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Preface

Polynomials have long been fundamental objects in mathematics, providing essential tools for
analysis, algebra, approximation theory, numerical methods, and mathematical modeling. Over
the past few decades, the scope of polynomial research has expanded significantly, driven by new
theoretical frameworks such as g-calculus, fractional calculus, and symbolic computation, as well as
by increasing demands from applied sciences and engineering.

The articles collected in this Special Issue illustrate how classical polynomial theories
are being extended and refined through modern approaches. Several contributions focus
on generalized Appell-type and Sheffer-type polynomials, exploring their generating functions,
structural properties, and operational methods. Other papers investigate orthogonal and exceptional
polynomial systems, revealing new connections with differential equations, spectral theory, and
special functions.

In addition to theoretical advances, this volume highlights practical applications of
polynomial methods in physics, engineering, and applied mathematics.  Topics such as
quantum calculus-based models, fractional differential equations, asymptotic analysis, and symbolic
computation demonstrate the versatility and continuing relevance of polynomials in contemporary
scientific research.

As Guest Editor, I would like to express my sincere appreciation to all authors for their
high-quality contributions, to the reviewers for their careful and constructive evaluations, and to
the editorial staff of MDPI for their professional support in bringing this Special Issue to completion.

The Special Issue includes a diverse selection of published papers that collectively demonstrate
the breadth and depth of current research on polynomials and special functions.

Several articles focus on generalized Appell and g-Appell polynomial families within the
framework of quantum calculus, providing new convolution structures, generating functions, and
operational techniques. These studies contribute to a deeper understanding of polynomial systems
arising in discrete and quantum models.

Another group of papers investigates exceptional and orthogonal polynomial systems, including
constructions based on Jacobi polynomials and pseudo-Wronskian techniques. These works reveal
novel algebraic and analytical properties and establish connections with differential equations and
spectral problems.

The volume also contains contributions on special functions and analytic number theory,
such as studies on multiple zeta and zeta-star values, Sonin kernels expressed in terms of
hypergeometric-type functions, and monotonicity properties of power series expansions. In addition,
papers on Jacobsthal-type polynomials, polar Jacobi polynomials, and generating functions involving
harmonic-like numbers further enrich the thematic scope of the Special Issue.

Together, these published works provide a coherent overview of recent developments in
polynomial theory and its applications, highlighting both methodological innovations and emerging

areas of interdisciplinary research.

Cheon-Seoung Ryoo
Guest Editor
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Finding the g-Appell Convolution of Certain Polynomials

Within the Context of Quantum Calculus
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Abstract: This article introduces the theory of three-variable g-truncated exponential
Gould-Hopper-based Appell polynomials by employing a generating function approach
that incorporates g-calculus functions. This study further explores these polynomials
by using a computational algebraic approach. The determinant form, recurrences, and
differential equations are proven. Relationships with the monomiality principle are given.
Finally, graphical representations are presented to illustrate the behavior and potential
applications of the three-variable g-truncated exponential Gould-Hopper-based Appell
polynomials.

Keywords: quantum calculus; g-truncated polynomials; g-truncated Gould-Hopper—
Appell polynomials; quasi-monomiality; extension of monomiality principle; g-dilatation
operator; partial differential equations; differential equations

MSC: 05A30; 11B83; 11B68

1. Introduction

Special polynomials are fundamental mathematical constructs that serve as versatile
tools across various disciplines. Their significance lies in their capacity to simplify complex
mathematical problems and provide elegant solutions to real-world challenges. These
polynomials are particularly effective in approximating intricate functions, rendering them
invaluable in numerical analysis and computational mathematics. Their orthogonality
properties facilitate the efficient representation of functions in series expansions, which
is crucial in areas such as signal processing and data compression. Furthermore, special
polynomials frequently emerge as solutions to differential equations that model physical
phenomena, thereby bridging the gap between abstract mathematics and practical applica-
tions in physics and engineering. The utility of special polynomials extends beyond their
computational advantages. Their associated generating functions offer a compact means
of representing infinite sequences, thereby aiding the study of combinatorial problems
and probability distributions. The recurrence relations governing these polynomials not
only allow for efficient computation but also reveal profound mathematical structures
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and patterns. Additionally, the symmetry properties exhibited by many special polyno-
mials provide insights into the underlying mathematical and physical principles of the
systems that they describe. This combination of theoretical elegance and practical utility
renders special polynomials indispensable in fields ranging from quantum mechanics to
financial modeling, cementing their status as essential tools in modern mathematics and
its applications. Gould—-Hopper polynomials are the subject of extensive research due to
their distinctive characteristics and applicability in fields such as approximation theory,
differential equations, and quantum mechanics. Gould—-Hopper polynomials, which rep-
resent a generalization of Hermite polynomials, have been the focus of comprehensive
investigations regarding their mathematical properties and practical applications.

Recent advancements in special polynomial, g-Appell, and truncated multivariate
polynomial families have underscored their utility in operator theory, approximation, and
discrete modeling [1-5]. These investigations have provided a comprehensive framework
within which the proposed generalization can be contextualized The 2-variable truncated
exponential polynomials (2VTPs) denoted by en (T ¢) are specified by the generating
relation [6-8]

eTt B &% (1’) t}’l
1 _(Ptr - T;)en (T/ )ﬁ/ (1)
where
") [%] an—rk
r - T
en’ (T,¢) n.kgo (T ()

Very recently, in [9], Ozat et al. presented the general form of truncated exponential-
based general-Appell polynomials, utilizing the framework of two-variable general-Appell
polynomials as follows:

n

Z mTST4)/

A9 = 1

In addition, the authors successfully derived explicit and determinant representations,
along with operators for lowering and raising, a recurrence relation, a differential equation,
and various summation formulas pertinent to these polynomials.

The field of quantum calculus, alternatively known as g-calculus, represents an area of
burgeoning research interest. For 4 — 17, quantum calculus converges to classical calculus.
In contemporary scientific discourse, quantum calculus has exhibited its utility across
diverse disciplines, encompassing mathematical sciences, quantum physics, quantum
mechanics, quantum algebra, approximation theory, and operator theory, among other
domains. We now provide some basic properties of quantum analysis. For the following
properties and more details, please see [1,10-13]. Assume that 0 < g < 1. The g-shifted
factorial (7y; q)y is defined as

u—1
(%:9)u = [T(1—48), (weN), (8q)o=1. ®)

w=1

The g-analogue of a number v is given by

0], = :2,0<q<1;0€C. )
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The g-factorial is given by

9] 1 = : ®)

The following equality holds:

(rEmi=1, (ﬁ) 7027 ()", (6)
s= q
where
(19) _ [9],!
w q [ﬁ_w]q’[w]q'

(o) Tw
e;(T) = , O0<g<1, 7
‘7( ) wzz:o [w}q! q ( )
and "
s q(Z)Tw
Ej(1) =) A 0<g<1. (8)
w=0 q-

> (T+¢)g
eq(T)Eq((P) = Z " 1 )
n=0 [n]q
Hence,
eq(T)Es(—7) = 1. (10)
The following equality holds:
A h(q7) = h(7)
= . 11
Dq,Th(T) T(l—q) , 0<g<1, T#0 (11)
In particular, we have
Dyt = [w],T% 7, (12)
ﬁq,req(txr) = weg(at), a €C, (13)
and
[A);‘freq(on) =a"¢(at), weN, acC, (14)

where ﬁ;”T denotes the w'"-order g-derivative with respect to 7.
The g-derivative concerning the product of the functions f(7) and g(7) has been
thoroughly examined in the existing literature.

-~

Dy (h(T)k(t)) = h(t)Dgk(T) + k(q7) Dy ch(T) (15)

and

(16)
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The g-integral of a function h(7) is introduced as

a
/ h(t)d,Tt = (1— Z q“h(aq™). (17)
J0 w=0
By virtue of (17), we get
/ ACd A = (1—g TZTW n(w+1)
Tw+1(1 _ q) Tw-',-l
=Gt~y Y ENUOr (18)
In particular, ﬁq_ 111} = 7, and then
p-1) 11y = ©
(Dm) 1y = e NU {0}. (19)

The g-GHPs, symbolized as H,(ﬂ;) (T,¢), are established through the use of the generat-
ing function [14]

m - tn
ey (tH)eg(9t") = 3 HIY (v ) 20)
n=0 :
and the series definition is
(7 k —n—mk

(m) _ T
Hy o (T,¢) = [n],! 21
q ( ) [ ]q = [k}q![n—mk}q' ( )

For H,S";) (7, ¢), the following equality holds (see [15]):
Y (r,¢) = 4 (¢Djr ) {7"}. (22)

The g-dilatation operator T is characterized by its action on any function of the
complex variable z as follows [2,16]:

Lf(z) = f(d"2), keR, (23)
satisfying the property
T 'T:f(z) = f(2). (24)
The following equality holds [15]:
Dyseq(91") = ¢ Tigmeg (¢1). (25)
where -
Tomy = b 14 Ty 4 - I
(¢im) 1—qT, ¢ ¢

Al Salam provides a comprehensive explanation of the generating function for the
q-Appell polynomials A, 4(T), as articulated in the formula found in [17,18].

Ay (t) eq(t) Z Awg(T [ ] T (26)
0= L Awpry ABAL Aoy =1 @)
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The following represents a suitable option for specific individuals within the category of
g-Appell polynomials (Table 1).

Table 1. Certain q-APF.

S.No.  ¢-APF GF Ay (1)
L The g-BP [3,19] q(é‘; —¢ eq(T8)= Y., Bvlq(f)ﬁ! Ay (8) = 30(5‘5)71
I ThegEPBIL (- Dby A= g
T, The ¢-GP [3,19] eq([?)qj ey (15)= 50 Gua(7) Ay(6) = ﬁ%

Appell polynomials of the r** order, which are based on a two-variable g-truncated ex-
ponential function and are represented as ) A 4(T, ¢), are characterized by the generating
function provided in [6].

n

Aq( (28)

078 = 5 i Anale

n=0

g

The higher-order g-truncated exponential Gould—-Hopper polynomials in three vari-

ables, symbolized as H,%) (T, ¢,7), are described by the following generating function:

o

In [14], Raza et al. introduced the g-Gould-Hopper polynomials and examined various
properties associated with them. Subsequently, in [20], the same authors defined the
two-variable g-Gould-Hopper—Appell polynomials by convolving the -Gould-Hopper
polynomials with the g-Appell polynomials, utilizing an extended application of the mono-

t " = m
AaO) L H ) )
n=0

1—t"

mial principle.

The classical Appell polynomial families and their g-analogs have garnered significant
scholarly attention due to their applications in combinatorics, quantum theory, and operator
analysis. Foundational studies, such as those conducted by Andrews, Askey, and Roy [1],
Srivastava and Manocha [4], and Ernst [3], offer a comprehensive framework within which
the current generalization can be contextualized.

In this paper, we define three-variable g-truncated exponential Gould—-Hopper-based
Appell polynomials, employing a generating function approach that incorporates g-calculus
functions. The investigation extends to the analysis of these polynomials within the quasi-
monomiality framework, facilitating the establishment of crucial operational identities.
Subsequently, operational representations are derived, and both g-differential and par-
tial differential equations are formulated for the aforementioned polynomials. To further
elucidate their analytical properties, summation formulas are developed. The article con-
cludes with graphical representations that demonstrate the behavior of the three-variable
g-truncated exponential Gould—-Hopper-based Appell polynomials and highlights their
potential applications in various fields.

2. g-Appell Convolution

In this section, we introduce three-variable g-truncated exponential Gould—-Hopper-
based Appell polynomials or, shortly, 3VqTEGHbAPs denoted by ) HA; 4(T, ¢, ), and
we obtain their series definitions, partial derivatives, and explicit and implicit formulas.
Therefore, we first define the 3VqTEGHbAPs.
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Here, we define the three-variable g-truncated exponential Gould-Hopper-based
Appell polynomials in the following form:

Aq(t) > (m) "

1=y oa (T @) = X o HAwg (T 1) (30)
In other words, we note that

((P q,T ) ,-ytr (Tt) - r;)e(’) HAH,!] (T/ 4)/ ’7) [n]q!' (31)

We observe that the generating function exhibits absolute convergence for |t| < R, where R
is contingent upon the convergence radii of A,(t), e;(7t), and e;(¢t™). In this study, we
assume q € (0,1) to ensure the validity of the g-calculus operations and convergence.

Theorem 1. For the 3VqTEGHbAP, the following identity holds:

m " (n m
o HAL (T, 0,7) = 1 (k) Age B} o (T, 0,7), (32)
k=0

with Ay, given by Equation (27).

Proof. By virtue of Equations (29) and (30), we obtain

o) n

Y. e<r>HA;(f,Z)(TI<P,7) ‘ Z (T, ¢,7)
[l = [n

n=0

n

(33)
1g!

Utilizing the expansion (27) of A;(t) on the left-hand side of Equation (33), we simplify
the expression and equate the coefficients of the corresponding powers of ¢ on both sides of
the equation, thereby establishing assertion (32). [

In a similar manner, we can derive the following equivalent forms of the series

representations of ) H A,(ZZ) (T, ¢,7).

Theorem 2. The three-variable q-truncated exponential Gould—Hopper-based Appell polynomials
are characterized by the following series:

g
k4+sm<n A (P (t,7)
(m) B k, n k—sm,q
JHAY (1,0,7) = [n],! , (34)
el q ( ¢ 7) =1 ]q Pl [k]q![m]q![l/l—k—sm]q!
k+rm<n Ak ’ymH( i (T 4’)
(m) n—k—rm,q
o HA 7 (T, = [n],! ’ (35)
(r) nq( ¢,v) = } k’mZ:O [k]q![n_k—rm]q!
rm-+sp<n m4,pA (1)
(m) B n—rm—sp,q
WHA T,¢,7) = (1), ’ 36
e(r) n,q (T, ¢,7) = ] L= [n—rm— sp] J (36)

Proof. In view of Equations (20) and (27)-(29), we can easily obtain (34)—(36). This com-
pletes the proof of the theorem. [

The determinant form plays a crucial role in deriving the exploration of g-special poly-
nomials, offering a compact and refined representation that captures their core attributes.
This formulation adeptly illustrates essential features, such as orthogonality, recurrence
relations, and generating functions, establishing it as a valuable instrument for analysis
and manipulation across diverse mathematical settings. Moreover, the determinant form
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serves as a link to other mathematical frameworks, enabling a deeper understanding of the
foundational principles that govern g-special polynomials. Its importance extends beyond
mere computational applications, contributing significantly to the theoretical progress in
the field of special function theory.

Costabile and Longo [21], expanding on the techniques presented in [22], effectively
derived the determinantal form of g-Appell polynomials.

Theorem 3. The determinant form of the three-variable g-truncated exponential Gould—Hopper-
based Appell polynomial with degree n is

1
an HAGY (T,9,7) = 5 —

,30,67’
(m) (=1)"
nHAwG (T, ¢,7) =
e(r) n,q ( 4) ’Y) (,BO,q)n+1
1 o HY (007 wHE (o) o wH (e o L (1e,7)
ﬁO,q lgl,q Z,BZ,q /fnfl,q ﬁn q
0 IBO,q (1)qﬁ1,q (n; )WBH—ZQ ( ) ﬁn 1,9 37
x 0 0 ﬁO,q (nIl)qﬁnf&q ()q.anz,q ! ( )
0 0 0 ﬁ(),q (nzl)qﬁl,q
B 1<i<n)Aﬁ )n 0,1,2
g = T T k,qPn—k, 7 =Yl ...,
nq AO,q = k g q q

where Bog # 0, Bog = Ao and , nq (T ¢,v), n=0,1,2,...,are the three-variable g-
truncated exponential Gould— Hopper polynommls defined by Equatzon (29)

Proof. By integrating the series expressions of the newly generalized g-truncated expo-
nential Gould-Hopper polynomials into the generating function of the three-variable
g-truncated exponential Gould-Hopper-based Appell polynomials, we derive

[ee] tn [e¢] tn
A Y o Hiy (7, 9,7) Tri Ze<r>HAEz’,’;)(r,¢,v)[ o (38)
n=0 q n=0 9
Multiplying both sides by
1 ad £
T = ATy (39)
a0 Ef” o
we get
o] &) t}’l
n=0 = ‘7 n=0 q
Applying the Cauchy product in (40) gives
(m) - (" (m)
o Hug (T, ¢,7) = Zo y qﬁm o HALZ 4 (T, ¢,7). (41)
'y:

So, we obtain the system of equations as follows:

g<v>H(§fZ)(T/<P,7) Bog o HA m)(T ¢, 7),
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o H (T,0,7) = Bog i HATY (T,6,7) + Brg o HASY (T,9,7),

o HYD (T,9,7) = Bog un HASY (1,,7) +( ) Bua s HALY (1,6,7) + B2y HASY (T,6,7),

m n—1 m
o (00,7) = B o HAL, (5,00 + (" T1) B i HA (i 9,) +
q
+Bn—14 o0 HAéfZ) (T.9.7),
m m n m
o Hig (T,9,7) = Bog un HALR (T,6,7) + <1> P1g o HA,(q_)Lq(T/ ¢, 7) +
q

+Bng o) HA(()TZ) (T, 7).

Applying Cramers’ rule, we get

=

Pog 0 0 o) HS’Z (T.¢.7)
P1q Bog 0 o Y (T,9,7)
By (BB 0 wHY(T$,7)
B3q (g)qﬁz,q 0 o H (T,9,7)
ﬁn—l,q (" 1 ) ,Bn 29 Bo,g )1q(7 ¢,7)
(m) Br,g (1)q;8n—1,q T (nfl)qﬁl,q olr n; (T, ¢,7)
o HARg (T, ¢,7) =
Bo,g 0 0 0
P Bog 0 0
oy (D,PLg 0 0
Bag  (),P2a 0 0
ﬁnfl,q (nIl)qﬁn—Z,q T ﬁo,q 0
Pra Gl)qﬁn—l,q o (ni1)q51,q Pog
By taking the transpose in the last equation, we have
HA !
n,q (T 4)’ ) (ﬁO >n+l
ﬁO,q ,Bl,q o lfnfl,q ,Bn,q
0 ,BO,q T (HI )q.Bn—Z,q (?)qﬁnfl,q
O 0 e (nil)ann73/q (g),iﬁan,q
X . . . . .
0 0 cee ﬁO,q (nﬁl)qﬁl/q
S HY (T o) o (T e) o wHYL(T9,7) o i (T.,7)

Thus, simple row operations are used to finish the proof. [

Theorem 4. The following q-recurrence formula for the 3VqTEGHbDAPs holds true:
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(m)
An m+1, (T,(P,’)/)
HASHJ q(T ¢, 'Y) = Ty HA”’% (T ¢, '7 '(P Z n _ ﬂ:—:l] ! T((P;W)TT
n=r+11 gy _kr—r+41 k+1 (m)
"o /n (m) '[ L ]q Y HAn kr— r+1q(T ¢y )
Ly (k)q A @009 ) A + DL T . _kr_rﬂ] :

Proof. By differentiating Equation (30) with respect to t using the g-partial derivative and
by integrating Equation (15), we derive

o A - oy eglqTheg(gptm)
};)MHA%)(TMPI ’Y)Dq,tw = 1_‘77,”7[)11,1‘ (eg(Tt)eq(pt™)) + %inflq(ﬂ

Aq(qt)eq(gtt)eq(qpt™ )Dq o
Again, by using Equations (15), (16), (23), and (25) in the above equation, we obtain

© -1 Aq(t) Aqt)

n; HAM T,$,7) =1, =T 7treq(Tif)eq(fptm) + <pt”’_1T(¢;m) T ’Ytreq(th)eq(gbtm)
g (qTt)eq (q9™") [rlgvt™"\ [ Aq(gt) m
ST Dyt + (7 | (e ). @)
Using the series in the r.h.s of Equation (39), we get
Dy Aq(t) Z Aan o (44)
Again, using Equations (30) and (44) in Equation (43), we achieve
[ee] tYl
Z HAnJrlq T, 9, ’)’)[ ]q.
3 HA(m) t" | S HAEz )erl q(T ¢ ’Y)T T "
= TnZ::Oe(r) nq (Trgl’/'Y) [n}q! + [n}Q‘an; Z:: I’l —m4+ 1] ! (¢p;m) TW
ad n m "
+)Y ) (k) e<r>HA,(17)kq(qT/ 90, V) Ak+1,0 775
n=0k=0 q ’ [n]‘i'
. i . '["*—:*1] g G HAY L (19,) )
qnzo = [n—kr—r+1] ! [n]q!'

By rearranging the series and equating the corresponding powers of ¢ on both sides of
the resulting equation, we derive assertion (42). O

Theorem 5. The higher derivative formula for the 3VqTEGHbAPs holds true:

[1]q!
DYy HAL) (r,9,7) = s HAL, (7, 6,7). (46)
Proof. By taking the k'"-order g-partial derivative with respect to T on both sides of the
generating function (30) and subsequently applying Equation (13) to the left-hand side, it

can be deduced that

(42)

i
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BE, o HA (2,9,7) o = 290 o e o) = 3 HA (,9,7) @)
Z b HAG (0.9.7) oy = P72 e (Teg (91) = 1 o HAG (0.9 7) ey

Upon reorganizing the given series and then equating the corresponding powers of t on
both sides of the resulting equation, we confirm assertion (30). [

Theorem 6. The 3VqTEGHDAPs satisfy the following addition formula:

HA (T +5,,7) = ). (ZIS) & HAYD, (T,9,7). (48)
k=0 q

Proof. By changing 7 by T + J in (30) and then using Equation (7), we get

eq(rt)eq(<pt”‘) o w
Using Equations (7) and (30) in Lh.s. of the above equation, we have
o0 0 r (m tw+k 0 (m) tw
Y. Y 0 nHAG (T, ’Y)W =) wHAuw)(T+6,¢,7) W],
w=0k=0 ‘7' q: w=0 q:

Through the process of rearranging the series and equating the corresponding powers of ¢
on each side, assertion (48) is substantiated. [

Theorem 7. The summation formula for the ) H Ag" ,,) (T, ¢, ) is explicitly defined as the product
of HZ%) (t,¢) and eg,)q (T, ¢), as demonstrated below:

wHAL) e =L T (1 )q( )q(—w) HY (el (w,9).  (60)

5=0 k=0

Proof. We examine the product formed by the generating function (20) of HTS,'Z) (t,¢) and
generating function (28) of ;) Aw,4 (T, ¢) in the following form:

A o ey gty = . HUE (5 0 g () - &)
Tt)e (T, T,¢) ——7-
"\ prea(™e L & Hoq (000 Ang (0 0) g
In the r.h.s. of Equation (51), using the identity
[e¢] (o] o0 w
YN Akw)= ) Y A(kw—k), (52)
w=0k=0 w=0k=0
we get
Aq(t) cg(t) , eq(Tt)eq(Ppt") = Z ZH(’” o Ak g (T ¢)L (53)
1— o S ke T w — KUk
which, on shifting the e;(wt) to the Lh.s. and using the series definition of the exponential,
becomes
Aqglt) Ny Yy (m) (" £
T a(e) = DY (§) (Cor o g 6

Again, using Equation (28) in the r.h.s of Equation (54), we get

10



Mathematics 2025, 13, 2073

w

T (7)o gt i a9

w — s]y![s]g!

tw

A o w
A0 etyeg(pr) = Ly 55)

v
Utilizing the equation generating function (30) on the left-hand side of Equation (55) and

matching the coefficients of identical powers of t in the resulting equation, we establish
assertion (50). [

3. Monomiality Characteristic and Operational Identities

This section presents the g-quasi-monomiality characteristic, operational identities,
and g-differential equations pertinent to the 3VqTEGHbAPs, denoted as ) H A%) (T, ¢,7)-

The notion of monomiality is a crucial tool for analyzing exceptional polynomials and
their attributes. Initially introduced by J.E. Steffensen [23], this concept was later expanded
into the realm of quasi-monomiality by Dattoli and his colleagues [24-26]. In the specific
context of g-polynomials, Raza et al. [15] further extended the monomiality principle. This
extension offers a robust methodology for examining the quasi-monomiality of certain
g-special polynomials. Researchers have extensively utilized monomiality frameworks to
construct and evaluate hybrid families of special polynomials [27]. The two g-operators,
denoted as ]\7Iq and ﬁq, are known as the g-multiplicative and g-derivative operators,
respectively, for a g-polynomial set p,, 4(7)(n € N, T € C), as demonstrated by [2]

Mg {pnq(T)} = Pusrg(T), (56)

and
Po{pnq(T)} = [”]an—l,q(T)~ (57)
The operators Z\//I\q and 13,7 adhere to the following commutation relation:

[Mj, B;] = P;M, — M,P,. (58)

The characteristics of the polynomials Pn, 4(T) can be inferred from the properties of
the operators Mq and Pq If these operators, Mq and Pq, have a differential realization, then
the polynomials p; 4(T) are governed by the differential equation

MyPy{pug(T)} = [nlgpngq(T), (59)

and
PaMg{pnq(7t)} = [n+ 1gpnq(7). (60)
In view of (56) and (57), we have

[My, By) = [n+1]; = [l (61)
From (56), we have
M\qr{Pn,q} = Putrg(T)- (62)
In particular, we have
Pn,q(T) = M\qn{PO,q} = M\qn{l}/ (63)

where po,(T) = 1 is the g-sequel of polynomial p;, 4(7). Also, the generating function of
Pn,q(T) can be obtained as

e (M) {1} = 3 pug(0) o (64)
n=0 [n]Q'

11
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Now, we establish the g-monomial characteristic of the three-variable g-truncated
Gould-Hopper-Appell polynomials in the form of the following theorem.

Theorem 8. The three-variable q-truncated exponential Gould—Hopper-based Appell polynomi-
als exhibit quasi-monomial properties when subjected to the following g-multiplicative and g-

derivative operators:

(D r],y D=1 A-(aD
Aq(Dyz) 1=q" 7Dy ) \ Aq(Dyr)

or, alternatively,

Al rl,yD! =1 A (aD
‘i(Aq,T) TTT¢ I ( [ ]fﬂ/ Ll,\T ) ( q(q/\ q,T) TTT¢,
Ag(Dgr) 1—q"vDj Ay(Dyr)

Psvgrcap = Dyr,

)

Maygrcap = tTp + ¢Dm 1T (pym) T

and

respectively, where Tr and Ty are the g-dilatation operators, as specified in Equation (23).

Proof. By taking the partial derivative of Equation (30) with respect to t and applying
Equation (15), we derive

(o) R tn
Z e(r) HAEZZ) (Tr (P’ 'Y)Dq,t [Tl] |
n=1 q-
Ae) - e L eqlgTie (gt e 1
=1 —q'yt’ Dy, (eq(tt)eq(pt™)) + %Dq tAq(t) + Ag(qt)eq(qTt)eq (gt )Dq,tm.

By employing Equations (15) and (16) and setting f; () = e;(¢t) and g, (t) = e;(pt™),
followed by simplifying the resulting equation using Equations (23) and (25) on the left-
hand side, we obtain

) t'rlfl
ng;lg HAnq T, 4) 7)[71]‘1,
. Ay(t) [rgyt™ 1\ [ Aqlqt) Aq(t) m
— <T+<pt T g T + A0 T Ty + (1qu7t,>(;q(t) )TTT¢ %Weq(ft)eq(qbt ).
Since s e ) A,00) . ]
Mlifytr a(Tt)eg(pt™) = if1 T eq(Tt)eq(pt™). (70)

!
. . . . Aq(t . ..
Ag4(t) is an invertible series of t, and AZE t; has g-power series expansion in t.

Therefore, using Equations (69) and (70), we get

(m) t"
elr) HA;/H»],q (T’ ¢’ ’)/) W

q:

N tloyDl Ag(gD
= | T+ ¢Dr Ty Te + 7q ) T Ty + Py Dy (7Dy.0) T.Ty
! ! Aq(Dq T) ]. - qrfyD‘g,T Aq(Dq,T)

Aq( )
—tr

=
Lr7e

a>
6

eq(Tt)eq(9t"), (71)

which, on using (30), gives
] t?’l

(m) A
ngbem HA14(T 6,7) [n],!

12
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()

11avDi \ [ Aq(gD
= Z( ¢y Tig T + A4(Dy T)TTT¢+< He )( Q(UT)>TJ¢>
q(Dq 7) 1—q"vDy - Aq(Dq,T)
(m)

n tn
X ot HAng (T, 7)[ ]l (72)

By equating the coefficients of t on both sides of Equation (72) and considering
Equation (56), the resulting equation substantiates assertion (65).

By utilizing Equation (68) and defining f,(t) = e;(¢t"™) alongside g;(t) = e;(¢t) and
by replicating the procedural steps detailed in the proof of Equation (65), we confirm
assertion (66).

In view of (57), we note that Equation (46) (for k = 1) proves assertion (67). [

Theorem 9. The following g-differential equations for ) HA,%) (T, ¢, v) hold true:

A, (f)q,r) ~ [r]q')’ﬁr, A (qf) 7)

q(Dg,x 1—q"yDj Ay(Dyr)
o HA (T, ¢,7) =0, (73)
and
Ay(D,, t]ayD! Ay (gD
(TquT¢ + ¢Dy < Tigm) + MD%TTTT‘P + ( " v ) ( il q’T)>TrT¢ - [ﬂ]q)
(Dq 7) 1—q"yDg~ Aq(Dq,T)
o HAY (T, ¢,7) = 0. (74)

Proof. Using (65), (66), and (67) in (59), we get

Ay(Dyr) ~ [rg7D} Aq(qD
<TDq e+ DI Ty Te + "Dy T Ty + L1t (4D47) T, T,
Ag(Dyr) 1—q9D; . ) \ Aq(Dyr)
%o HAY (7, 0,7) = [1]g 00 HAYY (7, 0,7), (75)
and
N N A (Dyz) t]gy D" A (aD
DTy + DI Tipy) + — =Dy Te Ty + Il = 2(7Dg.1) T.Ty
Aq(Dyr) 1—q"vDj~ Aq(Dyr)
%o HALR (T,4,7) = [nlg an HALR (1,6,7), (76)

Therefore, upon simplification, we get the assertions (73) and (74). O

The application of the monomiality principle in this context inherently results in the
formulation of canonical g-differential operators, for which the polynomials serve as eigen-
functions. This structural characteristic implies that each polynomial family under consider-
ation can be systematically linked to a g-difference equation, thereby reinforcing its analyti-
cal and spectral importance. We present the following theorem regarding the operational
identities associated with the three-variable g-truncated Gould—-Hopper polynomials.

Theorem 10. The 3VqTEGHDAPs satisfy the following respective operational identities:

o HALD (7, 6,7) = e (9Dt ) {00 Ana(T. 1)}, 77)

or, equivalently,
o HALL (7,6 +1,7) = ey (1D12) {yin Ang (T, 1)}, (78)

13
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and
Ey (—9Djt ) i HALL (T, 0,7) = i Aug (T, 7), (79)

where 15% is the m'™" g-derivative operator.

Proof. In view of Equation (7), we have

,\ [w],! _
Dm w — w mr_ 80
g7t [w — mr]y! ° 80)

Utilizing the preceding equation of Formula (30), we acquire

m . (¢Dy)*
o HAL (t.p,1) = Y 7,(5’7
iz [Kg!

o Ang (T, 7). (81)

Utilizing expression (5) on the r.h.s. of the preceding equation, we arrive at statement (77).
Again, by using a similar method to (77) and (5), we get assertion (78). By operating
q —¢f);’fT> on both sides of Equation (77) and using Equation (10), we obtain (79). O

4. Reductions to Classical Families

This section presents specific cases of the polynomial previously discussed in
Section 2, represented by Equation (30). Taking A,(t) = PO t) 7 in (30), , HA m) 7 (T.0,7)
reduces to the g-truncated exponential Gould—Hopper—based Bernoulh polynomlals (g-
TEGHbBBPs); i H B,(JZ) (T,¢, ) are defined by the following generating function:

n

E eg(tteq (pt™) o
= VHB, (T, ¢, . 82
eq(t)_l 1— At Z ¢ v )[]q (82)
In view of Equations (22) and (82), we have
(o HBY (T,0,7) = ¢ <¢>5$r) {et)Bug(T,7)}- (83)

Utilizing Equation (29), we proceed to expand the left-hand side of Equation (82),

and we have
n

m n m
HE @) = 3 (1) Buaao B (50,0 59

k=0
Considering Equation (82), the following determinant form for,, HB m)(’l' é,7)

is derived:

Theorem 11. The determinant representation of q-truncated Gould—Hopper—Bernoulli polynomials
of degree n is
wHBYY (1,¢,7) =1,

g(r)HBn,q (T, ¢,7) = (=1)"

1w HY (01 wHD (01 o oH (0w L (Te,7)
1 1 1 1
: B 2m1 ™ 1 IS
» 0 ! Wy (1), Qg ay (85)
0 0 1 (nIl)‘l [”*12]11 (g)q [”El]q ,
0 0 0 1 G20, o

14
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where e(,)HB,(th)(T,(P,’)/) (m=12---)and e(,)H,S’Z)(T,(P,’)/), n =0,1,2,..., are the q-
truncated Gould—Hopper polynomials defined by Equation (29).

Furthermore, by taking A,(t) eq(tﬁ in (30), ,nHA m)(T ¢,7) reduces to

the g-truncated exponential Gould-Hopper-based Euler polynomlals (9-TEGHDbEPs);

JnH E,(;Z) (T, ¢, ) are defined by the following generating function:

2 _ala@m) _ & tn

wHE; (T, (86
O +1  1—qtr n; SalmN ! )

By virtue of (22) and (60), we have

(o HED (1,9,7) = e ($D1tc) {01 Eng (T, 7). (87)

Expanding the left-hand side of Equation (86) by using Equation (29), we have
(m) - (" (m)
HE (T (P ’)/) kZO k Ek,Qe(r)Hn—k,q(T/ (P/ ’)/)’ (88)
= q

The following determinant form for ) H E,(f;) (T, ¢,7) is obtained.

Theorem 12. The determinant formulation of the g-truncated Gould—Hopper—Euler polynomials
for a polynomial of degree n is
wHEY (t,¢,7) =1,

e<r>HEn,q (T, ¢,7) = (=1)"

1 wHY (01 wHD (01 o o (T o L (Te,7)
1 1 1 1 1
2 221 nf% 1 n21
“| o 0 1 ("7, % G
1
0 0 0 1 (1,3

where e('>HE£lT?)(T’¢’7) n=1,2--)and e(,>H,ST7)(T,¢,'y), n =0,1,2,..., are the q-
truncated Gould—Hopper polynomials defined by Equation (29).

By taking A,(t) = in (30), HA,(ZZ)(T, ¢,7) is reduced to the g-truncated

2t
eq(t)+1
exponential Gould-Hopper-based Genocchi polynomials (-TEGHbGPs); ) H G,(f,;) (T, ¢,7)
are defined by the following generating function:

2t eg(th)ey(pt™) & (m) i
- r H r Y
GO F1 1=gr Lo e (Tem g (90)
In view of Equations (22) and (64), we have
o HGL (,6,7) = e (9D} ) {0 G (1,7 }- 1)
Expanding the left-hand side of Equation (65) by using Equation (29), we have
n
HG (x,9,7) Z ( ) Gk,qg<r>H,Sn_1)k,q(Tf ¢, 7). (92)

15
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Theorem 13. The determinant representation of the g-truncated exponential Gould—Hopper-based
Genocchi polynomials (-TEGHbGPs) i, H G,(Z’Z) (T, ¢,7) of degree n is

e<r>HG(()fZ)(T/ ¢,7) =1,

( HGY (7, ¢,7) = (—1)"

1 wHY (0 wHD (Tr) o o (T o i (T9,7)
1 1 1 1
! o e o 2]
y 0 1 (1) g 22, (11)q2[711—1]q (1),1W ©3)
0 0 1 ( 1 )‘72[”*214 (2 q2[n—1J, ,
0 0 0 1 (nfl)qz[lT]q

where e(,)HG,([’;)(T, ¢,v) mn=1,2,---) ande<,)Hr(:Z)(T,¢,7), n=20,12,...,are the g-
truncated exponential Gould—Hopper polynomials defined by Equation (29).

Remark 1. To further enhance clarity and confirm consistency with classical results, it is instructive
to consider the limiting case as ¢ — 1. In this limit, the q-truncated exponential Gould—Hopper-
based Appell polynomials reduce to their classical counterparts, including the Bernoulli, Euler, and
Genocchi polynomials.

For instance, taking the generating function of the q-truncated exponential Gould—Hopper-

based Bernoulli polynomials with
t

eq(t) —1’

and considering the classical limit g — 1, we obtain

Aq(t) =

t 1 t mo 1
lim ( ————e, (1t £ = LT L ——
qﬂ(@,(i)leq(T Jeq (9 )1'ytr) o1t ¢ 11—t

This expression corresponds to the generating function of the classical truncated exponential Gould—

Hopper-based Bernoulli polynomials:

m
ottt

et —1 1—'yt’

Z T‘P'Y)*,

n=0

Similar derivations can be performed for the Euler and Genocchi polynomials.

Remark 2 (On Time-Reversal Symmetry). A critical yet frequently neglected aspect in the analy-
sis of special polynomials is their behavior under the inversion of the dependent variable, specifically
the transformation t — —t. This consideration of symmetry is of considerable importance in physi-
cal and engineering contexts, where it often corresponds to time reversibility or irreversibility in
dynamical systems. For example, even functions p(t) = p(—t) exhibit time-symmetric behavior,
whereas odd or asymmetric functions indicate directional or irreversible processes.

In the case of the three-variable g-truncated exponential Gould—Hopper-based Appell polyno-

mials e") H A%) (T, ¢,7), a study of the generating function

under the substitution t — —t could yield insights into the parity structure of the polynomials
and their coefficients. Such an investigation could further distinguish between even, odd, or

16



Mathematics 2025, 13, 2073

asymmetrically structured polynomial families, as well as elucidate deeper algebraic or physical
symmetries embedded in the q-calculus framework.

Remark 3 (On Canonical Differential Equations). The introduction of the three-variable g-
truncated exponential Gould—Hopper-based Appell polynomials in this study, along with the
formulation of canonical g-differential equations, is both feasible and significant. By utilizing
the generating function structure in conjunction with the monomiality principle and operational
identities, one can systematically derive g-difference or g-differential equations for which these
polynomials act as eigenfunctions. These equations not only elucidate the analytical structure of the
polynomials but also facilitate applications in mathematical physics and integrable systems.

5. Distribution of Zeros and Graphical Representation
In this section, we intend to present the graphical representations and zeros of the
g-truncated exponential Gould-Hopper-based Bernoulli polynomials ;) HB ,(1";) (T,¢,7),as

delineated in Section 3. For m = 3, a few of ;) H B,(fg (T, ¢,7) are as follows:

3
e(4) HB((),q) (T/ (Pr ’)/) =1,

(3) _ 1
6(4)HB1,I/7 (T,(P,')/) =T— [Z}q!,

(3) _ 2, 1 2!
8(4)HB2,q (T/(P/’Y) =-—T+7T + [2}11, [3]q!/

B0 T3y Bl [3]4!

3 2
o HBS) (T, 0,9) = =7 +7° + = + ¢[3]!

(2],! SRR ORE R Y
2 [4],! 4],
e(4>HBf;(r,4>,fy) =—Tt+7i+ B 4]l + T[4l + [2];!4 - ;M‘g
N T[4y ¢4y N 4]0 3[4y 27[4],!
2% 2 Bl? [2028] T [2],8]4!
Ty T 4!
2Bl 2Bl Bl
3 _ 2 BBl | Tl P[B!
6(4)HB5’q(T,<p,’y)——T+T5+W+7T[5]q.— [2];!5+ [2]; — [z]q!z
¢l5lg!  v[Blg! Tl | TPl | TBlg! T[5!
21,2 2l 2l Rl Bl 3]
3l I8l 45l 3t[5ly!
20,812 [Blg! T 2183l [2]412[3],!
272[5],! 26l 3]y 27[5,!
24121315 1212[8]0  [2042[4],! T [2]4'[4]4!
72[5],! [5],! 2[5! [5lg!

2]q'14lg"  [20g![4lg0  Blg'[4]gt  [6lg"

We conduct an investigation into the zeros of the g-truncated exponential Gould-
Hopper-based Bernoulli polynomials, denoted as ) H BSZZ)(T, $,7v) = 0, utilizing com-
putational methods. Specifically, we plot the zeros of the g-truncated Hopper—Bernoulli
polynomials ) H B,(f,';) (t,¢,7) = 0 for n = 30 (see Figure 1).

In Figure 1 (top left), the parameters are set as follows: m =3, r =4, ¢ =2,y =7,
and g = %. In Figure 1 (top right), the parametersare m = 3,r =4, ¢ =2,y =7,and
q= 15—0. In Figure 1 (bottom left), the parametersarem =3,y =4, ¢ =2,y =7,and g = %.
In Figure 1 (bottom right), the parametersare m =3,r =4,¢ =2,y =7,and g = 19—0.

Stacks of zeros of the g-truncated Hopper—Bernoulli polynomials ;) H B,%) (t,¢,7) =0
for 1 < n < 30, forming a 3D structure, are presented in Figure 2.

17
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Figure 1. Zeros of HB%) (t,¢,7) =0.

5

Figure 2. Zeros of HB%) (t,¢,v) =0.
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In Figure 2 (top left), the parameters are set as follows: m = 3,7r =4,¢ =2,y =7, and
q= %. In Figure 2 (top right), the parametersare m = 3,r =4,¢ =2,y =7,and g = %.
In Figure 2 (bottom left), the parameters are m = 3,r = 4,¢ = 2,7y =7,and q = %. In
Figure 2 (bottom right), the parametersare m = 3,r =4,¢ =2,y =7,and g = %.

Plots of real zeros of g-truncated exponential Gould-Hopper-based Bernoulli polyno-
mials ) H B%) (t,¢,7) =0for1 < n < 30 are presented in Figure 3.

In Figure 3 (top left), the parameters are set as follows: m =3, r =4, ¢ =2,y =7,
and g = %. In Figure 3 (top right), the parametersare m = 3,r =4, ¢ =2,y =7,and
q= 15—0. In Figure 3 (bottom left), the parametersare m =3,r =4, ¢ =2,y =7,and g = %.
In Figure 3 (bottom right), the parametersare m =3,r =4,¢ =2,y =7,and g = 19—0.

Subsequently, we computed an approximate solution that satisfies the g-truncated
exponential Gould-Hopper-based Bernoulli polynomials ) H B,(JZ) (T,¢,7) = 0 for the
parametersm = 3,r =4,¢ =2,y =7,and g = %. The results are presented in Table 2.

[ []
[} [}
(] L]
(] [}
] []
20+ 20+
(] L]
[ L]
n [} n L]
(] L]
[} [ ]
10+ 10+
L] L]
[} [ ]
[} [}
(] (]
® L] [} L]
o b & AT T S AT SR S RSN M
-1.0 -0.5 0.0 05 -1.0 -0.5 0.0 05
Re() Re(1)
[] []
[ ] [ ]
[} [}
[ ] [ ]
[ [}
20+ 20+
[} [}
[} [
n [ n [}
[} [
[} [}
10+ 10+
[} [
[ ] [ ]
[} []
(] (]
[} L] [} L]
| T B [ S T S S S [}
-1 0 -1 0
Re(1) Re(1)

Figure 3. Real zeros of () HBSZ',;) (T,¢,7) = 0.

Table 2. Approximate solutions of ) H B%) (t,¢,7) =0.

Degree n T
1 0.58824
2 0.15593, 0.84407
3 —1.5676,1.4279 — 1.6511i, 1.4279 + 1.6511i
4 —1.6771 — 1.30481, —1.6771 + 1.3048i, 2.4221 — 2.5091i, 2.4221 + 2.5091i
5 —2.3820 — 1.9547i, —2.3820 + 1.9547i, 0.60620, 2.8945 — 3.1030i, 2.8945 + 3.1030i
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Table 2. Cont.

Degree n T
6 —2.8833 — 2.33411, —2.8833 + 2.3341i, 0.54216 — 0.65641i, 0.54216 + 0.65641i, 3.2062 — 3.4847i,
3.2062 + 3.4847i
7 —3.1692 — 2.66451, —3.1692 + 2.6645i, —1.4251, 1.3897 — 1.7140i, 1.3897 + 1.7140i, 3.3918 —
3.67911, 3.3918 + 3.6791i
8 —3.3242 — 2.76251, —3.3242 + 2.7625i, —1.6097 — 1.6085i, —1.6097 + 1.6085i, 2.5029 — 2.50171,
2.5029 + 2.50171, 3.3549 — 3.7042i, 3.3549 + 3.7042i
9 —3.4373 — 2.5476i, —3.4373 + 2.5476i, —2.2913 — 2.6109i, —2.2913 + 2.61091, 0.56410, 2.8826 —
3.85041, 2.8826 + 3.85041, 3.5048 — 2.9482i, 3.5048 + 2.9482i
10 —3.8254 — 2.33901, —3.8254 + 2.3390i, —2.4606 — 3.2866i, —2.4606 + 3.2866i, 0.50785 — 0.65764i,

0.50785 + 0.65764i, 2.7588 — 4.2451i, 2.7588 + 4.2451i, 3.9721 — 2.9318i, 3.9721 + 2.9318i

For m = 3, a few of HE,&; (T, ¢,7) are as follows:

3
o) HE((),;(T/ ¢,7) =1,

3 1
WHED (1,9,7) = =5 +1,

2
W HES) (0,0,7) = —3 + 7+ 2yt = (2L,
AW HES)(50,7) =~} 40— iaht+ el + ol + 1t — T8 - T
G HES) (0,0,7) = — 7+ [l + 7 [4]y! — S 7ld)y
- Joli-+ gt + gt - T
R TR AR R R R

HE) (1,,7) = —3 +7° — 35 5la! — 3705lg! + 77 5la! + 7[5l
1 1 3[5],! 54! 2[5 5!
GO T =Sk Gk 3 1y
_3t5ly!  P[Blg! ¢S]y N °9[5]!  3[5]q! N T[54
82t 8[2[gt 220 2t 8[B]H - 2[3g!
73[5],! [5]4! 72[5],! 2[5! [5]4!
+ 4[3]; + 2[z]qzq[3]qv B z[z],,v[g]q' - z[z]ql[g]q! + 2[4}qql
sl sl
204],0 204!

We investigate the beautiful zeros of the g-truncated exponential Gould-Hopper-
based Euler polynomials ) H E,%) (T, ¢,7v) = 0 by using a computer. We plot the zeros of
g-truncated Hopper-Euler polynomials ) H E%) (t,¢,7v) = 0 for n = 30 (Figure 4).

In Figure 4 (top left), the parameters are set as follows: m = 3,r =4, ¢ =5, v = 10,
and g = %. In Figure 4 (top right), the parameters are m = 3,7 =4, ¢ =5, v = 10, and

q:
q:
q:

BlegNgxm

. In Figure 4 (bottom left), the parameters are m = 3,r =4, ¢ =5, v = 10, and

. In Figure 4 (bottom right), the parameters are m = 3,r =4, ¢ =5, v = 10, and

20



Mathematics 2025, 13, 2073

Figure 5 illustrates the three-dimensional structure formed by the zeros of the g-
truncated Hopper-Euler polynomials ) H E,(f,r,;) (t,¢,7) =0for1 < n < 30.

In Figure 5 (top left), the selected parameters are m = 3,r =4, ¢ =5, v = 10, and
q= 13—0. In Figure 5 (top right), the parameters remainas m = 3,7 =4, ¢ =5, and v = 10,
with g adjusted to %. In Figure 5 (bottom left), the parameters are consistent with m = 3,
r=4,¢ =5, and v = 10, and g is set to %. Finally, in Figure 5 (bottom right), the
parameters are m = 3,r =4, ¢ =5, and v = 10, and g is increased to %.

‘
o | ©Og4 o | O
, [ ] o sl ([ o
° ([ o o ([
. . 2+ . . 4
® [ ] ® ([
; i
° e o ]
¢ ® ¢
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Figure 4. Zeros of HE,Y,'Z]) (t,¢,7) =0.

Plots of real zeros of g-truncated Hopper-Euler polynomials ) H E%) (t,¢,7v) =0 for
1 < n < 30 are presented in Figure 6.

In Figure 6 (top left), the parameters are set as follows: m = 3,r =4, ¢ =5, v = 10,
and g = %. In Figure 6 (top right), the parameters arem = 3,r =4, ¢ =5, v = 10, and

q = 15—0. In Figure 6 (bottom left), the parameters are m = 3,r =4, ¢ = 5, v = 10, and

q= %. In Figure 6 (bottom right), the parameters are m = 3,r =4, ¢ =5, v = 10, and
9

1= 10"

Subsequently, we computed an approximate solution that satisfies the g-truncated expo-
nential Gould-Hopper-based Euler polynomials ) H E,%) (t,¢,7) = 0, with the parameters
setasm =3,r=4,¢ =5y =10,and g = %. The results are presented in Table 3.
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Figure 5. Zeros of ,» H E,%) (T.¢,7) =0.
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Figure 6. Real zeros of ,,)H ESZZ) (t,¢,7) =0.
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Table 3. Approximate solutions of HE%) (1,¢,7) = 0.

