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Article

The Computability of the Channel Reliability Function and
Related Bounds

Holger Boche 1 and Christian Deppe 2,*

1 Theoretical Information Technology, Technical University of Munich, 80333 Munich, Germany; boche@tum.de
2 Institute for Communications Technology, Technische Universität Braunschweig, 38106 Brunswick, Germany
* Correspondence: christian.deppe@tu-bs.de

Abstract: The channel reliability function is a crucial tool for characterizing the dependable
transmission of messages across communication channels. In many cases, the only upper
and lower bounds of this function are known. We investigate the computability of the
reliability function and its associated functions, demonstrating that the reliability function
is not Turing computable. This also holds true for functions related to the sphere packing
bound and the expurgation bound. Additionally, we examine the R∞ function and zero-
error feedback capacity, as they are vital in the context of the reliability function. Both the
R∞ function and the zero-error feedback capacity are not Banach–Mazur computable.

Keywords: Turing computability; channel reliability function; zero-error feedback capacity

1. Introduction

In [1], C. Shannon established the foundations of information theory by characterizing
the key mathematical properties of communication channels. For a transmission rate R
that is less than the channel capacity C, the probability of erroneous decoding with respect
to an optimal code decreases exponentially as the code length n ∈ N increases. Shannon
introduced the channel reliability function E(R) as being the exponent governing this
exponential decrease in relation to the transmission rate R.

A major goal in information theory is to find a closed-form expression for the channel
reliability function. This expression should be computable and fully determined by the
parameters of the communication task. Naturally, we must define what constitutes a
closed-form expression. In [2], Chow, and in [3], Borwein and Crandall discuss different
approaches to defining closed-form expressions. All of the various representations satisfy
the requirement that the corresponding functions can be computed algorithmically using
a digital computer. This can be achieved with great precision, depending on the inputs
within their domain of definition.

Shannon’s characterization of the capacity for message transmission via the discrete
memoryless channel (DMC) in [1], Ahlswede’s characterization of the capacity for message
transmission via the multiple access channel in [4], and Ahlswede and Dueck’s charac-
terization of the identification capacity for DMCs in [5] are all significant examples of
closed-form solutions using elementary functions. These provide important instances of
the computability of the corresponding performance functions, as defined in the previous
context. The precise definition of computability, as outlined by Turing, is presented in
Section 2.

Lovász’s characterization of the zero-error capacity for the pentagram also represents
a closed-form number according to Chow’s definition in [2], which can be computed

Algorithms 2025, 18, 361 https://doi.org/10.3390/a18060361
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algorithmically—an outcome that is desirable. However, the characterization of the zero-
error capacity for a cyclical heptagon remains an open problem. Moreover, it is still unclear
whether the zero-error capacities of DMCs can take computable values for computable
channels. Additionally, the algorithmic computability of the broadcast capacity region is
still uncertain.

In the age of artificial intelligence, it is increasingly important to determine whether
a digital computer can solve a given problem or compute a given function. Since every
function that can be computed by a digital computer can also be computed by a Turing
machine (as will be discussed in more detail below), this question is reduced to asking
whether a function is computable. It is therefore crucial to distinguish between determining
how to compute the zero-error capacity and whether it is computable at all. In this work,
we focus on the latter: the computability of the zero-error capacity.

The Lovász ϑ-function for graphs was analyzed in [6] from three distinct research
perspectives related to various graph invariants. This investigation resulted in new insights
into the Shannon capacity of graphs, observations on cospectral and nonisomorphic graphs,
and bounds on graph invariants while also serving as a tutorial in zero-error information
theory and algebraic graph theory. Further observations on the Lovász ϑ-function are
provided by the author in [7].

In this paper, we provide a negative answer to the question of whether the chan-
nel reliability function and several related bounds are algorithmically computable by
Turing machines.

Significant research has been conducted on the channel reliability function, but many
aspects of its behavior remain unresolved (see surveys [8] and [9]). In fact, a complete
characterization of the channel reliability function is still unknown for binary-input binary-
output channels. As a result, considerable efforts have been made to derive computable
lower and upper bounds for the function (see [10–12]).

Determining the behavior of the channel reliability function across the entire interval
(0, C) is a challenging problem. Various approaches have attempted to compute the
reliability function algorithmically by constructing sequences of upper and lower bounds.
The first significant contribution in this direction was made by Shannon, Gallager, and
Berlekamp in [13].

A fundamental question that arises is whether the reliability function can be computed
in this manner. To investigate this, we employ the framework of Turing computability [14].
In general, a function is considered Turing computable if there exists an algorithm capable
of computing it. The Turing machine serves as the most fundamental and powerful model
of computation, underpinning theoretical computer science. Unlike physical computers,
which have practical constraints, a Turing machine is an abstract mathematical construct
that can be rigorously analyzed using formal mathematical methods.

It is important to note that the Turing machine represents the ultimate performance
limit of current digital computers, including supercomputers. A Turing machine models
an algorithm or a program, where computation consists of step-by-step manipulation of
symbols or characters that are read from and written to a memory tape according to a set
of rules. These symbols can be interpreted in various ways, including as numbers. To
perform computations on abstract sets, the elements of the set must be encoded as strings
of symbols on the tape. This approach allows Turing computability to be defined for real
and complex numbers.

The use of digital computers to compute approximations of channel capacities or chan-
nel reliability functions has been a prominent topic in information theory. The computation
of channel capacity for discrete memoryless channels (DMCs) is a convex optimization

2
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problem, and in 1972, an algorithm for approximating the capacity of a DMC on digital
computers was independently published in [15] and [16].

Even for binary symmetric channels with rational crossover probabilities (excluding
the case p = 1

2 ), the channel capacity is a transcendental number. As a result, despite
the relative simplicity of these channels, their capacity can only be approximated with
finite precision by digital computers. In contrast to the problem of computing channel
capacity, determining the behavior of the channel reliability function over the entire interval
(0, C) ⊂ R is a significantly more complex task. A common approach to this challenge
involves considering sequences of upper and lower bounds for E(R) (see [13]).

In general, the channel reliability function is a well-studied topic in information theory.
Originally introduced and analyzed for discrete memoryless channels (DMCs), the con-
cept has since been significantly extended to various other scenarios and channel models.
In [17], the reliability function of a DMC was studied at rates above capacity. Subsequent
refinements and theoretical bounds were proposed, such as the Poor–Verdú upper bound
addressed in [18]. Extensions beyond DMCs include continuous channels and channels
with feedback or secrecy constraints. For instance, upper bounds for Gaussian channels
were developed in [19], while the role of feedback in Poisson and Gaussian channels was
explored in [20,21]. The impact of signal constraints was analyzed in [22], and improved
Gaussian channel bounds were proposed in [23]. Secrecy considerations and cost con-
straints were incorporated into the analysis of the reliability and secrecy functions in [24].
The reliability function in the presence of side information, as in the Gelfand–Pinsker
channel, was considered in [25]. More recently, a new upper bound for DMCs was given
in [26], and noisy feedback for binary symmetric channels was studied in [27]. These de-
velopments culminated in the analysis of reliability functions in quantum communication
settings. Foundational work includes [28,29], and recent advancements include [30].

In this work, we explore whether it is possible to compute the channel reliability
function in this manner using a mathematically rigorous formalization of computability.
Specifically, our analysis is based on the theory of Turing machines and recursive functions.

In many cases, there is no direct characterization of the behavior of a general function
over an abstract set in terms of an algorithm on a Turing machine. Consequently, a common
strategy is to approximate the function successively using a sequence of computable upper
and lower bounds, for which an algorithm is available. One can then ask the weaker
question of whether it is possible to approximate the function in a computable manner. This
requires computable sequences of computable upper and lower bounds. This approach
is also necessary for the reliability function, and we conducted this analysis. Unfortu-
nately, our results show that the channel reliability function is not a Turing computable
performance function when the channel is considered as input.

We also examine several other closely related functions, including the R∞ function,
the sphere packing bound function, the expurgation bound function, and the zero-error
feedback capacity, all of which are closely tied to the reliability function. We treat all of
these functions as functions of the channel.

As envisioned, the sixth generation (6G) of mobile networks will introduce a wide
range of new features [31]. These innovations bring new challenges to the design of
wireless communication systems. Specifically, the Tactile Internet will enable not only the
control of data but also the manipulation of physical and virtual objects [31]. With such
applications, there arises an increased need to ensure the trustworthiness of the system and
its services [32,33].

6G will impose more diverse and demanding quality-of-service (QoS) requirements
on network resilience, reliability, service availability, and delay [31]. The channel reliability
function plays a vital role in the reliability and delay performance analysis of commu-
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nication systems. It is therefore of interest to explore whether the reliability and delay
performance of communication systems can be verified automatically on digital hard-
ware [33]. Analyzing the channel reliability function with respect to Turing computability
becomes crucial in this context. The question of Turing computability for performance
functions is a central issue in information theory, as closed-form expressions are only
known for a few performance functions. It is therefore important to compute correspond-
ing performance functions on available computers with provable performance, ensuring
the strict requirements for future communication systems [31,33].

The structure of this paper is as follows. In Section 2, we begin by presenting the
basic definitions and known results that will be used throughout the paper. Section 3
focuses on the R∞ function. We examine the decidability of connected sets with the R∞

function and demonstrate that only an approximation from below is possible. This has
implications for the sphere packing bound, and we show that it is not a Turing computable
performance function.

In Section 4, we analyze the reliability function and prove that it is also not Turing
computable. The same result holds for the expurgation bound. In Section 5, we investigate
the zero-error feedback capacity, which is closely related to the R∞ function. We first
address a question posed by Alon and Lubetzky in [34] regarding the zero-error capacity
with feedback, specifically for the case without feedback (which was examined in [35]).
We then show that the zero-error feedback capacity is not Banach–Mazur computable and
cannot be approximated by computable increasing sequences of computable functions.
Additionally, we characterize the superadditivity of the zero-error feedback capacity and
demonstrate that the R∞ function is additive.

In Section 6, we analyze the behavior of the expurgation bound rates. Finally, we
conclude by summarizing the implications of our results for the channel reliability function.
Our findings indicate that, in general, there cannot be a simple recursive closed-form
expression for the channel reliability function over a very precise interval.

Some of the results in this paper were presented at the IEEE International Symposium
on Information Theory in Espoo, as noted in [36].

2. Definitions and Basic Results

2.1. Basic Concepts of Computability Theory

In this section, we present the basic definitions and results from computability theory
that are necessary for this work. We begin with the fundamental definitions of computabil-
ity, starting with the concept of a Turing machine [14].

A Turing machine serves as a mathematical model for what we intuitively understand
as computation machines. In this sense, they provide an abstract idealization of modern-
day computers. Any algorithm that can be executed by a real-world computer can, in
principle, be simulated by a Turing machine, and vice versa. However, unlike real-world
computers, Turing machines are not constrained by limitations such as energy consumption,
computation time, or memory size. Furthermore, all computation steps on a Turing machine
are assumed to be executed flawlessly, with no possibility of error.

Recursive functions, more specifically known as μ-recursive functions, form a special
subset of the set

⋃∞
n=0

{
f : Nn ↪→ N

}
, where the symbol “↪→” denotes a partial mapping.

The set of recursive functions provides an alternative characterization of the notion of
computability. Turing machines and recursive functions are equivalent in the following
sense: a function f : Nn ↪→ N is computable by a Turing machine if and only if it is a partial
recursive function.

Next, we introduce several key definitions from computable analysis [37–39], which we
will apply in the subsequent sections.

4
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Definition 1. A sequence of rational numbers {rn}n∈N is called a computable sequence if there
exist recursive functions a, b, s : N → N with b(n) �= 0 for all n ∈ N and

rn = (−1)s(n) a(n)
b(n)

, n ∈ N.

Definition 2. We say that a computable sequence {rn}n∈N of rational numbers converges ef-
fectively, i.e., computably, to a number x, if a recursive function a : N → N exists such that
|x − rn| < 1

2N for all N ∈ N and all n ∈ N with n ≥ a(N) applies.

We can now introduce computable numbers.

Definition 3. A real number x is said to be computable if there exists a computable sequence of
rational numbers {rn}n∈N, such that |x − rn| < 2−n for all n ∈ N. We denote the set of computable
real numbers using Rc.

Next, we need suitable subsets of the natural numbers.

Definition 4. A set A ⊂ N is called recursive if there exists a recursive function f , such that
f (x) = 1 if x ∈ A and f (x) = 0 if x ∈ Ac, where Ac stands for the complement set of A.

Definition 5. A set A ⊂ N is recursively enumerable if there exists a recursive function whose
domain is exactly A.

Remark 1. For the definition of recursive and partial recursive functions, see [37]. Recursive
functions f : N → N are the building blocks to develop the framework for computing theory on
rational numbers, on real numbers, and on related functions defined over these number fields. This
theory captures exactly what can be achieved in theory with digital computers in these number fields.
We next introduce the concept of computable performance functions on the basis of computability
theory. It is important to note that computability theory formalizes exactly what is computable with
perfect digital computers.

2.2. Basic Concepts of Information Theory

To define the reliability function and its related functions, we first need the definition
of a discrete memoryless channel. In the theory of transmission, the receiver must be in a
position to successfully decode all the messages transmitted by the sender.

Let X be a finite alphabet, and denote the set of all probability distributions on X
using P(X ). We define the set of computable probability distributions, Pc(X ), as the
subset of P(X ) consisting of all distributions P ∈ P(X ) for which P(x) ∈ Rc holds for all
x ∈ X .

Furthermore, for finite alphabets X and Y , let CH denote the set of all conditional
probability distributions (or channels) PY|X : X → P(Y). We define CHc as the set of
computable conditional probability distributions, i.e., those for which PY|X(·|x) ∈ Pc(Y)

holds for every x ∈ X .
Let M ⊂ CHc(X ,Y). We call M semi-decidable if and only if there is a Turing machine

TMM that either stops or computes forever, depending on whether W ∈ M is true. This
means TMM exactly accepts the elements of M, and for an input W ∈ Mc = CHc(X ,Y) \ M,
it computes forever.

5
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Definition 6. A discrete memoryless channel (DMC) is a triple (X ,Y , W), where X is the finite
input alphabet, Y is the finite output alphabet, and W(y|x) ∈ CH(X ,Y), with x ∈ X , y ∈ Y .
The probability that a sequence yn ∈ Yn is received if xn ∈ X n was sent is defined by

Wn(yn|xn) =
n

∏
j=1

W(yj|xj).

Definition 7. A (deterministic) block code C(n) with rate R and block length n consists of

• A message set M = {1, 2, ..., M} with M = 2nR ∈ N;
• An encoding function e : M → X n;
• aAdecoding function d : Yn → M.

We call such a code an (R, n)-code.

Definition 8. Let (X ,Y , W) be a DMC. Using C(n), we denote a block code with the block length
n and message set M.

1. The individual message probability of error is defined by the conditional probability of error,
given that message m ∈ M is transmitted:

Pe(C(n), W, m) = Pr{d(Yn) �= m|Xn = e(m)}.

2. We define the average probability of error by

Pe,av(C(n), W) =
1

|M| ∑
m∈M

Pe(C(n), W, m).

Pe,av(W, R, n) denotes the minimum error probability Pe,av(C(n), W) over all block codes
C(n) of block length n and with message set M = 2nR.

3. We define the maximal probability of error by

Pe,max(C(n), W) = max
m∈M

Pe(C(n), W, m).

Pe,max(W, R, n) denotes the minimum error probability Pe,max(C(n), W) over all block codes
C(n) of block length n and with message set M = 2nR.

4. The Shannon capacity for a channel W ∈ CH(X ,Y) is defined by

C(W) := sup{R : lim
n→∞

Pe,max(W, R, n) = 0}.

5. The zero-error capacity for a channel W ∈ CH(X ,Y) is defined by

C0(W) := sup{R : Pe,max(W, R, n) = 0 for some n}.

Remark 2. For R with C0(W) < R < C(W), there exists A(W, R), B(W, R) ∈ R+, such that

2−nA(W,R)+o(1) ≤ Pe,max(W, R, n) ≤ 2−nB(W,R)+o(1).

We also define the discrete memoryless channel with noiseless feedback (DMCF). By
this, we mean that, in addition to the DMC, there exists a return channel that sends the
element of Y actually received back from the receiving point to the transmitting point. It is
assumed that this information is received at the transmitting point before the next letter
is sent and can therefore be used to choose the next letter to be sent. We assume that this
feedback is noiseless. We denote the feedback capacity of a channel W by CFB(W) and the
zero-error feedback capacity by CFB

0 (W). Shannon proved in [40] that C(W) = CFB(W).

6



Algorithms 2025, 18, 361

This is, in general, not true for the zero-error capacity. We see that the zero-error (feedback)
capacity is related to the reliability function, which we analyze in this paper. It is defined
as follows.

Definition 9. The channel reliability function (error exponent) is defined by

E(W, R) = lim sup
n→∞

− 1
n

log2 Pe,max(W, R, n). (1)

Remark 3. We make use of the common convention that log2 0 := −∞.

Remark 4. We need the lim sup in (1), because it is not known whether the limit value, i.e., the
limts on the right-hand side of (1), exist.

The first simple observation is that for R > C(W), we have E(W, R) = 0, and if
C0(W) > 0 for 0 ≤ R < C0(W), we have E(W, R) = +∞. One well-known upper bound is
the sphere packing bound, which can be defined as follows (see [10]).

Definition 10. Let X ,Y be finite alphabets, and (X ,Y , W) be a DMC. Then, for all
R ∈ (0, C(W)), we define the sphere packing bound function:

ESP(W, R) = sup
ρ>0

max
P∈P(X )

⎛⎝− log ∑
y

(
∑
x

P(x)W(y|x)
1

1+ρ

)1+ρ

− ρR

⎞⎠. (2)

Theorem 1 (Fano 1961, Shannon, Gallager, Berlekamp 1967). For any DMC W and for all
R ∈ (0, C(W)), it holds that

E(W, R) ≤ ESP(W, R).

The sphere packing upper bound is an important upper bound. The following two
lower bounds of the reliability function are also very important. In [41], the random coding
bound was defined as follows:

Definition 11. Let X ,Y be finite alphabets, and (X ,Y , W) be a DMC. Then, for all
R ∈ (0, C(W)), we define the random coding bound function as

Er(W, R) = max
0≤ρ≤1

E0(W, ρ)− ρR, where (3)

E0(ρ) = max
P∈P(X )

⎡⎣− log ∑
y

(
∑
x

P(x)W(y|x)1/(1+ρ)

)1+ρ
⎤⎦ . (4)

Theorem 2. Let X ,Y be finite alphabets and (X ,Y , W) be a DMC; then,

E(W, R) ≥ Er(W, R).

Gallager also defined in [41] the k-letter expurgation bound as follows:

Definition 12. Let X ,Y be finite alphabets and (X ,Y , W) be a DMC; then, for all R ∈ (0, C(W)),
we define the k-letter expurgation bound function:

7
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Eex(W, R, k) = sup
ρ≥1

Ex(ρ, k)− ρR (5)

Ex(ρ, k) = −ρ

k
log min

PXk∈P(X k)
Qk(ρ, PXk ) (6)

Qk(ρ, PXk ) = ∑
xk ,x′k

PXk (xk)PXk (x′k)gk(xk, x′k)
1
ρ (7)

gk(xk, x′k) = ∑
yk

√
Wk(yk|xk)Wk(yk|x′k). (8)

Theorem 3. Let X ,Y be finite alphabets and (X ,Y , W) be a DMC. Then, for all R ∈ (0, C(W)),
we have

E(W, R) ≥ lim
k→∞

Eex(W, R, k). (9)

The inequality in (9) follows from Fekete’s lemma.
The smallest value of R, at which the convex curve ESP(W, R) meets its supporting

line of slope -1, is called the critical rate and is denoted by Rcrit [9]. For the certain interval
[Rcrit, C], the random coding lower bound corresponds to the sphere packing upper bound.
The channel reliability function is therefore known for this interval. The channel reliability
function is generally not known for the interval [0, Rcrit]. For the interval [0, Rcrit], there are
also better lower bounds than the random coding lower bound. R∞(W) is the infimum of
all rates R such that ESP(W, R) is finite on the open interval (R, C(W)). C0(W) ≤ R∞(W)

applies if C0(W) > 0. The following representation of R∞ exists (see [9]):

R∞(W) = min
Q∈P(Y)

max
x∈X

log2
1

∑y:W(y|x)>0 Q(y)
. (10)

There exist alphabets X ,Y and channels W ∈ CH such that C0(W) = 0 while R∞(W) > 0.
Moreover, for the zero-error feedback capacity CFB

0 , it holds that CFB
0 (W) = R∞(W)

whenever C0(W) > 0. However, if C0(W) = 0, there exists a channel W for which
CFB

0 (W) = 0 while R∞(W) > 0 (see [9]).
For the zero-error feedback capacity, the following is known.

Theorem 4 (Shannon 1956, [40]). Let W ∈ CH(X ,Y); then,

CFB
0 (W) =

⎧⎨⎩ 0 if C0(W) = 0
maxP∈P(X ) miny log2

1
∑x:W(y|x)>0 P(x) otherwise. (11)

2.3. Lower and Upper Bounds on the Reliability Function for the Typewriter Channel

As mentioned before, Shannon, Gallager, and Berlekamp assumed in [13] that the
expurgation is bound tight. Katsman, Tsfasman, and Vladut showed in [42] a counterexam-
ple for the symmetric q-ary channel when q ≥ 49. Dalai and Polyanskiy found a simpler
counterexample in [43]. They showed that the conjecture is already wrong for the q-ary
typewriter channel for q ≥ 4. We would like to briefly present their results here.

Definition 13. Let X = Y = Zq and 0 ≤ ε ≤ 1
2 . The typewriter channel Wε is defined by

Wε(y|x) =

⎧⎨⎩1 − ε y = x

ε y = x + 1 mod q.
(12)

8
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The extension of the channel Wn
ε is defined by

Wn
ε (y

n|xn) =
n

∏
k=1

Wε(yi|xi). (13)

For the reliability function of this channel, the interval (C0(Wε), C(Wε)) is of interest.
The capacity of a typewriter channel Wε has the formula

C(Wε) = log(q)− h2(ε),

where h2 is the binary entropy function. Shannon showed in [40] that C0(Wε) is positive
if q ≥ 4. He showed that for even q, it holds that C0(Wε) = log

(
q
2

)
. It is difficult to

get a formula for odd q. Lovász proved in [44] that Shannon’s lower bound for q = 5:
C0(Wε) = log

√
5 is tight. For general odd q, Lovász proved

C0(Wε) ≤ log
cos(πq)

1 + cos(πq)
q.

It is only known for q = 5 that this bound is tight. In general, this is not true. For special q,
there are special results outlined in [44–47].

Dalai and Polyanskiy provide upper and lower bounds on the reliability function
in [43]. They observed that the zero-error capacity of the pentagon can be determined by a
careful study of the expurgated bound.

They present an improved lower bound for the case of even and odd q, showing that
it also is a precisely shifted version of the expurgated bound for the BSC. Their result also
provides a new elementary disproof of the conjecture suggested in [13] that the expurgated
bound is asymptotically tight when computed on arbitrarily large blocks. Furthermore,
in [43], Dalai and Polyanskiy present a new upper bound for the case of odd q based on
the minimum distance of codes. They use Delsarte’s linear programming method [48] (see
also [49]), combining the construction used by Lovász [44] for bounding the graph capacity
with the construction used by McEliece–Rodemich–Rumsey–Welch [50] for bounding the
minimum distance of codes in Hamming spaces. In the special case ε = 1/2, they give
another improved upper bound for the case of odd q, following the ideas of Litsyn [51]
and Barg–McGregor [52], which in turn are based on estimates for the spectra of codes
originated by Kalai–Linial [53].

2.4. Computable Channels and Computable Performance Functions

We need further basic concepts for computability. We want to investigate the function
E(W, R) and the upper bounds like ESP(W, R) and Eex(W, R) for k ∈ N as functions of
W and R. These functions are generally only well defined for fixed channels W on sub-
intervals of [0, C(W)] as functions depending on R. For example, for W ∈ CH(X ,Y) with
C0(W) > 0, E(W, R) is infinite for R < C0(W). Hence, E(W, R) must be examined and
computed as a function of R on the interval (C0(W), C(W)]. Similar statements also apply
to the other functions that have already been introduced. We now fix non-trivial alphabets
X ,Y and the corresponding set CHc(X ,Y) of the computable channels and R ∈ Rc.

Definition 14 (Turing computable channel function). We call a function f : CHc(X ,Y) → Rc

a Turing computable channel function if there is a Turing machine that converts any program for
the representation of W ∈ CHc(X ,Y) into a program for the computation of f (W)—that is,
f (W) = TMf (W), W ∈ CHc(X ,Y).

9
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We want to determine whether there is a closed form for the channel reliability
function. For this, we need the following definition, which we discuss in more detail
in Remark 5 below.

Definition 15 (Turing computable performance function). Let ⊥ be a symbol. We call a
function F : CH(X ,Y)c ×R+

c → Rc ∪ {⊥} a Turing computable performance function if there
are two Turing computable channel functions f and f with f (W) ≤ f (W) for W ∈ CHc(X ,Y),
and a Turing machine TMF, which is defined for input R ∈ R+

c and W ∈ CHc(X ,Y). The
Turing machine TMF stops for the variables R ∈ R+

c and W ∈ CHc(X ,Y) and any representation
for W and R as input if and only if R ∈ ( f (W), f (W)) and the Turing machine TMF delivers
F(W, R) = TMF(W, R). If R �∈ ( f (W), f (W)), then TMF does not stop.

Remark 5. The requirement for function F : CH(X ,Y)c × R+
c → Rc ∪ {⊥} to be a Turing

computable performance function is relatively weak. For example, let us take W and R as inputs.
Then, the interval ( f (W), f (W)) is computed first. If R is now in the interval (( f (W), f (W)), then
the Turing machine TMF must stop for the input (W, R) and deliver the result for F(W, R). We
impose no requirements on the behavior of the Turing machine for input W and R �∈ ( f (W), f (W)).
In particular, the Turing machine TMF does not have to stop for the input (W, R) in this case.

Take, for example, any Turing computable function G : CH(X ,Y)c × R+
c → Rc ∪ {⊥}

with the corresponding Turing machine TMG. Furthermore, let TM : CHc(X ,Y) → Rc and
TM : CHc(X ,Y) → Rc be any two TMs, so that TM(W) ≤ TM(W) always holds for all
W ∈ CHc(X ,Y). Then, the following Turing machine TM : CHc(X ,Y)× Rc → Rc ∪ {⊥}
defines a Turing computable performance function.

1. For any input W ∈ CHc(X ,Y) and R ∈ Rc, first compute f (W) = TM(W) and
f (W) = TM(W).

2. Compute the following two tests in parallel:

(a) Use the Turing machine TM> f (W) and test R > f (W) using TM> f (W) for input
R ∈ Rc.

(b) Use the Turing machine TM< f (W) and test R < f (W) using TM< f (W) for input
R ∈ Rc.

Let these two tests run until both Turing machines stop. If both Turing machines stop in 2,
then compute G(W, R) and set TM(W, R) = G(W, R).

TM actually generates a Turing computable performance function, and the Turing machine TM
stops for the input (W, R) if and only if R ∈ ( f (W), f (W)) applies. Then, it gives the value
G(W, R) as output. This follows from the fact that the Turing machine TM> f (W) stops for input
R ∈ Rc if and only if R > f (W). The second Turing machine TM< f (W) from 2 stops exactly

when R < f (W), i.e. the Turing machine TM in 2., which simulates TM> f (W) and TM< f (W) in

parallel, stops exactly when R ∈ ( f (W), f (W)) applies.

Remark 6. Using the above approach, we can try, for example, to find upper and lower bounds for
the channel reliability function by allowing general Turing computable functions G : CH(X ,Y)c ×
R+

c → Rc ∪ {⊥} and algorithmically determine the interval from R+
c for which the function

G(W, ·) delivers lower or upper bounds for the channel reliability function.

Definition 16 (Banach–Mazur computable channel function). We call f : CHc(X ,Y) →
Rc a Banach–Mazur computable channel function if every computable sequence {Wr}r∈N from
CHc(X ,Y) is mapped by f into a computable sequence from Rc.

10
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For practical applications, it is necessary to have performance functions that satisfy
Turing computability. Depending on W, the channel reliability function or the bounds
for this function should be computed. This computation is carried out by an algorithm
that also receives W as input. This means that the algorithm should also be recursively
dependent on W; otherwise, a special algorithm would have to be developed for each W
(depending on W but not recursively dependent), since the channel reliability function for
this channel, or a bound for this function, is computed.

It is now clear that when defining the Turing computable performance function, the
Turing computable channel functions f , f cannot be dispensed with, because the channel
reliability function depends on the specific channel and the permissible rate region for
which the function can be computed. For f , one often has the representation f (W) = C(W)

with W ∈ CHc(X ,Y). For f , the choice f (W) = C0(W) with W ∈ CHc(X ,Y) for the
channel reliability function is a natural choice, because the channel reliability function is
only useful for this interval. (We note that we showed in [35] that C0(W) is not Turing
computable in general.)

For the Turing computability of the channel reliability function or corresponding
upper and lower bounds, it is therefore a necessary condition that the dependency of the
relevant rate intervals on W be Turing computable—that is, recursive.

Remark 7. As noted in the Introduction, very few closed-form expressions for performance func-
tions are known in information theory. Even for relatively simple scenarios, such as secure message
transmission over a wiretap channel with an active jammer, closed-form solutions are not available
(see [54–56]). Existing methods in information theory provide convergent multi-letter sequences for
determining capacity. While these sequences enable the investigation of important properties of the
capacity (see [54,57,58]), they are not yet suitable for direct numerical computation of the capacity.
This is due to the reliance on Fekete’s lemma to prove the existence of the limit of these sequences.
However, it was shown in [59] that Fekete’s lemma is not constructive, meaning no algorithm can
effectively compute the associated limit values.

Moreover, the problem of finding simple optimizers for performance functions is generally
not algorithmically solvable [60,61]. For instance, the Blahut–Arimoto algorithm can be used
to compute an infinite sequence of input distributions that converge to an optimal distribution.
However, there is no way to halt the process based on a reliable approximation error, making it
impossible to stop the computation at a specific point (see [60,61]).

3. Results for the Rate Function R∞ and Applications on the Sphere
Packing Bound

In this section, we analyze the function R∞ and its implications for the sphere
packing bound. Specifically, we demonstrate that R∞ is not a Turing computable
performance function.

We begin by expressing R∞(W) as

R∞(W) = min
Q∈P(Y)

max
x∈X

log2
1

∑y:W(y|x)>0 Q(y)
. (14)

From this, we derive the equivalent representations:

11
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R∞(W) = min
Q∈P(Y)

max
x∈X

log2
1

∑y:W(y|x)>0 Q(y)

= min
Q∈P(Y)

log2
1

minx∈X ∑y:W(y|x)>0 Q(y)

= log2 min
Q∈P(Y)

1
minx∈X ∑y:W(y|x)>0 Q(y)

= log2
1

maxQ∈P(Y) minx∈X ∑y:W(y|x)>0 Q(y)

= log2
1

Ψ∞(W)
,

where

Ψ∞(W) = max
Q∈P(Y)

min
x∈X ∑

y:W(y|x)>0
Q(y). (15)

In summary, the following holds true: let X ,Y be arbitrary non-trivial finite alphabets;
then, for W ∈ CHc(X ,Y)

R∞(W) = log2
1

Ψ∞(W)
. (16)

Lemma 1. It holds that
R∞ : CHc(X ,Y) → Rc.

Proof. Let W be fixed. We consider the vector
(

Q(1) · · · Q(|Y|)
)T

of the convex set

MProb = {u ∈ R
|Y| : u =

⎛⎜⎜⎝
u1
...

u|Y|

⎞⎟⎟⎠, ul ≥ 0, l = 1, . . . , |Y|, ∑
l

ul = 1}.

G(u) := minx ∑y:W(y|x)>0 uy is a computable continuous function on MProb. Thus, for
Ψ∞(W) = maxu∈MProb G(u), we always have Ψ∞(W) ∈ Rc with Ψ∞(W) > 0, and thus
R∞(W) ∈ Rc.

Remark 8. We do not know whether C0 : CHc(X ,Y) → Rc holds for any finite X ,Y . This
statement holds for max{|X |, |Y|} ≤ 5, but the general case is open.

For finite alphabets X ,Y and λ ∈ Rc with λ > 0, we want to analyze the set

{W ∈ CHc(X ,Y) : R∞(W) > λ}.

To accomplish this, we refer to the proof of Theorem 23 in [35]. Along the same lines, one
can show that the following holds true:

Theorem 5. Let X ,Y be non-trivial finite alphabets. For all λ ∈ Rc with 0 < λ <

log2(min{|X |, |Y|}), the set

{W ∈ CHc(X ,Y) : R∞(W) > λ}

is not semi-decidable.

12
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The following theorem can be derived from a combination of the proof of Theorem 5 and
Theorem 24 in [35]. The proof is carried out in the same way as the proof of Theorem 24 in [35].

Theorem 6. Let X ,Y be non-trivial finite alphabets. The function R∞ : CHc(X ,Y) → R is not
Banach–Mazur computable.

We now prove a stronger result then what we were able to show for C0 in [35] so far.
We show that the analogous question, like the question in [34] for C0 for the function R∞,
can be answered positively.

We need a concept of distance for W1, W2 ∈ CH(X ,Y). Therefore, for fixed and
finite alphabets X ,Y , we define the distance between W1 and W2 based on the total
variation distance

dC(W1, W2) = max
x∈X ∑

y∈Y
|W1(y|x)− W2(y|x)|. (17)

Definition 17. A function f : CH(X ,Y) → R is called computable continuously if the following
are true:

1. f is sequentially computable, i.e., f maps every computable sequence {Wn}n∈N with Wn ∈
CHc(X ,Y) into a computable sequence { f (Wn)}n∈N of computable numbers,

2. f is effectively uniformly continuous, i.e., there is a recursive function d : N → N such
that for all W1, W2 ∈ CHc(X ,Y) and all N ∈ N with dC(W1, W2) ≤ 1

d(N)
, it holds that

| f (W1)− f (W2)| ≤ 1
2N .

Theorem 7. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. There exists a computable
sequence of computable continuous functions {FN}N∈N on CHc(X ,Y) with

1. FN(W) ≥ FN+1(W) with W ∈ CH(X ,Y) and N ∈ N,
2. limN→∞ FN(W) = R∞(W) for all W ∈ CH(X ,Y).

Proof. We consider the function

ΦN(W) = max
Q∈P(Y)

min
x∈X ∑

y∈Y

NW(y|x)
1 + NW(y|x)Q(y)

for N ∈ N. For all x ∈ X we have for all Q ∈ P(Y)

∑
y∈Y

NW(y|x)
1 + NW(y|x)Q(y) ≤ ∑

y∈Y :W(y|x)>0
Q(y), (18)

and for all N ∈ N, we have for all x ∈ X and Q ∈ P(Y)

∑
y∈Y

NW(y|x)
1 + NW(y < x)

Q(y) ≤ ∑
y∈Y :W(y|x)>0

(N + 1)W(y|x)
1 + (N + 1)W(y|x)Q(y). (19)

ΦN is a computable continuous function, and {ΦN}N∈N is a computable sequence of
computable continuous functions. So,

FN(W) = log2
a

ΦN(W)
,

for N ∈ N and W ∈ CH(X ,Y). FN satisfies all properties of the theorem, and point 1
is shown.

13
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It holds ∣∣∣∣∣∣ ∑
y∈Y :W(y|x)>0

Q(y)− ∑
y∈Y

NW(y|x)
1 + NW(y|x)Q(y)

∣∣∣∣∣∣
=

∣∣∣∣∣∣ ∑
y∈Y :W(y|x)>0

1
1 + NW(y|x)Q(y)

∣∣∣∣∣∣
≤ 1

1 + N miny∈Y :W(y|x)>0 W(y|x) .

Therefore , we have

∑
y∈Y :W(y|x)>0

Q(y) ≤ 1
1 + N miny∈Y :W(y|x)>0 W(y|x) (20)

+ ∑
y∈Y

NW(y|x)
1 + NW(y|x)Q(y).

Because of (18), we have
ΦN(W) ≤ Ψ∞(W)

for all W ∈ CHc(X ,Y). (20) yields

∑
y∈Y :W(y|x)>0

Q(y) ≤ 1

1 + N minx∈X
(

miny∈Y :W(y|x)>0 W(y|x)
)

+ ∑
y∈Y

NW(y|x)
1 + NW(y|x)Q(y).

So,

min
x∈X ∑

y∈Y :W(y|x)>0
Q(y) ≤ 1

1 + N minx∈X
(

miny∈Y :W(y|x)>0 W(y|x)
)

+min
x∈X ∑

y∈Y

NW(y|x)
1 + NW(y|x)Q(y)

and

Ψ∞(W) ≤ 1

1 + N minx∈X
(

miny∈Y :W(y|x)>0 W(y|x)
) + ΦN(W)

holds. So, we have

0 ≤ Ψ∞(W)− ΦN(W) ≤ 1

1 + N minx∈X
(

miny∈Y :W(y|x)>0 W(y|x)
) .

We now want to prove that the corresponding question in [34] can be answered
positively for R∞.

Theorem 8. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. For all λ ∈ Rc with
0 < λ < log2(min{|X |, |Y|}), the set

{W ∈ CHc(X ,Y) : R∞(W) < λ}

14
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is semi-decidable.

Proof. We use the computable sequences of computable continuous functions FN from
Theorem 7. It holds that

W ∈ {W ∈ CHc(X ,Y) : R∞(W) < λ}

if and only if there is an N0 such that FN0 < λ holds. As in the proof of Theorem 28 from [35],
we now use the construction of a Turing machine TMR∞ ,<λ, which exactly accepts the set

{W ∈ CHc(X ,Y) : R∞(W) < λ}.

We now consider the approximability “from below” (this can be seen as a kind of
reachability). We have shown that R∞(·) can always be represented as a limit value of
monotonically decreasing computable sequences of computable continuous functions.
From this, it can be concluded that the sequence is then also a computable sequence of
Banach–Mazur computable functions. We now have the following:

Theorem 9. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. There does not exist a
sequence of Banach–Mazur computable functions {FN}N∈N with

1. FN(W) ≤ FN+1(W) with W ∈ CHc(X ,Y) and N ∈ N;
2. limN→∞ FN(W) = R∞(W) for all W ∈ CH(X ,Y).

Proof. We assume that such a sequence {FN}N∈N does exist. Then, from Theorem 7 and the
assumptions from this theorem, it can be concluded that R∞ is a Banach–Mazur computable
function. This has created a contradiction.

With this, we immediately get the following:

Corollary 1. Consider finite alphabets X ,Y with |X | ≥ 2, |Y| ≥ 2, and let {FN}N∈N be a
sequence of Banach–Mazur computable functions that satisfies the following:

1. FN(W) ≤ FN+1(W) with W ∈ CHc(X ,Y) and N ∈ N,
2. limN→∞ FN(W) = R∞(W) for all W ∈ CH(X ,Y).

Then, there exists Ŵ ∈ CHc(X ,Y) such that limN→∞ FN(Ŵ) < R∞(Ŵ) holds true.

We now want to apply the results for R∞ to the sphere packing bound as an application.
With the results via the rate function, we immediately get

Theorem 10. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. The sphere packing bound
ESP(·, ·) is not a Turing computable performance function for CHc(X ,Y)×R+

c .

Proof. Assuming that the statement of the theorem is incorrect, then R∞ is a Turing
computable performance function on CHc(X ,Y)×R+

c . But then the channel functions
f (W) = R∞(W) for W ∈ CHc(X ,Y) and f (W) = C(W) for W ∈ CHc(X ,Y) must be
Turing computable channel functions. As was already shown, however, R∞ is not Banach–
Mazur computable. We have thus created a contradiction.
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4. Computability of the Channel Reliability Function and the Sequence
of Expurgation Bound Functions

In this section, we consider the reliability function and the expurgation bound and
show that these functions are not Turing computable performance functions.

With the help of the results from [35] for C0 for noisy channels, we immediately get
the following theorem:

Theorem 11. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. The channel reliability
function E(·, ·) is not a Turing computable performance function for CHc(X ,Y)×Rc.

Proof. Here, f (W) = C0(W) for W ∈ CHc(X ,Y) is a Turing computable function, ac-
cording to Definition 14. We already know that C0 is not Banach–Mazur computable on
CHc(X ,Y). This gives the proof in the same way as for the sphere packing bound, i.e., the
proof of Theorem 10.

Now, we consider the rate function for the expurgation bound. The k-letter expurga-
tion bound Eex(W, R, k) as a function of W and R is a lower bound for the channel reliability
function. The latter can only be finite for certain intervals (Rex

k (W), C(W)). Thus, we want
to compute the function in these intervals. In their famous paper [13], Shannon, Gallager,
and Berlekamp examined the sequence of functions {Eex(·, ·, k)}k∈N and analyzed the rela-
tionship to the channel reliability function. They conjectured that for all W ∈ CH(X ,Y) for
all R with E(W, R) < +∞ (one would have convergence and also Eex(W, R, k) < +∞), the
relation

lim
k→∞

Eex(W, R, k) = E(W, R)

holds. This conjecture was first refuted in [42] and later refuted by a simpler example in [43].
It was already clear with the introduction of the channel reliability function that it

had a complicated behavior. A closed-form formula for the channel reliability function
is not yet known, and the results of this paper show that such a formula cannot exist.
Shannon, Gallager, and Berlekamp tried in [13] in 1967 to find sequences of seemingly
simple formulas for the approximation of the channel reliability function. It seems that
they considered the sequence of the k-letter expurgation bounds to be very good channel
data for its approximation. It was hoped that these sequences could be computed more
easily with the use of new powerful digital computers.

Let us now examine the sequence {Eex(·, ·, k)}k∈N. We have already introduced the
concept of computable sequences of computable continuous channel functions. We now in-
troduce the concept of computable sequences of Turing computable performance functions.

Definition 18. A sequence {Fk}k∈N of Turing computable performance functions is called a
computable sequence if there is a Turing machine that generates the description of Fk for input k
according to the definition of the function Fk for the values for which the function is defined.

In the following theorem, we prove that the sequence of the k-letter expurgation
bounds is not a computable sequence of computable performance functions. So, the hope
mentioned above cannot be fulfilled.

Theorem 12. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. The sequence of the
expurgation lower bounds {Eex(·, ·, k)}k∈N is not a computable sequence of Turing computable
performance functions.

Proof. We prove the theorem by contradiction, assuming that there exists a Turing machine
TM∗ that generates a description of the function Eex(·, ·, k) for a given input k, as defined
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in its formulation. This implies that the sequence {Rex
k }k∈N is computable, since we have

an algorithm that can generate each function in the sequence.
Notably, we can express f

k
(·) as Rex

k (·). Given an input k, the Turing machine TM∗ pro-
duces the description of Eex(·, ·, k), from which Rex

k can be directly obtained via projection
(in the sense of primitive recursive functions).

According to Shannon, Gallager, and Berlekamp [13], the following limit holds:

lim
k→∞

Rex
k (W) = C0(W)

for all W ∈ CH(X ,Y). Furthermore, the sequence {Rex
k (W)}k∈N is monotonically increas-

ing, i.e.,
Rex

k (W) ≤ Rex
k+1(W) for all k ∈ N and W ∈ CH(X ,Y).

Let us consider the set
{W ∈ CHc(X ,Y) : C0(W) > λ}

for λ ∈ Rc with 0 < λ < log2(min{|X |, |Y|}). We are now constructing a Turing machine
TM∗ with only one holding state, “stop”, which means that it either stops or computes
forever. TM∗ should stop for input W ∈ CHc(X ,Y) if and only if C0(W) applies, that
is, TM∗ stops if W is in the above set. According to the assumption, {Rex

k (·)}k∈N is a
computable sequence of Turing computable channel functions. For the input W, we can
generate the computable sequence {Rex

k (W)}k∈N of computable numbers. We now use
the Turing machine TM1

λ, which receives an arbitrary computable number x as input
and stops if and only if x > λ, i.e., TM1

λ has only one hold state and accepts exactly the
computable numbers x as input for which x > λ holds. We now use this program for the
following algorithm.

1. We start with l = 1 and let TM1
λ compute one step for input Rex

1 (W). If TM1
λ(Rex

1 (W))

stops; then, we stop the algorithm.
2. If TM1

λ(Rex
1 (W)) does not stop, we set l = l + 1 and compute l + 1 steps TM1

λ(Rex
r (W))

for 1 ≤ r ≤ l + 1. If one of these Turing machines stops, then the algorithm stops; if
not, we set l = l + 1 and repeat the second computation.

The above algorithm stops if and only if there is a k̂ ∈ N such that Rk̂
ex(W) > λ. But this is

the case (because of the monotony of the sequence {Rex
k (W)}k∈N) if and only if C0(W) > λ.

But with this, the set
{W ∈ CHc(X ,Y) : C0(W) > λ}

is semi-decidable. So, we have shown that this is not the case. We have thus created
a contradiction.

5. Computability of the Zero-Error Capacity of Noisy Channels with Feedback

In this section, we consider the zero-error capacity for noisy channels with feedback.
In our paper [35], we examined the properties of the zero-error capacity without feedback.
Let W ∈ CH(X ,Y). We already noted that Shannon showed in [40] that

CFB
0 =

⎧⎨⎩ 0 if C0(W) = 0
maxP miny log2

1
∑x:W(y|x)>0 P(x) otherwise. (21)

From (15), recall that
Ψ∞(W) = max

p∈P(X )
min
y∈Y ∑

x:W(y|x)>0
P(x). (22)
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Then, we have for W with C0(W) �= 0,

CFB
0 = log2

1
Ψ∞(W)

.

We know that CFB
0 (W) = R∞(W) if C0(W) > 0. If C0(W) = 0, then there is a channel W

with CFB
0 (W) = 0 and R∞ > 0. Like in Lemma 1, we can show the following:

Lemma 2. Let X ,Y be finite non-trivial alphabets. It holds that

CFB
0 : CHc(X ,Y) → Rc.

From Theorem 5 and the relationship between C0 and CFB
0 , we get the following results

for CFB
0 , which we have already proved for C0 in [35].

Theorem 13. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. For all λ ∈ Rc with
0 ≤ λ < log2 min{|X |, |Y|}, the sets {W ∈ CHc(X ,Y) : CFB

0 (W) > λ} are not semi-decidable.

Theorem 14. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. Then, CFB
0 : CHc(X ,Y) →

R is not Banach-Mazur computable.

Now, we will prove the following:

Theorem 15. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. There is a computable
sequence of computable continuous functions G with

1. GN(W) ≥ GN+1(W) for W ∈ CH(X ,Y) and N ∈ N;
2. limn→∞ GN(W) = CFB

0 (W) for W ∈ CH(X ,Y).

Proof. We use for N ∈ N, y ∈ Y and P ∈ P(X ) the function

∑
x∈X

NW(y|x)
1 + NW(y|x)P(x).

Then, for
ΦN(W) = min

P∈P(X )
max
y∈Y ∑

x∈X :W(y|x)>0
P(x),

we have the same properties as in Theorem 7 and

UN(W) = log2
1

Φn(W)

is an upper bound for CFB
0 , which is monotonically decreasing. Now, the relation

CFB
0 (W) > 0 holds for W ∈ CH(X ,Y) if and only if there are two x1, x2 ∈ X so that

∑
y∈Y

W(y|x1)W(y|x2) = 0

holds. We now set g(x̂, x) = ∑y∈Y W(y|x̂)W(y|x) = g(W, x̂, x) and have 0 ≤ g(x̂, x) ≤ 1
for x, x̂ ∈ X . g is a computable continuous function with respect to W ∈ CH(X ,Y). Now,
we set

VN(W) =

⎛⎝1 − ∏
x,x̂

g(W, x̂, x)N

⎞⎠UN(W)

18
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for N ∈ N. {VN}N∈N is thus a computable sequence of computable continuous functions.
Obviously, VN(W) ≥ VN+1(W) for W ∈ CH(X ,Y) and N ∈ N is satisfied.

(1 − ∏
x,x̂

g(W, x, hx))N = 1

if and only if CFB
0 > 0. So, for CFB

0 (W) = 0, we always have

lim
N→∞

VN(W) = 0.

For W with CFB
0 (W),

lim
N→∞

VN(W) = lim
N→∞

UN(W) = CFB
0 (W).

This is shown in the proof of Theorem 7.

This immediately gives us the following theorem.

Theorem 16. Let X ,Y be finite alphabets with |X | ≥ 2 and |Y| ≥ 2. For all λ ∈ Rc with
0 ≤ λ < log2 min{|X |, |Y|}, the sets {W ∈ CHc(X ,Y) : CFB

0 (W) < λ} are semi-decidable.

Now, we want to look at the consequences of the results above for CFB
0 . The same

statements apply here as in section 3 for R∞ with regard to the approximation from below.
CFB

0 cannot be approximated by monotonically increasing sequences.
There is an elementary relationship between R∞ and CFB

0 , which we use in the fol-
lowing. Again, we assume that X ,Y are finite non-trivial alphabets. We remember the
following functions:

R∞(W) = log2
1

Ψ∞(W)
, (23)

where Ψ∞(W) = maxQ∈P(Y) minx∈X ∑y:W(y|x)>0 Q(y).

CFB
0 =

{
0 C0(W) = 0
G(W) C0(W) > 0

, (24)

where G(W) = log2
1

Ψ∞(W)
and

Ψ∞(W) = min
p∈P(X )

min
y∈Y ∑

x:W(y|x)>0
P(x). (25)

Let A(W) be the |Y| × |X | matrix with (A(W))kl ∈ {0, 1} for 1 ≤ k ≤ |Y| and 1 ≤ l ≤ |X |,
such that (A(W))kl = 1 if and only if W(k(l)) > 0. Furthermore, let

MX =

⎧⎪⎪⎨⎪⎪⎩u ∈ R
|X | : u =

⎛⎜⎜⎝ u1

. . .
u|X |

⎞⎟⎟⎠, ul ≥ 0,
|X |
∑
l=1

ul = 1

⎫⎪⎪⎬⎪⎪⎭ (26)

and

MY =

⎧⎪⎪⎨⎪⎪⎩v ∈ R
|Y| : v =

⎛⎜⎜⎝ v1

. . .
v|Y|

⎞⎟⎟⎠, vl ≥ 0,
|Y|
∑
l=1

vl = 1

⎫⎪⎪⎬⎪⎪⎭. (27)
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For v ∈ R|Y| and u ∈ R|X |, we consider the function F(v, u) = vT A(W)u. The function F is
concave in v ∈ MY and convex in u ∈ MX . MY and MX are closed convex and compact
sets, and F(v, u) is continuous in both variables. So,

max
v∈MY

min
u∈MX

F(v, u) = min
u∈MX

max
v∈MY

F(v, u). (28)

Let v ∈ MY be fixed. Then,

F(v, u) =

⎛⎜⎝ |X |
∑
l=1

⎛⎝ |Y|
∑
k=1

vk Akl(W)

⎞⎠ul

⎞⎟⎠ (29)

F(v, u) =

⎛⎝ |X |
∑
l=1

dl(v)ul

⎞⎠, (30)

with dl(v) = ∑
|Y|
k=1 vk Akl(W). Now, dl(v) ≥ 0 for 1 ≤ l ≤ |X |. Hence,

min
u∈MX

F(v, u) = min
1≤l≤|X |

dl(v) = min
1≤l≤|X | ∑

k:Akl(W)>0
vk = min

x∈X ∑
y:W(y|x)>0

Qv(y),

with Qv(y) = vy for y ∈ {1, . . . , |Y|}. So,

max
v∈MY

min
u∈MX

F(v, u) = max
Q∈P(Y)

min
x∈X ∑

y:W(y|x)>0
Qv(y) = Ψ∞(W).

Furthermore, for u ∈ MX fixed,

F(v, u) =

⎛⎜⎝ |Y|
∑
k=1

⎛⎝ |X |
∑
l=1

ul Akl(W)

⎞⎠vk

⎞⎟⎠
=

⎛⎝ |Y|
∑
k=1

βk(u)vk

⎞⎠,

with βk(u) = ∑
|X |
l=1 ul Akl(W) ≥ 0 and 1 ≤ k ≤ |Y|. Therefore,

max
v∈MY

F(v, u) = max
1≤k≤|Y|

βk(u) = max
1≤k≤|Y| ∑

l:Akl(W)>0
ul = max

y∈Y ∑
x:W(Y|x)>0

pu(x)

with pu(x) = ux for 1 ≤ x ≤ |X |. It follows that

min
u∈MX

max
v∈MY

F(v, u) = min
p∈P(X )

max
y∈Y ∑

x:W(y|x)>0
P(x) = Ψ∞(W).

We get the following lemma.

Lemma 3. Let W ∈ CH(X ,Y); then,

R∞(W) = G(W).

We want to investigate the behavior of E(·, R) for the input W1 ⊗ W2, where W1 ⊗ W2

denotes the Kronecker product of the matrices W1 and W2 compared to E(W1, R) and
E(W2, R). For this purpose, let X1,Y1,X2,Y2 be arbitrary finite non-trivial alphabets, and
we consider Wl ∈ CH(Xl ,Yl) for l = 1, 2.
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Theorem 17. Let X1,Y1,X2,Y2 be arbitrary finite non-trivial alphabets, and Wl ∈ CH(Xl ,Yl)

for l = 1, 2. Then, we have

R∞(W1 ⊗ W2) = R∞(W1) + R∞(W2).

Proof. We use the Ψ∞ function. It applies to Q = Q1 · Q2 with Q1 ∈ P(Y1) and
Q2 ∈ P(Y2), so that

min
x1∈X1,x2∈X2

∑
y1:W1(y1|x1)>0

∑
y2:W2(y2|x2)

Q1(y1)Q2(y2)

=

⎛⎝ min
x1∈X1

∑
y1:W1(y1|x1)>0

Q1(y1)

⎞⎠⎛⎝ min
x1∈X1

∑
y2:W2(y2|x2)>0

Q2(y2)

⎞⎠.

This applies to all Q1 ∈ P(Y1) and Q2 ∈ P(Y2) arbitrarily. So,

Ψ∞(W1 ⊗ W2) ≥ Ψ∞(W1) · Ψ∞(W2).

Also, we have

Ψ∞(W1 ⊗ W2)

= min
P∈P(X1×X2)

max
(y1,y2)∈Y1×Y2

∑
x1:W1(y1|x1)>0

∑
x2:W2(y2|x2)>0

P(x1, y2)

≤ Ψ∞(W1) · Ψ∞(W2)

as well. So,
Ψ∞(W1 ⊗ W2) = Ψ∞(W1) · Ψ∞(W2)

and the theorem is proven.

