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Preface

The field of concrete materials continues to evolve as new experimental techniques, analytical
formulations, and computational tools deepen our understanding of cracking behavior, durability,
and structural performance under increasingly complex engineering service conditions. This Reprint
brings together a series of contributions that reflect ongoing research efforts dedicated to advancing
both the fundamental principles and the practical applications of concrete and cementitious materials.

The scope of this Reprint spans early-age shrinkage, moisture diffusion behavior, mixed-mode
fracture, probabilistic modeling, structural cracking assessment, and the multi-physics coupling
processes that govern long-term performance. These studies collectively highlight the importance
of integrating theoretical development with experimental verification and numerical simulation in
order to capture the complex interactions that control deformation, damage, and failure in concrete
structures.

The aim of this Reprint is to provide readers with a coherent overview of the current progress
in the discipline and to present representative research that illustrates the latest methodological
advances. It also seeks to promote the exchange of ideas across different subfields, including material
science, structural engineering, durability assessment, and computational mechanics. The Reprint is
intended for researchers, engineers, and graduate students who are engaged in the study of concrete
materials and structural behavior, as well as those interested in the development of predictive models
and design-oriented evaluation methods.

We hope that the collection of articles assembled in this Reprint will serve as a useful reference
and stimulate further exploration into the complex mechanisms that influence the performance of

concrete in modern engineering practice.

Lepeng Huang, Zuowei Liu, and Lin Chen
Guest Editors
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Early Shrinkage Modeling of Complex Internally Confined
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Abstract: This paper evaluates the shrinkage performance of concrete under complex internal con-
straint environments comprising steel plates, studs, and reinforcement to investigate their respective
influence laws on the shrinkage performance of concrete. An early shrinkage model of concrete
under complex internal constraints was established based on the theory of capillary tension, and
the effects of steel plate, nails, and steel reinforcement on the shrinkage performance of concrete
were theoretically analyzed. Six sets of concrete-constrained shrinkage tests and pore structure tests
were then performed under different internal constraint conditions with the steel plate thickness,
reinforcement diameter, and stud-related parameters (stud diameter, height, and spacing) as research
variables. The test results demonstrate that the pore structure of concrete increases with the increase
in the constraint coefficient, and that the increase in the pore structure will cause a decrease in the
capillary pore stress, which is the driving force of concrete shrinkage. Its decrease will inevitably
lead to a decrease in concrete shrinkage. By comparing the calculated values of the shrinkage model
with the measured values, it is found that the average value of the prediction error is less than 15%,
which reveals that the predicted values of shrinkage are in good agreement with the measured values
and proves that the model can effectively predict the shrinkage of concrete that is restrained by steel
plates, pins, and reinforcing bars.

Keywords: shrinkage modeling; internal constraints; capillary pore stress; steel plate-concrete
composite shear wall

1. Introduction

In recent years, steel plate—concrete shear walls have been widely used in buildings
in high-intensity seismic zones because of their full hysteresis curve and high energy
dissipation capacity [1-3]. The structural system in which they are used is very wide and
can be mainly categorized into the following four structural systems: frame-core, frame
tube-core, mega-frame-core, and mega-frame-core-mega bracing [4]. The core portion in the
above four systems is generally composed of steel-concrete combined shear walls. Despite
its engineering applications, the tendency of the steel-concrete combined shear wall toward
shrinkage cracking is being gradually realized. Researchers in various countries have also
conducted extensive research on steel-concrete combined shear wall cracking problems
over the past decades, but the main direction of research is the structural form of the
steel-concrete combined shear wall as well as research into their force performance [5,6].
Existing steel-concrete combined shear wall cracking analysis and control is based on the
reinforced concrete structure of cracking as established from actual projects. However,

Buildings 2023, 13, 2201. https://doi.org/10.3390 /buildings13092201 1 https://www.mdpi.com/journal /buildings
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this cracking control method is unsatisfactory, steel-concrete combined shear wall cracks
occur prominently in the early stage as the concrete cracks at that stage severely affect
the waterproofing of the building, leading to corrosion and other effects that result in
these early-stage steel-concrete combined shear wall cracks [7]. This further reduces the
structural bearing capacity of the steel-concrete combined shear wall, and, if the cracks
progress beyond a certain extent, the durability of the structure will be fully compromised.
Theoretically, the steel plate—concrete combination shear wall withstands less than the
normal load in the early stage, so its early cracking is mostly caused by deformation.
Non-load cracks occur in concrete at an early stage mainly due to the early shrinkage
of concrete and the limitation in its shrinkage due to the corresponding internal and
external constraints.

As the water in the concrete is gradually consumed by hydration and drying, capillary
pore stresses will occur in the pores of the concrete [8]. The stresses cause the distance
between particles within the concrete to decrease, resulting in a macroscopic decrease in
the volume of the concrete, a phenomenon known as shrinkage [9]. Concrete shrinkage
deformation in the early stage is subjected to the external constraints of the neighboring
components. The concrete will be subjected to constrained tensile stresses internally
because the internal reinforcing bars, steel plates, and other constraining components will
not produce shrinkage deformation. Meanwhile, because the early tensile strength of
the concrete is not high, when the constrained tensile stress exceeds the tensile strength
of concrete, cracks are produced [10,11]. On the one hand, from the point of view of
shrinkage deformation, and due to the high structural performance requirements for steel
plate—concrete combined shear walls in many projects, high-strength concrete (C60 and
above strength grade) is often used in the steel plate—concrete combined shear wall. The
water—cement ratio of high-strength concrete is lower than that in weaker concretes, leading
to the resulting shrinkage deformation in its early stage being more significant than that of
ordinary concrete [12]. On the other hand, from the perspective of internal constraints, the
steel plate—concrete combined shear wall is arranged with dense reinforcement, bolts, and
steel plates, which leads to stronger internal constraints for the contraction deformation of
high-strength concrete [13]. Under such strong internal constraints, high-strength concrete
is subject to stronger internal constraints on tensile stresses, which is one of the reasons for
the cracking problem in steel-concrete combined shear walls.

Researchers have conducted a series of studies on the confined shrinkage of concrete.
For example, Doo-YeolYoo et al. [14] studied the effects of shrinkage reducers and different
reinforcement ratios on the shrinkage properties of ultra-high performance fiber-reinforced
concrete (UHPFRC). The results of the study revealed that the shrinkage stress of UHPFRC
with a low reinforcement ratio was lower, and using more shrinkage reducers could effec-
tively reduce the shrinkage stress of UHPFRC. Shen Dejian et al. [15] conducted a related
study on the effects of curing temperature on the shrinkage properties of high-strength
concrete. Their results demonstrate that the shrinkage deformation of high-strength con-
crete under 100% constraint increased with the increase in curing temperature, and the
risk of cracking increased. Ehsan Negahban et al. [16] studied the restrained shrinkage
and creep behaviors of geopolymer concrete (GPC). Their results demonstrate that GPC
had 38-57% less restrained shrinkage than normal concrete. Inamullah Khan et al. [17]
conducted a series of experiments to assess the influences of early-age shrinkage on crack-
ing in reinforced-concrete (RC) members subjected to internal restraint and found that
the magnitude of the restrained shrinkage depends on the reinforcement ratio. Some
researchers [18] experimentally studied the effects of various admixtures, including expan-
sion agents, internal curing agents, and internal curing agent compounding, on the early
shrinkage and cracking of concrete based on early flat-plate constrained cracking. Huang
L et al. [19] investigated the effects of steel plates and pins on the shrinkage properties
and cracking properties of high-strength concrete and found that the thickness of steel
plates and their modulus of elasticity lead to an increase in the shrinkage and deformation
of high-strength concrete. Moreover, the risk of cracking increased with the modulus of
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elasticity, whereas the inhibition of concrete shrinkage by the steel plate decreased with the
increase in the distance between the concrete and the steel plate. Further, the cracking of
high-strength concrete subjected to steel plate and studs may start from the bottom and
develop along the boundary of the studs.

These results of concrete-constrained shrinkage reveal the way that scholars are becom-
ing increasingly concerned to study the shrinkage performance of concrete under various
constrained states, and the factors studied have included admixtures, curing conditions,
mineral admixtures, and internal and external constraints. Further, constrained tests tend
to increasingly involve uniaxial constrained tests to quantitatively analyze the shrinkage
performance of constrained concrete as a method of predicting its risk of cracking [20-22].
However, the current research on the internal restraint of concrete focuses on the internal
restraint of steel reinforcement by considering the influence of reinforcement rate, elastic
modulus of steel reinforcement, and reinforcement method on the shrinkage performance
of concrete. However, in an actual steel plate—concrete combined shear wall, not only is
the internal restraint of steel reinforcement present, but the complex internal restraint of
a steel plate, spigot, and steel reinforcement exists. However, research on the shrinkage
performance of concrete under this type of complex internal restraint is lacking. Therefore,
more research on this type of complex internal constraint is needed.

In this study, a strain analysis model of concrete under complex constraints of steel
plates, bolts, and steel bars was established first based on the theory of capillary tension.
Subsequently, experiments were conducted to explore the shrinkage deformation ability of
concrete under internal constraints (steel plates, bolts, and steel bars). The main variables
of the experiment were steel plate thickness, steel bar diameter, bolt diameter, bolt spacing,
and bolt length. The experiments include basic mechanical, restrained shrinkage, and
pore structure tests. Using the above data, the influence of steel plates, bolts, and steel
bars on the restraint capacity of concrete shrinkage was analyzed, and the correctness and
applicability of the established theoretical model were verified.

2. Experimental Design
2.1. Concrete Mixing Ratio

High-strength concrete (C60) was used to make the specimens. The cementitious
materials used to configure the concrete specimens contained P.O 42.5R ordinary silicate
cement and Chengdu Bolei Class I fly ash. Pebble gravel with a maximum nominal size of
31.5 mm was used as coarse aggregate, and pebble mechanism medium sand was used as
fine aggregate. Zhongjian polyhydroxylic acid high-efficiency water reducer ZJC-01 was
used as an additive. This is a colorless transparent or light-yellow liquid with a pH of 6-7,
a water reduction rate of 40%, and an apparent viscosity of 675 mPa.S. The concrete mix
ratio is presented in Table 1.

Table 1. Concrete mix ratio (kg/m?3).

Water to .Bmder Cement Course Sand Water Fly Ash Additive
Ratio Aggregate
0.29 482 1064 680 154 48 12.7

2.2. Specimen Design

The specimens used in the test had the dimensions of an actual steel plate—concrete
shear wall and a similar arrangement of the internal restraining members, which was
designed based on the JGJT 380-2015 [23], GB 50010-2010 (2015 edition) [24], JG] 3-2010 [25],
and JGJ 138-2016 [26] with GB 50011-2010 (2016 edition) [27].

To study the effect of the steel plate, spigot, and steel reinforcement on the shrinkage
properties of concrete, six internally restrained concrete specimens and one plain concrete
specimen were designed based on the “basic analysis mold” proposed in Section 3.1
of this article. The height of the specimens was 1000 mm, the cross-section size was
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1000 x 200 mm, and the span-to-height ratio was 1.0, whereas the size of the steel plate
was 1000 x 1000 mm (see Figure 1a,b), and the S1 specimen parameter design is as follows:

1. Steel strength is Q235B, and thickness is 10 mm;

2. The diameter of the bolts is 16 mm, the length is 80 mm, and it is welded on both
sides of the steel plate in a square arrangement, as shown in Figure 1d;

3.  Horizontal distribution reinforcement is $10@200, and longitudinal horizontal rein-
forcement is ®10@200. These are bidirectionally arranged along the test specimen in
two layers, with the same diameter of reinforcement in both directions. The studs are
passed through the distribution reinforcement mesh, as shown in Figure 1c,e.

1000 200
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Figure 1. Size and construction of specimens: (a) Elevation of the test piece; (b) 1-1 Cross-section;
(c) 2-2 Cross-section; (d) Test piece S1 bolt arrangement drawing; (e) Test piece S1 rebar layout drawing.
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In the test, the connection between the studs and the steel plate was welded to
ensure synergy between the steel plate and concrete, and the studs passed through the
reinforcement network to strengthen the effective bond between the concrete and the steel
plate. The thickness of the steel plate, diameter of the reinforcement bars, diameter of the
studs, length of the studs, and the stud spacing were respectively changed to form six
restrained concrete specimens. Finally, one plain concrete specimen was designed for the
sealed curing condition. The specimen design details are shown in Table 2.

Table 2. Specimen design.

No. Section Plate Thickness Distribution Rebar Bolt Diameter  Bolt Height Bolt Spacing Curing
Size (mm) (mm) Straight Diameter (mm) (mm) (mm) (mm) Condition

P 1000 x 200 0 0 0 0 0 Sealed
S1 1000 x 200 10 10 16 80 200 Sealed
S2 1000 x 200 12 10 16 80 200 Sealed
S3 1000 x 200 10 10 16 80 100 Sealed
S4 1000 x 200 10 10 19 80 200 Sealed
S5 1000 x 200 10 10 16 70 200 Sealed
S6 1000 x 200 10 12 16 80 200 Sealed

2.3. Performance Testing
2.3.1. Mechanical Properties Testing

The cubic compressive strength, split tensile strength, and static compressive elastic
modulus of concrete cured for 3d, 7 d, 14 d, and 28 d were tested. The test methods were
performed according to GBT 50081-2019 [28]. The test results are listed in Table 3.

Table 3. Specimen information.

Age (Days)
Basic Properties
3 7 14 28
Cube compressive strength (MPa) 42.8 48.2 56.4 61.0
Splitting tensile strength (MPa) 3.8 4.1 4.5 52
Elastic modulus (Gpa) 30.0 32.3 35.0 355

2.3.2. Concrete Restraint Shrinkage Test

To measure the shrinkage deformation of concrete in the longitudinal direction, three
measurement points were arranged 100 mm, 500 mm, and 900 mm from the bottom of the
specimen, termed measurement points 1, 2, and 3, respectively, and the arrangement of
the shrinkage measurement points is shown in Figure 2. The data were collected using the
automated collection equipment, which consists of a displacement transducer (micrometer),
main (sub) hub, laptop computer, and micrometer processing system, as shown in Figure 3.

When measuring the shrinkage displacement of concrete, the measuring point bolts
should be pre-embedded at the corresponding positions. After the initial set of concrete
is removed, the bolts should be screwed back to their original positions. Then, the digital
electronic dial gauge should be installed at the corresponding measuring point position
in the longitudinal direction. The dial gauge head should be in full contact with the bolt,
and the position should be adjusted so that the instrument is horizontally and vertically
aligned with the measuring point. Then, the dial gauge should be connected to the data
line, the data cable to the diversity cable, the diversity cable to a main hub, and the main
hub to the laptop using a USB adapter, with recording being conducted automatically.
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Figure 2. Arrangement of measuring points for shrinkage of restrained concrete: (a) elevation plan;
(b) side view.
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Figure 3. Automatic acquisition equipment.

2.3.3. Concrete Pore Structure Test

The specimens used for the concrete pore structure tests had the same specifications
as those used for the shrinkage tests. At each test age (3, 14, and 28 d), the specimens were
drilled, some samples of concrete materials were collected, and the concrete was crushed
with a sieve to select concrete particles with sizes between 2.5 mm and 5 mm, ensuring
that the volume of each particle was less than 1 cm>. Subsequently, the hydration of the
concrete was prevented using acetone, and the specimens were dried in a vacuum dryer.
Finally, the internal pore structure of the concrete was tested using an AUTOIV9510 fully
automated mercury porosimeter.

3. Shrinkage Modeling of Concrete with Complex Internal Constraints Based on
Capillary Tension Theory

3.1. Shrinkage Modeling of Concrete with Complex Internal Constraints

Capillary tension theory has been shown to better explain and predict the shrinkage
of plain concrete. Therefore, in this section, a model of concrete shrinkage subjected to the
joint constraints of a steel plate, studs, and reinforcement is developed based on capillary
tension theory. When concrete shrinks under capillary stress, the steel plate and studs
themselves do not deform. Therefore, restraining shear stress is generated at the interface
between the steel plate, studs, and concrete. This shear stress leads to compressive stresses
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in the steel plate, studs, and reinforcement, whereas restraining tensile stresses will be
formed inside the concrete in the direction opposite to the direction of contraction of the
concrete, as shown in Figure 4.

Concrete

Bolts

Constrain tensile stress

Compressive stress

4

ction of contraction

T Steel plate

Figure 4. Basic analysis mold.

According to the above basic principles, a concrete constrained shrinkage model with
a total length of L, n bolts with a diameter of d, and N reinforcement bars (divided into
transverse and longitudinal reinforcement bars) with a diameter of D, is established, which
is constrained by the steel plate, bolts, and reinforcement bars. A concrete unit in the
constrained model is taken as the object of analysis, as shown in Figure 5.

| Oa —»

Direction of contraction / Oca

Concrete

Rebar

Bolts

Steel plate

Figure 5. Concrete element analysis model.

According to the theory of capillary tension, when the water in concrete is consumed,
the capillary stress generated on the walls of the concrete capillaries becomes the main
driving force for the shrinkage of concrete, and the capillary stress (o) that causes the
shrinkage of concrete can be expressed as follows:

27 cos@

Ocg = AP =
r

)
where 7 is the surface tension of the capillary wall, which is equal to 7.28 x 1072 N/m at
20 °C; 6 denotes the contact angle at the liquid-solid interface (0 for concrete); and r refers
to the most accretive pore size of the pores.

Due to discontinuities in the arrangement of studs and reinforcement, three typi-
cal cross-sections in concrete are constrained by steel plates, studs, and reinforcement,
namely, cross-section 1 with steel plates, concrete, studs, and longitudinal reinforcement;
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cross-section 2 with steel plates, concrete, transverse reinforcement, and longitudinal rein-
forcement; and cross-section 3 with steel plates, concrete and longitudinal reinforcement,
as shown in Figure 6. The total length of the model with type 1 cross-section is nd, the
total length of the model with type 2 cross-section is ND, and the total length of the model
with type 3 cross-section is L — nd — ND. To simplify the analysis, the diameters of the
heads of the studs were replaced by the diameters of the stud rods in this model, and
the projected area of the studs was used to represent the cross-sectional area of the studs
in cross-section 1.

(©)

Figure 6. Three typical sections in restrained concrete: (a) Type 1 cross-section; (b) Type 2 cross-

section; (c) Type 3 cross-section.

In the length direction (x-direction) of the specimen, the concrete is subjected to cap-
illary pore stresses and confining tensile stresses. In this study, the primarily considered
restraining effect is that of steel plates and pins in the length direction (x), so only capillary
stresses act on the concrete units in the width direction (y) and height direction (z). Accord-
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ing to the theory on the mechanics of materials, the strain in the x direction of concrete in
sections 1, 2 and 3 can be expressed as
1 1—2pu 1

1
€c—i = EfSC [Ux - ﬂ((fy +Uz)] = E[(Ucu - 0},,‘) - V(UCH +Uca)] = Esc Oca — Egtfi (2)

where ¢._; is the strain of the concrete in section i in the restrained member andi=1, 2,3
in this study; Es is the modulus of elasticity of the concrete with respect to the capillary
pore stresses; 0;_; is the restrained tensile stresses on the concrete in sectioni,i=1, 2, 3;
and p is the Poisson’s ratio.

The total displacement of the whole concrete specimen under shrinkage stress (AL)
can be expressed as

AL =¢e._1nd+¢e._pND +¢e._3(L —nd — ND) (3)
The total strain of the whole constrained model can then be expressed as

AL e._qnd+e.yND+¢._3(L —nd — ND)

= —_— = 4
Ec—total I I ( )

where €,y is the total strain in the concrete restrained by the steel plate, pins, and rein-
forcement.

An arbitrary length (I) of confined concrete containing only one section on the model
is considered. The concrete, steel plates, pins, and horizontal reinforcement in this section
have the same displacement under capillary pore stresses, as required by the deforma-
tion coordination:

01 = ‘5sp71 = 0st-1 = 511 ©)

where 6.1, dsp—1, dst—1, and &s1 -1 are the displacements of concrete, steel plates, pins,
and longitudinal reinforcement under capillary pore stresses for type 1 concrete with
a length of L.

It can be inferred that

de-1 _ dsp—1 _ Ost—1 _ ds1-1
I I / l

=0c-1=0sp-1 = 0st—1 = 6511 (6)

A constrained concrete containing only 2 sections of any length (/) on the model is
considered. From the deformation coordination requirement, the following can be derived:

€c—2 = &p-2 = Est—2 = €22 )

A constrained concrete containing only three sections of any length (/) on the model is
considered. From the deformation coordination requirement, the following can be derived:

Oe—2 = 55;773 =0s1-3 8)

Organizing the above equation yields

. 29(1 —2u) 1
c—1— :
r Asp—1 Asi1 Ag11
Esc + %Esp + Asct,l Est + ASC71 Es
29(1 - 2) 1
€c—2 = :
Ay A A 9
r Esc+ASp ZESPJFAﬂ 2Es+AS2 2 )
c—2 c—2 c—2
. 29(1—2u) 1
c—2 = .
r Agp_ Ag_
E5c+%3155,,+ A“ 3 Eq
c—3 c—3
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Substituting Equation (9) into Equation (4) yields

r nd 1
L Asp A1 As11
E E E E
sc + Aoy P + A, ot + A S
ND 1
29(1=2u) | +—-
Ec—total = — L ASP—Z As1—2 As1
r Esc + Esp + Es + E
3¢ Ac72 P Ac72 > Acfz s
n ( L—nd-— ND) 1
L . Asp—S A5173
Esc + Esp + E
i SC A073 sp Ac73 S

(10)

Letting p = nd/L and p’ = ND/L, the equation for the shrinkage strain of concrete
restrained by steel plates, pins, and reinforcement can be derived as

_ 1 -
o A
-1 Ast1 As11
Esc + —2—FE,, + =S=1F, + E
SC Acfl sp Acfl st Acfl S
1
29(1 -2 +o' -
Ec—total = u P Esc + Asp—2 E., 4+ As1—2 Es+ A52—1ES (11)
Aca P Aca Aca
1
+(1—p—p)-
Asp—3 Ag13
Esc + —F—E,, + “H3E
i SC AC—3 sp Ac—3 S |
It can be reordered as follows:
1
=A
As —1 A _ A _
E p E st lE sl 1E
SC+ Ac—l sp+ Ac—l st Ac—l s
1 =B
Asp—2 As1 2 Ao_1,.
Egc + Esp + Eg + E
3¢ Ac— 7 Ac2 > Ac2 s
1
=C
Asp-3 Ag13
Esc + —F—2E,, + “313E
SC Ac73 sp Ac73 S
Finally, the following is obtained:
29(1 -2 ' 1—p—p
Ec—total = w <Z + % + {ép> (12)

4. Hole Structures in Complex Internally Confined Concrete
4.1. Confinement Factor of Concrete by Steel Plates, Pins, and Reinforcement Bars

From Equation (11), the average combined force 7. ;, exerted on the concrete
hole wall throughout the specimen with the joint restraint of the steel plate, studs, and
reinforcement can be expressed as

10
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_ 1 }
o A
-1 Agt1 As1-1
Esc + —F—Eg, + —*LE, + E
sC Ac—l sp Acfl st AC71 S
1
29(1—2 "
@WW:EWQL4JQ ﬂ)Ex+Aw4E-+&P%y+&%%s (19
Ay P A Ac2
1
+Hl—p—¢)-
Asp-3 As1-3
Esc + — P Ey, + =22 F
i sC Ac73 sp Ac73 S |

To measure the restraining effect of steel plates, bolts, and reinforcement on concrete,
a parameter A called the restraining coefficient is proposed:

1
A= - - _ (14)
. Asp-1 Ast—1 As1-1
Esc + —F—E,, + ==L, + Z=1F
SC Ac—l sp Ac—l st Ac—l S
+0' - L
(1—2u) Asp—2 Ag1-2 Agq
Egc + Eqp + Eg + E
5¢ Ac—2 P AC—Z s AC—Z s
1
+(1—p—p")-
Asp—3 As1-3
E P°E SIS p
L sc+ A3 st Acs 0]

Equation (14) shows that the constraint factor will increase when the thickness of the
steel plate is increased, increasing the diameter of the reinforcement and the diameter and
height of the studs while decreasing the spacing of the studs at the same age (constant
concrete Eg).

Substituting A into Equation (13) yields the following:

_ 1 2y
Oc—total = XESCT

(15)

The confinement coefficients at 3, 7, and 28 d for each specimen in this study are
presented in Table 4. Among these, the elastic modulus E. of concrete relative to the
capillary stress can be converted from the static compressive elastic modulus E; of concrete.
The ratio of E. to Es. varies between 2.5 and 3.5 as the concrete strength increases. In this
study, the ratio was set to 3.2. The static compressive modulus of elasticity of concrete at
various ages is listed in Table 3, and the Poisson’s ratio of concrete is taken to be 0.2 as per
the relevant specification. Accordingly, the constraints on the concrete in each specimen
are as follows: S5 <51 <54 < S6 < S3 < S2.

Table 4. A of constraint coefficient of steel plate, stud, and reinforcement on concrete.

Constraint Factor (x10* MPa)

No.
3 Days 7 Days 28 Days

S1 3.75 3.87 4.04
52 415 427 4.44
S3 3.96 4.08 4.26
S4 3.79 3.91 4.09
S5 3.72 3.84 4.01
S6 3.85 3.97 4.14

11
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Optimal pore size (nm)

Average pore size (%)

4.2. Influence of Steel Plates, Pins, and Reinforcement on the Structure of Concrete Holes

Figure 7 shows the variation in the internal pore structure parameters (the most cu-
mulative pore size, porosity, average pore size, and median pore size) of concrete with
a constraint coefficient. Noticeably, the pore structure of concrete changes with the con-
figuration of steel plates, bolts, and steel bars. Testing the pore structure of concrete with
different bolt configurations reveals that increasing the diameter of the bolt will increase
the pore structure of concrete when the height and spacing of the bolt remain unchanged.
For example, when the height of the stud is maintained at 80 mm and the spacing between
the studs is maintained at 200 mm, the S1 specimen with a stud diameter of 16 mm has the
highest cumulative pore size, porosity, average pore size, and median pore size of 37.0 nm,
12.1%, 35.9 nm, and 51.9 nm at 3 d aging, respectively. Compared with the S4 specimen
with a 19 mm diameter stud, the same parameters were reduced by 3.5 nm, 1.5%, 4.7 nm,
and 9.0 nm, respectively.
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Figure 7. Variation in concrete pore structure with constraint coefficient: (a) optimal pore size;
(b) porosity; (c) average pore size; (d) median aperture.

Reducing the spacing of studs expands the pore structure of concrete when the thick-
ness of the steel plate, diameter of the reinforcement, and height and diameter of the studs
are kept constant. For example, when the heights of the studs were both 80 mm and the
diameters of the studs were both 16 mm, the highest cumulative pore size, porosity, mean
pore size, and median pore size was observed in the S3 specimen with a 100 mm stud
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spacing, corresponding to 45.3 nm, 14.4%, 41.6 nm, and 79.0 nm, respectively, at 3 d. These
were higher than those of the same parameters of the S1 specimen with 200 mm stud
spacing, which were 8.3 nm, 2.3%, 5.7 nm and 27.1 nm, respectively.

When the plate thickness, rebar diameter, spigot diameter, and spigot spacing were
kept constant, increasing the spigot height expanded the pore structure of the concrete.
For example, when the spacings of the studs were all 200 mm and the diameters of the
studs were all 16 mm, the highest cumulative pore size, porosity, average pore size, and
median pore size were observed in the S5 specimen with a stud height of 60 mm at 3 d,
corresponding to 33.2 nm, 10.5%, 33.6 nm, and 44.2 nm, respectively. These represented
a decrease compared with the same parameters in the S1 specimen with a stud height of
80 mm by 3.8 nm, 1.6%, 2.2 nm, and 7.7 nm, respectively.

The effect of steel reinforcement on the pore structure of concrete can be determined
by comparing the pore structure of these specimens when the thickness of the steel plate is
the same as the relevant parameters of the studs (diameter, height, and spacing). Testing
the pore structure of concrete with different reinforcement configurations reveals that
increasing the diameter of the reinforcement will expand the pore structure. For example,
when the thickness of the steel plate was 10 mm, the heights of the studs were all 80 mm,
the spacing of the studs were all 200 mm, and the diameters of the studs were all 16 mm.
Moreover, the highest cumulative pore size, porosity, average pore size, and median
pore size were observed in specimen S6 with a 12 mm reinforcement diameter at 7 d
corresponding to 32.4 nm, 12.5%, 32.4 nm, and 46.3 nm, respectively, which were lower
than those of a similar specimen S1 by 6.1 nm, 2.3%, 1.2 nm, and 8.1 nm.

The effect of reinforcement on the pore structure of concrete can be investigated by
comparing the pore structure of these specimens when the reinforcement parameters are
the same as the relevant parameters of the studs (diameter, height, and spacing). By
testing the pore structure of concrete with different steel plate configurations, we observed
that increasing the thickness of the steel plate expands the pore structure of concrete. For
example, when the diameter of the reinforcement is 10 mm, the height of the studs is 80 mm,
the spacing of the studs is 200 mm, and the diameter of the studs is 16 mm. Moreover,
the highest cumulative pore size, porosity, average pore size, and median pore size were
observed in the S2 specimens with a steel plate thickness of 12 mm after 3 d, corresponding
to 58.5 nm, 15.0%, 50.9 nm, and 89.4 nm, which were higher than those of S1 specimens
equipped with steel plates with a thickness of 10 mm, whose values were 21.5 nm, 2.9%,
15.0 nm, and 37.5 nm, respectively.

As shown in Equation (15), the combined force exerted on the concrete pore walls in the
restrained specimens decreased with the increase in the restraining coefficient. Therefore,
the stronger the restraint of the concrete by steel plate, studs, and reinforcement, the smaller
is the combined force on the concrete pore walls and the lower the shrinkage in the concrete
pore structure caused by the combined force, leading to an increase in the pore structure
parameters of the concrete. This is consistent with experimental findings; for example,
with the same diameter of reinforcement and the same parameters related to bolts, the
constraint coefficient of the S1 specimen is less than that of the 52 specimen. Moreover,
at 7 d, the highest cumulative pore size, porosity, mean pore size, and median pore size
were observed in the S2 specimen, corresponding to 58.5 nm, 15.0%, 50.9 nm, and 89.4 nm,
which is higher than that of the same parameter of the S1 member at the same age, whose
values were 21.5 nm, 2.9%, 15.0 nm, and 37.5 nm, respectively. This can be interpreted
as an increase in the confinement coefficient of S2 due to the increase in the thickness of
the steel plate, and the increase in the confinement coefficient leads to a decrease in the
combined force applied to the concrete pore walls. Further, the pore structure parameter
of the S2 specimen increased in this case. The changes in the pore structure parameters of
the concrete due to changes in the diameter of the reinforcement and the parameters of the
studs were also observed in the tests.

13
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5. Shrinkage of Complex Internally Confined Concrete
5.1. Effect of Constraint Factor on Concrete Shrinkage

The relationship between the shrinkage deformation of concrete and the constraint
coefficient at different ages is shown in Figure 8. Noticeably, for the concrete specimens
constrained by the steel plate, studs, and reinforcement, the shrinkage strain is affected
by the thickness of the steel plate, diameter of the reinforcement, and the parameters
related to the studs when the studs have the same diameter, height, and spacing, and the
diameter of the reinforcement is kept the same. When the materials used for the steel plate
are the same, the thicker the plate is, the smaller the shrinkage of concrete, as shown in
Equations (11) and (15). At the same age, the greater the thickness of the steel plate is, the
greater the constraint factor. An increase in the constraint factor leads to a decrease in the
combined force acting on the concrete, which results in a decrease in the shrinkage of the
concrete. In this study, specimen S2, with a steel plate thickness of 12 mm, has constraint
coefficients of 4.15 x 10* MPa, 4.27 x 10* MPa, and 4.44 x 10* MPa at the ages of 3, 7,
and 28 d, respectively, which were higher than the constraint coefficients of specimen S1
with a steel plate thickness of 10 mm at the same ages, corresponding to 0.4 x 10* MPa,
0.4 x 10* MPa, and 0.4 x 10* MPa, respectively. The shrinkage values of the S2 specimens
at 3,7, and 28 d were 66 pe, 97 ne, and 149 pe, which were 46.4%, 39.8%, and 35.8% lower
than the shrinkage values of the S1 specimens, respectively.
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Figure 8. Diagram of shrinkage of concrete with constraint coefficient: (a) 3 days of age; (b) 7 days of
age; (c) 28 days of age.
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Figure 8 shows that, when the thickness of the steel plate and the diameter of the
reinforcement bars are kept constant, the shrinkage values of the concrete are related to
the relevant parameters of the studs (diameter, height, and spacing). Moreover, when
the height of the studs is kept at 80 mm, and the spacing of the studs is kept at 200 mm,
comparing the shrinkage data of the concrete from S1 to S4 revealed that the increase in
the diameter of the studs increased the restraining capacity of the studs on the concrete
(constraint factor rises), resulting in a decrease in concrete shrinkage (see Figure 8). This
result is also observed in Equations (11) and (15). At the same age, the larger the diameter
of the studs, the greater the constraint factor. An increase in the constraint factor leads to
a decrease in the combined force acting on the concrete, which results in a decrease in the
shrinkage of the concrete. In this study, the constraint coefficients of specimen S4 at 3, 7,
and 28 d were 3.79 x 10* MPa, 3.91 x 10* MPa, and 4.09 x 10* MPa, respectively, which
were higher than those of specimen S1 at the same ages by 0.04 x 10* MPa, 0.04 x 10* MPa,
and 0.05 x 10* MPa, respectively. Regarding the constraint coefficients of specimen S4 at
ages of 3, 7, and 28 d, the shrinkage values were 117 pe, 160 pe, and 206 e, respectively,
which were lower than those of specimen S1 by 6.33 e, 0.67 pe, and 25 pe.

When the thickness of the steel plate, diameter of the reinforcement, diameter of the
studs, and the spacing of the studs were kept constant, increasing the height of the studs
increased the restraining ability of the studs on the concrete (the restraining coefficient rises),
as revealed by comparing the concrete shrinkage data of S1 and S5, which led to a decrease in
the shrinkage of the concrete (see Figure 8). At the same age, the greater the height of the stud
is, the greater the constraint factor. The increase in the constraint factor leads to a decrease
in the combined force acting on the concrete, which results in a decrease in the shrinkage
of the concrete. In this study, the constraint coefficients of specimen S1 at the ages of 3, 7,
and 28 d were 3.75 x 10* MPa, 3.87 x 10* MPa, and 4.04 x 10* MPa, respectively, which
were higher than those of specimen S5 at the same ages by 0.03 x 10* MPa, 0.03 x 10* MPa,
and 0.03 x 10* MPa, respectively. The constraint coefficients of specimen S1 at ages of 3, 7,
and 28 d for the shrinkage values were 124 pe, 161 pe, and 232 e, respectively, which were
12 pe, 48 pe, and 53 pe less than those of the S5 specimens.

When the plate thickness, rebar diameter, spigot diameter, and spigot height were
kept constant, decreasing the spacing of the spigots increased the ability of the spigot
to confine the concrete (confinement coefficient rises), which leads to a decrease in the
shrinkage of the concrete, as revealed by comparing the concrete shrinkage data of S1
and S3. The same results are obtained from Equations (11) and (15). At the same age, the
smaller the spacing of the studs is, the greater the constraint factor. The increase in the
constraint factor leads to a decrease in the combined force acting on the concrete, which
results in a decrease in the shrinkage of the concrete. In this study, the constraint coefficients
of specimen S3 at the ages of 3, 7, and 28 d were 3.96 x 10* MPa, 4.08 x 10* MPa, and
4.26 x 10* MPa, respectively, which were higher than those of specimen S1 at the same ages
by 0.21 x 10* MPa, 0.21 x 10* MPa, and 0.22 x 10* MPa, respectively. For the constraint
coefficients of specimen S3 at ages of 3, 7, and 28 d, the shrinkage values were 88 (e, 136 pe,
and 174 pe, respectively, which were 28.8%, 15.6%, and 25.1% lower than those of the
54 specimens.

When the thickness of the steel plate and the parameters related to the bolts (height,
spacing, and diameter) were kept constant, the shrinkage of the concrete was affected by the
diameter of the reinforcement bars, as revealed by comparing the concrete shrinkage data of
S1 and S6. Moreover, when the diameter of the reinforcement bars is larger, the shrinkage of
the concrete is smaller (see Figure 8). This result is corroborated by Equations (11) and (15).
At the same age, the larger the diameter of the reinforcement, the larger is the constraint
factor. An increase in the constraint coefficient leads to a decrease in the combined force
acting on the concrete, which results in a decrease in the shrinkage of the concrete. In
this study, the constraint coefficients of specimen S6 at the ages of 3, 7, and 28 d were
3.85 x 10* MPa, 3.97 x 10* MPa, and 4.14 x 10* MPa, respectively, which were higher than
those of specimen S1 at the same ages by 0.1 x 10* MPa, 0.1 x 10* MPa, and 0.1 x 10* MPa,
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respectively. Moreover, the constraint coefficients of specimen S6 at 3, 7, 28 d corresponded
to shrinkage values of S6 103 e, 136 e, and 191 e, respectively, which were 16.7%, 15.4%,
and 17.7% less than those of the S1 specimen.

5.2. Effect of Constraint Coefficient on Capillary Pore Stresses

Capillary pore stress is the main driver of shrinkage deformation in concrete. Table 5
and Figure 9 present the capillary pore stresses for each specimen at 3, 7, and 28 d. The test
results reveal that the capillary pore stresses are affected by the thickness of steel plates,
the diameter of reinforcement, and the relevant parameters of studs in concrete specimens
restrained by steel plates, studs, and reinforcement because changing the respective pa-
rameters at the same age changes the restraining coefficients of the concrete. Moreover,
greater restraining coefficients of the concrete result in the pore structural parameters (the
maximum allowable pore diameters, porosity, average pore size, median pore size, and
others) of the restraining specimen increasing, which, according to Equation (1), leads to
a reduction in capillary pore stress in concrete.

Table 5. Capillary stress of concrete at different ages.

Capillary Stress (MPa)

No.
3 Days 7 Days 28 Days
S1 0.99 1.44 2.44
S2 0.56 0.89 1.38
S3 0.76 1.05 1.80
S4 0.89 1.36 2.31
S5 1.11 1.71 2.65
S6 0.82 1.14 2.02
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Figure 9. Relationship between capillary stress and constraint coefficient of concrete at different ages:
(a) 3 days of age; (b) 7 days of age; (c) 28 days of age.
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Table 5 and Figure 9 reveal that the thicker the steel plate, the lower the capillary pore
stresses when the diameter, height, and spacing of the studs are kept constant and the
diameters of the reinforcement and the material used for the steel plate are the same. This
is because the constraint factor increases when the thickness of the steel plate is greater
at the same age. The increase in the confinement factor causes the pore structure of the
confined specimen to expand, leading to a decrease in the capillary pore stress in concrete
(see Figure 9). In this study, the constraint coefficients of specimen S1 and specimen 52
were sequentially increased, and a sequential decrease in their capillary pore stresses was
observed in the tests. For example, at the ages of 3, 7, and 28 d, the capillary pore stresses
of specimen S2 were 0.56 MPa, 0.89 MPa, and 1.40 MPa, respectively, which were 0.42, 0.55,
and 1.01 lower than the capillary pore stresses of specimen S1 at the same ages.

The analysis in Figure 9 reveals that, when the steel plate thickness and the diameter
of the reinforcement bars remain unchanged, the concrete capillary pore stress is related to
the stud parameters (diameter, height, and spacing). Moreover, when the height of the studs
was kept at 80 mm and the spacing of the studs at 200 mm, the capillary pore stresses of the
concrete in contrasting test specimens S1 and S4 reveal that the increase in the diameter of
the studs increased the capacity (constraint coefficient increases) of the studs to restrain the
concrete (constraint coefficient rises), decreasing the capillary pore stress of the concrete (see
Figure 9). For example, the confinement coefficients of specimen S4 at the ages of 3, 7, and
28 d were 3.79 x 10* MPa, 391 x 10* MPa, and 4.09 x 10* MPa, respectively, which were
higher than those of specimen S2 at the same ages by 0.04 x 10* MPa, 0.04 x 10* MPa, and
0.05 x 10* MPa, and the corresponding capillary pore stresses were reduced from 0.99 MPa,
1.44 MPa, and 2.44 MPa in specimen S1 to 0.89 MPa, 1.36 MPa, and 2.31 MPa in specimen S4.

When the thickness of the steel plate, diameter of the reinforcement, diameter of the
studs, and spacing of the studs were kept constant, increasing the height of the studs
increased the ability of the studs to restrain the concrete (the restraining coefficient rises),
as revealed by the comparisons of the concrete capillary pore stress data of specimens S1
and S5 in Figure 9, which leads to a decrease in the capillary pore stresses of the concrete
(see Figure 9). For example, at the ages of 3, 7, and 28 d, the confinement coefficients of
the S1 specimens with a stud height of 80 mm were 3.75 x 10* MPa, 3.87 x 10* MPa, and
4.04 x 10* MPa, respectively, which were higher than the confinement coefficients of the S5
specimens configured with a stud height of 60 mm at the same ages, which corresponded to
0.03 x 10* MPa, 0.03 x 10* MPa, and 0.03 x 10* MPa, respectively. Moreover, the capillary
pore stresses of the S1 specimen at 3, 7, and 28 d were 0.99 MPa, 1.44 MPa, and 2.44 MPa,
respectively, which were, respectively, 0.12 MPa, 0.27 MPa, and 0.21 MPa lower than those
of the S5 specimen.

