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Preface

Fractional calculus extends the principles of classical calculus to non-integer real orders and

has emerged as a significant and intriguing domain of research. It focuses on exploring so-called

fractional derivatives and integrals across complex domains and their wide-ranging applications.

Over the past decade, this field has gained considerable attention. Its relevance has drawn the

interest of numerous scholars due to its extensive use in diverse disciplines such as probability theory,

biomathematics, image analysis, fluid dynamics, material science, viscoelasticity, and engineering,

among others.

In recent years, many mathematicians have employed their own symbols and methodologies

to explore various definitions that align with the concept of fractional-order differentiation and

integration.

We are delighted to present this Reprint, which features a curated selection of 19 papers

highlighting recent progress in the field of fractional differential equations and inclusions. Each

contribution underwent thorough peer review by multiple experts and was originally published

in the Special Issue titled ”Fractional Differential Equations, Inclusions and Inequalities with

Applications II” in the journal Mathematics. These works offer fresh and valuable insights across

various aspects of fractional differential equations, enabling readers to stay abreast of the latest

advancements in this area.

We extend our sincere gratitude to the editorial team for their generous support throughout

the publication process. Our heartfelt thanks also go to the authors for their outstanding research

contributions and to the reviewers for their meticulous evaluation of the submitted manuscripts.

As Guest Editor, I would like to express my gratitude to all of the authors for their contributions

to this Special Issue. I would also like to thank all reviewers for their assistance and valuable efforts in

improving the quality of the papers. Lastly, I am incredibly grateful to Mathematics (ISSN 2227-7390)

for all of the support given during the development and publication of the Special Issue ”Fractional

Differential Equations, Inclusions and Inequalities with Applications II”.

Sotiris K. Ntouyas

Guest Editor
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Editorial

Editorial for the Special Issue of Mathematics “Fractional
Differential Equations, Inclusions and Inequalities with
Applications II”

Sotiris K. Ntouyas

Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece; sntouyas@uoi.gr

1. Introduction

Within the field of fractional calculus, defined fractional derivatives and integrals
within complex domains and their practical applications are frequently explored, and in
recent years, this field has seen a significant rise in research interest. Fractional differential
equations, in particular, have garnered widespread attention in academic literature due to
their effectiveness in modeling various real-world phenomena across disciplines such as
physics, engineering, design, materials science, fluid dynamics, probability theory, image
analysis, optimal control, and more. These equations are also considered superior to
traditional integer-order differential equations when it comes to representing the hereditary
characteristics of different materials and dynamic systems.

2. Special Issue Overview

This Special Issue, entitled “Fractional Differential Equations, Inclusions, and Inequal-
ities with Applications II” emphasizes new developments in both the conceptual basis
and applied aspects of fractional differential equations, inclusions, and inequalities, as
well as the systems involving these elements. The scope includes, but is not limited to, the
following topics:

◦ Oscillation for fractional-order differential equations, Contribution 1;
◦ (p, q)-difference equations, Contribution 2;
◦ q-difference inclusions, Contribution 5;
◦ Integral inequalities, Contributions 4, 10, 18;
◦ Fractional integro-differential equations, Contribution 6;
◦ Sequential fractional differential equations, Contribution 7;
◦ Sequential fractional differential inclusions, Contribution 3;
◦ Numerical fractional differential equations, Contribution 8;
◦ Λ-fractional differential equations, Contribution 9;
◦ Positive solutions for fractional boundary value problems, Contributions 13, 19;
◦ Stochastic fractional differential equations, Contribution 14;
◦ Fractional-order systems, Contribution 17;
◦ Caputo fractional differential equations, Contributions 12, 15;
◦ Delay difference equations, Contribution 16;
◦ Black–Scholes fractional equations, Contribution 11.

A total of eighty manuscripts were received, out of which nineteen papers authored by
sixty-eight researchers were accepted for publication. The contributing authors represent
twenty-one different countries:

Mathematics 2026, 14, 424 https://doi.org/10.3390/math14030424
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1. Algeria (1)
2. Azerbaijan (1)
3. China (8)
4. Egyp (3)
5. Greece (3)
6. India (2)
7. Indonesia (2)
8. Iraq (2)
9. Iran (7)
10. Jordan (3)
11. Malaysia (2)
12. Pakistan (2)
13. Poland (1)
14. Portugal (1)
15. Romania (1)
16. Saudi Arabia (9)
17. Taiwan (1)
18. Thailand (6)
19. Turkiye (3)
20. UAE (3)
21. USA (7)

This Special Issue features 19 articles spanning various areas within the field of frac-
tional differential equations. The key findings of these contributions are summarized below.

• In Contribution 1, the authors provide an in-depth overview of recent progress in the
study of oscillatory behavior associated with fractional difference equations. Various
forms of these equations are examined through the application of both nabla and
delta operators.

• The existence and uniqueness of solutions for a fractional (p, q)-difference equation
with separated local boundary conditions are explored in Contribution 2. Uniqueness
is established via Banach’s contraction principle, while existence is proven using
Krasnosel’skiĭ’s fixed point theorem and the Leray–Schauder alternative. Several
illustrative examples are included to support the main results.

• In Contribution 3, the authors focus on establishing theoretical existence results for a
new class of problems that incorporates a sequential Caputo-type term within a hybrid
integro-differential framework. The boundary conditions are expressed as hybrid con-
straints involving multiple orders of integro-differential operators. The study begins
by deriving fundamental inequalities related to the corresponding integral equation.
To address the problem, the authors employ recently developed analytical techniques
involving product operators in Banach algebras, along with special function-based
tools such as α − ψ-contractions and α-admissible mappings. These methods are
used to establish existence criteria for the proposed class of mixed sequential hybrid
boundary value problems. Key properties—including the approximate endpoint
property, the Cα-property, and compactness—are essential for the analysis. The paper
concludes with two illustrative examples that demonstrate the applicability of the
theoretical results.

• In Contribution 4, the authors introduce the notion of (g, h)-convexity, a generalized
form of coordinated convexity defined in realtion to a pair of functions on the coor-
dinates. The fundamental properties of this new convexity concept are investigated
in detail. Additionally, the study derives new Hermite–Hadamard and Ostrowski-

https://doi.org/10.3390/math140304242
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type inequalities corresponding to this form of coordinated convexity. These results
extend and generalize several known inequalities in the existing literature. The paper
concludes with various mathematical examples and graphical representations that
illustrate and validate the newly developed inequalities.

• In Contribution 5, the authors analyze the existence and topological configuration of
the solution set associated with a q-fractional differential inclusion in a Banach space
setting. Analytical techniques are drawn from set-valued analysis, the Kuratowski non-
compactness measure, and Darbo’s fixed point principle. To validate the theoretical
results, an illustrative example is presented.

• In Contribution 6, the authors establish sufficient conditions for the existence of both
local and global solutions for a general class of nonlinear fractional integro-differential
equations in two dimensions. The uniqueness of these solutions is also proven. To
enable numerical approximation, the study utilizes operational matrices derived
from two-variable shifted Jacobi polynomials within a collocation method framework,
thereby converting the original equations into a system that can be efficiently solved.
Error estimates for the proposed numerical approach are provided. A set of five
test problems is presented, and the corresponding numerical results demonstrate the
accuracy, efficiency, and practical effectiveness of the method.

• Contribution 7 introduces and explores a novel class of boundary value problems char-
acterized by a mixed-type fractional differential equation involving both the ψ1-Hilfer
and ψ2-Caputo fractional derivatives, coupled with non-local integro-differential
boundary conditions. The uniqueness of the solutions is demonstrated via the Banach
contraction method and ensures existing results via the Leray–Schauder nonlinear
alternative approach. Numerical examples are included to illustrate and validate the
theoretical results.

• Contribution 8 aims to present a novel numerical method for solving fractional bound-
ary value problems. This method relies on two numerical schemes: A fractional central
scheme is considered for approximating the Caputo derivative of order α, along with a
newly developed central formula for approximating the Caputo derivative of order 2α,
where 0 < α ≤ 1. The first method is re-examined, while the second is derived using
the generalized Taylor expansion. The stability of the proposed approach is examined
through well-established theoretical frameworks. Additionally, several numerical
examples are provided to showcase the method’s accuracy and practical utility.

• The study in Contribution 9 investigates wave propagation in solids using the frame-
work of inherently non-local Λ-fractional analysis. Beginning with the fundamental
equations of Λ-fractional continuum mechanics, the corresponding Λ-fractional wave
equations are formulated. Due to the global nature of the variational formulation in
this setting, the analysis allows for the representation of discontinuities in strain or
stress. The model is further employed to examine impact-induced phase transitions in
composite materials exhibiting both elastic and viscoelastic behavior.

• The central focus of Contribution 10 lies in developing a generalized and original iden-
tity related to the Caputo–Fabrizio fractional operator. Building on this new identity,
the authors derive a series of fractional integral inequalities related to exponentially
convex functions. Moreover, the paper presents applications of these results to specific
special means.

• In Contribution 11, the study investigates methods for solving the modified fractional
Black–Scholes equation. Given the crucial role of option pricing theory in financial
markets, call and put options help investors theoretically determine the optimal
times to buy, sell, or hold stocks to maximize returns. However, the classical Black–
Scholes model, based on the assumption of normally distributed returns, often yields

https://doi.org/10.3390/math140304243
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option pricing formulas that do not accurately capture real market dynamics. Hence,
modifying the model is necessary for more realistic option valuations. To solve the
modified fractional Black–Scholes equation, this work implements a hybrid technique
merging the finite difference method with the fractional differential transformation
method. The results indicate that this combined technique offers a highly accurate
approximation of the solution.

• As noted in several studies, the equivalence between Caputo-type fractional dif-
ferential equations and their corresponding integral formulations may fail outside
absolutely continuous function spaces, including within certain Hölder spaces. To
address this limitation, Contribution 12 introduces a novel fractional integral operator
that acts as the right inverse of the Caputo derivative in specific Hölder spaces with
critical orders of less than 1. The paper provides multiple illustrative examples and
counterexamples to emphasize the importance of this development. As an application,
the method is used to analyze the boundary value problem for the Langevin frac-

tional differential equation
dβ,μ

ψ

dtβ

( dα,μ
ψ

dtα + λ
)

u(t) = h(t, u(t)), t ∈ [x1, y1], λ ∈ R, where

h ∈ C([x1, y1]×R) and the critical fractional orders β, α ∈ (0, 1), subject to appropriate
initial or boundary conditions. The analysis is further extended to a wider class of ψ

-tempered Hilfer problems involving ψ -tempered fractional derivatives. Additionally,
boundary value problems for Bagley–Torvik type fractional differential equations
are examined.

• The study of Contribution 13 investigates the existence and uniqueness of solutions
to boundary fractional difference equations framed within the context of Riemann–
Liouville operators. The study begins by revisiting the general solution of the re-
lated homogeneous problem involving fractional operators. Next, the Green’s func-
tion for the fractional boundary value problem is constructed by applying homoge-
neous boundary conditions to determine the unknown constants. The existence of
solutions is then established through fixed-point theorems applied to this Green’s
function. Moreover, uniqueness results are derived under conditions involving the
Lipschitz constant.

• In Contribution 14, a novel numerical method is introduced for fractional stochastic
differential equations featuring neutral delays. The method is based on a stepwise
collocation technique combined with Jacobi poly-fractonomials to effectively treat the
unknown stochastic components. To implement this, the original delay differential
equations are transformed into equivalent delay-free systems, making them amenable
to the collocation technique. The iterative application of the method leads to a sys-
tem of nonlinear equations at each step. A comprehensive analysis of the method’s
convergence is provided. The accuracy and computational efficiency of the proposed
technique are validated through a series of numerical experiments.

• Contribution 15 addresses comments on sequential Caputo fractional differential
equations governed by fractional initial and boundary conditions.

• Contribution 16 examines a system of inhomogeneous second-order difference equa-
tions featuring linear terms with noncommutative matrix coefficients. A closed-
form solution is obtained by introducing novel delayed matrix sine and cosine func-
tions, employing the Z-transform alongside a determining function. This framework
facilitates the analysis of iterative learning control by integrating suitable update
rules and establishing sufficient conditions to guarantee asymptotic convergence in
tracking performance.

• Contribution 17 investigates barrier function-based safety control within fractional-
order dynamical systems, an area less explored compared to their integer-order coun-
terparts. While barrier functions have been extensively used to guarantee safety in

https://doi.org/10.3390/math140304244
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integer-order systems—including nonlinear, hybrid, and linear models—this study
extends their application to fractional-order systems. The authors introduce two novel
constructs: the Caputo reciprocal barrier function and the Caputo zeroing barrier
function. They establish theorems demonstrating that these functions ensure uniform
asymptotic or exponential stability while preserving safety. Furthermore, the paper
proposes a new concept of input-to-state safety for Caputo fractional-order systems,
accompanied by two criteria derived from the newly introduced barrier functions.
These contributions lay a foundational framework for advancing safety control in
fractional-order systems.

• In Contribution 18, new theoretical advances concerning the well-posedness and
Ulam–Hyers stability of fractional systems are presented, with a focus on Caputo–
Katugampola fractional stochastic delay integro-differential equations. The authors
develop a generalized version of Grönwall’s inequality, which is then used to es-
tablish Ulam–Hyers stability in the Lp space. These results extend existing theories
by incorporating the Caputo–Katugampola fractional derivative framework, thereby
enriching the mathematical foundation of fractional differential equations. An illustra-
tive example is provided to demonstrate and validate the theoretical findings.

• Contribution 19 examines the positive solution existence and non-existence for a
non-linear Riemann–Liouville fractional boundary value problem of order α + 2n
where α ∈ (m− 1, m], with m ≥ 3 and m, n are natural numbers. The boundary
conditions are based on Lidstone-type formulations.The non-linear term involves
a positive parameter, and the authors establish conditions on this parameter that
dictate the existence or non-existence of positive solutions. By convolving the Green
functions from a lower-order problem and its conjugate counterpart, a Green’s function
is constructed and applied along with the Guo–Krasnosel’skiı̆ fixed-point theorem.
Illustrative examples highlight the parameter values for which solutions exist or fail
to exist.

We hope this Special Issue, along with the ideas and publications it contains, will
engage readers and inspire further research on fractional differential equations, inclusions,
and inequalities.

Funding: This research received no external funding.
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Abstract: This paper investigates the existence and nonexistence of positive solutions for a
class of nonlinear Riemann–Liouville fractional boundary value problems of order α + 2n,
where α ∈ (m− 1, m] with m ≥ 3 and m, n ∈ N. The conjugate fractional boundary condi-
tions are inspired by Lidstone conditions. The nonlinearity depends on a positive parameter
on which we identify constraints that determine the existence or nonexistence of positive
solutions. Our method involves constructing Green’s function by convolving the Green
functions of a lower-order fractional boundary value problem and a conjugate boundary
value problem and using properties of this Green function to apply the Guo–Krasnosel’skii
fixed-point theorem. Illustrative examples are provided to demonstrate existence and
nonexistence intervals.

Keywords: fractional derivative; Lidstone; fixed-point theorem; existence; nonexistence;
convolution
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1. Introduction

Let m, n ∈ N, m ≥ 3, with α ∈ (m− 1, m] and β ∈ [1, m− 1]. Consider a Riemann–
Liouville fractional boundary value problem

Dα+2n
0+ u(t) + (−1)nλg(t) f (u) = 0, 0 < t < 1, (1)

subject to the Lidstone-inspired boundary conditions

u(i)(0) = 0, i = 0, 1, . . . , m− 2, Dβ
0+u(1) = 0, (2)

Dα+2l
0+ u(0) = Dα+2l

0+ u(1) = 0, l = 0, 1, . . . , n− 1.

Here, f : [0, ∞) → [0, ∞) and g : [0, 1] → [0, ∞) are continuous functions with g(t)
satisfying the condition

∫ 1
0 g(t) dt > 0, and λ > 0 is a positive parameter. This paper is

concerned with the existence and nonexistence of positive solutions to (1) and (2).
To address this, we follow the procedure of Eloe et al. in [1] of constructing the

associated Green’s function for the given problem by convolving a lower-order Green’s
function, G0(t, s), for the equation of a conjugate boundary value problem. We present

Mathematics 2025, 13, 1336 https://doi.org/10.3390/math13081336
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properties of Green’s function, many of which can be found in [2,3]. Then, we deploy those
in an application of the Guo–Krasnosel’skii fixed-point theorem.

Our method involves the analysis of the operator defined by

Tu(t) = (−1)nλ
∫ 1

0
G(t, s)g(s) f (u(s)) ds,

which will be shown to have a fixed point under suitable conditions on parameter λ. This
fixed point is a positive solution to (1) and (2). We will also give suitable conditions on λ

for the nonexistence of solutions to (1) and (2).
This study extends the existing literature on fractional boundary value problems that

leverage Guo–Krasnosel’skii’s fixed-point theorem. The major impetus of this work is two
papers [2,3]. In the former, Lyons and Neugebauer used the convolution of two Green
functions to prove existence and nonexistence results for two-point fractional boundary
value problems. Recently, the latter work by Neugebauer and Wingo investigated a way
to move to an even higher-order two-point boundary value problem using convolution
and induction. The novelty here is that repeated convolution with induction leads one to
creating arbitrary α + 2n-order two-point boundary value problems.

Previous articles have applied various fixed-point theorems to demonstrate the ex-
istence of positive solutions for similar problems. For results obtained by employing the
Guo–Krasnosel’skii fixed-point theorem similar to that realized in this paper, we cite [4–7].
One may find singular nonlinearity results in [8,9]. A quite recent application for the Guo–
Krasnosel’skii fixed-point theorem to fractional boundary value problems was studied by
Raghavendran et al. in [10]. Other recent applications of fixed-point theory to fractional
boundary value problems were carried out by Zhang et al. in [11,12].

Here, we use the Guo–Krasnosel’skii fixed-point theorem to guarantee the existence
of positive solutions by establishing two separate sizing conditions on parameter λ based
upon the liminfs and limsups of the nonlinearity. Additionally, we provide nonexistence
results determined with the parameter. This approach is based on the properties of Green’s
function, which plays a critical role in showing the existence of positive solutions.

Section 2 provides definitions for the Riemann–Liousville fractional derivative and
suggestions for further study therein and states the Guo–Krasnosel’skii fixed-point theo-
rem. The subsequent sections are devoted to the construction of Green’s function and its
properties. Then, in Sections 5 and 6, we establish intervals for λ that yield the existence
or nonexistence of positive solutions. Finally, we present two examples to illustrate the
application of our results.

2. Preliminaries and the Fixed-Point Theorem

We begin by defining the Riemann–Liouville fractional integral, which is used to define
the Riemann–Liouville fractional derivative used in this work. Both are widely adopted
and commonly used. Then, we present Guo–Krasnosel’skii’s fixed-point theorem [13,14].

Definition 1. Let ν > 0. The Riemann–Liouville fractional integral of a function u of order ν,
denoted Iν

0+u, is defined as

Iν
0+u(t) =

1
Γ(ν)

∫ t

0
(t− s)ν−1u(s)ds,

provided the right-hand side exists.

8
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Definition 2. Let n denote a positive integer and assume n− 1 < α ≤ n. The Riemann–Liouville
fractional derivative of order α of the function u : [0, 1]→ R, denoted Dα

0+u, is defined as

Dα
0+u(t) =

1
Γ(n− α)

dn

dtn

∫ t

0
(t− s)n−α−1u(s)ds = Dn In−α

0+ u(t),

provided the right-hand side exists.

We refer to [15–18] for further study of fractional calculus and fractional differen-
tial equations.

Theorem 1 (Guo–Krasnosel’skii fixed-point theorem). Let B be a Banach space, and let P ⊂
X be a cone in P . Assume that Ω1 and Ω2 are open sets with 0 ∈ Ω1, and Ω1 ⊂ Ω2. Let
T : P ∩ (Ω2\Ω1)→ P be a completely continuous operator such that either of the following holds:

1. ‖Tu‖ ≥ ‖u‖, u ∈ P ∩ ∂Ω1, and ‖Tu‖ ≤ ‖u‖, u ∈ P ∩ ∂Ω2;
2. ‖Tu‖ ≤ ‖u‖, u ∈ P ∩ ∂Ω1, and ‖Tu‖ ≥ ‖u‖, u ∈ P ∩ ∂Ω2.

Then, T has a fixed point in P ∩ (Ω2\Ω1).

3. Green’s Function

Now, we construct Green’s function, used for (1) and (2) utilizing induction with a
convolution of a lower-order problem and a conjugate problem. The procedure is similar
to that found in [3].

First, the conjugate boundary value problem

−u′′ = 0, 0 < t < 1, u(0) = 0, u(1) = 0,

has a well-known Green’s function

Gconj(t, s) =

{
s(1− t), 0 ≤ s < t ≤ 1,
t(1− s), 0 ≤ t < s ≤ 1.

Let G0(t, s) be Green’s function for

−Dα
0+ au = 0, 0 < t < 1, u(i)(0) = 0, i = 0, 1, . . . , m− 2, Dβ

0+u(1) = 0,

which is given by [19]

G0(t, s) =
1

Γ(α)

⎧⎪⎨⎪⎩
tα−1(1− s)α−1−β − (t− s)α−1, 0 ≤ s < t ≤ 1,

tα−1(1− s)α−1−β, 0 ≤ t ≤ s < 1.

For k = 1, . . . , n− 1, recursively define Gk(t, s) by

Gk(t, s) = −
∫ 1

0
Gk−1(t, r)Gconj(r, s)dr.

Then,

Gn(t, s) = −
∫ 1

0
Gn−1(t, r)Gconj(r, s)dr,

is Green’s function for
−Dα+2n

0+ u(t) = 0, 0 < t < 1,

9



Mathematics 2025, 13, 1336

with boundary condition (2), and Gn−1(t, s) is Green’s function for

−Dα+2(n−1)
0+ u(t) = 0, 0 < t < 1,

with boundary conditions

u(i)(0) = 0, i = 0, 1, . . . , m− 2, Dβ
0+u(1) = 0,

Dα+2l
0+ u(0) = Dα+2l

0+ u(1) = 0, l = 0, 1, . . . , n− 2.

To see this, for the base case k = 1, consider the linear differential equation

Dα+2
0+ u(t) + h(t) = 0, 0 < t < 1,

satisfying the boundary conditions

u(i)(0) = 0, i = 0, 1, . . . , m− 2, Dβ
0+u(1) = 0,

Dα
0+u(0) = 0, Dα

0+u(1) = 0.

Make the change of variable:

v(t) = Dα+2−2
0+ u(t).

Then,
D2v(t) = D2Dα+2−2

0+ u(t) = Dα+2
0+ u(t) = −h(t),

and since v(t) = Dα
0+u(t),

v(0) = Dα
0+u(0) = 0 and v(1) = Dα

0+u(1) = 0.

Thus, v satisfies the Dirichlet boundary value problem:

v′′ + h(t) = 0, 0 < t < 1,

v(0) = 0, v(1) = 0.

Also, u now satisfies a lower-order boundary value problem:

Dα
0+u(t) = v(t), 0 < t < 1,

u(i)(0) = 0, i = 0, 1, . . . , m− 2, Dβ
0+u(1) = 0.

So,

u(t) =
∫ 1

0
G0(t, s)(−v(s))ds

=
∫ 1

0
G0(t, s)

(
−
∫ 1

0
Gconj(s, r)h(r)ds

)
dr

=
∫ 1

0

(∫ 1

0
−G0(t, s)Gconj(s, r)ds

)
h(r)dr.

Therefore,

u(t) =
∫ 1

0
G1(t, s)h(s)ds,

10
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where

G1(t, s) = −
∫ 1

0
G0(t, r)Gconj(r, s)dr.

For the inductive step, the argument is similar. Assume that k = n− 1 is true, and
consider the linear differential equation

Dα+2n
0+ u(t) + k(t) = 0, 0 < t < 1,

satisfying boundary condition (2).
Make the change of variables

v(t) = Dα+2(n−1)
0+ u(t)

so that
D2v(t) = Dα+2n

0+ = −k(t)

and
v(0) = Dα+2(n−1)

0+ u(0) = 0 and v(1) = Dα+2(n−1)
0+ v(1) = 0.

Similarly to before, v(t) satisfies the Dirichlet boundary value problem

v′′ + k(t) = 0, 0 < t < 1,

v(0) = 0, v(1) = 0,

while u(t) satisfies the lower-order problem

Dα+2(n−1)
0+ u(t) = v(t), 0 < t < 1,

u(0) = 0, Dβ
0+u(1) = 0,

Dα+2l
0+ u(0) = Dα+2l

0+ u(1) = 0, l = 0, 1, . . . , n− 2.

By induction,

u(t) =
∫ 1

0
Gn−1(t, s)(−v(s))ds

=
∫ 1

0

(
−
∫ 1

0
Gn−1(t, s)Gconj(s, r)ds

)
k(r)dr

=
∫ 1

0
Gn(t, s)k(s)ds.

Therefore,

u(t) =
∫ 1

0
Gn(t, s)k(s)ds,

where

Gn(t, s) = −
∫ 1

0
Gn−1(t, r)Gconj(r, s)dr.

So, the unique solution to

Dα+2n
0+ u(t) + k(t) = 0, 0 < t < 1,

satisfying boundary condition (2) is given by

u(t) =
∫ 1

0
Gn(t, s)k(s)ds.

11
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4. Green’s Function Properties

We now discuss properties for Gn(t, s) that are inherited from G0(t, s) and Gconj(t, s).
The results of the first lemma regarding Gconj(t, s) are well known and easily verifiable.

Lemma 1. For (t, s) ∈ [0, 1]× [0, 1], Gconj(t, s) ∈ C(1) and Gconj(t, s) ≥ 0.

The following lemma regarding G0(t, s) is Lemma 3.1 proved in [2].

Lemma 2. The following are true:

(1) For (t, s) ∈ [0, 1]× [0, 1), G0(t, s) ∈ C(1).
(2) For (t, s) ∈ (0, 1)× (0, 1), G0(t, s) > 0 and ∂

∂t G0(t, s) > 0.
(3) For (t, s) ∈ [0, 1]× [0, 1), tα−1G0(1, s) ≤ G0(t, s) ≤ G0(1, s).

Parts (1) and (2) of the following lemma regarding the convoluted Green’s function
Gn(t, s) are proved in Lemma 5.1 [3], and part (3) is proven here inductively.

Lemma 3. The following are true:

(1) For (t, s) ∈ [0, 1]× [0, 1), Gn(t, s) ∈ C(1).
(2) For (t, s) ∈ (0, 1)× (0, 1), (−1)nGn(t, s) > 0 and (−1)n ∂

∂t Gn(t, s) > 0.
(3) For (t, s) ∈ [0, 1]× [0, 1),

(−1)ntα−1Gn(1, s) ≤ (−1)nGn(t, s) ≤ (−1)nGn(1, s).

Proof. For part (3), we proceed inductively.
For the base case k = 1, we use Lemma 2 (3) to find

(−1)1tα−1G1(1, s) = −tα−1
(
−
∫ 1

0
G0(1, r)Gconj(r, s)dr

)
= −

(∫ 1

0
−tα−1G0(1, r)Gconj(r, s)dr

)
≤ −

(∫ 1

0
−G0(t, r)Gconj(r, s)dr

)
= −

(
−
∫ 1

0
G0(t, r)Gconj(r, s)dr

)
= (−1)1G1(t, s),

and

(−1)1G1(t, s) = −
(
−
∫ 1

0
G0(t, r)Gconj(r, s)dr

)
=

∫ 1

0
G0(t, r)Gconj(r, s)dr

≤
∫ 1

0
G0(1, r)Gconj(r, s)dr

= −
(
−
∫ 1

0
G0(1, r)Gconj(r, s)dr

)
= (−1)1G1(1, s).

12
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Now, assume that k = n− 1 is true. Then,

(−1)ntα−1Gn(1, s) = (−1)ntα−1
(
−
∫ 1

0
Gn−1(1, r)Gconj(r, s)dr

)
= (−1)2

(∫ 1

0
(−1)n−1tα−1Gn−1(1, r)Gconj(r, s)dr

)
≤ (−1)2

(∫ 1

0
(−1)n−1Gn−1(t, r)Gconj(r, s)dr

)
= (−1)n

(
−
∫ 1

0
Gn−1(t, r)Gconj(r, s)dr

)
= (−1)nGn(t, s),

and

(−1)nGn(t, s) = (−1)n
(
−
∫ 1

0
Gn−1(t, r)Gconj(r, s)dr

)
= (−1)2

(∫ 1

0
(−1)n−1Gn−1(t, r)Gconj(r, s)dr

)
≤ (−1)2

(∫ 1

0
(−1)n−1Gn−1(1, r)Gconj(r, s)dr

)
= (−1)n

(
−
∫ 1

0
Gn−1(1, r)Gconj(r, s)dr

)
= (−1)nGn(1, s).

5. Existence of Solutions

We are now in a position to demonstrate the existence of positive solutions to
(1) and (2) based upon the parameter λ using the Guo–Krasnosel’skii fixed-point theo-
rem and our constructed Green’s function and its properties.

Define the constants

AGn =
∫ 1

0
(−1)nsα−1Gn(1, s)g(s)ds, BGn =

∫ 1

0
(−1)nGn(1, s)g(s)ds,

F0 = lim sup
u→0+

f (u)
u

, f0 = lim inf
u→0+

f (u)
u

,

F∞ = lim sup
u→∞

f (u)
u

, f∞ = lim inf
u→∞

f (u)
u

.

Let B = C[0, 1] be a Banach space with norm

‖u‖ = max
t∈[0,1]

|u(t)|.

Define the cone:

P = {u ∈ B : u(0) = 0, u(t) is nondecreasing, and

tα−1u(1) ≤ u(t) ≤ u(1) on [0, 1]
}

.

Define the operator T : P → B by

Tu(t) = (−1)nλ
∫ 1

0
Gn(t, s)g(s) f (u(s))ds.

13
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Lemma 4. Operator T : P → P is completely continuous.

Proof. Let u ∈ P . Then, by definition,

Tu(0) = (−1)nλ
∫ 1

0
Gn(0, s)g(s) f (u(s))ds = 0.

Also, for t ∈ (0, 1) and by Lemma 3 (2),

∂

∂t
[Tu(t)] = (−1)nλ

∫ 1

0

∂

∂t
Gn(t, s)g(s) f (u(s))ds > 0

which implies that Tu(t) is nondecreasing.
Next, for t ∈ [0, 1] and by Lemma 3 (3),

tα−1Tu(1) = tα−1(−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

≤ (−1)nλ
∫ 1

0
Gn(t, s)g(s) f (u(s))ds

= Tu(t),

and

Tu(t) = (−1)nλ
∫ 1

0
Gn(t, s)g(s) f (u(s))ds

≤ (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

= Tu(1).

Therefore, Tu ∈ P . A standard application of the Arzela–Ascoli Theorem yields the
result that T is completely continuous.

Theorem 2. If
1

AGn f∞
< λ <

1
BGn F0

,

then (1) and (2) have at least one positive solution.

Proof. Since F0λBGn < 1, there exists an ε > 0 such that

(F0 + ε)λBGn ≤ 1.

Also, since

F0 = lim sup
u→0+

f (u)
u

,

there exists an H1 > 0 such that

f (u) ≤ (F0 + ε)u for u ∈ (0, H1].

14
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Define Ω1 = {u ∈ B : ‖u‖ < H1}. If u ∈ P ∩ ∂Ω1, then ‖u‖ = H1, and

|(Tu)(1)| = (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

≤ (−1)nλ
∫ 1

0
Gn(1, s)g(s)(F0 + ε)u(s)ds

≤ (F0 + ε)u(1)λ
∫ 1

0
(−1)nGn(1, s)g(s)ds

≤ (F0 + ε)‖u‖λBGn

≤ ‖u‖.

Since Tu ∈ P , ‖Tu‖ ≤ ‖u‖ for u ∈ P ∩ ∂Ω1.

Next, since f∞λ >
1

AGn

, there exists a c ∈ (0, 1) and an ε > 0 such that

( f∞ − ε)λ >

(
(−1)n

∫ 1

c
Gn(1, s)g(s)ds

)−1

.

Since

f∞ = lim inf
u→∞

f (u)
u

,

there exists an H3 > 0 such that

f (u) ≥ ( f∞ − ε)u for u ∈ [H3, ∞).

Define

H2 = max
{

H3

cα−1 , 2H1

}
,

and define Ω2 = {u ∈ B : ‖u‖ < H2}.
Let u ∈ P ∩ ∂Ω2. Then, ‖u‖ = H2. Notice that for t ∈ [c, 1],

u(t) ≥ tα−1u(1) ≥ cα−1H2 ≥ cα−1 H3

cα−1 = H3.

Therefore,

|(Tu)(1)| ≥ (−1)nλ
∫ 1

c
Gn(1, s)g(s) f (u(s))ds

≥ (−1)nλ
∫ 1

c
Gn(1, s)g(s)( f∞ − ε)u(s)ds

≥ λ( f∞ − ε)u(1)
∫ 1

c
(−1)nsα−1Gn(1, s)g(s)ds

≥ ‖u‖.

Hence, ‖Tu‖ ≥ ‖u‖ for u ∈ P ∩ ∂2. Notice that since H1 < H2, we have 1 ⊂ 2. Thus,
by Theorem 1 (1), T has a fixed point u ∈ P . By the definition of T, this fixed point is a
positive solution of (1) and (2).

Theorem 3. If
1

AGn f0
< λ <

1
BGn F∞

,

then (1) and (2) have at least one positive solution.

15
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Proof. Since f0λAGn > 1, there exists an ε > 0 such that

( f0 − ε)λAGn ≥ 1.

Then, since

f0 = lim inf
u→0+

f (u)
u

,

there exists an H1 > 0 such that

f (u) ≥ ( f0 − ε)u, t ∈ (0, H1].

Define Ω1 = {u ∈ B : ‖u‖ < H1}. If u ∈ P ∩ ∂Ω1, then u(t) ≤ H1 for t ∈ [0, 1]. So,

|(Tu)(1)| = (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

≥ (−1)nλ
∫ 1

0
Gn(1, s)g(s)( f0 − ε)u(s)ds

≥ λ( f0 − ε)u(1)
∫ 1

0
(−1)nsα−1Gn(1, s)g(s)ds

≥ λ( f0 − ε)‖u‖AGn

≥ ‖u‖.

Thus, ‖Tu‖ ≥ ‖u‖ for u ∈ P ∩ ∂Ω1.
Next, since F∞BGn λ < 1, there exists an ε ∈ (0, 1) such that

((F∞ + ε)BGn + ε)λ ≤ 1.

Since

F∞ = lim sup
u→∞

f (u)
u

,

there exists an H3 > 0 such that

f (u) ≤ (F∞ + ε)u, u ∈ [H3, ∞).

Define
M = max

u∈[0,H3]
f (u).

Now, there exists a k ∈ (0, 1) with

(−1)n
∫ k

0
Gn(1, s)g(s)ds ≤ ε

M
.

Let

H2 = max
{

2H1,
H3

kα−1 , 1
}

,

and define Ω2 = {u ∈ B : ‖u‖ < H2}. Let u ∈ P ∩ ∂Ω2. Then, ‖u‖ = H2, and so

u(1) = H2 ≥
H3

kα−1 > H3.

Now, u(0) = 0. So, by the Intermediate Value Theorem, there exists a γ ∈ (0, 1) with
u(γ) = H3. But for t ∈ [k, 1], we have

u(t) ≥ tα−1u(1) = tα−1H2 ≥ kα−1 H3

kα−1 = H3.
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So, γ ∈ (0, k]. Moreover, since u(t) is nondecreasing, this implies that

0 ≤ u(t) ≤ H3, t ∈ [0, γ)

and
u(t) ≥ H3, t ∈ (γ, 1].

Therefore,

|(Tu)(1)| = (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

= λ

(
(−1)n

∫ γ

0
Gn(1, s)g(s) f (u(s))ds + (−1)n

∫ 1

γ
Gn(1, s)g(s) f (u(s))ds

)
≤ λ

(
M

∫ γ

0
(−1)nGn(1, s)g(s)ds + (−1)n

∫ 1

γ
Gn(1, s)g(s)(F∞ + ε)u(s)ds

)
≤ λ

(
M

ε

M
+ (F∞ + ε)u(1)

∫ 1

γ
(−1)nGn(1, s)g(s)ds

)
≤ λ(ε + (F∞ + ε)‖u‖ BGn)

≤ λ(ε‖u‖+ (F∞ + ε)‖u‖ BGn)

= λ‖u‖(ε + (F∞ + ε)BGn)

≤ ‖u‖.

Thus, ‖Tu‖ ≤ ‖u‖ for u ∈ P ∩ ∂Ω2. Notice that since H1 < H2, we have Ω1 ⊂ Ω2.
Thus, by Theorem 1 (2), T has a fixed point u ∈ P . By the definition of T, this fixed point is
a positive solution of (1) and (2).

6. Nonexistence Results

Penultimately, we provide two nonexistence results of positive solutions based on the
size of parameter λ. First, we need the following lemma.

Lemma 5. Suppose Dα+2n
0+ u ∈ C[0, 1]. If (−1)n(−Dα+2n

0+ u(t)) ≥ 0 for all t ∈ [0, 1] and u(t)
satisfies (2). Then, we have the following:

(1) u′(t) ≥ 0, 0 ≤ t ≤ 1;
(2) tα−1u(1) ≤ u(t) ≤ u(1), 0 ≤ t ≤ 1.

Proof. Let 0 ≤ t ≤ 1.
For (1), by Lemma 3 (2),

u′(t) =
∫ 1

0

∂

∂t
Gn(t, s)(−Dα+2n

0+ u(s))ds

=
∫ 1

0
(−1)n ∂

∂t
Gn(t, s)(−1)n(−Dα+2n

0+ u(s))ds

> 0.
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For (2), by Lemma 3 (3),

tα−1u(1) = tα−1
∫ 1

0
Gn(1, s)(−Dα+2n

0+ u(s))ds

=
∫ 1

0
(−1)ntα−1Gn(1, s)(−1)n(−Dα+2n

0+ u(s))ds

≤
∫ 1

0
(−1)nGn(t, s)(−1)n(−Dα+2n

0+ u(s))ds

=
∫ 1

0
Gn(t, s)(−Dα+2n

0+ u(s))ds

= u(t),

and

u(t) =
∫ 1

0
Gn(t, s)(−Dα+2n

0+ u(s))ds

=
∫ 1

0
(−1)nGn(t, s)(−1)n(−Dα+2n

0+ u(s))ds

≤
∫ 1

0
(−1)nGn(1, s)(−1)n(−Dα+2n

0+ u(s))ds

=
∫ 1

0
Gn(1, s)(−Dα+2n

0+ u(s))ds

= u(1).

Theorem 4. If
λ <

u
BGn f (u)

for all u ∈ (0, ∞), then no positive solution exists for (1) and (2).

Proof. For contradiction, suppose that u(t) is a positive solution to (1) and (2). Then,
(−1)n(−Dα+2n

0+ u(t)) = λg(t) f (u(t)) ≥ 0. So, by Lemma 5,

u(1) = (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

< (−1)n(BGn)
−1

∫ 1

0
Gn(1, s)g(s)u(s)ds

≤ u(1)(BGn)
−1

∫ 1

0
(−1)nGn(1, s)g(s)ds

= u(1),

which is a contradiction.

Theorem 5. If
λ >

u
AGn f (u)

for all u ∈ (0, ∞), then no positive solution exists for (1) and (2).
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Proof. For contradiction, suppose that u(t) is a positive solution to (1) and (2). Then,
(−1)n(−Dα+2n

0+ u(t)) = λg(t) f (u(t)) ≥ 0. So, by Lemma 5,

u(1) = (−1)nλ
∫ 1

0
Gn(1, s)g(s) f (u(s))ds

> (−1)n(AGn)
−1

∫ 1

0
Gn(1, s)g(s)u(s)ds

≥ u(1)(AGn)
−1

∫ 1

0
(−1)nsα−1Gn(1, s)g(s)ds

= u(1),

which is a contradiction.

7. An Example

To conclude this paper, we provide an explicit example and calculate approximate
bounds of the parameter λ for the existence and nonexistence of positive solutions. We
use Theorems 2, 4 and 5. Examples constructed using Theorems 3–5 are found and
proved similarly.

Set n = 2, m = 3, α = 2.5, β = 1.5, and g(t) = t. We note that g(t) ≥ 0 is continuous
for 0 ≤ t ≤ 1 and

∫ 1
0 g(t)dt > 0. Now, we have that

G0(1, s) =
1

Γ(2.5)

⎧⎨⎩11.5(1− s)0 − (1− s)1.5, 0 ≤ s < t ≤ 1,

11.5(1− s)0, 0 ≤ t ≤ s < 1

=
1− (1− s)1.5

Γ(2.5)
,

and we compute

AG2 =
∫ 1

0
(−1)2s1.5G2(1, s)(s)ds

=
∫ 1

0

[
−
∫ 1

0
G1(1, r1)Gconj(r1, s)dr1

]
s2.5ds

=
∫ 1

0

[
−
∫ 1

0

(∫ 1

0
−G0(1, r2)Gconj(r2, r1)dr2

)
Gconj(r1, s)dr1

]
s2.5ds

≈ 0.00095454,

and

BG2 =
∫ 1

0
(−1)2G2(1, s)(s)ds

=
∫ 1

0

[
−
∫ 1

0
G1(1, r1)Gconj(r1, s)dr1

]
sds

=
∫ 1

0

[
−
∫ 1

0

(∫ 1

0
−G0(1, r2)Gconj(r2, r1)dr2

)
Gconj(r1, s)dr1

]
sds

≈ 0.00197039.

Now that we have AG2 and BG2 , applying these Theorems is much simpler as they are
based on the liminfs and limsups of choice of f (u).
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Example 1. We demonstrate an example for Theorems 2, 4, and 5. Set f (u) = u(3u+ 1)/(u+ 1).
We note that f (u) ≥ 0 is continuous for u ≥ 0. Thus, the fractional boundary value problem is

D6.5
0+ u(t) + λtu

(
3u + 1
u + 1

)
= 0, 0 < t < 1, (3)

subject to

u(0) = u′(0) = 0, D1.5
0+ (1) = 0 (4)

D2.5
0+ u(0) = D4.5

0+ (0) = 0, D2.5
0+ (1) = D4.5

0+ (1) = 0.

We compute the liminfs and limsups for f (u)/u = (3u + 1)/(u + 1).

f∞ = lim inf
u→∞

3u + 1
u + 1

= 3, F0 = lim sup
u→0+

3u + 1
u + 1

= 1

f0 = lim inf
u→0+

3u + 1
u + 1

= 1, F∞ = lim sup
u→∞

3u + 1
u + 1

= 3

Then, we have
1

AG2 f∞
≈ 1

0.00095454 · 3 ≈ 349.28

and
1

BG2 F0
≈ 1

0.00197039 · 1 ≈ 507.61.

Next, for u ∈ (0, ∞), we investigate

u
BG2 f (u)

=
u + 1

BG2(3u + 1)
.

We calculate

inf
u∈(0,∞)

u + 1
BG2(3u + 1)

=
1

BG2

inf
u∈(0,∞)

u + 1
(3u + 1)

≈ 1
0.00197039

(
1
3

)
≈ 169.15.

Finally, for u ∈ (0, ∞), we investigate

u
AG2 f (u)

=
u + 1

AG2(3u + 1)
.

We calculate

sup
u∈(0,∞)

u + 1
AG2(3u + 1)

=
1

AG2

sup
u∈(0,∞)

u + 1
(3u + 1)

≈ 1
0.00095454

(1) ≈ 1047.17.

Therefore, by Theorems 2, 4, and 5, if 349.28 < λ < 507.61, then (3) and (4) have at least one
positive solution, and if λ < 169.15 or λ > 1047.17, then (3) and (4) do not have a positive solution.

8. Conclusions

A Riemann–Liouville fractional derivative with fractional boundary conditions in-
cluding Lidstone-inspired conditions was studied. With the use of Green’s function,
convolution, induction, and fixed-point theory, at least one positive solution was proven
to exist if parameter λ was within certain bounds. Subsequently, no positive solutions
were shown to exist if λ satisfied other bounds. An explicit example was constructed to
demonstrate how to utilize the presented theorems.
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Future work would aim to investigate the convolution of the fractional boundary value
problem with other types of Green functions such as those for right-focal or multipoint
problems. Additionally, one could use the convolution with induction approach to find
positive solutions for fractional boundary value problems that contain a singularity.
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Abstract: In this work, we derive novel theoretical results concerning well-posedness
and Ulam–Hyers stability. Specifically, we investigate the well-posedness of Caputo–
Katugampola fractional stochastic delay integro-differential equations. Additionally, we
develop a generalized Grönwall inequality and apply it to prove Ulam–Hyers stability in
Lp space. Our findings generalize existing results for fractional derivatives and space, as
we formulate them in the Caputo–Katugampola fractional derivative and Lp space. To
support our theoretical results, we present an illustrative example.

Keywords: well-posedness; Ulam–Hyers stability; generalized Grönwall inequality;
Hölder’s inequality

MSC: 34A08; 26A24; 26A33

1. Introduction

Fractional derivatives extend integer-order derivatives to non-integer orders and
describe both the local and global behavior of functions. Unlike ordinary derivatives,
which represent instantaneous rates of change and are not aware of past events, fractional
derivatives include memory effects and depend on the entire history of a function.

Different types of fractional operators can be found in the literature [1–4]. Recently,
some scholars have incorporated the Caputo–Katugampola fractional derivative (Cap-
KFrD) into their research. It interpolates the Caputo fractional derivative (Cap-FrD) and
the Caputo–Hadamard fractional derivative (Cap-HFrD). The authors of [5] established an
approach to solve for fractional systems using Cap-KFrD. Maa and Chen [6] examined the
stability and well-posedness of fractional problems involving Cap-KFrD. Sweilam et al. [7]
developed a novel method to solve various problems. Boucenna et al. [8] discussed stability
results related to Cap-KFrD. In [9], various inequalities were established using Cap-KFrD.
In [10], Hoa et al. explored different concepts regarding the solutions of fuzzy fractional sys-
tems with Cap-KFrD. Omaba and Sulaimani [11] presented theoretical results for stochastic
problems involving Cap-KFrD. Elbadri [12] found solutions to Burgers’ equation using the
Laplace transform in the context of Cap-KFrD. Al-Ghafri et al. [13] conducted a qualitative
analysis of integro-differential equations and also obtained solutions using the Adomian
approach with Cap-KFrD. For more studies related to Cap-KFrD, see [14–16].

Mathematics 2025, 13, 1252 https://doi.org/10.3390/math13081252
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Assume that the function � is integrable on [0, 
]. The Cap-KFrD of orders 0 < η < 1
and ζ > 0 for the function � is given as follows [17]:

cD
η,ζ
u+ �(c) =

ζη

Γ(1− η)

∫ c
u

�∗(u)(
�(c)−�(u)

)η du. (1)

The Caputo–Katugampola fractional integral is given as follows [18]:

Iη,ζ
u+ �(c) =

ζ1−η

Γ(η)

∫ c
u

�′(u)(
�(c)−�(u)

)1−η
�(u)du. (2)

The Cap-FrD and Cap-HFrD can be interpolated using the Cap-KFrD: Cap-FrD
(ζ = 1) [19] and Cap-HFrD (ζ → 0+) [19]. The following graph (Figure 1) illustrates
this phenomenon.

Cap-FrD Cap-KFrD Cap-HFrD
ζ → 1 ζ → 0+

Figure 1. A schematic representation of the limiting behavior of the Cap-KFrD as the parameter ζ

approaches 1 and 0+, recovering the Cap-FrD and Cap-HFrD fractional derivatives, respectively.

Stochastic differential equations are employed to describe systems that are driven
by random processes. They are a generalization of classical differential equations with
terms describing random noise, usually described by Brownian motion or Wiener processes.
These equations have extensive applications in areas such as finance, physics, and biology
to model systems that change with time and intrinsic randomness. Fractional differential
equations are equations involving derivatives of non-integer order. These equations can be
employed to model systems with memory effects or hereditary behavior, where the future
state of the system relies on its current and past states. Stochastic fractional differential
equations (SFDEs) combine the concept of both stochastic and fractional differential equa-
tions to model systems with randomness and memory effects. SFDEs are widely applied in
most applications with randomness and memory effects. In biology, SFDEs model anoma-
lous diffusion in cell transport in which molecules exhibit subdiffusive or superdiffusive
dynamics due to complex environments. In finance, they model stock price dynamics
and interest rate models with long-range dependence in order to enhance the modeling
of market memory effects. SFDEs are applied in physics to describe viscoelastic materials
in which stress and strain exhibit hereditary characteristics. In hydrology, SFDEs model
groundwater flow in porous media with long-term dependence. Additionally, SFDEs are
used in engineering for signal processing and control systems. Their ability to account for
history-dependent stochasticity makes them effective tools for real-world complex systems.

Fractional stochastic integro-differential equations (FSIDEs) with delay are equations
that combine fractional derivatives, stochastic processes, integro-differential terms, and
time delays. They are highly suited for modeling intricate systems that display memory
dependence, hereditary effects, and randomness. FSIDEs with delay are especially valuable
for representing phenomena where retention effects, stochastic dynamics, and inherited
characteristics are essential, such as finance, physics, and engineering.

The well-posedness of a fractional-order stochastic system is a fascinating branch of
mathematical research. It ensures that such equations have unique solutions that depend
continuously on the initial condition. The well-posedness of a fractional-order stochastic
system is critical to establishing the equation as a meaningful and reliable mathemati-
cal model. Since fractional-order stochastic systems couple both fractional derivatives
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(which imply memory effects) and stochastic processes (which describe randomness), their
solutions must be well defined to remain physically and practically applicable.

Ulam–Hyers stability (UHS) is a crucial principle in the stability analysis of fractional-
order stochastic systems, ensuring that small variations in system parameters or initial
conditions cause only minimal discrepancies in the solution. This aspect is especially
crucial for systems defined by fractional derivatives, which exhibit memory and hereditary
properties. Additionally, stochastic effects introducing randomness make stability analysis
even more challenging.

In recent years, many scholars have actively worked on various topics related to SFDEs
and FSIDEs. In [20], Batiha et al. proposed an innovative approach for solving SFDEs. They
formulated a scheme specifically designed to approximate the Riemann–Liouville integral
operator, which is subsequently used to obtain approximate solutions for these equations.
The authors compared their results with those from the Euler–Maruyama method and
the exact solution, highlighting the accuracy and efficiency of their proposed technique.
Chen et al. reconstructed a backward equation for SFDEs in [21]. They employed the norm
technique to analyze the stability as well as the existence and uniqueness (Ex-Un) of the
solution to the backward equation. Moreover, the authors also investigated a simulation
case of a European call option using the Euler–Maruyama technique to solve the SFDEs,
thus illustrating the applicability of their theoretical results. In [22], Moualkia and Xu
conducted a theoretical analysis of variable-order SFDEs. In [23], Ali et al. investigated the
coupled system of SFDEs. The article chiefly seeks to find solutions for the coupled system
of SFDEs with variable-order derivatives, which will serve as the basis for identifying the
necessary conditions for Ex-Un. In this pursuit, the authors utilized the Picard method,
which has been shown to work well in this field. The study also serves as the basis for
the formulation of Ulam stability conditions for the given model. Li et al. carried out a
stability investigation of a system of SFDEs in [24]. The research analyzes the interaction
between fractional calculus, stochastic processes, and time delays to provide a better
understanding of system stability. It sheds light on the effective solution of these equations
via several numerical methods. Moreover, the paper examines both the asymptotic and
Lyapunov stability of SFDEs, proposing local stability conditions and examining how
delays and fractional orders affect stability characteristics. In [25], Singh et al. investigated
the asymptotic stability of SFDEs. The authors of [26] considered a class of SFDEs with
variable delay. They employed the Lipschitz condition on the nonlinearity and used the
Banach method to obtain their main results. The paper ends with an example showing
the theoretical results and exhibiting the applicability of the obtained results in practice.
The Euler–Maruyama technique for Caputo SFDEs with coefficients satisfying the linear
growth condition and the Lipschitz condition was constructed by Doan et al. in [27]. The
authors proved the strong convergence rate of the scheme, especially for time-independent
coefficients. Moreover, the article provides findings regarding the convergence and stability
of an exponential Euler–Maruyama approach for Caputo SFDEs. Such results further
advance the knowledge of numerical solutions for such complicated equations. In [28], the
authors conducted an analysis of SFDEs. The Ex-Un of solutions was defined through the
Picard scheme. Furthermore, the authors considered the stability of nonlinear SFDEs with
Lévy noise, using the Mittag–Leffler function to prove stability. In [29], Li et al. studied
Hilfer SFDEs with delay. The Ex-Un of the solutions was then determined by the Picard
method and the method of contradiction. Moreover, finite-time stability was investigated
using the generalized Grönwall–Bellman inequality. In [30], the authors obtained solutions
for FSIDEs using the collocation approach. Cui and Yan [31] discussed the qualitative
analysis of FSIDEs. Badr and El-Hoety [32] obtained approximate solutions for FSIDEs
using the Galerkin approach. The authors of [33] analyzed the solutions of FSIDEs with
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the Hilfer fractional operator in L2 space using the fixed-point approach. For more studies
related to SFDEs, see [34–38].

Notable outcomes for FSIDEs with delay concerning Cap-KFrD in Lp space are pre-
sented in this research work. The Banach fixed-point approach is used to determine the
Ex-Un of solutions. By leveraging various inequalities, we derive results concerning the
continuous dependence of solutions on initial conditions. In the second part, we formulate
a generalized Grönwall inequality for Cap-KFrD and apply it to demonstrate UHS in
the Lp space. Several fundamental inequalities, including Jensen’s inequality [39], the
Burkholder–Davis–Gundy inequality [40], and Hölder’s inequality [41], play a crucial role
in substantiating our findings.

Below are some key contributions of our study:

1. As far as we know, this is the first comprehensive analysis of the well-posedness of
the solutions of FSIDEs and UHS concerning Cap-KFrD in the Lp space.

2. We prove all results for the Cap-KFrD, which generalizes Cap-FrD and Cap-HFrD,
such that our results are consistent with Cap-FrD when ζ = 1 holds and match with
Cap-HFrD when ζ → 0+ holds.

3. Most results related to FDSDEs and FSIDEs have been established in the L2 space;
however, we establish these results in the Lp space.

4. This research work presents a generalized Grönwall inequality regarding Cap-KFrD.

We examine the following FSIDEs with delay:{
cD

η,ζ
0+
(
�(c)−∑ej=1 I

Uj ,ζ
0+ Ψj(c, �(c))

)
= J(c, �(c), �(c− �)) +B(c, �(c), �(c− �))dW(c)

dc , c ∈ [0, 
],
�(0) = ϕ,

(3)

where �(c) is an Rm-valued stochastic process; cD
η,ζ
0+ represents the Cap-KFrD with

η ∈ ( 1
2 , 1), ζ > 0; IUj ,ζ

0+ is the Caputo–Katugampola fractional integral with 1
2 ≤ Uj ≤ 1,

1 ≤ j ≤ e, and � ∈ R the delay time; the functions J : [0, 
] × Rm × Rm → Rm and
B : [0, 
]×Rm ×Rm → Rm×σ are measurable continuous mappings. The stochastic pro-
cess (Wc)c∈[0,∞) follows a standard Brownian trajectory within the σ-dimensional complete
filtered probability space (Ω, F,F = (Fc)c∈[0,∞), P).

Section 2 defines relevant concepts and presents the fundamental hypothesis that
facilitates the basis for the novel results related to well-posedness and UHS of FSIDEs with
delay and generalized Grönwall inequality. Section 3 determines the well-posedness of
the FSIDEs. Section 4 shows the results of the generalized Grönwall inequality and UHS.
Section 5 provides two examples. To conclude, Section 6 outlines our key findings.

2. Preliminaries

This section consists of definition and assumptions that are essentially for establishing
important results.

Definition 1. Suppose Z pc = Lp(Ω, Fc, P) represents the Fc-measurable and pth integrable
functions � = (�1, �2, · · · , �m)T, then Ω → Rm satisfies

‖�‖p =
(

∑m
ı=1 E|�ı|p

) 1
p

.

A process conforming to measurability criteria � : [0, 
]→ Lp(Ω, Fc, P) is referred to
as F-adapted subject to �(c) ∈ Z pc , c ≥ 0. Over each ϕ ∈ Z p0 , the �, which is an F-adapted
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process, provides the solution of (3) with �(0) = ϕ, on the condition that the subsequent (4)
is satisfied. This is achieved by applying Iη,ζ

0+ on (3).

�(c) = ϕ + ∑ej=1
1

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u, �(u))du

+
1

Γ(η)

∫ c
0
(�(c)−�(u))η−1�′(u)J

(
u, �(u), �(u− γ)

)
du

+
1

Γ(η)

∫ c
0
(�(c)−�(u))η−1�′(u)B

(
u, �(u), �(u− γ)

)
dW(u). (4)

For J and B, assume the following:

1. (h̄1) ∀δ1, δ2,V1,V2 ∈ Rκ , there is T such as

‖Ψj(c, δ1)−Ψj(c,V1)‖p + ‖J(c, δ1, δ2)− J(c,V1,V2)‖p
+ ‖B(c, δ1, δ2)−B(c,V1,V2)‖p
≤ T

(
‖δ1 − V1‖p + ‖δ2 − V2‖p

)
, j = 1, 2, · · · , e. (5)

2. (h̄2) The Ψj(c, 0), j = 1, 2, · · · , e, J(c, 0, 0) and B(c, 0, 0) satisfies

esssup
c∈[0,
]

‖Ψj(c, 0)‖p < ℘, esssup
c∈[0,
]

‖J(c, 0, 0)‖p < ℘, esssup
c∈[0,
]

‖B(c, 0, 0)‖p < ℘. (6)

3. Generalized Results

In the Lp space, we establish generalized theorems on Ex-Un and consistent depen-
dence for the solution of delay FSIDEs.

Using the Banach fixed-point technique, we first determine the Ex-Un results for the
solutions of delay FSIDEs. For this, we postulate that Hp([0, 
]) is the space of all measur-
able and F
-adapted processes � with ‖�‖Hp = esssup

c∈[0,
]

‖�(c)‖p < ∞. It is straightforward

to prove that
(
Hp([0, 
]), ‖ · ‖Hp

)
is a complete normed vector space.

Next, describe an operator ψϕ : Hp([0, 
])→ Hp([0, 
]) with ψϕ(�(0)) = ϕ and

ψϕ(�(c)) = ϕ + ∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u, �(u))du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)J

(
u, �(u), �(u− γ)

)
du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)B

(
u, �(u), �(u− γ)

)
dW(u). (7)

The lemma below plays a crucial role in proving various results.∥∥�1 + �2‖pp ≤ 2p−1(‖�1‖pp +
(
‖�2‖pp

)
, ∀�1, �2 ∈ Rκ . (8)

Lemma 1. Presume that (h̄1) and (h̄2) are valid. Then, ψϕ is well defined.

Proof. Suppose �(c) ∈ Hp[0, 
] and ∀c ∈ [0, 
]. Based on (7) and (8), we derive∥∥ψϕ(�(c))
∥∥p
p ≤ 22p−2‖ϕ‖pp

+2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1
�′(u)Ψj(u, �(u))du

∥∥∥∥p
p
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+
22p−2(ζ1−η

)p
(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
J
(
u, �(u), �(u− γ)

)
�′(u)du

∥∥∥∥p
p

+
22p−2(ζ1−η

)p
(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
B
(
u, �(u), �(u− γ)

)
�′(u)dW(u)

∥∥∥∥p
p

. (9)

By Hölder’s inequality, we have

2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uι−1
�′(u)Ψj(u, �(u))du

∥∥∥∥p
p

≤ 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1 E

( ∫ c
0

(
�(c)−�(u)

)Uj−1∣∣Ψı,j
(
u, �(u)

)∣∣�′(u)du)p
≤ 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1 E

(( ∫ c
0

(
�(c)−�(u)

) (Uj−1)p
(p−1) (�′(u))

p
p−1 du

)p−1 ∫ c
0

∣∣Ψı,j
(
u, �(u)

)∣∣pdu)

≤ 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1 E

((
sup

1<u≤c

(
�′(u)

) 1
p−1

)p−1( ∫ c
0

(
�(c)−�(u)

) (Uj−1)p
(p−1) �′(u)du

)p−1

∫ c
0

∣∣Ψı,j
(
u, �(u)

)∣∣pdu)

≤ 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1 ∫ c
0

∥∥Ψj

(
u, �(u)

)∥∥p
pdu, (10)

where X = sup
0<u≤c

(
�′(u)

) 1
p−1 .

In accordance with (h̄1), we have

∥∥Ψj

(
u, �(u)

)∥∥p
p ≤2p−1

(∥∥Ψj

(
u, �(u)

)
−Ψj(u, 0)

∥∥p
p +

∥∥Ψj(u, 0)
∥∥p
p

)
≤2p−1

(
Tp

∥∥�(u)∥∥pp + ∥∥Ψj(u, 0)
∥∥p
p

)
. (11)

Hence, we establish

∫ c
0

∥∥Ψj

(
u, �(u)

)∥∥p
pdu ≤ 2p−1Tpesssup

u∈[1,
]

‖�(u)‖pp
∫ c

0
1du+ 2p−1

∫ c
0

∥∥Ψj(u, 0)
∥∥p
pdu

≤ 2p−1
Tp
∥∥�(u)∥∥p

Hp + 2p−1
∫ c

0

∥∥Ψj(u, 0)
∥∥p
pdu. (12)

As a result, we accomplish

2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uι−1
�′(u)Ψj(u, �(u))du

∥∥∥∥p
p
≤ 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
(
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1(
2p−1
Tp

∥∥�(u)∥∥p
Hp + 2p−1

∫ c
0

∥∥Ψj(u, 0)
∥∥p
pdu

))
. (13)

Now, consider the second term of (9). By employing Hölder’s inequality, we obtain
the following:∥∥∥∥ ∫ c0 (

�(c)−�(u)
)η−1
J
(
u, �(u), �(u− γ)

)
�′(u)du

∥∥∥∥p
p
=
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∑m
ı=1 E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1∣∣Jı
(
u, �(u), �(u− γ)

)∣∣�′(u)du∣∣∣∣p
≤∑m

ı=1 E

(( ∫ c
0

(
�(c)−�(u)

) (η−1)p
(p−1) (�′(u))

p
p−1 du

)p−1 ∫ c
0

∣∣Jı
(
u, �(u), �(u− γ)

)∣∣pdu)

≤∑m
ı=1 E

((
sup

0<u≤c

(
�′(u)

) 1
p−1

)p−1( ∫ c
0

(
�(c)−�(u)

) (η−1)p
(p−1) �′(u)du

)p−1

∫ c
0

∣∣Jı
(
u, �(u), �(u− γ)

)∣∣pdu)

≤ Xp−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1 ∫ c
0

∥∥J(u, �(u), �(u− γ)
)∥∥p
pdu. (14)

Based on (h̄1), we derive

∥∥J(u, �(u), �(u− γ)
)∥∥p
p ≤2p−1

(∥∥J(u, �(u), �(u− γ)
)
− J(u, 0, 0)

∥∥p
p +

∥∥J(u, 0, 0)
∥∥p
p

)
≤2p−1

(
2p−1Tp

(∥∥�(u)∥∥pp + ∥∥�(u− γ)
∥∥p
p

)
+
∥∥J(u, 0, 0)

∥∥p
p

)
. (15)

Consequently, we achieve the following:

∫ c
0

∥∥J(u, �(u), �(u− γ)
)∥∥p
pdu ≤ 22p−2Tp

((
esssup
u∈[0,
]

‖�(u)‖p
)p

+

(
esssup
u∈[0,
]

∥∥�(u− γ)
∥∥
p

)p)
∫ c

0
1du+ 2p−1

∫ c
0

∥∥J(u, 0, 0)
∥∥p
pdu

≤ 22p−2
Tp
(∥∥�(u)∥∥p

Hp +
∥∥�(u− γ)

∥∥p
Hp

)
+2p−1

∫ c
0

∥∥J(u, 0, 0)
∥∥p
pdu. (16)

In light of (14) and (16), we determine∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
J
(
u, �(u), �(u− γ)

)
�′(u)du

∥∥∥∥p
p
≤ Xp−1

((
cζ
) (ηp−1)
p−1

)p−1

(
p− 1

ηp− 1

)p−1

2p−1

(
2p−1Tp


(∥∥�(u)∥∥p
Hp +

∥∥�(u− γ)
∥∥p
Hp

)
+
∫ c

0

∥∥J(u, 0, 0)
∥∥p
pdu

)
. (17)

Based on (h̄2), we derive from (17) that∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
J
(
u, �(u), �(u− γ)

)
�′(u)du

∥∥∥∥p
p
≤ Xp−1

((
cζ
) (ηp−1)
p−1

)p−1

(
p− 1

ηp− 1

)p−1

2p−1

(
2p−1Tp


(∥∥�(u)∥∥p
Hp +

∥∥�(u− γ)
∥∥p
Hp

)
+
℘p

)
. (18)

Proceeding to the third term of (9), we employ the Burkholder–Davis–Gundy inequal-
ity and Hölder’s inequality to obtain the following:∥∥∥∥ ∫ c0 (cζ − uζ)η−1B

(
u, �(u), �(u− γ)

)
�′(u)dW(u)

∥∥∥∥p
p

= ∑m
ı=1 E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1(
Bı(u, �(u), �(u− γ)

)
�′(u)dW(u)

∣∣∣∣p
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≤∑m
ı=1 CpE

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)2η−2
∣∣∣∣Bı

(
u, �(u), �(u− γ)

)∣∣∣∣2(�′(u))2du
∣∣∣∣
p
2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2
∣∣∣∣Bı

(
u, �(u), �(u− γ)

)∣∣∣∣p(�′(u))2du

( ∫ c
0

(
�(c)−�(u)

)2η−2(
�′(u)

)2du
)p−2

2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2
∣∣∣∣Bı

(
u, �(u), �(u− γ)

)∣∣∣∣p(�′(u))2du

(
sup

0<u≤c
�′(u)

∫ c
0

(
�(c)−�(u)

)2η−2
�′(u)du

)p−2
2

≤ G
p−2

2 Cp
((
cζ
)2η−1

2η − 1

)p−2
2 ∫ c

0

(
�(c)−�(u)

)2η−2∥∥B(u, �(u, �(u− γ)
)∥∥p
p
(
�′(u)

)2du, (19)

where G = sup
0<u≤c

�′(u) and Cp =
(
pp+1

2(p−1)p−1

)p
2

.

Utilizing (h̄1) and (h̄2), we conclude∥∥B(u, �(u), �(u− γ)
)∥∥p
p ≤22p−2Tp

(∥∥�(u)∥∥pp + ∥∥�(u− γ)
∥∥p
p

)
+ 2p−1∥∥B(u, 0, 0)

∥∥p
p

≤22p−2Tp
(∥∥�(u)∥∥pp + ∥∥�(u− γ)

∥∥p
p

)
+ 2p−1℘p. (20)

Accordingly, we obtain∫ c
0

(
�(c)−�(u)

)2η−2∥∥B(u, �(u), �(u− γ)
)∥∥p
p
(
�′(u)

)2du ≤ 22p−2Tp

∫ c
0

(
�(c)−�(u)

)2η−2
((

esssup
u∈[0,
]

∥∥�(u)∥∥p)p +(
esssup
u∈[0,
]

∥∥�(u− γ)
∥∥
p

)p)(
�′(u)

)2du

+2p−1℘p
∫ c

0

(
�(c)−�(u)

)2η−2(
�′(u)

)2du

≤22p−2Tp sup
0<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2η−2
((

esssup
u∈[0,
]

∥∥�(u)∥∥p)p

+

(
esssup
u∈[0,
]

∥∥�(u− γ)
∥∥
p

)p)
�′(u)du+ 2p−1℘p sup

0<u≤c
�′(u)

∫ c
0

(
�(c)−�(u)

)2η−2
�′(u)du

=G
2p−1(cζ)(2η−1)

(2η − 1)

(
2p−1Tp

(
‖�(u)‖pHp + ‖�(u− γ)‖pHp

)
+ ℘p

)
. (21)

Hence, the preceding leads to∫ c
0

(
�(c)−�(u)

)2η−2∥∥B(u, �(u), �(u− γ)
)∥∥p
p
(
�′(u)

)2du ≤ 2p−1(cζ)(2η−1)

(2η − 1)
G(

2p−1Tp
(
‖�(u)‖pHp + ‖�(u− γ)‖pHp

)
+ ℘p

)
. (22)

From (19) and (22), we conclude∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
B
(
u, �(u), �(u− γ)

)
�′(u)dW(u)

∥∥∥∥p
p
≤ G

p−2
2
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Cp
((
cζ
)(2η−1)

(2η − 1)

)p−2
2 2p−1(cζ)(2η−1)

(2η − 1)

G

(
2p−1Tp

(
‖�(u)‖pHp + ‖�(u− γ)‖pHp

)
+ ℘p

)
. (23)

It follows that ‖ψ(�(c))‖Hp is finite, thereby fulfilling the needed result.

The following lemma is important for Ex-Un.

Lemma 2. Assume η, λ > 0, and c ∈ [0, 
], then

Iη,ζ
c exp

(
λ
(
cζ
))
≤ exp

(
λ
(
cζ
))

λη .

Proof. It follows from (2) that

Iη,ζ
c exp

(
λ
(
cζ
))

=
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1 exp
(
λ
(
uζ
))
�′(u)du.

By K = cζ − uζ ,

Iη,ζ
c exp

(
λ
(
cζ
))

=
ζ−η exp(λ

(
cζ
))

Γ(η)

∫ cζ
0

Kη−1 exp(−λK)dK. (24)

Apply G = λK in (24),

Iη,ζ
c exp

(
λ
(
cζ
))

=
ζ−η exp

(
λ
(
cζ
))

ληΓ(η)

∫ λcζ

0
Gη−1 exp(−G)dG

≤ ζ−η exp
(
λ
(
cζ
))

ληΓ(η)

∫ ∞

0
Gη−1 exp(−G)dG

=
ζ−η exp

(
λ
(
cζ
))

λη .

This implies that

1
Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1 exp
(
λ
(
uζ
))
�′(u)du ≤ exp

(
λ
(
cζ
))

ζλη . (25)

The next lemma deals with the Ex-Un solution of delay FSIDEs.

Theorem 1. Let (h̄1) and (h̄2) be valid; afterward, delay FSIDEs (3) ensure a unique solution.

Proof. Considering ‖ · ‖λ, we have

‖�(c)‖λ = esssup
c∈[0,
]

(‖�(c)‖pp
Λ(c)

) 1
p

, λ > 0, (26)

where Λ(c) = exp(λ(cζ)).
It can be easily demonstrated that ‖ · ‖Hp and ‖ · ‖λ are equivalent. So,

(
Hp([0, c]), ‖ ·

‖λ

)
is also complete and normed.
Take the following into account:

κ =

(
2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1 T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

Γ(2Uj − 1)ζ

λ2Uj−1
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+
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1 T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG

)
2ζΓ(2η − 1)

λ2η−1

)
< 1. (27)

For �(c), �∗(c) ∈ Hp([0, 
]), we obtain

‖ψϕ

(
�(c))− ψϕ

(
�∗(c))‖pp ≤ 2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∥∥∥∥ ∫ c0 (

�(c)−�(u)
)Uj−1

(
Ψj

(
u, �(u)

)
−Ψj

(
u, �∗(u)

))
�′(u)du

∥∥∥∥p
p

+
22p−2(ζ1−η

)p
(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
J
(
u, �(u), �(u− γ)

)
− J

(
u, �∗(u), �∗(u− γ)

))
�′(u)du

∥∥∥∥p
p
+

+
22p−2(ζ1−η

)p
(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
B
(
u, �(u), �(u− γ)

)
−B

(
u, �∗(u), �∗(u− γ)

))
�′(u)dW(u)

∥∥∥∥p
p

. (28)

Through the use of Hölder’s inequality and (h̄1), we achieve

2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1
(

Ψj
(
u, �(u)

)
−Ψj

(
u, �∗(u)

))
�′(u)du

∥∥∥∥p
p

=2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)Uj−1
(

Ψı,j
(
u, �(u)

)
−Ψı,j

(
u, �∗(u)

))
�′(u)du

∣∣∣∣p
≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

(( ∫ c
0

(
�(c)−�(u)

) (Uj−1)(p−2)
p−1

(
�′(u)

)p−2
p−1 du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2Uj−2∣∣Ψı,j
(
u, �(u)

)
−Ψı,j

(
u, �∗(u))

∣∣�′(u)du))

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

((
sup

1<u≤c

(
�′(u)

) 1
1−p

∫ c
0

(
�(c)−�(u)

) (Uj−1)(p−2)
p−1 �′(u)du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2Uj−2∣∣Ψı,j
(
u, �(u)

)
−Ψı,j

(
u, �∗(u))

∣∣(�′(u))2du
))

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
np−1 T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

sup
1<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2Uj−2
(∥∥�(u)− �∗(u)

∥∥p
p

)
�′(u)du, (29)

where n = sup
0<u≤c

(
�′(u)

) 1
1−p .

Accordingly, we find

2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1(Ψj

(
u, �(u)

)
−Ψj

(
u, �∗(u)

))
�′(u)du

∥∥∥∥p
p

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∫ c
0

(
�(c)−�(u)

)2Uj−2esssup
c∈[0,
]

(∥∥�(u)− �∗(u)
∥∥p
p

exp(λ(uζ))

)
exp(λ(uζ))�′(u)du. (30)

Following (30), we deduce:

2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1(Ψj

(
u, �(u)

)
−Ψj

(
u, �∗(u)

))1
u

du
∥∥∥∥p
p
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≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1∫ c

0

(
�(c)−�(u)

)2Uj−2∥∥�(u)− �∗(u)
∥∥p

λ
exp(λ(uζ))�′(u)du

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ exp(λcζ)

λ2Uj−1 . (31)

Proceeding with the second term of (28) and employing Hölder’s inequality and (h̄1),
we obtain:∥∥∥∥ ∫ c0 (

�(c)−�(u)
)η−1

(
J
(
u, �(u), �(u− γ)

)
− J

(
u, �∗(u), �∗(u− γ)

))
�′(u)du

∥∥∥∥p
p

=∑m
ı=1 E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1
(
Jı
(
u, �(u), �(u− γ)

)
− Jı

(
u, �∗(u), �∗(u− γ)

))
�′(u)du

∣∣∣∣p
≤∑m

ı=1 E

(( ∫ c
0

(
�(c)−�(u)

) (η−1)(p−2)
p−1

(
�′(u)

)p−2
p−1 du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2η−2∣∣Jı
(
u, �(u), �(u− γ)

)
− Jı

(
u, �∗(u), �∗(u− γ))

∣∣p(�′(u))2du
))

≤∑m
ı=1 E

((
sup

0<u≤c

(
�′(u)

) 1
1−p

∫ c
0

(
�(c)−�(u)

) (η−1)(p−2)
p−1 �′(u)du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2η−2∣∣Jı
(
u, �(u), �(u− γ)

)
− Jı

(
u, �∗(u), �∗(u− γ))

∣∣p(�′(u))2du
))

≤2p−1np−1T
p(cζ)(pη−2η+1)

(p− 1)p−1(
pη − 2η + 1

)p−1

sup
0<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2η−2
(∥∥�(u)− �∗(u)

∥∥p
p +

∥∥�(u− γ)− �∗(u− γ)
∥∥p
p

)
�′(u)du. (32)

It follows that∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
J
(
u, �(u), �(u− γ)

)
− J

(
u, �∗(u), �∗(u− γ)

))
�′(u)du

∥∥∥∥p
p

≤2p−1Gnp−1T
p(cζ)(pη−2η+1)

(p− 1)p−1(
pη − 2η + 1

)p−1∫ c
0

(
�(c)−�(u)

)2η−2
(∥∥�(u)− �∗(u)

∥∥p
p +

∥∥�(u− γ)− �∗(u− γ)
∥∥p
p

)
�′(u)du. (33)

Continuing with the third term of (28) and applying the Burkholder–Davis–Gundy
inequality and (h̄1), we derive∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
B
(
u, �(u), �(u− γ)

)
−B

(
u, �∗(u), �∗(u− γ)

))
�′(u)dW(u)

∥∥∥∥p
p

=∑m
ı=1 E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1
(
Bı
(
u, �(u), �(u− γ)

)
−Bı

(
u, �∗(u), �∗(u− γ)

))
�′(u)dW(u)

∣∣∣∣p

≤∑m
ı=1 CpE

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)2η−2∣∣Bı
(
u, �(u), �(u− γ)

)
−Bı

(
u, �∗(u), �∗(u− γ)

)∣∣2(�′(u))2du
∣∣∣∣
p
2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2∣∣Bı
(
u, �(u), �(u− γ)

)
−Bı

(
u, �∗(u), �∗(u− γ)

)∣∣p(�′(u))2du
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( ∫ c
0

(
�(c)−�(u)

)2η−2(
�′(u)

)2du
)p−2

2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2∣∣Bı
(
u, �(u), �(u− γ)

)
−Bı

(
u, �∗(u), �∗(u− γ)

)∣∣p(�′(u))2du

(
sup

0<u≤c

(
�′(u)

) ∫ c
0

(
�(c)−�(u)

)2η−2
�′(u)du

)p−2
2

≤2p−1G
p−2

2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCp
∫ c

0

(
�(c)−�(u)

)2η−2
(∥∥�(u)− �∗(u)‖pp +

∥∥�(u− γ)− �∗(u− γ)‖pp
)

(
�′(u)

)2du

≤2p−1G
p−2

2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCp sup
0<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2η−2

(∥∥�(u)− �∗(u)‖pp +
∥∥�(u− γ)− �∗(u− γ)‖pp

)
�′(u)du.

Accordingly, we derive∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
B
(
u, �(u), �(u− γ)

)
−B

(
u, �∗(u), �∗(u− γ)

))
�′(u)dW(u)

∥∥∥∥p
p

≤2p−1G
p−2

2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
∫ c

0

(
�(c)−�(u)

)2η−2
(∥∥�(u)− �∗(u)‖pp +

∥∥�(u− γ)− �∗(u− γ)‖pp
)

(34)

�′(u)du.

From (28), we arrive at

‖ψϕ

(
�(c)

)
− ψϕ

(
�∗(c)

)∥∥p
p

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ exp(λcζ)

λ2Uj−1

+
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

∫ c
0

(∥∥�(u)− �∗(u)‖pp +
∥∥�(u− γ)− �∗(u− γ)‖pp

)(
�(c)−�(u)

)2η−2
�′(u)du. (35)

Following (35), we establish

‖ψϕ

(
�(c)

)
− ψϕ

(
�∗(c)

)∥∥p
p

exp(λ(cζ))
≤ 1

exp(λ(cζ))
2(e+1)p−(e+1)

∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ exp(λcζ)

λ2Uj−1

+
1

exp(λ(cζ))
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

∫ c
0

(∥∥�(u)− �∗(u)‖pp
exp(λ(uζ))

exp(λ(uζ)) +

∥∥�(u− γ)− �∗(u− γ)‖pp
exp(λ(u− γ)ζ)

exp(λ(u− γ)ζ)

)(
�(c)−�(u)

)2η−2
�′(u)du

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ

λ2Uj−1
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+
1

exp(λ(cζ))
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

∫ c
0

(
exp(λ(cζ))esssup

u∈[0,
]

(∥∥�(u)− �∗(u)‖pp
exp(λ(cζ))

)
+ exp(λ(u− γ)ζ)esssup

u∈[0,
]

(∥∥�(u− γ)− �∗(u− γ)‖pp
exp(λ(u− γ)ζ)

))
(
�(c)−�(u)

)2η−2
�′(u)du

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ exp(λcζ)

λ2Uj−1

+
1

exp(λ(cζ))
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

∥∥�(c)− �∗(c)
∥∥p

λ

∫ c
0

(
�(c)−�(u)

)2η−2
(

exp(λ(uζ)) + exp(λ(u− γ)ζ)

)
�′(u)du

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ

λ2Uj−1

+
1

exp(λ(cζ))
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

2
∥∥�(c)− �∗(c)

∥∥p
λ

∫ c
0

(
�(c)−�(u)

)2η−2
�′(u) exp(λ(uζ))du

≤2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

∥∥�(u)− �∗(u)
∥∥p

λ

Γ(2Uj − 1)ζ

λ2Uj−1

+
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

2
∥∥�(c)− �∗(c)

∥∥p
λ

Γ(2η − 1)ζ
λ2η−1 . (36)

Accordingly, from (36), we get

‖ψϕ

(
�(c)

)
− ψϕ

(
�∗(c)

)∥∥p
λ
≤
(

2(e+1)p−(e+1) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

Γ(2Uj − 1)ζ

λ2Uj−1

+
22p−2(ζ1−η

)p
(Γ(η))p

(
2p−1Gnp−1T

p(cζ)(pη−2η+1)
(p− 1)p−1(

pη − 2η + 1
)p−1 + 2p−1G

p−2
2

((
cζ
)(2η−1)

(2η − 1)

)p−2
2

TpCpG
)

2ζΓ(2η − 1)
λ2η−1

)
∥∥�(c)− �∗(c)

∥∥p
λ

. (37)

Consequently, we acquire
‖ψϕ

(
�(c)

)
− ψϕ

(
�∗(c)

)
‖λ ≤ κ

1
p ‖�(c)− �∗(c)‖λ. (38)

From (27), we have κ < 1. Therefore, we have demonstrated the required result.

Theorem 2. Given any ϕ, ϕ′, the following statement holds:
‖Bη(c, ϕ)−Bη(c, ϕ′)|p ≤ T‖ϕ− ϕ′‖p, ∀ c ∈ [0, 
]; (39)

here, Bη(c, ϕ) is the solution.

Proof. It follows that

Bη(c, ϕ)−Bη(c, ϕ′) = ϕ− ϕ′
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+ ∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
(

Ψj(u,Bη(u, ϕ))−Ψj(u,Bη(u, ϕ′))
)
�′(u)du

+
1

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
(
J(u,Bη(u, ϕ),Bη(u− γ, ϕ))− J(u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)du

+
1

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1(
B(u,Bη(u, ϕ),Bη(u− γ, ϕ))−B(u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)dW(u). (40)

By applying (8) to (40), we arrive at

∥∥Bη(c, ϕ)−Bη(c, ϕ′)
∥∥p
p ≤ 2p−1∥∥ϕ− ϕ′

∥∥p
p + 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∥∥∥∥ ∫ c0 (

�(c)−�(u)
)Uj−1

(
Ψj

(
u,B(u, ϕ)

)
−Ψj(u,B(u, ϕ′))

)
�′(u)du

∥∥∥∥p
p

+
23p−3

(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
J
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))− J

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)du

∥∥∥∥p
p

+
23p−3

(Γ(η))p

∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
B
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))

)
−B

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)dW(u)

∥∥∥∥p
p

. (41)

From the Hölder’s inequality and (h̄1), it follows that

2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1
(

Ψj(u,B(u, ϕ))−Ψj(u,B(u, ϕ′))
)
�′(u)du

∥∥∥∥p
p

=2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)Uj−1
(

Ψı,j
(
u,B(u, ϕ)

)
−Ψı,j

(
u,B(u, ϕ′)

))
�′(u)du

∣∣∣∣p
≤2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

(( ∫ c
0

(
�(c)−�(u)

) (Uj−1)(p−2)
p−1

(
�′(u)

)p−2
p−1 du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2Uj−2∣∣Ψı,j
(
u,B(u, ϕ)

)
−Ψı,j(u,B(u, ϕ′))

∣∣�′(u)du))

≤2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
∑m

ı=1E

((
sup

1<u≤c

(
�′(u)

) 1
1−p

∫ c
0

(
�(c)−�(u)

) (Uj−1)(p−2)
p−1 �′(u)du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2Uj−2∣∣Ψı,j(u,B(u, ϕ))−Ψı,j(u,B(u, ϕ′))
∣∣(�′(u))2du

))

≤2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
np−1 T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1

sup
1<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2Uj−2
(∥∥B(u, ϕ)−B(u, ϕ′)

∥∥p
p

)
�′(u)du. (42)

Consequently, we derive

2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p∥∥∥∥ ∫ c0 (
�(c)−�(u)

)Uj−1(Ψj(u,Bη(u, ϕ))−Ψj

(
u,B(u, ϕ′)

))
�′(u)du

∥∥∥∥p
p

≤2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Gnp−1T

p(cζ)(pUj−2Uj+1)
(p− 1)p−1(

pUj − 2Uj + 1
)p−1∫ c

0

(
�(c)−�(u)

)2Uj−2∥∥B(u, ϕ)−B(u, ϕ′)
∥∥p
p�
′(u)du. (43)

By applying Hölder’s inequality and (h̄1) to the second term of (41), it follows that∥∥∥∥ ∫ c0 (
�(c)−�(u)

)η−1
(
J
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))− J

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)du

∥∥∥∥p
p

35



Mathematics 2025, 13, 1252

=∑m
ı=1 E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1
(
Jı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))− Jı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)du

∣∣∣∣p
≤∑m

ı=1 E

(( ∫ c
0

(
�(c)−�(u)

) (η−1)(p−2)
p−1

(
�′(u)

)p−2
p−1 du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2η−2∣∣Jı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))− Jı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

∣∣(�′(u))2du
))

≤∑m
ı=1 E

((
sup

0<u≤c

(
�′(u)

) 1
1−p

∫ c
0

(
�(c)−�(u)

) (η−1)(p−2)
p−1 �′(u)du

)p−1

( ∫ c
0

(
�(c)−�(u)

)2η−2∣∣Jı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))− Jı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

∣∣(�′(u))2du
))

≤2p−1np−1

(
Tp

(
cζ
)(pη−2η+1)

(p− 1)p−1(
pη − 2η + 1

)p−1

)∫ c
0

(
�(c)−�(u)

)2η−2

(∥∥Bη(u, ϕ)−Bη(u, ϕ′)
∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)(
�′(u)

)2du.

≤2p−1np−1

(
Tp

(
cζ
)(pη−2η+1)

(p− 1)p−1(
pη − 2η + 1

)p−1

)
sup

0<u≤c
�′(u)

∫ c
0

(
�(c)−�(u)

)2η−2

(∥∥Bη(u, ϕ)−Bη(u, ϕ′)
∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)
�′(u)du

=2p−1np−1

(
Tp

(
cζ
)(pη−2η+1)

(p− 1)p−1(
pη − 2η + 1

)p−1

)
G

∫ c
0

(
�(c)−�(u)

)2η−2

(∥∥Bη(u, ϕ)−Bη(u, ϕ′)
∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)
�′(u)du. (44)

Using the Burkholder–Davis–Gundy inequality and (h̄1) for the third term of (41), we
conclude that∥∥∥∥ ∫ c0 (

�(c)−�(u)
)η−1

(
B
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))−B

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)dW(u)

∥∥∥∥p
p

=∑m
ı=1E

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)η−1
(
Bı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))−Bı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

)
�′(u)dW(u)

∣∣∣∣p

≤∑m
ı=1 CpE

∣∣∣∣ ∫ c0 (
�(c)−�(u)

)2η−2∣∣Bı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))−Bı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

∣∣2(�′(u))2du
∣∣∣∣
p
2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2∣∣Bı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))−Bı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

∣∣p(�′(u))2du

( ∫ c
0

(
�(c)−�(u)

)2η−2(�′(u))2du
)p−2

2

≤∑m
ı=1 CpE

∫ c
0

(
�(c)−�(u)

)2η−2∣∣Bı
(
u,Bη(u, ϕ),Bη(u− γ, ϕ))−Bı

(
u,Bη(u, ϕ′),Bη(u− γ, ϕ′))

∣∣p(�′(u))2du

(
sup

0<u≤c
�′(u)

∫ c
0

(
�(c)−�(u)

)2η−2�′(u)du
)p−2

2

≤2p−1G
p−2

2 TpCp
(
(cζ)

(2η−1)

(2η − 1)

)p−2
2 ∫ c

0

(
�(c)−�(u)

)2η−2
(∥∥Bη(u, ϕ)−Bη(u, ϕ′)

∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)
(
�′(u)

)2du.

≤2p−1G
p−2

2 TpCp
(
(cζ)

(2η−1)

(2η − 1)

)p−2
2

sup
0<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2η−2
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(∥∥Bη(u, ϕ)−Bη(u, ϕ′)
∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)
�′(u)du.

=2p−1G
p−2

2 TpCp
(
(cζ)

(2η−1)

(2η − 1)

)p−2
2

G

∫ c
0

(
�(c)−�(u)

)2η−2
(∥∥Bη(u, ϕ)−Bη(u, ϕ′)

∥∥p
p +

∥∥Bη(u− γ, ϕ)−Bη(u− γ, ϕ′)
∥∥p
p

)
�′(u)du. (45)

By considering (41), (43), (44), and (45), we establish∥∥Bη(c, ϕ)−Bη(c, ϕ′)
∥∥p

λ
≤ 2p−1

exp(λ(cζ))
‖ϕ− ϕ′‖pp

+ 2p−1κ
∥∥Bη(u, ϕ)−Bη(u, ϕ′)

∥∥p
λ

(46)

Accordingly, we conclude∥∥Bη(c, ϕ)−Bη(c, ϕ′)
∥∥p

λ
(1− 2p−1κ) ≤ 2p−1

exp(λ(cζ))
‖ϕ− ϕ′‖pp

Thus, we acquire the following required result:

lim
ϕ→ϕ′

∥∥Bη(c, ϕ)−Bη(c, ϕ′)
∥∥p

λ
= 0.

4. Stability Results

In this section, we first establish a generalized Grönwall inequality concerning Cap-
KFrD and then demonstrate the UHS of the FSIDEs in Lp space.

Lemma 3. Assume the functions M(c) > 0 and L(c) > 0 are locally integrable on c ∈ [m, 
)

(m ≥ 0, 
 ≤ +∞), and further, consider the continuous and nondecreasing mapping of Z :
[m, 
)→ [0, θ], θ ∈ R+.

If the following holds,

L(c) ≤M(c) +
ζ1−ηZ(c)

Γ(η)

∫ c
m

(
�(c)−�(u)

)η−1
�′(u)L(u)du, c ∈ [m, 
),

then

L(c) ≤M(c) +
∫ c
m

( ∞

∑
r=0

(ζ1−ηZ(c))r

Γ(rη)
(
�(c)−�(u)

)rη−1
M(u)

)
�′(u)du, c ∈ [m, 
).

Proof. For locally integrable function �, assume

ρ�(c) =
ζ1−ηZ(c)

Γ(η)

∫ c
m

(
�(c)−�(u)

)η−1
�′(u)�(u)du.

So, we obtain
L(c) ≤M(c) + ρL(c);

therefore,

L(c) ≤
r−1

∑
ι=0

ριM(c) + ρLr(c).

We need to prove that

ρrL(c) ≤
∫ c

0

(ζ1−ηZ(c))η

Γ(rη)
(
�(c)−�(u)

)rη−1
�′(u)L(u)du (47)

and ρrL(c)→ 0 when r→ ∞ ∀c ∈ [m, 
).
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Inequality (47) holds when r = 1. Suppose it is also for r = ι. Now, we will prove that
it is true for r = ι + 1

ρι+1L(c) =ρ(ριL(c)) ≤ ζ1−ηZ(c)
Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)( ∫ u

0

(ζ1−ηZ(c))ι

Γ(ιη)
(uζ − cζ)ιη−1cζ−1L(c)dc

)
du

≤ (Z(c))ι+1

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)( ∫ u

0

(ζ1−η)ι

Γ(ιη)
(uζ − cζ)ιη−1cζ−1L(c)dc

)
du. (48)

It follows that we have the following:

ρι+1L(c) ≤
∫ c

0

(Z(c)ζ1−η)ι+1

Γ((ι + 1)η)
(
�(c)−�(u)

)(ι+1)η−1
�′(u)L(u)du.

Accordingly, inequality (47) is verified. Proceeding further, from inequality (47), we
arrive at the following:

ρrL(c) ≤
∫ c

0

(ζ1−η
)r

Γ(rη)
(
�(c)−�(u)

)rη−1
�′(u)L(u)du→ 0

when r→ +∞ for c ∈ [m, 
); this finalizes the proof.

In the case of Z(c) = b in Lemma 3, we deduce the following inequality.

Corollary 1. Assume that b ≥ 0, η > 0, and M(c) is a locally integrable non-negative mapping
with 0 ≤ c < 
, (
 ≤ +∞). Further, let L(c) be a locally integrable and non-negative mapping
for 0 ≤ c < 
. Then, we have

L(c) ≤M(c) + b
∫ c

0

(
�(c)−�(u)

)η−1
�′(u)L(u)du,

and then,

L(c) ≤M(c) +
∫ c

0

( ∞

∑
r=0

(bΓ(η))r

Γ(rη)
(
�(c)−�(u)

)rη−1
M(u)

)
�′(u)du, 0 ≤ c < 
.

�

Corollary 2. Under the same conditions of Lemma 3, assume M(c) is a nondecreasing mapping
with [0, 
). Then, we get the following:

L(c) ≤M(c)Eη

(
Z(c)Γ(η)(cζ)η

)
;

where Eη is the Mittag-Leffler function defined by Eη(c) = ∑∞
ι=0

cι
Γ(ιη+1) .

Proof. By the hypotheses

L(c) ≤M(c)

(
1 +

∫ c
0

∞

∑
r=1

(
Z(c)Γ(η)

)r
Γ(rη)

(
�(c)−�(u)

)rη−1
�′(u)du

)

= M(c)
∞

∑
r=0

(
Z(c)Γ(η)(cζ)η

)r
Γ(rη + 1)

= M(c)Eη

(
Z(c)Γ(η)(cζ)η

)
.

This concludes the proof.
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Definition 2. (3) is UHS with respect to ε if there exists V > 0 so that for all ε > 0 and for all
G ∈ Hp(0, 
), with G(0) = G0, of

E

(∥∥∥∥G(c)−G(0)−
(

∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u,G(u))du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)J

(
u,G(u),G(u− γ)

)
du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)B

(
u,G(u),G(u− γ)

)
dW(u)

)∥∥∥∥p
p

)
< ε, c ∈ [0, 
], (49)

there exists a solution U ∈ Hp(0, 
) of (3), with U(c) = G0 when c ∈ [0, 
], and satisfies
the following:

E
(
‖G(c)−U(c)‖pp

)
≤ Vε, ∀c ∈ [0, 
].

In the following theorem, we establish UHS for the FSIDEs with delay.

Theorem 3. Suppose (h̄1) and (h̄2) hold, then system (3) is UHS on [0, 
].

Proof. Assume ε > 0 and G ∈ Hp(0, 
) is the solution of (49), and assume U ∈ Hp(0, 
)

is the solution of (3) with initial condition U(0) = G0; then, we have

U(c) = G(0) + ∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u,U(u))du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)J

(
u,U(u),U(u− γ)

)
du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)B

(
u,U(u),U(u− γ)

)
dW(u). (50)

So, we obtain

G(c)−U(c) = G(c)−G(0)−
(

∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u,G(u))du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)J

(
u,G(u),G(u− γ)

)
du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)B

(
u,G(u),G(u− γ)

)
dW(u)

)
+ ∑ej=1

ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)

(
Ψj(u,G(u))−Ψj(u,U(u))

)
du

− ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
J
(
u,G(u),G(u− γ)

)
− J

(
u,U(u),U(u− γ)

))
du

− ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
B
(
u,G(u),G(u− γ)

)
−B

(
u,U(u),U(u− γ)

))
dW(u). (51)

Making use of Jensen’s inequality, Hölder’s inequality, and the Burkholder–Davis–
Gundy inequality, we deduce the following:

E
(
‖G(c)−U(c)‖pp

)
≤ 2p−1E

(∥∥∥∥G(c)−G(0)−
(

∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)Ψj(u,G(u))du

+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)J

(
u,G(u),G(u− γ)

)
du
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+
ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)B

(
u,G(u),G(u− γ)

)
dW(u)

)∥∥∥∥p
p

)
+ 2p−1E

(∥∥∥∥∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)

(
Ψj(u,G(u))−Ψj(u,U(u))

)
du

− ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
J
(
u,G(u),G(u− γ)

)
− J

(
u,U(u),U(u− γ)

))
du

− ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
B
(
u,G(u),G(u− γ)

)
−B

(
u,U(u),U(u− γ)

))
dW(u)

)∥∥∥∥p
p

≤ 2p−1ε + 2(e+2)p−(e+2)E

(∥∥∥∥∑ej=1
ζ1−Uj

Γ(Uj)

∫ c
0

(
�(c)−�(u)

)Uj−1
�′(u)

(
Ψj(u,G(u))−Ψj(u,U(u))

)
du
∥∥∥∥p
p

)

+ 6p−1E

(∥∥∥∥ ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
J
(
u,G(u),G(u− γ)

)
− J

(
u,U(u),U(u− γ)

))
du
∥∥∥∥p
p

)

+ 6p−1E

(∥∥∥∥ ζ1−η

Γ(η)

∫ c
0

(
�(c)−�(u)

)η−1
�′(u)

(
B
(
u,G(u),G(u− γ)

)
−B

(
u,U(u),U(u− γ)

))
dW(u)

∥∥∥∥p
p

)

≤ 2p−1ε + 2(e+2)p−(e+2) ∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1 ∫ c
0

∥∥Ψj

(
u,G(u)−Ψj

(
u,U(u)

)∥∥p
pdu

+ 6p−1�p−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1 ∫ c
0

∥∥J(u,G(u),G(u− γ)
)
− J

(
u,U(u),U(u− γ)

)∥∥p
pdu

+ 6p−1G
p−2

2 Cp
((
cζ
)2η−1

2η − 1

)p−2
2

∫ c
0

(
�(c)−�(u)

)2η−2∥∥B(u,G(u,G(u− γ)
)
−B

(
u,U(u,U(u− γ)

)∥∥p
p
(
�′(u)

)2du

≤ 2p−1ε + 2(e+2)p−(e+2)Tp∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1 ∫ c
0

∥∥G(u)−U(u)
∥∥p
pdu

+ 12p−1Tp�p−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1 ∫ c
0

(∥∥G(u)−U(u)
∥∥p
p +

∥∥U(u− γ)−U(u− γ)
∥∥p
p

)
du

+ 12p−1TpG
p−2

2 Cp
((
cζ
)2η−1

2η − 1

)p−2
2

sup
1<u≤c

�′(u)
∫ c

0

(
�(c)−�(u)

)2η−2
(∥∥G(u)−U(u)

∥∥p
p +

∥∥U(u− γ)−U(u− γ)
∥∥p
p

)
�′(u)du. (52)

Assume that
Θ(c) = esssup

c∈[0,
]

E
(
‖G(c)−U(c)‖pp

)
, c ∈ [0, 
],

we get E
(
‖G(c)−U(c)‖pp

)
≤ Θ(c) and E

(
‖G(c− γ)−U(c− γ)‖pp

)
≤ Θ(c) when c ∈ [0, 
].

Accordingly, we derive the following:

E
(
‖G(c)−U(c)‖pp

)
≤ 2p−1ε + 2(e+2)p−(e+2)Tp∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1 ∫ c
0

Θ(u)du

+ 12p−1Tp�p−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1

2
∫ c

0
Θ(u)du

+ 12p−1TpG
p−2

2 Cp
((
cζ
)2η−1

2η − 1

)p−2
2

2G

∫ c
0

(
�(c)−�(u)

)2η−2Θ(u)�′(u)du. (53)
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From (53), we derive the following:

Θ(c) ≤
(

2p−1ε + 2(e+2)p−(e+2)Tp∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1

+ 12p−1Tp�p−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1

2
) ∫ c

0
Θ(u)du

+ 12p−1TpG
p−2

2 Cp
((
cζ
)2η−1

2η − 1

)p−2
2

2G

∫ c
0

(
�(c)−�(u)

)2η−2Θ(u)�′(u)du. (54)

With the help of the generalized Grönwall inequality, we deduce from (54)

Θ(c) ≤
{

2p−1ε +

(
2(e+2)p−(e+2)Tp∑ej=1

(
ζ1−Uj

Γ(Uj)

)p
Xp−1

((
cζ
) Ujp−1
p−1

)p−1(
p− 1
Ujp− 1

)p−1

+ 12p−1Tp�p−1
((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1

2
) ∫ c

0
Θ(u)du

}

×E2η−1,1

(
12p−1TpG

p−2
2 Cp

((
cζ
)2η−1

2η − 1

)p−2
2

2GΓ(2η − 1)
(
cζ
)(2η−1)

)
= Υ1ε + Υ2

∫ c
0

Θ(u)du, c ∈ [0, 
],

where

Υ1 = 2p−1E2η−1,1

(
12p−1TpG

p−2
2 Cp

((
cζ
)2η−1

2η − 1

)p−2
2

2GΓ(2η − 1)
(
cζ
)(2η−1)

)
,

and

Υ2 =

(
12p−1Tp�p−1

((
cζ
) ηp−1
p−1

)p−1(
p− 1

ηp− 1

)p−1

2
))

×E2η−1,1

(
12p−1TpG

p−2
2 Cp

((
cζ
)2η−1

2η − 1

)p−2
2

2GΓ(2η − 1)
(
cζ
)(2η−1)

)
.

By utilizing Grönwall inequality, we arrive at

Θ(c) ≤ Υ1ε exp(Υ2c)

≤ Υ1ε exp(Υ2
)

= Vε.

Consequently, the final expression is

E
(
‖G(c)−U(c)‖pp

)
≤ Vε, c ∈ [0, 
].

This implies that (3) is UHS with ε.

Remark 1. The convergence order for UHS is linear, as the power of ε in the stability bound is one.

Remark 2. When the model contains small delays, UHS becomes more likely to hold. However, the
stability properties fundamentally depend on the magnitude of the delay and the specific characteris-
tics of the problem. For a comprehensive analysis of how delays affect UHS, see [42,43].

5. Example

In this section, we provide an example to demonstrate our theoretical results.

Example 1. Examine the following:
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⎧⎪⎪⎨⎪⎪⎩
cD

η,ζ
0+
(
�(c)− IU1,ζ

0+ 5c sin(�(c))− IU2,ζ
0+ 4 cos(�(c))

)
= 3 cos(�(c)) sin(�(c− 1

5 ))+

4 sin(�(c)) cos(�(c− 1
5 ))

dW(c)
dc , c ∈ [0, 6],

�(0) = ϕ,

(55)

where e = 2, 
 = 6, Ψ1(c, �(c)) = 5c sin(�(c)), Ψ2(c, �(c)) = 4 cos(�(c)),
J(c, �(c), �(c− �)) = 3 cos(�(c)) sin(�(c− 1

5 )), B(c, �(c), �(c− �)) = 4 sin(�(c))
cos(�(c− 1

5 )).
We compute the following:

‖Ψ1(c, Φ′1(c))−Ψ1(c, Φ′2(c))‖ ≤ 5‖Φ′1(c))−Φ′2(c))‖,

‖Ψ2(c, Φ′1(c))−Ψ2(c, Φ′2(c))‖ ≤ 4‖Φ′1(c))−Φ′2(c))‖,

‖J(c, Φ′1(c), Φ′1(c− �))− J(c, Φ′2(c), Φ′2(c− �))‖ ≤ 3
(
‖Φ′1(c))−Φ′2(c))‖+ ‖Φ′1(c− �)−Φ′2(c− �)‖

)
,

‖B(c, Φ′1(c), Φ′1(c− �))−B(c, Φ′2(c), Φ′2(c− �))‖ ≤ 4
(
‖Φ′1(c))−Φ′2(c))‖+ ‖Φ′1(c− �)−Φ′2(c− �)‖

)
.

Accordingly, condition (h̄1) is achieved with T = 5. Likewise, for j = 1, 2, we achieve
essup
c∈[0,6]

‖Ψj(c, 0)‖p < 5, essup
c∈[0,6]

‖J(c, 0, 0)‖p < 5, and essup
c∈[0,6]

‖B(c, 0, 0)‖p < 5. Consequently,

Theorem 1 guarantees the Ex-Un of the solution for System (55). Furthermore, by Theorem 3,
System (55) is UHS, as we have demonstrated that conditions (h̄1) and (h̄2) are satisfied.

6. Conclusions

This study introduces new findings on the solution’s Ex-Un and its persistent depen-
dence on the initial value for FSIDEs with delay. Additionally, we derive a generalized
Grönwall inequality and prove UHS. All these results are presented in the Lp space and
the context of Cap-KFrD. In this way, we make significant contributions to the literature.
Applying several important inequalities, such as Jensen’s inequality, the Burkholder–Davis–
Gundy inequality, and Hölder’s inequality, is a key tool used to prove the theorems and
lemmas. In the future, we will develop a financial model using SFDEs that incorporate
both fractional Brownian motion and standard Brownian motion.
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Cap-KFrD Caputo–Katugampola fractional derivative
Cap-FrD Caputo fractional derivative
Cap-HFrD Caputo–Hadamard fractional derivative
Ex-Un Existence and uniqueness
SFDEs Stochastic fractional differential equations
FSIDEs Fractional stochastic integro-differential equations
UHS Ulam–Hyers stability
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Abstract: Safety control based on barrier functions has gradually become one of the emerg-
ing and more important directions in the field of safety. Scholars are attempting to apply
barrier functions to integer-order dynamical systems, such as general nonlinear systems,
hybrid systems, linear systems, etc. Moreover, the introduction of barrier functions has
even expanded the research approaches on safe reinforcement learning. However, there is
very little research on the safety control problem of fractional-order dynamical systems.
Based on our previous work, this article further explores, in depth, the problem of the
transfer and adaptability of barrier functions for integer-order systems in fractional-order
systems, and it also proposes the Caputo reciprocal barrier function and Caputo zeroing
barrier function. And we established two theorems, which proved that we can also achieve
uniform asymptotic stability or exponential stability with guaranteed safety. In the end,
we created a new description for the definition of input-to-state safety under Caputo’s
fractional-order systems, and we used this description and the above two Caputo barrier
functions to construct two criteria of the Caputo input-to-state safety. Thus, we, finally,
established the embryonic form of the theoretical framework of safety control based on
barrier functions for fractional-order systems.