Degree n T
1 0.50000
2 —0.080594, 0.93059
3 —2.3549, 1.7249 — 2.2326i, 1.7249 + 2.2326i
4 —2.0245 — 0.1768i, —2.0245 + 0.1768i, 2.6578 — 3.1756i, 2.6578 + 3.1756i
5 —2.7749 — 1.3907i, —2.7749 + 1.3907i, 0.56863, 3.1838 — 3.8462i, 3.1838 + 3.8462i
6 —3.4673 — 1.9184i, —3.4673 + 1.9184i, 0.6617 — 1.3704i, 0.6617 + 1.3704i, 3.5409 — 4.2425i, 3.5409 + 4.2425i
7 —3.7243 — 2.3058i, —3.7243 + 2.3058i, —1.8144, 1.6543 — 2.4440i, 1.6543 + 2.4440i, 3.7418 — 4.4043i, 3.7418 + 4.4043i

—3.9250 — 2.4629i, —3.9250 + 2.4629i, —1.6504 — 1.3176i, —1.6504 + 1.3176i, 2.6170 — 3.25191, 2.6170 + 3.2519i,

8 3.7436 — 4.3541i, 3.7436 + 4.3541i

9 —4.1243 — 2.4363i, —4.1243 + 2.4363i, —2.1590 — 2.2507i, —2.1590 + 2.2507i, 0.22580, 3.0404 — 4.4562i, 3.0404 +
4.4562i, 3.9297 — 3.7151i, 3.9297 + 3.7151i

10 —4.4008 — 2.2964i, —4.4008 + 2.2964i, —2.6341 — 2.9269i, —2.6341 + 2.9269i, 0.4638 — 1.4799i, 0.4638 + 1.4799i,

2.9738 — 4.91051, 2.9738 + 4.9105i, 4.4070 — 3.5880i, 4.4070 + 3.5880i

6. Conclusions

The concept of g-monomiality plays a pivotal role in the analysis of special polyno-
mials, providing a framework for understanding their properties and relationships. This
paper delves into a comprehensive examination of three-variable g-truncated exponential
Gould-Hopper-based Appell polynomials within the context of g-monomiality. By system-
atically studying these polynomials, the authors uncover and elucidate various properties,
contributing to a deeper understanding of their mathematical structure and behavior. The
research extends beyond theoretical exploration, offering practical applications and insights.
The authors present special cases of the newly established polynomials, accompanied by
their determinantal forms. This approach not only demonstrates the versatility of the
polynomials but also provides concrete examples for further study. Additionally, this
paper includes an analysis of zeros and graphical representations for these special cases,
offering visual and numerical insights into the polynomials” behavior. These findings
serve as a valuable resource for researchers, enabling them to apply the g-monomiality
principle to investigate the properties of various polynomials and potentially uncover new
mathematical relationships.
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Pseudo-Wronskians of Jacobi Polynomials and Their Infinite and
Finite X-Orthogonal Reductions
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Abstract: The paper advances a new technique for constructing the exceptional differential
polynomial systems (X-DPSs) and their infinite and finite orthogonal subsets. First, using
Wronskians of Jacobi polynomials (JPWs) with a common pair of the indexes, we generate
the Darboux—Crum nets of the rational canonical Sturm-Liouville equations (RCSLEs). It is
shown that each RCSLE in question has four infinite sequences of quasi-rational solutions
(g-RSs) such that their polynomial components from each sequence form a X-Jacobi DPS
composed of simple pseudo-Wronskian polynomials (p-WPs). For each p-th order rational
Darboux Crum transform of the Jacobi-reference (JRef) CSLE, used as the starting point,
we formulate two rational Sturm-Liouville problems (RSLPs) by imposing the Dirichlet
boundary conditions on the solutions of the so-called ‘prime” SLE (p-SLE) at the ends of
the intervals (—1, +1) or (+1, ). Finally, we demonstrate that the polynomial components
of the q-RSs representing the eigenfunctions of these two problems have the form of
simple p-WPs composed of p Romanovski-Jacobi (R-Jacobi) polynomials with the same
pair of indexes and a single classical Jacobi polynomial, or, accordingly, p classical Jacobi
polynomials with the same pair of positive indexes and a single R-Jacobi polynomial. The
common, fundamentally important feature of all the simple p-WPs involved is that they
do not vanish at the finite singular endpoints—the main reason why they were selected
for the current analysis in the first place. The discussion is accompanied by a sketch of the
one-dimensional quantum-mechanical problems exactly solvable by the aforementioned
infinite and finite EOP sequences.

Keywords: rational Sturm-Liouville equation; pseudo-Wronskian polynomial; Darboux—
Crum transformation; exceptional differential polynomial system; exceptional orthogonal
polynomial system; exceptional orthogonal polynomials; Romanovski-Jacobi polynomials;
Dirichlet problem

MSC: 34B24

1. Introduction

In the recently published paper [1] the author presented the systematic analysis of the
Xm-Jacobi ‘differential polynomial systems’ (DPSs), with the term ‘DPS’” used in exactly the
same sense as it was done by Everitt et al. [2,3] for the conventional polynomial sequences
satisfying the (generally complex) second-order differential equations with polynomial
coefficients (PDEs). The polynomial sequences are referred to as ‘exceptional’ [4,5], since
each sequence either does not start from a constant or lacks the first-degree polynomial;
the discovered polynomials are not covered by Bochner’s classical proof [6]. As initially
stressed by Kwon and Littlewood [7], Bochner himself did not mention the orthogonality of

Mathematics 2025, 13, 1487 https://doi.org/10.3390 /math13091487
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the polynomial systems that he found, and made no attempt to expand his argumentation
to the real field—the problem initially analyzed in the ‘ill-fated’ [8] paper by Routh [9].

It has been proven by Kwon and Littlejohn [7] more recently that all the real field reduc-
tions of the complex DPSs constitute quasi-definite orthogonal polynomial sequences [10],
and for this reason, the cited authors refer to the latter as ‘OPSs’. However, this is not true
for the X-DPSs, and we thus preserve the term “X-OPS’ solely for the sequences formed by
positively definite orthogonal polynomials.

By further advancing the formalism put forward in [1], we then apply the sequential
rational Rudjak—Zakhariev [11] transformations (RRZTs) to construct the new RCSLEs
with quasi-rational solutions (q-RSs). For convenience, we sketch the main features of the
generic Rudjak-Zakhariev transformations (RZTs) in Appendix A. We term a RZT rational
if it uses a quasi-rational transformation function (q-RTF).

We then take advantage of Schulze-Halberg’s formalism for the so-called ‘foreign aux-
iliary equations’ [12] to generalize the notion of the Darboux—Crum [13,14] transformations
(DCTs) to the CSLEs. It is proven in Appendix B that sequential RZTs give rise to the DCT
defined in the aforementioned way. Again, we refer to a DCT of the RCSLE as ‘rational’
(RDCT) if it uses quasi-rational seed functions. Below, these seed functions are represented
by the four infinite sequences of the quasi-rational solutions (q-RSs) of the Jacobi-reference
(JRef) CSLE, which is defined via (1)—(3) in Section 2.

In this paper, we focus solely on the RDCTs using quasi-rational seed functions
with polynomial components formed by Jacobi polynomials with a common pair of the
indexes A_, A [15]. The resultant net of the RCSLEs is introduced in Section 4. However,
before switching the discussion to these RCSLEs, we found it useful to draw the reader’s
attention to one of most important element of our technique for generating infinite and finite
sequences of exceptional orthogonal polynomials (EOPs), which has been already utilized
in [1] for constructing rational Darboux transforms (RDJ's) of the Romanovski—Jacobi
(R-Jacobi) polynomials [16-18].

Namely, to formulate the Sturm-Liouville problem (SLP), we introduce the so-
called [19] ‘prime” SLEs (p-SLEs) chosen in such a way that the two characteristic exponents
(ChExps) for the poles at the endpoints differ only by sign. As a result, the energy spectrum
of the given Sturm-Liouville problem can be obtained by solving the given p-SLE under
the Dirichlet boundary conditions (DBCs). This, in turn, allows one to take advantage of
the rigorous theorems proven in [20] for eigenfunctions of the generic SLE solved under
the DBCs.

In Section 3, we introduce the prime forms of the JRef CSLE on the orthogonalization
intervals (—1, +1) and (1, c0) and then make use of the DBCs to select quasi-rational
principal Frobenius solutions (q-RPFSs) near the singular endpoints in question. Our main
interests lie in the q-RPFSs lying below the lowest eigenvalue of the JRef CSLEs. We have
already used these solutions as the q-RTFs in [1] to construct infinite and finite subsets of
Xm-Jacobi DPSs. In this paper, we extend this approach to the RDCTs, using the sequential
RRZTs to generate sequences of g-RPFSs (see Appendix B for details).

In Section 5, we again take advantage of Schulze-Halberg’s [12] technique to show
that the RCSLEs constructed in Section 4 have four infinite sequences of the g-RSs with the
polynomial components. While one of these sequences is formed by Jacobi polynomial
Wronskians (JPWs), the polynomial components of the three others are represented by
the so-called [1] ‘simple” pseudo-Wronskian polynomials (p-WPs). Namely, we refer to
a pseudo-Wronskian of Jacobi polynomials [21] as ‘simple” if only a single polynomial in
the given set of seed Jacobi polynomials has at least one Jacobi index with a different sign
(compared with the sign of the common index of other Jacobi polynomials in the given
set). As proven in Section 6, the simple p-WPs obey the Fuchsian differential equations
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with polynomial coefficients (FPDE), forming a X-Jacobi DPS. We have here a very specific
example of Duran’s fundamental theory of the X-Jacobi OPSs [22].

Section 7 constitutes the culminating point of our analysis. Namely, we prove that
the rational Darboux-Crum transform (RDCJ") of eigenfunctions of the Jacobi p-SLEs on
either finite or infinite interval in question represent the quasi-rational eigenfunctions of
the corresponding Dirichlet problem formulated for the given RDCJ™ of the JRef CSLE and
therefore the polynomial components of these g-RSs form an orthogonal polynomial set
satisfying (by the way it is constructed) to the FPDE.

While the RDCJ s of the classical Jacobi polynomials have been thoroughly covered
in [22], the admissibility of the JPWs on the infinite interval (1, co) represent the important
new result. In Section 7.1, we thus verify our conclusions based on the more general
theorems proven in [22] and then formulate the novel approach to the theory of the RDCJ's
of the R-Jacobi polynomials.

Theorems proven in Section 7 are heavily based on the two cornerstones of the devel-
oped formalism thoroughly justified in Appendices C and D. Namely, Appendix C presents
the proof that the RRZJ of the q-RPFS itself is the q-RPFs of the transformed RCSLE. In
Appendix D we use this very broad result to prove that the latter RCSLE is exactly solvable
and therefore the mentioned g-RPF lies below the lowest eigenvalue. This result in turn
lays down the foundation for our crucial proof that the JPWs of our choice do not have
zeros inside the given orthogonalization interval.

We illustrate this assertion in Appendix E, using the second-degree JPW as an example.

2. Four Distinguished Infinite Sequences of q-RSs
Let us start our analysis with the Jacobi-reference (JRef) CSLE

2 N N
{dH"[n;?\o] +sgn(1—nz)sp[n}}q’[n;ho;s} =0, 1)

with the single pole density function

1

pn] = 1) &

and the reference polynomial fraction (RefPF) parameterized as follows:

- 1—-A2n 1-2A2 —AZ_
I°[n; Ao] = Ry AT B ©)
Nt 4(1—Rn) (1-m?)
— 1 2 1_7\g;N . 1 @)
21-7%) (= 1-8n 4(1-n?)’

where A+ are the ExpDiffs for the poles at +1 and the energy reference point is chosen
by the requirement that the ExpDiff for the singular point at infinity vanishes at zero
energy, i.e.,

lim <n2I°[T1; Xo]) =1/a, 5)

[n|—o0

The energy sign is chosen in such a way

sgn(e) = sgn(1—n?) 6)

that the sought-for eigenvalues are positive (negative) when the Sturm-Liouville problem
in question is formulated on the finite interval —1 < 11 < 1 (or, respectively on the
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positive infinite interval 1 < 11 < o0). An analysis of solutions of the CSLE (1) on the
negative infinite interval —co < 1 < —1 can be skipped without loss of generality due
to the symmetry of the RefPF (2) under reflection of its argument, accompanied by the
interchange of the exponents differences (ExpDiffs) Ao+ for the CSLE poles at +1.

Let us now consider the gauge transformation

O [y Aoj €] = boln; Mol F[1; Ao €], @)

where

—

bofn; A] i= (14m) 2 FD 12D (1 < £ 1), ®)
Keeping in mind that

N Y

= A +1 A +1

ld gon; A := don; AJ/do[m; A] = ot Tamo1y ©)
coupled with (3), one finds
Boln: A1/ boln; A = 12oln; A] + dapon; A (10)
T (A1)
= —I°[n; Ao] — Tai-m) (11)

with dot standing for the derivative with respect to 1., i.e., the quasi-rational function (8) is
the solution of the JRef CSLE at | ¢ | equal to

N

e0(A) =1/a(A_ + Ay + 1% (12)

It then directly follows from the identity

L1 —

Bl Asel/ ol ]z—{mn;?]+1<§2}F[n5;e]+‘15[n,-m
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that the function (7) satisfies the FPDE

d
2 _ 4
(M l)dn

2 ~
Aras), o d 2
5+ 2P0 () S+ VA A+ 1) a|] <FlAiel =0 (14)
with the polynomial coefficients. It is essential that the resultant FPDE is well-defined for
any real values of the variable 1, including the border points [A_| = 1 or |A;| = 1 between
the LP and LC regions (which require a special attention and were sidelined for this reason
in our current discussion). The FPDE (14) turns into the conventional Jacobi equation

eo(ArA) o (AL AL)
M =1)Py () +2P" P (n)+ (15)

m(Ay + A +m+1)PY () =

at the energies

le] = em(A) = 1/a(AL +A_ +2m+1)2 (16)

In following [2,3], we say that the polynomials in question form the Jacobi DPS.
Note that, in addition with the renowned polynomial solutions, the FPDE (14) has
3 other infinite sequences of the q-RSs listed in Table 1 in [22] (or Table 2 in [23]). It is worth
pointing out to the difference in our terminology, compared with that in [22,23]. Namely,
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we restrict the term “eigenfunction’ only to a solution of a Sturm-Liouville problem (SLP),
i.e., in our terms only the classical Jacobi polynomials constitute the eigenfunctions of the
Sturm-Liouville differential expression (15), assuming that the corresponding polynomial
SLP (PSLP] is formulated on the interval (—1, +1), using the boundary conditions (10)
in [24].

Table 1. Correlation between labels t and signs of Jacobi indexes.

t a b c d

o_ o4 + — -+ ++ +—

Table 2. Classification of JS solutions on the infinite interval (1, co) based on their asymptotic behavior
near the endpoints.

t. O 04 0o m

o,m

a + 4+ — 0<m<oco

9’ -+ — m2>ne=j . +1

b —— 4 0 <m <1/2(Ag;— + Ao+ — 1)

b —++ 0 <m < 1/2(Ag;+ — Ag;— — 1)

c —++ 0<m <jax

d - = 1/2(Ao+ = Ao— —1) <m < o0

d - — = m > 1/2(Ao;— + Ag;+ — 1)
By choosing

A_, Ay, A_ + AL +m # —k for any positive integer k <m (17)

(see §4.22(3) in [25]), we assure that the Jacobi polynomial in question has exactly m simple

N

zerosM;(A;m), i.e., using its monic form,

P (1) = M7 (Am)], (18)

where by definition
m
M ;0] == [T —nil. (19)
I=1
It is crucial that the Jacobi indexes do not depend on the polynomial degree, in contrast
with the general case [26,27]. This remarkable feature of the CSLE under consideration is
the direct consequence of the fact that the density function (2) has only simple poles in
the finite plane [15] and as a result the ExpDiffs for the CSLE poles at =1 become energy
independent [28].
We conclude that the JRef CSLE with the density function (2) has four infinite se-
quences of the g-RSs

G A] = [1-47 12041 1y 2O DPRA) ()

20
(Ae] = Mot 20

N

at the energies (16), with the vector parameter A restricted to the one of the four quadrants
for each sequence.
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[N

Each infinite sequence starts from the q-RS (8) with A restricted to the corresponding
quadrant. Substituting (9) into the identity

N

?450 ; X]/ dom; X] = 1d*$o[n; X] + l;iﬂbo[n; AL (21)

where the symbolic expression Id f[n] denotes the logarithmic derivative of the function
f[n], we find that the function (8) is the solution of the Riccati equation

> N N T A
ld bo[n; A] — Idbo[n; A +1°[n; A] + 180_( ﬂl =0. (22)
3. Use of ‘Prime” Forms of JRef CSLE to Select q-RPFSs
The gauge transformation
¥ Ase]l = 2 ;AN @m; Asel, (23)

with an arbitrarily chosen positive function 2[n], converts the JRef CSLE (1) into the SLE of
the generic form:

d .g d .A _ 2 .A .g. —
%79[11/7\]%—{}72[11/)\] +Sg7’l(1 n )ewp[n, A]} ?[]’],7\,8] - 0/ (24)
with the weight
wzm; A == p ]/ zM; Al (25)

The PF representing the zero-energy free term is given by the following generic formula [19]:

— N

2ol A = 2l A A +.7 {2 A]} (26)
with 5
F{Em]} == 1/af ]/fm] —1/2f ] (27)

and the sign of the sought-for spectral parameter ¢ is dictated by the constraint (6).
Let us choose the leading coefficient function in such a way:

1—m?for —1<n<+1,
= = 28
7n] = 2] { no1 forn>1 (28)
that the SLP of our interest can be formulated as the Dirichlet problem:
li mAl=0 29
i Wyl Al (29)
at the ends of the given interval of orthogonalizationn, = Florn_ =1, n; = co. It
has been proven in [20] that the eigenfunctions of this Dirichlet problem must be square-
integrable:
N+ N
[ i Al < oo, (30)
n_
and mutually orthogonal:
N+ IR IR
| i Al i Algiin = 0 G # ), Q)
n_
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with the weight

1 , for —1<n<+1,

32
1+n)_1<1/2 forn > 1. (32)

W] == wpnh] = { (

Due to the very special choice of the leading coefficient function (28) for the p-SLE (24),
the two ChExps for each singular endpoint differ by sign, while having exactly the same
absolute value, which assures [19] that each DBC unambiguously selects PFS near the given
end. In other words, the DBCs (28) unequivocally determine the PFSs nea both singular
ends of the given interval of orthogonalization.

Substituting (28) into (27) gives [29]:

-1
I :{ (1—n?) for —1 <n < +1, (33)

1/asm—1)"forn > 1,

which shows the free-energy term of the p-SLE with the leading coefficient function (28)
has simple poles in the finite plane.

As illuminated in Section 7, the concept of the p-SLEs allows one to select the sequences
of the nodeless PFSs, which assures that the corresponding “X-Bochner operators’ (in terms
of [30]) are regular inside the given orthogonalization interval. This is one of the most
important achievements of this paper.

3.1. Dirichlet Problem on Interval (—1, +1)

The crucial advantage of representing the conventional Jacobi equation in the p-SLE
form is that the g-RS

N

A = (147 (@ - ) (34)

represents the PFS near the poles at 1 iff the corresponding Jacobi index A is positive. In
particular, the g-RSs

Wi Ao] = (1+1)7o (1) P PPt ) ) (-1 < < 1) (35)

formed by the classical Jacobi polynomials with positive indexes necessarily satisfy the
DBCs at F1 and as a result constitute the eigenfunctions of the given Dirichlet problem.
The orthogonality relations (30) thus turn into the conventional orthogonality relations for
the classical Jacobi polynomials

+1
J e B ) )iy ho] =001 %) 6)
-1

with the weight function

Wnn; A= (1 +mM A=) for—1<n<1. (37)

Since the (j + 1)-th solution has exactly j zeros between —1 and +1 and the positive eigen-
values converges to 0 as the polynomial degree tends to infinity, the Dirichlet problem in
question may not have any other eigenfunctions.

One still needs to prove that the g-RSs (34) form the complete set of the eigenfunctions
of the given Dirichlet problem. This can be performed, for example, by converting the
JRef CSLE (1) to the hypergeometric equation on the interval (0, +1) and then follow the
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arguments presented by the author [26] for the exactly solvable JRef CSLE with the properly
chosen density function.
On other hand, choosing

2 A= (1 =)W Al = (140> (1 =)™, (38)
we come to the Sturm-Liouville form [31] of the Jacobi equation:

d . —=d S
a72[11; Ma — @M A+ (N )Wn; )\]}Pj(M-,?\—)(n) —0. (39)

It is crucial that the leading coefficient function (38) for A+ > —1 vanishes at the ends of
the interval [—-1, +1], which assures that the ‘generalized’ [32] Wronskian (g-W) of two
classical Jacobi polynomials

W, (B ) B ) = el A WP (), B ()

for0 < ' < <

vanishes at 1.

Our next step is first to consider all the g-RSs of the given p-SLE, which vanish at one
of the endpoints of the infinite interval (—1, +1) and then select the subsets of the collected
PFSs below the lowest eigenvalue.

Since our approach allows one to formulate the spectral problem only for positive
values of the Jacobi indexes, this limitation restricts one’s ability to construct the X-Jacobi
OPSs formed by the RDCJ's of the classical Jacobi polynomials with negative indexes,
as it has already become clear from our analysis [1] of the Xiy-Jacobi OPSs. However, as
demonstrated in [1], the certain advantage of our approach is that it allows one to treat
in parallel the RSLPs for both intervals (—1, +1) and (1, c0) and moreover to prove that
the RDCJ s of the PFSs of the JRef CSLE are themselves the PFSs of the resultant RCSLEs.
We refer the reader to Appendix C, where we present the proof of the latter assertion
representing one of the pillars of our formalism.

In following our olden study [33] on the Darboux transforms (D s) of radial potentials,
we use the letters a and b to specify the PFS near the singular endpoints F1 (cases I and Il in
Quesne’s [34] commonly used classification scheme of g-RSs. According to their behavior
near the endpoints). We use the letters c and d [33] to identify the n. eigenfunctions and,
respectively all the q-RSs (34) not vanishing at both ends (case III in Quesne’s classification
scheme). For the given SLP there is the one-to-one correlation between the labels t = a, b,
c, d and the sign o+ of the Jacobi indexes A, as specified in Table 1.

Re-writing the dispersion Formula (16) for o =+Tas

exzm(Ao) = (FAg £ Ao —2m —1)%, (41)

we find that the PFSs of either type a or type b lie below the lowest eigenvalue

ec0(Ao) = (Ao + Agyr +1)% 42)
iff
m < Ay = Ao (A = £hop), (43)
or
m< —A_ = Ao (Ax = Fhos), (44)
accordingly.
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Using the Klein formulas [25], we have proved [28] that the m-degree Jacobi polyno-
mial with the indexes A_ and A does not have zeros between —1 and +1 iff

m < 1/2 (A A+ s| = Ap) (45)
and

()" A A Dy A+ 1)y =

(A =) (Vs + Dy = (e 1)y (A — )y >0, o

where (V) is the rising factorial [35]. One can easily verify that the latter conditions do
hold under both constraints (43) and (44).

3.2. Dirichlet Problem on Interval (1, o)

Examination of the g-RSs

1A NG W Y
[0 Ao Aoy ] = (1 1)/ (g — 1) /Ao plRosho) ) (47)

reveals that they satisfy the DBCs at both ends of the interval (1, o) for
0<j<1/2Ao;—, —Aor — 1), (48)

And, therefore, represent the eigenfunctions of the RSLP in question, which brings us to
the orthogonality relations

—

[ B e Al = 0 G £ ), 49)
1

with the weight function

Winln; Aol 1= (14m) 2 (n—1)*+ forn > 1. (50)

One can easily verify that (49) is nothing but another form of the conventional orthogonality
relations for the R-Jacobi polynomials

(o, B) (o) P
/dglj (z)] (g)gw[g} =0 (#i, (51)
0
with the weight function
S, —IBI
‘j})“ﬁ[i] =z (g+1) forn € [1, ) (52)

under constraint o > 0, < 0, where we adopted Askey’s [36] definition of the R-Jacobi
polynomials which, as proven by Chen and Srivastava [37], is equivalent to the elementary
formula
]r(loc,ﬁ)(i) = PI(I“’B)(ZE) +1)fora>—-1,+2n<0, (53)
with
z = 1/2(n—1). (54)

Note that we [38] (see also [39]) changed the symbol R for ] to avoid the confusion with
R-Routh (Romanovski/pseudo-Jacobi [17,18]) polynomials denoted in the recent publica-
tions [40-43] by the same letter ‘R’.
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Our next step is to determine all the q-RSs vanishing at one of the endpoints of the
infinite interval [+1, +o0] and then select the subsets of the collected PFSs which lie below
the lowest eigenvalue. To explicitly reveal the behavior of the Jacobi-seed (JS) g-RSs (54)
near the singular endpoints in question, we label them as indicated in Table 2 below, with
O specifying either the decay (+) or growth (—) of the given JS at infinity.

To indicate that the classification of the JS solutions is done on the infinite interval
(1, 0), we underline the symbol t by tilde. We then mark the given symbol by prime if
the polynomial components of the given sequence of the g-RSs do not include a constant.
(Note that the “secondary’ sequences of such a type do not exist for the potentials with
infinitely many discrete energy levels which were the focal point of Quesne’s analysis [34]).

By definition
€ (Ao) = —e= (o). (55)

~_§4\ ,m o ,m

o,m

Note that the PFSs of the series b’ may exist only if the SLE does not have the discrete

energy spectrum. We thus need to consider the three sequences of the quasi-rational PFSs:
two ‘primary’ (starting from m = 0) sequences a and b as well as the infinite ‘secondary’

sequence a’ (starting from m = nc).
The primary sequence a is formed by classical Jacobi polynomials and consequently

may not have zeros between 1 and . As expected, all the PFSs of this type lie at the
energies.

e (ho)= —€+ 1 m(Ao) (56)

a,m

below the lowest eigenvalue

e (Vo) = —exo(Ro). 57)

The PFSs from the primary sequence b at the energies

e (M) =~ m(Ao) (58)

b,m

for
0<m<1/2Ag;= + Ao — 1) (59)

do not have real zeros larger than 1 iff

e (Ao)—¢ (Ao) = —4(hoy. —m—1)(Aoys —m) <0, (60)

ie., iff
0<m<Ag4 <Ap— — 1. (61)

Similarly, the PFSs from the secondary sequence a’ at the energies

£ (Ao) = —e4— m(Ao) form > nc (62)

!, m
do not have real zeros larger than 1 iff

e (Ao)—¢ (Ao)=—4m(Aor — Ao +m+1) <0 (63)
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or, in other words, iff
m> Ag,— — Ao — L. (64)

4. RDCTs of JRef SLE Using Seed Jacobi Polynomials with Common Pair
of Indexes

We call the DCT rational if it uses quasi-rational seed functions. In this section, we

focus solely on the RDCTs using the seed functions (20) with the common Jacobi indexes A.
Let us consider the RDCT using an arbitrary set of p seed functions,

Mp :=my,..., mp.
Denoting the Jacobi polynomial Wronskian (JPW) as
Wi M) == W{PE () (65)

( Mig=1,...p

and substituting the Wronskian

W{dm, , AT} =g A]W(}{ﬁz 3> (M) (66)
into (A18), we come to the RCSLE
d2 o 2 Py
an? +1I°n; ?\|M ] +sgn(l—n")epn] p@n; A; e[M,] =0 (67)

with the RefPF [12]

°fn; A[M,] = I°[n; Ao] +2p/pn dl"“)ﬂ“ —p(p—2)7{pMl}

[n
. ldW()\+)\ /M) (68)
2./ pmlL 1)
Let us now show that the first three summands can be then re-arranged as
;A +p1] = Pl Aol +2py/pl & ’d‘bo[
) L WE;+A (M) , - (69)
\/P[W]HW p(p—2)7{[1 —n?}
and then prove that
Ny N A (A A
10 A[My] = 1003 A +p 1] + 218 W InlMy] — Hdpln) 1 W [nMp] - (70)

which represents one of the most important results of this section. To prove (70), we first
re-write the second summand in (69) as

d Id do[m; o 3 3
2py/plnl g OF = 2pld do[n; A] — pldp[n]id bo[m; A]. (71)

Taking into account (9), coupled with

1 1
ldp[n] = Th+l o n-1 (72)
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gives
d 1d o [n; . = =
2py/plnl g OF = 2plddo[n; A] — pldp[n]ld po[n; ] (73)
_ P+l p(A-+1)  pA-+AL+2) 74
2m—-12%  2m+1)? oy 79

Combining (74) with the definition (3) of the RefPF of the JRef CSLE (1), and also taking
into account that [29]

1 1 1

2N = _
J{l1—=n |}_4(n—1)2+4(n+1)2 22— 1)’

(75)

one can directly confirm that the three distinguished singularities appearing in the right-
hand side of (74) can be grouped as follows

N

2ppRld ldd)g >\ L= A +p1] = I°M; Ao)+ (76)
+p(p 2)7{[1—n’[}.

Before proceeding with the further analysis of the RefPF (70), let us first illuminate
some remarkable features of the JPW (65). First, let us prove that the Wronskian of the
Jacobi polynomials with the common positive integer does not vanish at the corresponding
pole of the JRef CSLE (1), which simplifies the computation of the ExpDiffs for the pole of
the RefPF (66) at this point.

Theorem 1. The [PW (65) is finite at the singular point F1 if A+ > 0.

Proof. To verify this assertion, we take advantage of our generic observation that any
DCT can be decomposed into the sequence of RZTs with the TFs given by the recurrence
formulas (A19) in Appendix B. Making use of (66), one can easily verify that these TFs for
the RDCTs under consideration have the following quasi-rational form

ATWAEAD) o
d)O[nr }\]W'/V(Mpﬂ) [n|Mp+1}

Gy 1 A M) = , 77)

PR IWGE ) M)

i.e., taking into account (2) and (8),

(78)

Let us assume that the JPW in the denominator of the PF on the right remains finite at
F1. Then examination of the RefPF (70), coupled with the definition of the Jref RefPF (3),
reveals that the power exponent of 1 £ 1 in the numerator of the PF (78) coincides with the
positive ChExp for the pole of the RCSLE (67) at 1. Since the second ChExp, according
to (3), is negative, the TF (78) necessarily represents the PFS near the pole in question if
Ax > 0, and therefore the numerator of the PF may not have the zero at F1. This completes
the proof of Theorem 1 by mathematical induction, since the theorem necessarily holds for
p =1 due to the constraint (17) imposed on the seed Jacobi polynomial. [J

In Appendix E, we explicitly confirm the theorem for the simplest second-degree JPW
Wronskian formed by the Jacobi polynomials of degrees 1 and 2.
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Corollary 1. The Wronskian of the classical Jacobi polynomials with positive indexes may not have
zeros at F1.

As illuminated in Section 7.1, this corollary plays the crucial role in the theory of the
RDCJ s of the R-Jacobi polynomials using the quasi-rational seed functions formed by the
classical Jacobi polynomials with positive indexes.

We were unable to prove Theorem 1 for the case when the 2D vector A lies in the third
quarter so we make the following assumption specifically for this case:

Corollary 2. The [PW does not generally have zeros at F1, regardless of the sign of A+.

Proof. After representing the JPW as a polynomial in either n—1 or n+1 (instead of n), let
us take advantage of the fact that the common leading coefficient is the polynomial in both
A_ and A . According to Theorem 1, this coefficient remains finite at positive values of A+
and therefore does not vanish identically for any values of A, which completes the proof.
O

In [1], we implicitly used this assumption to construct the finitely many sequences of
the RDJ s of the R-Jacobi polynomials using the TFs of type b (A < 0, without going into
more details.

As explained below, we also have to disregard some specially designed exceptions [44],
when the quasi-rational function (77) becomes regular at the two poles of the RCSLE (67),
which leads us to the following assertion:

Preposition 1. As a rule, the [PWs in the numerator and denominator of the fraction (77) do not
have common zeros.

Theorem 2. The [PW in the numerator of the fraction (77) has only simple zeros as far as the
Preposition 1 holds.

Proof. Based on our prepositions, any zero of the JPW in the numerator of the fraction (77)
is a regular point of the RCSLE (67) and therefore the polynomial in question may not have
zeros of order higher than 1. (Otherwise, the solution (77) of the RCSLE (67) and its first
derivative would vanish at the same point which is possible only for the trivial solution
identically equal to zero). [

Let N N
(A Mp) = Ni=1,..,.# (M) (A[Mp) (79)

be the .#/(M,,) zeros of the JPW (65), i.e.,

AALAL) e _ -
WW&P) Mp] = HW(MP)[H?W(/V)(A\MP)] =
(M) L (80)
[T Mm-—m,(AMp)]
/=1
Re-writing (72) as
ldpln] = — (81)
pnl = 1
and taking into account that
_ ° _ L 1
Qm;7] :=ldlnm;a] = =), ——, (82)
=1 m—mi]
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we can decompose the RefPF (70) as follows

N N N N
M AM,] =1m; A +p1] -

2

P) 2
1

2

M —m(ﬁMp)}

# (M) 1 (83)

le —1 ; - —
r=1 n _nl(}\|Mp)

7

in agreement with (87) in [1] for p = 1.
The indicial equation for all the extraneous poles of the RCSLE (67) has exactly the
same form:
plp-1)-2=0. (84)

The equation has two roots —1 and 2, which implies that the JPW in the numerator of
the fraction (78) can formally have a zero of the third order [44]. However, as it becomes
obvious from the analysis presented in [44], this is a relatively exotic case, when the solution
becomes regular at two singular points, which will be simply disregarded here.

5. Four Infinite Sequences of q-RSs with Polynomial Components
Represented by Simple p-WPs

In addition to (77), the RCSLE (67) has three infinite sequences of the q-RSs:

= W{bm,_, [n;;],d}[n;;/]} = =
&= [ A[M,] = S (M £, (85)
g p~ P IW{bm,_, AL}

—/ N

where the indexes A may differ only by sign from the common indexes A of the seed
Jacobi polynomials:

and
|7‘/¢| = Az = Aoz (87)

Here, we come to the most important result of this section: introducing the notion of the
simple p-WPs which, by analogy with the JPWs, remain finite at F1.

Theorem 3. The quasi-rational numerators of the fractions (85) can be expressed in terms of simple
p-WPs defined via (92) below.

Proof. In following [22], let us first introduce the eigenfunctions of the Jacobi operator:

fn; A ] := s A9, 0] B2y, (88)
where . . N
f[n; Al ¢, 0] := do[n; & x A]/do[n; A, (89)
— |1—Nnl 1/2(%21*1)7\1%, (90)
N=+

(see Table 1 in [45] for details). We can then re-write the Wronskian in the numerator of the
PF (85) as

W{dm,_, AL

b L 91)
= oF I AL x WPRM (), £ A (61
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Though this paper is devoted solely to the EOP sequences associated with the partic-
ular case ? = —+ (as advocated in [45]), it seems enlightening to discuss in parallel all
the three sequences of the simple p-WPs. First, it is worth noting that the net of X-Jacobi
OPSs of our choice starts from the X,-Jacobi OPSs of series J1, but not with the traditional
Xm-Jacobi OPSs [24,46], referred to in our works [1,38] as being of series J2.

This is true [45] that the Xy,-Jacobi OPSs in case 3 = —— can be obtained by elim-
inating certain pairs of juxtaposed eigenfunctions [47,48]; however, the analysis of the
RDCJ s of the JRef CSLE (1) obtained by sequential RRZTs is much easier as illustrated
by the proofs presented in Appendices C and D. While the admissibility of the partitions
composed of even-length segments for X-Jacobi OPSs has been proven by Durén in his
renowned treatise [21], an extension of this assertion to the RDCJ s of the R—Jacobi polyno-
mials constitutes a much more challenging problem (cf. the bulky arguments presented by
us in [49] for the RDCJ s of the R-Routh polynomials).

Making use of Jacobi polynomial relations (92) in [21], we can tn represent the deriva-
tives of functions (88) in in the explicitly quasi-rational form:

1

A1) = &) (W)t A7, 00 ] PO Dy, o
where
©; = [T (1—xn) 20, (93)
N=+
[#]:= g1+ 6.1, (94)

—/

and the indexes A appearing on the right are related to the indexes A of the seed Ja-
cobi polynomials via (86). The constant coefficient factors in (92) are determined by the
elementary formulas [21]:

2NN AN ), i F =

0 ) 2N+, if f = ——,
g M) = (1) G+N4), if ¢ =—+ )
G+N), i =+ -

The listed formulas can be directly verified by expressing the hypergeometric functions
in terms of Jacobi polynomials in 2.1(20), 2.1(27), 2.1(24), and 2.1(22) in [50], witha = —m.
While all four Jacobi polynomial relations (92) were obtained in [21] based on the transla-
tional shape-invariance of the trigonometric Péschl-Teller (t-PT) potential, we prefer to refer
the reader to the more general relations 2.1(7), 2.1(9), 2.1(8), and 2.1(22) for hypergeometric
functions in [50], as the starting point for validating (92). The cited relations are valid
within a broader range of the parameters, beyond the limits of the Liouville transformation
implicitly used in [21].

Substituting the derivatives (92) into the Wronskian in the right-hand side of (86), we
can represent the quasi-rational form

(A, A) AT — £ x 1 ol P AN 4
W{PRZ (), fAl4, 1} = fn; A [, 010 F[n] 7 L7 M A Mp; 6,il,  (96)
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with the polynomial component represented by the simple p-WP ( g# ++):

P A My £ =
. /V(M{;g‘),\j)[n ‘ p 6, .

Pr(nl+, f)m) Pr(n;' J(n) @%[Tﬂ Pj( + 7)(11)
A A 1 =
U S A L 2N
i ,

A Al A Al , =

U S (R LN

where

(pll) -/ (l) —/ pfl (}\,++Q‘+l,7\/_+dil)
P ;A =dV (A )OL Pt
ic (p=1) i A 4] 0‘,j( ) ¢ ] i~ (o)L (M)

are the polynomials of the degree

N (k) =)= 1+ (k+ 1)(1 = 1/2[g]),

.

with the integer [¢#] defined via (94), which completes the proof. [J

97)

(98)

(99)

Here and below we use the symbol & for the polynomials forming a X-Jacobi DPS,

with /' standing for their degrees, while the nonnegative integer j counts the polynomials

within the given X-DPS which is constructed using p seed Jacobi polynomials of degrees

my, ..., mp with the common pair of the indexes A. The polynomial (97) thus represents the

—/
RDCJ of the Jacobi polynomial of the degree j with the indexes A defined via (86) and (87).

Keeping in mind that

—

nj;[?] (0) =j- 1/2[¢]/

(100)

and using the cofactor expansion of the determinant (99) in terms of the (p — I, p + 1)

minors (/ =0,...,p), we find that the first term in the sum has the degree

o (Mgi ) = (Mp) = 10,
where [51]
(1) = ¥ = Vep(p ).
One can directly verify that
N (Mp; ++,mp11) = N (Mp)+mp i1 — 1= (Mpy1),
as expected. Taking into account that [F+] = 0, we also find
nr+(k) =j+k

and
/V(Mp; F1,j) = /V(Mp)—i-j.

(101)

(102)

(103)

(104)

(105)

Preposition 2. [n general, the degree of the simple p-WP (97) is equal to the positive integer

specified by (101).

Proof. One can easily verify that the degree of the (p + 1 — [)-th column element and degree

of the corresponding cofactor polynomial minor increases and, respectively decreases by 1
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as [ grows, confirming that all the polynomial summands have the common degree (101).
Based on Bonneux’s [45] formula (2.10), we assert that the simple p-WP (97) has the degree
(101) iff

A +A4m ¢ {-1,-2,...,—m}, Ny +N_+j¢ {-1,-2,...,—j} (106)

—

The simplest way to avoid the degree reduction is to assume that the Jacobi indexes A are
non-integers. [

In [45], the positive integer (102) is termed ‘length’ |A| of the partition A := Ay, Az, ... Ap

with A :=my+p—k(kk=1,...,p). Setting g= —+, u =j = |u|, r1 = p, ro = 1 confirms
that the derived formula for the degree of the simple p-WP of the given type agrees with
the more general formula |A| + |u| for the two partitions A and yu [45].

To relate our analysis to Durdn’s theory [21], let us elaborate the case = —+ in more
details, Keeping in mind that

® . [n=1+n (107)
and choosing A1 = a, A_ = — f3, so the function (89) takes form:
flni =B &l —+,0] = (14n)"P, (108)

we can re-write the Wronskian in the denominator of the fraction (85) as

W{bm,_,, =B, al} = bf [ —p, )P, (109)

where the polynomial

%(ﬁ‘f’m = (14+n)PP W{f[n; =B, | = +,mu,..., fn; =B, | =+ mp]}  (110)

is defined via (2.7) in [45] with p ;== m; +p —1,my +p — 2,...mp and we also took into
account that
Po[n; B, o (141) ™% = do[m; =B, o, (111)

Comparing (109) with (66), we conclude that

) = W) ), (112)

And, therefore, the requirement for the JPW in question not to have zeros in the closed
interval [—1, +1] is the particular case of Lemma 5.1 and Theorem 6.3 in [22].
Similarly, we re-write the Wronskian in the numerator of the fraction (85) as

W{bm,_, M =B o djn; B, o} = oP ' m; B, o

(, B) (113)
x W{f[n; o, =B| — +,mq],... fn; e, =B| — +,mp], P 7 (m) },
while setting ;‘: —+and A} =, A_ = —3,in (91) and (96) gives
. - _ 4Pl
W{dm,_, [0~ B, al, &yl B, ad} = &F " —p, o .

X(l +n)767p PA/(MP)+][n/ _B/ “’Mp/ _+/]]
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Re-expressing (113) in terms of X-Jacobi polynomials (2.31) in [45]:

(,B) ._ +1
P()ﬁic,pﬂ = (1 _|_n)(f3 P

(o, B) (115)
XW{fI; o, =B — 4+ mu],..., fln; o, =B| = +,mp], ;7 () },

making use of (111), and comparing the resultant expression
1
W{bm,_, M =B o & B, o} = &b -8, o (1+m) P pl’o(; El] (116)
with (114) shows that

B) N .
Po(/;plj = ‘@./V(MP)Jrj[n; —B, x[Mp; —+,jl. (117)

Coming back to the g-RSs (85) for the simple p-WPs of the general type g# ++, note
that the numerator of the fraction has the form:

— —/ — —/
W{bm,_, [0 AL djni A 1} = bGm; AJO_F ] doln; A ]
IR (118)
9.0 M Mpi 6]
Making use of the identity
—/ —/ N — N
©_Pldo[m; A | = dolm; A +p (g x 1 1)), (119)

we can then re-write (118) as

—/ —

Wi, 1AL A |} = 08 Aol A +p(d x 1 - 1)

|

//// . | 3 M. .0l (120)
X 4 4
(M p,q‘O) n; P ﬁ]
so the fraction takes the sought-for form:
P oA
e = = - N (Mp; ¢,0)+j
O [ AM] = doln; @ x (A + p 1) ——L70 (121)
Z Wi i

Setting p = 1, M; = m brings us to (124)—(125) in [1], as expected.
Let us now point to the very unique feature of the simple p-WP in the numerator of
the PF in the right-hand side of (121):

Theorem 4. The simple p-WP (97) does not have zeros at F1, assuming that both Jacobi indexes
are non-integers.

Proof. First, let us remind the reader that the ExpDiff for the pole of the RCSLE (67) at
F1 and the corresponding ChExps are equal to [A+ + p| and, respectively 1/2 + [A+ + p|,
1/2— |A+ + p| . On other hand, examination of the power function in front of the PF reveals
that the power exponent of n+1 coincides with one of these ChExps. For the p-WP in
question to vanish at 1, the corresponding ExpDiff must be a positive integer, contradicts
to the assumption that both Jacobi indexes are non-integers. [

As illuminated in the next Section, Theorem 4 assures that the p-WPs in question
satisfy a FPDE and, therefore, form a X-DPS in our terminology.
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6. X-Jacobi DPSs Composed of Simple p-WPs
Our next step is to prove that both JPW (65) and all three p-WPs in the numerator of

the fraction in the right-hand side of (121) for g# 4+ constitute polynomial solutions of
the second-order FPDEs. To construct the latter FPDEs, we make the four alternative gauge
transformations

Pn; Ao e|My] = bo[n; A M, #] x Fln; Aos e[ M,,; ], (122)

with the gauge functions

(123)

satisfying the RCSLE

—/ N RN
g(A + ¢ xpl)

ol A M, ] + {18 [ A M| - }cbo[n;ﬂMp; gl=0  (129)

n?—1
where N N R _ .
;MM :=1°[n; A + p1] +2Qm;n") (A [M,))] 125
F2doln; ¢ x (A -+ p )W L My,
with [28]
~ _dr
Qm;7) = —1/2Hm[n;n]dT]ZHml ;] (126)
(1] . ° 2 .
Immn] 112 ;7]
The PF (126) is related to the Quesne PF [52-54]
(1] [ ] 2
R P L R ™
Qm; 7] = = - = (127)
i Imm;A]  TI2,[n; 7]
in the elementary fashion:
S — ﬁm[n;ﬁ}
M| = M+ == 128
Qn;n] = QM;m| 3T [ 7] (128)
—y 1 Unmim (129)

S h-n)® 2mmn]

In our earlier works [28,55], we adopted the Quesne PF in the form (127) (see, i.g., (39)
in [54], with g(y‘x) standing for I'ly [n; 7] here), overlooking its alternative form (82), without
any mixed simple poles atn;_; .

We are now ready to prove the assertion made by us at the beginning of the section:

Theorem 5. The polynomials (97) satisfy the second-order FPDEs and, therefore, form four
distinguished X-Jacobi DPSs.
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Proof. Substituting (122) into the RCSLE (67) and taking advantage of (125), coupled with
(83), (124) and (129), we come to the second-order PDE:

N

[Dn (MM #) +C a1 1 A€My 81 1EI Ao My 9] = 0, (130)

where Dy, ( |M ?) is an abbreviated notation for the second-order differential operator

inn:
Dy(AM,; ¢) = (1 - 2>w§§;M M) £, o
+2B 51 )+1[ﬂf )\\Mp, }gfn
with the polynomial coefficient function of the first derivative
v Ar
B/V(MP)H M A Mp; ¢] == (1 *le)WSV( [ [Mp]
A 5 Bbcipr 22)
R=tr  2(n—R1) F1on (A Mp)

The e-dependent polynomial of degree m representing the free term of the PDE (130) is
linear in the energy:

(A A

) J—
/V(MP) [11 |Mp]/ (133)

C vy i A €M, ] = Cor(y) i A IM,; #] — eW

with the energy-independent part represented by the following polynomial of degree
N (M,,):
p

C.yrty [ AV ] - co(A + & x p1)W it M)

= (=W Il {1 A }—Iom;MMp]}
(ApA-)

= 2P HIPTNHEP ()W ) [ M)
oo (A1,AL)
+(1 =)Wy, M. (134)

The crucial point is that the polynomial coeff1c1ent of the second derivative in (131) has
exactly # (7 ) + 2 simple zeros while the degrees of the polynomials (132) and (134) are
equal to /(M p) +1land ¥ M o) [25], which completes the proof. [

Setting 3 = —+,A_ = —B, AL = «in (132) and (134), we come to the FPDE cited in
Duran’s Theorem 5.2 in [22] with k; = 0, ky = p:

ZBA’(MP)H [n;— ﬁ/‘x‘mp}— ]

h = —
il W) Il
o (,—B)
=p—oa—2p —(a+p+2n—(1-17) Wy ) MMy (135)
ho() = C ) 0 =B, &lMy; —+] + €0 (B — p o+ pIW' ¥ () [nlMp]
o (ct,—B) oo (ArA)
=oa—B+2p+ (a+BMWrGi ) MMp] - (* =)Wy o) IMp)]
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7. Prime Forms of RDCJ s of the J-Ref CSLE Solved Under DBCs on
Intervals (—1, +1) and (1, o0)

Starting from this point, we discuss only the admissible sets Mp =m,...,mp of JS
solutions assuring that the corresponding JPWs do not have nodes within the given orthog-
onalization interval for the specified ranges of the parameters A_, A .

Using the gauge transformations

71/2

Y X;s\ﬁp] =(1-7% d>[n;;;s|ﬁp} (136)

and . .
¥ Aselp] = (n— 1) @ A elFy], (137)
we then convert the RCSLE (67) to its prime forms on the intervals (—1,+1) and (+1, c0):

{La-ms — gl AFp] -+ e} ¥l Aelip] = 0 (138)
for n € (—1,+1)

and . . N
{EM =D& — g AMp] + 557 } ¥ A elMp] = 0
for n € (1,00),

(139)

with the leading coefficient function and weight function defined via to (28) and (32),
respectively. It is worth reminding the reader the main reasoning behind these particular
transformations [19], namely, the leading coefficient functions in both cases were chosen in
such a way that the ChExps at each of the singular endpoints have opposite signs and as a
result the DBC imposed at the given end unambiguously determines the regular solution
(or the PFS as we term it here).

In this paper we only discuss the seed solutions represented by the PFSs near the
same endpoint under condition that they lie below the lowest eigenvalue. Since the
RDCTs using the seed functions of types + — and — + are specified by same series of the
Maya diagrams [21], any RCSLE using an arbitrary combination of these seed functions
can be alternatively obtained by considering only infinitely many combinations M, :=
{my,my,...,mp} of the PFSs of the same type + — or — + [21,56,57]. In particular, the

Jacobi polynomial of order m with the indexes A can be represented as the Wronskian

of Jacobi polynomials of the sequential degrees m = 1, ..., m with the indexes —A. The
simplest case m = 2 is discussed in Appendix E.

Note that Gomez-Ullate et al. [24,45] derived the general expression for the Xm-Jacobi
OPS, taking advantage of the Klein formulas [25] to select all the Jacobi polynomials without
zeros between —1 and +1 under the constraint

A =-a—-1<0, AL=p—1> -2,

whereas our approach allows us to identify only the bulk part of those polynomials with
one of the first Jacobi indexes restricted solely to positive values. For the multi-indexed
X-Jacobi OPSs the admissibility of the given set of seed Jacobi polynomials for the finite
orthogonalization interval was thoroughly analyzed by Durén [22].