We want to investigate the behavior of CFB
0 for the input W1 ⊗ W2 compared to

CFB
0 (W1) and CFB

0 (W2). For this purpose, let X1,Y1,X2,Y2 be arbitrary finite non-trivial
alphabets and consider Wl ∈ CH(Xl ,Yl) for l = 1, 2.

Theorem 18. Let X1,Y1,X2,Y2 be arbitrary finite non-trivial alphabets, and Wl ∈ CH(Xl ,Yl)

for l = 1, 2. Then, we have

1.
CFB

0 (W1 ⊗ W2) ≥ CFB
0 (W1) + CFB

0 (W2) (31)

2.
CFB

0 (W1 ⊗ W2) > CFB
0 (W1) + CFB

0 (W2) (32)

if and only if

min
1≤l≤2

CFB
0 (Wl) = 0 and max

1≤l≤2
CFB

0 (Wl) > 0 and min
1≤l≤2

R∞(Wl) > 0. (33)

Remark 9. The condition (33) is equivalent to

min
1≤l≤2

C0(Wl) = 0 and max
1≤l≤2

C0(Wl) > 0 and min
1≤l≤2

R∞(Wl) > 0. (34)
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Proof. (31) follows directly from the operational definition of C. Let (33) now be ful-
filled. Then, CFB

0 (W1 ⊗ W2) > 0 must be fulfilled. Without loss of generality, we assume
CFB

0 (W1) = 0, CFB
0 (W2) > 0 and R∞(W1) > 0, R∞(W2) > 0. Since CFB

0 (W1 ⊗ W2) > 0,

CFB
0 (W1 ⊗ W2) = R∞(W1 ⊗ W2)

= R∞(W1) + R∞(W2)

= R∞(W1) + CFB
0 (W2)

> 0 + CFB
0 (W2)

= CFB
0 (W1) + CFB

0 (W2).

If (32) is fulfilled, then CFB
0 (W1 ⊗ W2) > 0. Then, max1≤l≤2 CFB

0 (Wl) > 0 must be, because
if max1≤l≤2 CFB

0 (Wl) = 0, then max1≤l≤2 C0(Wl) = 0, and thus C0(W1 ⊗ W2) = 0 also
(since the C0 capacity has no super-activation). This means that CFB

0 (W1 ⊗ W2) = 0, which
would be a contradiction.

If min1≤2 CFB
0 (Wl) > 0, then

CFB
0 (W1 ⊗ W2) = R∞(W1 ⊗ W2)

= R∞(W1) + R∞(W2)

= CFB
0 (W1) + CFB

0 (W2).

This is a contradiction, and thus min1≤2 CFB
0 (Wl) = 0. Furthermore, min1≤l≤2 R∞(Wl) > 0

must apply, because if min1≤l≤2 R∞(Wl) = 0, then R∞(W1) = 0 without loss of
generality. Then,

CFB
0 (W1 ⊗ W2) = R∞(W1 ⊗ W2)

= R∞(W1) + R∞(W2)

= 0 + R∞(W2)

= 0 + CFB
0 (W2)

= CFB
0 (W1) + CFB

0 (W2),

because CFB
0 (W1) = 0 when R∞(W1) = 0. This is again a contradiction. With this, we have

proven the theorem.

We still want to show for which alphabet sizes the behavior according to Theorem 18
can occur.

Theorem 19. 1. If |X1| = |X2| = |Y1| = |Y2| = 2, then for all Wl ∈ CH(Xl ,Yl) with
l = 1, 2, we have

CFB
0 (W1 ⊗ W2) = CFB

0 (W1) + CFB
0 (W2). (35)

2. If X1, X2,Y1,Y2 are non-trivial alphabets with

max{min{|X1|, |Y1|}, min{|X2|, |Y2|}} ≥ 3,

then there exists Ŵl ∈ CH(Xl ,Yl) with l = 1, 2, such that

CFB
0 (Ŵ1 ⊗ Ŵ2) > CFB

0 (Ŵ1) + CFB
0 (Ŵ2). (36)

Proof. 1. If C0(W1) = C0(W2), then (35) holds, since C0(W1 ⊗ W2) = 0.
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If max{C0(W1), C0(W2)} > 0, we can assume without loss of generality that
C0(W1) = 0. In this case, W1 must be either

W1 =

(
1 0
0 1

)
or W1 =

(
0 1
1 0

)
,

which implies that C0(W2) = 1, and consequently, CFB
0 (W2) = 1. Furthermore, if

R∞(W2) > 0, then W2 must also be one of the two matrices above, ensuring that (35)
holds. If instead R∞(W2) = 0, Theorem 17 guarantees that (35) remains valid.

2. We now prove (36) under the assumption that |X1| = |Y1| = 2 and |X2| = |Y2| = 3. If
we have found channels Ŵ1, Ŵ2 for this case, such that (36) holds, then it is also

clear how general case 2 can be proved. We set Ŵ1 =

(
1 0
0 1

)
, which means

C0(Ŵ1) = CFB
0 (Ŵ1) = R∞(Ŵ1) = 1. For Ŵ2, we take the three-ary typewriter

channel Ŵ2(ε) with X2 = Y2 = {0, 1, 2} (see [43]):

Ŵ2(ε)(y|x) =
{

1 − ε y = x,
ε y = x + 1 mod 3.

Let ε ∈ (0, 1
2 ) be arbitrary, then C(Ŵ2(ε)) = log2(3) − H2(ε). We have

R∞(Ŵ2(ε)) = log2
3
2 and C0(Ŵ2(ε)) = 0. This means that CFB

0 (Ŵ2(ε)) = 0. Thus,
because C0(Ŵ1 × Ŵ2(ε)) ≥ C0(Ŵ1) = 1,

CFB
0 (Ŵ1 ⊗ Ŵ2(ε)) = R∞(Ŵ1) = R∞(Ŵ2(ε))

= 1 + log2(
3
2
) > CFB

0 (Ŵ1) + CFB
0 (Ŵ2(ε))

and we have proven case 2.

6. Behavior of the Expurgation-Bound Rates

In this section, we consider the behavior of the expurgation-bound rate. Rk
ex occurs

in the expurgation bound as a lower bound for the channel reliability function, where k is
the parameter for the k-letter description. Let X1,Y1,X2,Y2 be arbitrary finite non-trivial
alphabets, and Wl ∈ CH(Xl ,Yl) for l = 1, 2. We want to examine Rk

ex.

Theorem 20. There exist non-trivial alphabets X1,Y1,X2,Y2 and channels Wl ∈ CH(Xl ,Yl) for
l = 1, 2, such that for all k̂, there exists k ≥ k̂ with

Rk
ex(W1 ⊗ W2) �= Rk

ex(W1) + Rk
ex(W2).

Proof. Assume that for all X1,Y1,X2,Y2 and Wl ∈ CH(Xl ,Yl) with l = 1, 2 for all k ∈ N,

Rk
ex(W1 ⊗ W2) = Rk

ex(W1) + Rk
ex(W2).

We now take X ′
1,Y′

1,X ′
2,Y′

2 such that C0 is superadditive. Then, we have for certain W ′
1, W ′

2
with W ′

l ∈ CH(X ′
l ,Y′

l ),

C0(W ′
1 ⊗ W ′

2) > C0(W ′
1) + C0(W ′

2). (37)
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Then,

C0(W ′
1 ⊗ W ′

2) = lim
k→∞

Rk
ex(W

′
1 ⊗ W ′

2)

= lim
k→∞

Rk
ex(W

′
1) + Rk

ex(W
′
2)

= C0(W ′
1) + C0(W ′

2).

This is a contradiction, and thus the theorem is proven.

We improve the statement of Theorem 20 with the following theorem.

Theorem 21. There exist non-trivial alphabets X1,Y1,X2,Y2 , channels Wl ∈ CH(Xl ,Yl) for
l = 1, 2 and a k̂, such that for all k ≥ k̂,

Rk
ex(W1 ⊗ W2) > Rk

ex(W1) + Rk
ex(W2)

holds true.

Proof. Assume the statement of the theorem is false, which means for all channels
Wl ∈ CH(Xl ,Yl) with l = 1, 2, the following applies: There exists a sequence {kj}j∈N ⊂ N

with limj→∞ kj = +∞, such that

Rkl
ex(W1 ⊗ W2) ≤ Rkl

ex(W1) + Rkl
ex(W2)

for l ∈ N. We now take X̂1, Ŷ1, X̂2, Ŷ2 so that C0 is superadditive for these alphabets. Then,
we have for certain Ŵ1, Ŵ2 with Ŵl ∈ CH(Xl ,Yl) for l = 1, 2,

C0(Ŵ1 ⊗ Ŵ2) > C0(Ŵ1) + C0(Ŵ2). (38)

Then,

C0(Ŵ1 ⊗ Ŵ2) = lim
j→∞

R
kj
ex(Ŵ1 ⊗ Ŵ2) ≤ lim

j→∞

(
R

kj
ex(Ŵ1) + R

kj
ex(Ŵ2)

)
= C0(Ŵ1) + C0(Ŵ2).

This is a contradiction to (38), and thus the theorem is proven.

We have already observed that the function E(W, ·) exhibits significantly differ-
ent behavior over certain rate intervals [R, R̂]. In particular, we have analyzed the im-
pact of the channel product W1 ⊗ W2 on the intervals (R∞(W1 ⊗ W2), C(W1 ⊗ W2)) and
(Ek

ex(W1 ⊗ W2), C(W1 ⊗ W2)) for k ∈ N.
For the first interval, we established the relation

(R∞(W1 ⊗ W2), C(W1 ⊗ W2)) = (R∞(W1) + R∞(W2), C(W1) + C(W2)).

However , for the second interval, we have shown that such a simple additive behavior
does not hold. Given the proof of Theorem 18, we conclude that there exist channels W ′

1, W ′
2

for which
Rk

ex(W
′
1 ⊗ W ′

2) > Rk
ex(W

′
1) + Rk

ex(W
′
2)

is satisfied for all k ≥ k̂.
Another important aspect is understanding the conditions under which the interval

[0, R̂) causes E(W, r) to become infinite. This occurs if and only if C0(W) > 0, in which
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case, the interval is given by [0, C0(W)). Consequently, there exist channels W ′
1, W ′

2 such
that for the function E(W ′

1 ⊗ W ′
2, ·), this interval extends beyond [0, C0(W ′

1) + C0(W ′
2)].

Thus, we conclude that C0 is generally superadditive.

7. Conclusions

We have shown that the channel reliability function is not a Turing computable
performance function. The same conclusion holds for the functions associated with the
sphere packing bound and the expurgation bound.

An interesting aspect of our work is that the constraints we impose on Turing com-
putable performance functions are strictly weaker than those typically required for Turing
computable functions. Specifically, we do not require that the Turing machine halt for all
inputs (W, R) ∈ Ch ×R+

c . This means we allow the Turing machine to compute indefinitely
for certain inputs, i.e., it may never halt for some inputs. Consequently, we permit perfor-
mance functions that are not defined for all (W, R) ∈ Ch ×R+

c . However, we do require the
Turing machine to halt for inputs (W, R) ∈ Ch ×Rc whenever the performance function
F is defined, and in such cases, the machine must return the computable value F(W, R)
as output. This ensures that the algorithm generated corresponds to the number F(W, R)
according to Definition 15.

Additionally, we considered the R∞ function and the zero-error feedback capacity,
both of which play a critical role in the context of the channel reliability function. We
demonstrated that neither the R∞ function nor the zero-error feedback capacity is Banach–
Mazur computable. Furthermore, we proved that the R∞ function is additive.

We also established that for all finite alphabets X ,Y with |X | ≥ 2 and |Y| ≥ 2,
the channel reliability function itself is not a Turing computable performance function.
Moreover, we showed that the commonly studied bounds, which have been extensively
examined in the literature, are also not Turing computable performance functions. It
remains unclear whether non-trivial upper bounds for the channel reliability function that
are Turing computable even exist.

In [13], the sequence of k-letter expurgation bounds was considered an effective
method for approximating the channel reliability function. It was hoped that these se-
quences could be computed more efficiently using modern digital computers. However,
we have shown that this is not the case. Table 1 gives an overview of the main results of
the paper.

As mentioned in the Introduction, future communication systems, such as 6G, will
face stringent requirements for trustworthiness. Ultra-reliability, along with the corre-
sponding performance functions, is central to 6G, and this paper addresses that challenge.
It is currently unclear how the non-Turing computability of performance functions will
impact the system evaluation and certification of future communication systems. A recent
study [62] showed that the non-Turing computability of performance functions in artifi-
cial intelligence (AI) leads to digital AI algorithms being unable to meet essential legal
requirements. It is an intriguing research question whether similar issues might arise in the
context of communication systems.

This work does not claim that machine learning or artificial intelligence (AI) ap-
proaches are useless for computing capacity functions. Rather, it demonstrates that certain
solutions cannot be found by such methods, or that a computer may not be able to assess
how close a given result is to the optimum. Nevertheless, employing machine learning
tools remains valuable; one must simply be aware that these approaches do not always
guarantee optimality. In such cases, alternative theoretical frameworks may be necessary.
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Table 1. Overview of results.

Problem Result

Computability of capacity
R∞: Yes
R0: Unknown
R0 for alphabet size < 5: Yes

Semi-decidability of capacity > λ
R∞: No
CFB

0 : No

Semi-decidability of capacity < λ
R∞: Yes
CFB

0 : Yes

Computability of capacity function
R∞: No
CFB

0 : No

Computability of performance function E(W, R): No
{Eex(·, ·, k)}k∈N: No

Additivity

R∞: Yes
CFB

0 : Unknown
CFB

0 for alphabet size 2: Yes
Rk

ex: No

Turing computability and Banach–Mazur computability are two central notions in the
theory of computation. Every function that is Turing computable is also Banach–Mazur
computable, meaning that Banach–Mazur computability subsumes Turing computability.
However, the converse does not hold: not every Banach–Mazur computable function is
Turing computable. In fact, if a function is not Banach–Mazur computable, then it can-
not be computable under any other standard notion of computability. This underscores
the foundational and maximal character of Banach–Mazur computability within the hi-
erarchy of computability concepts. Moreover, as shown in [63], there exist even total
functions—functions defined on all computable real numbers—that are Banach–Mazur
computable but not Turing computable. For readers interested in a deeper understanding
of computability theory—how to determine whether a function is computable, along with
illustrative examples and detailed explanations—we recommend the comprehensive work
by Soare [64] and Cooper’s New Computational Paradigms [65]. Practical implications of
these theoretical analyses, especially their relevance to real-world applications, are further
explored in [66], which may be of particular interest to those seeking connections between
theory and practice.
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Abstract: Tempered fractional diffusion equations constitute a critical class of partial differ-
ential equations with broad applications across multiple physical domains. In this paper,
the Crank–Nicolson method and the tempered weighted and shifted Grünwald formula
are used to discretize the tempered fractional diffusion equations. The discretized system
has the structure of the sum of the identity matrix and a diagonal matrix multiplied by a
symmetric positive definite (SPD) Toeplitz matrix. For the discretized system, we propose
a structure approximation-based preconditioning method. The structure approximation
lies in two aspects: the inverse approximation based on the row-by-row strategy and the
SPD Toeplitz approximation by the τ matrix. The proposed preconditioning method can
be efficiently implemented using the discrete sine transform (DST). In spectral analysis, it
is found that the eigenvalues of the preconditioned coefficient matrix are clustered around
1, ensuring fast convergence of Krylov subspace methods with the new preconditioner.
Numerical experiments demonstrate the effectiveness of the proposed preconditioner.

Keywords: tempered fractional diffusion equations; Krylov subspace method; structure
approximation; preconditioning

1. Introduction

This paper discusses the numerical solution of variable coefficient tempered fractional
diffusion equations (tempered FDEs) with initial boundary value problems⎧⎪⎨⎪⎩

∂u(x,t)
∂t = d(x)

(
aDβ,λ

x + xDβ,λ
b

)
u(x, t) + f (x, t),

u(a, t) = 0, u(b, t) = 0, t ∈ [0, T],
u(x, 0) = u0(x), x ∈ [a, b],

(1)

where f (x, t) is the source term, d(x) ≥ 0 is the diffusion coefficient function, and λ is
a non-negative parameter. aDβ,λ

x and xDβ,λ
b denote the left and right Riemann–Liouville

tempered fractional derivatives of the function u(x, t) with order β(1 < β < 2), respectively.
They are defined by (see Baeumer and Meerschaert [1])

aDβ,λ
x u(x) = aDβ,λ

x u(x)− βλβ−1∂xu(x)− λβu(x)

and

xDβ,λ
b u(x) = xDβ,λ

b u(x) + βλβ−1∂xu(x)− λβu(x)

where

aDβ,λ
x u(x) = e−λx

aDβ
x

(
eλxu(x)

)
=

e−λx

Γ(2 − β)

∂2

∂x2

∫ x

a

eλsu(s)

(x − s)β−1 ds
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and

xDβ,λ
b u(x) = eλx

xDβ
b

(
e−λxu(x)

)
=

eλx

Γ(2 − β)

∂2

∂x2

∫ b

x

e−λsu(s)

(s − x)β−1 ds.

Tempered FDEs are a crucial class of equations widely applied in fields such as biology,
geophysics, and finance [2–4]. These equations are characterized by incorporating tempered
fractional derivatives, modifying standard fractional diffusion equations by introducing an
exponential tempering factor. This modification allows tempered FDEs to better simulate
processes with finite propagation speed, accurately describing actual physical phenomena.
However, analytical solutions to tempered FDEs and FDEs are generally difficult to obtain,
leading to extensive research on the numerical solutions of FDEs in recent years [5–11].

For tempered fractional derivatives, stability of the resulting finite difference schemes
can only be ensured if the spatial step size is sufficiently small when using standard frac-
tional derivative approximations directly [12]. A novel shifted approximation method for
tempered fractional derivatives was proposed in [13], successfully developing an uncondi-
tionally stable numerical scheme for one-dimensional (1D) tempered fractional diffusion
equations with constant coefficients. Additionally, a Crank–Nicolson scheme was pro-
posed [14] for solving initial boundary value problems of a class of variable coefficient
tempered fractional diffusion equations, providing the discretization method used in this
paper. The inherent non-locality of tempered fractional operators manifests in the algebraic
structure of discretized systems, producing coefficient matrices with dense or fully pop-
ulated configurations. The system’s coefficient matrix assumes the configuration I + DT,
with I denoting the identity matrix, D a diagonal matrix, and T an SPD Toeplitz matrix.

Traditional direct solution methods, such as Gaussian elimination, require large com-
putational cost and storage space. The Krylov subspace methods are typically used to
solve these kinds of linear system. Meanwhile, effective preconditioning strategies can
significantly accelerate the convergence rate of the Krylov subspace methods [15–18]. For
1D and 2D tempered FDEs, Lei, Fan and Chen [19] proposed a fast-iterative method and a
fast-direct method. And they used the circulant preconditioner to accelerate the iteration
process. In [20], a robust preconditioner was developed for the discretized scheme of
nonlinear tempered FDEs. In [21], a circulant and skew-circulant splitting iteration method
was used to solve the discretized system of tempered FDEs. The induced preconditioning
form was also investigated. Nevertheless, emerging methodologies demonstrate superior
efficacy compared to conventional preconditioning approaches. For 1D tempered FDEs,
Tang and Huang [22] approximated the SPD Toeplitz matrix by the τ matrix [15] and
proposed a scaled diagonal and Toeplitz approximate splitting (SDTAS) preconditioning
method. The equations examined in this study address a notably underexplored class of
tempered FDEs in the contemporary literature, characterized by discretization schemes that
yield coefficient matrices incorporating SPD Toeplitz structures. This distinctive matrix con-
figuration, possessing both theoretically significant properties and practical computational
advantages, constitutes the principal focus of our numerical investigation. Also, some of
the latest numerical solution methods for FDEs are described in [23,24]. In addition, it
is noticed that a row-by-row inverse approximation strategy has been proposed [25] and
applied [26–28]. Inspired by this strategy, we will try to construct an efficient precondi-
tioner for the linear system arising from the numerical solution of tempered FDEs with
variable coefficients.

In this paper, we use the second-order finite difference scheme to discretize the tem-
pered FDEs. Specifically, we employ the Crank–Nicolson method for time discretization
and the tempered weighted and shifted Grünwald formula for spatial discretization. We
observe that the coefficient matrix of the resulting linear system is of the form I + DT. We
approximate the SPD Toeplitz matrix T by the τ matrix and construct a novel approximate
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inverse preconditioner inspired by the row-by-row approximation strategy. The precon-
ditioner can be efficiently computed using discrete sine transforms, with each step of the
preconditioned Krylov subspace method having a computational complexity of O(N log N).
Spectral analysis establishes eigenvalue clustering near unity for the preconditioned sys-
tem, which theoretically guarantees the superlinear convergence rate of Krylov subspace
iterations—a property rigorously verified through our mathematical proofs. Numerical
experiments are carried out to assess the performance of the developed preconditioner.

The remainder of this paper is organized as follows. Section 2 presents the derivation
of the discretized system for tempered FDEs. Section 3 details the formulation of an approx-
imate inverse preconditioner. Section 4 performs spectral analysis of the preconditioned
matrices. Section 5 validates the computational efficiency of the proposed preconditioner
through numerical experiments. Concluding remarks summarizing the key findings are
provided in Section 6.

2. Discretization of Tempered FDEs

Let N and M be positive integers, representing the number of spatial and temporal
partitions, respectively. We define the spatial step size h = a

N+1 and the time step size
Δt = T

M . The spatial and temporal grids are given by xi = ih for i = 0, 1, . . . , N + 1 and
tj = jΔt for j = 0, 1, . . . , M.

We review that the tempered fractional derivatives in (1) can be approximated using
the tempered weighted and shifted Grünwald formula (tempered WSGD) [14]

aDβ,λ
x u

(
xi, tj

)
− λβu

(
xi, tj

)
=

1
hβ

i+1

∑
k=0

g(β)
k u

(
xi−k+1, tj

)
− 1

hβ
ρβu

(
xi, tj

)
+ O

(
h2

)
,

and

xDβ,λ
b u

(
xi, tj

)
− λβu

(
xi, tj

)
=

1
hβ

N−i+2

∑
k=0

g(β)
k u

(
xi+k−1, tj

)
− 1

hβ
ρβu

(
xi, tj

)
+ O

(
h2

)
,

where ρβ =
(

γ1ehλ + γ2 + γ3e−hλ
)(

1 − e−hλ
)β

; the weights g(β)
k are given by

g(β)
k =

⎧⎪⎪⎨⎪⎪⎩
γ1w(β)

0 ehλ, k = 0,

γ1w(β)
1 + γ2w(β)

0 , k = 1,(
γ1w(β)

k + γ2w(β)
k−1 + γ3w(β)

k−2

)
e−(k−1)hλ, k ≥ 2,

(2)

where w(β)
0 = 1, w(β)

k =
(

1 − 1+β
k

)
w(β)

k−1, for k ≥ 1, and γ1, γ2, γ3 satisfy the linear system

{
γ1 + γ2 + γ3 = 1,
γ1 − γ3 = β/2.

(3)

Let uj
i ≈ u

(
xi, tj

)
, f j+ 1

2
i = f

(
xi, tj+ 1

2

)
, tj+ 1

2
= 1

2
(
tj + tj+1

)
and uj+ 1

2
i = 1

2

(
uj

i + uj+1
i

)
for i = 1, . . . , N, j = 0, 1, . . . , M. At the mesh point

(
xi, tj+ 1

2

)
, we consider the Crank–

Nicolson technique for time discretization and the tempered WSGD approximation for the
tempered fractional derivatives to discretize the tempered FDEs in (1). Under the truncation-
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error-free assumption [23,24], the second-order finite difference scheme is formulated
as follows:

uj+1
i − uj

i
Δt

=
di
2

(
1
hβ

i+1

∑
k=0

g(β)
k uj+1

i−k+1 −
1
hβ

ρβuj+1
i +

1
hβ

N−i+2

∑
k=0

g(β)
k uj+1

i+k−1 −
1
hβ

ρβuj+1
i

)

+
di
2

(
1
hβ

i+1

∑
k=0

g(β)
k uj

i−k+1 −
1
hβ

ρβuj
i +

1
hβ

N−i+2

∑
k=0

g(β)
k uj

i+k−1 −
1
hβ

ρβuj
i

)

+ f j+ 1
2

i .

(4)

We define the diagonal matrix as

D = diag(d1, d2, . . . , dN)

and the vectors as

uj =
[
uj

1, uj
2, . . . , uj

N

]T
, f j+ 1

2 =

[
f j+ 1

2
1 , f j+ 1

2
2 , . . . , f j+ 1

2
N

]T
.

For j = 0, 1, . . . , M and a given u0, the differential scheme (4) admits a matrix representation
expressed as

(I + DG)uj+1 = (I − DG)uj + Δt f j+ 1
2 , (5)

where I is the identity matrix, and G is an SPD Toeplitz matrix, defined as G = Gβ + GT
β ,

where GT
β represents the transpose of Gβ. Gβ can be represented as

Gβ = − Δt
2hβ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

g(β)
1 − ρβ g(β)

0 0 . . . 0 0

g(β)
2 g(β)

1 − ρβ g(β)
0 0 . . . 0

...
. . . . . . . . .

...

g(β)
N−1

. . . . . . . . . g(β)
0

g(β)
N g(β)

N−1 . . . . . . g(β)
2 g(β)

1 − ρβ

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Consequently, the coefficient matrix A associated with the tempered FDEs (4) is struc-
tured as a superposition of the identity matrix and an SPD Toeplitz matrix premultiplying
a diagonal matrix, analytically expressed as

A = I + DG. (6)

Since the system (3) is underdetermined, the following Lemma 1 [14] establishes
additional constraints on parameters γ1, γ2, γ3 to ensure that the finite difference scheme (4)
remains unconditionally stable while attaining second-order accuracy in both spatial and
temporal domains.

Lemma 1. Let S be the solution set of the linear system (3), if 1 < β < 2, λ ≥ 0, (γ1, γ2, γ3) ∈
S , and

1. max
{

2(β2+3β−4)
β2+3β+2 , β2+3β

β2+3β+4

}
< γ1 <

3(β2+3β−2)
2(β2+3β+2) ; or

2.
(β−4)(β2+3β+2)+24

2(β2+3β+2) < γ2 < min
{

(β−2)(β2+3β+4)+16
2(β2+3β+4) ,

(β−6)(β2+3β+2)+48
2(β2+3β+2)

}
; or

3. max
{

(2−β)(β2+β−8)
β2+3β+2 ,

(1−β)(β2+2β)
2(β2+3β+4)

}
< γ3 <

(2−β)(β2+2β−3)
2(β2+3β+2)
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we have

g(β)
1 < 0, g(β)

2 + g(β)
0 > 0, g(β)

k > 0, ∀k ≥ 3,
∞

∑
k=0

g(β)
k = ρβ ≥ 0. (7)

3. Structure Approximation-Based Preconditioning

In this section, we first construct an inverse approximation for the coefficient matrix
based on its structure and the row-by-row strategy. In addition, we approximated the in-
volved SPD Toeplitz matrix by the corresponding τ matrix, thereby introducing a structure
approximation-based preconditioner to address the targeted linear system (5).

The row-by-row approximation strategy [25] takes advantage of the fact that
eT

i A = eT
i Ki. Here we take the approximation as eT

i A−1 ≈ eT
i K−1

i , where ei represents
the i-th column of the identity matrix, Ki = I + diG, i = 1, 2, . . . , N. Based on this, we
obtain the approximate inverse preconditioner P1

P−1
1 =

N

∑
i=1

eieT
i K−1

i .

Recognizing that G exhibits an SPD Toeplitz structure, we employ the τ-based matrix
to derive an efficient approximation of G [15]. For convenience, the first column of the

G matrix can be expressed as − Δt
2hβ

[
2
(

g(β)
1 − ρα

)
, g(β)

0 + g(β)
2 , g(β)

3 , . . . , g(β)
N

]T
. According

to [15], we can compute the τ matrix approximation using Hankel correction

τ(G) = G − HC(G), (8)

where HC(G) is a symmetric Hankel matrix, and its anti-diagonal elements can be com-
puted from the corresponding elements in the following first column and last column:

− Δt
2hβ

(
g(β)

3 , g(β)
4 , . . . , g(β)

N , 0, 0
)T

, − Δt
2hβ

(
0, 0, g(β)

N , . . . , g(β)
4 , g(β)

3

)T
. (9)

It is well-known that τ(G) defined in (8) admits diagonalization via the discrete
sine transform:

τ(G) = SΛS, S =

(√
2

N + 1
· sin

πij
N + 1

)
, i, j = 1, 2, . . . , N, (10)

where Λ = diag(λ1, λ2, . . . , λN), and S is the discrete sine transform matrix.
Clearly, Gj = I + djτ(G) remains a τ matrix. Using the τ matrix Gj to approximate

the SPD Toeplitz matrix Kj, we obtain the τ matrix-based approximate preconditioner

P−1
2 =

N

∑
i=1

eieT
i G−1

i . (11)

With the preconditioner P−1
2 , we need to compute O(N) discrete sine transforms for each

iteration, which is still computationally intensive. As carried out in [25], we consider using
interpolation methods to reduce computational complexity.

Define {xi}N
i=1 as the set of all discrete points in the interval [a, b], and the function

qk(x) = 1
1+λkd(x) , where λk ∈ sp(τ(G)) = {λ1, λ2, . . . , λN}, k = 1, 2, . . . , N. Select l(l � N)
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interpolation points {
(

x̃j, qk
(

x̃j
))
}l

j=1 in (xi, qk(xi))}N
i=1, and then piecewise linear interpo-

lation is applied to construct the interpolating function

pk(x) = φ1(x)qk(x̃1) + φ2(x)qk(x̃2) + · · ·+ φl(x)qk(x̃l)

=
l

∑
s=1

φs(x)qk(x̃s).
(12)

By leveraging Equation (10), each Gj is diagonalized into the form Gj = SΛjS for
j = 1, 2, . . . , N where S denotes the discrete sine transform matrix, and Λj represents a
diagonal matrix containing the eigenvalues of Gj. Then, applying interpolation (12) to
approximate G−1

j , we have

G−1
j ≈ S

(
l

∑
s=1

φs
(

xj
)
Λ−1

s

)
S. (13)

Replacing G−1
j in (11) with approximation values (13), we propose the approximate inverse

preconditioner as

P−1
3 =

N

∑
i=1

eieT
i S

(
l

∑
s=1

φs(xi)Λ−1
s

)
S

=
l

∑
s=1

(
N

∑
i=1

eieT
i φs(xi)

)
S
(

Λ−1
s

)
S

=
l

∑
s=1

ΦsSΛ−1
s S,

(14)

where Φs = diag(ϕs(x1), ϕs(x2), . . . , ϕs(xN)), Λ−1
s = diag(q1(x̃s), q2(x̃s), . . . , qN(x̃s)), s =

1, 2, . . . , l are diagonal matrices. For a suitable number of interpolation points l, the com-
putation of the preconditioner (14) requires O(lN log N) operations. We denote P−1

3 as
P−1

TAI(l), where l represents the number of interpolation points, and have summarized the
Algorithm 1 in the table below.

Algorithm 1 Solving system (5) by the PGMRES method with preconditioner P−1
TAI(l).

Input: Matrix A = I + DG defined in (6) and the interpolation point l.
Output: The solution u = [u1, u2, . . . , um].

1: Calculate the eigenvalues of G by FFT and calculate the eigenvalues of τ(G) by DST;
2: Construct the preconditioner P−1

TAI(l) by diagonalizing τ(G) using Formula (14);
3: Set the initial vector u0;
4: For k = 1, 2, . . . , m do
5: Use the right-hand term of Formula (5) to calculate bk by FFT.
6: Calculate P−1

TAI(l)v by DST and calculate Av by FFT.
7: Obtain uk by performing MATLAB’s gmres.
8: end for

4. Spectral Analysis

In this section, we discuss the spectral properties of the preconditioned matrix P−1
3 A.

First, we review some off-diagonal decay property reasoning.

Lemma 2 ([25]). Let β ∈ (1, 2) and A = (ai,j) ∈ Lβ+1 be a matrix, which satisfies

|ai,j| ≤
c

(1 + |i − j|)β+1

for β > 0, and some constant c > 0. Then ∃ a constant � s.t. ‖L‖∞ ≤ �.
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Lemma 3 ([25]). Let A and P1 be as defined in Section 3, d(x) ∈ C1[xL, xR]. For any given ε > 0,
there exists a constant c1 and an integer N1, such that for l ≥ N1,

‖P−1
1 − A−1‖∞ ≤ c1 max

1≤i≤N
Δ(xi, l) + ε,

where
Δ(xi, l) = max

i−l≤k≤i+l
|xk − xi| = (l − 1)h.

Next, we discuss the spectral properties of P−1
3 A by analyzing the approximation

P−1
3 − A−1. Due to

P−1
3 − A−1 = P−1

3 − P−1
2 + P−1

2 − P−1
1 + P−1

1 − A−1,

we will respectively analyze the properties of P−1
3 − P−1

2 , P−1
2 − P−1

1 and P−1
1 − A−1. And

the approximation property of P1 and A is given in Lemma 3 above. Then, we give the
results of the approximation property of P−1

2 and P−1
1 .

Theorem 1. Let P1 and P2 be defined as in Section 3. The approximation P−1
2 to P−1

1 satisfies

P−1
2 − P−1

1 = E2 + F2,

where E2 and F2 are matrices of small norm and low rank, respectively, i.e., ‖E2‖ < c2 · ε and
rank(F2) ≤ 4ς for some positive constant c2, ε and ς.

Proof. We can write P−1
2 − P−1

1 as

P−1
2 − P−1

1 =
N

∑
i=1

eieT
i

(
G−1

i − K−1
i

)
=

N

∑
i=1

eieT
i K−1

i (Ki − Gi)G−1
i

=
N

∑
i=1

dieie
T
i K−1

i (G − τ(G))G−1
i ,

where ‖G−1
i ‖∞ < η−1; for detailed proof, refer to Lemma 4.7 in [25].

As shown in [15], the matrix difference G − τ(G) admits a decomposition E1 + F1,
where E1 coincides with G − τ(G) within the upper-left and lower-right (N − 1)× (N − 1)
submatrices and vanishes elsewhere, while satisfying rank(E1) ≤ 2(N − 1). Further, if we
let ε > 0 be fixed, then we have ‖F1‖2 < ε.

Given that K−1
i exhibits off-diagonal decay, it admits a splitting K̃i + K̂i, where

K̃i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ · · · ∗ 0 · · · 0
...

. . . . . . . . .
...

∗ . . . . . . 0

0
. . . . . . ∗

...
. . . . . . . . .

...
0 · · · 0 ∗ · · · ∗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
and K̂i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0 ∗ · · · ∗
...

. . . . . . . . .
...

0
. . . . . . ∗

∗ . . . . . . 0
...

. . . . . . . . .
...

∗ · · · ∗ 0 · · · 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where ‘*’ denotes the nonzero entries.
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Considering

K−1
i (G − τ(G))G−1

i = K−1
i (E1 + F1)G−1

i

= K−1
i E1G−1

i + K−1
i F1G−1

i

= K−1
i E1G−1

i + (K̃i + K̂i)F1G−1
i

= (K−1
i E1 + K̂iF1)G−1

i + K̃iF1G−1
i ,

we derive

‖(K−1
i E1 + K̂iF1)G−1

i ‖∞ ≤ (‖K−1
i ‖∞ · ‖E1‖∞ + ‖K̂i‖∞ · ‖F1‖∞) · ‖G−1

i ‖∞

≤ ε(‖K−1
i ‖∞ + ‖F1‖∞) · ‖G−1

i ‖∞

and

‖
N

∑
i=1

eieT
i (K

−1
i E1 + K̂iF1)G−1

i ‖∞ = max
1≤i≤N

‖eT
i (K

−1
i E1 + K̂iF1)G−1

i ‖1

= max
1≤i≤N

‖(K−1
i E1 + K̂iF1)G−1

i ‖∞

≤ ε · max
1≤i≤N

(‖K−1
i ‖∞ + ‖F1‖∞) · ‖G−1

i ‖∞.

Since ‖K−1
i ‖∞ and ‖F1‖∞ are limited due to Lemma 2, it follows that ‖G−1

i ‖∞ is also
bounded. In other words, there is a constant c2 > 0 such that∥∥∥∥∥ N

∑
i=1

eieT
i (K

−1
i E1 + K̂iF1)G−1

i

∥∥∥∥∥
∞

≤ c2 · ε.

Next, we focus on the matrix product K̃iF1G−1
i . We assume the block dimensions of

K̃i align with those of F1; otherwise, the smaller block is extended accordingly. Through
structural analysis of K̃i and F1, the subsequent outcomes are derived:

K̃iF1G−1
i =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 . . . . . . 0 +

0 0 . . . . . . 0 +

0 0 . . . . . . 0 0
...

...
...

...
0 0 . . . . . . 0 0
+ 0 . . . . . . 0 0
+ 0 . . . . . . 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, G−1

i =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

+ + . . . . . . + +

+ + . . . . . . + +

0 0 . . . . . . 0 0
...

...
...

...
0 0 . . . . . . 0 0
+ + . . . . . . + +

+ + . . . . . . + +

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where ‘+’ denotes non-negative entries. Therefore, we have

rank

(
N

∑
i=1

eieT
i K̃iF1G−1

i

)
≤ 4ς,

where ς is the dimension of the blocks in K̃iF1G−1
i . Consequently,

N

∑
i=1

eieT
i

(
K−1

i − K−1
i

)
=

N

∑
i=1

eieT
i

(
K−1

i E1 + K̂iF1

)
G−1

i +
N

∑
i=1

eieT
i K̃iF1G−1

i

= E2 + F2,

where E2 and F2 are matrices of small norm and low rank, respectively.
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Finally, we focus on the approximation property of P3 and A.

Theorem 2. Let P3, P2, P1 and A be defined as shown previously. Supposing l is sufficiently smaller
than N, there exists N2 such that for N > N2, it holds that

P−1
3 − A−1 = E + F,

where E and F are of small norm and of low rank, respectively.

Proof. By Theorem 4.2 in [25], we know that P−1
3 − P−1

2 = E3 − F3, where E3 is of small
norm, satisfying ‖E3‖∞ < c3 and F3 is of small rank. Due to Lemma 3, we know

‖P−1
1 − A−1‖∞ ≤ max

1≤i≤N
Δ(xi, N1) + ε = c1(N1 − 1)h + ε.

Let N2 be an integer such that (N1 − 1)h < ε, we have

P−1
3 − A−1 = P−1

3 − P−1
2 + P−1

2 − P−1
1 + P−1

1 − A−1

= E3 + F3 + E2 + F2 + P−1
1 − A−1

= E3 + E2 + (P−1
1 − A−1) + F3 + F2

� E + F,

where E = E3 + E2 + (P−1
1 − A−1) and F = F3 + F2. As

‖E‖∞ = ‖E3‖∞ + ‖E2‖∞ + ‖P−1
1 − A−1‖∞ < (c1 + c2 + c3 + 1) · ε,

then the conclusion follows.

5. Numerical Experiments

This section evaluates the computational efficiency of the proposed preconditioning
strategy through numerical experiments. All computations were executed in MATLAB
(R2022b) on a workstation equipped with a 4.00 GHz AMD Ryzen 9 7940H processor,
16.00 GB RAM, and the Windows 11 OS. We solve the variable-coefficient tempered FDEs:⎧⎪⎪⎨⎪⎪⎩

∂u(x,t)
∂t = d(x)

(
0D

β,λ
x +x D

β,λ
1

)
u(x, t) + f (x, t),

u(0, t) = 0, u(1, t) = 0, t ∈ [0, 1],

u(x, 0) = 0, x ∈ [0, 1].

(15)

The source term is given as follows:

f (x, t) = e−λxx3(1 − x)3 − td(x)

[
e−λx ∑3

m=0

(
(−1)m

(
3
m

)
Γ(4+m)

Γ(4+m−β)
x3+m−β

)

+eλ(x−2) ∑30
j=0

3j

j!

(
∑3

m=0

(
(−1)m

(
3
m

)
Γ(4+m+j)

Γ(4+m+j−β) (1 − x)j+3+m−β

))]
+2td(x)

(
λβ

)
e−λxx3(1 − x)3

and the exact solution is u(x, t) � te−λxx3(1 − x)3.
The resulting linear system of the discretization is solved by the GMRES method with

preconditioners. We test P−1
3 and denote it as P−1

TAI(l), where l represents the number of
interpolation points. For comparison, we also test the diagonal and circulant splitting
preconditioner [17], the skew-diagonal Toeplitz splitting preconditioner based on τ ma-
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trix [22], and the Strang circulant approximate inverse preconditioner [25]. These three
preconditioner are denoted as P−1

DCS, P−1
SDTASτ

and P−1
CAI(l), respectively.

In all experiments, λ = 1.5, β = 1.2. We searched for the optimal number of interpola-
tion points l in the proposed preconditioning matrices P−1

TAI(l). For the two experiments,
we choose the optimal number of interpolation points l to be 8 and 12, respectively. We
specify the same grid density in both space and time Δt = h, and for a certain initial
point u0. The iterative procedure is initialized with the zero vector and halts once the
relative residual error satisfies ‖rk‖/‖r0‖ < 10−7, with a cap of 1000 iterations imposed to
prevent divergence.

5.1. Test Problem 1

Consider the coefficient

d(x) =
e5x

1 + x
.

An illustration of the corresponding analytical solution and the numerical solution is
shown in Figure 1. We use GMRES with P−1

DCS, P−1
SDTASτ

, P−1
CAI(l) and P−1

TAI(l) preconditioners
as well as GMRES without preconditioning to test. The results of the computations at
discretization levels N = 108, 109, 1010, 1011, 1012 are shown in Table 1. Here, “IT” denotes
the average number of iterations per step, and “CPU” denotes the total computation
time(s) of the algorithm. To facilitate the comparison of the performance of different
preconditioning matrices, we visualized the results from Table 1, as shown in Figure 2.
From Table 1 and Figure 2, we can see that the performance of P−1

TAI(l) is significantly better
than that of P−1

CAI(l), P−1
DCS and P−1

SDTASτ
. The number of iterations for each preconditioning

method remains relatively stable as the discretization level increases, but the number of
iterations for P−1

TAI(l) is notably lower than that for the other three. Similarly, in terms
of computation time, the computation time for P−1

TAI(l) is much lower than that for the
other three, and the growth in computation time for P−1

TAI(l) is slower as the discretization
level increases.

Figure 1. Comparison of the exact solutions and P−1
TAI(10) numerical solutions (d = d1(x), λ = 1.5,

β = 1.2, γ1 = 0.75).

39



Algorithms 2025, 18, 307

Figure 2. Comparison of average iterations and computation time for P−1
DCS, P−1

SDTASτ
, P−1

CAI(l) and

P−1
TAI(l) (d = d1(x), λ = 1.5, β = 1.2, γ1 = 0.75).

Table 1. Numerical results of I, P−1
DCS, P−1

SDTASτ
, P−1

CAI(l) and P−1
TAI(l) (d = d1(x), λ = 1.5, β = 1.2,

γ1 = 0.75).

Method Index
N

28 29 210 211 212

I IT 87.34 108.21 123.12 134.07 140.03
CPU 0.82 3.66 14.33 70.64 555.72

P−1
DCS [17]

α 0.1 0.1 0.1 0.1 0.1
IT 16.06 16.03 16.02 16.01 17.00

CPU 0.38 1.31 4.53 17.33 65.74

P−1
SDTASτ

[22]
α 0.1 0.1 0.1 0.1 0.1
IT 11.04 12.02 14.01 15.01 16.00

CPU 0.20 0.52 1.91 7.32 36.86

P−1
CAI(l) [25]

l 8 8 8 8 8
IT 8.03 7.01 6.01 6.00 6.00

CPU 0.25 0.79 2.49 9.99 37.84

P−1
TAI(l)

l 8 8 8 8 8
IT 6.02 5.01 5.00 5.00 4.00

CPU 0.19 0.46 1.49 5.87 24.03

The proposed preconditioner and optimal result have been bolded.

To further illustrate the effectiveness of the proposed preconditioning matrices, we plot
the eigenvalue distributions of the original coefficient matrix A, the preconditioner P−1

DCS,
P−1

SDTASτ
, P−1

CAI(l) and P−1
TAI(l) when N = 108, as shown in Figure 3. It can be observed that

the eigenvalue distribution of the coefficient matrix A without preconditioning is highly
dispersed, while the eigenvalue distributions of the preconditioned matrices AP−1

TAI(l)
are concentrated around 1. Notably, the eigenvalue distribution of AP−1

TAI(l) is more
concentrated than those of the other preconditioners.

We searched for the optimal number of interpolation points l in the proposed precon-
ditioner P−1

TAI(l). As shown in Table 2, we tested GMRES using P−1
TAI(l) with the number

of interpolation points l = 4, 6, 8, 10, 12. To determine the optimal number of interpola-
tion points l, we visualized the number of iterations, as shown in Figure 4. By analyzing
Figure 4, we found that when the number of interpolation points l ≥ 8, the number of
iterations tends to stabilize. With this observation, the number of interpolation points l = 8
was recommended for test problem 1.
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Figure 3. The eigenvalue distributions of the original coefficient matrix A, the preconditioner P−1
DCS,

P−1
SDTASτ

, P−1
CAI(l) and P−1

TAI(l) (d = d1(x), λ = 1.5, β = 1.2, γ1 = 0.75).

Figure 4. Number of iteration variation curves when l = 4, 6, 8, 10, 12 (d = d1(x), λ = 1.5, β = 1.2,
γ1 = 0.75).
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Table 2. Numerical results of P−1
TAI(l) at different numbers of interpolation points l (d = d1(x),

λ = 1.5, β = 1.2, γ1 = 0.75).

N Index
Number of Interpolation Points l

4 6 8 10 12 14

28 IT 8.03 6.02 6.02 6.02 6.02 6.02
CPU 0.17 0.16 0.18 0.22 0.25 0.24

29 IT 8.33 5.01 5.01 5.01 5.01 5.01
CPU 0.49 0.39 0.46 0.47 0.49 0.54

210 IT 8.90 5.00 5.00 5.00 5.00 5.00
CPU 1.74 1.45 1.62 1.82 1.80 1.95

211 IT 9.12 6.00 5.00 5.00 5.00 5.00
CPU 8.89 6.20 5.70 6.30 6.51 6.79

212 IT 10.60 5.99 4.00 4.00 4.00 4.00
CPU 60.43 41.71 42.19 44.64 40.37 50.46

5.2. Test Problem 2

Consider the coefficient

d(x) =
e3x + 0.2
x(1 − x)

.

An illustration of the corresponding analytical solution and the numerical solution
are shown in Figure 5. We compared P−1

DCS, P−1
SDTASτ

, P−1
CAI(l) and P−1

TAI(l). The results
of the computations at discretization levels N = 108, 109, 1010, 1011, 1012 are shown in
Table 3 and visualized in Figure 6. In terms of the number of iterations, all preconditioning
methods show relatively stable iteration numbers as the discretization level increases,
but the number of iterations for P−1

TAI(l) is notably lower than that for the other three. In
terms of computation time, the computation time for P−1

TAI(l) is slightly higher than that for
P−1

SDTASτ
at discretization level N = 108, 109, 1010, but the difference is not significant. As

the discretization level increases, the computation time for P−1
TAI(l) grows more slowly and

is significantly lower than that for the other three preconditioners. Additionally, we note
that this coefficient is more complex than the last one as it has singularities at point x = 0
and x = 1. And this is reflected in the higher number of iterations in Table 3 and the more
dispersed eigenvalue distribution in Figure 7.

Figure 5. Comparison of the exact solutions and P−1
TAI(l) numerical solutions (d = d2(x), λ = 1.5,

β = 1.2, γ1 = 0.75).
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Figure 6. Comparison of average iterations and computation time for P−1
DCS, P−1

SDTASτ
, P−1

CAI(l) and

P−1
TAI(l) (d = d1(x), λ = 1.5, β = 1.2, γ1 = 0.75).

Figure 7. The eigenvalue distributions of the original coefficient matrix A, the preconditioner P−1
DCS,

P−1
SDTASτ

, P−1
CAI(l) and P−1

TAI(l) (d = d2(x), λ = 1.5, β = 1.2, γ1 = 0.75).

We also plot the eigenvalue distributions of A, the preconditioner P−1
DCS, P−1

SDTASτ
,

P−1
CAI(l) and P−1

TAI(l) when N = 108, as shown in Figure 7. It can be observed that the eigen-
value distribution of the coefficient matrix without preconditioning is highly dispersed,
while the eigenvalue distributions of the preconditioned matrices are concentrated around
1. Notably, the eigenvalue distribution of P−1

TAI(l) is more concentrated than those of the
other preconditioners.

Similarly, we searched for the optimal number of interpolation points l in the proposed
preconditioner P−1

TAI(l). As shown in Table 4, we tested GMRES using P−1
TAI(l) with the

number of interpolation points l = 4, 6, 8, 10, 12. To determine the optimal number of
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interpolation points l, we visualized the number of iterations, as shown in Figure 8. By
analyzing Figure 8, we found that when the number of interpolation points l ≥ 12, the
number of iterations tends to stabilize. In this view, we selected the optimal number of
interpolation points l = 12 for the above test.

Figure 8. Number of iteration variation curves when l = 4, 6, 8, 10, 12 (d = d2(x), λ = 1.5, β = 1.2,
γ1 = 0.75).

Table 3. Numerical results of I, P−1
DCS, P−1

SDTASτ
, P−1

CAI(l) and P−1
TAI(l) (d = d2(x), λ = 1.5, β = 1.2,

γ1 = 0.75).

Method Index
N

28 29 210 211 212

I IT 125.49 174.34 233.23 300.15 ∼
CPU 1.46 7.41 46.45 225.74 ∼

P−1
DCS [17]

α 0.15 0.15 0.15 0.15 0.15
IT 16.06 18.04 21.02 25.01 29.01

CPU 0.48 1.52 6.14 32.83 139.03

P−1
SDTASτ

[22]
α 0.15 0.15 0.15 0.15 0.15
IT 15.06 18.04 21.02 24.01 28.01

CPU 0.24 0.65 2.84 22.00 81.56

P−1
CAI(l) [25]

l 12 12 12 12 12
IT 15.06 15.03 16.02 17.01 17.00

CPU 0.49 1.60 5.42 21.00 78.15

P−1
TAI(l)

l 12 12 12 12 12
IT 12.05 12.02 11.01 11.01 12.00

CPU 0.35 0.90 3.11 10.89 60.30

The proposed preconditioner and optimal result have been bolded.
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Table 4. Numerical results of P−1
TAI(l) at different numbers of interpolation points l (d = d2(x),

λ = 1.5, β = 1.2, γ1 = 0.75).

N Index
Number of Interpolation Points l

4 6 8 10 12 14

28 IT 22.09 18.07 13.05 11.04 11.04 12.05
CPU 0.41 0.40 0.35 0.32 0.36 0.48

29 IT 25.05 21.04 12.02 11.02 12.02 12.02
CPU 1.27 1.29 0.92 0.92 1.00 1.00

210 IT 27.03 15.01 13.01 11.01 11.01 12.01
CPU 10.22 3.16 3.10 3.04 3.26 3.53

211 IT 31.02 16.01 14.01 11.01 12.01 11.01
CPU 20.98 15.90 12.04 11.23 12.51 11.79

212 IT 60.93 34.98 14.00 13.99 12.00 13.00
CPU 626.27 259.42 121.80 112.15 76.09 109.79

6. Concluding Remarks

In this paper, we consider solving the tempered fractional diffusion equations with
variable coefficients in a numerical way. The problem is discretized by the Crank–Nicolson
method and the tempered weighted and shifted Grünwald formula. For the resulting
linear system, we approximate the SPD Toeplitz matrix by the τ matrix and take the
advantage of the row-by-row approximation strategy to construct an approximate inverse
preconditioner. A spectral analysis reveals that the eigenvalues of the preconditioned
system matrix are tightly clustered near unity. Experiments further validate the enhanced
convergence enabled by the developed preconditioner.
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Abstract: The L0 linking approach replaces the L2 loss function in mean–mean linking
under the Rasch model with the L0 loss function. Using the L0 loss function offers the
advantage of potential robustness against fixed differential item functioning effects. How-
ever, its nondifferentiability necessitates differentiable approximations to ensure feasible
and computationally stable estimation. This article examines alternative specifications
of two approximations, each controlled by a tuning parameter ε that determines the ap-
proximation error. Results demonstrate that the optimal ε value minimizing the RMSE of
the linking parameter estimate depends on the magnitude of DIF effects, the number of
items, and the sample size. A data-driven selection of ε outperformed a fixed ε across all
conditions in both a numerical illustration and a simulation study.

Keywords: L0 loss function; mean–mean linking; Rasch model; differential item functioning;
differentiable approximation

1. Introduction

Item response theory (IRT) models [1–3] are statistical models for multivariate discrete
random variables. This article focuses on dichotomous (i.e., binary) random variables and
the comparison of two groups through a linking method.

Let X = (X1, . . . , XI) denote a vector of I ∈ N random variables Xi ∈ {0, 1}, com-
monly referred to as items or (scored) item responses. A unidimensional IRT model [4]
represents the probability distribution P(X = x) for x = (x1, . . . , xI) ∈ {0, 1}I ,

P(X = x; δ, γ) =
∫ I

∏
i=1

[
Pi(θ; γi)

xi (1 − Pi(θ; γi))
1−xi

]
φ(θ; μ, σ)dθ, (1)

where φ denotes the density of the normal distribution with mean μ and standard
deviation (SD) σ. The distribution parameters of the latent variable θ, often la-
beled as a trait or ability variable, are collected in the vector δ = (μ, σ). The vec-
tor γ = (γ1, . . . , γI) contains the item parameters associated with the item response func-
tions (IRFs) Pi(θ; γi) = P(Xi = 1|θ) for i = 1, . . . , I. The IRF of the Rasch model [5–7] is
defined as

Pi(θ; γi) = Ψ(θ − bi), (2)

where bi denotes the item difficulty bi, and Ψ(x) = (1 + exp(−x))−1 is the logistic distribu-
tion function. In this formulation, the item parameter vector is given as γi = (bi).

For a sample of N individuals with independently and identically distributed observa-
tions x1, . . . , xN from the distribution of the random variable X, the unknown parameters
of the IRT model in (1) can be consistently estimated using maximum likelihood estimation
(ML; [8–10]).

Algorithms 2025, 18, 213 https://doi.org/10.3390/a18040213
47



Algorithms 2025, 18, 213

IRT models are commonly used to compare the performance of two groups on a test
by examining differences in the latent variable θ within the framework of the IRT model
in (1). This article focuses on a generalization of the mean–mean linking method [11] based
on the Rasch model. The purpose of a linking method is to estimate the difference between
the distributions of θ in the two groups. This difference serves as a summary measure of
group performance on the multivariate vector of dichotomous items X.