Keywords: Caputo barrier function; Caputo’s fractional-order system; stability with
guaranteed safety; Caputo input-to-state safety

MSC: 93C99

1. Introduction

1.1. Motivation

Safety control is one of the fundamental problems for many kinds of dynamical
systems, especially large-scale and complex systems. Recently, in the last two decades,
many scholars have verified that (control) barrier functions are effective for realizing
safety control.

The research on safety control based on barrier functions can be roughly divided
into three categories. The first category is the research on pure barrier functions for safety
criteria. A number of prevalent barrier functions have emerged, which were contributed
to by Prajna [1], Kong [2], Zhu [3], Dai [4], Ames [5,6], and Xu [7]. In addition, there are
many other interesting works about barrier functions, such as vector barrier functions [8],

Mathematics 2025, 13, 1215 https://doi.org/10.3390/math13081215
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extreme-point barrier functions [9,10], and barrier functions with converse theorems [11,12].
The second category is the research on safety-derived theories based on barrier functions,
which mainly consider issues such as the synchronization of safety and stability [13] and
the safety robustness and input-to-state safety (ISSf) issues [7,14,15]. The third category is
the research on the application of safety control based on barrier functions [16–22].

The abovementioned barrier functions have realized the construction and application
of safety control theories for general nonlinear systems, hybrid systems, stochastic systems,
and multi-agent systems. Their remarkable common feature is that all these studies are
carried out around integer-order systems. Therefore, the theory of fractional-order safety
control is still a virgin land and has great research potential.

Fractional-order systems (FOSs) represent a unique class of systems characterized
by their distinct integration and differentiation laws. Unlike traditional integer-order
systems (IOSs), FOSs are defined by fractional-order differential equations, which have
been demonstrated to provide more accurate descriptions of complex systems compared
to their integer-order counterparts [23,24]. A notable feature of FOSs is their inherent
infinite memory and hereditary properties, which fundamentally differentiate them from
classical IOSs. As a result, the well-established theories of integer-order systems may not
be directly applicable to the analysis and design of fractional-order systems. Factually, the
modeling and control of FOSs has emerged as a significant research direction in the field of
control theory. The stability theories of FOSs have been well established, as demonstrated
in several studies [25–27]. Additionally, there has been growing interest in fault estimation
and accommodation for FOSs [23]. However, the fundamental theories and practical appli-
cations of safety control for FOSs remain largely unexplored. Due to the special differential
rules of fractional-order systems, such as memory effects, barrier functions are applicable
under integer-order differentiation, but they may not be fully applicable in the case of
fractional orders. In this regard, by comparing them with our previous work, it can be
found that there are differences in details between the two theorems in [3,28]. With the
abovementioned challenges, this article aims to extend and adapt the state safety theories
based on barrier functions, which have been widely adopted for integer-order systems
(IOSs), to the realm of FOSs. Given the increasing demand for robust safety mechanisms in
complex dynamic systems, this endeavor is both timely and necessary.

In the past, our prior work [28,29] involved an initial attempt to demonstrate that
certain special barrier functions can be employed to ensure the safety of Caputo’s fractional-
order systems (FOSs). In these two articles, we proposed Caputo less-zero barrier function
and Caputo exponential barrier function, as well as a theorem of asymptotic stability with
guaranteed safety. However, these two articles have not yet established a comprehensive
fundamental theoretical framework for fractional-order barrier functions. This article
devotes more efforts to exploring the issues of uniform asymptotic stability with guaran-
teed safety, exponential stability with guaranteed safety, and the ISSf, so as to effectively
supplement the theoretical framework of safety control for fractional-order systems.

1.2. Contributions

Our main contributions in this article are as follows.

(1) We demonstrate the possibility of transferring the reciprocal barrier function (RBF)
and the zeroing barrier function (ZBF) to Caputo fractional-order systems (CFOS),
and we also propose Caputo RBF and Caputo ZBF. Based on two innovative Caputo
BFs, we systematically derive the state safety criteria for fractional-order nonlinear
dynamic systems. Our established state-safety theorems provide rigorous guarantees
that all system states will remain within an known available state set, given that the
initial conditions adhere to the set constraint.

46



Mathematics 2025, 13, 1215

(2) On the basis of the theorem of asymptotical stability with guaranteed safety for
CFOSs [29], we further propose the theorems of uniformly asymptotical stability with
guaranteed safety and exponential stability with guaranteed safety for CFOSs. These
two theorems demonstrate the possibility and solvability of achieving the synchro-
nization of safety and uniformly asymptotical stability (or exponential stability).

(3) We constructed a new description for the definition of Caupto input-to-state safety.
The inspiration for this new description comes from the final product of the Caputo
reciprocal barrier function proof process. The core inequality of our proposed defi-
nition of the Caputo input-to-state safety not only provides a unified representation
of safety and ISSf for CFOSs, but it also facilitates the design and derivation of ISSf
controllers. Then, under the definition of Caputo ISSf, using Caputo reciprocal barrier
function and Caputo zeroing barrier function, we establish two ISSf criteria that can
be directly applied to design Caputo ISSf controllers.

1.3. Organizations

This article is structured as follows. It consists of five sections that systematically
unfold the research on fractional-order system safety control. Section 1 serves as the intro-
duction, where the motivation and contributions of this study are presented. In Section 2,
we introduce a class of Caputo fractional-order systems (CFOSs) and construct two Caputo
barrier functions. These functions lay a solid theoretical foundation for subsequent analyses.
Section 3 is devoted to a thorough exploration of the synchronous Caputo safety and stabil-
ity theorems. Through meticulous mathematical derivations and in-depth discussions, we
elucidate the compatibility between safety and stability within the framework of CFOSs. In
Section 4, we shift our focus to the input-to-state safety and the corresponding ISSf barrier
functions of CFOSs. This section offers the relationship between external inputs and the
safety performance of CFOSs. In the end, Section 5 presents the conclusions, summarizing
the key findings, contributions, and potential directions for future research.

2. Caputo Barrier Functions

This section focuses on extending safety theories for CFOSs with order α ∈ (0, 1) using
barrier functions. The objective is to transform the RBF and the ZBF into the Caputo RBF
and the Caputo ZBF so as to be suitable for the CFOS. Specifically, we analyze a CFOS
governed by Caputo fractional derivatives [26], which is defined as

CDαx(t) = f (x(t)), (1)

where α ∈ (0, 1), x ∈ Rn, t ≥ t0 ∈ [0,+∞), and f : Rn → Rn are locally Lipschitz. And
there is a safe zone C for CFOS (1), which can be defined by the following (2)–(4):

C = {x ∈ Rn : h(x) ≥ 0}, (2)

∂C = {x ∈ Rn : h(x) = 0}, (3)

Int(C) = {x ∈ Rn : h(x) > 0}, (4)

with a smooth function h : Rn → R. And other states have ∀x ∈ Rn \ C, h(x) < 0. In
addition, we can call CFOS (1) safe, if all the states beginning from x(t0) = x0 are in the
set C.

2.1. Caputo RBF

For IOSs, RBFs have proven to be highly effective in designing state-safety controllers,
offering less restrictive constraints compared to the first generation barrier functions [1]
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and exponential barrier functions [2,3]. This naturally raises the question: can a RBF be
developed to ensure the safety of CFOSs?

Definition 1. For CFOS (1) having a set C defined by (2)–(4) with some continuously differentiable
function h : Rn → R, we can consider a function B : C → R as a Caputo reciprocal barrier
function for the set C if there exist locally Lipschitz class K functions. (A continuous function
α : [0, a) → [0, ∞) is said to belong to class K if it is strictly increasing and α(0) = 0 [30])
β1, β2, β3, for all x ∈ Int(C), has

1
β1(h(x))

≤ B(x) ≤ 1
β2(h(x))

, (5)

CDαB(x(t)) ≤ β3(h(x)). (6)

Theorem 1. Given a set C ⊆ Rn for CFOS (1) with Conditions (2)–(4), if there exists a Caputo
reciprocal barrier function B : C → R, it can be defined by Definition 1. In addition, we can
guarantee the set C is forward-invariant and that CFOS (1) can be said to be safe for any x0 ∈
Int(C).

Proof of Theorem 1. Let CDαy = β3

(
β−1

2

(
1
y

)) de f
= β

(
1
y

)
; hence, β belongs to Class K.

By the comparison theorem for fractional-order System [26], we have inf y(t) ≥ B(x(t)).
According to Caputo’s fractional derivative [26], there is

CDαy =
1

Γ(1− α)

∫ t

t0

y′(τ)
(t− τ)α dτ. (7)

Then, let z = 1
y , which means

CDαz =
1

Γ(1− α)

∫ t

t0

− y′(τ)
y2

(t− τ)α dτ. (8)

By the Generalized First Mean Value Theorem for Integrals, there exists some point
ξ ∈ [t0, t] satisfying ∫ t

t0

− y′(τ)
y2

(t− τ)α dτ =
−1

y2(ξ)

∫ t

t0

y′(τ)
(t− τ)α dτ.

Hence, (8) has

CDαz =
1

Γ(1− α)

−1
y2(ξ)

∫ t

t0

y′(τ)
(t− τ)α dτ

= − 1
y2(ξ)

CDαy = − 1
y2(ξ)

β

(
1
y

)
= −z2(ξ)β(z)

de f
= −β̄(z). (9)

It is not difficult to find that β̄ is also a class K function. By the equivalent Volterra
Integral [26] and Bihari’s Inequality [31], we can obtain

z(t) ≤ η−1
[

η(z(t0)) +
(t− t0)

α

Γ(α + 1)

]
.

Following the proof methodology detailed in Theorem 3.1 of reference [26], we have

z(t) ≤ σ(z(t0), t− t0), (10)
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where σ belongs to class KL function (A continuous function β : [0, a)× [0, ∞)→ [0, ∞) is
said to belong to classKL if, when s is fixed, β(r, s) belongs to classKwith respect to r, and—
when r is fixed—β(r, s) is decreasing with respect to s and β(r, s)→ 0 as s → ∞ [30]). As
y = 1

z and B(x(t)) ≤ inf y(t), then, by comparison theorem for fractional-order System [26],
we can obtain

1

σ
(

1
B(x(t0))

, t− t0

) ≥ B(x(t)).

With (5), then, we have

h(x(t)) ≥ β−1
1

(
σ

(
1

B(x(t0))
, t− t0

))
(11)

for all t ∈ I(x(t0)). In Equation (11), β−1
1 is the inverse of β1 and belongs to class K. As

x(t0) ∈ C, then we have B(x(t0)) > 0. This means that h(x(t)) ≥ 0 for all t ∈ I(x(t0)).
Thus, C is forward-invariant and CFOS (1) is then safe.

Remark 1. For integer-order systems with n = 1 ([5], Theorem 1), the dynamics are governed

by ż = − ẏ
y2 = −β(z)z2 de f

= β̄(z), where β is a class K function. However, for fractional-
order systems with α ∈ (0, 1), the analysis becomes significantly more complex. In this case, the
Generalized First Mean Value Theorem for Integrals must be employed to establish the relationship
CDαz = −z2(ξ)β(z)

de f
= β̄(z). A key distinction between the two cases lies in the nature of

the nonlinear term. For the integer-order case, z2 is a class K function. In contrast, for the
fractional-order case, z2(ξ) represents a real positive value, which introduces additional challenges
in the analysis. Consequently, the verification of safety theorems under Caputo’s fractional-order
framework is more intricate compared to their integer-order counterparts.

2.2. Caputo ZBF

The ZBF is widely utilized in the analysis and control of input-to-state safety, serving
as a critical quantitative framework for robust safety analysis. Consequently, transitioning
from integer-order to fractional-order systems, it is imperative to verify whether a ZBF can
be adapted into a Caputo ZBF.

Definition 2. For CFOS (1) having a set C defined by (2)–(4) with some smooth function h :
Rn → R, we can consider h as a Caputo zeroing barrier function for the set C, if there exists a
locally Lipschitz class K function β for all x ∈ Int(C), we have

CDαh(x(t)) ≥ −β(h(x)). (12)

Theorem 2. Given a set C ⊆ Rn for CFOS (1) with Conditions (2)–(4), there exists a Caputo
zeroing barrier function h : C → R defined by Definition 2. If so, we can guarantee the set C is
forward-invariant and that CFOS (1) is safe for any x0 ∈ Int(C).

Proof of Theorem 2. Let B(x) = 1
h(x) . Then, substitute it into (9); hence, ∃ξ ∈ [t0, t],

such that

CDα 1
h
=

1
Γ(1− α)

∫ t

t0

− h′(τ)
h2

(t− τ)α dτ =
−1

h2(ξ)

∫ t

t0

h′(τ)
(t− τ)α dτ = −h2(ξ)CDαh.

Thus, with (12) and the proof of Theorem 1, the set C is forward-invariant. And then CFOS
(1) is safe.
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In fact, the ZBF is employed to address the robustness of safety. Based on Theorem 2,
we need to redefine the safe zone C by [7]. For any ∀δ ≥ 0, there exists a nonempty closed
set Cδ, which is defined as

Cδ = {x ∈ Rn : h(x) ≥ −δ}, (13)

∂Cδ = {x ∈ Rn : h(x) = −δ}, (14)

Int(Cδ) = {x ∈ Rn : h(x) > −δ}, (15)

where h : Rn → R is continuously differentiable.

Definition 3. For CFOS (1) having a set Cδ defined by (13)–(15) with some smooth h : Rn → R,
we can consider h as an extended Caputo zeroing barrier function for the set Cδ if there exists a
locally Lipschitz extended class K function (A continuous function β : (−b, a) → (−∞, ∞) for
some a, b > 0 is said to belong to extended class K if it is strictly increasing and β(0) = 0 [7]) γ.
Then, for all x ∈ Int(Cδ), we have

CDαh(x(t)) ≥ −γ(h(x)). (16)

Theorem 3. Given a set Cδ ⊆ Rn for CFOS (1) with Conditions (13)–(15), if there exists an
extended Caputo zeroing barrier function h : Cδ → R, which is defined by Definition 3, we
can guarantee the set Cδ is forward-invariant and that CFOS (1) can be said to be safe for any
x0 ∈ Int(Cδ).

Proof of Theorem 3. Let l(x) = h(x) + δ. Then, the set Cδ can transform into the set C.
By (16) and leveraging the properties of the extended class K function, we can obtain

CDαl(x(t)) = CDαh(x(t)) ≥ −γ(h(x)) = −γ(l(x)− δ) ≥ −γ(l(x)).

By Theorem 2, we can easily ensure the safe zone Cδ with the function is forward-invariant.
Hence, CFOS (1) is safe.

2.3. Comparison

In this study, we introduce two novel concepts of Caputo barrier functions: the
Caputo ZBF (CZBF) and the Caputo RBF (CRBF). While the CZBF offers advantages
in system safety analysis and controller design due to its computational tractability in
practical scenarios, CRBF encounters limitations in real-world applications. Specifically, the
derivative calculations required for CRBF implementation demand advanced fractional-
order differentiation techniques, which significantly reduce their practical precedence
compared to CZBF and other barrier function methodologies [28,29]. This observation
highlights that, under fractional-order dynamics, the inherent computational complexity of
reciprocal barrier functions is amplified, thereby compromising their operational efficiency
relative to alternative safety control approaches.

3. Caputo Stability with Guaranteed Caputo Safety

For dynamic systems across engineering disciplines, safety control plays a fundamen-
tal role in ensuring operational integrity. Notwithstanding its importance, safety alone
cannot guarantee other desirable properties such as stability, which is particularly critical
for industrial systems where stability directly influences product quality consistency. Con-
sequently, this study aims to develop control methodologies that simultaneously maintain
both safety and stability for fractional-order systems. To this end, we first established
Assumption 1, which provides the foundational conditions for subsequent analysis.
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Assumption 1. Assume the safe-state set C is a compact and closed (The word “closed" means
that the boundary of the set is a closed curve, surface, etc., in a geometric sense) set, and the point
x = 0 ∈ C is farthest from ∂C.

In stability theory, the equilibrium point at the origin often serves as a canonical form
through the translation of nonzero equilibria or system solutions [30]. In this context, we
consider xe = 0 as the point farthest from ∂C, implying h(0) = maxx∈C h(x). For some
systems with xe �= 0, define p = x− xe. The transformed function h(x) = h(p + xe) � q(p)
then satisfies q(0) = maxp∈Cp q(p), where C = {p|p + xe ∈ C}. This transformation allows
the origin x = 0 to act simultaneously as both the equilibrium point and the farthest point
relative to the set boundary.

3.1. Uniformly Asymptotic Stability with Guaranteed Caputo Safety

Theorem 4. For CFOS (1) with a set C satisfying Assumption 1, and which is well defined by
(2)–(4) for some some function h : Rn → R, then, for all x ∈ Int(C) \ {0}, there exists a Caputo
barrier function B : C → R satisfying

− β1(h(x)) ≤ B(x(t)) ≤ −β2(h(x)), (17)
CDαB(x(t)) ≤ λβ3(h(x)), (18)

with β1, β2, β3 being locally Lipschitz classK functions and λ < 0. Meanwhile, x = 0 also satisfies
(17) but does not satisfy (18), then the set C is forward-invariant. Hence, CFOS (1) is safe and the
origin of (1) is uniformly asymptotically stable with x(t0) = x0 ∈ Int(C) \ {0}.

Proof of Theorem 4. The proof can be divided by two parts: one to prove the safety and
the other to prove stability.

(1) For safety. From (18), set

CDαy = β3

(
β−1

2 (−y)
) de f

= β(−y).

Hence, by the comparison theorem for fractional-order System [26], we have

inf y(t) ≥ B(x(t)).

Let z = −y, according to Caputo’s fractional derivative [26], then we can easily obtain

CDαz = CDα − y = −β(z).

This is very similar to Equation (9) in the proof of Theorem 1. Hence, we can also obtain
Inequality (10), which is

z(t) ≤ σ(z(t0), t− t0)

with σ a class KL function. As y = −z, we have

inf y = −σ(z(t0), t− t0).

Due to B(x(t)) ≤ inf y(t), by the comparison theorem for fractional-order System [26], we
can obtain

B(x(t)) ≤ −σ(−B(x(t0)), t− t0).

By (17), then, we have

h(x(t)) ≥ β−1
1 (σ(−B(x(t0)), t− t0))
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for all t ∈ I(x(t0)). Moreover, β−1
1 is the inverse of β1 and belongs to class K. As x(t0) ∈ C,

we haveB(x(t0)) < 0. This means that h(x(t)) ≥ 0 for all t ∈ I(x(t0)). Thus, C is forward-
invariant and then CFOS (1) is safe.

(2) For stability. By Assumption 1 and (17), B(x) ≥ B(0), there hence exists a real
constant b < 0, such that b = ess inf B(x) = B(0). According to [26], the Lapunov function
V needs to be nonnegative; hence, we can set V(x) = B(x)− b. Thus, we have

CDαV(x(t)) = CDαB(x(t)).

By (17) and (18), we have

− β1(h(x))− b ≤ V ≤ −β2(h(x))− b (19)
CDαV(x(t)) ≤ −μβ3(h(x)) (20)

with μ = −λ > 0. Let W1(x) = −β1(h(x)) − b, W2(x) = −β2(h(x)) − b and W3(x) =

μβ3(h(x)). We can then easily confirm that W1(x), W2(x), and W3(x) are continuous
positive definite functions. Now, we can rewrite Inequalities (19) and (20) as follows:

W1(x) ≤ V(x(t)) ≤W2(x) (21)
CDαV ≤ −W3(x). (22)

By Theorem 3.1 ([26]), we can confirm that x = 0 is uniformly asymptotical stable.
Together with (1) and (2), Theorem 4 is established.

3.2. Exponential Stability with Guaranteed Caputo Safety

Theorem 5. For CFOS (1) with a set C satisfying Assumption 1 and being defined by (2)–(4) for
some smooth function h : Rn → R, for all x ∈ Int(C) \ {0} and if there exists a lower-bounded
Caputo barrier function B : C → R satisfying

− β1(h(x)) ≤ B(x(t)) ≤ −β2(h(x)), (23)
CDαB(x(t)) ≤ λ(c− B(x(t))), (24)

where β1, β2, β3 are locally Lipschitz class K functions, c is a constant with c = ess inf B(x),
and λ > 0, then, the set C is forward-invariant. Hence, CFOS (1) is safe and the origin of (1) is
exponentially stable with x(t0) = x0 ∈ Int(C) \ {0}.

Proof of the Theorem 5. The proof also has two parts: first for safety, and then for stability.
(1) For safety. As c = ess inf B(x), then we have c− B < 0. According to our previous

work ([29], Theorem 1), it can be easily proved that the set C is forward-invariant and hence
CFOS (1) is safe.

(2) For stability. Let V(x) = B(x)− c., then |V| ≤ −c is implied. Hence, there exists
positive constants c1, c2 such that V satisfies c1‖x‖2 ≤ V ≤ c2‖x‖2 < −c. Then, we have

CDαV(x(t)) = CDαB(x(t)).

Thus, we can obtain

CDαV(x(t)) = CDαB(x(t)) ≤ λ(c− B)

≤ −λV. (25)
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Furthermore, (25) is more like Inequality (39) in the proof of Lemma 3.1 [26]. Hence, we
can use the Gronwall–Bellman Inequality [32] and obtain the following inequality, which is
similar with Inequality (42) in the proof of Lemma 3.1 [26]:

V(x(t)) ≤ V(x0) +
−λ

Γ(α)

∫ t

t0

(t− τ)α−1V(x(t))dτ

≤ V(x(t0)) exp
(−λ(t− t0)

α

Γ(α + 1)

)
.

Thus, we have

‖x‖ ≤
[

V(x(t))
c1

] 1
2

≤
[

V(x(t0))

c1
exp

(−λ(t− t0)
α

Γ(α + 1)

)] 1
2

≤
[

c2‖x(t0)‖2

c1
exp

(−λ(t− t0)
α

Γ(α + 1)

)] 1
2

=

(
c2

c1

) 1
2
‖x(t0)‖ exp

(−λ(t− t0)
α

2Γ(α + 1)

)
. (26)

Therefore, the origin x = 0 is exponentially stable.
By all of the above, Theorem 5 is proved.

Remark 2. The abovementioned two kinds of synchronous Caputo safety and stability are all
infinite-time stable. Since the proof of finite time stability under the fractional order is more difficult,
we did not conduct in-depth research on synchronous Caputo safety and finite-time stability.

4. Caputo Input-to-State Safety

For integer-order systems, like the stability, the safety also needs to consider the
robustness. And the concept of safety robustness was first discussed in [7]. Following this,
M. Z. Romdlony [14] first proposed ISSf to describe the robustness of safety. He mainly
established a notion of ISSf under the description of the distance from a point in the safe
set to the unsafe set by less-zero barrier function. Meanwhile, Shishir Kolathaya [15] used the
description function h of the set C to propose a different notion of ISSf via zeroing barrier
function. In this section, we will list our latest theoretical research results using Caputo
barrier function with respect to Caputo input-to-state safety, and we will then put forward
some new notions of ISSf with different descriptions and different barrier functions.

Here, we consider a dynamic system with an additional disturbance:

CDαx = f (x) + g(x)d(t), (27)

with disturbance d ∈ Lm
∞. If we involve forward-invariant sets, further interesting conclu-

sions can be made. Here, there is a set C defined by (2)–(4) for System (1), which is System
(27) without disturbance. In addition, there is a slightly larger set Cd ⊇ C following the
definition in [15] satisfying

Cd = {x ∈ Rn : h(x) + δ(‖d‖∞) ≥ 0}, (28)

∂Cd = {x ∈ Rn : h(x) + δ(‖d‖∞) = 0}, (29)

Int(Cd) = {x ∈ Rn : h(x) + δ(‖d‖∞) > 0}, (30)
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with a class K function δ in [0, a), ‖d‖∞ ≤ d̄ ∈ [0, a). By [15], the set C is called an
ISSf set if the set Cd, which depends on d, is forward-invariant. Hence, on the basis of
this aforementioned cognition, learning from Definition 4.7 (in [32]), we can obtain the
following.

Definition 4. System (27) with the set C defined by (2)–(4) and the Cd defined by (28)–(30) is
said to be Caputo input-to-state safe if there exist a class KL function σ and a class K function δ

such that, for any initial state x(t0) and any bounded disturbance d(t), the solution x(t) for all
t ≥ t0 satisfies

h(x(t)) ≥ σ(η(x(t0), d), t− t0)− δ(‖d‖∞), (31)

with η(x(t0), d) = h(x(t0)) + δ(‖d‖∞).

Remark 3. In addition to the difference between fractional-order and integer-order systems, Defini-
tion 4 uses a new way to describe the input-to-state safety. This description is useful to the proofs of
the following two theorems.

When t → ∞, for Inequality (31) and function σ → 0, then we have h(x) ≥ −δ(‖d‖∞),
which produces h(x) + δ(‖d‖∞) ≥ 0, meaning the solution x(t) is still in set Cd. Hence,
Inequality (31) guarantees that, for any bounded disturbance, the set Cd will be forward-
invariant all of the time. If d(t) ≡ 0, then (31) has

h(x(t)) ≥ σ(h(x(t0)), t− t0).

This confirms that input-to-state safety implies the set C for the unforced autonomous
System (1) without any disturbance is forward-invariant. It is a necessary condition or
prerequisite for the establishment of (Caputo) ISSf.

The new question is how to use Definition 4 and how to judge the Caputo ISSf
conveniently. We tried to use the Caputo reciprocal barrier function to explore some
sufficient conditions for the Caputo ISSf.

Theorem 6. System (27) is System (1) with the input of bounded disturbance d(t). There are
sets C defined by (2)–(4) and Cd defined by (28)–(30) satisfying C ⊆ Cd and their continuously
differentiable function h : Rn → R. If there exists a Caputo reciprocal barrier function B : Cd → R,
locally Lipschitz class K functions β1, β2, β3, and a class K function δ, with limr→a δ(r) = b and
b a finite-large real positive constant, such that for all x(t0) ∈ Int(Cd), then the following applies:

η(x, d) = h(x) + δ(‖d‖∞), (32)
1

β1(η(x, d))
≤ B(x, d) ≤ 1

β2(η(x, d))
, (33)

CDαB(x, d) ≤ β3(η(x, d)), (34)

where ‖d‖∞ ∈
[
0, d̄

]
. Moreover, with a real positive and finite-large constant d̄, System (27) can

be said to be (locally) Caputo input-to-state safe, and the function B can be said to be a Caputo
input-to-state safe reciprocal barrier function (Caputo ISSf-RBF).

Proof of Theorem 6. First, we need to prove the set C for System (1) is forward-invariant.
As such, set d(t) ≡ 0; hence, the set Cd is equal to C, and we thus have η(x, d) = h(x). By
Theorem 1, it can proved that, in this case, the set C is forward-invariant.

Now, we can rewrite (34) as

CDαB ≤ β3

(
β−1

2

(
1
B

))
.
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By the proof of Theorem 1, we can obtain

η(x(t), d) ≥ β−1
1 (φ(η(x(t0), d), t− t0)) (35)

for all t ∈ I(x(t0)), where φ is a class KL and I(x(t0)) is a maximum time interval. As β−1
1

also belongs to class K, then β−1
1 ◦ φ belongs to class KL. Let σ = β−1

1 ◦ φ. Thus, finally,
Inequality (35) implies

h(x(t)) ≥ σ(η(x(t0), d), t− t0)− δ(‖d‖∞).

Therefore, this satisfies Inequality (31). By Definition 4, System (27) is input-to-state safe.

If we use a Caputo zeroing barrier function, can we also obtain Inequality (31) in
Definition 4?

Theorem 7. System (27) is System (1) with the input of bounded disturbance d(t). There are
sets C defined by (2)–(4), and Cd is defined by (28)–(30), satisfying C ⊆ Cd. If a continuously
differentiable function h : Rn → R for the set C is a zeroing barrier function and there exists a
locally Lipschitz class K function β and a class K function δ, then, with limr→a δ(r) = b and b a
finite-large real positive constant, there is the following such that, for all x(t0) ∈ Int(Cd), we have

η(x, d) = h(x) + δ(‖d‖∞), (36)
CDαη(x, d) ≥ −β(η(x, d)), (37)

where ‖d‖∞ ∈
[
0, d̄

]
has a real positive and finite-large constant d̄, and System (27) can be said to

be (locally) Caputo ISSf and the function h can be said to be a Caputo ISSf-ZBF.

Proof of Theorem 7. Let B(x, d) = 1
η(x,d) . According to the proof of Theorem 2, we

have CDαB(x, d) = −kCDαη(x, d) with a constant k > 0. Thus, (37) can be rewritten
as CDαB(x, d) ≤ kβ(η(x, d)). As such, this satisfies Theorem 6. Then, we can obtain that
the following Inequality (38) by (35) is

η(x(t), d) ≥ σ(η(x(t0)), t− t0), (38)

where σ belongs to class KL. Substituting (36) into (38), we can obtain

h(x(t)) + δ(‖d‖∞) ≥ σ(h(x(t0)) + δ(‖d‖∞), t− t0)

⇒h(x(t)) ≥ σ(h(x(t0)) + δ(‖d‖∞), t− t0)− δ(‖d‖∞).

Therefore, by Definition 4, System (27) is Caputo input-to-state safe.

5. Conclusions

This article established two novel Caputo barrier functions and employed them to
derive corresponding safety criteria for a class of Caputo fractional-order systems (CFOSs).
Additionally, synchronous safety-stability theorems were proposed for CFOSs under these
barrier function frameworks. Finally, the concept of Caputo input-to-state safe barrier
functions was introduced to analyze input-to-state safety properties. The key contributions
and considerations are summarized as follows.

(1) While CRBFs ensure the forward invariance of the set C for CFOSs, thereby guar-
anteeing system safety, a significant limitation arises: the computational complexity
inherent in fractional-order differentiation makes CRBFs less tractable for real-world
safety control applications compared to their integer-order counterparts. This short-
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coming stems from the nonlocal nature of fractional derivatives, which complicates
barrier function implementation under Caputo dynamics.

(2) We renewed the description of ISSf based on [15] and then established two theorems
of ISSf via using Caputo RBF and Caputo ZBF, respectively, which can be used to more
conveniently achieve the analysis and control of Caputo ISSf.

Since this article and our two previous works [28,29] jointly established a theoretical
framework of Caputo safety for CFOSs, future work will focus on the applications of the
proposed methods to practical cases.
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1. Introduction

Second-order delayed difference equations are crucial in real-world applications be-
cause they model dynamic systems where the future state depends not only on the current
and past states but also on delayed interactions. These equations arise in various do-
mains, including population dynamics, where they are used to model species growth
with delayed responses due to gestation or maturation periods; economic systems, being
applied in financial markets and supply chain modeling where past fluctuations influence
current trends; engineering and control systems, where they are found in signal processing,
vibration analysis, and control systems where delays affect stability and performance;
epidemiology, being used to model the spread of diseases where incubation periods and
immunity delays play a role.

The proposed method improves upon existing techniques in several ways:
Enhanced stability analysis—it provides new stability criteria that better capture the ef-

fects of delays, reducing uncertainties in predictions; Higher computational efficiency—the
method optimizes numerical computations, allowing for faster simulations and real-time
applications; Broader applicability—it extends to more complex and nonlinear systems,
making it useful for modeling real-world phenomena with varying delay structures; Im-
proved accuracy—by refining approximation methods or incorporating machine learning
techniques, the approach yields more precise solutions. These advancements contribute to
more reliable modeling, better decision making, and improved system performance across
multiple disciplines.

The proposed method may face significant challenges when dealing with singular
matrices or nonpermutable coefficients due to the following reasons:
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Limitations exist in handling singular matrices. Singular matrices lack an inverse,
which can hinder solving linear systems directly. Many numerical techniques, including
those used for stability analysis and iterative solutions, rely on matrix inversion or decom-
position, which fails in the singular case. This limitation restricts the method’s applicability
to systems where the coefficient matrices are nonsingular or can be regularized (e.g., by
perturbation methods or pseudo-inverses). There are limitations with nonpermutable
coefficients. If the system involves coefficients that do not commute under multiplication
(e.g., in noncommutative algebra or certain coupled systems), traditional solution tech-
niques may not directly apply. Many iterative or closed-form solutions assume a structure
that allows for the reordering of terms, which may not hold in these cases. This constraint af-
fects applications in quantum mechanics, advanced control systems, and coupled network
dynamics where nonpermutable interactions are essential. The method remains effec-
tive for a broad class of second-order delayed difference equations with well-conditioned
coefficient structures. For singular matrices, alternative techniques like regularization,
generalized inverses, or alternative formulations may be necessary. For nonpermutable
coefficients, more advanced algebraic methods or computational techniques may need to
be incorporated, potentially requiring significant modifications to the proposed approach.
If these extensions are not currently feasible, it should be explicitly stated that the method
is best suited for nonsingular, permutable coefficient systems, and potential workarounds
or future research directions should be proposed.

The proposed method can be highly beneficial in ILC systems, where tasks are per-
formed repeatedly, and performance is improved over iterations by learning from past
errors. Below are concrete examples where the method could be applied:

• Trajectory tracking in robotics: in robotic arms used for precision tasks (e.g., surgical
robots, automated welding arms), trajectory tracking is critical.

• ILC is often used to refine movement paths over successive iterations, compensating
for dynamic disturbances and model inaccuracies.

• The second-order delayed difference equation framework models the system’s re-
sponse more accurately, accounting for actuator delays and sensor latencies.

• The improved stability analysis ensures better convergence of the learning process,
reducing oscillations or divergence issues in robot movements.

• Compared to traditional ILC methods, this approach can handle systems with more
complex dynamics and variable delays, leading to faster convergence and smoother
trajectory tracking.

By leveraging the proposed method, industries relying on precision control, automa-
tion, and iterative improvements can achieve higher accuracy, efficiency, and adaptability,
making it a significant advancement in ILC applications.

In what follows, we use the following notations:

• Θ is a zero matrix, and I is an identity matrix;
• Zb

a := {a, a + 1, ..., b} for a, b ∈ Z ∪ {±∞}, a ≤ b;
• Mr×p is the space of r× p matrices;

• An empty sum
b

∑
i=a

z(i) = 0, and an empty product
b

∏
i=a

z(i) = 1 for integers a < b,

where z(i) is a given function that does not have to be defined for each i ∈ Za
b in this

case;
• x(t + 1)− x(t) =: Δx(t) is the forward difference operator;
• x(t + 2)− 2x(t + 1) + x(t) =: Δ2x(t).

Iterative learning control (ILC) is a control strategy used for systems that perform the
same task repeatedly. It improves performance over iterations by learning from previous
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executions. The idea is to adjust the control input based on errors from past trials, refining
it until the desired performance is achieved.

Key Concepts of ILC

• Repetitive tasks: ILC is useful in systems where the same task is performed multiple
times, such as robotic arms, industrial automation, and medical rehabilitation devices.

• Error correction: the controller updates the input signal for the next iteration based on
the difference between the desired and actual output from the previous iteration.

• Feedforward control: unlike traditional feedback control, ILC predicts and compen-
sates for errors before they occur in future iterations.

• Convergence: a well-designed ILC algorithm ensures that the system output ap-
proaches the desired output over iterations.

General ILC Algorithm
The control input for iteration k + 1 is updated as

uk+1(t) = uk(t) + Lek(t)

where uk(t) is the control input at iteration k, ek(t) is the error at iteration k (the difference
between the desired and actual output), and L is the learning filter or gain.

Applications of ILC

• Robotics: improving precision in repetitive tasks.
• Industrial automation: enhancing accuracy in machining and assembly lines.
• Medical applications: assisting in rehabilitation by improving repetitive movements.
• Motion control: used in servo systems to improve trajectory tracking.

ILC is a powerful control strategy designed for dynamic systems that operate repeti-
tively over a finite time interval. It has been successfully implemented in various practical
applications, including robotics, chemical batch processes, and hard disk drive systems, as
highlighted in References [1–4] and the works cited therein.

In recent years, considerable attention has been given to the iterative learning con-
trol and robust control of discrete systems by many researchers. Notably, Li et al. [5]
investigated ILC for linear continuous systems with time delays using two-dimensional
system theory. Similarly, Wan [6] studied ILC for two-dimensional discrete systems under
a general model. Extensive research on ILC for discrete systems has often been carried out
by analyzing a constructed Roesser model, as demonstrated in References [5–8]. To the best
of our knowledge, the application of the Roesser model to ILC for discrete systems was
initially explored in Reference [2].

Approximately two decades ago, Diblik and Khusainov [9,10] introduced explicit rep-
resentations for solutions to discrete linear systems with a single pure delay using delayed
discrete exponential matrices. Later, Khusainov et al. [11] extended this approach to derive
analytical solutions for oscillatory second-order systems with pure delays by introducing
delayed discrete sine and cosine matrices. These pioneering contributions spurred signifi-
cant advancements in the analytical solutions of retarded integer and fractional differential
equations, as well as delayed discrete systems, as seen in References [12–15]. Building
on these results, Diblik and Morçivkova [16,17] extended the analysis to discrete linear
systems with two pure delays, while Pospişil [18] applied the Z transform to address
multi-delayed systems with linear components represented by permutable matrix coef-
ficients. In 2018, Mahmudov [19] provided explicit solutions for discrete linear delayed
systems with nonconstant coefficients and nonpermutable matrices, including first-order
differences. Mahmudov [20] later generalized these findings, removing the singularity
condition on the non-delayed coefficient matrix and deriving explicit solutions using the Z
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transform. Furthermore, Diblik and Mencakova [12] presented closed-form solutions for
purely delayed discrete linear systems with second-order differences, while Elshenhab and
Wang [21] recently addressed explicit representations for second-order difference systems
with multiple pure delays and noncommutative coefficient matrices.

These studies have yielded numerous insights into the qualitative theory of discrete de-
lay systems, encompassing stability analysis, optimal control theory, and iterative learning
control, as highlighted in References [22–27].

Although significant progress has been made in studying linear discrete systems and
linear delayed discrete systems, research on iterative learning control for delayed linear
discrete systems with higher-order differences remains limited. Notable examples include
References [6,7], with only a few works addressing delayed linear discrete systems with
higher-order differences through the construction of delayed discrete matrix functions.

Therefore, motivated by [12,19,21], we consider an explicit representation of solutions
of the following discrete second-order systems with a single delay:

Δ2y(t) + Ay(t) + By(t−m) = f (t), t ∈ Z∞
0 , m ∈ Z∞

1 (1)

where m is a delay, A, B ∈Md×d, y : Z∞
−m → Rd is a solution, and f : Z∞

0 → Rd is a function.
Let ϕ : Z1

−m → Rd be a function. We attach to (1) the following initial conditions:

y(t) = ϕ(t), t ∈ Z1
−m. (2)

It is well known that the initial value problem (1) and (2) has a unique solution in Z∞
−m.

More precisely, we study the iterative learning control problem for delayed linear
discrete systems with a second-order difference as follows:⎧⎪⎨⎪⎩

Δ2yk(t) + Ayk(t) + Byk(t−m) = Fuk(t), t ∈ ZT
0 , k ∈ Z∞

1 ,
yk(t) = ϕ(t), t ∈ Z1

−m,
zk(t) = Cyk(t) + Duk(t),

(3)

where k denotes the kth iteration, T is a given fixed positive integer, yk(·) : ZT
−m → Rd

denotes the state, uk(·) : ZT
0 → Rr denotes the dominant input, and zk(·) : ZT

0 → Rp

denotes the output. A, B ∈Md×d, F ∈Mr×d, C ∈Md×p, D ∈Mr×p are constant matrices.
Here is a summary of the key contributions:

• This work introduces new delayed discrete matrix functions, which are regarded as
extensions of the sine and cosine functions.

• New representation of solutions: This work proposes a new representation for the
solutions for the second-order delay difference equations with noncommutative ma-
trices. This representation is likely used in various aspects of this paper, including
deriving the prior estimation of the state. This representation is new even for the
second-order difference equations with commutative matrices.

• Application to convergence laws and iterative learning control: the new solution
representations are applied to derive convergence laws for ILC systems, providing
insights into the convergence behavior of the system via the proposed iterative learning
control updating laws.

• Extension of ILC problems: this work extends iterative learning control to address
problems involving second-order delay difference equations with noncommutative
matrices, potentially presenting new methods or solutions for ILC in these contexts.
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2. Delayed Discrete Matrix Sine/Cosine

One of the tools in this study is the Z transform, defined as

Z{ f (t)}(z) =
∞

∑
t=0

f (t)
zt forz ∈ R.

Z transform is considered component-wisely, i.e., the Z transform of a vector-valued
function is a vector of Z-transformed coordinates.

Definition 1. We say that the function f : Z∞
0 → Rd is exponentially bounded if there exists

b1, b2 > 0 such that
‖ f (t)‖ ≤ b1bt

2 for t ∈ Z∞
0 .

Lemma 1. The Z transform Z{ f (t)}(z) of exponentially bounded function f : Z∞
0 → Rd exists

for all sufficiently large z.

The next lemma provides some features of the Z transform.

Lemma 2. Assume that f1, f2 : Z∞
0 → Rd are exponentially bounded functions. Then, for

sufficiently large z ∈ R, we have

1. Z{a f1(t) + b f2(t)} = aZ{ f1(t)}+ bZ{ f2(t)}, a, b ∈ R;

2. Z−1
{

z−l
}
(t) = δ(l, t) for l ∈ Z∞

0 , where δ is the Kroneker delta,

δ(l, t) =

{
1, t = l,
0, t �= l.

3. Z−1{F1(z)F2(z)}(t) = ( f1 ∗ f2)(t). Here, the convolution operation ∗ is defined by

( f ∗ g)(t) =
t

∑
j=0

f (j)g(t− j);

4. Z−1{ z
z−1

}
(t) = σ(t) for z > 1; here, σ is the step function, defined as

σ(t) =

{
1, t ≥ 0,
0, t < 0.

5. Z−1
{

1
(z−1)l

}
(t) =

(
t− 1
l − 1

)
σ(t− l), l ∈ Z∞

0 .

6. Z{ f1(t + n)} = znZ{ f1(t)} −
n−1

∑
j=0

f1(j)zn−j, n ∈ Z∞
0 .

We introduce the determining matrix equation for Q(t; s), t = 1, 2, ...

Q(t + 1; s) = AQ(t; s) + BQ(t; s− 1),

Q(0; s) =

(
0 0
0 0

)
, Q(1; 0) =

(
1 0
0 1

)
,

t = 1, 2, ...10, s = 1, 2, ..10.

where I is an identity matrix; Θ is a zero matrix.
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Remark 1. 1. Simple calculations show that

s = 0 s = 1 s = 2 s = 3 · · · s = p
Q(1; s) I Θ Θ Θ · · · Θ
Q(2; s) A B Θ Θ · · · Θ
Q(3; s) A2 AB + BA B2 Θ · · · Θ
Q(4; s) A3 A(AB + BA) + BA2 AB2 + B(AB + BA) B3 · · ·
· · · · · · · · · · · · · · · Θ
Q(p + 1; s) Ap · · · · · · · · · · · · Bp

...
...

...
...

...
...

. . .

(4)

2. If A and B are commutative, that is, AB = BA, we have

Q(t + 1; j) =

(
t
j

)
At−jBjσ(t− j).

3. If A = Θ, then

Q(t + 1; j) =

{
Θ, t + 1 �= j,
Bj, t + 1 = j.

.

Definition 2. The delayed discrete matrix Mc(t, A, m) is defined as

Mc(t, A, m) :=

⎧⎪⎪⎨⎪⎪⎩
Θ, if t ∈ Z−m−1

−∞ ,

I, if t ∈ Z1
−m,

I − A(t
2) + A2(t−m

4 )− · · ·+ (−1)l Al(t−(l−1)m
2l ), if t ∈ Zl(m+2)+1

(l−1)(m+2)+2, l = 0, 1, 2, . . . .

Here,

• Θ represents the zero matrix.
• I is the identity matrix.
• (a

b) denotes the binomial coefficient, defined as (a
b) =

a!
b!(a−b)! , with (a

b) = 0 if b > a or a < 0.

Definition 3 ([12]). The delayed discrete matrix Ms(t, A, m) is defined as

Ms(t, A, m) :=

⎧⎪⎪⎨⎪⎪⎩
Θ, if t ∈ Z−m

−∞,

I(t+m
1 ), if t ∈ Z2

−m+1,

I(t+m
1 )− A(t

3) + A2(t−m
5 )− · · ·+ (−1)l Al(t−(l−1)m

2l+1 ), if t ∈ Zl(m+2)+2
(l−1)(m+2)+3, l = 0, 1, 2, . . . .

Definition 4 ([12]). The delayed discrete matrix sine/cosine is defined as follows:

Sin A,B(t) :=
� t−1

m+2�
∑
l=0

∑
0≤i≤l

(−1)l

(
t− im
2l + 1

)
Q(l + 1; i) : Z∞

0 →Mn×n,

CosA,B(t) :=
� t

m+2�
∑
l=0

∑
0≤i≤l

(−1)l

(
t− im

2l

)
Q(l + 1; i) : Z∞

0 →Mn×n.
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Remark 2. If A = Θ, then

Sin Θ,B(t + m) :=
� t+m−1

m+2 �
∑
l=0

(−1)l

(
t + m− lm

2l + 1

)
Bl = Ms(t, B, m),

Cos Θ,B(t + m) :=
� t+m

m+2�
∑
l=0

(−1)l

(
t + m− lm

2l

)
Bl = Mc(t, B, m).

Lemma 3 (Binomial formula for noncommutative matrices). Let A, B ∈Md×d be two non-
commutative matrices. Then, for any t ∈ Z∞

0 , we have

(A + B)t =
t

∑
i=0

Q(t + 1; i). (5)

Proof. From Equation (4), it can be easily seen that for t = 0, 1, 2 the identity (5) is true.
Now, we use induction; assuming that (5) is true for t = n, we prove it for t = n + 1:

(A + B)n+1 = (A + B)
n

∑
i=0

Q(n + 1; i)

=
n

∑
i=0

AQ(n + 1; i) +
n

∑
i=0

BQ(n + 1; i)

=
n

∑
i=0

AQ(n + 1; i) +
n+1

∑
i=1

BQ(n + 1; i− 1)

=
n+1

∑
i=0

A[Q(n + 1; i) + BQ(n + 1; i− 1)]

=
n+1

∑
i=0

Q(n + 2; i).

Here, we used the property Q(n + 1; n + 1) = Θ = Q(n + 1;−1).

Lemma 4 (Gronwall inequality [28]). Let

y(t) ≤ b(t) + a(t)
t−1

∑
j=0

f (j)y(j), t ∈ Z∞
0 .

Then,

y(t) ≤ b(t) + a(t)
t−1

∑
j=0

b(j) f (j)
t−1

∏
i=j+1

(1 + a(j) f (i)), t ∈ Z∞
0 .
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Lemma 5. For any t ∈ Z∞
0 , we have the following identities:(

A + Bσ−m)t
= ∑

i(m+1)≤t
i≥0

Q(t + 1− im; i),

(
A + Bz−m)t

= ∑
i(m+1)≤t

i≥0

z−imQ(t + 1; i).

Z−1

{(
(z− 1)2 + A +

B
zm

)−1
}

=
∞

∑
l=0

∑
0≤i≤l

(−1)l

(
t− im− 1

2l + 1

)
Q(l + 1; i),

Z−1

{
1

zj+m

(
(z− 1)2 + A +

B
zm

)−1
}

=
∞

∑
l=0

∑
0≤i≤l

(−1)l
(

t− j−m− im− 1
2l + 1

)
Q(l + 1; i),

Z−1

{
z(z− 1)

(
(z− 1)2 + A +

B
zm

)−1
}

=
∞

∑
l=0

∑
0≤i≤l

(−1)l

(
t− im

2l

)
Q(l + 1; i).

Proof. The first two identities follow from Lemma 3. We start with the identity

(I − C)j
∞

∑
t=0

(
t + j− 1

j− 1

)
Ct = I, where ‖C‖ < 1.

For sufficiently large z ∈ R, such that∥∥∥∥ A
(z− 1)2 +

B
zm(z− 1)2

∥∥∥∥ < 1,

we derive(
z2 − 2z + 1 + A +

B
zm

)−1
=

1
(z− 1)2

(
I +

A
(z− 1)2 +

B
zm(z− 1)2

)−1

=
1

(z− 1)2

∞

∑
j=0

(−1)j
(

A
(z− 1)2 +

B
zm(z− 1)2

)j

=
1

(z− 1)2

∞

∑
t=0

(−1)t

(z− 1)2t

(
A +

1
zm B

)t
.

Next, we use the formulas(
A + Bz−m)t

= ∑
0≤i≤t

z−imQ(t + 1; i),

t

∑
j=0

δ(im, j)
(

t− j− 1
2l + 1

)
=

(
t− im− 1

2l + 1

)
,

and

δ(j + m + im, t) ∗
(

t− 1
2l − 1

)
=

(
t− j−m− im− 1

2l − 1

)
.
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Now, consider the inverse Z transform of the original series:

Z−1

{
1

(z− 1)2

∞

∑
l=0

(−1)l

(z− 1)2l

(
A +

1
zm B

)l
}

=
∞

∑
l=0
Z−1

{
(−1)l

(z− 1)2l+2

(
A +

1
zm B

)l
}

=
∞

∑
l=0
Z−1

{
∑

0≤i≤l

(−1)l

zim(z− 1)2l+2 Q(l + 1; i)

}

=
∞

∑
l=0

∑
0≤i≤l

(−1)tδ(im, t) ∗
(

t− 1
2l + 1

)
Q(l + 1; i)

=
∞

∑
l=0

∑
0≤i≤l

(−1)l
(

t− im− 1
2l + 1

)
Q(l + 1; i).

Using similar steps for Aj(t), we find

Aj(t) = Z−1

{
1

zj+m

(
(z− 1)2 + A +

B
zm

)−1
}

=
∞

∑
l=0

∑
0≤i≤l

(−1)lδ(j + m + im, t) ∗
(

t− 1
2l + 1

)
Q(l + 1; i)

=
∞

∑
l=0

∑
0≤i≤l

(−1)l
(

t− j−m− im− 1
2l + 1

)
Q(l + 1; i).

For the third Z−1 transform, we have

Z−1

{
z

z− 1

∞

∑
l=0

(−1)l

(z− 1)2l

(
A +

1
zm B

)l
}

=
∞

∑
l=0
Z−1

{
(−1)l

(z− 1)2l+1

(
A +

1
zm B

)l
}

=
∞

∑
l=0

∑
0≤i≤l

(−1)lZ−1
{

1
zim−1(z− 1)2l+1

}
Q(l + 1; i)

=
∞

∑
l=0

∑
0≤i≤l

(−1)lδ(im− 1, t) ∗
(

t− 1
2l

)
Q(l + 1; i)

=
∞

∑
l=0

∑
0≤i≤l

(−1)l
(

t− im
2l

)
Q(l + 1; i).

Definition 5. The delayed discrete matrix sine/cosine is defined as follows:

Sin A,B(t) :=
∞

∑
l=0

∑
0≤i≤l

(−1)l

(
t− im
2l + 1

)
Q(l + 1; i) : Z∞

0 →Mn×n,

CosA,B(t) :=
∞

∑
l=0

∑
0≤i≤l

(−1)l

(
t− im

2l

)
Q(l + 1; i) : Z∞

0 →Mn×n

Lemma 6. For all t ∈ Z∞
0 , one has∥∥∥Sin A,B(t)

∥∥∥ ≤ ls(t),
∥∥∥Cos A,B(t)

∥∥∥ ≤ lc(t). (6)

where

ls(t) :=
� t−m−1

m+2 �
∑
l=0

(
t

2l + 1

)
(‖A‖+ ‖B‖)l , lc(t) :=

� t−m−1
m+2 �
∑
l=0

(
t
2l

)
(‖A‖+ ‖B‖)l
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Proof. We only have the first inequality:

∥∥∥Sin A,B(t)
∥∥∥ ≤ � t−m−1

m+2 �
∑
l=0

∑
0≤i≤l

(
t− im
2l + 1

)
‖Q(l + 1; i)‖

≤
� t−m−1

m+2 �
∑
l=0

∑
0≤i≤l

(
t− im
2l + 1

)(
l
i

)
‖A‖l−i‖B‖i

≤
� t−m−1

m+2 �
∑
l=0

(
t

2l + 1

)
(‖A‖+ ‖B‖)l .

Lemma 7. Under the exponential boundedness of f : Z∞
0 → Rd, a solution of (1), (2) has the same

property; that is, it is exponentially bounded.

Proof.

∑Δy(t + 1) = Δy(t)− Ay(t)− By(t−m) + f (t)
r−1

∑
j=0

Δy(j + 1) =
r−1

∑
j=0

Δy(j)−
r−1

∑
j=0

Ay(j)−
r−1

∑
j=0

By(j−m) +
r−1

∑
j=0

f (j)

Δy(r) = Δϕ(0)−
r−1

∑
j=0

Ay(j)−
r−1

∑
j=0

By(j−m) +
r−1

∑
j=0

f (j)

Summing the above equality from 0 to t− 1, we obtain

t−1

∑
r=0

Δy(r) =
t−1

∑
r=0

Δϕ(0)−
t−1

∑
r=0

r−1

∑
j=0

Ay(j)−
t−1

∑
r=0

r−1

∑
j=0

By(j−m) +
t−1

∑
r=0

r−1

∑
j=0

f (j)

equivalently

y(t) = ϕ(0) + tΔϕ(0)−
t−1

∑
j=0

(t− j)Ay(j)−
t−1

∑
j=0

(t− j)By(j−m) +
t−1

∑
j=0

(t− j) f (j).

Taking the norm and applying the triangle inequality, we have

‖y(t)‖ ≤ ‖ϕ(0)‖+ t‖Δϕ(0)‖+
t−1

∑
j=0

(t− j)‖A‖‖y(j)‖

+
t−1

∑
j=0

(t− j)‖B‖‖y(j−m)‖+
t−1

∑
j=0

(t− j)‖ f (j)‖

≤ ‖ϕ(0)‖+ t‖Δϕ(0)‖+
−1

∑
j=−m

(t−m− j)‖B‖‖ϕ(j)‖

+
t−1

∑
j=0

(t− j)‖A‖‖y(j)‖+
t−m−1

∑
j=0

(t−m− j)‖B‖‖y(j)‖

+
t−1

∑
j=0

(t− j)‖ f (j)‖.
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In this stage, without losing generality, it is assumed that b2 > 1. Then,

t−1

∑
j=0

(t− j)‖ f (j)‖ ≤
t−1

∑
j=0

(t− j)b1bj
2 ≤

t(t + 1)
2

b1bt
2.

Thus,

‖y(t)‖ ≤ a(t) + t(‖A‖+ ‖B‖)
t−1

∑
j=0
‖y(j)‖.

b(t) := ‖ϕ(0)‖+ t‖Δϕ(0)‖+
−1

∑
j=−m

(t−m− j)‖B‖‖ϕ(j)‖

+
t(t + 1)

2
b1bt

2

From the Gronwall inequality,

‖y(t)‖ ≤ b(t) + t(‖A‖+ ‖B‖)
t−1

∑
j=0

b(j)
t−1

∏
i=j+1

(1 + j(‖A‖+ ‖B‖))

≤ b(t) + t(‖A‖+ ‖B‖)
t−1

∑
j=0

b(j)(1 + t(‖A‖+ ‖B‖))t

≤ b(t)
(

1 + t2(‖A‖+ ‖B‖)(1 + t(‖A‖+ ‖B‖))t
)

.

Therefore, one can easily see that there exists constants b̂1, b̂2 > 0 such that

‖y(t)‖ ≤ b̂1b̂t
2, t ∈ Z∞

0 .

3. Explicit Solutions

Below, we state and prove the main theorem of this paper. The main instrument used
is the Z transform. We give a closed analytical form of the solution of problem (1), (2) in
terms of the delayed discrete matrix sine/cosine.

Theorem 1. Let f : Z∞
0 → Rd be an exponentially bounded function. The solution y(t) of the IVP

problem (1), (2) has the following form:

y(t) = CosA,B(t)ϕ(0) + SinA,B(t)Δϕ(0)

+
−1

∑
i=−m

SinA,B(t− i−m− 1)Bϕ(i) +
t−2

∑
j=0

SinA,B(t− j− 1) f (j), (7)

for t ∈ Z∞
2 .
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Proof. We recall that Lemma 7 says that the Z transform of the solution of (1) exists.
Therefore, one can apply the Z transform to both sides of the delayed system (1) to obtain

∞

∑
t=0

y(t + 2)
zt − 2

∞

∑
t=0

y(t + 1)
zt +

∞

∑
t=0

y(t)
zt + A

∞

∑
t=0

y(t)
zt + B

∞

∑
t=0

y(t−m)

zt =
∞

∑
t=0

f (t)
zt ,

z2

(
∞

∑
t=0

y(t)
zt − ϕ(0)− 1

z
ϕ(1)

)
− 2z

(
∞

∑
t=0

y(t)
zt − ϕ(0)

)

+
∞

∑
t=0

y(t)
zt + A

∞

∑
t=0

y(t)
zt +

B
zm

(
X(z) +

−1

∑
t=−m

ϕ(t)
zt

)
=

∞

∑
t=0

f (t)
zt ,

(
(z− 1)2 + A +

B
zm

)
X(z) = z(z− 1)ϕ(0) + zΔϕ(0)− B

zm

−1

∑
t=−m

ϕ(t)
zt + F(z).

This implies

X(z) = z(z− 1)
(
(z− 1)2 + A +

B
zm

)−1
ϕ(0) + z

(
(z− 1)2 + A +

B
zm

)−1
Δϕ(0)

−
(
(z− 1)2 + A +

B
zm

)−1 −1

∑
t=−m

B
ϕ(t)
zt+m +

(
(z− 1)2 + A +

B
zm

)−1
F(z).

In order to obtain an explicit form of y(t), we take the inverse Z transform to have

y(t) = A0(t) + A1(t)−
−1

∑
j=−m

Aj(t) + A f (t),

Aj(t) = Z−1

{
1

zj+m

(
(z− 1)2 + A +

B
zm

)−1
Bϕ(j)

}
(t)

= sin(t− j−m− 1)Bϕ(j)

where

A0(t) = Z−1

{
z(z− 1)

(
(z− 1)2 + A +

B
zm

)−1
ϕ(0)

}
(t),

A1(t) = Z−1

{
z
(
(z− 1)2 + A +

B
zm

)−1
Δϕ(0)

}
(t),

Aj(t) = Z−1

{
1

zj+m

(
(z− 1)2 + A +

B
zm

)−1
Bϕ(j)

}
(t), j ∈ Z−1

−m,

A f (t) = Z−1

{(
(z− 1)2 + A +

B
zm

)−1
F(z)

}
(t).

Using Lemma 5, we obtain the desired representation (7).

Lemma 8. CosA,B(t) and SinA,B(t) satisfy the following equations:

Δ CosA,B(t) = −A SinA,B(t)− B SinA,B(t−m), (8)

Δ SinA,B(t) = CosA,B(t), (9)

Δ2 CosA,B(t) = −A CosA,B(t− 1)− B CosA,B(t− 1−m), (10)

Δ2 SinA,B(t) = −A SinA,B(t)− B SinA,B(t−m). (11)
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Proof. First, we prove identity (8). It is a consequence of the definition of the determining
function Q(l + 1; i) :

Δ CosA,B(t) = CosA,B(t + 1)−CosA,B(t)

=
∞

∑
l=1

∑
0≤i≤l

(−1)l

[(
t + 1− im

2l

)
−
(

t− im
2l

)]
Q(l + 1; i)

=
∞

∑
l=1

∑
0≤i≤l

(−1)l

[(
t− im
2l − 1

)]
Q(l + 1; i)

= A
∞

∑
l=1

∑
0≤i≤l

(−1)l

[(
t− im
2l − 1

)]
Q(l; i)

+ B
∞

∑
l=1

∑
0≤i≤l

(−1)l

[(
t− im
2l − 1

)]
Q(l; i− 1)

= −A
∞

∑
l=0

∑
0≤i≤l

(−1)l

[(
t− im
2l + 1

)]
Q(l + 1; i)

− B
∞

∑
l=0

∑
0≤i≤l

(−1)l

[(
t−m− im

2l + 1

)]
Q(l + 1; i)

= −A SinA,B(t)− B SinA,B(t−m).

The proof of identity (9) is much more simple:

Δ SinA,B(t) = SinA,B(t + 1)− SinA,B(t)

=
∞

∑
l=0

∑
0≤i≤l

(−1)l

[(
t + 1− im

2l + 1

)
−
(

t− im
2l + 1

)]
Q(l + 1; i)

=
∞

∑
l=0

∑
0≤i≤l

(−1)l

(
t− im

2l

)
Q(l + 1; i)

= CosA,B(t).

Equations (10) and (11) can be proved by applying (9) and (8).

The condition f : Z∞
0 → Rd is an exponentially bounded can be eliminated through

direct verification, that is why the proof of the following theorem is not included.

Theorem 2. The solution of IVP (1), (2) can be rewritten in the following form:

y(t) = CosA,B(t)ϕ(0) + SinA,B(t)Δϕ(0) +
−1

∑
j=−m

SinA,B(t− j−m− 1)Bϕ(j)

+
t−2

∑
j=0

SinA,B(t− j− 1) f (j).

(12)

4. Convergence Results

Lemma 9 ([29] Chapter 5.6). For a matrix A ∈ Rd×d and ∀ε > 0, there exists a matrix norm
‖ · ‖ such that

‖A‖ ≤ ρ(A) + ε,

where ρ(A) denotes the spectral radius of matrix A.
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The proof provided is a detailed and rigorous mathematical argument demonstrating
the convergence of the error sequence ek in the λ norm under the given conditions. Below
are some clarifications and highlights for better understanding:

• Key assumption: the inequality

ρ(I − DL1) < 1

ensures that the spectral radius of matrix I − DL1 is less than 1, which is a critical
condition for the contraction and convergence of the error sequence.

• Iterative relation: the proof builds upon the iterative equation that expresses the
evolution of error ek(t) as a combination of the previous error and additional terms
influenced by C, F, and L1.

• Norm bound: by bounding the λ-norm of the error, the proof systematically shows
that the error decreases geometrically is controlled by choosing an appropriate λ

within the specified range.
• Choice of λ : the selection of λ is crucial.
• Convergence: the result

‖ek+1‖λ < ψ‖ek‖λ,

with ψ < 1 implies that the sequence ‖ek‖λ converges to 0 as k → ∞.

From (7), one can see that the state yk(t) of (3) has the following form:

yk(t) = CosA,B(t)ϕ(0) + SinA,B(t)Δϕ(0) +
−1

∑
i=−m

SinA,B(t− i−m− 1)Bϕ(i)

+
t−2

∑
j=0

SinA,B(t− j− 1)Fuk(j).

(13)

Consider

ỹk(t) = CosA,B(t)ϕ(0) + SinA,B(t)Δϕ(0) +
−1

∑
i=−m

SinA,B(t− i−m− 1)Bϕ(i)

+
t−2

∑
j=0

SinA,B(t− j− 1)Fuk(j).

(14)

Let zd be a desired reference trajectory, and

ek(t) := zd(t)− zk(t), (15)

ẽk(t) := zk(t)− zd(t). (16)

Here, ek(t) and ẽk(t) represent the kth iteration error.
Introduce δyk(t) := yk+1(t)− yk(t) and δuk(t) := uk+1(t)− uk(t). We construct the

following P-type learning law:
δuk(t) = L1ek(t). (17)

When D = Θ, we set
δuk(t) = L2 ẽk(t + 2), (18)
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where L1 and L2 are r× p learning gain parameter matrices determined in (21) and (27),
respectively. Thus, from (3),

δyk(t) =
t−2

∑
j=0

SinA,B(t− j− 1)Fδuk(j), (19)

δỹk(t) = −
t−2

∑
j=0

SinA,B(t− j− 1)Fδuk(j). (20)

Taking account of (3) together with (15) and (17), separately, we are ready to give the
convergence analysis for ‖ek‖λ in the following two theorems.

Theorem 3. Assume that zd(t) = zk(t) (t ∈ Z1
−m). Consider (3) with the P-type learning

law (17). For arbitrary initial input u1(t), if

ρ(I − DL1) < 1, (21)

then we have
lim
k→∞

‖ek‖λ = 0.

Proof. For (3) with t ∈ ZT
0 , according to (15), we can obtain the relation between the kth

error and the (k + 1)th error:

ek+1(t)− ek(t) = zk(t)− zk+1(t)

= −Cδyk(t)− Dδuk(t).

According to (17), we have

ek+1(t) = (I − DL1)ek(t)− Cδyk(t). (22)

Taking norm ‖ · ‖ on Rn for (22) and from Lemma 9, we have

|ek+1(t)| ≤ (ρ(I − DL1) + ε)|ek(t)|+ ‖C‖|δyk(t)|, (23)

where ε is an arbitrary positive number.
When 0 ≤ t ≤ 2, obviously, δyk(0), δyk(1), and δyk(2) become d-dimensional zero

vectors. According to (21) and (23), it is easy to obtain

lim
k→∞

|ek(t)| = 0.

When t ∈ ZT
3 , multiplying both sides of (23) by λt and then taking the λ norm, we have

‖ek+1‖λ ≤ (ρ(I − DL1) + ε)‖ek‖λ + ‖C‖‖δyk‖λ. (24)
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Now, we estimate the value of λt|δyk(t)|. According to (6), (17), and (19), we have

λt|δyk(t)| = λt
t−2

∑
j=0
‖SinA,B(t− j− 1)‖‖F‖|δuk(j)|

≤ λtls(t)‖F‖
t−2

∑
j=0
|δuk(j)|

≤ λtls(t)‖F‖‖L1‖
t−2

∑
j=0
|ek(j)|

≤ λtls(t)‖F‖‖L1‖
t−2

∑
j=0

λ−jλj|ek(j)|

≤ λtls(t)‖F‖‖L1‖‖ek‖λ

t−2

∑
j=0

λt−j

≤ λ2(T − 1)ls(t)‖F‖‖L1‖‖ek‖λ.

(25)

Taking the supremum norm for both sides of (25), we obtain

‖δyk‖λ = sup
t∈ZT

0

{λt|δyk(t)|} ≤ λ2(T − 1)ls(T)‖F‖‖L1‖‖ek‖λ. (26)

Now linking (24) and (26), we have

‖ek+1‖λ ≤ ((ρ(I − DL1) + ε) + μλ)‖ek‖λ,

where
μλ := ‖C‖λ2(T − 1)ls(T)‖F‖‖L1‖.

By (21), one derives
ρ(I − DL1) + ε + μλ < 1

when

0 < λ < min

(
1,

√
1− ρ(I − DL1)− ε

‖C‖(T − 1)ls(T)‖F‖‖L1‖

)
.

Finally, we obtain
‖ek+1‖λ < ((ρ(I − DL1) + ε) + μλ)‖ek‖λ,

which implies
lim
k→∞

‖ek‖λ = 0.

Theorem 4. Assume that yd(t) = yk(t) (t ∈ Z1
−m). Consider (3) with D = Θ and (18). For

arbitrary initial input u1(t), if

ρ(I − CBL2) < 1, CB �= 0, (27)

then
lim
k→∞

‖ek‖λ = 0,

on ZT
3 .

73



Mathematics 2025, 13, 916

Proof. For (3) with D = Θ and t ∈ ZT
3 , we can obtain the relation between the kth error

and the (k + 1)th error via (16):

ek+1(t)− ek(t) = zk+1(t)− zk(t) = Cδỹk(t). (28)

Substituting (20) into (28), we obtain

ek+1(t) = ek(t) + Cδỹk(t)

= ek(t)− C
t−2

∑
j=0

SinA,B(t− j− 1)Fδuk(j)

= ek(t)− CSinA,B(1)Fδuk(t− 2)− C
t−3

∑
j=0

SinA,B(t− j− 1)Fδuk(j)

= ek(t)− CFδuk(t− 2)− C
t−3

∑
j=0

SinA,B(t− j− 1)Fδuk(j).

Due to (15) and (18), we have

ek+1(t) = (I − CFL2)ek(t)− C
t−3

∑
j=0

SinA,B(t− j− 1)FL2ek(j + 2). (29)

Taking norm ‖ · ‖ for (29) and from Lemma 9, we have

|ek+1(3)| ≤ (ρ(I − CFL2) + ε)|ek(3)|,

for t = 3. From (27), it is easy to obtain

lim
k→∞

|ek(3)| = 0.

When t ∈ ZT
3 , we have

|ek+1(t)| ≤ (ρ(I − CFL2) + ε)|ek(t)|

+ ‖C‖
t−3

∑
j=0
‖SinA,B(t− j− 1)‖‖F‖‖L2‖|ek(j + 2)|

≤ (ρ(I − CFL2) + ε)|ek(t)|

+ ‖C‖
∥∥∥SinA,B(t)

∥∥∥‖F‖‖L2‖
t−3

∑
j=0
|ek(j + 2)|

≤ (ρ(I − CFL2) + ε)|ek(t)|

+ ‖C‖ls(t)‖F‖‖L2‖‖ek‖λ

t−3

∑
j=0

λ−(j+2).

Then, by taking the λ norm, we obtain

‖ek+1‖λ ≤ (ρ(I − CFL2) + ε)‖ek‖λ

+ ‖C‖ls(T)‖F‖‖L2‖‖ek‖λ

t−3

∑
j=0

λt−(j+2)

≤ (ρ(I − CFL2) + ε)‖ek‖λ

+ λ(T − 2)‖C‖ls(T)‖F‖‖L2‖‖ek‖λ

≤ (ρ(I − CFL2) + ε + γλ)‖ek‖λ,

(30)

where 0 < λ < 1 and
γλ = λ(T − 2)‖C‖ls(T)‖F‖‖L2‖.
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We choose λ from the set

0 < λ < min
(

1,
1− ρ(I − CBL2)− ε

(T − 2)‖C‖ls(T)‖F‖‖L2‖

)
,

and, according to (30), we have

‖ek+1‖λ < (ρ(I − CBL2) + ε + γλ)‖ek‖λ,

which means that
lim
k→∞

‖ek‖λ = 0.

Thus, the proof is completed.

5. Applicaitons

5.1. Example 1

We consider the discrete-time system:

yk+1(t) = Ayk(t) + Fuk(t), (31)

where

A =

[
0.8 0.2
0.1 0.9

]
, F =

[
0.5 0
0 0.3

]
.

The goal is to track a desired trajectory yd(t) by iteratively updating the control input.
We apply a P-type ILC update:

uk+1(t) = uk(t) + Lek(t), (32)

where ek(t) = yd(t)− yk(t) is the tracking error, and L is the learning gain matrix:

L =

[
0.7 0
0 0.6

]
.

The error propagation follows:

ek+1(t) = (I − LB)ek(t). (33)

Compute I − LB

I − LB =

[
1 0
0 1

]
−
[

0.7 0
0 0.6

][
0.5 0
0 0.3

]

=

[
1− (0.7× 0.5) 0

0 1− (0.6× 0.3)

]
=

[
0.65 0

0 0.82

]
.

Since ‖I − LB‖ < 1, the error decreases over iterations, ensuring convergence.
Assume initial error

e0(t) =

[
1
1

]
.

and error evolution (Figure 1)

ek(t) = (I − LB)ke0(t).
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Figure 1. Tracking error norm reduction over iterations.

5.2. Perturbed System Model

We introduce small perturbations to matrices A and B:

Aδ = A + ΔA, Bδ = B + ΔB.

Assume that

ΔA =

[
0.05 −0.02
−0.01 0.03

]
, ΔB =

[
0.02 0

0 −0.01

]
.

Thus, the perturbed system is

Aδ =

[
0.85 0.18
0.09 0.93

]
, Bδ =

[
0.52 0

0 0.29

]
.

With this uncertainty, the new error propagation becomes

ek+1(t) = (I − LBδ)ek(t).

Compute I − LBδ:

I − LBδ =

[
1− 0.7× 0.52 0

0 1− 0.6× 0.29

]
=

[
0.636 0

0 0.826

]
.

The perturbed system still converges but more slowly due to increased error propaga-
tion (Figure 2):
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Figure 2. Tracking error norm over iterations for nominal and perturbed systems.

5.3. Example 2

We consider a discrete-time second-order linear system in two dimensions:

yk(t + 2) = 2yk(t + 1) +

[
1 0
0 1

]
yk(t) +

[
0.3 0.1
0.2 0.3

]
yk(t− 3) +

[
1
2

]
uk(t),

zk(t) = [0.2 0.3]yk(t) + 2uk(t),

The control input is updated iteratively as

uk+1(t) = uk(t) + Lek(t),

L = 1/2000

where the tracking error is given by

ek(t) = zd(t)− zk(t) = 2t sin t + 8− zk(t).

I − LF =

[
1
1

]
− 1

2000

[
1
2

]
.

Since ‖I − LF‖ < 1, the error decreases over iterations, ensuring convergence.
Figure 3 illustrates the system output compared to the desired trajectory over different

iterations. The system aims to align with the desired trajectory as the iterations increase.
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Figure 3. System output trajectory over multiple iterations.
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Figure 4 shows the error norm decreasing over time, demonstrating the convergence
of the ILC process.
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Figure 4. Error norm over time steps.

The ILC approach effectively refines the control input to improve trajectory track-
ing. The figures demonstrate the system’s convergence as errors reduce over iterations
(Figure 5).

Desired Output

Initial Control Input

System Dynamics

Measured Output

Error Calculation

Learning Update Law

Adjusted Control

Figure 5. Flowchart of an iterative learning control.
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6. Conclusions

A system of inhomogeneous second-order difference equations with linear parts given
by noncommutative matrix coefficients was considered. The closed-form solution was
derived using newly defined delayed matrix sine/cosine functions via the Z transform
and determining function. This representation helped analyze iterative learning control
by applying appropriate updating laws and ensuring sufficient conditions for achieving
asymptotic convergence in tracking.

Future work may focus on controllability, stability, existence and uniqueness problems
of multiple delayed discrete semilinear/linear systems.
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Abstract: In the literature so far, for Caputo fractional boundary value problems of order 2q when
1 < 2q < 2, the problems use the same boundary conditions of the integer-order differential equation
of order ‘2’. In addition, they only use the left Caputo derivative in computing the solution of
the Caputo boundary value problem of order 2q. Further, even the initial conditions for a Caputo
fractional differential equation of order nq use the corresponding integer-order initial conditions of
order ‘n’. In this work, we establish that it is more appropriate to use the Caputo fractional initial
conditions and Caputo fractional boundary conditions for sequential initial value problems and
sequential boundary value problems, respectively. It is to be noted that the solution of a Caputo
fractional initial value problem or Caputo fractional boundary value problem of order ‘nq’ will only
be a Cnq solution and not a Cn solution on its interval. In this work, we present a methodology
to compute the solutions of linear sequential Caputo fractional differential equations using initial
and boundary conditions of fractional order kq, k = 0, 1, . . . (n− 1) when the order of the fractional
derivative involved in the differential equation is nq. The Caputo left derivative can be computed
only when the function can be expressed as f (x− a). Then the Caputo right derivative of the same
function will be computed for the function f (b− x). Further, we establish that the relation between
the Caputo left derivative and the Caputo right derivative is very essential for the study of Caputo
fractional boundary value problems. We present a few numerical examples to justify that the Caputo
left derivative and the Caputo right derivative are equal at any point on the Caputo function’s interval.
The solution of the linear sequential Caputo fractional initial value problems and linear sequential
Caputo fractional boundary value problems with fractional initial conditions and fractional boundary
conditions reduces to the corresponding integer initial and boundary value problems, respectively,
when q = 1. Thus, we can use the value of q as a parameter to enhance the mathematical model with
realistic data.

Keywords: sequential Caputo fractional derivative; fractional initial value problem; fractional bound-
ary value problem; Mittag–Leffler function

MSC: 34A08; 34A12

1. Introduction

The study and analysis of fractional differential equations with initial and boundary
conditions has taken an important role in mathematical modeling in terms of its applica-
tion to various branches of science and engineering. See [1–12] for the analysis and the
references therein for applications. Furthermore, see [13–27] for some more applications
of fractional differential equations. Among the several types of fractional derivatives,
the most used fractional derivatives are the Riemann–Liouville derivative and the Ca-
puto fractional derivative. Differential equations involving Caputo derivatives have an
advantage over differential equations of an integer order. The solution of Caputo fractional

Mathematics 2024, 12, 3970. https://doi.org/10.3390/math12243970 https://www.mdpi.com/journal/mathematics82
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differential equations with initial and boundary conditions reduces to the solution of the
corresponding integer. Essentially, one can use the value of ‘q’ as a parameter to enhance
the mathematical model that fits the data compared with the solution of the integer-order
model. See [28] where they used the appropriate value of ‘q’ as a parameter to fit the
realistic data. In order to achieve this, one needs to compute the solution of the Caputo
fractional differential equation with initial and boundary conditions analytically and/or
numerically. However, in the literature so far, the initial and/or boundary conditions
assumed for a Caputo fractional differential equation of order ‘q’ when (n− 1) < q < n
are those of the integer order ‘n’. See [3,7] where they used the initial conditions of the
nth-order-integer differential equations. Furthermore, the boundary conditions for Ca-
puto fractional boundary conditions for 1 < q < 2 are those of second-order differential
equations. See [29–32] for some of the Caputo fractional boundary value problems. These
methods do yield the corresponding integer results as a special case. The main reason for
using the initial and boundary conditions of the integer order ‘n’ for the Caputo fractional
differential equation of order ‘q’ when (n− 1) < q < n is that the assumption that the
solution is a Cn function is a sufficient condition for the Caputo derivative to exist. In spite
of this strong assumption, the solution obtained is only a Cq function. See the solution
of the Cauchy problem (4.158) and (4.1.9) in [3]. In particular, when 0 < q < 1, then the
solution of cDq

a+u = λu, u(a) = ua is given by u(t) = uaEq,1(λ(t− a))q. This solution is
certainly not a C1 solution. Similarly, the solution of the homogeneous Caputo differential
equation of order nq when (n− 1) < nq < n will not be a Cn solution.

The work of this article is related to the fact that the solution of the differential equation
of order nq will be a Cnq solution. Further, without loss of generality, we can assume the
Caputo differential operator of order nq is a sequential operator of order q. The advantages
of assuming the Caputo fractional differential operator of order nq is a sequential operator
of order ‘q’ are many:

1. We can now seek Cq solutions instead of C(nq) solutions.
2. We can have Caputo fractional derivative terms of lower-order kq, k = 1, 2, 3, . . . (n− 1)

in the Caputo fractional differential equation provided the initial conditions are of
a fractional order. In this case, we can solve a linear Caputo fractional differential
equation of the form ∑n

k=1 ak
cDkq

a+(u(t)) = h(t) with fractional initial conditions.
In addition, when q = 1, it yields the solution of the corresponding nth-order linear
differential equation with constant coefficients.

3. In sequential boundary value problems, we can use fractional boundary conditions
instead of the corresponding integer-order boundary conditions.

4. We can reduce an nq-order sequential Caputo fractional differential equation with
fractional initial conditions to an n system of Caputo fractional differential equations
with initial conditions.

5. Finally, from a modeling point of view, the value of ‘q’ as a parameter plays a role in
the initial and boundary conditions.

Traditional methods like the variation of parameters and the fundamental matrix
method commonly used for solving non-homogeneous-integer differential equations and
systems are not applicable to Caputo fractional differential equations with fractional initial
conditions. However, the Laplace transform method has been used effectively (see [33–35]
for scalar sequential Caputo fractional differential equations with initial conditions). Addi-
tionally, see references [36,37] for applications of the Laplace transform for linear systems
of Caputo fractional differential equations with constant coefficients. See [29–32,38–40]
for Caputo fractional boundary value problems with the corresponding integer boundary
conditions. Notably, only in [40] have fractional boundary conditions been used. While
Green’s functions incorporating both fractional and integer-order derivatives appear in [39],
they are limited to the basis functions to be 1, (x− a), (x− a)2. In the majority of the Caputo
fractional boundary value problems with integer boundary conditions, the Caputo left
derivative alone has been used.
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In this work, we modify Theorem 2.2 from Kilbas (p. 93) to show that the Caputo left
and right derivatives of a function are equal at every point on (a, b), including the points
x = a and x = b. Observe that the Caputo left derivative starting from a+ of any function
can be computed as a continuous function only when the function can be expressed as a
function of (x− a)λ for λ ≥ q, where q is the order of the derivative. Then the Caputo right
derivative of the same function can be obtained by computing the right derivative of the
function of (b− x)λ.

Similarly, we show that the Caputo right derivative starting from b− of any function
can be computed as a continuous function only when the function can be expressed as a
function of (b− x)λ for λ ≥ q, where q is the order of the derivative. Then the left Caputo
derivative of the same function can be computed by using the function of (x− a)λ.

For instance, the following relationship holds:

cDq
a+((x− a)q) = cDq

b−((b− x)q) = Γ(q + 1) �= cDq
b−((x− a)q).

This proves that the Caputo left derivative of f (x) = (x− a)q is equal to the Caputo right
derivative of f (x) = (b − x)q at every point on (a, b) including the points a and b. In

addition, when q = 1, we obtain
d(x− a)

dx
= 1 from the left derivative and −d(b− x)

dx
= 1

from the right derivative, which satisfies part (b) of Theorem 2.2 in [3] (p. 93). It should be
noted that the Caputo left derivative of f (x) = (b− x)q and the Caputo right derivative
of f (x) = (x− a)q cannot be obtained in closed form. This addresses the issues raised in
reference [41] about the relation of the Caputo left and right derivatives. For that purpose,
we present several examples, including numerical examples.

The organization of this work is as follows: In Section 2, we recall definitions and
known results which are needed for our main result. In Section 3, we have our main results
with illustrative examples and numerical results. Finally, we have obtained an analytic
representation form for linear sequential Caputo boundary value problems in terms of the
Green’s function.

2. Preliminary Results

In this section, we recall some definitions and known results which play an important
role in our main results.

Definition 1. The basic function in fractional calculus is the Gamma function, defined by the integral

Γ(z) =
∫ ∞

0
e−ttz−1dt (1)

which converges in the right half of the complex plane Re(z) > 0.

Another function we need more is the β-function.

Definition 2. The two-variable β function is defined by the integral

β(z, w) =
∫ 1

0
tz−1(1− t)w−1dt, Re(z), Re(w) > 0 (2)

The Γ and β functions are related by

β(p, q) =
Γ(p)Γ(q)
Γ(p + q)

.

Definition 3. The Riemann–Liouville (left) fractional integral of u(x) of order q > 0 is defined by

D−q
a+u(x) =

1
Γ(q)

∫ x

a
(x− s)q−1u(s)ds, x > a (3)
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where (n− 1) < q ≤ n and Γ(q) is the Gamma function.

Definition 4. The Riemann–Liouville (right) fractional integral of u(x) of order q is defined by

D−q
b−u(x) =

1
Γ(q)

∫ b

x
(s− x)q−1u(s)ds, x < b (4)

where (n− 1) < q ≤ n and Γ(q) is the Gamma function.

In particular, the above definition holds when 0 < q < 1.

Definition 5. The Riemann–Liouville (left-sided) fractional derivative of u(x) of order nq, when
(n− 1) < nq < n, is defined by

Dq
a+u(x) =

1
Γ(n− nq)

(
d

dx
)n

∫ x

a
(x− s)n−nq−1u(s)ds, x > a (5)

Definition 6. The Riemann–Liouville (right-sided) fractional derivative of u(x) of order nq, when
(n− 1) < nq < n, is defined by

Dq
b−u(x) =

1
Γ(n− nq)

(−1)n(
d

dx
)n

∫ x

a
(x− s)n−nq−1u(s)ds, x > a (6)

In particular, if nq = n, then Dn
a+(u(x)) = u(n)(x) and Dn

b−(u(x)) = (−1)nu(n)(x).

Definition 7. The Caputo (left-sided) fractional derivative of u(x) of order nq, n− 1 ≤ nq < n,
is defined by

cDnq
a+u(x) =

1
Γ(n− nq)

∫ x

a
(x− s)n−nq−1u(n)(s)ds, x > a (7)

where u(n)(x) = dn(u(x))
dxn .

Definition 8. The Caputo (right-sided) fractional derivative of u(x) of order nq, n− 1 ≤ nq < n,
is defined by

cDnq
b−u(x) =

1
Γ(n− nq)

∫ b

x
(x− s)n−nq−1u(n)(s)ds, x < b (8)

where u(n)(x) = dn(u(x))
dxn .

See [2,3,7] for more details on Caputo and Riemann–Liouville fractional derivatives.

Definition 9. The Caputo (left) fractional derivative of u(t) of order q, when 0 < q < 1, is
defined as

cDq
a+u(t) =

1
Γ(1− q)

∫ t

a
(t− s)−qu′(s)ds (9)

We are just replacing n with 1 in the above definition of a Caputo derivative of order nq.

The next definition is useful in our basic Caputo fractional differential inequalities.

Definition 10. If the Caputo derivative of a function u(t) of order q, 0 < q ≤ 1, exists on an
interval J = [0, T], T > 0, then we say u ∈ Cq[J, R), where J = [0, T], T > 0.
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If u ∈ C1[0, T], then certainly cDq
a+u(t) exists on [0, T]. Note that all C1 functions on

[0, T] are Cq functions on [0, T]. However, the converse need to be true. For example, the
function f (t) = (t− a)ω for any ω is a Cq function when q ≤ ω < 1. However, it is easy to
see f ′(t) does not exist at t = 0.

Next, we define the two-parameter Mittag–Leffler function, which will be useful in
solving the systems of linear Caputo fractional differential equations using the Laplace
transform. See [24,42] for more on fractional differential equations with applications.

Definition 11. The two-parameter Mittag–Leffler function is defined as

Eq,r(λtq) =
∞

∑
k=0

(λtq)k

Γ(qk + r)
(10)

where q, r > 0, and λ is a constant. Furthermore, for r = q, (10) reduces to

Eq,q(λtq) =
∞

∑
k=0

(λtq)k

Γ(qk + q)
(11)

If r = 1 in (10), then

Eq,1(λtq) =
∞

∑
k=0

(λtq)k

Γ(qk + 1)
(12)

If q = 1 and r = 1 in (10), then we have

E1,1(λt) =
∞

∑
k=0

(λt)k

Γ(k + 1)
= eλt (13)

where eλt is the usual exponential function.

Consider the scalar Caputo fractional linear initial value problem:

cDq
a+u = λu + h(t), u(a) = u0, (14)

with t ∈ J and u ∈ Cq(J). Here, h(t) ∈ C(J ×R,R), the space of continuous functions from
J to R.

As seen in [3,7], if u ∈ Cq(J), then the solution of (14) can be written as

u(t) = u0Eq,1(λtq) +
∫ t

0
(t− s)(q−1)Eq,q(λ(t− s)q)h(s)ds. (15)

Note that this is a Cq solution on the interval [0, T] for any T > 0. Consider the linear
Cauchy problem for the Caputo fractional differential equation

(cDnq
a+)y(x) = λy(x) + f (x), (a ≤ x ≤ b, (n− 1) < nq < n; n ∈ N, λ ∈ R) (16)

yk(a) = bk (bk ∈ R), k = 0, 1, . . . .n− 1 (17)

Then the solution of (16) can be written as

y(x) =
(n−1)

∑
j=0

bj(x− a)jEnq,j+1(λ(x− a)nq) +
∫ x

a
(x− s)nq−1Enq,nq(λ(x− s)nq) f (s)ds. (18)

See [3], page 230, formula 4.1.62, for details.
Observe that the solution is a Cq solution on [a, b]. However, the initial conditions

are the same as those of the integer order when q = 1. One of the main reasons is that a
sufficient condition for (cDnq

a+)y(x) and (cDnq
b−)y(x) exists when yn(x) exists on [a, b]. In
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addition, when q = 1, then (16) is an nth-order-integer differential equation. Hence, the
basis solution will be

1, (x− a), (x− a)2, . . . (x− a)n−1.

As such, the initial conditions are those of the corresponding integer problem, which
are Cn functions on [a, b]. Please note that (cDnq

a+)y(x) can be easily computed when the
function y(x) can be expressed as a function of (x − a), say as y = f (x − a). In order to
compute (cDnq

b−)y(x), we need to compute it by substituting (x− a) with (b− x), which
is y(x) = f (b− x). The converse is also true. That is, (cDnq

b−)y(x) can be computed when
y(x) can be expressed as a function of (b− x), say y(x) = f (b− x).

Now consider the solution of (16) when 0 < q < 1. The solution is given by

y(x) = b0Eq,1(λ(x− a)q) +
∫ x

a
(x− s)q−1Eq,q(λ(x− s)q) f (s)ds. (19)

It is easy to check when f (x) = 0 because then the solution is not C1 on [a, b]. It is just
a Cq solution on [a, b].

Definition 12. The Caputo left fractional derivative of u(x) of order nq for (n− 1) < nq < n is
said to be a sequential left Caputo fractional derivative of order q if the relation

(cDnq
a+)u(x) = cDq

a+(
cD(n−1)q

a+ )u(x) (20)

holds for n = 2, 3, . . . . We denote this as (scDnq
a+)u(x).

Definition 13. The Caputo right fractional derivative of u(x) of order nq for (n− 1) < nq < n
is said to be a sequential right Caputo fractional derivative of order q if the relation

(cDnq
b−)u(x) = cDq

b−(
cD(n−1)q

b− )u(x) (21)

holds for n = 2, 3, .... We denote this as (scDnq
b−)u(x).

Note that if the Caputo left fractional derivative of order nq is a sequential derivative
of order q, then the basis for the left Caputo sequential fractional differential equation
(cDnq

a+)u(x) = 0 will be

1, (x− a)q, (x− a)2q, (x− a)3q, . . . (x− a)(n−1)q.

Similarly, note that if the Caputo right fractional derivative of order nq is a sequential
derivative of order q, then the basis for the right Caputo sequential fractional differential
equation (cDnq

b−)u(x) = 0 will be

1, (b− x)q, (b− x)2q, (b− x)3q, . . . (b− x)(n−1)q.

3. Main Results

In this section, we redefine the left and right Caputo derivatives in such a way that they
match the left and right derivatives of the corresponding integer derivative. Furthermore,
if both the left and right Caputo derivatives exist for any function f (x), then for any x such
that a < x < b, the left Caputo derivative will be equal to the right Caputo derivative.

For this purpose, we recall Theorem 2.2 in Kilbas et al. with the following modification.
We assume the function under consideration to be a Cnq function instead of a Cn function.
In order for the Caputo left derivative or Caputo right derivative (of order nq) to exist, it is
sufficient for the function to be a Cn function. However, the solution which we compute
will only be a Cnq solution. In our next result, we also assume that the Caputo fractional
derivative of order nq is a sequential derivative of q.
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Theorem 1. Let R(q) ≥ 0 and let n = [R(q)] + 1. Furthermore, let u(x) ∈ Cn[a, b]. Then the
Caputo fractional derivatives (cDq

a+)y(x) and (cDq
b−)y(x) are continuous on [a, b], (cDq

a+)y(x) ∈
C[a, b], and (cDq

b−)y(x) ∈ C[a, b].

(a) If q � N0, then

(cDq
a+)y(x)|x=a = (cDq

b−)y(x)|x=b = 0,

(b) If q ⊆ N0, then

(cDn
a+)y(x) = y(n)(x) and (cDn

b−)y(x) = (−1)ny(n)(x) (n ∈ N).

Proof. The proof is very similar to the proof of Theorem 2.2 from [3]. The above theorem
holds true under the weaker condition that the function is a Cnq function. The proof using
this condition f ∈ Cnq also follows along the same line as in [3].

Here, we apply the theorem from the application point of view. The aim is to show
that we can compute the solution of sequential Caputo fractional initial value problems
and sequential Caputo fractional boundary value problems with ease.

Remark 1. Please note that in order for the above theorem to hold true and yield the integer result
as a special case, we claim the following:

1. To compute a left-sided Caputo derivative of any order q, the function y = f (x) should be
expressed as a function of (x− a), that is, y = f (x− a).

2. Then we can compute the right derivative of the same function by replacing (x − a) with
(b− x), that is, y = f (b− x).

3. Similarly, in order to compute the right Caputo derivative of any function, the function should
be expressed as a function of (b− x), that is, y = f (b− x).

4. Then we can compute its left derivative by replacing (b − x) with (x − a), that is, y =
f (x− a).

5. If the left and the right Caputo derivatives are computed using (1) and (2) or (3) and (4), then
the conclusion of Theorem 1 holds true provided the exponent λ of (x− a)λ is > q.

6. In particular, if λ = q, then if the function y(x) has a term k(x− a)q present when computing
the Caputo left derivative and/or k(b − x)q is present when computing the Caputo right
derivative of y(x), then part (a) of Theorem 1 will not hold true. In the special case when
0 < q < 1, then it is easy to see that

(cDq
a+)((x− a)q) = Γ(q + 1) = (cDq

b−)((b− x)q).

This can be easily extended for any q between (n− 1) < nq < n.
7. The Caputo left derivative of any function y = f (x− a) at any point x1 for a < x1 < b will

be equal to the Caputo right derivative of y = f (b− x) at the same point x1 and vice versa.

We illustrate our claim with several examples. Initially, we consider examples when
0 < q < 1.

Example 1. Let f (x) = (x− a). Note that f ′(x) = 1 on [a, b].
Then

cDq
a+(x− a) =

1
Γ(1− q)

∫ x

a
(x− s)−qds =

(x− a)(1−q)

Γ(2− q)

and

cDq
b−(x− a) =

−1
Γ(1− q)

∫ b

x
(s− x)−qds =

−(b− x)(1−q)

Γ(2− q)
.
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Further, cDq
a+(x − a)|x=a = 0, and cDq

b−(x − a)|x=b = 0. However, if q = 1, then the
left-sided integral reduces to f ′(x) = 1 for all x on [a, b].

On the other hand, if q = 1, then the right-sided integral reduces to f ′(x) = −1 for all x on
[a, b]. This does not verify the second part (b) of Theorem 1.

However, if we choose f (x) = b− x for the Caputo right derivative, then

cDq
b−(b− x) =

(b− x)(1−q)

Γ(2− q)
.

Also, in this case, substituting q = 1, we have f ′(x) = 1 on [a, b]. In addition, − f ′(x) =
−d/dx(b− x) = 1, which verifies the second part (b) of Theorem 1.

The above example confirms [1] and [2] of the above remark.

In conclusion, we can compute the left derivative of any function f (x) only when
we can write f (x) as a function of x − a, say f (x − a). Then, we can compute the right
derivative of the same function by computing f (b− x).

Example 2. Let f (x) = (b− x). Note that f ′(x) = −1 on [a, b]. In order to compute the Caputo
left derivative of order q, such that 0 < q < 1, of f (x) = (b− x), we write f (x) = (b− a)− (x−
a). In order to compute the Caputo right derivative, we need to write f (x) = (b− a)− (b− x).
Then we can show that

cDq
a+((b− a)− (x− a)) = − (x− a)(1−q)

Γ(2− q)
,

and
cDq

b−((b− a)− (b− x)) = − (b− x)(1−q)

Γ(2− q)
.

In addition,

cDq
a+((b− a)− (x− a))|x=a = 0 = cDq

b−((b− a)− (b− x))|x=b.

It is easy to see cDq
a+(b− x)|x=a = 0 and cDq

b−(x− a)|x=b = 0.

Furthermore, when q = 1, then − (x− a)(1−q)

Γ(2− q)
reduces to f ′(x) = −1. Similarly,

when q = 1, then − (b− x)(1−q)

Γ(2− q)
reduces to f ′(x) = −1.

The above example confirms [1] and [2] of the above remark.

Example 3. Let f (x) = (x− a)ω.
It is easy to see the left Caputo derivative of order q of f (x) = (x− a)ω is

cDq
a+(x− a)ω =

Γ(ω + 1)(x− a)(ω−q)

Γ(ω− q + 1)
.

Similarly, the right derivative of (b− x)ω is

cDq
b−(b− x)ω =

Γ(ω + 1)(b− x)(ω−q)

Γ(ω− q + 1)
.

Observe that (x − a)ω is not C1 at x = a, and (b− x)ω is not C1 at x = b when ω < 1.
However, part (a) of Theorem 1 holds true when q < ω. In addition, if q = ω = 1, then part (b)
also holds true.
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Remark 2. (i) If ω = 1, n = 1, then our example will yield Example 1 as a special case.
(ii) If ω = q, then f (x) �∈ C1 on [a, b]. In this case, we obtain

cDq
a+(x− a)q = Γ(q + 1) = cDq

b−(b− x)q.

If q = 1, it satisfies part (b) of Theorem 1. Further, it illustrates that

cDq
a+(x− a)q = cDq

b−(b− x)q

for all x ∈ [a, b].
(iii) Observe that the left derivative at any point x = x1 can be written x1 = a + α, and for the
right derivative x1 = b− α, α ∈ (0, (b− a)). Then the left derivative at any x1 will be equal to
Γ(ω + 1)(α)(ω−q)

Γ(ω− q + 1)
. Similarly, the right derivative will be equal to

Γ(ω + 1)(α)(ω−q)

Γ(ω− q + 1)
.

Next, we present some numerical results for Example 3. We observe that both the
left and right derivative graphs are one and the same for a = 1, b = 2, ω = 2, and
q = 0.7, 0.8, 0.9, 1.0 where the left derivative at any point x = x1 can be written x1 = 1 + α,
and for the right derivative x1 = 2− α, α ∈ (0, 1).

Let f (x) = (x− 1)2. The left Caputo derivative of order q of f (x) = (x− 1)2 is

cDq
1+(x− 1)2 =

Γ(3)(x− 1)(2−q)

Γ(3− q)
.

The right derivative of (2− x)2 is

cDq
2−(2− x)2 =

Γ(3)(2− x)(2−q)

Γ(3− q)
.

In particular, if x1 = 1.4, then α = 0.4. Then the Caputo left derivative and the Caputo
right derivative will be as below.

cDq
1+(x− 1)2|x=x1 = 1 + 0.4 =

Γ(3)(0.4)(2−q)

Γ(3− q)
,

cDq
2−(2− x)2|x=x1 = 2− 0.4 =

Γ(3)(0.4)(2−q)

Γ(3− q)
.

This shows that the Caputo left derivative equals the Caputo right derivative at
x1 = 1.4. Similarly, we can show this for every point.

We used MATLAB 9.14 to draw all our numerical results (see Figure 1).

(a) (b)
Figure 1. (a) ω = 2, q = 0.7, 0.8, 0.9, 1.0. The graph is plotted from the right of ‘a’ to the left of ‘b’.
(b) ω = 2, q = 0.7, 0.8, 0.9, 1.0. The graph is plotted from the left of ‘b’ to the right of ‘a’.
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If a = 1, b = 2, ω = 1, and q = 0.7, 0.8, 0.9, 1.0 where the left derivative at any point
x = x1 can be written x1 = 1 + α, and for the right derivative x1 = 2− α, α ∈ (0, 1). Let
f (x) = (x− 1)1. The left Caputo derivative of order q of f (x) = (x− 1)1 is

cDq
1+(x− 1)1 =

Γ(2)(x− 1)(1−q)

Γ(2− q)

The right derivative of (2− x)1 is

cDq
2−(2− x)1 =

Γ(2)(2− x)(1−q)

Γ(2− q)
.

See (Figure 2).

(a) (b)
Figure 2. (a) ω = 1, q = 0.7, 0.8, 0.9, 1.0. The graph is plotted from the right of ‘a’ to the left of ‘b’.
(b) ω = 1, q = 0.7, 0.8, 0.9, 1.0. The graph is plotted from the left of ‘b’ to the right of ‘a’.

If a = 1, b = 2, ω = 0.9, and q = 0.7, 0.8, 0.9, 1.0 where the left derivative at any point
x = x1 can be written x1 = 1 + α, and for the right derivative x1 = 2− α, α ∈ (0, 1).

Let f (x) = (x− 1)0.9.
The left Caputo derivative of order q of f (x) = (x− 1)2 is

cDq
1+(x− 1)0.9 =

Γ(1.9)(x− 1)(0.9−q)

Γ(1.9− q)

The right derivative of (2− x)0.9 is

cDq
2−(2− x)0.9 =

Γ(1.9)(2− x)(0.9−q)

Γ(1.9− q)

See (Figure 3).

(a) (b)
Figure 3. (a) ω = 0.9, q = 0.7, 0.8, 0.9. The graph is plotted from the right of ‘a’ to the left of ‘b’.
(b) ω = 0.9, q = 0.7, 0.8, 0.9. The graph is plotted from the left of ‘b’ to the right of ‘a’.
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All our above numerical examples are to justify that the Caputo left derivative and the
Caputo right derivative are equal at every point on the interval (a, b).

In the next set of examples, we replace the notation q with nq where (n− 1) < nq < n.

Example 4. Let f (x) = (x− a)nω, where nq < nω < n. Then one can compute and show that

cDnq
a+(x− a)nω =

Γ(nω + 1)(x− a)(nω−nq)

Γ(nω− nq + 1)

Now let f (x) = (b− x)nω, where nq < nω < n. Then one can compute and show that

cDnq
b−(b− x)nω =

Γ(nω + 1)(b− x)(nω−nq)

Γ(nω− nq + 1)

Remark 3. (i) If q < ω ≤ n, then part (a) of Theorem 1 is satisfied.
(ii) If ω = q, then f (x) �∈ C1 on [a, b].

In this case, we obtain

cDnq
a+(x− a)nq = Γ(nq + 1) = cDnq

b−(b− x)nq.

If q = 1, it satisfies part (b) of Theorem 1.

In the next example, we consider the sequential left derivative scDnq
a+u(x), which is a

sequential derivative of order q, and the sequential right derivative scDnq
b−u(x), which is a

sequential derivative of order q.
Note that when q = 1, it is the usual integer derivative which is sequential, unlike

computing the Caputo fractional derivative of order nq when it is not sequential, which
can be computed at once. However, even in this case, we still need the nth-order-integer
derivative of the function f (x) ahead of time, which is sequential.

Example 5. Let f (x) = (x− a)nω. Then we can show that

scDnq
a+(x− a)nω =

Γ(nω + 1)(x− a)(nω−nq)

Γ(nω− nq + 1)
,

Now let f (x) = (b− x)nω, where nq < nω < n. Then one can compute and show that

scDnq
b−(b− x)nω =

Γ(nω + 1)(b− x)(nω−nq)

Γ(nω− nq + 1)
.

Note that the above relation has to be established by computing the Caputo fractional deriva-
tive sequentially.

Remark 4. It is easy to check that

scDnq
a+(x− a)nω = cDnq

a+(x− a)nω

and

scDnq
b−(b− x)nω = cDnq

b−(b− x)nω

when nω > nq.
In particular, when ω = q, then

scDnq
a+(x− a)nq = cDnq

a+(x− a)nq = Γ(nq + 1),

and
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scDnq
b−(b− x)nq = cDnq

b−(b− x)nq = Γ(nq + 1).

Remark 5. When we assume the function u(x) ∈ Cn[a, b], then basis for the solution of the
homogeneous equation for cDnq

a+u(x) = 0 is

1, (x− a), (x− a)2, . . . , (x− a)(n−1).

When we assume the function u(x) ∈ Cq[a, b], then the basis for the solution of the homogeneous
equation for scDnq

a+u(x) = 0 is

1, (x− a)q, (x− a)2q, . . . , (x− a)(n−1)q.

Similarly, when we assume the function u(x) ∈ Cn[a, b], then the basis for the solution of the
homogeneous equation for cDnq

b−u(x) = 0 is

1, (b− x), (b− x)2, . . . , (b− x)(n−1)q.

Similarly, when we assume the function u(x) ∈ Cq[a, b], then the basis for the solution of the
homogeneous equation for scDnq

b−u(x) = 0 is

1, (b− x)q, (b− x)2q, . . . , (b− x)(n−1)q.

Remark 6. Irrespective of the Caputo fractional derivative being sequential or not, the Caputo
left derivative of the function can be computed only when the function f (x) can be expressed as a
function of (x− a), namely, u(x) = f (x− a). Then the Caputo right derivative can be computed
by the function u(x) = f (b− x) and vice versa.

Next we demonstrate that the Caputo left derivative of function f (x− a) at x = x1
such that a < x1 < b will be equal to the Caputo right derivative of the function f (b− x) at
x = x1. Note that any x = x1, such that a < x1 < b, can be expressed as x1 = a + α for the
left derivative and x1 = b− α for the right derivative.

From Example 3, we have

cDq
a+(x− a)ω =

Γ(ω + 1)(x− a)(ω−q)

Γ(ω− q + 1)
,

and
cDq

b−(b− x)ω =
Γ(ω + 1)(b− x)(ω−q)

Γ(ω− q + 1)
.