When the thickness of the steel plate, diameter of the reinforcement, diameter of the
studs, and height of the studs were kept constant, comparing the concrete capillary pore
stress data of specimens S1 and S3 in Figure 9 reveals that the reduction in the spacing of
the studs increases the ability of the studs to restrain the concrete (the restraining coefficient
rises), which leads to a decrease in the capillary pore stresses of the concrete (see Figure 9).
For example, at the ages of 3, 7, and 28 d, the constraint coefficients of the S3 specimens
configured with a stud spacing of 100 mm were 3.96 x 10* MPa, 4.08 x 10* MPa, and
4.26 x 10* MPa, respectively, which were higher than the constraint coefficients of S1
specimens configured with a stud spacing of 200 mm at the same ages, corresponding to
0.21 x 10* MPa, 0.21 x 10* MPa, and 0.22 x 10* MPa, respectively. Moreover, the capillary
pore stresses of the S3 specimens at 3, 7, and 28 d were 0.76 MPa, 1.05 MPa, and 1.80 MPa,
respectively, which in turn were 0.22 MPa, 0.40 MPa, and 0.64 MPa lower than the capillary
pore stresses of the S1 specimens.

When the thickness of the steel plate and the relevant parameters (height, spacing,
and diameter) of the bolts were kept constant, the capillary pore stress of the concrete
was affected by the diameter of the reinforcement bars, as revealed by the comparison of
specimens S1 and S6 in Figure 9. When the diameter of the reinforcement bars was larger,
the capillary pore stress of the concrete was smaller. This is because, at the same age, the
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larger the diameter of the reinforcement bar, the larger the confinement coefficient, which
expands the pore structure of the confined specimen, as shown in Equation (1), leading to
a decrease in the capillary pore stress in concrete. In this study, the constraint coefficients
of specimens S1 and S6 increased due to the larger diameter of the reinforcement bars.
Accordingly, a sequential decrease in their capillary pore stresses was observed in the
tests. For example, the confinement coefficients of specimen S6 at 3, 7, and 28 d were
3.85 x 10* MPa, 3.97 x 10* MPa, and 4.09 x 10* MPa, respectively, which were higher
than the confinement coefficients of specimen S1 at the same ages by 0.1 x 10* MPa,
0.1 x 10* MPa, and 0.1 x 10* MPa, respectively, and those of the S6 specimen at the ages
of 3, 7, and 28 d. The capillary pore stresses of the S6 specimen at 3, 7, and 28 d of age
were 0.82 MPa, 1.14 MPa, and 2.02 MPa, respectively, which were 0.16 MPa, 0.30 MPa, and
0.42 MPa lower than those of the S1 specimen.

5.3. Effect of Capillary Pore Stress on Concrete Shrinkage

The relationship between the capillary pore stress and concrete shrinkage of specimens
at different ages is shown in Figure 10. Noticeably, the greater the capillary pore stress, the
greater the shrinkage deformation of concrete. Meanwhile, according to the previous analysis,
the concrete capillary pore stress decreases with the increase in the constraint coefficient,
which suggests that the constraining effect of the steel plate, studs, and rebar on the shrinkage
of the concrete is not only due to the increase in the constraining tensile stress because of the
coordination of the deformation between the concrete, the steel plate, the studs, and the steel
rebar but also the decrease in the capillary pore stress in the concrete due to the presence of
the steel plate, studs, and rebar; the principle of this action is shown in Figure 11.
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Figure 10. Effect of capillary stress on shrinkage of concrete at different ages: (a) 3 days of age;
(b) 7 days of age; (c) 28 days of age.
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Figure 11. Schematic of the effect of steel plate, stud, and steel bar on the shrinkage of concrete.

5.4. Shrinkage Prediction of Complex Internally Confined Concrete

The prediction of shrinkage in restrained concrete is important for assessing the risk of
concrete shrinkage cracking. In this paper, a prediction model for the shrinkage of concrete
restrained by steel plates, spigots, and reinforcement is derived based on the capillary
pore stress theory (Equation (11)). To verify the accuracy of this model, the shrinkage
test values of various types of restrained concrete specimens at the ages of 3, 7, and 28 d
were compared with the calculated values obtained through shrinkage modeling. The
modulus of elasticity of steel plates and spigots was taken as 206,000 MPa, as suggested in
GB 50017-2017 [29]. The maximum number of holes for each type of specimen at each age
is given in Figure 7.

Table 6 and Figure 12 present the results of the comparison between the shrinkage test
results and the predicted values derived from the shrinkage model calculation. Figure 12
shows that the calculated values are in good agreement with the measured values, and the
average value of the prediction error was calculated to be less than 15%, which indicates
that the constrained concrete shrinkage model proposed in this paper can effectively predict
the shrinkage of concrete constrained by steel plates, pins, and reinforcement.
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Figure 12. Comparison of test results and calculated values at different ages: (a) 3 days of age;
(b) 7 days of age; (c) 28 days of age.
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Table 6. Comparison of test results and calculated values.

3 Days 7 Days 28 Days

No Tested Calculated Relative Tested Calculated Relative Tested Calculated Relative

Values Values Error Values Values Error Values Value Error
S1 124 105 15.0% 161 143 10.9% 232 220 5.3%
S2 66 60 9.5% 97 89 8.4% 149 125 16.3%
S3 88 81 7.7% 136 104 23.4% 174 162 6.8%
S4 117 95 19.1% 160 135 15.7% 207 208 0.9%
S5 136 118 13.2% 209 169 19.2% 285 239 16.4%
S6 103 88 14.9% 136 113 16.8% 191 182 4.7%

6. Conclusions

Through experiments and theoretical analysis, this study investigates the early shrink-
age and pore structure of concrete under complex internal constraints. The following
conclusions are drawn based on the research results:

1.  The degree of the restraining of concrete by the steel plate, studs, and reinforcement
is expressed by the restraining coefficient A. The larger the restraining coefficient, the
stronger the restraining effect. The constraint coefficient increases with the increase in
the steel plate thickness, reinforcement diameter, stud diameter, and stud height, and
increases with the decrease in stud spacing.

2. Steel plates, studs, and reinforcement have an important effect on concrete shrinkage,
which decreases with the increase in the thickness of the steel plate, diameter of the
reinforcement, diameter of the studs, and the height of the studs and increases with
the increase in the stud spacing. This effect is not only due to the coordination of the
deformation of the steel plate, studs, and reinforcement but also because the increase
in the corresponding parameter increases the constraint coefficient. Moreover, the
constraint factor will lead to a reduction in the capillary pore stress, which leads to
a decrease in the shrinkage of the concrete.

3.  Comparing the measured shrinkage strain values of restrained concrete at the ages
of 3, 7, and 28 d with the predicted values of the shrinkage model revealed that
the average error predicted during each age was below 15%. This proves that the
shrinkage model is feasible for predicting the shrinkage strain of concrete under the
joint constraints of steel plates, bolts, and steel bars.

The shrinkage of concrete, especially under constraint conditions, is a complex prob-
lem. Therefore, there are still some issues that need further research in this study. For
example, this article only considers the shrinkage deformation of concrete in the one-
dimensional length direction, while in practical engineering, the shrinkage deformation
of steel plate concrete composite shear walls is three-dimensional, which is different from
the actual situation. In future, it will be necessary to conduct further research on three-
dimensional shrinkage deformation. In addition, although there are currently no reports
on the impact of “size effect” on concrete shrinkage test results, whether there will be size
effects and what impact size effects will have when many constraint conditions are added
to concrete is also one of the research subjects worth examining in the future.
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Abstract: Humidity change in concrete is the leading cause of concrete shrinkage. Moreover, the
moisture diffusion coefficient of concrete is an essential parameter for assessing and predicting
the internal moisture content of concrete. However, there is a lack of theoretical construction and
experimental studies on the effect of different conditions, especially different constraints, on the
moisture diffusion coefficient of concrete. Therefore, the internal humidity, pore structure parameters,
and basic mechanical properties of concrete under different strength grades C30, C40, C50, and C60
(C stands for concrete and numbers indicate the strength class of the concrete), curing environments
(dry and sealed curing conditions), and constraints were tested in this study. In addition, a calculation
model of concrete’s internal humidity and humidity diffusion coefficient was established. The
research findings show that the internal humidity of concrete decreased with age due to hydration
and drying. External humidity had a significant effect on the moisture change of concrete, and the
lower the external humidity, the larger the humidity diffusion coefficient and the faster the internal
humidity of concrete decreases. Reinforcement (confinement) changes the pore structure parameters
of the concrete, which in turn affects the transport of moisture within the concrete. The higher the
reinforcement rate, the larger the pore structure parameters of the concrete, the larger the humidity
diffusion coefficient, and the faster the concrete humidity decreases. The method proposed in the
study can accurately predict the internal humidity of concrete using the humidity diffusion coefficient.
The research results are a reference for preventing concrete shrinkage and cracking in construction.

Keywords: internal concrete moisture; concrete moisture diffusion coefficient; pore structure

1. Introduction

Concrete has become the most widely utilized construction material worldwide due to
its advantages, namely ease of access to materials, ease of molding, durability, low energy
consumption, and ease of compositing with other materials. The inspection results of the
US National Cooperative Highway Research Program indicate that in 1995, approximately
100,000 concrete bridge deck slabs exhibited penetrating cracks at 1-3 m intervals within
one month after the concrete was poured [1]. In China, the problem of concrete cracking is
crucial. Survey results indicate that for transportation facilities, ranging from bridges and
pavements to seaport engineering structures along the coast and from civil and commercial
buildings to industrial buildings, concrete cracking is exceedingly prevalent, and this
research problem has attracted extensive attention from the engineering community in
recent years [2—4]. China’s concrete structures have been exposed to numerous problems
associated with cracking during construction and operation, and the service life of many
concrete structures is much lower than their design life, with cracks appearing within
3-5 years in some scenarios, and in other scenarios, the cracks exceeded the permissible
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crack widths even before the concrete structures were formally utilized, causing immense
economic losses [5,6].

The shrinkage deformation of concrete Is one of the main characteristics of early-age
concrete, and the low water-to-cement ratio, high compactness, high fluidity, and large
amount of mineral admixtures exhibited by modern concrete may further increase the early
deformation of concrete [7-10]. Due to the continuous improvements in the mechanical
properties of concrete materials and structural design methods, cracks caused by direct
loading rarely occur in concrete structures under normal usage [11-13]. The mainstream
structural design method is largely based on the strength criterion for the design of struc-
tures, and concrete is regarded as a uniform, stable material with fixed strength. Therefore,
its early instability and deformation characteristics are not considered in the design; conse-
quently, the indirect effects (i.e., shrinkage, temperature, and deformation) considerably
influence concrete cracking.

According to capillary pore stress theory, concrete shrinkage is mainly attributable to
the capillary pore stress produced on the pore wall after the internal water is consumed [14].
Due to cement hydration and humidity diffusion, the internal humidity of concrete grad-
ually decreases. Once the relative humidity begins to decrease, capillary pore tension
is triggered, and the scale of the capillary pore tension then controls the macroscopic
shrinkage deformation of the concrete; thus, the internal humidity change rule of concrete
is necessary for analyzing concrete shrinkage deformation [15,16]. In an experimental
study on the internal humidity of concrete, Persson [17] measured the changes in the
humidity of concrete specimens exposed to air, immersion curing, and sealed conditions
and established a simulation formula based on the water—cement ratio, cement hydration,
or age. Kim et al. [18] used the sealed dry specimens to measure the humidity diffusion
of concrete with different water—cement ratios and the internal humidity changes caused
by cement hydration. The results indicated that the humidity decrease in concrete with
a high water—cement ratio was mainly due to humidity diffusion, and the humidity de-
crease caused by cement hydration in concrete with a low water—cement ratio was more
significant. Nillsson et al. [19] tested and measured the change rule associated with the
relative humidity of concrete in seawater and natural environments. Andrade et al. [20]
tested concrete exposed to outdoor temperature and humidity conditions. Parrot [21] and
Nillsso et al. [19] experimentally measured the relative humidity in concrete specimens
exposed to the natural environment or seawater.

The moisture diffusion coefficient is commonly utilized by researchers to predict the
variation pattern of moisture inside concrete [22,23]. Most researchers have utilized a linear
diffusion equation to predict moisture diffusion [24-26], which considers the moisture
diffusion coefficient as a constant, and the obtained results exhibit some deviation from the
experimental tests [27]. The rate of pore water migration in concrete is dependent on the
pore structure characteristics and the cement paste distribution. Moreover, it is also closely
related to the water in the pore space [28-30]; therefore, the moisture diffusion in concrete
is highly nonlinear. Experimental studies have confirmed that the moisture diffusion
coefficient is a function of the water—cement ratio and the maturity of the concrete and that
linear equations are not applicable to the solution of the moisture transport problem of
concrete [31]. Ayano [32] utilized the slice weighing method to obtain the water content of
specimens at different ages and positions and assumed that the diffusion coefficient was an
exponential equation related to the loss of water dispersion; thus, the researcher solved the
nonlinear diffusion equation by combining the residual method and the nonlinear least
squares method. Sakata and Kuramoto [33] and Akita et al. [34] calculated the diffusion
coefficient by performing the Boltzmann transform on the diffusion equation, and the
results were consistent with the experimental results obtained by Bazant and Najjar [31]
using the slice method. In addition to the aforementioned studies, some scholars have
recently utilized nonlinear diffusion equations to predict the moisture diffusion pattern
of concrete [35-37]. However, the number of studies is overall insufficient for identifying
a method with generalization to the vast majority of cases. Therefore, research on the
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theoretical solution of the concrete moisture field using a nonlinear method to validate the
accuracy of the method under as many environmental conditions as possible is required.

Notably, the effect of confinement on moisture diffusion in concrete has been neglected
by researchers. In engineering practice, concrete is always restrained by reinforcement.
Studies have revealed that when lateral restraints are used to limit the expansion of con-
crete containing an expansive agent, the porosity, average pore diameter, and porosity
content of concrete with lateral restraint can be reduced compared to those without lateral
restraint [38,39]. Reinforcing steel inhibits the shrinkage effect of concrete and reduces the
volume reduction due to shrinkage [40—45]. Therefore, a reasonable inference is that rein-
forcement changes the pore structure of concrete under shrinkage. However, at present, the
exact effect is not clear. The pore structure of concrete is an important channel for moisture
transport, and changes in the pore structure will likely lead to changes in the moisture
transport pattern of concrete. Therefore, research on the effect of steel reinforcement on the
pore structure of concrete and the moisture transport law is crucial.

Therefore, in this study, the internal humidity, pore structure, and basic mechanical
properties of concrete with different strength grades (C30, C40, C50, and C60), curing
environments (dry curing and sealing curing), and constraints were tested using a self-
developed testing device, and the calculation model for the internal humidity of concrete
and the moisture diffusion coefficient was established. The study revealed the changing
rule of the humidity diffusion coefficient of concrete under different external environmental
conditions and constraints and elucidated the effect of the internal pore structure of concrete
on the moisture transport characteristics of concrete.

2. Theoretical Modeling

The method of calculating the moisture diffusion coefficient is derived in this study to
analyze the moisture of concrete. Due to the rate of cement hydration and water diffusion
in concrete being relatively slow, the relationship between internal humidity and water
content in concrete can be approximated as linear [31,34,46,47]. Under test conditions,
concrete undergoes humidity exchange in three dimensions (x, y, and z); thus, the humidity
transport is three-dimensional. To simplify the calculation, the concrete is regarded as
homogeneous and the humidity transport to be the same in the x, y, and z directions.
Therefore, the moisture diffusion equation inside concrete due to drying action can be
written as follows based on Fick’s second law:

oH; 0

ot $(3D

OH,
ox

0?H,
ox?

) =3D (1)
where H; denotes the humidity reduction due to the drying effect, ¢ denotes the drying
time, x denotes the distance of the interior of the concrete from the drying surface, and D
denotes the concrete diffusion coefficient.

In the past, Equation (1) has been solved using the finite difference method, which
simplifies the solution process; however, the interpretation of its calculation results is more
complicated and should be facilitated by corresponding software programming. Therefore,
this study attempts to solve Equation (1) using a Fourier transform.

Herein, only the outward diffusion of the concrete humidity is considered: the reverse
of the humidity into the concrete is ignored. Therefore, in the humidity diffusion pro-
cess, which follows the inside concrete—outside concrete direction, the concrete diffusion
coefficient D must be greater than 0. Subsequently, let

3D = a? ()

where a denotes the parameter used for the calculation.
The H; can be expressed as:
Hd =u+H, (3)
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where u denotes the change in humidity inside the concrete due to moisture diffusion, and
H, denotes the ambient humidity of the concrete.

The concrete internal humidity is a function of space and time H; (x,t); therefore, its
boundary conditions can be expressed as follows:

Hd(x, 0) = Ho
Hy(0,t) = He 4)
Hy(oo,t) = Hp

where Hj denotes the initial humidity inside the coagulation.
Subsequently, the boundary condition of Equation (3) is expressed as follows:

u(x,0) = Hy— He
u(0,t) =0 ®)
u(oo,t) = Hyp— H,

Subsequently, the following equation is obtained:

Uy — %y =0 (0 < x<oot>0)
u(x,0) =Hy—H, (0<x< o) (6)
u(0,£) =0

where u; denotes the first-order partial derivative of the internal concrete humidity with
respect to t and uy, denotes the second-order partial derivative of the internal concrete
humidity with respect to x.

Notably, Equation (6) represents a semi-infinite boundary problem, and to solve it,
it should be transformed into an infinite boundary problem, which can be expressed

as follows:
U= {M 0<x<oo (7)
u —oo<x<0

where U denotes the change in humidity due to humidity diffusion considering infinite
boundary conditions.
Subsequently, we obtain

Hy — H, 0<x <o
U(x,0) = ¢(x) =140 x=0 ®)
where @(x) denotes the change in humidity at each location at the initial moment due to

humidity diffusion.
Consequently, the following equation is obtained:

Uy —a?Uyy =0 (—00 < x < oo,t>0) ©)
U(x,0) = p(x) (—oc0 <x < o0)
Setting
U(x,t) = X(x)T(t) (10)

where U; denotes the first-order partial derivative of the internal moisture diffusion of
concrete with respect to t under infinite boundary conditions, Uy, denotes the second-order
partial derivative of the internal moisture diffusion of concrete with respect to x under
infinite boundary conditions, X(x) denotes the change in humidity induced by the internal
moisture diffusion of concrete on the x scale under infinite boundary conditions, and T'(t)
denotes the change in humidity induced by the internal moisture diffusion of concrete on
the t scale under infinite boundary conditions.
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Subsequently,
T ,3°X
()55 — ST =0 )

Namely,

T/ - 2}(//

= (12)
Setting

aZXY = a’k (13)

where x denotes the computational parameter.

Consequently,

T+ xka®T = 0

From Equation (14), we obtain the following equation:
T = Ae ™! (15)

Order
K =a? (16)

Subsequently, the solution of Equation (14) is as follows:

X = Ajcosax + By sinax (17)
At this point, « can assume any value, and U, satisfies the superposition principle,
namely
U=)y U (18)
Therefore,
u, = / Upda = / (Aq cosax + By sin ax)e*“Z”sza (19)
—00 —00

where U, denotes the change in humidity induced by the diffusion of humidity within the
concrete on the « scale under infinite boundary conditions.
From the initial conditions, when ¢ = 0,

/ Upda = / (Aj cosax + By sin ocx)e*“Z”sztx = ¢(x) (20)

—00

From Fourier transforms, we obtain the following equations:

1 o
Al = 7 / cos ax@(x)du (21)
By = 17 inaxe(x)de (22)
1=5- ]S ¢

where A1, Bl denote the Fourier coefficients of the function U,.
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Subsequently,
- % f f (A1 cos ax + By sin Dcx)e_“zasz“}dg
—00 - 00 (g,x)Z (23)
J (@)e” wrdg

S

Further simplification yields the following expression:

Uy, £) = 2Ho = He) / e Cdg (24)

The above Equation (24) includes the term “error function” which is a nonfundamental
function in mathematics, namely

erf(x f / e Cdr (25)

Subsequently, Equation (24) can be expressed as

U(x, t) = (HofHe)erf(Zax ) (26)

t

Consequently, we obtain

u=U(0<x <oco)=(Hy— He)erf( ) (27)

.
2av/t
From the assumptions of Equation (3), the following equation is obtained:

H; = H, — (Hy — He)erf(——) (28)

\/37

Considering the form of the error function, the error function does not exhibit an
original function and cannot be solved by the classical Newton-Leibniz formula, but only
an approximate calculation can be performed. Currently, commonly utilized computational
methods include the complex trapezoidal product method [10,48] and the hyperbolic tan-
gent function approximation method [49]. Herein, the results obtained from the hyperbolic
tangent function approximation calculation method are utilized to approximate the error
function; subsequently, Equation (28) can be expressed as follows:

3
Hy = He — (H, — Ho)tanh[1.12838 — > + 0.10277( )] (29)

x
2v/3Dt 2v/3Dt

Therefore, if the initial internal humidity, external ambient humidity, and the humidity
diffusion coefficient of the concrete are obtained, the humidity distribution inside the
concrete can be calculated using Equation (29).

Generally, the ambient humidity to which the concrete is subjected and the initial
internal humidity are easily obtained. Therefore, to solve Equation (29), the value of the
moisture diffusion coefficient D for concrete should be determined.

Synthesizing existing research results, the Boltzmann transform is applied herein to
solve the diffusion coefficient inversely. When the concrete is dry on both sides except in
the x-direction (no water loss on the bottom surface of the specimen), based on the linear
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relationship between internal humidity and moisture in concrete and Fick’s second law,
the following expression is applicable:

OHy _ 0 poHy) 50 poHs 0 oM
ot~ ax Py ) 125, (P75, ) +25, (P50 (30)
Introducing the variable 7
x
=— 31
=7 (31)
Let y = ax and z = Bx; subsequently, Equation (30) can be expressed as follows:
L -2 | 9p-2y 9 9H,
31 = (152072 +257%) S [D(HY) 5 1] (2)
Integrating Equation (32) between H and Hj yields the following equation:
I3 9Hy, 17"
D= [/ 5 14H] [(1 +2072 + 2/3—2)87”1 H (33)
H

From the test conditions, the dimensions of the specimen in the x, v, and z directions
are 200 mm x 200 mm x 1000 mm; subsequently, we obtain « =1 and = 5.

Consequently, the moisture diffusion coefficient of concrete under test conditions can
be expressed as follows:

9H, ]1 58)

1 P
b= 3.()81! z’ded[an

Therefore, from the experimentally obtained H; and the relationship between H; and
17, the humidity diffusion coefficient of the concrete can be calculated using Equation (34),
as can the internal humidity of the concrete.

In previous studies, the variation in internal humidity with age under sealed and dry
conditions was experimentally obtained for each concrete grade. Therefore, the moisture
diffusion coefficient of concrete can be obtained by inverting Equation (34). The decrease
in humidity in concrete is due to a combination of cement hydration and drying effects.
Therefore, in calculating the moisture diffusion coefficient of concrete, the moisture drop
due to concrete hydration should be deducted from the total moisture reduction.

Because the discrete humidity values obtained from the tests cannot be directly substi-
tuted into Equation (34) to invert the moisture diffusion coefficient of concrete, this study
proposes a mathematical model for the relationship between H; and # based on Akita’s
research results [34]; by approximating the fitting of the test results, the humidity value is
calculated as follows:

H;=Hy|l4+a— (35)

(0.57 +c)*

where a, b, ¢, and d denote the coefficients of the model. These coefficients can be obtained
by fitting the test results.
To validate theoretical model, we conduct experiments in the next section.

3. Experimental Design
3.1. Concrete Mixing Ratio

Past studies have confirmed that the various aspects of the performance of concrete of
different strengths differ significantly. Therefore, four commonly used concrete strengths
(C30, C40, C50, and C60) were selected to study the variation in their internal humidity
and humidity diffusion coefficient under different conditions. Cement, water, fly ash, sand,
coarse aggregate, and water reducing agent were used to prepare the concrete used for the
experiment and the amount of these materials required per cubic meter of the mixture was
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prepared, as shown in Table 1. The percentage content of SiO,, CaO, Al,O3, Fe,O3, MgO,
and SOj3 in cement and fly ash is shown in Table 2. The specific surface area of cement and
fly ash were 3471 and 4680 cm?/g. The density was 3.10 and 2.22 g/cm?, respectively.

Table 1. Concrete mix proportion.

Concrete Cement Water Fly Ash Sand Coarse Aggregate Water Reducing
(kg/m?3) (kg/m?3) (kg/m?3) (kg/m?3) (kg/m?3) Agent (kg/m®)
C30 336 195 69 705 1094 9.9
C40 365 185 65 685 1090 10.4
C50 394 175 61 665 1086 10.9
C60 423 166 58 645 1083 114

Table 2. Chemical compositions and physical properties of the cementitious materials.

Composition (%) Cement Fly Ash
5i0, 21.47 49.47
CaO 65.77 4.45
Al O3 5.47 20.67
Fep O3 4.28 14.32
MgO 1.44 1.17
SO; 0.52 1.40

3.2. Basic Concrete Performance Tests

To understand the basic mechanical properties of the ordinary and high-strength
concrete utilized herein, this study was conducted according to GB/T 50081-2002 [50];
thus, the cubic compressive strength, split tensile strength, and static compressive elastic
modulus of the concrete were tested.

The basic mechanical properties of concrete specimens were tested after 3, 7, and
28 days of curing. The specimens used for the basic mechanical tests were subjected to the
same curing conditions as those used for the moisture tests.

The test results of cubic compressive strength, split tensile strength, and static modulus
of elasticity of the concrete samples with four mixing ratios at different ages are listed in
Table 3.

Table 3. Basic mechanical properties of concrete.

Basic Concrete Curing Age (Days)
Properties Strength Condition 3 7 28
Dry 15.3 21.3 34.5
C30 Sealed 17.1 214 395
Cube C40 Dry 25.1 31.0 45.4
compressive Sealed 27.0 32.0 48.5
strength C50 Dry 34.0 40.6 55.0
(MPa) Sealed 36.5 42.0 56.5
Dry 44.0 53.0 63.0
€60 Sealed 465 59.4 68.0
Dry 2.2 3.7 4.3
C30 Sealed 24 41 44
Splitting C40 Dry 2.5 4.1 47
tensile Sealed 2.7 42 4.7
strength C50 Dry 2.9 44 5.0
(MPa) Sealed 3.1 45 5.1
Dry 3.4 4.7 5.4
Ce0 Sealed 35 49 5.6
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Table 3. Cont.

Basic Concrete Curing Age (Days)
Properties Strength Condition 3 7 28
Dry 1.6 1.7 2.9
€30 Sealed 1.7 2.0 29
Static C40 Dry 1.8 21 3.0
modulus of Sealed 1.6 2.2 3.0
elasticity C50 Dry 2.0 2.3 3.1
(x10* MPa) Sealed 2.1 24 3.2
Dry 2.5 2.5 3.2
60 Sealed 24 26 34

3.3. Concrete Internal Humidity and Shrinkage

The molds used to form the specimens discussed in this chapter were composed of
Plexiglas. The specimen dimensions were 200 mm x 200 mm X 1000 mm (width, height,
and length). Meanwhile, two pieces of 1 mm-thick Teflon film were placed at the bottom of
the mold to reduce the friction between the bottom of the specimen and the concrete.

The humidity inside the concrete was measured using a humidity sensor with a 3%
accuracy for relative humidity. The humidity sensor is a moisture-sensitive capacitance
type, which comprises polymer film capacitors, such as polystyrene, polyimide, and
caseinate acetate fiber. When the ambient humidity is altered, the dielectric constant of
the moisture-sensitive capacitor changes; thus, its capacitance also changes in proportion
to the relative humidity, from which the change in external humidity can be obtained.
The humidity sensors were placed 100 mm from the top surface of the concrete to test the
humidity changes inside the concrete. To install the humidity sensor inside the concrete, a
PVC pipe with an inner diameter of 20 mm and a thin PVC sheet covering the bottom end
were used. Two rectangular holes were cut close to the bottom of the PVC pipe to allow the
sensors to test the humidity inside the concrete. To prevent fresh concrete from flowing
into the PVC pipe during the pouring process, a thin steel pipe with an outer diameter
of 20 mm was inserted into the PVC pipe before pouring the concrete. The PVC and the
thin steel pipes were inserted 100 mm from the top surface of the mold before the concrete
was poured. When the concrete started to set, the thin steel pipe was pulled out, and the
humidity sensor was inserted into the PVC pipe. To prevent humidity exchange between
the inside of the PVC pipe and the outside environment, the top of the PVC pipe was sealed
with a sealant and a polyethylene film (Figure 1).

RS SR SRR SR EEREEES 1 Humidity sensor
7 S

~Seal gum

Reirg'cement bar
Computer | || &t i lega 20 ety Dol T bt

T .
\ 1000 Teflon film l [ 200 \

1 N 1 1

100
o
k J

R
R J
I3
200

Figure 1. RH test setup for the concrete (all the dimensions are in mm).

To measure the internal humidity and determine pore structure change rule of concrete
under different curing and external environments, two types of concrete curing methods
were designed, namely dry curing and sealed curing. For dry components, the external
humidity was set to 35, 50, and 65%. For the dry curing specimens, after the concrete
was first set and demolded and the installation of humidity sensors, the test began. For
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the sealed curing specimens, immediately after the installation of the moisture sensor, the
whole specimen was sealed on six sides with aluminum foil tape to prevent the exchange
of moisture between the concrete and the outside environment; thus, the humidity change
due to cement hydration was obtained.

To investigate the effect of constraints on the moisture of concrete, unconfined and
confined specimens were used in this study. In the restrained specimens, four reinforcement
bars were placed into four sides of the cross-sections of the restrained specimen to meet
the reinforcement ratio requirements (Figure 1). The modulus of elasticity of the steel bar
was 20.6 x 10* MPa, the yield strength was 400 x 10* MPa, and the ultimate strength
was 580 x 10* MPa. Specific experimental information is tabulated in Table 4 (without
constraints) and Table 5 (with constraints). All the components were tested at a room
temperature of 25 °C. The internal humidity of the concrete test lasted for a total of 28 days.
The internal humidity data of the concrete were automatically read and recorded by a
computer every 0.5 days. Three specimens of each type were evaluated, and the data
analyzed in the following sections were derived from the average of the data obtained from
three specimens under the same test conditions.

Table 4. List of experiments under unconstrained conditions.

No. Concrete Strength External Humidity (%) Curing Condition
C30-35 C30 35 Dry
C30-50 C30 50 Dry
C30-65 C30 65 Dry

C30-Sealed C30 - Sealed
C40-35 C40 35 Dry
C40-50 C40 50 Dry
C40-65 C40 65 Dry

C40-Sealed C40 - Sealed
C50-35 C50 35 Dry
C50-50 C50 50 Dry
C50-65 C50 65 Dry

C50-Sealed C50 - Sealed
C60-35 C60 35 Dry
C60-50 C60 50 Dry
C60-65 C60 65 Dry

C60-Sealed C60 - Sealed

Table 5. List of experiments under constraints.

No Concrete Strength External Reinforcement Curing Reinforcement Bar
) Humidity (%) Ratio (%) Condition Diameter (mm)
C30-65-1 C30 65 1.14 Dry 12
C30-65-3 C30 65 3.24 Dry 20
C30-65-6 C30 65 6.56 Dry 28
C60-65-1 C60 65 1.14 Dry 12
C60-65-3 Co60 65 3.24 Dry 20
C60-65-6 C60 65 6.56 Dry 28

3.4. Pore Structure Test

This study was conducted to test the pore structure parameters of concrete of different
strength classes and different ages (3 days, 7 days, and 28 days) to reveal the relationship
between pore structure and humidity and humidity diffusion coefficient. The pore structure
of concrete specimen blocks can be analyzed using mercury-in-pressure (MIP); thus, some
concrete pore structure parameters, such as porosity, mean pore size, and median pore size
can be obtained.
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For porosity testing, the samples used were obtained from specimens of the same
concrete grade and curing conditions as the specimens tested for internal moisture. When
the test age was attained, the specimen was removed, and the concrete on the specimen was
drilled with a drilling machine. Afterward, the specimen was crushed, and after removing
the coarse aggregate, it was placed in acetone to terminate the cement hydration process.
Before starting the test, the specimens were dried in a high-temperature vacuum (>150 °C)
and placed in a desiccator. The test results are derived from the average of the test results
of the six test samples.

4. Results and Discussion
4.1. Concrete Internal Humidity

Figure 2 demonstrates the change rule of internal humidity with age for all specimens.
Overall, the change in the internal humidity of concrete can be divided into two stages:
Stage I (rapid decline in humidity) mainly occurs in concrete after pouring for 0-8 days.
In this stage, the humidity in the concrete continued to decline rapidly. Stage II (slowly
decreasing humidity) mainly occurred 8-28 days after concrete casting, in which the rate of
decreasing humidity of concrete decreased and eventually stabilized. This phenomenon
can be explained as follows: In the early age of concrete, the water in concrete was rapidly
consumed due to intense hydration. Meanwhile, the drying effect was intense due to the
large gradient of humidity between the interior and exterior of the concrete. Under the
two effects, the internal humidity of concrete decreases rapidly. With the gradual slowing
down of hydration and decrease in the internal and external humidity gradient, the water
consumption rate in the concrete slowed down, and the concrete humidity decreased at a
lower rate and gradually stabilized. Regarding sealed elements, the elements were sealed
with aluminum foil tape. The water inside the component was not exchanged with the
outside environment, and only the hydration of the cement inside the concrete consumed
the water in the concrete. The hydration of high-strength-grade concrete was more intense
due to its lower water—cement ratio. As a result, the rate of decrease of humidity inside
the concrete increased with the increase in cement strength, and at the age of 28 days, the
humidities of C30, C40, C50, and C60 sealed members were 93, 92, 87, and 85%, respectively.

In drying members, in addition to the consumption of water by the hydration of
cement, the drying action also consumes the water inside the concrete, which makes
the humidity of the concrete decrease faster and the final humidity lower. From the
experimental results, the lower the humidity of the external environment, the stronger the
drying effect and the faster the humidity of concrete decreases. Taking C30 concrete as an
example, when the external humidity was 35, 50, and 65%, the internal humidity of the
concrete specimen was 56, 70, and 74%, respectively, at 28 days.

4.2. Concrete Moisture Diffusion Coefficient

The concrete moisture diffusion coefficients for specimens C30-35, C30-50, C30-65,
C40-35, C40-65, C50-35, C50-50, C60-35, C60-50, C60-65, C30-65-1, C30-65-3, C30-65-6,
C60-65-1, C60-65-3, and C60-65-6 can be calculated using Equations (34) and (35), where
Hy, a, b, ¢, and d represent calculation parameters of the humidity value fitting model
(Equation (35)), and it can be obtained from the results of the fitting tests, as shown in
Table 6. In addition, average fitting error is obtained between the experimental and fitted
values of humidity diffusion at each age of the specimens.
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Figure 2. Changes in the internal humidity of concrete: (a) C30; (b) C40; (c) C50; (d) C60.

Table 6. Calculation model parameters.

No. Hj a b c d Average Fitting Error
C30-35 98.7 0.020 8.1 3.8 1.7 1.1%
C30-50 98.5 0.014 7.6 3.5 1.9 0.3%
C30-65 99.0 0.015 16 4.5 2.3 2.1%
C40-35 98.5 0.015 8.5 3.0 2.0 0.9%
C40-50 98.5 0.010 16.0 3.6 2.4 4.6%
C40-65 98.6 0.013 21.0 35 2.6 6.5%
C50-35 99.1 0.005 40.0 4.0 2.8 1.4%
C50-50 98.5 0.008 18.0 3.8 2.6 0.7%
C50-65 98.6 0.009 20.0 3.5 2.7 4.1%
C60-35 98.8 0.010 15.0 2.5 2.6 2.9%
C60-50 99.4 0.012 15.0 3.0 2.6 3.1%
C60-65 99.6 0.015 15.0 3.2 2.6 5.2%

C30-65-1 98.5 0.011 15.0 6.0 2.3 6.2%
C30-65-3 99.4 0.010 19.0 6.0 2.3 4.2%
C30-65-6 99.5 0.011 25.0 6.0 2.3 2.2%
C60-65-1 98.5 0.016 10.0 3.0 2.3 0.05%
C60-65-3 99.0 0.016 12.0 4.0 2.3 2.9%
C60-65-6 99.0 0.015 13.0 5.0 2.3 5.6%

Figure 3 shows the variation rule of the moisture diffusion coefficient of concrete with
age under different external environments and strength grades. The test results reveal
that the moisture diffusion coefficient of concrete changes with age. Its age-based change
rule can be divided into three stages. Stage I (rapid decline stage of diffusion coefficient):
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After going through the stage of 100% humidity in the previous period, the humidity of the
concrete starts to decrease rapidly, which is from 0 days to 1 day after the concrete cures,
during which the humidity diffusion coefficient of the concrete rapidly decreases. Stage
II (slow decline stage): this period occurs from 1 day to 8 days after concrete placement.
Stage III (stabilization stage): when the age of concrete exceeds 8 days, the change of
concrete humidity diffusion coefficient is no longer significant for both ordinary and
high-strength concrete.
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Figure 3. Development of the moisture diffusion coefficient of concrete with age: (a) C30; (b) C40;
(c) C50; (d) C60.

The external humidity environment has a significant effect on the moisture diffusion
coefficient of concrete. When the external humidity of concrete is lower, the moisture
diffusion coefficient of concrete is higher. Taking C30 concrete as an example, at the
age of 3 days, the humidity diffusion coefficient of concrete in a 35% external humidity
environment is 110.5 mm?/h. With the increase in external humidity to 50% and 65%,
the humidity diffusion coefficient decreases to 68.9 mm?/h and 53.8 mm?2/h, which is a
decrease of 41.6 mm? /h and 56.7 mm? /h, respectively. This phenomenon occurs because
when the concrete is poured, the internal humidity is significantly higher than the external
humidity, and the lower the external humidity, the more significant the drying effect, which
is reflected in the diffusion coefficient, and the higher the diffusion coefficient value. As can
be seen in Figure 4, there is a linear relationship between the moisture diffusion coefficient
of concrete and the external humidity. However, there are differences in the ratio between
them at different strength classes as well as at different ages. In general, the effect of external
humidity on the humidity diffusion coefficient decreases with age and concrete strength.
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Figure 4. Relationship between moisture diffusion coefficient and external humidity: (a) C30; (b)
C40; (c) C50; (d) C60.

Figure 5 shows the moisture diffusion coefficients of C30, C40, C50, and C60 concrete
for different humidity conditions to elucidate the relationship between the moisture diffu-
sion coefficient of concrete and its internal humidity. Noticeably, a satisfactory correlation
exists between the humidity diffusion coefficient of concrete and the relative humidity
inside the concrete. The moisture diffusion coefficient of concrete gradually decreases
when the humidity decreases. The development of the moisture diffusion coefficient of
concrete with humidity can be approximately divided into three stages. When the RH is
>95%, the diffusion coefficient decreases rapidly. When the RH is 80-95%, the diffusion
coefficient decreases slowly. When the RH is <80%, the reduction rate in the humidity
diffusion coefficient decreases significantly. This humidity diffusion coefficient change rule
can be explained as follows: when the humidity is >95%, the water content of concrete is
higher; meanwhile, the water inside the concrete is mainly liquid water. The diffusion of
internal water is also dominated by the evaporation and flow of liquid water, which leads
to a higher humidity diffusion coefficient. When the RH is within 80-95%, the water in the
concrete changes from mainly liquid water to the liquid water-gaseous water state. During
water diffusion, the proportion of gaseous water diffusion gradually increases, which leads
to a decrease in the moisture diffusion coefficient. When the RH is <80%, the water in
the concrete mainly exists in the gaseous state, and the water content is further decreased,
which immensely lowers the value of the diffusion coefficient.
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Figure 5. Development of diffusion coefficients of drying components at different internal humidities:
(@) C30; (b) C40; (c) C50; (d) C60.

After obtaining the moisture diffusion coefficient of the concrete, the internal moisture
can be calculated using Equation (29). In this study, the humidity in the middle of the spec-
imen was determined. Therefore, x = 100 when calculating the internal moisture. Figures 6
and 7 depict the calculated results of the internal humidity of concrete using Equation (29)
as compared to the test results. Notably, these test results refer to the results obtained by
subtracting the decrease in humidity due to cement hydration (i.e., the humidity test results
of the sealed curing specimens) from the humidity test results of the dry specimens. The
comparison results reveal that the calculated models are largely consistent with the test
results. The average error over the whole age period was approximately 5%. However,
while the computational method has better predictions overall, the overall predictions
are not sufficient for earlier ages (up to 2 days). The aforementioned may be related to
the distortion of the model, which is attributable to the insufficient understanding of the
internal humidity of early-age concrete and the selection of the error function. However, the
model can generally predict the internal humidity of concrete satisfactorily, and the error
results in an amplification of the internal gradient of concrete due to diffusion; thus, the
calculation of concrete shrinkage and shrinkage cracking by the humidity is conservative.
Therefore, this type of error is deemed acceptable.
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Figure 6. Cont.

