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1. Introduction

Optical measurement technologies have emerged as indispensable tools in modern
metrology, offering precision, noninvasive measurement capabilities, and remarkable
versatility across diverse scientific and industrial applications [1,2]. The field of opti-
cal metrology encompasses a wide range of techniques, from classical interferometry to
quantum-enhanced measurements, each contributing to our ability to measure physical
quantities with ever-increasing accuracy [3]. As we enter an era defined by the second
quantum revolution, optical measurement devices are at the forefront of technological in-
novation, enabling breakthroughs in fields ranging from fundamental physics to advanced
manufacturing [4,5].

The Special Issue entitled “Advancements in Optical Measurement Devices and Tech-
nologies” was conceived to provide a comprehensive platform for disseminating cutting-
edge research in this rapidly evolving field. We present the successful conclusion of this
Special Issue, which has attracted 12 high-quality research contributions from leading
international research groups. These articles collectively address the critical challenges and
opportunities in optical metrology, spanning fundamental research to practical applica-
tions, which have garnered over 23,000 views in a few months, demonstrating the strong
engagement of and relevance to the broader scientific community.

2. An Overview of Published Articles

The contributions to this Special Issue encompass several thematic areas that represent
the current state of the art and emerging directions in optical measurement technologies.

2.1. Quantum Metrology and Frequency Standards

The pursuit of high measurement precision has driven the development of quantum-
based measurement standards. Quantum metrology exploits quantum mechanical phenom-
ena to surpass classical measurement limits, with optical frequency standards representing
some of the most successful applications [6,7]. The democratization of quantum technolo-
gies, particularly the development of compact optical frequency standards suitable for
medium-sized national metrology institutes, addresses a critical need in global metrology
infrastructure. This trend toward accessibility shows promise for expanding participation
in the development and use of precision measurements beyond traditional large-scale
facilities, fostering broader innovation in quantum-enhanced metrology [8].

Metrology 2026, 6, 14 https://doi.org/10.3390/metrology6010014
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2.2. Interferometry: Evolution and Innovation

Interferometric techniques have been the cornerstone of precision optical measure-
ments for over a century, yet they continue to evolve through new approaches and refine-
ments [9,10]. The field encompasses both fundamental advances in measurement principles
and practical improvements in system design and component quality. Contemporary re-
search has addressed the long-standing challenges in interferometric measurements, includ-
ing the minimization of systematic errors, enhancement in measurement sensitivity, and
extension of measurement ranges. The investigation of gauge-invariant optical scatterers
and the analysis of measurement inconsistencies in various interferometer configurations
exemplify the ongoing efforts to perfect these essential measurement tools [11].

2.3. Spectroscopy and Molecular Analysis

Spectroscopic methods continue to be revolutionized through advances in optical
technologies and computational capabilities [12]. The integration of extensive parallelism
in spectroscopic measurements represents a paradigm shift, enabling substantially higher
measurement throughput and sensitivity. Modern spectroscopic techniques, including
dual-comb spectroscopy and frequency-comb-based methods, have transformed molecular
analysis capabilities, opening new possibilities in chemical sensing, environmental moni-
toring, and biomedical diagnostics [13,14]. The ability to perform rapid, high-resolution
spectral measurements across broad wavelength ranges has profound implications for
fundamental research and practical applications.

2.4. Photonic Devices and Components

The performance of optical measurement systems fundamentally depends on the
quality and characteristics of photonic components [15]. Research in this area has focused
on understanding and optimizing the optical losses, reflectivity characteristics, and other
performance parameters of photonic devices. Resonant photonic cavities, in particular,
play crucial roles in enhancing measurement sensitivity and enabling novel measurement
modalities. The development of accurate simulation tools and analytical approaches for
predicting device performance directly contributes to the design of more sensitive and
efficient optical sensors [16].

2.5. Industrial Metrology and Quality Control

The application of optical measurement technologies in industrial settings addresses
critical needs for non-destructive evaluation, in-line quality control, and precision man-
ufacturing [17,18]. As manufacturing processes advance toward smaller features and
more complex geometries, the demand for high-resolution, non-contact measurement
techniques has intensified. Optical methods offer unique advantages in measuring micro-
and nanostructures, characterizing surface properties, and ensuring dimensional accuracy
in advanced manufacturing processes. The integration of multiple optical techniques and
the development of intelligent measurement strategies have enhanced the robustness and
versatility of industrial metrology systems [19].

2.6. Three-Dimensional Metrology

Three-dimensional optical measurement techniques, including fringe projection, struc-
tured light, and laser scanning methods, have become essential in numerous applica-
tions [20]. These techniques enable the rapid, non-contact, and high-accuracy acquisition
of complex surface geometries. Ongoing research is focusing on increasing measurement
accuracy, extending measurement ranges, and enhancing system robustness against envi-
ronmental disturbances. The integration of vision-based characterization with mechanical

https://doi.org/10.3390/metrology60100142
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system analysis exemplifies the multidisciplinary approach needed to achieve optimal
measurement performance [21].

2.7. Biomedical Applications

Optical measurement technologies have been extensively applied in biomedical re-
search and clinical diagnostics, offering non-invasive methods for tissue characterization,
blood flow measurement, and functional imaging [22]. Photoacoustic techniques, in particu-
lar, combine the high contrast of optical absorption with the deep penetration of ultrasound,
enabling novel measurement capabilities. The investigation of factors affecting measure-
ment accuracy in biomedical applications, such as particle concentration effects in flow
measurements, contributes to the development of more reliable diagnostic tools [23].

2.8. Accessible and Cost-Effective Technologies

Recognizing the importance of democratizing the access to precision measurement
capabilities, research efforts have focused on developing cost-effective optical measurement
devices using readily available components [24]. The integration of smartphones and em-
bedded devices as measurement platforms represents an innovative approach to increasing
the accessibility of optical metrology for educational purposes and resource-limited settings.
These developments align with broader efforts to ensure that the benefits of advanced
measurement technologies reach the wider communities.

3. Impact and Future Directions

The research presented in this Special Issue demonstrates the inherently interdisci-
plinary nature of optical metrology, with contributions spanning physics, engineering,
materials science, and biomedical research. This cross-pollination of ideas and methodolo-
gies enriches the field and accelerates innovation. The strong readership engagement, with
over 23,000 views, reflects the broad relevance of optical measurement technologies and
the importance of the open-access dissemination of research findings.

Looking forward, several key directions emerge for future development in optical
metrology:

Quantum-Enhanced Measurements: The continued advancement of quantum tech-
nologies promises improvements in measurement precision. The trend toward more
compact and accessible quantum systems will democratize these capabilities, enabling
broader participation in quantum-enhanced metrology [25].

Artificial Intelligence Integration: The incorporation of machine learning and artificial
intelligence techniques for data analysis, system optimization, and real-time adaptive
measurements will markedly enhance the capabilities of optical measurement systems [26].

Multimodal and Multiscale Measurements: The integration of optical techniques
with complementary measurement modalities and the development of systems capable of
operating across multiple length scales will address the increasingly complex measurement
challenges in materials science, biology, and nanotechnology [27].

Sustainability and Accessibility: The development of energy-efficient, cost-effective op-
tical measurement solutions will support broader adoption and enable precision metrology
in resource-limited settings, contributing to global technological equity [28].

4. Conclusions

This Special Issue entitled “Advancements in Optical Measurement Devices and
Technologies” provides a comprehensive overview of the current research frontiers in
optical metrology. The published contributions demonstrate the breadth and vitality of
this field, from fundamental quantum standards to practical industrial applications. The

https://doi.org/10.3390/metrology60100143
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articles collectively showcase the continued evolution of optical measurement techniques
and their critical role in advancing science, technology, and industry.

We express our sincere gratitude to all contributing authors for their research, to
the reviewers for their thorough and constructive feedback, and to the editorial team of
Metrology for their professional support throughout this project. We are confident that the
research presented in this Special Issue will serve as a valuable resource for the scientific
community and inspire continued innovation in precision measurement science.
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Abstract: Molecular spectroscopy, with a legacy spanning over a century, has profoundly enriched
our understanding of the microscopic world, driving major advancements across science and engi-
neering. Over time, this field has steadily advanced, incorporating innovations such as lasers and
digital computers to reach new levels of precision and sensitivity. Over the past decade, the integra-
tion of high-speed embedded electronic systems and advanced light sources has ushered molecular
spectroscopy into a new era, characterized by extensive parallelism and enhanced sensitivity. This
review delves into two pioneering technologies that embody recent advancements in molecular
spectroscopy: Chirped-Pulse Fourier Transform Microwave (CP-FTMW) spectroscopy and optical
frequency comb (OFC) spectroscopy. We provide an overview of the fundamental principles behind
these methods, examine their most impactful applications across diverse fields, and discuss their
potential to drive future developments in molecular spectroscopy. By highlighting these technologies,
we aim to underscore the transformative impact of integrating high-speed digital electronics and
advanced light sources with molecular spectroscopy, enabling extensive parallelism and paving the
way for groundbreaking discoveries and innovations in this rapidly evolving field.

Keywords: molecular spectroscopy; chirped-pulsed Fourier transform microwave spectroscopy
(CP-FTMW); optical frequency comb (OFC) spectroscopy; parallelism

1. Introduction

Molecular spectroscopy, which investigates the interaction between matter and elec-
tromagnetic radiation, has a rich history marked by groundbreaking experiments that have
profoundly deepened our understanding of the microscopic world. These studies have
illuminated the fundamental characteristics and quantum properties of molecules. From
the early 20th century, when scientists first analyzed molecular spectra to reveal chemical
compositions and molecular structures, to the mid-20th century’s introduction of laser
spectroscopy—which dramatically enhanced precision—the field has consistently remained
at the forefront of scientific innovation. Each technological and methodological advance-
ment has expanded our knowledge of molecular structures and dynamics, playing a pivotal
role in the progression of the physical sciences. This continuous evolution reflects the in-
trinsic curiosity that drives scientific inquiry and underscores the central role of molecular
spectroscopy in uncovering the universe’s complexities at its most fundamental level.

Over the past few decades, groundbreaking advancements in molecular spectroscopy
have significantly expanded the scope of scientific research, particularly by improving
spectroscopic accuracy [1–4] and increasing detection sensitivity [5–9]. The field is also
experiencing a profound shift toward quantum control of molecular systems [10–14].
This transition from passive observation to active manipulation of molecular behavior is
opening up exciting possibilities for uncovering novel physical phenomena. Additional

Metrology 2024, 4, 736–764. https://doi.org/10.3390/metrology4040043 https://www.mdpi.com/journal/metrology6
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key advancements include (1) the development of rapid data acquisition, facilitating the
real-time analysis of complex molecular interactions [15,16]; (2) the integration of Artificial
Intelligence (AI), enhancing data interpretation and key information extraction [17,18];
and (3) the progress of portable spectroscopic devices, marking a leap beyond traditional
laboratory settings [19,20]. Together, these breakthroughs are expanding the scope of
molecular spectroscopy and paving the way for transformative discoveries across a wide
range of scientific disciplines.

This review highlights two cutting-edge technologies that have become prominent
in molecular spectroscopy: Chirped-Pulse Fourier Transform Microwave (CP-FTMW)
spectroscopy and optical frequency comb (OFC) spectroscopy. These innovative techniques
leverage broad excitation sources, enabling extensive parallel measurements and marking
a substantial shift from the narrowband sources traditionally used in microwave and laser
spectroscopy. This multiplexing capability significantly improves experimental efficiency,
allowing for more comprehensive data collection in a shorter time frame.

The primary aim of this paper is not to provide a comprehensive history of molecular
spectroscopy. Instead, our focus is on highlighting recent frequency synthesis methods
that have driven significant advancements in the field. These innovations have catalyzed
substantial scientific progress across a range of disciplines, including physics, chemistry,
biology, and environmental science.

2. CP-FTMW Spectroscopy

Microwave spectroscopy is a benchmark technique for identifying molecular species
and determining molecular structures. With a spectroscopic resolution of approximately
0.1 MHz, it offers a resolution 3–4 orders of magnitude higher than traditional laser
spectroscopy, allowing for the precise extraction of essential molecular constants, such
as rotational constants, hyperfine splittings, and isotope shifts [21–24]. In addition to
high resolution, detection sensitivity and data acquisition speed are crucial factors, which
determine the experimental efficiency. Traditional instruments, such as the Balle–Flygare
Fourier transform microwave (BF-FTMW) spectrometer, achieve enhanced sensitivity
by employing a high-quality (high-Q) resonant cavity, which traps the microwave field,
allowing repeated interactions with the sample and thus improving signal strength [25].
However, the narrowband excitation pulse, typically around 1 MHz, limits the speed of
spectral acquisition. Capturing a spectrum with multiple rotational transitions requires
extensive frequency scanning, often involving thousands of steps, which is time-consuming
and susceptible to intensity fluctuations caused by variations in the molecular source or
state preparation.

To address the slow data acquisition limitations of traditional BF-FTMW spectrome-
ters, a fast tunable or broadband microwave source is essential. Developed in the 1950s,
the backward-wave oscillator (BWO) is a high-power, tunable continuous-wave (CW) mi-
crowave source with a broad frequency range, making it suitable for applications requiring
stable and precise frequency control, such as microwave spectroscopy and radar [26–29].
Compared to BF-FTMW sources, the BWO offers much faster frequency tuning rates,
typically on the order of milliseconds. Recent advancements have extended its operat-
ing frequencies into the THz range, achieving continuous tunability of approximately
100 GHz [30]. While the BWO is primarily used in continuous frequency-scanning mode,
some experiments have demonstrated its potential for broadband excitation in the time
domain, which could further expand its range of applications [31].

At the beginning of the 21st century, advances in high-speed digital electronics led to
the development of a transformative technology: the CP-FTMW spectrometer, pioneered
by Pate’s group at the University of Virginia [32–34]. Unlike the BWO source, which
typically operates in CW mode, the CP-FTMW spectrometer generates extremely short
pulses, typically in the sub-microsecond range, with a bandwidth exceeding 10 GHz.
This broadband excitation allows for the simultaneous recording of multiple molecular
transitions, significantly enhancing the data acquisition speed. Moreover, digital frequency
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synthesis enables the CP-FTMW spectrometer to generate arbitrary frequency patterns
with precise phase control, yielding highly accurate phase information. In addition to these
advantages, the CP-FTMW spectrometer is significantly lighter and more portable than
the bulky, high-power-consuming BWO system, making it ideal for on-site applications in
both scientific and industrial settings.

2.1. CP-FTMW Spectrometer

The CP-FTMW spectrometer eliminates the need for frequency stepping, allowing the
rapid acquisition of high-resolution broadband spectra. This capability is realized through
four key aspects:

• The approach of using rapid frequency sweeps to generate strong polarization was first
demonstrated by McGurk, Schmalz, and Flygare in 1974 [35]. At that time, however,
technological limitations made it difficult to quickly adjust microwave frequencies.
To overcome this, they used a ramped electric field to produce a rapid Stark shift
sweep, effectively shifting the relative frequency between the microwave signal and
the molecular transitions.

• To achieve broadband excitation, the chirped-pulse (CP) approach replaces ultra-
short, Fourier-transform-limited pulses, which typically distribute low power across
individual frequency components. In contrast, CPs have longer pulse durations
(∼1 μs) and wide bandwidths (>10 GHz), providing broad spectral coverage with a
more uniform power distribution. High-speed digital Arbitrary Waveform Generators
(AWGs) are now commonly used to efficiently generate CPs.