Let a = 1, b = 2, and x1 = 1 + 0.25. Then

cDq
1+(x− 1)ω |x=1+0.25 =

Γ(ω + 1)(0.25)(ω−q)

Γ(ω− q + 1)

and
cDq

2−(2− x)ω |x=2−0.25 =
Γ(ω + 1)(0.25)(ω−q)

Γ(ω− q + 1)

It is easy to see that

cDq
1+(x− 1)ω |x=1+0.25 = cDq

2−(2− x)ω |x=2−0.25.

It is clear from the above examples that

cDq
a+ f (x− a) = F(x− a)
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and
cDq

b− f (b− x) = F(b− x).

Then
cDq

a+ f (x− a)|x=a+α = F(α) = cDq
b− f (b− x)|x=b−α.

This proves that the Caputo left derivative is equal to the Caputo right derivative at any
point x = x1 on the interval (a, b).

Next we consider a sequential boundary value problem. The advantage of considering
sequential boundary value problems is that all the integer results can be obtained as
a special case. In the literature, they assume that the solution is a C2 solution. As a
consequence of this, the basis solution of cD2q

a+u(x) = 0 is taken as in the integer (x −
a), (b− x). However, in the sequential boundary value problems scD2q

a+u(x) = 0, the basis
solution is 1, (x − a)q. Instead of the Caputo left derivative, if we use the Caputo right
derivative scD2q

b−u(x) = 0, then the basis solution is 1, (b − x)q. From our examples, it
is clear that cDa

a+(x − a)q = Γ(q + 1) = cDa
b−(b− x)q. This formula is useful when the

fractional derivatives are involved in boundary value problems.
Now consider the linear sequential boundary value problem,

scD2q
a+u(x) = h(x) (22)

with boundary conditions
u(a) = ua and u(b) = ub.

Then the solution of the boundary value problem (22) with Dirichlet boundary condi-
tions is given by

u(x) = ua +
(x− a)q

(b− a)q (ub − ua) +
∫ b

a
G(x, s)h(s− a)ds, a ≤ s ≤ x ≤ b, (23)

using the sequential Caputo left derivative. Furthermore, it is given by

u(x) = ub +
(b− x)q

(b− a)q (ua − ub) +
∫ b

a
G(x, s)h(b− s)ds, a ≤ x ≤ s ≤ b, (24)

using the sequential Caputo right derivative. The Green’s function G(x, s) is given as follows:

G(x, s) =

⎧⎪⎪⎨⎪⎪⎩
− (x− a)q(b− s)2q−1

Γ(2q)(b− a)q +
(x− s)(2q−1)

Γ(2q)
a ≤ s ≤ x ≤ b

− (b− x)q(s− a)2q−1

Γ(2q)(b− a)q +
(s− x)(2q−1)

Γ(2q)
a ≤ x ≤ s ≤ b.

(25)

Remark 7. The above solution can be easily obtained by writing the solution as

u(x) = a0 + a1(x− a)q +
1

Γ(2q)

∫ x

a
(x− s)(2q−1)h(s− a)ds, a ≤ s ≤ x ≤ b,

and

u(x) = b0 + b1(b− x)q +
1

Γ(2q)

∫ b

x
(s− x)(2q−1)h(b− s)ds, a ≤ x ≤ s ≤ b,

using the Caputo left and right derivatives, respectively.

Next we present a simple example when h(s) = 1 in (22). In this case, the solution can
be written as
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u(x) = ua +
(x− a)q

(b− a)q (ub − ua)−
(x− a)q(b− a)q

Γ(2q + 1)
+

(x− a)2q

Γ(2q + 1)
.

The solution of the boundary value problem

scD2q
a+u(x) = h(x) (26)

with the following boundary conditions

u(a)− α0
cDq

a+(u(x))|x=a = ua, and u(b) + β0
cDq

b−(u(x))|x=b = ub,

where α0 ≥ 0, β0 ≥ 0 can easily be computed using our Remark 7.

4. Conclusions

The computation of the left Caputo derivative of a function of order nq for n = 1,
2, . . . k− 1, k starting from the point x = a can be computed when the function u = f (x)
can be expressed as a function of u = f (x − a). In addition, the Caputo left derivative
exists when the exponent λ of (x − a) should be such that nλ ≥ nq. If nλ < n when
(n− 1) < q < n, then it is not a Cn function. In the literature, so far when (n− 1) < nq < n,
they have assumed that u = f (x − a) is a Cn function on [a, b]. However, the solution
obtained is only a Cnq function. This is true for initial value problems. Any function which
is a Cnq function can be assumed to be a sequential Caputo fractional derivative of order ‘q’.

Once we compute the Caputo left fractional derivative of the function u = f (x− a),
then we can compute the right Caputo derivative of the same function by computing
f (b− x). Further, if we are computing the Caputo fractional derivative at a specific point,
say x1, a < x1 < b, then x1 − a = α and b− x1 = α. This helps us to prove that the Caputo
left derivative at any interior point x = x1 when a ≤ x1 ≤ b equals the Caputo right
derivative at the same point x1.

The Caputo right derivative will be useful in computing the solution of linear se-
quential Caputo fractional boundary value problems with fractional boundary conditions.
The study of linear sequential Caputo boundary value problems can also have lower-order
Caputo derivatives with fractional boundary conditions, which will not hold true for
non-sequential boundary value problems.

The current known integer boundary value problem results can be obtained by substi-
tuting q = 1. The work of this article is seed work that will give an insight to handle more
general types of linear Caputo differential operators with lower-order fractional derivatives
and with fractional boundary conditions. Our aim is to seek a Cnq solution for sequential
Caputo differential equations with Caputo fractional initial and boundary conditions of a
lower order. Since these solutions reduce to the solution of the integer order, we can use q
as a parameter to enhance the mathematical model.
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Abstract: This paper introduces a novel numerical technique for solving fractional stochastic dif-
ferential equations with neutral delays. The method employs a stepwise collocation scheme with
Jacobi poly-fractonomials to consider unknown stochastic processes. For this purpose, the delay
differential equations are transformed into augmented ones without delays. This transformation
makes it possible to use a collocation scheme improved with Jacobi poly-fractonomials to solve the
changed equations repeatedly. At each iteration, a system of nonlinear equations is generated. Next,
the convergence properties of the proposed method are rigorously analyzed. Afterward, the practical
utility of the proposed numerical technique is validated through a series of test examples. These
examples illustrate the method’s capability to produce accurate and efficient solutions.

Keywords: fractional neutral stochastic differential equations; Caputo fractional derivative;
time-varying delay; iterative collocation method; Jacobi poly-fractonomials; numerical solution
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1. Introduction

Ordinary differential equations (ODEs) are fundamental mathematical tools used to
determine deterministic dynamical systems’ evolution by describing a relationship be-
tween the state variables and their rates of change [1]. They are essential for understanding
phenomena such as motion [2], electrical circuits [3], and structural mechanics [4]. In real-
world phenomena, dynamical systems are often influenced by external noise or inherent
randomness, typically represented by Brownian motion, making them difficult to model
with ordinary differential equations (ODEs). Stochastic differential equations (SDEs) are in-
troduced as an extension to ODEs in order to incorporate random processes and effectively
capture random fluctuations. For example, in finance, SDEs model the random behavior of
market prices and interest rates, providing insights into pricing financial instruments and
managing risk [5–8]. In engineering, SDEs assist in designing systems that can withstand
random environmental disturbances [9,10]. In population dynamics, they model the effects
of random events on species populations [11,12], and in biology, they describe processes
such as gene expression and the spread of diseases [13–16].

Delay differential equations (DDEs) are a class of differential equations used to model
dynamical systems that depend on past states, meaning that the current rate of change
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of the system’s state is a function of the current state and its history. The applications of
time-delay systems are vast, ranging from engineering [17], where they model network-
induced delays in control systems, to economics [18], where they represent the lag between
investment and return, and to biology [19], where they can model the spread of diseases
or population dynamics. Delays can be constant, time-varying, or distributed, and they
are inherent in many real-world processes due to the finite speed of information transmis-
sion [20], material transport delays [18,20], or gestation periods in biological systems [19].
Time delays can lead to complex behaviors such as increased oscillatory tendencies, in-
stability, and bifurcations, posing significant challenges in such systems’ analysis, control,
and stability [21].

Fractional differential equations (FDEs) are developed by the presence of derivatives
and integrals of non-integer order, known as fractional calculus, which generalizes the
concept of integer-order differentiation and integration to arbitrary order. Fractional deriva-
tives provide an excellent tool for describing memory and the hereditary properties of
various materials and processes [22]. Unlike classical derivative operators, fractional deriva-
tives are non-local, encapsulating effects over an interval, which makes them inherently
suitable for modeling systems with memory and spatial heterogeneity [23–25]. Non-locality
and the ability to capture long-term memory make fractional systems a natural choice for
describing complex phenomena in control theory [26,27], biology [28], and finance [29],
where processes are influenced by their entire history rather than just their current state.
This is particularly useful in fields such as viscoelasticity [24], where materials exhibit both
viscous and elastic characteristics, and in anomalous diffusion, where particle trajectories
deviate from classical Brownian motion.

Stochastic fractional delay differential equations (SFDDEs) significantly advance the
modeling of complex dynamical real-world problems by incorporating the system’s past,
possible random processes, and hereditary properties. This class of differential equations
has garnered substantial attention from researchers due to its potential to capture the
intricate interplay of randomness and memory effects in dynamic systems. For instance,
recent studies have delved into the uniqueness and solvability of FSDEs with constant
delay [30], proposed collocation methods for solving nonlinear fractional SDEs with con-
stant delay [31–33], and considered approximation techniques for solutions of neutral delay
fractional SDEs based on the Faedo–Galerkin method [34]. Additionally, the numerical
solution of neutral stochastic integro-differential equations with Caputo fractional deriva-
tives has been explored [35], and innovative approaches such as the least squares support
vector regression method based on Chelyshkov polynomials have been presented to solve
a class of nonlinear SDEs with variable fractional Brownian motion [36]. While the founda-
tional methods are well-established, considerable challenges emerge when neutral DDEs
are augmented with fractional derivatives and stochastic terms. Even in basic fractional
DDEs, the nonlocal nature of fractional operators causes the numerical errors in explicit
finite-difference methods to increase exponentially. Nonetheless, as shown in various
studies, these challenges can be effectively mitigated using spectral methods [37,38].

This paper proposes a stepwise collocation scheme incorporating Jacobi
poly-fractonomials, a more generalized form of Jacobi polynomials, to obtain the nu-
merical solution of a class of stochastic fractional neutral delay differential equations
(SFDDEs) containing neutral delays, which is referred to as SFNDEs. Moreover, Jacobi
polynomials form a versatile family of orthogonal polynomials from which several well-
known polynomials may be derived through the appropriate specification of parameters
or limits. Well-known examples are Legendre polynomials with a zero value for both
of the parameters, Gegenbauer (ultra-spherical) polynomials for which the parameters
are equal, and Chebyshev polynomials of the first and second kinds corresponding to
specific values of the parameters. Besides these, Laguerre and Hermite polynomials can
also be transformed into Jacobi polynomials, though not as direct examples. Jacobi poly-
fractonomials provide a robust structure for representing intricate systems characterized
by fractional-order dynamics. The specific features of these models make them a necessary
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addition to the mathematical toolbox for extending the capability provided to analysts and
researchers working in fields where fractional-order models see widespread application.
While they entail a bit more complexity relative to the integer-order polynomials, such
difficulties are often overshadowed by their potential for much better modeling and for
investigating subtle behaviors in fractional-order systems, both of which are shown in this
study. The approach begins by transforming the equations into equivalent delay-free forms.
Then, the collocation scheme is iteratively applied to generate a set of nonlinear equations
at each stage, which can be solved by a common nonlinear solver. The convergence of the
proposed method is studied, and its efficiency is shown in a set of test examples. The
organization of this paper is as follows: In Section 2, the fundamental definitions and
characteristics necessary for understanding the subsequent topics are elaborated upon.
The class of SFDDEs of interest in this study is introduced in Section 3. Section 4 discusses
the stepwise Jacobi poly-fractonomials collocation scheme. A thorough analysis of the error
associated with this scheme is provided in Section 5. The numerical algorithm for two
test examples is explained in detail in Section 6. Finally, Section 7 presents the concluding
remarks of this article.

2. Preliminaries and Definitions

This section presents essential principles of fractional definitions and the characteristics
of Jacobi polynomials, including the definition associated with fractional types.

Definition 1 ([22]). The Riemann–Liouville fractional integral of order η is a generalization of the
classical integral and is defined as

Iη
t u(t) =

1
Γ(η)

∫ t

0
(t− s)η−1u(s)ds, (η, t > 0), (1)

where Γ(η) denotes the Gamma function, which is a continuous extension of the factorial function
to non-integer values.

Definition 2 ([22]). The Caputo fractional derivative of order η ∈ (0, 1], denoted by CD
η
t [·],

provides a modification of the traditional derivative by incorporating fractional calculus principles.
That is,

CD
η
t u(t) =

1
Γ(1− η)

∫ t

0
(t− s)−ηu′(s)ds, η ∈ (0, 1]. (2)

Definition 3 ([39]). The Jacobi polynomial φ
(β,γ)
i (t) of degree i satisfies the following explicit form:

φ
(β,γ)
i (t) =

i

∑
k=0

Π(β,γ)
k,i

(
t + 1

2

)k
, (β, γ > −1), (3)

where

Π(β,γ)
k,i :=

(−1)i−k Γ(i + γ + 1) Γ(i + β + γ + k + 1)
(i− k)! k! Γ(k + γ + 1) Γ(i + β + γ + 1)

.

Definition 4 ([40,41]). The Jacobi poly-fractonomial θ
μ
i (t) over [−1, 1] is defined by

θ
μ
i (t) = (t + 1)μφ

(−μ,μ)
i−1 (t), i ≥ 1, (4)

where the Jacobi polynomial φ
(−μ,μ)
i−1 (t) is defined in Equation (3) when μ ∈ (0, 1).

Lemma 1 ([41]). The Jacobi poly-fractonomials θ
μ
i (t) are orthogonal using the weight function

w(t) = (1− t)−μ(1 + t)−μ, (5)
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such that ∫ 1

−1
w(t)θ(μ)i (t)θ(μ)j (t)dt = �

(−μ,μ)
i δi,j,

and

�
(−μ,μ)
i =

∫ 1

−1
(1− t)−μ(1 + t)μ

(
φ
(−μ,μ)
i (t)

)2
dt =

2Γ(i− μ)Γ(i + μ)

(2i− 1)(i− 1)!Γ(i)
,

where δi,j is the kronecker function.

Definition 5 ([40]). The shifted Gauss–Lobatto–Chebyshev (GLC) quadrature nodes over [e1, e2]
are

e2
e1 ti =

e2 − e1

2
(zi + 1) + e1, i = 1, . . . , n + 1, (6)

where zi = cos
(

π
2

2i−1
n+1

)
, i = 1, . . . , n + 1.

Definition 6 ([32]). The shifted Jacobi poly-fractonomials, denoted as θ
μ
i (t; e1, e2), are a specific

class of polynomials defined over the interval [e1, e2]. These polynomials are formulated by shifting
the standard Jacobi polynomials to the desired interval. Namely,

θ
μ
i (t; e1, e2) = θ

μ
i

(
2

e2 − e1
(t− e1)− 1

)
, i ≥ 1,

where t is the variable, e1 and e2 represent the endpoints of the interval, and μ is a parameter
associated with the poly-fractonomials. This transformation effectively maps the interval [e1, e2] to
the standard interval [−1, 1], facilitating the use of Jacobi polynomials in various applications.

Lemma 2 ([40]). Let Ω := [e1, e2] and the function space L2
γ,δ(Ω) be defined as follows:

L2
γ,δ(Ω) =

{
g : g is measurable and ‖g‖L2

γ,δ(Ω) < ∞
}

,

where

‖g‖L2
γ,δ(Ω) =

(∫
Ω

wγ,δ(ζ; e1, e2) |g(ζ)|2 dζ

) 1
2
,

with the weight function wγ,δ(t; e1, e2) = (e2 − t)γ(t− e1)
δ, γ, δ > −1 [40,42]. In addition, let

Λm
γ,δ(Ω) :=

{
g : ∂r

t g ∈ L2
γ+r,δ+r(Ω), r = 0, 1, . . . , m

}
,

B
q
γ,−δ(Ω) :=

{
g : Dδ+r

t g ∈ L2
γ+δ+r,r(Ω), r = 0, 1, . . . , q

}
.

For g ∈ L2
−μ,−μ(Ω), then the function g(t) can be approximated as follows:

g(t) � gn(t) =
n+1

∑
r=1

crθ
(μ)
r (t; e1, e2) � CT e2

e1 Θ(t), (7)

where

cr =
1
ψr

∫
Ω

g(t) w−μ,−μ(t; e1, e2) θ
(μ)
r (t; e1, e2)dt,

ψr :=
(e2 − e1)Γ(r− μ + 1)Γ(r + μ + 1)

(2r + 1)Γ2(r + 1)
,

C := [c1, c2, · · · , cn+1]
T,
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e2
e1 Θ(t) :=

[
θ
(μ)
1 (t; e1, e2), · · · , θ

(μ)
n+1(t; e1, e2)

]T
.

Lemma 3 ([43]). If g(t) ∈ C2P̄(Ω), where Ω := [e1, e2], then an approximate integral of the
function g(t) over the interval Ω can be obtained using the Legendre–Gauss quadrature formula:

∫ e2

e1

g(s)ds � e2 − e1

2

P̄

∑
i=0

ωig
(

e2 − e1

2
σi +

e2 + e1

2

)
, (8)

where {σi : i = 0, . . . , P̄} are the zeros of the Legendre polynomial φ
(0,0)
P̄+1 (t), and the corresponding

Legendre–Gauss weights {ωi : i = 0, . . . , P̄} are given by

ωi =
2

(1− σ2
i )
(

∂t[φ
(0,0)
P̄+1 ](σi)

)2 .

Lemma 4 ([44,45]). Let g(t), for t ∈ Ω, be a stochastic process. The Itô integral of g(t) over the
interval Ω is defined as

∫ e2

e1

g(s)dBs =
M̄−1

∑
i=0

g(ςi){B(ςi+1)−B(ςi)}+RItô, (9)

where the points ςi are defined by

ςi = e1 +
e2 − e1

M̄
i, i = 0, 1, . . . , M̄.

B(t) denotes the standard Brownian motion, and RItô represents the remainder term of the Itô
integral approximation. The remainder term RItô becomes negligible in the mean square sense
as the number of subdivisions M̄ approaches infinity. Specifically, the expectation of the squared
norm of the remainder term, E

[
|RItô|2

]
, tends to zero as M̄ → ∞, ensuring that the approximation

converges to the true Itô integral.

3. Problem Statement

This paper studies the following stochastic fractional delay differential equation with
a natural delay (SFNDE):

CD
η
t [u(t)− f(u(t− α(t)))]

= P(u(t), u(t− α(t))) +H (u(t), u(t− α(t)))Ḃt, t ∈ (0, T], (10)

subject to the initial condition

u(t) = ϕ(t), t ∈ [−τ, 0], (11)

where the continuous function α(t) : [0, T]→ [0, τ] is a Borel measurable function for the
positive constant τ, and P , H , and f are Borel measurable functions satisfying in the
following Lipschitz conditions:

|f(u)− f(ū)| ≤ ς̂|u− ū|, (12a)

|P(u, v)−P(ū, v̄)| ≤ μ̌|u− ū|+ μ̂|v− v̄|, (12b)

|H (u, v)−H (ū, v̄)| ≤ δ̌|u− ū|+ δ̂|v− v̄|, (12c)

where ς̂, μ̌, μ̂, δ̌, δ̂ ∈ R+, T ∈ (0,+∞), the stochastic process B(t) on t ∈ [0, T] denotes
standard Brownian motion on a complete probability space

(
Ω, F , {Ft}t∈[0,T],P

)
with
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a filtration {Ft}t∈[0,T] satisfying the usual conditions, i.e., Ḃt := dB(t)
dt , and u(t) is an

unknown stochastic process to be determined.
According to Definition 1, the stochastic fractional neutral delay differential Equation

(SFNDE) given by Equation (10) can be transformed into its equivalent integral form as

u(t) = u0 + f(u(t− α(t))) +
1

Γ(η)

∫ t

0
(t− s)η−1P(u(s), u(s− α(s)))ds

+
1

Γ(η)

∫ t

0
(t− s)η−1H (u(s), u(s− α(s)))dBs, (13)

where the initial value u0 is
u0 := ϕ(0)− f(ϕ(−α(0))).

4. Stepwise Jacobi Poly-Fractonomials Collocation Scheme

To approximate the numerical solution of the integral Equation (13), the first step
involves converting this time-varying delay stochastic neutral integral equation into an
equivalent non-delay stochastic neutral integral equation. This transformation is achieved
using a stepwise method. The approach involves dividing the entire interval [0, T] into
smaller subintervals of length τ. The delay term α(t) is approximated within each subin-
terval, effectively transforming the original time-varying delay problem into a series of
non-delay problems. The collocation method, utilizing Jacobi poly-fractonomials, is then
applied to each subinterval Ωk.

Let τ = max
t∈[0,T]

{α(t)}, and let p =
⌊
T
τ

⌋
. The goal is to find the numerical solution of

Equation (13), subject to the condition (11), within any subinterval Ωk := [(k− 1)τ, kτ],
for k = 1, . . . , p, by employing a collocation technique based on Jacobi poly-fractonomials.
Moreover, in the first step, Equation (13) is equivalent to

u1(t) = u0 + f
(

u0(t− α(t))
)

+
1

Γ(η)

∫ t

0
(t− s)η−1P(u1(s), u0(s− α(s)))ds

+
1

Γ(η)

∫ t

0
(t− s)η−1H (u1(s), u0(s− α(s)))dBs, (14)

where u0(t) = ϕ(t).
An approximate solution of u(t) in the first interval can be derived using the results

presented in Lemma 2. That is,

u1(t) � u1
n(t) =

n+1

∑
r=1

c1
r θ

(μ)
r (t; 0, τ) � CT

1
τ
0 Θ(t), (15)

where c1 =
[
c1

1, c1
2, . . . , c1

n+1
]T.

Using this approximation in Equation (14) provides the following result:

CT
1

τ
0 Θ(t) � u0 + f

(
u0

n(t− α(t))
)

+
1

Γ(η)

∫ t

0
(t− s)η−1P(CT

1
τ
0 Θ(s), u0

n(s− α(s)))ds

+
1

Γ(η)

∫ t

0
(t− s)η−1H (CT

1
τ
0 Θ(s), u0

n(s− α(s)))dBs, (16)

where

u0(t) � u0
n(t) =

n+1

∑
r=1

c0
r θ

(μ)
r (t;−τ, 0) � CT

0
0
−τΘ(t), (17)
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c0
r =

1
ψr

∫
Ω

ϕ(t) w−μ,−μ(t;−τ, 0) θ
(μ)
r (t;−τ, 0)dt.

Now, the CGL points t1
i := τ

0 ti, as defined in Definition 5, are utilized in Equation (17),
which results in

CT
1

τ
0 Θ(t1

i ) = u0 + f
(

u0
n(t

1
i − α(t1

i ))
)

+
1

Γ(η)

∫ t1
i

0
(t1

i − s)η−1P(CT
1

τ
0 Θ(s), u0

n(s− α(s)))ds

+
1

Γ(η)

∫ t1
i

0
(t1

i − s)η−1H (CT
1

τ
0 Θ(s), u0

n(s− α(s)))dBs. (18)

Utilizing the Legendre–Gauss integration method as described in Lemma 3, along with
the Itô approximation detailed in Lemma 4 for the integral components of Equation (18),
yields

∫ t1
i

0
(t1

i − s)η−1P(CT
1

τ
0 Θ(s), u0

n(s− α(s)))ds

=
t1
i
2

P̄

∑
j=0

ωj(t
1
i − ν1

i,j)
η−1P

(
CT

1
τ
0 Θ(ν1

i,j), u0
n

(
ν1

i,j − α(ν1
i,j)
))

, (19)

∫ t1
i

0
(t1

i − s)η−1H (CT
1

τ
0 Θ(s), u0

n(s− α(s)))dBs

=
M̄−1

∑
j=0

(t1
i − ς1

i,j)
η−1H

(
CT

1
τ
0 Θ(ς1

i,j), u0
n(ς

1
i,j − α(ς1

i,j))
)

× {B(ς1
i,j+1)−B(ς1

i,j)}, (20)

where

ν1
i,j =

t1
i
2

σj +
t1
i
2

, j = 0, 1, . . . , P̄, ς1
i,j =

t1
i

M̄
j, j = 0, 1, . . . , M̄.

Finally, Equations (18)–(20) give the following system of nonlinear equations:

CT
1

τ
0 Θ(t1

i ) = u0 + f
(

u0
n(t

1
i − α(t1

i ))
)

+
t1
i

2Γ(η)

P̄

∑
j=0

ωj(t
1
i − ν1

i,j)
η−1P

(
CT

1
τ
0 Θ(ν1

i,j), u0
n

(
ν1

i,j − α(ν1
i,j)
))

+
1

Γ(η)

M̄−1

∑
j=0

(t1
i − ς1

i,j)
η−1H

(
CT

1
τ
0 Θ(ς1

i,j), u0
n(ς

1
i,j − α(ς1

i,j))
)

× {B(ς1
i,j+1)−B(ς1

i,j)}, i = 1, . . . , n + 1. (21)

An approximate numerical solution to the original integral Equation (13) is obtained
by solving the resulting system of nonlinear algebraic equations within the subinterval.
Furthermore, Newton’s iterative scheme can be employed to solve the system of nonlinear
Equation (21), which depends on the unknown coefficients c1

r , for r = 1, . . . , n + 1. This
approach yields an approximate solution u1

n(t) on the domain Ω1.
To find a numerical solution of Equation (13) for any subinterval Ωk, where k = 2, . . . , p,

all the subscripts 0 and 1 in Equations (14)–(21) can be replaced with k− 1 and k, respectively,
to obtain an analogous system of nonlinear equations similar to Equation (21). This stepwise
method ensures that the solution is accurately approximated over the entire interval [0, T],
considering the effects of the stochastic process and the fractional derivatives involved.
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After applying these numerical method, we obtain u(t) on interval [0, T] as follows:

u(t) � un(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
u1

n(t), t ∈ [0, τ],
u2

n(t), t ∈ [τ, 2τ],
...

...
upn(t), t ∈ [(p− 1)τ, T].

(22)

5. Convergence Analysis

In this section, the convergence properties of the proposed method are studied in detail.
For this purpose, the exact delay function α(t) is incorporated in the transformed system.
The analysis addresses the errors arising from discretization and solution approximation,
with the exact use of α(t) simplifying the process compared to methods that rely on
delay function approximations. It is demonstrated that, under appropriate smoothness
conditions, the method achieves spectral convergence, with the proofs accounting for
the discretization error while utilizing the exact delay function. This approach enhances
the method’s accuracy and reliability, allowing for a focus on numerical approximation
without introducing additional errors. Throughout, rigorous mathematical proofs are
provided, highlighting the interplay between the exact delay function and the numerical
scheme in producing precise results. Specifically, it is demonstrated that the method exhibits
spectral convergence, meaning that the error decreases exponentially with an increasing
number of collocation points or basis functions. This high convergence rate is particularly
advantageous for solving complex stochastic fractional differential equations, as it ensures
that accurate solutions can be obtained with relatively few computational resources.

Theorem 1 ([40,42]). Assume that g ∈ C(Ω) ∩ Λ1
−μ,−μ(Ω) ∩ B

q
−μ,−μ(Ω) for some positive

integer q and μ ∈ (0, 1). Also, gn is defined in (7). Thus, a constant ρ ∈ R+, that is independent
of n, exists such that for 1 < q ≤ n + 1, the inequality

‖g− gn‖∞ ≤ ρn1−q‖Dμ+q
t g‖L2

q,q(Ω),

holds.

Theorem 2. Suppose that for any subinterval Ωk = [(k − 1)τ, kτ] ⊆ [0, T], k = 0, 1, . . . , p,
uk(t) ∈ L2

−μ,−μ(Ωk) and uk
n(t) are the exact and numerical solutions of (13) obtained using the

proposed approach, respectively. Then,

E|uk(t)− uk
n(t)|2 ≤ ζkn2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)
,

where ζ0 and ζ1 are positive constants independent of n, and for k = 2, . . . , p

ζk = ζ̄k

[
ζk−1 + τ

k−1

∑
l=1

(ζl + ζl−1) + τζk−1

]
.

Proof. According to Equation (16), the solution in the first interval is given by

u1
n(t) = u0 + f

(
u0

n(t− α(t))
)

+
1

Γ(η)

∫ t

0
(t− s)η−1P(u1

n(s), u0
n(s− α(s)))ds

+
1

Γ(η)

∫ t

0
(t− s)η−1H (u1

n(s), u0
n(s− α(s)))dBs, (23)
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and the error of the discretization is

e1
n(t) = Φ0

n[f](t) + Φ1
n[P ](t) + Φ1

n[H ](t), (24)

where

e1
n(t) := u1(t)− u1

n(t),

Φ0
n[f](t) := f

(
u0(t− α(t))

)
− f

(
u0

n(t− α(t))
)

,

Φ1
n[P ](t) :=

1
Γ(η)

∫ t

0
(t− s)η−1

[
P(u1(s), u0(s− α(s)))

−P(u1
n(s), u0

n(s− α(s)))
]
ds, (25a)

Φ1
n[H ](t) :=

1
Γ(η)

∫ t

0
(t− s)η−1

[
H (u1(s), u0(s− α(s)))

−H (u1
n(s), u0

n(s− α(s)))
]
dBs. (25b)

Now, using Equation (17) and Theorem 1 for t ∈ Ω0 results in

E‖e0
n(t)‖∞ = E‖u0(t)− u0

n(t)‖∞ ≤ ρ0n1−q‖Dμ+q
t u0(t)‖L2

q,q(Ω0)
, (26)

where ρ0 ∈ R+ is independent of n. Next, incorporating Equation (26) and Lipschitz
condition (a) for t ∈ Ω1 leads to

|Φ0
n[f](t)| ≤ ς̂|u0(t− α(t))− u0

n(t− α(t))|
≤ ς̂‖u0(t− α(t))− u0

n(t− α(t))‖∞

≤ ς̂ρ0n1−q‖Dμ+q
t u0(t)‖L2

q,q(Ω0)
,

thus,

E
∣∣∣Φ0

n[f](t)
∣∣∣2 ≤ �0n2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)
, (27)

in which �0 = (ς̂ρ0)
2. Using Equation (25a) and the Cauchy–Schwartz inequality yields∣∣∣Φ1

n[P ](t)
∣∣∣2 ≤ 1

Γ(η)2

( ∫ t

0
(t− s)η−1

∣∣∣P(u1(s), u0(s− α(s)))

−P(u1
n(s), u0

n(s− α(s)))
∣∣∣ds

)2

≤ 1
Γ(η)2

∫ t

0
(t− s)2(η−1)ds ·

∫ t

0

∣∣∣P(u1(s), u0(s− α(s)))

−P(u1
n(s), u0

n(s− α(s)))
∣∣∣2ds,

≤ �1

∫ t

0

∣∣∣P(u1(s), u0(s− α(s)))−P(u1
n(s), u0

n(s− α(s)))
∣∣∣2ds,

where �1 ∈ R+ is independent of n and depends on η and τ. So, by Lipschitz condition (b),∣∣∣Φ1
n[P ](t)

∣∣∣2 ≤ �̂1

∫ t

0

(
|e1

n(s)|+ |e0
n(s− α(s))|

)2
ds, (28)

where �̂1 = max{�1μ̌2, �1μ̂2}. Thus, by taking the mathematical expectation of Equation (28)
and applying Equation (27) to t ∈ Ω1,
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E
∣∣∣Φ1

n[P ](t)
∣∣∣2 ≤ �̂1

∫ t

0

(
E|e1

n(s)|2 +E|e0
n(s− α(s))|2

)
ds

≤ �̂1

∫ t

0
E|e1

n(s)|2ds + �̌1n2(1−q)‖Dμ+q
t u0(t)‖2

L2
q,q(Ω0)

, (29)

in which �̌1 = �̂1τρ2
0.

From Equation (25b) and applying Lipschitz condition (a), for t ∈ Ω1,∣∣∣Φ1
n[H ](t)

∣∣∣2 ≤ 1
Γ(η)2

( ∫ t

0
(t− s)η−1

∣∣∣H (u1(s), u0(s− α(s)))

−H (u1
n(s), u0

n(s− α(s)))
∣∣∣dBs

)2

≤ �2

{ ∫ t

0

(
δ̌|e1

n(s)|+ δ̂|e0
n(s− α(s))|

)
dBs

}2
, (30)

where �2 ∈ R+ is independent of n and depends on η and τ. Thus, mathematical expecta-
tion of Equation (30) and Itô isometry gives

E
∣∣∣Φ1

n[H ](t)
∣∣∣2 ≤ �̂2

∫ t

0

(
E|e1

n(s)|2 +E|e0
n(s− α(s))|2

)
ds,

where �̂2 = max{�2δ̌2, �2δ̂2}. Hence, from Equation (27),

E
∣∣∣Φ1

n[H ](t)
∣∣∣2 ≤ �̂2

∫ t

0
E|e1

n(s)|2ds + �̌2n2(1−q)‖Dμ+q
t u0(t)‖2

L2
q,q(Ω0)

, (31)

in which �̌2 = �̂2τρ2
0. Therefore, from (24), (27), (29), and (31),

E|e1
n(t)|2 ≤ β1

∫ t

0
E|e1

n(s)|2ds + �̄1n2(1−q)‖Dμ+q
t u0(t)‖2

L2
q,q(Ω0)

,

where β1 = �̂1 + �̂2 and �̄1 = �0 + �̌1 + �̌2. Thus, using the Gronwall inequality (Lemma 4.1
in [46]), we have

E|e1
n(t)|2 ≤ eβ1t�̄1n2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)
. (32)

Let β̃1 = max
t∈Ω1

{eβ1t}. From Equation (32),

E|e1
n(t)|2 ≤ ζ1n2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)
, (33)

where ζ1 = �̄1 β̃1. Due to Equation (16), the numerical solution uk
n(t), k = 2, . . . , p, satisfies

in the equation

uk
n(t) = u0 + f

(
uk−1

n (t− α(t))
)

+
1

Γ(η)

{ k−1

∑
l=1

∫
Ωl

(t− s)η−1P(ul
n(s), ul−1

n (s− α(s)))ds

+
∫ t

(k−1)τ
(t− s)η−1P(uk

n(s), uk−1
n (s− α(s)))ds

}
+

1
Γ(η)

{ k−1

∑
l=1

∫
Ωl

(t− s)η−1H (ul
n(s), ul−1

n (s− α(s)))dBs

+
∫ t

(k−1)τ
(t− s)η−1H (uk

n(s), uk−1
n (s− α(s)))dBs

}
. (34)
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Thus, Equation (14) leads to

ek
n(t) = Φk−1

n [f](t) + Πk
n[P ](t) + Πk

n[H ](t) + Φk
n[P ](t) + Φk

n[H ](t), (35)

where ek
n(t) := uk(t)− uk

n(t),

Φk−1
n [f](t) := f

(
uk−1(t− α(t))

)
− f

(
uk−1

n (t− α(t))
)

, (36)

Πk
n[P ](t) :=

1
Γ(η)

k−1

∑
l=1

∫
Ωl

(t− s)η−1
[
P(ul(s), ul−1(s− α(s)))

−P(ul
n(s), ul−1

n (s− α(s)))
]
ds, (37)

Πk
n[H ](t) :=

1
Γ(η)

k−1

∑
l=1

∫
Ωl

(t− s)η−1
[
H (ul(s), ul−1(s− α(s)))

−H (ul
n(s), ul−1

n (s− α(s)))
]
dBs, (38)

Φk
n[P ](t) :=

1
Γ(η)

∫ t

(k−1)τ
(t− s)η−1

[
P(uk(s), uk−1(s− α(s)))

−P(uk
n(s), uk−1

n (s− α(s)))
]
ds, (39)

and

Φk
n[H ](t) :=

1
Γ(η)

∫ t

(k−1)τ
(t− s)η−1

[
H (uk(s), uk−1(s− α(s)))

−H (uk
n(s), uk−1

n (s− α(s)))
]
dBs. (40)

By using Lipschitz condition (a) and Equation (36), for t ∈ Ωk,

|Φk
n[f](t)| ≤ ς̂|ek−1

n (t− α(t))|,

then,

E
∣∣∣Φk

n[f](t)
∣∣∣2 ≤ ς̂2E|ek−1

n (t− α(t))|2. (41)

From Equations (37) and (39) and by Lipschitz condition (b), for t ∈ Ωk,∣∣∣Πk
n[P ](t)

∣∣∣2 ≤ 1
Γ(η)2

( k−1

∑
l=1

∫
Ωl

(t− s)η−1
∣∣∣P(ul(s), ul−1(s− α(s)))

−P(ul
n(s), ul−1

n (s− α(s)))
∣∣∣ds

)2

≤
{ k−1

∑
l=1

�̃l

∫
Ωl

(
μ̌|el

n(s)|+ μ̂|el−1
n (s− α(s))|

)
ds
}2

, (42)

and ∣∣∣Φk
n[P ](t)

∣∣∣2 ≤ 1
Γ(η)2

( ∫ t

(k−1)τ
(t− s)η−1

∣∣∣P(uk(s), uk−1(s− α(s)))

−P(uk
n(s), uk−1

n (s− α(s)))
∣∣∣ds

)2

108



Mathematics 2024, 12, 3273

≤ �̃k

{ ∫ t

(k−1)τ

(
μ̌|ek

n(s)|+ μ̂|ek−1
n (s− α(s))|

)
ds
}2

, (43)

where �̃l ∈ R+, l = 1, . . . , k, are independent of n and depended on η and τ. Thus, by taking
the mathematical expectation of (42) and (43), we get

E
∣∣∣Πk

n[P ](t)
∣∣∣2 ≤ k−1

∑
l=1

εl

∫
Ωl

(
E|el

n(s)|2 +E|el−1
n (s− α(s))|2

)
ds, (44)

E
∣∣∣Φk

n[P ](t)
∣∣∣2 ≤ εk

∫ t

(k−1)τ

(
E|ek

n(s)|2 +E|ek−1
n (s− α(s))|2

)
ds, (45)

where εl = max{�̃l μ̌, �̃l μ̂}, l = 1, . . . , k. In addition, from Equations (38) and (40) and by
Lipschitz condition (c), for t ∈ Ωk,

∣∣∣Πk
n[H ](t)

∣∣∣2 ≤ 1
Γ(η)2

( k−1

∑
l=1

∫
Ωl

(t− s)η−1
∣∣∣H (ul(s), ul−1(s− α(s)))

−H (ul
n(s), ul−1

n (s− α(s)))
∣∣∣dBs

)2

≤
{ k−1

∑
l=1

�̃l

∫
Ωl

(
δ̌|el

n(s)|+ δ̂|el−1
n (s− α(s))|

)
dBs

}2
, (46)

and ∣∣∣Φk
n[H ](t)

∣∣∣2 ≤ 1
Γ(η)2

( ∫ t

(k−1)τ
(t− s)η−1

∣∣∣H (uk(s), uk−1(s− α(s)))

−H (uk
n(s), uk−1

n (s− α(s)))
∣∣∣dBs

)2

≤ �̃k

{ ∫ t

(k−1)τ

(
δ̌|ek

n(s)|+ δ̂|ek−1
n (s− α(s))|

)
dBs

}2
. (47)

Hence, taking the mathematical expectation of Equations (46) and (47) and using Itô
isometry lead to

E
∣∣∣Πk

n[H ](t)
∣∣∣2 ≤ k−1

∑
l=1

ε̂l

∫
Ωl

(
E|el

n(s)|2 +E|el−1
n (s− α(s))|2

)
ds, (48)

E
∣∣∣Φk

n[H ](t)
∣∣∣2 ≤ ε̂k

∫ t

(k−1)τ

(
E|ek

n(s)|2 +E|ek−1
n (s− α(s))|2

)
ds, (49)

where ε̂l = max{�̃l δ̌, �̃l δ̂}, l = 1, . . . , k. Therefore, from Equations (35), (41), (44), (45), (48),
and (49),

E|ek
n(t)|2 ≤ Ψk−1

n (t) + ε̄k

∫ t

(k−1)τ
E|ek

n(s)|2ds, t ∈ Ωk,

in which ε̄l = εl + ε̂l , l = 1, . . . , k and

Ψk−1
n (t) = ς̂2E|ek−1

n (t− α(t))|2 +
k−1

∑
l=1

ε̄l

∫
Ωl

(
E|el

n(s)|2 +E|el−1
n (s− α(s))|2

)
ds

+ ε̄k

∫ t

(k−1)τ
E|ek−1

n (s− α(s))|2ds.

So, using the Gronwall inequality, we get

E|ek
n(t)|2 ≤ Ψk−1

n (t)eε̄k(t−(k−1)τ), t ∈ Ωk. (50)
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Let β̃k = max
t∈Ωk

{eε̄k(t−(k−1)τ)} and ζ̄k = max
l=1,...,k

{β̃k ς̂2, β̃k ε̄l}; thus, from Equation (49),

E|ek
n(t)|2 ≤ ζ̄k

[
E|ek−1

n (t− α(t))|2 +
k−1

∑
l=1

∫
Ωl

{E|el
n(s)|2 +E|el−1

n (s− α(s))|2}ds

+
∫ t

(k−1)τ
E|ek−1

n (s− α(s))|2ds
]
, t ∈ Ωk. (51)

Now, from Equations (26), (33), and (51), for k = 2, and t ∈ Ω2,, we can write

E|e2
n(t)|2 ≤ ζ̄2

[
E|e1

n(t− α(t))|2 +
∫

Ω1

(
E|e1

n(s)|2 +E|e0
n(s− α(s))|2

)
ds

+
∫ t

τ
E|e1

n(s− α(s))|2ds
]

≤ ζ̄2

[
ζ1 + τ

1

∑
l=1

(ζl + ζl−1) + (t− τ)ζ1

]
n2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)

≤ ζ2n2(1−q)‖Dμ+q
t u0(t)‖2

L2
q,q(Ω0)

,

where ζ2 = ζ̄2

[
ζ1 + τ

1
∑

l=1
(ζl + ζl−1) + τζ1

]
and ζ0 = ρ2

0. Also, for k = 3, and t ∈ Ω3,

E|e3
n(t)|2 ≤ ζ̄3

[
E|e2

n(t− α(t))|2 +
∫

Ω1

(
E|e1

n(s)|2 +E|e0
n(s− α(s))|2

)
ds

+
∫

Ω2

(
E|e2

n(s)|2 +E|e1
n(s− α(s))|2

)
ds +

∫ t

2τ
E|e2

n(s− α(s))|2ds
]

≤ ζ̄3

[
ζ2 + τ

2

∑
l=1

(ζl + ζl−1) + (t− 2τ)ζ2

]
n2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)

≤ ζ3n2(1−q)‖Dμ+q
t u0(t)‖2

L2
q,q(Ω0)

,

where ζ3 = ζ̄3

[
ζ2 + τ ∑2

l=1(ζl + ζl−1) + τζ2

]
.

As a result, in the general form, we find

E|ek
n(t)|2 ≤ ζkn2(1−q)‖Dμ+q

t u0(t)‖2
L2

q,q(Ω0)
,

in which

ζk = ζ̄k

[
ζk−1 + τ

k−1

∑
l=1

(ζl + ζl−1) + τζk−1

]
.

6. Numerical Examples

This section describes the proposed methodology for solving stochastic fractional delay
differential equations (SFNDEs) with time-varying delay, as described in Equations (10) and (11),
is evaluated. The approach involves considering Bm-discretized Brownian paths and calculating
the numerical approximation of u(t) along these paths. To assess the accuracy of the method,
the error concerning the L∞-norm is employed, defined as

‖E n‖∞ = max
t∈[0,T]

E|u(t)− un(t)|,

where u(t) represents the exact solution, and un(t) denotes the numerical approximation.
For numerical experiments, Matlab (version 19a) running on an Intel(R) Core(TM) i7-7500U
CPU @ 2.70 GHz with a maximum clock speed of 2.90 GHz was used.
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Example 1. Consider the following SFNDE:

CD
η
t [u(t)− u2(t− α(t))] = e−u(t)u(t− α(t)) + σ sin(u(t))u(t− α(t))Ḃt + f (t),

u(t) = −t, for t ∈ [−τ, 0],

where CD
η
t [·] denotes the Caputo fractional derivative of order η, σ ∈ R+ is a constant,

α(t) = 1
2 sin(πt) represents the time-varying delay, and Ḃt is the formal derivative of the standard

Brownian motion.
The piecewise function gives the closed-form solution

u(t) =

{
−t, t ∈ [−τ, 0],
2t3, t ∈ (0, T],

where f (t) is the appropriately chosen source term to satisfy this solution.

Figure 1 presents the solution obtained using the proposed numerical scheme for the
SFNDE described in Example 1, alongside its exact solution for parameters η = 0.5, n = 5,
σ = 0.01, M̄ = 20, P̄ = 45, Bm = 250, and μ = 0.3.

Figure 1. The light blue line represents the numerical solution, while the black line shows the exact
solution without noise for Example 1 with the parameters η = 0.5, n = 5, σ = 0.01, M̄ = 20, P̄ = 45,
Bm = 250, and μ = 0.3.

In addition, Figure 2 presents a logarithmic analysis of the absolute errors
log10 |u(t)− un(t)| for the solution of the SFNDE in Example 1 plotted against varying
noise intensities σ. The numerical scheme was implemented with the following parameters:
discretization level n = 6, quadrature orders M̄ = 15 and P̄ = 45, fractional order η = 0.65,
time step μ = 0.1, and Bm = 200 Brownian motion realizations. This semi-log plot eluci-
dates the sensitivity of the numerical approximation to stochastic perturbations of different
magnitudes. The divergence of error curves for distinct σ values provides insight into the
method’s stability and accuracy across a spectrum of noise intensities. This analysis is
crucial for assessing the robustness and applicability of our numerical scheme in various
stochastic environments, particularly when dealing with fractional-order systems subject to
time-varying delays and nonlinear interactions. These results provide strong empirical evi-
dence for the efficacy of our proposed method in approximating solutions to SFNDEs with
time-varying delays, even in the presence of nonlinear terms and stochastic perturbations.
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Figure 2. Logarithmic error analysis, log10 |e(t)|, i.e., e(t) = u(t)− un(t), in Example 1, illustrating
the relationship between the error and noise intensity σ for a fractional order of η = 0.65.

Table 1 provides a detailed analysis of computational efficiency and accuracy for
Example 1. It includes L∞-norm error values and the CPU time required for various
discretization levels (n) with parameters η = 0.65, σ = 0.01, P̄ = 25, M̄ = 30, T = 1,
and Bm = 200. The table compares errors for two values of μ (0.1 and 0.2) and lists the
CPU time in seconds.

Table 1. Analysis of computational efficiency and accuracy for the numerical solution in Example 1,
highlighting the performance of the proposed method.

Discretization L∞-Norm Error L∞-Norm Error CPU Time
Level n (μ = 0.1) (μ = 0.2) (seconds)

3 3.3261× 10−1 7.1240× 10−1 78.126
6 5.8410× 10−2 8.0124× 10−2 141.11
9 7.1225× 10−3 3.2636× 10−2 238.812

Example 2. Consider the SFDDE

cD
η
t [u(t) + u(t− α(t))] = u(t)u(t− α(t)) + σu2(t− α(t))Ḃt + f (t),

u(t) = 0, for t ∈ [−τ, 0],

where cD
η
t [·] denotes the Caputo fractional derivative of order η, σ ∈ R+ is the noise intensity,

α(t) = 0.5 is a constant delay, and Ḃt represents the formal derivative of the standard Brownian
motion. The piecewise function gives the analytical solution

u(t) =

{
0, t ∈ [−τ, 0],
t sin(πt), t ∈ (0, T],

where f (t) is the appropriately chosen source term to satisfy this solution.

Figure 3 presents a comparison between the exact solution and the numerical approxi-
mation of Example 2 for Bm = 300 Brownian motion realizations and parameters η = 0.5,
n = 9, σ = 0.01, P̄ = 30, M̄ = 20, and μ = 0.2. In addition, the logarithmic absolute errors
log10 |u(t)− un(t)| for various values of Bm = {2000, 300, 400} are shown in Figure 4.

Table 2 presents the computational efficiency and accuracy of our numerical scheme,
displaying the L∞-norm error ‖En‖∞ = maxt∈[0,T] |u(t)− un(t)| and CPU time for varying
discretization levels n and time steps μ. The parameters for this analysis are fractional
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order η = 0.45, noise intensity σ = 0.005, quadrature orders P̄ = 30 and M̄ = 20, final time
T = 1, and Bm = 250 Brownian motion realizations.

Figure 3. Comparison between the exact solution (black line) and the numerical approximation (light
blue line) for Example 2, obtained using the proposed method.

Figure 4. Logarithmic error analysis, log10 |e(t)|, i.e., e(t) = u(t)− un(t), for Example 2, showing the
effect of different numbers of Brownian motion realizations Bm with a fractional order of η = 0.5.

Table 2. Analysis of computational efficiency and accuracy for the numerical solution in Example 2,
demonstrating the performance and reliability of the proposed method.

Discretization L∞-Norm Error L∞-Norm Error CPU Time
Level n (μ = 0.1) (μ = 0.2) (Seconds)

3 4.4310× 10−2 7.5463× 10−1 42.24
6 3.2467× 10−3 5.4505× 10−2 73.108
9 4.3311× 10−4 2.1173× 10−2 164.34

This thorough analysis highlights the proposed numerical scheme’s accuracy, stability,
and computational efficiency when solving SFDDEs with constant delays. It provides
valuable insights into the scheme’s performance across different parameter configurations
and stochastic realizations.
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Example 3. A comprehensive population growth model for E. coli that demonstrates a prolonged,
step-like growth pattern is proposed by NDDE [47]. The proposed model encompasses the fol-
lowing critical features: (i) all cells exhibit identical division times, (ii) cellular division occurs
synchronously, (iii) there is an initial period characterized by extended step-like growth, and (iv) the
initial population size of E. coli colonies remains indeterminate. That is

cD
η
t [u(t)− ρ2u(t− τ)] = ρ0u(t) + ρ1u(t− τ) + σḂt, η ∈ (0, 1], (52)

where u(t) represents the population, and the history function is given by

φ(t) = u0 + βΨ(t), t ∈ [−τ, 0],

where

Ψ(t) =
2u0βγ

ρ1τ
E
(

2t
h
+ 1

)
,

and

E(t) =

{
exp

(
− 1

1−t2

)
, for |t| < 1,

0, otherwise.

where ρ0 = 0.004 is the growth rate parameter, ρ1 = 0.004 is the interaction effect parameter,
ρ2 = 0.101 is the delay effect parameter, τ = 1.623 is the delay time in hours, u0 = 99 is the initial
population of E. coli cells, β = 0.011 is a scaling factor, γ = 2.25 is the growth efficiency, and h = 1
is the characteristic time scale. These values are typical and derived from empirical observations in
microbial growth studies, providing a solid foundation for modeling E. coli population dynamics.

Figure 5 illustrates the simulation results for various values of η with the numerical
algorithm parameters set as n = 21, σ = 0.01, P̄ = 80, M̄ = 2n + 1, and μ = 0.5. The black
line corresponds to the integer-order solution based on the approach from [48], showing
strong agreement with the proposed model at η = 1. Moreover, the obtained numeri-
cal solutions leverage the Martingale property of the stochastic process, implying that
while the solution exhibits random fluctuations, it shows no deterministic trend or drift.
Although these fluctuations are more pronounced in the integer-order solution obtained
using the approach from [48], they are less visible in the proposed method due to the
use of a low-degree interpolating polynomial, which leads to a natural averaging effect.
Additionally, as the fractional order decreases, an exponential decline in the growth rate is
observed, consistent with the theoretical expectations for such systems.

Figure 5. Simulation results of the E. coli population growth model for various values of η, and with
the parameters set as n = 21, σ = 0.01, P̄ = 80, M̄ = 2n + 1, and μ = 0.5. The black line represents the
integer-order solution obtained by the method proposed in [48].
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7. Conclusions

This study presented a novel numerical approach for solving fractional neutral stochas-
tic differential equations (SFDDEs) with a neutral delay. The method leveraged Jacobi
poly-fractonomials to transform the original problem into a non-delay stochastic neutral
integral equation. By applying a collocation scheme based on these poly-fractonomials,
the non-delay equations were reduced to systems of nonlinear algebraic equations, which
were solved iteratively. The convergence analysis demonstrated that the proposed method
exhibits spectral convergence, highlighting its efficiency and accuracy. Numerical examples
further validated the robustness and effectiveness of the approach, showing its capability
to handle the complexities of SFDDEs with high precision.

Since the fractional operator used in this study is not memoryless and is constrained
by the lower terminal of the fractional operator, the need for higher-degree polynomials
for extended solution times is inevitable. As the polynomial degree increases, the number
of unknowns in the nonlinear augmented algebraic equations also grows, potentially
leading to an exponential increase in computation time. This issue could be addressed by
using short-memory memory principal [49]. Future work will focus on investigating this
approach further.
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Abstract: This article primarily focuses on examining the existence and uniqueness analysis of
boundary fractional difference equations in a class of Riemann–Liouville operators. To this end,
we firstly recall the general solution of the homogeneous fractional operator problem. Then, the
Green function to the corresponding fractional boundary value problems will be reconstructed, and
homogeneous boundary conditions are used to find the unknown constants. Next, the existence of
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1. Introduction

The most fundamental and significant notions from integers to fractional difference
and differential equations (ordinary or partial) are fractional calculus and discrete fractional
calculus [1,2]. In particular, fractional difference models contribute to many work frames
with respect to the theory and application in mathematics and physics; see e.g., [3–5].
Furthermore, these models and their associated system of difference equations serve as
well-suited mathematical models in various areas, such as physics, ecology, social sciences,
chemistry, and biology (cf. [6–10]).

Fractional difference operators have played an indispensable role in shaping our
understanding of fractional boundary value problems (FBVPs). These FBVPs provided
valuable insights into the importance of convergence analysis in discrete fractional calculus
theory and the potential impact of dynamical systems; see for example, Refs. [2,11–14] to
be familiar with these operators. In addition, some FBVP models have been proposed and
studied in [15–21] and references therein, and the authors mainly focused on Riemann–
Liouville- and Liouville–Caputo-type operators. Furthermore, the existence and uniqueness
of FBPV solutions are governed by various fractional operators resulting from a variety of
continuous and discrete actions involving AB and CF fractional operators (e.g., [14,22–28]).

Mathematics 2024, 12, 2864. https://doi.org/10.3390/math12182864 https://www.mdpi.com/journal/mathematics118
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In addition, the FBVPs have the effect of various parameters on the bandgap and the
feasibility of actively adjusting the bandgap of the system [29–31].

In addition, the analysis of the existence/uniqueness of solutions to the fractional
difference equations concerning BVPs is paramount in comprehending discrete fractional
calculus. These solutions serve as major results in directing and investigating inequalities
such as Laypunov-like inequalities. There have been increasing applications of fractional
problems in mathematical physics for the existence of positive solutions [32,33]. Recently,
Mohammed et al. [34] considered the following FBVP:⎧⎪⎨⎪⎩

−
(

RL
q0

Δθ g
)
(x) = h(x + θ), x ∈ N(q0 + 2; q),

g(q0) = 0, g(q) = 0,
(1)

and they obtained the existence of its solutions, as discussed in the next section.
Motivated by [34], we aim to examine, in this current study, the uniqueness of a

positive solution for the following FBVP:⎧⎪⎨⎪⎩
(

RL
q0

Δθ g
)
(x) = −Z

(
x + θ − 1, g(x + θ − 1)

)
,

g(q0) = C1, g(q) = C2 x ∈ N(q0 + 2; q),
(2)

For q0, q, C1, C2 ∈ R with q − q0 ∈ N(2), Z is assumed to be a function from
N(q0 + 2; q)×R to R. Note that N(q0) =

{
q0, q0 + 1, . . .

}
and N(q0; q) =

{
q0, q0 + 1, . . . , q

}
.

The remainder of this paper is structured as follows: In the next section, we review
the basic theorems about the existence of fractional boundary value problems, focusing
on recently published results. In Section 3, we obtain positive solutions in terms of the
fundamental systems of solutions on the known fixed-point theorems for solutions of the
FBVP and some of their relevant features. Section 4 is devoted to explaining our GF for the
corresponding FBVP. Next, in Section 5, the existence of our solutions to the GF formula
will be shown by considering the common fixed-point theorems. Two examples are shown
in Section 6 as applications of our theoretical results. Finally, our article will end with
concluding remarks in Section 7.

2. Review of Results

In this section, we state further results obtained by Mohammed et al. [34].

Theorem 1. Let θ ∈ (1, 2), and let q0 and q be two real numbers such that q − q0 ∈ N(1),
and h : N(q0 + 2; q)→ R. Then, FBVP (1) has the unique solution

g(x) =
q

∑
r=q0+2

G (x, r)h(r), x ∈ N(q0; q), (3)

where the GF G (x, r) is given by

G (x, r) =

⎧⎪⎪⎨⎪⎪⎩
(q+θ−r−1)θ−1

(q+θ−q0−2)θ−1 Γ(θ)
(x + θ − q0 − 2)θ−1, x ≤ r− 1,

(q+θ−r−1)θ−1

(q+θ−q0−2)θ−1 Γ(θ)
(x + θ − q0 − 2)θ−1 − (x+θ−r−1)θ−1

Γ(θ) , x ≥ r.

(4)

In the above theorem, for x ∈ N(q0 + �− θ) (see [35], (Theorem 2.2)),

(
RL
q0

Δθ g
)
(x) :=

1
Γ(−θ)

x+θ

∑
r=q0

(x− r− 1)−θ−1g(r), (5)
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is the Riemann–Liouville fractional difference, and its sum formula, for x ∈ Nq0+θ (see [2],
(Definition 2.25)),

(
RL
q0

Δ−θ g
)
(x) =

1
Γ(θ)

x−θ

∑
r=q0

(
x− r− 1

)θ−1g(r), (6)

is the Riemann–Liouville fractional sum for the function g on the domain N(q0),
�− 1 < θ < � with � ∈ N1, and xθ = Γ(x+1)

Γ(x+1−θ)
.

Theorem 2. Let θ ∈ (1, 2) in the FBVP:

−
(

RL
q0

Δθ w
)
(x) = 0,

w(q0) = C1, w(q) = C2.
(7)

Then, we have the following:

(a) For x ∈ Nq0+2,

w(x) = C1

(
q− x
q− q0

)
(x− q0 + θ − 2)θ−2

Γ(θ − 1)
+ C2

(x− q0 + θ − 2)θ−1

(q− q0 + θ − 2)θ−1 , x ∈ N(q0; q), (8)

is the solution of (7).
(b) For x ∈ Nq

q0 , we have

| w(x) |≤ 2 max
{
|C1|, |C2|

}
.

Theorem 3. Let h : Nq
q0+2 → R. The FBVP

−
(

RL
q0

Δθ g
)
(x) = h(x + θ), x ∈ Nq0+2,

g(q0) = C1, g(q) = C2,
(9)

has the unique solution

g(x) = w(x) +
q

∑
r=q0+2

G (x, r)h(r), x ∈ Nq
q0 , (10)

where w is as given in the above theorem, and G (x, r) is as given in Theorem 1.

3. Positive Solution Results

In view of the Guo–Krasnoselskii theorem (see [36]), we examine the existence of
positive solutions for FBVP (2) when C1 = C2 = 0:⎧⎪⎨⎪⎩

(
RL
q0

Δθ g
)
(x) = −Z

(
x + θ − 1, g(x + θ − 1)

)
,

g(q0) = g(q) = 0, x ∈ N(q0 + 2; q).
(11)

Definition 1 ([37], (Completely Continuous Operator)). A bounded linear operator E : C → C̄,
where C and C̄ are two Banach spaces (BSs), is completely continuous if it transforms weakly
convergent sequences in C to norm-convergent sequences in C̄.

Theorem 4 ([36], (Guo–Krasnoselskii theorem)). LetF ⊂ C be a cone set, and the BS C contains
two open sets Ω1 and Ω2 such that Ω1 ⊆ Ω2 and 0 ∈ Ω1. Suppose that E : F ∩ (Ω2 \Ω1)→ F
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is a completely continuous operator. If one of the following properties holds, then E has at least one
fixed point in F ∩ (Ω2 \Ω1):

1. ‖Eg‖ ≥‖g‖ for g ∈ F ∩ ∂Ω2 and ‖Eg‖ ≤‖g‖ for g ∈ F ∩ ∂Ω1;
2. ‖Eg‖ ≤‖g‖ for g ∈ F ∩ ∂Ω2 and ‖Eg‖ ≥‖g‖ for g ∈ F ∩ ∂Ω1.

Next, we need a new property of the GF that is as follows.

Theorem 5. One can have 0 < γ < 1 such that

min
x∈N(q0+1;q−1)

G (x, r) ≤ max
x∈N(q0+1;q−1)

G (x, r) = γ G (r− 1, r), r ∈ N(q0 + 2; q).

Proof. In [38], Mohammed et al. showed that G (x, r) increases from G (q0, r) = 0 to a
positive value in G (r− 1, r) and then decreases to G (q, r) = 0, for fixed r ∈ N(q0 + 1; q).
Now, we define

G (x, r) =
G (x, r)

G (r− 1, r)
.

Then, for r ∈ N(q0 + 2; q), we consider

G (x, r) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(x−q0+θ−2)θ−1

(r−q0+θ−3)θ−1 , x ∈ Nr−1
q0+1,

(x−q0+θ−2)θ−1

(r−q0+θ−3)θ−1 −
(x−r+θ−1)θ−1(q−q0+θ−2)θ−1

(q−r+θ−1)θ−1(r−q0+θ−3)θ−1 , x ∈ Nq−1
r .

Therefore, for x ∈ N(q0 + 1; r− 1) and r ∈ N(q0 + 2; q), one can have

G (x, r) =
(x− q0 + θ − 2)θ−1

(r− q0 + θ − 3)θ−1
≥ (θ − 1)θ−1

(q− q0 + θ − 3)θ−1
=

Γ(θ)

(q− q0 + θ − 3)θ−1
. (12)

Also, for x ∈ N(r; q− 1) and r ∈ N(q0 + 2; q− 1), we know that G (x, r)(=⇒ G (x, r))
is a decreasing function of x. Then, we obtain

G (x, r) ≥ G (q− 1, r)

=
(q− q0 + θ − 3)θ−1

(r− q0 + θ − 3)θ−1
− (q− r + θ − 2)θ−1(q− q0 + θ − 2)θ−1

(q− r + θ − 1)θ−1(r− q0 + θ − 3)θ−1

=
(q− q0 + θ − 3)θ−1

(r− q0 + θ − 3)θ−1

[
1− (q− r + θ − 2)θ−1(q− q0 + θ − 2)θ−1

(q− r + θ − 1)θ−1(q− q0 + θ − 3)θ−1

]
=

(q− q0 + θ − 3)θ−1

(r− q0 + θ − 3)θ−1

[
1−

( q− r
q− r + θ − 1

)( q− q0 + θ − 2
q− q0 − 1

)]
=

(q− q0 + θ − 3)θ−2

(r− q0 + θ − 3)θ−2

( θ − 1
q− q0 + θ − 1

)
=

(q− q0 + θ − 3)θ−2

(θ − 1)θ−2

( θ − 1
q− q0 + θ − 3

)
=

(q− q0 + θ − 3)θ−2

(q− q0 + θ − 3)Γ(θ − 1)
. (13)

Thus, in view of (12) and (13), we see that

min
x∈N(q0+1;q−1)

G (x, r) ≥ γ G (r− 1, r), r ∈ N(q0 + 2; q),
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where

γ = min

{
Γ(θ)

(q− q0 + θ − 3)θ−1
,

(q− q0 + θ − 3)θ−2

(q− q0 + θ − 3)Γ(θ − 1)

}
.

It is clear that γ is between 0 and 1. Thus, the proof is complete.

By considering Theorem 1, we see that g is a solution of (11) IFF it is a solution of

g(x) =
q

∑
r=q0+2

Z(r, g(r))G (x, r), x ∈ N(q0; q). (14)

Let us define the operator E as follows:

(Eg)(x) :=
q

∑
r=q0+2

G (x, r)Z(r, g(r)), x ∈ N(q0; q). (15)

We can say that g is a fixed point of E (according to (14) and (15)) IFF it is a solution
of (11). In denoting C by

C =
{

g : N(q0; q)→ R; g(q0) = g(q) = 0
}
⊆ R(q− q0 + 1).

it can be observed that E : C → C and C is a BS with the following norm:

‖g‖ = max
x∈N(q0;q)

|g(x)|.

Now, we define the cone

F :
{

g ∈ C : g(t) ≥ 0, for each x ∈ N(q0; q) and min
N(q0+1;q−1)

g(x) ≥ γ‖g‖
}

.

Now, we try to obtain sufficient conditions for the existence of a fixed point in E .
We firstly know that E is a summation operator defined on a finite set. Therefore, E is
completely continuous. Then, let

η :=
1

∑
q
r=q0+2 G (r− 1, r)

=
Γ(θ)(q− q0 + 2θ − 2)2θ−1

Γ(2θ)(q− q0 + θ − 2)θ−1
,

and x0 ∈ N(q0 + 1; q− 1) with

min
x∈N(q0+1;q−1)

G (x, r) = G (x0, r), for all r ∈ N(q0 + 2; q).

Hence, by making use of Theorem 5, we have

G (r− 1, r) ≤ 1
γ

G (x0, r), r ∈ N(q0 + 2; q). (16)

The following hypotheses will be useful for the next results:

Hypothesis 1 (H1). Z(x, ξ) ≥ 0, for (x, ξ) ∈ N(q0; q)×R+.

Hypothesis 2 (H2). There exists a1 > 0 with Z(x, g) ≤ η a1, where 0 ≤ g ≤ a1;

Hypothesis 3 (H3). There exists a2 > 0 with Z(x, g) ≥ ηa2
γ , where γa2 ≤ g ≤ a2;
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Hypothesis 4 (H4). Suppose that

lim
g→0+

(
min

x∈N(q0;q)

Z(x, g)
g

)
→ ∞ and lim

g→∞

(
min

x∈N(q0;q)

Z(x, g)
g

)
→ ∞.

Hypothesis 5 (H5). Suppose that

lim
g→0+

(
min

x∈N(q0;q)

Z(x, g)
g

)
→ 0 and lim

g→∞

(
min

x∈N(q0;q)

Z(x, g)
g

)
→ 0.

Lemma 1. Let hypothesis (H1) hold. Then, E is an operator from F to F .

Proof. Let g ∈ F . It is clear that
(
Eg

)
(x) ≥ 0 for x ∈ N(q0; q). Next, we consider

min
x∈N(q0+1;q−1)

(
Eg

)
(x) = min

x∈N(q0+1;q−1)

(
q

∑
r=q0+2

G (x, r)Z(r, g(r))

)

≥ γ
q

∑
r=q0+2

G (r− 1, r)Z(r, g(r))

= γ
q

∑
r=q0+2

G (x, r)Z(r, g(r))

= γ
q

∑
r=q0+2

G (x, r)Z(r, g(r))

= γ‖Eg‖.

This leads to Eg ∈ F . Hence, the proof is complete.

Theorem 6. Let (H1)–(H3) hold on Z. Then, one can find at least one positive solution for (11).

Proof. It is evident that E is completely continuous as E : F → F . Let us define

Ω1 :=
{

g ∈ F :‖g‖ < a1
}

.

It can be said that Ω1 ⊆ C is an open set including 0. As ‖g‖ = a1, for g ∈ ∂Ω1, then
(H2) can hold for each g ∈ ∂Ω1. It follows that

‖Eg‖ = max
x∈N(q0;q)

q

∑
r=q0+2

G (x0, r)Z(r, g(r)) ≥
q

∑
r=q0+2

G (r− 1, r)Z(r, g(r))

≥ ηa1

q

∑
r=q0+2

G (r− 1, r) = a1 =‖g‖.

This implies that ‖Eg‖ ≥ ‖g‖, where g ∈ F ∩ ∂Ω1.
In addition, we define

Ω2 :=
{

g ∈ F :‖g‖ < a2
}

.

123



Mathematics 2024, 12, 2864

It is evident that Ω2 ⊆ C is an open set with Ω1 ⊆ Ω2. As ‖g‖ = a2, for g ∈ ∂Ω2, then
(H3) can hold for each g ∈ ∂Ω2. By considering (16), we obtain

‖Eg‖ ≥|Eg(x0)| =
q

∑
r=q0+2

G (x0, r)Z(r, g(r)) ≥ γ
q

∑
r=q0+2

G (r− 1, r)Z(r, g(r))

≥ η a2

q

∑
r=q0+2

G (r− 1, r) = a2 =‖g‖,

which gives that ‖Eg‖ ≥ ‖g‖, where g ∈ F ∩ ∂Ω2. Therefore, A has at least one fixed
point in F ∩ (Ω2 Ω1) according to Theorem 4. We call this fixed point g0, which satisfies
a1 < ‖g0‖ < a2. This proves our theorem.

Theorem 7. Suppose that Z satisfies (H1)–(H4). Then, there are at least two positive solutions
for (11).

Proof. Let M > 0 and x1 ∈ N(q0 + 1; q− 1) be fixed with

M γ
q

∑
r=q0+2

G (x1, r) > 1. (17)

Considering (H4), there exists an a > 0 such that a < p and Z(x, g) ≥ Mg for all
0 ≤ g ≤ a and x ∈ N(q0; q). Define the set

Ωa :=
{

g ∈ F :‖g‖ < a
}

.

By making use of (17), we obtain

‖Eg‖ ≥|Eg(x1)| =
q

∑
r=q0+2

G (x1, r)Z(r, g(r)) ≥ M
q

∑
r=q0+2

G (x1, r)|g(r)|

≥ Mγ‖g‖
q

∑
r=q0+2

G (x1, r) >‖g‖.

This leads to ‖Eg‖ > ‖g‖, whenever g ∈ F ∩ ∂Ωa. Then, for the same M > 0, there is
a number R1 > 0 with Z(x, g) ≥ Mg, for each g ≥ R1 and x ∈ N(q0; q). Let us choose R
such that

R > max
{

p,
R1

γ

}
.

Now, we define

ΩR :=
{

g ∈ F :‖g‖ < R
}

.

It is clear that ‖Eg‖ > ‖g‖, when g ∈ F ∩ ∂ΩR. In the final step, we define

Ωp :=
{

g ∈ F :‖g‖ < p
}

.

This implies that ‖Eg‖ ≤ ‖g‖ as g ∈ F ∩ ∂Ωp.
Thus, we have found two fixed points g0 and g1 for E with g1 ∈ Ωp\Ω̊a and

g2 ∈ ΩR\Ω̊p, where Ω̊ refers to the interior of Ω. In particular, we can say that g0 and
g1 are two positive solutions of (11) that satisfy 0 < ‖g1‖, p < ‖g2‖. This completes
our proof.
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Theorem 8. Assume that Z satisfies (H1), (H3), and (H5). Then, there exist at least two positive
solutions for (11).

Proof. For any ε > 0, there is an M > 0 with Z(x, g) ≥ M+ εg according to (H5), for g ∈ F
and x ∈ N(q0; q). Then, we have

|
(
Eg

)
| =

q

∑
r=q0+2

G (x, r)Z(r, g(r)) ≤
q

∑
r=q0+2

G (r− 1, r)
[
M + εg(r)

]
.

Since ε > 0 is arbitrary, we see that

|
(
Eg

)
| ≤ M

q

∑
r=q0+2

G (r− 1, r) =
M
η

.

Taking R > p to be sufficiently large, we have

R >
M
η

.

Let us define

ΩR :=
{

g ∈ F :‖g‖ < R
}

.

It follows that ‖Eg‖ < R = ‖g‖, whenever g ∈ F ∩ ∂ΩR. Again, by considering (H5),
we have a > 0 such that a < p and Z(x, g) < ηg, for 0 ≤ g ≤ a, g ∈ F , and x ∈ N(q0; q).
Now, we define

Ωa :=
{

g ∈ F :‖g‖ < a
}

.

Then, we see from this that

‖
(
Eg

)
‖ = max

x∈N(q0;q)

q

∑
r=q0+2

G (x, r)Z(r, g(r)) ≤
q

∑
r=q0+2

G (r− 1, r)Z(r, g(r))

≤ η
q

∑
r=q0+2

G (r− 1, r)|g(r)| ≤‖g‖.

This implies that ‖Eg‖ < ‖g‖, when g ∈ F ∩ ∂Ωa. Lastly, we define

Ωp :=
{

g ∈ F :‖g‖ < p
}

.

It can be observed that ‖Eg‖ > ‖g‖, whereas g ∈ F ∩ ∂Ωp.
Thus, we have determined g1 and g2, two fixed points of E with g1 ∈ Ωp\Ω̊a and

g2 ∈ ΩR\Ω̊p. Specifically, we can say that g1 and g2 are two positive solutions of (11) that
satisfy 0 < ‖g1‖ and p < ‖g2‖. This concludes our result.

4. Existence Results

Here, we examine the existence of some solutions by considering some known fixed-
point theorems. According to Theorem 3, we can define an operator

(
H g

)
(x) := w(x) +

q

∑
r=q0+2

Z
(
r, g(r)

)
G (x, r), x ∈ N(q0; q). (18)

It follows from (10) and (18) that g is a fixed point of H IFF it is a solution of (2).
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Theorem 9 (see [36], (Brouwer theorem)). Let R(n) be the set of n-tuples of real numbers,
∅ �= F ⊂ R(n) be a compact convex set, and H : F → F be a continuous function. Then, H
has a fixed point in K.

Theorem 10 (see [36], (Leray–Schauder theorem)). Let Ω ⊂ R(n) be an open set with 0 ∈ Ω
and H : Ω → R(n) be a completely continuous function. Note that every H has at least one of
the following properties:

• There is g ∈ Ω such that H g = g.
• There are v ∈ ∂Ω and ξ ∈ (0, 1) such that v = ξ H v.

Then, g is a fixed point of H in Ω.

Theorem 11 (see [36], (Krasnoselskii–Zabreiko theorem)). Let H : R(n) → R(n) be a
completely continuous function and � : R(n)→ R(n). If � is a bounded linear function such that 1
is not its eigenvalue and

lim
‖g‖→∞

(‖H g− �g‖
‖g‖

)
= 0,

then there exist a fixed point of H in R(n).

Now, we know that R(q− q0 + 1) is a BS with the following norm:

‖g‖ := max
x∈N(q0;q)

|g(x)|.

Theorem 12. Let Z(x, g) be a continuous function with respect to g for all x ∈ N(q0; q). If there
exist �, M > 0 with

max
{
|C1|, |C2|

}
≤ �, (19)

M = max
(x,g)∈N(q0;q)×[−3�,3�]

∣∣∣Z(x + θ − 1, g(x + θ − 1)
)∣∣∣, (20)

and

δ ≤ �

M
, (21)

then, FBVP (2) has a solution.

Proof. Let us define F as

F :=
{

g : N(q0; q)→ R and ‖g‖ ≤ 3�
}

.

We know that ∅ �= F ⊂ R(q− q0 + 1) is a compact convex set. Now, we claim that

H : F → F .
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To do this, we suppose that g ∈ F and x ∈ N(q0; q). By considering

|H g(x)| =
∣∣∣w(x) +

q

∑
r=q0+2

G (x, r)Z(r, g(r))
∣∣∣

≤
∣∣∣w(x)|+

q

∑
r=q0+2

G (x, r)|Z(r, g(r))
∣∣∣

≤ 2 max{|C1|, |C2|}+ M
q

∑
r=q0+2

G (x, r)

≤ 2�+ Mγ ≤ 3�,

we obtain H g ∈ F . Therefore, H : F → F as claimed. Moreover, H is trivially
continuous on K because it is a summation operator on a discrete finite set. Hence, we can
say that H has a fixed point according to Theorem 9. This concludes that FBVP (2) has a
solution, namely g0, such that ‖g0‖ ≤ 3�. Hence, the proof is complete.

Theorem 13. Let Z(x, g) be as in the previous theorem, and it is bounded on N(q0; q)×R. Then,
there is a solution for FBVP (2).

Proof. Let us take

P > sup
(x,g)∈N(q0;q)×R

|Z(x, g)|.

Choose � to be as large as

max{|C1|, |C2|} ≤ � and δ ≤ �

M
,

where M is the same as defined in Theorem 12 and M ≤ P so that

δ ≤ �

M
.

Thus, FBVP (2) has a solution according to Theorem 12. This completes the proof.

Theorem 14. Let Z be as in Theorem 12. If there are two continuous functions ψ and σ such that
ψ : R+ → R+ is non-decreasing, σ : N(q0; q)→ R, and

|Z(x, g)| ≤ σ(x)ψ(|g|), (x, g) ∈ N(q0; q)×R. (22)

Furthermore, if there exists γ > 0 with

γ

max{|C1|, |C2|}+ δ‖σ‖ψ(γ)
> 1, (23)

then FBVP (2) has a solution.

Proof. First, we define

Ω := {g : N(q0)→ R and ‖g‖ < γ}.

It is obvious that Ω ⊂ R(q − q0 + 1) is an open set including 0 and H : Ω →
R(q− q0 + 1). So, H is trivially completely continuous on Ω since H is as in Theorem 12.
On the contrary, we suppose that there are v ∈ Ω and ξ ∈ (0, 1) with

v = ξH v. (24)
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Using the definition of H and Theorem 2(b) in (24), we can deduce

|v(x)| ≤|w(x)|+
q

∑
r=q0+2

G (x, r)|Z
(
r, v(r)

)
|

≤ 2 max{|C1|, |C2|}+
q

∑
r=q0+2

G (x, r)σ(r)ψ
(
|v(r)|

)
≤ 2 max{|C1|, |C2|}+‖σ‖ψ(‖v‖)

q

∑
r=q0+2

G (x, r)

≤ 2 max{|C1|, |C2|}+ δ‖σ‖ψ(γ).

This leads to

‖v‖ ≤ 2 max{|C1|, |C2|}+ δ‖σ‖ψ(γ).

Therefore,

γ

2 max{|C1|, |C2|}+ δ‖σ‖ψ(γ)
≤ 1.

This contradicts (23). As a consequence, by considering Theorem 10, we see that H
has a fixed point in Ω. This tells us that FBVP (2) has a solution, namely g1, with ‖g1‖ < γ.
Thus, our proof is complete.

Theorem 15. Let Z be as in Theorem 12. If there exists a continuous function φ : N(q0; q) → R
with

lim
‖g‖→∞

Z(x, g)
g

= φ(x), x ∈ N(q0; q), (25)

and

‖φ‖ < 1
δ

, (26)

then FBVP (2) has a solution.

Proof. It is easy to see that H : R(q − q0 + 1) → R(q − q0 + 1). So, H is trivially
completely continuous on R(q− q0 + 1), which is as in Theorem 12. Let us consider a linear
bounded mapping �, which is � : R(q− q0 + 1)→ R(q− q0 + 1) defined by

(
�g
)
(x) :=

q

∑
r=q0+2

G (x, r)φ(r)g(r), x ∈ N(q0; q). (27)

Clearly, ‖�g‖ <‖g‖. Then, let g ∈ R(n) and x ∈ N(q0; q), and we consider

(
�g
)
(x) ≤

q

∑
r=q0+2

G (x, r)|φ(r)||g(r)|

≤‖φ‖‖g‖
q

∑
r=q0+2

G (x, r) ≤ δ‖φ‖‖g‖ <‖g‖.

This implies that ‖�g‖ <‖g‖. Thus, 1 is not an eigenvalue of �. By considering (24),
we have the following: For every ε > 0, there exists a number N with each x ∈ N(q0; q),

|Z
(

x, g(x)
)
− φ(x)g(x)| < ε where ‖g‖ > N. (28)
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Next, for each x ∈ N(q0; q), we have

|
(
H g

)
(x)−

(
�g
)
(x)| ≤|w(x)|+

q

∑
r=q0+2

G (x, r)|Z
(
r, g(r)

)
− φ(r)g(r)|

≤ 2 max{|C1|, |C2|}+ ε
q

∑
r=q0+2

G (x, r)

≤ 2 max{|C1|, |C2|}+ δε.

This leads to

‖H g− �g‖
‖g‖ <

max{|C1|, |C2|}+ δε

N
.

As a consequence, we obtain

lim
‖g‖→∞

‖H g− �g‖
‖g‖ = 0.

Thus, H has a fixed point in R(q− q0 + 1) by Theorem 11. Hence, FBVP (2) has a
solution, as requested.

5. Uniqueness Results

This part of our article provides the existence of the unique solution of model (2) by
considering the Lipschitz condition.

Theorem 16 (see [36], (Contraction Mapping Theorem)). Let S ⊂ R(n) be closed and H :
S → S be a contraction function; i.e., ∃ ξ ∈ [0, 1) with

‖H g−H v‖ ≤ ξ‖g− v‖,

for each g, v ∈ S. Then, w is a unique fixed point of H in S.

Theorem 17. If Z(x, g) satisfies the Lipschitz condition with respect to g, i.e.,

‖Z
(

x, g
)
− Z

(
x, v

)
‖ ≤ K‖g− v‖, (29)

for each (x, g), (x, v) ∈ N(q0; q)×R, where K is the Lipschitz constant and if

0 < Kδ < 1, (30)

then there is a unique solution for (2).

Proof. Let g, v ∈ R(q− q0 + 1) and x ∈ N(q0; q). Consider

∣∣∣H g(x)−H v(x)
∣∣∣ ≤ q

∑
r=q0+2

G (x, r)
∣∣Z(r, g(r)

)
− Z

(
r, v(r)

)∣∣
≤ K

q

∑
r=q0+2

G (x, r)|g(r)− v(r)|

≤ K‖g− v‖
q

∑
r=q0+2

G (x, r)

≤ Kδ‖g− v‖,
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implying that

‖H g−H v‖ ≤ Kδ‖g− v‖,

Therefore, H is a contraction on R(q − q0 + 1) according to (30). Thus, H has a
unique fixed point in R(q − q0 + 1) by Theorem 17. This implies that (2) has a unique
solution. This ends the proof.

Theorem 18. Let η, β > 0 with

‖Z
(

x, g
)
− Z

(
x, v

)
‖ ≤ β‖g− v‖, (31)

for each (x, g), (x, v) ∈ N(q0; q)× [−η, η]. We can choose

m1 = max
x∈N(q0;q)

|Z(x, 0)|, (32)

and

m2 = max
(x,g)∈N(q0;q)×[−η,η]

|Z(x, g)|. (33)

Moreover, if

0 < βδ < 1, (34)

and

η ≥ m1δ + 2 max{|C1|, |C2|}
1− βδ

=⇒ 2 max{|C1|, |C2|}+ m2δ ≤ η, (35)

then (2) has a unique solution.

Proof. It can be observed that H is a contraction on R(q− q0 + 1) according to (34). Let
us define

D =
{

g : N(q0; q)→ R and ‖g‖ ≤ η
}

.

It is clear that D ⊆ R(q− q0 + 1). Now, let us claim that H : D → D. To prove this,
let g ∈ D and x ∈ N(q0; q). We assume that (35) holds, and then we consider

∣∣H (0)(x)
∣∣ = ∣∣∣w(x) +

q

∑
r=q0+2

G (x, r)Z(r, 0)
∣∣∣

≤|w(x)|+
q

∑
r=q0+2

G (x, r)|Z(r, 0)|

≤ 2 max{|C1|, |C2|}+ m1

q

∑
r=q0+2

G (x, r)

≤ 2 max{|C1|, |C2|}+ m1δ,

which leads to ∥∥H (0)
∥∥ ≤ 2 max{|C1|, |C2|}+ m1δ.
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Therefore, ∥∥H (g)
∥∥ =

∥∥H (g) +H (0)−H (0)
∥∥

≤
∥∥H (g)−H (0)

∥∥+ ∥∥H (0)
∥∥

≤ βδ‖g− 0‖+ 2 max{|C1|, |C2|}+ m1δ

≤ βδη + 2 max{|C1|, |C2|}+ m1δ ≤ η.

This implies that H : D → D.
On the other hand, let us assume that (35) holds. Let g ∈ D and x ∈ N(q0; q). Then,

we consider

∣∣(H g
)
(x)

∣∣ = ∣∣∣w(x) +
q

∑
r=q0+2

G (x, r)Z(r, g(r))
∣∣∣

≤|w(x)|+
q

∑
r=q0+2

G (x, r)|Z(r, g(r))|

≤ 2 max{|C1|, |C2|}+ m2

q

∑
r=q0+2

G (x, r)

≤ 2 max{|C1|, |C2|}+ m2δ ≤ η,

which leads to ∥∥∥H g
∥∥∥ ≤ η,

which gives H : D → D. As a consequence, H has a unique fixed point in R(q− q0 + 1)
according to Theorem 16. Finally, we see that (2) has a unique solution, namely g2, and it
satisfies ‖g2‖ ≤ η. Hence, the proof is complete.

6. Numerical Examples

The following examples are presented to understand the applicability of the above results.

Example 1. In the first example, we consider the FBVP

−
(

RL
0Δ

3
2 g

)
(x) =

(
g2 +

(
x +

1
2

)2
+ 9

)−1

, x ∈ N(2; 10),

g(0) = 1, g(10) = 2.

(36)

We can observe that

q0 = 0, q = 10, θ = 1.5, Z
(

x + θ − 1, g(x + θ − 1)
)
=

(
g2 +

(
x +

1
2

)2
+ 9

)−1

,

C1 = 1, C2 = 2, � ≥ 2.

Moreover,

M = max
(x,g)∈N10

0 ×[−3�,3�]

∣∣∣Z(x + θ − 1, g(x + θ − 1)
)∣∣∣ = 1

9
,

and

δ =
9

(1.5)Γ(2.5)
(12 + 0.5− 1)0.5 = 15.4738,
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These give that δ ≤ �
M . Therefore, FBVP (36) has at least one solution (say g0), which satisfies

|g0(x) ≤ 3�| for x ∈ N(0; 10), according to Theorem 12.

Example 2. Here, we consider the FBVP

−
(

RL
ρ(0)Δ

3
2 g

)
(x) = x +

1
20

sin
(

g(x + 0.5)
)
, x ∈ N(2; 10),

g(0) = 1, g(10) = 2.
(37)

It is known that q0 = 0, q = 10, θ = 1.5, Z
(

x + θ − 1, g(x + θ − 1)
)
= x + (0.05) sin g,

C1 = 1, and C2 = 2. It is easy to see that Z satisfies the Lipschitz condition with respect to g on
N(2; 10)×R; it has the Lipschitz constant K = 0.05. Moreover,

δ =
9

(1.5)Γ(2.5)
(12)0.5 = 15.4738,

which implies that 0 < Kδ < 1. Thus, in considering Theorem 17, FBVP (37) has a unique solution
on N(2; 10)×R.

7. Conclusions

We considered the uniqueness of solutions for FBVP (2). We constructed a discrete
GF in the sense of Riemann–Liouville operators. In the main results, the minimum value
of the GF was found. Furthermore, using five hypotheses (H1)–(H5) together with the
Guo–Krasnoselskii theorem, we established the positive solutions of (11). Next, by defining
the operator (18) together with the theorems of Brouwer, Leray–Schauder, Krasnoselskii–
Zabreiko, the existence of solutions for FBVP (2) was derived. In addition, based on
the Contraction Mapping Theorem and Lipschitz constant conditions, we obtained the
uniqueness of a solution for (2). Finally, the applicability of the main results was confirmed
via two special examples.

An important direction of research that has remained unexplored up to now is related
to other types of discrete fractional operators that are continuously used over discrete
fractional models (see [13,14]). Hence, new discrete fractional operators should be used to
prove existence and uniqueness for fractional boundary value problems. Therefore, these
will be welcoming lines of thought for future research.
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Abstract: As claimed in many papers, the equivalence between the Caputo-type fractional differential
problem and the corresponding integral forms may fail outside the spaces of absolutely continuous
functions, even in Hölder spaces. To avoid such an equivalence problem, we define a “new” ap-
propriate fractional integral operator, which is the right inverse of the Caputo derivative on some
Hölder spaces of critical orders less than 1. A series of illustrative examples and counter-examples
substantiate the necessity of our research. As an application, we use our method to discuss the BVP

for the Langevin fractional differential equation
dβ,μ

ψ

dtβ

(
dα,μ

ψ

dtα + λ

)
x(t) = f (t, x(t)), t ∈ [a, b], λ ∈ R,

for f ∈ C([a, b]×R) and some critical orders β, α ∈ (0, 1), combined with appropriate initial or
boundary conditions, and with general classes of ψ-tempered Hilfer problems with ψ-tempered
fractional derivatives. The BVP for fractional differential problems of the Bagley–Torvik type was
also studied.

Keywords: fractional calculus; tempered derivative; Hölder space

MSC: 26A33; 26B35; 34A08; 26D10; 34B18; 47H10

1. Introduction

In this paper, we investigate an absolutely fundamental problem arising from the appli-
cation of the operator method (integral operators) to fractional-order differential problems,
namely, the problem of equivalence of differential and integral problems. This problem
depends not only on the problem under consideration or on the definition of the solution
adopted, but also on the assumptions made about the functions and, therefore, especially
about the function spaces in which integral operators operate. This problem has been
extensively discussed and commented on in [1].

We will begin by introducing the function spaces on which we will study fractional-
order integral operators. We will then discuss a very large class of such operators, examine
their properties, and consider the equivalence problem of differential and integral prob-
lems, in which the very classes of operators discussed will be useful. We are particularly
interested in problems involving operators that depend on two orders of the derivatives.
These problems are analogous to those for integral equations involving multiple deriva-
tives of unknown functions of different orders, but in this case, we have a much more
complicated problem because successive differentiations and integrations are not the same
operations. Of particular importance, then, is the study of how to formulate differential
problems in equivalent integral form. When we study fractional differential problems, the
key point is to find their equivalent integral forms.
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This is an absolutely essential and fundamental step in the study of differential equa-
tions of fractional order. Surprisingly, it is sometimes overlooked.

The results of Hardy and Littlewood [2] are the origin of such studies for the Riemann–
Liouville operator, and then this research continued in subspaces of the space of con-
tinuous functions (cf. [1]). Already the first results of this kind, based on the paper [2],
showed clearly that the natural domains of the operators are Hölder spaces (cf. also [1,3–5]).
This is because the values of fractional operators always lie in Hölder spaces. For instance,
it is known that for 1/p < α < 1 + 1/p or p = 1 and 1 ≤ α < 2, the fractional Riemann–

Liouville integral operator Iα is bounded from Lp[a, b] into Hα− 1
p [a, b]; hence, for u ∈ Lp,

Iαu is Hölder continuous with exponent α− 1/p, thus Iαu is continuous.
However, this is not sufficient to study the equivalence problem, since outside the

space of absolutely continuous functions, differential and integral problems are not nec-
essarily equivalent. We need to construct Hölder spaces suitable for the problem under
consideration and study the properties of integral and differential operators on these spaces.
Recall that Hölder spaces are fundamental to studying singular integral operators at all.

The equivalence problem of fractional-order differential and integral problems is
much more complicated for operators depending on two different orders (fractional). Such
operators, apart from achieving greater generality of considerations, have many natural
applications and are, therefore, worth studying. Thus, in this paper, we will deal with the
Langevin and Bagley–Torvik equations. Note, that the results for Langevin-type equations
are particularly interesting because of the need to study two different orders of fractional
derivatives ([6]).

The study of equivalence problems in this paper will, therefore, focus on the equations
of the Langevin boundary-value problems with Caputo-type fractional derivatives [3,6]:

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) = f (t, x(t)),

for t ∈ [a, b], λ ∈ R, f ∈ C[a, b] × R and β, α ∈ (0, 1), β + α < 1, combined with an
appropriate initial or boundary condition. It is worth noting that such questions have been
studied in C[a, b], an excessively large function space. We do not impose any ordering
between α and β (cf. [7–9] and references therein). We study the problems for several classes
of tempered fractional-order derivatives obtaining a number of new results and each time
establishing Hölder spaces suitable for the equivalence of differential and integral problems.
The fractional Langevin equation was used for modeling of single-file diffusion and for a
free particle driven by a power law type of noise. Also, the transformation of the Fokker–
Planck equation, which corresponds to the Langevin equation with multiplicative white
noise, into the Wiener process is made available for any prescription (cf. [10]). Interesting
applications of this equation are discussed in detail in [11].

This problem is also related to the Bagley–Torvik equation (with derivatives of order 2
and 3/2, respectively). This equation can be used to model the motion of a rigid plate
immersed in a Newtonian fluid and connected to a fixed point by a massless spring.
Moreover, in [12], they also showed applications of this fractional equation to the theory
of viscoelasticity. At the same time, it is worth mentioning that the fractional Langevin
equation has been used to discuss Brownian motion and anomalous diffusion, which is
useful in the study of generalized elastic models and in protein dynamics (see [3] and
references therein).

A more complete description of the two types of problems and their interrelationships
can be found in [3]. It is worth noting that in the classical fractional-order problem, we have
α + β < 1, and so far, only the operators that are not weakly singular (e.g., for α = 3
and β = 3/2) have been studied. We will cover this case. A study of such problems with
a purely mathematical motivation can be found in [13,14], for instance.

The main goal of this paper is to establish equivalence between appropriately defined
solutions of a fractional differential boundary value problem and solutions of the corre-
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sponding integral equation. This type of equivalence is well known for functions from the
space AC[a, b] [3]. However, it is known that solutions of integral equations are Hölder
continuous, so this space does not seem to be the best choice. With the results obtained, the
paper was able not only to investigate the existence of continuous solutions of the Langevin
equation (see [5,15]), but also to demonstrate their existence in Hölder spaces. In this paper,
we will identify corresponding differential and integral problems with tempered fractional-
order derivatives and study the operators generating such equations on Hölder-type spaces.
Due to the completely different norms and their properties, this requires a separate and
deeper analysis. In the cases of interest, we will show the equivalence of differential and
integral problems by bridging the gap in the current studies.

As an example of the application of the results obtained, the paper will be comple-
mented by results on inhomogeneous Langevin-type problems.

2. Preliminaries

We begin by introducing the function spaces on which we will study fractional-order
integral operators. Fractional integrals can improve local properties of functions, but
fractional derivatives can have the opposite effect. Therefore, it is necessary to study the
mapping properties of fractional integrals in different function spaces. As we have already
pointed out, Hölder continuity of solutions is strongly related to fractional-order problems
(for example, [1,2,4,5]). This type of space is, therefore, a natural candidate for equivalence
studies of differential and integral problems of fractional order. We should start with the
Hölder-type spaces. For the convenience of the reader, we will recall the basic concepts
and facts.

For γ ∈ (0, 1), the Hölder space Hγ[a, b] consists of all functions f : [a, b] → R
such that for t, s ∈ [a, b], there exists a constant M > 0 (independent on t, s) for which
| f (t)− f (s)| ≤ M|t− s|γ. In addition, if f (a) = 0, we consider the so-called little Hölder
spaces and we write f ∈ Hγ

0 [a, b]. Obviously, f ∈ Hγ[a, b] if the following seminorm

[ f ]γ := sup
t �=s

{ | f (t)− f (s)|
|t− s|γ

}
is finite. Also, when Hγ[a, b] equipped with the norm ‖ f ‖γ := ‖ f ‖∞ + [ f ]γ, it becomes
a Banach space (cf. [4,5,15,16]).

It is important to note that there is a relationship between the Hölder space and
nowhere differentiable functions. There are functions that are Hölder continuous but not
absolutely continuous, such as the Weierstrass function, and functions that are absolutely
continuous but not Hölder continuous. For example, the function f : [0, 1]→ R defined by
f (t) := tα, 0 < α < γ < 1, is absolutely continuous on [0, 1], but f /∈ Hγ[0, 1]. However,
for 0 < γ1 < γ2 < 1, it is not difficult to show that

C1[a, b] ⊂ H1[a, b] ⊂ Hγ2 [a, b] ⊂ Hγ1 [a, b] ⊂ C[a, b].

Obviously all embeddings are strict, e.g., the function f (x) = 1/log (x− 2) for
x ∈ (0, 1] and f (0) = 0 is continuous, but not in any Hölder space of exponent α > 0.
It is worth noting at this point that the embeddings between Hölder spaces and their
embeddings in C[a, b] are compact (as a consequence of the Arzelá–Ascoli theorem), and
so using compactness when studying operators acting between them will be a natural
method, where otherwise either the norm contraction property or additional assumptions
about the functions under study are needed. The embeddings of different Hölder spaces
are not dense.

There are various modifications and generalizations of classical fractional integration
operators that are widely used in both theory and applications. The following definition
unifies various fractional integrals for integrable functions, allowing for the solution of
initial and/or boundary value problems with different types of fractional integrals and
derivatives to be solved in a unified way.
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For the convenience of the reader, we will now recall all the definitions related to
the class of integrals and fractional derivatives of interest. Let ψ ∈ C1[a, b] be a positive
increasing function such that ψ′(t) �= 0 for all t ∈ [a, b] with ψ(a) = 0. Throughout the
paper, we will make these assumptions about the function ψ.

Definition 1 ([17,18]). (ψ-tempered Riemann–Liouville fractional integral). The tempered ψ-
Riemann-Liouville ψ-fractional integral of a given function f ∈ L1[a, b] of order α > 0 and with
parameter μ ∈ R+ is defined by

Iα,μ
ψ f (t) :=

1
Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))(ψ(t)− ψ(s))α−1 f (s)ψ′(s) ds. (1)

For completeness, we define Iα,μ
ψ f (a) := 0. Let us recall that

Iα,μ
ψ f (t) = e−μψ(t)Iα,0

ψ

(
eμψ(t) f (t)

)
, α ∈ (0, 1).

If Eα,β(·) denotes the Mittag–Leffler function (see [19], then see [20])

Iα,0
t

[
tβ−1Eγ,β(λtγ)

]
= tα+β−1Eγ,α+β(λtγ), α, β > 0, λ �= 0, γ ≥ 0, t ∈ [0, 1].

We can now define the concept of fractional differentiation [17,21] and list the proper-
ties needed to prove the results (see also [22–24]).

Definition 2. The ψ-tempered Riemann–Liouville fractional derivative of order n + α, α ∈ (0, 1),
n ∈ N := {1, 2, · · · } and with parameter μ ∈ R+ is defined as

D
n+α,μ
ψ f (t) :=

(
δ̃
)n

D
α,μ
ψ f (t), where D

α,μ
ψ f (t) := δ̃I1−α,μ

ψ f (t), f ∈ L1[a, b]

and where δ̃ := μ + 1
ψ′(t)

d
dt .

Let us recall that

D
α,μ
ψ f (t) = e−μψ(t)Dα,0

ψ

(
eμψ(t) f (t)

)
, α ∈ (0, 1).

It can easily be seen (see, e.g., [25]) that

Dα,0
t

[
tβ−1Eγ,β(λtγ)

]
= tβ−α−1Eγ,β−α(λtγ), β > α > 0, λ �= 0, γ ≥ 0, t ∈ [0, 1].

In this paper, we do not study classical Caputo, as it is not an inverse operator of the
generalized integral operators under study, and its definition—although modeled on the
Caputo idea—is nevertheless different.

Definition 3 (tempered Caputo fractional derivative). The ψ-tempered Caputo fractional
derivative of order n + α, α ∈ (0, 1), n ∈ N and with parameter μ ∈ R+ applied to the function
f ∈ AC[a, b] is defined as

dα+n,μ
ψ

dtα+n f (t) :=
(

δ̃
)n dα,μ

ψ

dtα
f (t), where

dα,μ
ψ

dtα
f (t) := I1−α,μ

ψ δ̃ f .

The above definition of the derivative is very general and includes many other frac-
tional integral operators which will be considered later. In order not to stray too far from
the purpose of the paper, we will limit ourselves to citing the work of [5,15,22], where the
interested reader will find a discussion of the special cases covered by our definition.

Let us describe now the acting condition for little Hölder spaces.
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Lemma 1 ([5], Lemmas 2 and 3). Let ψ ∈ C1[a, b] be a positive increasing function such that
ψ′(t) �= 0 for all t ∈ [a, b] with ψ(a) = 0. For any ζ, α ∈ (0, 1) such that ζ + α < 1

Iα,μ
ψ : Hζ

0[a, b]→ Hζ+α
0 [a, b] is bijective.

D
α,μ
ψ : Hζ+α

0 [a, b]→ Hζ
0[a, b].

Also, according to ([5], Lemma 3), there exists a constant DA > 0 such that[
D

α,μ
ψ x

]
ζ
≤ DA[x]α+ζ ,

whenever α + ζ < 1.
Recall that for any f ∈ C[a, b], we have

D
α,μ
ψ Iα,μ

ψ f = δ̃I1−α,μ
ψ Iα,μ

ψ f = δ̃I1,μ
ψ f = f .

However, we have

Lemma 2 ([5], Theorem 5). Let ψ ∈ C1[a, b] be a positive increasing function such that ψ′(t) �= 0
for all t ∈ [a, b] with ψ(a) = 0. For any ζ, α ∈ (0, 1) such that ζ + α < 1, Dα,μ

ψ is continuous

left-right inverse to Iα,μ
ψ onHζ+α

0 [a, b].

Interestingly,

I1,μ
ψ δ̃x(t) = x(t)− x(a)e−μψ(t) holds true for any x ∈ AC[a, b].

3. BVP for Langevin Differential Equations

Let us now describe problems that take advantage of defining equivalent problems.
We now turn to the Caputo-type fractional Langevin differential equation. In this section,
we will consider the linear case. It is clear that our focus is on a purely fractional problem,
i.e., a situation where the sum of the two fractional parameters, α and β, is less than one.

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) = f (t), (2)

with t ∈ [a, b], λ ∈ R, f ∈ C[a, b], β, α ∈ (0, 1), β + α < 1, combined with an appropriate
initial or boundary condition.

As a direct consequence of our previous discussion of tempered derivatives of frac-
tional order, it follows that we will consider the following integral form:

I1−β,μ
ψ δ̃

(
I1−α,μ

ψ δ̃ + λ
)

x(t) = f (t).

We will first study the formal form of the integral problem that is equivalent to the
one we are studying. We will then verify the equivalence of these two problems in the
spaces studied above. It is important to note that this equivalence depends strongly on the
domain of the operators considered. Therefore,

I1,μ
ψ δ̃

(
I1−α,μ

ψ δ̃ + λ
)

x(t) = Iβ,μ
ψ f (t) ⇒

(
I1−α,μ

ψ δ̃ + λ
)

x(t) = C1e−μg(t) + Iβ,μ
ψ f (t)
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for some constant C1. Similarly,

I1,μ
ψ δ̃x(t) + λIα,μ

ψ x(t) = C1
e−μψ(t)

Γ(1 + α)
(ψ(t))α + Iα,μ

ψ Iβ,μ
ψ f (t).

Then, the formal integral form (of any solution) for (2) has the following form:

x(t) = x(a)e−μψ(t) + C1
e−μψ(t)

Γ(1 + α)
(ψ(t))α + Iα+β,μ

ψ f (t)− λIα,μ
ψ x(t), (3)

for t ∈ [a, b] and C1 ∈ R.
According to ([15], Lemma 5) and in view of Lemma 1, we see that if f ∈ Hζ

0[a, b]
with ζ + 2α + β < 1, then (cf. Lemma 1) Iα+β,μ

ψ f ∈ Hζ+α+β
0 [a, b] and (3) admits a Hölder

continuous solution x ∈ Hζ+α+β
0 [a, b].

It is unfortunate that, as shown in [26], the relationship between the left inverse of the
function dα,μ

ψ /dtα and Iα,μ
ψ is not as straightforward as one might expect, if not in the space

of absolutely continuous functions, then in Hölder spaces.
Therefore, the existence of a Hölder continuous solution to (3) does not guarantee the

existence of solutions to (2). Many authors avoided the problem of showing the equivalence
between the Caputo-type fractional differential problems and the corresponding integral
forms by defining so-called mild-type solutions. Recall, that this type of solution is exactly
defined to be a solution to an integral form of a Caputo-type fractional differential problem.
Also, some authors avoided the problem of showing the equivalence by redefining the
Caputo fractional derivative as

dα,μ
ψ

dtα
f := D

α,μ
ψ f − (ψ(t))−αe−μψ(t)

Γ(1− α)
f (a), (4)

for α ∈ (0, 1). Note that the definition (4) of the Caputo fractional derivative coincides with
the standard definition (3) on the space of absolutely continuous functions.

Considering spaces other than AC[a, b] leads to mistakes about the equivalence of
problems. We will explain this.