The linking approach consists of two steps. First, the Rasch model is estimated sepa-
rately for each group, allowing for potential differential item functioning (DIF), where items
may function differently across groups [12–14]. Second, differences in item parameters are
used to estimate group differences in the θ variable through a linking method [11,15,16].

This article investigates the performance of a generalization of mean–mean (MM; [11])
linking in the presence of fixed uniform DIF [14] in item difficulties. The traditional MM
method relies on mean differences in item difficulties, which corresponds to using an L2 loss
function. MM linking is a widely used linking or equating method, as discussed in popular
textbooks on Rasch modeling [6,7,17,18]. In this study, we investigate a generalization
of the MM linking method in the Rasch model using the L0 loss function [19]. Using
this robust loss function can essentially remove items with DIF effects from the group
comparison directly in the linking method (see also [20–27] ). DIF effects can also be treated
through the application of robust procedures in MM linking [19,28–31].

The L0 loss function, being nondifferentiable, requires differentiable approximations
to ensure feasible and computationally stable estimation. This article explores alternative
specifications of these approximations, which depend on a tuning parameter ε that con-
trols the approximation error. Previous research relied on fixed ε values based on prior
knowledge or simulation studies. Here, the choice of a fixed ε parameter is examined and
compared with a data-driven approach for determining ε.

The rest of this article is structured as follows. Section 2 introduces L0 linking in the
Rasch model. Section 3 presents a numerical illustration of alternative specifications of L0

linking in a simplified setting. In Section 4, findings from a simulation study are reported.
An empirical example is provided in Section 5. This article closes with a discussion in
Section 6 and a conclusion in Section 7.

2. L0 Linking in the Rasch Model

This section discusses the L0 linking approach in the Rasch model. Section 2.1 covers
item parameter identification and the ordinary MM linking method. Section 2.2 introduces
the L0 loss function and presents two differentiable approximations. Section 2.3 applies
these approximations to define the L0 linking approach in the Rasch model. Finally,
Section 2.4 examines its statistical properties.

2.1. Identified Item Parameters and Mean–Mean Linking

To introduce the L0 linking method as a replacement for ordinary mean–mean linking
in the Rasch model, we first outline the identification of item parameters in a group-specific
estimation of the Rasch model when no DIF effects are present. In this case, the identified
item parameters in the first group are b̂i1 = bi, where bi represents the invariant item
parameters across both groups. For identification, the mean of θ in the first group is fixed
at 0, while the standard deviation σ remains identifiable within this group.

In the second group, the mean μ and the SD σ can be identified when invariant item
difficulties are assumed. Thus, μ and σ represent group differences in θ. The identified item
parameters in this group, estimated separately under the assumption of a θ mean of 0 and an
estimated SD σ, are given by

b̂i2 = bi − μ. (3)
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Linking methods aim to recover the group parameter μ using the group-specific item
parameters obtained from separate Rasch model estimations.

The MM linking method estimates the group mean μ̂ for the second group as

μ̂ = −1
I

I

∑
i=1

(
b̂i2 − b̂i1

)
. (4)

The linking parameter μ̂ in MM linking is obtained as the minimizer of the squared
loss function (i.e., the L2 loss function; [19])

μ̂ = arg min
μ

H(μ), with H(μ) =
1
I

I

∑
i=1

ρ
(

b̂i2 − b̂i1 + μ
)

, where ρ(x) =
1
2

x2. (5)

Thus, the estimate μ̂ satisfies the estimating equation

1
I

I

∑
i=1

ρ′
(

b̂i2 − b̂i1 + μ̂
)
= 0, where ρ′(x) = x (6)

and ρ′ denotes the derivative of ρ with respect to x. Clearly, (6) is equivalent to (4).
This paper investigates the computational aspects of MM linking in (5) when the

squared L2 loss function is replaced with the L0 loss function, which aims to robustify the
linking method in the presence of fixed DIF effects.

2.2. L0 Loss Function and Differentiable Approximations

In this section, we introduce the L0 loss function [32,33], which is defined as

ρ(x) = 1(x �= 0). (7)

This loss function equals 0 for x = 0 and 1 for x �= 0. The L0 loss function has
been widely applied in statistical modeling, particularly for obtaining sparse solutions
(see, e.g., [34–39]).

The exact L0 loss function in (7) has the disadvantage of being nondifferentiable at
x = 0, making it difficult to use in numerical optimization. To address this, differentiable
approximations of the L0 loss function have been proposed.

The ratio loss function, as an approximation of the L0 loss function, is defined
as (see [40–43])

ρε(x) =
x2

x2 + ε
, (8)

where ε > 0 is a tuning parameter. We have found that ε = 0.01 performs satisfactorily in
applications [19,44].

The linking parameter estimate based on the L2 loss function can be obtained using
the L0 approximation (8) with a sufficiently large ε value, such as ε = 1000. In this case,
ρε(x) ≈ x2/ε, and the resulting estimate closely matches the L2 estimate, which is the
ordinary MM parameter estimate.

An alternative differentiable approximation of the L0 loss function is based on the
Gaussian density function, denoted as the Gaussian function hereafter, and is given by
(see [45–47])

ρε(x) = 1 − exp
(
− x2

ε

)
, (9)

where ε > 0 is again a tuning parameter.
Figure 1 displays the ratio and the Gaussian loss functions for ε = 0.001 and ε = 0.01.

It can be seen that the two loss functions exhibit similar behavior around x = 0, which
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can be explained by the fact that their first two derivatives coincide, with ρ′ε(0) = 0
and ρ′′ε (0) = 2/ε. For larger |x| values, the Gaussian loss function grows faster toward the
upper asymptote of 1 compared to the ratio loss function.

Figure 1. Ratio loss function and Gaussian loss function ρε for ε = 0.001 and ε = 0.01 as differentiable
approximations of the L0 loss function.

The ordinary MM parameter estimate can be obtained using the Gaussian L0 loss
function approximation, similar to the ratio function, by selecting a sufficiently large
ε value.

2.3. L0 Linking as a Robust Mean–Mean Linking in the Rasch Model

MM linking can be modified by using the L0 loss function instead of the L2 loss
function. In the former case, the loss is defined by counting the number of non-vanishing
deviations b̂i2 from b̂i1 + μ, which corresponds to the number of non-vanishing DIF effects.
To obtain a stable linking parameter estimate in the presence of sampling errors, the L0 loss
function is replaced by the differentiable approximation ρε, and the estimated mean μ̂ is
obtained as

μ̂ = arg min
μ

H(μ) with H(μ) =
1
I

I

∑
i=1

ρε

(
b̂i2 − b̂i1 + μ

)
. (10)

This approach can also be referred to as robust MM linking or L0 linking in the
Rasch model, where “robust” refers to the linking parameter estimate being resilient to the
presence of fixed DIF effects.

Equivalently to (10), the linking parameter estimate μ̂ solves the estimating equation
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∂H
∂μ

=
1
I

I

∑
i=1

ρ′ε
(

b̂i2 − b̂i1 + μ̂
)
= 0. (11)

Equation (10) represents a one-dimensional optimization problem that can be numeri-
cally solved using standard optimizers implemented in statistical software.

2.4. Statistical Properties of the Estimated Linking Parameter in L0 Linking

We now investigate the statistical properties of the linking parameter estimate μ̂

obtained from (10). The difference in estimated item difficulties required in the L0 linking
approach can be written as

b̂i2 − b̂i1 = −μ + κi + ui (12)

with fixed DIF effects κi and sampling errors ui, where E(ui) = 0 and Var(ui) = Vi.
Asymptotic unbiasedness follows from the general properties of ML estimation.

The L0 linking approach is analyzed by starting from the estimating equation

1
I

I

∑
i=1

ρ′ε
(

b̂i2 − b̂i1 + μ̂
)
=

1
I

I

∑
i=1

ρ′ε(μ̂ − μ + κi + ui) = 0. (13)

Now, we apply a Taylor expansion with respect to μ, as in standard M-estimation
theory ([48]; see also [25,49]), and obtain

0 =
1
I

I

∑
i=1

ρ′ε(μ̂ − μ + κi + ui) �
1
I

I

∑
i=1

ρ′ε(κi + ui) +
1
I

I

∑
i=1

ρ′′ε (κi + ui)(μ̂ − μ) = 0. (14)

The bias and variance of μ̂ can be derived from (14) and are given by

Bias(μ̂) = −

I

∑
i=1

E
[
ρ′ε(κi + ui)

]
I

∑
i=1

E
[
ρ′′ε (κi + ui)

] and (15)

Var(μ̂) =

I

∑
i=1

Var
[
ρ′ε(κi + ui)

]
{

I

∑
i=1

E
[
ρ′′ε (κi + ui)

]}2 , (16)

where approximate independence of item parameters across items is assumed in (16).
As a summary precision measure of the linking parameter estimate, the mean squared
error (MSE) can be determined as

MSE(μ̂) = E(μ̂ − μ)2 = Bias(μ̂)2 + Var(μ̂) =

I

∑
i=1

{(
E
[
ρ′ε(κi + ui)

])2
+ Var

[
ρ′ε(κi + ui)

]}
{

I

∑
i=1

E
[
ρ′′ε (κi + ui)

]}2 . (17)

Although it might not be immediately evident from Equations (15)–(17), the bias, vari-
ance, and MSE depend on the choice of the tuning parameter ε in the L0 approximation ρε.

In the next two sections, we compare the two differentiable approximations—the
ratio and Gaussian loss functions—regarding their statistical properties in a numerical
illustration and a simulation study. In particular, we focus on the choice of the tuning
parameter ε.
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3. Numerical Illustration

3.1. Method

In this Numerical Illustration, the properties of the estimated linking parameter μ̂ were
studied in a simplified setting in which no item responses were simulated. It was assumed
that the difference b̂i2 − b̂i1 had a variance of V/N, where N denotes the sample size. Hence,
this illustration assumed equal sampling variances of item parameter differences, which
might be violated in practice. However, this assumption eases the statistical treatment
and aims at yielding clearly interpretable results. Furthermore, we assumed that we had
I items, and a proportion π of the items had an unbalanced DIF effect κ, while a proportion
1 − π of the items did not show DIF.

From Section 2.4, we know that the linking parameter satisfies the estimating equation

1
I

I

∑
i=1

ρ′ε
(

b̂i2 − b̂i1 + μ̂
)
=

1
I

I

∑
i=1

ρ′ε(μ̂ − μ + κi + ui) = 0, (18)

where Var(ui) = V/N. Because all item parameter differences have equal sampling
variances, (18) can be simplified to

Iπ

∑
i=1

ρ′ε(μ̂ − μ + κ + ui) +
I

∑
Iπ+1

ρ′ε(μ̂ − μ + ui) = 0, (19)

assuming that Iπ is an integer. By using the bias Formula (15), we obtain

Bias(μ̂) = − πE[ρ′ε(κ + ui)]

πE[ρ′′ε (κ + ui)] + (1 − π)E[ρ′′ε (ui)]
, (20)

where we use E[ρ′ε(ui)] = 0 because ui has a symmetric distribution. The variance can be
computed as (see (16))

Var(μ̂) =
πVar[ρ′ε(κ + ui)] + (1 − π)Var[ρ′ε(ui)]{
πE

[
ρ′′ε (κ + ui)

]
+ (1 − π)E

[
ρ′′ε (ui)

]}2 , (21)

The root mean square error (RMSE) as the square root of the MSE can be obtained as

RMSE(μ̂) =
√

MSE(μ̂) =
√

Bias(μ̂)2 + Var(μ̂). (22)

The expected values and variances in (20) and (21) can be numerically evaluated.
The bias, SD, and RMSE are evaluated for μ̂ for sample sizes N of 250, 500, and 1000,

as well as the number of items I as 10, 20, and 40. We simulated fixed DIF effects κ = 0.4
and κ = 0.8, representing small and large DIF. The tuning parameter ε in the ratio loss
function and Gaussian loss function ρε was chosen as 1, 0.95, 0.9, 0.85, 0.8, 0.75, 0.7, 0.65,
0.6, 0.55, 0.5, 0.45, 0.4, 0.35, 0.3, 0.25, 0.2, 0.15, 0.1, 0.095, 0.09, 0.085, 0.08, 0.075, 0.07, 0.065,
0.06, 0.055, 0.05, 0.045, 0.04, 0.035, 0.03, 0.025, 0.02, 0.015, 0.01, 0.009, 0.008, 0.007, 0.006,
0.005, 0.004, 0.003, 0.002, and 0.001. In total, 46 ε values were evaluated in this Numerical
Illustration. We only report results for the ratio loss function because the findings for the
Gaussian loss function were very similar. The statistical software R (Version 4.4.1; [50]) was
used for the analysis in this study. Symbolic derivatives of the two loss functions were
computed with the R package Deriv (Version: 4.1.6; [51]). Replication material for this
illustration can be retrieved from https://osf.io/un6q4 (accessed on 20 February 2025).
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3.2. Results

Figure 2 displays the absolute bias, the SD, and the RMSE of the estimated mean μ̂ for
I = 20 items as a function of the DIF effect κ and the sample size N. The tuning parameter ε is
displayed on a logarithmic scale on the x-axis. The bias increased with increasing values of ε

in the loss function ρε. In contrast, the SD decreased with increasing values of ε. The RMSE
reflects the bias–variance trade-off of the linking parameter estimate. There was an optimal
ε parameter that minimizes the RMSE. This optimal ε parameter decreased with increasing
sample size N. Moreover, the optimal ε parameter was larger for κ = 0.8 than for κ = 0.4.

Figure 2. Numerical Illustration: Absolute bias, standard deviation (SD), and root mean square
error (RMSE) of the estimated mean μ̂ using the ratio loss function for I = 20 items as a function of
sample size N and DIF effect size κ. The minimum RMSE values are depicted with a triangle. The ε

parameter on the x-axis is displayed on a logarithmic scale.
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Table 1 presents the optimal ε values that minimize the RMSE of the estimated mean μ̂

under a ratio loss function. These values are reported for different DIF effect sizes κ,
numbers of items I, and sample sizes N. As the sample size N increased, the optimal ε gen-
erally decreased. This pattern was more pronounced for small item numbers (e.g., I = 10),
where ε dropped sharply with increasing N. Larger item numbers I were associated with
smaller optimal ε values, suggesting that when more items were available, the best trade-off
under the ratio loss function occurred at a lower ε value. This effect was particularly evident
for ε = 0.4, where ε decreased substantially as I increased from 10 to 40. When the DIF
effect size κ increased from 0.4 to 0.8, the optimal ε values tended to be slightly higher for
the same I and N. This suggests that stronger DIF effects required a higher ε to achieve the
lowest RMSE, likely due to greater bias introduced by DIF at the smaller effect size κ = 0.4.

Overall, the results highlight a trade-off between sample size, the number of items,
and DIF effect size in determining the optimal correction for minimizing the RMSE.

Table 1. Numerical Illustration: optimal ε value yielding the minimum root mean square error
(RMSE) of the estimated mean μ̂ using the ratio loss function as a function of the DIF effect size κ,
number of items I, and sample size N.

κ = 0.4, N = κ = 0.8, N =
I

250 500 1000 250 500 1000

10 0.900 0.065 0.030 0.150 0.100 0.090
20 0.200 0.050 0.030 0.100 0.100 0.090
40 0.100 0.035 0.025 0.100 0.095 0.085

4. Simulation Study

4.1. Method

The Rasch model was used as the IRF in the data-generating model for two groups.
For identification purposes, the mean of the latent variable θ in the first group was fixed
at 0, with an SD σ of 1. In the second group, the mean μ was set to 0.3 to represent the
difference in θ between the groups, while the SD σ was set to 1.2.

The simulation study was conducted for I = 10, 20, and 40 items. In the I = 10
condition, base item difficulty values bi were set to −0.314, 0.411, −1.097, −0.542, −1.854,
−0.403, −0.895, 0.715, 0.841, and 0.139, resulting in a mean of M = −0.300 and an SD of
0.850. These item difficulties were used in the data generation for the first group. In the
second group, the same values were applied, except for the first three items, where item
difficulties were adjusted to bi2 = bi + κ. This introduced fixed DIF in 30% of the items.
The DIF effect size κ was set to 0.4 and 0.8, representing small and large DIF conditions,
respectively. For item sets larger than 10, the same 10-item parameter set was repeated
accordingly. The item parameters are also available at https://osf.io/un6q4 (accessed on
20 February 2025). Note that item parameters remained fixed across all replications within
each condition.

Sample sizes of N = 125, 250, 500, and 1000 per group were selected to reflect small-
to large-scale applications of the Rasch model.

A total of 5000 replications were conducted for each of the 24 conditions, corresponding
to the combinations of 4 sample sizes (N) × 3 item numbers (I) × 2 DIF effect sizes (κ). For
each simulated dataset, L0 linking was performed using various specifications. Both the
ratio and Gaussian loss functions ρε (see Section 2.2) were applied. The ρε loss functions
were evaluated for a sequence of 11 ε values: 1, 0.75, 0.50, 0.25, 0.10, 0.075, 0.05, 0.025, 0.01,
0.005, and 0.001.

Additionally, as demonstrated in Section 3, the optimal ε value corresponding to the
minimal RMSE is dependent on the sample size N. To account for this, a data-driven
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approach for selecting the ε value was explored. Let V denote the average variance of the
estimated item difficulty differences b̂i2 − b̂i1. For a fixed y ∈ (0, 1), εy is chosen such that

ρεy

(√
V
)
= y. (23)

In the simulation, the following y values were chosen: 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8,
and 0.9.

The bias, standard deviation (SD), and root mean square error (RMSE) of the estimated
mean, μ̂, were calculated for all specifications of the L0 linking approach. The relative
RMSE of μ̂ was defined as the ratio of the RMSE for a given specification to the RMSE of a
reference method, multiplied by 100. Across all conditions, the reference method was the
ratio loss function with a fixed ε value of 0.01.

All analyses for this simulation study were conducted using the statistical software
R (Version 4.4.1; [50]). The Rasch model was fitted with the sirt::xxirt() function from
the R package sirt (Version 4.2-106; [52]). The optimization of L0 linking was performed
with the stats::nlminb() function. Replication materials for this simulation study can be
assessed at https://osf.io/un6q4 (accessed on 20 February 2025).

4.2. Results

Table 2 presents the absolute bias as a function of the DIF effect size κ, the number
of items I, and the sample size N. Overall, the absolute bias generally decreased as κ

increased from 0.4 to 0.8. The bias in the estimated μ̂ was highest for the smallest number
of items (I = 10) and slightly decreased as the number of items increased. This reduction
in bias was more pronounced for smaller sample sizes. As the sample size N increased,
the bias systematically decreased, with the lowest bias observed for the largest sample size
(N = 1000). For the data-driven ε choices ε0.2 and ε0.4, the bias also decreased as the sample
size increased.

The biases for the ratio and Gaussian loss functions were relatively similar, although
the bias was slightly smaller under conditions with a larger DIF effect size (κ = 0.8)
compared to a smaller DIF effect size (κ = 0.4). Additionally, the bias decreased as ε

values in the ρε function were reduced. Specifically, the bias was slightly higher for ε = 0.2
compared to ε = 0.4, particularly at smaller N. These findings suggest that while the
choice of the loss function influenced estimation accuracy, its effect diminished as I and
N increased.

Table 3 presents the relative RMSE of the estimated mean μ̂ as a function of the
DIF effect size κ, the number of items I, and the sample size N. In general, larger ε

values performed better in smaller samples and with fewer items. Thus, the optimal ε

for minimizing the RMSE depends on κ, I, and N. The data-driven estimates ε0.2 and ε0.4

generally outperformed the fixed choice ε = 0.01 based on the loss function ρε. Overall,
it can be concluded that ε0.4 was superior to ε0.2. Although ε0.2 produced a lower RMSE
than ε0.4 in many simulation conditions, the differences were typically small. However,
in scenarios where ε0.2 performed worse than ε0.4, its RMSE exceeded the reference value
of 100 and was substantially higher than that of ε0.4. This supports the use of ε0.4 as
a conservative default choice. In most conditions, the Gaussian loss function slightly
outperformed the ratio loss function. In large samples (N = 1000), smaller ε values, such
as ε = 0.05 or ε = 0.01, proved effective.
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Table 2. Simulation Study: Absolute bias of estimated mean μ̂ as a function of the DIF effect size κ,
number of items I, and sample size N.

Ratio Function, ε = Gaussian Function, ε =
κ I N

0.25 0.10 0.05 0.01 ε0.2 ε0.4 0.25 0.10 0.05 0.01 ε0.2 ε0.4

0.4

10

125 0.107 0.103 0.102 0.102 0.110 0.105 0.107 0.101 0.100 0.101 0.112 0.106
250 0.098 0.087 0.082 0.079 0.096 0.085 0.101 0.086 0.080 0.078 0.101 0.087
500 0.088 0.066 0.052 0.041 0.068 0.049 0.097 0.067 0.046 0.033 0.075 0.048
1000 0.082 0.050 0.031 0.015 0.034 0.019 0.096 0.057 0.026 0.010 0.035 0.013

20

125 0.104 0.100 0.099 0.099 0.107 0.102 0.104 0.099 0.096 0.096 0.109 0.103
250 0.098 0.086 0.080 0.075 0.097 0.084 0.102 0.084 0.075 0.069 0.102 0.086
500 0.089 0.066 0.051 0.036 0.069 0.048 0.097 0.068 0.044 0.028 0.076 0.046
1000 0.081 0.049 0.028 0.009 0.031 0.014 0.095 0.056 0.023 0.003 0.032 0.008

40

125 0.105 0.101 0.098 0.096 0.108 0.103 0.106 0.099 0.096 0.096 0.110 0.105
250 0.098 0.086 0.077 0.070 0.097 0.083 0.101 0.084 0.071 0.063 0.101 0.086
500 0.099 0.076 0.059 0.039 0.079 0.055 0.107 0.078 0.051 0.029 0.087 0.054
1000 0.087 0.054 0.033 0.012 0.036 0.018 0.100 0.062 0.027 0.006 0.036 0.012

0.8

10

125 0.114 0.093 0.087 0.084 0.138 0.102 0.105 0.078 0.074 0.074 0.152 0.099
250 0.069 0.037 0.027 0.023 0.064 0.033 0.066 0.021 0.015 0.015 0.067 0.023
500 0.048 0.017 0.008 0.003 0.019 0.006 0.047 0.004 0.000 0.001 0.009 0.000
1000 0.039 0.011 0.004 0.001 0.005 0.001 0.040 0.002 0.000 0.000 0.000 0.000

20

125 0.112 0.082 0.073 0.069 0.140 0.096 0.103 0.063 0.055 0.054 0.155 0.095
250 0.069 0.033 0.020 0.014 0.063 0.029 0.065 0.015 0.007 0.005 0.065 0.017
500 0.047 0.015 0.006 0.000 0.017 0.004 0.046 0.003 0.002 0.003 0.007 0.001
1000 0.038 0.011 0.004 0.000 0.005 0.001 0.039 0.002 0.000 0.000 0.000 0.000

40

125 0.109 0.075 0.061 0.054 0.140 0.092 0.099 0.052 0.041 0.036 0.156 0.090
250 0.071 0.033 0.020 0.011 0.065 0.029 0.067 0.015 0.006 0.005 0.067 0.018
500 0.051 0.020 0.011 0.005 0.022 0.009 0.050 0.007 0.003 0.003 0.011 0.003
1000 0.039 0.012 0.005 0.001 0.006 0.002 0.040 0.002 0.001 0.001 0.001 0.001

Note. ε0.2, ε0.4 = computed ε values in loss function ρε such that ρεy (
√

V) = y for y = 0.2 and y = 0.4, where
√

V
is the square root of the average variance of the item difficulty difference b̂i2 − b̂i1; absolute biases larger than 0.03
are printed in bold.

Table 3. Simulation Study: Relative root mean square error (RMSE) of estimated mean μ̂ as a function
of the DIF effect size κ, number of items I, and sample size N.

Ratio Function, ε = Gaussian Function, ε =
κ I N

0.25 0.10 0.05 0.01 ε0.2 ε0.4 0.25 0.10 0.05 0.01 ε0.2 ε0.4

0.4

10

125 83.5 90.5 95.0 100 80.2 86.3 83.0 92.9 99.0 105.2 79.1 84.0

250 83.4 88.1 93.3 100 83.7 89.4 83.2 89.1 96.6 105.8 83.2 88.1

500 92.6 89.0 91.0 100 89.1 92.0 95.6 89.8 92.3 103.8 90.5 91.6

1000 123.1 102.5 94.8 100 95.5 96.2 134.4 108.1 94.6 102.4 97.5 94.0

20

125 83.2 88.6 93.8 100 81.8 85.1 83.0 90.9 98.1 105.6 81.4 83.6

250 85.9 86.9 91.3 100 85.7 87.8 86.4 87.0 93.7 104.5 86.4 86.5

500 101.9 93.4 91.7 100 94.0 92.1 106.3 94.1 91.0 103.2 96.8 90.7

1000 141.1 111.1 97.7 100 99.2 95.7 155.9 118.4 95.8 100.4 100.7 91.7

40

125 85.6 88.9 93.5 100 85.2 86.5 85.4 89.8 97.1 105.9 85.2 85.6

250 91.5 89.7 91.6 100 91.1 89.9 92.4 89.3 92.5 104.4 92.4 89.3

500 120.2 105.7 97.9 100 107.2 96.8 126.2 107.1 94.9 101.5 112.2 95.7

1000 169.0 127.9 106.9 100 109.1 98.3 187.6 137.6 103.0 99.7 110.8 94.2
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Table 3. Cont.

Ratio Function, ε = Gaussian Function, ε =
κ I N

0.25 0.10 0.05 0.01 ε0.2 ε0.4 0.25 0.10 0.05 0.01 ε0.2 ε0.4

0.8

10

125 87.2 92.6 96.0 100 85.6 89.3 87.9 95.9 100.5 106.1 86.8 88.7

250 90.3 89.4 92.8 100 89.6 90.2 91.4 89.1 94.6 106.2 91.4 89.0

500 94.8 87.2 89.8 100 87.1 90.7 97.7 84.0 87.5 105.3 84.6 86.6

1000 101.5 87.9 88.4 100 88.0 93.7 106.2 85.6 86.5 102.4 87.2 91.9

20

125 88.7 90.9 95.0 100 91.6 88.7 88.5 92.2 97.6 104.7 94.4 88.2

250 94.6 88.3 90.9 100 92.9 88.5 94.8 85.6 90.8 104.9 94.7 85.2

500 97.2 86.3 87.6 100 86.6 88.6 99.0 83.7 86.1 104.1 84.2 85.5

1000 106.8 90.5 90.2 100 90.0 94.0 109.8 88.1 88.7 102.4 88.3 91.4

40

125 92.1 90.7 94.0 100 98.3 90.2 90.2 89.4 95.3 103.8 102.7 88.8

250 101.0 90.8 91.2 100 98.6 90.4 100.3 87.5 90.1 104.0 100.1 87.6

500 105.4 90.3 89.7 100 90.8 90.2 106.1 87.0 87.9 104.9 87.7 87.6

1000 116.4 94.8 93.3 100 93.3 95.4 118.6 92.0 92.2 101.8 91.9 93.7

Note. ε0.2, ε0.4 = computed ε values in loss function ρε such that ρεy (
√

V) = y for y = 0.2 and y = 0.4, where
√

V
is the square root of the average variance of the item difficulty difference b̂i2 − b̂i1. The ratio loss function with
ε = 0.01 was chosen as the reference method when computing the relative RMSE. Cells with the smallest RMSE
values are printed with a gray background color.

To provide further insight into the absolute bias and relative RMSE, two additional
figures are presented below.

Figure 3 presents the absolute bias, SD, and RMSE of the estimated mean μ̂ using
the ratio loss function for I = 20 items as a function of the DIF effect size κ and sample
size N. The absolute bias increased with larger ε, while the SD decreased, illustrating
a bias–variance trade-off in the RMSE. This trade-off results in an optimal ε value that
minimizes the RMSE. As shown in Figure 3, the optimal ε was smaller for a larger DIF effect
size (i.e., κ = 0.8) than for κ = 0.4. Additionally, the optimal ε decreased with increasing
sample size N. As expected, the RMSE was lower for larger sample sizes.

Figure 4 presents the relative RMSE of the estimated mean based on data-driven εy

values for the ratio loss function ρε with ε = εy. The results indicate that an optimal RMSE
was achieved for a specific y value, depending on the DIF effect size κ, the number of
items I, and the sample size N. Overall, the findings in Figure 4 support the selection of ε0.2

and ε0.4, as presented in Tables 2 and 3.
Following the suggestion of a reviewer, bias and RMSE were regressed onto the

simulation factors using a two-way analysis of variance (ANOVA). The factors included
sample size N, number of items I, the size of the DIF effect κ, the type of loss function
(i.e., ratio vs. Gaussian function), and the chosen ε value in the loss function ρε. All simula-
tion factors were treated as categorical factors in the ANOVA. The same item numbers I
(e.g., I = 10, 20, 40) and ε values (i.e., ε = 0.01, 0.05, 0.10, 0.25) as reported in Tables 2 and 3
were used. The main focus of the analysis was the proportion of variance explained by the
main effects and two-way interactions of the factors in the ANOVA.

In the two-way ANOVA with bias as the dependent variable, 96.0% of the variance was
explained by the main factors and their two-way interactions. The largest proportion was
attributed to sample size N (39.8%), followed by κ (24.8%) and ε (24.8%). The number of
items I (0.1%) and the type of loss function (0.2%) contributed minimally to the variability
in bias. Among the two-way interactions, only the interaction between N and κ (N × κ,
2.3%) and N × ε (1.7%) accounted for non-negligible proportions of variance.

In the two-way ANOVA with RMSE as the dependent variable, 99.3% of the variance
was explained by the simulation factors and their two-way interactions. As expected,
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sample size N accounted for the largest proportion of explained variance (89.9%), followed
by number of items I (3.2%), κ (1.0%), ε (0.5%), and the type of loss function (0.0%). Among
the two-way interactions, N × I (1.3%), N × κ (1.0%), and N × ε (2.1%) contributed with
non-negligible amounts to the variance.

Figure 3. Simulation Study: Absolute bias, standard deviation (SD), and root mean square error
(RMSE) of the estimated mean μ̂ using the ratio loss function for I = 20 items as a function of sample
size N and DIF effect size κ. The minimum RMSE values are depicted with a triangle.
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Figure 4. Simulation Study: Relative root mean square error (RMSE) of the estimated mean μ̂ using
the ratio loss function based on ε = εy determined through ρεy (

√
V) = y as a function of sample

size N, the number of items I, and DIF effect size κ. The minimum relative RMSE values are depicted
with a triangle. The ratio loss function with ε = 0.01 was chosen as the reference method when
computing the relative RMSE.
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5. Empirical Example

We now illustrate L0 linking in the Rasch model using an empirical dataset. The
dataDIF dataset from the R package equateIRT (Version 1.0.0; [53,54]) was selected for
this purpose. The dataset contains 20 dichotomous items and three groups, each with
1000 subjects. For illustration, only Groups 1 and 2 were linked using the Rasch model.

As in the Simulation Study (see Section 4), the Rasch model was fitted using the
sirt::xxirt() function from the R package sirt (Version 4.2-106; [52]). The optimization
of L0 linking was performed using the stats::nlminb() function, with R code specifically
written for this paper, available at https://osf.io/un6q4 (accessed on 20 February 2025).

The average standard error of item difficulty differences was 0.126. The mean ability
difference between Group 1 and Group 2, obtained from MM linking based on the L2 loss
function, was 0.482. Slight deviations from this estimate were observed with different
specifications of the L0 linking function. For the ratio loss function, the mean estimate based
on ε = 0.01 was 0.535. Empirical choices of the ε parameter, specifically ε0.2 and ε0.4, were
also explored. For the ratio loss function, the estimates for ε0.2 = 0.064 and ε0.4 = 0.024
yielded mean differences of 0.518 and 0.520, respectively. The mean estimate based on the
Gaussian loss function was 0.537, with estimates for ε0.2 = 0.072 and ε0.4 = 0.031 yielding
0.519 and 0.517, respectively.

DIF effects for the 20 items were also computed based on the estimated mean difference
of 0.520, obtained with ε0.4 and the ratio loss function. Figure 5 displays the DIF effects
along with their 95% confidence intervals. Item 1 exhibited a significantly positive DIF
effect (0.798, with a standard error of 0.112), while DIF effects for the remaining 19 items
did not significantly differ from 0.

Figure 5. Empirical example: DIF parameter estimates (displayed with a black triangle) along with
their 95% confidence intervals.

6. Discussion

This article examined the computational aspects of L0 linking in the Rasch model. L0

linking serves as a robust alternative to MM linking when fixed DIF effects are present. Since
the L0 loss function is not differentiable at x = 0, the ratio loss function and the Gaussian
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loss function were used as differentiable approximations. Both approximations rely on
a tuning parameter ε, which controls the approximation error. A numerical illustration
and a simulation study demonstrated that the optimal ε value minimizing the RMSE of
the linking parameter estimate μ̂ depends on the magnitude of DIF effects, the number
of items, and the sample size. A data-driven selection of ε provided better performance
than a fixed ε across all conditions. Additionally, the Gaussian loss function showed a
slight advantage over the ratio loss function, though the differences are likely negligible
in practice.

This study aimed to determine group differences in a robust manner, ensuring insensi-
tivity to DIF effects. Detecting DIF items was treated as a nuisance, as the goal was not to
identify deviating items but rather to obtain a consistent estimate of the mean difference in
ability between the two groups. In contrast, much of the psychometric literature focuses
on detecting DIF items [22,27,55–57], with group difference estimation being, at best, a
by-product of the procedure.

Using the L0 loss function effectively removes items with large DIF effects from the
linking process. As a result, the estimated group difference is based solely on items with
little to no DIF. This approach may pose a threat to validity, as it alters the construct being
measured by treating items with DIF effects as construct-irrelevant [58,59]. Restricting the
item set in this way can change the interpretation of the ability variable [60–64].

7. Conclusions

The L0 loss function proved effective in linking two groups based on the Rasch model
in the presence of differential item functioning. Two differentiable approximations (i.e., the
ratio and Gaussian loss functions) of the nondifferentiable L0 loss function have been
proposed. The smoothness of the approximation depends on the tuning parameter ε. A
simulation study demonstrated that a data-driven choice of ε, based on the average standard
error of item difficulty differences, produced estimates with a lower RMSE compared to
estimates based on a fixed ε value, such as ε = 0.01.
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SD standard deviation
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Abstract: The increasing complexity of the UAV aerodynamic design, imposed by novel
configurations and requirements, has highlighted the need for efficient tools for high-
fidelity simulation, especially for optimization purposes. The current work presents an
automated CFD framework, tailored for fixed-wing UAVs, designed to streamline the
geometry generation of wings, mesh creation, and simulation execution into a Python-
based pipeline. The framework employs a parameterized meshing module capable of
handling a broad range of wing geometries within an extensive design space, thereby
reducing manual effort and achieving pre-processing times in the order of five minutes.
Incorporating GPU-enabled solvers and high-performance computing environments allows
for rapid and scalable aerodynamic evaluations. An automated methodology for assessing
the CFD results is presented, addressing the discretization and iterative errors, as well as
grid resolution, especially near wall surfaces. Comparisons with the results produced by
a specialized mechanical engineer with over five years of experience in aircraft-related
CFD indicate high accuracy, with deviations below 3% for key aerodynamic metrics. A
large-scale deployment further demonstrates consistency across diverse wing samples.
A Bayesian Optimization case study then illustrates the framework’s utility, identifying
a wing design with an 8% improvement in the lift-to-drag ratio, while maintaining an
average y+ value below 1 along the surface. Overall, the proposed approach streamlines
fixed-wing UAV design processes and supports advanced aerodynamic optimization and
data generation.

Keywords: CFD automation; fixed-wing UAV; wing design; uncertainty; optimization

1. Introduction

In recent decades, fixed-wing UAVs have found an increasingly diverse range of
applications, including precision agriculture [1], cargo transport [2], and environmental
monitoring [3]. UAVs can also be used for beach monitoring [4] and search and rescue
situations in various environments [5] (i.e., forests and mountains, as well as highly densely
populated areas). This growth is guided by advancements in autonomy, propulsion systems,
and materials, enabling UAVs to meet evolving operational demands while maintaining
adaptability for a broad spectrum of missions.

Despite these advancements, the design methodologies for fixed-wing UAVs largely
resemble the “traditional” design methods employed for manned aircrafts [6,7]. The latter
have evolved through a systematic, iterative, human intensive approach segmented into
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three primary stages: conceptual, preliminary, and detailed design. The conceptual phase
lays the groundwork by defining high-level system requirements and exploring multiple
configurations to address mission-specific criteria. At this phase, which is marked by
significant uncertainty, rapid prototyping and multiple testing of various configurations are
key to advances in the next stages. The need for the exploration of the design space before
progressing requires the utilization of low-fidelity and semi-empirical methods to assess the
impact of alterations, typically in geometry. The preliminary phase refines these configura-
tions through focused analyses of key components, ensuring alignment with performance,
stability, and manufacturability goals. Computational Fluid Dynamics (CFD) analyses
are fundamental for assessing aerodynamic performance and optimizing UAV designs,
especially in this stage. High-fidelity methods, such as Reynolds-Averaged Navier–Stokes
(RANS) simulations, require detailed meshes that can be laborious to generate and validate,
adding significant overhead to the design process. It is acknowledged that experimen-
tal testing, particularly with rapid prototyping (RP), remains fundamental in fixed-wing
UAV development. However, conducting wind tunnel tests often requires significant
infrastructure, including specialized facilities, calibration procedures, and trained person-
nel, making it resource-intensive—especially for large-scale UAVs in the tactical, MALE,
and HALE categories [8]. In contrast, CFD provides a standardized and reproducible
method for systematically analyzing multiple design variations in design offices, acting
as a third way of analyzing engineering problems, in addition to theoretical relations and
experiments [9]. Consequently, CFD is often the primary tool for aerodynamic assessment,
while experimental testing serves as a crucial validation step where resources permit.

Finally, the detail design phase involves the details of the selected configuration,
including the construction drawings, resolving all remaining uncertainties to deliver a
prototype. This structured, iterative process, while effective, underscores the resource-
intensive nature of fixed-wing UAV development.

This is even more evident when addressing specialized applications or unconventional
configurations. Especially concerning the latter, and following the design trends of modern
aviation, novel configurations are investigated [2,10,11] and new lift and drag estimation
methods are introduced to assist in the early stages of development [12]. Among these novel
configurations, Blended Wing Body (BWB) designs are gaining significant attention due to
their potential to improve aerodynamic efficiency, increase payload capacity, and reduce
fuel consumption. Unlike conventional UAV designs, BWBs integrate the fuselage and
wings into a unified aerodynamic shape, which presents unique advantages and challenges
in aerodynamic analysis. These designs are particularly relevant for missions demanding
long endurance and high efficiency, such as surveillance or cargo delivery, making them a
prime focus for modern research frameworks [13]. The framework presented in this study
addresses these challenges directly by automating the generation and analysis of both
conventional and BWB UAV meshes, emphasizing their potential importance in future
UAV developments.

Several studies have explored the potential for fully automating the time-intensive
phase of aerodynamic evaluation [14–16]. These works highlight specific algorithmic
strategies to accelerate aspects of the design process, such as focusing on the solution phase
alone, automating calculations (e.g., decomposing forces into lift and drag), or employing
high-performance computing. Other research efforts have adopted a more holistic approach
to address the problem comprehensively.

Specifically, in [17], the authors developed a framework to automatically handle mesh
generation and CFD analysis. However, their analysis is limited to simple trapezoidal
subsonic UAV wing planforms. Additionally, the study in [18] examined the efficiency of
multi-fidelity algorithms that combine low-fidelity panel methods with CFD for Blended
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Wing Body (BWB) UAVs. Their approach began with a baseline geometry, which was
deformed using Free-Form Deformation (FFD). This study, though, offers constrained de-
grees of freedom within the design space, as the configuration cannot deviate from a given
baseline, e.g., providing no degrees of freedom in terms of wingspan. Furthermore, in [19],
the authors applied FFD to locally morph computational grids and perform optimization
studies using RANS CFD simulations. Similarly, in [20], researchers focused on validating
an automated CFD chain, creating a Python-based framework that integrated multiple
software tools for geometry manipulation. Both the above works, however, are limited
to a specific baseline configuration, e.g., the Common Research Model in [19]. Moreover,
studies [21,22] introduced machine learning methodologies for optimizing UAVs, including
wings, fuselage, and engine configurations, by using high-level parameters (e.g., aspect
ratio, wingspan, taper ratio, or thrust for engines) and targeting specific Unmanned Combat
Aerial Vehicle (UCAV) designs. These works employed neural networks trained on low-
fidelity panel data generated from frameworks capable of sampling design spaces, creating
geometry models, and conducting analyses. Although these studies present a promising
foundation that could potentially integrate CFD data, they do not eventually involve CFD
results, which limits the fidelity and applicability of their optimization frameworks.

To cover the aforementioned research gaps, this study aims to develop an innovative,
robust, and streamlined framework employing high-end commercial software to enable
fully automated, high-fidelity CFD analyses of UAV wings. More specifically, the key
objectives of this work are as follows:

• Provide a general algorithm for automation of CFD-based investigations. All aspects
are based on an extensive literature survey at every part of the study, combining
well-established common practices with proposed novel algorithms that unify all the
components. Due to budget constraints, the authors could not develop the framework
to work with all possible software alternatives. However, in case other research
groups want to employ a different software, they will only have to emphasize specific
parameters, and the overall architecture will remain as suggested.

• In contrast to existing frameworks that focus on given platforms or narrow design
spaces, examine an extensive design space, allowing its application to the vast majority
of UAV configurations [8].

• Accommodate wings for both conventional and tailless configurations (flying wings,
BWBs), while incorporating a set of 35 design parameters that can completely control
the wing planform and its airfoils.

• Apart from presenting the pipeline, suggest robust evaluation criteria and metrics in
an automated format.

It must be noted at this point that, based on these objectives, this work aims to
present and demonstrate a comprehensive algorithm and its corresponding framework,
transitioning from geometry to simulation. The validation against experimental or flight-
testing data is beyond the scope of this study, as the individual methods have already been
validated in prior non-automated studies.

This paper proceeds as follows: Section 2 provides a detailed overview of the design
space, focusing on UAV types and wing geometry parameterization. Section 3 outlines the
framework’s components, including its integration of OpenVSP (v3.40.1), BETA CAE ANSA
(v24.2.1, Root, Switzerland), and ANSYS Fluent [v2023 R2], with detailed sub-algorithms
for each module. Section 4 discusses the evaluation metrics used to quantify errors from
mesh generation and introduces a novel rapid assessment method for CFD results. In
Section 5, the computational grid is validated against common geometries and expert
benchmarks, supplemented by a large-scale deployment to assess result quality. Finally, the
adaptability of the framework is demonstrated through an optimization case study, which
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highlights its capability to automate CFD pre-processing and analysis within constrained
design spaces.

2. Design Space

This study organizes the design space into two components: geometric design space
and flow conditions design space.

• The geometric design space defines the shape of the wing, including planform param-
eters and airfoil shapes, which dictate the aerodynamic performance of UAVs.

• The flow conditions design space considers environmental and operational parame-
ters such as velocity and altitude, which influence aerodynamic performance under
different mission scenarios.

Specifically, the wing geometries and flow conditions incorporated into the framework
are derived from a diverse set of UAVs and their respective operational conditions. The
design space includes UAVs ranging from the Micro class (<2 kg MTOW) to MALE and
HALE-Strike categories (>600 kg MTOW), as classified by NATO and detailed in [8]. Table 1
summarizes these UAV categories along with their associated operating conditions.

Table 1. Design space regarding the UAV types that this framework can handle.

Class Category GTOW [kg] Altitude [ft]
Cruise Speed
Range [km/h]

Reynolds Number Range Flow Regime

Class I
Micro <2 <200 30–100

104–106 Laminar to TransitionalMini 2–15 <3000 30–100
Small 15–150 <5000 50–150

Class II Tactical 150–600 <18,000 100–400 106–107 Predominantly turbulent

Class III
MALE >600 <45,000 200–300

> 107 Fully turbulentHALE >600 <65,000 400–800
Strike >600 <65,000 400–800

The following sections elaborate on the geometric and flow conditions design space,
detailing how they are parametrized and integrated into the framework to accommodate
this wide range of UAV designs. Although this framework also covers conventional plan-
forms, particular attention is given to tailless and Blended Wing Body (BWB) configurations,
which, despite not being universally optimal for all missions, remain an important research
focus in modern aviation. This is evidenced by multiple global initiatives—such as NASA’s
X-48 and X-56 prototypes [23,24]—and the recent EU-funded EXAELIA project [25], whose
flight demonstrators prominently feature BWB architectures. Moreover, BWBs pose com-
plex challenges in simultaneously achieving lift generation and flight stability, making
them valuable for testing and refining the framework’s capabilities. Thus, they serve as
exemplary case studies even if they are not invariably the most efficient choice for every
UAV application.

2.1. Geometric Design Space and Parametrization Techniques

To enable fully autonomous geometry generation without human intervention, the
wing planform must be parameterized in such way as to account for the degrees of freedom
necessary for a designer during the conceptual and preliminary stages of UAV design. For
the wing parametrization, the current study employes “low-level” variables, such as wing
chords (cr, ct) and wingspan (b), which offer a clearer and more practical representation
of geometry.

The design space accommodates both conventional and BWB UAVs. Conventional
UAV wings are typically defined with one or two sections (i.e., the distinct trapezoidal
planform surfaces that constitute the wing, are referred to as wing sections), as seen in
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Figure 1, and are differentiated from the rest of the aircraft. In contrast, BWB UAVs have a
more integrated structure, where the “fuselage-body” and wings blend into a continuous
aerodynamic shape, as seen in Figure 1.

Figure 1. The two distinct sections used to generate a conventional and a BWB wing.

In most cases, and especially for BWB configurations, accurately capturing the com-
plexity of the geometry requires multiple sections [26]. However, each additional section
increases the number of design variables, leading to higher dimensionality in the design
space. While greater dimensionality allows for detailed representations and subtle geomet-
ric variations, it also significantly increases computational costs during optimization. This
framework restricts the design space for both conventional and BWB UAVs to two distinct
trapezoidal sections which are smoothly blended to avoid sharp transitions, as explained
in Section 3.1. While this parameterization includes non-planar features (dihedral), it does
not currently incorporate additional non-planar elements like winglets, flaps, or slats. This
limitation simplifies the geometry and meshing processes at this stage, providing a stable
basis that can be extended to more complex design spaces in the future.

The necessary parameters and their respective range that define the planform of
a wing instance for both configurations are tabulated in Table 2 and are also depicted
in Figure 2.

Table 2. Design variables used to parameterize the wing planform and their respectable range.

Planform
Parameter

Description Units Limits

c1 Centerline chord length m c1 ∈ [0.2, 10]
c2 Root chord length m c2 ∈ [0.3 × c1, c1]
c3 Tip chord length m c3 ∈ [0.3 × c2, c2]

b1 c2 spanwise location m b1 ∈ [0.2 × b2, 0.7 × b2]
b2 c3 spanwise location (semispan) m b2 ∈ [1, 10]

Λ1 Sweep angle of section 1@c/4 deg Λ1 ∈ [0, 60]
Λ2 Sweep angle of section 2@c/4 deg Λ2 ∈ [0, 60]

i1 Twist angle of c2@c/4 deg i1 ∈ [−5, 5]
i2 Twist angle of c3@c/4 deg i2 ∈ [−7, 7]

γ1
γ2

Dihedral angle of section 1 deg γ1 ∈ [−10, 10]
Dihedral angle of section 2 deg γ2 ∈ [−10, 10]
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Figure 2. Design variables used to parameterize the wing planform.

A total of 11 low-level parameters are required to fully define the planform of a
two-section wing, without including any details about the airfoil shape. It should be noted
that all parameters are referenced from the coordinate system with an origin on the leading
edge of the centerline chord. The x-axis spans along the chordwise direction and the y-axis
spans along the spanwise direction of the wing.

Design variable constraints have been defined to exclude unrealistic wing geometries
such as having taper ratio values larger than 1, wings with very thin sections that would
be impossible to manufacture, or wings with excessive aft and forward sweep angles
(Figure 3). These parameters, combined with constraints, ensure that the design space
remains realistic and aligned with established aerodynamic standards.

Figure 3. Unrealistic wing designs produced when the design space is not being constrained. The
planform surfaces are displayed with the leading edge being on the left.

The wing’s cross-section is defined by three distinct airfoils: one at the root,
one at the kink (midsection break), and one at the tip. Airfoil profiles are assigned to
these spanwise locations, with interpolation between them. The airfoil shape greatly affects
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the aerodynamic characteristics of wing geometry. The precise shape of an airfoil can vary
greatly depending on its intended use, flight conditions, and performance requirements.
One of the most common airfoil databases is the one from UIUC [27], which contains more
than 1500 airfoil shapes from real cases. Selecting airfoils based on their unique categorical
identifiers transforms the design space into a high-dimensional, discrete domain. This
discrete nature lacks the continuity required for efficient aerodynamic shape optimiza-
tion, where smooth transitions between design variables are essential. To address this,
parameterization techniques that represent airfoil shapes through continuous variables
are employed.

Common parametrization techniques include the Bézier–PARSEC method, Class Func-
tion/Shape Function Transformations (CST), B-Splines combined with dimensionality
reduction techniques such as Principal Component Analysis (PCA), and others [28]. How-
ever, the main drawbacks of those methods are the generation of non-smooth trailing edges
with the frequent crossing of the lower pressure surface and the upper suction one and the
demand of a large amount of design to accurately represent the airfoil in terms of geometric
similarity and aerodynamic performance. Given these challenges, a novel approach to
airfoil parameterization was required—one that could achieve high shape diversity while
maintaining a low dimensionality for efficient optimization. The method adopted in this
study is based on the Bézier–GAN (BGAN) parameterization technique, developed by
Chen, Chiu, and Fuge from the University of Maryland [29]. This deep learning model,
based on Info-GAN structures, specifically designed for aerodynamic shape generation,
leverages the smooth, continuous properties of Bézier curves within a GAN framework to
produce realistic airfoil shapes.

These networks utilize latent codes and noise variables as inputs to the network, to
effectively capture both major and minor shape variations in airfoils, enabling the synthesis
of smooth, aerodynamic designs. The latent codes form a low-dimensional representation
that serves as the primary mechanism for representing major shape features, such as
thickness, camber, reflex, and overall curvature. Alongside the latent codes, noise variables
can be introduced to handle finer, more detailed aspects of the airfoil shape. These noise
variables provide an additional level of granularity, allowing for subtle adjustments that
add diversity to the generated shapes. Following the training methodologies proposed by
Chen et al., the parameters depicted in Table 3 are selected to train the airfoil generator.

Table 3. Training parameters for the BGAN model.

Training Parameter Value Description

Bézier degree 32 The number of Bézier control points
Latent codes dimension 8 Number of latent codes

Noise dimension 0 Number of components in noise vector
Train steps/epochs 150,000 -

Batch size 32 Number of samples per network pass
Bounds [0, 1] Bounds of latent codes and noise components

Latent code sampling PDF Uniform Probability distribution

Thus, with only eight design variables, it is possible to accurately represent an airfoil
that belongs in the original UIUC database (training dataset), as well as to generate new
novel configurations that enhance the exploration of the design space. It is important to
note that while the UIUC database primarily contains airfoils analyzed at low Reynolds
numbers, the BGAN training dataset utilizes only the geometry of the airfoils and not the
results of the corresponding analyses. Moreover, many of the airfoils in the database are
widely used in operating aircrafts, where they perform effectively at significantly higher
Reynolds numbers.
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2.2. Operating Conditions

The design space for this framework is confined to the subsonic regime, where flow
velocities remain below Mach 0.3. This range is representative of typical UAV operational
conditions according to [8,30,31] and ensures that compressibility effects can be neglected.
Within this regime, velocities primarily influence computational mesh and turbulence
modeling strategies. Table 1 highlights that each UAV class operates under different
conditions without a uniform trend applying to all classifications. The selected operational
design space is dependent on the wing geometry, which is sampled from the geometric
design space. The altitude was kept constant (at sea level) for all wings, while the cruise
speed was sampled within the range defined individually for each UAV class [8,32].

3. Framework Breakdown

The proposed framework automates the CFD workflow for UAV wings, integrating
geometry generation, meshing, and simulation execution into a Python-based pipeline, as
illustrated in Figure 4. It eliminates manual intervention, promotes consistency across a
large design space, and significantly accelerates the aerodynamic evaluation process for
both individual case studies and optimization-driven analyses.

The three modules are as follows:

• Geometry Modeling: Utilizes OpenVSP’s Python API [33] for generating 3D UAV
wing models. Implemented using an object-oriented programming (OOP) approach,
the geometry module employs a Wing class that encapsulates design parameters, flight
conditions, and methods for geometry generation and blending.

• Meshing: Utilizes BETA CAE’s ANSA pre-processor [34] to transform geometries into
solver-ready grids, adhering to stringent quality standards for subsonic flows.

• Simulation Execution: Employs ANSYS Fluent via the appropriate API—PyFluent
(v0.21) [35], a module for automating simulation setup, execution, and result
post-processing.

The framework relies on XML files for data exchange between modules, allowing
for consistent information flow. As presented in Section 5, high-performance computing
(HPC) with the GPU-native Fluent solver significantly enhances computational efficiency,
reducing processing times and enabling rapid CFD analysis execution.

An important comment must be made regarding the turbulence modeling approach,
since it affects two latter key modules (meshing and solution). Several main approaches
are encountered in the CFD literature, balancing accuracy and computational cost. Direct
Numerical Simulation (DNS) resolves all turbulence scales but is computationally impracti-
cal for most applications, due to its high computational cost. Large Eddy Simulation (LES)
resolves larger turbulent structures while modeling smaller eddies, requiring significant
resources, especially for optimization purposes when the number of required solutions
is in the hundreds or thousands, depending on the optimization study [17]. However,
Reynolds-Averaged Navier–Stokes (RANS) models offer computational efficiency suitable
for steady-state aerodynamic analyses, making them the industry standard [36,37].

In this study, the RANS approach with Menter’s k-omega SST [38] turbulence mod-
eling is adopted, validated through prior work against both in-house test flight data and
assessed against experimental results [39]. While this validation confirms its suitability
within the design space intended, it is important to note that the model has not been
explicitly validated for every possible wing configuration that may arise from the sampling
of this space. However, its extensive use in similar studies further supports its applicability
to this framework [40]. This choice is made to align with the computational tools available,
specifically the GPU-native solvers in the utilized version of ANSYS Fluent 2023R2 [41,42].
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Figure 4. Framework pipeline. More than 35 custom functions have been developed to facilitate
the framework.