38

Relative Humidity (%) Relative Humidity (%)

elative Humidity (%)

)
N

R

100 T T T T T
90
80 -
701 “a - C40-65-test
— C40-65-fit
G0 -om dcoensdrnnsassiensasmsbnssnsisnsnssbosssersbios S i
50 .
40 T T T T
0 5 10 15 20 25 28
Age (days)
(b)
100 — T T T T
Tam
l Hklrlr.rrtnll!!__f . 1
80 J
70 = C60-65-test
C60-65-fit
60 i
50+ 4
40 T T T T T
0 5 10 15 20 25 28
Age (days)
(d)
100 T T T T T
gV
90 + .
80
707 = C40-50-test
—— C40-50-fit
60_. ...... e N — -
50+ =
40 T T T




Buildings 2023, 13, 2421

Relative Humidity (%)

elative Humidity (%)

)
N

R

Relative Humidity (%)

100 T T . . T
00 \\.k_
\l"."f.,l" |
80 - m“’ll—IJ,‘
L = C50-50-test
—— C50-50-fit
60 e B . i -
50 E
40 T T T T T
0 5 10 15 20 25 28
Age (days)
(8)
100 T T . T .
90 \= ! ]
\ \\\
80 LY d
\\\‘_
70 m o 1
7’7."7.«.1/.1
il I = C30-35-test |
50 —— C30-35-fit
40 T T T T T
0 5 10 15 20 25 28
Age (days)
)
100 = T
L
90 4

- m"'*"r\Lll

707 “aC50-35-test
— C50-35-fit
50 4
40 T T T T T
0 5 10 15 20 25 28
Age (days)
(k)

Relative Humidity (%)

elative Humidity (%)

)
N

R

Relative Humidity (%)

100

80 1
704 —u— C60-50-test
) —— C60-50-fit
50 ]
40 . ' ' ' '
Age (days)
(h)
100 : ' ' ' '
90 ]
80 & ’ ]
.ml!g- =
70, i -"'\.—Iikt—
G0 e CA0=35<test
C40-35-fit
50 1 {
40 ' ' ' ' '
o 5 10 15 20 25 28
Age (days)
)
oy
90 \ T |
- s L
70 m T C60-35-test
——— C60-35-fit
0. T e S
504 ]
40 - ' ' / '

10 15 20 25 28
Age (days)
O

Figure 6. Comparison of calculated and actual internal humidity values of concrete without constraint
conditions: (a) C30-65; (b) C40-65; (c) C50-65; (d) C60-65; (e) C30-50; (f) C40-50; (g) C50-50; (h) C60-50;

(i) C30-35; (j) C40-35; (k) C50-35; (1) C60-35.
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Figure 7. Comparison of calculated and actual internal humidity values of concrete under constraint
conditions: (a) C30-65-1; (b) C30-65-3; (c) C30-65-6; (d) C60-65-1; (e) C60-65-3; (f) C60-65-6.

4.3. Effect of Concrete Strength on Moisture Diffusion Coefficient

The effect of different concrete strengths on the diffusion coefficient of humidity for the
same external ambient humidity condition is depicted in Figure 8. The diffusion coefficient
versus time curves for different concrete strengths under the same external humidity
conditions reveal that when the concrete strength is higher, the diffusion coefficient under
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300

Diffusion Coefficient (mm?h)

the same external humidity conditions is lower. In the early concrete-formation stage, this
difference is quite apparent. This phenomenon is explained below.
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Figure 8. Effect of different concrete strengths on the humidity diffusion coefficient for the same
external ambient humidity: (a) RH = 35%; (b) RH = 50%; (c) RH = 65%.

4.4. Effect of Pore Structure on the Moisture Diffusion Coefficient of Concrete

The pore structure parameters were determined via a mercury pressure test. The
distribution of the microporous structure and pore characterization parameters for each
type of specimen at different ages is depicted in Table 7. The table indicates that in the same
specimen, the pore structure parameters of concrete decrease with age. For example, the
average pore diameter, middle pore diameter, critical diameter, and porosity of the C30-65
specimen obtained at 3 days were 24.45 nm, 65.17 nm, 61.79 nm, and 22.52%, respectively,
which were 5.1 nm, 26.13 nm, 21.29 nm, and 6.20% higher than those at 28 days, respectively.
This phenomenon can be explained as follows: with age, the hydration of cement continues
to develop, and the hydration products gradually fill the voids in the concrete. Meanwhile,
according to capillary tension theory, due to the consumption of water, capillary stress
will be generated on the pore walls in the concrete. Under the action of capillary stress,
the distance between concrete pore walls and micro-cracks decreases, which significantly
contributes to the decrease in pore structure parameters.
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Table 7. Pore characteristic parameters of specimens.

Average Pore Median Pore Critical
Age (Days) verag . Diameter of Porosity (%) D (mm?/h)
Diameter (nm) Diameter (nm) .
Capillary (nm)

3 24.45 65.17 61.79 22.52 13.21

C30-65 7 21.94 46.13 52.30 20.32 10.24
28 19.30 39.04 40.50 16.32 14.92

3 26.20 76.10 74.12 25.54 12.96

C30-65-1 7 24.39 52.88 59.49 24.31 11.75
28 20.58 45.25 52.34 19.21 13.19

3 30.17 82.02 79.03 27.56 11.22

C30-65-3 7 27.41 64.04 66.60 25.64 11.34
28 23.42 59.51 55.07 21.61 15.45

3 32.26 93.27 89.82 29.97 8.88

C30-65-6 7 29.53 78.76 75.43 27.75 13.72
28 26.35 64.83 62.46 23.84 16.31

3 21.35 53.61 4413 21.52 10.08

C60-65 7 17.41 36.53 29.55 18.47 17.80
28 13.50 30.19 21.23 13.94 28.67

3 24.87 57.81 53.65 24.83 13.30

C60-65-1 7 22.28 43.07 33.95 21.13 20.58
28 17.14 36.83 26.78 17.74 17.25

3 27.85 66.13 57.29 25.94 11.89

C60-65-3 7 24.75 51.46 37.99 22.88 17.49
28 19.10 39.23 31.00 19.01 19.84

3 30.01 80.45 68.58 27.92 7.88

C60-65-6 7 27.20 59.36 46.34 25.15 8.59
28 19.90 45.04 38.91 21.41 12.69

Figure 9 shows the relationship between reinforcement rate and pore structure param-
eters of concrete at 28 days. Noticeably, the pore structure parameters of concrete increase
as the reinforcement ratio increases in concrete specimens of the same strength class. For
example, the porosity of the C30-65 (p = 0%) concrete specimen at 28 days was 2.89, 5.29,
and 7.52% lower than that of C30-65-1 (o = 0%), C30-65-3 (p = 0%), and C30-65-6 (o = 0%),
respectively. This phenomenon was also observed in other pore structure parameters
as well as in the specimens of the C60 group. This phenomenon is mainly due to the
reinforcement hindering the reduction of the pore structure parameters of the concrete due
to capillary pore stresses. At 3 days and 7 days of age, the above laws still hold.

When capillary pore stresses are generated in the internal pore walls of concrete due
to water loss, the capillary stresses will result in a reduction in the pore wall size. In the
restrained specimen, both the capillary stress and the restrained tensile stress generated by
the reinforcement act on the pore wall due to the restraining effect of the reinforcement. The
stress generated by concrete (g, ) in the restrained specimen can be expressed as follows:

_E( -2 2y
Osh—x = Es + EreP a0 + kp (36)

where oy, is the combined capillary pore stress acting on the pore wall, Es is the modulus
of elasticity of concrete, E,. is the modulus of elasticity of steel reinforcement, p is the rein-
forcement ratio, y is the Poisson’s ratio of concrete, and a and vy are calculation parameters.
The above equation shows that the confining stress of the reinforcement increases with
the increase in the reinforcement ratio. In this case, it will decrease the stress ensemble
acting on the pore walls of the concrete. This indicates that the extent of decrease in the
pore structure parameters of the concrete due to the action of capillary stresses decreases as
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the reinforcement ratio increases. This agrees with the experimental results that indicate
that the pore structure size of the specimens increases with increasing reinforcement rate.
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Figure 9. Relationship between reinforcement ratio and pore structure parameters at 28 days: (a) C30;

Figure 10 shows the relationship between the concrete pore structure parameters
and the humidity diffusion coefficient, indicating that the humidity diffusion coefficient
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Figure 10. Relationship between concrete pore structure parameters and humidity diffusion coeffi-

cient: (a) C30; (b) C60.

Because pores are the main channel for moisture diffusion in concrete, when the
constraint affects the pore structure of concrete, it also affects its moisture diffusion capacity.
Figure 11 shows the effect of different constraints (reinforcement ratio) on the moisture
diffusion coefficient for the same external ambient humidity and concrete strength. The
curve of the moisture diffusion coefficient of concrete with time shows that the higher the
internal constraint of concrete, the higher the moisture diffusion coefficient of concrete at
the same moment. Taking C30 concrete as an example, the moisture diffusion coefficient
of the C30-65 (p = 0%) specimen at the age of 3 days was lower than that of C30-65-1
(0 = 1.14%), C30-65-3 (p = 3.24%), and C30-65-3 (o = 6.56%) by 5.80 mm?/h, 34.05 mm?/h,

and 51.13 mm? /h, respectively.
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Figure 11. Relationship between constraint conditions and diffusion coefficients: (a) C30; (b) C60.

5. Conclusions

In this study, a method for calculating the internal humidity of concrete using the

concrete humidity diffusion coefficient was theoretically derived. The internal humidity,
pore structure parameters, and mechanical properties of concrete under different strength
classes, curing conditions, and constraints were tested. The test results were used to
investigate the influence laws of these conditions on the concrete humidity and humidity
diffusion coefficient.

The following conclusions can be drawn from the results:

The internal humidity of concrete varies with age. As the age increases, the internal
humidity of concrete decreases and gradually stabilizes. Due to more intense hydra-
tion, the internal humidity of high-strength concrete decreases more rapidly under
sealed conditions. The internal humidity of specimens under dry conditions decreases
faster than that of sealed specimens due to the drying effect. For the same concrete
strength class, the lower the external humidity and the higher the reinforcement rate,
the faster the internal humidity of the concrete decreases.

The moisture diffusion coefficient of concrete can be divided into a rapid decline phase
(0-1 day), a slow decline phase (1-8 days), and a stabilization phase (after 8 days) as
the age increases. Due to the existence of a humidity gradient, the lower the external
environmental humidity, the higher the humidity diffusion coefficient of concrete for
the same concrete strength class and reinforcement ratio, and the two exhibit a linear
relationship. With the increase in age and concrete strength, the influence of external
humidity on the humidity diffusion coefficient of concrete weakens. Meanwhile,
along with the gradual decrease in the internal humidity of concrete, the humidity
diffusion coefficient of concrete also gradually decreases, and it is more difficult for
the water in concrete to be transmitted to the external environment.

At the same age, high-strength concrete has smaller pore structure parameters, which
makes transporting water in high-strength concrete difficult. As a result, the moisture
diffusion coefficient of concrete decreases as the concrete strength class increases for
the same external humidity and reinforcement ratio. The method proposed in this
study for calculating the internal humidity of concrete using the humidity diffusion
coefficient is accurate.

Reinforcing bars create confining tensile stresses inside the concrete, which changes
the pore structure inside the concrete. For the same concrete strength, the higher the
reinforcement rate, the larger the pore structure parameters of concrete (average pore
diameter, median pore diameter, critical diameter of capillary, and porosity). Because
the pore structure is the main transport channel for water in concrete, the higher the
reinforcement ratio, the greater the moisture diffusion coefficient of the concrete and
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the faster the moisture in the concrete decreases for the same external humidity and
concrete strength.
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Abstract: Most semi-circular bend (SCB) tests on concrete have been conducted with a pre-crack with
a straight-through tip, thereby undermining the determination of the tensile fracture toughness (Kp.).
Therefore, the present study involved mixed-mode (tensile-shearing) fracture propagation in concrete
semi-circular chevron-notched disks (i.e., with a sharp notch tip) using SCB tests and the FRANC2D
numerical simulation software. The inclined notch angle (8) was varied from 0° to 70° while the
other settings remained fixed, and the crack mouth opening displacement (CMOD) of the notch was
measured constantly. The stress distribution was analyzed using finite-element simulations, and the
experimental results showed that this testing method was robust. The maximum failure load and
the fracture propagation angle increased with f, and wing fracture was observed. With FRANC2D
simulating these SCB tests successfully, it was found that the tensile stress concentration around
the notch tip moved toward the upper face of the notch, and the compressive stress concentration
formed on the notch tip. The tensile mode was generated as the CMOD kept increasing for § = 0-30°,
whereas the mixed mode became more evident as the CMOD kept decreasing for g = 45-70°. The
fracture process zone was found for = 0-30° but not for g = 45-70°. This mixed-mode fracture is
predicted better by the criterion of extended maximum tangential strain than by other criteria, and
there is a linear relationship between CMOD and K}, as examined previously for pavement and
concrete materials.

Keywords: SCB test; concrete SCCND; FRANC2D; mixed-mode fracture; fracturing angle; CMOD;
fracture toughness

1. Introduction

Brittle materials such as glass, rock, and concrete are essential construction materials
in civil engineering. Because their mechanical properties raise concerns about the safety of
designs in structural and geotechnical engineering, such materials have long been investi-
gated. Initially, because of the success of applying linear elastic theory to ductile materials,
the stress—strain constitutive relationship of brittle materials was treated as a linear elas-
tic without deeply investigating the heterogeneity induced by pre-existing fractures and
cracks. Compared to ductile materials, the mechanical properties of brittle materials were
less well-known and understood in terms of irreversible strain resulting from material
fracturing [1]. From a microscale perspective, crack propagation in rock and concrete is a
process of atomic decohesion caused by mechanical instability [2]. Because of cyclic loading
or environmental conditions, material cracks can be generated during manufacturing and
construction. Cracked concrete and rock have posed dangers to and shortened the life
spans of many civil infrastructures, so more research is justified to accurately characterize
the mechanical performance of such materials under fracturing conditions.

The first to investigate brittle materials at the macroscale was Griffith [3], who devel-
oped the theory of energy decohesion in fracture mechanics based on the strain energy
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release rate during crack propagation. In 1939, Weibull introduced the statistical distri-
bution of initial defects and gave a failure model as a function of stress and volume [4].
Since then, various models of quasi-brittle materials have been established based on initial
micro-defects [2]. Meanwhile, Barenblatt [5] and Dugdale [6] devoted their efforts to inte-
grating cohesive forces in the crack tip region within the limitations of the elastic theory.
Because the stress conditions near the cracking area vary significantly after crack initiation,
cracking patterns are crucial for analyzing fracturing in concrete and rock. According to
the theory of linear elastic fracture mechanics, the cracking process begins if the critical
stress intensity factor (SIF)—well known as the fracture toughness (K.)—is reached (K >
K¢). The SIF (K) can be quantified based on the fracture mode near the cracking region, the
crack inclination angle, and the crack geometry. Figure 1A shows that crack propagation
varies with crack geometry (e.g., elliptical or with zero opening width) and orientation
(differing inclination angle). Also, based on the stress conditions around the crack and the
crack surface displacement [4,7,8]. There are three fundamental fracture modes: tensile
(mode I), shearing (mode II), and tearing (mode III). As shown schematically in Figure 1B,
mode I is a tensile mode that involves the two cracking faces separating along the y—axis
perpendicular to the x—z plane, mode II is a shearing mode that involves the two cracking
faces in the x—z plane sliding in parallel along the x—axis, and mode Ill is a tearing mode
that involves the two cracking faces in the x—z plane sliding along the z—axis.
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Figure 1. Influential factors for stress intensity factor (SIF): (A) examples of crack geometry and

orientation; (B) three fundamental fracture modes.

Several theories have been established to elucidate the fracturing behavior, including
the maximum strain energy release rate criterion (G criterion), the minimum strain energy
density criterion (S criterion), the maximum principal stress/strain criterion, the maximum
tangential stress (MTS) criterion, and other empirical criteria [4,7]. Compared to principal-
stress-based criteria that are applicable only to mode I, energy-based criteria are more
suitable for mode II because they can consider shear-stress—strain behavior rather than
just principal stress [9]. However, Bocca, et al. [10] noted that neither the G criterion nor
the S criterion could be applied straightforwardly for a mixed mode (tensile-shearing).
Therefore, Sih [11] and Shen and Stephansson [12] established the modified G criterion, also
known as the F criterion, which is a general form of the G criterion considering both modes
I and II. Subsequently, to explain mixed-mode fracturing, Lim and Lee [13] developed
the generalized MTS (GMTS) criterion based on the F criterion, thereby characterizing
K. mathematically for modes I and II (K}, and Kj;.) and enabling K, to be quantified for
mixed-mode fracturing.

Much research effort has gone into studying concrete fracturing behavior thoroughly
under mode-I loading conditions [14]. However, in practice, cracked structures sometimes
experience mixed-mode loading combining modes I and II [15]. Also, Shi [16] noted
that most fracture problems in concrete are mixed-mode ones involving modes I and
II. Therefore, many semi-circular bend (SCB) tests have been conducted under mixed-
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mode loading conditions by applying a straight-through notch to a pre-cracked concrete
specimen [14,17-20]. However, the cracked chevron notched Brazilian disk (CCNBD)
test from rock mechanics shows that a sharp cracking tip contributes to more accurately
quantified fracturing behavior than does a straight-through notch because the cracking-tip
bluntness of the latter undermines the determination of K. [14]. Nevertheless, despite some
previous studies of concrete having tested semi-circular chevron-notched disks (SCCNDs),
SCCND concrete specimens have rarely been investigated under mixed-mode loading
conditions. Therefore, the present study used experimental and numerical methods to
explore mixed-mode (tensile-shearing) concrete crack propagation in SCCND specimens
with different chevron notch angles. The study had five aims: (i) assess whether the
present experiment is reliable and robust for testing concrete; (ii) study how the crack
initiation angle varies with the chevron notch angle; (iii) investigate the crack mouth
opening displacement (CMOD) under mixed-mode fracturing; (iv) analyze fracturing
behavior with K, determined by the GMTS criterion; (v) model the crack propagation
in an SCCND concrete specimen via numerical simulation. The expectation is that via
this series of analyses, the present experimental and numerical work will advance the
understanding of mixed-mode (tensile—shearing) crack propagation in concrete SCCND
specimens with a chevron notch with a sharp cracking tip so that the concrete fracturing
tests can be improved accordingly in any newly updated testing standards in consideration
of chevron notch instead of the straight-through notch.

2. Experimental and Numerical Methods
2.1. Specification of Concrete SCCND

All the specimens were prepared according to ISRM (International Society for Rock
Mechanics) standards. Following the instructions provided by BASF Ltd. of New Zealand,
the concrete samples were fabricated by mixing 20 kg per bag of MasterEmaco N 102 C1
mortar with 3.8-4.0 L of water. Each sample was loaded into a CCNBD mold and then
removed after initial concrete curing for four days; note that molding is always better
than cutting for generating the chevron notch because the concrete aggregates around
the chevron notch lead to poor cutting performance. After curing for 28 days, Young’s
elastic modulus (E) and the compressive strength reached 10 GPa and 25 MPa, respectively,
with a Poisson’s ratio (v) of 0.2 [21]. Each CCNBD specimen was split precisely into two
equivalent SCCND specimens using a diamond saw.

An SCCND specimen with a chevron notch therein is illustrated in Figure 2A. Its radius
(R) was 51.5 mm, its thickness (B) was 30 mm, the chevron notch thickness (T) was 2 mm,
the chevron notch angle (8) was 0°, 30°, 45°, 60°, or 70°, the inner chevron notch length (ag)
was 12.5 mm, the outer chevron notch length (a;) was 23 mm, the chevron notch length
(a) was between ag and a1, and the manufacturing standard deviation (STD = £1 mm) was
determined using a caliper. As shown in Figure 2B-D, there were three testing groups:
group 1 had  =0° and 30°, group 2 had § =0°, 30°, 45°, and 70°, and group 3 had  =0°,
30°, 45°, and 60°. Because each CCNBD specimen provided two SCCND specimens, each
SCB test could be repeated twice for each value of S.
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Figure 2. Concrete semi-circular chevron-notched disk (SCCND) specimens with various chevron
notch angles (B): (A) schematic of SCCND specimen and chevron notch therein; (B) testing group 1
(B =0°,30°); (C) testing group 2 (B = 0°, 30°, 45°, 70°); (D) testing group 3 (B = 0°, 30°, 45°, 60°).

2.2. SCB Tests for Concrete SCCND

The SCB test is shown schematically in Figure 3A. It is a three-point bending test with
two symmetrical rollers supporting an SCCND specimen when applying a compressive
top load P. The ISRM standards suggest that the span between the two rollers (25) should
be such that 0.5 < S/R < 0.8 [22], and they recommend S/R = 0.6 for rock SCCND tests
(§ =30 mm) and S/R = 0.8 for concrete ones (S = 41.5 mm). Figure 3B shows a universal
loading machine (Instron model 4505) with a three-point bend loading frame (i.e., flexural
bend fixture). This machine was equipped with a 100-kN load cell, and the hydraulic servo-
control testing system was controlled by the Bluehill 3 software. The vertical displacement
was measured using a flexural bend fixture with a 100-mm length scale installed in the
Instron loading frame. This loading frame applied the top load P along the SCCND central
axis by a top roller. Note that mislocating this roller could lead to eccentric loading, so
according to ISRM standards, the test specimen should be covered with strips of adhesive
paper for better contact with the top roller [22]; alternatively, a potentially better solution
is a loading plate, as shown in Figure 3C. The loading condition was controlled in the
range of 0.06-0.1 kN (depending on the practical situation) to achieve a displacement rate
of 0.025 mm/min, which was computer-controlled by the software Bluehill 3 of Instron
model 4505. This loading setting ensured the quasi-static loading conditions and avoided
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any possible loading-induced mechanical impact by setting an irrationally fixed loading
rate. Meanwhile, the two bottom rollers allowed the two segments of a cracked SCCND to
rotate around them during a fracturing process.

-

T .
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Figure 3. Semi-circular bend (SCB) test: (A) schematic; (B) photograph of a three-point bend loading
frame (i.e., flexural bend fixture); (C) measurement of crack mouth opening displacement (CMOD).

Figure 3C shows the CMOD measurement in the case of the alternative top-loading
method. The CMOD was measured using a crack opening displacement (COD) transducer
(Instron model 2670-116) that had a clip gauge attached to the surfaces of the two segments
of an SCCND by a binding agent (Loctite 454 instant adhesive). The gap of the clip
gauge was initially set to 10 mm and then expanded with subsequent fracturing; thus,
the transducer constantly detected the displacement of the clip gauge, which was equal
to the CMOD. Also, to investigate the relationship between the chevron-notch angle and
the subsequent fracturing angle, all cracking angles were measured using a protractor.
Each SCCND specimen was tested following the testing procedure recommended in the
ISRM standards [22]. Each test continued until a loading-induced failure occurred, and the
failure load (Pmax), vertical displacement, and CMOD were recorded continually using a
computerized data logger to quantify the fracturing behavior.

2.3. Numerical Simulation of SCB Tests

As mentioned above, an SCB test provides three designated variables at the testing
scale but cannot detect the stress distribution in an SCCND specimen. Therefore, numerical
simulations based on the finite-element method (FEM) were carried out to replicate the
present SCB tests under the same testing conditions while also studying the stress dis-
tribution in the concrete SCCND. Initially developed by Wawrzynek and Ingraffea [23]
at Cornell University, the FRANC2D (Fracture Analysis Code 2D) software was used to
conduct these numerical simulations. FRANC2D integrates FEM analysis with fracture
mechanics to provide versatile functionalities, including automatic mesh generation, a
topological database for local re-meshing [24], elastic analysis with stress singularity [24],
computer graphics, and finite-element post-processing [23]. Therefore, academics working
on solid and rock mechanics have used FRANC2D extensively over the past two decades
to model mixed-mode (tensile-shearing) fracturing [14,25-27].

In the FRANC2D numerical models, the quasi-2D SCB tests were treated as a plane
stress problem, as shown in Figure 4. Consequently, the specimen geometry simulated
by FRANC2D was the same 2D geometry as that in the actual SCB tests regarding the
specimen radius (R), the half-span of the flexural bend fixture (S), the chevron notch length
(a), the chevron notch thickness (T), and the chevron notch angle (), and the specimen
with this geometry was assumed to be a continuous, isotropic, and homogeneous elastic
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specimen. The SCCND material properties were set as E = 10 GPa and v = 0.2 to replicate
the aforementioned concrete [21]. Each simulated specimen was meshed using the CASCA
automatic mesh generator before the three-point loading simulation (see Figure 4); the
mesh resolution at the semi-circular top boundary and the straight-edged bottom boundary
was ca. 50 elements, while there were ca. 30 elements around the chevron notch in each
simulated SCCND, based on the previous simulating experience using FRANC2D for
similar concrete specimens [14]. In Figure 4, the segments on either side of the chevron
notch are designated as the “upper face” (left) and the “lower face” (right), and the top end
of the chevron notch is the cracking “tip” where the fracture is initiated.

P

Figure 4. Simulation setup of SCB test in FRANC2D (left) and mesh geometry by CASCA (right).

In each FRANC2D simulation, kinematic constraints were applied simultaneously
to the SCCND specimen at its top, bottom left, and bottom right to fix it in the x and y
directions. The three-point bending load in an SCB test was simulated as a uniformly
distributed load within an infinitesimal length in the actual 3D space, which could be seen
as a point-wised load in a quasi-2D plane. Also, the maximum top load along the central
axis and on the two symmetrical supports under the specimen was the failure load obtained
from the actual SCB test. The loading conditions were modelled under the quasi-static
loading conditions, replicating the practical SCB tests mentioned above. For § = 0° and 30°,
the cohesive fracture model was applied because of the occurrence of only the tensile mode
(type I). For the other values of § at which the tensile-shearing mixed mode (types I and II)
occurred, automatic noncohesive fracture propagation was implemented in the FRANC2D
program to model the fracture propagation accurately.

Before fracture was initiated, contour plots of the tensile and shear stresses were
produced to show the stress distributions in the 2D specimens simulated by FRANC2D.
In addition, the normal and shear stress distributions on the upper and lower faces were
plotted along position lines using “line plot” in the “post-process” option of FRANC2D.
After the simulations, the simulation outputs for the fracture propagation were compared
with snapshots of the actual fracture propagations in the SCB tests. These model outcomes
could be used to analyze the fracture initiation and propagation, the stress distribution in
the SCCND specimen, and the fracturing behavior under mixed-mode loading (8 = 0-70°).
Therefore, FRANC2D is a useful and powerful software for fracture analysis to aid the
standard and modified SCB tests for brittle materials, including glass, rock, and concrete.

2.4. Methods for Fracture Analysis

To analyze the fracture propagation for various values of § in the range of 0-70°, the
GMTS criterion was selected to determine K for the mixed mode (types I and II). Then,
K could be given separately as the tensile SIF (K;) for mode I and the shear SIF (Kj;) for
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mode II [28,29]. For compatibility with the geometry of an SCCND specimen, Kuruppu
and Chong [30] modified the GMTS criterion based on the ISRM standards to obtain
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where Y] and Y} are the nondimensional SIFs for modes I and II, respectively, depending
on B, S/R, and a/R, and the variables are as follows: Pmay is the failure load applied
along the central axis of the SCCND specimen; a is the length of the chevron notch in the
specimen; S is the half-span of the symmetric supports (i.e., flexural bend fixture) under
the specimen; R is the specimen radius; B is the specimen thickness. The relationships
between these nondimensional SIFs (Y; and Y7;) and the three parameters 8, S/R, and a/R
have been given by Ayatollahi and Aliha [31]. In Figure 5, Y7 and Y}; were determined
using interpolation between the settings of a/R = 0.4 and 0.5 for the same S/R = 0.8 from
the comprehensive datasets for Y; and Y} provided by Ayatollahi and Aliha [31] and Luo,
et al. [21], who numerically explored a series of SCB test settings in ranges including those
of the present concrete SCCND specimens (i.e., = 0-70°, S/R = 41.5 mm =- 51.5 mm = 0.8,
and a/R =23 mm + 51.5 mm = 0.45).
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Figure 5. Variations of Y; and Y with § = 0-70° for S/R = 0.8 and a/R = 0.45; Y] and Y were

calculated using interpolation between the settings of 4/R = 0.4 and 0.5 for the same S/R = 0.8 from
the comprehensive datasets for Y7 and Y provided by Ayatollahi and Aliha [31].

The critical SIF (K.) of a brittle material—usually called the fracture toughness—is also
characterized by the energy per unit area required to create new crack surfaces, thereby
propagating a crack through the material, and it has been identified as the fundamental
parameter for understanding the behavior of fractures [32]. K. reflects the ability of a
material to absorb energy, and it is usually determined under impact loading conditions in
the presence of a chevron notch, such as in CCNBD and SCB tests. Mixed-mode (tensile—
shearing) fracturing can be provided by varying  within the range of 0-90° [33] and the
ratios a/R and S/R [28]. In the present work, the mode-I fracture toughness K. is given as

YIC/ (3)
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where Y, is the nondimensional SIF derived under plane stress conditions in a series of
FEM analyses by Kuruppu, et al. [22].
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Furthermore, based on the weight-function method developed by Adamson, et al. [34],
Mubaraki and Sallam [35] gave the relationship between the CMOD and K; as

CMOD-E’? =k-K;+b, ®)
where the variables are as follows: E’ is the generalized Young’s elastic modulus of a brittle
material, which is equal to E for plane stress and E/(1 — v?) for plane strain, where v is the
Poisson’s ratio of the material; R is the radius of the SCCND specimen; a is the length of
the chevron notch; k and b are fitting parameters. Whether this linear relationship is valid
for a concrete SCCND specimen was also investigated with the experimental measurement

of the CMOD and the calculated K.

3. Results and Discussion
3.1. Maximum Failure Load

The values of Pmax on the concrete SCCND specimens were obtained from the SCB
tests by following the aforementioned experimental method; they are summarized in
Table 1, and the mean values and standard deviations (STD) of Pmax are plotted in Figure 6.
As can be seen, the Prnax STD changes little with p, thereby showing the reliability and
robustness of the present SCB tests. In contrast, Pmax clearly increases with increasing S,
and the reason for this could be that higher shear stress occurs with higher  (45-70°). An
example that could explain this situation is that the normal stress (tensile and compressive)
applied on the chevron notch tip may effectively serve as shear stress along the original
plane of the chevron notch between the upper and lower faces. Meanwhile, almost no shear
stress acts on the chevron notch for g = 0-30° because now the normal stress serves mainly
as tensile stress along the original plane of the chevron notch between the upper and lower
faces. Consequently, there is a lower value of Pyax for = 0-30° compared to that for
B =45-70°. The inconsistency of Pmax > 1.11 kN for = 60° while Ppax < 0.98 kN for g = 70°
might have one or more causes, including human operating error, the eccentricity of the top
loading point, local heterogeneity in the concrete specimens (the embedded fine and coarse
aggregates), the mechanical tests being quasi-2D (actually 3D with a thickness B = 30 mm).
On the other hand, it might additionally be attributed to Pmax almost approaching its
maximum value when f reaches ca. 60-70°; meanwhile, the sensitivity of § variation was
already within the testing and measuring precision.

Table 1. Maximum failure load (Pmax) on concrete SCCND specimens manufactured by splitting
each CCNBD specimen equally into first and second half CCNBD specimens.

B Prmax [kN] Group 1 Group 2 Group 3 Mean STD
First half CCNBD 0.687 0.211 0.529
0° 0.483 0.232
Second half CCNBD 0.767 0.141 0.563
First half CCNBD 0.663 0.520 0.193
30° 0.571 0.182
Second half CCNBD 0.746 0.670 0.632
First half CCNBD - 0.740 0.888
45° 0.867 0.098
Second half CCNBD - 0.830 1.010
First half CCNBD - - 1.011
60° 1.112 0.101
Second half CCNBD - - 1.213
First half CCNBD - 1.185 -
70° 0.983 0.203
Second half CCNBD - 0.780 -
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Figure 6. Variations of mean value and standard deviation of Pmax with B.

3.2. Chevron-Notch and Fracturing Angles

After the SCB tests, the three testing groups of the prepared SCCND specimens
in Figure 2B-D were cracked, as shown in Figure 7A-C, respectively. As well as the
prefabricated chevron notch angles (B), the fracture propagation angles (6) were also
measured using a protractor and are summarized in Table 2.

Figure 7. Tested SCCNDs: (A) testing group 1; (B) testing group 2; (C) testing group 3.
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Table 2. Values of B and 6 for all three testing groups.

Fracture Propagation Angle (0)

A Group 1 Group 2 Group 3 Mean STD
0° 0-10° 0-5° 2-5° 4° 3°
30° 30-45° 55-68° 5-15° 36° 22°
45° - 38-57° 55-65° 54° 10°
60° - - 78-80° 79° 1°
70° - 44-96° 80-96° 79° 21°

To show better the relationship between § and 6, the mean value and STD of the
measured values of 6 are plotted against 8 in Figure 8. From these experimental results, it
is apparent that 6 depends strongly on j given the monotonically increasing relationship
between the mean values of § and 6 shown in Figure 8. For § < 30°, the tensile-stress-
induced fracture propagated at the tip of the chevron notch only and also perpendicular
to the two faces of the SCCND specimen. For > 30°, the original location of fracture
propagation tended to move to the upper face of the chevron notch instead of its tip. In
addition, the fracture propagation deviated from the original notch angle of B, and the
fracture then propagated to the central loading point by following a curvilinear trajectory
(see the demonstrations in Figure 1A and the actual instances in Figure 7B,C). Because
these fracturing patterns look like a wing attached to the tip of the chevron notch, they
are called wing fractures. This type of fracture is caused by both tensile and shear stress
and, therefore, is identified as a mixed-mode (tensile—shearing) fracture. Moreover, note
that based on the criterion of maximum tangential stress, the pure shearing mode (type
II) loading condition could be generated if § > 70.53° [29], but this mode was beyond the
scope of the present study because of selecting 5 from the range of 0-70°.

100
B Mean

80
B Standard deviation ’-/ N

Figure 8. Variations of mean value and standard deviation of 6 with f.

Besides, it is clear to see that the STDs of § = 30° and B = 70° are over 20°, which
is relatively significant to undermine the reliability of SCB tests. However, it is worth
noting that SCB tests on concrete and rock samples always encounter any possible human
operating error, the eccentricity of the top loading point, and local heterogeneity in the
concrete specimens (the embedded fine and coarse aggregates). Such uncertainties could
potentially cause such significant STDs, quantifying their maximum imprecision. In ad-
dition, the ranges of § were provided because each CCNBD can provide two SCCND, as
previously mentioned.

3.3. Stress Distributions in SCCND by FRANC2D

In addition to the mechanical SCB tests, numerical simulations of these tests were
carried out using FRANC2D to show the stress distributions in the concrete SCCND
specimens. This was done because the mechanical tests were incapable of delivering such
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outcomes. As can be seen from Figure 9, a common feature among all the simulated stress
distributions was that there were similar stress concentrations of compression (highlighted
in orange) in the regions adjacent to the three loading points of the SCB tests. In addition,
the stress distributions close to those three regions were more prone to compression,
whereas those farther away were more tensile (highlighted in white).

(A) (B)

© (D)

(E)

Figure 9. Numerically simulated stress distributions before fracture initiation: (A) g = 0°; (B) g = 30°;
(C) p=45°; (D) Bp=60°; (E) p =70° (white = tensile stress; orange = compressive stress).

Despite those similar stress distributions for four different g angles, the most signifi-
cant variations and distinctions in stress distributions were found around the prefabricated
chevron notch. Figure 9A shows that for § = 0°, the tensile stress concentration developed
near the chevron notch tip and was distributed around the tip region. When moving away
from the tip region, this phenomenon suddenly disappeared along the two faces of the
pre-existing notch. Figure 9B-E shows that for § > 30°, the distributions of tensile stress
tended to move toward the upper face of the chevron notch with increasing g. In addition,
the tensile stress concentrations were more likely to appear on the left side of the notch tip,
while the compressive stress was concentrated on the right side.

In summary, these simulated stress distributions show that except for g = 0° resulting
in the pure tensile mode (type I), no pure tensile or shear stress distribution was generated,
leading to a mixed-mode fracturing process including types I and II. Therefore, both tensile
and shear stress were effective for f = 30-70° and contributed to the tensile-shearing
mixed-mode fracturing propagation in those concrete SCCND specimens. The mechanical
SCB tests in previous literature mainly reported and discussed this observation without the
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assistance of FEM fracturing simulation. Here, investigating the SCB tests with numerical
tools can bring more insights at the local scale of the SCCND specimen.

Nevertheless, this series of analyses of the stress distributions only provided the
normal stress (tensile and compression) distributions qualitatively. Hence, it remains
to analyze the stress distributions on the upper and lower faces of the chevron notch
quantitatively in terms of both normal and shear stresses. With this motivation, the “line
plot” post-processing option of FRANC2D was used to produce the normal and shear stress
distributions around the notch. There were ca. 30 elements around the chevron notch, so
the total number of positions was set as 15 for each side.

The quantitative analysis of the normal stress distribution for the chevron notch’s
upper and lower face is shown in Figure 10A,B, respectively. Figure 10 shows that the
wing fracture started at the notch tip because of the fracture formed by tensile stress
concentration. For B = 0°, the normal stress was tensile at the notch’s upper and lower
faces, and the maximum tensile stress (38.5 MPa) was near the tip region. For g = 30°, the
normal stress was tensile at the upper face but compressive at the lower face. For > 30°,
the normal stress was slightly tensile when approaching the notch tip on the upper face
and then became compressive for both faces near the notch tip. The highest tensile stresses
(1-3 MPa) for all B angles were close to the notch tip in the directions perpendicular to the
upper face of a fracturing plane. The highest compressive stress (39 MPa) was around the
notch’s tip in the direction normal to the lower face.
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Figure 10. Normal and shear stress distributions around the chevron notch for various values of :
(A) normal stress on the upper face; (B) normal stress on the lower face; (C) shear stress on the upper
face; (D) shear stress on the lower face (position value equals element number) (the angle g = 60° is
not considered due to very close to § = 70°, and there is no significant difference in this regard).

The quantitative analysis of the shear stress distribution for the chevron notch’s upper
and lower face is shown in Figure 10C,D, respectively. As can be seen, the minimum shear
stress was around zero for § = 0° because minimum shear stress contributes to the fracture
propagation during such a tensile fracturing process. In contrast, the maximum shear stress
reached 15 MPa for B = 30° because the stress mode started to change from the pure tensile
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mode to the tensile—shearing mixed mode. For > 30°, the shear stress direction varied
near the notch’s tip to form the mixed-mode loading condition around the tip, which was
more prone to the shearing mode.

With increasing 5, the fracturing mode changed from pure tensile to mixed mode,
which was contributed more by shear stress than tensile stress. When p reached 70°,
tensile stress contributed insignificantly to fracture initiation, and instead, shear stress was
dominant for fracture propagation. This finding agrees with the conclusion from Ayatollahi
and Aliha [29] that the pure shearing mode (type II) loading condition can be generated if
B > 70.53° based on the criterion of maximum tangential stress.

3.4. Fracturing in SCCND Simulated by FRANC2D

Fracture-propagation simulations were conducted after the stress-distribution analysis
to study how 0 varied with B. Note that the automatic re-meshing technique in FRANC2D
enabled the simulation of the fracturing process. When a fracture began in the elements
near the notch tip, those elements were deleted to allow the fracture to propagate, and
a trial mesh was then generated to connect the new fracture to the existing mesh. With
due appreciation of this technique, the fracture propagations simulated numerically by
FRANC2D for B = 0-70° are compared in Figure 11 with those from the SCB tests.

Figure 11. Cont.
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(E)

Figure 11. Fracture propagation simulated numerically by FRANC2D (left) compared with that in
SCB tests (right) for various values of B: (A) g = 0°; (B) B =30°; (C) B =45°; (D) g = 60°; (E) B =70°.

Figure 11A-E show good agreements between the simulation and experimental frac-
tures despite minor geometric differences, and all fracturing directions were toward the top
loading point. In addition, with increasing p, the wing fractures formed more obviously,
and the fracture-initiating point moved from the tip center toward the upper face nearby
the tip. This phenomenon agrees with the analysis of stress distributions regarding the
tensile stress concentrations moving toward the upper face because the stress-induced
fracture always propagates in a direction perpendicular to the local principal tensile stress.

Furthermore, 6 depended strongly on B. The 68— comparison in Table 3 shows that 6
increased from 2° to 107° with g increasing from 0° to 70°. The values of 0 given by the
numerical simulations and the SCB tests agree well for f = 0-30° with a maximum difference
of 1°, but they differ more for § = 45-70° with differences of 10-20°. This divergence might
have one or more causes, including (i) human operating error, (ii) eccentricity of the top
loading point, (iii) local heterogeneity in the concrete specimens (the embedded fine and
coarse aggregates), (iv) the mechanical tests being quasi-2D (actually 3D with a thickness
B = 30 mm) but the numerical simulations being fully 2D, and (v) meshing issues, but
identifying any specific reason was beyond the present scope and could be an academic
pursuit for concrete SCB tests in the future.

Table 3. Comparison of simulated and measured values of 6 for selected values of B.

B 0° 30° 45° 60° 70°
0 (FRANC2D) 2° 56° 85° 95° 107°
0 (Experiment) 2° 55° 65° 80° 96°

3.5. CMOD Determined by SCB Tests

The CMOD values measured by the COD transducer are plotted in Figure 12 against
the load measurement given by the universal loading machine; the load—-CMOD sketching
was ended before the load reached the relevant value of Pmay, as given in Table 1. Figure 12
shows that positive CMOD (fracture opening) due to the local principal tensile stress was
detected for B = 0-30°. In contrast, negative CMOD (fracture closing) due to the local
tensile and shear stresses (mixed mode in types I and II) was detected for § = 30-70°.
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The angle B = 30° is a critical inclination angle for the prefabricated chevron notch, at
which the positive CMOD turned negative, indicating that the pre-existing notch changed
from opening to closing. This opening and closing behavior is also confirmed well by the
geometric variation of the notches shown in Figure 11.
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Figure 12. Determination of CMOD in concrete SCCND specimens from SCB tests (the negative value
indicates chevron notch closing and the positive value indicates its opening, and the angle g = 60° is
not considered due to very close to § = 70°, and there is insignificant difference in this regard).

Also, the load—-CMOD curves in Figure 12 can be used in analyzing the fracture-
induced plastic deformation of the concrete SCCND specimens. According to Erarslan [14],
there is a fracture process zone (FPZ) in front of the chevron notch if there is an apparent
plastic deformation in the load—CMOD curve before failure. From Brazilian circular disk
(BCD) tests on concrete CCNBD specimens for p = 0-30°, Erarslan [14] concluded that this
FPZ occurred only at the notch tip, but it did not occur before the failure point in SCB tests
on concrete SCCND specimen for all § angles. Meanwhile, in the present work, Figure 12
shows clearly that this FPZ existed at the notch tip in the SCB tests on the concrete SCCND
specimens for B = 0-30°, which is consistent with the BCD tests on concrete CCNBD
specimens carried out by Erarslan [14].