Remark 1. Even if α, β ∈ (0, 1), α + β > 1, the equivalence between (2) and (3) fails outside
AC[a, b]: Let α, β ∈ (0, 1), α + β > 1, f be Hölder continuous of some order less than 1. In view
of the semi-group property of the ψ-tempered Riemann–Liouville fractional integral (see e.g., [5,15]),
we can rewrite (3) as

x(t) = x(a)e−μψ(t) + C1
e−μψ(t)

Γ(1 + α)
(ψ(t))α + I1,μ

ψ Iα+β−1,μ
ψ f (t)− λIα,μ

ψ x(t), (5)

for α, β ∈ (0, 1), α + β > 1, t ∈ [a, b]. Lemma 5 in [15], together with our observation
that Iα+β,μ

ψ f = I1,μ
ψ Iα+β−1,μ

ψ f is in AC0[a, b], give a reason to believe (5) admits a solution
x ∈ AC0[a, b]. Hence, by ([15], proof of Lemma 4) (see also ([20], Lemma 2.1)), we obtain
Iα,μ

ψ x = I1,μ
ψ Iα,μ

ψ δ̃x. Therefore,

δ̃x(t) = C1
e−μψ(t)

Γ(α)
(ψ(t))α−1 + Iα+β−1,μ

ψ f (t)− λIα,μ
ψ δ̃x(t).

Hence,

dα,μ
ψ

dtα
x(t) = I1−α,μ

ψ δ̃x(t) = C1e−μψ(t) + Iβ,μ
ψ f (t)− λI1,μ

ψ δ̃x(t)

= C1e−μψ(t) + Iβ,μ
ψ f (t)− λx(t).
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So,
dα,μ

ψ

dtα
x(t) + λx(t) = C1e−μψ(t) + Iβ,μ

ψ f (t).

Again,
dβ,μ

ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x =

dβ,μ
ψ

dtβ
Iβ,μ

ψ f ,

is meaningless when f /∈ AC[a, b].

Remark 2. Even if α ∈ (0, 1), β ∈ (1, 2), the equivalence between (2) and (3) fails outside
AC[a, b]: Let α(0, 1), β ∈ (1, 2), f ∈ C[a, b]. Then, (2) takes the form

δ̃I2−β,μ
ψ δ̃

(
I1−α,μ

ψ δ̃ + λ
)

x(t) = f (t).

So,
I2−β,μ

ψ δ̃
(
I1−α,μ

ψ δ̃ + λ
)

x(t) = I1,μ
ψ f (t) + C0e−μψ(t).

Operation by Iβ−1,μ
ψ implies

I1,μ
ψ δ̃

(
I1−α,μ

ψ δ̃ + λ
)

x(t) = Iβ,μ
ψ f (t) +

e−μψ(t)

Γ(β)
(ψ(t))β−1 .

Hence, (
I1−α,μ

ψ δ̃ + λ
)

x(t) = C1e−μψ(t) + Iβ,μ
ψ f (t) +

C0e−μψ(t)

Γ(1 + β)
(ψ(t))β−1.

Consequently,

I1,μ
ψ δ̃x(t) + λIα,μ

ψ x(t)

= C1
e−μψ(t)

Γ(1 + α)
(ψ(t))α + Iβ+α,μ

ψ f (t) +
C0

Γ(α + β)
e−μψ(t)(ψ(t))α+β−1.

From the above, we must conclude that

x(t) = x(a)e−μψ(t) + C1
e−μψ(t)

Γ(1 + α)
(ψ(t))α + Iβ+α,μ

ψ f (t)

+
C0

Γ(α + β)
e−μψ(t)(ψ(t))α+β−1 − λIα,μ

ψ x(t) (6)

Again, ([15], Lemma 5), along with our observation that Iα+β,μ
ψ f = I1,μ

ψ Iα+β−1,μ
ψ f is in

AC0[a, b], give reason to believe (5) admits a solution x ∈ AC0[a, b]. Therefore,

δ̃x(t) = C1
e−μψ(t)

Γ(α)
(ψ(t))α−1 + Iβ+α−1,μ

ψ f (t)

+
C0

Γ(α + β− 1)
e−μψ(t)(ψ(t))α+β−2 − λIα,μ

ψ δ̃x(t).

Hence,

dα,μ
ψ

dtα
x(t) = I1−α,μ

ψ δ̃x(t) = C1e−μψ(t) + Iβ,μ
ψ f (t)

+
C0

Γ(β)
e−μψ(t)(ψ(t))β−1 − λI1,μ

ψ δ̃x(t).
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So,

I2−β,μ
ψ δ̃

(
dα,μ

ψ

dtα
+ λ

)
x(t) = I1,μ

ψ f (t) + C0e−μψ(t).

Thus,
dβ,μ

ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x = f ,

is meaningful for any continuous function f ∈ C[a, b].

Remark 3. When β ∈ (0, 1), α ∈ (1, 2), the equivalence between (2) and (3) also fails outside
AC[a, b]: Let β ∈ (0, 1), α ∈ (1, 2), f ∈ C[a, b]. In this case, (2) takes the form

I1−β,μ
ψ δ̃

(
δ̃I2−α,μ

ψ δ̃ + λ
)

x(t) = f (t).

So,

I1,μ
ψ δ̃

(
δ̃I2−α,μ

ψ δ̃ + λ
)

x(t) = Iβ,μ
ψ f (t) =⇒

(
δ̃I2−α,μ

ψ δ̃ + λ
)

x(t) = Iβ,μ
ψ f (t).

Hence,
I2−α,μ

ψ δ̃x(t) + λI1,μ
ψ x(t) = I1+β,μ

ψ f (t) + C0e−μψ(t)

Consequently,

I1,μ
ψ δ̃x(t) + λIα,μ

ψ x(t) = C0
e−μψ(t)

Γ(α)
(ψ(t))α−1 + Iβ+α,μ

ψ f (t).

This is how we come to

x(t) = x(a)e−μψ(t) + C0
e−μψ(t)

Γ(α)
(ψ(t))α−1 + Iβ+α,μ

ψ f (t)− λIα,μ
ψ x(t). (7)

Again, ([15], Lemma 5) along with our observation that Iα+β,μ
ψ f = I1,μ

ψ Iα+β−1,μ
ψ f ∈ AC0[a, b],

give reason to believe that (5) admits a solution x ∈ AC0[a, b]. Therefore,

I2−α,μ
ψ δ̃x(t) = C0e−μψ(t) + Iβ+1,μ

ψ f (t)− λI2,μ
ψ δ̃x(t),

δ̃I2−α,μ
ψ δ̃x(t) = Iβ,μ

ψ f (t)− λI1,μ
ψ δ̃x(t) = Iβ,μ

ψ f (t)− λx(t).

Hence,
dβ,μ

ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x =

dβ,μ
ψ

dtβ
Iβ,μ

ψ f ,

is meaningless when f /∈ AC[a, b].

In what follows, we have avoided the problem by showing the equivalence in a
different way, using the following definition:

Iα,μ
ψ f (t) := I1,μ

ψ D
1−α,μ
ψ f (t) =

∫ t

a
e−μ(ψ(t)−ψ(s))D

1−α,μ
ψ f (s)ψ′(s) ds

= e−μψ(t)I1,0
ψ

(
eμψ(t)D

1−α,μ
ψ f (t)

)
. (8)
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Remark 4. Obviously, in view of Lemma 1, the operator Iα,μ
ψ is well defined on the spaceHζ+1−α

0 [a, b]
for any exponent α ∈ (ζ, 1), ζ ∈ (0, 1). Also, since (cf. [15]),

D
1−α,μ
ψ f (t) = e−μψ(t)D1−α,0

ψ

(
eμψ(t) f (t)

)
, D1−α,μ

ψ f (a) = 0, α ∈ (0, 1),

it follows
Iα,μ
ψ f (t) = e−μψ(t)I1,0

ψ

(
D1−α,0

ψ

(
eμψ(t) f (t)

))
, Iα,μ

ψ f (a) = 0.

Let us also remark that, the operators Iα,μ
ψ coincide with the usual definition of ψ-tempered fractional

integral operator Iα,μ
ψ on the space AC[a, b]: For any f ∈ AC[a, b], we know that ([15], Lemma 4)

Iα,μ
ψ f ∈ AC[a, b], then

Iα,μ
ψ f =

(
I1,μ

ψ δ̃
)
Iα,μ

ψ f = Iα,μ
ψ f .

Since the integrals improve the continuity properties of functions, similarly as in
Lemma 1, we can prove the following lemma for little Hölder spacesH0.

Theorem 1. Let ψ ∈ C1[a, b] be a positive increasing function such that ψ′(t) �= 0 for all t ∈ [a, b]
with ψ(a) = 0. For arbitrary μ > 0, α, δ, ζ ∈ (0, 1) such that α− δ ≥ ζ, we have

Iα,μ
ψ : Hζ−α+1

0 [a, b]→ Hζ−α+1+δ
0 [a, b].

In particular, for any α, ζ ∈ (0, 1) with α > ζ, the operator Iα,μ
ψ maps the Hölder spaceHζ−α+1

0 [a, b]
into itself.

Proof. Let x ∈ Hζ−α+1
0 [a, b] and define f := D

1−α,μ
ψ x. Since α > ζ (ζ − α + 1 < 1), it

follows in view of Lemma 1, f ∈ Hζ
0[a, b], for h > 0 so that a ≤ t < t + h ≤ b and note that

| f (t)− f (s)| ≤ [ f ]ζ |t− s|ζ for any t, s ∈ [a, b]. Therefore,

Iα,μ
ψ x(t + h)− Iα,μ

ψ x(t) = I1,μ
ψ D

1−α,μ
ψ x(t + h)− I1,μ

ψ D
1−α,μ
ψ x(t)

= I1,μ
ψ f (t + h)− I1,μ

ψ f (t)

=
∫ t+h

a
e−μ(ψ(t+h)−ψ(s)) f (s)ψ′(s) ds−

∫ t

a
e−μ(ψ(t)−ψ(s)) f (s)ψ′(s) ds

=
∫ t−a

−h
e−μ(ψ(t+h)−ψ(t−s)) f (t− s)ψ′(t− s) ds

−
∫ t−a

0
e−μ(ψ(t+h)−ψ(t−s)) f (t− s)ψ′(t− s) ds

=
∫ t−a

0

{
e−μ(ψ(t+h)−ψ(t−s)) − e−μ(ψ(t)−ψ(t−s))

}
f (t− s)ψ′(t− s) ds

+
∫ 0

−h
e−μ(ψ(t+h)−ψ(t−s)) f (t− s)ψ′(t− s) ds

=
∫ t−a

0

{
e−μ(ψ(t+h)−ψ(t−s)) − e−μ(ψ(t)−ψ(t−s))

}
( f (t− s)− f (t))ψ′(t− s) ds

+
∫ 0

−h
e−μ(ψ(t+h)−ψ(t−s))( f (t− s)− f (t))ψ′(t− s) ds

+
∫ t−a

−h
e−μ(ψ(t+h)−ψ(t−s))( f (t)− f (a))ψ′(t− s) ds

−
∫ t−a

0
e−μ(ψ(t)−ψ(t−s))( f (t)− f (a))ψ′(t− s) ds.

These estimates will, therefore, allow us to examine the Hölder continuity order for
Iα,μ
ψ x. Our proof will follow the ideas from ([5], proof of Theorem 5), although the estimates
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must be obtained in the case we are considering and are new. In order not to prolong this
paper, we will limit ourselves to the differences in the main steps of the proof, details of
which can be found by those interested in [5]. To show in which Hölder space the values of
this operator lie, the right side of this estimate can be split and examined separately:∣∣∣Iα,μ

ψ x(t + h)− Iα,μ
ψ x(t)

∣∣∣ ≤ Ã + B̃ + C̃,

where

Ã :=
∣∣∣∣{∫ t−a

−h
e−μ(ψ(t+h)−ψ(t−s)) −

∫ t−a

0
e−μ(ψ(t)−ψ(t−s))

}
| f (t)− f (a)|ψ′(t− s) ds

∣∣∣∣,
B̃ :=

∫ 0

−h
e−μ(ψ(t+h)−ψ(t−s))| f (t− s)− f (t)|ψ′(t− s) ds,

C̃ :=
∫ t−a

0

{
e−μ(ψ(t+h)−ψ(t−s)) − e−μ(ψ(t)−ψ(t−s))

}
| f (t− s)− f (t)|ψ′(t− s) ds.

We will now estimate the order of the Hölder condition for each of the expressions
separately.

According to the definition of the Hölder seminorm, and taking into account that
f ∈ Hζ

0[a, b] (as claimed above), so | f (t)− f (a)| ≤ [ f ]ζ(t− a)ζ , t ∈ [a, b], we come to the
following conclusion:

Ã ≤ [ f ]ζ(t− a)ζ

∣∣∣∣∫ t−a

−h
e−μ(ψ(t+h)−ψ(t−s)) −

∫ t−a

0
e−μ(ψ(t)−ψ(t−s))

∣∣∣∣ψ′(t− s) ds.

Since ψ ∈ C1[a, b], using the continuity properties of maps

s �→ (ψ(t + h)− ψ(t− s)) and s �→ (ψ(t)− ψ(t− s)),

and according to the mean value theorem, there exists η1 ∈ (t− s, t + h) and η2 ∈ t− s, t)
such that

ψ(t + h)− ψ(t− s) = ψ′(η1)(h + s), ψ(t)− ψ(t− s) = ψ′(η2)s.

This gives us

Ã ≤ [ f ]ζ(t− a)ζ

∣∣∣∣∫ ψ(t+h)

0
e−μs ds−

∫ ψ(t)

0
e−μs ds

∣∣∣∣
≤ [ f ]ζ(t− a)ζ(−μ−1)|ψ(t + h)− ψ(t)| ≤ [ f ]ζ

∥∥ψ′
∥∥(t− a)ζ h

≤ [ f ]ζ(−μ−1)hζ
∥∥ψ′

∥∥h.

Consequently, taking into account the various possible cases concerning the value of
h, we have

Ã ≤ [ f ]ζ
∥∥ψ′

∥∥(−μ−1)h1+ζ = [ f ]ζ
∥∥ψ′

∥∥(−μ−1)h1+ζ−(α−δ)hα−δ

≤ [ f ]ζ
∥∥ψ′

∥∥(−μ−1)h1+ζ−α+δ(b− a)α−δ,

for t− a ≤ h < b− a, and

Ã ≤ [ f ]ζ
∥∥ψ′

∥∥(−μ−1)(t− a)ζ−α+δ(t− a)α−δh ≤ [ f ]ζ
∥∥ψ′

∥∥(−μ−1)hζ−α+δ(b− a)α−δh

≤ [ f ]ζ
∥∥ψ′

∥∥(−μ−1)h1+ζ−α+δ(b− a)α−δ,

for h ≤ t− a ≤ b− a. We, therefore, obtained the expected estimates for Ã.
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In a similar way, we can also estimate B̃:

B̃ ≤ [ f ]ζ
∫ 0

−h
e−μ(ψ(t+h)−ψ(t−s))sζ ψ′(t− s) ds = [ f ]ζ

∫ ψ(t+h)−ψ(t)

0
sζe−μs ds

≤ [ f ]ζ
μ(1 + ζ)

(ψ(t + h)− ψ(t))1+ζ ≤ [ f ]ζ‖ψ′‖1+ζ

μ(1 + ζ)
h1−α+ζ+δhα−δ

≤ [ f ]ζ‖ψ′‖1+ζ

μ(1 + ζ)
h1−α+ζ+δ(b− a)α−δ.

It remains to estimate:

C̃ ≤ [ f ]ζ
∥∥ψ′

∥∥ ∫ t−a

0

∣∣∣e−μ(ψ(t+h)−ψ(t−s)) − e−μ(ψ(t)−ψ(t−s))
∣∣∣sζ ds.

Note again that there exists η1 ∈ (t − s, t + h) and η2 ∈ t − s, t) such that
ψ(t + h) − ψ(t − s) = ψ′(η1)(h + s), ψ(t) − ψ(t − s) = ψ′(η2)s, after the substitution
s → s

h , we obtain that

C̃ ≤ [ f ]ζ
∥∥ψ′

∥∥ ∫ t−a

0

∣∣∣= e−μψ′(η1)(h+s) − e−μψ′(η2)s
∣∣∣sζ ds

≤ [ f ]ζ
∥∥ψ′

∥∥ ∫ t−a
h

0

∣∣∣e−μψ′(η1)(s+1)h − e−μψ′(η2)sh
∣∣∣h1+ζsζ ds.

Hence, if t− a < h < b− a, we arrive at

C̃ ≤ [ f ]ζ
∥∥ψ′

∥∥μ−1h1+ζ
∫ 1

0
sζ ds =

[ f ]ζ‖ψ′‖h1+ζ−α+δhα−δ

μ(1 + ζ)

≤ [ f ]ζ‖ψ′‖h1+ζ−α+δ(b− a)α−δ

μ(1 + ζ)
.

If t− a > h, and by calculating the integrals under consideration, we obtain

C̃ ≤ [ f ]ζ
∥∥ψ′

∥∥μ−1h1+ζ
∫ ∞

0

∣∣∣e−ψ′(η1)(h+sh) − e−ψ′(η2)sh
∣∣∣sζ ds

≤ [ f ]ζ
∥∥ψ′

∥∥μ−1h1+ζ

∣∣∣∣∣ e−ψ′(η1)h
∫ ∞

0 e−ssζ ds

(ψ′(η1)h)1+ζ
−

∫ ∞
0 e−ssζ ds

(ψ′(η2)h)1+ζ

∣∣∣∣∣
= [ f ]ζ

∥∥ψ′
∥∥μ−1h1−α+ζ+δ Γ(1 + ζ) · J,

where

J := hα−δ

∣∣∣∣∣ e−ψ′(η1)h

(ψ′(η1)h)1+ζ
− 1

(ψ′(η2)h)1+ζ

∣∣∣∣∣ =
∣∣∣∣∣ (ψ′(η1))

−1−ζ e−ψ′(η1)h − (ψ′(η2))
−1−ζ

h1−α+ζ+δ

∣∣∣∣∣.
Since η1 → η2 (as h → 0), bearing in mind that

lim
h→0

(ψ′(η1))
−1−ζe−ψ′(η1)h − (ψ′(η2))

−1−ζ

h1−α+ζ+δ
= lim

h→0

−(ψ′(η1))
−ζ e−ψ′(η1)h

1− α + ζ + δ
hα−δ−ζ = 0.

Therefore, J < ∞, and then there exists a constant K > 0 such that∣∣∣Iα,μ
ψ x(t + h)− Iα,μ

ψ x(t)
∣∣∣ ≤ K[ f ]ζ h1−α+ζ+δ.
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So if we go back to the function x and remember that f = D
1−α,μ
ψ x, and using the

acting properties of D1−α,μ
ψ , we obtain[

Iα,μ
ψ x

]
1−α+ζ+δ

≤ K[ f ]ζ = K[D1−α,μ
ψ x]ζ ≤ C[x]1−α+ζ , (9)

for α, δ, ζ ∈ (0, 1) such that α − δ ≥ ζ and for some C > 0 calculated on the basis of
Lemma 1.

Example 1. Define x ∈ Hζ−α+1
0 [0, 1] by x(t) := tζ−α+1, ζ < α. It is easy to calculate that

D1−α,0
t x(t) =

Γ(2 + ζ − α)

Γ(1 + ζ)
tζ , Iα,0

t x(t) =
Γ(2 + ζ − α)

Γ(2 + ζ)
tζ+1 ∈ Hζ−α+1

0 [0, 1] :

Obviously, without loss of generality, we can assume that 0 ≤ s < t and set u = s/t ∈
[0, 1). Then, we have

tζ+1 − sζ+1

(t− s)ζ−α+1 ≤
1− uζ+1

(1− u)ζ+1(t− s)−α
≤ 1− u

(1− u)(t− s)−α
= (t− s)α ≤ 1.

So Iα,0
t x ∈ Hζ−α+1

0 [0, 1]. Precisely, Iα,0
t x ∈ Hμ

0 [0, 1] ⊆ Hζ−α+1
0 [0, 1], for any μ ≥ ζ − α +

1:

tζ+1 − sζ+1

(t− s)μ ≤ tζ+1 − sζ+1

(t− s)ζ−α+1 ≤
1− uζ+1

(1− u)ζ+1(t− s)−α
≤ 1− u

(1− u)(t− s)−α
= (t− s)α ≤ 1.

We will now present a quantitative version of the rather expected fact that the integral
operator transforms Hölder spaces into their subspaces, so we should output what is the
limiting case. According to (9), we obtain

Corollary 1. Define Inα,μ
ψ := Iα,μ

ψ Iα,μ
ψ · · · Iα,μ

ψ︸ ︷︷ ︸
n−times

. Then, for any α, ζ ∈ (0, 1) with α > ζ,

[
Inα,μ
ψ x

]
1−ζ+α

=
[
Iα,μ
ψ I(n−1)α,μ

ψ x
]

ζ+1−α
≤ C

[
I(n−1)α,μ
ψ x

]
1−ζ+α

≤ · · · ≤ Cn[x]1−ζ .

Therefore, if in addition C < 1, then for any x ∈ Hζ+1−α
0 [a, b],

[
Inα,μ
ψ x

]
1−ζ+α

→ 0 as
n → ∞.

Corollary 2. Let ψ ∈ C1[a, b] be a positive increasing function such that ψ′(t) �= 0 for all
t ∈ [a, b] with ψ(a) = 0. For arbitrary μ > 0, α, δ, ζ ∈ (0, 1) such that ζ < min{α, β}, we have

Iα,μ
ψ Iβ,μ

ψ : H1+ζ−β
0 [a, b]→ H1+ζ−α

0 [a, b].

Proof. (1) Let x ∈ H1+ζ−β
0 [a, b], β < α and note, in view of the particular case of

Theorem 1, Iβ,μ
ψ x ∈ H1+ζ−β

0 [a, b] ⊂ H1+ζ−α
0 [a, b]. Again, by the particular case of

Theorem 1, it follows that Iα,μ
ψ Iβ,μ

ψ x ∈ H1+ζ−α
0 [a, b].

(2) Let x ∈ H1+ζ−β
0 [a, b], α ≤ β and define a number δ := β− α. Since β− δ = α > ζ,

from Theorem 1, it follows that Iβ,μ
ψ x ∈ H1+ζ−β+δ

0 [a, b] ≡ H1+ζ−α
0 [a, b]. Again, by the

particular case of Theorem 1, we obtain Iα,μ
ψ Iβ,μ

ψ x ∈ H1+ζ−α
0 [a, b].

146



Mathematics 2024, 12, 2631

Remark 5. For any f ∈ AC[a, b], we have Iα,μ
ψ f = I1,μ

ψ δ̃Iα,μ
ψ f . By [15, Lemma 4] Iα,μ

ψ f ∈
AC[a, b], δ̃Iα,μ

ψ f ∈ L1[a, b] and consequently (see [15], Formula (4))

Iα,μ
ψ f (t) = Iα,μ

ψ f (t)− e−μψ(t)Iα,μ
ψ f (a).

We can now study the inhomogeneous integral linear equation, which is the basis for
any further study of integral problems of the type studied.

Theorem 2. If F ∈ H1−α+ζ
0 [a, b] with α > ζ, then for sufficiently small λ ∈ R, the linear

fractional integral equation

x(t) = F(t)− λ · Iα,μ
ψ x(t), t ∈ [a, b], (10)

admits a Hölder continuous solution x ∈ H1−α+ζ
0 [a, b].

Let us start with an observation. From the properties of the seminorm, we obtain
an estimation:

[x]1−α+ζ ≤ [F]1−α+ζ + |λ|
[
Iα,μ
ψ x

]
1−ζ+α

≤ [F]1−α+ζ + |λ|C[x]1−ζ+α.

It follows that

[x]1−α+ζ ≤
[F]1−α+ζ

1− |λ|C = [F]1−α+ζ

(
∞

∑
n=1

(|λ| · C)n

)
.

Then, for sufficiently small λ ∈ R, the series is convergent and then any continuous
solution x of (10) must lie in the spaceH1+ζ−α

0 [a, b] provided that ‖x‖∞ < ∞. Next, for any
f ∈ H1−α+ζ

0 [a, b], we know that (cf. [5], Lemma 3)

D
1−α,μ
ψ x(t) =

1− α

Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))(ψ(t)− ψ(s))α−2[x(t)− x(s)]ψ′(s) ds

+
μx(t)
Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))(ψ(t)− ψ(s))α−1ψ′(s) ds.

Hence,∣∣∣D1−α,μ
ψ x(t)

∣∣∣ ≤ 2‖x‖∞
1− α

Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))(ψ(t)− ψ(s))α−2ψ′(s) ds

+
μ‖x‖∞
Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))(ψ(t)− ψ(s))α−1ψ′(s) ds.

It is not difficult to see that
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∣∣∣Iα,μ
ψ x(t)

∣∣∣ ≤ I1,μ
ψ

∣∣∣D1−α,μ
ψ x(t)

∣∣∣
≤ 2‖x‖∞

1− α

Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))

(∫ s

a
e−μ(ψ(s)−ψ(θ))(ψ(s)− ψ(θ))α−2ψ′(θ) dθ

)
ψ′(s) ds

+
μ‖x‖∞
Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(s))

(∫ s

a
e−μ(ψ(s)−ψ(θ))(ψ(s)− ψ(θ))α−1ψ′(θ) dθ

)
ψ′(s) ds

≤ 2‖x‖∞
1− α

Γ(α)

∫ t

a

∫ t

θ
e−μ(ψ(t)−ψ(θ))(ψ(s)− ψ(θ))α−2ψ′(θ) ψ′(s) ds dθ

+
μ‖x‖∞
Γ(α)

∫ t

a

∫ t

θ
e−μ(ψ(t)−ψ(θ))(ψ(s)− ψ(θ))α−1ψ′(θ) ψ′(s) ds dθ

≤ 2‖x‖∞
1

Γ(α)

∫ t

a
e−μ(ψ(t)−ψ(θ))(ψ(t)− ψ(θ))α−1ψ′(θ) dθ

+
μ‖x‖∞

Γ(1 + α)

∫ t

a
e−μ(ψ(t)−ψ(θ))(ψ(t)− ψ(θ))αψ′(θ) dθ

≤ ‖ψ‖α‖x‖∞
Γ(1 + α)

[
2 +

μ‖ψ‖
α + 1

]
.

Now, we use the Banach fixed point theorem in order to prove that (10) admits
a solution x ∈ C[a, b]. But we also check its regularity, i.e., whether it belongs to the Hölder
space with exponent 1− α + ζ with α > ζ.

Proof. Define the linear operator T : H1−α+ζ
0 [a, b]→ H1−α+ζ

0 [a, b] by

Tx(t) = F(t)− λIα,μ
ψ x(t) = F(t)− λI1,μ

ψ D
1−α,μ
ψ x(t) t ∈ [a, b], α ∈ (0, 1)

Obviously, given Remark 4 and Theorem 1, T is well defined. Since (cf. ([5], Theorem 5))
D

1−α,μ
ψ x ∈ Hζ

0[a, b] ⊂ C0[a, b], then for any x, y ∈ H1−α+ζ
0 [a, b], we have (in view of (9))[

Iα,μ
ψ x− Iα,μ

ψ y
]

1−α+ζ
=
[
Iα,μ
ψ (x− y)

]
1−α+ζ

≤ C[x− y]1−α+ζ ,

and ∥∥∥Iα,μ
ψ x− Iα,μ

ψ y
∥∥∥

∞
:= max

t∈[a,b]

∣∣∣Iα,μ
ψ {x(t)− y(t)}

∣∣∣ ≤ ‖ψ‖α‖x− y‖∞
Γ(1 + α)

[
2 +

μ‖ψ‖
α + 1

]
.

Therefore,

‖Tx− Ty‖1+ζ−α ≤
|λ|‖ψ‖α‖x− y‖∞

Γ(1 + α)

[
2 +

μ‖ψ‖
α + 1

]
+ C|λ|[x− y]1+ζ−α ≤ A|λ|‖x− y‖1+ζα,

where A = max
{
‖ψ‖α

Γ(1+α)

[
2 + μ‖ψ‖

α+1

]
, C
}

.
Then, for sufficiently small λ, by the Banach contraction principle, T admits a (unique)

fixed point x ∈ H1+ζ−α
0 [a, b].

In view of Lemma 1, we have:

Lemma 3. 1. For any ζ, α ∈ (0, 1), α > ζ and f ∈ H1+ζ−α
0 [a, b], we have

dα,μ
ψ

dtα
Iα,μ
ψ f (t) = I1−α,μ

ψ

(
δ̃I1,μ

ψ

)
D1−α

ψ f (t) = I1−α,μ
ψ D1−α

ψ f (t) = f (t).
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2. For any f ∈ AC[a, b],

Iα,μ
ψ

dα,μ
ψ

dtα
f (t) = I1,μ

ψ

(
D

1−α,μ
ψ I1−α,μ

ψ δ̃
)

f (t) = I1,μ
ψ

(
δ̃Iα,μ

ψ I1−α,μ
ψ δ̃

)
f (t)

= I1,μ
ψ δ̃ f (t) = f (t)− f (a)e−μψ(t).

In this context, we revisit the question raised in the framework of the problem (3):
To obtain its formal integral form, we apply the results of Lemma 3. It is essential to
consider the need to regulate the exponent of fractional integrals. We note that we can
calculate the integral form of the differential equation under consideration: Consider the
problem (3) with f ∈ H1+ζ−β

0 [a, b], 0 < ζ < min{α, β} < 1, and either α + β < 1 or
α + β > 1. Then,

Iβ,μ
ψ

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) = Iβ,μ

ψ f (t)(
dα,μ

ψ

dtα
+ λ

)
x(t) = Iβ,μ

ψ f (t) + C1e−μψ(t)

Iα,μ
ψ

dα,μ
ψ

dtα
x(t) = Iα,μ

ψ Iβ,μ
ψ f (t)− λIα,μ

ψ x(t) +
C1e−μψ(t)(ψ(t))α

Γ(1 + α)

x(t) = x(a)e−μψ(t) + Iα,μ
ψ Iβ,μ

ψ f (t)− λIα,μ
ψ x(t) +

C1e−μψ(t)(ψ(t))α

Γ(1 + α)
.

Conversely, let 0 < ζ < min{α, β} < 1 and f ∈ H1+ζ−β
0 [a, b]. By Corollary 2,

we know that Iα,μ
ψ Iβ,μ

ψ f ∈ H1+ζ−α
0 [a, b]. Then, Theorem 2 shows that, for sufficiently small λ,

the above integral form admits a Hölder continuous solution x ∈ H1+ζ−α
0 [a, b]. Therefore,

by Lemma 3, x must satisfy the problem (3): Obviously, as in the proof of corollary 2,
we know (given f ∈ H1+ζ−β

0 [a, b]) that Iβ,μ
ψ f ,∈ H1+ζ−α

0 [a, b] and, therefore, by Lemma 3,
we have

dα,μ
ψ

dtα
Iα,μ
ψ Iβ,μ

ψ f = Iβ,μ
ψ f and

dβ,μ
ψ

dtβ
Iβ,μ
ψ f = f .

Hence,
dβ,μ

ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) =

dβ,μ
ψ

dtβ
Iβ,μ
ψ f (t) = f (t),

as required.

Remark 6. As already claimed in Remark 3, for β ∈ (0, 1), α ∈ (1, 2), the equivalence between (2)
and (7) fails outside AC[a, b]. Now, using the fractional integral operator defined in (8), we are able
to solve such a problem outside AC[a, b]: Let β ∈ (0, 1), α ∈ (1, 2), f ∈ H1+ζ−β

0 [a, b], ζ < β.
Then, (2) takes the form

Iβ,μ
ψ

dβ,μ
ψ

dtβ

(
δ̃I2−α,μ

ψ δ̃ + λ
)

x(t) = Iβ,μ
ψ f (t)(

δ̃I2−α,μ
ψ δ̃ + λ

)
x(t) = Iβ,μ

ψ f (t) + C1e−μψ(t)

I2−α,μ
ψ δ̃x(t) + λI1,μ

ψ x(t) = I1,μ
ψ Iβ,μ

ψ f (t) + C1ψ(t)e−μψ(t)

I1,μ
ψ δ̃x(t) + λIα,μ

ψ x(t) = Iα,μ
ψ Iβ,μ

ψ f (t) + C1
(ψ(t)α

Γ(α)
e−μψ(t).
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Hence,

x(t) = x(a)e−μψ(t) − λIα,μ
ψ x(t) + Iα,μ

ψ Iβ,μ
ψ f (t) + C1

(ψ(t)α

Γ(α)
e−μψ(t). (11)

Since α > 1, ([15], Lemma 5) together with our observation that Iα,μ
ψ Iβ,μ

ψ = I1,μ
ψ Iα−1,μ

ψ Iβ,μ
ψ f is

in AC0[a, b], give a reason to believe that (11) admits a solution x ∈ AC0[a, b]. Conversely,

δ̃x(t) = −λIα−1,μ
ψ x(t) + Iα−1,μ

ψ Iβ,μ
ψ f (t) + C1

(ψ(t)α−1

Γ(α− 1)
e−μψ(t).

Hence,
I2−α,μ

ψ δ̃x(t) + λI1,μ
ψ x(t) = I1,μ

ψ Iβ,μ
ψ f (t) + C0e−μψ(t).

Consequently,
dα,μ

ψ

dtα
x(t) + λx(t) = Iβ,μ

ψ f (t).

Therefore, since f ∈ H1+ζ−β
0 [a, b], it follows in view of Lemma 3 that

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x =

dβ,μ
ψ

dtβ
Iβ,μ

ψ f = f ,

is meaningful for f ∈ H1+ζ−β
0 [a, b].

Now, in order to clarify our idea, we will proceed to present the following

Example 2. Let β, α ∈ (0, 1), μ = 0, ψ(t) = t, t ∈ [0, 1] and define f := D
β,0
t Dα,0

t ω, where
ω(t) :=W(t)−W(0). Here,W denotes the classical Weierstrass function:

W(t) :=
∞

∑
n=0

eibnt

bn , b > 1.

It is well known that the Weierstrass function is Hölder continuous of any order less than 1
(cf. ([27], Lemma 1)), but nowhere differentiable.

Let β, α, ζ ∈ (0, 1) such that α+ ζ < 1, ζ < β and consider ω as a function fromHζ+α
0 [0, 1].

Lemma 1 implies Dα,0
t ω ∈ Hζ

0[0, 1], f ∈ Hζ−β
0 [0, 1] and (cf. Lemma 2) Iα,0

t Iβ,0
t f = ω.

Consider now the following particular case of (3) with μ = λ = 0, ψ(t) = t:

dβ,0
t

dtβ

dα,0
t

dtα
x(t) = f (t), t ∈ [0, 1], β, α, ζ ∈ (0, 1), α + ζ < 1, ζ < β, x(0) = 0. (12)

According to our first investigation, outside AC[a, b], the fractional differential problem (12)
and the corresponding integral form

x(t) =
C1tα

Γ(1 + α)
+ Iα,0

t Iβ,0
t f (t) =

C1tα

Γ(1 + α)
+ ω(t), t ∈ [0, 1]

are not necessary equivalent even on the Hölder spaces: Obviously, as already mentioned, Wζ is

nowhere differentiable on [0, 1], so dβ,0
t

dtβ

dα,0
t

dtα x is “meaningless”.
Alternatively, as our second investigation shows that

x(t) = Iα,0
t Iβ,0

t f (t) +
C1tα

Γ(1 + α)
.
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Since f ∈ Hζ−β
0 [0, 1], it follows as in the proof of Corollary 2 that Iβ,μ

ψ f ,∈ Hζ−α
0 [a, b], and,

therefore, by Lemma 3, we have

dβ,0
t

dtβ

dα,0
t

dtα
x =

dβ,0
t

dtβ

dα,0
t

dtα
Iα,0
t Iβ,0

t f = f .

3.1. ψ-Tempered Hilfer Fractional Langevin and Bagley–Torvik Problems

In the following, we extend the above discussion by replacing the tempered Caputo
fractional derivatives with the most general one, namely,

Definition 4. (ψ-tempered Hilfer fractional derivative) The ψ-tempered Hilfer fractional derivative
of order n + α, α ∈ (0, 1), n ∈ N := {1, 2, · · · } with parameter μ > 0 and type β ∈ [0, 1]
applied to a function f ∈ L1[a, b] is defined as

HDn+α,β,μ
ψ f (t) :=

(
δ̃
)n HDα,β,μ

ψ f (t), where HDα,β,μ
ψ := Iβ(1−α),μ

ψ δ̃I(1−β)(1−α),μ
ψ .

For completeness, we define HD0,β,μ
ψ f := Iβ,μ

ψ δ̃I1−β,μ
ψ f .

Obviously, when β = 0, we arrive at the ψ-tempered Riemann–Liouville fractional
derivatives where all the following results are well known and standard. So, we concentrate
on the most overlapping case when β ∈ (0, 1]; we start with the following:

Lemma 4. 1. For any β ∈ (0, 1] and ζ, α ∈ (0, 1), ζ < α and f ∈ Hζ+1−α
0 [a, b], we have

HDα,β,μ
ψ Iα,μ

ψ f (t) = Iβ(1−α),μ
ψ

(
δ̃I1+(1−β)(1−α),μ

ψ

)
D1−α

ψ f (t)

= Iβ(1−α),μ
ψ I(1−β)(1−α),μ

ψ D1−α
ψ f (t) = I1−α,μ

ψ D1−α
ψ f (t) = f (t).

2. For any f ∈ AC[a, b],

Iα,μ
ψ

HDα,β,μ
ψ f (t) = f (t)− f (a)e−μψ(t).

Proof. Let f ∈ AC[a, b] and note that

Iα,μ
ψ

HDα,β,μ
ψ f (t) = I1,μ

ψ

(
D

1−α,μ
ψ Iβ(1−α),μ

ψ δ̃I(1−β)(1−α),μ
ψ

)
f (t)

= I1,μ
ψ

(
δ̃Iα+β(1−α),μ

ψ δ̃I(1−β)(1−α),μ
ψ

)
f (t).

As in [15], (proof of Lemma 4) (see also [20], (Lemma 2.1)), we have

I(1−β)(1−α),μ
ψ f (t) =

e−μψ(t)(ψ(t))(1−β)(1−α) f (a)
Γ(1 + (1− β)(1− α))

+ I1,μ
ψ I(1−β)(1−α),μ

ψ δ̃ f (t),

δ̃I(1−β)(1−α),μ
ψ f (t) =

e−μψ(t)(ψ(t))(1−β)(1−α)−1 f (a)
Γ((1− β)(1− α))

+ I(1−β)(1−α),μ
ψ δ̃ f (t)

Hence,
Iα+β(1−α),μ

ψ δ̃I(1−β)(1−α),μ
ψ f (t) = e−μψ(t) f (a) + I1,μ

ψ δ̃ f (t).

Thus,

Iα,μ
ψ

HDα,β,μ
ψ f (t) = I1,μ

ψ δ̃
[
e−μψ(t) f (a) + I1,μ

ψ δ̃ f (t)
]
= I1,μ

ψ δ̃ f (t) = f (t)− f (a)e−μψ(t).
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We can now apply our results to a Langevin problem with ψ-tempered Hilfer fractional
derivatives. Let us consider the ψ-tempered Hilfer fractional Langevin differential equation:

HDα1,β,μ
ψ

(
HDα2,β,μ

ψ + λ
)

x(t) = f (t), t ∈ [a, b], β ∈ [0, 1), α1, α2,∈ (0, 1), (13)

with λ ∈ R, f ∈ C[a, b] and α1 + α2 < 1, combined with appropriate initial or boundary
conditions. Of course, (13) and the corresponding “standard” integral form are not equiva-
lent in the space C[a, b]. As in the case of β = 0, the Caputo case, we use our lemmas to
formally obtain the “new” corresponding standard integral form:

Iα1,μ
ψ

HDα1,β,μ
ψ

(
HDα2,β,μ

ψ + λ
)

x(t) = Iα1,μ
ψ f (t)(

HDα2,β,μ
ψ + λ

)
x(t) = Iα1,μ

ψ f (t) + C1e−μψ(t)

Iα2,μ
ψ

HDα2,β,μ
ψ x(t) = Iα2,μ

ψ Iα1,μ
ψ f (t)− λIα2,μ

ψ x(t) +
C1e−μψ(t)(ψ(t))α2

Γ(1 + α2)

x(t) = x(a)e−μψ(t) + Iα2,μ
ψ Iα1,μ

ψ f (t)− λIα2,μ
ψ x(t) +

C1e−μψ(t)(ψ(t))α2

Γ(1 + α2)
.

Let us examine the inverse relationship again. Let 0 < ζ < min{α1, α2} < 1 and
f ∈ H1+ζ−α1

0 [a, b]. By Corollary 2, we know that Iα2,μ
ψ Iα1μ

ψ f ∈ H1+ζ−α2
0 [a, b]. Then, Theo-

rem 2 shows that, for sufficiently small λ, the above integral form admits a Hölder contin-
uous solution x ∈ H1+ζ−α2

0 [a, b]. Therefore, by Lemma 4, x must satisfy the problem (13).
In fact, we have

HDα2,β,μ
ψ x(t) = −λHDα2,β,μ

ψ Iα2,μ
ψ x(t) +H Dα2,β,μ

ψ Iα2,μ
ψ Iα1,μ

ψ f (t) = −λx(t) + Iα1,μ
ψ f (t).

Hence,
HDα1,β,μ

ψ

(
HDα2,β,μ

ψ + λ
)

x(t) = HDα1,β,μ
ψ Iα1,μ

ψ f (t) = f (t),

as required

All the above results can be obtained for the following fractional differential Bagley–
Torvik equation:

HDα1,β,μ
ψ x(t) + λ HDα2,β,μ

ψ x(t) = f (t), (14)

β ∈ [0, 1], α1, α2 ∈ (0, 1), α2 < α1, t ∈ [a, b], combined with appropriate initial/boundary
conditions, where λ ∈ R.

The problem (14) has attracted some interest, e.g., [3,15] and some references therein.
Unlike [3,15], we consider the most interesting case when α1, α2 ∈ (0, 1) with α2 ≤ α1.
Compared to the results of ([15], Example 6), our result here holds for all β ∈ [0, 1] without
imposing an absolute continuity condition on f .

Let ζ ∈ (0, α1 − α2] and assume that f ∈ H1+ζ−α1
0 [a, b].

Standard arguments using ([15], Lemma 8) show that

HDα1,β,μ
ψ

(
I0,μ

ψ + λ Iα1−α2,μ
ψ

)
x(t) = f (t).

By Lemma 4

Iα1,μ
ψ

HDα1,β,μ
ψ

(
I0,μ

ψ + λ Iα1−α2,μ
ψ

)
x(t) = Iα1,μ

ψ f (t)

Then, the formal integral form (any solution) of (14) is the following:(
I0,μ

ψ + λ Iα1−α2,μ
ψ

)
x(t) = Iα1,μ

ψ f (t) + C0e−μψ(t). (15)
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Since f ∈ H1+ζ−α1
0 [a, b], Theorem 1 tells us that Iα1,μ

ψ f ∈ H1+ζ−(α1−α2)
0 [a, b]. According

to Theorem 2, for sufficiently small λ, the linear fractional integral Equation (15) admits a
Hölder continuous solution x ∈ H1+ζ−α1+α2

0 [a, b].
Let us examine the inverse relationship again. Let f ∈ H1+ζ−α1

0 [a, b] and x ∈
H1+ζ−α1+α2

0 [a, b] solves (15). Therefore,

HDα1,β,μ
ψ

(
I0,μ

ψ + λ Iα1−α2,μ
ψ

)
x(t) =H Dα1,β,μ

ψ Iα1,μ
ψ f (t) +H Dα1,β,μ

ψ

[
C0e−μψ(t)

]
= f .

Then, by ([15], Lemma 8), it follows that

HDα1,β,μ
ψ x(t) + λ HDα2,β,μ

ψ x(t) = f (t),

as expected.
In what follows, we extend the above discussion when replacing the usual differ-

ential operators with the most general ones, namely, the proportional (or conformable)
derivatives.

3.2. Applications

Let us present a short example of applications of obtained results for the fully nonlinear
Langevin boundary value problems. We propose to treat this example also as a set of open
problems, still insufficiently studied and solved for equations of fractional order. It turns
out that the choice of Hölder spaces suitable for equivalence studies of differential and
integral problems leads to questions about the behavior of nonlinear operators in them, in
particular, superposition operators.

The study of equations in Hölder spaces is natural and, due to the compact embeddings
of these spaces in C[a, b], allows the use of compactness methods. Moreover, it is inefficient to
try to formulate assumptions in the language of measures of noncompactness in these spaces
(however they are defined), since superposition operators are contractions with respect to
classical measures of noncompactness if, and only if, they are Lipschitz operators [28].

Let us consider the following ψ-tempered fractional Langevin nonlinear problem:

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) = f (t, x(t)), (16)

with boundary-value conditions x(a) = 0, x(b) = xb. Let us consider the case λ ∈ R,
β, α ∈ (0, 1), β + α < 1, ζ, α ∈ (0, 1), α < ζ.

The three-point BVP for the Langevin fractional equation with classical Hilfer frac-
tional derivatives has been studied, for example, in [29], but for continuous solutions and a
jointly continuous function f satisfying some additional assumptions.

For tempered fractional derivatives, the problem has not yet been investigated. Apart
from investigating the problem with a much more general fractional-order derivative,
as will be shown below, our result is much deeper in terms of the theory of fractional
differential equations and the problem in Hölder spaces is more interesting. The proofs in
that paper are based on the properties of the operators for absolutely continuous functions,
and in this paper, we simply show how to go beyond that case. In this context (also taking
into account the various derivatives), it is worth noting the difference between our Lemma 4
proved in two cases and ([29], Lemma 7). Neither the results nor the proofs from that paper
apply to the case of the Hölder space. For the sake of clarity and to highlight the differences,
we will restrict ourselves here to the two-point BVP (cf. [9]), as this involves only minor
adjustments to the definition of the operator and the fixed point theorem used (cf. [30]).

Proposition 1. Let λ ∈ R, β, α ∈ (0, 1), β + α < 1, ζ, α ∈ (0, 1), α < ζ. Moreover, assume that
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(a) f : [a, b]×R→ R generates the superposition operator N(x)(t) = f (t, x(t)) such that

N : Hmax{1−ζ+α,1−ζ+β}
0 [a, b]→ Hmax{1−ζ+α,1−ζ+β}

0 [a, b]

being bounded and continuous.
(b) there exists rN > 0 such that ‖N(x)‖max{1−ζ+α,1−ζ+β} < rN.

If

rN ·
(
‖ψ‖βeμ‖ψ‖

Γ(β)

[
2
β
+

μ‖ψ‖
β + 1

])
·
(
‖ψ‖αeμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

])

+ |λ|
(
‖ψ‖αeμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

])
< 1,

then there exists at least one global solution x ∈ H1−ζ
0 [a, b] of the problem (16) on [a, b].

Remark 7. Before starting the proof, we should recall why we chose the abstract form of assumption
(a). It is worth remembering this in order to justify the considerable variety of assumptions for
problems studied in Hölder spaces.

In contrast to the situation in C[a, b], the fact that the superposition operator acts in some
Hölder space does not imply its continuity or even boundedness. Even more surprising, in this
case, the generating function need not be continuous on [a, b]×R. But it means that it need not
be defined on C[a, b]. Moreover, if this operator is autonomous, it is always bounded, but need not
be continuous (cf. ([28], Section 2)). Our condition is, then, more general than for continuous
solutions. And this is precisely the reason for proposing studies of nonlinear operators on these
spaces. As we have shown, we have sufficient conditions for research, but they are neither optimal
nor necessary. Interesting ideas and examples can be found in [31].

Proof. First of all, we will make use of the equivalence of differential and integral problems,
which will allow us to study the integral equation:

Iβ,μ
ψ

dβ,μ
ψ

dtβ

(
dα,μ

ψ

dtα
+ λ

)
x(t) = Iβ,μ

ψ f (t, x(t))(
dα,μ

ψ

dtα
+ λ

)
x(t) = Iβ,μ

ψ f (t, x(t)) + C1e−μψ(t)

Iα,μ
ψ

dα,μ
ψ

dtα
x(t) = Iα,μ

ψ Iβ,μ
ψ f (t, x(t))− λIα,μ

ψ x(t) +
C1e−μψ(t)(ψ(t))α

Γ(1 + α)

x(t) = x(a)e−μψ(t) + Iα,μ
ψ Iβ,μ

ψ f (t, x(t))− λIα,μ
ψ x(t) +

C1e−μψ(t)(ψ(t))α

Γ(1 + α)
.

The converse relation between integral and differential forms can be proved again as
in Lemma 3.

The fact that in such a general problem, by obtaining an integral form equivalent to
the differential problem, it is possible to carry out the classical fixed point theorems is one
of the advantages of the present treatment of the subject.

We need to investigate also the superposition operator on Hölder spaces.

N(x)(t) = f (t, x(t)).

As claimed above, our assumption (a) is very general. We will look for a fixed point of
the following operator T : Hmax{1−ζ+α,1−ζ+β}

0 [a, b]→ Hmax{1−ζ+α,1−ζ+β}
0 [a, b] since we are
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looking for functions from little Hölder spaces, i.e., with x(a) = 0 (which is consistent with
our assumption). Thus, this operator should be given by

Tx(t) = Iα,μ
ψ Iβ,μ

ψ f (t, x(t))− λIα,μ
ψ x(t) +

C1e−μψ(t)(ψ(t))α

Γ(1 + α)
.

defined on the expected space of Hölder continuous functions. The constant C1 can be
calculated from

xb − Iα,μ
ψ Iβ,μ

ψ f (t, xb) + λIα,μ
ψ xb =

C1e−μψ(t)(ψ(t))α

Γ(1 + α)
,

and as f (·, xb) is Hölder continuous,

C1 =
Γ(1 + α)

e−μψ(t)(ψ(t))α
·
{

xb · (1 + λIα,μ
ψ )− Iα,μ

ψ Iβ,μ
ψ f (t, xb)

}
.

For the sake of brevity, let us retain this notation. Now, let us construct an invariant ball
for T. By our assumption on N, we obtain ‖N(x)‖1−ζ+α < rN . Let us estimate both parts

of the norm onH1−ζ+α
0 [a, b] separately. Let us suppose that x is a solution of the problem

under investigation. It is possible to demonstrate the following “a priori” estimation. First,
we need to estimate the supremum norm:

‖x‖∞ = ‖T(x)‖∞ ≤ |Iα,μ
ψ Iβ,μ

ψ f (t, x(t))|+ |λ||Iα,μ
ψ x(t)|+ |C1e−μψ(t)(ψ(t))α

Γ(1 + α)
|

≤ rN ·
((
‖ψ‖βeμ‖ψ‖

Γ(β)

[
2
β
+

μ‖ψ‖
β + 1

])
·
(
‖ψ‖α‖x‖∞eμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

]))

+ |λ|
(
‖ψ‖α‖x‖∞eμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

])
+ |C1| ·

‖ψ‖α

Γ(1 + α)
.

From this inequality, we obtain an estimation:

‖x‖∞

≤
[ |C1|‖ψ‖α

Γ(1 + α)

]
/

[
1− rN ·

((
‖ψ‖βeμ‖ψ‖

Γ(β)

[
2
β
+

μ‖ψ‖
β + 1

])
·
(
‖ψ‖αeμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

]))

−|λ|
(
‖ψ‖αeμ‖ψ‖

Γ(α)

[
2
α
+

μ‖ψ‖
α + 1

])]
=: R1.

Now, we need to estimate the seminorm on the Hölder space:

[x]max{1−ζ+α,1−ζ+β} = [T(x)]max{1−ζ+α,1−ζ+β}
≤ C · [N(x)]max{1−ζ+α,1−ζ+β} + |λ| · [x]max{1−ζ+α,1−ζ+β}

and then
[x]max{1−ζ+α,1−ζ+β} =

CRN
1− |λ| = R2.

Thus, ‖x‖max{1−ζ+α,1−ζ+β} ≤ R2. Put R = R1 + R2. By BR, denote the ball

{x ∈: ‖x‖max{1−ζ+α,1−ζ+β} ⊂ H
max{1−ζ+α,1−ζ+β}
0 [a, b].

We just proved that T : BR → BR.
Now, we need to discuss the continuity property of the operator T on the ball BR.

Since this operator is a sum and a composition of some operators: T = Iα,μ
ψ Iβ,μ

ψ ◦ N− λIα,μ
ψ ◦
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Id + Ψ, where Ψ = C1e−μψ(t)(ψ(t))α

Γ(1+α)
is a constant function. By Theorem 1, tempered fractional

integral operators are bounded onHmax{1−ζ+α,1−ζ+β}
0 [a, b], then being linear are continu-

ous. From our assumptions, it follows that N is also continuous between the considered
Hölder spaces. Thus, all operators composing T are continuous onHmax{1−ζ+α,1−ζ+β}

0 [a, b].
As claimed before, we will apply the Schauder fixed point theorem, so we need to

present a compactness argument. Since max{1− ζ + α, 1− ζ + β} < 1− ζ < 1, the space
Hmax{1−ζ+α,1−ζ+β}

0 [a, b] is compactly embedded into H1−ζ
0 [a, b], we have T(BR) ⊂ BR ⊂

Hmax{1−ζ+α,1−ζ+β}
0 [a, b] ⊂ H1−ζ

0 [a, b] and then BR is compact in H1−ζ
0 [a, b]. Thus, we are

able to apply the Schauder fixed point theorem in the last space and we are done.

Remark 8. It is worth noting that compared to an earlier paper, e.g., [29], with weaker assumptions
on the function f (·, ·) we obtain more properties of the solutions, e.g., Hölder continuity. Of course,
it is possible to obtain an analogous result for multivalued problems, but nevertheless, it is first
worthwhile to investigate multivalued superposition operators in Hölder spaces (cf. [16]). We leave
this as an open problem for the reader.

Remark 9. Arguing similarly as in (16), we can also obtain similar results for the following
fractional differential Bagley–Torvik equation:

dβ,μ
ψ

dtβ
x(t) + λ

dα,μ
ψ

dtα
x(t) = f (t, x(t)), (17)

with boundary-value conditions x(a) = 0, x(b) = xb in case λ ∈ R, β, α ∈ (0, 1), α < β,
0 < ζ ≤ β− α, α < ζ.

4. Conclusions

In this paper, we prove the equivalence of differential problems with ψ-Hilfer fractional
derivatives and integral problems with the corresponding fractional integral operators
in Hölder spaces. We also show that such equivalence does not always hold outside the
given classes of function spaces. The Hölder continuity of solutions of values of fractional
integral operators even acting on Lebesgue spaces is a well-known property, so it should
also be checked and proved for all fractional differential problems. Our studies are carried
out for the general class of ψ-Caputo fractional derivatives.

We apply the equivalence results to the study of Langevin-type equations: a linear
inhomogeneous and boundary value problem that points in the direction of further research,
including boundary problems of various kinds.
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Abstract: This paper discusses finding solutions to the modified Fractional Black–Scholes equation.
As is well known, the options theory is beneficial in the stock market. Using call-and-pull options,
investors can theoretically decide when to sell, hold, or buy shares for maximum profits. However,
the process of forming the Black–Scholes model uses a normal distribution, where, in reality, the call
option formula obtained is less realistic in the stock market. Therefore, it is necessary to modify the
model to make the option values obtained more realistic. In this paper, the method used to determine
the solution to the modified Fractional Black–Scholes equation is a combination of the finite difference
method and the fractional differential transformation method. The results show that the combined
method of finite difference and fractional differential transformation is a very good approximation
for the solution of the Fractional Black–Scholes equation.
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method; fractional differential transformation method
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1. Introduction

Nowadays, the development and application of mathematics have penetrated almost
every area of life, including investment problems. Investment problems are one of the
applications of mathematics in financial mathematics. Investors seek to buy or sell assets
traded on financial markets to obtain maximum profits. Derivative assets are financial
instruments whose value is determined by an underlying asset. One of the purposes
of using derivative instruments is to reduce risk by hedging against possible adverse
asset price movements. Options are a type of derivative product that is well known to
many people.

In 1973, Fisher Black and Myron Scholes built a model for option values called the
Black–Scholes model. The problem of determining the option value, which is determined
by the value of the underlying asset at a particular time, is not only a problem in economics
and finance but also in mathematics. The methods often used to solve the Black–Scholes
equation include the Laplace transformation and the Ito integral [1,2]. By using the Stochas-
tic Process, we finally obtain the formula for call-and-put options.

Mathematicians then developed the Black–Scholes equation model into a Fractional
Black–Scholes equation. This Fractional Black–Scholes equation model is a generalized
form of the Black–Scholes equation. Several methods for solving the Fractional Black–
Scholes equation include a combination of homotopy perturbation methods, Sumudu
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Transformations, and He’s polynomials [3]. The Fractional Black–Scholes equation can
be solved using the series decomposition method. It confirms that Sumudu Transforma-
tion and fractional calculus are used to solve the Fractional Black–Scholes equation [4].
Meanwhile, the properties of Sumudu Transformation are used to solve partial differential
equations [5,6]. The Fractional Black–Scholes equation can be solved using the series de-
composition method, asserting that the Sumudu Transformation, combined with fractional
calculus, is utilized to solve the Fractional Black–Scholes equation [7].

In the same year, Ref. [8] combined the Laplace transform and radial kernel methods
to solve the Fractional Black–Scholes equation. According to several studies on analytical
solutions, the Fractional Black–Scholes equation is an endless sequence of Mittag–Lefler
functions. Ref. [9] researched the existence and uniqueness of solutions to the Fractional
Black–Scholes equation. Banach’s fixed point and Arzella Ascoli’s fixed point have all been
used to discuss the problem’s existence and uniqueness. To discuss the numerical solution
to the Fractional Black–Scholes issue, the Crank–Nickholson technique is used. Ref. [10]
solved Burger’s equation using the Modified Laplace Adomian decomposition technique
in 2015. Burger’s equation was represented using a partial differential equation. The
Laplace Adomian decomposition method provides a precise approach for obtaining precise
solutions and very speedy convergence of results. Various approaches can be used to
solve partial differential equations, including homotopic perturbation, variational iteration,
and Adomian decomposition methods. The embedding parameter in the homotopic
perturbation method is quite small. It was assumed that the solution to the differential
equation would be an infinite series. The Adomian decomposition approach makes use of
Adomian polynomials. The absence of the discretization variable is the primary advantage
of this strategy. Another advantage is the lack of the necessity for problem linearization,
although these approaches were equivalent in terms of the rate of solution convergence.

The topic of European option pricing in the regime-switching model’s FMLS (limited
log-stable moment) was then investigated [11–13]. The Homotopic Analysis Method (HAM)
was used in [14,15] to calculate the European Call Option (ECO) using the Time-Fractional
Black–Scholes Equation (TFBSE), where stock prices are supposed to move according to
geometric Brownian motion and do not pay dividends. The HAM has discovered a series of
solutions for TFBSE. Furthermore, the ECO pricing calculation formula has been obtained.
The efficacy, suitability, and correctness of the HAM were demonstratively investigated
in the context of Crank Nicolson (CRN), Binomial Model (BM), and Black–Scholes Model
(BSM) approaches, using two examples. Because it can converge to analytical results
faster, the HAM is judged to be the best alternative instrument for determining ECO prices
with fractional orders. Ref. [16] provided a numerical technique for the Time-Fractional
Black–Scholes model, which is used in the fractional structural model within financial
markets. This method uses an initial discretization based on time and a weighted finite
difference spatial approach. Some spatial discretization characteristics are also investigated.
A fundamental limitation of this technology is its inability to proceed in time layer by layer.

Common approaches for solving the Fractional Black–Scholes equation include the
homotopic perturbation method, He’s polynomials, and Adomian decomposition. The nu-
merical operational transformation method is used. However, extreme vigilance is required
when modifying time fractional derivatives. Mistakes can occur when using the differential
operator after the time inversion techniques have changed. The constructed numerical
model employs a variety of methodologies. The discrete, linear, and nonlinear charac-
teristics of European Black–Scholes option pricing models are then captured by [17,18].
To achieve this, this article combines the third-order strong stability of the Runge–Kutta
method with a sixth-order finite difference scheme. The findings from the current literature
and its precise answers were examined and contrasted. The finite–difference method is a
more popular common technique. The key challenge will be to find a more sophisticated
model solution with an approach that aligns with precise results. Therefore, the strong
stability approach of the third-order Runge–Kutta and the sixth-order finite–difference
method must be combined to produce an efficient numerical solution. Asymptotic conver-
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gence has been demonstrated through convergence using the norm definition. Ref. [19]
provided a numerical technique for the Time-Fractional Black–Scholes model, which is
used for the fractional structural model in financial markets. This method uses initial
discretization based on time and a weighted finite difference spatial approach. In 2023,
Ref. [20] used a simpler method, the Daftardar–Geijji method, to solve the Fractional Black–
Scholes equation. It also discusses the problem of existence and the uniqueness of solutions
of the Fractional Black–Scholes equation.

2. Formation of the Modified Fractional Black–Scholes Equation

Suppose V(S, τ) is the option value, while S is the value of the underlying asset, and
τ is time. The total flux rate of option value Y(s, τ) per unit of time from time τ to the
expiration date T and the option value V(S, τ) must satisfy:∫ T

τ
Y
(
s, τ′

)
dτ′ = Sd f−1

∫ T

τ
H
(
τ′ − τ

)
[V
(
S, τ′

)
−V(S, T)]dτ′

where H(τ) is the transmission function, and d f is the Haudorff dimension of the fractal
transmission system. The equation above is called the conservation equation for the
diffusion process of option values in a fractal structure. The transmission function H(τ) is
defined as follows:

H(τ) = m
A2γ

Γ(1− 2γ)t2γ
+ (1 + mk)

Bγ

Γ(1− γ)tγ

So, the transmission function H(τ) is a linear combination of two other transmission
functions. In this case, A2γ and Bγ are constants, while 2γ and γ are transmission exponents.
By differentiating the conservation equation above with respect to τ, we obtain:

−Y
(
s, τ′

)
= Sd f−1 d

dt

(∫ T

τ
H
(
τ′ − τ

)[
V
(
S, τ′

)
−V(S, T)

]
dτ′

)
.

Based on the modified Black–Scholes equation, we obtain:

Y(s, τ) =
∂2v
∂S2 + (k− 1)

∂v
∂S
− kv (1)

Combined with Equation (1), we obtain:

A2γSd f−1m
∂2γv
∂τ2γ

+ BγSd f−1(1 + mk)
∂γv
∂τγ

+
∂2v
∂S2 + (k− 1)

∂v
∂S
− kv = 0

where:
∂γ f
∂τγ

=
1

Γ(n− α)

∂n

∂τn

∫ T

t

f (S, τ′)− f (S, τ)

(τ′ − τ)α+1−n dτ′

and ∂2γ f
∂τ2γ = ∂γ

∂τγ

(
∂γ f
∂τγ

)
. If A2γSd f−1 = 1 and BγSd f−1 = 1, we obtain the modified Fractional

Black–Scholes equation as follows:

m
∂2γv
∂τ2γ

+(1+mk1)
∂γv
∂γ

=
∂2v
∂S2

+(k1−1)
∂v
∂S
−k1v (2)

with m:: constant
k1: risk-free interest
S: asset value
Equation (2) is called the modified Fractional Black–Scholes equation.
Based on Equation (2), we obtained:
For m=0, Equation (1) becomes the Fractional Black–Scholes equation.
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For m=0 and γ=1, Equation (1) becomes the Black–Scholes equation.

So, the Fractional Black–Scholes equation is a special case of the modified Fractional
Black–Scholes equation.

3. Fractional Differential Transformation Method

The Fractional Differential Transformation Method is a generalization of the differen-
tial transformation method based on the Fractional Taylor formula. The Fractional Taylor
series expansion with order α of the function u(t) around the point t = t0 is defined as:

u(t) =
∞

∑
k=0

(t− t0)
kα

Γ(kα + 1)

(
dα

dtα

)k
u(t);

where dα

dtα is the Caputo fractional derivative with order α, and
(

dα

dtα

)k
= dα

dtα . . . dα

dtα consists
of k terms.

The Fractional Differential Transformation with order α of the function u(t) in the

neighborhood t = t0 is defined as Uα(k) = 1
Γ(kα+1)

(
dα

dtα

)k
u(t), and the inverse transforma-

tion is u(t) = ∑∞
k=0 Uα(k)(t− t0)

kα. So, for t0 = 0, we obtain:

u(t) =
∞

∑
k=0

Uα(k)tkα =
∞

∑
k=0

ϕk(t).

Theorem 1 ([21]). If Fα(k) and Gα(k) and Hα(k) are Fractional Differential Transformations of
the functions f (t), g(t), and h(t), then this applies:

(a) If f (t) = g(t)± h(t), then Fα(k) = Gα(k)± Hα(k),

(b) If f (t) = (t− t0)
q, then Fα(k) = δ

(
k− q

α

)
where δ =

{
1 , i f k = 0
0, i f k �= 0

(c) If f (t) = g(t)h(t), then Fα(k) =
k
∑

l=0
Gα(k)Hα(k− l).

Theorem 2 ([22]). If f (t) = tλg(t) where λ > −1 and g(t) = ∑∞
n=0 an(t− t0)

nα with a
convergence radius R > 0 and 0 < α ≤ 1, then:

Dγ
α Dβ

α = Dγ+β
α f (t).

Theorem 3 ([22]). Suppose f (t) = Dγ
t0

g(t), m− 1 < γ ≤ m, and the function g(t) satisfies the
conditions in the theorem above, then:

Fα(k) =
Γ(kα + γ + 1)

Γ(kα + 1)
Gα

(
k +

γ

α

)
for each t ∈ (0, R), if:

(a) β < λ + 1, for any α or
(b) β ≥ λ + 1, for any γ, and ak = 0 for k = 0, 1, . . . , m− 1, where m− 1 < β ≤ m.

The following is the convergence theorem to solve the modified Fractional Black–
Scholes equation.

Theorem 4. If, for any k ∈ N0 and for each i ≥ k0, there exists 0 < ∂i < 1 such that ‖ϕi+1‖ <
δi+1‖ϕi‖, then the series

∞
∑

k=0
ϕk(t) converges to ut.
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Proof. Suppose there is a Cauchy sequence u1, u2, . . . , where un =
∞
∑

k=0
ϕk(t). It will be

shown that un is a Cauchy sequence. For 0 < ∂i < 1, it implies:

‖ui − ui−1‖ = ‖ϕi‖ ≤ δi‖ϕj−1‖ < δiδi−1 . . . δk0‖ϕk0‖

For n ≥ m ≥ k0, this is obtained:

‖un − um‖ =
n

∑
i=m+1

(si − si−1) ≤
n

∑
i=m+1

δiδi−1 . . . δk0‖ϕk0‖.

Let δ = max
{

δk0 , δk0+1 , . . . , δn

}
. So, it satisfies ‖un − um‖ ≤ 1−δn−m

1−δ δm−k0‖ϕk0‖. Be-
cause for 0 < ∂i < 1, it implies ‖un − um‖ → 0 . Hence, {un} is a Cauchy sequence.
�

a Fractional Differential Transformation Method for solving BSFM

If the second partial derivative of (S, τ) is substituted by 1
h2 (v(S− h, τ)− 2v(S, τ) +

v(S + h, τ))+O
(
h2) and the first partial derivative on (S, τ) is substituted by 1

h (v(S + h, τ)−
V(S, τ), this is obtained:

m
∂2γv
∂τ2γ

+ (1 + mk)
∂γv
∂γ

=
1
h2 (v(S− h, τ)− 2v(S, τ) + v(S + h, τ)) + O

(
h2
)
+

(k− 1)
h

(v(S + h, τ)−V(S− h, τ) + O(h)− kv,

Then, the interval [a, b] is divided into n subintervals of the same length, denoted by
h = b−a

n .
So, we obtain mesh points Si = a + ih , i = 1, 2, . . . , n− 1. If the truncation error is

removed and ui(t) is an approximate solution of vi(τ) = v(Si, τ), then we will obtain a
system of ordinary differential equations:

m d2γui(τ)
dτ2γ + (1 + mk1)

dγui(τ)
dγ

= 1
h2 (ui−1(τ)− 2ui(τ) + ui+1(τ)) +

(k1−1)
h ((ui+1(τ)− ui(τ))

−k1ui(τ)), i = 1, 2, . . . , n− 1.

(3)

The system of ordinary differential equations above will be solved using the Fractional
Differential Transformation method. Suppose the solution to the system of differential
equations above is:

ui(t) =
∞

∑
k=0

Uα
i (k)t

kα, (4)

where Uα
i is the unknown coefficient, i.e., the Fractional Differential Transformation of

ui(t).
Based on Theorem 3, Equation (3) can be written as:

m Γ(kα+2γ+1)
Γ(kα+1) Uα

i

(
k + 2γ

α

)
+ (1 + mk1)

Γ(kα+γ+1)
Γ(kα+1) Uα

i
(
k + γ

α

)
= 1

h2

(
Uα

i−1(k)− 2Uα
i (k) + Uα

i+1(k)
)
+ (k1−1)

h
(
Uα

i+1(k)−Uα
i (k)

)
−k1Uα

i (k))

(5)

with initial conditions:
Uα

i (0) = f1(x1) (6)

Uα
i

(
1
α

)
= f2(x1) (7)

and with boundary conditions:
Uα

0 (k) = Gα
1 (k) (8)
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Uα
N(k) = Gα

2 (k) (9)

So, Equations (5)–(9) can be written as the new equation, as follows:

Uα
i

(
k + 2γ

α

)
= Γ(kα+1)

Γ(kα+2+1)

(Uα
i−1(k)−2Uα

i (k)+Uα
i+1(k)

mh2

+(k1−1)
mh

(
(Uα

i+1(k)−Uα
i (k))− k1Uα

i (k)
))

−(1 + mk1)
Γ(kα+γ+1)

Γ(kα+1) Uα
i
(
k + γ

α

) (10)

with initial conditions:
Uα

i (0) = f1(x1),

Uα
i

(
1
α

)
= f2(x1),

satisfying the boundary conditions:

Uα
0 (k) = Gα

1 (k),

Uα
N(k) = Gα

2 (k).

Based on Equation (5) with unknown coefficients Uα
i (1), Uα

i (2), . . . , Uα
i

(
2γ
α − 1

)
, we

can satisfy the following equation:

Uα
i (k) =

{
1

Γ(kα+1)

[
dkα

dtkα

]
t=0

i f kα ∈ Z+,

0 i f kα /∈ Z+.
(11)

4. BSFM Solution Using the Fractional Differential Transformation Method

The following will show that the Fractional Differential Transformation method can
be used to find solutions to the modified Fractional Black–Scholes equation.

Example 1. Solve the following modified Fractional Black–Scholes equation:

∂2γv
∂τ2γ

+ 2
∂γv
∂τγ

=
∂2v
∂S2 +

∂v
∂S
− 2v; 0 < γ < 1, 0 < S < 1

with initial conditions:

v(0, τ) = e−2τ , v(1, τ) = e1−2τ , v(S, 0) = max(eS − 1, 0), vτ(S, 0) = 2eS.

Solution:

Given that γ = 0.75, α = 0.25, and h = 0.1,
∂1.5v(S,τ)

∂τ1.5 is fractionally differentially transformed into Γ(kα+2γ+1)
Γ(kα+1) U0.25

i (k + 6)

= Γ(0.25k+2.5)
Γ(0.25k+1) U0.25

i (k + 6),

∂0.75v(S,τ)
∂τ0.75 is fractionally differentially transformed into Γ(kα+2γ+1)

Γ(kα+1) U0.25
i (k + 3)

= Γ(0.25k+1.75)
Γ(0.25k+1) U0.25

i (k + 3),

v(S, τ)→ U0.25
i (k),

∂2v
∂S2 is fractionally differentially transformed into

U0.25
i−1 (k)−2U0.25

i (k)+U0.25
i+1 (k)

h2 ,
∂v
∂S is fractionally differentially transformed into

(U0.25
i+1 (k)−U0.25

i−1 (k)
2h ,

with initial conditions:
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v(S, 0) = max(eS − 1, 0) is fractionally differentially transformed into U0.25
i (0) =

max(eSi − 1, 0), for each i = 0, 1, 2, . . . , 10.
Based on Equations (4), (5) and (8) above, we obtain:
U0.25

i (1) = U0.25
i (2) = U0.25

i (3) = U0.25
i (5) = 0; for each i = 0, 1, 2, . . . , 10.

Based on Equations (4), (5) and (9), the following system of equations is obtained:

v(0, τ) = e−2τ is fractionally differentially transformed into U0.25
0 (k)=

⎧⎨⎩ 2.(−2)
k
4

Γ( k
4+1)

, i f k
4 ∈ Z+

0 , i f k
4 /∈ Z+

,

v(1, τ) = e1−2τ is fractionally differentially transformed into U0.25
10 (k) =

⎧⎨⎩ 2.(−2)
k
4. e

Γ( k
4+1)

, i f k
4 ∈ Z+

0 , i f k
4 /∈ Z+

,

U0.25
i (k + 6) =

1
m

{
U0.25

i−1 (k)− 2U0.25
i (k) + U0.25

i+1 (k)
h2 + (k1 − 1)

(U0.25
i+1 (k)−U0.25

i−1 (k)
2h

− k1U0.25
i (k)

}
− (1 + mk1)

Γ(0.25k + 1.75)
Γ(0.25k + 1)

U0.25
i (k + 3),

S0 = 0, we obtain u0(t) = ∑∞
k=0 U0.25

0 (k)t0.25k = m ∑∞
k=0 U0.25

0 (k)t0.25k = 2 ∑∞
k=0 U0.25

0 (k)t0.25k = U0.25
0 (0)+

U0.25
0 (1)t0.25 + U0.25

0 (2)t0.5 + U0.25
0 (3)t0.75 + · · · = 2 + 0t0.25 + 0t0.5 + 0t0.75 − 4t + 0t5.0.25 + 0t6.0.25 + 0t7.0.25+

2t2 − 4
3 t3 + 4

3 t4 − 32
120 t5 + · · · = ∑∞

4m
(−2)

k
4

Γ( k
4+1)

t0.25.k, m = 0, 1, 2, . . .

S0 = 0− 2t = −2t

S1 = 0.1, we obtain u1(t) = ∑∞
k=0 U0.25

1 (k)t0.25k = U0.25
1 (0) + U0.25

1 (1)t0.25 + U0.25
1 (2)t0.5 + U0.25

1 (3)t0.75 + · · · =
max

{
e0.1 − 1, 0

}
+ 0t0.25 + 0t0.5 + · · · − 2e0.1t + · · · = e0.1 − 1− 2e0.1t + · · ·

S2 = 0.2 we obtain u2(t) = ∑∞
k=0 U0.25

2 (k)t0.25k = U0.25
2 (0) + U0.25

2 (1)t0.25 + U0.25
2 (2)t0.5 + U0.25

2 (3)t0.75 + · · · =
max

(
e0.2 − 1, 0

)
+ 0t0.5 + · · · − 2e0.2t0.75 + · · · = e0.2 − 1− 2e0.2t + · · ·

S3 = 0.3→ u3(t) = e0.3 − 1− 2e0.3t + · · ·

S4 = 0.4→ u4(t) = e0.4 − 1− 2e0.4t + · · ·

S5 = 0.5→ u5(t) = e0.5 − 1− 2e0.5t + · · ·

S6 = 0.6→ u5(t) = e0.6 − 1− 2e0.6t + · · ·

S7 = 0.7→ u6(t) = e0.7 − 1− 2e0.7t + · · ·

S8 = 0.8→ u8(t) = e0.8 − 1− 2e0.8t + · · ·

S9 = 0.9→ u9(t) = e0.9 − 1− 2e0.9t + · · ·

S10 = 1, we obtain u10(t) = ∑∞
k=0 U0.25

10 (k)t0.25k = U0.25
10 (0) + U0.25

10 (1)t0.25 + U0.25
10 (2)t0.5 + U0.25

10 (3)t0.75 + · · · S10 =
1→ u10(t) = e− 1− 2et + · · ·

164



Mathematics 2024, 12, 1077

The following is a simulation using the Python program to illustrate the solutions
obtained:

Figure 1 shows the graph for solving the modified Black–Scholes fractional equation
with n = 5 and t = 0.01. The resulting graph increases monotonically, but it seems not to
be smooth due to a wide interval partition and a few number of sampled points taken. The
minimum value is obtained when Si = 0, so ui = 0, while the maximum value is obtained
when Si = 1.0, so ui = 1.6. and t = 0.025.

Figure 1. Graph of the solution to the Modified Fractional Black–Scholes equation with n = 5 and t =
0.025.

Figure 2 shows a graph of the solution to the modified Fractional Black–Scholes
equation, with n = 25 and t = 0.025. The solution graph obtained is a monotonically
increasing function, but it is relatively smooth compared to the graph in Figure 1.

Figure 2. Graph of the solution to the modified Fractional Black–Scholes equation with n = 25 and
t = 0.025.
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Example 2. The following is the procedure for determining the solution of the modified Fractional
Black–Scholes equation:

m
∂2γv
∂τ2γ

+ (1 + mk1)
∂γv
∂τγ

=
∂2v
∂S2 + (k1 − 1)

∂v
∂S
− k1v;

with initial conditions:
v(S, 0) =

ex − 1
(1 + mk1)

vi(S, 0) =
k1ex

(1 + mk1)

v(0, τ) =

(
1− e−k1τ

)
(1 + mk1)

v(1, τ) =

(
2e− e1−k1τ − 1

)
(1 + mk1)

.

Suppose we take γ = 1.0 and α = 0.25, then we obtain the following:
∂2v(S,τ)

∂τ2 is transformed into Γ(0.25k+3)
Γ(0.25k+1)U0.25(k + 8),

∂v
∂τ is transformed into Γ(0.25k+2)

Γ(0.25k+1)U0.25(k + 4),

∂v
∂τ is transformed into (U0.25

i (k)−U0.25
i−1 (k))

2h ,
v(S, τ) is transformed into U0.25

i (k). Then, we successively obtain:

v(S, 0) =
eS − 1

(1 + mk1)
= U0.25

i (0),

for each i = 0, 1, 2, . . . , 10:

vi(S, 0) =
k1eS

(1 + mk1)
= U0.25

i (4),

for each i = 0, 1, 2, . . . , 10. Meanwhile, based on Equation (11), the following is obtained:

U0.25
i (1) = U0.25

i (2) = U0.25
i (3) = U0.25

i (5) = · · · = 0,v(0, τ) =
1− e−k1τ

(1 + mk1)
,

transformed into:

U0.25
0 (k) =

⎧⎨⎩ 1
1+mk1

k1
k
4

Γ( k
4+1)

, i f k
4 ∈ Z+

0, i f k
4 /∈ Z+

.

For S0 = 0, we obtain:

u0(τ) = ∑∞
k=0 U0.25

0 (k)τ0.25k

= U0.25
0 (0) + U0.25

0 (1)τ0.25 + U0.25
0 (2)τ0.5 + U0.25

0 (3)τ0.75 + U1
0(4)τ

1 + · · ·
= 0 + 0τ0.25 + 0τ0.5 + 0τ0.75 +

(
k1

1+mk1

)
τ = k1τ

1+mk1

For S1 = 0.1, we obtain:

u1(τ) = ∑∞
k=0 U0.25

1 (k)τ0.25k

= U0.25
1 (0) + U0.25

1 (1)τ0.25 + U0.25
1 (2)τ0.5 + U0.25

1 (3)τ0.75 + U1
1(4)τ

1 + · · ·
= e0.1−1

1+mk1
+ 0τ0.25 + 0τ0.5 + 0τ0.75 + k1e0.1

1+mk1
τ

= e0.1−1
1+mk1

+ k1e0.1

1+mk1
τ
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For S2 = 0.2, we obtain:

u(τ) = ∑∞
k=0 U0.25

2 (k)τ0.25k

= U0.25
2 (0) + U0.25

2 (1)τ0.25 + U0.25
2 (2)τ0.5 + U0.25

2 (3)τ0.75 + U1
2(4)τ

1 + · · ·
= e0.2−1

1+mk1
+ k1e0.2

1+mk1
τ

For S3 = 0.3, we obtain

u3(τ) = ∑∞
k=0 U0.25

3 (k)τ0.25k

= U0.25
3 (0) + U0.25

3 (1)τ0.25 + U0.25
3 (2)τ0.5 + U0.25

3 (3)τ0.75 + U1
3(4)τ

1 + · · ·
= e0.3−1

1+mk1
+ k1e0.3

1+mk1
τ

. . .

For S10 = 1, we obtain u10(τ) =
e−1

1+mk1
+ k1e

1+mk1
τ. So, we obtain the points (Si, ui) for

i = 0, 1, 2, 3, . . . , 10. Accordingly, the graph of the solution is as follows.
According to Figure 3, a graph of the solution to the Fractional Black–Scholes equation

is obtained, modified with the values 0 ≤ m ≤ 1 and k1 = 0.05 in the form of a family of
exponential functions. When m = 0, the graph is at the bottom. Meanwhile, when m = 1,
the graph is at the top.

Figure 3. Graph of the solution to the Fractional Black–Scholes equation with 0 ≤ m ≤ 1 and
k1 = 0.05.

Figure 4 shows that the solution to the Fractional Black–Scholes equation is modified
in the form of an exponential function. The minimum value is obtained when Si = 0, with
a value of ui = 0. Meanwhile, the maximum value is obtained when Si = 1, with a value of
ui = 1.75. Furthermore, based on Equation (2), the Fractional Black–Scholes equation is a
special case of the Fractional Black–Scholes equation when the value of m = 0.
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Figure 4. Graph of the solution to the Fractional Black–Scholes equation. modified with t = 0.01,
γ = 1.0, k = 0.05, n = 10, m = 0, and 0 ≤ Si ≤ 1.

The general form of the Fractional Black–Scholes equation with a value of γ = 1.0 is:

∂v
∂τ

=
∂2v
∂S2 + (k− 1)

∂v
∂S
− kv

with the initial condition v(S, 0) = max{ex − 1, 0}. Using the Daftardar–Gejji method, the
general solution is:

v(S, τ) =
∞
∑

n=0
vn(S, τ) = max

{
eS − 1, 0

}
E1.0(−k1τ) + max{ex, 0}(1− E1.0(−k1τ). If

the graph is plotted, it is obtained as follows:
Figure 5 shows that the solution to the Fractional Black–Scholes equation can be

approximated using the Fractional Black–Scholes equation solution by taking the value of
m = 0. This is because, in Figure 5, the pink and blue graphs almost coincide. Thus, the
solution error is guaranteed to be very small. The following is the error calculation between
the solution of the Fractional Black–Scholes equation and the solution of the modified
Fractional Black–Scholes equation:

Figure 5. Graph of the solution to the Fractional Black–Scholes equation and the solution to the
modified Fractional Black–Scholes equation by taking k1 = 0.05.

Symbol vi represents the solution to the Fractional Black–Scholes equation, while
the symbol ui represents the solution to the modified Fractional Black–Scholes equation.
The values are k1 = 0.05, γ = 1.0, and τ = 0.01. Table 1 uses the absolute error formula
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= |vi−ui |
vi
× 100% and squared error =

n
∑

i=1
(vi − ui)

2. Table 1 shows that the squared error

and the absolute error for each point is very small. Using Phyton 3.7 software, it is obtained
that the mean squared error is 2.1214603575846715 × 10−7, and the mean absolute error
is 0.049973388247889494%. This means that the solution to the modified Fractional Black–
Scholes equation, taking the value s of m = 0 and γ = 1.0, is a very good approximation
to the solution to the Fractional Black–Scholes equation with γ = 1.0. In other words, the
Fractional Black–Scholes equation is a special case of the modified Fractional Black–Scholes
equation when the value of m = 0.

Table 1. Error between vi and ui.

No xi vi ui Squared Error Abs Error (%)

1 0.100 0.105671 0.105724 2.778390 × 10−9 0.049882
2 0.109 0.115662 0.115720 3.330000 × 10−9 0.049892
3 0.118 0.125744 0.125807 3.937190 × 10−9 0.049901
4 0.127 0.135917 0.135985 4.601382 × 10−9 0.049908
... ... ... ... ... ...
96 0.964 1.622664 1.623475 6.580569 × 10−7 0.049992
97 0.973 1.646370 1.647193 6.774279 × 10−7 0.049992
98 0.982 1.670290 1.671125 6.972588 × 10−7 0.049993
99 0.991 1.694427 1.695274 7.175589 × 10−7 0.049993

100 1.000 1.718782 1.719641 7.383379 × 10−7 0.049993

Moreover, vi and ui are compared using the 4th order Rungge–Kutta method. As is
known, the Runge–Kutta method is a very accurate method for solving ordinary differential
equations numerically. In this paper, the solution to the Fractional Black–Scholes equation,
with the value of α = 1, will be approached using the 4th order Runge–Kutta method.

Using Python 3.7 software, Figure 6 shows a graph of the solution to the Fractional
Black–Scholes equation with γ = 1.0 using the 4th order Runge–Kutta method in three
dimensions with 0 ≤ S ≤ 1 and 0 ≤ τ ≤ 1. If the graph in Figure 6 is cut by τ = 0.01, it
will obtain Figure 7.

Figure 6. Graph of the solution to the Fractional Black–Scholes Equation with γ = 1.0 using the 4th
order Runge–Kutta method.
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Figure 7. Graph of the solution to the Fractional Black–Scholes equation with γ = 1.0 using the
Runge–Kutta method when τ = 0.01.

Using Python 3.7 software, Figure 7 shows a graph of the solution to the Fractional
Black–Scholes equation with γ = 1.0 when τ = 0.01. The resulting graph is an increasing
function graph. Then, if the solution graph for the Fractional Black–Scholes equation
with γ = 1.0, obtained using the combined method of finite difference and fractional
differential transformation, along with the graph using the 4th order Runge–Kutta method,
are combined into one graph, Figure 8 will be obtained, as shown below.

Figure 8. Graph of the combined solution method to the Fractional Black–Scholes equation with
γ = 1.0 when t = 0.01.

The graph in blue is a solution to the Fractional Black–Scholes equation, the graph in
yellow is an approximate graph of the solution to the Fractional Black–Scholes equation
using the 4th order Runge–Kutta method, while the graph in green is an approximation
using a combined method of finite difference and fractional differential transformation.
Visually, the combined graph between these methods almost coincides. This means that
both the 4th order Runge–Kutta method and the combined method of finite difference
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and fractional differential transformation are good approximations for graphing solutions
to the Fractional Black–Scholes equation with γ = 1.0. Therefore, the error obtained by
the 4th order Runge–Kutta method and the combination of finite difference and fractional
differential transformation are compared to the solution of the Fractional Black–Scholes
equation with γ = 1.0, as shown in Table 2 below:

Table 2. Error between vi and RK4.

No xi vi RK4 Squared Error Abs Error (%)

1 0.100 0.105671 0.099972 0.000032 5.700230
2 0.109 0.115662 0.110417 0.000028 4.750148
3 0.118 0.125744 0.120956 0.000023 3.958334
4 0.127 0.135917 0.131507 0.000019 3.353538
... ... ... ... ... ...
96 0.964 1.622664 1.613694 0.000080 0.555898
97 0.973 1.646370 1.636458 0.000098 0.605712
98 0.982 1.670290 1.659431 0.000118 0.654394
99 0.991 1.694427 1.682425 0.000144 0.713348
100 1.000 1.718782 1.705629 0.000173 0.771142

Table 2 shows that the squared error and absolute error for each point are very small.
Using Python 3.7 software, the mean squared error was 1.3939683876496377 × 10−5, and
the mean absolute error was 0.6089656268506086%. Based on the mean squared error and
mean absolute error, it can be said that the resulting error is very small, being less than
5%. Therefore, it can be concluded that the 4th order Runge–Kutta method is a very good
approximation. When comparing with Table 1, the mean absolute error and mean squared
error caused by the combination of the finite difference method and fractional differential
transformation are smaller than those of the 4th order Runge–Kutta method. However,
both methods are said to be very good for approaching the solution to the Fractional
Black–Scholes equation with γ = 1.0.

5. Conclusions

The combined method of finite difference and fractional differential transformation
can be used to solve the modified Fractional Black–Scholes equation. In real financial
market conditions, the Black–Scholes equation is more realistic to use for modeling option
values compared to the Fractional Black–Scholes equation. This is because the fractional
order of the modified Fractional Black–Scholes equation is greater than the order of the
Fractional Black–Scholes equation and can vary the value of m.

6. Further Research

There is a lot of research that can be done on the modified Fractional Black–Scholes
equation; for example, looking for guarantees of existence and unique solutions. Then,
the analytical solution of the Fractional Black–Scholes equation can be modified. Next,
conducting error comparisons between the numerical and analytical solutions would be
valuable. Other interesting things can also be developed for the Fractional Black–Scholes
equation with multiple assets.
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Abstract: Convexity plays a crucial role in the development of fractional integral inequalities. Many
fractional integral inequalities are derived based on convexity properties and techniques. These
inequalities have several applications in different fields such as optimization, mathematical modeling
and signal processing. The main goal of this article is to establish a novel and generalized identity
for the Caputo–Fabrizio fractional operator. With the help of this specific developed identity, we
derive new fractional integral inequalities via exponential convex functions. Furthermore, we give
an application to some special means.
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1. Introduction

Fractional calculus has gained significant recognition and application in various
areas of mathematics. These contemporary developments in fractional calculus reflect
the growing interest in exploring fractional derivatives and integrals to address complex
problems in various fields. Fractional derivatives have become a powerful mathematical
tool for researchers, enabling them to formulate more accurate models [1–3]. As a result,
researchers across various scientific and engineering disciplines continue to rely on both
Caputo and Riemann Liouville fractional derivatives to better understand and model
complex phenomena (see [4]). The use of innovative fractional general operators of distinct,
local, and nonlocal kernels has also been studied by other authors [5].

Moreover, fractional integrals have found practical applications across a diverse range
engineering and science fields, such as electromagnetic studies, photoelasticity, fluid me-
chanics, electrochemistry, biological population modeling, optics, and signal processing.
On the other side, the theory of convexity has been proven to have many potential applica-
tions in a wide range of research fields including, coding theory, machine learning, and
data science. Convex mapping is arguably the most fundamental and significant mapping
method in the theory of mathematical inequality since it has vast applications in mechan-
ics [6], statistics [7], pure and applied mathematics [8], and economics [9]. The well-known
definition of a convex function [10] is given below.

Ĝ(Λψ + (1−Λ)π) ≤ ΛĜ(ψ) + (1−Λ)Ĝ(π),
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for all ψ, π ∈ I and Λ ∈ [0, 1].

Theorem 1 ([11]). Suppose the function Ĝ : I ⊂ R→ R is a convex mapping defined on I, where
ψ, π ∈ I with ψ < π, then

Ĝ
(

ψ + π

2

)
≤ 1

π − ψ

∫ π

ψ
Ĝ(x)dx ≤ Ĝ(ψ) + Ĝ(π)

2
.

This inequality, known as the Hermite–Hadamard inequality, was established by C.
Hermite and J. Hadamard. For more information concerning the Hermite–Hadamard
inequality, see [12]. Hermite–Hadamard and trapezoidal inequalities have recently been
established by Sarikaya et al. [13] using Riemann–Liouville fractional integrals. Several
authors have used different classes of function to generalizes the Hermite–Hadmard-
type inequality. Additionally, a number of mathematicians have developed Hermite–
Hadmard-type inequality inequalities for differentiable convex mappings [14], s-convex
functions [15], m-convex mappings [16], and Green’s functions [17]. Numerous scholars
have presented applications for fractional operators, see, for example [18,19]. Kadakal and
Iscan gave a new description for the exponential-type convex function [20]. Additionally,
they again demonstrated the Hermite–Hadamard inequalities in [20] using the definition
given below.

Definition 1 ([20]). Ĝ : I → R is said to be an exponential convex function if the inequality

Ĝ(Λψ + (1−Λ)π) ≤
(

eΛ − 1
)

Ĝ(ψ) +
(

e1−Λ − 1
)

Ĝ(π),

holds for all ψ, π ∈ I and Λ ∈ [0, 1].

Definition 2 ([21]). The function Ĝ : I ⊆ R → R0 = [0, ∞) is said to be an s-convex function if
the inequality

Ĝ(Λψ + (1−Λ)π) ≤ ΛsĜ(ψ) + (1−Λ)sĜ(π),

holds for all ψ, π ∈ I, s ∈ (0, 1] and Λ ∈ [0, 1].

Theorem 2. The function Ĝ : [ψ, π] → R is an exponential function. If ψ < π and
Ĝ ∈ L[ψ, π], then

1(
2
√

e− 1
) Ĝ

(
ψ + π

2

)
≤ 1

π − ψ

∫ π

ψ
Ĝ(x)dx ≤ (e− 2)

(
Ĝ(ψ) + Ĝ(π)

)
.

Hölder’s inequality is indeed a fundamental inequality in mathematics, particularly
in the context of Lp spaces. İşcan introduced a new form of Hölder’s inequality in [22]
which is given below. Suppose p > 1 and 1

p + 1
q = 1. If Ĝ and g are real functions defined

on [ψ, π] and if
∣∣Ĝ∣∣p and |g|q are integrable on [ψ, π], we have

∫ π

ψ

∣∣Ĝ(x)g(x)
∣∣dx ≤ 1

π − ψ

[(∫ π

ψ
(π − x)

∣∣Ĝ(x)
∣∣pdx

) 1
p
(∫ π

ψ
(π − x)|g(x)|qdx

) 1
q

+

(∫ π

ψ
(x− ψ)

∣∣Ĝ(x)
∣∣pdx

) 1
p
(∫ π

ψ
(x− ψ)|g(x)|qdx

) 1
q
]

.

The development of the Hölder–İşcan inequality and its use in obtaining better upper
bounds demonstrates the ongoing progress and innovation in mathematical inequalities.

Different authors have used fractional operators to generalize the Hermite–Hadamard
inequality. In this context, we confine our focus to the Caputo–Fabrizio fractional integral
operator. The distinguishing factors between these operators lie in their singularities and
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local characteristics, with the operator’s kernel expression involving functions such as the
power law, the exponential function, or a Mittag–Leffler function. Notably, the Caputo–
Fabrizio operator stands out due to its kernel-lacking singularity. The key characteristic
of this operator is best described as a real power transformed into an integer through the
Laplace transformation, thereby facilitating the straightforward derivation of exact solu-
tions for various problems. Xiaobin Wang et al. [23] presented the Hermite–Hadmard-type
inequality for modified h-convex functions utilizing a Caputo–Fabrizio integral operator.
Butt et al. [24] exponentially obtained different inequalities for s- and (s,m)-convex func-
tions using Caputo fractional integrals and derivatives. Furthermore, Abbasi et al. [25]
constructed new variants of the Hermite–Hadamard-type inequalities for s-convex func-
tions via a Caputo–Fabrizio integral operator. Li et al. [26] proved analogous inequalities for
strongly convex functions. In 2015, Caputo and Fabrizio introduced the Caputo–Fabrizio
fractional operator as follows:

Definition 3 ([27]). Let H1(ψ, π) be the Sobolev space of order one defined as

H1(ψ, π) =
{

Ĝ ∈ L2(ψ, π) : Ĝ′ ∈ L2(ψ, π)
}

,

where

L2(ψ, π) =

{
Ĝ(z) :

(∫ π

ψ
Ĝ2(z)dz

) 1
2
< ∞

}
.

Let Ĝ ∈ H1(ψ, π), where ψ < π and α ∈ [0, 1]; the nth notion of left derivative in the sense
of Caputo–Fabrizio is defined as(

CFD
ψ DαĜ

)
(x) =

β(α)

1− α

∫ x

ψ
Ĝ′(Λ)e

−α(x−Λ)α

1−α dΛ,

x > α and the associated integral operator is(
CF
ψ IαĜ

)
(x) =

1− α

β(α)
Ĝ(x) +

α

β(α)

∫ x

ψ
Ĝ(Λ)dΛ,

where β(α) > 0 is the normalization function satisfying β(0) = β(1) = 1. For α = 0 and α = 1,
the left derivative is, respectively, defined as follows(

CFD
ψ D0Ĝ

)
(x) = Ĝ′(x)(

CFD
ψ D1Ĝ

)
(x) = Ĝ(x)− Ĝ(ψ).

For the right derivative operator(
CFD
π DαĜ

)
(x) =

β(α)

1− α

∫ π

x
Ĝ′(Λ)e

−α(Λ−x)α
1−α dΛ,

x < π and the associated integral operator is(
CF Iα

πĜ
)
(x) =

1− α

β(α)
Ĝ(x) +

α

β(α)

∫ π

x
Ĝ(Λ)dΛ.

In [10], Nasir et al. presented the following trapezoidal-type inequalities for the
Caputo–Fabrizio fractional operator.
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Theorem 3. The function Ĝ : [ψ, π] → R is a differentiable function on I, where ψ, π ∈ I
with ψ < π. If

∣∣Ĝ′∣∣ is s-convex on [ψ, π] and some s ∈ (0, 1], Λ ∈ [0, 1], then the following
inequality holds∣∣∣∣∣ Ĝ(ψ) + Ĝ(π)

2
+

4(1− α)

β(α)

− β(α)

α(π − ψ)

[((
CF
ψ IαĜ

)
(k) +

(
CF Iα

ψ+π
2

Ĝ
)
(k)

)
+

(
CF
ψ+π

2
IαĜ

)
(k)

(
CF Iα

πĜ
)
(k)

]∣∣∣∣
≤ π − ψ

4

(
2seln(2)s + 1

2s(s + 1)(s + 2)
+

β(s + 1, s)
2s

)[∣∣Ĝ′(π)
∣∣+ ∣∣Ĝ′(ψ)∣∣].

In [28], Sahoo obtained new error bounds for the midpoint-type inequality via the
s-convex function given below:

Theorem 4. The function Ĝ : [ψ, π] → R is a differentiable function on I, where ψ, π ∈ I with
ψ < π. If

∣∣Ĝ′∣∣ is s-convex on [ψ, π] and some s ∈ (0, 1], Λ ∈ [0, 1], then

∣∣∣∣ β(α)

α(π − ψ)

[(
CF
ψ+π

2
− IαĜ

)
(k) +

(
CF Iα

ψ+π
2

+ Ĝ
)
(k)

]
− Ĝ

(
ψ + π

2

)
− (1− α)

β(α)

(
Ĝ(ψ) + Ĝ(π)

)∣∣∣∣
≤ π − ψ

4

(
Ĝ′(ψ) + Ĝ′(π)

2

)
.

Motivated by ongoing research in recent years on the generalizations of Hermite–
Hadamard-type inequalities for different convex functions and the Caputo–Fabrizio frac-
tional integral operator. We established a new identity for the Caputo-Fabrizio fractional
integral operator and the functions whose absolute value of the second derivative is convex.
By using this identity, we obtained several new Hermite–Hadmard-type inequalities to
derive several new fractional inequalities for exponential convex functions. This paper is
structured as follows: In Section 1, we delve into the established definitions and outcomes
pertaining to the Caputo–Fabrizio fractional integral. Section 2 introduces novel Hermite–
Hadamard-type inequalities concerning the fractional operator. Moving on to Section 3, we
explore intriguing applications linked to special means. Lastly, Section 4 encompasses the
conclusion along with prospects for future research.

2. Main Results

Here, we first establish a general identity for the famous fractional operator (Caputo–
Fabrizio) and then use the following identity which plays a central role to develop new
inequalities. It is expected that the obtained inequality in this section will point to novel
developments in the field of fractional integrals. In addition, by putting specific values
of v̊ = 1 in the auxiliary result, we will obtain a variety of valuable results which were
previously obtained.

Lemma 1. The function Ĝ : Io ⊂ R→ R is a differentiable function on Io, where ψ, π ∈ Io with
ψ < π and v̊ ∈ N. If Ĝ′′ ∈ L[ψ, π] and Λ ∈ [0, 1], then

v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
(1)

− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

=
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

]
.

Proof. Using integration by parts, we obtain
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Ωi =
∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

=
v̊

ψ− π

(
Λ−Λ2

)
Ĝ′
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣1
0

− v̊
ψ− π

∫ 1

0
(1− 2Λ)Ĝ′

(
Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

=
v̊

π − ψ

∫ 1

0
(1− 2Λ)Ĝ′

(
Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

=
v̊

π − ψ

(
v̊(1− 2Λ)

ψ− π
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣1
0

+
2v̊

ψ− π

∫ 1

0
Ĝ′
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

)
=

v̊2

(π − ψ)2

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
− 2v̊2

(π − ψ)2

∫ 1

0
Ĝ′
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ (2)

=
v̊2

(π − ψ)2

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
− 2v̊3

(π − ψ)3

∫ (v̊−i−1)ψ+(i+1)π
v̊

(v̊−i)ψ+iπ
v̊

Ĝ(u)du.

By multiplying by (π−ψ)3α

2v̊3β(α)
with the equality in (2) and subtracting 2(1−α)

Λβ(α)
Ĝ(k), we obtain

Ωi
(π − ψ)3α

2v̊3β(α)
− 2(1− α)

Λβ(α)
Ĝ(k)

=
v̊2

(π − ψ)2
(π − ψ)3α

2v̊3β(α)

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))

− α

β(α)

∫ (v̊−i−1)ψ+(i+1)π
v̊

(v̊−i)ψ+iπ
v̊

Ĝ(u)du− 2(1− α)

Λβ(α)
Ĝ(k)

=
(π − ψ)α

2v̊β(α)

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
− α

β(α)

∫ (v̊−i−1)ψ+(i+1)π
v̊

(v̊−i)ψ+iπ
v̊

Ĝ(u)du− 2(1− α)

Λβ(α)
Ĝ(k).

Consequently, we have

v̊−1

∑
i=0

Ωi
(π − ψ)3α

2v̊3β(α)
− 2(1− α)

β(α)
Ĝ(k)

=
v̊−1

∑
i=0

(π − ψ)α

2v̊β(α)

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
− α

β(α)

∫ π

ψ
Ĝ(u)du− 2(1− α)

β(α)
Ĝ(k)

=
v̊−1

∑
i=0

(π − ψ)α

2v̊β(α)

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
−
(

α

β(α)

∫ k

ψ
Ĝ(u)du− (1− α)

β(α)
Ĝ(k) +

α

β(α)

∫ π

k
Ĝ(u)du− (1− α)

β(α)
Ĝ(k)

)
=

v̊−1

∑
i=0

(π − ψ)α

2v̊β(α)

(
Ĝ
(

Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

))
−
[(

CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
.
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Thus, we have

v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

=
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)
dΛ

]
.

Thus, the proof of Lemma 1 is complete.

Corollary 1. If we set v̊ = 1 into Lemma 1, we then obtain

Ĝ(ψ) + Ĝ(π)

2
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k) (3)

=
(π − ψ)2

2

∫ 1

0
Λ(1−Λ)Ĝ′′(Λψ + (1−Λ)π)dΛ.

Remark 1. If we set α = 1 and β(0) = β(1) = 1 in Corollary 1, we then obtain

Ĝ(ψ) + Ĝ(π)

2
− 1

π − ψ

∫ π

ψ
Ĝ(x)dx =

(π − ψ)2

2

∫ 1

0
Λ(1−Λ)Ĝ′′(Λψ + (1−Λ)π)dΛ,

which was obtained by Alomari et al. [11].

Corollary 2. If we set v̊ = 2 into Lemma 1, we then have

1
2

(
Ĝ(ψ) + Ĝ(π)

2
+ Ĝ

(
ψ + π

2

))

− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k) (4)

=
(π − ψ)2

16

[∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λψ + (1− λ)

ψ + π

2

)
dΛ

+
∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λ

ψ + π

2
+ (1−Λ)π

)
dΛ

]
.

Remark 2. If we set α = 1 and β(0) = β(1) = 1 in Corollary 2, we then have

1
2

(
Ĝ(ψ) + Ĝ(π)

2
+ Ĝ

(
ψ + π

2

))
− 1

π − ψ

∫ π

ψ
Ĝ(x)dx

=
(π − ψ)2

16

[∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λψ + (1−Λ)

ψ + π

2

)
dΛ

+
∫ 1

0
Λ(1−Λ)Ĝ′′

(
Λ

ψ + π

2
+ (1−Λ)π

)
dΛ

]
,

which was obtained by B.Y. et al. [29]. The above inequalities can also be proven by other frac-
tional integral operators and convexity, for example, quasi-convex function, strongly quasi-convex
function, etc.

Theorem 5. Under the assumption of Lemma 1, if
∣∣Ĝ′′∣∣ is an exponential convex function on

[ψ, π], then the following fractional inequality holds
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∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣ (5)

≤
v̊−1

∑
i=0

(π − ψ)2

v̊3

(
17
6
− e

)
A
(

Ĝ′′
∣∣∣∣ (v̊− i)ψ + iπ

v̊

∣∣∣∣, Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣),

where A(ψ, π) is the arithmetic mean.

Proof. By using the Lemma 1, since
∣∣Ĝ′′∣∣ is an exponential convex function, we have

∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
|Λ(1−Λ)|

∣∣∣∣Ĝ′′(Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

=
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0

∣∣∣Λ−Λ2
∣∣∣{(eΛ − 1

)∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣ ∣∣∣∣
+

∣∣∣∣ (e1−Λ − 1
)∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣}]dΛ

=
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(eΛ − 1

)∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣dΛ

+
∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(e1−Λ − 1

)∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

≤
v̊−1

∑
i=0

(π − ψ)2

v̊3

(
17
6
− e

)
A
(

Ĝ′′
∣∣∣∣ (v̊− i)ψ + iπ

v̊

∣∣∣∣, Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣).

This completes the proof.

