-106.5° E and 21° N-30° N. A magnitude threshold
of 3.0 was utilized in accordance with the previous study to ensure the completeness of the
earthquake data [23,38].
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3. Methods
3.1. b Value Estimation

By the Gutenberg—Richter law (G-R law), the probability density function governing
earthquake magnitude can be formally expressed as

(M) = _ N — ﬁe*ﬁ(M*Mc), 1)

The likelihood function for a specific set of earthquake samples with magnitudes M;,
Mo,...... , M,, is defined as

L(B) =TT, fo(M;) =TT, pe PMi=Mo), )

In this context, M, represents the complete magnitude. Ogata extends the b value to
be contingent upon location and postulates that  is a function of the epicenter coordinates
(x;,v;), denoted as B = B(x;,y;) [34,39]. Given the inherently positive nature of the b value,
B(x;,y;) can be parameterized as

B(x,y) = e, 3)

Here, ¢y denotes the 2-D B-spline function, while 8 represents the coefficients asso-
ciated with ¢y. Consequently, B can be expressed as a flexible function dependent on
spatial coordinates.

In the Hierarchical Space-Time Point-Process Models (HIST-PPM), the study area is
partitioned into Delaunay triangles centered on earthquake epicenters. To mitigate the risk
of overfitting, Ogata estimated the parameter 6 by maximizing the penalized log-likelihood
function, formulated as follows [39,40]:

R(6|w) = InL(6) — Q(6|w), )

Here, Q(0|w) represents the penalty term, defined as

0(8l0) = wﬂ{ <8<P9 X,y ) (a%é;’y))z}dxdy, 5)

The weight, denoted as w, is a hyperparameter that can be optimized by the Akaike
Bayesian Information Criterion (ABIC) [41,42]. The ABIC is expressed as

ABIC = —2max(logL) + 2(number of hyperparameters), (6)

By minimizing the ABIC, the optimal set of hyperparameters can be estimated, thereby
yielding the best fit to the data.

The computation of the b value at the epicenter is attainable using the optimized pa-
rameters 0, as outlined in Equation (3). Furthermore, the b value within the triangular mesh
can be estimated through linear interpolation. This process results in a spatial distribution
of b values across the entirety of Yunnan Province, with a resolution of 0.1° x 0.1°.

3.2. Background Seismicity Rate

Zhuang et al. (2002) proposed an iterative algorithm that can estimate background
seismicity rate based on a space-time Epidemic-Type Aftershock Sequence (ETAS) [43].
The conditional intensity functions of spatial-temporal sequences with i earthquakes
(t;, x;,y;, M;) are formulated as follows:
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Mt xy) = p(xy) + ) o (Mi)g(t— 1) f(x = xi,y — yi, M), @)

Here, A(t, x, y) represents the seismicity rate, indicating the number of earthquakes
per unit time and space at time t and coordinates (x,y). The first item on the right
side of Equation (7), u(x,y), denotes the spatial background seismicity rate. The term
x(M;)g(t —t;) f(x — x;,y — y;, M;) is the contribution of the i-th earthquake occurring be-
fore time f. And x(M) is the mean number of earthquakes directly triggered by an earth-
quake of magnitude M, expressed as

k(M) = Ae*M=Me) M > M, (8)

The probability density function for the occurrence times and locations of directly
triggered events is given by

—1 t\ P
g(t):pc (1+C) L >0, )
vy — 41 24y N
M) = o) (1 - DeW(MMc)> / {10)

The parameters (A,a,c,p,D,q,7) can be estimated by maximizing the likelihood
function:
T
InL = Y. InA(t;, xi, ;) — / fj At, x,y)dxdydt (11)
‘ Jo JJS
i:(t,x;,y;)€5%[0,T]
Using these parameters, the probability that the i-th earthquake is a background event
can be estimated as ( )
HXi, Yi
= 12
P Nt i,y (12
With ¢; for all the earthquakes obtained, the y(x,y) can be estimated by smoothing
the background. Hence, a variable kernel is employed:

N 1
A y) = 72 9iZa,(x = xiy = yi) (13)
1

Here, Z; denotes the Gaussian kernel function with bandwidth d, which is calculated
as follows: For a given integer 1), a circle is centered at the i-th earthquake with a radius
d; that exceeds a minimum value ¢. This circle must encompass at least n,, earthquakes.
In this study, 1, and ¢ are set to 3 and 0.02, respectively, referring to [37]. By taking the
smoothing background in Equation (13) as the background seismicity rate in Equation (7)
and then estimating the parameters (A, «,c, p, D, q,y) through maximization as outlined
in Equation (11), one can iteratively refine the estimates. This process allows for the
determination of the background seismicity rate through multiple iterations. For further
details, please refer specifically to [43].

3.3. Evaluation of Forecast Efficiency

The seismic forecast efficiency of the prior investigation is assessed using the
MED [22,44,45]. This methodology utilizes a range of values, denoted as thr, which serves
as a threshold spanning from the minimum to the maximum values observed. In relation
to the b value, grid cells with b values lower than thr are considered alarmed. For the
background seismicity rate, grid cells with rates higher than thr are alarmed. The ratio
of alarmed grid cells is referred to as the alarming rate 7. An earthquake is considered
detected if it occurs within the alarmed grid cells. The ratio of detected earthquakes is
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referred to as the detecting rate v, while the rate of missed earthquakes is expressed as
the missing rate 1 — v. The curve in the diagram illustrates the relationship between
the alarming and missing rates. In the case of a random forecast, the alarming rate is
approximately equal to the detecting rate, resulting in a curve that aligns with the diagonal.
When the forecasting efficiency exceeds that of a random guess, the alarming rate is lower
than the detecting rate, resulting in a curve that falls below the diagonal. Conversely, if the
alarming rate exceeds the detecting rate, the curve rises above the diagonal, indicating a
less effective forecast than a random guess.

To further quantify forecasting efficiency, the PG, defined as the ratio of the detecting
rate to the alarming rate, is expressed as follows [46,47]:

PG ="
T

(14)
PG =1 indicates that the forecasting efficiency is comparable to that of a random guess.
A PG value greater than 1 signifies that the prediction outperforms a random guess, with
higher PG values reflecting superior predictive performance.
Another metric employed to quantify forecasting performance in this study is the PD,
defined as the difference between the gain (detecting rate) and the cost (alarming rate) [47].

PD=v-r (15)

In the context of a random prediction, the estimated PD is 0. A PD greater than 0
indicates that the prediction strategy outperforms a random forecast. Similar to the PG, a
higher PD reflects superior predictive performance.

4. Results
4.1. Revisit of Earthquake Prediction in 2020-2024

In the study by Wang et al. (2021), the identification of regions with high earthquake
potential for the period from January 2020 to December 2024 is based on the b value
observed between January 2015 and December 2019 [23]. Table 1 details the 10 earthquakes
with M > 5.0 and 3 earthquakes with M > 5.5 that occurred in Yunnan Province during the
forecast period, with their locations illustrated in Figure 1a, including the significant 2021
M6.5 Yangbi earthquake. Notably, on 24 December 2021, an earthquake of magnitude M6.0
occurred near the southern target area (see Figure 8 in the study of Wang et al., 2021 [23])
in Laos. Figure 1b,c display the magnitude—time diagram for earthquakes occurring in
2000-2024 and 2020-2024, respectively.

Table 1. List of earthquakes with M > 5.0 in Yunnan Province during 2020-2024.

. Location
Serial 1

Number Time Longitude Latitude Depth (Km) Magnitude
1 2020-05-18 21:48:00 103.17 27.20 8 5.0
2 2021-05-21 21:21:25 99.92 25.65 10 5.6
3 2021-05-21 21:48:35 99.88 25.70 10 6.5
4 2021-05-21 21:55:29 99.89 25.67 10 5.0
5 2021-05-21 22:31:10 99.97 25.62 8 52
6 2021-06-10 19:46:07 101.92 24.35 8 5.1
7 2021-06-12 18:00:47 97.88 2497 16 5.0
8 2022-01-02 15:02:07 100.65 27.79 10 55
9 2022-11-19 01:27:34 102.26 23.37 8 5.4
10 2023-05-02 23:27:22 99.28 25.53 10 52

! Time is given by the date (YYYY-MM-DD) and time (hh:mm:ss).
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Figure 1. (a) The b value from January 2015 to December 2019 and earthquakes with M > 5.0
from January 2020 to December 2024. The dot and star are scaled to the magnitude. (b) Temporal
distribution of earthquakes in Yunnan Province from January 2000 to December 2024. (c) Temporal
distribution of earthquakes in Yunnan Province from January 2020 to December 2024. (d) The MED
of forecast performance based on the b value in (a). The marked numbers are the serial numbers in
Table 1, and the size of the cross markers is scaled to the magnitude.

As detailed in Figure 1d, from January 2020 to December 2024, the observed data
show that 2/3 of earthquakes with M > 5.5 and 5/10 of those with M > 5.0 occurred to
the left of the threshold proposed in Wang et al. (2021) [23]. Notably, the 2021 M6.5 Yangbi
earthquake (Serial Number 3) occurred at the place with the lowest b value among the ten
events and could be predicted at the alarming rate of less than 5%. Although most of the
earthquakes are under the diagonal line indicating clear forecast efficiency, the prediction
is still far from practical demand. As the b value is hard to estimate and may become less
useful if the seismicity is too low, the incorporation of additional earthquake prediction
information, such as background seismicity rate, into the existing framework may have to
be made.
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4.2. b Value and Background Seismicity Rate in Yunan Province

Figure 2 illustrates the b values and background seismicity rates across five periods,
along with the earthquakes in the subsequent period. From January 2000 to December 2024,
the b value exhibits significant variability, and its earthquake forecasting performance has
been evaluated in prior studies, as noted above. The spatial distribution of background
seismicity across the five periods reveals consistent patterns. Notably, there appears to
be no discernible correlation between the b value and the background seismicity rate.
Background seismic activity is notably pronounced in the northwest, west, southwest, and
south regions of Yunnan Province, corresponding with the occurrence of moderate to large
earthquakes in these areas. In contrast, background seismicity is comparatively low in
the central and eastern parts of Yunnan, indicating a spatial variation in seismic activity
throughout the province.
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Figure 2. The b value and background seismicity rate. (a—e) b value; (f,j) background seismicity rate.
Results in (a,f) using catalog in 2000-2004 and forecasting moderate-large earthquakes in 2005-2009;
(b,g) using catalog in 2005-2009 and forecasting moderate-large earthquakes in 2010-2014; (c,h) using
catalog in 2010-2014 and forecasting moderate-large earthquakes in 2015-2019; (d,i) using catalog in
2015-2019 and forecasting moderate-large earthquakes in 2020-2024; (e,j) using catalog in 2020-2024.
A dot represents an earthquake with 5.0 <M < 5.5. A star represents an earthquake with M > 5.5.
The sizes of the dots and stars are scaled to magnitude.

4.3. Comprehensive Forecast Performance

The time-space alarm model is employed to comprehensively evaluate the perfor-
mance of the spatial b value and background seismicity rates. This model encompasses five
distinct periods: January 2000 to December 2004, January 2005 to December 2009, January
2010 to December 2014, January 2015 to December 2019, and January 2020 to December
2024. During the interval from January 2005 to December 2024, the anticipated moderate to
large earthquakes include 29 events with M > 5.5 and 86 events with M > 5.0.

The forecasting performance of b values and background seismicity rates from January
2005 to December 2024 is evaluated and tested, as illustrated in Figure 3. In Figure 3a, the
forecast efficiency for earthquakes with M > 5.5 using both the b value and background
seismicity rate approaches and partially exceeds the 95% significance level. This indicates
that both predictors perform better than a random guess. Additionally, as shown in
Figure 3d, the forecast efficiency for earthquakes with M > 5.0 based on the b value
significantly exceeds that of random predictions, with an alarming rate of less than 0.4.

126




Entropy 2025, 27, 205

Furthermore, the forecasting efficiency of the background seismicity rate is significantly
better than a random guess and notably higher than that of the b value.
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Figure 3. Forecast performance based on b value and background seismicity rate during 2005-2024.
(a—c) show the results of earthquakes with M > 5.5. (a) MED; (b) PG; (c) PD. (d—f) are the results of
earthquakes with M > 5.0. (d) MED; (e) PG; (f) PD. The number of earthquake samples is = 29 and

Npm>s50 = 86.

The PD for the b value and background seismicity rate, as depicted in Figure 3b,e for
earthquakes with M > 5.5 and M > 5.0, consistently exceeds 1. Specifically, the highest
PG values for M > 5.5 are 236.8 and 9.763 for the b value and background seismicity rate,
respectively, while for M > 5.0, they are 159.7 and 53.22. All of them are observed at
very low alarming rates (below 0.01). In Figure 3c, the PD for earthquakes of magnitude
M > 5.5 remains consistently above 0. The highest PD values for M > 5.5 are 0.36 for the
b value and 0.43 for the background seismicity rate, corresponding to alarming rates of
0.22 and 0.47, respectively. For M > 5.0, the highest PD values are 0.26 and 0.37, with
alarming rates of 0.12 and 0.48. In summary, the b value demonstrates a higher PG, while
the background seismicity rate shows a superior PD. The above evaluation of forecasting
efficiency indicates that both the b value and background seismicity rate are effective
predictors for middle-long-term earthquake occurrences.

In Figure 3, the PG and PD for the b value appear to increase with the forecasted
magnitude, whereas no such trend is observed for the background seismicity rate. This dis-
crepancy likely reflects the differing efficiency of these two factors in earthquake forecasting
across varying magnitudes. For further testing, we analyzed the variation in maximum
PG and PD for both the b value and background seismicity rate with magnitude, as shown
in Figure 4a,b. To quantitatively compare the effectiveness of earthquake forecasts, we
employed the modified area score (S), which represents the area between the actual pre-
diction curve and the random prediction diagonal line, as depicted in Figure 4c [47]. The
maximum PG, PD, and S for the b value clearly increase with magnitude. While for the
background seismicity rate, the maximum PG, PD, and S have no obvious variation trend.
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These results suggest that the b value might be more sensitive to and informative about
large earthquakes in the study region.
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Figure 4. The variation in forecast performance with earthquake magnitude. (a) Variation in maxi-
mum PG with the forecast magnitude; (b) variation in maximum PD with the forecast magnitude;
(c) variation in S with the forecast magnitude.

To integrate prediction information from both the background seismicity rate and
the b value, we conduct a comprehensive evaluation. We establish two thresholds: one
for the b value (denoted as thr},) and another for the background seismicity rate (denoted
as thry). Grid cells with a b value below the threshold thr, and background seismicity
rate above thr, would be alarmed. These two thresholds change gradually, and as a
result, the alarming rates change correspondingly in the range 0-1.0. The overall forecast
performance, which integrates both the b value and the background seismicity rate, is
illustrated in Figure 5. Table 2 presents the maximum values and their respective locations,
along with comprehensive alarming and detecting rates.

Table 2. Maximum PG and PD marked in Figure 5, their location, alarming rate, and detecting rate.

Maximum Alarming Rate  Alarming Rate =~ Comprehensive =~ Comprehensive

Magnitude Type Value (23] (b) Alarming Rate Detecting Rate

PG 26.68 0.03 0.09 0.0052 0.14
PD 0.46 0.64 0.54 0.36 0.83

PG 16.81 0.02 0.01 0.0014 0.023
PD 0.38 0.48 0.89 0.43 0.81

Effective seismic forecasting must balance both low alarming rates and high detecting
rates. As illustrated in Table 2, for maximum PG, the alarming rates for earthquakes of
M > 5.5 and M > 5.0 are 0.0052 and 0.0014, respectively, while the corresponding detecting
rates are 0.14 and 0.023. The detecting rates, which fall below 0.2, suggest that using this
threshold for reliable earthquake forecasting may result in a high missing rate. Conversely,
for maximum PD, the alarming rates for M > 5.5 and M > 5.0 are 0.36 and 0.43, with
detecting rates of 0.83 and 0.81, respectively. Yet the alarming rates exceed 0.3 and may
cause large false alarms. Both the maximum PD and maximum PG fail to establish a
suitable threshold for effective earthquake prediction, indicating that further exploration is
needed to determine an applicable threshold.
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Figure 5. Forecast performance by combining b value and background seismicity rate during
2005-2024. The x-axis is the alarming rate of background seismicity corresponding to thr,, and the
y-axis is the alarming rate of the b value corresponding to thr;,. (a) PG for M > 5.5 earthquakes; (b)
PD for M > 5.5 earthquakes; (c) PG for M > 5.0 earthquakes; (d) PD for M > 5.0 earthquakes. The
location of the maximum value (PG or PD) in each figure is marked with dots and detailed in Table 2.
The cross in (b) is located at the alarming rate corresponding to the maximum PD in Figure 3c.

5. Implication and Application

Taking a step back, the thresholds used for forecasting are determined based on the
PD of the b value and background seismicity rate. Using the maximum PD for M > 5.5
in Figure 3c and data from 2000 to 2024, the b value and background seismicity rate
corresponding to the maximum PD are set as the thresholds, denoted as thr_PD; and
thr_PD,,, respectively, and summarized in Table 3. If earthquake forecasting relies solely
on either the b value or the background seismicity rate, the PG is 2.64 or 1.91, respectively.
However, when integrating the b value and background seismicity rate, the PG increases
to 3.69. This difference in PG suggests that incorporating the background seismicity rate
contributes to an improvement in forecasting performance. The earthquake forecast for the
period from January 2025 to December 2029 is based on the spatial b value and background
seismicity rate data from January 2020 to December 2024, as illustrated in Figure 2e,j. Based
on the b value, grid cells with a b value lower than thr_PD), are alarmed, as shown in
red in Figure 6a. Based on the background seismicity rate, grid cells with a background
seismicity rate higher than thr_PD,, are alarmed, as shown in red in Figure 6b. When
considering both the b value and background seismicity rate, grid cells that are alarmed
in both Figure 6a,b are marked for alarm, as shown in Figure 6¢. Notably, regions such as
Dali, Lijiang, Baoshan, Puer, and Yuxi exhibit higher earthquake potential.
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Table 3. The threshold determined by maximum PD of M > 5.5 in Figure 3¢ and its alarming rate,
detecting rate, and PG.