3.1. Geometry Module

The geometry module is critical for generating CFD-ready wing geometries, ensuring
compatibility with the following meshing and simulation processes. According to [41], a
“good” geometric model tailored to the requirements of CFD not only enhances workflow
efficiency but also ensures reliable and reproducible results—an essential objective of
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this framework, where robustness is paramount. Using an object-oriented programming
approach, the module features a dedicated Wing class, as shown in Figure 5.

Figure 5. Wing class developed for the geometry module along with its sub-methods.

The Wing class methods can be distinguished into three categories:

• Geometry Modeling: involves defining design parameters and producing the core
geometry, automating blending between sections, calculating the Mean Aerodynamic
Chord (MAC), and determining the center of gravity.

• Operating Conditions: definition of flight conditions and computation of key metrics.
• Case Management: exports geometry in STEP format and records attributes in an XML

file for case tracking.

Trailing edge (TE) treatment, section blending, and Mean Aerodynamic Chord (MAC)
calculation are integral to ensure that the generated wing geometries are appropriate for
CFD meshing. The trailing edge cut is applied to improve mesh quality and numerical
stability, as sharp TEs often lead to a high aspect ratio or skewed cells, affecting solver con-
vergence [42]. To maintain consistency, the TE thickness is set to 1% of the chord length, a
commonly recommended guideline for subsonic applications [41]. Blending between wing
sections is fully automated to eliminate abrupt transitions, ensuring geometric continuity
across all generated designs. The framework prioritizes the second section as the primary
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lifting surface, with the first section adjusted to enforce tangency at the leading and trailing
edges, preventing discontinuities at the symmetry plane.

Additionally, the MAC is computed using a weighted averaging approach, serving as
the reference chord length for moment coefficient (Cm) calculations, which define the pitch-
ing moment characteristics of the wing about its aerodynamic center [7]. Moreover, MAC
serves as the characteristic length for the calculation of the Reynolds number. These treat-
ments eliminate human intervention and are executed in the background, minimizing the
workload needed for geometry preparation. Further details on TE treatment methodology,
blending algorithms, and MAC computation are provided in Appendix A.1.

The right-hand side of Figure 5 highlights additional capabilities of the geometry
module. While these functions, such as the calculation of Reynolds and Mach numbers,
do not directly contribute to geometry generation, they provide essential metrics for flow
characterization and categorization. Finally, through case management methods, the
generated wing geometry can be exported in STEP file format, while the design param-
eters of the wing along with the calculated metrics can be recorded in an XML file for
case tracking.

3.2. Mesh Module

The mesh module bridges the gap between raw geometry and solver-ready computa-
tional meshes. This module is tasked with two primary objectives: geometry pre-processing
and mesh generation. The first objective builds upon the modeled wing generated by the
geometry module, performing geometric manipulations to prepare a watertight control
volume for mesh generation. This includes steps such as feature recognition, body of influ-
ence (BOI) definition, and far-field boundary creation. These steps are further analyzed
and discussed in Appendices A.2 and A.3.

The second objective (mesh generation) involves discretizing the computational do-
main into smaller cells or elements, which act as control volumes for solving the governing
equations of fluid flow. The quality of the mesh directly impacts numerical accuracy,
numerical stability, and computational efficiency, as it determines the resolution of key
physical phenomena such as boundary layers, wake regions, and separation zones.

Implemented via the ANSA Python API, the module uses an object-oriented
pre_processor class with four method categories, as illustrated in Figure 6. The process
begins with import methods, which handle the data transfer from the geometry module,
importing STEP files and extracting attributes from the XML file for a case-specific setup.
Next, feature recognition is performed to identify critical regions such as leading edges,
trailing edges, and sharp perimeters. Bodies of Influence (BOIs) are then defined, along
with the far-field boundaries of the computational domain. Following these geometric
pre-processing steps, the meshing operations take place. Mesh parameters are dynam-
ically adjusted using the custom Compute_Mesh_Parameters method and the geometric
attributes of the given wing. The custom Batch_Mesh_Setup method then updates the mesh-
ing sessions/scenarios before generating the mesh in the following sequence: (1) surface
meshing for both the wing wall and the far-field boundaries, (2) inflation layer mesh, and
finally (3) volume meshing. Finally, the Export Mesh and Save Case methods save the
mesh in Fluent-compatible .msh.h5 format and generate XML files for case tracking and
attribute documentation.

At this stage, one notable feature of the XML file becomes evident: it serves as a bridge
between the modules by enabling the transfer of all attributes and data from the Wing class
to the pre_processor class. This eliminates the need for direct serialization, streamlining data
handling within the framework. Once the geometry generation step is complete, the XML
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file ensures that the meshing module can independently proceed at a later time without
requiring direct interaction with the geometry module.

Figure 6. Pre_Processor class developed for the meshing module along with its sub-methods.

3.2.1. Meshing for CFD

Selecting the appropriate meshing criteria depends on the geometric complexity, flow
conditions, and the desired level of simulation fidelity. Different mesh types—categorized
as structured, unstructured, or hybrid—each offer distinct benefits and challenges. Struc-
tured grids, characterized by their uniform and ordered connectivity, are highly efficient
and accurate for simple geometries and flow-aligned features [43]. However, their rigid
structure makes them challenging to apply to complex or multi-element configurations.
Unstructured grids, on the other hand, provide flexibility to adapt to highly irregular
geometries, covering intricate features like sharp edges or highly curved surfaces. Hy-
brid grids combine the advantages of both, employing structured grids in regions where
precision is important, and unstructured grids in less critical areas.

In this work, the hybrid mesh approach is selected. A structured curvilinear mesh
(inflation layer) is employed over the boundary layer region to capture critical near-wall
phenomena, while for the remainder of the domain, an unstructured grid is chosen to
flexibly adapt to the overall geometry. As for discretization elements, hexahedrals are
predominantly used for both boundary layers and far-field regions, as they offer superior
numerical accuracy and alignment with flow gradients [41].

Considering the practical implementation, the mesh of any arbitrary wing within
the framework is generated via custom meshing scenarios which are passed through the
ANSA batch mesh tool. These scenarios are tailored by parametrizing meshing options
with the wing’s geometric characteristics, as observed in Table 4. The meshing module
operates autonomously, requiring no additional user inputs. The batch mesh tool for CFD
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applications usually requires a surface meshing scenario, an inflation layer scenario, and a
volume-meshing scenario. Each meshing scenario consists of multiple meshing sessions,
addressing different aspects of the geometry. Specifics considering the meshing scenarios,
the meshing parameters, and special treatments are discussed in Appendix A.3.

Table 4. Parameters that control surface mesh.

Wing-Wall Session Wingtip Session Far-Field Session

Mesh type
Algorithm CFD CFD CFD

Element Type Quads and Trias Quads and Trias Quads and Trias
Order 1st 1st 1st

Mesh Sizing
Growth Rate 1.2 1.2 1.2
Max Length f (MAC) f (c3) f (c1)

Curvature
Refinement

Distortion Angle 0 0 15
Min length f (c3) f (c3) -

Leading Edge Treatment

Distribution Anisotropic

- -Min first height f (c3)
Growth Factor 1.15

Max Aspect 1

Trailing Edge Treatment

Distribution Anisotropic

- -Min Aspect 0.05
Growth Factor 1.15

Max Aspect 0.7
Sharp Edge Treatment Max Length - f (c3) -

3.2.2. Surface Mesh

The shaded fields in Table 4 represent meshing parameters that are directly parametrized
using geometric inputs specific to the wing’s design. These parametrizations are chosen
with guidance from the established literature and reflect best practices to ensure compu-
tational accuracy and efficiency. For instance, the “minimum length” under “curvature
refinement” and the “minimum first height” in “leading edge treatment” share a value
of approximately 0.1% of the tip chord. Consistent with guidelines from the literature,
refining key areas, such as leading and trailing edges to approximately 0.1% of the chord
length and ensuring 80–100 cells along the chordwise direction, enhances the resolution
required for capturing curvature effects and boundary layer dynamics [41]. Additionally,
anisotropic distribution and gradual growth factors in mesh elements are recommended for
resolving high-gradient regions near walls [43]. Other mesh parametrizations are derived
by trial and error while testing the limits of the design space and grid independence studies
that are mentioned in Section 5.1.

The automatic control over mesh sizing is achieved through .ansa_mpar files, which
are edited automatically and passed to the ANSA pre-processing software. The .ansa_mpar
files are configuration files that specify mesh parameters for different regions of a geometry.
Each meshing session corresponds to an ansa parameter file. The modification of the
.ansa_mpar files is achieved via the ansa_mpar_file_editor module, a custom utility developed
to automate the process of editing these files. This module enables dynamic adjustments
to mesh parameters by leveraging Python’s file-handling capabilities and regular expres-
sions to target specific configuration settings within .ansa_mpar files. The modification
of .ansa_mpar files is performed during the call of the compute_mesh_parameters, a custom
method included in the pre_processing class.

3.2.3. Inflation Layer Mesh

This study employs a wall-resolving approach to accurately capture near-wall phe-
nomena, which are critical for predicting aerodynamic characteristics. The near-wall region
is dominated by the boundary layer, transitioning from the viscous sublayer dominated
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by laminar flow, where fluid particles move in orderly layers, to turbulent flow, charac-
terized by chaotic fluctuations. These transitions significantly affect performance metrics
such as skin friction and separation zones, making precise boundary layer modeling
a necessity [44,45].

To address these challenges, the near-wall treatment focuses on resolving flow struc-
tures adjacent to the wall, guided by the non-dimensional wall distance y+ [46]. Depending
on the turbulence modeling approach, the meshing strategy ensures the first cell lies at a
specific y+, which in CFD applications is called first-layer y+, or simply y+. As mentioned
at the beginning of Section 3, this study employs the k-omega SST turbulence model [38].
Considering the latter, grid refinements target average y+ values less than one (y+ < 1),
which is essential for resolving the viscous sublayer.

The ANSA software allows us to have more control over specific features of the
inflation layer; these features are listed below.

• The first two layers are of the same height, equal to the first layer height calculation
discussed in Appendix A.3.

• A growth factor is applied for a specific number of layers that are calculated according
to the total boundary layer height (see Appendix A.3).

• To ensure the full coverage of the physical boundary layer and a smooth transition
from the inflation layer to the volume mesh, additional layers are added on top
for redundancy.

The inflation layer height is calculated iteratively, starting with an initial thickness
of twice the first layer height. Successive layers are generated using a growth factor,
typically set to 1.2 for smooth transitions. The iterative process continues until the total
inflation thickness equals or exceeds the estimated boundary layer thickness (δ). When
the total inflation thickness exceeds the flat plate boundary layer height, the number
of layers is returned and adjusted by a safety factor (1.1) to ensure adequate coverage,
according to suggested practices [41]. Finally, additional layers are placed on top for
redundancy. The following inflation layer (Figure 7) is produced automatically using the
proposed framework.

 
Figure 7. An example of the inflation layer that resulted from the automatic algorithm.
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The zoomed-in views in Figure 7 highlight critical aspects of the grid structure at the
symmetry plane. The right view focuses on the inflation layers, showing finely spaced
layers adjacent to the body, with the first two layers being the same height. The left view
shows the transition from the inflation layers to the additional layers and then the outer
grid, where 10 coarser layers extend to the outer domain. Note that the inflation layer
growth factor also applies to the outer layers, which are added as a safety cushion. This
ensures that the region of the actual boundary layer will always fall in this curvilinear
structured grid.

3.2.4. Volume Mesh

Volume meshing is the final step during the mesh generation process, generating
elements in the space between the inflation layer top cap and the far-field boundaries.
The utilized volume-meshing algorithm produces an unstructured grid of hexahedrals
wherever possible, and tetrahedrals (pyramids) in places where hexas are not allowed. For
consistency, the meshing algorithm is called “HexaPoly”.

3.3. Solver Module

The solver module integrates ANSYS Fluent 2023R2 via PyFluent to automate sim-
ulation setup, execution, and post-processing. Utilizing Fluent’s GPU-native solver, cal-
culations achieve up to 7× faster computational times compared to parallel CPU solvers,
significantly reducing simulation duration [47]. A dedicated solution class, illustrated in
Figure 8, manages input and output files, simulation setup, and execution. It also supports
stall detection and convergence monitoring methods, ensuring high-fidelity results with
minimal manual effort.

To initiate this process, instantiating the solution class also launches Fluent automati-
cally according to the specified launcher settings. Whether running in GPU or CPU mode,
with or without GUI, and using a predefined number of processors, the solver is initial-
ized with the appropriate computational resources before proceeding with the case setup
and execution.

Once Fluent is up and running, the module proceeds with loading the computational
mesh from a .msh.h5 file. It then parses the XML file, extracting previously calculated
attributes, including the MAC, reference surface area, Reynolds number, velocity, and
altitude. These values are utilized in defining the simulation’s boundary conditions and
reference parameters for later force and moment calculations.

The simulation setup is then performed iteratively over a predefined range of angles
of attack. For each AoA in the range, the class executes all setup procedures detailed in
Appendix A.4. Monitoring report files for lift, drag, and moments are also generated during
the simulation, providing real-time feedback on solution convergence and stability. After
initializing the solution, the simulation then enters an iterative solution phase, where Fluent
runs for a predefined number of iterations while continuously checking for convergence,
as described in Algorithm for Convergence Detection section. Once the solver detects
convergence, the aerodynamic coefficients CL, CD, and CM are computed using the final
force and moment values. Post-processing includes extracting maximum and mean y+

values to evaluate the quality of the boundary layer resolution. The final results are stored
in the XML file, and Fluent’s output files (.cas.h5, .dat.h5, .out) are also saved.

Throughout this process, robust error handling mechanisms ensure that Fluent auto-
matically retries execution or logs issues if it encounters errors such as failed launches or
missing files. The class is designed to efficiently manage multiple cases, automating the
CFD workflow.
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Figure 8. Solution class responsible for solution setup and execution.

Algorithm for Convergence Detection

In CFD, convergence refers to the stabilization of iterative calculations of flow variables,
indicating that the numerical solution is approaching a state that sufficiently satisfies the
governing equations and boundary conditions. Typically, convergence is judged by a
three-order-of-magnitude drop in residuals of continuity, momentum, and turbulence
equations, alongside the stabilization of forces such as lift and drag [48]. Achieving
convergence to machine precision is realistically impossible, and practical thresholds must
balance accuracy and computational cost.

In this framework, a custom convergence detection algorithm is implemented due
to the limitations of Fluent’s built-in methods for GPU-native solvers (Fluent v2023R2—
v2024R2). This algorithm is incorporated as a hidden method within the solution class and
called by the solve method while a simulation is running. This dependency can be observed
in Figures 4 and 8. The method incorporates residual monitoring, periodicity checks, and
termination criteria, focusing specifically on the aerodynamic quantities of interest: the
forces acting along the x and z axes. The residual of these forces is calculated iteratively as
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the maximum relative change in force values over a specified window of past iterations
(N), using the formula of Equation (1).

R(i)
Fx,z

= max
N

⎛⎝
∣∣∣F(i)

x, z − F(i−j)
x, z

∣∣∣∣∣F(i)x, z
∣∣

⎞⎠ (1)

Note the following:
R(i)

Fx, z
: Maximum residual force in the x or z direction at iteration i;

F(i)
x,z : Current force in the x or z direction at iteration i;

F(i−j)
x,z : Force value in the x or z direction from j-th previous iteration.

Residual convergence is flagged when both forces drop below a predefined residual
flag for three consecutive checks, performed at specified iteration check interval. Periodicity
detection, initiated after a defined iteration threshold and a defined level of convergence
(residual flag should be at least as low as one order of magnitude larger than the threshold),
uses zero-crossing analysis to identify stable oscillatory behavior [49]. If periodicity is
confirmed, the solution is conditionally converged. Additionally, a maximum iteration cap
of 2000 iterations is imposed to prevent excessive computational costs in scenarios where
convergence or periodicity detection cannot be achieved. In those cases, the evaluation
metrics described in Section 4 can assist in investigating the convergence issue.

Based on the findings of a sensitivity study, combining a 10−3 residual flag, 100-iteration
checking window, and 10-iteration check interval is suggested as a balanced trade-off
between computational cost and convergence robustness. The approach ensures high
reliability and robustness in detecting convergence, accommodating the complexities of
GPU-native solvers and aerodynamic flows.

4. Evaluation Metrics

The reliability of CFD results must consider the quantification of numerical errors,
especially in an automated framework where human intervention is minimized. Thus, it is
essential to ensure that the solutions generated are accurate, especially when considering
critical aerodynamic quantities like lift and drag. The error in CFD modeling can be
categorized into round-off errors, discretization errors, and iterative errors [50–52].

• Round-off errors arise from the finite precision of numerical calculations performed
by computers, particularly in large-scale simulations with many iterations, where the
accumulation of small errors can impact the solution.

• Discretization errors, on the other hand, result from the approximation of continuous
governing equations using numerical schemes and finite spatial or temporal resolution.
They encompass truncation errors, which arise from the omission of higher-order terms
in the numerical approximation, and additional artifacts introduced by grid quality,
boundary condition definition, and numerical schemes. Discretization errors are often
treated as an epistemic uncertainty [53], reflecting incomplete knowledge of the true
solution due to mesh and scheme limitations.

• Iterative errors stem from the incomplete convergence of the solver to a stable solution,
either due to insufficient iterations or suboptimal solver settings, and are similarly
treated as an epistemic uncertainty [54].

While these errors cannot be entirely eliminated, estimating their impact is essential
for assessing the numerical fidelity of CFD results. Such error estimation safeguards
against misinterpreting numerical artifacts as physical phenomena and helps ensure that
the automated workflow produces robust and reliable outputs.
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To complement the error estimation process, this study also introduces a rapid reli-
ability assessment methodology for evaluating the overall quality of CFD results. This
assessment uses established best practices and guidelines for CFD simulations in the sub-
sonic regime [41,48]. By systematically evaluating critical parameters—such as boundary
layer resolution, the number of discretized cells within the boundary layer, and the con-
vergence behavior of key forces—the methodology identifies unreliable simulations and
highlights potential sources of inaccuracy. These quality checks act as a double-layer safe-
guard, ensuring that the solutions meet predefined standards of fidelity before progressing
further in the design process.

Together, error estimation and rapid reliability assessment form a comprehensive
framework for validating CFD outputs. The framework not only quantifies numerical
uncertainties but also ensures solution quality through practical and experience-based
reliability checks. This dual approach provides designers with robust and reliable outputs,
enabling informed decision-making during the design and optimization process.

4.1. Discretization Error Quantification

This subsection focuses on two primary error sources: the Grid Convergence In-
dex (GCI), which quantifies discretization errors, and iterative errors, which arise from
incomplete solver convergence. These methods allow for the estimation of numerical
uncertainties, enhancing confidence in the CFD solutions.

The Grid Convergence Index (GCI), rooted in Richardson extrapolation, is a well-
established method for estimating discretization error in CFD simulations, while it has
been validated against experimental data across diverse aerodynamic applications [55].
The GCI evaluates the convergence of key aerodynamic quantities, such as lift and drag,
across systematically refined grids. The procedure is as follows:

1. Define a Representative Grid Size: for three-dimensional grids, Equation (2) is used.

h =

[
1
N

N

∑
i=1

Vi

] 1
3

(2)

Note that Vi is the volume of the ith cell and N is the total number of cells.

2. Grid Refinement: perform analyses on three grids (coarse, medium, and fine), charac-
terized by grid sizes h1 < h2 < h3, with a refinement ratio r (Equation (3)).

r =
hcoarse

h f ine
> 1.3 (3)

3. Apparent Order of Accuracy p: Calculate p using Equations (4)–(6).

p =
1

ln(r21)

∣∣∣∣ln( ϕ3 − ϕ2

ϕ2 − ϕ1

)
+ q(p)

∣∣∣∣ (4)

q(p) = ln

(
rp

21 − s
rp

32 − s

)
(5)

s = 1 × sgn
(

ϕ3 − ϕ2

ϕ2 − ϕ1

)
(6)

In these equations, ϕ is the aerodynamic quantity of interest. The equations for p can
be solved using fixed-point iteration.
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4. Extrapolated Solution: Use Richardson extrapolation (Equation (7)) to approximate
the solution at an infinitely fine grid.

ϕ21
ext =

rp
21 ϕ1 − ϕ2

rp
21 − 1

(7)

5. Discretization Error (GCI): The error estimates are reported (Equations (8) and (9)).

ε31 =
∣∣∣ ϕ3−ϕ1

ϕ1

∣∣∣
ε3,ext =

∣∣∣ ϕ3−ϕ21
ext

ϕ21
ext

∣∣∣ (8)

GCIf ine,31 = 1.25
εa,31

rp
31 − 1

(9)

4.2. Iterative Error Quantification

Iterative errors arise due to the non-linearity inherent in the governing equations,
such as the Reynolds-Averaged Navier–Stokes (RANS) equations, and the iterative nature
of numerical solvers [52,56]. Non-linearities from convective terms, turbulence closure
models, and deferred corrections in discretization contribute significantly to iterative
errors. Additionally, the solution of linearized algebraic systems through iterative methods
introduces convergence-related discrepancies. While iterative errors can be reduced with
additional iterations, achieving complete convergence is often computationally prohibitive,
particularly in complex turbulent flows. This necessitates the adoption of reliable methods
to quantify and manage iterative errors within acceptable limits to ensure the fidelity of
CFD simulations.

Despite significant advancements in CFD, iterative errors remain an open problem, with
numerous studies endeavoring to address their impact and quantification [50–52,55,56]. The
approach to iterative error estimation employed in this study aligns with the same study
utilized for the discretization error, thereby ensuring consistency and credibility within the
numerical uncertainty framework. In this context, iterative error fulfills a dual role. It serves
as a practical indicator of convergence, enabling engineers to assess whether a solution
has stabilized by closely monitoring the error as the solution progresses. Furthermore, it
provides an approximation of uncertainty, allowing for the estimation of numerical error
should the simulation be terminated prematurely.

To quantify the iterative error, the methodology proposed by Ferziger [57] is employed.
The iterative error, denoted as εiter, is estimated using the formula of Equation (10).

εn
iter,i

∼=

(
ϕn+1

i − ϕn
i

)
λi − 1

(10)

Note that n is the iteration number, ϕi is the solution variable, and λi is the principal
eigenvalue of the solution matrix, approximated using Equation (11).

λi =

∥∥∥ϕn+1
i − ϕn

i

∥∥∥∥∥∥ϕn
i − ϕn−1

i

∥∥∥ (11)

The uncertainty in iteration convergence, δiter, is then calculated as shown in Equation (12).

δiter =

∥∥∥εn
iter,i

∥∥∥
λave − 1

(12)
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In this equation, λave is the average value of λi over a reasonable number of itera-
tions. Following recommendations in prior studies, λave is calculated using 1% of the
total iterations [51].

4.3. Solution Confidence

Unlike global error estimates, key simulation quality indicators provide a practical
and immediate assessment of grid and solution reliability. The confidence metrics utilized
in this study are systematically implemented as part of the automated process, providing
a quick and actionable diagnostic tool to assess simulation quality. By flagging runs that
deviate from established thresholds, this method empowers engineers to either proceed
with confidence or refine their setup, thus safeguarding the integrity of the design process.

According to widely accepted guidelines for the subsonic regime, as well as experimen-
tal validations [58], proper resolution of turbulence effects—particularly when using the
low-Reynolds variant of the k-omega SST turbulence model adopted in this study—requires
careful treatment of the boundary layer grid. For accurate turbulence modeling and wall
shear stress prediction, an average y+ value of less than 1 and a maximum y+ value of
2 should be enforced across the wing surface. While a maximum y+ value strictly below
1 is suggested by some researchers (see Table 5) as an ideal target, it is often unrealistic to
achieve this consistently in automated frameworks, especially when considering the broad
design space and flow conditions investigated in this work.

Table 5. Proposed y+ values and prism layers in boundary layers in different studies.

Study Proposed y+ Proposed Prism Layers

Menter et al., 1994 [38] 3 N/A
Georgiadis et al., 1995 [58] 2 N/A

Menter et al., 2015 [59] 1 30
Goetten et al., 2019 [41] N/A 20–40
Menter et al., 2003 [60] 2 N/A

ANSYS–Menter 2021 [48] 1 30–40

Nevertheless, it should be noted that this practical guideline is applied to ensure that
the low-Reynolds modeling will consider the phenomena encountered within the viscous
sublayer, which appears at a y+ smaller than 5 [46].

Several studies have attempted to quantify the sensitivity of aerodynamic quantities to
variations in y+ values across a range of geometries and flow conditions [58,59]. However,
these efforts remain limited, both in scope and applicability, as they do not comprehensively
cover the design space or operational conditions explored in this study. As such, relying
solely on y+ values for a quantified grid-resolution error remains impractical and, in many
cases, misleading.

In addition to satisfying the first layer height requirements near wall boundaries,
an accurate boundary layer resolution also demands a sufficient number of prism layers
within the boundary layer to properly capture the flow phenomena starting from the
near-wall region of the viscous sublayer and moving on to the buffer zone and logarithmic
region. Existing studies have established that 20 to 40 prism layers are typically required to
discretize the boundary layer accurately and ensure numerical fidelity (see Table 5). This
ensures that steep gradients, particularly in the near-wall regions, are resolved with an
adequate grid density.

By combining the guidelines for y+ and the boundary layer discretization, a systematic
confidence assessment system is suggested in the current study, indicatively using color
coding to flag deviations from established thresholds. This system allows for a rapid visual
evaluation of simulation reliability, as illustrated in Figure 9.
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Figure 9. Qualitative metric of the grid resolution based on the y+ and the amount of prism layers
inside the boundary layer.

The green color represents the best-case scenario according to most guidelines, the
orange color (left cross pattern) represents a type of grey zone where some studies agree,
and the red color (right cross pattern) indicates poor confidence about the results of
the analysis. In this framework, the y+ values (both average and maximum) are ex-
tracted using the solver module and the functionality provided by PyFluent, utilizing
built-in methods.

A critical factor contributing to the confidence in the results is the convergence be-
havior of each case. As described in Section 3, a substantial computational budget is
allocated to the solution, and an automated algorithm continuously monitors the quantities
of interest (forces generated on the wings) until they stabilize within a predefined tolerance
level. Cases that fail to converge may indicate oscillatory or divergent behavior, or, in rare
instances, a very slow rate of convergence, as observed in the authors’ experience. For
every CFD result, the convergence condition is reported alongside the residuals for each
force, providing designers with valuable insights into the simulation setup.

Inflation Layer Exploration

This section and Figure 10, describes the approach adopted to generate a structured
inflation layer mesh from unstructured CFD simulation data with the scope of accurately
defining the grid elements inside the boundary layer (Figure 11). The development of a
structured inflation layer mesh, while complex, enables the detailed post-processing of
these regions.
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Figure 10. Structured inflation layer flowchart.

Figure 11. Boundary layer recognition.

The initial step involves extracting the simulation data, including element positions,
node positions, and element–node connectivity. This information is gathered via PyFluent
and forms the foundation for mapping relationships between nodes and elements, which
is necessary for reconstructing structured layers. The data structure allows for the efficient
traversal and identification of edges shared between elements, enabling the formation of a
coherent network around the airfoil. The airfoil boundary is located by identifying nodes
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lying along its surface. These nodes are determined based on their spatial arrangement
(their proximity to the plane of interest), their velocity magnitude (which should be zero
according to the no-slip boundary condition imposed), and distinct geometric features,
such as proximity to the airfoil shape and minimal deviation in the tangential direction.
Once identified, the airfoil nodes are chained into a continuous sequence, representing the
airfoil surface from the leading edge to the trailing edge. This chaining process preserved
the geometric coherence of the airfoil outline.

Subsequently, elements connected to the airfoil nodes are isolated, using the connec-
tion information from the solver, forming the first inflation layer directly adjacent to the
airfoil. The elements are ranked based on their proximity and connectivity to ensure an
unambiguous representation of the layer.

Using the elements of the first layer as a foundation, additional inflation layers are
constructed incrementally. For each layer, the following process is applied:

1. Element Connectivity Traversal: The neighboring elements of the current layer are
identified through their shared edges.

2. Velocity and Y-Coordinate Filtering: Candidate elements for the next layer are
filtered based on predefined constraints on x-velocity component and vertical (z-axis)
alignment, ensuring physical relevance.

3. One-to-One Mapping: A one-to-one mapping is enforced between elements of con-
secutive layers to maintain coherence. This ensured that each element in a new
layer corresponded to exactly one element in the previous layer, preserving the
structured arrangement.

4. Continuity Validation: Additional continuity checks ensured the spatial arrangement
of elements remained consistent. A maximum allowable distance criterion was
applied between consecutive elements to detect and resolve discontinuities.

With the structured data array, including computed variables such as the fluid velocity
and turbulent viscosity ratio, the boundary layer height can be determined at any position
along the airfoil [48,61]. This enables a direct comparison with theoretical boundary layer
heights and allows for the counting of prism cells within the boundary layer. While
this proposed methodology shows promise for automatically extracting boundary layer
information, its application is limited by the strong three-dimensional effects arising from
varying boundary layer development rates along the wing. Consequently, constructing
concise metrics to inform designers is beyond the scope of this study. However, the method
can still be applied manually by selecting specific points of interest on the wing surface.

5. Framework Performance

The performance evaluation of the proposed framework is conducted through a
combination of validation studies and a large-scale development in order to acquire sta-
tistical insights across a large sample of the design space. Firstly, in Section 5.1, a grid
independence study is conducted alongside the quantification of discretization errors in
the generated grids. It must be noted at this point that the main goal of this work is to
present and demonstrate the entire pipeline of a framework that leads from geometry to
simulation. Validating the framework against experimental or flight-testing data is beyond
the scope of this work, especially given the fact that the methods have been validated in
previous studies in their non-automated form. Additionally, in Section 5.2, a validation case
is selected to benchmark the framework’s performance against the expertise of a highly
skilled mechanical engineer specializing in CFD. This comparison focused on both time
efficiency and the accuracy of the results.
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Following this, in Section 5.3, an extensive series of analyses were conducted, sampling
1165 wings from the predefined design space (Section 2). The purpose of these analyses is
to assess the framework’s performance across four primary aspects:

(1) sampling a range of wing configurations;
(2) meeting boundary-layer resolution and mesh-quality thresholds (Section 4);
(3) ensuring solver convergence and minimal iterative error;
(4) achieving computational efficiency for large-scale design exploration.

The findings indicate that the framework can handle a wide range of wing configura-
tions without user intervention, while also providing detailed information on computa-
tional durations for geometry generation, mesh generation, solution setup, and solution
execution. Additionally, the grids generated were evaluated using the quality metrics
described in Section 4.

All the analyses presented in this section for the framework’s performance are con-
ducted at the Aristotle University of Thessaloniki (AUTh) High Performance Computing
(HPC) cluster, leveraging its advanced computational capabilities. This state-of-the-art
system facilitated the efficient execution of the large-scale simulations required for validat-
ing the framework and analyzing the sampled wings. The HPC cluster specifications are
detailed in Table 6.

Table 6. AUTh’s system cluster specifications.

Component Quantity Specification

CPU Cores 16 AMD EPYC 7742
GPU 1 NVIDIA A100 40 GB
RAM 128 Gb of DDR4

It should be noted that the definition of a “highly skilled Mechanical Engineer spe-
cializing in CFD” is inherently subjective. In this case, the expert is an engineer with over
five years of experience in CFD, specifically for aircraft and UAV applications [39,62–64].
The expert has served as the lead CFD engineer on multiple research and industrial projects,
developing expertise in aerodynamic analysis, mesh optimization, and simulation vali-
dation. While this level of expertise provides a solid benchmark for comparison, it is
acknowledged that individual skill sets and methodologies can vary significantly across
practitioners, which may influence the comparison outcomes.

5.1. Grid Independence Studies and Error Quantification

This section focuses on performing grid independence studies within the framework,
ensuring that the solution converges under mesh refinement using previously established
practices [39]. Because these studies are performed by the framework automatically, the sim-
ulation setup, including model and solution scheme selection, matches the setup detailed
in Algorithm for Convergence Detection section.

The ONERA M6 wing is selected for the grid independence studies due to its simplicity,
public availability, and frequent use in benchmarking studies [65]. This well-documented
geometry, depicted in Figure 12 is a staple in aerodynamic validation, offering established
reference data for comparison. Although the ONERA M6 wing is commonly validated
in high-speed subsonic and transonic flow regimes, this study is focused on subsonic
incompressible flow conditions. Transonic regimes demand more intricate grid setups and
solver configurations, which are outside the framework’s intended operational domain [66].
The ONERA M6 model, along with the corresponding design space parametrization, is
illustrated in Figure 12 and Table 7.
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Figure 12. ONERA M6 wing planform.

Table 7. Parametrization of the ONERA M6 wing.

Parameter ONERA M6

c1 805.9 mm
c2 629.5 mm
c3 451.3 mm

b1 598.2 mm
b2 1196.3 mm

Λ1 26.7◦

Λ2 26.7◦

i1 0◦

i2 0◦

γ1
γ2

0◦

0◦

The studies are conducted under sea-level atmospheric properties, with a freestream
velocity of 25 m/s. Two angles of attack (AoAs) are selected: a moderate 4◦ and a higher
12◦. The latter is commonly more demanding in terms of convergence, requiring more
iterations due to the possible flow separation on the suction surface.
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The study is executed by progressively increasing the number of grid elements using
a scale factor that affects the hyper-parameters of the meshing algorithm. In Figure 13, the
lift and drag forces on the ONERA M6 wing are illustrated for both AoAs.

  
(a) (b) 

Figure 13. Grid independence study for ONERA M6 wing. (a) Lift and drag at 4o AoA for a varying
number of grid elements; (b) lift and drag at 12o AoA for a varying number of grid elements. Red
points indicates the selected refinement that satisfies the study.

The results highlight that for both cases, the lift and drag forces converge to stable
values as the mesh density increases. This also validates the usage of a universal grid
per wing and the importance of the BOIs in the proposed framework. Beyond a certain
number, which in this case is for approximately 7.5 million grid elements, further refinement
provides diminishing returns in accuracy. Thus, the appropriate parameters are being fine-
tuned for the meshing module in order to reliably provide computational grids with this
refinement. Using these parameters as the baseline, further investigation is being conducted
into the determination of the discretization error as per the methodology described in
Section 4.1. Three wings are chosen for this phase: the ONERA M6 wing, the RADAERO
conventional wing (details are present in Section 6), and a wing belonging to the EURRICA
BWB UAV [62]. The planform of the EURRICA wing is illustrated in Figure 14, along with
the parametrization in Table 8.

Figure 14. EURRICA wing planform.
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Table 8. Parametrization of the EURRICA wing.

Parameter EURRICA *

c1 0.966 m
c2 0.285 m
c3 0.174 m

b1 0.3765 m
b2 1.0433 m

Λ1 37.5◦

Λ2 33.0◦

i1 -
i2 -

γ1
γ2

-
-

* data restrictions apply.

By following this systematic approach, the GCI provides a quantified measure of the
discretization error, yielding a transparent assessment of grid-resolution effects. Although
GCI is traditionally applied to single-case simulations, this study extends its methodology
to the broader design space by evaluating representative samples. The three sampled wings
represent the design space of the framework as the most interesting cases. The mean GCI
error is used as an aggregated estimate of the discretization error over the design space. In
the absence of experimental validation in this study, the GCI remains a credible indicator
of numerical errors.

The evaluation metrics for the following grid independence studies are the lift and
drag forces. As illustrated in Figure 15, for each case, the least refined computational grid is
the one generated using the hyper-parameters selected from the previous grid dependency
study. Then, following the GCI approach, systematically more refined grids are created.
The final errors calculated are shown in Table 9.

 
(a) (b) 

 
(c) 

Figure 15. Discretization error for lift and drag for various grid refinement cases: (a) ONERA M6
wing, (b) RADAERO conventional wing, and (c) EURRICA BWB wing.
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Table 9. Grid discretization errors.

Drag Lift

Platform Relative Error (ε31)Drag
Extrapolated Relative

Error (ε3,ext)Drag
Drag GCI31 Relative Error (ε31)Lift

Extrapolated Relative
Error (ε3,ext)Lift

Lift GCI31

ONERA M6 0.80% 2.10% 1.21% 0.15% 0.22% 0.09%
RADDAERO 0.37% 0.40% 0.06% 0.09% 0.09% 0.02%

EURRICA 0.86% 1.37% 0.40% 0.07% 0.06% 0.03%

It is evident that the discretization error for the three cases between the least-fine grid
and the extrapolated one, is in the order of 1%. The drag for all cases seems to be more
sensitive regarding the grid resolution. This error can be reported as a safe estimate for the
grid of this framework.

5.2. Solver Compared with Expert-Grade Results

To evaluate the efficiency and accuracy of the proposed framework, a comparison
was conducted against a manually prepared simulation, performed by an experienced
CFD mechanical engineer. To ensure consistent and comparable results, the ONERA M6
wing geometry (Figure 12, Table 7) generated by the framework was also provided to the
expert. The engineer manually meshed the geometry while preserving the features of
the wing. The simulation parameters, including models, solution schemes, and boundary
conditions, are appropriately configured to match the setup performed automatically
by the framework, as detailed in Algorithm for Convergence Detection section. The
validation focuses on key aerodynamic quantities, including the lift coefficient CL, drag
coefficient CD, and residual convergence trends. The framework is assessed for its ability
to replicate these results while reducing the time and effort required for pre-processing and
simulation setup.

The automated framework demonstrates high reliability, with the drag polar pre-
dictions deviating by less than 3% from the manually obtained results. This agreement
highlights the framework’s capability to deliver high-level accuracy for subsonic aerody-
namic evaluations. As illustrated in Figure 16, the framework successfully captured the lift
and drag characteristics across the drag polar of the ONERA M6 wing.
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Figure 16. Drag polar comparison of ONERA M6 between the framework and a CFD engineer.
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One of the key strengths of the framework lies in its ability to significantly reduce
the time required for geometry pre-processing, meshing, and simulation setup. The CFD
engineer took approximately 40 min to manually generate the mesh and configure the
solver for the ONERA M6 case. In contrast, the automated framework completed these
tasks in under 5 min, achieving an 88% reduction in lead time. In this lead time, only the
mesh generation and the solution setup are taken into consideration, since the solution
execution time is the same for both cases (given that the grid resolution is similar).

5.3. Large Scale Deployment

To evaluate the scalability and robustness of the proposed framework, 1165 wing
geometries are sampled from the design space outlined in Section 2. The sampling process
employs a Latin Hypercube Sampling (LHS) technique to ensure a uniform distribution
of design variables across the multidimensional design space [67]. These sampled wings
represent a diverse range of conventional and unconventional configurations, including
both conventional wings and more complex blended geometries typically found in tailless,
flying wing, or BWB UAVs. Figure 17 provides a visual depiction of the distributions for
the high-level planform parameters, illustrating the diversity and coverage achieved in the
sampling process.

 
Figure 17. Distribution of the sampled planform high-level parameters. Each subfigure corresponds
directly to a specific design variable from Table 2 (e.g., chord lengths ci, spanwise positions bi, sweep
angles Λi, twist angles ii, and dihedral angles γi).

For each wing configuration, the corresponding flow velocity is sampled according
to the methodology described in Section 2. The angle of attack range spans from −4o

to +16o, with an additional 4o added in cases where stall has not yet occurred. This ap-
proach ensures a comprehensive aerodynamic characterization for each wing. The final
dataset comprises 12,858 computational analyses, with an average of 11 simulation runs per
configuration. This extensive dataset provides a robust foundation for evaluating the frame-
work’s performance in terms of computational time, robustness, and mesh quality. From
the total number of analyses, 96.75% were successfully completed, while the remaining
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3.25% encountered issues related to mesh resolution (e.g., y+ values) or convergence failure
across the majority of runs. Such outcomes offer valuable insights into areas requiring
improvement in mesh generation and solver setup for specific configurations.

Table 10 summarizes execution time statistics across the framework’s main phases,
excluding geometry generation, which is negligible in comparison to other modules. From
these data, it can be concluded that the median execution time for the pipeline from mesh
generation to solution execution is approximately 539 s (9 min), with a standard deviation
of 150 s. These results emphasize the framework’s capability to deliver high-fidelity
aerodynamic results within a short timeframe, significantly enhancing the efficiency of the
design process.

Table 10. Summary statistics of required execution time for 1165 wings (rounded).

Type of Value Mesh Generation [s]
Writing Mesh to

Disk [s]
Loading Mesh in

FLUENT [s]
Initializing Solution

in FLUENT [s]
Analysis Execution

in FLUENT [s]

Minimum Value 54 0.5 1 8 38
Maximum Value 3385 89 115 56 1150

Mean Value 255 36 50 19 259
Median Value 232 33 45 17 212

Figure 18 depicts the distribution of the two most time-consuming phases—mesh
generation and simulation execution. The distribution plots reveal that mesh generation
exhibits less variability compared to simulation execution, which is influenced by the
complexity of each configuration.

 
(a) (b) 

Figure 18. Distribution of the two most time-consuming phases of the framework for 1165 wings.
(a) Mesh generation time, which is mostly centered around 250–300 s. (b) Simulation execution time,
which is mostly centered around 150 s.

While as described, y+ is not an absolute measure of grid fidelity, it serves as a
practical first step in assessing the quality of boundary layer resolution. In contrast,
metrics such as the number of prism layers within the boundary layer provide a more
comprehensive but inherently complex three-dimensional evaluation, which should be
examined as a secondary step by the designer at critical spanwise locations on the wing
surface. Equation (13) shows the criteria used to define a high-quality mesh.

y+avg@wing_sur f ace
< 1 and y+max@wing_sur f ace < 2 (13)

Among the 12,858 cases, 93.2% met these quality constraints, indicating a robust and
consistent mesh generation process. Outliers, representing 0.5% of cases with abnormal y+
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values exceeding two orders of magnitude above the quality threshold, are excluded from
the analysis. Table 11 provides summary statistics for the y+ values of the valid cases.

Table 11. Summary statistics of the results for grid resolution.

Type of Value y+
average y+

maximum

Minimum 0.32 0.79
Maximum 9.18 29.53

Mean 0.48 1.55
Median 0.46 1.40

To further analyze the distribution of y+ values, Figure 19 provides scatter plots of
the average and maximum y+ values for all cases. Figure 19a presents the full dataset,
excluding the extreme outliers, and highlights the strong clustering of cases that meet the
quality criteria, shown by the green diamond points. The presence of a small subset of
extreme values, where y+max exceeds 10, indicates specific challenges in grid resolution
for certain geometries or flow conditions. These cases, although rare, suggest areas for
localized adjustments to boundary layer refinement settings.

 
(a) (b) 

Figure 19. Scatter plot of the average and maximum y+ values for all the cases. (a) All cases without
the extreme outliers. (b) Focused scatter plot around y+mean < 1 and y+max < 5.

Figure 19b focuses on cases that satisfy or marginally exceed the quality thresholds,
offering a clearer view of the robust performance achieved by the framework. The tightly
clustered data points illustrate the consistency of the automated meshing process, par-
ticularly for the majority of sampled wings. Overall, these visualizations confirm that
the framework maintains a high degree of mesh quality across a diverse range of wing
configurations, with only minor deviations requiring further attention.

Regarding the iterative error, the same batch of wings is used to investigate the total
uncertainty from either non-converged or prematurely converged cases. Solutions are
either converged fully or stopped at 2000 iterations (maximum iterations) to assess the
impact of incomplete convergence.

Figure 20 illustrates the average iterative error (for both forces in X and Z axis) for
converged and non-converged wings across the sampled angles of attack. Non-converged
wings exhibit significantly higher iterative errors, particularly at low angles of attack, where
the error reaches its peak. In contrast, converged wings demonstrate negligible iterative
errors across the entire range, underscoring the importance of convergence in achieving
reliable results. This comparison emphasizes the role of iterative errors as a diagnostic tool
for assessing the solution quality and the reliability of early terminated simulations.
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Figure 20. Average iterative error for every angle of attack, for converged and non-converged wings.

6. Optimization Case Study

To demonstrate the power of the automated CFD framework, one aerodynamic shape
optimization case study is conducted. This includes a conventional UAV wing with the
goal of showcasing the adaptability and robustness of the algorithm. The objective of
optimization is to maximize the lift-to-drag ( L/D) while also satisfying the sensitive
stability constraints. All the design variables described in Section 2 are selected, except
for the dihedral angle, since it plays a minor role in the aerodynamic performance and the
longitudinal stability of the UAV [6,7].

Bayesian Optimization (BO) was chosen for these cases, as it is a method well-suited for
high-cost optimization problems [68]. BO utilizes a surrogate model, typically a Gaussian
Process (GP), to map the aerodynamic behavior to inputs (i.e., the design variables). The
Expected Improvement (EI) criterion drives the algorithm in balancing exploration (unseen
design areas) and exploitation (refining promising regions), enabling efficient exploration of
high-dimensional design spaces while minimizing the number of analyses required. Classic
BO does not offer a straightforward way of incorporating constraints into the optimization
formulation. To tackle this, Ref. [69] introduces Constrained Bayesian Optimization (cBO),
which incorporates inequality constraints by placing Gaussian Process priors on both
the objective and constraint functions. This approach allows for the optimization of an
expensive objective function while simultaneously considering feasibility constraints. For
the CFD analyses, the AUTh HPC infrastructure was utilized, using the specifications
described in Table 6.

Conventional UAV Wing—RADAERO

The RADAERO platform (Figure 21), a conventional fixed-wing UAV with an inverted
V-tail configuration, is selected as the reference configuration. The RADAERO platform is
a platform that has been 100% designed and built by the Laboratory of Fluid Mechanics
and Turbomachinery [70] and has successfully completed several hours of flight testing.

The initial design variables for this case are given in Table 12. The wing’s airfoil—
NACA 2414—and dihedral angle are kept constant along the wing sections. The upper
and lower bound of the design variables are constrained to a ± 20% from the baseline
configuration, ensuring a resemblance to the already designed aircraft. This minimizes
the impact of the new wing on the overall performance of the UAV. Flight conditions

96



Algorithms 2025, 18, 186

are fixed at a cruising speed of 25 m/s at sea level, with a reference Reynolds number of
200.000 and an angle of attack of 4o. Since RADAERO already features a horizontal and
vertical stabilizer, and in a hypothetical scenario of later-stage optimization it imposes a
stability constraint on the wing, in order to ensure that the tail remains the same.

Figure 21. Top view of the RADAERO platform.

Table 12. RADAERO wing planform design space.

Design Variable Baseline * Lower Bound Upper Bound

c1 -
0.10–0.50 mc2 -

c3 -

b1 0.24 m 0.19 m 0.29 m
b2 1.125 m 0.9 m 1.35 m

Λ1 0◦ 0◦ 20◦

Λ2 0◦ 0◦ 20◦

i1 - −2.0–0.0i2 -
* Data restrictions apply.

The optimization problem formulation is displayed in Equation (14).

maximize L
D

subject to

{
CL ≥ 0.414

0 ≤
∣∣∣CM c

4

∣∣∣ ≤ |−0.0781|
(14)

An initial DoE stage (Exploration) is performed, so as to explore the design space. In
this phase, using LHS, random configurations are analyzed, thus providing information to
the GPs, mapping the inputs to the outputs, and constructing the foundation of feasible and
infeasible regions. According to [71,72], the majority of the computational budget should
be distributed to the exploitation stage i.e., the infill stage. Guided by the EI acquisition
function, the optimizer specifically selects points in the design space that offer a high
probability of improving the current best score of the quantity of interest. A total of 30 wing
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designs are evaluated with a ratio of exploration-to-exploitation equal to 1:2. As illustrated
in Figure 22, circles denote valid solutions that satisfy constraints, while crosses represent
invalid solutions.

Figure 22. Optimization history of RADAERO wing planform.

The framework successfully identified a final optimal wing design with an 8% increase
in L/D, a 2% improvement in CL, and a modest reduction in CMc/4 , aligning with the
constraint (Table 13). On the optimized wing, the average y+ value along the wing was
kept below 1. This highlights the framework’s effectiveness in navigating a constrained
design space, as evidenced by the progressive improvements across iterations and the
ability to maintain stability and aerodynamic performance, while also providing reliable
and fully automated CFD results.

Table 13. Initial and optimized aerodynamic performance of RADAERO wing.

Variable Initial Value After Optimization Change y+
avgopt. y+

maxopt. Iter.Error

L/D 19.96 21.52 8%
0.42 1.09 6.85 × 10−4CL 0.4143 0.4225 2%

CM −0.0781 −0.076 −2.7%

The optimized wing planform is compared to the baseline in Figure 23. It is evident
that the span of the wing increased leading along with its aspect ratio, which has an explicit
effect on the reduction in induced drag [7].

Figure 23. Pressure coefficient contours of baseline and optimized wing, including a top and
front view.
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7. Conclusions

This study presents the development and validation of an automated CFD pre-
processing framework designed to streamline high-fidelity aerodynamic simulations tai-
lored for fixed-wing UAV applications. By integrating the geometric modeling, mesh
generation, and simulation setup into a cohesive workflow, this framework significantly
reduces manual effort and computational inefficiencies. By leveraging Python APIs and
a combination of open-source and commercial tools, tshe framework achieves a fully pa-
rameterized and automated pipeline, reducing pre-processing times to mere minutes and
making it suitable for rapid iterations in design workflows. Moreover, a methodology for
estimating the reliability of the framework’s results is proposed, incorporating consider-
ations for discretization error, potential early solution termination, non-dimensional y+

values on the wing’s surface, and grid resolution within the boundary layer.
Adhering to best practices and guidelines established by CFD experts and practitioners,

the framework demonstrated high accuracy compared to expert-generated results, as well
as high consistency across a large number of sampled wings. Additionally, various grid
independence studies have been performed, covering a wide range of the design space.

The framework’s integration with high-performance computing (HPC) environments
featuring GPU solvers minimizes the labor-intensive work needed to prepare a geometry
for CFD simulation. This results in pre-processing durations in the order of 5–7 min and
the complete execution of the framework in less than 10–15 min for a single wing at a given
angle of attack.

Moreover, the framework is integrated with an off-the-shelf optimizer, functioning as
a robust black-box function. Using Bayesian Optimization, the framework identified an
optimal wing configuration that achieved an 8% improvement in L/D, along with a 2%
increase in CL, and a modest reduction in CM. These improvements, while incremental,
highlight the framework’s adaptability and demonstrate the advantages of encapsulat-
ing all modules within a unified Python pipeline. The framework’s reliable mesh gen-
eration ensures seamless execution of cases without computational issues, even under
varying conditions.

In summary, the framework represents a significant step forward in streamlining the
pre-processing and analysis phases of UAV design. It provides a scalable, efficient, and
accurate solution for high-fidelity aerodynamic evaluations, while establishing a robust
foundation for future advancements in optimization.

Future work could address the following areas to enhance the framework’s capabilities
and expand its scope of use. The framework can be extended to accommodate more com-
plex non-planar features, such as wings with winglets, fins, fences, and tail configurations.
Incorporating these components can potentially enable the analysis of complete fixed-wing
UAV and aircraft configurations. Moreover, the framework provides a great opportunity to
generate large-scale datasets suitable for machine learning applications of aerodynamic
shape optimization for UAVs.
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Appendix A.

Appendix A.1. Geometry Module Features

The following paragraphs dive into the geometry pre-processing methods and treatments.

Appendix A.1.1. Trailing Edge Treatment

Trailing edge (TE) treatments are essential in CFD modeling, as they influence the
progression of the inflation layer and ensures stability in numerical solutions. For subsonic
wing simulations, two common TE treatments—rounded and straight cut—are considered
(Figure A1), each with unique implications for modeling and meshing.

The straight cut design is chosen for this framework due to its compatibility with
meshing automation, ensuring robust feature recognition by the meshing software. This
decision prioritizes automation reliability over marginal quality improvements offered by
rounded edges [41]. OpenVSP facilitates the parameterized control of TE thickness via the
input of the chord lengths (c1, c2, c3), automatically trimming the trailing edge for each
airfoil to 1% of the chord length, which adheres to the common guidelines.

Figure A1. Trailing edge treatment.

Appendix A.1.2. Blending Between Sections

Blending between the two wing sections is essential to eliminate sharp transitions,
ensuring aerodynamic continuity and structural smoothness. OpenVSP (v3.40.1) automates
this process, effectively reducing manual effort. Universal rules are applied consistently
across all wing geometries, regardless of whether they are conventional or BWB designs
(Figure A2). These rules prioritize Section 2, preserving its role as the primary lifting
surface, while adjustments to Section 1 ensure tangency with the second, at critical points
such as the leading and trailing edges.
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Figure A2. Blending between the 2 wing sections (faded region is the pre-blended one).

Symmetry along the centerline is preserved by carefully aligning the leading and
trailing edge vertices, preventing the formation of sharp features at the root airfoil. A
parameter known as “blending strength” is consistently applied to control the curvature
and ensures uniformity across the design space. The blending effect is particularly evident
in configurations with significant angle differences between sections, such as variations in
sweep or dihedral angles.

Appendix A.1.3. Mean Aerodynamic Chord Calculation

Taking the example of a cranked wing (two-sectioned wing) from [7], the definition of
MAC can be generalized for wings with multiple sections. Each wing section can be treated
as an “independent” wing, allowing its MAC to be calculated separately. To determine
the overall MAC for the entire wing, a weighted average of these individual MACs is
calculated, factoring in the contribution of each section to the total planform surface area
of the wing (Equation (A1)). Although the blending features are not accounted for in the
approximation of the MAC, this does not pose any issues due to the fact that it is consistent
between all generated wings.

c = ∑ ci wi where, ci =
2
3

croot

(
1 + λi + λ2

i
1 + λi

)
and, wi =

Si
Stot

(A1)

Appendix A.2. Meshing Module–Geometry Pre-Processing Features

The following paragraphs dive into the mesh pre-processing methods, emphasizing
their contribution to creating a watertight control volume with additional features for
mesh refinement.

Appendix A.2.1. Control Volume Boundaries/Far-Field

Wing aerodynamic simulations focus on analyzing the aerodynamic performance of a
wing under free atmospheric conditions. To accurately represent these conditions, the control
volume (far-field) should be large enough so that the flow field at its boundaries remain
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unaffected by disturbances caused by the wing “wall”. However, the size of the control
volume should also be carefully managed to avoid exceeding computational capacity.

Control volumes can take on various shapes, such as rectangular parallelepipeds,
bullet-shaped geometries, or semi-spheres. To the best of the authors’ knowledge, there
is no universally established standard regarding the optimal shape of the control volume,
as the choice often depends on the specific simulation requirements. Based on previous,
in-house experience, and in order to facilitate automation, the rectangular parallelepiped
shape was selected to represent the far-field bounds.

The parametrized dimensions that define the artificial far-field boundaries adhere to
common practices [41,43,48] and are illustrated in Figure A3. The origin of reference is located
at the leading edge of the root airfoil. According to best practices, the distance between the
upstream and downstream boundaries is set to 25 chord lengths, with the root chord leading
edge is positioned at 25% of this distance. Vertically, the far-field boundaries extend 10 chord
lengths above and below the origin. For the lateral extent, the boundary is defined by the
semispan of the wing (b2), which has been specified as five semispan lengths.