Corollary 3. If we set v̊ = 1 in Theorem 5, the following trapezoidal-type inequality holds∣∣∣∣∣ Ĝ(ψ) + Ĝ(π)

2
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣∣
≤ (π − ψ)2

2

(
17
6
− e

)(∣∣Ĝ′′(ψ)∣∣+ ∣∣Ĝ′′(π)
∣∣)

Corollary 4. If we set v̊ = 2 in Theorem 5, the following Bullen-type inequality holds∣∣∣∣1
4

(
Ĝ(ψ) + 2Ĝ

(
ψ + π

2

)
+ Ĝ(π)

)
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤ (π − ψ)2

8

(
17
6
− e

)(∣∣Ĝ′′(π)
∣∣+ ∣∣Ĝ′′(ψ)∣∣

2
+

∣∣∣∣Ĝ′′(ψ + π

2

)∣∣∣∣
)

Theorem 6. Using the assumption in Lemma 1, if
∣∣Ĝ′′∣∣q is an exponential convex function on

[ψ, π] and q > 1, then
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∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

21− 1
q v̊3

β
1
p (p + 1, p + 1)(e− 2)

1
q (6)

×A
1
q

(∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q,
∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣q).

Proof. By employing Lemma 1, the modulus properties, and the Hölder inequality, since∣∣Ĝ′′∣∣q is an exponential convex function, we obtain

∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
|Λ(1−Λ)|

∣∣∣∣Ĝ′′(Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[(∫ 1

0

∣∣∣Λ−Λ2
∣∣∣p

dΛ
) 1

p
{(

eΛ − 1
)∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ

v̊

)∣∣∣∣q

+
(

e1−Λ − 1
)∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣q}
1
q

dΛ

⎤⎦
≤

v̊−1

∑
i=0

(π − ψ)2

21− 1
q v̊3

β
1
p (p + 1, p + 1)(e− 2)

1
q

×A
1
q

(∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q,
∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣q).

This completes the proof.

Corollary 5. If we set v̊ = 1 in Theorem 6, the following trapezoidal-type inequality holds∣∣∣∣∣ Ĝ(ψ) + Ĝ(π)

2
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣∣
≤ (π − ψ)2

21− 1
q

β
1
p (p + 1, p + 1)(e− 2)

1
q

(∣∣Ĝ′′(ψ)∣∣q + ∣∣Ĝ′′(π)
∣∣q

2

) 1
q

.

Corollary 6. If we set v̊ = 2 in Theorem 6, the following Bullen-type inequality holds∣∣∣∣1
4

(
Ĝ(ψ) + 2Ĝ

(
ψ + π

2

)
+ Ĝ(π)

)
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤ (π − ψ)2

24− 1
q

β
1
p (p + 1, p + 1)(e− 2)

1
q

×

⎡⎢⎢⎣
⎛⎜⎝
∣∣Ĝ′′(ψ)∣∣q + ∣∣∣Ĝ′′(ψ+π

2

)∣∣∣q
2

⎞⎟⎠
1
q

+

⎛⎜⎝
∣∣∣Ĝ′′(ψ+π

2

)∣∣∣q + ∣∣Ĝ′′(π)
∣∣q

2

⎞⎟⎠
1
q
⎤⎥⎥⎦.
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Theorem 7. Using the assumption in Lemma 1, if
∣∣Ĝ′′∣∣q is an exponential convex function on

[ψ, π] and q ≥ 1, then∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

π Ĝ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣ (7)

≤
v̊−1

∑
i=0

(π − ψ)2

121− 1
q v̊3

(
17
6
− e

) 1
q
× A

1
q

(∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q,
∣∣∣∣(Ĝ′′

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣q).

Proof. By utilizing Lemma 1, modulus properties, and the power-mean inequality, since∣∣Ĝ′′∣∣q is an exponential convex function, we obtain∣∣∣∣∣
∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

π Ĝ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
|Λ(1−Λ)|

∣∣∣∣Ĝ′′(Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[(∫ 1

0

∣∣∣Λ−Λ2
∣∣∣dΛ

)1− 1
q
{∫ 1

0

∣∣∣Λ−Λ2
∣∣∣((eΛ − 1

)∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q

+
(

e1−Λ − 1
)

Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣q)dΛ
} 1

q

⎤⎦
=

v̊−1

∑
i=0

(π − ψ)2

2v̊3

(
1
6

)1− 1
q
[∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(eΛ − 1

)∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣qdΛ

+
∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(e1−Λ − 1

)∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π
v̊

∣∣∣∣qdΛ
] 1

q

=
v̊−1

∑
i=0

(π − ψ)2

121− 1
q v̊3

(
17
6
− e

) 1
q
× A

1
q

(∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q,
∣∣∣∣(Ĝ′′

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣q).

This completes the proof.

Remark 3. Under the assumption in Theorem 7, if we set q = 1, we can obtain Theorem 5.

Corollary 7. If we set v̊ = 1 in Theorem 7, the following trapezoidal-type inequality holds∣∣∣∣∣ Ĝ(ψ) + Ĝ(π)

2
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣∣
≤ (π − ψ)2

121− 1
q

(
17
6
− e

) 1
q
(∣∣Ĝ′′(ψ)∣∣q + ∣∣Ĝ′′(π)

∣∣q
2

) 1
q

.

Corollary 8. If we set v̊ = 2 in Theorem 7, the following Bullen-type inequality holds

∣∣∣∣ 1
4

(
Ĝ(ψ) + 2Ĝ

(
ψ + π

2

)
+ Ĝ(π)

)
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

π Ĝ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤ (π − ψ)2

121− 1
q × 8

(
17
6
− e

) 1
q

⎡⎢⎢⎣
⎛⎜⎝
∣∣Ĝ′′(ψ)∣∣q + ∣∣∣Ĝ′′( ψ+π

2

)∣∣∣q
2

⎞⎟⎠
1
q

+

∣∣∣∣∣∣∣∣
⎛⎜⎝
∣∣∣Ĝ′′( ψ+π

2

)∣∣∣q + ∣∣Ĝ′′(π)
∣∣q

2

⎞⎟⎠
1
q
∣∣∣∣∣∣∣∣
⎤⎥⎥⎦.
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Theorem 8. Using the assumption in Lemma 1, if
∣∣Ĝ′′∣∣q is s-convex function on [ψ, π] and some

s ∈ (0, 1], and q > 1, then the following holds∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣ (8)

≤
v̊−1

∑
i=0

π − ψ

2v̊3 β
1
p (p + 1, p + 1)

(
1

s + 1

) 1
q

×
(

Ĝ′′
∣∣∣∣ (v̊− i)ψ + iπ

v̊

∣∣∣∣q, Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣q)
1
q

Proof. By employing Lemma 1, modulus properties, and the Hölder inequality, since
∣∣Ĝ′′∣∣q

is an s-convex function, we obtain

∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
|Λ(1−Λ)|

∣∣∣∣Ĝ′′(Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[(∫ 1

0

∣∣∣Λ−Λ2
∣∣∣p

dΛ
) 1

p
{

Λs
∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ

v̊

)∣∣∣∣q

+ (1−Λ)s
∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣q}
1
q

dΛ

⎤⎦
≤

v̊−1

∑
i=0

π − ψ

2v̊3 β
1
p (p + 1, p + 1)

(
1

s + 1

) 1
q

×
(

Ĝ′′
∣∣∣∣ (v̊− i)ψ + iπ

v̊

∣∣∣∣q, Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣q)
1
q

.

Thus, the proof of Theorem 8 is complete.

Corollary 9. If we set s = 1 in Theorem 8, then∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

π − ψ

21+ 1
q v̊3

β
1
p (p + 1, p + 1)

(
Ĝ′′

∣∣∣∣ (v̊− i)ψ + iπ
v̊

∣∣∣∣q, Ĝ′′
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣q)
1
q

holds.
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Corollary 10. If we set v̊ = 2 in Theorem 8, we then obtain the following Bullen-type inequality:∣∣∣∣1
4

(
Ĝ(ψ) + 2Ĝ

(
ψ + π

2

)
+ Ĝ(π)

)
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤ π − ψ

16
β

1
p (p + 1, p + 1)

(
1

s + 1

) 1
q

⎡⎢⎢⎣
⎛⎜⎝
∣∣Ĝ′′(ψ)∣∣q + ∣∣∣Ĝ′′(ψ+π

2

)∣∣∣q
2

⎞⎟⎠
1
q

+

∣∣∣∣∣∣∣∣
⎛⎜⎝
∣∣∣Ĝ′′(ψ+π

2

)∣∣∣q + ∣∣Ĝ′′(π)
∣∣q

2

⎞⎟⎠
1
q
∣∣∣∣∣∣∣∣
⎤⎥⎥⎦.

Theorem 9. Using the assumption in Lemma 1, if
∣∣Ĝ′′∣∣q is an s-convex function on [ψ, π] and

some s ∈ (0, 1], and q ≥ 1, then∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣ (9)

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

(
1
6

)1− 1
q
(

1
(s + 2)(s + 3)

) 1
q
[∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ

v̊

)∣∣∣∣q + ∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣q]
1
q

holds.

Proof. By utilizing Lemma 1, modulus properties of, and the power-mean inequality, since∣∣Ĝ′′∣∣q is an s-convex function, we obtain∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

[∫ 1

0
|Λ(1−Λ)|

∣∣∣∣Ĝ′′(Λ
(v̊− i)ψ + iπ

v̊
+ (1−Λ)

(v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣dΛ
]

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

[(∫ 1

0

∣∣∣Λ−Λ2
∣∣∣dΛ

)1− 1
q
{∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(Λs

∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣q

+ (1−Λ)s
∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π

v̊

)∣∣∣∣q)dΛ
} 1

q

⎤⎦
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

(
1
6

)1− 1
q
[∫ 1

0

∣∣∣Λ−Λ2
∣∣∣Λs

∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ
v̊

)∣∣∣∣qdΛ

+
∫ 1

0

∣∣∣Λ−Λ2
∣∣∣(1−Λ)s

∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣qdΛ
] 1

q

≤
v̊−1

∑
i=0

(π − ψ)2

2v̊3

(
1
6

)1− 1
q
(

1
(s + 2)(s + 3)

) 1
q
[∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ

v̊

)∣∣∣∣q + ∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣q]
1
q

.

Thus, the proof of Theorem 9 is complete.

Corollary 11. If we set s = 1 in Theorem 9, then
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∣∣∣∣∣v̊−1

∑
i=0

1
2v̊

[
Ĝ
(
(v̊− i)ψ + iπ

v̊

)
+ Ĝ

(
(v̊− i− 1)ψ + (i + 1)π

v̊

)]
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2

2v̊3

(
1
6

) 1
q
[∣∣∣∣Ĝ′′( (v̊− i)ψ + iπ

v̊

)∣∣∣∣q + ∣∣∣∣Ĝ′′( (v̊− i− 1)ψ + (i + 1)π
v̊

)∣∣∣∣q]
1
q

holds.

Corollary 12. If we set v̊ = 2 in Corollary 11, we then obtian the following Bullen-type inequality

∣∣∣∣1
4

(
Ĝ(ψ) + 2Ĝ

(
ψ + π

2

)
+ Ĝ(π)

)
− β(α)

α(π − ψ)

[(
CF
ψ IαĜ

)
(k) +

(
CF Iα

πĜ
)
(k)

]
+

2(1− α)

β(α)
Ĝ(k)

∣∣∣∣
≤ (π − ψ)2

16

(
1
6

) 1
q

⎡⎢⎢⎣
⎛⎜⎝
∣∣Ĝ′′(ψ)∣∣q + ∣∣∣Ĝ′′( ψ+π

2

)∣∣∣q
2

⎞⎟⎠
1
q

+

∣∣∣∣∣∣∣∣
⎛⎜⎝
∣∣∣Ĝ′′( ψ+π

2

)∣∣∣q + ∣∣Ĝ′′(π)
∣∣q

2

⎞⎟⎠
1
q
∣∣∣∣∣∣∣∣
⎤⎥⎥⎦.

3. Applications to Special Means

(a) Arithmetic mean:

A = A(ψ, π) :=
ψ + π

2
, ψ, π ∈ R;

(b) Logarithmic mean:

L = L(ψ, π) :=
π − ψ

ln π − ln ψ
, ψ, π ∈ R, ψ �= π;

(c) The generalized logarithmic mean:

Lr = Lr(ψ, π) :=
[

πr+1 − ψr+1

(r + 1)(π − ψ)

]
r ∈ R\{−1, 0}, ψ, π ∈ R, ψ �= π;

Proposition 1. Let ψ, π ∈ R, 0 < ψ < π and Λ ∈ N, Λ ≥ 3, then we have

∣∣∣∣∣v̊−1

∑
i=0

1
v̊

A

((
(v̊− i)ψ + iπ

v̊

)Λ
,
(
(v̊− i− 1)ψ + (i + 1)π

v̊

)Λ
)
− LΛ

Λ(ψ, π)

∣∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2Λ(Λ− 1)
v̊3

(
17
6
− e

)
A

(∣∣∣∣ (v̊− i)ψ + iπ
v̊

∣∣∣∣Λ−2
,
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣Λ−2
)

.

Proof. The assertion follows from Theorem 5, applying Ĝ(x) = xΛ, x ∈ [ψ, π].
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Proposition 2. Let ψ, π ∈ R, 0 < ψ < π and Λ ∈ N, Λ ≥ 3, we have∣∣∣∣∣v̊−1

∑
i=0

1
v̊

A

((
(v̊− i)ψ + iπ

v̊

)Λ
,
(
(v̊− i− 1)ψ + (i + 1)π

v̊

)Λ
)
− LΛ

Λ(ψ, π)

∣∣∣∣∣
≤

v̊−1

∑
i=0

(π − ψ)2Λ(Λ− 1)

21− 1
q v̊3

β
1
p (p + 1, p + 1)(e− 2)

1
q

×A
1
q

(∣∣∣∣ (v̊− i)ψ + iπ
v̊

∣∣∣∣(Λ−2)q
,
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣(Λ−2)q
) 1

q

.

Proof. The assertion follows from Theorem 6, applying Ĝ(x) = xΛ, x ∈ [ψ, π].

Proposition 3. Let ψ, π ∈ R, 0 < ψ < π and Λ ∈ N, Λ ≥ 3, we have

∣∣∣∣∣v̊−1

∑
i=0

1
v̊

A

((
(v̊− i)ψ + iπ

v̊

)Λ
,
(
(v̊− i− 1)ψ + (i + 1)π

v̊

)Λ
)
− LΛ

Λ(ψ, π)

∣∣∣∣∣
v̊−1

∑
i=0

(π − ψ)2Λ(λ− 1)

121− 1
q v̊3

(
17
6
− e

)
× A

1
q

(∣∣∣∣ (v̊− i)ψ + iπ
v̊

∣∣∣∣(Λ−2)q
,
∣∣∣∣ (v̊− i− 1)ψ + (i + 1)π

v̊

∣∣∣∣(Λ−2)q
) 1

q

.

Proof. The assertion follows from Theorem 7, applying Ĝ(x) = xΛ, x ∈ [ψ, π].

4. Conclusions

The investigation of fractional Hermite Hadamard-type inequalities is an informative
and active area of research that reflects the growing importance of fractional calculus in
modern science and engineering. Here, we established a new lemma (Lemma 1) and
produced new Hermite–Hadamard-type inequalities for the exponential convex function.
Additionally, several types of fractional integral inequalities were obtained based on this
identity (different outcomes were found for various values of v̊, v̊ ∈ N). From the developed
corollaries, Corollaries 1 and 2, one can observe that by taking specific values of v̊ = 1 for
the factors, all the existing results were reduced to the results obtained by Alomari et al. [11]
and B.Y et al. [29]. In future, authors can apply these new techniques and useful ideas,
e.g., coordinates, and other fractional operators, produced in this paper. Furthermore, one
can obtain likewise, parameterized inequalities via the Caputo–Fabrizio fractional integral
operator for convex functions using quantum calculus. Additionally, our findings could
potentially have specific implementations in numerical integration, optimization, and other
related areas.
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20. Kadakal, M.; İşcan, İ. Exponential type convexity and some related inequalities. J. Inequal. Appl. 2020, 2020, 82. [CrossRef]
21. Hudzik, H.; Maligranda, L. Some remarks on s -convex functions. Aequationes Math. 1994, 48, 100–111. [CrossRef]
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Abstract: Wave propagation in solids is discussed, based upon inherently non-local Λ-fractional anal-
ysis. Following the governing equations of Λ-fractional continuum mechanics, the Λ-fractional wave
equations are derived. Since the variational procedures are only global, in the present Λ-fractional
analysis, various jumpings, either in the strain or the stress, may be shown. The proposed theory is
applied to impact-induced transitions in two-phase elastic materials and viscoelastic materials.
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1. Introduction

Lately, mechanics have adapted various fractional calculus models to describe vis-
coelastic behavior and simulating experiments, Bagley et al. [1,2]. Atanackovic [3] and
Mainardi [4] have presented various viscoelastic and wave propagation models in mechan-
ics. The fundamental characteristic of fractional calculus is its global dependence. Lazopou-
los [5], based upon fractional calculus, proposed the deformation of a non-homogeneous
bar with possible voids. In that case, Noll’s axiom of local action, Truesdell [6], fails to be
valid. According to Eringen [7], micro- and nanomaterials should be based on the axiom of
non-local action. In fact, the strains in the neighborhood of that point define the stress.

Introducing non-local derivatives, fractional calculus has recently been applied to
physics advances, engineering, mechanics, bioengineering, physics, biology, etc. In fact,
Leibniz [8] foresaw the importance of fractional derivatives because they acquire properties
quite different from common derivatives. Their strikingly different property is the non-
locality they inherently possess, contrary to the common derivatives expressing locality.
Many famous mathematicians like Liouville [9], Lagrange, Poincare, and Riemann [10]
have worked on fractional derivatives. Information concerning fractional calculus may
be found in various texts, like Miller et al. [11], Poldubny [12], Samko et al. [13], and
Oldham et al. [14]. Nevertheless, fractional derivatives are not mathematical derivatives
according to differential topology, which Chillingworth [15] satisfies:

1. Linearity D(af(x) + bg(x)) = aDf(x) + bDg(x).
2. Leibniz rule D( f (x) • g(x)) = D f (x) • g(x) + f (x)Dg(x).
3. Chain rule D(g( f ))(x) = Dg( f (x) • D f (x) .

Although fractional calculus is considered necessary when studying various prob-
lems in physics, engineering, biology, etc., fractional geometry does not exist. Hence the
mathematical analysis of the presented problems does not possess the accuracy demanded
by mathematics.

Nevertheless, the application of fractional calculus is considered quite important in
various scientific areas requiring the consideration of non-local procedures. Lazopoulos [16–20]
introduced the Λ-fractional derivative, because it is a unique fractional derivative satisfying
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all the prerequisites of differential topology for being a mathematical derivative. Hence
it is a unique fractional differential procedure formulating fractional differential geometry
and correct differential equations with the existence and uniqueness theorem applied in
physics and mechanics. Another essential feature of fractional calculus is the necessity for
the consideration of global variational procedures with the additional Weierstrass–Erdmann
corner conditions, Lazopoulos [21]. Hence, the co-existence of phases phenomena, Ericksen
in [22], may be revealed.

Wave propagation is studied in the context of Λ-fractional analysis. Due to global
variation procedures, jumps in the strain and stress may be revealed. Jumping in strain or
stress with non-linear elasticity has already been discussed in [23]. In fact, the evolution of
phase transitions is present in the wave propagation of strains in non-local Λ-fractional
mechanics. The Λ-fractional impact-induced transitions in two-phase elastic materials are
discussed. Further, the Λ-fractional wave propagation with possible jumping is discussed
in the context of viscoelastic materials.

2. The Λ-Fractional Analysis

The importance of fractional derivatives was suggested by Leibnitz in 1695. The
main characteristic of fractional calculus is non-locality. Non-local properties are exhibited
mainly by micro and nanomaterials [7].

For a fractional order 0 < γ ≤ 1, the left and right fractional integrals are expressed by

a Iγ
x f (x) =

1
Γ(γ)

x∫
a

f (s)

(x− s)1−γ
ds (1)

x Iγ
b f (x) =

1
Γ(γ)

b∫
x

f (s)

(s− x)1−γ
ds (2)

where Γ(γ) denotes Euler’s Gamma function. There exist many fractional derivatives.
However, there is only one fractional integral. The Riemann–Liouville (RL) fractional
derivative (FR) is the most common fractional derivative. In fact, the left RL fractional
derivative is defined by

RL
a Dγ

x f (x) =
d

dx

(
α I1−γ

x ( f (x))
)
=

1
Γ(1− γ)

d
dx

x∫
a

f (s)
(x− s)γ ds, (3)

whereas, the right RL fractional derivative (RL) is expressed by

RL
x Dγ

b f (x) =
d

dx

(
x I1−γ

b ( f (x))
)
= − 1

Γ(1− γ)

d
dx

b∫
x

f (s)
(s− x)γ ds (4)

Fractional integrals and derivatives are connected through the relation

RL
x Dγ

x
(

a Iγ
x f (x)

)
= f (x) (5)

It is well known that fractional derivatives fail to satisfy the differential topology
prerequisites, Chillingworth [15], for creating the differential geometry necessary for de-
scribing physical problems. Nevertheless, well-known fractional derivatives have been
used in physics, mechanics, biomechanics, etc., without being able to generate the geometry
necessary for the study of the physical problems.

The Λ-fractional analysis, proposed by Lazopoulos [16], is consistent with the pre-
requisites of differential topology, and Λ-fractional derivatives may correctly generate
differential geometry. Λ-fractional analysis has already been applied to geometry, physics,
mechanics, differential equations, etc., Lazopoulos [16–20].
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The Λ-fractional derivative (Λ-FD) is defined as

Λ
a Dγ

x f (x) =
RL
α Dγ

x f (x)
RL
a Dγ

x x
. (6)

In addition, the Λ-FD becomes

Λ
a Dγ

x f (x) =
da I1−γ

x f (x)
dx

da I1−γ
x x
dx

=
da Ix

1−γ f (x)
da Ix1−γx

, (7)

with the help of Equation (3). Moreover, the Λ-fractional space is constructed using
(X,F(X)) with

X =a Ix
1−γx, F(X) =a Ix

1−γ f (x(X)). (8)

Taking into consideration Equation (5), the results generated by analysis in the Λ-
fractional space may be transferred into the original space. Hence,

f (x) = RL
a D1−γ

x F(X(x)) = RL
α D

1−γ
x

(
I1−γ f (x)

)
. (9)

The Λ-fractional procedure presents similarities to Laplace’s transformation applied to
fractional calculus. However, Λ-fractional transformation applies only to functions, not to
derivatives, and the corresponding functions in the Λ-fractional space form various deriva-
tives. Applying analysis in the Λ-fractional space, the various results may be transferred
back into the initial space as simple functions only.

Another essential feature of Λ-fractional analysis is the global stable features of the
various fractional problems. The defect was pointed out in [18], and the governing con-
tinuum mechanics laws were corrected in a recent work by Lazopoulos [24]. Following
Ericksen [22], the various globally stable states in the introduced Λ-fractional space should
satisfy the conditions of Erdmann–Weierstrass, Gelfand, and Fomin [25]. Those ideas have
already been applied to biological balloons under pressure. The same procedures will
employed in the present study of Λ-fractional waves.

3. Waves with Shocks in Λ-Fractional Non-Linear Elasticity

Consider a one-dimensional bar in the interval 0 ≤ X ≤ L in Λ-fractional space. That
is considered the reference placement of the bar in the Λ-fractional space. During its motion,
the particle at X is transferred into its current placement Y, with

Y(X,T) = X + U(X,T), (10)

where, U(X,T) is the continuous displacement. The displacement might accept first and
second piecewise continuous derivatives with respect to space and time. The assumed
smoothness for the displacement U(X,T) allows for jump discontinuities in the strain
G = UX(X,T) and velocity V = UT(X,T). Considering the portion of the bar lying in the
interval [X1, X2], in the absence of body force, the balance of momentum in the sub-bar
[X1, X2] is expressed by

ΣX2, T − ΣX1, T =
D

DT

∫ X2

X1

ρV(X, T)dX, (11)

where ρ denotes the constant mass per unit referential volume.
For smooth fields, the momentum balance law yields

ΣX(X,T) = ρVT (X,T). (12)

Moreover,
VX(X,T) = GT(X,T) (13)
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with G(X, T) =
∂U(X, T)

∂X
. (14)

If the motion exhibits a single strain discontinuity point between [X1, X2] with a
location in the reference configuration X = S(T), then the momentum balance equation,
Equation (11), and the assumed smoothness of the displacement yield the jump conditions

[Σ ] = −ρ
.
S [V ], (15)

[V ] = −
.
S [G ]. (16)

Further, the constitutive law
Σ = Σ(G), (17)

with the jumping conditions, Equations (15) and (16), yield the expression of the velocity of
the discontinuity and the strains G± on either side.

ρ
.
S

2
=

Σ(G+)− Σ(G−)
G+ − G−

. (18)

Transferring the velocity of the jump discontinuities, as a function, into the initial
space with the help of Equation (9), considering the space fractional order γ1 and time
fractional order γ2, yields

.
s(x) = RL

0 D
1−γ2
t

RL
α D

1−γ1
x

.
S(X(x), T(t)) = RL

0 D
1−γ2
t

RL
α D

1−γ1
x

(
I1−γ2 I1−γ1

.
S(x, t)

)
. (19)

Equation (19) includes both effects of the fractional space and the time distributions.

4. The Fractional Impact Problem for Two-Phase Materials

Let us consider a one-dimensional rod in the Λ-fractional space in its reference config-
uration with the strains G(X,0) = 0 and velocities V(X,0) = 0. Further, a constant velocity
V(0,T) = V0 is applied at time T = 0 and remains constant at all times T at the initial point
X = 0. Therefore, the dynamical problem of the bar is defined by the equations

Σ′(G)GX = ρ VT for X ≥ 0, T ≥ 0 (20)

VX = GT (21)

and the initial conditions,

G(X, 0) = V(X, 0) = 0, for X ≥ 0 (22)

and the boundary conditions,

V(0, T) = V0 for T ≥ 0. (23)

Let us consider W(G) the strain energy density per unit reference volume concerning
the uniaxial deformation of the rod. The stress is defined through

Σ = Wˆ′ (G) = Σ(G). (24)

The diagram of Figure 1 is the most straightforward stress–strain diagram for devel-
oping two-phase deformation in compression.
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Figure 1. The trilinear non-convex stress–strain diagram.

For the material presented in Figure 1, the stress is defined by

Σ(G) = μLG for > −Gm, (25)

Σ(G) = μH(G + GT) for − 1 < G < −Gm, (26)

Hence, two branches exist: the low-pressure stress–strain deformation section with
G > −Gm and the high-pressure deformation with −1 < G < −GM.

Therefore, Equation (25) yields for low-pressure shock the velocity

.
SL =

√
μL
ρ

(27)

Further, the velocity of the shock wave for the high-pressure phase is defined by

.
SH =

√
μH
ρ

(28)

Moreover, Figure 2 denotes the stress-strain diagram with jumping of strains. For
the transition from the low-pressure phase to the high-pressure phase, Equation (18) will
be recalled.

Figure 2. The stress–strain diagram with jumping of strains.

Therefore, Equation (18) yields

ρ
.
S

2
=

Σ(G+)− Σ(G−)
G+ − G−

(29)
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Therefore, three separate cases are pointed out, corresponding to the impact problem:

i. The low-pressure phase shock wave case.
ii. The low-pressure phase shock wave followed by a low-pressure phase followed by a

high-pressure phase boundary.
iii. A phase boundary from the low-pressure phase to the high-pressure phase. No shock

wave is involved.

For further information see Abeyaratne and Knowles [23]. The results gathered in
the Λ-fractional space may be transferred into the initial space through the transformation
Equation (19).

5. Waves with Shocks in Λ-Fractional Viscoelasticity

There is a result concerning the shock front in viscoelastic fractal media calculated by
Demnie et al. [26], who point out that the fractality of the rod does not affect the jumping
solution of the stress. Of course, there exist two comments concerning that result. The first
is that fractional calculus, adhered to in that reference, fails to exhibit fractional derivatives
acquiring the properties of a derivative, and secondly, the fractional time behavior has not
been taken into consideration in the viscoelastic response.

Following [26], the stress Σ and the displacement U(X) in the Λ-fractional space are
connected through the governing equation

Σ,X = ρU,TT (30)

with ρ the constant mass density and the boundary conditions

U(0,T) = U,T(X,0) = 0. (31)

Furthermore, the initial conditions are expressed by

Σ(0,T) = −Σ0H(T). (32)

where H is the Heaviside function.
Following [26], the jumping of the stress Σ in the Λ-Fractional space is connected with

the jumping of the wave velocity U,T through the relation

[Σ ] = −ρC [U,T ], (33)

where [Φ ] denotes the jumping in Φ.
Moreover, the linear viscoelastic process in the Λ-fractional space starting at time

T = T+
0 is defined by

Σ(T) = E(0)U,X(T) +
∫ T

T+
0

E,T(T − S)U,SdS, (34)

where, E(T) is the relaxation function.
Recalling the conservation of the governing linear momentum equation,

[Σ,x ] = ρ [U,TT ], (35)

the solution for the jumping of [Σ ] in the Λ-fractional space is defined by, see [26],

[Σ(T) ] = Σ0exp
{

1
2

E,T(0)
E(0)

T
}

. (36)

As it has been pointed out, the fractality of the space does not enter into the jumping
distribution of the stress Σ in the Λ-fractional space. However, transferring the jumping
distribution from the Λ-space to the initial one, the fractional order of the space γ1 and the
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time γ2 should be taken into consideration. Indeed, taking into consideration Equations (8)
and (9) transforms the initial space (x,t) into the Λ-fractional space (X,T) with

X =
x2−γ1

Γ(3− γ1)
(37)

T =
t2−γ2

Γ(3− γ2)
. (38)

Indeed, the transformation of Equation (36) into the initial space demands the follow-
ing steps:

a. Substitution of the T variable by the equivalent of T in Equation (36). Hence,

[Σ(T) ] = [Σ(
t2−γ2

Γ(3− γ2)
) ] = Y(t) (39)

b. Transferring the jumping function of the stress into the initial space just to yield the
function

[σ(x, t) ] =
1

Γ(1− γ1)Γ(1− γ2)

d
dx

∫ x

0

1
(x− s)γ1

ds
d
dt

∫ t

0

Y(τ)
(t− τ)γ2

dτ (40)

Simplifying Equation (41), the jumping function of the stress into the initial space is
defined by

[σ(x, t) ] =
x−γ1

Γ(1− γ1)Γ(1− γ2)

d
dt

∫ t

0

Y(τ)
(t− τ)γ2

dτ (41)

6. Conclusions—Further Results

The present analysis concerns Λ-fractional wave propagation into elastic and vis-
coelastic media. The main characteristic of the present analysis is the development of
various jumpings, either in strain or stress, due to the globally stable conditions derived
from the Erdmann–Weierstrass conditions. The wave propagation with strain jumping
in a two-phase material, due to the trilinear stress–strain diagram, and the propagation
of stress jumping in viscoelastic media is discussed. The present analysis will be trans-
ferred into fractional fluids, where the various shocks will be studied. Further information
concerning the fractional propagation of waves in solids may be found in [27–31]. In
fact, fractional derivatives are non-local, contrary to the fractal waves that access local
derivatives [32]. Nevertheless, there exists the influence of fractional order calculus upon
the fractal dimensions [33–36].
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1. Introduction

The significance of fractional differential equations (FDEs) has grown significantly in
recent decades. This is, of course, due to their value in modeling various phenomena in
many practical and industrial applications such as science, physics, dynamics, mechanics,
engineering, etc. When dealing with ordinary/partial differential equations, one might
be concerned about obtaining solutions to these equations so that they satisfy specific
conditions [1,2]. In general, we will have initial conditions once certain conditions are
provided at a single point of an independent variable, whereas we will have boundary
conditions once the conditions are provided at more than a single point of that variable.
Actually, obtaining a solution of a fractional-order problem in accordance with n-boundary
conditions is called an FBVP. Such a problem in its linear and 2α-order cases is regarded as
a very important problem due to its various applications in technology and science. In this
work, two boundary conditions are typically assumed at end points of an interval, as in
most physical applications. In particular, we consider the following FBVP:

pD2αy(x) + qDαy(x) + ry(x) = f (x), (1)

subject to the boundary conditions

y(a) = ya y(b) = yb, a < x < b, (2)

where p, q, r are constants and 0 < α ≤ 1 and ya, yb are given real numbers.
The boundary value problems consisting of FDEs have contributed to a deep under-

standing of many processes in different sciences, as different types of these equations can
be solved using certain mathematical methods which meet specific boundary conditions.

Mathematics 2023, 11, 4082. https://doi.org/10.3390/math11194082 https://www.mdpi.com/journal/mathematics195



Mathematics 2023, 11, 4082

Given the impossibility of solving nonlinear types of the BVPs analytically, several numeri-
cal approaches are used, see [3–7]. It should be noted that the finite difference method can
provide very good numerical solutions for different types of FDES, see, e.g., [8–10]. From
this point of view, we here propose to use the fractional central formula for approximating
the Caputo differentiator of order α established in [11], and another formula called the
fractional central formula for approximating the Caputo differentiator of order 2α, to find
approximate solutions to a type of FBVPs given in (1), where 0 < α ≤ 1. The stability
of the proposed method is then examined, and several numerical examples are provided
for completeness.

This paper is coordinated as follows. In Section 2, necessary preliminaries and some
properties connected with fractional calculus are presented. Section 3 displays the method-
ology of the proposed method coupled with its stability. Section 4 provides a number of
examples with some figures and tabulated results attached to illustrate the fulfilled findings.
Section 5 finishes this work by declaring a conclusion.

2. Preliminaries

In this section, we mention some basic and necessary definitions in fractional calcu-
lus, such as the Riemann–Liouville integral and derivative, the Caputo derivative, and
properties of the operators, which will be applied throughout the paper.

Definition 1 ([12,13]). The Riemann–Liouville fractional integral of the function f of order γ is
outlined as

J γ f (t) =
1

Γ(γ)

∫ t

0
(t− τ)γ−1 f (τ)dτ, (3)

where t > 0 and 0 < γ ≤ 1.

Remark 1 ([12,13]). It is useful to mention some characteristics of the Riemann–Liouville integral
operator, which are listed below for completeness:

• The identity property, i.e.,
J 0 f (t) = f (t). (4)

• The power rule property, i.e.,

J γtm =
Γ(m + 1)

Γ(m + γ + 1)
tm+γ, m ∈ Z+. (5)

• The commutation property, i.e.,

J γJ B f (t) = J γ+B f (t) = J BJ γ f (t), γ,B ≥ 0. (6)

Definition 2 ([12,13]). Let n− 1 < γ ≤ n such that n is a positive integer and γ ∈ R+. The
Riemann–Liouville derivative of fractional-order γ is outlined as

Dγ f (t) =
1

Γ(n− γ)

dn

dtn

∫ t

0

f (n)(τ)
(t− τ)γ+1−n dτ. (7)

Definition 3 ([12,13]). The Caputo fractional differential operator of order γ is outlined as

Dγ f (x) =
1

Γ(n− γ)

∫ t

0

f (n)(τ)
(t− τ)γ+1−n dτ, (8)

where t > 0 and n− 1 < γ ≤ n such that n ∈ N.

Remark 2 ([12,13]). The Caputo fractional derivative satisfies the following properties:

196



Mathematics 2023, 11, 4082

• The power rule property, i.e.,

Dγtε =

{
Γ(ε+1)

Γ(ε−γ+1) tε−γ, n− 1 < α < n, ε > n− 1, ε ∈ R

0, n− 1 < α < n, ε ≤ n− 1, ε ∈ N
. (9)

• The constant property, i.e.,
Dγc = 0, (10)

where c is constant.
• Interpolation property, i.e.,

lim
γ→n

Dγ f (t) = Dn f (t). (11)

• Linearity property, i.e.,

Dγ(λ1 f (t) + λ2g(t)) = λ1Dγ f (t) + λ2Dγg(t), (12)

where λ1 and λ2 are two constants.
• Non-commutation property, i.e.,

DγDμ f (t) �= DμDγ f (t), (13)

where n− 1 < γ, μ ≤ n such that n ∈ N.

Theorem 1 ([14]). Suppose that Dkα f (x) ∈ Cn+1(0, b] for k = 0, 1, · · · , n+ 1, where 0 < α ≤ 1.
Then, the function f can be expanded about x = x0 as follows:

f (x) =
n

∑
i=0

(x− x0)
iα

Γ(iα + 1)
Diα f (x0) +

(x− x0)
(n+1)α

Γ((n + 1)α + 1)
D(n+1)α f (ξ), (14)

where 0 < ξ < b and x ∈ (0, b].

3. Methodology and Stability

In this section, we attempt to develop a novel numerical approach to deal with FBVPs.
This approach is accomplished based upon a recent formula established in [11] called
the fractional central formula for approximating the Caputo differentiator of order α,
and another formula called the fractional central formula for approximating the Caputo
differentiator of order 2α, which would be established here, where 0 < α ≤ 1. But before
all of this, we recall below the first formula by stating the following theorem.

Theorem 2 ([11]). Let f ∈ C3(0, b] and x0, x1, x3 be three distinct points in the interval (0, b]
such that 0 = x0 < x1 = x0+ h < x2 = x0 + 2h = b, where h > 0. Then, for any x ∈ (0, b], the
fractional central formula for approximating the Caputo differentiator of order α is determined by

Dα
t f (x) =

x2−α

h2αΓ(3− α)

(
f (x0)− 2 f (x1) + f (x2)

)
− x1−α

2h2αΓ(2− α)

(
f (x0)(x1 + x2)− 2 f (x1)(x0 + x2) + f (x2)(x0 + x1)

)
+

f (3)(ξ)
6

(
6

Γ(4− α)
x3−α − 2(x0 + x1 + x2)

Γ(3− α)
x2−α +

(x0x1 + x0x2 + x1x2)

Γ(2− α)
x1−α

)
,

(15)

where 0 < α ≤ 1, for an unknown ξ ∈ (0, b).

3.1. Approximating Caputo Differentiator of Order 2α

Herein, on the basis of the generalized Taylor Theorem 1, we intend to derive a novel
formula called the fractional central formula for approximating the Caputo differentiator
of order 2α, where 0 < α ≤ 1.
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Theorem 3. Suppose that f ∈ C4(0, b] and x0, x1, x2 are distinct points in the interval (0, b] such
that 0 = x0 < x1 = x0 + h < x2 = x0 + 2h = b with h > 0. Let 0 < α ≤ 1, then the fractional
central formula for approximating the Caputo differentiator of order 2α is determined by

D2α f (x) =
Γ(2α + 1)

2h2α
( f (x0)− 2 f (x1) + f (x2))−

Γ(2α + 1)
Γ(4α + 1)

h2αD4α f (ξ), (16)

where x ∈ (0, b) for an unknown ξ ∈ (0, b).

Proof. To prove this result, we first expand the function f about x0 using Theorem 1
to obtain

f (x) = f (x0) +
(x− x0)

α

Γ(α + 1)
Dα f (x0) +

(x− x0)
2α

Γ(2α + 1)
D2α f (x0) +

(x− x0)
3α

Γ(3α + 1)
D3α f (x0) +

(x− x0)
4α

Γ(4α + 1)
D4α f (ξ1). (17)

Consequently, we can approximate the function f at x1 = x0 + h. In other words, we
can have

f (x0 + h) = f (x0) +
hα

Γ(α + 1)
Dα f (x0) +

h2α

Γ(2α + 1)
D2α f (x0) +

h3α

Γ(3α + 1)
D3α f (x0) +

h4α

Γ(4α + 1)
D4α f (ξ1). (18)

From this point of view, we can use the transform variables for both x0 and x1 = x0 + h to
be x and x + h, respectively. This would immediately give

f (x + h) = f (x) +
hα

Γ(α + 1)
Dα f (x) +

h2α

Γ(2α + 1)
D2α f (x) +

h3α

Γ(3α + 1)
D3α f (x) +

h4α

Γ(4α + 1)
D4α f (ξ1). (19)

In a similar manner, we can get

f (x− h) = f (x)− hα

Γ(α + 1)
Dα f (x) +

h2α

Γ(2α + 1)
D2α f (x)− h3α

Γ(3α + 1)
D3α f (x) +

h4α

Γ(4α + 1)
D4α f (ξ−1), (20)

where x− h < ξ−1 < x < ξ1 < x + h. Adding (19) to (20) yields

f (x + h) + f (x− h) = 2 f (x) +
2h2α

Γ(2α + 1)
D2α f (x) +

h4α

Γ(4α + 1)

(
D4α f (ξ1) + D4α f (ξ−1)

)
. (21)

Now, due to 1
2
(

D4α f (ξ1) + D4α f (ξ−1)
)

lying between D4α f (ξ1) and D4α f (ξ−1), by the
Intermediate Value Theorem we can infer that ξ exists between ξ1 and ξ1, and so in
(x− h, x + h). Thus, we have

D4α f (ξ) =
1
2

(
D4α f (ξ1) + D4α f (ξ−1)

)
.

This consequently implies

Γ(2α + 1)
2h2α

( f (x− h)− 2 f (x) + f (x + h)) = D2α f (x) +
Γ(2α + 1)
Γ(4α + 1)

h2αD4α f (ξ), (22)

which immediately gives the desired result.

Remark 3. It is obvious that, if we take α = 1 in formula (16), then the conventional second
derivative midpoint formula will be immediately yielded.

3.2. Analysis of the Method

At the beginning of this section, we intend to depict the procedure of solving the FBVP
given in (1) and (2). For this purpose, we apply Theorems 2 and 3 to approximate Dαy(x)
and D2αy(x), respectively. In other words, we have

Dαy(x) ≈ x2−α
1

h2αΓ(3− α)
(y(x0)− 2y(x1) + y(x2)) (23)
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and

D2αy(x) ≈ Γ(2α + 1)
2h2α

(y(x0)− 2y(x1) + y(x2)), (24)

where h, x0, x1, x2 are defined previously in Theorem 3, and 0 < α ≤ 1. For the purpose of
developing a novel approach to find the solution of the problem (1) and (2), we divide the
interval [a, b] into n subintervals through xi = a + ih, for i = 0, 1, 2, . . . , N, such that a = x0
and b = xn, where h = b−a

N . Now, at the point x = xi, we have

Dαy(xi) ≈
xi

2−α

h2αΓ(3− α)
(y(xi−1)− 2y(xi) + y(xi+1)), (25)

and

D2αy(xi) ≈
Γ(2α + 1)

2h2α
(y(xi−1)− 2y(xi) + y(xi+1)), (26)

for i = 1, 2, . . . , N. By substituting (25) and (26) in (1), we get

Γ(2α + 1)
2h2α

(y(xi−1)− 2y(xi) + y(xi+1)) +
qxi

2−α

h2αΓ(3− α)
(y(xi−1)− 2y(xi) + y(xi+1)) + ry(xi) = f (xi), (27)

for i = 1, 2, . . . , N. Actually, formula (27) can be rewritten in the form(
Γ(2α + 1)

2
+

qxi
2−α

Γ(3− α)

)
y(xi−1)−

(
Γ(2α + 1) +

2qxi
2−α

Γ(3− α)
+ r

)
y(xi)

+

(
Γ(2α + 1)

2
+

qxi
2−α

Γ(3− α)

)
y(xi+1) = h2α f (xi),

(28)

for i = 1, 2, . . . , N. For simplicity, we set the following assumptions:

ai =
Γ(2α + 1)

2
+

qx2−α
i

Γ(3− α)
(29)

and

bi = −
(

Γ(2α + 1) +
2qx2−α

i
Γ(3− α)

+ r

)
, (30)

for i = 1, 2, . . . , N. This immediately converts (28) to

ai(y(xi−1) + y(xi+1)) + biy(xi) = h2 f (xi), (31)

for i = 1, 2, . . . , N. In fact, the above formulas can be expressed in the matrix form
as follows:⎛⎜⎜⎜⎜⎜⎜⎜⎝

b1 a1 0 0 . . . 0 0 0
a2 b2 a2 0 . . . 0 0 0
0 a3 b3 a3 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . aN−1 bN−1 aN−1
0 0 0 0 . . . 0 aN bN

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

y1
y2
y3
...

yN−1
yN

⎞⎟⎟⎟⎟⎟⎟⎟⎠
= h2α

⎛⎜⎜⎜⎜⎜⎜⎜⎝

f (x1)
f (x2)
f (x3)

...
f (xN−1)

f (xN)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
−

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a1ya
0
0
...
0

aNyb

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (32)

The above linear system can be denoted by AX = M, where

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b1 a1 0 0 . . . 0 0 0
a2 b2 a2 0 . . . 0 0 0
0 a3 b3 a3 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . aN−1 bN−1 aN−1
0 0 0 0 . . . 0 aN bN

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(33)
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X = [y1, y2, y3, · · · , yN−1, yN ]
T

and

M =
[

h2α f (x1)− a1ya, h2α f (x2), h2α f (x3), · · · , h2α f (xN−1), h2α f (xN)− aNyN

]T
.

As a matter of fact, system (32) is called tridiagonal and could be solved algebraically using
the Thomas algorithm [15]. In particular, if we take formula (31) again as follows:

ai(yi−1 + yi+1) + biyi = di, (34)

where di = h2α f (xi) for i = 1, 2, . . . , N. Now, formula (34) can be written in the form:

b1y1 + a1y2 = d∗1
b2y2 + a2(y1 + y3) = d2

b3y3 + a3(y2 + y4) = d3

...

bN−1yN−1 + aN−1(yN−2 + yN) = dN−1

aNyN−1 + bNyN = d∗N ,

(35)

where d∗1 = h2α f (x1) − a1ya and d∗N = h2α f (xN) − aNyb. By considering the Thomas
algorithm, we assume b1 �= 0 and eliminate y1 from the second equation of system (35).
This gives

b′2y2 + a2y3 = d′2,

where b′2 = b2 − a1
a2
b1

and d′2 = d2 − d1
a2
b1

. Next, assuming b′2 �= 0 and eliminating y2 from
the third equation of system (35) yields

b′3y3 + a3y4 = d′3,

where b′3 = b3 − a2
a3
b′2

and d′3 = d3 − d′2
a3
b′2

. Similarly, if we assume that b′k �= 0 and

eliminating yk from the (k + 1)th-equation of the system (35), we obtain

b′k+1yk+1 + ak+1yk+2 = d′k+1,

where b′k+1 = bk+1− ak
ak+1

b′k
and d′k+1 = dk+1− d′k

ak+1
b′k

, for k = 1, 2, . . . , N− 1. Consequently,

by back substituting N and assuming b′N �= 0 in which yN =
d′N
b′N

, we have

yk =
d′k − akyk+1

b′k
,

for k = N − 1, N − 2, . . . , 1. This finishes the Thomas algorithm and, hence, by proper
MATLAB code, we can obtain the desired numerical solution of the aimed system (1) and (2).

3.3. Stability of the Method

In order to insure of the stability of the fractional central formula for approximating
the Caputo differentiator of order 2α, where 0 < α ≤ 1, we consider the following FBVP:

D2αy(x) = f (x), (36)

with the boundary conditions

y(a) = ya, y(b) = yb, (37)
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where a < x < b. The importantquestiontobeaskedhere ishowwould Ŷ = [y1, y2, y3, · · · , yN−1]
T

be regarded a good approximation of solution of problem (36) and (37). To answer this
question, we need to estimate the error in the discrete values y1, y2, . . . , yN related to the
true solution y(x). In this regard, we assume the pointwise error is of the form yi − y(xi),
for i = 0, 1, . . . , N, and the true vector is of the form Y = [y1, y2, y3, . . . , yN−1, yN ]

T . This
gives the error of the form

E = Ŷ− Y,

which contains all error at each grid point. To obtain a bound on the magnitude of the
above vector error, we need to estimate O(h2α) as h → 0. To do this, we consider

‖E‖∞ = max
1≤i≤0

|Ei| = max
1≤i≤0

|yi − y(xi)|,

which represents the largest error order in the interval [a, b]. Therefore, if ‖E‖∞ = O(h2α),
then

|yi − y(xi)| = O(h2α),

for i = 0, 1, . . . , N.
Next, our aim is to estimate the error in our proposed difference approach. To do so,

we should be concerned with the local truncation error, and then with the stability of this
approach for the purpose of justifying the boundedness of the global error. So, let us start
with the local truncation error, which would be as follows:

Ti =
Γ(2α + 1)

2h2α

(
y(xi−1)− 2y(xi) + y(xi+1)

)
− f (xi), (38)

or

Ti = D2αy(xi)−
h2αΓ(2α + 1)

Γ(4α + 1)
D4αy(ξi) + O(h4α)− f (xi), (39)

for i = 1, 2, . . . , N. Now, by using D2αy(x) = f (x), we have

Ti = −
h2αΓ(2α + 1)

Γ(4α + 1)
D4αy(ξi) + O(h4α). (40)

Now, though D4αy(ξi) is unknown fixed and is independent of h, we have Ti ∼ O(h4α) as
h → 0. If we define T as a vector containing Ti, then

T = AY−M,

which implies
AY = M + T. (41)

Now, to address the global error, we can have from (41) the following approximation:

AŶ = M. (42)

So, the global error is defined as
E = Ŷ− Y.

Now, subtracting (41) and (42) yields

A
(
Ŷ− Y

)
= −T,

or
AE = −T. (43)

This implies
Γ(2α + 1)

2h2α
(Ei−1 − 2Ei + Ei+1) = −T(xi), (44)
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with boundary conditions
E0 = 0, EN+1 = 0, (45)

for i = 1, 2, . . . , N. Note that problems (44) and (45) are the same as the difference equation
reported previously for yi, except f (xi) = −T(xi), for i = 1, 2, . . . , N. Actually, problems (44)
and (45) can be expressed as

D2αe(x) = −τ(x), (46)

with boundary conditions
e(a) = 0, e(b) = 0, (47)

where a ≤ x ≤ b and

τ(x) =
Γ(2α + 1)
Γ(4α + 1)

D4αy(x).

Now, if we operate J α in Equation (46), we get

Dαe(x) = −h2α Γ(2α + 1)
Γ(4α + 1)

(D3αy(x)− {D2α}y(0)),

or

Dαe(x) = h2α Γ(2α + 1)
Γ(4α + 1)

D2αy(0)− h2α Γ(2α + 1)
Γ(4α + 1)

D3αy(x). (48)

By operating J α twice again in Equation (48), we obtain

e(x) = h2α Γ(2α + 1)
Γ(4α + 1)

xα

Γ(α + 1)
D2αy(0)− h2α Γ(2α + 1)

Γ(4α + 1)

(
D2αy(x)− Dαy(0)

)
,

or

e(x) = −h2α Γ(2α + 1)
Γ(4α + 1)

D2αy(x) + h2α Γ(2α + 1)
Γ(4α + 1)

(
xα

Γ(α + 1)
D2αy(0)− Dαy(0)

)
.

This implies ‖E‖∞ ≈ O(h2α), which represents the desired estimation for the global error.
Now, with aim of dealing with the stability of the proposed difference scheme, we

consider again system (43) in which A is the corresponding tridiagonal matrix, E is the
global error matrix, and T is the local truncation error matrix. In fact, system (43) can be
rewritten as

AhEh = −Th, (49)

for a given h = 1
n+1 . It is important to mention that Ah

m×m, and as a result the dimension of
Ah will grow as h → 0. Now, let (Ah)−1 exist. Then, we have

Eh = −(Ah)−1Th. (50)

Consequently, we obtain ∥∥∥Eh
∥∥∥ =

∥∥∥(Ah)−1Th
∥∥∥ ≤ ∥∥∥(Ah)−1

∥∥∥∥∥∥Th
∥∥∥.

But we have
∥∥∥Th

∥∥∥ ∼ O(h2α). So, we expect the same for
∥∥∥Eh

∥∥∥. Thus, for
∥∥∥Eh

∥∥∥ ∼ O(h2α),

then
∥∥∥(Ah)−1

∥∥∥ is independent of h as h → 0, say
∥∥∥(Ah)−1

∥∥∥ ≤ c, for sufficiently small h,
where c is constant. Therefore, we have∥∥∥Eh

∥∥∥ ≤ c
∥∥∥Th

∥∥∥,

and hence the stability is ensured.
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4. Numerical Experiments

In this section, we validate our proposed numerical approach discussed in the previous
section by illustrating three numerical examples including FBVPs of the forms (1) and (2).
We use MATLAB-2020 software to simulate the results in a few fractional-order values.

Example 1. Consider the following FBVP:

D2αy + 2y = 0, (51)

with boundary conditions
y(0) = 1, y(π) = 0. (52)

The exact solution for problems (51) and (52) is of the form

y(x) = cos(
√

2x)− cot(
√

2π) sin(
√

2x). (53)

In order to validate such an approach in handling the FBVPs, we track the proposed numerical
approach discussed in Section 3. This would provide us with several approximate solutions for
problem (51) and (52) with different fractional-order values, i.e., α = 1, 0.8, 0.6, 0.4. Some of these
approximate solutions are plot and compared with the exact solution (53) as can be seen in Figure 1
and Table 1.

0 0.5 1 1.5 2 2.5 3 3.5

x

-2

-1.5

-1

-0.5

0

0.5

1

1.5

y(
x)

Exact vs Numerical Solutions

FCDM with =1
FCDM with =0.8
FCDM with =0.6
FCDM with =0.4
Exact

Figure 1. Exact solution vs. numerical solutions of problems (51) and (52) for α = 1, 0.8, 0.6, 0.4.

In light of the previous numerical results, one can clearly observe that the approximate solutions
generated by our approach converge to the exact solution as α gets closer to 1, confirming the validity
of the proposed method.

Table 1. Exact solution vs. numerical solutions of problems (51) and (52) for α = 1, 0.8, 0.6, 0.4.

x α = 0.4 α = 0.6 α = 0.8 α = 1 Exact Solution

0 1.0000 1.0000 1.0000 1.0000 1.0000
0.1 0.3280 0.2289 0.4551 0.7989 0.7842
0.2 −0.6303 −0.6484 −0.2165 0.4401 0.4161
0.3 −1.3491 −1.3529 −0.8424 −0.0056 −0.0328
0.4 −1.7529 −1.7965 −1.3172 −0.4501 −0.4753
0.5 −1.8669 −1.9651 −1.5815 −0.8058 −0.8255
0.6 −1.7447 −1.8819 −1.6146 −1.0025 −1.0154
0.7 −1.4452 −1.5903 −1.4282 −1.0013 −1.0082
0.8 −1.0235 −1.1431 −1.0593 −0.8024 −0.8052
0.9 −0.5283 −0.5954 −0.5622 −0.4451 −0.4459
1.0 0.0000 0.0000 0.0000 0.0000 0.0000
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Example 2. Consider the following FBVP:

D2αy = y + x, (54)

with boundary conditions
y(0) = 0, y(1) = 0. (55)

The exact solution for problems (54) and (55) is of the form

y(x) =
sinh x
sinh 1

− x. (56)

With the aim of verifying the correctness of our proposed technique in handling the FBVPs, we
follow the same manner used in Example 1 coupled with using the numerical approach discussed in
the previous section. This would provide us with several approximate solutions for problems (54)
and (55) with different fractional-order values, i.e., α = 1, 0.8, 0.6, 0.4. Some of these approximate
solutions are plotted and compared with the exact solution (56) as can be seen in Figure 2 and
Table 2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

y(
x)

Exact vs Numerical Solutions

FCDM with =1
FCDM with =0.8
FCDM with =0.6
FCDM with =0.4
Exact

Figure 2. Exact solution vs. numerical solutions of problems (54) and (55) for α = 1, 0.8, 0.6, 0.4.

Table 2. Exact solution vs. numerical solutions of problems (54) and (55) for α = 1, 0.8, 0.6, 0.4.

x α = 0.4 α = 0.6 α = 0.8 α = 1 Exact Solution

0 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 −0.1120 −0.0429 −0.0244 −0.0150 −0.0148
0.2 −0.1870 −0.0775 −0.0460 −0.0299 −0.0287
0.3 −0.2326 −0.1026 −0.0635 −0.0412 −0.0409
0.4 −0.2533 −0.1180 −0.0758 −0.0508 −0.0505
0.5 −0.2524 −0.1233 −0.0819 −0.0568 −0.0566
0.6 −0.2324 −0.1185 −0.0813 −0.0589 −0.0583
0.7 −0.1955 −0.1036 −0.0732 −0.566 −0.0545
0.8 −0.1435 −0.0788 −0.0572 −0.0476 −0.0443
0.9 −0.0778 −0.0442 −0.0329 −0.0269 −0.0265
1.0 0.0000 0.0000 0.0000 0.0000 0.0000

Herein, we can also notice that the approximate solutions generated by our numerical scheme
converge to the exact solution as α gets closer to 1.
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Example 3. Consider the following FBVP:

D2αy + 5Dαy + 4y = 1, (57)

with boundary conditions
y(0) = 0, y(1) = 0. (58)

The exact solution for problems (57) and (58) is of the form

y(x) =
(

e−3 − e
4(1− e−3)

)
e−x +

(
−1

4
−
(

e−3 − e
4(1− e−3)

))
e−4x +

1
4

. (59)

In a similar manner to the previous two examples, we generate here several approximate
solutions for problems (57) and (58) with different fractional-order values, i.e., α = 1, 0.8, 0.6, 0.4.
Some of these approximate solutions are plotted and compared with the exact solution (59) as can be
seen in Figure 3 and Table 3.

Note that the approximate solutions obtained by the proposed scheme also converge to the exact
solution as α gets closer to 1.
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Figure 3. Exact solution vs. numerical solutions of problems (57) and (58) for α = 1, 0.8, 0.6, 0.4.

Table 3. Exact solution vs. numerical solutions of problems (57) and (58) for α = 1, 0.8, 0.6, 0.4.

x α = 0.4 α = 0.6 α = 0.8 α = 1 Exact Solution

0 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 −0.1365 −0.0409 −0.0591 −0.0862 −0.0822
0.2 −0.1479 −0.0633 −0.0855 −0.1257 −0.1217
0.3 −0.1323 −0.0732 −0.0934 −0.1379 −0.1339
0.4 −0.1120 −0.0743 −0.0905 −0.1333 −0.1293
0.5 −0.0919 −0.0695 −0.0811 −0.1188 −0.1146
0.6 −0.0727 −0.0603 −0.0680 −0.0981 −0.0943
0.7 −0.0542 −0.0481 −0.0527 −0.0752 −0.0712
0.8 −0.0360 −0.0336 −0.0359 −0.0510 −0.0470
0.9 −0.0180 −0.0175 −0.0183 −0.0271 −0.0231
1.0 0.0000 0.0000 0.0000 0.0000 0.0000

5. Conclusions

In this paper, a novel numerical approach has been successfully proposed to deal with
fractional boundary value problems. This has been carried out by utilizing two numerical
formulas—the fractional central formula for approximating the Caputo differentiator of
order α and the fractional central formula for approximating the Caputo differentiator
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of order 2α, where 0 < α ≤ 1. The stability analysis of the proposed approach has been
discussed, and several numerical examples have been illustrated to show the applicability
of the proposed method. Thus, in light of this study, we believe that we can address many
other kinds of fractional-order problems in a similar manner, such as the fractional-order
system of differential equations, fractional partial differential equations, and fractional
integrodifferential equations. This is left to the future for further consideration.
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Abstract: In this paper, we introduce and study a new class of boundary value problems, consisting
of a mixed-type ψ1-Hilfer and ψ2-Caputo fractional order differential equation supplemented with
integro-differential nonlocal boundary conditions. The uniqueness of solutions is achieved via the
Banach contraction principle, while the existence of results is established by using the Leray–Schauder
nonlinear alternative. Numerical examples are constructed illustrating the obtained results.
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1. Introduction

Fractional order differential equations have recently proved to be valuable tools in the
modeling of many phenomena in various fields of mathematics, physics, viscoelasticity,
electrochemistry, engineering, control, porous media, electromagnetic, etc., see [1–5] and
references cited therein. For a theoretical approach of fractional calculus, see the mono-
graphs [6–11]. Many processes in physics and engineering can be described accurately
by using differential equations containing different types of fractional derivatives such as
Riemann–Liouville, Caputo, Hadamard, Erdeyl–Kober, Hilfer, Caputo–Hadamard, etc. Hil-
fer proposed in [12] a fractional derivative operator generalizing both Riemann–Liouville
and Caputo fractional derivative operators. For the advantages of the Hilfer derivative,
see [13]. In [14], the ψ-Hilfer fractional derivative operator was introduced. Initial and
boundary value problems including the ψ-Hilfer fractional derivative operator have been
studied by many researchers, see [15–20] and references therein.

In the present paper, we investigate a new class of boundary value problems, consisting
of mixed-type fractional differential equations including ψ1-Hilfer and ψ2-Caputo fractional
derivative operators supplemented with nonlocal integro-differential boundary conditions.
More precisely, we consider the following sequential ψ1-Hilfer and ψ2-Caputo fractional
differential equation with nonlocal integro-differential boundary conditions⎧⎪⎨⎪⎩

HDα,β;ψ1(CDγ;ψ2 π)(t) = Π(t, π(t)), 0 < α, β, γ < 1, t ∈ [0, x1],

CDγ;ψ2 π(0) = 0, π(T) =
m

∑
i=1

λi
CDγ;ψ2 π(ηi) +

n

∑
j=1

δj I
μj ;ψ2 π(ξ j),

(1)

where HDα,β;ψ1 and CDγ;ψ2 are the ψ1-Hilfer and ψ2-Caputo fractional derivatives with
respect to functions ψ1 and ψ2, respectively, when ψ′1(t), ψ′2(t) > 0 for all t ∈ [0, x1].

Mathematics 2023, 11, 867. https://doi.org/10.3390/math11040867 https://www.mdpi.com/journal/mathematics207
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In addition, the given constants λi, δj ∈ R and some points ηi, ξ j ∈ (0, x1), I
μj ;ψ2 is the

Riemann–Liouville fractional integral of order μj > 0, with respect to a function ψ2, for
i = 1, · · · , m, j = 1, · · · , n and Π : [0, x1] × R → R is a nonlinear continuous function.
Existence and uniqueness are established via Banach’s fixed point theorem and the Leray–
Schauder nonlinear alternative.

The novelty of this study lies in the fact that we introduce a new class of nonlocal
boundary value problems in which we combine ψ1-Hilfer and ψ2-Caputo fractional deriva-
tive operators and as far as we know, this is the only paper dealing with this combination.
By fixing the parameters in the nonlocal integro-differential fractional boundary value
problem (1), we obtain some new results as special cases. For example, we get to:

(i) Hilfer and Caputo fractional nonlocal integro-differential boundary value problem if
ψ1(t) = ψ2(t) = t;

(ii) ψ2-Hilfer and Caputo-type fractional nonlocal integro-differential boundary value
problem if ψ1(t) = t;

(iii) ψ1-Hilfer and Caputo-type nonlocal integro-differential boundary value problem if
ψ2(t) = t.

The remaining part of this article is organized as follows: in Section 2, some preliminary
definitions and results that will be applied in the next sections are recalled. In addition,
an auxiliary result is proved to convert the problem (1) into a fixed point problem. In
Section 3, the main results for the nonlocal integro-differential boundary value problem (1)
are established, while in Section 4, these results are discussed for some special cases.
Section 5 includes some numerical examples illustrating the main results.

2. Preliminaries

Now, some notations and definitions of fractional calculus are recalled. In the fol-
lowing, we assume that ψ ∈ C1([0, x1],R) is an increasing function with ψ′(t) > 0 for all
t ∈ [0, x1].

Definition 1 ([7]). Given α > 0 and ĥ ∈ L1([0, x1],R), the ψ-Riemann–Liouville fractional
integral of order α of a function ĥ with respect to ψ is defined by

Iα;ψ
0 ĥ(t) =

1
Γ(α)

∫ t

a
ψ′(s)(ψ(t)− ψ(s))α−1ĥ(s)ds.

To abbreviate, we use Iα;ψ
0 ĥ(t) as Iα;ψ ĥ(t) throughout this paper.

Definition 2 ([14]). Suppose that n− 1 < α < n, n ∈ N and ĥ, ψ ∈ Cn([0, x1],R). The ψ-Hilfer
fractional derivative HDα,β;ψ(·) of order α of a function ĥ with a parameter β ∈ [0, 1] is defined by

HDα,β;ψ ĥ(t) = Iβ(n−α);ψ
(

1
ψ ′(t)

d
dt

)n
I(1−β)(n−α);ψ ĥ(t),

provided that the right-hand side exists.

Definition 3 ([21]). The ψ-Caputo fractional derivative CDα;ψ(·) of order α of a function ĥ is
expressed as

CDα;ψ ĥ(t) = In−α;ψ
(

1
ψ ′(t)

d
dt

)n
ĥ(t),

where n− 1 < α < n, n ∈ N and ĥ, ψ ∈ Cn([0, x1],R).

Remark 1 ([22]). The following relations hold:

ρ = α + β(n− α), n− 1 < α, ρ < n, 0 ≤ β ≤ 1,
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and
ρ ≥ α, ρ > β, n− ρ < n− β(n− α).

Lemma 1 ([14]). Let α, μ > 0 and δ > 1 be constants. Then, we have:

(i) Iα;ψIμ;ψ ĥ(t) = Iα+μ;ψ ĥ(t);

(ii) Iα;ψ(ψ(t)− ψ(0))δ−1 =
Γ(δ)

Γ(α + δ)
(ψ(t)− ψ(0))α+δ−1.

Lemma 2. Let ĥ ∈ L(0, x1), n − 1 < α ≤ n, n ∈ N, 0 ≤ β ≤ 1, ρ = α + nβ − αβ,(
I(n−α)(1−β);ψ ĥ

)
∈ ACk[0, x1]. (Here, by ACk[0, x1], we denote the space of k times absolutely

continuous functions on [0, x1].) Then, we have

(
Iα;ψ HDα,β;ψ ĥ

)
(t) = ĥ(t)−

n

∑
k=1

(ψ(t)− ψ(a))ρ−k

Γ(ρ− k + 1)
ĥ[n−k]

ψ

(
I(1−β)(n−α);ψ ĥ

)
(a),

where ĥ[n−k]
ψ =

(
1

ψ′(t)
d
dt

)n−k
and

(
Iα;ψ CDα;ψ ĥ

)
(t) = ĥ(t)−

n−1

∑
k=0

ĥ[k]ψ ĥ(a)

k!
(ψ(t)− ψ(a))k.

A linear variant of the sequential Hilfer–Caputo fractional integro-differential bound-
ary value problem (1) is investigated in the next lemma.

Lemma 3. Let h ∈ C([0, x1],R) be a given function and all constants are as in boundary value
problem (1). Then, the sequential Hilfer–Caputo fractional integro-differential linear boundary
value problem⎧⎪⎨⎪⎩

HDα,β;ψ1(CDγ;ψ2 π)(t) = h(t), t ∈ [0, x1],

CDγ;ψ2 π(0) = 0, π(x1) =
m

∑
i=1

λi
CDγ;ψ2 π(ηi) +

n

∑
j=1

δj I
μj ;ψ2 π(ξ j)

(2)

is equivalent to the integral equation

π(t) =
1
A

(
m

∑
i=1

λiI
α;ψ1 h(ηi) +

n

∑
j=1

δjI
μj+γ;ψ2Iα;ψ1 h(ξ j)− Iγ;ψ2Iα;ψ1 h(x1)

)
+ Iγ;ψ2Iα;ψ1 h(t), (3)

where it is assumed that

A := 1−
n

∑
j=1

δj

[
ψ2(ξ j)− ψ2(0)

]μj

Γ(μj + 1)
�= 0. (4)

Proof. Operating the fractional integral Iα;ψ1 to both sides of the first equation in (2) and
applying Lemma 2, we obtain for t ∈ [0, x1], that

CDγ:ψ2 π(t) =
c0

Γ(ρ1)
(ψ1(t)− ψ1(0))ρ1−1 + Iα;ψ1 h(t),

where ρ1 = α + (1− α)β and c0 ∈ R. Since ρ1 ∈ (α, 1), by Remark 1, from CDγ:ψ2 π(0) = 0,
we have c0 = 0. Therefore, we get

CDγ:ψ2 π(t) = Iα;ψ1 h(t), (5)
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which leads to
m

∑
i=1

λi
CDγ:ψ2 π(ηi) =

m

∑
i=1

λiI
α;ψ1 h(ηi). (6)

Acting Iγ;ψ2 in (5) yields

π(t) = c1 + Iγ;ψ2Iα;ψ1 h(t). (7)

In addition, we have

n

∑
j=1

δjI
μj ;ψ2 π(ξ j) = c1

n

∑
j=1

δj

[
ψ2(ξ j)− ψ2(0)

]μj

Γ(μj + 1)
+

n

∑
j=1

δjI
μj+γ;ψ2Iα;ψ1 h(ξ j). (8)

From the second boundary condition (2) with (6) and (8), we get

c1 =
1
A

[
m

∑
i=1

λiI
α;ψ1 h(ηi) +

n

∑
j=1

δjI
μj+γ;ψ2Iα;ψ1 h(ξ j)− Iγ;ψ2Iα;ψ1 h(x1)

]
, (9)

where A is defined in (4). Substituting the value of c1 in (7), we get the solution (3). On
the other hand, by taking the fractional differential operator of ψ2-Caputo and ψ1-Hilfer of
orders γ and α, respectively, we get the first equation in problem (2). By direct computation,
it is easy to see that (3) satisfies the two boundary conditions in (2). Therefore, the proof
is completed.

3. Main Results

In this section, we establish existence and uniqueness of solutions to the sequential
Hilfer–Caputo fractional integro-differential boundary value problem (1) on an interval
J = [0, x1]. At first, we denote the Banach space of all continuous functions from J to
R equipped with the norm ‖π‖ = sup{|π(t)| : t ∈ J} by C = C(J,R). Having in mind
Lemma 3, we define an operator W : C → C by

(Wπ)(t) =
1
A

[ m

∑
i=1

λiI
α;ψ1 Π(ηi, π(ηi)) +

n

∑
j=1

δjI
μj+γ;ψ2Iα;ψ1 Π(ξ j, π(ξ j))

− Iγ;ψ2Iα;ψ1 Π(x1, π(x1))
]
+ Iγ;ψ2Iα;ψ1 Π(t, π(t)), (10)

where
Iα;ψ1 Π(ηi, π(ηi)) =

1
Γ(α)

∫ ηi

0
ψ′1(s)(ψ1(ηi)− ψ1(s))α−1Π(s, π(s))ds

and

Iφ;ψ2Iα;ψ1 Π(l, π(l))

=
1

Γ(α)Γ(φ)

∫ l

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1(ψ2(l)− ψ2(u))φ−1Π(s, π(s))dsdu,

with φ ∈ {γ, μj + γ} and l ∈ {t, x1, ξ j}. Note that if Π(t, π) ≡ 1, we have

Iφ;ψ2Iα;ψ1(1)(l) =
1

Γ(α + 1)Γ(φ)

∫ l

0
ψ′2(u)(ψ1(u)− ψ1(0))α(ψ2(l)− ψ2(u))φ−1du

:= Aα,φ
ψ1,ψ2

(l).

For convenience, we put

A1 =
1
|A|

(
m

∑
i=1
|λi|

[ψ1(ηi)− ψ1(0)]
α

Γ(α + 1)
+

n

∑
j=1
|δj|A

α,μj+γ

ψ1,ψ2
(ξ j)

)
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+

( |A|+ 1
|A|

)
Aα,γ

ψ1,ψ2
(x1). (11)

In the following theorem, we prove the existence and uniqueness of solutions of the
fractional integro-differential boundary value problem of sequential Hilfer and Caputo
fractional derivatives (1) by applying the Banach contraction mapping principle.

Theorem 1. Let Π : J ×R→ R such that:

(H1)There exists L > 0 such that

|Π(t, π1)−Π(t, π2)| ≤ L|π1 − π2|, (12)

∀t ∈ J and π1, π2 ∈ R.

If
A1L < 1, (13)

where A1 is given by (11). Then, the fractional integro-differential boundary value problem of
sequential Hilfer and Caputo fractional derivatives (1) has a unique solution on J.

Proof. Let M = sup{|Π(t, 0)| : t ∈ J} and Br = {π ∈ C : ‖π‖ ≤ r∗} with

r∗ ≥ MA1

1− A1L
. (14)

Now, we will show that WBr∗ ⊆ Br∗ . For any π ∈ Br∗ , we obtain

|Wπ(t)| ≤ sup
t∈J
|Wπ(t)|

≤ 1
|A|

[
m

∑
i=1
|λi|Iα;ψ1(|Π(ηi, π(ηi))−Π(ηi, 0)|+ |Π(ηi, 0)|)

+
n

∑
j=1
|δj|Iμj+γ;ψ2Iα;ψ1

(
|Π(ξ j, π(ξ j))−Π(ξ j, 0)|+ |Π(ξ j, 0)|

)
+ Iγ;ψ2Iα;ψ1(|Π(x1, π(x1))−Π(x1, 0)|+ |Π(x1, 0)|)

]
+ Iγ;ψ2Iα;ψ1(|Π(x1, π(x1))−Π(x1, 0)|+ |Π(x1, 0)|)

≤ 1
|A|

[
m

∑
i=1
|λi|(Lr∗ + M)Iα;ψ1(1)(ηi)

+
n

∑
j=1
|δj|(Lr∗ + M)Iμj+γ;ψ2 Iα;ψ1(1)(ξ j)

+ (Lr∗ + M)Iγ;ψ2 Iα;ψ1(1)(x1)

]
+ (Lr∗ + M)Iγ;ψ2 Iα;ψ1(1)(x1)

=
1
|A|

[
(Lr∗ + M)

m

∑
i=1
|λi|

[ψ1(ηi)− ψ1(0)]
α

Γ(α + 1)

+ (Lr∗ + M)
n

∑
j=1
|δj|A

α,μj+γ

ψ1,ψ2
(ξ j) + (Lr∗ + M)Aα,γ

ψ1,ψ2
(x1)

]
+ (Lr∗ + M)Aα,γ

ψ1,ψ2
(x1)

= (Lr∗ + M)A1 ≤ r∗,
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which holds from (14). This shows that WBr∗ ⊆ Br∗ . Next, we let π1, π2 ∈ Br∗ , then
we have

|Wπ1(t)−Wπ2(t)| ≤ sup
t∈J
|Wπ1(t)−Wπ2(t)|

≤ 1
|A|

[
m

∑
i=1
|λi|Iα;ψ1 |Π(ηi, π1(ηi))−Π(ηi, π2(ηi))|

+
n

∑
j=1
|δj|Iμj+γ;ψ2Iα;ψ1 |Π(ξ j, π1(ξ j))−Π(ξ j, π2(ξ j))|

+ Iγ;ψ2Iα;ψ1 |Π(x1, π1(x1))−Π(x1, π2(x1))|
]

+ Iγ;ψ2Iα;ψ1 |Π(x1, π1(x1))−Π(x1, π2(x1))|,

≤ L
|A|

[
‖π1 − π2‖

m

∑
i=1
|λi|Iα;ψ1(1)(ηi)

+ ‖π1 − π2‖
n

∑
j=1
|δj|Iμj+γ;ψ2Iα;ψ1(1)(ξ j)

+ ‖π1 − π2‖Iγ;ψ2Iα;ψ1(1)(x1)

]
+ L‖π1 − π2‖Iγ;ψ2Iα;ψ1(1)(x1)

= A1L‖π1 − π2‖.

Therefore, the operator W satisfies the inequality ‖Wπ1 −Wπ2‖ ≤ A1L‖π1 − π2‖.
Since, A1L < 1, W is a contraction. Therefore, the operator W has a unique fixed point in
the ball Br, by Banach’s contraction mapping. Consequently, the sequential Hilfer–Caputo
fractional integro-differential boundary value problem (1) has a unique solution on J.

Next, the nonlinear alternative of the Leray–Schauder-type [23] is used to prove
the existence of at least one solution to the sequential Hilfer–Caputo fractional integro-
differential boundary value problem (1).

Theorem 2. Assume that Π : J ×R→ R is a continuous function satisfying the conditions:

(H2)There exists a continuous function Ω : [0, ∞)→ (0, ∞) which is nondecreasing and u1, u2 :
J → R+ two continuous functions such that

|Π(t, π)| ≤ u1(t)Ω(|π|) + u2(t), (15)

for all t ∈ J and π ∈ R;
(H3)There exists a positive constant K such that

K
(‖u1‖Ω(K) + ‖u2‖)A1

> 1. (16)

Then, the sequential Hilfer–Caputo fractional integro-differential boundary value problem (1)
has at least one solution on J.

Proof. We show that the operator W defined by (10) is compact on a bounded ball Bρ,
when Bρ = {π ∈ C : ‖π‖ ≤ ρ}. For any π ∈ Bρ, we have

|Wπ(t)| ≤ sup
t∈J
|Wπ(t)|

≤ 1
|A|

[
m

∑
i=1
|λi|Iα;ψ1 |Π(ηi, π(ηi))|+

n

∑
j=1
|δj|Iμj+γ;ψ2Iα;ψ1 |Π(ξ j, π(ξ j))|
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+Iγ;ψ2Iα;ψ1 |Π(x1, π(x1))|
]
+ Iγ;ψ2Iα;ψ1 |Π(x1, π(x1))|,

≤ 1
|A|

[
(‖u1‖Ω(ρ) + ‖u2‖)

m

∑
i=1
|λi|Iα;ψ1(ηi)

+(‖u1‖Ω(ρ) + ‖u2‖)
n

∑
j=1
|δj|Iμj+γ;ψ2Iα;ψ1(ξ j)

+(‖u1‖Ω(ρ) + ‖u2‖)Iγ;ψ2Iα;ψ1(x1)

]
+ (‖u1‖Ω(ρ) + ‖u2‖)Iγ;ψ2Iα;ψ1(x1)

= (‖u1‖Ω(ρ) + ‖u2‖)A1 := Φ, a constant,

which yields ‖Wπ‖ ≤ Φ. Therefore, the set W(Bρ) is uniformly bounded. To show that
W(Bρ) is an equicontinuous set, we let t1 and t2 be the two points in J such that t1 < t2.
Thus, for any π ∈ Bρ, we have

|Wπ(t2)−Wπ(t1)|

=
∣∣∣ 1
Γ(α)Γ(γ)

∫ t2

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1Π(s, π(s))dsdu

− 1
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t1)− ψ2(u))α−1Π(s, π(s))dsdu
∣∣∣

=
∣∣∣ 1
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1Π(s, π(s))dsdu

+
1

Γ(α)Γ(γ)

∫ t2

t1

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1Π(s, π(s))dsdu

− 1
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t1)− ψ2(u))α−1Π(s, π(s))dsdu
∣∣∣

=
∣∣∣ 1
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

{
(ψ2(t2)− ψ2(u))α−1

−(ψ2(t1)− ψ2(u))α−1
}

Π(s, π(s))dsdu

+
1

Γ(α)Γ(γ)

∫ t2

t1

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1Π(s, π(s))dsdu
∣∣∣

≤ 1
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×
∣∣∣(ψ2(t2)− ψ2(u))α−1 − (ψ2(t1)− ψ2(u))α−1

∣∣∣|Π(s, π(s))|dsdu

+
1

Γ(α)Γ(γ)

∫ t2

t1

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1|Π(s, π(s))|dsdu

≤ (‖u1‖Ω(ρ) + ‖u2‖)
Γ(α)Γ(γ)

∫ t1

0

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1
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×
∣∣∣(ψ2(t2)− ψ2(u))α−1 − (ψ2(t1)− ψ2(u))α−1

∣∣∣dsdu

+
(‖u1‖Ω(ρ) + ‖u2‖)

Γ(α)Γ(γ)

∫ t2

t1

∫ u

0
ψ′1(s)ψ

′
2(u)(ψ1(u)− ψ1(s))α−1

×(ψ2(t2)− ψ2(u))α−1dsdu.

Observe that if t1 → t2, then we have |Wπ(t2) −Wπ(t1)| → 0 independently of π.
Therefore, the set W(Bρ) is an equicontinuous set. Hence, the set W(Bρ) is relatively
compact. By applying the Arzelá–Ascoli theorem, the operator W is completely continuous.

Finally, we show that the set of all solutions to equations π = λWπ is bounded for
λ ∈ (0, 1). Let π ∈ C and π = λWπ for some λ ∈ (0, 1). Then, for any t ∈ J, as in the first
step, we obtain

|π(t)| = λ|Wπ(t)| ≤ sup
t∈J
|Wπ(t)|

≤ (‖u1‖Ω(‖π‖) + ‖u2‖)A1,

and, consequently,
‖π‖

(‖u1‖Ω(‖π‖) + ‖u2‖)A1
≤ 1.

From (H3), ‖π‖ �= K. After that, we define U = {π ∈ Bρ : ‖π‖ < K}. Now, we can see
that W : U → C is continuous and completely continuous. Thus, there is no π ∈ ∂U such
that π = λWπ with 0 < λ < 1. By the nonlinear alternative of the Leray–Schauder-type,
we get that the operator W has a fixed point π ∈ U, which is a solution of the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17)
on J. The proof is completed.

4. Some Special Cases

In this section, we present some special cases and some interesting behavior of solu-
tions to the investigated problem (1).

Corollary 1. Assume that Π : J ×R→ R is a continuous function.

(a) If |Π(t, π)| ≤ M, where M is a positive constant, then the nonlocal fractional integro-
differential sequential Hilfer and Caputo boundary value problem (17) has at least one solu-
tion J.

(b) If u1(t) = 1, Ω(u) = Bu + C, u2(t) = D, where B ≥ 0, C, D > 0, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has
at least one solution J if A1B < 1.

(c) If u1(t) = 1, Ω(u) = Bu2 + C, u2(t) = D, where B ≥ 0, C, D > 0, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has
at least one solution J, if 4A2

1B(C + D) < 1.

If we put ψ1(t) = ψ2(t) = ψ(t), then the nonlocal fractional integro-differential
sequential Hilfer and Caputo boundary value problem (17) is reduced to⎧⎪⎨⎪⎩

HDα,β;ψ(CDγ;ψπ)(t) = Π(t, π(t)), 0 < α, β, γ < 1, t ∈ [0, x1],

CDγ;ψπ(0) = 0, π(x1) =
m

∑
i=1

λi
CDγ;ψπ(ηi) +

n

∑
j=1

δj I
μj ;ψπ(ξ j).

(17)

The following constants are used in the next corollaries.

A∗ = 1−
n

∑
j=1

δj

[
ψ(ξ j)− ψ(0)

]μj

Γ(μj + 1)
,
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A∗1 =
1
|A∗|

(
m

∑
i=1
|λi|

[ψ(ηi)− ψ(0)]α

Γ(α + 1)
+

n

∑
j=1
|δj|

(
ψ(ξ j)− ψ(0)

)α+μj+γ

Γ(α + μj + γ + 1)

)

+

( |A∗|+ 1
|A∗|

)
(ψ(x1)− ψ(0))α+γ

Γ(α + γ + 1)
.

Corollary 2. If f satisfies the Lipschitz condition in (H1) and if A∗1 L < 1, then the nonlocal
fractional integro-differential sequential Hilfer and Caputo boundary value problem (17) has a
unique solution on J.

Corollary 3. If the continuous function f satisfies (H2) in Theorem 2 and if there exists a positive
constant M such that

M
(‖u1‖Ω(M) + ‖u2‖)A∗1

> 1,

then the nonlocal fractional integro-differential sequential Hilfer and Caputo boundary value
problem (17) has at least one solutions on J.

If n = p + q, and μw = 0 for w = 1, . . . , q, then the problem (17) can be reduced to the
following problem with integro-differential multi-point boundary conditions as⎧⎪⎨⎪⎩

HDα,β;ψ(CDγ;ψπ)(t) = Π(t, π(t)), 0 < α, β, γ < 1, t ∈ [0, x1],

CDγ;ψπ(0) = 0, π(x1) =
m

∑
i=1

λi
CDγ;ψπ(ηi) +

p

∑
j=1

δj I
μj ;ψπ(ξ j) +

q

∑
w=p+1

ζw π(θw).
(18)

In addition, we put

Â = 1−
p

∑
j=1

δj

[
ψ(ξ j)− ψ(0)

]μj

Γ(μj + 1)
−

q

∑
w=p+1

ζw,

Â1 =
1
|Â|

{
m

∑
i=1
|λi|

[ψ(ηi)− ψ(0)]α

Γ(α + 1)
+

p

∑
j=1
|δj|

(
ψ(ξ j)− ψ(0)

)α+μj+γ

Γ(α + μj + γ + 1)

+
q

∑
w=p+1

|ζw|
(ψ(θw)− ψ(0))α+γ

Γ(α + γ + 1)

}
+

(
|Â|+ 1
|Â|

)
(ψ(x1)− ψ(0))α+γ

Γ(α + γ + 1)
.

The existence and uniqueness results for the integro-differential multi-point boundary
value problem (18) are similar to the Corollaries 2 and 3 by replacing Â1 with A∗1.

5. Illustrative Examples

Example 1. Let us consider the following integro-differential boundary conditions to the sequential
ψ1-Hilfer and ψ2-Caputo fractional differential equation of the form

HD
1
4 , 3

4 ;e
1
10 t(CD

1
2 ;t2+tπ

)
(t) = Π(t, π(t)), 0 < t <

9
8

, (19)

CD
1
2 ;t2+tπ(0) = 0, π

(
9
8

)
=

3
67

CD
1
2 ;t2+tπ

(
3
8

)
+

5
77

CD
1
2 ;t2+tπ

(
5
8

)
+

7
87

CD
1
2 ;t2+tπ

(
7
8

)
+

2
39

I
4
5 ;t2+tπ

(
1
2

)
+

4
59

I
7
5 ;t2+tπ

(
3
4

)
. (20)

From the boundary value problem (19), we set constants as α = 1/4, β = 3/4, γ = 1/2,
x1 = 9/8, λ1 = 3/67, λ2 = 5/77, λ3 = 7/87, η1 = 3/8, η2 = 5/8, η3 = 7/8, δ1 = 2/39,
δ2 = 4/59, μ1 = 4/5, μ2 = 7/5, ξ1 = 1/2, ξ2 = 3/4 and functions ψ1(t) = e(1/10)t and
ψ2(t) = t2 + t. From above information, we can compute that A ≈ 0.8763925133 and
A1 ≈ 2.374946616. Observe that the two functions satisfy ψ′1, ψ′2 > 0.
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(i) If the function Π is defined by

Π(t, π(t)) =
1

2t + 5

(
2|π|+ π2

1 + |π|

)
+

1
7

t2 + 8t +
1
9

. (21)

From the given nonlinear unbounded Lipschitzian function in (21), we get |Π(t, π) −
Π(t, z)| ≤ (2/5)|π − z| for t ∈ [0, 9/8], π, z ∈ R. Setting L = 2/5, we have A1L ≈
0.9499786464 < 1 which fulfills the condition in (13). The result in Theorem 1 can be used
to conclude that the boundary value problem (19) and (20) with the given function in (21)
has a unique solution on [0, 9/8]

(ii) Let the function Π be defined as

Π(t, π(t)) =
1

t + 4

(
π2024

5(1 + π2022)
+

1
3t + 6

)
+

1
2t + 7

. (22)

We have

|Π(t, π)| ≤ 1
t + 4

(
1
5

π2 +
1
6

)
+

1
2t + 7

.

Choosing u1(t) = 1/(t + 4), u2(t) = 1/(2t + 7) and Ω(π) = (1/5)π2 + (1/6), we get
‖u1‖ = 1/4, ‖u2‖ = 1/7 and then, there exists a K ∈ (0.463775263, 7.957466657) satisfying
the inequality in (16). Therefore, all assumptions in Theorem 2 agree with function Π
in (22). Then, using integro-differential boundary conditions to the sequential ψ1-Hilfer
and ψ2-Caputo fractional differential Equations (19), (20) and (22) have at least one solution
on [0, 9/8].

(iii) If ψ1(t) = ψ2(t) = t2 + t, then (19) is expressed as

HD
1
4 , 3

4 ;t2+t
(

CD
1
2 ;t2+tπ

)
(t) = Π(t, π(t)), 0 < t <

9
8

, (23)

and we can find that A∗ ≈ 0.8763925133, A∗1 ≈ 4.810643110. If

Π(t, pi) =
1

2t + 10

(
2|π|+ π2

1 + |x|

)
+

1
7

t2 + 8t +
1
9

. (24)

Then, L = 1/5 and we have A∗1 L ≈ 0.9621286220. This means that boundary value
problem (23), (20) and (24) has a unique solution on [0, 9/8].

In addition, if function Π in (23) is given in (22), then there exists a constant K ∈
(0.235228817, 3.922219479) which satisfies the Corollary 3. So, the boundary value problem
(23), (20) and (22) has at least one solution on [0, 9/8].

(iv) If the boundary conditions in (20) is replaced by

CD
1
2 ;t2+tπ(0) = 0, π

(
9
8

)
=

3
67

CD
1
2 ;t2+tπ

(
3
8

)
+

5
77

CD
1
2 ;t2+tπ

(
5
8

)
+

7
87

CD
1
2 ;t2+tπ

(
7
8

)
+

2
39

I
4
5 ;t2+tπ

(
1
2

)
+

4
59

π

(
3
4

)
. (25)

Then, we get Â ≈ 0.8884626894, Â1 ≈ 4.816166032. If

Π(t, π) = Wπ2 + Z, (26)

where constants W, Z > 0 and WZ < 1/(4Â2
1) ≈ 0.01077797341. Then, there exists

a positive constant M satisfying the Corollary 3 when replacing A∗1 by Â1. Hence, the
boundary value problem (23), (25) and (26) has at least one solution on [0, 9/8].
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6. Conclusions

In this paper, we have studied a new kind of boundary value problem consisting of
a combination of two fractional derivative operators, one ψ1-Hilfer and one ψ2-Caputo,
supplemented with nonlocal integro-differential boundary conditions. This combination,
as far as we know, is new in the literature. Our uniqueness result is derived via Banach’s
contraction principle, while the Leray–Schauder nonlinear alternative is used to derive the
existence result. The main results are well illustrated by constructing numerical examples.
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1. Introduction

In the last decades, many problems, such as acoustic wave problems [1], ground-
water pollution and groundwater flow problems [2–6], among others [7–10], have been
shown by using fractional calculus. In addition, many engineering and physical problems,
such as problems from control, electrochemistry, rheology, coupling and particle mechan-
ics, viscoelasticity, electromagnetism fluid structure, and porous media (see e.g., [11–14]),
have been mathematically formulated by fractional integro-differential equations (FIDEs).
Recently, numerical methods for solving FIDEs have attracted the attention of many re-
searchers. Taheri et al. [15] solved stochastic FIDEs by using the shifted Legendre spectral
collocation method. Rahimkhani et al. [16] proposed the Bernoulli pseudo-spectral method
for solving nonlinear Volterra FIDEs. Wang et al. [17] developed an approximate scheme
based on fractional-order Euler functions to solve weakly singular FIDEs. Babaei et al. [18]
considered a sixth-kind Chebyshev collocation method to solve a nonlinear quadratic
FIDEs of variable order.

In the presented research, we focus on the following general two-dimensional nonlin-
ear fractional integro-differential Equations (2D-NFIDEs):

a fyy(x, y) + b fxx(x, y) + c fyx(x, y) + f (x, y) + λI� f (x, y) = g(x, y) + Θ(x, y)

+ Λ(x, y) + ρ(x, y) + ϕ(x, y), (1)

with the initial conditions of:

f (x, 0) = d1(x), f (0, y) = d2(y), fy(x, 0) = d3(x), fx(0, y) = d4(y), fx(x, 0) = d5(x), (2)

where (x, y) ∈ D = [0, �1)× [0, �2); � = (�1, �2) ∈ (0, ∞)× (0, ∞); and a, b, c, λ are
constants, and

Mathematics 2023, 11, 824. https://doi.org/10.3390/math11040824 https://www.mdpi.com/journal/mathematics219
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Θ(x, y) =
∫ x

0

∫ y

0
k1(x, t, y, s) f p1(t, s)ds dt,

Λ(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1k2(x, t, y, s) f p2(t, s)ds dt,

ρ(x, y) =
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1k3(x, t, y, s) f p3(t, s)ds dt,

ϕ(x, y) =
∫ �1

0

∫ �2

0
k4(x, t, y, s) f p4(t, s)ds dt.

Here, functions di(.), i = 1, 2, 3, 4, 5, kj(x, t, y, s), j = 1, 2, 3, 4, g(x, y) are known, and
f (x, y) is unknown; I� f (x, y) is the left-sided mixed Riemann–Liouville integral of order
� = (�1, �2) ∈ (0, ∞)× (0, ∞) of f denoted by [19]

I� f (x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1 f (t, s)ds dt;

and pj ≥ 1, j = 1, 2, 3, 4 are constants.
While several numerical techniques have been proposed for solving many different

problems (see, for instance, [20–35] and references therein), there were few research studies
that developed numerical methods for solving Equations (1) and (2). For example, Na-
jafalizadeh and Ezzati [36] obtained approximate solutions of these equations by using
operational matrices of two-dimensional block pulse functions (2D-BPFs) with the order
of convergence O( 1

N ), N ∈ N. Maleknejad et al. [37] applied operational matrices based
on a hybrid of two-dimensional block-pulse functions and shifted Legendre polynomials
(2D-HBPSLs) to solve the general 2D-NFIDEs. The order of convergence of this method
was O( 1

22M−1 NM M! ).
According to the best of our knowledge, the existence and uniqueness of solutions for

Equations (1) and (2) have not been discussed so far. In this research, we provide sufficient
conditions to prove that there exist local and global solutions for the general 2D-NFIDEs.
Then, we prove that the solutions of these equations are unique. Additionally, we prepare
an efficient numerical approach to approximate solutions of the general 2D-NFIDEs with
high accuracy.

The rest of this paper is organized as follows: in Section 2, some theorems for the
existence and uniqueness of solutions of general 2D-NFIDEs are proved. In Section 3,
an introduction of one- and two-variable shifted Jacobi polynomials (1D-SJPs and 2D-
SJPs) is provided. Additionally, some operational matrices are introduced. In Section 4,
by using the collocation method via these operational matrices, approximate solutions
for Equations (1) and (2) are obtained. In Section 5, error bounds of approximations are
obtained. In Section 6, five test problems are solved to show the accuracy of the proposed
method. In Section 7, a conclusion is presented.

2. Existence and Uniqueness of Solutions

Now, by using Schauder’s fixed-point theorem [38], a local existence of solutions of
general 2D-NIDEFs is proved in a Banach space.

Theorem 1. Suppose that

(C1) 0 ≤ t ≤ x ≤ �1, 0 ≤ s ≤ y ≤ �2, g, g1, f , v ∈ C(D,Rn), k1, k2, k3, k4 ∈ C(D×D×
Rn,Rn);

(C2)
∥∥ fyy(x, y)− vyy(x, y)

∥∥ < ε
24a , ‖ fxx(x, y)− vxx(x, y)‖ < ε

24b ,
∥∥ fyx(x, y)− vyx(x, y)

∥∥ <
ε

24c , ‖I� f (x, y)− I�v(x, y)‖ < ε
24λ ;

(C3) ‖g(x, y)− g1(x, y)‖ < ε
6 ;

(C4) ‖ki(x, t, y, s, f (t, s))− ki(x, t, y, s, v(t, s))‖ < ε
6αβ , i = 1, 4, 0 < α < �1, 0 < β < �2;
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(C5)
∥∥kj(x, t, y, s, f (t, s))− kj(x, t, y, s, v(t, s))

∥∥ < εΓ(�1+1)Γ(�2+1)
6α�1 β�2 , j = 2, 3, 0 < α < �1, 0 <

β < �2.

Then, there exists at least one solution for the 2D-NIDEF on 0 ≤ t ≤ α, 0 ≤ s ≤ β.

Proof. Suppose thatD = {(x, t, y, s, f ) : (x, t, y, s) ∈ D×D, | f | ≤ b′}. Let
∣∣ fyy(x, y)

∣∣ ≤ b′
16a ,

| fxx(x, y)| ≤ b′
16b ,

∣∣ fyx(x, y)
∣∣ ≤ b′

16c , |I� f (x, y)| ≤ b′
16λ , |g(x, y)| ≤ b′

4 ,

max{|ki(x1, t, y1, s, f (t, s))|, |ki(x2, t, y2, s, f (t, s))|} = ξi, i = 1, 2, 3, 4,

on D. Choose (ξ1 + ξ4)αβ ≤ b′
4 , (ξ2+ξ3)α

�1 β�2

Γ(�1+1)Γ(�2+1) ≤
b′
4 . Consider Π0 = { f : f ∈ C(D0,Rn),

| f | ≤ b′} such that ‖ f ‖ = max
(x,y)∈D0

| f (x, y)|, D0 = [0, α]× [0, β]. Clearly, Π0 is bounded,

closed, and convex. Now, for any f ∈ Π0, define the operator

T f (x, y) =− a fyy(x, y)− b fxx(x, y)− c fyx(x, y)− λI� f (x, y) + g(x, y) + Θ(x, y)

+ Λ(x, y) + ρ(x, y) + ϕ(x, y), (x, y) ∈ D0. (3)

It is clear that

|Θ(x, y)| ≤ ξ1αβ,

|Λ(x, y)| ≤ ξ2α�1 β�2

Γ(�1 + 1)Γ(�2 + 1)
,

|ρ(x, y)| ≤ ξ3α�1 β�2

Γ(�1 + 1)Γ(�2 + 1)
,

|ϕ(x, y)| ≤ ξ4αβ.

Therefore, we obtain

|T f (x, y)| ≤
∣∣a fyy(x, y)

∣∣+ |b fxx(x, y)|+
∣∣c fyx(x, y)

∣∣+ |λI� f (x, y)|+ |g(x, y)|+ |Θ(x, y)|
+ |Λ(x, y)|+ |ρ(x, y)|+ |ϕ(x, y)|

≤ b′

2
+ (ξ1 + ξ4)αβ +

(ξ2 + ξ3)α
�1 β�2

Γ(�1 + 1)Γ(�2 + 1)
≤ b′,

which implies that T (Π0) ⊂ Π0. Furthermore, for any (x1, y1), (x2, y2) ∈ D0, such that
x2 > x1 and y2 > y1, we obtain

|T f (x2, y2)− T f (x1, y1)| ≤a
∣∣ fyy(x2, y2)− fyy(x1, y1)

∣∣+ b| fxx(x2, y2)− fxx(x1, y1)|
+ c

∣∣ fyx(x2, y2)− fyx(x1, y1)
∣∣+ λ|I� f (x2, y2)− I� f (x1, y1)|

+ |g(x2, y2)− g(x1, y1)|+ |Θ(x2, y2)−Θ(x1, y1)|
+ |Λ(x2, y2)−Λ(x1, y1)|+ |ρ(x2, y2)− ρ(x1, y1)|
+ |ϕ(x2, y2)− ϕ(x1, y1)|. (4)

Additionally, we have
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|I� f (x2, y2)− I� f (x1, y1)|

≤ 1
Γ(�1)Γ(�2)

∣∣∣∣∫ x2

0

∫ y2

0
(x2 − t)�1−1(y2 − s)�2−1 f (t, s)dsdt

−
∫ x1

0

∫ y1

0
(x1 − t)�1−1(y1 − s)�2−1 f (t, s)dsdt

∣∣∣∣
≤ 1

Γ(�1)Γ(�2)

∣∣∣∣∫ x1

0

∫ y1

0
(x2 − t)�1−1(y2 − s)�2−1 f (t, s)dsdt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1 f (t, s)dsdt

−
∫ x1

0

∫ y1

0
(x1 − t)�1−1(y1 − s)�2−1 f (t, s)ds dt

∣∣∣∣
≤ 1

Γ(�1)Γ(�2)

∣∣∣∣∫ x1

0

∫ y1

0

(
(x2 − t)�1−1(y2 − s)�2−1 − (x1 − t)�1−1(y1 − s)�2−1

)
f (t, s)ds dt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1 f (t, s)dsdt
∣∣∣∣

≤ b′

Γ(�1 + 1)Γ(�2 + 1)

(∫ x1

0

∫ y1

0

(
(x2 − t)�1−1(y2 − s)�2−1 − (x1 − t)�1−1(y1 − s)�2−1

)
ds dt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1dsdt
)

≤ b′

Γ(�1 + 1)Γ(�2 + 1)
(
(x2 − x1)

�1 (y2 − y1)
�2 − x�1

2 y�2
2 + x�1

1 y�2
1 − (x2 − x1)

�1 (y2 − y1)
�2
)

= 0.

Therefore,
|T f (x2, y2)− T f (x1, y1)| = 0. (5)

Moreover, we can obtain

|Λ(x2, y2)−Λ(x1, y1)| ≤
1

Γ(�1)Γ(�2)

∣∣∣∣∫ x2

0

∫ y2

0
(x2 − t)�1−1(y2 − s)�2−1k2(x2, t, y2, s, f (t, s))dsdt

−
∫ x1

0

∫ y1

0
(x1 − t)�1−1(y1 − s)�2−1k2(x1, t, y1, s, f (t, s))dsdt

∣∣∣∣
=

1
Γ(�1)Γ(�2)

∣∣∣∣∫ x1

0

∫ y1

0
(x2 − t)�1−1(y2 − s)�2−1k2(x2, t, y2, s, f (t, s))dsdt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1k2(x2, t, y2, s, f (t, s))dsdt

−
∫ x1

0

∫ y1

0
(x1 − t)�1−1(y1 − s)�2−1k2(x1, t, y1, s, f (t, s))dsdt

∣∣∣∣
=

1
Γ(�1)Γ(�2)

∣∣∣∣∫ x1

0

∫ y1

0

(
(x2 − t)�1−1(y2 − s)�2−1k2(x2, t, y2, s, f (t, s))

−(x1 − t)�1−1(y1 − s)�2−1k2(x1, t, y1, s, f (t, s))
)

dsdt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1k2(x2, t, y2, s, f (t, s))dsdt
∣∣∣∣

≤ 1
Γ(�1)Γ(�2)

∫ x1

0

∫ y1

0

(
(x2 − t)�1−1(y2 − s)�2−1|k2(x2, t, y2, s, f (t, s))|

+(x1 − t)�1−1(y1 − s)�2−1|k2(x1, t, y1, s, f (t, s))|
)

dsdt

+
1

Γ(�1)Γ(�2)

∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1|k2(x2, t, y2, s, f (t, s))|dsdt

≤ ξ2

Γ(�1)Γ(�2)

(∫ x1

0

∫ y1

0

(
(x2 − t)�1−1(y2 − s)�2−1 + (x1 − t)�1−1(y1 − s)�2−1

)
dsdt

+
∫ x2

x1

∫ y2

y1

(x2 − t)�1−1(y2 − s)�2−1dsdt
)

≤ ξ2

Γ(�1 + 1)Γ(�2 + 1)
(
(x2 − x1)

�1 (y2 − y1)
�2 − x�1

2 y�2
2 + x�1

1 y�2
1 + (x2 − x1)

�1 (y2 − y1)
�2
)

≤ 2ξ2

Γ(�1 + 1)Γ(�2 + 1)
(x2 − x1)

�1 (y2 − y1)
�2 . (6)

222



Mathematics 2023, 11, 824

Similarly,

|Θ(x2, y2)−Θ(x1, y1)| ≤ ξ1(x2y2 − x1y1), (7)

|ρ(x2, y2)− ρ(x1, y1)| ≤ ξ3

(
α�1 β�2

Γ(�1 + 1)Γ(�2 + 1)
− α�1 β�2

Γ(�1 + 1)Γ(�2 + 1)

)
= 0, (8)

|ϕ(x2, y2)− ϕ(x1, y1)| ≤ ξ4(αβ− αβ) = 0. (9)

Applying inequalities (5)–(9) in (4) gives

|T f (x2, y2)− T f (x1, y1)| ≤|(F f )(x2, y2)− (F f )(x1, y1)|+ λ|I� f (x2, y2)− I� f (x1, y1)|
+ |g(x2, y2)− g(x1, y1)|+ ξ1(x2y2 − x1y1)

+
2ξ2

Γ(�1 + 1)Γ(�2 + 1)
(x2 − x1)

�1(y2 − y1)
�2 , (10)

where

(F f )(x, y) = −a fyy(x, y)− b fxx(x, y)− c fyx(x, y).

It is clear that the right-hand side of (10) tends to zero as x2 → x1, y2 → y1. Thus,
T : Π0 → Π0 is equicontinuous. Therefore, by using the Arzela–Ascoli theorem [39],
the compactness of the closure of T (Π0) can be concluded.

Now, we need to show that T is continuous. For this propose, define

T v(x, y) = (F v)(x, y)− λI�v(x, y) + g1(x, y) + Θv(x, y) + Λv(x, y) + ρv(x, y) + ϕv(x, y),

v(x, 0) = d1(x), v(0, y) = d2(y), vy(x, 0) = d3(x), vx(0, y) = d4(y), vx(x, 0) = d5(x),

where (x, y) ∈ D0, v ∈ Π0, and

(F v)(x, y) = −avyy(x, y)− bvxx(x, y)− cvyx(x, y),

Θv(x, y) =
∫ x

0

∫ y

0
k1(x, t, y, s, v(t, s))dsdt,

Λv(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1k2(x, t, y, s, v(t, s))dsdt,

ρv(x, y) =
1

Γ(�1)Γ(�2)

∫ α

0

∫ β

0
(α− t)�1−1(β− s)�2−1k3(x, t, y, s, v(t, s))dsdt,

ϕv(x, y) =
∫ α

0

∫ β

0
k4(x, t, y, s, v(t, s))dsdt.