Alarming Detecting Comprehensive Comprehensive Comprehensive
Threshold Rate Rate PG Alarming Rate Detecting Rate PG
b 0.9056 0.22 0.58 2.64
u 0.0033 0.47 0.90 1.91 0.13 0.48 3.69
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Figure 6. Alarmed regions for the period from January 2025 to December 2029 based on b value
and background seismicity rate obtained during 2020-2024. (a) Alarmed area based on b value and
thr_PDy, with 0.38 alarming rate; (b) alarmed area based on background seismicity rate and thr_PD,,,
with 0.42 alarming rate; (c) alarmed area based on b value and background seismicity rate, with 0.20
alarming rate. The red edge squares show the alarmed grid cells.

Based on the maximum PD, we first identify potential high-earthquake-risk areas by
focusing on regions with low b values, as shown in Figure 6a. Subsequently, the high-risk
zones are refined by excluding areas with low background seismicity rates, as shown in
Figure 6c¢. The retrospective analysis of two decades of data (2005-2024) shows that this
method reduces the alarming rate and increases PG by 40% compared to forecasts based
solely on b value, indicating improved forecasting performance by integrating background
seismicity rate. Future research will focus on effectively incorporating multiple data sources,
as improving observation accuracy and increasing data availability enhanced earthquake
forecasting potential. One potential solution is to employ machine learning techniques to
assist in decision-making. Compared to direct learning from raw observational data, data
that have been effectively processed and preliminarily tested, such as the b value and the
background seismicity rate adopted in this study, contain more useful information and
may potentially lead to better forecasting outcomes.

The proposed approach involves the formulation of a comprehensive five-year earth-
quake prediction model that is fundamentally based on patterns of seismic activity. How-
ever, accurately determining the timing of earthquake occurrences requires additional
validation through short-term prediction techniques. These techniques include the analysis
of foreshocks, geophysical anomalies that may signal changes in the Earth’s crust, and
other recognized earthquake precursors [48-52]. The feasibility of this validation process
has been improved due to recent advancements in observational technologies, which allow
for more precise monitoring and analysis of seismic phenomena. Moreover, middle-long-
term forecasting can provide crucial insights that aid in the systematic organization of
high-quality observations in potential fault zones, thus helping to enhance the overall
understanding of seismic behavior. In addition, the prediction results can be helpful for
regional disaster preparedness and risk management.

130



Entropy 2025, 27, 205

References

1.  Gutenberg, B.; Richter, C.F. Frequency of Earthquakes in California. Bull. Seismol. Soc. Am. 1944, 34, 185-188. [CrossRef]
2. Utsu, T. A Method for Determing the Value of b in a Formula Log N=a-BM Showing the Magnitude-Frequency Relation for

6. Conclusions

Using the earthquake catalog from the China Earthquake Networks Center, this study
validates the practicality and efficacy of earthquake forecasting based on the b value, as
proposed in the work of Wang et al. (2021) [23]. The predictive performance of both the
background seismicity rate and the b value is comprehensively evaluated, demonstrating
their effectiveness for 5-year forecasting in Yunnan Province, China. The performance of
the b value shows a positive correlation with the predicted earthquake magnitude. The
synergistic effect of combining these two predictors is also explored. By employing the
threshold corresponding to the maximum PD, we identify high-earthquake-risk areas based
on low b values and refine them by excluding regions with low background seismicity rates.
A retrospective analysis shows this strategy can reduce the alarming rate and increase PG
by 40% compared to the b-value-only forecast. A forward prediction for the period from
January 2025 to December 2029 is finally derived, identifying regions with high earthquake
potential, including Dali, Lijiang, Baoshan, Puer, and Yuxi.

Author Contributions: Conceptualization, PH. and R.W.; methodology, Y.Z., ].Z. and Y.C.; software,
J.Z. and Y.C,; validation, Y.Z., RW.,, M.M., C.J,, LM., H.S,, D.L,, L.L,, Y.S. and PH.; formal analysis,
Y.Z. and R.W.,; investigation, Y.Z., RW. and P.H.; resources, PH. and R.W.,; data curation, H.S., C].,
LM, D.L, LL. and Y.S.; writing—original draft preparation, Y.Z. and R.W.; writing—review and
editing, Z.Z. and R.W.; visualization, Y.Z. and R.W.; supervision, PH., ].Z. and Z.Z. All authors have
read and agreed to the published version of the manuscript.

Funding: This research is partly supported by the National Natural Science Foundation of China
(Grant No. 42222405, 42404063). J.Z. also thanks the MEXT project for seismology toward research
innovation with earthquake data (STAR-E project), Grant No. JPJ010217.

Institutional Review Board Statement: Not applicable.

Data Availability Statement: The catalog in this study was provided by the Earthquake Administra-
tion of Yunnan Province, China.

Acknowledgments: We thank Wessel et al. for the Generic Mapping Tools (GMT) used to plot
some of the figures [53]. We gratefully acknowledge Ogata et al. for the constructive guidance and
Hierarchical Space-Time Point-Process Models software [39]. We thank the three reviewers for their
comments and suggestions.

Conflicts of Interest: Author Ying Chang was employed by the company BGRIMM Technology
Group. The remaining authors declare that the research was conducted in the absence of any
commercial or financial relationships that could be construed as a potential conflict of interest.

Earthquakes. Geophys. Bull. Hokkaido Univ. 1965, 13, 99-103. (In Japanese)

3. El-Isa, Z.H.; Eaton, D.W. Spatiotemporal Variations in the B-Value of Earthquake Magnitude-Frequency Distributions: Classifica-

tion and Causes. Tectonophysics 2014, 615-616, 1-11. [CrossRef]

4. Nanjo, K.Z; Hirata, N.; Obara, K.; Kasahara, K. Decade-Scale Decrease in b Value Prior to the M9-Class 2011 Tohoku and 2004

Sumatra Quakes. Geophys. Res. Lett. 2012, 39, 20304. [CrossRef]

5. Shi, H.; Meng, L.; Zhang, X.; Chang, Y.; Yang, Z.; Xie, W.; Hattori, K.; Han, P. Decrease in b Value Prior to the Wenchuan

Earthquake (Ms8.0). Chin. ]. Geophys. 2018, 61, 1874-1882. [CrossRef]
6. Kulhanek, O. Seminar on B-Value; Uppsala University: Uppsala, Sweden, 2005.

7. Nuannin, P. Spatial and Temporal b Value Anomalies Preceding the Devastating off Coast of NW Sumatra Earthquake of

December 26, 2004. Geophys. Res. Lett. 2005, 32, L11307. [CrossRef]

8. Nanjo, K.Z.; Izutsu, ].; Orihara, Y.; Kamogawa, M. Changes in Seismicity Pattern Due to the 2016 Kumamoto Earthquake Sequence

and Implications for Improving the Foreshock Traffic-Light System. Tectonophysics 2022, 822, 229175. [CrossRef]

131



Entropy 2025, 27, 205

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Huang, J.; Turcotte, D.L. Fractal Distributions of Stress and Strength and Variations of B-Value. Earth Planet. Sci. Lett. 1988, 91,
223-230. [CrossRef]

Convertito, V.; Tramelli, A.; Godano, C. B Map Evaluation and On-Fault Stress State for the Antakya 2023 Earthquakes. Sci. Rep.
2024, 14, 1-7. [CrossRef] [PubMed]

Varotsos, P.A.; Sarlis, N.V.; Skordas, E.S. Order Parameter Fluctuations in Natural Time and B-Value Variation before Large
Earthquakes. Nat. Hazards Earth Syst. Sci. 2012, 12, 3473-3481. [CrossRef]

Varotsos, P.A.; Sarlis, N.V.; Skordas, E.S. Study of the Temporal Correlations in the Magnitude Time Series before Major
Earthquakes in Japan. J. Geophys. Res. Space Phys. 2014, 119, 9192-9206. [CrossRef]

Sarlis, N.V.; Skordas, E.S.; Varotsos, P.A.; Nagao, T.; Kamogawa, M.; Uyeda, S. Spatiotemporal Variations of Seismicity before
Major Earthquakes in the Japanese Area and Their Relation with the Epicentral Locations. Proc. Natl. Acad. Sci. USA 2015, 112,
986-989. [CrossRef]| [PubMed]

Scholz, C.H. On the Stress Dependence of Earthquake b Value. Geophys. Res. Lett. 2015, 42, 1399-1402. [CrossRef]

Wu, YM,; Chen, S.K.; Huang, T.C.; Huang, H.H.; Chao, W.A.; Koulakov, I. Relationship Between Earthquake B-Values and Crustal
Stresses in a Young Orogenic Belt. Geophys. Res. Lett. 2018, 45, 1832-1837. [CrossRef]

Spada, M.; Tormann, T.; Wiemer, S.; Enescu, B. Generic Dependence of the Frequency-Size Distribution of Earthquakes on Depth
and Its Relation to the Strength Profile of the Crust. Geophys. Res. Lett. 2013, 40, 709-714. [CrossRef]

Schorlemmer, D.; Wiemer, S.; Wyss, M. Variations in Earthquake-Size Distribution across Different Stress Regimes. Nature 2005,
437,539-542. [CrossRef]

Peng, G; Lei, X,; Wang, G.; Jiang, F. Precursory Tidal Triggering and b Value Variation before the 2011 Mw 5.1 and 5.0 Tengchong,
China Earthquakes. Earth Planet. Sci. Lett. 2021, 574, 117167. [CrossRef]

Ito, R.; Kaneko, Y. Physical Mechanism for a Temporal Decrease of the Gutenberg-Richter b-Value Prior to a Large Earthquake.
J. Geophys. Res. Solid. Earth 2023, 128, €2023]B027413. [CrossRef]

Nanjo, K.Z. Were Changes in Stress State Responsible for the 2019 Ridgecrest, California, Earthquakes? Nat. Commun. 2020, 11,
3082. [CrossRef] [PubMed]

Beall, A.; van den Ende, M.; Ampuero, ].P; Capitanio, FA.; Fagereng, A. Linking Earthquake Magnitude-Frequency Statistics and
Stress in Visco-Frictional Fault Zone Models. Geophys. Res. Lett. 2022, 49, €2022GL099247. [CrossRef]

Molchan, G. Space—Time Earthquake Prediction: The Error Diagrams. In Seismogenesis and Earthquake Forecasting: The Frank
Evison Volume II; Springer: Basel, Switzerland, 2010; pp. 53-63.

Wang, R.; Chang, Y.; Miao, M.; Zeng, Z.; Chen, H.; Shi, H.; Li, D.; Liu, L.; Su, Y.; Han, P. Assessing Earthquake Forecast
Performance Based on b Value in Yunnan Province, China. Entropy 2021, 23, 730. [CrossRef] [PubMed]

Hainzl, S.; Kraft, T.; Wassermann, J.; Igel, H.; Schmedes, E. Evidence for Rainfall-Triggered Earthquake Activity. Geophys. Res.
Lett. 2006, 33. [CrossRef]

Hainzl, S.; Ogata, Y. Detecting Fluid Signals in Seismicity Data through Statistical Earthquake Modeling. J. Geophys. Res. Solid.
Earth 2005, 110, 1-10. [CrossRef]

Jia, K. Modeling the Spatiotemporal Seismicity Patterns of the Longmen Shan Fault Zone Based on the Coulomb Rate and State
Model. Seismol. Res. Lett. 2021, 92, 275-286. [CrossRef]

Heimisson, E.R.; Segall, P. Constitutive Law for Earthquake Production Based on Rate-and-State Friction: Dieterich 1994 Revisited.
J. Geophys. Res. Solid Earth 2018, 123, 4141-4156. [CrossRef]

Helmstetter, A.; Shaw, B.E. Afterslip and Aftershocks in the Rate-and-State Friction Law. J. Geophys. Res. Solid. Earth 2009, 114.
[CrossRef]

Dieterich, J.H. Earthquake Nucleation on Faults with Rate-and State-Dependent Strength. Tectonophysics 1992, 211, 115-134.
[CrossRef]

Nandan, S.; Ouillon, G.; Wiemer, S.; Sornette, D. Objective Estimation of Spatially Variable Parameters of Epidemic Type
Aftershock Sequence Model: Application to California. J. Geophys. Res. Solid. Earth 2017, 122, 5118-5143. [CrossRef]

Stevens, V.L.; Avouac, J.P. On the Relationship between Strain Rate and Seismicity in the India—Asia Collision Zone: Implications
for Probabilistic Seismic Hazard. Geophys. |. Int. 2021, 226, 220-245. [CrossRef]

Kumazawa, T.; Ogata, Y.; Kimura, K.; Maeda, K.; Kobayashi, A. Background Rates of Swarm Earthquakes That Are Synchronized
with Volumetric Strain Changes. Earth Planet. Sci. Lett. 2016, 442, 51-60. [CrossRef]

Bolton, D.C.; Shreedharan, S.; Riviere, J.; Marone, C. Frequency-Magnitude Statistics of Laboratory Foreshocks Vary with Shear
Velocity, Fault Slip Rate, and Shear Stress. J. Geophys. Res. Solid. Earth 2021, 126, €2021]JB022175. [CrossRef] [PubMed]

Ogata, Y. Prediction and Validation of Short-to-Long-Term Earthquake Probabilities in Inland Japan Using the Hierarchical
Space-Time ETAS and Space-Time Poisson Process Models. Earth Planets Space 2022, 74, 1-12. [CrossRef]

Ogata, Y. Statistics of Earthquake Activity: Models and Methods for Earthquake Predictability Studies. Annu. Rev. Earth Planet.
Sci. 2017, 45, 497-527. [CrossRef]

132



Entropy 2025, 27, 205

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Zhuang, J. Long-Term Earthquake Forecasts Based on the Epidemic-Type Aftershock Sequence (ETAS) Model for Short-Term
Clustering. Res. Geophys. 2012, 2, 8. [CrossRef]

Xiong, Z.; Zhuang, J.; Zhou, S. Long-Term Earthquake Hazard in North China Estimated from a Modern Catalog. Bull. Seismol.
Soc. Am. 2019, 109, 2340-2355. [CrossRef]

Liu, L.; Li, Z,; Jiang, C. Research on Minimum Magnitude of Completeness for Earthquake Catalogue in Yunnan Region. |.
Seismol. Res. 2012, 35, 288-293. [CrossRef]

Ogata, Y.; Katsura, K.; Tanemura, M.; Harte, D.; Zhuang, J. Hierarchical Space-Time Point-Process Models (HIST-PPM): Soft-
ware Documentation. 2020. Available online: https://bemlar.ism.ac.jp/ogata/HIST-PPM-V3/manual.pdf (accessed on 12
January 2025).

Ogata, Y.; Imoto, M.; Katsura, K. 3-D Spatial Variation of B-Values of Magnitude-Frequency Distribution Beneath the Kanto
District, Japan. Geophys. J. Int. 1991, 104, 135-146. [CrossRef]

Ogata, Y.; Katsura, K. Analysis of Temporal and Spatial Heterogeneity of Magnitude Frequency Distribution Inferred from
Earthquake Catalogues. Geophys. |. Int. 1993, 113, 727-738. [CrossRef]

Akaike, H. Likelihood and Bayes Procedure. In Bayesian Statistics; Bernardo, ].M., Degroot, M.H., Lindley, D.V., Smith, A.FEM.,
Eds.; University Press: Valencia, Spain, 1980; Volume 3, pp. 143-166.