• Molecules polarized by CPs emit a Free-Induction Decay (FID) signal, which can be
captured and digitized in the time domain using a high-speed oscilloscope. This FID
signal contains information across the entire bandwidth (>10 GHz) in a single-shot
measurement. A frequency-domain spectrum is then obtained by applying a fast
Fourier transform (FFT) to the FID signal.

• The devices used for generating the CPs and detecting the FID signals are phase-
referenced to an accurate frequency standard. This precise synchronization ensures
that the phase-reproducible FID signals are coherently averaged in the time domain,
resulting in a linear enhancement of the signal-to-noise ratio (SNR).

Building on these advancements, Pate’s group developed the first CP-FTMW spec-
trometer in 2006 [32,33]. This spectrometer generates a one-microsecond CP that linearly
sweeps frequencies from 7.5 to 18.5 GHz. As shown in Figure 1, the setup is organized into
three main operational components: (1) the CP synthesizer, (2) the interaction zone, and
(3) the FID detector. In the interaction zone, a supersonic molecular beam interacts with
the CP within a vacuum chamber, where the pressure is kept below 0.01 torr to minimize
collisional broadening to less than 100 kHz.

In the CP-FTMW spectrometer, the initial CP is generated by a 4.2 Gs/s AWG, covering
a frequency range of 162.5 to 1537.5 MHz. To broaden the CP’s bandwidth, the spectrometer
employs a series of frequency multiplication and mixing stages, as illustrated in Figure 2a.
First, the initial CP is mixed with a 9.9 GHz single-frequency wave from a Phase-locked
Dielectric Resonator Oscillator (PDRO). Second, the resulting signals (sum and difference)
pass through a bandpass filter to isolate the desired difference frequency. Third, a frequency
quadrupler increases both the frequency and bandwidth by a factor of four, extending the
range to 33.45–38.95 GHz. Fourth, a second mixer down-converts the frequency to 13.65–
19.15 GHz by mixing it with a 19.8 GHz single-frequency wave, generated by doubling the
9.9 GHz signal from the PDRO. Fifth, a frequency doubler further doubles the frequency
and bandwidth, resulting in a CP spanning 27.3–38.3 GHz. Finally, a third mixer down-
converts the signal to the final range of 7.5–18.5 GHz by mixing it with an additional
19.8 GHz single-frequency wave.
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Chirped Pulse
Synthesizer

Free-Induction 
Decay Detector

Molecular
Beam

Rb Clock

P<0.01 torr

Turbo Pump

Figure 1. A schematic diagram of the Chirped-Pulse Fourier Transform Microwave (CP-FTMW)
spectrometer. Molecules cooled to a few kelvins are generated by a supersonic molecular beam within
a vacuum chamber, where the pressure is maintained below 0.01 torr by a turbo pump to minimize
collisional broadening. The microwave pulse from the chirped-pulse (CP) synthesizer intersects the
molecular beam perpendicularly and is detected by the Free-Induction Decay (FID) detector. Both
the CP synthesizer and FID detector are phase-referenced to a rubidium (Rb) clock for phase stability.
Teflon lenses are used to seal the vacuum chamber and to collimate the microwave beam.
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Figure 2. Schematic diagram illustrating (a) the synthesis of the chirped pulse (CP) and (b) the
detection of Free-Induction Decay (FID). Black lines indicate low-frequency radio frequency signals,
while red lines represent high-frequency microwave signals transmitted through coaxial cables.
AWG: Arbitrary Waveform Generator; TWT: Traveling-Wave Tube; PDRO: Phase-locked Dielectric
Resonator Oscillator; i, iii, viii, and xi: frequency mixer; ii: frequency quadrupler; vii and v: frequency
doubler; iv and iv: power divider; ix: fast microwave switch; x: power amplifier. Further details are
provided in the main text. The figure is adapted from Brown (2006) [32].

Through these processes, the CP’s bandwidth expands eightfold, from an initial
1.375 GHz to a final 11 GHz, with sequential mixing steps preserving the bandwidth while
shifting the center frequency to approximately 10 GHz. After frequency synthesis, the CP is
amplified by a high-power Traveling-Wave Tube (TWT) amplifier, raising its peak power to
2 kW. This amplification is essential for achieving sufficient rotational polarization across
the entire 11 GHz frequency range within a one-microsecond window.

To detect the FID signal, a frequency down-conversion circuit is used, as shown in
Figure 2b. First, a fast microwave switch eliminates or significantly attenuates the strong CP
to prevent the saturation of subsequent components. Second, the FID signal, which follows
the CP, is amplified by a low-noise amplifier. Third, the amplified FID signal is down-
converted by mixing it with an 18.99 GHz single-frequency wave generated by a PDRO.
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Finally, the down-converted signal is digitized using a high-speed oscilloscope with a
12 GHz bandwidth and a sampling rate of 40 Gs/s.

To enable the coherent averaging of FID signals up to several thousand times, all time-
critical components—including the AWG, oscilloscope, and PDROs—are phase-referenced
to a rubidium clock to ensure precise phase stability. The AWG’s versatility is especially
valuable, as it supports not only linear frequency sweeps but also complex, arbitrary
frequency modulations. This flexibility is essential for tailoring excitation pulses to a wide
range of applications beyond spectroscopy, such as coherent quantum control of atoms and
molecules [10,36,37].

2.2. Extensions of CP Spectrometers

Since its invention, the CP-FTMW spectrometer, with its unique high-bandwidth
capability—four orders of magnitude greater than that of the traditional BF-FTMW
spectrometer—has transformed molecular rotational spectroscopy. Over the past decade,
substantial technological advancements have been made to extend its applications across
diverse scientific fields, including (1) reaching higher frequency ranges and wider band-
widths, (2) developing more cost-effective and compact systems, and (3) hybridizing
CP-FTMW and BF-FTMW technologies to improve accuracy and detection sensitivity.

2.2.1. Spectrometers Toward Terahertz Frequencies

In 2011, Field’s group at MIT extended CP-FTMW technology into the millimeter-
wave domain by leveraging advancements in broadband millimeter-wave amplifiers and
heterodyne receivers [38]. This extension is especially beneficial for small molecules with
large rotational constants. The Chirped-Pulse millimeter-Wave (CPmmW) spectrometer
operates in the 70–102 GHz range, as illustrated in Figure 3.

