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Preface

This Reprint on Quantitative Supply Chain Management brings together research that applies
quantitative, optimisation, and analytical methods to address complex supply chain challenges,
including procurement, inventory management, facility location, sustainability, and maintenance
planning. It is intended for researchers, practitioners, and postgraduate students seeking rigorous,
data-driven approaches to improve efficiency, resilience, and decision-making in modern supply
chains.

This Reprint is intended for researchers, academics, and practitioners in operations research,
industrial engineering, and supply chain management who seek to understand and apply
quantitative methods to real-world challenges. It also serves as a useful reference for postgraduate
students who aspire to develop rigorous analytical skills for tackling emerging supply chain

problems.
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Abstract

In today’s volatile supply chain environment, organizations require flexible and collabora-
tive procurement strategies. Swap contracts, originally developed as financial instruments,
have recently been adopted to address inventory imbalances—such as the 2021 COVID-19
vaccine swap between South Korea and Israel. Despite its increasing adoption in the real
world, theoretical studies on swap-based procurement remain limited. This study proposes
an integrated model that combines buyer-to-buyer swap agreements with long-term whole-
sale contracts under demand uncertainty. The model quantifies the expected swap quantity
between parties and embeds it into the profit function to derive optimal order quanti-
ties. Numerical experiments are conducted to compare the performance of the proposed
strategy with that of a baseline wholesale contract. Sensitivity analyses are performed on
key parameters, including demand asymmetry and swap prices. The numerical analysis
indicates that the swap-integrated procurement strategy consistently outperforms procure-
ment based on long-term wholesale contracts. Moreover, the results reveal that under the
swap-integrated strategy, the optimal order quantity must be adjusted—either increased
or decreased—depending on the demand scale of the counterpart and the specified swap
price, deviating from the optimal quantity under traditional long-term contracts. These
findings highlight the potential of swap-integrated procurement strategies as practical
coordination mechanisms across both private and public sectors, offering strategic value in
contexts such as vaccine distribution, fresh produce, and other critical products.

Keywords: procurement strategy; swap contract; demand uncertainty; inventory coordina-
tion; supply chain risk management

MSC: 90B06

1. Introduction

Global supply chains have been increasingly exposed to uncertainty due to exter-
nal shocks such as the COVID-19 pandemic, geopolitical conflicts, and rapid demand
fluctuations. In this context, procurement has emerged as a critical challenge for main-
taining supply chain continuity and resilience. Ineffective procurement not only reduces
operational efficiency and customer service levels but also undermines trust in supply
reliability and overall supply chain resilience [1]. To mitigate these risks, the supply chain
management (SCM) literature has proposed various contract-based procurement strategies.
Notable examples include buyback contracts [2], revenue-sharing contracts [3], and option

Mathematics 2025, 13, 2495 https://doi.org/10.3390/math13152495
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contracts [4]. However, these strategies primarily focus on vertical coordination between
suppliers and retailers.

This paper introduces a swap-integrated procurement model that facilitates lateral
cooperation between buyers. A swap is a financial derivative contract in which two parties
agree to exchange streams of cash flow over a specified period, typically to manage interest
rate, currency, or commodity price risks. Common types include interest rate swaps
(exchanging fixed and floating payments) and currency swaps (exchanging payments in
different currencies). Swaps are widely used in financial engineering as a tool for hedging
against market volatility and aligning financial exposures with risk preferences. For
example, during the 2008 Global Financial Crisis, South Korea entered into a USD 30 billion
currency swap agreement with Japan to stabilize its financial markets by supplying short-
term liquidity in foreign currencies. Under this agreement, Japan provided Japanese yen to
South Korea in exchange for Korean won, with the option to swap the yen back into won at
a later date. This swap agreement played a vital role in helping the two economies weather
the financial storm during the 2008 crisis [5].

Recently, swap mechanisms have been adapted for use in supply chain procurement
strategies to mitigate the risks associated with demand volatility. Unlike financial swaps,
which are based on predefined cash flow exchanges over time, supply chain swaps refer
to the post-demand reallocation of physical goods between buyers. In this context, a
swap refers to an arrangement where buyers exchange surplus and shortage quantities of
goods after demand uncertainty is realized. For instance, in 2021, Australia and Singapore
executed a vaccine swap agreement: Australia received 500,000 near-expiry doses from
Singapore to accelerate its domestic vaccination program, with the promise to return an
equal quantity at a later date [6]. Similarly, India implemented an LNG swap tender in
2025 to exchange cargoes from the U.S. for future deliveries to meet seasonal demand
fluctuations, thereby enhancing supply flexibility and reliability [7].

These examples highlight the practical value of swap contracts as flexible and collabo-
rative mechanisms for resolving short-term supply-demand mismatches. However, despite
their increasing adoption in supply chain practice, theoretical research on swap contracts
remains at an early stage. In addition, most existing studies on swap contracts have primar-
ily focused on logistics optimization from the supplier’s perspective—such as minimizing
transportation distances, reducing logistics costs, and shortening lead times—Dby facilitat-
ing resource exchanges between inventory hubs prior to demand realization. While these
approaches enhance operational efficiency, the application of swap strategies in broader
supply chain contexts, particularly from the buyer’s perspective, has received limited
attention [8]. In particular, there is a significant gap in theoretical and quantitative research
on how buyers should optimally determine order quantities and evaluate procurement
performance when swap-based sourcing options are available. This highlights the need for
rigorous analytical investigation into the role and effectiveness of swaps as a collaborative
procurement strategy under post-demand realization uncertainty.

This study proposes a swap-integrated procurement model that combines swap con-
tracts with wholesale contracts and analyzes its performance in a single-period environment
with uncertain demand. The analysis focuses on a setting in which two buyers, each having
secured a long-term commitment contract—either with the same supplier or with different
suppliers—determine their order quantities, and subsequently adjust surplus and shortage
inventories through a swap contract after demand is realized. To the best of our knowledge,
this study is the first to explore analytical models for the swap-integrated procurement
strategy in supply chains, offering a novel contribution to the literature in three key aspects:
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(1) Formulating the expected swap inflows and outflows under the swap-integrated
strategy and embedding them into the expected profit function to derive optimal
order quantities;

(2) Comparing the performance of the proposed strategy with a baseline wholesale
contract to assess the structural benefits of swap integration;

(3) Conducting sensitivity analyses on key parameters—such as demand asymmetry and
swap prices—to identify the conditions under which the proposed strategy yields its
greatest performance benefits.

This paper is organized as follows: Section 2 reviews the related literature on swap-
based procurement contracts and identifies research gaps. Section 3 presents the supply
chain structure and mathematical model for the swap-integrated procurement strategy.
Section 4 presents the numerical results, including sensitivity analyses. Finally, Section 5
concludes with implications, limitations, and future research directions.

2. Literature Review

Demand uncertainty serves as a major procurement risk across the entire supply
chain, and the information asymmetry between the procurement stage and the demand
realization stage exposes buyers to two opposing risks: excess inventory and stockouts.
Various contract-based procurement strategies have been proposed in the SCM literature to
mitigate risks associated with highly volatile demand. Common examples include buyback
contracts [2], revenue-sharing contracts [3], and option contracts [4], most of which are
characterized as forms of vertical cooperation between suppliers and retailers.

Our literature study focuses on swap contracts, which can be characterized as lateral
cooperation between buyers. Swap practice refers to the mutual exchange of goods or
inventory between firms, typically under pre-agreed terms, to mitigate supply-demand
mismatches. Unlike traditional procurement, it emphasizes flexibility and collaboration,
allowing firms to reduce holding costs or address shortages without relying solely on
upstream suppliers. Swap practices were initially adopted in the petroleum and energy
industries, where they offered significant advantages due to the commodity-based nature
of products [9]. In these sectors, customers typically prioritize product specifications and
on-time delivery over the origin of the goods. By collaborating, they can reduce transporta-
tion and inventory costs while enhancing customer service. These alliances are particularly
effective in improving overall supply chain efficiency. The transportation cost savings
achieved through such cooperation are shared among the participating firms. Bidyarthi and
Deshmukh [10] highlight the role of swap mechanisms as a strategic inventory handling
tool in downstream petroleum supply chains. They illustrate how swap practices can be
applied as an alternative to conventional inventory management in addressing regional
supply—demand mismatches. Al-Husain and Khorramshahgol [11] conduct a comprehen-
sive analysis of the determinants of swap problems in the petroleum industry. The study
explores contract terms, inventory capacity, and operational flexibility as key drivers of ef-
fective swap execution, emphasizing the importance of operational structure in swap-based
systems. Farahani and Rahmani [12] analyze the impact of swap strategies on the financial
performance of supply chains in large-scale distribution networks, such as those found in
the petrochemical industry. They develop a mixed integer linear programming model to
capture the complexities of production and transportation decisions within an oil supply
chain and design scenarios in which long-distance transportation is replaced with swaps
between nearby production sites. Their experimental results show that implementing swap
strategies can simultaneously reduce transportation costs and lead time risks by shortening
delivery distances, thereby significantly improving the supply chain’s overall net present
value.
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Dizbay and Ozturkoglu [13] explore a product swapping mechanism among suppliers
operating in a balanced supply network. The study investigates how transfer sales and
swap agreements can help suppliers reallocate inventory to meet customer demand more
effectively. By modeling supplier interactions, the research shows that swap-based coordi-
nation improves service levels and reduces total costs. Wang et al. [14] investigate the use
of swap contracts in bunker fuel procurement for liner shipping companies. They develop
a short-term procurement model that integrates fuel price uncertainty and the strategic use
of swaps to hedge against price volatility. The study demonstrates that incorporating swap
contracts can reduce procurement costs and financial risk under fluctuating market condi-
tions. Park [15] explores the strategic inventory swapping between competing firms facing
uncertain demand. The study models a two-stage game in which firms first determine
inventory levels and then decide whether to swap inventory after demand is realized. The
analysis shows that swap agreements can improve supply chain efficiency and profitability
for both parties, even in competitive settings.

Kemper et al. [16] investigate the pricing of swaps and options in electricity markets by
focusing on the market price of risk across different delivery periods. The study develops
a risk-adjusted valuation model that captures the stochastic behavior of electricity prices
and accounts for delivery-specific risk premia. Their findings show that incorporating
delivery period-specific risks significantly improves the pricing accuracy of both swaps
and options in volatile energy markets. Zhang and Thomspon [17] examine how product
swaps can be optimized within an urban retail network under demand uncertainty. They
propose a stochastic optimization model to determine when and where product swaps
should occur between stores to minimize overall logistics costs and improve service levels.
The study demonstrates that incorporating swap decisions into network planning can
significantly enhance operational efficiency, especially under highly volatile demand. The
existing literature has primarily focused on swap mechanisms from a logistics-oriented
perspective, such as optimizing transportation or reallocating resources between produc-
tion sites, while mathematical analyses of contract design and profit structures based on
inventory adjustment between buyers are scarce. Accordingly, there is a clear need for a
structural analysis of how swap-based strategies can mitigate procurement risks, improve
performance, and inform the design of optimal ordering policies.

Swap-based procurement shares conceptual similarities with lateral transshipment, a
widely used inventory management strategy designed to address stock imbalances across
decentralized locations. Lateral transshipment aims to alleviate inventory discrepancies
at local stores by enabling the transfer of goods between retail outlets, particularly in
urban areas, to fulfill customer demand in regions facing stockouts. This approach seeks to
reduce overall inventory costs and maintain desired service levels by reallocating surplus
inventory from locations with excess stock to those experiencing shortages, typically within
the same organization or integrated supply network. Diks and de Kok [18] find that such
transshipments can reduce losses associated with excess inventory and stockouts, while
Ekren and Arslan [8] emphasize that pre-planned transshipment policies are particularly
effective in environments with high demand volatility. Paterson et al. [19] and Kumari
et al. [20] provide a comprehensive review of lateral transshipments in inventory systems.

Existing studies on lateral transshipment generally focus on the internal transfer of re-
sources or goods within the same organization or integrated system; they do not presuppose
external cooperation or the exchange of resources between different stakeholders based on
contractual agreements. In contrast, the swap-based procurement strategy proposed in this
study is structured to enable the exchange of surplus and shortage inventories between
different buyers based on contractual agreements after demand realization. This suggests
that the swap strategy, as a post-realization collaboration mechanism, possesses structural
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characteristics that distinguish it from lateral transshipment and offers the potential to
enhance supply chain flexibility through autonomous agreements among buyers.

This study addresses gaps in the existing literature by proposing a swap-integrated
procurement strategy aimed at mitigating supply-demand mismatches that emerge after
demand realization. The proposed strategy attempts to achieve both procurement flexibility
and risk diversification—outcomes that are difficult to secure through a single contract
structure—by facilitating the exchange of surplus and shortage inventories among buyers
through contractual agreements. This approach not only enhances the practical efficiency
of supply chain operations but also serves as a new collaborative procurement model for
responding to demand uncertainty. Table 1 summarizes the key distinctions between this
study and prior research.

Table 1. Comparison between this study and existing studies.

Supply Swap in Prior Studies Lateral Transshipment Swap-Integrated Strategy

Logistics facilities within a

Cooperation Entities Competing suppliers firm facilities within a firm

Independent buyers

Initial order quantity by
Decisions Swap quantity and routing location and point-to-point Long-term order quantity
transshipment quantity

Objective Reduce transportation costs, Balance inventory levels, Mitigate procurement risk
) improve delivery and logistics minimize transportation costs and maximize profit
References [9-17] [8,18-20] This study

3. Model Description

This study investigates a collaborative strategy between two buyers operating in a
supply chain under demand uncertainty. Initially, both buyers independently determine
their order quantities under a common procurement framework based on long-term whole-
sale contracts. While the demand for each buyer follows the same probability distribution,
it differs in scale and is modeled as an independent random variable. The supplier is
assumed to have unlimited production capacity, thereby imposing no constraints on order
quantities, and procurement occurs only once within a single-period setting. Any excess
inventory resulting from over-ordering is discarded without salvage value, whereas unmet
demand incurs a penalty cost per unit. The retail price, wholesale price, and penalty cost
are assumed to be exogenously given.

In this section, we first outline the procurement model based on long-term wholesale
contracts, which serves as a benchmark. We then introduce the system configuration and
mathematical formulation of the swap-integrated procurement strategy, which aims to
enhance supply chain performance through buyer-to-buyer cooperation. Table 2 summa-
rizes the key variables and notations used throughout this paper. The units of demand,
order quantity, price, and cost are context-dependent and may, for instance, represent
either individual units or thousands (for quantities), or dollars or thousands of dollars (for
monetary values).

Table 2. Notations and descriptions.

Notations Descriptions
w per-unit wholesale price
p per-unit retail price at the buyer
7 per-unit swap price
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Table 2. Cont.

Notations Descriptions
g per-unit penalty cost per unit of unmet demand
c demand scale factor of buyer 2
X market demand of buyer 1, with pdf f(x), and cdf F(x) and average px
Y market demand of buyer 2, with pdf f,(y) and cdf Fy(y)
Q order quantity in a long-term wholesale contract (decision variable)
7 swap-inflow quantity from the collaborating buyer
q2 swap-outflow quantity to the collaborating buyer
T buyer’s profit under a wholesale contract
5(Q) expected sales volume, given Q under a wholesale-only contract
L(Q) expected shortage, given Q under a wholesale-only contract

3.1. Baseline Model: Long-Term Wholesale (WH) Procurement Model

This section describes the procurement structure through a long-term wholesale
contract that serves as a benchmark. In this structure, the buyer purchases the products at
a predetermined wholesale price and sells them in the market. The model is similar to the
newsvendor framework. When the procurement quantity is Q and the demand is X, the
sales quantity equals min(X, Q), while the unmet demand is represented by (X — Q)* where
(X — Q) = max(X — Q, 0). The buyer’s expected profit function, 7VH(Q), is obtained
as follows:

E[x"H(Q)] = pEImin(X, Q)] —wQ ~gE[(X ~ Q)] = (p+g-w)Q - (p+3) | Ewdx—gux ()

The optimal order quantity that maximizes expected profit is obtained from the first-

*_F4<P+g—w> ’
Q Ptg @)

While the long-term wholesale contract is simple and easy to operate from the buyer’s

order condition, as follows:

perspective, it may result in frequent losses due to excess inventory or stockouts in envi-
ronments where demand is highly uncertain.

3.2. Swap-Integrated (SW) Procurement Model

This section presents an integrated procurement strategy that combines swap and
wholesale contracts to address potential inventory imbalances inherent in long-term whole-
sale contract structures. The model is presented primarily from the perspective of Buyer 1,
with a focus on the procurement process and inventory exchange mechanism. For clarity,
Buyer 1 is referred to as the focal buyer, while Buyer 2 is referred to as the collaborating
buyer (or counterpart) throughout the paper. A schematic illustration of the proposed
strategy is shown in Figure 1.

The primary objective of this strategy is to mitigate inventory risk by enabling the mu-
tual adjustment of excess inventory between the two buyers once demand is realized—the
risk that each buyer would otherwise bear. The two buyers procure identical goods from
arbitrary—and potentially different—suppliers. The term “identical goods” is adopted as
a simplifying assumption for theoretical purposes; in practice, this may encompass func-
tionally equivalent substitutes. For example, products such as the Pfizer and AstraZeneca
vaccines are considered equivalent goods, as they serve the same function despite differ-
ences in formulation.
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Figure 1. Schematic of the swap-integrated procurement strategy. Solid lines represent the physical
flows of products, while dotted lines indicate monetary transfers.

Each buyer enters into a long-term wholesale-based contract with their respective
supplier prior to demand realization, committing to quantities Q and Q’, respectively, and
subsequently sells the products on the market. Due to demand uncertainty, mismatches
between ordered and realized demand may result in either excess inventory or stockouts.
For instance, if Buyer 1 holds excess inventory while Buyer 2 experiences a shortage,
the surplus is transferred from Buyer 1 to Buyer 2 at a predetermined swap price. The
swap transaction is triggered only after demand is realized and proceeds according to the
conditions agreed upon in advance. This mechanism serves as a structural risk-sharing
tool, reducing each firm’s exposure to individual inventory risks.

To facilitate the analysis of this swap-integrated procurement strategy, the following
assumptions are introduced:

(1) The two buyers are fully cooperative under the swap contract. If one buyer holds
excess inventory and the other faces a shortage after demand is realized, the surplus
is mandatorily transferred at the pre-agreed swap price, r.

(2) The demand of Buyer 1 is represented by the random variable X, and Buyer 2’s
demand is represented by Y, where Y follows the same distributional form as X but
is scaled by a factor of c. For instance, if Buyer 1 represents the Korean market and
Buyer 2 represents the Japanese market, ¢ = 2.5 may reflect the population size ratio.
The scaling factor, c, plays a central role in the sensitivity analysis conducted later in
this study.

(3) The swap price, r, is given exogenously. Sensitivity analyses with respect to varying
values of r will be conducted in a following section.

3.2.1. Expected Profit Model for the Swap-Integrated Procurement Strategy

The swap-integrated procurement model aims to identify the optimal order quantity
that maximizes the expected profit of the buyer: E[7V(Q)]. (To follow the model de-
velopment more easily, it may be helpful to refer to Figure 2 at this point.) As described
previously, the demands of Buyers 1 and 2 are given as independent random variables,
X and Y, respectively. Buyer 1 procures quantity Q at unit price w in advance and sells
the product at price p upon demand realization. Throughout this process, excess demand
(X — Q)" and excess inventory (Q — X)" arise, which are adjusted through the swap
contract. Buyer 2 operates under the same structure, with an order quantity set as cQ
reflecting the demand scaling factor. Accordingly, Buyer 2’s excess demand and excess
inventory are defined as functions of (Y —cQ)", and (cQ — Y)*. The swap contract is
executed after demand realization when one buyer holds surplus inventory and the other
experiences a shortage. The actual quantity exchanged is determined as the minimum of
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these two values. Accordingly, the swap quantity procured by Buyer 1 from Buyer 2 is

expressed as follows:

g1 = min((X — Q)+, (cQ— Y)+) 3)

v

2. Compute expected swap quantities

E(q) = J;11-FQ +9]-F(Q- ;) dt ...(Equation 13)

E(qy) = J:F(Q —9- ’1 -Flo+ ;)I dt ... (Equation 14)

under uniform distribution r; Q@) . (- Q)

AssummgX LI(n b)
- Q) N —Q)

2c

3. Compute expected swap quantities E(q) = (b a2 [ TE+@-ab- Q)Tll -+~ (Equation 18)

Ee:) =55 = 1z T;+@Q-a) - Q)T~] ... (Equation 19)
whereT, —mm(b Q. c(Q —a)) T, = min(Q — a, ¢(b - Q))

v

w (wholesale price), p (selling price), r (swap price), g (penalty cost), ¢ (demand scale
1. Collect input data factor), and demand distribution of X.

E [nSW(Q)I =(p-w+g)*Q-(+9)+ (‘(?:Z) — g% K
. o 1% e 1 T (b- . - .
4. Obtain buyer 1's expected profit +(p—r+y)'(b _1_( Q) Tf+(a Q)T;+(Q—a)(b—Q)T1
—a)? 2c 2
+r ﬁ[:_‘_ “?:“") T3 “’ &P (Q-a)b-QT- ... (Equation 20)
A
5. Find optimal order quantity Find Q* by using Brent’s method via scipy.optimize.minimize_scalar.

Figure 2. Procedure for deriving the optimal order quantity from a long-term supplier under uniform
demand distribution conditions.

Conversely, the swap quantity supplied by Buyer 1 to Buyer 2 is expressed as follows:
72 = min((Q—X)", (Y —cQ)") @

The expected profit function for Buyer 1 is expressed as follows:
E[7Y(Q)] = p-S(Q) —wQ+(p—r) - E(g1) — g (L(Q) — E(q1)) +7-E(q2)  (5)

where S(Q) = Q — fo x)and L(Q) = ux — Q + fOQ F(x), with a given order quantity, Q.

Each term corresponds to revenue from market sales, cost of procurement under the
wholesale contract, additional revenue from sales through the swap, penalty costs from
unmet demand, and revenue from supplying surplus inventory via the swap. The expected
profit is restated as follows:

E[rY(Q)] =(p-w+8) Q- (p+8) [ F(x)dx —g-pux+ (p—r+g) E(q1) +7 E(g2)

Buyer 1 needs to determine the optimal order quantity that maximizes the expected
profit above. To compute the expected profit, it is necessary to determine E(q;) and E(q2),
which is not trivial. The following section presents the procedure for calculating E(q; )
and E(q):

3.2.2. Obtaining the Expected Swap Quantity

To obtain E(g1) and E(g2), we apply the tail expectation formula, which states that
fo (z > t) dt for a non-negative random variable, z. The expected swap quantity
E (q ) is then derived as follows:

E(q1) = E(min((x — )t (cQ— Y)+)) - fo""P[min((X — Q) (cQ— Y)*) > t] dt

(6)

)
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Expression (7) can be restated as follows:
E(q) = /Ooop[(X— QF > (cQ-Y)" > tdt = /OOOP(X > Q1Y <cQ— t)dt ®)
Since we assume that X and Y are independent, we obtain the following equation:
E(q1) = [y P(X>Q+1t)-P(Y <cQ—t)dt )
This can be transformed in terms of the distribution function as follows:
P(X>Q+1t)=[1-FQ+1H; P(Y <cQ—t)=F(cQ—1) (10)
Finally, we obtain the following function:

E(1) = [y  [1=F(Q+1t)] - Fr(cQ — t)dt (11)

Given that Y follows the same distributional structure as X but scaled by factor ¢, the
pdf and cdf of Y satisfy the following relationship:

fW) = 2f(4), Fy(y) = F(¥) (12)

By applying this relationship, the expected swap transfer quantity from Buyer 2 to
Buyer 1 can be summarized as follows:

E(q) = [y [1—F(Q+1)] -F(Q—1L)dt (13)

By applying a similar procedure, the expected swap transfer quantity from Buyer 1 to
Buyer 2 can also be obtained as follows:

E(q2) = Jo F(Q—1)-[1=F(Q+¢)]dt (14)

By embedding expressions (13) and (14) into expression (6), E[7V(Q)] can be
restarted as follows:

E[rW(Q)]=(p-w+g) - Q —(p+8) [PF(x)dx—g ux+(p—r+g)

(15)
Jo =F(Q+1)-F(cQ—t)dt+r- [{TF(Q—t)- (1 —Fy(cQ+1))dt

Finally, the order quantity, Q, is determined to maximize E [715V (Q)] in expression (15).
The expected profit function described above has a nonlinear structure with respect to order
quantity Q and consists of integrals involving multiple probability distribution functions
and joint probabilities, making it highly complex to compute derivatives and derive the
optimal solution analytically.

3.2.3. Optimal Order Quantity Model Under Uniform Distribution Conditions

In this section, we develop the model by assuming that demand follows a uniform
distribution, which facilitates the derivation of closed-form solutions for evaluating the
buyer’s profitability. In the supply chain literature, this assumption is a well-established
modeling convention that offers analytical simplicity while enabling insights into more
complex and realistic demand settings [21]. Importantly, adopting a uniform distribution
does not compromise the generality or validity of the results, as the model remains effective
in capturing the structural characteristics and comparative performance of alternative
procurement strategies. Let demand X and Y follow uniform distributions, U(a, b) and
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U(ca, cb), respectively. For the uniform distribution, the cdf is given by F(x) = =5, and

accordingly, F(Q + t) and F(Q — %) are expressed as follows:

T

1-F(Q+1) =52 F(Q—1t) =& (16)

a C

Since the cdf in expression (13) are defined only within specific domains, Q +t < b
and Q — L > g, the integral is valid only over the range that simultaneously satisfies
these conditions. Let T; be the effective integration interval, Ty = min(b— Q, ¢(Q —a)),
for E(q1). Expression (13) can be restated as follows:

) = J)' (5759) - (&5 ) 17)

By computing the integral above, E(q;) is expressed in polynomial form as follows:

3 — —
E(m) = 57 [ﬁ; — Qe QT2 (Q—a)(b- Q)Tl} (18)

Using the same procedure as that used for obtaining E(q; ), E(g2) can be derived. In
Equation (14), the integral is valid when the conditions Q —t > aand Q + % < b are simul-
taneously satisfied. Let T, be the effective integration interval, T, = min(Q —a, c¢(b — Q)),
for E(q2). Then, the following expression holds:

3 —a _
E(p) = ol | % %0 - 2B+ Q-0 - QT (19)

By utilizing the obtained values of E(q1) and E(g2), the expected profit under the
swap-integrated procurement strategy can be expressed as follows:

E[mW(Q)] = (p—wt8)Q— (p+8) % g,

3 _ a—
+(p—r+g8)— {gﬁ - 021+ AT 4 (Q—a) (b - Q)Tl] (20)

(b—a)*

3 _ _
7 [? ~Gan 9124 (Q-a)b- Q)Tz]

2
(Note that [ aQ F(x)dx = (2%:2) under U(a, b) distribution conditions.)

When making procurement decisions, Buyer 1 determines the optimal order quantity,

Q*, that maximizes E 715" (Q)] in expression (20). However, the complexity of the expected
profit function makes it too challenging to derive the optimal order quantity in a closed
form. This study adopts a numerical method, determining the optimal order quantity using
the minimize_scalar function from Python’s scipy.optimize package (Python version 3.10.0).
This function is based on Brent’s method, which combines bisection, linear interpolation,
and quadratic interpolation. Brent’s method is particularly well-suited for this type of
problem, as it efficiently locates the extremum of a continuous, nonlinear function of a
single variable without requiring derivative information [22]. Moreover, it provides high
numerical precision with no fixed time complexity, making it a robust and practical choice
for solving the optimal ordering problem in this study.

Figure 2 illustrates the procedure for determining the optimal order quantity to be placed
with the long-term contract supplier under the swap-integrated procurement strategy.

10
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4. Numerical Studies

This section evaluates the performance of the procurement model proposed in the
previous section by comparing it with a long-term wholesale contract. In addition, sen-
sitivity analyses are conducted to examine the impact of key parameter variations on
model performance.

The baseline demand scenario follows the setting of Koo [23], with some modification
for swap settings. Buyer 1’s demand, denoted by X, is modeled as a uniform distribution
X~U(100, 300), while Buyer 2’s demand, Y, is defined as Y~U(100c, 300c), reflecting the
demand scaling factor, c. Initially, the value of c is fixed at 1. The main cost parameters are
as follows: retail price p = 60, wholesale price w = 40, swap price r = 50, and penalty cost
for unmet demand g = 30. Numerical experiments were conducted using Python.

4.1. Performance Comparison: Wholesale-Based vs. Swap-Integrated Procurement Strategies

This section compares the procurement performance between wholesale-based and
swap-integrated procurement strategies under the same demand and cost structure. Fig-
ure 3 illustrates how the expected profit of the two procurement strategies changes with
order quantity, identifies the profit-maximizing order quantity for each strategy, and shows
the corresponding expected profit at that point. It shows that the SW strategy achieves
higher expected profit while selecting a lower order quantity compared to the WH strategy.
This suggests that the complementary mechanism of addressing excess and shortage de-
mand through the swap mitigates the buyer’s procurement risk and ultimately enables a
more efficient profit structure.

Performance Comparison WH vs SW (c=1)

3000

(SW Q" =206, E[nrSW(Q")] =2514)

2500

2000

(WHQ" =2

PUBEL iy
- ~

E[m""(Q")]=1778)

1500

1000

500

Expected Profit

== WH Expected Profit
—— SW Expected Profit
® WH Optimal Order
B SW Optimal Order

=500

-1000

100 125 150 175 200 225 250 275 300
Order Quantity (Q)

Figure 3. Comparison of the optimal order quantity and expected profit under the wholesale-only
(WH) and swap-integrated (SW) procurement strategies in the baseline scenario. The SW strategy
yields a 41.4% increase in expected profit with a 2.4% reduction in order quantity by enabling
buyer-to-buyer inventory swaps, thereby mitigating both shortage and surplus costs.

Specifically, in the WH strategy, the optimal order quantity is 211 units, with an
expected profit of 1,778. In contrast, under the SW strategy, the order quantity is slightly
decreased to 206 units (—2.4%), while the expected profit is significantly increased to
2514 (+41.4%). The relatively lower optimal order quantity under the SW strategy is
primarily attributed to the flexibility provided by the swap mechanism, which enables
effective responses to both excess inventory and shortages. The SW strategy allows a buyer
to procure surplus inventory from another buyer when demand exceeds expectations, and

11
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conversely, to transfer surplus inventory to another buyer and earn additional revenue
when demand falls short of expectations. This structure enables stable fulfillment of
demand without excessive pre-ordering, thereby allowing for efficient operations even
with a lower order quantity. However, it should be noted that a lower order quantity in the
SW strategy should not be generalized, as it may vary depending on the demand structure,
inter-buyer relationships, and the terms of the swap contract. Changes in the optimal order
quantity may vary depending on factors such as demand structure, relationships between
buyers, and swap conditions; these aspects are discussed in greater detail in the sensitivity
analysis in Sections 4.2 and 4.3.

Meanwhile, the notable improvement in expected profit under the SW strategy stems
from the swap mechanism effectively mitigating costs associated with supply-demand
mismatches. When demand exceeds the pre-ordered quantity, the WH strategy obliges the
buyer to bear the full penalty cost for the shortage. In contrast, the SW strategy enables
the buyer to cover the shortage through swaps, thereby reducing the financial burden.
Conversely, when demand falls below the ordered quantity, the WH strategy results in the
buyer absorbing the full cost of surplus inventory, whereas the SW strategy allows excess
inventory to be transferred to another buyer and converted into revenue.

These results demonstrate that the SW strategy provides a structural advantage by
enabling efficient resource reallocation through inter-buyer cooperation and by allowing
for adaptive responses to fluctuating demand. Consequently, the strategy mitigates pro-
curement risks and enhances supply chain stability in environments characterized by high
demand uncertainty.

4.2. Effect of Demand Scaling Factor

This section examines the influence of demand asymmetry on the operational efficiency
and performance of the SW strategy. To this end, the demand scaling factor, c, is designated
as the key experimental variable. Sensitivity analyses are conducted with respect to three
performance dimensions: the expected swap quantity, the optimal order quantity, and the
expected profit. The analysis is performed by setting five scenarios in which ¢ = 0.25, 0.5, 1,
2,and 4.

Figure 4 illustrates the expected swap quantities for Buyer 1 and Buyer 2 under the SW
procurement strategy. As expected, the expected swap quantity reaches its minimum value
of zero when the order quantity is equal to either the lower or upper bound of the demand.
This result is intuitive, as either the inventory surplus or the inventory shortage becomes
zero in such cases. It is also seen that both E(g;) and E(g,) exhibit a clear increasing trend
as the demand scaling factor, ¢, increases. This result is also expected, as a larger demand
scale of the collaborating partner implies greater potential for both surplus and shortage on
their side. Consequently, when the focal buyer faces a shortage, the partner is more likely
to have sufficient surplus to supply; conversely, when the focal buyer has excess inventory,
the partner is more likely to absorb it due to higher unmet demand.

An interesting observation is that the order quantity, Q, that maximizes E(q1) and E(q3)
varies with the value of c. Specifically, as ¢ increases, the value of Q that maximizes E(q;)
decreases, while the value that maximizes E(q;) increases. This outcome can be explained
as follows: The expected swap inflow, E(g1), represents the amount of shortage that the
focal buyer can replenish from the collaborating buyer’s surplus inventory. The swap
inflow is determined by the minimum of the focal buyer’s shortage and the collaborating
buyer’s surplus. The peak of the E(g1) curve occurs when these two quantities are equal.
As c increases, the collaborating buyer’s demand becomes relatively larger, leading to more
surplus inventory at a given order quantity. Consequently, the limiting factor for E(q;)
gradually shifts from the collaborating buyer’s surplus to the focal buyer’s own shortage.

12
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Optimal Order Quantity (Q*)

As a result, the point of equality between shortage and surplus occurs at a smaller Q,
causing the peak of E(q;) to shift leftward as ¢ increases. Similarly, the peak of E(g;) shifts
rightward as ¢ increases, since higher demand from the collaborating buyer leads to greater
shortages on their side. To support more swap outflows, the focal buyer must order more
to generate sufficient surplus. These opposing shifts intuitively illustrate how ordering
decisions are structurally adjusted under the swap-integrated procurement strategy.

E(q1) under Varying Scale Factor ¢ E(q2) under Varying Scale Factor ¢

—_—c=4

—_—c=2
—_—c=1
— ¢=05 10
—_Cc=0.25

100 125 150 175 200 225 250 275 300 100 125 150 175 200 225 250 275 300
Order Quantity Q Order Quantity Q

(a) Expected swap inflow, E(q,) (b) Expected swap outflow, E(q,)

Figure 4. Expected swap transfer quantity under varying sale factor c. As c increases, the expected

swap quantity rises, and the peaks of E(q;) and E(g2) shift in opposite directions due to changes in
swap feasibility.

Figure 5 presents the optimal order quantity and expected profit under the SW strategy
as the demand scaling factor, ¢, varies. Figure 5a shows that the optimal order quantity
reaches a minimum near ¢ = 1 and increases as the value of c deviates from this point in
either direction. This pattern can be interpreted as the result of a combined effect of the
structural feasibility of the swap mechanism and the associated economic incentives. When
c < 1, the collaborating buyer, Buyer 2, has relatively small demand, which provides little
opportunity for inventory contribution through swaps. Consequently, Buyer 1 adopts a
more conservative strategy by procuring additional inventory in advance to hedge against
potential shortages. In contrast, when ¢ > 1, the collaborating partner is more likely to
engage in substantial swap transactions, thereby reducing inventory risk for Buyer 1. As a
result, it becomes advantageous for Buyer 1 to adopt a more relaxed ordering policy.

Q* over Varying Scale Factors under SW Expected Profit over Varying Scale Factors under SW

= Optimal Order Quantity under SW 28004 = Expected Profit under SW
2600

2400

Expected Profit

2200

2000

1 2

3 4 H o 1 2 3
Scale Factor (c) Scale Factor (c)

(a) Optimal order quantity (b) Expected profit

Figure 5. Optimal order quantity and expected profit under the SW strategy across varying scale
factors. (a) A pattern in which the optimal order quantity reaches its minimum around ¢ = 1 and
increases as ¢ becomes either smaller or larger. (b) A gradual increase in expected profit with
increasing values of c.
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The expected profit results shown in Figure 5b exhibit an upward trend as ¢ increases,
with growth being particularly pronounced when ¢ < 1. When the demand scaling factor, c,
is low, the inventory surplus or shortage of the counterpart with lower demand is relatively
small, resulting in a limited volume of swap transactions. Consequently, the focal buyer’s
ability to compensate for inventory imbalances through swaps is constrained, leading to
lower expected profits. On the other hand, as ¢ increases, the inventory surplus or shortage
of the counterpart becomes more significant, enhancing the potential for mitigating the focal
buyer’s inventory imbalance through swap transactions. This leads to a steady increase in
expected profit, although the rate of increase slows down. Note that the results presented
here are based on an assumption of a swap price of 50. The next section investigates how
variations in the swap price influence the model’s performance.

4.3. Effect of Swap Price

According to the results from the baseline scenario analysis, the SW strategy tends to
yield a higher expected profit and a relatively lower optimal order quantity compared to
the WH strategy. This is attributed to the fact that the swap mechanism enables buyers to
complement excess and shortage demand through mutual adjustment, thereby encouraging
a more conservative ordering strategy. However, whether this tendency holds consistently
across different procurement environments requires further examination. In particular, if
the swap terms are sufficiently favorable, buyers may instead be incentivized to adopt a
more aggressive ordering strategy. In other words, it is uncertain whether the swap strategy
always leads to a lower order quantity than the wholesale-only strategy.

To address this question, this section examines how changes in the swap price affect
the decision-making behavior of swap participants and the performance of the proposed
model, with particular focus on how performance varies according to the size of the
counterpart. In the experiment, the demand scale factor, ¢, varies from 0.1 to 5, while the
swap price, 7, is set at five discrete levels: 30, 40, 50, 60, and 70.

Figure 6 illustrates how the optimal order quantity under the SW strategy is adjusted
in response to changes in the demand scaling factor, ¢, for different levels of the swap price,
r. Each solid line represents the ordering curve corresponding to a specific value of r under
the SW strategy while the dotted line indicates the optimal order quantity under the WH
strategy (Qfy = 211).

The experimental results reveal several noteworthy insights:

(1)  When c =1, the focal and collaborating buyers have identical demand distributions,
resulting in a symmetric setting. In this case, the probabilities of surplus and shortage
are evenly balanced between the two parties, making the expected gains from swap
transactions invariant to the swap price, r. As a result, the optimal order quantity
under the SW strategy remains constant regardless of the value of r. Furthermore,
this order quantity is consistently lower than that of the WH strategy, reflecting the
risk-mitigating role of the swap mechanism. By enabling post-demand adjustments,
the swap contract reduces the need for inventory buffers, thereby encouraging more
conservative upfront procurement.

(2)  When c # 1, the effect of the swap price, 7, on the optimal ordering behavior diverges
significantly depending on whether ¢ < 1 or ¢ > 1. This outcome is driven by the
directional behavior of the expected swap quantities and their influence on the profit
function. Recall that the r-dependent part of the expected profit in expression (5) is
stated as —r - E(q1)+ 7 - E(q2). Accordingly, the relative magnitude of E(q;) and E(g2)
plays a critical role in shaping the impact of swap price changes. As shown in Figure 4,
when ¢ < 1, a lower order quantity, Q, tends to generate E(q,) > E(q;), implying that
an increase in r yields a net gain in the term —r - E(q1)+ 7 - E(q2). Therefore, in this
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®)

4)

Optimal Order Quantity (Q*)

case, higher swap prices make lower Q values more desirable, leading to a decline in
optimal order quantity as r increases. Conversely, applying a similar line of analysis
reveals that when ¢ > 1, the optimal order quantity tends to increase as the swap price,
7, rises.

In most cases, the SW strategy yields a lower optimal order quantity than the WH
strategy. However, when both ¢ and r are sufficiently high, the SW strategy may
induce a higher order quantity than the WH benchmark. For instance, when r = 70,
the SW strategy begins to induce higher ordering quantities than the WH strategy for
¢ > 2.6. This is because the incentive to dispose of excess inventory through swaps
becomes stronger when the swap price is high. Also, a similar pattern emerges when
¢ < 1and the swap price ris very low. In this case, even if surplus inventory occurs, it
may be offloaded to the counterpart, which reduces the burden of holding excess stock.
At the same time, the low swap price strengthens the collaborating buyer’s incentive
to participate in swaps, thereby increasing the likelihood of successful transactions.
As a result, it may be more profitable for the focal buyer to adopt a more aggressive
ordering strategy. Accordingly, when the swap price is either sufficiently high or very
low—depending on the demand structure—the SW strategy may actually lead to
more aggressive ordering than the WH strategy.

When the swap price, 7, is low, increasing the scale factor, ¢, does not lead to a higher
order quantity under the SW strategy; instead, the focal buyer tends to adopt a more
conservative ordering approach. This outcome reflects the interplay of two reinforcing
factors. First, a low swap price provides the focal buyer with a cost-effective means
of addressing potential shortages, as inventory can be secured post hoc at a price
lower than the wholesale cost, w. This reduces the incentive for large initial orders.
Second, the financial benefit from offloading surplus inventory through swaps is
diminished at lower r values, limiting the upside of over-ordering. Together, these
effects weaken the buyer’s motivation to place aggressive orders in advance and
instead encourage strategic reliance on the swap mechanism as a flexible, lower-cost
buffer against demand uncertainty.

Optimal order quantity over varying scale factors with different swap prices
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Figure 6. Optimal order quantity across varying scale factors under different swap prices. The solid

lines illustrate how optimal order decisions adjust in response to changes in demand asymmetry and

swap pricing. Notably, the order quantity remains unchanged when ¢ = 1 and shows opposing trends

depending on whether swap price, 7, is high or low. The dashed line represents the optimal order

quantity under the WH strategy and is provided for comparison.

The numerical findings, supported by Figure 6, show that the effectiveness of the SW

strategy is highly sensitive to the interaction between the demand scaling factor, ¢, and
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the swap price, r. When demand asymmetry is high and swap conditions are favorable,
the SW strategy can induce even more aggressive ordering than the traditional wholesale
approach, transforming it from a risk-hedging mechanism into a tool for strategic profit
optimization. However, under low swap prices or limited counterpart demand, the strategy
encourages conservative procurement, highlighting the need for careful contract design and
coordination. These results underscore the practical value of swap-integrated procurement,
not only for balancing inventory risks but also for enabling adaptable sourcing decisions in
both private and public sector supply chains.

The subsequent analysis examines how variations in the swap price, r, and the de-
mand scaling factor, ¢, affect the expected profit under the SW strategy. Figure 7 presents
a heatmap that visualizes the expected profit across different combinations of r and c,
thereby illustrating how the profitability of the SW strategy varies depending on the pro-
curement environment. The results reveal that the expected profit under the SW strategy
generally increases with the demand scaling factor, c. A higher value of ¢ implies greater
demand from the collaborating buyer, which in turn increases the likelihood of success-
ful swap transactions and enhances the opportunity to offload excess inventory under
favorable conditions.

Performance of SW strategy with varying scale factors and swap prices
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Figure 7. Performance of the SW procurement strategy under varying scale factors and swap prices.
Each cell presents the expected profit (upper value) and the corresponding optimal order quantity
Q* (in parentheses). As the demand scale factor, ¢, increases, the expected profits generally improve
due to enhanced swap flexibility, while the optimal order quantity adjust accordingly based on the
swap price, .

However, the impact of the swap price, 7, is not uniform and depends on the demand
asymmetry. When ¢ < 1, the expected swap inflow is larger than the expected swap
outflow with order quantities above 200 (see Figure 4). Therefore, from the perspective of
the focal buyer, a higher swap price leads to a lower expected profit compared to a lower
swap price. This is because although a higher swap price increases the revenue gained
from supplying surplus inventory through swaps, it also increases the cost of procuring
inventory via swaps. The reduction in swap procurement cost outweighs the loss in swap
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revenue, resulting in a net gain in profit. However, since the counterpart’s surplus or
shortage is relatively small, its contribution to the profit is limited. Conversely, when
¢ > 1, the expected swap inflow is smaller than the expected swap outflow, which contrasts
with the case of ¢ < 1. One interesting observation is that the impact of r on the focal
buyer’s expected profit is less pronounced than that of c. This can be attributed to the
bidirectional nature of swap transactions, which involve both procuring shortages and
supplying surpluses. As a result, the effect of the swap price tends to be largely offset.

Overall, these findings underscore that the expected profit from the SW strategy is
shaped not by isolated parameters but by the interaction between demand structure and
contractual terms. When demand asymmetry is high and swap prices are favorable, the
SW strategy serves not only as a risk-mitigation mechanism but also as a tool for profit
maximization. In contrast, when the collaborating buyer has limited demand and swap
prices are high, the profitability of the strategy may decline. Therefore, aligning contract
terms with the underlying demand structure is essential for the effective implementation
of swap-integrated procurement.

5. Conclusions

This study proposed a swap-integrated procurement strategy that combines a long-
term wholesale-based contract to enhance flexibility and risk mitigation under demand
uncertainty. By enabling post-demand inventory exchanges between buyers, the strategy
addresses limitations inherent in single-contract structures. The theoretical contributions of
this study can be summarized in the following key points:

(1) This study presents a novel application of swap mechanisms, traditionally used in
financial sectors, to the context of buyer-to-buyer inventory reallocation. By modeling
swaps as contractual exchanges of surplus and shortage inventory between buyers,
this research reconceptualizes swaps as a post-demand coordination mechanism in
supply chain operations.

(2) A modelis proposed to estimate the expected swap inflows and outflows resulting
from swap transactions.

(3) An analytical model is presented for the expected profit in a system that adopts a
swap-integrated procurement policy.

(4) Under the assumption that demand is uniformly distributed, a closed-form expression
for the expected profit is derived, and a method for determining the optimal order
quantity is presented.

(5) Experimental analyses are conducted to quantify the strategic benefits of swap in-
tegration by comparing it to traditional wholesale-based procurement. The results
highlight the influence of key parameters, such as demand asymmetry and swap
price, on the strategy’s effectiveness.

The findings demonstrate that the proposed strategy consistently outperforms long-
term wholesale contracts in terms of profitability and stability; under the baseline scenario,
it achieves a 41.4% increase in expected profit compared to the wholesale-based strategy,
which clearly supports the value of swap integration.

From a practical perspective, the study offers a strategic approach to mitigating
inventory risk in supply chains with highly unpredictable demand, such as vaccines, fresh
produce, or electronic components, by utilizing swap contracts. By analyzing performance
variations across different levels of swap price and demand asymmetry, this study provides
practical guidelines for contract design. For instance, the results indicate that swap contracts
are particularly advantageous for the focal buyer when the counterpart has a relatively
larger demand scale and the swap price is high. These results can guide decision-makers in
structuring contract terms in various procurement environments and offer valuable insights
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for designing cooperative structures, including participant selection and prioritization in
swap strategies. However, it should be noted that these results are derived from the specific
parameter settings assumed in this study. In practice, different supply chain environments
may yield different outcomes; therefore, careful consideration of the actual procurement
context is essential when applying these insights in practice.

This study is subject to several limitations that offer directions for future research. First,
the model adopts a single-period setting, which does not capture multi-period dynamics
such as inventory rollover or learning effects. Second, it assumes that swaps are always
executed when conditions are met, overlooking real-world frictions such as information
asymmetry or negotiation failures. Third, the analysis is based on uniform demand; future
studies may examine the model’s robustness under more realistic demand patterns. Fourth,
the supply capacity is sufficient with fully reliable suppliers. Fifth, the current framework
involves only two buyers in the swap contract. These assumptions may deviate from
real-world supply chain conditions, highlighting the need for further research to relax or
generalize them. In addition, future extensions could explore portfolio-based strategies
that combine swap contracts with other mechanisms such as options or spot markets.
Finally, in this study, the numerical analysis was conducted under a specific setting, in
which parameters such as the selling price, wholesale price, and stockout penalty were
fixed. Variations in these parameter values are expected to influence the performance
of the proposed swap-integrated procurement strategy. Investigating how the model
behaves across a broader set of parameter configurations remains a promising direction for
future research.
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Abstract

The purpose of this paper is to present a novel optimization framework that enhances
Wasserstein Distributionally Robust Optimization (WDRO) for chance-constrained facility
location problems under demand uncertainty. Traditional methods often rely on prede-
fined probability distributions, limiting their flexibility in adapting to real-world demand
fluctuations. To overcome this limitation, the proposed approach integrates two method-
ologies, specifically a Genetic Algorithm to search for the optimal decision about facility
opening, inventory, and allocation, and a constrained Jordan—Kinderlehrer-Otto (cJKO)
scheme for dealing with robustness in the objective function and chance-constraint with
respect to possible unknown fluctuations in demand. Precisely, cJKO is used to construct
Wasserstein ambiguity sets around empirical demand distributions (historical data) to
achieve robustness. As a result, computational experiments demonstrate that the proposed
hybrid approach achieves over 90% demand satisfaction with limited violations of prob-
abilistic constraints across various demand scenarios. The method effectively balances
operational cost efficiency with robustness, showing superior performance in handling
demand uncertainty compared to traditional approaches.

Keywords: constrained JKO (cJKO); chance-constrained optimization; Wasserstein distance;
facility location; Genetic Algorithm (GA)

MSC: 90C17

1. Introduction

Supply chain management (SCM) is critical in modern logistics and resource allocation.
With the rise of the sharing economy, supply chains are becoming more decentralized,
flexible, and demand driven. In the era of global uncertainty and volatile markets, supply
chain networks are increasingly exposed to risks stemming from unpredictable factors
such as demand fluctuations, global disruptions (e.g., COVID-19), geopolitical risks, and
operational variability [1]. If not properly addressed, these uncertainties lead to inventory
imbalances, excess operational costs, and reduced service levels.

The location of a facility (FLP) is a classical subject area in combinatorial optimization
with wide applications ranging from communication systems to supply chain planning,
public services, and economic development. FLP occurs in various real applications like
the location of logistical centers, industrial estates, gas filling stations, communication base
stations, and other essential infrastructures such as hospitals, schools, supermarkets, and
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warehouses [2]. Despite its extensive use, classical FLP models usually assume deterministic
conditions that do not reflect the intrinsic uncertainties characterizing real-world systems.
Consequently, the obtained solutions are brittle and not optimal when subjected to real-time
variations. To build robust and affordable supply chains, uncertainty must be integrated
directly within both the framework of modeling and optimization. Among all the different
kinds of uncertainty, demand uncertainty is especially significant since it has direct effects
on capacity planning, inventory, and service fulfillments. Tackling this uncertainty has
become a major challenge in the fields of operations research, decision science, and machine
learning. Several methodological paradigms have emerged to address this issue, each
grounded in different assumptions about the availability and structure of data—ranging
from classical stochastic optimization to robust and distributionally robust approaches.

A standard approach to addressing uncertainty in optimization is Stochastic Optimiza-
tion (SO), where decision-making is based on an assumed known probability distribution
of demand. However, the true demand distribution is unknown, and only historical data
(empirical distribution) are available. To model this uncertainty, distributionally robust
optimization (DRO) has emerged as a powerful technique. Unlike traditional stochastic
methods based on sample average approximation (SAA) optimization, DRO considers an
ambiguity set of possible distributions instead of assuming a single known distribution.
Table 1 presents three key optimization paradigms—SO, Worst-Case Robust Optimization
(RO), and DRO—and their respective mathematical formulations.

Table 1. Different optimization objectives considered in Bayesian optimization.

Optimization Type Mathematical Formulation
Stochastic Optimization (SO) max Ecoplf(x,c)]
Worst-Case Robust Optimization (RO) max miil f(x,0)
ce

Distributionally Robust Optimization .
(DRO) max_ inf Eeq [f(x,c)]

where x represents the decision variable to be optimized and ¢ denotes the uncertain parameter or context
influencing the outcome, such as demand or price. P is the probability distribution assumed known or estimated
(in SO), A is a predefined set of scenarios (in RO), and Q is a probability distribution within the ambiguity set U in
DRO, where U is a set of plausible distributions for c. DRO optimizes the decision x considering the worst-case
scenario across all distributions in U.

In this paper, the uncertain parameter is the customer’s demand, that is, a I-
dimensional vector with I the number of customers. Thus, a scenario is represented
by one demand vector and a set of scenarios—for instance, a historical dataset—can be
viewed as a point clouds, namely, an empirical multivariate distribution capturing the
inherent fluctuations in customer behavior due to external factors such as market trends
and disruptions.

Given these fluctuations, it is crucial to develop robust facility location and allocation
strategies that remain effective under a wide range of possible future demands. To this end,
we address the distributionally robust facility location problem under demand uncertainty,
where the true demand distribution is unknown and only sample-based approximations
are available. Instead of relying on a single known distribution, we propose a Wasserstein
Distributionally Robust Optimization (WDRO) framework, which defines an ambiguity set
(aka Wasserstein ball) of plausible distributions around historical data.

The Wasserstein distance is rooted in optimal transport theory [3-5] and provides
a mathematically rigorous and flexible measure of difference between distributions,
making it particularly well-suited for constructing ambiguity sets in data-driven set-
tings. Its usefulness has been recently reported, for instance, in the optimization of
composite functions [6].

We formulate a joint optimization problem that determines

21



Mathematics 2025, 13, 2144

(i) facility opening decisions,
(ii) inventory levels, and
(iii) customer allocations,

with the goal of minimizing the total supply chain cost, including fixed facility costs,
inventory holding costs, transportation costs, and penalties for unmet demand, while
satisfying demand with high probability.

To efficiently solve this complex and high-dimensional problem, we use a Genetic
Algorithm (GA) to heuristically generate solutions for both discrete and continuous decision
variables. Furthermore, we integrate a constrained Jordan-Kinderlehrer—Otto (cJKO)
scheme, originally presented in [7]. Unlike standard JKO methods, cJKO provides a
more effective and efficient mechanism for solving optimization problems over a space of
probability distributions equipped with the Wasserstein distance.

The resulting hybrid metaheuristic-variational framework enables the effective explo-
ration of the combinatorial decision space and robust handling of distributional uncertainty.
By leveraging the Wasserstein distance, our model balances adaptability and robustness,
avoiding overfitting to historical data while remaining responsive to dynamic demand
shifts. Overall, this integrated approach ensures that facility placement and resource
allocation remain cost-effective and resilient. The iterative cJKO updates allow for the
dynamic refinement of uncertainty sets, improving the solution quality over time. Our
method provides a scalable and theoretically grounded solution for optimizing supply
chain operations under deep uncertainty.

The remainder of this paper is structured as follows: Section 2 reviews the relevant
literature, highlighting the applications of stochastic optimization, robust optimization,
and distributionally robust optimization in facility location problems. Section 3 presents
the problem statement, formally defining the optimization problem. In Section 4, we
introduce the approach of optimizing over probability distributions, discussing how uncer-
tainty is incorporated into the decision-making process. Also, this section describes the
metaheuristic-based approach used to efficiently solve the problem, highlighting its advan-
tages. In Section 5, we provide computational results, demonstrating the performance of
our proposed methodology through extensive numerical experiments. Finally, Section 6
concludes the paper by summarizing the key findings and outlining potential directions
for future research.

2. Literature Review

Facility location problems under uncertainty have long been a central theme in opera-
tions research and supply chain design [8]. Classical approaches often rely on deterministic
formulations, assuming perfect knowledge of input parameters such as demand and trans-
portation costs [9]. However, real-world supply chains are increasingly impacted by volatile
customer demand, supply disruptions, and economic shifts. To address these challenges,
several optimization paradigms have been proposed, each with distinct assumptions and
trade-offs. In this section, we review the literature surrounding these approaches and their
application to facility location problems, with a focus on recent advances incorporating
Wasserstein-based DRO models and metaheuristic strategies.

2.1. Stochastic Optimization in Facility Location

SO aims to maximize the expected performance of a decision x under a fixed probabil-
ity distribution P of the uncertain parameter ¢ (Formula (1)). This approach assumes that
P is known in advance or can be estimated reliably from historical data.

max Ecop[f(x,¢c)], (1)
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SO has been extensively applied to facility location problems where demand or cost
parameters are modelled as random variables with known probability distributions. Classi-
cal SO methods aim to minimize the expected cost by solving a two-stage or multi-stage
model. In the first stage, strategic decisions such as facility openings are made, while in
the second stage, recourse actions, including allocations or inventory replenishments, are
optimized based on the realization of uncertainty. Works such as those by Snyder [10] and
Laporte et al. [11] provide foundational methodologies for modeling uncertainty in facility
location through scenario-based planning.

However, one major limitation of SO lies in its reliance on the accuracy of the assumed
probability distribution, which is often derived from historical or simulated data. In real-
world applications, these distributions may not accurately reflect future conditions due to
dynamic market trends, policy changes, or unforeseen disruptions. As a result, solutions
based on SO can become suboptimal or even infeasible when the actual demand distribution
deviates from the expected one. This sensitivity to distributional misspecification can
undermine the robustness of the decisions derived from SO models. Nevertheless, SO
remains a widely used and valuable benchmark approach in the facility location literature
and has been successfully applied to various settings, including capacitated facility location
problems, multi-period planning, and emergency service deployment.

2.2. Robust Optimization in Facility Location

RO takes a conservative approach by optimizing for the worst possible realization of
the uncertain parameter ¢ within a predefined set A (Formula (2)). The goal is to ensure
that the decision x performs well even under the most adverse conditions. This approach
is particularly useful in safety-critical applications, such as finance and healthcare, where
extreme scenarios must be accounted for.

max min f(x,0), (2)

RO offers an alternative approach by eschewing probabilistic information in favor
of worst-case guarantees. The underlying philosophy of RO is to optimize decisions that
perform acceptably under all realizations of uncertainty within a predefined uncertainty
set. Kouvelis and Yu [12] were among the early pioneers in introducing RO into supply
chain planning, and their work was followed by many others who sought to build resilient
networks without requiring probabilistic information.

RO has been extensively applied in the facility location literature to ensure system
performance under extreme or adversarial demand scenarios. For instance, Jabbarzadeh
et al. [13] proposed a robust location allocation model for humanitarian supply chains
that guarantees network resilience even under the most disruptive conditions. Despite its
effectiveness in providing high levels of reliability, RO tends to be overly conservative. By
focusing solely on worst-case scenarios, it often neglects probabilistic information about
more likely demand realizations. This leads to overly cautious solutions that can result in
excessive costs under normal operating conditions. Furthermore, RO does not fully exploit
valuable insights derived from empirical data, potentially missing opportunities to achieve
a more balanced trade-off between cost-efficiency and robustness.

2.3. DRO in Facility Location

DRO provides a middle ground between SO and RO by considering uncertainty in
the probability distribution itself. Instead of assuming that the context ¢ follows a fixed
distribution P, DRO optimizes for the worst-case expectation over all distributions Q within
an uncertainty set U [14] (Formula (3)). This makes DRO highly effective in environments
where the true distribution is unknown or subject to shift. The uncertainty set U is often
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defined using divergence measures, such as the Wasserstein distance, ¢-divergences, or
Maximum Mean Discrepancy (MMD) [15]. DRO has gained significant attention due to
its ability to account for distributional shifts while avoiding the extreme conservatism
of RO [16]. It has applications in robust machine learning models, adversarial training,
reinforcement learning, and optimization problems under uncertainty. In the context of
Bayesian optimization, adopting a DRO-based approach can significantly improve model
robustness [17], particularly in non-stationary environments where data distributions
change over time [18]. By selecting the appropriate optimization paradigm based on the
problem’s uncertainty characteristics, decision-makers can better balance performance and
robustness in their optimization tasks.

max inf E..o[f(x,c)], 3)
Y Qeu

Many studies have explored DRO in facility location, often using moment-based
or @-divergence-based ambiguity sets. For example, Liu et al. [19] formulated a DRO
model for emergency medical service station location using joint chance constraints. Their
model ensured service reliability by optimizing over all distributions sharing known first-
and second-order moments. More flexible are Wasserstein-based ambiguity sets, which
define the uncertainty set using optimal transport metrics. Ji and Lejeune [20] applied
Wasserstein DRO to chance-constrained facility location, demonstrating superior robustness
and computational tractability. These models can incorporate empirical distributions (i.e.,
point clouds) and adapt to various demand scenarios, making them particularly effective
for supply chain applications.

Wasserstein-based DRO has gained prominence due to its intuitive geometric interpre-
tation, tractable reformulations, and strong theoretical guarantees. It measures the cost of
transporting probability mass between distributions, naturally aligning with the logistics
and spatial nature of facility location problems. Wang et al. [21] applied Wasserstein DRO
to disaster relief logistics, modeling joint chance constraints under data-driven uncertainty.

Their results showed improved service levels and robustness under distributional
shifts. Recent developments in Wasserstein DRO have focused on computational efficiency
and scalability challenges: Ref. [22] provided a comprehensive duality framework for
Wasserstein DRO that offers more efficient reformulations, while advances in statistical
distance-based DRO algorithms have addressed computational complexity in large-scale
scenarios through decomposition and approximation techniques.

2.4. Types of Ambiguity Sets in DRO

Before constructing a DRO model, it is crucial to define how the uncertainty about the
true distribution is represented. While SO assumes a known distribution and RO operates
without any probabilistic assumptions, DRO acknowledges distributional uncertainty—the
fact that the true probability distribution is only partially known. This uncertainty is
formalized through an ambiguity set, a collection of distributions deemed plausible based
on the available data, prior knowledge, or statistical properties. The DRO model then seeks
to optimize performance under the worst-case distribution within this ambiguity set. As
such, the construction of the ambiguity set plays a central role in balancing robustness
and conservatism, influencing both the theoretical properties and empirical outcomes of
the solution.

Ambiguity sets can be constructed based on different principles:

e Moment-based ambiguity sets—constraints on mean, variance, and higher mo-
ments [16];
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e  Discrepancy-based ambiguity sets—define a neighborhood of plausible distributions
around a reference measure (e.g., Kullback-Leibler divergence and total variation
distance) [23];

e  Wasserstein-based ambiguity sets—a natural and flexible framework using the Wasser-
stein metric to measure the distance between distributions [24,25].

Among these, the Wasserstein-based ambiguity set has recently gained dominance
due to its mathematical/statistical background. The Wasserstein distance measures the
cost of transporting probability mass between distributions. This makes it highly suitable
for supply chain applications, where demand fluctuations can be viewed as shifts of
empirical distributions (i.e., set of historical demand data) within a neighborhood of a
certain Wasserstein radius.

2.5. Computational Trade-Offs in Distributionally Robust Facility Location

The computational complexity of DRO-based facility location models presents signifi-
cant challenges that must be carefully balanced against solution quality and robustness
benefits. Unlike traditional stochastic optimization, which deals with a fixed probabil-
ity distribution, DRO requires optimization over an entire ambiguity set, fundamentally
increasing the problem’s computational burden. The primary computational challenges
arise from the need to solve min-max optimization problems, where the inner maximiza-
tion over the ambiguity set often leads to semi-definite programming reformulations or
requires sophisticated duality theory [26]. In facility location contexts, this complexity
is compounded by the discrete nature of location decisions and the continuous nature
of allocation variables, creating mixed-integer optimization problems that are inherently
difficult to solve. While Wasserstein-based ambiguity sets offer intuitive geometric in-
terpretations and strong theoretical guarantees, they come with higher computational
costs compared to moment-based or ¢@-divergence approaches. The state-of-the-art meth-
ods for Wasserstein DRO rely on global optimization techniques, which quickly become
computationally prohibitive for large-scale problems [25]. However, recent algorithmic
advances have improved tractability through efficient reformulations and decomposition
strategies. Practitioners must balance between problem size, solution time, and robustness
level. Larger ambiguity sets provide greater distributional robustness but exponentially
increase the computational requirements. Effective scenario identification techniques can
reduce this computational burden by focusing on scenarios that most significantly impact
the optimal solution [26].

2.6. Metaheuristic Approaches and Genetic Algorithms in Facility Location

Given the combinatorial complexity of facility location problems, especially under
uncertainty, exact algorithms often struggle to scale. Metaheuristic methods such as Genetic
Algorithms (GAs), Simulated Annealing (SA), and Particle Swarm Optimization (PSO)
have been widely adopted to overcome these limitations. GAs are particularly well-suited
for mixed-integer optimization problems thanks to its ability to explore large and nonlinear
search spaces efficiently [27].

In recent years, hybrid models combining GAs with SO or RO have emerged. Saeedi
et al. [28] developed a two-stage stochastic programming model for a closed-loop Electric
Vehicle (EV) battery supply chain under demand uncertainty. They used meta-heuristic
algorithms to optimize facility location and inventory decisions, encoding key variables
into chromosomes.

By integrating a GA with WDRO, this work combines the global search strengths
of meta-heuristics with the rigor of modern DRO. The incorporation of the cJKO scheme
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enables the dynamic evolution of Wasserstein ambiguity sets alongside decision updates,
resulting in adaptive and resilient solutions under demand uncertainty.

2.7. Optimization of Probability Distributions

The standard JKO scheme is a variational formulation originally developed to solve
gradient flows in the space of probability measures [7]. Recent research has adapted this
scheme to solve optimization problems over distributions, notably in Bayesian optimization
and physics-informed learning [29]. The constrained JKO (cJKO) variant enforces an upper
bound on the Wasserstein distance between iterations, offering a principled way to control
distributional shifts and update empirical distributions while preserving proximity to
the observed data [30]. Although applications of cJKO in supply chain optimization are
nascent, its potential is significant. Our work is among the first to apply the cJKO scheme
to distributionally robust facility location under chance constraints.

3. Problem Statement

In supply chain management, uncertainty plays a crucial role in decision-making.
Classical deterministic models assume that the demand is perfectly known, but real-world
scenarios involve an uncertain demand due to market fluctuations, economic factors,
and unpredictable customer behavior. To tackle demand uncertainty, we adopt a WDRO
framework, that is, DRO with a Wasserstein-based ambiguity set. The goal is to minimize
supply chain costs while ensuring robust facility, storage, and allocation decisions. Table 2
presents the notations used throughout this paper, defining the indices, parameters, and
decision variables essential for formulating the optimization model.

Table 2. Notations.

Notation Description

I Index for customers (demand points) i =1, ..., 1
] Index for facilities (potential locations) j =1,...,]
T Index for time periods t =1,...,T

fit Facility opening cost for facility j in period ¢

ajt Storage cost at facility j in period ¢

Cij Transportation cost from facility j to customer i
qt Total supply capacity available in period ¢

d; Demand at customer i

0i Penalty cost for unmet demand at customer i

X Binary variable indicating whether facility j is open
t in period ¢

Sit Inventory level at facility j in period ¢

Y. Quantity transported from facility j to customer i in
]’t period ¢

Problem Formulation

In the supply chain optimization model, the primary decisions to be made include
(1) facility location decisions, which determine whether facility j should be opened in period
t, represented by the binary variable X;; (2) inventory management decisions, where the
inventory level at facility j in period ¢, denoted by Sy, is optimized to adjust storage levels
in response to fluctuating demand while minimizing holding costs; and (3) transportation
and allocation decisions, where the quantity Yj;; is transported from facility j to customer i
in period t, aiming to minimize transportation costs while fulfilling customer demand d;.
Without loss of generality, the demand of each customer is considered fixed over time (i.e.,
it does not depend on ¢).
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Decisions must be taken under demand uncertainty and are designed to minimize
total supply chain costs while maintaining operational efficiency. The objective function of
the reference problem consists in minimizing the total cost associated with facility location
and allocation under demand uncertainty. It consists of two terms:

(i)  Facility operation costs, represented by fixed opening costs f;;Xj; and inventory
holding costs aj;(Sj; — S;;—1), ensure that storage levels adjust optimally over time.
This term is “deterministic” in the sense that its computation does not depend directly
on the demand and its uncertainty.

(ii) Transportation and allocation costs are captured through expected costs over the
unknown probability distribution P, including demand-dependent shipping costs
cijYjird; and penalties related to supply shortages. This term depends directly on the
demand and its uncertainty; indeed, it is a penalization with respect to unmatched
demand due to fluctuations. Its computation requires finding the worst-demand
possible P, meaning to solve an optimization problem over probability distributions,
specifically a Wasserstein neighborhood of the historical data.

min ) Y (feXji +aje(Sjt — Sjs—1)) + sup Egp
te[T]jel]] Pe%e

Y CiitYiid; + Y pi max (0, Yjd; — Sir) | (4)
it it

The optimization of the objective function (4) is subject to the following constraints:
Chance Constraint for Demand Satisfaction

inf P Yid—S,t <0p>1-—
ilp {je[rfr]lf?[ﬂ{ id=Su} < }_ 1 ®

Facility and Allocation Constraints
Xy €{0,1},Syer™, Yu>0, Viell,je[]],te|[T] (6)

Allocation Constraint

a< Y X Vi <1Viell] @)
te[T] jelT]

Facility and Capacity Constraints

[ [
El Xjr <1,5; < Qtr)gl Xjo,Sjt > Sjp1, Vje[], telT] 8)
The chance constraint for demand satisfaction (5) guarantees that the probability of
supply shortages remains below a predefined threshold (1 — 7), improving reliability. Anal-
ogously to the objective function, the computation of (5) requires solving an optimization
problem over probability distributions, meaning that cJKO will be used to compute the
left-hand side term of the inequality in (5).

Facility operation constraints (6) enforce binary decisions for facility openings and
nonnegative allocations. The allocation constraint (7) ensures that each demand node
receives an appropriate share of the supply without exceeding the available capacity.
Finally, capacity constraints (8) limit inventory levels based on facility availability, ensuring
that stored goods do not exceed practical limits. These constraints collectively shape an
efficient, resilient, and mathematically rigorous facility location model that effectively
manages uncertainty and distributional shifts in demand.

Another important constraint is related to cJKO itself, rather the supply chain problem.
Specifically, we must set sz (P,P) < eateachiteration k = 1,...,K of the cJKO algorithm,
where Py is the probability distribution at step k, P is the decision variable (i.e., probability
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distribution), and ¢ is the radius—in Wasserstein terms—of the ambiguity set (aka Wasser-
stein ball) around the current candidate solution P;. All the details about ¢JKO and ¢ are
detailed in the next section.

4. Solution Approach
4.1. Optimizing over Probability Distributions

The computation of the objective function (4) and the probabilistic constraint (5)
requires solving two optimization problems over distributions separately, that is, searching
for the worst demand distribution affecting the objective value and the worst demand
distribution affecting the demand satisfaction constraint.

Without loss of generality, we can consider the reference problem

P* € argmin% (P), )
Pexr

where F (P) refers to a generic functional to be minimized over the space of probability
measures 9. Solving problem (9) means searching for a sequence of probability distri-
butions starting from an initial random guess P, (typically a multivariate Gaussian) and
converging to P*. A well-known example for problem (9) is given in [7], showing that
solving the Fokker-Planck PDE is equivalent to minimize an entropy functional over the
space of probability measures, equipped with the so-called Wasserstein distance.

The Wasserstein distance is defined as the minimum cost for transporting probability
density mass from a source probability density to match a target probability density, and
where the cost is computed in terms of a distance (also known as the ground metric) between
points of the support. In this paper, we consider the case that the cost is the Euclidean
distance, leading to the so-called 2-Wasserstein distance:

V3 (Po,P*) = _min /9 IT(d) — d|2 dP(d) (10)
ok

where TyPy = P* means that applying T : 9 — 9 to Py (i.e., our source distribution) will
obtain P* (i.e., our target distribution) as result. Ty denotes the so-called push-forward
operator; while T (d) is interpreted as a function moving a single data point (i.e., a customers
demand scenario, in our case) over the support &, Ty represents its extension to an entire
probability measure.

The Brenier Theorem [3,4] guarantees that the problem (10) has a unique optimal
solution T*, named the optimal transport map. Furthermore, the Brenier theorem also
states that the optimal transport is equal to the gradient of a convex function ¢(d), such
that T*(d) = Vo(d) =d — Vf(d).

By introducing a coefficient T € [0, 1], we can define a continuous-time representation
of the optimal transport map T*, that is,

T:(d) = d - TV (d) a1
Easily, the following discrete-time representation can be derived:
N k
i (d) = d — L V(d) (12)
with k = 0,...,K and where k/K is a discretization of 7. As a result, the sequence
Py =Ty,Po — ... — Tg,Po = P* solves (10), with T* as the solution of (10).

Since P* is not known a priori, T* cannot be directly computed. A widely adopted
method to solve (10) is the JKO (Jordan-Kinderlehrer—Otto) scheme [7] that is a proximal
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point method with respect to the 2-Wasserstein distance or, from another point of view,
a backward Euler discretization. At a generic iteration k, JKO transports the current
probability density, Py, into the next Py, according to

Peyq = argmini%Z(P, Py) + F(P) (13)
peg 2h
with & as the JKO'’s step size.

Solving problem (14) translates into searching for the next probability density Py
that minimizes the functional % within a 2-Wasserstein neighbourhood of the current Py,
that is, a Wasserstein ball (aka ambiguity set) around Py. Iteratively solving problem (13)
leads to a sequence Py, ..., Px >~ P* whose rate of convergence to P* depends on h: with
h — oo, the first term goes to zero, meaning that we are minimizing % but at the expense
of obtaining a transport far away from the optimal one. On the contrary, if # — 0, then the
first term becomes more relevant so that the generated sequence will be close to T* but it
will converge significantly slowly to P*.

Finally, problem (9) is formulated in terms of P € &, that is, having probability
densities as decision variables. State-of-the-art approaches recast problem (9) as an opti-
mization problem in terms of a parametrized transport map from P, to P*. For instance, the
convex function ¢(d) is usually approximated through an Input Convex Neural Network
(ICNN) [31-33], a specific type of Deep Neural Network (DNN), and then T(d) is obtained
by following the Brenier Theorem, namely, T(d) = V¢(d). DNNSs are also used in [34,35]
to approximate f(d) through a DNN, whose output is then used as an input—along with
d—of another DNN estimating T'(d). Contrary to the ICNN-based approaches, this method
allows for skipping the computation of V¢ (d). More recently, [36] proposed to parametrize
T(d) through a Residual Neural Network (ResNet) and a variational formulation of the
functional # (d) formulated as maximization over a parametric class of functions. This
allows for reducing the computational burden with respect to the previous methods using
small data samples and scaling well with the dimensionality of the support &. The small
data regime setting has been also recently investigated in [37], who proposed to combine
OT solvers and Gaussian process regression to efficiently learn the transportation map. The
most relevant issue for all the neural approaches is that at least one neural network must
be trained, leading to relevant computational costs at each JKO step. Since getting close to
T*(d) requires h — 0 and consequently a number of iterations K — oo, this issue becomes
even more critical. Moreover, there are not specific guidelines on how to choose the most
suitable neural network to use. Moreover, [38] has recently reported that normalizing flow
models based on neural networks can only generate planar flows, which are proven to be
expressive only in the case of univariate probability densities (i.e., 1-dimensional support).
Another relevant study on the convergence and the self-consistency of normalizing flows
in the space of probability density equipped with the Wasserstein distance is given in [39].

The Constrained JKO Schema

The parametrization of the transport plan considered in this paper has been originally
proposed in [30], and is defined as follows:

~

Ty = d— /\(d)ZJR,X(d) (14)

with A : R? — Ry, RY — [0,271}’1_1 ,and R,y is a rotation matrix consisting of a se-
quence of matrix multiplications, R, ;) = Hg;%RV l(d), where RI“)(d) is defined as
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cos( ) if (i,j)=(¢,¢)
—sm( /(@) if (i,j) = (¢,%)
RO = o(a@) i) =0 0) as)
sl @) f )= 50
1 ifi=jANi#C, «
0 otherwise

where (/| (d) denotes the #th component of the vector-valued function a(d).

Finally, v is a reference versor; for simplicity, we consider v = (ﬁ) 1™, where 1™
denotes the all-ones vector and, therefore, | v || = 1.

From the Brenier theorem, we know that T (d) = d — Vf (d), and so we are posing
Vf (d) = A(d)vRy)- The parameters to be learned in the proposed parametrization
are the two functions A(d) and a(d). Contrary to the ICNN-based parametrizations, but
analogously to [34-36], the proposed parametrization does not require any assumptions on
the two functions to be learned.

According to the proposed parametrization, the JKO schema can be recast into

. 1
M) d) = argmin S0 WP, P+ 7 (P | (6

with Pk+l = ]Nﬂkfl#Pk.

Like all the other approaches, we learn the functions underlying our parametrization
by accessing to point clouds (i.e., empirical distributions) sampled from probability densi-
ties Py, ..., P [30]. Analogously to other neural networks-based approaches, denote with
Dy ~ P the point cloud at iteration k obtained as

Dy =Ty 14Tk—24 - TogDo = Do (17)

YN ~

with Dy ~ Py such that Dy = {d(()l) } X According to our parametrized transport T(d),
i=

every point of the current cloud Dy is transported as follows:

A

=d) AV R ), Vi € {1,...,N} (18)
k
with /\,((i) and a,((i) representing shorthand for A <d,(<i) ) and o (d,((i) ) .
Since we are working with point clouds, and according to our parametrization, we
can rewrite the 2-Wasserstein distance as follows:

2 N ; 2
Ny

i=1

1N
W5 (Dyy1, Di) = NZ
i1

(19)

v - A,((i)vRal(j) —d\

Z)Ra}({i)

Since rotation does not modify the module of the rotated v, and according to our
2

= 1. Finally, we can write
2

choice for v, we have oR ()

k

1

W3 (Diy1, Di) = ﬁ (20)

] Mz
>
e

with A > 0.
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This allows us to set a threshold ¢ on the term %, (Dy.1, Dy) to explicitly quantify the
Wasserstein ball around the current Dy, instead of weighting %52 (Dy 1, D) with respect to
F (d) through the value of & in the standard JKO schema.

Finally, the constrained-JKO (cJKO) scheme can be formalized:

1N ,
Ao = argmin F(Pryq)s.t. NZ /\,(;) <e (21)
N =1
AER], !
a e [0,27]N

with ¢ as a small positive quantity, Ay = ()tl({l),...,/\,((N)), ap = (al(cl),...,ocl((N)), and

Diy1 = {di(c?r = dl(ci) - A,(C%Ra;,.) } \

In simpler terms, we are sealrz:hing for Dg,q1 ~ Pyyq1, which minimizes & (Pyy1)
within a 2-Wasserstein neighbourhood of Dy.

Indeed, ¢ — 0 in ¢JKO operates analogously to # — 0 in JKO, requiring a longer
sequence to converge to P*, but providing a transport close to the optimal one. However, it
is important to clarify that, from a quantitative perspective, they are completely different.
Since  is just a scalarization weight into a scalarized bi-objective problem, it is quite impos-
sible to establish a suitable value without any prior knowledge about & (P). Furthermore,
using a constant value for /1, which is the common choice, leads to a significantly different
relevance of the two objectives over the JKO iteration

The cJKO scheme overcomes these limitations thanks to ¢: it is chosen in advance and
kept fixed along the overall iterative optimization process, independently on the values
of # (P) over the iterations. Figure 1 shows an example of the trajectories from Dy to Dg
depending on three different values of e. The three presented cases converge to the same
value of % (Dx) (and same final point cloud) but within a different number of cJKO steps:
the smaller the value of ¢, the larger the number of iterations K, and the closer the final
transport to the optimal one (i.e., trajectories are closer to the actual T*, because they are
more straight and do not overlap).

o4 o o -
1= 00 ] ;. owy [} 1.. oy
[ Al
- ap T
=+ 1 ® = & ok
*‘\IN_ p I'\IN_ ' "\IN- '
&l .' ‘.:l'..- = .' o ...:-.. ] " _.-.:II‘-
o e P
o 4 ' o ‘ o
5 0 5 10 15 5 0 5 10 15 5 0 5
Xy Xy ¥4

Figure 1. Effects of € on cJKO convergence and Wasserstein flow behavior [29].

As far as the application problem considered in this paper is concerned, cJKO is used to
compute the second (stochastic) term of the objective function (4) and the chance constraint
(5) separately, given a candidate solution for the facility location problem.

For completeness, we report the generic algorithm for the cJKO scheme, as follows. It
is important to clarify that it is separately applied to identify the demand distributions—
within an e-radius Wasserstein ball of the historical demand data Dy—providing (a) the
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maximum penalization in the objective function, that is, the second term in (4), and (b) the
minimum probability in the chance constraint (5).
¢JKO Algorithm for distributionally robust optimization

e Input:

O [X, S, Y] candidate solution (provided by the GA meta-heuristic);

Dy historical demand data;

e > 0 (i.e., JKO’s parameter);

K > 1 (i.e., JKO's iterations);

F functional to be optimized (i.e., objective function’s term to be minimized

O O O O

in (4) and left-hand side term of the chance constraint to be maximized in (5),
separately);

o Step0: k<« 0;

e  Step 1: solve the following problem;

Dy, € optimize F(Tr 4D X,S,Y)
A eRY,
= [77_[, n]NX(d—l)
S.t. g(T/\,,X +Dy; X,S,Y)

o Step2: k<« k+1;
e Step3:ifk < K, gotoStep1;
e  Return Dy.

Since the true probability distribution of the demand is unknown, as well as changes
due to unpredictable events, it is difficult to define suitable values for ¢ and K a priori. On
the other way round, their values are easy to interpret: larger values increase robustness
against events that could lead to demand values that are significantly different from the
historical ones, but this means that the final decision [X, S, Y] might be too conservative.
On the contrary, smallest values assume that the future demand should not change too
much with respect to historical data, leading to less conservative decisions but difficulty in
dealing with possible significant changes. The suggestion is to perform different runs with
different values of ¢ and K, with the aim to observe differences both in term of the final
solution [X, S, Y] and generated demand distributions. Finally, the user can select the most
suitable decisions (and scenario) for the specific goals of the target setting.

4.2. Metaheuristic-Based Approach

In this section, we introduce a metaheuristic optimization framework for distribution-
ally robust supply chain design under demand uncertainty. Our approach integrates

e A Genetic Algorithm (GA) for the heuristic initialization of facility location, storage
levels, and allocation decisions;

e  The ¢JKO scheme to compute the stochastic term of the objective function (4) and the
chance constraint (5) separately;

e A robust evaluation function that balances operational cost and risk-averse
decision-making.
This hybrid method provides an efficient alternative to exact methods, particularly

in high-dimensional settings, in which classical optimization techniques struggle with

combinatorial complexity.
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4.2.1. Genetic Algorithm for Heuristic Initialization

In step . to enhance the efficiency of the optimization process, we employ a GA
for heuristic initialization. A GA is an evolutionary-based meta-heuristic that iteratively
improves candidate solutions by mimicking natural selection principles, including selec-
tion, crossover, and mutation [40]. In our approach, the GA generates an initial population
of facility location and allocation decisions, ensuring diversity in solutions while provid-
ing a high-quality starting point for subsequent optimization. By leveraging a GA, we
improve the convergence speed and enhance the feasibility of the optimization model by
reducing the likelihood of poor initializations. This approach is particularly beneficial for
large-scale problems where a purely random initialization could lead to suboptimal or
infeasible solutions.

Chromosome Representation

Every individual in the genetic population represents a possible supply chain configu-
ration as a chromosome, encoding

e  Facility location decisions X (J x T binary matrix);
e  Storage level decisions S (J x T continuous matrix);
e  Allocation decisions Y (J x I x T continuous matrix).