Zhuang, J.; Ogata, Y.; Vere-Jones, D. Stochastic Declustering of Space-Time Earthquake Occurrences. |. Am. Stat. Assoc. 2002, 97,
369-380. [CrossRef]

Molchan, G.M. Strategies in Strong Earthquake Prediction. Phys. Earth Planet. Inter. 1990, 61, 84-98. [CrossRef]

Molchan, G.M. Structure of Optimal Strategies in Earthquake Prediction. Tectonophysics 1991, 193, 267-276. [CrossRef]

Chen, H.; Han, P.; Hattori, K. Recent Advances and Challenges in the Seismo-Electromagnetic Study: A Brief Review. Remote
Sens. 2022, 14, 5893. [CrossRef]

Han, P,; Hattori, K.; Zhuang, J.; Chen, C.H,; Liu, ].Y.; Yoshida, S. Evaluation of ULF Seismo-Magnetic Phenomena in Kakioka,
Japan by Using Molchan’s Error Diagram. Geophys. J. Int. 2017, 208, 482-490. [CrossRef]

Gulia, L.; Wiemer, S. Real-Time Discrimination of Earthquake Foreshocks and Aftershocks. Nature 2019, 574, 193-199. [CrossRef]
Brgmann, R. Reliable Earthquake Precursors? Science 2023, 381, 266-267. [CrossRef]

Pulinets, S.; Herrera, VM.V. Earthquake Precursors: The Physics, Identification, and Application. Geosciences 2024, 14, 209.
[CrossRef]

Wang, R.; Chang, Y.; Han, P.; Miao, M.; Zeng, Z.; Shi, H.; Li, D.; Liu, L.; Su, Y. Optimized Traffic Light System with AIC and
Application to the 2021 M6.7 Yangbi Earthquake Sequence. Entropy 2023, 25, 759. [CrossRef]

Han, P; Zhuang, J.; Hattori, K.; Chen, C.-H.; Febriani, F.; Chen, H.; Yoshino, C.; Yoshida, S. Assessing the Potential Earthquake
Precursory Information in ULF Magnetic Data Recorded in Kanto, Japan during 2000-2010: Distance and Magnitude Dependences.
Entropy 2020, 22, 859. [CrossRef] [PubMed]

Wessel, P; Luis, ].F,; Uieda, L.; Scharroo, R.; Wobbe, E.; Smith, W.H.F,; Tian, D. The Generic Mapping Tools Version 6. Geochem.
Geophys. Geosyst. 2019, 20, 5556-5564. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

133



‘ entropy

Article

Quantitative Assessment of the Trigger Effect of Proton Flux
on Seismicity

Alexey Lyubushin * and Eugeny Rodionov

Institute of Physics of the Earth RAS, Moscow 123242, Russia; evgeny_980@list.ru
* Correspondence: lyubushin@yandex.ru

Abstract: An estimate of the trigger effect of the proton flux on seismicity was obtained.
The proton flux time series with a time step of 5 min, 2000-2024, was analyzed. In each
time interval of 5 days, statistics of the proton flux time series were calculated: mean values,
logarithm of kurtosis, spectral slope, singularities spectrum support width, wavelet-based
entropy, and the Donoho-Johnston wavelet-based index. For each of the used statistics,
time points of local extrema were found, and for each pair of time sequences of proton flux
statistics and earthquakes with a magnitude of at least 6.5 in sliding time windows, the
“advance measures” of each time sequence relative to the other were estimated using a
model of the intensity of interacting point processes. The difference between the “direct”
measure of the advance of time points of local extrema of proton flux statistics relative to
the time moments of earthquakes and the “inverse” measure of the advance was calculated.
The maximum proportion of the intensity of seismic events for which the proton flux was a
trigger was estimated as 0.28 for using the points of the local minima of the singularities
spectrum support width.

Keywords: earthquakes; proton flux; point processes; wavelets; kurtosis; spectral slope;
entropy; multifractals

1. Introduction

The influence of solar activity on various processes on Earth has long been the subject
of close study, which resulted in the appearance of the term “space weather”. The review [1]
considers various aspects of the influence of solar activity on the Earth’s climate and
anthropogenic processes. The ionosphere, as an important component of the concept of
space weather, was studied in the works [2—4]. The results of the development of statistical
methods for predicting strong solar flares, including using machine learning, are presented
in the articles [5-8]. An important issue in the study of space weather is its impact on
catastrophic events in the life of society, such as earthquakes. In particular, methods have
not yet been developed that allow us to unambiguously answer the question of whether
strong solar flares and other electromagnetic events in the ionosphere have a trigger effect
on the occurrence of sufficiently strong earthquakes. A lot of research is devoted to this
issue [9]. The papers [10,11] present the results of the analysis of correlations between
11 and 12-year cycles of solar activity and time intervals of increasing intensity of seismic
events over long periods of time. A comparison of time intervals of high seismic activity
with the phases of solar cycles since 1900 is carried out in the paper [12].

The identification of the effects of the delay of strong earthquakes relative to the time
intervals of geomagnetic storm maxima was considered in [13,14]. In [15], a similar effect
of the delay of seismic events was studied for sunspot numbers. The hypothesis about the
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occurrence of time anomalies of atmospheric electric fields preceding the occurrence of
strong earthquakes, including deep-focus ones, as a result of processes in the source of an
impending seismic event was studied in [16]. A similar question about the occurrence of
atmospheric and ionospheric electromagnetic signals recorded by spacecraft and preceding
moderate seismic events was considered in [17]. In [18,19], the difference between the
global seismic process and the Poisson one after excluding aftershocks is explained by the
piezoelectric effect in rocks as a result of the impact of the proton flux during solar activity,
which has a periodic time structure in addition to the 11-12-year solar cycle. In [20-22],
the hypothesis is investigated about the generation of telluric currents in the Earth’s crust
as a result of the impact of disturbances of ionospheric electromagnetic fields from solar
flares and, as a consequence, their trigger effect on the foci of future seismic events. A
statistical analysis of the impact of 50 largest solar flares in the time interval 1997-2024 on
global seismic activity was performed in [23], as a result of which an increase in seismic
activity was discovered within 10 days after the flare compared to 10 days before it. The
paper [24] provides an overview of the work in Russia for the period 1995-2020 on the
study of the influence of artificial and natural electromagnetic impacts on seismicity and
discusses possible ways of using electromagnetic seismicity to reduce seismic hazard. The
classification of seismic events with a magnitude of at least 6 as they occur as a result of the
impact of a proton flux using a neural network was performed in the paper [25].

The complex dynamics of both the Sun and solar-terrestrial relations requires the use
of a set of modern data processing methods based on the use of nonlinear models for the
analysis of time series describing interacting systems [26]. In [27,28], the internal dynamics
of solar cycles were studied using methods of empirical orthogonal oscillation modes,
estimates of their maximum Lyapunov exponents, and entropy flows between the values
of various parameters of processes inside the Sun. In [29,30], various estimates of the Hurst
exponent and entropy measures were used to analyze data obtained using the Swarm
satellite network of the European Space Agency to describe the most intense magnetic
storms and to quantitatively study the complexity of processes in the upper ionosphere.
In [31], a study was conducted of the structure of currents induced by geomagnetic storms,
leading to accidents in electrical networks, by applying information theory and various
entropy measures to their time series.

In this paper, a new method is proposed that allows obtaining a quantitative estimate
of the influence of various statistics of the proton flux density time series measured by
the Solar Heliospheric Observatory (SOHO) [32] on the sequence of earthquakes with
a magnitude of at least 6.5. The method is based on the use of estimates of “advance
measures” based on a parametric model of the intensities of interacting point processes and
on the calculation of wavelet measures of spectral tilt and entropy, as well as on an estimate
of the width of the carrier of the multifractal spectrum of singularities of the proton flux
density time series.

2. Proton Flux Initial Data

The time series of proton flux values with a time step of 5 min was downloaded from
the website [33]. Figure 1 shows a graph of the time series of proton flux density for the
time period from the beginning of 2000 to 17 October 2024. The time step is 5 min.
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Figure 1. Time series graph of the proton flux from the beginning of 2000 to 17 October 2024 with a
time step of 5 min. Proton flux density unit “Pfu” means Particles-cm™~!-s~!-steradian .
In the future, when analyzing the relationship between the proton flux and earth-
quakes, we will use various statistics of the proton flux density time series calculated in a
time interval of 5 days (1440 readings with a time step of 5 min), taken with an offset of
1 day (288 5-min readings).
We start with the simplest statistics equal to the average value of the flux density in
these intervals. From the beginning of 2000 to 17 October 2024, 1136 earthquakes with a
magnitude of at least 6.5 occurred. Therefore, we found the 1136 largest local maxima of
the average flux density values and present them as a function of the position of the right
end of 5-day time windows. These two time sequences of events are shown in Figure 2.
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Figure 2. (a) Time sequence of 1136 largest local maxima of average values of proton flux density
in sliding time windows of 5 days with a shift of 1 day; (b) time sequence of earthquakes with a
magnitude of at least 6.5; data from the source [34].

The chosen minimum magnitude of 6.5 is representative for the whole world, and the
corresponding time sequence does not contain aftershocks, which is important to ensure
homogeneity of the time points of seismic events.
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3. Periodic Components of the Proton Flux

The proton flux comes from the Sun, for which a number of periodicities are known,
the best known of which is the 11-12-year periodicity, which determines the numbering of
solar cycles. However, there is also a period due to the rotation of the Sun around its axis,
equal to approximately 27 days. This periodicity should be reflected in variations in the
proton flux density. Figure 3 shows the spectral composition of the proton flux density after
the transition from the original time series to the average daily values. The power spectrum
of the proton flux was calculated in a sliding time window of 730 days (2 years) with an
offset of 30 days using the autoregressive model of order 70 [35]. The time—frequency
diagram of the evolution of the spectrum logarithm is shown in Figure 3a, while the values
obtained by averaging the spectral estimates from all time windows are presented as a
graph in Figure 3b. This figure highlights four maximum spectral peaks, next to which the
values of their periods in days are indicated. It is evident that the maximum spectral peak
had a period of 26.95 days, approximately equal to the period of the Sun’s rotation. The
other periods correspond to its overtones.
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Figure 3. Spectral composition of the proton flux in the low-frequency part of the spectrum:
(a) time—frequency diagram of the evolution of the logarithm of the power spectrum in a sliding
time window of 2 years; (b) graph of the average power spectrum from all time windows, where the
period in days is shown next to the 4 largest spectral peaks.

4. Periodic Components of the Earthquake Sequence

Of interest is the question of whether the 27-day periodicity of the proton flux shown
in Figure 2 is reflected in the periodicity of the intensity of seismic events. To do this, it is
necessary to estimate this periodicity, taking into account that the sequence of earthquakes
is not a time series with a constant time step, for which classical spectral estimation
methods [35] can be applied. Below, the method proposed in [36] is used to estimate the
periodic components of the intensity of the sequence of events. In [37], this method was
used to calculate the periodic component of the stepwise variations in the time series of the
displacement of the earth’s surface measured by GPS.

Lett;, i =1,..., N be the times of the sequence of events observed on the interval
(0, T]. Consider the following intensity model containing a periodic component:

A(t) = p- (14 acos(wt + ¢)) 1)

where frequency w, amplitude a2, 0 < a < 1, phase angle ¢, and ¢ € [0, 277] multiplier
# > 0 (describing the Poisson part of the intensity) are parameters of the model. Thus, the
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Poisson part of the intensity is modulated by a harmonic oscillation. Let us fix some value
of frequency w. The logarithmic likelihood function [38] in this case for a series of observed
events is equal to

In(L) = tZln()\(ti)) — [ Als)ds =
! 2
= NIn(p) + X In(1 +acos(wt; + ¢)) — uT — %[sin(wT + ¢) —sin(¢)] @
t
Taking the maximum of expression (2) with respect to the parameter y, it is easy to
find that

In(L(f1,a, |w)) =) In(1 +acos(wt; + ¢)) + N -In(fia, p|w)) — N ®)
£

It should be noted that the expression fi(a = 0, ¢|w) = fig = N /T is an estimate of the
intensity of the process under the condition that it is Poisson homogeneous (purely random).
Thus, the increment of the logarithmic likelihood function due to the consideration of a
richer intensity model with a harmonic component with a given frequency w than for a
purely random flow of events is equal to

AlnL(a, plw) =} In(1 +acos(wt; + ¢)) + N - In(fi(a, |w) /o) )

ti

Let
R(w) = rE?PxAlnL(a,gﬂw), 0<a<1, ¢ecl02n7] ®)

An important issue when applying this method to real data is determining the statisti-
cal significance of the obtained peak values of statistics (5). Let us consider two hypotheses
for the same data set X(N) consisting of independent observations:

(1)  XW) distributed by density po(XN)|6)—hypothesis Hy;
) XW) distributed by density p;(XN)|6;)—hypothesis H;.

Here, 6y and 6; are vectors of unknown parameters, having dimensions my and
my, and the hypothesis H; is more “rich”: m; > my, and the vector of parameters 6;
completely include the components of the vector 0. Let us consider the difference between
the logarithms of the likelihood for these two hypotheses, provided that the vectors of
parameters are taken from their maximum likelihood estimates:

Aln L(X(N)) =In (meax pl(X(N) 91)> —In <rrbax pO(X(N)|90)> (6)
1 0

It is evident that Aln L(X(N)) > 0. According to Wilks’ theorem [39], if the hypothesis
is true, the quantity (6) has an asymptotic distribution:

2
AlnL(X(N))N%”,m:ml—mo,N—)oo (7)

In our case, m = 2 and therefore, the doubled value (8) has an asymptotic distribution
density x3 equal to e=*/2/2, and the value (8) itself is distributed asymptotically as

Prob{R(w) <x}=1—¢", N — o (8)

provided that the analyzed sequence of time moments is distributed according to the
Poisson law with constant intensity. Expression (8) allows us to set thresholds for statistics
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Decimal logarithm of periods in days

that allow us to assert that only when they are exceeded does the sequence of time moments
differ from the Poisson sequence with a given probability.

For a time sequence of seismic events with a magnitude of at least 6.5 (Figure 2b), we
calculated the increments of the logarithmic likelihood function (5) in a sliding time window
of 730 days (2 years) with a shift of 30 days for 200 frequency values w corresponding to
the values of periods varying from 10 to 100 days with a uniform step in a logarithmic scale.
The resulting time—frequency dependence, similar to the usual spectral time—frequency
diagram in Figure 3a, is shown in Figure 4a.
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Figure 4. (a) Time—frequency diagram of the evolution of the increment of the logarithmic likelihood
function in a sliding time window of 2 years; (b) graph of the average values of the increment of the
logarithmic likelihood function from all time windows, where the period in days is shown next to the
5 largest spectral peaks.

Figure 4b shows the graph of averaging the increments of the logarithmic likelihood
function (4) for all time windows and highlights five “spectral” peaks exceeding level
2 with periods of 14.84, 23.89, 26.64, 50.5, and 74.9 days. For them, the peak values of
the average increments Aln L were 2.08, 2.14, 2.15, 2.09, and 2.17, respectively. Using the
asymptotic Formula (8), we obtained the following probabilities of difference between
the periodic components of the seismic regime with these periods and a purely random
Poisson process: 0.875, 0.882, 0.883, 0.863, and 0.886.

Thus, it can be stated that the sequence of time moments of earthquakes with mag-
nitudes not lower than 6.5 contained a periodic component with a period of 26.64 days,
close to the period of the Sun’s rotation with a probability of not less than 0.883. This fact
confirms the hypothesis about the influence of solar activity on the Earth’s seismicity.

5. Method for Assessing the Measure of Mutual Advance of Two Streams
of Events

In the future, we will be interested in the question of whether there is an advance of
the moments of time of the largest local maxima of the average values of the proton flux
density (Figure 2a) relative to the moments of time of earthquakes (Figure 2b). Clarification
of this question requires also an assessment of the “reverse” advance and calculation of
their difference. If the average value of this difference is positive, then there is a trigger
effect of the proton flux on seismicity. In addition, the value of the average difference of the
advance measures will give a measure of the trigger effect.

To clarify this issue, we applied the influence matrix method proposed in [40] to
assess the degree of influence of earthquake sequences on each other in several seismically
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active regions. In its original implementation, this method is multidimensional. However,
below, it is simplified and modified for the practically important situation of two time
sequences. This modification was previously used in [41-45] to analyze the relationships
between seismic event times and local extremum time points of various microseismic
background statistics, magnetic field fluctuations, ground tremor, and meteorological time
series properties.

Let t(ja), j=1,...,Ny; « = 1,2 represent the moments of time of two sequences of
events. In our case, these are

(1) asequence of time moments corresponding to the largest local maxima of the average
values of the proton flux;
(2) sequence of times of seismic events with magnitude of at least 6.5.

Let us represent their intensities as follows:
2
/\(oc _ Z ("‘) k (9)

)

where b% %) >0, bl(5 *) > 0 are parameters, ¢P)(t) —function of influence of time moment t](ﬁ
of the sequence with number B:

(i
gP ) =Y 0_,e = (10)
]

According to Formula (10), the weight of the event with number j becomes non-zero

()

for times t > t](-/3 ) and decays with characteristic time 7. The parameter bﬁ determines

()

the degree of influence of the flow B on the flow a. The parameter b, * determines the

degree of influence of the flow a on itself (self-excitation), and the parameter b(o'x) reflects a
purely random (Poisson) component of intensity. Let us fix the parameter T and consider
the problem of determining the parameters b(oa), bg‘).

The log-likelihood function for a non-stationary Poisson process is equal to over the

time interval [0, T] [38]:
Zln (1)) / AW (s)ds, & = 1,2 (11)

It is necessary to find the maximum of functions (11) with respect to the parameters
b(oa), ng). Taking into account Formula (11), we can write the derivative of the logarithmic
likelihood function with respect to the parameters:

oln(Ly) N 1 T 9In(L,) D gP)(b) T
-y — [ s, = — Fl(s)ds (12
aby)  FAWEHY) /0 aby)  F AW (EY) /0 greds 02

From where and from Formula (9) it follows:

2
by + o g0

2 Ny
o 2+ B ) - 3 @ B
b =1 ob, j=1 A (£) (13)

2
—Jo @5 + 0 g (s))ds = Ny — f; 2@ (s)ds
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Since the parameters b must be non-negative, each term in the leftmost part of

() p(a)
0778

this formula is equal to zero at the point of maximum of function (11)—either due to the
necessary conditions of the extremum (if the parameters are positive), or, if the maximum is
reached at the boundary, then the parameters themselves are equal to zero. Consequently,

at the point of maximum of the likelihood function, the equality is satisfied:
/ A ()ds = N, (14)

Let us substitute the expression g(A) (t) from (9) into (14) and divide by T. Then, we
get another form of Formula (14):

2
b%a) + Z b/(;‘) .g(ﬁ) - )\(00‘) =N,/T (15)
B=1

where

/ 2B (s)ds/ T (16)

Substituting b(ok) from (15) into (11), we obtain the following maximum problem:
¥ (p Zln “) 4 Z b N (“))) — max (17)

Here, Ag(P)(t) = ¢(P)(t) — g'P), under restrictions:
(@ - (w)
b >0, b Z <Ay (18)

Function (17) is convex with negative definite Hessian [40] and, therefore, problem
(17)—(18) has a unique solution. Having solved problem (17)—(18) numerically for a given T,
we can introduce the elements of the influence matrix Kgx), x=1,2; B=0,1,2 according to
the formulas:

k) =b) /AY) > 0, k) = b /A (19)

The quantity K((;X) is a share of the average intensity )\(0“) of the process with number «,

(a)

which is purely stochastic, the part «,; ’ is caused by the influence of self-excitation &« — «

and Kl(;‘) , B # w is determined by the external influence f — «. From Formula (15) follows
the normalization condition:

2
Y =1,a=12 (20)
p=1
As a result, we can determine the influence matrix:
1) (1) (1
K(O) K(l) K(z) 2
K(g) K(12) K(;)

The first column of matrix (21) is composed of Poisson shares of mean intensities. The
diagonal elements of the right submatrix of size 2 x 2 consist of self-excited elements of
mean intensity, while the off-diagonal elements correspond to mutual excitation. The sums
of the component rows of the influence matrix (21) are equal to 1. The influence matrices
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are estimated in a certain sliding time window of length with offset and with a given value
of the attenuation parameter 7.