10 MHz
Standard

90 MHz
PLD

~~~ x4 x2

Molecular
Beam

i ii iii iv v vi

vii

viii

xi

x 3.96×N+0.01 GHz
70í84 GHz or 87í102 GHz

xi xi

0.2 í 2 G
H

z

3.96 GHz
PDRO

4.2 GHz
AWG

10.7 GHz
PDRO

Gunn
Lock Box

12 GHz
Scope

Figure 3. A schematic diagram of the Chirped-Pulse millimeter-Wave (CPmmW) spectrometer. Black
lines represent low-frequency radio frequency signals, red lines indicate high-frequency microwave
signals in coaxial cables, and blue lines denote high-frequency millimeter-wave signals in waveguides.
PLD: Phase-locked Crystal Oscillator; PDRO: Phase-locked Dielectric Resonator Oscillator; i, vii,
and viii: frequency mixer; ii: microwave circulator; iii and xi: power amplifier; iv: bandpass filter;
v: frequency quadrupler; vi: frequency doubler; x: Gunn diode oscillator; xi: Teflon lens. Further
details are provided in the main text. The figure is adapted from Park (2011) [38].

In this configuration, a CP spanning 0.2 to 2 GHz, generated by a 4.2 Gs/s AWG, is
mixed with a 10.7 GHz radio frequency (RF) signal from a PDRO in mixer i. This setup
retains both the sum (10.9–12.7 GHz) and difference (8.7–10.5 GHz) frequencies. Through
an active frequency multiplication chain (v: x4; vi: x2), the CP covers frequencies from
69.6 to 84 GHz and 87.2 to 101.6 GHz, achieving a maximum bandwidth exceeding 28 GHz.
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A bandpass filter (iv) allows the selection of a specific frequency range or coverage of the
entire bandwidth as needed.

As with its predecessor, the CPmmW spectrometer requires the down-conversion of
the detection signal for digitization by an oscilloscope. A Gunn oscillator with a phase-
locked loop (PLL) circuit (x), synchronized to a 3.96 GHz PDRO, generates harmonic
frequencies of the form 3.96 GHz× N + 0.01 GHz, where N is an adjustable integer between
18 and 24. For instance, setting N to 20 provides a down-conversion mixer (vii) input at
79.2 GHz, enabling the digitization of frequency components in the ranges of 69.6–84 GHz
and 87.2–91.2 GHz using a 12 GHz oscilloscope. To detect higher-frequency components,
adjusting N on the Gunn oscillator (e.g., setting N to 23 to obtain 91.08 GHz) allows the
detection of frequencies up to 101.6 GHz.

In the coming decade, advancements in high-frequency circuits and opto-electronic
hybrid technologies are expected to extend operational frequencies toward, and poten-
tially beyond, one terahertz (THz) [39–43]. This progress could enable the exploration of
soft vibrational modes in large polyatomic molecules [44]. Additionally, Chirped-Pulse
THz (CP-THz) spectrometers offer substantial potential for improving trace gas sensing
due to several key advantages: (1) FID detection is inherently free of background noise,
(2) coherent averaging in the time domain linearly improves the SNR, and (3) for small
polyatomic molecules, the spectral region around 0.5 THz corresponds closely with the
peak of the Boltzmann distribution at room temperature. These attributes make the CP-THz
spectrometer especially effective for detecting key atmospheric species, such as nitrous
oxide and water vapor, as well as volatile organic compounds like formaldehyde and
methanol [34,42,45–47].

2.2.2. Segmented CP Spectrometers

Over the past decade, building on the CP-FTMW technology pioneered by Pate’s
group, more than a hundred CP spectrometers have been constructed and are actively
used for molecular physics research worldwide. However, to broaden its applications—
particularly for industrial and on-site research outside of laboratories—the cost of the
equipment remains a significant challenge. This is largely due to the expense of the two crit-
ical components: the AWG and the oscilloscope, especially those with wider bandwidths.
Beyond technical challenges, a fundamental limitation exists in that the polarization am-
plitude induced by the CP is inversely proportional to the excitation bandwidth [38].
Consequently, for a CP with a bandwidth of 20 GHz or more, the excitation power at each
frequency component may be insufficient to polarize the molecules. This issue becomes
especially pronounced above 100 GHz, where high-power amplifiers are still limited in
both availability and performance.

To advance technology and improve cost efficiency, segmented CP-FTMW spectrom-
eters have been developed using low-cost digital hardware, offering broader frequency
coverage at significantly reduced costs [43,48–50]. Instead of generating a single CP with a
bandwidth of tens or even hundreds of GHz, this system uses multiple segmented 1 GHz
CPs to cover the entire frequency range. The design of the segmented CP-FTMW spectrome-
ter developed in Zhou’s group is shown in Figure 4 [49]. This approach achieves substantial
cost savings by using low-cost embedded devices, including a Direct Digital Synthesizer
(DDS, 0.1–5 GHz), a low-speed AWG (100 MHz), and a moderately fast digitizer (1 GHz)
based on Field-Programmable Gate Array (FPGA) technology. Further cost reductions
are realized by using the same frequency multiplier chain for both up-conversion and
down-conversion processes.

First, a CP with a frequency range fc = 40–60 MHz, generated by an AWG, is mixed
with a tunable f0 = 3–4 GHz wave from a DDS, producing a signal at fi = f0± fc. This signal
is then frequency-multiplied by a factor of 24 through an active frequency multiplier chain
(ii, iv, and v). The multiplier chain not only up-converts the frequency to the 72–96 GHz
range but also expands the CP bandwidth from 40 MHz to approximately 1 GHz, including
both the sum and difference frequencies at mixer i. Following the excitation pulse, the
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FID radiation is received by a second horn, amplified (x), down-converted via a mixer
(xi), and recorded by a fast digitizer with a 1 GHz bandwidth. The DDS frequency can
be tuned to adjust the center frequency, which automatically shifts the frequency in the
down-conversion arm, keeping the signal within the 1 GHz range of the digitizer. To
characterize the frequency of the excitation pulse, the notch filter (iii) can be removed,
allowing the detection of beat signals between the CP and the leakage DDS frequency
through mixer i.
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1 GHz Chirp

<1 GHz

i iii iv v

vi

vii

viii
xi x

ix

xii

ii

Fast 
Digitizer

0.1í5 GHz
DDS
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Figure 4. Segmented Chirped-Pulsed millimeter-Wave (CPmmW) spectrometer. Black lines represent
low-frequency radio frequency signals, red lines indicate high-frequency microwave signals in
coaxial cables, and blue lines denote high-frequency millimeter-wave signals in waveguides. i and xi:
frequency mixer; ii and iv: frequency doublers; iii: programmable notch filter; v: frequency sextupler;
vi: microwave power divider; vii: fast switch; viii: programmable power attenuator; ix, x, and xii:
power amplifiers. DDS: Direct Digital Synthesizer; AWG: Arbitrary Waveform Generator. Further
details are provided in the main text.

The complete pulse train, consisting of 24 segments, spans the entire bandwidth from
72 to 96 GHz. While this segmented approach reduces the spectroscopic coverage of a single
chirp, it concentrates more power per frequency element, thereby enhancing the strength
of the FID signal. Additionally, strategic optimizations—such as adaptive data acquisition,
buffered post-data processing, and the use of multiple CPs on a single gas pulse—can
improve experimental efficiency. These enhancements have the potential to bring the
performance of the segmented spectrometer in line with that of standard CP-FTMW spec-
trometers while reducing costs by a factor of five to ten. Furthermore, incorporating
AI-based algorithms into the data acquisition process could further enhance efficiency by
focusing on the most information-rich regions instead of covering the entire bandwidth.

2.2.3. Hybrid of CP-FTMW and BF-FTMW Spectrometers

While the CP-FTMW spectrometer provides a substantial advantage over BF-FTMW
spectrometers by capturing spectra across 10 GHz bandwidth, the BF-FTMW approach
remains superior in sensitivity for detecting individual transitions, primarily due to its
use of high-Q cavities. Moreover, the BF-FTMW spectrometer typically provides higher
spectroscopic resolution (several kHz) compared to the CP-FTMW spectrometer (several
tens of kHz). This enhanced resolution is also achieved through the high-Q cavity, which
traps the coherent microwave field for durations that can exceed the FID decay time. This
extended interaction time selectively enhances signals from a subgroup of molecules with
longer coherence, partially mitigating inhomogeneous broadening effects such as Doppler
broadening and resulting in sharper spectral lines.

While the CP-FTMW spectrometer generally offers slightly lower spectroscopic reso-
lution than the BF-FTMW spectrometer, it remains highly effective for most spectroscopic
applications. In cases where exceptionally high frequency accuracy and detection sen-
sitivity are required, McCarthy’s group at Harvard University has developed a hybrid

12



Metrology 2024, 4

method that combines the CP-FTMW spectrometer with the cavity-enhanced BF-FTMW
spectrometer [24]. This approach utilizes the broad spectral coverage of CP-FTMW to locate
the important regions, followed by the high sensitivity and resolution of the BF-FTMW
spectrometer to precisely identify and assign molecular transitions.

Building on the strengths of the hybrid method that combines two spectrometers,
McCarthy’s group demonstrated a new approach named microwave spectral taxonomy.
This method enables rapid, unbiased spectroscopic surveys with substantial potential
for discovering new molecules, making it particularly valuable in fields like astrophysics
and radical chemistry. By categorizing spectral lines based on their responses to varying
experimental conditions—such as applied magnetic fields or changes in gas precursors—
McCarthy’s group effectively narrows down potential molecular carriers. Follow-up
double-resonance experiments are then conducted to link transitions that share common
energy levels, further refining the identification process. This semi-automated approach
significantly enhances the efficiency and precision of spectroscopic analysis, allowing for
more detailed studies of complex molecular mixtures and facilitating the discovery of new
species [51,52].

2.3. Applications in Structural Determination

As described in Section 2.1, the multiplexing capabilities of CP-FTMW spectrometers
have significantly accelerated spectral acquisition rates, facilitating the study of increasingly
complex molecular species. Historically, high-resolution rotational spectroscopy was pri-
marily restricted to molecules with only a few atoms. Recent advancements, however, have
expanded its capabilities, enabling the analysis of species with more than ten atoms. [34].

The CP-FTMW spectrometer in the 26.5–40 GHz range has recently been employed
to analyze and distinguish two structurally similar organic molecules, N-ethyl maleimide
(NEM) and N-ethyl succinimide (NES) [53]. Under cryogenic conditions (<10 K), this
technique provides highly precise frequency measurements with sub-100 kHz accuracy and
a high signal-to-noise ratio (60–200) across numerous rotational transitions. Such precision
allows for the rapid and accurate extraction of molecular constants essential for structural
determination, including rotational constants, centrifugal distortion constants, and nuclear
quadrupole coupling constants. These constants are obtained by fitting the CP-FTMW
spectrum to an effective Hamiltonian model that accounts for rotational energy levels and
relevant perturbations. The exceptional agreement between experimental measurements
and quantum chemistry calculation—within a 0.15% discrepancy for the A, B, and C
rotational constants—demonstrates the power of the CP-FTMW spectrometer in providing
detailed structural insights into structurally similar organic molecules.

Another example of structural determination using the CP-FTMW spectrometer is the
study of 3’- and 4’-aminoacetophenone [54]. Beyond precise frequency measurements, the
technique’s ability to capture relative intensity information in a single shot plays a pivotal
role. By leveraging the relative intensities of different conformers and assuming thermal
equilibrium, the energy difference between the two conformers of aminoacetophenone is
determined. This use of intensity data is particularly valuable, as it provides direct insights
into conformational stability and energetics, offering a deeper understanding of molecular
structure that extends beyond standard frequency measurements.

Chiral molecules are essential to the functionality of many biological systems and are
also of significant interest in fundamental physics due to their potential to probe parity
violation effects [55–58]. However, while structurally similar molecules can still be differen-
tiated by subtle differences in their molecular constants, enantiomers of chiral molecules
share identical constants, making them indistinguishable using traditional microwave
spectroscopy. Conventional methods for assessing chirality—such as optical circular bire-
fringence [59,60], circular dichroism [61,62], and Raman optical activity [63,64]—rely on
higher-order nonlinear excitation processes. These techniques often produce weaker signals
and typically require condensed-phase samples with high molecular concentrations for
reliable chirality determination.
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The development of CP-FTMW, particularly with advancements in phase information
extraction, has introduced a novel approach that combines resonant three-wave mixing
with an adiabatically switched DC electric field to tackle the challenge of enantiomer
differentiation [23,65–70]. This technique enables the determination of molecular chirality
in the gas phase by utilizing linear rotational transitions with large electric dipole moments.
Rather than relying on frequency shifts, it distinguishes enantiomers through unique phase
signatures, as depicted in Figure 5. The ability to resolve enantiomers of chiral molecules
underscores the critical role of phase information extraction in CP-FTMW spectrometers, a
capability typically absent in BF-FTMW spectrometers.
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Figure 5. Enantiomer-specific detection of chiral molecules using microwave spectroscopy. (a) The
two enantiomers of chiral 1,2−propanediol. (b) The relevant energy diagram and microwave three-
wave mixing scheme. (c) Enantiomer-dependent microwave radiation exhibiting distinct phase shifts.
The figure is adapted from Patterson (2013) [65].

2.4. Applications in Investigating Dynamics

Beyond molecular structure determination, the CP-FTMW spectrometer has opened
new avenues for investigating molecular dynamics. This progress is largely due to its broad
bandwidth and rapid time-domain data acquisition, which allow for the precise capture
and analysis of intensity information. With this capability, it can directly measure popula-
tion distributions across a wide range of quantum states. Coupled with high-resolution
spectral analysis, the CP-FTMW spectrometer becomes a powerful tool for probing transi-
tion states in molecular fragmentation processes [46,71,72]. Furthermore, it is well suited
for chemical kinetics studies, enabling the detection and quantification of relative transition
intensities among reaction products. This versatility makes it invaluable for extracting de-
tailed information about molecular species, conformers, relative concentrations, vibrational
population distributions, and the quantum yields of reaction products [73].

For example, Field’s group at MIT utilized intensity data to uncover a previously
undetected transition state in the photolysis of CH2CHCN [46]. Figure 6 illustrates the
microwave spectrum of HCN and HNC, the photolysis products of CH2CHCN. This
spectrum highlights the rotational J = 1 → 0 transitions of both HCN and HNC across
various vibrational states within the 86.5–93.0 GHz range, with vibrational quantum
numbers assigned based on their corresponding transition frequencies. By analyzing the
relative intensities of these J = 1→ 0 lines, the Vibrational-level Population Distributions
(VPDs) of the photolysis products can be precisely determined. These VPDs are critical for
understanding the transition state’s properties in the parent molecule during fragmentation,
offering insights into molecular structures, relative fluxes through different transition state
regions, and the post-transition dynamics that drive product formation.

In addition to studying dynamics through key transitions, ultrafast intramolecular
dynamics, such as vibrational energy redistribution and isomerization [74], can be cap-
tured with sub-nanosecond resolution. Unlike ultrafast pump-probe spectroscopy, which
primarily focuses on temporal dynamics, the CP-FTMW spectrometer uniquely provides
simultaneous information on both quasi-static molecular structures and dynamics on sub-
nanosecond timescales. This integrated approach is critical for identifying the majority of
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conformers and degrees of freedom involved in the dynamics, effectively bridging the gap
between dynamic processes and structural information.

Figure 6. The rotational spectrum of the photolysis products HCN and HNC in the 86.5 to 93.0 GHz
region, showing vibrationally assigned J = 1→ 0 transitions. The vibrational states (v1: C–H or N–H
stretch; v2: bend; v3: C–N stretch) of HCN and HNC are indicated in round and square brackets,
respectively, near their rotational lines. Two insets illustrate the electric quadrupole hyperfine (eQq)N

structure. The figure is adapted from Prozument (2020) [46].

A milestone study demonstrated the capabilities of the CP-FTMW spectrometer by in-
vestigating the nuclear motion dynamics of CPCA ((3α-carbomethoxy-4β-(4-chlorophenyl)-
N- methylpiperidine)) molecules, which exhibit two stable conformers, as shown in
Figure 7a [75]. In this experiment, CPCA molecules are excited with an infrared laser
to energy levels exceeding the threshold of their double-well potential, inducing rapid
isomerization between the conformers. In these excited states, the moments of inertia
evolve over time. To capture these time-dependent structural changes, multiple rotational
transitions spaced several GHz apart are recorded simultaneously. This approach, known
as dynamic rotational spectroscopy (DRS), effectively captures time-sensitive dynamics by
integrating them into spectral measurements.

To identify the molecular conformers and understand their dynamic behavior, an
infrared-microwave two-dimensional (2D) double-resonance spectrum is recorded, as
shown in Figure 7b,c. Constructing this 2D spectrum requires collecting about
17,000 rotational spectra while scanning the infrared laser frequency from 2670 to
2850 cm−1. Performing this task with a traditional BF-FT spectrometer would have taken
an estimated 27 years. However, the CP-FTMW spectrometer completes the entire dataset
in just 52 h.

The ultrafast isomerization dynamics are analyzed using a rotational Bloch model to
fit the intensity distribution. The rate of isomerization is extracted from the width of the
double-peak fit, with broader peaks indicating faster processes, as illustrated in Figure 7d.
The temporal resolution of these dynamics is determined by the Fourier transform limit,
which depends on the CP’s bandwidth. In this case, the 10 GHz bandwidth enables the
detection of dynamics occurring on sub-100-picosecond timescales.
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Figure 7. Dynamic rotational spectroscopy (DRS) measurements of CPCA (3α–carbomethoxy–4β–(4–
chlorophenyl)–N–methylpiperidine). (a) The potential energy surface depicting the conformational