Formally, a chromosome is structured as chromosome = [X,S,Y], where

e  Xj: € {0,1} denotes whether facility j is open at time ¢;

e  Sj; € RT represents the storage level at facility j at time ¢;

e Yji; € R captures how much demand from the customer i is allocated from facility j
at time t.

Fitness Function

The objective function in the genetic algorithm evaluates the total cost of a candidate
supply chain configuration with Formula (4). It minimizes the sum of three key components:
(1) fixed facility opening costs, (ii) inventory holding costs, and (iii) expected transportation
costs and shortage penalties costs under stochastic demand while satisfying demand
constraints.

Genetic Operators

The GA employs three main evolutionary operators:

e  Selection (Tournament Selection);
O Randomly selects k-tournament competitors and chooses the best candidate.
e  Crossover (Uniform Crossover);

O Swaps facility decisions and allocations between parent solutions to create diverse
offspring. In this strategy, each gene (i.e., element of the chromosome representing
facility decisions or allocations) is independently chosen from one of the two
parent solutions with equal probability. This encourages greater diversity and
exploration of the solution space by recombining building blocks from both
parents.

e  Mutation (Storage and Allocation Adjustment);

O  Perturbs storage levels and allocations to introduce new feasible solutions. The
swap mutation randomly selects two positions in the chromosome and exchanges
their values. This perturbation helps the algorithm escape local optima by intro-
ducing structural variation into the solution while preserving feasibility.

e The GA runs for a predefined number of generations, yielding a near-optimal initial
solution.
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4.2.2. Wasserstein Distributionally Robustness via cJKO

Once an initial solution is generated in step (2), we use cJKO to compute the stochastic
term of the objective function (4) and the chance constraint (5) separately.

Distributional Robustness via Wasserstein Distance. Starting from the point cloud
associated with to historical demand, namely, Dy, we iteratively search for Dy to finally
compute right term of the chance constraint (5).

¢JKO Iterative Update Rule. At each iteration k, we solve the constrained Wasserstein
optimization problem in Formulas (4) and (5). The process is repeated until a maximum
number of iterations is reached. This ensures that our demand forecasts adapt dynamically
based on historical and simulated uncertainty data.

4.2.3. Chance Constraint Verification (3)

In supply chain and facility location problems, ensuring demand satisfaction under un-
certainty is critical for maintaining service levels and system robustness. Traditional chance
constraints provide a probabilistic guarantee that demand will be met with high probability,
despite stochastic fluctuations. In our approach, the chance constraint is reformulated
within the cJKO variational framework to account for distributional uncertainty. Specifi-
cally, we enforce the constraint (5). This formulation ensures that demand satisfaction holds
with probability at least 1 — # under the worst-case distribution within the Wasserstein
uncertainty set. Using a ¢JKO-based gradient flow, we iteratively evolve the distribution P
to maximize constraint violation while remaining within . If the worst-case distribution
still satisfies the demand constraint, robustness is achieved. This approach allows us to
dynamically verify and enforce probabilistic demand satisfaction in a data-driven and
distributionally robust manner.

4.2.4. Integrated Iterative Optimization Framework

The GA-initialized solution and cJKO-updated demand are combined in a metaheuristic-
based iterative optimization loop.
Iterative Algorithm

Step 1: Initialize supply chain decisions using GA.

Step 2: Solve the cJKO Wasserstein update to refine demand scenarios.
Step 3: Evaluate feasibility via chance constraints. Step (@.

Step 4: Adjust storage and allocations based on updated demands.
Step 5: Repeat until convergence or max iterations. Step ®.

In this case, 7 is the risk level (e.g., 95% confidence).

If the constraint is violated, we adjust the ambiguity radius € and re-optimize. The
optimization process follows the iterative procedure illustrated in Figure 2. This framework
begins with the initialization of supply chain decisions using GA, followed by the cJKO
Wasserstein update to refine the demand distributions. Chance constraint verification
ensures robustness, and necessary adjustments to storage and allocations are made until
convergence or the maximum iteration limit is reached.

34



Mathematics 2025, 13, 2144

tepl: Initialize Supply Chain
Decisions using GA

|

tep2: Compute Demand Update
using Wasserstein cJKO Scheme

—_—

Step 3:
@ Versfy Chance Constrame ustng JJKO
Pl <Spl21-97

Step 4: If solution is better Update
Supply Chain Storage & Allocations

[ Convergence or Max Iterations? ]

I

Modify storage levels (S) and
allocations (Y)

Max

iteration?

[ Output Final Optimized Plan ]

Figure 2. Iterative metaheuristic optimization framework using cJKO for a distributionally robust
supply chain design.

5. Computational Results
5.1. Experimental Setup

The optimization was performed on a machine with an Intel i7-9700 CPU and 16 GB
of RAM using Python 3.12 (NumPy, SciPy, DEAP for genetic algorithms, and Matplotlib
3.10.0 for visualization) [41-44]. The inner optimization problem in the cJKO scheme
was solved using COBYLA (Constrained Optimization BY Linear Approximation) from
the SciPy library to efficiently handle the Wasserstein-constrained subproblem. The code
has been developed in Python and is freely available at the following repository: https:
/ /github.com/iman-ie/FacilityLocation_cJKO.git (accessed on 1 May 2025).

To evaluate the performance of the proposed stochastic facility location model under
Wasserstein ambiguity and chance constraints, we conduct a comprehensive series of
computational experiments using synthetically generated data. The testbed consists of six
problem instances with varying scales, including configurations of 15, 30, and 40 customers
and candidate facilities, tested over planning horizons of both three and five time periods
to assess scalability and temporal complexity handling. The parameter settings follow
data generation strategies adapted from well-established studies in the literature on robust
and stochastic logistics [19,45]. The synthetic data are generated to simulate a wide range
of realistic operating environments with uncertainty in demand and cost. Parameter
values are drawn from uniform distributions to ensure heterogeneity across instances.
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Furthermore, the model is tested under varying values of the Wasserstein radius ¢, allowing
a detailed sensitivity analysis on the trade-off between robustness and conservatism. The
experimental parameters are detailed in Table 3.

Table 3. Experimental setup parameters.

Parameter Description Value/Range

Cost of opening facilities
per period
Capacity level per
period
Cost of holding
inventory at facilities
Cost of transporting
Transportation cost ¢ goods from facilities to u[o,5]

customers
Weight assigned to
Demand weight d demand at each u [0,30]
customer location
Penalty for unmet
demand
Minimum probability of
Reliability level satisfying demand 0.8
constraints
Allocation threshold for
each customer

Facility opening cost f U[100(T — t), 100 + 100(T — t)]

Capacity level g 20t

Storage cost a u[o,2]

Penalty cost p u [5,15]

5.2. Parameter Setting

The effectiveness of metaheuristic algorithms is significantly impacted by their param-
eter settings. Consequently, this section focuses on optimizing the parameters of the GA to
enhance the robustness of the solution strategy. While traditional studies have often used
a full factorial design for parameter selection, this method becomes less practical as the
number of parameters increases. To address this issue, the Taguchi method is adopted to
streamline the experimental process by reducing the number of required tests and overall
complexity [46]. Initially, the test problem is executed ten times. The outcomes of the
objective functions are then converted into relative percentage deviation (RPD) values
to standardize performance comparison. The average RPD is subsequently utilized to
compute signal-to-noise (S/N) ratios, which help identify the most effective parameter
levels. Table 4 outlines the selected parameters and their respective levels.

Based on the defined parameters and their corresponding levels, the L18 orthogonal
array from the Taguchi method is applied to the GA. To assess the outcomes of each
experimental run, the RPD is calculated using Equation (23):

- Mil’lsol

RPD = Algsol

22
Minsol ( )

In this context, Min,; denotes the lowest observed value of the cost function, while
Alg,,, represents the solution produced by the algorithm [47,48]. Table 5 presents the L18
orthogonal array used in the experiments, along with the average RPD calculated over ten
independent runs.

Taguchi’s method aims to enhance the influences of controllable factors while reduc-
ing the effects of noise variables. The S/N ratio serves as a key metric to achieve both

objectives. This approach is categorized into three types: “larger is better”, “smaller is
better”, and “nominal is best”. In the current study, the RPD is employed as the response

36



Mathematics 2025, 13, 2144

variable. Therefore, the “smaller is better” criterion is selected for parameter tuning, and

Equation (23) is used to compute the corresponding S/ N ratio.

S/N = —10 log;, (Z <Y2) /n)

Table 4. The parameters level of GA.

(23)

Factor

Level

Symbol Type

MaxIt (Maximum number of iterations)

A(1)-100
A(2)-200
A(3)-300

A Numeric

nPop (Population size)

B(1)-80
B(2)-120
B(3)-160

Numeric

PC (Probability of crossover)

C(1)-0.3
C(2)-0.6
C(3)-0.9

Numeric

PM (Probability of mutation)

D(1)-0.05
D(2)-0.15
D(3)-0.25

Numeric

Type of crossover

E(1)-One-point
E(2)-Two-point

E(3)-Uniform

E Categorical

Type of mutation

F(1)-Pairwise
F(2)-Swap

F(3)-Inversion

F Categorical

In this context, Y represents the response value for each test instance, and n denotes

the total number of experiments based on the orthogonal array. The analysis of the response

(RPD) was conducted using Minitab 21.1.0 software. Figure 3 illustrates the average S/N

ratios corresponding to each parameter level. Based on the results, the optimal levels for the

GA parameters are identified as three, two, one, three, one, and two. Table 6 summarizes

the best values for each parameter.
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Figure 3. The GA factors’ mean SN ratio plot: each chart refers to a specific parameter in Table 5.
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Table 5. The orthogonal array L18 for the GA.

Trial A B C D E F Mean of RPD S/N
1 1 1 1 1 1 1 0.202 13.89
2 1 2 2 2 2 2 0.145 16.77
3 1 3 3 3 3 3 0.078 22.15
4 2 1 1 2 2 3 0.114 18.85
5 2 2 2 3 3 1 0.067 23.47
6 2 3 3 1 1 2 0.121 18.35
7 3 1 2 1 3 2 0.133 17.52
8 3 2 3 2 1 3 0.089 21.01
9 3 3 1 3 2 1 0.051 25.85
10 1 1 3 3 2 2 0.103 19.74
11 1 2 1 1 3 3 0.162 15.80
12 1 3 2 2 1 1 0.141 16.99
13 2 1 2 3 1 3 0.079 22.04
14 2 2 3 1 2 1 0.152 16.37
15 2 3 1 2 3 2 0.091 20.82
16 3 1 3 2 3 1 0.095 20.44
17 3 2 1 3 1 2 0.029 30.75
18 3 3 2 1 2 3 0.108 19.32

Table 6. Optimal GA parameter settings based on the Taguchi S/N ratio analysis.

Parameters Symbol Best Level
Maximum number of iterations A(3) 120
Population size B(2) 300
Probability of crossover C(3) 0.25
Probability of mutation D(3) 0.9
Type of crossover E(3) Uniform
Type of mutation F(2) Swap

5.3. Sensitivity Analysis of the Wasserstein Ambiguity Radius

To evaluate the sensitivity of the proposed distributionally robust facility location
model with respect to the Wasserstein ambiguity radius €, we solve the problem under
a range of values. Specifically, we considered ¢ € {0.025,0.05,0.1,0.5}. Each instance is
solved using the cJKO-based optimization framework, and the corresponding total ex-
pected cost (objective value) is computed by aggregating facility setup costs, inventory
holding costs, and allocation-based penalties under the resulting worst-case demand distri-
bution. The results relative to the smallest test case (i.e., I =15,] = 15, and T = 3), which
are summarized in Table 7 and illustrated in Figure 4, reveal a non-monotonic trend in
the objective value as a function of e. Initially, increasing the radius leads to a reduction
in the objective, indicating improved robustness to distributional shifts without overcom-
pensating in the decision variables. However, beyond a critical value of ¢, the objective
begins to increase, suggesting excessive conservatism as the ambiguity set becomes too
large. Figure 5 compares the prescribed Wasserstein radius (¢) with the actual Wasserstein
distance achieved after optimization. The observed near-monotonic trend highlights how
increasing ¢ allows the model to explore a broader set of distributions, thereby enabling
more robust—but potentially more conservative—solutions. This behavior confirms that
the optimization process effectively leverages the flexibility provided by the ambiguity set
while maintaining alignment with the WDRO framework.
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Table 7. Costs for different values of the cJKO parameter ¢ for the case [ =15,] =15,and T = 3.

€ Objective Value Wasserstein Distance
0.025 1775.907 2.6890
0.05 1757.1674 4.1560
0.1 2180.4731 9.1143
0.5 2314.4775 49.6896
2300 1
2200 1
% 2100
% 2000
£
1900 A
1800 A
O.‘l 0.’2 0:3 0.‘4 0.’5

Wasserstein Radius €

Figure 4. Effect of the Wasserstein ambiguity radius on the objective value (for the case I =15, ] = 15,
and T = 3).
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Figure 5. Actual Wasserstein distance achieved vs. specified radius ¢ (for the case I = 15, ] = 15,
and T = 3).

Figure 6 further details the behaviors of both the first-stage cost (on the left) and
the overall cost (on the right) with respect to the value of € and for 10 independent runs.
Obviously, most of the total cost is given by the second-stage cost rather than the first-
stage cost. While the first-stage cost monotonically increases with ¢, the overall cost
increases non-monotonically. Finally, the variability of the total costs significantly increases
with € increasing from 0.1 to 0.5 due to the fact that the demand scenarios generated are
significantly different from the historical data.

The same behavior is also observed for the largest test case, that is, I = 40, | = 40,
and T =5, as reported in Table 8.

Table 8. Costs for different values of the ¢JKO parameter ¢ for the case I =40, ] =40, and T = 5.

€ Objective Value Wasserstein Distance
0.025 5456.74 41.7554
0.05 5331.98 51.0905
0.1 6664.91 51.2219
0.5 7038.21 89.9972
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Figure 6. Effects of the Wasserstein ambiguity radius on the first-stage cost (on the left) and the
overall cost (on the right) for the smallest test case (i.e., I =15,] =15, and T = 3). Box plots were
obtained over 10 independent runs.

The observed behavior can be attributed to the interplay between robustness and
conservatism inherent in WDRO. For small values of ¢, the model remains vulnerable to
a misestimation of demand, while at large values of ¢, the solution tends to over-allocate
resources to hedge against highly pessimistic demand realizations. This trade-off directly
affects both cost efficiency and feasibility under chance constraints, as a larger € generally
improves satisfaction probability at the expense of increased operational cost.

Figure 7 illustrates the interplay between the out-of-sample objective value and the
empirical satisfaction probability as a function of the Wasserstein radius ¢, which gov-
erns the size of the ambiguity set in the distributionally robust optimization model. As
shown, the objective value (blue line, left axis) initially increases with ¢, reflecting the
model’s increasing conservatism in hedging against distributional shifts. Concurrently,
the satisfaction probability (orange dashed line, right axis)—defined as the empirical fre-
quency with which the chance constraints are met across test scenarios—monotonically
increases with larger € values, starting from 91%. This trend confirms the theoretical expec-
tation that larger ambiguity sets provide more robust solutions by better encompassing
the true demand distribution. However, the trade-off becomes evident as overly conser-
vative solutions (large ¢) yield diminishing returns in feasibility gains while incurring
significantly higher costs.
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Figure 7. Effects of € on performance and feasibility (for the case I=15,] =15, and T = 3).
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5.4. Performance Analysis of the Proposed Algorithm

Table 9 demonstrates the superior performance of the proposed cJKO method com-
pared to the Outer Approximation (OA) algorithm from reference [21] and the Robust
Optimization (RO) baseline across six problem instances ranging from 15 to 40 facilities
and customers over three to five time periods. The ¢JKO method consistently achieves
the lowest objective values across all configurations, outperforming OA by 0.4% to 0.95%
and showing even more significant improvements over RO, particularly in instances
with longer planning horizons where RO performs poorly (e.g., achieving 6948.55 vs.
cJKO’s 5331.98 in the largest instance).

Table 9. Performance comparison: RO, approach presented in [21] (e.g., OA), and cJKO.

I J T OA [21] RO JKO
15 15 3 1764.67 1925.69 1757.1674
15 15 5 2048.83 3934.09 2028.83
30 30 3 3442.99 3998.26 3439.26
30 30 5 4045.88 5900.92 4025.88
40 40 3 455841 4797.00 4477.00
40 40 5 5351.98 6948.55 5331.98

The proposed cJKO approach leverages the Wasserstein distance and transport maps
to balance robustness and solution quality more effectively than both benchmark methods,
addressing the limitations of OA’s worst-case joint chance constraints and RO’s overly con-
servative uncertainty hedging. By modeling facility opening decisions as binary matrices
over the planning horizon while dynamically managing storage levels under uncertain
demand and capacity constraints, the cJKO method demonstrates superior handling of
spatial-temporal complexity in facility location and inventory planning problems, maintain-
ing its performance advantages as both the problem size and planning horizons increase.

5.5. Computational Time Analysis

The computational time comparison in Table 10 reveals distinct trade-offs between
solution quality and computational efficiency across the three approaches. The RO baseline
achieves the fastest execution times (0.46 to 36.87 s), while the OA algorithm exhibits
moderate computational requirements (3.33 to 162.73 s). In contrast, the proposed cJKO
method requires significantly higher computational resources, with execution times ranging
from 224.42 s to 5346.68 s. This computational overhead stems from the iterative nature
of the cJKO scheme, which requires solving multiple optimization subproblems at each
iteration, computing Wasserstein distances between probability measures, and optimizing
transport maps to characterize distributional ambiguity. With this approach, in order
to obtain better solution quality through a more accurate uncertainty quantification, the
method necessarily incurs substantial computational costs.

Table 10. Computational time analysis.

I J T OA RO JKO
15 15 3 3.33 0.46 224.42
15 15 5 7.9 0.93 453.33
30 30 3 35.25 5.25 5162.91
30 30 5 139.41 35.15 5162.91
40 40 3 21.95 26.87 4548.81
40 40 5 162.73 36.87 5346.68
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The execution time scaling reveals that cJKO is particularly sensitive to increases in
planning horizon length, with dramatic time increases when moving from three to five
time periods (e.g., from 1561.33 to 5162.91 s for the 30 x 30 configuration). For practical
applications, this computational profile makes the cJKO method most suitable for strategic
planning scenarios where solution optimality is paramount, while simpler approaches like
RO remain preferable for operational decisions requiring rapid response times.

Figure 8 presents the convergence behavior of the optimization algorithm, demonstrat-
ing the progressive improvement of the objective function. Initially, the solution explores a
wider search space, leading to fluctuations due to the stochastic nature of the optimization
process. As the iterations progress, the algorithm stabilizes around a near-optimal solution,
reflecting the balance between exploration and exploitation. The sharp decrease in the
objective value at a later stage suggests a structural shift in the solution space, possibly due
to a critical update in decision variables or constraints. The final stabilization indicates con-
vergence, confirming the algorithm’s ability to efficiently navigate the solution landscape
and identify an optimal or near-optimal solution within a finite number of iterations.

2700
2500
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OBJECTVE VALUE
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Figure 8. The convergence behavior of the optimization algorithm.

6. Conclusions

This study introduces an improved chance-constrained optimization framework for
facility location under demand uncertainty, integrating a Wasserstein-based distributional
approach to enhance robustness. By addressing the inherent variability in demand, the
model ensures that probabilistic constraints are satisfied while optimizing facility placement
and capacity allocation. Computational experiments across multiple problem instances
demonstrate that the proposed cJKO approach consistently outperforms established bench-
marks, achieving objective values 0.4% to 0.95% better than the Outer Approximation
method and significantly superior results compared to traditional Robust Optimization,
particularly in scenarios with extended planning horizons. Furthermore, the incorporation
of Wasserstein distance constraints improves robustness against distributional shifts, ensur-
ing that the model remains valid under different demand realizations. This highlights the
significance of distributionally robust optimization in facility location problems, enabling
more resilient decision-making under uncertainty.

Despite these advantages, some limitations remain. The model assumes to have
historical data of demand. Additionally, the computational burden increases substantially
with the problem size and planning horizon length, with execution times ranging from
minutes to hours for larger instances, necessitating a consideration of the trade-off between
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solution quality and computational efficiency. The cJKO method’s iterative nature and
complex Wasserstein distance computations make it most suitable for strategic planning
scenarios where solution optimality justifies the computational investment, while simpler
approaches may be preferred for operational decisions requiring a rapid response. Future
research could explore adaptive uncertainty sets to refine demand estimates dynamically
or integrate real-time learning mechanisms to enhance responsiveness. Extending the
framework to multi-stage decision processes or multi-echelon networks would further
improve its applicability in complex supply chain systems.
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1. Introduction and Background

The idea of convergence plays a crucial role in mathematical analysis and its applica-
tions. Conventional convergence, which studies how sequences approach a certain limit,
is a well-established concept. Nevertheless, classical convergence can be limiting in some
situations. To overcome these constraints, various alternative types of convergence have
been proposed, with statistical convergence being particularly notable for its flexibility and
wider applicability.

Statistical convergence was first introduced by Steinhaus and Fast in 1951 [1,2]. It
broadens the concept of classical convergence by focusing on the density of terms in a
sequence rather than their exact positions. A sequence is considered statistically convergent
if the indices at which the sequence deviates significantly from the limit form a set with zero
density. This method not only extends the scope of convergence but also finds applications
in fields such as number theory, functional analysis, and approximation theory.

Over the years, the concept of statistical convergence has been extended to various
frameworks, including normed spaces, metric spaces, fuzzy normed spaces, paranormed
spaces, and fuzzy paranormed spaces [3-25].

Recent advances have significantly expanded these concepts, including higher-order
statistical convergence in fuzzy difference sequence spaces with applications to fuzzy num-
ber theory [26], weighted statistical convergence of fractional order for double sequences
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in paranormed spaces [27], A-statistical convergence in fuzzy n-normed linear spaces [28],
generalizations to triple sequences via MAy, ,,p-statistical convergence [29], and Tauberian
theory for statistically Cesaro summable triple sequences of fuzzy numbers [30].

These contributions underscore the ongoing evolution of statistical convergence, par-
ticularly in multidimensional settings (double and triple sequences), advanced fuzzy
structures, and Tauberian theory, reinforcing its interdisciplinary relevance.

Building upon statistical convergence, the concept of A-statistical convergence was
introduced by Mursaleen [31] as a more generalized framework. Here, A = () represents
a sequence that determines the weighted density of terms in a sequence. This extension
provides greater flexibility in analyzing convergence behavior, allowing the study of
sequences under nonuniform density conditions. The A-statistical convergence framework
has been further explored in various mathematical settings, such as paranormed spaces
and fuzzy spaces, offering new insights and tools for sequence analysis [32—41].

Despite these advancements, existing frameworks for A-statistical convergence exhibit
critical limitations in handling complex uncertainties. For instance, studies in fuzzy normed
spaces (e.g., [25]) lack the flexibility to model non-homogeneous uncertainty distributions,
while works in paranormed spaces (e.g., [8]) cannot capture gradual membership transi-
tions inherent in imprecise data. Furthermore, recent extensions to n-normed spaces [28]
or triple sequences [29] focus primarily on theoretical generalizations without providing
adaptive convergence criteria for real-world volatility.

In contrast, our work bridges these gaps by unifying A-statistical convergence with
fuzzy paranormed spaces. This synthesis enables:

(i) Dynamic density-based weighting (via A-sequences) for irregular demand patterns;
(ii) Fuzzy paranormed structures to quantify partial or transitional uncertainties; and
(iii) Robust convergence criteria for sequences with abrupt, nonuniform fluctuations—

addressing rigidity in earlier models [5,15].

This framework thus overcomes the key constraint of prior approaches: their inability
to jointly model stochastic volatility and fuzzy imprecision in a unified topology.

In practical supply chain inventory management, sudden demand shocks and im-
precise demand forecasting often lead to significant stockouts or overstocking. Therefore,
applying the framework of A-statistical convergence in fuzzy paranormed spaces provides a
robust tool for modeling such uncertainties and designing adaptive replenishment policies
that maintain desired service levels under fluctuating demand.

The illustrative inventory case study serves to demonstrate the practical application of
the theoretical framework; full-scale industrial implementations and empirical validations
are postponed to future work.

This paper aims to extend the concept of A-statistical convergence to fuzzy para-
normed spaces, providing a comprehensive framework for analyzing convergence in these
settings. The main results include new definitions, theorems, and illustrative examples that
demonstrate the applicability and significance of this generalization.

The subsequent sections are organized as follows: Section 2 provides the necessary
preliminaries, including key definitions and foundational concepts. Section 3 presents
the fundamental definitions and propositions underpinning the theoretical framework
of our study. In Section 4, we establish the core theorems that offer critical insights into
A-statistical convergence within this context. Finally, Section 5 summarizes the implications
of these theorems and outlines directions for future research.

2. Preliminaries

This section introduces the foundational concepts of paranormed spaces, fuzzy
normed spaces, fuzzy paranormed spaces, statistical convergence, and A-statistical con-
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vergence. We begin by defining paranormed and fuzzy normed spaces, followed by the
notion of statistical convergence within these spaces. Finally, we extend these concepts
to A-statistical convergence in both classical and generalized settings, including fuzzy
paranormed spaces.

2.1. Paranormed Spaces

Let p : X — R be a function, and let X be a real or complex linear space. If all p,q € X
satisfy the following requirements, then p is a paranorm and the pair (X, p) is called a
paranormed space.

L p(6)=0;

2. p(=p)=pp);

3. plp+a) < plp)+pq)

4. o(ykpr —vp) — 0ask — oo if () is a sequence of scalars with 7, — 7 as k — oo
and (py) is a sequence in X with p(py —p) — 0as k — oo.

If p(p) = 0 implies p = 6, then g is said to be a total paranorm, where 6 is the zero
vector of X.

In paranormed spaces, the concept of convergence is defined similarly to normed spaces.

A sequence p = (py) is considered convergent (or p-convergent) to the element ¢ in
(X, p) if, for each € > 0, there exists a positive integer kg such that p(py — ¢) < € whenever
k > ko. In this case, we write p-lim p = ¢, and ¢ is referred to as the p-limit of p.

2.2. Fuzzy Normed Spaces

The fuzzy norm introduced by Felbin [42], further developed by Xiao and Zhu [43]
and finalized by Sencimen and Pehlivan [17], is given as follows.

Here, 0 denotes the zero fuzzy number, i.e., a fuzzy number whose membership
function is fully concentrated at 0, typically represented as the degenerate fuzzy set

1, ifx=0,
puy(x) = {

0, otherwise.

Let X be a vector space over R. Let || - || : X — L*(R) be a mapping, and let L and R
be mappings (respectively, the left norm and right norm) from [0,1] x [0,1] to [0, 1], which
are symmetric, nondecreasing in both arguments and satisfy L(0,0) = 0 and R(1,1) = 1.

The quadruple (X, || - ||, L, R) is called a fuzzy normed linear space (briefly (X, || - |) ENS),
and || - || is called a fuzzy norm if the following axioms are satisfied.

1. ||x|| = 0if and only if x = 6;
2. rxl| = 7] - ||x|| forx € X, r € R;
3. Forallx,yec X:

a. lx+yllts +1t) = L(lxl[(s), lyll(£)), whenever s < x|, ¢t
ands+t < [|x +yll;;

b x +yll(s +£) < R(>Ix[l(s), [lyll(t)), whenever s > x|, t > [ylly,
ands+t > |[x +yl;.

IN

vy,

V

Write [||x]|]a = [I|x]lx,||x]|F] for x € X and 0 < a < 1. Suppose that for all x € X,
x # 0, we have inf,c (1) ||x[|; > 0, where 6 is the zero vector of X.

Sencimen and Pehlivan [17] modified conditions 3-a and 3-b in the fuzzy norm defini-
tion as follows:

Forall x,y € X:

3a [lx+ylo <lxllg +llyllo-
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3b. [lx+yllg < lxlig + vl

Thus, in an FNS (X, || - ||), the triangle inequality of the fuzzy norm definition (3)
implies |[x +y|| =< |[x|| @ |ly|. According to this definition, x = @ if and only if
x|y = [|x||§ =0foralla € [0,1]. Furthermore, ||x|,; > 0 whenever x # 6.

Now, if r = 0, then

[llrx[lJa = {161l = [0,0] = [Ir[l[x]l]a
foralla € [0,1] and x € X. For r # 0, we have

x| = [I7[l[x ]
for each a € [0,1], i.e.,
lrxlle = [rlllxlllz and  [llrxfl]z = [I7lllx(]2

for each a € [0,1], where L = min and R = max.

Along with this definition, Sencimen and Pehlivan [17] defined convergence in fuzzy
normed spaces by using the distance framework developed by Kaleva [44] and Felbin [42].
Throughout this paper, we denote that distance by D(, -). Specifically, if A and B are fuzzy
numbers with a—cuts [A], = [A,, A ] and [B], = [B,, B, ], we set

D(A,B) = sup max{|A; — B, |,|Af — B[},
0<a<l1

so that D(||px — /||, 0) measures the deviation of the fuzzy norm ||p; — ¢|| from the zero
fuzzy number 0.
A sequence (py) (in the fuzzy normed space (X, || - ||)) is convergent to ¢ € X provided that

(D)- lim ||px — £]| = 0;
k—o0
i.e., forall e > 0, there exists pp € N such that
D(|lpx — £1I,0) < e

for all k > pg. We denote this by py N g,
This means that for every € > 0, there exists ko(¢) € N such that

sup [lpx —€lla = llpx —Cllg <e
ae(0,1]

for all k > k¢. In terms of neighborhoods, we have py N,y provided that for each € > 0,
there exists po(e) € N such that p; € X(¢,0) whenever k > py.

2.3. Fuzzy Paranormed Spaces

Cinar et al. [23] introduced the notion of a fuzzy paranorm—a paranorm-type ex-
tension of the classical fuzzy norms of Felbin [42] and Xiao—Zhu [43] that replaces the
homogeneity axiom with a paranorm-continuity requirement—and their definition is
recalled below as follows.

Let p : X — L*(R) be a paranorm and let X C R be a vector space. Let the mappings
Land R : [0,1] x [0,1] — [0, 1] be symmetric, non-decreasing, and satisfy L(0,0) = 0 and
R(1,1) = 1. Write
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for p € X and a € (0,1]. Suppose that for all p € X, p # 6 (where 0 is the zero vector of X),

inf p(p);y >0, supp(p)y < oo.
ae01]

The quadruple (X, p, L, R) is called a fuzzy paranormed space and g is a fuzzy para-
norm if the following conditions hold:

1. p(p)=0ifp=06;
2. p(—p)=p(p)forallpc X;
3. Forallp,gqeX;

(@ Ifs<p(p).t<p(g) ,ands+t < p(p+q);,then

p(p+q)(s+1) > Lip(p)(s), (q)(t));

(b) Ifs> p(p);, t> p(q);, ands+t > p(p+q);, then

PP +a9)(s +1) < R(p(p)(s), ©(q)(1));

4. If () is a sequence in R with 7 — 7y ask — oo and py, ¢ € X for all k € N with
o(pr —¢) — 0ask — oo, then

o(viprk —7¢) — 0 ask — .

If p(p) = 0 implies p = 0, then the fuzzy paranorm is referred to as a totally
fuzzy paranorm.

2.4. Statistical Convergence

A set K of positive integers has a natural density defined by
5(K) = Tim ~|{k € K :k < n}
- nglc}o E| ks n |’

where [{k € K : k < n}| represents the count of elements of K not exceeding n. It is evident
that 6(K) = 0 for any finite set K.
Statistical convergence using natural density was defined by Fast [2] as follows.
If the set
{neN:|pr—¢l>¢}

has natural density zero for every ¢ > 0, then the real number sequence (py) is said to be
statistically convergent to ¢ € R. In this case, we write

st —limpy =¢.

The definition of statistical convergence in paranormed spaces is given by Alotaibi
and Alroqi [13] as follows.
If, for each ¢ > 0, we have

1
lim = [{k < n: p(pe— &) > el =0,

n—o0

then the sequence p = (py) is statistically convergent to ¢ in (X, p) (or p(st)-convergent).
We write

p(st) —limp = ¢.

The set of all p(st)-convergent sequences is denoted by S,,.
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Next, we give the definitions of statistical convergence in fuzzy normed spaces [17]
and fuzzy paranormed spaces [23], which form the basis of our study:.
Assume that (X, || - ||) is a fuzzy normed space. If

st —lim ||py —¢|| =0,
then a sequence (py) in X is statistically convergent to ¢ € X, and we write

st(FN)
Pk — G

i.e., foreache > 0,
§({k € N:D(|lpr —¢ll,0) > e}) =0.

This means that for any € > 0, the natural density of the set
{keN:|p—clly >}
is zero. In other words, for each ¢ > 0, the condition
lpx —sllg <
holds for almost all k. In terms of neighborhoods, py St(iN) ¢ means that for each e > 0,

5({k e N:pp ¢ Rc(€,0)}) =0,

ie., pr € V(g 0) for almost all k.
A useful equivalent form is:

st(FN) .
pe — ¢ < st—lim|p;—¢llg = 0.

When st — lim || px — ¢||§ = 0, it implies that for every a € [0, 1],
st —lim||px — |l = st —lim ||px —clls =0,
as forall k € Nand a € [0,1], we have
0<llpr—clla < llpx—clld < llpx—cllo-

Let (X, ) be a fuzzy paranormed space. A sequence p = (py) is statistically conver-
gent to ¢ € X if, foreach e > 0,

5({k € N: Dp(pc — ¢),0) = e}) = 0.
In this case, we write

FP -
Pk St(—F>P) ¢ or st— klim o(pr—¢) =0.
—00

This implies that for each € > 0, the set

K(e) = {k e N: p(pr —¢)g >}
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has natural density zero. In other words, for each € > 0, we have

p(pr—¢)g <e

for almost all k, where

o(pk—¢)g = sup p(pr—6)a-
ael0,1]

According to the above definition,
st(FP) .
e = ¢ <= st—lim p(pe—c)g =0.
Note that
st—lim p(pr —¢)g =0
k—o0
implies
st — lim p(p —¢), = st — lim p(px—¢)y =0
k—o0 k—o0

for each a € (0,1] as

0< p(pr—6)a < plpk—¢)a < o(pr—6)§

holds for every k € N and each & € (0,1]. We denote the set of all statistically convergent
sequences by S(FP).

2.5. A-Statistical Convergence

The concept of A-statistical convergence generalizes statistical convergence by intro-
ducing a weight sequence A = (A).

Let A = (A;) be a sequence of positive real numbers that is non-decreasing and tends
to infinity, with the condition that A,,;; < A, + 1 and Ay = 1. The collection of all such
sequences is denoted by A.

The idea of A-statistical convergence was proposed by Mursaleen [31] as follows.

A sequence p = (py) is said to be A-statistically convergent or S,-convergent to g if
for every e > 0,

. 1
,}grgo)fnl{k €ln:|pr—¢l=e}[=0,
where [, = [n — A, + 1, n]. In this case, we write S} — lim p = ¢ or py — ¢(S,) and define
Sy={p:JgeR, S, —limp =g}

Alghamdi and Mursaleen [36] defined A-statistical convergence in paranormed spaces
as follows.

A sequence p = (py) is said to be A-statistically convergent to the number ¢ in the
paranormed space (X, p) if, for each ¢ > 0,

lim —[{k € I : p(px — &) > e}| = 0.

n—eo Ay

In this case, we write st) (p) — limp = ¢.
Ttirkmen and Ciar [34] defined the concept of A-statistical convergence within fuzzy
normed spaces as follows.
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Let (X, | - ||) be a fuzzy normed space (ENS) and A € A. A sequence p = (pg) in X
is considered A-statistically convergent to ¢ € X with respect to the fuzzy norm on X, or
FS)-convergent, if for every e > 0,

li 1
e Ay

[{k € L. : D(llpx — 61,0) > e}| =0,

and we write
FS,
Pk — G

or
Pk — G(ESy),
or
FN
Sy — limpy =g,

where I, = [n — A, +1,n].
This indicates that for every € > 0, the set

K(e) = {k € Lo : [lpx —cllg = ¢}

has natural density zero, which means that for each ¢ > 0, ||px — ¢||7 < ¢ holds for almost
all k.

In this case, we express S, o lim py as ¢. The collection of all sequences that converge
statistically with respect to the fuzzy norm on X is denoted by FS,.

The element ¢ € X serves as the FS,-limit of the sequence (py). In terms of neighborhoods,
we say (py) converges to g(FS, ) if for every e > 0, py lies in (¢, 0) for almost all k.

An equivalent way to express this is:

FN
kaﬁ?\g ifand only if S, — limHPk_GH(J)r =0.
Note that
EN . +
Sy — lim |[pr —¢llg =0
implies
FN _ EN
Sy — lim||px — ¢l = Sy — lim||px — ||y =

for each a € [0,1], as

0<llpe —clla < llpx—slld <llpx—clo

holds for every k € I, and each a € [0, 1].

3. Main Definitions and Propositions

In this section, we present the concept of A-statistical convergence for sequences in
fuzzy paranormed spaces. Furthermore, we explore its relationship with A-statistically
Cauchy sequences and A-summability within this framework.

Definition 1. Let (X, p) be a fuzzy paranormed space and A € A. A sequence p = (py) in
X is said to be A-statistically convergent to { € X with respect to the fuzzy paranorm on X, or
FPS ) -convergent, if for each € > 0,

1 ~
lim —[{k € I : D(p(pi = £),0) = e}| =0,

n—o0
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and we write
FPS, FP
Pk — C, pk—>(:(FPS/\), or SA—hmpk:@’,

where I, = [n— Ay +1,n].
For every & > 0, the natural density of the set

{kel:p(pr—3)y > ¢}

is zero, meaning that for each ¢ > 0, p(px — ¢)J < ¢ holds for almost all k.

FP
In this case, we denote it as S, — lim p = ¢. The set of all statistically convergent
sequences with respect to the fuzzy paranorm on X is denoted by FPS,.
The element ¢ € X is the FPS,-limit of (py). In terms of neighborhoods, we have

FPS,
pr — ¢

provided that for each & > 0, py € Rz(e,0) for almost all k.
A useful way to interpret the above definition is:

FP
Pk FP—S>A ¢ ifandonlyif S, —lim p(px — 6)3 =0.
Note that
FP +
Sy —limp(pr —¢)g =0
implies
FP _ EP . T
Sy —limp(pr — )y = Sr —limp(pr —¢)a =0

for each a € [0,1], as

0< plpr—Oa < olpr—OF < p(pr— )¢

holds for every k € I, and each a € [0, 1].

Throughout this paper, we say that (py) is statistically convergent to ¢ € X with
respect to the fuzzy paranorm on X if it is FPS,-convergent to ¢.

Because the natural density of a finite set is zero, every convergent sequence in FPS is also
A-statistically convergent. However, the converse is not always true. Cinar et al. [23] demon-
strated this for the case of statistical convergence in Example 3.4. If we take A = (A,,) = (n) € A,
we show that not every A-statistically convergent sequence is convergent.

Proposition 1. Let (py) and (qx) be sequences in a fuzzy paranormed space (X, ) such that

FPS, FPS,
pr = ¢ and g =",

where &, ¢ € X. Then, the following holds:

. FPS
D (p+aq) =" E+¢
i) tpy D3Vt forall t € R;

e FP .
(iii) Sy — limp(py) = p(&).
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Definition 2. Let (X, p) be a fuzzy paranormed space (FPS). A sequence (py) in X is called
A-statistically Cauchy with respect to the fuzzy paranorm on X if for every e > 0 there exists a
number pg = po(e) € N such that

lim —]{ke L : o(px — Ppo)g =€} =0.

n—oo Ay

In the fuzzy paranorm on X, the fact that (py) is FPS)-Cauchy implies that it is
A-statistically Cauchy.

Proposition 2. All FPS-convergent sequences in (X, ) are also FPS,-Cauchy sequences.

Proof. Let p; = ¢ and € > 0. Then, we have p(py — {;’)g < ¢/2 for almost all k. Choose
no € N such that p(py, — &)g < €/2.
Because ((-){ is a paranorm in the conventional sense, we have

+ £ €
(P = Pro)o = ©((pe =8+ (E = Puy))g < 0Pk =80 + 9Py =g < 5+ =¢
for almost all k. This shows that (py) is FPS,-Cauchy. [

Definition 3. Let (X, ) be an FPS and let A = (A,) be a non-decreasing sequence of positive
numbers tending to oo, satisfying A, 11 < Ay +1and Ay = 1. Let p = (py) be a sequence in the
set X.

This sequence p is said to be strongly A-summable with respect to the fuzzy paranorm on X if
there exists ¢ € X such that

,}glgonD Pk_§>/0):0/

An kel,

where I, = [n— Ay +1,n].

In this context, we express [V, A] ;p — lim py = ¢. The collection of all fuzzy paranorms
on X that are strongly (V,A) summable is referred to as [V, A] pp.

We say that X is strongly A-summable to ¢ with respect to the fuzzy paranorm on X.
If A, = n, then strong A-summability reduces to strong Cesaro summability with respect to
the fuzzy paranorm on X, which is defined as follows:

lim — ED o(pr—¢),0) =0.

n—oo 1

In this case, we write
[C, 1]1:p — lim Px = 6

The collection of all strongly (C,1) summable fuzzy paranorm sequences on X is
denoted by [C, 1]p.
Therefore, we express them as follows:

WA]pp—{p—m) ,}ggo—zD (px— ), >—0forsome¢}

[Cl]PP—{P—(Pk) nlgrolo%ZD (pk—¢),0) = Oforsomeg}
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4. Core Theorems

In this section, we will give and prove important theorems using the definitions and
propositions given in the previous section.

Theorem 1. Ifa sequence p = (py) is [V, A] pp-Summable to ¢, then

FPS
pr — ¢

Proof. Lete > 0. From [V, A] pp-summability, we have

hm—ZD oprk—¢ 0):0.

n—oo Ay

On the other hand, by positivity of D,

Lo@p-00= L Dlplpr=2.0) 2 e [{ke h:Dp(p=4).0 > |
In I
) D(K’(Pke—‘:)/ﬁ)ZS

Dividing both sides by A, and taking the limit as n — oo,

0= Jim = ¥ D(o(p—8),0) > - lim - |{k € Lu: D(p(pe ~ £),0) = e}

n—00 n~>oo
" kel

Because ¢ > 0 was arbitrary, it follows that

lim —Hk €I, : D(p(pr —¢),0) > e}| =0,

n—)oo

i.e., px converges to ¢ in the FPS) sense. [

Theorem 2. If a bounded sequence p = (py) converges A-statistically to & in a fuzzy paranormed
space, and A = (Ay,) satisfies A, — oo and Ay /n — 0, then it is [V, A] pp-summable to &, which
also implies that p is [C, 1] p p-summable to &.

Proof. Boundedness implies that there exists M > 0 such that

D(p(px—¢),0) <M
for all k. For ¢ > 0, we have

%Z D(p(pi =€), )<—!{keln. (p(px —€),0) > e}| +e

n kel,

The first term vanishes by A-statistical convergence, proving [V, A| . ,-summability.
For [C,1] £p Observe that

n n—Ay

3 L6k =0).0) = 1 L Do —~2),0) + 5, T Do —2).0).

k=1 keln

<15 M =0 <A M50

Both terms vanish, completing the proof. O

56



Mathematics 2025, 13, 1977

Theorem 3. If a sequence p = (py) converges statistically to ¢ with respect to the fuzzy paranorm
on X, and if

liminf<An> >0,
n—oo n

then p is FPS -convergent to ¢.

Proof. For the given ¢ > 0, note that the set

{k <n:D(p(px—¢),0) > ¢}

contains the set
{k € L : D(p(pr — §),0) > e}

Therefore,

1 ~ 1 ~

~[{k <n:D(p(pc = ¢),0) > e}| > _|{k € L : D(p(p — £),0) > e}| >
Taking the limit as n — co, and using the fact that

lim inf h >0,

n—o0 n

we conclude that p converges to ¢ in the FPS) sense. [

In this paper, unless otherwise specified, the phrase “for all n € N,;,” means “for all
n € N except for finitely many positive integers,” where

N"o = {7’10,710—}-1,1’10—0—2,...}
for some fixed ng € N ={1,2,3,...}.

Theorem 4. Let A = (A,) and p = (py) be two sequences in A such that for every n € N, it
holds that Ay, < py.

i If
s
liminf — >0, 1
n—oo I,[n
then
FPS, C FPS);
ii. If
lim ﬁ =1, (2)
n—oo I,[n
then
FPS, C FPS,,.

Proof. (i) Assume that A,, < pu;, for every n € N, and condition (1) holds. Consequently,
In C Ju,where I, = [n— A, +1,n]and J, = [n — uy + 1,n].
Thus, for any € > 0, we have

[{k € ] : D(p(px — €),0) > €}| > |{k € I : D(p(px — &),0) > e}|.
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Dividing both sides by p; and using A,, < py,, we get

;ﬂl{k € Ju: D(p(pr — €),0) > e}| > 2“ ' %ﬂ]{k € I : D(p(px — €),0) > ¢}|.

Taking the limit inferior as n — oo and applying (1), it follows that
FPS, C FPS,).

(ii) Let (px) € FPS, and suppose condition (2) holds. As I, C J,, for any ¢ > 0 we
can write

;n\{k € Jn - Dlp(px — £),0) > e}

1 -
:H*H”_Vn‘f'lSkﬁ”_/\n:D(@(Pk—g)ro)ZEH
n

+ P}n‘{k el,: D(p(pk_g)/(j) > 8}’
< P‘n‘u—n/\n + )\inHk € I, : D(p(pe —¢),0) > s}]

= (1— ;\”) +Ainy{k € I : D(p(px — €),0) > €}|.

n

Because lim,_,o % = 1by (2) and (px) € FPS,, the right-hand side tends to zero
asn — oo.
Therefore,

lim ;n;{k € Jn - D(p(pe —€),0) > ¢}| =0,

n—o0

which means (p;) € FPS;, and so
FPS) C FPS,.
0

5. Conclusions

In this section, we summarize the main results from the theorems presented in the
previous section. Additionally, we state important corollaries derived from these results.

Corollary 1. Let A = (Ay) and u = (pun) be two sequences in A such that A, < p, for all

sufficiently large n. If
An

A =L ®)
then
FPS, = FPS,.

Corollary 2. Let A = (A,) € A satisfy Ay, < n for all sufficiently large n and

lim & =1.
n—o 1

Then, FPS, = FPS.
This result follows immediately from Corollary 1 by taking y, = n.

Theorem 5. Let A = (Ay,) and p = (uy,) be elements of A such that A, < py, for all sufficiently
large n.
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1. If condition (1) holds, then
Voulep € [V, Alpp;

2. If condition (2) holds, then
loo N[V, Alpp € [V, u]gp

a subset of |, = [n — uy + 1,n]. Therefore, for all such n,

L Y D(o(p—2),0) = — ¥ D(p(pi —2),0).

Hn kel Hn kel,

Proof. (i) Because A, < p,, for all sufficiently large n, it follows that I, = [n — A, +1,n] is

Taking the limit as n — co and applying condition (1), we conclude that
Voulep S [V, Alpp
(ii) Let p = (px) € oo N[V, A]p so there exists M > 0 such that
D(p(px—¢),0) <M forallk.

Because A, < py,, we have 1 <1 and I, C J» for all large n. Hence,
Hn An

*ED o(pr—¢ Y. D(p(pr—¢ +*ZD o(pr —©),0)

Hn ke, V" ke T\ I Hn ker,
LV Y D(p(pr—¢),0)
Hn n ke[n
A -
(1 ”) M+— Y D(p(pr—¢),0).
Hn An kel,

By condition (2), the first term tends to zero as n — oo, and because p € [V, A]p, the
second term also tends to zero. (Note that 1 — % > 0 for all sufficiently large n.)
Therefore,
Lo N[V, Alpp © [V, ]gp,

which implies
loo N[V, Alpp € lo N[V, ilp

O

Corollary 3. Let A,y € A be such that Ay, < py for all sufficiently large n € Ny,. If condition (2)
holds, then
oo N[V, Alpp = Lo N[V, plpp

Theorem 6. Let A, u € A such that Ay, < py, forall n € Ny,.
1. If condition (1) holds, then

Pk — CZTl [V’V]FP — Pk — @ln FPSA,

and the inclusion [V, u]pp C FPS, is strict for some A,y € A;
2. If(px) € o and py — ¢ in FPS), then

p = Cin [V, plpp,

whenever condition (2) holds.
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Proof. (i) Let ¢ > 0 and suppose pj converges to & in [V, ] p. For every n € Ny, we have

Y D(p(px—2),0) > Y D(p(pk—€),0) > e|{k € I, : D(p(px — €),0) > &}|.

k€ kel,

Taking limits as n — oo and applying (1), it follows that py — ¢ in FPS,.
To show strictness of the inclusion, take A, = \/n, u, = n and define

k, k=n
k =
P 0, otherwise.
Then, clearly py — 0in FPS,, but
- 1 & + 1 2
Y D(o(p—0),0) = - Y. plp =+ (1H0+0+ 44+ [Vi).
Hn e, == "

Using the formula for sum of squares,

1)(2m+1
12422 4o = MO é( ml)

we get
nl(lvn] +1)@2[yvn] +1)
6 .

:\H
:\H

X ot

Because /n < [y/n] +1and /n < 2[y/n] + 1, it follows that

1 1
> ,
n - ([Va] +1)2[Vn] +1)
hence
1 ~
Ly D(o(pe-0),0) > V1 o,
Ho jeT
sop & [V, plpp.
(ii) Suppose py — ¢ in FPS) and p = (px) € {w, so there exists M > 0 such that
D(p(px — €),0) < M for all k. Because 1417 < /\%l and I, C J,, for each ¢ > 0 and every
n € Ny,
*ZD PP —2¢ Y. D(p(p—2¢ +*ZD o(pk —¢),0)
Hn ke, " ke],,\[n Hn ke,
< B fn M+*ZD (P —¢),0)
n " kely,
An -
(1_)M+>;D "
Hn An kel
1= "2 )M+ Y,  D(p(p—¢),0) +e
Hn n kel,
D(p(pe—).0)>e

Taking the limit as n — oo and applying (2), the right side tends to zero as py — ¢
in FPS).
Thus,
leo NFPS) C [V, ulpp
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By setting 1, = n for all n € N;;;, we obtain subsequent results. Note that

lim ﬁ:1 — liminfh:1>0,
n—o0 F’li’l n—oo ;’li’l

that is, (2) implies (1). O

Corollary 4. Let limy, o0 ;‘—: = 1. Then:

L If(px) € boo and py — & in FPS, then py — &in [C, 1] pp,
2. Ifpx — Ein [C,1)gp, then py — & in FPS,.

Example 1. In Cinar et al.’s [23] definition, let X = R with zero vector 8 = 0 and define
L(a,b) = min{a, b}, R(a,b) =max{a,b}.

For each x € R, set its a-cut by

Moreover, define the 0-cut as the limit

[p(x)]o == Tim [o(x)]a = [|x], |x[].

a—0*F

Then, (R, p, L, R) is a fuzzy paranormed space.
Consider the sequence

1, k= nzfor somen € N,
Pr =

0, otherwise.

The 0-level function of the sequence (py) is given by

1, k=n?forsomen €N,

0o (pr) =sup{t > 0:t € [p(pp)lo} = [pl =
0, otherwise.

Let Ay = | /n] and
Ii={keN:n—A, <k <n}.

Then, for any € > 0,
{keliipf(p) et =[{keliip=1} <1,
50

kel,:of >
H " po(pk)_gHgi%O as n — oo.
An An

Hence, (py) is A-statistically convergent to 0 in (R, p, L, R), but it does not converge to 0 in
the classical sense.

As illustrated in Figure 1, the sequence py takes the value 1 exactly at perfect square

indices and 0 elsewhere. This highlights the “sparse shock” character of the example:
infinitely many isolated peaks separated by arbitrarily large gaps.
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Sequence p;: Peaks at Perfect Squares

0.8

Pk

0.2

0 20 20 60 80 100
k

Figure 1. Sequence p; with peaks at perfect squares.

Figure 2 depicts the theoretical upper bound 1/, as a function of n. This monotone
decrease to zero confirms the theoretical upper bound property, ensuring that

1 1
for every fixed £ > 0.

Upper Bound 1/4, vs n
1.0}

o
¢}
T

0 20 20 60 80 100

Figure 2. Upper bound 1/ A, versus n.

Example 2 (Fuzzy inventory planning). Consider a retailer forecasting period-by-period demand
modeled as a triangular fuzzy number:

Dy = (80,100, 120) units.

The adaptive inventory policy is defined as follows:
1. Initial stock: Q1 = 100;
(act)

2. For each period k, observe actual demand D,"" and compute the shortfall:

pr = max{0, DY — Q;};
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3. Update inventory with learning rate t = 0.5:

Qi1 = Qx +0.5py.

A 10-period simulation reveals only two shortfalls exceeding 5 units. Defining A, = |n/2],

we observe 1
A—|{k§/\n:pk>5}’ —0 asn — oo,
n

which implies that the shortfall sequence {py} A-statistically converges to zero.

Figure 3 shows period-by-period shortfalls (orange circles) alongside the 5-unit threshold
(dashed line). The shaded region indicates the fuzzy demand bounds (80-120 units). Notice that
only periods 1, 4, and 7 exceed the threshold, with rapid correction thereafter.

Shortfall per Period with Demand Bounds Shaded

201 Shortfall
5-unit threshold

Shortfall (units)

1 2 3 4 5 6 7 8 9 10

Period
Figure 3. Period-by-period shortfalls with 5-unit threshold (dashed) and fuzzy demand
bounds (shaded).

Figure 4 presents the shortfall trajectory (orange line, left axis) and cumulative holding cost
(green dashed line, right axis; unit cost = 2). The inset zooms in on periods 13-20, highlighting the
impact of a demand shock around n = 15.

=

1

1

1

1

1

~
Cumulative Cost

o

[N

o
w
o

I
I
]
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Figure 4. Shortfall vs. cumulative cost over 50 periods. Inset focuses on demand shock near n = 15.

Verification of Convergence Conditions:
Extending the simulation to 50 periods, the A-statistical convergence condition, expressed

probabilistically, is:

1
" k=1

n—o0
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In the simulation,

1
<2. — < : = 0.08.
maxs, < 2.1, 25|{k <25:s > 5} =0.08

Figure 5 illustrates the long-term shortfall behavior over 50 periods. The red dashed line
marks the 5-unit threshold; the shaded band shows fuzzy demand bounds. The dotted vertical line
at n = 15 indicates a significant demand shock. After period 20, all shortfalls remain below the
threshold, confirming A-statistical convergence in practice.

Long-Term Shortfall Convergence (50 Periods)

120

100
2 8of
c
3 Shortfall
= 60 | 5-unit threshold
"'E Demand shock at n=15
2 ot
n

20
0 L 1 1 1 1 1 1
0 10 20 30 40 50
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Figure 5. Long-term shortfall convergence over 50 periods. Red dashed line: 5-unit threshold; shaded
band: fuzzy demand bounds (80-120). Vertical dotted line at n = 15 marks a demand shock.

In addition, the adaptive system satisfies standard convergence properties:

1. Contraction property: E[|sii1| | Fx] < |sk| — 1 for somen > 0;
Martingale stability: Y ;> | P(sx > €) < oo for each € > 5;
Parameter robustness: Convergence holds for learning rates t € (0.3,0.7).

In practice, serial correlation is removed by pre-processing, and A-statistical convergence is
analyzed on the residuals.

Remark 1. The A-statistical convergence of the shortfall sequence depends solely on the finiteness
of D(p(-),0); hence, it remains valid if the triangular demand numbers are replaced by any bounded
fuzzy profile, such as trapezoidal or Gaussian-shaped membership functions.

5.1. Key Contributions and Practical Implications

Beyond theoretical advances, our work demonstrates practical value for adaptive
inventory optimization under uncertain, shock-driven demand. By applying A-statistical
convergence within a fuzzy paranorm framework, inventory policies can dynamically
adjust safety stocks based on observed demand fluctuations, thereby improving service
levels while controlling holding costs. This bridges rigorous convergence theory with real-
world replenishment strategies and lays the groundwork for further empirical validation.

5.2. Future Work

Classical EOQ (economic order quantity) and bullwhip mitigation rules typically rely
on deterministic or linear forecasting assumptions. In contrast, the A-statistical approach
specifically addresses fuzzy, shock-driven demand. Consequently, a quantitative compari-
son of costs and service levels necessitates a dedicated simulation study with fully specified
cost parameters and lead time structures, which we plan to undertake in future research.

Building on the current A-statistical framework, we will explore two broader conver-
gence concepts in fuzzy paranormed spaces:
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(i) Lacunary statistical convergence, allowing the gaps between index blocks to grow
super-linearly, thus isolating highly clustered, sporadic demand shocks that may be
obscured by uniform windowing;

(ii) Ideal convergence, permitting the exclusion of a pre-specified negligible subset of
indices (e.g., holiday blackouts or data outages), thereby enhancing robustness against
irregular disruptions.

These extensions promise a more flexible toolkit for modeling real-world demand

volatility and will be pursued in future empirical work.
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Abstract: Reducing carbon emissions is of immense interest to most modern organizations
striving for sustainability. Effective inventory management is crucial for achieving resource
optimization and minimizing environmental impact. Very little work has been conducted
up to this point on slowly declining, low-quality products with multi-level trade credit
rules under the influence of carbon emissions. In this study, an inventory model is tailored
specifically for imperfect and gradually deteriorating products with a multi-level trade
credit policy. Further, the impact of carbon emissions on the retailer’s ordering strategies
is also considered. To determine the optimal policy for supply chain partners, three
trade credit instances with seven subcases are taken into consideration. To choose the
best scenario out of ten cases, an algorithm is also developed. The model’s validity is
illustrated through a numerical experiment and sensitivity analysis. This study is an
innovative approach to balancing economic trade credit policy in sustainable supply
chain management.

Keywords: sustainable supply chain; carbon emission reduction; inventory optimization; non-
instantaneous deterioration; trade credit policies; defective product management introduction
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1. Introduction

Balancing economic and environmental goals is a significant challenge in practice.
Business organizations are continuously undertaking this balancing act to offer competitive
products while ensuring lower carbon emissions. Incorporating carbon emission costs and
trade credit policies in inventory management results in efficiency.

In the contemporary business landscape, stakeholders must collaborate to enhance
processes to reduce carbon emissions while providing financial support to achieve en-
vironmental and economic sustainability. While holding lower inventory levels is often
perceived as a strategy for economic sustainability, it can lead to stockouts and dissatisfied
customers. Inventory management strategies need to carefully balance these dynamics,
particularly when dealing with goods categorized by their shelf life. Extended usability
allows non-perishable items to satisfy demand over longer periods of time without suf-
fering appreciable quality deterioration. Perishable commodities, on the other hand, pose
difficulties because their quality and value decline with time.

Mathematics 2025, 13, 752 https://doi.org/10.3390 /math13050752
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Perishable goods can be further classified into two categories: those with constant
utility throughout their lifespan, such as blood (e.g., a static 21-day usability period) and
certain medications, and those with utility that decreases exponentially, such as fruits and
fish. This distinction is critical for devising effective inventory management strategies that
align with sustainability goals while ensuring customer satisfaction [1]. As a result, research
is shifting focus toward enhancing the inventory models for products with deteriorating
quality [2,3].

Interestingly though, the collaborative environment of modern business is not con-
ducive for it to approach sustainability as a single entity. Cooperation between different
business players and their mutual financial understanding is essential for economic sus-
tainability. Such collaboration can also improve profits and financial benefits. Marketing
practices include suppliers granting retailers an acceptable payment delay and retailers
granting customers an acceptable payment delay, along with the settlement of any out-
standing balances within a predetermined time frame known as a trade credit period [4].
The ecological dimensions with returnable transport items and remanufacturing were
evaluated by Ref. [5]. This policy ensures an efficient trade balance, maximizing profits
for both trade credit policy partners. The trade credit also makes money in interest and
revenue from items sold while being able to protect the buyer in case of insolvency from the
retailer. It is in the seller’s best interest not to receive prepaid payments or to pay interest
within a given period. The final flow of inventory payment can be illustrated as follows:
the supplier receives full value for their products, for example, the supplier is a business
that provides inventory to the buyer in exchange for cash.

The supplier frequently collects interest on their cash balance [6]. The supplier pays
out some of their interest to intermediate sellers on their cash balance. The intermediate
sellers then pay out. If a person only makes minimum payments on their balance and does
not pay off the entire account balance every month, there will be interest charges for all
unpaid interest. If a person pays off 90% of their balance before the expiration date and only
owes 10% inside the boundaries of the allowable holdup period, then they will not be billed
with any interest. An increasing focus on sustainable development and environmental
concerns make inventory management a major research topic. In order to provide retailers
with the best ordering methods under multi-level trade credit regulations while lowering
the cost of carbon emissions, an inventory model is therefore suggested. With the use of
this modeling, businesspeople can reduce their carbon footprint and increase their profits.

A model has been created that focuses on the inventory management of a retailer
by optimizing the ordering quantity and time, enabling the retailer to smoothly run their
business. This model focuses on trade credit policy between the supply chain partners. By
this method, the total holding cost per unit item will get reduced; this will maximize the
total profit of the retailers.

This study introduces a novel inventory model integrating multi-level trade credit
policies for imperfect and deteriorating products to optimize profitability and sustainability.
Unlike traditional models, it incorporates flexible credit structures based on product quality,
improving cash flow and reducing financial risk. By minimizing excess inventory and waste,
the model aligns economic and environmental goals, lowering carbon emissions. It provides
a quantitative framework to balance trade credit, deterioration, and profitability. Validated
through numerical experiments and sensitivity analysis, it offers a practical solution for
sustainable inventory management. This innovative approach enhances decision making
in modern supply chains.

All of this basic foundation is briefly covered in Section 1, and then the literature of the
model based on the current model is presented in Section 2. Notations and assumptions
that are used in the model are presented in Section 3. Section 4 completes the mathematical
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portion, and Section 5 deals with the solution procedure. Section 6 provides an explanation
of the numerical examples used to support the correctness of this concept. A sensitivity
analysis presented in Section 7, and Section 8 includes the final reflections.

2. Literature Review

The literature is related to the following points: carbon emission in the inven-
tory mode trade credit effect on the inventory model and imperfect products in the
inventory models.

2.1. Carbon Emission in Inventory Models

Carbon emission happens because of the storage and transporting of items. Carbon
emissions occur because of the process of storing and transporting deteriorating products.
Emissions in the warehouse are based on the inventory, as well as how much energy is
used per unit. The disposal of items that are no longer needed is also a major contributor
to carbon emission. For this problem, an inventory model is generated to balance global
effects to meet the requirements without affecting the environment. Refs. [7,8] generated a
model in which the lead time is taken as a stochastic incorporation with the production
of defective products with a credit financing scheme. Ref. [9] developed a sustainability
issue with a trade credit policy in their model. They have also worked on minimizing the
greenhouse gas emission. Ref. [10] collaborated upon the carbon emission of defective
products in their inventory model. Ref. [11] optimized the shipment amount in their
model. They have also worked on the defective production rate. Ref. [12] generated a
multi-stage formation model for defective items with a reducing carbon emission. Ref. [13]
worked on reducing carbon output with the impact of credit financing on a multi-echelon
inventory model. Ref. [14] generated a model using environmental and social strategies for
the consumption of future energy. A sustainable inventory model was generated by [15].
This model worked on reducing carbon emission and. This model is also worked on
non-instantaneous deteriorating products governed by a multi-level credit term policy.

2.2. Non-Instantaneous Degrading Items in Inventory Management Models

In traditional inventory models, the instantaneous deterioration of products upon
delivery is often assumed. However, real-world scenarios reveal a delay between receipt
and decay. This lag, known as non-instantaneous deterioration, has gained attention since
2006. Ref. [16] designed the structure of the inventory system allowing delayed payments to
be available to benefit such products. Ref. [17] proposed a price-dependent demand model
under trade credit facilities for non-instantaneous decaying commodities. Recent studies
expanded on this concept [18], creating a production model incorporating region-specific,
population-driven, and price-based demand. Ref. [19] introduced a multilevel trade credit
policy for non-instantaneous deterioration, considering promotional and selling price
influences on demand. In the case of non-instantaneously degrading items with a cost and
time demand based on unpredictable conditions, Ref. [20] developed a two-warehouse
EOQ model.

2.3. Trade Credit in Inventory Models

Delayed payments serve companies with a better access to the capital, and in such a
process, they can empower the suppliers and incentivize a greater order size. Therefore,
in this way, this policy ensures continuous financing. The theory of credit financing is
different from business to business.

Research on credit financing inventory models has evolved significantly. Ref. [21]
laid the groundwork by developing a model that ignored the distinction between pur-
chase cost and selling price. Subsequent studies expanded on this concept. Ref. [22], for
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example, presented a two-level credit financing strategy for non-immediately degrading
commodities. A model for degrading items with a two-level credit timeframe was created
by [23], taking into account finite time horizons and stock-dependent demand. Ref. [24]
made further progress by establishing the best policies under allowable payment delays
for degrading products with multivariate demand rates. Optimal trade credit policies
for perishable goods were investigated by [25], taking into consideration an imperfect
supply and demand that is dependent on stocks. Additionally, they presented the idea of
a twofold wait time as a way to reward retailers. Ref. [26] looked at situations in which
suppliers are paid a portion of the whole order amount right away and the remaining
amount after a predetermined amount of time. This idea was expanded upon by Ref. [27]
to include multi-level trade credit, in which suppliers provide merchants grace periods,
which retailers subsequently give to customers. A model with variable degradation under
credit financing was developed by Ref. [28]. The joint trade credit problem for deteriorating
inventory systems presented by Ref. [29] and the model for determining the economic
order quantity with flexible trade credit put forth by Ref. [30] are recent contributions. A
model for degrading items using advance payment methods was proposed by Ref. [31]. A
model for credit financing policy was created by Ref. [32] in a two-stockroom setting with
an ambiguous deterioration and demand modeled by the Weibull distribution.

2.4. Imperfect Within Inventory Models

During the manufacturing process, most items are manufactured with certain imper-
fections. The retailer has to deliver a good quality of items; therefore, it is important to
identify this imperfection via an inspection process. In fact, researchers should focus on
the imperfect quality of items as it is not possible to produce all goods of a perfect quality.
Furthermore, this problem has been focused upon by many academicians in the past years.

Ref. [33] laid the groundwork with an inventory system aimed at establishing opti-
mal ordering guidelines for defective items. Imperfect production processes were later
accounted for by Ref. [34] through a generated model. Ref. [35] addressed a problem
where item demand depends on production units, incorporating a screening process to
eliminate defective items. Ref. [36] modified this model to include shortage situations
and backordering costs. As the area continues to evolve, Ref. [37] developed an inventory
model that included learning effects for damaged products. Ref. [38] examined the usage
of two storage facilities for damaged commodities after developing an inventory model
for credit financing schemes in [39]. A multiple-production stock management model
designed especially for damaged products was developed by Ref. [40]. Ref. [41] presented
an inventory model for low-quality products that took shortages into consideration, leading
to the creation of an inventory model for defective objects. A multi-repository model with
shortages and discount plans for defective commodities was most recently introduced by
Ref. [42].

3. Problem Description, Notation, and Assumptions
3.1. Problem Description

This research addresses the issue of multi-level trade credit policies in the context of
non-instantaneously degrading products, with the goal of reducing the carbon emissions
associated with storage. Recognizing the inherent challenges in achieving 100% defect-free
production, the proposed model accommodates imperfect items and effectively explores
strategies for managing such scenarios. The study investigates the interrelations among
suppliers, retailers, and customers, aiming to optimize the retailer’s profit and order
quantities. By integrating environmental considerations and operational efficiency, this
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research offers a comprehensive framework for sustainable inventory management in
supply chains.

3.2. Notations

This section contains all the notations which are used in this model (Table 1).

Table 1. Notations.

Symbols Description
Parameters
L(t),i=1,2,3 Inventory level for time t

y Order level per cycle (units)
D Demand rate (unit/years)
A Ordering cost per order (in dollars)
Al Cost of carbon emissions while placing an order
c Purchase price (in dollars) of an item from the retailer
o Cost of carbon emissions when a store purchases a unit
v Pricing each item for sale (in dollars) v > ¢

Deterioration rate (0 < § < 1) (units)

Holding costs, excluding interest charges, for objects held

G per cycle (per unit annually)
W Cos’F of F:arbon emissions per item for each cycle of
storing items
I Interest earned (per dollar per year)
Ip Interest charge (per dollar per year)
s Inspection cost per unit (in dollars)
p Percentage of defective items in y (units)
Inspection rate (per unit per unit time)
M Delayed payment offered by the supplier
N Delayed payment offered by the retailer
t Screening time (in years)
tq No deterioration time (in years)
Functions:
f(p) Probability density function of p
TC(T) Total cost (in dollars)
TP(T) Total profit (in dollars)
TPU(T) Total profit per unit of time (in dollars)
E[TPU] Expected total profit per unit of time

(in dollars)

Decision variable:

T Cycle time (in years)

71



Mathematics 2025, 13, 752

3.3. Assumptions
This section contains all the assumption which are considered in the model.

i.  There are carbon emissions and energy consumption per unit associated with storing
inventory in warehouses. As a result, i’ represents the holding cost related to carbon
emissions per unit item.

ii. D is the rate of annual demand, which is known, uniform, and constant.

iii. The distribution of the proportion of items of defective quality (p) is uniform in [«, ]
where [0 <a < B <1].

iv.  There is a carbon emission cost ¢’ on purchasing units from the supplier, which is paid
by the retailer, as per government policy.

v.  The cost of carbon emissions when an item is ordered is A’.

vi. Lead time is never changing. The replenishment rate occurs at an infinite rate.

vil. A single item is used in the inventory model.

viii. No shortages occur in the inventory model.

ix. The supplier’s (M) credit period is always greater than or equal to the retailer’s (N)
credit duration for consumers. This relationship ensures M > N.

X.  During case 1: T < M, there is no interest charged. Butin case2: N < T < M and
case 3: T > M, I, the retailer will charge for those items that are left in stock.

xi.  Between periods N and M, the retailer earns a profit I, through credit financing. Earn-
ings begin when customers start making payments and continue until the designated
payment period for the goods expires.

4. Model Description and Analysis

This research investigates a multi-level trade credit policy for inventory comprising
defective and non-instantaneously deteriorating items. Initially, a quantity related to y
units enters the system. Within the time frame [0, #;], the inventory diminishes due to
demand and imperfect item screening. After the screening time, items are separated
as defective and non-defective items. The screening time can be calculated by #;(=y/x).
Following the screening, the inventory decreases solely due to the demand between [ty, t;].
Subsequently, deterioration commences, and the inventory is rejected due to the demand
and item degeneration from [t;, T], depleting entirely at t = T. Let I (t) and I, () represent
the inventory levels during t € [0, t;] and t € [t1,1,], respectively. The equations from
Figure 1, which is differential of inventory level at any time ¢, are mentioned below:

= — <t<
0 D, (0<t<t) (1)
L) _ b <t<ty @)

dt
The solution of the differential equations using I (t;) = y — Dty, L (t;) =y — py —
Dt; — Dty is

Li(t) =y — Dt ®)
L(t) = (1 =p)y — Dt — Dt )

Likewise, let I3(t) denote the inventory level at time ¢ € [t;, T]

dl3(t)
dt

+Bt=-D, (t4<t<T) 5)
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Using I3(T) = 0, the solution of the equation is given by
() = 5 (470 -1) ©)
For continuity of I(t) at t = t4, I (t;) = I3(ty)
(1= ply — Dty ~ Dty = = (H71) 1) %
p
which implies that the green inventory per cycle is given by

D(gﬁ(T—fd) + Bty — 1)
B(1-p-2)

Further, to prevent shortages during the screening period (t1), the effective percentage,
p (arandom variable uniformly distributed in the range [4, b], where 0 <a < b < 1), is limited

to (1—p)y > Dty.

y= ®)

py

e = ==y
/

Figure 1. Inventory level at any time.

The expenses spent in the inventory model, which are used to compute the overall
profit, are as follows:

(a) Sale revenue

(SR) = vDT ©)

(b) The cost of order cost

(0C)=A+ A’ (10)

(¢) The cost of purchase

(PC) = (c+ )y

(d) The cost to hold the inventory

HC = (h+1) [/Otl Il(t)dt—i—/ttd Iz(t)dt—k/tTIg(t)dt} (1)
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2 2 2
_ N - py~ _Dyta  Dy” Dte” D .. D opr—ty) _
= (W) | (U= pyta+ B = =0 S = S = (T my+m(e )] a2

(e) The cost of deterioration

(DC) = (c+¢')((1 = p)y — DT) (13)

(f)  Screening cost

(5C) = sy (14)
(g) Further, on the basis of the credit periods M and N, the interest paid (IP) and interest
earned (I/E) will be calculated as per the cases and subcases.

From the above costs, the total annual profit (T'P) can be determined by total profit:
(TP) = Z[SR —OC — PC ~ HC — DC — SC — IP ~ IE]

Additionally, three situations emerge based on the credit periods M and N, which are
given below:

G T>M
i) N<T<M
(i) T<M

Further, subcases also arise, which are given below in Table 2.

Table 2. Cases and subcases that arise for I, and I.

Case: T > M Casel: N<T<M Caselll: T < M

NDO<H <t <K N<MKIZT H0<H <HEINLST<M HO<H <t <T<N<M
{Ho0<HL NSt <MZST (Ho<HL <Nt <T<M

({)0<N<tH <t; <MZT () 0<N<H <t; <T<M

(iv)0<tHp <K N<M<t;<T

WMOSN<th <M<ty <T

(VDOSN<M<t <ty <T

Case: T > M.
There are six subcases that arise based on the values of t1, t;, N, M, and T:

11)0<hH < E<N<M<ZT, (12)0<H < N<p <M<ZT,
(1.3)0§N§f1§td§M§T, (1.4)0§t1SN§M§tdST,
(1.5)0§N§t1§M§td§T, (1.6)0§N§M§t1§td§T

The formulation of these cases is discussed below:
Subcase I:
0<tH <ty < N<M<ST
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The retailer must pay interest I, for the left stock in M < T shown in Figure 2. The
interest paid per cycle is as follows:

IP = cI, /MT I3(t)dt= cI,,Ez (eW*M) —(T-M)B— 5) (15)

t ta

Figure 2. Interest earned and interest paid for 0 <t; <t; < N <M < T.

During the time period N to M, the retailer can use the sale revenue I, shown in
Figure 2. The interest earned is as follows:

M 2 2
IE = ol, / Dptdt— oD M _ N (16)
N 2 2

Subcase II:
0<tH < N<t; <MZT

The retailer has some inventory left on hand as M < T. As a result, for the remaining
stock depicted in Figure 3, the merchant must pay interest at the rate of I,,. The amount of
interest paid is as follows:

IP = cl, /MT L(t)dt= pr[?z (eﬁ<T—M> —(T-M)B— /3) (17)

1 N Ta M T

Figure 3. Interest earned and interest paid for0 <t < N <t; <M < T.
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The retailer can use selling income, as depicted in Figure 3, to earn interest at the rate
of I, from N to M. The interest received per cycle is as follows:

M 2 2
IE = ple/N Dtdt= pI,D (M - N) (18)

2 2
Subcase III:
0SN<H <t <MIZT

The retailer has some inventory left on hand as M < T. As a result, for the left stock
depicted in Figure 4, the merchant must pay interest at the rate of I, (Figure 4). The amount
of interest each cycle paid is as follows:

P = pr/T I(t)dt= clp; (eW*M) —(T-M)B— ﬁ) (19)

M

Py

N t ta M T

Figure 4. Interest earned (IE), and interest paid (IP) for0 < N <t; <t; <M < T.

The retailer can use selling income, as depicted in Figure 4, to earn interest at the rate
of I, from N to M. The interest received per cycle is as follows:

M 2 2
IE = z;Ie/ Dtdt= 018D<M — N)
N 2

5 (20)

Subcase IV:
0<HH<N<M< 4 <T

Some inventory on hand is left by the retailer as M < T. As a result, for the left stock
depicted in Figure 5, the merchant must pay interest at the rate of I,. The amount of interest
each cycle paid is as follows:

IP = cz,,( M n(tdt+ [ Ig(f)di)
— I, (g(M2 —B)+ (L= plylta = M)+ M~ ta) + §ta = T) + (eﬁ<T—fd> - 1))

The retailer can use selling income, as depicted in Figure 5, to earn interest at the rate
of I, from N to M. The interest received per cycle is as follows:

M 2 2
IE = Z)Ie/ Dtdt= {)IeD(M _ N)
N

> 5 (22)

Subcase V:
0SKN<H Mt <T
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t T

Figure 5. Interest earned and interest paid for0 <t < N <M <t; <T.
Some inventory on hand is left by the retailer as M < T. As a result, for the left stock

depicted in Figure 6, the merchant must pay interest at the rate of I,,. The amount of interest
each cycle paid is as follows:

IP = cI, ([j;} L(t)dt + ftf 13(t)dt)

=cl, (%(M2 — )+ (L= p)y(ta — M) + B (M —to) + B(ta = T) + 5 (eﬁ(T*td) - 1))

(23)

N t1 M ta T
Figure 6. The interest earned and interest paid for0 < N <t} < M <t; <T.
The retailer can use selling income, as depicted in Figure 6, to earn interest at the rate
of I, from N to M. The interest received per cycle is as follows:

(24)

M 2 2
IE:UIE/ Dtdt= p[eD(M_N>
N

2 2
Subcase VI:
0SN<M<StH <t <T

Some inventory on hand is left by the retailer as M < T. As a result, for the left stock
depicted in Figure 7, the merchant must pay interest at the rate of I,,. The amount of interest
each cycle cleared is as follows:

IP= clp( W Bdt+ [ bt + [ 13(t)dt>
2 2 " _
:clp(DTW+y(%—M) +%(y——M> U EE)) +M(3—td)+%(td—T)+§<eﬁ(T t) —1))

X2 x \x
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py

N m ot t4 T

Figure 7. Interest earned and interest paid for 0 < N < M <t} <t; <T.

The retailer can use selling income, as depicted in Figure 7, to earn interest at the rate
of I, from N to M. The interest received per cycle is as follows:

2 2
M= N ) (26)

M
IE = v] Dtdt=ovD| — — —
Z”A ’ (2 2
Case II:

NL<T<M
Based on the values of t1, t;, N, M, and T, there are three subcases:

(11) 0<Hh <t <NST<M
(12) 0<H<N<t <T<M
(13) 0SN<H<{ <T<M

The formulation of these cases is discussed below:
Subcase I:
0<H <t K NST<M

Figure 8 illustrates how the store generates income and interest (at rate I,) from the
inventory sales from N to T. Every revenue is subject to interest from T to M, accumulating
interest from N to M each cycle.

(27)

N2 T2
2 2)

T
IE = vlg</ Dtdt + DT(M — T)): vIeD(TM— oMz
N

Subcase II:
0<H <N <T<M

Figure 9 illustrates how the store generates income and interest (at rate I,) from
inventory sales from N to T. Every revenue is subject to interest from T to M, accumulating
interest from N to M each cycle.

2 2
T2 N ) 28)

T
IE :v@(/ Dth—DT(M—T)):vIED(TM— .
N 2 2
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11 T N T M

Figure 8. Interest earned for 0 < t; <t; < N < T < M.

Py

11 N ta T M

Figure 9. Interest earned for 0 < t; < N <t; < T < M.

Subcase III:
0SN<H < <T<M

Figure 10 illustrates how the store generates income and interest (at rate I,) from
inventory sales from N to T. Every revenue is subject to interest from T to M, accumulating

interest from N to M each cycle.

T? NZ) 29)

T
IE = oI, / Dtdt + DT(M —T) )= oL.D(TM — — — ~
N 2 2
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Figure 10. Interest earned for 0 < N <t; <t; < T < M.

Case III:
T<M

Based on the values of t1,t;, N,M,and T,only 0 <t < t; < T < N < Mis the
subcase. The formulation of this subcase is discussed below.

The store sells inventory from N to M and earns interest at a rate of I, on the total sales
income, as shown in Figure 11, which causes interest to accumulate throughout this time in
each cycle.

IE = pvDT(M — N) (30)

Py

t1 ta TN M

Figure 11. Interest earned for 0 <t; <t; <T < N < M.

From the above cases, since p is a random variable with a known probability den-

sity function f(p), then the expected total profit per unit of time, E[TPU] ijs Where i =
1,2,3andj=1, 2,3, 4,5, 6, can be expressed as follows:
Case I. When T > M then
E[TPU],, = E[TPU],, = E[TPU};5, 0<t;<N<M<ZT
E[TPU];; = E[TPU],, = E[TPU] s, 0<HH<N<M<t;<T (31)
E[TPU],, OSN<M<H <t;<T
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Case II: When N < T < M then
E[TPU]i.j = E[TPU|,; = E[TPU|,,(T) = E[TPU],3 0 <t < N<T<M (32)
Case III: When T > M then
E[TPU]i_j =E[TPU];,, 0<t1 <t KT<N<M (33)

where

E[TPUJ,; = H[ oDT— (A+A') — (c+ )y
]

<h+h>(< Elp))yta ’,’Jyz D 1 Bf _ D B(T-t)
(34)
BT 1) e Elpl)y — DT) — sy ety & (6T — (7~ M) )
-HJIe ( ) TPU]]Z E[TPU]; 5
E[TPU],, = +[ oDT—(A+A")—(c+c)y
(1) (1~ E[p]ytg + HELZ szfd+D7%2fD%dzf2<Tftd>
+ 5 (ATt 1)) c+c> E[p])y — DT) — sy (35)
cf,,(z(Mz 2) + (1 - Elpl)y td—M)+7y(M ) + Bt = T)+ B (PT-10) —1) )
+olD (M4 — )| = E[TPU,
E[TPU 4 = }[ oDT—(A+A") = (c+¢)y
(1) (1= E[p)yyty + I — P¥ta y D DU D7)
+B (T4 —1)) — (c+¢')((1 — Elp])y — DT) = sy (36)
—clp (B4 +y(F = M)+ B (% - M) = 2+ (1= Elpy(ta— ) + (- 1)
+B(t-T)+ 5 (eﬁ(T*w 1 } —HJIED(MTZ - N{)}
E[TPU],; = +[ oDT—(A+A")—(c+c)y
=4 1) (1~ Elplyta + FRE — P4 B~ O BT~ 1y @)
—}—ﬁ%(eﬁ(T’td)—l)) (c+c)((1—-E[p])y — DT) — sy + vI,D (TM———TTZ)}
E[TPU]y; = +[ oDT—(A+A")—(c+c)y
— (1) (1= Elplyyty + B2E — P DY DIE_ BT 4y) (38)

+8 (P4 —1) ) (e +¢')((1 — E[p])y — DT) - sy + 0L.DT(M — N)]

5. Solution Procedure

Furthermore, concavity is extremely difficult to show theoretically because the deriva-
tives of the expected total profit functions are complex. Additionally, Figure 12 illustrates
the nature of the functions for each of the ten cases, as explained below:

The necessary condition required for maximization of total profit is defined by

d LTTPU] = 0, which provides the optimal values for T. This study aims to optimize

the cycle time to maximize total profit, E[TPU]. Hence, the profit function’s behaviour is
analyzed for all cases using the derivative method.
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Case 1 Case 2
163300
163280
163200 163260
163100 163240
163220
163000
163200
162900
0.04 0.05 0.06 007 0.08 0.09 0050 0055 0060 0065 0070 0075
Case 3 Case 4
163300 162400
163200 162300
162200
163100
162100
163000
162000
162900
0.04 0.05 0.06 0.07 0.08 0.09 0.04 0.05 0.06 0.07 0.08 0.09 0.10
Case 5 Case 6
163450 163750
163400
163350 163700
163300
o 163650
163200
163600
163150
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Case 7 Case 8
164100
163200
164000
163000
163900
162800
163800
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163700 0.04 0.05 0.06 0.07 0.08 0.09 0.04 0.08 0.08 0.10 0412 0.14
Case 9 Case 10

Figure 12. Concavity of the expected total profit function for all the cases.