When analyzing variations of the components of influence matrices in sliding time
windows corresponding to the mutual influence of the analyzed time sequences, the main
attention is paid to their local maxima with their subsequent averaging. Let M| be the num-
ber of windows lengths within limits from Lyjn up to Lmax. Thus, the sequence of windows
lengths is L; = Lmin + (j — 1)AL, j = 1,..., My, where AL = (Lmax — Lmin)/ (M — 1).
Each time window of the length L; is shifted along time axis with mutual shift At. Let t;(L;)
be the sequence of time moments corresponding to right ends of time windows of the length
L;. The number K(L;) of time moments f;(L;) is defined by mutual shift At of time win-
dows of the length L;. Let (t(L;), c(kl) (Lj)) and (t(Lj), c(k2) (L)) be elements K(Zl) and K(lz)
of the matrix (21), corresponding to mutual influences 2 — 1 and 1 — 2 of analyzed time
moments for current position #(L;) of time window of the length L;. Let (t;(L;), 6(;( ) (L)),

« = 1,2 be local maxima of c(,f)(Lj), ie.,c ,Eoi)l(Lj)) < CA(;() (Lj) <c ,(f_fl(Lj).

Let us take some “small” time interval of the length 7 and for the sequence of time mo-
ments [V, Viy+1], Vm+1 — Vm = 1] of such time fragments, where we will calculate the mean
values Gy_,1 (V1) and Gy (v, 11) of é(lf) (L;) for which their time marks ¢ (L;) belong to
these fragments. Averaging is performed over all time window lengths L;, j =1,..., M|.
These mean values in dependence on the right end of intervals v, 1 gives the measures
of the averaged effects of the advance of second sequence of time moments with re-
spect to the first one and vice versa. Our main purpose is calculating the difference
AG(Vy+1) = Go—1 (Vim+1) — G152(Viyt1). In this formula, the first sequence is the sequence
of time moments of earthquakes with a magnitude not less than 6.5, whereas the second
sequence is time moments of the largest local maxima of the mean proton flux time series.
Thus, if average < AG(vy,+1) > is positive, it means that there is a trigger effect.

The full set of parameters of the method is the following: T, Lyin, Lmax, ML, At, .
In our calculations, we used T = 0.05 year (approximately 18 days), Lyin = 0.5 year,
Lmax = 1year, M; = 100, At = 1 day, # = 0.1 year. The calculation results are most
sensitive to the choice of parameters T, Lyin, Lmax- The values used were chosen as a result
of trial calculations and selection of the best options.

6. Measures of Mutual Advance of Local Maxima of the Average Value of
Proton Flux Density and Seismic Event Sequence

In this section of the paper, we apply the method described earlier to the analysis of
the relationships between the time sequences presented in Figure 2. Figure 5 presents the
results of such an analysis.

From the comparison of the graphs in Figure 5, it is evident that the advance of the
moments of time of the largest local maxima of the smoothed proton flux relative to the
moments of time of earthquakes with a magnitude of not less than 6.5 was on average
significantly greater than the reverse advance. At the same time, the difference between
the average values of the advance measures, presented in Figure 5c, had a positive average
value equal to 0.17. This value can be interpreted as an estimate of the part of the average
intensity of all earthquakes with a magnitude of not less than 6.5 for those seismic events
for which the maximum values of the average proton flux density are a trigger. Another
numerical characteristic of the trigger effect is the part of the lengths of the time interval
for which the difference between the “direct” and “reverse” advance is positive. For the
graph in Figure 5c, this part is equal to 0.62.
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Figure 5. (a) Average values of local maxima of the component of influence matrices corresponding
to the “direct” influence of the moments of time of the largest local maxima of the averaged values
of the proton flux density on the moments of time of earthquakes with a magnitude of at least 6.5;
(b) average values of local maxima of the component of influence matrices corresponding to the
“reverse” influence of the moments of time of earthquakes on the moments of time of the largest local
maxima of the averaged values of the proton flux density; (c) the difference between the average
values of local maxima of the component of influence matrices corresponding to the “direct” influence
and corresponding to the “reverse” influence. Blue line—average value; their numerical values are
indicated on the right.

7. Proton Flux Density Time Series Statistics

The average proton flux density values used above are the simplest statistics. An
idea arises to try other proton time series statistics and to estimate the relationship of
the times of their “most expressive” (i.e., largest local maxima or smallest local minima)
extreme values with the times of earthquakes using the above model of influence matrices.
In addition to the simple average values, we used five different proton flux time series
statistics described below. These statistics were estimated in the same time windows of
1440 5 min samples (5 days), taken with an offset of 288 samples (1 day), as before, when
calculating the average values.

(1) The kurtosis of a time series x(t) is calculated in each time window using the
following formula [45]:

K=< (x(t) —m)t > /(< () —me? >, me =< x(8) > 22)

Here, the angle brackets denote the operation of calculating the mean value. The
value x can be considered as a measure of the difference from the Gaussian distribution, for
which « = 3. Below, we use the logarithm of the kurtosis coefficient: Ig(x).

(2) The minimum wavelet-based normalized entropy En of a time series x(t) is calculated
based on the decomposition of the time series within a window into orthogonal wavelets.

En = —) pi-log(pi)/log(N) (23)
k

In Formula (23), px = Ci /Y c]z, ¢ are the wavelet coefficients of the signal x(t), and N
is the total number of wavelet coefficients. Seventeen orthogonal Daubechies wavelets were

143



Entropy 2025, 27, 505

used: 10 ordinary bases with a minimum support with a number of vanishing moments
from 1 to 10 and 7 so-called Daubechies symlets [46], with a number of vanishing moments
from 4 to 10. For each of the bases, the entropy (23) of the distribution of the squares of the
wavelet coefficients was calculated, and then, by enumeration, the optimal basis was found
that realized the minimum value in each time window. By construction, 0 < En < 1. The
details of calculating the entropy (23) in a sliding time window are described in [47].

(3) Wavelet-based spectral slope B. After determining the optimal orthogonal wavelet
from the minimum entropy condition, it is possible to calculate the average values Sy of the
squares of the wavelet coefficients at each detail level, which is part of the oscillation energy
corresponding to the detail level with the number k, which corresponds to the frequency
band with the boundary frequencies féﬁ)n =1/(2%*1As) and fé@x = 1/(2%As), where As
is the length of the sampling time interval (in our case As = 5 min) [46]. Let us consider the
values of the periods corresponding to the centers of these frequency bands:

T = 2/ (fin + finax) = 28/ (27 +-27(40) 24)

The quantities Sy = S(Tj) are similar to the Fourier power spectra. These quantities
are convenient to use when calculating the slope of the graph of the logarithm of the power
spectrum as a function of the logarithm of the period. The spectral slope in each time
window is found by the least squares method:

Y (In(S(Ti)) = B-In(Ty)) — )* = min (25)
(4) The Donoho—Johnston wavelet-based index (D]-index) -y is defined as the ratio of the
number of “large” wavelet coefficients by absolute value to their total number. By definition,
0 <7 < 1. The threshold separating the “large” wavelet coefficients is Tp; = ¢v2-In N.
This threshold separates the informative wavelet coefficients from other coefficients that
are considered noisy [46,48]. The value ¢ is an estimate of the standard deviation of noise
under the assumption that the noise is most concentrated at the first detail level of the
orthogonal wavelet decomposition. To estimate the value, the median estimate of the
standard deviation of a normal random variable is used:

o= med{ ‘clgl)

k= 1,...,N/2}/0.6745 (26)

(5) The multifractal singularity spectrum support width Aw is an important characteristic
of the signal and is considered as a measure of the diversity (complexity) of its stochastic
behavior. Itis defined as Ad = &max — Xmin, Where &, and amax are estimates of minimum
and maximum values of the Holder-Lipschitz exponent [49] «, which governs the behavior
of the signal at the vicinity of time moment t: |x(t +6/2) — x(t —6/2)] ~ |61%, 5 — 0.
For a mono-fractal signal, the Holder—Lipschitz exponent is the same for all time moments
t. Otherwise, the signal is multi-fractal, and the concept of the spectrum of singularities
F(«) is introduced, equal to the fractal dimension of the time moments with the same value
of the Holder-Lipschitz exponent, equal to « [50]. To estimate Ax in each time window,
we used the method of fluctuation analysis after removing scale-dependent trends [51].
The implementation of the method used is described in detail in [47]. To remove local
polynomial trends for the proton flux density time series, we used zero-order polynomials,
i.e.,, we analyzed fluctuations after removing local means.

For a sequence of time intervals of 5 days, taken with a shift of 1 day, we calculated
the values of all five statistics of the proton flux density time series. The results of these
calculations are presented in the graphs in Figure 6.
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Figure 6. (al-a5) Graphs of time series of 5 proton flux density statistics: logarithm of kurtosis
lg(x), wavelet-based spectral slope f, minimum normalized entropy of wavelet coefficients En,
Donoho-Johnstone index v, and the singularity spectrum support width Ag, calculated in sliding
time windows of 5 days with a shift of 1 day. On the right are graphs (b1-b5), corresponding to
the power spectra of time series of proton flux density statistics; for the largest spectral peaks, their
periods in days are indicated.

From the graphs of the power spectra of the time series of changes in statistics, it is
evident that for all of them, with the exception of 1g(x), there is a periodicity of 89 days,
which is especially pronounced for 7y and Aw. It should be noted that the power spectrum
of the change in the average values of the proton flux density does not contain a spectral
component with a period of 89 days.

Let us consider in more detail the time—frequency structure of the variations in the
singularity spectrum support width Aa (Figure 6(a5)), for which the 89-day periodicity
is most clearly visible. Let us denote Ax(s) the dependence of the singularity spectrum
carrier width on time (the position of the right end of the 5-day time window with a 1-day
offset) s and calculate the Morlet wavelet transform [46]:

—+oo

\/5/ Aa(s) - q)(S;i})dS, v>0, 9(t) =

73 exp(—12/2 — irntt)
us

CAn (t/ U) = (27)
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Logaritms of periods in days

The values |cp (t, v) |2 can be interpreted as the energy of signal Aa(s) oscillations in
the vicinity of a time point f with a period v. Figure 7a shows the Morlet time-frequency
diagram of values Ig|ca, (¢, v)| for 200 values of periods v varying within the range from
10 to 500 days with a uniform step on a logarithmic scale. For the frequency band with
periods from 63 to 158 days (logarithms of periods from 1.8 to 2.2), in which the most
intense periodic variations of Aa(s) with a central period of 89 days are concentrated, we
calculated the maximum values mvax(lg|cM(t, v)]). These maximum values are shown
in Figure 7b by a black line. The red line in Figure 7b shows the cyclic trend for the
maximum values of the logarithms of the Morlet wavelet coefficients in the frequency
band highlighted above. The period of this oscillation was determined numerically from
the condition of minimum variance of deviations for trial cyclic trends with periods in
the range from 1500 to 5500 days. As a result of such calculations, it turned out that the
optimal period is equal to 4429 days or approximately 12.13 years, that is, very close to the
period of solar cycles.
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Figure 7. (a) Time—frequency diagram of the logarithms of the moduli of the Morlet wavelet coeffi-
cients of the variations of the singularity spectrum support width Ax for periods from 10 to 500 days;
(b) the black line represents the maximum values of the logarithms of the moduli of the Morlet
coefficients for periods from 63 to 158 days, where the red line is the optimal cyclic trend with a
period of 4429 days or 12.13 years.

8. Measures of Mutual Advance of Local Extrema of Proton Flux Density
and Seismic Event Sequence Statistics

The further plan of using five statistics of the proton flux density time series consists
of assessing the measures of advancement of the time moments of their most expressive
local extrema (the largest local maxima and the smallest local minima) relative to the time
moments of earthquakes with a magnitude of at least 6.5. In this case, the number of points
of the most expressive local extrema will be chosen equal to the number of seismic events,
ie., 1136.

To eliminate the influence of low-frequency components of the change in the values of
statistics on the determination of the moments of time of local extremes, the time series,
the graphs of which are presented in Figure 6(al-a5), were subjected to the operation of
removing low frequencies using Gaussian kernel smoothing. Let u(f) be a time series
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with discrete time t. Gaussian kernel averaging of a time series u(t) with radius (scale
parameter) i > 0 at the moment of time ¢, is calculated using the following formula [52]:

2 2

t—s

e

—(

t—s
h )

u(tlh) =) u(s)-e (28)

s

Calculation of the kernel averaging by Formula (28) for long time series can be effec-

tively implemented using the fast Fourier transform. Then, the average values of the time

series for the averaging radius /1 equal to 2 days were subtracted from the time series of

changes in statistics and the most expressive points of local extrema were found for the
residuals. These operations are illustrated by the graphs in Figure 8.

oy | Tk

-0.1 \ \ \ \ ]
2021 2021.2 2021.4 2021.6 2021.8 2022

Figure 8. (a) The black line shows a graph of a fragment of the time series of changes in singularity
spectrum support width Aa for the time interval 2021-2022; the purple line is the smoothing of the
time series by a Gaussian kernel of radius 2 days. In (b), the red and blue dots show the positions of
1136 largest local maxima and minima of the difference between the original changes in statistics Ax
and the smoothed values (black line) in this time fragment.

When estimating the advance measures by the points of local extrema of the proton
flux statistics, we tested both the points of the largest local maxima and the points of the
smallest local minima after excluding low frequencies using Gaussian smoothing (28). In
this case, the differences between the “direct” and “reverse” lead were calculated. Then,
the variant of the largest local maxima and the smallest local minima for which the average
value of the difference between the average measures of the “direct” and “reverse” lead
was maximum was selected. As a result of such an enumeration of variants, it turned out
that the most preferable were the smallest points of local minima for the statistics 1g(x),
B, v, and Ax, whereas the largest local maxima for the entropy was En. The results of
estimating the differences in the lead measures are presented in Figure 9.

It is interesting to note that when analyzing the prognostic properties of low-frequency
seismic noise measured by a global network of 229 broadband seismic stations located
around the world, it turned out that it is the points of the smallest local minima of statistics
v, Aw, and the points of the largest local maxima of entropy En that have the maximum
prognostic effects relative to the times of the strongest earthquakes with magnitudes of at
least 7 [41].

Another characteristic of the difference of average lead measures is the part of interval
lengths with positive values of the difference. This characteristic is equal to 1g(«) ,;,—0.78;
Bmin—0.75; Ymin—0.71; Akpnin—0.83; Eftmax—0.76; Mean—~0.95, that is, the use of averaging
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provides a frequent positive value of the lead measure, although it loses out in comparison
with the average value of using minima Ax.
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Figure 9. (a—e) Graphs of differences between average values of local extrema of components of
influence matrices corresponding to “direct” advance of time points of local extrema of 5 proton flux
density statistics relative to time moments of earthquakes with magnitude not lower than 6.5 and
corresponding to “reverse” determination. Graphs (a-d) were constructed, respectively, for local
minima of logarithm of kurtosis 1g(x), spectral slope 5, Donoho-Johnstone index -, and singularity
spectrum support width Ax; graph (e) shows points of local maxima of entropy En. Graph (f) is
the averaging of curves in graphs (a—e). Blue lines are average values; their numerical values are
indicated on the right. From the point of view of the average value of the difference in the advance
measures, all these results are noticeably better than using the simplest statistics—the average value
of the proton flux density (Figure 5¢). In this case, the best result is achieved when using the minimum
Aa values—the multi-fractal singularity spectrum support width, for which the average value is 0.28.
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9. Discussion

The conclusions of the article were obtained as a result of applying a sequence of
methods. The first stage consisted of a simple check for the presence of a 27-day period
in the seismic event sequence, which dominates the proton flux density time series and
is related to the rotation of the Sun. At this stage, the existence of this periodicity in
the seismic event stream was confirmed with a probability of 88%. This is an indirect
confirmation of the influence of the proton flux on seismicity. At the second stage of the
analysis, the hypothesis about the influence of the proton flux on earthquakes was tested
by a more “direct” method, based on the influence matrix method. In this method, two
time sequences are processed, and the influence of events in each sequence to events in the
other stream is directly estimated. In this case, the method allows for the calculating the
contribution of a purely random (Poisson) component, the contribution of self-excitation,
and the contributions of mutual excitation. In this analysis, one of the event sequences
is always a sequence of time moments of earthquakes with a magnitude of at least 6.5.
As for the second sequence of times, it varies. The simplest option is to select the time
points of the largest local maxima of the average value of the proton flux density. For this
option, the proportion of the average intensity of earthquakes for which the maximum
values of the proton flux density are a trigger is 17% (Figure 5). However, this result can be
significantly improved if, instead of a simple average, we take more sophisticated statistics
of the behavior of the time series of the proton flux density. The results for enumerating
five variants of statistics are shown in Figure 9. The best result (28%) was obtained when
using the time points of the smallest local minima of the multifractal singularity spectrum
support width (Figure 9d). But, if we average over the set of all used statistics, we obtain
23% (Figure 9f). Although the second value is less than the first, when averaging, the
proportion of time when the trigger effect occurs is 0.95, while for the “record” statistics it
is 0.83. In this sense, 23% is a more stable estimate.