isomerization of CPCA. (b) The CP-FTMW spectrum of CPCA (positive, black) compared with the
calculated spectra for the syn (negative, blue) and anti (negative, red) conformers. (c) DRS measurements
of CPCA in the 2819 to 2825 cm−1 region, presented in a 2D format, with red and blue lines indicating
the pure rotational frequencies of the anti and syn transitions, respectively. (d) A comparison of the
best-fit overall line shape with the DRS measurements in the microwave frequency region, with the
smooth line-shape profile from the rotational Bloch model shown in red. The red and blue vertical lines
correspond to the horizontal lines shown in (c). The figure is adapted from Dian (2008) [75].

2.5. Applications in Rydberg Spectroscopy

In addition to rotational spectroscopy, the CP-FTMW spectrometer has been demon-
strated to acquire high-resolution spectra of Rydberg–Rydberg transitions. Rydberg states
of atoms or molecules are a class of highly electronically excited states characterized by a
loosely bound electron with an orbital radius significantly larger than the Bohr radius [76].
The energies of these states are described by the Rydberg formula: E = IP− Ry/(n− δ)2,
where IP represents the ionization potential, Ry is the Rydberg constant, n is the principal
quantum number, and δ is the quantum defect. For states where n > 30, Rydberg–Rydberg
transitions involving a change in n of one fall within the microwave or millimeter-wave
range. Moreover, the wavefunctions associated with a Rydberg series exhibit distinct peri-
odic structures that can be calculated using hydrogenic equations and follow n-dependent
scaling rules. Due to the highly nonlinear scaling of many properties with n, Rydberg states
have unique features, including transition dipole moments over three orders of magnitude
larger than those of the ground state and significantly extended lifetimes.

The study of atomic Rydberg states using microwave radiation began over three decades
ago [77]. Recently, interdisciplinary research at the intersection of physics and chemistry
has increasingly focused on the control, manipulation, and high-precision spectroscopy of
molecular Rydberg states [78–81]. Unlike their atomic counterparts, molecular Rydberg states
feature a more complex ion core with additional degrees of freedom, including vibration,
rotation, and a permanent electric dipole moment. These characteristics give rise to anisotropic
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and inelastic interactions between the Rydberg electron and the ion core, involving exchanges
of energy and angular momentum [82,83]. Consequently, the Rydberg electron can act as a
quantum sensor, utilizing its exceptional sensitivity to probe and reveal the structure of the
ion core.

A major challenge in understanding the structure and dynamics of molecular Rydberg
states lies in the highly congested spectroscopic data, even for diatomic molecules. For
example, in the case of BaF, a typical dataset capturing transitions into v+ = 0 and l ≤ 5
Rydberg states within an (n, n + 1) energy interval contains about 75 possible electronic-
rotational transitions originating from a single initial level with known N (N ≥ 4) and
parity. This complexity arises from the electronic structure, particularly the different values
of Λ (orbital angular momentum projection along the inter-nuclear axis) and spin-orbit
couplings for each l series. Notably, the energy width of such an interval is only about
3 cm−1 for n = 40. The introduction of external electric or magnetic fields further complicates
the spectrum by lifting the degeneracy of the m-levels, significantly increasing the number
of observable transitions.

CP-FTMW spectroscopy provides a powerful experimental approach for capturing
a series of Rydberg–Rydberg transitions, uncovering periodic structures across a broad
spectral range with high resolution. By analyzing these periodic patterns in Rydberg series,
key features of the molecular ion core can be accurately extracted by well-established
scaling rules [84,85]. When the transition frequency within the ion core resonates with
the Kepler frequency of the Rydberg electron, a resonantly enhanced exchange of energy
or momentum occurs between the ion core and the Rydberg electron. This phenomenon,
known as “Stroboscopic resonance”, arises at specific n values and plays a pivotal role in
amplifying and isolating certain interactions within the ion core [86]. Strong interactions
manifest as pronounced periodic patterns, while weaker interactions become detectable
through the amplification provided by stroboscopic resonances.

Unlike rotational transitions, Rydberg–Rydberg transitions exhibit exceptionally large
electric dipole moments, reaching values of several thousand Debyes. This characteristic
enables even weak chirped pulses (1 mW, 1 μs, 10 GHz bandwidth) to generate strong FID
signals, as demonstrated in Figure 8 [87]. Furthermore, in environments with high densities of
Rydberg molecules, the FID signal can experience re-absorption, leading to phase correlations
among molecules. Under such conditions, collective dynamics play a significant role in
shaping the overall radiative behavior. A striking example of this collective dynamic is
superradiance, a quantum many-body phenomenon where coherence among a closely packed
ensemble of molecules results in enhanced radiative coupling [88–90]. These interactions
provide a compelling platform for investigating quantum optical phenomena.

1,000,000x SPECTRAL VELOCITY!

Figure 8. A schematic diagram of Rydberg–Rydberg transitions detected using Chirp-Pulsed
millimeter-Wave (CPmmW) spectroscopy. BaF molecules are synthesized, cooled, and directed
as a beam from a cryogenic cell. These molecules are subsequently excited to Rydberg states using
two lasers. After excitation, a chirp pulse (CP) is applied to polarize the Rydberg molecules, inducing
Free-Induction Decay (FID). The resulting FID signals are captured, digitized, and shown in the inset
panel. The figure is adapted from Zhou (2015) [87].
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2.6. Outlook

The CP-FTMW spectrometer has revolutionized rotational spectroscopy and opened
new avenues in Rydberg spectroscopy. Over the next decade, advancements in high-
frequency circuits and opto-electronic hybrid technologies are expected to extend opera-
tional frequencies beyond one terahertz. In addition to generating linear frequency sweeps,
the AWG in the CP-FTMW spectrometer can produce a microwave comb that not only
covers a broad spectral range but also enhances detection sensitivity when coupled with
a microwave resonant cavity. This approach is analogous to the cavity-enhanced optical
frequency comb, which will be discussed in Section 3.2. Furthermore, the evolution of CP-
FTMW technology will also benefit from the adoption of FPGA-based embedded hardware
systems and AI-driven software, which promise to optimize performance and stream-
line data processing. Complementing these technological innovations, improvements in
molecular sources and sample delivery methods are set to elevate the field of molecular
spectroscopy. Developments in supersonic beam technology and cryogenic buffer gas
cells, designed to achieve higher molecular densities and lower temperatures, will be
instrumental in advancing research [87,91–94]. Together, these advancements will expand
the applicability of spectroscopy to a broader range of molecular species, significantly
enhancing its impact across diverse scientific disciplines.

3. OFC Spectroscopy

Vibrational spectroscopy, in contrast to rotational spectroscopy—which primarily
focuses on determining overall molecular structures—examines the specific vibrations
of atoms within molecules. Stronger bonds and lighter atoms typically vibrate at higher
frequencies, making vibrational spectroscopy especially effective for accurately identifying
chemical bonds. This capability is invaluable for analyzing large molecules by leveraging
their distinctive vibrational frequencies. Vibrational spectroscopy has found widespread
application across various academic and industrial fields [95–97], including (1) chemical
identification and functional group characterization, particularly in large organic molecules;
(2) the detection of specific gases and pollutants in environmental matrices, such as air,
water, and soil; (3) compound identification, quality assurance, and quantitative analysis of
active ingredients in pharmaceuticals; and (4) non-invasive disease diagnostics through the
analysis of biological samples like blood or tissue, opening possibilities for early disease
detection and monitoring.

Functional groups exhibit distinct absorption signatures at specific frequencies within
the infrared (IR) spectrum, typically ranging from 1500 to 3000 cm−1 [98]. Traditional
Fourier Transform Infrared (FTIR) spectrometers are widely utilized due to their broad
spectroscopic range, spanning from 10 to 10,000 cm−1 [98]. Equipped with a long-arm
scanning Michelson interferometer, these instruments can achieve exceptional resolutions of
up to 0.001 cm−1, making them highly effective for detailed vibrational analysis. Despite its
many advantages, FTIR spectroscopy faces a significant limitation in its lengthy acquisition
time, driven by two key factors: (1) achieving high resolution requires the interferometer
arm to scan distances exceeding a meter, and (2) the relatively low brightness of the thermal
light source requires a long averaging time to achieve a satisfactory SNR. As a result,
there is a growing demand for next-generation IR spectrometers capable of significantly
reducing acquisition time. Furthermore, the demand for in situ and real-time sample
analysis, particularly in environmental science, underscores the need for instruments that
are both highly reliable and portable.

Over the past decade, optical frequency comb (OFC) spectroscopy has emerged as
a powerful alternative to traditional FTIR spectrometers [99]. OFCs represent a unique
class of light sources that combine ultrafast temporal resolution in the femtosecond range
with exceptionally precise phase information, accurate to about 1 part in 1019 to 1020 over
1000 s [100,101]. Recognized with the Nobel Prize in Physics in 2005 for their transforma-
tive role in the development of the world’s most accurate atomic clocks, OFCs serve as
highly precise optical frequency synthesizers, driving advancements across a wide range
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of scientific fields [102]. Furthermore, their extensive spectroscopic coverage, ultra-narrow
linewidth, and exceptional frequency accuracy have transformed the field of molecular spec-
troscopy [103]. This paper focuses on the application of OFCs in molecular spectroscopy.

3.1. Fundamental Principles of OFC

The origins of OFCs can be traced back to the well-established field of ultrafast
optics, particularly the development of mode-locked lasers (MLLs) [104–107]. This section
provides a brief overview of the operational principles of MLLs and highlights a key
distinction that sets OFCs apart: phase stability.

By placing a gain medium within a highly frequency-selective optical cavity, a laser
can be configured to operate in a single frequency mode, where only one longitudinal
mode is amplified, resulting in a narrow and stable output spectrum. In contrast, MLLs
utilize a less stringent frequency selectivity, allowing gain media with broader emission
spectra to support multiple frequency modes simultaneously, as shown in Figure 9a. The
resulting output of an MLL is a coherent superposition of the electric fields from all the
excited modes within the cavity:

E = E0

+(N−1)/2

∑
q=−(N−1)/2

ei(2π f0+q(2π fr))t+iφq , (1)

where f0 represents the central frequency of the MLL, fr is the free spectral range (FSR) of
the laser cavity, q is an integer identifying each cavity mode, N denotes the total number of
modes excited in the cavity, and φq represents the initial phase associated with each mode.
Equation (1) sums over all active lasing modes. The intensity (I) of the laser’s output is
directly proportional to the square of the electric field, expressed as I ∝ |E|2. When the
initial phases of the modes are independent, the laser output intensity exhibits random
temporal fluctuations, as illustrated in the top panel of Figure 9b. If the initial phases of all
lasing modes are identical, the phase component can be factored out of the summation in
Equation (1):
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Figure 9. Principles of mode-locked lasers (MLLs). (a) Multiple longitudinal modes within the laser
cavity are simultaneously excited. c: Speed of light; L: cavity length; FSR: free spectral range. (b) The
Kerr medium in the laser cavity (middle panel) imposes much higher losses on continuous-wave
light (top panel) than on pulsed light (bottom panel).
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E = E0ei2π f0t+iφ
+(N−1)/2

∑
q=−(N−1)/2

eiq(2π fr)t = E0ei2π f0t+iφ sin N2π frt/2
sin 2π frt/2

, (2)

I = I0

(
sin N2π frt/2
sin 2π frt/2

)2
. (3)

The bottom panel of Figure 9b illustrates the time-dependent intensity of the laser out-
put, characterized by distinct, regularly spaced sharp peaks, as described by Equation (3).
In the time domain, the interval between consecutive pulses is determined by the length of
the laser cavity, corresponding to a separation of 2L/c, where L is the cavity length, and c is
the speed of light. Furthermore, the width of these pulses depends on the number of modes
excited simultaneously; a larger number of active modes results in narrower laser pulses:

Δtp ≈ 1
N fr

. (4)

In a standard Ti:Sapphire MLL with a ring cavity design, the cavity length (L) is
approximately 1 m, and the optical bandwidth (Δλ) is around 20 nm. This configuration
enables the activation of roughly 670,000 lasing modes (N), resulting in the generation
of laser pulses with durations as short as 100 femtoseconds. The generation of these
ultrashort pulses relies on maintaining a coherent phase relationship among all lasing
modes. Over the past four decades, various phase-locking techniques have been developed
to achieve this. Two prominent approaches are (1) active mode-locking, which utilizes
components such as an electro-optic modulator (EOM) [104,108], acousto-optical modulator
(AOM) [109,110], or synchronous pumping [111] within the laser cavity, and (2) passive
mode-locking, which employs a saturable absorber [112–115] or nonlinear medium, such
as a Kerr lens [106,116–118].

Among these methods, passive mode-locking using a Kerr lens has become the most
effective and widely adopted approach for generating stable, ultrashort laser pulses. Unlike
a standard optical medium with a fixed refractive index, a Kerr medium exhibits a refractive
index that varies with light intensity, described by n = n0 + n2 I, where I is the light
intensity, n0 is the intensity-independent refraction index, and n2 represents the medium’s
nonlinear response to intensity. Since the total optical energy within the laser cavity is
conserved, the pulsed mode achieves significantly higher peak intensities by concentrating
energy into shorter time intervals. This enhanced peak intensity causes the pulsed beam to
bend more strongly when passing through the Kerr medium, as illustrated in the middle
panel of Figure 9b. An optical aperture placed within the cavity selectively transmits the
pulsed mode while attenuating the continuous-wave mode. This preferential transmission,
combined with the stimulated emission cascade within the laser gain medium, enables the
pulsed mode to dominate, effectively suppressing the continuous-wave mode.

Femtosecond pulses generated by MLLs are indispensable for probing ultrafast dy-
namics in the time domain. Furthermore, the precisely defined pulse-to-pulse interval has
been a cornerstone of frequency metrology since the late 1980s [119]. Through Fourier
transformation, a sequence of time-domain pulses is mapped into the frequency domain,
resulting in a comb of discrete frequencies. The spacing between consecutive modes, fr,
is determined by the laser cavity FSR, 2L/c, and typically lies within the RF spectrum,
ranging from 20 MHz to 20 GHz. By precisely measuring the optical frequency of a single
lasing mode and calibrating fr against an RF standard, the frequencies of all other modes
can be determined using the relationship f = fc + N̂ fr, where fc is the known frequency
of a reference mode, and N̂ identifies the mode index relative to fc. This technique ef-
fectively extends the precision of a single frequency measurement to cover millions of
other frequencies.

Accurately determining the absolute frequency hinges critically on fc. If the discrete
frequencies extrapolated to the lowest end were precisely zero, the optical frequency could
be directly synthesized as f = Ñ fr, where Ñ is referenced to zero frequency rather than
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fc. However, this ideal scenario is complicated by the presence of a carrier-envelope offset
(ceo) offset—a phase mismatch between the oscillation of the carrier wave and the pulse
envelope, as illustrated in the inset panel of Figure 10. In the time domain, this phase
offset cannot be directly measured with an intensity detector. In the frequency domain,
it manifests as a frequency shift affecting all modes, particularly pronounced near the
origin of the frequency axis, as depicted in Figure 10. Precisely measuring or effectively
eliminating fceo is essential for establishing an absolute optical frequency, transforming the
MLL into an OFC.
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Figure 10. Two methods for determining absolute frequency. fceo: carrier-envelope frequency offset;
φceo: carrier-envelope phase offset; fr: repetition rate. Ñ represents the mode index relative to zero
frequency. Inset: carrier-envelope phase offset visualized in the time domain. Further details are
provided in the main text.

Figure 10 illustrates two widely used methods for determining fceo. Both approaches
start by broadening the OFC’s wavelength spectrum to span more than an octave, typically
achieved using frequency mixing in a highly nonlinear optical fiber. After spectral broaden-
ing, two lasing modes are selected with frequencies nearly a factor of two apart, denoted by
νÑ = Ñ fr + fceo and ν2Ñ = 2Ñ fr + fceo. The first method employs second-harmonic gener-
ation (SHG) to double the frequency of the lower mode, νÑ , producing νd = 2Ñ fr + 2 fceo.
By interfering with νd and ν2Ñ and extracting the resulting RF beat frequency, fceo can be
determined as fceo = νd − ν2Ñ . This offset frequency is then stabilized using a negative
feedback loop to the pump laser [120,121]. The second method, developed by TOPTICA
Photonics, utilizes difference frequency generation (DFG) to directly combine light from
νÑ and ν2Ñ , effectively canceling fceo [122,123]. This process yields ν = ν2Ñ − νÑ = Ñ fr,
which depends solely on fr. After DFG, the OFC light, now free of fceo, is amplified to a
usable power level.

While CE-DFCS leverages the millions of frequency elements provided by the OFC,
it encounters the specific challenge of spectrally resolving individual comb teeth. Two
prominent techniques for addressing this challenge are the Virtually Imaged Phase Array
(VIPA) etalon and the Michelson interferometer. A VIPA etalon combined with a reflection
grating is particularly effective for dispersing OFC light into a two-dimensional array,
enabling single-shot capture by a camera [124,125]. However, extending this method to
the mid- and far-IR spectral regions is limited by the diffraction constraints of optical
components and the resolution of available cameras. The Michelson interferometer, a
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cornerstone of FTIR spectroscopy, provides broad spectral coverage in the infrared region
and sufficient resolution to distinguish individual comb teeth. Despite its advantages, the