In this Section we consider the admissibility problem in parallel for both the finite
and infinite orthogonalization intervals. While our study of the multi-indexed X-Jacobi
OPSs constitutes the particular case of Durdn’s analysis, the results for the RDCJs of the
R-Jacobi polynomials constitute the state-of-the-art development. In particular, we prove
that the Wronskians of the R-Jacobi polynomials with the common first and second Jacobi
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indexes, respectively positive and negative do not have zeros in the interval [—1, +1] while
the Wronskians of the classical Jacobi polynomials with common positive indexes may only
have real zeros smaller than 1.

To determine the admissible sets M, of seed Jacobi polynomials, we introduce the

sequence of the q-RTFs
= Py, ) A Mp; +4, mp1]
Woitmy M A Mp] = Wo[n; A+ p, Ay + e V. p— (140)
W/V(ﬁp) [ﬂlMp}

by setting 6‘\ = 4+, + in (85) and also taking into account that the solutions of the p-SLEs
(138) and (139) are related to the solutions of the RCSLE (67) via the gauge transformations
(136) and (137), i.e.,

(1 +n)1/2[5 (1 —n)l/wC for m| <1,

141
(1+1)2BFD (3 1) forn > 1. (141)

Yon; B, of = {

While the sequences of the g-RSs (140) on the infinite interval are unlimited, we have to
truncate the chain of the sequential RRZTs of the p-SLE (138) when the ExpDiff for the pole
at —1 reaches its minimum value

0 < sAlPma) — 2, <1 (142)

~ Pmax

with
Pmax = L)\O}—J . (143)

Below we always assume that p in (140) for [n| < 1 does not exceed (143), without explicitly
mentioning this restriction.
Below we consider only the Wronskian net of the Jacobi polynomials with the indexes

A+ = FAor forn] <land A = A, forn > 1, (144)

while
N+ =FA; (¢ = —+) inboth cases. (145)

We refer to the X-Jacobi DPS constructed using p seed Jacobi polynomials of the degrees
my, my, ..., My as being of series J1(p). The selection (144), (145) for the p-WEOP sequences
under consideration is consistent with (2.9) in [45], with & = Ao.4,8 = Ao:—.

Our next step is to prove that the q-RSs (140) constitute the PFSs near the singular
endpoint +1 whether or not the polynomial denominator of the PF on the right has zeros
inside the corresponding orthogonalization interval. Though the theorem stated below
represents the very specific case of the general proposition proven in Appendix C, we feel
useful to present an independent proof for the case of our current interest, which may be
more appealing to the reader due to its simplicity.

Theorem 6. The g-RSs (140) satisfy the DBC at the endpoint + 1.

Proof. Based on Theorem 1, we first confirm that the JPW in the denominator of the PF in
the right-hand side of (140) remains finite at | = +1, keeping in mind that A, = A.4 > 0in
both cases. Examination of the g-RS (140) with « = Ay, 1 + p then shows that it vanishes at
n = +1, which completes the proof. []
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It will be proven later that the g-RSs

P i, +,0)+ A Mpi— ]

Wi Il (146)

Yo iy AMp] = Woln; —A- — p, Ay + pl

for 0 <j < jimax

represent the eigenfunctions of the p-SLEs (138) or (139) if My, is an admissible set, but before
making the latter assumption, let us first show that

Theorem 7. The q-RSs (146), with A given by (144), satisfy the DBCs at the ends of the corre-
sponding orthogonalization interval, | whether or not the JPW at the denominator of the PF in the
right-hand side of (146) have zeros inside this interval.

Proof. Setting o« = Ao, +p, B = £Ao,— — p in (146) confirms that the q-RSs in question
vanishes at both ends of the interval [—1, +1] as well as at the lower end of the interval
(1, 00).

Furthermore, since the functions ¢g[n; —Ao,—, Ao+ | and dg[1n; —Ao,— — p, Ao;+ + p| have
exactly the same asymptotics at infinity and the eigenfunction (47) of the p-SLE (24) on the
interval (+1, o0) vanishes at the upper end by definition, we conclude that the q-RSs (146)
also obey the DBC at infinity. [

Starting from this point, we assume that all the RCSLEs generated by the RDCTs with
the seed solutions mq, My, . . .,Hp have exactly the same energy spectrum and also that none
of their poles lies inside the corresponding orthogonalization interval. We then need to
prove that this also true for the set Mp, mp 1.

Corollary 3. If Mp is an admissible set then the q-RSs (146) on the interval (=1, +1) or (1,00)
represent the eigenfunctions of the p-SLE (138) or, respectively (139).

Proof. The assertion directly follows from Theorem 6, since the RCSLE in question does
not have singularities inside the orthogonalization interval. [

As pointed out in Section 3.1, the g-RS solutions of the JRef CSLE (1) with the poly-
nomial components composed of the R-Jacobi polynomials (type b) represent PFSs of the
p-SLE (24) near the pole at the upper end of the interval (—1, +1) and lie below the lowest
eigenvalue (42) of the corresponding SLP. We thus conclude that the PFSs (140) of the p-SLE

(138) lie below the eigenvalue gy(A).

Similarly, the g-RS solutions of the JRef CSLE (1) with the polynomial components
composed of the classical Jacobi polynomials (type a) represent PESs of the p-SLE (24)
near the pole at the lower end of the interval (1, o) and lie below the lowest eigenvalue
(56). We thus conclude that the PFSs (140) of the p-SLE (139) lie below the eigenvalue

e (V)= —eo(N).
0
To confirm that the g-RPFs (140) do not have zeros inside the orthogonalization interval
(=1, +1) or (1, o0), we first need to prove that there is no eigenfunctions below the energies
e0(N') or accordingly ¢ (\'), i.e., that the latter are indeed the lowest eigenvalues of the

p-SLE (138) or, respectively (139). To verify the latter assertion, we take advantage of the
powerful theorem proven in Appendix D, which assures that the g-RPF (140), starting the
sequence (j = 0), does not have zeros inside the given the orthogonalization interval.

The final preposition to prove that the PFSs lying below the eigenvalue in question do
not have zeros inside this interval either.
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Theorem 8. A PFS near one of the endpoints £ 1 may not have zeros inside the given interval of
orthogonalization if it lies below the lowest eigenvalue of the given Sturm-Liouville problem.

Proof. For the Sturm-Liouville problem on the orthogonalization interval (-1, +1) the
formulated assertion directly follows from the Sturm comparison theorem (see, i.g., Theo-
rem 3.1 in Section XI of Hartman’s monograph [58]), keeping in mind that the logarithmic
derivatives for all the PFSs (including the eigenfunction in question) have the same asymp-
totics near the pole in question:

lim (1 =n2)Id¥ ;Ao Asse| — +Mp) | = —# AP, (147)
n—-1 4

and as a result the condition (3.4) in [58] turns into the identity. To apply the Sturm Theorem
to the PFSs near the upper end +1, one simply needs to replace 1 for the reflected argument
.

It is a more challenging problem to satisfy Sturm’s constraint for the logarithmic
derivatives in the limit 1 — oo and we refer the reader to the proof of this assertion given
in Appendix B in [1] for the PFSs of the p-SLE (24) solved under the DBCs at the ends of
the interval (+1, o0). The arguments presented in support of this proof are equally applied
to the p-SLE (139) without any modification. [

Corollary 4. The JPW (65) does not have zeros inside the corresponding orthogonalization interval
assuming that the Jacobi indexes restricted by the conditions (144) and (145) and the order of the
given RDCT on the interval (—1, +1) does not exceed the upper bound (143).

It has been proven in [20] that the eigenfunctions of the generic SLE solved under
the DBCs must be mutually orthogonal with the SLE weight function on the interval in
question. Therefore,

T‘+ — —
Jodne;m; MMl [n; A Mplw[n] = 0
n_

for 0 < j' <j <jmax P < Prmax-

(148)

Consequently, the polynomial components of the quasi-rational eigenfunctions (146)
must be mutually orthogonal with the weight function

— 27
W [1; AfHp; —+] o= VAP ARl (p < p )
P Wiy Inl) " (149)

forn| <lorn>1;

namely,

N+ - _ . - _ . - —
A0 Py 0 M =6 51 )5 I A i = T [ A i =] = 0 (150)

for 0 <j' <j < jmaxr P < Prmax-

In the following two subsections we discuss separately the X-Jacobi OPSs on the
interval (—1, +1) and the RDCJ s of the R—Jacobi polynomials forming finite EOP sequences
on the infinite interval (1, c0).
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7.1. Finite Net of X-Jacobi OPSs Generated Using JPWs of R-Jacobi Polynomials with Positive
First Index

As mentioned above, the purpose of this subsection is to discuss the finite net of
the exactly solvable RCSLEs generated using the JPWs of R—Jacobi polynomials with the
positive Jacobi index A

—/

Letusset A = —Ao,—, Ao, A = Ao = B, %, Ppax = | Ao;— |, and j, ., = oo. This brings
us to the net of the X-Jacobi OPSs composed of the p-WEOPs

P i)+ =B, alMp; — +,] =,

PP PP e 1P PP )
SPm o) P P B kel - ]| (1s1)
FaPm ) b V) o PPniBal - o]

Note that the first p elements of the first row are represented by the R—Jacobi polynomials,
while the last element is the classical Jacobi polynomial multiplied by the p-th power of the
first-first degree polynomial (93) with ¢ = — +. The weight function (149) takes the form:

_ e
W [n; — o, BlMp; — +] := W
[ %] (152)
for—1<n<1 (p<|Ao—]),

where the polynomial Wronskian in the denominator is formed by the orthogonal R-Jacobi
polynomials and, therefore is the subject of the general conjectures formulated in [51] for
zeros of the Wronskians of orthogonal polynomials inside the normalization interval (real
zeros larger than 1 in our case). Corollary 4 assures that this JPW remains finite inside the
interval (—1, +1).

Substituting (141) into (152) and comparing the resultant expression

1+n)*"P(a-n)P P
2
[wf;?‘('ﬁ*p@ Ml ﬁp@ (153)
for—1<n<1 (p<|Ao—]),

W —«, BMp; — +] ==

with (2.36) in [22] once again confirms that our definition of the X-Jacobi OPSs apparently
corresponds to the partition () y with wy :=my +p—kk=1,...,p).

Our observation that the seed Jacob polynomials for the X-Jacobi OPSs composed of the
simple p-WPs constitutes the finite orthogonal sequence of the R-Jacobi polynomials [1,38]
may be useful for deriving some nontrivial properties of the JPWs in question. In particular,
based on Theorem 2.1 in [51] (summarizing Karlin and Szego’s results [59]), we assert that
any Wronskian of an even number of the R-Jacobi polynomials of sequential degrees may
have only negative real zeros smaller than —1.

7.2. Infinite Net of Finite EOPS Sequences Generated Using [PWs of Classical Jacobi Polynomials
with Positive Indexes

Finally, we come to the discussion of the infinite net of the exactly solvable RCSLEs
generated using the JPWs of classical Jacobi polynomials with the positive Jacobi indexes.
Conjecture 4 assures that the JPW composed of the seed polynomials in question has no
zeros larger than 1, which constitutes the question of fundamental significance for this
study. Below we focus solely on the RDCTs using the infinitely many PFS of type a as the

seed functions, i.e., by definition A = Ay and p,,, = . The corresponding eigenfunctions
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of the p-SLE (24) solved under the DBCs on the interval (1, c0) are formed by the R-Jacobi

—/

polynomials with the Jacobi indexes A = —Aq,—, Ao+, and their total number is equal to
ne = jmax +1= D\O}*} . (154)
This brings us to the finite net of the finite EOP sequences composed of the p-PWs

‘@/V(Ep)+j[n? 7\0;*/)\0;+mp; - +/j] =

Nort Aoy Nort Moy Rort s Aoy
Pt o) () Pt ) L ®F [n] P ~(n)
Aoi+, Ao;— Aos+r Ao;— 1
LpQor o) m)  dppet o my P Ae Ao | — +] - (159
p Aoj+, Ao;— P Ao+, Nos— .
Lpler o m)y SPOer N ) PP oA Mg | — ]

This time the first p elements of the first row are represented by the classical Jacobi polyno-
mials with positive indexes while the last element is the R-Jacobi polynomial multiplied by
a constant. The weight function (149) takes the form:

w% M —Ao;— — P, Ao+ + P

(+D)W e ]

W n; Agi— Aoyt | — +Mp] = , (156)

where the Wronskian in the denominator is formed by the classical Jacobi polynomials
with positive indexes.
Corollary 4 can be now reformulated as

Corollary 5. The Wronskian of the classical Jacobi polynomials with positive indexes may not have
real zeros larger than 1.

In Appendix E, we explicitly confirm this corollary for the simplest second-degree
JPW Wronskian formed by the Jacobi polynomials of degrees 1 and 2.

8. Discussion

Let us first point to the most essential element of our RSLP formalism—the advanced
technique for selecting the sequences of the admissible RRZTs, using PFRs below the lowest
eigenvalue as the g-RTFs. Each such sequence can then be re-interpreted as the admissible
RDCT. To be more precise, we laid down the mathematical grounds for this innovation in
Section 7 by converting the RCSLE (67) to its prime forms (138) and (139) on the intervals
(=1, +1) and (1, o) accordingly and solving the resultant SLEs under the DBCs. The
formulated SLPs allowed us to prove [19] that each RDJ of the PFS itself constitutes the
PFS of the transformed SLE at the same energy.

In summary, we have constructed three infinite nets of the X-Jacobi DPSs composed of
the simple p-WPs. The current analysis was focused on the X-DPSs containing both the
X-Jacobi OPSs formed by the RDCJ s of the classical Jacobi polynomials and finite EOP
sequences formed by the RDCJs of the R-Jacobi polynomials (using the seed R-Jacobi
polynomials with the common pair of indexes and, respecti\ﬁely a set of the classical Jacobi

polynomials with common pair of positive indexes). For ¢ = —+,A_ = —f, AL = «
the constructed X-DPSs obey the second-order FPDE:s cited in Theorem 5.2 in [22] with
kl =0, k2 =p.

The fourth net of the X-Jacobi DPSs is composed of the Wronskians of the Jacobi
polynomials with common pair of the indexes. Since the RDCTs generating these X-DPSs
cannot be decomposed into the sequence of the admissible RRZTs, we skipped their analysis
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in this paper. However the infinite and finite orthogonal subsets of these X-DPSs form the
eigenfunctions of the RCSLEs constructed from the JRef CSLE (1) using the ‘juxtaposed’ [60]
pairs of its eigenfunctions, provided that the partition A with Ay :==my +p—k(k=1,..,,
p) is composed of the even-length segments. For the X—Jacobi OPSs this assertion has been
proven by Durén [22]. Comparing the weight

(1+m)*" P —m)P*P

WSy 1] 2

W n; o, B[Mp; ++] ==

, (157)

with (2.36) in [45] reveals that we deal with the partition A, Ywith Ay :=m +p —k (k=1,
... P)

The ‘extension of the Adler theorem [61] to the Wronskians of the R-Jacobi polynomials
can be done using the argumentation put forward by us in [49] for the Wronskians of the
R-Routh polynomials.

The net of the trigonometric (In| < 1) or radial (n > 1) quantum-mechanical potentials
exactly solvable in terms of the constructed infinite or accordingly finite EOP sequences
can be obtained in following the prescriptions outlined by us in [1] for p = 1.

The Liouville potentials quantized via the EOPs introduced in Sections 7.1 and 7.2
have the generic form:

V[n; —Ao;—/ )\o;—l—mp] = Vt—PT[nr' 7\0]

_ (158)
+(1 —T]Z){IO[T]; Ao] —I°[n; _7\0;71}\0;+|Mp] } for—1<n <1,

and N N

V[ AolMp] = Vi_pr[n; Ao (159)

o = 1) {160 ol = Pl Nolf] } forn > 1

after being expressed in terms of the variables:

n(x) = cosx (—m < x < 0) (160)
and

n(r) = coshr (0 <r < c0), (161)

respectively, where the -PT potential on the finite interval and the radial h-PT potential are
parametrized as follows:

A —1/s
Vi_ptM(X); Aozt Ao ] = LZ/ F A fae (—m<x<0),  (162)
4sin“x/2 2
and
)\g‘Jr - 1/4 r
Vi pr (1 Aot/ Agj— ) = ——5—— + A5 —1/3/acosh?> (0 < 1 < 00). (163)
4sinh®r /2 2

As mentioned in [1], the rigorous mathematical studies [30,47] on the X-Jacobi and X-
Laguerre OPSs made a few misleading references to the quantum-mechanical applications
of the EOPs. To a certain extent this misinformation is traceable to the fact that the cited
applications do not properly distinguish between the terms “X-Jacobi DPS’, “X-Jacobi OPS’,
and ‘finite EOP’” sequences’ (formed by the RDJ s of the R-Jacobi polynomials), simply
referring to the representatives of all the three manifolds as “X-Jacobi polynomials’.

To be more precise, one has to distinguish between the X-Jacobi OPSs and the finite
EOP sequences formed by the RDCJ s of the three families of the Romanovski polynomi-
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als [16]; namely, the finite EOP sequences composed of the Romanovski—Bessel (R-Bessel)
and Romanovski-Routh (R-Routh) polynomials analyzed by us in [62] and [49], respec-
tively, as well as the RDCJ's of the R-Jacobi polynomials discussed in this paper. The
associated Liouville potentials all belong to group A in Odake and Sasaki’s [48] classifica-
tion scheme of the translationally shape-invariant potentials (TSIPs) and as a result their
eigenfunctions are expressible via the finite EOP sequences.

In the general case of the rational density function, allowing the solution of the
JRef CSLE in terms of hypergeometric functions [26], the energy-dependent PF in (1) has
second-order poles in the finite plane and as a result the associated Liouville potentials
are quantized by the Jacobi polynomials with degree-dependent indexes. If the numerator
of the given rational density function has no zeros at regular points of the JRef CSLE (or
similarly of its confluent counterpart), then the associated Liouville potential turns into a
TSIP of group B, with eigenfunctions expressible via the Jacobi (or, respectively Laguerre)
polynomials with at least one degree-dependent index, which have no direct relation to the
theory of the EOPs.

To conclude, let us point to the crucial difference between the RDCJ s of the R-Jacobi
polynomials and those of the R-Bessel and R-Routh polynomials analyzed by us in [62]
and [49], respectively. The common feature of the latter RDCT nets is that each net is
specified by a single series of Maya diagrams and, as a result, any finite EOP sequence
allows the Wronskian representation [57]. On the other hand, the complete net of the
RDCTJ s of the R-Jacobi polynomials is specified by the two series of Maya diagrams,
similar to the RDCJ s in the classical Jacobi and classical Laguerre polynomials forming
the X-Jacobi and X-Laguerre OPSs accordingly [21]. This implies that we managed to
construct only a narrow manifold of the finite EOP sequences composed of the RDCT s of
the R—Jacobi polynomials.

For example, we can use different combinations of the PFSs a, k and a’, k' below the
lowest eigenvalue to construct the PFSs of the transformed RCSLEs. We refer the reader
to [21] for the scrupulous analysis of the equivalence relations between the various p-WPs.
It should be however stressed that grouping the equivalent p-WPs together represents only
a part of the problem. The next step would be to select the preferable representation. For
example, the RDJ of the h-PT with the TF b, m seems easier to deal with, compared with
the RDCT of this potential with the m seed functions a,k = 1,2,...,m, though the final
results will be absolutely the same.

The additional complication comes from the fact that one has to analyze the order of
p-WP zeros at F1 to construct the appropriate X-Jacobi DPSs. In this respect, Lemma 2.9
and Theorem 5.2 in [22] present the powerful alternative tool to generate the solved-by-
polynomials FPDEs which, as proven in [22], do not have poles inside the interval (—1, +1).
However, to select finite EOP sequences from the constructed X-DPSs, one has to find the
ranges of the parameters Az such that the poles in question lie outside the infinite interval
(—1, 00), which is the challenging problem of its own.
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Abbreviations

ChExp characteristic exponent

CSLE canonical Sturm-Liouville equation
DBC Dirichlet boundary condition

DPS differential polynomial system
DCT Darboux-Crum transformation
DCT Darboux-Crum transform

DT Darboux deformation

DT Darboux transform

EOP exceptional orthogonal polynomial
ExpDiff  exponent difference

FPDE Fuchsian differential equation with polynomial coefficients
GDT generalized Darboux transformation
h-PT hyperbolic Poschl-Teller

JPW Jacobi-polynomial Wronskian

JRef Jacobi-reference

JS Jacobi-seed

LC limit circle

LDT Liouville-Darboux transformation
LP limit point

ODE ordinary differential equation

ors orthogonal polynomial system

PD polynomial determinant

PDE polynomial differential equation
PF polynomial fraction

PFS principal Frobenius solution

p-SLE prime Sturm-Liouville equation

p-WP pseudo-Wronskian polynomial
p-WEOP  pseudo-Wronskian exceptional orthogonal polynomial

p-WT pseudo-Wronskian transform

q-RPFSs  quasi-rational principal Frobenius solution
q-RS quasi-rational solution

q-RTF quasi-rational transformation function
RCSLE rational canonical Sturm-Liouville equation
RDC rational Darboux-Crum

RDCT rational Darboux-Crum transformation
RDCT rational Darboux-Crum transform

RDT rational Darboux transformation

RDI rational Darboux transform

R-Jacobi =~ Romanovski-Jacobi
R-Routh  Romanovski-Routh

RRZT rational Rudjak-Zakharov transform
TF transformation function
WT Wronskian transform

Appendix A. RZT of Generic CSLE

Let ¢..[n; Ao] be a nodeless solution of a CSLE

2 N N
{ L +1°[; Ao] +epn] } ®n; Ao;e] = 0 (A1)
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at the energy
e =¢er(Ao), (A2)

ie.,

2 — — N
{szFIO[ 7‘0]+51(7\0)P[ﬂ]}¢T[ﬂ;7\o} = 0. (A3)

We define the RZT of the given CSLE via the requirement that the function

N —1/2
Pl Ro] = £ (A%)
d%[ﬂ} )\0]
is the solution of the transformed CSLE:
42 N -
g T AelT +eplnl }Cb[n; Aojelt] =0 (A5)
at the same energy (A2), i.e.,
d2 —\ —\ —
{ dn? +1°[; Ao|t] + ex(Ao)pM] }*d%[n; Ao] = 0. (A6)

Representing both CSLEs (A3) and (A6) in the Riccati form:

N N ° N

[ o) = —1d2b- [ Ao] — I b [1; Mo — (o) pln] (A7)

and

— — ° — —

I°[n; AolT) := —1d**d[; o] — Id*b[; Ao] — ex(Ao)p[n], (A8)

subtracting one from another, and also taking into account that the logarithmic derivatives

N

of the TF ¢ [; A, and its reciprocal (A4) are related in the elementary fashion:

[N —

d*b[n; Ao] = —ld b [n; Ao] — 1/2ldp ] (A9)

one finds [63]

Pl Aol = 19 Ao] +2 /pln] - ’””’T”' ol ¢ 7o}, (A10)

where the last summand represents the so-called [19] ‘universal correction” defined via the
generic formula

d 1dffn] ]

dn \/fn
Appendix B. DCT of the Generic CSLE as a Sequence of RZTs

N

Let b, [n; A ] be another solution of a CSLE (A1) at the energy e«,(A,). Then the
CSLE (A6) with T = T4 has the solution [63]

S{tn]} = 1/2/fln] - (A1)

N

W{d)’rk:lz [ﬂ; 7\0]}
"2 ] d1[m; Ao]

By [0 MolTa] = (A12)
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Using this solution as the TF for the next RZT, we come to the CSLE

42 -
{d 3 + 1% Aol + e pln] }Gb[n;?\o;slﬂ =0
with the zero-energy free term

I°[m; AoTimt,2) = 1°[m; Ao|Ti]
1d $ Ao|T
+2./pl %]mﬂﬂp[ I}

Substituting (A12) into (A14), coupled with (A10) and (A11), then gives [63]

N N d 1AW (e, Nol}
1° 13 Aot o] = I No] +21/pln] - ———L2 ~
n pn]
Let us now assume that the function [12,64]
= W{dr,, [ Ao, el Ao}
d)T[Tl} }\O|Tk:l,...,p] Tbep e

5 MIW{f~_, I Nol}

satisfies the CSLE

32 ~ IR
{ dnZ +1°M; Ao|Tk=t,..p) + €M) }<P[n; Noj €|Tk=1,..p] = 0

with the zero-energy free term [12]

—

I°[n; Ao|Ti=1,.. p] I°[n; Ao

AW{dr,_ [MiAo]}
+2/ph] & N/ —p(p—2) 7 {pM]}.

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

The RDT of the CSLE (A17) with the TF (A16) then results in the CSLE with the zero-energy
free term defined by (A18) with p and Ty, ,, replaced for p + 1 and Ty—1,.._ 1 accordingly.

Theorem A1. The function (A16) is the solution of the CSLE (A17) at the energy e, (Ao

Proof. Suppose that both functions ¢, M AolTi=1,...p-1] and LR M; Aol Tk=t,...,p—1] are
solutions of the CSLE (A17) with p replaced by p — 1. It is also assumed that the energies

are equal to e, (Ao) and €ty (Ao) accordingly. Then, by definition of the CSLE (17), the

function
d)TPH[T]/)\ |Tk 1,. p]
Wb, Ao Timt,p-1) b

o1 Aol Tie 1,..p-11}

1/2[ ]d)T [T]A ‘Tkl p— 1]

55

(A19)



Mathematics 2025, 13, 1487

N

must be its solution at the energy <., (Ao). Replacing p and T3, _ ;, in the right-hand
side of (A16) for p — 1 and ty—1,. 1 accordingly and then setting T = tp, 711 we can
re-write (A19) as

‘brcpﬂ M; Ao |Tk:1,...,p]
W{W{ay_, AWy Aol T, po b, kol (A20)

= —

PR MWLbey o]}

Choosingm =p — 1,n=p + 1, n — m =2 in the general Wronskian decomposition formula
in [65] then gives:

N

W{¢Tk:1,...,p+1 [T]/’ A 0] }
W{W{0ey_, AW (e [1hol T, p- b, kol (A21)

W{d)ﬂrk:],...,pf] [T];?\O]

then brings us back to (A16) with T = 1,1, which completes the proof. L]

Here and in the other publications we refer to the CSLE (A17) with the zero-energy free
term (A18) as ‘Darboux-Crum transform’ (DCT) of the CSLE (1) with the seed functions

Tk:l,...,p~

Appendix C. RDC Sequences of PFSs Near a 2nd-Order Pole with an
Energy-Independent ExpDiff

Let ®=[n; A;e |Mp} be the PFS of the RCSLE (67) near the pole at 1. Then the

functions N N
J— —1 —
Y_[n; A e[Mp] = (1-77) P ;e IM,] for n| <1 (A22)
and .
-~ 1-12) 2@, n; A;e|M,] for n| <1,
YoMy =] 1) @AMy for (A23)
(=17 @A —e[M] forn>1

are the solutions of the p-SLEs (138) and accordingly (1390), satisfying the DBCs at the
corresponding singular endpoints:

li ;A eM ] =0. A24
i ¥y A e My (A24)

Representing the RRZJ s of the PFSs (A22) and (A23),

Y[T], ;\\, £ |7p+1; :F] _ W{‘ﬂﬂ, )\/ Emp+l ()\l |1\/Ip],‘if¢ [-r], )\, € |Mp}}

R . (A25)
P2 ¥ M A emy 5 (A) M)

as
¥in; Ae My ;] = 1=’ Y A€ M) (A26)
—[1 =212 1d ¥ [ A emyy (M) MY [0 A e [M)]
shows that R
nli"illﬂn" Ase My F] =0 (A27)
and therefore R N
YA e My, Fl =¥ Ase M 4] (A28)
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iff the ExpDiff for the corresponding pole of the RCSLE (67) lies within the LP range:
*7\ =[Ax+p| > 1 (A29)

Finally let us prove that the RRZJ of the PFSY¥ [n; A; € |MP} of the p-SLE (139) near

the pole at infinity vanishes in the limit 1 — co. Taking into account that differentiating of
the function n* decreases the power exponent, we find that both summands in

. 2y 1 N
¥n; 7\/2| piil = (07 = 1) Fe i N V) 50)
(02— )Y [ A ey (N) (Moo A E M),

vanish at infinity which confirms that the q-RS (A30) is indeed the PFS of the transformed
RCSLE near its pole at infinity.

Appendix D. Exact Solvability of the p-SLEs (138) and (139) Under
the DBCs

The proof presented below constitutes the special of the general technique developed
by the author [19] in support of the assertion that the RRZT of an exactly solvable RDCT
of the JRef CSLE results in an exactly solvable RCSLE. In context of this paper we show
that the q-RSs (146) represent the complete set of the eigenfunctions of the corresponding
p-SLE (138) or (139). This proof assures that this set of the eigenfunctions starts from the
nodeless solution, which in turns confirms that all the PFSs (146) under the conditions (144)
and (145) lie below of the lowest eigenvalue of the p-SLE in question and therefore do not
have zeros inside the orthogonalization interval under consideration.

Theorem A2. All the Dirichlet problems for the p-SLEs (138) or alternatively (139) under the
conditions (144) and (145) in both cases (coupled with the upper bound (143) for the degrees of the
seed Jacobi polynomials in case of the former p-SLE), have exactly the same discrete energy spectrum
as the precursor p-SLE (24) solved under the DBCs on the intervals (—1, +1) or (1, 00) accordingly.

Proof. For the p-SLE (139) with p = 1 this assertion has been proven in [1] and below
reproduce similar arguments for the finite interval. We shall come back to these arguments,
while proving the general case of p > 1. For now let us just assume that the cited statement
is correct for both p-SLEs (138) and (139) with p = 1.

Re-writing (78) withp =1 as

W tom, M FAoi— Aoy [m1] = Wo[m; FAo— — L Aot + 1] %

Wy o1 I ) (A31)

HPo o )
we find that the power exponents of & 1 coincide with halves of the corresponding
ExpDiffs

AL = s +p| = Ao Fp > 0. (A32)

Keeping in mind that the exponent power (Ao, + 1)/2 is positive for the both intervals
(=1, +1) and (1, o), we conclude that the listed solution vanishes in the limits n — 1F and
therefore represents the PFS of the corresponding p-SLEs (138) or (139) near this singular
endpoint. Since we assume that the formulated Dirichlet problems are exactly solvable
for p =1, this PFS lies below the lowest eigenvalue of the given p-SLE and therefore the
JPW in the numerator of the PF in the right-hand side of (A31) may not have zeros inside
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the orthogonalization interval in question as far as the Jacobi indexes are restricted by the
conditions (144).

Since the p-SLEs in question are exactly solvable for p = 1 and M, is the admissible set of
the polynomial seed solutions, we use the mathematical induction, assuming that the p-SLE
(138) or (139) for the admissible set of the polynomial seed solutions, M, = Mp_1, has exactly
the same discrete energy spectrum as the p-SLE (24) with the leading coefficient function
(28). Under the latter assumption one can then repeat the above arguments to prove that
the JPW (65) with M, = Mp is nodeless inside the corresponding orthogonalization interval
and therefore Mp is the admissible set of the polynomial seed solutions. Our final step is to
prove that the given p-SLE with M, = Mp has exactly the same discrete energy spectrum as
the p-SLE (24).

Suppose that the given p-SLE has another eigenfunction ¥ , [n; A'|Mp] at an energy E,

—/

with the absolute value |E,| # g (N ) for any j < jmax and therefore, by definition, it must
obey the DBCs

—/
nlgﬁ; Wen [ A [Mp] = 0. (A33)
If *?\5)12 > 1 (which assures ExpDiffs *A(()P; Y lie within the LP range) then we can take
advantage of the arguments presented in Appendix C to show that the RRZT with the TF

N Ry
o A Fip_y] = — P (A34)
Grmp [ A [Mp_1]

converts the extraneous eigenfunction into the eigenfunction of the p-SLE (138) or (139)
with M, = Mp_;. However this conclusion contradicts the assumption that the p-SLE in
question has exactly the same energy spectrum as the p-SLE (24). We thus assert that g-RSs
(146) represent all possible eigenfunctions of the p-SLEs (138) and (139) accordingly.

Finally, one can easily verify that the presented arguments are fully applied to the
starting instance p = 1, since we only need the presumption that the p-SLEs (24) with the
leading coefficient functions (28) are exactly solvable under the DBCs imposed at the ends
of the corresponding orthogonalization interval and that the TF of the given RRZT does
not have zeros inside of this interval. [J

The direct consequence of the proven theorem is that the p-WPs (97) with My, = M,

and g= — + have exactly j real zeros larger than 1.

Appendix E. Xy-Jacobi DPS in the Second-Order Darboux-Crum
Representation

It has been proven by the author in [66] that the JPW of degree 2 can be reduced to the
second-degree Jacobi polynomial as follows

WA, 2 = 120, + A +4)P A ), (A35)

At that time the author did not realized that it deals with the very special case of the
equivalence theorem initially sketched in [47,48] and then scrutinized in great detail [21]
(see [57] for additional comments).

In particular, this implies the Wronskian of two classical Jacobi polynomials with
positive indexes can be written as

W) (4]1,2) = 1/2(Agys + Aoy + 4)PL MR (g, (A36)
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Examination of the explicit formula for the second-degree Jacobi polynomial:

P ) = LA +2)(A +1)(1+1)2+ (Ar +2)(Ar +1)(1 —7)?

2o+ 2) (M +2)(1—12)] (A7)

reveals that that the polynomial in the right-hand side of (A36) may not have a zero at
1 = F1 since both Jacobi indexes are smaller than —3, in agreement with Theorem 1.
It can be shown that the discriminant of the polynomial (A37) is given by the

simple formula:
. 1
AN = 55

and therefore the second-degree Jacobi polynomial of our interest has the negative discrim-

A +A- +3) (A +2)(Ap +2) (A38)

inant. Firstly, this observation confirms Theorem 2 stating all the zeros of the JPW with
positive indexes may have only simple zeros. Secondly, we conclude that the second-degree
polynomial (A36) has a pair of complex conjugated zeros and therefore remains finite on
the interval [1, 00), in line with Corollary 5.
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Abstract: In this study, we consider the two-variable g-general polynomials and derive
some properties. By using these polynomials, we introduce and study the theory of two-
variable g-general Appell polynomials (2VggAP) using g-operators. The effective use of
the g-multiplicative operator of the base polynomial produces the generating equation for
2VggAP involving the g-exponential function. Furthermore, we establish the g-multiplicative
and g-derivative operators and the corresponding differential equations. Then, we obtain
the operational, explicit and determinant representations for these polynomials. Some ex-
amples are constructed in terms of the two-variable g-general Appell polynomials to il-
lustrate the main results. Finally, graphical representations are provided to illustrate the
behavior of some special cases of the two-variable g-general Appell polynomials and their
potential applications.
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1. Introduction

Appell polynomials, a notable category of special functions, have found widespread
utility in mathematical domains. Introduced by Paul Appell in 1880, these polynomials are
characterized by distinctive properties that contribute to their significance across various
mathematical and scientific fields.

The generating function for two-variable general polynomials (2VgP), represented as
pn(C, 1), is established as follows in the literature [1,2]:

exp(Ct) Z pu(C, 17 po(Cm) =1), 1)

where ¢(7,t) has (at least the formal) series expansion

quk o (90(n) £0). @
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In the 18th century, the foundation of g-calculus began, establishing a framework inte-
gral to the theory of special functions. Recently, g-calculus has garnered significant attention
due to its applicability across fields like applied mathematics, mechanical engineering,
and physics, bridging classical mathematics and quantum calculus. The development of
g-analogues, inspired by classical calculus, has led to foundational results in combinatorics,
number theory, and other mathematical disciplines. Key g-special polynomials, such as
the g-binomial coefficient (}) . and the g-Pochhammer symbol (7;¢),, hold central roles
in g-analog structures across combinatorics, representation theory, and statistical mechan-
ics. The algebraic and analytic richness of these polynomials offers essential tools for
exploring g-analogue phenomena. In this paper, we set ¢ € C, with |g| < 1, and employ
g-notations as per Andrews et al. [3]. In recent years, advancements have been made in
the study of two-variable g-Hermite polynomials, notably by Zayed et al. [4] and Riyasat
and Khan [5], highlighting their importance in extending classical Hermite polynomials
into g-calculus frameworks. Additionally, g-special functions have been formulated and
explored within the representations of quantum algebras [6-8] underscoring the role of
g-calculus in quantum groups and quantum mechanics.

The g-shifted factorial (;q), is defined as follows:

ﬁl—qC veEN, (€C 0<qg<1. @)
s=1

In g-calculus, this notation assumes a fundamental significance, embodying the dis-
crete characteristics of g-analogues and enabling a range of identities and transformations
crucial to the theoretical framework.

For a complex number ¢ € C, the g-analogue of ( is given by

i
[@]qzl_qq,0<q<1,CeC. @)

The g-factorial is given by

IT_\fs],, 0<q<1, {#0eC
€yt = | 5
1, =0

The Gauss’s g-binomial formula is given by [3]

()7 2() a2 ()" ©)

where the Gauss g-binomial coefficient is

Two g-exponential functions are given by [9]

S, 1
eq(t) = , 0<g<1, < — )
q( ) n;() [n]q! q |€| 1 _q
and
ad q(g)t”
Eq(t):;] e 0<a<l CeC @®)
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The product of both g-exponential functions is given by

> (C+)7
E(n) =Y I 1. )
w=0 q
Hence 1
e(Q)Eq(—=0) =1, [¢] < T—q (10)
The g-derivative of a function f({) is defined as [10,11]
Dyif(§) = f(za_{)(g), 0<g<1l, (#0. (11)
In particular, we have
Dyl" = [w]yg" ™. (12)
The g-derivative of the exponential function is given by
f)qlgeq(ag) =weg(ag), a€C (13)
and
ﬁ";’geq(zxg) =afe (ag), k€N, x €C, (14)

where ﬁs ¢ denotes the kth order g-derivative with respect to (.
The g-derivative of the product of functions f(¢) and g({) has been established in the
literature [2,4,12]

Dy (f(£)8(8)) = f(2)Dy8(8) +8(a8) Dy f (0)- (15)

The g-derivative of the division of functions f({) and g({) is given by

S (AN 8@D)Dycf(Q) — f(40)Dyz8(2)
DM(g(C))— 20)3(90) , 8(0)#0, g(q0) #0.  (16)

The g-integral of a function f({) is defined as [3,4]

/f dl=(1—9¢ Zq”’faq (17)

By virtue of (17), we can conclude that

g [

w=0

m—+1 1— m-+1
_ €1(qm+ﬂ) - [n§+1] , meNU{0}. (18)

More specifically, D 1{1} {, and by using the method of mathematical induction,
we have

( ){1}—[]', r e NU {0}. (19)

64



Mathematics 2025, 13, 765

For some papers on g-generalizations of the special polynomials, we refer to [9,13—
16]. The g-Gould-Hopper polynomials, denoted as Hz(l,”;) (¢,n) (4GHP), can be defined
following generating function

eg(@t)eg(nt™) = Y- HI(, nmq 20)
w=0
and the series definition
(=] k 7w—mk

For m = 2, (20) reduces to 2-variable g-Hermite polynomials defined by Raza et al. [11].
The operational identity of g-Gould-Hopper polynomials HZ(J/';) (C,n) is as follows:

U (@) = eq (1D} ) {2° ). (22)

The g-dilatation operator Tz, which acts on any function of the complex variable g, in
the following manner [8,10]

TEf(2) = f(4"0), keR, 0<qg<1, (23)
satisfies the property
T 'Tf(Q) = £(2). (24)
The g-derivative of the g-exponential function e;(17t") is given as [9]
I/jq,teq(ﬂtm) = th_l T(r];m)eq(ntm)' (25)
where
T = 1 1 1 g, + O K
(rm) = 14T, Tyt g T

The generating function of g-Appell polynomials A, ;({) is elucidated by Al Salam,
as delineated in the formula presented in [17,18].

.A Eq ét Z An q ]q (26)

Z Anq i Ag(t) #0,  Agy=1. (27)

The following list (see Table 1) demonstrates an appropriate option for certain individ-
uals within the class of g-Appell polynomials:

Table 1. Some g-Appell polynomial families.

S. No. g-Appell Polynomials Generating Function A, (t)

L The g-Bernoulli Polynomials [16,19] #eq(gt): Y% 0 Bug(Q) [2]” ’ Ay(t) = t) 1
eg 7!

IL. The g-Euler Polynomials [16,19] ([tz)]'i eg(T8)= Y20 Eng(0) [f]l Ay(t) = eﬁ%i—l
e

q
— 1 1 [2} t n _ [2} t
I11. The g-Genocchi Polynomials [16,19] eq(t)q+ 1eq(§t) Y 0 Gna(2) t] ' Ay(t) = (t)q+1
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The elements of the g-Appell polynomials class A, 4({) generate the corresponding
g-numbers A, ; when { = 0. Table 2 illustrates the initial occurrences of three specific
g-numbers: the g-Bernoulli numbers B, ; [16,19], the g-Euler numbers &, 4 [16,19], and the
g-Genocchi numbers Gy, 4 [16,19].

Table 2. The first five g-numbers of By, 4, £1,4 and G, 4.

n 0 1 2 3 4

B _ _ _ _ _
[12719] 1T (149" 2B Q=g (20 (4" g (1 — > = 2¢° — q* +q°) ([2]3[3]4[5]y)
En

oo 15 H-14g) §(-1+29402 ) 150 = 1)[Blgl(g* —4q+1)

Gng 0 2—4 7(9—5) _3¢°(4=5) _ 3q(2—q) _ ¢ —3q ( 3¢°+104>—28¢+7

[16,19] 1+g (1+4)* (g2 (1+g)  (1+49) T+ (1+q)°

The monomiality principle stands as a fundamental tool for investigating specific
special polynomials and functions, as well as their properties. Originating from Steffensen’s
work in the early 19th century, this concept underwent significant refinement and expan-
sion through Dattoli’s contributions in 2000. Recent academic research has utilized the
monomiality principle to explore innovative hybrid special polynomial sequences and fam-
ilies [14,15]. Notably, Cao et al. [10] extended the application of the monomiality principle
to g-special polynomials, opening avenues for the creation of novel g-special polynomial
families and shedding light on the quasi monomiality of certain existing g-special polyno-
mials. Through the application of g-operation specific techniques, researchers can derive
additional classes of g-generating functions and various generalizations of g-special func-
tions. Among these techniques, the g-operational process demonstrates greater alignment
with traditional mathematical approaches and implementations employed in the resolution
of g-differential equations. In the context of a g-polynomial set p,, 4({)(n € N, € C), two
g-operators are defined as ]\7Iq and 13,7. These operators, known as the g-multiplicative and
g-derivative operators, respectively, are implemented as described in [10]

My{pnq(Q)} = Pusr,4(0) (28)

and -
Pq{Pn,q(g)} = [”]anfl,q(g)- (29)

The operators Z\//I\q and 134 satisfy the following commutation relation:
[My, B3] = Py My — My, (30)

An analysis of the Z\//I\q and ﬁ, operators facilitates the determination of polynomial
Pn,q () properties. When Z\//I\q and ﬁq demonstrate differential realization, the polynomials
Pn,q({) conform to a particular differential equation.

MyPy{pnq(§)} = [nlgpna(©) (31)
and N
PyMg{pnq(Q)} = [n+1gpngq(Z)- (32)
In view of (28) and (29), we have
(Mg, By) = [+ 1]g — [n],. (33)
From (28), we have N
Mq {Pn,q} = Pn+rg (C) (34)
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More specifically, we have

pn,q(g) = A//I\qn{PO,q} = A//I\qn{l}r (35)

where pg,({) = 1 is the g-sequel of polynomial p,4(Z). Furthermore, the generating
function of p; 4({) can be obtained as

ey (1) {1} = ﬁo Pg(0) -

[”]q!.

n

(36)

The subsequent g-multiplicative and g-derivative operators associated with the g-
Appell polynomials A, 4 are presented as follows [12]

VB

. A (D
Mga =+ 220 (Do) T, (37)
Aq(Dq/ﬂ)
or, alternatively,
Vigs = UAq(qPqn) n Aq(lztm) 38)
Aq(D‘i’?) Aq(DW?)
and
PqA = Dq,qr (39)
respectively.

Inspired by the above papers, in this paper, we examine the specific characteristics of
two-variable g-general Appell polynomials through the implementation of the g-analog
monomiality principle. Additionally, we present some applications of these newly es-
tablished two-variable g-general Appell polynomials with graphical representations. Our
findings suggest that these polynomials are promising for diverse applications across
multiple disciplines.

2. Two-Variable g-General Appell Polynomials

In this section, we introduce the concept of two-variable g-general Appell polyno-
mials, denoted as ,A;4({, 7). We elucidate their series definition, g-quasi-monomiality
characteristics, operational identities, and associated g-differential equations. Our analysis
begins with the formulation of two-variable g-general polynomials, referred to as 2VqgP
Pn,q (gl 77) .

Here, we consider the two-variable g-general polynomials (2VggP) py4(, 1) defined
by the following generating function:

&%) n
@00 = X pa€n gy (a@m) =1, (o)
n—=

[n]y!
where ¢;(7,t) has (at least the formal) series expansion

Pa(,t) = gocpn,q(n)t",, (90q(n) #0). (41)

(14!

With the simplification of the left-hand side of Equation (40) through the application
of Equations (7) and (41), the following series definitions of the two-variable g-general
polynomials py,4({,7) are obtained as follows:

=5 (™) ke (), 42
a@n = 1 (1) s @)
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We hereby establish the following result concerning the g-quasi-monomial identities
of the two-variable g-general polynomials 2VqgP p; 4(Z,17)-

Theorem 1. The two-variable g-general polynomials 2V qgP py 4(Z, 1) demonstrate quasi-monomial
characteristics when subjected to the aforementioned g-multiplicative and g-derivative operators as
follows:

Y4 (43)
and

Povagp = Dy, (44)
repectively, where T, ; denote the q-dilation operator given by Equation (23).
Proof. Taking the g-derivative on both sides of Equation (40), partially with respect to ¢
and by using Equation (15), we have

n

; Pnrq(grﬂ)ﬁq,t[;h! = eq(qa)ﬁq,tff’q(ﬂr t) + (11, t)ﬁq,teq(gt)r (45)

which by using Equation (15) by taking f;(t) = ¢4(7,t) and g,(t) = e;({t), and then
simplifying the resultant equation by using Equations (12), (26), and (28) on the right-hand
side, we have

¢q(1,1) 0 g
C+ Tor | 1eq(Ct )= a(C . (46)
( (Pq(ﬂ/t) 9,0 { q( )4)17(77 )} ngop'rﬂrlq( ;7)[”]11'
Since
Dy {eq(t)q(in, 1)} = teg(Ct)g (1, 1), (47)
d gggzg has a g-power series expansion in t, as ¢, (1, t) is an invertible series of ¢.
Therefore, by (40) and (46), we have
‘P;(W/ ﬁq,@) > " d "
G+ =T, Pra(Com) ooy ¢ = 2 Prsng () g e (48)
(e s | E e = Epnsong,
Comparing the coefficients of like powers of t on both sides, gives
9401, Dyz)
Ot —=Tog [{png(&m} = purrg(@n)- (49)
( 9q(1, D) v o

In accordance with the monomiality principle Equation (28), the aforementioned equa-
tion substantiates assertion (43) of Theorem 1. Furthermore, with the application of identity
(13) to Equation (40), we have

. 00 n =] g
Dq,g{ gpn,q(éfn)[n]q!} = ; Pn-1,4(C, 1) 1, (50)

Upon comparing the coefficients of equivalent powers of t on both sides of Equation (50),
we derive

Do ipng(@m} = [Mgpu_rg(C ), (n>1). (51)
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Upon examining the monomiality principle Equation (29), we can conclude that
assertion (44) of Theorem 1 is validated. [

Theorem 2. The following g-differential equation for two-variable g-general polynomials 2V qgP
Pn,q(, 1) holds:

W qéDqé [n M) Png(C,1) = 0. (52)

(C Dy +
Proof. In view of Equations (31), (43), and (44), we obtain the assertion (52) of Theorem
2. O

Remark 1. Since po,4(C,17) = 1, in view of monomiality principle Equation (35), we have

Png(Gm) = (H?(”'; ) {1} (pog(Cm) =1). (53)

Furthermore, in view of Equations (35), (40) and (43), we have

n

€q (MZngP){l} = eq(ét)ﬁbq 17,t) Z Png (¢ n) [ ] (54)

Subsequently, we introduce the two-variable g-general-Appell polynomials (2VggAP),
in order to derive the generating functions for the two-variable g-general-Appell polyno-
mials by means of exponentially generating the function of g-Appell polynomials. Thus,
replacing { on the left-hand side of (43) by the g-multiplicative operator of 2VqgP py4(Z,77),
given by (40) and denoting the resultant of two-variable g-general-Appell polynomials
2VqgAP p Ay 4(C,17), we obtain

o n

Aq(t)eq (MZngP) {1} = Z pAn,q(Crﬂ) [’:]q!/ (55)

n=0

which, by using Equation (43), we obtain the following two equivalent forms of , A; 4(,17):

m qg'){l}—z Anq@’?)[ ; (56)

Aq(t)eq <§+

The generating function for the two-variable g-general Appell polynomials , A, 4(Z,77)
can be formulated by applying the relation (54) to the left-hand side of Equation (55),
resulting in the following representation:

[ee) n

Aq(t)eq(gt)‘f’q(’%t) = Z pAn,q@/’?) "

n=0 [ ]‘7!

(57)

Theorem 3. The two-variable q-general-Appell polynomials Ay 4(C,17) are defined by the follow-

ing series:
n

Ang(Cim) Z ( ) AkgPr-kq(8 1), (58)

where Ay, is given by Equation (27).