An 89-day periodicity in the variations of proton flux statistics has been revealed.
One hypothesis is that this periodicity may be related to the modulation of the proton flux
density by the motion of Mercury, the planet closest to the Sun with an orbital period of
89 days. The presence of a 12-year periodicity in the change in the maximum values of the
logarithms of the modules of the Morlet wavelet coefficients for the singularity spectrum
support width confirms the connection of the 89-day periodicity with solar dynamics.
Another hypothesis for the origin of this periodicity is the coincidence of 89 days with
half the oscillation period of the SOHO satellite, which measures the proton flux density,
in the vicinity of the Lagrange libration point L1 [32]. However, the mechanism of such
modulation, which is maximum precisely for the Donoho-Johnston index statistics and the
singularity spectrum support width, remains unclear.
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Abstract: This study investigates the implementation of Schreider’s quiescence algorithm
and two variants that utilize spatiotemporal data to identify patterns of seismic quiescence.
These patterns are of particular interest as they may serve as precursors to major seismic
events, specifically large earthquakes (M > 7), within the Mexican subduction zone
associated with the Cocos Plate. We identify two characteristic stages: the a-stage, where
a notable deviation is observed in the Schreider convolutions, and the B-stage, where the
convolutions return to their background levels. In addition, we identify that the Schreider
algorithm cannot discern quiescence patterns when earthquakes M > 7 are too close in
space and time. Consequently, we explore the behavior of the convolutions in three cases
where the algorithm is restarted after the mainshocks, and we find apparent advantages
for the spatiotemporal variants of the convolutions. The findings contribute to a more
profound understanding of the stages preceding large subduction earthquakes and aid in
the identification of precursor patterns in this region.

Keywords: seismic precursors; mexican subduction zone; schreider algorithm; seismic
quiescence

1. Introduction

Within the context of earth sciences, since several decades ago, the problem of earth-
quake prediction has attracted the attention of many researchers [1,2]. However, at the
present time, no universally accepted method to predict the occurrence of large-magnitude
earthquakes currently exists. Nevertheless, efforts to investigate this extraordinarily com-
plex problem continue [3,4]. One of the methods most commonly used is searching for
quiescence patterns before the occurrence of great earthquakes using different approaches
such as those proposed by Ohtake [5-7] and Schreider [8], among many others [9-16]. In
fact, Wyss and Habermann (1988) defined the quiescence pattern formally as follows [10]:
“seismic quiescence is a decrease of mean seismicity rate as compared to the background
rate in the same crustal volume, judged significant by some clearly defined standard. The
rate decrease (x-stage proposed by Ohtake [5]) takes place within part, or all, of the source
volume of the subsequent main shock, and it extends up to the time of the mainshock
or may be separated from it by a relatively short period of increased seismicity rate (-
stage [5])”. For a pedagogical scheme, see the explanation presented online in Section S1 of
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the Supplementary Materials. However, the hypothesis of precursory seismic quiescence
is not universally accepted, and there exist different approaches to measure, map, and
evaluate possible episodes of seismic quiescence [17].

Nonetheless, the pursuit of quiescence patterns is regarded as a promising approach
for approximating the forecast of great EQs. In the present article, the Schreider algorithm
is employed in its original form and in a modified form. Specifically, this study unveils the
existence of quiescence patterns derived from convolution series comprising spatiotemporal
information. These patterns are poised to be associated with a series of eight earthquakes
of magnitude M > 7 that occurred along the Pacific coast of Mexico from 2012 to 2022.
Furthermore, we employ a relatively novel method that was published in 2018. This
method involves the exploration of a quantity referred to as seismic pseudo-velocity [18].
The present article is organized as follows: Section 2 is dedicated to reviewing the methods
we use to study the possible seismic quiescence patterns along the Pacific Mexican Coast in
the Latitude interval [10° N, 22° N] and in the Longitude interval [108° W, 87° W] during
the period from 1 January 1990 until 1 January 2025. In Section 3, we describe the database
used for this paper. In Sections 4 and 5, we show the principal results of the application
of the methods described in Section 2 to eight earthquakes (M > 7); all of them presented
evidence of quiescence patterns before the respective mainshocks. Finally, in Section 6, we
present our concluding remarks.

2. Methods
2.1. Schreider Algorithm

The identification of zones of seismic quiescence can be facilitated by employing the
Schreider algorithm [8]. The initial step entails the selection of a threshold magnitude,
designated as My, and the delineation of a volumetric region for the study. In this study,
cylindrical volumes of radii r are utilized, as previously defined in [14,18]. The focal
mechanism of each mainshock is centered in a cylindrical region, with the objective of
identifying significant anomalies in the inter-times AT (1) = t(n) — t(n — 1) of consecutive
earthquakes. In this context, t(n) denotes the occurrence time of the n-th seismic event.
Consequently, AT (n) is defined as a measure of seismic frequency, with low (high) seismic-
ity corresponding to large (small) values of AT, respectively. To ensure the desired level of
smoothness, the Laplace function, denoted by f(#,s), is employed [8]). The definition of
this function is as follows:

n2

1
f(n,s):ﬁexp[—?}, n=1,2,3,.., 1)

where s is the smoothness parameter [8]. Subsequently, each k;;, earthquake can be associated
with the convolution through the application of the following formula:

1
T (k) = ;}AT(k —n)f(n,s), )

where the value of | is determined when the function f(#,s) is approximately zero. Con-
sequently, the convolution 7 (k) is determined by three parameters, My, r, and s, which
are selected on an arbitrary basis. In order to identify a period of seismic quiescence, it
is necessary to ascertain the average value of 7 (k) calculated over an extended period of
time, under the assumption that this average value is then stabilized. This average value T
is as follows:

T2 % T
- N7 7 (3)
N k=1
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where N is the total number of earthquakes with magnitude M > M;;, which fall inside the
exploration of the cylindrical region. The standard deviation is calculated as follows:

_ J Nl—lszi Tk —ﬂZ. @

The temporary convolution function 7 (k) follows a Gaussian distribution. Because of this,

Schreider assumed that values of T (k) greater than T + 3¢ are considered abnormally
large. Therefore, cylindrical regions that show this behavior are considered to contain
abnormal seismic quiescence [14].

2.2. Analysis of Spatio-Temporal Series Using the Schreider Algorithm

The Schreider algorithm focuses exclusively on the temporal characteristics of seismic
events, with the objective of identifying periods of seismic quiescence. We hereby propose
the inclusion of the inter-distance, denoted here as AR, of consecutive earthquakes:

AR(n) = ||R(n) — R(n —1)]], ®)

where || - || denotes the euclidean distance. We hereby propose the implementation of the
convolution utilized in the Schreider algorithm, albeit employing the product of inter-times
and inter-distances, as outlined below:

1

RT (k) =Y [AR(k —n) X AT(k — n)}f(n,s). (6)

n=0

Equation (6) includes the role of seismic frequency and spatial occurrence (distance between
consecutive hypocenters) for searching seismic quiescence.

2.3. Analysis of Pseudo-Velocity Series Using the Schreider Algorithm

In the aforementioned work [18], the concept of pseudo-velocity was introduced with
the objective of quantifying multifractal changes associated with major seismic events
(M > 7). We examine the behavior of this novel variable, which encompasses the temporal
and spatial characteristics of seismic events. The pseudo-velocity is defined as the logarithm
of the quotient of AR and AT [18]. Subsequently, the convolution for this new variable is

defined as follows:

M]f(n,s» )

l

2 log

The results generated by the Schreider algorithm are typically on the order of
~[10%,10%], as the inter-times are within these orders [14]. However, the values of pseudo-
velocity series are in the lower range of magnitudes ~[107°,10'] [18]. As is evident, the
values differ significantly, and a plot that incorporates both set of results is not visually
appealing. Subsequently, the quantities AR and AT are normalized with their standard
deviations ¢(AR) and o (AT), respectively. For clarity, the following notations will be
employed: 7 (k) and RT (k) for Equations (2) and (6), respectively, following the normal-
ization procedure outlined herein. A Pipeline Diagram as a summary and complement to

this section can be found online in the Section S2 of the Supplementary Materials.

3. Data: Southern Mexican Pacific Seismic Zone

The southern region of Mexico is characterized by a high degree of seismic complexity,
which is attributable to the subduction zone where the Cocos, Pacific, and North American
plates converge. This dynamic geological setting is a primary source of significant seismic
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activity in the region. The utilization of seismic data in this study has been facilitated by
the National Seismological Service of Mexico (SSN) [19], which has maintained records
since the early 20th century. It has been documented that the database is complete from
1990 onwards [18]. An endeavor has been undertaken to categorize the Mexican region
based on its seismic dynamics [20].

4. Seismic Quiescence of Mexico Mainshocks, Unmixed Patterns

For the purpose of this study, earthquakes of magnitude M > 7 are considered
mainshocks within the period from 1 January 2006 to 31 December 2024 (see Table 1). In
accordance with the approach outlined in [18], this study focuses on cylinders with radii
R = 200 km and heights H = 60 km. During the period under consideration, eight major
seismic events were recorded. Figure 1 presents the epicenters of these seismic events,
along with their respective radii and the date and time of occurrence. As observed, such
radii exhibit overlapping regions that must be taken into account when interpreting seismic
quiescence patterns accurately.

22°N N
- Gulf of 202 1y
: t
20°N Mexico 2020
18°N t ~ < ‘ - 2018
16°N 2016 ||
Pacific ~—
uen | Ocean 204 |
- 2012
12°N \
105°W 102°*W 99°W 96°W 93*W 90 W 87°*wW

Figure 1. This map shows mainshocks (EQ > 7) in Mexico during the period of 2012-2025. The
epicenters are shown as diamonds, each with its circular study region.

Table 1. List of mainshocks in Mexico (from 2006 until 2025).

Date Magnitude Latitude Longitude Depth (km)
20 March 2012 7.5 16.26 —98.46 18.0
7 November 2012 7.3 14.03 —92.32 17.1
18 April 2014 7.2 17.01 —101.46 18.0
7 September 2017 8.2 14.76 —94.10 45.9
19 September 2017 7.1 18.33 —98.67 51.2
16 February 2018 7.2 16.22 —98.01 16.0
23 June 2020 74 15.80 —96.13 22.8
17 September 2021 7.1 16.75 —99.95 15.0

4.1. EQ 7.5, 20 March 2012

The seismic event in question occurred in the area between the municipalities of
Ometepec-Guerrero and Pinotepa Nacional-Oaxaca. The depth of the cylinder ranges from
0 km to 60 km. Here, we consider a threshold magnitude, My, = 4.1. As illustrated in
Figure 2, the time series of seismic events within the specified region of study has been
examined, along with the outcomes of the Schreider algorithm’s implementation on inter-
times, pseudo-velocities, and product inter-distance with inter-time series for the EQ7.5.
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Figure 2a presents the time series of the magnitudes. As we can see in Figure 2b,d, the
values shown for 7 (k) and RT (k) do not exceed threshold 7 + 3¢ until the beginning of
2008 (where the green shade begins). To determine the intervals at which the convolution
consistently exceeds the 7 + 3¢ threshold, we used the method that detects the first return
to the mean value [21] (see Section S3 of the Supplementary Materials for details). An
increase was observed from the beginning of 2008, which lasted two years (considered the a-
stage by [5]). The values of the convolution in Figure 2b,d returned to their initial behavior
for approximately two years (considered the -stage by [5]) until the EQ7.5 mainshock
occurred. It is important to note that three main shocks occurred during the a-stage, but
as they happened after EQ7.5, they possibly did not interfere with the quiescence shown
in Figure 2. Regarding pseudo-velocity, as shown in Figure 2c, its values decreased and
remained low throughout the entire a-stage period.

Distance from the center of the cylinder (km)
0 25 50 75 100 125 150 175 200

T T T T T T T T T
1992 1986 2000 2004 2008 2012 2016 2020 2024

Figure 2. Schreider convolution corresponding to EQ7.5, 20 March 2012. (a) Time series of earthquake
magnitudes in the cylindrical region with a threshold magnitude of M, = 4.1. The coloration of
the circles is indicative of the distance between the center of the cylinder and the epicenter of each
earthquake, while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time
series 7 (k), (c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time
ﬁ'(k) series. Red dashed line shows the mean value of the convolution (for each case), orange
dotted line is three times the standard deviation for each case, and shaded green and magenta regions
correspond to the & and 8 stages, respectively. The cylinder used has a radius of 200 km and a depth
within the range of [0, 60] km.

4.2. EQ 7.3, 7 November 2012

This earthquake happened close to the intersection between the Cocos and Caribbean
tectonic plates [19]. Its epicenter (14.03 N, 92.32 W) was located in Ciudad Hidalgo-Chiapas
at a depth of 17 km. For this case, the cylinder was set from 0 km to a depth of 60 km. The
results are shown in Figure 3, using a threshold magnitude of M;;, = 4.5. As we can see,
the deviations in the convolutions in Figure 3b—d show an anomaly close to the EQ7.3,
but their values barely reach the limit 3c. We identified brief « and p stages, which lasted
approximately three years and half of a year, respectively. On the other hand, we observe
a peak near the end of 1995 that could be associated with the EQ7.1, which occurred on
20 October 1995 at a latitude of 16.81° N and a longitude of 93.47° W. Additionally, an
anomaly is observed after the mainshock of this subsection, which could be associated with
the EQ8.2 on 7 September 2017.
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Figure 3. Schreider convolution for EQ7.3, 7 November 2012. (a) Time series of earthquake magni-
tudes in the cylindrical region with a threshold magnitude of My, = 4.5. The coloration of the circles
is indicative of the distance between the center of the cylinder and the epicenter of each earthquake,
while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series T (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time R7 (k) series.
Red dashed line shows the mean value of the convolution (for each case), orange dotted line is three
times the standard deviation for each case, and shaded green and magenta regions correspond to the
« and f stages, respectively. The cylinder used has a radius of 200 km and a depth within the range
of [0, 60] km.

4.3. EQ7.2,18 April 2014

The mainshock of 18 April 2014 had its epicenter in Petatlan-Guerrero (17 N, 101.46 W).
In this case, we also use the same depths for the cylinders as in the previous two reported
earthquakes. Figure 4 shows an anomaly that begins at the end of 2011 and disappears at
the beginning of 2014 (the a-stage, represented by the green shaded region). The S-stage
lasted just a few months until the EQ7.2. This behavior was also reported when studying the
long-range correlations of the electromagnetic signals of the ground near this epicenter in [22].
Additionally, we observe a significant increase in 7 (k) in 1995, which may be primarily
associated with the EQ7.1 (11 January 1997), whose epicenter was located at 189 km.

4.4. EQ8.2, 7 September 2017

This is the greatest magnitude earthquake in this work, which had its epicenter in the
Tehuantepec’s Gulf, Chiapas. In this case, the hypocenter was located at a depth of 46 km,
and its cylinder ranged from 30 km to 90 km. This event is one of the cases reported in [18]
(threshold magnitude My, = 4.4), but here, we provide additional information by applying
the Schreider algorithm to the pseudo-velocities and the product RT (k) series. Figure 5
shows the possible quiescence presented before the EQ8.2. In Figure 5a, we reproduce the
behavior reported previously in [18]. Figure 5c shows a more statistically significant pattern
where a decreasing behavior is observed in the pseudo-velocities, which also lasted from
2008 until beginning of 2015. This agrees with the so called a-stage showed in Figure 5b
(shaded green region). The behavior shown in Figure 5d coincides with Figure 5b.
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Figure 4. Schreider convolution for EQ7.2, 18 April 2014. (a) Time series of earthquake magnitudes
in the cylindrical region with a threshold magnitude of My, = 4.2. The coloration of the circles is
indicative of the distance between the center of the cylinder and the epicenter of each earthquake,
while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series T (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time 7/27‘(k) series.
Red dashed line shows the mean value of the convolution (for each case), orange dotted line is three
times the standard deviation for each case, and shaded green and magenta regions correspond to the
« and B stages, respectively. The cylinder used has a radius of 200 km and a depth within the range
of [0, 60] km.
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Figure 5. Schreider convolution for EQ8.2, 7 September 2017. (a) Time series of earthquake magnitudes in
the cylindrical region with a threshold magnitude of My, = 4.4. The coloration of the circles is indicative
of the distance between the center of the cylinder and the epicenter of each earthquake, while the size of
the circles corresponds to the earthquake magnitude. (b) Inter-time series T (k), (c) pseudo-velocity series
V(k), and (d) the product of inter-distance with inter-time R7 (k) series. Red dashed line shows the mean
value of the convolution (for each case), orange dotted line is three times the standard deviation for each
case, and shaded green and magenta regions correspond to the & and f3 stages, respectively. The cylinder
used has a radius of 200 km and a depth within the range of [30, 90] km.
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4.5. EQ7.1, 19 September 2017

This earthquake happened on the border of the states of Puebla and Morelos, and its
consequences on Mexico City were devastating. It is important to mention that this region
was not very seismically active before this EQ; consequently, the seismic rate of this region
increased due to the aftershocks, and this zone reached a new seismicity level. The depth
of the hypocenter was 51.2 km; that is, the epicenter was far from the so-called Pacific
Trench, inland from the continental plate. For this case, we chose a cylinder with depth
from 0 km to 90 km. We observe convolutions (see Figure 6) that barely reach T + 3¢ at the
beginning of 2012, and it decays at middle of 2015, as observed in Figure 6b, which could be
considered as the a-stage. Next, the B-stage lasted two and a half years until the mainshock.
Some of this happens when 7/27'(k) is combined with other things (see Figure 6d). Actually,
for this EQ, the more important quantity was the convolution of pseudo-velocities (see
Figure 6c) It is noteworthy that this region typically exhibits low seismic activity, which
complicates the discernment of quiescence periods.
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Figure 6. Schreider convolution for EQ7.1, 19 September 2017. (a) Time series of earthquake magni-
tudes in the cylindrical region with a threshold magnitude of My, = 4.2. The coloration of the circles
is indicative of the distance between the center of the cylinder and the epicenter of each earthquake,
while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series 7 (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time RT (k) series.
Red dashed line shows the mean value of the convolution (for each case), orange dotted line is three
times the standard deviation for each case, and shaded green and magenta regions correspond to the
« and f stages, respectively. The cylinder used has a radius of 200 km and a depth within the range of
[0, 90] km.