Additionally, the following adequate conditions must be met for the predicted total

d?E[T PU];;
% <0 (wherei=1,2,3andj=1,2,3,4,5,6).

Appendix A contains the first and second derivatives of the expected total profit

profit E[T PUJ; ; to be concave:

function, which are quite big equations.
In order to find the optimal value T%, the following Algorithm 1 is proposed:



Mathematics 2025, 13, 752

Algorithm 1. Finding the optimal value T*

Step 1: Put values of all the parameters in Equation (A1)
Step 2: Determine the value of cycle length, T. Now, using the value of T, calculate the
values of i from Equation (8).
F(T>M&O0<t <t;<N<M<T (case 1: subcase 1.1 satisfy))
then the cycle length will be T and the value of expected total profit,
E[TPU], can be obtained by putting T in Equation (A1),
else
this case is not feasible and set E[TPU] = 0.
FO<H<SN<t;<M<T)
then find T and E[TPU] for this case from Equation (A1),
else
case is not possible, set E[TPU] = 0.
FO<SN<Hh<t <M<T)
Then determine T and E[TPU] from Equation (A1),
else
put E[TPU] = 0, in case of not feasible
FO<HSNS<M<t;<T)
then calculate T and E[TPU] from Equation (A3),
else
E[TPU] =0.
FO<SN<t; <M<t;<T)
then find T and predicted total profit E[TPU] from (A3)
else
put E[TPU] = 0.
FO<SN<M<t<t;<T)
then determine T and E[TPU] from Equation (A5)
else
place E[TPU] = 0.
EINST<M&0<tH <tz < N<T<M)
then compute T and E[TPU] from (A6)
else
set E[TPU] = 0.
E(INST<M&0<H <N<t <T<M)
then evaluate T and E[TPU] from (A6)
else
put E[TPU]= 0.
E(INST<M&OSN<H <t <T<M)
then determine T and E[TPU] from Equation (A6)
else
put E[TPU] = 0.
F(T<M&0O<tH <t <T<N<M)
then evaluate T and E[TPU] from (AS8)
else
in the case of not feasible, put E[TPU] = 0.
Step 3. Compare the expected total profit for all the 10 cases, i.e.,
Max {for all cases E[TPU]i,j, (i=1,2,3andj=1,2,3,4,5,6}

Choose the ideal scenario, which has the optimal value of T and the largest predicted
total profit, E[TPU].
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6. Numerical Example

This section presents a numerical example to illustrate and validate the theoretical
findings detailed in the examples. Most of the parameter values are considered from
Ref. [38].

Example 1. D = 7000 units/year, A = 100 $/order, h =5 $/unit/year, B = 0.06,
ty = 0.04 year, ¢ = 25%, s = 0.3%/unit, A’ = 1$/order, N = 0.1$/unit/year,
¢ =1%, x = 175200 units /year, v = 50%/units, I, = 0.08 $/year, I, = 0.12$/year.
<p<O0.
N and M values are considered as per the cases 1 to 10. f(p) = 2>, 0<p - 004
0 otherwise

then the expected value of defective items will be E[p] = 0.02.

From Table 3, The first five cases have relatively consistent values of T around
0.0573 yr to 0.0581 yr, showing minimal variation. A noticeable increase occurs in cases 7
(0.0667 yr) and 10 (0.0743 yr), indicating some deviation in the values. The E[TPU] values
show a stable pattern, though case 6 has a notably lower E[TPU] of 162408%. Case 9 has
the highest total cost at 164134$, and the optimal order quantity (v) is 418 units, implying
better performance or increased computational efficiency.

Table 3. Optimal values of cycle length and expected total profit for all the cases.

Cases T(Yr) E [TPU] ($)
1 0.0590 163195
2 0.0576 163276
3 0.0573 163291
4 0.0581 163287
5 0.0577 163311
6 0.0593 162408
7 0.0667 163444
8 0.0619 163754
9 0.0561 164134

10 0.0743 163350

7. Sensitivity Analysis
To determine the robustness of the model, a sensitivity analysis is carried out by

adjusting a number of effective parameters (Tables 4-7 and Figures 13-15). The effect of the
effective parameters is considered in the best case, i.e., 9.

e As], decreases, the processing time T gradually increases. This implies that higher
interest rates may incentivize quicker or more efficient operations, likely due to better
resource utilization.

e  E[TPU] steadily declines as I, decreases. This decline indicates that lower interest earnings
directly affect profitability, possibly due to reduced capital reinvestment benefits.

Table 4. Effect of changes in E[p] on ETPU.

Elp] T(Yr) E[TPU] ($)
0.01 0.056147 163863
0.02 0.056133 164134
0.03 0.056118 164410
0.04 0.056103 164692
0.05 0.056087 164980
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Table 5. Effect of changes in I, on TP.

I, T(Yr) E[TPU] ($)
0.096 0.053861 164372
0.088 0.054961 164252
0.080 0.056133 164134
0.072 0.057382 164017
0.064 0.058718 163902

Table 6. Effect of changes in h on E[TPU].

h T(Yr) E[TPU] ($)
6.0 0.053319 163941
5.5 0.054671 164036
5.0 0.056133 164134
4.5 0.057718 164234
4.0 0.059447 164337

Table 7. Effect of changes in f on E[TPU]J.

B T(Yr) E[TPU] ($)
0.02 0.056197 164135
0.04 0.056165 164134
0.06 0.056133 164134
0.08 0.056100 164133
0.10 0.056068 164132

Graph of TP with respect to p
165000

| —e— TPvsp
164800
164600

[a 18

= 164400

164200

164000

0.010 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050
p

Figure 13. Graph of Defective percentage vs. Expected total profit.
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Graph of TP vs le
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Figure 14. Graph of Ie vs. Expected total profit.

Graph of TP vs h
164350

T
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h

Figure 15. Graph of holding charges vs. Expected total profit.

As the holding cost decreases from 6 to 4, the E[TPU] steadily increases. This suggests
that lower holding costs may introduce inefficiencies or require more time to process or
execute certain operations. Higher E[TPU] values typically indicate better or more efficient
system output, suggesting that lower holding costs may promote higher performance
despite the increased time.

Table 7 shows that the overall profit would decline as the rate of deterioration rises.
An increase in the rate of deterioration will raise the order quantity to make up for the
loss from deterioration. As the deterioration rate rises, the cycle length decreases as well,
slowing down the deterioration process and raising overall profit.
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8. Managerial Implications

The results derived from the numerical examples highlight the strategic approaches
inventory managers should adopt when handling inventories under a multi-level trade
credit program that incorporates carbon emissions. The study examines three scenarios
based on multi-level trade credit. The most advantageous case occurs when the retailer’s
and customer’s credit periods fall between the screening time and the non-deteriorating
time duration. This scenario enables inventory managers to achieve higher profitability.
Managerial decisions must account for ordering costs, holding costs, interest payments,
and carbon emissions, emphasizing the importance of a holistic approach to inventory
management. Inventory managers must carefully evaluate all options before procurement,
as decisions impact both overall profitability and the quantity of orders placed. Larger
order quantities increase holding costs and carbon emission costs, highlighting the need for
managers to optimize total order quantities. Incorporating carbon emissions into inventory
management strategies helps minimize order quantities, directly reducing holding- and
emission-related costs. Furthermore, profitability is enhanced when managers focus on
trade credit terms and the management of imperfect-quality items. Managers achieve
higher profits when the interest earned exceeds the interest paid, underlining the critical
role of financial strategies in inventory management. This research aims to address carbon
emissions within a multi-level trade credit framework for imperfect-quality items. By
integrating carbon emission considerations, the proposed model supports more sustainable
practices, balancing environmental and economic objectives while maximizing profitability.
By effectively managing a perishable and deteriorating inventory, this model can help
industries including FMCG, pharmaceuticals, and food and beverage. It can be used to
optimize stock levels and reduce waste in the chemical and electronic industries. Through
better trade credit regulations, the model aids in balancing sustainability and profitability.

9. Concluding Remarks and Future Scope

This study aims to reduce carbon emissions by implementing multi-level trade credit
policies. An inventory model has been developed for items with non-instantaneous deteri-
oration. In practical production scenarios, achieving a perfect quality rate for all units is
unrealistic, and this issue is addressed within the study. The research focuses on items with
a gradual deterioration rate, such as food products, electronic components, and fashion
items, where defects during production can be addressed through an inspection process.
The model examines imperfect-quality items within the framework of a multi-level trade
credit policy, integrating an economic order quantity (EOQ) model. This approach em-
phasizes the optimization of the retailer’s total profit while accounting for items with
production defects that are rectifiable through inspection. Multi-level trade credit policies
emerge as the most effective strategy for maximizing profits in this context. The study
explores various scenarios involving suppliers, retailers, and customers, using numeri-
cal examples to validate the results. The optimal scenario for retailers occurs when the
credit periods for both retailers and customers fall between the screening time and the
non-instantaneous deterioration period. This configuration ensures enhanced profitability.
The model’s applicability can be further extended by incorporating finite replenishment
rates, variable demand rates, or other dynamic parameters, offering a robust foundation
for addressing complex inventory management challenges. Additionally, this model can be
expanded to include closed-loop supply chains and warehouses.
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evolutionary game can achieve a stable equilibrium state. This research enables logistics companies
to optimize the use of charging resources, lower operating costs, and enhance delivery efficiency.
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logistics industry. Based on these insights, the paper offers practical recommendations to further
promote the sharing of charging facilities in electric vehicle distribution.
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1. Introduction

In recent years, the rapid growth of urban distribution and rising consumer demand
have led to a significant increase in the number of delivery vehicles, contributing to esca-
lating environmental pollution in cities [1]. Among China’s “dual carbon” goals, which
include carbon peaking and carbon neutrality, the transportation sector is actively advanc-
ing energy conservation and emission reduction efforts. Promoting and adopting new
energy vehicles has become a critical strategic initiative to drive sustainable development
of the Chinese green economy [2]. The low energy consumption and low pollution charac-
teristics of electric vehicles offer a solution to the traffic-related pollution caused by the rise
in urban logistics, helping to address environmental concerns while promoting sustainable
development. Many logistics companies have implemented carbon reduction plans to
support “dual carbon” objectives and are increasingly integrating electric vehicles into
their operations.

By 2023, more than 320,000 new energy logistics vehicles have been added nation-
wide [3]. As the adoption of new energy vehicles, particularly electric vehicles, continues
to accelerate, the logistics distribution sector may face challenges related to insufficient
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or unevenly distributed charging facilities, which can disrupt distribution operations [4].
Currently, most charging stations are unable to meet the demands of new energy logistics
vehicles due to issues such as inadequate transformer capacity, site limitations, and other
constraints. Additionally, the limited availability of public fast chargers leads to extended
charging times, negatively impacting the operational efficiency of logistics companies [5].
Moreover, the acquisition cost of new energy logistics vehicles remains relatively high,
and the charging infrastructure is still underdeveloped [6]. There is a wide variety of
vehicle models with differing design parameters, making existing public charging facilities
often incompatible, which further exacerbates the shortage of effective charging options for
logistics fleets [7]. This lack of charging resources has significantly hindered the operational
efficiency and cost control of new energy logistics vehicles, becoming a major obstacle to
their broader adoption and implementation. Since each logistics enterprise has unique
infrastructure requirements, such as sites and equipment, optimizing vehicle allocation and
the sharing of charging facilities can significantly improve overall efficiency. For effective
electric vehicle distribution, it is crucial to identify the optimal number and locations of
charging stations and ensure reliable operation when power is available.

Sharing charging facilities among different logistics enterprises offers dual benefits. It
reduces the time spent searching for charging stations during distribution, thereby speeding
up operations, and it activates idle charging resources, maximizing efficiency. This study
examines the evolutionary process of charging facility sharing in electric vehicle logistics
distribution with government involvement. We develop a tripartite evolutionary game
model involving the government and two logistics enterprises to analyze the conditions of
their ESS and evolutionary trajectories. The study explores the impact of various factors
on the critical question of whether logistics enterprises should share charging facilities
and provides a rational basis for logistics enterprises to make informed decisions on
facility sharing.

2. Literature Review

The literature relevant to this study can be categorized into two main areas: research
on charging facilities and studies on government subsidy mechanisms within the context
of evolutionary game theory.

2.1. Research on Charging Facilities

In their study of electric vehicle charging facilities and sharing strategies, Chen et al. [8]
proposed a two-level mathematical model to optimize the location and capacity of charging
stations, deriving an optimal design that balances route selection with charging wait times.
Luo et al. [9] addressed the charging challenges of free-floating shared electric vehicles by
proposing a collaborative charging planning method that leverages the complementary
advantages of fixed stations and mobile charging vehicles to enhance efficiency and reduce
costs. Chen et al. [10] employed a multistage stochastic integer programming model to
assist governments in developing public vehicle charging networks, optimizing the location
and capacity of facilities within a constrained planning scope. Luo et al. [11] developed
an electric vehicle charging station location model to improve resource utilization in
sustainable cities. Lv et al. [12] proposed a planning scheme for electric vehicle charging
facilities based on an enhanced gray wolf optimization algorithm under V2G mode to
address the impact of charging loads on the secure and stable operation of the distribution
network and to improve the layout of charging infrastructure. Woo et al. [13] explored the
planning of electric vehicle charging facilities to provide high-quality charging services.

In the study of private charging pile sharing, Wu et al. [14] developed an asym-
metric evolutionary game model based on the investment costs and benefits of charging
service operators and private charging pile owners to analyze their sharing behavior.
Huang et al. [15] investigated the issues that arise from the configuration of the charging
facility and provided an in-depth analysis of the sharing of the charging pile. To address
capacity shortages resulting from the mismatch between charging stations and electric vehi-
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cle charging loads, Chen et al. [16] proposed a layered scheduling model that incorporates
shared charging piles. Ji et al. [17] suggested strategies for sharing charging facilities to en-
hance the utilization of electric bus charging stations. Wang et al. [18] applied an improved
Shapley value model to effectively distribute benefits in private charging pile-sharing
projects, easing the public charging infrastructure shortage. Yang et al. [19] employed a
data-driven microsimulation method to explore the potential of private household charg-
ing pile sharing in Beijing, finding that it increases charging opportunities and reduces
dependence on public stations. Hu et al. [20] established a game theory model that allows
consumers to choose between private, public, and shared options, demonstrating through
numerical analysis that the sharing model offers a win-win solution for all stakeholders.

2.2. Government Subsidy Mechanism in Evolutionary Game

Evolutionary game theory analyzes the strategic behavior evolution of game partic-
ipants using replicator dynamics, a differential equation widely applied across various
fields. The replicator dynamic mechanism is extensively used in energy conservation,
environmental protection, strategy optimization, and cooperative innovation research [21].
Existing studies have demonstrated substantial and practical research on evolutionary
games, including government participation as a critical factor.

Zhao et al. [22] examined the influence of government subsidies on adopting new
energy vehicles, developing a three-stage evolutionary game model to analyze this effect.
Zhang et al. [23] explored a tripartite evolutionary game model involving the government,
manufacturers, and integrators from a risk society perspective, finding that increasing
government rewards and reducing costs can boost integrators” motivation within a flexible
logistics service supply chain. Luo et al. [24] constructed a tripartite evolutionary game
model incorporating the government, logistics enterprises, and environmental NGOs, high-
lighting the critical role of government in encouraging logistics enterprises” participation.
Dong et al. [25] developed a tripartite evolutionary game model focusing on logistics green-
ing, including government, logistics enterprises, and users. Their research analyzed how
government subsidies and refinement measures influence the strategic choices of enter-
prises and users. Li et al. [26] investigated a tripartite game model of subsidy and penalty
mechanisms involving government, enterprises, and consumers, revealing the impact of
these mechanisms on participant behavior. Zhang et al. [27] analyzed the implementa-
tion of subsidy and penalty policies for sustainable transportation development, while
Wang et al. [28] explored the pivotal role of government policy intervention in promoting
the diffusion of low-carbon technologies through supply networks.

Yu et al. [29] constructed a tripartite evolutionary game model to assess the impact of
differential carbon tax policies and subsidy strategies on manufacturers. Yuan et al. [30]
developed an evolutionary game model involving government, enterprises, and consumers,
showing how varying levels of government regulation, innovation subsidies, and carbon
tax rates influence enterprise and consumer behavior. In a supply chain market context,
Guo et al. [31] examined the effects of government subsidies and green technology invest-
ments on manufacturers, governments, and consumers. Liu et al. [32] used evolutionary
game analysis to evaluate the impact of government subsidies on green suppliers and
manufacturers. Wang et al. [33] demonstrated through evolutionary game theory that
government subsidy strategies significantly influence participant selection, with subsidies
proving to be more effective than non-subsidy approaches. Finally, Sun et al. [34] studied
the crucial role of government subsidies in promoting the development and implementation
of recyclable green logistics packaging by logistics enterprises.

In summary, a review of the relevant literature reveals that the widespread adoption
and promotion of electric vehicles across various industries have been significantly driven
by robust national policy support and continuous advancements in research and devel-
opment. The government has implemented numerous incentives, including tax breaks,
subsidies, and infrastructure development, which have substantially lowered the costs
and risks for logistics enterprises adopting electric vehicles for distribution. Simultane-
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ously, ongoing technological progress, particularly in battery technology and charging
efficiency, has greatly enhanced electric vehicles” practicality and economic viability in
logistics distribution.

Evolutionary game theory, a powerful tool for analyzing the selection and evolu-
tion of strategy agents in complex systems, has provided significant insights in various
fields. Numerous scholars have applied evolutionary game models to study interactions
between governments, enterprises, and other stakeholders, investigating optimal strategies
under different reward and punishment mechanisms, policy interventions, and market
conditions. However, research on applying evolutionary game theory to the sharing of
charging facilities in the logistics distribution of electric vehicles remains limited. Most
existing studies focus on electric vehicle technology, policy incentives, and the construction
and management of charging facilities, with comparatively little attention given to how
logistics enterprises can enhance distribution efficiency and economic benefits by sharing
charging infrastructure.

To address this research gap and offer practical strategic recommendations for enter-
prises, this paper introduces an evolutionary game model to conduct a comprehensive
analysis of the strategic choices involved in sharing charging facilities among logistics
companies. Specifically, the study constructs an evolutionary game model involving the
government and logistics enterprises A and B to analyze the influence of various factors
on the choice of a charging facility-sharing strategy. Additionally, the paper conducts a
simulation study to validate the model’s effectiveness and proposes practical policy recom-
mendations and management measures. This study not only deepens the understanding of
charging facility sharing in electric vehicle distribution entities but also provides a theoreti-
cal foundation and practical guidance for governments to formulate more effective policies
and for enterprises to optimize their operational strategies, ultimately promoting the
sustainable development and widespread adoption of electric vehicle distribution models.

Through the research of this paper, we can not only deepen the understanding and
understanding of the sharing of charging facilities in the distribution of electric vehicles
in logistics enterprises, but also provide a solid theoretical basis and practical guidance
for the government to formulate more scientific and effective policies and provide a solid
theoretical basis and practical guidance for logistics enterprises to optimize their operation
strategies. Finally, we hope that through this study, we can promote the sustainable
development and wide application of an electric vehicle distribution mode and contribute
to the construction of a green, low-carbon, and efficient logistics distribution system.

3. An Evolutionary Game Theoretical Model
3.1. Problem Description

In the context of sharing charging facilities for electric vehicle distribution, the key
participants include a government department and logistics enterprises A and B. These
logistics enterprises, which rely on electric vehicles for distribution operations, may collab-
orate to form a charging facility-sharing alliance, thereby pooling their resources to share
charging infrastructure. The government department has the option to actively promote
this strategy by providing subsidies and incentives to the participating logistics enterprises.
The relationship between the three participants is illustrated in Figure 1.

Provide government subsidies Provide government subsidies
Government department

A

Provide social benefits

A 4

Logistics Enterprise A [« Logistics Enterprise B

Sharing charging facilities

between enterprises

Figure 1. Relationship among the three participants.
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3.2. Model Assumptions and Notations

Based on the actual benefits of the participants and the principles of evolutionary

game theory, the following assumptions are proposed (with the understanding that all
parameters are positive values), the related parameters are defined in Table 1.

Table 1. Notations of the tripartite evolutionary game.

Notations

Definition

Ia(i:a,b)

Ta(i:a,b)

Distribution revenue when party i does not share
The costs incurred by logistics enterprise i when charging facility sharing is not established among logistics
enterprises (including the expenses for locating charging facilities, the operation and maintenance of those

facilities, and the electricity costs for charging)
Pa(i=ap) The risk cost that a logistics enterprise i needs to pay when choosing a sharing strategy

logistics enterprises
logistics enterprises
r(0<r<1) Cost allocation coefficient of logistics enterprise A when choosing a sharing strategy

1-r Cost allocation coefficient of logistics enterprise B when choosing a sharing strategy

logistics enterprises
G The social benefits obtained when the government chooses to actively promote the strategy

Charging facility operation and maintenance costs incurred when sharing strategies are reached between

The power purchase cost of charging facilities must be paid when sharing strategies are reached between

The additional distribution income obtained by the logistics enterprise i after sharing charging facilities among

The social benefits are obtained when the government chooses a negative promotion strategy. G > g by default

8
D The cost of government expenditures to implement surveillance measures
e Enterprises share the environmental benefits they bring to government

When the government adopts an active promotion strategy, it must pay sharing incentive subsidies to both

L logistics enterprises
u<1) Subsidy allocation coefficient of logistics enterprise A
1 Subsidy allocation coefficient of logistics enterprise B

Assumption 1. Game Participants and Their Strategy Choices: The model involves a tripartite
game among logistics enterprises A, B, and the government. The strategy space for the logistics
enterprises consists of two options: {sharing, not sharing}. They form a charging facility-sharing
alliance to pool charging resources if they choose to share. If they decide not to share, each enterprise
maintains its charging facilities independently. The strategy space for the government is {active pro-
motion, negative promotion}, indicating whether or not to implement subsidy policies to encourage
enterprises to form sharing alliances.

Assumption 2. In the decision-making model for charging facility sharing, all three game partici-
pants are characterized by bounded rationality and aim to maximize their individual benefits. They
also possess learning abilities, making the game dynamic over time. Both logistics enterprises and
the government will continuously adjust their decisions based on the strategies chosen by all parties
and learn throughout the game process to arrive at their optimal equilibrium strategy.

Assumption 3. Assume that the probability of the government choosing the “positive promotion”
strategy is x (where 0 < x < 1), making the probability of choosing the “negative promotion”
strateqy 1 — x. Regardless of whether the government opts to encourage enterprises to share charging
facilities actively or takes a passive approach to promote the sharing model, it incurs a cost D for
implementing supervisory measures. Sharing among logistics enterprises yields an environmental
benefit e for the government. Suppose that the government chooses to actively promote the sharing
model of charging facilities among logistics enterprises. In that case, it will gain social benefits G
but must also provide subsidies and incentives to these enterprises. Conversely, if the government
chooses to negatively promote the sharing model, it will gain social benefits g without incurring
expenses, such as subsidy measures.
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Assumption 4. Assume that the probability of logistics enterprise A choosing the sharing strategy
is y (where 0 <y < 1), meaning the probability of choosing the non-sharing strategy is 1 — y. If
logistics enterprise A opts to share charging facilities and joins the alliance, it can receive subsidies
from the government, provided that the government has adopted the active Quidance strategy. If
neither party chooses the sharing strategy, there will be no charging facility-sharing alliance between
logistics enterprises, and the final income for logistics enterprise A will be I, — T, + uL. If both
parties choose to share, logistics enterprise A will gain additional distribution revenue S, but must
bear the cost r(C + Q) associated with the sharing strategy. Conversely, if logistics enterprise A
decides not to share charging facilities, it will not receive the additional distribution revenue or
government subsidies available through the sharing model, and its income will remain at 1, — T,.

Assumption 5. Assume that the probability of logistics enterprise B choosing the sharing strategy
is z (where 0 < z < 1), meaning the probability of choosing the non-sharing strategy is 1 — z.
Similar to logistics enterprise A, if logistics enterprise B opts to share charging facilities and join
the alliance, it can receive subsidies from the government, provided the government has chosen the
active guidance strategy, regardless of whether the other parties also decide to share. If no other
parties choose the sharing strategy, a charging facility-sharing alliance will not be formed, and the
final income for logistics enterprise B will be I, — Ty, + (1 — uL). If both parties decide to share,
logistics enterprise B will also gain additional benefits Sy,. However, if logistics enterprise B decides
not to share charging facilities, it will not receive the additional distribution revenue or government
subsidies associated with the sharing model, and its income will remain at I, — Ty,.

Additionally, the necessary notation of our model is introduced in Table 1.

3.3. Modeling Framework

Based on assumptions and notations, the payoff matrix of the government, logistics
enterprise A, and logistics enterprise B can be obtained, as shown in Table 2.

Table 2. Payoff matrix for the government, logistics enterprises A and B.

Government Strategy Logistics Enterprise A Logistics Enterprise B Strategy Choice
Selection Strategy Choice Share z Not Shared 1—z
G+e—D-L
G-D-L
. Ii+S;—r(C+Q)—Py+ulL
Sharing y IL+S,—(1—1r) (C+Q)— Iﬂ—Ta:Pa—i—L
P+ (1—u)L =Ty
Active promotion x b i
G-D-L G—-D
Not sharing 1 — y I,—T, I, — T,
I,—Ty,—P,+L I, —Tp
g—D+e g—D
Sharing y Ii+Sa—r(C+Q)— P, I,—T,— P,
. . I+S,—(1—=7)(C+Q)— Py I, =T,
Negative promotion 1 — x
§—D §—D
Not sharing 1 —y I,— T, I, — T,
I, =Ty — By I =Ty

As shown in Table 2, when the government adopts a strategy of actively promoting
charging facilities, and both logistics enterprises A and B choose to share these facilities,
the government’s social benefit is denoted by G. The costs incurred for implementation
and supervision are represented by D, the environmental benefit by e, and the sharing
incentive subsidy provided to enterprises by L. Thus, the government’s net benefit is
calculated as G + e — D — L. For logistics enterprise A, its daily distribution income is
represented by I,. Since both enterprises opt for sharing, logistics enterprise A avoids
paying the non-sharing cost T, but incurs a risk cost P;, operational and maintenance
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costs rC, and power purchase costs rQ. Additionally, the enterprise receives an additional
distribution income of S, and a government subsidy of pL. Therefore, the net income
of logistics enterprise A is I +S; — (C + Q) — P, + uL. Similarly, the daily distribution
income for logistics enterprise B is Ij,. Like enterprise A, it avoids the non-sharing cost T},
and instead incurs risk costs Pj, operational and maintenance costs (1 — r)C, and power
purchase costs (1 — r)Q. Logistics enterprise B also gains an additional distribution income
of S, and a government subsidy of (1 — u)L. Hence, the net income of logistics enterprise B
isI,+S, — (1 —r) (C+ Q) — P, + (1 — p)L. In a similar manner, the benefits for the three
participants under different strategies can be derived accordingly.

Thus, the expected returns, expected average returns, and replicator dynamics equa-
tion for participants can be determined from the game payoff matrix. Let U, represent the
expected return for the government when it chooses the active promotion strategy. This
value is the weighted average sum of the government’s revenue when logistics enterprises
A and B choose among the four possible combinations of sharing and not sharing strategies.
U, is given by the following equation:

U =y=(G+e—D L)+ (1-y)z(G~D—L)+y(1—2) (G-D~L)

+(1—y) (1-2) (G- D) @

The expected revenue when the government opts for the negative promotion strategy
is denoted as U,. This represents the weighted average sum of the government’s revenue
when logistics enterprises A and B select among the four possible combinations of sharing
and not sharing strategies. The calculation for this scenario is provided below.

U2 =yz(g—D+e)+(1-y)z(g— D) +y(1—z) (§—D)

+(1—y)(1-2)(§— D) =yze+g—D @)

The government’s average expected revenue, U, is the weighted sum of its ex-
pected revenues when choosing either the positive or negative promotion strategy, as
shown below.

U =xUq+(1-x)Up=9— D+ Gx—gx— Lxy — Lxz +eyz (3)

According to evolutionary game theory, the government’s replicator dynamic can be
obtained by the following differential equation:

F(x) = % = x(Uq — U) = x(1 — x) (U — Ue) @
=x(1-x)(G—g—Ly—Lz+ Lyz)

The expected revenue for logistics enterprise A when it chooses the sharing strat-
egy, denoted as U, is the weighted average sum of revenues considering the various
strategy combinations selected by the government and logistics enterprise B. This value is

provided below.
Up=xz(I+S;—r(C+Q)— P+ uL)+x(1—2)(I, - T, — P, + L)
+(1—=x)z(Ia+Sa—r(C+Q) —P) +(1—x) (1—2) (5)
(la —Ta — Pa)

The expected revenue for logistics enterprise A when it opts not to share, denoted
as Uy, is the weighted average sum of revenues based on the strategy combinations
chosen by the government and logistics enterprise B. This value is presented in the
following equation:

Up=xz(I,—Ts) +x(1—2z)(I, - Ts)+(1 —x)z(I, - T,) + (1 — x)

(1-2)(1,~T) ©
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The logistics enterprise A’s average expected return, Uy, is the weighted average
of its expected returns when it chooses either the sharing or non-sharing strategy, as
provided below.

U, = ]/Uul + (1 - ]/)ua2
=1I,— T, — Py + Spyz + Tayz — rCyz — rQyz + Lxy — Lxyz (7)
+uLxyz

Therefore, the logistics enterprise A’s replicator dynamic is given by the following
differential equation:

F(y) = d—? =y(Un — Ua) = y(1 —y) (Un — Ug2) (8)

=y(1—y)(Sez— Ps+ Tz —rCz —rQz + Lx — Lxz + pLxz)

The expected revenue for logistics enterprise B when it chooses the sharing strategy is
denoted as Uy . This represents the weighted average of revenues based on the combination
of strategies chosen by the government and logistics enterprise A. U can be given by

Up =xy(l, +S, —(1-r)(C+Q) =P+ (1—p)L)
+X(1—y) (Ib—Tb—Pb+L)
+(1—x)y(lb+5b—(1—r)(C+Q)—Ph)
+(1=x) (1—y) (I, — T — P)

)

The expected revenue for logistics enterprise B, when it opts for the non-sharing
strategy, is denoted as Uy,. This value represents the weighted average of revenues based
on the combination of strategies chosen by the government and the logistics enterprise A,
as outlined below.

Up = xy(Iy = Tp) + x(1 = y) (I — Tp) +(1 = x)y(I, — Ty) (10)
+(1=x) (1—y)(Ih — Tp)

The average expected return for logistics enterprise B is the weighted sum of its
expected returns when choosing between the sharing and non-sharing strategies, as
detailed below.

Up =zUp + (1= z)Up
=1, — Ty — Pz — Cyz — Quz + Spyz + Tpyyz + rCyz + rQyz ~ (11)
+Lxz — uLxyz

Thus, the following differential equation can obtain the logistics enterprise B’s replica-
tor dynamic:

Fz) =% =z(U, —U,) =2z(1—2z) (U — Up)
=z(1-2)(Spy+ Tpy — P, — Cy — Qy +rCy + rQy + Lx (12)
—puLxy)

4. Evolutionary Game Analysis
4.1. Solving ESS of the Tripartite Evolutionary Game

The evolutionary stable strategy (ESS) of the tripartite game involving the government
and two logistics enterprises can be solved and analyzed using the above replicator dynamic
equations, i.e., Equations (4), (8), and (12). Following Selten’s [35] conclusion, in a tripartite
evolutionary game, it is sufficient to focus on the analysis of pure strategies. By solving
F(x) = 0, F(y) = 0, and F(z) = 0, eight local pure strategy equilibria can be given
by E;(0,0,0), E»(1,0,0), E3(0,1,0), E4(0,0,1), E4(0,0,1), E5(1,1,0), E¢(1,0,1), Ez(0,1,1),
and Eg(1,1,1).
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According to Friedman’s [36] method for determining equilibrium stability, the evo-
lutionarily stable strategy of the system can be derived through local stability analysis of
the system’s Jacobian matrix. By taking the partial derivatives of the replicator dynamic
equations F(x), F(y), and F(z) with respect to x, y, and z, the Jacobian matrix | of the
model can be obtained as follows:

31;(3() a1;(36) alg(x)
X y Z
j= | ol ol ®
dF(z) oFlz) oF(z)
ox dy 0z
where
al;(xx) =(2x—1)(g— G+ Ly + Lz — Lyz) (14)
OF(x) _
oy Lx(x—1)(1—2) (15)
JOF(x)
o = Lx(x - 1)(1—-y) (16)
P Ly )z -2+ 1) 47
ag(y?/) = (2y — 1)(P; — Lx — S4z — Toz + rCz + rQz — uLxz) (18)
BI;(Zy) =y(1—y)(Sa+ Ty —rC —rQ — Lx + puLx) (19)
OF(2) _ /0 v
oo- = Lz(1-2)(1 - py) (20)
BI;(yZ) =2z(1-2)(Sy— Q— C+ Ty +rC+rQ — uLx) 21)
oF
@) _ (22— 1)(Py— Lx— Sy — Tyy + Cy+ Qy—rCy — rQy + ulxy)  (22)

0z

4.2. Equilibrium Stability Analysis

According to evolutionary game theory, an evolutionary stable strategy (ESS) exists
only if the eigenvalues of each equilibrium are all negative. Therefore, substituting the
eight equilibria into the Jacobian matrix (13), the corresponding eigenvalues are calculated,
as shown in Table 3. The sign of the eigenvalue A is then analyzed to determine the stability
of each equilibrium. We follow the tabular presentation format used by Zhang et al. [27]
in their evolutionary game study to present the equilibrium stability analysis results, as
shown in Tables 3-8.

Table 3. Eigenvalues of each equilibrium.

Equilibrium Eigenvalue A, Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) G-g -7, ) o
E»(1,0,0) ¢-G L-P, L-p, (—,%%)
E3(0,1,0) G-L-g P, Sy~ Py~ Q- C+Ty+rC+rQ O
E4(0,0,1) G-L-g Sy =P+ T, —rC—rQ P, (% 4)
Es5(1,1,0) L-G+g P —L L—C—Py—Q+S,+Ty+rC+rQ—puL %%
Ee(1,0,1) L-G+g UL =P+ S, + T, —rC —rQ P —L %%
E;(0,1,1) G-L-g Py — S, — T, +rC+rQ Pp+C+Q—8 —T,—rC—rQ ()
Es(1,1,1) L-G+g Py — Sy — Ty +1C+rQ — L Py+C+Q—L—Sy—Ty—rC—rQ+puL *,%%)

Note: The eigenvalue with “+” sign is positive; the eigenvalue with “~” is negative; the eigenvalue with

“*” depends on the specific parameter values.
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Table 4. Stability analysis of Scenario 1.

Equilibrium Eigenvalue A4 Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) + - - Unstable
E>(1,0,0) - - - ESS
E3(0,1,0) -+ + -+ Unstable
E4(0,0,1) -+ —,+ Unstable
E5(1,1,0) -+ + -+ Unstable
E¢(1,0,1) -+ -+ + Unstable
E;(0,1,1) -+ + + Unstable
Eg(1,1,1) -+ + + Unstable

Table 5. Stability analysis of Scenario 2.

Equilibrium Eigenvalue A4 Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) + - - Unstable
E>(1,0,0) - + -+ Unstable
E3(0,1,0) - + -+ Unstable
E4(0,0,1) -+ -+ + Unstable
E5(1,1,0) - - - ESS
E¢(1,0,1) -+ -+ + Unstable
E;(0,1,1) -+ -+ + Unstable
Eg(1,1,1) -+ -+ + Unstable

Table 6. Stability analysis of Scenario 3.

Equilibrium Eigenvalue A4 Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) + - - Unstable
E»(1,0,0) — -+ + Unstable
E3(0,1,0) -+ + -+ Unstable
E4(0,0,1) + — + Unstable
E5(1,1,0) -+ + -+ Unstable
E¢(1,0,1) - - - ESS
E;(0,1,1) -+ + -+ Unstable
Eg(1,1,1) —,+ + -+ Unstable

Table 7. Stability analysis of Scenario 4.

Equilibrium Eigenvalue A4 Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) + - - Unstable
E»(1,0,0) — -+ -+ Unstable
E3(0,1,0) - + + Unstable
E4(0,0,1) — + + Unstable
E5(1,1,0) -+ -+ + Unstable
E¢(1,0,1) -+ + -+ Unstable
E;(0,1,1) - - — ESS
Eg(1,1,1) + - - Unstable

Based on the above analysis, the eigenvalues of each equilibrium are calculated
according to the ESS equilibrium conditions, and the following scenarios can be obtained:

Scenario 1. When P, > L and P, > L, Table 4 shows that the eigenvalues corresponding to
E>(1, 0, 0) are negative. This indicates that the model has a stable equilibrium at E»(1, 0, 0),
where the corresponding stable strategy is (active promotion, not sharing, not sharing). The other
equilibria are unstable in this scenario.
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In this scenario, the government will opt for a positive promotion strategy when the
social benefits outweigh those from negative promotion measures. For logistics enterprises
A and B, if the risk costs associated with the sharing strategy are too high and the additional
distribution income and government subsidies are insufficient, both enterprises will choose
not to share. At this point, the decisions of all three parties converge towards a stable
equilibrium strategy.

Table 8. Stability analysis of Scenario 5.

Equilibrium Eigenvalue A4 Eigenvalue A, Eigenvalue A3 Stability
E1(0,0,0) + - - Unstable
E»(1,0,0) — -+ -+ Unstable
E3(0,1,0) + + -+ Unstable
E4(0,0,1) + —,+ + Unstable
E5(1,1,0) - -+ + Unstable
E¢(1,0,1) — + -+ Unstable
E;(0,1,1) + ,+ -+ Unstable
Eg(1,1,1) - - - ESS

Scenario 2. When the conditions G > L+ g, P, < Land P, +L+uL+C+Q > S, + Tj, +
rC + rQ are satisfied, Table 5 shows that the eigenvalues corresponding to E5(1, 1, 0) are negative.
This indicates that the model has a stable equilibrium at E5(1, 1, 0), where the stability strategy is
(active promotion, sharing, not sharing). The other equilibria are unstable.

In this scenario, the government will opt for a positive promotion strategy when its
social benefits exceed those of the negative approach. Logistics enterprise A will choose
the sharing strategy if the government’s subsidy outweighs the associated risk costs. On
the contrary, logistics enterprise B will refrain from sharing if the required risk costs are too
high and the additional benefits from sharing are minimal. At this point, the choices made
by all three parties converge towards a balanced strategy.

Scenario 3. When G > L+ g, P, +rC+rQ > uL + S, + T, and P, < L, as shown in Table 6,
the eigenvalues corresponding to E¢(1, 0, 1) are negative. This indicates that the model has a stable
equilibrium at E¢(1, 0, 1), with the corresponding stability strategy being (active promotion, not
sharing, sharing). The other equilibria are unstable.

In this scenario, the government will opt for a positive promotion strategy if its social
benefits outweigh those of the negative strategy. For logistics enterprise A, the high risk cost
associated with sharing will lead to a decision not to share. Conversely, if the government
subsidy outweighs the risk cost for logistics enterprise B, it will adopt the sharing strategy.
At this point, the decisions of all three parties converge toward a balanced strategy.

Scenario 4. When the conditions G < L+ g, P, +rC+rQ < Sg+ Tpand P, + C+ Q <
Sy + Ty + rC + rQ are satisfied, Table 7 shows that the eigenvalues corresponding to E7(0, 1, 1)
are negative. This indicates that the model has a stable equilibrium at E7(0, 1, 1), where the corre-
sponding stable strategy is (negative promotion, sharing, sharing). All other equilibria are unstable.

In this scenario, if the social benefits of the government’s positive promotion strategy
are lower than those of the negative strategy, the government will opt for a negative
promotion strategy. For logistics enterprises A and B, if the additional distribution income
from choosing the sharing strategy is substantial, both will choose to share. At this point,
the decisions of all three parties converge towards a balanced strategy.

Scenario 5. When the conditions G > L+ g, P, +1rC +rQ < uL 4 Sy + Ty and P, + C + Q +
uL < L+ Sy + Ty, +rC + rQ are met, it is evident from Table 8 that the eigenvalues corresponding
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to Eg(1, 1, 1) are negative. This indicates that the model has a stable equilibrium at Eg(1, 1, 1).
The corresponding stable strategy is (active promotion, sharing, sharing), while the other equilibria
are unstable.

In this scenario, if the social benefits derived from the positive promotion strategy
exceed the combined total of the social benefits from the negative strategy and the incentive
subsidies provided to enterprises, the government will opt for a positive promotion strategy.
For logistics enterprises A and B, if the additional distribution income and government
subsidies received from adopting the sharing strategy are sufficiently high, both enterprises
will choose to participate in the sharing strategy. Consequently, the choices of all three
parties will align towards a balanced strategy.

5. Simulation Study of the Tripartite Evolutionary Game

To provide a clearer understanding of the evolutionarily stable strategies (ESSs) among
government and logistics enterprises under varying conditions, MATLAB 2020a is utilized
to simulate the evolutionary trajectories of strategy selection for each party involved in
the game.

5.1. Evolutionary Trajectories of Different Scenarios

We provide a simulation study of the evolutionary trajectories under each scenario of
the analytical results obtained in Section 4.

Scenario 1. The simulation parameters are assigned as follows. I, = 50, I, =50, T, =5, T, =
5P =20,P,=20,C=50Q=57r=055,=10,5,=10,G=50,g=20,D =8,¢e =
10, L = 16, and y = 0.5, while P, > L and P, > L are satisfied. The simulation results of the
evolutionary trajectories are illustrated in Figure 2.

Figure 2. Evolutionary trajectories of Scenario 1.

As shown in Figure 2, the final decision probabilities for logistics enterprise A, logistics
enterprise B and the government converge to (1, 0, 0). This outcome indicates that when
P, > L and P, > L, the government ultimately opts for active promotion. At the same
time, logistics enterprises A and B choose not to share charging facilities. Initially, both
enterprises opt to share the facilities, but as the costs of sharing become too high and the
additional income remains low, they gradually shift towards not sharing. At this point, the
stable strategy in the tripartite evolutionary game is (active promotion, not sharing, not
sharing), which confirms Scenario 1.

Scenario 2. The simulation parameters are assigned as follows. I, = 50, I, =50, T, =5, T, =
5P, =15P, =20,C =5Q =5,r =05,5, =10,S, = 10,G = 50, = 20D = 8,¢e =
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10,L =16,y =05 when G > L+ g, P, < Land P,+ L+ uL+C+Q > S, + T, +rC+
rQ are met. The simulation results of the evolutionary trajectories are shown in Figure 3.

08
06
04
02

02

Figure 3. Evolutionary trajectories of Scenario 2.

As illustrated in Figure 3, the final decision probabilities for logistics enterprise A,
logistics enterprise B, and the government converge to (1, 1, 0). This indicates that when
G>L+g P <Land P,+L+uL+C+Q > S, + Ty, +rC+rQ, the government
ultimately opts for active promotion, logistics enterprise A chooses to share, and logistics
enterprise B opts not to share. As the game progresses, logistics enterprise A’s profitability
gradually increases, leading to enhanced government subsidies and reinforcing its decision
to share charging facilities. In contrast, logistics enterprise B, facing lower income and
minimal government subsidies, ultimately decides against sharing. At this point, the stable

strategy in the tripartite evolutionary game is (active promotion, sharing, not sharing),
confirming Scenario 2.

Scenario 3. We assign the simulation parameters as follows. I, = 50, I, =50, T, =5, T, =
5P, =20,P,=15C=50Q=57r=055,=10,5,=10,G=50,¢=20,D =8, e =
10, L =16, and y = 0.5, while G > L, + g, P, +rC +vQ > uL + S, + T, and P, < L are met.
The simulation results of the evolutionary trajectories are illustrated in Figure 4.

Figure 4. Evolutionary trajectories of Scenario 3.

As illustrated in Figure 4, the final decision probabilities of logistics enterprise A,
logistics enterprise B, and the government converge to (1, 0, 1). This occurs under con-
ditions where G > Ly, + g, P +rC+rQ > uL + S, + T, and P, < L. In this scenario, the
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government ultimately chooses an active promotion strategy; logistics enterprise A opts
not to share, while logistics enterprise B decides to share. Initially, logistics enterprises
A and B may share charging facilities. However, logistics enterprise A shifts away from
sharing as the game progresses due to low returns and limited government subsidies. On
the contrary, as the profitability of logistics enterprise B increases and government subsi-
dies grow, logistics enterprise B maintains its decision to share charging facilities. Thus,
the stable strategy in the tripartite evolutionary game is (active promoting, not sharing,
sharing), verifying Scenario 3.

Scenario 4. The simulation parameters are set as follows. I, = 50, I, =50, T, =5, T, =5, P, =
8P,=8C=5Q=5r=05S5,=155,=15G=50,g =35 D =8 ¢=10,L =20,
and y = 0.5, while G < L+ g, P, +rC+rQ < Sy + Ty and P, +C+Q < Sp + T +rC +
rQ are satisfied. The simulation results of the evolutionary trajectories are shown in Figure 5.

Figure 5. Evolutionary trajectories of Scenario 4.

As shown in Figure 5, the final decision probabilities of logistics enterprise A, logistics
enterprise B, and the government converge to (0, 1, 1). This outcome occurs when the
conditions G < L+ g, P, +rC+rQ < Sy + Ty, and P, +C+Q < Sy + T +rC+rQ
are satisfied. In this scenario, the government ultimately chooses a negative promotion
strategy, while both logistics enterprises A and B opt for the sharing strategy. At this
point, logistics enterprises A and B experience lower costs and higher income, whereas the
government faces reduced income and increased subsidy expenditures. Consequently, as
time progresses, the income of logistics enterprises A and B continues to rise, leading them
to persist in sharing charging facilities. Meanwhile, the government maintains its choice
of negative promotion for sharing charging facilities among logistics enterprises. In this
case, the stable strategy in the tripartite evolutionary game (negative promotion, sharing,
sharing) verifies Scenario 4.

Scenario 5. We assign the following parameter values to the simulation. 1, = 50, I, = 50, T, =
5T, =5P =8P =8C=5Q=5r=05S5 =155, =15 G =50, g =
20D =8,e=10,L =20, and y = 0.5, when G > L+ g, P, +rC+rQ < uL+ S, + T,
and P, +C+ Q-+ uL < L+ Sy + Ty +rC +rQ are met. The simulation results of the evolutionary
trajectories are illustrated in Figure 6.

As shown in Figure 6, the final decision probabilities of logistics enterprise A, logistics
enterprise B, and the government converge to (1, 1, 1). This outcome occurs when the
conditions G > L+ g, P, +rC+rQ < uL+S;+ Tz, and P, + C+ Q+puL < L+ S, +
Ty + rC + rQ are satisfied. In this scenario, the government ultimately chooses to actively
promote, while both logistics enterprises A and B adopt the sharing strategy. This situation
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typically arises during the mature stage of shared charging facilities between logistics
enterprises A and B. At this point, both enterprises incur lower costs and enjoy higher
returns. As government subsidies increase, the returns for logistics enterprises A and B
continue to rise, leading them to choose to share charging facilities consistently. In this case,
the stable strategy in the tripartite evolutionary game (active promotion, sharing, sharing)
verifies Scenario 5.

X 0 1 y
Figure 6. Evolutionary trajectories of Scenario 5.

5.2. Impact of Cost Allocation Coefficient on Evolutionary Strategies

The impact of the cost allocation coefficient on logistics enterprises’ strategy selections
can be analyzed by changing the value of r in our simulation study. We set r to be 0.2,
0.5, and 0.8 while assigning other parameters as follows: I, = 50, [, =50, T, =5, T, = 5,
P,=8DP=8C=5Q=575,=155,=15G=50,¢ =20,D =8,e =10, L = 20,
and y = 0.5. The resulting evolutionary strategies of the simulation study are depicted in
Figure 7.

--© r=0.2
r=0.5
© r=0.8

Figure 7. The impact of the cost allocation coefficient.

As shown in Figure 7, when the cost allocation coefficient is low, logistics enterprise
A is more likely to choose cooperation, with its willingness to cooperate approaching 1
at a faster rate. This is primarily because a lower cost allocation coefficient means that
logistics enterprise A bears less of the cost for sharing charging facilities, making it more
inclined to reduce its own operating costs and enhance efficiency through sharing. The
low distribution coefficient allows logistics enterprise A to access shared facilities with a
smaller investment, effectively reducing its capital expenditure and operating costs for
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charging infrastructure. This, in turn, enhances its market competitiveness. Conversely, for
logistics enterprise B, the situation is the opposite. When the cost allocation coefficient is
high, logistics enterprise B must shoulder a more significant portion of the sharing costs,
which may exceed their financial capacity or expected returns, leading it to potentially
opt out of sharing to avoid additional expenses. The high-cost sharing method may
lead logistics enterprise B to incur expenses that outweigh the benefits it receives from
sharing, ultimately diminishing its willingness to participate. According to the evolutionary
game model, the cost constraints for logistics enterprises A and B can be expressed as
rC+rQ < uL+S,+T,—Prand (1—7r)C+ (1 —7r)Q < (1 —pu)L+ Sz + T, — P,. These
inequalities represent the upper limits of costs that logistics enterprises A and B can bear,
given different cost allocation coefficients.

Additionally, research on the dynamic stability of supply chain costs reveals that
member firms have varying preferences for long-term versus short-term benefits, directly
influencing their cost allocation decisions. Suppose that a firm prioritizes the advantages of
long-term cooperation and sharing. In that case, it is more likely to opt for cooperation and
form an alliance quickly when the cost allocation coefficient is lower. However, logistics
enterprises A and B face different challenges depending on whether the cost allocation
coefficient is too large or too small. Specifically, if the cost allocation coefficient is too high,
logistics enterprise A may opt out of sharing the charging facilities, and logistics enterprise
B might also refrain from sharing due to the significant cost burden. Conversely, when
the cost allocation coefficient is too low, both parties may decide to share, but it may take
longer to reach a consensus and establish a stable alliance.

In summary, the cost allocation coefficient directly impacts the willingness of logistics
enterprises A and B to cooperate and their strategic choices. A lower cost allocation
coefficient facilitates the quick formation of a shared alliance, whereas a higher coefficient
may hinder both parties from reaching an agreement promptly.

5.3. Impact of Government Subsidies on Evolutionary Strategies

The impact of government subsidies on the strategy selections of logistics enterprises
can be studied by changing the value of L to be 10, 20, and 30 in our simulation analysis
while maintaining other parameters as follows: I, = 50, I, =50, T, =5, T, =5, P, = §,
P,=8C=5Q=51r=055,=155,=15G =50,4=20,D =8,¢ =10,and p = 0.5.
The evolutionary strategies of the simulation results are shown in Figure 8.

--© L=10
L=20
O L=30

Figure 8. The impact of government subsidies.

As illustrated by the evolution results in Figure 8, government subsidies have a
substantial positive impact on the willingness of the two logistics enterprises to cooperate.
Specifically, when government subsidies are significant, the willingness to cooperate of

109



Mathematics 2024, 12, 3413

both enterprises approaches 1 more rapidly, indicating a stronger inclination to collaborate.
This suggests that enterprises gain greater benefits and incentives with higher government
subsidies, accelerating consensus and fostering cooperation in sharing charging facilities.

However, the impact of government subsidies varies depending on their size. When
subsidies are too large, they might lead to a scenario in which enterprises receiving higher
subsidies choose the sharing strategy. At the same time, the government, which bears
the financial burden, may opt to reduce its promotion of charging facility sharing among
logistics enterprises. Excessive subsidies can cause businesses to become overly dependent
on government support, diminishing their motivation and initiative. On the other hand,
when subsidies are too small or non-existent, the incentive for businesses to cooperate
diminishes, as the economic benefits are insufficient to justify the collaboration. According
to the evolutionary game model, the range of government subsidies should be L < G — g.

Furthermore, the government’s approach to promote cooperation plays a crucial role.
Active measures, such as clear policies and technical support, can foster collaboration
between enterprises. However, if the government’s promotion efforts are vague or poorly
executed, the pace of cooperation may slow down. Thus, both government subsidies
and promotion strategies significantly influence the willingness of logistics enterprises to
cooperate. Government subsidies can mitigate the risks associated with participation in
shared charging facilities. For logistics enterprises, charging facility sharing represents a
new business model that entails certain uncertainties and risks. By providing financial
support, government subsidies can help alleviate these concerns, encouraging companies
to embrace this innovative approach to collaboration. Properly calibrated subsidies can
encourage cooperation, while overly generous or insufficient subsidies and inadequate
promotion strategies can impede the development of partnerships. Therefore, it is essential
for the government to carefully consider multiple factors when crafting policy measures to
ensure they are effective and adaptable.

Government subsidies are crucial in fostering cooperation between logistics enter-
prises, but their effectiveness is closely tied to the subsidy amount. Properly calibrated
subsidies can significantly boost the willingness of enterprises to collaborate and accelerate
their transition to cooperative arrangements. However, overly generous subsidies can
lead to an overreliance on government support, which diminishes the motivation and
initiative of the companies. Therefore, when designing subsidy policies, the government
must carefully balance the subsidy amounts to ensure mutual benefits for both enter-
prises and the government, ultimately promoting the sustainable development of shared
charging facilities.

5.4. Impact of Subsidy Allocation Coefficient on Evolutionary Strategies

We analyze the impact of the subsidy allocation coefficient on the logistics enterprises’
strategy selections by changing y value to be 0.2, 0.5, and 0.8, in the simulation when
assigning other parameters as follows: I, =50, I, =50, T, =5,T, =5,P, =8, P, = 8§,
C=5Q0Q=5r=05°5,=15_5,=15G =50,g=20,D =8,e =10,and L = 20. The
resulting evolutionary strategies of the game are illustrated in Figure 9.

As shown in Figure 9, an increase in the government’s subsidy allocation coefficient
significantly raises the likelihood of logistics enterprise A choosing to cooperate, with its
willingness to cooperate reaching total commitment more rapidly. This indicates that as the
government’s subsidy allocation increases, logistics enterprise A becomes more inclined
to collaborate, thereby speeding up the formation of a charging facility-sharing alliance.
However, the situation is reversed for logistics enterprise B. When the government’s
subsidy allocation coefficient is either too high or too low, logistics enterprises that receive
more substantial subsidies may opt to share charging facilities, while the other party,
receiving smaller subsidies, might choose not to share. This disparity can prolong the
time required for both logistics enterprises to establish a charging facility-sharing alliance.
Therefore, the government’s subsidy allocation coefficient plays a critical role in influencing
the cooperation willingness and pace of logistics enterprises A and B. Specifically, a higher
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subsidy allocation coefficient enhances logistics enterprise A’s willingness and speed
to cooperate. In contrast, logistics enterprise B demonstrates a stronger willingness to
cooperate but at a slower pace.

-—-0 u=0.2
u=0.5
© p=0.8

Figure 9. The impact of subsidy allocation coefficients on evolutionary strategies.

6. Conclusions

This research paper, grounded in evolutionary game theory, develops an evolutionary

game model to explore the sharing of charging facilities in the logistics distribution of
electric vehicles, incorporating the role of government as a key participant. Unlike previous
studies that focused solely on the decision-making of logistics enterprises, this paper intro-
duces the government'’s influence, emphasizing the impact of government policy support
on the sharing of charging facilities. This approach aligns with sustainable development’s
current needs and realities in a green economy. The key findings are as follows:

1.

Flexible Government Subsidy Measures: The numerical simulation analysis reveals
that government subsidies can significantly foster collaboration among all parties
involved. Furthermore, an appropriately designed subsidy mechanism can help
sustain long-term evolutionary stability in cooperative efforts. Governments should
implement adaptive subsidy strategies at different stages of development. In the
initial phase of charging facility sharing, lenient subsidies are necessary to lower
the initial costs for logistics enterprises, thereby facilitating the rapid growth of
shared charging facilities. The government’s subsidy policy should be less than the
difference between the social benefits gained through the positive guidance strategy
and those achieved through the negative guidance strategy. As the sharing system
matures, the government should increase subsidies to encourage further investment
and maintenance of shared infrastructure. Additionally, rewarding enterprises that
actively participate in sharing can boost enthusiasm and accelerate the adoption of
shared charging facilities in electric vehicle logistics.

Increased Investment by Logistics Enterprises: Numerical simulation analysis reveals
that the lower the cost of sharing, the more willing logistics enterprises are to par-
ticipate. Specifically, when charging facilities are shared among logistics companies,
the additional revenue generated from distribution, the government subsidies and
incentives, and the costs incurred if no sharing alliance is formed must outweigh
the combined operation, maintenance, energy procurement, and risk-related costs
associated with sharing. As the sharing of charging facilities progresses, logistics enter-
prises must invest more in the construction and upkeep of these facilities. Challenges
such as insufficient facilities and poor location distribution may arise in the mature
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stage. Logistics enterprises should optimize the construction and maintenance of
charging facilities to ensure sufficient availability and strategic distribution. This will
enhance the willingness of logistics companies to share charging resources, ultimately
improving distribution efficiency and boosting customer satisfaction.

Enhanced Cooperation and Supervision: As the sharing of charging facilities advances
and the volume of logistics activities increases, the frequency of facility use will
also increase. To manage this, both the government and logistics enterprises must
strengthen their cooperation and establish robust supervision mechanisms. This
collaboration will ensure the rational use and maintenance of charging facilities,
support the smooth operation of electric vehicle distribution, and further promote the
widespread adoption of green distribution practices.

In conclusion, effective collaboration between government agencies and logistics en-

terprises is crucial for the sustainable development of shared charging facilities in electric
vehicle distribution. This partnership not only contributes to achieving energy conservation
and emission reduction goals and fostering a green economy but also provides essential sup-
port for logistics enterprises in enhancing operational efficiency and customer satisfaction.

7. Future Research Directions

In future research on the evolutionary game of charging facility sharing among logistics

enterprises, with the government as a key participant, several factors can be explored to
enrich the analysis:

1.

Geographical Diversity: The geographical environment and infrastructure conditions
vary significantly across different regions, impacting the sharing behavior of logistics
enterprises. Future studies should examine how factors like urban versus rural energy
distribution affect strategic decisions regarding charging facilities.

Regional Energy Price Discrepancies: Fluctuations in energy prices directly influence
operating costs. Future research should account for regional variations in energy
prices and their effect on charging facility sharing. For instance, regions benefiting
from lower energy costs due to policy incentives might see increased participation in
shared facilities.

Dynamic Demand Volatility: The logistics industry is characterized by fluctuating
demand, driven by unexpected events or seasonal changes. Future studies should
incorporate dynamic demand variability into models of charging facility sharing to
better predict and respond to shifts in logistics needs.

Varying Company Sizes: Logistics enterprises differ in size and resources, which
influences their strategic choices regarding charging facilities. While large companies
may have greater access to funding and technology, smaller firms may rely more
on government subsidies or partnerships. The impact of these differences should
be analyzed.

Fleet Size Diversity: The size of vehicle fleets affects charging facility requirements.
Larger fleets may necessitate more infrastructure, while smaller fleets may have
more flexibility in utilizing existing facilities. Future research should explore the
implications of fleet size on charging behavior.

Sources of Funding: Logistics enterprises access funds through various channels,
including self-financing, bank loans, and government subsidies. Different funding
sources can shape investment and operational strategies. For example, companies
that depend on government subsidies may be more inclined to collaborate on the
development of charging infrastructure.

Technological Innovation: Advancements in technology play a vital role in optimizing
logistics operations. Future studies should investigate how innovations such as big
data and artificial intelligence can enhance the efficiency of charging facility sharing
and management.

Competition: The competitive behavior of logistics enterprises in charging facility
sharing is another important factor. Competition could influence the layout and
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efficiency of charging infrastructure. Future research should explore how competitive
dynamics affect sharing strategies and outcomes.

9.  Public-Private Partnerships (PPPs): Public-private partnerships are becoming increas-
ingly common in the development and operation of charging infrastructure. Future
studies should assess how PPP models can foster cooperation between governments
and businesses to optimize charging facility sharing.

By considering these factors, future research can develop more sophisticated and real-
istic evolutionary game models, providing deeper insights into the dynamics of charging facility
sharing among logistics enterprises and offering practical guidance for sustainable development.
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Abstract: We study a continuous-review stock management of a retailer for a single item in a limited
storage (buffer) in a random environment. The stock level fluctuates according to two independent
compound Poisson processes with discrete amounts of items (batches) that enter and leave the storage
facility. The storage facility is controlled by a three-parameter base-stock replenishment policy. All
items exceeding the storage capacity are transferred to an unlimited foreign facility. In addition,
a restricted backlogging possibility is permitted; additional demands for items are lost sales. We
further assume a random shelf life, the possibility of total inventory collapse, and a random lead
time. Applying Markov theory, we derive the optimal control parameters minimizing the long-run
expected total cost. A sensitivity analysis is conducted focusing on the comparison between the
pure lost-sales policy and a partial backordering policy. Accordingly, we identify cases where one
policy is cost effective compared to the other, particularly with respect to the batch patterns (sign,
rate, average, and variability), and the associated costs.

Keywords: inventory; batch arrival; base-stock policy; backlog; lost sales
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1. Introduction

The planning of a supply chain subject to market uncertainty is challenging and
requires decisions on when and how many items should be ordered. This challenge is
increased due to rapid changes in the economic environment, increasing both customer
intolerance and market competitiveness. As a result, retailers have to anticipate increasing
changes in customer consumption and returned items as e-commerce sales soar and,
hence, must carefully manage their stock in order to reap the benefits of these changes.
Despite the implementation of advanced inventory-management tools and advanced
forecasting of customer demands and returns, shortages are still inevitable. With regard to
managing stock, retailers must maintain a high stock level since shortages reduce customer
satisfaction and service levels. On the other hand, maintaining a high stock level that is
further increased by returned items reduces the profit. Faced with this trade-off, retailers
must decide whether to allow a (perhaps limited) backlogged level or to direct the customer
to a competing company, thereby losing his/her loyalty. In addition, the complexity of
managing stock is exacerbated by other factors, such as random delivery times, random
amount sizes, random shelf lives, and unexpected events.

Motivated by the above problem, we consider the control management of a retailer
with a single-item two-sided bounded storage (buffer) that faces jump-pattern arrivals.
The storage facility is continuously controlled according to a triple-parameter base-stock
(S, s, B) policy for 0 <s < S and B > 0, which is an extension of the conventional (S, s)-
type. Under the (S, s) policy, when the on-hand stock level drops to level s or below, an
order is issued to bring the stock up tolevel S > s, which the supplier will carry out after an
exponentially distributed lead time. We extend the (S, s) policy by assuming a combination
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of backorders and lost sales. That is, in the case of zero on-hand stock, limited B backlogged
items are allowed and additional demands for items are lost. Thus, S is the replenishment
level, s is the reorder point, and B is the maximum backlogged items permitted during a
stockout. The stock level process belongs to the class of jump models: it jumps upward
and downward at random times, and stays constant in between jumps. When a positive
(negative) batch arrives, the stock increases (decreases). A positive jump is caused by the
entry of returned or loaded items into the system, or by the receipt of produced items from
the manufacturer. A negative jump is caused by the demand or consumption of items.
The batch arrivals are governed by two independent compound Poisson processes with
positive batches, and each batch size follows a given discrete probability distribution. Since
the storage facility has a limited capacity, any arriving amount exceeding it is transferred
immediately to a second storage facility. We further assume two prototypes of shelf lives
for the items held in the storage facility: each item has an i.i.d. exponentially distributed
shelf life, after which it is useless and out of stock, and a total loss of all items in stock
occurs at exponential times. The random shelf life of an item can be the result of spoilage,
perishability, or failure. The possibility of losing all items may occur due to a malfunction of
the storage facility, the bankruptcy of the retailer, an obsolescence event, an external disaster,
or changing customer needs. In such cases, all on-hand items (if any) lose their value at
once, and the stock collapses instantaneously to zero, after which the items are unusable.

The customer—retailer-supplier flow, operations processes, and outputs/inputs from/to
the retailer are illustrated in Figure 1. We use blue and red arrows to indicate positive batches’
inputs and negative batches” outputs of items, respectively.

Supplier

e
{

Secondary

Lost Sales Backlog List Retailer R
S
B .c"" ese W I | M A
s
Negative Arrivals ‘ Positive Arrivals

Limited Shelf Life
Figure 1. A general supply chain structure and operations process.

Our study assumes negative and positive jumps of random sizes occurring at random
times. Positive jumps may be caused, e.g., by returned items from customers, returned items
for recycling, used product collection, production packets received from the manufacturing
plant [1], and canceled orders, such as booked rooms in hotels. With regard to returned
items, customers increasingly opt to return products, and with the higher share of e-
commerce channel sales, product return rates are soaring upwards. Therefore, it is no longer
feasible for retailers to ignore returned items when determining the optimal inventory
policy since it could result in overstocking and overestimation of the profit. Moreover,
retail e-commerce has been growing rapidly and, with it, the number of returned items [2].
For example, the National Retail Federation found that, in the U.S., USD one billion in
merchandise was returned, which is a 66% increase from five years earlier. The lack of
power of touch at online stores further increases the number of returns; brick-and-mortar
stores have a return rate as high as 10% of total sales [3]; U.S. consumers returned goods
worth USD 261 billion, and the return rates for online sales sometimes exceeded 30% [4]; a
California-based online clothing retailer disclosed that it made just under USD 400 million
in net sales a year ago, but paid out USD 385 million for returned items. Buyers return a
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huge number of packages they buy from Amazon and other e-commerce sites, so much
that retailers are sometimes left with little choice but to get rid of large swaths of inventory
at a cost https:/ /www.cnbc.com/2018/12 /13 /returned-goods-are-a-problem-for-retailers-
resellers-are-cashing-in.html, accessed on 1 January 2024. A recent data on sales, returns,
and return rates can be found in [2,4,5].

Our model is motivated by several practical applications. Take, for example, Israeli
organic vegetable marketing farm Aley Bodek (https://aleybodek.co.il, accessed on 1
January 2024). The farm, established in the early 2000s in Kibbutz Be’erot Yitzhak in Israel,
uses hydroponic methods of growing vegetables and fruits, using substrates transplanted
from the ground to greenhouses that ensure fresh, high-quality agricultural produce. Aley
Bodek markets its produce in packed boxes to specific retailers, who, in turn, market the
produce to industrial plants, hotels, and other institutions. Clearly, the supply is random
and depends on weather and other conditions. When the stock at the retailer falls below a
certain level, an order is placed and the product arrives from the farm after some random
time. Due to the uniqueness of the product, the retailer maintains a limited waiting list for
the product, while customers not waitlisted are directed to competing companies. Another
common application can be found in health systems, especially the management of blood
units in emergency and operating rooms. The blood units are necessary for all medical
activities, and usually arrive in batches from a central blood bank. Here, positive jumps
represent the arrival of units, and negative jumps represent patients’ needs. Of course, a
safe stock of blood units is required. Since the capacity of the storage facility is limited, the
surplus blood units are disposed of or used for other needs, such as academic or laboratory
research. The negative stock expresses the number of blood units required for the non-
urgent patients [6]. Another example comes from reliability and maintenance services.
Consider the case of parts delivered to maintenance sites in isolated locales (where the
delivery requires some lead time). Repair activities increase the stock level, and using
the parts lowers the stock level. Due to the geographical distance, the maintenance site
allows backlogged parts when stock is out; when the next replenishment arrives, these
backlogged parts are satisfied first, and then, the stock is filled up to its maximum capacity
(see, e.g., [7]).

We note that, although our model is described in the context of the stock management
of a retailer, it can be generalized to a wide variety of other contexts. For example, in
financial- and cash-management models, a positive jump may represent a bailout from the
government, and a negative jump may represent the effect of a financial crisis [8]. Take,
for example, the Israeli contracting company Sharbat Brothers. Sharbat Brothers invests
in the construction of buildings around the world. The company’s cash flow includes
rental fees (positive jumps) and maintenance costs and other transactions for the public
sector (negative jumps). The bank requires the company to maintain a certain level of
financial cash flow, below which the required amount of money is transferred from other
sources with some overhead time. The negative cash level represents a deficit; any financial
withdrawal beyond the maximum permitted level is not allowed and forces the company
to turn to more expensive sources. For additional examples, see, e.g., [9,10].

This paper further assumes that the positive and negative jumps arrive according
to independent compound Poisson processes. The Poisson assumption is a common one
in inventory models; statistical analysis has shown that it models customers’ needs to
retailers in service systems, queueing systems, and inventory systems well. One of the
specific advantages of the Poisson process is that it exactly captures a similar effect as the
short-term non-stationarity encountered in some arrival processes [11-13].

We further consider a random batch size. Clearly, a random batch size complicates the
analysis since each inventory level faces two-sided jumps from several levels and some
levels are not necessarily occupied between two replenishments. In practice, retailers
usually deal with batch pattern arrivals. Examples include spare parts and drugs [14] and
supplier-constrained or discounted items. Other examples come from chemical processing,
water purification systems [15], medical equipment, and out-of-fashion products such as
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newspapers or personal computers [16]. As an excellent application for a batch type, we
mention the tourism companies managed by travel agents. Travel agents reserve several
hotel rooms in advance or allocate seats on planes (negative jumps) and may cancel the
entire reservation due to a security situation or other unexpected event (positive jumps).
Similarly, there are activities for teens that are given at clubs or at academic institutions
and are open only through centralized registration at the schools.

Our model employs a triple-parameter (S,s, B) control policy, which extends the
base-stock (S, s) replenishment policy by allowing limited shortages of up to B items. In
general, the base-stock class includes two common policies: the constant-order policy (Q, r)
and the variable-order up-to-level policy (S, s). In this paper, we assume the latter. As the
above examples demonstrate, a variable-order size is a practical control policy in numerous
scenarios [17].

As a result of the random arrivals (in terms of time and size) and uncertain shelf lives,
shortages are common in most customer-retailer-supplier flows. Especially currently, with
the quick flow of open information, any shortage of inventory causes dissatisfaction, lowers
the service level, redirects customers to competing retailers, and increases unsupported
reviews. There are two common policies for tackling shortages: the backordering policy,
where unsatisfied demand is put on a waiting list until the next replenishment, and
the lost-sales policy, where unsatisfied demand is redirected to other providers and is
considered as lost sales. Both policies have a strong anchor in the literature and in practice.
The backordering policy is commonly employed in the case of famous brand products,
fashionable commodities, or critical products. For example, backordering is necessary to
ensure the reliability and availability of critical products like military systems and medical
supplies [18]. In monopolies, the absence of competitors may lead to a situation where
customers may prefer to wait while their items are backordered if a shortage occurs [19].
On the other hand, for more common items, only 15% of customers will wait if a shortage
occurs, while the remaining 85% will visit another store [20]; this percentage may even
increase with the volatility and predictability of the customers’ needs [21]. Examples
include the apparel industry, the grocery industry, the steel industry, and the fast-moving
consumer goods industry; more examples are given in [22].

From the retailer’s perspective, the backordering policy improves the service level
and customer satisfaction; however, it requires the payment of overhead costs and the
building of appropriate infrastructure. On the other hand, the lost-sales policy results in a
loss of customers, and less profitability. In should be noted that many retailers allow some
limited backordering, so as not to lose customers and to take advantage of the fluctuations
in customers’ consumption habits. To address this trade-off, we propose a combination
of the two policies whereby some of the items (up to B) are backordered and additional
demands for items are lost. An excellent example of such a combination of backordering
and lost-sales policies is found in the field of healthcare. Here, customers are waitlisted
for treatment by a specialist and, thus, can be considered backlogged items. However, the
waiting list is limited in the number of waits. Thus, when the specialist’s calendar fills up,
the customers are referred to other specialists, and are considered as lost sales. For more
examples, we refer the reader to [23,24] and the references therein.

We seek to determine the optimal control levels s*, S*, and B* that minimize the
overall average cost of managing the stock. To that end, we assume the following cost
structure: (i) a fixed cost per order and a purchasing cost per item, (ii) a cost for handling a
positive batch, (iii) a linear cost for holding the on-hand stock and a backordering cost for
not satisfying the customer on time (both costs are charged per item per unit time), (iv) a
transfer cost for each item exceeding level S, (v) a lost cost for unsatisfied demand beyond
level -B, and (vi) a loss cost for each useless item due to end of life or an unexpected event.

Using a Markovian formulation, we derive the steady-state probabilities of having
i (-B < i < §) items in the storage facility. These probabilities enable us to derive,
by simulation-based optimization, the optimal control parameters and other operating
characteristics of the system to be used. Based on an extensive set of experiments, we can
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obtain valuable insights, such as the interplay between the positive and negative batches
(rate, mean, and variance) and the impact of this interplay on the system’s performance, the
economic benefit of backordering compared to lost sales, and how the best policy responds
to changes in the system’s characteristics (costs, lead times, and arrivals). It should be noted
that, from a theoretical point of view, using the exponential distribution for the shelf life and
lead time simplifies the analysis due to the Markovian property. If, however, a general or
constant distribution variable is introduced for the lead time or for the shelf life, the system
becomes significantly complicated as its performance is a function of many factors. In such
cases, strong assumptions are required in order to obtain explicit results, and deriving the
optimal or near-optimal control parameters is analytically complex. However, when either
the shelf life or the lead time is not exponentially distributed, our results may still be used
as an approximation.

The contribution of this paper is fourfold. First, we develop an easy-to-implement
mathematical framework for studying processes, and formulate closed-form (albeit cumber-
some) expressions for stationary distributions and costs. These expressions are then used
to obtain, numerically, the optimal control parameters S*,s*, and B*, so as to minimize
the average total cost per time unit. The scope of the problem covers a wide range of
real-world problems, such as the uncertainty of lead times, random arrivals (rate, mean,
and variance), shelf lives, and unexpected disasters. To the best of our knowledge, no
mathematical framework studying this combination of backordering and lost-sales policies
has been explored in the literature; thus, our model improves the understanding of stock
management systems.

Second, we coordinate positive and negative random jumps to the arrival processes;
in doing so, we capture the reality of the changing patterns of customers/manufacturers.
Studying the impact of the positive jumps on the system’s performance reveals that the
optimal control parameters are significantly impacted by these jumps, and integrating them
into the derivation may lead to substantial cost savings. Our results further imply that
the optimal parameters are more sensitive to the average batch size than to its variability.
Interestingly, when the jumps are fixed to k, the optimal parameters and cost can be
approximated by k times the corresponding values obtained for the unit-size system (the
Poisson process), especially when more negative batches arrive and at high lost cost. In
addition, our numerical analysis demonstrates the similarities between systems with the
same average total arrival patterns (positive and negative).

Third, we introduce a replenishment policy that is a combination of backordering
and lost-sales strategies, and focus on determining the optimal backlogged level that
minimizes the total cost. From a practical point of view, a mixture of backordering and
lost sales emphasizes the interplay between the loss cost due to stockout events and the
overhead cost due to a high stock level maintained to retain customers. Although several
papers have considered a mixture of backordering and lost-sales policies, to the best of
our knowledge, none of them have studied the framework addressed here; thus, our
model significantly expands the perspective on dealing with shortage and has a wide
range of applications. For example, our study shows that allowing backordering may
yield substantial cost savings. Surprisingly, the optimal backlogged level B* is decreasing
(increasing) in outflow (inflow). That is, the fewer the negative batches there are, the more
economically profitable the backordering policy is. It is further shown that the benefit of
backordering increases with the variability of the outflows; however, the impact of inflows’
variability is more complicated.

Finally, using numerical examples, we compare the backordering policy (B > 0) and
the pure lost-sales policy (corresponding to B = 0) in a variety of scenarios, and provide
retailers with managerial insights and practical applications when considering changing
their replenishment policy during a stockout. By that, the current study is adapted to
the dynamic reality of rapid changes in order to maintain a high service level and to stay
competitive. For example, our comparison shows that the maximum backlogged cost,
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beyond which the policy is not worthwhile, decreases as more outflows arrive, but as the
variability increases, the outflows’ arrival rate is less significant.

The remainder of the paper is organized as follows. In Section 2, we review the
relevant literature. In Section 3, we present the basic features, assumptions, and notation.
In Section 4, we formulate the mathematical model. Using numerical examples and a
sensitivity analysis, Section 5 investigates the impact of the parameters on the system’s
performance under the two policies; a comparison, conclusions, and managerial insights
derived from the results are presented. Finally, Section 6 presents concluding remarks and
some directions for future research.

2. Literature Review

The main innovative focus of this paper is on two major topics: (1) systems with
positive and negative jumps under the base stock policy and (2) different attitudes to
stockout: a full backordering policy, a pure lost-sales policy, and a combination of both. In
this section, we discuss previous research on these topics.

The literature on inventory systems under base-stock policies with inflows and out-
flows can be broadly separated into periodic- and continuous-review inventory systems. In
this section, we address only continuous-review inventory systems. Schrady [25] was the
first to introduce the concept of reusable inventory and study the classical economic order
quantity problem (known as the EOQ model) with returned items. Gajdalo [26] extended
Schrady’s work by assuming independent compound Poisson processes for the inflows
and outflows. Since those pioneering works, several policies have been suggested for a
single-item inventory system with bilateral movements, e.g., an optimal (a, b) policy with
no backorders or lost sales [27], an (s, Q)-type policy with backorders and fixed or zero
lead times [28], differently sized lot sizes over a planning horizon [29], band policies with
lost sales [30], and band policies with emergency supply [21]. For periodic-review systems
with returned items, see [31] and the references therein.

Studies on inventory systems under the backordering policy include linear demand
rate models [32], exponential demand rate models [33], EOQ and EPQ models [7], discrete
probability processes [34], lot-sizing systems and remanufacturing models [35], power
demand models [23], and stock-dependent demand models [36,37].

Base-stock replenishment systems with lost sales are more challenging, especially
when dealing with a short shelf life. Here, the inventory level is constant during a shortage,
and thus, the treatment of mathematical formulae for lost sales is more difficult than for
backorders [11]. Hence, only various heuristic policies have been developed for continuous-
review systems with lost sales. Studies on perishable systems with lost sales include [38,39].
We further refer the reader to [22,40] for excellent reviews of base-stock inventory systems
with shortages.

In this paper, we address a policy that is a mixture of backordering and lost sales. A
considerable body of literature has been written on this mixture. Montgomery et al. [41]
were the first to study such a policy where « is the fraction of the excess demand backo-
rdered. Rosenberg [42] and Moinzadeh [43] reformulated Montgomery et al.’s model by
assuming deterministic demand so that the optimal solution can be easily obtained. Several
papers have studied the (Q, r) inventory models with partial backorders and lost sales
(e.g., [44] and, more recently, [18,45]). Chang and Lo [46] proposed an approach to over-
come the drawback of traditional methods for improving the continuous and discrete lead
time with a mixture of backorders and lost sales. Sicilia et al. [33] analyzed an inventory
system with a mixture of backorders and lost sales, where the backordered demand rate
is an exponential function of the customer’s waiting time. Applying a Markov decision
model, Wang and Tang [47] obtained the optimal dynamic rationing levels for multiple
demand classes’ priorities. Taleizadeh and Zamani-Dehkordi [48] presented an inventory
system with partial backordering where some of the backlogged items become lost sales.
Li et al. [49] presented a production-inventory (M, m) control model in which a reflected
Brownian motion governs the inventory level variation and the total amount of stockout is
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a mixture of backordering and lost sales. Taleizadeh et al. [24] developed four independent
EPQ profit-maximization problems for four different shortage situations. More recently,
Wang et al. [50] built a computational model using the response surface methodology
to determine the levels of factors, including the quantity of backlogged items. San-José
et al. [23] derived the economic order quantity for a time-dependent power demand rate
where only a fixed proportion of the demand during a stockout is satisfied.

In our study, we consider an exponentially distributed lead time and shelf life [14]. A
stochastic lead time is a factor that introduces uncertainty and challenges the determination
of the optimal policy. When an inventory system is characterized by random inflows
and outflows, any change in lead time has an immediate impact on every step of the
supply chain, as well as on the safety stock, the out-of-stock loss, and the service level [46].
In practice, a stochastic lead time fits the case where the lead time depends on different
logistics factors [51]. For example, consider a retailer that has several independent suppliers,
each behaving as an M/M/1 system. The lead time for each supplier can be interpreted
as the total time for handling and delivering the batch. Queueing theory implies that the
total (sojourn) time in such a system is an exponentially distributed random variable. We
further assume a random shelf life. In particular for models with a variable lead time, the
life time of items from the time they reach the retailer until the time they perish may be
uncertain even for items with a known expiration date [17]. Therefore, our assumption
of an exponential life time is more applicable than it seems. Here, Markovian models
with random arrivals, exponential shelf lives, and total losses are discussed in [11] and the
references therein.

To outline our position, an overview of the most relevant literature studies concerning
the continuous-review base-stock policy is given in Table Al in Appendix A. It seems that
the discussed studies are not as comprehensive as the one we present in this paper. As far
as we know, the combination of a continuous-review base-stock policy for jump processes
with a mixture of backorderings and lost sales has not been explored in the literature; hence,
the model developed below significantly contributes to the existing literature.

3. Description, Notation, and Assumptions
3.1. Problem Statement

We considered a continuous-review stock-level process I = {I(t),t > 0} fluctuating
due to two independent arrival processes of negative and positive batches of items. The
stock level I(t) has a double-sided bound: an upper bound S and a lower bound -B, where
-B < I(t) < S. The stock is managed according to a triple-parameter base-stock policy
(S,5,B),0 <s < §,B > 0, with random lead times and random shelf lives. Specifically,
we assume the following:

(i) Arrival processes. We assume that the on-hand stock process is fluctuating due to
negative and positive batches of items (downward and upward jumps, respectively). A
negative batch represents items on demand or items stored for specific needs. A positive
batch represents returned items, refunds, or arriving items from the manufacturer. The
negative batches arrive according to a compound Poisson process with an exponentially
distributed inter-arrival time at rate A. The positive batches arrive according to another
independent compound Poisson process with an exponentially distributed inter-arrival
time at rate 7 (there are no restrictions on the ratio between 17 and A). The (absolute) size of
a negative batch is a random variable D, where D is independent of the arrival process,
and has a discrete probability distribution function (PDF) Pp(d),d = 1,2,..., a cumulative
distribution function (CDF) Fp(-), and a coefficient of variation cv,,. Similarly, the size of a
positive batch is denoted by R, where R is a random variable independent of the arrival
process, and has a PDF Pg(r),r = 1,2,..., CDF Fg(-), and cv,. We note that, although we
assume fixed rates A and 7, it is easy to generalize the model to support state-dependent
rates A(i) and 7(i), respectively, as a function of i items in stock (i may be positive or
negative; see Part 2 of Remark 1).
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(ii) Upper bound. We assume that the on-hand stock process is limited from above by
level S. This upper bound can be considered as the storage capacity, or the safety or sanitary
constraints on the storage capacity. Thus, all items in the batch exceeding capacity S are
immediately transferred to an unlimited secondary storage or warehouse, at some cost.