3.6. SIF and Fracture Toughness

With the values of Pnax given in Table 1, the tensile and shearing SIFs (K; and Kj;)
were determined as given in Tables 4 and 5 based on the dimensionless SIFs (Y} and Y7;)
in Figure 5. To illustrate better how K; and Kj; vary with B, the mean values of K; and
Kjy are plotted in Figure 13A,B, respectively. K; and Ky have minor variations in their
STD, demonstrating the reliability and robustness of the SCB tests carried out in this
study. Because K; and Kj; were calculated based on Y; and Yj; in Figure 5, K; decreased
monotonically from 0.26 MPa-m?%% to 0.07 MPa-m%3 with B increasing from 0° to 70°,
while Ky increased from zero at 0° to a maximum of 0.10 MPa-m®? at 45-60° and then
decreased to 0.06 MPa-m%® at 70°. These experimental outcomes agree with the numerical
investigation by Erarslan [14], who stated that K] is always higher than Kj; for all B angles.
Moreover, it is believed that the high STD of 0.127 MPa-m®? for 8 = 0° should be due
to possible human operating error, the eccentricity of the top loading point, and local
heterogeneity in the concrete specimens (the embedded fine and coarse aggregates).
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Table 4. Values of tensile SIF (Kf); two SCCND specimens with the same settings were manufactured

by splitting each CCNBD specimen equally into first and second half CCNBD specimens.

B Kj [MPa-/m] Group 1 Group 2 Group 3 Mean STD
First half CCNBD 0.376 0.116 0.290
0° 0.265 0.127
Second half CCNBD 0.420 0.077 0.308
30° First half CCNBD 0.231 0.181 0.067 0.199 0.063
Second half CCNBD 0.260 0.233 0.220
45° First half CCNBD - 0.151 0.181 0177 0.020
Second half CCNBD - 0.170 0.206
First half CCNBD - - 119
60° irst half CC 0 0.131 0.012
Second half CCNBD - - 0.142
First half BD - .082 -
70° irst half CCN 0.08 0.068 0.014
Second half CCNBD - 0.054 -

Table 5. Values of shearing SIF (K}j); two SCCND specimens with the same settings were manufac-
tured by splitting each CCNBD specimen equally into first and second half CCNBD specimens.

B Kj [MPa-/m] Group 1 Group 2 Group 3 Mean STD
First half BD . . .
0° irst half CCN 0.000 0.000 0.000 0.00 0.00
Second half CCNBD 0.000 0.000 0.000
300 First half CCNBD 0.086 0.068 0.025 0.074 0.024
Second half CCNBD 0.097 0.087 0.082
First half NBD - .084 0.1
45° irst half CC 0.08 00 0.098 0.011
Second half CCNBD - 0.094 0.114
First half BD - - .
60° irst half CCN 0.088 0.097 0.009
Second half CCNBD - - 0.105
First half BD - .072 -
70° irst half CCN 00 0.060 0.012
Second half CCNBD - 0.047 -
030 0.12
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Figure 13. Values of (A) K; and (B) Kj; for various values of j.

The fracture toughness of the tensile mode (K}.) as calculated by Equations (4) and (5)
was 0.375 MPa-m’? for these concrete SCB tests. However, the determination of Kjj was not
straightforward because previous studies have challenged the MTS criterion, which over-
estimated K, for the tensile-shearing mixed-mode loading conditions [14,18,36]. Based
on the MTS criterion, Kjj. could be given by the maximum fracture toughness of the pure

shearing mode, 1.e., Kjj . = 1, 1 Ky = . Regarding the atforementioned stress
hearing de, i.e., Ky, V/3/2)Ky, if K 0 [37]. Regarding the af i d
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analysis, it can be seen that diametric compressive loading along the chevron notch would
create the mixed-mode (types I and II) fracturing without apparent shearing mode (type
II) fracturing, even though the notch would be subjected to compressive-shear loading.
However, the MTS and G criteria were derived for a crack under monotonic tension, so
earlier criteria for the mixed mode usually fail to predict Ky, obtained experimentally from
the SCB tests [29,38,39].

To determine Kjj, the curves of dimensionless Kj;/Kj. versus K;/Kj. are shown in
Figure 14A, where the MTS, G, GMTS, and extended maximum tangential strain (EMTSN)
criteria are compared. As can be seen, the GMTS and EMTSN criteria mostly agree with the
experimental results in Figure 14A, unlike the other two criteria, and the EMTSN criterion
gives the best prediction. With this finding, it was possible to determine a value for Ky,
of ca. 0.075 MPa-m®? (0.2K}.). However, although many SCB tests have been conducted
previously on other brittle materials, such as rock and glass, there have been few SCB tests
on concrete SCCND specimens in a similar experimental setup (sharp tip of notch). A
similar value of Ky, = 0.25K], in concrete SCB tests was found by Mirsayar, et al. [18], who
successfully applied the EMTSN criterion to determine Ky, although the mortar used and
the values of /R and S/R were not precisely the same as those used in the present work.
Nonetheless, by far, the GMTS and EMTSN criteria have been validated as effective mixed-
mode fracture criteria to characterize Ky, for marble and concrete [14,18,21,36]. Hence, they
are capable of predicting shearing-mode fractures.
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Figure 14. Fracture analysis: (A) K;/Kj. versus Kj;/Kj. to determine Kjj. = 0.3K}, under GMTS
and EMTSN criteria in comparison with conventional criteria, including both MTS and G criteria;
(B) relationship between CMOD and SIF for concrete SCCND specimens.

However, those criteria are applicable mostly for homogeneous brittle materials
such as glass, rock, and concrete without reinforcement. Razmi and Mirsayar [40] and
Karimzadeh, et al. [41] used SCB tests to investigate mixed-mode (types I and II) frac-
tures in concrete SCCND specimens reinforced with fibers. Karimzadeh, et al. [41] also
concluded that the GMTS criterion outperforms other mixed-mode fracture criteria, but
it underestimated Kjj, according to their dimensionless Kj;/Kj.—K; /K|, diagram. This un-
derestimation of Kjj. might have been due to adding fiber reinforcement to plain concrete,
thereby enhancing the mechanical performance, including Young’s elastic modulus and
fracture toughness.

On the other hand, the relationship between CMOD and K; was also explored, accord-
ing to Adamson, et al. [34]. Based on the CMOD-K] relationship established by Mubaraki
and Sallam [35] in Equation (3), Figure 14B shows a perfect linear regression fitting
(R? = 0.999) between the two variables with the same physical dimensions, with a slope
of 9.604 and an intercept of —2.395. This finding also agrees with the linear relationship
between CMOD and K for pavement material (containing asphalt) reported by Mubaraki
and Sallam [35]. Because it was examined for pavement material in the previous study
and plain concrete in the present work, this linear relationship might be universal for most
brittle materials; nevertheless, more types of brittle materials should be examined by SCB
tests in the future to conclude that rigorously.
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3.7. Limitations and Prospects

The limitations and prospects of this study can be summarized as follows. First, a few
significant STDs were encountered due to possible human operating error, the eccentricity
of the top loading point, local heterogeneity in the concrete specimens (the embedded fine
and coarse aggregates), and unperfect quasi-2D tests (de facto., 3D tests with a thickness B
= 30 mm) compared to the actual 2D plain applicable in analytical analysis and numerical
simulations [14]. Second, the uncertainty analysis regarding those issues is worth further
pursuing with quantitative analysis, as comprehensively examining various SCB test
settings in former studies [31]. Third, as this study narrowed down the research focus
merely on mixed-mode fracturing (types I and II) for SCB tests on chevron notch disks
having sharp tips instead of a straight-through notch, many other influencing factors, such
as the effects of aggregate size [42], cyclic loading [43], another mixed-model fracturing
(types I and III) [44], etc., have not been sufficiently considered at the initial stage of this
study and should, therefore, be further investigated in the future works. Last, the other
numerical method, the discrete element method (DEM) [45], can be additionally involved
in future numerical modelling mixed-mode fracturing behavior to explore the dependence
of different numerical methods.

4. Summary and Concluding Remarks

In practice, cracked concrete structures sometimes experience mixed-mode loading
combining tensile and shearing modes (types I and II). Motivated by this, many SCB
tests have been carried out under this mixed-mode loading condition to study concrete
fracturing behavior. Many earlier studies were focused on either tensile (type I) loading
or this mixed-mode loading condition by using a straight-through notch in pre-cracked
concrete specimens. However, despite the success of using a chevron notch with a sharp
cracking tip in rock SCB tests, concrete SCB tests have rarely been conducted with such
sharp cracking tips. Also, the bluntness of the pre-existing notch tip could undermine the
determination of the fracture toughness of the tensile mode (Kj).

Therefore, the present study investigated mixed-mode (types I and II) fracture prop-
agation in many concrete specimens in SCCNDs both experimentally using SCB tests
and numerically using FRANC2D simulations. In total, ten CCNBD specimens with five
different chevron notch angles (0-70°) were prefabricated using concrete CCNBD molds,
and each circular specimen was split equally into two SCCND specimens with the same
inclined angle of the chevron notch (f). Because the present work was focused mainly
on mixed-mode fracturing rather than other influential factors, various  angles were
manufactured from 0° to 70°, while the other SCB settings remained the same. The SCB
tests were carried out using a three-point loading frame, and the CMOD of the notch
was measured constantly using a COD transducer. However, because those tests were
incapable of detecting the stress distributions in the SCCND specimens, FEM numerical
simulations were performed using FRANC2D to replicate them for both comparison and
stress-distribution analysis. The following conclusions are drawn based on the results from
the SCB tests and FRACN2D simulations.

1. Concrete SCB tests with SCCND specimens with a sharp notch tip are reliable and
robust for studying mixed-mode (types I and II) fracture propagation in concrete
because of their reliable results and relatively small standard deviations of all test-
ing variables.

2. The maximum failure load (Pmax) increases with increasing inclination angle ().

3. The fracture propagation angle (f) also increases with increasing B, and the phe-
nomenon of wing fractures can be observed.

4. Aspowerful software for linear elastic fracture mechanics, FRANC2D can successfully
simulate SCB tests with the same loading conditions in terms of fracture propagation
in SCCND specimens.
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5. Despite the fact that the compressive normal stress concentrations in the SCCND
specimen are adjacent to the three loading points, most variations of the normal stress
distributions occur around the prefabricated chevron notch.

6.  With increasing B, the tensile stress concentration around the notch tip moves toward
the upper face of the notch, and the compressive stress concentration forms at the
notch tip to turn the tensile loading mode into the shearing one.

7. The stress distributions along the upper and lower faces of the chevron notch can be
produced by FRANC2D for quantitative analysis, and this stress analysis also verifies
the previous findings about stress-distribution variations.

8. The tensile mode (type I) can be generated when B = 0-30° because the CMOD
increases, indicating the crack opening under tensile loading. In contrast, the mixed
mode (types I and II) becomes more evident for g = 45-70°, with the CMOD decreasing,
indicating the crack closing under both tensile and shearing loading conditions.

9.  The FPZ can be found for = 0-30° but not for g = 45-70°, which basically agrees
with the CCNBD tests simulated in a previous numerical study.

10. The tensile SIF decreases monotonically with increasing 5, whereas the shear SIF
increases from zero for f = 0° to a peak value for § = 45-60° and then decreases when
B is increased to 70°.

11.  Four fracture criteria—MTS, G, GMTS, and EMTSN—were examined against the
experimental results. The GMTS and EMTSN criteria outperform the MTS and G ones.
In particular, compared with the experimental results, the newly developed EMTSN
criterion characterizes most precisely the critical fracture toughness of both tensile
and shearing (K}, and Kj).

12.  There is a linear relationship between CMOD and K; for concrete SCB tests. However,
because it has been examined for both asphalt and concrete, it deserves further
investigation for other brittle materials.

In summary, this study investigates concrete SCB tests with a chevron notch (sharp
tip) that was initially designed for Brazilian disk tests of rock samples. Based on the testing
result, the modified test has been validated as a robust method when applying this type
of notch instead of the standard straight-through notch. Numerical fracturing simula-
tions could successfully replicate the fracturing behavior generated by mechanical tests.
GMTS and EMTSN criteria have been verified as the two most reliable fracture criteria
for concrete material compared to others. In addition, a linear relationship (CMOD-Kj)
previously discovered for asphalt SCB tests has been confirmed for concrete SCCND speci-
mens. This work brings more physical insights into mixed-mode fracturing propagation in
concrete material.
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Abstract: The monitoring and maintenance of cracked structures are generally carried out using
structural integrity assessments. The plastic zone (PZ) crack path (CP) criteria state that a crack
grows in a specific direction when the radius of the plastic zone ahead of the crack tip reaches
a minimum value. The PZ can be evaluated using stress intensity factors (SIFs). The SIFs under
mixed-mode loading were extracted from the literature from three samples: two single edge notch
tension (SENT) samples (E = 2.5 GPa, v = 0.38) made from polycarbonate and one modified compact
test (C(T)) sample made from low-carbon steel (E = 200 GPa, v = 0.3). In addition, the CP angle was
evaluated for the W and R criteria with experimental data, which included non-linear effects such as
fatigue-induced plasticity, crack roughness, and debris. It was found that both can predict the CP for
lateral cracks in both tested materials and monotonic and cyclic load when the mode mixity does not
change considerably from one crack length to the next or goes beyond 0.2. Moreover, the R criterion
exhibited an error as high as 1.7%, whereas the W criterion showed a 6% error on the last crack length
for the low-carbon steel sample under cyclic load, which had a 100% increase in mode mixity. Finally,
the applicability of LEFM was checked, while the CP was sought by finding the size of the PZ.

Keywords: LEFM; crack kinking; crack path; plastic zone

1. Introduction

In the maintenance of cracked components and structures, the crack front advance rate
needs to be established and monitored [1-3]. However, in the case of mixed-mode loading,
factors such as plasticity [4], crack interlocking, crack rugosity [5], trapped debris [6], and
crack tip vicinity to defects [7], among others, may affect the crack growth rate and crack
path (CP). Thus, CP prediction is not entirely understood [1,2,4,5,8-10]. According to [11],
the more kinked the crack is, the more crack growth might be retarded. Nevertheless,
for crack kinking and equivalent SIFs, there are already several postulated criteria [1,12],
mainly based on linear elastic fracture mechanics (LEFM), with the maximum tangential
stress criteria being the most used for mixed-mode loading [10]. However, the applicability
of LEFM must be checked [13,14] before a suitable model can be applied. Using a model
that checks the applicability and predicts CP simplifies those two tasks.

Overall, it can be said that all CP prediction models state a hypothesis for a crack
to change direction by a small A0 from its original path. Such an increment is generally
created when an equivalent SIF (Keq) exceeds material toughness (Kj.) [10,13] in the LEFM
approach. Wasiluk and Golos [8] proposed a model based on a dimensionless plastic zone
radius, P,;. Ren et al. [15] proposed a model based on the plastic zone radius and evaluated
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it for plane stress and plane strain conditions. Both models were devised for a central crack.
Comprehensive reviews of CP models can be found in [1,12].

Although the CP models described here use SIFs (monotonic load), in the litera-
ture [12,16,17], a swap between monotonic SIF (K) and fatigue SIF range (AK) for pro-
portional load was found to be acceptable. This means that a crack grows under fatigue
loading if AKeq exceeds the fatigue threshold (AKth), or the crack grows under static
loading when the equivalent SIF (Keq) exceeds the fracture toughness (Kc), as has been
postulated before [16]. Finally, we can say that SENT samples have gained popularity in
testing pipelines [18] and welds or offer less restriction [6,19], and C(T) samples offer a
larger space to observe CP evolution [20-22]. Lately, some researchers have devoted efforts
to evaluating CP in complex problems using artificial intelligence, such as heterogeneous
materials [7], metamaterials [23], or composites [24]. However, the computational cost
might not be worth it for isotropic materials where parametric and less computationally
costly models are sufficient for prediction.

Although both evaluated models were proposed for monotonic central cracks in in-
finite plates, this paper evaluates them on lateral cracks and, at the same time, assesses
the applicability of LEFM in fatigue and monotonic loading. Furthermore, the models are
evaluated with experimental data that include non-linear effects such as fatigue-induced
plasticity (which induces hardening ahead of the crack tip, which may produce crack retar-
dation), crack roughness, crack interlocking (which might hinder the full development of
mode II), and trapped debris (which keep the crack open, thus accelerating mode I propaga-
tion). Our literature review revealed that the combination of such non-linearities cannot yet
be numerically reproduced. Therefore, the first set of experimental data is for proportional
fatigue load [25], whereas the second set is for proportional monotonic load [26], both
under different mode mixity ratios (K1 /Kj). The first data set was obtained using the digital
image correlation (DIC) technique, whereas the second set was obtained through finite
element modeling (FEM) and validated with photoelasticity. The performance of both CP
models is shown along the crack length.

The rest of the paper is organized as follows: Section 2 describes the basis for the CP
used; Section 3 explains the experimental details of where the data were obtained from;
Section 4 groups the CP prediction and discusses the results attributable to the appropriate
phenomena; and Section 5 draws the conclusions and presents the findings.

2. Criteria for the Crack Path

The stress field in a cracked body under an applied force F is schematically represented
in Figure 1, where ¢ and 7 are the normal and shear stress, respectively, r and 0 are the
radial and tangential directions, respectively, and a is the crack length.
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Figure 1. Schematics and notation of acting stress in a cracked body.
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In 2000, Wasiluk and Golos proposed the W criterion [8]. It states that a central crack
under mixed-mode loading grows in the direction where the radius from the crack tip to
the boundary of the plastic zone is the shortest [8]. They started from the radius of the
plastic zone, rp;, proposed by Pook [27] for mode I and II loading and compared the stress
field with the von Misses yield criteria for a plate with a centrally inclined crack, as shown
in Equation (1).

_ 1 2 2 Q .2 Q . _ 2 .2 Q 3 . 5 Q
rpz—ZmTyz{Kz cos <2)<1+35m 5 + KjKprsinf(3cosf — 1) + Ky~ | 3+ sin 5 1 —9sin 5 (1)

where 0, is the yield stress and K; and Kj; are the SIFs in modes I and II, respectively. Then,
W is the factor of dividing r,, over half the crack length, and using K; = 0sin26/7ta and
Kj; = osinfcosfl\/ma, we obtained Equation (2).
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Thus, taking the first and second derivative of W, Equation (2) with respect to 6, as
seen in Equation (3), gives a Wy, at which the direction of crack growth, Oy, will happen.
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Then, if the applied load is cyclic, SIF, K, becomes the SIF range, AK, and the fracture
toughness, Kc, becomes the fatigue threshold, AKth, as proposed and tested in [17], so
Equation (1) can be rewritten as Equation (4).
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On the other hand, in 2014, Ren [15] proposed a model based on the PZ radius and
evaluated it for plane stress and plane strain conditions for a centrally inclined crack. The
radius of the plastic zone is shown in Equation (5).
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where v is Poisson’s modulus. Moreover, assuming the interchangeability of K and AK
and Kc with AKth, Equation (5) for monotonic loading can be rewritten as Equation (6) for
fatigue loading.
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where AK is the SIF range, and AKth is the fatigue threshold. It is noted how the PZ can
give an insight into crack initiation at the shortest radius. Furthermore, an analysis of
Equations (4) and (6) gives the angles at which the minimum radius occurs. This is 0° for
mode [ and 82.5° for pure mode Il in the R criterion and 77° in the W criterion. Furthermore,
Figure 2 shows how the PZ changes for different mode mixity (Ky;/Kj) ratios for both the
W and R criteria, with the latter plotted for plain stress. The PZ is plotted for different
mode mixity ratios, from pure mode I, Kj;/K; = 0, until pure mode II, Ki;/K; = oo, but
keeping Keq constant, Keq = 1/(Ki? + Ki?) = 1. Both K; and Ky; were always kept positive.
A negative Ky does not make physical sense as it requires the crack lips to overlap, whereas
a negative Ky implies the relative displacements of two opposite-to-crack points. It can be
seen how the PZ changes the applied load’s direction.

W-rp

Figure 2. Dimensionless PZ for different mode mixity ratios (Kj;/Kj). (a) W criterion; (b) R criterion.

One can see in Figure 2 that the crack orientation of the PZ changes from perpendicular
to the tensile stress, mode I, to parallel to the shear stress, mode II. Therefore, a parameter,
M [9,28], is used to tell whether the crack growth is dominated by the tensile mode or the
shear mode, as shown in Equation (7).

2 K
M= tan ! (KIII> ?)

3. Materials and Methods

The data used to evaluate the two CP models were obtained from two samples
subjected to proportional loading tests. The first was an 8.7 mm thick modified compact
test C(T) specimen made out of low-carbon steel (E = 200 GPa, v = 0.3) with a drilled hole
in front of the CP to modify the stress field [25], as seen in Figure 3a, with the testing setup
shown in Figure 3b. Miranda tested a similar sample [29], with the results computationally
verified later on [22]. The experimentally observed CP for this sample and the six measured
points are shown in Figure 3a. The hole modified the stress field, which curved the crack
and induced opening mode II over the applied mode I load. Moreover, because the load
inversion ratio was 0.1, the SIF range (AK) was calculated as Kmax—Kmin from DIC
displacement measurements and verified through FEM [30]. Table 1 shows this sample’s
retrieved crack length, CP angle, SIF ranges, and mode mixity for the six measured points.
Finally, the fatigue loading rate for the modified C(T) sample was applied at 10 Hz, and for
about every 1 mm of crack growth, the load frequency was lowered to 0.1 Hz to allow for
image recording for DIC analysis.

Because the applied load on this sample was cyclic, Equations (4) and (6) were used to
establish the sample’s PZ radius and shape. Extensive details about this test and specifics
on how the SIFs were calculated can be found in [25].

As stated before, the displacement fields for the modified C(T) were measured using
the DIC technique. It provides independent displacement fields using non-contact optical
measurements. Once displacements are obtained, one can compute strains, and by using
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a constitutive law, stresses can be calculated. In-depth details for DIC, including its
capabilities, limitations, and implementation, can be found in [30].

WA

Figure 3. Schematics of the tests. (a) Measured points for the holed CT specimen; (b) testing setup for
the holed CT sample; (¢) SENT with the inclined crack. (a,b) from [25].

Table 1. Experimental parameters for the modified C(T) at different crack lengths, from [25].

Point a [mm] o* AKj, MPa,/m AKy, MPa/m AKp/AKy
0 2.1 0 13.12 0.46 0.04
a 4.1 0 17.78 0.47 0.03
b 6.3 -5 18.14 0.59 0.03
c 8.2 -5 19.67 1.17 0.06
d 10.2 —7 22.00 1.55 0.07
e 11.9 —24 26.85 3.55 0.13

The second type of samples was two 3 mm thick polycarbonate (E = 2.5 GPa, v = 0.38)
SENT samples [26], see the schematics in Figure 3¢, subjected to simple remote tension with
a 22.5°crack and another with a 45° inclined pre-existing crack producing mixed-mode
(I'and II) loading conditions. The retrieved data included SIF modes I and 1I, obtained
through numerical simulation and validated with photoelasticity, shown in Table 2, where
a/W is the dimensionless residual ligament. Because the applied loading on these samples
was monotonic, Equations (1) and (5) were used to establish the PZ radius and shape.

Table 2. Experimental parameters for the thin strips from [26].

a/lW Ki/(o\/ma) Ky/(o/ma) Kii/Ky
45°
0.3 0.83 0.48 0.58
04 0.96 0.50 0.52
0.5 1.22 0.57 047
0.6 1.42 0.65 0.46
22.5°
0.3 1.48 0.35 0.24
0.4 1.80 0.41 0.23
0.5 2.28 0.54 0.24
0.6 2.99 0.68 0.23
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Finally, the performance of the CP models was evaluated with the expression proposed
in Equation (8), as recently proposed [31].

 Bexp — 0%
err = — (8)

where Oexp is the experimental CP angle and 0* is the angle predicted by either model.

4. Results and Discussion
4.1. CP Prediction for Modified C(T)

Figure 4 compares the experimentally observed CP for the W and R criteria predicted
angle for the six measured points in the modified C(T) sample. One can see that the
prediction is very close for short cracks as the mode mixity ratio, AKy /AKj, is low. However,
at the last measurement before unstable crack growth, the AKy/AKj rises to 0.13, and the
predicted angle gives a 6% error for the W criterion. In contrast, the R criterion shows a 1.7%
error. The incremental change in mode mixity is attributed to the machined hole, which
caused an asymmetry to the stress field, producing larger stresses toward the hole that
ultimately caused the crack to kink towards it. As the crack grew, the stress field became
even more asymmetric, continuously increasing Kjj, kinking the crack more pronouncedly
every loading cycle until it finally met the hole.
crack lenght [mm]
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Figure 4. Evaluation of crack kinking models for the modified C(T) sample.

The W criteria made a close prediction for most of the crack lengths. Figure 5 shows
the comparative size and shape of the PZ, Equation (4) W criterion, and the Equation (5)
R criterion, for six different crack lengths in this specimen. It can be seen how the PZ
orientation turns as the crack length increases and the mode mixity changes. This turning
is attributed to the increase in AKj;, which makes the crack deviate from the applied mode.
I'load Moreover, it can be observed that the size of the largest PZ, about 2.54 mm for the W
criterion and about 2.9 mm for the R criterion, in their largest axis, which are below the
thickness of the specimen, 8.7 mm. Thus, LEFM adequately describes the stress field. For
this sample, the W criterion showed larger PZ for the first five crack sizes, whereas the R
criterion retrieved a more extensive zone for the last one, where Kyj reaches 3.55 MPa,/m
and the mode mixity ratio, Ky /K, is 0.13.
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Figure 5. Size and shape or plastic zone for the modified C(T) specimen at different crack lengths:
(a) from the W criterion and (b) from the R criterion.

4.2. CP Prediction for SENT Samples

On the other hand, the performance of the CP models for both SENT specimens for
dimensionless crack length is shown in Figure 6. The models were evaluated with the
retrieved K; and Kj;. Unlike the C(T) sample, the applied load is monotonic, so there is
no need to assume that K is AK and K is AKy,. The SENT with a 45° crack showed a
K /K ratio from 0.46 at the longest to 0.58 for the shortest a/W. Polycarbonate is a material
prone to shear-dominated failure, and the 45° crack induces a high Ky; /K ratio. Therefore,
the W criterion is not expected to perform well under these conditions, so it predicts a
quasi-constant 29°, whereas the R criterion predicts a closer CP between 43 and 47°.
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Figure 6. Evaluation of crack kinking models for SENT samples.

Conversely, the SENT with a 22.5° crack showed a quasi-constant Ky /Ky ratio of 0.23.
Because of this constant Ky; /K ratio, the predicted CP angle is also quasi-constant, about
21° degrees for the W criterion, very close to the experimentally observed angle of 22.5°.
Conversely, the R criterion predicts a quasi-constant angle of 17°.

The shape and size of the plastic zone are shown in Figure 7 for the SENT sample
with an initial crack of 45° for the four different reported crack lengths. It can be seen how
the orientation of the plastic zone stays pretty much constant as the crack length increases
for the W and R criteria. This situation is attributed to the steady Ky; /K ratio, as seen in
Table 2, making the crack grow straight from its original path, even though only mode I is
applied. Moreover, it can be observed that the size of the largest plastic zone on its largest
axis is about 0.7 mm for the W criterion and 0.58 mm for the R criterion. In both cases, this
size is below the thickness of the specimen, 3.0 mm, so LEFM can be used to describe the
stress field satisfactorily. Finally, it is noted that the W criterion predicts a slightly larger PZ
than the R criterion.
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Figure 7. Size and shape of the plastic zone for the SENT sample 45°: (a) from the W criterion,
(b) from the R criterion.

Figure 8 shows the PZ size for the SENT sample with an initial crack of 22.5° for the
four different reported crack lengths. It can be seen how the orientation of the plastic zone
stays pretty much constant as the crack length increases. This situation is attributed to
the steady Ky /K] ratio, making the crack grow straight from its original inclined path,
even though there is an applied load in mode I. Moreover, it was observed that the size of
the largest PZ, about 1.8 mm for the W criterion and about 1.54 mm for the R criterion in
its largest axis, is below the thickness of the specimen, 3.0 mm, so LEFM can be used to
properly describe the stress field. In this sample, it was also observed that the W criterion
predicts a slightly larger PZ than the R criterion.
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Figure 8. Size and shape of the plastic zone for the SENT sample 22.5°: (a) from the W criterion and
(b) from the R criterion.

4.3. Discussion

Highsmith [10] stated that a crack under mixed mode will grow when the equivalent
SIF exceeds the material toughness, Kc, or the equivalent SIF range exceeds the material
fatigue threshold, Ky;. In both cases, the crack grew under either monotonic or fatigue
loading. Therefore, the Keq was larger than the Kc for the monotonic load, and the AKeq
was larger than the Kth for the cycling load. However, because more than one loading
mode was present, the CP must be established to describe crack growth completely [31].

On the other hand, Vormwald et al. [9] argued that the mode mixity ratio [28] might
be the parameter that can be used to tell when a crack growth scenario can change from
tensile to shear-dominating load. It could make a crack turn when it reaches 0.5. Figure 9
shows the variation in the CP angle with mode mixity for both samples. For the SENT

76



Buildings 2024, 14, 495

samples, neither the load nor the mode mixity changed much with crack length. For the
22.5° SENT sample, the Ky /K ratio kept a 0.24 constant value, whereas for the 45° sample,
the Ky /Ky ratio went from 0.56 to 0.46, as seen in Figure 6. Vormwald et al. [9] argued
that when transitioning from tensile to entirely dominated shear crack growth, such mode
mixity parameters might not be able to tell the CP. Therefore, the CP for the SENT samples
was not expected to deviate from its initial angle. This can be seen in Figure 9a for the three
samples and Figure 9b for a close-up of the SENT 22.5° sample.
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Figure 9. CP angle variation with mode mixity: (a) modified C(T) and SENT samples and (b) close-up
of the SENT 22.5° sample.

On the other hand, for the modified C(T) sample, the mode mixity changes constantly,
as explained in Section 4.1, and is attributed to the constant change in the stress field,
starting at 0.04 and reaching 0.13. As a result, the CP for the modified C(T) sample changes
as well, as seen in Figure 9 in the black squares. Thus, the mode mixity indeed influences
the CP angle. This analysis shows that a change in the Ky; /K] ratio involves changing the
CP angle.

Furthermore, in Figure 8, one can see that the size of the largest plastic zone is about
1.5 mm, so it does not exceed the holed C(T) sample thickness, 8.7 mm. On the other hand,
the largest plastic zone size for the SENT sample is seen in Figure 7 for the 22.5° sample
and Figure 8 for the 45° sample, where the plastic zone does not exceed the 3 mm sample
thickness. Therefore, the applicability of LEFM is checked at once.

In [25], one can see how the traditional butterfly-like plastic zone in the modified
C(T) evolved to be asymmetric, showing larger areas and higher stress values towards
one side, the side of the stress concentrator. That stress asymmetry is assumed to cause
the crack to kink. One can see in Figure 5 how the PZ turns. Although [26] did not show
the evolution of the fringes for the SENT samples, they show how the fringes also exhibit
asymmetry, piling up on one side. This fringe concentration reflects the stress gradient
that most likely produces the crack to deviate from the direction of the applied load. The
orientation change of the PZ on the C(T) or the quasi-constant orientation for the SENT is
interpreted as the angle for crack kinking. Therefore, the PZ stays the same, even for the
relatively large error shown by the W model. In addition, it is important to note that the
C(T) sample was produced via fatigue loading, whereas the SENT sample was initially cut
with a sharp razor blade and later propagated under monotonic loading. This is important
because a flaw with a blunt radius does not fully comply with LEFM.

On the other hand, the CP prediction error is shown in Table 3. Both criteria are close
in prediction, with errors as low as 0.28% and as high as 1.67% for the modified C(T)
sample. For the largest mode mixity on the modified C(T) sample, the W criterion gives
5.56, whereas the R criterion shows a 2.78% error. The same case for the SENT 45° sample
is 8.33 versus 1.11% error. In both cases, the mode mixity (AKy;/AK;) had a wide range of
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about 0.1. For the SENT 22.5 sample, both are close to each other; the largest difference is
0.56%. In this case, this could be explained by the quasi-constant AKy/AK].

Table 3. Error percentage in crack kinking angle prediction.

C(T) SENT 45° SENT 22.5°
AKp/AKy W, C(T) R, C(T) AKp/AK; W 45° R 45° AKp/AKy R 22.5° R 22.5°
0.04 —-1.11 —-1.11 0.58 8.33 1.11 0.24 0.83 0.83
0.03 —1.11 —1.67 0.52 8.89 0.00 0.23 0.28 0.28
0.03 0.56 0.28 0.47 9.44 —1.11 0.24 1.39 0.83
0.06 —-1.11 0.56 0.46 8.89 —1.11 0.23 0.83 0.28
0.07 —0.56 0.00
0.13 5.56 2.78
As a final note, it has to be said that the computational cost of these two criteria is high
compared to other ones, as recently evaluated [31]. For this reason, the computational cost,
in terms of floating-point operations (FLOPS), using a benchmark from [32], is compared
in Table 4. The R criterion is slightly less costly than the W criterion.
Table 4. Computational cost for the evaluated criteria; baseline values from [32].
Operator +, —, X,/ Vv Sin, Cos, Atan Acos Tan ABS, SGN ~
Operator Cost 2 2 5 4 6 2 8 Total Cost
Cost in W model 23 0 10 0 0 0 10 176
Cost in R model 33 0 5 0 0 0 8 155

5. Conclusions

The crack path was calculated for specimens under fatigue and monotonic load using
the LEFM-based plastic zone radius criteria. The LEFM parameters for the fatigued sample
were characterized experimentally with DIC, whereas the monotonic samples” SIFs were
obtained numerically through FEM and validated with photoelasticity; for both samples,
SIFs were obtained from the literature. An advantage of the plastic zone-based criteria
is that the applicability of LEFM is checked in the same equation. Furthermore, using
prediction models rather than FEM modeling or re-meshing makes a faster prediction by
avoiding time-consuming modeling and simulation. Finally, the selected models worked
for numerical and experimentally obtained SIFs. The literature has discussed how the
experimentally acquired SIFs include non-linear effects such as rugosity, plasticity-induced
closure, trapped debris, and crack flank interlocking.

The W and R criteria were devised for monotonic load, and here, they were tested for
monotonic and fatigue load. The swap of K with AK was checked, which was applicable
in these cases. The error analysis showed that the W and R criteria predicted angles very
close for short cracks as the mode mixity ratio, AKy/AKj, is below 0.25, with the R criterion
exhibiting lower error values. However, at the last measurement for the modified C(T)
low carbon steel sample before unstable crack growth, the AKy/AKy doubles its value
and makes an unstable W criterion prediction. The R criterion has about 88% of the W
criterion’s computational cost, which could impact performance for recurrent calculations.
Furthermore, the models were devised for central cracks, and here, they were tested in
lateral cracks. The predicted versus experimental CP comparison showed that the models
could be used for fatigue and monotonic loads.
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Acronyms and Nomenclature

Plastic zone PZ
Crack path cp
Single edge notch tension SENT
Compact test C(T)
Linear elastic fracture mechanics LEFM
Floating-point operations FLOPS
Increment in crack kinking angle AD
Stress intensity factor SIF, K

Equivalent stress intensity factor ~ Keq
Stress intensity factor range factor ~AK

Plastic zone radius Pzr.
Fatigue threshold AKth
Digital image correlation DIC
Finite element modeling FEM
Applied force F
Normal stress o
Shear stress T
Radial direction r
Tangential direction 0
Yield stress oy
Poisson’s modulus v
Residual ligament size (a/W)
Measure crack kinking angle Oexp
Predicted crack kinking angle 0*
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Abstract: This work presents the application of a finite element model utilizing a three-dimensional
(3D) probabilistic semi-explicit cracking model to analyze the rupture process of a large concrete
wall beam. The numerical analysis predicts both the global behavior of the structure and its primary
rupture mechanisms, utilizing three different finite element mesh refinements to ensure robustness.
A Monte Carlo (MC) procedure is integrated into the modeling approach to account for probabilistic
variations of the material properties. The statistical analysis derived from this probabilistic model
may sometimes result in overly conservative safety coefficients, particularly when using a coarse
mesh. Additionally, the detailed understanding of the structure’s cracking process, regardless of its
rupture mechanism, may experience some reduction in precision. Due to the necessity of numerous
simulations to achieve statistically significant results, the MC procedure can become computationally
expensive. To address this, a straightforward parallelization of the Monte Carlo procedure was
implemented, allowing multiple finite element analyses to be conducted concurrently. This strategy
significantly reduced computational time, thereby enhancing the efficiency of the numerical model in

performing numerical simulations of structural engineering.

Keywords: concrete structures; probabilistic numerical model; macrocracks pattern; monte carlo
method; parallelization strategy

1. Introduction

The use of computational parallelization strategies has become increasingly crucial in
solving complex engineering problems, especially when a large number of equations need
to be solved [1-6]. This is particularly true for the probabilistic models applied to the 3D
simulation of concrete structures, which require numerous computational analyses due
to the use of random distributions of material properties to represent heterogeneity [7-9].
In this context, computational parallelization facilitates more robust and detailed simula-
tions by allowing the simultaneous execution of multiple analyses, significantly reducing
processing time and increasing simulation efficiency.

Furthermore, the development of accurate numerical models for analyzing the rupture
process in large concrete structures plays a pivotal role in ensuring their structural integrity
and safety. A critical phenomenon that influences a structure’s response based on its size
or volume, is the scale effect. This effect is attributed to concrete’s heterogeneous nature,
physical and chemical phenomena during production, drying-induced micro-cracking,
and water-induced porosity. Therefore, considering that the scale effect in the modeling
of concrete structures is primordial due to the heterogeneity of the material, addressing
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it involves understanding both material-level constitutive relations and structure-level
design methods and finite element analysis.

In this context, this work aims to analyze the cracking process in a very large concrete
structure utilizing a three-dimensional (3D) probabilistic semi-explicit cracking model
that has been developed and detailed in previous studies [8,10-12]. The model validation
was conducted through the simulation of a fracture mechanical test using a large Double
Cantilever Beam (DCB) specimen. The dimensions of this DCB specimen were significant,
measuring 3.5 m in length, 1.1 m in width, and 0.3 m in height. Notably, the observed and
modeled crack propagation length exceeded 2 m [13].

The structural case analyzed here is a concrete wall beam that can present more than
one macrocrack unlike to the single macrocrack scenario observed in the DCB specimen [12],
providing a more realistic representation of a structural behavior. To ensure the robust-
ness of the model, three mesh refinements are employed to verify the numerical results
independence of the finite element mesh.

The probabilistic numerical model focuses specifically on the propagation of macroc-
racks within concrete structures. To simulate the concrete heterogeneous behavior within
the finite element method framework, it is necessary to use a Monte Carlo (MC) approach.
Due to the need to use several samples to obtain statistically consistent results, the execution
of the MC procedure becomes computationally very time-consuming, depending on the
problem at hand. Therefore, given the computational cost of these simulations, optimizing
the calculation time is critical.

As a solution to overcome this issue, a straightforward parallelization of the Monte
Carlo procedure was implemented, allowing for multiple finite element analyses to be
performed simultaneously. The study case demonstrates that the use of this strategy
significantly reduces computational time, allowing the practical applicability of probabilis-
tic numerical models in the analysis and design of real-world engineering problems of
concrete structures.

The decision to enhance execution time by implementing the Monte Carlo (MC)
method in parallel, rather than pursuing parallelization of both Finite Element Method
(FEM) and MC codes, stems from some key factors. Firstly, the parallel implementation
of the MC method offers simplicity in execution. Additionally, since FEM analyses are
inherently independent tasks, there is no requirement for extensive communication over-
head. This approach facilitates the concurrent execution of multiple FEM analyses on the
computational platform, resulting in significant runtime reductions. Nonetheless, it is
worth noting that future endeavors may explore enhancements to this strategy, including
the investigation of dual-code parallelization involving both FEM and MC codes.

2. Principles of the Semi-Explicit Probabilistic Cracking Model

This study introduces a 3D semi-explicit probabilistic model for crack propagation, pre-
viously detailed in [12,14]. The model focuses specifically on analyzing crack propagation
in concrete structures under mode I failures induced by tensile stresses. Developed using
the FEM, the model incorporates considerations of heterogeneity and volume effects within
a probabilistic framework, crucial for accurately simulating crack propagation in concrete
structures. The model is implemented in FORTRAN [15,16] and integrated into a versatile
FEM platform created by researchers from the Civil Engineering Program at COPPE/UFR].
This platform has been widely applied across various studies, demonstrating its utility in
diverse applications [1,8,9,17].

To address material characteristics such as heterogeneity and scale effects, the numeri-
cal model assumes that each finite element represents a distinct volume of heterogeneous
material. This material’s behavior is influenced by its degree of heterogeneity (r.), and
determined by the ratio of the finite element volume (V,) to the volume of the coarsest
aggregate (V,):(r, = V,/V,). The model adopts a volume element-based approach to
simulate macrocrack propagation within concrete structures. The criteria governing macro-
crack propagation can be divided into two aspects: macrocrack initiation and macrocrack
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propagation. Macrocrack initiation depends directly on the uniaxial tensile strength () of
the concrete material. Once initiated, macrocrack propagation is guided by the dissipation
of post-cracking energy in tension, ensuring the model accurately represents the mechanics
of crack propagation in concrete structures. A macrocrack is considered fully propagated
once all post-cracking dissipation energy is consumed.

An innovative feature of the model is its utilization of Linear Elastic Fracture Mechan-
ics (LEFM) to derive post-cracking dissipation energy. This approach employs the mode
I critical fracture energy Gjc to quantify the energy dissipated during crack propagation.
Both the uniaxial tensile strength and mode I critical fracture energy are treated as proba-
bilistic mechanical characteristics within the model. The random distribution of f; follows
the Weibull distribution [18,19], while Gj¢ follows a lognormal distribution [20]. Accu-
rately defining the parameters of these distributions is crucial for accurately representing
material behavior.