Proof. In view of Equations (27) and (40), we can write

e} n

Z pAn,q(gl 77) [;]q! = Aq(t) ygpn,q(gl ’7) [1’[ 1

n=0

(59)
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By employing the expansion (27) of A;(t) on the left side of Equation (59), performing
simplification, and subsequently comparing the coefficients of equivalent f powers on both
sides of the resulting expression, we arrive at assertion (58). [

By using a similar approach given in [20,21], and in view of Equation (57), the follow-
ing determinant form for , A, 4(Z,7) is obtained.

Theorem 4. The determinant representation of two-variable q-general Appell polynomials , Ay, 4(,17)
of degree n is

pAog() = ﬁiq
U pgGn) p2g(Cn) o Pu-14(8n)  Png(Gom)
,BO,q ﬁl,q ﬁ2,q /37171,(1 ﬁn,q
(_1)n 0 50# (%)qﬁl,q (nIl)q.Bn—Z,q (T)qﬁnfllq
phAngle) = Gyl 0 0 Bog - (T)Bu-sq (3),Bu2q | (€0)
0 0 0 Bo,g (u"1),Prg

Sz )
__ b A B |, n=01,2,. ..,
Pra Aog <k—21 kJ g kaPr kﬂ)

where Bog # 0, Bog = Aio,., and pnq(Z,1), n = 0,1,2,... are the two-variable g-general
polynomials defined by Equation (40).

Theorem 5. The two-variable q-general Appell polynomials ,Ay4(Z, 1) are quasi-monomials
under the following g-multiplicative and g-derivative operators:

_ ¢5(1,Dg0) .\ Ag(aDyg) | Ag(Dyp)
Mavagap = <§+ T | SRS 4 S (61)
¢q(17, Dy ) Aq(Dgg)  Aq(Dyg)
and
Poygeapr = Dy, (62)

respectively, where T, ; denote the q-dilatation operators given by Equation (23).

Proof. Taking the g-derivative on both sides of Equation (57) with respect to t by using

Equation (15), we obtain

[eo) /\ t?’l
Ang(81)Dgt——
LA CnDugy

= Aq(98)Dyye (g (G)g (1, 1)) + eq(Gt) g (1, t)A;(t), (63)

which by using Equation (15) by taking f;(t) = e;(17t)¢4(17,t) and g(t) = A,(t), and then
simplifying the resultant equation by using Equations (14), (23) and (28) on the left-hand
side, we have

G t) .\ Aglgt)  An(D)
((g " <I>Z(i7,t) T“) Aqq(t) ’ AZ(t) ) Aq(D)eq(EH)9g (11,1)

(64)
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Ay(t) d ¢y (n,4)

Let A;(t) and ¢,(77,t) be invertible series of ¢, A, and 56

expansion in ¢. Since

have a g-power series

Dy Aq(t)eq(L)pg (1, ) = tA(t)eq (L) g (1, 1), (65)

Equation (64) becomes

¢(1. Dyg) )Aq(qﬁw) A’q(ﬁq,,?)>
+ — T, = + = Ag(t t ,
((g 0401 ye) ") Ag(Byy) " Ag(Dyy) ) A
0 tnfl
= ; pAng(C ) g L (66)
which, by using (57), gives
4),@(’7'131%47) )Aq(qﬁqw) A;(Bq,n)> d "
+ —T, —= + — Ang(Z,
((g ¢q(11, Dg ) 7 Aq(Dgy)  Ag(Dgy) r;)p (&) [n]y!
00 tn—l
= Z Ang(Cm) =7+ (67)
n=1 { ]q-

An examination of the coefficients of ¢ on both sides of Equation (67), in conjunction
with a consideration of Equation (28), leads to the derivation of assertion (61). Furthermore,
upon applying identity (13) to Equation (57), we have

~ ) n 0 n
Dq,g"{ ). pAn,q(é,ﬂ)W} = ; pAn—l,q(Q’?)m- (68)

n=0

Upon comparing the coefficients of equivalent powers of t on both sides of Equation (68),
we derive

qé{P nq(C)} = [lgpAn_14(C 1), (n>1). (69)

Upon examining the monomiality principle Equation (29), we can conclude that
assertion (62) of Theorem 5 is validated. [

Theorem 6. The following g-differential equation for , Ay 4(Z, 1) holds true:

n D 98 Aq(D )

— D ¢+ e —
Ag(Dgy) " 4’( ) " Ay(Dyy)

Proof. Using (61) and (62) in (31), we obtain the assertion (70). [

LDy — [n ]q>pAnq(§ 1) =0.

3. Applications

Specifically, when considering the case where ¢,(77,t) = e;(17t"™) in generating func-
tion (57), which results in the reduction of 2VqgAP ,A; 4(Z, 1) to the g-Gould—Hopper-

based Appell polynomials (-GHbAP) HA(m (£, n) can be characterized by a specific gener-
ating function as follows:

n

A ( )eq(gt)ei] 77t Z HAnq g 77)[ ] (71)
In other words, we have
AL (@) = eg(1DYy) ) { Ang(D)}. (72)
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Through the application of Equations (20) and (26), we can expand the left-hand side
of Equation (71) as follows

" n

nAl € = 3 (3) Aty 73)
= q

By using a similar approach given in [20,21] and in view of Equation (71), the following

determinant form forHA%) (C,n) is obtained.

Theorem 7. The determinant representation of q-Gould—Hopper-based Appell polynomials HA,%) (Cn)
of degree n is

m 1
HA((),q) (g; 7/) = ,BTqI

1 H @) B @) . HY @) H (@)
ﬁO,q 151,11 2,32,{1 _/fnfl,q :Bn,q
(m) (= 0 Bog (1){4/314 (nl )qﬁn—Zlq (?)qﬁnfl,q
HAn,q (C/”/)— (.BO,q)n+1 0 0 ,BO,q (nIl)q.aniq (g)qﬁnfz,q ! (74)
0 0 0 Bog (u"1),Brg

1 n
=T A =0,12,...
‘Bnrq Ao,q <k21 (k)q k,qﬁnk,q)r n 0/ 74 7

where Bo,; # 0, Bog = A%w and H,(f;) (¢,n), n=0,1,2,...are the g-Gould—Hopper polynomials
defined by Equation (20).

We shall now demonstrate the g-multiplicative and g-derivative operators of HA%) (¢,n).
The following theorem is presented:

Theorem 8. The g-Gould—Hopper-based Appell polynomials HA,%) (¢, n) are quasi-monomial
under the following g-multiplicative and g-derivative operators:

Aq(qﬁqﬂ?) Aq(
Aq(Dyy) — Aq(

+

M — ( T m—1 Df],’?)
avgcHAP = (CTy + 1Dy T(;y;m)) 5 (75)

or, equivalently,

~ —_— Ag(@Dyy) | A4(Dyy)
Moygorap = (+ D0 T Tr ) == + — (76)
( 2 ") ) Ag(Dygy)  Ag(Dyy)
and
PyvycHar = Dy g, (77)

respectively, where Ty and Ty denote the q-dilatation operators given by Equation (23), and D;g is
defined by Equation (19).

Proof. By applying the g-derivative to both sides of Equation (71) with respect to ¢, utilizing

Equation (15), we obtain
n

S am g
HZ::lHAn,q (Cr U)Dq,t [n]q!
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= Aq(qt)eqﬁq,t (eq(ét)eq(ﬂtm» + eq(éf)eq(ﬂf’")A;(f)r (78)

which, by using Equation (15) by taking f(t) = e;({t)es(nt™) and g(t) = A4(t), and then
simplifying the resultant equation by using Equations (14), (26), and (27) on the left-hand
side, we have

((éT’I + ntm_lT(ﬂ;M)) Aq(t) + Aq(i‘) ) Aq(t)eq (Ct)Eq(ﬂfm)

= ng;l HASZ’Z])(QU)ﬁ (79)

Jq!

Since
Dy Aq(t)eq(Ct)eq(nt™) = tAq(t)eq(Ct)eq(nt™) (80)
Ayt
Aq(t)
Therefore by using Equation (71), we obtain

o Ag(qDgy) Ayl
nTy +nDy 'T ; A+
(( ! 7 (ﬂm)) Ag(Dgy) Ayl

nd

has a g-power series expansion in t, as A4(t) is an invertible series of t.

D‘Vi) )
D‘%W)
tnfl

n—1],"

Comparing the coefficients of t on both sides of Equation (81), and then, in view of

(81)

x Y HA;%)(Q’?)# =) HAEZ'Z;)(QU) [
n=0 q:

n=1

Equation (28), the resultant equation gives assertion (75).

Employing Equation (78) with f;(t) = e;(7t™) and g,(t) = e4({t), and applying the
methodology utilized in the proof of assertion (75), we obtain assertion (76).

Upon examining Equations (29) and (80), we establish assertion (77). [

Theorem 9. The following q-differential equation for qg-GAbP HA (é 1) holds true:

;fm - [nh) wAY (1) =0, (82)

A (‘15 ) = Aq(qﬁ ) A (ﬁq,
(CDqg " Ty + 1D Ty A 5
q

or, equivalently

N Aq(qﬁq C) PN Aq(qDAqg) A:;(DAq,v) ~ (m)
A bk FANRY 5 LRy e A 22 R A - Az, ) =o. 83
( ’ , MPq.¢1 (n; )Aq g Ay(Dyy) Dy —[nlg |HARG (T, 1) (83)

Proof. Using (75), (76), and (77) in (31), we obtain the assertions (82) and (83). [

4. Examples

In this section, we consider certain members of the family of two-variable g-Gould-
Hopper-based Appell polynomials (71).

Through the appropriate selection of the function A4(t) in Table 1 in Equation (71), it
is possible to establish the following generating functions for the g-Gould-Hopper-based
Bernoulli HIB%,(J,Z) (¢,n), Euler HE,&";) (¢, ), and Genocchi HG,&";) (¢, 1) polynomials:

l’l

eqT (Cf)eq ’7tm Z HB”Q g 77)[ } (84)

2 m "
W q(Ct)eq(nt™) Z HEnq (¢ W)W (85)
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and
n

2t

a)+1 o

eg(@t)es (") = 3 HGYY () .
n=0 [1’1],1.

Furthermore, in view of expression (73), the polynomials HB%) (7 (m) q (&),
and HG%) (¢, 1) satisfy the following explicit form:

WS €)= X (1) By B0, )
k=0 q
By (§n) = g() Exg H,"g(6) (88)
and :
WG =3 (3) G @) 59)
nq \or = k g kg Hn—kqg\o- ")

Furthermore, in view of expressions (74), the polynomials H]Bn%) cn), HESZ) ()

and HG (@ 1) satisfy the following determinant representations:

By (C,1) =1,

v E @) HY @) HYL @) HAR (@)
1 1 1 1 1
2], (3] [n]q [n+1]q
0 1 2y 1 -y 1 myo 1
By (6 1) = (1" Wy, GO Wi | (90)
0 0 1 e (ngl)q [nEZ]q (g)q [njl]q
0 0 0 1 (nﬁl)qﬁ
1 HMCn) HY @) o HY@on) HY @)
L > > 3
m a0 1 (D,3 ("1, 3 (1,2
WESD (@) = (-1) Va3 Dz G 1)
0 0 1 ("21),3 (3),2
0 0 0 1 (1), 2

and

HGyr (Cm) =1,

74



Mathematics 2025, 13, 765

U H @) H @) o HYL@n) HAR (@)
1 1 1 1
2 B3] 2], 2[n+1]
2y 1 =1 1 ny 1
HG%)(QU) = (-1)" 0 1 Dy, Co gz, Wz, ,
n—1 n

0 0 1 ( 2 )qz[niZ]q ( )qZ[nll]q

. . . A . Y . 1

0 0 0 1 (21 g2y,

where H,S’Z) (¢,n), (n=0,1,2--) are the g-Gould-Hopper polynomials of degree 1.

5. Distribution of Zeros and Graphical Representation

In this section, we aim to provide the graphical representations and zeros for the g-
Gould-Hopper-based Bernoulli HIB%,%) (¢, ) and g-Gould—Hopper-based Euler HE%) (C,n)
polynomials. By appropriately choosing the function A,(t) from Table 1 in Equation (57),
we can establish the following generating functions for the g-Gould-Hopper-based

. mim) 1
Bernoulli yB;, 4 (¢, 77) polynomial:

eq(t)t (Ct)eq ﬂtm Z HBnq (C, 17)[ ; . (93)

A few of them are

By (T 1) =1,
1
B (@) = - o

BS,;(@:W) = —C+§2+W - Wq;’

Bl | Bl 2Bl By

217 R R 4V
[t Cllg!  C2l4ly!

BO () =~ + 00+ ﬁ 3]yt -

WB(Cn) = —C+ 0+ o+ Tyl +

(2],! 2% 2R T 2,8
1[4y n (4]0 3[4, N 27[4],! g2 [4q! °laly! [y
2 B2 RPBl T 2Bl 2Bl 2Bl Bl
2 5 ZBlyt %5 5 !
G = Bl o e B
i €277[5}q! n Z[5]4! _ B lq! _ 3[5],! _ 1[5]4! 4[5],!
(2],! Bl [Blg?  [2g!8]4  [Blgt  [241[3]g!
. 3[5]g! 2¢%[5),! n $Blgt 3[5]y! 27[5]!
2,20, T 2Bl T 2Bl 224, T 2!
2Bl Gl 2[5)t  [5l4!

[2]g'[4]g!  [2gt4lgt - [Blg'[4lgt (6l

We investigate the beautiful zeros of the g-Gould-Hopper-based Bernoulli HIB%SZZ) (¢,n) =

0 by using a computer. We plot the zeros of g-Gould-Hopper-based Bernoulli HIB%,%) (¢,n)=0
for n = 24 (Figure 1).
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In Figure 1 (top-left), we choose m = 3, = 6, and g = %. In Figure 1 (top-right), we
choosem = 3,7 = 6,and q = 15—0. In Figure 1 (bottom-left), we choose m = 3,1 = 6, and
q= %. In Figure 1 (bottom-right), we choose m = 3,17 = 6,and g = 19—0.

Stacks of zeros of the g-Gould-Hopper-based Bernoulli HB%) (C,n) =0forl <n <24,
forming a 3D structure, are presented (Figure 2).

In Figure 2 (top-left), we choose m = 3, = 6, and g = %. In Figure 2 (top-right), we
choosem =3,y =6,and q = 15—0. In Figure 2 (bottom-left), we choose m = 3,17 = 6, and
q= %. In Figure 2 (bottom-right), we choose m = 3,17 = 6,and g = 19—0.

Plots of the real zeros of the g-Gould-Hopper-based Bernoulli H]B,%) (¢,n) = 0 for
1 < n < 24 are presented (Figure 3).

In Figure 3 (top-left), we choose m = 3, = 6, and g = %. In Figure 3 (top-right), we
choosem =3,y =6,and g = 15—0. In Figure 3 (bottom-left), we choose m = 3,17 = 6, and
q= %. In Figure 3 (bottom-right), we choose m = 3,77 = 6,and g = 19—0.

Next, we calculate an approximate solution satisfying the g-Gould-Hopper-based
Bernoulli HB%) (¢,n) =0form =3, =6,and q = 19—0. The results are given in Table 3.

Re({) Re(g)
15 15 . .
O
® o
or 0
.N [
o
e [ [
mo s mo s— @&
) ([ ([
- IJ o
0 0 .
e _©
..
15 15 . .
15 0 5 0 1‘5 15 -0 5 0 15
Re® Re(0)

Figure 1. Zeros of HB%)(@’?) =0.
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n [} [}
J []
(] [} L]
0- @ L] 10+ [} L]
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L] []
L] [}
[] [} []
[} [} L] L]
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[}
| | L} [ [ L Ll e
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Figure 3. Real zeros of HB%) (¢,m) =0.
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Table 3. Approximate solutions of HB%) (¢,n)=0.

Degree n 4

1 0.52632

0.19555, 0.80445

—2.6891, 2.0577 —2.6942i, 2.0577 4 2.6942i

—4.3398, 0.52609, 2.8119 —4.0737i, 2.8119 4 4.0737i

—6.9272, —2.1200, 1.7821 —2.2002i, 1.7821+2.2002i, 3.9746 —6.2386i, 3.9746 + 6.23861

2
3
4
5 —5.7645, 0.19543, 0.80436, 3.4600 —5.2700i, 3.4600 + 5.2700i
6
7

—7.8678, —3.5588, 0.52589, 2.4441—3.4039i, 244414 3.4039i, 4.3791—7.0171i, 4.3791+7.0171i

—8.6091, —4.8888, 0.19532, 0.80428, 3.0642 —4.5295i, 3.0642 + 4.5295i,
8 4.6837 —7.6242i, 4.6837 4 7.6242i

—9.1693, —6.0540, —1.8456, 1.6480 —1.9596i, 1.6480+ 1.9596i, 3.6030 — 5.51151,
3.6030 4 5.5115i, 4.8955 — 8.0749i, 4.8955 + 8.0749i

—9.5569, —7.0891, —3.1609, 0.52570, 2.2537 —3.0594i, 2.2537 + 3.0594i,

10 4.0884 — 6.3858i, 4.0884 + 6.3858i, 5.0125 —8.3748i, 5.0125 + 8.3748i

Similarly, by appropriately choosing the function A4(t) from Table 1 in Equation (57),
we can obtain the following generating functions for the g-Gould-Hopper-based Euler

HE,%) (¢, 1) polynomial:

"

2 m
eg(F) +1°° ¢q(Gt)eq (7t") Z HE) [T' oY

A few of them are
HER(Z,n)) =

1

HED)(Gm) = —5
(2) 1 24 1 | 1 | |
HEL)(G 1) = —5 + 8+ 5 [2g! = 522lg! + 12yt

1

2

1
HES) (81) =

+4

£~ SBlyt+ 30Blet — 373l + 2nl3ly

L Blet 2Bl 2Byt
2021 2[2]p0 2024t

B (6) = —5 + 64+ gclla! — gCla! + gnldlyt - 20l + E",z
52[4111 3[4]! | C[4]q! 52[4}11! _ 1[4]y! §2’7[4]q-
221,282l T 22l T ARl 2Rl 2!

7 [4 lq! n [4],! _ Z[4l,! _ §3[4}q!
21 2[lt 20l 2[B!

B (€)= — + 20— 55 [5lg! + 5 215la! — gulBlyt + 42!

Jr

3Bl 2Bl +C2H Bl 3Bl 2!
S[Z]q!2 4[2},7'2 2[2},7'2 4[2},7! 8[2]q‘ B[Z]q!
L 1Blgt  Gnblet  EnlSlet  ?Blet  En?bly!
221 220 202! 2[2]11! (2]4!
3[5)g! Bl | BBl nlBle! | PnlElg! [5]4!
8B, 2031, T 4Bl 2Bl T Bl 221,10l
@Bl OBl Bl Bl B
2[2 q![?’]q! Z[Z]q![:ﬂq! 2[4}51! 2[4]q! 2[4]q! ’
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We investigate the beautiful zeros of the g-Gould-Hopper-based Euler H]E,(f;) (C,n)=0

by using a computer. We plot the zeros of g-Gould-Hopper-based Euler H]E,(f,;) (¢,n)=0
for n = 24 (Figure 4).

In Figure 4 (top-left), we choose m = 2, = 6, and g = %. In Figure 4 (top-right), we
choosem =2,y =6,and g = 15—0. In Figure 4 (bottom-left), we choose m = 2,17 = 6, and
q= %. In Figure 4 (bottom-right), we choose m = 2,11 = 6, and g = 19—0.

The stacks of zeros of the g-Gould-Hopper-based Euler HIE%) (C,n) =0forl1 <n <
24, forming a 3D structure, are presented (Figure 5).

In Figure 5 (top-left), we choose m = 2,77 = 6, and g = %. In Figure 5 (top-right), we
choosem =2,y =6,and g = 15—0. In Figure 5 (bottom-left), we choose m = 2,17 = 6, and
q= %. In Figure 5 (bottom-right), we choose m = 2,17 = 6,and g = %.

Plots of the real zeros of the -Gould-Hopper-based Euler HE,%) (C,y) =0forl <
n < 24 are presented (Figure 6).

In Figure 6 (top-left), we choose m =2, = 6, and g = %. In Figure 6 (top-right), we
choosem = 2,11 = 6,and q = 15—0. In Figure 6 (bottom-left), we choose m = 2,1 = 6, and
q= %. In Figure 6 (bottom-right), we choose m = 2,17 = 6,and g = %.

Im@g) 5 ‘ .I m¢) 5

Re(d) Re(d)
15} 15
¢ [
o [
m@g) 5 Im¢g) 5
([ ) (]
o & 0
([
[
®eo000

Re({) Re(9)

Figure 4. Zeros of HJE,%) (¢,n) =0.
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(m

Figure 5. Zeros of HEn,q) (¢,m)=0.
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Next, we calculated an approximate solution satisfying the g-Gould—-Hopper-based
Euler H]E,(f;) (¢,n) =0form =2, = 6,and g = 7. The results are given in Table 4.

Table 4. Approximate solutions of HE,%) (¢,n)=0.

Degree n 4

1 0.50000

2 0.4750 — 3.3391i, 0.4750 + 3.3391i

3 0.4269 — 5.4969i, 0.4269 +5.4969i, 0.50120
4 0.3686 — 6.9276i, 0.3686 + 6.9276i, 0.4912 —2.5888i, 0.4912 + 2.5888i
5
6

0.2992 —7.8166i, 0.2992 + 7.8166i, 0.4734 —4.6431i, 0.4734 + 4.6431i, 0.50224
0.1944 — 8.2120i, 0.1944 +8.2120i, 0.4795 — 6.34581, 0.4795 + 6.3458i, 0.4975 —2.2225i, 0.4975 4- 2.2225i

—0.3810 — 8.1652i, —0.3810 + 8.1652i, 0.4901 —4.1360i, 0.4901 + 4.1360i, 0.50316,
0.9436 — 7.7827i, 0.9436 + 7.7827i

—0.9757 — 8.4614i, —0.9757 +8.4614i, 0.4911 —5.8222i, 0.4911 + 5.8222i, 0.5012 — 1.9994i,
0.5012 +1.9994i, 1.4072 —8.2319i, 1.4072 + 8.2319:

—1.4546 — 8.5648i, —1.4546 + 8.5648i, 0.4537 —7.3398i, 0.4537 + 7.3398i, 0.4993 — 3.7990i,
0.4993 +3.7990i, 0.50396, 1.7811 —8.2699i, 1.7811 + 8.2699i

—1.9729 — 8.6021i, —1.9729 +8.6021i, 0.2771 —8.2181i, 0.2771 + 8.2181i, 0.5036 — 1.8475i,
0.5036 + 1.8475i, 0.5055 — 5.4479i, 0.5055 + 5.4479i, 2.3151 —8.2932i, 2.3151 + 8.2932i

7

10

6. Conclusions

In this paper, we have presented precise formulas and illuminated the fundamen-
tal characteristics of these polynomials, enhancing our comprehension of two-variable
g-general-Appell polynomials and their relationships with established polynomial cate-
gories. Such advancements enrich the mathematical landscape and pave the way for novel
research. The wide-ranging potential applications of these polynomials span quantum
mechanics, mathematical physics, statistical mechanics, information theory, and compu-
tational science, warranting extensive investigation. Subsequent research may probe the
structural properties and algebraic facets of these polynomials, potentially revealing pro-
found insights and practical applications. Moreover, interdisciplinary collaboration can
amplify the real-world impact of these polynomials across diverse fields. In summary, the
introduction and examination of g-hybrid polynomials constitute a pivotal development
in mathematics and science, catalyzing new research trajectories and applications across
various disciplines.
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sions for their derivatives, moments, and linearization formulas. The key idea behind
the derivation of these formulas is based on developing a new connection formula that
expresses the shifted Chebyshev polynomials of the third kind in terms of the JTPs. This
connection formula is used to deduce a new inversion formula of the JTPs. Therefore, by
utilizing the power form representation of these polynomials and their corresponding in-
version formula, we can derive additional expressions for them. Additionally, we compute
some definite integrals based on some formulas of these polynomials.
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1. Introduction

Special functions are fundamental in many fields of applied sciences. They help in
addressing many problems in the applied sciences. Applications for some special functions
can be found in [1,2]. The authors of [3] discussed the role of special functions in mathemat-
ical physics. Regarding some theoretical studies of special polynomials, the authors of [4]
discussed probabilistic degenerate Fubini polynomials. In [5], the authors investigated
probabilistic degenerate Stirling polynomials accompanied by some applications. The au-
thors in [6] developed some results of Appell polynomials. Some generalized polynomials
were discussed in [7], accompanied by some applications. Some new formulas concerned
with the convolved Fibonacci polynomials were developed in [8]. A generalized class of
polynomials associated with Hermite and Euler polynomials was introduced in [9]. A
class of Poly-Genocchi polynomials was introduced in [10]. Some formulas and recurrence
relations for general polynomial sequences were introduced in [11]. Some generalized Fi-
bonacci and Lucas polynomials were investigated in [12]. Unified Chebyshev polynomials
(CPs) were introduced and explored from a theoretical point of view in [13].

From a practical point of view, the different sequences of polynomials are crucial.
For example, some applications of Hermite polynomials can be found in [14,15]. Many
sequences of polynomials were utilized to solve various types of differential equations
(DEs). For example, the Bernstein polynomial basis was employed in [16] to treat the

Mathematics 2025, 13, 715 https://doi.org/10.3390/math13050715
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Korteweg—de Vries equation. The authors of [17] solved the Sobolev equation using
mixed Fibonacci and Lucas polynomials. A certain Lucas polynomial sequence was used
in [18] to solve the time-fractional generalized Kawahara equation. The shifted Vieta—
Lucas polynomials were employed in [19] to treat the fractional advection-dispersion
equation. In [20], Genocchi polynomials were used to treat a specific fractional model.
The authors of [21] used Schroder polynomials to treat a particular fractional model.
The authors of [22,23] used various types of CPs to solve some DEs. In [24], the authors
followed a spectral method based on Genocchi polynomials to treat some singular fractional
DEs. The authors of [25] used Changhee polynomials to treat high-dimensional chaotic
Lorenz systems.

Generalized hypergeometric functions are a crucial family of special functions with
extensive applications in engineering, mathematics, and physics. They serve to generalize
a large class of special and elementary functions, enabling many essential functions to be
expressed in terms of them. These functions significantly address important problems
related to special functions, including connection and linearization formulas. Various
approaches have been used to compute the connection coefficients between different
polynomials. For more details, see, for example [26-31]. In addition, the expressions for the
derivatives of different polynomials in terms of their original ones are crucial in numerical
analysis. For example, the author in [32] has developed new derivative expressions for
the sixth-kind CPs. Some terminating hypergeometric functions of the type 4F3(1) were
involved in these equations.

Numerous studies have been conducted on some classes of the Lucas polynomial
sequence. For example, the authors of [33] derived sums of Lucas and Pell polynomials.
The authors of [34] studied some generalized polynomials. In [35], a study on general-
ized Fibonacci polynomials was presented. Some other contributions regarding these
sequences can be found in [36-40]. However, there are fewer studies on Jacobsthal and
Jacobsthal-Lucas polynomials compared to those on Fibonacci and Lucas polynomials.
For example, Koshy in [41] has developed infinite sums involving Jacobsthal polynomials.
The same author in [42,43] has derived some formulas related to Jacobsthal polynomials.
Djordjevic in [44] has developed some results regarding the derivative sequences of gener-
alized Jacobsthal and Jacobsthal-Lucas polynomials. Some results on third-order Jacobsthal
polynomials were derived in [45]. In [46], some infinite sums involving Jacobsthal poly-
nomials were developed. Other sums involving a class of Jacobsthal polynomial squares
were developed in [47]. For some other studies regarding Jacobsthal polynomials and their
related polynomials, one can refer to [48-50].

This paper introduces a class of JTPs. New formulas for these polynomials will be de-
veloped. We can summarize the main objectives of the current paper in the following items:

*  Developing a new connection formula between the shifted CPs of the third kind and
the JTPs.

®  Deriving a new inversion formula of JTPs based on the above connection formula.

e Derivation of the moment and linearization formulas of the JTPs.

*  Developing new derivative formulas for the JTPs using other polynomials. Addition-
ally, we will also derive the inverse derivative formulas.

e Introducing some definite integrals using some of the introduced formulas.

The paper is structured as follows: Section 2 presents some properties of a certain
generalized Lucas polynomial sequence. Some other polynomials are also accounted for.
Two basic formulas of the JTPs are developed in Section 3. Moment and linearization
formulas of the JTPs are presented in Section 4. New derivative expressions of the JTPs in
terms of different polynomials are given in Section 5. Section 6 gives the inverse formulas
to those provided in Section 5. Section 7 developed some definite integral formulas that
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are deduced as consequences of some of the developed formulas. Finally, Section 8 reports
some findings.

2. Some Fundamentals and Basic Formulas

This section is devoted to presenting some characteristics of the Lucas polynomial
sequence. In addition, some particular classes of this sequence are accounted for. This
section also provides an account of certain other polynomials.

Horadam in [51] introduced two sequences of polynomials that can be generated,
respectively, by the following two recursive formulas:

Wi (x) = p(x) Wy—1(x) +q(x) Wp—2(x),  Wo(x) =0, Wi(x) =1, )
wn(x) = p(x) wy—1(x) +q(x) wy—2(x), wo(x) =2, wi(x) = p(x). 2

They can be written explicitly in the following forms:

[p(0) + VP + 29()] " = [p(x) - VP2 ) + 240

W”(x) = > ’ (3)
21/ p*(x) +44(x)
o) P(0) + VP +4a()| + [px) — VP + 4 “

21’!

Remark 1. Many celebrated sequences are particular ones of the two polynomial sequences Wy (x)
and wy, (x). Table 1 exhibits some of these polynomials.

Table 1. Some special classes of the two sequences.

ARSI Wi (x) w0, (x)

x 1 Fibonacci polynomial F, (x) Lucas polynomial L, (x)

2x 1 Pell polynomial P, (x) Pell-Lucas polynomial Q(x)

1 2x Jacobsthal polynomial J,(x)  Jacobsthal-Lucas polynomial j, (x)
3x -2 Fermat polynomial F (x) Fermat-Lucas polynomial f;(x)
2x -1 CPs of the 2nd-kind U,,_1 (x) CPs of 1st-kind 2 T}, (x)

Many sequences generalize the two standard sequences of Fibonacci and Lucas
sequences, which can also be extracted from the two sequences W, (x) and w,(x) as
special cases. The two sequences Flf’b (x) and Lli’d(x), which are considered generaliza-
tions of Fibonacci and Lucas polynomials, can be generated from the following two
recursive formulas:

F]f’h(x) :axFlff’l(x) + bF,f;bz(x), Fg'b(x) =1, Ff'b(x) =ax, k>2 (5)
LA (x) =ex L9 (x) +d L (x), LY (x) =2, L%(x) = cx, k>2. (6)

Remark 2. It is evident from Table 1 that the Jacobsthal polynomials can be constructed using the
following recurrence relation:

Ju(x) = Ju—1(x) +2x Jy2(x), Jo(x) =0, J1(x) = 1. ()
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These polynomials can be constructed using the following generating function [52]:

> t
n —
,Eof () = ®
The series representation of the Jacobsthal polynomials is given by [53]
"2 ] -
n—i—1\ ;
ww=x (") ©)
i=0

where | z| denotes the well-known floor function.

Remark 3. Many sequences generalize the sequence of Jacobsthal polynomials. Within these
sequences is the sequence { ]Z’b(x)} - that can be constructed with the aid of the following
n>

recurrence relation:
W) =afit () +bx i (x), J3(x) =0, [ (x) = 1. (10)

Based on the recurrence relation (10), it can be shown that the polynomials { ab (x )} 2o C be
n>

generated using the following generating function:

L = 11
n;) o (%) 1 — at — bxt? (11)

Remark 4. From the representation in (9), we can write the following representation for J,11(x):

5] iy W
Jux) = Jusr(x) = (+ L?J)be‘l. (12)

]2n+1 Z (1’1 + i + 1) Yl—i‘

Remark 5. To the best of our knowledge, many formulas related to the Jacobsthal polynomials
and their related polynomials are traceless in the literature, such as their derivative, moment, and
linearization formulas. We also found no correlations between these formulas and orthogonal
polynomials. This motivates us to investigate the JTPs further.

This paper considers a kind of JTPs generated by the following recursive formula:

a2

Jn(x) = afy1(x) = 7 fia(x), Jo(x) =1, Jilx) =a. (13)

Remark 6. In this paper, we restrict our study of the generalized Jacobsthal polynomials generated
by (10) to the case corresponding to: b = — ‘2—2, since in such a case, we will prove that the Chebyshev
polynomials of the third kind can be written as a simple combination of them that does not involve
any hypergeometric term. This pivotal formula in our study helped us develop further formulas
related to these polynomials.
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An Overview of Some Polynomials

We will present an overview of a selection of orthogonal and non-orthogonal poly-
nomials. Two families of polynomials, one symmetric and the other non-symmetric, are
considered. We will refer to them as ¢, (x) and ¢, (x), and they have the following analytic
representations:

Z (14)
Z Fppmx™ ™, (15)

where H, s and F, s are known coefficients.
In addition, let us assume that the inversion formulas for (14) and (15) are as follows:

H m Pm— ZK ) (16)

1% ]
"
Z F Lm Y- /3 (17)
where H ,, and F; ,,, are known coefficients.
We provide some famous polynomials that may be defined as in (14) and (15). The
normalized shifted Jacobi polynomials are expressed as [8]:

sy v DT+ ) (Y D (e + 7+ Domw v s
R = . 18
) = L = O TG p 4 1) o+ + D (0 s 9
Rgp 2 (x) are orthogonal on [0, 1] in the sense that
1 _ _ 0, k#¢
1—x)P 27 R () R (x)dx = { ’ 19
fy - RV R e = T (19)
where
T KIT(o+1)2T(k+v+1) 20)
¢ 2k+p+y+)I(k+p+1)T(k+p+7+1)

Specifically, the ultraspherical polynomials are symmetric Jacobi polynomials. We have
~ 1,1
() = Ry T . @)

Moreover, we note that Jacobi polynomials involve four kinds of CPs. The following
recurrence relation can generate all these kinds:

Cim(x) =2xCp1(x) — Cpa(x), (22)

but with different initials.
In addition, the moment formula for C,,(x) is given by

. 1 &4
x' Cp(x) = 5 ) (s) Cram—s(x). (23)
5=0
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Remark 7. Examples of important non-symmetric polynomials are the shifted Jacobi polynomials
R,Sf ) (x) that are expressed in (18), Schroder polynomials Sy(x), and Bernoulli polynomials By(x).

Table 2 presents the power form and inversion coefficients for these non-symmetric polynomials.

Remark 8. Some examples of important symmetric polynomials are the ultraspherical polynomials
that are given by (21), Hermite polynomials Hy(x), and the two generalized classes of Fibonacci
and Lucas polynomials that are generated, respectively, by (5) and (6). Table 3 represents the power
form and inversion coefficients for these polynomials.

Table 2. Power form and inversion coefficients for some non-symmetric polynomials.

Polynomial  F,, in (15) Eypyin (17)
RO (x) (=)' m!T(1+p) (141w (L+p+ V)omre (D) (40w (A 4+m—L+ ),
‘ (m = O T+ m40) L+ )t Lo+ @+2m =20+ p+ ) (L+m—L+p+7)ur
55(x) Gl i+ 1)1((=1)" (1 + 2i — 2m))
¢ T+m—1_ (2i —m+1)lm!
m+1
m (m—l:‘)
B/(X) B/ <m7p> m+1

Table 3. Power form and inversion coefficients for some symmetric polynomials.

Polynomial  Hy,, in (14) Hy,, in (16)
™ (x) (=) 2720 T — L+ A)T(1+24) 27" (=20 + A) m! T(A+1) T(m — 2¢ +2A)
¢ (m —20)101T(1+ A) T (m +2A) (m=20)10TRA+ 1) T(1+m—L+A)
o (Y) (71)[2—2/+m m! 21
o 00(=20+m)! 20 (m —20)!
FAB A2 B (m — 20+ 1), (=) (m—20+1)(m—€+2),4 B
0 () T — oA
LA,B( ) Afmiz{ EI m (1 - 20+ m)(f*l Cm—2( (_1)[ A Bi (1 -+ m)l/
s 7 a

3. Two Basic Formulas of the Generalized Jacobsthal Polynomials

This section is devoted to developing two basic formulas of the JTPs: J#(x) generated
by (7). The first is the series representation of J?(x), while the second formula exhibits
the expression of x™ in terms of J#(x). These two formulas will be the backbone for many
formulas in this paper.

Lemma 1. For any non-negative integer m, one has

ho -y (1) (") o

Proof. First, let

It is easy to see that
So(x) =Jo(x) =1, ¢&i(x) =Ji(x)=a.

In addition, by performing some computations, we can show that the following relation
holds:

2
Eh(x) —aghy () + TxE_o(x) = 0. 25)

This proves that
G (x) = Ju(x), m=0.

Lemma 1 is now proved. [J
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Remark 9. Two representations may be obtained from the power form given in (24):

X" (26)

= (2r)!(m —r)!
l m-—r
a m o\ (m+r+1)' m—r
T3 i1 (x) =a +1r;0 ( (22+ D = 7)1 X" (27)

Now, we are going to show that the shifted CPs of the third-kind V;*(x), r > 0, can be
written as a combination of the polynomials J#(x).

Theorem 1. The formula that connects the third-kind CPs and the polynomials J¢(x) is given by

Vi) =(-17 ) (4)%_23 (47 _2255 * 1) 3 s(x)

5=0 a

r—1 2r—2s—1
4 4r — 2s
+(-1)ttYs () <25 N 1) Ja e 1(x), r>0.

s=0 a

(28)

Proof. We will prove Formula (28) by induction on r. It is obvious that (28) holds for » = 0.
Now, we are going to prove the following connection formula:

r r—1
Vr*(x) = Z GS/T ]gr—Zs(x) + Z GS/V ]5r72sfl (x)/ r 2 1/ (29)
s=0 5=0

where

ANTTE 4y — 2541

— _1}’ —_
oo (T2
G :<_1>7+1 % 2r—2s—1 4r — 2s
o a 2s+1 )"

We proceed with the proof by induction. Assume that Formula (29) is valid for alln <,
ie.,

n n—1
Vi(x) =Y GsnJ3y as(x) + Y Gon J5, 25 1(%), (30)
s=0 s=0

and we must prove that (29) is itself valid.
Now, we start with the recurrence relation satisfied by V;*(x):

Vi (x) = 2(2x — 1) Vg (x) = V7 5(x), (1)

and apply the inductive assumption to write V" ;(x) and V,* ,(x) to obtain

r—1 r—2
Vig(x) =) Gor1l5 a5 2(x) + Y Goro1J5, 25 3(%),
s=0 s=0
r—2 r—3 _
0(x) =) Gera5 o5 4(X) + Y Gor a5, o 5(x).
s=0 s=0
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The last two expressions, along with (31), enable one to write V;*(x) in the following form:

r—1 r—2
Vi (x) =2(2x - 1) <Z Gsr1J5i-2s2+ ) Gsr1 ]2aj253>
5=0

5=0

(32)
r—2 r=2
- (Z Gs,r72 ]5];25,4 + Z Gs,r72 ]121]‘255) .
s=0 5=0
Now, inserting the recurrence relation (13) in the form
4
xJi(x) = _;2(]’?*2(3{) _“]I?H(x))' (33)

into (32) yields the following formula:
; 16 (1 - ‘ a
Vi(x) =— o) Y Gor1(=a]%5 0 2s(%) + %115 05(x))
s=0
r—1
+ 3 Ger1(=al%ypj o, (x) + J5j_5s(x))
s=0

r—1 r—2
-2 (Z GSJ—l]gjstfz(x) + Z Gs,r—l]éljgsg,(x))
5=0

s=0

r—2 r—2
- <Z Gor—2J3j2s-a(¥) + ) Gs,r2]§j255(x)> :
5=0

5=0

Now, we can write

where
16’ 167
Z ZGsr 1] 2+2j— 25 2 ZGST’ 1]2] 25( ) (35)
1
*ZZGsr 1]2] 25— 2 ZGsr 2]2] 25— 4( ) (36)
16r
Z: ZGsr 1]2] 25— 1 EGsr 112] 25— 1( ) (37)
2
- Z 6517*115]42573(3() - Z Gsr”*2]5j72575(x)' (38)
s=0 s=0

Some algebraic manipulations transform Z and Z into the following forms:
1 2

" /16 - 16
Z = Z (Gs—l,r—l - LTZGs,r—l - 2-Gs—l,r—l - GsZ,rZ) ]gj—zs(x);
1

s

s 16 - 16 - -
Z = <_ 22 Gs -1+t — Gs r—1— 2Gsfl,rfl - Gs—Z,r—2> ]3]‘-25-1 (x)
2
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It is not difficult to show that the following two identities hold:

16 - 16

;Gs 1= 3 Gsr—1—2Gs—1,-1 — Gs—2,,—2 = Gs s, (39)
16 - 16 - - _
112 Gs r—1 + 7Gs,r—l - 2Gs—1,r—l - G572,772 - Gs,r/ (40)

and this proves that

5=0

r r—1
= Z Gsr ]gr—2s (x) + Z Gsr ]§r72571 (x)
s=0

This finalizes the proof of Theorem 1. [

Theorem 2. Let r be a non-negative integer. The following inversion formula for the JTPs holds:

T g% (1 —25+71),
vy R
s=0 (41)
r—1 2572r+1<_2 4 )
a ST 71)142
1 ]5772571 (x>

+ (_1)r+1 227 2

= (2s +1)!

Proof. The inversion formula of V' (x) is given by [54]

r 1
r — —r i *
X' =4 (2r+1).é§0—€!(1_€+2r)!vr_,g(x). (42)

By virtue of the connection formula (28), one can write

ViTATT(2r 4 1) a2 1—4i —2s+4r
( ) Z 4 2i 25+2ra2s< ) )Er—Zi—Zs(x)

;
; i1 —i+2r)! s
; +1 ( ) 2‘ 2r r—i—1 (43)
l AT 2r+ D) lat T TS o s —4i — 2s + 4r
2 1—4s+4r 2s+1 a ) )
; i1 —i+2r)! s;) ! 1+2s Jar—2i-25-1(x)

Some calculations lead to the following formula:

s ( _ 1)£+r (1—2[—254—47)

"
_ — —20+2
X = S;J4 25+r<2,, 4 1)!a25 2r ;) gl(_g P ++1s)! ]gr—Zs (x>
r—1 . S 1)5+r+1( 1(52?5*227)) (44)
4 4~ s+r(2;,+1 s—2r+ +2s ]a o (x)
= Z €+21’—|—]) 2r—2s—1

To obtain a simplified formula for (44), let

s ( 1)/+r(1 Zlégis;rélr)
Wsr = — 2 45
o Z;) 0(—0+2r+1)! 45
. ( 1)€+r+l( : ZZJ;S—HZSV))
Wer _gg (=L +2r +1)! (16)
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We use Zeilberger’s algorithm [55] to find a closed formula for the above two sums. They
satisfy the following two recursive formulas:

1)

(s+1)(2s+1)Wsy1, —8(r—25s—1)(r —2s) Wy, =0, Wy, = M, 47)

1)(2s +3) W, 25— 2)(r—25— 1) W,y —0, o, — DTy
(s+1)(25+3) W1, —8(r —25—2)(r —2s — 1) Ws, =0, O,r—mr (48)

whose solutions are given as follows:
(—1)74% (1 — 25 + 1)y,

Wsr = 4

o (2r+1)!(2s)! 7 49
B 425+1 1 r+1 )

W., = (=1 (=25 +7)2s11 (50)

T (2r +1)!(2s +1)! ’

and accordingly, Formula (44) reduces to Formula (41). This ends the proof. [

4. Moment and Linearization Formulas of the JTPs

This section is confined to presenting a new moment formula for J#(x). This formula
will be the key to developing new linearization formulas for the polynomials J{ (x).

4.1. Moment Formula of the JTPs

Now, we are going to state and prove a new moment formula for the polynomials

Ji ().

Theorem 3. Assume that s and i are two non-negative integers. We have

2 13) =2 0 (S)a s o) oY)

r=0 r

Proof. We proceed by induction. For s = 0, it is clear that the formula holds since each
side in such a case is equal to |7 (x). Now, assume that Formula (51) is valid, so to prove
the inductive step, we have to prove that the following identity holds:

s+1\ _
s+l ]a _ 225+2 E < ) s—r—1 l+s+’+1( ) (52)

Now, using the recurrence relation (33) and multiplying both sides of (51) by x, we obtain

s+1 ]u 2ZS+2 Z r+1< > a5 2 ( z+s+r+2( ) a zg+s+r+1 (x>), (53)

that can be written in the following form:

s+l ]a 225+2 Z r+1<> —s—r—1 z+s+r+l( )

s e
+2%72 Z(_1)7<r_1>a ot 1]iu+s+r+l(x)'
r=0

If we note the following identity:

3=+
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then, the following formula can be obtained after performing some simplifications:

() = 22 Y1y (S ’ 1)a”1 apran(2) (54)
i - r i+s+r+1 :
r=0

This proves Formula (52). O

4.2. Linearization Formulas Involving the JTPs

This section is interested in developing new linearization formulas involving the JTPs.
In this concern, the following linearization formulas will be introduced:

*  The linearization formulas of J(x).
e The product formulas of [/ (x) and some celebrated polynomials.

Theorem 4. For all non-negative integers r,s, one has the following linearization formulas:
B —m, % —m,r+1
a*" 3F ;1
r %, r+1—2m

(0 Ji ) =V | ¥ o e (3)

m=0

1 (55)
_f —m—m—5,r+1
g2m+1 ) 01
r—1 %,r —2m .
B 0 (Zm + 1)! ]s+27—2m—1(x) ’
m=
1
[ —m5—mr+2
a2m+1 3F2 2 1
a a 1 ! S,r+1—2m .
]2r+1 (X) ]s (x) :E\/E(r + 1)! Z (2171)' ]s+2772m(x)
m=0 :
(56)

1
. —m,—m— 5,7 +2
a2m+23F2 , 01
le 5,7 —2m
m=0

(2m+ 1)! ]g+2r—2m—1(x) ’

where 3F»(z) is the reqularized hypergeometric function [56].

Proof. We will prove (55). The proof of (56) is similar. The analytic formula of J5 (x)
enables one to write

) 1) = L (T ) e, 67)

=0 r

The application of the moment formula (51) yields

B = L () S e (U Y, 6

/=0 m=0
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which may be written alternatively after some manipulations in the form
- - -4 l+r s+2r—2m
Jar(x ;0 ; <£ 2m + r) ( 6) J ()
=l —/ {47
Z mHZ( 1_|_€ 2m+r)< )IS+2r 2m— 1( )

(59)
which leads to (55). [

Theorem 5. Let r and s be two non-negative integers. Let also Cs(x) be any of the four kinds of
CPs. One has the following linearization formulas:

1 r
B0 G0 =[5 ) 0 1)
ZV: aw —m, 543, m—r 5 +1

74

1) Cris—am(x)

13
274

1 152-3r j2r+1 r_l (60)
+§( 1)r+2 r 2r+ (r+2!z '<
m=0
—m, 5 4+2,m—r+1,5+3
413 53 7 r+s 2m— l
4,27%
1\ " (r +1,m— r,7+l
B =(—5) % () 4F3< b 1) Crraan(®)
m=0 4,274
+102-3r 2 - 1
—1) 25 e 1)! _ 61
—m, 5+ 3m—r+1,54+1
47472

Proof. Based on the analytic Formula (27), one can write

é 14 ¢
]2r+1( ) x 2r+1 Z 2€+1( + ‘z;) r—{ Cs(x). (62)

Based on the moment formula of C;(x) in (23), Formula (62) can be written as

8)t—r 1+€+r 1t fr—o
Bt Ct) =y LI (1, ) G @)

m=0

which may be written again as

|52 m (_8)%77(:2“")(2@4-7’4-1)!

— 2r+1 (+m
]2r+1(x) Cs(x) a mgo = (—2£+7)!(4€+ 1)! Cr+s—2m(x) (64)
L%(7+571)J m (_8)2€—r+1( 1— 2[+r)(2€_|_r+2)
2r+1
e mgo ;) (404 3)1(-1—2+7)! Crs—am-1(x).

The last formula can be written as in (60). Formula (61) can be similarly proved. O
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Theorem 6. For non-negative integers r and s. The linearization formulas for | (x) and generalized
Fibonacci polynomials are given by

J2 () EAB (x) =a¥ A~ Z( ) ()

m

E —m,1+55+5,—r+m A%\ us

443 113 18 | Fris-om(®)
47274 (65)

r—1
_ _ 1
+(_1)r+121 2ra2rA1 r(r+1)! Z m(_B)mx
m=0
3 r r1_ 2
m5+5,1+51—r+m A AB

41:3( 353 T 4B Fr+s 2m— l(x)

47472
1\’ r r
A,B 142r g —
Bl B @) =(-3) a7+ $ -5 ( ) )
—m3a4r ro_ 2
m,5+ 5,145, —r+m A AB

4F3< 135 T 4B Fr+s—2m(x)
2747 4 (66)

+1( 1)r+121 2r 1+2rA1 r(r_|_2 il ;(_B)mx

3 f=ym!(r—m—1)!
—m2+ 534+ 51—r+m | A2 cAB

413 537 T 4B | Tr+s—2m- l(x)

4727 4

Proof. The proof is similar to the proof of Theorem 5. [

5. New Derivative Expressions of the JTPs in Terms of
Different Polynomials

This section focuses on developing new expressions for the derivatives of J{(x). We
begin by providing derivative expressions for these polynomials as combinations of their
original forms. Additionally, we present alternative expressions for the derivatives in terms
of both symmetric and non-symmetric polynomials.