(iii) Lower bound. The stock level is bounded from below by level -B (B > 0). The
negative stock level indicates the number of permitted backlogged items.

(iv) Control policy of the stock. We introduce the triple-parameter base-stock (S, s, B)
control policy, which generalizes the well-known (S, s) policy. Under the (S,s) policy,
whenever the stock level decreases to or below s (either due to negative batches, short
shelf lives, or a total loss of all on-hand items in stock), a replenishment is ordered to bring
the stock level up to its maximum capacity S. The replenishment is carried out after an
exponential lead time. During the lead time, new orders are not allowed; thus, at most one
oncoming order exists at any given time. Our policy implements a mixture of backorders
and lost sales, i.e., in the case of zero on-hand stock, B backlogged items are allowed. Each
backlogged item is incurred with some financial compensation per time unit until it is
satisfied. A negative batch (or portion thereof) that arrives when I(t) = -B is considered as
lost sales, at the price of lost cost and the decrease in the service level. Note that the special
case B = 0 means no backorders are allowed, meaning that a negative batch (or portion
thereof) that arrives when there is a zero stock is considered as lost sales. This policy is
known as a pure lost-sales policy. Thus, under the (S, s, B) policy, the quantity replenished
at time f is random, depending on I(t), and equals max (S — I(t),0).

(v) Lead time. We assume an exponential lead time with parameter .

(vi) Limited shelf life. We assume that each stored item lasts a random amount of time
before it becomes unusable. The shelf life of an item is an i.i.d. r.v. with an exponential
distribution at rate 8. We further consider a limited shelf life of all items in stock due to a
disaster, an unexpected event, or obsolescence. Here, all on-hand items lose their value at
once after an exponential time at rate =, whereupon the stock collapses instantaneously to
zero and all items become unusable.

Based on the assumptions outlined above, we distinguish between two shortage
policies for different domains of B, namely B = 0 and B > 0:

(i) Pure lost-sales policy. Here, we assume that B = 0; i.e., no backlogged items
are allowed, and I(t) lies in the interval [0, S]. Any negative batch (or portion thereof)
that faces zero stock is lost. A typical sample path of I(t) under the lost-sales policy is
depicted in Figure 2. The black (blue) arrows present negative (positive) batches. The
number of transferred items and of lost items are indicated by the dashed blue and red
lines, respectively. When I(t) drops below level s, a replenishment is ordered and arrives
after some lead time (LT); the lead time duration is indicated by the dotted gray line. Finally,
the actual amount replenished is represented by the yellow line. Figure 2 illustrates two
scenarios. During the first lead time (LT 1), we see that I(t) > 0; i.e., all batches are satisfied.
By contrast, during the second lead time (LT 2), there are two incidents of lost sales. In
the first lost-sales event, just a portion of the batch is lost (the first red segment). In the
second lost-sales event, the entire batch is lost (the second red segment). Note that, when
the order arrives, I starts over with S items; thus, due to the zero bound, the actual quantity
replenished is always less than or equal to S items.

9 Lost-sales policy

Negative batch —_—

Positive batch —

T Transferred items  &--®
H "
s 1 r Lost-salesitems ~ ® —®
1 I ‘ T| Replenish amount ¢
s | |
[ #1 ﬂ
0 ¢ T t
[
A

Figure 2. A typical sample path of I(#) under the lost-sales policy.
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(ii) Mixture of backorders and lost-sales policy. Here, we assume that B > 0; i.e., a
maximum of B backlogged items are permitted, and all additional demand for items is
considered as lost sales. Thus, I(t) lies in the interval [-B, S]. For brevity, we will refer to
this policy as a backordering policy. A typical sample path of I(t) under the backordering
policy is depicted on the right-hand side of Figure 3. We emphasize that, as long as I(t) > 0,
the stock-level processes under the pure lost-sales and backordering polices have the same
distribution. They are distributed differently when a negative batch arrives, causing the
stock level to drop below level zero, until the replenishment order is carried out, whereupon
I(t) starts over at level S. This process is graphically represented under the magnifying
glass in Figure 3. We see that, under the lost-sales policy, there are two incidents of lost
sales, part of the first negative batch and the subsequent batch. Under the backordering
policy, due to level -B < 0, the part that was lost in the first negative batch is backlogged
and, regarding the subsequent batch, partly is backlogged and or partly is lost (the red
segment on the right-hand side of Figure 3). Here, the actual quantity replenished can be
even more than S items, as illustrated in Figure 3.

It) I
Lost-sales policy Backordering policy

Figure 3. A typical sample path of I(t) under the backordering policy.

3.2. Parameters and Costs

In this section, our notation and analysis are presented as a function of a general
level B, B > 0. Substituting B = 0 leads to the pure lost-sales policy, while substituting
B > 0 leads to the backordering policy. We start by summarizing the model’s variables,
parameters, and costs.

Decision variables

S upper bound (the storage capacity and the replenishment level); S > 0 (items)
s  reorder level; 0 < s < S (items)
-B  lower bound (B is the maximum number of backlogged items); B > 0 (items)

Parameters and functions

U lead time rate (per time unit)

A arrival rate of negative batches (per time unit)

D random (absolute) size of a negative batch (items)
Pp(d),Fp(d)  Pp(d) = P(D = d) (PDF), Fp(d) = P(D < d) (CDF)
Ep(d) Ep(d) = 1~ Fp(d) = P(D > d)

cu, coefficient of variation of D

1 arrival rate of positive batches (per time unit)

R random size of a positive batch (items)

Pr(r), Fr(r) Pr(r) = P(R =r) (PDF), Fr(r) = P(R < r) (CDF)

Fr(r) Fi(r) =1~ Fg(r) = P(R > 1)

faie coefficient of variation of R

0 expiration rate per item in stock, end of life (per time unit)
I loss rate of all items in stock (per time unit)
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The costs

Ko,co  fixed and item purchasing cost per replenishment, respectively (USD/order)
Co cost of each expired item (USD/item)
Ce cost of each lost item in case of total loss (USD/item)
C penalty cost of an unsatisfied item (beyond the B backlogged items) (USD/item)
) transfer cost of j items to a secondary storage facility (when the stock exceeds level S)
(USD for j items)
Cr overhead cost for each item of a positive batch (USD/item)
h(i)  holding cost for i on-hand items in stock per unit time (0 < i < S) (USD for i items)
B(i)  backordering cost for (-i) backlogged items per unit time (-B < i < 0) (USD for —i items)
TC  long-run average total cost per unit time (USD/time unit)

Assumptions on the costs

(1) When the on-hand stock exceeds level S, a cost (j) is charged for transferring
the i excess items to a secondary storage facility. It is reasonable to assume that ()
is an increasing and non-convex function of j. Formally, 7/(j) > 0,7”(j) < 0; i.e., the
growth rate of 7(j) is decreasing (or constant) in j. That is, the greater the number of
items that are transferred together in the same shipment, the lower the transfer cost of
each item. This assumption is practical, since, usually, most of the transfer cost is for
shipping and handling and is less affected by the number of items. Thus, we assume
that y(j) = Y +¢,(j)",0 < v <1, where Y, ¢, > 0 are constant, and 7 is the concavity
coefficient. Note that a linear cost function is included, when y = 1. It is worth pointing
that our analysis is not limited to the above assumption, and also fits a general cost function.

(2) The holding cost k(i) is linear in the number of the i on-hand items, and has the
structure h(i) = h-1,0 < i < S. This assumption is reasonable due to the fixed capacity of
the storage, and therefore, the significant increase in the holding cost is due to the cost of
each item in stock.

(3) The backordering cost B(i) is an increasing and non-concave function of -i, for
-B <i < 0;ie., B/(-i) > 0, " (-i) > 0. That is, the growth rate of (i) is increasing (or
constant) in -i. The convexity (non-concave) assumption means that, the more items that
are backlogged (up to B items), the higher the compensation payment that the retailer
pays. Thus, the backordering cost includes the additional cost due to the decrease in the
service level.

(4) As in practice, we assume that ¢, < ¢,; i.e., the overhead cost of an arriving item is
lower than the cost of ordering a new item.

(5) Finally, the cost of a lost-sales item is higher than the marginal cost of a backlogged
item, i.e., ¢; > B/(-i) for -B < i < 0. This assumption is well established because, in today’s
competitive reality, lost-sales items result in the loss of customers. Conversely, in the case
of backordering, customers remain loyal to the retailer, albeit with increasing reluctance.

As mentioned above, it may happen that, due to a low stock level, part of a negative
batch is satisfied (decreasing the stock to level 0), part of it is backlogged (up to B items),
and the remaining part is lost. Similarly, it may happen that a positive batch exceeds level
S, in which case, all items above level S are transferred to a secondary storage facility.
Specifically, assume that i > 0 items are held in stock. When a positive batch of D items
arrives, we distinguish between three cases: (1) if D < i, then the whole batch is satisfied
and the stock level continues with (i — D) items (0 items possible); (2) if i < D < i+ B, then
i items are satisfied, and the rest of the (D — i) items are backlogged at a cost of f(i — D)
(note that D —i < B); (3) if D > i+ B, then B items are backlogged at a cost of B(-B), and
the remaining (D — (i + B)) items are lost, each at a cost of ¢;. To summarize, when D > i,
then 7 items are immediately satisfied, min(D — i, B) items will be satisfied later, and the
remaining max(D — i — B, 0) items are lost (when B = 0, then i items are satisfied and D — i
items are lost). Accordingly, when a positive batch of R items arrives, if R < S — i, then the
stock level increases by i + R items; otherwise, if R > S — i, the stock increases to level S,
and the remaining R — (S — i) items are transferred to a secondary storage facility at a cost
of y(R— (5§ —1i)).
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4. Mathematical Description
4.1. The State Diagram of the Markov Chain

Let I = {I(t) : t > 0} denote the stock level at time t and state space (). Based
on the exponential assumptions and the compound Poisson processes, it is clear that the
stock process I is a continuous-time Markov chain (CTMC). Assume that I(t) = i items
are held in stock. Wheni € {s+1,...,S}, two different scenarios should be considered
according to the replenishment placement: (1) with oncoming replenishment, when the
stock increases from level s or below to level i by a positive batch, or (2) without oncoming
replenishment, when the stock decreases from levelsi+1,...,S to level i by a negative
batch, or increases from levels s +1...i — 1 to level i by a positive batch. By contrast, when
i € {-B,...,s}, only the case with oncoming replenishment holds. Thus, systems with i
items are split into two types, according to their replenishment placement. To distinguish
between the two types, we mark states with oncoming replenishment by a superscript
plus, and states without replenishment by a superscript minus. That is, the state space
() is composed of two sets: (i) the set QOF = {-B,...,S} that includes states during lead
time; (ii) the set marked by aminus O~ = {(s+1) ", (s +2)~,..., 5™ } thatincludes states
without replenishment. The state space is, thus, Q=Q7U Q. Figure 4 presents the state
diagram of the Markov chain I. For clarification, the states with oncoming replenishment
are shaded in yellow (without a shortage) or red (with a shortage), and states without
replenishment are shaded in in gray; the transition rates are marked by arrows.

Order arrival (p)

Positive batch (n) =

Negative batch (1)

End of life (£,0) ——*>

Figure 4. The state diagram of the Markov chain.
Let

P*(i,j,t) = P(I(t) =j | I(0) =i),i € Q,j € QF,
P (i,j,t) =P(I(t) =j | 1(0) =i),i € Q,j € Q. 1)

Let n;r = lim;0 P(i,],t),and = lim¢ o P~ (i, ], ). Then, n;r (71;) denotes the steady-
state probability of having j,j € QT (j € Q™) items in stock with (without) oncoming
replenishment. Applying Markov theory, we obtain that the steady-state distribution of the
stock level exists as the state space is finite, and the Markov chain is irreducible. Denote
by Aj = A-p,(j),j = 1,2,...,00 the arrival rate of a positive batch with j items, and by
i =1n-px(j),j =1,2,...,00 the arrival rate of a negative batch with j items. By the law of
total probability, we have:

[e)

Aj, = Z’?j' ()

1 j=1

A=

e

]

In addition, denote by Fp (k) = 1 — Fp(k) = p(D > k) the probability of a negative batch
being larger than k items, and by Fg(k) = 1 — Fr(k) = 1 — P(R > k) the probability of a
negative batch being larger than k items.

Claim 1. Assume that s > 0 and B > 0. It is easy to verify that the steady-state probabilities
{r, T ficat e for the stock process 1 satisfy the following balance equations.
States during lead time:
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S5—1 -
(i) 7TS+(A+S~9+E—I—V):17k2 mrFr(S—k—1), i=S5,
i—1
(i) iF(A+i0+E+n+p) = (z+1)9n1+1+k2 5 Ap_i + szn,j-r;i,k, s+1<i<S-1,
_1+ —
S s—1
(iif) id A+ 50+ E+n+p) = (774 + 7 1) (s +1)-0+ . Zﬂ(n,j + 7 ) -Aj—s + kZB T g, 1=,
=S —-

() T (A +i0+E+n+u) = (z+1)97rl+1+ Z rr,j)\lirkZlnk Api + Z UARYTY 0<i<s,
k=i+1 s+

S S -1
(v)nO*(A+;7+;4)=n1+-6+kzln,j~Ak+kzlnk-Ak+szn,j-;7k+5-<z mh+ z nk>, i=0,
= =5+ —

k=s+1
(Ui)nl%()L'i'W_"V) ): 7Tk Ap—i + ): yn Ag—i + Zﬂk Mi—ks -B<i<Q,
k=i+1 k=s+1
(vii) T (i +p) = A Z 7'Ek Fp(k+B—1)+ Z T FD(k—l—B—l)] i=-B.
k= k=s+1

States without replenishment'

(viii) 7T (A +S-6 +E) = bl e Fr(S — k=D)4p z !, i=S,
k=s+1

(ix) iy (A+i0+E+7n)=(i+1)0m  + Z T Ag—i+ Z T Mick,  SH1<i<S-—1,
k=i+1 k=s+1 3)

(x) T A+ (s+1)0+E+7) = (s+2)97‘cs+2+kz+ T Ak—s—1 i=s+1
=s

When s = 0 and B > 0, equations (iii) and (iv) of Claim 1 are omitted. When s > 0 and
B = 0 (i.e., the pure lost-sales policy), then Q" = {0,...,5}, Q™ = {(s+1)",...,S } and
Equations (v)—(vii) of Claim 1 are replaced by

o (n+n)
k=s+1

S ~
an Fpk—1)+ Y, nk-FD(k—l)]
n1+9+3~<2nk + Z nk> i=B=0. (4)

k=s+1
Otherwise, ifs = B =0, then Q* = {0,...,S}, Q™ = {17,...,S™ }, and Equations (iii)—(vii)
of Claim 1 are replaced by Equation (4).

4.2. The Expected Total Cost

The cost structure includes a fixed cost and a variable cost for each replenishment, a
cost for handling each arriving item of a positive batch, a cost for transferring each item
exceeding level S, a lost cost for each unsatisfied item, a cost for each expired item, a cost
for a total collapse of the stock, and a cost for maintaining the stock (i.e., a holding cost
for each on-hand item and a backordering cost for each backlogged item, if allowed). Our
aim is to minimize the average total cost TC per time unit. To that end, denote by I the

126



Mathematics 2024, 12, 1341

average number of on-hand (positive) items in stock per time unit, and by I~ the average
number of backlogged items per time unit. Formally,

S S —1
It=Yyin + ¥ i, Im=-Yinr. (5)
i=1 i=s+1 i=-B

(Recall that, when B = 0, backordering is not allowed, and thus, I~ = 0.)

Applying Markov theory, the long-run expected cost components can be obtained in
terms of the steady-state probabilities, and are given by

S S S -1

TC= Yy pm (Ko +¢(S—i))+ c-E(R) + Lh(i)m + ¥ h(i)-m + ¥ i)
i=1 i=s+1 i=-B

Replenishment cost Overhead cost Holding cost Backordering cost

S ) S o)
+ Y X mli+k=8)m+ ¥ ¥ meylitk—S)m
i=-Bk=S+1—i i=s+1k=S+1—i

Transfer cost

S 00 S [
+(c90+c€3)-1++cl( Y Y Me(k—i—B)m+ ¥ Y /\k~(k—i—B)-ni>. (6)
_ i=-Bk=i+B+1 i=s+1k=i+B+1
| —
End-of-life costs

Lost-sales cost

We emphasize that, although the costs incurred by random shelf life and total loss have
similar expressions, they are derived in different paths. To be specific, when i > 0 items
are held in stock during the lead time, each of these items has an exponentially distributed
shelf life at rate 8. By the exponential properties, the time until the first item expires is
exponential at rate i-f. The cost incurred by random shelf life is, thus, (cg-(i-6)-7;") (here,
the multiplication by i is due to the rate of the minimum of exponentially distributed
random variables). By contrast, when a total loss event occurs at rate 5, all i items in stock
become useless, each at cost ce. Thus, the loss cost is ((i-ce)-E- 711*) (here, the multiplication
by i is due to the total cost of the i items). Similar calculations lead to the case without
oncoming replenishment.

Remark 1. 1. Constant costs. We assume that h(i) = cj,-i,i > 0. It is easy to verify that the

S S

holding cost can be written as Y h(i)-m;" + Y h(i)-m; = cp-It. Similarly, if we assume that
i=1 i=s+1

the backordering cost has the structure B(i) = -cg-i,i < 0, i.e., the backordering cost is constant

-1
per item, then it can be written as Y. B(i)-m} = cg-I~.
i=B

2. State-dependent rates. Although we assume fixed rates A and v, it is easy to gen-
eralize the model to support state-dependent rates A(i) and 1(i). In this case, we make the
following adjustments:

(a)  Replace A by A(i) on the left-hand side of Claim 1 (1-6,8-10). Similarly, insert A into the
sum in Claim 1 (7), and replace A by A(k).

(b)  Replace nz«i-/\k by nl,i-)xk(i) and nl,ilyk by nl.iﬂyk(i) in Claim 1 (1-6,8-10) and in
Equation (6).

(c)  The overhead cost c,-1j-E(R) in Equation (6) becomes c,-7-E(R), where 7] is the average size

S S
of a positive batch per time unit, i.e., ] = < Y n()m + ¢ n(i)-ni) :
n=-B n=s+1

5. Numerical Examples

In this section, we study, numerically, the sensitivity of the optimal controllers to the
system’s parameters and costs; we will focus mainly on the effect of the random arrivals
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(rate, mean, and variance) and the lost vs. backlogged costs on the pure lost-sales and
backordering policies. We start with the pure lost-sales policy (Section 5.1). Here, we
perform a hierarchical two-step sensitivity analysis. In the first step, we assume a fixed
batch size (for all arrivals); then, in the second step, we extend the analysis to include
batch size variability and, similarly, for the corresponding backordering policy (Section 5.2).
The analysis is completed by comparing the policies and identifying situations where one
policy is more cost effective than another. We note that, although our mathematical analysis
does not assume any restrictions on the ratio between # and A, we nevertheless see that,
typically, the output rate exceeds the input rate. Thus, we focus on the cases where A > 7.

5.1. Pure Lost-Sales Policy

Under the pure lost-sales policy, any unsatisfied item is lost. Setting B = 0 in (3)—(6)
leads to the steady-state probabilities and the corresponding costs. We start with constant
positive and negative batch sizes.

Fixed batch size:

In order to study the effect of the system’s parameters on the optimal control parame-
ters, we start with constant batch sizes D, R = {1,2,3};i.e., p, (D) = 1 and 0 otherwise, and
P (R) = 1and 0 otherwise. Here, A = Ap, and 17 = 5jg. The rate A varies in {5,7.5,10}, and
we fix # = 5; thus, the percentage of positive arrivals is 77/ (7 + A) = {50%,40%, 33.3%},
respectively. The total loss rate is set to & = 0.025; the perishability rate is & = 0.1; the lead
time p varies in {0.05,0.1}. We assume that

Ky, =50,¢co,=25,c9g=1,¢cc=1,¢,=05,¢, =1. (7)

We further let ¢; € {10,25,50}, and 7y (i) = 10 + i (i.e., the transfer cost includes a fixed
component Y = 10 and a cost per each transferred item c, = 1). Our aim is to derive the
optimal §* and s* minimizing the total cost as given in Equation (6). Clearly, the optimal
control parameters depend on all parameters and costs. However, we focus mainly on
the impact of the arrival rate, lead time, batch size, and penalty cost. Accordingly, Table 1
presents the optimal 5%, s* and the total cost TC*(S*,s*, B = 0) as functions of A, y, and ¢;
for the batch size combinations (D, R) = {(1,1), (2,1), (2,2), (3,1), (3,2), and (3,3) }. We
note that we assume D > R since, when dealing with stock management, it only makes
sense that the average amount of outflows exceeds the average amount of inflows.

Table 1. (§%,s*) and TC* as functions of A, y, ¢; for different combinations of (D, R).

B=0 D,R
S, s" D=1,R=1 D=2,R=1 D=2,R=2 D=3 R=1 D=3 R=2 D=3R=3
TC" u =0.05 n=0.1 p =0.05 pn=01 p =0.05 p=0.1 u = 0.05 n=0.1 p =0.05 pn=0.1 p =0.05 p=0.1
=10 15.0 15.0 27.0 27.0 25.0 24.0 49.14 47.12 34.0 34.0 34.0 33.0
15.91 17.80 53.26 53.08 28.43 30.68 98.97 96.17 60.66 61.08 40.53 42.98
A=5 =25 18.0 18.0 63.32 56.26 33.0 32.0 117.76 103.64 71.34 64.28 47.0 45.0
23.39 24.2 113.55 102.39 43.89 44.27 216.2 193.35 125.72 114.99 64.20 64.06
o1 =50 232 222 108.74 90.65 439 40.8 206.160 167.124 119.79 100.62 62.17 58.15
35.17 34.03 200.66 167.32 67.44 63.96 385.57 316.61 219.77 185.82 99.53 93.53
=10 17.0 17.0 4814 46.13 31.0 31.0 80.38 77.33 62.20 59.18 46.3 452
30.42 31.41 97.97 94.98 58.28 58.47 167.54 160.49 124.67 120.77 86.09 85.42
1=75 =25 35.12 32.10 117.77 102.63 68.33 62.27 201.145 173.130 148.101 130.84 101.56 91.47
62.21 57.66 214.53 189.45 121.86 110.95 370.13 324.36 272.19 240.63 181.43 164.04
o1 =50 59.33 50.25 204.135 165.122 115.77 97.60 353.280 284.228 258.200 210.159 172.123 14397
108.22 92.28 383.02 313.79 213.72 179.92 662.84 540.03 485.34 398.37 319.16 267.39
26.0 26.0 70.30 66.27 50.13 49.11 114.63 197.57 94.45 88.40 7427 71.24
GEil 51.66 51.25 143.79 137.98 100.89 98.21 236.77 22551 192.53 184.32 150.05 145.00
A=10 =25 60. 32 54.26 172.12 149.103 120.78 105.64 286.219 250.190 231.174 199.144 179.126 156.104
110.94 99.23 317.32 278.29 219.36 194.55 525.14 458.48 424.95 372.40 327.73 289.43
105.72 87.55 298.247 243.192 209.160 170.130 392.367 350.319 360.316 326.264 312.252 253.196
GEEL 196.59 163.03 568.06 462.98 390.52 321.33 962.26 767.24 762.18 619.97 584.41 479.47

We see that, as expected, S*,s* and TC* are increasing in A, ¢;, and D and decreasing

in y; clearly, as demand increases (rate and size) and as the costs of the shortage increase
(i.e., ¢; increases), the control parameters and the total cost increase. In addition, the effect
of u is significant as a function of ¢;; that is, for high values of ¢;, shortening the lead time
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causes a more significant decrease in S* and s* (e.g., for c; = 10, the results for y = 0.05 and
u = 0.1 are almost the same, in contrast to the results for ¢; = 25, 50). Table 1 further shows
that the impact of the arriving batches on the system’s performance is sharply pronounced.
To emphasize this impact, we distinguish between batch size (D, R), where D = R, and
batch size (D, R), where D > R.

We start with batch size (D, R), where D = R. Figure 5a,b show the curves S* and TC¥,
respectively, as functions of A and ¢;, where (D, R) = {(1,1),(2,2), (3,3)}. Similar behavior
is observed for s*. The black, blue, and red lines refer to A = {5,7.5,10}, respectively. The
solid, dashed, and dotted lines refer to c; = {10,25,50}, respectively.

Figure 5 (and the results for s*) imply that S*,s*, and TC* have a similar pattern: the
growth rate is increasing in A and c;; we see that the slopes of the red (A = 10) and dotted
(c; = 50) lines increase more sharply than the other lines. Somewhat surprisingly, it further
seems that S* and TC* are almost linear as a function of D = R. Thatis, when D = R =k,
k =2,3..., the control parameter S* and the total cost TC* may be approximated by k
times the results for the unit batch size; i.e.,

S'(D=R=k) ~kS"(D=R=1),
TC*(D =R =k) ~ k-TC*(D =R = 1). )

The control parameter S*(ﬁ, c)

3004

; — h=5.cl=10
2001 — — A=5.c1=25
N AR =5, cl=50
Tl A=7.5.0=10
—— A=7.561=25
----- 1=7.5.cl=50
— X=10,c=10
—— 2=10,cl=25
----- A=10,cl=50

— 2A=5.cl=10
— — A=5.cl=25
----- =5, cl=50
Y —=7500=10
— — A=7.5.cl=25
----- 1=7.5.c1=50
— A=10.cl=10
——=10.cl=25
----- 2=10,cl=50

(b)
Figure 5. The optimal S* (a) and TC* (b) as functions of A, ¢; for D = R = {1,2,3}.
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(This approximation barely works for s*.) To explore the implications of this result, let
%error be the percentage of the error obtained by using (8), i.e.,

S*(D=R=k)—kS*(D=R=1)
S(D=R=k) '

TC(D=R=k) - k-TC*(D =R
TC*(D =R = k)

Yoerrorg =

%k:L& 9)

Yoerrorrc =

Table 2 tabulates %errorg, %errorrc for u = 0.05,A = {5,7.5,10} and ¢; = {10, 25,50}.
We see that, approximating S* and TC* by using (8) is most effective for high A and ¢;.
It should be noted that a similar approximation for s* performs significantly worse and
yields lower values. Thus, we recommend that (8) be applied as an upper bound for §*
and TC*, especially for high A and ¢; and low k.

Table 2. The percentage %errors, %errorre for A = {5,7.5,10} and ¢; = {10,25,50}.

k=2 k=3

Y%errors Yoerroryc Yerrors Yoerroryc

¢ =10 —20% —11.9% —32.3% —17.7%

A=5 =25 —9.0% —6.58% —14.89% —9.29%
¢ =50 —6.97% —4.30% —11.29% —6.0%

¢ =10 —9.67% —4.39% —10.86% —6.0%

A=75 =25 —2.94% —2.12% —3.96% —2.86%
¢ =50 —2.6% —1.27% —2.9% —1.7%

¢ =10 —4% —2.4% —5.4% —3.28%

A=10 ¢ =25 0% —1.14% —0.55% —1.55%
¢ =50 —0.47% —0.68% —0.96% —0.91%

We now proceed to batch size (D, R), where D > R. Here, increasing R while keeping
D fixed decreases the control parameters; probably, since the stock level increases only
with positive batches, the risk of a shortage decreases, and thus, S* and s* are set lower. In
order to delve deeper into the impact of the inflows, we fix A = 7.5 and D = 3. Figure 6
represents S* (big circles) and s* (small circles) for R € {1,2,3} and ¢; € {10,25,50}.
The figure clearly shows the effect of R on lowering S* and s*, and the effect of ¢; on
increasing S* and s* (with a slight increase in the difference (S* — s*)). This means that, as
the cost of the shortage increases, it is profitable to order earlier and in larger quantities.
To complete the study, Figure 7 shows the curves of TC* as a function of R, for D = {2, 3}
and ¢; = {10,25,50}. Accordingly, we see that TC* is increasing in c;, and decreasing in
R; the slope of that decrease seems to be independent of D (the solid, dashed, and dotted
lines seem to be parallel). Figure 7 further shows that the slope of the decrease of TC* as a
function of R becomes sharper as c; increases, which emphasizes the impact of inflows on
the total cost and the need to integrate them when deriving the optimal control parameters,
especially when shortages are costly.

To complete our study of the effect of the system’s parameters on the optimal con-
trollers when the batch size is fixed, we compare systems that have the same average
number of arriving batches. Specifically, we focus on systems with the same AD and 7 R.
Our numerical study includes three such combinations of (D, R):

(i) Systemswith (A =5,y=5D=2R=1)and (A =10,y =5,D =1,R = 1), where
AD =10 and #R = 5 (the submatrices shaded in blue in Table 1);

(i)) Systems with (A =75, =5D =2,R=1)and (A =5,y =5,D =3,R = 1), where
AD = 15and R = 5 (the submatrices shaded in red in Table 1);

(iti) Systems with (A =7.5,7# =5,D =2,R=2)and (A =5, =5,D = 3,R = 2), where
AD =15 and #R = 10 (the submatrices shaded in olive in Table 1).

The results show that, overall, systems with the same AD and #R have similar op-
timal control parameters and total cost. However, it should be noted that the values are
slightly more sensitive to changes in the batch size than to changes in the arrival rate. For
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example, comparing the systems (i) shows that (recall that increasing A and D increases
the controllers and cost), although both have AD = 10, the system withA =5, D = 2
yields slightly higher values (5" = 27,s* = 0, TC* = 53.26) compared to the system with
A =10,D =1 (here, we obtain §* = 26,5 = 0, TC* = 51.66). Thus, decreasing D is more
impactful than increasing A.

The valuse S and s~

4
300
¢
|
200 ? ¢ ° 5
@ S
I * — cl=10
: . 4 | —— =25
| D R (=50
100 ! @
|
@
oo
0 . . }
1 2 3

R=(1,23),D=3

Figure 6. 5*, s* for D =3,R = {1,2,3}, ¢; = {10,25,50}, A = 7.5.

The optimal cost T7C*

500

— D=2.cl=10
Ptel B e, — —D=2.cl=25
T~ fe. e D=2.cl=50

e T~ — D=3,cl=10

o, EERa — —D=3,cl=25
5] '.“. ~a * ==+ D=3,cl=50

=y o

Figure 7. TC* as a function of R, for D = {2,3}, ¢; = {10,25,50}.

Variable batch size:
Next, we allow D and R to vary. We fix E(D) = 3 and E(R) = 2, and assume

the following four distributions of D with coefficient of variation cvp = {0,0.66,1.15,2.21}
(where E(D) = 3):
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1 0.5 1 0.75 1 8/9
D . R= . R= D= /
(i) (co (i1) 5 05 (iii) 9 025 (iv) 25 1/9 (10)
(cv =0.66) (cv =1.15) (cv =221)
and five distributions of R with coefficient of variation cog = {0, 0.5,0.86,1.41, 2.39} (where
E(R) = 2):
1 0.5 1 0.75 1 8/9
) = .. R= ... R= . R = /
(7) —0) (i1) 3 05 (ii) 5 025 (iv) 10 1/9
N (cv =0.5) (cv =0.86) (cv =1.41)
1 23/24
(v) 25 1/24 | a1
( cv = 2. 39)
Table 3 tabulates (S*,s*) and TC* for each pair of distributions D € {i,...,iv} and R €
., v} (for a total of 20 pairs). The table includes four submatrices, each corresponding
to a different combination of A € {5,7.5} and ¢; € {10,20}. Here, we fix u = 0.05; other
values are given in (7). Note that the shaded cells with cvp = cvg = 0 correspond to the
case of D = 3,R = 2, as given in Table 1.
Table 3. (S*,s*) and TC* as functions of cup, cvg (where E(D) = 3, E(R) = 2), for different values
of )\, Cy.
ER) =
(i) cor =0 (ii) cvr = 0.5 (iii) cog = 0.86 (iv) cog = 1.41 (v) cug = 2.39
@) cop =0 34.0 34.0 36.0 40.0 51.0
e S 60.66 61.35 63.04 68.95 74.61
(i) cop = 0.6 36.0 37.0 38.0 20 52.0
A=5 ) cop = O 63.29 63.93 65.21 70.85 76.21
T e 400 40.0 020 440 54.0
) cop = L. 67.82 68.35 69.40 74.10 78.97
PR 51.0 51.0 52.0 52.0 57.0
10/ C0p = <. 81.14 81.50 82.17 85.30 87.45
@) cop =0 71.34 71.34 73.35 80.40 85.39
HeEem S 125.72 126.91 129.64 142.46 148.63
(i) cop = 0.6 73.34 7435 7535 82.40 88.40
A=5 ) cop = O 130.03 131.15 133.31 145.65 151.34
W P 7835 79.36 80.36 85.42 9441
) cop = L. 137.50 138.79 140.03 151.23 156.12
P 90.40 90.40 91.40 96.45 99.43
10/ C0p = <. 159.81 160.56 161.88 170.41 171.32
) com =0 62.20 62.20 63.20 66.21 70.19
DeEem s 124.67 125.00 125.99 131.93 133.55
(i) cop = 0.6 63.19 63.19 63.19 66.21 71.18
A=75 wcop = 0. 126.25 126.60 127.29 133.11 134.65
a=10 g s 64.17 64.17 65.17 67.19 72.17
By o S 1 128.94 129.29 129.94 135.14 136.54
o) e AT 66.16 66.15 67.16 65.16 7414
10/ Cp = <. 136.92 137.36 138.11 142.63 142.85
() cop = 0 148.101 149.102 150.102 157.106 158.104
v evp = 272.19 272.78 274.4 287.26 287.04
(i) cop = 0.6 150.102 150.102 151.102 158.108 159.105
A=75 ) cop =0 274.83 275.45 276.66 289.3 288.95
S (650) com = 1.15 152.103 153.103 154.103 160.109 161,107
u) cop = L. 279.42 280.05 281.22 292.92 292.31
(i9) con = 2.21 159.107 160.107 165.11 166.112 166.11
o) cp = 2. 293.57 294.35 295.7 306.27 303.77

Table 3 shows that letting D and R vary has a similar effect on 5%, s
cases, increasing the variability increases the controllers; in fact, it seems that S* is more
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sensitive to variability and increases faster than s*. Surprisingly, we see that, for high cog,
the control parameter s* even decreases; see Column (v) of Table 3. Apparently, letting a
positive batch vary has a similar effect as increasing its average size: in both cases, s* is
decreasing (as we already inferred from Table 1). This is probably to keep the stock level
balanced and low and, thus, reduce costs.

Conclusion 1. (pure lost-sales policy):

1. The control parameters S*,s* and the total cost TC* are increasing in A,c;, and D, and
decreasing in R and .

2. The increase of S* and TC* in D is relatively constant. Accordingly, when D = R = k,
k=2,3.... approximating S* and TC* by k times the corresponding values of the Poisson
process (i.e., the unit batch size) performs well, especially when A and c; are high.

3. Comparing systems with the same average inflow and outflow shows similarities between
the controllers and cost, where the batch size has a slightly more significant effect than the
arrival rate.

4. Increasing the variability of the batch size increases S*,s*, and TC*, especially S*. Quite
surprisingly, we see that the impact of the variability of D and R on the optimal control
parameters is similar.

5. Investigating the effect of the batch size distribution shows that, for both D and R, the average
batch size has a more significant impact on the system’s performance than the variability.

6.  Integrating positive batches (with the focus on the average size) into the analysis signifi-
cantly impacts the optimal control parameters, improves the system’s performance, and may
reduce costs.

5.2. Backordering Policy

We next consider the policy in which the retailer allows backordering up to B items
(B > 0) in order to improve the service level and retain customers. Each backlogged
item incurs some financial compensation per time unit until it is satisfied in the next
replenishment. A negative batch (or portion thereof) that exceeds level -B is lost. Here,
the level -B is a lower bound for the stock level (clearly, B = 0 corresponds to the pure
lost-sales policy). Setting B > 01in (3)—(6) leads to the steady-state probabilities and costs
under the backordering policy.

Clearly, the decision variable B is impacted by all parameters of the system. Accord-
ingly, and further in Section 5.1, we focus on the impact of A, ¢; and the distribution of D
and R on the level B. To do so, we assume a backordering cost f(i) = 1.5-(-i), i < 0; all
other values and costs are equal to those given in Table 1 and in Equation (7).

Fixed batch size:

We start with fixed batch sizes and consider the combinations (D, R) = {(1,1),(2,1),
(2,2),(3,1),(3,2),(3,3)}. Let A vary in {5,7.5,10} and ¢; vary in {10,25,50}. Here, we
assume that the storage capacity is fixed to the optimal capacity of the pure lost-sales policy,
ie, S = S*(B = 0) (see Table 1). This assumption follows the reality that changing the
shortage policy (from pure lost sales to backordering) usually changes the reorder point (s*)
without changing the storage capacity. For each set (A, ¢;, D, R), Table 4 presents the optimal
order point s*, the optimal backlogged level -B*, and the cost TC*(S, s*, -B*) (we present the
results for u = 0.05; the results for u = 0.1 vary accordingly). In the table (and similar to
Table 1), systems that have the same average arriving size are shaded in the same color.

The parameters s* and B*. Similar to Table 1, Table 4 shows that s* is increasing in
A, ¢, and D (for fixed R), and decreasing in R (for fixed D). We further see that B* is
increasing in c;, and that it eventually approaches a pure backordering policy when ¢; is
extremely high (i.e., when B = o0). However, B* changes unexpectedly and even somewhat
surprisingly. In contrast to s*, B* is decreasing in D and A and increasing in R. The result
is that the difference s*-(-B*) is increasing in D and A. A possible explanation lies in
the simultaneous vision of s* and B*. When D and A are increasing and R is fixed, the
stock level must be replenished fast in order to avoid shortage (i.e., s* is increasing), so
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backorders become less frequent and less profitable. Thus, B* is increasing and the number
backlogged items is decreasing. By contrast, when R is increasing and D is fixed, the stock
level increases, and the risk of a shortage is already decreasing. Thus, B* increases to
allow a relatively large number of backorders while still maintaining profitability. It is
interesting to see that increasing D and R simultaneously increases both s* and B* (see
the pairs (D, R) = {(1,1),(2,2),(3,3)}). Similar to Equation (8), Table 4 shows that, when
D =R =k, k = 2,3, then B* can be approximated by k times the value of B* for the unit
batch size, i.e., B*(k) ~ k-B*(1).

Table 4. (S,s™, B*) and TC* as functions of A, ¢, for different combinations of (D, R).

S, s, -B
TC” D=1,R=1 D=2R=1 D=2,R=2 D=3,R=1 D=3R=2 D=3R=3
(%Eg)
15.0. —7 27.0. —2 25.0. —13 49.13. —1 34.0. —5 34.0 —19
=10 13.39 52.14 23.12 98.22 57.37 32.33
(15.83%) (2.10%) (18.67%) (0.75%) (5.42%) (20.23%)
18.0. —18 63.30. —5 33.0. —36 117.76. —4 71.30. —13 47.0. —54
A=5 =25 15.74 109.54 28.42 213.08 114.68 40.74
(32.7%) (3.53%) (35.24%) (1.44%) (8.78%) (36.40%)
23.0. —oo 108.51. —c0 43.0. —co 206.132. —co 119.48. —c0 62.0. —c0
c1 =50 16.77 158.05 30.75 336.32 149.33 45.26
(52.30%) (21.23%) (54.40%) (12.77%) (32.05%) (59.09%)
17.0. =2 48.14. —1 31.0. —4 80.37. —1 62.19. =2 46.0. —6
=10 29.17 97.47 55.75 167.15 123.34 82.29
(4.10%) (0.51%) (4.34%) (0.23%) (1.06%) (4.41%)
35.10. —5 117.76. =3 68.28. —11 201.148. =3 148.98. —7 101.49. —16
A=75 ;=25 57.78 212.36 113.03 368.29 266.71 168.21
(7.12%) (1.01%) (7.24%) (0.33%) (2.01%) (7.28%)
59.21. —c0 204.132. —co 115.47. —c0 353.272. —c0 258.176. —c0 172.88. —c0
c; =50 75.36 335.34 146.95 621.3 433.04 218.4
(30.36%) (12.44%) (31.24%) (6.26%) (10.77%) (31.57%)
26.0 —1 70.30. —1 50.12. —2 114.63. —1 94.45. —2 74.26. —3
;=10 51.06 143.56 99.69 236.61 191.84 148.26
(1.16%) (0.16%) (1.18%) (0.06%) (0.35%) (1.19%)
60.31. -3 172.124. —2 120.75. —6 286.223. —2 231.172. =5 179.122. —9
A=10 c; =25 108.43 315.86 214.36 523.83 421.47 320.23
(2.26%) (0.47%) (2.27%) (0.24%) (0.81%) (2.28%)
105.50. —co 298.221. —c0 209.130. —c0 392.315. —c0 360.295. —c0 253.145. —co
c; =50 156.67 518.18 308.35 936.05 713.24 458.46
(20.40%) (8.78%) 21.05%) (2.72%) (6.42%) (21.55%)

The optimal total cost TC*. As expected, TC* is increasing in ¢;, A, and D (for fixed R),
and decreasing in R (for fixed D). Here, we see that TC* is more sensitive to D than to
R, and thus, TC* increases also when both D and R increase. Comparing Tables 1 and 4
reveals that TC*(B = 0) > TC*(B) in many cases; i.e., backordering is economically viable.
In order to better our understanding of these cases, let %Ep be the percentage of cost
reduction obtained by applying the backordering policy instead of the lost-sales policy, i.e.,

TC*(B = 0) — TC*(B)
TC*(B=0)

%Ep = (12)

The percentage %Ep is indicated by the italic numbers in Table 4. We see that the
backordering policy yields a significant cost reduction, in particular for high ¢; and low
A (in fact, in most cases, the reduction is very significant). Clearly, the greater the cost
of the shortage, the greater the economic benefit of the backordering policy. By contrast,
the greater the outflow of items (by increasing AD — yR), the level B* is achieved quicker,
which makes the backordering policy less efficient. For example, for ¢; = 10, A = 5,
D = 3,and R = 1, the cost reduction is 0.75%, and when A = 10, the cost reduction is less
than 1.2%. We further see that systems that have the same average arriving size (i.e., the
same AD and #R) yield similar -B*,s*, and TC* (see, respectively, the blue, red, and olive
submatrices in Table 4).
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Variable batch size:

Next, we allow the batch sizes to vary. To do so, we apply the distributions given
in (10) for D, and those given in (11) for R (where E(D) = 3,E(R) = 2). For each pair
(cup, cug), we set the storage capacity to the corresponding value for the lost-sales policy;
ie, wesetS = SEZO(CUD,CUR), and derive the optimal control parameters s*, -B*, and
total cost TC*(S,s*, -B*). Table 5 presents the suboptimal policy for the combinations
(A, ¢;) = {(5,10),(5,25),(7.5,10),(7.5,25)} as functions of cvp and cvg. Note that the
shaded cells in Table 5 refer to D = 3, R = 2 (i.e., where cv = 0; see also Table 4). We further
let %Ep be the percentage of cost reduction obtained by applying the backordering policy
instead of the lost-sales policy, i.e.,

TC*(B =0, cvp,cvr) — TC*(B, cvp, cuR)

PEp = TC*(B =0, cvp, cvR)

(13)

The percentage %Ep is indicated by the italic numbers in Table 5.

The optimal control parameters s* and -B*. Table 5 shows that s* is less sensitive to the
batch size variability; the changes are minimal (if they exist) and are not monotonic. By
contrast, in most cases, B* is significantly affected by both inflow variability (cor) and
outflow variability (cvp). Increasing cv (for both inflow and outflow) usually increases
B*; i.e., more backlogged items are permitted. It further seems that B* is more sensitive
to cvp, probably due to the fact that the average outflow AE(D) = {15,22.5} is higher
than the average inflow 7E(R) = 10. To better understand the effect of cvp and cvg on B¥,
Figure 8 shows the curves B* as a function of cur for two combinations: (1) lower outflow
and higher lost cost, A = 5, ¢; = 25 (black lines), and (2) higher outflow and lower lost cost,
A = 7.5,c; = 10 (blue lines). For each combination, the parameter B, for cvp = {0, 0.66,
1.15, 2.21}, is indicated by the solid, dashed, dotted, and dashed—dotted lines, respectively.
It is clearly shown that, when A is relatively high and c; is low, B* is weakly affected by
cug and by cvp (see Figure 8, the blue lines). The low values of B* can be explained by the
fact that, when outflows are frequent, and the lost cost (i.e., the cost of losing customers)
is relatively low, the economic benefit of backordering decreases. Thus, the variability of
the inflows contributes to the prevention of a shortage, and further reduces the need for
backordering (i.e., B* decreases). However, when outflows are less frequent, and the lost
cost is high, the economic benefit of backordering increases and B* increases (see Figure 8,
the black lines); this benefit is further emphasized by the increase in the variance of cog
and cvp. Note that, although only the combination A = 5, ¢; = 25 is presented, B* varies
accordingly also for other values.

B’ as a function of cv,,

— D=0

— — cvD=0.66
""" cvD=1.15
—-— ¢cvD=2.21

‘YR

Figure 8. B*(cvy) for (1) (A, ¢;) = (5,25) (black lines) and (2) (A, ¢;) = (7.5,10) (blue lines).
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Table 5. (S,s*, -B*) and TC* as functions of cvp, cvg (where E(D) =3, E(R) = 2), for different
values of A, ¢;.

S%,s",-B
TC" ER) =2
%Ep
E(D)=3 (i) cvg =0 (ii) cvg = 0.5 (iii) cvg = 0.86 (iv) cvg = 1.41 (v) cvg = 2.39
34.0, -5 34.0, -6 36.0, —6 40.0, -7 51.0, —10
@) cvp =0 57.37 58.03 59.5 65.98 71.89
(5.42%) (5.41%) (5.61%) (4.30%) (3.78%)
36.0, —6 37.0, =7 38.0, —7 42.0, -8 52.0, —11
(ii) cvp = 0.66 59.17 59.81 61.1 67.37 73.03
A=5 (6.50%) (6.44%) (6.30%) (4.91%) (4.17%)
¢ =10 40.0, -9 40.0, -9 42.0, —10 44.0, —10 54.0, —12
(iii) cvp = 1.15 62.4 62.93 64.13 69.77 75.19
(7.99%) (7.92%) (7.59%) (5.84%) (4.78%)
51.0, —15 51.0, —15 52.0, —15 52.0, —14 57.0, =21
(iv) cvp = 2.21 72.52 7291 73.8 78.26 82.66
(10.62%) (10.53%) (10.18%) (8.25%) (5.47%)
71.30, —13 71.27, —15 7327, —17 80.33, —20 85.27, —30
(i) cvp =0 114.68 115.31 116.7 129.29 129.09
(8.78%) (9.14%) (9.98%) (9.24%) (13.14%)
73.26, —16 7427, —17 75.26, —20 82.33, —22 88.26, —42
(ii) cvp = 0.66 116.65 117.26 118.55 130.91 130.22
A=5 (10.28%) (10.59%) (11.07%) (10.12%) (13.95%)
¢ =25 78.25, —21 79.25, —22 80.25, —25 85.31, —25 94,26, —45
(iii) cvp = 1.15 120.36 120.96 122.13 133.98 133.29
(12.46%) (12.84%) (12.78%) (11.40%) (14.62%)
90.20, —37 90.20, —38 91.20, —40 96.27, —39 99.22, —55
(iv) cvp =2.21 132.84 133.32 134.33 145.01 143.48
(16.87%) (16.96%) (17.01%) (14.90%) (16.25%)
62.19, —2 62.19, -3 63,19, -3 66.21, —2 70.18, —2
(i) cvp =0 123.34 123.74 124.77 130.95 132.59
(1.06%) (1.00%) (0.96%) (0.74%) (0.71%)
63.18, —3 63.18, —3 63.18, —4 66.20, —3 71.17, -3
(ii) cvp = 0.66 124.41 124.81 125.77 131.87 133.47
A=75 (1.45%) (1.41%) (1.19%) (0.93%) (0.87%)
¢ =10 64.15, —4 64.16, —5 65.16, —5 67.18, —3 72.16, =3
(iii) cvp = 1.15 126.19 126.65 127.5 133.67 135.07
(2.13%) (2.04%) (1.87%) (1.08%) (1.07%)
66.8, —8 66.8, —8 679, -8 68.12, —9 7411, —4
(iv) cvp =2.21 131.87 132.36 133.33 136.06 141.08
(3.68%) (3.64%) (3.46%) (4.60%) (1.23%)
148.98, —7 149.99, —8 150.98, —9 157.104, —11 158.98, —25
(i) cvp=0 266.71 267.09 267.9 280.43 275.65
(2.01%) (2.08%) (2.36%) (2.37%) (3.96%)
150.98, —8 150.98, —9 151.98, —11 158.104, —13 159.98, —26
(ii) cvp = 0.66 267.86 268.23 269.01 281.49 276.67
A=75 (2.53%) (2.62%) (2.76%) (2.69%) (4.24%)
¢ =25 152.98, —11 153.98, —12 154.98, —14 160.04, —15 161.98, —27
(iii) cvp = 1.15 269.98 270.38 271.18 283.51 278.65
(3.37%) (3.45%) (3.57%) (3.21%) (4.67%)
159.98, —19 160.98, —19 165.97, —21 166.103, —22 166.98, —31
(iv) cvp =2.21 277.58 278.04 278.98 290.79 286.33
(5.44%) (5.54%) (5.65%) (5.05%) (5.74%)

The total cost TC*. Table 5 shows that TC* is increasing in both cvp and cvg, with
a more notable growth rate in cvp. Comparing the costs TC*(B > 0) and TC*(B = 0)
(as measured by %Ep) shows that backordering yields a significant cost reduction, es-
pecially for low A and high ¢;. To better understand the impact of randomness on this
cost reduction, Figure 9 shows the curves %E g as a function of cvg for the combinations
(A, ;) = {(5,25),(5,10),(7.5,10)} as indicated by the black, red, and blue lines, respec-
tively. Here, also, for each combination, the results for cvp = {0, 0.66, 1.15, 2.21} are
indicated by the solid,dashed, dotted, and dashed—dotted lines, respectively. Similar to
above, Table 5 and Figure 9 show that, when the lost cost is low and the benefit of backorder-
ing is in doubt, adding variability to inflows only strengthens this doubt, and therefore, the
economic benefit decreases, i.e., %E. p decreases (see, e.g., the red and blue lines for ¢; = 10).
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By contrast, when the lost cost is high, the financial benefit of backordering increases, and
this increase is boosted by the increase in the variability of the inflows (see the black lines
for ¢; = 25). To summarize, the measure %Ejp is decreasing in A, and increasing in ¢; and
cup. The impact of cog is more challenging as the randomness of the inflows intensifies
the economic benefit of the existing policy, i.e.,, when %Egp is low (high), increasing vcg
decreases (increases) it even more.

~
%E 5 as a function of cvg

cvD=0

— — cvD=0.66
""" cvD=1.15
—-— cvD=2.21

R

Figure 9. %Eg(cvg) for (A, ¢;) = {(5,25), (5,10), (7.5,10)} as indicated by the black, red, and blue
lines, respectively.

The effect of cg. In the above discussion, we assumed that the retailer considers a
backordering policy instead of a lost-sales policy. We show that backordering yields a
significant cost reduction (in addition to raising the service level and maintaining customer
satisfaction). To complete the discussion, it would be interesting to identify situations
where the lost-sales policy is preferable. Clearly, the financial benefit of one policy or the
other depends on the costs and, in particular, the interplay between the backordering cost
and the lost cost, cg and ¢, respectively. Increasing cg (or, alternatively, decreasing c;)
decreases the economic benefit of backordering. To better understand this interplay, we
assume that a backordering policy is being implemented, and that the retailer examines
the policy’s profitability as a function of the cost cg. First, we fix cogr = 0.86, and calculate
for each set (A, ¢;, cup) the total cost TC* (S, s*, B¥) as a function of cg (the values S, s*, and
B* are given in Table 5). For example, for A = 5,¢; = 10,cop = 0, and cogr = 0.86, we
obtain TC*(S = 36,s* = 0, -B* = —6) = 105.420502 + 7.519728-cg. Figure 10 indicates
the variable component of TC*(cg) for (A, ¢;) = {(5,10), (5,25), (7.5,10), (7.5,25)} by the
gray, black, blue, and red lines, respectively. For each pair, the solid (dashed) line refers to
cvp = 0 (cup = 1.15). For example, when (A, ¢;, cop) = (5,10,0), we obtain 7.519728-cg (as
indicated by the gray line). We see that the growth rate of TC*(cg) is sharper when ¢; and
cvp are high and A is low. That is, when the lost cost is high, and fewer (but more variable)
outflows arrive, the backlogged cost has a greater impact on the total cost. In particular,
TC*(cp) is more sensitive to changes in cg when ¢; is high (as indicated by the black and
red lines for ¢; = 25 in Figure 10).

Furthermore, let ¢ max be the maximum cost for which the backordering policy is
more profitable compared to the lost-sales policy. In order to derive cg_max, we compare
the total cost TC*(cg) for B > 0 (given in Table 5) with the corresponding TC*(B = 0)
of the lost-sales policy (given in Table 3). Solving TC*(cg) = TC*(B = 0) yields cg max.
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Let cog = 0.86, and let cvp vary in {0,0.66,1.15,2.21}. Figure 11 points out cpmax for the
pairs (A, ¢;) = {(5,10), (5,25), (7.5,10), (7.5,25) } as indicated by the gray and black circles
and the blue and red squares, respectively (i.e., each pair is assigned four values of cg max
corresponding to cvp). Note that, for cg > cg max, the backordering policy is less profitable.
Figure 11 implies that the backordering policy has the highest economic benefit when A
is low and ¢; is high. Similar to Table 5, Figure 11 shows that increasing cvp increases the
economic benefit of backordering, and eventually, the values cg max become closer.

7C" as a function of g

—— (Ae)=(5.10), cvD=0

— — (LeD)=(5.10), cvD=1.15
— (hel)=(5.25), cvD=0

— — (hel)=(5.25), cvD=1.15
—— (hel)=(7.5.10). cvD=0
== (Lc)=(7.5.10), cvD=1.15
— (hel)=(7.5.25). cvD=0

— — (Lel)=(7.5.25). cvD=1.15

‘B
Figure 10. TC*(cﬁ) for (A, ¢;) = {(5,10), (5,25), (7.5,10), (7.5,25)} as indicated by the gray, black,
blue, red lines, respectively.

Cp_max as a function of cvy,
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Figure 11. cg_max for (A,¢;) = {(5,10), (5,25), (7.5,10), (7.5,25)} as indicated by the gray, black,
blue, and red lines, respectively.
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Conclusion 2. (Backordering policy).

1. Increasing c; and (in most cases) cvg increases both s* and B*. However, the negative batch D
(average and variance), the rate A, and the average positive batch E(R) have an inverse effect
on s* and B*. The total cost TC* is increasing in AE(D) and decreasing in E(R); letting the
batch size vary increases TC* (except for the high cug).

2. Systems that have the same average batch size yield similar optimal control parameters, s*
and B*, and a similar total cost TC*.

3. When the batch size satisfies D = R = k, then B* can be approximated by using the unit
Poisson system, i.e., B* (k) ~ k-B*(1).

4. Comparing the backordering policy and the pure lost-sales policy shows that the former yields a
significant cost reduction, particularly for high ¢; and low A. Thus, increasing the randomness
of outflows increases the economic benefit of the backordering policy; however, increasing the
randomness of inflows intensifies the economic benefit of the existing policy.

5. Accordingly, the maximum backlogged cost cgmax, at which the backordering policy is
economically preferable, is decreasing in A and is increasing in c;.

Managerial insights:
We summarize the main managerial insights and rules of thumb of our study:

e The total cost increases with the demands (arrival rate and size) and decreases with
the returns.

e The batch size distribution has a significant impact on the efficiency of the backorder-
ing policy. As a rule of thumb, we can point out that the fewer the demands (rate and
quantity) and the higher the variance, the backordering policy is more recommended.

e Our study shows that integrating returns (with the focus on the average size) into the
analysis significantly impacts the optimal control parameters, improves the system’s
performance, and may reduce costs. Specifically, when more returns arrive, we recom-
mend increasing the backordering level (i.e., more backordered items are permitted).

e The mean batch size has a more significant impact on the system’s performance than
the variability. Additionally, systems that have the same average batch size yield
similar optimal control parameters.

6. Concluding Remarks and Further Research

This paper studies a continuous-review triple-parameter (S, s, B) stock replenishment
model for a jump process with positive and negative batch arrivals that combines backo-
rdering and lost-sales policies during a stockout. The model is characterized by random
lead times, random life times (for each and all items in stock), and random arrivals (rate,
mean, and variance). Using a Markovian framework, we derived the steady-state prob-
abilities of the stock level, and constructed closed-form expressions for the average cost
functions. Using a numerical analysis, we studied the impact of the different parameters,
such as arrival rates, jump size distributions (mean and variance), lead times, and the costs,
on the system’s performance. Specifically, we focused on the impact of the arrival rates
and batch sizes on the economic benefit of a backordering versus a lost-sales policy, and
identified cases where one policy is more cost effective than the other. It is shown that the
fewer the outflows (rate and quantity) and the higher the variance, the more economically
beneficial the backordering policy. Surprisingly, more inflows increase the optimal number
of backordered items and, thus, increase the economic benefit of the backordering policy.

There are several avenues for future research. In this paper, we assumed that the
item’s life time is an exponentially distributed random variable. A natural expansion is to
assume an m-Erlang (or phase-type)-distributed life time. Under an m-Erlang distribution,
the life time of each item consists of m phases, each of which is an exponentially distributed
random variable. The family of m-Erlang distributions provides flexibility in model design
that enables covering more cases in practice (note that as m approaches oo, the life time
becomes deterministic). Another interesting direction would be to consider an emergency
supply during a stockout. This supply can be an appropriate, albeit costly, response to a
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stockout under both policies, B = 0 and B > 0. Here, it would be interesting to derive the
optimal control parameters under the discounted cost criterion. As in many real-world
relationships, the fixed order cost is paid when the order is placed, whereas the purchasing
cost is paid when the stock is replenished. This difference in the timing of the payments
and the cost of the backorders clearly has a significant effect on the profitability of one
policy versus the other and, thus, is worth further investigation. Finally, investigating
other replenishment policies, such as the (Q,r) policy with a mixture of backordering
and lost sales, is an obvious extension. Under the (Q, r) policy, when the stock drops to
level r, a fixed order of size Q is placed. Thus, the stock level is no longer known at the
replenishment time, which makes the analysis more challenging, but worthwhile.
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Appendix A

In Table Al, we summarize recent and relevant literature studies concerning the
continuous-review base-stock policy.
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Abstract: The technology options for sustainable development are explored with customer low-
carbon preference in a port supply chain consisting of one ship and one port. Port supply chains
can opt for either shower power or low-sulfur fuel oil to cut down emissions. We set game models
considering three power structures: the port dominant (port-led Stackelberg game), the ship dominant
(ship-led Stackelberg game), and the port and ship on the same footing (Nash game). We compare the
performances of different technologies. It is shown that, when customer low-carbon preference and
carbon tax are both low, LSFO is the appropriate choice from the supply chain’s profit perspective,
SP is preferred from the emission control perspective, and LSFO is preferred from the social welfare
perspective. However, when customers” low-carbon preferences, carbon tax, and environmental
concerns are all low or all high, LSFO should be adopted from the view of social welfare. The profits
and carbon emissions of the supply chain in the Nash game are higher than those in the Stackelberg
game. While the environmental concern is low, the social welfare of the supply chain in the Nash
game is greater than that in the Stackelberg game. Otherwise, it is less than that in the Stackelberg
game. The obtained results can help governments formulate policies and ships make emission
reduction technology decisions according to their own interests.
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1. Introduction

The port industry is an important link to the modern logistics supply chain. However,
the port is also a large carbon emitter [1] because it relies on the consumption of petrochem-
ical energy. Statistics show that the carbon emissions emitted by the ports and ships yearly
are more than 2.7% of total global emissions. Without appropriate steps, the proportion
will more than double by 2050 [2]. A 2018 study by the International Transport Forum
emphasizes the crucial role of ports in decreasing the carbon emissions of worldwide
marine transport. Implementing low-carbon initiatives at ports may greatly enhance the
process of lowering carbon emissions in maritime transport [3]. Ships are usually powered
by diesel auxiliary engines when berthing at the ports, and the diesel auxiliary engines
emit large amounts of pollutants such as CO, NOx, and SOx into the air during operation,
which account for 55.0-77.0% of port emissions [4]. The 70th session of the IMO in October
2016 introduced amendments, guidelines, and circulars of the International Convention for
the Prevention of Pollution from Ships. The focus was on amending Annex VI “Rules for
the Prevention of Air Pollution from Ships” and establishing a global mandate effective
from 1 January 2020, limiting the sulfur content of marine fuels to 0.50%.

In recent years, China’s port development has achieved remarkable results, and world-
class port clusters such as the Yangtze River Delta, the Bohai Sea Rim, Guangdong, Hong
Kong, and Macao have been gradually built. The port’s cargo throughput and container
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throughput have ranked first in the world for many consecutive years. Among the top
10 ports in terms of cargo throughput and container throughput, China accounts for eight
and seven seats, respectively. To promote the emission reduction of air pollutants from
ships, the Chinese government has implemented a series of measures. For example, in
December 2015, the Ministry of Transport of China established a domestic emission control
area (ECA) in the waters of the Pearl River Delta, the Yangtze River Delta, and the Bohai
Rim (Beijing, Tianjin, and Hebei). At the end of 2018, the scope of the ECA in China
was expanded to include coastal areas and major inland waters. In September 2021, the
“Measures for the Administration of Shore Power for Ports and Ships” stipulated that ships
(except liquid cargo ships) with shore power (SP) facilities should use SP when berthing
at a berth with SP supply capacity in a coastal port for more than 3 h, or at a berth with
SP supply capacity in an inland port for more than 2 h, if the ships do not adopt effective
alternative emission reduction measures [5].

SP and low-sulfur oil (LSFO) are frequently used as emission reduction technologies
for ships when berthing at berths. SP serves as a land-to-ship electricity connection,
enabling ships to switch off onboard diesel-powered engines when they are docked. In
order to use shore power, ships have to install facilities to receive power, while ports build
facilities on the shore to transmit power. Both ports and ships have to afford a significant
initial investment to construct SP facilities, but SP can cut down carbon emissions effectively.
Hall [6] proposed that SP could reduce all carbon emissions of ships at ports by 48-70%.
LSFO is a clean energy source with less than 0.1% sulfur content. Adopting LSFO without
retrofitting and upgrading means no initial investment. Nevertheless, LSFO is expensive
and emits a greater amount of carbon emissions compared to SP.

Enterprises make emission reduction decisions based on their own factors and the
supply chain’s external factors which include government regulation policy and consumers’
green preferences. The carbon trading system and carbon tax are two common regulation
policies. A carbon tax is a tax on carbon emissions from the burning of fossil fuels. The
carbon tax policy is more flexible, fairer, and broader in coverage, and it can effectively
achieve the sustainable development of the economy and environment. Under the carbon
tax policy, to avoid high taxes, ports and shipping companies have to take measures to
reduce carbon emissions, and reducing emissions inevitably requires investment, such as
upgrading and improving technology, replacing with cleaner fuels, and limiting speed. At
present, there are many countries implementing carbon tax policies, such as Sweden, the
Netherlands, Norway, and Finland [7]. To help government regulators formulate more
reasonable carbon tax schemes, many scholars have studied the carbon tax policies in port
areas [8-10].

On the other hand, consumers are becoming more inclined to protect the environment
and are more likely to opt for low-carbon products when making purchases. They are
prepared to shell out more money for low-carbon products. Wang and Zhao [11] inves-
tigated how manufacturers and retailers reduce their carbon emissions when customers
have a preference for low-carbon products and concluded that consumers’ preference for
low-carbon products is a key factor in enterprise decision making. Therefore, under the
carbon tax, considering the low-carbon preferences of customers, how do port and shipping
enterprises make emission reduction technology decisions?

Based on this, we evaluate the two technologies from a port supply chain point of
view considering the customers’ low carbon preference. The port supply chain consists of
one port and one ship. The port is an upstream member and is responsible for providing
the service of loading/unloading to the ship, while the ship offers a range of services to
customers. Furthermore, the regulators impose appropriate carbon taxes on the carbon
emissions of a port to maximize social welfare [12]. The port supply chain chooses suitable
emission reduction technologies with profit maximization considering the customers’
low-carbon preference. We set models by the game method in three scenarios (port-led
Stackelberg (PS) [13], ship-led Stackelberg (SS) [14], and Nash (NS) game). A comparison
of profits, carbon emissions, and sustainability between the two technologies is conducted.
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We offer the following three primary contributions. (1) We investigate the selection
of technologies from a port supply chain point of view, a topic that has not been widely
explored in the current research. (2) We compare SP and LSFO under carbon tax from
the perspective of social benefits. (3) We consider the customers’ low-carbon preference,
which is rarely discussed in the field of port and shipping. The acquired outcomes assist
the port and ship in selecting suitable technologies and offer valuable perspectives on
government policy.

The remainder of this paper continues with some related literature. We then intro-
duce the necessary notation and assumptions, which are followed by the models and
solutions. We compare the equilibrium results and engage in a comprehensive discussion,
subsequently proceeding with numerical experiments. Finally, the conclusions are given.

2. Literature Review

This research has a strong correlation with three areas of the literature: low-carbon
technology choice in supply chains, marine transport logistics and green ports, and cus-
tomers’ low-carbon preference.

2.1. Low-Carbon Technology Choice in Supply Chains

In the background of the growing influence of environmental regulations, constructing
low-carbon supply chains is an inevitable choice for enterprises” development. The adop-
tion of low-carbon technology is very important in supply chains. Liu et al. [15] evaluated
multi-stage low-carbon technology investment strategies by constructing an evolution
model that consists of a manufacturer investing in low-carbon technology and a supplier
providing low-carbon technology. Cao et al. [16] examined mode selection strategies of
energy performance contracts considering carbon tax policy. Jiang et al. [17] constructed
a differential game model based on social welfare maximization and discussed how the
technology spillover effect and incremental cost of carbon transfer influence carbon quota
allocation. Liu et al. [18] investigated how GT’s investment strategy in a manufacturer—
supplier supply chain affected investment and sustainable production decisions, as well
as the most advantageous government subsidy incentive. Yu et al. [19] put forward a
framework for investing in energy-efficient technologies to address the decision-making
challenges faced by companies striving to achieve a harmonious equilibrium between
profits and investments. Song et al. [20] considered subsidies, consumers’ low-carbon pref-
erences, and the low-carbon information trust to analyze the optimal operation decisions of
two manufacturers in a green supply chain. Yang et al. [21] investigated the port emission
reduction decision-making problem within a carbon trading mechanism. They compared
the SP and LFSO from the view of sustainable development, but they did not consider the
impact of customers’ green preferences.

The above research mainly investigates the emission reduction investment strategy
and technology selection in the production supply chain under government regulation
policies, such as carbon trading systems, carbon tax, and subsidies. However, in the port
and shipping supply chain, relevant research on emission reduction investment strategies
and technology decision making is still lacking. In fact, the emission reduction decision-
making process between the port supply chain and the general production supply chain is
completely different. Taking shore power as an example, the use of SP not only requires
facilities investment from ports but also requires ships to transform SP facilities, and the
initial investment of both sides is huge. Ports can incentivize ships to use SP through
measures such as granting priority berthing rights to ships and preferential SP service fees.
Considering the characteristics of emission reduction technologies in the port industry,
the study compares the two technologies from the supply chain perspective, which could
enrich the current study.
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2.2. Marine Transport Logistics and Green Ports

The emergence of international trade has made shipping a major means of transporting
goods across the globe. The port has shifted its role from being a mere loading and
unloading hub to becoming the hub of worldwide logistic services, making it a critical
element of maritime transportation. Consequently, the port area is likely to generate
more pollutants, which has piqued the interest of researchers in the development of eco-
friendly harbors.

Ding et al. [22] examined the economic viability of the Northern Sea Route in com-
parison to the Suez Canal Route through the implementation of two proposed carbon tax
schemes (fixed vs. progressive). Cariou et al. [23] analyzed the consequences of using
a maritime bunker levy on the financial benefits, commercial activities, and ship own-
ers’ emissions. Gao et al. [24] investigated the architecture of a container ocean shipping
system under a carbon tax. Song et al. [25] examined the effects of the carbon tax on
the green shipping supply chain in the context of port competition. Xin et al. [26] devel-
oped a programming model based on integers to facilitate the green scheduling of shuttle
tanker fleets.

Scholars also explored the impact of environmental regulation policies on port op-
erations. Zhao et al. [27] established a carbon emission calculation model for container
port operations based on energy consumption, using ships and containers as measure-
ment units, aiming to enable port enterprises to develop reasonable carbon peaking plans.
The support vector regression model considering outlier is used to predict the container
throughput, then the time series of carbon emissions is obtained through the calculation
model, and the judgment standard of carbon peak time based on the Mann-Kendall trend
test method is designed to determine the carbon peak time. Li et al. [28] built a two-tiered
maritime supply chain comprising a solitary port and shipping company to tackle the
problem of collaborative emission reduction between ports and shipping companies while
ensuring pollution control. They established four decision-making models of ports and
ships: port-led Stackelberg game, vertical integration model, Nash bargaining of port and
ship cooperation, and green port and ship cooperation. They also analyzed changes in port
prices, emission reduction levels, freight volume of shipping companies, and profits. Chen
et al. [29] studied the influence of ECA on international shipping and proposed that a great
deal of collaboration and coordination should be implemented on a global scale to decrease
ship emissions. Hu et al. [30] investigated the shipping container subsidy in the context
of multimodal transportation that includes waterways within the regional transportation
network. Liu et al. [31] examined the impact of dividing three distinct ECAs on the quality
of port air in the Pearl River Delta region.

At present, in terms of green ports, traditional green shipping management issues have
been combined with emission reduction requirements, and some green port technologies
and their emission reduction effects have been studied in depth. Ports have various
resources such as berths, shore bridges, and yard bridges. Most of the current research
uses cost-oriented objectives to optimize the allocation or scheduling of these resources,
and when the emission minimization or energy-saving maximization goals are taken into
account, the decision model and solution algorithm need to be redefined and designed. This
study systematically analyzes and compares port emission reduction technologies, taking
into account not only their costs but also their emissions, as well as overall social welfare.

2.3. Customers” Low-Carbon Preference

With the gradual emphasis on ecosystems and the widespread dissemination of
the low-carbon consumption concept, consumers’ low-carbon preference is gradually
increasing. Studies indicate that products with lower carbon emissions are more marketable,
and consumers are inclined to spend more on them [32,33]. The customers’ preference
in the port and navigation field contributes positively to the reduction in port emissions,
although research on this subject is scarce. Scholars have extensively debated the low-
carbon preference of consumers in the past few years. This study primarily focuses on three
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aspects: verifying whether consumers have such preferences, identifying key elements
influencing their low-carbon preferences, and examining how low-carbon preferences affect
decisions in low-carbon supply chains.

In terms of how low-carbon preferences affect the operational decisions in supply
chains, Yu and Hou [34] established a differential game model based on cost sharing and
coordination to study how consumers’ low-carbon preferences affected market demand
in the product supply chain. Xu et al. [35] proposed that the manufacturers” emission
reduction efforts and the dealers’ low-carbon promotion efforts were affected by the cost
coefficient related to the promotion of low-carbon products by dealers, the low-carbon
reputation sensitivity coefficient of consumers, and the impact coefficient of the emission
reduction efforts of manufacturers on the low-carbon reputation. Gao et al. [36] studied
the incentive strategy of the low-carbon supply chain through modeling and optimization
methods based on the information update of low-carbon preferences. The results show that
profit-driven cooperation among supply chain members could improve both their own
profits and the carbon reduction efficiency of the entire supply chain. Effective information
updates are more efficient at reducing carbon emissions than promotional allowances. Ding
et al. [37] investigated manufacturers’ decisions on encroachment and carbon emissions
reduction, taking into account the carbon trading system and consumers’ preferences for
low-carbon production. The findings indicated that manufacturers invariably benefited
from encroachment decisions if the government opted against cap-and-trade regulations,
leading to consistent profit losses for retailers. Sun et al. [38] established a manufacturer-led
Stackelberg game model considering the low-carbon preferences of consumers and the
lag of emission reduction technologies. They proposed that the low-carbon preferences of
consumers and the lag time of emission reduction technologies have a positive effect on the
carbon emission transfer level of manufacturers but have no effect on the commitment level
of suppliers. Only when the lag time of emission reduction technologies is kept within
an appropriate range would the increase in consumers’ low-carbon preference increase
the supply chain profits. Zhu [39] concluded that in the case of low R&D difficulty, high
consumer trust or R&D difficulty, high consumers’ low-carbon preferences, and brand
recognition, advantageous brand enterprises could improve CER levels and profits by
using blockchain.

At present, the research on low-carbon preference mainly focuses on the field of
low-carbon supply chain operation and management, including supply chain production
decision making, emission reduction investment strategy, and cooperation among supply
chain members. But, there are relatively few studies on the influence of customers’ low-
carbon preferences on emission reduction decision making within the port supply chain.
This study compares port emission reduction technologies, considering the impact of
customers’ low-carbon preferences.

3. Notation and Assumptions

The port emission reduction game model considering customers’ low-carbon pref-
erences under carbon tax is composed of a port, a ship, and port customers, as shown
in Figure 1. SP and LSFO could be chosen to cut down carbon emissions. There is a
lack of correlation between demand and competition among vessels. The simple supply
chain consisting of one port and one ship is put forward to expound the problem in the
literature [21,23,40]. Of course, in future studies, we could also extend to numerous ports
and ships.

3.1. Notation

The parameters and variables are expressed in Table 1. i (i = E, L) represents the
emission reduction technologies, where E describes SP and L denotes LSFO. The subscript j
(j =S, P, N) denotes the types of game (SS, PS, and NS). The supply chain adopts technology
i(i=E, L)inj game, denoted by the subscript i — j. Port, ship, and supply chain are denoted
by superscripts k (k = p, s, sc). p represents the total service price and satisfies p = m + w.
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Figure 1. The process of emission reduction decision making in the port supply chain.

Table 1. Variables.

Notation Description

Variables

a Market size, a > 0

b Sensitivity coefficient of market demand to the price (b > 0)

q Demand for cargo

Ct The unit navigation transportation cost of ship

Cs The unit service cost of ship when SP is implemented

cr, The unit service cost of ship when LSFO is implemented

CE The unit service cost of port when SP is implemented

Y Low-carbon preference of customers

0 Carbon tax

e; Technology i’s unit carbon emissions

Pe Environmental concern

Ufi j The profit of k in j game with adoption technology i

Ti-; The carbon emissions in j game with adoption technology i
SWj— The social welfare in j game with adoption technology i
Decision variables

w;_j The ship’s service price when adopting technology 7 in j game
mj_j The port’s service price when adopting technology i in j game

3.2. Basic Assumptions

To make it easier to model and analyze, the following two assumptions are given.
Assumption 1. ¢y < cp+cs,ep > €.

In practice, the construction investment of shore power is huge; taking the power
supply of 10,000 TEU container ships as an example, the construction cost for the port to
transmit power is about CNY 6-10 million, and the cost for the ship to install facilities to
receive power is about CNY 3—-6 million. Especially under the premise that the current
utilization rate of shore power is low in China, the total cost of using SP for ships is greater
than the cost of using LSFO, which is about CNY 1 more per KWH [41].

Therefore, it is assumed that the costs of SP are higher, i.e., c; < cg+c;. Moreover, SP
produces fewer carbon emissions compared with LSFO [42], i.e., ep < e].

Assumption 2. The function of demand is q = a —b(m+w)+vy(e—e;),i =E,L;a,b > 0.m
denotes the port’s service price, while w indicates the ship’s service price. w + m denotes the service
price faced by the customer, and vy (e — e;) represents the effect of low-carbon preferences on demand.
In the research on port supply chains, the linear demand function is widely used, referring to the
literature [43,44].
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4. Modeling and Solving
4.1. The Adoption of SP

Formulas (1)-(5) are used to calculate the profits, carbon emissions, and social welfare

when SP is employed.
U? = mqg — cpq — egbq (1)
U =wqg—cg—csqg= (w—ct—cs)(a—b(m+w)+vy(e—eg)) ()
uss =us +uk (3)
T=gqe,i=E,L (4)
sw= U°* + UP — p.T? (5)

Equation (1) represents the earnings of the port, mg represents the revenues from
shipping companies, cgq describes the cost to use SP, and ger 6 describes the expenses of
releasing carbon dioxide. In Equation (2), wq represents the ship’s profits from customers,
ctq describes the cost of transportation, and ¢y g is the expense associated with using SP.
Equations (3) and (4) represent the total profits and the total carbon emissions, respec-
tively. According to Krass [12], p.T? refers to the negative disutility of carbon emissions in
Equation (5), and the social welfare (sw) includes the ship’s profits and the port’s profits
minus the negative disutility of emissions.

The results are given in Table 2 by standard backward induction, and the solution
process is given in Appendix A.

Table 2. Results with adoption SP.

Cases mE_j ZUE_]' TE—]'
]' =N a+ye—yeg—bcg+2bcs—bey+2bead-ye—yeg+2bcg —bes+2bcy —beg 0 egA
- 3b 3b 3
]- =S a+ye—yeg —bcg+3bcs—bey+3begh-ye—yep +bcg —bes+bey —beg erA
4b 2b 4
i=P a+ye—yeg —bcg+bcs—bey+bepfa+ye—yep+3bcg —bes+3bc; —ber 0 egA
/ 2 15 1
P s sc
Cases uE—j UE_]. UE—]'
]‘ =N (ll+’)’€7’}’657bCE7bC57bC,t7b€EQ@Z+’yE*/YL’E7bCE*b(,‘57bC[7b859)2 2A%
9b 9 9b
]‘ =S (a+ye—ryeg —bcg —bes —be;—bep §§ye—yeg —bcg —be,—bey —bep6)? 3A%
16b 8b ) 16b
]' =p (ﬂ+’yE*'Y€E*bCE*bCS7bC,£*beEQy+'YE*’y€E*bCE7b55*b6[*hEEe) 3A2
8b 160 160
Cases SWEj
j=N (2717(’%}7[)(¢Z+’Y€7’y€EbeE7bC57bC[7b659)2
9
j=$ (37[76%]7()(ﬂ+’y€7’Y€E;bC57sz*bC[7bg59)2
16
j=P (3*b€%p[)(ﬂ+’YE*/Y€E*bC57bCS*bC[*bEEB)Z
160

Here, A =a + ye — yeg — beg — bes — bey — begb.

4.2. Implementation of LSFO
Formulas (6) and (7) are used to calculate the profits when LSFO is employed.

U? =mq —erbq (6)

U =wq—cg—crg=(w—ct—cp)(a—b(m+w)+vy(e—er)) (7)

Equation (1) represents the earnings of the port, mg represents the revenues from ship-
ping companies, and ge 0 describes the expenses of releasing carbon dioxide. Equation (2)
represents the profits of the ship, wg represents the ship’s profits, c;q describes the cost of
transportation, and c g is the expense associated with using LSFO.

By standard backward induction again, the results are given in Table 3. The solution
process is shown in Appendix A.
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Table 3. Results with adoption of LSFO.

Cases mL_]- wL_]‘ TL—]'
j =N a+vye+2bcp+2be  0—vye; —bc;  a+ye+2bc;—ye; —bc, —be 0 eB
- 3 30 3
]- =S a+ye+3bcL+SZeL9—yeL—bc, a+ye+bc;—ye; —bcp—be 0 eB
- 4b 2b 4
=P a+ye+bep+be —vye; —bey a+ye+3bc;—ye; —bc —ber 0 elB
] 2 a5 i

14 s sc
Cases UL_]- UL_]' uL—j
]‘ =N (ufbchbeLefbc,erefyeL)z (ﬂ*bCL7b€L9*bC[+‘Y€*'YEL>Z 2B%
9b 9b 9b
]‘ =S (a—bcL—beLG—hcﬁ-ye—yeL)z (a—bcL—beLG—hcf-H/e—yeL)z 3B2
16b 8b 160
- a—bep —ber 0—bei+ye—vey )? (a—bep —ber 0—be+vye—ve; )? 3B%
j= P ( L L
8b 160 160
Cases Swr
j -N (27be%p[)(a+yefbcffbchbeL97y€L)2
9b
j=$ (37be%pC)(u+ye7yeL7bcL7bC,7beL9)2
160
]' -p (3*be%pc)(u+yefbcf7bc[,7be[,97yeL)2
160

Here, B=a +ye —ye; — bcp — bey — ber 6.

5. Analysis and Discussion

This section evaluates the impact of various variables on profits, emissions, and social
welfare, which can help shipping companies decide on appropriate technologies and
provide decision-making advice for governments to formulate corresponding policies.

For detailed proofs of lemmas and propositions, we refer the reader to Appendix A.

5.1. Profit Analysis

In this section, we investigate how profits are affected by the parameters and carbon
tax in the port supply chain.

Lemma 1. USC . is a concave of c;,ct, 7y, 0, and e;. Furthermore, USC . is also concave with respect
i—j 1 1 E—j
to cg.

When the customers’ low-carbon preferences are certain, as carbon taxes, emissions,
and operational costs increase, the total profits of the port supply chain initially suffer as
a result of higher costs. When operating costs and carbon taxes reach an exorbitant level,
the supply chain may not be able to provide services, resulting in a complete cessation
of profits. When the carbon tax is certain, with the low-carbon preference increasing, the
market demand also increases; thus, the profits of the supply chain rise. However, when
the consumers’ low-carbon preference and carbon tax increase at the same time, although
consumers’ low-carbon preference leads to more market demand, the whole supply chain’s
profits still decline with the increase in carbon tax and production costs.

Proposition 1. The port supply chain’s profits satisfy
Ul p > Ul y > Ul g U p <U_y < U Uy > U p = U
Proposition 1 shows that being a leader always earns more profit than acting as a
follower. In the Nash game, the supply chain’s profit is the highest; thus, equality of

relationships should be encouraged, with the regulators’ concern being the whole profits of
the supply chain.
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Proposition 2. The port supply chain’s total profits of different technologies satisfy the following: if
0 —F < S then
eL—eg ’

4 P s s sc sc
uEfj < UH, Up_; < Uj_jand Ug_; < Up_;

Proposition 2 indicates, given a certain customer’s low-carbon preference, that LSFO
is the most suitable option for a low carbon tax (8 < CS;'LC%E_CL + ¥) in terms of the supply
chain’s profitability. Otherwise, SP is the preferable option. It should be noted, however,
that an exceptionally high carbon tax would lead to a lack of demand in the market.
Consequently, regardless of the technology implemented, the gains from the supply chain
are nearly negligible.