At the microscale within each finite element (FE) volume, the cracking process results
in energy dissipation governed by an isotropic damage law, as depicted in Equation (1),
where the variables £, & Fir and &, respectively, represent the damage initiation strain,
maximum critical strain, and equivalent strain. This dissipative process initiates when the
maximum principal stress (c) reaches the randomly assigned concrete tensile strength (f;).
Thereafter, once the total available energy for the FE is consumed, the element is considered
cracked, and its stiffness matrix is considered null [11].

D= _?ioll_(gkgo)] (1)

An illustration of the main principles of the proposed model is depicted in Figure 1.
This figure highlights the random distribution of concrete’s tensile strength and the vol-
umetric density of dissipated energy, represented as gjc, along with the elementary rep-
resentation of the damage evolution process. Each finite element follows unique laws
governing this process due to inherent randomness. The determination of ;¢ utilizes an
energetic regularization technique [21], which relates the material fracture energy Gyc to the
elementary characteristic length I, through the equation: g;c = Gyc/Il., where I, = (V,)1/3.

Statistical distributions Elementary crack (D = 1)
(Weibull or lognormal) )

ﬂﬂm I - t

Mechanical properties
(feorGyc) (damage evolution)

Frequency

Figure 1. Illustration of the damage evolution at the finite element level and random mechanical
properties distribution.

In this modeling approach, it is important to emphasize cracks emerge and propagate
at a macroscopic scale due to the elemental failure of successive elements, which occur
randomly and may coalesce to form macroscopic cracks. A finite element (FE) is considered
cracked only when its associated energy is fully dissipated. Therefore, within this frame-
work, the model does not address traditional crack propagation laws as seen in classical
damage model or smeared crack model [22-28], as the inclusion of the damage parameter
in the constitutive model solely serves to dissipate Gjc.

Moreover, in this approach, each finite element analysis acts as a sample within the
Monte Carlo procedure, yielding global structural responses of the model. This methodol-
ogy involves executing multiple FEM simulations for a given structural scenario, incorpo-
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rating diverse spatial distributions of mechanical material properties to ensure statistically
significant outcomes.

2.1. Model’s Parameters Estimation

Accurately determining parameters for the Weibull and lognormal distributions is
crucial to ensure the model’s consistency. The Weibull distribution is characterized by
shape and scale parameters (b, ¢), while the lognormal distribution is defined by mean and
standard deviation parameters (y, o). These parameters govern the stochastic distribution
of tensile strength and fracture energy, capturing the heterogeneous behavior of materials
at the finite element scale.

Fracture energy (Gjc) is assumed to be an intrinsic property of the material with a
constant mean value y(Gjc ), independent of scale and specific to the type of concrete. The
standard deviation o(Gjc) of the lognormal distribution thus becomes a key parameter
to be determined. This assumption aligns with findings from Rossi [13], acknowledging
inherent material variability. Therefore, the primary parameters to be determined are
as follows: (b, c) for the Weibull distribution and o (Gj¢) for the lognormal distribution.
Recent advancements [12,14] now enable the estimation of these model parameters using
concrete compressive strength, maximum aggregate volume, and finite element mesh size
data. This capability significantly enhances the model’s versatility and applicability across
diverse concrete compositions.

The dependency of o(Gjc) on finite element volume was a significant outcome in the
model’s development [8,12]. This relationship was established through inverse analysis
of a concrete mix design, validated by simulating a macrocrack propagation test on a
large DCB specimen and comparing results with experimental data from Rossi [13]. An
equation was derived correlating the lognormal distribution’s standard deviation with
mesh heterogeneity. Subsequently, the application of the model was extended to include
other concrete mixes with compressive strengths below 130 MPa and aggregate diameters
of 10 mm to 20 mm, by proposing a methodology to estimate the parameters of Gjc [14].

For the Weibull distribution parameters, an iterative numerical method was developed.
This method integrates expressions for the mean tensile strength u(f;(7.)) and coefficient
of variation %( fi(re)), derived from experimental data and scaling laws. It estimates

(b, c) parameters for specific concrete volumes, validated for compressive strengths up to
130 MPa and maximum aggregate sizes of 10 mm or more. Applied directly at the finite
element level, this method assigns (b,¢) parameters to each element based on its volume,
maximum aggregate size, and compressive strength (f.).

2.2. Parallelization of the Monte Carlo Method

In this study, a Monte Carlo procedure is used for simulating probabilistic concrete
cracking, introducing stochasticity at the material’s local scale. Each MC sample corre-
sponds to a finite element problem solution, treated as an independent sample. Random
variables are generated for each sample based on the probability density functions, yielding
load-displacement diagrams (P-§) as the outcome.

The computational demands of the MC procedure increase notably due to each sample
involving solving a finite element problem. To address this, a parallel programming strategy
was employed to implement the MC method using the OpenMP application programming
interface. OpenMP facilitates the development of multi-threaded applications in languages
such as C/C++ and FORTRAN. Comprising compilation directives, function libraries,
and environment variables, OpenMP supports both explicit and implicit multi-threaded
parallelism, making it a versatile tool for parallel computing [29-31].

The parallel algorithm for the Monte Carlo method employs a master-slave parallel
model, which is widely utilized in networked computing environments [32]. In this
approach, the code initiates with a master thread that executes sequentially until entering
a parallel region. During this phase, the master thread spawns multiple parallel threads,
each executing tasks concurrently within the parallel region. Upon the completion of tasks,
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the threads synchronize and terminate, leaving only the master thread. This parallel model
aligns with the sequential algorithm’s principles, facilitating the simultaneous execution of
multiple independent FEM analyses. The main steps of the Parallel Monte Carlo (PMC)
procedure are outlined in Algorithm 1. This method was selected for its straightforward
implementation and compatibility with the stochastic nature of the proposed methodology,
which necessitates a large number of independent simulations.

Algorithm 1 Parallel Monte Carlo Procedure

: Variables initialization
: Read maxmc and stop criteria ; // maxmc is the maximum number of samples
: Read nthreads ; // nthreads is the number of threads
:j=0;// counter of performed samples
: while stopping criterion is not reached do
j =j + nthreads
Initialize the parallel environment
For each block with nthreads samples do
Perform the FEM analysis
Save (P, ) curve and relevant results of the sample
end for
Finalize the parallel environment
: end while
: Perform the statistical analysis

R N AN S ol S
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The selected stopping criterion for PMC simulations was reaching the predefined
number of samples. Because FEM analyses differ due to the problem’s probabilistic nature,
tasks are unevenly balanced. Thus, a dynamic schedule clause was utilized in PMC
implementation, distributing tasks based on execution time, with new tasks assigned as
threads become idle.

3. Structural Case and Numerical Simulations

The structural case investigated in this study involves a sizable wall beam subjected
to four-point bending, characterized by dimensions of 5 m in length, 3 m in height, and
0.5 m in thickness. A representation of the test configuration is shown in Figure 2, where P
is the total force applied to the specimen by two loading pins; d is the distance between
the supporting and loading pins; [ is the specimen width, and / is the specimen height.
The distance between the bottom loading supports is 5 m and between the upper loading
supports is 2.2 m.

[T
h

o g 2

f— p——

Figure 2. Representation of the four-point bending test.

In contrast to common practices involving large reinforced concrete beams, often
with or without fibers, the beam used as the structural case in this study comprises plain
concrete without reinforcements. The primary objective of the numerical simulations is
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to demonstrate the model’s applicability. Through comparisons across different levels of
mesh refinement, the study aims to highlight the model’s robustness and independence
from mesh density. Additionally, the investigation seeks to validate the efficacy of the
estimated probabilistic parameters.

In the numerical simulations, three-dimensional finite element analyses were con-
ducted using three distinct mesh refinements. The refinement level of each mesh is deter-
mined by the parameter r}"*", calculated as V,"**" /V,, where V""" represents the mean
volume of the finite elements within each mesh. The meshes consist of tetrahedral ele-
ments approximated by linear interpolation functions. Visual representations of the three
finite element meshes can be found in Figures 3-5, while detailed information regarding
the meshes, including the number of elements and nodes, as well as the maximum and
minimum volumes of the finite elements, is provided in Table 1.

Figure 3. Three-dimensional Mesh 1 with r}"*" =~ 829.

b

Figure 4. Three-dimensional Mesh 2 with r"*** ~ 223.

b,

Figure 5. Three-dimensional Mesh 3 with r"**" ~ 74.

Table 1. Description of the three finite element meshes.

Reference Neq Nnode Numel ryean rsd pimin riax

Mesh 1 7180 2403 10,364 829.1 276.3 110.6 2963.9
Mesh 2 22,756 7595 37,503 223.3 63.1 54.4 710.5
Mesh 3 64,243 21,424 112,572 739 22.3 14.4 207.4
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The mechanical characteristics of concrete, which are identical to those of the DCB pre-
vious modeling [8,14], are the following: compressive strength f. = 54 MPa; splitting tensile
strength f; = 4.1 MPa; Young modulus E = 35.5 MPa; fracture energy G;c = 1.25 x 10~* MN/m.
The maximum aggregate size is 12 mm, corresponding to V, = 0.9 cm>. Across all simu-
lations, a total displacement of 2.5 mm is applied, divided into 50 steps of 0.05 mm each.
Additionally, thirty samples are analyzed for each Monte Carlo simulation.

3.1. Numerical Results

All results are presented in terms of the global behavior of the structure, specifically
load-displacement curves depicting the wall beam’s overall mechanical response. The
Monte Carlo simulation results for the three mesh refinements are displayed in Figures 6-8,
encompassing 30 finite element analyses in each case. Figure 9 shows a comparison between
the arithmetic mean curves obtained for each mesh refinement. As can be observed, the
load-displacement curves for the three meshes exhibit similar behavior, particularly in the
cases of Mesh 2 and Mesh 3, indicating coherence in determining the statistical parameters.

250 T

Numerical Simulations

0.00

0.02
Displacement (dm)

Figure 6. Load-displacement curves obtained from Monte Carlo samples for Mesh 1 (r'*""* ~ 829).

250 T

——MNumerical Simulations

0 0.01 0.02
Displacement (dm)

Figure 7. Load-displacement curves obtained from Monte Carlo samples for Mesh 2 (r}'*™" = 223).
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Figure 8. Load-displacement curves obtained from Monte Carlo samples for Mesh 3 (r}"*"" ~ 74).
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Figure 9. Comparison between the mean structural global response of the three mesh refinements.

3.2. Analysis of the Results

Upon examining Figures 6-8, it becomes evident that the dispersion associated with
the global behavior of the structure decreases as the mesh is refined. Statistically, this
suggests that using Mesh 1 (the coarsest option) would yield a larger safety coefficient
compared to Mesh 2 and especially Mesh 3.

From the analysis of the results presented in Figure 9 the following can be stated:
(1) All three meshes exhibit a similar global behavior for the structure. This brittleness
aligns well with the nature of the considered structural problem, given that the structure
lacks reinforcement; (2) The mesh dependency remains minimal, even with a substantial
difference in refinements between Meshes 1 and 3 (there is practically no difference in
behavior between meshes 2 and 3).

Examining Figures 10-12 it can be observed that the primary crack mechanism leading
to the structural rupture remains consistent across all three meshes, manifesting as a
macrocrack originating from the left bottom loading support and extending to the left
upper loading support. However, the detailed description of the cracking pattern diverges
between Mesh 1 and Meshes 2 and 3. With Mesh 1, only a single macrocrack is observed.
In contrast, Meshes 2 and 3 exhibit a more intricate pattern, featuring a second macrocrack
initiating from the right bottom loading support.
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Figure 10. Example of cracking pattern for sample 21 of Mesh 1 (r]***" ~ 829).
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Figure 11. Example of cracking pattern for sample 17 of Mesh 2 (r]***" = 223).
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Figure 12. Example of cracking pattern for sample 14 of Mesh 3 (r;"**" ~ 74).

In summary, it can be affirmed that the refinement of Mesh 1 is sufficient to yield an
acceptable global behavior of the structure, possibly with an overly conservative safety
coefficient. It also facilitates a proper rupture mechanism. Nevertheless, it does not attain
the level of fineness required for a detailed analysis of the cracking process.

4. Parallelization Performance Analysis

A parallel processing environment typically consists of multiple processors with
shared or distributed memory, an operating system for managing processes, and a parallel
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algorithm [33]. In distributed memory systems, each processor has its local memory, and
data is exchanged via a high-speed network using a message system like MPI (Message
Passing Interface). Shared memory systems feature multiprocessors that share a single
memory space, communicating through shared variables. Hybrid systems combine both
forms, with nodes that have separate address spaces and multiple processors sharing
memory within each node [34].

In this study, performance simulations are conducted on a parallel computing plat-
form consisting of a cluster comprising four nodes interconnected by a local Ethernet
network with a speed of 10 Gb/s. Each node is equipped with dual processors utilizing a
cache-coherent Non-Uniform Memory Access (cc-NUMA) architecture [35]. Detailed speci-
fications of the hardware for each node can be found in Table 2. Communication between
nodes on this platform occurs via the local network, while intra-node communication
between processors is managed by a Quick Path Interconnect (QPI) circuit [3].

Table 2. General characteristics of each node of the cluster.

Characteristic Description
Processor Intel Xeon E5-2630 v4
Number of processors 2

Cores 2 x 10

Socket per node 2

Number of threads 20

Cache size (L3) 25 MB

Clock 2.2 Ghz

Memory per node 256 GRAM (DDR4-2134 MHz)
Motherboard Intel S2600CWR
LAN Gigabit (2 x 10 Gbit)
Operational System CentOS 7

There are several metrics available to gauge the performance of parallel applications,
the most common being speedup, efficiency, and FLOPs (floating-point operations per
second). In this work, speedup is selected as the primary metric due to its practicality and
clarity in demonstrating how much faster the parallel code runs compared to its sequential
counterpart. Speedup (denoted as S,) is defined as the ratio of the sequential execution
time T to the parallel execution time T},. Mathematically, S is calculated as:

=T

It is noteworthy that the execution times reported in this work refer to the wall time,
which is the actual elapsed time of the program’s execution. This time measurement is
preferable to CPU time for evaluating parallel performance, and therefore, it is adopted in
this work.

Sy ()

4.1. Description of the Performance Analysis

The parallelization strategy was designed with the understanding that each MC sam-
ple corresponds to an independent FEM analysis, while the probabilistic model response
relies on multiple analyses of the problem. Hence, a direct parallelization approach was
adopted, enabling the concurrent execution of multiple finite element analyses. During per-
formance tests, simulations of parallel Monte Carlo were conducted with each Monte Carlo
simulation (set of samples) running on a separate node of the cluster, thereby constituting
shared memory tests.

The number of samples in each MC simulation during performance tests is set
to twenty (nme = 20) to align with the available threads per cluster node, optimizing
speedup test duration. Consequently, the first twenty FE analyses per problem solution
are used for each case. Consistency is ensured by using saved random seeds for initial-
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izing random property generation, thereby maintaining identical scenarios for precise
runtime comparisons.

The parallel computational platform, consisting of four nodes, enabled the simulta-
neous execution of up to four problems throughout the performance analysis phase. This
capability provided a significant advantage for executing the inverse analysis procedure to
estimate model parameters and evaluate speedup tests. However, since these cases were
independently performed on each cluster node utilizing available hardware resources, a
specific study quantifying the time saved by concurrently using all four nodes was not
conducted, despite the intuitive notion of time savings.

4.2. Performance Results

The results of parallelizing the Monte Carlo procedure are illustrated in Figures 13-16.
Figure 13 provides a comparison of the speedup obtained for each mesh refinement, while
Figures 14-16 show (a) the speedup measures, and (b) the execution time. The speedup is
measured relative to the number of threads (nt) used, with nt taking the values of 1, 2, 5,

10, and 20.
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—+— Parallel MC - Mesh 1
15 —#— Parallel MC - Mesh 2
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Figure 13. Comparison between the speedups of the three wall beam meshes.
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Figure 14. Performance results obtained with PMC—wall beam Mesh 1.
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Figure 15. Performance results obtained with PMC—wall beam Mesh 2.
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Figure 16. Performance results obtained with PMC—wall beam Mesh 3.

The results indicate that Mesh 1 exhibits superior speedup compared to Meshes 2
and 3. Meshes 2 and 3 demonstrate comparable outcomes, though consistently inferior to
Mesh 1. The overall reduction in execution time, considering both sequential and 20-thread
runtimes, is as follows for the three cases: Mesh 1 decreases from 1.16 h to 0.08 h; Mesh 2
decreases from 5.48 h to 0.46 h and Mesh 3 decreases from 25.65 h to 2.2 h.

Discussions and Remarks

Based on the reported results, it is evident that the PMC has notably decreased the
execution time of the simulated cases. Concerning the speedup measures, it can be seen
that as the number of threads increases, the speedup values start to deviate from the ideal
speedup curve. This difference becomes more pronounced for Mesh 1 when 20 threads
are used (15.27) whereas, for Meshes 2 and 3, it occurs as early as 10 threads (7.86 and
7.52, respectively). The values of speedup achieved with 20 threads for Meshes 2 and 3 are
similar, 11.99 and 11.66, respectively. It is important to mention that since each sample’s
runtime varies depending on the distribution of elementary random parameters, a loss of
efficiency may occur when there is a significant difference between the runtimes of different
samples, despite using dynamic scheduling in the parallel region implementation.

To assess the impact of varying sample execution times on parallelization performance,
additional Monte Carlo (MC) simulations were conducted. These simulations focused on
an illustrative scenario where all MC samples are identical, sharing the same elementary
properties. The aim of these hypothetical cases is to determine the maximum potential
gain achievable through parallelization. The results of the speedups obtained for these new
MC simulations are presented in Table 3, where nt represents the number of threads used.
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The results are categorized as “distinct samples”, reflecting those previously reported in
Section 4.2, and “equal samples”, representing the hypothetical scenario described here.

Table 3. Comparison between the speedups obtained for the real cases and the hypothetical cases.

Mesh Reference nt Distinct Samples Equal Samples
1 1.00 1.00
2 1.97 2.05
Mesh 1 5 476 5.10
10 9.23 10.33
20 15.27 19.86
1.00 1.00
2 1.98 2.02
Mesh 2 5 4.44 5.04
10 7.86 9.94
20 11.99 16.29
1 1.00 1.00
2 1.93 1.96
Mesh 3 5 422 4.65
10 7.52 8.93
20 11.66 13.87

As can be observed, the use of identical samples enhances parallelization performance
across all analyzed scenarios. The performance improvement percentages for the three
mesh refinements, when utilizing 20 threads, are 30.04%, 35.83%, and 18.92%, respectively.
For this illustrative scenario, the best speedup is obtained for Mesh 1 (19.86) and it nearly
reaches the ideal speedup value when 20 threads are used. For Mesh 2, the performance
gain is closer to the ideal speedup up to the use of 10 threads, with a deviation of the ideal
value when 20 threads are used. Conversely, for Mesh 3, the speedup values start to deviate
from the ideal speedup from the use of 10 threads.

As evident, employing identical samples significantly enhances parallelization perfor-
mance across all analyzed mesh refinements. The performance improvement percentages
for the three mesh refinements when utilizing 20 threads are 30.04%, 35.83%, and 18.92%,
respectively. In this illustrative scenario, the most substantial speedup achieved with
20 threads is for Mesh 1 (19.86), nearly reaching the ideal speedup. Additionally, a super-
linear speedup is observed when 10 threads are used (10.33). For Mesh 2, the results deviate
from the ideal speedup with 20 threads (16.29), yet exhibit a slight super-linear speedup
with five threads (5.04) and approximate the ideal with 10 threads (9.94). Conversely, for
Mesh 3, speedup values begin deviating from the ideal with 10 threads (8.93), with a more
pronounced impact when 20 threads are employed (13.87). In all cases, it is observed that a
speed-down when all cores are used. This behavior may stem from cache memory access
saturation due to the utilization of all cores [3].

5. Conclusions

In summary, this study applies a 3D probabilistic semi-explicit cracking model to
analyze macrocrack propagation in large structures using a numerical simulation of a wall
beam as a case study. This structural scenario illustrates situations where more than one
macrocrack can develop. The results demonstrated mesh independence and underscored
the model’s reliability in predicting both global behavior and primary rupture mechanisms
within structures. While the model showcases robustness, it is crucial to exercise caution
with coarser meshes, as they may yield conservative safety coefficients and reduce the
precision of the detailed cracking process, irrespective of rupture mechanisms.

The incorporation of parallel Monte Carlo into the probabilistic approach has signifi-
cantly reduced simulation times across diverse mesh configurations. Despite its simplicity,
this integration represents a substantial advancement within the framework of this proba-
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bilistic approach. Notably, for Mesh 1, runtime decreased from 1.16 h to 0.08 h; for Mesh 2,
from 5.48 h to 0.46 h and for Mesh 3, from 25.65 h to 2.2 h. This advancement is crucial for
facilitating extensive simulations required by this modeling approach, marking a significant
stride toward applying the probabilistic model effectively in three-dimensional analyses
for large-scale structures.

Looking ahead, further refinement of the model is essential for practical applications
in real-world large concrete constructions, particularly in modeling steel rebars and interac-
tions between concrete and steel. Additionally, the model should be expanded to simulate
macrocrack propagation in fiber-reinforced concrete, thereby broadening its applicability
in structural analysis and design to encompass more comprehensive scenarios.
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Abstract: The deformation and damage to seasonal permafrost roadbeds, as seasons shift, stems
from the intricate interplay of temperature, moisture, and stress fields. Fundamentally, the frost
heave and thaw-induced settlement of soil represent a multi-physics coupling phenomenon, where
various physical processes interact and influence each other. In this investigation, a comprehensive
co-coupling numerical simulation of both the temperature and moisture fields was successfully
executed, utilizing the secondary development module within the finite element software, COMSOL
Multiphysics 6.0. This simulation inverted the classical freezing-thawing experiment involving a soil
column under constant temperature conditions, yielding simulation results that were in excellent
agreement with the experimental outcomes, with an error of no more than 10%. Accordingly, the
temperature, ice content, and liquid water content distributions within the seasonal permafrost
region were derived. These parameters were then incorporated into the stress field analysis to explore
the intricate coupling between the moisture and temperature fields with the displacement field.
Subsequently, the frost heave and thaw settlement deformations of the roadbed were calculated,
accounting for seasonal variations, thereby gaining insights into their dynamic behavior. The research
results show that during the process of freezing and thawing, water migrates from the frozen zone
towards the unfrozen zone, with the maximum migration amount reaching 20% of the water content,
culminating in its accumulation at the interface separating the two. Following multiple freeze-thaw
cycles, this study reveals that the maximum extent of freezing within the roadbed reaches 2.5 m, while
the road shoulder experiences a maximum freezing depth of 2 m. A continuous trend of heightened
frost heave and thaw settlement deformation of the roadbed is observed in response to temperature
fluctuations, leading to the uneven deformation of the road surface. Specifically, the maximum frost
heave measured was 51 mm, while the maximum thaw settlement amounted to 13 mm.

Keywords: seasonal permafrost roadbed; water-heat coupling characteristics; freeze-thaw cycles;
frost heave and thaw-induced settlement

1. Introduction

In recent years, the exponential expansion of rail transit engineering has posed novel
challenges to construction endeavors in extreme cold regions, notably in highway con-
struction [1,2]. Permafrost, a unique geological blend of soil and ice, exhibits intricate
instabilities, governed by intricate interactions between water, heat, and mechanical forces.
Consequently, roadbeds constructed in permafrost regions are susceptible to two primary
types of detrimental effects: frost heaving, which results from water expansion upon freez-
ing, and thaw settlement, occurring as the ice melts and the ground subsides [34]. It is
evident that the physical and mechanical properties of seasonal permafrost roadbeds are
predominantly influenced by temperature fluctuations and water content, both of which
play pivotal roles in determining their stability and durability [5].
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Under fluctuating temperatures, roadbeds within seasonal permafrost zones experi-
ence cycles of freezing and thawing, where soil freezing is triggered by the migration of
water under temperature gradients. This migration process is intricately intertwined with
the phase change between ice and water, where the heat liberated during this transforma-
tion decelerates the rate of water migration. Furthermore, the formation of ice acts as a
barrier, impeding the movement of unfrozen water. Consequently, the intricate water—heat
coupling mechanisms within permafrost represent a critical area of research focus [6,7].
Through field observations and experiments, Tabe established that water migration is
the primary driver of frost heaving, introducing the capillary theory [8]. Everett further
elaborated on the thermodynamics behind the formation of “ice lenses” in porous materials,
considering the damage to roads and buildings caused by freezing, refining the capillary
theory [9]. While this theory offers a clear understanding of ice formation mechanisms, its
quantitative application remains challenging. In response, Harlan drew parallels between
fluid transfer in partially frozen soil and, in unsaturated soil, disregarded ice lens formation
to model the effects of temperature and water content on fluid movement [10]. Taylor and
Luthin then introduced the concept of “ice impedance”, positing that ice hinders water
migration in permafrost, thereby simplifying Harlan’s model [11].

In recent years, numerous academics have advanced water—heat coupling models
that encompass comprehensive frameworks for water-heat migration equations, ice-water
phase transitions, and intricate soil deformation calculations. Zhan et al. constructed a
water-heat—stress coupling model to investigate the frost heave deformation characteristics
of soil slopes in seasonal areas [12]. Booshehrian et al. defined the relationship between
unfrozen water content and cryogenic suction, based on the similarity between soil freezing
and soil-water characteristic curves for unsaturated soils [13]. Mihara et al. modified
the Soil and Water Assessment Tool (SWAT), by incorporating the dynamic change in soil
permeability based on the degree of soil freezing [14]. Yin et al. established a mathematical
model for the coupling of liquid, vapor, and heat fields [15]. Li et al. established a finite
element model, which considered the effect of thermo-hydro-mechanical coupling, to
investigate the freezing damage of berms under the influence of the reservoir level and
the water migration of dam filling [16]. Lu et al. proposed different modeling approaches
by regarding the environmental factor as a constitutive variable and introducing the 3D
fractional plastic flow rule into the characteristic stress space [17,18]. Zhang et al. carried
out an extensive series of pore water pressure tests under sub-zero conditions, delving
into the dynamics of how pore water pressure fluctuates and subsequently influences
deformation patterns [19].

Despite the fact that extensive theoretical and experimental investigations have been
conducted on permafrost deformation, which have mainly focused on the final results of
stable deformation and the main influencing factors, there are limitations to the modeling
of moisture transport in permafrost. Scarce attention has been paid to the implications of
coupled water—heat variations on the stability of roadbed deformation and, consequently,
there exists a notable dearth of models that have been effectively applied to practical
engineering contexts.

Hence, this study is based on the construction of the Shuang-Tao expressway roadbed.
The theoretical and numerical simulation methods are combined to study the water—heat
coupling process and the deformation of the roadbed. First, the coupling model was simpli-
fied by incorporating a solid-liquid ratio and relative saturation, considering the influence
of ice—water phase transitions on the water—heat distribution. This refined model is then
implemented within the COMSOL software framework, to replicate and analyze classic
freezing and thawing experiments on soil columns. Through secondary development,
the rationality and accuracy of the established model were validated. Subsequently, the
validated coupling model was applied to the Shuang-Tao expressway roadbed, leveraging
numerical simulations to comprehensively characterize the roadbed’s water, heat, and
stress states, as well as their dynamic variations over time. Finally, the intricate patterns
and trends governing the evolution of the roadbed’s water content field, temperature field,
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and deformation field were investigated, thereby providing valuable insights into the
roadbed’s performance and durability.

2. The Water-Heat Coupling Model

Seasonal permafrost undergoes cyclic variations driven by external temperature fluc-
tuations, leading to seasonal cycles of freezing and thawing. These processes can induce
detrimental effects on roadbeds, including cracking, frost heave, and thaw-induced set-
tlement. The primary underlying mechanism is the migration and phase transformation
of water within the roadbed soil, during these temperature-driven transitions. Hence,
the present study delves into the alterations in temperature and moisture distributions
within roadbeds during freeze-thaw cycles. Leveraging a water—heat coupling mathemat-
ical framework, this research employs the COMSOL finite element software to perform
comprehensive, coupled simulations of both temperature and moisture fields, achieved
through tailored secondary development.

This study assumes the following premises: (1) the roadbed soil is modeled as a
homogeneous, isotropic, and porous elastic medium; (2) water migration between frozen
and unfrozen zones in the roadbed occurs exclusively in the liquid phase; (3) the soil
particles, ice, and water are considered incompressible; (4) the movement of liquid water
within the roadbed adheres to Darcy’s law; and (5) heat variations in the roadbed soil are
primarily attributed to heat conduction and the phase transformations of ice and water,
while other modes of heat transfer are deemed negligible.

2.1. Water—Heat Coupling Differential Equations

Due to the elongated nature of the roadbed along the longitudinal axis and its signifi-
cantly reduced dimensions in perpendicular directions, the analysis of its moisture field can
be simplified and focused on the cross-sectional plane, thereby transforming the study into
a two-dimensional problem of academic rigor. Based on Darcy’s law [20] and the principle
of mass conservation [21], the governing equation for the migration of permafrost moisture

can be obtained as:
00y 0 00y 0 00
|+ 55 D5 | + 5y lke - £ 5 1)

M _ 2 o] | 9 [ ], 2
ot ox *ox Ay Ay Ay pw Ot

The seasonal fluctuations in moisture within permafrost roadbeds elicit phase trans-
formations, resulting in non-steady-state thermal variations. To tackle this phase change
challenge utilizing the specific heat capacity approach, it is assumed that there are no
extraneous heat sources within the soil. Drawing upon heat conduction theory, a two-
dimensional, non-steady-state temperature field heat conduction differential equation is
obtained as Equation (2), which is tailored specifically for roadbeds undergoing phase

transformations [22].
or 0 aT d oT 201

Equations (1) and (2) reveal three unknowns, namely the liquid water content, ice
content, and temperature, yet only two fundamental equations are provided. To ensure
a comprehensive and solvable water-heat coupling system, a third, supplementary rela-
tionship is essential. This research introduces the concept of the “solid-liquid ratio”, By,
which quantifies the proportion of solid ice to liquid water within the permafrost, thereby
completing the mathematical framework.

g _ O _ 1.1(%)3—1.1 (T<Tf) )

o0 o (7>1)
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2.2. Water—Heat Coupling Numerical Model

Based on the aforementioned model, this study utilized the secondary development
of the PDE module within the COMSOL software to achieve the coupling of the moisture
and temperature field. The pertinent equations and boundary constraints are outlined

as follows:
o%u ou .
eﬁ+d§+V~(—cVu—ocu+'y)+/3~Vu+au:me 4)
n-(cVu+au—vq)+qu=g—h'uonT 5)

u=ronl (6)
By converting Equations (1) and (2) into the coefficient form of the partial differential
equation group provided by COMSOL, the coupling solution can be achieved.
(1) Modeling of the water field
Firstly, the partial differential Equation (4) is written in a customized form as:
02S 0S

eﬁ+d§+V~(—cVS—ocS+’y)+,[3~VS+aS=f 7)

Next, Equation (1) is transformed into the form of a coefficient-type partial differential
equation, as follows:

9y + ﬂ%

ot Touat = V[D(64) V6. + Ky (64)] (8)

Based on the VG hysteresis model and the Gardner permeability coefficient model [23],
the saturation degree S of the permafrost can be defined as:

Oy —6;
S = 6. 6, )
Substituting Equations (3) and (9) into Equation (8) yields:
(0 — 0, + (65— 0,) 2By (T)) + (6, — 0,) L 224D . 51 10)

0,£LB1(T) = V[D(S)VS + K(S)]
Subsequently, the coefficients of the partial differential equation can be obtained as:

d =05 — 0r + (6 — 6;) &L By (T)

c=D(S)

7= (0,-Ky(5)) (11)
a = (65— 6) L 20T

f= _GV%Bl(T)

where ¢, «, and B are all set to 0.
(2) Modeling of the temperature field
First, the partial differential Equation (4) is rewritten as follows:
°T = oT

Subsequently, Equation (2) is expressed in the form of a coefficient-type partial differ-
ential equation, as follows:
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aT 20
pCp, = V- (AVT) —i—pILa—tI (13)

Based on the principle of establishing the moisture field model, the following can be
derived as:

Pcpaal _ V- (AVT) +p1L<(95 —0,)- (335£T) S+ B (T) - %f) + aBgiT) .6,) (14)

Consequently, the coefficients of the partial differential equation are obtained
as follows:

d=pCp
c=A } a 5)
F=pi((6:— 00 (205 +By(T)- %) + 2510 g

where ¢, a, A, 2, and B are all set to 0.

2.3. Validation of Numerical Model

To validate the efficacy and practical applicability of the aforementioned heat-moisture
coupled model, the model was used to invert an enclosed columnar soil freezing and
thawing experiment, as conducted by Xu et al. [24].

2.3.1. Freezing Simulation Validation and Analysis

The test soil sample was composed of silty soil, with a diameter (d) of 10 cm and a
height (/) of 15 cm. The initial moisture content was 18.6%. The top plate temperature was
maintained at 0.9 °C, while the bottom plate temperature was set to —2.1 °C. The initial
temperature was kept constant at 0.9 °C. The lateral sides of the soil column were insulated
and impermeable, and there was no water supply at the bottom boundary. The values of
the soil parameters required for the model calculations are listed in Table 1.

Table 1. Table of calculation parameters of soil column.

Parameters Values Unit Definition
ag 2.59 1 Model parameter
m 0.26 1 Model parameter
l 0.5 1 Ontogenetic coefficient
ks 10-7 m/s Permeability coefficient
0Os 0.42 1 Saturated water content
0, 0.02 1 Residual water content
01 900 kg/ m> Ice density
Ow 1000 kg/ m> Water density
0 2060 kg/m3 Soil density
L 334.5 k] /kg Latent heat of phase change in ice and water
As 1.3 W/(m-K) Thermal conductivity of the soil
Cuf 900 J/(kg-K) Specific heat of the soil

The numerical simulation results of the freezing test were compared with the corre-
sponding test results, as presented in Figure 1. Freezing was initiated from the bottom and
resulted in a significant increase in the moisture content in the lower portion compared
to the pre-freezing state, while the upper portion exhibited a noticeable decrease. This
indicated that water migrated from the top to the bottom during the freezing process.
The liquid water content in the freezing zone decreased, leading to an increase in suction.
Under the capillary action, moisture from the thawing zone in the upper part of the soil
column migrated towards the freezing front. Some of it froze near the freezing-thawing
interface, while the rest was impeded by the ice, resulting in an increase in the moisture
content in the freezing zone, with the appearance of a peak value. When the temperature
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field approached stability, the final height of the freezing—thawing interface was approxi-
mately 7.5 cm and the simulated temperature at the interface was approximately —0.57 °C.
Moreover, compared to the temperature field, the moisture field exhibited hysteresis, with
moisture migration not immediately reaching equilibrium once the temperature became
stable. Instead, it continued to migrate for a certain period of time, ultimately leading
to the appearance of a moisture content peak below the freezing—thawing interface. In
addition, it can be seen from Figure 1b that the vertical distribution of the moisture content
obtained from the numerical simulation was in good agreement with the test results; the
average relative error was 1.5%, indicating the numerical simulation accurately reflected
the variation characteristics of the water field during the freezing process of frozen soil.
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Figure 1. Variation in freezing water content: (a) cloud map and (b) vertical distribution.

2.3.2. Thawing Simulation Validation and Analysis

The simulation of the thawing test was modeled in reference to the freezing test,
with consistent soil and model parameters. However, unlike the freezing test, the initial
temperature was kept constant at —2.1 °C, and the water content distribution after 120 h is
presented in Figure 2. During the soil column thawing process, the height of the frozen—
thawed zone interface and the simulated freezing temperature value were consistent with
the freezing test, respectively, 7.5 cm and —0.57 °C. The liquid water content above the
frozen-thawed zone interface decreased gradually and uniformly, while the liquid water
content below the frozen—thawed zone interface increased vertically from bottom to top.
The water content at the frozen—thawed zone interface increased with time and, after the
frozen—thawed zone interface stabilized, an increasing trend in the water content could
be observed. The variation trend in the total water field in the soil column was basically
consistent with the final result of the laboratory thawing test, with an average relative error
of 8.5%, verifying the rationality of the water-heat coupling model.
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Figure 2. Variation in liquid water content: (a) cloud map and (b) vertical distribution.
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3. Deformation Analysis of Seasonal Frozen Roadbed

The aforementioned numerical simulation of water-heat coupling was applied to
investigate the temperature and water fields in the permafrost roadbed of the Shuang-Tao
expressway. Firstly, the fully coupled calculation of the water and heat fields of the roadbed
was conducted to obtain the distribution of the temperature, ice content, and liquid water
content. Then, the data was imported into the stress field to analyze the coupling of the
water and temperature fields with the displacement field, and to calculate the deformation
and stress of the roadbed, achieving the seasonal permafrost full water-heat coupling and
deformation analysis of the roadbed.

3.1. Project Overview

The Shuang-Tao expressway is located in the western region of Jilin province, China,
as shown in Figure 3. It is an important longitudinal, regional distribution expressway. The
expressway belongs to the mid-temperature zone of the continental monsoon climate, with
significant seasonal changes. Spring is dry and windy, summer is hot and rainy, autumn is
cool with large temperature differences between day and night, and winter is long and cold.
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Figure 3. Shuang-Tao expressway project line.

3.2. Water—Heat Coupling Analysis
3.2.1. Parameters of the Model

The width of the roadbed was 27 m, the height was 4 m, and the side slope was
1:1.5. The depth below the roadbed was 10 m. When the boundaries of the model were
far enough, the effect of the temperature field of the roadbed on the original seasonal
permafrost could be ignored [25]. Therefore, the outward length on each side was taken as
20 m. The roadbed fill was gravel soil and the foundation was powdery clay. The model
adopted a free quadrilateral mesh and the roadway section was densified, as shown in
Figure 4. The selected parameters for the roadbed are shown in Tables 2 and 3.
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Figure 4. Geometric model and meshing of the roadbed.
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Table 2. Thermodynamic parameters.

. Density Thermal Conductivity Specific Heat
Materials (kg/m®) (W/m-K) (J/(kgK)) B
Gravelly soil 2000 113 1210 0.61
Powdery clay 1550 1.125 1241 0.56
Ice 900 2.22 2090 —
Water 1000 0.58 4180 —
Table 3. Hydraulic parameters.
Materials ap m 1 05 0, ks
Gravelly soil 0.66 0.14 0.5 0.42 0.05 5x 1070
Powdery clay 2.65 0.26 0.5 0.5 0.02 1x1078

3.2.2. Boundary Conditions and Simulation Process
(1) Temperature boundary conditions

Considering the actual situation, the surface temperature of the roadbed was described
by the following equation based on the local temperature:

. (27
T—To—i—Asm<365><t+qoo> (16)
where T is the surface temperature of the roadbed (°C), T is the average annual temperature
(°C), A is the annual amplitude of the fluctuation in the daily average temperature (°C), t is
time (d), and ¢ is the first phase.

Based on the temperature in Jilin province, the annual average temperature was taken
as 7.4 °C and the annual maximum temperature difference was 52 °C. Taking 18 October
2019, as the starting point for the temperature, ¢y was taken as 7t and a vertical temperature
gradient was not considered. Hence, the temperature boundary condition of the upper
boundary of the roadbed model was as follows:

. (27
T—7.4+26sm(365><t+7r) (17)

Assuming that the left and right boundaries, AH and FG, respectively, were suffi-
ciently distant, they could be regarded as adiabatic, thereby neglecting any heat exchange
across these interfaces. The deeply embedded bottom boundary GH experienced minimal
temperature fluctuations due to the external environment, maintaining a nearly constant
temperature of 9 °C. The soil’s freezing point Ty was set at —0.4 °C.

(2) Moisture boundary conditions

Within the numerical model, the roadbed was considered a closed system, neglecting
precipitation and evaporation impacts on moisture. Based on engineering specifications,
the initial soil moisture content was set at 12.36%.

(3) Initial conditions

To minimize computational errors, the thermal boundary conditions on the roadbed’s
top surface were initially derived using Equation (17). Subsequently, the roadbed’s tem-
perature field was simulated over 504, and the stabilized temperature distribution was
adopted as the initial condition for subsequent temperature analysis.

3.2.3. Results and Discussion
(1) Temperature field

To investigate seasonal variations in the ground temperature within a permafrost
roadbed, a water-heat coupling analysis was conducted, with subsequent analysis of the
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roadbed temperature distributions every 60 days, commencing from 18 October of the
initial year. As presented in Figures 5 and 6, with a decrease in the external tempera-
ture, the temperature of the upper boundary of the roadbed dropped to —15 °C on 17
December, reaching the soil’s freezing point, resulting in a 1.3 m deep frozen layer within
the roadbed. By 15 February of the subsequent year, the upper boundary temperature
stabilized at —15 °C, with the frozen depth extending to approximately 2 m, due to the
extended freezing duration. Below this depth, temperatures remained above the freezing
point, gradually approaching the initial temperature. On 14 April of the same year, with
ambient temperatures rising to 7 °C, the roadbed temperature commenced an upward
trend. Nevertheless, pockets of sub-zero soil persisted within the roadbed. Heat transfer
occurred bidirectionally, with warmth ascending from deep layers and descending from
the surface, initiating a thawing process marked by heat absorption. Despite an overall
temperature increase, the frozen depth paradoxically expanded from 2 to 2.5 m. On 13
June, with sustained temperature increases, all soil layers within the roadbed surpassed the
freezing point, with the temperature nadir observed at a depth of approximately 2.5 m. On
12 August, the roadbed’s temperature hovered around 30 °C, with the soil’s coolest point
located at a depth of approximately 5 m. This phenomenon stems from bidirectional heat
transfer, with both shallow and deep, warmer zones simultaneously transferring heat to
cooler regions. Consequently, the depth of the lowest temperature shifted from 2.5 to 5 m.
In October of the subsequent year, with ambient temperatures declining to approximately
7 °C, the roadbed’s temperature distribution mirrored that observed in October of the
initial year. Upon crossing the freezing threshold, a fresh freeze—thaw cycle was initiated.