mechanical scanning required by this approach is inherently slow and can undermine
system stability, posing challenges for applications requiring high-speed data acquisition.

A promising alternative is the dual-comb configuration, which leverages the interfer-
ence between OFC light and an additional phase-referenced OFC beam. This approach has
the potential to surpass both the VIPA etalon and the Michelson interferometer in terms of
efficiency and resolution, as will be further explored in Section 3.3.

3.2. Direct Frequency Comb Spectroscopy

As described above, the absolute frequencies of all comb teeth can be precisely de-
termined using either an RF source or an optical frequency reference. When comb light
interacts with a molecular sample, it facilitates the simultaneous acquisition of a broadband
absorption spectrum encompassing the frequencies of all comb teeth. This technique,
known as Direct Frequency Comb Spectroscopy (DFCS), has revolutionized molecular
spectroscopy by leveraging massive parallelism. With millions of comb teeth probing
the sample in parallel, DFCS achieves data acquisition speeds that are up to six orders of
magnitude faster than those of traditional laser-scanning spectrometers [126,127].

Compared to FTIR spectrometers, which also utilize broadband light sources, DFCS
delivers a substantial enhancement in spectroscopic resolution, often exceeding that of FTIR
systems by several orders of magnitude. In FTIR spectrometry, the maximum resolution is
determined by the translation distance of the interferometer arm, which defines the achiev-
able optical path difference and, consequently, the ability to resolve fine spectral details.
For a double-pass interferometer arm with a one-meter travel distance, the resolution is
150 MHz. In contrast, the resolution in DFCS depends on the stability of the OFC and
the interrogation time. With an interrogation time of approximately 100 μs, the Fourier
transform limit yields a resolution on the order of a few kilohertz—four to five orders of
magnitude finer than that of an FTIR spectrometer [126].

Furthermore, the evenly spaced frequency intervals of the OFC light source enable
resonant coupling with high-finesse optical cavities that exhibit a matching frequency
structure. The enhanced cavity significantly extends the interaction time between the
light and the sample. This approach, known as Cavity-Enhanced Direct Frequency Comb
Spectroscopy (CE-DFCS) [124,125], can amplify the absorption signal by up to three orders
of magnitude. Such an enhancement allows for the highly sensitive and precise detection
of trace amounts of low-concentration toxic or indicator gases [128,129].

Since its inception, the CE-DFCS spectrometer has been a transformative tool in
decoding the complexities of molecular structures, leveraging its broad spectral coverage,
exceptional resolution, and remarkable sensitivity. One of its most notable achievements
is its application in the high-resolution spectroscopy of large polyatomic molecules, such
as adamantane (C10H16) and fullerene (C60) [130,131]. By integrating buffer gas cooling
technology, which significantly reduces the number of molecular degrees of freedom, with
the advanced capabilities of CE-DFCS to enhance parallelism, the rovibrational transitions
of adamantane and C60 have been successfully recorded and meticulously characterized,
as shown in Figure 11.

Another notable application of CE-DFCS is its use in recording the high-resolution
spectra of molecular ions in a plasma tube, facilitated by velocity modulation. While neutral
molecules can often be produced with high number densities in molecular beams, ion
beams typically have much lower densities due to strong Coulomb repulsion. Generating
ions within plasma provides a sufficiently dense sample for absorption detection. However,
the presence of background noise, especially from neutral molecules, can obscure the
signals of target ions. To overcome this limitation, velocity modulation combined with lock-
in detection is employed, effectively isolating the Doppler-shifted signals of ions. Figure 12
illustrates the experimental setup and high-resolution spectroscopy of HfF+ [132], which
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has enabled the most precise measurement of the electron’s electric dipole moment (eEDM)
to date, imposing stringent constraints on the Standard Model of particle physics [133,134].
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Figure 11. Cavity-Enhanced Direct Frequency Comb Spectroscopy (CE-DFCS) of C60. (a) A schematic
of the experimental setup integrating CE-DFCS with a cryogenic buffer gas cell. (b) High-resolution
rovibrational spectra of C60 recorded at room temperature and cryogenic temperature. The figure is
adapted from Changala (2019) [131].
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Figure 12. Cavity-Enhanced Direct Frequency Comb Spectroscopy (CE-DFCS) of velocity-modulated
HfF+. (a) A schematic of the experimental setup featuring a VIPA etalon and a grating for resolving
individual comb teeth. (b) Visualization of the resolved comb teeth. (c) High-resolution spectrum of
HfF+, including five isotopes with assigned rotational band structures. The figure is adapted from
Sinclair (2011) [132].

Beyond its contributions to fundamental research, the extensive spectroscopic capabil-
ities of CE-DFCS—enabling simultaneous analysis of multiple molecular species in a single
experiment—have proven invaluable in fields such as environmental science, industrial
process monitoring, and the life sciences. One notable application emerged in 2008 with the
development of a CE-DFCS-based breathalyzer [135]. Human breath, which contains over
1000 distinct trace molecules serving as biomarkers for various health conditions, presents
a highly complex sample matrix. The precise identification of these trace molecules using
CE-DFCS is critical for accurate chemical and biological diagnostics, offering a non-invasive
yet powerful tool for health monitoring and disease detection.

Over the past decade, the sensitivity of the CE-DFCS breathalyzer has improved by
a factor of 1000, largely due to the transition from near-IR to mid-IR wavelengths, where
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breath molecules exhibit stronger rovibrational absorption features. This shift has signifi-
cantly enhanced the instrument’s ability to detect and quantify molecular concentrations.
Furthermore, advancements in data acquisition and analysis have become increasingly
important, particularly for biological systems where simple models may not apply. Ma-
chine learning has emerged as a transformative tool in this domain, enabling the analysis
of complex datasets from breath samples to create predictive models for disease diagnosis.
By detecting subtle changes in molecular concentrations associated with specific health
conditions, machine learning algorithms identify patterns and establish robust diagnostic
criteria. A compelling demonstration of this approach was the detection of SARS-CoV-
2 infection in a cohort of 170 volunteers, where the CE-DFCS breathalyzer achieved an
impressive accuracy rate of 84.9%, as illustrated in Figure 13 [136]. This underscores the
potential of integrating advanced spectroscopy with machine learning to revolutionize
non-invasive diagnostics and disease monitoring.

Figure 13. A Cavity-Enhanced Direct Frequency Comb Spectroscopy (CE-DFCS) breathalyzer.
(a) A schematic diagram illustrating the working principle. Exhaled human breath was collected in a
Tedlar bag and introduced into an analysis chamber surrounded by high-reflectivity optical mirrors.
A mid-infrared frequency comb laser interacted with the sample, generating a broadband molecular
absorption spectrum. This spectroscopy data were then analyzed using supervised machine learning
to classify the research subject’s condition as either positive or negative. (b) A sample absorption
spectrum obtained from a research subject’s breath (black line). Inverted and displayed in differ-
ent colors are the fitted contributions from four dominant species (CH3OH, H2O, HDO, and CH4)
responsible for the most significant absorption features. Figure is adapted from Liang (2023) [136].

In addition to capturing static information, the broad spectroscopic coverage of CE-DFCS,
combined with its rapid data acquisition and ability to perform extended coherent averag-
ing, enables the study of chemical reaction kinetics on microsecond timescales [137–139].
This capability is particularly advantageous for tracking the evolution of multiple transient
intermediate compounds within a reaction sequence. A notable application of this tech-
nique is its time-resolved implementation to investigate the pressure-dependent kinetics of
the OH + CO→ HOCO→ H + CO2 reaction [140], a critical pathway in the atmospheric
degradation of OH radicals. These studies highlight CE-DFCS’s ability to provide detailed
insights into dynamic chemical processes with precision and speed.
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3.3. Dual-Comb Spectroscopy

While OFC light sources have been successfully extended into the mid- and far-
infrared regions, implementing CE-DFCS in these spectral ranges remains challenging,
primarily due to the limitations of existing detection techniques. The VIPA etalon method
is constrained by significant diffraction at long wavelengths and its reliance on high-
performance infrared imaging detectors, whereas the Michelson interferometer is hindered
by slow scanning rates and stability issues. To overcome these obstacles, researchers have
developed an innovative technique: employing a second OFC beam that is phase-coherent
with the original to decode spectral information through precise interference measure-
ments. This method, known as dual-comb spectroscopy (DCS), offers a highly efficient and
promising solution for extracting and analyzing spectral data in the challenging mid- and
far-infrared regions [99,141–143].

DCS utilizes the first OFC beam to interact with the sample and a second, phase-
coherent OFC beam to down-convert optical frequencies—too high for direct digitization—
into RF frequencies, as depicted in Figure 14. Only the first OFC, operating at a repetition
rate fr, is coupled to an enhancement cavity, where it directly interacts with the sample.
The second OFC, with a slightly offset repetition rate of fr + Δ fr, is combined and interferes
with the first OFC beam after its interaction with the sample. The resulting heterodyne
RF signals are captured by a single photodetector, generating an RF comb with a spacing
of Δ fr that can be directly digitized. Typically, fr ranges from tens of MHz to tens of
GHz, and Δ fr falls within 100 Hz to tens of kHz. By applying a Fourier transform to the
heterodyne RF signals, the sample’s absorption or emission spectrum can be reconstructed
with exceptional spectroscopic resolution and precision.
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Figure 14. Working principle of dual-comb spectroscopy (DCS), with optional cavity mirrors for
enhanced sensitivity.

DCS retains the advantages of DFCS while significantly streamlining detection pro-
cesses and broadening its spectroscopic capabilities. Like FTIR spectroscopy, DCS uti-
lizes a single-point detector, eliminating the need for a high-resolution infrared camera.
Moreover, unlike FTIR, DCS bypasses the mechanically moving Michelson interferometer,
enabling much faster data acquisition and enhanced system stability. DCS also offers a
high SNR and a consistent baseline, achieved through extended coherent averaging, time-
multiplexed signal and reference measurements, and sequential acquisition of subbands
to mitigate detector nonlinearity. Additionally, incorporating a high-finesse optical cavity
into the path of the first comb beam to enhance detection sensitivity aligns closely with the
CE-DFCS approach.

Over the past decade, DCS has emerged as a transformative tool, particularly in
environmental science and atmospheric chemistry. One of its most groundbreaking ad-
vancements is real-time, high-resolution atmospheric gas analysis, enabling precise and
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rapid monitoring of pollutants and greenhouse gases [129,144–146]. A remarkable example
is shown in Figure 15, where DCS was deployed over a 113 km horizontal open-air path.
Using two synchronized OFCs, DCS provided direct measurements of spectral features
without the need for moving parts or scanning lasers. This innovative setup, incorporating
a bistatic configuration and advanced time–frequency dissemination, facilitated broadband,
high-speed measurements of greenhouse gases such as CO2 over a long distance. The
experiment achieved a CO2 sensing precision of less than 2 parts per million (ppm) within
5 min, further improving to below 0.6 ppm over 36 min—an unprecedented level of accu-
racy for long-distance, open-air measurements. Moreover, this advancement paves the way
for deploying DCS in satellite-based systems, offering the potential for real-time, global
environmental monitoring.

Figure 15. Dual-comb spectroscopy (DCS) over a 100 km open-air path. (A) An overview of the
113 km DCS. (B) The main configuration and setup at each terminal. Rb: rubidium clock; USL:
ultrastable laser; EDFA: Erbium-doped fiber amplifier; Tele: telescope; ADC: Analog-to-Digital
Converter; GPS: global positioning system. Figure is adapted from Han (2023) [146].

To advance DCS for field applications and potential satellite-based deployments, the
development of compact optical devices is essential to enhance portability and reliabil-
ity. Recent breakthroughs in photonic technologies have led to the creation of on-chip
DCSs [147–150]. The on-chip DCSs leverage microresonators to generate two stable OFCs,
enabling high-precision, broadband spectroscopic measurements in a compact form fac-
tor. Microresonators, typically designed as ring or disk structures, are fabricated from
high-quality materials like silicon nitride or silicon dioxide, which facilitate low-loss light
propagation. When a continuous-wave (CW) laser is coupled to these microresonators,
nonlinear optical processes such as four-wave mixing produce a series of equally spaced
comb lines, forming an OFC. The spacing between these comb lines, known as the FSR, is
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determined by the geometry of the microresonator. The compact, power-efficient archi-
tecture significantly reduces the size and complexity of DCS systems, making them well
suited for portable and field-deployable devices.

In addition to the MLL-based OFC generation discussed in Section 3.1, a novel ap-
proach utilizing EOMs has emerged and developed rapidly in recent years [139,151–153]. In
this configuration, a CW laser is passed through one or more EOMs, which impose periodic
phase modulation on the light. When the modulation amplitude is sufficiently large, multi-
ple rounds of sideband generation occur, significantly extending the spectral coverage of
the OFC. By precisely controlling the modulation frequency and amplitude with advanced,
high-speed digital devices, such as Arbitrary Waveform Generators (AWGs), a series of
equally spaced spectral lines can be generated, forming a highly tunable and stable OFC.
Figure 16 illustrates the use of an EOM-based OFC to perform nanosecond time-resolved
absorption spectroscopy on a supersonic jet.

Figure 16. A schematic of the electro-optic modulator (EOM)-based, mid-infrared dual-comb spec-
trometer (DCS) used to interrogate a supersonic pulsed jet. (a) A near-infrared external cavity diode
laser (ECDL) serves as the common source for two optical frequency combs generated using EOMs
with slightly different repetition rates. To enhance the modulation depth, the two EOMs in the upper
path are driven by identical waveforms. An acousto-optic modulator (AOM) in the lower beam
path shifts the beat frequencies between the two optical frequency combs away from DC. The two
OFCs are then combined and converted to mid-infrared wavelengths using an amplifier and a singly
resonant CW optical parametric oscillator (OPO). The idler beam passes through the supersonic jet
and is detected with a photodiode. All couplings shown in yellow indicate fiber connections. (b) A
machine drawing of the supersonic pulsed jet, illustrating the plenum, a normally closed solenoid
valve, a convergent–divergent (CD) nozzle, and the optical test chamber. The figure is adapted from
Long (2023) [139].

One of the primary advantages of the EOM-based OFC is its simplicity and com-
pactness. Unlike MLLs, which require complex cavity designs, EOM-based OFCs can be
seamlessly integrated with a single CW laser and are highly amenable to miniaturization,
making them ideal for portable applications. The digital electronics driving the EOMs are
compact and robust, resulting in a system that is inherently more stable and less suscep-
tible to environmental disturbances, such as temperature fluctuations, which can affect
traditional OFC sources. Moreover, the comb line spacing in an EOM-based system is
governed by the electronic modulation frequency, which can be precisely controlled and
easily adjusted. This flexibility allows for the fine-tuning of the comb spacing to meet the
resolution and bandwidth requirements of specific spectroscopic applications. Another
notable advantage of EOM-based OFCs is their low power consumption. While MLLs
typically require significant power to maintain stable comb operation, EOM-based sys-
tems achieve comb generation with substantially lower power demands. This efficiency
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makes EOM-based DCS particularly well suited for remote sensing and field-deployable
applications, where power resources are often limited.

3.4. Outlook

Over the next decade, DCS is anticipated to increasingly supplant DFCS, particularly
in the mid-IR and far-IR spectral regions. However, transitioning to high-repetition, high-
precision DCS poses significant technical challenges. These challenges arise from the
need to generate two highly correlated OFCs, where even femtosecond-scale temporal
discrepancies or phase variations can distort interference patterns and introduce anomalies
that are difficult to correct during post-processing [154,155]. While this level of precision
has been largely achieved in the near-IR spectrum, extending such accuracy to the mid-IR
and far-IR regions remains a key focus of ongoing research [156].

In parallel, extending the operational wavelength into the ultraviolet (UV) and extreme
UV (XUV) regimes has already unlocked new applications, leveraging the high peak power
of short pulses. This advancement has facilitated studies of rare isotope atomic ions, highly
charged ions, and even nuclear transitions, with further breakthroughs anticipated in these
domains [127,157–159].

Simultaneously, the integration of advanced digital technologies, such as embedded
systems and FPGAs, into both DFCS and DCS systems holds great potential for enhancing
efficiency and performance. Embedded systems can streamline control sequences, minimize
downtime, and improve the experimental duty cycle [160]. Meanwhile, FPGAs, with
their capabilities for high-speed data processing and reconfigurability, can manage the
substantial data throughput inherent in these techniques. This enables real-time data
acquisition and processing, improved coherence averaging efficiency, faster data acquisition
rates, and enhanced temporal resolution—critical for investigating transient phenomena.

4. Conclusions

The development of innovative spectroscopic technologies, such as CP-FTMW and
OFC spectroscopy, has revolutionized the field of molecular spectroscopy by dramatically
improving precision, sensitivity, and efficiency. These advancements, driven by rapid
progress in fast digital electronics and parallel processing, have broadened the horizons
of molecular spectroscopy, enabling transformative applications across a wide range of