In the situation that the carbon tax is certain, LSFO is the most suitable option for
(cst+ce—cy)
e; —eg

chain’s profitability. Otherwise, SP is the preferable option.

a high customer low-carbon preference (’y > bl —b ), in terms of the supply

5.2. Carbon Emissions Analysis

In this section, we investigate how carbon emissions are affected by operational costs
and carbon taxes in the port supply chain.

Lemma2. Tg_ i decreases in cg, ¢y, cs; 0, increases in 7y; Ty j decreases in ¢y, ¢ 1; and 0 increases in vy.

As costs and carbon taxes increase, so does the cost of services of the supply chain,
leading to a reduction in market demand and total carbon emissions.

Proposition 3. The port supply chain’s carbon emissions satisfy

Tin2Tis=Ti-p

Proposition 3 implies that when the port and shipping company are on an equal
footing, they are likely to provide lower prices to draw in more customers and broaden the
market, thus leading to an increase in emissions. The leader in a Stackelberg game always
limits the motivation of the other to offer services, which in turn induces carbon emission
reduction. Proposition 1 suggests that the Nash game yields the highest total supply chain
profits. Nevertheless, when regulators aim for carbon emission reduction, the Stackelberg
approach is favored.

Proposition 4. The total carbon emissions of the supply chain with the adoption of different

technologies satisfy
etepte aeg—bcpep —bcsep —berep —aep +bepep +bere :
If 6 — (b(eEE—&-eLL)) o DT ieEZilfeLZ LESELALTZEEL then Tpj < Tpj otherwise,
Tgj > T

In the situation that the customer’s low-carbon preference is certain, in the port supply
chain, if the carbon tax is minimal and the optimal profits are almost unaffected by carbon
emissions, then LSFO is the more desirable option. In this situation, the low cost of services
has caused a surge in demand, coupled with the higher unit carbon emissions, and the
utilization of LSFO yields a greater amount of carbon emissions compared to the use
of SP. As the carbon tax rises, Proposition 2 suggests that SP is the more cost-effective
option due to its overall cost advantage. Even though using SP has lower carbon emissions
per unit, if the carbon tax is increased to a certain level, the total carbon emissions from
using SP could surpass those of using LSFO due to the availability of more services in
the supply chain. Importantly, though, there exists a maximum limit on the carbon tax,
guaranteeing favorable market demand. The upper limit may be surpassed by the threshold
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in Proposition 4, leading to Tg_; < T under all possible values of 6 and 7. Yet even then,
the gap between emissions of the two technologies is still decreasing in 6.

In the case that the carbon tax is certain, if the customers’ low-carbon preferences are
high, the market demand for greener SP increases, and the carbon emissions of implement-
ing SP would exceed those of using LSFO.

In the situation of low carbon tax and low consumers” low-carbon preference, the sup-
ply chain’s optimal profit is basically not affected by the two factors. From the perspective
of overall cost, LSFO becomes the first choice. But LSFO with higher unit carbon emissions
produces more carbon emissions than SP. As carbon tax increases, the advantage of using
SP in terms of cost becomes more and more obvious. If the carbon tax and the customers’
low-carbon preference attain certain conditions, the overall emissions of adopting SP may
exceed those of using LSFO due to the fact that the port and ship may tend to provide more
services. It should be noted that the value of the carbon tax cannot exceed a threshold to
guarantee positive demand. This finding provides valuable insights to develop effective
carbon tax policies and emission reduction management measures.

5.3. The Analysis of Social Welfare

We examine how channel power structures, operational costs, and carbon taxes affect
social welfare in this section.

Proposition 5. In different power structures, the supply chain’s social benefits satisfy

Ifp: < e 2,then SWi_p = SWi_g < SW;_y,
otherwise SW;_p = SW;_g > SW;_N

Propositions 1 and 3 indicate that the Nash game yields the highest profits and
produces the most carbon emissions. When the environmental concern is kept low, the
detrimental consequences of emissions on social welfare are minimal. Consequently, there
is the greatest level of social welfare in the Nash game. As the environmental concern rises,
the detrimental consequences of emissions on social welfare become more pronounced.
When environmental concerns rise to a threshold, the social benefits of the Stackelberg
game exceed those of the Nash game. This suggests that regulators should incentivize
certain channel power structures to maximize social welfare.

Proposition 6. The social welfare under various technologies satisfies

Ich 2 thenswE j <swp_j(j=P,SN),
If < pc <3 thenswE N > swpN,swg_j <swp_j(j=P,S),
Ifpe > thenswE j > swr—j.

where

p = 2by0cree + 2by0cie. — 2byfe? + y20%e2 + 2ayer, — 2bycrer + 2e%er
+2by0%ece; — 2ay0e. — 2e*e, — 2bycrer, — €2
w = 2abcre?  +2abcie? + Zbe'yee ep — a’e? — 2aeye? + 2beycpe? — e?y%e?
—b2c2 €2 + 2abfeze;, — 2b2chte — b?c?e? + 2beycie? + 2ay0ed
+2e7%0e3 — 2byfcred — 2b79c ee 292621 2b%0cre2er
—2b20ciele; — 2by0%eder + a? + Zae'yeL + ez'yze% ZabcLeL
—Zbe'ycLeL + b2cLeL 2abcteL — Zbe'ycteL + 2bZCLCt€L + bzcteL
—b?6%e2e? — Za'yeL 2ey2e3 ZabGeL Zbe’)f@eL + Zb'ycLeL
+2b29cLeL + 2bycre? + 2b29cte% + y%et + 2byBet + b20%e}
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Proposition 6 examines the impact of two distinct technologies on social benefits.
The findings indicate that when the carbon emission cost is reduced, the social benefits
associated with SP are greater than those of LSFO. Nevertheless, due to the complexity of
the threshold expression, we will illustrate this situation with a numerical example.

5.4. Managerial Insights and Practical Implications

In this section, some management insights and practical inspiration are proposed
based on the above results to provide some countermeasures and suggestions to rele-
vant stakeholders.

5.4.1. The Emission Reduction Technology Decision Making for the Port and Ship

According to Proposition 1, as to the market relationship between port and ship, the
profit obtained by one part acting as a leader is more than that obtained being a follower in
the game model. Meanwhile, the total profit of the port supply chain in the Nash game
is greater than that in the Stackelberg game. Therefore, ports or ships either strive to be
in a dominant position or strive to be in an equal position in the game. In practice, due to
the characteristics of port resources, ports are often in the leading position, so shipping
companies tend to carry out alliances. For example, the world’s three largest alliances
(THE Alliance, 2M, and Ocean Alliance) began operations in April 2017, and all eight
of the world’s largest container shipping companies are included. These three alliances
carry about 80% of the total container trade and about 95% of the cargo on east-west trade
routes [45]. Such alliances greatly increase market share and improve coordination with
regional transportation departments and ports.

The choice of technologies depended on the carbon tax policy and the low-carbon
preferences of customers. According to Proposition 2, if the carbon tax is low, using LSFO
for the ship would be preferred. Under the high carbon taxes, ports and ships should
choose to use SP when customers’ low-carbon preferences are low. With the growth of
customers’ low-carbon preferences, the advantages of using SP do not exist, and more
profits can be obtained by choosing to use LSFO.

5.4.2. The Policies and Management Measures for Government

At present, the Chinese government is vigorously promoting shore power. According
to Proposition 2, levying a higher carbon tax is conducive to the promotion of shore power.
When the carbon tax is high, the port and ship will be more active in using shore power,
but the carbon tax has a ceiling; beyond this ceiling, port and shipping enterprises will
not be willing to offer services, because there is no profit at this time. The customers’ low-
carbon preferences may lead to the expansion of market demand, which may lead to more
carbon taxes. Therefore, a higher preference of customers for low carbon is not necessarily
conducive to the promotion of shore power. However, according to Proposition 4, under
a high carbon tax, although the unit carbon emission of SP is relatively low, the total
emissions from the use of SP may exceed the total emissions from the use of LSFO, because
the port and shipping enterprises may provide more services at this time. Therefore, in
order to reduce the total emissions, the carbon tax should be in the appropriate middle
range. At this time, enterprises will choose SP, and the total emissions of using SP will also
be lower than those of using LSFO.

In terms of market competition relations, if the government aims to maximize the prof-
its of enterprises, according to Propositions 1 and 3, then the government administration
should support the Nash game that encourages ports and ships to be on an equal footing.
If regulators are concerned about emissions control, then the Stackelberg game in which
one party is in a dominant position should be encouraged. If the government focuses on
the maximization of social welfare, then when the social attention is large, the Stackelberg
game should be better, and the Nash game should be supported when the social attention
is small.
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6. Numerical Example Analysis

A few numerical illustrations are presented in this section to provide a more com-
prehensive explanation of the quotes and propositions obtained above. The parameters
are [31]a =200,b =3.5,cp = 2.8,c; =3.6,cs = 0.6,eg =4.2, ¢, =49, e =54,c; = 1.6.

6.1. Influence of 0 and <y on Profits

The profits of the port and ship are shown in Figures 2 and 3, respectively. In line
with Proposition 1, being a leader always achieves more profits than acting as a follower,
while the Nash game has the greatest overall earnings compared to the Stackelberg game,
as depicted in Figure 4.

The comparison of profits between the two technologies is complicated. In cases
where carbon taxes and customers’ low-carbon preferences are minimal, the emission
penalties are negligible, and using LSFO is the suitable option. As the carbon tax increases,
SP is expected to become the preferred option. As the carbon tax rises to a certain level,
the supply chain will be unable to generate any additional revenue due to the stringent
emission penalties, resulting in the supply chain’s financial loss.

{Red:E-P,S,Yellow: E—N,Green:L—P,S,Gray:L—N}

carbon tax 8

Figure 2. The port supply chain’s total profits.

{Red:E-P,Blue:E-S,Yellow:E-N,Green.L-P,Pink:L-S,Gray:L-N}

—

carbon tax

Figure 3. The profits of the port.
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{Red:E-P,Blue:E-S,S,Yellow: !_E—N,Green ‘L-P,Pink:L-S,Gray:L-N}

profits of ship1 000

carbon tax

Figure 4. The ship’s profits.

6.2. Influence of 0 and -y on Carbon Emissions

As illustrated in Figure 5, the Nash game has the most carbon emissions as described
in Proposition 4. When 6 and  are minimal, the total carbon emissions with the adoption
of LSFO is more than those of using SP. With the carbon tax increasing, the total carbon
emissions of SP are greater compared to LSFO. As the carbon tax rises to a considerable
degree, the supply chain’s services of all three power structures become significantly lower,
and the emissions under different power structures also approach one another. Given the
minimal carbon emission penalty associated with low carbon taxes, adopting LSFO can
earn more profits due to its cost-effectiveness. Low service costs will lead to a surge in
demand and, combined with high carbon emissions per unit, using LSFO produces more
emissions compared to the adoption of SP.

{Red:E—P,S,Pink:E—N ,Green:L-P,S,Blue:L-N}

—

300

o 200
carbon emissions

carbon tax

Figure 5. Total carbon emissions.

6.3. Influence of 0 and y on Social Welfare

Figure 6 illustrates how carbon tax, customers’ low-carbon preferences, and envi-
ronmental concerns impact social welfare. Given a certain technology, if environmental
concern is low, the Nash game would be the most suitable option from a social welfare
point of view. In any other cases, the Stackelberg games are expected to be superior, as
indicated in Proposition 4.

156



Mathematics 2024, 12, 848

{pc:0.000S,Red:E—P,S,Yeﬂow:E—N,Green: L-P,S,Gray:L-N}

{pc:0.02,Red:E—P,S,Yel\ow:E—N,Green: L-P,S,Gray:L-N}

1000
social welfare
500

low-carbon preference

Figure 6. The social welfare.

Comparing the social welfare between the two technologies is a complex task, so the
Nash game is regarded as a representative instance. Two different environmental concern
cases are shown in Figure 6. The low-environmental consciousness situation (pc = 0.0005)
is shown as Figure 6a, and Figure 6b describes the high-environmental consciousness
situation (pc = 0.02). Proposition 2 suggests that when 6 and <y are both low, the economic
benefit of the supply chain implementing LSFO is greater than that of using SP. However,
the total carbon emissions with the adoption of LSFO are more than that of SP according to
Proposition 4. Under the low environmental concern, implementing LSFO is more suitable
from the viewpoint of social welfare. As the environmental consciousness grows, the disu-
tility of carbon emissions increases. With higher unit carbon emissions, the social welfare
of the adoption of LSFO drops more significantly than that of SP. Consequently, SP with
more social welfare is favored over LSFO when it comes to high environmental concerns.

7. Conclusions

This paper discusses the decision making of emission control technology (SP and
LSFO) in the port supply chain. The model is constructed in three power structures using
game theory. By analyzing the equilibrium results, some results are obtained.

Firstly, for maximizing the supply chain’s profit, a balanced supply chain on both
sides is better than the Stackelberg game. When the customers’ low-carbon preferences
and carbon tax are low, LSFO is the preferred option; otherwise, SP should be the more
suitable choice.

Secondly, for controlling emissions, the Stackelberg game consistently produces fewer
carbon emissions than the Nash game. When the customers’ low-carbon preferences and
carbon tax are low, LSFO is the better option than SP; otherwise, SP should be chosen.

Finally, from the point of social welfare, the Nash game has the highest social welfare
when the environmental concern is low, whereas the Stackelberg games have more social
welfare when the environmental concern is high. The technical comparison, however, is
more complex. Generally speaking, when customers’ low-carbon preferences, carbon tax,
and environmental concerns are all low or high, LSFO is preferred. Otherwise, SP would
be better.

Most of the existing studies on emission control in port areas focus on the emission
reduction efforts and emission reduction investment of port and shipping enterprises
under government policies, such as subsidies, carbon tax, and carbon trading mechanisms.
However, there is little literature on quantitative analysis and comparison of the two
technologies (SP and LSFO). Yang et al. [21] compared SP and LSFO from the perspective of
sustainable development under the carbon trading mechanism, but they did not take into
account the influence of customers’ low-carbon preferences. This study shows that under
customers’ low-carbon preferences, a higher carbon tax may not necessarily make the
supply chain choose the cleaner technology SP, because the expansion of market demand
led by customers’ low-carbon preferences may promote the supply chain to use general
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clean technology (LSFO) to obtain more profits, which will inevitably lead to more carbon
emissions. Also, in terms of social welfare, when customers’ low-carbon preferences, carbon
tax, and environmental concerns are all low or high, the social welfare of using LSFO is
greater than that of using SP. Otherwise, the social benefits of using SP are more substantial.
The results obtained can further enrich the existing research. Meanwhile, these can give
ports and ships valuable information to select suitable emission reduction technologies,
and it is also very useful for regulars to formulate appropriate policies from the view of
their own interests.

The decisions made by ports and ships regarding emission reduction are influenced by
various factors, including the ports’ natural resources, ship characteristics, the competitive
dynamics among ports, the vessels” competitive relationship, and market unpredictability.
So the process is more intricate. Consequently, exploring a more realistic port and shipping
supply chain that includes multiple ports and ships is the future research direction. In
addition, the game-theoretical models could be expanded to include subsidies or additional
strategic interactions, and the artificial neural network [46] could also be used as an
optimization method in the next study.
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Appendix A
1. Solutions with adoption of SP

(1) In ship-leading Stackelberg, the port’s profit is UP = (m — cg)q — qeg0

Solving %L = 0, m" = ”ercfthrgb(e*eEHbeEe, substituting m* into U®, and solving

aali;s _ O, Wg_g = a+Y(e_gE)+b£2E_CS+Ct_EE9); thus,
a +’Y(6 — EE) — b(CE —3cs ¢ — 3659)
ME=s = 4b ‘
u? = latale—er)blcptestate)? s
E-S — T6b s+ YE-s
_ [a+y(e—ep)—b(cp+es+eptepd)]
- 8b
sc 3[” + ')’(e - eE) - b(CE +cs+cr + eEQ)]Z
eg(a+y(e—eg) —b(cg +cs + ¢t +egh))
Tgs = 1
(3 — beg®pc) (a+y(e —eg) — b(cp + s + ¢t + egf))’
TE-S = 160

(2) In the Nash game, the ship’s profit is U° = (w — ¢t — ¢s)[a — b(m + w)] — geg#.

Solving 4 = 0,w" = “+bCE+bCfE£’m+7‘3_VEE, the port’s profit is U? = (m — cg)q — qegf.
. ur * _ a+bcs—bw+y(e—ep)+berpf
Solving 5= = 0,m = 5
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Now, solving above two equations simultaneously,

_ aty(e—ep)—b(cp—2cs+c—2eg0)

ME-N 3b sWE-N
_a+y(e—eg)+b(2cg—cs+2ci—egh)
= 3b ’
Thus,
p  (a+y(e—eg)—b(cg+cs+cr + eEQ))2
Up_ N = ’
9b
; (a+ (e —eg) —b(cg + s+t +eh))?
Up N =
9b
sc 2(”+’Y(€_6E) _b(cE+Cs+Ct+eE9))2
Uy = ’
9b
ep(a+y(e—eg) —b(cg+cs +ct +egh))
Te-N = 9 ,
(2 — beg?pe) (a+ (e —eg) — b(cg +cs + ¢t + eh))?
SWE_N = 9% .

(3) In the port-leader game, the ship’s profit is U° = (w —¢; —¢s5)[a — b(m +w)] —
gegf. Solving y — 0w = ﬂ+bcg+hcrzbm+'ye7'yeg
. = ,

, substituting w" into U, and solving

% = 0, me_p = ﬂ+7(€—@£)+bgch—cs+ct_EE(;); thus/
a -I—Y(E — EE) + b(?)CE —Cs + 3Ct _ 650)
e 10
P _ laty(e—er)—blcptesteterd)
UEfp _ | (e—ep 85 t+epf)] ,UISS_P
= UH_IY(E_EE)_b(CE+Cs+Ct+€E9)]2
N 166
U%C, — 3[a+7(€76’5)7b1(gE+cs+ct+eEg)]2’ TE_P
_ @E(lﬁ"Y(C*eE)*b(CE+cs+Ct+eE9))
o 4
(3 - beEZPc> (a + ’Y(e — EE) — b(CE +cs+cr + @EG))Z
SZUE7P = |

16b
2. Solutions with adoption of LSFO

When LSFO is implemented, the results can be easily obtained by the same method
used in the situation of adoption of SP. In order to avoid repetition, the solving process is
omitted.

3.  Proofs

Proof of Lemma 1.

() whenj=P: e = e — 5 o ThEe — 9 5o, T — A
0,and azaljijfp = 3(17;{9)2 > 0.

(2) whenj = S§: 82812125 - azalzlifs =3 > Ofazali% =% >0 azabzliis - 3(825;6)2 >
0, and az;z[ifs = 3(;,;9)2 > 0.

@ whenj=N: Tt = S _ o o P _ g s 0 T Hepl
0, and az;’ZN = M >0

O
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Proof of Proposition 1. For the port,

A? A? 7A?
p p p p 4 P _
uE—P B uEfs 160 — >0, uE P uE—N b = 20, uE S uE—N = 144b <0
B2 B? 7B?
PP >o,u’ P >o,u’ P <
Uip=Uis =g 2 O0Uip—Un= 75 20U s~ Uy 1445 ="
Therefore, U! , > U! ,, > Ufis
For the ship,
A? 7A? A?
Up p—Up s = “16b = <OUp p—Up y= T 144p = <O Up s—Up y= 79h >0
B2 7B? B2
Up p—Up s =— 16b <oUl p—Ul y=— 144b <0,Uj s usz:ﬂ =0
Therefore, U7 , < U7 < U7 ¢
For the supply chain,
—ep) —b 0))>
U p— U g = 0, U p— U NﬁS(a—i—y(e eg) —b(cg +cs+cr +egb)) >0
144b
2
U p— U g = O, U p— Uy — _ 5(a+vy(e—er)—b(cp+ct+eph)) >0
144b
Therefore, U7\, > U7, = U°¢. O
Proof of Proposition 2.
Up_;— = B(2a —2ye+ y(eg +er) — b(cg +cp +cs + 2 + e 0+

epf)) (v ( eE — EL) +cp —cp — ¢s + Bep —feg)
Up ;—Uj ;= p(2a —2vye+ y(eg +er) — b(ce +cr +cs +2c +er8
+eef))(v(ee —er) +cp — cp — ¢s + Oep—0ek)

Up - Up" ;= ¢(2a — 2ve+ y(ep +er) — b(ce +cp +cs + 2¢ + e0 + exb) ) (v(ee
—ep) +cp — cg — ¢s + ey —Oer)

where 5, i, ¢ are constants.

Since q > 0, 6 must satisfy 6 < a+y(e_e£)l;i(c‘g+c5+cf),9 < Hy(e_egl:b(cﬁc’), if 0 <

0 < Cs:ciEcL then
L—C€E

P P s s sc sc
Up ;< Up_,Up ;< Up and Ug_; < Uy~

0

Proof of Lemma 2.

(1) whenj=P,5: %1 = f’g;;f = e < 0,8 = ey < 0,25 = b2
0, %4 = L 0 and Tt —bd) g,

() whenj = N : ZEN = ag; = % <0 PEN = b <0, Y5y = v
0, U = (emple 0 gnd T = ~200) <,
O
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SWi_p —SW;j_g = Oswi_p —SW;_N = -

Proof of Proposition 3. Comparing the supply chain’s carbon emissions under different
power structures,
Tip—Tis=0 Top—TL-N
=—tHat+v(e—er)
—b(cp +ct+erh))

Te—p—Tp-n= —f5(a+y(e—eg)
—b(cg 4 cr+cs +egh))

a+vy(e—ep)—b(cp+ct)
bEL

a+vy(e—eg)—b(cg+cs+cy)

T ; therefore,

,0 <

Since g > 0, § must satisfy 0 <
TL-n>Tip=T s U

Proof of Proposition 4. Comparing carbon emissions of two technologies,

T ep(a+vy(e—eg) —b(cg+ct+cs+epb))—er(a+v(e—er) —b(cr +ct +erb))
=

Tr . — =
E j 4

]

Ifo <6< ’”E_hCEeE_bCSe%;Ebfflfe:fq+bcL€L+bCf€L,then Tg_; < Tp_j otherwise, Tg_j >
;.0

Proof of Proposition 5. The social welfare of the supply chain is compared as follows:

(3 —bepe)(a—b(ci+cs+ei+ef)  (2—DbePpe)(a—blci+cs+ct +e8))?

160 9b
Therefore, if p, < 71757,then swi_p = sw;_g < sw;_;otherwise, sw;_n< sw;_p =
SWi_s. U
Proof of Proposition 6.
3—bep?B (ﬂ+7677657b057bcsfbct7b659)2
SWE—j —SWL—j = ( ) 166
(37heL2B)(u+'yef'yeL7bcL7bct7beL9)2 .
- 16b (] =P, S)
2—beg2B) (a-+ye—ryep —beg —bcs—be;—bep6)?
SWE-N —SWL-N = ( ) 160
(27beL2/S)(a+'ye7'yeL7bchbct7beL9)2
B 16b

Therefore,

If p. < %p, then swg_; < swy_;(j =P,S,N),

If ZUP < pe < %DI then swg_n > swy_n, Swg—j < swL,]»(j = P,S),
If pc > %p, then SWE—j > SW ;.

o = 2by0Ocre, +2byOcie,  —2ay0e, + v20%e2 — 2e*0e, + 2ayer + 2ey*er — 2bycrer
_Zb’YCteL + Zb’yGZegeL — Zb’)/Ge% _ r)/ze%

w = 2abcpe? — a2 —ey%e? + 2berycpe? — bPcl e — 2aevye? + 2abeie? + 2berycie?
—2b%crcre2 — b2c2e? + 2aryfed + 2ey*0ed — 2byOcped — 2bybced
—20%¢% + 2abfeZe; + 2beyBele; — 2b%0crele; — 2b%0cieer
—2by02e3er, + a*e? + 2aeye? + e>y%e — 2abcre? — 2beycre?
+b2c%e% - 2abcte% — ZbE’YCtE% + 2bchct6% + bZC%e% - bZGZeSe%
—2a’ye% — Ze'yze% — Zab()ei — 2be'yGe% + 2b’ycLe% + 2b29cLe%
+2b'ycte?£ + 2b29Ct€‘2 + ’yze‘i + 2b796% + bZGZE%
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Keywords: offshore wind; renewable energy; operations and maintenance (O&M); decision making;
cost optimisation

MSC: 90-08

1. Introduction

For an offshore wind farm (OWFEF), the operations and maintenance (O&M) activities
should be conducted throughout the project life. The O&M activities of offshore wind
turbines contribute up to 30% of the energy production cost [1,2], although such costs
dislike the huge amount of installation cost during the construction phase. In practice, a
major proportion of the O&M costs occur from corrective maintenance activities scheduled
to recover the failures on different wind turbine components [3]. Hence, an improvement
in the costing performance on corrective maintenance may effectively reduce the energy
production costs in OWFs.

During maintenance services in OWFs, one of the common challenges is the transport
of technicians, equipment, spare parts and large components to wind turbines offshore [4].
An efficient fleet of transport is required for an offshore wind project, especially to recover
wind turbine failures quickly in corrective maintenance. Hence, a large part of O&M
costs is spent on purchasing or chartering-in transport, including vessels and helicopters.
Transport efficiency plays a key role in determining transport demand in terms of working
hours required for fixing different faults by considering vessel/helicopter compatibility
and weather restriction. The most popular vessels used in OWF maintenance include crew
transfer vessels, field support vessels and jack-up vessels; some other types of vessels
might be requested for specialised tasks such as cable-laying [4]. Helicopters are usually
considered to take emergency repairs or minor maintenance services in order to help wind
turbines re-start work in order after a short breakdown period.
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Apart from the purchase or charter-in costs of transportation, a number of other cost
elements occurring in maintenance services in OWFs, such as labour costs caused by repair
and replacement of turbine components, fuel cost resulting from transport, the repair
cost of materials or spare parts and revenue loss due to production downtime [5]. In
practice, corrective maintenance management is critical for maximising the availability of
production systems and minimising the overall O&M cost [6]. The revenue income loss
can be estimated by computing the required service time, the expected waiting time, and
the productivity level associated with the probabilistic wind speed. The accessibility of
the installed facilities by different transports under various sea states greatly affects the
downtime length. Hence, the maintenance of any offshore wind turbines is not simple due
to the restricted logistics and accessibility.

An optimal plan of both preventative and corrective maintenance is critical for reduc-
ing the O&M cost of an offshore wind farm. The key issue in developing the optimal plan is
the decision of how to use the transport and labour to carry out maintenance jobs. A survey
of OWF owners was conducted by Pahlke [7], with almost three-quarters of the respon-
dents stating the need for a decision-aiding model/tool, whereas few had existing models
for use [5,8]. The existing decision support approaches to date use mainly simulation
techniques [8-10]. However, an optimisation solution cannot be derived directly through
simulation. Hence, recently a variety of mathematical optimisation models have been devel-
oped for the cost minimisation of maintenance planning in offshore wind farms [3,4,11-17].
The most recent research combined mathematical optimisation modelling and simulation
techniques [18,19].

The failure rate affects the activity time and costs of transport and labour, especially
the corrective maintenance for turbine component breakdown [20,21]. The unscheduled
repairs/replacement of failed wind turbine components result in a significant proportion
of the maintenance actions, typically between 50-70% [22]. The maintenance practices in
an OWF can be optimised with respect to the failure frequency and repairs/replacement
costs of wind turbines in the offshore environment. An effectively optimised maintenance
schedule for OWFs could potentially reduce the overall maintenance expedition costs to
a minimum level in conjunction with the use of historical data on offshore wind turbine
failure rates [23].

In this paper, we propose a mathematical optimisation model for OWF developers to
improve the cost-effectiveness of conducting maintenance activities. The main objective is to
achieve the minimum overall cost incurred in both preventative and corrective maintenance,
including transportation, labour, fuel, repair and downtime costs. A variety of wind turbine
components are considered under the classification of four categories of maintenance
tasks [24]. The contribution of this paper resides in the determination of the failure rates
of turbine components, which are expressed as a function of wind speed and the related
wind speed probability. To the best of our knowledge, no such study exists in the literature
that sets the failure rates of turbine components as a wind-speed-dependent parameter to
estimate the maintenance demand. In contrast, a significant relationship exists between
wind speed and wind turbine failure rate, according to Wilson and McMillan [25,26]. This
relationship needs to be taken into account when the management team is scheduling the
corrective maintenance activities for the offshore wind farm.

Although there are many existing decision support tools/systems for optimising OWF
maintenance plans, it is not easy to see an algorithm considering wind speed via Weibull
distribution. Weibull distribution has been recognised as an effective way to forecast
wind speed on the basis of historical data [27]. In the mathematical optimisation model
proposed in this paper, the failure rates are differentiated within a range of wind turbine
components under four corrective maintenance categories. The wind speed forecasting
formula is developed based on Weibull distribution, and the associated energy generation
is calculated. The solution of the mathematical optimisation model provides an efficient
decision-making approach for optimising and analysing maintenance activities.
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The rest of this paper is expressed as follows: In Section 2, a review of existing decision
models/tools/algorithms developed for offshore wind farm maintenance is presented.
Section 3 introduces the background information on offshore wind farm maintenance,
which also gives the essential assumptions of the developed optimisation model. Section 4
describes the proposed OWF maintenance model for optimal strategic planning. Model
results and sensitivity analysis are illustrated in Section 5. Finally, some concluding remarks
and further research suggestions are given in Section 6.

2. Existing Decision Aid Models for Offshore Wind Farm Maintenance

When modelling O&M practices in OWFs, the failure rate of the wind turbine compo-
nents is a key parameter that will significantly affect the energy output and cost per unit of
energy produced. Several models have been produced to forecast wind power revenue [28]
or to predict O&M costs [29,30] by considering wind turbine reliability. Reliability models
are utilised to estimate the failure frequency of offshore wind turbines and identify the
repair time for each type of failure [31]. The revenue losses due to wind turbine failures
and necessary maintenance actions are recognised as the main portion of maintenance
costs. This literature review focuses mainly on the development of mathematical optimi-
sation models for the cost minimisation of maintenance planning in offshore wind farms.
Operational research (OR) techniques have been used widely in scheduling and capacity
planning of renewable energy production [11,32]. For simulation tools to analyse the O&M
costs in offshore wind farms, we refer the readers to Hofmann [10] for a survey of decision
support models for offshore wind farms with a special emphasis on O&M strategies.

The first mathematical optimisation model that addresses the vessel fleet composition
problem for maintenance operations at OWFs was proposed by Halvorsen—Weare et al. [4].
The solution of the model would be used by decision-makers when deciding which vessel
type should be purchased or chartered in. The model also helps to determine which
infrastructure, such as the maintenance base, should be used to minimise the total cost
of the vessel fleet. The model considered uncertain weather parameters, including wind
speed, wave heights, wave direction and current, to estimate the spot prices of charter-in
contracts and the number of failures that lead to corrective maintenance operations. Finally,
they indicated clearly that all these parameters are treated as known in their deterministic
model. The work of Halvorsen—Weare et al. [4] has been extended to develop a three-stage
stochastic programming model, in which the uncertainty in vessel spot rates, weather
conditions, electricity prices and failures are considered. Gundegjerde et al. [12] claimed
that these uncertainties are often considered in simulation models, whereas they are mainly
handled as deterministic parameters in mathematical programming models. Stalhane
et al. [16] applied a two-stage stochastic programming model to help decide the optimal
vessel fleet to support maintenance operations at an offshore wind farm.

A number of researchers investigated the optimisation of vessel routes and schedules
for maintenance tasks at an offshore wind farm. The problem is similar to a vehicle routing
problem with pick-up and delivery [33]. In [34], the fleet of vessels is heterogeneous and
located at a depot (base) at the beginning of the planning horizon. The goal is to create one
route for each vessel so that the vessel travels from the depot (base) to a set of wind turbines,
where it will deliver and pick up technicians and spare parts to perform the maintenance
tasks at each turbine. In their problem, the cost function includes travel cost, downtime
cost and penalty cost for not performing maintenance tasks in the current time period. The
mathematical model is deterministic, and no uncertainties are considered. Their model
was later extended to a two-stage stochastic programming model where uncertainty in
demand and weather conditions were taken into account [13]. Irawan et al. [14] extended
the model in [34] to resolve maintenance routing and scheduling issues within multiple
wind farms and O&M bases. This case is relevant to when clusters of neighbouring wind
farms are being developed, allowing maintenance resources to be shared between them. In
the proposed model, they also took into account different skill types of technicians at each
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O&M base, the availability of maintenance vessels and spare parts and the capacity of each
type of vessel to transfer spare parts.

Although they addressed the weather window to reflect the uncertainty of the weather
upon the solution, the weather window has been given as a known value by [34] in
their deterministic model. Fan et al. [15] applied mixed particle swarm optimisation to
identify a mapping relation between vessels and wind farms and explore the optimal vessel
allocation scheme. Based on the scheme of vessel allocation, then, a discrete wolf pack
search is introduced for the maintenance route optimisation under all constraints.

Most recently, to handle the uncertainties of weather conditions and turbine failure rate
in offshore wind turbine maintenance, Irawan et al. [19] proposed a sim-metaheuristic algo-
rithm which combines a metaheuristic with Monte Carlo simulation to solve the stochastic
maintenance routing problem. The Monte Carlo simulation takes a number of uncertainties
into consideration: weather conditions, the condition of the turbine, technicians” skills,
vessel conditions and the weight of equipment/parts. Turan et al. [18] combined system
dynamics and discrete event simulation approaches to model and solve a strategic problem
of fleet renewal to match future requirements under uncertain conditions. The uncertainties
considered are resource uncertainties. Li et al. [35] considered more uncertainties in OWF
failure to generate a multi-objective OWF maintenance strategy optimisation framework
by using a probabilistic method and the Monte Carlo method.

The most relevant paper to the proposed research is the one by Li et al. [3]. In the paper,
the decisions need to be made on the maintenance strategies to select for OWF developers,
the number of technicians for HR managers and the number of chartered vessels for O&M
planners. The objective is to pursue a minimum total cost of personnel, transport and
breakdown for O&M in offshore wind farms. Li et al. [3] developed both deterministic and
stochastic optimisation models for this problem. The deterministic optimisation model is
used when the failure rates of wind turbine components are given, whilst the stochastic
model is utilised in case accurate failure data is unavailable.

From the review of the existing optimisation models for maintenance in OWFs, there
is scarce research in the literature that sets the failure rates of turbine components as a
weather-based parameter to estimate the maintenance demand. The main contribution is
to link the failure rates of turbine components with wind speed and the related wind speed
probability. The new mathematical optimisation model proposed in this paper concentrates
on corrective maintenance activities in an offshore wind farm since they are more sensitive
to weather variations. The objective of the optimisation model is to minimise the overall
maintenance cost with a wider range of cost elements resulting from labour, transport, fuel,
repair/replacement and downtime in practice. Different wind speed levels are considered
with an occurrence probability based on the historical data; modified model constraints
will correspond to estimated failure rates with the probabilistic wind speed.

3. OWF Maintenance Characteristics and Assumptions of the Optimisation Model

The proposed model focuses on minimising the expected maintenance costs of an
offshore wind farm during a given period. A range of maintenance categories is specified
technically on wind turbine components. Different kinds of transport from a base port,
including vessels and helicopters, are used to execute the maintenance work at a single
offshore wind farm. The travel distance is a return journey between the base port and the
offshore wind farm, as shown in Figure 1. Maintenance technicians are hired on either
a full-time or part-time basis. Wind speed probability, as a key parameter of sea state, is
predicted by using Weibull distribution. This parameter is crucial to predict turbine failures
and to determine the expected energy production.
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Figure 1. Offshore wind farm maintenance decision-making workflow.

Based on the weather-based failure rates on each turbine component in a given OWF
size, the required number of transports and technicians would be balanced by the model
with the minimised total amount of annual cost. Maintenance demand, vessel/helicopter
compatibility and sea state restriction on transport are considered in the transport selection
and cost minimisation. Figure 2 shows the workflow of the proposed optimisation model
with its inputs and outputs. The overall workflow of the optimisation model considers two
sets of input parameters, namely OWF data and maintenance technical data. The wind
speed via Weibull distribution, with historical weather data, is used to determine the power
generation and failure frequency. The input of OWF maintenance data, such as transport
compatibility and deployability, will be picked to meet the maintenance requirement. On a
given actual problem, the maintenance technical data could be altered by using its realistic
values in the proposed model. After implementing the model, the demand for transport
and technicians is estimated, and the minimised costs are computed.

3.1. Categorisation of Maintenance on Wind Turbine Components

The developed optimisation model takes into account both preventative and corrective
maintenance. Different categories of maintenance activities, such as minor repair and major
replacement, are allocated to a range of key turbine components. Index i denotes the
maintenance category, and j represents the component. All key components of a wind
turbine, such as a gearbox and rotor blade, are considered in the maintenance activities of
the model.

For each maintenance category on every wind turbine component, the repair time,
repair cost and the number of technicians required are determined (Carroll et al., 2016).
Repair time (Tl.r;p “") covers the time that the maintenance technicians use during inspection,
repair
o)
addition, the number of required technicians (Qjj) is also pre-determined depending on the
workload of each maintenance category on different wind turbine components. The travel
time of a vessel or helicopter from the maintenance base port to the offshore wind farm is
defined as T,ﬁr‘wez = % by the travel distance of a returned trip over the transport speed.

repair or replacement. Repair cost (C ) is the cost of materials, equipment and tools. In
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Figure 2. Workflow of the proposed maintenance optimisation model.

3.2. Compatibility and Deployability of Maintenance Transport

The main activities in offshore wind maintenance are the transport of the technicians,
materials and spare parts and the execution of service, repair or replacement. The compati-
bility and deployability of maintenance transport are recognised with OWF practitioners in
the 20M (Offshore Operations & Management Mutualisation) project.

A range of transport means, including vessels and helicopters, are used to execute
different maintenance tasks on the wind turbine components. Index k denotes the common
transportation type used in offshore wind maintenance. The most suitable transport type
should be selected to execute a maintenance job subject to the compatibility of transport
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and weather restrictions. Different wind speed levels (w) are considered to investigate the
impact of failure rate on energy productivity.

Vessels and/or helicopters can be chartered, on a short-term or long-term lease, to
carry out maintenance tasks during the planning horizon. According to the response in

interviews with OWF practitioners, each type of transport has a given fixed cost (C{ lxgd),

charter cost (C,‘éh‘”te’), fuel consumption (O), fuel cost (CI{ ud) and transport speed (Sg). The

length of the lease period in hours (H,immport) of each transportation type is pre-determined

in the developed model. In addition, the labour hours of a full-time technician (H }("b‘”‘”t Ty
and a part-time technician (H]lfb”“’P T) are introduced as working time in one year and

three months, respectively. Hence, the labour cost per full-time technician (C,lc”hO”rF T) and

part-time technician (C,l(“b"wp T) working on each transport type is defined as the annual

and quarterly salaries.

A maintenance team is usually sent to execute a task; the number of technicians
(Qjj) in a team depends on the workload of maintenance category i on component j.
Each maintenance category requires compatible transportation. For instance, a major
replacement of large turbine components must be executed by a heavy vessel with a

crane. The OWF practitioners also introduced the two binary parameters of compatibility
compatible

and deployability. A binary parameter (B;, ) is used to express the compatibility of
transport type k on maintenance category i. The use of transportation means also considers
the sea state, wind speed acts as a key parameter to determine whether a transport type
can go to execute maintenance work. If the wind speed reaches the operational limit
of the suitable transports, the maintenance activities will be postponed. Hence, another
binary (BZ;” foy ahle) is defined to show the deployability of each transport type k under wind
speed w. The selection of transport type must be subject to the binary variable of both
compatibility on maintenance categories and deployability on wind speeds.

3.3. Wind Speed Dependent Failure Rates

A significant relationship exists between the wind speed and the wind turbine failure
rate. Wilson and McMillan [25] proposed that the failure rates could be computed as a
function of wind speed, and they then developed the following model of wind speed-
dependent failure rates to assess wind farm reliability.

wind| fail
A faillwind _ Proby, ;i -Fyj 1)
i ~ Prob¥™
Probzi?jd‘f ! is the probability of wind speed w occurring, given a failure category i

has occurred to component j. It could be calculated by taking a probability density function
of average wind speed recorded on days when a failure occurred. F;; is the mean failure

rate of category i on component j. Prob" represents the probability that the average
wind speed is w. Therefore, Equation (1) is used to calculate the probability of a failure to
category i of component j, given an average wind speed w. The key advantage of using this
model is that the effect of seasonal changes on wind turbine operation can be accounted for.

3.4. Weibull Distribution to Predict Wind Speed Probabilities

As a common method to forecast wind speed probability, the Weibull distribution
provides a close approximation and has been used to represent wind speed distribution for
many applications of wind sources [27]. Its greater flexibility and simplicity make it ideal
for experimental data [36]. The Weibull distribution function, as a two-parameter function
for wind speed probability, is expressed in Equation (2).

po = (2)(2)" e (-(2)) e
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where w is the wind speed, m is the shape parameter and c is the scale parameter. A range
of methods can be applied to determine the value of the parameters, such as the empirical
method, maximum likelihood method and graphical method [36,37].

3.5. Energy Generation with Different Wind Speeds

The available energy generation rate of an offshore wind turbine varies with different
wind speeds. Cut-in (WS™) and cut-out (WS°“) wind speeds specify the minimum and
maximum wind speeds that the turbine can work to generate energy. If wind speed is less
than the cut-in level or greater than the cut-out level of a specific wind turbine model, then
the turbine terminates energy generation. The energy production rate keeps increasing
with the strength of the wind between cut-in and rated wind speeds. The rated wind speed
(WsTedy provides sufficient wind power that the turbine works with the rated capacity
(Cap™?). The production rate is stable at the rated capacity level when the wind speed is
over the technically rated wind speed until the cut-out level. A common formula, expressed
in Equation (3), is used to calculate how much power could be generated in one hour by a
given wind turbine under wind speed w.

0, WS, < WS™
%'p'A'(WSw)s‘COep, WS" < WS, < Wgrated
Capmted wsrated < WS, < WSoHt
0, Wsw > Wsout

GZ}vail(WSw) — (3)

Sweep area (A) is usually determined by the length of the turbine blade. Air density
(p) and wind speed (WSy,) are core parameters in the energy production formula. The value
of the power coefficient (Coe?') is unique to each wind turbine and is a function of the wind
speed of the turbine. The Betz Limit [38] specified that 0.59 is the theoretically maximum
power coefficient of any design of a turbine. The realistic power coefficient is significantly
below the Betz Limit; values between 0.35 and 0.45 are common in the best-designed wind
turbines.

4. The Optimisation Model Formulation

The optimisation model aims to minimise the overall cost, which includes the follow-
ing costs: transportation, labour, fuel consumption, repair cost and downtime.

e Transport fixed cost: Transport fixed cost includes one-off costs during an agreed
charter period of a vessel or helicopter, such as insurance, maintenance, etc. The cost
for each transport type k is computed by the unit fixed cost of a charter period and
the number of lease charters on this transport type required for repair/replacement
works. ,

Transport fixed cost = C{lxe‘i'x,‘f 4)

e Labour cost: Full-time technicians are charged on the basis of an annual salary; part-
time technicians are assumed to take a short-term contract every quarter. Short-term
temporary employment provides the flexibility to hire more technicians during the
busy seasons. However, the salary of quarterly contracts comes with a 37.5% extra
from the annual salary rate. Then, the total labour cost of each transportation k
is determined by the full-time and part-time salary (C]lfb"””: T and Cll(”b"”’P Ty with

the number of technicians employed (yi T and y,f Ty for undertaking maintenance
activities.
Labour cost = C’lcuhourFT_ylle,oc + C’lcuhourPT.yII:T,a (5)

e  Transport charter cost: The total charter cost of transport type k is determined in terms
of a daily charter rate (C{""*") and the length of chartering period. As a popular
transport type in OWF maintenance, crew transfer vessels are assumed to be chartered
on an annual basis. Field support vessels and jack-up vessels are usually chartered
weekly when a major repair or replacement is required. Helicopters are required in
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the case of urgent maintenance demand; they are chartered on the basis of the number
of hours. The number of charter periods for each transport type must be multiple of a

work shift, Lzhif "is the working hours in a daily shift.

(Tiruvel + TZ‘?}BPﬂiV) Zijkw ©
Shift
Lk

Transport charter cost = CMarter.

where zjji,, is a binary variable whether transport type k is selected for maintenance
category i on component j under wind speed w

e  Transport fuel cost: The fuel cost rate (Cl{ ud) is defined per m? for each transport type
k. Fuel consumption of a specific transport (Oy) is estimated per hour of travel time.

Transport fuel cost = C{uel'OkT,ﬁmm'Zi]’kw @)

e  Repair cost: Repair cost is the direct maintenance cost of repair materials, spare parts

and equipment. The total amount of repair cost should be determined by the unit cost
Crepair
on the failure rate.

) of category i on component j, with the maintenance demand that is dependent

. repair  fail|wind
Repair cost = Cijp ~A{;/w| -N (8)
e  Downtime cost: Any revenue loss due to the breakdown of turbines is defined as

downtime cost, which is computed by the hourly income of wind power production

(C%wny and the length of downtime, including travel time, repair time and waiting
travel
time of each maintenance task. A single trip travel time (Tk »—) of the selected transport

k is accounted-for downtime. The length of repair time (TZZEP m) is given as a constant

of the maintenance category i on turbine component j. It is not related to the type of
transportation used.

travel . )
downtime cost = Cd"w"~G§’Uvml- (kz + TZ;WW + T,E‘;ﬁ“*) Zijkw )

The objective function of the model is to minimise the sum of the two fixed costs and
four expected variable costs.

Min Total Cost = Y. C]J(‘i:ceal.x;ich y C]l(abourFT,ylle,a+ Y C]l{abourPT,yII:T,tx
keK keK

keK ) o
’7<T]€"HUEZ+T1;FPMV) - Zijta - /\fazl\wmd ‘N

ij,w

+Z E ): Z Cliharter.

SHIfE
ielje] keKweW Ly
1 il|wind
+LE L T OO Tz, AN )
icl jeTKek wew )
IYY ¥ C;gpazr./\{a;f\wlnd.N
icljejwew )
down  ~avail Tlimvel repair wait B fuil\wind
L o ( + T T ) Fje NN

Constraints:

The above objective function of minimising the total cost should be achieved subject to
a variety of constraints in O&M for the use of vessels/helicopters and technicians. In order
to hire enough length of transportation and labour times to execute maintenance works,
both transport hours (constraint set 1(a)-1(d) and labour hours (constraint set 2(a)-2(d))
should cover the requirement of different maintenance categories on turbine components.
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rep W) and the travel time (T]i”"’ez) are the two major portions to estimate

The repair time (T
the length of the required time of transport type k.

Constraint set 1(a): The total available time of each transport type k must be greater
than the length of the working time required, including travel and repair/replacement, for

undertaking maintenance.

,x Htmnsport > ZZ Z ( rfpulr Ttmvel) Zijkw A{]azlﬂwmd NvVkeK (11)
ielje] weW

Constraint set 1(b): The available time of each transport type k used for maintenance
category i must be greater than the length of the working time required, including travel
and repair/replacement, for undertaking maintenance.

xl‘i‘H’iransport > Z Z ( repazr T]imvd) 'Zijkw'Aéa;f'wind’NVi ceLkek (12)
jeJweW

Constraint set 1(c): The available time of each transport type k used for maintenance
category i on turbine component j must be greater than the length of the working time
required, including travel and repair/replacement, for undertaking maintenance.

t t 1 d . .
e HY P > ZV;V ( Iy Tt’“”el) Zij My "NViELje L keK  (13)
we

Constraint set 1(d): The available time of each transport type k used for maintenance
category i on turbine component j under wind speed w must be greater than the length of
working time required, including travel and repair/replacement, for undertaking mainte-
nance.

t t 1|wind . .
Ky HY T > (Trf’”” + Tiravel ) Zijka A{;“;‘w’” NVYielje ke KweW (14)
where

x,‘foﬁ>x > x0 (15)

ijkw

Constraint set 2(a): The available labour hours for both full-time and part-time tech-
nicians on transport k should cover the travel and repair/replacement of maintenance
executed by the transport.

ykTﬂé HlabourFT+yPTa HlubourPT >y Y ¥ ( r]epazr + T}imvd)'zijkw )\{;a;jlwmd N
iclje]JweW (16)
VkeK

Constraint set 2(b): The available labour hours for both full-time and part-time tech-
nicians on transport k should cover the travel and repair/replacement of maintenance
category i executed by the transport.

yPTﬁ HlahourFT+yPT.B HlubourPT > Z Z ( 176P017+ Ttmvel) Zz'jkw A{HZ‘wmd N
jejwew N Y I (17)
Viel,kekK

Constraint set 2(c): The available labour hours for both full-time and part-time tech-
nicians on transport k should cover the travel and repair/replacement of maintenance
category i on component j executed by the transport.

T,y yylabourFT PT,y rslabourPT
yl]k Hk + y1] H > Z

j 1 d
( repair + T]imvd) Zigw Afaz [win N
weW

] ,w (18)
Viel, je], keK
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Constraint set 2(d): The available labour hours for both full-time and part-time tech-
nicians on transport k should cover the travel and repair/replacement of maintenance
category i on component j under wind speed w executed by the transport.

FT,6 PT,0 1 d
yl] HlabourPT +yl] HlabourPT > (Tlr]epazr Tlimvd) Zl] " /\{;azzv\wm N (19)
Viel,je],keK weW

where — -
FT, , FT,6
y ¢ 2 yl > y1]k 7 = yl]kw (20)
PT, PT,B PT,7 PT,6
Y = Yik = yz;k = yl]kw (21)

Constraint set 3: The total number of full-time and part-time technicians on transport k
must be at least equal to the number required to carry any maintenance category i on wind
turbine component j if the transport is selected to execute the work under wind speed w.

yg,faf +y ],fuf > Qijzijw Vi€l jE, kEK, weW (22)

Constraint set 4: Transport type k can be used to execute maintenance category i
on component j under wind speed w only if the transport type is compatible with the
maintenance category and deployable under the weather condition.

Zijkw < BT BIPV e [ je [ ke K, we W (23)

Constraint set 5: A binary variable is used to indicate whether transport type k is
selected to execute maintenance category i on component j under wind speed w. If transport
type k is not selected for any category of maintenance on any wind turbine component
under any wind speed, the number of the transport must be zero.

< M-zjjiy and x> Zikw Vi€, jE], kEK, weW (24)

5
X jkw —= ijkw =
where M is a large positive number.
Constraint set 6: Each maintenance job of category i on component j under wind speed
w must be served by at least one type of transport if the failure rate is greater than zero and

compatible transports are available.

compatzble . .
Z Zijkw = Z A{;a?zj\wmd Vicl,je],weW (25)
keK

The optimisation model provides cost-effective planning for the maintenance opera-
tions of one offshore wind farm. It can be used to select the right type(s) of maintenance
transport and technicians and to determine the optimal amount of transport charters and
technicians for executing requested maintenance activities with the minimised total cost.

5. Experimental Results

A series of reference cases, initially published in [39], was applied to the developed
model for validation. Rampion offshore wind farm is used, as a sample case study, to verify
this optimisation model. The optimisation model has been solved by minimising multiple
types of costs. Experimental results and sensitivity analysis are presented in this section.

5.1. Data Setting

According to Carroll et al.’s categorisation of corrective maintenance activities [24],
four categories of corrective and preventative tasks (in Figure 3) are allocated to the
maintenance of the nineteen wind turbine components (in Table 1). Maintenance frequency
for the corrective maintenance depends significantly on the component failure rates. The
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essential characteristics of the four corrective maintenance categories of the nineteen wind
turbine components in the developed model are collected from the research work in [24],
including mean failure rate, repair time, repair cost and the number of technicians required.

Cat. 1: No cost repair Cat. 2: Minor repair
(no material cost involved) (less than £1000)

Cat. O: Preventitative

maintenance

(a fixed cost)

Cat. 3: Major repair Cat. 4: Major replacement
(between £1000 and £10000) (greater than £10000)

Figure 3. Categorisation of the maintenance on offshore wind turbines.

Table 1. List of key turbine components (Carroll et al., 2016).

Comp.1 Pitch system Comp.11 Pumps/motors
Comp.2 Generator Comp.12 Hub

Comp.3 Gearbox Comp.13 Heating/cooling system
Comp .4 Rotor blades Comp.14 Yaw system
Comp.5 Grease oil/cooling liquid Comp.15 Tower/foundation
Comp.6 Electrical components Comp.16 Power supply/converter
Comp.7 Contactor/circuit breaker Comp.17 Transformer
Comp.8 Control system Comp.18 Service items
Comp.9 Safety system Comp.19 Other components
Comp.10 Sensors

A range of transport types are used to execute different maintenance tasks on the
wind turbine components; type k = 1. ..4 denote the four common transportation means,
namely crew transfer vessel (CTV), field support vessel (FSV), jack-up vessel (JUV) and
helicopter (HEL). CTVs are popular for working in the offshore energy field, such as oil and
gas. FSVs and JUVs are used to take large repair and/or heavy wind turbine components.
HELSs can support the transportation of technicians and small spare parts in emergencies

and can significantly reduce the length of downtime. According to the data acquired from
compatible

O&M practice in the sector, the binary variable (B, ) of compatibility of transport k
for maintenance category i is clarified in Table 2. The value of 1 indicates ‘compatible’, and
0 represents ‘incompatible’. Based on the technical knowledge, in addition, the technicians
working on field support vessels and jack-up vessels can be used on crew transfer vessels
for minor repairs.

Table 2. Compatibility of each transport type on maintenance categories.

B;:;mlputible CTV FSV juv HEL
CAT.0 1 1 1 1
CAT1 1 1 1 1
CAT.2 1 1 1 1
CAT.3 0 1 1 0
CAT4 0 0 1 0
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The use of the maintenance transport is also subject to weather restrictions. The wind

speeds w = 1...22 are considered to investigate the impact of failure rate on energy pro-

ductivity. The binary variable (B;jfup foy uble) is shown in Table 3 to describe the deployability

of each transport type under different wind speeds. By considering safety, for instance, a
jack-up vessel is not allowed to operate a heavy lift for a major replacement if the wind
speed is over 15 m/s.

Table 3. Deployability of each transport type on wind speeds (1-22 m/s).

Bszlow“e 1 2 3 4 5 6 7 8 9 11 12 13 14 15 16 17 18 19 20 21 22
CTV 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
FSV 11 1t 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
juv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0o ©0 0 0 O 0 o0
HEL 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 o0

The rest of the standard industrial data are summarised from the work of Dalgic
et al. [40], such as transportation fixed cost, transport charter cost, transport fuel consump-
tion, fuel unit cost, labour cost, transport speed, transport restriction by wind speed and
usual transport charter period. The wind turbine specifications, such as rated capacity and
rated wind speed, are available on several websites (i.e., http:/ /4cOffshore.com, accessed
on 15 May 2020). To achieve the expected solution in different cases by using the developed
optimisation model, perhaps it is necessary to amend the model parameters with updated
data on industrial operations and the market.

5.2. Validation of the Developed Model Based on a Reference Case

The proposed model has been evaluated, and its performance has been compared with
other existing models published in [39]. The study uses a number of reference cases to verify
four decision-making models for OWF maintenance as follows: the Strathclyde analysis
tool, the NOWIcob decision support tool, the University of Stavanger (UiS) Simulation
model and the ECUME model. A case study of an OWF that consists of eighty (80) 3.0
MW wind turbines, which is developed 50 km from an onshore maintenance port. Three
types of vessels were considered to execute the annual preventative maintenance and four
categories of corrective maintenance, including manual resets, minor repair, medium repair
and major repair/replacement. Three CTVs, one FSV and one heavy-lift vessel are available
in the maintenance base port.

A comparative analysis has been conducted to compare the proposed model (new
model) with the models in the literature, as shown in Table 4. There are two main cost
components, which are the annual loss of production and the annual direct O&M cost. The
direct O&M cost contains vessel cost, repair cost and technician cost. By comparing the
base case results, the annual loss of production from this new model, £19.27 million, is
slightly higher than other models, which is based on the predicted power generation with
stochastic wind speeds. The direct O&M cost indicates that the result (£19.35 million) from
the newly developed model stays at the median level of these five models. Of the three
elements, only the repair cost stays at the highest level.

Table 4. Comparison of cost results in the base case between models.

New Model  Sathelyde  NOWIcob  Uis Sim Model  ECUME Model

Annual loss of production £19.27m £17.28m £16.63m £15.48m £18.64m
Annual direct O&M cost £19.35m £22.44m £25.17m £17.92m £14.48m
Annual vessel cost £13.25m £17.84m £19.18m £12.24m £9.30m
Annual repair cost £4.50m £3.00m £4.39m £4.08m £3.58m
Annual technician cost £1.60m £1.60m £1.60m £1.60m £1.60m
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Several further cases were generated from the base case for investigating the quanti-
tative sensitivity, including more (5) CTVs and fewer (1) CTVs, more (30) and fewer (10)
technicians and failure rates down (50%) and up (200%). Figure 3 shows direct O&M costs
for the base case and the other cases. By comparing with the results of the other four models
presented by Dinwoodie et al. (2015), the quantitative trend is relatively consistent across
the cases. The model presented in this paper gives the median level of direct O&M costs
in most of the reference cases (Figure 4), regardless of the changes in vessel or technician.
However, the new model generates the highest cost level within the higher failure case.
By comparing to the other models, this highest cost is probably due to the probabilistic
failure rates applied on each wind turbine component under various wind speeds. The
cost performance in Figure 4 also indicates, in the aggregate, that these model results are
placed in the range of other results.

—g £35
S
g £30 s
E— A A .
"
8 £25 [ | : @ New model
3 [ ] ® - = I Strathclyde
o NV N
g £20 s % . +—= A NOWicob
‘:; 15 5 b 4 [ | UiS Sim model
2 X v o X ECUME
< £10 ) ) 2£© o S i\K Q
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Figure 4. Annual direct O&M cost of the models in the reference cases.

5.3. A Sample Case Study

In order to evaluate the proficiency of the optimisation model, the data of the Rampion
offshore wind farm is used as an example. The Rampion offshore wind farm is off the
South Coast of the UK, and it is one of the new ‘round 3’ offshore wind sites designated by
the UK government. As the data shown in Table 5, 116 wind turbines have been installed
in the farm, which are specified technically by the rated capacity of 3.45 MW and the rated
wind speed of 12.5 m/s. The average distance from the maintenance base to the OWF is
16.9 km. The mean wind speed over the last 10 years is 9.81 m/s.

Table 5. Offshore wind farm & turbine inputs.

Parameter Value Unit
Number of turbines 116 turbine
Generation capacity 3.45 MW
Cut-in wind speed 3 m/s
Rated wind speed 125 m/s
Cut-out wind speed 25 m/s
Distance to port 16.9 km
Water depth 19-39 m
Mean wind speed 9.81 m/s
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In this study, the model was coded in the programming of A Mathematical Program-
ming Language (AMPL) and then solved by the solver Gurobi on a laptop with CPU Core
i5 2.4 GHz and 8 GB RAM. The optimal solutions with respect to different input parameter
data were acquired by the solver of Gurobi within a reasonable computation time. With
regard to the expected maintenance workload based on the wind-speed-dependent failure
rates, the model estimates the number of hours for each transportation type and technicians
in different maintenance categories on the range of wind turbine components. The total
cost is minimised by the developed model with the maintenance demand.

All the involved costs, including transportation, labour, fuel, repair material and
downtime costs, are taken into account in the experimentation. Fixed and charter costs
occur in hiring a required transport. Fuel cost covers the expenditures of fuel consumption
per m3. Labour cost is assumed to be the annual salary of full-time or part-time technicians.
The downtime cost is calculated by the energy potentially generated during the breakdown
and the wholesale electricity price. The unit cost per MWh of both preventative and correc-
tive maintenance is estimated, as the major outcome, with all the above types of costs and
the amount of energy produced. The model is also able to determine the minimum O&M
cost with the best transport selection; it assists decision-makers in making a decision on
the most suitable maintenance plan. A sensitivity analysis considering different scenarios,
namely 50% higher mean failure rates and 50% lower mean failure rates, is given in Table 6.

As the solution of the sample case shows in Table 6, three CTVs should be scheduled to
meet the annual maintenance demand; eight chartering periods of FSV and five chartering
periods of JUV are required. No helicopter is scheduled to execute maintenance service,
although it was an optional maintenance transport. This could result from the relatively
higher costs and restricted compatibility to maintenance categories on this transportation
mode. From the row “Number of technicians”, it can be seen that under the normal
failure rate, four full-time and two part-time technicians are hired on CTVs to meet the
maintenance labour demand. The full-time technicians on FSV or JUV can be deployed to
work temporarily on CTVs. More part-time technicians will be used than full-time on FSVs
and JUVs since major repair and replacement do not occur throughout the whole year.

Table 6. Comparison of sample case results with higher and lower failure rates.

Sample 50% Higher 50% Lower
Case Failure Rates Failure Rates

Maintenance working hours required
Crew transfer vessel 6479 8677 2892
Field support vessel 632 996 325
Jack-up vessel 793 1440 418
Helicopter 0 0 0
Number of transport charter periods required
Crew transfer vessel 3 5 2
(charter period: 1 year)
Field support vessel 8 1 4
(charter period: 1 week)
Jack-up vessel 5 9 3
(charter period: 2 weeks)
Helicopter 0 0 0

(charter period: 3 weeks)
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Table 6. Cont.

Sample 50% Higher 50% Lower
Case Failure Rates Failure Rates

Number of technicians required
F/T Crew transfer vessel 4 7 3
P/T Crew transfer vessel 2 3 1
F/T Field support vessel 1 2 0
P/T Field support vessel 4 3 5
F/T Jack-up vessel 8 15 1
P/T Jack-up vessel 13 7 20
F/T Helicopter 0 0
P/T Helicopter 0 0 0
Estimated costs
Preventative maintenance cost per MWh (£) 6.70 6.70 6.70
Corrective maintenance cost per MWh (£) 19.42 31.95 9.23
Total maintenance cost per MWh (£) 26.12 38.65 15.93

In the 50% higher failure rates scenario, as shown in Table 6, the number of CTVs
demonstrates an increase by two; and longer charter leases of FSV and JUV are also
requested to satisfy the increased maintenance demands. Three additional full-time techni-
cians and one additional part-time technician on CTVs are needed to match the maintenance
workload with a 50% increase in failure rates. On the field support vessel, one more full-
time technician replaces one part-time technician in order to provide more service time.
A significant change is shown in the number of technicians on the Jack-up vessel; seven
extra full-time persons are employed with a reduction of six part-time technicians. By
considering 50% lower failure rates, more part-time technicians are hired on all types of
transport because part-time employees are more cost-effective to satisfy the decreased
maintenance demand.

The cost distribution is investigated for the three scenarios. According to the average
results of the scenarios, transport charter cost contributes 51% of the total maintenance
cost (shown in Figure 5). Loss of energy production during downtime gives 23%, and
transport fixed cost occupies 15%. If the chartering period of FSV and JUV is extended
to two months or longer per lease, then the total transport fixed cost could be reduced.
Labour cost presents a small percentage (3%), and transportation fuel is less than 1% of the
total cost.

M Transport fixed cost

M Transport charter cost

I Transport fuel cost
Labour cost

¥ Repair cost

I Downtime cost

Figure 5. Distribution of each cost element in offshore wind maintenance.
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6. Conclusions

Although offshore wind technology has been developed rapidly during the last
decades, there are a limited number of optimisation models available to support O&M
planning activities. This paper proposes a decision-making model to assist offshore wind
project developers in planning cost-effective O&M decisions. The optimisation model
aims to minimise the total cost of O&M activities, including transport fixed cost, transport
charter cost, transport fuel cost, labour cost, repair cost and downtime cost, in offshore
wind maintenance during a given period of time.

Five categories of maintenance and key components of wind turbines are considered in
the developed model in order to produce realistic results. A transport type may be used to
undertake maintenance activities on multiple maintenance categories. For example, jack-up
vessels are compatible with carrying out major repairs and major replacements. Technicians
may also be used flexibly between different transport types to execute different maintenance
categories. For instance, the technicians on jack-up vessels or field support vessels are
entitled to work on crew transfer vessels for smaller repairs. Wind-speed-dependent failure
rates on different turbine components were considered in the optimisation model. The
model takes into account the wind speed probabilities in a particular OWF, so it is able to
supply a practical solution. By using the model solution, the effect of seasonal changes on
wind turbine operation can be accounted for.

The results obtained from the optimisation model are able to contribute effectively to
the planning of O&M resources and activities in advance to meet the necessary maintenance
demand. Both the required transportation and labour will be used effectively to improve
the performance cost. The revenue loss during downtime is regarded as another key
element in O&M cost. According to the sensitivity analysis, the experimental results
considering the sample OWF imply that the reliability of wind turbine components has
an immediate effect on maintenance costs. Therefore, this proposed model can support
offshore wind stakeholders in understanding the strategic resource requirement associated
with the maintenance of an OWF.

Both transport and labour are utilised effectively in the optimal solutions. However,
the utilisation could potentially be included as further objectives in the optimisation model
rather than considering cost-related objectives only. A balance between service efficiency
and cost-effectiveness could be achieved with a multi-objective optimisation model. The
effect of sea state, such as wind speed, is one of the most significant factors causing
uncertainty in the maintenance planning of OWFs. Weather forecast on a short timescale
could be accurate, but it is not sufficient to support the strategic plan of offshore wind
maintenance. Any sea state changes may result in a significantly different solution from
that predicted by the mean value.

The Weibull distribution was applied for the weather forecast based on historical
weather data in the OWF location. It is suggested to fit multiple weather scenarios into this
optimisation model and different occurrence probabilities in each scenario. Alternatively,
other stochastic modelling techniques might be considered for weather simulation, such
as a Markov chain, and integrated into the decision-making model. Different stochastic
models require different data inputs. Hence, this model can be deployed in a wider
range of realistic cases with various data availability. Finally, the correlation of preventive
maintenance with component failures can be investigated and included in the model as an
extra parameter in future research.
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Nomenclature or Abbreviations

Nomenclatures:
O&M Operation and maintenance
OWF Offshore wind farm
CTV Crew transfer vessel
FSV Field support vessel
Juv Jack-up vessel
HEL Helicopter
Sets:
iel Set of maintenance categories
je] Set of wind turbine components
ke K Set of transport types
weW Set of wind speeds
Parameters:
C,J: ped Fixed cost of transport type k in a charter period
C,ih‘”lt” Charter cost of transport type k per day
C,;: " Fuel cost per m® of transport type k
CiabourFT Labour cost of a full-time technician working on transport type k
C,lc’lbm‘rp T Labour cost of a part-time technician working on transport type k
C;].epm Repair material cost of maintenance category i on component j
Cdown Expected downtime cost per MWh
D Distance to maintenance base port
N Number of wind turbines
i Number of technicians required for maintenance category i on component j
Qjj q gory P ]
Fij Mean failure rate of category i on component j
Ti”’”d Travel time of transport k from the base port to OWF
Tir;p”” Expected repair time of category i on component j
T,?Z’l‘fit Expected waiting time of transport k under wind speed w
Sk Speed for transport k
O Fuel consumption (m3 per hour) of transport k
H,;mnswrt Total hours per chartering period of transport k
HjebourFT Total hours of a full-time technician on transport k
H, k"bo“’P T Total hours of a part-time technician on transport k
Lihlf ! Working hours of a shift on transport k
Bf}f mpatible =1, if transport k is compatible with category i
=0, otherwise
Blffuploy able =1, if transport k is deployable under wind speed w
=0, otherwise
Probind Probability of wind speed w
ProbZTjd‘f al Probability of wind speed w, given a failure occurred to category i on
component j
)\{;a;f lAwmd Probability of failure of category i on component j under wind speed w
Gavail Power generated per hour under wind speed w
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Caprted Rated capacity of a wind turbine

A Swept area of a wind turbine

14 Air density

Coe? Coefficient of the power of a wind turbine

WSy Value of wind speed w

wsin Cut-in wind speed

wsout Cut-out wind speed

wgrated Rated wind speed

Decision variables:

xg Number of charter periods of transport k required

xgw Number of charter periods of transport k required under wind speed w

X Number of charter periods of transport k required for category i under
wind speed w

xfjkw Number of charter periods of transport k required for category i on
component j under wind speed w

y]f T Number of full-time technicians on transport k

ygT”B Number of full-time technicians on transport k under wind speed w

ﬂzﬁ Number of full-time technicians on transport k for category i under

wind speed w

ygzvf Number of full-time technicians on transport k for category i on component j
under wind speed w

y]I: T Number of part-time technicians on transport k

yng’ﬁ Number of part-time technicians on transport k under wind speed w

Y ikz; Number of part-time technicians on transport k for category i under
wind speed w

ygzwé Number of part-time technicians on transport k for category i on component

j under wind speed w
Zijkw = 1, if transport k is selected for category i on component j under wind speed w
=0, otherwise
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Abstract

Optimizing the siting and servicing of urban facilities is a core operations research problem
that must reconcile heterogeneous demand, spatial constraints, and network-realistic travel.
We present GD-ARISE, a GIS-integrated and data analytics pipeline that maintains a
pedestrian—road network metric from demand inference through siting to routing. The
workflow has three modules: (i) GIS integration that unifies spatial layers on one network
and distance metric; (ii) data analytics that builds multi-criteria suitability via the Analytic
Hierarchy Process (AHP) and maps scores to adaptive service radii; (iii) optimal location-
and-routing that selects nonoverlapping sites with a transparent greedy rule (SCASS)
and computes depot-to-depot routes via simulated annealing on the same metric. A case
study in Seoul’s Gangnam District yields a high-coverage portfolio and feasible collection
routes. We add a theoretical framework that casts SCASS as a conflict-graph problem,
document the AHP elicitation with consistency checks, and report robustness analyses
including sensitivity to AHP weights and to radius bounds. Results indicate that core
hotspots remain stable to weighting, whereas mid-range corridors shift as criteria priorities
or spatial parameters change.

Keywords: optimal location-and-routing problem; urban waste management; GIS integration;
data analytics; analytic hierarchy process; maximal covering location problem; adaptive
coverage; simulated annealing

MSC: 90B80

1. Introduction
1.1. Motivation

Urban waste disposal and storage can be framed as a rigorously defined operations
research location-and-routing problem that is driven by demand data analytics and is
GIS-native [1]. In megacities, rapid urbanization and rising population density intensify
pressure on municipal services; public waste management often struggles to keep pace. A
core cause is geometric mismatch: bins are not where people generate waste, and service
routes ignore how people and vehicles actually move [1,2]. The result is a network-based
operations research problem in which demand must be inferred, sites must be chosen,
and service must be routed using a coherent metric and data stack. This is now feasible
at the city scale because municipalities publish high-frequency geospatial datasets (e.g.,

Mathematics 2025, 13, 3465

185

https://doi.org/10.3390/math13213465



Mathematics 2025, 13, 3465

floating populations, transit nodes, and points of interest), and open platforms such as
OpenStreetMap, with OSMnx, enable the computation of network-consistent distances [3].
Planners increasingly require transparent analytics that map directly to policy levers—how
many bins to deploy, where to place them, and how to service them given fleet and budget
constraints—so there is a timely opportunity to connect demand estimation, siting, and
routing under one geometry and one metric [2,4]. Despite practical need, algorithms for
urban amenity siting that integrate heterogeneous demand data with geometry-consistent
spatial and operational constraints have received limited attention. Few studies, to our
knowledge, claim an end-to-end algorithm that explicitly integrates GIS-based geometry,
demand-driven multi-criteria scoring that feeds back into spatial parameters, nonoverlap
enforced with adaptive radii on a network metric, and routing on the same metric. Most
prior workflows stop at ranking without altering geometry, mix Euclidean screening with
network routing, or impose fixed buffers that ignore local demand. As a result, geometry-
consistent siting-and-routing pipelines remain rare in the literature, leaving a gap for
methods that are both operationally credible and analytically transparent.

1.2. Related Works

The literature on multi-criteria decision-making (MCDM), the maximal covering
location problem (MCLP), and routing has been extensively developed for facility location
in operations research. GIS strengthens these models by linking geospatial data and network
analysis [3,5], enabling city-scale location allocation, coverage, and access studies [6]. For
multi-criteria synthesis, the Analytic Hierarchy Process (AHP) [7] and related MCDM
methods are widely used to build suitability surfaces for siting and infrastructure planning
[6]. This approach typically involves weighting heterogeneous GIS layers to derive a
composite suitability index. It has been widely applied across various domains, including
landfill siting [8,9], healthcare facility planning [10], and renewable energy projects [11,12].
These studies formalize how multi-criteria weighting translates spatially into suitability
gradients, underscoring MCDM’s capacity to operationalize complex environmental and
social criteria.

Church and ReVelle introduced MCLP, which chooses sites to cover as much demand
as possible within a set distance [13]. Many studies have extended this idea to include
budgets, fairness goals, and changes over time or uncertainty [14-17]. Ref. [18] investigated
model placement as a single goal of maximizing coverage. In solid-waste systems, recent
reviews summarize how covering models are used and point out that results can change a
lot depending on the distance measure and the service radius assumed [19,20]. A primary
critique of the classical MCLP concerns its rigid, binary definition of coverage. Berman et al.
(2003) [21] addressed the model’s unrealistic “all-or-nothing” assumption by introducing a
gradual decay function, where service quality diminishes with distance rather than ceasing
abruptly. Complementing this, Karasakal and Karasakal (2004) [22] highlighted that strict
binary formulations can yield unjustified solutions where partial service is plausible,
thereby motivating variants that permit partial coverage. More recent extensions have
broadened the MCLP’s focus from pure efficiency to include equity. Blanco and Gazquez
(2023) [23] formalized the integration of fairness, employing concepts such as a-fairness
and ordered-weighted objectives. Their work underscores that distributional equity is not
inherent in the basic model and must be incorporated as an explicit objective. Despite
these theoretical advancements, practical siting decisions increasingly rely on spatial data
and multi-criteria integration. However, using such derived scores to dynamically adjust
geometric or operational parameters, such as service radii or coverage decay, remains
limited [24-26]. Spatial feasibility often requires nonoverlap [27,28], which connects to
disk packing [29] and independent set formulations [30]; in practice, spacing is frequently
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enforced with ad hoc buffers rather than with network metric optimization. In algorithms,
greedy heuristics are common for NP-hard location models because they are fast and
transparent [31], though not globally optimal [14,15,32].

For routing, simulated annealing [33,34] and other local search methods perform well
on the traveling salesman problem (TSP) [35] and on modern VRP variants [36]. Recent
applied work also moves toward joint decisions on where to locate facilities and how to
route the service.

Rahmanifar et al. (2024) [37] present a non-linear multiobjective model that integrates
warehouse location with vehicle routing in cold-chain logistics, and Hashemi-Amiri et al.
(2023) [38] propose a tri-objective mixed-integer linear program (MILP) that unifies facility
location, crew scheduling, and routing for municipal solid waste. These studies advance
integrated planning, but they do not maintain a single, GIS-consistent distance metric from
multi-criteria demand aggregation through siting constraints to downstream routing.

1.3. Contributions

This paper introduces GD-ARISE (GIS-integrated and Data analytic Adaptive
Radius Integrated Siting and rEservicing), an end-to-end, GIS-integrated pipeline that
maintains geometric consistency from demand analytics to operations. First, all spatial
layers—administrative boundaries, pedestrian-road networks, floating populations, transit
nodes, and waste-related points of interest—are reconciled onto a single pedestrian-road
network and one distance metric, ensuring that measurements and decisions are expressed
in the same geometry. Second, multi-criteria demand is constructed via AHP into a com-
posite suitability score, and then mapped to geometry as an adaptive service radius, so that
high-suitability areas receive smaller radii while lower-suitability areas receive larger radii
to preserve access. Third, spatially constrained selection is formulated with site-specific
radii on the network metric and implemented via a transparent greedy rule (SCASS) to
produce a maximal nonoverlapping portfolio; the associated conflict structure admits an in-
terpretation as a graph independent set problem. Fourth, depot-to-depot service routes are
generated using simulated annealing on the identical network metric used upstream, clos-
ing the loop without changing geometry. Finally, the pipeline is demonstrated on waste bin
siting and servicing in Seoul’s Gangnam District, where the walkable network is sampled
at fine resolution, composite scores and adaptive radii are computed, a nonoverlapping
portfolio of sites is selected, and operational routes are produced, including a single depot
case in Samsung 1-dong. By maintaining one geometry and one metric across all stages,
GD-ARISE turns GIS analytics into operations research decisions about counts, placement,
spacing, and service effort under realistic constraints.

2. An Integrated Planning Algorithm: GD-ARISE

We present GD-ARISE, a unified, GIS-integrated workflow for optimal location-and-
routing. Figure 1 shows the workflow of the GD-ARISE algorithm, which has three modules:
GIS integration, data analytics, and optimal location-and-routing. All steps use one net-
work distance metric on the pedestrian-road network. This keeps geometry and units
consistent. In GIS integration, load the administrative boundaries, the pedestrian-road
network, floating population layers, transit nodes, and waste-related points of interest.
Harmonize coordinate reference systems, clean fields, and clip layers to the study region.
In data analytics, generate dense candidate sites along walkable streets. For each candidate
site, compute criterion scores from the GIS layers such as population, transit access, and
proximity to points of interest. Normalize all scores to [0, 1]. Use AHP to set weights and
combine the criteria into a composite suitability. In optimal location-and-routing, first select
sites with SCASS. Sort candidates by suitability and add a site if its radius does not overlap
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any already selected radius. Then route service to build depot-to-depot tours. The workflow
also reports the coverage attained, the number of selected sites, the route length, and the
route time. Because all steps share one metric and one GIS substrate, results are easy to
audit, map, and reproduce.
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Figure 1. Workflow of the GD-ARISE.

We work on a single geographic region L C R? with a pedestrian-road network-
induced distance d : R? x R> — R (shortest path on the network). The region is dis-
cretized into candidate sites | = {ji, ..., jy } sampled from the network at resolution § > 0,
so adjacent samples are at most ¢ apart under d. A set of criteria C = {Cy, ..., Cy} evaluates
each site. We assign to every j € | a composite suitability S]’-‘ € [0,1] and an adaptive service
radius 7; € [Rmin, Rmax] with 0 < Rpin < Rmax < 0. Then, we select a subset [so C |
of size Prarget € N while enforcing nonoverlap based on d and {rj}. Finally, we route the
service from a designated depot Dy € L. When routing is required, each served site carries
demand gq; > 0, the fleet has m € N vehicles, and each vehicle has capacity Q > 0. All
distances and constraints use the same metric d.

Multi-criteria demand assessment will be performed by mapping heterogeneous raw
measurements into a composite demand suitability score S]fK and a site-specific spatial
footprint ;. The inputs are the raw criterion values or proximity-based syntheses for
each Cy € C, together with a pairwise comparison matrix that encodes decision priorities.
Each criterion is normalized to [0, 1] via a monotone transformation so that larger values
consistently mean greater desirability, and AHP weights are extracted from the principal
eigenvector of the comparison matrix, subject to a consistency check. Aggregation by a
convex combination yields S;-‘ = Yk 2,Sj k- This first stage resolves two design tensions in a
data-driven yet interpretable way: it fuses many incommensurate predictors of demand
into a single, dimensionless score, and it ties spatial influence to local desirability so that
high-value sites are modeled with tighter catchments while low-value sites expand to
preserve access.
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For every criterion Cy € C and site j € ], the non-negative value V;; € R>( quantifies
the magnitude of Cy, at j. Two constructions cover the settings of interest. When Cy is directly
observed at the site—such as floating population, footfall, or local demand intensity—we

set Vj, = P;, where P; denotes the measured quantity at j. When C, reflects the influence of
Sk

S s=1
set and assign non-negative weights {wys}.*; that sum to one and encode the relative

external features distributed in space, we let Fy = {f;}.*, C L denote the relevant feature
importance of individual features or subtypes. A influence kernel K : R>g — R> then
maps distances to contributions so that

Sk
Vi = ;Wk,s K(d(j, f5))- (1)

In the case study, we adopt K(p) = p with d(j, f;), measured as Euclidean distance.

Because the criteria are measured in heterogeneous units, each raw value is trans-
formed to a standardized unit-interval score via a criterion-specific monotone standardiza-
tion map f; : R>9 — [0,1] defined by S; i = fi(V;x). When Cy is a benefit-type attribute for
which larger values are more desirable, a min-max mapping places all sites on a common
scale,

Vik — minges Vi

- , if maXyey VK,k > mingef VZ,k/
S = { MaXee] Vije — mingey Vi @)

0, otherwise,

sending the empirical minimum to 0 and the empirical maximum to 1. To translate com-
posite suitability into a spatial service footprint, two design constants 0 < Rpin < Rmax
specify the admissible range of coverage radii. The adaptive coverage radius at site j is
then defined by the affine mapping;:

ri = Rmax — (Rmax - Rmin) S]* (3)

Because S]’-k € [0,1], this definition guarantees i € [Rmin, Rmax]. Differentiating shows that
arj/ BS;-‘ = —(Rmax — Rmin) < 0, so sites with higher suitability are assigned proportionally
smaller catchments by concentrating service in areas of strong demand while allowing sites
in weaker areas to expand their reach to preserve access. The use of a network-based metric
d is essential in urban contexts when it captures the true impedance of travel.

Now, we design an algorithm for selecting locations via adaptive coverage and greedy
nonoverlap, so-called SCASS, in the spirit of MCLP. The aim is to choose the optimal
number of target sites Piarget that maximizes the amount of demand covered within the
heterogeneous radii {7;}¢;.

Proposition 1 (SCASS). Let L C R? be a geographic region endowed with a network metric d,
let ] = {j1,.--,jn} C L be candidate sites with adaptive radii {r;} ;| determined from composite
scores {S7 }jey, and let U C L be finite demand nodes with weights {wy }yeu. For each j € | define
the coverage set:

C(j)={uelU: duj) <rj}, andtheservicedisk D;={xe€L: d(x,j) <r;}.

Construct the conflict graph G. = (], €) with an edge {i,j} € Eiff d(i,j) <ri+71;.

(i) Nonoverlap <= Independence. A subset [ C ] satisfies the SCASS nonoverlap requirement
D; ND; = & for all distinct i, € Jse, if and only if e is an independent set in Ge.