As depicted in Figure 7, the first, second, and third control points were positioned
at depths of 1, 2, and 2.5 m, respectively, below the roadbed’s centerline. Meanwhile, the
fourth, fifth, and sixth control points were situated at depths of 1, 2, and 2.5, respectively,
beneath the natural ground surface, 0.5 m lateral to the left slope foot. Figure 8 illustrates
the temporal temperature variation curves for the six control points, revealing a sinusoidal
trend that aligns with fluctuations in the boundary temperatures. A consistent pattern
of temperature variation was evident across all six points. However, the soil’s inherent
temperature lag response accounts for the delayed increase in temperatures at points 2 and 3
beneath the roadbed, even as point 1 initiates an upward trend. This lag necessitates varying
durations for each depth’s controlled point to attain maximum or minimum temperatures.
During the freezing period, the roadbed soil at equivalent depths exhibited temperatures
1°Cto 2 °C higher than the foundation soil. Similarly, during soil warming, the roadbed soil
retained higher temperatures, attributable to its more pronounced temperature variations
compared to the foundation soil. Control points 5 and 6 recorded a minimum temperature
of approximately 0 °C, confirming a foundation freezing depth of ~2 m, aligned with the
observed conditions. Point 2’s minimum temperature was also ~0 °C, whereas point 3
dipped below freezing, indicating a roadbed freezing depth of ~2.5 m. This establishes
the order of the depth-based influence of the ground temperature as roadbed > natural
ground surface.

(2) Moisture field

Based on the time points of the temperature field, the annual variations in liquid
water and ice content within the seasonal permafrost roadbed, correlated with the external
temperature fluctuations, as depicted in Figures 9-11. On 17 December, the roadbed’s upper
boundary temperature fell below freezing point, resulting in a 1.3 m deep frozen zone. The
ice content within this zone correlated positively with the decreasing temperatures, peaking
at 23%, while the liquid water content remained low at 2%. The ice barrier promoted liquid
water migration towards the freeze-thaw interface, causing an increase in the liquid water
content (max 13%) within the 1.3-2 m zone. On 15 February of the subsequent year, the
upper boundary temperature remained low, leading to a downward progression in the
freezing front and an expansion of the frozen zone to a 2.5 m depth. Concurrently, a
slight increase in the liquid water content was observed proximate to the newly formed
freezing surface. By 14 April of this year, the ambient temperature surpassed freezing,
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initiating thawing in the shallow frozen zone and an increase in the liquid water content.
Despite this, pockets of sub-zero temperatures persisted in the roadbed, prompting liquid
water migration from both the superficial and deeper layers towards the residual freezing
zone, resulting in enhanced liquid water content approximately 1 m deep within this zone.
After 13 June, the roadbed underwent complete thawing due to temperature elevation,
minimizing water migration. Until the next freeze-thaw cycle, the roadbed’s liquid water
content distribution remained stable. Water migration led to an increase in the surface
water content, from 12.3% to 22%.
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Figure 5. Temperature variation in the roadbed in one year: (a) 17 December, (b) 15 February, (c) 14
April, (d) 13 June, (e) 12 August, and (f) 11 October.
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Figure 6. Variation in the temperature in terms of the depth at the center of the roadbed, in one year.
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Figure 7. Position of control points in the roadbed.
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Figure 8. Change in control point temperature in 5 years: (a) below the roadbed surface and (b)
below the natural ground surface.
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Figure 9. Variation in the liquid water content of the roadbed in one year: (a) 17 December, (b) 15
February, (c) 14 April, (d) 13 June, (e) 12 August, and (f) 11 October.
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Figure 10. Variation in the ice content of the roadbed in one year: (a) 17 December, (b) 15 February,
(c) 14 April, and (d) 13 June.
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Figure 11. Variations in the liquid water and ice content in the center of the roadbed according to
different depths in one year: (a) the liquid water content and (b) the ice content.

To assess annual variations in the moisture and ice content within the seasonally frozen
roadbed, the moisture distributions on August 9th and ice content profiles on January
11th across the second, fourth, sixth, and eighth years post-construction were analyzed,
utilizing water-heat coupling simulations, as shown in Figures 12 and 13. The results
indicated that over successive freeze-thaw cycles, both the surface and roadbed moisture
and ice contents undergo continual redistribution, escalating with the cycle count. After
eight years, the roadbed center ice content surged from 0% to 59.2%, while soil below a
depth of ~2.5 m remained ice-free, aligning with the roadbed’s maximum freezing depth.
Furthermore, by the eighth year, the water and ice content near the slope foot peaked at 86%
and 106%, respectively, due to its encapsulation by frozen soil and heightened temperature
sensitivity, facilitating omnidirectional water migration. The roadbed internal water also
converged towards the slope foot under migration effects, leading to cumulative water
content (excluding evaporation and drainage). It is inferred that prolonged freeze—thaw
cycles will severely compromise the roadbed through frost heave and thaw settlement.
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Figure 12. Water content distribution in the roadbed after 8 years: (a) after 2 years, (b) after 4 years,
(c) after 6 years, and (d) after 8 years.
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Figure 13. Ice content distribution in the roadbed after 8 years: (a) after 2 years, (b) after 4 years,
(c) after 6 years, and (d) after 8 years.

To investigate the water—heat interplay in roadbed soil, time history curves of the
liquid water content and temperature, as well as ice content and temperature, were plotted
and analyzed, as depicted in Figure 14. The results indicated that the liquid water content
at point 1 began to decrease before the temperature reached the freezing point of the soil,
and the liquid water at points 1 and 3 slightly increased during the freezing period due to
water migration from unfrozen areas. After the temperature reached the freezing point,
the ice content rapidly increased, whereas it decreased rapidly as the temperature reached
the thawing point. However, the water content field had a slight lag compared to the
temperature field. This is because ice is more sensitive to temperature, while liquid water
can migrate as the temperature fluctuates.
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Figure 14. Time history curves: (a) liquid water content and temperature and (b) ice content
and temperature.
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3.3. Deformation Analysis
3.3.1. Basic Equations for the Stress Field
The stress state of permafrost is complex, including the effects of gravity, external loads,
pore water pressure, and frost heave. This investigation neglected the stress redistribution
caused by external loads and pore water pressure and only analyzed the stress caused by
frost heave. An elastic model was adopted, the soil was analyzed for elastic deformation,
disregarding plastic and viscous deformations.
The equilibrium equation is:
-V.o=F (18)
The geometric equation is:
e=Vu (19)

The present constitutive equation is:
{o} = [c]({e} — {eo}) (20)

During the calculation of permafrost strain, it is necessary to consider the phase change
of water, the transient strain, and soil strain caused by water migration, which leads to:

e=¢+¢g (21)

During the process of water transforming into ice, the volume increases by 9%. The
strain &, caused by water migration and the freezing phase change is:

g0 = 0.09(60 + A0 — 0,) + AB + (g — n) (22)

As liquid water transforms into ice, the volume expands due to freezing and the
migration of water from unfrozen zones, alongside in-pore water freezing. Assuming
the volume of the soil particles remains constant, the porosity of the soil increases as
the volume increases, caused by the water freezing into ice. Hence, frost heave can be
quantified through porosity changes, expressed at time ¢ as:

V;
et = Vf (23)

Then, the porosity at the time t + dt is:

Vi+dVv

Ctrdt = V+dv (24)
The strain during soil freezing is:
dey = 27 25)
Substituting Equations (23) and (24) into (25) yields:
V‘efiﬁg—v& de
dey = — i (26)

3.3.2. Numerical Modeling

(1) Calculation parameters

The mechanical parameters of the soil for the simulation are shown in Table 4. In the
simulation, permafrost was treated as a frozen body composed of soil particles and ice,
the elastic modulus of soil and ice were E; and E;, respectively, and Poisson’s ratio of soil
and ice was vs and v;, respectively. The content of the soil particles and ice was ns and n;,

110



Buildings 2024, 14, 2710

respectively. Thus, the equivalent elastic modulus and Poisson’s ratio of permafrost can be

obtained as:

[nsEs(1 — 20;) + nsEs(1 — 205)][nsEs (1 + v;) + n;E; (1 + v5)]
nsEs(1+ T)i)(l — 2?],') +mE;(1+ Us)(l — 205)

E= 27)
~ nsEsvs(14v;) (1 — 20;) + n;Ej0;(1 4 v5) (1 — 205)

neEs (1 0,) (1 20,) + mE(L+ 05)(1 - 205) 29

Table 4. Mechanical parameters of the soil.

Materials Elastic Modulus E (MPa) Poisson’s Ratio v
Gravelly soil 61 0.28
Powdery clay 28 0.3
Ice - 0.33

The elastic modulus of ice at different temperatures is shown in Table 5. A linear
relationship, with a correlation coefficient R?> of 0.92, can be obtained through linear
regression, as shown in Equation (29).

E; =4363.5—3235T (T < T") (29)
where T is the temperature of the ice and T* is the freezing point of the soil.

Table 5. Elastic modulus of ice at different temperatures.

Temperature (°C) -2 —54 -8
Elastic modulus (MPa) 4910.0 6342.0 6820.0

(2) Boundary conditions

The roadbed’s GH bottom boundary was reinforced with fixed constraints, while its
AH and FG side boundaries had roller support. The rest of the roadbed’s boundaries were
free.

(3) Roadbed freezing and thawing coefficient

The relationship between the freezing coefficient and the ice content was described
using an empirical equation, as follows:

A'wl(x/y)_B/ wl<x1y) >C

77(35/]/) = { 0 ,wl(x,y) <C (30)

The equation includes empirical coefficients A, B, and C, which can be obtained from
Table 6. The mass fraction wj(x, y) of the ice content 0;(x, y) is used to express their
proportion relationship, as follows:

wi(x,y) = pr-01(x,y)/p (31)
Table 6. Empirical coefficients.
Soil Types A B C
Gravelly soil 0.0684 0.0028 0.04
Powdery clay 0.08 0.0003 0.003

The thawing coefficient is mainly related to the water content, dry density, and porosity.
This investigation used the water content method (w method) for the calculation [26],
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and the empirical relationship between the thawing coefficient and water content can be
obtained as follow:
1o = K1 (w — we)% (32)

where w, represents the initial thawing water content of different soil types, and Kj is an
empirical coefficient related to different soil types. The values of w. and K; are presented
in Table 7.

Table 7. Values of w, and K of different soil types.

Soil Types we (%) Kq
Gravelly soil 14 0.6
Powdery clay 18 0.7

(4) The deformation analysis steps

First, based on the established water-heat coupling model, the solid mechanics module
was added, and the aforementioned water-heat coupling results were imported into
the model through interpolation functions. Then, the thermal expansion interface was
introduced into the solid mechanics interface, and the relevant parameters and boundary
conditions were set. The thermal expansion coefficient was calculated using the secant
method. When the temperature fell below the freezing point of the soil, the freezing
coefficient was applied. Conversely, when the temperature exceeded the soil’s freezing
point, the thawing coefficient was used. The thermal expansion coefficients of gravelly soil
and powdery clay were converted into IF statement inputs based on Equations (30)—(32).
Taking powdery clay as an example, the input expression is as follow:

if(T<Tg Q1 Q2) (33)

where Ty is the freezing point of powdery clay, and Q; and Q; define the freezing and
thawing coefficient functions of powdery clay. Finally, set the research type as the steady
state for model calculations.

3.3.3. Results and Discussion

A study was conducted to investigate the deformation of the road and shoulder during
freezing conditions, with displacement-time curves presented in Figure 15. It can be seen
that by the 20th day, November’s onset saw a persistent decline in ambient temperature,
leading to gradual roadbed soil expansion. Notably, the vertical deformation at the right
shoulder exceeded that at the roadbed center. This is because the soil on both sides of the
roadbed’s right shoulder is frozen and a large temperature gradient is formed during the
freezing process. It freezes faster than the soil at the center of the roadbed. Therefore, the
water in the roadbed soil migrates first to the shoulder, making the freezing and expansion
of the soil at the shoulder more obvious. Furthermore, the period spanning from the 20th
to 50th day marked a rapid phase of freezing and expansion, with substantial increases in
frost heave. Subsequently, the rate of increase diminished on a monthly basis. By the 140th
day, the maximum frost heave at the shoulder reached 13 mm, whereas the center of the
roadbed experienced a maximum of 7.3 mm. This disparity in deformation between the
shoulder and roadbed center will cause uneven deformation of the road.
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Figure 15. Displacement versus time curve for the middle of the roadbed and the left shoulder
during freezing.

An analysis of frost heave deformation on 7 March, annually, was conducted, as
depicted in Figure 16, revealing a symmetrical distribution of deformations along the
transverse direction. Notably, the roadbed surface exhibited uneven deformation, resulting
in a concave shape post-frost heave. Furthermore, the roadbed underwent continuous
moisture redistribution due to the influence of water migration, with each freeze-thaw
cycle contributing to water accumulation in the upper layers. Neglecting external factors,
like drainage and evaporation, this accumulation exacerbated the frost heave deformation
over time. By day 140, the shoulder experienced a peak frost heave of 11.7 mm, which
increased to 50.5 mm over 7 years. Similarly, the road center attained a maximum frost
heave of 7.3 mm on day 140, increasing to 25.2 mm in 7 years. In summary, if the roadbed fill
becomes waterlogged, the higher moisture content leads to greater frost heave deformation,
and uneven settlement on the roadbed surface will continue to worsen.
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Figure 16. Frost heave deformation of roadbed surface at different times.

An analysis was conducted on the deformation of the roadbed and shoulders during
the thawing period, and the displacement versus time curves are shown in Figure 17.
It can be seen that after 140 days, the external environment transitioned to a warming
phase, causing soil ice to gradually melt as temperatures rose. By the end of May, complete
thawing of the roadbed permafrost led to substantial thaw settlement deformation, with the
shoulders experiencing the most significant settlement. This is attributed to the preferential
heating and thawing of shoulder soils, initiating rapid vertical displacement changes
during the initial thaw period. During the thawing process, due to the deep-freezing
depth during the freeze-up period, the thawing of the soil at the shoulders took a longer
time. Additionally, the water content in the shoulder soil cannot be discharged in a
timely manner, causing a larger thaw settlement amplitude, resulting in larger vertical

113



Buildings 2024, 14, 2710

displacement changes at the shoulder. Moreover, between days 140 and 170, there was a
rapid phase of thaw settlement development, marked by a steep increase in the settlement
growth rate. Subsequently, the thaw settlement rate gradually tapered off on a monthly
basis, peaking at 1.2 mm on the 230th day, stabilizing thereafter. This trend stems from ice’s
sensitivity to temperature; as temperatures rise, the soil ice content rapidly diminishes in
the initial stages, leading to a corresponding decrease in frost heave deformation. When
the ice completely thawed, water migration within the shallow subgrade layer caused an
increase in water migration, leading to thaw settlement deformation. In summary, the
difference in frost heave and thaw settlement deformation between the road center and
shoulders can cause uneven deformation of the roadbed.
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Figure 17. Displacement versus time curve for the middle of the roadbed and the left shoulder
during thawing.

The thaw settlement on July 4th of each year was analyzed, as presented in Figure 18.
It can be obtained that the thaw settlement deformation of the roadbed was symmetri-
cally distributed along the transverse direction and there was uneven deformation on
the roadbed surface, which presented a convex shape after thaw settlement deformation.
Additionally, the roadbed underwent constant moisture redistribution due to the influence
of water migration. Without considering external factors, such as drainage and evaporation,
every freeze-thaw cycle caused water to accumulate on the upper and top surface of the
roadbed. This gradual water accumulation enhances thaw settlement deformation over
time. The shoulder exhibited a peak thaw settlement of 1.3 mm on the 275th day, escalating
to 12.6 mm over 7 years. Comparatively, the road center peaked at 0.76 mm on the 275th
day, reaching 9.67 mm after 7 years. Generally, waterlogged subgrade fills experience
heightened thaw settlement with rising temperatures due to increased moisture content,
exacerbating uneven settlement on the subgrade surface.
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Figure 18. Surface thaw settlement deformation of the roadbed at different times.
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3.3.4. Discussion and Limitations

This investigation proposes a water-heat coupling model and implements a computa-
tional framework through the secondary development feature of COMSOL Multiphysics,
to analyze the influence of water—heat coupling on roadbed deformation. However, this
study also has some limitations, as follows:

(1) A sensitivity analysis of the parameters has not been conducted yet. Initially, identify
the dominant variables influencing the frost heave/thaw settlement. Subsequently,
develop a multi-source data-driven model for evaluating and predicting the safety of
seasonal permafrost roadbeds, with soil-sensitive parameters as controlled indepen-
dent variables, and frost heave/thaw settlement as the target-controlled variables;

(2) This investigation neglected the stress redistribution caused by external loads and
pore water pressure and only analyzed the stress caused by frost heave, thus traffic
load was not considered. Hence, it is necessary to incorporate dynamic traffic loads
to further develop the water-heat coupling computational model under dynamic
load conditions.

4. Conclusions

This study presented a combined theoretical and numerical investigation on the water—
heat coupling characteristics of a seasonal permafrost roadbed. A water-heat coupling
model was established and verified using the classic freeze-thaw test involving a soil
column. Furthermore, an analysis of the frost heave and thaw-induced settlement defor-
mations of the roadbed were conducted, focusing on their variations under temporal and
thermal fluctuations. The key findings of this research can be summarized as follows:

(1) A water-heat coupling mathematical model is established, of which the calculation
is realized by using the secondary development module in the COMSOL software,
thereby achieving the fully coupled numerical simulation of the temperature field and
the moisture field. The accuracy of the model is verified by the classic freeze-thaw
test involving a soil column. The simulation results are in good agreement with the
test results, with an error of no more than 10%;

(2) During the freezing and thawing process of the soil, the temperature distribution
along the soil column direction is approximately linear, while the water migrates from
the positive temperature zone to the negative temperature zone, with the maximum
migration amount reaching 20% of the water content. Moreover, the balance of the
water field lags behind that of the temperature field;

(3) The duration of the soil freezing period is 4 months, with the maximum freezing
depth of the roadbed being 2.5 m and that of the road shoulder being 2 m. After
thawing, the water content in the shallow layer of the roadbed increases compared to
the initial water content, leading to a decrease in soil strength;

(4) After experiencing multiple freeze-thaw cycles, significant deformation occurs in the
roadbed. In the first year, the vertical frost heave deformation of the roadbed is 6 mm,
resulting in a concave-shaped road surface; the vertical thaw settlement deformation
of the roadbed reaches 1.2 mm, resulting in a convex-shaped road surface. By the
seventh year, the maximum frost heave can reach 51 mm, and the maximum thaw
settlement can reach 13 mm.
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Abstract

To investigate the regulatory mechanism of polyoxymethylene (POM) fiber on the worka-
bility and mechanical properties of C30-grade coral aggregate concrete (CAC), this study
designed six groups of CAC specimens with varying POM fiber volume fractions (0%, 0.2%,
0.4%, 0.6%, 0.8%, and 1.0%). Cube compressive test, axial compressive test, split tensile
test, and flexural tests of CAC specimens after 28 days of curing were conducted, while ob-
serving their failure modes under ultimate load and stress—strain curves. The experimental
results indicate that POM fiber incorporation significantly reduced the slump and slump
flow of the CAC mixtures. The cube compressive strength, axial compressive strength,
split tensile strength, and flexural strength of CAC initially increased and then decreased
with increasing POM fiber volume fraction, peaking at 0.6% fiber content. Compared to
the fiber-free group, these properties improved by 14.78%, 15.50%, 17.01%, 46.13%, and
3.69%, respectively. Analysis of failure modes under ultimate load revealed that POM fibers
effectively reduced crack quantity and main crack width, producing a favorable bridging
effect that promoted a transition from brittle fracture to ductile failure. However, when
fiber volume fraction exceeded 0.8%, fiber agglomeration led to diminished mechanical per-
formance. Based on experimental data, the constitutive relationship established using the
Carreira and Chu model achieved a goodness-of-fit exceeding 0.99 for CAC stress—strain
curves, effectively predicting mechanical behavior and providing theoretical support for
marine engineering applications of coral aggregate concrete. This study provides a the-
oretical basis for exploiting coral aggregates as low-carbon resources, promoting CAC
application in marine engineering, and leveraging POM fibers’ reinforcement of CAC to
reduce reliance on high-carbon cement. Combined with coral aggregates” local availability
(cutting transportation emissions), it offers a technical pathway for marine engineering
material preparation.

Keywords: coral aggregate concrete; POM fiber; mechanical properties; constitutive model;
low-carbon effect

1. Introduction

With the rapid development of economies and the continuous advancement of in-
frastructure construction, the demand for building materials continues to rise. Natural

Buildings 2025, 15, 3344 https:/ /doi.org/10.3390/buildings15183344
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aggregates are increasingly depleted in production, leading to resource exhaustion and
severe ecological damage. Their extraction and transportation processes also involve
substantial energy consumption and carbon emissions. Thus, exploring low-carbon, eco-
friendly alternatives to concrete aggregates is essential [1-3]. Recent in-depth studies on
coral aggregates, including those by Wang et al. [4] and Sun et al. [5,6], confirm they can be
used as concrete aggregates after proper treatment.

Using coral aggregates to replace coarse aggregates in concrete construction has low-
carbon and ecological value. It can not only effectively reduce environmental impact,
decrease carbon emissions from land sand and gravel mining and transportation, but
also significantly reduce project costs and improve the efficiency of coastal engineering
projects [7,8]. Due to maritime transportation, the emission of 0.0089 kg of carbon diox-
ide and the consumption of 0.13 MJ of non-renewable energy are generated for each ton
of materials transported for one kilometer. Using local coral waste can avoid the huge
energy consumption and carbon dioxide emissions caused by transporting raw materi-
als from the mainland [9]. However, the practical implementation of coral aggregates
remains constrained by inherent material limitations such as low compressive strength,
porous structure, irregular surface morphology, and higher apparent and bulk densities
compared to conventional aggregates. These material properties collectively contribute to
operational challenges including heightened water demand during mixing, compromised
workability, and difficulties in achieving proper compaction and formwork stability during
concrete placement, ultimately affecting the quality and durability of coral-based concrete
structures [10-13]. Driven by the low-carbon and environmentally friendly advantages
brought by coral aggregates, scholars have conducted research on the modification and
enhancement of coral concrete to make up for the shortcomings of coral aggregates. The
incorporation of fiber materials has been shown to enhance concrete’s crack resistance,
tensile strength, and ductility by bridging microcracks and optimizing internal stress
distribution [14]. Advances in polymer-based synthetic fiber technology have facilitated
the development of high-performance synthetic fibers, providing an effective pathway to
improve the mechanical properties of coral aggregate concrete (CAC). Furthermore, experi-
mental studies have demonstrated that synthetic fibers significantly enhance the flexural
strength, tensile resistance, and crack inhibition capacity of concrete [15,16]. For example,
modified polypropylene fibers can enhance the interfacial bonding performance, fiber
pull-out resistance, and fracture toughness of ultra-high performance concrete (UHPC),
which in turn reduces the dependence on high cement content and lowers carbon emis-
sions [17]. Polyethylene fibers, by contrast, can improve the interlayer adhesion, impact
toughness, and compressive strength of 3D-printed cement-based composites [18], as well
as the mechanical properties of fly ash/slag-based geopolymer concrete. Since geopolymers
themselves possess low-carbon characteristics, their combination with fibers can further
reduce the carbon footprint of the material [19].

Polyoxymethylene (POM) fiber, a novel synthetic polymeric material, exhibits excep-
tional mechanical properties, long-term durability, and outstanding resistance to chemical
corrosion, particularly in alkaline environments and seawater immersion. Remarkably,
it maintains homogeneous dispersion stability at high dosages without agglomeration,
attributed to its low surface energy and high crystallinity. These synergistic properties have
enabled its widespread adoption in marine engineering, fisheries, equipment manufactur-
ing, and precision instrumentation [20].

In the field of concrete performance enhancement, Zhang et al. [21] incorporated POM
fibers with varying lengths and volume fractions into notched beams and concrete cubic
specimens, conducting three-point bending and splitting tensile tests. The experimental
results demonstrated that the increase in fiber length and content effectively enhanced
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the crack resistance, tensile strength, and fracture toughness of the concrete material.
Hua et al. investigated the influence of POM fibers on the bond performance between
bimetallic steel bars and seawater sea-sand concrete (SWSSC) through laboratory bond
tests. The experimental results revealed that the SWSSC specimens incorporating POM
fibers exhibited intact stainless-steel cladding on the bimetallic bars post testing, without
cracks, fracture zones, or evidence of galvanic corrosion [22]. Wang et al. [23] systematically
documented the apparent morphology and mass loss of POM fiber-reinforced seawater
sea-sand concrete (SWSSC) subjected to thermal cycling (heating—cooling processes), and
evaluated its compressive and tensile properties. The experimental results demonstrated
that SWSSC incorporating POM fibers exhibited enhanced cube compressive strength and
splitting tensile strength after exposure to 400 °C, compared to unmodified specimens. Yan
etal. [24] investigated the fracture behavior of airport pavement concrete with varying fiber
contents. The results demonstrated that increasing fiber content enhanced crack resistance,
with fracture toughness increasing by approximately 50% and crack propagation being
effectively suppressed when the fiber concentration exceeded 1.1%. Xue et al. [25] studied
the effects of POM fibers on the workability, early cracking behavior, and mechanical
properties of SWSSC. The results showed that as the fiber volume fraction increased,
the workability of SWSSC decreased accordingly. POM fibers significantly improved
the early crack resistance of SWSSC. When the POM fiber volume fraction was 0.6%,
the cubic compressive strength of SWSSC reached its highest value. When the POM
fiber volume fraction was less than 0.6, the axial compressive strength of SWSSC initially
increased and then decreased, while it increased when the fiber volume fraction exceeded
0.6. At a volume fraction of 0.6, the splitting tensile strength and flexural strength of
SWSSC were also the highest. The above studies found that the length and dosage of
POM fibers have certain impacts on the mechanical properties and ductility of concrete,
which aligns with conclusions from other researchers [20,26-28]. The current research
on fiber concrete mainly focuses on steel/polypropylene fibers combined with ordinary
aggregate systems. However, research on the mechanisms by which POM fibers influence
the mechanical properties of CAC remains limited. Specifically, studies on the deformation
characteristics and reinforcement mechanisms of POM fibers in CAC under various external
dosages are scarce. Therefore, in this study, through a 0-1% volume dosage gradient
experiment, the strengthening mechanism of POM fibers in coral aggregate concrete (CAC)
was systematically revealed, providing important data support for the research on the
mechanism of POM fibers affecting the mechanical properties of CAC.

To investigate the early mechanical properties of POM fiber-reinforced CAC spec-
imens, this study designed CAC specimens with gradient POM fiber volume fractions
(0%, 0.2%, 0.4%, 0.6%, 0.8%, 1.0%) to systematically evaluate the workability of CAC
mixtures and the evolution of their early mechanical behaviors. In accordance with the
GB/T 50081-2019 standard [29] for test methods of concrete physical and mechanical prop-
erties, tests were conducted on cubic compressive strength, axial compressive strength,
splitting tensile strength, and flexural strength. By analyzing the failure modes of the
specimens under ultimate load, the synergistic mechanism at the fiber-matrix interface
was elucidated. Based on experimental data and theoretical analysis, the optimal range
of fiber content was determined. The deformation characteristics of CAC specimens were
analyzed using stress—strain curves under different POM fiber contents, and a constitu-
tive model for POM fiber-reinforced CAC was established. As the capacity for marine
resource development continues to improve, this provides a theoretical basis for the design
and application of CAC in offshore artificial islands, breakwaters, reef ports, and coastal
infrastructure projects, and promotes the utilization of coral aggregate as a low-carbon
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resource. It is conducive to achieving the sustainable development of marine resources and
the environment.

2. Property of Material
2.1. Raw Materials

The coral aggregates used in this study were sourced from the South China Sea. The
coral debris waste was generated during the construction of marine projects such as ports,
docks, and breakwaters. As shown in Figure 1a, the coarse aggregate in the concrete
consisted of coral aggregates with a continuous particle size range of 5-16 mm. The mass
proportions of particles with diameters between 4.75 and 9.5 mm and 9.5-16 mm were 50%
and 50%, respectively. The physical parameters are provided in Table 1.

Figure 1. The material of CAC: (a) Coral aggregate; (b) POM fiber.

Table 1. Physical properties of coral aggregate.

Apparent Density Bulk Density Void Content 1 h Water Absorption Cylindrical Strength

1886 kg/m3 963 kg /m? 49.9% 12.1% 2.9 MPa

Note: All indexes listed here are measured referring to GB/T 17431.2-2010 [30] lightweight aggregates and its test
methods—part 2: test methods for lightweight aggregates.

The POM fibers used in this study were manufactured by Yunnan Yuntianhua
Co., Ltd. (Shuifu City, China). The morphological characteristics of the fibers are illustrated
in Figure 1b, with their physical parameters summarized in Table 2. The POM fibers exhibit
a diameter of 0.2 mm and a controlled length of 12 mm.

Table 2. Physical properties of POM fiber.

Melting Point Tensile Strength Elongation Elastic Modulus Density
165 °C 967 MPa 18% 8 GPa 1400 kg/m3
Note: All indexes listed here are measured referring to GB/T 21120-2018 [31] ynthetic fibers for cement concrete
and mortar.

In the CAC specimens, fine aggregates consisted of river sand, with Portland cement
Type P-O 42.5 serving as the binder. Freshwater was used as mixing water, and a poly-
carboxylate superplasticizer (PCE) with a water reduction rate of 35% was incorporated,
complying with the requirements of GB 8076-2008 [32] concrete admixtures.

2.2. Mix Proportion and Specimen Preparation

The mixing process for CAC preparation was conducted in accordance with the JGJ/T
12-2019 [33] technical standard for the application of lightweight aggregate concrete. We
weighed the coarse aggregate, fine aggregate, and cement according to the mixing ratio,
poured them into the mixer, set the speed at 50 rpm, and carried out dry mixing for 1 min.
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Then, we added water and water reducer to the mixer and mixed for another 1 min. Finally,
we evenly sprinkled POM fibers into the concrete mixture and continued to mix for 2 min.
This operation ensured the uniform distribution of POM fibers in the concrete. The detailed
experimental design and mass proportions of constituent materials are presented in Table 3,
where NF denotes plain CAC without POM fibers and serves as the control group. Six
fiber volume fractions (p) were investigated: 0%, 0.2%, 0.4%, 0.6%, 0.8%, and 1.0%, with
corresponding specimen designations NF, FC0.2, FC0.4, FC0.6, FC0.8, and FC1.0.

Table 3. Mix proportions.

Coral

Tvoes W/B Cement Ageresate Sand Water POM Fiber Fiber Volume
yp (kg/m®) E8res3 (kg/m®) (kg/m3) (kg/m®) Fraction (%)
(kg/m?)

F 0.3 500 640 1074 150 0 0
FC-0.2 0.3 500 640 1074 150 2.8 0.2
FC-0.4 0.3 500 640 1074 150 5.6 0.4
FC-0.6 0.3 500 640 1074 150 8.4 0.6
FC-0.8 0.3 500 640 1074 150 11.2 0.8
FC-1.0 0.3 500 640 1074 150 14 1.0

3. Workability

As shown in Figure 2a,b, the slump and slump flow of concrete specimens were
measured using a standard slump cone, following the test methods specified in the GB/T
50080-2016 standard [34] for test methods of performance of ordinary concrete mixtures.
The slump flow test was performed twice, with the average value adopted as the result.
The measured slump and slump flow values are presented in Figure 2c.
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Figure 2. Workability test: (a) slump test; (b) slump flow test; (c) test results of workability of coral
concrete.

From Figure 2¢, it is evident that both slump and slump flow decrease with increasing
POM fiber volume fraction in CAC. Compared to the control group (NF), the CAC speci-
men FC-1.0 exhibited reductions of 120 mm in slump and 136 mm in slump flow. Due to
the addition of fibers, the fluidity of the mixture decreased significantly. Therefore, during
engineering applications, the mix ratio needs to be adjusted according to actual require-
ments, such as using shorter and finer fibers to reduce the demand for the encapsulated
slurry and adding silica fume and fly ash to reduce the friction at the fiber—slurry interface.
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4. Mechanical Properties
4.1. Mechanical Test Methods and Test Results

According to the GB/T 50081-2019 standard for test methods of physical and mechan-
ical concrete properties, CAC specimens with varying POM fiber volumes were prepared.
After the specimens were cured in a standard curing room at 20 & 2 °C and 95% relative
humidity for 28 days, cube compressive strength, axial compressive strength, splitting
tensile strength, and flexural strength tests were conducted. As shown in Figure 3a, the tests
were performed using an SHT-series computer-controlled electro-hydraulic servo universal
testing machine. The experimental procedures for these four strength tests are illustrated
in Figure 3b to Figure 3e, respectively. Table 4 summarizes the specimen dimensions and
strength calculation formulas for cube compressive strength, axial compressive strength,
splitting tensile strength, and flexural strength. Each group consists of three specimens,
making a total of 72 specimens. The tests were repeated three times, and the results were
taken as the average of the three specimens. The cube compressive strength, splitting
tensile strength, flexural strength, and axial compressive strength of CAC specimens with
varying POM fiber volume fractions were experimentally evaluated, and the results are
summarized in Table 5.

Figure 3. Mechanical Test: (a) universal testing machine; (b) cube compressive test; (c) axial compres-
sive test; (d) splitting tensile test; (e) flexural test.

Table 4. Specimen dimensions and calculation formula of mechanical test.

Specimen Dimensions

3 Calculation Formula Parameter Definitions
(mm®)

Mechanical Test

feu: Cube Compressive
strength, MPa
F: Specimen failure load, N
A: Specimen bearing
area, mm?

Cube compressive test 100 x 100 x 100 feu =

Nl

fep+ axial compressive

Axial compressive test 150 x 150 x 300 fep = % strength, MPa

fis: splitting tensile

Splitting tensile test 100 x 100 x 100 fis = % strength, MPa

f it flexural strength, MPa
I: span between supports, mm
Flexural test 100 x 100 x 400 fr= 1k b Spe“ﬁgt;m:f;ec“"“al
h: specimen cross-sectional
height, mm
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Table 5. Mechanical properties of CAC specimens with different POM fiber contents.

fcu- f -
-Mean f f Mean f cp
Number feu Mean frs frs f I P Mean
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
NEF-1 35.22 2.05 3.17 30.38
NEF-2 33.61 34.5 1.81 1.94 2.93 2.97 31.45 31.15
NE-3 34.63 1.95 2.81 31.61
FC-0.2-1 36.32 1.98 3.20 32.58
FC-0.2-2 35.55 35.9 1.84 1.99 3.68 3.42 32.13 32.69
FC-0.2-3 35.93 2.14 3.39 33.37
FC-0.4-1 38.31 2.21 4.25 36.14
FC-04-2 37.29 38.5 1.99 2.11 4.16 4.15 34.04 34.53
FC-0.4-3 39.96 2.12 4.05 33.41
FC-0.6-1 41.11 2.38 4.27 37.26
FC-0.6-2 39.23 39.6 2.29 2.27 4.71 4.34 34.54 35.98
FC-0.6-3 38.37 2.13 4.03 36.14
FC-0.8-1 39.14 2.40 4.12 35.65
FC-0.8-2 38.86 38.6 2.12 2.21 4.64 4.24 34.15 34.59
FC-0.8-3 37.89 2.10 3.95 33.97
FC-1.0-1 38.20 1.93 3.18 34.17
FC-1.0-2 37.31 37.0 2.11 2.09 3.90 3.70 32.85 33.40
FC-1.0-3 35.44 2.23 4.01 33.19

4.2. Descriptive Statistics Analysis of the Mechanical Test Results

The mechanical test results were subsequently analyzed by calculating statistical
parameters including standard deviation (SD), coefficient of variation (CV), and 95%
confidence intervals to quantify data variability (95% CI).

As shown in Tables 5 and 6, the cube compressive strength of CAC ranges from
34.5 MPa to 39.6 MPa, with standard deviations fluctuating between 0.54 and 1.14. The
corresponding coefficients of variation (CV) values fall within 0.0087-0.0311, indicating low
data dispersion. The splitting tensile strength of CAC ranges from 1.81 MPa to 2.40 MPa,
with standard deviations varying between 0.09 and 0.14, corresponding to CV values of
0.0429-0.0621, demonstrating low variability. The flexural strength of CAC ranges from
2.81 MPa to 4.71 MPa, with SD varying between 0.08 and 0.37, corresponding to CV values
of 0.0197-0.0577, demonstrating low variability. The maximum mean flexural strength of
CAC reaches 4.34 MPa at a POM fiber volume fraction of 0.6, with a 95% confidence interval
of 3.87—4.80 MPa. The axial compressive strength of CAC varies between 30.38 MPa and
37.26 MPa. The standard deviations vary between 0.51 and 1.17, corresponding to CV
values of 0.0168-0.0338, indicating low data variability.

Table 6. The statistical analysis of descriptive parameters for mechanical test results.

fcu fts f}‘ fcp
Number
SD cv 95% CI SD cv 95% CI SD cv 95% CI SD CcVv 95% CI

NF 0.67 0.0193 33.4/35.6 0.1 0.0508 1.77/2.10 0.15 0.0504 2.72/3.22 0.55 0.0175 30.2/32.0
FC-0.2 0.31 0.0087 35.4/36.5 0.12 0.0617 1.79/2.19 0.2 0.0577 3.10/3.75 0.51 0.0157 31.8/33.5
FC-0.4 1.1 0.0286 36.7/40.3 0.09 0.0429 1.96/2.26 0.08 0.0197 4.02/4.29 1.17 0.0338 32.6/36.4
FC-0.6 1.14 0.0289 37.7/41.5 0.1 0.0456 2.1/2.44 0.28 0.0649 3.87/4.80 1.12 0.031 34.1/37.8
FC-0.8 0.54 0.0139 37.7/39.5 0.14 0.0621 1.98/2.43 0.29 0.0693 3.75/4.72 0.75 0.0218 33.4/35.8
FC-1.0 1.15 0.0311 35.1/38.9 0.12 0.059 1.89/2.29 0.37 0.0996 3.09/4.30 0.56 0.0168 32.5/34.3

Based on the statistical results in Table 6, all mechanical properties of CAC specimens

exhibit low variability. The CV for all measured properties is less than 0.07, and the absolute
values of the SD are small with gentle fluctuations. This indicates that the test data have
high repeatability and stability and are less affected by random errors. Among them, the
flexural strength reaches the maximum value when the POM fiber volume fraction is 0.6,
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and the 95% confidence interval is reasonable, providing a reliable statistical basis for
optimizing the mechanical properties of the material.

4.3. Inferential Statistics of the Mechanical Test Results

To improve the scientific rigor of this study and verify whether the differences in
mechanical properties under different POM fiber contents are statistically significant, infer-
ential statistical analyses were performed on the experimental results of axial compressive
strength, cube compressive strength, splitting tensile strength, and flexural strength. Both
one-way analysis of variance (ANOVA) and Tukey HSD tests, two widely used statistical
methods, were conducted.

The general ANOVA model is expressed as Equation (1):

Yi]' =u+ua;+ €ij (1)

The F-value is computed as Equation (2):

F— Msbetween _ Ssbetween /dfbetween (2)
MSuithin - SSwithin /A witnin

where Yj; is the observed value, y is the overall mean, a; is the effect of the i-th group, and
€jj is the residual error, MSptypeen is the mean square between groups, and MS ;s is the
mean square within groups.

The ANOVA results are shown in Table 7. For the four strength parameters, the
p value of fis was greater than 0.05, which is denoted by ‘x” in the table, indicating no
statistically significant differences among the splitting tensile strengths of CAC specimens
with different POM fiber contents. In contrast, the p values of f.,, f i and fc, were less than
0.05, which is denoted by ‘y/” in the table, confirming the presence of statistically significant
differences in cube compressive strength, flexural strength, and axial compressive strength
among the specimens.

Table 7. The results of ANOVA and Tukey HSD tests.

Mechanical Property = ANOVA F-Value = ANOVA p-Value Significance
feu 9.3918 0.000782 v
fts 2.4404 0.095400 X
fr 9.3986 0.000796 Vv
fep 8.4737 0.001240 vV

The p-value is less than 0.05 in the ANOVA test, so it is necessary to conduct a Tukey
HSD test as a post hoc analysis. This ensures a more detailed understanding of the pairwise
differences and provides stronger support for the interpretation of experimental results.

For post hoc comparisons, Tukey’s HSD was applied, as shown in Equation (3):

where g, is the studentized range statistic, and # is the sample size per group.

The Tukey HSD test results for the significant mechanical properties are presented in
Table 8. The critical HSD values were calculated using Equation (3), with the studentized
range statistic g 05=4.75 for & = 0.05, k = 6 groups, and df = 12.
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Table 8. Tukey HSD post hoc test results for significant mechanical properties.

Mechanical Property HSD Critical Value Significant Pairwise Comparisons (p < 0.05)
feu (MPa) 2.9633 NF vs. FC-0.4, NF vs. FC-0.6, NF vs. FC-0.8, FC-0.2 vs. FC-0.6
fr (MPa) 0.8329 NF vs. FC-0.4, NF vs. FC-0.6, NF vs. FC-0.8, FC-0.2 vs. FC-0.6
fep (MPa) 2.7593 NF vs. FC-0.4, NF vs. FC-0.6, NF vs. FC-0.8, FC-0.2 vs. FC-0.6

The detailed pairwise comparison results show consistent patterns across the three
significant mechanical properties. For cube compressive strength (fc,), the control group
(NF) exhibited statistically significant differences when compared with fiber volume frac-
tions of 0.4%, 0.6%, and 0.8%. Similarly, the FC-0.2 group showed significant differences
compared to the FC-0.6 group. The mean differences ranged from 2.97 MPa to 5.08 MPa,
all exceeding the HSD critical value of 2.9633 MPa.