5.1. Derivatives in Terms of Their Original Ones

Theorem 7. Consider the two non-negative integers k and p with k > p. The derivatives of J}(x)

can be expressed as
[ Ly —01+k

Li+k—20—-p
DPJS (x) = 4~ Pa® /7 (~1)PK! ZZ 2 @D Tk—2p20(%)
—0 :
(67)
1
a2z+131§2< —E,—i—é,l—f—k ’1>
k—p—1 1
- i 2 2'5 —F ]gk—Zp—Zﬁ—l(x) ,
= 20+1)! /
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1
al+20+2p S F, b3 —b2+k 1
a —1-2 = %’1+k72£7p a
DP g1 (x) = (=1)F2 PV (k+1)! Z (20)! ]2k72p72é(x)
(=0 ’
(68)
1
20+0+p) L —Lma b2tk 1
kp -1 - %k—%—p
4 a
- ;) (2€+ 1)| ]Zk—Zp—Zé—l(x)
Proof. We prove (67). The analytic form (26) enables one to write
) Kk +1)!
DPJ, (x) = a* —x"*’*”, (69)
LS
which may be written in terms of ] (x) using the inversion formula (41) as
k=p (_1)k—p—r( 4y~ k(k—|— ) (g) 2(k—p—r)
Dp]a (x) _ aZk Z a
= (k—p—r)(2r)
krp a(1+k—20—p—r)
2/
X ( P 20)! P Jok—2r—2p—20(%) (70)
T 2 (k= 20— p— 7)o
- P 20+1)! ]2k72r72p72€71(x) .
The last formula can be rearranged to be written as
pra P Zp 20 (k + m)
DFJlx) =47V (Z” Z . )il —2m)i(k — 20 m— p)i 222 (%) -

20+1 (k+m)! .
Z ¢ 2 (2m)1(20 —2m +1)! (k—2€—|—m_p_1)!]2k72p72£71(x) ,

which may be written alternatively as in (67). Formula (68) can be similarly proved. O

5.2. Derivatives of Jacobsthal Polynomials in Terms of Non-Symmetric Polynomials

In this part, we will find a general expression for the derivatives of J}(x) in terms
of any non-symmetric polynomial. In addition, some specific derivative expressions
are given.

Theorem 8. If we consider any non-symmetric polynomial 1;(x) expressed as in (15), then for all
non-negative integers p and k with k > p, we have the following two derivative expressions:

k—
DPIZk 2 Rmklpk p— m( )r (72)
DF ]2k+1 Z Rmktabk p— m( )/ (73)
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where
k+r
mk_a2kz ( )(1+k P ) m—rk—r—prs (74)
_ k 1
Ry :a2k+12(4)r_k< P Ak iy 75)
=0

and Fy , are the inversion coefficients appear in (17).

Proof. We start from Formula (69), and after that, apply the inversion formula in (17) to
obtain the following formula:

k k +7r k= _
DPIZ = Z ( ) (1 +k— p— 1’ Z Ft,k—r—p lpk—r—p—t(x)/ (76)
t=0

which can be arranged to give the following formula:

DPJ5(x a? Z 2 (k—i-f’) (1+k— p—r) Fy rk—r—p 1Pk7pfm(x)' (77)

m=0r=
This proves (72). Formula (73) can be similarly proved. O

As a result of Theorem 8, we will present some derivative formulas for the JTPs as
combinations of specific non-symmetric polynomials. The following corollaries display
these results.

Corollary 1. Consider the two non-negative integers k and p with k > p. In terms of the shifted
Jacobi polynomials Rép ) (x), the derivatives DF J{(x) have the following expressions:

(—%)kazkr(l +k—p+)k
I'(1+p)

i (1+2k—2m—2p+p+N(A+k—m—pt+ol(A+k—m—p+p+7) (78)
= mi(k—m—p)T(1+k—m—p+y)T2+2k—m—2p+p+7)

—m,1+k —-1—-2k+m+2p—p—vy
3b> 1
o ktp—

X

DP 5 (x) =

1) REPT) (o),

(—%)kaz’fﬂr(l +k—p+7)(k+1)!
I'(1+p)

i (1+2k—2m—2p+p+ ) (1+k—m— p+p)F(1+k—m—p+p+7)x (79)
= mi(k—m—p)TA+k—m—p+9)T2+2k—m—2p+p+7)

—-m,24+k,—1-2k+m+2p—p—1y
sh 5
2 —k+p—1

X

Dp]gkﬂ(x) =

1> RPT ().

Proof. Based on Theorem 8 along with the inversion coefficients of REP’A’) (x) in the first
row and last column of Table 2. [
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Corollary 2. Consider the two non-negative integers k and p with k > p. In terms of Schroder
polynomials, DP 5, (x) have the following expressions:

k=p k+m
pra — gk 2k o\ <_1> (1+2k—2m_2p)
DPJ5.(x) =4 a™(1+k—p)k! EO wI(1 £ 2k — m — 2p)]

" (80)
—m,1+k,—1—-2k+m+2p
32 1 _1 Skfpfm(x)/
5—1—k+p
k—p k+m
pra _ gk 142k | Y (-1) (142k—2m—2p)

—m,2+k,—1—-2k+m+2p
3b 5
5,—1—k+p

‘—1) Sk_p_m(x).

Proof. Based on Theorem 8 along with the inversion coefficients of Sy(x) in the second row
and last column of Table 2. O

Corollary 3. Consider the two non-negative integers k and p with k > p. In terms of Bernoulli
polynomials, D¥ ], (x) have the following expressions:

(—%)kaZk\/E k—p k!I‘(% —k+m) + (—1)mr(—% —k)(l +k+m)!
r(=3—k) no T(3 +m)(m+1)!(k—m—p)!
2k kop 4-2k+m (—(2k+2)!1"(% —k+ m) F (= 1)mrkglrk (24 k m)!)

DPJaia (x) = VT (2m +3)!(k —m — p)!

Dp]gk(x) = kapfm(x)r

m=0

Proof. By applying Theorem 8 using the inversion coefficients of By;(x) in the third row
and last column of Table 2. [J

5.3. Derivatives of Jacobsthal Polynomials in Terms of Symmetric Polynomials

In this part, we will find a general expression for the derivatives of J{(x) in terms of
any symmetric polynomial. In addition, some specific derivatives of the JTPs in terms of
symmetric polynomials are given.

Theorem 9. If we consider any symmetric polynomial ¢;(x) expressed as in (14), then for any
non-negative integers p and k with k > p, then we have the following two derivative expressions:

2] B0pD]
Dp]zuk (X) = Mm,k,p ¢k—p—2m(x) + Z Mm,k,p ¢k—p—2m—1 (x), (84)
m=0 m=0 r=0
%] [36=p=1)] w
Dp]élkJrl (x> = Z Wm,k,p ‘Pk7p72m<x) + Z Wm,k,p ‘i’kfpfszl(x)r (85)
m=0 m=0 r=0
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where
k—2
M 2% v (_‘11) (k+2) A 86
D P R I IR o
k—2r—1
) e & - (k+2r+1)!
P— H . —1s 87
Mm,k,p a 1;)(1{ p— 27,_1) (47’+2)' m—r,k—2r—p—1 ( )

w (1)@ k2 k- p -2,

_ 2k+1 H
Wik a 7;) (k 21/) (1 _,’_41,) m—r,k—2r—prs (88)
k—2r—1
-1 (2+k+2r)!(k—p—2r)
ka 2k+1 Z ( 4) ! Hmfr k—2r—p—1- (89)
AP = (k—2r —1)!1(3 + 4r)! ’

and Hy ,, are the inversion coefficients of ¢;(x) appear in (16).

Proof. The proofs of (84) and (85) are similar. We prove (85). Starting from Formula (69),
and making use of the inversion formula of ¢ (x) in (16), we get

k—
r (-1) "A4k+r)(A+k—p—r), L3kr=p)]

DV = %t Hijrp Pr—r—p—2: (%) 90
]2k+l( ) a g (k—r)!(2r+1). E) tk—r p¢k r—p 2t(x) (90)
The following formula is the result of some manipulations:

2 )
2] m (—3 (k+1+2r)!(k+1—p—2r),

2k+1 4 .

Dp]zk ( ) =a - mz_:o ;;] (k—2r)!(4r + 1)! Hmfr,kfzrfp(Pkfprm(x)
Vi o1
—p- k—2r—1
i L8 (1) 22tk p-2n)y
+a m;O r;() (k—2r—1)!(4r+3)! Hm—r,k—Zr—p—l ¢k—p—2m—1(x)'

Similarly, we can show that

2]
DPJ3(x) =a* Z:)

m=0

m (—%)kizr(k+2r)! )
; (k—p—2r)1(4r)! Hm—r,k—Zr—p47k—p—2m(x)

1 k—2r—1 (92)
L2 k*P*1 ) (k4+2r+1)!

m
2k
+a ; (k p— 21,_1) (4r+2)!Hm—r,k—2r—p—1 ¢k—p—2m—1(x)'

m:0

The two formulas (91), and (92) can be written as:

2] |4k

bk=p=1)]
Dp]zk Z Mmkp¢k p— Zm( )+ Z Mm,k,p ¢k—p—2m—1(x)l (93)
=0 m=0
] [3=p-1)]
D? ]2k+1 Z kap‘,bk p— 2m (%) + Z Wm,k,p‘Pk—p—Zm—l(x)/ (94)
m=0

where the coefficients M,k ,, Mm,k,p, Wik, pr Wm,k,p are given, respectively, as in (86)—(89).
This proves Theorem 9. [
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In the following, we give two expressions for the derivatives of the JTPs in terms of
the ultraspherical and Hermite polynomials as applications of Theorem 9.

Corollary 4. Consider the two non-negative integers k and p with k > p. In terms of the
ultraspherical polynomials Clm (x), the derivatives DY J[}(x) have the following expressions:

|
‘*3

(—1)k21=3k+P=2742k, /K| 12 (k—2m—p+7)T(k—2m—p+27)

Dp a X) =
Tk (%) F(%+’y) mZ:: m!(k —2m —p)T(1+k—m— P+7)
1,k k
—m,§+§,1+§,—k+m+p—’r (7)
4F3< 113 Ck,yp Zm(x)
121
. (—1)1+k3-3k+p=212k /72(1 4 k)1 (95)
18
1 (k—p—
b(ki UJ( T+k—2m—p+9)T(~=1+k—2m— p+2’y)
— m(=1+k—=2m—p)T(k—m—p-+-)
—m 1+ 5 3+ k1 —k+m+p—1
4F3< 7 325 3 1 C’EZ)P*mel(x)’
42
k—p
Doy (x):( 1)k21 3k+p— 27a1+2k\f(1+k {ZZ:J k—2m—p+y)(k—2m— p+27)
2U+1 r(7+7) A mi(k—2m—p)T(A+k—m—p+ry)
—m 1+ 53 +5 —k+m+p—vy
4F3< 22 123 5 1> Clgz)p—Zm(x>
2/4/1
N (—1)k+123*3k+p*27a1+2kﬁ(2—i—k)! (96)
sr(3+1)
[2(k=p—1)]

y (=14+k—2m—p+y)I(-1+k—2m— p+2fy)
=0 mi(=1+k—2m—p)'l'(k—m—p+7)

—m/*+*/2+k,1—k+m+p—’)’
4F3< 2 ’ 1 CIEZ)P—Zm—l(x)'

537

47274

Proof. By applying Theorem 9 using the inversion coefficients of C,Ev) (x) in the first row,
last column of Table 3. [J

Corollary 5. Consider the two non-negative integers k and p with k > p. In terms of Hermite
polynomials Hy(x), the derivatives D Ji!(x) have the following expressions:

2
1
DPJ5.(x) = (—1)k2_3k+pa2kk' Z — X
= m!(k —2m — p)!
1.,k k
—m, 5 + 7 1 + bl
3F3< 2l lzé z —1> Hy_pom(x)
1721

97)
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2]
2
_ 1
DPJfia () = (-2 Pa ¥ e ) s
m=0
_m11+K’§+K
2747 4 (98)
1 k4+1n2—3k+p 142k Latp-n)] 1
Z(—1)kt1p2=3k+p 1+ !
+3(=1)"2 a T (k+2)! mX:;O ik —2m = p 1)1~
3 .k k
_m/7+7/2+7
3F3< 25 327 : 1) Hy—p—om—1(x).
4,271

Proof. By applying Theorem 9 using the inversion coefficients of Hy(x) in the second row,
last column of Table 3. [

6. Derivatives of Different Polynomials in Terms of the JTPs

This section is confined to presenting new derivative expressions for various polyno-
mials as combinations of the JTPs.

6.1. Derivatives of Non-Symmetric Polynomials in Terms of Jacobsthal Polynomials

We give a general theorem in which we express the derivatives of any non-symmetric
polynomial represented as (15) in terms of the JTPs.

Theorem 10. Consider any symmetric polynomial Py (x). In addition, consider the two non-
negative integers k and p with k > p. We have

k=p
Dplpk(x) _ Z a2(7k+t+p)><
t=0

i Fm,k (1 Tk—m— p)p(_l)k—mﬂQZ(k*m*P) (1 +k+m—2t— p)72m+2t ]“ ( ) 99
= (Zt _ 2m)! 2k—2p—2t X ( )
et By (14 k—m — p),(—1)Vrk=m=po2(k=m=p) (k 4y — 2t — p)
1-2k-+2t42p m,k Plp P)1—2m+2t \ 14

where F,,  are the power form coefficients given in the second column of Table 2.

Proof. If we consider the power form representation in (15), then we can write

k—p
DFPyy(x) = Z Fy(k—r—p+1), xkTp,
r=0

If the inversion formula (41) is applied, then the last formula transforms into the following
form:

k—p
DPyy(x) =Y Fp(l+k—p—r)yx
=0

r=|

FITP (—1)kp=r2(k=p=1) g2(—k+tp+r) (1 4 k —2t —p— 7
( » — 20! ( P J3—2r—2p-2:(%) (100)

k—r—p-1 (_1)1+k—p—r22(k—p—r)a1—2k+2t+2p+2r (k 2t — p— 1,)

142t
* (2t+1)! ]gk—Zr—Zp—2t—1(x)> .
=0 !
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Some tedious manipulations on the right-hand side of the last formula enable one to
write (100) in the following form

k—p
Dpl/Jk(x) _ Z a2(7k+t+p)x
t=0

o ok (LK== p)y ()R DAk =2 p) i\ o)
=0 (2t _ Zm)! 2k—2p—2t
et E By (1+k—m — p),(=1)tk=m=po2(k=m=p) (k 4y — 2t — p)
1-2k+2t42p mk Py P)1i—2m+2t \ ;4
i t:z‘é ! (n;o (2t —2m +1)! ]2k72p72t71 (x).

This completes the proof. [

The following corollary gives an application to Theorem 10. The formula expressing
the Jacobi polynomials’ derivatives in terms of the JTPs is given.

Corollary 6. Consider the two non-negative integers k and p with k > p. The following expression
holds:

k—p k—p—1

DPRI(;Y'M(X) = Z Vikp IIZZk—Zp—Zt(x) + Z Vt,k,b ]gk—Zp—2t—l(x)’ (102)
=0 t=0

where

Ve, = (—1)k=p22(k=p) g2(=ktp+t) k1T (1 + ) T(1 + 2k + v + 0)
thp = (k—p—1-=-20)! )1 KIT(1+k+v+p)

otk p (103)
3h 1],
1+k—p—-2t,-2k—y—0p

(—1)1+k—P22(k—P)a1—2’<+2P+Zfr(l+k) r(l—l—’y) F(1+2k+7—|—p)
Tk—p—20)TA+t)T(A1+k+7)T(1+k+v+p)

(104)
—t, -1t k-
3F2< 2 P 1).

k—p—2t,-2k—vy—p
Proof. Direct application of Theorem 10 considering the power form coefficients of

X

Vikp = X

RI((%P ) (x) in the first row, second column of Table 2. [J

6.2. Derivatives of Symmetric Polynomials in Terms of the JTPs

Theorem 11. Consider any symmetric polynomial ¢y (x). For all non-negative integers k, p with
k > p, the following derivative expression for ¢y (x) is valid:
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] :
DP(x) =(~1)F 7 Yo a2 ( L

(22<k*2m*r’> (k — 2m)!> Hy
—4m)!(k +2m — p — 4t)! | '2k=2p (%)

(zz(kumfP) (k — Zm)!) Hy x

m=0

—4m+1)!(k+2m —p — 4t

_ J t
1-2k+2p+4t
! a ! (Z (4t

— 1)!) ]5k72p74t71(x)
(105)

L

—4m+2)!(k+2m —p — 4t —

t
g2 2k2p+at
(L
m=0

(zz(Hmfp) (k — 2m)!) Hyp k .
2)! Jai—2p-at2(%)

(Zz(k—Zm—P) (k — 2m)!) H,y, k

a
—4m +3)!(k+2m—p— 4t — 3)!) Jok—2p-41-3(%),

where H,,  are the power form coefficients given in the second column of Table 3.

TPJ t
4 ()P P-2r2p+at

Proof. The analytic form of a symmetric polynomial given in (14) allows one to write

2]
DP gy (x ;

k—Zr—p_ (106)

Hy(1+k—p—2r)p

The inversion formula of the JTPs allows one to convert the last formula into the
following one:

5
r=0
(k 2r—p 2(- kP20 (1 4k — p — 2r — 2t)

L (21)!

=

|

Hy g (—1)kP220=p=20 (1 4k — p —2r),x

MN\

DPy(x) =

Be g2y () (107)
K=2opl 12k 2pH4r4 2t (ko _ 2 (r 4 f))

142t
- / (2t +1)! ]2k4r2p2t1(x)>'
t= :

Some tedious computations lead to the formula in (105). O

As an application to Theorem 11, the derivatives of the ultraspherical polynomials can
be expressed in terms of the JTPs as in the following corollary.

Corollary 7. Consider the two non-negative integers k and p with k > p. The derivatives of the
ultraspherical polynomials can be expressed in terms of J{ (x) as follows:

) L
pre(x) =y Quikplak—2p—ar( Z Q21 pl2-2p-a0-1(%)
=0 =0 (108)
CiE
Qs tkop ak—2p-ar—2(¥)+ )

t=0 t=0

Q4,t,k,p]§k—2p—4t—3(x)r
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where

(—1)k—p 2 1H3k-2p+2y g2kt 2pat gy 1“(l + ) I(k+7)

_ X
Qu,tkp VT (k—p —4t)! (4)! T (k + 27)
4F3 AN !
I+8-f-21+5-F-2t,1-k—~
(= 1)LH—p g 143k-2p+2y g1 -2Kk42p+4t gy r(% + 7) L(k+7)
_ X
Qz,tkp Vi (k—p—4t — 1)1 (4 +1)IT(k +29)
—t,—3—t,1-t1-¢
aF3 k 1 !
k221 +§———2t 1—k—v
(—1)k—p 2= 1H3k=2p+27 p2-2k+2p-+dt F(% + 'y) I(k+)
Qs tkp = V7 (k—p—4t —2)! (4 +2)IT(k +27)
1 1 1
. —f,—j—t/—z_t'l_t ,
+77772t 5—5—=2t,1—k—vo
(—1)1k=p o= 1+3k=2p+2y a372k+2p+4f k! F(% + 7) T(k+7)
_ X
Qapkp V7T (k—p—4t —3)! (4t 4 3))! T(k +27)
3 1 1
k 1 k
*1+§*g*Ztrij%»fi%iZt’likily

Proof. Direct application of Theorem 11 considering the power form coefficients CIEA’) (x)
in the first row and second column of Table 3. [J

7. Some Definite Integrals

This section is confined to deducing closed formulas for some definite integrals of the
Jacobsthal polynomials, their moments, and their linearization formula.

Corollary 8. The following integral formula holds:

/ I (x — (1 —27). (109)

Proof. The following two formulas can be proved:

1 4k 2k (22k+1 - 1)
a _
| o dr =, (110)
1 4—k a2k+1 (4k+1 _ 1)
a J—
/O J2 oy () dx = s . (111)

The proof of the two formulas is similar. We prove Formula (111). The proof is based on the
connection formula with Bernoulli polynomials that can be deduced from (83) by setting
g = 0. Thus, integrating both sides from 0 to 1, we obtain

o A 2k+m(—(2k+2)!1"(%—k+m) +(—1)m+k4k+1\/E(k+m+2)!)
/]2"*1 x)dx =a Z /7t (2 +3)! (k — m)! 8

/Bkm
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If we note the identity:

1 1, k=0,
Bi(x)dx =
/0 k(%) {0, k>0,

then it is easy to reduce the above formula to

1 4,]{ a2k+l (4k+1 _ 1)
/0 Jag11(x) dx = 2k+3

This proves (111). Formula (110) can be similarly proved from the connection formula that
can be obtained from (82) setting g = 0. O

Corollary 9. For all non-negative integers m and k, one has

1 m 2(_1)1’(2_271?11177) (m)
m ra d — 22m 1 . r 112
JRERHOLE I SR (112)
Proof. From the moment formula, it can be shown that
! m ya 2m - r(M —m—r ! a
/O X T (x) dx = 2 20(—1) " /O I, e () da. (113)
=
Based on Formula (109), the last formula can be converted into
1 om 2(_1)7(2_2—i—m—r)(m)
m ya dx = 22711 i i r 114
/ox Jie(x) dx ”r;) 24itmtr (114

This proves Corollary 9. [J

Corollary 10. Consider any two non-negative integers r and s, the following linearization formula
holds:

1 3] lz]-1
[ R@E@d = U+ L (115)
m=0 m=0

where Uy, y and Uy, » are given as follows:

H,,,, ifriseven,
Up,r =14 " f , (116)
Zyy, ifrisodd,
_ H,,,, ifriseven,
Oy = _m, z.frz.s ven 117)
Ly, ifrisodd.
with
e 1
Hpy = (a2 S)ar+s\/ﬁ(%)!3~2 Tt s o 1 (118)
o (2—-2m+r+s)(2m)! IL1-2om+t ’
Lo A= ym(n) L m g, -y - m
Hp, = SFZ 1], (119)
’ (I—-2m+r+s)(2m+1)! 1,—2m+1
_ 92m—r—s\ ,r+s 1) 31
z _2-2 JOVECR) 1 (120)
" (I—2m+r+s)2m)t 2\ 3 1a—am+r) | )
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Zm,r = -

3+2m—r— 1
(4_2+m r s)arJrs\/E(%)! F _m,%,_%_m
2(—2mtr+s)2m+1) 2 1

1). (121)

Proof. Integrating both sides of the linearization formulas in (60), and (61) leads, respec-
tively, to the following integral formulas:

1 T aZm ~ —m 1 + r 1 —m
a a _ 7 r2
| ) ) = ( X oy 35( s o 1) Gesaram
r—1 a2m+l _ _m,1 + 7, _% —m
- 3b 1| Gstar-2m-1 |,

1 1 roog2mtl 2+r,%—m,—m
51 (X) JE(x)dx ==~/m (r+1)! ——3F
/szrﬂ()]s() 2\F( )(2(2m)!3 2( 3147 —2m

m=0

1> Gs+2r—2m

r=1  242m : 2+r,—%—m,—m De
m:0m3 2 %,}’—2]’;’1 s+2r—2m—1 |,
where
G-—/l (x)dx = (1-2771)
l_.ojix x_i+2 '

The above two formulas can be merged to give Formula (115). [

1
Remark 10. The formula that evaluates the integrals / (J&(x))? dx can be obtained as a special
0
case of Formula (115).

Corollary 11. For the two positive integers i and j, the following integral formula holds:

[ o=~ 2 )@ Senr ()

p=0
Pty ltg—itp | A

AB
45 113 ~ 18 | i)
172/1 i (125)
. . , - _B)P
(1)1l 2ig2i A1 4 1)1 ' '( B) x
o[ TPATRAT RIS | A%\
453 é 5 é _E i+j—2p—1’
1472
! a A,B 1 i1+21 —i ; L
[ B e @ =(~ ) at a0 L))«
p=0 P
o PATRIT LR | A7)
413 135 E i+j—2p
2471 N . (126)
1 1 - _B)P
+ f(—1)1+121721ﬂ1+21A171(1'+2)! : >
3 oar) (i—p—1)p!

7 E i+]‘*2p*l’

P32+ 1—itp | A2\ L,
4F3 - '
337
4727 4
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where 1 ]A'B is given by [57]

1_j _J
Al 272072 4B :
A+ 2F . —az | ] even,
1 —J
48 = [ FAB(x)dx = N (127)
N I S S
2B 2 A ’ 4B .
~Agn teh —a |, Jodd.

Proof. The above two integral formulas are direct consequences of the two linearization
formulas (65), and (66) along with Formula (127). O

8. Conclusions

This paper presented novel results on a certain class of the JTPs. Some new formulas
concerning these polynomials were developed. Derivative expression formulas for these
polynomials were established as combinations of the different polynomials. The inverse
derivatives formulas were also developed. The pivotal formula was the expression of the
shifted CPs of the third in terms of the generalized Jacobsthal polynomials, which led to a
new inversion formula of these polynomials. Most of the formulas in this paper are new
and may be employed in numerical analysis and approximation theory. In future work, we
aim to investigate other generalized sequences of polynomials and utilize them to solve
several differential equations.
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1. Introduction

In the theory of the integral transforms of the Mellin convolution type, the functions p
and g are said to form a pair of the Fourier kernels if the relations

P = [ pa) @) d x>0, m

+o0
f@) = | a(ex) Fdx, £ >0 @

are simultaneously valid on some functional spaces that the functions f and F belong to;
see, e.g., [1] for details and particular cases. In the case p(x) = g(x), x € R, the kernels p
and g are called symmetrical Fourier kernels.

Under the condition that the Mellin integral transforms

+o0 ) o0 1
Pes) = [ pw e lax, Q) = [ q(x) s
0 0
of the Fourier kernels p and g exist in the domain D = {s € C: C; < R(s) < Cp}, with C;
and C; being some constants from R, the Mellin convolution theorem applied to relations
(1) and (2) leads to the functional equation

P(s)-Q(1—s)=1, C; <R(s) < Cy 3)

in the frequency domain.
Because the majority of elementary and special functions are particular cases of the
Meijer G- or Fox H-functions, their Mellin integral transforms can be represented in terms
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of quotients of products of Gamma functions. Thus, Formula (3) lets a straightforward
derivation of both Fourier kernels and symmetrical Fourier kernels in terms of the Meijer
G and Fox H functions [1].

In this paper, we focus on kernels of so-called general fractional integrals (GFls),

Fx) = (I ) = (x5 1)) = [ x(x = )f (@) e @
and general fractional derivatives (GFDs),
F6) = (0 PO = (0 PIE) = £k + FIO) = 22 [ KE-0F0dx O

of the Laplace convolution type with Sonin kernels x and k ([2-6]).

In [7], Sonin extended the Abel method for solving the integral equation of type (4)
with the power law kernel «(x) = 1 ae (0, 1) to the case of a general kernel, x, that
satisfies the condition

(k % k)(x) = /Ox K(x — OK(E)dE =1, x > 0. ©)

Nowadays, condition (6) is referred to as the Sonin condition, and the function k is
called the Sonin kernel associated with the kernel .

It is worth mentioning that, in the mathematical literature, the famous Russian mathe-
matician Sonin is referred to either as Sonin (English spelling) or as Sonine (French spelling).
In this paper, we employ the English spelling of his surname.

Under certain conditions, the GFD (5) with the Sonin kernel k is a left-inverse operator
to the GFI (4) with its associated kernel «; see, e.g., [2,4-6,8-10] for details and examples of
Sonin kernels in terms of elementary and special functions.

If the Laplace integral transforms

—+00 - —+o0
®(p) = / k(x)e P dx, k(p) = / k(x)e P*dx
0 0
of the Sonin kernels x and k exist in the domain D = {p € C: R(p) > C}, the relation (6)
is reduced to a simple formula in the Laplace domain:

R(p) k(p) = ; R(p) > C. %

This formula can be used for the derivation of some particular cases of Sonin kernels
using the tables of the Laplace integral transforms of elementary and special functions.
However, in contrast to the case of the Fourier kernels, we cannot directly use the technique
of the Mellin integral transform and provide a general description of the Sonin kernels
in terms of the Meijer G and Fox H functions. In this paper, we suggest some alternative
approaches for the derivation of Sonin kernels and, in particular, of so-called symmetrical
Sonin kernels that will be defined in the next section.

It is worth mentioning that, recently, GFIs and GFDs with Sonin kernels became a
subject of active research in both fractional calculus (FC) (see, e.g., [2-6,11-14]) and its
applications (see [15-19] for the models of the general fractional dynamics, the general
non-Markovian quantum dynamics, the general non-local electrodynamics, the non-local
classical theory of gravity, and non-local statistical mechanics, respectively, and [20-24]
for the mathematical models of anomalous diffusion and linear viscoelasticity in terms of
GFls and GFDs with Sonin kernels). Thus, the investigation of the general properties and
particular cases of the Sonin kernels is an important topic both for the theory of FC and
for its applications. This paper is devoted to these matters, and it aims to extend the set of
known Sonin kernels in terms of the special functions of the hypergeometric type.
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The rest of the paper is organized as follows. In Section 2, we provide some preliminary
information regarding Sonin kernels and their examples. In particular, for the first time
in the literature, we introduce a class of symmetrical Sonin kernels. Section 3 is devoted
to the construction of Sonin kernels, both symmetrical and non-symmetrical, in the time
domain. Following Sonin, we provide a procedure for the derivation of the Sonin kernels
in the form of hypergeometric-type functions, and we present several examples of Sonin
kernels, both known and new ones, obtained by means of this procedure. In particular, a
new pair of symmetrical Sonin kernels in terms of the Wright function is deduced. Then,
we introduce a new class of Sonin kernels in the form of the convolution series, which
constitutes a far-reaching generalization of the power series, and we present some examples
of this kind. In Section 4, the Laplace integral transform technique is employed for the
construction of symmetrical Sonin kernels in the frequency domain. Using the inverse
Laplace transform, these kernels are then represented in the time domain in terms of the
hypergeometric functions in one and two variables. In particular, we present several new
Sonin kernels expressed in the form of the new special functions of the hypergeometric
type that are extensions of the corresponding Horn functions in two variables.

2. Definitions and Examples

For the first time, a pair of Sonin kernels appeared in the publications [25,26] by
Abel devoted to the so-called tautochrone problem. The tautochrone is a curve for which
the time taken for an object that slides without friction in uniform gravity to its lowest
point is independent of its starting point on the curve. By the time of Abel’s publications,
Christiaan Huygens could already prove, through some advanced geometrical methods,
that the tautochrone is a suitable part of the cycloid. In [25,26], Abel provided an analytical
solution to a somewhat more general mechanical problem that is nowadays referred to as
the generalized tautochrone problem, which is formulated as follows: for a given function,
F = F(x), find a curve for which the sliding time taken for an object sliding without friction
in uniform gravity depends on the position x of its starting point on the curve as F = F(x).
In [25,26], Abel first derived a mathematical model of the generalized tautochrone problem
in the form of the following integro-differential equation (with slightly different notations):

@)
F(x) = | —===dC. 8
= N ®)

Then Abel considered a more general equation:
F(x):/ox(xf_((‘?)lxdé,0<a<1. )

The solution to the integro-differential Equation (9) derived by Abel has the following
form (according to his tautochrone model, the condition f(0) = 0 is valid):

sin(a7r) [ -
Flay = T g R ag, x> 0 (10
It is worth mentioning that the known formula
sin(ar) 1
7  T@)l(1-a)

immediately leads to a representation of Equations (9) and (10) in terms of the so-called
Caputo fractional derivative, »Dj " and the Riemann-Liouville fractional integral, I i of
the order a:

F(x)

i-a) (+D§, f)(x), TQ —a)f(x) = (I§,.F)(x), x>0,0<a < 1.
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The main ingredient of the solution method for the integro-differential Equation (9)
invented by Abel was a simple formula for the kernels of the operators at the right-hand
sides of Equations (9) and (10), i.e., of the kernels of the Riemann-Liouville fractional
integral and the Riemann-Liouville or Caputo fractional derivatives (in modern notations):

(he * h1_4)(x) =1,0<a<1, x>0, (11)

where the power law function /, is defined as follows:
—, a>0. (12)

Thus, in [25,26], Abel derived the first and a very important pair of Sonin kernels:
k(x) = ho(x), k(x) =h1_4(x),0<a <1, x>0. (13)

In particular, the tautochrone problem (8) corresponds to kernels (13) with « = % In
this case, the kernels x and k have exactly the same form:

k(x) =k(x) = hy /(%) 0. (14)

1 1
TVEE

It is natural to call such kernels symmetrical Sonin kernels. However, up to a constant
multiplier, this is the only pair of Sonin kernels that satisfies the relation x(x) = k(x),
x € Ry if we suppose that the Laplace integral transforms of the kernels exist. Indeed, in
this case, we get the following chain of implications from the Sonin condition (7) in the
frequency domain:

= ®(p) = k(p) = i\;ﬁ = k(%) = k(x) = £hy o (x).

Even the power-law Sonin kernels (13) derived by Abel in [25,26] do not coincide
unless « = 1/2. However, they are expressed in terms of the same power law function, /g,
with different values of the parameter 3, and they generate the Riemann-Liouville and
Caputo fractional derivatives and the Riemann-Liouville fractional integral, which are

probably the most used FC operators.
Motivated by this example, we define the symmetrical Sonin kernels as follows:

&(p) -k(p) =%(p) =

Definition 1. A pair (x, k) of Sonin kernels is called symmetrical if both the kernels are of the same
form in terms of certain elementary or special functions with possibly different parameter values.

According to this definition, the power-law Sonin kernels (13) can be called symmetri-

cal. However, not all pairs of Sonin kernels are symmetrical. In particular, we mention here
the following known pairs of non-symmetrical Sonin kernels (see [9,11,27]):

K(x) = htx,p(x)/ k(x) = hlfuc,p(x) +p /Ox hlﬂx,p(g) dg, 0 <a<1,p>0,

where
a—1

and
K(x) = hipra(x) + h1p(x), k(x) = xP-1 Epp(—x"), 0<a<p <1, (15)
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where E, g stands for the two-parameter Mittag-Leffler function defined by the following

convergent series:
+oo 7
Ewp(z) =) ——,a>0, BzeC. (16)
P ;0 T(an+p) p

For further examples of symmetrical and non-symmetrical Sonin kernels, we refer
to [4,5,7-9]; see also the references therein.

It is worth mentioning that any pair, (x, k), of the Sonin kernels generates a pair of
the general FC operators: the GFI (4) with the kernel x and the GFD (5) with the kernel
k. As an example, the Sonin kernels (15) generate the GFI in the form of a sum of two
Riemann-Liouville fractional integrals,

1- 1-
(I @) = (o™ @) + g (@), x>0 (7)
and the GFD with the Mittag-Leffler function in the kernel

(D ) = 5 [ =P Ep(— (=0 f@ e, 0< e < p<1, x>0, (1)

In suitable spaces of functions, the GFD (18) is a left-inverse operator to the GFI (17)
(see, e.g., [4,5] for details):
(D) Ly £)(x) = f(x).

As we see, in the case of non-symmetrical Sonin kernels, the formulas for the GFIs and
the GFDs look very different. In the rest of this paper, we mainly deal with the symmetrical
Sonin kernels and discuss the derivation of such kernels in the time and frequency domains,
as well as several known and new kernels of this kind.

3. Sonin Kernels in the Time Domain

In [7], Sonin introduced an important class of Sonin kernels in the form of the products
of power law functions and analytic functions:

Kk(x) = P71 (x), 1 (x) = -io anx", a9 #0,0< B <1, (19)
n=0

k(x) = xP ki(x), ki (x) = f bux", 0 < B < 1. (20)
n=0

Whereas the coefficients a,, n € Ny (Ng = NU {0}) of the analytic function x; can be
arbitrarily chosen, the coefficients b, n € Ny of the function k; have to satisfy the following
triangular system of the linear equations:

T(B)T(1— B)aghy = 1, % T(n+B)(N—n+1-Basby_, =0, NeN. (21
n=0

Equations (21) are obtained via the substitution of the functions x and k defined as
in (19) and (20) into the Sonin condition (6), interchanging the order of the integration and
summation operations (which is justified by the uniform convergence of the series defining
the analytic functions x; and k; at any finite interval) and by applying the formula

(ha * hg)(x) = hayp(x), &, >0, x >0, (22)

that immediately follows from the well-known representation of the Euler beta function in
terms of the Gamma function:

B(a,B) = /01 u”‘fl(l — u)/g’*1 du = Im, a,pB > 0.
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In the following theorem, a more general construction of the Sonin kernels compared
to the one suggested by Sonin in forms (19) and (20) is provided.

Theorem 1. Let 11 and kq be analytic functions, and let the conditions

0<B<l,a>0,AeR (23)
be satisfied.
The functions
—+o0
k(x) = P71 xq (AxY), K1 (x) = Y anx", a9 #0 (24)
n=0
and .
k(x) =x7P ky(Ax), ki(x) = Y bux" (25)
n=0

build a pair of Sonin kernels iff the coefficients a,, n € No and b,, n € Ny of the functions x1 and
kq satisfy the following triangular system of equations:

T(B)T(1—B)aghy =1, % I'(an+ B)T'(a(N—n)+1—B)aby_, =0, NeN.  (26)
n=0

The statement formulated in Theorem 1 is proved through the same direct calculations
as the ones employed for the Sonin kernels in forms (19) and (20) (see, e.g., [9]), i.e., by
substitution of the functions x and k defined as in (24) and (25) into the Sonin condition (6),
interchanging the order of the integration and summation operations, and applying the
Formula (22) for the calculation of convolution integrals.

Remark 1. It is worth mentioning that Theorem 1 also remains valid in the case of the convergence
radii of the series that define the functions «1 and ki not being infinite. The essential condition
for the validity of Theorem 1 is that the convergence radius of the series that defines x1 is greater
than zero. Then, the conditions (26) implicate that the series for ky has the same convergence
radius, and the functions x and k defined by Formulas (24) and (25), respectively, are Sonin kernels
(see [28] for the proof of this statement in the case of « = 1). The proof for an arbitrary a > 0 is
completely analogous to the one for « = 1, and we omit it here.

Now, we follow another idea suggested by Sonin in his paper [7] concerning kernels
in forms (19) and (20) to derive some particular cases of Sonin kernels in forms (24) and
(25), and in particular, of symmetrical Sonin kernels.

First, we mention that Equation (26) can be interpreted as just one functional equation:

+00 +o0
Yoeux™ || Y duix" ) =1, x>0, (27)
n=0 n=0

where
cn:=T(an+ B)a, and d, :=T(an+1— B)b,, n € Ny. (28)

Moreover, without any loss of generality, we can set
cop — do =1 (29)

Remark 2. When Equation (27) is employed, the Sonin kernels in the form (24) and (25) can be
derived using the following simple procedure:
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Step 1: Construct an arbitrary power series with a convergence radius greater than zero:

+00
Pp(x) =) eux", o =1 (30)
n=0
Step 2: Build the function ﬁ and determine its Taylor series:
1 =
o) = Zodnx”, do = 1. (31)
n=

Step 3: The functions (24) and (25) with the coefficients

Cn d

= m/ n € No, (32)

respectively, are Sonin kernels.

Remark 3. In the case when the functions ¢(x) and ﬁ defined by the series at the right-hand
sides of (30) and (31), respectively, have the same form in terms of certain elementary or special
functions with possibly different parameter values, the procedure presented in Remark 2 leads to

symmetrical Sonin kernels.

Now, we demonstrate the application of Theorem 1, Remarks 2 and 3 for the derivation
of some symmetrical Sonin kernels, both already known and new ones.

Example 1. In Formula (30), we set ¢(x) = exp(x). Then,

() = exp(x) = 1 Lt L exp(ex) = 3 D e
P =on! " p(x) P = n ’
Thus,
_1\n
Cn:l/ dn:( D , n €Ny
n! !
and (see the relations (32))
B Cn B 1
W Fant p) - al(ant gy "N (38)
_1\n
by = an = (=1) , n € Ny. (34)

"TTlan+1-p) nT(an+1-p)

The Sonin kernels (24) and (25) from Theorem 1 with the coefficients as in (33) and (34),
respectively, take the form (p € (0,1), « >0, A € R)

+o00 Ax&n
k(x) =1 )" m = xP71 W, p(Ax") (35)
n=0
and .
L F —Ax*)n B .
k(x) = x7F ,;)n!l"(gmil)—ﬁ) = x P Wyr_p(—Ax"), (36)

where the Wright function W, g(z) is defined by the convergent series (see [29] for its properties
and applications):

+00 N
W, 5(z) := —— 2,B€C, a > —1. (37)
p(2) n;o nT(an+p) F

116



Mathematics 2024, 12, 3943

To the best knowledge of the author, the pair of (35) and (36) of symmetrical (in the
sense of Definition 1) Sonin kernels has not yet been reported in the literature. However, in
his paper [7], Sonin mentioned a particular case of the kernels (35) and (36) withx = 1. In
this case, Sonin kernels (35) and (36) can be expressed in terms of the cylinder or Bessel
functions; see [7,9] for details.

Example 2. In this example, we derive another pair of symmetrical Sonin kernels that is generated
via the function ¢p(x) = (1 + x)~7. The Taylor series for ¢ (x) and its reciprocal are well known:

400 1\n Too [ a\n(_
() = (1277 = T e, o = S,

=
I
o
=
<
=
=
N~—
=
I
o

where the Pochhammer symbol (), is defined as follows:

I'(y+n)
I'(y)
As we see, the functions ¢(x) = (1 + x)~7 and ﬁ = (14 x)7 generate the coefficients

(V)n = =y-(y+1)- ... - (y+n-1).

(D", _ D=

7’1' 7 , ne NO/

and

B G 2 P PR o) oo VIR
"TT(an+p) nT(an+p) " T(an+1—p) nl(an+1—p) 0

The Sonin kernels (24) and (25) take then the form (B € (0, 1), « >0, A € R)

ﬂ@:xW1i;gagﬁémﬂwzx#ugﬂﬂuﬂ (38)

and

+oo  (_1yn(_
k(x) = x B ngo n!(rl)ﬂ()\xa)n —x P E;}_ —Ax"), (39)

(an+1—P) /3(

where the three-parameter Mittag—Leffler function or the Prabhakar function E ﬁ(z) is defined by
the convergent series (see, e.g., [30,31] for its properties and applications)

EY (z)'—gﬁzﬁ eC,a>0 (40)
BN AT (an+ ) e .

Please note that the function (40) can also be interpreted as a particular case of the
so-called generalized Wright or Fox-Wright function; see [29] for details.

In [7], Sonin derived a particular case of the kernels (38) and (39) with « = 1 in the
form of the power law series. As mentioned in [9], the kernels (38) and (39) witha = 1
can be represented in terms of the confluent hypergeometric function or the Kummer
function 1 Fy:

+oo (_1yn p-1
() = 5 1 T )" = o), )

+o00 _1\n(_ xle
k(x) = x P r;) M(Ax)" = m 1h(=71- 8 —Ax), (42)
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where the Kummer function | F; is defined by the convergent series

—+oc0

1Fi(v: Bi2) ',z,nye(C (43)

The integral operator in the form of (4) (which we called GFI with kernel «) and
the integro-differential operator (5) (which we called GFD with kernel k) with the Sonin
kernels (41) and (42) were considered by Prabhakar in his paper [32] (see also [10], formu-
las (37.1) and (37.31)). In particular, in [32], the GFD (5) with the kernel (42) was shown to
be a left-inverse operator to the GFI (5) with the kernel (41).

Two years after the publication of his paper [32], in [31], Prabhakar also studied the
general case of the GFI (4) and the GFD (5) with the Sonin kernels (38) and (39), respectively,
in terms of the three-parameter Mittag—Leffler function. For this reason, nowadays, this
function is often referred to as the Prabhakar function. For a detailed presentation of
the theory and applications of these operators, nowadays called the Prabhakar fractional
integral and derivative, we refer the interested reader to a recent survey [30].

As mentioned in the introduction, the investigation of GFIs and GFDs with Sonin
kernels is a very recent topic initialized by Kochubei in the paper [2] published in 2011. In
the earlier publications by Prabhakar and other authors who investigated the operators
of type (4) and (5) with kernels in terms of the Bessel function, Kummer function, three-
parameter Mittag-Leffler function, etc., these operators were introduced and studied
independently of the theory of GFIs and GFDs with Sonin kernels. However, recently, one
started to interpret these earlier results from the viewpoint of the GFIs and the GFDs; see,
e.g., [33] for a discussion of a connection between general fractional calculus (GFC) and the
Prabhakar fractional integral and derivative.

Example 3. In this example, we consider a pair of Sonin kernels generated via the function
¢(x) = exp(x)(1+ x)~7. The Taylor series for the function ¢(x) and its reciprocal can be
obtained through the multiplication of the Taylor series from Examples 1 and 2:

+o00 400 q1\n +o0
$(x) = exp(x)(1+x)"7 = (Z nl!xn> . (Z (1)n!(7>"xn> — ;cm X",

n=0 n=0

where

- ED" ()
Cnyy = mgo W, ne NO, (44)

+oo [ 1\n Too 1y (— sy
4>(1x) =exp(—x)(1+x)7 = <Zo(nl'>x"> . (2 Wxn) =) duy (=2)",

1
n=0 n: n=0
where

= (=1m
Ay = m;om n € Np. (45)

Taking into account the relations (28) and applying Theorem 1, we arrive at the following new
pair of Sonin kernels (B € (0,1), « >0, A € R):

IR n, " dy, ayn
K(x):xﬁlgrciy()\x) _xﬁzrlxn+17,3)( Ax®)", (46)

where the coefficients cy , and dy, ., are given by Formulas (44) and (45), respectively.
The series in (46) are convergent for all x > 0 because of the known asymptotic formulas for
the Gamma function:

['(ax + B) ~ vV2mexp(—ax) (ax)* P12 a5 x - 400, a >0, B C, (47)
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F(x+a) a—b
Tx+b) x*7Pasx — +oo0, a,b € C. (48)

Indeed, we can estimate the coefficients cy ., as follows:

n

enal < ), m!|((717)_m7l1)! = (|;Z||)” L m!(nn; m)l (|;Yl|')" 2 (49)

m=0

Taking into account the asymptotic Formulas (47) and (48), we get the estimate

Y (2D v
) <G (nln exp(zxn)(zxn)“"ﬁﬂ/z) <Cn " —=0asn — +oo

(25

I'(an+ B)
and, thus, the first series in (46) is convergent for any x > 0. For the second series, similar estimates
are evidently valid, and thus this series is also convergent for x > 0.

In the rest of this section, we discuss an important extension of Sonin kernels (19)
and (20) in the form of products of the power-law functions and analytic functions to the
so-called convolution series. The convolution series are a far-reaching generalization of
the power-law series that was recently introduced in the framework of the general FC (see,
e.g., [5,34]). First, we remind readers of their definition and properties that we need for
further discussions.

Let a function, f, belong to the space C_1(0,+00) = {¢ : ¢(x) = xP¢P1(x), x > 0,
p > —1, ¢ € C[0,+00)} and be represented in the form

f(x)=xPfi(x), x>0, p>0, fi € C[0,+0)

and let the convergence radius of the power series

+0c0
S(x) =) anx", an,x eR
n=0

be non-zero.
The convolution series generated via the function f has the form

) = 3 F (), 50)
n=0

where f<">, n € N stands for the convolution powers

f(x), n=1,
S (x) = (fx...xf)(x), n=23,.... (51)
;-
n times

As was shown in [5,34], the convolution series (50) is convergent for all x > 0, and it
defines a function from the space C_1(0, +c0). Moreover, the series

—+00
XS (x) = Y ap T (x), a = min{p, 1} (52)
n=0

is uniformly convergent for x € [0, X] for any X > 0.
In particular, any power series can be represented in the form of the convolution

series (50) generated via the function f(x) = hy(x) = % =1, x>0

+o00 +1 +o00 +oo AN
S (x) =Y anhi"(x) = Y anhya(x) =) an P
n=0 n=0 n=0 :
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For examples and applications of the convolution series in the form (50), we refer
to [5,34]. In the following theorem, we present a construction of the Sonin kernels in terms
of the convolution series.

Theorem 2. Let (i1, kq) be a pair of Sonin kernels, let f be any function from the space C_1 (0, +00)
that is not identically equal to zero, and let the convergence radii of the power series

“+o0 “+o00
La(x) =) anx", ay,x €R and Ly(x) = Y by x", by,x €R

n=0 n=0
be non-zero.
Then, the functions
—+o0
r(x) = agrer (x) + (k1 % ) an f~"7)(x), a0 #0, (53)
n=1
—+00
k(x) = boky (x) + (k1 * }, bu f~"7) (%) (54)
n=1
build a pair of Sonin kernels iff the conditions
n
agbp =1, Y amby—m =0, n €N (55)
m=0

hold true.

Proof. According to the Sonin condition (6) and the definition of the convolution powers,
we immediately get the relations

(apy * bok1)(x) = agbo, (apky * (bmky * £<"7))(x) = agbm (1 * £<"7)(x),

(k1 % a;f<2) * boky)(x) = a;bo(1 % F<1>)(x),
((er % aif <) s (ky * b f<"))(x) = aibu(1 % f">)(x).

To calculate the convolution (x * k)(x) of the functions x and k defined by (53) and (54),
respectively, we interchange the orders of integration and summation (which is allowed
because of the uniform convergence of the convolution series (52)) and use the relations
from above. Thus, we arrive at the representation

—+o0 n
(xx * k)(x) = agby + Zl < Zollmbnm> (1 % f<n>)(x).