scientific domains, including nuclear physics, environmental science, and astrophysics.
As these technologies continue to advance, particularly with the integration of embedded
systems and FPGAs, their capabilities are expected to reach unprecedented levels.

Looking forward, the transition to advanced techniques such as CE-DCS is antici-
pated to overcome existing challenges in mid-IR and far-IR spectroscopy, opening new
frontiers for molecular analysis. The integration of cutting-edge digital technologies and
the development of novel experimental designs will be critical to pushing the boundaries
of these methodologies. These advancements promise to make complex, high-resolution
spectroscopic measurements more accessible, versatile, and efficient, unlocking new pos-
sibilities for both discovery and practical applications. Such efforts will not only deepen
our understanding of molecular dynamics and structures but also drive groundbreaking
discoveries across a broad spectrum of scientific disciplines.
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Abstract: Optical fringe projection is an outstanding technology that significantly enhances
three-dimensional (3D) metrology in numerous applications in science and engineering.
Although the complexity of fringe projection systems may be overwhelming, current
scientific advances bring improved models and methods that simplify the design and
calibration of these systems, making 3D metrology less complicated. This paper provides
an overview of the fundamentals of fringe projection profilometry, including imaging,
stereo systems, phase demodulation, triangulation, and calibration. Some applications
are described to highlight the usefulness and accuracy of modern optical fringe projection
profilometers, impacting 3D metrology in different fields of science and engineering.

Keywords: optical metrology; fringe projection; 3D reconstruction; triangulation; calibration

1. Introduction

Optical fringe projection is an essential technology driving important applications
in science, engineering, medicine, entertainment, and many other fields [1–3]. The effec-
tiveness of this technology stems from several valuable features, including contactless
operation, high accuracy, high resolution, and easy-to-operate equipment [4,5]. More-
over, modern digital cameras, projectors, and high-performance embedded computers
enable fringe projection systems to operate at high rates [6,7], allowing the sensing of
fast shape changes in dynamic phenomena [8,9]. The development of portable profilome-
ters [10,11] has expanded the usefulness of fringe projection systems for in situ studies in
archaeological [12] and forensic applications [13].

Despite progress in hardware and theoretical models, fringe projection profilometry
remains an active research area within the scientific community worldwide [14,15]. Re-
searchers are working to overcome new challenges in fringe projection technology [16].
Current investigations include miniaturization of electronic devices [17], multi-dimensional
information sensing [18], multimodal imaging [19,20], self-calibration [21–23], motion-
induced error suppression [24–27], setup optimization for full-view object reconstruc-
tion [28–31], dynamic range improvement for reconstructing reflective objects [32,33],
and enabling automatic and adaptive operation [34–36]. For this reason, the specialization
of students and professionals in this research area is crucial.

The research on fringe projection profilometry has produced extensive results in optical
designs, mathematical models, data processing algorithms, and calibration methods [37–39].
Inexperienced readers may feel overwhelmed by the abundance of specialized literature
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in books and scientific articles available today [40–43]. Frustrating months of reading
literature could pass without acquiring enough background to construct and operate an
optical fringe projection profilometer. Given this situation, this paper aims to provide the
fundamental knowledge for setting up and operating a fringe projection system, offering
practical learning for engaging effectively with specialized literature and research projects.

In this paper, a concise overview of representative optical fringe projection techniques
for 3D metrology is provided in Section 2. Then, the five constituent blocks comprising a
fringe projection system are examined in Section 3. Next, essential concepts and helpful
insights into the working principles of optical fringe projection are presented in Sections 4–
6. Illustrative applications where this technology has been implemented are described in
Section 7. The concluding remarks for this review are provided in Section 8. This study
offers a concise guide through the fundamentals of fringe projection profilometry, making
this technology a straightforward tool for driving 3D metrology toward new frontiers.

2. Fringe Projection Profilometry

Fringe projection profilometry has evolved from optical testing techniques that utilize
lasers and other light sources [44,45], along with gratings and other reference masks [46,47],
designed to capture the topography of surfaces and optical wavefronts [48,49]. Currently,
fringe projection refers to numerous 3D reconstruction techniques that have emerged from
diverse fringe-pattern analysis methods and the numerous options available for producing
high-quality gratings, as outlined below.

A typical fringe projection profilometer is an apparatus comprising three elements:
a camera, a projector, and a computer, as shown in Figure 1a. The operation of a fringe
projection profilometer can be described in simple terms as follows. First, the projector
illuminates the object being tested with straight fringes, as shown in Figure 1b. The shape
of the object alters the straightness of the displayed fringes. Then, the camera captures
one or more images of the deformed fringes, as shown in Figure 1c. Finally, the computer
analyzes the captured fringe patterns to determine the object’s shape and returns a 3D
point cloud, as shown in Figure 1d. The fringe patterns used for shape extraction are
two-dimensional sinusoidal signals characterized by the following [50,51]:

• A bias term (background light);
• Fringe amplitude;
• A fringe phase map.

Object

Computer

(b)

(c)

(a) (d)

x

y

z

Figure 1. (a) Typical fringe projection profilometer setup. (b) Grating with straight fringes sent to the
projector as a slide to illuminate the object being tested. (c) Fringe pattern captured by the camera,
observing fringes deformed by the object. (d) Resulting 3D point cloud reconstruction.

The deformation from straight to curved fringes corresponds to an alteration in the
fringe phase. Therefore, shape extraction is performed through a phase-demodulation
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process [52]. It is worth mentioning that typical noise sources (e.g., variations in object
color and ambient light) affect the bias and amplitude of fringe patterns but have a negli-
gible effect on the phase (curvature of the fringes). Consequently, the phase-based shape
extraction approach makes fringe projection profilometry a robust and accurate tool for
optical 3D metrology.

Moiré topography (MT) is considered a predecessor of modern fringe projection
profilometry techniques [53]. MT produces fringe patterns that are directly related to
depth/height contour maps [54,55], as depicted in Figure 2a,b. However, depressions
and elevations (hills and valleys) cannot be distinguished [56], as shown in Figure 2c–f.
In contrast, Fourier transform profilometry (FTP) employs a carrier frequency to automati-
cally distinguish between surface depressions and elevations [57], as shown in Figure 2g–i.
This technique enables real-time applications by requiring only a single fringe pattern
for phase demodulation using the Fourier transform method [58]. However, its usability
depends on satisfying the continuous surface condition (object surfaces without holes or
steps). Unlike FTP, which carries out a filtering process in the frequency domain, alternative
techniques such as spatial phase detection (SPD) [59], phase-locked loop profilometry [60],
and regularized filters [61] apply the filtering process in the spatial domain [62]. However,
the performance of the FTP and SPD techniques depends significantly on the user’s ability
to design and tune the filters correctly [63].

Figure 2. Object reconstruction using Moiré topography and Fourier transform profilometry. (a) Ob-
ject to be recovered. (b) Moiré pattern. (c–f) Possible reconstructions from the given Moiré pattern.
(g) Fourier fringe pattern. (h) Demodulated phase with carrier. (i) Reconstructed object.

Phase-shifting profilometry (PSP) successfully avoids the surface continuity con-
straint [64,65]. Moreover, this technique achieves maximum spatial resolution and robust-
ness by processing multiple fringe patterns using the phase-shifting method [66]. However,
the need for multiple fringe patterns makes PSP challenging to implement in real-time
applications. Several approaches have been proposed to combine the advantages of FTP
and PSP, such as π-shifted FTP [67] and multi-demodulation phase-shifting [68]. However,
a trade-off must be established between the advantages of FTP and PSP for each specific
application. Other approaches have been developed to enhance the original FTP and PSP
techniques, including windowed FTP [69], fringe-normalized FTP [70], two-step phase-
shifting [71,72], and phase-differencing profilometry [73]. However, their implementation
is more complex and requires greater computational resources [74].

Alternatively, modulation measurement profilometry (MMP) differs from the previous
methods in that the object shape is obtained from the fringe amplitude rather than the
phase [75]. This technique exploits the defocus that occurs when observed points move
away from the focal plane. The defocus level is estimated through the fringe amplitude,
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which decreases as the defocus increases. Then, the depth/height is quantified as a function
of the defocus. An additional advantage of MMP is that shadows and occlusions are absent
because the camera and projector are arranged to share the same optical axis [76]. However,
MMP (amplitude-based) is more sensitive to external noise sources than FTP and PSP
(phase-based) techniques.

Fringe projection techniques also differ in the hardware and methods used to gen-
erate straight fringes for illuminating the test object [77,78], as well as the implemented
fringe analysis approach [79,80], which is discussed in Section 3. Complementary sur-
veys about the different fringe projection techniques can be found in [81–83]. For a more
comprehensive study of fringe projection profilometry, the reader is referred to [84–86].
The rest of this paper reviews the fundamental concepts of setting up and operating a
fringe projection profilometer.

3. Fringe Projection System

The operation of an optical fringe projection profilometer can be analyzed through its
five main components, as depicted in Figure 3. The following subsections provide a brief
description of each of these components.

Figure 3. Main components of an optical fringe projection system: (a) grating generator, (b) wrapped
phase extraction, (c) phase unwrapping, (d) phase-to-coordinate conversion, and (e) calibrator.

3.1. Grating Generator

The primary component of an optical fringe projection system is the grating gener-
ator [87], as shown in Figure 3a. This component illuminates the object being examined
with two-dimensional (2D) cosine signals called gratings. The grating generator can control
the properties of gratings, such as the phase shift, frequency, and angle [88,89], as well as
the properties of the light source, including the wavelength (color) [90–92], intensity [93],
and polarization [94]. As a result, the camera captures one or more 2D cosine signals known
as fringe patterns, which are deformed by the shape of the object being examined.

A grating generator can be constructed using interferometric techniques [95–97].
Although interferometers produce high-quality gratings [98], the equipment is expensive,
difficult to use, and sensitive to environmental perturbations [99,100]. Other alternatives to
set up grating generators are the Moiré effect [101,102], defocused rulings [103–105], pulse-
width modulation (PWM) [106], colored PWM [107], color-encoded projection [108,109],
binary dithering [110], filled binary sinusoidal patterns [111], linear light-emitting diode
array [112], and rotating slides [113–115]. The advent of digital projectors has simplified
the grating generator component to a compact electronic unit [116]. Digital projectors
allow easy and precise control of important grating properties such as the phase shift,
frequency, and color. Additionally, the polarized light emitted by liquid crystal display-
based projectors can be exploited to reconstruct shiny objects such as metallic workpieces
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and ceramic pottery [117,118]. As discussed in a recent study, the optical fringe projection
technique that uses a computer-controlled projector is known as digital fringe projection [119].

3.2. Wrapped Phase Extraction

Optical fringe projection systems encode 3D shapes in the phase of the captured fringe
patterns. For this reason, the phase recovery process, known as phase demodulation, is
essential [52]. In practice, phase demodulation is performed through two components:
wrapped phase extraction and phase unwrapping. Wrapped phase extraction requires
one or more fringe patterns and returns a wrapped phase map, as shown in Figure 3b.
Depending on the number of fringe patterns available, wrapped phase extraction can be
performed using either the spatial or temporal approach [120].

3.2.1. Spatial Wrapped Phase Extraction and Fourier Fringe Analysis

Spatial wrapped phase extraction methods operate with a single fringe pattern [121].
In general terms, the phase at any pixel of the fringe pattern is computed based on the
information from neighboring pixels, as depicted in Figure 4a. The most common approach
consists of applying the Fourier transform to the given fringe pattern and exploiting
the fact that the spectrum of the encoded phase is isolated around the carrier frequency,
distinguishing it from other spectra in the Fourier domain [58]. A filter is used to isolate
the spectrum of interest, and the required phase is recovered by applying the inverse
Fourier transform [122]. This approach is known as Fourier fringe analysis [123]. Other
spatial methods include the windowed Fourier transform [69], wavelet transform [124,125],
Hilbert transform [126,127], and S-transform [128].

Figure 4. (a) Spatial processing approach. (b) Temporal processing approach.

The primary advantage of Fourier fringe analysis is the requirement of a single fringe
pattern, allowing straightforward implementation in real-time applications [129,130]. How-
ever, the fringe pattern must meet certain restrictive conditions for effective spectrum
isolation, namely a high carrier frequency and continuity of the encoded phase [131]. Addi-
tionally, spatial methods can be computationally demanding [132], and the filtering might
yield unsatisfactory results if the fringe pattern is affected by shadows from objects with
intricate shapes.

3.2.2. Temporal Wrapped Phase Extraction (Phase-Shifting)

In contrast to using a single fringe pattern with a high carrier frequency, tempo-
ral wrapped phase extraction uses three or more fringe patterns with different phase
shifts [133]. This approach, known as phase-shifting, computes the phase at each pixel
by processing that pixel across all the available fringe patterns, as depicted in Figure 4b.
Initially, this approach was difficult to implement due to the need for precise phase-shift
control [134,135]. Digital projectors have mitigated the challenges of phase-shift control,
leading to the widespread implementation of phase-shifting algorithms.
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Several phase-shifting algorithms have been proposed, differing mainly in whether
the phase shifts are known or unknown and how the phase shifts are distributed [136].
For instance, generalized phase-shifting algorithms are useful when the phase-shift val-
ues are unknown because they include a phase-shift estimation module [137–139]. If the
phase shifts are known but their distribution is irregular, then the phase-shift least-squares
algorithm can be applied [140,141]. Furthermore, if the phase shifts are distributed homoge-
neously, the so-called n-step method can be applied, which is computationally efficient [66].

3.3. Phase Unwrapping

The phase-unwrapping component receives one or more wrapped phase maps and
returns the resulting unwrapped phase, as shown in Figure 3c. This component aims to
remove the discontinuities caused by the periodicity of trigonometric functions and restore
the continuity associated with the object shape [142,143]. Like the previous component,
phase unwrapping can be performed using either the spatial or temporal approach.

3.3.1. Spatial Phase Unwrapping

In essence, spatial phase-unwrapping algorithms work by applying an identity op-
eration. Specifically, the wrapped phase map is derived and then integrated, returning
the initial phase without discontinuities [144–146]. Depending on how the integration is
carried out, spatial phase-unwrapping algorithms are classified as either path-following or
path-independent. Since wrapped phase maps are 2D functions, there are infinite paths that
the integration process can follow. Accordingly, path-following algorithms are designed
to identify the best integration path by detecting and avoiding noisy pixels [147–149].
Although path-following algorithms are simple to implement and computationally effi-
cient, they can be quite sensitive to noise [150]. Alternatively, path-independent phase-
unwrapping algorithms perform the integration by solving a global optimization prob-
lem [151–153], removing the need to specify a particular integration path. Although path-
independent algorithms are robust to noise, they consume more computational resources.
The requirement for a single wrapped phase map is convenient for real-time applications.
However, the implementation of spatial algorithms in optical fringe projection is limited
because they cannot preserve discontinuities in the object shape [154]. Nevertheless, spatial
phase unwrapping is helpful for applications involving objects with continuous surfaces.

3.3.2. Temporal Phase Unwrapping and Multi-Frequency Approach

Instead of processing a single wrapped phase map, temporal phase unwrapping uses
complementary images such as gray-coded binary sequences (intensity-based) [155–158]
or additional wrapped phase maps (phase-based) [159–161]. Since typical noise sources
have a greater impact on image intensity than on the phase of fringe patterns, phase-based
temporal phase-unwrapping methods are generally preferred. In particular, the multi-
frequency approach uses two or more wrapped phase maps obtained by projecting gratings
with different frequencies. This approach relies on the fact that low-frequency wrapped
phase maps have fewer synthetic discontinuities [162,163]. This observation forms the
basis of the so-called heterodyne [164–166] and hierarchical [167–169] techniques. Heterodyne
multi-frequency phase unwrapping exploits the beat phenomenon, which produces a low-
frequency wave by superposing two high-frequency waves. Thus, heterodyne techniques
can work exclusively with high-frequency wrapped phase maps. This feature is useful
when the grating generator is an interferometer, as low-frequency gratings can be difficult to
control. However, the unwrapped phase may contain distortion due to the phase synthesis