 

Figure A3. Control volume dimensions and layout. The yellow outline denotes the outer boundary
of the computational domain, while the blue lines represent internal sizing boxes used to define mesh
refinement regions around the geometry of interest.
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Appendix A.2.2. Bodies of Influence (BOIs)

Bodies of Influence (BOIs) are auxiliary geometries defined around the wing wall that
enhance mesh control and improve cell quality within the volume surrounding the wing.
To align with the objectives of this framework, every generated geometry must be meshed,
ensuring that the mesh design accommodates simulations across various angles of attack.
By strategically defining BOIs around the wing wall, the mesh can be refined in critical
regions, such as the wake and upstream flow areas, thereby enabling the use of a “universal
mesh per geometry”, which improves efficiency.

Considering the shape of the far-field defined in the previous subsection, the BOIs
method generates two trapezoidal frustums, as auxiliary geometries for mesh refinement.
As shown in Figure A3, the frustums are strategically oriented with their larger bases
positioned towards the wing’s wake, where greater refinement is essential, particularly at
higher angles of attack. The dimensions of each frustum are also parametrized with the
MAC and the wing’s semispan (b2).

Appendix A.2.3. Part Identifiers (PIDs)

To improve robustness, the framework assigns unique part identifiers (PIDs) to key
geometric features, enabling precise referencing for meshing and analysis setup. The
identified features include the “wing wall”, “wingtip cap”, “symmetry face”, “opposite
symmetry face”, “inlet”, “outlet”, “upper far-field”, and “lower far-field”. The wing is
segmented into the “wing wall” and “wingtip cap” PIDs to streamline meshing, while
far-field boundary differentiation aids in defining boundary conditions for analysis setup.

Appendix A.2.4. Feature Recognition

Traditional approaches to pre-processing often rely on extensive manual interven-
tions, including the creation of multiple custom PIDs to apply localized meshing param-
eters. While this approach allows for fine control over mesh refinement, it introduces
significant challenges:

• Time-Intensive Processes: Manual custom PID creation demands meticulous geometry
manipulation, which is labor-intensive and prone to errors.

• Lack of Robustness: The process is highly dependent on the operator’s expertise,
reducing the ability to automate and standardize the meshing for diverse geometries.

• Automation Limitations: Manual adjustments are difficult to replicate in Python-based
environments, limiting the scalability and efficiency of the pre-processing module.

To overcome these challenges, the pre-processing module leverages the feature-
recognition capabilities provided by ANSA. The custom feature-recognition method au-
tomates the identification and tagging of critical geometric elements on the wing, such
as the leading edge, trailing edge, and wingtip sharp features. This automated ap-
proach ensures that appropriate meshing parameters will be later applied to the rele-
vant recognized regions without the need for excessive custom PID definitions, thereby
streamlining the workflow and enhancing the framework’s ability to mesh arbitrary wing
geometries consistently.

Appendix A.3. Meshing Module–Meshing Features

Appendix A.3.1. Surface Mesh Details

The surface meshing scenario not only refers to the wing wall but also to the far-field
artificial boundaries that together with the wing comprise the watertight volume called
domain. This scenario includes three sessions: the wing wall, the wingtip and the far-
field meshing sessions, executed in order from the smallest to the largest cell size. As
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defined earlier in the feature-recognition method, three key aspects of the wing geometry are
identified: the leading edge (LE), trailing edge (TE), and wingtip. The wing-wall session
not only includes the meshing parameters for the wing surface but also applies specialized
treatments for the leading and trailing edges. Similarly, the wingtip session incorporates
specific adaptations to handle the meshing process of the sharp edges around the wingtip
airfoil. Finally, the far-field session generates the surface mesh on the far-field boundaries.
All parameters considering the surface mesh sessions are summarized in Table 4.

The first three mesh parameter categories—namely “Mesh type,” “Mesh Sizing,” and
“Curvature Refinement”—are shared across all sessions and define the fundamental or
global parameters needed for surface grid creation. The mesh type specifies the type of
algorithm and elements used for meshing. In this case, the ANSA CFD meshing algorithm
is employed, generating first-order quad elements where possible and first-order trias in
regions where quads cannot be formed. This algorithm generates unstructured curvilinear
grids with first-order quadrangle elements on the specified PIDs. The mesh sizing parame-
ters dictate the growth rate of surface elements and impose a constraint on the maximum
element length.

The leading and trailing edges of the wing are meshed using an anisotropic distribution
of quad elements, which ensures a finer resolution near the sharp or highly curved features.
To ensure smooth transitions and controlled spacing, constant-height zones are defined
both above and below the leading edge. This region of elements forms a fine structured
mesh near the stagnation point, where large gradients are expected. Moving further away
from this constant-height zone, the element height increases according to the specified
growth rate, ensuring a gradual transition to coarser elements. Finally, a maximum element
aspect ratio is enforced to prevent the excessive stretching of elements, maintaining high-
quality discretization. The result of this treatment can be observed in Figure A4. Similarly,
the meshing treatment for the trailing edge ensures that the trimmed surface is discretized
with four rows of elements, forming an anisotropic structured mesh. Moving away from
the trimmed surface on the upper and lower wing surfaces, the element height increases in
accordance with the specified growth factor, while the generated elements form a structured
grid. The height of the initial elements immediately adjacent to the trimmed surface is set
to one-quarter of the thickness of the trimmed surface, ensuring a smooth transition from
face to face. The result of this trailing edge treatment is illustrated in Figure A4.

 

Figure A4. Specific mesh treatment along the wing surface.
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As shown in Table 4, the approach for handling sharp features—whether convex or
concave—is straightforward and governed by a single meshing parameter: the maximum
element length. Simply put, along the sharp features, a maximum element length is
enforced to achieve the desired level of discretization. Beyond the sharp edge, the element
length increases progressively in accordance with the global growth factor.

Appendix A.3.2. Inflation Layer Details

The first layer height (h1) is calculated to position the first cell within the viscous
sublayer, ensuring precise wall shear stress and velocity gradient calculations. The height
of the viscous sublayer is approximated for a flat plate using the Schlichting skin-friction
correlation (Equation (A2)) for wall shear stress τw, which is valid for Reynolds numbers
Re < 109, according to Schlichting and Gersten [44].

h1 =
y+μ∞

ρ∞u∗
, where u∗ =

√
Cf

1
2 ρ∞u2

∞

ρ
(A2)

Note that, given the fact that flows over airfoils and wings encounter pressure gra-
dients, the boundary layer thickness will vary in regard to the theoretical flat plate
(zero pressure gradient) value. Therefore, the real height of the viscous sublayer can
only be determined after the execution of a simulation. Thus, it can be used to check the
validity of a given simulation, as discussed in more detail in Section 4.

Another important aspect for the inflation layer is that its total height was designed
to be larger than the total height of the boundary layer. This choice is guided by a well-
established rationale [44,48], ensuring a sufficient number of cells within this critical region
for accurate simulation. The total boundary layer height (δ) can be approximated using
Equation (A3) according to [37]. This relationship applies only for a fully turbulent flow
over a flat plate. However, it can serve as a reliable indication, given that a turbulent
boundary layer is thicker than its laminar counterpart (e.g., provided that the pressure
gradients are identical).

δ = 0.37·Re−1/5·c (A3)

Appendix A.3.3. Volume Mesh Details

Figure A5 illustrates the meshing algorithm’s result on the symmetry plane. Two meshing
parameters are needed to fully define the volume-meshing scenario, including a global
growth rate, which is set to 1.2, and a maximum element length, which is equal to the
parametrized value (0.65 × c1), similar to the surface meshing scenario.

 

Figure A5. An illustration of the HexaPoly algorithm used for the discretization of the volume.
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Appendix A.4. Solution Module–Solution Setup

At the core of CFD lie the Navier–Stokes equations (momentum conservation), the
continuity equation (mass conservation), and the energy equation, which govern the
behavior of the fluid flow. For the incompressible low-Mach number flows over wings
considered in this work, the energy equation is omitted due to the absence of significant
compressibility effects and heat transfer [41]. As previously mentioned in Section 3, the
k-omega SST is selected as the turbulence model, with its parameters kept to the default
values recommended by Menter. Regarding more specific solver settings, the framework
incorporates the following key aspects:

• Gradient Correction: According to Menter et al. in [48], the “fast-mode warped face
gradient correction” option supported by Fluent is enabled due to the unstructured
hexahedral type of mesh generated by the mesh module. This option improves the
accuracy of gradient calculations on unstructured or highly distorted meshes.

• Solution Scheme: The SIMPLE (Semi-Implicit Method for Pressure Linked Equations)
solution scheme is utilized within this computational framework. The SIMPLE scheme
strikes a balance between computational efficiency and numerical stability, making
it well-suited for steady-state external aerodynamic simulations. Compared to other
algorithms, the SIMPLE scheme’s less stringent requirements on relaxation and com-
putational resources align with the focus on automating simulations within a broad
design space.

• Initialization: In this work, hybrid initialization is employed as the default approach
due to its robustness and efficiency in complex aerodynamic problems. Hybrid initial-
ization combines elements of potential flow solutions and mass-weighted averages
to provide a physically realistic starting point for the flow field, minimizing the
computational effort required for convergence.

• Materials: The state of the material (air) specified for the simulation is determined
based on the atmospheric model “U.S. Standard Atmosphere 1976” [73]. In this model,
air properties are defined as functions of altitude. These relationships have been
implemented within a Python class called atmosphere, enabling direct access to or the
calculation of air properties based solely on the specified altitude.

• Boundary Conditions (BC): Inlet and outlet BCs are dependent on the angle of attack
of the wing. Simulations are performed across a wide range of AoAs to capture the
complete drag polar. To account for the changes in the flow field due to varying AoAs,
the “Upper Far-Field” and “Lower Far-Field” PIDs are adjusted accordingly.

At a “Velocity-Inlet” boundary, the freestream parameters must be specified, in-
cluding the freestream velocity, pressure, and the freestream turbulent characteristics.
The freestream velocity is defined component-wise, taking into consideration the angle
of attack (α). According to Rumsey and Spalart in [74], while using the k-omega SST
model, the turbulence intensity (Tu) and turbulence viscosity ratio (β) are calculated
from Equation (A4).

Tu = 0.0008165 and β = 2 × 10−7 Re (A4)

Similarly, the “Pressure-Outlet” BC requires specifying the turbulence characteristics
of the outflow, as defined above, along with a gauge pressure set to zero to represent
atmospheric conditions at the outlet.
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Abstract: The Euler-Type Universal Numerical Integrator (E-TUNI) is a discrete numerical
structure that couples a first-order Euler-type numerical integrator with some feed-forward
neural network architecture. Thus, E-TUNI can be used to model non-linear dynamic
systems when the real-world plant’s analytical model is unknown. From the discrete
solution provided by E-TUNI, the integration process can be either forward or backward.
Thus, in this article, we intend to use E-TUNI in a backward integration framework to model
autonomous non-linear dynamic systems. Three case studies, including the dynamics of the
non-linear inverted pendulum, were developed to verify the computational and numerical
validation of the proposed model.

Keywords: Euler-Type Universal Numerical Integrator; neural differential equations;
non-linear auto regressive moving average with exogenous inputs; Runge–Kutta neural
network; universal numerical integrator

1. Introduction

The Euler-Type Universal Numerical Integrator (E-TUNI) is a particular case of a
Universal Numerical Integrator (UNI). In turn, the UNI is the coupling of a conventional
numerical integrator (e.g., Euler, Runge–Kutta, Adams-Bashforth, Predictive-Corrector,
among others) with some kind of universal approximator of functions (e.g., MLP neural
networks, SVM, RBF, wavelets, fuzzy inference systems, among others). Furthermore,
UNIs generally work exclusively with neural networks with feed-forward architecture
through supervised learning with input/output patterns.

In [1], the first work involving the mathematical modelling of an artificial neuron is
presented. In [2,3], it is mathematically demonstrated, independently, that feed-forward
neural networks with Multi-Layer Perceptron (MLP) architecture are universal approxima-
tors of functions. For the mathematical demonstration of the universality of feed-forward
networks, a crucial starting point is the Stone-Weierstrass theorem [4]. An interesting work
on the universality of neural networks involving the ReLU neuron can be found in [5].
In summary, many neural architectures were developed in the last half of the twentieth
century, involving shallow neural networks [6]. On the other hand, in this century, many
architectures of deep neural networks demonstrated the great power of neural networks [7].

So, artificial neural networks solve an extensive range of computational problems.
However, in this article, we limit the application of artificial neural networks with feed-
forward architecture in the resolution of mathematical problems involving modelling
autonomous non-linear dynamic systems governed by a system of ordinary differential
equations. With the neural networks, it is possible to solve the inverse problem of modelling
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dynamical systems, i.e., given the solution of the dynamical system, then obtain the
instantaneous derivative functions or the mean derivative functions of the system.

The starting point for the proper design of a Universal Numerical Integrator (UNI)
is the conventional numerical integrators [8–15]. In [16], a qualitative and very detailed
description of the design of a UNI is presented. Also, in [16], an appropriate classifica-
tion is given for the various types of Universal Numerical Integrators (UNIs) found in
the literature.

According to these authors, the UNIs can be divided into three large groups, giving
rise to three different methodologies, namely: (i) the NARMAX methodology (Nonlinear
Auto Regressive Moving Average with Exogenous input); (ii) the instantaneous deriva-
tives methodology (e.g., Runge–Kutta neural network, Adams-Bashforth neural network,
Predictive-Corrector neural network, among others), and (iii) mean derivatives methodolo-
gies or E-TUNI. For a detailed understanding of the similarities and differences between
the existing UNIS types, see again [16].

In practice, the leading scientific works involving the proper design of a UNI are: (i) the
NARMAX methodology in [17–21]; (ii) the Runge–Kutta neural network in [22–25]; (iii) the
Adams-Bashforth neural network in [26]; and (iv) the E-TUNI in [27,28]. For this article, it
should be noted that E-TUNI works exclusively with mean derivative functions instead
of instantaneous derivative functions. Furthermore, the NARMAX and mean derivative
methodologies are of fixed steps in the simulation phase, while the instantaneous derivative
methodologies are of varied integration steps in the simulation phase [16]. However, all of
them are fixed steps in the training phase.

In this paragraph, we briefly describe existing work on E-TUNI. In [27], it is a techno-
logical application of E-TUNI using neural networks with MLP architecture. In [28], it is a
technological application of E-TUNI using fuzzy logic and genetic algorithms. Still in [28],
the fuzzy membership functions are adjusted automatically, using genetic algorithms
through supervised learning using input/output patterns.

However, none of the previous works used E-TUNI with backward integration. There-
fore, this article’s originality lies in using E-TUNI in a backward integration process coupled
with a shallow neural network with MLP architecture. As far as we know, this has not yet
been done.

This article is divided as follows: Section 2 briefly describes the symbology and
notation adopted in this paper. Section 3 describes the context in which this work can be
applied to real-world problems. Section 4 briefly describes the basic structure of a Universal
Numerical Integrator (UNI). Section 5 describes the detailed mathematical development of
E-TUNI, designed with backward integration. Section 6 analyzes the numerical accuracy of
E-TUNI using Landau symbols. Section 7 presents the numerical and computational results
validating the proposed model. Section 8 presents the main conclusions of this work.

2. Symbols and Notations Adopted

For a more detailed understanding of the theoretical development presented in this
paper, we define all the symbols and variables used in this work. The proposed method is
called Euler-Type Universal Numerical Integrator (E-TUNI) and uses backward integration.
This method is discrete. Thus, we propose a discrete method to approximate a continuous
system of autonomous ordinary differential equations. Therefore, below, we present all the
symbologies and variables used here. They are divided into two groups: (i) continuous
variables and (ii) discrete variables.
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(i) Continuous Variables

ẏ = f (y)—System of continuous differential equations.
y = [y1 y2 . . . yn]T—State Variables.
f (y) = [ f1(y) f2(y) . . . fn(y)]T—Instantaneous derivative functions.
d—Plant noise.
d′—Measuring instrument noise.
yi

j(t) = gi
j(t)—Particular continuous and differentiable curve of a family of solution

curves of the dynamical system ẏ = f (y).
ẏi

j(t) = ġi
j(t)—First derivative of yi

j(t).

(ii) Discrete Variables

kyi = yi(t0 + k · Δt)—Vector of state variables at time tk.
kyi

j—Scalar state variable for j = 1, 2, . . . , n at time tk. It is a generic discretization
point of the state variables generated by the integers i, j, and k.
n—Total number of state variables.
ku = u(t0 + k · Δt)—Vector of control variables at time tk.
kuj—Scalar control variable for j = 1, 2, . . . , m at time tk.
m—Total number of control variables.
k+1yi = yi[t0 + (k + 1) · Δt]—Exact vector of state variables at time tk+1.
k+1yi

j—Exact scalar state variable for j = 1, 2, . . . , n at time tk+1.
k+1ŷi = ŷi[t0 + (k + 1) · Δt]—Estimated Vector of state variables by UNI or E-TUNI at
time tk+1.
k+1ŷi

j—Scalar state variable estimated by UNI or E-TUNI for j = 1, 2, . . . , n at time
tk+1.
k+1ỹi—Estimated Vector of state variables when using only the integrator and without
using the neural network at time tk+1.
tanΔt

kαi = tan+
Δt

kαi = [tan+
Δt

kαi
1 tan+

Δt
kαi

2 . . . tan+
Δt

kαi
n]

T—Exact vector of positive
mean derivative functions at time tk.

tanΔt
kαi

j = tan+
Δt

kαi
j =

k+1yi
j−kyi

j
Δt —Scalar positive mean derivative functions for

j = 1, 2, . . . , n at time tk.
tanΔt

kα̂i = tan+
Δt

kα̂i = [tan+
Δt

kα̂i
1 tan+

Δt
kα̂i

2 . . . tan+
Δt

kα̂i
n]

T—Estimated vector of posi-
tive mean derivative functions by the E-TUNI at time tk.
tan−

Δt
kαi = [tan−

Δt
kαi

1 tan−
Δt

kαi
2 . . . tan−

Δt
kαi

n]
T—Exact vector of negative mean deriva-

tive functions at time tk.

tan−
Δt

kαi
j =

kyi
j−k−1yi

j
Δt —Scalar negative mean derivative functions for j = 1, 2, . . . , n at

time tk.
tan−

Δt
kα̂i = [tan−

Δt
kα̂i

1 tan−
Δt

kα̂i
2 . . . tan−

Δt
kα̂i

n]
T—Estimated vector of negative mean

derivative functions by the E-TUNI at time tk.
tankθi = tan+kθi = [tankθi

1 tankθi
2 . . . tankθi

n]
T—Vector of positive instantaneous

derivatives at time tk.

tankθi
j = tan+ kθi

j = lim
Δt→0

k+1yi
j−kyi

j
Δt —Scalar positive instantaneous derivative for

j = 1, 2, . . . , n at instant tk.
tan−kθi = [tan−kθi

1 tan−kθi
2 . . . tan−kθi

n]
T—Vector of negative instantaneous deriva-

tives at instant tk.

tan− kθi
j = lim

Δt→0

kyi
j−k−1yi

j
Δt —Scalar negative instantaneous derivative for j = 1, 2, . . . , n

at time tk.
tk—Time instant tk = t0 + k · Δt.
tk+1—Time instant tk+1 = t0 + (k + 1) · Δt.
Δt—Integration step.
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i—Over-index that enumerates a particular curve from the family of curves of the
dynamical system to be modelled (i = 1, 2, . . . , q).
j—Under-index that enumerates the state and control variables.
k—Over-index that enumerates the discrete time instants (k = 1, 2, . . . , r).
r—Total number of horizons of the time variable.
q—Total number of curves from the family of curves curves of the dynamic system to
be modelled.
t∗k —Instant of time within the interval [tk, tk+1] as a result of the Differential Mean
Value Theorem (see Theorem 2).
tx
k —Instant of time within the interval [tk, tk+1] as a result of the Integral Mean Value

Theorem (see Theorem 3).

To understand this symbology, the first step is to understand the difference between
k+1yi, k+1ỹi, and k+1ŷi. The vector variable k+1yi is the exact value of the state variables
at time tk+1 = t0 + (k + 1) · Δt. The vector variable k+1ỹi is the estimated value of the
state variables using only the numerical integrator. Finally, the vector variable k+1ŷi is
the estimated value of the state variables using the numerical integrator coupled with an
artificial neural network. Figures 1–4 follow this convention for a better understanding of
the model proposed in this work. Additionally, it is important to understand the meaning
of the auxiliary variables i, j, and k. This is described in the next paragraph.

Here, an important issue is to elucidate the use of the over-indexes k and i and the
sub-index j in the variables kyi

j and tanΔt
kαi

j. Figure 1 will help in this explanation. When
the auxiliary variables i, j, and k are used simultaneously, they uniquely identify the
secant (tanΔt

kαi
j) at the point kyi

j. Notice that the over-index k indicates the time instant
tk = t0 + k · Δt of the secant, the sub-index j indicates the state variable in question, where
j = 1, 2, . . . , n, and the over-index i (i = 1, 2, . . . , q) indicates the particular curve, where
the respective secant is located, of the family of possible curves of the system of differential
equations considered. The value of q can be as large as one wants. The larger the value
of q the more different curves will be trained by the neural network, and the better its
generalization will be.

Figure 1. Symbology and notation used in this article.

This unique mapping of the secant tanΔt
kαi

j will be of fundamental importance for the
demonstration of Theorem 4 that will be presented and demonstrated in Section 5. This
theorem establishes that if the Euler integrator uses the secant instead of the instantaneous
derivatives, it will be a discrete and exact solution for a system of ordinary and autonomous
differential equations. Furthermore, the mapping mentioned above is unique because of
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the uniqueness theorem for systems of ordinary differential equations. Finally, an artificial
neural network will be used to learn the secants of the considered dynamic system through
supervised learning using input/output training patterns.

Figure 2. Basic difference between the instantaneous derivative and the mean derivative (Source: [16]).

Figure 3. General graphic diagram of the operation of a Universal Numerical Integrator (UNI)
(Source: [16]).
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Figure 4. The E-TUNI designed according to the direct approach (Source: [16,27]).

3. Contextualization

This section clarifies some critical issues regarding using the E-TUNI in mathematics,
physics, and engineering problems. These issues will help provide a better theoretical and
practical understanding of the method proposed in this article. To this end, in the following,
we formulate five essential questions regarding the proper design of E-TUNI and give
succinct and objective answers to all of them.

What is the difference between E-TUNI and the Conventional Euler method? The
traditional Euler method works with instantaneous derivative functions, and the E-TUNI
works with mean derivative functions. Although this difference may seem insignificant, in
reality, it is not. We also can refer to Figure 2 to answer this question. In this figure, k+1ỹi

j,
k+1ŷi

j, and k+1yi
j are, respectively, the solution obtained by conventional Euler, the solution

obtained by E-TUNI, and the exact solution of the dynamical system at time tk+1. As can be
seen, the mean derivative gives a more accurate solution than the instantaneous derivative.
Another advantage of E-TUNI is that it can be designed using real-world training patterns
through supervised learning. To this end, E-TUNI uses an artificial neural network to learn
the mean derivative functions with high precision. Notice also a difference between the
values k+1ŷi

j and k+1yi. This difference is caused by the training of the neural network since
the error generated by this same neural network is non-zero.

What are the advantages of E-TUNI with backward integration compared to other
conventional numerical integration methods? Since E-TUNI uses a neural network, its
accuracy is equivalent to any other higher-order numerical integrator. This property is
because artificial neural networks are universal approximators of functions [2–5]; that is,
the training error of the neural network can be as small as desired. The other advantage
of E-TUNI is that it has a mathematical structure only of the first-order, which means it
is much simpler than higher-order integrators. The disadvantage of E-TUNI, concerning
higher-order integrators, is that the former has a fixed step, and the latter has a variable
step. This difference means that if it is desired to vary the integration step of E-TUNI, a
new neural training will be necessary. Furthermore, as previously mentioned, E-TUNI can
work with real-world data and not only with theoretical models.

How does the algorithm guarantee accuracy and stability when finding the endpoints
of the integration interval during the backward integration process? In this paper, we only
empirically verify that this is possible through the practical examples presented in the
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numerical results section at the end of this paper. However, a convergence proof of the
numerical stability of the proposed model is left for future work. However, here, we prove
that the general expression of E-TUNI (which works with mean derivative functions) is an
exact solution for a system of Ordinary Differential Equations (ODEs) and as demonstrated
by Theorem 4.

Is this valuable method for dynamical systems of nonlinear differential equations of
any dimension n? As exemplified by Equations (1)–(3), E-TUNI is capable of solving a non-
linear dynamic modelling problem of any order. However, it seems reasonable to assume
that the larger the dimension n of the proposed problem, the greater the computational
effort required to train the neural network used. This article exemplifies its technological
application with physics problems of up to four state variables.

Does the E-TUNI model have application value for new problems in a specific dis-
cipline such as Physics or Engineering? Yes, this method can be applied to any physical
problem governed by an autonomous non-linear ordinary differential equation with n
state variables and m control variables. However, its use in partial differential equations
requires further studies. A good application of the proposed method would be, for exam-
ple, forecasting the stock market, forecasting river flows in hydro-graphic basins, control
problems applied to aerospace engineering, among others. The E-TUNI models for forward
and backward integration can also be used in optimal control to solve problems involving
Pontryagin’s principle. Additionally, the E-TUNI can be an alternative to the traditional
NARMAX model and Recurrent Neural Networks (RNNs). Finally, Figure 3 graphically
schematizes the coupling of an E-TUNI model to any real-world plant, which can be learned
through supervised learning with input/output training patterns.

4. Universal Numerical Integrator (UNI)

Figure 3 illustrates a general scheme for adequately designing a Universal Numerical
Integrator (UNI). Notice that in Figure 3, when one couples a conventional numerical
integrator (e.g., Euler, Runge–Kutta, Adams-Bashforth, predictive-corrector, among others)
to some kind of universal approximators of functions (e.g., MLP neural networks, RBF, SVM,
fuzzy inference systems, among others), the UNI design can be achieved high numerical
accuracy through supervised learning using input/output training patterns. This allows
for solving real-world problems involving the modeling of non-linear dynamic systems.

Still, regarding Figure 3, note that k+1ŷi
j is the prediction made at instant tk+1 by the

UNI used and k+1yi
j is the real value generated by the plant at the same instant. Note that

these two values are compared in the “Training Error” block, and the weights present in
the UNI are updated through supervised learning with input/output training patterns.
Since artificial neural networks are considered universal approximators of functions, the
neural training error can be as small as desired. Notice that k+1ỹi

j is the output generated if
only the conventional numerical integrator is used. However, in the latter case, training it
with real-world training patterns is impossible.

As previously mentioned, a Universal Numerical Integrator (UNI) can be of three
types, thus giving rise to three distinct methodologies, namely: (i) NARMAX model,
(ii) instantaneous derivatives methodology (e.g., Runge–Kutta neural network, Adams-
Bashforth neural network, predicted-corrector neural network, among others), and (iii)
mean derivatives methodology or E-TUNI. The three types of universal numerical integra-
tors are equally precise, as the Artificial Neural Network (ANN) is a universal approximator
of functions [2–5], every UNI can have its approximation error as close to zero, as much as
one likes.

To fully understand the difference between the instantaneous and mean derivative
methodologies, see Figure 2 again. This figure presents the geometric difference between
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the instantaneous and mean derivative functions. It is well-known that the mean derivative
(tanΔt

kαi) is the tangent of the angle of the secant line connecting two distinct points of
a mathematical function. On the other hand, the instantaneous derivative (tankθi) is the
tangent of the angle of the tangent line to any given point of a mathematical function.

The mean derivatives methodology occurs when a universal approximator of func-
tions is coupled to the Euler-type first-order integrator. In this case, the first-order integrator
would have a substantial error if instantaneous derivative functions were used. However,
when the mean derivative functions replace the instantaneous derivative functions, the
integrator error is reduced to zero [16,27]. In this way, it is possible to train an artificial neu-
ral network to learn the mean derivative functions through two possible approaches [16]:
(i) the direct approach and (ii) the indirect or empirical approach.

Figure 4 schematically represents the direct approach. Figure 5 schematically rep-
resents the indirect or empirical approach. In the direct approach, the artificial neural
network is trained separately from the first-order integrator. The artificial neural network
is trained and coupled to the first-order integrator in the indirect or empirical approach.
Both approaches are equivalent to each other. However, the back-propagation algorithm
must be recalculated using the indirect or empirical approach. In the direct approach, this
is unnecessary [16].

Figure 5. The E-TUNI designed according to the indirect or empirical approach (Source: [16]).

However, in this article, only the direct approach will be used to train the neural net-
work with the mean derivative functions. In this sense, giving a more detailed explanation
of Figure 4 is useful. The “Dynamic System” block is the state equations of the dynamic
system that we want to reproduce through E-TUNI. A higher-order numerical integrator
solves the theoretical dynamical system (e.g., Runge–Kutta 4-5, among others). After this,
the values kyi and k+1yi are used to calculate the mean derivative of this theoretical system,
i.e., tanΔt

kαi. In parallel, the “NN” block contains the neural network. The neural network
inputs will be kyi (state variable) and ku (control variable), calculated at time tk. The output
of the neural network will be the mean derivative tanΔt

kα̂i. Notice that the same inputs
kyi and ku are simultaneously stimulated in the original theoretical dynamical system and
the neural network. Thus, after the dynamical system is adequately trained, the output
variable of the neural network (tanΔt

kα̂i) should be the same as the output variable of the
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original dynamical system (tanΔt
kαi), at least for a small residual error. Furthermore, if

we want to learn a real-world plant, we must only replace the theoretical model with a
computational data acquisition system.

The same explanation applies to Figure 5. However, since the integrator is trained
with the neural network in this case, the reference value in training will not be the mean
derivative functions but an instant future ahead of state variables, i.e., k+1yi.

Additionally, in the remainder of this article, although the dynamical system can be
used with both state variables and control variables, we will consider dynamical systems
with only state variables. It is also essential to note that in the E-TUNI, the integration step
(Δt) can be any (it does not need to be infinitesimal). It should be small only in the case
where control variables are used.

This difference between the direct and indirect approach also applies to the instanta-
neous derivatives methodology. However, in this case, the direct approach only applies to
theoretical models, as instantaneous derivative functions cannot be determined directly
in real-world problems [16]. Furthermore, this difference between the direct and indirect
approach does not apply to the NARMAX model. However, the NARMAX model is also a
particular case of UNI. This is because, although a conventional integrator is not coupled
to the NARMAX model, the universal approximator of functions behaves as if it were a
numerical integrator [16].

5. The Euler-Type Universal Numerical Integrator (E-TUNI)

Firstly, in this section, we briefly introduce the Euler-Type Universal Numerical In-
tegrator (E-TUNI) and present the general expression of this unique type of Universal
Numerical Integrator (UNI). Next, we present the mathematical foundations of E-TUNI
with forward and backward integrations. It is also important to highlight that this integrator
is inherently of first-order.

As a result, Equation (1) mathematically represents a system of n autonomous non-
linear ordinary differential equations with dependent variables y1, y2, . . . , yn. Based on this,
it is possible to establish an initial value problem for a first-order system, also described
by (1): ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẏ1 = f1(y1, y2, . . . yn), y1(t0) = η1

ẏ2 = f2(y1, y2, . . . yn), y2(t0) = η2
...

...
ẏn = fn(y1, y2, . . . yn), yn(t0) = ηn

(1)

The system represented by Equation (1) is a non-linear and autonomous (time-
invariant) system of ordinary differential equations. It is important to notice that the method
presented here will be limited to this type of equation. Thus, neither non-autonomous
systems nor Partial Differential Equations (PDEs) will be considered here.

Additionally, the solution of the differential Equation (1) can be obtained through a
first-order approximation. Such a solution was obtained by the mathematician Leonard
Euler in 1768. This solution, keeping the convention described by Figure 2, is given by
Equation (2): ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

k+1yi
1
∼= tankθi

1 · Δt + kyi
1, 0yi

1 = η1
k+1yi

2
∼= tankθi

2 · Δt + kyi
2, 0yi

2 = η2
...

...
k+1yi

n
∼= tankθi

n · Δt + kyi
n, 0yi

n = ηn

(2)

However, it is essential to notice that the accuracy of Equation (2) is awful. Because of
this, if the mean derivative functions replace the instantaneous derivative functions, then
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the Euler-type first-order integrator becomes precise (see demonstration of Theorem 4).
This new solution is given by Equation (3):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

k+1yi
1 = tanΔt

kαi
1 · Δt + kyi

1, 0yi
1 = η1

k+1yi
2 = tanΔt

kαi
2 · Δt + kyi

2, 0yi
2 = η2

...
...

k+1yi
n = tanΔt

kαi
n · Δt + kyi

n, 0yi
n = ηn

(3)

for

tanΔt
kαi

j =

k+1yi
j − kyi

j

Δt
(4)

Note that Equation (3) is straightforward to obtain, as the mean derivative functions
sound easily computable, for real-world problems, via Equation (4), for j = 1, 2, . . . , n. Here,
the variable n is the total number of state variables of the dynamical system given by (1).

Before we proceed with the rest of this article, we will give an intuitive justification
for the passage from Equation (2) to Equation (3), with the help of Figure 2. If an artificial
neural network is trained to learn the instantaneous derivative function (tankθi) of any non-
linear dynamical system and this neural network is subsequently coupled to the first-order
Euler integrator, then the output of this model will be k+1ỹi

j (see Figure 2 again). Therefore,

this value is very different from the real value k+1yi
j. However, if the neural training

on the Euler integrator, mentioned above, is continued through the indirect approach,
its training error will be reduced to almost zero, since the neural network is a universal
approximator of functions. Therefore, the new output will be k+1ŷi

j. Notice that graphically,
the instantaneous derivative function has been forced to converge to the mean derivative
function to reduce the integrator error to almost zero. Additionally, by the uniqueness
theorem (Theorem 1 which will be presented later) there is no other way for this problem
to converge.

Finally, it is crucial to notice that a neural network can compute the mean derivative
functions, as schematized by Figure 6. In this way, the E-TUNI works with a first-order
numerical integrator coupled to a neural network with any feed-forward architecture
(e.g., MLP neural network, RBF, SVM, wavelets, fuzzy inference systems, Convolutional
Neural Network (CNN), among others).

Figure 6. A MLP neural network designed with the concept of mean derivative functions.
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5.1. Fundamental Theorem

In this section, the general expression of E-TUNI is demonstrated. For this purpose,
let the system of non-linear differential Equations (5) be:

ẏ = f (y) (5)

where, y = [y1 y2 . . . yn]T and f (y) = [ f1(y) f2(y) . . . fn(y)]T . The uniqueness
theorem is a fundamental theorem about Equation (5).

Theorem 1 (T1). Assume that each of the functions f1(y1, y2, . . . , yn), . . . , fn(y1, y2, . . . , yn) has
continuous partial derivatives with respect to y1, y2, . . . , yn. So the known initial value problem
ẏ = f (y) for y(t0) has one and only one solution y = y(t) in R, starting from each y(t0). If two
solutions y = φ(t) have a common point, they must be identical.

For the formal demonstration of the general expression of E-TUNI, which will nu-
merically and discretely solve Equation (5), two hypotheses will be assumed: (i) a set of
points that is an exact solution of the dynamical system (5) is known and which we will
call kyi

j and (ii) the existence of two sets of continuous and differentiable functions that

pass through these points is assumed, namely, yi
j(t) and ẏi

j(t). Figure 7 mathematically
illustrates these two hypotheses when i = 1, 2, 3, 4, j = 1, 2, and k = 0, 1, 2, 3, 4. The
meanings of the auxiliary variables i, j, and k are the same as those described in Figure 1.
Furthermore, only the points kyi

j must be known. The functions yi
j(t) and ẏi

j(t) just need to
exist; that is, it is not necessary to know them.

Figure 7. Example of numerical discretization of the solution of the differential Equation (5).

What do the matrices mean in Figure 7? The first line of these point matrices represents
a set of exact points belonging to the first curve of the family of solution curves of the
considered system, and so on. For example, all points 0y1

1, 1y1
1, 2y1

1, 3y1
1, and 4y1

1 pass
through the continuous and differentiable function y1

1(t), and so on. Since i = 4, the family
of curves, in this case, is composed of four curves. Based on the continuous hypothesis,
i can be as large as one wants. Since the neural network, responsible for modelling the
system (5), will be designed with the supervised learning approach through input/output
training patterns, knowing in advance the discrete solution of the system (5), is not absurd.
Thus, the system (5) can be replaced by the following set of solutions (6):{

ẏi
j(t) = ġi

j(t)
yi

j(t) = gi
j(t)

(6)

where i = 1, 2, . . . , q; j = 1, 2, . . . , n; k = 0, 1, 2, . . . , r. It is essential to note that changing the
values of q, n, r, and Δt can obtain any finite density of discrete point solutions of (5) over a
finite domain. Thus, the great advantage of Equation (6) concerning Equation (5) is that the
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former is an explicit function only of the variable t. Thus, the differential and integral mean
value theorems can be applied in (6) to arrive at the general expression of E-TUNI, which
uses the functions of mean derivatives. The differential and integral mean value theorems
cannot be applied in (5) because, in this case, the system in question is an explicit function
of y and not of t.

Theorem 2 (The Differential Mean Value Theorem). If a function gi
j(t) for j = 1, 2, . . . , n is

a continuous function and defined over the closed interval [tk, tk+1] is differentiable over the open
interval (tk, tk+1), then there exists at least one number t∗k with tk < t∗k < tk + Δt = tk+1 such

that, ġi
j(t

∗
k ) =

k+1gi
j−k gi

j
Δt .

Theorem 3 (The Integral Mean Value Theorem). If a function ġi
j(t) for j = 1, 2, . . . , n is a

continuous function and defined over the closed interval [tk, tk+1], then there exists at least one
internal point tx

k in [tk, tk+1] such that, ġi
j(t

x
k ) · Δt =

∫ tk+1
tk

ġi
j(t)dt.

The notation used to represent kyi
j is sufficient to map it uniquely to its respective

region of interest, where its associated characteristic secant tanΔt
kαi

j is confined. Thus, it

can be stated that for the state kyi
j = yi

j(t0 + k · Δt), we have a single characteristic secant

associated with it and given by tanΔt
kαi

j. The existence of a unique secant associated with

each point kyi
j is an immediate consequence of the uniqueness theorem (Theorem 1).

Consider also yi
j = yi

j(t) for j = 1, 2, . . . , n a particular trajectory of a family of

solutions of the system of differential equations ẏ = f (y) passing through yi
j(t0) at time t0,

i.e., initializing within a finite domain of interest [ymin
j (t0), ymax

j (t0)]
n.

In [29,30], by definition, the secant curve between two points kyi
j and k+1yi

j, belonging

to the curve yi
j(t) for j = 1, 2, . . . , n is the straight line segment that joins these two points.

Thus, the tangents of the secants between the points kyi
1 and k+1yi

1, kyi
2 and k+1yi

2 , . . ., kyi
n

and k+1yi
n are defined as:

tanΔtα
i(t + k · Δt) = tanΔt

kαi =[
tanΔt

kαi
1 tanΔt

kαi
2 . . . tanΔt

kαi
n

]T
(7)

where tanΔt
kαi

j =
k+1yi

j−kyi
j

Δt for j = 1, 2, ·, n.

Property 1. Applying Theorem 2 on the curve ġi
j(t) is equivalent to applying Theorem 1 on the

curve gi
j(t) both on the same interval closed [tk, tk+1], i.e., ġi

j(t
x
k ) = ġi

j(t
∗
k ).

Proof. If one applies Theorem 2 to the continuous curve ġi
j(t), this results in a ġi

j(t
x
k )

for tk < tx
k < tk+1 such that ġi

j(t
x
k ) · Δt =

∫ tk+1
tk

ġi
j(t)dt = k+1gi

j − kgi
j as a result of the

fundamental theorem of calculus. This way, ġi
j(t

x
k ) =

k+1gi
j−k gi

j
Δt

def
= tanΔt

kαi
j. On the other

hand, the application of Theorem 1 on the continuous and differentiable curve gi
j(t) implies

the existence of a ġi
j(t

∗
k ) for tk < tx

k < tk+1, such that ġi
j(t

∗
k ) =

k+1gi
j−k gi

j
Δt

def
= tanΔt

kαi
j. This

way, ġi
j(t

x
k ) = ġi

j(t
∗
k ). However, this demonstration does not prove that tx

k = t∗k .

Theorem 4. The general discrete and exact solution k+1yi
j for j = 1, 2, . . . , n of the autonomous

system of nonlinear differential equations of the type ẏi = f (yi) can be established through the
first-order Euler relation of the type k+1yi

j = tanΔt
kαi

j · Δt +kyi
j for a given kyi

j and Δt fixed, since
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the general solution of this dynamical system, given by, yi
j(t) = gi

j(t) and ẏi
j(t) = ġi

j(t) are
previously known for j = 1, 2, . . . , n; i = 1, 2, . . . , ∞ and t ε [to, t f ].

Proof. Let the first-order non-linear and autonomous dynamical system be given by ẏi
j(t) =

f j(yi
1, yi

2, . . . , yi
n) = f j(yi) for j = 1, 2, . . . , n and i = 1, 2, . . . , ∞. If the solution of the

dynamical system is known and equal to yi
j(t) = gi

j(t), then the function f j(yi) can be

replaced by ġi
j(t) = hi

j(t), i.e., ẏi
j(t) = hi

j(t). In this way, we can write that
∫ k+1yi

j
kyi

j
dyi

j(t) =∫ tk+1
tk

hi
j(t)dt. Note that the indices i, j, and k uniquely map the secant we are interested in

and in accordance with Figure 1. This last integral can still be simplified as k+1yi
j − kyi

j =∫ tk+1
tk

hi
j(t)dt. Thus, applying the mean integral value theorem, in this last expression,

we obtain k+1yi
j − kyj

i = hi
j(t

x
k ) · Δt = ġi

j(t
x
k ) · Δt where tx

k ε [tk, tk+1] and for hi
j(t) =

ġi
j(t). On the other hand, applying the differential mean value theorem on the function

yi
j(t) = gi

j(t) for j = 1, 2, . . . , n in the interval [tk, tk+1] we obtain that ġi
j(t

∗
k ) =

k+1gi
j−k gi

j
Δt

def
= tanΔt

kαi
j. Thus, by Property 1 we have that ġi

j(t
∗
k ) = ġi

j(t
x
k ) = tanΔt

kαi
j for j = 1, 2, . . . , n.

Therefore, k+1yi
j = tanΔt

kα
j
i · Δt +kyi

j for j = 1, 2, . . . , n or, in vector form, it turns out that
k+1yi = tanΔt

kαi · Δt +kyi.

Note that the functions ẏi
j(t) and yi

j(t), used in the previous demonstration, need to
be continuous and differentiable because of Theorems 2 and 3, but they do not need to
be known. Their existence is enough. What needs to be known are the points kyi

j. Finally,
through a mathematical demonstration, very similar to Theorem 4, one can demonstrate the
general expression of E-TUNI with backward integration, i.e., k−1yi

j = −tan−
Δt

kαi
j.Δt +k yi

j

for tan−
Δt

kαi
j =

kyi
j−k−1yi

j
Δt and j = 1, 2, . . . , n. For more details on E-TUNI and its relationship

with other types of UNIs, see [16,31].

5.2. General E-TUNI Algorithm with Forward and Backward Integrations

This section describes first-order Euler integrators with forward and backward inte-
gration. They are divided into two classes: (i) the conventional Euler integrator, which
works with instantaneous derivative functions (low numerical precision and variable step),
and (ii) the E-TUNI type integrator, which works with mean derivative functions (high
numerical precision and fixed step).

Therefore, it is important to mathematically relate the mean derivatives functions with
the instantaneous derivatives functions (see again Figure 2). Thus, it is easily seen that if
ẏ = f (y) then,

kẏi
i = f (kyi) = lim

Δt→0
tanΔt

kyi
j = lim

Δt→0

k+1yi
j −k yi

j

Δt
f or j = 1, 2, . . . , n

(8)

or
lim

Δt→0
tanΔt

kyi
j = tankΘi

j

f or j = 1, 2, . . . , n
(9)

Figure 2 graphically illustrates the convergence of mean derivatives functions to
instantaneous derivatives functions when Δt tends to zero. Based on this, it is possible
to enunciate two basic types of first-order numerical integrators or Euler integrators. An
Euler integrator that uses instantaneous derivatives functions, given by tankΘi

j = f j(
kyi)

for j = 1, 2, . . . , n and an Euler integrator that uses mean derivatives functions, given by

tank
Δty

i
j =

k+1yi
j−kyi

j
Δt = gj[

kyi,k+1 yi, Δt].
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A significant difference between the mean derivatives functions and the instanta-
neous derivatives functions is that the instantaneous derivatives functions f j(

kyi) for
j = 1, 2, . . . , n is only dependent on kyi, but the mean derivatives functions gj[

kyi,k+1 yi, Δt]
for j = 1, 2, . . . , n is dependent on kyi, k+1yi and Δt at the point kyi. As will be seen later,
this difference is significant.

The first important point to be considered here is the possibility of carrying out both
forward and backward integration of the Euler Integrator with instantaneous derivatives.
So, the instantaneous derivative functions at the points yi

j(t) for j = 1, 2, . . . , n can be
defined in two different ways:

kẏi
j = f+j (kyi) = lim

Δt→0

k+1yi
j −k yi

j

Δt
= tan+ kθi

j (10)

or

kẏi
j = f−j (kyi) = lim

Δt→0

kyi
j −k−1 yi

j

Δt
= tan− kθi

j (11)

However, if the instantaneous derivatives functions f j(.) exist at the point kyi, then
necessarily f+j (kyi) = f−j (kyi) = f j(

kyi) or tan+ kθi
j = tan− kθi

j = tankθi
j (see Figure 8).

In this way, the expressions of forward and backward propagating Euler integrators,
necessarily designed with the instantaneous derivative functions, are given, respectively,
by (i.e., with low numerical precision):

k+1yi
j ≈ f j(

kyi) · Δt +k yi
j =

k+1yi
j ≈ tan kθi

j · Δt +k yi
j =

(12)

k−1yi
j ≈ − f j(

kyi) · Δt +k yi
j =

k−1yi
j ≈ −tan kθi

j · Δt +k yi
j =

(13)

Figure 8. Geometric finding that instantaneous derivative functions are symmetric, but mean
derivative functions are not.

Note that Equation (13) can also be obtained directly from Equation (12) by making
the substitution of the variable Δt = −Δt.
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Additionally, like f+j (kyi) = f−j (kyi) = f j(
kyi), the Euler integrator with instantaneous

derivatives functions has a symmetric solution between intervals [tk−1, tk] and [tk, tk+1],
thus implying low numerical precision, for the outputs k−1yi

j and k+1yi
j for j = 1, 2, . . . , n. To

say that a solution is symmetric at the point k means to say that |kyi
j −k−1 yi

j| = |k+1yi
j −k yi

j|
to j = 1, 2, . . . , n.

This Euler integrator symmetry property only occurs when instantaneous derivative
functions are used. However, in Euler’s integrator, designed with the mean derivatives
functions, this symmetry of the solution around the point tk is not verified (see Figure 8
again). This is important because in Euler’s integrator, designed with mean derivatives
functions, the backward solution does not necessarily decrease when the forward solu-
tion grows.

In [32], several difference operators can be applied to a function kyI
j for j = 1, 2, . . . , n.

However, the two operators that interest us are the forward difference and the backward
difference, given below, respectively:

Δkyi
j =

k+1 yi
j −k yi

j f or j = 1, 2, . . . , n (14)

∇kyi
j =

k yi
j −k−1 yi

j f or j = 1, 2, . . . , n (15)

Thus, using the finite difference operators, there are two different ways to represent
the secant at the point kyi

j and with integration step Δt:

tan+
Δt

kαi
j =

Δkyi
j

Δt
=

k+1yi
j −k yi

j

Δt
f or j = 1, 2, . . . , n

(16)

tan−
Δt

kαi
j =

∇kyi
j

Δt
=

kyi
j −k−1 yi

j

Δt
f or j = 1, 2, . . . , n

(17)

Comparing Equation (16) with the result of Theorem T4, one can obtain the fol-
lowing recursive and exact equation to represent the solution of autonomous non-linear
ordinary differential equations system for a forward integration process (i.e., with high
numerical accuracy):

k+1yi
j = tan+

Δt
kαi

j · Δt +k yi
j

f or j = 1, 2, . . . , n
(18)

or

k+1yi
j =

Δkyi
j

Δt
· Δt +k yi

j

f or j = 1, 2, . . . , n
(19)

Equations (18) and (19) represent an Euler-type integrator, which uses mean deriva-
tives functions and forward integration. However, to obtain the Euler integrator with
backward recursion, it is enough to analyze the asymmetry of the mean derivative func-
tions at the point kyi

j and as is illustrated in Figure 8. In this way, we can obtain the following
equation to perform the backward integration of E-TUNI (i.e., with high numerical precision):

k−1yi
j = −tan−

Δt
kαi

j · Δt +k yi
j

f or j = 1, 2, . . . , n
(20)

or
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k−1yi
j = −

∇kyi
j

Δt
· Δt +k yi

j

f or j = 1, 2, . . . , n
(21)

Thus, the iterative equations of the first-order Euler integrator, using mean derivatives,
which perform forward and backward recursions, are, respectively, Equations (18) and (20).
The negative sign that appears in Equation (20) means, not necessarily, that when k+1yi

j

increases, then k−1yi
j decreases, because they are two neural networks independent of each

other. Therefore, it is observed that, in general, |tan+
Δt

kαi
j| �= |tan−

Δt
kαi

j|, and therefore
Euler integrators with mean derivatives functions do not have a symmetric solution, i.e., in
general, |k+1yi

j −k yi
j| �= |kyi

j −k−1 yi
j| for j = 1, 2, . . . , n. As can be easily seen in Figure 8,

the negative mean derivative has a different slope than the positive mean derivative for the
same point in tk.

It is interesting to note that the negative sign that appears in Equations (13), (20)
and (21) is because of the inverted direction of the flow of time (from present to past) in
backward integration.

Additionally, the following algorithm is proposed to determine the mean derivatives
through the direct methodology involving both forward and backward integrations in
the Universal Numerical Integrator (UNI) of the E-TUNI type. This approach requires
five steps.

1. Given a finite domain of interest [kymin
j , kymax

j ]n computed at time tk for j = 1, 2, . . . , n
state variables, generate, according to a uniform probability distribution, q initial conditions
such that,

pi =
[

kyi
1

kyi
2

kyi
3 . . . kyi

n

]T

and
P =

[
p1 : p2 : p3 : · · · : pq

]
nxq

which are the E-TUNI’s input training patterns at time tk for both the forward and backward
integrators. The number q of training patterns should be large enough to ensure adequate
supervised training. To this end, the training patterns should be appropriately divided,
with one portion for training and another for testing.

2. Using a high-order integrator, propagate all initial conditions pi to obtain the
corresponding states at time tk+1 and at time tk−1. Thus, assemble the output patterns +Ti

and −Ti to train the positive and negative mean derivatives.

+Ti =
[
tan+

Δt
kαi

1 tan+
Δt

kαi
2 tan+

Δt
kαi

3 . . . tan+
Δt

kαi
n

]T

+T =
[
+T1 : +T2 : +T3 : · · · : +Tq

]
nxq

and
−Ti =

[
tan−

Δt
kαi

1 tan−
Δt

kαi
2 tan−

Δt
kαi

3 . . . tan−
Δt

kαi
n

]T

−T =
[
−T1 : −T2 : −T3 : · · · : −Tq

]
nxq

Note: Alternatively, in this step, a data acquisition system could capture real-world
dynamic systems’ behavior.

3. Once input vectors P and output vectors +T and −T are required by the universal
approximator of functions, train two neural networks through supervised learning. One
training pair [P,+T] to learn the positive mean derivative function and one training pair
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[P,−T] to learn the negative mean derivative function. These two neural networks will look
similar to the one in Figure 6.

4. When the two supervised trainings are consolidated, it is possible to simulate the
dynamics of the system through the following discrete recursive expressions:

k+1ŷi = tan+
Δt

kα̂i · Δt +k yi

and
k−1ŷi = −tan−

Δt
kα̂i · Δt +k yi

5. Using the E-TUNI expression to propagate the positive mean derivative, integrate
the dynamical system from the initial instant to to the final instant t f . Then, integrate the
E-TUNI expression from t f to to using the negative mean derivative. By the uniqueness
theorem, the initial starting point of the first integration must coincide with the final arrival
point of the second integration.

6. Analysis of the Numerical Accuracy of E-TUNI Using Landau Symbols

In this section, an analysis of the accuracy of the E-TUNI solution is performed. For
this purpose, the numerical accuracy of the conventional Euler method, which works with
instantaneous derivative functions, is initially analyzed. Next, an analysis of the accuracy
of the E-TUNI solution, i.e., the Euler method that works with mean derivative functions,
is performed. It is essential to note that the mean derivative functions will be obtained
through an artificial neural network.

6.1. Numerical Accuracy of the Conventional Euler Method

The explicit Euler method is a numerical integration technique for solving ordinary
differential equations of the form:

dy
dt

= f (t, y), y(t0) = y0. (22)

The formula for the method is:

yn+1 = yn + h f (tn, yn), (23)

where h is the integration step; yn is the approximation of the exact solution y(tn); f (tn, yn)

is the instantaneous derivative of the solution at the point (tn, yn). Therefore, it is a well-
known result that the difference between the exact solution and the Euler approximation is
given by:

y(tn+1)− yn+1 =
h2

2
y′′(tn) + O(h3). (24)

Therefore, the accuracy of the method is evaluated by two errors: (i) The local trunca-
tion error Elocal = O(h2) and (ii) the global truncation error Eglobal = O(h). Understanding
the global error is quite simple; since the Euler method performs N = T

h steps to integrate
up to a time T, the global error is obtained by adding the local errors over this interval.
Finally, the accuracy of the Euler method is first order since the global error is O(h). This
result shows that the Euler method is accurate only for small steps, and higher-order
methods such as Runge–Kutta are preferable to obtain greater accuracy.