This formula ensures that the pair of functions x and k given by the relations (53)
and (54) are Sonin kernels iff the conditions (55) are satisfied. [

Remark 4. The Sonin kernels (19) and (20) in the form of the products of the power law functions
xP~and x P with 0 < B < 1 and the analytic functions are a particular case of the general
convolution kernels (53) and (54) with x1(x) = hg(x), k1(x) = hy_g(x) and f(x) = hy(x) = 1.
Other forms of Sonin kernels can be constructed by employing any other Sonin kernels 1, kq and
any function f € C_1(0,+o0) that generates the convolution series in the Formulas (53) and (54).
In particular, the Sonin kernels (24) and (25) presented in Theorem 1 correspond to the con-
volution kernels (53) and (54) with x1(x) = hg(x), ki(x) = hi_g(x) (0 < B < 1) and
f(x) =Aha(x), « >0, A € R
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4. Sonin Kernels in the Laplace Domain

As already mentioned in the introduction, the Laplace integral transforms of any pair
of Sonin kernels (if they exist) are connected to each other via the relation (7) that can be

easily solved for, say, k:
- 1
k(p) ()’ R(p) > C. (56)

Using the Formula (56), several important pairs of the Sonin kernels have already
been derived (see, e.g., [2,9,11,33]). In this section, we apply this formula to obtain some
new symmetrical Sonin kernels in terms of the hypergeometric type functions.

Let us suppose that the Laplace integral transforms of the Sonin kernels x and k exist.
Then, the relation (56) implies that these kernels are symmetrical iff their Laplace transforms
#(p) and k(p) = ﬁ are represented in terms of the same elementary or special function
with possibly different parameter values. In this section, we consider some examples of the
known and new symmetrical Sonin kernels that possess this property.

Example 4. We start with the well-known case of the Laplace transform &(p) in the form of a
power function,
f(p)=p % a>0, RN(p) >0.

Then, the Laplace transform of the associated kernel, k, is given by the relation

k(p) = — = p“il, a<1, R(p) >0.

The basic formula )
ha(p) = p~", v >0, R(p) >0 (57)

for the Laplace transform of the power function h-(t) = t7=1 /T (v) leads to the well-known pair of
symmetrical Sonin kernels in the time domain:

k() = ha(t), k(t) =h_o(t), 0<a <1
Example 5. For the kernel k with the Laplace transform
R(p) =p Pexp(Ap™), a >0, B >0, A €R, R(p) >0, (58)
the Laplace transform of its associated kernel k has a similar form,

Kp) = P’iP)

We note here that the functions (58) and (59) with A = 0 have already been considered in
Example 5.

To represent the function x in the time domain, we employ the series representation of its
Laplace transform

=pPlexp(—Ap ™), a>0, <1, AER, R(p) > 0. (59)

A
R(p) =p Pexp(Ap™™) =) —op~*"" (60)

and the Formula (57), and thus, we arrive at the expression

+o0 AN +o0 A xan+/3—1 B
r(x) = 1;0 i hanp(x) = n; PRy e W, 5 (Ax%), & >0, >0, A €R, (61)

where W, g is the Wright function (37). Using the same method for the Laplace transform k(p)
given by (59), we get a representation of the associated kernel k in the time domain:

k(x) = x PWy1_p(—Ax%), a >0, p<1, (62)
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where W,y g is the Wright function (37).

To the best knowledge of the author, the pair of Sonin kernels in forms (61) and (62)
was not yet reported in the literature. However, we already derived the same Sonin kernels
in Section 3; see Example 1.

Example 6. In this example, we set

ay—p
k(p) = (pz+7A)7’ ®>0,>0, AR, Ap ¥ <1 (63)

The Laplace transform of the associated kernel k has the same form with different parameter
values:
1 (pa +)\)7 p—wy+ﬁ—1

k(p) = = = , 1, 0, A eR, [Ap¥ < 1. 64
W)=y = Pt~ rgay o Pl a>0AeR I < (64)

For A =0, (63) and (64) are reduced to the functions that have been discussed in Example 4.
Using the power series representation

ay—p B (=DM(y)nA"
R(p) = (;91’?‘-1-7)\)7 =p PA+Ap™) 7 = L %p g (65)

and the Formula (57), we get the following result in the time domain:

+o0 (__1\n n
K(x) =) D" (r)nd" 71(7)"/\ Bantp(x) = xﬁflEZ’ﬁ(—/\x“), a>0 >0, A€R, (66)
n=0 :

where E) 8 is the three-parameter Mittag—Leffler function defined as in (40).
The same method applied to the Laplace transform (64) easily leads to the formula

k(x) = x*ﬁE;’lﬁ(—Ax”‘), x>0,B<1, AR, (67)
where EZ/B is the three-parameter Mittag—Leffler function defined as in (40).

The pair of the symmetrical Sonin kernels (66) and (67) has already been discussed in
Section 3; see Example 2.

Example 7. In this example, we consider the Sonin kernel x with the Laplace integral transform &
in the form
B(p) = p P ep(hap ) = PP 4 M) T exp(lap ), (69)
(P + A1)

where the parameters and the Laplace variable satisfy the conditions oy > 0, ap > 0, B > 0,
A, A €R, R(p) >0, [Mp™™| < 1.

Please note that we already considered two important particular cases of the kernels in form (68),
namely the case of Ay = 0 in Example 5 and the case of Ay = 0 in Example 6.

The Laplace transform of the associated kernel k has, then, a similar form:

1

=y =P ) Texp(—Aap ), (69)

k(p)

where the parameters and the Laplace variable satisfy the conditions a1 > 0, ap > 0, p < 1,
M, Ay €R, R(p) >0, [Mp~ ™| <1
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The series representations of the Functions (68) and (69) immediately follow from the
Formulas (60) and (65):

- . = (_/\l)m('Y)mAg —aym—apn—p
7 _ 1 _ o (_Al)m(_,)/)m(_/\z)n —aym—ayn+p—1
Kp) = ey = m,;o iy p i (71)

The last two formulas are valid under the conditions a1 > 0, ap > 0, 0 < B < 1,
AL A €R, [Ap~™| <1, R(p) > 0.

Now, we apply the Formula (57) and get the following representations of Sonin kernels x and
k in the time domain:

+oo —Aq) Al B
K(x) = Zo(l)mél’!y)mhalm+azn+ﬁ(x) = 2P 3 (; (w1, a0; B); —A1x™, Apx™2), (72)
mn=

(o= 3 AR,

il aym—+oapn—pB+1 (x) -

m,n=0
x P P3(—7; (aq, 0,1 — B); —A1x™1, —Apx"2), (73)

where 0 > 0, ap > 0, 0 < B < 1, A, Ay € Rand ¢3 is a new special function of the
hypergeometric type in two variables defined by the convergent series

mzn

o0
¢3(7; (a1, 00; B);y,2) i = ) (1) y

, a1 >0, a0>0, v,8,v,zcC.
o T(aim + aon + B) m!n! ! 2 /By

The asymptotical Formulas (47) and (48) for the gamma function ensure convergence of the
series in (74) for all y, z € C. The proof of this fact closely follows the lines of the derivation of the
convergence conditions for the Horn function ®3 ([35]), and we omit it here.

The denotation ¢3 is motivated by a particular case of this function for a1 = ay =1
that is reduced to the known Horn function ®3:

N (7)m y"zt 1 "
PGB = ¥ S T~ R 09)

where @3 is one of the Horn functions defined by the double-confluent series of the
hypergeometric type (see Formula (22) in Section 5.7.1 in [35]):

+o00

Thus, for a1 = ap = 1, the pair (72) and (73) of the symmetrical Sonin kernels is
expressed in terms of the Horn function ®s:

x(x) = hg(x) @3(7; B; —A1x, A2x), B >0, (77)

k(x) = hy_p(x) D3(—7;1 - B; —A1x, —Azx), B < 1. (78)

The representations (77) and (78) can also be obtained by employing the Formula (2.2.3.16)
from [36] that is valid under the conditions (i + v) < 0, R(p) > max{0, —R(b)}:

{L7p"(p+ 1) exp(a/p)}(x) = hoyey (x) @3(—v; —p — v; —bx, ax), (79)
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where ®; is the Horn function defined by (76), and {£~! f(p)}(x) stands for the inverse
Laplace transform of the function f at point x > 0.

To the best knowledge of the author, both functions (72) and (73) and functions (77)
and (78) are new symmetrical Sonin kernels not yet mentioned in the literature.

Example 8. In this last example, the Laplace integral transform & of the Sonin kernel « is a product
of three different power-law functions:

it o
p 17 p 272

o Ty gy = PP A) T (P AT, (80)

#(p) = p P
(p) P

where the parameters and the Laplace variable satisfy the conditions &y > 0, ap > 0, p > 0,
A, A €R, R(p) >0, [Mp™] <1, [Ap~ 2| < 1.

In the case of Ay = 0 or Ay = 0, the kernel (80) is reduced to the kernel already considered in
Example 6.

The Laplace transform of the associated kernel k takes a similar form:

= 1

k(p) = ) p M2 B ()T (pP2 4 1) 72, (81)

where the parameters and the Laplace variable satisfy the conditions a1 > 0, ap > 0, B < 1,
A, A €R, R(p) >0, |Mp ] <1, [Ap~ 2| < 1.

Applying the Formula (65), we get the following series representations of the functions as in
the Formulas (80) and (81) :

= —A)" m —Ap)" n_—pym—uyn—
#(p) = 20( 1) (711)71!;(1! 2)"(72) pam—an—p, (82)
7. —500: —M)" (= m —A2)"(— n_—xym—oarn+p—
k(P) _ y ( 1) ( r)/lznlil' 2) ( 72) p 1 2n+p l, (83)

that are valid under the conditions a; > 0, ap > 0, 0 < B < 1, A;, Ay € R, R(p) > 0,
[Ap™| <1, |Azp7*2] < 1.

To transform the functions & and k into the time domain, we again apply Formula (57) and
arrive at the following representations:

@) = 5 CA" @A) (),

N m,n=0 m!in! “1m+“2"+5(x) =
xﬁ_l 62(71/ Y2, (“1/“2;‘5); _)leall _/\2x0‘2), (84)
+00 ) (— ) (—
k(x) = Z ( 1) ( '713::7(1' 2) ( 72)nha1m+rxzn+lfﬁ(x) =
m,n=0 o
x P& (=1 =2 (a1, 4051 — B); —Agx™, —Apx™2), (85)

where oy > 0, ap > 0, 0 < B < 1, A, Ay € R, and ; is a new special function of the
hypergeometric type in two variables defined by the convergent series

& (Y)m(y2)n  y"2"
; ; ’ ; 'Y, = 4 86
G2 (01,023 By, 2) m£0 I'(aym + apn + B) min! (86)

a1 >0, a,>0, |yl <1, y,7,B8z€C.

The convergence conditions for the series in (86) follow from the asymptotical Formulas (47) and (48)
for the Gamma function by applying the same arguments as in the derivation of the convergence
conditions for the Horn function 2y ([35]).
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Similar to the case considered in Example 7, we denoted the function defined by
Equation (86) by ¢ because, for a1 = ap = 1, it is reduced to the known Horn function &y:

m(r2)n y"2t 1
g (71/’)/2/ (1 l ﬁ Yz ngOI-v m+n+ﬁ) min! - r(’B)‘—Q(’Yl/’YZ/:B/y’Z)/ (87)

where the Horn function &, is defined by the double-confluent series of the hypergeometric
type (see Formula (26) in Section 5.7.1 in [35]):

+00 _
(v B,2) = Z (YD)m(r2)n y"z ‘ )

mzo (B)min  mlin!

Thus, for #1 = ap = 1 and under the conditions 0 < § < 1, A1, A, € R, the pair (84)
and (85) of the symmetrical Sonin kernels is expressed in terms of the Horn function Z»:

Kk(x) = hg(x) Ea (71,72 B; —A1x, —A2x), (89)

k(x) = h1_g(x) Z2(—71; =72, 1 = B —A1x, —A2x). (90)

To the best knowledge of the author, both the pair of functions (84) and (85) and its
particular case in forms (89) and (90) are new symmetrical Sonin kernels not yet reported
in the literature.

5. Conclusions and Some Open Problems

In this paper, we have introduced a new class of Sonin kernels referred to as symmet-
rical Sonin kernels, and we have discussed several methods for the derivation of Sonin
kernels in terms of elementary and special functions. Even if these methods can be applied
to the construction of arbitrary Sonin kernels, the focus of this paper was the case of sym-
metrical kernels that are expressed in terms of the same elementary or special functions
with possibly different values for their parameters.

The first method discussed in this paper can be traced back to the publication [7] by
Sonin, who applied this technique for the construction of several kernels, including the
famous pair of kernels in terms of the Bessel and modified Bessel functions. The procedure
presented in Remark 2 is a generalization of the method suggested by Sonin. By applying
this technique, a new pair of symmetrical Sonin kernels in terms of the Wright function
was derived in Example 1. In Example 3, we constructed another new pair of symmetrical
Sonin kernels in the form of the hypergeometric-type series.

The second method for the derivation of Sonin kernels presented in this paper was not
yet reported in the literature until now. In Theorem 2, we introduced a new class of Sonin
kernels in the form of the convolution series that are a far-reaching generalization of the
power series. The new Sonin kernels in the form of the convolution series can be constructed
for any known pair of the Sonin kernels and any function from the space C_1(0, +o0). In
this way, we have achieved a very general representation of Sonin kernels that includes an
arbitrary function from the space C_1(0, +o0). In some cases, the convolution series can be
represented in terms of the power series, and one obtains Sonin kernels in the conventional
form; see Remark 4.

The third method discussed in this paper is based on the Laplace integral transform
technique. Even if this method is known, with its help, some new and important pairs
of symmetrical Sonin kernels were constructed in this paper. In Example 7, a pair of the
symmetrical Sonin kernels was derived in terms of a generalization of the Horn function
@3, whereas, in Example 8, the symmetrical Sonin kernels were expressed by means of a
generalization of the Horn function ;.

Because only very few symmetrical Sonin kernels are known in the literature (sym-
metrical Sonin kernels in terms of the power function, the Bessel function, the Kummer

125



Mathematics 2024, 12, 3943

References

1. Fox, C. The G and H Functions as symmetrical Fourier kernels. Trans. Am. Math. Soc. 1961, 98, 395-429.

function, and the Prabhakar function), the construction of four new symmetrical Sonin
kernels (Examples 1, 3, 7 and 8) can be considered an essential contribution to this subject.

In the rest of this section, we mention some open problems and directions for further
research related to the topic of this paper. First of all, searching for the new Sonin kernels,
and in particular for new symmetrical Sonin kernels, is a very important subject for further
research. Another topic worth consideration is an investigation of the properties of Sonin
kernels. In particular, Sonin kernels in terms of the power function and those in terms of the
Prabhakar function are known to be completely monotonic. This property of the kernels is
very essential for many applications, in particular, for applications in linear viscoelasticity.
The question of whether there exist some other completely monotonic symmetrical Sonin
kernels is still open.

Regarding applications of Sonin kernels, let us mention a very recent and actively
developing branch of FC in form of GFIs and GFDs with Sonin kernels; see, e.g., [2-6,11-14]
for their theory and [15-24] for applications in models for fractional dynamics, general non-
Markovian quantum dynamics, general non-local electrodynamics, anomalous diffusion,
linear viscoelasticity, and other non-local physical theories. Thus, the investigation of the
general properties and particular cases of Sonin kernels is an important topic both for the
theory of FC and for its applications.

It is worth mentioning that any pair of Sonin kernels, and especially any pair of
symmetrical Sonin kernels, generates a kind of new FC. For instance, one can consider the
GFI and the corresponding GFD with the kernels x and k in terms of the Horn function =,
as in (89) and (90), respectively:

Ly (x) = /Ox hg(x —¢) Ea (v 72 B —M(x =), —Aa(x = Q) f(G)ds,  (91)

) ) = g [ g =8 Za(—1i =721 — B = = ), ol — ) F(E) .

It is easy to see that all the Sonin kernels that we considered in this paper, both the
known and new ones, belong to the space of functions C_1 (0, +-0). The GFIs and the GFDs
with the Sonin kernels from this space were introduced and investigated in [4-6] and other
related publications. In particular, the general theory of the GFIs and the GFDs developed in
[4-6] ensures that the GFD defined by (92) is a left-inverse operator to the GFI defined by (91)
on the suitable spaces of functions (see, e.g., [4] for details). However, developing a theory of
these operators on other spaces of functions, the investigation of their mapping properties,
the derivation of their norm estimates, etc. are among further important directions for
research devoted to Sonin kernels and the FC operators with these kernels.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in the study are included in the
article; further inquiries can be directed to the corresponding author.

Conflicts of Interest: The author declares no conflicts of interest.

(92)

2. Kochubei, A.N. General fractional calculus, evolution equations, and renewal processes. Integral Equ. Oper. Theory
2011, 71, 583-600. [CrossRef]
3. Kochubei, A.N. General fractional calculus. In Handbook of Fractional Calculus with Applications. Volume 1: Basic Theory;
Kochubei, A., Luchko, Y., Eds.; De Gruyter: Berlin, Germany, 2019; pp. 111-126.
4. Luchko, Y. General fractional integrals and derivatives with the Sonine kernels. Mathematics 2021, 9, 594. [CrossRef]
5. Luchko, Y. Operational calculus for the general fractional derivatives with the Sonine kernels. Fract. Calc. Appl. Anal.
2021, 24, 338-375. [CrossRef]

6. Luchko, Y. General fractional integrals and derivatives of arbitrary order. Symmetry 2021, 13, 755. [CrossRef]

126



Mathematics 2024, 12, 3943

*

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

Sonine, N. Sur la généralisation d'une formule d’Abel. Acta Math. 1884, 4, 171-176. [CrossRef]

Ortigueira, M.D. Searching for Sonin kernels. Fract. Calc. Anal. Appl. 2024, 27,2219-2247. [CrossRef]

Samko, S.G.; Cardoso, R.P. Integral equations of the first kind of Sonine type. Int. |. Math. Sci. 2003, 57, 3609-3632.
[CrossRef]

Samko, S.G.; Kilbas, A.A.; Marichev, O.L. Fractional Integrals and Derivatives. Theory and Applications; Gordon and
Breach: New York, NY, USA, 1993.

Hanyga, A. A comment on a controversial issue: A generalized fractional derivative cannot have a regular kernel.
Fract. Calc. Anal. Appl. 2020, 23, 211-223. [CrossRef]

Luchko, Y.; Yamamoto, M. General time-fractional diffusion equation: Some uniqueness and existence results for the
initial-boundary-value problems. Fract. Calc. Appl. Anal. 2016, 19, 675-695. [CrossRef]

Luchko, Y.; Yamamoto, M. The general fractional derivative and related fractional differential equations. Mathematics
2020, 8, 2115. [CrossRef]

Tarasov, V.E. General fractional calculus: Multi-kernel approach. Mathematics 2021, 9, 1501. [CrossRef]

Tarasov, V.E. General fractional dynamics. Mathematics 2021, 9, 1464. [CrossRef]

Tarasov, V.E. General non-Markovian quantum dynamics. Entropy 2021, 23, 1006. [CrossRef] [PubMed]

Tarasov, V.E. General non-local electrodynamics: Equations and non-local effects. Ann. Phys. 2022, 445, 169082. [CrossRef]
Tarasov, V.E. Nonlocal classical theory of gravity: Massiveness of nonlocality and mass shielding by nonlocality. Eur.
Phys. J. Plus 2022, 137, 1336. [CrossRef]

Tarasov, V.E. Nonlocal statistical mechanics: General fractional Liouville equations and their solutions. Physica A
2023, 609, 128366. [CrossRef]

Atanackovi¢, TM,; Pilipovi¢, S. Zener model with general fractional calculus: Thermodynamical restrictions. Fractal
Fract. 2022, 6, 617. [CrossRef]

Bazhlekova, E.; Pshenichnov, S. Two integral representations for the relaxation modulus of the generalized fractional
Zener model. Fractal Fract. 2023, 7, 636. [CrossRef]

Gorska, K.; Horzela, A. Subordination and memory dependent kinetics in diffusion and relaxation phenomena. Fract.
Calc. Appl. Anal. 2023, 26, 480-512. [CrossRef]

Miskovi¢-Stankovi¢, V.; Atanackovi¢, T.M. On a system of equations with general fractional derivatives arising in
diffusion theory. Fractal Fract. 2023, 7, 518. [CrossRef]

Miskovié-Stankovi¢, V.; Janev, M.; Atanackovi¢, T.M. Two compartmental fractional derivative model with general
fractional derivative. |. Pharmacokinet. Pharmacodyn. 2023, 50, 79-87. [PubMed]

Abel, N.H. Oplosning af et par opgaver ved hjelp af bestemte integraler. Mag. Naturvidenskaberne 1823, 2, 2.

Abel, N.H. Auflosung einer mechanischen Aufgabe. |. Reine Angew. Math. 1826, 1, 153-157.

Zacher, R. Boundedness of weak solutions to evolutionary partial integro-differential equations with discontinuous
coefficients. |. Math. Anal. Appl. 2008, 348, 137-149. [CrossRef]

Wick, J. Uber eine Integralgleichung vom Abelschen Typ. Z. Angew. Math. Mech. 1968, 48, T39-T41.

Luchko, Y. The Wright function and its applications. In Handbook of Fractional Calculus with Applications. Volume 1:
Basic Theory; Kochubei, A., Luchko, Y., Eds.; Walter de Gruyter: Berlin, Germany; Boston, MA, USA, 2019; pp. 241-268.
Giusti, A.; Colombaro, I.; Garra, R.; Garrappa, R.; Polito, F.; Popolizio, M.; Mainardi, E. A practical guide to Prabhakar
fractional calculus. Fract. Calc. Anal. Appl. 2020, 23, 9-54. [CrossRef]

Prabhakar, T.R. A singular integral equation with a generalized Mittag-Leffler function in the kernel. Yokohama Math.
J. 1971, 19, 7-15.

Prabhakar, T.R. Two singular integral equations involving confluent hypergeometric functions. Proc. Camb. Phil. Soc.
1969, 66, 71-89. [CrossRef]

Giusti, A. General fractional calculus and Prabhakar’s theory. Commun. Nonlinear Sci. Numer. Simul. 2020, 83, 105114.
[CrossRef]

Luchko, Y. Convolution series and the generalized convolution Taylor formula. Fract. Calc. Appl. Anal. 2022, 25,
207-228. [CrossRef]

Bateman, H.; Erdelyi, A.; Magnus, W.; Oberhettinger, F.; Tricomi, EG. Higher Transcendental Functions; McGraw-Hill
Book Company, Inc.: New York, NY, USA, 1953; Volume L.

Prudnikov, A.P; Brychkov, Y.A.; Marichev, O.1. Integrals and Series Volume 5: Inverse Laplace Transforms; Gordon and
Breach: New York, NY, USA, 1992.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

127



. mathematics ml\D\Py
F

Article

Some Symmetry and Duality Theorems on Multiple
Zeta(-Star) Values

Kwang-Wu Chen *, Minking Eie 2 and Yao Lin Ong 3

Department of Mathematics, University of Taipei, Taipei 100234, Taiwan

Department of Mathematics, National Chung Cheng University, Chia-Yi 62145, Taiwan;
minkingeie@gmail.com

Executive Master of Business Administration, Chang Jung Christian University, Tainan City 71101, Taiwan;
ylong@mail.cjcu.edu.tw

Correspondence: kwchen@utaipei.edu.tw

Abstract: In this paper, we provide a symmetric formula and a duality formula relating multiple zeta val-
ues and zeta-star values. We find that the summation Y, ;1 (—1)¢*(a +2, {2}P~1)g*({1}*1, {2}9)
equals I*({2}7, {1}, {2}9) + (—=1)"H17*({2}9, 7 +2,{2}P~1). With the help of this equation and Zagier’s
¢*({2}7,3,{2}7) formula, we can easily determine *({2}7,1, {2}7) and several interesting expressions.

Keywords: multiple zeta value; multiple zeta-star value; duality theorem; Yamamoto’s integral

MSC: 11M32; 05A15; 33B15

1. Introduction

For an r-tuple &« = (a1, az,...,a,) of positive integers with o, > 2, a multiple zeta

value {(a) and a multiple zeta-star value {*(«) are defined to be [1-3]

(W= ¥ KUG™k®, and
1<ki <kp<---<k,
Fa)= Y KNGk

1<k) <kp <<k,

We denote the parameters w(a) = |a| = a3 +ax+---+a,, d(a) =r,and h(a) = #{i | a; >
1,1 <i <r}, called, respectively, the weight, the depth, and the height of « (or of {(«), or
of I*(w)). We let {a}* be k repetitions of a such that (2, {3}%) = ¢(2,3,3,3).

In this paper, we investigate the functions Z;; (Schur multiple zeta values of anti-hook
type), Z, (Schur multiple zeta values of hook type), and Zp [4-6]:

Zu (g) — Z kl—alk;rxz N Z 61—5162—132 . 'K;ﬁm,
1<k <kp<---<ky 1<l <Up <<l <ky
u - - - - - —Pm
ZL(ﬁ) =) ky kR ) & ﬁlgzﬁz”'gmﬁ /
1<ky <ky<---<ky k<l <l <<l
& - - - - - —Pm
ZB(ﬁ> — Z kltxlkztxz___krow Z 61,51(2.52”_&”.5 .
1<k <k < <hy k<O <l <l <k

For the sake of convergence, the functions Z;; and Zp are restricted by &, > 2, and the
function Z; is restricted by a, > 2, 5, > 2.

Yamamoto [7] introduced a combinatorial generalization of the iterated integral, the
integral associated with a 2-poset. Kaneko and Yamamoto [8] conjectured that the following
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integral-series identity is sufficient to describe all the linear relations of multiple zeta values

over Q.
/ w
() ()

where the left-hand side of the above identity is an integral associated with a 2-posets
introduced by Yamamoto [7] (we will introduce the associated notations in Section 2).

The use of Yamamoto’s integral is prevalent among researchers studying multiple zeta
values and multiple zeta-star values [8-10].

Many scholars have conducted research on the function Z;; appearing on the right-
hand side of the above identity [4,5,8,11,12].

We simplify our notations with

—\ AN
wij = (Qip1, Qg2 05), &= (&j,a1,...,&11),

fori < j. Note thatif i > j, we set Ef] = o/?] = . For brevity, we use the lowercase English
letters and lowercase Greek letters, with or without subscripts, in summations to represent
non-negative and positive integers, unless otherwise specified. To make the symbols more
compact, we adopt the fact { (@) = {*(?) = 1.

We use Yamamoto's integral to obtain the following symmetric form between multiple
zeta(-star) values in Section 3.

Theorem 1. Let r,m, 0 be nonnegative integers with > 2, and the vectors & = (aq,ap, ..., &),
B=(B1,B2---,Bm) witha; > 2, By > 2, for1 <i<r. Then

(1" @0)2 (Boes 0,8, E" (Boy) = E(0,6, ), 0
Y (—1)™ L (@) (Boe 0 #57)C (Bo) = L(2,0, B). @)
a+b=r

The following symmetric formula that we have is truly exquisite.

Corollary 1. For any nonnegative integers p,q,s,t,a with s > 2,t > 2,0 > 2, we have

Y (DTN 8 ) ({1 = ({1}, 6, {s}7),

a+b=q
ct+d=p

Y (=D)L (s} 0 A8 )C ({1} = C({1}7, 0, {s}).

a+b=q
ct+d=p

We note that a version of finite sums of the above two identities can be found in
[13,14].
Let (aq,b1), (a2, b2), ..., (an, by) be n pairs of nonnegative integers. If we write
(aq, a0, ... 00) = ({1}", b1 +2,{1}2,0, +2,...,{1}",b, +2)
and set

{13,y +2, {11 gy 42, {10, a1 +2) = (B1, Bas- o) Bu),

then the duality theorem of multiple zeta values [15] is stated as

Q(oq,zxz,...,acr) = g(ﬁl,ﬁz,...,ﬁm).
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We say that {(B1, ..., Bm) is the dual of {(ay,...,a,), and we denote it as { (a1, ..., a,)* =
C(B1s---/Bm)-

In 2015, the first author [4] gave a formula related to Z;:

Zu<ﬁ1,l32,---,[3m> =Y Qe +dy,... 00 +d) - <aj+di_l>,

q
{1} |d|=q j=1 d]

if C(B1,.-.,Bm)is the dual of {(aq, ..., ar).
In Section 4, we present three different methods to prove the following duality theorem
between these Zg, Z;;, and Z; functions.

Theorem 2. If ((B1, B2, - - -, Bm) is the dual of (a1, a, . . ., &y ). Given any nonnegative integer
n, we have

7y (oq,zxz,...,ar) —7 (ﬁl,ﬁf,z.}.n.,ﬁm) and

w00\ _ o (B Baee B
z(* ) = (PP ™)
Chen and Eie [5] use these three functions to give three new sum formulas for multiple

zeta(-star) values with height < 2 and the evaluation of *({1}™, {2}"*1). For example,
the authors use Zp to obtain (Theorem 1.1, [5])

Y (e, {1} ap+1) = (m+n)l(m+n+1).

a1 +ap=n
aq,mp>1

We use the duality theorem on the functions Z;; and Z; to obtain the following
formula.

Theorem 3. For any nonnegative integers p, q, and r with p > 0, g > 0, we have

{2 A A + () ({2}, r +2, {2307
= ¥ (D¢ (a+2 {2 ({1 {239). ®)
a+b=r—1
Substituting » = 1 into the above equation yields Equation (2) in [13]. By employing

this in conjunction with Zagier’s formula (ref. [16]) for computing {*({2}7, 3, {2}7), we
can determine the values of {*({2}7,1, {2}17):

C(21,(2)) = zg[@z) (17) (5,5 )| @,

for any positive integers p and g and this result coincides with Theorem 1.6 in [13]. We
will discuss Theorem 3 and its relevant applications in the final section, providing some
intriguing formulas.

2. Some Preliminaries and Auxiliary Tools

In this section, we review the definitions and basic properties of 2-labeled posets (in
this paper, we call them 2-posets for short) and the associated integrals first introduced by
Yamamoto [7].

Definition 1 (Definition 3.1, [8]). A 2-poset is a pair (X, 6x), where X = (X, <) is a finite

partially ordered set (poset for short) and dx is a map from X to {0,1}. We often omit §x and
simply say “a 2-poset X.” The 6 is called the label map of X.
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A 2-poset (X, 0x) is called admissible if 5x(x) = O for all maximal elements x € X and
0x(x) = 1 for all minimal elements x € X.

A 2-poset is depicted as a Hasse diagram in which an element x with 6(x) = 0 (resp.
d(x) = 1) is represented by o (resp. o). For example, the diagram

i

represents the 2-poset X = {x1, X2, X3, x4, x5} with order x; < x; < x3 > x4 < x5 and label
(5}((.%1), N ,5x(X5)) = (1, 0, 0, 1, 0)

Definition 2 (Definition 3.2, [8]). For an admissible 2-poset X, we define the associated integral

I(X) = w ty), 4
() = [, st @
where
X . dt dt
Ax = {(tx)x € [0,1]" | tx <ty ifx <y} and wO(t)ZT’ wl(t):—l_t.

Note that the admissibility of a 2-poset corresponds to the convergence of the associ-
ated integral.

Example 1. When an admissible 2-poset is totally ordered, the corresponding integral is exactly the
iterated integral expression for a multiple zeta value. To be precise, for an index & = (aq, ..., o)
(admissible or not), we write the "totally ordered” diagram:

In [7], an integral expression for multiple zeta-star values is described in terms of a 2-poset.
For an index B = (B1, B, - - -, Bm), we write the following diagram:

AN

Then, if « and B are admissible, we have [10] Proposition 2.4, 2.7

0(w) = 1(( ) and CB) =18 ©)

For example,

=) < (12). cen-i(/m)) o 7

We also recall an algebraic setup for 2-posets (cf. Remark at the end of §2 of [7]). Let B
be the Q-algebra generated by the isomorphism classes of 2-posets, whose multiplication
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is given by the disjoint union of 2-posets. Then, the integral (4) defines a Q-algebra
homomorphism I: P° — R from the subalgebra 30 of f generated by the classes of
admissible 2-posets.

Following these notations, we have

s ) a0 ) e

In fact, the upper left equation is the same as (Theorem 4.1, [8]). Kaneko and Yamamoto
conjecture that any linear dependency of MZVs over Q is deduced from this equation.

We evaluate Z;, G ;) as an example: Let D = {(t1,ta,t3,t4,t5,t6) € (0,1 | t; < tp >

t3 >ty < t5 < tg}, we calculate
I B / dty dty dty dty dts dtg
Dl —H th 1—t31—ts1—ts5 t4
tp 2 " dt, dtz dty dts dig
= / / Y #dt | — —
D—{t,} (U —) ty 1-— t3 1-— ty 1- t5 tg
_ / /1 i t2! g, | s _dts_dts dts
D*{tl,tz} t3 fzzl 62 1 - t3 1 - t4 1 - t5 t6

o 1 11 dt, dits dt
=L ?2/ 2 Bty | =0
t,=1 2 /D—{tito,t3} =0 1—t41—t5 tg

2

121 ts (121 dts dt6
=) = £ dt

ZZZ::—l e% Z gl [)<t5<t6<l< Z 4 4> t5 t6

© 1 L q 11/</ ek )dt6
=Y 5y 2 Zt Ldt

lr=1 é% Klzlg k=1 k

i1521511i 1 Z<1,2>
— J— R - - — L .

AT G AT b ki (et ka)? 1,2

We need some properties of these three functions Zy;, Z; and Zp, please see [5]
for details:

wew-a () Al ) o
)z (B =zu g )z (P, ®

Proposition 1 (Proposition 4.1, [5]). For an r-tuple & = (a1, a3, . .., &) of positive integers with
wy > 2, ap > 2, we have

, .
1k x o 1, lf?’ = 0,
k;()( 1) (ks =1, -+ 01) G (@1, Hp2, - - 7)) = { 0. otherwise.

©)

Leta = (s,...,5) = ({s}") in Equation (9). We obtain the classical known result
(Equation (5.8), [5])

1, ifr=0,

0, otherwise. (10)

Y (CD)({syNE({s)") = {

a+b=r
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We derive an evaluation of Zj using Equation (7).

K1, oo, Bp\ . B B1,&1,..., 0
ZL<ﬁ1,_”/r3m) =gy, a) T (B1, -, Bm) ZL( Boy.. ) B )
=¢(ar, ..., ar) 0" (B Bm) = C(Broaa, -, )T (B2s o Bm)

)

We use Equation (7) repeatedly until the vector in the second row is the empty set. Since

ZL <:Bm116ml/' . 'éﬁlr‘xlr- . -/D‘r> _ g(,Bm/,Bmfll- --rﬁlr“l/- ) -/“r)r

we arrive a formula for the function Z; :
[
ZL (ﬁ) == Z (_1)ag(ﬁm .. /ﬁl/lxl/ A /“r)g*(ﬁa-&-l/ A /ﬁm).
a+b=m

If we use Equation (7) in a different direction

7z (gllgm> = Z (2 ) (01, By B) — Z1 («1, /;"12 ﬁz”‘ ﬁm>,

then we obtain the following formula for Z; .
K1,e., 0y - a .
ZL<‘B IB ) - Z (_1) g(lanrZ/...,le)g (Oéa+1,...,061,131,...,ﬁm),
Lreees Prm a+b=r—1

Similarly, we also use Equation (8) to obtain two formulas of the function Z;;. We conclude
these four formulas in the following propositions.

Proposition 2. For any nonnegative integers m,r, an r-tuple & = (aq,a, ..., &) of positive
integers, and an m-tupe B = (B1, Ba, - - ., Bm) of positive integers, with ay > 2, By > 2, we have

ZL (“) = Z (*1){1@'(@1/-”/,31;“1/--~/"‘r)§*(ﬁa+1w-'/,3m) (11)
ﬁ a+b=m

= 2 (—1)“€(aa+2,...,ar)é*(ocaﬂ,...,al,ﬁl,...,ﬁm). (12)

a+b=r—1

And

Zu ("‘) = Y (D%, ar B Bor1)T (Brs -0 Br) (13)

ﬁ a+b=m
= ) (=1)%(ar, )T (Brse s B s A1), (14)

a+b=r—1

where B; > 2 (1 < i < m) for Equation (13) and aj > 2 (1 < j < r) for Equation (14).
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We use a formula among the function Z and Z;; (Proposition 7.1, [5])

() e ECo( ),
k=1

Kpye o, X7 Kieyoo o, X

where o, > 2 and 1 < m < r, and Equation (13) to obtain an explicit formula for the
function Zg:

o e & i—
ZB( ZI+1 a r) = Z (_1)m+] dg(lderl,...,(Xr,le,...,a]')g*(ad,...,(xj+1). (16)

3. Symmetric Formulas and Theorem 1

In order to prove Theorem 1, we apply Yamamoto’s integrals to show four equalities
that involve the Z;; and Z; functions.

Proposition 3 (ref. [8]). For any nonnegative integers m,r,0 with 0 > 2, an r-tuple & =
(a1, a9, . ..,0) of positive integers, and an m-tupe B = (B1, B2, - - ., Bm) of positive integers with
Bm > 2, we have

3 (D (B Zu (%) ={(w,B), fora,>2, (17)
k=0 0,k
-0 temnz (L) = e, proz2i<is, (18)
k=0 Kk,
Y (1T (Be,)2u (ﬁog 9) =" (0,0,p), (19)
k=0
i(—l)rfké*(m)ZL <6' ak’r) ="(a,0,B), fora;>2,1<i<r. (20)
paur p

Proof. We present the process to get obtain the equation, the other equations are obtained
similarly. Since (&, B) can be represented as
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Since for an integer i with 1 <i < m, we have

1(/\/?/)1 ﬁ/ »

=Zu<ﬂ’%i> LB —1

a/@\/ o

Continue this process we have

B\

Sl oy~ iz A e
I V\/ *kzzl( 1) le('BO,k)g(,Bk,m)'
/

Substituing into the original equation, we get the conclusion. O

We can easily derive the identities in Theorem 1 using the equations from Proposition 3.
First we substitute the representation Equation (13) of Z;:

2 <ﬁo,kf9) 1T (Bog b)) o)

& a+b=r

into Equation (19), we have Equation (1). The other formula Equation (2) is obtained from
Equation (17):

— o, 0
Z (71)C€(Bc,m)zu (2;_) = C(ar 9; ,B)/
c+d=m 0,c

using the representation Equation (14) of Z;;:

Y (—1)7(®05)2" (B 0, 5)-

a+b=r

Therefore, we complete the proof of Theorem 1.
Furthermore, the beautiful equations in Corollary 1 are derived by substituting & =
{t}? and B = {s}7 into Theorem 1.
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4. Duality Theorems and Theorem 2
We will begin by proving the first equation in Theorem 2.

Theorem 4. Let {(B) be the dual of {(«) and n be a nonnegative integer. Then

2u(gye) =2 ( (i) -

For this theorem, we provide three different methods of proof.

Method 1—The generating functions. We let G, (x), go(x) be the generating function of

o « . .
u ({2},1) 2L ({2},1) , respectively, that is,

0= L zu( ) and a0 = L)

We begin from the generating function G, (x).

2 71
ITi<j<k (1 - L)
S]SKy ]2
Gl’é(x) = Z qulez . kﬂ(y
1<k <kp<---<k; 172 r

2
TTX Hj>k,<1 - %)

sin(nx) 1<k <ky<---<ky ki‘lng o 'kgr
V(e -
= _1 " 7 VAR 7 2 " 2”
Sty () En e (2

Since the dual of {(«) is {(B), we have

C(a, {237)F = C({2}", B).

Therefore, the generating function G, (x) can be rewritten as

¥2
TTX l_[1Sj<f1 (1 - T2>
sm(nx) 1<li<ly<-<lpy f’flﬁgz s 'grﬁnm

N —1
Mosi(1- )

= L b e~ 8B
1<ly<lo<--<lpy fl gz Em

The coefficients of x?" of both generating functions give our identity.

Method 2—Yamamoto’s integral. Since the duality of the Euler sums is represented by
u; = 1 —t; inits Drinfel’d iterated integral, the corresponding 2-poset Hasse diagram
appears as a vertical reflection, with o and e interchanged.

. N
(o) =) ()
()2 0)
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#
We explain it by an example with Z;; (;' ;) =71 (1, il ;, 2) .

reflected
(dual) horizontally
= =

Method 3—Expressions by MZVs and MZSVs. We use Equations (13) and (11), we know
that

w _ 1 (a ayx b
Zupyn) = L (-1l 20 (2,

a+b=n

zL({f}n) = Y (1) BT (2.

a+b=n
Since {(a)? = (B), this implies that { (&, {2}%)F = 7({2}*, B). Thus, we have

© _ M ay* b
Zu( ) = 02007121

a+b

= Y {2y, B ({2)) = zL({f}n).

a+b

Next, we proceed to prove the second equation of Theorem 2.
Using Equation (16), we know that

u _ _1\a+b T b\ 7% c
Zo( ) = B (DU 20 (2,

a+b+c=m

It is easy to see that {({2}7, &, {2}°)% = 7({2}?, B, {2}7), we have

w _ _q\a+b a . b\ % c
Zo( ) = L (070(2)8, 287 (2)9)

a+b+c=n

= Y (=D)"P({2)h B {23 ({2}) = ZB({Z@")‘

a+b+c=n

Therefore, the function Zp satisfies second equation. We complete the proof.

Nakasuji, Ohno (Theorem 4.4, [17]) use Schur multiple zeta functions to give a more
general duality theorem. However, our particular duality forms are founded by the classical
generating functions, or the new Yamamoto's integral.

Since (k)* = ¢({1}*72,2), for k > 2. Then, for any nonnegative integer 1, we have

; B kY {1}5-2,2
0 =2 ( ) = 78( %)
= Y (=0t {23 e ({23).

a+b+c=n

Let k = 2, we have the following weighted sum formula:

(en+2)= ) (~1D"(b+1)({21 e ({237). (22)

a+b=n
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5. Theorem 3 and Some More Formulas
In this last section, we will start by providing the proof of Theorem 3, and then we
will discuss some applications.
Proof of Theorem 3. Let
(o)

Z ({237 {1y {2}")+?

be the generating function of {*({2}7, {1}", {2}7)x?F. Thus,

H1<j<k1 (1 - Lz) o

_ I
Glx) = kiky - k2. K2 I
1<ky <kp <o <hgyr 1027 r+1%r 427 q+r
xZ
_ Mow (1~ 7)
- 5
sin(71x) 1<ky <y <kygor kiky - kky kS, ko1

We represent the above summation as

* r - _ 1, {z}n 2n
@9+ 30z B )
By convolution, we have

G(x) = i C{2 e ({13 {2 )

n=0

- _1\m* n 1,{2}711 x2
L[z 2y D) |

Comparing the coefficient of x?7, for p > 1, we have

LAY 29 = U Y 2 )
m-+1 1[{2}m+1
RV C U CRLAHTE AN

We use Equation (7) to the function Z;, this gives

a1 ) - (‘”r_lZL({l}r%gq} )

+ Y (DT 23 ({1 {239).

a+b=r—2

It is clear that J({1}*+1, {2}"+1)f = ¢({2}",a + 3), and we apply the dual theorem to

transform
(M) 2P

then we obtain

1, {2}m+1 . {2}, r+2
<{1}f {z}ﬂ) = 12”( ey )
LY ()™ a 3 ({1, {239).

a+b=r—2
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The summation in Equation (23) becomes

)3 (—1>m+fa*<{2}”)zu<{2}{";'}T2)

m+n=p—1

N Z Z m+u+1 ({2} ) ({2}’”,&1+3)C*({1}b+1,{2}q)‘

m+n=p—1a+b=r—2

The second summation of the above formula can be simplified by using Equation (9)

Y (D"C({2Mi({2ya+3) = (a+3, {2} 7).

m+n=p—1
We will obtain

Yo (1)@ {21 ({1 {2)).

a+b=r—2

It remains to treat the summation
23"y +2
L ez P50
m+n=p—1 {2}‘7
We apply Equation (19) with « = ({2}9),0 = r +2,and B = ({2}7~!), then the above
summation is equal to
(=17 ({2)r +2,{2} 7).

Therefore, Equation (23) becomes

2 AN AN = ({2 (1) {230 + (12 ({2}, r +2,{2}77)
+ Y (DT e+ 3 {2 ({1 {239)

a+b=r—2
=(-1)"¢ *({2}q r+2, {2}
+ ) *a+2,{21 ({1, {239).
a+b=r—1

This finishes our work. [

It is well-known that (ref. [18]) (*(1,{2}7) = 2{(29 + 1), and we leverage Zagier’s
formula (ref. [16]) to compute *({2}4,3,{2}P~1):

et =2 1| () - (1-5) (o5 e e

By substituting » = 1 in Equation (3), we obtain an evaluation of {*({2}*,1,{2}1), for any
positive integers p and g (Theorem 1.6, [13]):

e =23 [(3) - (1- ) (o5 )o@ hee .

On the other hand, if we apply p = g = 1 in Equation (3), then
Y. (D) b+ 1L(a+2)5(b+2) =72, {1},2) + (-1)"¢(r +2,2),

a+b=r

for any nonnegative integer r, by using the fact (ref. [5]) 7*({1}°+1,2) = (b +2)Z(b + 3).
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Functions in the Lemniscate and Nephroid Domains
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Abstract: Suppose that A, is a class of analytic functions f : © = {z € C: |z] < 1} — C with
normalization f(0) = 1. Consider two functions P;(z) = /1 +zand ®y, (z) = 1 +z — z3/3, which
map the boundary of ® to a cusp of lemniscate and to a twi-cusped kidney-shaped nephroid curve
in the right half plane, respectively. In this article, we aim to construct functions f € Ay for which
(i) £(9) C (D) NPy, (D) (i) £(D) C Py(D),but (D) ¢ Dy, (D) (i) f(D) C By, (D), but (D) ¢
P (D). We validate the results graphically and analytically. To prove the results analytically, we use
the concept of subordination. In this process, we establish the connection lemniscate (and nephroid)
domain and functions, including g, (z) := v/1 + az?, |a| < 1, the polynomial gap(2) := 1+ az+ p22,
«, B € R, as well as Lerch’s transcendent function, Incomplete gamma function, Bessel and Modified
Bessel functions, and confluent and generalized hypergeometric functions.

Keywords: subordination; lemniscate; nephroid curve; incomplete gamma function; Lerch transcen-
dent; Bessel function

MSC: 33C10; 33C15; 33B20; 30C45

1. Introduction

Recently, research into the theory of geometric functions related to nephroid and
leminscate domains has gained prominence [1-6]. Here, the leminscate domain refers to
the image of ® = {z : |z| < 1} through the function P;(z) = /1 + z, while the image of
D through the function ®y,(z) = 1+ z — z%/3 is known as the nephroid domain. The
mapping of boundary of unit disc © by P; and @y, is given in Figure 1.

Figure 1. Mapping of the boundary of the unit disc using the lemniscate and nephroid curve.

Now, we recall a few basic concepts of the geometric function theory. The class of
functions f defined on the open unit disk ® = {z : |z| < 1}, and normalized by the
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conditions f(0) = 0 = f/(0) — 1, is denoted by A. We say f € A; if f(0) = 1 is the
normalized condition. Generally, f € A possess power series

flz)=z+ izanz”,

while f € A; has the power series
flz) =1+ ) bu2".

Definition 1 (Subordination). For two functions f and g, which are analytic in ®, we say that
f is subordinate to g, and write f < g in D, if there exists a Schwartz function w(z), which is
analytic in © with w(0) = 0and |w(z)| < 1 (z € D), such that f(z) = g(w(z)).

Subordination [7] is one of the important concepts of geometric function theory that
is useful in studying the geometric properties of analytic functions. There are several
important sub-classes of A, namely the class of starlike and convex functions denoted by
S* and C, respectively. The Carath}eodory class P includes analytic functions p that satisfy
p(0) = 1 and Re p(z) > 0in ®. These sub-classes are related to each other. In analytical
terms, f € S*ifzf/'(z)/f(z) € P,and f € Cif 1 +zf"(z)/f'(z) € P.

If 1+ (zf"(z)/f'(z)) is within the region bounded by the right half of the lemniscate
of Bernoulli, denoted by {w : |w? — 1| = 1}, then the function f € A is known as the
lemniscate convex. This is equivalent to subordination 1+ (zf"(z)/f'(z)) < V1+z. In
an analogous way, if zf/(z)/f(z) < /14 z, then the function f is lemniscate starlike.
Moreover, if f/(z) < v/1+ z, then the function f € A is lemniscate Carathéodory. It is
evident that the lemniscate Carathéodory function is univalent as it is a Carathéodory
function. More details about the geometric properties associated with lemniscate can be
seen in [5,8,9].

In this article, we are going to study the following functions or a combination of
them. Details about the nature of the functions are provided in the associated section or
subsection. The listed functions are as follows:

Section 2: The function g, (z) := V1 +az2, |a] <1,
Section 3: The polynomial g, g(z) := 1+ az + Bz%, u, B € R,
Section 5: Lerch’s transcendent function,

Section 6: Incomplete gamma function,

Section 7: Bessel and Modified Bessel functions.

AN

Our aim is to derive the condition for which an analytic function or a polynomial, let
us denote it as f, maps the unit disc to a domain such that following implication holds:
(i) £(D) C Pi(D) NP, (D) (i) f(D) C P(D), but f(D) & P, (D) (iii) (D) C P, (D),
but f(D) ¢ Pi(D).

2. Results Involving g, (z) := V1 + az?

In this section, we consider the function g,(z) := V1+az?, || < 1. Using the
definition of subordination, we derived conditions on the parameter a for which gy (z) <
V14 zand gy(z) < Py, (z). We also validate the result through graphical representation.
Using g, we also construct a function that is lemniscate and nephroid starlike under the
same condition as a.

Theorem 1. The containment g, (D) C P;(D) holds for || < 1, while the containment g, (D) C
Dy, (D) is true for |a| < 8/9.
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Proof. Consider the function w(z) = az?. Then, w(0) = 0 and |w(z)| < |«| < 1. Thus, by
the definition of subordination,

Vi4azz = /1+w(z) = V1+az2 <V1+z 1)

Hence, g (D) C P;(D) holds for |a| < 1.