For flexural strength (ff), the same pattern emerged with the NF group showing
significant differences relative to FC-0.4, FC-0.6, and FC-0.8 groups, and FC-0.2 versus
FC-0.6 comparison also being significant. The mean differences ranged from 0.91 MPa to
1.37 MPa, surpassing the HSD critical value of 0.8329 MPa. Regarding axial compressive
strength ( fcp), identical pairwise significant differences were observed. The mean differ-
ences varied from 2.79 MPa to 4.83 MPa, all exceeding the critical HSD value of 2.7593 MPa.
The experimental results reveal that the FC-0.6 group (0.6% POM fiber volume fraction)
achieved optimal performance across multiple mechanical properties. Compared to the
control group (NF), significant improvements were observed as follows: cube compressive
strength rose by 14.7% (34.49-39.57 MPa), flexural strength by 46.1% (2.97-4.34 MPa), and
axial compressive strength by 15.5% (31.15-35.98 MPa).

The FC-0.4 and FC-0.8 groups also demonstrated significant improvements compared
to the control group, indicating an effective fiber volume fraction range of 0.4% to 0.6%.
However, the FC-1.0 group showed performance degradation compared to FC-0.6, sug-
gesting that excessive fiber content may lead to diminished mechanical properties due to
potential fiber agglomeration or matrix disruption.

The inferential statistical analysis confirms the reliability of the experimental findings.
The low coefficient of variation values (<0.07) combined with the significant ANOVA re-
sults (p < 0.01 for three out of four properties) provide strong evidence for the effectiveness
of POM fiber reinforcement in enhancing CAC mechanical properties. The splitting tensile
strength, while showing numerical improvements, did not reach statistical significance
(p = 0.095), indicating that POM fiber addition has limited impact on this particular me-
chanical property.

The comprehensive statistical analysis demonstrates that POM fiber incorporation sig-
nificantly enhances the cube compressive strength, flexural strength, and axial compressive
strength of CAC specimens, with the optimal fiber volume fraction identified as 0.6%. The
Tukey HSD post hoc analysis provides clear evidence of significant performance differences
between the control group and fiber-reinforced specimens, particularly at higher fiber
volume fractions (0.4% to 0.8%). These findings provide a solid statistical foundation for
optimizing POM fiber content in CAC formulations for enhanced mechanical performance.

5. Mechanical Test Results
5.1. Cube Compressive Property

Figure 4a reveals that as the POM fiber volume fraction increases, the average cube
compressive strength of CAC speciments first rises and then declines, reaching a peak value
of 39.6 MPa at a p value of 0.6, with a 95% confidence interval of 37.7 MPa to 41.5 MPa.
Compared to specimens without POM fibers, the incorporation of POM fibers enhances
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the cube compressive strength of CAC, with a maximum improvement of 14.78%. This
aligns with previous studies demonstrating that fiber reinforcement can increase concrete
compressive strength. For instance, as illustrated in Figure 5, Liu et al. [35] observed that
the compressive strength of CAC gradually improved with increasing carbon fiber content,
exhibiting a typical columnar failure pattern during destruction, while the addition of
carbon fibers reduced the number of large cracks in concrete. Dai et al. [36] tested the
cube compressive strength of coral concrete under different contents of polypropylene
fiber (PPF), glass fiber (GF), and basalt fiber (BF). The results showed that the addition of
fiber enhanced the strength of CAC, mitigated its brittleness, and improved its ductility
during failure. Notably, PPF exhibited the most significant improvement in concrete
strength. This was attributed to the formation of a dense three-dimensional network
structure by PPF during compression, which effectively inhibited crack propagation at
appropriate dosage levels. Xu et al. and Zhang et al. [37,38] investigated the enhancement
of compressive strength in recycled aggregate concrete (RAC) with basalt fibers and in
ultra-high-performance concrete with polyvinyl alcohol fibers, respectively. Their studies
further explain the reinforcement mechanisms of these fibers.
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The polynomial fitting relationship between the compressive strength of coral concrete
cubes and the fiber content ratio is shown in Equation (4). The comparison results between
analytical results and test results of f., are shown in Figure 4b.

feu = —13.125p% 4 16.225p + 34.050 (4)

A comparative experimental study was conducted to investigate the effects of POM
fibers on the compressive failure characteristics of CAC cubes. As shown in Figure 6a, the
NF specimens exhibited complete fragmentation after compression testing, with extensive
concrete spalling on the surface, demonstrating typical brittle failure behavior. Due to the
low intrinsic strength of coral aggregates and strong aggregate-matrix interfacial bonding,
all aggregates underwent penetrative fracture during failure, which significantly differs
from the crack propagation pattern along aggregate interfaces observed in ordinary con-

crete. For specimens incorporating POM fibers (Figure 6b), surface spalling was still present
but notably reduced, with only a few dominant cracks formed. As illustrated in Figure 6c,
the fibers created effective bridging across vertical cracks. Compared to the control group,
POM fibers enhanced material toughness by forming interfacial bonds that effectively
connected adjacent cracks. Experimental results indicated that the addition of POM fibers
improved the compressive integrity of specimens and delayed crack propagation through
stress redistribution mechanisms.
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Figure 6. Failure performances of CAC specimens after the cube compressive test: (a) NF; (b) FC-0.6;
(c) Bridging effect from POM fiber.

5.2. Splitting Tensile Property

As shown in Figure 7a, the average splitting tensile strength of CAC specimens first
increases and then decreases with increasing POM fiber volume fraction. The maximum
splitting tensile strength of CAC reaches 2.27 MPa at a POM fiber volume fraction of 0.6.
Compared to specimens without POM fibers, CAC exhibits a nearly 20% improvement
in splitting tensile strength, indicating significant mechanical enhancement. Polynomial
fitting is applied to the experimental data, with the fitting results shown in Figure 7b.

Similar conclusions were reported by other researchers when strengthening the split-
ting compressive strength of concrete [16,37,39—41]. Figure 8 demonstrates that fibrillated
polypropylene fibers effectively enhance both natural aggregate concrete (NAC) and RAC,
improving their splitting tensile strength [39]. The addition of steel fibers during the
reinforcement of recycled fine aggregate concrete (RFAC) or ordinary concrete can also
moderately improve the splitting tensile performance of RFAC [40,41].
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The influence of POM fiber volume fractions on the splitting tensile failure morphology
of CAC specimens is illustrated in Figure 9. As shown in Figure 9a, for CAC specimens
without POM fibers, the specimen fractures first at the loading end section under sustained
external load, with initial cracking and final failure occurring almost simultaneously,
exhibiting typical brittle failure characteristics. Coral aggregates at the fracture surface
show complete fracture patterns, where most particles form smooth fractures along the
splitting plane, and some even display geometrically symmetric fracture patterns—a stark
contrast to the fragmentation features of conventional concrete aggregates.
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Figure 9. Failure performances of CAC specimens after the splitting tensile test: (a) NF; (b) FC-0.2;
(c) FC-0.4; (d) FC-0.6; (e) FC-0.8; (f) FC-1.

In modified specimens containing POM fibers (Figure 9d), the material continues to
bear partial load after initial crack formation before reaching peak stress, demonstrating a
phased fracture process. At ultimate failure, crack width and propagation are significantly
reduced, with fibers bridging cracks to form a mesh-like support structure. This maintains
the specimen’s geometric integrity at the macroscopic level, reflecting a typical stress
redistribution mechanism. As shown in Figure 9f, when the fiber content increases to 1.0%,
structural integrity is preserved, but crack width and quantity exceed those observed at
0.6% and 0.8% fiber volume fractions. This is attributed to excessive fiber content increasing
material porosity and reducing specimen compactness. Experimental data indicate that a
fiber volume fraction of 0.6-0.8% achieves optimal fiber—-matrix synergy, enhancing material
ductility while maintaining CAC structural density.

As stated in Principles of Reinforced Concrete [42], the empirical regression formula
between the splitting tensile strength and cube compressive strength of standard ordinary
concrete specimens is given by Equation (5):

fts = 0'19f3u/4 5)

Previous studies revealed that Equation (3) does not apply rigorously to concrete
incorporating POM fibers [43]. Therefore, based on prior research, the coefficient k in
Equation (6) is modified as follows:

fis = kf3* 6)

The values of fo,-mean, fc?’u/ %, and k are presented in Table 9. For varying POM fiber
contents, k ranges from 0.1357 to 0.1438. Hence, k adopts the mean value of 0.1391 in
Equation (6). The calculated splitting tensile strength values using Equation (6) are listed in
Table 9. The ratio of tested to calculated splitting tensile strengths fluctuates between 0.98
and 1.03, demonstrating that the modified empirical formula for the relationship between
splitting tensile strength and cube compressive strength provides reliable reference.
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Table 9. Ratio of test splitting tensile strength to calculated splitting strength.

P 0.00 0.20 0.40 0.60 0.80 1.00
fcu-mean 34.50 35.90 38.50 39.60 38.60 37.00
3/4 14.24 14.67 15.46 15.79 15.49 15.00
k 0.1363 0.1357 0.1365 0.1438 0.1427 0.1393
Calculated f; 1.98 2.04 2.15 2.20 2.15 2.09
Tested fi J/(C*ﬂaﬂated 098 098 098 1.03 1.03 1.00
ts
5.3. Flexural Property
As shown in Figure 10, the average flexural strength of CAC specimens first increases
and then decreases with increasing POM fiber volume fraction. The maximum flexural
strength of CAC reaches 4.34 MPa at a POM fiber volume fraction of 0.6, with a 95% con-
fidence interval of 3.87-4.80 MPa. Compared to specimens without POM fibers, CAC
exhibits a significant improvement in flexural strength. Polynomial fitting was applied to
the experimental data, with the fitting results illustrated in Figure 10.
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Figure 10. (a) f + of CAC specimens with different p; (b) Comparison between analytical and test
results of fy.

Figure 11 illustrates the influence of POM fibers on the flexural failure morphology of
CAC specimens. For NF specimens, no visible cracks appear before peak load, but sudden
fracture occurs at ultimate failure, with cracks instantly penetrating the cross-section.
Coral aggregates at the fracture surface display geometrically symmetric fracture patterns,
distinct from the random fragmentation observed in conventional concrete aggregates. In
specimens containing POM fibers, residual load-bearing capacity maintains 15-46% of the
peak load during the initial flexural stage due to the interfacial bonding effect between
POM fibers and the matrix, demonstrating pronounced ductile fracture characteristics. At
final failure, the main crack width is reduced owing to the bonding effect of POM fibers.
Based on flexural test results and post-fracture morphological analysis, specimens with a
POM fiber volume fraction of 0.6% exhibit optimal crack resistance performance, showing
significantly slower crack propagation rates compared to the NF group and no secondary
crack formation. When the fiber content increases to 0.8%, structural integrity is retained,
but crack width and length increase, indicating that excessive fiber content causes localized
fiber clustering, compromising matrix continuity. Thus, an appropriate POM fiber volume
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fraction effectively delays the development of initial microcracks and inhibits new crack

formation, achieving excellent crack resistance.

Figure 11. Failure performances of CAC specimens after the flexural test: (a) NF; (b) FC-0.2; (c)
FC-0.4; (d) FC-0.6; (e) FC-0.8; (f) FC-1.

Based on previous studies [43,44], the relationship between flexural strength and
cube compressive strength is hypothesized as shown in Equation (7). The fitting results
are presented in Figure 12. In Equation (7), the values of a and b are 1.6486 x 10~* and

2.7735, respectively.
4.6 1.10
44k @ Test values
[ Calculating values 41.05
42 | —fitting curve
S
40 O o H100 ¥
538 O @) <
3
% 3.6 —0.95 3
(&S <
34 =
4090 &
S
32 &
3.0 O The ratio of test f;to 40.85
calculated f;
28 F
1 1 1 1 1 1 IOSO
34 35 36 38 39 40 41

37
S /MPa

Figure 12. Test flexural strength, calculate flexural strength, and the ratio between them.

Using Equation (7), the flexural strength of CAC specimens at different POM fiber
volume fraction was calculated. The ratio of experimentally tested flexural strength to calcu-
lated values is shown in Table 10 and Figure 12. The ratio fluctuates between 0.98 and 1.01,
indicating that the modified empirical formula can effectively predict the flexural strength
of coral aggregate concrete based on cube compressive strength. Therefore, the empirical
formula relating flexural strength to cube compressive strength for polyoxymethylene
fiber-reinforced coral concrete is given by Equation (8).

fr=af}, @)

ff = 0.000016486 277 ®)
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Table 10. Test flexural strength, calculating flexural strength, and the ratio between them.

P 0.00 0.20 0.40 0.60 0.80 1.00
fcu-mean 34.50 35.90 38.50 39.60 38.60 37.00
fr 2.97 3.42 4.15 4.34 4.24 3.70
Calculating f; 3.04 3.39 412 4.45 4.14 3.69
Tested f;/Calculated f¢ 0.98 1.01 1.01 0.98 1.02 1.00
5.4. Axial Compressive Property
The average axial compressive strength of CAC specimens is shown in Figure 13a. A
polynomial regression analysis was subsequently conducted on the experimental results,
with the fitting results illustrated in Figure 13b.
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Figure 13. (a) fcp of CAC specimens with different p; (b) Comparison between analytical and test
results of fcp.

As illustrated in Figure 13, the average axial compressive strength of CAC specimens
initially increases and then decreases with increasing POM fiber volume fraction, mirroring
the trend observed for cube compressive strength. At a POM fiber volume fraction of
0.6%, the peak axial compressive strength reaches 35.98 MPa, representing a 4.83 MPa
improvement compared to NF.

Figure 14 demonstrates the distinct failure morphologies of CAC specimens under
axial compression across varying fiber volume fractions. The NF group exhibited vertical
microcracks during initial loading, which progressively developed into diagonal cracks,
culminating in extensive concrete spalling and through-aggregate fractures—a hallmark
of brittle failure. In contrast, POM fiber-reinforced specimens maintained post-failure
integrity through fiber-mediated interlocking, with significantly reduced spalling volume
and fragment count compared to NF. Partial fragments remained anchored by fibers, show-
casing a characteristic fiber-matrix interfacial bond failure. The failure mechanisms of
axial compressive specimens align with those of cubic specimens: POM fibers bridging
vertical cracks effectively delayed microcrack propagation and suppressed macrocrack for-
mation. Optimal structural integrity was achieved at 0.6% and 0.8% fiber volume fractions,
with the FCO0.8 group exhibiting diffuse crack patterns—a stark contrast to NF’s localized
failure—attributed to fiber-induced mitigation of stress concentration. However, fiber
dosages exceeding 0.8% reduced matrix densification, reintroducing diagonal cracking pat-
terns akin to NF. These findings confirm that moderate POM fiber incorporation (0.6-0.8%)
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o (MPa)

significantly enhances CAC’s ductility, while excessive dosages compromise performance.
Through this toughening mechanism, catastrophic through-aggregate fractures in coral
concrete are suppressed, enhancing synergistic load-bearing capacity between aggregates
and the matrix.

Figure 14. Failure performances of CAC specimens after the axial compressive test: (a) NF; (b) FC-0.2;
(c) FC-0.4; (d) FC-0.6; (e) FC-0.8; (f) FC-1.

5.5. The CAC Constitutive Model

The stress—strain full curve, the maximum strain ¢, and maximum stress ¢, at failure,
and the dimensionless stress—strain curve of the CAC blocks under different POM fiber
content are shown in Figure 15. After the sample failure, the splitting test was stopped, so
the stress—strain curve only shows the ascending part of the curve.
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Figure 15. Uniaxial compression stress—strain curves of CAC specimens: (a) Complete stress—strain
curves with corresponding e, and o, at failure; (b) Normalized stress—strain curves.

In the early stage of pressure loading, no initial microcracks appeared on the concrete
surface, and the stress—strain curves of different blocks showed no significant difference,
remaining in the linear elastic deformation stage. As the pressure increased, many mi-
crocracks were generated on the surface of the block, extending from the loading end
downward and internally. The surface of the block showed no obvious cracks, and the
slope of the curve gradually decreased. When the stress reached 0.85 o, [45], the specimen
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exhibited noticeable lateral deformation and surface cracks, with crack development show-
ing anisotropy. Due to the bridging effect of the POM fibers, compared with the NC group
CAC specimen, the load-bearing capacity of the CAC specimen increased, the width of the
surface cracks was smaller, and the curve remained relatively flat for a longer time before
reaching the maximum failure stress.

Coral aggregates exhibit inherently low strength and pronounced brittle deformation
characteristics. The incorporation of POM fibers enhances both the strength and toughness
of the concrete. Due to its distinct deformation behavior compared to ordinary concrete, it
is necessary to develop a constitutive model applicable to CAC containing POM fibers.

Based on existing research [43], the constitutive model of the coral aggregate concrete
specimens was finally selected using the Guozhenhai model, the Sargin model, and the
Carreira and Chu model to fit the stress—strain curves. The expressions for these curve
equations are given in Equations (9)—(11), respectively.

Guozhenhai model y = ax + (3 —2a)x? + (a —2)x3 )
Sargin model y = % (10)

Carreira and Chumodel y = i (11)

In the equations, x = ¢/¢.,y = ¢/¢;, where a,c1,cp, and n are constants specific to
each model.

The nonlinear fitting of the dimensionless stress—strain curves of CAC specimens
was performed using the above three models, yielding the governing constants a, ¢y, ¢,
and n for each constitutive equation. The computational results are presented in Table 11
and Figure 16. As shown in Figure 16, the value of a in the Guozhenhai model decreases
initially then increases with increasing p; in the Sargin model, c; first increases and then
decreases with the value of p, while ¢, first decreases and then increases. The variation in
the control constant 7 in the Carreira and Chu model follows the same trend as parameter
a in the Guozhenhai model. Table 11 demonstrates that all three models achieve the value
of R? exceeding 0.99 with experimental data, indicating excellent agreement and enabling
accurate prediction of the stress—strain behavior in CAC specimens. R? represents the
goodness of fit of a regression model, calculated using Equation (12):

" 2
(Vi —v)

where y; is the i-th observed value, ¥ is the mean of the observed values, ¥J; is the i-th
predicted value, and 7 is the number of data points.

Table 11. Parameters and fitting performance of different constitutive models.

Model Parameter NC FCo0.2 FCo0.4 FCo0.6 FCo0.8 FC1.0

Guozhenha a 1.258 1.236 1.222 1.250 1.277 1.295
uozhenhat R2 0.99998 0.99998 0.99998 0.99998 0.99998 0.99994
1 1.291 1.268 1.254 1.279 1.307 1.319

Sarging co 0.327 0.355 0.347 0.341 0.302 0.328

R2 0.99996 0.99995 0.99995 0.99996 0.99996 0.99994

Carreira n 3.900 4.091 4.120 3.975 3.875 3.821

and Chu R2 0.99988 0.99991 0.99989 0.99991 0.99991 0.99990
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Figure 16. Functional relationships between model parameters and p with corresponding R? values:
(a) Guozhenhai model and Carreira and Chu model; (b) Sargin model.

Due to the strong correlation between the governing constants of the model parameters
and p, functional relationships were established for constants g, c1, ¢, and n in the three
constitutive equations. As shown in Figure 16b, the Sargin model involves two parameters
with R? values of 0.9613 and 0.8332 against p. Consequently, the Sargin model was excluded
primarily due to its multi-parameter dependency. Figure 16a demonstrates that both the
Guozhenhai and Carreira and Chu models employ a single governing parameter (2 and
n, respectively). The R? values between p and the governing parameters a (Guozhenhai
model) and 7 (Carreira and Chu model) are 0.9261 and 0.9890, respectively. Owing to its
significantly superior correlation, the Carreira and Chu model was selected as the optimal
constitutive framework for POM fiber-reinforced CAC. The functional relationship between
n and p is given by Equation (13). Substituting Equation (13) into Equation (13) yields the
modified Carreira and Chu model, expressed as Equation (14).

a = 3.8978 + 1.6839p — 3.7234p% + 1.9641p° (13)

B (3.8978 + 1.6839p — 3.7234p% + 1.96410%) x
©2.8978 + 1.68390 — 3.723402 + 1.9641p3 4 x(3.8978+1.6839p—37234p>+196410°)

y (14)

5.6. The Model Validation

The experimental stress—strain data of CAC specimens under varying POM fiber
contents and the corresponding predictions of the modified Carreira and Chu model
are presented in Figure 17, with residuals shown in Figure 18. The fitted curves for
all test groups achieve R? values exceeding 0.9999, indicating near-perfect agreement
between model predictions and experimental results. Calculated curves align closely with
measured data points without discernible deviations, demonstrating consistent accuracy
across different fiber volume fractions.
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Figure 17. Comparisons of experimental results with the calculated values originated from the

constitutive model.
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Figure 18. The residual plots of the modified Carreira and Chu model.
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In Figure 18, residuals are randomly distributed about the zero-reference line with

no systematic trends. The maximum absolute residual is approximately 0.02—a negligi-

ble deviation relative to the stress magnitude. Critically, residual distribution patterns

remain consistent across all POM fiber contents, confirming stable error control despite

parameter variations.

In summary, the model exhibits exceptional performance in both statistical goodness-

of-fit and engineering error stability, providing a highly accurate representation of the

stress—strain behavior of POM fiber-reinforced CAC specimens.
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6. Conclusions

This study investigates the effect of fiber content on the early mechanical properties
of coral aggregate concrete (CAC) by preparing specimens containing varying volume
fractions of POM fibers. It proposes the optimal fiber content range and establishes a
constitutive model suitable for CAC specimens. The main conclusions are as follows:

(1) POM fibers reduce the slump and slump flow of CAC. With increasing POM fiber
volume fraction, the cube compressive strength, axial compressive strength, split
tensile strength, and flexural strength of CAC first increase and then decrease. All
strength values peak at a POM fiber volume fraction of 0.6%, reaching 39.6 MPa,
35.98 MPa, 2.27 MPa, and 4.34 MPa, respectively. Compared to the NF group, these
properties improved by 14.78%, 15.50%, 17.01%, 46.13%, and 3.69%, respectively.
POM fiber incorporation significantly enhances the early mechanical properties of
CAC specimens.

(2) At the optimal p, POM fibers distribute uniformly within the specimens, forming
a three-dimensional network structure that suppresses crack propagation and re-
distributes stress. The interfacial bonding between fibers and the matrix delays
microcrack initiation, reduces the width of primary cracks, and transforms the failure
mode of CAC from brittle to ductile. Additionally, fiber addition lowers specimen
porosity and strengthens the synergistic load-bearing capacity between aggregates
and the cementitious matrix. When the POM fiber volume fraction exceeds 0.8%, fiber
agglomeration increases localized porosity and creates interfacial weak zones, which
act as stress concentration points and degrade mechanical performance. Thus, the
optimal synergistic effect is achieved within the fiber dosage range of 0.6-0.8%.

(3) Based on the stress—strain curves under different POM fiber contents, a modified
Carreira—Chu constitutive model incorporating volume fraction (p) was established.
The goodness-of-fit (R?) for the entire stress process of CAC exceeded 0.99, enabling
accurate prediction of its mechanical behavior. This provides a reliable theoretical tool
for engineering design and technical support for the efficient conversion and green
application of coral aggregates—a low-carbon resource—in marine engineering.

This study only analyzed the influence of POM fibers on the mechanical properties of
coral concrete at 28 days of age. Further research can be conducted to study the durability,
bonding performance, and shrinkage performance of CAC with POM fiber in marine
environments, providing more comprehensive data support for the engineering application
of CAC. Furthermore, within the framework of relevant administrative regulations, further
investigation is needed to explore the possibility of achieving sustainable development
of marine resources and environment by utilizing local materials and properly managing
coral debris waste.
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Abstract

The traditional methods for calculating the cracking loads of concrete members require
the introduction of a semi-empirical inelastic influence coefficient of the section resistance
moment to reflect the influence of sectional inelastic deformation development, and its
value needs to be corrected according to the sectional characteristics and material properties.
In contrast, emerging machine learning models for predicting the cracking loads of concrete
members lack clear mechanical mechanisms, making their predictions difficult to interpret.
Based on this, member cracking is reinterpreted as a change in the macroscopic performance
of the member, and the strain energy variation before and after the fracture of plain
concrete axially tensioned members is analyzed. A viewpoint is proposed that employs the
incremental change in strain energy to characterize member cracking. With the internal
tensile deformation representing the total strain energy of the member, a calculation method
for the member cracking loads is established based on the critical condition that the second-
order differential of this strain energy with respect to the member deformation equals zero.
This method is applicable to both axially tensioned and flexural members of steel- and
FRP-reinforced concrete that primarily undergo axial tensile deformation. The method is
applied to analyze the cracking of axially tensioned and flexural members under different
concrete strength grades, reinforcement types, and reinforcement ratios. It successfully
explains the mechanism whereby the strain in the tension zone at member cracking exceeds
the material ultimate tensile strain. Calculations verified against experimental data from
four sets of tests on steel- or FRP-reinforced concrete beams demonstrate that the proposed
method can be accurately applied to both normal- and high-strength concrete, as well as
to both steel and FRP reinforcement, with a relative error of only 1% and a coefficient of
variation of 0.12.

Keywords: fracture; cracking loads; reinforced concrete member; strain energy

1. Introduction

In recent years, with the widespread application of high- and ultra-high-strength
concrete, as well as new reinforcement materials such as fiber-reinforced polymers (FRPs)
and eco-friendly recycled materials [1-9], the sectional stress and strain in steel- and FRP-
reinforced concrete members under serviceability limit states have increased significantly.
In some cases, the deformation and crack development of such concrete members may
even exceed the limits specified in design codes, thereby affecting the normal serviceability
of the structure. Consequently, the crack resistance of members at the serviceability stage
has increasingly become the controlling factor for structural serviceability performance. By
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accurately predicting crack development during the design phase, it is possible to fully
leverage the performance advantages or environmental benefits of new materials while
effectively controlling deformation and crack progression during service. Alternatively,
based on prediction results, such new material members can be reasonably applied in
scenarios with less stringent deformation requirements to ensure compliance with normal
serviceability criteria. Based on different fracture mechanisms, traditional methods for
analyzing concrete cracks can be divided into two categories. The first category is based on
fracture mechanics theory, employing indicators such as the stress intensity factor K, energy
release rate G, or strain energy density factor S to assess crack initiation and propagation.
Typical applications include the double-K fracture criterion and the double-G fracture
criterion proposed by Xu et al. and Zhao et al. [10-13]. The second category is based on
the material mechanics theory, using indicators such as maximum tensile stress, maximum
tensile strain, or maximum shear stress to evaluate material cracking. Typical applications
include the crack resistance calculation methods based on member edge strain, proposed
by Zhao et al.and Cheng et al. [14-16]. The first category focuses on the stress state at the
crack tip. Its application requires solving the stress and strain fields around the crack tip,
thus presenting difficulties for scenarios involving simultaneous propagation of multiple
cracks. This category is more suitable for cases dominated by a single large crack, such as
large dams in hydraulic structures. In contrast, the second category focuses on the stress
state of the member section. It comprehensively reflects the effect of cracks through the
average deformation of the cracked region [17]. Consequently, it can be flexibly applied to
scenarios with simultaneous propagation of multiple cracks, such as slabs, beams, columns,
and shear walls commonly found in building structure design. As a result, it has been
widely adopted in building structure design codes worldwide, such as the Chinese code
GB/T 50010-2010 [18], the European code Eurocode 2 [19], and the American code ACI
318 [20]. This study focuses on building structures and, therefore, is also based on the
materials mechanics approach.

The key parameter in the material mechanics approach for analyzing member crack-
ing is the inelastic influence coefficient of the section resistance moment. Experimental
observations and studies on ordinary reinforced concrete members have shown that before
reaching the commonly recognized “member cracking” state (i.e., “material cracking” on
the member surface), a small number of fine cracks, difficult to detect with the naked eye,
appear on their surface [21-23]. This phenomenon results in the calculated tensile stress
at the edge of the member’s tension zone, derived from measured strain, being greater
than the ultimate tensile stress of concrete. This phenomenon is generally considered
to be caused by the inelastic deformation of concrete and is characterized by the inelas-
tic influence coefficient of the section resistance moment (denoted as 7). Early research
indicated that the inelastic influence coefficient y of the section resistance moment for ordi-
nary reinforced concrete members is related to material strength, sectional characteristics
(section shape, section depth, reinforcement ratio), and loading conditions (load eccentric-
ity) [14-16,24-26]. Current concrete structure design codes only consider the influence of
the main factors, i.e., section shape and section depth [18]. Recent studies have shown that
for concrete members with new reinforcement materials and high-strength concrete, the
influencing factors and their weights on the inelastic influence coefficient -y of the section
resistance moment are far more complex than those for ordinary concrete members. For
ordinary reinforced concrete incorporating steel fibers, Gao et al.and Li et al. suggested that
the value of 7y should account for the thickness of the steel fiber reinforcement layer, the
aspect ratio of the steel fibers, and the volumetric dosage [1,2]. For cases where FRP bars
replace ordinary steel bars, Jia et al. believed that the value of v should comprehensively
consider the influence of concrete strength and FRP reinforcement ratio [3]. For cases where
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recycled aggregates replace ordinary aggregates, Chen et al. proposed that the value of y
requires additional correction based on the depth of the compression zone [4]. For cases
where reactive powder replaces ordinary cement, Zheng et al., Li et al.and Lu et al. argued
that only the influence of the reinforcement ratio needs to be considered [5-7]. Overall,
the inelastic influence coefficient 7y of the section resistance moment used for calculating
member cracking internal forces remains a semi-empirical and semi-theoretical parameter
based on experimentation. Its value requires corresponding adjustments according to
changes in member constituent materials. The focus of existing research has primarily been
on its more detailed classification and refined valuation [27-30].

It is worth noting that, inspired by advances in artificial intelligence, some researchers
have begun to explore the use of machine learning methods to analyze the complex cracking
behavior of concrete members, aiming to eliminate errors arising from data regression
bias in semi-empirical parameters. Talpur et al. compared the differences in accuracy of
various machine learning models in predicting the mechanical properties of concrete by
predicting the strength of concrete confined with sustainable natural FRP compostes [31].
Ma et al. used an interpretable SHAP model to predict the cracking shear strength of
reinforced concrete deep beams [32]. Liang et al. employed a Stacking ensemble model
to predict the corrosion-induced cracking behavior of reinforced concrete members [33].
These machine learning models have successfully provided more accurate results under
corresponding conditions compared to traditional methods. However, in contrast to
traditional “mechanism-driven” methods, machine learning methods are inherently “data-
driven” approaches. Their prediction results generally lack clear physical meaning, and
the input-output process remains in a “black box”.

Indeed, although the commonly defined “member cracking” is not the state of the
“first crack appearance” in the member (manifested by a inelastic influence coefficient -y of
the section resistance moment greater than one) [15], this method has been well applied
in engineering practice. This may be attributed to the fact that during the low-load stage,
only very few and extremely fine microcracks are produced, and the cohesion between
crack surfaces remains effective. Thus, the corresponding experimental load—-displacement
curve does not exhibit a distinct turning point, and the impact on concrete durability and
stiffness is essentially negligible. Only when the load gradually approaches the “cracking
load” and the crack width increases significantly (e.g., to 0.04-0.08 mm, as observed by
Guo et al. [21]) does the corresponding experimental load—-displacement curve show a
clear turning point. At this stage, the intrusion of moisture and air becomes significantly
easier, and the sectional stiffness is noticeably reduced, leading to macroscopic effects
of decreased durability and stiffness due to “cracking”. This indicates that “member
cracking” is not equivalent to a meso-level change like “material cracking,” but rather
tends to be a macro-level change process reflected by alterations in member durability
and stiffness. Accordingly, the appearance of visible cracks on the member surface or the
inflection point in the load—deformation curve is generally adopted as the criterion for
determining member cracking in experiments [15]. Based on this, the present study also
employs the material mechanics approach focused on the overall sectional stress state,
rather than the fracture mechanics method focused on local crack-tip stress conditions.
From an energy perspective, the variation in energy before and after member cracking is
analyzed based on the macroscopic mechanical behavior of reinforced concrete members.
The critical state of member cracking is characterized by the strain energy. On the one
hand, this approach avoids the complex classification of the inelastic influence coefficient
7 of the section resistance moment based on sectional geometry and material mechanical
properties, thereby eliminating the additional empirical coefficients. On the other hand, it
also circumvents the lack of the mechanical basis in the prediction process, ensuring that
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the results possess clear physical significance. Following this strain energy-based method,
the cracking loads of plain and reinforced concrete members under uniaxial stress are
analyzed. The mechanism whereby the strain within the tensile zone exceeds the material’s
ultimate tensile strain (i.e., the strain corresponding to the peak tensile stress) at member
cracking is explained. The feasibility and accuracy of the proposed method are verified by
using existing experimental results.

2. Characterizing Member Cracking Based on Strain Energy Increment

It is generally accepted that a plain concrete member under axial tension cracks along
the plane perpendicular to the tensile force when its sectional stress reaches the material’s
peak stress [21]. The typical graph of the material’s stress—strain curve (c-¢ curve) during
this process is shown in Figure 1.
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Figure 1. Concrete stress—strain curve under tension.

According to its definition, the strain energy density of the member equals the area
S enclosed by the -¢ curve and the e-axis. Assuming the member is homogeneous and
isotropic, the strain energy U of the member equals the product of the strain energy density
S and the member volume V:

U(e) = V/S(f(s)ds 1)

As illustrated, the variation in the strain energy increment, A(V - dS), changes from increas-
ing to decreasing near the peak stress point. Owing to the continuity of energy, the cracking
point of a plain concrete member under axial tension corresponds to the condition of zero
variation in its strain energy increment, i.e., A(V - dS) = 0. This process can be expressed
as follows:

d2U(e do(e
(©) _ydo(e) o
de de
At the cracking of the axially tensioned member, the member strain €., exactly equals the
concrete peak strain €p, i.e., ;- = ep, while the stress—strain curve has a zero slope:

do(e)
de

=0, whene=¢p 3)

Consequently, at the cracking of the axially tensioned member, the second-order differential
of the strain energy with respect to the member deformation equals zero:

d2U/(e)
de?

=0, whene=¢q (4)

It should be noted that the derivation is entirely and solely based on the experimental
load—deformation curve. Provided that the adopted experimental curve is sufficiently
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representative, the cracking results predicted by the above equation should also be suffi-
ciently accurate.

The above conclusion also holds true for plain concrete and reinforced concrete mem-
bers subjected to other loading conditions. Similarly, assume the member is homogeneous
and isotropic, and consider the complete process wherein an arbitrary member is subjected
to a system of external forces LF; until cracking occurs. Note that the action of a bending
moment can also be transformed into the action of a pair of forces (i.e., a force couple). The
displacement generated within the member along the direction of each external force F; is
denoted as ¢;, the internal strain field of the member is denoted as ¢, and the sum of the
strain energies of the concrete and steel is denoted as ZU;. According to the principle of
work and energy, the work performed by the external forces is transformed into the strain
energy of the member; consequently, within any infinitesimal interval prior to cracking, the
following relationship always holds:

Y [(F)Pfde;] = d[ Y Ui(e) )

where the superscript “bf” denotes the state before the member cracks. During this phase,

bf

the external force F; must be continuously increased to induce cracking; therefore, (F;)®" con-

tinually increases, which in turn causes d[ ¥ U;(e )] to increase as well. Similarly, within
the infinitesimal interval immediately preceding the instance of cracking, the following

Y [(F)™ds;] =d[Y Ui(e)]” ©6)

where the superscript “cr” denotes the cracking state of the member. In the infinitesimal

equation applies:

interval immediately after cracking, since cracking necessarily involves the formation of
new cracks or the propagation of existing ones, this process inevitably results in energy
dissipation in forms such as surface energy, acoustic emission, and optical emission (de-
noted collectively as ZW;). Consequently, part of the work done by the external forces is
allocated to cover these energy expenditures. Moreover, given that the external force F;
remains constant at the instant of cracking, the following relationship is established:

Y [(R)erdo;] = d[ Y ui(e)] " +d (L W) @

where the superscript “af” denotes the state after the member has cracked. A comparison
of Equations (6) and (7) reveals that

d[ Y ui(e)]™ < d[ Y uie)]” (®)

which indicates that d [} U;(e) ] % decreases in the infinitesimal interval immediately fol-
lowing cracking. In summary, the increment of the member’s strain energy, d [ ) Ui(s)] ,
functions as an increasing quantity before cracking and as a decreasing quantity instanta-
neously after cracking. At the precise moment of cracking, it transitions from increasing
to decreasing. Therefore, the cracking point corresponds to the extremum point of the
strain energy increment d[ Y U;(¢)]. That is, the cracking point can also be defined by
the condition:

d? [ U(e)]
de2

where the strain energy-strain relationships for the concrete and steel components can still

=0, whene=c¢q 9)

be obtained from the load—deformation curves of the corresponding materials. Since the
materials mechanics method generally attributes the material cracking to tensile strain or
tensile stress, the load—deformation curves used here should be the experimental curves
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obtained under pure tension conditions, and the material strain energy should be taken
as a function of the normal strain in the tensile direction within the member. When the
member is simultaneously subjected to significant shear forces or constraint effects, the
load—deformation curves must be derived from new experimental curves that account
for the effects of shear or constraints under the equivalent working conditions. This is
necessary because these effects alter the material’s strain energy response—for instance,
shear introduces shear strain energy, while confinement leads to a more complex strain
energy composition under triaxial stress states. Theoretically, provided that the adopted
load-deformation curve accurately reflects the variation of the strain energy with deforma-
tion in the member, the above method can still yield sufficiently accurate prediction results.
This aspect will be addressed in future work.

For reinforced and FRP-reinforced concrete members primarily subjected to tensile
deformation, the calculation procedure for cracking loads using the above strain energy
method can be summarized as follows. Firstly, determine the tensile stress—strain curves
of the concrete, steel reinforcement, or FRP reinforcement. Next, based on the sectional
geometry, material layout, and material tensile stress—strain relationships, formulate the
expression for the total strain energy of the member with the normal strain in the tensile
direction serving as the independent variable. Finally, compute the second-order differen-
tial of the total strain energy of the member, and take the tensile strain obtained when this
second-order differential equals zero as the cracking strain of the member. It is evident that
the proposed calculation procedure requires only the fundamental constitutive relationship,
i.e., the stress—strain curves of the constituent materials, thereby eliminating the need to
introduce the empirical parameter such as the inelastic influence coefficient -y of the section
resistance moment through specialized tests. It is important to note that commonly used
design codes or manuals generally provide fitted formulas for the stress—strain curves of
concrete and steel reinforcement based on experimental data. This allows the stress—strain
constitutive relationship of the section materials required by the proposed method to be
readily obtained, which will significantly simplify the application of the proposed method.

3. Cracking of Axially Tensioned Members of Steel-Reinforced Concrete
3.1. Case of Conventional Reinforcement Ratio

The deformation analysis of reinforced concrete members under axial tension by
Guo et al. [22] indicates that the member does not crack immediately after the member
strain ¢ exceeds the concrete peak strain ¢;,. Conversely, the member’s bearing capacity N
exhibits a short ascending segment before dropping rapidly, forming a small peak on the
load—deformation curve (N-¢ curve). Cracking of the member occurs only after the bearing
capacity reaches this peak. That is, the strain at which the member cracks is greater than
the strain at which the concrete cracks. This process is illustrated by curve G in Figure 2.

However, according to the viewpoint that characterizes member cracking by material
cracking, the member cracks instantly when the concrete strain reaches the peak strain e p-
The concrete immediately ceases to carry load, and the tension it carried is transferred to the
reinforcement, causing an abrupt increase in the stress and strain of the reinforcement. The
bearing capacity of the member remains unchanged throughout this process. It is noted that
before cracking, the reinforcement deforms compatibly with the concrete, and the strain in
the reinforcement is always equal to the strain in the concrete. After cracking, however, the
reinforcement bears the entire tensile force as the concrete ceases to carry load, resulting in
a sharp increase in the reinforcement’s strain. Compared to the total deformation during
the loading process, the deformation accumulated in the reinforcement before cracking
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is relatively small and can be neglected. Therefore, the incremental deformation of the
member at the cracked section can be approximately expressed as:

E.A
Ae — c/1c€p
EsAs

(10)

where E denotes the elastic modulus, A denotes the cross-sectional area, and the subscripts
c and s denote concrete and steel reinforcement, respectively. This process is illustrated by
curve M in Figure 2.
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Figure 2. Load-strain curve of axially tensioned member based on classical method and experimental
data.

The cracking process revealed by Guo et al. [22] can be reasonably explained by
characterizing member cracking through strain energy. Prior to member cracking, the
deformations of the concrete and steel reinforcement satisfy the plane-section assumption,
and their longitudinal deformations are identical; therefore, we have:

S, = /:((TSAS +0cAd) x (Lde) (11)

where ¢ denotes stress, and L denotes the member length. At the instance of member
cracking, the second-order differential of the strain energy equals zero, yielding:

0(0sAs + 0 Ac)

d*(ZU;) = o

x (Lde) =0 (12)
Given that the member length L and the cross-sectional areas As and A, are non-zero, the
above equation can be simplified to:

J0 doe
S (1—-0)=L=0 13
P, T =05 (13)
where p represents the reinforcement ratio. Under conventional reinforcement conditions,
the strain at member cracking is relatively small, with the steel deformation remaining in

the elastic stage; thus the stress—strain relationship obeys Hooke’s law, always satisfying:

2k, (19
For steel reinforcement, Es is always a positive constant. For concrete, when the strain is
less than the peak strain, the stress—strain curve is in the ascending branch, and its slope is
always greater than zero; when the strain is greater than the peak strain, the stress—strain
curve is in the descending branch, and its slope is always less than zero. Consequently, the
positive solution e for Equation (13) can only exist in the region where the strain is greater
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than the peak strain, which explains the phenomenon that the member cracking strain €.,
exceeds the material cracking strain. Furthermore, Equation (13) also indicates that the
member cracking strain ¢ is influenced by the reinforcement ratio p, which is consistent
with the experimental results reported in references [34,35].