6.2. The E-TUNI Numerical Accuracy

In the modified Euler method, i.e., in E-TUNI, we employ the mean derivative func-
tions f̄n, which can be obtained by an Artificial Neural Network (ANN):
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yn+1 = yn + h f̄n, (25)

where the mean derivative is defined as:

f̄n =
1
h

∫ tn+1

tn
f (t, y(t))dt. (26)

If the mean derivative is estimated by an Artificial Neural Network (ANN), we
will have:

f̄ ANN
n ≈ f̄n + εANN, (27)

where εANN represents the error of the neural network. Expanding the exact solution y(t)
around tn, we have that:

y(tn+1) = y(tn + h) = y(tn) + hy′(tn) +
h2

2
y′′(tn) + O(h3). (28)

The mean derivative can be approximated by expanding y′(t):

y′(t) = y′(tn) + (t − tn)y′′(tn) + O(h2). (29)

Thus, substituting Equation (29) into the integral (26) and integrating over the interval
[tn, tn+1], we have:

f̄n = y′(tn) +
h
2

y′′(tn) + O(h2). (30)

Thus, substituting the mean derivative Equation (30) into the modified Euler method,
we finally have:

yn+1 = yn + hy′(tn) +
h2

2
y′′(tn) + O(h3). (31)

Equation (31) shows that the local error of the method has increased to O(h3), improv-
ing accuracy. On the other hand, if the mean derivative is approximated by an Artificial
Neural Network (ANN):

f̄ ANN
n = f̄n + εANN. (32)

So, the modified method becomes:

yn+1 = yn + h( f̄n + εANN). (33)

So, the total error will be:

y(tn+1)− yn+1 = O(h3) + O(hεANN). (34)

Thus, if the artificial neural network is accurate enough, we can make εANN → 0,
making the integration error close to O(h3). Thus, the local error being equal to O(h3) +

O(hεANN) will make the global error, summed over N = O(1/h) steps, equal to Eglobal =

O(h2) + O(εANN). Therefore, the modified Euler method with mean derivatives improves
the global accuracy to O(h2). If an artificial neural network is used to estimate the mean
derivative, its error εANN can be reduced to a minimum, making the method highly accurate.
Thus, this method can be seen as a transition to higher-order Runge–Kutta methods.

7. Results and Analysis

In this section, we perform a numerical and computational analysis of the Universal
Numerical Integrator (UNI), which exclusively uses mean derivative functions. As previ-
ously described, this is the Euler-Type Universal Numerical Integrator (E-TUNI). Therefore,
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we present here three case studies: (i) a one-dimensional simple case, (ii) the non-linear
simple pendulum (two state variables), and (iii) the non-linear inverted pendulum (four
state variables).

Thus, for all experiments that it is presented below, the use of MLP neural networks
was standardized with the traditional Levenberg–Marquardt training algorithm [33] from
1994. Concerning the architecture of the neural network used, all experiments were trained
using only one inner layer (with thirty neurons with tangent hyperbolic activation function)
in an artificial neural network of the Multi-Layer Perceptron (MLP) type. In all experiments,
80% of the total patterns were left for training the MLP neural network, 10% of the patterns
for testing, and 10% for validation. Concerning the architecture of E-TUNI, the direct
approach was exclusively used. However, it must be said that the indirect or empirical
approach of E-TUNI was not tested in this article. Thus, the general algorithm for training
and testing the methodology presented in this article can be briefly described as follows:

Step 1. Using a high-order 4-5 Runge–Kutta integrator, over the considered au-
tonomous non-linear ordinary differential equation system, randomly generate p training
patterns input/output for E-TUNI concerning the initial instant yi(t0). Perform both
forward and backward integration.

Step 2. Determine both the values of the positive mean derivatives tan+
Δt

kαi
j, as well

as the values of the negative mean derivatives tan−
Δt

kαi
j in relation to initial instants yi(t0)

for i = 1, 2, . . . , p.
Step 3. Train two distinct neural networks. One is to output positive mean derivative

functions, and the other is to output negative mean derivative functions. Do this following
the graphic diagram in Figure 6.

Step 4. Simulate, for several different Δt integration steps, the performance of E-TUNI
both with forward and backward integration. Observe that if starting from an initial instant
yi(t0), the solution is propagated in n distinct instants forward and, after that, one returns
to the same n instants with backward integration because of the uniqueness theorem, one
returns perfectly to the original initial instant yi(t0). This trick will be used to test the
efficiency of E-TUNI when it is propagated backward.

Step 5. Do the same, using the Euler-type first-order integrator, but now using the
original instantaneous derivative functions of the dynamical system in question. Then,
compare E-TUNI with conventional Euler. Thus, to verify the superiority of E-TUNI
concerning the conventional Euler, the accuracy of the discrete numerical solutions obtained
must be verified.

Therefore, next, we briefly describe the systems of non-linear differential equations of
the three dynamical systems considered here to test the proposed algorithm to perform the
backward integration of E-TUNI. Table 1 also summarizes the training data of the eight
experiments conducted here to test the proposed methodology.

Example 1. Simulate the one-dimensional non-linear dynamics problem, given by Equation (35).
The variable y was trained on the range [−1, 13]. Note that this dynamic has infinite stability points
since siny = 0 has infinitely many solutions. Note that the points of stability recovering the initial
condition through backward integration is very difficult for any integrator.

ẏ = sin(y) (35)

Example 2. Simulate the non-linear simple pendulum problem given by the system of differential
Equations (36). Note that this example does not involve control variables. The acceleration values
due to gravity constants and the pendulum’s length are, respectively, given by g = 9.81 m/s2 and
l = 0.30 m. The variable θ was trained on the range [−1.2, 1.2] rad and the variable θ̇ was trained
on the range [−5.2, +5.2] rad

s .
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θ̇ = w
ẇ = − g

l sinθ
(36)

Example 3. Do the same for the non-linear inverted pendulum problem described by the sys-
tem of differential Equations (37). The constants adopted for this problem were M = 1.0 [kg],
m = 0.4 [kg], l = 0.5 [m], I = 0.05 [kg · m2], b = 0.1 [ N

m/s ], g = 9.81 [ f racms2], e F = 1[N].
This problem has four state variables (x1 = x, x2 = ẋ, x3 = θ, and x4 = θ̇) and a constant control
(u1 = F = 1[N]). The state variables were trained on the intervals x1 between [−1,+35][m], x2

between [−1,+7][m/s], x3 between [−1,+1][rad], and x4 between [−1.2,+1.2][rad/s].

ẋ1 = x2

ẋ2 =
[F−bx2+mlx2

4sin(x3)](I+ml2)+(ml)2gsin(x3)cos(x3)
(I+m·l2)(M+m)−[mlcos(x3)]2

ẋ3 = x4

ẋ4 =
[(F−bx2+mlx2

4sin(x3))cos(x3)+(M+m)gsin(x3)]ml
(mlcos(x3)]2−(I+ml2)(M+m)

(37)

Figure 9 graphically illustrates the numerical simulation obtained for Example 1. This
figure is not yet the result obtained by E-TUNI, but by Runge–Kutta 4-5, available in
Matlab, to numerically solve Equation (35). Therefore, the result obtained by E-TUNI
will be compared later, numerically and graphically, with the graphic result of this figure.
Also, in Figure 9, the following convention was used: (i) the blue dots in “x” represent
the forward propagation, in high precision, of Runge–Kutta 4-5 over the dynamics of
Equation (35), (ii) the blue dots in “o” represent the high precision backward propagation
of Runge–Kutta 4-5 over the same dynamics, and (iii) the solid red lines represent the slope
of the mean derivatives functions between two consecutive points.

Figure 9. The dynamics of Example 1 solved with Runge–Kutta 4-5, available in Matlab with step
automation through the “ode45.m” function, using forward and backward integrations.

Note that the integration step, as graphically presented, was Δt = 0.1. However, it
is essential to notice that the Runge–Kutta 4-5 works internally with a varied integration
step much smaller than this one to achieve the high numerical accuracy shown in Figure 9.
So, both forward and backward integration were performed from t0 = 0 to t f = 5. In this
case, as can be seen, the result obtained is perfect, as the points obtained by backward
integration overlapped perfectly over the points with forward integration.

Figure 10 presents the first graphic result of E-TUNI, for the dynamics given by
Equation (35). The blue dots represent the results obtained by E-TUNI and follow the same
convention as in the previous figure. The green dots represent the results obtained by the
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conventional Euler Integrator, using the instantaneous derivative functions, also given by
Equation (35). The two black dash-dot horizontal lines delimit the E-TUNI training range.
Note that within the training range, the E-TUNI result was perfect, with both forward and
backward integration. The line in Table 1 with the Number = 1 indicates the training data
obtained for this case. In this way, 400 training patterns were generated, and 80% of them,
320 patterns, were effectively left for training. Note that in Table 1 the symbols (MSEF)

and (MSEB) represent, respectively, the mean square error of forward integration and the
mean square error of backward integration.

Figure 10. The dynamics of Example 1, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 0.1.

Note that outside the training region, E-TUNI has become inaccurate. However, to
solve this problem, the training domain of the state variable should be increased. Note
also that the conventional Euler presented a slight deviation in the backward integration
concerning the forward integration in the given domain. Thus, in conventional Euler,
this deviation becomes more critical and accentuated, which increases the integration step.
However, in E-TUNI, the result does not deteriorate with the increase of the integration step.

Figure 11 presents the same result as the previous figure, but now using an integration
step Δt = 0.5. The E-TUNI result was perfect, but the conventional Euler result was even
worse. This confirms what was said in the previous paragraph. See Table 1 again in line
Number = 2 to find out about the main parameters used in this training. Figure 12 presents
the same result as the previous figure, but now using an integration step Δt = 0.01. In this
case, the result achieved by E-TUNI is still perfect, and the result by conventional Euler
is as well. The result, obtained by conventional Euler, was perfect in this case because a
tiny integration step was used and equal to Δt = 0.01. Figure 13 presents a simulation
using the integration step Δt = 2 > 1. Again, E-TUNI presented a perfect result, but the
conventional Euler degenerated its solution.

Figures 14 and 15 deserve a little more attention. In Figure 14, as can be seen, the
solution obtained by E-TUNI, through backward integration, was degenerate (see the
zoom). In this case, the blue circle should lie perfectly on the solid red line. In Figure 15,
the backward integration solution obtained by Runge–Kutta 4-5 was also degenerate. Both
solutions turned out bad because the integration process was conducted for too long, over
a point of stability. The zoom made in Figure 14 will be used to better explain this.
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Figure 11. The dynamics of Example 1, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 0.5.

Figure 12. The dynamics of Example 1, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 0.01.

Figure 13. The dynamics of Example 1, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 2 > 1 and being integrated up to t f = 10.
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Figure 14. The dynamics of Example 1, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 2 > 1 and being integrated up to t f = 20.

Figure 15. The same example as in Figure 9, but instead of being integrated up to t f = 5, it was
integrated up to t f = 18 (notice the dissolution of the solution).

What is explained for Figure 14 is also valid for Figure 15. In Figure 14, the integration
process was conducted from t0 = 0 to t f = 20. The biggest problem occurred when
returning from t f = 20 to t0 = 0. For example, all families of curves confined between
y(0) = 0 and y(0) = 2 · π at the initial instant t = 0 were confined in a much smaller
interval than this one at the instant t f = 20. Therefore, to work properly, backward
integration would have to be trained with a much smaller mean squared error than the
one achieved in Table 1 (line Number = 5). However, this is impossible to achieve using
just the algorithm in [33]. Note that this task was also impossible for Runge–Kutta 4-5, as
schematized in Figure 15. Therefore, the problem presented here is critical, regardless of
the integrator used.

Figure 16 presents the first graphic result of E-TUNI for the dynamics given by Equation (36),
which represents the dynamics of the non-linear simple pendulum. In this case, the
superiority of E-TUNI over the conventional Euler is evident. An integration step Δt = 0.02
was used in this case. Figure 17 concerns the same previous example, but using an
integration step Δt = 5. The conventional Euler was not presented in this figure because
its result was bad, which would impair, therefore, the scale of the graph. Still referring
to Figure 17, the main reason the backward integration turned out to be a bit bad at the
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end of the integration process is that the average training error became slightly oversized
(see Table 1 in cell Number = 7). To solve this problem, it is enough to reduce the average
training error of the artificial neural network used, but that is not always an easy task.
Figure 18 demonstrates that, even for Runge–Kutta 4-5, the backward integration process of
the simple pendulum can also be imperfect (see blue circles misaligned with the blue “x”).

Figure 16. The dynamics of Example 2, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 0.02.

Figure 17. The dynamics of Example 2, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 5 > 1.

Figure 18. The dynamics of Example 2 solved with Runge–Kutta 4-5, available in Matlab with step
automation through the “ode45.m” function, using forward and backward integrations.

Note that the solution from Equation (36), graphically presented in Figure 17, was
much worse than the other solutions given in Table 1 (compare lines 6 and 7). This fact
can be seen by checking the training mean square errors in Table 1 (line Number 7), which
were too high. This was most likely caused by two fundamental reasons. The first reason is
that the E-TUNI local error is amplified by the square of the Integration step. However,
the analysis of the global error would require further studies. The other reason, which
is purely speculative, is the following: it is believed that when the E-TUNI integration
step is very large if the solution of the real dynamical system becomes a non-convex
function (concerning the line of mean derivatives in this same interval Δt), then the training
becomes more difficult. However, this last argument still needs to be verified empirically
and theoretically.

Figure 19 presents the first graphic result of E-TUNI, for the dynamics given by
Equation (37), which represents the dynamics of the non-linear inverted pendulum. As
can be seen, in this figure, Runge–Kutta 4-5 perfectly simulated this dynamic, both for
forward and backward integrations. Figure 20 is the same case simulation but performed by
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E-TUNI. Theoretically, Figure 20 is the same as Figure 19. They are just on different scales.
Notice that in Figure 20 the E-TUNI simulation was perfect. However, the conventional
Euler simulation (green dots) became confusing due to the numerical imprecision achieved
by it. Furthermore, this caused an exaggerated change in the scale of the figure.

Table 1. Training data summary.

N. Simul. (MSEF) (Δt)2 · MSEF (MSEB) (Δt)2 · MSEB Patterns

1 Figure 10 1.951 × 10−10 1.951 × 10−12 1.035 × 10−11 1.035 × 10−13 320

2 Figure 11 2.157 × 10−13 5.393 × 10−14 1.322 × 10−14 3.305 × 10−15 320

3 Figure 12 3.097 × 10−12 3.097 × 10−16 4.768 × 10−14 4.768 × 10−18 320

4 Figure 13 8.636 × 10−12 3.454 × 10−11 2.169 × 10−12 8.676 × 10−12 320

5 Figure 14 8.636 × 10−12 3.454 × 10−11 2.169 × 10−12 8.676 × 10−12 320

6 Figure 16 7.921 × 10−11 3.168 × 10−14 6.770 × 10−11 2.708 × 10−14 580

7 Figure 17 1.845 × 10−6 4.613 × 10−5 1.892 × 10−6 4.730 × 10−5 580

8 Figure 20 1.774 × 10−10 1.774 × 10−12 6.645 × 10−11 6.645 × 10−13 640

Figure 19. The dynamics of Example 3 solved with Runge–Kutta 4-5, available in Matlab with step
automation through the “ode45.m” function, using forward and backward integrations.

Figure 20. The dynamics of Example 3, comparing the conventional Euler integrator with E-TUNI,
using forward and backward integrations with Δt = 0.1.
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8. Conclusions

As far as we know, all previous work on E-TUNI was developed using only forward
integration. Therefore, we present here, for the first time, a work that uses E-TUNI in
a backward integration process. Three case studies were carried out. Non-linear and
autonomous ordinary differential equations govern all three dynamical systems considered
in this study.

The Euler-type Integrator designed with instantaneous derivatives is not very accurate.
However, the E-TUNI has numerical precision equivalent to that of the highest-order
integrators. It is interesting to note that the elegance of the theory of ordinary differential
equations can be improved when combined with the theory of universal approximator
of functions. This propriety is possible because artificial neural networks allow working
with real-world input/output training patterns. This fact enables refining the final solution
obtained by the first-order Euler integrator and estimator. Because of this, the E-TUNI can
also be used to predict real-world dynamics (e.g., river flow and stock market forecasts,
among others).

Additionally, we can call the forward mean derivatives functions positive mean
derivatives functions. Equivalently, we can call the backward mean derivatives functions
negative mean derivatives functions. Thus, we also conclude that the mean derivative
functions depend on the integration step and are asymmetric. This propriety means training
two distinct neural networks to simultaneously perform forward and backward integration.
Unfortunately, the positive and negative instantaneous derivative functions are symmetric
to each other.

Additionally, it would be interesting to carry out a future study of E-TUNI using deep
neural networks instead of shallow neural networks, aiming to reach two essential points:
(i) to be able to increase the number of training patterns (and, consequently, the domain of
state variables) and (ii) try to reduce the training mean squared error, as this quantity is
critical, in the case of modeling non-linear dynamic systems designed through artificial
neural networks. Interestingly, E-TUNI is an excellent option to replace the NARMAX
model and even the Runge–Kutta Neural Network (RKNN).

Finally, as another future contribution, one could consider changing the notation used
in this article to something more straightforward, as explained in [34,35]. It is essential to
notice that the same notation used in articles [16,26–28,31] was used here. In this sense, the
most significant criticism would be not using the over-index i in the algebraic development
of E-TUNI. However, in [31], the over-index i was used to help demonstrate the general
expression of E-TUNI. Furthermore, E-TUNI could also be tested for dynamic systems
using control variables.
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The following abbreviations are used in this manuscript:

ABNN Adams-Bashforth Neural Network
E-TUNI Euler-Type Universal Numerical Integrator
L-MTA Levenberg–Marquardt Training Algorithm
MSE Mean Square Error
MLP Multi-Layer Perceptron
NARMAX Nonlinear Auto Regressive Moving Average with eXogenous inputs
PCNN Predictive-Corrector Neural Network
RBF Radial Basis Function
RKNN Runge–Kutta Neural Network
SVM Support Vector Machine
UNI Universal Numerical Integrator
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Abstract: Background: Principal component analysis (PCA) is a method that identifies
common directions within multivariate data and presents the data in as few dimensions
as possible. One of the advantages of PCA is its objectivity, as the same results can be
obtained regardless of who performs the analysis. However, PCA is not a robust method
and is sensitive to noise. Consequently, the directions identified by PCA may deviate
slightly. If we can teach PCA to account for this deviation and correct it, the results should
become more comprehensible. Methods: The top two PCA results were rotated using
a rotation unitary matrix. Results: These contributions were determined and compared
with the original. At smaller rotations, the change in contribution was also small and the
effect on independence was not severe. The rotation made the data considerably more
comprehensible. Conclusions: The methods for achieving this and an issue with this are
presented. However, care should be taken not to detract from the superior objectivity
of PCA.

Keywords: rotation of PCA; adjustment; unitary matrix

1. Introduction

Much of the data we handle consist of numerous measurement items, requiring
multivariate analysis. Among the various methods available, principal component analysis
(PCA) is particularly well-suited for scientific studies due to its limited methodological
flexibility and high reproducibility [1–9]. The simplicity of PCA ensures that its results are
consistent, regardless of the individual performing the analysis. This property is highly
valuable in scientific research as it guarantees objectivity.

In PCA, we use singular value decomposition (SVD) to separate the matrix into unitary
matrices (U and V) and a diagonal matrix D,

M = UDV*,

where V* denotes the conjugate transpose of V, and M represents the data to be analyzed,
often centred or even scaled. The diagonal elements of D are sorted in descending order.
Using this decomposition, the principal components (PCs) can be derived as follows:

Y = MV = UD and Z = M*U = VD

where the column vector of Y is PC for the samples and that of Z represents the PCs
for the measurement items (e.g., PC1, PC2, etc.) [8]. Since U and V are unitary matrices,
they satisfy the properties U*U = I and UU* = I. This ensures that the row and column
vectors are orthogonal and have a Euclidean norm of 1. Specifically, the inner product of a
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vector with itself equals 1, while the inner product with other vectors equals 0, confirming
orthogonality. As a result, the column vectors of Y and Z are also independent. These
vectors can be interpreted as rotations of the original matrix M, with the unitary matrices
defining the axes and the diagonal elements of D determining their lengths.

Since the diagonal elements of D are sorted, PC1, PC2, and subsequent components
account for the decreasing proportions of the total data variance. PCA thus identifies
common directions within M and summarizes them in order of their significance. This
ability to effectively reduce the dimensionality of multivariate data is a key advantage
of PCA.

The advantage of PCA as a scientific method lies in its objectivity. Due to the limited
degree of choice involved in its application, the results remain consistent regardless of
who conducts the analysis. Given that science is inherently a collaborative endeavour,
it is essential that participants are interchangeable at all times and that the implications
of the data are clear and accessible to all. While there are other methods of multivariate
analysis, such as cluster analysis and multiple regression analysis, none appear to be as
well suited to scientific research as PCA in terms of objectivity. For instance, cluster analysis
is inherently less suitable for scientific purposes due to the abundance of options available,
which can lead to varying results depending on the choices made. This is because cluster
analysis typically presents only one possible interpretation of the data. Additionally, PCA
can be viewed as an upwardly compatible method, as it is capable of revealing multiple
regression analysis outcomes. Furthermore, PCA has the ability to condense a vast amount
of information into a well-defined and interpretable form. To illustrate this, consider
a study examining changes in the mammary glands of rodents during pregnancy and
childbirth. This study involved dozens of sample measurements and a microarray analysis
of tens of thousands of genes [8]. Despite the sheer volume of data, PCA facilitated a clear
and concise summary, elucidating the directional trends associated with pregnancy and
childbirth, as well as the relationships between individual genes.

However, one of the drawbacks of PCA is its lack of robustness. Even a single outlier
can cause errors in SVD. Naturally, noise affects the results. It is common for the identified
directions to be slightly off. For instance, group positions or individual Y values may
deviate slightly from the axes due to rotation. Since experimental data inherently contain
noise, it is expected that noise-sensitive PCA will exhibit such errors. In such situations,
there may be a temptation to adjust PCA results or train PCA to correct rotations.

Accordingly, PCA now offers various options for data manipulation. One approach,
for instance, involves reducing the dataset to be subjected to SVD by selecting it in a specific
way [10]. Another involves altering the direction of rotation derived from SVD [11,12]. Both
orthogonal and oblique rotations are available, each offering several methods. Naturally,
these variations result in different solutions, thereby compromising the objectivity of PCA.
This subjectivity arises because the outcomes depend on the analyst’s choices, which poses
a significant challenge when analyzing scientific data. Oblique rotations, in particular,
introduce a high degree of freedom, potentially leading to arbitrary results.

This study introduces a straightforward method to rotate data in relation to the two
principal components while maintaining their orthogonality. The impact of such rotations
on the original PCA results is evaluated in terms of the contributions of the principal
components. The findings reveal that mild rotations do not significantly alter the results.

2. Materials and Methods

The test data used in this study were obtained from the practical training of students
on a soil study. All calculations were performed using R (4.4.0) [13], and both the data
and R code are provided as Supplementary Materials. Due to significant variability in the
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calcium data, the data were z-normalized for each item before applying SVD. Consequently,
the centring point corresponded to the mean value of the data; these centring and scaling
steps are among the few options available in PCA. The calculation method used for PCA is
described in the Introduction. Additionally, since the number of measured items and the
sample size differed considerably, I scaled the PCs by the square root of the sample size
to facilitate biplots on a common axis [8], specifically Ys = Y/

√
ni, where ni is number of

items, and so on.
The angle of rotation, however, needed to be determined on a basis that was intuitive

and easily understandable for all. In this case, an angle of 14 degrees was selected because it
aligned the potassium (K) component of PC1 horizontally while simultaneously positioning
the calcium (Ca) component of PC2 closer to the vertical axis. Alternatively, an averaging
method could be employed to achieve an overall alignment of the components.

3. Results

An example of a slight deviation of Z from the axes can be seen in Figure 1 (blue),
which represents the PCA of data obtained from measuring substances in soil. Samples P1
to P4 were collected from points found downward, at 50 cm intervals from the surface of
the padding field. Overall, soluble Na, K, and Mg appeared to have infiltrated the soil (P3,
P4, G3, and G4), while less-soluble Ca remained near the surface (P1, P2, G1, and G2). In
unfertilized forest areas, these materials were notably less (F1–F4). The measured items
effectively differentiated these samples, demonstrating the impact of human activity on
the land—increased calcium levels may alter surface soil, and cations that have penetrated
underground could contribute to salinity. However, upon closer examination, the figure
appears to be rotated counterclockwise by 14 degrees.

Figure 1. Results of material quantity measurements from soil material. Soil samples were obtained
from a rice padding field, the grove soil of dry farmland, and a forest. The black and blue biplots show
the PC of the samples, Y, and the PC of the items, Z, respectively. Soluble cations and water-insoluble
Ca guided PC1 and PC2, respectively.

For example, when creating a two-dimensional plot using PC1 and PC2 for a matrix
of four columns, these two column vectors can be rotated by taking the inner product of
them with a rotation matrix, as follows:

R(θ) =

⎛⎜⎜⎜⎝
cos(θ) sin (θ)

−sin(θ) cos(θ)
0 0
0 0

0 0
0 0

1 0
0 1

⎞⎟⎟⎟⎠. (1)
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This is almost the identity matrix, but an alteration has been made in the upper left. This
rotation matrix is unitary, so R(θ)R(θ)∗ = I, where I is the identity matrix. Consequently,
if we rotate two columns of U, the adjusted U is Ua = UR(θ). The resulting rotated
matrix Ua is also unitary, as UR(θ) {UR(θ)}∗ = UR(θ) R(θ)∗U∗ = UIU∗ = I. Since U
and V are related as mirror images, if we rotate one column vector, we need to rotate the
corresponding column vector by the same amount. From M = UDV*, we have

M = UR(θ)R(θ)∗D
(

V R(θ)R(θ)∗
)∗

= UaR(θ)∗DR(θ)V∗
a . (2)

The matrix that is sandwiched by the two unitary matrixes,

R(θ)∗DR(θ) = Da, (3)

is not necessarily a diagonal matrix, according to the twice rotations of D. Using Da, Ya =
YR(θ) = MVa = UaDa and Za = ZR(θ) = M*Ua = VaDa. Hence, the resulting column vectors
of Ya and Za are not necessarily independent. The degree of dependence depends on the
rotation angle.

The actual result after rotating by 14 degrees is shown in Figure 2. Each item is now
displayed closer to the axes (blue). Notably, the high calcium content in P1 and P2, as well
as the abundance of soluble cations in G4 and P4, is more clearly visible. The question now
is how much independence has been compromised. This becomes evident when examining
the contribution of PC1.

Figure 2. Adjusted results from Figure 1 by rotating the plot 14◦ clockwise. Each Z (blue) is more
along the axis, with the characteristic G4 and P4 in PC1 of the Y (black), and the characteristic P1 and
P2 in PC2 also appearing more along their respective axes.

Contributions are often derived from the diagonal elements of D. As D is a diagonal
matrix, the contributions can be obtained from the component diag(D)/Σ(D). However,
since Da is not diagonal, we need to calculate the Euclidean distance using the squared
sum of each column vector. The contribution is then given by the distance/total distance.

From the perspective of PCA, the goal is to collect contributions primarily from the
top PCs. In the case of rotating by 14 degrees, the loss appeared to be relatively small
(Figure 3, dashed line). In this context, the most significant change occurred when rotating
by 45 degrees, π/4 (dotted line). At this point, PC1 completely lost its advantage over
PC2, and both had equal contributions. In addition, of course, if rotated by 90 degrees,
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PC1 and PC2 would have effectively swapped places, and their contributions would have
naturally switched as well. As the data’s dispersion remained preserved, the sum of all
total distances was maintained regardless of the degree of rotations.

Figure 3. Contribution of each method. The original PCA is the most ideal diagram, with the
greatest concentration on PC1; adjusting by 14◦ rotation weakens this concentration somewhat;
finally, rotating by 45◦, 4/π, the advantage of PC1 disappears and becomes the same contribution as
that of PC2. Rotation by 90 degrees, not shown here, replaces PC1 and PC2.

4. Discussion

In this analysis, PCA revealed two principal directions: PC1, which represented water-
soluble ions that permeated the ground in a specific direction, and PC2, which represented
a water-insoluble ion that remained on the surface. The samples were differentiated based
on their respective depths within the soil, while forested areas that had not been treated
were distinctly separated from the treated regions. The application of artificial rotation
enhanced the clarity of this representation.

The results of the rotated PCA, albeit by a small angle, were more understandable.
This somewhat compromises the priority of higher levels of PCs, but if the angle is not too
large, the damage will not be too great. Understanding PCA plots can often be challenging,
as PCA merely provides a summary, without revealing the specifics. Interpretation of the
plot is left to the analyst. In this regard, enhanced readability could be highly appreciated.
Notably, PCA is sensitive to noise. If this effect could be easily mitigated, this technique
would be worth considering. To address this, it would be advisable to employ outlier de-
tection methods provided by exploratory data analysis (EDA) [14,15]. This approach could
potentially eliminate the need for artificial rotation, which would be a preferable outcome.
In any case, introducing rotation complicates the process and reduces its objectivity. Unless
there is a clear and compelling justification for its use, it would be more prudent to avoid
it altogether.

It should be noted that this constitutes an active intervention by the analyst, potentially
compromising PCA’s objectivity. The beauty of PCA lies in its impartiality. Diluting this
aspect would be regrettable and might even lead to data manipulation. If such adjustments
were made, it would be essential to keep the original, unadjusted plot available. This
original information is also necessary for others to check whether a rotation was necessary.
Alternatively, the rotated plot could serve as supplementary material for explaining the
results. Although this analysis focuses primarily on the two main principal components
(PCs), there may be instances where it is necessary to rotate subordinate PCs as well.
However, this would further diminish the objectivity of the results. In such cases, it is
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recommended to present visual representations, such as those illustrated in Figure 3, to
provide a clear and transparent depiction of the data.

Supplementary Materials: The following supporting information can be downloaded at https://
www.mdpi.com/article/10.3390/a18030129/s1: Rscript.txt: R code; and test.txt: the sample data.
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The following abbreviations are used in this manuscript:

PC Principal component
PCA Principal component analysis
SVD Singular value decomposition

References

1. Abdi, H.; Williams, L.J. Principal component analysis. WIREs Comput. Stat. 2010, 2, 433–459. [CrossRef]
2. Aluja, T.; Morineau, A.; Sanchez, G. Principal Component Analysis for Data Science. Available online: https://github.com/pca4

ds/pca4ds.github.io (accessed on 22 February 2025).
3. Bartholomew, D.J. Principal Components Analysis. In International Encyclopedia of Education, 3rd ed.; Peterson, P., Baker, E.,

McGaw, B., Eds.; Elsevier: Oxford, UK, 2010; pp. 374–377.
4. David, C.C.; Jacobs, D.J. Principal component analysis: A method for determining the essential dynamics of proteins. Methods

Mol. Biol. 2014, 1084, 193–226. [CrossRef] [PubMed]
5. Jackson, E. A Use’s Guide to Principal Components; Wiley: Hoboken, NJ, USA, 1991.
6. Jolliffe, I.T. Principal Component Analysis; Springer: Berlin/Heidelberg, Germany, 2002.
7. Jolliffe, I.T.; Cadima, J. Principal component analysis: A review and recent developments. Philos. Trans. R. Soc. A Math. Phys. Eng.

Sci. 2016, 374, 20150202. [CrossRef] [PubMed]
8. Konishi, T. Principal component analysis for designed experiments. BMC Bioinform. 2015, 16, S7. [CrossRef] [PubMed]
9. Ringnér, M. What is principal component analysis? Nat. Biotechnol. 2008, 26, 303–304. [CrossRef] [PubMed]
10. Jolliffe, I.T.; Trendafilov, N.T.; Uddin, M. A modified principal component technique based on the LASSO. J. Comput. Graph. Stat.

2003, 12, 531–547. [CrossRef]
11. Brown, J.D. Choosing the Right Type of Rotation in PCA and EFA. JALT Test. Eval. SIG Newsl. 2009, 13, 20–25.
12. Jolliffe, I.T. Rotation of principal components: Choice of normalization constraints. J. Appl. Stat. 1995, 22, 29–35. [CrossRef]
13. R Core Team. R: A Language and Environment for Statistical Computing; R Foundation for Statistical Computing: Vienna,

Austria, 2024.
14. National Institude of Standards and Technology. NIST/SEMATECH e-Handbook of Statistical Methods. Available online:

https://www.itl.nist.gov/div898/handbook/index.htm (accessed on 14 February 2025).
15. Tukey, J.W. Exploratory Data Analysis; Addison-Wesley Pub. Co.: Reading, MA, USA; London, UK, 1977.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

143



algorithms

Article

Algorithms for Calculating Generalized Trigonometric Functions

Ivanna Dronyuk

Mathematics and Informatics Department, Jan Dlugosz University in Czestochowa, Waszyngtona Str., 4/8,
42-217 Czestochowa, Poland; i.dronyuke@ujd.edu.pl

Abstract: In this paper, algorithms for calculating different types of generalized trigonometric
and hyperbolic functions are developed and presented. The main attention is focused on the
Ateb-functions, which are the inverse functions to incomplete Beta-functions. The Ateb-functions
can generalize every kind of implementation where trigonometric and hyperbolic functions are
used. They have been successfully applied to vibration motion modeling, data protection, signal
processing, and others. In this paper, the Fourier transform’s generalization for periodic Ateb-
functions in the form of Ateb-transform is determined. Continuous and discrete Ateb- transforms
are constructed. Algorithms for their calculation are created. Also, Ateb-transforms with one
and two parameters are considered, and algorithms for their realization are built. The quantum
calculus generalization for hyperbolic Ateb-functions is constructed. Directions for future research
are highlighted.

Keywords: Ateb-functions; algorithms; generalization of hyperbolic functions; numerical
methods; tabulation of Ateb-functions; generalization of Fourier transform; calculation of
Ateb-transforms; q-Ateb-functions

1. Introduction

The inspiration for this article is [1]. If the constructions of simple trigonometric func-
tions are fascinating and their formulas elegant, their generalizations should retain these
same properties. In this article, algorithms are presented for the generalized trigonometric
function in the form of calculation Ateb-functions. First introduced in the late nineteenth
century in [2], these functions were reintroduced and named Ateb-functions in [3]. Though
considered rare or specific [4], Ateb-functions have been the focus of significant theoretical
development and practical implementations since the 1960s, with continuous progress to
this day.

The theory of Ateb-functions has seen significant advancements as detailed in [5–7].
In these works, the authors demonstrate that periodic Ateb-functions serve as solutions
to a system of differential equations that model vibrational motion. Additionally, the
application of Ateb-functions for data protection is explored in [8,9]. The Ateb-Gabor filter,
an extension of the traditional Gabor filter, was introduced in [10,11] and has proven to be
an effective tool for information protection. Initial quantum research findings are discussed
in [12].

The theory of Ateb-functions and Ateb-transforms is advanced in this article, making
significant contributions to modern applied mathematics. Additionally, a generalization
of Ateb-functions for quantum calculus is introduced. The primary goal of this research
is to develop algorithms for calculating Ateb-transforms. The research also explores the
generalization of hyperbolic Ateb-functions in fractional calculus. The paper is structured
as follows: Section 2 provides a brief overview of the Ateb-function theory. Section 3
introduces the well-known definitions and Ateb-function properties. The algorithms for

Algorithms 2025, 18, 60 https://doi.org/10.3390/a18020060
144



Algorithms 2025, 18, 60

the calculation of hyperbolic Ateb-functions are developed in Section 4. In Section 5, a
Fourier transform generalization named Ateb-transform is introduced for the continuous
case. Ateb-transforms in a discrete case are considered in Section 6. The algorithms for their
calculus are developed. In Section 7, the Ateb-function generalization for quantum calculus
is constructed. The conclusion summarizes the investigation and suggests directions for
future research.

2. State of the Art

The concept of Ateb-functions is intricately associated with asymptotic techniques in
engineering [13], as evidenced in various studies [8,9]. Following the influential publica-
tion of [3], significant advancements in Ateb-functions throughout the 20th century were
primarily made at the University of Novi Sad in Serbia and Lviv Polytechnic National
University in Ukraine. More than a hundred scholarly articles by Serbian researchers have
enriched this area of study. Although this paper does not aim to provide an exhaustive
review of these contributions, it is worth highlighting a few significant works, such as the
recent research presented in [7], which offers analytical solutions for a model that illustrates
oscillatory motion with two degrees of freedom and Van der Pol coupling. Furthermore,
book [6] delves into various aspects of modeling oscillatory motion.

The theory of Ateb-functions began to take shape in Ukraine through the work pub-
lished in [14,15]. The integration and differentiation formulas for these functions are
presented in [16]. Their use in generating noise signals is thoroughly examined in [9],
highlighting the benefit of being able to modify the characteristics of the noise signal by
choosing suitable parameters for the Ateb-functions. Furthermore, periodic Ateb-functions
are utilized for modeling traffic in computer network as discussed in [17]. Reference [18]
also investigates how analytical solutions using Ateb-functions can be employed to analyze
the effects of oscillation amplitude and the elastic properties of board materials on the
oscillation frequency of machine control components.

In the 21st century, there has been a notable increase in research surrounding Ateb-
functions across various regions. Reference [19] discusses these functions using alternative
terminology, labeling them as generalized trigonometric functions without specifically
mentioning Ateb-functions. In [20], the authors derive analytical solutions for nonlinear
oscillators that extend an isotonic potential. The relationship between Ateb-functions and
other forms of generalized trigonometric functions is introduced in [21] and further exam-
ined in [22]. Additionally, fractional calculus related to trigonometric and other functions,
along with their characteristics, is elaborated upon in [23–26]. Despite their specific proper-
ties, Ateb-functions find extensive applications in various areas of mathematical modeling.
Expanding their framework within fractional calculus is anticipated to greatly enhance
their utility for different applications.

3. Definitions and Properties of Ateb-Functions

In this section, we show the nonlinear first-order differential equation system solu-
tion based on Ateb-functions. The results presented in this section are based mainly on
references [3,8,9].

The concept of Ateb-functions facilitates the analytical solution of differential equa-
tion systems that characterize highly nonlinear processes in a medium with one degree
of freedom ⎧⎨⎩ẋ + βym = 0,

ẏ + αxn = 0,
(1)
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where α and β are some real constants, and

n =
2θ′1 + 1
2θ′′1 + 1

, m =
2θ′2 + 1
2θ′′2 + 1

,
(
θ′1, θ′′1 , θ′2, θ′′2 = 0, 1, 2, ...

)
. (2)

Ateb-functions are mathematically defined through the inversion of the incomplete
Beta-function. This approach not only defines these functions but also inspired their name,
as Ateb is derived from inversing the term Beta. An incomplete Beta-function is defined by
the next formula

Bx(p, q) =
∫ x

0
tp−1(1 − t)q−1dt, (3)

where p and q are real numbers. In the special case where x = 1, Equation (3) is simplified
to the first-kind Euler integral:

B1(p, q) =
∫ 1

0
tp−1(1 − t)q−1dt, (4)

which represents the Beta-function, denoted as B(p, q).
For each x from the interval [0, 1], functions Bx(p, q) and B1(p, q), defined by expres-

sions (3) and (4), are non-negative and satisfy the following properties:

0 ≤ Bx(p, q) ≤ B1(p, q),

Bx(p, q) = B1(p, q)− B1−x(p, q).

Let us discuss two specific cases:

p =
1

n + 1
, q =

1
m + 1

; (5)

p =
1

n + 1
, q =

m
m + 1

− 1
n − 1

, (6)

where m and n are determined by Formula (2). When p > 0 and q > 0, then the Beta-function
is well defined and determined. For other real values of p and q, the Beta function heads to
infinity at t → 0 or at t → 1 .

Ateb-functions for values (5) are named periodical, and those for values (6) are named
hyperbolic or aperiodic Ateb-functions. System (1), if parameters m, n satisfy Formula (5),
describes oscillatory motion, and, if m, n satisfy Formula (6), it describes hyperbolic or
aperiodic motion.

If m = 1 and n is defined by (2), then system (1) can be rewritten as:

ẍ + c|x| · xθ−1 = 0, (7)

where θ depends on the parameters θ′1 and θ′2 in Formula (2).
Let us evaluate the expression

ω =
1
2

∫ −1≤y≤1

0
t−

n
n+1 (1 − t)−

m
m+1 dt. (8)

where parameters m, n are determined by (5) and (2). Let us perform the placement
of variable

t = v−n+1. (9)
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Equation (8) is transformed into the following expression

ω =
n + 1

2

∫ −1≤v≤1

0
(1 − ν̄n+1)−

m
m+1 dν̄. (10)

In Formula (10), ω has a dependence from variable v, and from the parameters m and
n. For the construction of Ateb-functions, we study the inverse dependence of v from ω.
This function is unique-valued m and n, and the Ateb-sinus has a notation

v = sa(n, m, ω). (11)

Analogously, by substitution of the expression t = 1 − ūm+1, from Formula (8) we
obtain the following formula

−m + 1
2

∫ −1≤u≤1

1

(
1 − ūm+1

)− n
n+1 dū = ω. (12)

For function u from ω for integral (12), there is a dependence m and n which is
presented as Ateb-cosines and is noted as

u = ca(m, n, ω). (13)

Then, we prove the equation for Ateb-functions with periodical properties

cam+1(m, n, ω) + san+1(n, m, ω) = 1. (14)

From (10) and (12), it is clear: if n = m = 1, then we obtain the main trigonometri-
cal identity u = cosω, and v = sinω, so Ateb-functions are generalizations for simple
trigonometrical functions.

Also, it is proven that periodic Ateb-functions have period 2Π(m, n) where

Π(m, n) =
Γ
(

1
n+1

)
Γ
(

1
m+1

)
Γ
(

1
n+1 + 1

m+1

) . (15)

In (15), Γ() is a Gamma-function.
For the creation of solutions for the differential equation system (1) in the case of (6)

conditions, hyperbolic Ateb-functions are introduced.
Let us study the next expression

ω∗ =
1
2

∫ 0≤Y≤∞

0
t−

n
n+1 (1 − t)−

n
n+1− 1

m+1 dt, (16)

where ω∗ is an independent variable (−∞ ≤ ω∗ ≤ ∞), and m and n are parametrical
variables, that are defined by expressions (2) and satisfy aperiodic conditions:

n
n + 1

− 1
m + 1

≤ 0. (17)

Let us perform the variable substitution V̄n+1 = t−1; then, we obtain

ω∗ =
n + 1

2

∫ 0≤V≤∞

0

(
1 + V̄n+1

)− m
m+1 dV̄. (18)
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The dependence V from ω∗, and from the parameters m and n, from the integral (18),
is called hyperbolic Ateb-sine and is noted

V = sha(n, m, ω∗). (19)

In a similar way, by the variable substitution Um+1 = (1 − t)−1, we obtain for the
integral (15)

ω∗ =
m + 1

2

∫ 1≤U≤∞

1

(
Ūm+1 − 1

)− n
n+1 dŪ. (20)

The inverse dependence U from variable ω∗, and from the parameters m and n is
named hyperbolic Ateb-cosines. It is noted as

U = cha(m, n, ω∗). (21)

From (18) and (20), we obtain

cham+1(m, n, ω∗)− shan+1(n, m, ω∗) = 1. (22)

Hyperbolic Ateb-functions are defined in the interval, which can be calculated with
the following formula:

2Π∗(m, n) =
Γ
(

1
n+1

)
Γ
(

1 − 2+n+m
(n+1)(m+1)

)
Γ(m2 + m)

. (23)

So hyperbolic Ateb-functions are defined in the interval [−Π∗, Π∗].

4. Methods for Implementing Calculations of Hyperbolic Ateb-Functions

We use the Fourier series expansion to implement the calculations of Ateb-functions.
Here is a well-known theorem from mathematical analysis: if a periodic function with
period 2T is piecewise monotone and bounded on the interval [−T; T], then the Fourier
series constructed for this function is convergent at all points in this interval. For hyperbolic
Ateb-sine and Ateb-cosine, these conditions are executed in the interval [−Π∗; Π∗]. So these
functions can be expanded on this segment with a Fourier series. Since hyperbolic functions
are differentiable, the Fourier series are convergent in the interval [−Π∗; Π∗]. And the
hyperbolic cosine cha(m, n, ω∗) is an even function, so we obtain

cha(m, n, ω∗) =
a0

2
+

∞

∑
k=1

akcos
kπω∗

Π∗ , (24)

where

ak =
1

2Π∗(n, m)

∫ Π∗

−Π∗
cha(m, n, x)cos

kπx
Π∗ dx =

= − m + 1
2Π∗(n, m)

∫ Π∗

−Π∗
cos

kπx
Π∗

∫ x

1

dx̄

(1 − x̄m+1)
n

n+1
dx, k = 1, 2, . . . ;

a0 =
1

Π∗(n, m)

∫ Π∗

−Π∗
cha(m, n, x)dx =

= − m + 1
Π∗(n, m)

∫ Π∗

−Π∗

∫ −1≤x≤1

1

dx̄

(1 − x̄m+1)
n

n+1
dx. (25)
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Since the hyperbolic sine sha(m, n, ω∗) is an odd function, we obtain the following
Fourier series

sha(n, m, ω∗) =
∞

∑
k=1

bksin
kπω∗

Π∗ , (26)

Coefficients in this series are calculated according to the formulas

bk =
1

2Π∗(n, m)

∫ Π∗

−Π∗
sha(m, n, y)cos

kπy
Π∗ dy =

=
n + 1

2Π∗(n, m)

∫ Π∗

−Π∗
sin

kπy
Π∗

∫ −1≤y≤1

0

dȳ

(1 − ȳn+1)
m

m+1
dy. (27)

The algorithm for hyperbolic Ateb-sine calculation contains the following stages (see
Figure 1)

Figure 1. Schema for hyperbolic Ateb-function calculations.

1. Define parameters n, m, and K-count of elements in Fourier series;
2. Calculate interval Π∗(n, m) according to Formula (23);
3. Define step h for numerical calculation integrals and calculate coefficients of Fourier

series according to Formula (27);
4. Calculate sha(m, n, ω∗) according to Formula (24).

For this algorithm’s practical realization, we used k = 5, h = 0.01, and quadrature
formulas to calculate the defined integral. When we have a value of sha(m, n, ω∗) to obtain
the value of cha(m, n, ω∗) with the same parameters of n and m, we have two choices. The
first one is the realization of the same scheme for calculation:

1. Define parameters n, m, and K-count of elements in Fourier series (this step is the
same as for hyperbolic sine);
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2. Calculate interval Π∗(n, m) according to Formula (23) (this step is also realized for
hyperbolic sine);

3. Define step h for numerical calculation integrals for coefficients of Fourier series
according to Formula (25);

4. Calculate cha(m, n, ω∗) according to Formula (26).

The second way for the calculation of hyperbolic cosine is using Formula (22). It is
clear that the second way is easier and needs a lower count of calculations.

5. Algorithms for Calculation Space Transform Based on Ateb-Functions

Orthogonal trigonometric transform-based methods are widely used in the modeling
and development of information transformation and protection systems. A signal x(t) can
be converted from the time domain to the frequency domain using a Fourier transform. In
this section, at the beginning, we construct Fourier transforms for Ateb-functions. After
that, we propose the Fourier transform’s generalization based on Ateb-functions.

5.1. Orthogonal Trigonometric Transforms for Hyperbolic Ateb-Functions

Let us construct orthogonal trigonometric Fourier transforms for Ateb-functions.
These formulas are utilized to build a continuous spectrum of Ateb-functions. Taking

into account the oddness of the hyperbolic Ateb-sine sha(n, m, ω), it has the ability to be
depicted as a direct sine Fourier transform Bs(n, m, x)

Bs(n, m, x) =
∫ ∞

−∞
sha(n, m, ω) sin(2πxω)dω. (28)

Then, Ateb-sine can be depicted by the inverse sine Fourier transform according to
the expression

sa(n, m, ω) =
∫ ∞

−∞
Bs(n, m, x) sin(2πxω)dx. (29)

Operating the property of the hyperbolic Ateb-cosine, that cha(m, n, ω) is even, we
represent it in the form of the direct cosine Fourier transform Ac(m, n, x)

Ac(m, n, x) =
∫ ∞

−∞
cha(m, n, ω) cos(2πxω)dω. (30)

Then, Ateb-cosine is shown by the inverse cosine Fourier transform according to
the expression

ca(m, n, ω) =
∫ ∞

−∞
Ac(m, n, x) cos(2πxω)dx. (31)

Now, we construct the Fourier transform generalization. A method of orthogonal
transforms based on periodic Ateb-functions is developed. In the following, we will name
it orthogonal Ateb-transform (OAT). The possibility of constructing OAT is grounded on
the following statements. First, in [3], it is shown that Ateb-functions are a generalized case
of ordinary trigonometric functions. Secondly, in [27], the orthonormality of the system
of periodic Ateb-functions is proved. In [8], methods and algorithms for calculating Ateb-
functions depending on the parameters are developed, which allows the proposed OAT
method to be successfully used.

We will consider transforms based on periodic Ateb-functions.
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5.2. Orthogonal Ateb-Transform with One Parameter

Let us consider that m = 1; in that condition, Ateb-sine and Ateb-cosine are presented
as sa(n, 1, t) and ca(1, n, t). Let x(t) be a real function; then, Ateb-transform can be shown
in the following form

X(n, ω) = A(n, ω)− iB(n, ω), (32)

where

A(n, ω) =
∫ ∞

−∞
x(t) · ca(1, n, ωt)dt, (33)

B(n, ω) =
∫ ∞

−∞
x(t) · san(n, 1, ωt)dt. (34)

If we note that Ateb-cosine is even and Ateb-sine is odd, we obtain inverse Ateb-
transform with the following formula

x(t) =
1

Π(n, 1)

∫ ∞

−∞
(A(n, ω)ca(1, n, ωt)− B(n, ω)sa(n, 1, ωt))dω, (35)

where Π is a half-period of Ateb-function. The right part of Formula (35) depends on the
parameter n.

The properties, i.e., the rate of increase or decrease, of the period of the Ateb-functions
ca(1, n, ωt) and sa(n, 1, ωt) will vary depending on n. The dependence of the Ateb-function
on the parameter n allows us to choose the form of ca(1, n, ωt) and sa(n, 1, ωt) correspond-
ing to x(t).

For the existence of the Ateb-transform for the function x(t), it is sufficient to fulfill the
same conditions that are sufficient for the existence of the orthogonal Fourier transform.

5.3. Orthogonal Ateb-Transform with Two Parameters

Let x(t) be a real function; then, we construct a generalization of the known Fourier
transform Ateb-transform in the form

X(m, n, ω) = A(m, n, ω)− iB(n, m, ω), (36)

where

A(m, n, ω) =
∫ ∞

−∞
x(t) · cam(m, n, ωt)dt, (37)

B(n, m, ω) =
∫ ∞

−∞
x(t) · san(n, m, ωt)dt. (38)

where ca(m, n, ω) is the Ateb-cosine and sa(m, n, ω) is the Ateb-sine function. Taking into
account the expression (14), we obtain the formula for the inverse transform.

x(m, n, t) =
1
Π

∫ ∞

−∞
{A(m, n, ω)ca(m, n, ωt) + B(n, m, ω)sa(n, m, ωt)}dω, (39)

where Π(m, n) are half-period Ateb-functions.
In the case where n = 1 and m = 1, the introduced Formulas (36)–(38) for Ateb-

transform become well-known orthogonal Fourier transform formulas. And expression (39)
becomes the inverse Fourier transform.
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5.4. Method for Calculating Ateb-Transforms

In this section, we describe how to realize algorithms for the calculation of continuous
Ateb-transform.

1. Define parameters n and m of Ateb-transform and function x(t), the spectrum of
which we will calculate;

2. Control the periodic conditions ;
3. Calculate the period Π(n, m);
4. Define the interval [−M; M] and step h for calculating integrals for A(n, m, ωt) and

B(n, m, ωt) according to Formulas (37) and (38) and define interval [−W; W] and
step hw for ω;

5. For current point w from the interval [−W; W], calculate the values for sa(n, m, wt)
and ca(n, m, wt), then calculate A(m, n, wt) and B(n, m, wt), and then calculate Ateb-
transform according to Formula (36) .

The cosine and sine Fourier transforms are used for continuous functions. However,
for problems related to information technology, it is more appropriate to use discrete
functions and transforms. In this case, the discrete Fourier transform is used. Therefore, in
the following sections, we will consider the construction of discrete Ateb-transforms.

6. Construction of Discrete Ateb-Transforms

6.1. One-Dimensional Discrete Ateb-Transform

Let us consider discrete Ateb-transforms (DATs). Let the signal be given in the form of
a discrete sequence S(p). Let us consider the functions A(m, n, k) and B(n, m, k) given by
the following formulas

A(m, n, k) =
N−1

∑
p=0

S(p)cam(m, n,−i
2Πpk

N
), k = 0, ..., N − 1, (40)

B(n, m, k) =
N−1

∑
p=0

S(p)san(n, m,−i
2Πpk

N
), k = 0, ..., N − 1. (41)

where p is the harmonic number, N is the sample size, ca(m, n, ω) is the Ateb-cosine
function, sa(n, m, ω) is the Ateb-sine function.

Then, the direct DAP is given by the formula

X(m, n, k) = A(m, n, k)− iB(n, m, k). (42)

We obtain an expression for the inverse transform in the form

S(m, n, p) =
1
N

N−1

∑
k=0

{A(m, n, k)ca(m, n,−i
2Πpk

N
)+

+ B(n, m, k)sa(m, n,−i
2Πpk

N
)}, p = 0, ..., N − 1. (43)

The input signal S(p) is formally transformed into the signal S(m, n, p) under the
action of the direct and inverse DAT. However, for fixed values of the parameters m, n, the
value of the signal S(p) can be reproduced.

6.2. Algorithms for Calculation of Discrete Ateb-Transform

Here, we will describe the algorithm for the calculation of discrete Ateb-transform
with two parameters according to Formula (42).
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1. Define parameters m and n;
2. Control periodic condition;
3. Define dimension of discrete signal N;
4. Define two N-dimensional arrays S for input signal and X for output signal;
5. Calculate Π(n, m) period of function. Define other index k = 0 as array index.
6. Define SumA = 0, SumB = 0 the sums for calculation coefficients A(m, n, k) and

B(m, n, k) and current index for sum p = 0.
7. Calculate elements Ap = S(p)cam(m, n,−i 2Πpk

N ) and Bp = S(p)san(n, m,−i 2Πpk
N ) as

current elements for summarizing;
8. Calculate SumA = SumA + Ap, SumB = SumB + Bp;
9. Calculate p = p + 1;
10. If p = N, then X[k] = sumA − isumB; k = k + 1; else go to step 6;
11. If k = N, then output array X.

As the results of the algorithm realization we have the spectrum X(n, m, k) of discrete
signal S(p) created with discrete Ateb-transform.