5. Seismic Quiescence of Mexico Mainshocks, Possibly Mixed Patterns

As Figure 1 shows, the last three EQs on the list occurred on dates that were ap-
proximately one to two years apart. Additionally, their epicenters were relatively close to
each other. This could cause their quiescence patterns to overlap, considering the typical
duration of individual quiescence patterns. For this reason, we discuss these three cases
separately from the previous ones.

5.1. EQ7.2, 16 February 2018

This earthquake happened near the town Pinotepa Nacional, Oaxaca at a depth of
16 km. We chose a cylinder from 0 km to 60 km in depth. It is important to mention that this
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event was located at 47.6 km from the EQ7.5 of 20 March 2012 (see Figure 1). In consequence,
the quiescence of the EQ7.2 could be veiled with the quiescence of the EQ7.5. Figure 7b—d
show the resulting series of convolutions using the Schreider algorithm. As we can see,
the most notable deviation pattern is observed from 2008 until 2012; however, this period
corresponds to the quiescence of the event EQ7.5, as we just commented. Unfortunately,
we do not identify important changes in the convolution of 7 (k), but in the convolution of
the pseudo-velocity V(k) and the RT (k) series, we observe small changes (x and B regions
shown in Figure 7c,d), which could be associated with seismic quiescence of the event
EQ7.2 on 16 February 2018. Including the spatial aspect in the Schreider convolutions could
be an important advantage to recognize possible seismic quiescence just after a mainshock,
which could hide changes in the classical convolution for shortly after the mainshocks of
inter-times 7 (k). As we assumed, the previous mainshock EQ7.5 produces a kind of veil
for the quiescence pattern. Then, we decided to re-run the analysis, but beginning after
the aftershocks produced by the previous EQ7.5 (a few of years after the mainshock). The
results of these new calculations are shown in Figure 7f-h. Here, we observe how the 30
value of the convolution decreases. Consequently, a new seismic quiescence pattern rises,
which corresponds to the mainshock in this section (EQ7.2, 16 February 2018) becoming
clear. The a-stage begins on 20 May 2017 and ends on 10 September 2017 (green shaded
region of Figure 7f-h). The -stage lasted almost 5 months.

5.2. EQ7.4, 23 June 2020

Figure 8 shows similar behavior to that observed in the previous section (see Figure 7).
We will then discuss Figure 8f-h, which begin on 1 September 2017. The Schreider convo-
lution of inter-times (Figure 8f) reaches the 3¢ values during the 9-month a-stage period
(green shaded region in Figure 8f). The B-stage lasted 7 months (magenta shaded region
in Figure 8f. In relation to the convolution of pseudo-velocity (Figure 8g), we observe
that during the a-stage, this parameter decreases, as expected. In fact, in this a-stage, the
decrement below the mean value is more remarkable than that observed in the B-stage.
In Figure 8h, during the a-stage, the values of the convolution of AT x AR exceeded the
3o-value.

5.3. EQ7.1, 7 September 2021

Another case of possible mixed patterns is the event EQ7.1 that occurred on 7 Septem-
ber 2021 (see Figure 9). As we can see, both the a and B stages are thin. We believe that
this pattern was affected by the previous events that occurred: EQ7.5,2012; EQ7.2,2014;
EQ7.1,2017; and EQ7.2,2018. All of these events had epicenters located almost 200 km from
the epicenter of the EQ7.1 on 7 September 2021. In particular, the event EQ7.2,2018 is the
closest event in time to the EQ7.1,2021. As Figure 9f-h show, before 2018, we can identify
notable anomalies in the three convolutions, which correspond to all previous mainshocks.
Due to these facts, we again apply the procedure mentioned in the previous subsections,
which consists of beginning the analysis just after the last mainshock (EQ7.2,2018). In
Figure 9f-h, we can see the results of this procedure. Now, the a and p stages for the EQ7.1,
7 September 2021 mainshock, are more clearly visible for the three convolutions.
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Figure 7. Schreider convolution for EQ7.2, 2018-02-16. (a) Time series of earthquake magnitudes
in the cylindrical region with a threshold magnitude of M;;, = 4.1. The coloration of the circles is

indicative of the distance between the center of the cylinder and the epicenter of each earthquake,

while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series 7 (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time R7 (k) series.
The cylinder used has a radius of 200 km and a depth within the range of [0, 60] km. Panels (e-h)
zoom in on a segment of the time series shown in panels (a—d) (above). The red dashed line shows the

mean of the convolution of each series, the orange dotted line is three times the standard deviation of

the new segment, the magenta dashed vertical line indicates the date of the mainshock, the shaded

green and magenta regions corresponds to the a and p stages, respectively.
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Figure 8. Schreider convolution for EQ7.4, 2020-06-23. (a) Time series of earthquake magnitudes
in the cylindrical region with a threshold magnitude of My, = 4.3. The coloration of the circles is
indicative of the distance between the center of the cylinder and the epicenter of each earthquake,
while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series 7 (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time ﬁ(k) series.
The cylinder used has a radius of 200 km and a depth within the range of [0, 60] km. Panels (e-h)
zoom in on a segment of the time series shown in panels (a-d). The red dashed line shows the mean
of the convolution of each series, the orange dotted line is three times the standard deviation of the
new segment, the magenta dashed vertical line indicates the date of the mainshock, the shaded green
and magenta regions corresponds to the « and f3 stages, respectively.
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Figure 9. Schreider convolution for EQ7.1, 7 September 2021. (a) Time series of earthquake magni-
tudes in the cylindrical region with a threshold magnitude of My, = 4.4. The coloration of the circles
is indicative of the distance between the center of the cylinder and the epicenter of each earthquake,
while the size of the circles corresponds to the earthquake magnitude. (b) Inter-time series 7 (k),
(c) pseudo-velocity series V(k), and (d) the product of inter-distance with inter-time R7 (k) series.
The cylinder used has a radius of 200 km and a depth within the range of [0, 60] km. Panels (e-h)
zoom in on a segment of the time series shown in panels (a—d). The red dashed line shows the mean
of the convolution of each series, the orange dotted line is three times the standard deviation of the
new segment, the magenta dashed vertical line indicates the date of the mainshock, the shaded green
and magenta regions corresponds to the a and p stages, respectively.

The eight earthquakes presented in this article were thoroughly analyzed after they
occurred. However, the procedure used (based on the Schreider method [8] with modifica-
tions proposed by us) can also be applied a priori in seismically active zones. We published
a first step with a predictive approach in 2015 [14]. In that article [14], we investigated
seismic quiescence over a period of nearly 27 years, observing 19 regions of quiescence,
only three of which were significant precursors. In this same paper, however, we proposed

163



Entropy 2025, 27, 960

a clear criterion to identify false alarms involving quiescence period durations and the level
of convolutions considered statistically significant (see [14]).

5.4. Statistical Significance

We also evaluate the significance of our findings using the following method: We gen-
erate 1000 surrogates by randomly shuffling the inter-time, pseudo-velocity, and distance-
time sequences and calculate the 95% confidence band. A state of persistent quiescence is
identified if it exceeds the y 4 3¢ threshold and persists for a minimum of three successive
intertimes. We confirm that, for randomized data from inter-times from all cases analyzed,
the average values of 7 (k) show relatively constant behavior, indicating uncorrelated
temporal variation. For reference, see Section 54 of the Supplementary Materials; We
observe that, in all cases, the actual data are clearly outside the confidence band, and
7 (k) fully intersect with the confidence band in regions outside the alpha and beta pe-
riods. This indicates that these time intervals are indistinguishable from the surrogate
distribution. Other details of the statistical analysis performed can be seen online in the
Supplementary Materials.

6. Concluding Remarks

Without contradicting the affirmations of seismology that earthquakes cannot be
predicted, our results provide evidence of quiescence patterns which were associated with
eight earthquakes of magnitude M > 7 on the Pacific Coast of Mexico from 2012 until
2022. The new implementation of pseudo-velocity V and Time-Space function R7T as series
for Schreider convolution provides new features that complement the original Schreider
algorithm [8]. Our results regarding temporal convolution are in general agreement with
those reported in studies of the Central Iran region [23]. For the case of pseudo-velocity
convolution series V, we note that most of the time their values are below the mean V until
a quiescence pattern appears. Here, the convolution of pseudo-velocity decreases relative
to its mean value V, which agrees with the Schreider hypothesis [8] identifying a decreasing
seismic rate for a temporal period (the a-stage defined by Ohtake [5]) as a seismic precursor.
Then, when the mainshock occurs, a brief increase of V happens, and its values return to
its initial behavior. This feature was consistently observed in all the cases reported in this
work, and we also noted that its dynamics were recovered almost instantaneously, showing
the fading of the observed anomaly. If we compare this result with the convolutions 7 and
RT, this could be considered an advantage in discriminating when a seismic quiescence
pattern ceases or if an immediate quiescence pattern is observed. On the other hand, the
convolution related to time and space R7 shows a generally similar behavior to that
observed for the original convolution 7. Nevertheless, this new convolution R7T revealed
new features such as a (slightly) thinner form of the quiescence pattern, and in some cases,
the values of R7T exceeded the level y + 3¢ of this convolution in such a way that it was
clearer than that observed for convolution 7.

In particular, the benefit of including the Schreider modifications (spatiotemporal
variants) is that the threshold value of y + 30 is more clearly exceeded by the RT(k)
convolutions for three of the EQs studied here: the EQ7.1, 19 September 2017; the EQ7.4,
23 June 2020; and the EQ7.1, 19 September 2017. On the other hand, by using the criteria
of first-passage time [21] in the convolutions of pseudo-velocity, the durations of the «
and f stages were larger and shorter, respectively, for the EQ8.2, 7 September 2017 and
the EQ7.4, 23 June 2020. A tabular summary is presented online in the Section S3 of the
Supplementary Materials. We assume these advantages are also due to the decrease in the
seismic activity, where inter-distance AR plays an important role in the mechanism that
possibly causes the seismic quiescence. In addition, by following the procedure of [18], we
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calculate the three Schreider algorithm versions presented for magnitude-threshold My, in
the range [4.0, 4.5] for a radius of the cylindrical region in the range [150 km, 300 km] and
for smooth parameter s in the range [3, 27]. The results can be seen online in Section S5 of
the Supplementary Materials; In all cases, the seismic quiescence patterns were observed
satisfactorily. Itis important to point out that the efficacy of the Schreider algorithm depends
strongly on the selection of the threshold magnitude, M;;, and the size of the cylinder,
which could vary from region to region. Because of this, the ranges of the parameters
used in this study may not necessarily apply to other seismic zones in the world. On
the other hand, the earthquake magnitude plays a critical role in different studies in the
determination of seismic quiescence patterns preceding large events [17,24-29]. For the
case of the Schreider algorithm, the earthquake magnitude role is part of the filtration
procedure for the detection of seismic quiescence. Given the absence of specification in the
seismic catalog utilized in this study regarding the magnitude type reported, a discussion
is presented regarding the potential impact of the utilization of disparate magnitude
scales on the outcomes of the Schreider algorithm. This discussion is accessible in the
Section S7 of the Supplementary Materials; We must emphasize that using the same seismic
scale would make the results of different seismic studies more accurate (see [30] for a
detailed discussion of the use of different scales). However, this depends on the seismic
catalogs, which do not always specify the type of magnitude scale. Nonetheless, we plan
to explore the effects of homogenizing magnitude scales in future work. An important
point observed in this work is the finding of possibly mixed patterns. The idea of using
the Schreider algorithm just after a mainshock has not been sufficiently explored. Here,
we proposed to restart the calculation of the Schreider algorithm; however, this implies
that the data has an insufficient temporal duration for detecting the new background
seismicity level of the studied region. We remark that earthquakes cannot be predicted, in
the sense that neither the exact time of occurrence nor the precise location can be predicted.
However, this work provides evidence that seismic precursors could be considered as a
complement to the evaluation of the short-term seismic hazard. Future work could enhance
or strengthen Schreider’s algorithm by integrating modern spatiotemporal data mining
methods that better capture the complex spatial and temporal dependencies of seismic
data. For example, better use of cell-based spatial segmentation combined with time-
sequence analysis could allow for more accurate detection of quiescence patterns in distinct
regions with significant seismic activity. Seismic precursors have been found in seismic
data, electric and magnetic fields, gas/aerosol emissions, outgoing long-wave radiation, air
temperature anomalies, geochemical changes, surface deformations, and unusual animal
behavior [22,31-41]. Machine learning techniques have been used to identify seismic
features for seismic prediction and/or earthquake forecasting [42,43]. The seismic hazard
forecast has been explored using spatial and temporal features of earthquake catalogs,
with satisfactory results [44]. The main limitation is the data training, which generally
has only a few major events (M > 7) [45], and the reported seismic periodicity for large
earthquakes is too long [46]. Recent efforts for seismic quiescence have used techniques
such as the ZMAP method [47], the Poisson probability map PMAP [48], anomalies using
the ETAS model [49], and the RTL method [50,51]. There are also diverse techniques for
identifying seismic quiescence [52]. Our findings contribute to these methods for studying
seismic hazards.

Supplementary Materials: The following supporting information can be downloaded at: https:

//doi.org/10.6084/m9.figshare.29874155.v5 last accessed on 10 September 2025. References [53-55]
are citied in the Supplementary Materials.
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Abstract: On 2 December 2020, an earthquake with a magnitude of M, 4.5 occurred near
the city of Thiva (Greece). The aftershock sequence, triggered by ruptures on or near the
Kallithea fault, continued until January 2021. Seven months later, new seismic activity
began a few kilometers west of the initial events, with the swarm displaying a general
trend of spatiotemporal migration toward the east-southeast until the middle of 2022.
In order to understand the physical and statistical pattern of the swarm, the seismicity
was relocated using HypoDD, and the magnitude of completeness was determined using
the frequency-magnitude distribution. In order to define the existence of spatiotemporal
seismicity clusters in an objective way, the DBSCAN clustering algorithm was applied
to the 2020-2022 Thiva earthquake sequence. The extracted clusters permit the analysis
of the spatiotemporal scaling properties of the main clusters using the Non-Extensive
Statistical Physics (NESP) approach, providing detailed insights into the nature of the
long-term correlation of the seismic swarm. The statistical pattern observed aligns with
a Q-exponential distribution, with gp values ranging from 0.7 to 0.8 and qr values from
1.44 to 1.50. Furthermore, the frequency—magnitude distributions were analyzed using
the fragment-asperity model proposed within the NESP framework, providing the non-
additive entropic parameter (qps). The results suggest that the statistical characteristics of
earthquake clusters can be effectively interpreted using NESP, highlighting the complexity
and non-additive nature of the spatiotemporal evolution of seismicity. In addition, the
analysis of the properties of the seismicity clusters extracted using the DBSCAN algorithm
permits the suggestion of possible physical mechanisms that drive the evolution of the
two main and larger clusters. For the cluster that activated first and is located in the
west-northwest part, an afterslip mechanism activated after the 2 September 2021, M 4.0
events seems to predominately control its evolution, while for the second activated cluster
located in the east—southeast part, a normal diffusion mechanism is proposed to describe its
migration pattern. Concluding, we can state that in the present work the application of the
DBSCAN algorithm to recognize the existence of any possible spatiotemporal clustering
of seismicity could be helping to provide detailed insight into the statistical and physical
patterns in earthquake swarms.