When the reinforcement is uniformly distributed along the width direction of the
section (i.e., the section deformation satisfies the plane-section deformation assumption),
the axial tensile cracking internal force for any section composed of this reinforced concrete
can be solved according to Equation (13) by selecting a set of stress—strain curves for steel
and concrete. The tensile stress—strain curve of concrete follows the expression suggested
by Guo et al. [21]:

Oe 1.2x — 0.2x5, x<1
== X (15)
e — >1
f a(x —1)17 4+ x -
€
X =— (16)
Ep

and the tensile stress—strain curve of steel follows the conventional tri-linear model [22]:
0s = Ege (17)

Under conventional reinforcement conditions, the cracking strain e for a reinforced
concrete axially tensioned member can be determined by substituting Equations (15)—(17)

into Equation (13):
E 0.7(xer — DY +1.7(xer — 1)
pr = (- ppatTte T A (18)
tp [a(xcr - 1) S+ xcr]
where -
Xer = ? (19)

p
Equations (18) and (19) are applicable to both normal-strength and high-strength concrete.
In above equations: « is the parameter for the descending branch of the concrete tensile
stress—strain curve, Etp is the secant modulus of concrete corresponding to the peak tensile
stress fi, and ¢, is the strain of concrete corresponding to the peak tensile stress, given
respectively by [22]:

w = 0.312f2 (20)

1.45 4+ 0.628f;) x 10*
Eyp = L0000 @
ep = 65 x 1076 ;0> (22)

The corresponding cracking internal force N is:

N = EEt:,prdp + a(xcr _Jic)rlj o (1 - P) ftA (23)
where A represents the cross-sectional area of the member. Calculations were performed
using the equations above for conventianally reinforced sections, with f; ranging from
1.5 to 2.5 N/mm?, approximately corresponding to concrete strength grades C20 to C50,
covering essentially the normal-strength concrete range. The calculation results are shown
in Figure 3.
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Figure 3. Relative cracking loads and strains of reinforced concrete axially tensioned members.
(a) Relative strain ratios; (b) Relative load ratio.

The calculation results reflect the experimental phenomenon that “the member crack-
ing strain exceeds the concrete cracking strain,” indicating the role of reinforcement in this
strain enhancement phenomenon. Typically, the contribution of reinforcement to the in-
crease in the cracking load of concrete members is relatively small, generally not exceeding
1%. Thus, calculating the cracking internal force based on the concrete tensile peak strain
already provides sufficient accuracy. However, reinforcement can significantly increase
the member’s cracking strain (e.g., by approximately 5% for concrete grade C30), which is
clearly beneficial for delaying member cracking and enhancing crack resistance. Further-
more, this enhancement is particularly evident in members with lower concrete strength
grades (e.g., the cracking strain can be increased by 5% to 15% for concrete grade C20).

3.2. Case of High Reinforcement Ratio

Analysis of the critical cracking condition for reinforced concrete members under axial
tension, as expressed by Equation (13), indicates that the solution to this equation depends
on the relative magnitudes of the slopes of the stress—strain curves for the concrete and steel.
Under conventional reinforcement conditions, member cracking occurs shortly after the
concrete reaches its peak tensile strain, while the steel remains elastic with a constant stress—
strain curve slope. Since the slope of the concrete stress—strain curve reaches its minimum
value at the inflection point of the descending branch (point D on the curve in Figure 1),
an excessively high reinforcement ratio p may cause the left-hand side of Equation (13) to
remain greater than zero when calculated using the concrete’s inflection point slope and the
steel’s constant slope, resulting in no positive solution existing for the member during the
steel’s elastic strain stage. This implies that cracking cannot occur while the steel deforms
elastically. It can be inferred that cracking in such members must occur after the steel’s
elastic deformation stage. At this stage, the concrete strain becomes extremely large, and the
slope of its stress—strain curve approaches zero. The positive solution for Equation (13) will
then be determined by the slope of the steel’s stress—strain curve. That is, a member with a
high reinforcement ratio will crack at the point where the slope of the steel’s stress—strain
curve equals zero. For mild steel, this point corresponds to the yield point of the steel. For
hard steel (i.e., steel with no distinct yield point), this point corresponds to the fracture
point of the steel. The critical transition state from conventional reinforcement to high
reinforcement ratio occurs when the member strain ¢ reaches the concrete’s inflection point
strain ep precisely at the moment of member cracking. The reinforcement ratio at this state
is denoted as the inflection point reinforcement ratio pp. When the reinforcement ratio
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exceeds pp, the member will maintain macroscopically uncracked behavior during the
steel’s elastic deformation stage, meaning its stiffness and durability remain essentially
uncompromised, and its crack resistance is significantly enhanced.

The concrete’s inflection point strain ep can be determined by locating the inflection
point of the function, i.e., by setting the second derivative of the concrete stress with respect
to strain equal to zero. Using the previously selected stress—strain relationships for concrete
and steel, the following equation is obtained:

0.595xp [a(xD 1) 4 xD} — (xp — D)[1.7 + 0.7(xp — 1)] [1.7a(xD —1)07 4 1} =0 (24)
€p = XDEp (25)
The inflection point reinforcement ratio pp can be calculated as follows:

E 0.7(xp — D7 +1.7(xp — 1)%7
po s — (1 - pp)a?ZR VL7l T 26)
Eep [a(xp — )17 + xp]

For common concrete sections, the calculation results are presented in Table 1.

Table 1. Inflection Point Reinforcement Ratio for Common Concrete Sections (%).

E, fi (N/mm?)

(x10° N/mm?) 1.0 1.5 2.0 2.5 3.0
2.0 1.32 2.95 5.14 7.81 10.87
2.1 1.26 2.82 491 7.46 10.40

E, represents the elastic modulus of steel, f; represents the peak tensile strength of concrete.

4. Cracking of Flexural Members of Steel- and FRP-Reinforced Concrete
4.1. Energy-Based Criterion for Critical Cracking State

Before the member cracks, the deformation of the flexural member’s section satisfies
the plane section assumption, and no relative slip occurs between the concrete and the
reinforcement. Therefore, the sum of the strain energy of the concrete and steel, 2U;, equals
the work done by the external moment M over the sectional rotation ¢, thus:

Y ui(e) = [ Mdg @7)

As the member approaches cracking, the development of inelastic deformation at the
impending cracked section means the sectional deformation no longer strictly satisfies
the plane-section assumption. However, extensive experimental measurements have
demonstrated that the average strain along the tensile direction of the member still satisfies
the plane-section assumption [22]. It is noted that the tensile stress—strain curve used in the
proposed method is also derived from experimental measurements, where the deformation
values are averages that inherently account for inelastic deformation. Therefore, the
plane-section assumption remains applicable at the critical cracking state. According to
Equation (9), the critical condition for flexural cracking is:

d?[LUi(e)] oM

el il (28)

Consider a double-reinforced section with conventional reinforcement ratio, whose
sectional dimensions and stress—strain distribution are shown in Figure 4.
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Figure 4. Sectional dimensions and stress-strain distribution of a doubly reinforced flexural member.
(a) Sectional dimensions; (b) Sectional stress-strain distribution.

Since the sectional strain at member cracking is very small, both the compressive and
tensile reinforcement remain in the elastic stage before cracking, and the stress—strain rela-
tionship of the concrete in the compression zone is essentially linear and can be simplified
as a triangular distribution, namely:

ot = Esp(h — x — as) (29)
ot = Eplv— ) &)
0$ = Ecoyc (31)

where E is the secant modulus of concrete in compression, which can be considered slightly
less than the initial tangent modulus E.y during the loading process from zero to member
cracking; y. is the distance from the calculation point to the neutral axis when determining
the compressive strain of the concrete in the compression zone;the superscripts c and t
denote compression and tension, respectively.

The stress distribution of concrete in the tension zone, ¢, is relatively complex. Since
cracking occurs only after the concrete strain exceeds the peak tensile strain, the tension
zone is divided into two parts: the region near the neutral axis where ¢ < ¢, (Tension
Zone I) and the region near the tensile edge where ¢ > ¢, (Tension Zone II). Tension Zone I
lies on the ascending branch of the concrete tensile stress—strain curve. According to the
expression suggested by Guo et al. [21], the stress in this zone is given by:

6
ot = [1.2(”) —0.2("’%) 1ft (32)
&p p
Tension Zone II lies on the descending branch of the concrete tensile stress—strain curve,
which exhibits a convex-to-concave shape. The expressions commonly suggested [21,36]
are complex and inconvenient for calculation. We propose a straight-line simplification
for this curve segment. A straight line drawn through the peak point P and the inflection

point D of the curve will inevitably intersect the concave segment at a point E, as shown in
Figure 5.
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Figure 5. Schematic of the approximate line passing through the descending branch of the concrete
stress—strain curve.

Analysis of existing experimental data and trial calculations reveals that the tensile
strain at the member edge at cracking generally lies near point E. It is noted that within the
strain range of Tension Zone 11, the curvature of the original stress—strain curve is small,
resulting in minor error when replaced by a straight line. Furthermore, the approximating
line value is less than the curve value before the inflection point and greater than the curve
value after the inflection point; averaging these two deviations can further reduce the error.
Therefore, this straight line can be used to effectively approximate the descending branch
of the concrete stress—strain curve. Applying normalization to the concrete stress—strain
curve, with the ratio of strain to peak tensile strain as the x-axis and the ratio of stress
to peak tensile stress as the y-axis, the shape of the descending branch depends solely
on the concrete tensile peak stress f; [21]. In this dimensionless coordinate system, the
approximating line always passes through the point (1,1), i.e., the peak stress point. Its
slope k depends on the curve shape, meaning the slope of the approximating line is also
determined by the concrete tensile peak stress f;. For the common range of f; from 0.8 to
3.2 MPa, the k- f; relationship is well approximated by a quadratic function. Fitting with a
quadratic term yields:

k= —(0.0252f2 + 0.1728f; — 0.0752) (33)

Comparing the slope estimated by the above equation with the slope calculated from the
theoretical stress—strain curve, the fitted formula has a root mean square error of 0.001903
and a coefficient of determination of 0.9999, meeting the required accuracy. Therefore, the
concrete stress in Tension Zone II can be simplified as:

ot = {k(wt - 1> +1]ft (34)
€p

Base on the force equilibrium conditions of the section, the equations for the forces are
obtained as follows:

NS+ NS = NE 4 N N9 (35)
N! = AsEsp(h — x — as) (36)
NS = A{Esg(x — af) (37)

c * 1 2
NS = /0 Ecpycbdy. = EbEc(px (38)
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p 6
1 [ PYe\ PVt _ 4. (%
NY = /O [1.2( = ) o.z( . ) 1 fibdye = - ftb< (P> (39)

N = /; {k(izt - 1) + 1} fibdy, = ftb[’;(h - x)z(j;) +(1=k)(h—2)+ (’; - 1) (i;)]

Similarly, base on the moment equilibrium condition of the section, the equation for
the bending moment is obtained as follows:

M = M+ ME + MS + MY 4 ME! (41)
M. = AsEs@(h — x — a5)? (42)
M§ = AlEsp(x — ag)z (43)
x 1
ME = [ ye x (Ecqyebdye) = 30Ecqx’ (44)

p 6 2
1_ [ Pyt PYt _3 ép
MYl = /0 Ve X { [1.2( sp ) 0.2<Sp ) 1ftbdyt} - 8ftb( q)) (45)

e ) o)<l (2) 25t (- )(3)]

g

Note that fi = E¢pep, where Ey, is the secant modulus of concrete at the peak tensile
stress. The E;} and the initial tensile modulus of concrete E; (the secant modulus corre-
sponding to 0.5f;) satisfy the relationship [22]: E¢ = 1.2E;p, and E¢ = (1.45 + 0.628;) x 10%.
According to the analysis by Guo et al. [22], the initial tensile modulus of concrete E; is
slightly less than the initial tangent modulus of concrete in compression Ey. Furthermore,
E. during the loading process from zero to cracking can always be considered slightly less
than Eo. Therefore, it is approximately valid that E. = E; and E. = 1.2E . Consequently,
the system of force Equations (35)-(40) can be simplified to:

!/
") <(p>x2+[1.ZEs ("’) (As + As) +hk<<"> —k+1}x—
2 €p Et \ &p b b €p
Es(oN[Asy oA oyl L(2) L (3_F) (% -
1'2Et<sp>[ba5+b(h as) 2kh & + -5 p +h(k—1)=0

The sectional bending moment M can be simplified to:
M k 3,23 ¢ Esr ., 2 21( ¢
fib —{301 x) +5x } (8p> —i—1.2Et {As(x ag)” + As(h — x — a) } - +

(6-3) (%) + 5o

(48)

Equation (47) is a quadratic equation in terms of the compression zone depth x
with respect to the deformation ¢. From this equation, the positive solution for x as a
function of ¢, denoted x = x(¢), can be obtained. Substituting this into Equation (48),
the expression for the sectional bending moment M as a function of the deformation ¢,
denoted M = M(¢), can be derived. Finally, the critical deformation at member cracking,
@cr, can be determined from Equation (28):

M

% =0, when ¢ = @u (49)
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4.2. Model Validation with Experimental Results

For flexural members of steel- and FRP-reinforced concrete with moderate reinforce-
ment spacing and reasonable sectional geometry (i.e., deformations satisfying the plane-
section assumption), the critical deformation ¢ at member cracking and the corresponding
depth xc; of the compression zone can be calculated using Equations (47) and (48). Substi-
tuting ¢ into Equation (48) yields the cracking moment M., of the member. To validate
the effectiveness and predictive accuracy of the proposed method, four sets of experimental
data on the cracking resistance of steel- or FRP-reinforced concrete beams are compared.
The data are from tests conducted by Fang et al. [35], Jiang et al. [36], Sun et al. [37], and
Zheng et al. [5], respectively. The experimentally measured values are compared with
the calculated values from the original authors and the proposed method. These four
comparative datasets cover a range from normal-strength to high-strength concrete and
from steel to FRP reinforcement, which makes the data broadly representative.

4.2.1. Effect of Concrete Strength: Normal- to High-Strength

Fang et al. designed and tested 12 steel-reinforced concrete beams and additionally
collected test data for 18 beams from the literature [35]. The cross-sectional widths of the
beams ranged from 100 to 200 mm, and the heights ranged from 150 to 300 mm. The
cube compressive strength fo, of concrete ranged from 20.0 to 82.5 N/mm?, covering both
normal- and high-strength concrete. The reinforcement consisted of ordinary steel bars,
with a reinforcement ratio ranging from 0.64% to 1.60%. Fang et al. proposed that the axial
tensile strength f; and the elastic modulus E. of concrete be converted according to the
following formulas [38]:

fi = 0.395£9.2° (50)

and
Ec = (1.45 + 0.628 f;) x 10* (51)

Fang et al. primarily considered the influence of concrete strength on the cracking
moment. Their calculation formula reads:

Mer = v Wo fi (52)

where 7y is the inelastic influence coefficient of the section resistance moment, which is
adjusted for concrete strength (referred to as the calculated inelastic influence coefficient by
Fang et al. [35]):
155, feu <30 N/mm?
e =414, 30N/mm’ < fo, < 60N/mm? (53)
1.1,  fou>60 N/mm?

and W is the elastic section modulus of the transformed section at the tensile edge.

A comparison between the calculated cracking moments from the Fang method and
the proposed method with the experimentally measured values is shown in Figure 6.
The Fang method yielded an average error of 0.57 kN-m and a root mean square error
of 0.75 kN-m, while the proposed method yielded an average error of 0.42 kN-m and
a root mean square error of 0.87 kN-m. Comparing the ratio of calculated values to
measured values, the Fang method had an average value of 0.96 and a coefficient of
variation of 0.10, while the proposed method had an average value of 1.07 and a coefficient
of variation of 0.13. It can be concluded that for both normal- and high-strength concrete,
the proposed method agrees well with the experimental results, and its prediction accuracy
is essentially equivalent to that of the Fang method. It is important to note that the proposed
method requires only the fundamental constitutive relationship of the material, i.e., the
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material’s tensile stress—strain curve. In contrast to the Fang method, the proposed method
eliminates the need to introduce a specially adjusted inelastic influence coefficient yp of the
section resistance moment based on concrete strength, making it more straightforward for
practical application.
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Figure 6. Comparison of measured and calculated cracking moments of normal- and high-strength
concrete beams.

4.2.2. Effect of Concrete Strength: High-Strength

Jiang et al. designed and tested 11 steel-reinforced concrete beams [36]. The cross-
sectional width of the beams was 180 mm, and the height was 210 mm. The concrete was
high-strength C70 grade, with a characteristic axial compressive strength of 51.2 N /mm?
and a characteristic axial tensile strength of 3.63 N/ mmz, both at a 95% assurance rate.
The elastic modulus of the concrete E. was 38.2 kN / mm?. The reinforcement consisted of
two groups of ordinary steel bars with yield strengths of 560.8 N/mm? and 429.1 N/mm?,
respectively. The elastic moduli of the steel bars were 201.1 kN/mm? and 199.1 kN/mm?,
respectively, and the reinforcement ratio ranged from 0.70% to 1.40%. According to Ref. [39],
the coefficient of variation J. for the concrete tensile and compressive strengths is taken as
0.1. Therefore, the mean axial tensile strength and mean axial compressive strength used
for checking the test data are given by the following formulas [18,39]:

fm =12 1].6245 o (54)
where f denotes the tensile or compressive strength, the subscript m denotes the mean
value and the subscript k denotes the characteristic value at a 95% assurance rate. Thus,
the axial tensile strength f; and axial compressive strength f. used for verification are
calculated as 4.34 N/mm? and 61.3 N/mm?, respectively.

Similarly, Jiang et al. primarily considered the influence of concrete strength on the
cracking moment. Their calculation formula reads:

M = 17 Wo ft (55)

where 17 is the inelastic influence coefficient of the section resistance moment, which is
modified by the regression based on the concrete strength grade:

71 =175 x (1.1 —0.015 £2/3) (56)
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where f., is the cube compressive strength of concrete, which can be converted according
to Ref. [38]:

_ [
= (57)

where a; is the ratio of the axial compressive strength to the cube compressive strength
of concrete, taken as 0.76 for C50 and below, 0.82 for C80, with linear interpolation for
intermediate values. Thus, the cube compressive strength f., of concrete is calculated as
76.6 N/mm”.

A comparison between the calculated cracking moments from the Jiang method and
the proposed method against the experimentally measured values is provided in Table 2.
The Jiang method yielded a mean error of 0.19 kN-m and a root mean square error of
0.49 kN-m, whereas the proposed method yielded a mean error of —0.34 kN-m and a root
mean square error of 0.56 kN-m. Comparing the ratio of calculated values to measured
values, the Jiang method had an average value of 1.02 and a coefficient of variation of 0.05,
whereas the proposed method had an average value of 0.96 and a coefficient of variation
of 0.05. It can be concluded that for high-strength concrete, the proposed method agrees
well with the experimental results and achieves prediction accuracy very close to that of
the Jiang method. Similarly, it is important to note that the proposed method requires only
the fundamental constitutive relationship, i.e., the material’s tensile stress—strain curve,
while the Jiang method requires the introduction of a inelastic influence coefficient -y of the
section resistance moment obtained from specialized tests, making the proposed method
more straightforward for practical application.

Table 2. Cracking moments for high-strength concrete beams: measured vs. calculated.

bxh ho As E Mexp Mpyo M]iang Mpyo M]iang

(mm) (mm) (mm?) (kN/mm?)  (kN-m) (kN-m) (kN-m) Mexp Mexp
179 x 207 171 226 201.1 7.88 7.71 8.38 0.98 1.06
181 x 213 177 339 201.1 8.51 8.59 9.15 1.01 1.07
180 x 205 169 452 201.1 8.19 8.25 8.59 1.01 1.05
182 x 208 172 226 201.1 7.68 791 8.60 1.03 1.12
179 x 212 176 339 201.1 9.75 8.42 8.97 0.86 0.92
181 x 209 173 452 201.1 9.40 8.61 8.97 0.92 0.95
181 x 209 173 226 201.1 8.51 7.94 8.64 0.93 1.02
181 x 214 178 339 201.1 9.04 8.67 9.23 0.96 1.02
179 x 207 171 452 201.1 8.59 8.37 8.71 0.97 1.01
180 x 208 172 226 199.1 8.49 7.82 8.51 0.92 1.00
179 x 211 175 452 199.1 8.70 8.67 9.05 1.00 1.04

b and h represent the section width and height, respectively; iy represents the effective depth of the section; A rep-
resents the area of reinforcement; Es represents the elastic modulus of steel; Mexp is the experimentally measured
value; Mpy, and Mjjang are the calculated values from the proposed method and the Jiang method, respectively.

4.2.3. Effect of Reinforcement Ratio: Steel Reinforcement in High-Strength Concrete

Sun et al. designed and tested eight steel-reinforced concrete beams [37]. The cross-
sectional width of the beams was 120 mm, and the height was 250 mm. The concrete
was high-strength concrete modified with reactive powder and steel fibers, with a cube
compressive strength fo, of 120 N/mm?, an axial tensile strength f; of 6.9 N/mm?, and an
elastic modulus E of 45.3 kN/mm?. The reinforcement consisted of high-strength steel

2

bars, with measured yield strengths ranging from 531 to 570 N/mm~, an elastic modulus

of 200.0 kN/mm?, and a reinforcement ratio ranging from 0.87% to 16.35%.
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Sun et al. primarily considered the influence of the reinforcement ratio on the cracking
moment under conditions of high-strength concrete and high-strength steel reinforcement.
Their proposed calculation formula reads:

Mer = vsWo ft (58)

where 7g is the inelastic influence coefficient of the section resistance moment, which is
adjusted for the reinforcement ratio:

133+12p, p < 3.98%
Ts = pr P (59)
1.81, p > 3.98%

where p is the reinforcement ratio.

A comparison of the calculated cracking moments from the Sun method and the
proposed method against the experimentally measured values is shown in Figure 7. For the
proposed method, the tensile stress—strain relationship for steel-fiber-reinforced concrete
was still adopted from Equations (32)—(34) for ordinary concrete. The results indicate
that the Sun method yielded a mean error of —1.41 kN-m and a root mean square error
of 1.89 kN-m, whereas the proposed method yielded a mean error of —0.23 kN-m and
a root mean square error of 1.59 kN-m. For the ratio of calculated values to measured
values, the Sun method had an average value of 0.92 and a coefficient of variation of 0.09,
whereas the proposed method had an average value of 0.99 and a coefficient of variation
of 0.12. It is evident that for high-strength concrete modified with reactive powder and
steel fibers under varying reinforcement ratios, the proposed method agrees well with the
experimental results and achieves prediction accuracy essentially equivalent to that of the
Sun method. Similarly, the proposed method requires only the fundamental constitutive
relationship, i.e., the material’s tensile stress—strain curve. In contrast to the Sun method,
which requires correcting the inelastic influence coefficient g of the section resistance
moment based on the reinforcement ratio through specialized tests, the proposed method
is more straightforward for practical application.
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Figure 7. Comparison of measured and calculated cracking moments of high-strength concrete beams
modified with reactive powder and steel fibers.
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4.2.4. Effect of Reinforcement Ratio: FRP Reinforcement in High-Strength Concrete

Zheng et al. designed and tested eight GFRP-reinforced concrete beams. The cross-
sectional width of the beams was 150 mm, and the height was 280 mm. The concrete was
high-strength concrete modified with reactive powder and steel fibers. The compressive
strength f. of the 100 mm x 100 mm x 300 mm prism was 102.28 N/ mmz, the axial
tensile strength f; was 10.19 N/ mmz, and the tensile elastic modulus E. of the concrete was
48.1 KN /mm?. The GFRP bars had diameters of 5.5 mm, 12 mm, and 14 mm, with tensile
strengths of 1159 N/ mm?, 990 N/mm?, and 836 N/mm?, respectively. The elastic moduli
of the GFRP bars were 49.4 kN / mmz, 47.6 kN/ mm2, and 50.0 kN/ mm2, respectively. The
reinforcement ratio ranged from 0.13% to 2.69%. Two beams with a reinforcement ratio
below the minimum longitudinal reinforcement ratio were excluded. Six beams with
reinforcement ratios ranging from 0.61% to 2.69% were selected for validation.

Zheng et al. primarily considered the influence of the reinforcement ratio on the crack-
ing moment of beams under conditions of high-strength concrete and FRP reinforcement.
Their proposed calculation formula reads:

Mer = vz Wo ft (60)

where 77 is the inelastic influence coefficient of the section resistance moment, which is
adjusted for the reinforcement ratio:

vz =11+6p (61)

where p is the reinforcement ratio.

A comparison of the calculated cracking moments from the Zheng method and the
proposed method against the experimentally measured values is provided in Table 3.
For the proposed method, the tensile stress—strain relationship for steel-fiber-reinforced
concrete was also adopted from Equations (32)—(34) for ordinary concrete. The results
indicate that the Zheng method yielded a mean error of —1.00 kN-m and a root mean square
error of 1.32 kN-m, whereas the proposed method yielded a mean error of —1.00 kN-m
and a root mean square error of 1.63 kN-m. For the ratio of calculated values to measured
values, the Zheng method had an average value of 0.96 and a coefficient of variation of 0.04,
whereas the proposed method had an average value of 0.96 and a coefficient of variation of
0.05. It is evident that for high-strength GFRP-reinforced concrete modified with reactive
powder and steel fibers under varying reinforcement ratios, the proposed method agrees
well with the experimental results and achieves prediction accuracy very close to that
of the Zheng method. Similarly, the proposed method requires only the fundamental
constitutive relationship, i.e., the material’s tensile stress—strain curve. Again, in contrast to
the Zheng method, which requires correcting the inelastic influence coefficient 7 of the
section resistance moment based on the reinforcement ratio through specialized tests, the
proposed method is more straightforward for practical application.

Table 3. Cracking moments for GFRP-reinforced concrete beams: measured vs. calculated.

bxh h() Ag E; Mexp Mpyo MZheng Mpy, MZheng

(mm) (mm) (mm?)  (KN/mm?)  (kN-m) (kN-m) (kN -m) Mexp Mexp
150 x 280 249 226 47.6 24.00 24.12 2291 1.00 0.95
150 x 280 230.5 452 47.6 24.00 24.30 23.85 1.01 0.99
150 x 280 230.5 565 47.6 24.00 24.44 24.33 1.02 1.01
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Table 3. Cont.

bXxh hy Asg E; Mexp Mpyo MZheng Mpyo MZheng

(mm) (mm) (mm?)  (KN/mm?)  (kN-m) (kN-m) (kN -m) Mexp Mexp
150 x 280 230.5 678 47.6 27.00 24.58 24.81 0.91 0.92
150 x 280 2285 769 50.0 27.00 24.70 25.22 0.91 0.93
150 x 280 228.5 923 50.0 27.00 24.89 25.89 0.92 0.96

b and h represent the section width and height, respectively; hy represents the effective depth of the section;
As represents the area of GFRP reinforcement; Es represents the elastic modulus of GFRP; Meyy, is the experi-
mentally measured value; Mpr, and Mzpeng are the calculated values from the proposed method and the Zheng
method, respectively.

4.2.5. Discussion of Results

As mentioned above, the four sets of beam tests encompass normal-strength and
high-strength concrete, as well as ordinary steel bars, high-strength steel bars, and FRP
reinforcement. The proposed strain energy-based method demonstrates good agreement
with the experimentally measured values across all these conditions. Comparing the ratio
of the measured value to the calculated value, for all four sets of test data, the average
ratio is 1.01, with a coefficient of variation of 0.12. These results indicate that the calculated
results from the proposed method are generally very close to the experimental results,
although the coefficient of variation is slightly large. This discrepancy arises from two main
reasons. On the one hand, the experimental data for concrete cracking inherently exhibit
significant scatter, with the coefficient of variation ranging from 0.16 to 0.10 as the concrete
strength grade varies from C25 to C80 [39]. On the other hand, the axial tensile strength of
concrete, f;, which significantly influences the calculation of the cracking moment, is partly
derived, potentially amplifying the error. Overall, the deviation between the calculated
values and experimental values remains within an acceptable range. The overall accuracy
is satisfactory. This demonstrates the feasibility of the strain energy-based method for
calculating the cracking loads of members.

It is worth noting that the calculation error of the proposed method is significantly
larger for the following two cases than that observed in the aforementioned four sets of
tests: the ultra-high-strength reinforced concrete beams with the concrete cube compressive
strength exceeding 150 N/mm? tested by Wang et al. [29], and the recycled aggregate
concrete beams using construction waste tested by Kong et al. [8]. For the former case
(Wang et al.), the discrepancy arises because the concrete in the tensile zone remains in the
elastic deformation stage without entering the inelastic deformation stage at cracking for
ultra-high-strength concrete beams [29]. Consequently, the stress—strain distribution at the
cracked section does not satisfy the assumptions of the proposed method, as illustrated in
Figure 4, leading to considerable deviation in the calculated results. This indicates that the
proposed method is not suitable for scenarios involving brittle fracture, such as cracking
in ultra-high-strength concrete beams. For the latter case (Kong et al.), the increased error
may be attributed to the numerous initial microcracks in the recycled aggregate compared
to conventional natural aggregate, which reduce its deformation resistance. Consequently,
the deformation characteristics under load differ significantly from those of conventional
aggregate concrete. Thus, noticeable deviations occur in the calculated results when
the proposed method still employs the stress—strain relationship based on conventional
concrete. This indicates that the proposed method must select an appropriate stress—strain
relationship according to the properties of the constituent materials. Specifically, the
existing constitutive relationships are applicable only to normal-strength and high-strength
concrete incorporating conventional natural aggregates or modified with steel fibers or
reactive powder.
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4.3. Model Assessment via Inelastic Deformation Analysis

Based on the critical deformation ¢, and the corresponding depth x. of the com-
pression zone at member cracking obtained from the proposed strain energy method, the
ultimate strain of concrete at the tensile edge is given by:

gtcr = @er(h — xer) (62)

The ratio of the ultimate strain at the tensile concrete edge to the concrete peak tensile
strain, el /¢p, reflects the development of sectional inelastic deformation and is closely
related to the calculation of the cracking moment. Classical theories for cracking of concrete
members [22,34] uniformly adopt a value of 2.0 for this ratio. Fang et al. [35] suggested
that this ratio decreases with increasing concrete strength, recommending values of 1.5
for normal-strength concrete and 1.1 for high-strength concrete. In fact, the ultimate
strain of the concrete at the tensile edge is influenced by concrete strength, reinforcement
quantity and arrangement [22,34,35]. Neglecting these factors or considering only the
concrete strength may be incomplete. A singly reinforced rectangular beam section, typical
in laboratory studies, is selected, with dimensions b x h = 150 x 300 mm, the effective
depth hy = 270 mm, and reinforcement of HRB400. The strain ratio is calculated for:
high reinforcement ratio (o = 1.40%), economical ratios (o = 1.13% and 0.89%), low ratio
(p = 0.50%), and the minimum ratio (0 = 0.35%). The results are presented in Table 4.

Table 4. Ratio of concrete ultimate strain at tensile edge to peak tensile strain €, /¢p.

fi (C20~C30) fi (C30~C50) fi (C50~C80)
P 720 22 24 25 26 27 28 29 30 31 32 33 34 35 37 39 41
140% 882 496 3.62 324 295 273 255 240 228 217 208 200 194 188 178 1.69 1.63
1.13% 495 3.60 293 271 253 239 227 216 208 200 193 187 18 177 169 162 157
0.89% 3.59 292 253 238 226 216 207 200 193 187 18 177 173 169 162 157 152
050% 255 228 209 201 194 188 183 178 174 170 166 163 160 157 153 148 145
035% 231 211 196 190 185 180 175 171 168 164 161 - - - - - -

o represents the reinforcement ratio; f; represents the axial tensile stress of concrete (N/mm?); the entries marked
with “~” indicate sections where under-reinforced failure occurred and thus are omitted.

Classical cracking theories for concrete members are primarily based on experimental
results from normal-strength concrete members, roughly corresponding to concrete grades
C30 to C50. The average strain ratio e, /e, within this range is analyzed: 2.09 for the
economical ratio group, 1.98 for the group combining economical and lower ratios, and 2.04
for the full set of reinforcement ratios. The calculated results are in close agreement with
the classical theory. Furthermore, the results demonstrate that the strain ratio decreases
with increasing concrete strength and increases with the quantity of reinforcement. This
trend aligns with the experimental observations that “concrete becomes more brittle with
increasing strength” and that “reinforcement enhances the crack resistance of concrete”.

Furthermore, classical cracking theories for concrete members also consider the influ-
ence of section height on the development of inelastic deformation. By introducing the
section height & into the calculation formula of the inelastic influence coefficient y of the
section resistance moment, these theories reflect the relationship between the member size
and the concrete cracking resistance. For rectangular sections, a typical fitted formula for
the inelastic influence coefficient -y is given by [22]:

120

7 =175 (074 =) (63)

where /1 is in millimeters.
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In the proposed method, the influence of member size on the concrete cracking load
is implicitly reflected through the coupling effect of the plane-section assumption and
the concrete stress—strain relationship. For members with different section heights, the
strain distribution characteristics at the extreme tensile fiber vary with size according to
the plane-section assumption. Larger section heights lead to a more pronounced extent by
which the strain in the edge region exceeds the strain corresponding to the peak stress of
the concrete. The post-peak characteristics of the concrete stress—strain relationship (i.e.,
the stress decay law after the peak strain) translate this size-dependent strain variation into
differences in stress. These stress differences are subsequently reflected in the calculation
of the total strain energy of the member, thereby ultimately manifesting as the influence of
the size effect.

For the common range of concrete strength grades, the cracking moments of reinforced
concrete beams with different section heights are calculated using the proposed method.
The corresponding inelastic influence coefficient -y is then back-calculated. The curve
of v vs. the section height h, obtained from the proposed method, is compared with
the typical fitted formula curve in Figure 8. Owing to the significant scatter inherent
in the experimental data for this parameter [22], the results calculated by the proposed
method also show a relatively wide distribution. Nevertheless, the variation trend aligns
fundamentally with the fitted formula results. Moreover, the proposed method similarly
captures the influence of member size on the cracking resistance of concrete beams.

210
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2001 ft=2.7 Mpa
1.90 F +ft=3.3 Mpa
= ~<-ft=3.9 Mpa
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&
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Figure 8. Variation of inelastic influence coefficient v with section height .

4.4. Sensitivity Analysis of Key Influencing Parameters

Based on the calculation procedure of the proposed method, the main factors influ-
encing the cracking moment of flexural members are the sectional dimensions, effective
depth, concrete strength grade, and the reinforcement ratio of steel or other reinforcement.
The effective depth primarily reflects the influence of the concrete cover thickness and
the arrangement of the reinforcement. The concrete strength grade primarily reflects the
influence of the concrete tensile strength, tensile elastic modulus, and tensile stress—strain
constitutive relationship. The reinforcement ratio primarily reflects the influence of the
cross-sectional area of the reinforcement bars. From a practical perspective, efficiently
improving the cracking resistance of a member under given working conditions is of
greater concern. Therefore, this sensitivity analysis focuses on the influence of the concrete
strength grade and the steel reinforcement ratio on the cracking moment. These two pa-
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rameters are directly adjustable by the designer under given design conditions to enhance
cracking resistance.

Again, the commonly used singly reinforced rectangular beam section in tests is
selected: b x h = 150 x 300 mm, with the effective depth /iy = 270 mm, and steel rein-
forcement of HRB400. Using the proposed method, the variation of the cracking moment
with concrete strength grade is calculated for reinforcement ratios of 0.3%, 0.7%, 1.1%, and
1.4%. Similarly, the variation of the cracking moment with reinforcement ratio is calculated
for concrete tensile strengths of 2.2 N/mm?2, 2.7 N/mm?, 3.3 N/mm?, and 3.9 N/mm?.
The results are shown in Figures 9 and 10. It can be observed that the cracking moment
increases with either the concrete strength grade or the reinforcement ratio. A positive
correlation exists between these two parameters and the cracking moment.

Figure 9 indicates that when the reinforcement ratio is below 1.1% (i.e., within the
economical and low reinforcement ratio ranges), the cracking moment exhibits an approxi-
mately linear relationship with the concrete tensile strength. When the reinforcement ratio
exceeds 1.1% (i.e., within the high reinforcement ratio range), the cracking moment initially
increases at a lower rate with increasing concrete tensile strength within the range of lower
concrete strength grades. As the concrete tensile strength increases into the range of higher
concrete strength grades, the cracking moment gradually recovers to an increasing rate
comparable to that observed under economical and low reinforcement ratios. Therefore,
for beams with lower concrete strength grades and higher steel reinforcement ratios, the
cracking moment is less sensitive to the concrete strength grade. Consequently, solely
increasing the concrete strength grade is not the most efficient measure for enhancing the
cracking resistance of the member under such conditions.
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Figure 9. Variation of beam cracking moment with concrete tensile strength for different reinforcement
ratios.

Figure 10 indicates that when the concrete tensile strength exceeds 2.7 N/mm? (i.e.,
within the higher concrete strength ranges), the cracking moment exhibits an approxi-
mately linear relationship with the steel reinforcement ratio. When the concrete tensile
strength is below 2.7 N/mm? (i.e., within the lower concrete strength range), the cracking
moment initially increases linearly with increasing reinforcement ratio within the low and
economical reinforcement ratio ranges. As the reinforcement ratio increases into the high
reinforcement ratio range, the cracking moment increases significantly faster. Therefore, for
beams with higher reinforcement ratios and lower concrete strength grades, the cracking
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moment is highly sensitive to the reinforcement ratio. Consequently, increasing the steel
reinforcement ratio is an effective measure for enhancing the cracking resistance of the
member under such conditions.
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Figure 10. Variation of beam cracking moment with reinforcement ratio for different concrete strength
grades.

In summary, within the range of economical reinforcement ratios (o = 0.7~1.1%)
and normal- to high-strength concrete (f; = 2.7~3.9 N/mm?), the beam cracking moment
always exhibits a linear relationship with both the concrete strength grade and the steel
reinforcement ratio. The cracking resistance of the member can therefore be effectively
enhanced by increasing either the concrete strength grade or the steel reinforcement ratio.
However, when the concrete strength grade is relatively low and the steel reinforcement
ratio is high, the contribution of the reinforcement to the sectional cracking resistance
substantially exceeds that of the concrete. Therefore, under such conditions, increasing
the steel reinforcement ratio is more effective for improving the cracking resistance of the
member than increasing the concrete strength grade.

5. Conclusions

This paper proposes a strain energy-based method for calculating the cracking loads
of steel- and FRP-reinforced concrete members, applicable to axially tensioned members
and ordinary flexural members where tensile deformation is the primary deformation
mode. The method establishes an expression for the total strain energy of the member
using the axial tensile deformation as the independent variable. The critical condition
for cracking is defined as the point where the second-order differential of this total strain
energy with respect to the axial deformation equals zero. Based on this condition, the
deformation at cracking and the corresponding cracking loads are determined. Compared
to traditional calculation methods, the proposed approach requires only basic sectional
geometrical parameters and the fundamental stress—strain constitutive relationship of the
materials. It eliminates the need for introducing additional coefficients to describe the
development of sectional inelastic deformation, such as the inelastic influence coefficient
7 of the section resistance moment, making it simpler to apply. In contrast to emerging
machine learning approaches, the proposed method possesses a clear physical basis and a
transparent calculation process, ensuring the results are fully credible. In the derivation
process, the constituent materials of the member are assumed to be homogeneous and
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isotropic. However, since the concrete stress—strain constitutive relationship adopted in this
method is entirely based on experimental measurements, the results inherently incorporate
the effects of material inhomogeneity and anisotropy. Therefore, the aforementioned
assumption does not hinder the application of the method to materials like concrete, which
are inhomogeneous and not strictly isotropic.

Calculations verified against experimental data from four sets of tests on steel- and
FRP-reinforced concrete flexural members demonstrate that the proposed method is fully
applicable to both normal- and high-strength concrete, as well as to both ordinary steel
and FRP reinforcement. All results agree well with the experimentally measured values,
with a relative error of only 1% and a coefficient of variation of 0.12 for the calculated-to-
measured ratio. However, verification against experimental data for flexural members
made with recycled aggregate concrete and ultra-high-strength concrete indicates that the
proposed method is not applicable to these two types of concrete. For recycled aggregate
concrete, the reduction in deformation resistance leads to a tensile stress—strain curve that
does not match the curve based on conventional natural aggregate concrete used in this
method. For ultra-high-strength concrete, the section remains in the elastic deformation
stage at cracking, which contradicts the sectional inelastic deformation state assumed in
the proposed method.

The proposed method is applied to analyze the cracking loads of axially tensioned and
flexural members of steel-reinforced concrete. The results indicate that for axially tensioned
members, when the reinforcement area exceeds a critical value (termed the inflection point
reinforcement ratio pp in this study), the member exhibits no significant loss of macro-
scopic performance, such as durability and stiffness, before the steel reinforcement yields or
fractures in tension. Under this condition, the cracking resistance of the member increases
severalfold. For flexural members, within the range of economical reinforcement ratios
and normal- to high-strength concrete grades, the cracking resistance can be effectively
enhanced by increasing either the concrete strength grade or the reinforcement ratio. How-
ever, when the concrete strength grade is relatively low and the reinforcement ratio is high,
increasing the reinforcement ratio is more effective for improving the cracking resistance.

Owing to its foundation in traditional mechanics of materials, the proposed method
can be readily integrated into existing structural design procedures. Furthermore, since it
does not rely on any empirical coefficients that characterize the development of sectional
inelastic deformation (such as the inelastic influence coefficient y of the section resistance
moment), there is no need to recalibrate such parameters through new tests for novel
structural forms or materials. As a result, the proposed method not only avoids the
complexity and uncertainty inherent in empirical parameters but also significantly enhances
the adaptability of the cracking design approach to various new structures and materials.
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