189



Mathematics 2025, 13, 3465

(it)  Adaptive radius MCLP with exclusions. For a given cardinality Piarger € N, the problem of
choosing Jse1 € ] with |Jse1| = Prarget to maximize covered demand,

Y w,Kue |J C())

uel jelsel

subject to SCASS nonoverlap is equivalent to the maximal covering location problem on U
with site-specific radii {r;} and the additional constraint that Js is an independent set of Ge.
(iii)  Maximum-weight independent set (MWIS). If the siting objective is to maximize } jcj S]’F
subject to nonoverlap and |Jsei| = Prarget, then the problem is a cardinality-constrained MWIS
on Gg:
]mlag} ; S;«* s.t. |Jsell = Prarget, Jsel independent in Ge.
ST J€ sel

Equivalently, with binaries x; € {0,1},

N
max St x;
xe{0,1}N ]; 7

s.t. xi+xj§l V{i,j}eg,

N
Xj = P target-

j=1

Proof. For (i), if D; N D; # &, then there exists x with d(i,j) < d(i,x) +d(x,j) < i+
rj by the triangle inequality; hence {i,j} € £ and the pair cannot be jointly selected.
Conversely, ifd(i,j) > r;+ rj, thenno x can lie in both disks, so D; ND; = @. This establishes
the equivalence between nonoverlap and independence in G.. Statement (ii) inserts this
feasibility into the adaptive radius MCLP coverage objective, so a feasible solution is exactly
an independent set of prescribed size. Statement (iii) is a direct translation of the selection
objective into a cardinality-constrained MWIS, yielding the stated 0-1 formulation. [

Finally, we optimize the service route problem over the selected sites and depot using
a capacitated vehicle-routing model. The node setis V = {0,1,...,K} with K = |J|. The
node 0 means the depot Dy of an operations center or garage, and node i corresponds to site
ji € Jsel- Edge costs are the network distances d;; = d(jy, j;) with jo = Do. Demands {g;, }X
and a common capacity Q define feasibility, and the goal is to partition J, into at most
m depot-to-depot tours minimizing total travel cost while serving each site exactly once
and respecting capacity. Because exact mixed-integer formulations are NP-hard at realistic
scales, we adopt a simulated annealing search over permutations augmented with depot
separators. A candidate solution is encoded as a sequence that starts and ends at 0 and
contains each customer once, together with m — 1 additional depot symbols; cutting at the
depot symbols yields the m routes. The total cost is the sum of d;; along the sequence, and
capacity feasibility amounts to verifying that the sum of demands on each between-depot
segment does not exceed Q. This stage converts a strategic siting outcome into operationally
feasible tours that coincide with the same network metric d used in the first two stages.

Routing operates on these selected sites and the designated depot Dy € L. To harmo-
nize indexing, fix an arbitrary bijection between {1, ..., K} and J and write j; for the site
associated with index i. Define the node set V = {0, 1, ..., K}, where node 0 corresponds
to the depot Dy and node i € {1, ...,K} corresponds to site j;. For any pair (i,j) € V x V,
define d;; = d(j, j;) with the convention jo = Dy and exclude self-loops via x;; = 0. Each
customer node i € {1,...,K} is assigned a non-negative service demand q; > 0 (e.g.,
expected daily pickups or deliveries), and vehicles have a common capacity Q > 0 in the
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same units as the g;. Let m € N be the available fleet size. A vehicle route is a directed
cycle that starts and ends at the depot, visits a subset of customers exactly once, and
respects capacity. We encode routing decisions with binary arc variables x;; € {0,1} that
indicate whether a vehicle travels directly from node i to node j. To enforce capacity and
eliminate subtours, we introduce continuous load—flow variables using the classical single-
commodity formulation: let y; denote the cumulative load delivered up to and including
customer i on the route that visits 7, measured from zero at the depot. The capacitated
vehicle routing problem on (V,d;;) is then

K K
min Z Z dz] xl']‘ (4)

o iz0j=0

subject to the depot degree constraints E}il xp; = m and YK | xio = m, the customer in-
and out-degree constraints ZZK:O xj, = 1land Z]K:o xy; = Lforevery h € {1,...,K}, and the
load—flow constraints

Yj > ]/i—i-q]‘—Q(l—xi]‘) foralliEV,jE{l,...,K}, (5)

together with the bounds yp = 0 and q; < y; < Qforalli € {1,...,K}, and the binary
and no-nnegativity restrictions x;; € {0,1} and y; > 0. The degree constraints ensure that
every customer is entered and left exactly once and that exactly m tours depart from and
return to the depot. The load—flow inequalities propagate cumulative load along used arcs:
if x;; = 1, then y; > y; + g;. So, when a vehicle traverses (i, j), it must have delivered an
additional g; units by the time it leaves j; if x;; = 0, the constraint is slack by at most Q. The
bounds yy = 0 and y; < Q enforce vehicle capacity and, together with flow propagation,
preclude subtours disconnected from the depot, since any positive delivery in a closed
customer-only cycle would force y to grow without the possibility of resetting to 0. This
mixed-integer program is NP-hard; indeed, when m = 1 and Q > YK, g;, the problem
reduces to the classical traveling salesman problem on {0,1,...,K}.

3. Application

Typical applications of the proposed algorithm include siting clinics, fire stations,
micro-mobility docks, or public waste bins, each requiring a coherent pipeline. We illustrate
the approach on public waste bin siting and servicing in the Gangnam District of Seoul, a
dense mixed-use environment in which pedestrian flows, transit access, and commercial
intensity co-produce spatially and temporally concentrated litter generation. Figure 2
presents the detailed computational workflow to apply the proposed GD-ARISE with the
case study on public waste-bin siting and servicing in Seoul’s Gangnam District.
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Figure 2. Computational workflow of the GD-ARISE for Gangnam District case.
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3.1. GIS Analytics

The application domain is the Gangnam District of Seoul. We set the study region of
the framework to L = G C R?, and we use a single distance metric d : R? x R? — R>g
throughout all stages, instantiated in practice as the shortest-path metric induced by the
pedestrian—road network G so that distances reflect walk times and barriers rather than
straight lines. Gangnam’s land incorporates corridors along Teheran—ro, high-street retail
near Gangnam Boulevard, entertainment clusters in Apgujeong and Cheongdam, and
multiple subway interchanges induce marked spatiotemporal variation in footfall. We
represent this with a non-negative pedestrian density field P : G x [0, T] — Rx( over a
representative horizon [0, T] (e.g., one day). Administrative boundaries for G were obtained
as polygonal census layers and ingested into a GeoPandas workflow. To ensure geometric
consistency across heterogeneous sources, all layers were reprojected to the common geo-
graphic CRS EPSG:4326 (WGS84) for integration with web data, and then to EPSG:5186
(Korea 2000/ Central Belt) for all computations that require metric accuracy. All geoprocess-
ing and network analyses were performed in Python (v3.11.11) using GeoPandas (v1.0.1)
for spatial data handling, OSMnx (v2.0.2) for extracting the pedestrian network from Open-
StreetMap, Shapely (v2.1.0) for geometric operations (e.g., buffering and distance), and
Folium (v0.19.5) for interactive map visualization. Table 1 summarizes the GIS integration
for the Gangnam case. It shows each spatial layer, how we prepare it, and how it is used in
the model.

Table 1. GIS integration workflow for Gangnam case.

Variable Category Source and Preprocessing  Role in Model

Census polygons; reproject
Administrative boundaries WGS84 — EPSG:5186;
spatial joins to points

Study region G, attribution
of Jand U

OSM walkable edges via Distance metric d;
Pedestrian network G 0SMnx; simplification; candidate sampling;
snapping tolerance routing graph

Points every 6 = 10 m
along G; N = 32,890

Network vertices or grid Coverage evaluation,
centroids within G calibration, validation

Candidate locations | Feasible siting set

Demand nodes U

Candidate facility sites are drawn from the walkable subgraph of OpenStreetMap
within G. We extracted footways, pedestrian paths, sidewalks, and low-speed residential
links using OSMnx, simplified the network to retain unique traversable edges, and then
sampled points along these edges at a fixed network spacing 6 = 10 m. The result is a
finite candidate set | = {j1,...,jn} C G with N = 32,890 points for feasible bin locations.
Each j € ] inherits attributes from intersecting administrative polygons via spatial join
(e.g., sub-district codes) and is snapped to the nearest network node to avoid topological
artifacts when computing d(-, -). As shown in Figure 3, a random sample of candidate
waste bin sites illustrates the spatial spread of the full feasible set across the walkable
network. Blue points depict a random subset of 1000 candidates drawn from the full set
of 32,890 network-anchored sites (black lines: pedestrian—-road network; grey polygons:
output-area boundaries). The sample visualizes coverage of feasible placements prior to
scoring and selection.
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®0utput Area Boundary
@ Sampled Candidate Site
(1000/32890)

Figure 3. 1000 sample candidates of potential bin locations across Gangnam district.

3.2. Data Analytics: Demand Criteria and Feature Construction

Waste bin demand is driven by cumulative exposure to pedestrians and by proximity
to attractors such as transit nodes or retail frontages. To support coverage modeling and
validation, we also assemble a demand representation that is consistent with the frame-
work’s notation. Let U C G denote a set of demand nodes at which pedestrian exposure
and ancillary variables are tabulated; in practice, U may consist of network vertices in G
inside G or centroids of census micro-polygons. All exogenous point datasets (e.g., transit
stops and points of interest) are cleaned, deduplicated within a tolerance in EPSG:5186,
and converted to GeoDataFrame for nearest-neighbor and kernel computations. Where a
dataset is temporally indexed, we aggregate to representative daily means so that demand
scores represent a typical day on the planning horizon. The dense sampling of the pedes-
trian network at § = 10 m yields |J| = 32,890 feasible bin locations, allowing the adaptive
radii {r;} to respond to fine-scale variation in the built environment. Distances used in
all subsequent computations—spatial-exclusion checks d(i, j) > r; + rj and routing costs
dij = d(j;, jj)—are evaluated with the same network metric d on G. Table 2 summarizes the
data analytics used in the Gangnam district case, which lists each variable category, how
the data are sourced and preprocessed, and how they enter the model as criteria scores S; x
or routing inputs.

Table 2. Data analytics workflow for Gangnam District case.

Variable Category Source and Preprocessing Role in Model
. . Daily counts by block; temporal o .
Floating population mean; areal join to J and U Criterion Cy: raw V1 — §j4
. Bus stops and subway exits; Proximity criterion Cy: raw via
Transit nodes -
nearest-neighbor on G kernel — S;»
Convenience stores, cafés, food Proximity criterion C3: raw via

Waste-related POIs trucks, parks; subtype weights w ~ kernel — ;3

Depot Dy, fleet and service Operations center location;

params (m,Q, Vspeeds 7) Routing inputs and constraints

In connection with open data acquisition provided by the Seoul Open Data platform,
first, Table 3 summarizes the demographic datasets integrated into the GD-ARISE pipeline
for the Gangnam district case study. The datasets include Seoul’s living-population esti-
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mates for domestic and foreign residents, and each living-population dataset represents the
estimated number of people present in a specific location and time, derived by combining
administrative records (resident registry, transport, business, and building databases) with
KT (Korea Telecom) big data. The census-block boundary layer (EPSG:5186) provides the
spatial framework for aggregating and visualizing these population estimates. Together,
these layers constitute the demographic foundation for quantifying spatial patterns of
pedestrian exposure and population density within the GD-ARISE framework.

Table 3. Population and boundary datasets used for demographic analysis (Cy).

Dataset

Format/Unit

Description

Source

Seoul Living Population
(Domestic Residents)

Seoul Living Population
(Short-term Foreign Resi-
dents)

Seoul Living Population
(Long-term Foreign Resi-
dents)

CSV (by census block)

CSV (by census block)

CSV (by census block)

Daily population counts (15-21 May 2025)
Variables: DatelID, TimeType, DistrictCode, Cen-
susBlockCode, TotalPopulation

Estimated using public data (resident registry,
transport, business, and building DBs) combined
with KT telecom big data

Estimated short-term foreign resident population
by census block

Method identical to domestic dataset; includes
mobility-based estimation using transport and
telecom data

Long-term foreign residents measured via public
and telecom data integration
Same variable structure as domestic dataset

https://data.seoul.go.
kr/dataList/OA-1497
9/F/1/datasetView.do
(accessed on 2 July 2025)
(Seoul Open Data)

https:/ /data.seoul.go.
kr/dataList/OA-1498
0/F/1/datasetView.do
(accessed on 2 July 2025)
(Seoul Open Data)

https://data.seoul.go.
kr/dataList/OA-1497
8/F/1/datasetView.do

(accessed on 2 July 2025)
(Seoul Open Data)
https:/ /data.seoul.go.
kr/dataVisual /seoul /
seoulLivingPopulation.
do (accessed on 2 July
2025) (Seoul Open Data)

SHP/SBN .
(EPSG:5186)

Census Block Boundary Geospatial boundaries of census blocks where
living population is estimated

e Spatial unit for integrating demographic data

Table 4 summarizes the transit-related GIS layers integrated into the GD-ARISE
pipeline to represent multimodal accessibility across Gangnam District. The datasets in-
clude bus stop locations and subway entrance coordinates, each obtained from verified
public sources and re-projected to a unified coordinate reference system (EPSG:5186) for
geometric consistency. The bus stop layer provides detailed node attributes, such as stop
IDs, names, and coordinates, while the subway entrance layer contains manually extracted
latitude-longitude pairs for all access points within the study area. Together, these layers
constitute the transit node component of criterion Cy, serving as the spatial foundation for
the proximity-based accessibility analysis in subsequent stages of the GD-ARISE framework.
In addition, Table 5 details the source datasets and preprocessing for the waste-related POIs
criterion Cs.

Now, we discretize G by sampling G at the spatial resolution § > 0 to obtain a
candidate set of feasible bin sites | = {ji,...,jn} C G, and, independently, a demand lattice
U ={uy,...,upm} C G. The criterion collection C = {Cy,...,Cp} is expressed for waste
bin siting, with observable correlates of litter pressure and disposal opportunity, in a
manner that matches the demand formulation. A floating population is treated as a direct,
site-specific magnitude: block-level counts from the observation period are averaged to
obtain a mean daily exposure and then spatially joined to both | and U. When a candidate
point or demand node falls within overlapping administrative polygons, the exposure is
taken as the mean of the overlapping values, which yields well-defined raw measurements
Vi x for the population criterion and preserves mass under areal interpolation. Public transit
proximity is encoded via proximity to bus stops and subway exits. After loading both
datasets and projecting to EPSG:5186, we compute for each j € | the shortest path distance
along G to the nearest stop and to the nearest exit. Local waste generation potential is
represented by proximity to POls that tend to generate street litter, such as convenience
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stores, cafés, food trucks, and public parks. Each POI set is harmonized into a single layer
with subtype weights wy ; > 0 that sum to one within the criterion.

Table 4. Transit-related datasets used for transit proximate disposal Cj.

Dataset Format/Unit Description Source
Seoul Bus Stop Locations  CSV (EPSG:5186) e NodelD, StopID https://data.seoul.go.
e  StopName kr/dataList/OA-1506
e Coordinates (X, Y) 7/S/1/datasetView.do
*  StopType (accessed on 2 July 2025)
(Seoul Open Data)
Subway Entrance Coordi- CSV (manual extrac- e  Latitude-Longitude pairs (manual extraction) http://map.esran.com/
nates tion) e Subway entrance locations for accessibility crite- (accessed on 2 July 2025)
rion Cp (Seoul Open Data)

Table 5. POI datasets used for waste source facilities Cs.

Dataset Format / Unit Description Source
Gangnam Food-Service Licens- CSV (EPSG:5186) ¢ Fields: business name, type, address, coordinates (X, https://data.seoul.go.
ing (cafe_conv_stfood) Y) kr/dataList/OA-1869
e Filtered to cafés, convenience stores, food trucks; ac- 9/S/1/datasetView.do
tive only (accessed on 2 July 2025)
e Updated: 26 May 2025 (Seoul Open Data)
Gangnam Urban Parks CSV (EPSG:5186) ¢ Fields: park name, type, latitude-longitude https://data.seoul.go.
*  Subtype of C3 (parks; weight = 0.10) kr/dataList/OA-1500
e Updated: 1 July 2024 4/F/1/datasetView.do

(accessed on 2 July 2025)
(Seoul Open Data)

As shown in Figure 4, population scores are highly right-skewed, indicating many
low-exposure segments and a small fraction of hotspots that dominate the upper tail. Most
candidates have low values, with a long tail and few very high-exposure locations created
by concentrated corridors. A floating population C; is a direct site-specific magnitude
derived from block-level daily counts aggregated over the observation period. Let P;
denote the mean daily floating population assigned to site j via areal interpolation from
its containing (or overlapping) census blocks. To place P; on a unit scale while preserving
ranks, we apply the benefit of min—-max normalization over all candidates,

P] — minie] Pi

(6)

Jpop maxiej P,‘ — minie] Pi !

which yields S; ,op € [0, 1] and encodes relative pedestrian exposure.

As shown in Figure 5, disposal scores are mostly moderate with a broad mode around
the mid-range, plus a spike at zero for candidates far from transit. The distribution is
broadly spread with a mid-range mode and a mass at zero reflecting locations beyond the
300 m influence of both bus stops and subway exits. Transit proximate disposal opportunity
C, is modeled as proximity to the nearest bus stop and the nearest subway exit, recognizing
that on—off flows around stations correlate with both waste generation and appropriate
placement of receptacles. Let d; s and d; 5 denote the network distances from j to the
nearest bus stop and the nearest subway exit, respectively. A convex combination of linear
distance decay kernels with a common maximum influence range Dpax,disp = 300 m
produces a unit-interval score

dip dj sub
S} disp = Whus max{ 0,1- 4 } + Wsub max{O, 1- 4% },

where wy,s = 0.75 and wg,p = 0.25.

@)

which reflects the stronger baseline frequency of bus stops relative to subway exits, while
allowing both to contribute when they are nearby.
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Figure 4. Histogram of the population score (floating population, min—-max normalized).

As shown in Figure 6, shop proximity scores exhibit two masses: a spike at zero for
sites with no nearby POIs and a broad peak around 0.5-0.6 where multiple POIs lie within
walking range. The spike at zero reflects POI-sparse areas; the main peak indicates neigh-
borhoods with several POIs inside the decay radius. Waste source proximity C3 aggregates
the influence of POlIs associated with street litter. Let KL = {conv, cafe, truck, park} index
convenience stores, cafés, food trucks, and parks, and let d ik denote the network distance
from j to the nearest POI of subtype k. Subtype weights {wy }xcx encode relative propensi-
ties for waste exposure and satisfy ) ; wy = 1. Using the same 300 m influence range, we
set

djk
Sj,shop = 2 Wi maX{O, — B‘JW}’
kek ®)
where (Weonv, Weater Wirucks Wpark) = (0.35,0.35,0.20,0.10).

so that co-location near multiple waste-related attractors increases the score while contribu-
tions taper linearly to zero at 300 m.

The empirical distributions of the component scores and the composite reveal substan-
tial spatial heterogeneity across Gangnam'’s pedestrian network and inform the subsequent
radius mapping. The floating population score S; ., spans [0, 1] and is right-skewed, with
a mean of 0.1133, a standard deviation of 0.1380, and a 75th percentile of 0.1339, reflecting
concentrated corridors of high exposure. The transit disposal score §; 45, ranges over
[0,0.9780] and is more uniform, with a mean of 0.4170, a standard deviation of 0.2257, and a
median of 0.4450, consistent with the dense but heterogeneous distribution of bus stops and
subway exits. The POI proximity score S sop is generally small, with a maximum of 0.0987,
a mean of 0.0275, a standard deviation of 0.0288, and a 75th percentile of 0.0515, indicating
that only a minority of network points lie within short walks of multiple waste-generating
attractors.
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Histogram of Disposal Score

2500 A

2000 A

—

ul

o

o
1

Frequency

1000 ~

500 A

o-;ﬁlﬂ“-;h

0.0 0.2 0.4 0.6 0.8 1.0
Disposal Score

Figure 5. Histogram of the disposal score (transit proximity).
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Figure 6. Histogram of the shop score (proximity to convenience stores, cafés, food trucks, and parks).

We specify three criteria C = {Cy, Cp, C3} that capture complementary drivers of litter
pressure and disposal opportunity: C; encodes floating population intensity, C, captures
transit-proximate disposal likelihood, and Cj reflects proximity to waste-generating points
of interest (POIs). For each j € ] and criterion Cy, a raw, non-negative measurement V;  is
constructed and mapped to a unit-interval score S € [0, 1] via a monotone transformation
fi so that larger values consistently indicate greater suitability for siting a bin at j. With the
criterion scores in hand, the relative importance of population exposure, transit opportunity,
and POI proximity is computed via the AHP. To clarify the AHP elicitation, we provide
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the pairwise comparison scale and the exact questions used for expert judgments. AHP
pairwise comparison scale used for expert elicitation.

Scale Definition

1 Equally important

3 Slightly more important

5 Moderately more important

7 Strongly more important

9 Absolutely more important

2,4,6,8 Intermediate between adjacent judgments
Reciprocals Inverse when criterion B is preferred over A

Pairwise comparison questions used for expert elicitation were as follows:

Q1. How much more important is distance to waste-source facilities (cafés, convenience
stores) than floating population? Answer: 1/5 (population is moderately more impor-
tant than shop).

Q2. How much more important is disposal likelihood near transit stops (bus, subway)
than floating population? Answer: 1/5 (population is moderately more important
than disposal).

Q3. How much more important is disposal likelihood near transit stops than waste-source
proximity? Answer: 3 (disposal is slightly more important than shop).

Two municipal officers completed the elicitation independently. Their responses were
aggregated into the following pairwise comparison matrix:

155
— |1 1

A= |1 1 L.
1
131

This matrix indicates that population was judged substantially more important than
both disposal likelihood and shop proximity, and that disposal likelihood was moderately
more important than shop proximity. Using the normalized average method on A, we
obtain the AHP weights,

apop = 0.6864,  agip = 0.2114,  aghop = 0.1022,

reported to four decimal places. The composite suitability at site j is the convex combination
given by

S; = apop Sjpop + Adisp Sjdisp + Xshop Sjshop
— 0.68645; pop + 021145, giep + 0.1022 S ¢hop ©)

which, by construction, lies in [0, 1] and is strictly increasing in each constituent score. This
S]’-k serves as the demand score output used downstream to assign adaptive radii and to
prioritize candidates during siting. Aggregation by the AHP weights produces a composite
S]’-k that remains right-skewed, with a mean of 0.2083, a standard deviation of 0.1199, a
median of 0.1883, a maximum of 0.9301, and a 75th percentile of 0.2551. Under the adaptive
radius map rp= Rmax — (Rmax — Rmin)S]’f, these statistics translate into smaller service

198



Mathematics 2025, 13, 3465

radii in the highest-scoring corridors and larger radii in peripheral or residential areas,
ensuring fine spatial granularity where litter pressure is greatest while preserving baseline
access elsewhere. All distances entering the kernels are evaluated with the same network
metric d as used in the siting and routing stages, maintaining geometric consistency across
the full GD-ARISE pipeline.

Figure 7 shows a heatmap for the composite demand surface that is highly clustered
with the highest percentiles concentrated along the northern—central corridors and decreas-
ing toward the periphery. Colors show percentile ranks from low (light) to high (dark);
road segments and administrative polygons are overlaid for reference. The surface reveals
pronounced high-demand bands in the northern—central corridors, tapering toward the
southeast and peripheral areas.

Figure 7. Composite demand heatmap across Gangnam district.

3.3. SCASS

This stage specializes the SCASS formulation to the Gangnam candidate set
J ={j1,...,jn} with N = 32,890 points sampled every 6 = 10 m along the pedestrian-road
network G, using the same network-based distance metric 4 as in the scoring stage. The
input at each site j € ] is the composite suitability S; € [0,1] obtained from the AHP-based
demand assessment. Two preprocessing choices are made to align data coverage with
plausible service contexts while preserving the mathematical structure of SCASS. First,
a proximity sanity check is applied to screen out isolated candidates: for each j we test
whether there exists at least one demand facility (bus stop, subway exit, or waste-related
POI) within 1 km under d. In the Gangnam dataset, every candidate satisfies this condition,
so the working set remains J. Second, each candidate is assigned an adaptive coverage
radius r; via the affine map

rj = Rmax — (Rmax - Rmin) S;'ﬂ/ (10)

so that higher suitability implies a smaller catchment, consistent with dense placement in
demand hotspots, while lower suitability enlarges catchments to preserve baseline access
elsewhere. Applied to Gangnam with (Rmin, Rmax) = (30m, 150 m) and Prarget = 500, the
greedy procedure selects | ]| = 347 sites before all remaining candidates conflict with at
least one already-selected site; this binding of nonoverlap rather than the numerical target
determines the achieved count. The realized Js concentrates in high-scoring corridors
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around major commercial and transit axes, while respecting minimum separations implied
by the adaptive radii and thereby avoiding redundant service areas.

As shown in Figure 8, the final set of selected sites for this analysis is displayed.
Network edges are shown in black; selections were obtained by the SCASS greedy nonover-
lap procedure on the pedestrian-road network. Table 6 summarizes key parameters and
resulting outcomes for the SCASS stage. It lists the candidate set size and sampling, the
proximity filter, the adaptive radius bounds and mapping, the target portfolio size, the
number of selected sites, and the shared network distance metric.

@ Selected Site
@ Adaptive Coverage Area

Figure 8. Final selected waste bin sites (red) and their adaptive coverage areas (green).

Table 6. Parameters and outcomes for adaptive site selection.

Quantity Value Definition/Role

Points sampled every § = 10m

Candidate set size N 32,890 along G within G

Filter to exclude candidates with no

Proximity sanity radius 1000 m nearby facilities under d

. . Affine map
Adaptive radius bounds Ry, =30m, R =150m
P mm max rjp = Rmax — (Rmax - Rmin)sf
Target portfolio Prarget 500 Desired number of nonoverlapping
bins
Maximal nonoverlapping set

Selected sites |Jsai| 347 obtained by greedy scan under d

Used for radii, nonoverlap checks,

Distance metric d Network shortest path .
coverage, and routing

3.4. Collection Route Optimization: Samsung 1-dong

To instantiate routing optimization on a concrete sub-area, we focus on Samsung
1-dong within Gangnam and route a single collection vehicle to visit the K = 37 waste-bin
sites that were previously selected there. The depot is fixed at Dy = (37.50867° N,
127.086466° E), and we retain the notation of the main framework by labeling the selected
bins {ji, ..., ja7} and defining the node set V = {0,1,...,37} with jo = D,. Consistent
with the end-to-end pipeline, inter-node travel costs are evaluated using the same distance
metric d induced by the pedestrian-road network G restricted to the Samsung 1-dong
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extent. Because all bins must be serviced exactly once and, for this small cluster, a single
vehicle is sufficient, we solve the capacitated vehicle routing model in the special case
m=1and Q > E?L g;, which reduces to a traveling salesman problem on the node set
V. A route is represented by a closed walk (7, 771, . . ., 7137, 7t3g) with 7y = 733 = 0 and
{m,...,m37} ={1,...,37}. Its network cost is

37
C(T[) = Zdﬂ.},ﬂ.’H,l/ (11)
t=0

and the optimization objective is to find 7t that minimizes C(7t).

As shown in Figure 9, simulated annealing produces a single depot-to-depot tour
that visits all selected Samsung 1-dong sites in sequence on the same network used for
siting. The green marker denotes the depot; blue points mark the 37 selected sites labeled
in visit order; orange lines depict the annealed tour; the black polygon outlines the Sam-
sung 1-dong boundary. The route is the outcome of simulated annealing, evaluated using
the network metric consistent with location selection. The resulting annealed tour visits
each of the 37 Samsung 1-dong bins exactly once and returns to the depot. Because the
encoding, acceptance logic, and termination criteria conform exactly to the routing speci-
fication, this Samsung 1-dong case demonstrates that the GD-ARISE pipeline maintains
geometric consistency from demand scoring through siting to routing, and that the final
routing layer can be solved to high quality with modest computation even when distances
respect real network impedances rather than idealized straight lines.

® Samsung 1-dong Boundary
® Selected Sites
1,2,... = Vehicle order
® Incinerator
Optimized Route

Figure 9. Optimized collection route in Samsung 1-dong.

For the computation of the simulated annealing (SA) algorithm, the parameters of the
number of nodes in the route (1), the number of iterations per temperature stage (M), the
initial temperature (Tp), the stopping temperature (Tstop), and the cooling rate (a, 0 < a < 1)
are considered, so that the total number of temperature stages (L,;) and the time complexity
(Ly) are respectively computed as L, = L%J and L, = O(L, - (M - n + n?)). For the
single vehicle case, the parameters were set to M = 1000, n = 39, Ty = 1000, Tstop = 1078,
and & = 0.995, yielding L, = 5054 and L;, = 204,793,134. The optimized SA route resulted
in a total travel distance of approximately 11.43 km, with a mean leg distance of about
301 m. The self-intersection count was none, and the tortuosity was 2.44 times the straight
round-trip length from the depot. Figure 10 shows the total route length decreased sharply
before about 1000 steps, from approximately 19,500 m to 11,430 m, and then stabilized.
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Figure 10. Variation of total route length and crossings with temperature (iteration) steps.

For the two-vehicle case, instead of one long tour (TSP), the route can first be divided
into two subroutes, each optimized independently by SA. The sites were partitioned via
the K-means clustering method to minimize overlap between vehicle coverages and to
balance total travel distances, among many other alternative clustering methods. As shown
in Figure 11, K-means clustering partitioned the candidate sites between the two vehicles,
and inspection of the routes confirms that the two vehicles divided the four census blocks
in Samsung 1-dong, with each vehicle traversing two blocks. This process results in two
single depot-to-depot tours assigned to the two vehicles, each visiting all trash bins in
Samsung 1-dong in sequence, as in the single vehicle case. The green marker denotes the
depot; purple points mark the 37 selected sites; the blue lines depict the annealed tour of
the 26 selected sites visited by Vehicle A, labeled in visit order; the orange lines depict the
annealed tour of the 11 selected sites visited by Vehicle B, labeled in visit order; the black
polygon outlines the Samsung 1-dong boundary.

® Samsung 1-dong Boundary
@ Candidate Sites

@ Incinerator

= RoUte Vehicle A
= Route Vehicle B
1,2,... = Vehicle A order
1,2,... = Vehicle B order

Figure 11. Optimized collection routes for two vehicles in Samsung 1-dong.

After clustering, Vehicle A was assigned 14 = 28 nodes and Vehicle B was assigned
np = 13 nodes, excluding the depot. All other SA parameters were kept identical to the single-
vehicle case, except for 1. The estimated number of operations was 145,474,336 for Vehicle A,
and 66,556,126 for Vehicle B. When the two vehicles divided the candidate sites for collection,
the total travel distance of both vehicles combined was approximately 15.81 km, which is
longer than the single-vehicle distance of about 11.43 km. However, the individual travel
burdens were reduced, with Vehicle A and Vehicle B traveling approximately 8.77 km and
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7.04 km, respectively. Each vehicle’s route had a mean leg distance of approximately 324.8 m
and 587.0 m, tortuosity values of 1.83 and 1.84, and a self-intersection count of zero for both.
Figure 12 shows the total route lengths of both vehicles decreased rapidly during the
early temperature steps, with Vehicle A dropping from approximately 14,000 m to 8700 m
and Vehicle B from about 7600 m to 7040 m within the first 1000 steps, after which both
stabilized. The number of crossings followed a similar trend, falling from roughly 30 and 0
at the beginning to nearly zero within 1000 steps for Vehicle A and Vehicle B, respectively.

Best Distance per Temp Step Route Complexity (Crossings)
14,000 1 —— Vehicle A 30 —— Vehicle A
~— Vehicle B ~— Vehicle B
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25
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20
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€ 315
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Temp step Temp step
(a) Total route length (b) Crossings

Figure 12. Variation of total route length and crossings with temperature steps for the
two-vehicle case.

3.5. Sensitivity Analysis

We analyze the impact of parameter settings on GD-ARISE’s results. Two sensitivity exper-
iments have been conducted by focusing on (i) the AHP weighting in the multi-criteria scoring
stage and (ii) the adaptive coverage parameters in the SCASS site-selection stage. These experi-
ments give ideas about how variations in subjective or geometric settings propagate through
the pipeline and influence the resulting suitability distribution and selected facility portfolio.

3.5.1. AHP Sensitivity

To gauge the effect of AHP weighting, we repeated the analysis with near-uniform
weights across the three criteria. Under uniform weights, the composite suitability distribu-
tion broadened and shifted upward (Figure 13), implying that more candidates attained
moderate-to-high suitability. The feasible nonoverlapping selection also expanded and
reconfigured, with changes concentrated in mid-range corridors while core hotspots re-
mained stable (Figure 14). Overall, equal weighting increases admissible placements and
shifts marginal sites rather than overturning the highest-demand areas.
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Figure 13. Histograms of composite suitability scores S]*-k of candidate sites under baseline AHP
weights (left) and changed weights for sensitivity analysis (right).
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(a) Overall view | (b) Enlarged view

Figure 14. Spatial comparison between the baseline and AHP-sensitivity selections.

3.5.2. SCASS Sensitivity

To assess sensitivity to spatial parameters in SCASS, we increased the adaptive-radius
bounds from (Rmin, Rmax) = (30m, 150 m) to (100 m, 200 m). Larger radii produced fewer
but broader catchments: the feasible nonoverlapping set shrank (from 347 to 180 sites) while
coverage areas grew across the entire distribution (range, mean, and quartiles all increased).
Spatially, intensified exclusions reduced site density and shifted feasible locations, with
removals and additions concentrated where spacing became binding (Figure 15). Overall,
expanding (Rmin, Rmax) trades off count for reach, yielding sparser deployments with
larger service footprints.

vl ¥
(a) Overall view (b) Enlarged view

Figure 15. Spatial comparison between the baseline and SCASS-sensitivity selections.

3.6. Managerial Implications

The Gangnam application converts analytics into direct choices about how many bins
to deploy, where to place them, and how to service them under real network constraints.
The realized portfolio Js provides a defensible deployment count given nonoverlap and
adaptive radii; managers can tune Ptarget and (Rmin, Rmax) to meet coverage or budget
targets. Adaptive radii yield a clear siting rule—smaller in high-pressure corridors, larger
in quieter areas—so spacing reflects actual walkability rather than Euclidean distance, and
nearby nonconflicting alternatives can be identified when frontage or regulations prevent a
proposed point.

Two indicators support oversight: the share of demand nodes U covered by Uj¢;, D},
and the distribution of separations relative to r; + r;, revealing where spacing is tight or
slack. The routing layer turns network distance into service hours with average speed and
per-stop time, enabling staffing and shift design and making comparisons to incumbent
routes straightforward. Sensitivity to AHP weights highlights “swing” sites and shows
whether small preference shifts change coverage or route time; robust outcomes ease
stakeholder agreement, while sensitive zones can be prioritized for pilots or field checks.
Because all stages share one metric and dataset, the pipeline can be re-run seasonally as
demand or networks change, with re-routing for minor updates and re-siting reserved for
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larger deviations. The same geometry-consistent workflow transfers to curb-level assets,
such as micro-mobility docks or hydration stations, by swapping criteria and data sources
while retaining the sensitivity and monitoring protocol.

4. Conclusions

This paper framed public waste bin placement and servicing as a GIS-grounded op-
erations research problem and developed a GD-ARISE data analytic pipeline that unifies
multi-criteria demand assessment, spatially constrained site selection, and operational rout-
ing on a shared network metric. The Gangnam district case demonstrated that, with readily
available administrative layers, pedestrian network data, floating population estimates,
transit nodes, and points of interest, the pipeline can sample the walkable network at fine
resolution, construct composite suitability scores, translate them into adaptive service radii,
select a maximal nonoverlapping portfolio of facility sites, and generate depot-to-depot
routes that are feasible on the actual network.

Methodologically, four elements define our contribution. First, GIS integration unifies
all spatial layers on one pedestrian-road network and one distance metric. Second, demand
data analytics converts heterogeneous inputs into transparent multi-criteria scores. Third,
site selection is cast as coverage with nonoverlap on the same network. A fast greedy
procedure enforces spacing with a degree-based performance guarantee and scales on GIS
graphs. Fourth, routing closes the loop on the identical metric used upstream. Together,
these steps form a reproducible, end-to-end pipeline for location-and-routing that is defensi-
ble, scalable, and operationally relevant for municipal planning. The Gangnam application
highlights several substantive findings. Composite demand is highly skewed and spatially
clustered along commercial corridors and transit interchanges; adaptive radii concentrate
bins where pressure is greatest while preserving access in quieter areas; nonoverlap con-
straints prevent redundant service footprints and enforce minimum spacing that respects
sidewalk conditions; and simulated annealing delivers shorter, operationally coherent
tours once distances reflect real network impedances. These outcomes suggest that a GIS-
integrated operations research approach can simultaneously improve perceived cleanliness,
reduce reactive cleanup, and control service effort by aligning siting and routing with
observed urban activity. While our case study centers on waste bins, the framework gen-
eralizes to other street-level amenities—micro-mobility docks, kiosks, sensors, hydration
stations—where demand is heterogeneous, space is scarce, and operations matter.

The work also has limitations that point to avenues for extension. Criteria weights were
elicited via AHP and calibrated to available data; while consistency checks were enforced,
robustness to alternative weight sets and to additional criteria (e.g., complaints, street-
furniture density, event schedules) merits further study. The adaptive radius mapping
is intentionally simple and interpretable; in settings with strong regulatory or equity
requirements, radius rules could be learned from outcomes, made time-dependent, or
augmented with minimum-access guarantees. Finally, SCASS employs a greedy selection to
ensure transparency and scalability, but we did not benchmark its potential suboptimality
against exact or metaheuristic methods; future work should quantify optimality gaps (e.g.,
via MILP on subregions or lightweight local improvements) to bound performance under
the stated constraints.
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The following abbreviations are used in this manuscript (Figure 1):

CRS Coordinate Reference System
MCDM Multi-Criteria Decision-Making

AHP Analytic Hierarchy Process

CSA Coverage Suitability Analysis

MCLP Maximal Covering Location Problem

SCASS Spatially-Constrained Adaptive Site Selection
RO Route Optimization

GD-ARISE  GIS-integrated and Data analytic Adaptive Radius Integrated Siting and rEservicing

OR Operations Research
POI Point of Interest
PRN Pedestrian—-Road Network
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Abstract

In China’s on-demand service platforms, daigou agents utilize locational differences
through proxy purchasing. Daigou creates an informal supply chain that directly com-
petes with official channels. This study incorporates daigou arbitrage into the channel
competition framework via a multi-stage Stackelberg game-theoretic model. An analysis of
the subgame perfect Nash equilibrium shows that daigou activity disrupts the manufac-
turer’s profits. We have thus developed a strategy based on mathematical optimization
and compared its effectiveness and side effects with those of existing methods. We came to
identify purchase restrictions as one of the most powerful strategies. Equilibrium analysis
and numerical experiments confirm that proper purchase restriction choices reduce daigou
arbitrage and minimize negative impacts on legitimate demand. This work provides the
first game-theoretic model that integrates informal proxy-purchase supply chains into
dual-channel competitions.

Keywords: daigou; retail management; channel competition

MSC: 90B06

1. Introduction

Daigou is derived from the Chinese term for “purchasing on behalf”. Daigou activities
involve individuals or networks acting as intermediaries to acquire and resell goods. It
often involves price markup through informal channels such as social media platforms or
e-commerce apps. The daigou phenomenon originated in cross-border contexts. As Chi-
nese consumers sought overseas luxury goods and pharmaceuticals due to tariffs, quality
concerns, and price advantages, daigou has become a billion-dollar informal economy [1].
In recent years, resellers in China have benefited from localized supply constraints and viral
demand for premium regional products. This shift is further accelerated by digital mobile
applications. They enable real-time inventory sharing and livestreaming sales, increasing
competition with formal retail channels by creating parallel distribution networks that
affect pricing control and supply chain predictability [2,3].

The rise of daigou (also known as “proxy shopping”) in China shows a transformation
of retail and consumer behavior, driven by fragmented supply chains, domestic demand
asymmetries, and the growth of digital platforms. Initially, daigou was primarily associated
with cross-border e-commerce driven by factors such as exchange rate differences and tax
advantages. However, it has since become a domestic phenomenon, particularly in urban
retail, where consumers increasingly rely on intermediaries to access high-demand goods
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from niche or regionally concentrated suppliers. This practice has created digital platform-
based labor networks, redefining the boundaries between traditional retail, non-traditional
work arrangements, and consumer-driven market dynamics. For example, Pang Donglai
(www.azpdi.cn), a regional supermarket chain in China renowned for its premium service
with a limited physical expansion, served as a notable example of how cross-border daigou
activity has shifted to the domestic market. Although Pang Donglai currently operates in
only two cities within Henan Province, China, its reputation for high product quality and
customer experiences has gained significant demands from other places outside Henan
Province. However, Pang Donglai provides no online shopping and delivery services to its
customers. Thus, when customers want to buy Pang Donglai’s high-quality products, they
have to shop at their physical stores. Quite often, Pang Donglai customers have to queue
outside these stores before they can shop. Customers from outside Henan Province must
endure long travel times just to reach Pang Donglai stores, while even those from nearby
regions often face hours of queuing before they can shop. To provide convenient and
time-saving services to these Pang Donglai customers, domestic daigou agents emerged,
who would collect orders from customers living in local regions or outside Henan Province,
queue up outside Pang Donglai’s stores, and purchase the items for their customers. The
orders are completed by shipping these products to the customers via delivery networks.
Many leading professional daigou operators would set up physical bases near Pang Donglai
stores to complete their daigou activities in a more efficient way. However, the large
volume of these daigou customers has overwhelmed Pang Donglai’s operational capacity
and compromised its service standards. To tackle these problems, Pang Donglai has
implemented targeted interventions, including purchase restrictions on high-demand
items to reduce the chances of product shortage. The conflicts between institutionalized
retail models and platform-driven consumption practices reveal the need for a systematic
analysis of daigou activities to understand the implications for supply chain resilience,
labor organization, and evolving consumer behavior.

From a channel competition perspective, daigou represents a disruptive force in the
retail ecosystem. Informal intermediaries compete with formal channels for consumer
access and brand loyalty. In China, this is reflected in resellers benefiting from arbitrage
opportunities such as regional exclusivity or promotional pricing. Daigou resells goods at
a premium for convenience and accessibility, which results in the substitution effects that
disrupt existing sales offers and reduces brand control. For instance, cross-border daigou
for luxury brands often involves lower prices than domestic prices through tax avoidance,
accounting for over 20% of China sales in some categories [2]. However, domestic iterations
extend this competition to retail. This is reflected in large-scale retailers like Pang Donglai
facing bulk-purchase resellers who charge markups to distant consumers. This increases
the pressure on store operations and thus requires managerial intervention to safeguard
service quality and supply chain resilience.

The case of Pang Donglai shows how domestic daigou can disrupt institutionalized
retail models by creating unanticipated demand pressures and operational challenges.
The existing literature has focused on cross-border daigou such as luxury goods and
pharmaceuticals. Scalper-driven daigou operations often focus on limited-production
products. However, the domestic daigou remains underexplored in standard retail settings.
For example, studies often consider daigou as a cross-border phenomenon involving
overseas procurement for mainland Chinese consumers, such as in Hong Kong or Western
markets. The daigou serves as a “middleman” connecting customers to global brands
through informal networks [3]. Prior research has extensively examined cross-border
daigou in luxury goods and scalping in limited-edition products, but few studies have
addressed its domestic iterations in standard retail settings. Therefore, the literature
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limits the understanding of how daigou influences channel integration, supply chain
agility, and competitive strategies in fragmented markets [4]. Thus, it raises questions
about how domestic daigou operates within retail ecosystems, its implications for supply
chain resilience and consumer behavior, and the policy responses needed to address its
challenges. Recent research also point out that daigou is still largely “under-researched”
as an unconventional entrepreneurial setup, especially in non-luxury retail markets [5].
Hence, these questions show a gap in the literature, which this study tries to address.

To address these gaps, this study examines domestic daigou from the perspective of
channel competition through a comparison between a base model without daigou, a model
incorporating daigou, and a model with daigou under constraints. This comparative
analysis explores the following research questions:

e RQ1: How does the presence of daigou affect retail channel conflicts compared to
scenarios without daigou?

e RQ2: What are the impacts of constraints like purchase limits on daigou dynamics
and retailer strategies for management and resilience?

¢ RQ3: How do asymmetric substitution effects between daigou and official channels
influence equilibrium outcomes and competition in the models?

From the analysis of theoretical models of multi-channel competition, this research con-
tributes a framework for retail managers to navigate daigou dynamics, offering actionable
strategies to reclaim channel control.

2. Literature Review

Daigou is defined as a practice that combines operations management, digital com-
merce, and economic theory by purchasing goods and reselling them at higher prices.
The daigou agents act as speculators, taking advantage of price differences rather than
making direct sales. On the other hand, daigou also shares some similarities with the
on-demand service platforms. In this case, independent agents serve as intermediaries who
respond to individual consumer requests, sourcing goods or services and exploiting price
or availability differences. However, few analyses have applied quantitative frameworks
to capture daigou’s distinct setup. To fill this gap, our work proposes a Stackelberg leader—
follower strategic model. In this model, the manufacturer sets rules to increase market
efficiency and consumer benefit, while the daigou adjusts both price and volume decisions
under these constraints.

2.1. Speculative Selling and Scalping

In terms of speculative selling, systematic research on this dates back to the 1970s,
when academics began studying how inventories are transferred across periods from an
arbitrage perspective. Rather than depending on general intuition, Kohn [6] employed
a rigorous structure to illustrate how the cost of carrying and changing market prices
drive stock adjustments in commodities, thereby focusing attention on real rather than
rational behavior. Drawing on these studies, Tirole [7] questioned the results of the former
study and instead explained persistent profits through a heterogeneity of beliefs across
traders. While these models provide utility, they often struggle to accommodate barriers
encountered in a real-life transaction environment. Ticket scalping is a good example of
speculative behavior in the market. Scalpers purchase tickets at lower prices, then sell at
higher prices as the ticket date approaches, taking advantage of on-demand fluctuations
and temporal price variations [8-10].

More recent research expands the definition of speculative selling to include both
speculators and forward-looking customers [11-14]. The study [11] proposes an equilib-
rium where the manufacturer limits initial availability. The manufacturer can increase
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profit through willing-to-wait consumers while reducing the volume of speculative pur-
chases at the same time. The study [14] shows that dynamic pricing mechanisms can
also increase profit by adjusting prices in response to inventory risk and market demand
fluctuations. On the other hand, ref. [15] further develops this direction and demonstrates
how manufacturers can observe the uncertainties of market speculation while effectively
managing consumer purchasing timing. These approaches, in the end, allow manufacturers
to increase their profits even when facing limited resources and unpredictable consumer
behavior. However, these models assume symmetric profit maximization and regulated
markets. For the gray markets, they exploit the price differences, regulatory gaps, and cost
asymmetries that disrupt the conventional supply chain. Therefore, this shows the impor-
tance of adjusting these models to include daigou contexts.

2.2. Cross-Border Daigou and Gray Markets

Cross-border daigou takes advantage of price differences between countries or regions.
Daigou agents purchase from markets with lower prices, then sell in markets with higher
prices. This approach adds a spatial factor to gray market corss-border arbitrage. There
is extensive descriptive research on investigating cross-border daigou practices. Some
studies show that cross-border daigou sellers choose product categories where pricing
differences are large; this includes cosmetics, infant formula, and also luxury items [1,16,17].
The work [3] investigates the bodily motions that facilitate the flow of people between
Mainland China and Hong Kong. It also shows how physical travel, combined with
digital platforms, creates labor hierarchies and power asymmetries. Bai [18] suggests that
luxury brands often struggle with controlling their widespread businesses, which can often
bypass official supply chains. Recent work [5] frame daigou participants as entrepreneurial
intermediaries, which allow them to fill market gaps that formal supply chains leave open.

Recent mathematical models consider daigou-driven arbitrage as a strategic game.
Game-theoretic models suggest that manufacturers can oppose parallel imports, like daigou
actors, by changing how they distribute products, lowering product quality, or timing
market entrance based on regional differences in how many consumers are willing to
purchase [19]. Another analytical model in [20] suggests that allowing restricted gray
market activity could potentially increase total profits. This matches when luxury markets
are large and the costs of international transactions are relatively low. A recent empirical
study of informal secondary markets support this idea. Prasetyo [21] investigated how
digital platforms operate in informal economies. The study showed how social networks
help to promote gray market activities in reselling.

2.3. Domestic Daigou and Sharing Economy

Cross-border daigou focuses on price differences and global supply chain challenges.
However, a unique practice has developed in domestic and regional markets. This prac-
tice is closely related to the sharing economy principles. Platforms like errand-running
services (paotui, meaning “running legs” in Chinese) and on-demand delivery networks
support that identity develops through access, not ownership [22]. They emphasize spatial
proximity and real-time responsiveness instead of the price differences between coun-
tries or regions. So, the domestic models in fact differ from cross-border daigou, that
is, the domestic models emphasize time-sensitive transactions. This includes acquiring
limited-edition items, addressing domestic supply chain issues, and meeting hyperlocal
consumer demands. This shows how the sharing economy aims to increase access to
underused resources. As a result, digital platforms play a key role by improving trust and
efficiency in these domestic operations [23,24].
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The recent growth of these platforms is supported by mobile technologies, real-time
data analytics, and matching systems. These tools provide effective coordination between
consumers and micro-entrepreneurs or freelancers [25-27]. Research uses game-theoretic
and queuing-theoretic frameworks to analyze the interplay between supply and demand.
For example, Stackelberg hierarchies represent platforms as leaders that create surge
pricing [28] and commissions [29]. On the other hand, Hotelling models analyze competi-
tion in multi-homing applications [30]. Queuing-theoretic approaches [27,31,32] analyze
decisions on pricing, wages, and staffing under uncertainty. Reputation systems [33] help
minimize matching issues to improve the system performance. A recent study [34] on
informal markets in the sharing economy explored dual-channel supply chain competition
during pandemic-induced demand disruptions. The authors discuss how informal reselling
changes to platform-mediated constraints in e-commerce.

2.4. Dual-Channel Competition and Omni-Channel Retailing

Research on dual-channel competition and omni-channel retailing provides a deeper
understanding of how daigou disrupts traditional supply chains. Recent studies on omni-
channel retail demonstrated the importance of platform-mediated channels and informal
markets in modern e-commerce. The work [35] examined omni-channel retailing technolo-
gies through a systematic review. It showed that integrating online and offline channels
can reduce informal reselling by directing demand to formal platforms. The work [36]
examined the challenges of retail in omni-channel. It also developed a scale to identify
omni-channel obstacles, showing that digital tools can reduce the reliance on informal
intermediaries such as daigou. Also, the work [37] proposed a systematic review and a
future research for omni-channel management in the modern retailing setup. It emphasized
the need to integrate informal channels into formal strategies to improve the resilience of
the supply chain.

In this research, we focus on the manufacturer-centric control in the presence of domes-
tic daigou. We develop a Stackelberg leader—follower game structure. The manufacturer
acts as the leader, and the domestic daigou agent acts as the follower. This approach is differ-
ent from the prior platform-centric models through pricing and commission strategies [28].
Instead, we focus on the manufacturer strategy that can influence the domestic daigou
behavior. Then, we optimize the supply chain efficiency, pricing, and profits. Our analysis
explores a novel manufacturer strategy with purchasing limitation. This strategy is closely
related to the regulatory effects imposed by China’s E-Commerce Law, which adds pur-
chase restrictions via mandatory registration and taxation [38]. However, our approach
achieves a similar outcome by limiting arbitrage, likely by redirecting the demand back to
the official channels through supply chain mechanisms rather than policy interventions.

3. The Model

In this study, we analyze a supply chain with a single manufacturer and a single
domestic daigou. We also focus on a single product to isolate the strategic interactions
within this market structure. As empirical motivations often emphasize the networks of
daigou agents and retailers, our choice of a single daigou agent simplifies the model to
focus solely on the strategy. This is common in the supply chain literature for analytical
tractability [39]. Hence, it allows us to derive closed-form expressions in pricing and
demand, though future extensions could incorporate multiple agents to capture competition
among daigou. On the other hand, we consider that the manufacturer also operates as a
retailer, offering the product directly to consumers through traditional sales channels. Then,
the domestic daigou enters the market by sourcing the same product from the manufacturer
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and reselling it. The domestic daigou prioritizes the convenience of remote purchasing and
“proxy shopping”.

We develop three models to capture different market dynamics, and the three models
are shown below in Figure 1:

1.  Direct Channel Model (B): The manufacturer acts as the sole retailer, selling directly
to consumers. This model is a benchmark for evaluating the impact of introducing
a domestic daigou. It focuses on optimal pricing and demand in a simple direct
channel setting.

2. Daigou Entry Model (D): When a domestic daigou is introduced, the product is
sourced from the manufacturer at the retail price and is resold to convenience-seeking
consumers. This model focuses on the impact of domestic daigou entry on pricing
and demand, as well as the profits.

3. Constrained Daigou Model (C): Building on the Daigou Entry Model, we intro-
duce a constraint on the purchase quantity for the daigou. This extends the Daigou
Entry Model and analyzes how purchase constraint affects strategic decisions and
channel efficiency.

Manufacturer Manufacturer Manufacturer
DPm DPm
Pm Pm Daigou 2 I
Pd Pd
Consumer Consumer Consumer
Model B Model D Model C

Figure 1. Direct Channel Model, Daigou Entry Model and Constrained Daigou Model.

The primary objective of this research is to analyze the pricing, demand, and over-
all profitability within a single-manufacturer single-domestic daigou supply chain. We
developed and analyzed three sequential models for the Stackelberg game for analysis.
The baseline is the Direct Channel Model. We then introduce the domestic daigou in the
Daigou Entry Model, and find the impact of the presence of this intermediary. Based on
the Daigou Entry Model, the Constrained Daigou Model introduces a purchase limit on the
domestic daigou, allowing us to analyze how such purchase constraints affect the decisions
and channel efficiency.

In this study, we use the following notation to describe the key variables and param-
eters. The manufacturer’s sales price is denoted by p;;, while the daigou’s sales price is
denoted by p;. In Models D and C, the parameters 6; and 6,, are the asymmetric channel
substitution parameters, where 6; and 6,, represent the degree of substitution from the
domestic daigou to the manufacturer and from the manufacturer to the domestic daigou,
respectively. The superscripts {B, D,C} are used to distinguish the models. In Models
D and C, they incorporate the asymmetric channel substitution effects. Therefore, they
capture the competitive dynamics between the formal manufacturer’s direct channel and
informal daigou channels. From the channel competition and differentiation [40—42], these
parameters (9] and 67) represent the degrees of substitutability between the two channels,
where 60, GE € (0,1). Lower values of these parameters indicate weaker substitution;
higher values represent near-perfect substitutability.

We assume 67 > 01; this means the domestic daigou has a greater substitutive impact
on the manufacturer’s direct channel demand. Theoretically, this asymmetry arises from
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the daigou’s provision of differentiated value-added services that the manufacturer’s direct
channel often cannot copy. These services attract consumers who might initially consider
the direct channel but switch to the daigou for convenience [43,44]. On the other hand,
the manufacturer’s direct channel typically does not match the daigou’s service level.
Therefore, it is less likely to draw away the daigou’s consumers.

We assume the manufacturer’s marginal production cost is constant at ¢, with
c € (0,a), where a represents the market size. For the domestic daigou in Models D
and C, the procurement cost equals the manufacturer’s direct-channel retail price, ¢} = pl),
as daigou operate as unauthorized, informal resellers who source products at standard
retail prices from official websites or stores, without access to wholesale agreements,
minimum-order quantity waivers, volume discounts, or tiered pricing [16,44,45]. This retail
price procurement is a feature of retail-level gray markets and daigou channels, where
intermediaries effectively act as high-volume consumers rather than contracted distrib-
utors. Manufacturers can employ discriminatory or wholesale pricing to deter arbitrage
by authorized distributors, such strategies are ineffective against informal daigou, who
source covertly or through consumer-facing retail channels. This assumption therefore
reflects actual daigou practices in China-dominated markets and is standard in gray-market
models of unauthorized parallel importation. Additional operational costs are omitted
for analytical tractability, following the common practice detailed in the dual-channel
literature [46,47].

We denote ¢ as the level of value-adding effort deployed by the domestic daigou,
which may include personalized marketing, faster local delivery, etc. Accordingly, v > 0
represents the marginal effectiveness of this effort in expanding primary demand. The ex-
panded market potential available to the daigou channel is thus modeled as a + ye, where
a represents the original market size reachable via the manufacturer’s direct channel alone,
and the incremental term e > 0 captures the daigou’s role in stimulating new primary
demand among previously time-sensitive or convenience-seeking consumers, following
established models of channel expansion and effort-driven demand growth [48-51].

Building on these channel dynamics, in modeling the daigou’s effort e in Model D and
Model C, we assume it expands demand linearly via parameter 7, as this captures constant
marginal returns to effort in stimulating consumer interest and simplifies the demand
function for tractability [52] to represent realistic advertising for market share. The costs
are quadratic, parameterized by 7, to reflect increasing marginal costs, diminishing returns,
and convexity, ensuring the profit function is concave for unique equilibria. This is a
structure commonly used in marketing and supply chain models [48,53]. This relationship
is empirically substantiated by studies on intermediary efforts in e-commerce and proxy
markets, where increased personalization, marketing, and service efforts correlate with
demand growth but require ongoing investments that can escalate with scale. For instance,
qualitative interviews with 27 daigou practitioners highlighted how efforts like physical
sourcing trips build trust and facilitate demand in cross-border commodity chains [3].

The game sequences in all three models follow a consistent decision sequence: the
manufacturer first determines the price, and the domestic daigou then sets the selling prices
for the product based on the observed strategy from the manufacturer.

e InModel B, the manufacturer sets the direct sales price p5, and there is no domestic
daigou in this model.

e In Model D, the manufacturer first sets the direct sales price pL), after which the
domestic daigou purchases at this price and sets the retail price p{f , where p‘? > pb.

e In Model C, the manufacturer first sets the direct sales price p$, and the purchase
quantity limit Q€ for the consumers. Then, the domestic daigou purchases at the price
pS, and sets the retail price pg, where pg > pS.
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The steps outlined above are also illustrated in the visual summary of the game
sequence in Figure 2.

The  manufacturer
Model B sets the price for

consumers

The  manufacturer The daigou sets the
Model D sets the price for price for the con-

consumers sumers

The manufacturer sets The daigou sets the
Model C' the price and the con- price for the con-

straint for consumers sumers

Figure 2. Game sequences of the models.
The notations used in this paper are summarized in Table 1.

Table 1. Summary of notations.

Notation Explanation

x € {m,d}, where m and d denote the manufacturer and the daigou,

x respectively
y € {B,D,C}, where B, D, and C denote the base model, daigou model,
Y and constrained daigou model, respectively
05 The substitution effect of x in y
a The market size
c The unit cost of the product
Py The retail price of x in y
7 The quantity of x in y
eJ The daigou’s effort level of x in y
0% The influence of efforts on demand
n The parameter of the market cost
T The profit of x in Mode y
Q¢ The constraint of the daigou’s purchase quantity in Model C

3.1. Direct Channel Model

In the Direct Channel Model, the manufacturer operates as the sole retailer in a single-
channel market, serving consumers directly without intermediaries. As defined in the

general setup, the baseline market size is a®

= a > 0, which represents the maximum
consumer willingness-to-pay in the absence of daigou entry. The manufacturer incurs a
constant marginal production cost ¢, where 0 < ¢ < g, to ensure positive profitability. Let
g8 > 0 denote the manufacturer’s equilibrium sales quantity. With standard linear inverse

demand functions in supply chain models, the manufacturer’s retail price is determined by

po =a’ —qp, )
=a—qp ©)
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So, we have the profit function

I = (P — O)an- ®)
Then, we have the following proposition.

Proposition 1. In the Direct Channel Model, the maximum profit

Bx __ (a B C)z
1L, = T 4)

where the optimal sales quantity q5* = %5 and the optimal sales price p5* = %€,

Proof. See Appendix A. [

3.2. Daigou Entry Model

We extend our baseline Direct Channel Model by incorporating the entry of a domestic
daigou, establishing a dual-channel supply chain structure as detailed in the general setup.
In this model, the manufacturer and daigou compete as independent retailers serving
distinct consumer segments, introducing channel competition that expands market access
for consumers facing barriers in the direct channel. This competition is modulated by the
asymmetric substitution parameters 6} > 65, where the daigou’s stronger pull 6% reflects
its value-added services, potentially cannibalizing the manufacturer’s demand more than
vice versa.

Let g0 and g% represent the equilibrium quantities supplied by the manufacturer’s
direct channel and the daigou, respectively. As per the effort-driven demand expansion in
the general model, the daigou’s presence increases the overall market size from the baseline

B D' = a+ e > aB, reflecting greater consumer reach through the informal

a® =atoa
channel [48-51]. The daigou incurs quadratic costs parameterized by # for these efforts,
introducing a trade-off that influences its pricing and quantity decisions while ensuring
concave profits for equilibrium analysis.

Hence, the inverse demand function is

P =0=0797 — 5

and
pi = a+ve® —q7 — 04y ©

Then, the profit functions are obtained as

I = (pm — ) (qm +47) ™

and
1p = (o} - cf)qf - 10 ®)
= (pd = Pm)ad - ,7(821))2, 9)

where 7 is the effort cost coefficient.
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Proposition 2. [n the Daigou Entry Model, given that 772 < 2(1 — 69), the maximum profit

(7(3—200 —01)) — ) (a—c)?
4(n(2 - 67 —6760) —+?)

L = , (10)

and

pe 7(2(1—6P) —12)(1— 62)2(a — )2
= e - — ) )

- i oCx 7(1-6)(a—c)
where the optimal effort is e~* = 20D —0D80)—77)"
Dx _ (29(1-67)—7*)(a—c) n(1-67)(a—c)
I = 2 =ep—opeR) ) 20(2-67 ~6767) —7)”
D+ _ atc Dx _ a(7(3=26P—60)—7*)+c(n(2—65—6P60) )
R 20 (2=07 P 0R)—7) '

the optimal sales quantities are

and g% = and the optimal sales prices are

Proof. See Appendix A. [

From Proposition 2, we see that the constraint %2 <2(1- 95 ) is required in the proof
of Proposition 2 (see Appendix A). This constraint also guarantees the denominator of
I10* and HE * > 0. To show this, let the denominator term in both TT0* and HE * be
4(n(2— 605 —6600) — +?). So, we have

(267 —6765) =7 >0 (12)

D 2 ’72
= -

2
Moving the terms from the constraint, we have 95 <1- %7 As 9,1’-2 < 1, we have H% > 1.

Thus, we have

2 2
11 o 2 (1—7). (14)
7 o

Hence, this constraint implies the profits IT)* > 0 and I17* > 0.

3.3. Constrained Daigou Model

In this section, we examine a constrained variant of the Daigou Entry Model in
which the domestic daigou faces a purchase limit Q per period. We keep the same
parameterization as the Daigou Entry Model and replace the superscript D with C to denote
the constrained setting. This limit represents a strategic mechanism that the manufacturer
can impose to mitigate service degradation for primary customers by restricting daigou
procurement. In practice, such constraints can be implemented through mechanisms
like membership cards, which limit purchase quantities within a specified period. We
characterize the equilibrium as a function of Q© and conduct a comparative analysis
relative to the unconstrained domestic daigou.

Let q_g = min{q§, Q}. So, from the inverse functions

ps =a—0545 — 45, (15)
p§ = a+ye—q5 — 6545, (16)

Then, we have the profit functions

115 = (pS, — ¢) (45 + q5) (17)
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and

< e
N s

(18)

17(1-65)(a—c)
2(7(2—05—6565)—72)”

Proposition 3. In the Constrained Daigou Model, if the purchase limit Q¢ <
then the maximum profit
((a—c)+(1-65)Q)?

5 = 1 , (19)

and

Hg* _ (1- 9%)(2,1 —0)Q¢ B (n(4—(1+ 95)(12: 05)) — ’72)(QC)2’ (20)

C o (1-pCYOC
where the optimal effort is eCr = %, the optimal sales quantities are q%* = %

atc+(1-69)QC
2

C
and q5* = Q, and the optimal sales prices are pS* = and p§* = “’ZTQ +

2(a—QC)+65 (1+65)QC —6 (a—c)

2
For Q€ > 7(1-6y)(a¢) the equilibrium coincides with that described in Proposition 2
= 2y-yag (1+65) ) :

Proof. See Appendix A. [

4. The Impacts of Domestic Daigou

In this section, we will show the impact of domestic daigou presence on the manufac-
turer’s direct sales channel.

Proposition 4. For Models B and D, the manufacturer’s quantities and the prices are
Lo’ <qu <dqm +q3"%
2. pat=rat

Proof. See Appendix A. [J

The proposition highlights two key outcomes from the entry of a domestic daigou into
the market: an unchanged manufacturer’s retail price and a shift in sales quantities, where
direct-channel sales decline while total output rises. Economically, this shows the dual role
of the daigou as both a competitor and a market expander in an informal, unregulated
resale channel.

First, we consider the demand dynamics. In Model B, the manufacturer enjoys a
monopoly position with no daigou. It optimizes the direct sales g5* to a baseline market of
consumers who are willing to buy through the manufacturer’s direct channels. In Model
D, as the daigou enters, it introduces competition by offering value-added services. This at-
tracts some consumers away from the manufacturer’s direct channel, leading to a reduction
in direct sales, that is, g2* < gB*. However, the daigou also invests effort into time-sensitive
or remote buyers. It expands the overall demand beyond the original market size. This net
growth provides the manufacturer’s total sales increases, so we have g0* + g% > ¢B*. In-
tuitively, the daigou acts like an “uncontracted retailer” that boosts aggregate consumption
without the manufacturer bearing the full cost of market expansion, turning potential lost
sales into indirect gains.

As Stackelberg leader, the manufacturer sets p5* = pD* to balance marginal revenue
and costs. In Model B, the price is set at the monopoly level to balance marginal revenue
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and cost in a single channel. In Model D, the manufacturer anticipates the daigou’s entry
and resale behavior but cannot directly control it, nor can it offer discounted prices, since
daigou operators covertly source goods at retail prices. The daigou’s presence introduces
asymmetric substitution but the overall demand elasticity does not shift enough to warrant
a price adjustment. Instead, the manufacturer maintains the same price to maximize profits
from the combined direct and indirect channels, treating daigou purchases as additional
demand. Thus, the equilibrium price remains the same, allowing the manufacturer to
capture value from the daigou’s market-broadening efforts without explicit coordination.

Proposition 5. For Models B and D, the manufacturer’s profit TI5* < TID*.

Proof. See Appendix A. [

Proposition 5 indicates that daigou entry boosts the manufacturer’s profit TT15* < T10*,
despite partial cannibalization of direct sales. This arises because the daigou serves as
an informal, cost-free extension of the manufacturer’s distribution network. The daigou
sources at retail prices, which increases the manufacturer’s indirect revenue, and invests its
own effort to expand demand into new segments, raising total output on the manufacturer.

5. The Impacts of Manufacturer’s Strategy
Proposition 6. For Models D and C, let 64 = 95 = 95 and 0, = 05 = 65 then

. 26 1—64)(a—c .
1. b < g%, if QF < ﬁ - 2(17('72(_901_9);%)172), and qb* > gS* otherwise.

2. pat <pE
2
3. pR* <P 0 < v (1= 7 ) and pf” 2 pg othernise.

Proof. See Appendix A. O

Proposition 6 provides a comparative analysis between the Daigou Entry Model and
the Constrained Daigou Model, assuming consistent substitution parameters 6; and 6,
across both models. This establishes a purchase limit Q° on the daigou as a strategic tool
for the manufacturer to reclaim the market control. It also balances the trade-off between
restricting informal channel growth. Tight constraints can shift the demand back to the
direct channel, raising prices and potentially profits. On the other hand, loose constraints
mimic the unconstrained case, reducing the manufacturer’s dominance.

For the manufacturer’s quantity, we have g5* < g$* when QC is below the threshold
204 . 17(1=0m)(a—c)
1402 2(7(2—04—040m)—
daigou’s volume in sales. It thus reduces the daigou’s ability to influence the convenience-

7y but g% > ¢5* otherwise. This is because the constraint limits the

seeking consumers and forcing them to take the manufacturer’s direct channel. However,
if QC is loose, it shifts Model C back to the unconstrained Model D. Therefore, the uncon-
strained daigou effort leads to greater market expansion and reduces the manufacturer’s
control compared to the tight constrained case. This shows the constraint’s role as a thresh-
old mechanism: below the threshold, the limit binds to protect direct sales; otherwise,
the system behaves as in Model D. The threshold itself depends on substitution asymmetry
0, > 0y, and effort cost-effectiveness 2 /1, where a stronger daigou pulls or efficient efforts
raise the bar for effective constraints, as the daigou can still thrive under moderate limits.

The manufacturer’s optimal price is higher in Model C than in Model D, p2* < p$*.
This shows reduced price competition under constraints. The manufacturer faces less
downward pressure from the informal channel’s lower-cost, service-enhanced offerings,
enabling monopoly-like pricing in the direct channel given the QC. Without constraints,
the daigou’s presence intensifies rivalry, so the manufacturer needs to keep prices lower to
retain shares amid substitution risks.
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For the daigou, its optimal price is lower in Model D than in Model C, pD* < pg*

2
when 6; < %Gm (1 - %), but higher or equal otherwise. When daigou substitution is

weak, that is, 0, is small, or efforts are inefficient, that is, ')/2 /1 is small, constraints force
scarcity, allowing the daigou to charge a premium for limited stock. Conversely, strong
substitution or efficient efforts empower the daigou in the unconstrained case to support
market expansion and consumer loyalty for higher pricing, p7* > pg*, as it faces less threat
from the manufacturer’s channel and can pass on value-added costs. This condition shows
how the daigou can “power” via asymmetry and their efforts change the pricing dynamic,
turning constraints into a disadvantage for its margins.

Proposition 7. For Models D and C, let 8; = ()L? = ()dC and 6,, = 0 = 65,. Let
K = 5(2—0s—040m) — 7%, M = 27(1 = 6;) = 7>, N = (4= (14 65)(1+60n)) — 7>
and L = (1 — 6,,)(a — c). The profits satisfy

. 2VK L
Looe TR TR 0< Q0 < e ks
D Cx 2K L c L,
° Hm*<Hm*lf\/§+/M+N,K'72LK<Q <ZT’

o IR =G QS 2 k.
2. Consider the quadratic equation f(t) = MK — Kt + 52 = 0, and let t; < t, be its roots
(assuming they exist and are real).

(@) If2MN > K, then TIP* > T1§*.

(b)  If2MN < K, then
o IID* < 119" when max{0,t} - % < Q€ < min{ty, 1} - %;
° HE* > Hg* otherwise.

Proof. See Appendix A. [

Proposition 7 compares profits between the unconstrained Daigou Entry Model D
and the Constrained Daigou Model C, with the same substitution parameters 6; and 6,,.
Economically, the purchase limit Q€ serves as a tunable instrument for the manufacturer to
navigate the pressure between utilizing the daigou for market expansion and mitigating
its cannibalizing effects on direct sales. The manufacturer can strategically reallocate
demand by constraining the daigou’s purchase quantities. It potentially enhances its own
profits through reduced competition and higher pricing power, while the daigou’s response
depends on its ability to adapt via effort and substitution advantages.

For the manufacturer, profits in Model D are lower than in Model C when the pur-

2y/1(2—04—040m) —7* . n(1=6m)(a—c)

V1(205—0400) 72 +1/1(3-20—0,) —72  201(2—64—6401)—77)
, and greater than or equal to those in Model C otherwise. This

chase limit Q€ is greater than but

1(1—=06m)(a—c)
(1(2—04—040m)—7?)
threshold behavior shows a “sweet spot” for the constraints: very low Q° suppresses

less than 5

the daigou too much, losing the demand expansion benefits and yielding lower manu-
facturer profits than in the unconstrained case. A moderate QC optimally controls the
cannibalization, redirecting consumers to the direct channel for higher margins without
fully eliminating the daigou’s role. Loose Q® shows the constraint to be ineffective, turning
profits to Model D levels, as the daigou operates freely, intensifying competition but also
growing the overall profit at the manufacturer’s expense.

On the other hand, the daigou’s profit is greater than or equal to that in Model C if
2027(1 —04) — V2[4 — (1 +04)(1+60m)) — %] > 17(2 — 64 — 646,1) — 7%, and, otherwise,
it is lower than in Model C for QC in a specific range defined by the roots of the associated
quadratic equation and greater than or equal otherwise. Intuitively, when parameters
favor the daigou, it can maintain or exceed unconstrained profits even under constraints
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by creating scarcity premiums. However, if the condition fails, for example, a strong
manufacturer pull via high 6,,, moderate constraints squeeze the daigou’s margins by
restricting Q€ without allowing full price adjustments, leading to lower profits than in the
free-entry scenario.

This explains the observations in luxury goods supply chains, where firms usually
implement targeted resale limits to optimize inventory allocation and profitability under
gray market pressures, particularly in regions with significant price arbitrage opportunities.
In practice, this aligns with the resilience of daigou networks in China’s e-commerce ecosys-
tem, where platforms like WeChat facilitate high-volume reselling in the absence of strict
controls, yet adaptive strategies under constraints can yield comparable profits by creating
scarcity premiums. Hence, these results inform strategic decisions on channel governance,
emphasizing the need for controlled constraints to balance short-term profit maximization
with long-term market sustainability in the presence of informal intermediaries.

Proposition 8. For Models D and C,
1 ang* HD*

205 <0 aeD <0.
angz* _ C a—c
2 05 0’ aeC >0ifQ~ > 1-657 aeC

Proof. See Appendix A. [J

Proposition 8 examines how changes in 0,, affect profits in Models D and C, un-
der asymmetric substitution with 8; > 6,,. We see that a higher 0,, reduces the daigou’s
segmentation advantage by making the manufacturer’s channel more attractive, therefore
increasing cross-channel rivalry and potentially reducing margins for both parties unless
constraints change the dynamics.

In the unconstrained daigou Model D increases in 9,[3 reduce profits for both the

manufacturer and the daigou, that is,

a 9D <0and M’ < 0, indicating that enhanced
manufacturer pull increases overall channel compet1t10n reducmg the segmentation bene-
fits and leading to lower margins with asymmetric substitution where the daigou retains a
stronger influence. This shows heightened competition, where a stronger manufacturer
pull draws convenience-seekers back from the daigou, reducing its resale volume and
forcing price concessions to retain share. For the manufacturer, while this controls some
cannibalization, it also reduces the daigou’s incentive to invest effort in market expansion,
shrinking overall demand and indirect sales, therefore leading to net profit losses in the
fiercer rivalry.

In the constrained daigou Model C, the manufacturer’s profit remains invariant to
changes in 6, as pricing and quantity decisions are independent of this parameter due to

. . o . PO v
the fixed daigou purchase limit. For the daigou, however, the derivative — 9% < 0 when
Q¢ < “ GC , where direct channel demand is positive and the substitution effect harms

daigou pricing, and equals zero otherwise.

Proposition 9. For Models D and C,

arth D _ P m o1y D _ 6% ( _ ﬁ)
1. aeD < 01f9 <1 , and 2 20 > 0 otherwise; BQD > 0if 07 < %p 24
and ° aGD < 0 otherwise.
s oG
2. aeC <0; aeC > 0.

Proof. See Appendix A. O
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Proposition 9 examines the sensitivity of optimal profits to changes in the substi-
tution parameter 6;, which captures the daigou’s ability to pull the demand from the
manufacturer’s direct channel, across the unconstrained Daigou Entry Model and the
Constrained Daigou Model. So, the higher 6, strengthens the daigou’s competitiveness
through value-added services, increasing the channel conflict and altering profit allocation
in a business landscape where informal intermediaries like daigou disrupt traditional retail
by arbitraging. This is often observed in luxury and cross-border supply chains, where gray
market channels exploit regional price differentials and address consumer demands for
personalization, lower costs, and time-convenience through informal resale mechanisms.

In Model D, manufacturer profits decline with increasing 62, as increased daigou
substitution amplifies channel conflict and reduces direct sales margins under asymmetric
competition. That is, the daigou obtains more consumers, which disrupts the manu-
facturer’s monopoly-like position and forcing indirect reliance on daigou sales at lower
effective margins. On the other hand, if the condition fails, that is, high 9,1’:1) or low-effort
efficiency %/, profits rise or stabilize, which benefits total output in a cooperative-like
equilibrium despite no formal contracts.

11’1’25 (2 — 772) , but reduce thereafter, illustrating
a non-monotonic effect where substitution enhances market segmentation and daigou value

For the daigou, profits rise with 67 <

capture, initially enhancing resale markups and returns on effort investments in segmented
markets; yet, at higher levels, it increases inter-channel competition, leading to margin
disruption as demand substitution worsens.

In Model C, manufacturer profits decrease with Gg, showing persistent cannibalization
even under purchase limits, as a stronger daigou pull diverts demand despite caps, reduc-
ing direct-channel dominance and highlighting the limits of constraints in fully insulating
formal channels from informal competition. On the other hand, daigou profits increase
with 95, as stronger substitution enhances pricing power on constrained volumes, creating
scarcity-driven premiums, allowing the daigou to capitalize on its service advantages even
under restrictions, therefore demonstrating resilience in adaptive business models where
intermediaries turn regulatory problems into opportunities for higher per-unit margins.

iti AL o, M £ OC 1(1-65)(a—c)
Proposition 10. For Model C, 206 > 0; 20C > 0if Q% < 2 (5—0T— 0 —0T05)—17) and

oI
2Qc

< 0 otherwise.

Proof. See Appendix A. [

Proposition 10 analyzes the profits with respect to the purchase limit QC in the Con-
Cx
strained Daigou Model C. The manufacturer’s profit increases with QC, %ré"é > 0, implying

that relaxing the constraint enhances profitability. So, this arises because higher Q¢ enables

the daigou to procure and resell at a larger quantity, effectively extending the manufac-
turer’s distribution reach at no additional cost. Therefore, it increases overall demand
through daigou effort in the daigou’s channel while generating indirect revenue from
retail-priced sales to the daigou. Although this may lead to partial cannibalization of
direct-channel sales, the overall increase in total sales volume more than compensates,
consistent with the gray market tolerance in luxury supply chains where manufacturers cap-
italize on informal intermediaries to enhance system-wide throughput without additional

formal investments.
1n(1-65) (a—c)
(27(3—65—05—056%)—7?)

For the daigou, profits increase with Q¢ below the threshold 5

oT1G* . orIG™ . .
( 5 Qdc > (), but remain unaffected above 5 QdC = 0. This threshold represents a saturation

point of Q€. At low QF, additional procurement capacity enables the daigou to spread
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fixed effort costs across greater volumes, and improving margin capture via specialized
resale in the daigou’s channel. Beyond the threshold, the constraint becomes non-binding;
therefore, the daigou achieves unconstrained operations in Model D. In business practice,
this shows constraint calibration in omni-channel strategies, where moderate limits can
incentivize intermediary performance without fully conceding control.

Proposition 11 (Limiting Case Analysis of 62). For Model D, let 67 — 1 — %,

a+cfcﬁ
1. pg* — — 72'7 ;
T
2. ghr — 0and gP* — =5;

3. TB* o =P g rDx 0,

%)

Proof. The proof is straightforward by substituting the value 67 at the limit 1 — % back
into the equation, so we omit the details here. [

2
From Proposition 11, we see that as the daigou’s substitution 6} approaches 1 — ’ZLU’

this limit pushes the entire system toward extremes. The daigou’s resale price is at

7
D a+c—c7 atc
Pa — 2
21
U

2 - pg*’

which shows a markup that incorporates its effort. On the other hand, we see that direct-
channel quantity g0* — 0, as consumers switch to the daigou. So, the daigou’s quantity

is at
Dx a—=c
- —.
1d Z_Lz
Ui

From the daigou’s profit, we see that I1?* — 0 due to the fact that quadratic effort costs are
subtracted from the revenues. Therefore, we see that the manufacturer’s profit I1}* is all
generated from the daigou’s direct purchase.

6. Numerical Experiments

In this section, we perform the numerical experiments for Models D and C, the
manufacturer’s profit and daigou’s profit, respectively. We first set the market size a2 = 10

atc _
%3¢ = 6 and a gross

and production cost ¢ = 2. The optimal manufacturer price p5* =
profit margin of 66.7%.

In Figure 3, we have the manufacturer’s profit and daigou’s profit in different values
of 01,

In the following Figure 4, we have Model C manufacturer’s profit and daigou’s profit
in different values of 6S,.

We see that Figures 3 and 4 align with the monotonicity in Proposition 9. In each
figure, we vary 0, across 0.1, 0.3, and 0.5 for comparison, selected with respect to the
model’s asymmetric assumption that 8, < 6. So, 8; is plotted starting from values slightly
above each corresponding 6,,. Also, as the chosen effort parameters y = 0.8 and 7 = 0.8,
from Models D and C, we have ; < 1 — % = 0.6 in this case. Therefore, the upper limit of
0, in the figures is 6; = 0.6.

The following Figure 5 shows the daigou’s profit Hg* against the quantity restriction
QF, with different values 9,% fora =10,c =2,y = 0.8, and 57 = 0.8. The figure aligns with
the monotonicity of Hg* in QC as shown in Proposition 10.
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Figure 3. In Model D, manufacturer’s profit IT)* and daigou’s profit H‘? * in different values of 0,
given thata = 10,b =2,y = 0.8, and 77 = 0.8. (a) I1D*. (b) TIL*.
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Figure 4. In Model C, manufacturer’s profit I1$,* and daigou’s profit Hg* in different values of 65,
given thata = 10,b = 2,7 = 0.8, 7 = 0.8 and Q = 3. (a) I13*. (b) [15*.

In Figure 6, we compare the manufacturer’s profit in Models D and C, given that
a=10,c=2,0, = 0.1, v = 0.8 and 7 = 0.8. We see that the manufacturer’s profit in
Model C increases below the threshold for Q¢. For some loose QF, the manufacturer’s
profit in Model C outperforms Model D. This illustration also confirms Proposition 7. A

similar case is seen for daigou’s profit in Models D and C as shown in Figure 7. For Model
C, when Q€ is below the threshold, the daigou’s profit is quadratic with respect to Q.
When the substitution rate §; = 0.55, we see that for tight values of QF, the daigou’s profit

is larger than in Model D. This is because for the high substitution, consumers tend to

purchase through daigou. Therefore, due to the tight value of QC, it creates the scarcity

and, therefore, the price at daigou is higher. Hence, daigou’s profit in Model C outperforms

that in Model D.
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Figure 7. Comparing H‘?* and Hdc*, given thata = 10, ¢ = 2,6,, = 0.1, v =

@) 6; = 0.15. (b) 6, = 0.35. (c) 6; = 0.55.
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7. Conclusions and Future Research
7.1. Conclusions

The daigou activities at Pang Donglai illustrate how daigou agents can increase
sales for Pang Donglai. It also disrupts the traditional supply chain and reduces local
customers from the manufacturer’s direct sales. The long queues outside Pang Donglai
stores have made daigou one of the most effective and convenient channels for completing
purchases. Such domestic daigou activities can generate additional sales opportunities for
Pang Donglai, but at the same time, reduce local customers from the manufacturer’s direct
sales. Also, it could flood the manufacturer’s direct sales capacity and therefore reduce its
excellent customer service standards.

In conclusion, our study shows that daigou actually reduces channel conflicts. When
comparing Model B and Model D, the manufacturer’s profit is higher in Model D. This
outcome arises because daigou informally integrates into the supply chain, expanding
market reach and generating additional revenue. Therefore, it enhances overall prof-
itability for the manufacturer as daigou sources products directly from the manufacturer
without discounts.