Keywords: Thiva swarm; clusters; seismicity; Tsallis entropy; afterslip; diffusion; DBSCAN
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1. Introduction

The area of Thiva is located between the Gulf of Corinth and Evia (central Greece),
with normal faults oriented in WNW-trending in the eastern part and ENE-trending in the
western part [1,2]. Historical records show that this area experienced significant seismic
activity in the 19th century. More specifically, a devastating earthquake of magnitude M
7.0 occurred in the Thiva region in 1853 [3], which affected the area between Thiva and
Yliki Lake. The next significant seismic event was on 23 May 1893, with a magnitude of
M 6.0 [4]. In addition, the earthquake of 17 October 1914, with a magnitude of M;s 6.2,
caused severe damage in the city of Thiva and nearby villages [5]. Until 2020, Thiva had not
witnessed any significant seismic activity in recent years. However, on 2 December 2020 at
10:54:56 UTC, an earthquake of magnitude 4.5 occurred east of the city of Thiva (Figure 1),
initiating a notable series of earthquakes that persisted until June 2022. The 2020 seismic
events were concentrated mainly in the eastern part of the study area, occurring along a
system of normal faults. The mainshock and the aftershocks were caused by ruptures on or
near the Kallithea fault, which dips SW [6,7]. Subsequently, heightened seismic activity
commenced on 10 June 2021, with significant events on 11 July 2021, 20 July 2021, and
2 September 2021, of magnitudes My, 4.3, 4.1, and 4.0, respectively. The seismic activity on
10 July 2021, started at the western part of the swarm, and the following seismic events
demonstrated a general trend for spatiotemporal migration towards east—southeast. The
final significant event occurred on 10 April 2022, with a magnitude of M,y 4.4.

In the present study, a clustering algorithm is initially applied to the 2020-2022 earth-
quake sequence of Thiva (Greece) to identify the existence of spatiotemporal clusters and
to support the validation of underlying mechanisms that drive seismicity in each cluster.
Particularly, the DBSCAN algorithm [8] is utilized, which detects clusters in extensive
databases by identifying regions of high point density while treating isolated or sparsely
populated points as noise. Nevertheless, a different approach to the DBSCAN algorithm is
presented, which intends to identify high-density regions in large datasets while treating
isolated events as noise. Our modified approach further allows the recognition of clusters
that are correlated in both space and time. Before the clustering algorithm was applied,
the hypocenters were relocated using the HypoDD code [9] for a more accurate insight
into the seismicity distribution. Furthermore, the frequency-magnitude distribution in
terms of Gutenberg—Richter is used to calculate the magnitude of completeness (M.). The
clustering algorithm, including seismic events equal to and above the M., is applied to the
catalog to ensure more accurate results. Subsequently, we selected the two largest clusters
out of the five for further analysis. Afterwards, the spatiotemporal scaling properties of
the two largest clusters were analyzed, using the Non-Extensive Statistical Physics (NESP)
framework. This innovative approach, as developed by Tsallis [10] and extensively applied
in geosciences [11-14] and references therein, aims to provide more detailed insights into
the nature of the long-term correlation of the earthquake generation process. Hence, the
fragment-asperity model, along with the distribution of inter-event times and distances
between the successive events, is analyzed within the framework of Non-Extensive Statisti-
cal Physics (NESP), providing the non-additive entropic parameters (47, gp, and gs) [11].
In addition, possible physical mechanisms that drive the evolution of the two main and
larger clusters are suggested. For the first cluster, an afterslip mechanism activated after the
2 September 2021, M 4.0 events seems to control its evolution, while for the second cluster,
a normal diffusion mechanism is proposed to describe its migration pattern.
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Figure 1. (Up) The spatial distribution of major seismic events (purple stars)in Thiva from
25 November 2020 to 1 July 2022. Faults are marked with red lines [7]. (Down) The temporal
evolution of the major seismic events.

2. Seismological Data
2.1. Relocation Using HypoDD

The earthquake catalog for the 2020-2022 Thiva earthquake swarm was extracted
from the Seismological Laboratory of the National and Kapodistrian University of Athens
(SL-NKUA) for the period between 25 November 2020 and 13 June 2022. During this period,
the catalog includes 4711 events with depths ranging from 0 to 30 km.

The above catalog was used in the relocation procedure. In the first stage of the
sequence analysis, hypocenters were located in near real-time using a single-event program,
such as Hypolnverse [15], along with a custom regional 1D velocity model [16]. The final
catalog was processed using HypoDD, a double-difference algorithm [17] that minimizes
the double-difference residuals for pairs of earthquakes at each station by weighted least
squares, employing the conjugate gradients method (LSQR, [18]).
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In the Thiva area, 4182 out of 4711 events of the initial catalog were relocated using
HypoDD. The relocated catalog refers to the period between 25 November 2020 and
13 June 2022, consisting of events with a depth distribution between 0 and 30 km and
magnitudes of M, 0—4.5 (Figure 2).
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Figure 2. (a) Initial location of the 20202022 Thiva earthquake sequence in comparison with (b) the
relocated events using HypoDD of the 2020-2022 Thiva earthquake sequence that occurred between
25 November 2020 and 13 June 2022. Faults are marked with red lines [7].

2.2. Catalogue Completeness

The well-known Gutenberg—Richter [19] scaling relation (G-R) indicates a power law
behavior and is defined as follows:

logN(> M) =a—bM 1)

where N(> M) represents the number of earthquakes with magnitude greater than M, and
« and b are positive constants. The « value reflects the total seismicity rate and shows
significant variations from one area to another. The parameter b, also known as the b value,
is the slope of the frequency-magnitude distribution (FMD) and indicates the proportion
of minor to major earthquakes. The b value in Equation (1) can be estimated by maximum
likelihood using the equation [20-22] b = (ﬁ), where M is the observed mean
magnitude and Mmin is the minimum magnitude of the given sample.

The magnitude of completeness, M., is a crucial parameter in seismicity studies and is
obtained after a correction of Mmin = Mc — AM/2, where AM is the binning width of
the catalog (often set to 0.1) [20,22-24]. A correct estimation of the b value depends on M..
In this study, the magnitude of completeness M. was estimated using a combination of the
maximum curvature method and the goodness-of-fit test with 95% and 90% residuals [24].
The calculation was performed using the Zmap software package, version 7.0 [25].

The FMD for the 2020-2022 Thiva Earthquake Swarm is depicted in Figure 3, along
with the fitting according to the G-R scaling relation for the calculated model parameters.
The estimated values are « = 4.885, b-value = 0.98 & 0.02, and M, = 1.6.
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Figure 3. The frequency—magnitude distribution for the 2020-2022 Thiva Earthquake Swarm and the
estimated M. is plotted, showing both the cumulative (blue squares) and the discrete (gray triangles)
frequency—magnitude distributions. The red solid line represents the G-R relation.

3. Analysis of Seismicity and Discussion
3.1. The DBSCAN Algorithm Results

DBSCAN (Density-Based Spatial Clustering of Application with Noise) [8] is rec-
ognized as one of the most powerful clustering methods, selected for its capability to
analyze huge datasets effectively, and has a significant application in seismology [26-28].
The purpose of DBSCAN is to identify clusters of arbitrary shapes in extensive databases
containing noise, using a density-based approach. The algorithm is based on the following
input parameters: (a) the ¢ (epsilon value or eps), the distance (radius) around a given
point, and (b) MinPoints (minimum number of samples or MinPts), the minimum number
of points (including the point itself) that should be within the epsilon distance. These
parameters are the same for all clusters.

The value of epsilon (¢) can be determined from the k-distance graph. This graph is
constructed by plotting the distance to the kth nearest neighbor for each point in descending
order [8]. The point on the graph where maximum curvature (elbow) is observed indicates
the optimal value for epsilon. According to Ester et al. [8], the minimum number of points
can be set to twice the number of dimensions, i.e., four points for 2D data, six points for 3D
data, and eight points for 4D data.

In this study, the DBSCAN was utilized for the spatio-temporal clustering analysis
of the 20202022 Thiva earthquake swarm. In addition to the three spatial dimensions
(latitude, longitude, and depth), a fourth dimension, date-time, was added. The algorithm
was applied to the relocated catalog of Thiva, which contains 2079 earthquake events with
M > M. between 25 November 2020, and 13 June 2022.

The epsilon value was specified from the k-distance graph [8] (Figure 4a), with the
optimal epsilon value for the Thiva earthquake catalog set at 0.044. Furthermore, the value
of MinPts was set to 8, and a normalized Euclidean distance was applied to the spatial
and temporal width of the four-dimensional data. The temporal outcome of the DBSCAN
algorithm is illustrated in Figure 4b, showing the evolution of events with time, counting
in days since 2 December 2020. Event distances in Figure 4b are calculated from an initial
point at latitude 38.35 N and longitude 23.28 E, which is located at the western edge of the
earthquake swarm. In Figure 4c the spatial distribution of clusters is presented, while in
Figure 4d the magnitude-date distribution of the events, along with the cluster to which
they belong, is demonstrated. The algorithm provided 5 clusters (see Table 1) and detected
366 noise points as a separate cluster, which were not part of any of the clusters due to
being either too isolated or not densely connected to other points.
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Figure 4. (a) The k-distance graph (k = 4 in our case) for the 2020-2022 Thiva earthquake sequence,
with the threshold point indicated by the black dashed lines. (b) The distance-time plot showing
the five clusters identified by the DBSCAN algorithm. The blue, orange, purple, green, and yellow
dots correspond to clusters 1, 2, 3, 4, and 5, respectively. The gray dots represent the noise points.
(c) Seismicity map of Thiva illustrating the identified earthquake clusters. The seismic events are
categorized by size and color based on their magnitude and cluster number. (d) The magnitude—date
distribution for the different events and the clusters observed.

Table 1. Clusters identified, their duration, and the number of events classified using the DBSCAN
algorithm in the Thiva earthquake swarm catalog.

Clusters Period Time Events
Cluster 1 2 December2020-15 December 2020 10
Cluster 2 1 July 2021-23 November 2021 1018
Cluster 3 28 January 2022-1 March 2022 32
Cluster 4 1 February 2022-21 February 2022 9
Cluster 5 2 March 2022-10 June 2022 644

Among the five clusters recognized (see Table 1), two of them had a predominant
importance since the majority of seismicity was located within these two clusters. Cluster
2 includes 1081 events, while Cluster 5 includes 644.

3.2. A Non-Extensive Statistical Physics Approach (NESP)

Earthquakes exhibit intricate phenomenology characterized by a fractal structure.
These complex systems, with strongly correlated elements, typically exhibit power-
law behavior. Consequently, the statistical mechanics description of such systems
appears better represented by a generalized framework introduced by Tsallis [29,30]
known as Non-Extensive Statistical Physics (NESP), which generalizes Boltzmann—Gibbs
statistical mechanics.

Non-Extensive Statistical Physics (NESP) offers a more suitable approach for analyzing
complex dynamic systems. It is based on a non-additive entropy, denoted as S; (commonly
referred to as Tsallis entropy). This entropy is expressed through the following integral
formulation:

1_ [o0]
Sy =k Jo

p1(X)dX
q —

] @
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where kp represents Boltzmann’s constant, while the entropic index g characterizes the
degree of non-additivity in the system. This is particularly relevant for complex systems
that deviate from the additive nature of classical Boltzmann-Gibbs (BG) entropy. The given
expression for S; applies to a continuous variable X, described by a probability distribution
p(X), where 0 < p(X) < 1.

3.2.1. Frequency-Magnitude Distribution of Earthquake Clusters in Terms of NESP

Sotolongo-Costa and Posadas [31], based on the fragment-asperity model, proposed
a physical model for the earthquake frequency-size distribution. In [31] an energy-
distribution function was introduced, and it was illustrated how the size distribution
of fragments affects the energy distribution of earthquakes, using the non-extensive for-
malism (NESP), extracting the Gutenberg—Richter law as a particular case. Long-range
interactions between all parts of existing fragments are expected due to the material’s
severe fragmentation, implying the need for Non-Extensive Statistical Physics. According
to Telesca [11], the following modified function that connects the cumulative number of
earthquakes with the magnitude was established based on the Non-Extensive Statistical
Physics theory:

zog(N<> M)) C2—qu, | G_Zﬁ)(%) “

= log
N 1-— _ Mc
qam 1(1 qM)<1023>
2—I]M A2/

where M is the earthquake magnitude, M. is the completeness magnitude, and A is a

parameter proportional to the volumetric energy density. In the fragment-asperity model,
the non-extensive parameter g indicates the degree of interactions within the system’s
elements [14,31-33]. As a result, an increase in gy shows that the physical condition of a
seismic region is moving away from equilibrium.

The normalized cumulative magnitude distribution of the Unified Cluster and the two
main clusters (Cluster 2 and Cluster 5) is examined using the NESP model of Equation (3),
for the entire range of magnitudes above a threshold equivalent to the completeness magni-
tude. The Unified Cluster involves the 1713 seismic events from the five DBSCAN clusters.

The model satisfactorily describes the observed magnitude distribution for each cluster.
In Figure 5, the bold purple line represents the distribution function of Equation (2) for
the estimated entropic parameter gy, while the other two dashed lines show the 95%
confidence intervals. The estimated values are presented in Table 2.
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Figure 5. The frequency-magnitude distribution of the seismicity (circles) and its fitting (solid purple
line) according to the fragment-asperity model for (a) Unified Cluster, (b) Cluster 2, and (c) Cluster
5 is presented. The 95% confidence intervals are plotted with dashed lines.
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Table 2. The estimated entropic parameter gy for each cluster (for details, see text and [11]).

Clusters qam
Unified Cluster 1.65 £ 0.01

Cluster 2 1.63 +0.02

Cluster 5 1.68 + 0.02

3.2.2. Spatiotemporal Scaling Properties of Earthquake Clusters in Terms of NESP

Seismicity is regarded as a point process in time, where the cumulative distribution
P(>T) of the inter-event time Ti = t(i + 1) — t(i), where £(i) is the time of occurrence of the ith
event, and the cumulative distributions P(>D) of inter-event geodetic distance D estimated
using the Vincenty inverse formula for ellipsoids between the foci of successive seismic
events [34] play a crucial role for the spatiotemporal pattern characterization.

Using the Tsallis entropy, the cumulative distribution function (CDF) P(>X) is esti-
mated using the Q-exponential distribution, defined for g < 2, where the constant X may
express the inter-event times (T) or inter-event distances (D), respectively:

P(>X) = [1—(1—(3)(5{(0)}1_1Q (4)

The Q-exponential distribution is derived through the maximization of non-additive
entropy, S4, by using the Lagrange multipliers method under relevant constraints [35]. To
estimate the values of g and Xy, g =2 — (1/Q) and X; = X/Q are used [36]. For values
of Q greater than 1, the Q-exponential distribution demonstrates asymptotic power-law
behavior, while for Q equal to 1, it recovers the ordinary exponential expression.

The inverse of the Q-exponential function leads to the following Q-logarithmic
function [35]:

P(>X)"9 -1

1-Q

After determining the suitable Q value that best characterizes the distribution of X, the

IngP(> X) = ©)

Q-logarithmic distribution displays linearity concerning X. We first fit the observed P(>X)
using the Q-exponential distribution (Equation (4)) and then utilize the Q-logarithmic
distribution (Equation (5)) as a goodness of linear fit between the observed data and the
estimated Q-value (or g-value equivalently), as suggested by Equation (5).

For the Clusters 2 and 5 defined by the DBSCAN algorithm for the Thiva earthquake
swarm, the cumulative distributions of the inter-event times P(>T) between the successive
earthquakes are quite well described by the Q-exponential distribution, with an entropic
parameter g greater than one. The corresponding Q-logarithmic distributions demonstrate
linearity with high correlation coefficients, suggesting a strong linear fit between the model
and the data (Figure 6) in a wide range of interevent time values.

In Figure 7, the cumulative distributions of the inter-event distances P(>D) between
the successive earthquakes are presented, showing a quite good fit with the Q-exponential
distribution, characterized by an entropic parameter qp < 1. As Equation (5) suggests,
using the proper Q value, the Q-logarithmic function is linearly related with D. In Figure 7,
the corresponding Q-logarithmic distributions demonstrate linearity with high correlation
coefficients, indicating a strong goodness-of-fit between the model and the data. Table 3
presents the entropic parameters qr and gp values for Clusters 2 and 5 along with the
g values for the dataset created by the merge of them. We note that the results are in
agreement with those presented in [37], indicating that within each cluster of the earthquake
swarm, the temporal evolution is described by low degrees of freedom, indicating a high
level of organization, hierarchy, and non-additive characteristics.
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Figure 6. The left panels illustrate the log-log plot of the inter-event times cumulative distribution
for the Thiva swarm, showing (a) Unified Cluster, (c) Cluster 2, and (e) Cluster 5. The solid brown
line represents the fitting of the Q-exponential distribution for the qr and Tq values. The right
panels show the corresponding semi-g-log plot of the cumulative distribution of the inter-event times,
illustrating (b) Unified Cluster, (d) Cluster 2, and (f) Cluster 5. The Q-logarithmic distributions exhibit
a correlation coefficient, presented within the panels, while the dashed line is the Q-exponential fit.

Table 3. The estimated entropic parameters g7 and gp, and the generalized scaled interevent time—
distance, Ty and Dy, (in analogy with Xg in Equation (4)) along with their 95% confidence intervals.

Clusters qr Tq (s) qp Dgq (km)
Unified Cluster 1.50 1380 + 4 0.70 2.00 £ 0.01

Cluster 2 1.50 1095 £ 3 0.80 1.4540.01

Cluster 5 1.44 2210 £13 0.78 2.45 4+ 0.02

3.3. Physical Model of Cluster’s Evolution
3.3.1. Coulomb Stress Changes

In recent years, Coulomb stress changes induced by earthquakes have been ex-
tensively investigated to assess their role in aftershock sequence evolution and fault
interaction [37—44]. These stress variations depend on the earthquake focal mechanism,
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fault geometry and slip, and the effective friction coefficient, providing a framework to eval-
uate how major events may trigger subsequent ruptures in the near field. Empirical studies
have demonstrated a strong correlation between positive Coulomb stress changes and
the spatial distribution of subsequent seismicity [37,45]. Specifically, changes in Coulomb
failure stress (ACFS) can either advance or delay fault rupture, thereby influencing the
timing and spatial evolution of seismic sequences [41,46,47]. Positive ACFS promotes
failure on a receiver fault, whereas negative ACFS tends to inhibit rupture.
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Figure 7. The left panels illustrate the log-log plot of the inter-event distances cumulative distribution
for the Thiva swarm: (a) Unified Cluster, (c) Cluster 2, and (e) Cluster 5. The solid blue line
indicates the fit of the Q-exponential distribution for the values of gp and Dg. The right panels
depict the corresponding semi-g-log plot of the cumulative distribution of the inter-event distances:
(b) Unified Cluster, (d) Cluster 2, and (f) Cluster 5. The Q-logarithmic distributions exhibit a
correlation coefficient, presented within the panel, while the dashed line is the Q-exponential fit.