process. On the other hand, hierarchical multi-frequency phase unwrapping uses both low-

40



Metrology 2025, 5, 47

and high-frequency wrapped phase maps, overcoming the distortion issues encountered in
the phase synthesis process [170].

3.4. Phase-to-Coordinate Conversion

Although the demodulated phase is closely related to the object topography, the phase
(in radians) must be converted to spatial information (in length units) [171], as shown in
Figure 3d. Earlier proposals were designed assuming particular configurations [172]; for
instance, parallel optical axes [173] or orthographic illumination/capture using telecentric
lenses [174]. In these systems, the phase encodes only the object’s height (z-coordinate),
thus leading to the development of phase-to-height conversion methods [175–178]. How-
ever, in more versatile profilometers, the phase also contains information about the
coordinates (x, y) [179,180]; for instance, when the camera and projector are arranged
arbitrarily [181,182], divergent illumination/capture is used [183], and the lenses intro-
duce nonlinear distortion [184–186]. These flexible systems require the implementation of
generalized phase-to-coordinate conversion methods [187,188].

Simple phase-to-coordinate algorithms can be developed by alleviating system pa-
rameter requirements through specific setup designs [57,189]. For instance, closed-form
expressions can be derived assuming the optical elements are aligned on-axis [190], are
parallel [191], or use a camera/projector with telecentric lenses [174,192,193]. Furthermore,
knowing one or more points on the object can substitute for some of the system parame-
ters [194]. However, the resulting phase-to-coordinate algorithms impose strict operating
conditions, limiting their practical application. Alternatively, when the system parameters
are available, generalized phase-to-coordinate algorithms can be designed using the trian-
gulation principle [195]. Triangulation-based algorithms support multiple devices, even if
they are misaligned or have lens distortion.

3.5. System Calibration

Since the calibrator component is inactive during a 3D reconstruction experiment [196],
it is often underestimated and even excluded. Nonetheless, the contribution of this com-
ponent is essential for producing metric object reconstructions [197–199], as shown in
Figure 3e. The process by which a fringe projection system registers 3D shapes involves a
complicated phase-encoding mechanism regulated by system parameters [200]. However,
even with the complexity of the phase encoding, clever strategies can be employed to obtain
the system parameters in a practical manner [201–203]. Assuming the fringe projection
system consists of a camera–projector pair [204–206], the camera and projector can be
calibrated independently [207]. Although this approach is simple, the experimental work is
time-consuming and inaccurate. In contrast, with the advent of modern camera–projector
calibration methods [208–210], experimental work has been substantially simplified, result-
ing in higher accuracy levels [211–213].

3.6. Miscellaneous

The performance of fringe projection techniques depends significantly on the as-
sumption that gratings and fringe patterns have ideal cosine profiles [214–216]. However,
consumer cameras and projectors often exhibit a nonlinear intensity response [217–219],
resulting in gamma distortion [220–223], as illustrated in Figure 5. To address this issue,
advanced methods have been proposed for processing distorted fringe patterns [224–229].
Moreover, a recommended approach involves preventing distortion by complementing
the calibrator component with a gamma value estimator and pre-distorting the generated
gratings accordingly [230,231].
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Color cameras and projectors also exhibit crosstalk and grayscale imbalance
issues [232,233]. These imperfections reduce the accuracy of fringe projection systems that
use color multiplexing [234]. Special attention is essential for high-quality reconstructions
with color-based profilometer systems [235–238]. It is important to note that the projec-
tor’s brightness and the camera’s exposure time are also important parameters when
working with shiny objects [239]. For these challenging applications, particular strategies
must be implemented to avoid saturated or underexposed fringe patterns [240,241].
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Figure 5. (a) Intensity response of cameras or projectors for different gamma values. (b) Sine profiles
generated using three gamma values. (c) Fringe patterns simulated using three values of gamma.
(d) Effect of gamma distortion on the reconstructed object.

3.7. Hierarchical Multi-Frequency Phase-Shifting Fringe Projection

This section concludes by highlighting the abundant literature on fringe projection
systems available nowadays [242–245]. This review aims to be more panoramic than
exhaustive, serving as a starting point for readers interested in studying optical fringe
projection systems [246–248]. To this end, we provide valuable insights and tools, offering
the reader elemental knowledge to construct and operate an optical fringe projection
profilometer. This learning-by-doing approach utilizes a simple yet powerful system in
which a digital projector serves as the grating generator, phase-shifting and hierarchical
multi-frequency methods are implemented for phase demodulation, a triangulation-based
algorithm is employed for phase-to-coordinate conversion, and the system parameters are
estimated using the camera–projector calibration method. The following sections provide a
comprehensive analysis of the recommended hierarchical multi-frequency phase-shifting
fringe projection system.

4. Theoretical Preliminaries

4.1. Camera Imaging

A digital camera is a sophisticated device consisting mainly of a compound lens and a
photosensitive sensor [249]. Cameras are designed to collect light rays traveling from the
3D space and record their intensities. The resulting intensity map is the camera output,
known as the image. Although the physical imaging process is a complicated phenomenon,
it can be modeled with good approximation using the pinhole model [250,251]. Let p be
the vector of a point in the 3D space, and let μ be the pixel where p was registered by the
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camera, as shown in Figure 6a. Considering the pinhole model, the vectors p and μ are
related as follows:

μ = H−1[CH[p]
]
, (1)

whereH is the homogeneous coordinate operator [252], [·]−1 denotes the inverse, and

C = K[RT ,−RTt] (2)

is a 3× 4 matrix, known as the camera matrix. K is the intrinsic parameter matrix (non-
singular upper triangular), R is a rotation matrix defining the camera orientation, [·]T
denotes the transpose, and t is a translation vector specifying the camera position.

μ

μ

μ

μ

Figure 6. (a) Camera pinhole model with the intrinsic parameters given by the upper-triangular
matrix K and the extrinsic parameters (pose) consisting of the rotation matrix R and the translation
vector t. (b) Every image pixel is associated with a light ray from the 3D space with a unique direction.

4.2. Cameras as Direction Sensors

Although digital cameras are well-known for their ability to capture photographs,
optical fringe projection systems employ cameras for an additional purpose. Note that a
digital image is an array of pixels, and each pixel detects a light ray coming from the 3D
space in a specific direction, as shown in Figure 6b. Thus, every pixel is associated with a
particular light ray with a unique direction. In this context, a helpful insight is that cameras
are direction sensors [187]. A more formal analysis is performed by reversing the imaging
process to return a space point p when the pixel μ is given. For this, Equations (1) and (2)
can be rewritten as

λH[μ] = K[RT ,−RTt]

[
p
1

]
, (3)

where λ �= 0 is an arbitrary real-valued variable. After a few algebraic manipulations of
Equation (3), the following equation is reached:

p = t + λd, (4)

which describes a line in the 3D space passing through the camera position t, with the
direction determined by the pixel μ as

d = RK−1H[μ]. (5)

4.3. Stereo Camera Systems and Triangulation

How can direction sensors be employed for 3D metrology? Consider two cameras
forming a stereo system capturing an object from two different viewpoints, as shown in
Figure 7a. Let us assume that the parameters of both cameras are known, say K1, R1,
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and t1 for the first camera, and K2, R2, and t2 for the second camera. Let p be a point
on the object surface captured by the two cameras at the pixels μ1 and μ2, respectively.
The lines representing the captured light rays can be reproduced using the available camera
parameters and the given pixel points, as shown in Figure 7b, namely

p = t1 + λ1d1, (Line-1), (6)

p = t2 + λ2d2, (Line-2). (7)

This reasoning leads to computing the captured point p as the intersection of Line-1 and
Line-2. This computation is generically known as triangulation, although more general
constructions for determining points are also possible, such as the intersection of multiple
lines, planes, and other geometrical objects, even in combinations [195].

μ

μ

Figure 7. (a) Two cameras capturing a point p from different viewpoints. (b) The captured point is
determined as the intersection of the lines defined by μ1 and μ2. (c) Experimental noise may cause
skewed lines; therefore, p is determined as the mean point between the solution points p1 and p2.

In particular, triangulation in a stereo system can be performed as follows. Since
p represents a common point of the intersecting lines, then Equations (6) and (7) can be
equated as t1 + λ1d1 = t2 + λ2d2, which can be solved for the unknowns λ1 and λ2 using
the least-squares method as

[
λ1

λ2

]
= (DT D)−1DT(t2 − t1), (8)

where D = [d1,−d2] is the regression matrix. The computed values of λ1 and λ2 allow
determining the vector of the captured point p1 using Equation (6) or p2 using Equation (7).
Ideally, p1 and p2 are equal due to the intersection assumption. Nevertheless, slight
deviations caused by experimental errors may result in skewed lines, as shown in Figure 7c.
For this reason, the vector p is defined as the average (p1 + p2)/2, i.e.,

p =
1
2
(t1 + t2) +

1
2

[
d1, d2

][λ1

λ2

]
. (9)

4.4. The Corresponding Point Problem

It is noteworthy that a 3D reconstruction requires the pair of pixels μ1 and μ2 where
the captured point p was imaged (see Figure 7). The pixels μ1 and μ2, related by a common
point p, are known as a corresponding point pair, which is denoted by

μ1 ↔ μ2. (10)
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Obtaining corresponding points is a challenging task because it depends on the object’s
texture [253,254]. For example, no corresponding points can be established from a white
object on a white background under homogeneous illumination because of the lack of
feature points [255]. Even for objects with abundant texture, such as the human face in
biometric applications, the resolution is low because more than one pixel is required to
detect a feature, and not all image regions contain reliable features. As a result, stereo
camera systems tend to produce low-resolution 3D reconstructions, and their accuracy
depends on the texture of the object under study.

4.5. Equivalence Between Cameras and Projectors

Physically, the difference between a camera and a projector is that the light rays
propagate in opposite directions, as shown in Figure 8. While a camera captures light rays
traveling from space to its image pixels, a projector emits light rays from its slide pixels
to space. However, if the sign of the direction vector of the light rays is omitted, cameras
and projectors are identical. For this reason, cameras and projectors are mathematically
equivalent, and both can be described by the pinhole model given in Equation (1). Therefore,
in addition to cameras being direction sensors, another valuable insight is that projectors
are direction-controlled ray generators.

Figure 8. Cameras and projectors differ only in that light rays travel in opposite directions. (a) Camera
capturing light rays from space. (b) Projector emitting light rays towards space. (c) If the sign of the
light direction vectors is omitted, cameras and projectors are mathematically equivalent (referred to
generically as devices).

4.6. Camera–Projector Systems

The equivalence between cameras and projectors can be exploited to modify a stereo
camera system by replacing one of the cameras with a projector. The resulting camera–
projector system has the advantage of not having the corresponding point problem. This
advantage is inferred from the following simplified description of the operation of a
camera–projector system.

A computer-generated slide controls the brightness of every pixel of the projector.
A black slide will turn off all the projector pixels. Suppose this slide is modified by setting
the pixel μ2 to white; then, a light ray will be emitted to 3D space, illuminating the object
at point p, as shown in Figure 9. In the absence of additional light sources, the camera
would capture a dark image, except for a bright point at the image pixel μ1. In this way,
the corresponding point μ1 ↔ μ2 is known by simply reading the coordinates of the
bright image pixel μ1 and taking the coordinates of the white slide pixel μ2. Therefore,
sophisticated algorithms that search for corresponding points are unnecessary. For this
reason, camera–projector systems can even reconstruct objects without texture, achieving
high accuracy and resolution.
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μ

μ

Figure 9. Camera–projector systems lack the corresponding point problem because μ1 is directly
identified as the image’s bright pixel, and μ2 is known from the slide design.

Although illustrative, the described working principle is impractical because one im-
age is required to obtain only one corresponding point. Since modern digital projectors
have millions of pixels, millions of images would be required for a single 3D reconstruction.
Fortunately, efficient illumination techniques have been proposed to significantly reduce
the number of required images.

4.7. Structured Illumination

The primary advantage of camera–projector systems is the absence of the correspond-
ing point problem. Instead, slides are designed to “mark” the projector pixels such that they
are recognized by the camera and paired with the image pixels, producing corresponding
points. The different techniques for marking and recognizing projector pixels are known
generically as structured illumination [78].

Typical structured illumination techniques include projecting dots, stripes, grids,
codewords, rainbows, and fringes. These techniques can even be combined to produce
hybrid structured illumination techniques. Each technique has different advantages and
disadvantages in terms of accuracy, resolution, number of images, noise robustness, object
color sensitivity, and other criteria. Depending on the application, one technique may
be more appropriate. In particular, the fringe projection technique is recommended for
applications requiring higher accuracy and resolution.

4.8. Fringe Projection

The “mark-based” approach helps to explain the different structured illumination
techniques more intuitively. Alternatively, a powerful insight can be gained by considering
a camera–projector setup as a telecommunication system. Remember that the projector-
slide coordinates (u, v) must be registered on the camera image plane (r, s) to produce the
corresponding points. In this context, the projector is considered a transmitter emitting
the signals u and v, while the camera is a receiver detecting u and v to produce the
corresponding points.

The projector-slide coordinates can be transmitted using phase modulation. For ex-
ample, let us encode the values of u as the phase of a 2D cosine signal, known as a grating,
of the form

Gk(u, v) =
1
2
+

1
2

cos(ωu + δk), for k = 1, 2, · · · , n, (11)

where ω is the grating spatial frequency, δk is a reference phase known as a phase shift or
grating displacement, and n is the number of images required to perform phase demodulation.
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Figure 10 shows two gratings, with low and high frequencies, respectively, and four phase
shifts. When the grating Gk(u, v) is used as a slide, the object under study is illuminated
with fringes, as shown in Figure 11. Consequently, this particular structured illumination
technique is known as fringe projection. The image captured by the camera is known as a
fringe pattern, which is modeled as

Ik(r, s) = a(r, s) + b(r, s) cos(φ(r, s) + δk), (12)

where a(r, s) is the background light, b(r, s) is the fringe amplitude, and φ(r, s) is the
phase containing the encoded signal u. Indeed, by comparing the arguments of the cosine
functions in Equations (11) and (12), the slide projector coordinate u is read in the camera
image plane from the demodulated phase as

u(r, s) =
1
ω

φ(r, s). (13)

The fringe projection process can be repeated for the projector axis v. Specifically, assuming
that the gratings were created using the angular frequency w and that the recovered phase
was ϕ(r, s), the projector-slide coordinate v is available in the camera image plane as

v(r, s) =
1
w

ϕ(r, s). (14)

As a result, for every camera image pixel (r, s), the corresponding projector-slide coordi-
nates (u(r, s), v(r, s)) are determined.
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Figure 10. (a–d) A grating Gk(u, v) with the frequency ω = π (one fringe) and four phase shifts.
(e–h) A grating with a higher frequency, ω = 3.7π, and four phase shifts.
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Figure 11. (a–d) Fringe patterns Ik(r, s) obtained by illuminating a 3D object with the low-frequency
gratings shown in Figure 10a–d. (e–h) Fringe patterns obtained using the higher-frequency gratings
shown in Figure 10e–h.
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The phase retrieval algorithms used in fringe projection systems are inherited from
optical metrology. Some adaptations are included considering the convenience of using
digital camera–projector systems. For instance, the frequency of the gratings and the
phase shifts are controlled precisely by the computer. Section 5 presents a phase retrieval
algorithm suitable for fringe projection 3D metrology systems.

4.9. Phase and Object Profile Misconception

It is worth remarking on the frequent confusion occurring when the phase extracted
from a fringe projection experiment is plotted, as shown in Figure 12. Since the phase
looks like the object profile, inexperienced practitioners may conclude that elementary
transformations on the phase, such as rotation and scaling, are sufficient to achieve metric
3D object reconstruction. Unfortunately, this misconception leads to the formulation of
a transformation that, in addition to being excessively complicated, is unnecessary. It is
important to remember that the phase simply provides the projector-slide coordinates
required to establish corresponding points. Subsequently, the corresponding points are
used to perform object reconstruction by triangulation.
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Figure 12. (a) Phase φ(r, s) demodulated from the fringe patterns shown in Figure 11. (b) 3D plot
of the phase shown in (a). It is worth emphasizing that the phase provides the projector-slide
coordinates, and direct association with the object profile must be avoided.

5. Phase-Demodulation Fringe-Pattern Processing

The optical metrology community has developed a wide variety of fringe-pattern
processing methods for different applications and requirements [52,256]. For instance,
Fourier fringe analysis allows phase recovery from a single fringe pattern [58], but the
intrinsic spectrum filtering limits the spatial resolution. On the other hand, the phase-