Constraints like purchase limits impact daigou and retailer strategies by balancing
profitability with resilience. Compared to Model D, these limits in Model C reduce the
manufacturer’s profit by reducing daigou’s purchase volumes and market expansion.
However, for daigou, carefully chosen limits under specific conditions can increase their
profits through supply scarcity and higher resale prices. More importantly, such constraints
restrict daigou’s purchase quantity from the manufacturer. This ensures better service
quality for regular consumers, improved inventory management, and stronger resilience
against informal competition.

We also show that when daigou substitution dominates, 6; > 60,,, it increases channel
rivalry. It also disrupt the manufacturer profits in both unconstrained Model D and
constrained Model C by shifting demand to informal channels. However, for daigou, higher
8 initially enhances profits in Model D up to a threshold via better market segmentation.
On the other hand, in Model C, it supports resilience through scarcity.

7.2. Limitations and Future Research

This study provides insights into strategic interactions in daigou activities; the findings
are constrained by several simplifying assumptions. These include the following:

1. Inthe models, this work considers only a single daigou in Models D and C; the current
analysis does not consider multiple-daigou competition as multiple-daigou competi-
tion could cause price wars and reduce individual daigou profits.

2. The models treat substitution effects as constant and asymmetric. It reduces the gener-
alizability to scenarios where consumer preferences evolve dynamically, such as due
to marketing or economic shifts. This may bias profit comparisons in the Propositions
herein as it may downplay the impact of substitutions on channel conflicts and overall
supply chain efficiency.

3.  The models are static and do not consider dynamic interactions over time. This
may result bias toward short-term equilibria and constrain the applicability to long-
term scenarios where daigou adaptation or manufacturer responses could alter
profit thresholds.

The assumptions in the analysis were to ensure analytical tractability and focus on
the core mechanisms of manufacturer-daigou strategies. There are also several areas that
could be improved to better align the model with practical business scenarios. Therefore,
future research could address these gaps by conducting the following:
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1.  Exploring multi-agent dynamics and competition by incorporating multiple daigou
agents to analyze intra-daigou rivalry, cooperation thresholds, and network effects on
market equilibrium.

2. Incorporate discrete choice models to segment consumers into local versus remote
groups, analyzing preference heterogeneity, loyalty dynamics, and the efficacy of
manufacturer counter-strategies such as targeted loyalty programs or personalized
pricing to mitigate daigou.

3. Develop time-dependent models that consider for inventory, seasonal demand varia-
tions, or supply chain uncertainties. It enables the optimization of adaptive purchase
limits and resilience strategies in volatile global markets.

4. Investigate how digital platforms can implement governance policies, such as algo-
rithmic monitoring or incentive structures. So, it could regulate daigou activities,
balance informal innovation with formal channel protection and exploring impacts
on transaction efficiency and trust.

5. Examine the role of government regulations, including tariffs and anti-gray mar-
ket laws in shaping daigou ecosystems. Then, build the models where interven-
tions could alter profit distributions and assess unintended consequences like supply
chain disruptions.

7.3. Managerial Implications
7.3.1. Manufacturer

In the case when informal resale presents, manufacturers need to regard daigou not
just as adversaries, it could also be potential business partners. The Daigou Entry Model
illustrates how these agents can increase market access. We see that domestic daigou ex-
pands the market to remote or convenience-oriented consumers, which increases profit. Yet,
this comes at a cost. Daigou activity risks the manufacturer’s direct sales profit, which is
shown in Proposition 7. Therefore, good purchase limits in the Constrained Daigou Model
can outperform Model D’s daigou profits when QC is chosen within a certain range. Such
limits can also bring the demand back to the direct channels. In practice, these constraints
can be implemented through mechanisms like membership cards. The membership card
record system can be used to restrict purchase quantities within a specified period because
typical consumers do not repurchase identical items multiple times in short periods. This
method can target daigou without unnecessarily harming regular consumers. Also, man-
agers must constantly track substitution parameters and adjust constraints dynamically.
This can reduce the influence from the daigou. Proposition 9 shows the urgency of stricter
controls at high daigou substitution 6;. Early action can help preserve the consumer from
direct channels. Managers learn to formalize daigou with partnership, therefore enhancing
supply chain robustness.

7.3.2. Daigou

Daigou grows in the unrestricted Model D, whereby utilizing its effort and networks
can increase the demand. In Proposition 7, a counterintuitive advantage is observed
as a certain range of constraints in Model C yields higher profits via scarcity. Daigou
should emphasize operational efficiency over raw volume, perhaps via niche customer
ecosystems, to sustain earnings. Proposition 9 demonstrates that robust 6, increases profits
in Model C and even earlier in Model D. Furthermore, to enhance sustainability, daigou
could explore formalization as authorized resellers. It could negotiate product discounts
from manufacturers to legitimize arbitrage opportunities. Therefore, it can reduce risks
associated with informal channels.
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Appendix A. Proofs

Proof of Proposition 1. As p2 =a — g5, and

I, = (ph — ¢)qn (A1)
=(a—qp —c)qh. (A2)

From the first-order condition of differentiating T12 with respect to g5, and setting the

B
derivative to be 0, we have Cg;—é" = (a—c) —2¢8 = 0, yielding q5* = %5¢. Taking the
2171B
second-order derivative, we have % < 0; hence, qﬁ* = % maximizes H,%.
m
a

Substituting ¢5* into the inverse demand function, the optimal price is p5* = <.
2

Finally, substituting g5* into a profit function, the maximum profit is T15* = 2 o

Proof of Proposition 2. From the Stackelberg game, we first optimize the domestic
daigou’s profit.

Taking the first-order derivatives on the profit I1? with respect to g5 and eP, and set-
ting the derivatives to be 0, we have

oT1?
3ty =€ =247 (1=67) +4n(1—-65) =0 A3
ay D _
b = —en+dy =0.
Then, we obtain
Dx _ _n45(1-61)
qd 2’7(1*95{))*72 (A4)

eDx — 100 (1-05)
21(1-67)—*"

So, the Hessian is

271D 211D
Prp ik

9(aD)2 99D 9eD —21—6D
HP = | 00 —[ (4 ~07) 71- (A5)

oePagh  9(el)?

Then, the determinant det(HP) = 257(1 — 67) — 9?2, so, given that 772 < 2(1-6D),
we thus have det(HP) > 0. So, HP is negative definite, and q7* and eP* maximize the
domestic daigou’s profit:

HD** Dx D*_GD D _9D D« _ _D D*_W(eD*)Z A6
i = a+ye™ —q7" = Opgy — (=074 —qn))4s — ——5— (A6)

2
_ n(am)*(1—63)°
2(27(1—60) —92)°

(A7)
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And the domestic daigou’s price is

an(y(1+ 65 —26067) —7%)
2n(1—67) — 12 '

pit=a (A8)

Then, we optimize the manufacturer’s profit by setting the first-order derivative

My — 0 and th d-order derivative 21 — _2 < 0. The profit [IP* is th
aq% = an e secona-order derivative a(l]%)z = — < . e PI'OI m 1S us

(a—c)(2y(1-67) =)

: D D
201200 —eDOR)—72) We then substitute g;," back to ;7" and

maximized given that g0* =

eP* and obtain
D+ n(1—63)(a—c)
— ) (A9)
T4 2072 64— 646um) — 1)
and
_ gD _

-~ 2(7(2— 604 — 040m) —7?)

Similarly, we have the prices

Dy — axc (A11)
2
and
D _ (13— 264~ ) —9%) + el (2~ b — ) 1)
= . Al2
b 201(2— 0y — Ogb) — 77) (A1)
O

Proof of Proposition 3. Since the profit functions are quadratic with a negative leading

coefficient, they attain a maximum. When the domestic daigou quantity constraint satisfies

17(1-65)(a—c)
(7(2—65—6565)—~2)"

1-65)(a— . . .
Q¢ > 20 (Zi o 9)52,%;)—72)’ the maximum profit is attained at qdc =3
as shown in Proposition 2.
n(1-65)(a—c)
(11(2—-65—6505) %)
CH2
the profits are maximized by taking qg = QC. That is, Hg = (pdC — p$)Q¢ — 17(62)

So, taking the first-order derivatives on the profit Hg with respect to e¢, we have

Conversely, if the domestic daigou quantity constraint Q¢ < 5

oIS
d C c
— = —ne- =0, Al3
5¢ Q- (A13)
c
and e&* = % maximizes the domestic daigou’s profit as the second derivative is negative.
We then optimize the manufacturer’s profit by setting the first-order derivative

C
Ay — (). We have

9im

ollg,

W(’:":a—c—(1+9§§)Qf3—2q§1:o, (A14)

m
e CynC

and ¢§* = % maximizes the manufacturer’s profit as the second derivative
9?11,
e -2 <0.
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Substituting ¢“* and ¢* back into the profits, we have

(a—c+(1-69)Q)2
4

5" =
and

C* __
Hd _—

2 21

The optimal prices are

o  atc+(1-69)QC
Pm - 2 7

and

o _ 7QC | 20— Q°) + 0 (1+65)Q° —u(a—c)
P4 7 2 .

O

(1=0p)(a=c)Q°  (n(4—-(1+ 67)(1+6%)) —1*)(Q)*

(A15)

(A16)

(A17)

(A18)

Proof of Proposition 4. Note that g5, and g)* are the quantities of the product sold directly

by the manufacturer, and g7* + g0)* is the total quantity sold by the manufacturer, including

direct sales and domestic daigou sales as domestic daigou purchases at full price from

the manufacturer.

* — % 21(1—6D)—~2) (a—
We see that g5 = 45¢ from Model B, and qg = 2((’7'7((279‘?7)959%(){1;2))
217(1—6P)—~2
%. So, we have

and g%, it is equivalent to check the value of

27(1—67) —»* B 76265 — 6%

(267 —6P60) —92 y(2—6 —676D) — 2
767 (1—67)

= — <0,
12— 67 — 6DeR) — 12

as GE and 6% are valued within [0, 1). This shows g5* < gB*.
On the other hand, we have

a—c n(1—07)+2n(1-67)— 1)

D Dx __ .
R T
and we have
n(1—6p) + (2p(1—67) —7*) -y —n6y — 67 + 1676}
(2 - 07 —6760) — 72 n7(2— 067 —6760) — 92

n(1—62)(1—-60)

= > 0.

7(2-67 —00%) =7

So, this shows g5 < ¢P* + gD
And, for the prices, we have pb* = pD* = 2£€ from Propositions 1 and 2.

Proof of Proposition 5. From Propositions 1 and 2, we have

(a—c)?

Iy =~

231
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(A19)

(A20)

(A21)

(A22)

(A23)

(A24)
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and

De  (a—c)? 17(3—26(? —0D) — 92
e R TH A (A25)
U(Z_Gd _Gdem)_')’

Then, taking

7(3—207 —6;) — 7
n(2— 00 —6D6D) — 42

D D
1= (;7(16_1)9‘1 )9(;9;5)”1) >0, (A26)
Me =07 =U70,) =%

we thus have I15* < T1D*. O

Proof of Proposition 6. Let the substitution parameter 0,, = 65 = 65 and 6; = BdD = 65,

and let 8,, = 0L = 6, and 6; = 65 = 6‘?, from Propositions 2 and 3; we see
—0.)—2)(a— 00— O+a—
that p* < pi’. Also, we have g = JFIGUERITg qfr = ~C0r240C and

QC _ 1(1=06m)(a—c) .
max 2(17(2—04—040m)—7%) 1o 2
— - +
Wesee that g1* = 2 — 0, - QG and g5 = %5¢ — 572 QC. So, let Q¢ = ﬁanax <
QSax as 05 < 1; then, if Q€ < QF*, we have gL* < ¢5*. Otherwise, g0* > g5*.
On the other hand, to compare p?* and pg*, we first let

M =3(2 =64 — 046m) — 7 (A27)
N=(a—-0o)n(1—-0;)(1-06y), (A28)
and leax = m
We then have
pe _ a(7(3 =205 — 0m) —7*) +c(1(2 = Om — 646m) — 1)
Pi = 2012~ 04 — 0ab) —77) (429
_a+c N
= tom (A30)
and
2AC _NC C c_ _
jor 70 | 2a=0) + 501+ 8)0° —ula—0) s
n 2
- - 2
_2a Om(a—c) M-« QF. (A32)

2 2y

2
We see that p$*(QC) is decreasing in Q€ if 77 > 2795%; so taking p$*(QSax),

we have
Cx(AC 20 —Om(a—c) M-

P (@) = 5 = 0 (A33)
o A2

=Ty a(l 29’”) _ Mzn“f '2M(1N— o (A34)

ate, a6 (-0l bu)M_7) (A35)

:”T“ 14‘}\2’”1 (2aM — (a — c)(M —12)) (A36)

e 1;Azm((a+c)M+(a—C)’yz)- (A37)
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So, taking p$*(Q%.x) — pL*, we have

pg*(QI%ax) - PdD*

(A38)

(A39)
(A40)
(A41)
(A42)

(A43)

(A45)

= 1;A/01m ((@a+c)M+ (a—c)y?) — %
= (@)1= )M + (2= )1~ 0)7% —2N)
= ﬁ((a 4 O) (1= )M + (a — ) (1 — )7 — 2(a — (1 — 02) (1 — 6u))
= L0 (a4 )2 04— Bu) — 1) + (1 — €)% ~ 2a — )1 6,)
= S (@ (2 = 64— 04) — 2677 ~ 2 — )y (1 - 6,)
= 14_]\?" (1(2(a+c) — (a+4c)8; — (a+c)B0m —2(a —c) +2(a —c)8y) —2cy?) (A4d4)
= 14_1\3'" (7(4c + abz(1 — 0,) — c04(3 + 0,)) —2¢79?) > 0
ity > 4+ged(1_92n7)2—9d(3+9m)~ Aswehave §j > 5o, and we need

4+ ged(l —O) — 04(3+ ) > 2 — 0y — 040

I 2(1—9d)+§9d(1—9m) > 0;

D 2y
hence, we have p§* > p§*(QS...) > pP* asy > TZWM'

Proof of Proposition 7. Assuming we have the substitution parameter 62)
GE = 65, and let ,, = 00 = 6S, and 6, = 65 = 65. Let

K =1(2 64— 040m) — 7,
M =2y(1—61) =7,

N =14~ (1464)(1+6m)) — 7,
L=(1-0y)(a—c).

We have

D _ (3 —2y6F — 363 — %) (a —¢)
" 4(n(2- 6D —676R) —9?)
(37 — 2764 — 176m — 1) (a —¢)?
4(1(2 =605 —040m) — %)
(M+N —K)(a—c)?
4K '

and

(a—c+(1-69)Q)2
4
(a—c+(1-64)Q°)

i .

Cx __
IT," =

Solving Q€ by setting TTD* = T1*, we obtain

M+N-K (a—¢c)?  ((a—c)+(1—64)Q)?
K o '
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(A46)

(A47)

= 605 and

(A48)
(A49)
(A50)
(A51)

(A52)
(A53)

(A54)

(A55)

(A56)

(A57)
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Multiplying 4 on both sides, and taking the square root, as a — ¢ > 0 and Q¢ > 0, we have

\/W(a o) = (a—c+ (1-6,)Q), (A58)
(ﬂc)<\/W_l) nL

Q= = . (A59)
Then, we verify whether Q¢* < QS = %, letr = W, and taking
QY _ K (A60)
G
2
= A6l
e (A61)
<1 (A62)

asr > land /7 + 1 > 2. Therefore, we have shown that Q“* < QS,,,. Taking Q“ = 0,
2 2
we have I15*(Q% = 0) = (”;C) < MEN-K. (”;C) = TID*. As T1$*(QC) is monotonic
increasing in QC, therefore, we can conclude that I15*(Q¢ = Q%*) = I10* at Q¢ = Q%*
and T15*(Q€) > TID* for Q“* < Q° < Q%
Next, we compare HE * and Hg*. We first let

K =1(2— 04— 646,) — 7, (A63)
M =25(1 - 6;) — 77, (A64)
N =74~ (1+65)(1+6u)) — 7> (A65)
L=(1-0y)(a—c). (A66)
We then have
Dx __ TIMLz
and
LQS  N(Q9)?
Cx __ -
I;" = > T (A68)

Similarly, the upper bound of Q° is denoted as QS = % Since Q¢ < Q5. We let

b= Q%ix’ where t € [0,1) and we have Q° = tQS,... So,
15" — % _ 1\7(2(277(:)2 (A69)
_ Lthr‘;aX N (t%;%ax)z (A70)
_ nu;%gax B N(t%jnax)2 (A71)
_ tI<(Q’;CnaX)2 B N(t%ﬁliax)2 (A72)
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Similarly, we have
Iy = NfIK(QSIaX)Z- (A74)
Taking
7" — 15" = (chf;;‘x)z (MK — Kt + I;ﬂ), (A75)

we let f(t) = MK — Kt + Y +2; we see that the quadratic function f(t) is convex, where the
axis of symmetry is t = ¥ € (0,1). Hence, the minimum value of fiin(t) = f (%) That is,

we have
K K2 N K2
f(N>—MK‘N+2'Nz (A76)
KZ

= MK — — A77
MK - o5 (A77)
—K(M- X (A78)

- 2N’

which is finin(t) = f(%) — 0if 2MN = K.

This implies that, if 2(27(1 — 0;) — 9?)(7(4 — (1 +04) (1 +6m)) — 7*) > (2 — 64 —
046m) — 7%, we have I1P* > T19* for Q¢ < QS and I1P* = I1§* for Q€ > QF,,. On the
other hand, we have H{? < HdC* for Q% < QF < t2QS.x; t1 and £, are the two roots of
f(t) =0, where t; < t; and I’IE* > Hg* otherwise. [

Proof of Proposition 8. As the profit of Model D, we have

(37 — 2767 — n6F —?)(a —c)?

Dx __
= -0 — 00 -1 (A7)
and
27(1—62) —*) (1 —65)*(a—c)?
ioe _ 10— 09) —7)(1 - 0920 —0)? As0)
4(7(2 = 64 — 040m) —7?)
So, taking the derivative of 62}, we have
MR yla—cP1-eR)p(—eP) —1?) s,
207 4(n(2— 67 — 6P6R) — 17)?
and
NPyl —cP(1—0R) 291 —09) — P _ as2)
960 4(n(2 - 67 — 0700) —7*)° '
On the other hand, for Model C, we have
Cx
a;_e['cn =0, (A83)
m

C C
since TI$,* does not depend on 65. For the daigou’s profit I—[g* = M +

(14— (1+67) (1+65)) —1*) (Q)*
21

, we have
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oSt (QOP(1+65) - Q% —c)

= A84
005, 2 (A84)
Cx Cx*
Hence, aa% > 0if Qc(l + ()g) > a—cand a;g‘é < 0 otherwise. [
Proof of Proposition 9. As the profit of Model D, we have
3 —2n6F — 6L — ) (a — c)?
Hg*:(ﬂ Mg — Mm 7)(“2 C)’ (A85)
4(17(2 = 63 — 646m) —7?)
and
27(1—07) —y*) (1 —6D)2(a —c)?
o _ 10 =67) = )1~ 6o~ 56)
4(n(2 =64 — 0a6m) — 1)
So, taking the derivative of GdD , we have
HD* 2 1— D 1— Dy _ A2
o __yla— P00 —6) 1) _ A7)
90, 4(n(2—067 —0765) — 1)
ifof) < 1— %2 And for the daigou’s profit,
OILZ*  n*(a—c)*(1—605)%(n(26 — 67 — 6767) — 7*0)
o = B ADaD 3 >0, (A88)
99 4(n(2—-67 —0700) —7?)
. oD 2 oL .
if 07 < 4D (2 — 77) and anD < 0 otherwise.
Considering Model C, we have
—¢) + (1-6%)Q%)?
g - (=9 + 10505 59)
and
o~ (=80 (@—0)Q° | (n(4— (1+67)(1+67)) —7*)(Q°)°
i = + . (A90)
2 21
So, we have the derivative
oG (a—c)Q° +(1-67)(Q°)?
= — A91
005 2 <0 (A91)
and
oITg" _ (1+65)(Q°)°
d m
= ) A92
895 > >0 (A92)
O
Proof of Proposition 10. We see that
oG (1—65)(a—c+Q°(1—65
G -0t QCU-05) 93)

0QC¢ 2
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and we have

oTIS* —0%)(a — 2
30C = a 9'"2)(” ) 9C(3— 65 — 6S — 6565 %), (A94)
SO aaré—’g; > 0if QC <3 ( 4_271&;’;%()1(1;5_72), and %I;dcc* < 0 otherwise. [
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Abstract

Against the backdrop of the rapid growth in the scale of the prepared food market, safety
issues have gradually become prominent. Establishing a traceability system has become
crucial to safeguarding consumer rights and promoting the sustainable development of the
industry, with traceability information sharing serving as the core link. However, affected
by differences in interest demands and information asymmetry between manufacturers
and retailers in the prepared food supply chain, there are obstacles to traceability informa-
tion sharing. To explore the coordination mechanism of traceability information-sharing
behavior in the prepared food supply chain under different decision-making models and its
impact on profit distribution, this paper constructs a two-level supply chain model includ-
ing manufacturers and retailers, comprehensively considers the online-offline dual-channel
sales model, and distinguishes four scenarios: centralized decision-making, decentralized
decision-making, retailer-led cost-sharing contract decision-making, and manufacturer-led
cost-sharing contract decision-making. Using a differential game model, the equilibrium
results under different decision-making models are discussed. The validity of the model
is verified through fitting with empirical analysis and numerical example analysis. The
research results show the following: (1) The centralized decision-making model has the
best effect on increasing the market share of the prepared food supply chain, and although
the cost-sharing contract model can improve it, there is still a gap. (2) The centralized
decision-making model is not the one with the maximum profit, and manufacturer-led
cost-sharing decision-making basically achieves Pareto optimality. The main reasons are the
insufficient incentive mechanism, high coordination costs, and uneven profit distribution in
centralized decision-making. (3) The impact of manufacturers’ offline channel traceability
information-sharing behavior on profits is more significant than that of online channels.
(4) In a market environment with information asymmetry, the impact of goodwill on the
profits of prepared foods is more prominent. This research provides a theoretical basis
for the management of the prepared food supply chain, helps optimize the traceability
information-sharing mechanism and profit distribution plan, and promotes the healthy
development of the industry. (5) When the coefficient measuring the intensity of trace-
ability information sharing’s impact on product quality across manufacturers’ online and
offline channels increases, only under the retailer-led model does product quality and
goodwill exhibit a fluctuating trend of “rising from the bottom to the second place and
then falling back to the bottom,” while the profits of all subjects increase simultaneously.
(6) As the system attenuation coefficient increases, the evolution of product quality and
goodwill under different cooperation models shows significant differences; in terms of
profits, the profits of manufacturers’ online channels increase over time, while those of
other subjects decrease. (7) When the discount rate rises, the manufacturer-led model
presents distinct characteristics: both the ranking and absolute value of product quality
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decline synchronously, the ranking of goodwill falls, but its absolute value rises against the
trend, the evolution of product quality and goodwill shows obvious model heterogeneity,
and the profits of all subjects generally decrease.

Keywords: prefabricated food supply chain; traceability information sharing; coordination
mechanism; profit distribution; differential game

MSC: 91A23; 91A25; 90B50

1. Introduction

In the rapid development process of the modern food industry, prefabricated food,
with its obvious advantages of convenience, standardization, and diversification, meets
the demand of consumers for high-efficiency and high-quality food under the current
fast-paced life model and quickly wins the favor of the market and realizes the leapfrog
expansion of scale. According to industry statistics, the market size of China’s prefabricated
food has climbed to 680 billion yuan in 2024, a record high. Based on the current market
growth trend and consumption demand trend forecast, this scale will exceed the trillion-
yuan mark by 2026, reaching 1072 billion yuan, fully demonstrating the strong development
vitality and broad market prospect of the prefabricated food industry.

However, behind the rapid expansion of the industry scale, the short board of de-
velopment brought by rapid expansion has also gradually surfaced, among which food
safety problems, such as the imperfect quality control system of raw materials and frequent
hygiene hidden dangers in the production and processing links, are particularly promi-
nent [1-4]. At the upstream raw material supply end, there are problems such as unclear
origin source, non-uniform testing standards for pesticide and veterinary drug residues,
and chaotic batch management, while at the middle production and processing link, some
enterprises are facing loopholes such as simplified process flow for cost reduction, sub-
standard workshop hygiene conditions, and inadequate temperature control of cold chain
storage and logistics. These problems not only pose direct potential risks to the health of
consumers but also trigger a crisis of public trust in prefabricated food, and this becomes a
key obstacle that restricts the industry from “scale expansion” to “quality improvement”
and the realization of long-term healthy development. Therefore, the construction of a
chain-wide food safety management system and the improvement of quality control stan-
dards covering raw material procurement, production and processing, warehousing and
logistics, terminal sales, and other links have become important tasks to be solved urgently
in the prefabricated food industry.

With its convenience and standardization advantages in catering scenes, the popular-
ity of prefabricated dishes is increasing [5-7]. At present, many scholars have carried out
research on the quality and safety of prefabricated food. Shen et al. revealed through a
questionnaire survey system that nutrition balance, technology safety, and governance trust
have adverse effects on consumers’ perceived risk of safety of prepared food [4]. Based on
the MOA theory and SEM model, Hou et al. explored the influencing factors of consumers’
willingness to consume prefabricated food in China, and found that motivation, opportu-
nity, and ability positively affected consumption willingness, and the latter two mediated
motivation through convenience and health factors [8]. Guo et al. proposed to apply the
3D-printing technology to food for the production of prefabricated food to solve the prob-
lems of microbial contamination, poor nutrition quality, and product standardization [9].
He et al., based on two (risk media: new media/traditional media) x two (consumption
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promotion situation: strong/weak) inter-subject investigation experiments, explored the
shaping mechanism of risk media on consumers’ prefabricated food safety risk perception
and tested the mediating effect of food safety awareness and the moderating effect of
promotion intensity. The results showed that media environment and promotion intensity
jointly affect this risk perception [2].

Industrial processing has exacerbated the complexity of the food supply chain, and
consumer concerns about food-related risks have significantly increased their focus on
food traceability [10]. As an effective tool to ease information asymmetry and ensure food
quality and safety, traceability information sharing, the core link of the traceability system,
has been a research focus in the field of food supply chain management for a long time,
and it has been a broad concern in academia. Obonyo et al. discussed the traceability
information sharing problem under the ternary relationship of the food supply chain with
the background of Kenya’s dairy supply chain and found that traceability information
sharing has a differentiated impact on the development of social capital [11]. Ersoy et al.
believe that traceability information-sharing technology can help more efficient knowledge
sharing practice and thus promote the improvement of an efficient circular food supply
chain [12]. Christensen et al. discussed the multidimensional impact of product attributes,
demand conditions, supply patterns, and planned environmental characteristics of food
manufacturers on information-sharing technology in food supply chains [13]. Yu et al.
constructed a food supply chain game model with suppliers and retailers to study the profit
trade-off decision between suppliers’ quality disclosure and non-disclosure, considering
the effect of asymmetric demand information in the vertical direction of the food supply
chain on suppliers” quality disclosure [14]. The implementation of information sharing
and related application technologies is regarded as the biggest challenge for food supply
chain safety incident prevention and control. Van Beusekom-Thoolen et al. proposed the
implementation of information sharing and related application technologies on the ground,
which is regarded as the biggest challenge for food supply chain safety incident prevention
and control [15]. Liu et al. studied the optimal decision-making and coordination of the
two-channel food supply chain under information symmetric and asymmetric scenarios by
using Stackelberg game theory and backward induction. After designing the coordination
contract, they found that the information asymmetry will aggravate the deviation of the
optimal decision-making of the supply chain members, the information sharing is only
beneficial to the manufacturer, and the improved revenue-sharing/cost-sharing contract is
an effective coordination mechanism [16]. Aiming at the multiple challenges faced by the
food supply chain, Gruzauskas et al. proposed an information-sharing strategy based on in-
terconnected vehicle technology and simulated the scene through the distribution model to
improve food quality and enhance the sustainability and resilience of the supply chain [17].
Leén-Bravo and others focus on the short food supply chain, explore the operation practice
of geographical, relational, and information proximity and its sustainability relevance, and
analyze the realization form of information sharing, its synergy with relational proximity,
and the internal mechanism of the three to jointly promote the sustainable development of
the supply chain after establishing the proximity upstream and downstream of the supply
chain [18]. Sharma et al. believe that traceability of the food supply chain and information
sharing for customers have a positive impact on visibility; visibility not only promotes the
adoption and response speed of sustainable practices, but also positively affects supply
chain performance. However, information sharing with customers had no significant im-
pact on performance, and information sharing with suppliers had no significant correlation
with visibility [19].

Profit distribution, as the core element of supply chain management research, is
crucial to the stable development of the prefabricated food supply chain. When Huang et al.
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studied information sharing in supply chain coordination, they quantitatively evaluated
the impact of reliability and availability of information transmission on supply chain
profits, which provided a theoretical basis for the correlation research between traceability
information sharing and profit distribution in the prefabricated food supply chain [20].
Hong et al. analyzed the impact of information sharing on supply chain competition
and supplier profit from the perspective of information-sharing types, which is helpful
to understand the mechanism of different types of traceability information sharing on
profit distribution in the prefabricated food supply chain [21]. Diao et al. paid attention
to the impact of competition between the sharing platform of the agricultural supply
chain and retailers on profit, which provided a reference for similar research on channel
relationship and profit distribution in the prefabricated food supply chain [22]. There
are also a few scholars who apply the Shapley value method to food supply chains; for
example, Gopalakrishnan and Sankaranarayanan apply the Shapley value method to
investigate the practical feasibility of identifying bilaterally implementable security cost-
sharing arrangements in relevant alliances for pollution problems in food supply chains or
data leakage problems in technology networks [23]. However, due to the fact that food sales
involve both online and offline channels, scholars have made more use of the differential
game method to analyze this. Li et al. focused on the fresh food online and offline dual-
channel supply chain under the disturbance of consumers” quality preferences, constructed
centralized and decentralized decision-making models, explored the flexible decision-
making mechanism of price, quality, and output, and achieved supply chain coordination
through revenue-sharing contracts. It was proven that considering the disturbance could
improve the profit of members, centralized decision-making was more advantageous, and
that there was a flexible decision-making interval [24]. Li et al. considered the online and
offline demand function of the relationship between promotion and substitution, analyzed
the optimal decision-making and parameter effects of promotion intensity and online
discount under three decision-making models of platform operation, and found that the
centralized model had the highest supply chain profit, and the relationship between optimal
promotion intensity and discount was regulated by a substitution coefficient and an online
promotion influence coefficient [25]. Guo and others focused on the challenges of dual-
channel operation of food retailing, based on the utility model, analyzed the optimal order
volume and price discount of retailers under different transportation policies, revealed the
impact of factors such as freight on pricing, and found that low freight rates can achieve a
“win-win” situation and high freight rates can lead to target conflicts, while reasonable
allocation of safety stocks and adjustment of transportation policies can improve efficiency,
reduce waste, and enhance supply chain resilience [26]. Lin and Januardi combine multiple
logistic regression, the logit model, and the Stackelberg competition bi-level programming
model to analyze the customer channel preference, willingness to pay, and the pricing
mechanism under competition in the dual sales channel system. It is found that channel
price has a non-linear impact on both, and traditional retailers as leaders have higher
profit [27]. A systematic comparison of the above-mentioned studies is summarized in
Table 1.

Table 1. Summary of the related research.

Food Quality and Safety Traceability Information Sharing Distribution of Profits Differential Game

Shen et al. [4]
Houetal. [8]
Guoetal. [9]

Heetal. [2]

Obonyo etal. [11]
Ersoy etal. [12]
Christensen et al. [13]
Yuetal. [14]

L

L
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Table 1. Cont.
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To sum it up, the attention paid by the existing research to the specific field of prefab-
ricated food is still relatively insufficient, and the related discussions are mostly focused
on basic aspects, such as technical improvement, method innovation, and identification
of influencing factors. At the same time, although many scholars have carried out cross-
method research under multiple scenarios for the influencing factors, action mechanism,
practical challenges, and optimization path of information sharing in food supply chains,
few have systematically and deeply analyzed the internal coordination mechanism and
practical implementation path of traceability information-sharing behavior in supply chain
coordination from the dual perspectives of supply chain participants, such as suppliers,
manufacturers, retailers, and platform parties, and the overall performance optimization of
the supply chain.

In view of this, this research takes the prefabricated food supply chain as the research
object, based on the core orientation of “constructing a traceability system to crack the pain
points of quality and safety”; the traceability system can realize the whole process of the
traceability of product information and provide key support to protecting the rights and
interests of consumers, enhancing the enterprise’s crisis-response ability and the industry’s
overall reputation—focusing on the core of the traceability information sharing system,
aiming at the problems of sharing obstacles and system efficiency limitations caused by
the difference in interest demands and information asymmetry between manufacturers
and retailers, and aiming at optimizing the sharing coordination mechanism and profit
distribution scheme. Research and build a two-level supply chain model consisting of
manufacturers (responsible for production, core traceability information sharing, and dual-
channel operation functions) and retailers (responsible for sales and terminal traceability
information sharing functions), simultaneously incorporate online and offline dual-channel
sales models, set both parties as rational economic entities and form four decision scenarios
around traceability information sharing, and clarify that information sharing affects market
demand and revenue distribution patterns through its effect on product quality and brand
goodwill. In terms of research methodology, a dynamic differential game analysis model
is constructed, and the Hamilton-Jacobi-Bellman (HJB) equation, which can effectively
depict the dynamic optimization problem under the continuous time dimension and
accurately capture the interactive impact of goodwill accumulation and product quality, the
coordination mechanism, and profit distribution logic of traceability information-sharing
behavior, are systematically analyzed, and at the same time, the Shapley value method is
innovatively integrated to scientifically and reasonably distribute the income of supply
chain participants after forming a strategic alliance, which provides a theoretical support
for the income distribution of food supply chain. On this basis, the study further focuses
on the online and offline dual-channel scenarios, exploring the impact of the four decision-
making modes on traceability sharing degree, market share, and profit distribution results,
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as well as the difference in profit effect between manufacturers’ channel sharing behavior
and goodwill accumulation.
The contribution of this research is mainly reflected in three aspects:

1.  Integrate the “multi-agent game” with the “online and offline dual channels” scenario
of the pre-cooked food, anchor its “short-term protection and long-term chain” char-
acteristics and traceability pain points, embed specific parameters such as freshness
traceability weights, and construct a customized game model to solve the problem of
insufficient pertinence of pan-food research to the pre-cooked food category.

2. Establish a coupling model of “dual-channel development and evolution-dynamic
fluctuation of information asymmetry-real-time adaptation of coordination mecha-
nism”, quantify the transmission path of channel structure adjustment to traceability-
sharing intention, design an incentive coefficient mechanism dynamically optimized
with the proportion of channels, and solve the core problem of a lack of flexibility in
the traditional mechanism.

3. Build a four-order conduction model of “traceability behavior-quality signal-trust
accumulation-goodwill premium”, prove that traceability sharing can be converted
into a quality signal to form goodwill premium, and clarify the value-added path
from traceability to profit.

2. Basic Assumptions

This study focuses on the coordination mechanism of information-sharing behavior
within the traceability system of the prefabricated food supply chain, specifically between
manufacturers and retailers. In this system, the manufacturer (denoted as m) is responsible
for sharing traceability information, such as enterprise certification, production process
details, logistics and warehousing data, and quality inspection reports. The manufacturer
operates through traditional offline channels—supplying products to retailers—and online
direct-to-consumer channels. The retailer (denoted as s), in turn, shares traceability infor-
mation, such as product acceptance data and consumer feedback. The logical framework
of this information-sharing coordination mechanism is depicted in Figure 1.

Product
Preference ¢ Demand Du
Product Product
v - >
M . S . C
Subsidy & Demand Dd
Online channel Tmu Offline Channel Tmd

Figure 1. Logical framework of the coordination mechanism of traceability information-sharing
behavior in the pre-prepared food supply chain.

The notation used throughout the paper is defined in Table 2. This study establishes
a two-level supply chain model composed of manufacturers and retailers, in which the
manufacturer adopts online and offline sales channels. At any time t, the manufacturer’s
traceability information-sharing behavior is divided into online and offline components.
All members of the supply chain are regarded as rational economic entities, each having

244



Mathematics 2025, 13, 3980

full knowledge of the other’s information-sharing costs and profit-related parameters.
According to the literature [28-30], the cost functions of the traceable food manufacturer
through online and offline channels, as well as those of the retailer, can be represented as
follows: C(Tmy) = L-Tm,?, C(Tmy) = % Tm,*, and C(Ts) = L Ts?, where 7,(i = 1,2,3)
is a positive constant and serves as the key coefficient influencing the cost of information
sharing among supply chain members.

Table 2. Definition of symbols.

Yi

Coefficient of the cost impact of traceability information sharing.

(i=1,2,3)

nj,rlnlngl/ns

Tm,,
de

prm = =

KEWQE‘% > S

traceable food quality.

Impact coefficient of the manufacturer’s offline channel traceability information sharing on

traceable food quality.

Quality decay coefficient of traceable food.

Quality level of pre-made food at time ¢.

Reputation level of pre-made food at time .

Impact coefficient of traceable food quality on reputation.

~~
~—

~—

of traceable food.

Reputation decay coefficient of traceable food.

Demand for pre-made food at time ¢.

Initial market demand.

Consumer preference coefficient for the online channel of pre-made food.
Impact coefficient of food quality on demand for traceable food.

Impact coefficient of reputation on demand for traceable food.

~~
~—

Discount rate.
Subsidy provided by the retailer to the manufacturer.

w Subsidy provided by the manufacturer to the retailer.

On the one hand, the manufacturer’s traceability information-sharing behavior directly
affects product quality. The implementation of the traceability system ensures that prefabri-
cated food complies with national standards during the transportation process [31-33]. As

a dynamic variable Q(t), the rate of change in product quality over time can be expressed
as follows:

Q(t) = nTmy(t) + BTma(t) — eQ(t) (1)

In Equation (1), Tmu and Tmd represent the manufacturer’s traceability information-
sharing behaviors in the online and offline channels, respectively. 17 denotes the impact
coefficient of the manufacturer’s online information-sharing behavior on product quality,
whereas a; reflects the impact coefficient of the offline information-sharing behavior on
product quality. € represents the decay coefficient of product quality when the manufacturer
does not engage in traceability information sharing, due to factors such as cost reduction
and insufficient quality control. Q(0) = Qy defines the initial level of product quality.

On the other hand, the retailer’s traceability information-sharing behavior and product
quality influence the goodwill of prefabricated food. Based on a modification of the classic
Nerlove-Arrow goodwill model [34], the dynamic evolution of goodwill can be expressed
as follows:

G(t) = ¢Q(t) + 0Ts(t) — ¢G(t) @
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Traceability information-sharing behavior of the manufacturer in the online channel.
Traceability information-sharing behavior of the manufacturer in the offline channel.
Ts Traceability information-sharing behavior of the traceable food retailer.
Impact coefficient of the manufacturer’s online channel traceability information sharing on

Impact coefficient of retailer’s traceability information-sharing behavior on the reputation

Unit marginal profits of the manufacturer’s online channel, offline channel, and the retailer.
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In Equation (2), G(t) denotes the goodwill of prefabricated food at time t; ¢ represents
the coefficient reflecting the effect of product quality on goodwill; Ts denotes the retailer’s
traceability information-sharing behavior; 6 indicates the coefficient representing the effect
of the retailer’s traceability information-sharing behavior on goodwill; ¢ represents the
decay coefficient of goodwill or the effect of consumer forgetfulness on goodwill [35]; and
G(0) = Gy denotes the initial level of goodwill.

Given that the demand for prefabricated food is linearly related to its quality and
goodwill, total market demand consists of three components: the baseline market demand,
product quality, and goodwill. According to the literature [36], product quality and good-
will influence consumers’ purchasing intentions. When the manufacturer and retailer
engage in traceability information sharing, the demand functions for the online and offline
channels can be expressed as follows:

Du(t) = G+ pQ(t) + xG(t) ®)

Da(t) = (1= &)a+ puQ(t) +xG(t) 4)

In Equations (3) and (4), « represents the initial market demand; ¢ denotes the con-
sumer preference coefficient for online channels; y reflects the degree to which product
quality influences the demand for traceable food; « represents the effect of goodwill on the
demand for traceable food; and 71}/, 7', and 7t° denote the unit marginal revenues of the
manufacturer’s online and offline channels and of the retailer, respectively. In addition, the
manufacturer and the retailer adopt the same discount rate p for evaluation.

3. Model Construction and Solution
3.1. Centralized Decision-Making Model

Under the centralized decision-making model (denoted by subscript 1), the man-
ufacturer and retailer of prefabricated food collaborate with the common objective of
maximizing the overall profit of the entire supply chain. Both parties jointly determine
their respective traceability information-sharing strategies. When evaluating the total profit
over an infinite time horizon, a uniform discount rate p is applied for discounting. On this
basis, the total profit of the food supply chain can be expressed as follows

R— 7ept{ [ 4 uQ(t) + kG(t)] + (1 — &) + pQ(t) + xG(t)]
0

F7 (1= Qa4 pQ(E) + K G(1)] = LT = LT~ 2 T2 }dt v

2 2 L)

According to the Hamilton—Jacobi-Bellman (HJB) equation and the backward in-
duction method, the equilibrium decisions of supply chain members are presented in
Proposition 1.

Proposition 1. The equilibrium results under the centralized decision-making scenario are as follows:
(1) The optimal trajectories of product quality Q(t) and goodwill G(t) are given by the following:
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(2) The optimal value function of the food supply chain is given as follows:

[(ngl—i—nl’{’—&-ns) () 4l 7o) 7 1)K

M ) (
pre + oy QO T TG0

2

m m___m S_ 8 2 2 (71’"’+71’m+7rs);4 (7rm+7.[m+7rs)¢K
Vi = [Tfu §+7Td Uz G+ —TT @']IX n +.B u d u d 8
1 + o 2P(’Y1+’Yz)[ pte T T oTe) o) ] ®)
4 [(n3’+n;"+n5);<]2
2073 p+e

The detailed proof is provided in Appendix A.

Under the centralized decision-making framework, the manufacturer and the retailer
of prefabricated food pursue the maximization of total supply chain profit as a common
objective, jointly formulating their respective traceability information-sharing strategies.
This approach emphasizes cooperation to optimize the overall economic efficiency of the
supply chain, ensuring alignment of actions among all parties to achieve optimal market
performance. The centralized decision-making model effectively coordinates the interests
of all supply chain participants, promotes optimal resource allocation, and enhances
operational stability and synergy within the supply chain, thereby reducing the risks
associated with information asymmetry.

3.2. Decentralized Decision-Making Model

Under the decentralized decision-making model (denoted by subscript 2), the manu-
facturer and retailer of prefabricated food operate on an equal footing in the market, each
independently bearing the costs incurred in the traceability information-sharing process.
Both parties aim to maximize their own profits and make independent decisions regard-
ing their respective information-sharing behaviors. On the basis of this assumption, the
objective functions of the two parties can be defined as follows:

R(Tmya) = [ e (il (Za+uQ(E) +KG(H) = D Tmi?(1) pal ©)
0
R(Tmgp) = /efpt{”&n[(l =&+ uQ(t) +xG(H)] — %dezz(t)}dt (10)
0
R(Tsy) = /efpf{nsm = )+ pQ(E) + KG(1)] - DTs2 (1) bt (11)
0

Proposition 2. The equilibrium results under the decentralized decision-making scenario are as follows:
(1) The optimal trajectories of product quality Q(t) and goodwill G(t) are given by the following:
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(2) The optimal value functions of the manufacturer’s online and offline channels, of the retailer,
and of the overall food supply chain are given as follows:
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The detailed proof is provided in Appendix A.

Under the decentralized decision-making scenario, the manufacturer and the retailer
of prefabricated food independently determine their traceability information-sharing deci-
sions, with the goal of maximizing their own profits. This approach emphasizes that each
entity operates based on its individual economic interests, ensuring autonomy and speci-
ficity in the decision-making process. However, in this model, information asymmetry and
conflicts of interest between the manufacturer and the retailer become more pronounced,
which may negatively affect the coordination and operational efficiency of the supply chain.
Moreover, as both parties operate independently, their incentives to engage in traceability
information sharing are relatively limited, resulting in overall supply chain profits that are
generally lower than those achieved under centralized decision-making.

3.3. Retailer-Led Cost-Sharing Model

In the retailer-led cost-sharing model (denoted by subscript 3), as a core participant in
the supply chain, the prefabricated food retailer provides a certain proportion of subsidy to
the manufacturer to encourage traceability information sharing. In this case, both parties
adopt a static feedback Stackelberg equilibrium strategy. According to the principle of profit
maximization, the retailer initially determines its own traceability information-sharing
strategy and undertakes part of the manufacturer’s cost for offline traceability information
sharing as a subsidy J. Subsequently, the manufacturer decides its own information-sharing
strategy based on the retailer’s sharing behavior and the level of subsidy provided. Under
this setting, the objective function of the manufacturer can be expressed as follows:

R(Tma) = [ e #{mlilen+nQ(t) +xG(1)] - L-Tma?} dt (18)
0

R(Tmgs) = [P {ml(1 = O+ QD) +xG(0)] — (1= 8)Tmp?}dt  (19)
0
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The objective function of the pre-prepared food retailer is given as follows:

R(Ts3) /e Pf{ —Oa+ uQ(t) +xG(t)] — %Tsf(t) — ?degz(t)}dt (20)
0

Proposition 3. The equilibrium results under the retailer-led cost-sharing contract scenario are as follows:
(1) The optimal trajectories of product quality Q(t) and goodwill G(t) are given by the following:
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(2) The optimal value functions of the manufacturer’s online channel, offline channel, the
retailer, and the overall food supply chain are given as follows:
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The detailed proof is provided in Appendix A.

Under the retailer-led cost-sharing contract scenario, the retailer provides subsidies
to the manufacturer to incentivize traceability information sharing, thereby altering the
manufacturer’s cost-benefit structure. Compared with the decentralized model, the man-
ufacturer’s enthusiasm for traceability information sharing through online channels is
significantly improved, motivating greater investment in information sharing. Conse-
quently, this model partially alleviates the shortcomings of decentralized decision-making
and promotes the manufacturer’s participation in information sharing. However, for the
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prefabricated food retailer, its traceability information-sharing behavior does not show
improvement. This indicates that although the model positively affects the manufacturer, it
remains insufficient for enhancing the retailer’s motivation to share information. Therefore,
the overall synergy of the supply chain is not yet fully realized, and further optimization of
strategies is required to improve overall supply chain performance.

3.4. Manufacturer-Led Cost-Sharing Model

In the manufacturer-led cost-sharing model (denoted by subscript 4), as the core
enterprise in the supply chain, the prefabricated food manufacturer provides a certain
proportion of subsidy to the retailer during food safety incidents to encourage traceability
information sharing. In this case, both parties adopt a static feedback Stackelberg equilib-
rium strategy. According to the principle of profit maximization, the manufacturer initially
determines its own traceability information-sharing strategy and undertakes part of the
retailer’s information-sharing cost as a subsidy w. Subsequently, the retailer determines
its own traceability information-sharing behavior based on the manufacturer’s sharing
strategy and the level of subsidy provided. Under this setting, the objective function of the
retailer can be expressed as follows:

R(Tsy) :/e (= a+ pQ(t) + 1G] - (1 - @)D}t @7)
0

The objective function of the prefabricated food manufacturer is given as follows:

R(Tm,a) = [ @ {mlen+nQ(t) +xG(t)] = T Tm,?} d 28)
0
R(Tmag) = [P {mp[(1 = &)+ pQ(t) +xG(1)] — 2 Tmas?(t) = “LTsi (1) fat 29)
0

Proposition 4. The equilibrium results under the manufacturer-led cost-sharing contract scenario
are as follows:
(1) The optimal trajectories of product quality Q(t) and goodwill G(t) are given by the following:

(TP ya - B ) L (mi 2yt By )x
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(2) The optimal value functions of the manufacturer’s online and offline channels, of the retailer,
and of the overall food supply chain are given as follows:
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The detailed proof is provided in Appendix A.

Under the manufacturer-led cost-sharing contract model, the manufacturer provides
subsidies to incentivize the retailer to engage in traceability information sharing. In this
scenario, the retailer’s enthusiasm for participating in information sharing is enhanced;
however, the level of engagement may still be lower than that observed under the cen-
tralized decision-making model. This phenomenon indicates that the manufacturer-led
model possesses certain potential for further development in optimizing the traceability
information-sharing behaviors of manufacturers and retailers.

4. Comparative Analysis
Based on the results of the previous models’ construction and solution, as summarized
in Table 3, the following conclusions can be drawn:

Table 3. Optimal solutions under different scenarios.

Scenario Optimal Solution
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Lemma 1.
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These trends are consistent with the optimal solutions presented in Table 3.

Corollary 1. As time progresses—thus, t — oo —product quality and goodwill eventually reach a
steady state. According to the steady-state values Qe and Geo, consumers’ preference for prefabri-
cated food with high quality and good reputation increases over time, leading to a continuous rise in
product sales in the market and, consequently, an increase in overall profit.

Lemma 2. Online traceability information-sharing behavior of prefabricated food manufacturers:
Tmy > Tmyo; Tmys = Tmyg > Ty,

(i +7%)np (0 + 70 )
71(p+e) 71(0+8) (0+9)

Proof. Tm,; — Tm,p = > 0, therefore Tm,;; > Tmyp;

l[ﬂu’"# n T K ] k(1 —¢)
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Since ¢ € (0,1], therefore 1 — ¢ € [0,1), hence Tm,3 — Tm,p > 0, thatis, Tm,3 =
Tmyy > Tmyp. O

Tmyz = Tmyy = Tmyz — Tmyp =

Corollary 2. In terms of enthusiasm for traceability information sharing, retailers perform signifi-
cantly better under the centralized decision-making model than under the decentralized one. For
instance, the prefabricated food brand under Haidilao adopts a centralized decision-making model,
in which retail stores actively share traceability information, such as consumer feedback, whereas
production plants comprehensively share product traceability information. By analyzing consumer
preference data, the production plants promptly adjust product flavors and packaging, launching
prefabricated food products that better meet market demand. As a result, sales have increased
substantially and brand goodwill has improved, providing strong evidence that the centralized
decision-making model enhances retailers” enthusiasm for traceability information sharing.

Compared with the decentralized model, the cost-sharing contract injects stronger
motivation into traceability information sharing. This is because the subsidy reduces
the sharing cost of the subsidized party, thereby increasing its marginal benefits from
information sharing. From the perspective of profit maximization, the subsidized party
becomes more willing to increase its investment in information sharing. For example,
in the cooperation between Yonghui Superstores and Synear Food, Yonghui provided
subsidies for the cost of online traceability information sharing. In response, Synear Food
increased its online traceability efforts by providing detailed information on raw material
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origins, processing procedures, and quality inspection reports. Consumers could obtain
comprehensive product details by scanning QR codes, which enhanced their confidence in
product quality. Consequently, online sales increased significantly, driving higher brand
recognition and offline sales, thereby fully validating the positive effect of this model on
the manufacturer’s enthusiasm for online traceability information sharing.

Lemma 3. Offline traceability information-sharing behavior of prefabricated food manufacturers:

Tmgy > Tmgy;
deg > de4 > de2

Proof. Tmy — Tmy = (”ﬂ'g;?pizf £ 4+ Af;iigi;ﬁp; > 0, hence Tmy; > Tmyy;

(1 — ¢)
T2(p+¢€)(o+¢)’

de4 — dez =

Since ¢ € (0,1], therefore 1 — ¢ € [0,1), hence Tmyy — Tmy, > 0, thatis, Tmgy > Tmgp.

B2m® — mlft) [ I 3

27, p+€+(p+s)(p+¢)]’

deg, — de4 =

Therefore, if 27t° > 7', then Tmgz > Tmyy; since the subsidy implicitly contains
27t° > 7! as discussed earlier, thus Trigz > Trmgy. U

Corollary 3. According to Proposition 2, the intensity of the manufacturer’s offline traceability
information-sharing behavior under the centralized decision-making scenario is greater than that
under the decentralized decision-making scenario. For example, in large-scale chain prefabricated
food enterprises, the headquarters centrally allocates resources, encouraging each production base to
actively collect and share traceability information across all offline channel stages—from production
to sales terminals. Detailed records of product environmental parameters during warehousing and
logistics processes are maintained to ensure product quality and efficient supply chain operation.

Under the cost-sharing model, when the subsidy ratio is set at an appropriate level,
when 27t° > 717, the manufacturer-led cost-sharing model can more effectively stimulate
all parties” enthusiasm for traceability information sharing. Its level of enthusiasm exceeds
that of the retailer-led model and of the decentralized decision-making model.

For instance, Guolian Aquatic Products, positioned as a high-end brand in the market,
faces consumers who are particularly concerned about product traceability information.
Under the manufacturer-led cost-sharing model, the manufacturer provides the retailer
with a higher proportion of subsidies for traceability information-sharing costs while also
increasing its own investment in offline traceability information sharing. From the raw
material procurement stage, detailed records are kept regarding the fishing area and the
time of seafood capture. During the processing stage, hygiene standards and processing
parameters are meticulously documented, and in the warehousing and logistics stages,
temperature and humidity data are precisely recorded. Through comprehensive and
detailed offline traceability information sharing, consumers gain a clear understanding
of the entire process from ocean to table, leading to high recognition of product quality.
Consequently, product sales and profits have increased substantially.

By contrast, another prefabricated food brand in the same region that adopted a
retailer-led cost-sharing model offered limited subsidies to manufacturers, resulting in
lower investment in offline traceability information sharing. Consequently, consumers’
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trust and purchase intentions toward their products were relatively weak, and their market
performance was markedly inferior. This fully verifies that, when the subsidy ratio is
appropriately designed, the manufacturer-led cost-sharing model outperforms the retailer-
led model in stimulating manufacturers’ enthusiasm for offline traceability information
sharing, and both are superior to the decentralized decision-making model.

Lemma 4. Traceability information-sharing behavior of prefabricated food retailers:

Ts1 > Tsy > Tsy = Tss

m m 9
% >0, Tsy = Ts3 = —YCK _ therefore Ts; > Tsy = T53;

Proof. Ts; — Tsp, = 13(0+¢)

(27 4 %) 0k
273(p+ ¢)

O (27} — 7°)

Ts1 — Tsy =
oo 273(0 + @)

> 0, thus Tsy > Tsy; Tsy — Tsp = ,
As implied in the preceding section 277" > 7%, thus Tsy > Tsy > Tsy = Ts.
Since it is implicitly included in the previous analysis that 277} > 7%, it follows that

Tsq1 > Tsy > Tsy = Tsz. U

Corollary 4. For retailers, the retailer-led cost-sharing strategy and the decentralized decision-
making model tend to reduce their enthusiasm for traceability information sharing. This is because
information sharing requires additional investment but yields limited direct benefits, resulting
in low motivation. For example, in a regional prefabricated food market, local retailers provided
subsidies to manufacturers, leading manufacturers to increase their traceability information-sharing
efforts. However, the retailers remained inactive in collecting and sharing consumer feedback and
product acceptance information, which prevented manufacturers from optimizing their products.

Under the centralized decision-making model, retailers” enthusiasm for traceability
information sharing increases significantly and reaches the highest level. Conversely, under
the manufacturer-led cost-sharing contract, retailers’ enthusiasm can improve under certain
conditions but still remains lower than that under the centralized model. For instance,
Anjoy Foods provides subsidies and a management platform for its partner retailers.
Some retailers, incentivized by this mechanism, actively share feedback information—such
as reporting packaging issues—which helps manufacturers improve products and also
increases their own profits. However, due to the limitations of interest alignment and
coordination mechanisms in this model, the extent of improvement in retailers” enthusiasm
remains limited and fails to reach the level observed under centralized decision-making.

5. Profit Distribution Mechanism of the Prefabricated Food Supply Chain
Based on the Shapley Value Method

In a strategic alliance, member enterprises achieve synergistic effects through resource
integration and complementary advantages. The fairness of profit distribution directly
affects the stability and sustainability of the alliance. Since the Shapley value profit distri-
bution model is an effective approach to addressing profit allocation in alliance games [37],
this paper adopts this theory, with the specific allocation results presented in Table 4.
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Table 4. Profit distribution of the pre-prepared food supply chain.

S M Cc S1 c
V(S) Vi 2 Vs V.
V(S\H) 0 Vs 0 Vi
V(S)—V(S\H) Vimy Ve — Vs Vsq Ve — Vs
S| 1 2 1 2
W(S) 1/2 1/2 1/2 1/2
CIDi(v) 1/2(VC — VS] + le) 1/2(VC — VTYZ] + VS])

Among them, V represents all possible combinations of the manufacturer and the
retailer. V(S) represents the profit value under the corresponding coalition state. V(S\H)

denotes the profit obtained by the subcoalition after excluding the strategic alliance H.
(S[=D!(n=]5])
n!
denotes the weight coefficient, and n represents the total number of participants involved

IS| indicates the number of members included in the coalition. w(|S|) =

2
in the game. ®;(v) = Y w(|S])[V(S) — V(S\H)] is used to define the profit distribution
i=1

mechanism between the manufacturer and the retailer within the strategic alliance.

6. Case Analysis

Based on the aforementioned model, MATLAB 2016 is used to simulate the change
processes of the interests of individual members and the overall supply chain in the food
supply chain under different scenarios. In line with the findings of References [38,39] and

combined with the actual situation of Anjoy Foods, some parameters are set as shown in
Table 5.

Table 5. Parameter assignments.

Variable ¢ u ot p 71 72 73 K ¢ U ¢

Value 1 0.7 1.1 1 2 0.3 0.7 0.8 0.6 0.3 0.5 0.3 1

According to the studies by Hong & Huang (2016) and Xu et al. (2016), the following
is assumed: p = 0.1, Go = 0, Qp = 0[38,39].

(1) Optimal Trajectories of Quality and Goodwill under Different Initial Values of Gy

Figures 2—4 illustrate the optimal trajectories of product quality when the initial quality
levels are Qp = 0, Qg = 5, and Qg = 10, respectively. Under all scenarios, the quality values
eventually converge to a steady state. Similarly, Figures 5-7 show the optimal trajectories
of goodwill when the initial goodwill levels are Gy = 0, Gy = 5, and Gy = 10, respectively.
Likewise, in all cases, the goodwill values ultimately approach a stable equilibrium state.

The following conditions are satisfied:

Centralized decision-making: 0 < Qp < 0.7487,0 < Gp < 0.675;

Decentralized decision-making: 0 < Qp < 0.281, 0 < Gy < 0.22;

Retailer-led cost-sharing model: 0 < Qg < 0.3866, 0 < Gp < 0.22;

Manufacturer-led cost-sharing model: 0 < Qp < 0.3268, 0 < Gy < 0.276

The optimal trajectories of quality and goodwill in the prefabricated food supply

®EEO

chain exhibit an upward trend. By contrast, when these conditions are not met,
both variables show a declining trend until they reach a steady state. This result is
consistent with Lemma 1 in the comparative analysis section above, further verifying
the validity of the previous conclusions.
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Figure 2. Optimal trajectory of product quality when Qg = 0.
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Figure 3. Optimal trajectory of product quality when Qg = 5.
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Figure 4. Optimal trajectory of product quality when Qg = 10.
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Figure 5. Optimal trajectory of goodwill when Gy = 0.
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Figure 6. Optimal trajectory of goodwill when Gy = 5.

Figures 8-10 show that the trajectories of quality and goodwill growth under the
centralized decision-making scenario consistently outperform those in other scenarios,
regardless of the initial levels of quality or goodwill. When the initial quality or goodwill is
relatively low, the centralized decision-making model enables rapid improvement through
coordination and collaboration among various stages of the supply chain, demonstrating
its strong advantages in information sharing and resource integration.
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Figure 7. Optimal trajectory of goodwill when Gy = 10.

Conversely, under the decentralized decision-making and cost-sharing contract sce-
narios (retailer-led and manufacturer-led), the growth of quality and goodwill is noticeably
slower and tends to reach a steady state more quickly. This reflects the hindering effect of
information asymmetry and conflicts of interest among supply chain members on goodwill
accumulation in these settings. Although the cost-sharing contracts attempt to encourage
information sharing through subsidies, the subsidizing party’s own information-sharing
behavior does not improve significantly. As a result, the growth patterns of quality and
goodwill are similar to those under decentralized decision-making. These findings indicate
that a subsidy-based mechanism alone has inherent limitations in enhancing the overall
quality and goodwill performance of the supply chain.

Supply chain profit

G 03 03

Figure 8. Variation trend of supply chain profit with changes in Q and G.
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Figure 9. Variation trend of manufacturer profit with changes in Q and G.
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Figure 10. Variation trend of retailer profit with changes in Q and G.

(2) Variation Trends of quality Q and goodwill G with profit.

Figures 8-10 show that goodwill G significantly affects the profit of prefabricated
food compared with product quality Q. The main reason behind this phenomenon may
lie in the high information barriers associated with quality evaluation for prefabricated
food. On the one hand, consumers find it difficult to directly verify product quality; on
the other hand, the increasing prevalence of falsified ingredient labels in the prefabricated
food market further complicates consumers’ ability to distinguish between high- and
low-quality products.

In such a market environment characterized by information asymmetry, a brand’s
strong goodwill has become an important proxy indicator of product quality for most
consumers. Consumers tend to equate prefabricated foods with good reputations and with
high-quality products that are positively endorsed by word of mouth, thereby showing a
stronger preference for purchasing products with higher goodwill.

(3) Variation in market share over time under different decision-making scenarios.

Figure 11 illustrates the changes in market share of the prefabricated food supply
chain over time under four scenarios: centralized decision-making, decentralized decision-
making, retailer-led cost-sharing contract, and manufacturer-led cost-sharing contract.
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Figure 11. Variation of market share over time under different decision-making scenarios.

Under the centralized decision-making scenario, the supply chain exhibits significant
synergy, with high enthusiasm for information sharing. As a result, product quality and
goodwill continuously improve, driving a steady increase in market share. Conversely,
under the decentralized decision-making scenario, information asymmetry and conflicts
of interest are more pronounced, leading to lower enthusiasm for traceability information
sharing and limited coordination and efficiency within the supply chain. The Figure
shows that compared with centralized decision-making, the growth of market share under
decentralized decision-making is notably slower.

Further analysis of the retailer-led cost-sharing contract scenario in Figure 11 shows
that the manufacturer’s market share increases faster than in the decentralized model. This
indicates that the subsidies provided by retailers effectively reduce manufacturers’ costs,
enhance their enthusiasm for traceability information sharing, and thus promote market
share growth. In the manufacturer-led cost-sharing contract scenario, the retailer’s market
share also grows faster than when under decentralized decision-making, but still fails to
reach the level achieved under centralized decision-making.

Overall, different decision-making scenarios significantly affect the market share of
supply chain members. The centralized decision-making model achieves overall optimiza-
tion of the supply chain through collaborative cooperation, making it the most effective
approach for improving market share. Although the cost-sharing contract models partially
mitigate the shortcomings of decentralized decision-making, further optimization of sub-
sidy strategies and market mechanisms is needed to better promote information sharing
and the overall development of the supply chain.

Variation in profit over time.

Figures 12-15, respectively, illustrate the changes in profits of the manufacturer’s
online and offline channels, the total manufacturer profit, and the retailer profit over time.
Figures 12-15 reveal that different decision-making models lead to significant differences in
the profits of supply chain participants. Overall, the manufacturer-led cost-sharing contract
model achieves a nearly Pareto-optimal outcome. Conversely, under the decentralized
decision-making model, the absence of coordination mechanisms results in slower profit
growth and the lowest profit levels among all participants.
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Figure 14. Variation in total manufacturer profit over time.
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Figure 15. Variation in retailer profit over time.

Figure 16 illustrates the variation in the total supply chain profit over time. It can
be seen from the Figure that the centralized decision-making model does not yield the
maximum profit, a result that deviates from the conventional perception that centralized
decision-making typically enables overall supply chain optimization. However, this finding
is supported by practical cases—take Weizhixiang, a prefabricated food enterprise, as an
example. In its early stage, the enterprise faced profit pressure after adopting a fully
centralized decision-making model. The core cause lies in the disconnection between the
unified management model and the regional attributes of prefabricated food consumption:
the headquarters implemented unified production and distribution based on the taste
preferences of the East China market, which failed to adapt to the differentiated demands
of South China, North China, and other regions, resulting in supply-demand mismatch and
inventory backlogs. Meanwhile, the unified channel policies and cold chain distribution
standards struggled to meet the actual needs of regional terminals, and the inverted logistics
costs in remote areas further eroded profits, ultimately undermining the enterprise’s

overall profitability.
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Figure 16. Variation in total supply chain profit over time.

The centralized decision-making model is generally believed to achieve optimal re-
source allocation through collaborative cooperation in supply chain management, thereby
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maximizing the total supply chain profit. However, in this study, the centralized decision-
making model did not achieve the highest profit, and the main reasons may be as follows:

1.  Insufficient incentive mechanisms: Although centralized decision-making pursues
overall profit maximization, it lacks explicit incentives for individual participants to
share information, leading to low enthusiasm among manufacturers and retailers and
reduced efficiency in information sharing.

2. High coordination costs: Centralized decision-making requires a high degree of
coordination, which increases coordination costs and complicates decision-making
processes. This may delay market responses and reduce the flexibility of the sup-
ply chain.

3. Unequal profit distribution: Profit distribution under centralized decision-making
may be unbalanced. Manufacturers and retailers might experience reduced motivation
if they bear excessive costs or receive insufficient returns.

(4) Relationship between manufacturers’ traceability information-sharing behavior
and profit.

Figures 17 and 18 show that, compared with online traceability information-sharing
behavior, the manufacturers’ offline traceability information-sharing behavior has a more
pronounced effect on the profit of prefabricated food manufacturers. This is primarily
because the offline channel directly interacts with end consumers. Once offline traceability
information sharing enhances consumers’ trust in the product, it can quickly translate into
purchasing behavior, directly influencing sales and profits. Conversely, although online
channels allow for broader information dissemination, consumers may find it difficult to
assess the authenticity of online information, and their purchasing decisions are more easily
influenced by price and promotional factors. Therefore, offline traceability information
sharing exerts a more direct and effective influence on consumers’ purchasing decisions.

Across different decision-making models, the effect of traceability information-sharing
behavior on profits varies significantly. Under the centralized decision-making model,
coordination among all parties allows the manufacturer’s information-sharing efforts to
receive sufficient support. The manufacturer’s online information-sharing activities align
effectively with retailer feedback, facilitating product optimization and profit growth.
Under the decentralized decision-making model, however, manufacturers prioritize their
own profit and may reduce investments in information sharing after weighing costs and
benefits, thereby weakening product competitiveness and limiting profit growth.
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Figure 17. Variation trend of supply chain profit with changes in Tm,, and Tmy.
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Figure 18. Variation trend of manufacturer profit with changes in Tm,, and Tm,.

(5) Optimal trajectories of product quality, goodwill, and profit under different parame-

ter combinations.

The quality and safety of prepared foods are crucial to public health. In the event of
concentrated exposure to negative public opinion, the government will introduce stricter
production supervision measures. At this point, the traceability information-sharing behav-
ior between food manufacturers’ online and offline channels becomes critical, which will
promote the development of traceability information-sharing technology but also increase
technical costs. Although some governments provide technical subsidies, continuous tech-
nological upgrading and the increase in implicit participants in the supply chain will still
push up manufacturers’ technology application costs. Based on this, we set two groups of
values for the coefficients (7, ) that measure the impact of traceability information sharing
on product quality in manufacturers’ online and offline channels: (0.5, 0.5) and (0.7, 0.7).
The optimal evolutionary trajectories of corresponding product quality and goodwill are
shown in Figures 19 and 20.

2.5 T T T 4.5 T T

e G
——D
——RS
— S

e G

—

—— RS

—— NS

g S 19 15 20 0 5 10 15 20
t t

(@) when =0.51=0.5 (b) when f=0.71n=0.7

Figure 19. Variation trends of product quality when (5, §) = (0.5, 0.5) (0.7, 0.7).

264



Mathematics 2025, 13, 3980

ek "
—— MS ——NS
9 2 X 0 ] 100 o 2 20 % % 100
(@) when p=0.51n=0.5 (b) when =0.71=0.7

Figure 20. Variation trends of product goodwill when (3, ) = (0.5, 0.5) (0.7, 0.7).

By comparing the simulation results in Figures 2, 5, 19 and 20, it is clear that when
the coefficients 77 and B (which measure the intensity of traceability information sharing’s
impact on product quality) increase, only under the retailer-led cooperation model does
product quality show a fluctuating trend of “rising from the bottom to the second place and
then falling back to the bottom.” This variation rule also applies to the evolutionary process
of product goodwill. Under the retailer-led model, the quality empowerment effect of
channel information sharing exhibits “phased differences”: in the initial stage, the increase
in 77 and B directly enhances manufacturers” quality control capabilities, driving rapid
improvement in product quality; however, as the degree of information sharing deepens,
retailers’” channel dominance will gradually squeeze manufacturers’ quality investment
space, while the marginal benefits of information sharing gradually diminish, ultimately
leading to a decline in product quality and goodwill from high levels.

By comparing Figures 12, 14-16 and 21, it is found that as 3 and 7 (the coefficients of
traceability information sharing’s impact on product quality) increase, the profit ranking
order of each subject under different models remains unchanged, with only numerical
increases. This is because the increase in 3 and 1 only enhances the positive impact
of traceability information sharing on product quality, thereby generally amplifying the
profit level of each subject, but does not change the interest distribution logic under
different models.

(6) Impact of changes in traceable food quality attenuation coefficient on product quality,
goodwill, and profit.

With the rise in market demand, some unscrupulous merchants will seek profits
by tampering with traceability information—such as relabeling expired food as freshly
produced or delaying the update of key data. In addition, the frequent appearance of
professional terms in traceability information makes it difficult for ordinary consumers to
understand. These factors will significantly affect the value of the traceable food quality
attenuation coefficient e. Therefore, ¢ is set to 0.5 and 1.5, and the corresponding changes in
product quality and goodwill are shown in Figures 22 and 23.

By comparing the simulation results in Figures 2, 5, 22 and 23, it is clear that as the
system’s attenuation coefficient ¢ gradually increases, the evolutionary laws of product
quality and goodwill under different cooperation models show significant differentiated
characteristics. Among them, only under the retailer-led cooperation model does product
quality exhibit a unique fluctuating trajectory—first rapidly rising from the initial bottom
to the second place, then gradually falling back to the bottom. The dynamic change in
product goodwill is more complex: the goodwill under the centralized model always
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maintains the optimal level, while the goodwill ranking of the manufacturer-led model
experiences continuous fluctuations of “falling from the second place to the bottom, then
rising back to the third place.” The root cause of this phenomenon lies in the differences in
the interaction mechanism between the “attenuation effect” and “subject decision-making
logic” under different models. For the retailer-led model, the initial increase in ¢ will force
retailers to strengthen channel-side quality collaboration; however, as the attenuation effect
intensifies, retailers’ short-term profit orientation will lead them to shift resources to channel
traffic, weakening the empowerment of manufacturers’ quality investment, and ultimately
resulting in a quality decline. The centralized model, relying on unified decision-making
and scheduling capabilities, can offset the negative impact of the attenuation coefficient,
thereby stably maintaining optimal goodwill. As for the manufacturer-led model, the initial
increase in € will weaken the long-term effectiveness of its quality investment, but in the
later stage, manufacturers will passively increase goodwill repair investment to maintain
market share, thereby promoting a slight recovery in their ranking.
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Figure 21. Variation trends of each subject’s profit when (17, ) = (0.5, 0.5) (0.7, 0.7). The figures show
the profit changes over time for the supply chain, manufacturer’s online channel, manufacturer’s
offline channel and retailer changes respectively.
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Figure 22. Variation trends of product quality when ¢ = 0.5 and 1.5.
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Figure 23. Variation trends of product goodwill when ¢ = 0.5 and 1.5.

By comparing Figures 12, 14-16 and 24, it is found that when the system’s attenuation
coefficient ¢ increases, the profit ranking order of each subject under different models
remains unchanged, but the absolute profit values show differentiated fluctuations—the
profit of manufacturers” online channels shows an upward trend over time, while the
profits of other subjects decrease. This is because the core function of the system attenuation
coefficient ¢ is to measure the time-sensitive loss intensity of factors such as traceability
information and quality spillover. An increase in ¢ will accelerate the value attenuation
of cross-channel factors relied on by most subjects. However, the interest distribution
mechanism of different models is determined by the cooperation rules of the models and is
not directly affected by factor attenuation, so the relative profit ranking under each model
remains stable. The profit logic of manufacturers” online channels relies more on real-time
information flow; although the increase in ¢ accelerates the attenuation of traditional factors,
it also forces the channel to strengthen real-time information-sharing efficiency, enabling it
to more accurately capture short-term market demand and reduce information asymmetry
costs, ultimately offsetting the negative impact of attenuation and achieving profit growth.
In contrast, other subjects such as offline channels and retailers, rely more on long-term
factor accumulation and are unable to quickly adapt to the value loss caused by attenuation,
leading to a natural decrease in profits.

(7)  Impact of changes in discount rate on product quality, goodwill, and profit.

Market risk is a key variable affecting the discount rate p, and this correlation is
particularly significant in the food industry. When the food industry faces risks such as
supply chain instability (e.g., sharp fluctuations in raw material prices, logistics disruptions,
and insufficient production capacity in key links), policy and regulatory adjustments
(e.g., upgrades to food safety standards, stricter environmental protection requirements,
and changes in import and export restrictions), or sudden changes in consumer demand,
the discount rate p tends to show an upward trend. Therefore, p is set to 0.15 and 0.3, and
the results are shown in Figures 25 and 26.

By comparing the simulation results in Figures 2, 5, 25 and 26, it can be clearly observed
that as the discount rate p gradually rises, the evolution of product quality shows obvious
model heterogeneity—under the manufacturer-led cooperation model, its quality ranking
continuously drops from the initial second place to the bottom, and the absolute quality
value also decreases simultaneously. This change logic also holds in the product goodwill
dimension, but there are significant differences in numerical trends: the goodwill ranking of
the manufacturer-led model also falls from the second place to the bottom, but its absolute
goodwill value shows a gradual upward trend.
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Figure 24. Variation trends of each subject’s profit when & = 0.5 and 1.5. The figures show the
profit changes over time for the supply chain, manufacturer’s online channel, manufacturer’s offline
channel and retailer changes respectively.
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Figure 25. Variation trends of product quality when p = 0.15 and 0.3.
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Figure 26. Variation trends of product goodwill when p = 0.15 and 0.3.

The root cause of this phenomenon lies in the “two-way mechanism” of the discount
rate increase on the decision-making of food industry subjects: from the product quality
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dimension, a higher discount rate means manufacturers assign lower weights to long-term
returns. Improvements in food quality rely on long-cycle investments, such as raw material
control and process upgrades, and the discounted present value of future returns from
such investments will shrink as the discount rate rises. Therefore, manufacturers will take
the initiative to reduce quality investment, directly leading to a simultaneous decline in
quality ranking and numerical value. From the product goodwill dimension, although
the increase in the discount rate also weakens manufacturers” emphasis on long-term
goodwill accumulation, goodwill in the food industry is directly linked to market trust. To
avoid consumer loss caused by quality decline, manufacturers will switch to short-term,
effective goodwill maintenance methods. The costs of such investments can be covered by
current returns, and the effects can be quickly reflected in goodwill statistics, thus forming
a differentiated performance of falling rankings but rising numerical values.

By comparing Figures 12, 14-16 and 27, it is found that when the discount rate p
increases, the profit ranking order of each subject under different models remains un-
changed, and only the absolute profit values show a downward trend. This is because the
discount rate reflects the time value discount of future returns by subjects—the higher p
is, the lower the weight of future returns in current profit accounting. The relative profit
ranking of supply chain models is determined by their cooperation mechanisms and is not
directly affected by the logic of time value discount, so the relative strength of profits under
different models remains stable. At the same time, each subject’s profit includes a certain
proportion of expected future returns (e.g., quality premiums from long-term cooperation
and subsequent returns from channel collaboration). The increase in p will amplify the
discount rate of these future returns, leading to a general decrease in the absolute current
profit values of all subjects. However, this discount is a “same-logic weakening” of profits
under all models and does not change the inherent interest distribution characteristics of
different models, so the relative profit ranking remains unchanged.
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Figure 27. Variation trends of each subject’s profit when p = 0.15 and 0.3. The figures show the
profit changes over time for the supply chain, manufacturer’s online channel, manufacturer’s offline
channel and retailer changes respectively.
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7. Conclusions and Limitations

(1) Conclusions

This paper builds a two-level supply chain model of prefabricated food, which covers
manufacturers and retailers, integrates an online and offline two-channel sales model, and
systematically explores the coordination mechanism and profit distribution of traceability
information-sharing behavior. By constructing a game model in the context of centralized
decision-making, decentralized decision-making, and two kinds of cost-sharing contracts,
the equilibrium results of different decision-making models are compared and analyzed,
and the research conclusions are verified by an example analysis. The following research
results are formed: (1) The centralized decision-making model is the best choice to improve
the market share of the prefabricated food supply chain. Although the cost-sharing contract
model can improve the growth rate of market share, there is still a gap between the
centralized decision-making model and the cost-sharing contract model. (2) What is
different from the traditional cognition is that the centralized decision-making model is
not the model with the largest profit, but the cost-sharing decision led by the manufacturer
has basically achieved Pareto optimality, among which the most important reasons may
be the insufficient incentive mechanism of the centralized decision-making model, the
high coordination cost, and the uneven distribution of benefits. (3) Manufacturer’s offline
channel traceability information-sharing behavior has a more severe impact on profit than
online channels. (4) In the market environment of asymmetric information, consumers
have difficulty directly judging the quality of pre-made food, so the impact of goodwill on
profit is more prominent. (5) When the coefficient measuring the intensity of traceability
information sharing’s impact on product quality across manufacturers’ online and offline
channels increases, only under the retailer-led cooperation model do product quality and
goodwill exhibit a fluctuating trend of “rising from the bottom to the second place and then
falling back to the bottom,” while the profits of all subjects increase simultaneously. (6) As
the system attenuation coefficient increases, the evolution of product quality and goodwill
under different cooperation models shows significant differences: under the retailer-led
model, quality fluctuates in the trajectory of “bottom — second place — bottom”; under the
manufacturer-led model, goodwill fluctuates as “second place — bottom — third place”;
and the goodwill under the centralized model remains optimal at all times. In terms of
profits, the profits of manufacturers” online channels increase over time, while those of
other subjects decrease. (7) When the discount rate rises, the manufacturer-led model
presents distinct characteristics: both the ranking and absolute value of product quality
decline synchronously, the ranking of goodwill falls, but its absolute value rises against the
trend, the evolution of product quality and goodwill shows obvious model heterogeneity,
and the profits of all subjects generally decrease.

(2) Management Inspiration

To sum this up, the high-quality development of the prefabricated food supply chain
needs to build a win—win ecosystem with traceability information sharing as the core link
and fair distribution as the collaborative basis.

The sharing of traceability information is the key to strengthening the product quality
defense line and enhancing the trust of consumers. The core enterprise needs to play a
leading role. On the one hand, each entity should actively enhance the power of online and
offline channel traceability information-sharing on product quality, opening up the whole
channel traceability data link, and strengthening the guiding role of traceability information
on production, processing, and quality control. This not only simultaneously enhances the
product quality and brand reputation under each cooperation mode, but also realizes the
general growth of profit of each entity in the supply chain. It is the core of leveraging the
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positive cycle of “quality—goodwill-profit”. On the other hand, through the cost-sharing
contract, the initiative of upstream and downstream is mobilized, a differentiated allocation
proportion is set according to contribution degree, and periodic incentives such as “initial
advance + later profit return” are supplemented to break down the information barrier.

The government can also introduce targeted subsidy policies to lower the coordination
threshold. Provide 20-30% subsidy for sourcing equipment procurement of small- and
medium-sized suppliers and a one-time start-up capital subsidy for cross-link information
platform construction led by core enterprises. At the same time, based on the Shapley value
method, the profit distribution can be quantified according to the marginal contribution of
each entity to the alliance, the quality risk cost can be bound with the incremental revenue,
and transparent accounting can be realized by means of a third-party platform, so as to
balance the multi-interests of core enterprises, suppliers, processors, distributors, and the
like, and avoid weakening the cooperative power due to the imbalance of cost or revenue.

The enterprise also needs to establish a flexible cooperation model adaptation mecha-
nism: considering that the comprehensive performance of “quality—goodwill-profit” of
different cooperation models is significantly differentiated from environmental variables
such as quality attenuation coefficient and industry discount rate change; flexible switching
rules between models should be established (for example, the cooperation model should
be dynamically adjusted based on the critical threshold of attenuation coefficient and dis-
count rate), and meanwhile, information and resources interfaces between different models
should be opened up, so as to eliminate the connection barriers of model switching and
avoid the efficiency loss caused by operation faults.

In addition, enterprises need to combine the transparency of traceability information
with the construction of brand goodwill in-depth, accumulate brand assets by virtue of the
high-quality image of traceability, and enhance market competitiveness; at the industry
level, government and enterprise should work together to speed up the establishment of a
unified traceability platform, formulate standardized information standards, and address
the root causes of information asymmetry; the regulatory authorities need to strengthen
the whole chain of quality supervision to protect the rights and interests of consumers, and
to ultimately promote the industry to move from decentralized competition to win-win
cooperation and achieve standardized and high-quality development.

(3) Inadequacy

Although this research has formed corresponding research results in the aspects of
model construction and analysis, there is still room for optimization. First, due to the
convenience of solving the model, the research assumes that the supply chain members
have complete information, and the case analysis relies on hypothetical parameters. This
setting limits the practical application scope of the model to a certain extent. Secondly, the
current research focuses on the category of secondary supply chains, and the follow-up
can extend the exploration to more complex multi-level supply chain situations or include
more participants, such as logistics providers and e-commerce platforms, so as to more
comprehensively analyze the issue of traceability information sharing in prefabricated
food supply chains. Thirdly, due to the complexity of the solving process of differential
games, this study only constructs a two-level supply chain analysis framework composed
of manufacturers and retailers, and does not include the key constraints commonly found in
realistic scenarios, such as asymmetric information, limited rationality of decision makers,
lack of trust among cooperating agents, etc. Subsequent research can further enrich the
hypothetical dimensions of the model, and by introducing elements such as multi-level
supply chain structure, dynamic information interaction mechanism, and limited rational
decision-making criteria, an analysis paradigm that is closer to the real market environment
can be constructed.
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Appendix A

Proof of Proposition 1. At this stage, the optimal control problem satisfies the HJB equation:
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Vi = max +xG(t)] = BTm 0> — B Tmgp?— B Ts1?+ V{(Q) [yTmua (t) + PTmg (t) — eQ] (A1)
T V(G [9Q(t) + 0Ts1 () — 9G(1)]

Taking the first-order partial derivatives of the right-hand side of Equation (A1) with
respect to Tm, 1, Tmy1, and T51, setting them equal to zero yields the following:
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Substituting Equation (A2) into the HJB equation yields the following:
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Let Vi = ¢1Q + G + e3, where ey, e, and e3 are constant. Thus, V{(Q) = e, and
V/(G) = e,. Substituting into Equation (A3) yields the following:
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Substituting Equation (A4) into Equation (A2) yields the static feedback Nash equilib-
rium under the centralized decision-making scenario:
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At this point, the optimal trajectories of the prefabricated food quality Q(t) and good-
will G(t) are as follows:
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At this point, the optimal value function of the food supply chain is as follows:
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Proof of Proposition 2. At this stage, the optimal control problem satisfies the HJB equation
as follows:
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Taking the first-order partial derivatives of Equations (A9)—(A11) with respect to T,
Tmgy, and T5;, and setting them equal to zero yields the following;:
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Substituting Equation (A12) into the HJB equation and simplifying yields the following:
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Let Vinyp = b1Q + bpG + b3, Vingy, = byQ + bsG + bg, Vsy = byQ + bgG + bg, where
by, by, bs, by, bs, bg, by, bg, and by are constants. Thus, substituting V'm,»(Q) = by,
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V/muz(G) = by, V/Wldz(Q) = by, V/muz(G) = bs, V/SZ(Q) = by, and V/SZ(G) = bg into
Equations (A13)-(A15) yields the following:

m m
b — g V Ty K¢ . b — T K
! T orelpre) 2 by’

2 m m m
{ /. [ u.”+ T, K ] + ﬁ [ u‘”_i_(p T, K HT[ V_|_ Ty K¢ ] .