For the second part, first we note that @y, intercepts the x-axis, at ®p,(—1) = 1/3
and @y, (1) = 5/3. Furthermore, g, intercepts the x-axis, at gy(+i) = /1 —a and at
gu(£1) = v/1+a. From Figure 1, it is evident that g,(®) C P;(D) implies g.(D) C
Py, (D), provided the left side intercept of g, with the x-axis is above 1/3.

In this aspect, g.(z) < @y, (z) implies the validity of the following inequalities:

1

§<g1(:|:i)<1<g1(:t1)<g, when 0<a<1. ()
1 5

§<g1(:|:1)<1<g1(:ti)<§, when —1<a<0. 3)

In (2), the left side inequality holds if /1 —a > 1/3, which is equivalent to 0 < a <
8/9. On the other hand, the right hand side inequality holds if /1 4+ a < 5/3 is equivalent
to 0 < « < 16/9. Thus, both inequalities hold when 0 < a < 8/9. Similarly, in (3), the left
side inequality holds if /1 4« > 1/3, which is equivalent to &« > —8/9, and the right hand
side inequality holds if /1 — a < 5/3 is equivalent to « > —16/9. Thus, both inequalities
hold when 0 > a > —8/9. Finally, we conclude that V1 + az2 < ®y,(z), equivalently
g«(D) C Py, (D) holds only when |a| < 8/9. O

We can interpret the result in Theorem 1 from the following visualization (Figure 2) by
considering different a, namely « = —35/36,-1/2,1/2,8/9,35/36.

’\\ - =N
W o Il
cip A s |/
=
(a) Fora = —35/36 (b) Fora = —0.5 (c) Fora = 0.5
= -
!l )
= — 4
(d) Fora = 8/9 (e) For « = 35/36

Figure 2. Graphical interpretation of Theorem 1 for different .
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Theorem 2. Forwa, 8 € Rand z € D, the function

) gzexp(m)

Fu(z): , 4
R B e @
is lemniscate starlike for |«| < 1 and nephriod starlike when |x| < 8/9.
Proof. To show lemniscate or nephroid starlikeness, our aim is to prove, respectively,
zF}(2) zF}(2) 3
<V1+4+2z and B <1+z—%.
Fa(z) Fa(z) >
It is clear that F,(0) = 0, and a logarithmic differentiation of both sides in (4) yields
Folz) _  az az _‘_1
Fo(z)  VazZ+1 \/0422—1—1(\/0(224—14—1) z
e 1
VazZ+1+1 2
az?+ Va2 +1+1
z(x/oczz +1+ 1)
 Vaz2+1 5)
im——
Further simplification of (5) leads
) w2 + 1 zexp(\/l+¢xzz>\/uczz+1
Fo(z) = ———Fu(z) = - . 6
ac( ) > 0(( ) e 1 + m ( )
Thus, F},(0) = 1. It is also follows from (5) that
zF,(z)
=1 2 = . 7
i = ViteZ =a() @)

As Theorem 1 provides us gy (z) < P;(z) for |a| < 1and gu(z) < Pn,(z) for [a] < 8/9,
we have the conclusion from (7). [

3. Result Related to g, g(z) = 1+ az + 3423
For a, B € R, define the function

G p(2) = ze" P2, ®)

Clearly, G, 5(0) = 0 and Gfx,ﬁ(o) = 1. In our next result, we will find conditions for « and

B for which the function G, g(z) is lemniscate and nephroid starlike. First, we need the
following result.

Theorem 3. For a, B € R, the function g, 5(z) = 1+ az +3B2% < 1+ zfor |a| +3|B| <
V2 — Tand g, p(z) < 1+z—23/3when |a| < land p = —a3/9.

Proof. Consider the function wy(z) = 2(az +3B2%) + (az + 38z%)2. Clearly, w; (0) = 0 and

\/1 +w(z) = \/1 +2(az +3B23) + (az +3823)2 = 1+ az + 3p2°.
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Now, for |z| < 1and |a| +3|8] < V2 — 1, it follows
w1 (2)] < 2(a| +31B]) + (|l +3[B)* = (1+|a| +3|B))* ~1 < 1.

From the definition of subordination, we can conclude that 1 + az + 3/323 <V1+z.
In similar way, the second part of the result follows if we consider w;(z) = az. Clearly,
wy(0) = 0and |w,(z)| < |a| < 1. Now, by taking B = —a3/9, we have
3(2) 3

1+w2(z)—w23 =1+az—%z3:1+0¢z+ﬁz3.

This provides the required subordination. [

A logarithmic differentiation of (8) yields

zGI’X (z)
a,:( ) :gtx,ﬁ(z)'

Therefore, Theorem 3 immediately leads to the following conclusion.

Theorem 4. For a, B € R, and z € D, the function Gy g(z) is lemniscate starlike for |a| + 3|B| <
V2 — 1 and nephroid starlike when |a| < 1and p = —a3/9.

4. Results Related to Taylor Series of an Analytic Functions and It’s Partial Sum
Consider a function 2 : N x [1/2, 00), such that

Y (kB+1)|A(k,B)]
k=1
is convergent for § > 1/2, and also the function

e}

fa(z) =1+ Y Ak, Bz~ € A;. )

k=1

We denote the n-th partial sum of the series fg as Sy (fg, z)-
For our next result, we need following

Lemma 1 ([6], Theorem 3.2). Suppose that the function p(z) € Aj satisfies the subordination
p(z) + Bzp'(z) < 1+ zfor B > 0. Then, p(z) < Py, (z) whenever p > 1/2, and this estimate
on B is sharp.

Theorem 5. For p > 1/2and z € D, the partial sum S, (fg, z) < 1+ z — 2> /3 provided
n
2kﬁ+1\9{kﬁ)|<1 (10)
In general, the function fg(z) = lim Su(fp,z) = 14z —2°/3 provided
n—oo
Zkﬁ+1\%lkﬁ)\<1 (11)
Proof. Denote p1(z) = Su(fp, z). Then, a calculation yields

pi(2) + Bapi(z) = 1+ Y (kB + 1)k, B2

k=1
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Now, consider the Schwarz function

(kB +1)2A(k, p)=*

M:

w(z) =
k

1

Clearly, w(0) = 0. As |z| < 1, the hypothesis (10) implies
n
Z kB +1)|2A(k, B)||z|* < Z kB+1)[2A(k, )| < 1.

Finally, p1(z) + Bzp)(z) = 1+ w(z) yields p;(z) + pzp}(z) < 1+ z. The final conclu-
sion follows from Lemma 1.
Similarly, the general part holds by considering the Schwarz function as

ikﬁ—i—l ﬁ)

We omit the details proof for this part. [

Remark 1. Instead of the partial sum Sy (fg,z), the result is still holds if we consider the n th
degree polynomial defined by Py(z) := 1+ Y3_, A(k, B)z*

Now, judicious choice of 2(k, ) in Theorem 5 leads to several interesting examples.
Because of the independent significance of each example, we present them as a theorem.

Theorem 6. For f > 1/2and z € D, the polynomials Fg(z) =1 +z/(1+ B) < Py, (2).

Proof. In virtue of Theorem 5 and Remark 1, we have 2(k, ) = :l:kﬁ%, n = 1 and, hence,

k = 1. Thus, Py(z) = §4(z). Clearly, (kB +1)[4(k, )| = 1. Thus, the result follows from
Theorem 5. [

Remark 2. The function §5(z) is one of the best fitting subordinated functions of ®,(z), as is
evident from the Figure 3.

Figure 3. Image of © by the polynomial §5(z).

5. Results Related to Lerch’s Transcendent Functions

Next, we consider the function

k

a4z

ZW, neN and reR. (12)
k=0

@n(z,1,a) =
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Here,a #0,—-1,—-2,-3,...,—n whenr > 0 and a is any real number when r < 0.
For n — oo, the function lijn @n(z,1,a) = a"®(z,r,a) which is well known Lerch’s
n—oo

transcendent. The Lerch’s transcendent ®(z,r, a) is given by its power series as

k

o)=Y =, 13
(z,r,a) kg;')(k‘Fﬂ)r (13)

which is convergent for a ¢ —N when z € ©. For this study, we consider r > —1 and
a > —1. Our aim is to find the answer to the following problem.

Problem 1. Find the triplet (r,a,n), such that @, (z,r,a) and ®(z,r,a) are subordinate by P;(z)
and Oy, (z).

To answer Problem 1, we need to further discuss ®(z,r,a). The Lerch’s transcendent
generalized various special functions, namely

1.  The Hurwitz Zeta function: The function is defined when z = 1 and is represented as

> 1
I(r,a) = ®(1,r,a) = kX::() Kt ay (14)
2. Poly-logarithm function: The function is defined as
ok
Liy(z) = z®(z,1,1) = kzzl = (15)
For more details about this function, see [10].
Theorem 7. Forr > —1,a > —1,and z € D, the function @, (z,7,a) < \/1+ z provides
a(g(r,1+a)—{(r1+a+n)) <vV2-1. (16)
Proof. Define
no ek no ook \ 2
Wi (z2) := zkzzl (kaja)r n <k=21 (k”ja)r> . (17)

Clearly, W, (0) = 0. Now, to find the condition for which |W,(z)| < 1, we rearrange
the terms {(r,a), and it follows from (14) that

n aV
L vy -

k=1

[7e

a’ i a’
= k+1+a)y 2= (k+a)
S S
= (k+n+1+a)
=a"(¢(r,14+a)—¢(r,1+a+n)).

=d'{(r,14a)—a

Now, for |z| < 1, the hypothesis in (16) yields

2
n ar n a}’
=20 ({(r,14a) —{(r,1+a+n)) +a® (C(r,14+a) — {(r1+a+n))’
=(1+da¢(r,1+4a) —arg(r,1+a+n))2—1 <1
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The result follows from the definition of subordination. O

A natural question arises about the existence of triplet (7, a,n), for which the hypothe-
sis (16) of Theorem 7 is true. We investigate numerically two possible cases to explain that

such triplets exist.

¢  Fixed r and n: In the following table, we present a, such that the inequality (16) holds

for fixed n, r. Here, ay is the solution to the equation

a(f(r,1+a)—

Denote, H(a) := a"({(r,14a) —

I(r,1+a+n)=v2-1.

J(r,14a+n))

— /2 +1. Then,

H'(a) = —rd'{(r+1,1+a)+rad’{(r+1,1+a+n)

=ra

Thus, H(a) is a decreasing function of a, and hence the inequality (16) holds for a > aj.

[e¢] o0 1
—ra ——i—mr

= (k+1+4a)r+1 k;:)(k+1+a+n)f+1
o (k+1+a) T — (k+1+a+n)+!

2 (k+1+a+n)+l(k+1+a)+!

Table 1 lists a few values for ag with fixed r and n.

Table 1. The values for ay with fixed r and n.

< 0.

1/2 3/2 2 5/2 3
1 0.207107 1.25057 1.80579 2.3658 2.92823
2 0.0617472 0.733443 1.13638 1.55064 1.97081
3 0.033622 0.607962 0.980932 1.36935 1.76586
4 0.0224263 0.549594 0.911624 1.29195 1.68176
5 0.0165764 0.515237 0.872399 1.24991 1.63784
6 0.0130345 0.492324 0.847168 1.2239 1.61168
7 0.0106812 0.475811 0.82958 1.20642 1.5947
8 0.00901404 0.463262 0.816619 1.19397 1.58302
9 0.00777637 0.453352 0.806673 1.18471 1.5746
10 0.00682406 0.445295 0.798799 1.1776 1.56834

e  Fixed r and a: In this part, we fix r and a and test the validity of inequality (16) by
finding the numerical values of a”({(r,1+a) —
the values is less than v/2 — 1 = 0.414214, we have the triplet (r,a,n).
The standout values are bigger than v/2 — 1 = 0.414214 and the combination of (, a, n)
is not of interest to us. The trend for higher n and a can be easily observed from the

data in Table 2.

From Table 2, one can observe that the number of standout values reduces when r
increases. Now, we test the inequality (16) whenr = 3,2 = 1,2,3,4,5, and n is large,
for example, n = 100, 500, 1000, 2000, 5000, 10000, 100000, and the outcome is presented in
Table 3. It is clear from Table 3 that, for a large 1, the value of a"({(r,1 +a)
may converge to a specific real number. This observation is conducted for each row
individually. This raises questions regarding how the exact values should be formulated

when 1 — co. The answer can be found in the following result.
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Table 2. Validation of inequality (16) for fixed r = 0.5,2,2.5, 3.

a/n 1 2 3 4 5
r=0.5
0.1 0.301511 0.519729 0.699335 0.855508 0.995536
0.2 0.408248 076976 095976 117798 1.37409
0.33 05 0.877964 119419 147454 172154
r=2
0.1 0.00826446 0.010532 0.0115726 0.0121675 0.012552
0.2 0.0277778 0.0360422 0.0399485 0.0422161 0.0436954
0.33 0.0615637 0.081623 0.0914436 0.097252 0.101085
0.5 0.111111 0.151111 0.171519 0.183865 0.192129
0.75 0.183673 0.258054 0.298054 0.322984 0.339998
1 0.25 0.361111 0423611 046361T 0491389
r=25
0.1 0.00249183 0.00298665 0.00317355 0.00326645 0.00332029
0.2 0.0113402 0.0138321 0.0148086 0.0153034 0.0155936
0.33 0.0306659 0.038215 0.0413065 0.04291 0.0438638
0.5 0.06415 0.0820386 0.0897521 0.0938674 0.0963592
0.75 0.120243 0.159086 0.176975 0.186881 0.193026
1 0.176777 0.240927 0.272177 0.290065 0.301405
1.25 0.230048 0.32179 0.368704 0.396365 0414254
1.5 0.278855 0.399097 0463247 0.56209T 0527674
1.75 0.323045 0471816 0.554203 0.605304 0.639528
r=3
0.1 0.000751315 0.000859295 0.000892862 0.000907371 0.00091491
0.2 0.00462963 0.00538094 0.00562509 0.00573306 0.00578996
0.33 0.0152752 0.0181162 0.0190894 0.0195321 0.0197694
0.5 0.037037 0.045037 0.0479525 0.0493242 0.0500755
0.75 0.0787172 0.0990027 0.107003 0.110939 0.113158
1 0.125 0.162037 0.177662 0.185662 0.190292
1.25 0.171468 0.228364 0.253806 0.267304 0.275304
1.5 0.216 0.294717 0.331754 0.35204 0.364329
1.75 0.257701 0.359331 0.409338 0437529 0.454955
2 0.296296 0421296 0.485296 0.522333 0.545657
Table 3. Validation of inequality (16) for fixed » = 3 and higher values of #.
a/n 100 500 1000 10,000 15,000 20,000
0.1 0.000930679  0.000930727  0.000930728 0.00093073  0.00093073  0.00093073
0.2 0.00591175  0.00591213  0.00591214  0.0059121 0.0059121 0.0059121
0.33 0.0202925 0.0202942 0.0202943 0.0202943 0.0202943 0.0202943
0.5 0.0517937 0.0517995 0.0517997 0.0517998 0.0517998 0.0517998
0.75 0.118504 0.118523 0.118524 0.118524 0.118524 0.118524
1 0.202008 0.202055 0.202056 0.202057 0.202057 0.202057
1.5 0.398432 0.398588 0.398593 0.398594 0.398594 0.398594
1.52 0.406829 0.40699 0.406996 0.406997 0.406997 0.406997
1.53 0.411039 0.411204 0.411209 0411211 0.411211 0.411211
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Theorem 8. The Lerch’s transcendent a’ ®(z,7,a) < /1 +z when a’{(r,1+a) < V2 — 1.

Theorem 8 can be obtained by considering

2
R R
W(z)=2) —— — .
®=2L Grap * (k_zl (k+a)r>

Next, we will find the pair (r,a), such that the inequality a’(r,1+a) < v/2 — 1 holds
well. We discuss this part numerically with a fixed a and find a range of r. It is to be noted
here that {(7,1 + a) is not defined for » = 1. So, we will consider the case for r € (1,0).

e For r > 1, the inequality holds for r > ry5, where ro5 = 1.7085 is the root of

(0.5)7¢(r,1.5) = v/2—1in (1,00). The range of r with fixed a = 0.5 is presented

in Figure 4.

e Finally, for any a > 0, there exists r,, the root of a"((r,1+a) = V2 —11in (1,00)

such that a’{(r,1+a) < /2 — 1 for r > r,. We consider a few arbitrary values of a

and determine r,. The outcome is presented in Table 4. It can be observed that 7, is
increasing along with a.

(0.5 i r, 1.5)
1.0F
DEBE

-:l.ﬁi

0.4F — (0.5 {1, 1.5)
0af \ —

.
1 3 4 5

Figure 4. Range of r with fixed 2 = 0.5.

Table 4. Range of r for arbitrary a.

a Ta a ta
0.001 1.00024 0.01 1.02208
0.05 1.09511 0.09 1.15867
0.1 1.17379 0.2 1.31624
0.33 1.48966 0.5 1.7085
0.75 2.0236 1 2.33521
1.25 2.64515 1.5 2.95417
1.75 3.26265 2 3.57076
5 7.25935 15 19.5408
20 25.6808 30 37.9605
40 50.2401 50 62.5197
100 123.917 500 615.096

Theorem 9. Suppose that p > 1/2. Then, the polynomial B"@,(z,t, ) < P, (z) provided

/31T<§(r—1,ﬁ;1>—§<r—1,n+ﬁ;1)> <1 (18)
In general, B’ ®(z,1, B) < ®n,(z) when
ﬁl—fg(rLﬁ;l) <1 (19)
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Next, we need to find out the existence of (B,r,1) and (B, r) for which the inequalities
(18) and (19) hold well. We answer this problem numerically.

e Casel: (1/2,2,n): Taking B = 1/2 and r = 2, we will try to find the range of n for
which the inequality (18) holds. The numerical values for different n are tabulated in
Table 5.

It is clear that for n > 762, the inequality (18) failed.

e Casell: (1/2,3): In this case, we consider = 1/2 and r = 3 to validate the inequality
(18). The numerical values for different n are tabulated in Table 6.

It is clear from Table 6 that the value is increasing with n, but if we take n — oo,
we have

S a(kp+1) 1 & (ki+1) 1 ) B
; (k+a) gg 1) 3—32(215(3)+n 32)_0.097275. (20)

Thus, in this case, inequality (18) holds for all n and inequality (19) is also true. This
case implies

% @(2,3, %) < dp,(2).

Table 5. Validity of inequality (18) for f =1/2 =aand r = 2.

1 0.166667 2 0.246667 3 0.297687 4 0.334724
5 0.36365 6 0.387318 10 0.45346 20 0.542364
40 0.630341 100 0.745748 761 0.999961 762 1.00013

Table 6. Validity of inequality (19) for p =1/2 =aandr = 3.

1 0.0555556 2 0.0715556 3 0.0788442 4 0.0829594
5 0.085589 6 0.0874097 7 0.088743 8 0.0897607
9 0.0905626 10 0.0912105 11 0.0912105 12 0.0921927
13 0.0925737 14 0.0929018 15 0.0931871 16 0.0934375
17 0.0936591 18 0.0938565 19 0.0940335 20 0.0941931

6. Results Involving Incomplete Gamma Function

Our next example involves incomplete gamma function. The Euler’s integral form of
gamma function is defined as

I'(a) = / i @1)
0
The incomplete gamma function arises by decomposing the integration (21) into two
parts as

'z
v(a,z) = / ettt (22)

J0
I'(a,z) = / et dt, (23)

z

The function 7(a, z) is well-known as a lower incomplete gamma function and I'(a, z)
is an upper incomplete function. Next, define the function I'(a,z1,2) = I'(a,z1) — T'(a,22).
Then,

Z
I'(a,z1,22) = / T et g, (24)
21

151



Mathematics 2024, 12, 2869

Theorem 10. For B > 1/2, the function

1 z7VB_ /1
§+ 3 F(‘B,O,z)-<<DNE(z).

Proof. From (24), it follows
-1/B -1/ ,z 1
z r<1,0,z>=z e tF Lt
26 p 26 Jo
B o (K pzo 1
_Z Z( )/tk+ﬁ1dt
0
1

26 &K
VB @ (—1)k
o Kokt

Thus,

Now,

< kB+1 1 181 e—1
+y P = Y g = 5 = 0859141 < 1.

Finally, the result follows from Theorem 5. O

The result stated in Theorem 10 is visible in Figure 5 for § = 1/2and = 1.

10

05F

0.5

stk

-10}

(@)Forp=1/2

(b)Forp=1

Figure 5. Graphical interpretation of Theorem 10 for different 3 =1/2and p =1.
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7. Results Involving Bessel and Modified-Bessel Function

Next, we consider a function involving well-known Bessel and modified-Bessel func-
tions, which have series form

o) 1)n 2n
; (nt+o+1) (26)
o) ZZn

IU(Z ? ; 'T(n+v+1) (27)

For further use, we recall here the notation (x),, the well known Pochhammer symbol,
defined as
I'(x+n)

(X)p=x(x+1)...(x+n—-1) = )

Theorem 11. Suppose that B > 1/2 and « > 0. Then, the functions

1-a—p
Tup(z) = 5+ T+ Bz 2 Lipa(2v3) < () 8)
1 1 1=
Jup(z) = 5+ 5T(a+p)z ]uc+/3 1(2vz) < P, (2), (29)
when
BT (a+ B)lutp(2) + oFi(a+ B;1) < 3. (30)

In particular, for p = 1/2, the result holds for & > wg(1/2). Here, ap(1/2) = 0.532446 is
the solution of

Ia+ %)1“%(2) +20F (zx + %,1) —6. (31)

Proof. From the series (27), it follows that

“—ﬁ
L p(z) = %+% (a+B)z Liyp-1(2V/2)
1 1 ad Zz"
=273 Ta+p) 2 n'T(n+a+pB)
=1+HZ::1 oc—l—,B)

Similarly, from the series (26), we have

1 00 _17’17’1
Tt =13

Now, define

1o pn+1
52 o+ B)n

It is easy to verify that for any fixed p > 1/2, the function h(«, B) is a decreasing
function of a. Our aim is to find the range of a for which h(a, ) < 1forall p > 1/2.
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A careful re-arrangement of terms of h(«, f) along with (27) leads to

_Bv n 1 & 1
B =5 Nt 2 X
_ B¢ T(a+B) 1
_5,1;1( —D)IT(n+a+p) EE tx—i—ﬁ)
_ Br(a+p) 1 1
2 Z Thitltatp) 2 (oFl(a+ﬁ1)—1>

1
— 5 (B p)1es@) + oRi (a4 pi1) - 1).
Thus, h(«, B) < 11is equivalent to

BI(a+ B)Latp(2) + oFr(a+ ;1) < 3. (32)

For a fixed B, the inequality (32) holds for « > ag(p), where ay(B) is the root of the
equation

Br(a+ B)luip(2) + oFi(a + ;1) =3.

The root ap(B) depends on B and decreases for increasing . Thus, the result holds for
all B> 1/2and & > ap(1/2). This is equivalent to « > a((1/2) = 0.532446, where a(1/2)
is the root of

o+ %)I‘H%(Z) +20F (a+ ;1) = 6.

The inequality (32) reduces to

r(zx+%)1a+%(2)+20F1(zx+%;1) <6. (33)

This completes the proof. [J

One of the most important functions in the literature is the generalized and normalized
Bessel functions of the form

1171 n

i S 34
P b, C = p+ h+1) n!’ (34)
where b € R, such that p+ (b+1)/2 #0,-2,—4,—6,. ...

The function U, ;, . yields the Spherical Bessel function for b = 2, ¢ = 1 and reduces
to the normalized classical Bessel (modified Bessel) functions of order p whenb =c =1
(b = —c = 1). There is a large amount research related to the inclusion of U, in different
subclasses of univalent functions theory [11-16] and some references therein. In [11],
the lemniscate convexity and additional properties of U, are examined in detail. The
lemniscate starlikeness of zU), is discussed in [1].

For this study, we introduce the function U, j, s defined as

© —1)cn P
Vppeple) = Y D=

L v i p )

We note here that U, ;,1/2(2z) = U, 5,c(z). Now, we state and prove the following
result involving U, j, ¢ g
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Theorem 12. For B > 1/2, the function B, ;. 5(z) < Pn,(2) if

5|C|‘sz+1,b,\c\,ﬁ(_l) + 4(P + % + ﬁ)‘ﬁp,b,k\,ﬁ(_l) < 16<p + % + :B) (36)
In particular, Uy p, .(z) < ®n,(2) if
|C|Up+1,b,\c|(_1) =+ 8(p + b%l)Up,ch\(_l) <16 (P + b%) (37)

Proof. The proof is based on Theorem 5. Let us denote

(=1)"c"
4n(p+ 5+ B)unt’

U(n, B) =

Then,

- ”ﬁ+1)| " l
1(n[3+1|ﬂ.n/3 ; "(p+t +ﬁ)
"(p+ 5§+ B)an

e E
A AP+ B(n =1 T
_ Bl v o[- .- ]
— _|_ PR bl
4<p+§+ﬂ> n;l 4”*1(p+1+%+‘8)n_1(n71)! n;l 4n(p+%+ﬂ)nn!
_ Blcl

=21 9 (-1)+9 (-1) -1
p+1b,c|,B p.b,lcl.p
4(p +5+ ﬁ)

agh

n

‘ n

Now, inequality (11) holds if

Blc|

T (-1)+2 (-1)—-1<1
p+Lb)c|,B pb.lcl,B

4(;7 + % + ﬁ)

After a routine simplification, we have
Bl 1p)elp(—1) +4(p+ 5+ B) Ty p(—1) <8(p+5 +B). (39)

As stated before, if B = 1/2, then U, 15,¢,1/2(2) = Uppc(2). Thus, taking g = 1/2in
(38), we have U, ;, (z) < P, (z) if

e[V i1 (1) + s(p + b%l)uplm (—1) < 16(p + “Tl) (39)
This completes the proof. [

The normalized form of the classical Bessel and Modified Bessel functions as defined
in (26) and (27) are given as

Z—U 00 ( 1 nzn
JU(Z) = -0 F(U+1 ]U = 204111,11 U+1) (40)
n=
va [e]
Lo(z) = 55T (0 + Dh(Vz Z;()Mn, v+1) (41)
n—=

Notice that J,(—1) = I,(1). Now, by takingb = ¢ = 1and b = —c = 1in (39), we
have the following result from Theorem 12.
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Corollary 1. For v > vy, the subordination J,(z) < ®n,(z) and I,(z) < Pn,(z). Here,
vo = —0.5791 is the root of the equation

S(p): I, () +8(v+1)1,(1) —16(r+1) =0. (42)

We calculate the value of vy using Mathematica Software and the validity of inequality
can be observed from Figure 6.

‘ 40t

Figure 6. The graph of 6().

We visualize the subordination J, (z) < ®y,(z) and I,(z) < @y, (z) for v = vy, —0.5,0.5,
and present it in Figure 7 and Figure 8, respectively. We further note that

J_05(z) =cos(vz)  Jos(z) = Sm(\/\g/z)
I_o5(z) = cosh(vz)  Ios(z) = smh\/(;f)

05 \ 5 = o5l
v o[ ]?}'.‘ 15 0.5 s
-0 vJ 05 ‘ i - —0.51

(¢) Forv =05

(a) Forv =1y (b) Forv =—-0.5
Figure 7. Image of J, (D) for v = vy, —0.5,0.5.

(a) Forv =1y (b) Forv=10.5 (c) Forv =0.5
Figure 8. Image of I,(D) for v = 1y, —0.5,0.5.
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8. Results Involving Confluent and Generalized Hypergeometric Function
The well-known confluent hypergeometric function 1 F; («, B, z) is represented by series

1F1(aq, a2,z Z (43)

Here, ay # —1,—2,.. .In the context of geometric functions theory, the confluent hypergeo-
metric functions has a high significance. Miller and Mocanu [17] proved that Re 1 F; (a1, a,z) > 0
in ® for real a; and way, satisfying either &y > 0 and ap > &y, or a7 < 0 and ay >
14 4/1+ tx%. Conditions for which Re1Fj(aq,a2,z) > 5,0 < § < 1/2 are obtained by
Ponnusamy and Vuorinen ([18] Theorem 1.9, p. 77). In addition, they established that
(aa/aq)(1F1 (1, 2, z) — 1) is close-to-convex of the positive order with respect to the iden-
tity function. A connection between the confluent and lemniscate is established in [19,20]
and the references therein.

Now, we state and prove a result involving 1 F.

Theorem 13. For p > 1/2, the confluent hypergeometric function 1F;(1/2; B+ 1;z) < ®n,(2),
provided

B1F (;;/ﬂ +2;1) +2(B+1)1F (;;ﬁ + 1;1) <4(B+1). (44)

Proof. By following the notion of Theorem 5 and series (43), we have

i (Br+1)(3),  piR(3p+21)

1
(1+p),n 2(8+1) +1F1(2;[3+1;1>—1<1 (45)

when the hypothesis (44) holds. The conclusion follows from Theorem 5. [

Remark 3. Let us denote
TB) = prfa( 51 +2:1) + 206 + V1R 5B+ 151) ~4(5 +1).

Numerical calculation provides 3(1/2) = —0.252904 and from Figure 9, it is clear that 3 (p)
is a decreasing function of p when p > 1/2.

Thus, the inequality (44) holds for all B > 1/2, and hence the condition (44) can be relaxed
from Theorem 13. However, as we are not able to prove this inequality analytically, we keep the
condition (44).

SFiB)

Figure 9. Graph of ().

Our last example is on generalized hypergeometric functions.
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Consider 6 1)
) = )+ 1
substituting in (11), we have
i (nB+1)|A(n, B)| = (5_1)1F2(§;ffl’ﬁ+2;1) +1BR(B-LE A+, (46)

Here, 1 F, is known as generalized hypergeometric functions. The generalized hyper-
geometric functions denoted by

an(alIQZ/-~-1am;bl/b2/---/bn;z)

with series representation

d (al)r(ﬂz)r ce
F.(ay,ar,...,a4;b1,b0,...,b,,2) = — 47
mEn(a1, a2 mr 7172 niZ) r;o (01)r(b2)r ... (by)r 0! #7)
where b;,1 < i < n are positive. The series (47) converges if
(i) Anyofa; 1 <j<m arenon-positive.
(i) m<n + 1, the series converges for any finite value of z and, hence, is entire.

Now, for B > 1/2, the graphical representation of the right side of (46) is given in
Figure 10. As the graph is asymptotic about the parallel line ¥ = 1, we have that

- —1)1E5(B;B+1,8+2;1
Y (n+ 1)[2(n, )] = £ )”(gfl BE21) L B(B—1:pp411) < 1.
n=1
1.00000 —
0.5 | 7
0.99996: //
L III(/
0.585854 - IIIIII
058882 L |/ | . . ,
200 400 600 800 I 1000

Figure 10. Graph of the right hand side of (46).

Based on this observation, we have the following result:

Theorem 14. For > 1/2, the generalized hypergeometric function 1F,(f — 1,8, +1;1) <
(I)Ne (Z)

9. Conclusions

The article presents several analytic functions that map the unit disk to domain that
are subordinated by lemniscate and nephroid curves. Analogous problems involving
subordination implications have been examined previously [2,3,5,6,11,20-23]. The current
article adopts the concept of subordination as its primary approach. In the context of
subordination by ®y,, we have established an extremal function. As far as the author is
aware, there is no known result in geometric functions theory involving incomplete gamma
functions. Likewise, there is no evidence linking Lerch transcendent to the lemniscate and
nephrooid domains. Both relations are established in this work. The relation of the Bessel
function and modified Bessel function with nephroid domains is also presented.

The results also establish following:
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1. f(D) C Pi(D) NPy, (D): This is the easiest example because of the large intersecting
parts between P; (D) and @y, (D) and the existence of such a function is evident in
Figures 2b-d and 5b (Involving incomplete gamma function), Figure 7c (cos(1/z)),
and Figure 8c (cosh(v/z)).

2. f(®) C PiI(D), but f(D) £ Py,(D) : This is the toughest part to establish as an
example, as a very small section of P;(9) is out of @y, (D), but we have been able to
construct an example in Figure 2a,e.

3. f(®) C PpN,(D), but f(D) ¢ Pi(D): Figure 5a ((Involving incomplete gamma
function), Figure 7b (cos(4/z)), Figure 8b (cosh(4/z)), Figures 7a and 8a.

Finally, we remark that we were restricted by using only a few examples. Using
Theorem 5 and series representation of functions, we can include many other functions
such as Struve functions, Gaussian hypergeometric functions, and Bessel-Struve functions.
Funding: This research received no external funding
Data Availability Statement: Data are contained within the article.
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Abstract: In this work, the author reviews the origination of normalized tails of the Maclaurin power
series expansions of infinitely differentiable functions, presents that the ratio between two normalized
tails of the Maclaurin power series expansion of the exponential function is decreasing on the positive
axis, and proves that the normalized tail of the Maclaurin power series expansion of the exponential
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1. A Short Review of Normalized Tails

In April 2023, Qi and several mathematicians considered the decreasing property of
(u)

the ratio £/ on (0, %), where

G(u)
3(tanu — u) T
In22 2= =
Fuy= 4P~ @ 0<lul<3 (1)
0, u=2~0
and
tanu 7T
In , 0<|ul < =
Gy =" 05 IS3 @
0, u=20
are both even functions on (—7%, 5 ). The reason why we investigated the ratio % and its

monotonicity on (—7%, ) was stated in [1] (Remark 10).

By the study of the ratio P 5 [1], the authors observed that the functions
y y G(u)

tanu 3(tanu —u) tanu —u
and " =53 @)
are closely related to the first two terms in the Maclaurin power series expansion
* 2% (2% —1) , ur o 2u® 17w T
t — — 7 |B: 2j-1 _ _ - - cee, —, 4
anu P> 27 | Baju ut o+t toE T |u| < 7 4)
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where the Bernoulli numbers B; are generated by

u oyl u u?
—y Bt -t iy, 2. 5
et~ LB =1y T LBy Ol <2 ©

Motivated by the above observation, basing on the first two terms in the Maclaurin
power series expansions

0 2j 2 4 6 8

u u u u u
— Y P T R R
cosu ;)( 2 2 "24 720 @080 M€ ©)
and
0 o241 3 5 7 9
u u u u u
1 = —1]7: —_ — _— — — R, 7
st Jg( Vi~ 6t 120 5040 T 362880 we @
Qi and his coauthors further constructed the even functions
2(1 —cosu)
0, u=0,
In 2(lfczosu) -
- ur T,
Incosu ' 0 <fuf < 27
1
6, u=020; (9)
T
0, u= j:E,
6(u —sinu)
| , 0 ;
2 < luf <eo (10)
0, u=20,
and
6(u—sinu)
3
—a e N
3
E/ u= O/
0, u==rm

in the papers [2,3], respectively.

For generalizing the above observations, in the papers [4-7] and [8] (Remark 7), Qi and
his coauthors introduced the concept of the normalized tails (also known as the normalized
remainders) of the Maclaurin power series expansions (6) and (7) by

(2n)! nl - u?
-1 cos U — —1)Y——1|, u#0
CosRy,(u) = = u?n ];:)( ) (2/)! :
1, u=20
and
(271 + 1)' . n—1 u2j+l
)" |sinu — — : , u#0
SinR, (u) = = u2ntl j;)( (2j+1)! :
1, u=20
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forn € Nand u € R. These two normalized tails are generalizations of the functions

cosu 2(1—cosu) cosu—1 sinu  6(u—sinu) sinu—u

cosu = = —
1’ u? —u2/2 "’ u ’ u3 —u3/6

which appeared in (8), (9), (10), and (11), respectively.
In [9], basing on the Maclaurin power series expansion (5), Qi and his joint authors
invented the normalized tail:

1 2n+2)!'| u u & u?l .
y2n=+2 e”—1_1+§_];B2j(Tf)! el

Bony2

1, u=0.

Through studying this normalized tail, some new knowledge about the Bernoulli polyno-
mials was obtained in [9] (Proposition 1) and the arXiv preprint at https:/ /doi.org/10.485
50/ arxiv.2405.05280.

On the basis of the Maclaurin power series expansion (4) and utilizing the idea and
thought mentioned above, Qi and his coauthors introduced the following normalized tail

(2n)! 1 B ”il 221 (2%1 —1)
221 (22n - 1) | By [u?n—1 =1 (2))!

1, u=0.

2j—1

T
|Baj|u , 0<|ul < 5

This normalized tail is a generalization of the functions in (3), which appeared in (1) and (2).
Qi and his coauthors have investigated this normalized tail in a forthcoming paper.

In the paper [10] (p. 798) and the handbook [11] (pp. 42 and 55), we can find the
Maclaurin power series expansion

a1 — i 2HF2(222 —1)(2j 4+ 1)
F= (2j +2)!

|Byjsa|u? (12)

for |u| < %. Basing on the series expansion (12), imitating the above observations, and
employing the above initiating idea and thought to define the normalized tails, Zhang and
Qi built the normalized tail

n—1 920+2 (22£+2 —1)(20+1)
5 20
(2n+2)!|tan u—é; 20+2)! | Baga|u
(1) = = , u#0
221+2(221+2 1) (21 + 1)| Bop 2| 2"
1 u=20

forn € Nand |u| < Z in the paper [12].
Considering the relation sec>u = 1 + tan® u, we reformulate the normalized tail

hy(u) as
n—1 22€+2 (225-"—2 o 1) (26 + 1)
2n +2)! |sec? u — B 2
- (2n+2)!|sec”u E) 20+2)! |Bagtau
u) =
" 22n+2(22042 121 + 1) | Bop 2| u2" , uF0
1, u=20

forn € Nand |u| < Z. Hence, the quantity /,(u) is also the normalized tail of the

Maclaurin power series expansion of the square sec? u about u = 0.
In [13] (Section 5), the authors summed up the above ideas and thoughts to design
normalized tails as follows:
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Suppose that a real function f(u) has a formal Maclaurin power series expansion

0 (0) 13)

b

M

flu) =

]
If F("+1)(0) # 0 for some n € Ny, then we call the function
n u]'

flu)— Zf@(m.], u#0

=0 7!

1 (n+1)!
Flr1) Q) unt

1, u=20
the normalized tail of the Maclaurin power series expansion (13).

2. Motivations of This Paper
It is well known that .
0 ]
u __
e—ZF,MGR (14)
j=0 7"

and that, for n € Nand u € R, the quantity

is called the nth tail of the Maclaurin power series expansion (14).
In the paper [13], the authors designed the normalized tail

n!
fulu) = {u"R”(”)’ v (15)
1, u=20

for n € Nand u € R. The main results of the paper [13] include the following information:

1.  The normalized tail f,,(u) for n € N is an increasing and logarithmically convex

function of u € R;
2. The logarithm In f, (u) for n € N was expanded into a Maclaurin power series;

3.  The function

7

In f, (u)
. u#0

1

- =0
n+1’ "

for n € Nis increasing in u € R;
4.  The inequality

‘ , 22
0 1 ] © 1 ] ad 1 /
e e R e "

is sound for n € Nand u € R.
The inequality (16) is equivalent to

% 1w & 1 w
PO e o B e = i
Pl 1w
o =0 (T !
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for k,n € Nand u € R. What is the limit of the ratio between two series on the right hand
side of the inequality (17) as k — o0? See the second problem at the website https://math.
stackexchange.com/q/4956563 (accessed on 11 August 2024).

In the paper [13], the authors did not mention the positivity of the normalized tail
fu(u) forn € Nand u € R. When u > 0, it is immediate that R, (1) and f,(u) are both
positive for n € N. When u < 0, the inequality e* > Y/ , ';C—’,{ is valid for odd n € N and
reverses for even n € N; see the paper [14] and the closely related references therein. As a
result, the normalized tail f, (u) is positive forn € Nand u € R.

Let I C R be an interval. A real infinitely-differentiable function f(u) defined on
I is said to be absolutely monotonic in u € I if and only if all of its derivatives satisfy
FU(u) > 0fork € Ngand u € I. A real infinitely-differentiable function f(u) defined
on [ is said to be completely monotonic in # € I if and only if all of its derivatives
satisfy (—1)kf®) () > 0fork € Nyand u € I. When I = (0,00) or I = [0,c0), one
can refer to plenty of classical investigations on absolutely (or completely, respectively)
monotonic functions in the chapters [15] (Chapter XIII) and [16] (Chapter IV) and in the
monograph [17]. In the papers [18-20], the authors invented the notions of logarithmically
absolutely (or logarithmically completely, respectively) monotonic functions.

In this paper, we aim to discuss the decreasing property of the ratio % inu e (0,00)

and the absolute monotonicity of the normalized tail f,(u) in u € R for n € N. This paper
is a continuation of the paper [13].

3. Lemmas

For attaining our aims, we need the following lemmas, including two monotonicity
rules for the ratio between two Maclaurin power series and for the ratio between two
definite integrals involving one parameter.

Lemma 1 (Monotonicity rule; see [21], [22] (Theorem 4.3), and [23] (Lemma 2.1)). Let
aj,bj € R for j € Ny be two real sequences and let the Maclaurin power series

U(t) = iajtj and V(t Zb it

j=0

be convergent on (—r, ) for some positive number r > 0. If b; > 0 and the quotient Z—; is increasing

for j € Ny, then the quotient % is also increasing on (0, 7).

Lemma 2 ([24] (p. 502)). For m € Nyand t € R, we have
m o yj pm+1 1
R — 2 - |14t m+1 Gt(1-s) )
il =t m+1)![+/os e

Lemma 3 (Monotonicity rule; see [25] (Lemma 9)). Let the functions U(s), V(s) > 0, and
W(s,t) > 0 be integrable in s € («, B).

1. If the quotients W and E ; are both increasing or both decreasing in's € («, B), then
the quotient
R(E) = JPW(s, u(s) ds
ff W(s,t)V(s)ds

is increasing in t.
2. If one of the quotients W and E 3 is increasing and another one of them is decreasing

ins € (w,B), then the quotient R(t) is decreasing in t.
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Lemma 4 ([26] (p. 22, Problem 94)). Let a,, and b, > 0 for n € Ny be two sequences such that
the infinite series ) . but" converges for t € R and lim,_,c0 Z—Z = s. Then, the infinite series
Yoo ant" converges too for t € R; in addition,

I Yoo ant"

m
t—ro0 Z;)lo:() bi’l t"

Remark 1. In the paper [27], motivated by [28], Yang and Chu employed Lemma 4 to bind the
modified Bessel function of the first kind }_, ﬁ (%)Zn and the Toader—Qi mean

% /'71/2 acosz Gbsinze de.
J0O

4. Decreasing Property on Positive Half-Axis

In this section, we verify that the ratio % is decreasing in u € (0,00).

Theorem 1. For n € N, the ratio Z=11) jg decreasing in u € (0, c0).

S (u)

Proof. Making use of the Maclaurin power series expansion (14), we can write the normal-
ized tail f,(u) as defined by (15) for n € N as

(¢S] 1 ]
fu(u) =J§) (]:n)?,f ueR. (18)

Then, for u € Rand n € N, we have

R
furr(w) =0 DT 19)
falu) 1w

(H'n) qr

n

18

—

j=0

The ratio between coefficients of 1/ of two series in the above fraction is

11
il

bt O _Gm)! (1)t n1
(j+1n)j17 (J-;Tlrl) nljl (j+n+1)!  j4+n+1

and it is decreasing in j € Ny for given n € N. Considering Lemma 1, we conclude that
fuga (u)

the ratio AR is decreasing in u € (0, c0) for a given n € N. The proof of Theorem 1 is
complete. [

5. Absolute Monotonicity

In this section, we discover the absolute monotonicity of the normalized tail f, (u) in
u € RforneN.

Theorem 2. For n € N, the normalized tail f,(u) is an absolutely monotonic function in u € R.
Proof. When u > 0, from the Maclaurin power series expansion (18), it follows immediately

that the normalized tail f,(u) for n € N is an absolutely monotonic function in 1 > 0.
Utilizing Lemma 2, we arrive at

1
ﬁmu:1+u/zﬂ&“ﬂdu ueR (20)
0
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and f,(0) =1 for n € N. For m € N, a direct differentiation gives

A () = e { /1 "(1— o)™ ”“’dv—i—m/ (1—0)" e ™ do

—m / )" ldo, u—0
m!n!
- (m+n)!
>0, m,neN.
Accordingly, in order to prove the absolute monotonicity of f,(u) inu < 0 for n € N, we
need to show
u fol v"(1—0v)"e " dv -

fol v"(1 —ov)m-le-udy

—m (21)

form,n € Nand u < 0.
It is easy to see that, via integration in part,

d e*llv

0

1 1
u/ v"(1—0)"e "dov = —/ v"(1—o)"
0 0

for m,n € Nand u < 0. Applying Lemma 3 to

1
do = / [0"(1—0)" e " dv
0

W(u,0)=e >0, U =["(1-0)", V@)=0"(1-0)"1>0
forv € (0,1) and m,n € N, which satisfy that both

InW(ov,u)]  oW(v,u)/ou
ou - W(o,u)

and
U@ _ "a-o" _n
V(o) o*(1—-o)m1 o

are decreasing in v € (0,1), reveals that the ratio

u fol o"(1—-0v)"e "dv fol [0"(1—v)"]) e " do

fol (1 —ov)m-le-#dy a fol (1 —ov)m-le-#0dy

(22)

is increasing in u < 0 for m,n € N.
In light of Equation (22), we acquire

u fol o"(1—-0v)"e "dv fol [no" 1 (1 —v)" — mo" (1 —v)" 1] e * do
fol v"(1—ov)m-le 4 dy fol (1 —v)m~le " do
fO o' 1 Z) m e 4 dp

fo o ( 1—v)’” le-uvdo

—m

for m,n € Nand u € R. When u — —oo, making use of Lemma 4, we obtain

fo o= 1 ZJ m e 4 dp Cm ):Zlo f U"+k 1( )mdv

(D"
1H °°f o ( 1_U)m le—uvdy U——o Zzozo(_l)ku" fo o1+k(1 — v)m=1do
uk m(

200 wm\nrk—1)
. k=0 kT “(m+n+k)!
= lim

00 oo yk ) (m—1)!
B T
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1 m!(n+k—1)!
1 (ntk)!(m—=1)!
k' (m+n+k)!

= lim
k—o0

— 1
kg?on—i-k
=0

for m,n € N. Consequently, the inequality (21) is sound. The proof of Theorem 2 is
complete. O

6. More Remarks

In this section, we give some remarks about our main results.

Remark 2. By the definition (15), we acquire

(Vl+1)| eu _yn 1/[7] u__yvn L] 0’ U
fng1(u) untl =0 J! € j=0 7! 1, u—0
f (u) B n! (L u n—1 u - (71 + 1) u n—1 u ~
" (e - ) u(er-xgy) | net

—, u— -0
n

for n € N. Accordingly, Theorem 1 implies the inequality f,1(u) < fu(u) for u € (0,00) and
n € N. In particular, when n = 1, we acquire

2(e"* —1—u) - e —1

u2 u 7 uc (Or OO),

which can be further reformulated as

24u
2—u’

eu

ue(0,2).
Generally, utilizing Theorem 1, for n € N, we have

n—1 _k n
u u n+1 u
e <k§_oﬁ+mm, u e (O,I’l-‘rl). (23)

This inequality extends and refines an inequality

n—=1_k n
" u nou
I R TR @)

collected in [29] (p. 269, Entry 3.6.6). This demonstrates that Theorem 1 and the notion of the
normalized tail f,, (1) of the Maclaurin power series expansion (14) of the exponential function e
are significant in mathematics.

In the paper [14], Qi constructed many inequalities similar to (23) and (24).

Remark 3. Taking n = 1,2,3 in Theorem 2 gives that the functions

fi(u) = e —1’ fa(u) = 2 1-w)

u u?

o fau) =
are absolutely monotonic on R. These special cases are not trivial for u < 0.

Remark 4. In [15] (p. 369), it was stated that if f is a completely monotonic function such that
F®)(t) # 0 for k € Ny, then

a; =In[(=1)""1f0-V()], ieN
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is a convex sequence. By virtue of this conclusion or [16] (p. 167, Corollary 16), we see that the
absolute monotonicity of f,(u) in u € R for n € N in Theorem 2 is stronger than the logarithmic
convexity of fu(u) in u € R for n € Nin [13] (Corollary 1).

Remark 5. We guess that the ratio fs 1( L is decreasing forn € Nin u € (—0,0).
A direct differentiation on both szdes of (19) yields

b 1 w—! S 1 S 1 uf S 1 w1
{2 (nh - 1>!] [Eo (ft")f’] } [20 G 7 H,E 3 <f—1>!}

n+1

d |:fn+1<”)} _

fn(u) |:§ 1 uf:|2
SN (25)
o1 wl|y 1w S 1 W Q 1w
[; G ” LZ (i) ﬂ } L;O (”mﬂ L;o (”“)H
1 W
[Eo <ft”>f"]

foru € Rand n € N. Accordingly, in order to prove the decreasing property of the ratio f ot 1 for
n e Ninu e (—o0,0), it suffices to show that the inequality

© 1y 00 1 j| & 1 j
[Z (]+n);'l] = [Z]errlu 1 Z(]ﬁ-rz-&-l)?] (26)

j=0 ]O(n+1>] j=0

> 1 W
Z jEn+2y i1

j:O( n+1 )]'

is sound for u € R and n € N. See the first problem at the website https://math.stackexchange.com/
q/4956563 (accessed on 11 August 2024).

The case u > 0 of the inequality (26) can be easily deduced from the combination of Theorem 1
with the derivative in (25).

The inequality (26) can be rearranged as

i 1 ul i 1 w
Z j+n+2 ]! Z j+n+1 Tl
]':O ( n+1 ) ]:O ( n )
o 1w =7 1
I D Ve
j=0 (];rﬂl) i j=0 GONs

foru € Rand n € N. See the third problem at the website https://math.stackexchange.com/q/4956
563 (accessed on 11 August 2024). Accordingly, in order to prove the inequality (26), it is sufficient
to show that the sequence

(e} (e} . i
1 (j+1)u!
;O (]+11+]) ]l ]Eo (]'+Vl+1)'
Of: 1w of: uf
ST j=o U

is decreasing in n € N for u < 0.