Since ki, i = 1, 2, 3, 4, are uniformly continuous, we can write

∀ε > 0, ∃δ > 0 : | f (x, y)− v(x, y)| < δ.

Suppose that the assumptions (C1)–(C5) hold; therefore,

|T f (x, y)− T v(x, y)| ≤|(F f )(x, y)− (F v)(x, y)|+ λ|I� f (x, y)− I�v(x, y)|
+ |g(x, y)− g1(x, y)|+ |Θ(x, y)−Θv(x, y)|
+ |Λ(x, y)−Λv(x, y)|+ |ρ(x, y)− ρv(x, y)|
+ |ϕ(x, y)− ϕv(x, y)|.

Furthermore, we can easily obtain the following inequalities:
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|Θ(x, y)−Θv(x, y)| ≤ ε

6αβ

∫ x

0

∫ y

0
dsdt ≤ ε

6
,

|Λ(x, y)−Λv(x, y)| ≤ 1
Γ(�1)Γ(�2)

εΓ(�1 + 1)Γ(�2 + 1)
6α�1 β�2

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1dsdt ≤ ε

6
,

|ρ(x, y)− ρv(x, y)| ≤ 1
Γ(�1)Γ(�2)

εΓ(�1 + 1)Γ(�2 + 1)
6α�1 β�2

∫ α

0

∫ β

0
(α− t)�1−1(β− s)�2−1dsdt =

ε

6
,

|ϕ(x, y)− ϕv(x, y)| ≤ ε

6αβ

∫ α

0

∫ β

0
dsdt =

ε

6
.

Thus, we have

|T f (x, y)− T v(x, y)| ≤ ε,

and the proof is completed.

In the following theorem, by using Tychonoff’s fixed-point theorem [38], the global
existence of solutions of the general 2D-NFIDEs will be discussed.

Theorem 2. Suppose that

(D1) Gi ∈ C(R5
+,Rn), ki ∈ C(R4

+ ×Rn,Rn), i = 1, 2, 3, 4;
(D2) For each (x, t, y, s) ∈ R4

+, Gi(x, t, y, s, u(t, s)), i = 1, 2, 3, 4, are monotonically non-decreasing
in u;

(D3) |ki(x, t, y, s, f (t, s))| ≤ Gi(x, t, y, s, | f (t, s)|), (x, t, y, s, f (t, s)) ∈ R4
+ ×Rn, i = 1, 2, 3, 4;

(D4) |(F f )(x, y)| ≤ (F u)(x, y).

Then, for every x, y ≥ 0, the generalized two-dimensional nonlinear fractional integro-differential
equation

u(x, y) = (F u)(x, y) + λ′ I�u(x, y) + q(x, y) + Θu(x, y) + Λu(x, y) + ρu(x, y) + ϕu(x, y), (11)

has a solution u(x, y) with initial conditions

u(x, 0) = d1(x), u(0, y) = d2(y), uy(x, 0) = d3(x), ux(0, y) = d4(y), ux(x, 0) = d5(x), (12)

and

(F u)(x, y) = −a uyy(x, y)− b uxx(x, y)− c uyx(x, y),

I�u(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1u(t, s)dsdt,

Θu(x, y) =
∫ x

0

∫ y

0
G1(x, t, y, s, u(t, s))dsdt,

Λu(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1G2(x, t, y, s, u(t, s))dsdt,

ρu(x, y) =
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1G3(x, t, y, s, u(t, s))dsdt,

ϕu(x, y) =
∫ �1

0

∫ �2

0
G4(x, t, y, s, u(t, s))dsdt.

Additionally, for every x, y ≥ 0 and q(x, y) ∈ R2
+, such that |g(x, y)| ≤ q(x, y), there exists

a solution f (x, y) for Equations (1) and (2) satisfying | f (x, y)| ≤ u(x, y) and |λ| ≤ λ′.

Proof. Let Q be a real space of all continuous functions from (0, ∞) × (0, ∞) into Rn.
The topology on Q is that induced by the family of pseudo-norms {Qm′ ,m( f )}∞

m′ ,m=1,
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where Qm′ ,m( f ) = sup
0≤x≤m′ ,0≤y≤m

| f (x, y)| for f ∈ Q. Consider {Sm′ ,m}∞
m′ ,m=1 as a set of

neighborhoods with Sm′ ,m = { f ∈ Q : Qm′ ,m( f ) ≤ 1}. Under this topology, Q is complete,
locally convex, and a linear space.

Let

Q0 = { f ∈ Q : | f (x, y)| ≤ u(x, y), x, y ≥ 0} ⊆ Q,

where u(x, y) is a solution of Equations (11) and (12). Obviously, in the topology of Q, Q0
is closed, convex, and bounded.

Note that a fixed point of Equations (11) and (12) corresponds to a solution of Equa-
tions (1) and (2). Since, in the topology of Q, T is compact and Q0 is bounded, therefore,
the closure of T(Q0) is compact.

Considering assumptions (D1)–(D4) yields

|Θ(x, y)| ≤
∫ x

0

∫ y

0
|k1(x, t, y, s, f (t, s))|dsdt ≤

∫ x

0

∫ y

0
G1(x, t, y, s, | f (t, s)|)dsdt

≤
∫ x

0

∫ y

0
G1(x, t, y, s, u(t, s))dsdt = Θu(x, y).

Similarly,

|Λ(x, y)| ≤ Λu(x, y), |ρ(x, y)| ≤ ρu(x, y), |ϕ(x, y)| ≤ ϕu(x, y), |I� f (x, y)| ≤ u(x, y).

Since u(x, y) is a solution of Equations (11) and (12), the definition of Q0 yields
|T f (x, y)| ≤ u(x, y). Therefore, T (Q0) ⊂ Q0. Now, by using Tychonoff’s fixed-point
theorem [38], we can deduce that T has a fixed point in Q0, and this completes the
proof.

In the following theorem, we prove that the general 2D-NFIDE has a unique solution.

Theorem 3. Consider ki ∈ C(D×D× Rn,Rn) (i = 1, 2, 3, 4), f ∈ C(D,Rn). Assume that
there exist 0 < Lj < 1 (j = 1, 2, 3) such that:∣∣∣ fyy(x, y)− f yy(x, y)

∣∣∣ ≤ L1

∣∣∣ f (x, y)− f (x, y)
∣∣∣, (13)∣∣∣ fxx(x, y)− f xx(x, y)

∣∣∣ ≤ L2

∣∣∣ f (x, y)− f (x, y)
∣∣∣, (14)∣∣∣ fyx(x, y)− f yx(x, y)

∣∣∣ ≤ L3

∣∣∣ f (x, y)− f (x, y)
∣∣∣, (15)∣∣∣ki(x, t, y, s, f (t, s))− ki(x, t, y, s, f (t, s))

∣∣∣ ≤ ηi

∣∣∣ f (t, s)− f (t, s)
∣∣∣, i = 1, 2, 3, 4. (16)

If (
(aL1 + bL2 + cL3) +

�
�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)
(λ + η1 + η2 + η3 + η4)

)
< 1, (17)

then the general 2D-NIDEF has a unique solution.

Proof. Let

T f (x, y) = (F f )(x, y)− λI� f (x, y) + g(x, y) + Θ̄(x, y) + Λ̄(x, y) + ρ̄(x, y) + ϕ̄(x, y),

with

f (x, 0) = d1(x), f (0, y) = d2(y), f y(x, 0) = d3(x), f x(0, y) = d4(y), f x(x, 0) = d5(x),
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and

(F f )(x, y) = −a f yy(x, y)− b f xx(x, y)− c f yx(x, y),

Θ(x, y) =
∫ x

0

∫ y

0
k1(x, t, y, s) f

p1(t, s)dsdt,

Λ(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1k2(x, t, y, s) f

p2(t, s)dsdt,

ρ(x, y) =
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1k3(x, t, y, s) f

p3(t, s)dsdt,

ϕ(x, y) =
∫ �1

0

∫ �2

0
k4(x, t, y, s) f

p4(t, s)dsdt.

for (x, y) ∈ D.
Using (13)–(16) yields∣∣∣(F f )(x, y)− (F f )(x, y)

∣∣∣ ≤ (aL1 + bL2 + cL3)
∥∥∥ f − f

∥∥∥,∣∣∣I� f (x, y)− λI� f (x, y)
∣∣∣ ≤ �

�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)

∥∥∥ f − f
∥∥∥,

∣∣Θ(x, y)− Θ̄(x, y)
∣∣ ≤ η1�

�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)

∥∥∥ f − f
∥∥∥,

∣∣Λ(x, y)− Λ̄(x, y)
∣∣ ≤ η2�

�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)

∥∥∥ f − f
∥∥∥,

|ρ(x, y)− ρ̄(x, y)| ≤ η3�
�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)

∥∥∥ f − f
∥∥∥,

|ϕ(x, y)− ϕ̄(x, y)| ≤ η4�
�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)

∥∥∥ f − f
∥∥∥.

Now, we can write∣∣∣T f (x, y)− T f (x, y)
∣∣∣ ≤∣∣∣(F f )(x, y)− (F f )(x, y)

∣∣∣+ λ
∣∣∣I� f (x, y)− λI� f (x, y)

∣∣∣
+
∣∣Θ(x, y)− Θ̄(x, y)

∣∣+ ∣∣Λ(x, y)− Λ̄(x, y)
∣∣

+ |ρ(x, y)− ρ̄(x, y)|+ |ϕ(x, y)− ϕ̄(x, y)|

≤
(

aL1 + bL2 + cL3 +
�

�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)
(λ + η1 + η2 + η3 + η4)

)∥∥∥ f − f
∥∥∥,

for any (x, y) ∈ D and f , f ∈ C(D,Rn). Therefore,

∥∥∥T f − T f
∥∥∥ ≤ (

aL1 + bL2 + cL3 +
�

�1
1 �

�2
2

Γ(�1 + 1)Γ(�2 + 1)
(λ + η1 + η2 + η3 + η4)

)∥∥∥ f − f
∥∥∥.

From (17), T is a contraction map in C(D,Rn), and thus, it has a unique fixed point.
Therefore, f ∈ C(D,Rn) is a unique solution for the general 2D-NIDEF.

3. The 1D-SJPs and 2D-SJPs and Their Operational Matrices

3.1. The 1D-SJPs

The 1D-SJPs are defined on the interval [0, �) by

J (τ,ς)
�,l (x) =

l

∑
j=0

(−1)l−j Γ(l + ς + 1)Γ(l + j + τ + ς + 1)
Γ(j + ς + 1)Γ(l + τ + ς + 1)(l − j)!j!�j xj.
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These polynomials are orthogonal on the interval [0, �); therefore,

∫ �1

0
J (τ,ς)
�,i (x)J (τ,ς)

�,i′ (x)w(τ,ς)
� (x)dx = δii′h

(τ,ς)
�,i ,

where w(τ,ς)
� (x) = xς(�− x)τ is a weight function, δii′ is Kronecker delta, and

h(τ,ς)
�,l =

�τ+ς+1Γ(l + τ + 1)Γ(l + ς + 1)
(2l + τ + ς + 1)l!Γ(l + τ + ς + 1)

.

Additionally, these polynomials have the following property:

di

dxiJ
(τ,ς)
�,l (x) =

Γ(l + τ + ς + i + 1)
Γ(l + τ + ς + 1)

J (τ+i,ς+i)
�,l−i (x). (18)

The vector of 1D-SJPs is as follows:

Ψ(x) =
(
J (τ,ς)
�,0 (x) J (τ,ς)

�,1 (x) . . . J (τ,ς)
�,N (x)

)T
. (19)

3.2. 2D-SJPs and Function Approximation

The 2D-SJPs are defined on the domain D = [0, �1)× [0, �2) by

J (τ,ς)
i,j (x, y) = J (τ,ς)

�1,i (x)J (τ,ς)
�2,j (y), i, j = 0, 1, . . . , N.

These polynomials are orthogonal on D; therefore,

∫ �1

0

∫ �2

0
J (τ,ς)

i,j (x, y)J (τ,ς)
i′ ,j′ (x, y)ω(τ,ς)(x, y)dy dx = δii′δjj′h

(τ,ς)
�1,i h(τ,ς)

�2,j ,

where ω(τ,ς)(x, y) = w(τ,ς)
�1

(x)w(τ,ς)
�2

(y) is a weight function.
By using 2D-SJPs, we can approximate a continuous function f (x, y) on the domain

D = [0, �1)× [0, �2) as follows:

f (x, y) � fN(x, y) =
N

∑
i=0

N

∑
j=0

f̂ijJ (τ,ς)
i,j (x, y) = ΨT(x, y)F̂ = F̂TΨ(x, y), (20)

where

F̂ =
(

f̂00 f̂01 . . . f̂0N f̂10 f̂11 . . . f̂1N . . . f̂N0 f̂N1 . . . f̂NN
)T ,

with entries

f̂ij =
1

h(τ,ς)
�1,i h(τ,ς)

�2,j

∫ �1

0

∫ �2

0
f (x, y)J (τ,ς)

i,j (x, y)ω(τ,ς)(x, y)dy dx, i, j = 0, 1, . . . , N,

and

Ψ(x, y) =
(
J (τ,ς)

0,0 (x, y), . . .J (τ,ς)
0,N (x, y),J (τ,ς)

1,0 (x, y), . . .J (τ,ς)
1,N (x, y)

. . . ,J (τ,ς)
N,0 (x, y), . . .J (τ,ς)

N,N (x, y)
)T

, (21)

are (N + 1)2 × 1 vectors.
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Additionally, we can expand a function k(x, t, y, s) on the domain D×D with respect
to 2D-SJPs as follows:

k(x, t, y, s) � ΨT(x, y)KΨ(t, s). (22)

Here, K is a matrix with entries

Ki,j =

∫ �1
0

∫ �2
0

∫ �1
0

∫ �2
0 J

(τ,ς)
q′ [i],q′′ [i](x, y)k(x, t, y, s)J (τ,ς)

q′ [j],q′′ [j](t, s)ω(τ,ς)(x, y)ω(τ,ς)(t, s)dsdtdydx

h(τ,ς)
�1,q′ [i]h

(τ,ς)
�2,q′′ [i]h

(τ,ς)
�1,q′ [j]h

(τ,ς)
�2,q′′ [j]

,

where

q′ = [0, . . . , 0, 1, . . . , 1, . . . , N, . . . , N],

q′′ = [0, . . . , N, 0, . . . , N, . . . , 0, . . . , N],

and i, j = 1, . . . , (N + 1)2.

3.3. Operational Matrices of Two-Dimensional Integration

In [40], the authors computed the one-dimensional integration of Ψ(t) for t ∈ [0, 1).
Similarly, we compute the one-dimensional integration of this vector for t ∈ [0, �), as follows:∫ x

0
Ψ(t)dt � Px Ψ(x),

where Px is a one-dimensional operational matrix of integration, defined in the follow-
ing form:

Px =

⎛⎜⎜⎜⎝
p00 p01 . . . p0N

p10 p11 . . . p1N
...

...
. . .

...
pN0 pN1 . . . pNN

⎞⎟⎟⎟⎠, (23)

with the following entries:

pkl =
k

∑
j=0

(
(−1)k−jΓ(l + ς + 1)Γ(k + ς + 1)Γ(k + j + τ + ς + 1)Γ(τ + 1)

hlΓ(l + τ + ς + 1)Γ(j + ς + 1)Γ(k + τ + ς + 1)(j + 1)!(k− j)!�j

×
l

∑
i=0

(−1)l−iΓ(l + i + τ + ς + 1)Γ(i + j + ς + 2)�
Γ(i + ς + 1)Γ(i + j + τ + ς + 3)i!(l − i)!

)
, k, l = 0, 1, . . . , N.

Since Ψ(x, y) = Ψ(x)⊗ Ψ(y), the two-dimensional integration of Ψ(t, s) can be ob-
tained as follows:∫ x

0

∫ y

0
Ψ(t, s)ds dt � (Px ⊗ Py)Ψ(x, y), x ∈ [0, �1), y ∈ [0, �2), (24)

where⊗ denotes the Kronecker product; Px ⊗Py is the (N + 1)2× (N + 1)2 operational ma-
trix of the two-dimensional integration; and Px, Py are (N + 1)× (N + 1) one-dimensional
operational matrices of integration, defined in Equation (23).

Additionally, it is easy to conclude the following result:

∫ �1

0

∫ �2

0
Ψ(t, s)ds dt = A1 ⊗ A2, (25)
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where

A1 =
(

a0 a1 . . . aN
)T , A2 =

(
a′0 a′1 . . . a′N

)T ,

with the entries:

ar =
r

∑
j=0

(−1)r−j Γ(r + ς + 1)Γ(r + j + τ + ς + 1)�1

Γ(j + ς + 1)Γ(r + τ + ς + 1)(r− j)!(j + 1)!
,

a′r =
r

∑
j=0

(−1)r−j Γ(r + ς + 1)Γ(r + j + τ + ς + 1)�2

Γ(j + ς + 1)Γ(r + τ + ς + 1)(r− j)!(j + 1)!
,

for r = 0, 1, . . . , N.

3.4. Operational Matrices of Fractional-Order Integration

In [27], the authors defined an operational matrix of the Riemann–Liouville integral
operator of order κ by

I�,κ =

⎛⎜⎜⎜⎝
S00 S01 . . . S0N

S10 S11 . . . S1N
...

...
. . .

...
SN0 SN1 . . . SNN

⎞⎟⎟⎟⎠,

with the entries

Slr =
l

∑
m=0

(
(−1)l−mΓ(l + ς + 1)Γ(l + m + τ + ς + 1)Γ(m + 1)

Γ(m + ς + 1)Γ(l + τ + ς + 1)(l −m)!m!Γ(m + κ + 1)�m

×
r

∑
m′=0

(−1)r−m′(2r + τ + ς + 1)Γ(r + 1)Γ(r + m′ + τ + ς + 1)Γ(m + κ + m′ + ς + 1)Γ(κ + 1)�κ

Γ(r + τ + 1)Γ(m′ + ς + 1)(r−m′)!m′!Γ(m + κ + m′ + ς + τ + 2)

)
,

for l, r = 0, 1, . . . , N.

Theorem 4 (see [34]). Let � = (�1, �2) ∈ (0, ∞) × (0, ∞) and Ψ(x, y) be the vector of 2D-
SJPs. Then

I�Ψ(x, y) � (I�1,�1 ⊗ I�2,�2)Ψ(x, y), (x, y) ∈ [0, �1)× [0, �2). (26)

Here, I�1,�1 and I�2,�2 are operational matrices of a fractional Riemann–Liouville integration of
orders �1 and �2, respectively.

Theorem 5 (see [34]). Let κ > 0. Assume that Ψ(s), defined in (19), is the vector of 1D-
SJPs. Then,

1
Γ(κ)

∫ �

0
(�− s)κ−1Ψ(s)ds = Υ, (27)

where Υ =
(

γ0 γ1 . . . γN

)T and

γr =
r

∑
j=0

(−1)r−j Γ(r + ς + 1)Γ(r + j + τ + ς + 1)�κ−1

Γ(j + ς + 1)Γ(r + τ + ς + 1)(r− j)!Γ(j + κ + 1)
, r = 0, 1, . . . , N. (28)
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Theorem 6 (see [34]). Let �1, �2 > 0. Assume that Ψ(t, s), defined in (21), is the vector of
2D-SJPs. Then

1
Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1Ψ(t, s)ds dt = Υ1 ⊗ Υ2, (29)

where

Υ1 =
(

γ10 γ11 . . . γ1N

)T , Υ2 =
(

γ20 γ21 . . . γ2N

)T ,

and

γ1r =
r

∑
j=0

(−1)r−j Γ(r + ς + 1)Γ(r + j + τ + ς + 1)��1
1

Γ(j + ς + 1)Γ(r + τ + ς + 1)(r− j)!Γ(j + �1 + 1)
,

γ2r =
r

∑
j=0

(−1)r−j Γ(r + ς + 1)Γ(r + j + τ + ς + 1)��2
2

Γ(j + ς + 1)Γ(r + τ + ς + 1)(r− j)!Γ(j + �2 + 1)
,

for r = 0, 1, . . . , N.

3.5. Operational Matrix of Product

Assume that Ψ(x, y), defined in (21), is the vector of 2D-SJPs. In [34], Rashidinia et al.
introduced the operational matrix of the product as follows:

Ψ(x, y)ΨT(x, y)F̂ � ˜̂FΨ(x, y), (30)

for (x, y) ∈ [0, �1)× [0, �2). Here, ˜̂F is the operational matrix of the product with the entries

˜̂Fm1(N+1)+n1+1,m2(N+1)+n2+1 =
1

h(τ,ς)
�1,m2

h(τ,ς)
�2,n2

N

∑
j=0

N

∑
k=0

f̂ jkvm1 jm2 vn1kn2 ,

where

vm1 jm2 =
∫ �1

0
J (τ,ς)
�1,m1

(x)J (τ,ς)
�1,j (x)J (τ,ς)

�1,m2
(x)w(τ,ς)

�1
(x)dx,

vn1kn2 =
∫ �2

0
J (τ,ς)
�2,n1

(y)J (τ,ς)
�2,k (y)J (τ,ς)

�2,n2
(y)w(τ,ς)

�2
(y)dy,

for m1, n1, m2, n2 = 0, 1, . . . , N.

4. Method of Solution

Here, by using the method proposed in Section 3, we solve the general 2D-NFIDEs.
First of all, we define

fyy(x, y) � f T
yyΨ(x, y), (31)

fxx(x, y) � f T
xxΨ(x, y), (32)

fyx(x, y) � f T
yxΨ(x, y), (33)

g(x, y) � ΨT(x, y)G, (34)

ki(x, t, y, s) � ΨT(x, y)kiΨ(t, s), i = 1, 2, 3, 4, (35)
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d1(x) = f (x, 0) � FT
x0Ψ(x, y), (36)

d2(y) = f (0, y) � FT
0yΨ(x, y), (37)

d3(x) = fy(x, 0) � FT
yx0Ψ(x, y), (38)

d4(y) = fx(0, y) � FT
x0yΨ(x, y), (39)

d5(x) = fx(x, 0) � FT
xx0Ψ(x, y). (40)

Now, from the Appendix in [36], we can obtain:

f T
yy = (( f T − FT

x0)(I ⊗ Py)
−1 − FT

yx0)(I ⊗ Py)
−1, (41)

f T
xx = (( f T − FT

0y)(Px ⊗ I)−1 − FT
x0y)(Px ⊗ I)−1, (42)

f T
yx = (( f T − FT

0y)(Px ⊗ I)−1 − FT
xx0)(I ⊗ Py)

−1. (43)

Using (26) for I� f (x, y) yields

I� f (x, y) � I� F̂TΨ(x, y) = F̂T I�Ψ(x, y) = F̂T
(

I�1,�1 ⊗ I�2,�2
)

Ψ(x, y). (44)

Additionally, by using (20) and (30), we have

f 2(x, y) � F̂TΨ(x, y)ΨT(x, y)F̂ = F̂T ˜̂F︸︷︷︸
F̂2

Ψ(x, y) = F̂2Ψ(x, y),

f 3(x, y) � F̂TΨ(x, y)F̂2Ψ(x, y) = F̂TΨ(x, y)ΨT(x, y)F̂T
2 = F̂T ˜̂FT

2︸ ︷︷ ︸
F̂3

Ψ(x, y) = F̂3Ψ(x, y).

Similarly, we obtain

f p(x, y) � F̂pΨ(x, y). (45)

Now, using (24), (35), and (45) gives

Θ(x, y) =
∫ x

0

∫ y

0
k1(x, t, y, s) f p1(t, s)ds dt

�
∫ x

0

∫ y

0
ΨT(x, y)k1Ψ(t, s)F̂p1 Ψ(t, s)ds dt

=
∫ x

0

∫ y

0
ΨT(x, y)k1

˜̂FT
p1

Ψ(t, s)ds dt

= ΨT(x, y)k1
˜̂FT

p1

∫ x

0

∫ y

0
Ψ(t, s)ds dt

= ΨT(x, y)k1
˜̂FT

p1
(Px ⊗ Py)Ψ(x, y). (46)

Similarly, using (25), (35), and (45) for ϕ(x, y), we can write

ϕ(x, y) =
∫ �1

0

∫ �2

0
k4(x, t, y, s) f p4(t, s)ds dt

�
∫ �1

0

∫ �2

0
ΨT(x, y)k4Ψ(t, s)F̂p4 Ψ(t, s)ds dt

=
∫ �1

0

∫ �2

0
ΨT(x, y)k4

˜̂FT
p4

Ψ(t, s)ds dt

= ΨT(x, y)k4
˜̂FT

p4

∫ �1

0

∫ �2

0
Ψ(t, s)ds dt

= ΨT(x, y)k4
˜̂FT

p4
(A1 ⊗ A2). (47)
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Additionally, using (26), (35), and (45), Λ(x, y) can be determined as:

Λ(x, y) =
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1k2(x, t, y, s) f p2 (t, s)ds dt

� 1
Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1ΨT(x, y)k2Ψ(t, s)F̂p2 Ψ(t, s)ds dt

=
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1ΨT(x, y)k2

˜̂FT
p2

Ψ(t, s)ds dt

= ΨT(x, y)k2
˜̂FT
p2

(
1

Γ(�1)Γ(�2)

∫ x

0

∫ y

0
(x− t)�1−1(y− s)�2−1Ψ(t, s)ds dt

)
= ΨT(x, y)k2

˜̂FT
p2

(
I�1,�1 ⊗ I�2,�2

)
Ψ(x, y). (48)

Using (29), (35), and (45) for ρ(x, y), we obtain

ρ(x, y) =
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1k3(x, t, y, s) f p3 (t, s)ds dt

� 1
Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1ΨT(x, y)k3Ψ(t, s)F̂p3 Ψ(t, s)ds dt

=
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1ΨT(x, y)k3

˜̂FT
p3 Ψ(t, s)ds dt

= ΨT(x, y)k3
˜̂FT
p3

(
1

Γ(�1)Γ(�2)

∫ �1

0

∫ �2

0
(�1 − t)�1−1(�2 − s)�2−1Ψ(t, s)ds dt

)
= ΨT(x, y)k3

˜̂FT
p3 (Υ1 ⊗ Υ2). (49)

Now, by substituting (31)–(34), (36)–(44), and (46)–(49) into (1), a system of equations
can be obtained as follows:

a f T
yyΨ(x, y) + b f T

xxΨ(x, y) + c f T
yxΨ(x, y) + F̂TΨ(x, y) + λF̂T

(
I�1,�1 ⊗ I�2,�2

)
Ψ(x, y)

� ΨT(x, y)G + ΨT(x, y)k1
˜̂FT
p1 (Px ⊗ Py)Ψ(x, y) + ΨT(x, y)k2

˜̂FT
p2

(
I�1,�1 ⊗ I�2,�2

)
Ψ(x, y)

+ ΨT(x, y)k3
˜̂FT
p3 (Υ1 ⊗ Υ2) + ΨT(x, y)k4

˜̂FT
p4 (A1 ⊗ A2). (50)

In the above system, the coefficients f̂mm′ , m, m′ = 0, 1, . . . , N are unknown. Using
the roots of J (τ,ς)

�1,N+1(x) and J (τ,ς)
�2,N+1(y) for an appropriate N determines these unknown

coefficients. By collocating Equation (50) at points {(xm, y′m)}N
m,m′=0, we obtain (N + 1)2

equations and solve this system using the Newton method. Therefore, we obtain the
unknown coefficients and determine an approximate solution from (20).

5. Error Bounds

Let D = [0, �1) × [0, �2) and L2
ω(τ,ς) (D) be a weighted space of square integrable

functions on D. We recall the following inner product and norm on L2
ω(τ,ς) (D) to discuss

the convergence of the new method:

〈 f , g〉ω(τ,ς) =
∫ �1

0

∫ �2

0
f (x, y)g(x, y)ω(τ,ς)(x, y)dy dx, ∀ f , g ∈ L2

ω(τ,ς) (D),

‖ f ‖ω(τ,ς) =

(∫ �1

0

∫ �2

0
( f (x, y))2ω(τ,ς)(x, y)dy dx

) 1
2

, ∀ f ∈ L2
ω(τ,ς) (D).

Theorem 7. Consider the following finite-dimensional polynomial space:

PN = span{J (τ,ς)
m,m′ (x, y), 0 ≤ m, m′ ≤ N}.
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Suppose that

∂i

∂xi1 ∂yi2
f (x, y) ∈ C(D), i1 + i2 = i, i = 0, 1, . . . , N.

If fN(x, y) is the best approximation from PN to f (x, y) and f̃N(x, y) is the Taylor expansion
of f (x, y) of order N with respect to each variables x and y, then

‖ f − fN‖ω(τ,ς) ≤
μ2N+1

(N + 1)!

√
(�1�2)τ+ς+1B(τ + 1, ς + 1), (51)

where

μ = max
i=0,1,...,N

{
�N+1−i

1 �i
2 max
(x,y)∈D

∣∣∣∣ ∂N+1

∂xN+1−i∂yi f (x, y)
∣∣∣∣
}

, (52)

and B(., .) is a beta function.

Proof. Since fN(x, y) is the best approximation to f (x, y), it is obvious that from the
definition of best approximation, we have

‖ f − fN‖ω(τ,ς) ≤
∥∥∥ f − f̃N

∥∥∥
ω(τ,ς)

. (53)

The Taylor expansion of f (x, y) about (0+, 0+) yields

∣∣∣ f (x, y)− f̃N(x, y)
∣∣∣ = ∣∣∣∣∣ f (x, y)−

N

∑
r=0

r

∑
m=0

xr−mym

(r−m)!m!
∂r

∂xr−m∂ym f (0+, 0+)

∣∣∣∣∣
=

∣∣∣∣∣N+1

∑
r=0

xN+1−ryr

(N + 1− r)!r!
∂N+1

∂xN+1−r∂yi f (ηx, ηy)

∣∣∣∣∣
≤

N+1

∑
r=0

�N+1−r
1 �r

2
(N + 1− r)!r!

∣∣∣∣ ∂N+1

∂xN+1−r∂yr f (ηx, ηy)

∣∣∣∣
≤

N+1

∑
r=0

�N+1−r
1 �r

2
(N + 1− r)!r!

max
(x,y)∈D

∣∣∣∣ ∂N+1

∂xN+1−r∂yr f (x, y)
∣∣∣∣

≤ μ
N+1

∑
r=0

1
(N + 1− r)!r!

=
μ

(N + 1)!

N+1

∑
r=0

(
N + 1

r

)
=

μ2N+1

(N + 1)!
,

where (ηx, ηy) ∈ [0, x]× [0, y] and (x, y) ∈ D. Since f̃N ∈PN , we can write

‖ f − fN‖2
ω(τ,ς) ≤

∫ �1

0

∫ �2

0

(
μ2N+1

(N + 1)!

)2

ω(τ,ς)(x, y)dy dx

=

(
μ2N+1

(N + 1)!

)2

(�1�2)
τ+ς+1(B(τ + 1, ς + 1))2.

Taking the square roots of the above inequality gives the inequality (51).
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Definition 1. A Jacobi-weighted Sobolev space of measurable functions is denoted by P ε
ω(τ,ς) (D)

and is defined with the following norm and semi-norm:

‖ f ‖ε,ω(τ,ς) =

(
ε

∑
l=0

∥∥∥∂l
Δ f
∥∥∥2

ω(τ+l,ς+l)

) 1
2

< ∞, Δ = (x, y), ε ∈ N,

| f |ε,ω(τ,ς) = ‖∂ε
Δ f ‖ω(τ+ε,ς+ε) ,

where

∂l
Δ f =

∂l

∂xl1 ∂yl2
f , l1 + l2 = l,

ω(τ+l,ς+l)(x, y) = ω(τ+l1,ς+l1)(x)ω(τ+l2,ς+l2)(y).

Theorem 8. For any f ∈P ε
ω(τ,ς) (D), ε ∈ N, and 0 ≤ ε ≤ ε, we have

‖ f − fN‖ε,ω(τ,ς) ≤ η(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , (54)

where η is a positive constant.

Proof. From (18), we can write

∂l
Δ( f (x, y)− fN(x, y)) =

∞

∑
j=0

∞

∑
k=N+1

f̂ jk∂l
ΔJ

(τ,ς)
�1,j (x)J (τ,ς)

�2,k (y)

+
∞

∑
j=N+1

∞

∑
k=0

f̂ jk∂l
ΔJ

(τ,ς)
�1,j (x)J (τ,ς)

�2,k (y)

=
∞

∑
j=0

∞

∑
k=N+1

f̂ jkνj,l1 νk,l2J
(τ+l1,ς+l1)
�1,j−l1

(x)J (τ+l2,ς+l2)
�2,k−l2

(y)

+
∞

∑
j=N+1

∞

∑
k=0

f̂ jkνj,l1 νk,l2J
(τ+l1,ς+l1)
�1,j−l1

(x)J (τ+l2,ς+l2)
�2,k−l2

(y), (55)

where

νj,l1 =
Γ(j + τ + ς + l1 + 1)

Γ(j + τ + ς + 1)
, νk,l2 =

Γ(k + τ + ς + l2 + 1)
Γ(k + τ + ς + 1)

. (56)

Taking the L2
ω(τ,ς)−norm of Equation (55) yields

∥∥∥∂l
Δ( f − fN)

∥∥∥2

ω(τ+l,ς+l)
=

∞

∑
j=0

∞

∑
k=N+1

f̂ 2
jkaj,k +

∞

∑
j=N+1

∞

∑
k=0

f̂ 2
jkaj,k + 2

∞

∑
j=N+1

∞

∑
k=N+1

f̂ 2
jkaj,k, (57)

where

aj,k = ν2
j,l1 ν2

k,l2 h(τ+l1,ς+l1)
�1,j−l1

(x)h(τ+l2,ς+l2)
�2,k−l2

(y).

Similarly,∥∥∥∂l
Δ f
∥∥∥2

ω(τ+ε,ς+ε)
=

∞

∑
j=0

∞

∑
k=N+1

f̂ 2
jkbj,k +

∞

∑
j=N+1

∞

∑
k=0

f̂ 2
jkbj,k + 2

∞

∑
j=N+1

∞

∑
k=N+1

f̂ 2
jkbj,k, (58)
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where

bj,k = ν2
j,ε1

ν2
k,ε2

h(τ+ε1,ς+ε1)
�1,j−ε1

(x)h(τ+ε2,ς+ε2)
�2,k−ε2

(y).

Using (18) and the Stirling formula

Γ(z + 1) =
√

2πzzze−z
(

1 + O
(

z−
1
5

))
, (59)

and from

(m + κ)m+κ = mm+κe
(m+κ)

∞
∑

i=1

(−1)i
i ( κ

m )
i

, (60)

we have

aj,k

bj,k
≤ η jl1−ε1 kl2−ε2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2 . (61)

From the relations (63)–(65), we obtain

| f (x, y)− fN(x, y)|2l,ω(τ,ς) =
∥∥∥∂l

Δ( f − fN)
∥∥∥2

ω(τ+l,ς+l)

=
∞

∑
j=0

∞

∑
k=N+1

aj,k

bj,k
bj,k f̂ 2

jk +
∞

∑
j=N+1

∞

∑
k=0

aj,k

bj,k
bj,k f̂ 2

jk + 2
∞

∑
j=N+1

∞

∑
k=N+1

aj,k

bj,k
bj,k f̂ 2

jk

≤
∞

∑
j=0

∞

∑
k=N+1

η jl1−ε1 kl2−ε2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2 bj,k f̂ 2
jk

+
∞

∑
j=N+1

∞

∑
k=0

η jl1−ε1 kl2−ε2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2 bj,k f̂ 2
jk

+ 2
∞

∑
j=N+1

∞

∑
k=N+1

η jl1−ε1 kl2−ε2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2 bj,k f̂ 2
jk

≤ ηNl2−ε2(1 + τ + ς)l1−ε1(N + τ + ς)l2−ε2
∞

∑
j=0

∞

∑
k=N+1

bj,k f̂ 2
jk

+ ηNl1−ε1(N + τ + ς)l1−ε1(1 + τ + ς)l2−ε2
∞

∑
j=N+1

∞

∑
k=0

bj,k f̂ 2
jk

+ 2ηNl1−ε1 Nl2−ε2(N + τ + ς)l1−ε1(N + τ + ς)l2−ε2
∞

∑
j=N+1

∞

∑
k=N+1

bj,k f̂ 2
jk

≤ ηNln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε

(
∞

∑
j=0

∞

∑
k=N+1

bj,k f̂ 2
jk +

∞

∑
j=N+1

∞

∑
k=0

bj,k f̂ 2
jk + 2

∞

∑
j=N+1

∞

∑
k=N+1

bj,k f̂ 2
jk

)

= ηNln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε
∥∥∥∂l

Δ f
∥∥∥2

ω(τ+ε,ς+ε)

= ηNln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε| f |2ε,ω(τ,ς) ,

for any ln ≤ εn, where

ln − εn = min
i=1,2
{li − εi}, 0 ≤ li ≤ εi ≤ ε, i = 1, 2.

Therefore, we obtain

‖ f − fN‖ε,ω(τ,ς) ≤ η(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , 0 ≤ ε ≤ ε.
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Theorem 9. For any f ∈P ε
ω(τ,ς) (D), ε ∈ N, and 0 ≤ ε ≤ ε, we have∥∥∥∥∂2 f

∂y2 −
(

∂2 f
∂y2

)
N

∥∥∥∥
ε,ω(τ,ς)

≤ η1(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , (62)

where η1 is a positive constant.

Proof. From (18) and (56), we have

∂l
Δ

(
∂2 f (x, y)

∂y2 −
(

∂2 f (x, y)
∂y2

)
N

)
=

∞

∑
j=0

∞

∑
k=N+1

f̂ jk∂l1+l2+2
Δ J (τ,ς)

�1,j (x)J (τ,ς)
�2,k (y)

+
∞

∑
j=N+1

∞

∑
k=0

f̂ jk∂l1+l2+2
Δ J (τ,ς)

�1,j (x)J (τ,ς)
�2,k (y)

=
∞

∑
j=0

∞

∑
k=N+1

f̂ jkνj,l1 νk,l2+2J (τ+l1,ς+l1)
�1,j−l1

(x)J (τ+l2+2,ς+l2+2)
�2,k−l2−2 (y)

+
∞

∑
j=N+1

∞

∑
k=0

f̂ jkνj,l1 νk,l2+2J (τ+l1,ς+l1)
�1,j−l1

(x)J (τ+l2+2,ς+l2+2)
�2,k−l2−2 (y).

By taking the L2
ω(τ,ς)−norm of the above equation, we obtain∥∥∥∥∂l

Δ

(
∂2 f
∂y2 −

(
∂2 f
∂y2

)
N

)∥∥∥∥2

ω(τ+l,ς+l)
=

∞

∑
j=0

∞

∑
k=N+1

f̂ 2
jkcj,k +

∞

∑
j=N+1

∞

∑
k=0

f̂ 2
jkcj,k + 2

∞

∑
j=N+1

∞

∑
k=N+1

f̂ 2
jkcj,k, (63)

where

cj,k = ν2
j,l1 ν2

k,l2+2h(τ+l1,ς+l1)
�1,j−l1

(x)h(τ+l2+2,ς+l2+2)
�2,k−l2−2 (y).

Similarly,∥∥∥∥∂l
Δ

(
∂2 f
∂y2

)∥∥∥∥2

ω(τ+ε,ς+ε)
=

∞

∑
j=0

∞

∑
k=N+1

f̂ 2
jkdj,k +

∞

∑
j=N+1

∞

∑
k=0

f̂ 2
jkdj,k + 2

∞

∑
j=N+1

∞

∑
k=N+1

f̂ 2
jkdj,k, (64)

where

dj,k = ν2
j,ε1

ν2
k,ε2+2h(τ+ε1,ς+ε1)

�1,j−ε1
(x)h(τ+ε2+2,ς+ε2+2)

�2,k−ε2−2 (y).

Using (18), (59), and (60), we obtain

cj,k

dj,k
≤ η1 jl1−ε1 kl2−ε2−2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2−2. (65)

From the relations (63)–(65), we can write
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∣∣∣∣∂2 f (x, y)
∂y2 −

(
∂2 f (x, y)

∂y2

)
N

∣∣∣∣2
l,ω(τ,ς)

=

∥∥∥∥∂l
Δ

(
∂2 f
∂y2 −

(
∂2 f
∂y2

)
N

)∥∥∥∥2

ω(τ+l,ς+l)

=
∞

∑
j=0

∞

∑
k=N+1

cj,k

dj,k
dj,k f̂ 2

jk +
∞

∑
j=N+1

∞

∑
k=0

cj,k

dj,k
dj,k f̂ 2

jk + 2
∞

∑
j=N+1

∞

∑
k=N+1

cj,k

dj,k
dj,k f̂ 2

jk

≤
∞

∑
j=0

∞

∑
k=N+1

η1 jl1−ε1 kl2−ε2−2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2−2dj,k f̂ 2
jk

+
∞

∑
j=N+1

∞

∑
k=0

η1 jl1−ε1 kl2−ε2−2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2−2dj,k f̂ 2
jk

+ 2
∞

∑
j=N+1

∞

∑
k=N+1

η1 jl1−ε1 kl2−ε2−2(j + τ + ς)l1−ε1(k + τ + ς)l2−ε2−2dj,k f̂ 2
jk

≤ η1Nl2−ε2−2(1 + τ + ς)l1−ε1(N + τ + ς)l2−ε2−2
∞

∑
j=0

∞

∑
k=N+1

dj,k f̂ 2
jk

+ η1Nl1−ε1(N + τ + ς)l1−ε1(1 + τ + ς)l2−ε2−2
∞

∑
j=N+1

∞

∑
k=0

dj,k f̂ 2
jk

+ 2η1Nl1−ε1 Nl2−ε2−2(N + τ + ς)l1−ε1(N + τ + ς)l2−ε2−2
∞

∑
j=N+1

∞

∑
k=N+1

dj,k f̂ 2
jk

≤ η1Nln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε

(
∞

∑
j=0

∞

∑
k=N+1

dj,k f̂ 2
jk +

∞

∑
j=N+1

∞

∑
k=0

dj,k f̂ 2
jk + 2

∞

∑
j=N+1

∞

∑
k=N+1

dj,k f̂ 2
jk

)

= η1Nln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε
∥∥∥∂l

Δ f
∥∥∥2

ω(τ+ε,ς+ε)

= η1Nln−ε(N + τ + ς)ln−ε(1 + τ + ς)ln−ε| f |2ε,ω(τ,ς) ,

where

ln − εn = min
i=1,2
{li − εi}, 0 ≤ li ≤ εi ≤ ε, i = 1, 2,

for any ln ≤ εn. Therefore,∥∥∥∥∂2 f
∂y2 −

(
∂2 f
∂y2

)
N

∥∥∥∥
ε,ω(τ,ς)

≤ η(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , 0 ≤ ε ≤ ε.

Theorem 10. For any f ∈P ε
ω(τ,ς) (D), ε ∈ N, and 0 ≤ ε ≤ ε, we can conclude that∥∥∥∥∂2 f

∂x2 −
(

∂2 f
∂x2

)
N

∥∥∥∥
ε,ω(τ,ς)

≤ η2(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , (66)

where η2 is a positive constant.

Proof. The proof of this theorem is similar to the proof of Theorem 9.

Theorem 11. For any f ∈P ε
ω(τ,ς) (D), ε ∈ N, and 0 ≤ ε ≤ ε, we have∥∥∥∥ ∂2 f

∂y∂x
−
(

∂2 f
∂y∂x

)
N

∥∥∥∥
ε,ω(τ,ς)

≤ η3(N(N + τ + ς)(1 + τ + ς))
ε−ε

2 | f |ε,ω(τ,ς) , (67)
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where η3 is a positive constant.

Proof. The proof of this theorem is similar to the proof of Theorem 9.

Remark 1. Inequality (54) implies that if N tends to infinity, then f − fN → 0.

6. Numerical Results

Here, we solve five examples tested by Maple 2018. The number of bases are denoted
by B. The absolute errors and maximum absolute errors are obtained by

| f (x, y)− fN(x, y)|, (x, y) ∈ [0, �1)× [0, �2), N ∈ N,

MAE := max
i,j=0,1,...,N

{∣∣ f (xi, yj)− fN(xi, yj)
∣∣},

respectively, where (xi, yj) are roots of 2D-SJPs in D = [0, �1)× [0, �2) for different values
of τ and ς.

Moreover, using

max
j=0,1,...,N

{∣∣ f (x, yj)− fN(x, yj)
∣∣}, x ∈ [0, �1),

we plot maximum absolute errors where yj are roots of 1D-SJPs in [0, �2) for j = 0, 1, . . . , N.

Example 1. Consider the following 2D-NFIDE studied by [36]:

fyx(x, y) + f (x, y) + I(
7
2 , 11

2 ) f (x, y) = g(x, y) + Θ(x, y) + Λ(x, y) + ρ(x, y) + ϕ(x, y),

with the initial conditions

f (x, 0) = f (0, y) = fy(y, 0) = 0, fx(0, y) = y, fy(x, 0) = x,

where (x, y) ∈ [0, 1)× [0, 1) and

Θ(x, y) =
∫ x

0

∫ y

0
(yt− xs) f 2(t, s)ds dt,

Λ(x, y) =
1

Γ( 7
2 )Γ(

11
2 )

∫ x

0

∫ y

0
(x− t)

5
2 (y− s)

9
2 log(s− t) f (t, s)ds dt,

ρ(x, y) =
1

Γ( 7
2 )Γ(

11
2 )

∫ 1

0

∫ 1

0
(1− t)

5
2 (1− s)

9
2 y(t− s) f 2(t, s)ds dt,

ϕ(x, y) =
∫ 1

0

∫ 1

0
(1 + y)(t2 − s2) f 2(t, s)ds dt,

g(x, y) =
4096

127702575π
x

9
2 y

13
2 + xy− 524288

1552224799125π
y + 1.

The exact solution is f (x, y) = yx.
Tables 1 and 2 report the obtained numerical results and absolute errors, respectively, using

the new approach and choosing τ = ς = 0 and N = 2, 3. Additionally, Table 3 reports maximum
absolute errors by selecting various values of τ, ς and N = 2. These tables show that by choosing
B = (N + 1)2 = 16 numbers of 2D-SJPs, our obtained results are more accurate than the results
reported in [36,37] and use B = N2M2 = 16 and B = m2 = 4096 numbers of 2D-HBPSLs
and 2D-BPFs, respectively, for solving this problem. From Figure 1, the accuracy and efficiency of
proposed method is illustrated.
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Table 1. Numerical results with τ = ς = 0 for Example 1.

x = y Exact Solution

2D-SJPs 2D-HBPSLs [37] 2D-BPFs [36]

N = 2 N = 3 M = N = 2 N = 64
B = 9 B = 16 B = 16 B = 4096

0 0 −1.45834 × 10−8 −1.93165 × 10−9 −5.39368 × 10−10 6.06689 × 10−5

0.2 0.04 0.04 0.04 0.04 0.0379181
0.4 0.16 0.16 0.16 0.16 0.1578
0.6 0.36 0.36 0.36 0.36 0.359706
0.8 0.64 0.64 0.64 0.640001 0.643637
0.99 0.9801 0.980099 0.9801 0.980101 0.978529

Max error 0 1.908184 × 10−5 2.081128 × 10−7 1.185071 × 10−5 2.09569 × 10−3

Table 2. Absolute errors with τ = ς = 0 for Example 1.

x = y
2D-SJPs 2D-HBPSLs [37]

N = 2 N = 3 M = N = 2
B = 9 B = 16 B = 16

0 1.458338 × 10−8 1.931649 × 10−9 5.393684 × 10−10

0.1 4.839152 × 10−9 2.920296 × 10−11 1.049377 × 10−8

0.2 1.620866 × 10−8 3.409101 × 10−10 4.526134 × 10−8

0.3 3.955156 × 10−8 5.296828 × 10−11 1.037633 × 10−7

0.4 7.048566 × 10−8 1.150183 × 10−10 1.859998 × 10−7

0.5 1.093869 × 10−7 2.445786 × 10−10 2.674698 × 10−7

0.6 1.613894 × 10−7 5.844627 × 10−10 4.343939 × 10−7

0.7 2.363855 × 10−7 4.051722 × 10−9 5.646382 × 10−7

0.8 3.490255 × 10−7 3.485633 × 10−8 6.582027 × 10−7

0.9 5.187180 × 10−7 1.445669 × 10−7 7.150874 × 10−7

Table 3. Maximum absolute errors with N = 2 for Example 1.

(τ, ς) MAE (τ, ς) MAE

(0, 0) 1.908184 × 10−5 (1, 1) 5.525558 × 10−5

(1, 2) 1.657651 × 10−4 (2, 1) 1.682304 × 10−5

(2, 2) 6.110782 × 10−5 (3, 2) 2.426797× 10−5

Figure 1. Plots of the exact and approximate solutions (left), maximum absolute error (middle) at
y = 0.3, and absolute error (right) obtained by the 2D-SJPs with N = 3 and τ = ς = 0 for Example 1.

Example 2. Consider the following 2D-NFIDE studied by [36]:

fyy(x, y) + fyx(x, y) + f (x, y) + I(
5
2 ,1) f (x, y) = g(x, y) + ρ(x, y) + ϕ(x, y),

239



Mathematics 2023, 11, 824

with initial conditions

f (x, 0) = fx(x, 0) = fy(x, 0) = fx(0, y) = 0, f (0, y) =
y2

4
,

where (x, y) ∈ [0, 1)× [0, 1) and

ρ(x, y) =
1

Γ( 5
2 )Γ(1)

∫ 1

0

∫ 1

0
(1− t)

3
2 y

8
3 x

7
2 t3 f (t, s)ds dt,

ϕ(x, y) =
∫ 1

0

∫ 1

0

3360
46

xy(x + y) f 2(t, s)ds dt,

g(x, y) = − 608
153153

√
π

x
7
2 y

8
3 +

1
4
(x3 + 1)y2 +

1
2
(x3 + 1)− 3

2
xy2 +

2(16x3 + 231)x
5
2 y3

10395
√

π
.

The exact solution is f (x, y) =
y2

4
(x3 + 1).

Tables 4 and 5 report the obtained numerical results and absolute errors, respectively, using
the new approach and choosing τ = ς = 0 and N = 2, 3. Additionally, Table 6 reports maximum
absolute errors by selecting various values of τ, ς and N = 2. These tables show that by choosing
B = (N + 1)2 = 16 numbers of 2D-SJPs, our obtained results are more accurate than the results
reported in [36,37] and use B = N2M2 = 36 and B = m2 = 1024 numbers of 2D-HBPSLs and
2D-BPFs, respectively, for solving this problem. In Figure 2, the accuracy and efficiency of proposed
method is illustrated.

Table 4. Numerical results with τ = ς = 0 for Example 2.

x = y Exact Solution

2D-SJPs 2D-HBPSLs [37] 2D-BPFs [36]

N = 2 N = 3 N = 2, M = 3 m = 32
B = 9 B = 16 B = 36 B = 1024

0 0 3.50087× 10−8 −1.75105× 10−11 −1.70722× 10−8 5.31008× 10−5

0.2 0.01008 0.00990005 0.01008 0.0100625 9.04921× 10−3

0.4 0.04256 0.0419991 0.04256 0.0426493 0.035166
0.6 0.10944 0.110691 0.10944 0.109233 0.099042
0.8 0.24192 0.244764 0.24192 0.242178 0.208004
0.99 0.482773 0.471861 0.482772 0.481524 0.411787

Max error 0 5.746197× 10−5 4.748580× 10−8 3.570347× 10−4 7.0986× 10−2

Table 5. Absolute errors with τ = ς = 0 for Example 2.

x = y
2D-SJPs 2D-HBPSLs [37]

N = 2 N = 3 N = 2, M = 3
B = 9 B = 16 B = 36

0 3.500869× 10−8 1.751047× 10−11 1.707223× 10−8

0.1 9.992949× 10−6 1.282426× 10−12 5.623240× 10−6

0.2 1.799480× 10−4 1.250557× 10−11 1.752097× 10−5

0.3 4.950320× 10−4 7.129280× 10−11 3.919885× 10−5

0.4 5.608532× 10−4 3.100506× 10−10 8.934775× 10−5

0.5 3.355656× 10−6 1.029452× 10−9 3.884051× 10−4

0.6 1.251167× 10−3 2.924318× 10−9 2.071935× 10−4

0.7 2.676069× 10−3 7.479405× 10−9 2.249140× 10−4

0.8 2.844359× 10−3 1.753510× 10−8 2.583723× 10−4

0.9 8.713086× 10−4 7.185571× 10−8 4.152332× 10−4
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Table 6. Maximum absolute errors with N = 2 for Example 2.

(τ, ς) MAE (τ, ς) MAE

(0, 0) 5.746197× 10−5 (1, 1) 2.502457× 10−3

(1, 2) 2.374060× 10−2 (2, 1) 1.116405× 10−2

(2, 2) 3.419813× 10−3 (3, 2) 9.826693× 10−3

Figure 2. Plots of the exact and approximate solutions (left), maximum absolute error (middle) at
y = 0.3, and absolute error (right) obtained by the 2D-SJPs with N = 3 and τ = ς = 0 for Example 2.

Example 3. Consider the following 2D-NFIDE:

fyy(x, y) + fyx(x, y) + f (x, y) = g(x, y) + ρ(x, y),

with initial conditions

f (x, 0) = fx(x, 0) = fy(x, 0) = ex, f (0, y) = ey,

where (x, y) ∈ [0, 2)× [0, 2)

ρ(x, y) =
1

Γ( 3
2 )Γ(

3
2 )

∫ 2

0

∫ 2

0
(2− t)

1
2 (2− s)

1
2 (x + y)(t2 + s2) f (t, s)ds dt,

g(x, y) = 3ex+y − 4(x + y)

(
11
π
− 9e2

√
2erf(

√
2)√

π
+

7e4(erf(
√

2))
2

8

)
.

The exact solution is f (x, y) = ex+y. Note that erf(x) = 2
∫ x

0 e−x2
dx√

π
.

Tables 7 and 8 report the obtained numerical results and absolute errors, respectively, using
the new approach and choosing τ = ς = 0 and N = 4, 5. These tables show that by choosing
B = (N + 1)2 = 36 numbers of 2D-SJPs, our obtained results are more accurate than the results
reported in [37] and use B = N2M2 = 64 numbers of 2D-HBPSLs for solving this problem.
From Figure 3, the accuracy and efficiency of the proposed method is illustrated.
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Table 7. Numerical results with τ = ς = 0 for Example 3.

x = y Exact Solution

2D-SJPs 2D-HBPSLs [37]

N = 4 N = 5 N = 2, M = 4
B = 25 B = 36 B = 64

0 1 0.999498 1.00004 0.99811
0.2 1.49182 1.49209 1.49181 1.49284
0.4 2.22554 2.22543 2.22556 2.22493
0.6 3.32012 3.31979 3.32012 3.31909
0.8 4.95303 4.95305 4.953 4.95461
1 7.38906 7.38946 7.38905 7.37414
1.2 11.0232 11.0233 11.0232 11.0301
1.4 16.4446 16.4439 16.4446 16.4394
1.6 24.5325 24.5318 24.5325 24.5242
1.8 36.5982 36.5992 36.5983 36.6095

Max error 0 3.352898× 10−4 2.293543× 10−5 1.118645× 10−2

Table 8. Absolute errors with τ = ς = 0 for Example 3.

x = y
2D-SJPs 2D-HBPSLs [37]

N = 4 N = 5 N = 2, M = 4
B = 25 B = 36 B = 64

0 5.018269× 10−4 3.878596× 10−5 1.890271× 10−3

0.2 2.646095× 10−4 1.323019× 10−5 1.016898× 10−3

0.4 1.156163× 10−4 1.971321× 10−5 6.116798× 10−4

0.6 3.222169× 10−4 1.006197× 10−6 1.030940× 10−3

0.8 1.401881× 10−5 2.886721× 10−5 1.578274× 10−3

1 4.053898× 10−4 7.535908× 10−6 1.491810× 10−2

1.2 1.410474× 10−4 3.456475× 10−5 6.949542× 10−3

1.4 7.246987× 10−4 6.085008× 10−7 5.233810× 10−3

1.6 7.533610× 10−4 7.863965× 10−5 8.312774× 10−3

1.8 9.833575× 10−4 3.723796× 10−5 1.126113× 10−2

Figure 3. Plots of the exact and approximate solutions (left), maximum absolute error (middle) at
y = 0.3, and absolute error (right) obtained by the 2D-SJPs with N = 5 and τ = ς = 0 for Example 3.

Example 4. Consider the following 2D-NFIDE:

fxx(x, y) + f (x, y) + I(
3
2 ,1) f (x, y) = g(x, y) + Θ(x, y),

with initial conditions

f (x, 0) = f (0, y) = fy(x, 0) = fx(0, y) = fx(x, 0) = 0,
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where (x, y) ∈ [0, 1)× [0, 1) and

Θ(x, y) =
∫ x

0

∫ y

0
(yt− xs) f 2(t, s)ds dt,

g(x, y) =− 1

360π
9
2

(
y((−360x2 − 720) sin(πy) + x6y3)π

9
2 + 24y2

(
cos (πy)2 − 1

2

)
x6π

5
2

+
768π2(πy cos(πy)− sin(πy))x

7
2

7

− 27x6
(

1
9

π
3
2 y sin(πy) cos(πy)

(
−2π2y2 + 13

)
+ cos (πy)2√π −

√
π

)
.

The exact solution is f (x, y) = x2y sin(πy).
Tables 9 and 10 report the obtained numerical results and absolute errors, respectively, using

the new approach and choosing τ = ς = 0 and N = 3, 4. Additionally, Table 11 reports maximum
absolute errors by selecting various values of τ, ς and N = 2. These tables show that by choosing
B = (N + 1)2 = 25 numbers of 2D-SJPs, our obtained results are more accurate than the results
obtained by the 2D-HBPSL method [37] and use B = N2M2 = 36 bases for solving this problem.
In Figure 4, the accuracy and efficiency of the proposed method is illustrated.

Table 9. Numerical results with τ = ς = 0 for Example 4.

x = y Exact Solution

2D-SJPs 2D-HBPSLs [37]

N = 3 N = 4 M = N = 2 N = 2, M = 3
B = 16 B = 25 B = 16 B = 36

0 0 1.42563× 10−6 −1.53250× 10−7 0.00304418 −5.40176× 10−8

0.2 0.00470228 0.00503905 0.00461625 0.00860387 0.00502286
0.4 0.0608676 0.0606074 0.0615685 0.0582732 0.0592075
0.6 0.205428 0.201651 0.203813 0.2084 0.206665
0.8 0.300946 0.309229 0.302467 0.253177 0.299392

Max error 0 4.183049× 10−3 2.691559× 10−4 1.686288× 10−2 6.519558× 10−3

Table 10. Absolute errors with τ = ς = 0 for Example 4.

x = y
2D-SJPs 2D-HBPSLs [37]

N = 3 N = 4 M = N = 2 N = 2, M = 3
B = 16 B = 25 B = 16 B = 36

0 1.425634× 10−6 1.532497× 10−7 3.044182× 10−3 5.401763× 10−8

0.1 2.359796× 10−6 5.799964× 10−5 1.304790× 10−6 8.310324× 10−5

0.2 3.367631× 10−4 8.603064× 10−5 3.901591× 10−3 3.205808× 10−4

0.3 6.244970× 10−4 3.609740× 10−4 6.081376× 10−3 6.170073× 10−4

0.4 2.601698× 10−4 7.008446× 10−4 2.594409× 10−3 1.660119× 10−3

0.5 2.479625× 10−3 5.263376× 10−5 1.670057× 10−2 2.207590× 10−3

0.6 3.776819× 10−3 1.615412× 10−3 2.972021× 10−3 1.236545× 10−3

0.7 3.370614× 10−4 1.772158× 10−3 3.193363× 10−2 1.625204× 10−5

0.8 8.282794× 10−3 1.521422× 10−3 4.776857× 10−2 1.553977× 10−3

0.9 9.162584× 10−3 4.275932× 10−3 5.981687× 10−3 4.222491× 10−4

Table 11. Maximum absolute errors with N = 2 for Example 4.

(τ, ς) MAE (τ, ς) MAE

(0, 0) 4.183049× 10−3 (1, 1) 7.254076× 10−3

(1, 2) 6.743181× 10−3 (2, 1) 4.492349× 10−3

(2, 2) 4.903053× 10−3 (3, 2) 3.081034× 10−3
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Figure 4. Plots of the exact and approximate solutions (left), maximum absolute error (middle) at
y = 0.3, and absolute error (right) obtained by the 2D-SJPs with N = 4 and τ = ς = 0 for Example 4.

Example 5. Consider the following 2D-NFIDE:

fyy(x, y) + fyx(x, y) + f (x, y) + I(
3
2 ,1) f (x, y) = g(x, y) + Θ(x, y) + ϕ(x, y),

with initial conditions

f (x, 0) = 0, f (0, y) = sin(πy), fy(x, 0) = πex, fx(0, y) = sin(πy), fx(x, 0) = 0,

where (x, y) ∈ [0, 1)× [0, 1) and

Θ(x, y) =
∫ x

0

∫ y

0
xys f 2(t, s)ds dt,

ϕ(x, y) =
∫ 1

0

∫ 1

0
x2y3t2 f 2(t, s)ds dt,

g(x, y) = − 1

8π
5
2

((
xy2

(
x− 1

2

)
e2x + e2x2y3 − x2y3 +

1
2

xy2 − 8ex sin(πy)
)

π
5
2

+

((
−2 sin(πy)yx

(
x− 1

2

)
e2x − sin(πy)yx + 8exerf(

√
x)
)

cos(πy)− 8exerf(
√

x)
)

π
3
2

− 8π
7
2 ex cos(πy) + 8π

9
2 ex sin(πy)− (−1 + cos(πy))

(
x
(

1
2
+

(
x− 1

2

)
e2x

)√
π cos(πy)

+x
√

π

(
x− 1

2

)
e2x +

1
2

x
√

π + 16π
√

x
))

.

The exact solution is f (x, y) = ex sin(πy).
Tables 12 and 13 report the obtained numerical results and absolute errors, respectively, using

the new approach and choosing τ = ς = 0 and N = 3, 4. Additionally, Table 14 reports maximum
absolute errors by selecting various values of τ, ς and N = 3. These tables show that by choosing
B = (N + 1)2 = 25 numbers of 2D-SJPs, our obtained results are more accurate than the results
obtained by the 2D-HBPSL method [37] and use B = N2M2 = 36 bases for solving this problem.
In Figure 5, the accuracy and efficiency of proposed method is illustrated.
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Table 12. Numerical results with τ = ς = 0 for Example 5.

x = y Exact Solution

2D-SJPs 2D-HBPSLs [37]

N = 3 N = 4 M = N = 2 N = 2, M = 3
B = 16 B = 25 B = 16 B = 36

0 0 −0.0498894 0.00126408 0.106466 −0.0269479
0.2 0.717923 0.743648 0.718851 0.644168 0.713975
0.4 1.41881 1.39875 1.41815 1.33223 1.3479
0.6 1.73294 1.70905 1.73227 1.43579 1.40505
0.8 1.30814 1.35737 1.31117 0.694829 0.506292

Max error 0 4.900771× 10−3 2.890626× 10−3 7.161353× 10−1 1.625743

Table 13. Absolute errors with τ = ς = 0 for Example 5.

x = y
2D-SJPs 2D-HBPSLs [37]

N = 3 N = 4 M = N = 2 N = 2, M = 3
B = 16 B = 25 B = 16 B = 36

0 4.988938× 10−2 1.264079× 10−3 1.064657× 10−1 2.694793× 10−2

0.1 1.314614× 10−2 2.544488× 10−4 1.500519× 10−2 7.810507× 10−3

0.2 2.572567× 10−2 9.282027× 10−4 7.375466× 10−2 3.947639× 10−3

0.3 7.178138× 10−3 6.978147× 10−4 1.226548× 10−1 3.448407× 10−2

0.4 2.005857× 10−2 6.560525× 10−4 8.657965× 10−2 7.090727× 10−2

0.5 3.495032× 10−2 1.518547× 10−3 1.553134× 10−1 3.482695× 10−1

0.6 2.389001× 10−2 6.632893× 10−4 2.971477× 10−1 3.278872× 10−1

0.7 1.206528× 10−2 1.561235× 10−3 4.595629× 10−1 5.951170× 10−1

0.8 4.922751× 10−2 3.025826× 10−3 6.133115× 10−1 8.018483× 10−1

0.9 3.323691× 10−2 2.322792× 10−3 7.485747× 10−1 1.408296

Table 14. Maximum absolute errors with N = 3 for Example 5.

(τ, ς) MAE (τ, ς) MAE

(0, 0) 4.90077× 10−3 (1, 1) 3.494379× 10−2

(1, 2) 1.159618× 10−1 (2, 1) 1.718043× 10−2

(2, 2) 6.089228× 10−2 (3, 2) 3.330454× 10−2

Figure 5. Plots of the exact and approximate solutions (left), maximum absolute error (middle) at
y = 0.3, and absolute error (right) obtained by the 2D-SJPs with N = 4 and τ = ς = 0 for Example 5.

7. Conclusions

In this research, sufficient conditions for the existence and uniqueness of local and
global solutions of general 2D-NFIDEs were provided. Additionally, the collocation method
and operational matrices based on 2D-SJPs were used for solving these equations. More-
over, error bounds of the proposed method were obtained. We showed that the order
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of convergence of the method is O

(
1

(N(N + τ + ς))
ε−ε

2

)
in the Jacobi-weighted Sobolev

space. Finally, we evaluated the presented method by solving five test problems. The ob-
tained numerical results showed that a favorable approximate solution can be obtained
by using lower numbers of basis functions.

Author Contributions: Conceptualization, T.E.; methodology, T.E.; software, T.E.; validation, T.E.
and J.R.; investigation, T.E.; resources, T.E.; writing—original draft preparation, T.E.; writing—review
and editing, T.E. and J.R.; supervision, J.R. All authors have read and agreed to the published version
of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Not applicable.

Acknowledgments: The authors express their sincere thanks to anonymous reviewers for their
valuable comments and suggestions that improved the quality of this paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Atangana, A.; Kılıçman, A. A possible generalization of acoustic wave equation using the concept of perturbed derivative order.
Math. Probl. Eng. 2013, 2013, 696597. [CrossRef]

2. Atangana, A.; Kılıçman, A. Analytical solutions of the spacetime fractional derivative of advection dispersion equation. Math.
Probl. Eng. 2013, 2013, 853127. [CrossRef]

3. Benson, D.A.; Wheatcraft, S.W.; Meerschaert, M.M. Application of a fractional advection-dispersion equation. Water Resour. Res.
2000, 36, 1403–1412. [CrossRef]

4. Caputo, M. Linear models of dissipation whose Q is almost frequency independent-part II. Geophys. J. Int. 1967, 13, 529–539.
[CrossRef]

5. Cloot, A.; Botha, J.F. A generalised groundwater flow equation using the concept of non-integer order derivatives. Water SA 2006,
32, 55–78. [CrossRef]

6. Meerschaert, M.M.; Tadjeran, C. Finite difference approximations for fractional advection-dispersion flow equations. J. Comput.
Appl. Math. 2004, 172, 65–77. [CrossRef]

7. Chen, C.M.; Liu, F.; Turner, I.; Anh, V. A Fourier method for the fractional diffusion equation describing sub-diffusion. J. Comput.
Phys. 2007, 227, 886–897. [CrossRef]

8. Mainardi, F. Fractional calculus: Some basic problems in continuum and statistical mechanics. In Fractals and Fractional Calculus in
Continuum Mechanics; Carpinteri, A., Mainardi, F., Eds.; Springer: New York, NY, USA, 1997; pp. 291–348.

9. Yuste, S.B.; Acedo, L. An explicit finite difference method and a new von Neumann-type stability analysis for fractional diffusion
equations. SIAM J. Numer. Anal. 2005, 42, 1862–1874. [CrossRef]

10. Zhuang, P.; Liu, F.; Anh, V.; Turner, I. Numerical methods for the variable-order fractional advection-diffusion equation with a
nonlinear source term. SIAM J. Numer. Anal. 2009, 47, 1760–1781. [CrossRef]

11. Carpinteri, A.; Mainardi, F. Fractals and Fractional Calculus in Continuum Mechanics; Springer: New York, NY, USA, 1997;
pp. 223–276.

12. Metzler, F.; Schick, W.; Kilian, H.G.; Nonnenmacher, T.F. Relaxation in filled polymers: A fractional calculus approach. J. Chem.
Phys. 1995, 103, 7180–7186. [CrossRef]

13. Oldham, K.B.; Spanier, J. The Fractional Calculus; Academic Press: New York, NY, USA; London, UK, 1974.
14. Thomas, R.; Fehmi, C. An immersed finite element method with integral equation correction. Int. J. Numer. Methods Eng. 2010, 86,

93–114.
15. Taheri, Z.; Javadi, S.; Babolian, E. Numerical solution of stochastic fractional integro-differential equation by the spectral

collocation method. J. Comput. Appl. Math. 2017, 321, 336–347. [CrossRef]
16. Rahimkhania, P.; Ordokhani, Y.; Babolian, E. A numerical scheme for solving nonlinear fractional Volterra integro-differential

equations. Iran. J. Math. Sci. Inform. 2018, 13, 111–132.
17. Wang, Y.; Zhu, L.; Wang, Z. Fractional-order Euler functions for solving fractional integro-differential equations with weakly

singular kernel. Adv. Differ. Equ. 2018, 2018, 254. [CrossRef]
18. Babaei, A.; Jafari, H.; Banihashemi, S. Numerical solution of variable order fractional nonlinear quadratic integro-differential

equations based on the sixth-kind Chebyshev collocation method. J. Comput. Appl. Math. 2020, 377, 112908. [CrossRef]
19. Abbas, S.; Benchohra, M. Fractional order integral equations of two independent variables. Appl. Math. Comput. 2014, 227,

755–761. [CrossRef]
20. Asgari, M.; Ezzati, R.; Jafari, H. Solution of 2D Fractional Order Integral Equations by Bernstein Polynomials Operational Matrices.

Nonlinear Dyn. Syst. Theory 2019, 19, 10–20.

246



Mathematics 2023, 11, 824

21. Babolian, E.; Maleknejad, K.; Roodaki, M.; Almasieh, H. Two-dimensional triangular functions and their applications to nonlinear
2d Volterra-Fredholm integral equations. Comput. Math. Appl. 2010, 60, 1711–1722. [CrossRef]

22. Eftekhari, T.; Hosseini, S.M. A new and efficient approach for solving linear and nonlinear time-fractional diffusion equations of
distributed-order. Comput. Appl. Math. 2022, 41, 281. [CrossRef]

23. Eftekhari, T.; Rashidinia, J. A novel and efficient operational matrix for solving nonlinear stochastic differential equations driven
by multi-fractional Gaussian noise. Appl. Math. Comput. 2022, 429, 127218. [CrossRef]

24. Eftekhari, T.; Rashidinia, J. A new operational vector approach for time-fractional subdiffusion equations of distributed order
based on hybrid functions. Math. Methods Appl. Sci. 2022. [CrossRef]

25. Eftekhari, T.; Rashidinia, J.; Maleknejad, K. Existence, uniqueness, and approximate solutions for the general nonlinear distributed-
order fractional differential equations in a Banach space. Adv. Differ. Equ. 2021, 2021, 461. [CrossRef]

26. Hesameddini, E.; Shahbazi, M. Two-dimensional shifted Legendre polynomials operational matrix method for solving the
two-dimensional integral equations of fractional order. Appl. Math. Comput. 2018, 322, 40–54. [CrossRef]

27. Khalil, H.; Khan, R.A. The use of Jacobi polynomials in the numerical solution of coupled system of fractional differential
equations. Int. J. Comput. Math. 2015, 92, 1452–1472. [CrossRef]

28. Maleknejad, K.; Rashidinia, J.; Eftekhari, T. A new and efficient numerical method based on shifted fractional-order Jacobi
operational matrices for solving some classes of two-dimensional nonlinear fractional integral equations. Numer. Methods Partial
Differ. Equ. 2021, 37, 2687–2713. [CrossRef]

29. Maleknejad, K.; Rashidinia, J.; Eftekhari, T. Numerical solutions of distributed order fractional differential equations in the time
domain using the Müntz-Legendre wavelets approach. Numer. Methods Partial Differ. Equ. 2021, 37, 707–731. [CrossRef]

30. Maleknejad, K.; Rashidinia, J.; Eftekhari, T. Existence, uniqueness, and numerical analysis of solutions for some classes of
two-dimensional nonlinear fractional integral equations in a Banach space. Comput. Appl. Math. 2020, 39, 271. [CrossRef]

31. Maleknejad, K.; Rashidinia, J.; Eftekhari, T. Numerical solution of three-dimensional Volterra-Fredholm integral equations of the
first and second kinds based on Bernstein’s approximation. Appl. Math. Comput. 2018, 339, 272–285. [CrossRef]

32. Mirzaee, F.; Samadyar, N. Numerical solution based on two-dimensional orthonormal Bernstein polynomials for solving some
classes of two-dimensional nonlinear integral equations of fractional order. Appl. Math. Comput. 2019, 344, 191–203. [CrossRef]

33. Najafalizadeh, S.; Ezzati, R. Numerical methods for solving two-dimensional nonlinear integral equations of fractional order by
using two-dimensional block pulse operational matrix. Appl. Math. Comput. 2016, 280, 46–56. [CrossRef]

34. Rashidinia, J.; Eftekhari, T.; Maleknejad, K. Numerical solutions of two-dimensional nonlinear fractional Volterra and Fredholm
integral equations using shifted Jacobi operational matrices via collocation method. J. King Saud Univ.-Sci. 2021, 33, 101244.
[CrossRef]

35. Rashidinia, J.; Eftekhari, T.; Maleknejad, K. A novel operational vector for solving the general form of distributed order fractional
differential equations in the time domain based on the second kind Chebyshev wavelets. Numer. Algorithms 2021, 88, 1617–1639.
[CrossRef]

36. Najafalizadeh, S.; Ezzati, R. A block pulse operational matrix method for solving two-dimensional nonlinear integro-differential
equations of fractional order. J. Comput. Appl. Math. 2017, 326, 159–170. [CrossRef]

37. Maleknejad, K.; Rashidinia, J.; Eftekhari, T. Operational matrices based on hybrid functions for solving general nonlinear
two-dimensional fractional integro-differential equations. Comp. Appl. Math. 2020, 39, 103. [CrossRef]

38. Zeidler, E. Applied Functional Analysis: Applications to Mathematical Physics. Appl. Math. Sci. 1995, 108.
39. Conway, J.B. A Course in Functional Analysis; Springer: Berlin/Heidelberg, Germany, 2007.
40. Borhanifar, A.; Sadri, K. A Generalized Operational Method for Solving Integro-Partial Differential Equations Based on Jacobi

Polynomials. Hacet. J. Math. Stat. 2016, 45, 311–335.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

247



mathematics

Article

Topological Structure and Existence of Solutions Set for
q-Fractional Differential Inclusion in Banach Space

Ali Rezaiguia 1,2,* and Taher S. Hassan 1,3

1 Department of Mathematics, College of Science, University of Hail, Hail 2440, Saudi Arabia;
tshassan@mans.edu.eg

2 Department of Computer Science and Mathematics, Mouhamed Cherif Messadia University,
Souk Ahras BP 1553, Algeria

3 Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt
* Correspondence: ali_rezaig@yahoo.fr

Abstract: In this work, we concentrate on the existence of the solutions set of the following problem
cDα

q σ(t) ∈ F(t, σ(t),c Dα
q σ(t)), t ∈ I = [0, T] σ(0) = σ0 ∈ E, as well as its topological structure in

Banach space E. By transforming the problem posed into a fixed point problem, we provide the
necessary conditions for the existence and compactness of solutions set. Finally, we present an
example as an illustration of main results.

Keywords: Caputo fractional q-difference inclusion; measure of non-compactness; Darbo point
theorem; selection theory
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1. Introduction

One of the most important branches of modern mathematics is the study of the frac-
tional differential equations and inclusion, which are considered as powerful and effective
tools for studying many problems in science and engineering, thermodynamics, finance,
astrophysics, bioengineering, hydrology, mathematical physics, biophysics, statistical me-
chanics, control theory, and cosmology, see [1–5] and its references mentioned.

Recently, many authors have been attracted by the study of fractional q-difference
boundary value problems in Banach Spaces, for recent contributions are included in [6–13].

During the year 2020, the authors in [8], through the use of multi-valued analysis,
Kuratowski measure of non-compactness and fixed-point theory on Banach space, they
discussed the existence of solutions for the fractional q-differential inclusion of the form

cDα
q σ(t) ∈ F(t, σ(t)), t ∈ I = [0, T]

with
σ(0) = σ0 ∈ E,

where α, q are constants with α ∈ (0, 1], q ∈ (0, 1), T > 0, F : I × E → P(E) is a is
a multi-valued map, and cDα

q is the Caputo fractional q-difference derivative of order
α. By employing some fixed point theorems in Banach spaces, the authors proved the
existence of solution set defined on I.

During the following year, in [14], the author was given some conditions for the
existence solution set and Filippov-type results for the fractional q-differential equation

cDα
q σ(t) ∈ F(t, σ(t),c Dα

q σ(t)), t ∈ [0, T]

with
σ(0) = σ0,

Mathematics 2023, 11, 683. https://doi.org/10.3390/math11030683 https://www.mdpi.com/journal/mathematics248
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where q ∈ (0, 1) and α ∈ (0, 1], T > 0, F : [0, T] × R → P(R) is a multi-valued map,
and P(R) is the family of all subsets of R, and cDα

q is the Caputo fractional q-difference
derivative of order α.

The purpose of this article is to study the q-fractional differential inclusion of the form:

cDα
q σ(t) ∈ F(t, σ(t),c Dα

q σ(t)), t ∈ I = [0, T] (1)

σ(0) = σ0 ∈ E, (2)

where (E, ‖.‖) is a real or complex Banach space, α ∈ (0, 1], q ∈ (0, 1), T > 0, F : I×E×E →
P(E) is a multi-valued map, and cDα

q is the Caputo fractional q-difference derivative of
order α. By using the set-valued analysis, Kuratowski measure of non-compactness and
Darbo fixed point theorem, we concentrate on the existence and the topological structure of
the solutions set for the problem (1) and (2).

This work is structured as follows: in Section 2, we mention some theorems and
lemmas which play an important role in our proofs. In Section 3, we present two results,
the first obtained by combining the selection theory with Kuratowski measure of non-
compactness, and the Darbo fixed-point theorem. For the second result, we study the
compactness of the solution set for the problem (1) and (2). The last section is for an
example as an illustration of our results.

2. Preliminaries

Firstly, we introduce some useful spaces. The classical Banach spaces C(I, E) =
{σ : I → E, σ is continuous functions}, with the norm ‖σ‖∞ = supt∈I{‖σ(t)‖, t ∈ I},
where (E, ‖.‖) is a separable Banach spaces. The space L1(I, E) of measurable functions
ϕ : I → E which are Bochner integrable, normed by ‖ϕ‖L1 =

∫
I‖ϕ(t)‖dt. We also use the

Banach space Cα
q (I, E) defined by

Cα
q (I, E) =

{
σ : σ ∈ C(I, E),c Dα

q σ ∈ C(I, E)
}

,

equipped with the norm ‖σ‖q = max
{
‖σ‖∞,

∥∥∥cDα
q σ
∥∥∥

∞

}
.

Now we mention some basic definitions, lemmas, and theorems related to multi-
valued analysis that we need. Let (E, e) be a metric space generated by the normed space
(E, ‖.‖). We denote by P0(E) = {S ∈ P(E), S �= ∅}, Pcl(E) = {S ∈ P0(E) : S is closed},
Pb(E) = {S ∈ P0(E) : S i s bounded}, Pc(E) = {S ∈ P0(E) : S i s compact}, Pv(E) =
{S ∈ P0(E) : S is convex}, Pcl,b(E) = Pcl(E) ∩ Pb(E).

Let the distance He : P(E)×P(E)→ R∪ {∞} given by

He(C, D) = max

{
sup
c∈C

e(c, D), sup
d∈D

e(d, C)

}
,

where e(c, D) = inf
d∈D

e(c, d) and e(d, C) = inf
c∈C

e(d, c), then (Pb,cl(E), He) is a metric space

see [15].
Let E be a separable Banach space, C ∈ Pcl(E) and F : C → Pcl(E) a multi-valued

operator. F has convex (closed) values if F(x) is convex (closed) for all x ∈ E. F is
said to be upper semi-continuous (u.s.c) at a point c0 ∈ C if for every open O ⊆ C,
such that F(c0) ⊂ O there exists a neighborhood N of c0, such that F(N) ⊂ O. F has a
closed graph, that is, xn → x, yn → y, yn ∈ F(xn) imply that y ∈ F(x). We say that F
is bounded on bounded sets if F(Ω) is bounded in E for each bounded set Ω of E (i.e.,
supx∈Ω{sup{‖x‖ : x ∈ F(x)}} < +∞). F is completely continuous if F(Ω) is relatively
compact for every Ω ∈ Pb(X). Suppose that F : C → Pc(E) is completely continuous,
then F is upper semi-continuous (u,s,c), is equivalent to F has a closed graph. If x ∈ F(x),
we say that F has a fixed point in E. F is said to be measurable if the function f : I → R
defined by f (t) = e(x, F(t)) = inf{‖x− y‖ : y ∈ F(t)} is measurable.
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Lemma 1 ([16], Thm19, 7). Let E be a separable metric space and F a multi-valued map with
non-empty closed values. Then F has a measurable selection.

Definition 1. F : I × E× E → P(E) is Caratheodory multi-valued map, if:
(1) t → F(t, x1, x2) is measurable for each x1, x2 ∈ E,
(2) (x1, x2)→ F(t, x1, x2) is upper semi-continuous for almost all t ∈ I,
F is called L1−Caratheodory if F is Caratheodory and,
(3) for each r > 0, there exists ϕr ∈ L1(I,R+), such that

‖F(t, x1, x2)‖ = sup{‖x‖∞ : x ∈ F(t, x1, x2)} ≤ ϕr(t).

For more details of the multi-valued analysis, we refer the reader to the following
books [15,17–20].

Definition 2. A function κ : Pb(E) → R+ is called a measure of non-compactness on E, if for
each subsets C, C1, C2 ∈ Pb(E), the following conditions are hold :

(1) κ(C) = 0 if and only if C is precompact,
(2) κ(C) = κ(C),
(3) κ(C1 ∪ C2) = max{κ(C1), κ(C2)}.

Let BE the family of bounded subsets of a Banach space E.

Definition 3 ([21,22]). The Kuratowski measure of non-compactness is defined as κ : BE → R+,
such that, κ(C) = inf

{
ε > 0|C ⊂ ∪n

i=1Ci, diam(Ci) ≤ ε
}

, C ∈ BE.

Definition 4. A multi-valued mapping Φ : E → Pcl,b(E) is said to be γ-Lipschitz, if there exists
a constant γ > 0, such that κ(Φ(Ω)) ≤ γκ(Ω) for all closed bounded set Ω in E with Φ(Ω) is a
closed bounded set in E.
If γ < 1, then Φ is called a γ-contraction on E.

Let us recall some definitions and properties of fractional q-calculus [23–27]. For
x ∈ R, let q ∈ (0, 1)

[x]q =
qx − 1
q− 1

= 1 + q + q2 + ... + qx−1, x ∈ R.

The q-analogue of the power function (x− y)n, n ∈ N is

(x− y)0 = 1, (x− y)n =
n−1

∏
k=0

(
x− yqk

)
, x, y ∈ R, n ∈ N.

If α ∈ R, then

(x− y)(α) = xα
+∞

∏
k=0

x− yqi

x− yqα+i .

When y = 0, then
x(α) = xα.

The q-gamma function is given by:

Γq(α) =
(1− q)(α−1)

(1− q)α−1 , α ∈ R\{...,−2,−1, 0, 1, 2, ...}, 0 < q < 1

and verifies that
Γq(α + 1) = [α]qΓq(α).
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The q-derivative of a function h(x) is defined by

Dqh(x) =
dqh(x)

dqx
=

h(qx)− h(x)
(q− 1)x

, x �= 0.

The higher order q-derivative of h(x) is given as the following formula

Dn
q h(x) =

{
h(x), if n = 0,

DqDn−1
q h(x), if n ∈ N.

Let h a function defined on [0, b],the q-integral of is given by∫ t

0
h(x)dqx = t(1− q) ∑

n≥0
h(tqn)qn, 0 ≤ |q| < 1, t ∈ [0, b].

If a ∈ [0, b], then ∫ b

a
h(x)dqx =

∫ b

0
h(x)dqx−

∫ a

0
h(x)dqx.

Similarly as performed for derivatives, it can be defined an operator In
q , namely,(

I0
q h
)
(x) = h(x) and

(
In
q h
)
(x) = Iq

(
In−1
q h

)
(x), n ∈ N.

The fundamental theorem of calculus applies to these operators Iq and Dq, i.e

Dq
(

Iqh
)
(x) = h(x),

if h is continuous at x = 0, then

Iq
(

Dqh
)
(x) = h(x)− h(0).

For more information and basic properties of these operators, we recommend [28] to the reader.

Definition 5. Let α ≥ 0 and h be a function defined on I. The fractional q-integral of the Riemann–
Liouville type is

(
Iα
q h
)
(x) =

{
h(x), if α = 0

1
Γq(α)

∫ x
0 (x− qs)(α−1)h(s)dqs, if α > 0 , x ∈ I.

Definition 6. The fractional q-derivative of the Riemann–Liouville with order α ≥ 0 is defined by

(
Dα

q h
)
(x) =

{
h(x), if α = 0(

D[α]
q

(
I[α]−α
q h

))
(x), if α > 0

, x ∈ I,

where [.] is the smallest integer greater than or equal to α.

Definition 7. The fractional q-derivative of Caputo with order α ≥ 0 is defined by

(
cDα

q h
)
(x) =

{
h(x), if α = 0(

I[α]−α
q

(
D[α]

q h
))

(x), if α > 0
, x ∈ I.

Lemma 2. Let α ≥ 0. Then we have

Iα
q

(
cDα

q h
)
(x) = h(x)−

[α]−α

∑
n=0

h(tqn)
tn

Γq(n + 1)

(
Dα

q h
)
(0),

251



Mathematics 2023, 11, 683

and if α ∈ (0, 1), then
Iα
q

(
cDα

q h
)
(x) = h(x)− h(0).

Now we give the Darbo fixed point theorems, which our results will be based on:

Theorem 1 ([29]). Let E be a Banach space, a set C ∈ P cl,b(E)∩Pv(E) and let ψ : C → Pcl,b(C)
be a closed and γ-contraction. Then ψ has a fixed point.

3. Existence Results

In this section, by applying Darbo fixed point theorem [29] for multi-valued map, we
prove the existence of solutions for the problem (1) and (2).

First, we introduce the definition of the solution of the problem (1) and (2).

Definition 8. A function σ ∈ Cα
q (I, E) is called a solution of problem (1) and (2) if there exists

a function h ∈ L1(I,R) with h ∈ F(t, σ(t),c Dα
q σ(t)), a.e.t ∈ I, such that cDα

q σ(t) = h(t),
a.e.t ∈ I and condition (2) is satisfied.

Now, we assume the following assumptions:
(H1) F : I × E× E → Pc(E) be a L1−Caratheodory multi-valued mapping.
(H2) There exists a function φ ∈ L1(I,R+), such that, for each set, B1, B2 ∈ Pcl,b(C(I, E))

and t ∈ I, we have

κ(F(t, B1(t), B2(t))) ≤ φ(t)max(κ(B1(t)), κ(B2(t))).

Theorem 2. Assume that (H1), (H2), max
{
‖σ0‖∞ + ϕ∗r

T(α)

Γq(α+1) , ϕ∗r
}
≤ r, and φ(t) ≤ 1,

for each t ∈ I, hold, then the problem (1) and (2) has at least one solution in Cα
q (I, E), for all t ∈ I.

Proof. For each x ∈ C(I, E), define the set of selections of F by

SF,σ =
{

ς ∈ L1(I, E) : ς(t) ∈ F(t, σ(t),c Dα
q σ(t)), for all t ∈ I

}
.

Let for r ∈ R+, the set Cr ∈ Pcl,b(Cα
q (I, E)) ∩ Pv(Cα

q (I, E)), defined by

Cr =
{

σ ∈ Cα
q (I, E), ‖σ‖q ≤ r

}
.

Now, we consider the multi-valued operator ψ : Cα
q (I, E)→ Pcl,b

(
Cα

q (I, E)
)

defined by

ψ(σ) =
{

ρ ∈ Cα
q (I, E) : ρ(t) = σ0 +

(
Iα
q ς
)
(t), for ς ∈ SF,σ

}
.

Observe that, for each σ ∈ Cα
q (I, E) then the set SF,σ �= ∅, by the hypothesis H1, the multi-

valued function F has a measurable selection. We shall prove that the operator ψ fulfills the
conditions of Darbo fixed point theorem.
Step 1. We prove that ψ(σ) ∈ Pb(Cr).

Let σ ∈ Cr and ρ ∈ ψ(σ), then there exists ς ∈ SF,σ, such that for each t ∈ I, we have

ρ(t) = σ0 +
(

Iα
q ς
)
(t).
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then

‖ρ(t)‖ ≤ ‖σ‖+
∫ t

0

(t− qs)(α−1)

Γq(α)
‖ς(s)‖dqs

≤ ‖σ0‖+
∫ t

0

(t− qs)(α−1)

Γq(α)
ϕr(s)dqs

≤ ‖σ0‖+
∫ T

0

(T − qs)(α−1)

Γq(α)
ϕr(s)dqs.

Let ess sup ϕr = ϕ∗r , then

‖ρ‖∞ ≤ ‖σ0‖∞ + ϕ∗r
T(α)

Γq(α + 1)
,

and ∥∥∥cDα
q ρ(t)

∥∥∥ = ‖ς(t)‖,
≤ ϕr(t),

≤ ϕ∗r .

Then ∥∥∥cDα
q ρ
∥∥∥

∞
≤ ϕ∗r ,

So,

‖ρ‖q ≤ max

{
‖σ0‖∞ + ϕ∗r

T(α)

Γq(α + 1)
, ϕ∗r

}
≤ r.

Step 2. We show that ψ(σ) ∈ Pcl(Cr).
Let {ρn}n∈N a sequence in ψ(σ), such that ρn → ρ (n → ∞) in Cα

q (I, E). Then for each
t ∈ I there exists ςn ∈ SF,σ such that

ρn(t) = σ0 + Iα
q ςn(t),

As F has compact values, we pass on to a subsequence to get that ςn converge to ς in
L1(I × E). Thus ς ∈ SF,σ and for each t ∈ I,

ρn(t)→ ρ(t)

with ρ(t) = σ0 + Iα
q ς(s). Hence ρ ∈ ψ(σ), then ψ(σ) is closed in Cr for each σ ∈ Cr.

Step 3. We prove that ψ a is γ-contraction.
Let B ∈ Pcl,b(Cr), then for each t ∈ I, we have

κ(ψ(B)) = κ{ψ(σ) : σ ∈ B}.

Let ρ ∈ ψ(σ) Then there exists ς ∈ SF,σ such that, for each t ∈ I,

ρ(t) = σ0 + Iα
q ς(t).

For each x and cDα
q x ∈ B, we have

κ(ψ(B)(t)) = κ
(

ρ ∈ Cα
q (I, E) : ρ(t) ∈ F(t, σ(t),c Dα

q σ(t))
)

≤ κ
(

F(t, σ(t),c Dα
q σ(t))

)
≤ φ(t)κ(B),
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so the operator ψ is a γ-contraction. By the Theorem 1, we deduce that ψ has a fixed point
that is a solution of the problem (1) and (2).

Now, we give some conditions that guarantee the compactness of solutions set for
our problem.

Theorem 3. Let (H1) holds. Then the set S ={σ ∈ Cα
q (I, E) : σ is solution of the problem (1)

and (2)} is an element of Pc(Cα
q (I, E)).

Proof. From Theorem 2, the set S is not empty. Now, we prove that S ∈ P c(Cα
q (I, E)). Let

(σn)n∈N ∈ S , then there exist ςn ∈ SF,σn such that

σn(t) = σ0 + Iα
q ςn(t).

Step 1. We show that the set {σn, n ∈ N} is equicontinuous in Cα
q (I, E).

Let t1, t2 ∈ I, with t1 < t2, we obtain

‖σn(t2)− σn(t1)‖ =
∥∥∥Iα

q ςn(t2)− Iα
q ςn(t1)

∥∥∥
≤ 1

Γq(α)

(∫ t1

0

∣∣∣(t2 − qs)(α−1) − (t2 − qs)(α−1)
∣∣∣‖ςn(s)‖dqs +∫ t2

t1

∣∣∣(t2 − qs)(α−1)
∣∣∣‖ςn(s)‖dqs

)
≤ 1

Γq(α)

(∫ t1

0

∣∣∣(t2 − qs)(α−1) − (t2 − qs)(α−1)
∣∣∣ϕr(s)dqs +∫ t2

t1

∣∣∣(t2 − qs)(α−1)
∣∣∣ϕr(s)dqs

)
and ∥∥∥cDα

q σn(t2)−c Dα
q σn(t1)

∥∥∥ = ‖ςn(t2)− ςn(t1)‖.

Then, when t2 → t1, we get
‖σn(t2)− σn(t1)‖q → 0.

With the theorem of Arzela–Ascoli, we conclude that, there exists a subsequence
{

σnk

}
,

such that σnk converges to some σ in Cα
q (I, E). Now we prove that there exists ς(.) ∈

F(., σ(.),c Dα
q σ(.)), such that

σ(t) = σ0 + Iα
q ς(t).

Since F(t, ., .) is upper semi-continuous, then for every ε > 0, there exists n0(ε), such that
for every n ≥ n0, we have

ςn(t) ∈ F(t, σn(t),c Dα
q σn(t)) ⊂ F(t, σ(t),c Dα

q σ(t)) + B(0, ε), a.e.t ∈ I.

As F(., ., .) ∈ Pc(Cα
q (I, E)) then there exists a subsequence ςnm , such that

ςnm(.)→ ς(.) as m → +∞

and
ς(t) ∈ F(t, σ(t),c Dα

q σ(t)), a.e.t ∈ I for all m ∈ N.

Since, ςnm(t) ≤ ϕr(t), a.e.t ∈ I, Lebesgue’s Dominated Convergence Theorem give us that
ς(t) ∈ L1(I × E) implies ς ∈ SF,σ. Therefore, σ(t) = σ0 + Iα

q ς(t). So S ∈ P c

(
Cα

q (I, E)
)

.

4. An Example

Now, we give an example as an illustration of the results obtained in Theorem 2 and
Theorem 3.
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Example 1. Let E = C([0, 1]) be the Banach space of all real continuous function on [0, 1] equipped
with the norm

‖ f ‖ = sup
t∈[0,1]

{| f (t)|}.

Now we consider the q-fractional differential inclusion, given by:

cD0.2
0.5σ(t) ∈ F(t, σ(t),c D0.2

0.5σ(t)), t ∈ I = [0, 1] (3)

σ(0) = t cosh(t). (4)

where α = 0.2, q = 0.5, T = 1, and

F(t, σ(t),c D0.2
0.5σ(t)) =

1
‖σ‖q

(
1

1 + t + et

)
.
{

f ∈ C([0, 1]) : ‖ f ‖ ≤ ‖σ‖q

}
.

Let
C3 =

{
σ ∈ C0.2

0.5(I, E) : ‖σ‖q ≤ 3
}

.

For each σ ∈ E and t ∈ I, we have

‖F(t, σ, σ1)‖ ≤
1

1 + t + et = ϕ3(t) implies ϕ∗3 = 0.5

and for each B ∈ Pcl,b(C3), we get

κ(ψ(B)(t)) ≤ et−2κ(B) = φ(t)κ(B),

max

{
‖σ0‖∞ + ϕ∗3

T(0.2)

Γ0.5(0.2 + 1)
, ϕ∗3

}
≈ 2.07 < 3,

and
φ(t) ≤ 1, for all t ∈ I.

Then Theorem 2 and Theorem 3 guarantee that the set of solutions of the problem (3) and (4) is not
empty and also is compact.
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Abstract: In both pure and applied mathematics, convex functions are used in many different
problems. They are crucial to investigate both linear and non-linear programming issues. Since a
convex function is one whose epigraph is a convex set, the theory of convex functions falls under
the umbrella of convexity. However, it is a significant theory that affects practically all areas of
mathematics. In this paper, we introduce the notions of (g, h)-convexity or convexity with respect to
a pair of functions on co-ordinates and discuss its fundamental properties. Moreover, we establish
some novel Hermite–Hadamard- and Ostrowski-type inequalities for newly introduced co-ordinated
convexity. Additionally, it is presented that the newly introduced notion of the convexity and
given inequalities are generalizations of existing studies in the literature. Lastly, we look at various
mathematical examples and graphs to confirm the validity of the newly found inequalities.

Keywords: Hermite–Hadamard inequality; Ostrowski inequalities; convex functions; co-ordinated
convex function

MSC: 26D10; 26D15; 26A51; 26B25

1. Introduction

In different branches of mathematical analysis, inequalities play a fundamental role in
proving many famous theorems. Additionally, in recent years, such inequalities have been
used in most papers discussing fractional mathematical models, fractional boundary value
problems, etc. The application of some of them can be found in numerous articles, includ-
ing [1–11]. These applications show the importance of study on different generalizations of
inequalities.

Throughout this paper, we let I = [σ, ρ] ⊂ R and := [σ, ρ]× [ς, d] ⊆ R2. The Hermite–
Hadamard inequality is a fudamental inequality which is presented as: if � : I → R is a
convex function, then

�
(

σ + ρ

2

)
≤ 1

ρ− σ

∫ ρ

σ
�(κ) dκ ≤ �(σ) +�(ρ)

2
. (1)
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The double inequality (1) was discussed by Hermite [12] in 1883, and ten years later
in 1893, it was proved by Hadamard [13].

Another famous inequality is the Ostrowski inequality, which was established by Os-
trowski [14] in 1938.

Theorem 1. Let � : I → R be differentiable on I◦ (interior of I) with a bounded derivative, that is,
‖�′‖∞ := supκ∈(σ,ρ) |�′(κ)| < ∞. Then, we have

∣∣∣∣�(κ)− 1
ρ− σ

∫ ρ

σ
�(κ) dκ

∣∣∣∣ ≤
[

1
4
+

(κ − σ+ρ
2 )

(ρ− σ)2

]
(ρ− σ)‖�′‖∞, (2)

for all κ ∈ I. The constant 1
4 is the best possible.

The inequality (2) can be rewritten in the equivalent form∣∣∣∣�(κ)− 1
ρ− σ

∫ ρ

σ
�(κ) dκ

∣∣∣∣ ≤ [
(κ − σ)2 + (ρ−κ)2

2(ρ− σ)

]
‖�′‖∞.

The Hermite–Hadamard inequality and Ostrowski inequality have been extensively
studied by a number of researchers; see [15–20] and the references therein.

In 2001, S. S. Dragomir defined a new concept of a co-ordinated convex function.

Definition 1 ([21]). � :  → R is a co-ordinated convex map, if

�κ : [ς, d] ! v �→ �(κ, v) ∈ R & �γ : [σ, ρ] ! u �→ �(u, γ) ∈ R, (3)

are convex (∀κ ∈ (σ, ρ), ∀ γ ∈ (ς, d)).

A formal equivalent definition of such functions can be stated as the following:

Definition 2 ([21]). � :  → R is co-ordinated convex if

�(ξκ + (1− ξ)z, λγ + (1− λ)w) ≤ ξλ�(κ, γ) + ξ(1− λ)�(κ, w)

+(1− ξ)λ�(z, γ) + (1− ξ)(1− λ)�(z, w),
(4)

∀ ξ, λ ∈ [0, 1] and ∀ (κ, γ), (z, w) ∈  .

He also presented the following version of Hermite–Hadamard-type inequalities for
the aforesaid functions:

Theorem 2 ([21]). If � :  → R is a co-ordinated convex function, then

�
(

σ + ρ

2
,

ς + d
2

)
≤ 1

2

[
1

ρ− σ

∫ ρ
σ �

(
κ,

ς + d
2

)
dκ +

1
d− ς

∫ d
ς �

(
σ + ρ

2
, γ

)
dγ

]
≤ 1

(ρ− σ)(d− ς)

∫ ρ
σ

∫ d
ς �(κ, γ) dγ dκ

≤ 1
4

[
1

ρ− σ

(∫ ρ
σ �(κ, ς) dκ +

∫ ρ
σ �(κ, d) dκ

)
+

1
d− ς

(∫ d
ς �(σ, γ) dγ +

∫ d
ς �(ρ, γ) dγ

)]
≤ 1

4
[�(σ, ς) +�(ρ, ς) +�(σ, d) +�(ρ, d)].

(5)

In relation to the convex functions on co-ordinates, Latif et al. [22] presented the
following Ostrowski-type inequality in 2010:
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Theorem 3 ([22]). Let � : Δ → R be a function with the twice-partial differentiability property
on Δ◦ and ∂2�

∂η ∂ξ be continuous and integrable on Δ. When
∣∣∣ ∂2�

∂η ∂ξ

∣∣∣ is co-ordinated convex on Δ and∣∣∣ ∂2�
∂η ∂ξ (κ, γ)

∣∣∣ ≤ M, (κ, γ) ∈ Δ, then

∣∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dη dξ − A

∣∣∣∣
≤ M

[
(κ − σ)2 + (ρ−κ)2

2(ρ− σ)

][
(γ− ς)2 + (d− γ)2

2(d− ς)

]
, (6)

where

A(κ, γ) =
1

d− ς

∫ d

ς
�(κ, v) dv +

1
ρ− σ

∫ ς

σ
�(u, γ) du. (7)

Theorem 4 ([22]). Let � : Δ → R be a function with the twice-partial differentiability property

on Δ◦, and let ∂2�
∂η ∂ξ be continuous and integrable on Δ. When

∣∣∣ ∂2�
∂η ∂ξ

∣∣∣q is co-ordinated convex on

Δ, where q > 1 with 1
p + 1

q = 1, and
∣∣∣ ∂2�

∂η ∂ξ (κ, γ)
∣∣∣ ≤ M, (κ, γ) ∈ Δ, then

∣∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dv du− A

∣∣∣∣
≤ M

(1 + p)2/p

[
(κ − σ)2 + (ρ−κ)2

ρ− σ

] [
(γ− ς)2 + (d− γ)2

d− ς

]
, (8)

where A is defined as in (7).

Theorem 5 ([22]). Let � : Δ → R be a function with the twice-partial differentiability property

on Δ◦, and let ∂2�
∂η ∂ξ be continuous and integrable on Δ. When

∣∣∣ ∂2�
∂η ∂ξ

∣∣∣q is co-ordinated convex on

Δ, where q ≥ 1, and
∣∣∣ ∂2�

∂η ∂ξ (κ, γ)
∣∣∣ ≤ M, (κ, γ) ∈ Δ, then

∣∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dv du− A

∣∣∣∣
≤ M

4

[
(κ − σ)2 + (ρ−κ)2

ρ− σ

][
(γ− ς)2 + (d− γ)2

d− ς

]
, (9)

where A is defined as in (7).

In [23], B. Samet introduced a new class of convex functions with respect to a pair of
functions, which is defined as:

Definition 3. Let g, h : I → R be two mappings. A mapping � : I → R is called (g, h) convex if
the following inequality holds for M(κ, γ) = g(κ)h(γ) + g(γ)h(κ)

�(ξκ + (1− ξ)γ) ≤ ξ2�(κ) + (1− ξ)2�(γ) + ξ(1− ξ)M(κ, γ), (10)

for all ξ ∈ [0, 1] and κ, γ ∈ I.

Remark 1. If g, h : I ⊂ R → [0, ∞) are two convex mappings, then � = gh is (g, h)-convex
mapping.

B. Samet also established a Hermite–Hadamard inequality (double inequality) for
newly class of convex functions with respect to a pair of functions, presented as:
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Theorem 6 ([23]). Let � : I → R be a (g, h)-convex function over I with g, h : I → R. If
� ∈ L1(I) and g, h ∈ L2(I), then

2�
(

σ+ρ
2

)
− 1

ρ−σ

∫ ρ
σ g(σ + ρ−κ)h(κ)dκ

= 2�
(

σ+ρ
2

)
− 1

ρ−σ

∫ ρ
σ g(κ)h(σ + ρ−κ)dκ

≤ 1
ρ−σ

∫ ρ
σ �(κ)dκ

≤ �(σ)+�(ρ)
3 + M(σ,ρ)

6 .

(11)

Remark 2. In Theorem 6, if we set g = � and h = 1 or h = � and g = 1, then inequality (11)
becomes the inequality (1).

After that, Ali et al. [24] and Xie et al. [25] used the (g, h)-convexity and established
the following fractional Hermite–Hadamard-type inequality.