7. Generalization of Hyperbolic Ateb-Functions to the Quantum Calculus

At the beginning, we present all definitions from q-analysis, which we need for future
constructions. There, we introduced q-analysis, where the q-derivative is defined by the
following formula [12]

Dq f (x) = ( f (qx)− f (x))/(qx − x). (44)

The q-analog for a real number, also called the q-bracket or q-number of b, is defined
by the following formula [28]

[b] = (qb − 1)/(q − 1). (45)

The q-analog of the definite integral on a closed interval [0; a] is defined by the follow-
ing formula [29] ∫ a

0
f (x)dqx = (q − 1)a

∞

∑
i=0

qi f (qia). (46)

The analog for the Gamma-function Γq-function is constructed as

Γq(t) =
∫ [∞]

0
xt−1E−qx

q dqx, (47)

where Ez
q = ∏∞

i=0 (1 + (1 − q)qiz). An incomplete Bq−function is presented by the follow-
ing formula

Bq(p, s, ω) =
∫ ω

0
xp−1(1 − qx)s−1

q dqx. (48)

Let us construct the q−generalization for hyperbolic q-Ateb-functions. The generaliza-
tion for the quantum calculus in a periodic case is presented in [30]. In conditions (6), we
will have an aperiodic (hyperbolic) case. Let us introduce the expression

ω =
n + 1

2

∫ 0≤V≤∞

0
(1 + Vn+1

)
− m

m+1
q dqV. (49)

If we consider the inverse dependency V from ω, where conditions (6) are satisfied,
we obtain the q-analog of hyperbolic Ateb-sine and we propose the following notation

V = shaq(n, m, ω). (50)
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Let us introduce the following expression

ω′ = −m + 1
2

∫ 1≤U≤∞

1
(Um+1 − 1)

− n
n+1

q dqU. (51)

In conditions (6), Formula (51) presents the inverse dependency u from ω′; it is named
q-analog hyperbolic Ateb-cosine, and it is denoted as

U = chaq(m, n, ω′). (52)

It is clear that if q → 1, m = 1, and n = 1 in expressions (49)–(52), we obtain in the
limit the usual hyperbolic functions. They are clearly the properties below, which follow
from the definition of the q-analog of Ateb-functions.

shaq(n, m, 0) = 0; chaq(m, n, 0) = 1. (53)

Extending the functions to the case of quantum calculus will provide new applications
of these functions for solving future mathematical modeling problems.

8. Conclusions

The swift evolution of computing power has facilitated the creation of novel mathemat-
ical constructs and broadened their applications. A notable instance of this development are
the q-Ateb-functions. Initially introduced in the 1960s, the computation of Ateb-functions
as inverses of the incomplete Beta-functions presented considerable difficulties. How-
ever, significant advancements occurred around the turn of the century, allowing for the
straightforward calculation of Ateb-functions on personal computers.

This paper briefly outlines the applications of Ateb-functions and proposes generaliza-
tions of the Fourier transform that leverage these functions for both continuous and discrete
scenarios, accompanied by algorithms for their computation in each case. Additionally,
it presents a generalization of hyperbolic Ateb-functions applicable to quantum calculus,
further enhancing their potential uses. Looking ahead, future research is expected to delve
into the applications of q-Ateb-functions, with intentions to create a numerical implementa-
tion for their calculation and to establish further properties. As scientific inquiry progresses,
it is anticipated that new and unforeseen applications for q-Ateb-functions will arise.
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Abstract: This article presents an efficient and accurate adaptive time-stepping finite
difference method (FDM) for solving the Landau–Lifshitz (LL) equation, which is an
important mathematical model in understanding magnetic materials and processes. Our
proposed algorithm strategically selects an adaptive time step, ensuring that the maximum
displacement falls within a predefined tolerance threshold. Furthermore, this adaptive
approach allows the utilization of larger time steps near equilibrium states and results in
faster computations. For example, we introduce a numerical test where the adaptive time
step decreases from 3.05 × 10−7 to 3.52 × 10−9. If a uniform time step is applied, around a
100 times smaller time step must be applied at unnecessary cases. To demonstrate the high
performance of our proposed algorithm, we conduct several characteristic benchmark tests.
The computational results confirm that the proposed algorithm is efficient and accurate.
Overall, our adaptive time-stepping FDM offers a promising solution for accurately and
efficiently solving the LL equation and contributes to advancements in the understanding
and analysis of magnetic phenomena.

Keywords: adaptive time-stepping algorithm; Landau–Lifshitz equation; finite difference
method

1. Introduction

The Landau–Lifshitz (LL) equation, first proposed in 1935 by the distinguished physi-
cists Lev Landau and Evgeny Lifshitz in their seminal work [1], stands as a cornerstone
in the realm of theoretical physics, particularly in the study of ferromagnetism. This
mathematical framework has evolved into a fundamental tool, serving as a bedrock for un-
derstanding and predicting the behavior of magnetic materials, and has found widespread
applications, especially within the magnetic recording industry. The LL equation plays
a pivotal role in elucidating the dynamic properties of ferromagnetic materials, which
are characterized by the alignment of magnetic moments in parallel. Its significance lies
in providing a theoretical foundation for describing the evolution of magnetization in
response to external perturbations, such as magnetic fields or temperature changes. This
predictive capability is invaluable for designing and optimizing magnetic recording tech-
nologies, where the precise control of magnetization dynamics is crucial for achieving
high-performance data storage devices.

Over the years, advancements in our understanding of condensed matter physics
and computational capabilities have led to refinements and extensions of the LL equation.

Algorithms 2025, 18, 1 https://doi.org/10.3390/a18010001
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Researchers have incorporated additional factors, such as quantum mechanical effects and
spin transport phenomena, to enhance its accuracy and applicability to a broader range
of magnetic materials. This ongoing refinement ensures that the LL equation remains a
versatile and reliable tool in addressing contemporary challenges in materials science and
technology. Beyond its immediate applications in the magnetic recording industry, the LL
equation has contributed to the exploration of novel magnetic phenomena and exotic
states of matter. Researchers continue to leverage its theoretical framework to investigate
emergent magnetic behaviors in various systems, including spintronics and magnetic
nanoparticles. The equation’s adaptability and predictive power make it a valuable asset in
the quest for new materials with unique magnetic properties, holding promise for future
technological innovations.

The LL equation under consideration in this paper is expressed in a particular mathe-
matical form, and it is presented as follows:

∂m(x, t)
∂t

= −m(x, t)× Δm(x, t) + f(x, t), x ∈ Ω, 0 < t ≤ T (1)

In the context of this formulation, the magnetization vector field is represented as
m(x, t) = (u(x, t), v(x, t), w(x, t)), where x is a spatial variable and t denotes time. The do-
main, denoted by Ω and defined as Ω = (Lx, Rx), encompasses the spatial extent of the
system. On the boundary of the domain, denoted as ∂Ω, we consider either the zero Neu-
mann boundary or periodic boundary conditions, depending on the specific requirements
of the analysis.

The classical LL equation stands as a sturdy theoretical foundation, offering valuable
quantitative insights into the intricate dynamics of magnetization within ferromagnetic
materials. While analytical solutions for the LL equation [2] are attainable under certain
limiting conditions, the inherent non-linearity of the equation demands numerical treat-
ments for a more expansive and realistic comprehension. Expanded models such as the
LL–Gilbert–Slonczewski equation [3] also require numerical solutions. The adoption of
numerical methods becomes imperative to delve into the nuanced and rich dynamics char-
acterizing the evolution of magnetization. In practical scenarios, where the LL equation
captures the complex interplay of magnetic moments in ferromagnets, relying solely on
analytical solutions may prove insufficient due to the intricate non-linearities involved.
Consequently, numerical methods emerge as indispensable tools, allowing researchers to
explore the dynamic evolution of magnetization in a broader parameter space and under
diverse conditions. The application of numerical treatments not only enhances the versa-
tility of studying the LL equation but also enables a more comprehensive investigation
into the various factors influencing magnetization dynamics. By leveraging numerical
methods, researchers can simulate and analyze complex scenarios that may be challeng-
ing or impractical to address solely through analytical means. This approach becomes
particularly crucial when dealing with real-world materials exhibiting diverse magnetic
behaviors, where the robustness and adaptability of numerical methods play a pivotal role
in uncovering the full spectrum of magnetization dynamics.

Before immersing ourselves in the intricacies of the adaptive time-stepping method
tailored for the LL Equation (1), it is instructive to survey some noteworthy prior investiga-
tions in the field. Jeong and Kim, for instance, introduced a Crank–Nicolson scheme and
an innovative, robust, accurate, and rapid numerical method as solutions for the LL equa-
tion [4,5]. Sharma et al. [6] adopted the adaptive time-step variational integrator to preserve
momentum and energy. Moumni and Tilioua [7] contributed to the discourse by presenting
a semi-implicit finite difference method (FDM) designed for the mathematical model that
encapsulates the dynamics of magnetization, incorporating inertial effects into their frame-
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work. Li et al. proposed a Gauss–Seidel projection method with unconditional stability
for the numerical solution of the LL equation, employing the Gauss–Seidel method [8].
Janneli [9] proposed an adaptive procedure with a step size selection function to solve
time-fractional advection–diffusion–reaction models. Step sizes are adapted according to
the behavior of the solution. Wang et al. devised a methodology combining a Gauss–Seidel
method of an implicit fractional-step solver for the gyromagnetic term with the projection
scheme to address the heat flow of harmonic maps [10]. Adaptive methods can be applied
to other areas such as the adaptive signal for time-frequency domain to conduct quilted
frames [11]. Meanwhile, Alouges et al. explored the numerical solution using the finite
element method (FEM) in their works [12–14]. A Fourier spectral method was employed by
Moumni et al. to approximate the solution of the LL equation, showcasing the versatility
of different numerical approaches [15]. For a comprehensive exploration of numerical
methods applicable to the LL equation, a plethora of references are available. Wang and
Wang’s work [16], Yang’s stability analysis [17], Carstensen’s insights [18], Bastos et al.’s
magnetic domain modeling [19], and Cai et al.’s exploration of error analysis [20] provide
detailed insights into the diverse methodologies employed to tackle the challenges posed
by the LL equation. Chen et al. [21] proposed a second-order semi-implicit method based
on the backward difference method for the LL equation. They conducted a thorough
analysis of their proposed scheme and presented the results of convergence tests. These
references collectively offer a rich tapestry of numerical strategies, laying the groundwork
for a deeper understanding and development of effective solution methodologies for the
LL equation.

In real-world applications, finding solutions to boundary value problems involving
partial differential equations often necessitates the application of numerical techniques.
Among the predominant methodologies utilized are the FEM [22], finite volume method
(FVM), FDM [23–26], and spectral method (SM) [27]. Krivovichev [26] proposed an opti-
mized Runge–Kutta scheme with higher-order derivatives to solve parabolic and hyperbolic
partial differential equations. Numerical simulations compared the Mead and Renaut meth-
ods with the proposed method by solving the linear advection equation, showing superior
stability and applicability. Christou et al. [27] proposed an SM using the Christov func-
tions to solve the problem formulated by the LL and magnetostatic equations. Numerical
simulations showed good agreement between the exact and numerical solution. These
numerical approaches typically employ a fixed step size, which may not be optimal across
a diverse array of problems. Recent developments have introduced alternative techniques,
particularly those based on adaptive time-stepping methods, offering distinct advantages
over traditional approaches such as FEM, FVM, FDM, and SM. Adaptive time-stepping
methods automatically adjust the size of temporal step according to the local characteristics
of the problem, allowing for dynamic adaptation to the varying complexities inherent in
the solution [28]. Cheng and Shen [29] proposed an adaptive time stepping method based
on the energy decreasing scheme, which is an unconditionally energy stable method for the
LL equation. As shown through the numerical results, the adaptive time-stepping method
is computationally more efficient than a typical semi-implicit method.

Recently, He et al. [30] presented a family of high-order computation methods for the
Landau–Lifshitz–Gilbert equation, using Gauss–Legendre quadrature to achieve arbitrary-
order accuracy while preserving geometrical properties such as constant magnetization
magnitude and Lyapunov structure, validated through theoretical analysis and numerical
experiments. Cai et al. [20] analyzed a second-order accurate, linear computational method
for the LL equation with large damping parameters, and they provided a rigorous error esti-
mate and addressed the stability challenges of the non-linear projection step, which ensures
efficiency by solving only a linear system with constant coefficients at each time step.
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The primary purpose of this study is to propose an efficient and simple adaptive
time-stepping FDM for solving the LL equation by strategically selecting time steps to
maintain displacement within a tolerance, which enables larger steps near equilibrium for
faster computations. Unlike traditional adaptive time-stepping methods, the proposed
approach does not rely on an iterative process to determine the appropriate time step within
a specified tolerance. Instead, the proposed method is a single-step method. Cheng and
Shen [29] developed two classes of length-preserving methods for the LL equation using dis-
tinct Lagrange multiplier approaches, including efficient higher-order predictor-corrector
methods and energy-dissipative schemes, validated through numerical experiments and
comparisons with existing methods.

The structure of this paper is delineated as follows: Section 2 introduces the algorithm
proposed in this study for the numerical solution. Computational experiments conducted
with the proposed method are detailed in Section 3. The paper concludes with summarizing
remarks in Section 4.

2. Numerical Method

2.1. Discretization

We shall discretize the given domain Ω = (Lx, Rx) as Ωh = {xi|xi = Lx + (i −
0.5)h, i = 1, . . . , Nx}, where h = (Rx − Lx)/Nx is a space step size and Nx is the number
of grid points; see Figure 1.

Figure 1. Cell centered computational domain grid.

We simply denote a numerical solution as

mn
i = m(xi, tn) = (un

i , vn
i , wn

i ) = (u(xi, tn), v(xi, tn), w(xi, tn)),

where tn = tn−1 + Δtn, for n ≥ 1, Δtn is the nonuniform time step size, and t0 = 0. The
visualization of mn

i is shown in Figure 2.

Figure 2. Schematic illustration of m(xi, tn).
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Similarly, fn
i = f(xi, tn). The explicit Euler scheme is given as

mn+1
i − mn

i
Δtn+1 = −mn

i × Δhmn
i + fn

i , 1 ≤ i ≤ Nx and 0 ≤ n ≤ Nt. (2)

where the discrete Laplacian is defined as Δhmn
i = (mn

i+1 − 2mn
i + mn

i−1)/h2, and Nt is the
number of iterations. The periodic boundary condition (mn

0 = mn
Nx

and mn
Nx+1 = mn

1 ) is
applied for n ≥ 0. That is,

Δhmn
1 =

mn
2 − 2mn

1 + mn
0

h2 =
mn

2 − 2mn
1 + mn

Nx

h2 ,

Δhmn
Nx

=
mn

Nx+1 − 2mn
Nx

+ mn
Nx−1

h2 =
mn

1 − 2mn
Nx

+ mn
Nx−1

h2 .

Define the discrete energy function [31] as follows:

E(mn) = h
Nx

∑
i=1

|∇mn
i |2 = h

Nx

∑
i=1

∣∣∣∣mn
i+1 − mn

i
h

∣∣∣∣2
=

1
h

Nx

∑
i=1

[
(un

i+1 − un
i )

2 + (vn
i+1 − vn

i )
2 + (wn

i+1 − wn
i )

2
]
.

In particular, the energy function is conserved when the forcing term f = 0 [23].

2.2. Adaptive Time-Stepping Algorithm

Now, we present the adaptive time-stepping method. We set a maximum displacement
of the numerical solution within a single time step by a tolerance tol. Multiplying both
sides of Equation (16) by Δtn+1, we obtain

mn+1
i − mn

i = Δtn+1(− mn
i × Δhmn

i + fn
i
)
, 1 ≤ i ≤ Nx. (3)

A maximum norm is defined as follows:

‖m‖∞ = max
1≤i≤Nx

|mi|. (4)

Then, from Equation (3), we require that the following condition be satisfied:

‖mn+1 − mn‖∞ = Δtn+1‖ − mn × Δhmn + fn‖∞ ≤ tol. (5)

In this study, we use the maximum norm instead of the l2-norm, which measures the
average, because the maximum norm is more effective for assessing the largest individ-
ual component in a vector and ensures that no single variable dominates the vector’s
magnitude. From Equation (5), we have the constraint of the time step sizes:

Δtn+1 ≤ tol
‖ − mn × Δhmn + fn‖∞

. (6)

Then, we use

Δtn+1 = min
(

tol
‖ − mn × Δhmn + fn‖∞

, Δtmax

)
, (7)
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where Δtmax is a given maximum time step size that guarantees stability. From Equation (3),
we have the next time solution:

mn+1
i = mn

i + Δtn+1(− mn
i × Δhmn

i + fn
i
)
, 1 ≤ i ≤ Nx. (8)

However, generally, |mn+1
i | �= 1 for some i. We normalize it as

mn+1
i =

mn+1
i

|mn+1
i |

, 1 ≤ i ≤ Nx. (9)

Repeat this process while tn + Δtn+1 ≤ T to calculate the numerical approach of
m(x, T). When determining adaptive time steps, tn+1 can exceed the desired final time.
In order to avoid such circumstance, if tn+1 = tn + Δtn+1 > T, then set Δtn+1 = T − tn.

We present a detailed numerical algorithm for each step of the proposed method in
Algorithm 1.

Algorithm 1: Adaptive scheme for the LL equation
INPUT endpoints Lx, Rx; number of grid points Nx; initial condition; final time T;
tolerance tol; maximum time step size Δtmax; forcing term ( fu, fv, fw).

OUTPUT approximation of m(x, T) = (u(x, T), v(x, T), w(x, T)).
Step 1 Initialization

Set h = (Rx − Lx)/Nx and t = 0
For i = 1, . . . , Nx do

xi = Lx + (i − 0.5)h
u0

i = u0(xi), v0
i = v0(xi), w0

i = w0(xi)
Step 2 While (t < T), do Steps 3–7.

Step 3 For i = 1, . . . , Nx do
Δhun

i = (un
i+1 − 2un

i + un
i−1)/h2;

Δhvn
i = (vn

i+1 − 2vn
i + vn

i−1)/h2;
Δhwn

i = (wn
i+1 − 2wn

i + wn
i−1)/h2.

Use periodic boundary condition
Step 4 Set sn

u,i = wn
i Δhvn

i − vn
i Δhwn

i + f n
u,i;

sn
v,i = un

i Δhwn
i − wn

i Δhun
i + f n

v,i;
sn

w,i = vn
i Δhun

i − un
i Δhvn

i + f n
w,i.

Step 5 Set dis = max
1≤i≤Nx

|(sn
u,i, sn

v,i, sn
w,i)|;

Δt = min(0.99 tol/dis, Δtmax).
If t + Δt > T, then Δt = T − t.

Step 6 Set u∗
i = un

i + Δt sn
u,i

v∗i = vn
i + Δt sn

v,i
w∗

i = wn
i + Δt sn

w,i.
Step 7 Set un+1

i = u∗
i /|(u∗

i , v∗i , w∗
i )|

vn+1
i = v∗i /|(u∗

i , v∗i , w∗
i )|

wn+1
i = w∗

i /|(u∗
i , v∗i , w∗

i )|.
t = t + Δt.

Step 8 OUTPUT u(x, T), v(x, T), w(x, T)
STOP.

Remark 1. We use the maximum norm between mn+1 and mn for the criterion for selecting an
adaptive time step, which ensures that the maximum displacement falls within a predefined tolerance
threshold. The rationale for using the maximum norm between mn+1 and mn is to decrease the time
step when the temporal evolution is rapid and to increase it when the evolution is slow.
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Remark 2. The proposed time adaptivity method is different from a well-known method such as
the adaptive Runge–Kutta–Fehlberg (RKF) method, which is based on both higher- and lower-order
numerical schemes [32]. The adaptive RKF method has been successfully applied for the Allen–Cahn
equation [28]. The RKF method is a numerical technique with higher order than our proposed
method. If we assume that the numerical solution changes rapidly, the local error generated by
the adaptive time-stepping method based on the RKF method will be relatively smaller than that
of our proposed method. However, when calculating the time step size adaptively, the adaptive
time-stepping method based on the RKF method cannot calculate it at once because it does not know
the time step size advance.

Although our proposed time adaptivity method has lower-order than the adaptive time-stepping
method based on the RKF method, it is easy and simple to numerically implement, and it has the
advantage of being computationally efficient, because it does not require recomputing numerical
solutions when the updated solution does not satisfy a certain condition, as is done in [28]. Our
proposed updating algorithm is a one-step method. In addition, our proposed method can contin-
uously reduce the time step size as the numerical solution is updated, which is a drawback that
can be compensated for by separately considering the conditions for determining the lower bound.
In [33], an optimization of explicit Runge–Kutta schemes up to six-order accuracy was presented for
ordinary differential equation. The authors proposed a method for selecting optimal free coefficients
based on minimizing residual terms and ensuring interpolational properties.

3. Computational Experiments

We shall study the achievement of the proposed adaptive time-stepping method
through several computational experiments. We begin with the comparison study between
the numerical and analytic solution for the forcing term.

3.1. Without Forcing Term f ≡ 0

Now, we perform a convergence test when f ≡ 0 on a computational domain
Ω = (0, 1) and h = 1/100. The analytic solution [4] of the equation can be defined as

ue(x, t) = sin(α) cos(kx + tk2 cos(α)),

ve(x, t) = sin(α) sin(kx + tk2 cos(α)),

we(x, t) = cos(α),

where α = 0.25π, k = 2π. The boundary condition with periodic recurrence is considered
as m0 = mNx and mNx+1 = m1. An initial condition is given as follows:

(u(x, 0), v(x, 0), w(x, 0)) = (sin(α) cos(kx), sin(α) sin(kx), cos(α)).

Then, we can observe that m(x, t) = (ue(x, t), ve(x, t), we(x, t)) meets Equation (1), the ini-
tial condition, and the periodic boundary condition.

Figure 3a–c display the snapshots of the computational results of m(x, t) at t = 0.01,
0.07, and 0.1, respectively. Figure 3d–f display the numerical solutions to u(x, t), v(x, t),
and w(x, t) with the matching exact solutions at t = 0.1, respectively. The differences
between the exact solution and the computational solutions u(x, t), v(x, t), and w(x, t),
shown in Figure 3g–i, respectively, are evaluated at t = 0.1. Here, we use tolerance
tol = 10−6, α = 0.25π and maximum time step size Δtmax = 0.5h2. In case f = 0, we verify
that the energy is conserved. Figure 3j shows the discrete energy variation over time.
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Figure 3. Numerical solutions at (a) t = 0.01, (b) t = 0.07, and (c) t = 0.1. Numerical and analytic
solutions of (d) u(x, t), (e) v(x, t), and (f) w(x, t) at t = 0.1. The differences between the exact solution
and the computational solutions (g) u(x, t), (h) v(x, t), and (i) w(x, t) at t = 0.1. (j) The time evolution
of discrete energy.

3.2. Periodic Forcing Term

We consider a one-dimensional LL equation on domain Ω = (0, 1), Nx = 100 and
h = 1/100 with a forcing term

mt = −m × mxx + f, (10)

which has an exact solution [4]

me(x, t) =

⎛⎜⎝ue(x, t)
ve(x, t)
we(x, t)

⎞⎟⎠ =

⎛⎜⎝cos(x2(1 − x)2) sin(t)
sin(x2(1 − x)2) sin(t)

cos(t)

⎞⎟⎠. (11)
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Therefore, a corresponding forcing term is adopted for the governing LL equation.
For brevity, we used X = x2(1 − x)2.

f = mt + m × mxx

=

⎛⎜⎝cos(X) cos(t) + [(X′)2 sin(X)− X′′ cos(X)] sin(t) cos(t)
sin(X) cos(t) + [(X′)2 cos(X) + X′′ sin(X)] sin(t) cos(t)

− sin(t) + X′′ sin2(t)

⎞⎟⎠.

The computational domain is defined as explained in Section 2.1. For final time T = 0.1,
tolerance tol = 10−7 and maximum time step size Δtmax = 0.5h2 are selected as appropriate
parameter values. Figure 4a–c show the snapshots of the computational results of m(x, t)
at t = 0.01, 0.07, and 0.1, respectively. Figure 4d–f and g–i display the numerical solutions
and differences of u(x, t), v(x, t), and w(x, t) with the matching exact solutions at t = 0.1,
respectively. Computational results are represented by a circle, and analytic solutions are
represented by solid lines. We can see that the results from the proposed method show good
agreement with the exact solution. See Appendix A Table A1 for enumerated parameters.
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Figure 4. Numerical solution at (a) t = 0.01, (b) t = 0.07, and (c) t = 0.1. Numerical and analytic
solutions of (d) u, (e) v, and (f) w at t = 0.1. The differences between the exact solution and the
numerical solutions (g) u, (h) v, and (i) w at t = 0.1.
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3.3. Non-Periodic Forcing Term

In this section, we present a computational experiment that rapidly changes over time.
The proposed time adaptive approach has its strength where the change of the solution
is rapid and diverse during the numerical simulation. Therefore, we apply the following
exact solution and corresponding forcing term in Equation (10):

me(x, t) =

⎛⎜⎝ue(x, t)
ve(x, t)
we(x, t)

⎞⎟⎠ =

⎛⎜⎝cos(x2(1 − x)2) sin(100t2)

sin(x2(1 − x)2) sin(100t2)

cos(100t2)

⎞⎟⎠, (12)

f = mt + m × mxx (13)

=

⎛⎜⎝200t cos(X) cos(100t2) + [(X′)2 sin(X)− X′′ cos(X)] sin(100t2) cos(100t2)

200t sin(X) cos(100t2) + [(X′)2 cos(X) + X′′ sin(X)] sin(100t2) cos(100t2)

−200t sin(100t2) + X′′ sin2(100t2)

⎞⎟⎠. (14)

To show the rapid change of the solution over time, Figure 5 illustrates the exact
solution we(x, t) = cos(100t2). The forcing term introduced in this section is no longer
periodic. Therefore, we use the homogeneous Neumann boundary condition instead of the
periodic boundary condition. Therefore, m0 = m1 and mNx+1 = mNx is applied. On the
computational domain (0, 1) with h = 1/128, we apply tolerance 5 × 10−7, maximum time
step size Δtmax = 0.005h2 and find the numerical solution at final time T = 0.3. Snapshots of
the computational results at t = 0.01, 0.07 and 0.1 are illustrated in Figure 6a–c, respectively.
Figure 6d–i shows the numerical solutions and difference between the numerical solution
and exact solution of u, v and w from left to right. For error comparison, we use the discrete
maximum error defined as follows:

‖m − me‖ = max{|u − ue|+ |v − ve|+ |w − we|}.

The execution time is 767.9768 s, and the maximum error is 1.5237 × 10−5.

0 0.05 0.1 0.15 0.2 0.25 0.3
-1

-0.5

0

0.5

1

Figure 5. Exact solution we(x, t) = cos(100t2) in Equation (13)

Figure 7 illustrates the temporal evolution of the adaptive time step until final time T.
The time step decreases as evolution processes, and we can find the major advantage of our
proposed model. If a constant time step is applied, the minimum value of Δt in Figure 7
must be used, which is unnecessary in most of the evolution. For example, before time
t = 0.05, the required time step Δt is around six times the size of the initial step size.
The time step size applied at t = 0.3 is 3.52 × 10−9, which is approximately 100 times
smaller than the initial time step. Assume that a constant time step is applied, which is
the minimum step size in Figure 7. Because the adaptive step size decreases exponentially,
a smaller time step must be applied for the constant time step method, which will decrease
the efficiency of the calculation. Therefore, the proposed adaptive time step not only shows
a better performance than the constant time step method but also increases the efficiency as
a bigger total time is applied.
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Figure 6. Numerical solutions for the proposed adaptive method at (a) t = 0.01, (b) t = 0.07,
and (c) t = 0.1. Numerical and analytic solutions of (d) u, (e) v, and (f) w at t = 0.3. The differences
between the exact solution and the numerical solutions (g) u, (h) v, and (i) w at t = 0.3.
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Figure 7. Desired adaptive time step Δt for each time. Adaptive time steps enhance the efficiency of
the method.

Next, we present a comparison between the proposed adaptive time step method
and the constant time step methods: the explicit method and the Crank–Nicolson
method studied by Jeong and Kim [4]. Jeong and Kim proposed a finite difference
method for the LL equation using the Crank–Nicolson method and multigrid method
for handling nonlinearities.

Figure 8 shows the numerical results for the explicit method with constant time step
Δt = 1.3737 × 10−8. Figure 8a–c show the temporal evolution of the numerical solutions at
t = 0.01, t = 0.07, and t = 0.1, respectively. Figure 8d–f show the numerical and analytic
solutions of u, v, and w at t = 0.3. Figure 8g–i show the difference between the numerical
and analytic solutions for u, v, and w. The execution time is 901.6647 s, and the maximum
error is 1.57 × 10−5.
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Figure 8. Numerical solutions for the explicit method with constant time step Δt = 1.3737 × 10−8 at
(a) t = 0.01, (b) t = 0.07, and (c) t = 0.1. Numerical and analytic solutions of (d) u, (e) v, and (f) w at
t = 0.3. The differences between the exact solution and the numerical solutions (g) u, (h) v, and (i) w
at t = 0.3.

Under the equal benchmark problem, we applied constant time step Δt = 2 × 10−8.
Figure 9 shows numerical results for the Crank–Nicolson method with a constant time
step. The first row of Figure 9 shows the temporal evolution of the numerical solutions at
t = 0.01, t = 0.07, and t = 0.1. The second row of Figure 9 shows the numerical and analytic
solutions of u, v, and w at t = 0.3. The last row of Figure 9 shows the difference between
the numerical and analytic solutions for u, v, and w. The execution time is 1123.6650 s,
and the maximum error is 1.02 × 10−5.

Through Figures 6, 8 and 9, we compared the results of the explicit adaptive time step
method, the constant time step method, and the Crank–Nicolson method for a rapidly
changing solution. From these results, the adaptive time step method proved to be better
than the constant time step method in terms of both execution time and error. While
the first-order adaptive time step method showed slightly larger errors compared to the
second-order Crank–Nicolson method, it achieve a similar level of error with significantly
less execution time. Furthermore, the proposed adaptive method has the advantage that
the trial and error of finding a suitable time step is unnecessary. If a desired tolerance is
given, the adaptive time step size is automatically given. However, when applying the
Crank–Nicolson method, attempts for finding a suitable time step must be previously
performed. Therefore, if we include this procedure in account, the proposed method has a
superiority compared to the Crank–Nicolson method.
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Figure 9. Numerical solutions for the Crank–Nicolson method with constant time step Δt = 2 × 10−8

at (a) t = 0.01, (b) t = 0.07, and (c) t = 0.1. Numerical and analytic solutions of (d) u, (e) v, and (f) w
at t = 0.3. The differences between the exact solution and the numerical solutions (g) u, (h) v, and (i)
w at t = 0.3.

In concluding this section, we shall provide the maximum error as a function of the
tolerance in order to illustrate the behavior of the controller for many levels of accuracy.
We used the exact solution and forcing term introduced in this section on the computa-
tional domain (0, 1) with h = 1/128 at final time T = 0.1. Under maximum step size
Δtmax = 0.5h2, maximum errors at tolerance tol = 10−7, 1.2 × 10−6, 2.3 × 10−6, 2.3 × 10−6,
3.4 × 10−6, 4.5 × 10−6, 5.6 × 10−6, 6.7 × 10−6, 7.8 × 10−6, 8.9 × 10−6, 10−5 are illustrated in
Figure 10. We can see that after the first data, the maximum error linearly grows with
the tolerance.
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Figure 10. Maximum errors as a function of the tolerance. Tolerance values range from 10−7 to 10−5.

169



Algorithms 2025, 18, 1

3.4. Damping Forcing Term

Next, we consider a one-dimensional LL equation on domain Ω = (0, 2π) with a
damping forcing term. The exact solution and corresponding forcing term are given
as follows:

me(x, t) =

⎛⎜⎝ue(x, t)
ve(x, t)
we(x, t)

⎞⎟⎠ =

⎛⎜⎝sech(αt) cos(x)
sech(αt) sin(x)

tanh(αt)

⎞⎟⎠,

f(x, t) = me
t(x, t) + me(x, t)× me

xx(x, t) =

⎛⎜⎝(ve(x, t)− αue(x, t))we(x, t)
(ue(x, t)− αve(x, t))we(x, t)

α[1 − (we(x, t))2]

⎞⎟⎠.

Figure 11a–c show the snapshots of the computational results of m(x, t) at t = 0.0001,
0.0007, and 0.001, respectively. Figure 11d–f display the numerical approximations of
u(x, t), v(x, t), and w(x, t) with the corresponding exact solutions at t = 0.01, respectively.
Figure 11g–i illustrate the difference of u(x, t), v(x, t), and w(x, t) with the matching exact
solutions at t = 0.01, respectively. Here, we use Nx = 100, h = 2π/Nx, α = 1000,
tol = 10−5, and Δtmax = 0.5h2.
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Figure 11. Simulation of damping forcing term. Numerical solution at (a) t = 0.0001, (b) t = 0.0007,
and (c) t = 0.001. Numerical and analytic solutions of (d) u, (e) v, and (f) w at t = 0.001. The differ-
ences between the exact solution and the numerical solutions (g) u, (h) v, and (i) w at t = 0.001.

Lastly, we simulate the case where the forcing term is constant, f = (0, 0, 1)T

with the same computational domain as the last numerical simulation. Tolerance 10−7

is applied. The constant forcing term represents the constant one directional external
magnetic field that is applied to the dynamics of magnetization. The initial condition is
given as m(x, 0) = (cos(x)/

√
2, sin(x)/

√
2, 1/

√
2)T . Figure 12a–c show the snapshots of
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the computational results of m(x, t) at t = 0.001, 0.007, and 0.01, respectively. Figure 12d–f
display the numerical approximations of u(x, t), v(x, t), and w(x, t) with the corresponding
exact solutions at t = 0.01, respectively. We can see the numerical results are stable and
therefore capable of simulating this application.
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Figure 12. Simulation of constant forcing term. Numerical solution at (a) t = 0.001, (b) t = 0.007,
and (c) t = 0.01. Numerical solutions of (d) u, (e) v, and (f) w at t = 0.01.

4. Conclusions

The article introduced a new adaptive time-stepping FDM for solving the LL equation,
which is crucial for investigating magnetic materials and processes. The method strategi-
cally selects time steps to keep displacement within a tolerance and allows larger steps near
equilibrium states for faster computations. Benchmark tests demonstrated the algorithm’s
efficiency and accuracy and showed its potential for advancing magnetic phenomena
analysis. We expect that the proposed time-stepping adaptive method can be applied to
various equations which can be numerically approximated. Reaction–diffusion equations
such as the Allen–Cahn equation can make good use of the proposed method because the
displacement of the numerical solution is determined by the time step size. Furthermore,
the evolution of the numerical solution varies during the numerical simulation, which
indicates that the adaptive time step can be an efficient solution.

In this paper, we considered a one-dimensional LL equation. Extending the proposed
method to multi-dimensional problems presents challenges for explicit methods in terms
of stability, which is a limitation of this study. Oscillations have already been reported in
one-dimensional problems. We expect that adopting an implicit method combined with
the adaptive time-stepping method could provide a solution for the multi-dimensional LL
problem. In future work, we will present an efficient adaptive time-stepping method for
the LL Equation (1) in two- and three-dimensional spaces. As a preliminary model, we
consider the two-dimensional case as follows. In two-dimensional space, Equation (1) on
Ω = (Lx, Rx)× (Ly, Ry) is defined as

∂m(x, y, t)
∂t

= −m(x, y, t)× Δm(x, y, t) + f(x, y, t), (x, y) ∈ Ω, 0 < t ≤ T. (15)
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Let Nx and Ny be positive integers. The discrete computational domain is defined as
Ωh = {(xi = Lx +(i− 0.5)h, yj = Ly +(j− 0.5)h) | i = 1, 2, . . . , Nx, j = 1, 2, . . . , Ny}, where
the spatial step size h = (Rx − Lx)/Nx = (Ry − Ly)/Ny. We discretize Equation (15) as

mn+1
ij − mn

ij

Δtn+1 = −mn
ij ×

mn
i+1,j + mn

i−1,j + mn
i,j+1 + mn

i,j−1 − 4mn
ij

h2 + fn
ij.

We consider the case without the forcing term, where f ≡ 0. An exact solution of
Equation (15) is given by [4]

ue(x, y, t) = sin
( π

24

)
cos

(
2π(x + y) + 8πt cos

( π

24

))
,

ve(x, y, t) = sin
( π

24

)
sin

(
2π(x + y) + 8πt cos

( π

24

))
,

we(x, y, t) = cos
( π

24

)
.

The initial condition on the Ω = (0, 1)× (0, 1) is given by

(u(x, y, 0), v(x, y, 0), w(x, y, 0)) =
(

sin
( π

24

)
cos(2π(x + y)), sin

( π

24

)
sin(2π(x + y)), cos

( π

24

))
.

We used the parameters Nx = Ny = 32, tol = 10−6, Δtmax = 0.2h2, and the final time
T = 0.1. For visualization of the numerical solution at time t = 0.1, we used the scaled
numerical solution 0.25mij for i = 1, 3, 5, . . . , 31, j = 1, 3, 5, . . . , 31. Figure 13 shows the
scaled numerical solutions at t = 0 and t = 0.1 using the adaptive time-stepping method.
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Figure 13. Numerical solution at (a) t = 0 and (b) t = 0.1 using the adaptive time-stepping method.

Future work will focus on extending the proposed adaptive method to another class
of partial differential equations with a similar structure, particularly those involving fast
and slow evolutions such as the Allen–Cahn equation [34], the Black–Scholes equation [35],
and the Susceptible–Infected–Recovered (SIR) epidemic model [36].
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Appendix A

The following MATLAB code produces the results shown in Figure 3, and the parameters
are enumerated in Table A1. The code can also be downloaded from https://mathematicians.
korea.ac.kr/cfdkim/open-source-codes/ (accessed on 23 December 2024). Compared to other
programs in the market, MATLAB is highly beneficial in a way that it serves as a unified
platform that can provide powerful numerical computation through coding and a com-
prehensive set of tools for data visualization. Because both functionalities are available,
the user can interactively check and modify variables in the workspace and memory and
visualize it instantaneously. Moreover, MATLAB boasts an extensive functionality through
extensional toolboxes and built-in functions that can boost the work speed of the user.

In this paper, the LL equation in a small scale is simulated through MATLAB. We
expect that the proposed method can be expanded to larger-scale problems that handle
practical engineering applications with the help of additional computational methods such
as parallel computing.

Table A1. Parameters used for the 1D LL equation.

Parameters Description

Nx number of grid points on the x-axis
Lx minimum value on the x-axis
Rx maximum value on the x-axis
h space step size
T final time
maxdt maximum time step size
tol tolerance

c l e a r ;
Nx=100; Lx =0; Rx=1; h=(Rx−Lx ) /Nx ; x= l i n s p a c e ( Lx + 0 . 5 * h , Rx − 0 . 5 * h , Nx) ;
XX=( x . ^ 2 ) . * ( ( 1 − x ) . ^ 2 ) ; dXX=2*x −6*x .^2+4* x . ^ 3 ; ddXX=2−12*x+12*x . ^ 2 ;
ue=@( t ) s i n ( t ) . * cos (XX) ;
ve=@( t ) s i n ( t ) . * s i n (XX) ;
we=@( t ) cos ( t ) . * ones ( 1 ,Nx) ;
T=1. e −1; maxdt = 0 . 5 * h^2; t =0; u=ue ( 0 ) ; v=ve ( 0 ) ; w=we( 0 ) ; t o l =1. e −7;
while t <T

Lapu ( 1 ) =(u ( 2 ) −2*u ( 1 ) +u (Nx) ) /h^2;
Lapv ( 1 ) =(v ( 2 ) −2*v ( 1 ) +v (Nx) ) /h^2;
Lapw ( 1 ) =(w( 2 ) −2*w( 1 ) +w(Nx) ) /h^2;
f o r i =2:Nx−1

Lapu ( i ) =(u ( i +1) −2*u ( i ) +u ( i −1) ) /h^2;
Lapv ( i ) =(v ( i +1) −2*v ( i ) +v ( i −1) ) /h^2;
Lapw( i ) =(w( i +1) −2*w( i ) +w( i −1) ) /h^2;
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end
Lapu (Nx) =(u ( 1 ) −2*u (Nx) +u (Nx−1) ) /h^2;
Lapv (Nx) =(v ( 1 ) −2*v (Nx) +v (Nx−1) ) /h^2;
Lapw(Nx) =(w( 1 ) −2*w(Nx) +w(Nx−1) ) /h^2;
fu=cos (XX) . * cos ( t ) +(dXX . ^ 2 . * s i n (XX) −ddXX . * cos (XX) ) * s i n ( t ) * cos ( t ) ;
fv=s i n (XX) . * cos ( t ) −(dXX . ^ 2 . * cos (XX) +ddXX . * s i n (XX) ) * s i n ( t ) * cos ( t ) ;
fw=−s i n ( t ) +ddXX* s i n ( t ) . ^ 2 ;
su=v . * Lapw−w. * Lapv−fu ;
sv=w. * Lapu−u . * Lapw−fv ;
sw=u . * Lapv−v . * Lapu−fw ;
en=max( s q r t ( su .^2+ sv .^2+sw. ^ 2 ) ) ;
dt =0 .99* t o l /en ; dt=min ( dt , maxdt ) ;
i f ( t +dt >T )

dt=T− t ;
end
t = t +dt ;
nu=u−dt * su ; nv=v−dt * sv ; nw=w−dt *sw ;
u=nu ; v=nv ; w=nw;
A=[u ' v ' w' ] ;
f o r i =1 :Nx

B ( i ) =norm (A( i , : ) ) ;
end
u=u./B ; v=v ./B ; w=w./B ;

end
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Abstract: This paper presents an integrated approach based on physical–mathematical models
and numerical simulations to optimize sludge treatment using ultrasound. The main objective is
to improve the efficiency of the purification system by reducing the weight and moisture of the
purification sludge, therefore ensuring regulatory compliance and environmental sustainability.
A coupled temperature–humidity model, formulated by partial differential equations, describes
materials’ thermal and water evolution during treatment. The numerical resolution, implemented by
the finite element method (FEM), allows the simulation of the system behavior and the optimization
of the operating parameters. Experimental results confirm that ultrasonic treatment reduces the
moisture content of sludge by up to 20% and improves its stability, making it suitable for agricultural
applications or further treatment. Functional controls of sonication and the reduction of water
content in the sludge correlate with the obtained results. Ultrasound treatment has been shown
to decrease the specific weight of the sludge sample both in pretreatment and treatment, therefore
improving stabilization. In various experimental conditions, the weight of the sludge is reduced by a
maximum of about 50%. Processed sludge transforms waste into a resource for the agricultural sector.
Treatment processes have been optimized with low-energy operating principles. Additionally, besides
utilizing energy-harvesting technology, plant operating processes have been optimized, accounting
for approximately 55% of the consumption due to the aeration of active sludge. In addition, an
extended analysis of ultrasonic wave propagation is proposed.

Keywords: sludge treatment for agricultural uses; ultrasound; coupled temperature–humidity–pressure
analytical model; FEM analysis

1. Introduction

The adoption of circular business practices is revolutionizing production and con-
sumption patterns, including integrating water services to promote a sustainable and
innovative approach. In the waste management and water treatment system, sewage
sludge derived from municipal waste requires resources, high costs, and specific proce-
dures for its treatment, being a complex by-product to dispose or manage [1]. However,
when reused circularly to extract materials useful to the community, such sludge can be
transformed from a liability into a resource. Being composed of carbon (25–35%), nitrogen
(4–5%), phosphorus (2–3%), and oxygen (20–25%), along with traces of other useful con-
stituents, reference [2] dry sludge from wastewater treatment has considerable potential for
use in agriculture [3–7]. In addition, digestate (the organic residue produced by anaerobic
digestion) can be used to improve soil properties and is an excellent source of organic
fertilizer, contributing to the nutritional needs of crops while also contributing to the
long-term sustainable growth of agriculture [8–11]. Due to the presence of contaminants,
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such as heavy metals, drugs, microplastics, or flame retardants, the potential use of sludge
in agriculture applications is often limited [12,13]. Thus, there is a growing interest in
improving contaminant extraction to address resource recovery and pollution prevention
in sewage sludge management [12,13]. Untreated sludge has a complex structure and high
moisture content, with particles retaining water. Reducing the water content results in a
smaller sludge volume for transport and disposal; accordingly, drying becomes a critical
step in sludge treatment, lowering its transport and disposal costs. Conditioning facilitates
water removal, making dehydration and drying faster and less expensive. Without proper
conditioning, these processes would require more resources, making them less sustainable
and effective. Recent studies have explored different methods of sludge conditioning using
various techniques to improve the effectiveness of treatment [14,15]. A relatively simple
technique that can be integrated with other treatment systems, now well established in
the literature, is based on physical conditioning that applies mechanical forces to sludge
to change its structure and facilitate dewatering and removal of contaminants [16]. While
this technique reduces the viscosity of the material and improves drying, it requires large
amounts of energy and expensive specialized equipment. However, physical conditioning
can be ineffective for some types of sludge, especially in the presence of fine particles
or chemical contaminants that require more specific treatments [17,18]. Then, we are
helped it their removal by sonication using high-frequency compression and rarefaction
sound waves, which create bubbles in the liquid that, when they collapse, cause intense
forces that disintegrate the sludge particles and facilitate the release of intracellular and
extracellular materials [19]. This technique improves dewatering efficiency by increasing
sludge biodegradability, resulting in rapid completion of anaerobic digestion [20,21]. In
addition, sonication is particularly effective in reducing viscosity and making the sludge
more straightforward to process in subsequent stages. However, the high-energy require-
ments and the need for sophisticated instrumentation and calibration make this method
not always advantageous. In addition, the effectiveness of sonication can be limited by
specific characteristics of the sludge, such as the presence of substances resistant to cavita-
tion (the collapse of tiny bubbles that transmit significant mechanical forces to the solid
material in suspension), making it less effective in some contexts [22,23]. In addition to the
above procedure, a less costly method, the hydrodynamic cavitation, can be used for the
same purposes. This method takes advantage of the formation and subsequent collapse of
microbubbles of steam in a fluid, creating intense forces that break up the particles in the
sludge. Specifically, when liquid passes through a constriction or valve at high velocity,
it makes a low-pressure zone that induces bubble formation. The collapse of the bubbles
releases enough energy to break down cellular structures and facilitate the solubilization of
organic materials. While this technique reduces particle size with low energy consump-
tion and less expensive equipment, it is poorly applicable to high-density slurries and
is subject to wear of parts exposed to cavitation [24,25]. Also, intensive heat treatment,
which produces sludge dewatering by destroying pathogens, is possible; however, the high
energy consumption and possible loss of essential elements limit its use [26,27]. Another
technique well established in the literature for dewatering and breaking down sludge
structures is microwaves, which provide selective, rapid, and uniform heating while reduc-
ing treatment time but require expensive equipment without preventing or limiting the
formation of unpleasant odors or toxic compounds [28,29]. As far as contaminant removal
is concerned, the application of a suitable electric current to the (very dense and highly
conductive) sludge, which, by weakening the binding forces between the particles, helps to
separate the solid particles from the aqueous phase, thus reducing the use of any chemical
agents [30,31]. Suppose the objective is the degradation of organic matter in low-density
sludge. In that case, we are helped by photoanalytical treatment, in which the sludge
is exposed to a suitable source of light (constant and prolonged), aided using specific
catalysts (usually titanium dioxide) capable of reducing harmful organic compounds and
pathogens. However, the continuous exposure to light and the use of expensive catalysts
limit its applicability [32,33]. In order to degradate the organic matter in low-density
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sludge, the photoanalytical treatment can be used. In this case, the sludge is exposed to a
suitable source of light (constant and prolonged), aided using specific catalysts (usually
titanium dioxide) capable of reducing harmful organic compounds and pathogens [32,33].
Widespread is the mixing of sludge with flocculants/coagulants, which aggregate the
particles to form heavy agglomerates that precipitate to the bottom of the tank and rapidly
promote dewatering. However, such chemicals are often expensive and produce residues
that require further treatment [33–35]. Studies have investigated the combined use of US
and ozone to improve sludge conditioning and increase dewatering. Ozone, which is a
powerful oxidant, facilitates the rupture of cell membranes and the solubilization of organic
matter, therefore enhancing the effect of ultrasound. This combination reduces the sludge’s
viscosity and its filtration resistance [36]. Other studies have focused on the use of cationic
polymers that, when combined with sonication, reduce the concentration of heavy metals
and limit the time for sludge conditioning by making them stable during dewatering [15].
Again, the combination of thermo-alkaline conditioning with sonication assists in the degra-
dation of complex organic compounds (due to high temperatures and high pH), facilitating
the dewatering of the sludge. The use of ultrasound promotes further solubilization of the
compounds and reduces the viscosity of the sludge [37,38]. There is no lack of significant
studies on the combined use of microwaves (as a heat source), which can increase the
permeability of cell membranes, with ultrasound, which, by causing cavitation, destroys
cellular structures and significantly biodegrades sludge [39]. Recently, the combination of
ultrasonic techniques with electrocoagulation has been successfully used to remove heavy
metals from sludge. Electrical charges destabilize suspended particles, while sonication
breaks down cellular structures, facilitating sedimentation of the sludge [40]. These studies
strongly suggest that a major line of research must be based on using sonication in combi-
nation with chemical or physical treatments to improve sludge quality and manageability
significantly. Indeed, combined sonication methods show superior results compared to
single treatments, positively impacting process efficiency. Research in this field constantly
evolves, with the intent to develop increasingly efficient, sustainable, and environmentally
friendly conditioning techniques.

This work introduces an innovative approach that combines sonication with thermal
treatment, proposing an advanced physical–mathematical model that couples the thermal
and ultrasonic aspects. Such a model allows the reconstruction of detailed maps of tem-
perature, humidity, and pressure on the walls of the treatment tank, providing an accurate
and predictive view of system behavior throughout the sludge processing. Integrating this
information enables optimized and scientifically based treatment management, reducing
operating time and costs. The design of the apparatus was preceded by a detailed numerical
simulation using the finite element method (FEM), which allowed the functional charac-
teristics of the tank to be developed and verified virtually, ensuring efficient management
of thermal and water variables [41]. The entire apparatus was built and tested only after
this software validation, demonstrating complete adherence to regulatory standards for
sludge use in agriculture. The proposed system, through integrated sensor monitoring
and optimization of operating parameters, has shown the ability to reduce heavy metal
content and improve the organic composition of sludge, making it fully compatible with
current environmental requirements. The combined drying and sonication technique also
enables particle size reduction of up to 50%, contributing to the sustainability and reuse of
materials within a circular economy model [42]. This approach emerges as a practical and
innovative model of sustainable sewage sludge management, with results that improve
environmental and energy efficiency and demonstrate the possibility of valorizing sludge
as a safe and certified agricultural resource.

For completeness, with the aim to provide the reader with a comprehensive overview
of related work to the present research, we refer to some scientific studies on innova-
tive sludge treatment and valorization techniques, focusing on sustainable methods, ad-
vanced technologies, and energy and nutrient recovery processes. Prominent among
them are: (a) work on C recovery for bioenergy and N and P recovery for nutrients [43];
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(b) on resource recovery for biogas production and P extraction for agricultural reuse [44];
(c) Anaerobic digestion combined with phosphorus recovery from sludge [45]; (d) Chemi-
cal/electrochemical methods for removal of heavy metals [46]; (e) Use of thermolysis and
sonication for biogas production [47]; (f) on biochar production and C sequestration [48];
(g) on the use of electrodehydration to improve water removal [49]; (h) on the use of phy-
toremediation to remove heavy metals [50]; (i) the joint use of microwaves and chemical
treatments to reduce pathogens in sludge and recover P and N [51]; (l) waste-to-energy
for energy resources [52]; (m) hydrothermal carbonization for biofuel production, nutrient
recovery, and energy enhancement [53].

The various sludge treatment techniques discussed above, including physical, thermal,
chemical, and combined approaches, each present specific advantages and limitations
depending on the context of the application. For clarity and to provide a comprehen-
sive overview, the key characteristics, benefits, and limitations of these techniques are
summarized in Table 1.

Table 1. Summary of the main sludge treatment techniques, highlighting their key characteristics, ad-
vantages, and limitations to provide a comprehensive overview of their applicability and effectiveness
in sludge management.

Technique Main Characteristics Advantages Limitations

Physical conditioning
Application of mechanical

forces to alter sludge structure
and facilitate dewatering.

Reduces sludge viscosity;
improves drying.

High energy consumption;
ineffective for fine particles.

Sonication
Use of ultrasonic waves to

generate cavitation, breaking
down particles and structures.

Increases organic material
availability; facilitates

dewatering.

High energy requirements;
less effective for

cavitation-resistant sludge.

Hydrodynamic cavitation

Creation and collapse of
microbubbles through

high-speed fluid flow in
low-pressure zones.

Low energy consumption;
inexpensive equipment.

Limited applicability to
high-density sludge;

mechanical wear.

Thermal treatment
Heat application to destroy

pathogens and promote
sludge dewatering.

Effective pathogen removal;
facilitates dewatering.

High energy consumption;
potential loss of essential

elements.

Microwave treatment
Selective, rapid, and uniform
heating via electromagnetic

waves.

Uniform heating; reduces
treatment time.

High equipment cost;
potential odor/toxic

compound formation.

Electrocoagulation

Use of electric current to
destabilize particles,

separating solids from the
aqueous phase.

Reduces chemical agents use;
effective for conductive

sludge.

Limited to conductive sludge;
moderate energy costs.

Photoanalytical treatment
Light exposure with catalysts

(e.g., TiO2) to degrade
harmful organic compounds.

Removes pathogens and
harmful compounds; reduces

organic matter.

High catalyst cost; prolonged
treatment time required.

Flocculation Coagulation
Addition of chemical agents to
aggregate particles, promoting

rapid sedimentation.

Facilitates quick dewatering;
simple implementation.

High reagent costs; generates
secondary residues.

Ozone treatment
Use of ozone to oxidize cell
membranes and solubilize

organic matter.

Reduces viscosity; enhances
sonication efficiency.

High operational costs;
complex maintenance.

Thermo-alkaline
conditioning

Combination of heat and
alkaline treatment to degrade
complex organic compounds.

Facilitates solubilization and
viscosity reduction.

Requires high temperatures
and pH; high energy

consumption.
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Table 1. Cont.

Technique Main Characteristics Advantages Limitations

Combined techniques

Integration of sonication with
other treatments (e.g.,
microwaves, ozone,

thermo-alkaline).

Enhances overall treatment
efficiency.

Increased operational costs
and complexity compared to

single methods.

The remainder of the paper is organized as follows: the description of the sample-
based sonication technique is given in Section 2. The proposed procedure to enable the
production of sludge for agricultural uses is described in Section 3. In Section 4, we discuss
the details of how to integrate the proposed approach into the treatment of sludge in sewage
treatment plants. In Section 5, a mathematical model that, starting from the quantification
of the ultrasonic power, provides a coupled differential model for the spatiotemporal
reconstruction of temperature and humidity by also obtaining the pressure distribution
inside the sewage tank is formulated. Once the sewage tank has been simulated using the
FEM approach (Section 6) and a possible analytical model was proposed to evaluate the
pressure exerted by the sludge on it (Section 7), the most important results for the analyses
performed in both steady-state and transient regimes, as proposed in Section 8 have been
discussed. Section 9 describes the prototype implemented for moisture detection and
reduction in a sludge treatment tank, highlighting how sonication significantly improved
the performance of the whole process to improve sludge quality (Section 10). Then, a quick
roundup of comparisons with known cases in the literature (Section 11) further confirmed
that the proposed approach is valid in software and hardware. In the last section, some
reflections and possible future developments of the current research are given.