Remark 6. If the guess in Remark 5 is true, making use of the limits in Remark 2, we conclude the
inequality f;‘ﬁg(?) < ”+1 forn € Nand u € R. Equivalently, the inequality

Ryy1(u) <1Rn(“)
untl nou"
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is sound for n € Nand u € R. Therefore, for n € N, the inequality

Ry (u) 1
u’ (n—1)!

N

is valid in u > 0 and reverses in u < 0.

Remark 7. Forn € Nand u € R, let

> 1 W& 1w > 1 W& 1 W
o= B s| Bt - (B 7l B ]

|
n+1 ) J* j=0 j=0 ( n+1 =0y

and

. . 2
© 1 u 1 W d 1 ul
i) = LZ ) ﬂl [E UM - LE (]%ﬂ] '

We guess that the functions G, (1) and Hy, (1) for n € N are absolutely monotonic in u € R. This
quess is stronger than the inequalities (16) and (26).

7. Conclusions

In this paper, we reviewed the origination of the notion of normalized tails of infinitely

fnf+é(t)¢)
(1
between the normalized tails f,,1(#) and f,(u) for n € N is decreasing in u € (0, ), as

well as proving that the normalized tail f, (1) for n € N is absolutely monotonic in u € R.
Moreover, the guesses posed in Remarks 5 and 7 are interesting in mathematics.

differentiable functions” Maclaurin power series expansions, presenting that the ratio
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1. Introduction

Let us consider a measure p supported on the subset of the complex plane 7.
In the vector space of polynomials with complex coefficients PP, let us introduce the
following inner product:

(f,8)c := MF(E)3(E) + /7 f(2)¢ @)du(z), MEEC, 1)

assuming that the integral exists. The inner product Equation (1) is called discrete—continuous
Sobolev-type, which is a particular case of the Sobolev-type inner products. Algebraic and
analytical properties and the limiting behavior of the families of orthogonal polynomials with
respect to Sobolev-type inner products have been thoroughly used for the last 25 years. For
an overview of this subject, see [1], or the introduction of [2] as well as [3].

Discrete—continuous Sobolev inner products were introduced in [4] to study the
behavior of the optimal polynomial approximation of absolutely continuous functions in
the norm generated by a Sobolev inner product as Equation (1). Later, in [5], R. Koekoek
considered the Laguerre case with dy = x*e *dx, « > —1, v = [0,400) and ¢ = 0. The
Gegenbauer case was studied by Bavinck and Meijer in [6,7], with du = (1 — x?)~1/24x,
A>-1/2,y=[-1,1]and & = —1land & = 1.

The families of orthogonal polynomials with respect to Equation (1) have been studied
as an extension of the Bochner-Krall theory (i.e., polynomial sequences which are simulta-
neously eigenfunctions of a differential operator and orthogonal with respect to an inner
product), see for the discrete—continuous case [8-10].

The starting point of our work is the orthogonality with respect to the Jacobi case. Let
(Qn) be the monic orthogonal polynomial sequence with respect to the Sobolev inner product

(f,8) = f(8)8(C) + [yf’(Z)g’(Z)(l —2)*(1+2)Pdz, @

where «, 3 € C, v is a path encircling the points +1 and —1 first in a positive sense and
then in a negative sense, as shown in Figure 2.1 in [11], M = 1and ¢ € C.
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Let us consider (P,E“'ﬁ ) (z)) as the monic Jacobi polynomials, i.e., the monic orthogonal
polynomial sequence with respect to the measure du(z) = (1 — z)*(1 + z)Pdz. Therefore,
for each ne N, P,S“”S ) (z) satisfies

/ PP ()61 — 2)¥(1 +2)fdz =0, k=0,1,...,n—1, ®)
8

and let IT, 1 ¢ be the polynomial primitive of (n + 1)P,5“’ﬁ )

n > 1, we have

that has a zero at ¢, i.e., for all

d
Myag@ =0, (@) = i+ DR (). @

Then, by definition of Qy, it is clear that I, 1 #(z) = Q,11(z) foralln = 0,1,2,.... Itis
straightforward to prove that the polynomial of degree n which is orthogonal with respect
to Equation (2) can be written as follows (one must consider Qp(z) = 1):

Qn(z) = (2= 8)Pu1(2),

where P, is called the polar polynomial associated with y (see [12]) and ¢ from now
on will be called the pole. Let us define the differential operator Lz : H!(7y) — L?(7) as

Lelf(2)] = (2) + (=~ ) 2 fi(2), ©

where H!(7) := {f € L?(v) : f'(z) € L?>(y)} is the Sobolev space of index 1. Taking into
account that Q,, is orthogonal with respect to the inner product Equation (2), we have

/ Le[Pu(z)]2F(1 - 2)%(1 + 2)Pdz = / (Pu(2) + (z— €)Ph(2))2"(1 — 2)*(1 +2)Pdz = 0,
7 7

fork =0,1,...,n — 1. Therefore, P, is the monic orthogonal polynomial of degree n with
respect to the differential operator L¢, and the measure dy (see [12-17]). In such a case, for
n € Ny, we have

Pu(z) + (z = €)Py(z) = (n+ )PP (2). ©)

The main aim of this work is to study algebraic (zero localization) and differential
properties of the polynomial sequences that are orthogonal with respect to the inner product
Equation (2) for the Jacobi weight case, which is a natural extension of the Legendre case [12].

In Section 2, we obtain several algebraic relations between the polar Jacobi polynomials
and the Jacobi polynomials and some differential and different identities related to the
polar Jacobi polynomials. Finally, in Section 3 we study the location of the zeros for the
polynomials P,,.

2. Algebraic Properties of the Polar Jacobi Polynomials

Let us start by summarizing some basic properties of the Jacobi orthogonal polynomi-
als to be used in the sequel to Chapter 18 in [18]

(!X,ﬁ)( )

Proposition 1. Let (Pn z ) be the classical monic Jacobi orthogonal polynomial sequence. The
following statements hold:

1. Three-term recurrence relation.

PR ) = 2= B PSP (@) — P @), m=0,1,..., @

with initial condition Pé“’ﬁ ) (z) = 1, and recurrence coefficients
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p* —a? B dn(aw+n)(B+n)(a+p+n)
atprom)atprant2) " wrpran—1)(a+pran)(atprantl)

:Bn = (
2. First structure relation.

d 19 X, = X, ~ 19
1- ZZ)EP,S Pz) = —nP"P (2) + B PSP (2) + 7. PF (2), n=0,1,..., @B

with coefficients

2n(a—p)a+p+nt+l) . _ dn(atn)(B+n)(at+pt+n)(at+pt+ntl)
(a+p+2nm)(a+B+2n+2)" " (a+B+2n—1)(a+p+2n)2(a+p+2n+1)

Pn =
3. Second structure relation.

P (2) = PR (2) 4 B, PP (2) + 7 PP (2), n=0,1,..., )

- (2n+2)(a — B)

B, = dn(n+1)(a+n)(B+n)
" (a+B+2n)(a+p+2n+2)

a+p+2n—1)(a+p+2n)(a+p+2n+1)

;5;71:_(

4. Squared Norm. For every n > 0,

@B 2 — [ (P (1)) (s _ 2P Il (a+n+ DI(B+n+ DI (a+B+n+1)
P (Z)H _/W(P” (Z)) w(za, p)dz = T(a+p+2n+1)D(a+p+2n+2) - 19

5. Second-order difference equation. For every n > 0,

2
(1- zz)%ﬂ(f“ﬁ) )+ (B—a—z(a+p+ 2))%1)},""@ (z) = —n(a+ p+n+1)PP (). (11)

6. Forward shift operator.

dilzpyﬁ”"ﬁ) (z) =nP" (), n=0,1,..., (12)

7. Asymptotic formula. Let z € C\ [—1,1]. Put ¢(z) = z + vz — 1 where the branch of the
square root is chosen so that |z +v/z2 — 1| > 1 forz € C\ [—1,1]. Then,

Pr(loc,ﬁ) (z) = (P:l/g) (c(zx, B, z) + O(n—l)), (13)

where c(a, B, z) is a function of a and B and x independent of n. The relation holds uniformly
on compact sets of C \ [—1,1].

Let us obtain the algebraic relations between the Jacobi polynomials and the polar
Jacobi polynomials.

Lemma 1. Forany «,B,¢ € C. The polar Jacobi polynomials can be written in terms of the Jacobi
polynomials as follows:

p(e1B1) () _ ple-18-1) ()

Py(z) = n+1 Z_§n+1 "
1 d _(« 2 1/d (& '
= cTE 0D /ﬁ>(z)+i_§(dzp,g ) - L ,ﬁ)(g))
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Hat PP () + 2LEECED) (pfeh o) pfe) ) . (15)
z—¢
Therefore,
(2= O)Pu(z) = PP (2) 4 B, PP) (2) + 7, PP (z) — P4 P70 (). (16)

Proof. From Equation (6), we have

d
(n+ P (2) = (= DPu(2)).
Therefore, by using the forward shift operator Equation (12), we have

(z—&)Pu(z) = (n+1) /g PP (2) dz — /é ) %(pjf;l'ﬁ‘”(z)) dz. (17)

From Equation (17), the identity (14) follows. Using Equation (14) and the second structure
relation (9) the expression (16) follows.

Let us now to prove Equation (15): by using the second-order differential Equation (11)
with n, a, B being shifted ton +1,a — 1, B — 1, respectively, and the forward shift operator
of the Jacobi polynomials, we obtain

(1= 2) LB () 1 (p—a—z(a+ BB () = —(@+ p+ P V(). a8)

By using the differential Equation (18) and the identity

f(2)8(2) = f(©)g(&) _ f(z) = f(&) (Z)+f(é‘)g(z)_ ()

8
z—¢ z—¢ ¢ z—¢

then Equation (15) follows and hence the result holds. O

The following additional property of orthogonality holds.

Theorem 1. The polar Jacobi polynomial P, with pole ¢ € C fulfills the following property of
orthogonality:

0, m #mn,

2 (19)
, m=n.

[ (2o + G =0 £ )PP ez, iz =

(n+ l)‘ P,g“’ﬁ) (z)

Furthermore, if n > 1, then

2PN 4+ DE(B+1) pla-15-1)

T(a+pB+2) w1 (@) m=0,

0, O<m<n-—1,
~ Ip@B) |7 _

n P _ 7 - ]- - 7

[e-0R @R @iz piz={ 1P @l o (20)
! Ba|[PP ()|, n=nm,
2

ool
0, n+1<m.

Proof. Taking into account Equation (6), we have
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d («B) . _ (@B) (_\ p(eB) .
L(Pﬂ(Z) +(z— (j)dZPn(z))Pm (2)w(z;a,B)dz = (n+1) /an (2) Py ™ (2)w(z; &, B) dz.

So, the first property of orthogonality follows. By using the relation (16) and considering the
property of orthogonality of the Jacobi polynomials, the second property of orthogonality
follows. Hence, the result holds. [

Theorem 2. The sequence of polar Jacobi polynomials (P, ) with pole ¢ € C satisfies the following
recurrence relation:

Pui1(2) = 2Pu(2) + anPu(z) + buPy 1 (z) + PP V@), n=01,..., (1)
with initial conditions P_1(z) = 0 and Py(z) = 1, and coefficients

(a+B—2)(ax—pB) b — dn+1)(a+n)(B+n)(a+B+n—1)

Mt praatpran+t2) " (atpran—Da+pran)2(atprantl)

Proof. Let the sequence (v, x) be such that

n+1

(z—8)Pu(z) = Y vuiPi(2),
k=0

where vy, 41 = 1.
Then, by using Equation (6), we obtain

=) (P@)+ + 1P () = (2=)(P2) + (2= O)Pu(2)))

n+1

= Z Vi k (Pk(Z) +(z— g);zpk(z)). (22)
k=0

By the property of orthogonality Equation (19), we have

n+1

vt [ (P2) + (= L) )PP e B b = v + 1) [iE 2

2
, (23)

form=0,1,...,n.
On the other hand, let us denote

Lim = [Y(z — g)P,Sf’ﬁ) (z) (Pn (z) 4+ (n+ 1)P,5“’/3) (z))w(z; , B)dz.

From the orthogonality of the Jacobi polynomials and the property of orthogonality (20),

we obtain
a—1,8— T(a+1)T(B+1)
_2a+ﬁ+1p( Lp-1) , =0,
. n+l 9 I'(a+p+2) . .
, <m<n-—1,
Ty = N . 2 (24)
—’yn(ua—i—,B—o—n—l)’P}g_’f)(z) , n—1=m
2w — B~ 2
(24=Ep. - e 0)) Pl =
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Thus, multiplying Equation (22) by P,Ef"ﬁ ) (z), integrating over 7, and using Equations (23)
and (24), we obtain

P;Sill ﬁil)(g)/ m =0,
0, O<m<n—1,
Vnm = o - b 1
’ 2 —by, m=n-—1,
(m+1) [P (2) _”IX_B
2nra) Pn 6 m=n

The expression (21) is obtained after a straightforward calculation. [J

A direct consequence of this result is the following.

Corollary 1 (The polar ultraspherical case). The sequence of symmetric polar Jacobi polynomials
with pole ¢ € C, i.e., the sequence of polar ultraspherical polynomial with pole { € C, satisfies,
namely Py, the following recurrence relation:

(n+1)2a+n—1)
(e +2n—1)2a+2n+1) "

Pua(z) + P V@), n=01,..., (25)

Pui1 (Z) = ZP”(Z) -
with initial conditions P_1(z) = 0and Py(z) = 1.

Another direct consequence is the fact that when one, or both, of the parameters is a
negative integer, we can factorize the Jacobi polynomial. In fact (see (1.2) in [11]),

Py (z) =(z — 1) P*P), (26)
P (z) =(z + 1)k P 27)

Remark 1. Since in some results we will consider the polar Jacobi polynomials with different
parameters and poles, to avoid such possible confusion, we will denote by Py (z; «, B; &) the polar
Jacobi polynomial of degree n with parameters « and B, and pole at ¢.

Corollary 2 (The factorization). For any positive integer k, the following identities hold:

Pyii(z—k, Bi1) =(z — 1Py (2) (28)
=D (E-DPaEk+2H)+ B D), @)
Pyik(ziw, —k; —1) =(z + 1) Py Vi (z) (30)
=(z+ 1)k (( +1)Pn_1(z;oc,k+2;—1)+P,‘;‘—1'k+1(—1)). (31)

Moreover, the recurrence coefficients satisfy the following relations:
k(=K B;1) = a1 (k+2,8;1),  byy(=k B;1) = by (k+2,5;1),
and
ay (e, —k;=1) =a,_1(a,k+2;-1), by x(a,—k;—1) =b,_1(a, k+2;-1).

Proof. The identities (28)—(31) follow by using the factorization of the Jacobi polynomials
Equations (26) and (27). In order to obtain the relation between the recurrence coefficients
defined in Theorem 2, we must use the former factorization(s), and after a straightforward
calculation the identities follow. [
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The last result of this section is due the parity relation of the Jacobi polynomials, i.e.,
PP (2) = (1) PP (). (32)

Lemma 2. Forany ¢ € C, the following identity holds:

Pu(z;a, B;¢) = (=1)"Pu(—2z; B, a; =0). (33)
Proof. Starting from Equation (14) and using Equation (32), we have
-1,6-1 -1,8-1 ~la-1 ~la-1
N 18 ) bl S ) RO AR 1% G ) el #E G )
n\=, %, M, > — C Z — g
pPat ) pplal g
=== —z— <—"§>1 = (=1)"Pu(=z B, &; —C).

O

3. Zero Location

Finding the roots of polynomials is a problem of interest in both mathematics and
in areas of application such as physical systems, which can be reduced to solving certain
equations. There are very interesting geometric relationships between the roots of a
polynomial f,(z) and those of f},(z). The most important result is the following.

Theorem 3 (The Gaufi-Lucas theorem [19]). Let f,,(z) € Clz] be a polynomial of degree of at
least one. All zeros of f}(z) lie in the convex hull of the zeros of the zeros of fy(z).

In this section, we are going to study the zero distribution for the polar Jacobi polyno-
mials. The next result, which was obtained by G. Szegg, is useful to estimate where such
zeros are located.

Theorem 4 (Szeg®’s theorem [20,21]). Let a(z) and b(z) be polynomials of the form
" n ! n
a(z) = ZCI[<£>ZZ, b(z) = Ebg<€>z[.
(=0 (=0

If the zeros of a(z) lie in a closed disk D and Ay, ..., Ay are the zeros of b(z), then the zeros of the
“composition” of the two

n n ¢
o(z) =Y asby e
=0
have the form A7y, where 7y, € D.

By using this result, we are going to locate the disk within which all the zeros of the
polar Jacobi are located.

Theorem 5. For any Ra, R > —1and § € C, the zeros of P, (z; a, B; &) lie inside the closed disk

D(0,2+ |¢]).

Proof. Starting from Equation (6) and assuming that
n n

a(z) = PP (w) = Y ek, c(z) = Pz, Biw) = Y
k=0 k=0
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where w := z — §, then ij, = (1 + 1)/ (k 4 1) . In order to apply Szeg'’s theorem, we consider

n n n+1 _
Z 7’l+1 k—z 7’l+1 wk:(w—l-l) 1
E\) k1" T Ak

w

If b(wy) =0, then |wy + 1| =1, so |z1| < 2+ |&]. Moreover, if a(z;) = 0, i.e., zp is a zero of
a(z), then |zp| < 1. Therefore, combining these inequalities and applying Szeg’s theorem
one obtains that if ¢(z3) = 0, i.e., z3 is a zero of ¢(z), then |z3| < 2+ |&| and hence the result
follows. [

In Figure 1, we illustrate on the one hand how accurate Theorem 5 is, and on the other
hand, we show the behavior of the zeros of the same polar Jacobi polynomial when the
pole travels along a specific circle (observe I = v/—1).

In Figure 2, we illustrate an example of Jacobi polar polynomials where the parameters
Ra < —1or NP < —1; therefore, the zeros of the Jacobi polynomial can move away from
the interval [—1,1] in a somewhat uncontrolled way. Therefore, Theorem 5 cannot be
applied in such a case. However, observe that in the considered example —2 < R(a + ) =
-1.95 < —1.

Figure 1. Left: Zeros of the polar Jacobi polynomial Psy(z;1/2,2;3 exp(27tkI/30)) fork =0,1,...,29.
Right: Zeros of the polar Jacobi polynomial P3(z; /3, r; 3exp(27tkl /23)) for k = 0,1,...,22.

The next theorem gives the location of the zeros of the polar Jacobi polynomial of
degree n and its multiplicity, or equivalently the location of source points and their corre-
sponding strength.

Y

Figure 2. Left: Zeros of the polar Jacobi polynomial P,(z; —1/2 + I, —1.45 — 1/2;exp(27tkI/30)) for

k=0,1,...,29 (dots) and zeros of the Jacobi polynomials P2(_1/ 2+1,-145-1/2) (2) (circles). Right: Zeros of

the polar Jacobi polynomial Py, (z; —1/2 + I, —1.45 — I /2;exp(27tkI/30)) for k = 0,1,...,29 (gray dots)

and zeros of the Jacobi polynomials P,§71/2H’71'4571/2) (z) (+,%, and circles) fork = 0,1,...,29,n = 3,4,5.
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Theorem 6. Forany Ra, RE > —1and ¢ € C. The following statements hold:

1. Ifg € C*isazeroof Py(z;a,B; &), then z = —( is a zero of Py (z; B, a; —C).

2. IfgeC*isazero ofPr(,“’ﬁ) (z), then { is a zero of Py(z).

3. The zeros of Py (z) have multiplicity of at most 2 and their multiple zeros are located on [—1,1].
4. All the zeros of P, (z) are located on the curve

@) ={zeC: P V) =BTV O )\ (@) (34)

Proof. The first statement holds true due to Equation (34), the second statement holds true
due to Equation (6), and the fourth statement holds true due to Equation (14).
Suppose that w is a zero P, of multiplicity greater than two; then, by (6), w is a zero

/
of P,S“’ﬁ ) and also a zero of (P,S“’ﬂ )) . Thus, w is a zero of multiplicity 2 of P,g“’ﬁ ), This is a

contradiction since the zeros of the Jacobi polynomials are all simple. Therefore, statement
3 holds true. [

Remark 2.
e Observe that the zeros of P, do not have to be simple. Let &+ = (1+2v6)/50r &— =

2
(1- 2\@)/5; then, the polar polynomial of degree two P(z;0,1,{4) = (z — #) , or

2
Py(z;0,1,&-) = (z - 1*5—\/6) .
e When the parameters are not standard, i.e., Ra < —1 or R < —1 then, by Corollary 2,

statement 3 of Theorem 6 is no longer true. For example, ifa = —4, 3 =1> 0,andn =5,
then Ps(z; —4,1,1) = (z — 1)*(z = 5/7).

We can establish the following result concerning the boundedness of the zeros of the
polar polynomials.

Lemma 3. Given § € C, let us define the two numbers Az := sup{|¢ —z| : z € [-1,1]} and
0g :=inf{|¢ —z| : z € [~1,1]}. Then, the following can be stated:

1. All zeros of the polar Jacobi polynomials with pole { are contained in |z| < Ag + 1.
2. Ifég > 1, the zeros of the polar Jacobi polynomials with pole & are simple and contained in the
exterior of the ellipse |z + 1| + |z — 1| = 2&, where 1 < & < &¢.

BN <

Proof. By Equation (14), the zeros of P,(z) are located in 25 (). Since |P, ",

Ag“, they are contained in the interior of the set ’Py(zi_ll’ﬁ - (2) ‘ = Ag“. It is known that

the zeros of Pr(li_ll’ﬁ _1)(2), namely x, 1, satisfy |x,. 1| < 1. Therefore, for any t € C,

such that || > 14 Az, we have

n n
-1,6—1
PPV @) =TTz = sl = TT 12l = xwsasl| > 827
k=0 k=0

Hence, the first statement holds.
Concerning the second statement, let z be such that |z + 1| + |z — 1| = 2«. From the
well-known arithmetic—geometric mean inequality, we have

n+1
(x—1,8-1) 1 ¢ +1
Pn+1 (Z)‘ < <71—|—1 1; |Z ~ Xn+1k <o
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If w is a zero of P, we obtain, in view of Equation (34),

p(“*l/ﬁfl)(w)‘ _

n
—1,6-1
e PPV @) = TTIE = xnsnel > 270 > a1,

k=0

Therefore, the result holds. [

The last result is about the asymptotic behavior of the zeros of the polar Jacobi polynomials.

Theorem 7 (Theorem 22 in [16]). The accumulation points of zeros of (P,) are located on the set
Z (&)U [—1,1], where Z({) is the ellipse

#(§) = {z€ C : z= cosh(log|g(§)| +i6), 0< 6 <27} = {zeC: [z+ V21| = (@)},

where p(z) = z+ V22 — 1.
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1. Introduction and Motivation

Harmonic numbers and their variants have been examined since Euler’s era for
more than three centuries and involved in many mathematical fields (cf. [1-6]), such as
the analysis of algorithms (cf. [7]) in computer science, various topics of number theory
(cf. [8-11]), and combinatorial analysis (cf. [12-14]). In this paper, we are going to review
a particular class of binomial series (cf. [15-18]) with a free variable “y” and harmonic-
like numbers. In order to proceed smoothly, it is necessary to go over some basic facts
about harmonic numbers, the “coefficient extraction” method (cf. [19-21]), and classical
hypergeometric series.

For the sake of brevity, we shall make use of the following notations throughout the
paper for Catalan’s constant and the Riemann zeta function (cf. [22]):

k 1

G= k; 2k—1 and {(m ; for m > 1.

1.1. Harmonic Numbers

For A € Rand m, n € Ny, the harmonic-like numbers are defined by

- n—1 1 ) _ n—1 1

H"’ A) = , m) ;

) = Ak T (T4 2k)m
n—1 _1\k n—1 _1\k

=0 L. = (1 +2k)m

When m = 1 and/or A = 1, they will be omitted from these notations. We also record the
following simple but useful relations:

H,"(3) =2"0,",  Hy =0, +27"H,"
1)y =20y, Ay =0 —2""H}".
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1.2. Coefficient Extraction

For n € Ny and an indeterminate x, the shifted factorials are usually defined (cf. Bai-
ley [23] §1.1) by

(x)o=1 and (x), =x(x+1)---(x+n—-1) for neN.

Let [x"]¢(x) stand for the coefficient of x™ in the formal power series ¢(x). Then, the
harmonic-like numbers can be expressed as coefficients extracted from factorial quotients:

1+x 1+x H2 —H{
WU g, HH
nt »y n! HZ4+HY
A=, = B R e I
(3 +%) (3 +%)
W 20, 0 a0 o)
2/)n 2/)n
(3)n (3)n 2
] 25— =20,, [¥*]-—2— =2(0i+07).
(2 = X)n (2= X)n
For a real number A € Z\N, it is not difficult to verify that
y
A+ x A
H(1) = 20 g (A

Y
In general, the following formulae hold (cf. Chu [5,21]):
m A= X)n _ ) m_ Mn )
[x ]W—Qm{—HH (A)} and [x ]m—ﬁm{Hn (A)}, 1)

where the Bell polynomials (cf. [24] §3.3) are expressed by the multiple sum

m + H<k> ( )\) }ik
© () {£H,
w(m) k=1
with w(m) standing for the set of m-partitions represented by (i, 1, - - , i) € NjJ subject
m
to the linear condition ) ki, = m.
k=1
1.3. Three yF; (y?)-Series

By making use of the “coefficient extraction” method, we shall examine three closed
formulae for ,Fj-series (cf. Chu [25]) convergent with |y| < 1 and establish several infinite
series identities.

A(x,y) 2h v ‘yz} = Z Mym = cos(2xarcsiny),

H(3)n - Vi-yoo
[x,1—x & (0)n(I—=x)y 5,  sin((2x —1)arcsiny)
] R Y A = TR

The above three equalities are analytic in the neighborhood of x = 0 and can be expanded
into Maclaurin series. For a real number A, m € Ny, and W € {A, B,C}, we denote by
Wi (A +x,y) = [x"|W(A + x,y) the resulting equality from the coefficients of x™ extracted
across the equality W(A + x, ). Then, numerous infinite series identities can be established

)
B(x,1) R | 1 —x ‘yz} _ i (X)n,(l — x)nyzn _cos((2x — 1) arcsiny)
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using the “coefficient extraction method”. The aim of this paper is to utilize the above
three series to review the summation formulae involving both the binomial coefficient and
harmonic-like numbers.

The rest of the paper will be divided into five sections in accordance with the bino-
mial/multinomial structures. Each section consists of several algebraic formulae for infinite
series involving harmonic-like numbers, which can be considered generating functions
(cf. Wilf [26]) for binomial sequences, together with the harmonic-like numbers. A number
of known results will be recorded for comparison, including several series conjectured by
Sun [27-29]. In order to assure accuracy, all the displayed equalities are verified numerically
through appropriately devised Mathematica commands.

2. Series with the Central Binomial Coefficient (%?) in the Denominator

This section is devoted to harmonic series with the central binomial coefficient in
the denominator.

2.1. Series from | A(x,y)

Since A(x,y) can be expanded into a power series of x, the initial coefficients give rise
to the following three infinite series identities, where | A4(x, y) | can be found in Sun [29]

(Equation 1.4).
Az(x,y) rg izzy(%;; = 2arcsin®y,
Ty, -ty
ZERIE- I (CERER R S

We remark that these series are examples of the formula discovered by Borwein and
Chamberland [30]. Some interesting numerical series are recorded as follows.

1+v5 _ 1-+5
2 T T

e Two numerical series from Ay (x,y): | ¢ =

© 2n
Ar(x, %) ) Z(P s = 2 arcsin? (%),
n=11 ( n )
— 00 =2n =
Ax(x, %) Y 24) — = 2arcsin” (g)
n=1 n ( n )

Their linear combination leads to the following identity conjectured by Sun [27] (Page 7):

i LZn o iz
n=1 n2(2r:l) 5 '

where the Lucas numbers are given by

Lyii=L,+L, 1 with Lp=2 and L1 =1

and can be expressed by Binet’s formula
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e Two further numerical series from A, (x, y):

o pn 21 ) \@
As(x, @) Zl e G(DZW) = 2arcsin? (Tq)),
n= n
- 0 5 =21 ) \@—
As(x, @) ; " ((PZn) = 2arcsin? (T(P>

These are refined identities of the following identity conjectured by Sun [27] (Page 7):

£ W _wm
n=1 ”2(27171) 5 '

where the V-sequence is defined by
Vit1 =5V — V1) with V=2 and V3 =5
and can be expressed by Binet’s formula
V= (V5)"{¢" + (-9)"}.

*  Analogous evaluations detected by Sun [28] (Conjectures 10.62 and 10.63):

© L 417(3) + 4721
Z 2n {H2n_Hn71}_ g( )+ T 1’1([),

=2 () 2
>V, 1247(3) + 2 In(5°¢°)

— I _Hpy, —H,_} = :
X ey (M ~Hoc) %

e Numerical series from A4(x,y):

n=1 nz (nn)
\@ > 3nH<2>_1 271'4
Ag(x, — n-1 _ ,
4( 2 ) n;] n2 (2: 243
[eo) 2n <2> 4
@ ¢"H, L, 277w
A D) = 7
4(xr 2) n;] n2 (2711 5000
3 [eo) =21 <2 4
go (P Hn_l 7T
A4(x/ 7) 2 =
2 = on2 3y 15000
e Numerical series from Ag(x,y):
IS 2 2 _mg@
A )| 3 ZAHEL)°—HL ) 21066)
n=1 n2 ( n ) 512
s oY )P -HY L s67(6)
AG(X/ T) ) o — 24 ,
n=1 n (n) 3
2] 3 ¢ {(H,)* —H"}  153097(6)
= nz (%) 125000
= © 2N H<2> 2 H<4>
A v 2 {( n_1>2 ) _ 215(6)
27 = n2 (%) 125000
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e Particularly fory = %, we deduce two numerical series

IS H<2 71.4
A4(x/ %) Z n-l = ’
Sn2 (2 1944
0o @ 2 )
A6(X l) Z anl) _anl — m°
e n2 (31 262440

The former is a combination of the following two formulae (cf. Comtet [24] (Page 89)
and Chu [20] (Example 3.8)):

>

=1

1 _wrt i H, 77t
nd (27 3240 — n2 (3") 1215

n

B

while for the latter, three refined formulae exist (cf. Chu [20])

© 7-3n*(HY)® 6516
)3 nb (3) 349927

n=1

Z 2H 31370
) ~ 612360

> 3n 4H -1 1637
= e (e 1360807

It should be pointed out that the last two identities were first found by Bailey et al. [31],
and amusingly, conjectured by Sun [32] (Equations 4.6 and 4.7) subsequently.

2.2. Series from| B(x,y)
Considering that B(x, ) is a power series of x, the initial coefficients yield the identi-

ties below.

Bi(x,y) Z

[e)

n=1
[ee]
(e )

Vi

" g 4y arcsin® y

N

2” _ 2yarcsiny
2

Bs(x,y) Z

=
—_

< Lo g | Syarcsin®y
—H = ==
Bs(xy)| ) y { REYRE : iRy 15714

=
—_

For comparison, we record five sample series conjectured experimentally by Sun [27],
where the fourth and fifth series were evaluated by Chu [20].

£ OH_T0)
=R 16 8

=25 2
3k(1+2kH;)  2m?

= k3(2kk) 3 In3,

X Hy +2H;  5(3)

X (%) 3

5 HY  7(5)+27(2)0(3)

=RelCy 9
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2.3. Series from | C(x,y)

By expanding C(x,y) into a power series of x, we record the following infinite series
identities from the initial coefficients.

_272 1—y2arcsiny,
11( 2n+1) y

ni

. 4,/1 — y?arcsiny

oo 2 ZnH 4 /17 )
y 2l :4arcsin2y—8—7y{arcsin3y—6arcsiny},
o 171 2n+1) 3y
oo H?
n 1 12 2 . 4 8/1—y2 . 3 .
=16 — 8arcsin” y + £ arcsin* y + ~¥-—2{ arcsin® y — 6 arcsiny ¢,
cliL. 1 T JE -

3

@ ) —HY 8 arcsin®y — 32arcsin?y + 64
Cs(x y) i (2]/)2” (Hn_l) -H,’, _ arcsin” y arcsin® y
, n=1 n(z,f) (2n+1) 812 . . . ] ,

5y [120 arcsiny — 20 arcsin’ i + arcsin® y

2 HY % arcsin® y — 13—6 arcsin? y + 64 arcsin® y — 128

o (2 )2" (H<2>71) —
Z 2 n(2n+1) : - 164/1—¢2

n=1 M + 15y [120 arcsin y — 20 arcsin® i + arcsin® y]

3. Series with the Central Binomial Coefficient (2:> in the Numerator

This section is devoted to harmonic series with the central binomial coefficient in
the numerator.

1
3.1. Series from | A (5 +x, y)

Since A (% + x, ) can be expanded into a power series of x, the initial coefficients give
rise to the following six infinite series identities.

1 - (Y\2"(2n |
Ao(3 +x,y) ;(2) (n>2n_1_ J1-9
1 o (Y (2n 2n ,
Ai(5 +x,y) 7;3(2) (n) - 1) = yarcsiny,
o @) -
1 Y\ (2n) [ Opq 1 _ /1—y?arcsin®y
AZ(z +x/y) 7,;(2) (T’l) m—1 (27/1—1)2 - ) ’
I ) .3
1 Y\ (2n nO,"  yaresin’y
As(3+xy) n; (2) (n) G =
o0 @) @) @) ,
A4y | L (Z)Z” (2”) 0,,)?-0,, B 20,7, _ \/@arcsm‘ly,
= RN 2n—1 (2n—1)2 —12
S (2 .5
1 Y\ (2n ”{(an n 1} _ yarcsin’y
As(3 +x,y) n;(z) (n> (anl) o

3.2. Series from | B (% +x, y)

Considering that B (% + x,y) is a power series of x, the initial coefficients yield the

identities below, where Bz(% + x,y) |is equivalent to the formula by Sun [29] (Equation 1.5).
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Bo(% +x,y)

By (3 +x,y)

B4(% + x,]/)

3

Bs(3 +x,y)

[7e

o 2

£ ()t

i (Z>2” <2n) 02 — arcsin®y

n=1 2 n 2y/1 _]/2/

2O (O or o - 5375
5"

) {(07) —307 0} +200} =

=
—_

arcsin® y

1200/1—y2

Unlike these series, there are two similar identities conjectured by Sun [29]
(Equations 2.4 and 2.5):

00 2
£ &op - 22

2k
L
k

V2

8

35v/2
64

< ) —

(3) nG and i

27(3

3V3

) nK

IR

The former was confirmed by the authors [33] (Theorem 19), while the latter remains unproven.

3.3. Series from

Ee)

By expanding C(% + x,) into a power series of x, we record the following infinite
series identities from the initial coefficients, which are particular cases of a more general

formula appearing in [30].

Co(3 +xy)

Ca(3 +x,Y)

Ca(z +xy)

Ce(3 +x,Y)

o (Y2 _arcsiny

E(z) < >2n+1 oy

> v 2n no arcsin3y

7; (2) ( >2n+1 6y

> v 2n 2—O,<14> B arcsinSy

n}; (2) ( > 2n+1 60y

i (y)h 2n\ (0)7)% — 3050} + 20, _arcsin’ y
= \2 n 2n+1 840y

For these identities, many numerical series related to them exist in the literature.

Numerical series fro

m Co(5 + x,y):

@) 3

Ca(3+%3) i(&)in)fl B ngs
(3 +x, %) 2 (;)n(zl)f? - 19Zjﬁ'
G +x%) 2(136)}1@3?281%’
adexd] £ (99N - o
aG+xd| ¥ (%)ZH iﬁff - ;30%'

=
—_

189



Mathematics 2024, 12, 2685

e Numerical series from Cy(% + x,):

0 1 \n (211) 7-[5
1 1 1 n @\2 _ @) _
Ca(z +x,3) ;(16) 2n+1{(0" )" = On } 233280’
i o (—1\" (Zn) 2)\2 @) 1n5(1+2\/§)
GG+xb| L =) pg{on-ol} = 22—,
n=
o q\n (211) 71.5
Ca(L+x, 2 o) 5= (07)? -0y
s +%9) n;l s) 2n+1{( V7o 3072012
2
o) (02)2 — ’<14>}:7T75,
] +1 7290v/3

O
G
_|_
Ryl
li\-/e
agk

817°
@2\2 @l _
(0')" — Oy } 105"

3
Il
—_

0
—
N|—
_I_
R
NS
S—
72
— — —~ — —
—_
o
~—
B
N
Py
2

5
@2 _owl . _T¢
(0) On } 3 x 100°

O
o
_l’_
=
'\\)‘_‘/SI
gk

3
Il
—

e The identity corresponding to | C4( + x, 1) | was refined by the following ones due to
Li and Chu [21] (Equations 30 and 32):

) °
( ) 2n+1 {30<4> * (2n i 1)4 } B 127;;[0'

2n
n (%) 2912 2 10917
( 6) T3 +(2n+1)4}_ 155520

i

where the former was experimentally detected by Sun [27] (Equation 1.50).
*  We remark that for the formula corresponding to C4(% +x, %), the following counter-
part exists:
e &) 1 7
V;) (2n+1)2(—16)k (2n+1)4} 7200
which was conjectured by Sun [28] (Conjecture 10.74) and confirmed in [5] (Equa-
tion 7).

° For comparison, we record below variant series involving skew harmonic numbers in
odd order, conjectured by Sun [27,28] and evaluated by Li and Chu [5,21]:

*  Sun [27] (Equation 1.43) and Li-Chu [21] (Equation 25):

{50 +

> (0 _ 57, o
o ont )16k 187

*  Sun [28] (Conjecture 10.71) and Li-Chu [5] (Equation 6):

- (Zn) 3 1 7T
L an i1 16)k{50i1>+1+(2n+1)3}:7§(3)‘

% Sun [27] (Equation 1.53) and Li-Chu [21] (Equation 35):

© (2 5 4 3573 100370
y o) - =),
= (2n+1 16"{33 n1t (2n + 1)5} 288 @)+ 9 ¢
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*

Sun [27] (Equation 1.56) and Li-Chu [21] (Equation 34):

o

497

24573
122 5 0)-

8
71e )~

(2n+1)3

&)
(2n+1)316F

{330, + b=

n:O

4. Series Containing the Binomial Coefficient (3;)

This secti

on is devoted to harmonic series with the binomial coefficient ( "). By in-

tegrating Lambert’s series and manipulating the cubic transformations for the 3F,-series,
the authors evaluated several similar series in a recent paper [34]. Adegoke-Frontczak-
Goy [35] evaluated different series without harmonic numbers.

4.1. Series from

Since A (%

Ao(%—i—x,y)

Al(%—i—x,y)

Az(%—i—x,y)

e

+ x,1) can be expanded into a power series of x, the initial coefficients give
Y p p g
rise to the following three infinite series identities.
i (‘Wz)”<3”> o cos(2amsing
= 3 ,
=0\ 27 n/)3n—1
1 2
% 3n (3)_ (§) In . ./ 2arcsin
Z;O ( ) < =1 + = 2arcsiny sin(=257),
n=
12 AP 3)-[md)-md)]
- 4]/2 n(3n . 23(3n—[1) : : } o 2 2arcsiny
Y (= Lo = —2arcsin” y cos(=—5—~).
n=0 27/ \n Con[(H-mB] o
GBn—1)2 Gn-1)

4.2. Series from

()

Considering that B(% + x,y) is a power series of x, the initial coefficients yield the
identities below.

Bo(3 +x,y)

Bl(%—i—x,y)

By (3 +x,y)

4.3. Series from

0 Lyz ”(31’1) B Cos(arcziny)
nX::() ( 7 ) n) 1— yz !
© 4}/2 n <3n> 1 5 ZarCSinysin(arCSBiny)
YA H,(1) -~ H,(2)) = ,
ng‘b( 7) n { (3) (3)} \/@
i (M)n(3n>{ H() + ) 2} _ 4arcsin®y cos(Y5Y)
=\27) \n —[Hn(%) _Hn(%)} N

(3es)

By expanding C (% + x,y) into a power series of x, we record the following infinite
series identities from the initial coefficients.
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© q2\n (30 1 3 sin (XY
C l_i_x, A ( > - S ’
o(3 +xy) n;(zﬁ n)2n+1 y
& 4yP\m (3n) Hu(3) —Ha(3)
1 Yy n\3 n\3
aG+xy)| Y (5) (n) 1
n=0
~ Bn (Tesinyy éarcsinycos (Hesingy,
y y
@1 (2) (2 1 2y12
Gt xy) i 4y \n (3n\ Hy'(3) + Hy' (5) — [Ha(3) — Hu(35)]
23 T4y 27) \n 2n+1
n=0
E(arcsir12y — 18) sin (XY 4 Barcsinycos (s,

5. Series Containing the Central Binomial Coefficient <2 )
This section is devoted to harmonic series with the central binomial coefficient (32)

1
A (1 +x, y)
Since A (% + x, ) can be expanded into a power series of x, the initial coefficients give

5.1. Series from

rise to the following three infinite series identities.

© 2\ (A 1 1T+ V1-y
Ag(f+x, ~ < ) = ’
oz +xy) 7;3(16) 2n)4n —1 V2
0o 2 M) i
T s n (4n 07,1 1 B yarcsiny
Az +xy) 2(16) <2n){4n—1+4n—1 B 7
o 2V2y /14 /1—32
. _ _ ) _
17 L \16) \2n 4n—1 4n—1 42 '

. 1
5.2. Series from | B (1 +x, y)
Considering that B(% + x,y) is a power series of x, the initial coefficients yield the

identities below.
2\n [4n 14+ 4/1—y?
) ( ) V21—

1
B0(4+x’y) = 21’1
(yz)” (411) o yarcsiny
1 2n = ’
167 \2n 22 T2\ /1+ /112
arcsin® (/1 + /1 — 12

Bi (3 +x,y)
n=0
) {o<222 _ ()gn} - TN

Ba(3 +%,y)
n=0
Among these identities, Sun [29] (Remark 2.8) recorded an equivalent formula for
B1(% +x,y) | (see [29]

and conjectured the following counterpart for

Bo(%er,y)
ﬂlr\(l —x).

Equation 2.16):
k 4k
) <2k> {02’< - Ok} T 2(2x—1)

<x(14— x)
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5.3. Series from | C (% +x, y)

By expanding C(}I + x,y) into a power series of x, we record the following infinite
series identities from the initial coefficients.

©0 2
yoN" (4n 1 \/i
Cg(l—i—x,y) — ( > = ,
1 E(16) 2n) 2n+1 1412

[ 2 n A o 2 .
a+xy| ¥ (%) 4\ Op 2y~ (1+ V1 y?)aresing
4 16 2n)2n+1 y\ﬁ 1+ﬂ

n=0
<y2 ) n(4n O<22;i - (_)%n _ 8y—4 (1+ 1—y2) arcsin y—y arcsin® y
16 2n n ’

2n+1 ,2%/5\/1 /12

CG+xy| )Y

n=0

. . . . . . . 6n 2n
6. Series Involving Trinomial/Binomial Quotient (n, 2, 3n) / ( " )

This section is devoted to harmonic series with a trinomial /binomial quotient.

6.1. Series from | A (% +x, y)

Since A (% + x, ) can be expanded into a power series of x, the initial coefficients give
rise to the following three infinite series identities.

o 2 n( 6n ) 1 )
Az +xy)| Y (%) n,22;:1,3n 1= —cos(T5H),
n=0 (n)
) 2 n( on ) H, 1 —H, 5 ) .
Ai(g+x,y) Z%)(%) nf{;in { (66),[,1 (5) + (636_”1)2 = 2arcsin y sin(F5Y),
n= n
(o () i(8) )]
o 2 a( by (B le) G () Hnlg
A 1+xl ¥y n,2n,3n 2(6n-1)
2ls 21p> <108> ) Cson[Ha(5)-HD)]  p1en

n=0

(6n—1)2 (6n—1)3

_ -2 arcsiny
= —2arcsin” y cos(—5—).

1
6.2. Series from | B (6 +x, y)

Considering that B(% + x,y) is a power series of x, the initial coefficients yield the
identities below.

o 2 6n 2arcsiny
1 YN (12n.31) _cos(=5—)
B0(6+x/y) n‘g’;(lOS) (2;1) = 1_]/2 p
- 2 on : . s2arcsiny
1 YN (n,2n,3n) 1y 5\ _ 2arcsin ysin(=——~)
Bi(}+x,y) 7;)(108) 3 () - Ha(3)} = s,
By (% +x,v) i (Lz)n (n,26:,3n) Hﬁ(%) +H§lz>(%) P 4arcsin2ycos(%)
2(g T X n—o 108 ey - [Hn(%) — Hn(%)} V12

6.3. Series from | C (% +x, y)

By expanding C(% + x,y) into a power series of x, we record the following infinite
series identities from the initial coefficients.

193



Mathematics 2024, 12, 2685

oo 2 . ¢2arcsiny
1 L n2n3n 1 o 35111(#)
o )H H, (2
&) z(%) "<;n+1"<6>
n=0
2 . 2arcs1ny 3 . 2 arcsiny
2 n(i3 ) yarcsmycos (73 ),

© on Y@ (1 @) (5 1 5112
1 (n.2m30) Hi' (§) +Hi' (3) = [Ha(5) —Ha(3)]
CEtoy| ), (108) @) 2n+1
18 arcsin y cos (m%) + 6arcsin? y sin (22— 27sin (m%)
y .

7. Concluding Remarks

By means of the “coefficient extraction” method, we succeeded in deriving several
algebraic formulae for harmonic series containing a free variable y. This fact is remarkable
since almost all of the binomial series conjectured by Sun [27-29] are numerical series
without variables.

7.1. General Forms of Power Series Expansions

For simplicity, throughout the paper, we examined Maclaurin polynomials only up
to x° for three functions A(x,y), B(x,y), and C(x,y). In fact, it is possible to expand
these functions to higher degrees. Here, we record three examples as representatives.
The remaining ones can be determined similarly.

e Coefficient of x2"+2 in A(x,y) (general form of Section 2.1):

)2m+2

Zy)z" @\ _ m (2arcsiny
)= O

»  Coefficient of x*" in B (% + x,y) (general form of Section 3.2):

(%) (2" 0u( - ) - oy 22

n=0

e Coefficient of x™ in C (% + x,y) (general form of Section 4.3):

=) 371 m
4
>3, L) (4 VS 1y (1 ()0 (~ B (3))
n=0 =0
. 1] k
3 . rarcsinyy & (—1) . N2k pm—2k
= Zgin 2arcsiny )6
(73 >k§0 @ 2
- (7] k
18 arcsiny\ & (—1) o N2k—1 m—2k
+ ?cos< 3 ) Lok 1)!(Zarcsmy) 6 .

7.2. Linearly Combined Series
Some of our series can be combined further to produce closed formulae for simpler series.

o | AG+xy)+A(GG+xy) — A3+ xy)

0 O<2> —
2 (%)ZH <2nn> Znn_—ll = yarcsiny — 1+ %{2 _ aI‘CSil’lzy},

n=1
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o |A(+xy)—A(i+xy)

i( )( >02n1_ 1+ 1_]/2_1+ yarcsiny .
4n —1 \/E \/g 1+ /1_]/2

n=1

2433 +xy) - Az +xy) — Az Fxy) + Ao +xY)

oo 2 0<2> -3 /1 1,2
7,22:1(%) (271)(”1 —1fyarcs1ny+yarcsm y_vi-y {Zfarcsinzy}.

2n —1)? 6 2

o Ay +xy)+241(5+xy) —240(F +x5,Y)

yarcsiny

= an\ 05, -0}, / )
HX::( )() o1 =2 1oy +f/71+
arcsin? yy/1+ /1 — 2

4v/2

o A3+ xy) +4A3(5 +x,y) —24A2(3 +x,y) —2A1(F + x,y) +24A0(3 + 1Y)

5 () (2) OO g s
2
n=1

" o —1 = 2 —2yarcsiny + 3

/1 — 12
_Vi=y {24 — 12arcsin® y + arcsin? y}.

12

2A5(% +x,y) — A4(% +x,y) —4A3(% +x,y)
+2A2(% +x,y) —|—2A1(% +x,y) — 2A0(% +x,y)

o 2 2 (4) 23 -5
y\2(2n\ (0,1,)7 - 0,1, . yarcsin®y yarcsin’y
Y (5) <n> z —2yaresing 3 e

n=1

/1 — 12
+ Ty {24 — 12arcsin® y + arcsin® y}.

7.3. Further Contiguous Series

Besides the three series A(x,y), B(x,y) and C(x,y) examined in this paper, sev-
eral contiguous series were evaluated by Chu [25]. For instance, the formula displayed
in [25] (Corollary 15) can be reproduced as

1+x1-— = (14+x)n(1=2x)n o,
Alxy) = 25{ v ‘ } Z )nI/Z
2 n=0 2)”
_ 3cos(2xarcsiny)  34/1 —y*sin(2xarcsiny)
(1 - 4a2) 2xy3(1 — 4x2) '

Three initial coefficients of the Maclaurin series in x are recorded as follows:
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n

y)? L V-
Z %) 2n+1 ont3) vy oY
Zy Y HY 2 , >
1B s - oty 7 ],
Z (H)2 —H,'}  4(24 — 12arcsin®y + arcsin® )
) 0 2n +1)(2n+3) 312
41—

153

{120 arcsiny — 20 arcsin® y+ arcsin® y}.

More identities of a similar nature can be derived. Interested readers may make
further explorations.
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