Theorem 7 ([24,25]). Consider � : I → R as a (g, h)-convex function on I with g, h : I → R. If
� ∈ L1(I) and g, h ∈ L2(I), then

2�
(

σ + ρ

2

)
− Γ(α + 1)

2(ρ− σ)α

[
Jα
σ+Ω(ρ) + Jα

ρ−Ω(σ)
]

≤ Γ(α + 1)
2(ρ− σ)α

[
Jα
σ+�(ρ) + Jα

ρ−�(σ)
]

≤ �(σ) +�(ρ)

2

[
α

α + 2
+

2
α2 + 3α + 2

]
+

α

α2 + 3α + 2
M(σ, ρ), (12)

2�
(

σ + ρ

2

)
− 2α−1Γ(α + 1)

(ρ− σ)α

[
Jα
σ+Ω

(
σ + ρ

2

)
+ Jα

ρ−Ω
(

σ + ρ

2

)]

≤ 2α−1Γ(α + 1)
(ρ− σ)α

[
Jα
σ+�

(
σ + ρ

2

)
+ Jα

ρ−�
(

σ + ρ

2

)]
≤ [�(σ) +�(ρ)](α + 1)

2(α + 2)
+

M(σ, ρ)

2(α + 2)
,

and

2�
(

σ+ρ
2

)
− 2α−1Γ(α+1)

(ρ−σ)α

[
Jα

σ+ρ
2 +

Ω(ρ) + Jα
σ+ρ

2 −
Ω(σ)

]
≤ 2α−1Γ(α+1)

(ρ−σ)α

[
Jα

σ+ρ
2 +

�(ρ) + Jα
σ+ρ

2 −
�(σ)

]
≤ [�(σ)+�(ρ)]

4

[
2− α(α+3)

(α+1)(α+2)

]
+ M(σ,ρ)α(α+3)

4(α+1)(α+2) ,

(13)

where Ω(κ) = g(κ)h(σ + ρ−κ).

For more results on Simpson- and Ostrowski-type inequalities via (g, h)-convexity,
one can consult [23–25].

Motivated by the above literature, we conduct an anlaysis on some new generaliza-
tions of Hermite–Hadamard and Ostrowski type inequalities via the co-ordinated convex
functions by defining a new notion of co-ordinated (g, h)-convexity or convexity with
respect to a pair of functions. It is also shown that the newly established inequalities and
class of convex functions are generalizations of the existing results in the literature.

A description of the paper is as follows: in Section 2, the notion of co-ordinated
(g, h)-convexity is introduced. We also prove some of its important properties and give
an example of a co-ordinated (g, h)-convex function. In Section 3, we establish some
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Hermite–Hadamard-type inequalities for co-ordinated (g, h)-convex functions. In Section 4,
we derive some new Ostrowski-type inequalities under the differentiable (g, h)-convexity.
The examples showing the consistency of newly discussed inequalities are in Section 5.
Section 6 concludes our work briefly.

2. Co-Ordinated (g, h)-Convex Functions

In this section, we introduce a new concept of the co-ordinated (g, h)-convex function,
and then some of its properties are proved. We also give an example of a co-ordinated
(g, h)-convex function at the end of the section.

Definition 4. Let g, h :  → R be two given functions. A function � :  → R is called
co-ordinated (g, h)-convex, if

�(ξκ + (1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w)

+ (1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w) + ξ2η(1− η)M1(κ, γ, w)

+ ξη(1− ξ)(1− η)M2(κ, z, γ, w) + ξη2(1− ξ)M3(κ, z, γ) + ξη(1− ξ)(1− η)M4(κ, z, γ, w)

+ ξ(1− ξ)(1− η)2M5(κ, z, w) + η(1− ξ)2(1− η)M6(z, γ, w),

where
M1(κ, γ, w) = h(κ, w)g(κ, γ) + h(κ, γ)g(κ, w),

M2(κ, z, γ, w) = h(κ, w)g(z, γ) + h(z, γ)g(κ, w),

M3(κ, z, γ) = h(κ, γ)g(z, γ) + h(z, γ)g(κ, γ),

M4(κ, z, γ, w) = h(κ, γ)g(z, w) + h(z, w)g(κ, γ),

M5(κ, z, w) = h(κ, w)g(z, w) + h(z, w)g(κ, w),

and
M6(z, γ, w) = h(z, γ)g(z, w) + h(z, w)g(z, γ),

for all ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d].

Some properties of co-ordinated (g, h)-convexity are proved as follows:

Proposition 1. Let g, h :  → R be two given functions. Then, we have that

(i) � is co-ordinated (g, h)-convex if � is co-ordinated (h, g)-convex.
(ii) If � is co-ordinated (g, h)-convex, then � is co-ordinated (σ−1g, σh)-convex for all σ ∈ R,

σ �= 0.
(iii) If �,� are co-ordinated (g, h)-convex, in this case, �+� is co-ordinated (2g, h)-convex and

co-ordinated (g, 2h)-convex.
(iv) If � is co-ordinated (g, h)-convex, then σ� is co-ordinated (σg, h)-convex and co-ordinated

(g, σh)-convex for all σ > 0.
(v) Let � be co-ordinated (g, h)-convex, � ≥ 0 and (g ≥ 0, h ≤ 0) or (g ≤ 0, h ≥ 0). Then �

is co-ordinated convex.
(vi) If � is co-ordinated (g, h)-convex and � are co-ordinated (g, h)-convex, then � + � is

co-ordinated (g, h + h)-convex.
(vii) If � is co-ordinated (g, h)-convex and � are co-ordinated (g, h)-convex, then � + � is

co-ordinated (g + g, h)-convex.
(viii) If � is co-ordinated (g, h)-convex, then
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�
(
κ + z

2
,

γ + w
2

)
≤ �(κ, γ) +�(κ, w) +�(z, γ) +�(z, w)

16

+
M1(κ, γ, w) + M2(κ, z, γ, w) + M3(κ, z, γ) + M4(κ, z, γ, w) + M5(κ, z, w) + M6(z, γ, w)

16
,

for all κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d].

Proof. (i) It is immediately true by Definition 4.
(ii) We simply consider that

h(κ, w)g(κ, γ) + h(κ, γ)g(κ, w) = (σh(κ, w))
(

σ−1g(κ, γ)
)
+ (σh(κ, γ))

(
σ−1g(κ, w)

)
,

h(κ, w)g(z, γ) + h(z, γ)g(κ, w) = (σh(κ, w))
(

σ−1g(z, γ)
)
+ (σh(z, γ))

(
σ−1g(κ, w)

)
,

h(κ, γ)g(z, γ) + h(z, γ)g(κ, γ) = (σh(κ, γ))
(

σ−1g(z, γ)
)
+ (σh(z, γ))

(
σ−1g(κ, γ)

)
,

h(κ, γ)g(z, w) + h(z, w)g(κ, γ) = (σh(κ, γ))
(

σ−1g(z, w)
)
+ (σh(z, w))

(
σ−1g(κ, γ)

)
,

h(κ, w)g(z, w) + h(z, w)g(κ, w) = (σh(κ, w))
(

σ−1g(z, w)
)
+ (σh(z, w))

(
σ−1g(κ, w)

)
,

and

h(z, γ)g(z, w) + h(z, w)g(z, γ) = (σh(z, γ))
(

σ−1g(z, w)
)
+ (σh(z, w))

(
σ−1g(z, γ)

)
.

(iii) Since �,� are co-ordinated (g, h)-convex, we have

�(ξκ +(1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w)

+(1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w)

+ξ2η(1− η)M1(κ, γ, w) + ξη(1− ξ)(1− η)M2(κ, z, γ, w)

+ξη2(1− ξ)M3(κ, z, γ) + ξη(1− ξ)(1− η)M4(κ, z, γ, w)

+ξ(1− ξ)(1− η)2M5(κ, z, w) + η(1− ξ)2(1− η)M6(z, γ, w),

(14)

and

�(ξκ +(1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w)

+(1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w)

+ξ2η(1− η)M1(κ, γ, w) + ξη(1− ξ)(1− η)M2(κ, z, γ, w)

+ξη2(1− ξ)M3(κ, z, γ) + ξη(1− ξ)(1− η)M4(κ, z, γ, w)

+ξ(1− ξ)(1− η)2M5(κ, z, w) + η(1− ξ)2(1− η)M6(z, γ, w),

(15)

for all ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d]. Adding (14) and (15), we obtain

(�+�)(ξκ + (1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2(�+�)(κ, γ) + ξ2(1− η)2(�+�)(κ, w)

+ (1− ξ)2η2(�+�)(z, γ) + (1− ξ)2(1− η)2(�+�)(z, w)

+ 2ξ2η(1− η)M1(κ, γ, w) + 2ξη(1− ξ)(1− η)M2(κ, z, γ, w)

+ 2ξη2(1− ξ)M3(κ, z, γ) + 2ξη(1− ξ)(1− η)M4(κ, z, γ, w)

+ 2ξ(1− ξ)(1− η)2M5(κ, z, w) + 2η(1− ξ)2(1− η)M6(z, γ, w),
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which means that �+� is co-ordinated (2g, h)-convex and co-ordinated (g, 2h)-convex.

(iv) Let � be co-ordinated (g, h)-convex. In this case, multiplying (14) by σ ≥ 0 yields

(σ�)(ξκ + (1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2(σ�)(κ, γ) + ξ2(1− η)2(σ�)(κ, w)

+ (1− ξ)2η2(σ�)(z, γ) + (1− ξ)2(1− η)2(σ�)(z, w)

+ ξ2η(1− η)σM1(κ, γ, w) + ξη(1− ξ)(1− η)σM2(κ, z, γ, w)

+ ξη2(1− ξ)σM3(κ, z, γ) + ξη(1− ξ)(1− η)σM4(κ, z, γ, w)

+ ξ(1− ξ)(1− η)2σM5(κ, z, w) + η(1− ξ)2(1− η)σM6(z, γ, w),

which shows that σ� is co-ordinated (σg, h)-convex and co-ordinated (g, σh)-convex.

(v) Let � ≥ 0 be co-ordinated (g, h)-convex, where g ≥ 0 and h ≤ 0. Then, for all
ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d], we have

�(ξκ + (1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w) + (1− ξ)2η2�(z, γ)

+ (1− ξ)2(1− η)2�(z, w) + ξ2η(1− η)M1(κ, γ, w)

+ ξη(1− ξ)(1− η)M2(κ, z, γ, w) + ξη2(1− ξ)M3(κ, z, γ)

+ ξη(1− ξ)(1− η)M4(κ, z, γ, w) + ξ(1− ξ)(1− η)2M5(κ, z, w)

+ η(1− ξ)2(1− η)M6(z, γ, w)

≤ ξη�(κ, γ) + ξ(1− η)�(κ, w) + (1− ξ)η�(z, γ) + (1− ξ)(1− η)�(z, w),

which shows that � is co-ordinated convex. This holds similarly in the case of g ≤ 0 and
h ≥ 0.

(vi) If � is co-ordinated (g, h)-convex and � are co-ordinated (g, h)-convex, we may write

�(ξκ +(1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w)

+(1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w) + ξ2η(1− η)M1(κ, γ, w)

+ξη(1− ξ)(1− η)M2(κ, z, γ, w) + ξη2(1− ξ)M3(κ, z, γ)

+ξη(1− ξ)(1− η)M4(κ, z, γ, w) + ξ(1− ξ)(1− η)2M5(κ, z, w)

+η(1− ξ)2(1− η)M6(z, γ, w),

(16)

and

�(ξκ +(1− ξ)z, ηγ + (1− η)w) ≤ ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w)

+(1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w) + ξ2η(1− η)M7(κ, γ, w)

+ξη(1− ξ)(1− η)M8(κ, z, γ, w) + ξη2(1− ξ)M9(κ, z, γ)

+ξη(1− ξ)(1− η)M10(κ, z, γ, w) + ξ(1− ξ)(1− η)2M11(κ, z, w)

+η(1− ξ)2(1− η)M12(z, γ, w),

(17)

where
M7(κ, γ, w) = h(κ, w)g(κ, γ) + h(κ, γ)g(κ, w),

M8(κ, z, γ, w) = h(κ, w)g(z, γ) + h(z, γ)g(κ, w),

M9(κ, z, γ) = h(κ, γ)g(z, γ) + h(z, γ)g(κ, γ),

263



Mathematics 2022, 10, 3469

M10(κ, z, γ, w) = h(κ, γ)g(z, w) + h(z, w)g(κ, γ),

M11(κ, z, w) = h(κ, w)g(z, w) + h(z, w)g(κ, w),

and
M12(z, γ, w) = h(z, γ)g(z, w) + h(z, w)g(z, γ),

for all ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d]. Adding (16) and (17), we obtain that
�+� is co-ordinated (g, h + h)-convex.

(vii) The proof is similar to that of (vi).
(viii) Taking ξ = η = 1

2 in (14), the desired inequality is obtained.

Proposition 2. Let � :  → R be a co-ordinated convex function. Then, � is co-ordinated
(�, 1R×R)-convex.

Proof. Let ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d]. By the co-ordinated convexity of �,
we write

�(ξκ + (1− ξ)z, ηγ + (1− η)w)

≤ ξη�(κ, γ) + ξ(1− η)�(κ, v) + (1− ξ)η�(z, γ) + (1− ξ)(1− η)�(z, w)

= ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w) + (1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w)

+ ξ2η(1− η)(�(κ, γ) +�(κ, w)) + ξη(1− ξ)(1− η)(�(z, γ) +�(κ, w))

+ ξη2(1− ξ)(�(z, γ) +�(κ, γ)) + ξη(1− ξ)(1− η)(�(z, w) +�(κ, γ))

+ ξ(1− ξ)(1− η)2(�(z, w) +�(κ, w)) + η(1− ξ)2(1− η)(�(z, w) +�(z, γ))

= ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w) + (1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w)

+ ξ2η(1− η)(1R×R(κ, w)�(κ, γ) + 1R×R(κ, γ)�(κ, w))

+ ξη(1− ξ)(1− η)(1R×R(κ, w)�(z, γ) + 1R×R(z, γ)�(κ, w))

+ ξη2(1− ξ)(1R×R(κ, γ)�(z, γ) + 1R×R(z, γ)�(κ, γ))

+ ξη(1− ξ)(1− η)(1R×R(κ, γ)�(z, w) + 1R×R(z, w)�(κ, γ))

+ ξ(1− ξ)(1− η)2(1R×R(κ, w)�(z, w) + 1R×R(z, w)�(κ, w))

+ η(1− ξ)2(1− η)(1R×R(z, γ)�(z, w) + 1R×R(z, w)�(z, γ)),

which proves that � is co-ordinated (�, 1R×R)-convex.

Proposition 3. Let g, h :  → R be two co-ordinated convex functions. Then, � = gh is
co-ordinated (g, h)-convex.

Proof. Let ξ, η ∈ [0, 1], κ, z ∈ [σ, ρ] and γ, w ∈ [ς, d]. Since g, h :  → R are two functions
with the co-ordinated convexity property, we have

�(ξκ + (1− ξ)z, ηγ + (1− η)w)

= g(ξκ + (1− ξ)z, ηγ + (1− η)w)h(ξκ + (1− ξ)z, ηγ + (1− η)w)

≤ [ξηg(κ, γ) + ξ(1− η)g(κ, w) + (1− ξ)ηg(z, γ) + (1− ξ)(1− η)g(z, w)]
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× [ξηh(κ, γ) + ξ(1− η)h(κ, w) + (1− ξ)ηh(z, γ) + (1− ξ)(1− η)h(z, w)]

= ξ2η2�(κ, γ) + ξ2(1− η)2�(κ, w) + (1− ξ)2η2�(z, γ) + (1− ξ)2(1− η)2�(z, w)

+ ξ2η(1− η)M1(κ, γ, w) + ξη(1− ξ)(1− η)M2(κ, z, γ, w) + ξη2(1− ξ)M3(κ, z, γ)

+ ξη(1− ξ)(1− η)M4(κ, z, γ, w) + ξ(1− ξ)(1− η)2M5(κ, z, w)

+ η(1− ξ)2(1− η)M6(z, γ, w).

This gurantees that � is co-ordinated (g, h)-convex.

Example 1. Let � : [0, 1]2 → R be a function as

�(κ, γ) = κγ e−κ−γ.

Consider the functions g, h : [0, 1]× [0, 1]→ R defined by

g(κ, γ) = κγ,

and
h(κ, γ) = e−κ−γ.

Since g, h are non-negative co-ordinated convex functions, by Proposition 3, � = gh is a
co-ordinated (g, h)-convex function.

3. Hermite–Hadamard-Type Inequalities

Now, we here derive some new Hermite–Hadamard-type inequalities for co-ordinated
(g, h)-convex functions. We also show that our results can be reduced to previous work.

Theorem 8. Let � :  → R be a function with the co-ordinated (g, h)-convexity on  . If
� ∈ L1( ) and g, h ∈ L2( ), then the following Hermite–Hadamard-type inequalities are
formulated as

4�
(

σ+ρ
2 , ς+d

2

)
− 1

(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς h(κ, γ)[g(κ, ς + d− γ) + g(σ + ρ−κ, γ)

+g(σ + ρ−κ, ς + d− γ)] dγ dκ

≤ 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(κ, γ) dγ dκ

≤ 1
9

[
�(σ, ς) +�(σ, d) +�(ρ, ς) +�(ρ, d) + K(σ,ς,d)+P(ρ,ς,d)+M(σ,ρ,ς)+O(σ,ρ,d)

2

+ L(σ,ρ,ς,d)+N(σ,ρ,ς,d)
4

]
,

(18)

where
K(σ, ς, d) = h(σ, d)g(σ, ς) + h(σ, ς)g(σ, d),

L(σ, ρ, ς, d) = h(σ, d)g(ρ, ς) + h(ρ, ς)g(σ, d),

M(σ, ρ, ς) = h(σ, ς)g(ρ, ς) + h(ρ, ς)g(σ, ς),

N(σ, ρ, ς, d) = h(σ, ς)g(ρ, d) + h(ρ, d)g(σ, ς),

O(σ, ρ, d) = h(σ, d)g(ρ, d) + h(ρ, d)g(σ, d),

and
P(ρ, ς, d) = h(ρ, ς)g(ρ, d) + h(ρ, d)g(ρ, ς).
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Proof. Let

u1(ξ) = ξσ + (1− ξ)ρ, u2(ξ) = (1− ξ)σ + ξρ,

v1(η) = ης + (1− η)d, v2(η) = (1− η)ς + ηd,

for ξ, η ∈ [0, 1].
By the co-ordinated (g, h)-convexity of � on [σ, ρ]× [ς, d], we have

16�
(

σ+ρ
2 , ς+d

2

)
= 16�

(
u1(ξ)+u2(ξ)

2 , v1(η)+v2(η)
2

)
≤ �(u1(ξ), v1(η)) +�(u1(ξ), v2(η)) +�(u2(ξ), v1(η)) +�(u2(ξ), v2(η))

+M1(u1(ξ), v1(η), v2(η)) + M2(u1(ξ), u2(ξ), v1(η), v2(η)) + M3(u1(ξ), u2(ξ), v1(η))

+M4(u1(ξ), u2(ξ), v1(η), v2(η)) + M5(u1(ξ), u2(ξ), v2(η)) + M6(u2(ξ), v1(η), v2(η)).

(19)

Integrating both sides of (19) over [0, 1]× [0, 1] with respect to ξ and η, we obtain

16�
(

σ+ρ
2 , ς+d

2

)
≤
∫ 1

0

∫ 1
0 �(u1(ξ), v1(η)) +�(u1(ξ), v2(η)) +�(u2(ξ), v1(η))

+�(u2(ξ), v2(η)) + M1(u1(ξ), v1(η), v2(η)) + M2(u1(ξ), u2(ξ), v1(η), v2(η))

+M3(u1(ξ), u2(ξ), v1(η)) + M4(u1(ξ), u2(ξ), v1(η), v2(η))

+M5(u1(ξ), u2(ξ), v2(η)) + M6(u2(ξ), v1(η), v2(η)) dη dξ.

(20)

We consider∫ 1

0

∫ 1

0
�(u1(ξ), v1(η)) dη dξ =

∫ 1

0

∫ 1

0
�(ξσ + (1− ξ)ρ, ης + (1− η)d) dη dξ

=
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(κ, γ) dγ dκ

=
∫ 1

0

∫ 1

0
�(u1(ξ), v2(η)) dη dξ

=
∫ 1

0

∫ 1

0
�(u2(ξ), v1(η)) dη dξ

=
∫ 1

0

∫ 1

0
�(u2(ξ), v2(η)) dη dξ.

Moreover, we have∫ 1

0

∫ 1

0
M1(u1(ξ), v1(η), v2(η)) dη dξ =

∫ 1

0

∫ 1

0
h(u1(ξ), v2(η))g(u1(ξ), v1(η)) dη dξ

+
∫ 1

0

∫ 1

0
h(u1(ξ), v1(η))g(u1(ξ), v2(η)) dη dξ

=
∫ 1

0

∫ 1

0
h(ξσ + (1− ξ)ρ, (1− η)ς + ηd)g(ξσ + (1− ξ)ρ, ης + (1− η)d) dη dξ

+
∫ 1

0

∫ 1

0
h(ξσ + (1− ξ)ρ, ης + (1− η)d)g(ξσ + (1− ξ)ρ, (1− η)ς + ηd) dη dξ

=
2

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(κ, ς + d− γ) dγ dκ.

Similarly, we get
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∫ 1

0

∫ 1

0
M2(u1(ξ), u2(ξ), v1(η), v2(η)) dη dξ =

2
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(σ + ρ−κ, ς + d− γ) dγ dκ,

∫ 1

0

∫ 1

0
M3(u1(ξ), u2(ξ), v1(η)) dη dξ =

2
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(σ + ρ−κ, ς + d− γ) dγ dκ,

∫ 1

0

∫ 1

0
M4(u1(ξ), u2(ξ), v1(η), v2(η)) dη dξ =

2
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(σ + ρ−κ, ς + d− γ) dγ dκ,

∫ 1

0

∫ 1

0
M5(u1(ξ), u2(ξ), v2(η)) dη dξ =

2
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(σ + ρ−κ, γ) dγ dκ,

and∫ 1

0

∫ 1

0
M5(u2(ξ), v1(η), v2(η)) dη dξ =

2
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)g(κ, ς + d− γ) dγ dκ.

Thus, (20) becomes

4�
(σ + ρ

2
,

ς + d
2

)
≤ 1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(κ, γ) dγ dκ

+
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
h(κ, γ)[g(κ, ς + d− γ)

+ g(σ + ρ−κ, γ) + g(σ + ρ−κ, ς + d− γ)] dγ dκ.

Therefore, the first inequality of (18) is proven.
Since � is co-ordinated (g, h)-convex on [σ, ρ]× [ς, d], we have

�(ξσ + (1− ξ)ρ, ης + (1− η)d)

≤ ξ2η2�(σ, ς) + ξ2(1− η)2�(σ, d) + (1− ξ)2η2�(ρ, ς) + (1− ξ)2(1− η)2�(ρ, d)

+ξ2η(1− η)M1(σ, ς, d) + ξη(1− ξ)(1− η)M2(σ, ρ, ς, d) + ξη2(1− ξ)M3(σ, ρ, ς)

+ξη(1− ξ)(1− η)M4(σ, ρ, ς, d) + ξ(1− ξ)(1− η)2M5(σ, ρ, d) + η(1− ξ)2(1− η)M6(ρ, ς, d)

= ξ2η2�(σ, ς) + ξ2(1− η)2�(σ, d) + (1− ξ)2η2�(ρ, ς) + (1− ξ)2(1− η)2�(ρ, d)

+ξ2η(1− η)K(σ, ς, d) + ξη(1− ξ)(1− η)L(σ, ρ, ς, d) + ξη2(1− ξ)M(σ, ρ, ς)

+ξη(1− ξ)(1− η)N(σ, ρ, ς, d) + ξ(1− ξ)(1− η)2O(σ, ρ, d) + η(1− ξ)2(1− η)P(ρ, ς, d),

(21)

�(ξσ + (1− ξ)ρ, (1− η)ς + ηd)

≤ ξ2η2�(σ, d) + ξ2(1− η)2�(σ, ς) + (1− ξ)2η2�(ρ, d) + (1− ξ)2(1− η)2�(ρ, ς)

+ξ2η(1− η)M1(σ, d, ς) + ξη(1− ξ)(1− η)M2(σ, ρ, d, ς) + ξη2(1− ξ)M3(σ, ρ, d)

+ξη(1− ξ)(1− η)M4(σ, ρ, d, ς) + ξ(1− ξ)(1− η)2M5(σ, ρ, ς) + η(1− ξ)2(1− η)M6(ρ, d, ς)

= ξ2η2�(σ, d) + ξ2(1− η)2�(σ, ς) + (1− ξ)2η2�(ρ, d) + (1− ξ)2(1− η)2�(ρ, ς)

+ξ2η(1− η)K(σ, ς, d) + ξη(1− ξ)(1− η)N(σ, ρ, ς, d) + ξη2(1− ξ)O(σ, ρ, d)

+ξη(1− ξ)(1− η)L(σ, ρ, ς, d) + ξ(1− ξ)(1− η)2M(σ, ρ, ς) + η(1− ξ)2(1− η)P(ρ, ς, d),

(22)
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�((1− ξ)σ + ξρ, ης + (1− η)d)

≤ ξ2η2�(ρ, ς) + ξ2(1− η)2�(ρ, d) + (1− ξ)2η2�(σ, ς) + (1− ξ)2(1− η)2�(σ, d)

+ξ2η(1− η)M1(ρ, ς, d) + ξη(1− ξ)(1− η)M2(ρ, σ, ς, d) + ξη2(1− ξ)M3(ρ, σ, ς)

+ξη(1− ξ)(1− η)M4(ρ, σ, ς, d) + ξ(1− ξ)(1− η)2M5(ρ, σ, d) + η(1− ξ)2(1− η)M6(σ, ς, d)

= ξ2η2�(ρ, ς) + ξ2(1− η)2�(ρ, d) + (1− ξ)2η2�(σ, ς) + (1− ξ)2(1− η)2�(σ, d)

+ξ2η(1− η)P(ρ, ς, d) + ξη(1− ξ)(1− η)N(σ, ρ, ς, d) + ξη2(1− ξ)M(σ, ρ, ς)

+ξη(1− ξ)(1− η)L(σ, ρ, ς, d) + ξ(1− ξ)(1− η)2O(σ, ρ, d) + η(1− ξ)2(1− η)K(σ, ς, d),

(23)

and

�((1− ξ)σ + ξρ, (1− η)ς + ηd)

≤ ξ2η2�(ρ, d) + ξ2(1− η)2�(ρ, ς) + (1− ξ)2η2�(σ, d) + (1− ξ)2(1− η)2�(σ, ς)

+ξ2η(1− η)M1(ρ, d, ς) + ξη(1− ξ)(1− η)M2(ρ, σ, d, ς) + ξη2(1− ξ)M3(ρ, σ, d)

+ξη(1− ξ)(1− η)M4(ρ, σ, d, ς) + ξ(1− ξ)(1− η)2M5(ρ, σ, ς) + η(1− ξ)2(1− η)M6(σ, d, ς)

= ξ2η2�(ρ, d) + ξ2(1− η)2�(ρ, ς) + (1− ξ)2η2�(σ, d) + (1− ξ)2(1− η)2�(σ, ς)

+ξ2η(1− η)P(ρ, ς, d) + ξη(1− ξ)(1− η)L(σ, ρ, ς, d) + ξη2(1− ξ)O(σ, ρ, d)

+ξη(1− ξ)(1− η)N(σ, ρ, ς, d) + ξ(1− ξ)(1− η)2M(σ, ρ, ς) + η(1− ξ)2(1− η)K(σ, ς, d).

(24)

Combining (21)–(24), we get

�(ξσ + (1− ξ)ρ, ης + (1− η)d) +�(ξσ + (1− ξ)ρ, (1− η)ς + ηd)

+�((1− ξ)σ + ξρ, ης + (1− η)d) +�((1− ξ)σ + ξρ, (1− η)ς + ηd)

≤ (1− 2ξ + 2ξ2)(1− 2η + 2η2)[�(σ, ς) +�(σ, d) +�(ρ, ς) +�(ρ, d)]

+2η(1− η)(1− 2ξ + 2ξ2)[K(σ, ς, d) + P(ρ, ς, d)]

+2ξ(1− ξ)(1− 2η + 2η2)[M(σ, ρ, ς) + O(σ, ρ, d)]

+4ξη(1− ξ)(1− η)[K(σ, ς, d) + P(ρ, ς, d)].

(25)

Integrating both sides of (25) over [0, 1]× [0, 1] with respect to ξ and η, we obtain

4
(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(κ, γ) dγ dκ =

∫ 1

0

∫ 1

0
�(ξσ + (1− ξ)ρ, ης + (1− η)d) dη dξ

+
∫ 1

0

∫ 1

0
�(ξσ + (1− ξ)ρ, (1− η)ς + ηd) dη dξ

+
∫ 1

0

∫ 1

0
�((1− ξ)σ + ξρ, ης + (1− η)d) dη dξ

+
∫ 1

0

∫ 1

0
�((1− ξ)σ + ξρ, (1− η)ς + ηd) dη dξ

≤ [�(σ, ς) +�(σ, d) +�(ρ, ς) +�(ρ, d)]

×
∫ 1

0

∫ 1

0
(1− 2ξ + 2ξ2)(1− 2η + 2η2) dη dξ

+ [K(σ, ς, d) + P(ρ, ς, d)]
∫ 1

0

∫ 1

0
2η(1− η)(1− 2ξ + 2ξ2) dη dξ
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+ [M(σ, ρ, ς) + O(σ, ρ, d)]
∫ 1

0

∫ 1

0
2ξ(1− ξ)(1− 2η + 2η2) dη dξ

+ [K(σ, ς, d) + P(ρ, ς, d)]
∫ 1

0

∫ 1

0
4ξη(1− ξ)(1− η) dη dξ

=
4
9
[
�(σ, ς) +�(σ, d) +�(ρ, ς) +�(ρ, d)

]
+

2
9
[
K(σ, ς, d) + P(ρ, ς, d)

+ M(σ, ρ, ς) + O(σ, ρ, d)
]
+

1
9
[
K(σ, ς, d) + P(ρ, ς, d)

]
.

Multiplying the above inequality by 1
4 , the second inequality of (18) is derived.

Remark 3. If we consider h(κ, γ) = �(κ, γ) and g(κ, γ) = 1, then the inequalities (18) reduces
to the inequalities

�
(

σ + ρ

2
,

ς + d
2

)
≤ 1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(κ, γ) dγ dκ ≤ �(σ, ς) +�(σ, d) +�(ρ, ς) +�(ρ, d)

4
.

This inequality is presented in Theorem 2.

4. Ostrowski-Type Inequalities

In this position, we derive some new Ostrowski-type inequalities for (g, h)-convex
functions. To establish the inequalities of the current section, we receive help from a lemma.

Lemma 1 ([22]). Let � :  → R be a twice-partial differentiable function on  ◦. If
∂2

∂ξ ∂η
∈

L( ), then

�(κ, γ) + 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(u, v) dv du− A

= (κ−σ)2(γ−ς)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς) dη dξ

− (κ−σ)2(d−γ)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)d) dη dξ

− (ρ−κ)2(γ−ς)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)ς) dη dξ

+(ρ−κ)2(d−γ)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)d) dη dξ,

(26)

for all (κ, γ) ∈  , where A is defined in (7).

Theorem 9. Under the assumptions of Lemma 1, if
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣ is co-ordinated (g, h)-convex on , then∣∣∣�(κ, γ) + 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(u, v) dv du− A

∣∣∣ ≤ 1
144(ρ−σ)(d−ς)

×
{
(κ − σ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣
+3K(κ, γ, ς) + L(κ, σ, γ, ς) + 3M(κ, σ, γ) + N(κ, σ, γ, ς) + O(κ, σ, ς) + P(σ, γ, ς)]

+(κ − σ)2(d− γ)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣

(27)
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+3K(κ, γ, d) + L(κ, σ, γ, d) + 3M(κ, σ, γ) + N(κ, σ, γ, d) + O(κ, σ, d) + P(σ, γ, d)]

+(ρ−κ)2(γ− ς)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣
+3K(κ, γ, ς) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, ς) + O(κ, ρ, ς) + P(ρ, γ, ς)]

+(ρ−κ)2(d− γ)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣
+ 3K(κ, γ, d) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, d) + O(κ, ρ, d) + P(ρ, γ, d)]},

where A is defined as in (7), and K, L, M, N, O, P are defined as in Theorem 8.

Proof. The conclusion of Lemma 1 yields∣∣∣� (κ, γ) + 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(u, v) dv du− A

∣∣∣
≤ (κ−σ)2(γ−ς)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

+(κ−σ)2(d−γ)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

+(ρ−κ)2(γ−ς)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

+(ρ−κ)2(d−γ)2

(ρ−σ)(d−ς)

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)d)

∣∣∣∣ dη dξ.

(28)

By the co-ordinated (g, h)-convexity of
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣, we obtain

∫ 1
0

∫ 1
0 ξη

∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣ dη dξ

≤
∫ 1

0

∫ 1
0 ξη

[
ξ2η2

∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣+ ξ2(1− η)2
∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣
+(1− ξ)2η2

∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣+ (1− ξ)2(1− η)2
∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣
+ξ2η(1− η)M1(κ, γ, ς) + ξη(1− ξ)(1− η)M2(κ, σ, γ, ς)

+ξη2(1− ξ)M3(κ, σ, γ) + ξη(1− ξ)(1− η)M4(κ, σ, γ, ς)

+ξ(1− ξ)(1− η)2M5(κ, σ, ς) + η(1− ξ)2(1− η)M6(σ, γ, ς)
]

dη dξ

= 1
16

∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣+ 1
48

∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣+ 1
48

∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣+ 1
144

∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣
+ 1

48 K(κ, γ, ς) + 1
144 L(κ, σ, γ, ς) + 1

48 M(κ, σ, γ)

+ 1
144 N(κ, σ, γ, ς) + 1

144O(κ, σ, ς) + 1
144 P(σ, γ, ς).

(29)

Similarly, we have

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

≤ 1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣+ 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣
(30)
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+ 1
48 K(κ, γ, d) + 1

144 L(κ, σ, γ, d) + 1
48 M(κ, σ, γ)

+ 1
144 N(κ, σ, γ, d) + 1

144O(κ, σ, d) + 1
144 P(σ, γ, d),

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

≤ 1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣
+ 1

48 K(κ, γ, ς) + 1
144 L(κ, ρ, γ, ς) + 1

48 M(κ, ρ, γ)

+ 1
144 N(κ, ρ, γ, ς) + 1

144O(κ, ρ, ς) + 1
144 P(ρ, γ, ς),

(31)

and

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

≤ 1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣
+ 1

48 K(κ, γ, d) + 1
144 L(κ, ρ, γ, ς) + 1

48 M(κ, ρ, γ)

+ 1
144 N(κ, ρ, γ, d) + 1

144O(κ, ρ, d) + 1
144 P(ρ, γ, d).

(32)

Substituting the inequalities (29)–(32) in the inequality (28), we obtain

∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dv du− A

∣∣∣ ≤ 1
144(ρ− σ)(d− ς)

×
{
(κ − σ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣
+ 3K(κ, γ, ς) + L(κ, σ, γ, ς) + 3M(κ, σ, γ) + N(κ, σ, γ, ς) + O(κ, σ, ς) + P(σ, γ, ς)]

+ (κ − σ)2(d− γ)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣
+ 3K(κ, γ, d) + L(κ, σ, γ, d) + 3M(κ, σ, γ) + N(κ, σ, γ, d) + O(κ, σ, d) + P(σ, γ, d)]

+ (ρ−κ)2(γ− ς)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣
+ 3K(κ, γ, ς) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, ς) + O(κ, ρ, ς) + P(ρ, γ, ς)]

+ (ρ−κ)2(d− γ)2
[

9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣+ 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣+ ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣
+ 3K(κ, γ, d) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, d) + O(κ, ρ, d) + P(ρ, γ, d)]}.

The proof is completed.

Remark 4. Set h(κ, γ) =

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣, g(κ, γ) = 1 and
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣ ≤ M for all

(κ, γ) ∈  . In that case, the inequality (28) reduces to the inequality (6).

Theorem 10. Under the assumptions of Lemma 1, if
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣q is co-ordinated (g, h)-convex on 

for 1
p + 1

q = 1 and p, q > 1, then
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∣∣∣� (κ, γ) + 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(u, v) dv du− A

∣∣∣ ≤ 1
(ρ−σ)(d−ς)(p+1)2/p

(
1
36

)1/q

×
{
(κ − σ)2(γ− ς)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+2K(κ, γ, ς) + L(κ, σ, γ, ς) + 2M(κ, σ, γ) + N(κ, σ, γ, ς) + 2O(κ, σ, ς) + 2P(σ, γ, ς)]1/q

+(κ − σ)2(d− γ)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣q
+2K(κ, γ, d) + L(κ, σ, γ, d) + 2M(κ, σ, γ) + N(κ, σ, γ, d) + 2O(κ, σ, d) + 2P(σ, γ, d)]1/q

+(ρ−κ)2(γ− ς)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣q
+2K(κ, γ, ς) + L(κ, ρ, γ, ς) + 2M(κ, ρ, γ) + N(κ, ρ, γ, ς) + 2O(κ, ρ, ς) + 2P(ρ, γ, ς)]1/q

+(ρ−κ)2(d− γ)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣q
+ 2K(κ, γ, d) + L(κ, ρ, γ, ς) + 2M(κ, ρ, γ) + N(κ, ρ, γ, d) + 2O(κ, ρ, d) + 2P(ρ, γ, d)]1/q

}
,

(33)

where A is defined as in (7) and K, L, M, N, O, P are defined as in Theorem 8.

Proof. By the Hölder inequality for double integrals and co-ordinated (g, h)-convexity of∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣q, with the help of Lemma 1, we have

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

≤
(∫ 1

0

∫ 1
0 ξ pηp dη dξ

)1/p
(∫ 1

0

∫ 1
0

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣∣q dη dξ

)1/q

≤ 1
(p+1)2/p

(∫ 1
0

∫ 1
0 ξ2η2

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + ξ2(1− η)2
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q
+(1− ξ)2η2

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + (1− ξ)2(1− η)2
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
(34)

+ξ2η(1− η)M1(κ, γ, ς) + ξη(1− ξ)(1− η)M2(κ, σ, γ, ς) + ξη2(1− ξ)M3(κ, σ, γ)

+ ξη(1− ξ)(1− η)M4(κ, σ, γ, ς) + ξ(1− ξ)(1− η)2M5(κ, σ, ς) + η(1− ξ)2(1− η)M6(σ, γ, ς) dη dξ
)1/q

= 1
(p+1)2/p

(
1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+ 1

18 K(κ, γ, ς) + 1
36 L(κ, σ, γ, ς) + 1

18 M(κ, σ, γ)

+ 1
36 N(κ, σ, γ, ς) + 1

18O(κ, σ, ς) + 1
18 P(σ, γ, ς)

)1/q
.

Similarly, we obtain
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∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

≤ 1
(p+1)2/p

(
1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 1
9

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q
+ 1

9

∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣q + 1
18 K(κ, γ, d) + 1

36 L(κ, σ, γ, d) + 1
18 M(κ, σ, γ)

+ 1
36 N(κ, σ, γ, d) + 1

18O(κ, σ, d) + 1
18 P(σ, γ, d)

)1/q
,

(35)

∫ 1
0

∫ 1
0 ξη

∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)ς)

∣∣∣ dη dξ

≤ 1
(p+1)2/p

(
1
9

∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣q + 1
9

∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣q + 1
9

∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣q
+ 1

9

∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣q + 1
18 K(κ, γ, ς) + 1

36 L(κ, ρ, γ, ς) + 1
18 M(κ, ρ, γ)

+ 1
36 N(κ, ρ, γ, ς) + 1

18O(κ, ρ, ς) + 1
18 P(ρ, γ, ς)

)1/q
,

(36)

and

∫ 1
0

∫ 1
0 ξη

∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)d)

∣∣∣ dη dξ

≤ 1
(p+1)2/p

(
1
9

∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣q + 1
9

∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣q + 1
9

∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣q
+ 1

9

∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣q + 1
18 K(κ, γ, d) + 1

36 L(κ, ρ, γ, ς) + 1
18 M(κ, ρ, γ)

+ 1
36 N(κ, ρ, γ, d) + 1

18O(κ, ρ, d) + 1
18 P(ρ, γ, d)

)1/q
.

(37)

If we substitute the inequalities (35)–(37) in the inequality (28), we obtain∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dv du− A

∣∣∣ ≤ 1
(ρ− σ)(d− ς)(p + 1)2/p

( 1
36

)1/q

×
{
(κ − σ)2(γ− ς)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+ 2K(κ, γ, ς) + L(κ, σ, γ, ς) + 2M(κ, σ, γ) + N(κ, σ, γ, ς) + 2O(κ, σ, ς) + 2P(σ, γ, ς)]1/q

+ (κ − σ)2(d− γ)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣q
+ 2K(κ, γ, d) + L(κ, σ, γ, d) + 2M(κ, σ, γ) + N(κ, σ, γ, d) + 2O(κ, σ, d) + 2P(σ, γ, d)]1/q

+ (ρ−κ)2(γ− ς)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣q
+ 2K(κ, γ, ς) + L(κ, ρ, γ, ς) + 2M(κ, ρ, γ) + N(κ, ρ, γ, ς) + 2O(κ, ρ, ς) + 2P(ρ, γ, ς)]1/q

+ (ρ−κ)2(d− γ)2

[
4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 4
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣q
+ 2K(κ, γ, d) + L(κ, ρ, γ, ς) + 2M(κ, ρ, γ) + N(κ, ρ, γ, d) + 2O(κ, ρ, d) + 2P(ρ, γ, d)]1/q

}
.
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The proof is ended.

Remark 5. Set h(κ, γ) =

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q, g(κ, γ) = 1 and
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣ ≤ M for all

(κ, γ) ∈  . Then, the inequality (33) reduces to the inequality (8).

Theorem 11. Under the assumptions of Lemma 1, if
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣q is co-ordinated (g, h)-convex on 
for q ≥ 1, then

∣∣∣� (κ, γ) + 1
(ρ−σ)(d−ς)

∫ ρ
σ

∫ d
ς �(u, v) dv du− A

∣∣∣ ≤ 1
4(ρ−σ)(d−ς)

(
1

36

)1/q

×
{
(κ − σ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+3K(κ, γ, ς) + L(κ, σ, γ, ς) + 3M(κ, σ, γ) + N(κ, σ, γ, ς) + O(κ, σ, ς) + P(σ, γ, ς)]1/q

+(κ − σ)2(d− γ)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣q
+3K(κ, γ, d) + L(κ, σ, γ, d) + 3M(κ, σ, γ) + N(κ, σ, γ, d) + O(κ, σ, d) + P(σ, γ, d)]1/q

+(ρ−κ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣q
+3K(κ, γ, ς) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, ς) + O(κ, ρ, ς) + P(ρ, γ, ς)]1/q

+(ρ−κ)2(d− γ)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣q
+ 3K(κ, γ, d) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, d) + O(κ, ρ, d) + P(ρ, γ, d)]1/q

}
,

(38)

where A is defined as in (7) and K, L, M, N, O, P are defined as in Theorem 8.

Proof. By vitue of the power mean inequality in relation to double integrals and by the

co-ordinated (g, h)-convexity of
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣q, with the help of Lemma 1, we have

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

≤
(∫ 1

0

∫ 1
0 ξη dη dξ

)1−1/q
(∫ 1

0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)ς)

∣∣∣∣q dη dξ

)1/q

≤
(

1
4

)1−1/q
(∫ 1

0

∫ 1
0 ξη

[
ξ2η2

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + ξ2(1− η)2
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q
+(1− ξ)2η2

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + (1− ξ)2(1− η)2
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+ξ2η(1− η)M1(κ, γ, ς) + ξη(1− ξ)(1− η)M2(κ, σ, γ, ς) + ξη2(1− ξ)M3(κ, σ, γ)

+ ξη(1− ξ)(1− η)M4(κ, σ, γ, ς) + ξ(1− ξ)(1− η)2M5(κ, σ, ς) + η(1− ξ)2(1− η)M6(σ, γ, ς)
]

dη dξ
)1/q

=
(

1
4

)1−1/q
(

1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+ 1

48 K(κ, γ, ς) + 1
144 L(κ, σ, γ, ς) + 1

48 M(κ, σ, γ)

+ 1
144 N(κ, σ, γ, ς) + 1

144O(κ, σ, ς) + 1
144 P(σ, γ, ς)

)1/q
.

(39)
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In a similar way, one can obtain

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)σ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

≤
(

1
4

)1−1/q
(

1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣q
+ 1

48 K(κ, γ, d) + 1
144 L(κ, σ, γ, d) + 1

48 M(κ, σ, γ)

+ 1
144 N(κ, σ, γ, d) + 1

144O(κ, σ, d) + 1
144 P(σ, γ, d)

)1/q
,

(40)

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)ς)

∣∣∣∣ dη dξ

≤
(

1
4

)1−1/q
(

1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣q
+ 1

48 K(κ, γ, ς) + 1
144 L(κ, ρ, γ, ς) + 1

48 M(κ, ρ, γ)

+ 1
144 N(κ, ρ, γ, ς) + 1

144O(κ, ρ, ς) + 1
144 P(ρ, γ, ς)

)1/q
,

(41)

and

∫ 1
0

∫ 1
0 ξη

∣∣∣∣ ∂2

∂ξ ∂η
�(ξκ + (1− ξ)ρ, ηγ + (1− η)d)

∣∣∣∣ dη dξ

≤
(

1
4

)1−1/q
(

1
16

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 1
48

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + 1
144

∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣q
+ 1

48 K(κ, γ, d) + 1
144 L(κ, ρ, γ, ς) + 1

48 M(κ, ρ, γ)

+ 1
144 N(κ, ρ, γ, d) + 1

144O(κ, ρ, d) + 1
144 P(ρ, γ, d)

)1/q
.

(42)

By substituting the inequalities (39)–(42) in the inequality (28), we obtain∣∣∣�(κ, γ) +
1

(ρ− σ)(d− ς)

∫ ρ

σ

∫ d

ς
�(u, v) dv du− A

∣∣∣ ≤ 1
4(ρ− σ)(d− ς)

( 1
36

)1/q

×
{
(κ − σ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, ς)

∣∣∣∣q
+ 3K(κ, γ, ς) + L(κ, σ, γ, ς) + 3M(κ, σ, γ) + N(κ, σ, γ, ς) + O(κ, σ, ς) + P(σ, γ, ς)]1/q

+ (κ − σ)2(d− γ)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(σ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(σ, d)

∣∣∣∣q
+ 3K(κ, γ, d) + L(κ, σ, γ, d) + 3M(κ, σ, γ) + N(κ, σ, γ, d) + O(κ, σ, d) + P(σ, γ, d)]1/q

+ (ρ−κ)2(γ− ς)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, ς)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, ς)

∣∣∣∣q
+ 3K(κ, γ, ς) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, ς) + O(κ, ρ, ς) + P(ρ, γ, ς)]1/q

+ (ρ−κ)2(d− γ)2

[
9
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, d)

∣∣∣∣q + 3
∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, γ)

∣∣∣∣q + ∣∣∣∣ ∂2

∂ξ ∂η
�(ρ, d)

∣∣∣∣q

275



Mathematics 2022, 10, 3469

+ 3K(κ, γ, d) + L(κ, ρ, γ, ς) + 3M(κ, ρ, γ) + N(κ, ρ, γ, d) + O(κ, ρ, d) + P(ρ, γ, d)]1/q
}

.

The proof is completed.

Remark 6. Set h(κ, γ) =

∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣q, g(κ, γ) = 1 and
∣∣∣∣ ∂2

∂ξ ∂η
�(κ, γ)

∣∣∣∣ ≤ M for all

(κ, γ) ∈  . In that case, the inequality (38) reduces to (9).

5. Examples

In the section of examples, we give some examples to demonstrate and confirm the
consistency of our main findings.

Example 2. Let g, h,� : [0, 1]× [0, 1] → R be given by g(κ, γ) = κγ, h(κ, γ) = e−κ−γ and
�(κ, γ) = κγ e−κ−γ. By Example 1, � is co-ordinated (g, h)-convex. Applying Theorem 8, the
first inequality of (18) is

0.038126 . . . =
1
e
− 2

(−2
e

+ 1
)(

1
e

)
−
(

1
e2

)

= 4�
(

1
2

,
1
2

)
−
∫ 1

0

∫ 1

0
e−κ−γ[κ(1− γ) + (1−κ)γ + (1−κ)(1− γ)] dγ dκ

≤
∫ 1

0

∫ 1

0
κγ e−κ−γ dγ dκ =

4
e2 −

4
e
+ 1 = 0.069823 . . . .

Additionally, the second inequality of (18) is

0.069823 . . . =
∫ 1

0

∫ 1

0
κγ e−κ−γ dγ dκ ≤ 1

9

[
�(0, 0) +�(0, 1) +�(1, 0) +�(1, 1)

+
K(0, 0, 1) + P(1, 0, 1) + M(0, 1, 0) + O(0, 1, 1)

2
+

L(0, 1, 0, 1) + N(0, 1, 0, 1)
4

]
=

1
9

[
1
e2 +

1
e
+

1
4

]
= 0.083690 . . . .

It is clear that
0.038126 . . . ≤ 0.069823 . . . ≤ 0.083690 . . . .

This confirms the correctness of the result established in Theorem 8.

Example 3. Let g, h,� : [0, 1] × [0, 1] → R be formulated by g(κ, γ) = (1 − κ)(1 − γ),
h(κ, γ) = e−κ−γ and �(κ, γ) = κγ e−κ−γ (see Figure 1). Then, � is partially differentiable on
(0, 1)× (0, 1), and its partial derivative is integrable and co-ordinated (g, h)-convex on [0, 1]×
[0, 1]. By utilizing Theorem 9, we have∣∣∣∣κγ e−κ−γ +

(
4
e2 −

4
e
+ 1

)
+
(
κ e−κ

)(2
e
− 1

)
+
(
γ e−γ

)(2
e
− 1

)∣∣∣∣
=

∣∣∣∣κγ e−κ−γ +
∫ 1

0

∫ 1

0
uv e−u−v dv du−

∫ 1

0
uγ e−u−γ du−

∫ 1

0
κv e−κ−v dv

∣∣∣∣
≤ 1

144

{
κ2γ2[9(1−κ)(1− γ) e−κ−γ + 3(1−κ) e−κ + 3(1− γ) e−γ + 1

+ 3(1−κ)(1− γ) e−κ + 3(1−κ) e−κ−γ + (1− γ) e−κ + (1−κ) e−γ

+ 3(1− γ) e−κ−γ + 3(1−κ)(1− γ) e−γ + e−κ−γ + (1−κ)(1− γ)
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+ e−κ + (1−κ) + e−γ + (1− γ)
]
+κ2(1− γ)2[9(1−κ)(1− γ) e−κ−γ + 3(1− γ) e−γ

+ 3(1−κ)(1− γ) e−κ−1 + (1− γ) e−κ−1 + 3(1− γ) e−κ−γ + 3(1−κ)(1− γ) e−γ

+(1−κ)(1− γ) e−1 + (1− γ) e−1
]
+ (1−κ)2γ2[9(1−κ)(1− γ) e−κ−γ + 3(1−κ) e−κ

+ 3(1−κ)(1− γ) e−κ + 3(1−κ) e−κ−γ + (1−κ) e−γ−1 + 3(1−κ)(1− γ) e−γ−1

+ (1−κ)(1− γ) e−γ−1 + (1−κ)(1− γ) e−1 + (1−κ) e−1
]

+ (1−κ)2(1− γ)2
[
9(1−κ)(1− γ) e−κ−γ + 3(1−κ)(1− γ) e−κ−1 + (1− γ) e−κ−1

+3(1−κ)(1− γ) e−γ−1
]}

.

1
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Figure 1. The image description for Theorem 9.

Example 4. Let g, h,� : [0, 1] × [0, 1] → R be defined by g(κ, γ) = (1 − κ)2(1 − γ)2,
h(κ, γ) = e−2κ−2γ and �(κ, γ) = κγ e−κ−γ (see Figure 2). Then, � is partially differentiable

on (0, 1)× (0, 1), its partial derivative is integrable and
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣2 is co-ordinated (g, h)-convex on

[0, 1]2. Via Theorem 10 with p = q = 2, we have∣∣∣∣κγ e−κ−γ +

(
4
e2 −

4
e
+ 1

)
+
(
κ e−κ

)(2
e
− 1

)
+
(
γ e−γ

)(2
e
− 1

)∣∣∣∣
=

∣∣∣∣κγ e−κ−γ +
∫ 1

0

∫ 1

0
uv e−u−v dv du−

∫ 1

0
uγ e−u−γ du−

∫ 1

0
κv e−κ−v dv

∣∣∣∣
≤ 1

18

{
κ2γ2

[
4(1−κ)2(1− γ)2 e−2κ−2γ + 4(1−κ)2 e−2κ + 4(1− γ)2 e−2γ + 4

+ 2(1−κ)2(1− γ)2 e−2κ + 2(1−κ)2 e−2κ−2γ + (1− γ)2 e−2κ + (1−κ)2 e−2γ

+ 2(1− γ)2 e−2κ−2γ + 2(1−κ)2(1− γ)2 e−2γ + e−2κ−2γ + (1−κ)2(1− γ)2

+ 2e−2κ + 2(1−κ)2 + 2e−2γ + 2(1− γ)2
]1/2

+κ2(1− γ)2
[
4(1−κ)2(1− γ)2 e−2κ−2γ + 4(1− γ)2 e−2γ

+ 2(1−κ)2(1− γ)2 e−2κ−2 + (1− γ)2 e−2κ−2 + 2(1− γ)2 e−2κ−2γ + (1−κ)2(1− γ)2 e−2γ
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+2(1−κ)2(1− γ)2 e−2 + 2(1− γ)2 e−2
]1/2

+ (1−κ)2γ2
[
4(1−κ)2(1− γ)2 e−2κ−2γ + 4(1−κ)2 e−2κ

+ 2(1−κ)2(1− γ)2 e−2κ + 2(1−κ)2 e−2κ−2γ + (1−κ)2 e−2γ−2 + 2(1−κ)2(1− γ)2 e−2γ−2

+ (1−κ)2(1− γ)2 e−2γ−2 + 2(1−κ)2(1− γ)2 e−2 + 2(1−κ)2 e−2
]1/2

+ (1−κ)2(1− γ)2
[
4(1−κ)2(1− γ)2 e−2κ−2γ + 2(1−κ)2(1− γ)2 e−2κ−2 + (1− γ)2 e−2κ−2

+2(1−κ)2(1− γ)2 e−2γ−2
]1/2

}
.
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Figure 2. The image description for Theorem 10.

Example 5. Consider the functions g, h,� : [0, 1]2 → R formulated as g(κ, γ) = (1−κ)(1−
γ), h(κ, γ) = e−κ−γ and �(κ, γ) = κγ e−κ−γ (see Figure 3). Then, � is partially differentiable

on (0, 1)× (0, 1), its partial derivative is integrable and
∣∣∣∣ ∂2�
∂ξ ∂η

∣∣∣∣2 is co-ordinated (g, h)-convex on

[0, 1]2. The utilization of Theorem 11 with q = 2 gives

∣∣∣∣κγ e−κ−γ +

(
4
e2 −

4
e
+ 1

)
+
(
κ e−κ

)(2
e
− 1

)
+
(
γ e−γ

)(2
e
− 1

)∣∣∣∣
=

∣∣∣∣κγ e−κ−γ +
∫ 1

0

∫ 1

0
uv e−u−v dv du−

∫ 1

0
uγ e−u−γ du−

∫ 1

0
κv e−κ−v dv

∣∣∣∣
≤ 1

24

{
κ2γ2

[
9(1−κ)2(1− γ)2 e−2κ−2γ + 3(1−κ)2 e−2κ + 3(1− γ)2 e−2γ + 1

+ 3(1−κ)2(1− γ)2 e−2κ + 3(1−κ)2 e−2κ−2γ + (1− γ)2 e−2κ + (1−κ)2 e−2γ

+ 3(1− γ)2 e−2κ−2γ + 3(1−κ)2(1− γ)2 e−2γ + e−2κ−2γ + (1−κ)2(1− γ)2

+ e−2κ + (1−κ)2 + e−2γ + (1− γ)2
]1/2

+κ2(1− γ)2
[
9(1−κ)2(1− γ)2 e−2κ−2γ + 3(1− γ)2 e−2γ

+ 3(1−κ)2(1− γ)2 e−2κ−2 + (1− γ)2 e−2κ−2 + 3(1− γ)2 e−2κ−2γ + 3(1−κ)2(1− γ)2 e−2γ

+(1−κ)2(1− γ)2 e−2 + (1− γ)2 e−2
]1/2

+ (1−κ)2γ2
[
9(1−κ)2(1− γ)2 e−2κ−2γ + 3(1−κ)2 e−2κ
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+ 3(1−κ)2(1− γ)2 e−2κ + 3(1−κ)2 e−2κ−2γ + (1−κ)2 e−2γ−2 + 3(1−κ)2(1− γ)2 e−2γ−2

+ (1−κ)2(1− γ)2 e−2γ−2 + (1−κ)2(1− γ)2 e−2 + (1−κ)2 e−2
]1/2

+ (1−κ)2(1− γ)2
[
9(1−κ)2(1− γ)2 e−2κ−2γ + 3(1−κ)2(1− γ)2 e−2κ−2 + (1− γ)2 e−2κ−2

+3(1−κ)2(1− γ)2 e−2γ−2
]1/2

}
.
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Figure 3. The image description for Theorem 11.

6. Conclusions

We gave a definition of newly defined co-ordinated (g, h)-convexity, which is a gener-
alization of co-ordinated convexity. We also proved some of its significant properties. We
established some new Hermite–Hadamard- and Ostrowski-type inequalities in relation to
such co-ordinated (g, h)-convex functions. We established that the inequalities derived in
this paper generalize the results given in earlier works. Lastly, we gave some examples
to demonstrate and show the correctness of the main results. In the next works, one can
extend similar theorems to other types of generalized convexity.
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Abstract: The most important objective of the present research is to establish some theoretical
existence results on a novel combined configuration of a Caputo sequential inclusion problem and the
hybrid integro-differential one in which the boundary conditions are also formulated as the hybrid
multi-order integro-differential conditions. In this respect, firstly, some inequalities are proven in
relation to the corresponding integral equation. Then, we employ some newly defined theoretical
techniques with the help of the product operators on a Banach algebra and also with the aid of some
special functions including α-ψ-contractions and α-admissible mappings to extract the existence
criteria corresponding to the given mixed sequential hybrid BVPs. Some important useful properties
such as the approximate endpoint property, (Cα)-property, and the compactness play a key role in
this regard. The final part of the manuscript is devoted to formulating and computing two applicable
examples to guarantee the correctness of the obtained results.

Keywords: α-ψ-contractive maps; endpoint; Dhage’s fixed point result; sequential derivative; sequen-
tial hybrid inclusion problem

MSC: 26A33; 34B10; 47H10

1. Introduction

Human beings need to recognize different interesting phenomena more than ever
before. An appropriate approach to meet this demand is to employ the methods and
techniques that are available in fractional calculus and, specifically, the fractional operators
in modeling of events and processes. Many operators of this fractional type have appeared
in recent years, and their consistency and flexibility are becoming known to mathematicians
everyday. In such a way, it is convenient that we design complicated and general abstract
mathematical models of processes in the format of applicable fractional BVPs. Several
examples of the usability of such operators can be seen in branches of science including bio-
mathematics, medical science, engineering, and so on; see [1–4]. All of these points imply
that a wide range of scientists are attracted to work on various angles of applicability of
such fractional BVPs along with some dynamical behaviors of solutions of these fractional
systems. In the mentioned context, most mathematicians have turned toward studying
advanced fractional modelings and relevant theoretical findings and graphical behaviors
of solutions for these kinds of BVPs; see [5–11].
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Miller with the help of Ross [12] introduced sequential structures of derivatives, which
are illustrated by a product of the given derivatives. Later, new findings about different
forms of these operators resulted in the publishing of several articles on sequential BVPs
in fractional settings. Recently, Alsaedi et al. [13] addressed the primary version of the
sequential fractional boundary problem of the Caputo type given by⎧⎨⎩(CDη∗

0+ + μ∗CDη∗−1
0+ )�(z) = ğ∗(z,�(z)),

�(0) = 0, �′(0) = 0, �(σ) = γRLIθ∗
0+�(δ)

so that η∗ ∈ (2, 3], δ ∈ (0, 1), σ ∈ (δ, 1) with θ∗ > 0, z ∈ [0, 1], γ, μ∗ ∈ R+, and
ğ∗ ∈ C

(
[0, 1] × R,R

)
. The authors in relation to the existence results used some usual

notions of the nonlinear analysis theory [13]. For more details, check [14].
During the past few years, a new framework of problems called hybrid differential

ones supplemented with abstract types of boundary conditions have been in the spotlight
of most mathematicians; see, for example, [15–20]. In 2010, the study of this category of
equations began with a brilliant paper by Lakshmikantham with the aid of Dhage [21]. Both
of them regarded a newly designed hybrid differential equation and obtained its extremal
possible solutions by proving several inequalities [21]. After this work, Zhao et al. [22]
presented a fractional general extension of the aforementioned BVP in [21] and considered
an FBVP consisting of fractional hybrid differential equations. Gradually, researchers
have been attracted to this category of modern differential equations. For example, Ah-
mad et al. [23] carried out a pure mathematical analysis to find the necessary conditions
for the existence results of the following Caputo nonlocal hybrid inclusion problem illus-
trated by

CDη∗

0+

[

(z)−∑k

j=1
RLIθ∗j

0+h∗j (z, 
(z))

g∗(z, 
(z))

]
∈ O(z, 
(z)),

equipped with conditions 
(0) = β(z) and 
(1) = α ∈ R, where η∗ ∈ (1, 2] and RLIθ∗
0+

stands for the RL integral of order θ∗ > 0 with θ∗ ∈ {θ∗1 , θ∗2 , . . . , θ∗k }.
In 2020, Baleanu, Etemad, and Rezapour [24] developed a novel hybrid version of the

thermostat fractional model, which describes its performance. Indeed, this model checks
an amount of ambient heat and controls it according to the temperature assessed by active
sensors. We can review the mentioned thermostat hybrid model as

CDη∗

0+

[
μ(s)

w∗(s, μ(s))

]
+ Φ̃(s, μ(s)) = 0, (η∗ ∈ (1, 2], s ∈ [0, 1])

subject to the fractional hybrid boundary conditions⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
CD1

0+

[
μ(s)

w∗(s, μ(s))

]∣∣∣
s=0

= 0,

λ∗CDη∗−1
0+

[
μ(s)

w∗(s, μ(s))

]∣∣∣
s=1

+

[
μ(s)

w∗(s, μ(s))

]∣∣∣
s=δ

= 0,

where λ∗ is a positive parameter, δ ∈ [0, 1], and η∗ − 1 ∈ (0, 1]. Furthermore, CD1
0+ = d

dz ,
CDγ∗

0+ illustrates the Caputo derivative of order γ∗ ∈ {η∗, η∗ − 1} and Φ̃, w∗ ∈ C([0, 1]×
R,R) with w∗ �= 0. The analytical techniques utilized by the authors rely on some fixed
point concepts on self-maps and multifunctions.
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In 2021, Abbas and Ragusa [25] dealt with a novel category of hybrid FDEs via
proportional derivatives depending to a certain function as⎧⎪⎪⎪⎨⎪⎪⎪⎩

�Dδ,ϑ
a+

[
μ(s)

w∗(s, μ(s))

]
= Φ̃(s, μ(s)),

�I1−δ,ϑ
a+

[
μ(s)

w∗(s, μ(s))

]∣∣∣
s=a

= b ∈ R,

where �, δ ∈ (0, 1] and �Dδ,ϑ
a+ displays the δth-proportional derivative depending on the

increasing mapping ϑ with ϑ′(s) > 0. They discussed the continuity of solutions of this
BVP in terms of some inputs.

By considering and mixing the ideas of the above problems, we formulate a new
combined structure of a Caputo sequential hybrid integro-differential inclusion as follows

μ∗1
(CDη∗

0+ + μ∗2
CDη∗−1

0+
)[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)
]
∈ Õ(z, 
(z)) (1)

furnished with three-point hybrid multi-order integro-differential conditions:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

CD1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

RLIθ∗1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=1

+ RLIθ∗2
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=σ
= 0,

(2)

where z ∈ T := [0, 1], η∗ ∈ [2, 3), η∗ − 1 ∈ [1, 2), σ ∈ (0, 1), μ∗1, μ∗2, θ∗1 , θ∗2 > 0 with

θ∗1 − 1 > 0 and θ∗2 − 1 > 0. Furthermore, for k ∈ N, δ∗1 , δ∗2 , . . . , δ∗k > 0. Here, CD(·)
0+ and

RLI (·)0+ display the Caputo derivative and the RL integral. Further, notice that CD1
0+ = d

dz .
The continuous real-valued function S̃∗ �= 0 is defined on T×Rk+1, and the set-valued
map Õ is assumed to be considered on T×R having some properties that are pointed out
in the sequel. In the next stage, we turn to a special nonhybrid form of the above FBVP
as follows: ⎧⎪⎨⎪⎩

μ∗1
(CDη∗

0+ + μ∗2
CDη∗−1

0+
)

(z) ∈ Õ(z, 
(z)),


(0) = 0, 
′(0) = 0, RLIθ∗1
0+
(1) + RLIθ∗2

0+
(σ) = 0,
(3)

where η∗ ∈ [2, 3), η∗ − 1 ∈ [1, 2), z ∈ T := [0, 1], 0 < σ < 1, μ∗1, μ∗2 ∈ R+, and RLI (·)0+
illustrates the RL integral of both orders θ∗1 , θ∗2 > 0 with θ∗1 − 1 > 0 and θ∗2 − 1 > 0. As you
see, it is notable that we derive the Caputo sequential inclusion problem (3) if we take

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)
= 1 in the given problem (1) and (2). The readers

should pay attention to this point that the combined construction of a sequential problem
and a hybrid one is a novel and unique fractional modeling, and this kind of mixed
sequential hybrid integro-differential inclusion problem has not been discussed in any
literature so far. We organize the rest of the research as follows. In Section 2, we review
some primitive notions briefly. In Section 3, we develop some newly defined theoretical
methods to derive the required existence criteria corresponding to the given mixed BVPs
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by (1)–(3). Some existing important properties on operators and the existing space including
the approximate endpoint property, the (Cα)-property and the compactness play a key role
in this regard. The last section of this manuscript is devoted to formulating and computing
two simulation examples to validate the correctness of the results.

2. Preliminaries

This part of the paper is devoted to recalling some basic notions and auxiliary con-
cepts briefly. First of all, we assume that η∗ > 0. Then, one can recall the definition
of the Riemann–Liouville integral for 
 : [0,+∞) → R in the format of RLIη∗

0+
(z) =∫ z

0

(z− q)η∗−1

Γ(η∗)

(q)dq such that there exists the R.H.S. value finitely [26,27]. Hereafter, we

regard η∗ ∈ (n− 1, n). For 
 ∈ AC(n)R ([0,+∞)), the derivative in the Caputo sense can be
defined by the following framework:

CDη∗

0+
(z) =
∫ z

0

(z− q)n−η∗−1

Γ(n− η∗)

(n)(q)dq

such that the R.H.S integral exists [26,27]. In addition, for an arbitrary sufficiently smooth
map 
 : [0,+∞)→ R, one can define the sequential fractional derivative as follows:

Dη∗

0+
(z) = (Dη∗1
0+D

η∗2
0+ . . .Dη∗n

0+)
(z),

where η∗ = (η∗1 , η∗2 , . . . , η∗n) is a multi-index [12]. It is notable that the sequential derivative

operator Dη∗

0+ can be considered one of the Caputo, RL, Hadamard, Caputo–Hadamard,
etc. In the present research, we shall utilize the sequential derivative in the Caputo setting,
which is illustrated by the following. For n = 1 + [η∗], the Caputo sequential derivative of
the given map 
 : [0,+∞)→ R is arranged as

CDη∗

0+
(z) = D−(n−η∗)
0+

( d
dz

)n

(z),

where D−(n−η∗)
0+ 
(z) = RLI (n−η∗)

0+ 
(z) stands for the RL integral of order n− η∗ [26]. In
a monograph presented by Miller and Ross [12], it was demonstrated that the general
solution of CDη∗

0+
(z) = 0 is illustrated by 
(z) = c0 + c1z + c2z2 + . . . + cn−1zn−1, and
we obtain

RLIη∗

0+(
CDη∗

0+
(z)) = 
(z) +
n−1

∑
k=0

ckzk = 
(z) + c0 + c1z + c2z2 + . . . + cn−1zn−1,

in which ci are real numbers with n = [η∗] + 1. Assuming the normed space (W, ‖ · ‖W),
we introduce the notations P(W), Pcls(W), Pbnd(W), Pcmp(W), and Pcvx(W) to illustrate
the set of all nonempty, closed, bounded, compact, and convex subsets of W, respectively.
A metric PHdW : P(W)×P(W)→ R∗ is named as the Pompeiu–Hausdorff metric if

PHdW(E1, E2) = max{ sup
e1∈E1

dW(e1, E2), sup
e2∈E2

dW(E1, e2)}

so that dW(E1, e2) = infe1∈E1 dW(e1, e2) and dW(e1, E2) = infe2∈E2 dW(e1, e2) [28]. We repre-
sent all selections of Õ at point 
 ∈ CR(T) by

(SEL)Õ,
 := {κ̂ ∈ L1
R(T) : κ̂(z) ∈ Õ(z, 
(z))}

for a.e. z ∈ T := [0, 1] [28,29]. Further, (SEL)Õ,
 �= ∅ if dim(W) < ∞ [28].
A novel category of nonnegative nondecreasing mappings as ψ : [0, ∞)→ [0, ∞) was

constructed by Samet et al. [30] in which ∑∞
n=1 ψn(z) < ∞. This category of functions
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is illustrated by the notation Ψ. The most important property of these functions is that
ψ(z) < z for each z > 0 [30]. After this work, Mohammadi et al. introduced a generalized
framework for set-valued maps as follows [31]. A multifunction Õ : W→ Pbnd,cls(W) is
named an α-ψ-contraction whenever for each 
, 
′ ∈W, we have

α(
, 
′)PHdW(Õ
, Õ
′) ≤ ψ(dW(
, 
′)).

We also say that the normed space W possesses the (Cα)-property if for each conver-
gent sequence {
n} ⊆W with 
n → 
 and α(
n, 
n+1) ≥ 1 for any n ∈ N, there exists a
subsequence {
nj} of {
n} provided that α(
nj , 
) ≥ 1 for each j ∈ N. In the same direc-
tion, we say that Õ is α-admissible if for every 
 ∈W and 
′ ∈ Õ(
) with α(
, 
′) ≥ 1,
we have α(
′, 
′′) ≥ 1 for all 
′′ ∈ Õ(
′) [31]. Eventually, an element 
 ∈W is said to be
the endpoint of Õ : W→ P(W) if the equality Õ(
) = {
} holds [32]. In addition, Õ is a
set-valued map having an approximate endpoint property (APPX-endpoint property) if
inf
∈W sup�∈Õ
 dW(
, �) = 0 [32]. We need the following lemmas to establish theoretical
results about the existence criteria of solutions in this research.

Lemma 1 ([33]). The Banach space W is assumed to be separable. Suppose that the multi-function
Õ : [0, 1]×W→ Pcmp,cvx(W) is L1-Carathéodory and the linear mapping P̃∗ : L1

W([0, 1]) →
CW([0, 1]) is continuous. Then, P̃∗ ◦ (SEL)Õ : CW([0, 1]) → Pcmp,cvx(CW([0, 1])) defines an
operator in CW([0, 1])× CW([0, 1]) via action


 �→ (P̃∗ ◦ (SEL)Õ)(
) = P̃∗((SEL)Õ,
)

which has a closed graph.

Lemma 2 ([34]). Let W be a Banach algebra and some items be valid for A∗1 : W → W and
A∗2 : W→ Pcmp,cvx(W) including:

(1S) A∗1 is Lipschitz with l∗ > 0;
(2S) A∗2 has the upper semi-continuity and the compactness properties;
(3S) 2l∗Ô < 1, provided that Ô = ‖A∗2(W)‖.

In that case, either (a) Σ∗ = {v∗ ∈W | α0v∗ ∈ (A∗1v∗)(A∗2v∗), α0 > 1} is unbounded or
(b) a member exists in W with 
 ∈ (A∗1
)(A∗2
).

Lemma 3 ([31]). Let the metric space (W, dW) be complete and α be a nonnegative mapping
defined on W2, ψ ∈ Ψ be a map that increases strictly, and Õ : W→ Pcls,bnd(W) be α-admissible
and an α-ψ-contraction via α(
, 
′) ≥ 1 for some 
 ∈ W and 
′ ∈ Õ(
). In this case, Õ
includes a fixed point if W contains the (Cα)-property.

Lemma 4 ([32]). Let the metric space (W, dW) be complete and ψ : [0, ∞) → [0, ∞) involve
the upper semi-continuity specification via ψ(z) < z and lim infz→∞(z − ψ(z)) > 0 for all
z > 0. Besides, we assume that Õ : W → Pcls,bnd(W) is such that PHdW(Õ
, Õ
′) ≤
ψ(dW(
, 
′)) for each 
, 
′ ∈ W. Then, Õ involves an endpoint uniquely iff Õ possesses the
APPX-endpoint property.

3. Main Results

In two previous sections, we assembled some auxiliary and useful notions to achieve
our main goals. Now, in the following, we establish other required lemmas to derive
the main existence items. To do this, we first regard the sup norm given by ‖
‖W =
supz∈T |
(z)| on the space W = {
(z) : 
(z) ∈ CR(T)}. In this case, the Banach space
(W, ‖ · ‖W) along with the multiplication action defined as (
 · 
′)(z) = 
(z)
′(z) is a
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Banach algebra for all 
, 
′ ∈ W. In addition, we specify the following constant for the
sake of simplicity in computation:

Ω̂∗ :=
μ∗2

Γ(θ∗1 + 2)
− 1

Γ(θ∗1 + 1)
+

μ∗2σθ∗2+1

Γ(θ∗2 + 2)
− σθ∗2

Γ(θ∗2 + 1)

+
∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )
e−μ∗2 qdq +

∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )
e−μ∗2 qdq �= 0. (4)

On this basis, we explore an integral framework for the possible solution of the
proposed Caputo sequential hybrid boundary problem of the inclusion version (1) and (2).

Lemma 5. Let h̃∗ ∈ W, η∗ ∈ [2, 3), η∗ − 1 ∈ [1, 2), σ ∈ (0, 1), μ∗1, μ∗2, θ∗1 , θ∗2 > 0 with
θ∗1 − 1 > 0 and θ∗2 − 1 > 0. Furthermore, for k ∈ N, δ∗1 , δ∗2 , . . . , δ∗k > 0. Then, a solution for the
sequential hybrid FDE:

μ∗1
(CDη∗

0+ + μ∗2
CDη∗−1

0+
)[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ] = h̃∗(z) (5)

furnished with hybrid multi-order integro-differential conditions:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

CD1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

RLIθ∗1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=1

+ RLIθ∗2
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=σ
= 0,

(6)

is displayed as 
(z) iff


(z) = S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)( 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

])
, (7)

where Ω̂∗ is given in (4).

Proof. We suppose that the function 
̃∗0 satisfies the given Caputo sequential hybrid
Equation (5). Then,

μ∗1
CDη∗

0+
(
1 + μ∗2

CD−1
0+
)[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ] = h̃∗(z).
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In the next step, by taking the η∗-th order integral of the Riemann–Liouville type on
the above equality, the following non-homogeneous integro-differential equation results:

μ∗1
(
1 + μ∗2

CD−1
0+
)[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ] = RLIη∗

0+ h̃∗(z) + c0 + c1z + c2z2.

We try to find these unknowns c0, c1, c2 ∈ R provided

μ∗1
[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ] = RLIη∗

0+ h̃∗(z) + c0 + c1z + c2z2

− μ∗1μ∗2

∫ z

0

[ 
̃∗0 (q)

S̃∗
(
q, 
̃∗0 (q),

RLIδ∗1
0+ 
̃∗0 (q), . . . , RLIδ∗k

0+ 
̃∗0 (q)
) ]dq. (8)

The latter equality implies that μ∗1
[


̃∗0 (0)

S̃∗
(

0,
̃∗0 (0),
RLIδ∗1

0+

̃∗0 (0),...,

RLIδ∗k
0+


̃∗0 (0)
) ] = c0. In addition,

by taking the Caputo derivative of Equation (8) of the first order with respect to z, we obtain

μ∗1
CD1

0+

[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ] = RLIη∗−1

0+ h̃∗(z) + c1 + 2c2z

− μ∗1μ∗2
[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ].

By multiplying both sides of the above equality by eμ∗2 z, one can write

μ∗1
CD1

0+

[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ]eμ∗2 z = eμ∗2 zRLIη∗−1

0+ h̃∗(z) + c1eμ∗2 z

+ 2c2zeμ∗2 z − μ∗1μ∗2
[ 
̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) ]eμ∗2 z.

After performing some direct computations and necessary simplifications, we obtain


̃∗0 (z)

S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
) =

1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdq

+
c0
μ∗1

e−μ∗2 z +
c1

μ∗1μ∗2
(1− e−μ∗2 z) +

2c2

μ∗1μ∗2

2
(μ∗2z− 1 + e−μ∗2 z). (9)

Here, in light of the hybrid multi-order integro-differential conditions (6), we obtain
c0 = c1 = 0 and

c2 = − μ∗
2

2

2Ω̂∗

∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

− μ∗
2

2

2Ω̂∗

∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq,

where we have mentioned before the nonzero constant Ω̂∗ in (4). Eventually, we insert all
three values c0, c1, and c2 into (9) and (9) becomes
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̃∗0 (z) = S̃∗
(
z, 
̃∗0 (z),

RLIδ∗1
0+ 
̃∗0 (z), . . . , RLIδ∗k

0+ 
̃∗0 (z)
)( 1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

])
. (10)

This indicates that the function 
̃∗0 can be regarded as a solution for (7), and the
argument is finished. The converse is evident.

Next, we present the following inequalities, which are useful in the sequel.

Lemma 6. Let h̃∗ : T → R be continuous via ‖h̃∗‖ = supz∈T |h̃∗(z)|. Then, the following
inequalities are valid:

(E1)
∣∣∣ ∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdq

∣∣∣ ≤ 1− e−μ∗2

μ∗2Γ(η∗)
‖h̃∗‖;

(E2)
∣∣∣ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

∣∣∣ ≤ μ∗2 + e−μ∗2 − 1

μ∗2
2 Γ(θ∗1 )Γ(η

∗)
‖h̃∗‖;

(E3)
∣∣∣ ∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

∣∣∣ ≤
σθ∗2+η∗−1(μ∗2σ + e−μ∗2 σ − 1)

μ∗2
2 Γ(θ∗2 )Γ(η

∗)
‖h̃∗‖.

Proof. (E1) In the first stage, a simple computation yields

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
dr = − (q− r)η∗−1

Γ(η∗)

∣∣∣∣q
0
=

qη∗−1

Γ(η∗)
.

In the next step, one can write

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
drdq =

∫ z

0
e−μ∗2(z−q) qη∗−1

Γ(η∗)
dq ≤ zη∗−1

Γ(η∗)

∫ z

0
e−μ∗2(z−q)dq

≤ 1
Γ(η∗)

(
− 1

μ∗2
e−μ∗2(z−q)

)∣∣∣z
0
= − 1

μ∗2Γ(η∗)
(
1− e−μ∗2 z).

Thus, we obtain∣∣∣ ∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdq

∣∣∣ ≤ 1− e−μ∗2

μ∗2Γ(η∗)
‖h̃∗‖.

(E2) By some easy calculations, we have

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
dr = − (m− r)η∗−1

Γ(η∗)

∣∣∣∣m
0
=

mη∗−1

Γ(η∗)
. (11)

In addition, one may write
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∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
drdm =

∫ q

0
e−μ∗2(q−m) mη∗−1

Γ(η∗)
dm ≤ qη∗−1

Γ(η∗)

∫ q

0
e−μ∗2(q−m)dm

=
qη∗−1

Γ(η∗)

(
− 1

μ∗2
e−μ∗2(q−m)

)∣∣∣q
0
= − qη∗−1

μ∗2Γ(η∗)
(
1− e−μ∗2 q). (12)

Then, by mixing the above results, we obtain

∣∣∣ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

∣∣∣
≤ ‖h̃∗‖

∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )
qη∗−1(1− e−μ∗2 q)

μ∗2Γ(η∗)
dq

≤ ‖h̃∗‖
1

μ∗2Γ(θ∗1 )Γ(η
∗)

∫ 1

0
(1− e−μ∗2 q)dq = ‖h̃∗‖

1
μ∗2Γ(θ∗1 )Γ(η

∗)
(
1 +

1
μ∗2

e−μ∗2 − 1
μ∗2

)
= ‖h̃∗‖

1

μ∗2
2 Γ(θ∗1 )Γ(η

∗)

(
μ∗2 + e−μ∗2 − 1

)
.

(E3) By similar computations and according to (11) and (12), we have

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
drdm ≤ − qη∗−1

μ∗2Γ(η∗)
(
1− e−μ∗2 q).

Thus,∣∣∣ ∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
h̃∗(r)drdmdq

∣∣∣
≤ ‖h̃∗‖

∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )
qη∗−1(1− e−μ∗2 q)

μ∗2Γ(η∗)
dq

≤ ‖h̃∗‖
1

μ∗2Γ(θ∗2 )Γ(η
∗)

∫ σ

0
σθ∗2−1ση∗−1(1− e−μ∗2 q)dq

≤ ‖h̃∗‖
σθ∗2+η∗−1

μ∗2Γ(θ∗2 )Γ(η
∗)

∫ σ

0
(1− e−μ∗2 q)dq = ‖h̃∗‖

σθ∗2+η∗−1

μ∗2Γ(θ∗2 )Γ(η
∗)
(
σ +

1
μ∗2

e−μ∗2 σ − 1
μ∗2

)

= ‖h̃∗‖
σθ∗2+η∗−1

μ∗2
2 Γ(θ∗2 )Γ(η

∗)

(
μ∗2σ + e−μ∗2 σ − 1

)
.

Definition 1. A function 
 ∈ ACR(T) is a solution of the suggested sequential multi-order
hybrid inclusion boundary problem (1) and (2) if some function κ̂ ∈ L1

R(T) exists with κ̂(z) ∈
Õ
(
z, 
(z)

)
for almost all z ∈ T that satisfies the following hybrid multi-order integro-differential

boundary conditions:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

CD1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=0
= 0,

RLIθ∗1
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=1

+ RLIθ∗2
0+

[ 
(z)

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

) ]∣∣∣z=σ
= 0,

and


(z) = S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)( 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

])

for any z ∈ T.

For now, by taking into account Lemmas 5 and 6, we provide some existence theorems
for two Caputo sequential multi-order BVPs (1)–(3).

Theorem 1. Assume that a continuous real mapping S̃∗ �= 0 is defined on product space T×Wk+1

and Õ : T×W→ Pcvx,cmp(W). Along with these, the following statements are valid:

(HPS1) There exists a bounded positive-valued mapping υ̃ : T → R+ so that for each member

1, . . . , 
k+1, 
′1, . . . , 
′k+1 ∈W and z ∈ T, we have∣∣S̃∗(z, 
1(z), . . . , 
k+1(z)

)
− S̃∗

(
z, 
′1(z), . . . , 
′k+1(z)

)∣∣ ≤ υ̃(z)
k+1

∑
i=1
|
i(z)−
′i(z)|;

(HPS2) Õ : T×W→ Pcvx,cmp(W) is supposed to be L1-Caratheodory;
(HPS3) There is a positive function x∗ ∈ L1

R+(T) such that for any 
 ∈ W and for almost all
z ∈ T, we have

‖Õ(z, 
)‖ = sup{|κ̂| : κ̂ ∈ Õ(z, 
(z))} ≤ x∗(z);

(HPS4) There is a number r∗ ∈ R+ provided that

r∗ >
S̃∗M∗‖x∗‖

1− υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
M∗‖x∗‖

, (13)

where ‖x∗‖ = supz∈T{|x(z)|}, S̃∗ = sup
z∈T
|S̃∗(z, 0, . . . , 0)|, υ̃∗ = sup

z∈T
|υ̃(z)| and

M∗ =
|1− e−μ∗2 |
μ∗1μ∗2Γ(η∗)

+
|1− e−μ∗2 |+ μ∗2

μ∗1 |Ω̂∗|

(
|μ∗2 + e−μ∗2 − 1|
μ∗2

2 Γ(θ∗1 )Γ(η
∗)

+
σθ∗2+η∗−1|μ∗2σ + e−μ∗2 σ − 1|

μ∗2
2 Γ(θ∗2 )Γ(η

∗)

)
. (14)
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Then, the Caputo sequential hybrid multi-order integro-differential inclusion BVP (1) and (2)

has a solution if an inequality υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
M∗‖x∗‖ < 1

2
holds strictly.

Proof. First of all, for every 
 ∈W, we construct the following collection of selections for
Õ as follows:

(SEL)Õ,
 =
{

κ̂ ∈ L1(T) : κ̂(z) ∈ Õ
(
z, 
(z)

)}
for almost all z ∈ T. In addition, we consider a set-valued map G∗ : W → P(W) by
G∗(
) = {g∗ ∈W : g∗(z) = ρ∗(z) for z ∈ T}, where

ρ∗(z) = S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)( 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

])

for some κ̂ ∈ (SEL)Õ,
. It is evident that g∗0 ∈ W is considered as a solution for the
Caputo sequential hybrid multi-order inclusion BVP (1) and (2) iff g∗0 is a fixed point of
G∗. To begin the main proof, with due attention to Lemma 5, we formulate two different

structural mappings A∗1 : W→W by (A∗1
)(z) = S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)
and A∗2 : W→ P(W) by

(A∗2
)(z) = {v ∈W : v(z) = ϕ(z) for z ∈ T},

where

ϕ(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]

for some κ̂ ∈ (SEL)Õ,
. Then, one can represent the product operator equation:

G∗(
) = A∗1
A∗2
.

The basic aim at present is to verify that A∗1 and A∗2 settle all hypotheses of Lemma 2.
We in the first place intend to confirm that A∗1 is Lipschitz on space W. Let 
1, 
2 ∈W be
arbitrary. By proceeding under the hypothesis (HPS1), it is deduced that∣∣(A∗1
1)(z)− (A∗1
2)(z)

∣∣ = ∣∣S̃∗(z, 
1(z), RLIδ∗1
0+
1(z), . . . , RLIδ∗k

0+
1(z)
)

− S̃∗
(
z, 
2(z), RLIδ∗1

0+
2(z), . . . , RLIδ∗k
0+
2(z)

)∣∣
≤ υ̃(z)

(
|
1(z)−
2(z)|+

1
Γ(δ∗1 + 1)

|
1(z)−
2(z)|+ . . . +
1

Γ(δ∗k + 1)
|
1(z)−
2(z)|

)
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= υ̃(z)(1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)|
1(z)−
2(z)|

for all z ∈ T := [0, 1]. Hence, we obtain

‖A∗1
1 −A∗1
2‖W ≤ υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
‖
1 −
2‖W

for all 
1, 
2 ∈W. It follows that the single-valued mapping A∗1 is Lipschitz via constant

υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
. In the subsequent stage, we proceed to determine

that A∗2 involves convex values. To emphasize the correctness of such a claim, let 
1, 
2 ∈
A∗2
 be arbitrary. Choose functions κ̂1, κ̂2 ∈ (SEL)Õ,
 such that


l(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂l(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂l(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂l(r)drdmdq

]

for all z ∈ T (a.e.) and for l = 1, 2. Further, let λ ∈ (0, 1). In this case, one may write

λ
1(z) + (1− λ)
2(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
[
λκ̂1(r) + (1− λ)κ̂2(r)

]
drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
[
λκ̂1(r) + (1− λ)κ̂2(r)

]
drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
[
λκ̂1(r) + (1− λ)κ̂2(r)

]
drdmdq

]

for all z ∈ T (a.e.). By assumption, we know that Õ is convex-valued; thus, we immediately
realize that (SEL)Õ,
 is a convex set. Therefore, we obtain that λκ̂1(z) + (1− λ)κ̂2(z) ∈
(SEL)Õ,
 for each z ∈ T, and so, A∗2w belongs to collection Pcvx(W) for each 
 ∈W.

By continuing the proof process, we are going to investigate the complete continuity
of A∗2 on W. To reach this aim, we have to prove two notions for the set A∗2(W) including
equi-continuity and uniform boundedness. We first check that A∗2 relatesevery bounded
set to a bounded one in W. For an arbitrary number r̃∗ ∈ R+, we build a bounded ball
Vr̃∗ = {
 ∈ W : ‖
‖W ≤ r̃∗}. In that phase, for every 
 ∈ Vr̃∗ and v ∈ A∗2
, there is a
function κ̂ ∈ (SEL)Õ,
 provided that

v(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]
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for each z ∈ T. Then, the estimate of v is implemented as follows:

|v(z)| ≤ 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

]

≤ 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdmdq

]

≤
[

1− e−μ∗2

μ∗1μ∗2Γ(η∗)
+
|1− e−μ∗2 |+ μ∗2

μ∗1 |Ω̂∗|

(
μ∗2 + e−μ∗2 − 1

μ∗2
2 Γ(θ∗1 )Γ(η

∗)
+

σθ∗2+η∗−1(μ∗2σ + e−μ∗2 σ − 1)

μ∗2
2 Γ(θ∗2 )Γ(η

∗)

)]
‖x∗‖

= M∗‖x∗‖,

so that M∗ is illustrated by (14). Therefore, ‖v‖ ≤ M∗‖x∗‖, which confirms the uniform
boundedness of A∗2(W). In the subsequent step, we verify that A∗2 maps every bounded set
to an equi-continuous subset. Let 
 ∈ Vr̃∗ and v ∈ A∗2
. We select a function κ̂ ∈ (SEL)Õ,

so that

v(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]

for all z ∈ T. Let us suppose that z1, z2 ∈ T along with z1 < z2. Then, we can write

|v(z2)− v(z1)| ≤
∣∣∣∣∣ 1
μ∗1

∫ z2

0
e−μ∗2(z2−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
r̃∗ drdq

− 1
μ∗1

∫ z1

0
e−μ∗2(z1−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
r̃∗ drdq

∣∣∣∣∣
+

(e−μ∗2 z1 − e−μ∗2 z2) + μ∗2(z2 − z1)

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
r̃∗ drdmdq
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+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
r̃∗ drdmdq

]
.

In light of the above arguments, we realize that the limit value of the right-hand
expressions equals zero without depending on 
 ∈ Vr̃∗ whenever z1 → z2. Consequently,
we are in a position that one can refer to as the Arzela–Ascoli theorem to deduce that the
operator A∗2 : CR(T) → P(CR(T) is completely continuous. In the sequel, we intend to
prove that A∗2 is an operator having a closed graph, which implies its upper semi-continuity
property. Let 
n ∈ Vr̃∗ and vn ∈ A∗2
n so that 
n → 
∗ and vn → v∗. We claim that the
inclusion v∗ ∈ A∗2
∗ is valid. For each n ≥ 1 and vn ∈ A∗2
n, choose κ̂n ∈ (SEL)Õ,
n
so that

vn(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdmdq

]

for any z ∈ T. We have to check the existence of a function κ̂∗ ∈ (SEL)Õ,
∗ provided that

v∗(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdmdq

]

for each z ∈ T. To achieve this aim, we construct the continuous linear map P̃∗ : L1
R(T)→

W = CR(T) as follows:

P̃∗(κ̂)(z) = 
(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]

for any z ∈ T. One can directly confirm

‖vn(z)− v∗(z)‖ =
∥∥∥∥ 1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
(
κ̂n(r)− κ̂∗(r)

)
drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
(
κ̂n(r)− κ̂∗(r)

)
drdmdq
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+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
(
κ̂n(r)− κ̂∗(r)

)
drdmdq

] ∥∥∥∥→ 0.

Hence, by the assumptions of Lemma 2, it is realized that P̃∗ ◦ (SEL)Õ has a closed
graph. For the sake of holding the inclusion vn ∈ P̃∗((SEL)Õ,
n

) and also 
n → 
∗, there
exists a function κ̂∗ ∈ (SEL)Õ,
∗ provided that

v∗(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂∗(r)drdmdq

]

for all z ∈ T. Hence, v∗ ∈ A∗2
∗ and so A∗2 is an operator having a closed graph. From this
point, we find that A∗2 is upper semi-continuous. Meanwhile, notice that by assumption, we
know that A∗2 is compact-valued. In the following, by taking into account the hypothesis
(HPS3) and continuing a similar argument, we have

Ô = ‖A∗2(W)‖ = sup
z∈T
{|A∗2
| : 
 ∈W}

≤
[

1− e−μ∗2

μ∗1μ∗2Γ(η∗)
+
|1− e−μ∗2 |+ μ∗2

μ∗1 |Ω̂∗|

(
μ∗2 + e−μ∗2 − 1

μ∗2
2 Γ(θ∗1 )Γ(η

∗)
+

σθ∗2+η∗−1(μ∗2σ + e−μ∗2 σ − 1)

μ∗2
2 Γ(θ∗2 )Γ(η

∗)

)]
‖x∗‖

= M∗‖x∗‖.

As we can observe, an inequality Ô ≤M∗‖x∗‖ holds. Therefore, one can write

υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)Ô ≤ υ̃∗(1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
M∗‖x∗‖ < 1

2
.

By setting l∗ = υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
, clearly l∗Ô <

1
2

. Until now, it

is seen that Lemma 2 is settled on A∗1 and A∗2. In this position, it is sufficient to check that
one of (a) or (b) holds. Our claim is that (b) is not valid. To confirm this claim, with due
attention to Lemma 2 and hypothesis (HPS4), one can suppose that 
 is an arbitrary
member belonging to Σ∗ with ‖
‖ = r∗. Obviously, α0
(z) ∈ A∗1
(z)A∗2
(z) for any
α0 > 1. By selecting a suitable function κ̂ ∈ (SEL)Õ,
, one can write


(z) =
1
α0

S̃∗
(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)( 1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

])

for each α0 > 1 and for any z ∈ T. Therefore, we obtain:
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|
(z)| = 1
α0

∣∣S̃∗(z, 
(z), RLIδ∗1
0+
(z), . . . , RLIδ∗k

0+
(z)
)∣∣( 1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

])

=
[
|S̃∗

(
z, 
(z), RLIδ∗1

0+
(z), . . . , RLIδ∗k
0+
(z)

)
− S̃∗

(
z, 0, 0, . . . , 0

)
|+ |S̃∗

(
z, 0, 0, . . . , 0

)
|
]

×
(

1
μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂(r)|drdmdq

])

≤ [υ̃∗(1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)‖
‖+ S̃∗]

(
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
x∗(r)drdmdq

])

≤
[
υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
‖
‖+ S̃∗

]
M∗‖x∗‖

for all z ∈ T. After some simplifications, we reach the following inequality

r∗ ≤
S̃∗M∗‖x∗‖

1− υ̃∗
(

1 +
1

Γ(δ∗1 + 1)
+ . . . +

1
Γ(δ∗k + 1)

)
M∗‖x∗‖

.

In view of Inequality (13), the impossibility of Condition (b) of Lemma 2 is deduced.
Hence, we have 
 ∈ A∗1
A∗2
. Eventually, we manage to verify that there exists a
fixed point for G∗ and the sequential hybrid multi-order integro-differential inclusion
BVP (1) and (2) involves a solution.

In what follows, we carry out our procedure to derive other existence criteria for the
Caputo sequential nonhybrid multi-order inclusion BVP (3) by applying two novel pure
analytical theorems.
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Definition 2. The function 
 ∈ ACR(T) is defined to be a solution of the given Caputo sequential
nonhybrid multi-order inclusion BVP (3) if κ̂ ∈ L1

R(T) exists via κ̂ ∈ Õ
(
z, 
(z)

)
for all z ∈ T

(a.e.), which satisfies the multi-order integro-derivative boundary conditions:


(0) = 0, 
′(0) = 0, RLIθ∗1
0+
(1) + RLIθ∗2

0+
(σ) = 0,

and


(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]

for any z ∈ T.

In addition, for each 
 ∈W, we build the following collection of selections for Õ:

(SEL)Õ,
 =
{

κ̂ ∈ L1(T) : κ̂(z) ∈ Õ
(
z, 
(z)

)}
for almost all z ∈ T. From here onwards, we consider P : W→ P(W) by

P(
) =
{

Φ ∈W : there is κ̂ ∈ (SEL)Õ,
 so that Φ(z) = b(z) for any z ∈ T
}

, (15)

where

b(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]
.

Theorem 2. Let Õ : T×W→ Pcmp(W) be compact. Suppose that all six hypotheses hold:

(HPS5) An integrable operator Õ is bounded, and also, Õ(·, 
) : T→ Pcmp(W) is a measurable
set for every 
 ∈W;

(HPS6) There are ψ ∈ Ψ and β ∈ CR≥0(T) provided that for any z ∈ T and 
, 
′ ∈W, we have

PHdW

(
Õ(z, 
), Õ(z, 
′)

)
≤ ψ

(
|
−
′|

) β(z)
M∗‖β‖ , (16)

where supz∈T |β(z)| = ‖β‖ and M∗ is displayed in (14);
(HPS7) ε̃ : W×W→ R exists so that ε̃

(

, 
′

)
≥ 0 for each 
, 
′ ∈W;

(HPS8) Let {
n}n≥1 ⊂ W go to 
 and ε̃
(

n(z), 
n+1(z)

)
≥ 0 for any z ∈ T. Then, a

subsequence {
nl}l≥1 of {
n} exists such that ε̃
(

nl (z), 
(z)

)
≥ 0 for any z ∈ T and

l ≥ 1;
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(HPS9) There exist two elements 
0 ∈W and Φ ∈ P(
0) such that ε̃
(

0(z), Φ(z)

)
≥ 0 for all

z ∈ T, in which P : W→ P(W) is the same operator illustrated by (15);
(HPS10) For every 
 ∈W and Φ ∈ P(
) along with ε̃

(

(z), Φ(z)

)
≥ 0, there exists b ∈ P(
)

provided that ε̃
(
Φ(z), b(z)

)
≥ 0 for each z ∈ T.

Then, the Caputo sequential nonhybrid multi-order inclusion BVP (3) has a solution.

Proof. For the same reason as before, it is explicit that a solution of the given Caputo
sequential nonhybrid multi-order FBVP (3) is a fixed point of P : W → P(W) defined
by (15). By (HPS5), the measurability of z �→ Õ

(
z, 
(z)

)
is an obvious fact, and so, it is

closed-valued for any 
 ∈W. Therefore, we realize that Õ involves a measurable selection
and (SEL)Õ,
 is nonempty. Subsequently, we attempt to verify that P(
) is closed in W

for each 
 ∈W. To implement the process, we regard a sequence {
n}n≥1 of P(
) having
the property 
n → 
. For each n, we choose κ̂n ∈ (SEL)Õ,
 so that


n(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂n(r)drdmdq

]

for all z ∈ T (a.e.). In light of the compactness of Õ, we can pass it into a subsequence
to reach {κ̂n}n≥1, which approaches some κ̂ ∈ L1(T). Hence, there exists κ̂ ∈ (SEL)Õ,
,
and so,

lim
n→∞


n(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂(r)drdmdq

]

= 
(z)

for any z ∈ T. Based on this argument, it follows that 
 ∈ P(
), and so, P is closed-valued.
According to the hypothesis of the theorem, Õ is compact, so one can easily verify that
P(
) is bounded for each 
 ∈ W. Here, we want to show that P is α-ψ-contractive.
To prove this claim, we introduce α : W2 → [0, ∞) by α(
, 
′) = 1 if ε̃

(

(z), 
′(z)

)
≥ 0,

and α(
, 
′) = 0 otherwise. Assume that 
, 
′ ∈ W and Φ1 ∈ P(
′) are arbitrary.
Furthermore, we select κ̂1 ∈ (SEL)Õ,
′ so that

Φ1(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdmdq

]
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for any z ∈ T. Based on the hypothesis (16), we obtain

PHdW

(
Õ
(
z, 
(z)

)
, Õ

(
z, 
′(z)

))
≤ β(z)ψ

(
|
(z)−
′(z)|

) 1
M∗‖β‖ ,

for each 
, 
′ ∈ W having the property ε̃
(

(z), 
′(z)

)
≥ 0 for any z ∈ T. Hence, b ∈

Õ
(
z, 
(z)

)
exists with |κ̂1(z)− b| ≤ ψ

(
|
(z)− 
′(z)|

) β(z)
M∗‖β‖ . Next, we introduce Q∗ :

T→ P(W) given by

Q∗(z) =
{

b ∈W : |κ̂1(z)− b| ≤ ψ
(
|
(z)−
′(z)|

) β(z)
M∗‖β‖

}
for each z ∈ T. Because of the measurability of both κ̂1 and � = βψ

(
|
 − 
′|

) 1
M∗‖β‖ , it

follows that the intersection Q∗(·) ∩ Õ
(
·, 
(·)

)
is measurable. In this direction, we select

κ̂2, which belongs to Õ
(
z, 
(z)

)
so that

|κ̂1(z)− κ̂2(z)| ≤ ψ
(
|
(z)−
′(z)|

) β(z)
M∗‖β‖

for all z ∈ T. Now, we regard the member Φ2 ∈ P(
) by

Φ2(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdmdq

]

for any z ∈ T. Then, by computing the following estimates, we have

|Φ1(z)−Φ2(z)| ≤
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
|κ̂1(r)− κ̂2(r)|drdq

+
|1− e−μ∗2 z|+ μ∗2z

μ∗1 |Ω̂∗|

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂1(r)− κ̂2(r)|drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
|κ̂1(r)− κ̂2(r)|drdmdq

]

≤
[

1− e−μ∗2

μ∗1μ∗2Γ(η∗)
+
|1− e−μ∗2 |+ μ∗2

μ∗1 |Ω̂∗|

(
μ∗2 + e−μ∗2 − 1

μ∗2
2 Γ(θ∗1 )Γ(η

∗)
+

σθ∗2+η∗−1(μ∗2σ + e−μ∗2 σ − 1)

μ∗2
2 Γ(θ∗2 )Γ(η

∗)

)]

× ‖β‖ψ
(
‖
−
′‖

) 1
M∗‖β‖ = M∗‖β‖ψ

(
‖
−
′‖

) 1
M∗‖β‖ = ψ(‖
−
′‖)

for all z ∈ T. Therefore, we obtain

‖Φ1 −Φ2‖ = sup
z∈T
|Φ1(z)−Φ2(z)| ≤ ψ(‖
−
′‖)
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and so, we obtain

α(
, 
′)PHdW(P(
),P(
′)) ≤ ψ(‖
−
′‖)

for every 
, 
′ ∈W. This indicates that P is α-ψ-contractive. Now, by following the proof,
we consider 
 ∈ W and 
′ ∈ P(
) coupled with α(
, 
′) ≥ 1. Then, by taking into
account the definition of ε̃, we obtain ε̃

(

(z), 
′(z)

)
≥ 0, and so, there exists b ∈ P(
′) so

that ε̃
(

′(z), b(z)

)
≥ 0. Hence, α(
′, b) ≥ 1, and the latter inequality demonstrates that P

is α-admissible. To complete the proof process, we consider 
0 ∈ W and 
′ ∈ P(
0) so
that ε̃

(

0(z), 
′(z)

)
≥ 0 for all z. Thus, we obtain α(
0, 
′) ≥ 1.

Moreover, consider {
n}n≥1 in W via 
n → 
 and α(
n, 
n+1) ≥ 1 for all n. In this
phase, we reach ε̃

(

n(z), 
n+1(z)

)
≥ 0. Now, by using the assumption (HPS8), we figure

out that there exists a subsequence {
nl}l≥1 of {
n} so that ε̃
(

nl (z), 
(z)

)
≥ 0 for each

z ∈ T. As a consequence, α(
nl , 
) ≥ 1 for l ≥ 1, and it is deduced that the space W has
the (Cα)-property. In the final step, by considering Lemma 3, we can easily realize that P
includes a fixed point and the sequential nonhybrid multi-order inclusion BVP (3) has at
least one solution.

As a final criterion for the existence of the solution, we review the following theorem
based on a new interesting condition attributed to Amini Harandi [32]. On this basis, we
shall employ the APPX-endpoint property for P illustrated in (15).

Theorem 3. Let Õ : T×W→ Pcmp(W) be compact. Further:

(HPS11) ψ : [0, ∞)→ [0, ∞) is a nondecreasing map having the upper semi-continuity property
via lim infz→∞(z− ψ(z)) > 0 and ψ(z) < z for all z > 0;

(HPS12) Õ : T×W → Pcmp(W) is bounded integrable so that Õ(·, 
) : T → Pcp(W) is
measurable for every 
 ∈W;

(HPS13) Υ ∈ CR≥0(T) exists such that for all z ∈ T and 
, 
′ ∈W, we have

PHdW
(
Õ(z, 
)− Õ(z, 
′)

)
≤ Υ(z)ψ

(
|
−
′|

) 1
M∗‖Υ‖ , (17)

where supz∈T |Υ(z)| = ‖Υ‖ and M∗ is defined by (14);
(HPS14) P is an operator having the APPX-endpoint property, where P is formulated by (15).