2071 pie (p+e)(o+9) pr2 Lpte +e)(p+g) tote T (o+e)(p+o)

2 2 m
0=l ke 70, S

. ms(pﬂp)q) p
_ e UM U
by = 2% + Grfore 5 = oty

7 [ uy+( e )H”d]‘»_i_(”,'fimp)}_‘_z& [7T,;/F‘+(7T;"7K¢)]2 (A16)

be — J P11lpte pre)prg) pre T Tty pr2tpte T (pte)(ot+e
6 62 s Si2 o (1-¢)a
. ms(pt(pg e
_ TR KRG
br=ore t (o+e)o+e)’ b = org;
772 [ “M + T[K‘P ][ﬂ+ TKL,K(P ]
ho = 4 Prpte T (pte)(ptg)itote T (o+e)(o+g) .
? _i_iz[”d]"_,_ g K Hﬂ'i_ mxg }_|_l(7t51< )2+7TS(1*§)”‘ !
pr2tpete U (ote)(ptg)ilote T (pte)(ote)! T 20\ ptg P

Substituting Equation (A16) into Equation (A12) yields the static feedback Nash
equilibrium for the online channel, offline channel, and retailer of prefabricated foods
under the decentralized decision-making scenario:

0 T 70, K B iy 7Ty K 07K
Tmu = + ,Tm - — ’ = —_—
2= e P oroerr ™ Lot e T ot o) 2 T et o)

At this point, the optimal trajectories of prefabricated food quality Q(¢) and goodwill
G(t) are as follows:

[(”Z"Zzwﬁﬂg'ﬁz%)ﬂ + (ﬂZq'?272+7T&”ﬁ271)K¢}

B en172(p+e) en1y(pte)(p+9)
Q(t) = 10— (TP B )u (TPt By )xg || et (Al8)
0 er12(p+e) err(pte)(o+e)
(P2 B ) gn | (it iy B2 o) kg? 02755
o per172(p+e) per172(0+e) (o) P73(p+9)
Ga(t) = B PN G e V) N G a UL, ST Y (A19)
0 per172(p+e) pe112(p+e) (ot 9) P13(p+9)

Under this Nash equilibrium scenario, the optimal value functions of the prefabricated
food manufacturer’s online channel, offline channel, retailer, and the overall food supply
chain are as follows:

lll/l TC K‘P 2 u ;l nleq) 2
Y B O e bl e o LS
u2 /Siz[nu By ) HM + Tk ] 027 7512 b ey
2lpte T (pte)(ote) P+€ (o+¢)(o+¢) vs(p+qu )2
T U K(,b 9 nd K2 _
s ”ui’“l’ L L .5 /3 Ty TR
oot + <p+e)(p+rp>”pie + (p+e3'<p+<p>] + oy lote + (p+e‘§(p+(p>]
5%+ g Qa0 Z56(0) + 3(28)" + 71~ e
_ U] Tk T U
Vsp = +g% [p+g + W][pﬂ + W] (A22)
Tty K u T°K
+5 155 T ran 5 T G
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e (”g‘pif;’(gf ) Qy (1) + TN Gy (1)

p+e ?)
AR gn! nu K¢ B2 A Tn Lt AR L e
T [p+€ + (o-+e)(o+9) ] +( v tm )[p+8 (p+€)(p+<ﬂ)”p+€ + (p+£)(p+¢)]
Vo = B> 7 i ”d 'K i’ KGR kg A23
2 +2“2Y2[P+€ + P+£ (o+9) ] T [P+€ (P+47)HP+2€ +((p+8)(p;rqv)9]2 . (A23)
p* ndy ”d K¢ u K 1/ ¢ HL”JrTr;” 504K
5 o5 + Grerol love T Gratre) T 2(ore) 13(0+9)°
—|—7TZ1§0< + (1= ¢)a+ (1 —¢)a

O

Proof of Proposition 3. The objective function of the traceable food manufacturer is as follows:

R(Tmyg) = [ e #{milea+ pQ(t) +xG(t)] — T Tm?} dt (A24)
0

R(Tmgs) = [ e {mf[(1 =2+ pQ(H) +xG(H] - 21— 0)Tmz}at  (A25)
0

At this point, the optimal control problems of the prefabricated food manufacturer’s
online and offline channels satisfy the HJB equations:

} (A26)

oVmy3 = max
Tmy3

ot [Ea + pQ(t) + xG(t)] — B Tmys?+V'myus(Q) [nTmys(t) + PTmys(t) — eQ(t)]
+V'my3(G)[pQ(t) + 0Tsz(t) — ¢G(t)]

g (1= Qo+ pQ(t) +xG(1)] — B (1 = 6) Tmas®+V'maz(Q) [y T () + PTms (1)

2
—eQ(t) + V'mg3(G)[pQ(t) + 0Ts3(t) — ¢G(t)] } e

oVmgs = max
Tmgs

Evidently, Equations (A26) and (A27) are convex functions with respect to Tr,3 and
Tmg3. Maximizing them under the first-order conditions yields the following:

nV'm3(Q) _ BV'mg5(Q)
e = A ) (A28)

The objective function of the prefabricated food retailer is as follows:

Tmyz =

e}

R(Ts3) = /e‘pt{ns[(l —Oa+uQ(t) +xG(t)] — %Tsf(t) — %deg, ( )}dt (A29)

0

At this point, the optimal control problem of the prefabricated food retailer satisfies

the HJB equation:
(1 — &)a + pQ(t) + kG ()] — B Tss?— 222 Trgg®+ V's3(Q) [ Tmys (t)
prs = “%asx{ +BT () — Q) + V'sa(G)[9Q(t) + 8Ts3(t) — G (1) (A30)

Substituting Equation (A28) into Equation (A30), then taking the first-order partial
derivatives of the right-hand side of Equation (A30) with respect to T53 and , and setting
them equal to zero, yields the following:

!
T53 _ A% S3(G)

5= 2V's3(Q) — V'my3(Q)

7 T 2Viss(Q) F Vimgs(Q) (A3D)
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Substituting Equations (A28) and (A31) into the HJB equation and simplifying yields
the following:

LPVImGA(Q) | PV (Q)2Vss (Q)+V gy (Q)] , PV'ss (G)V'mus(G) (A32)
2m 272 73

oV = { [7717{[]4 - 8V,mu3(Q) + ¢V/m1¢3(G)]Q + [NTK - (PvlmuB(G)]G + 7' Ca

[ - Vs (Q)+ 9V me(G)IQ + [ — Vi (GG T~ D
PYId3 = PVims(QV'mas(Q) | BV mas(QR2V's3(Q)+V!mas(Q)] | 0V/s3(G)V/mgs (G) (A33)
7 4712 73
| [T —eV's3(Q) + ¢V's3(G)]Q + [k — ¢V's3(G)]G + 7 (1 — §)a
PVS3= 1 | PVimg(QV's(Q) | FRVsS(Q-Vmg@F | @V's(G) (A34)
7 872 273

Let Vimy,s = d1Q 4+ doG +ds, Vimyz = dyQ + dsG + dg, and Vsy = d7Q + dgG + do,
where dy, dy, d3, dy, ds, dg, d7, dg and dg are constants. Thus, substituting V'm,3(Q) = d;,
V'imy3(G) = do, Vimgz(Q) = dy, V'mgz(G) = ds, V's3(Q) = dy, and V's3(G) = dg into
Equations (A32)-(A34) yields the following:
oK 'K

— Tl Tk g, = Tk
N =08t Grore) 2 T oty

'l U K 027! 82
{ +2p71[ + )H

o pte T (pte)(pte 073 (0+9)?

d = m S m
3 + B> [n{f’y K )][(27Ts+7rd u (27° 4] )K}

o2t pte T (ote)(ptg pte (o+e)(p+¢)
us

' T K
d4: dy_|_( dK ;d5: d

pre m(lpwg)s)(pw)z pte
Lot ol S Ll i [0, S i LR L
g o T rmlote T reere) Lot T i ore) (A35)
6~ +72[ﬂ + g K ][(2”5"‘”51)# + (27Tb+7T§")K} 027y i
doratpt+e  (ote)(pt+o) pte o+ o+9) ! " pya(ote)?
o T o S Y o'4
b7 = o7e T Troitore) 98 = 7o s

[ pritpte © (o+e)(o+g) ! tote * (p+e)(p+o)
_'_72[(2”5—”2")# (27'55—".’1”)’{] 62715 K2
8072 pte (p+e)(p+o)

T (1—-¢)a _i_i[n,’l"y + K Hny 5K ]
dg =

2073(p+9)°

Substituting Equation (A35) into Equations (A28) and (A31) yields the static feedback
Stackelberg equilibrium under the manufacturer-led scenario:

_ N mp T K
Trmys = 1 [ove ) Fore))
275
Tigs = © L + oreere)
27, pte * (p+e)(o+g)
o _owx (A36)
37 %lo+oe)

2~

0= 275+

At this point, the optimal trajectories of product quality Q(¢) and goodwill G(t) are
as follows:

Ryt Qrt ) Brolp | Rt vt e+ ) Bl
B 2e1172(p+e) 2e1172(p+e) (p+9)
Qs(t) = O e N PR e L (A37)
0 2em172(p+e) 2em112(p+e) (0+9)

Ry o+ 2 + ) B o n 27 P2+ (27 + i) B g 48P
2<P€7172(P2+€) , 2¢er172(0+€) (0+9) ?13(p+9)
(27 %o+ 2 + 7)) B 02k
Gs(t) = TG0 2pe7172(pte) P73(0+9) (A38)
_ rit et @ nBnex | gt
2¢e1172(0+¢) (0+9)
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At this point, the optimal value functions of the prefabricated food manufacturer’s
online channel, offline channel, retailer, and the overall prefabricated food supply chain are

as follows:
[Zii‘ + W]Q(ﬂ + 4, G(t)
71:14 ga’ Z’;l 7TI/1 K
Vmug, = + + ZP'Yl [ere + W] (A39)
927'[ %2 + B [ﬂ,ly s ][(27ts+712”)]1 (27TS+7TZ’)K]
073 (p+(p)2 2072 Lpte T (ore) (ore) p+e (o+e)(o+o)
™y K e ) (1-¢)a
[pi; + W]Q”) gl + =5
Ving = { -+ (5 + 7(p+s>(p+¢)”p"+e + ) (A40)
4 B [ndy 4 U H(Zn +rt ) p (2 +7r;”)x] 2t x?
doratote T (pte)(ptg) pte (0+€)(o+9) p'y3(p+(p)
s s T (1-g)a
o+ peeIQU) + 75560 + <L
U T K Tp
Vs = +p"rl (e * pretorg ) ore + <p+5§<2+(p>] (A1)
L B2 [(27'( —n ) (28—l ) ] 02775 12
8p'rz pte (o+e)(p+9) " 2073(p+9)>
4+ ) (M 47 7O 7 K
[ pig + (p+e)( dp+([) ]Q3( ) #Gg(t)
« _ _ LZ 2 —m™"u (2 —r"")K
+z[2 mC+m(1=8) 4+ (1(2 ‘:J)r]z+)8972 [(2 p:;d ) * (p+s)(pi¢)]
- L 7Tu’]4 7_[1[ nl’ll 7-[5 I’l 7-["1 7-(5 K
Vs=4 Tom [§+€ t e )(P+<P)H1 + dP+€ , eI (A42)
m(’ﬁ(n mx? + ik 24 T )
3
43 362 1 [ s H(Zn +r (27r5+7r;”)1<]
472 P+€ (0+€)(0+9) pte (o+€)(0+9)
O

Proof of Proposition 4. The objective function of the traceable food retailer is as follows:
— pt 1 2
R(Tsy) = [ e — &)+ uQ(t) + xG(t)] 5 (1 — w)Tsy~(t) pdt (A43)
0

At this point, the optimal control problem of the prefabricated food retailer satisfies
the HJB equation:

pVsy = max

Tsy | +BTmaa(t) — €Q) + V'sa(G)[9pQ(t) + 6Ts4(t) — 9G(1)]

Taking the first-order derivative of Equation (A44) with respect to Ts;4 and setting it
equal to zero yields the following:

{ (1 — &)+ uQ(t) + xG(t)] — %(1 — w)Tsg%(t) + V's4(Q)[nTmya(t) } (A44)
(

GV/S4(G)

Tsy = ———= A45
- w) (A4
The objective function of the prefabricated food manufacturer is as follows:
R(Tmyg) = [ e {milee+ puQ(t) +xG(1)] — T Tmg?} at (A46)
0
R(Tmag) = [P {mpl(1= )+ pQ(t) +xG(1)] - DTma(t) - “LTs(0) }dt - (A47)
0
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At this point, the optimal control problem of the prefabricated food manufacturer
satisfies the HJB Equation:

_ &+ uQ(t) + kG (t)] — L Tmya®+ V' mya(Q) [ Tmyua(t) + BTmay(t) — eQ(t)]
oVt = %{ FV,4(G) [PQUE) + 0Ty (1) — 9G] } (A9
o — max (1= &)a+ uQ(t) + xG()] — B Tmag®— L Tss®+ V'mgu(Q) [ Trmya(t)
= T{ B Tmgs(£) — eQ(8)] + V'mas(G)Q(E) + OTs(£) — 9G(1)] (A9)

Substituting Equation (A45) into Equations (A48) and (A49), then taking the first-order
partial derivatives of the right-hand sides of Equations (A48) and (A49) with respect to
Tmuy, Tmdy, and w, and setting them equal to zero, yields the following:
1Vmis(Q) 1 BVma(Q) | 2V'mu(G) ~ V'si(G)
o T2 2V'mas(G) + V's4(G)

T,y = (A50)
Substituting Equations (A45) and (A50) into the HJB equation and simplifying yields
the following:

Virts — [y — eVimua(Q) + ¢V'myus(G)]Q + [k — ¢V'myus(G)|G + 7y A1
PV = +’72V,mu42(Q) + B2V 1,4 (Q) V' my4(Q) + 02V/54(G)V'mys(G) ( )
27, 72 3

(A52)

S [y — eV'mas(Q) + ¢V'myy(G)]Q + [mf'x — 9V'mgy(G)]G + mjf (1 — §)a
PV = PVma(QVims(@) | BVmi(Q) 4 PRVmy(G)+V'sy(G)
M 272 873

ve, = J 1= eV'su(Q) +¢V'si(G)]Q + [ — oV'sa (GG + (1 = D
OV =\ 4V ma(QVQ) | PV malQVQ) | 8V 's(C)2V ma(G4V'5(C) (A53)
7 72

Let Vinyy, = ¢1Q + oG +c¢3, Vg, = ¢4Q + ¢5G + ¢6, and Vsy = ¢yQ + csG + ¢,
where ¢y, ¢, €3, ¢4, 5, Cg, C7, g, and ¢y are constants. Thus, substituting V'm,4(Q) = ¢1,
V’mu4(G) = Cy, V’md4(Q) = (4, V’md4(G) = (5, V/S4(Q) = ¢y, and V/S4(G) = cg into
Equations (A51)-(A53) yields the following:

T TR L K
= v (p+8)(p+(p)’ 27 bty ,
"u L L .
Cr = + ZP% [p+e + (p-‘rs)(p-i-cp)]
T +ﬁi[m+L”ﬂZ’#+ mix g P
P2t pte (p+e)(p+o¢) L pte (o+¢)(p+o) p73(p+cp)
ol = Tl T L T
47 e (1(958)(%(/7)’ S . y
U i R /0, S | S L L S
o = 7 Tomlpte t <p;e)(p+<p)”p+s +ﬂ(p+£)(p+(p)] (A54)
4+ B [7'[,1}‘4_#] + 62 [(27tg‘+715)1c]
2072 p+€ (o+¢)(p+o) 8ol pto
C7 = ﬂ + UK — 7‘(51(
7= pre T (p+e)(p+<P)’ = bry

(1 C) + ’7 [ s T K Hﬂ—i_ K }
o — P pritete T (pte)(pte)ttote T (ote)(p+e)
9= LB B2 [ndy n s Hnsy n 5% ] 0% 7> (271} 4-71%)
pte 7 ( pte T (pte)(p+¢)

072 p+e)(p+o)

4p73(p+9)°
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Substituting Equation (A54) into Equations (A45) and (A50) yields the static feedback
Stackelberg equilibrium under the manufacturer-led scenario:

_ T T K .
Tmyg = '21 [P;:l‘s T (p+£),gp+<v)]’
_ Bk K .
Tmas = 3, 0% + Grotora) (A55
To, — Ox (27 +7°) | )
47 T2s(pte) 7
_2mi-m
w= 2mli + 7

At this point, the optimal trajectories of prefabricated food quality Q(t) and goodwill
G(t) are as follows:

(P By ) + (TP o+ By )x
B e1172(p+e) en172(p+e) (o+9)
Qa(t) = +dy— (TP o+ BPy)n (Pt B e | et (A56)
0 en2(p+e) enr2(o+e) (o)
(TP By )ug | (P + i PPy )¢ | 602k (2mh 4f)
. per172(0+e) per172(0+e) (0+9) 2¢73(p+9)
G =3 | o _ rntmprue  rninggare  exrper)) g (A7)
0 per172(pTe) Per172(0+6) (0 9) 2073(0+9)

The optimal value functions of the prefabricated food manufacturer’s online channel,
offline channel, retailer, and the overall prefabricated food supply chain are given as follows:

m m m 2 m m 2
M 7'[” K 7Tu K ?77 Um ]/l T, K
[p+€ + (p+8)(p+¢)}Q(t) + P+¢G(t> T 2001 [P+5 + (p+8)(p+sv)]
+ﬁ[n3’y + T ][ﬂ + K ] 02 7l T K2 e
pratpte © (pte)(pte)itote T (p+e)(pte)! T pys(o+9)? 3

o e s Tt (1-8)a g2 (2] +m)K
5% + ol QU + 555G + 25— + g e
2 m m m m 2 m m
oy uk g K ;B M i
+P“Y1 [,0+€ + (p+e) p+<p)][p+€ + (p+s)(p+90)] + ZPWZ[PJF6 * (P+€)(P+4’)}

Vs = (A58)

2

Vingy = (A59)

U s s (1=
e + (P+g(;+(ﬂ)]Q(t)+ PT‘:’G(t)—F P
pa i 'K LS T o S

o [ote + Gretpren) love T orapre ) 25,2 ; (A60)
[ i : ik Hﬂ 5k } 07> (27 +-1°)

p+e

PO ote) lpre T ore)(ore) 4p73(0+9)°

(el (4t )k (rlit 47+ 7% )i
+L2[7Tﬁ"]4 I e H(nf{’+27‘r&"+2n5)y (7'(’“”+27'(d’”+2715)1<]
Vi — py1tpte T (p+e)(p+9) pte (o+€)(p+9) A61
4= +ﬁ[w 4 K H(n,’j’+7r:i”+27rs)y i (7'[{,”+7t;”+27r5);<] ( )
o2 gﬂ (p+e)(p+9)** 22 P+€<) (p+e)(p+¢)
7-[5K 7-L-Wl+7-[b
e + TR g e (1 - €) + (1 - )
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Abstract

The rapid growth of dockless electric scooter (e-scooter) sharing services has transformed
short-distance urban mobility, offering convenience and sustainability benefits while am-
plifying challenges related to demand imbalance, fleet rebalancing, and spatial inequity.
Accurate spatiotemporal demand prediction is therefore essential for optimizing resource
allocation and supporting data-driven policy interventions. This study proposes a hybrid
deep learning framework that integrates a Graph Convolutional Network (GCN) with
a Gated Recurrent Unit (GRU) and community detection to enhance short-term predic-
tion of e-scooter pick-up and drop-off demands. The Louvain algorithm is employed to
partition urban areas into mobility-based communities, enabling the model to capture
functional connectivity rather than relying solely on geographic proximity. Using real-
world e-scooter trip data from Calgary, Canada, the model’s performance is evaluated
against established baselines, including a Masked Fully Convolutional Network (MFCN)
and conventional GRU architectures. Results show that the proposed approach achieves up
to 11.8% improvement in mean absolute error (MAE) compared with the MFCN baseline
and more robust generalization across temporal horizons. The findings demonstrate that
integrating community structures into graph-based learning effectively captures complex
urban dynamics, providing practical insights for sustainable micromobility operation
and service deployment.

Keywords: e-scooter demand prediction; spatiotemporal modeling; graph convolutional
network (GCN); gated recurrent unit (GRU); community detection; micromobility; urban
mobility management

MSC: 90B06

1. Introduction

Shared micromobility has rapidly transformed urban transportation over the past
decade. Among various forms, dockless electric scooters (e-scooters) have expanded
swiftly since their launch in Santa Monica, California, in 2017 by Bird. Within only a few
years, major operators such as Bird and Lime scaled globally, embedding e-scooters as a
convenient yet controversial feature of many city streets across North America, Europe,
and Asia [1-3]. Their appeal lies in convenience, digital connectivity, and adaptability.
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E-scooters can be unlocked through mobile applications, tracked via GPS, and paid for
seamlessly using integrated digital platforms [4].

E-scooters are often described as a potential solution to the “first/last-mile” problem,
connecting users between public transport nodes and final destinations [5,6]. Within the
broader context of Mobility-as-a-Service (MaaS), they support multimodal travel, reduce car
dependency, and promote sustainable and inclusive mobility [7]. However, their proliferation
has also introduced new challenges concerning safety, environmental impact, and social equity.
Accidents and pedestrian conflicts have raised public concerns [8], while life-cycle analyses
reveal that much of their environmental footprint stems from manufacturing, maintenance,
and fleet rebalancing rather than electricity consumption [9,10]. Moreover, accessibility
remains uneven, as deployment tends to concentrate in central or affluent areas [11,12]. These
issues highlight the need for operational efficiency and evidence-based policymaking driven
by accurate demand prediction.

1.1. Importance of Demand Prediction in Micromobility

Accurate spatiotemporal demand prediction plays a key role in sustaining shared mi-
cromobility systems. Reliable prediction enables operators to optimize fleet redistribution,
reduce idle time, and maintain service availability in high-demand areas. From a public-
policy perspective, demand prediction can guide infrastructure planning, and equitable
resource allocation. While statistical and classical machine learning models have provided
foundational insights, they often fail to capture complex nonlinear interactions between
spatial and temporal factors influencing micromobility demand [13,14].

With the rise of large-scale trip data, deep learning has become increasingly popular
in mobility research. Early studies applied convolutional or recurrent neural networks to
capture spatial or temporal correlations separately. Phithakkitnukoon et al. [15] proposed a
Masked Fully Convolutional Network (MFCN) to predict e-scooter demand while handling
data sparsity through a dual-branch classification and regression structure. Their approach
achieved robust short- and long-term performance by weighting zero-demand regions
and focusing on spatial areas of interest. Ham et al. [16] later introduced a convolutional
autoencoder integrated with a recurrent decoder (ERD), demonstrating that latent feature
extraction can improve short-term e-scooter demand prediction compared with long short-
term memory (LSTM) models. Sahnoon et al. [17] evaluated three deep learning models,
MEFCN, UNet, and UNet Transformer (UNETR), for short-term prediction of e-scooter
pick-ups and drop-offs. While Transformers are often favored for capturing long-range
dependencies and achieving high accuracy, the study did not find definitive evidence of
their overall superiority.

Kim et al. [18] incorporated community structure into a deep learning framework by
clustering Seoul’s e-scooter service areas using modularity optimization before predicting
temporal demand with LSTM models. They found that activation functions significantly
affected peak-period prediction performance, with the exponential linear unit and hyper-
bolic tangent (tanh) functions yielding the most accurate results. Liu et al. [19] analyzed
three months of e-scooter trips in Indianapolis to uncover temporal variations, noting
pronounced peaks during commuting hours and minimal activity at night. Bai and Jiao [20]
compared usage patterns between Austin and Minneapolis, identifying the built environ-
ment, such as proximity to downtown areas and land-use diversity, as major drivers of
demand. Similarly, Lee et al. [21] developed a multivariate log-linear regression model in
Manhattan that incorporated demographic factors such as population density and median
income, revealing that socioeconomic variables also influence ridership.
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1.2. Advances in Deep Learning for Spatiotemporal Demand Prediction

More sophisticated hybrid and graph-based models have recently emerged to address
spatial dependencies more effectively. Yang et al. [22] proposed a Spatiotemporal Graph
Convolutional Network (SGCN) combining graph convolution for spatial relations with
LSTM for temporal dynamics, also including weather variables such as temperature, wind,
and air quality. Using real-world data from Tianjin, their model outperformed baseline
ARIMA and LSTM models. Li et al. [23] developed an irregular convolutional neural
network (ICNN) to forecast bike-sharing demand in Singapore, Chicago, Washington D.C.,
New York, and London. The ICNN, which integrates convolutional and LSTM layers,
achieved superior predictive accuracy across all sites.

Song et al. [24] tackled the issue of data imbalance using a Sparse Diffusion Con-
volutional Gated Recurrent Unit (SpDCGRU), which merges diffusion convolution with
GRU architecture and introduces spatial data reclustering and fusion-loss strategies. Their
approach achieved improved overall performance and interpretability. Xu et al. [25] ad-
vanced this direction by proposing a Spatiotemporal Multi-Graph Transformer (STMGT)
that integrates four types of graphs, adjacency, functional similarity, demographic simi-
larity, and transportation supply, to capture multiple forms of spatial dependency. Their
model outperformed conventional deep learning frameworks and identified weather as the
most influential predictor of demand. In parallel with these developments, attention-based
architectures have gained prominence in spatiotemporal traffic and demand prediction.
For example, Jiang et al. [26] proposed PDFormer, a transformer-based model designed to
capture long-range propagation delays in complex traffic flows. Similarly, Lan et al. [27]
introduced DSTAGNN, a dynamic spatiotemporal graph neural network that constructs
adaptive spatial-temporal graphs from data to model evolving traffic patterns. More
recently, Singh et al. [28] proposed an Integrated Spatiotemporal Graph Neural Network
(ISTGCN) for traffic forecasting, demonstrating that jointly modeling spatial dependen-
cies and temporal dynamics within a unified GNN architecture can significantly improve
prediction accuracy. While these approaches highlight the effectiveness of advanced graph-
based and attention-driven models, they typically rely on computationally intensive graph
representations or fixed sensor networks, which limits direct functional interpretability in
mobility systems.

These developments illustrate a clear progression toward deep, graph-based, and multi-
feature architectures that jointly model spatial and temporal relationships. Nevertheless,
most existing frameworks still rely on fixed geographic grids or administrative zones
that may not represent functional travel communities. Few studies have explored spatial
partitioning based on intrinsic travel-flow connectivity.

1.3. Graph-Based Learning and Community Detection

GCNs provide a powerful way to model complex dependencies between spatially
linked nodes [13,14]. They have been successfully applied in transportation studies for
traffic prediction [29], taxi-demand prediction [30], and ride-hailing demand analysis [31].
However, applications to micromobility remain relatively limited.

In parallel, community detection offers an alternative spatial structuring approach
that reflects functional connectivity rather than fixed spatial boundaries. The Louvain
algorithm [32] efficiently identifies cohesive communities within large networks by maxi-
mizing modularity [33]. Integrating this clustering approach into predictive models can
capture localized collective behavior and improve interpretability in urban mobility studies.
Dastjerdi and Morency [34] demonstrated that community-level modeling can enhance
demand prediction performance in bike-sharing systems, particularly under changing
conditions such as the COVID-19 pandemic.
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1.4. Research Gap and Contribution

Despite significant progress in deep learning-based micromobility short-term demand
prediction, most existing studies still rely on fixed grid cells or administrative zones that
may not represent functional mobility structures. Such spatial partitions often fail to
capture the dynamic flow connectivity among urban areas, which limits interpretability
and reduces prediction performance under sparse or unevenly distributed data. In addition,
many state-of-the-art models such as SGCN, ICNN, SpDCGRU, and STMGT construct
spatial graphs solely from geographic adjacency or predefined neighborhood structures.
These approaches are not able to capture latent mobility communities that emerge from
actual origin—destination travel behavior. Although these models advance graph-based
and hybrid spatiotemporal learning, they do not incorporate functional communities as
explicit and learnable features within the prediction framework. Furthermore, although
GCNs effectively model spatial dependencies and GRUs capture temporal dynamics, few
studies have integrated these approaches with community detection to represent mobility-
driven spatial relationships. Existing hybrid models such as STMGT rely on multiple
predefined spatial graphs or handcrafted proximity measures, but they do not include
flow-derived communities or embed community identifiers as trainable inputs within the
GCN. Likewise, prior spatiotemporal variants typically use a single regression output
and do not separate the occurrence of demand from its magnitude. These methodological
gaps highlight the need for a unified framework that combines mobility-informed spatial
structures with multi-task prediction.

To address these gaps, this study proposes a hybrid deep learning framework that
combines GCNs with community detection for short-term e-scooter demand prediction.
The Louvain algorithm is employed to partition the city into demand-flow-based commu-
nities, producing a functional spatial representation that better reflects real-world travel
behavior. Unlike prior studies that rely on fixed spatial grids or distance-based adjacency,
our framework embeds community identifiers as a learnable feature, enabling the GCN
to capture both local geographic correlations and higher-level functional similarity across
urban regions. This community-aware design differs from existing models such as STMGT,
which do not incorporate community detection outputs into the learning process, and it
enables the model to jointly leverage geographic adjacency and mobility-based functional
zones. The integration of a GRU-based temporal encoder and a dual-branch classifica-
tion and regression architecture further allows the model to learn short-term temporal
dynamics, spatial spillover effects, and demand sparsity within a single cohesive design.
This multi-task structure, which distinguishes the probability of activity from the mag-
nitude of demand, provides an additional level of modeling flexibility not present in
existing spatiotemporal hybrids. These combined capabilities have not been addressed
together in previous frameworks. The resulting community graph is integrated into a
GCN-based predictive model, enabling the framework to jointly learn temporal patterns
and inter-community dependencies while mitigating the effects of data sparsity and spatial
heterogeneity. Using real-world e-scooter trip data from Calgary, Canada, the model is
benchmarked against established baselines, including MFCN and LSTM architectures.
Results demonstrate that incorporating community structures within graph learning sub-
stantially improves predictive accuracy and robustness.

Beyond methodological advancement, this research provides actionable insights for
service providers and urban policymakers. More accurate demand prediction can support
efficient fleet rebalancing, and service deployment, and sustainable integration of micro-
mobility into urban transport systems. The findings also contribute to the broader field of
urban informatics by showing how community-aware graph learning can uncover latent
spatial organization within human mobility networks.
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2. Materials and Methods
2.1. Dataset

This research uses a real-world dataset from Calgary, Canada, where two companies,
Lime and Bird, deployed 1000 and 500 e-scooters, respectively. Calgary is the largest city
in the Canadian Province of Alberta. It covers an area of 820.62 km? with the population
of 1,306,784. Dockless e-scooter sharing was introduced in Calgary in July of 2019. E-
scooters are small, electric-powered vehicles, allowing users to rent and return scooters
at any location via a mobile application. Each scooter trip record contains detailed usage
information, including the date, hour of the day, day of the week, trip duration in minutes,
trip length in kilometers, and starting/ending geolocations (latitude, longitude). The scope
of the data was selected as a period of 75 days from 15 July 2019 to 27 September 2019.

In the original dataset, the City of Calgary aggregated trip geolocations into
300 m? hexagonal grids for privacy protection. In contrast, our approach adopts a 200 m
square grid format to enable a detailed spatial analysis of scooter usage patterns. The total
number of e-scooter rides in the dataset is 459,478 rides from 4080 different starting grid lo-
cations to 4367 ending grid locations. Although Calgary city is composed of approximately
21,702 square grids (200 m x 200 m), the analysis dataset is 19.45% of the city. Figure 1
illustrates this spatial coverage, highlighting the active grids used in the analysis and illus-
trating the spatial concentration of trips within the downtown core. This study aimed to
predict the hourly and 24 h demand of pick up and drop off for each square grid. Analysis
of the trip data indicates that e-scooter demand is higher on weekends than on weekdays.
On average, there were 6570 trips per day on weekends and 5965 trips per day on week-
days, representing an increase of approximately 10% in weekend usage compared with
weekday activity. Looking at the hourly demand patterns, shown in Figure 2, it provides a
detailed look into the different hourly patterns of weekday and weekend e-scooter usage.
During the weekdays, the demand clearly shows two peaks, which is a strong indicator of
work-related commuting. A smaller rise occurs in the morning, around 8 a.m., as people
travel to work, followed by a much larger peak in the late afternoon, around 4 p.m. (16:00),
when people make their return trips. In contrast, weekend demand grows more gradually
through the late morning and peaks in the mid-afternoon, suggesting a stronger focus on
leisure and social trips rather than commuting. The demand reaches its highest point in the
late afternoon, between 3 p.m. and 6 p.m. (15:00-18:00). This comparison suggests that
e-scooters play a dual role in urban mobility, serving as a practical option for structured
weekday commutes and as a flexible, leisure-based mode of transport on weekends. The
analysis of trip duration and distance, shown in Figure 3, indicates that most e-scooter rides
are short in both time and distance, a characteristic feature of micromobility usage. While
the average trip duration was 12.88 min, the median was only 8.40 min. A similar pattern is
seen for trip distance. The average trip covered 1.85 km, but the median distance was just
1.26 km. This data suggests that e-scooters in Calgary are most often used for solving the
“first- and last-mile” problem, such as traveling between transit stations and workplaces,
and to substitute short walking trips rather than longer car journeys.

The spatial distribution of e-scooter activity across Calgary, illustrated in Figure 4,
highlights strong spatial clustering in both pick-up and drop-off demand. The highest
concentration of trips occurs in and around the downtown core, particularly in areas
with dense commercial activity and proximity to public transit stations. This pattern
suggests that e-scooters are commonly used for short urban trips within the central business
district and for connecting to public transit hubs. Beyond the downtown area, moderate
levels of activity are also visible on main transit routes and near other popular areas for
work and recreation, such as those adjacent to the Bow River pathway network. Overall
comparison between weekdays and weekends shows that weekday trips are slightly more
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centralized, reflecting commuter-oriented travel to and from the city center. In contrast,
weekend trips are more spatially dispersed, with increased activity extending toward parks
and leisure destinations. These spatiotemporal characteristics form the foundation for the
predictive modeling described in the next section, where hourly and daily demand are
estimated for each grid cell.
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Figure 1. Spatial distribution of e-scooter (a) pick-up and (b) drop-off activities in Calgary. The city
contains 21,702 square grids (200 m x 200 m), but only about 19.45% recorded trips during the 75-day
study period. Color intensity (log;, scale) indicates the number of trips, showing concentrated
activity in the city center.
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Figure 2. Average hourly e-scooter demand: (a) weekdays and (b) weekends.
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Figure 3. Log,, scale distributions of e-scooter trip characteristics: (a) trip duration (minutes) and (b) trip
distance (kilometers). The average (red dashed line) and median (black dotted line) values are indicated
for both duration (12.88 and 8.40 min, respectively) and distance (1.85 and 1.26 km, respectively).
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Figure 4. Spatial distribution of e-scooter demand in Calgary. (a—c) Pick-up demand for overall,
weekday, and weekend periods. (d—f) Drop-off demand for overall, weekday, and weekend periods.
Brighter colors on the log,, scale indicate higher trip volumes.

2.2. Proposed Model Architecture

To predict the spatiotemporal demand of e-scooters, we propose a deep learning
model based on GCN and GRU, the workflow of the proposed model is summarized in
detail in in Algorithm 1 and illustrated in Figure 5. A key aspect of our approach is the
inclusion of a community feature, derived by applying the Louvain community detection
algorithm to a travel network graph of the grids. This feature provides the model with
a higher-level understanding of the urban structure. The model architecture consists of
two main branches: a classification branch and a regression branch. The model input is a
spatiotemporal tensor that represents 14 historical demand lag features and five contextual
features (which include the sine-cosine components for the temporal dynamics and the
weekend flag) and one categorical community identifier feature. In this implementation,
only the lag features are processed by the GRU to learn short- and long-term temporal
patterns. The resulting hidden states are then concatenated with the five contextual features,
to which the embedded community feature is added, and then passed through two GCN
layers, which capture spatial dependencies between adjacent grids and communities. This
combined GRU-GCN architecture effectively integrates sequential and spatial dependencies
within the same learning framework.
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Algorithm 1 Spatiotemporal E-Scooter Demand Prediction Using the Proposed
GCN Model

REXN xHXF ‘yhere B is the batch size, N is the number of

1: Input: Feature tensor X €
active grid nodes, H is the historical time window, and F is the total number of
input features.

Edge index matrix Zd\] € R¥E,

2: Output: Predicted e-scooter pick-up or drop-off demand matrix i € RE*N <1,

3: Initialization: Define feature counts: Fiag = 14, Feontext = 5, Feomm_ia = 1-
Models: GRU, Embedding, GCNConV(l), GCNConv(?)

Split X into three parts based on feature indices:

Xag < X[, 5, 0:Fjgg] // Contain the 14 lag-based demand features.

Xeontext <= X[:, 3, 1, FlagiFiag + Feontext] // Contains the 5 contextual features: {hs;,, hcos,
dsin, deos, W}, where hg;y, and h,s are sine—cosine encodings of the hour (24 h cycle), dgj,
and dys are sine-cosine encodings of the day of the week (7-day cycle), and w is the
weekend indicator.

Xeomm_id < X[: 5 Fiae + Feontext] // Contains the 1 categorical community ID
feature {c;;}.

4: Xreshaped_lag ¢ reshape (Xlag/ (Bx N, H, Flug))

5: Hout, _ < GRU (Xreshaped_lag)

6: Hgru < Hout [:, —1, 1]

7 Xcontext_last — Xcontext [:, 5, —1, 1]

8: Hcontext_ﬂat < feShaPe (Xcontext_lastr (B x N, F context))

9: Xcomm_id_last < Xcomm_id [ —1,:]

10: Hcomm_id_flat — reShaPe (Xcomm_id_last/(B x N))

11 Heomm_emp < Embedding(Hcomm_id_flat)

12: H(O) — concat[HGRu, Hcontext_ﬂat/ Hcomm_emb]

13: H) « ReLU (Dropout(GCNConv ) (H(©), Adj)))

14: H® + ReLU (Dropout(GCNConv® (H1), Adj)))

15: P+ 0 (WysH® + bag)

16: A ¢ WiegH® + byeg

17: 7+ max (0,P © A)

18: i/ «— reshape (, (B,N,1))

19: return i

The classification branch addresses a binary classification task, estimating the prob-
ability (P) that any trip activity will occur in each community at the next time step. This
branch is optimized using a binary cross-entropy loss function. In parallel, the regres-
sion branch predicts the expected magnitude of the demand (A), if activity does occur,
and is optimized using a Weighted Mean Squared Error (WMSE) loss. The weighting
scheme uses the square root of the historical demand as a sublinear scaling factor. This
increases the importance of high-demand locations while preventing excessively large
weights that could destabilize the training process. Using raw demand values as weights
would cause the loss function to be dominated by a small number of extreme-demand
samples, leading to overfitting and poor generalization. The square root operation provides
a balanced compromise. It emphasizes accurate prediction in high-demand grids, where
operational decisions such as rebalancing are most critical, while maintaining numerical
stability and ensuring that moderate-demand regions also influence model learning in a
meaningful way. Finally, the model combines the outputs of both branches by multiplying
the probability by the predicted demand (P ® A). Since the classification and regression
branches are trained sequentially and independently rather than through a joint multi-task
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loss, a weighting coefficient A is not required to balance the two objectives. This decoupled
training approach avoids the sensitivity issues of multi-task methods and allows each
branch to specialize effectively. This learning framework is particularly effective for sparse
demand data, as it enables the model to first identify potential active locations before
estimating demand intensity. As a result, the proposed model achieves improved accuracy
and robustness in predicting both the spatial and temporal variations in e-scooter usage
across urban environments.

X e RBXN XHXF

! .

Binary Classification Branch Regression Branch
Xlag Xcontext Xcomm_id Xlag Xcontext Xcomm_id
GRU Layer Embedding Layer GRU Layer Embedding Layer
concat concat
[HGRUrHcontext flatr <& [HGRUrHcontext,ﬂat: -
- - -
[ asizmzm. sl Heomm_emb)
GCN Layer 1 GCN Layer 1
GCN Layer 2 GCN Layer 2
Probability (P) Demand Magnitude (A)
Binary Cross-entropy loss Weighted MSE loss

Hourly/ Daily E-Scooter Demand Prediction
Pick-up and drop-off predictions for each spatial grid

Figure 5. Proposed model architecture for scooter demand prediction. The input tensor X€ RE*N*HxF
includes 14 lag features (Xj4), five contextual variables: hiy, ficos, dsin, Aeos, w with cyclic variables
encoded as sine and cosine pairs and one categorical community feature (c;). The classification
branch outputs the probability P, and the regression branch estimates the demand magnitude A.

2.2.1. Input Representation

The raw e-scooter trip data was transformed into a structured spatiotemporal tensor
that serves as the model’s input. This process began with spatial discretization, where the
city was partitioned into the 200 m x 200 m grids defined in Section 2.1. Each trip was then
assigned to a grid based on its pick-up and drop-off locations. Subsequently, the data was
temporally aggregated by counting the number of pick-ups and drop-offs within each grid
for every hour of the study period. To handle the inherent sparsity of the data and create
a regular time series for each grid, all grid-time instances with no activity were explicitly
assigned a demand value of zero.
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From this structured time series, a feature vector was engineered for each grid at each
time step, consisting of 20 features. These features were organized into two distinct groups
based on their function within the model architecture, as detailed in Table 1. The historical
demand features include a set of fourteen lagged demand values from specific past time
steps, serving as the primary predictive inputs. These lags are strategically selected to
capture immediate trends (recent hours), daily seasonality (the same hour on the previous
day), and weekly seasonality (the same hour in the previous week). The spatiotemporal
context features include six variables that provide static contextual information for each
prediction. These features were concatenated with the GRU output and passed directly
into the GCN layers. Among these, the community feature enhanced the model’s spatial
understanding of urban structure. The Louvain algorithm was applied to detect clusters of
functionally related grids, and each grid’s community identifier was used as a categorical
input feature. Each community identifier is encoded using a 10-dimensional embedding
layer. This dimensionality was selected through empirical tuning (testing 5, 10, 16, and 32),
with 10 yielding the best validation performance. This choice provides a compact yet
expressive representation for the 257 identified communities, effectively balancing model
complexity with the ability to capture latent functional similarities between urban zones.
The resulting vectors are concatenated with the temporal and contextual features before
being passed to the GCN layers. In addition, temporal dynamics were represented by
sine—cosine encodings of the hour of the day and day of the week, which preserve the cyclic
nature of these temporal variables and by a binary weekend indicator capturing behavioral
differences between weekdays and weekends. Finally, this feature data was structured into
sequences. Each training sample contains feature vectors for all active grids over a 24 h
historical window (H = 24). This results in a final input tensor with the shape (B, N, H, F),
where B is the batch size, N is the number of active grids, H is the historical time window,
and F is the number of features.

Table 1. Features used for the next-hour (¢t + 1) prediction and the next 24 h (¢ + 24) prediction.

Feature Group Prediction Task/Feature ]ﬁae%o‘r/:ll';lres d(icl_lt(i)(‘;lrrs Description
0,1 Immediate trend (recent hours)
22,23, 24 Daily cy;iz Sglrgedl;(})})lr on the
Next-Hour Prediction (t + 1) 143, 166, 167, Weekly cycle (same hour in the
168,191 previous week)
335, 336 Two-week cycle
503, 504 Three-week cycle
Historical Demand Features (14) 0,1 Immediate trend
120,121 Five days prior
143, 144, 145 Six days prior
168 One week prior (weekly cycle)
Next-24-h Prediction (¢ + 24) - -
312,313 Thirteen days prior
336 Two weeks prior
480, 481 Twenty days prior
648 Twenty-seven days prior

Represents 24 h cyclic variation

Temporal context : hin, /tcos B (sine—cosine encoded)

Represents seven-day cycle

Temporal context : dsin, deos B (sine—cosine encoded)

Spatiotemporal Context Features (6) Binary variable indicating
y vari i

Temporal context: w B weekends (1) vs. weekdays (0)

Categorical feature from Louvain

Spatial context : cjg B community detection
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2.2.2. Community Detection

To enhance the model’s spatial understanding of Calgary’s urban structure, we intro-
duce a community feature derived from the origin—destination (O-D) flows of all e-scooter
trips. A mobility network graph was constructed using the networkx library, where each
active grid was treated as a node. For each individual trip record, an unweighted edge
was created between its start grid and its end grid, representing the functional connectivity
derived from user travel patterns. The Louvain community detection algorithm was then
applied to the aggregated network to partition the city into communities of grids exhibiting
strong internal trip connections [32]. In this study, community detection using the Lou-
vain algorithm was performed once on the fully aggregated trip graph, which covers all
days and hours in the dataset (75 days). This approach generates a single, robust set of
mobility-based communities that remains stable across the entire study period, capturing
long-term functional connectivity rather than transient daily fluctuations. The Louvain
method is an efficient algorithm that identifies community structures by optimizing a
metric known as modularity (Q) [33]. Modularity measures the quality of a partition by
comparing the density of connections within communities to the density of connections in
a random network. A high modularity score indicates a well-defined community structure.
Modularity is formally defined as:

Q= % Y (A — %)5(% c), )

where A;; is an element of the adjacency matrix (1 if an edge exists between nodes i and j,
and 0 otherwise), k; is the degree of node i, 8(c;, ¢;) is 1 if nodes i and j are in the same
community, and 0 otherwise, m is the total number of edges in the network [30].

The Louvain method operates iteratively through two repeating phases. In the first
phase (modularity optimization), each node is initially assigned to its own community.
For each node, the algorithm evaluates the modularity gain that would occur if the node
were moved into each of its neighbors’ communities, selecting the move that provides the
largest positive gain. This process continues for all nodes until no individual move can
further improve modularity. In the second phase (network aggregation), the communities
identified in the first phase are aggregated into “super-nodes” to form a smaller network,
where edges between super-nodes are weighted by the sum of the connections between
their constituent nodes. These two phases are repeated until no additional improvement in
modularity is achieved, yielding a stable community structure [32].

The detection was performed on the combined network of all active pick-up (4080)
and drop-off (4367) grids, encompassing all unique locations appearing as either trip origins
or destinations. The Louvain algorithm identified 257 communities (=17 grids per community)
with a final modularity score of 0.368, indicating a meaningful community structure within
Calgary’s mobility network. A modularity value of this magnitude reflects a moderately
strong clustering pattern, meaning that connections within communities are significantly
denser than would be expected in a random graph. This ensures that the detected communities
represent genuine functional regions shaped by actual mobility flows rather than artifacts of
the algorithm. In practice, such a modularity score confirms that the resulting clusters, such
as downtown commercial zones, university districts, and recreational corridors, are coherent
and interpretable, making the community assignments informative as spatial features for
demand prediction. Each grid cell was then assigned a unique community identifier (c;4),
which was used as a categorical feature in the model’s input to represent its belonging to a
specific functional zone. Incorporating community membership provides the model with
a clearer understanding of the city’s spatial organization. It reduces data sparsity, groups
grids with similar mobility patterns (such as downtown, university areas and recreational
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corridors) and enables the GCN to learn more meaningful relationships within and between
these regions.

Community detection algorithms can be broadly categorized into several groups,
including modularity-optimization approaches (such as Louvain and Leiden), statistical
inference and generative models (for example, stochastic block models), spectral cluster-
ing methods, and evolutionary or heuristic algorithms. Recent studies have introduced
hybrid intelligent approaches that combine fuzzy multi-criteria decision making with
evolutionary search, such as the Fuzzy-AHP-based evolutionary algorithm proposed by
Pourabbasi et al. [35]. These methods aim to improve accuracy in identifying communities
within large and complex networks.

Although a variety of newer algorithms exist, the Louvain method remains well
suited for mobility-based applications due to its strong scalability for large and sparse
O-D networks, its ability to achieve high modularity without extensive parameter tuning,
and its production of flat community labels that can be directly embedded as categorical
features within a GCN. Since the objective of this study is to enhance spatiotemporal
demand prediction rather than develop a new community detection algorithm, Louvain
provides an efficient, interpretable, and practical solution for constructing mobility-aware
spatial features.

2.2.3. Gated Recurrent Unit (GRU)

The GRU component is designed to capture the temporal dependencies of e-scooter de-
mand over time. As discussed in Section 2.1, Calgary’s e-scooter usage exhibits pronounced
daily and hourly variations, making a sequential model like a GRU essential for accurate
prediction. A GRU is an advanced type of Recurrent Neural Network (RNN) developed
to process sequential data efficiently, making it well suited for time-series prediction [36].
Unlike a simple RNN [37,38], a GRU incorporates gating mechanisms—an update gate
and a reset gate—that control the flow of information. This enables the model to learn
long-term dependencies and decide which historical information is relevant for the current
prediction, mitigating issues such as the vanishing-gradient problem [16].

In our model, at each hour t, the GRU receives a spatiotemporal input tensor
X; € RN*F, where N denotes the number of active grid cells and F = 14 represents the
number of lag-based features describing each grid. These lag features capture the histori-
cal demand patterns across the previous 24 h window (H = 24) and serve as the temporal
sequence input to the GRU. For each grid cell, the GRU processes these sequences step by
step, updating its hidden state at every time interval. The final hidden state thus encodes
a compact representation of the temporal dynamics for that grid over the past 24 h. In the
next stage, this learned temporal representation is concatenated with six contextual features
(the four sine—cosine components derived from the hour of the day and day of the week, the
weekend flag, and the community identifier derived from Louvain detection in Section 2.2.2).
The combined vector is then passed to the GCN layers (Section 2.2.4), which integrate spatial
correlations among adjacent grids and communities. The GRU component effectively models
the sequential evolution of demand by using its update and reset gates to control the flow
of information and mitigate the vanishing-gradient problem common in standard recurrent
networks. Formally, for each time step f, given the input vector x; and the previous hidden
state h1;_1, the GRU updates its state using the following operations [33]:

Reset Gate : 1= o (Wyxt + by + Wy, hi—q + by,), (2)
Update Gate : zy= 0 (Wizxt + by, +Wyhi—q +by,), 3)
New Gate : Flt: tanh (Winxt +biy, +1:© (Whnht—l + b)), (4)
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Final Hidden State : ;= (1— z;) ® hy_ 14z Ohy, (5)

where x; is the input, h; is the hidden state, W and b are learnable parameters, o is the sig-
moid function, and © denotes element-wise multiplication. The update gate z; determines
how much prior information is retained, while the reset gate r; controls how much of the
previous state to forget. After processing the full 24 h sequence, the GRU outputs the final
hidden representation /;, which summarizes the temporal context of demand for each grid.

In summary, the GRU functions as the temporal encoder within the proposed GRU-
GCN framework, transforming sequences of historical demand into meaningful latent
representations that provide a robust foundation for the spatial learning performed by the
subsequent GCN component.

2.2.4. Graph Convolutional Network (GCN)

The GCN component builds upon the temporal representations produced by the GRU
to model spatial dependencies in e-scooter demand across Calgary’s grid structure. As
discussed in Section 2.1, demand exhibits clear spatial clustering, particularly in downtown
and transit-adjacent areas, with notable variation between weekdays and weekends. The
GCN is well suited for this task because it operates on graph-structured data, propagating
information between connected nodes to learn relational patterns such as demand spillover
between adjacent grids or within functionally similar communities [39]. In this framework,
the city is represented as a graph G = (V, E, A). The components are explicitly defined as
follows. Vertices (V) represent the set of N nodes corresponding to the active grid cells
where e-scooter trips occurred. In our study, N represents the 4080 starting locations for
the pick-up graph and 4367 ending locations for the drop-off graph. Edges (E) constitute
the set of unweighted edges capturing spatial proximity, where an edge (i, j) € E is es-
tablished if and only if grid cell i and grid cell j share a common geographic boundary.
This structure models the direct diffusion of demand between immediately adjacent areas.
The Adjacency Matrix (A) is an N X N symmetric binary matrix where A;; =1if (i, j) €E
and A;; = 0 otherwise. Although the spatial relationship is inherently symmetric, self-loops
(Aj; = 1) are implicitly handled during the GCN propagation step via the renormaliza-
tion trick (A = A + I) to ensure numerical stability and include node-specific features
during aggregation.

The input to the GCN is the concatenated representation of the GRU output and the
six contextual features (as described in Table 1). Specifically, the GRU provides a matrix
of hidden states H(®) € RN*DP, where D is the GRU hidden dimension. Each row hfo)
represents the temporal embedding for grid i. These temporal embeddings are then
augmented with the contextual features to form the complete node feature matrix used
by the GCN. Each node also carries an additional categorical feature, c;y, derived from
the Louvain community detection process (Section 2.2.2). This feature is numerically
encoded and incorporated into the node feature matrix, enabling the GCN to jointly capture
local spatial proximity through network edges and regional functional similarity through
community membership. The GCN consists of two stacked layers that progressively
aggregate spatial information. We adopt the spectral graph convolution formulation of [39],
which approximates localized spectral filters using first-order Chebyshev polynomials [40].
For a given layer /, the propagation rule is defined as Equation (6).

1
2 HOw®), (6)
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where H) is the matrix of node features at layer [, A = A + I is the adjacency matrix of
the graph with self-loops added, D is the diagonal matrix of A, W) is the layer-specific
learnable weight matrix, and o denotes the ReLU activation.

This operation allows each node to update its representation by aggregating features
from its spatially connected neighbors. The first GCN layer captures local correlations, such
as demand patterns propagating from busy transit hubs to adjacent grids, while the second
layer refines higher-order relationships, producing the final spatiotemporal embeddings
matrix H? for each grid. These embeddings are then fed into the parallel classification and
regression branches (Section 2.2). The classification branch uses a fully connected layer
followed by a sigmoid activation to output the activity probability P € [0, 1] per grid. The
regression branch employs a similar structure but with a linear output to predict demand
magnitude A > 0, incorporating weighed MSE loss considerations for count data. The
branches share the initial GCN layers for efficiency but diverge after the GRU stage to
specialize in their respective tasks.

To enhance generalization and ensure stable convergence, the model was trained
using the Adam optimizer [41] with an initial learning rate of 0.0005 and a weight decay of
1 x107° (L2 regularization). The training process utilized a batch size of 16 and ran for a
maximum of 200 epochs. To prevent overfitting on the sparse spatial graph, dropout regu-
larization with a rate of 0.2 was applied after each GCN layer [42], and an early stopping
strategy was implemented with a patience of 10 epochs. Additionally, a learning rate sched-
uler reduced the learning rate by a factor of 0.5 if the validation loss stagnated for 5 epochs.
Each branch is trained independently: the classifier minimizes Binary Cross-Entropy loss,
while the regressor minimizes Weighted MSE loss. Instead of training separate models
for different temporal periods, the model was trained on a unified dataset comprising
both weekdays and weekends, using a single set of training hyperparameters. Since the
framework does not use a joint multi-task loss, no weighting coefficient A is required.
Instead, temporal variations are captured directly through the sine-cosine encodings of the
hour of the day and day of the week, together with a weekend indicator. These features
allow the model to learn distinct demand patterns for weekdays and weekends within
a single architecture. Final predictions combine both outputs via multiplication (P © A)
at inference time. In summary, the GCN functions as the spatial encoder in the proposed
GRU-GCN architecture, transforming grid-specific temporal embeddings into relational
representations that reflect neighborhood dynamics and community structure. This integra-
tion enables precise prediction of demand hotspots while addressing the spatiotemporal
sparsity inherent in urban e-scooter data.

2.3. Implementation Details

To ensure reproducibility, here we summarize the specific configuration used in our
experiments. All models were implemented using PyTorch version 2.9.0 and PyTorch
Geometric on an NVIDIA A100 GPU. The Adam optimizer was employed with an initial
learning rate of 0.0005. To mitigate overfitting, a dropout rate of 0.2 was applied after each
GCN layer, and early stopping was used with a patience of 10 epochs. The complete set of
hyperparameters and model architecture settings is summarized in Table 2.

Table 2. Summary of model hyperparameters and training configurations used in the proposed
GRU-GCN framework.

Hyperparameter Value Description
GRU Hidden Dimension 64 Hidden state size of the GRU layer
GRU Layers 1 Number of recurrent layers in the GRU block
GCN Hidden Dimension 64 Node embedding size in GCN layers
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Table 2. Cont.

Hyperparameter Value Description
GCN Layers 2 Number of Graph Convolutional layers
Community Embedding Dim 10 Dimension of learnable community embeddings
Training Settings
Batch Size 16 Number of samples per batch
Training Epochs 200 Maximum iterations
Early Stopping Patience 10 Epochs to wait before stopping
Optimizer Adam Adaptive Moment Estimation
Learning Rate 0.0005 Initial learning rate
Weight Decay 1 %1075 L2 regularization coefficient
Dropout Rate 0.2 Applied after GCN layers
3. Results

To evaluate the predictive performance of the proposed GRU-GCN framework, the
model was trained and tested on a 75-day e-scooter dataset from the City of Calgary. The data
was divided to preserve temporal consistency: the first 61 days (15 July—14 September 2019)
were used for training, while the final 14 days (1527 September 2019) were used for testing.
The Masked Fully Convolutional Network (MFCN) developed by Al. [15] was used as the
baseline for comparison. Building upon this benchmark, six variants of the proposed GCN
framework were constructed to investigate how alternative spatial-temporal configurations
influence predictive performance. The evaluation considers two prediction horizons: next-
hour prediction (f + 1) and next 24 h prediction (t + 24). The performance of the model was
quantified using Mean Absolute Error (MAE), defined as follows:

1N .
MAE = Nzi:ﬂyi —yil, )

where y; and §j; denote the observed and predicted e-scooter demand for grid i, and N is
the total number of grid cells evaluated. The MAE measures the average magnitude of
prediction errors across all grids, providing an overall indicator of accuracy.

The following subsections summarize the performance of the proposed GCN model,
which integrates a mobility-based community feature and consistently provides the most
balanced prediction results across sparse, moderate, and high-demand regions.

3.1. Next-Hour Pick-Up and Drop-Off Prediction Performance

Six GCN model variants were developed to evaluate different spatiotemporal modeling
strategies for short-term e-scooter demand prediction. The benchmark reference is the MFCN
from the baseline study. The GCN variants gradually build from a baseline spatial GCN to
more sophisticated architectures incorporating temporal encoding with GRU, dual-branch
outputs (classification and regression), weighted loss adjustment, and community-based
spatial features. To clarify the model configurations presented in Table 3, the variants are
defined as follows. Proposed SB (Single Branch) utilizes a single regression output without
a classification stage. Proposed WC1 (With Classification Version 1) model represents the
initial two-stage architecture consisting of independent classification and regression steps
using standard MSE, while Proposed WC2 (With Classification Version 2) model employs the
enhanced two-stage framework that incorporates Weighted MSE loss to better handle high
demand. Proposed GCN-MM (Multi-Model) involves training separate models for each
community independently. Finally, the Proposed GCN represents the complete framework,
integrating an optimized two-stage framework with community-based spatial features.
Table 3 presents the performance of the six GCN variants for the one-hour-ahead pick-up
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demand prediction. The results highlight a trade-off between handling sparse regions
and capturing high-demand peaks. The two-branch model, Proposed WC2, achieved the
best accuracy for zero-demand grids (MAE = 0.0050), confirming its effectiveness for sparse
data. Proposed SB, incorporating a GRU-based temporal encoder, proved highly effective
in the medium-demand range (y € [6, 10], MAE = 2.4290), indicating that the inclusion of
temporal dependencies effectively enhances short-term demand prediction. In contrast,
Proposed GCN-MM, which trained individual models for each community, showed strong
accuracy in low-demand active grids (y > 0, MAE =1.1815and y € [1, 5], MAE = 0.8979),
but its high error in zero-demand cells (y = 0, MAE = 0.0978) reflects overfitting and poor
generalization caused by limited community-level data.

Table 3. Performance comparison between the benchmark MFCN model and six variants of the
proposed GCN architecture for the next-hour or t + 1 pick-up demand prediction, based on the mean
absolute error (MAE) along with the standard deviation of absolute errors (SD of AE).

Model Feature Size P No O.f MAE (SD of AE)
redictions y=0 y>0 y €11,5] y€6,101 ye[11,15] y € [16, 0]

MFCN 14 24k 01812  Gloe) G G Ede (6530
GeN 17 128M O1034)  (16d6)  (Oods) (1996  (oosh (10408
Proposed SB 17 128M O1010) (L6 a0%) (799 Gesh  (03199)
Proposed WC1 17 128M 00669 (17018 (L0386 (19538 (o3l (1114s0)
Proposed WC2 17 128M <8:8‘7’Zé’> (% fé%gg) (%f g?g) (%fgégg) éfggig) &ZS%
Proposed GCN-MM 17 128M (8132(7)3) (ﬂgg) <8i3323> (?fgﬁ% (gﬁéggg) (%é:gggg)
Proposed GCN 18 1.28M (gfg%) (% Iggg) (} f%(%) (%fggg) (%%Zg) (gﬁgggi)

Our proposed GCN, which incorporates community detection as a spatial feature,
achieved the most balanced and consistent results across all demand ranges. It closely
matched the best sparse-demand model (y = 0, MAE = 0.0051) and significantly outper-
formed the MFCN baseline in both low-demand (1.1891 vs. 1.2136) and medium-demand
(2.8777 vs. 2.9911) ranges. Additionally, it achieved the lowest error in the high-medium
demand bracket (y € [11, 15], MAE = 4.4186), confirming its stability in dense urban areas
where accurate demand prediction is most critical. Although the baseline MFCN exhibited
slightly lower error in the rare, extreme-demand category (y > 16; 8.4077 vs. 9.6895 for the
proposed GCN), these instances account for less than 0.01% of all observations. Overall,
the proposed GCNs consistently superior or competitive performance across all typical
demand levels, particularly its leading results in the y € [11, 15] range, confirms that
the proposed GCN offers the most balanced and generalizable framework for short-term
e-scooter demand prediction in complex urban environments.

Table 4 summarizes the one-hour-ahead drop-off demand prediction results. The per-
formance trends are consistent with those of the pick-up task, revealing a similar trade-off
between sparse and high-demand regions. Proposed WC1, using a dual-branch structure,
achieved the best zero-demand accuracy (MAE = 0.0047) but showed weaker performance for
high-demand cases (MAE = 13.9176). Adding a weighted loss in Proposed WC2 improved
stability in high-demand intervals (MAE reduced to 9.2507) while maintaining low-demand
accuracy (MAE = 1.2336 for y € [1, 5]). Proposed SB, which performed well in the medium-
demand range (y € [6, 10], MAE = 2.4657), confirming the value of temporal dependency
modeling. Proposed GCN-MM, trained separately for each community, achieved the best
results in low-demand active grids (y > 0, MAE = 1.1087, y € [1, 5], MAE = 0.8497) but
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had high error for zero-demand cells (MAE = 0.1011), indicating overfitting from limited
per-community samples. Our Proposed GCN, which integrates community detection,
provided the most balanced and generalizable results. It achieved MAEs of 0.0054 for
zero-demand and 9.0302 for high-demand grids, with strong performance in the high-
medium range (y € [11, 15], MAE = 4.2972). Compared with the baseline MFCN (y =0,
MAE = 0.0063 and y > 16, MAE = 9.8085), the proposed GCN consistently outperformed
across most intervals.

Table 4. Performance comparison between the benchmark MFCN model and six variants of the
proposed GCN architecture for the next-hour or t + 1 drop-off demand prediction, based on the mean
absolute error (MAE) along with the standard deviation of absolute errors (SD of AEs).

Model Feature Size P NP O.f MAE (SD of AE)
redictions y=0 y>0 y €11, 5] yel6,10] ye[11,15] y € [16, o]

MFCN 14 24k (81(1)233) éfgg% éiigzlag) (gfég;é) (ifgggé) (gﬁgggg)
GeN 17 137M 0119 (7 20 (9w (e (2009)
Proposed SB 17 1.37M (gﬁ%gg) (% .';222) (%éﬁg) (%ggg;) (%%) (g%gé)
Proposed WC1 17 137M 00028 (7w0) @912 (19168 (ome)  (2489)
Proposed WC2 17 137M (gﬁgggg) (% .'161;%1) (%ﬁ%%gg) éfgggg) (ggggi) (3%%)
Proposed GCN-MM 17 1.57M (8.%%) (% éggg) (8.'3%) (i’fgigg) (%Z;g) (gggéé)
Proposed GCN 18 17M (8892411) (%fgéég) &:%8% (3:(1)&%?) (gf%%%) (gfgggi)

Our proposed model outperforms the benchmark MFCN and the baseline GCN
primarily because it better understands not only when e-scooter demand changes but
also how different areas of the city influence each other. While the MFCN employs
convolutional filters limited to fixed grid neighborhoods and the baseline GCN models
only local geographic adjacency, the proposed GCN leverages graph-based connectivity
derived from functional relationships between zones, enabling spatial information
to propagate adaptively across the urban network. The integration of community
detection as a node feature further enhances this process by clustering grids with
similar mobility behavior, allowing the model to learn cross-zone dependencies that are
not represented in either baseline. Moreover, the combination of GRU-based temporal
encoding and GCN spatial aggregation allows the proposed framework to integrate
short-term fluctuations with broader spatial trends, enhancing its generalization across
varying demand levels. Consequently, the proposed GCN achieves a more coherent
spatial understanding of urban mobility dynamics, resulting in lower overall prediction
errors and stronger robustness than the baselines.

The overall temporal performance of the proposed GCN model for the next-hour
prediction task is shown in Figure 6, which plots the average prediction error (MAE)
for both (a) pick-up and (b) drop-off demand. It can be observed that for both tasks,
the MAE is consistently low during off-peak hours (approximately 00:00 to 06:00). A
clear divergence in performance between weekdays and weekends emerges as demand
increases throughout the day. For both pick-up and drop-off predictions, the error is
significantly higher on weekends, particularly during the afternoon peak from 14:00 to
20:00. This indicates that the model more accurately captures the structured, commuter-
based demand on weekdays, while the less regular, leisure-driven activity on weekends
results in a greater average prediction error.
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Figure 6. Hourly average prediction error (MAE) for next-hour or (f + 1) demand: (a) pick-up
and (b) drop-off, shown separately for weekday and weekend using the proposed GCN-4 model.

3.2. Next 24-h Pick-Up and Drop-Off Prediction Performance

Table 5 presents the results for the 24 h-ahead pick-up demand prediction. Overall,
the performance trends are consistent with those observed in the one-hour prediction task.
The two-branch models (Proposed WC1 and Proposed WC2) again demonstrated superior
accuracy in sparse regions (y = 0) and moderate-demand zones, achieving MAE values of
0.0044 and 0.0050, respectively. The incorporation of a weighted loss (Proposed WC2) ef-
fectively reduced errors for higher demand levels, indicating improved robustness to data
imbalance. Proposed SB performed strongly in the medium-demand range (y € [6, 10],
MAE = 2.3631), demonstrating that temporal dependency modeling remains beneficial even
for long-term prediction. The proposed GCN, which integrates community detection as a
spatial feature, achieved the most balanced performance across all demand categories. With an
MAE of 0.0053 for zero-demand grids and 8.6355 for extreme high-demand cases, the proposed
GCN consistently outperformed the benchmark MFCN model (MAE = 0.0072 and 11.2299,
respectively). The inclusion of community structure enabled more effective spatial information
propagation, allowing the model to generalize better across diverse urban regions. In contrast,
proposed GCN-MM, which trained separate models for each community, achieved competi-
tive accuracy in low-demand active grids (y > 0, MAE = 1.2128 and y € [1, 5], MAE = 0.8514)
but showed degraded performance in high-demand areas (MAE = 13.5130) due to limited
training data and overfitting within smaller subgraphs. Therefore, the results confirm that
incorporating community information enhances the stability and scalability of long-term
e-scooter demand prediction.

Table 5. Performance comparison between the benchmark MFCN model and six variants of the
proposed GCN architecture for the next 24 h or t + 24 pick-up demand prediction, based on the mean
absolute error (MAE) along with the standard deviation of absolute errors (SD of AE).

Model Feature Size P NP O.f MAE (SD of AP)
redictions y=0 y>0 y€l1,5] ycl6,101 ye[11,15] y € [16, ]

MFCN 14 24k OI870) BB QEsle (e ey (e
GCN 17 128M (81%(3)2) &:gg%l) (} :431;;(1)) (%f?ggé) é:g’{’g;) (%(11%%)
Proposed SB 17 1.28M (gfg%gg) (% gggg) (% gg;g) (%.'322;) éﬁgggg) (%(l)fgggé)
Proposed WC1 17 128M 0061 (8170) 009 (1w o7 (1e)
Proposed WC2 17 128M 0070 (e (omn (s @7l (9556
Proposed GCN-MM 17 126 M (8;%) (%f%ég) <8j§2§§) (i’fgggg) (S;SZB) (Bfg%gg)
Proposed GCN 18 128M (818%3) (% ;SSS?;) (} fgg%) (%fégg) éfiflsgé) (g?g?;?)
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The next 24 h drop-off prediction experiment was conducted in a similar way, and the
results are presented in Table 6. The overall performance patterns were consistent with those
observed in the short-term predictions. The two-branch models (Proposed WC1 and Proposed
WC?2) achieved strong accuracy in sparse grids, with MAE values of 0.0051 and 0.0054,
respectively, and the weighted-loss variant Proposed WC2 improved robustness in higher-
demand ranges (MAE = 11.4845). Proposed SB, with a GRU temporal encoder, performed the
lowest error for active-demand cells (y > 0, MAE = 1.0935). In contrast, Proposed GCN-MM,
trained independently for each community, showed lower overall accuracy, performing best
in the low active bin (y € [1, 5], MAE = 0.8154) but declining under high-demand conditions
(MAE = 15.2888) due to limited training data. The baseline GCN achieved the best accuracy
in the medium-high bracket (y € [6, 10], MAE = 2.3938), indicating effective spatial modeling
for those peaks. The proposed GCN, which incorporates community detection, provided the
most balanced results overall: it achieved the best zero-demand accuracy (y = 0, MAE = 0.0050)
and strong extreme-demand performance (y > 16, MAE = 10.0982), outperforming the baseline
MFCN (y =0, MAE = 0.0078 and y > 16, MAE = 12.4215). These results confirm that explicitly
integrating community structure within a unified model enhances the capacity to capture
spatial dependencies and leads to more reliable long-term e-scooter demand forecasts.

Table 6. Performance comparison between the benchmark MFCN model and six variants of the
proposed GCN architecture for the next 24 h or ¢ + 24 drop-off demand prediction, based on the mean
absolute error (MAE) along with the standard deviation of absolute errors (SD of AEs).

Model Feature Size P No O.f MAE (SD of AE)
redictions y=0 y>0 y €11,5] y€l6,101 ye[11,15] y € [16, 0]

MFCN 14 24k 01678  (Goen @) (o) (s (5900
GCN 17 1.37M (8%31) (% Zgggg) (%Igggg) (%fgggg) éﬁ% ?g) (Efzggg)
Proposed SB 17 137M 02270) (1687 (0% (8103 Oson (o)
Proposed WC1 17 137 M OO0 (79%9) 098 (9o (oley (12593
Proposed WC2 17 137M O07%) (18103 @93 (780 O77h  (100969)
Proposed GCN-MM 17 137M (8:(2)%5) (% ;%332) ((o)fgégg) (gfgg%) (gﬁgggg) (g:ﬁig)
Proposed GCN 18 1.37M (gfgggg) (% :‘é;*i% &%38) (%fgﬁg) étii’i% (}gfgﬁgg)

Overall performance for the proposed GCN model in the 24 h prediction scheme,
illustrated in Figure 7, shows lower errors during off-peak hours and noticeably higher
MAE on weekend afternoons for both pick-up and drop-off tasks. Within the 24 h forecasts
for active regions (y > 0), the proposed GCN achieved a slightly lower MAE for drop-offs
(1.4455) compared to pick-ups (1.5293), indicating stable long-range prediction capability.
Figure 7 further illustrates the temporal distribution of errors, where both pick-up and
drop-off predictions exhibit low MAE values during early morning hours (00:00-06:00)
and increasing errors throughout the day as e-scooter activity intensifies. Higher error
levels are observed during afternoon and evening peaks (14:00-20:00), particularly on
weekends. This pattern suggests that weekday demand, driven primarily by structured
commuting behavior, is more predictable than the irregular, leisure-oriented activity that
characterizes weekends.

In summary, the performance comparison between one-hour and 24 h prediction
time scales indicates that the proposed GCN performs more effectively in short-term
prediction for both pick-up and drop-off tasks. For active demand regions (y > 0), the
next-hour pick-up prediction achieved a Mean Absolute Error (MAE) of 1.4134, which
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slightly increased to 1.5293 for the 24 h horizon. A notable advantage of the proposed GCN
over the MFCN benchmark and the baseline GCN is observed in high-demand scenarios.
For instance, in predicting high-intensity drop-offs (y > 16), the proposed GCN reduced
the MAE from 9.8085 (MFCN) and 11.6168 (GCN) to 9.0302 for the next-hour task and from
12.4215 (MFCN) and 13.1775 (GCN) to 10.0982 for the 24 h task. These results highlight
that incorporating the community feature within the proposed GCN framework enhances
spatial representation and model stability, enabling reliable performance across different
temporal scales and particularly improving long-range e-scooter demand prediction.

Day Type e 014 Day Type AN i
0.14 =e= Weekday /\l/\x—- . —e= Weekday /\/
—x= Weekend J \ 013 1= Weekend / \
g 012 ; F g \ g 4 /,,._.\. N\
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Figure 7. Hourly average prediction error (MAE) for next 24 hr or (t + 24) demand: (a) pick-up
and (b) drop-off, shown separately for weekday and weekend using the proposed GCN-4 model.

4. Discussions

The findings show that embedding community detection within a hybrid GRU-GCN
framework enhances both interpretability and predictive performance in modeling spatiotem-
poral micromobility demand. Compared with conventional deep learning baselines such as
the MFCN and single-branch GCN models, the proposed framework provides a more robust
representation of spatial dependencies and temporal patterns. By utilizing graph-theoretic rep-
resentations of mobility flows, the model captures both structural and functional connectivity
between urban areas, leading to more accurate and stable predictions.

The inclusion of the Louvain community feature enables the framework to identify
functionally cohesive subregions such as downtown commercial zones, university areas,
and recreational corridors that exhibit similar mobility behaviors. This transformation of
raw origin—destination data into a modular network representation allows the model to
learn the relationships between spatially connected communities more effectively. Embed-
ding these community structures as node features allows the GCN to propagate information
across the graph based on spectral graph theory, thereby modeling correlations that ex-
tend beyond adjacent geographic grids. Consequently, the model performs better in both
densely and sparsely populated regions by leveraging the inherent regularities in urban
mobility patterns.

Beyond predictive performance, the detected communities also enhance the inter-
pretability and practical utility of the model. Several representative communities identified
by the Louvain algorithm illustrate this point. For example, a large downtown-centered
cluster captures the strong bidirectional flows between commercial blocks and transit-
accessible grids, reflecting the core role of the central business district in shaping week-
day mobility. Another community emerges around the University of Calgary, where
trip patterns exhibit strong evening and weekend activity associated with student travel
and campus-related trips. A third community aligns with the Bow River pathway network,
showing higher leisure-oriented usage on weekends. These examples demonstrate that the
community structure highlights meaningful functional regions and provides a compact
representation of mobility behavior that is not available from geographic adjacency alone.
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The resulting interpretability helps urban planners identify mobility anchors, evaluate net-
work connectivity, and design infrastructure or staging strategies tailored to corridor-level
demand patterns.

The GRU component complements the graph structure by capturing recurring tempo-
ral dependencies, such as daily commuting and weekend activity patterns. This sequential
learning process enhances the model’s ability to handle both short-term fluctuations and
longer-term seasonal trends. The higher prediction error observed during weekend after-
noons reflects the inherent variability of leisure-related trips, which are often influenced by
social or environmental factors not explicitly included in the current model. These findings
are consistent with prior studies indicating that leisure and discretionary trips display
greater unpredictability than routine commuting behavior. Although the dataset represents
a single summer period, the temporal patterns suggest that extending the model to multi-
seasonal or year-long datasets would likely improve robustness by capturing additional
seasonal cycles. In such cases, incorporating exogenous variables such as weather or event
indicators may be necessary to account for greater temporal variability.

From a methodological perspective, the adoption of a multi-branch structure that
combines classification and regression tasks contributes to improved robustness under
sparse data conditions. This design enables the model to first detect potential activity
zones and then estimate the expected demand within them, reducing the sensitivity to
data imbalance. Moreover, the use of graph convolution over irregular spatial structures
allows information to diffuse efficiently across the network, accommodating complex urban
topologies that cannot be represented well by fixed grid-based methods. Together, these
components enable the proposed framework to capture nonlinear spatial and temporal
interactions without relying on rigid spatial partitions.

The practical implications of these findings are significant. Improved demand pre-
diction can support operational decisions such as fleet redistribution, charging logistics,
and dynamic pricing, while also informing policymakers on issues related to service acces-
sibility and urban equity. The enhanced interpretability offered by mobility-based com-
munities further enables planners to identify high-demand corridors, evaluate functional
connectivity between neighborhoods, and prioritize infrastructure upgrades in regions that
serve as mobility anchors.

In addition to interpretability, computational efficiency is an important consideration
for real-time deployment. The Louvain algorithm is executed only once during prepro-
cessing, and its near-linear complexity on sparse graphs ensures scalability for large urban
networks. During training, the GRU-GCN architecture requires moderately more computa-
tion than MFCN or single-branch GCN models, but the inference phase, critical for real-time
forecasting, consists of a single forward pass with no need for repeated community de-
tection or graph reconstruction. This keeps runtime efficiency suitable for near-real-time
operational use.

Finally, although the study focuses on Calgary, the underlying methodology is ex-
pected to generalize well to other cities. The approach relies on three readily available
data sources: grid-level demand counts, origin—destination flows, and simple temporal
contextual features. Because both the spatial graph and the community structure are de-
rived directly from local travel patterns, the model adapts naturally to different urban
forms without the need for manual spatial tuning. In practical applications, transferring
the framework to a new city would require either full retraining with local data or a
domain-adaptation strategy in which GRU weights are partially retained while GCN layers
and community assignments are recalibrated using the new origin—destination network.
Even limited local data is typically sufficient to reconstruct the flow graph and detect
mobility communities, enabling the framework to generalize across cities with varying
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scales, densities, and street layouts. Beyond its application to micromobility, the proposed
approach illustrates how advanced mathematical modeling and network-based learning
can be leveraged to address complex problems in urban analytics.

5. Conclusions

This study proposed a hybrid deep learning framework that combines Graph Convolu-
tional Networks (GCNs) and Gated Recurrent Units (GRUs) with community detection for
short- and long-term e-scooter demand prediction. Using trip data from Calgary, Canada,
the proposed GCN model achieved an average reduction of 11.8% in mean absolute error
(MAE) compared with the benchmark MFCN model. By incorporating community-based
spatial features derived from the Louvain algorithm, the model successfully captured func-
tional relationships among urban regions, resulting in improved predictive accuracy and
interpretability. Unlike conventional grid-based or purely adjacency-driven approaches,
the proposed framework embeds mobility-driven communities as learnable spatial features,
enabling the model to jointly capture local spatial proximity and higher-level functional
similarity across urban areas. The resulting community-aware representation also enhanced
interpretability by highlighting mobility clusters that align with meaningful functional
areas of the city.

Despite these promising results, several limitations remain. The model was developed
and validated using data from a single city, and its applicability to other contexts requires fur-
ther evaluation. Nevertheless, the framework is inherently transferable because it constructs
both the spatial graph and community structure directly from observed origin—destination
flows, which are commonly available in micromobility systems. This design allows the frame-
work to move beyond fixed spatial partitions and adapt naturally to city-specific mobility
patterns. Applying the model to a new city would involve reconstructing the flow network,
redetecting communities, and retraining or fine-tuning the model with local demand data,
making the adaptation process straightforward. Future research should evaluate the model’s
generalizability by testing it in cities with differing socioeconomic and spatial characteristics.

Additionally, the current framework does not explicitly account for exogenous factors
such as weather, traffic, or public events, which are known to influence micromobility usage.
Including these variables could enhance both prediction precision and adaptability to short-
term fluctuations. The dataset used in this study covers a summer period, and incorporating
multi-seasonal or year-long data may improve robustness by capturing seasonal variations
and weather-driven behavioral shifts. Extending the temporal scope would allow the model
to learn additional recurring patterns, though such expansion may require integration of
contextual variables to account for increased variability. Another limitation lies in the
static nature of the Louvain-based community detection approach, which does not capture
temporal evolution in mobility patterns. Future extensions could explore dynamic or time-
aware community detection to reflect evolving functional regions within cities. Finally,
exploring attention mechanisms, graph transformers, or other advanced architectures could
further improve learning efficiency and the interpretability of spatial dependencies.

In conclusion, the proposed GRU-GCN framework represents a promising step for-
ward in the modeling of spatiotemporal demand for micromobility systems. The key
contributions of this study lie in (i) integrating mobility-informed community structures
into graph-based learning, (ii) jointly modeling temporal dynamics and functional spatial
relationships within a unified framework, and (iii) addressing demand sparsity through
a two-stage prediction design. By integrating community-aware graph structures with
temporal sequence modeling, the framework provides both methodological rigor and
practical relevance. The computational efficiency of the approach, particularly during
inference where only a single forward pass is required, further supports its suitability
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for near-real-time deployment in operational settings. Overall, the proposed framework
advances current spatiotemporal demand prediction practices by shifting from static spa-
tial representations toward community-aware, functionally interpretable, and transferable
modeling of urban mobility demand. This approach contributes to the advancement of
data-driven urban analytics, supporting the development of intelligent, and sustainable
urban mobility systems.
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