Earthquakes occur when the applied stress surpasses the strength of a fault. Under
undrained rock conditions, the change in Coulomb Failure Stress (ACFS) is evaluated using
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the Coulomb failure criterion, which quantifies proximity to failure and is expressed as
follows [48]:
ACFS = At + /'Ac (6)

where AT and Ac are the static shear stress changes and the product of effective normal
stress changes, respectively, while p" is the coefficient of friction [49]. Moreover, AT is
positive for increasing shear stress on the observing fault in the direction of relative slip,
while Ac is positive for increasing tensional normal stress. Failure is encouraged if ACFS is
positive and it is discouraged if negative.

ACFS values were computed using Coulomb 3.3 software [50] within an elastic half-
space. Positive ACFS, often referred to as stress bright zones, brings a fault closer to failure
and increases its likelihood of rupture, whereas negative ACFS, or stress shadows [51,
52], moves it further from failure. Accordingly, blue regions indicate negative Coulomb
stress changes and reduced rupture potential, while yellow-to-red regions denote positive
changes and an elevated likelihood of rupture.

The calculated co-seismic result for the ACFS changes for the seismic event on
2 September 2021 of magnitude My, 4.0 is presented in Figure 8. The focal parameters
that were used for the estimation of ACFS are as follows: depth of 7 km, strike of 318°,
dip of 33°, and rake of —61°, according to the moment tensor solutions of the Institute
of Geodynamics, National Observatory of Athens “http://bbnet.gein.noa.gr/ (accessed
on 2 July 2025)”. The spatial distribution of the ACFS reveals a stress decrease towards
NE and WS and a stress increase towards NW and SE, coinciding with the location of
Clusters 2 and 5 (Figure 8). Notably, the M, = 4.0 event appears to have played a key role
in triggering Cluster 2, as the majority of subsequent earthquakes occurred in regions of
positive Coulomb stress changes. This stress transfer brought adjacent fault segments closer
to failure, promoting seismic activity. A similar pattern is observed in Cluster 5, which
initiated shortly after the My, = 4.0 event, further supporting the hypothesis of stress-driven
activation. The occurrence of earthquakes in areas of increased ACFS motivated the investi-
gation of aseismic processes such as afterslip and stress diffusion. We note that the above
result is in agreement with that reported in [53] for the major earthquakes that occurred on
2 December 2020, where the same orientation of the positive Coulomb stress changes was
observed, suggesting a stable stress transfer direction throughout the sequence.

3.3.2. Evidence of Afterslip Migration of Seismicity in Cluster 2

The spatiotemporal distribution of a swarm seismic sequence is determined by static
and dynamic stresses [54] or by fluid diffusion [55]. Here, we examined the expansion
of Thiva’s Cluster 2 swarm over time. Perfettini et al. [56] proposed an analytical model
predicting key features of this migration along strike, attributed to co-seismic deformation.
According to their model, aftershock activity is governed by afterslip loading asperities,
which in turn controls the seismicity rate. In this approach a fault is modeled with depth-
dependent variations in normal stress, stressing rate, and the introduction of a rheological
parameter A [45,56-59].

Following this approach (see details in [56,59]), the average migration of the aftershock
zone becomes:

<ALy (t) >= < Ly(t) > =< La(t) >= gARln<t) (7)
Ao tq
where < AL,(t) > is the mean migration distance between times t; and t; { is a constant
parameter (with a value close to 2.77), which scales the average gradient of the Coulomb
stress along the strike; the radius of the coseismic rupture is R; and the mean coseismic
stress drop is Ac.
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Figure 8. Coulomb stress changes produced by the M,, 4.0 earthquake on 2 September 2021 at
a centroid depth of 7 km. The red rectangle shows the fault model for the kinematics of the M,
4.0 event. The solid purple lines show the area faults [7], while the brown circles are the epicenters of
(a) Cluster 2 and (b) Cluster 5.

Figure 9a shows the migration of seismicity following the 7 July 2021, M 4.3 event. It
is obvious that Equation (7) does not describe the mean migration distance observed. In
contrast, ten days after the M 4.3 event, a decrease in < AL,(t) > was characterized by the
mean migration distance, which is associated with an increase in microseismic activity; pos-
sibly, a forerunner indicated the preparation of a forthcoming event on 2 September 2021,
with a similar size (M 4.0). Note that a similar observation is reported for the Cefalonia
Island event in [59].

After the 2 September 2021, magnitude M 4.0 earthquake, the mean migration distance
is calculated (see Figure 9b). The < AL,(t) >, which occurred a day after the M 4.0
event, presents a logarithmic with-time migration of the seismicity in agreement with
Equation (7). The latter implies that the spatiotemporal evolution of Cluster 2 following the
My, = 4.0 event shows a logarithmic migration pattern over time, aligning with theoretical
models of aftershock migration driven by afterslip loading asperities. This behavior
indicates that the M, = 4.0 earthquake was not only an isolated rupture but also signaled
the beginning of a secondary phase of the swarm governed by aseismic slip.
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Figure 9. (a) The mean migration distance (blue circles in figures) as a function of the logarithm of
time for Cluster 2 of Thiva, after the 7 July 2021, M 4.3 event. (b) The mean migration distance as a
function of the logarithm of time for Cluster 2 of Thiva, after the 2 September 2021, M 4.0 earthquake.
The orange stars illustrate the seismic events of magnitude over 2, while the red line in (b) presents
the logarithmic trend in the evolution of mean migration distance.

3.3.3. Evidence of a Diffusion Process of Seismicity of Cluster 5

Among the elementary processes that underly seismic phenomena, diffusion is un-
doubtedly one of the most ubiquitous [60,61]. In a first approximation, diffusion is modeled
by Brownian motion. In its simplest version, Brownian motion is a random walker where
earthquake hypocenters move at discrete time steps and migrate (“jump”) with equal
probability [60]. This stochastic process can be readily generalized, with time made con-
tinuous by introducing random waiting times between jumps. Finally, the length of each
jump can also be chosen at random from a continuous set with a prescribed probability
distribution [61].

A typical solution to the Brownian diffusion problem shows that the width of the
spatial distribution grows with time as follows:

<r?> ~Dt 8)
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where D is the normal diffusion coefficient [60,61].

This proportionality between mean square distance and time is the fingerprint of
normal diffusion, as it can be used to detect this kind of transport mechanism in a given
natural process. Despite the fact that diffusion is a well-accepted transport mechanism in
natural processes, it is known that at the mesoscopic level diffusion-like mechanisms, which
violate Equation (8), exist and are generally referred to as anomalous diffusion [61,62]. More
specifically, anomalous diffusion has been devoted to processes where, for large t, the mean
square distance varies with time as follows:

<rr> ~t* )

where « is the dynamic exponent, or random walk fractal dimension, of the transport
process [62].

To quantify the rate of earthquake diffusion, we used notions of the random walk
theory to estimate the mean squared distance (r%(t)) of seismicity with time. The 3D
Euclidean distance r of each event is calculated from the reference point of the swarm and
the estimated mean squared distance as follows [63-65]:

N(t)
r (10)
=1

1
2 .
(r(t = NG

3

where r,(t) is the distance of the nth event at time ¢ from the origin and N is the total
number of events.

As mentioned, in normal diffusion (Gaussian), the mean squared distance linearly de-
pends on time. However, in complex heterogeneous media, other functions are encountered
based on Equation (9) that take the form of a power law [62,66]:

(r(t)) = Dat" (11)

where D, is a generalized diffusion coefficient that denotes the instantaneous response
of seismicity to the diffusive process, while the diffusion exponent a can provide a quan-
titative measure of the rate of the triggered earthquake diffusion [67]. Normal diffusion
corresponds to « = 1. For « < 1, the growth rate of the mean square displacement is smaller
than in normal diffusion, and transport is consequently said to be subdiffusive. On the
other hand, for « > 1, the mean square displacement grows relatively faster, and transport
is superdiffusive [67-70].

Taking as a reference point the mean position of the first 10 events of Cluster 5, the
mean squared distance with time was estimated using Equation (10). The result is shown
in Figure 10a in double-logarithmic axes. The mesoscopic scaling behavior can be approxi-
mated, for large t, with the power-law relation of Equation (11) (see Figure 10a), yielding
the parameter value of o = 0.94, with a correlation coefficient of R? = 0.92. The diffusion
exponent « being quite close to 1 suggests that the swarm migration is approximately
normal (Gaussian) diffusion in nature. This near-linear growth of mean square distance
with time indicates that stress diffusion dominates the process, with only slight deviations
from ideal diffusion behavior [63].

The observed diffusion process is usually associated with pressurized fluid migration
that could generate earthquakes in the volume behind a triggering front that spreads
through the fracture network, increasing pore pressure and reducing the effective normal
stress on a fault plane, allowing slip to occur [71]. Within a normal diffusion mechanism,
the expanding spherical triggering front of induced seismicity, in an isotropic and ho-
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mogeneous medium, can be modeled with a parabolic envelope that is characteristic for
pore-fluid pressure diffusion, according to the following expression [71-73]:

r(t) = VanDt (12)

where r(t) is the radius of the propagating triggering front (which is a sphere in a homoge-
nous isotropic medium) caused by pore-fluid pressure diffusion, t is the time since the
beginning of the pore-pressure perturbation, and D is the hydraulic diffusivity.
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Figure 10. (a) Mean square distance (r2(t)) of seismicity (blue circles) with time t in double logarithmic
axes, for Cluster 5 of Thiva. The red line indicates the power-law growth of (r?(t)) according to
Equation (11). (b) Migration of Thiva’s Cluster 5 (see details in text). The events are colored according
to magnitude. The solid blue line represents the parabolic triggering front with D = 0.7 m?2/s, and the
average initial seismicity migration speed, presented in km/day, is drawn by a dashed orange line.
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Equation (12) can be considered as an equation for the earthquake triggering by a
fluid-related mechanism of earthquake sequences in tectonic environments [73,74].

The diagram in Figure 10b indicates that as seismicity evolved during the first days
(from 3 March 2022), the events systematically migrated away from the origin, forming
a seismic front with an average initial velocity of 0.12 km/day. In addition, as can be
observed, most of the migrating seismicity is located behind the parabolic triggering front
envelope of hydraulic diffusivity D = 0.7 m? /s, although some sparse events are located
on the outside, possibly triggered due to pore-fluid diffusion following paths of higher
hydraulic diffusivity values [53,75,76].

The evolution of the earthquake activity follows the pore-fluid pressure triggering
front with hydraulic diffusivity values ranging from 0.01 to 10 m? /s within the Earth’s crust
and usually less than 1 m?/s [75-80]. The seismic front, however, may also be described
with a linear triggering front with a constant velocity of the order of 0.1 to 1 km/h. Such
migration velocities are consistent with a fluid-related triggering mechanism [75], while
faster velocities have been associated with an aseismic slip driving force [77-80].

At this point, we clarify that both clusters were analyzed using both models. Cluster
2 did not provide evidence for a normal diffusion mechanism, while Cluster 5 did not
produce meaningful results for an afterslip mechanism.

4. Discussion

The 2020-2022 seismic sequence at Thiva includes the mainshock and aftershock
sequence in December 2020 at the Kallithea fault, as well as a seismic swarm from July
2021 to June 2022 near the city of Thiva. The seismic activity began on 10 July 2021, in
the western part of the swarm, with subsequent seismic events demonstrating a general
trend of spatiotemporal migration towards the east-southeast. The final significant event
occurred on 10 April 2022, with a magnitude of My, 4.4. Consequently, the seismic swarm
can be divided into two parts: the western and the eastern clusters (Figure 4c).

To study spatiotemporal scaling properties and seismic energy distributions, we
separated the swarm into clusters using the Density-Based Spatial Clustering of Application
with Noise (DBSCAN). Specifically, we applied this algorithm to the relocated seismic
events of the Thiva earthquake swarm with M > M, and identified five clusters (two main
and three smaller clusters) based on space and time. In each main cluster of the Thiva
sequence, the ideas of Non-Extensive Statistical Physics (NESP) are applied to the inter-
event times and distances as well as the magnitude distributions.

In a number of previous works, it has been demonstrated that the spatiotemporal
distribution of seismicity as expressed by the interevent distances [35] and the interevent
times [33] distributions follows a g-exponential distribution with gp <1 and g7 > 1, re-
spectively. In our study, the non-additive entropic parameters range from 0.7 to 0.8 for
inter-event distances, whereas the corresponding ones for inter-event times range between
1.44 and 1.5. These g-values are in agreement with the g-values found in other studies
(see [33,35,53,57,81,82] and references therein).

The entropic parameter estimates strongly suggest that in each cluster of the earth-
quake swarm, the temporal evolution is described by low degrees of freedom, indicating a
high level of organization, hierarchy, and non-additive characteristics in agreement with
the results presented in [37].

The spatiotemporal distribution of a swarm seismic sequence is determined by static
and dynamic stresses or by fluid diffusion. Here, the expansion of Thiva’s Cluster 2 swarm
over time was studied. Following [56,58], aftershock activity is governed by afterslip
loading asperities, which in turn controls the seismicity rate. In this approach, a fault is
modeled with depth-dependent variations in normal stress, stress rate, and the introduction
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of rheological parameter A, leading to a logarithmic with-time evolution of migration. In
Cluster 2, the major earthquakes of the swarm in July 2021 occurred at its western end, and
the swarm progressed eastward. There is no significant migration of seismicity after the
7 July 2021, M 4.3 event. In contrast, ten days after the M 4.3 event, a decrease in mean
migration distance was observed associated with the increase in microseismic activity,
possibly indicating the accumulation of stress and the preparation of the forthcoming
event of 9 September 2021, with a similar size (M 4.0). Following a short interval of low
seismic activity in the second half of August 2021, a second stage of the swarm was initiated
in September 2021. After the 9 September 2021, M 4.0 earthquake, the mean migration
distance presents a logarithmic with time migration of the seismicity in agreement with a
mechanism of aftershock migration driven by afterslip [56].

Cluster 5, which is located in the east-southeast part of the swarm and starts in March
2022, exhibits diffusion characteristics. The mean squared distance of epicenters scales
with time, with a diffusion exponent « being quite close to 1, implying that the swarm
migration is approximately normal (Gaussian) diffusion in nature. Furthermore, seismicity
evolved during the first days (from 3 March 2022), with events systematically migrating
away in the SSE direction with an average initial velocity of 0.12 km/day, presenting a
hydraulic diffusivity of D = 0.7 m?/s. The intrusion of fluids through the fracture network
can induce seismicity either by localizing stress or by increasing pore pressure, reducing
the effective normal stress, and facilitating aseismic creep. The evolution of seismicity in
Cluster 5, which seems to be fluid-driven, helps small asperities in the fractured zone to
break, transferring static stress to neighboring fault patches where events are triggered in
agreement with that presented in [53].

5. Concluding Remarks

In this work, using a relocated catalog of seismicity, we study the physical and statis-
tical pattern of the Thiva swarm activated after the 2 December 2020 earthquake with a
magnitude of My, 4.5 that occurred near the city of Thiva. The swarm displayed a general
trend of spatiotemporal migration toward the east-southeast until the middle of 2022.

The DBSCAN clustering algorithm was subsequently applied to the 2020-2022 Thiva
earthquake sequence to identify spatiotemporal earthquake clusters. The scaling properties
of the main clusters were analyzed using the Non-Extensive Statistical Physics (NESP)
approach, providing detailed insights into the nature of the long-term correlation of the
seismic swarm. The results of the analysis indicate that the statistical properties of earth-
quake swarm clusters can be successfully reproduced by means of NESP and confirm the
complexity and non-additivity of the spatiotemporal evolution of seismicity.

The entropic parameters were estimated with gp values ranging from 0.7 to 0.8 and
gr values from 1.44 to 1.50. Furthermore, the frequency-magnitude distributions were
analyzed using the fragment-asperity model proposed within the NESP framework, pro-
viding the non-additive entropic parameter (q5s). The results suggest that the statistical
characteristics of earthquake clusters can be effectively interpreted using NESP, highlight-
ing the complexity, hierarchy, and non-additive nature of the spatiotemporal evolution of
seismicity in agreement with a system described by low degrees of freedom.

In addition, possible physical mechanisms responsible for the evolution of the
two main and larger clusters are suggested. For Cluster 2, located in the west-northwest
part of the activated zone, an afterslip mechanism activated after the 2 September 2021,
M 4.0 events seems to control its evolution, while for the second cluster located in the
east—south part of the fractured zone (Cluster 5), a normal diffusion mechanism is pro-
posed to describe its migration pattern. Subsurface fluids under pressure seem to have
played a significant role in the evolution of the Cluster 5, 2021-2022 seismic swarm, either
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causing local stress concentrations or facilitating slip by lowering the effective normal
stresses or weakening the faults” walls through erosion.
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