Then, the Caputo sequential nonhybrid multi-order inclusion BVP (3) has at least one solution.

Proof. To begin the proof, we want to check the existence of at least one endpoint for given
multifunction P : W → P(W). To reach this objective, we have to verify that P(
) is a
closed set for each 
 ∈W. By (HPS12), due to the measurability of z �→ Õ

(
z, 
(z)

)
and

also since it is closed-valued for all 
 ∈ W, it follows that Õ has a measurable selection
and, thus, (SEL)Õ,
 is nonempty for every 
 ∈W. In this case, similar to the argument
of Theorem 2, one can simply see that the subset P(
) of W is closed, and so, we omit
it. From another angle, we know that P(
) is a set having the boundedness property for
each 
 ∈W due to the compactness of Õ. Eventually, to end our proof, we must control
whether the inequality PHdW(P(
),P(
′)) ≤ ψ(‖
−
′‖) holds or not. To check this, let

, 
′ ∈W and Φ1 ∈ P(
′). Let us select κ̂1 ∈ (SEL)Õ,
′ such that

Φ1(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdmdq
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+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂1(r)drdmdq

]

for all z ∈ T (a.e.). In light of the inequality (17) demonstrated in the assumption (HPS13),
we know that

PHdW
(
Õ(z, 
)− Õ(z, 
′)

)
≤ Υ(z)ψ

(
|
−
′|

) 1
M∗‖Υ‖

for any z ∈ T; thus; there exists b∗ ∈ Õ
(
z, 
(z)

)
for which one can write

|κ̂1(z)− b∗| ≤ Υ(z)ψ
(
|
(z)−
′(z)|

) 1
M∗‖Υ‖

for each z ∈ T. Now, we introduce R∗ : T→ P(W), which is illustrated by

R∗(z) =
{

b∗ ∈W : |κ̂1(z)− b∗| ≤ Υ(z)ψ
(
|
(z)−
′(z)|

) 1
M∗‖Υ‖

}
.

For the sake of the measurability of κ̂1 and � = Υψ
(
|
 − 
′|

) 1
M∗‖Υ‖ , we can easily

realize that R∗(·) ∩ Õ(·, 
(·)) is measurable. At this moment, choose the member κ̂2(z) ∈
Õ
(
z, 
(z)

)
such that

|κ̂1(z)− κ̂2(z)| ≤ Υ(z)ψ
(
|
(z)−
′(z)|

) 1
M∗‖Υ‖

for each z ∈ T. Now, we can choose Φ2 ∈ P(
), provided that

Φ2(z) =
1

μ∗1

∫ z

0
e−μ∗2(z−q)

∫ q

0

(q− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdq

+
1− e−μ∗2 z − μ∗2z

μ∗1Ω̂∗

[ ∫ 1

0

(1− q)θ∗1−1

Γ(θ∗1 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdmdq

+
∫ σ

0

(σ− q)θ∗2−1

Γ(θ∗2 )

∫ q

0
e−μ∗2(q−m)

∫ m

0

(m− r)η∗−2

Γ(η∗ − 1)
κ̂2(r)drdmdq

]

for all z ∈ T. Hence, if we repeat the same process implemented in Theorem 2, then we
arrive at inequality

‖Φ1 −Φ2‖ = sup
z∈T
|Φ1(z)−Φ2(z)| ≤M∗‖Υ‖ψ(‖
−
′‖) 1

M∗‖Υ‖ = ψ(‖
−
′‖).

These findings verify that PHdW(P(
),P(
′)) ≤ ψ(‖
−
′‖) holds for any 
, 
′ ∈
W. In addition, from the hypothesis (HPS14), we are sure that P is an operator having
the APPX-endpoint property, so by referring to Lemma 4, we derive the conclusion, which
shows the existence of 
∗ ∈ W uniquely such that P(
∗) = {
∗}. Therefore, it is
concluded that 
∗ is a solution of the sequential multi-order inclusion FBVP (3).

4. Examples

This part of the current paper is devoted to supporting the obtained theoretical results
by proposing two simulative examples to demonstrate the correctness and the applicability
of these outcomes.
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Example 1. In view of the given boundary problem (1) and (2), we here formulate a Caputo
sequential hybrid integro-differential inclusion as the following form

3
1000

(CD2.34
0+ + 5

1000
CD1.34

0+
)( 
(z)

z
( sin 
(z)+arcsin(RLI0.71

0+

(z))+arctan(RLI0.21

0+

(z))

100000

)
+ 37

10000

)

∈
[
0,
(

0.0002z4999 + 1
5000

)
cos 
(z)

]
(18)

subject to hybrid multi-order integro-derivative boundary conditions⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(

(z)

z
( sin 
(z)+arcsin(RLI0.71

0+

(z))+arctan(RLI0.21

0+

(z))

100000

)
+ 37

10000

)∣∣∣
z=0

= 0,

CD1
0+

(

(z)

z
( sin 
(z)+arcsin(RLI0.71

0+

(z))+arctan(RLI0.21

0+

(z))

100000

)
+ 37

10000

)∣∣∣
z=0

= 0,

RLI1.02
0+

(

(z)

z
( sin 
(z)+arcsin(RLI0.71

0+

(z))+arctan(RLI0.21

0+

(z))

100000

)
+ 37

10000

)∣∣∣
z=1

+ RLI1.08
0+

(

(z)

z
( sin 
(z)+arcsin(RLI0.71

0+

(z))+arctan(RLI0.21

0+

(z))

100000

)
+ 37

10000

)∣∣∣
z=0.65

= 0,

(19)

where z ∈ T := [0, 1], η∗ = 2.34, η∗ − 1 = 1.34, μ∗1 = 0.003, μ∗2 = 0.005, σ = 0.65, θ∗1 = 1.02.
θ∗2 = 1.08, and for k = 2, we have δ∗1 = 0.71 and δ∗2 = 0.21. In this case, we obtain Ω̂∗ � 0.000006.
Here, one can specify the map S̃∗ : T×R3 → R \ {0} defined continuously as follows:

S̃∗(z, 
1(z), 
2(z), 
3(z)) = z
( sin 
1(z) + arcsin(RLI0.71

0+ 
2(z)) + arctan(RLI0.21
0+ 
3(z))

100000

)
+

37
10000

in which S̃∗ = supz∈T |S̃∗(z, 0, 0, 0)| = 0.0037. We claim that S̃∗ is Lipschitzian. To confirm this
claim, for each 
, 
′ ∈ R, we may write∣∣∣∣S̃∗(z, 
(z), RLIδ∗1

0+
(z), RLIδ∗2
0+
(z)

)
− S̃∗

(
z, 
′(z), RLIδ∗1

0+
′(z), RLIδ∗2
0+
′(z)

)∣∣∣∣
≤ υ̃(z)

[
1 +

zδ∗1

Γ(δ∗1 + 1)
+

zδ∗2

Γ(δ∗2 + 1)

]
|
(z)−
′(z)|

=
z

100000

[
1 +

z0.71

Γ(1.71)
+

z0.21

Γ(1.21)

]
|
(z)−
′(z)|,

where υ̃(z) =
z

100000
and υ̃∗ = supz∈T |υ̃(z)| = 0.00001. Hence, one can observe that the

Lipschitz constant of S̃∗ equals

υ̃∗
[
1 +

1
Γ(δ∗1 + 1)

+
1

Γ(δ∗2 + 1)

]
=

1
100000

[
1 +

1
Γ(1.71)

+
1

Γ(1.21)

]
� 0.0000319 > 0.

In the next stage, we formulate the multifunction Õ : T×R→ P(R) in the following framework:

Õ
(
z, 
(z)

)
=

[
0, (0.0002z4999 +

1
5000

) cos 
(z)
]

.
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As for every v ∈ Õ
(
z, 
(z)

)
, we have

|v| ≤ max
[

0, (0.0002z4999 +
1

5000
) cos 
(z)

]
≤ 0.0002z4999 + 0.0002,

so we obtain

‖Õ
(
z, 
(z)

)
‖ = sup{|κ̂| : κ̂ ∈ Õ

(
z, 
(z)

)
} ≤ 0.0002z4999 + 0.0002.

By setting x∗(z) = 0.0002z4999 + 0.0002 for any z ∈ T, we obtain ‖x∗‖ = 0.0004. Fur-
thermore, by the above obtained values, M∗ � 721419.86984. In view of the above results and by
some direct calculations, we select the positive number r∗ so that r∗ > 1.0776. Then, the following
inequality holds:

υ̃∗
[
1 +

1
Γ(δ∗1 + 1)

+
1

Γ(δ∗2 + 1)

]
M∗‖x∗‖ � (0.0000319)(721419.86984)(0.0004) � 0.0092053 <

1
2

.

The latter inequality and all the above numerical findings show that Theorem 1 is settled on the
present BVP, and so, it is verified that the Caputo sequential hybrid multi-order integro-differential
inclusion (18) and (19) has a solution.

Remark 1. Note that in the above example, we can review other numerical results to check the
correctness of the existence criteria of solutions for different values of order η∗. Indeed, for every
η∗ ∈ [2, 3), we compute the corresponding values of the constant M∗ and the minimum value of r∗.

Then, by assuming Δ := υ̃∗
[
1+

1
Γ(δ∗1 + 1)

+
1

Γ(δ∗2 + 1)

]
M∗‖x∗‖, we shall see that an inequality

Δ < 0.5 holds in all cases. These numerical values can be observed in Table 1 and Figure 1.

Table 1. Numerical values for M∗, min r∗ and Δ corresponding to different values of order η∗.

η∗ M∗ r∗ > Δ < 0.5

2 889,292.91961 1.3313 0.011347
2.05 865,898.41669 1.2958 0.011049
2.10 841,868.56165 1.2595 0.010742
2.15 817,328.27460 1.2224 0.010429
2.20 792,395.79444 1.1847 0.010111
2.25 767,182.51010 1.1467 0.0097892
2.30 741,792.85850 1.1083 0.0094653
2.34 721, 419.86984 1.0776 0.0092053
2.35 716,324.28332 1.0699 0.0091403
2.40 690,867.24816 1.0316 0.0088155
2.45 665,505.29858 0.99338 0.0084918
2.50 640,315.16705 0.95547 0.0081704
2.55 615,366.91563 0.91795 0.0078521
2.60 590,724.11123 0.88091 0.0075376
2.65 566,444.02851 0.84444 0.0072278
2.70 542,577.87603 0.80861 0.0069233
2.75 519,171.04139 0.77350 0.0066246
2.80 496,263.35146 0.73915 0.0063323
2.85 473,889.34410 0.70562 0.0060468
2.90 452,078.54815 0.67296 0.0057685
2.95 430,855.76866 0.64119 0.0054977
2.99 414,314.74663 0.61644 0.0052867
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Figure 1. Values of Δ and min r∗ with respect to different values of η∗.

In the last part, the analytical results obtained in Theorem 3 are investigated by the
following numerical example.

Example 2. In this example, we utilize the same given values η∗ = 2.34, η∗ − 1 = 1.34,
μ∗1 = 0.003, μ∗2 = 0.005, σ = 0.65, θ∗1 = 1.02. θ∗2 = 1.08. According to the given problem (3), we
formulate the following Caputo sequential nonhybrid multi-order differential inclusion:

3
1000

(CD2.34
0+ +

5
1000

CD1.34
0+

)

(z) ∈

[
0, (z4999 +

1
5000

) cos 
(z)
]

(20)

furnished with multi-order integro-derivative boundary conditions


(0) = 0, CD1
0+
(0) = 0, RLI1.02

0+ 
(1) + RLI1.08
0+ 
(0.65) = 0 (21)

for all z ∈ T, where CDγ
0+ stands for the derivative of order γ ∈ {2.34, 1.34} of the Ca-

puto type and RLIλ
0+ indicates the RL integral of order λ ∈ {1.02, 1.08}. In a similar man-

ner, we have Ω̂∗ � 0.000006 and M∗ � 2354320.0929. To investigate the proposed problem
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precisely, we construct the Banach space as follows W = {
(z) : 
(z) ∈ CR([0, 1])} with
‖
‖W = supz∈T |
(z)|. Now, we can introduce Õ : T×W→ P(W) by

Õ
(
z, 
(z)

)
=
[
0,

0.008(z + 6)
1628

| sin 
(z)|
1 + | sin 
(z)|

]
for each z ∈ T. In view of the above set-valued map Õ, we reach the function Υ ∈ CR≥0(T),

which is demonstrated by Υ(z) =
0.008(z + 6)

814
for any z along with ‖Υ‖ = 0.056

814
= 0.0000687.

In addition, the nondecreasing mapping ψ : [0, ∞) → [0, ∞) with the upper semi-continuity
specification is regarded as ψ(z) =

z
2

for z > 0. Furthermore, it is evident that lim infz→∞(z−
ψ(z)) > 0 and ψ(z) < z for each z > 0. For both arbitrary elements 
, 
′ ∈W, we estimate the
following inequality:

PHdW

(
Õ
(
z, 
(z)

)
, Õ

(
z, 
′(z)

))
≤ 0.008(z + 6)

814
1
2
(
|
−
′|

)
=

0.008(z + 6)
814

ψ
(
|
−
′|

)
≤ Υ(z)ψ

(
|
−
′|

) 1
M∗‖Υ‖ ,

where
1

M∗‖Υ‖ � 0.006182. Finally, with due attention to the method implemented in Theorem 3,

we regard P : W→ P(W) illustrated by

P(
) =
{

Φ ∈W : there is κ̂ ∈ (SEL)Õ,
 such that Φ(z) = b(z) for any z ∈ T
}

,

where

b(z) =
1

0.003

∫ z

0
e−0.005(z−q)

∫ q

0

(q− r)2.34−2

Γ(2.34− 1)
κ̂(r)drdq

+
1− e−0.005z − 0.005z
(0.003)(0.000006)

[ ∫ 1

0

(1− q)1.02−1

Γ(1.02)

∫ q

0
e−0.005(q−m)

∫ m

0

(m− r)2.34−2

Γ(2.34− 1)
κ̂(r)drdmdq

+
∫ 0.65

0

(0.65− q)1.08−1

Γ(1.08)

∫ q

0
e−0.005(q−m)

∫ m

0

(m− r)2.34−2

Γ(2.34− 1)
κ̂(r)drdmdq

]
.

Therefore, by referring to Theorem 3 based on a numerical method, it is realized that the Caputo
sequential nonhybrid inclusion (20) along with multi-order integro-differential conditions (21)
involves a solution. This means that the numerical outcomes of the current example are compatible
with all theoretical arguments given in Theorem 3.

5. Conclusions

In this manuscript, we introduced and combined a new configuration of a Caputo
sequential inclusion BVP with the hybrid integro-differential inclusion problem in which
the boundary conditions are also formulated as the hybrid multi-order integro-derivative
conditions. To reach the desired goal of this abstract general fractional model, we derived
some theoretical existence results with the help of analytical techniques due to Dhage on
the product operators for the given mixed sequential hybrid BVP (1) and (2). Next, based
on some conditions on a defined space including the APPX-endpoint property, the (Cα)-
property, and the compactness, we investigated the nonhybrid structure of the suggested
BVP (3). Lastly, two examples were designed in this regard. For the next works, one can
study the qualitative behaviors and the stability of coupled systems of such sequential
hybrid inclusion BVPs by using newly defined fractional operators. Specifically, we can
conduct research on the fractal–fractional hybrid models of thermostat or pantograph
systems by considering different cases for fractional orders and fractal dimensions.
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Abstract: In this paper, we present a systematic study concerning the developments of the oscil-
lation results for the fractional difference equations. Essential preliminaries on discrete fractional
calculus are stated prior to giving the main results. Oscillation results are presented in a subsequent
order and for different types of equations. The investigation was carried out within the delta and
nabla operators.
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1. Introduction

Over many years, the process of describing natural or real-life phenomena has been
carried out using the integer-order differential equations. However, the factors involved
in the phenomena are very complicated and of different natures, all of which cannot be
incorporated by the ordinary differential equations. This gap in the construction of the
models is covered up by arbitrary-order calculus. Fractional calculus has its origin during
the same period of time as that of the classical calculus in the 17th Century. The insufficient
geometrical and unsatisfactory physical interpretation of the arbitrary-order derivatives has
slowed down the progress of the field. It was in the 20th Century with the development of
high-speed computers and computational techniques that researchers began to understand
the importance and the meaningful representation to construct and apply a certain type of
nonlocal operator to real-life problems. Now, fractional calculus has turned out to be a hot
topic in the fields of science and engineering. The rapid growth and inspiration of fractional
calculus have been greatly due to anticipation of the memory and hereditary features that
are incorporated in many phenomena by the so-called fractional differential operators [1–3].
As a result of this, the subject of fractional calculus and its widespread applications have
become of great interest for the relevant audience [4]. For the same justifications that led to
the investigation of the discrete analogue of integer-order differential operators, the discrete
analogue of fractional differential operators, which is called fractional difference operators,
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has gained considerable attention, and thus, they have been significantly adopted due
to their extensive applications in computations and simulations. The study of fractional
difference equations was led by the pioneering works of Agarwal, Atici, Eloe, Anastassiou,
Holm, Goodrich, and Peterson, who introduced a complete counterpart theory that adopts
all the essential preliminaries needed to set forth similar results relevant to the qualitative
theory of solutions for several types of fractional difference equations [5–11].

Every phenomenon in the world in one way or other is nonlinear in nature. Thus, the
better understanding of these phenomena can be obtained from models constructed via
nonlinear equations. The analytical solution of nonlinear equations is not always possible
to obtain as in the case of linear equations. However, approximate solutions can be obtained
for the nonlinear equations, which provide a better understanding of the behavior of the
equations. In the case of nonlinear equations, without actually solving the equations, one
can very well answer questions such as the existence of solutions, whether the system is
stable, whether it can be controlled, whether the system is chaotic, or whether it exhibits
periodicity. Thus, this direct method of analyzing the system behavior can be useful and
help engineers in their research. Scientists and researchers are very much interested in the
qualitative properties such as the oscillation, stability, controllability, bifurcation, chaos,
and so on.

Oscillation is one of the important branches in applied mathematics and can be
induced or destroyed by the introduction of nonlinearity, delay, or a stochastic term. The
oscillation of differential and difference equations contributes to many realistic applications,
such as torsional oscillations, the oscillation of heart beats, sinusoidal oscillation, voltage-
controlled neuron models, and harmonic oscillation with damping. Not only in physical
applications, oscillation theory is vital biologically in describing the synchrony in animal
and plant populations due to predation and competition. Such applications have attracted
the interest of many researchers who have developed systematic studies concerning the
oscillation and non-oscillation of solutions of integer-order differential and difference
equations; we refer the reader to the remarkable monographs [12,13]. With the explosion in
the theory of fractional calculus, the oscillation of fractional-order differential equations
has been under investigation in the last two decades. Grace et al. initiated this subject by
studying the oscillation of fractional differential equations in [14]. Progress in this regard
has continued, and several important results have been established; see for instance [15–18]
and the references cited therein. In alignment with this, fractional difference equations
have been the object of interested researchers in terms of the oscillation of their solutions.
Several results have been reported by many researchers about the oscillation of solutions
for different types of fractional difference equations.

The main aim of this work was to consolidate the recent developments in the field of
the oscillation theory of discrete fractional equations and provide an insight for researchers
about the future requisites in the field of the oscillations of discrete fractional calculus. The
investigation in this work focused on the results for both delta- and nabla-type fractional
difference equations.

2. Preliminaries

In this section, we review some notations, definitions, and well-known results of
discrete fractional calculus that are widely treated throughout the remaining part of this
paper. The terms and notations were adopted from different resources.

The empty sums and products were taken to be zero and one, respectively. Denote by
N the set of all natural numbers, R the set of all real numbers, and R+ the set of all positive
real numbers. Define by Na = {a, a + 1, a + 2, . . .} and Nb

a = {a, a + 1, a + 2, . . . , b} for any
a, b ∈ R such that b− a ∈ N1.

Definition 1 ([19,20]). The Euler gamma function is defined by:

Γ(z) =
∫ ∞

0
tz−1e−tdt, "(z) > 0.
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Using its reduction formula, the Euler gamma function can also be extended to the half-plane
"(z) ≤ 0 except for z ∈ {. . . ,−2,−1, 0}.

Definition 2 ([21]). The generalized falling function is defined by:

tr =
Γ(t + 1)

Γ(t− r + 1)
,

for those values of t and r such that the right-hand side of this equation makes sense. If t− r + 1 is
a nonpositive integer and t + 1 is not a nonpositive integer, then we use the convention that tr = 0.
The generalized rising function is defined by:

tr =
Γ(t + r)

Γ(t)
,

for those values of t and r so that the right-hand side of this equation is sensible. If t is a nonpositive
integer, but t + r is not a nonpositive integer, then we use the convention that tr = 0.

Definition 3 ([22]). Let u : Nb
a → R and N ∈ N1. The first-order forward (delta) and backward

(nabla) differences of u are defined by:(
Δu

)
(t) = u(t + 1)− u(t), t ∈ Nb−1

a ,(
∇u

)
(t) = u(t)− u(t− 1), t ∈ Nb

a+1,

respectively. The Nth-order delta and nabla differences of u are defined recursively by(
ΔNu

)
(t) =

(
Δ
(
ΔN−1u

))
(t), t ∈ Nb−N

a ,

and: (
∇Nu

)
(t) =

(
∇
(
∇N−1u

))
(t), t ∈ Nb

a+N ,

respectively.

Definition 4 ([21]). Let u : Na → R and ν > 0. Then, the νth-order delta fractional sum of u
based at a is defined by:

(
Δ−ν

a u
)
(t) =

1
Γ(ν)

t−ν

∑
s=a

(t− s− 1)ν−1u(s), t ∈ Na+ν.

Definition 5 ([21]). Let u : Na+1 → R and ν > 0. Then, the νth-order nabla fractional sum of u
based at a is defined by:

(
∇−ν

a u
)
(t) =

1
Γ(ν)

t

∑
s=a+1

(t− s + 1)ν−1u(s), t ∈ Na.

Definition 6 ([21]). Let u : Na → R, ν > 0, and choose N ∈ N1 such that N − 1 < ν ≤ N. The
νth-order Riemann–Liouville delta fractional difference of u is defined by:(

Δν
au
)
(t) =

(
ΔN(Δ−(N−ν)

a u
))

(t), t ∈ Na+N−ν.

Definition 7 ([21]). Let u : Na+1 → R, ν > 0, and choose N ∈ N1 such that N − 1 < ν ≤ N.
Then, the νth-order Riemann–Liouville nabla fractional difference of u is defined by:(

∇ν
au
)
(t) =

(
∇N(∇−(N−ν)

a u
))

(t), t ∈ Na+N .
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Definition 8 ([23]). Let u : Na → R, ν > 0, and ν /∈ N. Then, the νth-order Caputo delta
fractional difference of u is defined by:(

Δν
a∗u

)
(t) =

(
Δ−(N−ν)

a
(
ΔNu

))
(t), t ∈ Na+N−ν,

where N = [ν] + 1. If ν = N ∈ N, then:(
Δν

a∗u
)
(t) =

(
ΔNu

)
(t), t ∈ Na.

Definition 9 ([24]). Let u : Na−N+1 → R and ν > 0. Then, the νth-order Caputo nabla fractional
difference of u is defined by:(

∇ν
a∗u

)
(t) =

(
∇−(N−ν)

a
(
∇Nu

))
(t), t ∈ Na+1,

where N = #ν$.

3. Oscillation Results

The main results are given in this section. We carried out the presentation within delta
and nabla notations.

3.1. Oscillatory Behavior of Delta Fractional Difference Equations

Consider the following higher-order nonlinear delta fractional difference equations
involving the Riemann–Liouville and the Caputo operators of arbitrary order:⎧⎨⎩

(
Δνu

)
(t) + f1(t, u(t + ν)) = r1(t) + f2(t, u(t + ν)), t ∈ Na,(

Δ−(k−ν)u
)
(t)

∣∣∣
t=a

= uk ∈ R, k = 1, 2, · · · , N,
(1)

and: ⎧⎨⎩
(
Δν
∗u
)
(t) + f1(t, u(t + ν)) = r1(t) + f2(t, u(t + ν)), t > a ≥ 0,(

Δku
)
(t)

∣∣∣
t=a

= ūk ∈ R, k = 0, 1, 2, · · · , N − 1.
(2)

Here, ν > 0, and choose N ∈ N1 such that N − 1 < ν ≤ N; f1, f2 : [a, ∞)×R → R and
r1 : [a, ∞)→ R are continuous. A solution u of (1) (or (2)) is said to be oscillatory if for every
natural number M, there exists t ≥ M such that u(t)u(t + 1) ≤ 0; otherwise, it is called
non-oscillatory. An equation is said to be oscillatory if all of its solutions are oscillatory.

Let p1, p2 : [a, ∞)→ R+ be continuous and β, γ be positive real numbers. We make
the following assumptions:

(A1) The functions fi satisfy the sign condition u fi(t, u) > 0, i = 1, 2, u �= 0, t ≥ a;
(A2) | f1(t, u)| ≥ p1(t)|u|β and | f2(t, u)| ≤ p2(t)|u|γ, u �= 0, t ≥ a;
(A3) | f1(t, u)| ≤ p1(t)|u|β and | f2(t, u)| ≥ p2(t)|u|γ, u �= 0, t ≥ a.

In [25], Senem et al. established some oscillation theorems given in the sequel.

Theorem 1 ([25]). Let (A1)–(A2) be satisfied with β > γ. If:

lim inf
t→∞

t(1−ν)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s) + G(s)] = −∞,

and:

lim sup
t→∞

t(1−ν)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s)− G(s)] = ∞,
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for every sufficiently large T, where:

G(s) =
(

β

γ
− 1

)[
γp2(s)

β

] β
β−γ

p
γ

γ−β

1 (s),

then Equation (1) is oscillatory.

Theorem 2 ([25]). Let ν ≥ 1 and (A1)–(A3) be satisfied with β < γ. If

lim inf
t→∞

t(1−ν)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s)− G(s)] = −∞,

and:

lim sup
t→∞

t(1−ν)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s) + G(s)] = ∞,

for every sufficiently large T, where G is defined as in Theorem 1, then every bounded solution of
Equation (1) is oscillatory.

Theorem 3 ([25]). Let (A1) and (A2) be satisfied with β > γ. If:

lim inf
t→∞

t(1−N)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s) + G(s)] = −∞,

and:

lim sup
t→∞

t(1−N)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s)− G(s)] = ∞,

for every sufficiently large T, where G is defined as in Theorem 1, then Equation (2) is oscillatory.

Theorem 4 ([25]). Let ν ≥ 1 and (A1)–(A3) be satisfied with β < γ. If:

lim inf
t→∞

t(1−N)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s)− G(s)] = −∞,

and:

lim sup
t→∞

t(1−N)
t−ν

∑
s=T

(t− s− 1)(ν−1)[r1(s) + G(s)] = ∞,

for every sufficiently large T, where G is defined as in Theorem 1, then every bounded solution of
Equation (2) is oscillatory.

Following the work in [25], Li et al. [26] investigated the oscillation of forced delta
fractional difference equations with the damping term of the form:⎧⎨⎩(1 + p3(t))

(
ΔΔνu

)
(t) + p3(t)

(
Δνu

)
(t) + f3(t, u(t)) = g1(t), t ∈ N0,(

Δ−(1−ν)u
)
(t)

∣∣∣
t=0

= u0 ∈ R,
(3)

where 0 < ν < 1; p3, g1 : N0 → R and f3 : N0 ×R→ R such that:

u f3(t, u) > 0, u �= 0, t ∈ N0,

and p3(t) > −1 for t ∈ N0.
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Theorem 5 ([26]). For t0 ∈ N0, suppose that:

lim inf
t→∞

t−ν

∑
s=0

(t− s− 1)(ν−1)

V(s)

[
M +

s−1

∑
ξ=t0

g1(ξ)V(ξ)

]
< 0,

and:

lim sup
t→∞

t−ν

∑
s=0

(t− s− 1)(ν−1)

V(s)

[
M +

s−1

∑
ξ=t0

g1(ξ)V(ξ)

]
> 0,

where M is a constant and:

V(t) =
t−1

∏
s=t0

(1 + p3(s)).

Then, Equation (3) is oscillatory.

Theorem 6 ([26]). For t0 ∈ N0, suppose that:

lim inf
t→∞

t−1

∑
s=0

1
V(s)

[
M +

s−1

∑
ξ=t0

g1(ξ)V(ξ)

]
= −∞,

and:

lim sup
t→∞

t−1

∑
s=0

1
V(s)

[
M +

s−1

∑
ξ=t0

g1(ξ)V(ξ)

]
= ∞,

where M is a constant and V is defined as in Theorem 5. Then, Equation (3) is oscillatory.

In this line, Seçer et al. [27] investigated the oscillation of the following nonlinear delta
fractional difference equations:

Δ
(

p4(t)
[
Δ
(
q1(t)((Δνu)(t))γ1

)]γ2
)
+ q2(t) f4

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, (4)

for t ∈ Nt0+1−ν. Here, 0 < ν ≤ 1, γ1 and γ2 are the quotients of two odd positive numbers
such that γ1γ2 = 1, p4, q1 and q2 are positive sequences,

∞

∑
s=t0

(
1

p1/γ2
4 (s)

)
= ∞,

f4 : R→ R is continuous, and:

f4(u)
u

≥ k, k ∈ R+, u �= 0.

Theorem 7 ([27]). If there exists a positive sequence φ such that:

lim sup
t→∞

t−1

∑
s=t2

[
kφ(s)q2(s)−

q1/γ1
1 (s)[(Δφ+)(s)]

2

4φ(s)Γ(1− ν)δ1/γ1
1 (s, t1)

]
= ∞,

then Equation (4) is oscillatory. Here:

δ1(t, ti) =
t−1

∑
s=ti

(
1

p1/γ2
4 (s)

)
, i = 0, 1, 2, 3,

and,
(Δφ+)(s) = max{(Δφ)(s), 0}.
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Theorem 8 ([27]). Let φ be a positive sequence. Furthermore, we assume that there exists a double
sequence such that:

H(t, t) = 0 for t ≥ 0, H(t, s) > 0 for t > s ≥ 0,

Δ2H(t, s) = H(t, s + 1)− H(t, s) ≤ 0 for t > s ≥ 0.

If:

lim sup
t→∞

1
H(t, t0)

t−1

∑
s=t0

H(t, s)

[
kφ(s)q2(s)−

q1/γ1
1 (s)[(Δφ+)(s)]

2

4φ(s)Γ(1− ν)δ1/γ1
1 (s, t2)

]
= ∞.

Then, Equation (4) is oscillatory.

If we choose the double sequence:

H(t, s) = (t− s)λ, λ ≥ 1, t ≥ s ≥ 0,

we have the following corollary.

Corollary 1 ([27]). Under the conditions of Theorem 8 and:

lim sup
t→∞

1
(t− t0)λ

t−1

∑
s=t0

(t− s)λ

[
kφ(s)q2(s)−

q1/γ1
1 (s)[(Δφ+)(s)]

2

4φ(s)Γ(1− ν)δ1/γ1
1 (s, t2)

]
= ∞,

then Equation (4) is oscillatory.

In [28], Chatzarakis et al. studied the oscillatory behavior of the delta fractional
difference equation of the form:

Δ
((

Δνu
)
(t)

)γ3 + q3(t) f5(u(t)) = 0, t ∈ Nt0+1−ν, (5)

where 0 < ν ≤ 1; γ3 > 0 is a quotient of odd positive integers; q3 is a positive sequence,
and f5 : R→ R is a continuous function such that:

f5(u)
un ≥ l, u �= 0, l > 0, n ∈ N,

[
b

q3(t)

] 1
γ3 ≤ −m, t ≥ t0, b < 0, m > 0.

We also assume:

(Δu)(t)(
Δνu

)
(t + 1)

≥ M1,
(Δu)(t)(
Δνu

)
(t)
≥ M2, t ≥ t0,

for some positive constants M1, M2 and for all
(
Δνu

)
(t) �= 0 and

(
Δνu

)
(t + 1) �= 0, and:

[(Δu)(t)]2

u(t)u(t + 1)
≥ J1,

(
Δ2u

)
(t) ≥ J2,

for some positive constants J1 and J2.

Theorem 9 ([28]). Assume:
∞

∑
s=t0

q
1

γ3
3 (s) = ∞.
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Furthermore, assume that there exists a positive sequence r̃ such that:

lim sup
t→∞

t−1

∑
s=t1

H(t, s)

[
lr̃(s)q3(s)−

[(Δr̃+)(s)]
2

4r̃(s + 1)Mγ3
1

]
= ∞,

where:
(Δr̃+)(s) = max{(Δr̃)(s), 0}.

Then, Equation (5) is oscillatory.

Theorem 10 ([28]). Assume:
∞

∑
s=t0

q
1

γ3
3 (s) = ∞.

Furthermore, assume that there exists a positive sequence r̃ and a double positive sequence
H̃(t, s) such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.

If:

lim sup
t→∞

1
H̃(t, t0)

t−1

∑
s=t0

[
r̃(s)q3(s)H̃(t, s)− h̃2(t, s)r̃(s + 1)

4lH̃(t, s)Mγ3
1

]
= ∞,

where:

h̃(t, s) = Δ2H̃(t, s) +
H̃(t, s)

(
Δr̃+

)
(s)

r̃(s + 1)
,

then Equation (5) is oscillatory.

Theorem 11 ([28]). Assume that there exists a positive sequence r̃ such that:

lim sup
t→∞

t−1

∑
s=t1

H(t, s)
[

lq3(s) +
(

J1

M2

)γ3

− J2

M2
− (Δr̃+)(s)

]
= ∞.

Then, Equation (5) is oscillatory.

Motivated by the above works, Adiguzel [29,30] considered the oscillation behavior
of the solutions of the following delta fractional difference equations:

Δ
(
r2(t)

(
Δνu

)
(t)

)
+ q4(t) f6

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, t ∈ Nt0+1−ν, (6)

and:

Δ
(
c1(t)Δ

(
c2(t)

(
r2(t)

(
Δνu

)
(t)

)))
+ q4(t)

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, t ∈ Nt0+1−ν, (7)

where 0 < ν ≤ 1, r2, q4, c1, and c2 are positive sequences and f6 : R→ R is a continuous
function satisfying u f6(u) > 0 for u �= 0.

Theorem 12 ([29]). Suppose that:
∞

∑
s=t0

q4(s) = ∞,

and:
lim inf

t→∞
f6(t) > 0.
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Then, Equation (6) is oscillatory.

Theorem 13 ([29]). Assume that:

∞

∑
s=t0

R(s)q4(s) = ∞,

where:

R(t) =
t−1

∑
s=t0

1
r2(s)

such that lim
t→∞

R(t) = ∞.

Then, every bounded solution of Equation (6) is oscillatory.

Theorem 14 ([30]). Assume that:

∞

∑
s=t0

1
c1(s)

=
∞

∑
s=t0

1
c2(s)

=
∞

∑
s=t0

1
r2(s)

= ∞, (8)

and there exists a positive sequence γ such that, for all sufficiently large t,

lim sup
t→∞

t−1

∑
s=t3

[
Γ(1− ν)γ(s)q4(s)

θ(s)φ(s + 1)

s−1

∑
τ=t2

θ(τ)

r2(τ)

s−1

∑
τ=t2

φ(τ)

c2(τ)
− c1(s)

[(
Δγ+

)
(s)

]2

4γ(s)

]
= ∞.

If there exist positive sequences β, λ such that, for all sufficiently large t,

λ(t)
r2(t)∑t−1

s=t1
1

r2(s)

−
(
Δλ

)
(t) ≤ 0, (9)

and:

lim sup
t→∞

t−1

∑
ξ=t2

[
β(ξ)λ(ξ)

λ(ξ + 1)c2(ξ)

∞

∑
s=ξ

(
1

c1(s)

∞

∑
τ=s

q4(τ)

)
− r2(ξ)

[(
Δβ+

)
(ξ)

]2

4Γ(1− ν)β(ξ)

]
= ∞, (10)

then, Equation (7) is oscillatory. Here:

φ(t) =
t−1

∑
s=t1

1
c1(s)

, θ(t) =
t−1

∑
s=t2

φ(s)
c2(s)

, δ(t) =
t−1

∑
s=t3

θ(s)
r2(s)

.

Further, we have:(
Δγ+

)
(s) = max{0,

(
Δγ

)
(s)},

(
Δβ+

)
(s) = max{0,

(
Δβ

)
(s)}.

Theorem 15 ([30]). Let (8) hold. Assume that there exists a positive sequence γ such that, for all
sufficiently large t,

lim sup
t→∞

t−1

∑
s=t3

⎡⎣Γ(1− ν)γ(s)q4(s)
θ(s + 1)

s−1

∑
τ=t2

θ(τ)

r2(τ)
− c2(s)θ(s + 1)

[(
Δγ+

)
(s)

]2

4γ(s)θ(s)∑s−1
τ=t0

1
c1(τ)

⎤⎦ = ∞. (11)

If there exist positive sequences β, λ such that (9) and (10) hold, then Equation (7) is oscillatory.
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Theorem 16. [30] Let (8) hold. Assume that there exists a positive sequence γ such that, for all
sufficiently large t,

lim sup
t→∞

t−1

∑
s=t2

⎡⎣ δ(s)γ(s)q4(s)
δ(s + 1)

− r2(s)φ(s)
[(

Δγ+
)
(s)

]2

4γ(s)∑s−1
τ=t1

φ(τ)
c2(τ)

∑s−1
τ=t0

1
c1(τ)

⎤⎦ = ∞. (12)

If there exist positive sequences β, λ such that (9) and (10) hold, then Equation (7) is oscillatory.

Motivated by the idea in [27], Bai et al. [31] was concerned with the oscillation of a
class of nonlinear fractional difference equations with the damping term of the form:

Δ
(
c3(t)[Δ(r3(t)(Δνu)(t))]γ4

)
+ q5(t)[Δ(r3(t)(Δνu)(t))]γ4

+ q6(t) f7

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, (13)

for t ∈ Nt0 , 0 < ν ≤ 1, γ4 ≥ 1 is a quotient of two odd positive numbers, r3, q5, q6, and c3
are positive sequences such that c3(t) > q5(t), and f7 : R→ R is a monotone decreasing
function satisfying:

u f7(u) > 0,
f7(u)
uγ4

≥ L > 0, u �= 0.

Theorem 17 ([31]). Define:

x(t) =
t−1

∏
s=t0

c3(s)
c3(s)− q5(s)

.

Assume:
∞

∑
s=t0

1

(x(s)c3(s))
1

γ4

= ∞, (14)

∞

∑
s=t0

1
r3(s)

= ∞, (15)

and:
∞

∑
ξ=t0

1
r3(ξ)

∞

∑
τ=ξ

[
1

c3(τ)x(τ)

∞

∑
s=τ

x(s + 1)q6(s)

] 1
γ4

= ∞. (16)

If:

lim sup
t→∞

t−1

∑
s=T

[
Lx(s)q6(s)−

[(
Δx

)
(s)

]2

4x(s)x(s + 1)W(s)

]
= ∞,

where T is sufficiently large,

W(t) =
[

Γ(1− ν)δ2(t, t1)

r3(t)

]γ4

,

then Equation (13) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

Here:

δ2(t, t1) =
∞

∑
s=t1

1

(x(s)c3(s))
1

γ4

.
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Theorem 18 ([31]). Define x, W, and δ as in Theorem 17. Assume that (14)–(16) hold and there
exists a positive sequence H̃(t, s) such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.

If:

lim sup
t→∞

1
H̃(t, t0)

t−1

∑
s=t0

[
Lx(s)q6(s)H̃(t, s)− h2(t, s)x(s + 1)

4H̃(t, s)x(s)W(s)

]
= ∞,

where:

h(t, s) = Δ2H̃(t, s) +
H̃(t, s)

(
Δx

)
(s)

x(s + 1)
,

then Equation (13) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

In [32], Chatzarakis et al. studied the oscillatory behavior of the solutions of the delta
fractional difference equation of the form:

Δ
(
r4(t)g2

((
Δνu

)
(t)

))
+ p4(t) f8

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, t ∈ Nt0+1−ν, (17)

where 0 < ν ≤ 1, r4, p4, are positive sequences; g2, f8 : R → R are continuous functions
with:

f8(u)
u

≥ k1,
u

g2(u)
≥ k2,

for some constants k1, k2 and for all u �= 0. Further, we also assume that ug2(u) > 0 for
u �= 0 and there exists a positive constant μ such that g2(u1u2) ≤ μu1g2(u2) for u1u2 �= 0.

Theorem 19 ([32]). Assume:
∞

∑
s=t1

g2

(
1

r4(s)

)
= ∞.

Furthermore, assume that there exists a positive sequence ψ such that:

lim sup
t→∞

t−1

∑
s=t1

[
k1ψ(s)p4(s)−

1
k2

R1(s)
]
= ∞,

where:

R1(s) =

[(
Δψ+

)
(s)

]2r4(s + 1)
4ψ(s + 1)Γ(1− ν)

, (Δψ+)(s) = max{(Δψ)(s), 0}.

Then, Equation (17) is oscillatory.

Theorem 20 ([32]). Assume:
∞

∑
s=t1

g2

(
1

r4(s)

)
= ∞.

Furthermore, assume that there exists a positive sequence ψ and a double positive sequence
H̃(t, s) such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.
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If:

lim sup
t→∞

t−1

∑
s=t1

[
ψ(s)p4(s)H̃(t, s)− h̄2(t, s)ψ(s + 1)r4(s + 1)

4k1k2H̃(t, s)Γ(1− ν)

]
= ∞,

where:

h̄(t, s) = Δ2H̃(t, s) +
H̃(t, s)

(
Δψ+

)
(s)

ψ(s + 1)
,

then Equation (17) is oscillatory.

Motivated by the above-mentioned works, Alzabut at al. [33] investigated the oscil-
latory behavior of the nonlinear fractional difference equation with the damping term of
the form:

Δ
(
r5(t)

(
Δνu

)
(t)

)
+ p5(t)

(
Δνu

)
(t) + q7(t) f9

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, (18)

for t ∈ Nt0+1−ν. Here, 0 < ν ≤ 1, p5, q7 are nonnegative sequences such that 1− p5(t) > 0
for large t; f9 : R→ R is a continuous function, and there exists a constant k3 > 0 such that,

f9(u)
u

≥ k3,

for all u �= 0. Further, we also assume that f9(u1)− f9(u2) = S(u1, u2)(u1 − u2) for all u1,
u2 �= 0, where S is a nonnegative function.

Theorem 21 ([33]). Let r5(t) ≡ 1 and:

∞

∑
t=t0

t−1

∏
s=t0

[1− p5(s)] = ∞.

If there exists a positive sequence φ1 such that:

lim sup
t→∞

t−1

∑
s=t1

[
k3q7(s)φ1(s)−

[(
Δφ1

)
(s)− p5(s)φ1(s)

]2

4Γ(1− ν)φ1(s)

]
= ∞,

then Equation (18) is oscillatory.

Theorem 22 ([33]). Assume that S(u1, u2) ≥ ξ > 0 for all u1, u2 �= 0. If there exists a positive
sequence φ2 such that:

∞

∑
s=t0

1
r5(s)φ2(s)

= ∞,
∞

∑
s=t0

q7(s)φ2(s + 1) = ∞, r5(t)
(
Δφ2

)
(t) ≥ p5(t)φ2(t + 1), t ≥ t0,

∞

∑
s=t0

φ2(s + 1)p2
5(s)

r5(s)
< ∞,

∞

∑
s=t0

r5(s)
[(

Δφ2
)
(s)

]2

φ2(s + 1)
< ∞,

then Equation (18) is oscillatory.

Theorem 23 ([33]). Let r5(t) ≡ 1 and:

∞

∑
t=t0

t−1

∏
s=t0

[1− p5(s)] = ∞.
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Furthermore, assume that there exists a positive sequence φ1 and a double positive sequence
H̃(t, s) such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.

If:

lim sup
t→∞

t−1

∑
s=t1

1
H̃(t, t0)

[
k3φ1(s)q7(s)H̃(t, s)− ĥ2(t, s)φ2

1(s + 1)
4φ1(s)H̃(t, s)Γ(1− ν)

]
= ∞, (19)

where,

ĥ(t, s) = Δ2H̃(t, s) + H̃(t, s)

[(
Δφ1

)
(s)− p5(s)φ1(s)

]
φ1(s + 1)

,

then Equation (18) is oscillatory.

If we set φ1(t) = 1 for all t ≥ t0 and,

H(t, s) = (t− s)λ, λ ≥ 1, t ≥ s ≥ t0,

we have the following corollary.

Corollary 2 ([33]). If the condition (19) in Theorem 23 is replaced by:

lim sup
t→∞

t−1

∑
s=t1

1
(t− t0)λ

[
k3q7(s)(t− s)λ −

[
λ(t− s− 1)λ−1 + p5(s)(t− s)λ

]2

4(t− s)λΓ(1− ν)

]
= ∞,

then Equation (18) is oscillatory.

Selvam et al. [34,35] examined the new oscillation criteria for forced delta fractional
nonlinear difference equations of the form:

Δ
(
r6(t)φ3(u(t))

(
Δνu

)
(t)

)
+ q8(t) f10

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= g2(t), (20)

and:

Δ
(
r6(t)

(
Δνu

)
(t)

)
+ p6(t)

(
Δνu

)
(t) + q8(t) f11

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, (21)

for t ≥ t0 > 0. Here, 0 < ν ≤ 1; p6, q8, g2 : [t0, ∞)→ R are continuous functions such that
p6(t) < 0, and q8(t) ≥ 0; r6 : [t0, ∞) → R+ is a continuously differentiable function such
that r6(t) ≤ λ1 for some λ1 > 0; 0 < φ3(u(t)) < m1 for some positive constant m1 and for
all u �= 0:

f10

(
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
≥ 0 such that

f10

(
∑t−1+ν

s=t0
(t− s− 1)(−ν)u(s)

)
∑t−1+ν

s=t0
(t− s− 1)(−ν)u(s)

≥ k4,

for some positive constant k4 and,

t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s) �= 0, t ≥ t0;
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f11 : R→ R is a continuous function with u f11(u) > 0 for u �= 0, and there exists a constant
μ1 such that,

f11(u)
u

≥ μ1, u �= 0.

Theorem 24 ([34]). Assume that for any L1 ≥ t0, there exists α1, β1, α2, β2 such that L1 ≤ α1 <
β1 ≤ α2 < β2 satisfying:

g2(t)

{
≤ 0, t ∈ [α1, β1],
≥ 0, t ∈ [α2, β2].

If there exists a positive function ρ ∈ Cν[[t0, ∞),R+] such that:

lim
t→∞

Γ(1− ν)

m1λ1

t−1

∑
s=t0

1
ρ(s)

= ∞,

and:

lim
t→∞

t−1

∑
s=t0

[
k4ρ(s)q8(s)−

(
Δ2ρ

)
(s)m1λ1

4ρ(s)Γ(1− ν)

]
= ∞,

then Equation (20) is oscillatory.

Theorem 25 ([34]). Assume that for any L1 ≥ t0, there exists α1, β1, α2, β2 such that L1 ≤ α1 <
β1 ≤ α2 < β2 satisfying:

g2(t)

{
≤ 0, t ∈ [α1, β1],
≥ 0, t ∈ [α2, β2].

If there exists a positive function ρ ∈ Cν[[t0, ∞),R+] and a double positive sequence H̃(t, s)
such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.

If:

lim sup
t→∞

t−1

∑
s=t0

1
H̃(t, t0)

[
k4ρ(s)q8(s)H̃(t, s)− h2

2(t, s)ρ(s)m1λ1

4H̃(t, s)Γ(1− ν)

]
= ∞,

where,

h2(t, s) = Δ2H̃(t, s) + H̃(t, s)

(
Δρ

)
(s)

ρ(s)
,

then Equation (20) is oscillatory.

Theorem 26 ([35]). Assume there exists a positive function ρ1(t), t ≥ t0, such that:

lim
t→∞

(
Γ(1− ν)

λ1

) 1
2 t−1

∑
s=t0

1
ρ1(s)

= ∞,

and:

lim
t→∞

{( 1
16Γ(1− ν)λ1

) 1
2 t−1

∑
s=t0

[ p2
6(s)ρ1(s)

λ1
+

λ1
(
Δ2ρ1

)
(s)

ρ1(s)

− 2p6(s)
(
Δρ1

)
(s)− 4μ1Γ(1− ν)ρ1(s)q8(s)

]
+

(
1

4Γ(1− ν)

) 1
2 (

Δρ1
)
(s)

}
= ∞.

Then, Equation (21) is oscillatory.
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Theorem 27 ([35]). Assume there exists a positive function ρ1(t), t ≥ t0, and a double positive
sequence H̃(t, s) such that:

H̃(t, t) = 0 for t ≥ t0, H̃(t, s) > 0 for t > s ≥ t0,

Δ2H̃(t, s) = H̃(t, s + 1)− H̃(t, s) ≤ 0 for t > s ≥ t0.

If:

lim sup
t→∞

t−1

∑
s=t0

1
H̃(t, t0)

[
μ1ρ1(s)q8(s)H̃(t, s)− h2

3(t, s)ρ1(s)λ1

4H̃(t, s)Γ(1− ν)

]
= ∞,

where,

h3(t, s) = Δ2H̃(t, s) + H̃(t, s)

[(
Δρ1

)
(s)

ρ(s)
− p6(s)

λ1

]
,

then Equation (21) is oscillatory.

Chatzarakis et al. [36] examined the oscillatory behavior for a class of nonlinear delta
fractional difference equations with the damping term of the form:

Δ
(
c4(t)[Δ(r7(t)g3((Δνu)(t)))]γ5

)
+ q9(t)[Δ(r7(t)g3((Δνu)(t)))]γ5

+ f12

(
t,

t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

)
= 0, t ∈ Nt0 , (22)

where 0 < ν ≤ 1; c4, r7, q9 : [t0, ∞) → R+ are continuous sequences with c4(t) >
q9(t); γ5 ≥ 1 is a quotient of two odd positive integers; for the continuous function
f12 : [t0, ∞)×R→ R, there exists a continuously differentiable function q10 : [t0, ∞)→ R+

such that,
f12

(
t, ∑t−1+ν

s=t0
(t− s− 1)(−ν)u(s)

)
[
∑t−1+ν

s=t0
(t− s− 1)(−ν)u(s)

]γ5
≥ q10(t),

for:
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s) �= 0, u �= 0, t ≥ t0.

Furthermore, g3 is an increasing function, for which there exists a constant l1 such
that,

u
g3(u)

≥ l1 > 0, ug3(u) �= 0.

g−1
3 : R→ R is a continuous function with:

ug−1
3 (u) > 0, u �= 0,

and for that function, there exists a positive constant l2 such that,

g−1(u1u2) ≤ l2u1g−1
3 (u2), u1u2 �= 0.

Theorem 28 ([36]). Define:

y(t) =
t−1

∏
s=t0

c4(s)
c4(s)− q9(s)

.

Assume that u is an eventually positive solution of Equation (22) and:

lim
t→∞

t−1

∑
s=t0

1

(y(s)c4(s))
1

γ5

= ∞, (23)
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lim
t→∞

t−1

∑
s=t0

g−1
3

(
1

r7(s)

)
= ∞, (24)

and:

lim
t→∞

t−1

∑
ξ=t0

g−1
3

⎛⎝ 1
r7(ξ)

∞

∑
τ=ξ

[
1

c4(τ)y(τ)

∞

∑
s=τ

y(s + 1)q10(s)

] 1
γ5

⎞⎠ = ∞, (25)

then there exists a sufficiently large T ∈ Nt0 such that,

[Δ(r7(t)g3((Δνu)(t)))] > 0, t ∈ [T, ∞),

and one of the following two conditions holds: (i) (Δνu)(t) > 0 on [T, ∞) or (ii) (Δνu)(t) < 0 on
[T, ∞) and,

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

Theorem 29 ([36]). Assume that u is an eventually positive solution of Equation (22) such that,

[Δ(r7(t)g3((Δνu)(t)))] > 0, (Δνu)(t) > 0, t ∈ [t1, ∞),

where t1 is sufficiently large and t1 ≥ t0. Then:

Δ

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]

≥ l1Γ(1− ν)(y(t)c4(t))
1

γ5 [Δ(r7(t)g3((Δνu)(t)))]
r7(t)

t−1

∑
s=t1

1

(y(s)c4(s))
1

γ5

.

Theorem 30 ([36]). Assume that (23)–(25) hold. If:

lim sup
t→∞

t−1

∑
s=t2

[
q10(s)−

q2
9(s)

4c2
4(s)R2(s)y(s)

]
= ∞,

where t2 is sufficiently large,

R2(t) =

⎡⎣ l1Γ(1− ν)

r7(t)

t−1

∑
s=t1

1

(y(s)c4(s))
1

γ5

⎤⎦γ5

,

then Equation (22) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

Theorem 31 ([36]). Assume that (23)–(25) hold. If:

lim sup
t→∞

t−1

∑
s=t2

[
q10(s)y(s)−

[
(
Δy

)
(s)]2

4R2(s)y(s)y(s + 1)

]
= ∞,

where t2 is sufficiently large, then Equation (22) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.
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Theorem 32 ([36]). Assume that (23)–(25) hold. Furthermore, we assume that there exists a
double sequence such that:

H(t, t) = 0 for t ≥ 0, H(t, s) > 0 for t > s ≥ 0,

Δ2H(t, s) = H(t, s + 1)− H(t, s) ≤ 0 for t > s ≥ 0.

If:

lim sup
t→∞

1
H(t, t0)

t−1

∑
s=t0

[
H(t, s)q10(s)−

h2
4(t, s)

4H(t, s)R2(s)y(s)

]
= ∞,

where,

h4(t, s) = Δ2H(t, s)− H(t, s)
q9(s)
c4(s)

,

then Equation (22) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

Theorem 33 ([36]). Assume that (23)–(25) hold. Furthermore, we assume that there exists a
double sequence such that:

H(t, t) = 0 for t ≥ 0, H(t, s) > 0 for t > s ≥ 0,

Δ2H(t, s) = H(t, s + 1)− H(t, s) ≤ 0 for t > s ≥ 0.

If:

lim sup
t→∞

1
H(t, t0)

t−1

∑
s=t0

[
H(t, s)q10(s)y(s)−

h2
5(t, s)

4H(t, s)R2(s)

]
= ∞,

where,

h5(t, s) = Δ2H(t, s) + H(t, s)

(
Δy

)
(s)

y(s + 1)
,

then Equation (22) is oscillatory or satisfies:

lim
t→∞

[
t−1+ν

∑
s=t0

(t− s− 1)(−ν)u(s)

]
= 0.

Grace et al. [37] investigated the non-oscillatory solutions of the delta fractional
difference equations of the following form:{(

Δν
∗v
)
(t) = e(t + ν) + f (t + ν, u(t + ν)), t ∈ N1−ν,

v(0) = c0,
(26)

where 0 < ν ≤ 1; f : N1 ×R→ R is continuous and satisfies u f (t, u) > 0 for u �= 0, and e
is a positive sequence. Grace at al. carried out the investigation for the following particular
cases of (26):

v(t) = Δ
(

r(t)
∣∣(Δu

)
(t)

∣∣δ−1(Δu
)
(t)

)
, δ ≥ 1, (27)

v(t) =
(
Δu

)
(t), (28)

v(t) = u(t). (29)

where r is a positive sequence.
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Theorem 34 ([37]). Consider (26) with (27). Assume that the function f satisfies:

u f (t, u) ≤ t(γ−1)h(t)|u|β+1, u �= 0,

for some function h : (t1, ∞) → R+ and real numbers γ > 0 and 0 < β < δ. For the sake of
simplification, define:

R(t) =
t−1

∑
s=1

r−1/δ(s),

and,

g1(t) =
t−ν

∑
s=t1−ν

(t− s− 1)(ν−1)(s + ν)(γ−1)mβ/(β−δ)(s + ν)hδ/(δ−β)(s + ν),

where t1 ∈ N1 and m is a positive sequence. Let q be a conjugate number of p > 1, p(ν− 1)+ 1 > 0,
and γ = 2− ν− 1

p . Suppose that for any positive integer t1, we have:

∞

∑
s=t1−ν

(s + ν)qRqδ(s + ν)mq(s + ν) < ∞, lim sup
t→∞

1
t

t−1

∑
s=t1

g1(s) < ∞,

lim inf
t→∞

1
t

t−1

∑
τ=t1

τ−ν

∑
s=1−ν

(τ − s− 1)(ν−1)e(s + ν) > −∞,

lim sup
t→∞

1
t

t−1

∑
τ=t1

τ−ν

∑
s=1−ν

(τ − s− 1)(ν−1)e(s + ν) < ∞.

Then, every non-oscillatory solution u satisfies:

|u(t)| = O
(

t1/δR(t)
)

, t → ∞.

Theorem 35 ([37]). Consider (26) with (28). Assume that the function f satisfies:

u f (t, u) ≤ t(γ−1)h(t)|u|λ+1, u �= 0,

for some function h : (t1, ∞) → R+ and real numbers γ > 0 and 0 < λ < 1. For the sake of
simplification, define:

g2(t) =
t−ν

∑
s=t1−ν

(t− s− 1)(ν−1)(s + ν)(γ−1)mλ/(λ−1)(s + ν)h1/(1−λ)(s + ν),

where t1 ∈ N1 and m is a positive sequence. Let q be a conjugate number of p > 1, p(ν− 1)+ 1 > 0,
and γ = 2− ν− 1

p . Suppose that for any positive integer t1, we have:

∞

∑
s=t1−ν

(s + ν)qmq(s + ν) < ∞, lim sup
t→∞

g2(t) < ∞,

lim inf
t→∞

t−ν

∑
s=1−ν

(t− s− 1)(ν−1)e(s + ν) > −∞, lim sup
t→∞

t−ν

∑
s=1−ν

(t− s− 1)(ν−1)e(s + ν) < ∞.

Then, every non-oscillatory solution u satisfies:

|u(t)| = O(t), t → ∞.
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Theorem 36 ([37]). Consider (26) with (29). Let q be a conjugate number of p > 1, p(ν− 1) +
1 > 0 and γ = 2− ν− 1

p . Suppose that for any positive integer t1, we have:

∞

∑
s=t1−ν

mq(s + ν) < ∞, lim sup
t→∞

g2(t) < ∞,

lim inf
t→∞

t−ν

∑
s=1−ν

(t− s− 1)(ν−1)e(s + ν) > −∞, lim sup
t→∞

t−ν

∑
s=1−ν

(t− s− 1)(ν−1)e(s + ν) < ∞.

Then, every non-oscillatory solution u is bounded.

3.2. Oscillatory Behavior of Nabla Fractional Difference Equations

Let ν > 0, and choose N ∈ N1 such that N − 1 < ν < N. Take p, qi, r : Na+N−1 → R,
i = 1, 2, · · · n; f1, f2 : Na+N−1 ×R→ R; f : R→ R; p1, p2 : Na+N−1 → R+; w, h : Na → R;
q, g : Na+1 → R; x, z : N1 → R; w2 : N1 → R+; y is a positive function defined on N1;
β, γ are positive real numbers; λi (1 ≤ i ≤ n) are the ratios of odd positive integers with
λ1 > · · · > λl > 1 > λl+1 > · · · > λn.

We make the following assumptions:

(H1). The functions fi satisfy the sign condition u fi(t, u) > 0, i = 1, 2, u �= 0, t ∈ Na+N−1;

(H2). | f1(t, u(t)| ≥ p1(t)|u|β and | f2(t, u(t)| ≤ p2(t)|u|γ, u �= 0, t ∈ Na+N−1;

(H3). | f1(t, u(t)| ≤ p1(t)|u|β and | f2(t, u(t)| ≥ p2(t)|u|γ, u �= 0, t ∈ Na+N−1;

(H4).
f (t)

t > 0 for all t �= 0 and x(t) < 1 for all t ∈ N1;

(H5). u f (u) > 0 for u �= 0 and q(t) ≥ 0 for all t ∈ Na+1;

(H6). u f (u) > 0 for u �= 0 and w(t) ≥ 0 for all t ∈ Na.

Alzabut et al. [38] initiated the study of the oscillation of solutions of nabla fractional
difference equations. In [38], the authors established several oscillation criteria for the
following nonlinear nabla fractional difference equations involving the Riemann–Liouville
and Caputo operators of arbitrary order.⎧⎨⎩

(
∇ν

a+N−2u
)
(t) + f1(t, u(t)) = r(t) + f2(t, u(t)), t ∈ Na+N−1,(

∇−(1−ν)
a+N−2u

)
(t)

∣∣∣
t=a+N−1

= u(a + N − 1) = c, c ∈ R,
(30)

and: {(
∇ν

a+N−1∗u
)
(t) + f1(t, u(t)) = r(t) + f2(t, u(t)), t ∈ Na+N−1,(

∇ku(a + N − 1) = bk, bk ∈ R, k = 0, 1, 2, · · · , N − 1.
(31)

A solution u of (30) (or (31)) is said to be oscillatory if for every natural number M,
there exists t ≥ M such that u(t)u(t + 1) ≤ 0; otherwise, it is called non-oscillatory. An
equation is said to be oscillatory if all of its solutions are oscillatory.

Theorem 37 ([38]). Let f2 = 0 and Condition (H1) hold. If:

lim inf
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1r(s) = −∞,
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and:

lim sup
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1r(s) = ∞,

then Equation (30) is oscillatory.

Theorem 38 ([38]). Let Conditions (H1) and (H2) hold with β > 1 and γ = 1. If:

lim inf
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ(s)
]
= −∞,

and:

lim sup
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ(s)
]
= ∞,

where,

Hβ(s) = (β− 1)β
β

1−β p
1

1−β

1 (s)p
β

β−1
2 (s),

then Equation (30) is oscillatory.

Theorem 39 ([38]). Let Conditions (H1) and (H2) hold with β = 1 and γ < 1. If:

lim inf
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hγ(s)] = −∞,

and:

lim sup
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hγ(s)] = ∞,

where,

Hγ(s) = (1− γ)γ
γ

1−γ p
γ

γ−1
1 (s)p

1
1−γ

2 (s),

then Equation (30) is oscillatory.

Theorem 40 ([38]). Let Conditions (H1) and (H2) hold with β > 1 and γ < 1. If:

lim inf
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ,γ(s)
]
= −∞,

and:

lim sup
t→∞

t1−ν
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ,γ(s)
]
= ∞,

where,

Hβ,γ(s) = (β− 1)β
β

1−β p
1

1−β

1 (s)ξ
β

β−1 (s) + (1− γ)γ
γ

1−γ ξ
γ

γ−1 (s)p
1

1−γ

2 (s),

with ξ : Na+N−1 → R+, then Equation (30) is oscillatory.

Theorem 41 ([38]). Let f2 = 0 and Condition (H1) hold. If:

lim inf
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1r(s) = −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1r(s) = ∞,
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then Equation (31) is oscillatory.

Theorem 42 ([38]). Let Conditions (H1) and (H2) hold with β > 1 and γ = 1. If:

lim inf
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ(s)
]
= −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ(s)
]
= ∞,

where,

Hβ(s) = (β− 1)β
β

1−β p
1

1−β

1 (s)p
β

β−1
2 (s),

then Equation (31) is oscillatory.

Theorem 43 ([38]). Let Conditions (H1) and (H2) hold with β = 1 and γ < 1. If:

lim inf
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hγ(s)] = −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hγ(s)] = ∞,

where,

Hγ(s) = (1− γ)γ
γ

1−γ p
γ

γ−1
1 (s)p

1
1−γ

2 (s),

then Equation (31) is oscillatory.

Theorem 44 ([38]). Let Conditions (H1) and (H2) hold with β > 1 and γ < 1. If:

lim inf
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ,γ(s)
]
= −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=a+N−1

(t− s + 1)ν−1[r(s) + Hβ,γ(s)
]
= ∞,

where,

Hβ,γ(s) = (β− 1)β
β

1−β p
1

1−β

1 (s)ξ
β

β−1 (s) + (1− γ)γ
γ

1−γ ξ
γ

γ−1 (s)p
1

1−γ

2 (s),

with ξ : Na+N−1 → R+, then Equation (31) is oscillatory.

Following the work in [38], Abdalla et al. [39] established new oscillation criteria
for (30) and (31) using the fractional Volterra sum equations and Young’s inequalities. The
authors in [39] observed that the cases β > γ > 1 and γ > β > 1 were not considered
for (30) in [38]. The purpose of the paper [39] was to cover this gap and establish new
oscillation criteria that improve the results in [38].

Theorem 45 ([39]). Let Condition (H2) hold with β > γ > 0. If:

lim inf
t→∞

t1−ν
t

∑
s=T+1

(t− s + 1)ν−1[r(s) + H(s)] = −∞,
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and:

lim sup
t→∞

t1−ν
t

∑
s=T+1

(t− s + 1)ν−1[r(s)− H(s)] = ∞,

for sufficiently large T, where,

H(s) =
(

β

γ
− 1

)[
γp2(s)

β

] β
β−γ

p
γ

γ−β

1 (s),

then Equation (30) is oscillatory.

Theorem 46 ([39]). Let ν ≥ 1 and Condition (H3) hold with γ > β > 0. If:

lim inf
t→∞

t1−ν
t

∑
s=T+1

(t− s + 1)ν−1[r(s)− H(s)] = −∞,

and:

lim sup
t→∞

t1−ν
t

∑
s=T+1

(t− s + 1)ν−1[r(s) + H(s)] = ∞,

for sufficiently large T, where H is defined in Theorem 45, then every bounded solution of Equa-
tion (30) is oscillatory.

Theorem 47 ([39]). Let Condition (H2) hold with β > γ > 0. If:

lim inf
t→∞

t1−N
t

∑
s=T+1

(t− s + 1)ν−1[r(s) + H(s)] = −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=T+1

(t− s + 1)ν−1[r(s)− H(s)] = ∞,

for sufficiently large T, where H is defined in Theorem 45, then Equation (31) is oscillatory.

Theorem 48 ([39]). Let ν ≥ 1 and Condition (H3) hold with γ > β > 0. If:

lim inf
t→∞

t1−N
t

∑
s=T+1

(t− s + 1)ν−1[r(s)− H(s)] = −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=T+1

(t− s + 1)ν−1[r(s) + H(s)] = ∞,

for sufficiently large T, where H is defined in Theorem 45, then every bounded solution of Equa-
tion (31) is oscillatory.

In alignment with the above works, Abdalla et al. [40] investigated the oscillation of
solutions for nabla fractional difference equations with mixed nonlinearities of the forms:

⎧⎨⎩
(
∇ν

a+N−2u
)
(t)− p(t)u(t) + ∑n

i=1 qi(t)|u(t)|λi−1 = r(t), t ∈ Na+N ,(
∇−(N−ν)

a+N−2 u
)
(t)

∣∣∣
t=a+N−1

= u(a + N − 1) = c, c ∈ R,
(32)

and:
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{(
∇ν

a+N−1∗u
)
(t)− p(t)u(t) + ∑n

i=1 qi(t)|u(t)|λi−1 = r(t), t ∈ Na+N−1,(
∇ku(a + N − 1) = bk, bk ∈ R, k = 0, 1, 2, · · · , N − 1.

(33)

Theorem 49 ([40]). Let:

p(t) > 0 and qi(t)

{
≥ 0, 1 ≤ i ≤ l;
≤ 0, l + 1 ≤ i ≤ n.

(34)

If for some constant K > 0, we have:

lim inf
t→∞

t1−ν
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

p
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= −∞, (35)

and:

lim sup
t→∞

t1−ν
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

p
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= ∞, (36)

then Equation (32) is oscillatory.

Corollary 3 ([40]). Let l = n in (32), then λ1 > λ2 > · · · λn > 1. Suppose p(t) > 0, qi(t) ≥ 0,
i = 1, 2, · · · n. If (35) and (36) hold for some constant K1 > 0, then Equation (32) is oscillatory.

Corollary 4 ([40]). Let l = 0 in (32), then 1 > λ1 > λ2 > · · · λn. Suppose p(t) < 0, qi(t) ≤ 0,
i = 1, 2, · · · n. If (35) and (36) hold for some constant K2 > 0, then Equation (32) is oscillatory.

Corollary 5 ([40]). Let:

p(t) ≡ 0 and qi(t)

{
≥ 0, 1 ≤ i ≤ l;
≤ 0, l + 1 ≤ i ≤ n.

(37)

If there exists a positive function v on Na+N−1 such that for some constant K3 > 0, we have:

lim inf
t→∞

t1−ν
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

v
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= −∞,

and:

lim sup
t→∞

t1−ν
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

v
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= ∞,

then Equation (32) is oscillatory.

Theorem 50 ([40]). Assume that Condition (34) holds. If:

lim inf
t→∞

t1−N
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

p
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= −∞, (38)

and:

lim sup
t→∞

t1−N
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

p
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= ∞, (39)

for some constant K > 0, then Equation (33) is oscillatory.

Corollary 6 ([40]). Suppose p(t) > 0, qi(t) ≥ 0, i = 1, 2, · · · n. If (38) and (39) hold for some
constant K1 > 0, then Equation (33) is oscillatory.
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Corollary 7 ([40]). Suppose p(t) < 0, qi(t) ≤ 0, i = 1, 2, · · · n. If (38) and (39) hold for some
constant K2 > 0, then Equation (33) is oscillatory.

Corollary 8 ([40]). Let (37) hold. If there exists a positive function v on Na+N−1 such that for
some constant K3 > 0, we have:

lim inf
t→∞

t1−N
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

v
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= −∞,

and:

lim sup
t→∞

t1−N
t

∑
s=a+N

(t− s + 1)ν−1

[
r(s) + K

n

∑
i=1

v
λi

λi−1 (s)|qi(s)|
1

1−λi

]
= ∞,

then Equation (32) is oscillatory.

Following the above trend, in [41], Alzabut et al. considered the following forced and
damped nabla fractional difference equation:⎧⎨⎩(1− x(t))

(
∇∇ν

0u
)
(t) + x(t)

(
∇ν

0u
)
(t) + w2(t) f (u(t)) = z(t), t ∈ N1,(

∇−(1−ν)
0 u

)
(t)

∣∣∣
t=1

= u(1) = c, c ∈ R,
(40)

where 0 < ν < 1, and established sufficient conditions for the oscillation of the solutions of
Equation (40).

Theorem 51 ([41]). Let Assumption (H5) and the following conditions hold:

lim inf
t→∞

t

∑
s=1

(t− s + 1)ν−1

P(s)

[
A +

s

∑
τ=t0+1

z(τ)P(τ)

]
< 0,

and:

lim sup
t→∞

t

∑
s=1

(t− s + 1)ν−1

P(s)

[
A +

s

∑
τ=t0+1

z(τ)P(τ)

]
> 0,

where A is a constant and,

P(t) =
t

∏
s=t0

(
1

1− x(s)

)
, t0 ∈ N1.

Then, Equation (40) is oscillatory.

Theorem 52 ([41]). Let Assumption (H5) and the following conditions hold:

lim inf
t→∞

t

∑
s=1

1
P(s)

[
A +

s

∑
τ=t0+1

z(τ)P(τ)

]
= −∞,

and:

lim sup
t→∞

t

∑
s=1

(t− s + 1)ν−1

P(s)

[
A +

s

∑
τ=t0+1

z(τ)P(τ)

]
= ∞,

where A is a constant and,

P(t) =
t

∏
s=t0

(
1

1− x(s)

)
, t0 ∈ N1.

Then, Equation (40) is oscillatory.
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Motivated by the paper [38], the authors [42] investigated the oscillation of a nonlinear
fractional nabla difference system of the form:⎧⎨⎩

(
∇ν

au
)
(t) + q(t) f (u(t)) = g(t), t ∈ Na+1,(

∇−(1−ν)
a u

)
(t)

∣∣∣
t=a

= u(a) = c, c ∈ R,
(41)

where 0 < ν < 1, and obtained some sufficient conditions for oscillation.

Theorem 53 ([42]). Let Condition (H5) hold. If:

lim inf
t→∞

(t− a)1−ν
t

∑
s=a+1

(t− s + 1)ν−1g(s) = −∞,

and:

lim sup
t→∞

(t− a)1−ν
t

∑
s=a+1

(t− s + 1)ν−1g(s) = ∞,

then Equation (41) is oscillatory.

Theorem 54 ([42]). Let Condition (H5) hold. Assume that there exists t0 ∈ Na+1 such that:

lim inf
t→∞

t

∑
s=t0+1

g(s) = −∞,

and:

lim sup
t→∞

t

∑
s=t0+1

g(s) = ∞,

then Equation (41) is oscillatory.

In [43], the authors investigated the oscillation of fractional nabla difference equations
of the form: ⎧⎨⎩

(
∇∇ν

au
)
(t) + w(t) f (u(t)) = h(t), t ∈ Na,(

∇−(1−ν)
a u

)
(t)

∣∣∣
t=a

= u(a) = c, c ∈ R,
(42)

where 0 < ν < 1.

Theorem 55 ([43]). Let Condition (H6) hold. If the inequality:(
∇∇ν

au
)
(t) ≤ h(t), t ∈ Na,

has no eventually positive solutions and the inequality:(
∇∇ν

au
)
(t) ≥ h(t), t ∈ Na,

has no eventually negative solutions, then every solution u of Equation (42) is oscillatory.

Theorem 56 ([43]). Let condition (H6) be hold. Assume that u is a solution of (42) and there

exists t0 ∈ Na such that
(
∇ν

au
)
(t)

∣∣∣
t=t0

= C exists. If:

lim inf
t→∞

(t− a)1−ν
t

∑
s=a+1

(t− s + 1)ν−1

[
C +

s

∑
τ=t0+1

h(τ)

]
= −∞,
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and:

lim sup
t→∞

(t− a)1−ν
t

∑
s=a+1

(t− s + 1)ν−1

[
C +

s

∑
τ=t0+1

h(τ)

]
= ∞,

then, Equation (42) is oscillatory.

Theorem 57 ([42]). Let condition (H6) be hold. Assume that u is a solution of (42) and there

exists t0 ∈ Na such that
(
∇ν

au
)
(t)

∣∣∣
t=t0

= C exists. If:

lim inf
t→∞

t

∑
s=t0+1

(
1− s− 1

t

)
h(s) = −∞,

and:

lim sup
t→∞

t

∑
s=t0+1

(
1− s− 1

t

)
h(s) = ∞,

then, Equation (42) is oscillatory.

4. Conclusions

The oscillation of difference equations has been a considerable topic due to its widespread
applications in science and engineering. For this purpose, many researchers have con-
tributed to this topic by studying several types of equations. With the rise of fractional
calculus, the oscillation of fractional difference equations has become the object of an
extensive investigation, and consequently, distinguishable results have been elaborated
during the recent years.

In this paper, we presented a scientific platform that provided a comprehensive survey
on the recent developments for the oscillation results of fractional difference equations.
Different types of equations were investigated and presented by using both the nabla
and delta operators. We believe that the results presented in this paper will provide a
cornerstone literature for the relevant audience that is interested in the investigation of
oscillation theory. The theoretical presentation in this paper is promising in the sense that
it can be used to develop results for the oscillation of solutions for other types of equations
such as the functional dynamic equations and fuzzy dynamic equations.
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Abstract: In this paper, we study the existence of solutions to a fractional (p, q)-difference equation
equipped with separate local boundary value conditions. The uniqueness of solutions is established
by means of Banach’s contraction mapping principle, while the existence results of solutions are
obtained by applying Krasnoselskii’s fixed-point theorem and the Leary–Schauder alternative. Some
examples illustrating the main results are also presented.
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1. Introduction

Fractional calculus, dealing with the integrals and derivatives of arbitrary order, con-
stitutes an important area of investigation in view of its extensive theoretical development
and applications during the last few decades. For some interesting results on fractional
differential equations ranging from the existence and uniqueness of solutions to the analytic
and numerical methods for finding solutions, we refer the reader to the following articles:
[1–5]. Concerning the applications of fractional differential equations in engineering, clini-
cal disciplines, biology, physics, chemistry, economics, signal and image processing, and
control theory, for example, see [6–10] for more details.

The study of q-calculus was introduced by Jackson in 1910, see [11,12] for more details.
As one of the major driving forces behind the modern mathematical analysis, q-calculus
has played important roles in both mathematical and physical problems. For instance,
Fock [13] has studied the symmetry of hydrogen atoms using the q-difference equation.
The concepts of q-calculus found numerous applications in a variety of fields, such as
combinatorics, orthogonal polynomials, basic hypergeometric functions, number theory,
quantum theory, quantum mechanics, and theory of relativity for details, see [14–16], and
the references cited therein. One can find the basic concepts of q-calculus in the text by Kac
and Cheung [17], while some details about fractional q-difference calculus can be found in
[14,18–21].

The subject of (p, q)-calculus is known as the extension of q-calculus to its two-
parameter (p, q) variant and has efficient applications in many fields. One can find some
useful information about the (p, q)-calculus in [22–30].

Mathematics 2022, 10, 767. https://doi.org/10.3390/math10050767 https://www.mdpi.com/journal/mathematics336
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In 2021, Neang et al. [31] considered the nonlocal boundary value problem of non-
linear fractional (p, q)-difference equations with taking care of solutions of existence and
uniqueness results obtained by

cDα
p,qu(t) = f (t, u(pαt)), t ∈ [0, T/pα], 1 < α ≤ 2, (1)

β1u(0) + γ1Dp,qu(0) = ζ1u(η1), β2u(T) + γ2Dp,qu(T/p) = ζ2u(η2), (2)

where f ∈ C([0, T/pα]×R,R), βi, γi, ηi (i = 1, 2) are constants, cDα
p,q denoted by Caputo

fractional (p, q) type, while Dp,q denoted by first-order (p, q)-derivative.
Qin and Sun [32] studied on a nonlinear fractional (p, q)-difference Schrödinger equa-

tion in 2021, given by the following:

Dα
p,qu(x) + αh(pαx) f (u(pαx)) = 0, x ∈ (0, 1), (3)

u(0) = Dp,qu(0) = Dp,qu(1) = 0, (4)

where 0 < q < p ≤ 1, 2 < α ≤ 3, Dα
p,q is a Riemann–Liouville-type fractional (p, q)-

difference operator, and f ∈ C([0, 1], (0, ∞)), h ∈ C([0, 1], (0, ∞)).
Moreover, Qin and Sun [33] studied positive solutions for fractional (p, q)-difference

boundary value problems given by the following:

Dα
p,qu(x) + f (pαx, u(pαx)) = 0, x ∈ (0, 1), (5)

u(0) = u(1) = 0, (6)

where 0 < q < p ≤ 1, 1 < α ≤ 2, Dα
p,q is a Riemann–Liouville-type fractional (p, q)-

difference operator, and f : [0, 1]×R→ R is a non-negative continuous function.
However, even though Neang et al. [31] investigated and proved the nonlocal bound-

ary value problems by considering on existence results of a class of fractional (p, q)-
difference equations, it still was a bit complicated with the domain of a function when
the authors applied the fractional (p, q)-integral operators. In this paper, to make this
paper more smooth and convenient, we have investigated the existence and uniqueness of
solutions for the local boundary value problem of fractional (p, q)-difference equation with
a new function obtained g ∈ C ([0, b]×R,R), given by the following:

cDα
p,qx(t) = g(pαt, x(pαt)), t ∈ [0, b], 1 < α ≤ 2, (7)

α1x(0) + β1Dp,qx(0) = γ1, α2x(b) + β2Dp,qx(pb) = γ2, (8)

where αi, βi, γi (i = 1, 2) are constants, cDα
p,q denoted by Caputo fractional (p, q) type,

while Dp,q denoted by the first-order (p, q)-derivative.

2. Preliminaries

In this part, some fundamental results and definitions of the (p, q)-calculus, which can
be found in [14,23,25] are given.

Let [a, b] ⊂ R be an interval with a < b and 0 < q < p ≤ 1 be constants,

[k]p,q =
pk − qk

p− q
, k ∈ N, (9)

[k]p,q! =

⎧⎪⎨⎪⎩[k]p,q[k− 1]p,q · · · [1]p,q =
k

∏
i=1

pi − qi

p− q
, k ∈ N,

1, k = 0.
(10)
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For n ∈ N0 := {0, 1, 2, . . .}, the q-analogue of the power function (a− b)
(n)
q is given by

(a− b)(0)q = 1, (a− b)(n)q :=
n−1

∏
k=0

(a− bqk), a, b ∈ R.

For n ∈ N0 := {0, 1, 2, . . .}, the (p, q)-analogue of the power function (a − b)
(n)
p,q is

given by

(a− b)(0)p,q = 1, (a− b)(n)p,q :=
n−1

∏
k=0

(apk − bqk), a, b ∈ R.

The generalization of q-gamma function is called (p, q)-gamma is given by

Γp,q(t) =
(p− q)(t−1)

p,q

(p− q)t−1

=
p(

t−1
2 )

(1− (q/p)t−1

∞

∏
k=0

1− (q/p)k+1

1− (q/p)k+t+1 , (11)

For t ∈ R \ {0,−1,−2, . . . }, and an equivalent definition of (11) is given in [25] as

Γp,q(t) = p
t(t−1)

2

∫ ∞

0
xt−1E−qx

p,q dp,qx (12)

where

E−qx
p,q =

∞

∑
n=0

q(
n
2)

[n]p,q!
(−qx)n.

Remark 1. Γp,q(t + 1) = [t]p,qΓp,q(t) and Γp,q(t) ≤ p(
t−1

2 )
(

1− (q/p)1−t
p,q

)
.

The definition of (p, q)-beta function for s, t > 0 is defined by

Bp,q(s, t) =
∫ 1

0
us−1(1− qu)(t−1)

p,q dp,qu, (13)

and (13) can also be written as

Bp,q(s, t) = p(t−1)(2s+t−2)/2 Γp,q(s)Γp,q(t)
Γp,q(s + t)

, (14)

see [34,35] for more details.

Definition 1 ([23]). Let 0 < q < p ≤ 1. Then, the (p, q)-derivative of f is defined by

Dp,qg(t) =
g(pt)− g(qt)

(p− q)t
, t �= 0 (15)

and Dp,qg(0) = lim
t→0

Dp,qg(t), provided that g is differential at 0.

Definition 2 ([23]). Let 0 < q < p ≤ 1, g be an arbitrary function, and t be a real number. The
(p, q)-integral of g is defined as

∫ t

0
g(s)dp,qs = (p− q)t

∞

∑
n=0

qn

pn+1 g
(

qn

pn+1 t
)

(16)

provided that the series of the right-hand side in (16) converges.
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Theorem 1 ([23]). Let g, h be differentiable on [0, b] with a constant λ. Then,

(i) Dp,q(g(t) + h(t)) = Dp,qg(t) + Dp,qh(t);
(ii) Dp,qλg(s) = λDp,qg(s);
(iii) Dp,q(gh)(t) = g(pt)Dp,qh(t) + h(qt)Dp,qg(t);

(iv) Dp,q(g/h)(t) =
h(qt)Dp,qg(t)− g(qt)Dp,qh(t)

h(pt)h(qt)
,

where h(t) �= 0 for t ∈ [0, b].

Theorem 2 ([30]). Let g be a continuous function on [0, b]. Then,

(i) Dp,q

∫ t

0
g(s)dp,qs = g(t);

(ii)
∫ t

0
Dp,qg(s)dp,qs = g(t)− g(0);

(iii)
∫ t

a
Dp,qg(s)dp,qs = g(t)− g(a), for a ∈ (0, t).

Definition 3 ([34]). Let g be a continuous function defined on [0, b]. Then, the Riemann–Liouville
fractional (p, q)-integral type is stated by for α > 0(

Iα
p,qg

)
(t) =

1

p(
α
2)Γp,q(α)

∫ t

0
(t− qs)(α−1)

p,q g
(

s
pα−1

)
dp,qs

=
(p− q)t

p(
α
2)Γp,q(α)

∞

∑
n=0

qn

pn+1

(
t− qn+1

pn+1 t
)(α−1)

p,q
g
(

qn

pα+n t
)

(17)

where t ∈ [0, pαb]. Notice that if α = 0,, then
(

I0
p,qg

)
(t) = g(t).

Definition 4 ([34]). Let g be a continuous function defined on [0, b]. Then, the Riemann–Liouville
fractional (p, q)-derivative type is stated by

(Dα
p,qg)(t) =

(
D[α]

p,q I[α]−α
p,q g

)
(t), for α > 0 (18)

where #α$ is the smallest integer greater than or equal to α. Notice that if α = 0,, then
(D0

p,qh)(t) = g(t).

Definition 5 ([34]). Let g be a continuous function defined on [0, b]. If α > 0, then the Caputo
fractional (p, q)-derivative is stated by

(cDα
p,qg)(t) =

(
I[α]−α
p,q D[α]

p,qg
)
(t), (19)

where #α$ is the smallest integer greater than or equal to α. Notice that if α = 0, then(
cD0

p,qg
)
(t) = g(t).

To obtain the sufficient condition of existence and uniqueness of solutions of (7)–(8),
employing the following Lemmas of fractional (p, q)-calculus play an important role in
those main results.

Lemma 1 ([34]). Let g be a continuous function on [0, b]. Then,

(i)
(

Iβ
p,q Iα

p,qg
)
(t) =

(
Iα+β
p,q g

)
(t);

(ii)
(

Dα
p,q Iα

p,qg
)
(t) = g(t).
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Lemma 2 ([34]). Let g be a continuous function on [0, b]. If α > 0, and n ∈ N, then the following
equality holds:

(
Iα
p,qDn

p,qg
)
(t) =

(
Dn

p,q Iα
p,qg

)
(t)−

[α]−1

∑
k=0

tα−n+k

p(
α
2)Γp,q(α− n + k + 1)

(
Dk

p,qg
)
(0).

Lemma 3 ([34]). Let g be a continuous function on [0, b]. If α > 0 and n ∈ N, then

(
Iα
p,q

cDα
p,qg

)
(t) = g(t)−

[α]−1

∑
k=0

tk

p(
α
2)Γp,q(k + 1)

(
Dk

p,qg
)
(0).

Lemma 4. In order to prove (7) and (8), we first give a useful Lemma, as follows:⎧⎪⎨⎪⎩
cDα

p,qx(t) = g(pαt), t ∈ [0, b],
α1x(0) + β1Dp,qx(0) = γ1,
α2x(b) + β2Dp,qx(pb) = γ2,

(20)

is defined by

x(t) = η1 + η2t +
∫ t

0

(t− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

g(ps) dp,qs

+
1
Δ
[α1α2t− β1α2]

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

g(ps) dp,qs

+
1
Δ
[α1β2t− β1β2]

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
g
(

p2s
)

dp,qs, (21)

where

η1 =
β1γ2 − γ1(α2b + β2)

Δ
, η2 =

(α2γ1 − α1γ2)

Δ
,

and it is supposed that
Δ = α2β1 − α1(α2b + β2) �= 0.

Proof. Applying fractional (p, q)-integral on (20), we obtain the following:

x(t) =
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps) dp,qs + tc0 + c1, (22)

where c0, c1 are constants and t ∈ [0, b]. Utilizing (20) again, we obtain⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

α1c1 + β1c0 = γ1,

c0(α2b + β2) + α2c1 = γ2 − α2

∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps) dp,qs

−β2

∫ b

0

(b− qs)(α−2)

p(
α−1

2 )Γp,q(α− 1)
g
(

p2s
)

dp,qs.

(23)
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Solving the above system of equations to find the constants c0, c1, we have

c0 =
1
Δ

[
α2γ1 + α1α2

∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps) dp,qs

+α1β2

∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

g
(

p2s
)

dp,qs

]

and

c1 =
1
Δ

[
−γ1(α2b + β1α2)

∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps) dp,qs

−β1β2

∫ b

0

(b− qs)(α−2)

p(
α−1

2 )Γp,q(α− 1)
g
(

p2s
)

dp,qs

]
.

Substituting the values of c0, c1 in (22), we derive (21). By direction computation, we
obtain for the converse. Therefore, this completed the proof.

3. Main Results

Let C := C ([0, b],R) denote the Banach space of all continuous functions from [0, b] to
R, endowed with norm, defined by

‖x‖ = sup{|x(t)| : t ∈ [0, b]}.

In view of Lemma 4, we define an operator F : C → C as

(Fx)(t) = η1 + η2t +
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps, x(ps)) dp,qs

+
1
Δ
[α1α2t− β1α2]

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

g(ps, x(ps)) dp,qs

+
1
Δ
[α1β2t− β1β2]

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
g(p2s, x(p2s)) dp,qs, (24)

where Δ = α2β1 − α1(α2b + β2) �= 0.
Observe that x is a solution to (7) and (8) if—and only if—x is a fixed-point of F . For

convenience, we denote

k =
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs + σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
L
(

p2s
)

dp,qs, (25)

where
σ1(b) =

1
|Δ| (|α1||α2|b + |β1||α2|), σ2(b) =

1
|Δ| (|α1||β2|b + |β1||β2|).

Theorem 3. Let g be a continuous function on [0, b]×R and there exists a integrable function
L : [0, b]→ R, such that

(A1) |g(t, x)− g(t, y)| ≤ L(t)|x− y|, for each t ∈ [0, b] and x, y ∈ R.

If k < 1, then (7) and (8) has a unique solution.
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Proof. We transform the problem (7) and (8) into a fixed-point problem Fx = x, where the
operator F is given by (24). Applying Banach’s contraction mapping principle, we will
show that F has a unique fixed point. Define a ball, Br = {x ∈ C : ‖x‖ ≤ r}, with the
radius, r, satisfying

r ≥ |η1|+ |η2|b + MA
1− k

,

where

A =
bα

Γp,q(α + 1)
+ σ1(b)

bα

Γp,q(α + 1)
+ σ2(b)

bα−1

Γp,q(α)
, (26)

and M = sup
t∈[0,b]

| f (t, 0)|. We have

|g(t, x(t))| ≤ |g(t, x(t))− g(t, 0)|+ |g(t, 0)|
≤ L(t)r + M.

Now, we shall show that F ⊂ Br. For any x ∈ Br, consider

|(Fx)(t)| ≤ |η1|+ |η2|t +
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ| [|α1||α2|t + |β1||α2|]

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ| [α1β2t + |β1||β2|]

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs

≤ |η1|+ |η2|b +
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+ σ2(T)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs,

≤ |η1|+ |η2|b +
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

(L(ps)r + M) dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

(L(ps)r + M) dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

(
L
(

p2s
)

r + M
)

dp,qs

≤ |η1|+ |η2|b + M
{

bα

Γp,q(α + 1)
+ σ1(b)

bα

Γp,q(α + 1)
+ σ2(b)

bα−1

Γp,q(α)

}

+ r

⎧⎨⎩
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs
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+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
L
(

p2s
)

dp,qs

⎫⎬⎭
from (25) and (26), we obtain

‖Fx‖ ≤ |η1|+ |η2|b + MA + rk ≤ r.

This shows that FBr ⊂ Br.
Now, for x, y ∈ C, we obtain

‖Fx−Fy‖

≤ sup
t∈[0,b]

⎧⎨⎩
∫ t

0

(t− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))− g(ps, y(ps))| dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))− g(ps, y(ps))| dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α
2)Γp,q(α)

∣∣∣g(p2s, x(p2s))− g(p2s, y(p2s))
∣∣∣ dp,qs

⎫⎬⎭
≤ ‖x− y‖

⎧⎨⎩
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
L
(

p2s
)

dp,qs

⎫⎬⎭,

which, in view of (25), we obtain

‖Fx−Fy‖ ≤ k‖x− y‖.

This is because k ∈ (0, 1), F is a contraction. Therefore, (7) and (8) has a unique
solution. The proof is completed.

Remark 2. If g is a continuous function on [0, b]×R, and there exists a constant L > 0 with

|g(t, x)− g(t, y)| ≤ L|x− y|,

then (7) and (8) has a unique solution, if k < 1.

Lemma 5 (Kranoselskii’s fixed-point theorem [36]). Let M be a closed, bounded, convex, and
non-empty subset of a Banach space X. Let A, B be two operators, such that:

(i) Ax + By ∈ M, whenever x, y ∈ M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.

Then, there exists z ∈ M, such that z = Az + Bz.

Theorem 4. Let g be a continuous functions on [0, b]×R, satisfying (A1). Assume that

(A2) there exists a function, μ ∈ C ([0, b],R+), and a non-decreasing function, φ ∈ C ([0, b],R+),
with

|g(t, x)| ≤ μ(t)φ(|x|),
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where (t, x) ∈ [0, b]× [−b, b].

If

σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

L(ps) dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
L
(

p2s
)

dp,qs < 1, (27)

then (7) and (8) has at least one solution on [0, b].

Proof. Define Br := {x ∈ C : ‖x‖ ≤ r}, where

r ≥ φ(r)‖μ‖
[

bα

Γp,q(α + 1)
+ σ1(b)

bα

Γp,q(α + 1)
+ σ2(b)

bα−1

Γp,q(α)

]
,

where ‖μ‖ = sup
t∈[0,b]

|μ(t)|, and define the operators P and Q on Br as

(Px)(t) =
1
Δ
[α1α2t− β1α2]

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

g(ps, x(ps)) dp,qs

+
1
Δ
[α1β2t− β1β2]

∫ b

0

(b− qs)(α−2)
p,q

p(
α
2)Γp,q(α− 1)

g(p2s, x(p2s)) dp,qs

and

(Qy)(t) = η1 + η2t +
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

g(ps, y(ps)) dp,qs.

Observe that Px +Qx = Fx. For x, y ∈ Br, we have

|(Px +Qy)(t)| ≤ |η1|+ |η2|t +
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, y(ps))| dp,qs

+
1
|Δ| (|α1||α2|t + |β1||α2|)

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ| (α1β2t + |β1||β2|)

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs

≤ |η1|+ |η2|b +
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

μ(t)φ(|x|) dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

μ(t)φ(|x|) dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
μ(t)φ(|x|) dp,qs,

≤ φ(r)‖μ‖
[

bα

Γp,q(α + 1)
+ σ1(b)

bα

Γp,q(α + 1)
+ σ2(b)

bα−1

Γp,q(α)

]
≤ r.
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Thus, Px +Qy ∈ Br. By (A1) and (27), Q is a contraction mapping. By continuity of
f , we obtain that P is continuous. It is easy to see that

‖P‖ ≤ φ(r)‖μ‖
[

σ1(b)
bα

Γp,q(α + 1)
+ σ2(b)

bα−1

Γp,q(α)

]
.

Thus, the set P(Br) is uniformly bounded. P is compact. First, Let

g = sup
(t,x)∈[0,b]×Br

|g(t, x)| < ∞

and let t1, t2 ∈ [0, b] with t1 < t2. Then, we obtain

|(Px)(t2)− (Qx)(t1)|

≤ 1
|Δ| |α1||α2|(t2 − t1)

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ|α1β2(t2 − t1)

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs

≤ g
{ |α1||α2|bα

|Δ|Γp,q(α + 1)
+
|α1||β2|bα−1

|Δ|Γp,q(α)

}
(t2 − t1),

which is independent of x, and tends to zero as t1 → t2. So, the set P(Br) is equicontinuous.
By the Arzelá–Ascoli theorem, P is compact on Br. Thus, (7) and (8) has at least one solution
on [0, b].

Remark 3. Let g be a continuous function on [0, b]×R, satisfying (A1). Assume that

|g(t, x)| ≤ μ(t), ∀(t, x) ∈ [0, b]×R and μ ∈ C
(
[0, b],R+

)
.

If (27) holds, then (7) and (8) has at least one solution on [0, b].

Lemma 6 (Nonlinear alternative for single value maps [37]). Let E be a Banach space, C a
closed, convex subset of E and U an open subset of C with u ∈ U . Suppose that F : U → C is a
continuous, compact function; that is, F

(
U
)

is a relatively compact subset of C map. Then, either

(i) F has a fixed point in U , or
(ii) there is a u ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with u = λFu.

Theorem 5. Let g be a continuous function on [0, b]×R. Assume that

(A3) there exists functions u1, u2 ∈ C ([0, b],R+), and a non-decreasing function, Ψ : R+ → R+,
such that

|g(t, x)| ≤ u1(t)Ψ(|x|) + u2(t), t,x ∈ [0, b]×R;

(A4) there exists a number, M > 0, such that

M
|η1|+ |η2|b + Ψ(M)ω1 + ω2

> 1, (28)
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where

ωi : =
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

ui(ps) dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

ui(ps) dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
ui(p2s) dp,qs, i = 1, 2. (29)

Then, (7) and (8) has at least one solution on [0, b].

Proof. Notice that F : C → C defined by (24). F is continuous. Let {xn} be a sequence of
the function, such that xn → x on [0, b]. Since

g(pαt, xn(pαt))→ g(pαt, x(pαt)).

Therefore, we obtain

|(Fxn)(t)− (Fx)(t)|

≤
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, xn(ps))− g(ps, x(ps))| dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, xn(ps))− g(ps, x(ps))| dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, xn(p2s)
)
− g(p2s, x(p2s))

∣∣∣ dp,qs,

which implies that
‖Fxn −Fx‖ → 0 as n → ∞.

Thus, the operator F is continuous.
Next, we show that F maps a bounded set into a bounded set in C ([0, b],R). For a

positive number r > 0, let Br = {x ∈ C ([0, b]) : ‖x‖ ≤ r}. Then, for any x ∈ Br, we have

|(Fx)(t)| ≤ |η1|+ |η2|t +
∫ t

0

(t− qs)(α−1)

p(
α
2)Γp,q(α)

∣∣∣ f (s, x(pα−1s))
∣∣∣ dp,qs

+
1
|Δ| [|α1||α2|t + |β1||α2|]

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ| [α1β2 + |β1||β2|]

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs

≤ |η1|+ |η2|b +
∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

[u1(ps)Ψ(‖x‖) + u2(ps)] dp,qs

+ σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

[u1(ps)Ψ(‖x‖) + u2(ps)] dp,qs

+ σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

[
u1

(
p2
)

Ψ(‖x‖) + u2

(
p2s

)]
dp,qs
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≤ |η1|+ |η2|b + Ψ(‖r‖)
{∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

u1(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

u1(ps) dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
u1

(
p2s

)
dp,qs

⎫⎬⎭
+

{∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

u1(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

p1(ps) dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
u1

(
p2s

)
dp,qs

⎫⎬⎭.

We have
‖Fx‖ ≤ |η1|+ |η2|b + Ψ(r)ω1 + ω2 ≤ M.

Next, F maps bounded sets into equicontinuous sets of C ([0, b],R). Let t1, t2 ∈ [0, b]
with t1 < t2 be two points and Br be a bounded ball in F . For x ∈ Br, we obtain

|(Fx)(t2)− (Fx)(t1)|

≤ |η2|(t2 − t1) +

∣∣∣∣∣
∫ t2

0

(t2 − qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

−
∫ t1

0

(t1 − qs)(α−1)

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

∣∣∣∣∣
+

1
|Δ| |α1||α2|(t2 − t1)

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

|g(ps, x(ps))| dp,qs

+
1
|Δ| |α1β2|(t2 − t1)

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

∣∣∣g(p2s, x(p2s))
∣∣∣ dp,qs

≤ |η2|(t2 − t1) +

∣∣∣∣∣
∫ t1

0

[
(t2 − qs)(α−1)

p(
α
2)Γp,q(α)

− (t1 − qs)(α−1)

p(
α
2)Γp,q(α)

]
[u1(ps)Ψ(r) + u2(ps)] dp,qs

+
∫ t2

t1

(t1 − qs)(α−1)

p(
α
2)Γp,q(α)

[u1(ps)Ψ(r) + u2(ps)] dp,qs

∣∣∣∣∣
+

1
|Δ| |α1||α2|(t2 − t1)

∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

[u1(ps)Ψ(r) + u2(ps)] dp,qs

+
1
|Δ| |α1β2|(t2 − t1)

∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)

[
u1

(
p2s

)
Ψ(r) + u2

(
p2s

)]
dp,qs.

Obviously, the right-hand side of the above inequality tends to zero independently of
x ∈ Br as t2 → t1. Thus, it follows by the Arzelá–Ascoli theorem that F : C ([0, b],R) →
C ([0, b],R) is completely continuous. Now, the operator F satisfies all the conditions of
Lemma 6; therefore, by its conclusion, either condition (i) or condition (ii) holds.

Now, we show that the conclusion (ii) is not possible. Let

U = {x ∈ C ([0, b],R) : ‖x‖ ≤ M}
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with |η1|+ |η2|b + Ψ(M)ω1 + ω2 < M. Then, it can be shown that

|Fx| ≤|η1|+ |η2|b + Ψ(‖x‖)
{∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

u1(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

u1(ps) dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
u2

(
p2s

)
dp,qs

⎫⎬⎭
+

{∫ b

0

(b− qs)(α−1)

p(
α
2)Γp,q(α)

u2(ps) dp,qs

+σ1(b)
∫ b

0

(b− qs)(α−1)
p,q

p(
α
2)Γp,q(α)

u2(ps) dp,qs

+σ2(b)
∫ b

0

(b− qs)(α−2)
p,q

p(
α−1

2 )Γp,q(α− 1)
u2

(
p2s

)
dp,qs

⎫⎬⎭
≤ |η1|+ |η2|b + Ψ(M)ω1 + ω2 ≤ M.

Suppose there exists x ∈ ∂U and λ ∈ (0, 1), such that x = λFx. Then, for such choices
of x and λ, we have

M = ‖x‖ = λ‖Fx‖ < |η1|+ |η2|b + Ψ(‖x‖)ω1 + ω2 < M.

Thus, it leads to a contradiction. Accordingly, by Lemma 6, x ∈ U is fixed point of F .
Therefore, x a solution of the problem (7) and (8). This completes the proof.

Remark 4. If u1, u2 in (A4) are continuous, then ωi ≤ A‖ui‖, i = 1, 2, where A is defined
by (26).

4. Examples

Example 1. Let p = 1/4, q = 1/5, α = 1.5, α1 = 1, α2 = 1/2, β1 = 1/4, β2 = 3/2,

tγ1 = 1/3, γ2 = 1, b = 1. Given a non-negative function, g(t, x) = | sin(t)| + Γp,q(1.5)
4 x.

Consider

cDα
p,qx(t) = | sin(pαt)|+ Γp,q(1.5)

4
x(pαt), t ∈ [0, 1], (30)

x(0) +
1
4

Dp,qx(0) =
1
3

,
1
2

x(1) +
3
2

Dp,qx(4) = 1. (31)

Since

|g(t, x)− g(t, y)| =
∣∣∣∣Γp,q(1.5)

4
x− Γp,q(1.5)

4
y
∣∣∣∣ = Γp,q(1.5)

4
|x− y|,

it follows that the condition (A1) holds. Let L =
Γp,q(1.5)

4 . From (25), by direct computation, we
obtain Δ = −15/8, η1 = 2/9, η2 = 4/9 and σ1(1) = 1/3, σ2(1) = 1. It easy to see that

k = (1 + σ1(1))
1

4[α]p,q
+

σ2(1)
4
≈ 0.7187272601 < 1.

This satisfies Theorem 3. Accordingly, by Theorem 3, (30) and (31) has a unique solution.
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Example 2. Let p = 1/4, q = 1/5, α = 3/2, α1 = 1, α2 = 1/2, β1 = 1/4, β2 = 3/2,
γ1 = 1/3, γ2 = 1, and b = 1. Given a non-negative function

g(t, x) =
1

10
e−x2 | sin(|x|)|

x2 + 1
+

e−x(t2 + 1
)

2 + t2 +
1
3

.

Consider

cDα
p,qx(t) =

1
10

e−(x(pαt))2 | sin(|x(pαt)|)|
(x(pαt))2 + 1

+
e−x(pαt)((pαt)2 + 1

)
2 + (pαt)2 +

1
3

, t ∈ [0, 1], (32)

x(0) +
1
4

Dp,qx(0) =
1
3

,
1
2

x(1) +
3
2

Dp,qx(4) = 1. (33)

By applying Theorem 5, through simple calculation, we have Δ = −15/8, η1 = 2/9,
η2 = 4/9 and σ1(1) = 1/3, σ2(1) = 1.

Since

|g(t, x)| =
∣∣∣∣∣ 1
10

e−x2 | sin(|x|)|
x2 + 1

+
e−x(t2 + 1

)
2 + t2 +

1
3

∣∣∣∣∣
≤ 1

10
|x|+ 1,

(A3) holds. In fact, u1 = 1/10, u2 = 1, Ψ(M) = M. By computation, we obtain
ω1 ≈ 0.1380279163, ω2 ≈ 1.38027916. Furthermore, from the condition (28), it follows that
M > 2.374724041. Thus, it satisfies Theorem 5. So, (32) and (33) has at least one solution.

5. Conclusions

In this paper, we investigated the local separated boundary value problem of a class
of fractional (p, q)-difference equations involving the Caputo fractional derivative. By
applying some well-known tools in fixed-point theory, such as Banach’s contraction map-
ping principle, Krasnoselskii’s fixed-point theorem, and the Leary–Schauder nonlinear
alternative, we derive the existence and uniqueness of solutions for the problem. Moreover,
some illustrating examples were also presented.
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