2. Preliminary Laboratory Study: Sonication on a Sample

To test whether the sonication produces sludge that can be used for agricultural
purposes, in compliance with European standards EN 12766-1 and EN 12766-2 [54], at the
Calabria Service Laboratory we reproduced an ultrasonic bath using the instrumentation
shown in Figure 1 capable of applying US waves with a constant frequency of 20 kHz
(employing a platinum probe with a tip diameter of 25 mm, favoring cavitation since
higher frequencies might not induce the phenomenon mentioned above), for 60 min (with
a sampling time of 5 s) on four wastewater sludge samples of 125 mL each, placed in a 1-L
beaker. In addition, the percentage of electric current generating the US wave of 20, 40, and
60% with power [W] values of 0.3, 0.8, and 1.6, respectively, were amplified, obtaining a
temperature in degrees centigrade of 20, 28, and 36, respectively.

Figure 1. Test apparatus for the sludge pretreatment process by sonication.

During the process, selected parameters allow the transducer to convert electrical energy
into mechanical waves, amplified by the booster, which is transmitted to the sludge, generate
compression and rarefaction cycles, with the ultimate goal of reducing the sludge volume by
at least 15–20%, resulting in a reduction of the maturation time by about 20–30% (reduction
from 20 to 14 days) [54–56]. The effectiveness of sludge decomposition and solubilization
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was monitored by verifying the increase in chemical oxygen demand (COD) in the sludge
substrate by titration using a burette, thermoreactor, and digestion vials [57].

ζ Potential and Polydispersity Index (PDI)

An important parameter for the characterization of sludge is represented by the ζ
potential, which measures the electric charge on suspended particles. When it has a high
absolute value (positive or negative), the particles repel each other, leading to a stable
suspension. On the contrary, a low absolute value for it suggests that the particles can ag-
gregate [58]. Furthermore, for the optimization of treatment processes, operators optimize
the dosage of coagulants and flocculants by varying the ζ potential. This process ensures
efficient particle aggregation and improves the overall efficiency of sludge dewatering
and sedimentation processes [18]. To provide a detailed view of the causes of dispersion,
aggregation, or flocculation, we measured the particle size of the sonified sludge (and thus
the stability of the sludge). We measured the values of the ζ potential [mV], defined as ηuη

ε0
,

the viscosity of the fluid; u the mobility; ε, relative dielectric constant; ε0, permittivity of
vacuum) representing the electrical potential at the level of the slipping plane (slipping
plane) measuring the magnitude of electrostatic repulsion/attraction or charge between
the particles during all the tests performed, showing good stability of the samples, since,
for each of them, we obtained ζ � 40 mV. PDI values, defined as the ratio of particle size
σ2 to the square of their diameter d̄2, were also evaluated, quantifying size dispersion (a
value close to zero indicates a uniform distribution of particles, while a high value reflects
a broader and less homogeneous distribution). Specifically, from the initial high values
of PDI obtained (ranging between 15 and 20), following treatment, they were reduced
between 0.921 ± 0.150 and 0.922 ± 0.150. Both ζ and PDI values were obtained through
the Malvern Zetasizer. This instrument measures, with high accuracy, the size, charge, and
concentration of particles (by dynamic light scattering (DLS) with a measurement angle of
90 degrees) and their molecular weight, as well as the amount of suspended molecules. The
analysis was conducted at different temperatures and durations using appropriate cuvettes.

3. How the Proposed Procedure Enables the Production of Sludge for Agricultural Uses

The US technique tested in the Laboratory was integrated into an established sludge
treatment process displayed in Figure 2 (whose steps are included in the red dashed box),
while the proposed approach is highlighted with green hatching.

Sludge from wastewater undergoes a first treatment line (water line) that deals with
the purification of the water to remove contaminants and return it to the environment
following regulatory standards. In contrast, the sludge line manages the sludge produced
from the water line processes, aiming to stabilize it, reduce its volume, and valorize it, for
example, through biogas production. The water line treats the main water stream, while
the sludge line focuses on solid by-product management, working in synergy as sludge
comes from the former’s processes, and the latter’s residues can be recirculated for further
treatment. Specifically, the water line processes sludge from wastewater that undergoes
initial screening through a screening battery that separates heavy parts (coarse sands and
gravels), allowing the filtered sludge to undergo treatment to remove fats and oils. Then,
an aerobic digestion chamber facilitates prolonged aerobic treatment (of about 17–20 days)
and proceeds with appropriate sedimentation. The fraction of sludge that is insufficiently
oxygenated is fed back into the aerobic digestion chamber to repeat the process, while
the remainder undergoes NaClO-based treatment to reduce the presence of pathogenic
microorganisms, bacteria, viruses, and other contaminants, making the sludge safer for
the environment [59]. It is worth noting that in excess flow rates from biological, once the
oils and fats are removed, the sludge goes directly to NaClO-based treatment. A further
portion of the sludge exiting sedimentation constitutes the input to the sludge line, which,
through gravity sludge thickening, aerobic biological stabilization, and sludge dewatering
with belt filter press, produces the treated sludges (any supernatant is returned to the
water line’s head to be fed into the aerobic chamber). Then, before the treated sludge is
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considered waste (to produce dry sludge for agricultural use) at the end of the sludge
line, the proposed procedure subjects it to the sonication process as already described
so that the moisture percentage is significantly reduced by appropriate heat treatment.
Finally, a monitoring system based essentially on moisture and temperature sensors sets
the sonication parameters to optimize the whole process.

Figure 2. Integration of the proposed approach (enclosed by the green dashed line) into the sludge
treatment process within a wastewater treatment plant (red dashed line). Section (a) represents
the conventional wastewater treatment chain, including pretreatment, sedimentation, biological
treatment, and sludge management. Section (b) highlights the proposed approach, combining
monitoring by humidity and temperature sensors with a sonication system aimed at sludge moisture
reduction (sludge humidity reduction with ΔT).

4. Integration of an Innovative Approach in the Treatment of Sludge in Sewage
Treatment Plants

Laboratory-tested sonication treatment grafted inside the plant (see Figure 2) lasting up
to 150 min, with the usual sampling carried out every 5 min (measuring COD, temperature,
and PDI), was performed on an 8-liter sludge sample, applying a 230 V amplitude voltage at
50 Hz (constant frequency throughout the treatment duration), with a maximum flow rate
of 50 L/min, with a contact time (total time the slurry remains in contact with a chemical
reagent) per liter of 2.40 s. Four units with a peak power of 1.7 A were used to produce US
waves to achieve the ideal US frequency of 150 kHz, corresponding to maximum cavitation.
As can be seen from Table 2, the data obtained do not reveal any incompatibilities of sludge
use for agricultural purposes, both in terms of heavy metals and the possible presence
of bacteria (Salmonella). It is worth noting that both the treatment duration (150 min)
and the contact time of 2.40 s depend on the sludge composition [60]. The prototype is
powered by four sets of US generators, each with a maximum draw of 1.7 A to ensure the
ideal frequency of 15 kHz, leading to the maximum detected cavitation (usually achievable
between 1.5 A and 1.7 A). Table 3 summarizes the operational parameters of sonication,
while the experimental apparatus is displayed in Figure 3.

Therefore, we consider proceeding with sludge humidity reduction using a thermal
approach. We propose a physical–mathematical model that couples temperature with
humidity to accurately quantify the volume of liquid and condensate inside the sludge
treatment tank.

182



Algorithms 2024, 17, 592

Figure 3. The experimental apparatus for sludge treatment process by ultrasonic sonication. Left:
the amplifying device with current values increasing in percentage from 0 to 60 A. Right: the tank
containing the sludge during ultrasonic sonication.

Table 2. Comparison between the parameters given in DL99 for sludge use in agriculture and the
data collected on the sludge produced by the plant.

Heavy Metals (mg/kg)
and Bacteria (MPN/gSS)

National Decree
DL99—29 January 1992

Sludge Analysis of the Plant

arsenic n.d. //
copper 1000 700–800

zinc 2500 700–1200
cadmium 20 <1
mercury 10 <1

lead 750 90–160
nickel 300 50–90

organic carbon (% sludge) 20 (minimum) 25–30
phosphorus (% sludge) 20 (minimum) 25–30

nitrogen (% sludge) 1.5 (minimum) 4.5–5.5
salmonella 103 (maximum) 30–60

Table 3. Operating parameter of sludge sonication treatment.

Parameters Values

Dimensions 445 × 545 × 1560 mm
Electrical supply 230 V, 50 Hz

US frequency 50 kHz, constant
Tank volume 8 L

Maximum input flow rate 3000 L/h, i.e., 50 L/min
Contact time 2.40 s per every sludge sample

Sonication time 0–150 min, sampling time 5 min

5. Temperature–Humidity Coupled Model for Sludge Treatment

5.1. Quantification of the Acoustic Power

Let Oxyz be an ortho-normal Cartesian coordinate system where Ω ⊂ R3 represents
the sludge; then, the generic vector x = (x, y, z) ⊂ Ω represents a point on the sludge. The
acoustic energy, E, generated and transferred to the sludge sample during US sonication
(following pretreatment in an oven at the initial temperature of 373 ◦C for two hours) is
transformed, in part, into heat that produces an increase in temperature T(x, t) that can be
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quantified using a calorimetric approach (highlighting the direct proportionality between
T(x, t) and P). The idea is based on the thermodynamic principle that P supplied by the
US is converted into heat, and thus, the acoustic power can be calculated by measuring the
temperature rise in the sludge.

The US energy (expressed in J) that causes an increase in T(x, t) can be expressed
as [61–63]:

Q = MCpΔT(x, t) (1)

where Q and M are the amount of heat absorbed by the slurry and its mass M (kg); Cp is the
specific heat capacity (J/kg K); and ΔT(x, t) is the increment of T(x, t) (K) (experimentally
measurable by sensors). Then, the power P, if Δt is the time interval during which heat
transfer occurred, takes the form:

P =
MCpΔT(x, t)

Δt
, (2)

which, in an infinitesimal time frame, becomes:

P = MCp
dT(x, t)

dt
. (3)

5.2. Fourier’s Law of Heat Conduction

To quantify the heat flux, q (amount of heat per unit area in unit time measured in
W/m2), in the sludge as a function of T(x, t), we use the well-known Fourier’s law:

q = −k∇T(x, t), (4)

asserting that q ∝ ∇T(x, t) through k (W/mK) representing the thermal conductivity of the
sludge, with obvious heat flow from higher-temperature points to lower-temperature points.

5.3. General Thermal Balance Equation

A heat balance equation is essential to describe the thermal behavior in ultrasonic
sludge treatment, considering heat transfer mechanisms and internal and external energy
sources. This equation allows modeling the interactions between key variables and physical
parameters, making it essential to simulate and optimize the process [61–63].

5.3.1. Thermal Storage Term

Together with Cp, it describes the ability of the fluid to store thermal energy. ∂T(x,t)
∂t

measures the rate at which T(x, t) changes over time. Therefore, the contribution due
to accumulation can be quantified by the term ρCp

∂T(x,t)
∂t . The contribution due to heat

accumulation in the sludge can be quantified as ρCp
∂T(x,t)

∂t where ρ is the density of the
fluid while Cp denotes the capacity of the sludge to store heat [61–63].

5.3.2. Convective Term

This term represents heat transport by convection, describing how the motion of
a slurry at the velocity u(x, t) transports heat energy, influencing the energy balance
with the contribution ρCpu(x, t) · ∇T(x, t), which quantifies the heat gain or loss in the
system [61–63].

5.3.3. Heat Conduction Term

This term represents heat flow by conduction and quantifies how it varies spa-
tially, indicating whether heat enters or leaves a specific region of the fluid, expressed as
∇ · (−k∇T(x, t)) based on the temperature gradient [61–63].
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5.3.4. Heat Sources

Denoted by Q(x, t) and Qm(x, t), respectively, they represent heat added by an external
source (e.g., an external heater) and heat generated inside the system due to internal causes
(e.g., chemical reactions or biological processes). Then, the heat generated in the US can act
directly by converting P to heat within the sludge; the second allows the mechanical energy
generated by the US to break up the particles, facilitating heat diffusion and accelerating
the process of temperature homogenization [61–63].

5.4. The Energy Balance Equation

Combining all the contributions, we obtain:

ρCp
∂T(x,t)

∂t + ρCpu(x, t) · ∇T(x, t) +∇ · (−k∇T(x, t))
= Q(x, t) + Qm(x, t).

(5)

representing the parabolic differential equation of the second-order partial derivative that
governs the energy balance by describing the evolution of T(x, t), which considers all modes of
energy transfer (conduction, convection, internal and/or external heat sources). The model (5)
describes the heat transfer and the variation of T(x, t) in the system, influenced directly by P.
Heat conduction depends on the energy transferred per unit time and area, a function of P,
while ultrasonic convection and turbulence influence heat transport in the fluid. Therefore,
the acoustic power determines the thermal behavior of the model [61–65].

5.5. On Moisture Reduction

To calculate the reduction of moisture W(x, t) in a sludge from T(x, t), we use a model
based on the Balance Equation (5). W(x, t), representing the water content per unit volume,
varies with the evaporative flux, Je(x, t), described as:

∂W(x, t)
∂t

= −∇ · Je(x, t), (6)

where Je(Je(x, t) is a function of T(x, t) and vapor pressure, and is written as:

Je(x, t) = ke(T(x, t))
(

pv(T(x, t))− pv,amb
)
, (7)

with ke(T(x, t)) temperature-dependent evaporation coefficient, pv(T(x, t)) saturated vapor
pressure and pv,amb ambient vapor pressure. The source Qm(x, t), associated with water
evaporation, is related to the latent heat λ and the rate of moisture reduction:

Qm(x, t) = λ
∂W(x, t)

∂t
. (8)

The overall moisture reduction is calculated by integrating the residual content W(x, t)
over time and space, compared with the initial content W0(x):

ΔW =
∫

Ω

(
W0(x)− W(x, t)

)
dx. (9)

Then, substituting into the (5) the (8), we obtain:

ρCp
∂T(x, t)

∂t
+ ρCpu(x, t) · ∇T(x, t) +∇ · (−k∇T(x, t))

= Q(x, t) + λ
∂W(x, t)

∂t
. (10)

5.6. The Coupled System

Considering the balance equation, Equations (6) and (10), the system describing the
evolution of temperature and humidity consists of:
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
ρCp

∂T
∂t + ρCpu · ∇T +∇ · (−k∇T) = Q + λ

∂W(x, t)
∂t

,
∂W(x, t)

∂t
+∇ · Je(x, t) = 0

Je(x, t) = ke(T(x, t))
(

pv(T(x, t))− pv,amb
)
.

(11)

5.7. On the Existence, Uniqueness, and Regularity of the Solution: Variational Formulation

We work on Ω ⊂ Rn, which is open, restricted, and with edge ∂Ω sufficiently regular.
We define the Cartesian product of function spaces to describe the two coupled variables
T(x, t) and W(x, t) [61–63,66]:

X = H1(Ω)× H1(Ω), (12)

where H1(Ω) is the Sobolev space of functions belonging to L2(Ω) with first-order weak deriva-
tives in L2(Ω). Weak solutions of the coupled system will be looked for in X = L2(0, T; X),

with time derivatives
∂T(x, t)

∂t
,

∂W(x, t)
∂t

∈ L2(0, T; X′), where X′ is the dual space of X′.

We multiply the budget equation in (11) by a test function ϕ ∈ H1(Ω) and integrate over
Ω, obtaining:∫

Ω
ρCp

∂T(x, t)
∂t

ϕ dx +
∫

Ω
ρCp(u · ∇T)ϕ dx +

∫
Ω

k∇T(x, t) · ∇ϕ dx

=
∫

Ω
Qϕ dx + λ

∫
Ω

∂W(x, t)
∂t

ϕ dx. (13)

To ensure that the first integral in (13) makes sense, we assume T(x, t) ∈ L2(0, T; H1(Ω))

and
∂T(x, t)

∂t
∈ L2(0, T; H1(Ω)′). As for the second equation in (11), we multiply by a test

function ψ ∈ H1(Ω) and integrate over Ω, obtaining:∫
Ω

∂W(x, t)
∂t

ψ dx +
∫

Ω
(∇ · Je)ψ dx = 0. (14)

Using, then, the divergence theorem and imposing a natural boundary condition
(Je · n = 0 on ∂Ω), we can write:∫

Ω
(∇ · Je)ψ dx = −

∫
Ω

Je · ∇ψ dx. (15)

Then the second equation of (11) in variational form becomes:∫
Ω

∂W(x, t)
∂t

ψ dx −
∫

Ω
Je · ∇ψ dx = 0, (16)

that by substituting into it the expression of Je, we obtain:∫
Ω

∂W(x, t)
∂t

ψ dx −
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇ψ dx = 0. (17)

Then, the problem, in weak form, translates to finding a solution (T(x, t), W(x, t)) ∈
L2(0, T; X), such that for each test function (ϕ, ψ) ∈ X both equations in the variational
form are satisfied.

5.7.1. Existence and Uniqueness

We define the paired bilinear operator A : X × X → R as [61–63]:
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A((T(x, t), W(x, t)), (ϕ, ψ))

=
∫

Ω
k∇T(x, t) · ∇ϕ dx +

∫
Ω

ρCp(u · ∇T(x, t))ϕ dx

+
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇ψ dx. (18)

It is simple to verify that the operator A is continuous, i.e., there exists C > 0 such that:

|A((T(x, t), W(x, t)), (ϕ, ψ))|
≤ C(‖T(x, t)‖H1 + ‖W(x, t)‖H1)(‖ϕ‖H1 + ‖ψ‖H1). (19)

Moreover, A is coercive under the assumptions of uniform positivity of the coefficients
(k(x) ≥ k0 > 0):

A((T(x, t), W(x, t)), (T(x, t), W(x, t)))

≥ α(‖T(x, t)‖2
H1 + ‖W(x, t)‖2

H1), (20)

where α > 0. The functional associated with the source and coupling terms is:

F((ϕ, ψ)) =
∫

Ω
Qϕ dx + λ

∫
Ω

∂W
∂t

ϕ dx +
∫

Ω

∂W
∂t

ψ dx. (21)

Under the assumptions of regularity (Q ∈ L2(Ω), ∂W
∂t ∈ L2(0, T; H1(Ω)′), F is con-

tinuous. Then, the Lax-Milgram theorem guarantees the existence and uniqueness of
(T, W) ∈ L2(0, T; X).

5.7.2. Regularity

The regularity of the solutions T(x, t) and W(x, t) can be analyzed by exploiting the

coupled structure of the system. In particular, the time derivative
∂T(x, t)

∂t
belongs to

L2(0, T; H1(Ω)′). This result is ensured by the regularity of W(x, t), which belongs to
L2(0, T; H1(Ω)), and by the fact that the coupling term λ

∂W(x,t)
∂t is sufficiently regular.

Consequently, T(x, t) evolves in time regularly within a weak functional space.
The elliptic structure of the term −∇ · (k∇T(x, t)) in the first equation also guarantees

that T(x, t) ∈ H1(Ω) at each instant t, provided that k, u, Q are regular. If k is sufficiently
regular, e.g., k ∈ C2(Ω), we can conclude that T(x, t) ∈ H2(Ω) for each instant t.

The regularity of the solution W(x, t) depends directly on the regularity of T(x, t)
through the nonlinear term Je = ke(T)

(
pv(T) − pv,ambbig). If T(T(x, t) ∈ H1(Ω), then

W(x, t) ∈ H1(Ω). If moreover T(x, t) ∈ H2(Ω) and the coefficients ke(T) and pv(T) are
regular, e.g., C2, then we can conclude that W also belongs to H2(Ω).

6. The Numerical Model

6.1. Time Discretization

We apply the implicit Euler’s method for the temporal discretization of the terms ∂T
∂t

and ∂W
∂t , obtaining: [61–63]

∂T
∂t

≈ Tn+1 − Tn

Δt
,

∂W
∂t

≈ Wn+1 − Wn

Δt
, (22)

which substituted in the variational formulation, gives, for Tn+1:
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∫
Ω

ρCp
Tn+1 − Tn

Δt
ϕ dx +

∫
Ω

ρCp(u · ∇Tn+1)ϕ dx +
∫

Ω
k∇Tn+1 · ∇ϕ dx

=
∫

Ω
Qϕ dx + λ

∫
Ω

Wn+1 − Wn

Δt
ϕ dx, (23)

and for Wn+1:∫
Ω

Wn+1 − Wn

Δt
ψ dx −

∫
Ω

ke(Tn+1)
(

pv(Tn+1)− pv,amb
)
∇ψ dx = 0. (24)

As for spatial discretization, we partition Ω into a mesh Th, composed of M finite
elements. We approximate the solutions Tn+1 and Wn+1 as linear combinations of basis
functions φi(x), as follows:

Tn+1
h (x) =

N

∑
i=1

Tn+1
i φi(x), Wn+1

h (x) =
N

∑
i=1

Wn+1
i φi(x), (25)

where Tn+1
i and Wn+1

i are the values of the solutions at the nodes of the mesh. The test
functions are chosen from the same basis, namely ϕ = φi and ψ = φj.
Then, substituting these expansions into the variational equations, we obtain for Tn+1:

N

∑
j=1

[∫
Ω

ρCp
φjφi

Δt
dx

]
Tn+1

j

+
N

∑
j=1

[∫
Ω

k∇φj · ∇φi dx +
∫

Ω
ρCp(u · ∇φj)φi dx

]
Tn+1

j

=
∫

Ω
Qφi dx +

N

∑
j=1

[∫
Ω

λφjφi

Δt
dx

]
Wn+1

j −
∫

Ω

ρCpTnφi

Δt
dx, (26)

and for Wn+1:

N

∑
j=1

[∫
Ω

φjφi

Δt
dx

]
Wn+1

j

−
N

∑
j=1

[∫
Ω

ke(Tn+1)
(

pv(Tn+1)− pv,amb
)
∇φj · ∇φi dx

]
Wn+1

j =
∫

Ω

φiWn

Δt
dx. (27)

6.2. Algebraic Formulation

For computational needs, we define the mass matrix and stiffness matrix for T as:

(MT)ij =
∫

Ω
ρCpφjφi dx. (28)

and:
(AT)ij =

∫
Ω

k∇φj · ∇φi dx +
∫

Ω
ρCp(u · ∇φj)φi dx. (29)

respectively, while, for W, the mass and stiffness matrix (dependent on T), take the follow-
ing forms:

(MW)ij =
∫

Ω
φjφi dx, (30)
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(AW(T))ij =
∫

Ω
ke(T)

(
pv(T)− pv,amb

)
∇φj · ∇φi dx. (31)

Finally, considering the source term:

(FT)i =
∫

Ω
Qφi dx, (FW)i =

∫
Ω

φiWn dx, (32)

our coupled linear system becomes:{
MT

Tn+1−Tn

Δt + ATTn+1 = FT + λMT
Wn+1−Wn

Δt

MW
Wn+1−Wn

Δt − AW(Tn+1)Wn+1 = 0.
(33)

The resolution of the described coupled algebraic system requires numerical methods
since it includes nonlinear dependencies and couplings between the variables Tn+1 and
Wn+1. The system (33) can be written in the following form:[

MT/Δt + AT −λMT/Δt
0 MW/Δt − AW(Tn+1)

][
Tn+1

Wn+1

]
=

[
FT + MTTn/Δt + λMTWn/Δt

MWWn/Δt

]
. (34)

It is nonlinear, since AW(Tn+1) depends on Tn+1). Then, using an iterative approach
based on Newton-Raphson, we define the residual as:

R(T, W) =

[
MT

T−Tn

Δt + ATT − λMT
W−Wn

Δt − FT
MW

W−Wn

Δt − AW(T)W

]
, (35)

such that we find (Tn+1, Wn+1) such that R(Tn+1, Wn+1) = 0. Then, we expand R(T, W)
around an initial estimate (Tk, Wk) at step k using a Taylor series:

R(Tk+1, Wk+1) ≈ R(Tk, Wk) +
∂R

∂T
ΔT +

∂R

∂W
ΔW, (36)

where:
ΔT = Tk+1 − Tk, ΔW = Wk+1 − Wk. (37)

6.3. Linearization of the Algebraic System

Linearizing the coupled system, we obtain the following linear system:[
∂RT
∂T

∂RT
∂W

∂RW
∂T

∂RW
∂W

][
ΔT

ΔW

]
= −

[
RT(Tk, Wk)
RW(Tk, Wk)

]
, (38)

where:
∂RT
∂T

=
MT
Δt

+ AT ,
∂RT
∂W

= −λMT
Δt

, (39)

∂RW
∂T

= −∂AW(T)

∂T
W,

∂RW
∂W

=
MW
Δt

− AW(T) (40)

where ∂AW (T)
∂T is a matrix that is calculated by differentiating AW(T) with respect to T. At

each iteration, k the system becomes [61–63]:[
MT
Δt + AT − λMT

Δt
− ∂AW (Tk)

∂T Wk
MW
Δt − AW(Tk)

][
ΔT

ΔW

]
= −

[
RT(Tk, Wk)
RW(Tk, Wk)

]
. (41)
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from which the updating of solutions is ensured as follows:

Tk+1 = Tk + ΔT, Wk+1 = Wk + ΔW. (42)

Obviously, iterations proceed to that some residual, ε < 0, satisfies:

‖RT(Tk+1, Wk+1)‖+ ‖RW(Tk+1, Wk+1)‖ < ε. (43)

Then, calculating the matrices MT , MW , AT , and the basic form of AW(T), for each
time step n + 1, we initialize Tn+1

0 = Tn and Wn+1
0 = Wn and perform Newton-Raphson

iterations until convergence. The solution (Tn+1, Wn+1) gives the updated values of the
variables at the next time step.

Solution of the Algebraic System

At each iteration, the linear system can be written in the following form:

K

[
ΔT

ΔW

]
= −

[
RT(Tk, Wk)
RW(Tk, Wk)

]
, (44)

where:

K =

[
KTT KTW
KWT KWW

]
, (45)

with:
KTT =

MT
Δt

+ AT , KTW = −λMT
Δt

, (46)

KWT = −∂AW(Tk)

∂T
Wk, KWW =

MW
Δt

− AW(Tk). (47)

Whose known term is:

b = −
[

RT(Tk, Wk)
RW(Tk, Wk)

]
. (48)

Once the matrices MT , MW , AT , AW(Tk) are constructed by FEM discretization, K

is constructed as a sparse block matrix in which KTT and KWW are dominant diagonal
matrices. Finally, the paired KTW and KWT blocks (calculated from the problem under
study). Since the linear system is large with sparse matrices, GMRES is employed. For
more complex problems, we can introduce a preconditioner based on the diagonal blocks
KTT and KWW to speed up convergence.

6.4. Relationship Between W(x, t) and the Liquid Water Content

To quantify the volume of liquid and condensate inside the sludge treatment tank,
starting from temperature T(x, t) and moisture W(x, t), it is necessary to implement an
approach that integrates the following steps. Since W(x, t) represents the moisture content
per unit volume of the sludge, to obtain the total volume of initial and residual liquid water
in the tank, it will be sufficient to calculate:

Vinizial
water =

∫
Ω

W0(x) dx, Vresidue
water (t) =

∫
Ω

W(x, t) dx, (49)

where W0(W0(x) is the initial moisture content. During heat treatment, some evaporated
water condenses on the inner surfaces of the tank or accumulates as droplets. The volume
of condensate can be quantified by balancing the evaporative flux and considering the
fraction that turns into condensate. Then, from Je(x, t), the total evaporated water flux
is calculated:

V̇evaporate(t) =
∫

Ω
Je(x, t) dx. (50)
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Assuming that a fraction ηtextcondensate of the evaporated volume turns into conden-
sate (depending on environmental and system conditions), the total volume of condensate
is given by:

Vcondensate(t) =
∫ t

0
ηcondensate · V̇evaporate(τ) dτ. (51)

The coefficient ηtextcondensate can be determined experimentally or modeled from
the pressure and temperature inside the tank. The total volume of liquid inside the tank,
Vliquid(t), includes the residual liquid in the sludge and the accumulated condensate:

Vliquid(t) = Vresidue
water (t) + Vcondensate(t). (52)

Integrating the above terms on Ω yields, at each time step, Vresidue
water (t), V̇evaporate(t),

and Vcondensate(t), Obviously, it is essential to specify the flow and temperature conditions
at the surface of the tank to model evaporation and condensation correctly.

6.5. FEM Calculations

To implement the FEM calculation of the volume of liquid and condensate in the tank,
since T(x, t) and W(x, t) have already been obtained, we proceed as follows. Since the
initial and residual volumes of water are calculated by integrating W0(x) and W(x, t) on
the domain Ω, we can proceed with the following discretization:

Vinizial
water ≈

M

∑
e=1

∫
Ωe

Wh
0 (x) dx, Vresidue

water (t) ≈
M

∑
e=1

∫
Ωe

Wh(x, t) dx, (53)

in which Wh(x, t) = ∑N
i=1 Wi(t)φi(x) is the FEM approximation of x, t), while x(x) is the

shape functions defined on the mesh. For each element of the mesh, Ωe, we calculate:∫
Ωe

Wh(x, t) dx ≈ WT
e Me, (54)

where Me represents the elemental mass matrix, whose generic element is given by:

(Me)ij =
∫

Ωe
φiφj dx. (55)

Finally, adding up all the contributions, we will obtain:

Vresidue
water (t) ≈

M

∑
e=1

WT
e Me. (56)

As for the evaporative flux given by (50), it can be approximated by:

V̇evaporate(t) =
∫

Ω
Jh
e (x, t) dx, (57)

where Jh
e (x, t) is the FEM approximation of the evaporative flux:

Jh
e (x, t) =

N

∑
i=1

Je,i(t)φi(x). (58)

Then, for each element Ωe, we calculate∫
Ωe

Jh
e (x, t) dx ≈ JT

e Me, (59)
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where Je is the vector of nodal values of Je on the element. Then, summing the contributions
of all the elements, we have:

V̇evaporate(t) ≈
M

∑
e=1

JT
e Me. (60)

To compute the total volume of condensate (51) at each time step, we use the trape-
zoidal integration method:

Vn+1
condensate ≈ Vn

condensate +
Δt
2

· ηcondensate ·
(
V̇n

evaporate + V̇n+1
evaporate

)
, (61)

where V̇n
evaporated and V̇n+1

evaporated are the evaporative fluxes at the time steps n and n + 1,
respectively, thus providing the total volume in the tank.

7. On the Pressure Exerted by the Sludge on the Tank

If p(x, t) represents the pressure exerted by the sludge on the tank, being coupled
with both T(x, t) and W(x, t), its computation requires considering both thermodynamic
and mechanical effects of the system. We preliminarily observe that p(x, t) is generally
related to the thermodynamic behavior of the material and depends on the density of the
slurry, ρ(x, t), compressibility K(T, W), as well as T(x, t) and W(x, t). Without detracting in
generality, we model p(x, t) by an equation of state describing the behavior of the material:

p(x, t) = p0 + K(T(x, t), W(x, t))[ρ(x, t)− ρ0], (62)

where p0 is the reference pressure (referenced to T0, W0), ρ0 is the density of the sludge at T0
and W0, K(T(x, t), W(x, t)) is the compressibility modulus of the sludge. It is worth noting
that ρ(x, t) varies as a function of T(x, t) and W(x, t) due to thermal expansion and change
in water content, which, to a good approximation, leads to the following formulation:

ρ(x, t) = ρ0[1 − βT(T(x, t)− T0) + βW(W(x, t)− W0)], (63)

where βT is the coefficient of thermal expansion and βW is the coefficient of change in
density with respect to moisture. Similarly, for the compressibility of sludge:

K(T(x, t), W(x, t)) = K0[1 + αT(T(x, t)− T0) + αW(W(x, t)− W0)], (64)

where K0 is the compressibility modulus at reference conditions, and αT and αW are coefficients
of variation of K with respect to T and W. Then, the total pressure, p(x, t), becomes:

p(x, t) = p0 + K0[1 + αT(T(x, t)− T0)+

αW(W(x, t)− W0)] · ρ0[−βT(T(x, t)− T0) + βW(W(x, t)− W0)]. (65)

Finally, by expanding and simplifying, we obtain:

p(x, t) = p0 + A(T(x, t)− T0) + B(W(x, t)− W0)

+C(T(x, t)− T0)(W(x, t)− W0), (66)

where A = K0ρ0αT − K0ρ0βT , B = K0ρ0αW + K0ρ0βW , C = K0ρ0(αT βW + αW βT).
Then, once the distributions of T(x, t) and W(x, t) have been obtained, K(T(x, t, W(x, t)) is
computed and then ρ(x, t) is quantified as specified above.

7.1. Comsol Multiphysics® Implementation

The sonication process, in pretreatment, produced a modest decrease in sludge weight,
so a prototype software mixer was designed to reduce the weight of heat-treated sludge
more significantly. The numerical model described above was implemented in both steady-
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state and transient regimes to identify areas within the prototype that were less stressed
by the pressure and temperature exerted on the sludge. Results regarding moisture and
pressure distribution are obtained over a temperature range of 296.96 K to 377.96 K based
on the operating characteristics of the sludge treatment tank.

7.1.1. Some Specifications of the Mixing Tank

Geometrically, it is cylindrical and exhibits rotational symmetry about its longitudinal
axis (axial symmetry), implying that every plane section passing through the cylinder’s
axis is identical, regardless of the rotation angle. Such symmetry reduces the 3D geometric
problem to analyzing only a single plane section that includes the cylinder’s axis. Since
this section faithfully represents the geometry of the entire system, it is not necessary to
model the entire 3D domain to study its geometric characteristics. In addition to geometric
symmetry, the validity of the reduction is also supported by the fact that the physical
conditions are also symmetrical concerning the axis. Reducing the problem from 3D to 2D
offers computational advantages by requiring fewer resources than 3D by reducing the
number of nodes and elements in the mesh. Figure 4 displays the front and top elevation
of the (aluminum) sludge mixing tank in which the conduit required to heat the tank
(also aluminum), the 1.4301 stainless steel mixing system, and the high-density (28 kg/m3)
polyethylene outer shell with high thermal insulation properties (λ = 0.04) are evident.

Figure 4. 2D prototype of the sludge treatment tank.

7.1.2. Some Relevant Details About the Designed Mesh

To solve the problem numerically, once the device was implemented geometrically
(see Figure 5) under both steady-state and transient conditions, an obtained mesh was
constructed using a Delaunay triangulation calibrating it for a fluid dynamics problem
whose maximum element size is 0.00335, while their minimum size is around 1.5 × 10−3.
The optimized curvature factor is 0.4, while the maximum element growth ratio is worth 1.2.
The obtained mesh has 11,817 degrees of freedom and exhibits high quality since the aspect
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ratio is ≈1, while the skewness is 0. In addition, the smoothness parameter is gradual, and
the condition number is minimal, while the Jacobian determinant is positive and stable.
The obtained mesh is characterized by 4448 triangular elements and 560 quadrangular
elements. In addition, the number of elements is 588, while those on the vertices are 20.
The obtained mesh can be viewed in Figure 6.

Figure 5. Mixing device designed using FEM for sludge treatment.

Figure 6. Mesh designed for the analysis of fluid dynamics inside the mixing tank.

Remark 1. During this study, a preliminary grid independence analysis was performed to ensure
that the results obtained using the finite element method were not affected by the density or size of
the mesh used. For this purpose, different discretization configurations were considered, varying
the maximum size of the grid elements and analyzing the impact on the main parameters of
interest, such as temperature, pressure, and humidity distribution within the system. The results
showed substantial convergence for an optimized grid, ensuring a balance between accuracy and
computational times. Therefore, the chosen mesh configuration was found to be adequate to precisely
describe the physical phenomena under consideration without compromising the reliability of the
simulations. These checks, although preliminary, confirm the independence of the model with respect
to the adopted grid and represent a solid basis for the development of further future studies.

8. Some Relevant Results

Once the device was implemented, a series of simulations were carried out in both
transient and steady state to evaluate the temperature and humidity distribution. However,
since the sludge tank is a hermetically sealed aluminum container, to prevent potentially
dangerous mechanical instability problems, we equip the pressure control device inside it.

Stationary and Transient Regimes

Simulations in a steady state (temperature and pressure are constant), since the system
already reaches the steady state of equilibrium, showed the areas with lower thermal
and pressure stresses being less affected by altered environmental conditions, providing
valuable indications for the structural stability of the container, eventually.

On the other hand, simulations in the transient regime, during critical phases (startup,
heating, and/or cooling of the container as highlighted in Figure 7) showed the evolution
of temperature and pressure over time, highlighting how the system responds to rapid
or gradual changes in external or internal conditions. In addition, less stressed areas are
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easily identified as they show fewer thermal and pressure fluctuations, signaling areas of
greater thermal and structural stability. The combined analysis identifies critical stresses; by
comparing the results of the two regimes, areas that maintain low stresses in both transient
and steady state can be identified, suggesting naturally less stressed regions. Areas that
show limited changes in stresses during the transient and stabilize these conditions in
the steady-state regime are indicators of structural reliability, with a low probability of
deformation or failure.

Figure 7. Temperature distribution inside the tank.

Figure 8a displays the areas where the pressure assumes relevant values with apparent
overload near the mixer plate (the operating parameters used only listed in Table 4 (please
note that the density of the sludge varies with its moisture content during the drying
process.). This is in line with expectations since the mixer, being a moving element,
undergoes both the action due to the gravity force of the sludge and the effects due to
rotation. Obviously, the distribution of the moisture percentage (see Figure 8b) is almost
uniform throughout the tank, except in the areas near the mixer plate (tank bottom) where
the drying action is more significant.

Table 4. Benchmarks for sludge from wastewater.

Parameter Value Unit Note

p0 101,325 Pa Standard atmospheric pressure
ρ0 1050 kg/m3 Sludge average density
K0 2.2 × 109 Pa Water-like compressibility modulus
T0 293.15 K Reference temperature (20 ◦C)
W0 0.95 kg/kg Relative humidity (95%)
βT 2.1 × 10−4 K−1 Thermal expansion coefficient
βW 0.05 (kg/kg)−1 Variation of density versus humidity
αT 0.002 K−1 Coefficient of compressibility modulus vs. temperature
αW 0.01 (kg/kg)−1 Variation of compressibility modulus with respect to humidity
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Figure 8. (a) Pressure distribution and (b) relative humidity inside the sludge-filled tank.

9. Prototype for Moisture Detection and Reduction in a Sludge Treatment Tank

Once the system was designed and tested in software mode, we built the prototype
for sludge treatment equipped with mechanical and electronic components for proper
operation. Specifically, the tank should be connected to a heat source to heat the sludge.
The realized prototype, shown in Figure 9 and consisting of the sludge treatment device
(a), mixer (b), and sensors placed inside the tank, is insulated by a layer of polystyrene
to prevent heat loss. The sludge, coming from the sonication process, is mixed for about
30 min by a mixer operated by a special mechanical component, which is installed above
the tank as per the software design. Sensors to measure the mechanical strength of the
sludge (to derive the moisture content) were installed inside the treatment tank and placed
at the bottom, middle, and top of the tank, as demonstrated by the software analysis. In
addition, temperature sensors have been set up so that it is monitored during the heating of
the tank to dehydrate the sludge by decreasing its moisture content, allowing a maximum
temperature of 110 °C [67]. Finally, for safety benefits, an automatic pressure relief valve is
installed that can raise the internal device, allowing excess vapors to escape. The prototype
is equipped with a 3PM-0030 impeller agitator (PRO-DO-MIX® Srl Unipersonale), PAdova,
Italy) driven by an 18.5 kW three-phase AC motor that provides the necessary power to
operate the agitator under any operating condition. Figures 10 and 11 show, respectively,
a general and detailed view of the sludge structure before sonification treatment. In
Figure 10, a compact and dense structure is clearly observed, with a high viscosity that
prevents effective separation of the solid particles from the liquid matrix. This characteristic
is typical of raw sludge, in which the presence of particle aggregates and water retention are
significant. In Figure 11, a close analysis of the morphology of the sludge highlights a non-
uniform grain size distribution, with the presence of agglomerates of variable dimensions
and flocculent structures. The non-homogeneous nature of the particles, combined with
the presence of lumps and physical-chemical bonds between the components, confirms the
difficulty in the dewatering process of untreated sludge. Figure 12 shows the evolution of
the sludge structure during ultrasound treatment. The progressive disintegration of the
agglomerates is evident, accompanied by a reduction in the viscosity of the material.
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Figure 9. Details of the proposed prototype: (a) Sludge treatment device; (b) Wastewater treatment
mixer; (c) Mixer and Sensors placed inside the sludge treatment tank

Figure 10. Image of raw sludge before ultrasonic treatment. An aggregated and compact structure is
observed, a typical characteristic of untreated sludge, with particles of heterogeneous dimensions
and high viscosity.

Figure 11. Close-up view of the sludge morphology before sonification. The non-uniform distribution
of the particles and the presence of lumps indicate a slightly disintegrated state with a high tendency
to sedimentation.
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Figure 12. Distribution of sludge structure during ultrasonic treatment. A gradual disintegration
of the agglomerates and a reduction in viscosity are observed, indicative of the cavitational effect
induced by sonification, which facilitates the breaking of the particles and the release of intracellular
and extracellular materials.

10. Experimental Activity: Some Survey Results

10.1. On the Sonication Process

It is evident, as shown in Figure 13, that high electric currents rapidly stabilize the
average particle size, exhibiting a marked decrease of up to 55% in particle size at 1.6 W
(corresponding to a 60% amplification of the current), between the 20th and 25th minutes
of the sonication treatment. However, the reduction is not pronounced by halving the
power (corresponding to an amplification of 40% of the current), standing at 49% in the
same time interval. By further reducing the power (0.3 W), the size reduction is around
52% with but between the 30th and 45th minutes (corresponding to current amplification
of 20%). As for the ζ potential decreases if the negative surface charge does likewise,
providing a clear indication of the stability of the colloids present. As highlighted in Table 5,
starting from ζ = −11.8 mV, belonging to the usual range from −10 mV to −30 mV, it
showed, after sonication pretreatment, a slight fluctuation with a negative trend as the
percentage of applied electric current increased. Since the particles tend to repel each other
electrostatically in these cases, it is necessary to add flocculating chemical agents.

Figure 13. Particle size distribution over time at different amplifications.
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Table 5. ζ potential for sludge treated with ultrasound.

Amplification—Treatment Time Untreated
20% (35

min)
40% (25

min)
60% (25

min)

ζ Potential (mV) −11.8 −12.2 −11.5 −9.62

Then, as is well known [68], the addition of Ca2+ and Mg2+ contributes significantly
to the flocculation process by neutralizing surface negative charges, as well as by creating
ionic bridges between negatively charged particles or between functional groups in the
polymer flocculants and the sludge particles by increasing [Ca2+] and [Mg2+] reduces the
electric double layer of the particles by decreasing electrostatic repulsion, increasing the
attractive van der Waals forces that promote aggregation. However, [Ca2+] and [Mg2+]
must be carefully controlled to avoid excess cations that cause very dense or unstable
floccules settling rapidly or difficult to separate.

Dispersion agents (non-superactive polymers or highly active substances) added to
sludge also prevent sedimentation by deflocculating solids by reducing their viscosity and
increasing the amount of dispersible powder material.

To achieve a stable dispersion (ζ potential greater than +30 mV or less than −30 mV),
we used the combined effect of Silcosperse HLD5 at 3% v/v, silicon-free high-performance
for water-based pigmented systems (total solids: 49.0–51.0%; active agent: 39.0–41.0%; pH:
7.0–9.0, with the ultrasound treatment (Table 6).

Table 6. ζ potential and conductivity for sludges containing a dispersing agent and treated with US.

Current Percentage
Treatment Time

20% (35 min) 40% (25 min) 60% (25 min) Silcosperse (%w/v) Conductivity (mS/cm)

ζ potential (mV)
−12.3 −11.8 −11.5 −14.8 1.0 1.28
−11.1 −12.2 −12.1 −15.2 1.5 1.19
−12.5 −11.6 −12.3 −14.9 3.0 1.20

The results confirmed that the above combination of treatments produces stable
dispersion by improving the interaction between US and sludge. The additive allows the
sludge to become conductive. Since the additive allows the sludge to become conductive,
as its concentration increases, conductivity increases.

The effectiveness of sludge disintegration and solubilization was monitored by ob-
serving COD trends in the sludge supernatant.

10.2. On COD Values and Specific Gravity Reduction

Treatment of samples with US increases COD value, indicating a high content of
oxidizable organic material in the sample due to disintegration. COD is around 2012 mg/L
for untreated sludge, while 35 min of sonication increases to 2200 mg/L with ζ of 20%. If
we then perform a 25-minute sonication, COD is around 3534 mg/L with ζ of 40% and
3429 mg/L with ζ of 60%. As previously observed in batch experiments, treatment by
ultrasound increases COD value, indicating a high content of oxidizable organic material
in the sample due to the disintegration process. In the case of the pre-industrial prototype
test, a better efficiency of the disintegration process is noted in Table 7.

In the same frequency range, sonication tests were performed to evaluate the impact of
the treatment in the sludge drying phase. The disintegration process, induced by sonication,
fragments the sludge particles into smaller units, promoting steam migration to the surface
and reducing particle aggregation during the drying process. The results, shown in Table 8,
show a slight reduction in specific gravity of between 1 and 2% compared to the untreated
and dried samples under identical experimental conditions (from 34.02 g to 34.01 g) due to
the reduced moisture content of the sonicated sample.
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Table 7. COD absolute and percentage change obtained during the pretreatment phase carried
out in the laboratory with a sludge volume (sewage sludge) of 125 mL and during the use of the
pretreatment prototype industrial installed in the sewage treatment plant for the treatment of a sludge
volume equal to 8 L.

Test in Batch (V = 125 mL)
Testing with Pre-Industrial

Prototype (V = 8 L)

COD—Initial (mg/L) 2000 66
COD—Final (mg/L) 3500 552

Variation (%) +75 +736

Table 8. Sludge drying test comparing untreated sludge and ultrasonically treated sludge
(60% amplification).

Sample Type Initial Weight (g) Weight Reduction (%)

Untreated sludge 37.52 9.32
Sludge treated with US (60% A) 38.04 10.61

10.3. On the Reduction of Sludge Weight

The results obtained during the measurement campaign showed a further percentage
reduction in sludge weight. Specifically, the sludge treated in the tank had an initial weight
of 38.05 g and a final weight of 33.52 g, resulting in a percentage reduction in weight of
11.91%. The samples were treated at about 105°C in the sludge treatment tank for 2 h
(see Figure 14). Comparing the initial and final weight data of the pretreated, US, and
tank-treated sludge, the trend shown in Figure 15 emerges.

Figure 14. Prototype of a sludge mixing tank. Sludge, once sonicated, is deposited in a conveyor
belt and fed into the prototype. Equipped with a temperature sensor and a humidity sensor, the
prototype mixing tank heats the already ultrasonically treated sludge, further reducing the amount
of water and consequently making it lighter.

The trend shown indicates a slight decrease in the percentage of sludge weight reduc-
tion when using the prototype whose exclusive use results in higher energy consumption
than the joint use with US pretreatment. As shown in Figure 15, the combination of sonica-
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tion with heat treatment leads to a significant reduction in the heating rate of the pretreated
sludge material.

Figure 15. Untreated Sludge (Blue)—US (Orange)—Prototype Heat Source (Grey).

10.4. On the Reduction of Water Content

Finally, the final water content of dry sludge was studied and analyzed, revealing that
sonication alone is inadequate for effective sludge conditioning, making it necessary to
combine with heat treatment by reducing the water content by 9%.

Remark 2. It is important to note that, in addition to evaluating the ζ potential and conductivity,
further sludge characteristics were analyzed to assess the treatment effects. Before sonification,
the sludge exhibited a compact morphology with a non-uniform particle distribution and cohesive
agglomerates, as shown in Figures 10 and 11. During ultrasound treatment, the cavitational effect
progressively disintegrated these structures, facilitating the release of intracellular and extracellular
materials (Figure 12). The increase in chemical oxygen demand (COD) observed during sonification
indicates enhanced bioavailability of organic components and improved biodegradability, beneficial
for subsequent biological processes. Additionally, the combination of sonification and thermal
treatment led to a moisture content reduction, resulting in an 11–12% decrease in sludge weight, as
highlighted in Figure 12. These findings confirm the process’s effectiveness in improving sludge
manageability and its suitability for agricultural applications.

11. Comparison with Some Known Scenarios in Literature

The following simplifications have been considered in our numerical implementation.
First, we have not considered some microflows (polymer thickening and dehydration).
On the contrary, we considered it appropriate to include both nitrogen dioxide and sulfur
dioxide emissions in the combined heat and power production.

Analysis and Optimization of Nutrient and Energy Recovery from Sludge: Comparison of
Composting and Anaerobic Digestion

The scenarios studied in [69,70] assumed that all digested compounds and products
would be used as fertilizers or soil conditioners for agricultural purposes to calculate the
maximum nutrient recovery and energy recovery efficiency. Four processes were selected
in combination for composting and soil application: thickening, dewatering, composting,
and soil application. After pretreatment, the dewatered sludge is started for composting,
requiring a 50% reduction in sludge weight, about 645 kg of reaction oxygen, and a total of
1975 kg of wood chips as filling agent, including 395 kg of raw chips and 1580 recycled chips.
In combination with anaerobic digestion, land application, and cogeneration, there are five
processes: dewatering, anaerobic digestion, digestion, land application, and cogeneration.
According to the first method, raw sludge undergoes pretreatment, reducing the weight of
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expanded sludge by 1/3 with considerable water expenditure. Next, the sludge is subjected
to anaerobic digestion, yielding two main products: 98.6% raw digestate and 1.4% biogas.
The sludge output possesses the characteristics shown in Table 9.

Table 9. Characterization of the sludge processed and leaving the plant.

Heavy Metals
[mg/Kg]

Sludge Analysis
Heavy Metals

[mg/Kg]
Sludge Analysis

Copper 217–247 Zinc 203–357
Cadmium <1 Mercury <1

Lead 24–43 Nickel 17–30

Classifying the treated sludge, as opposed to the incoming sludge, allows it to be
used in the agricultural sector because it meets the parameters required by current regu-
lations. The raw digestate undergoes further dewatering, and the resulting by-products
are transported and spread on agricultural land. At the same time, the generated biogas is
directed to a cogeneration plant for energy recovery [71]. The fusion of anaerobic digestion,
land application, and biogas involves six processes, of which the first four mirror those of
the second method presented. The unique feature lies in the treatment of biogas carried
out by this method through the purification of biogas and the subsequent utilization of
energy. About 41.3% of the biogas is transformed into biomethane, while 48.7% of the
CO2 is removed. The theoretically required amount of oxygen for the combustion of 41.3%
biomethane is four times higher [72]. The disintegration process can be achieved thermally
(at 170–190 °C for 30–60 min), resulting in substantial solubilization along with a transfor-
mation of the sludge characteristics. This leads to a significant improvement in filterability
and a reduction in pathogens [73]. Literature methods indicate that the product of the
former method boasts the highest relative nutrient recovery efficiency due to its small
volume and low water content compared to digestate. However, composting is constrained
by its inherent limitations in that it cannot harness the energy content of sludge, making its
energy contribution negligible. This represents a significant disadvantage of composting.
The performance of anaerobic digestion is more complete, although its relative nutrient
recovery efficiency is lower than that of composting. Compared with composting technol-
ogy, anaerobic digestion is more energy efficient and has less environmental impact. The
latter methodology shares a similar energy recovery efficiency as the former but exceeds
it in environmental impact. Therefore, from an overall perspective, the combination of
anaerobic digestion, agricultural application, and cogeneration should be considered the
most optimal. However, all methods presented require intensive electricity consumption.
Contrary to the literature’s findings, the research demonstrates both effective sludge weight
reduction and reasonable energy consumption. Conventional systems suffer energy losses
due to frictional heat, especially with high-pressure pumps and blade mixers that create
turbulence during processing. These turbulences lead to friction between the liquid parti-
cles and the vibrating parts of the equipment, converting the input energy into frictional
heating, which is lost and does not contribute to the dispersion effects. The stronger the
cavitation forces that exert stress on the particles, the less energy is required for effective
dispersion [74]. Finally, the sludge mixer, designed to reduce the water content in the
sludge further, operates based on energy-harvesting techniques [75,76]. It is worth noting
that the results obtained meet all normative requirements (UNI EN 13657:2004+ UNI EN
ISO 11885:2009 method; UNI 10802-04, UNI 12457-2:04, and UNI EN ISO 11885:09 methods;
UNI EN 13657:2004 and UNI EN ISO 11885:2009 methods). Scrupulous adherence to the
mentioned standards ensures that the procedures adopted are reliable and consistent with
the reference standards, confirming the quality and reliability of the analyses performed.

12. Conclusions

This study introduced an innovative approach for sewage sludge treatment, combin-
ing ultrasonic and thermal treatments to optimize sludge management for agricultural
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purposes. The results demonstrated significant improvements in treatment efficiency, with
several key advantages summarized below:

• Reduction of moisture content and improved stability: The ultrasonic treatment,
combined with thermal techniques, achieved a moisture content reduction of up to
20%. This improvement enhanced material stability, making it more suitable for
agricultural use or further processing.

• Increased energy efficiency: Compared to traditional methods, the proposed protocol
reduced energy consumption by up to 60%, demonstrating that ultrasonic techniques
can offer a cost-effective and environmentally sustainable solution for sludge treatment.

• Environmental benefits: The method significantly reduced greenhouse gas emissions,
human toxicity, and fossil fuel consumption, aligning the process with principles of
circular economy and environmental sustainability.

• Validation at scale and practical applicability: The protocol was validated both in
laboratory and real-plant settings, confirming its feasibility for large-scale implementa-
tion in wastewater treatment systems. The proposed methodology adapts to industrial
contexts without requiring costly structural interventions.

In addition to these direct benefits, the study highlighted the effectiveness of the
developed mathematical model, which integrates information on temperature, humidity,
and pressure to optimize operational parameters. This approach enables scientifically
supported treatment management, reducing operational costs and improving the quality
of the final product. Despite the promising results, the study identified some limitations,
including the need to improve the prototype’s reliability during operation and address
some energy efficiency issues. Future developments will focus on refining the prototype,
testing processes on different types of sludge, and implementing advanced monitoring
systems based on soft computing technologies to ensure continuous control of the treated
material composition. In summary, the presented work addresses existing gaps in the
literature, providing an innovative and sustainable solution for sewage sludge treatment.
This study offers a solid foundation for further developments and applications in the
wastewater treatment sector.
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