shifting method achieves the highest (pixel-wise) spatial resolution [257], but multiple
fringe patterns with prefixed phase shifts are required.

Nowadays, digital computer-controlled cameras and projectors allow the capture of
multiple fringe patterns at high speed and precise control of the grating frequency and
phase shift [84]. For this reason, phase demodulation through phase-shifting and multi-
frequency phase unwrapping is the preferred choice for fringe projection profilometry [133].

5.1. Phase-Shifting Wrapped Phase Extraction

The design of phase-shifting algorithms depends mainly on the distribution of the
phase shifts and whether they are known or unknown. Exploiting the fact that phase shifts
can be controlled with high precision, they are required to be

δk =
2π

n
(k− 1). (15)
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For this particular case, the set of n fringe patterns given by Equation (12) can be processed
to estimate the background light, the fringe amplitude, and the encoded phase using the
Bruning method [66,257] as follows:

a(r, s) =
1
n

n

∑
k=1

Ik(r, s), (16)

b(r, s) =
2
n

√
J2
1 (r, s) + J2

2 (r, s), (17)

ψ(r, s) = − tan−1(J1(r, s)/J2(r, s)), (18)

where tan−1 represents the four-quadrant arctangent function, with the auxiliary functions
defined as

J1(r, s) =
n

∑
k=1

Ik(r, s) sin δk, and (19)

J2(r, s) =
n

∑
k=1

Ik(r, s) cos δk. (20)

As an illustration, the fringe patterns shown in Figure 11e–h were processed using
Equations (16)–(18), obtaining the results presented in Figure 13. It is worth noting that
the retrieved phase is ψ(r, s), as shown in Figure 13c, and the required phase is φ(r, s),
as shown in Figure 13d. These phases are displayed using 3D plots in Figure 13e,f for
better visualization. The function ψ(r, s) is known as the wrapped phase due to its distinctive
sawtooth-like shape. The phases φ(r, s) and ψ(r, s) are equivalent since

cos φ(r, s) = cos ψ(r, s). (21)

Unfortunately, φ ∈ (−∞, ∞) can take any real value, whereas ψ ∈ (−π, π] is always
constrained to the left-open interval known as principal values. Adding any multiple of 2π

to the wrapped phase still yields a value equivalent to φ(r, s), i.e.,

cos φ(r, s) = cos[ψ(r, s) + 2πh(r, s)], (22)

which leads to the general relationship between φ(r, s) and ψ(r, s) as

φ(r, s) = ψ(r, s) + 2πh(r, s), (23)

where h(r, s) is an integer-valued function, known as a fringe order. Obtaining the actual phase
φ(r, s) from the available wrapped phase ψ(r, s) is a process known as phase unwrapping.

5.2. Hierarchical Multi-Frequency Phase Unwrapping

Since the wrapping phenomenon appears when the encoded phase exceeds the princi-
pal values, the straightforward way to recover the required phase is by preventing it from
exceeding the principal values. For this, the frequency of the grating should be chosen
appropriately. For instance, assuming that the projector-slide axis u is normalized in the
interval (−1, 1], the angular frequency

ω1 = π (24)

will limit the fringe-pattern phase φ1 = ω1u within the principal values. Therefore, the re-
quired phase will coincide with that retrieved using Equation (18), i.e.,
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φ1(r, s) = ω1u(r, s) = ψ1(r, s). (25)

Note that the frequency ω1 is so low that only one fringe is displayed, as shown in
Figure 11a–d. However, low-frequency gratings cannot underline the fine details of the
object. On the other hand, high-frequency gratings highlight shape details, as shown in
Figure 11e–h, but the wrapping phenomenon appears.
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Figure 13. Results of processing the fringe patterns shown in Figure 11e–h. (a) Background light.
(b) Fringe amplitude. (c) Extracted wrapped phase, ψ(r, s). (d) Required phase, φ(r, s). (e,f) 3D plots
of the phases shown in (c) and (d), respectively.

Hierarchical multi-frequency phase unwrapping employs both low- and high-
frequency gratings. The phase retrieved from low-frequency gratings assists in solving the
wrapping problem, while the phase from high-frequency gratings permits achieving high
fidelity. For example, let us consider a second grating with a frequency ω2 higher than ω1:

ω2 > ω1. (26)

Since the encoded phase exceeds the principal values, the required phase φ and the retrieved
phase ψ are related as in Equation (23), namely

φ2(r, s) = ω2u(r, s) = ψ2(r, s) + 2πh2(r, s). (27)

The unknown function h2(r, s) can be determined using the previous phase φ1(r, s), as
given by Equation (25). Specifically, substituting u = φ1/ω1 in Equation (27), we obtain

ω2

ω1
φ1(r, s) = ψ2(r, s) + 2πh2(r, s), (28)

which leads to

h2(r, s) =
⌊
(ω2/ω1)φ1(r, s)− ψ2(r, s)

2π

⌉
, (29)

where 
·� is the round operator ensuring that h2 takes integer values. This process can be
repeated for a third frequency ω3 > ω2, and so on, until the desired resolution is reached.
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In general, the k-th retrieved phase ψk(r, s) can be unwrapped using a previous phase
φk−1(r, s) as follows:

φk(r, s) = ψk(r, s) + 2πhk(r, s), (30)

hk(r, s) =
⌊

αkφk−1(r, s)− ψk(r, s)
2π

⌉
, (31)

where αk is the amplification between the adjacent phases φk−1 and φk, defined as

αk = ωk/ωk−1. (32)

This phase-unwrapping method is a recursive process that works hierarchically. It starts
with the lowest (single-fringe) grating frequency and ends with the highest grating fre-
quency supported by the projector.

5.3. Choosing Grating Frequencies

The operation of the hierarchical phase-unwrapping method depends on how many
frequencies can be used. Ideally, two frequencies, the lowest and highest, should be
sufficient to attain a high-fidelity phase. However, in practice, using two frequencies often
fails due to the excessive difference between the phases, as illustrated in Figure 14a. For this
reason, intermediate frequencies are employed to produce phases with less drastic changes,
as shown in Figure 14b–i.

Although any set of increasing frequencies can be chosen, using the same amplification
between adjacent phases is recommended [187], i.e.,

α1 = α2 = · · · = αm = α, (33)

where m is the number of frequencies to be used. The grating frequencies fulfilling the
constant amplification requirement are

ω1 = π,

ω2 = πα,

...

ωm = παm−1.

(34)

The amplification coefficient α is determined based on the projector resolution, which limits
the supported maximum grating frequency. For instance, assuming that the projector has
N pixels along the u-axis, the amplification coefficient is given as

α =

(
N
ξ

)1/(m−1)
, (35)

where ξ is the number of pixels per fringe at maximum frequency (usually between 10 and
20 pixels). The frequencies for the gratings that encode the v-axis of the projector are
determined analogously.
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Figure 14. (a) Phase obtained using only the lowest and highest wrapped phases (b,e). The phase
artifacts are avoided by including the wrapped phases (c,d) with intermediate frequencies. (f–i) Un-
wrapped phases obtained recursively using the hierarchical multi-frequency method.

6. System Calibration

In the theoretical preliminaries presented in Section 4, the camera and projector pa-
rameters were assumed to be known. In practice, these parameters need to be estimated
through a process known as system calibration. Earlier methods used to calibrate a camera
and a projector together employed cumbersome procedures. Nowadays, more practical
alternatives are available to calibrate a camera–projector pair. In this section, a simple and
flexible camera–projector calibration method is presented. First, the calibration of a single
camera is explained to provide background. Then, the methodology is extended to projec-
tors by exploiting the equivalence between cameras and projectors. Finally, the procedure
for simultaneous camera and projector calibration is described.

6.1. Camera Calibration

Consider the pinhole model given by Equation (1), rewritten here as

μ = H−1

⎡
⎢⎢⎢⎣K
[
r̄1, r̄2, r̄3, −RTt

]
⎡
⎢⎢⎢⎣

x
y
z
1

⎤
⎥⎥⎥⎦
⎤
⎥⎥⎥⎦, (36)

where the rotation matrix was row-partitioned as RT = [r̄1, r̄2, r̄3]. The camera can be
seen as a black box that receives a point p = [x, y, z]T as input and returns an image pixel
point μ as output. Therefore, a 3D target can be used to obtain a set of input–output
pairs, as shown in Figure 15a, and estimate the camera matrix C by minimizing the output
error [250], as shown in Figure 15c. The parameters K, R, and t, can be extracted from C
through triangular-orthogonal matrix decomposition. Nonetheless, despite the single-shot
calibration feature, this approach is impractical because high-precision multi-point 3D
targets are bulky and expensive.
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Pose Input-output pairs Camera matrix
1 {p1→μ1, p2→μ2, …} C = K[RT, –RTt]

Pose Input-output pairs Homography
1
2
3
⁝

{ρ11→μ11, ρ21→μ21, …}
{ρ12→μ12, ρ22→μ22, …}
{ρ13→μ13, ρ23→μ23, …}

⁝

G1 = K[r11, r21, –R1
Tt1]

G2 = K[r12, r22, –R2
Tt2]

G3 = K[r13, r23, –R3
Tt3]

⁝
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K
       R1, R2, R3, …
         t1,  t2,   t3, …

K, R, t.

Figure 15. (a) Camera calibration using a single image of a 3D target. (b) Camera calibration using
multiple images of a 2D target captured from different viewpoints. (c) A set of 3D input–output pairs
is processed to estimate C and extract the camera parameters through matrix decomposition. (d) Mul-
tiple sets of 2D input–output pairs are processed for homography estimation and further extraction
of the camera parameters by exploiting the shape of K and the orthogonality of rotation matrices.

Alternatively, instead of capturing a single image of a 3D target, the camera can be
calibrated using multiple images of a 2D target [258], as shown in Figure 15b. We refer
to the plane where the calibration target is located as the reference plane. Without loss of
generality, the reference plane is assumed to be the xy-plane. Therefore, since z is always
zero, the third entry of p and the vector r̄3 in Equation (36) can be removed, simplifying
the imaging process to

μ = H−1[GH[ρ]]. (37)

where ρ = [x, y]T represents the points on the calibration target and G is a 3× 3 non-
singular matrix known as a homography, which is defined as

G = K
[
r̄1, r̄2, −RTt

]
. (38)

An image of the 2D calibration target establishes a set of input–output pairs, allowing a
homography to be estimated by minimizing the output error, as shown in Figure 15d. Al-
though a single homography is insufficient for camera calibration, multiple homographies
provide enough information to recover the required intrinsic and extrinsic parameters.
For this, the upper-triangular shape of K and the orthogonality property of rotation matrices
are exploited.

6.2. Projector Calibration

The data required for homography-based calibration are input–output pairs consisting of
points from the reference plane matched with points from the device plane. This requirement
is independent of whether the device to be calibrated is a camera or a projector due to their
mathematical equivalence. Accordingly, the method for calibrating a camera or a projector is
the same [259]; they differ only in how the required input–output pairs are acquired.

For camera calibration, input–output pairs are acquired by placing the calibration
target on the reference plane and capturing photographs, as shown in Figure 15b. The target
provides known points on the reference plane, while the images provide the corresponding
pixel points using automatic feature point detection [260]. Note that this input–output
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acquisition strategy is not suitable for projectors because they cannot take photographs of
the reference plane.

For projector calibration, input–output pairs are acquired by placing the calibration
target on the device plane as a slide and illuminating the reference plane, as shown in
Figure 16a. The target provides known points on the projector plane, and the corresponding
points are measured on the reference plane, for instance, using grid-ruled paper. Unlike
camera calibration, where the input–output acquisition is automatic using dedicated image
processing routines, projector calibration requires a manual measurement of feature point
coordinates on the reference plane.

(d)(c)(b)(a)

(e)

(f)
Grid-ruled paper

Figure 16. (a) Projector calibration by displaying a 2D target on the reference plane covered with
grid-ruled paper for manual feature point coordinate measurement. (b) Yellow target on the reference
plane for camera calibration. (c) Camera–projector calibration by displaying a cyan 2D target on the
reference-plane yellow target. (d) Color image captured by the camera. The captured image provides
the displayed and reference calibration targets through its red (e) and blue (f) channels.

6.3. Camera–Projector Calibration

Calibrating a fringe projection system requires estimating the parameters of a camera
and a projector that are working together. Although cameras and projectors can be cali-
brated independently, simultaneous calibration is advantageous because the camera assists
the projector calibration process.

Remember that a physical target on the reference plane is required for camera calibra-
tion. In addition, a virtual target on the slide plane is necessary for projector calibration.
Although both targets are superposed with each other on the reference plane, they can be
distinguished using targets of different colors [208,261]; for instance, a yellow target on the
reference plane (see Figure 16b), and a cyan target on the projector plane (see Figure 16c).
In this manner, the two superposed targets are retrieved separately from the captured
image through its red and blue channels, as shown in Figure 16d–f.

The image of the physical and virtual targets on the camera plane is opportune because
manual measurements on the reference plane are avoided. First, the image of the physical
target is used to estimate the camera homography Gc from the relation

μp = H−1[GcH[ρp]
]
, (39)

where ρp is a feature point of the physical target (yellow) and μp is the corresponding point
on the image (blue channel). In addition to using Gc for camera calibration, this homog-
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raphy avoids manually measuring points on the reference plane for projector calibration.
Specifically, let μv be an image point of the captured virtual target (red channel). The corre-
sponding point ρv on the reference plane (cyan) can be computed using the inverse of Gc

as follows:
ρv = H−1[G−1

c H[μv]
]
. (40)

As a result, since the feature points μs on the projector-slide plane are known because it
contains the virtual calibration target, the projector homography Gp can be estimated from
the relation

μs = H−1[GpH[ρv]
]
. (41)

This procedure is repeated for three or more poses, either by repositioning the devices
or by moving the reference plane freely. Finally, the camera and projector parame-
ters are estimated from the estimated homographies. This methodology, known as
camera–projector calibration, remains valid even when more advanced imaging models
are employed [185,251].

It is worth noting that the developed analysis was simplified using the pinhole model.
However, the camera and projector may introduce significant lens distortion in practice.
Even under these conditions, the fundamental principles remain valid using a lens distor-
tion correction method [262,263].

For illustration purposes, the camera–projector calibration method was employed to
calibrate the experimental system shown in Figure 17a using the software available in [259].
Then, the 50× 100× 50 millimeter pyramid on the reference plane was reconstructed.
Figures 11 and 14i show some of the captured fringe patterns and the demodulated phase
encoding the projector u-axis, respectively. Additional fringe patterns were captured to
demodulate the phase encoding the v-axis. Equations (13) and (14) were used to obtain
the projector-slide coordinates u(r, s) and v(r, s) from the demodulated phase. Finally,
Equation (9) was used to compute an object point for each established corresponding point,
resulting in the 3D reconstruction shown in Figure 17b.
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Figure 17. (a) Calibrated camera–projector system and an object on the reference plane. (b) Metric
object reconstruction using fringe projection profilometry.

7. Optical 3D Metrology

Nowadays, fringe projection profilometry has been successfully implemented in sev-
eral fields, ranging from science and engineering [200,264] to artwork inspection [265] and
disease diagnosis [266]. Its valuable features, such as accuracy and high resolution, make it
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an outstanding 3D metrology tool. This section describes a few illustrative applications in
which optical fringe projection has been employed.

Non-contact and high-accuracy features have motivated the implementation of fringe
projection profilometry in medical applications [267]. Some representative applications
include measurement of human respiration rates [268], diagnosis of tympanic membrane
and middle-ear disease [269], skin assessment for research and evaluation of anti-aging
products [270], tympanic membrane characterization [271], dynamic body measurement
for guided radiotherapy [272], 3D imaging for assistance in laparoscopic surgery pro-
cedures [273], optical biomechanical studies for cardiovascular disease research [274],
and intraoral measurement for orthodontic treatment [275]. As an example, Figure 18
shows a dental model reconstruction illustrating an intraoral measurement.
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Figure 18. Reconstruction of a dental model using the calibrated camera–projector system shown
in Figure 17. (a–d) Fringe patterns of four gratings with eight phase shifts encoding the projector’s
u-axis. (e–h) Fringe patterns encoding the projector’s v-axis. (i) 3D object reconstruction.

Automatic and uninterrupted inspection of items on production lines is essential to
ensure high-quality products [276]. For this purpose, fringe projection profilometry is a
valuable tool because of its capacity for visual inspection [277]. Other tasks for which
fringe projection profilometry is useful include metal corrosion monitoring [278], crack
recognition assistance [279], welding surface inspection [280], micro-scale component
testing [276], turbine blade wear and damage characterization [281], aircraft surface defect
detection [282], and electrical overload fault detection [19]. As an example, Figure 19 shows
a visible–thermal profilometer for multimodal 3D reconstruction, detecting a heat source
caused by a simulated fault.

Conventional biometric-based security systems employ grayscale images to perform
user authentication [283]. However, these systems lose valuable information by omitting
important human biometric features such as the color and 3D shape of faces, palms, and fin-
gers [284]. Fringe projection profilometry has been employed in security systems for face
recognition [285], 3D palmprint and hand imaging [286,287], 3D fingerprint imaging [288],
and ear recognition [289].

Other recent applications using fringe projection profilometry include robot vision
for object detection and navigation [290], footwear and tire impression analysis in forensic
science [13], shape and strain measurements for mechanical studies [291], plant pheno-
typing and leafy green evaluation in agriculture [292], high-precision panel telescope
alignment [293], whole-body scanning for animation and entertainment [294], airbag in-
flation analysis for car safety studies [114,295], ancient coin and sculpture imaging for
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heritage preservation [296,297], fast prototyping and reverse engineering [298], three-
dimensional color mural capture for cultural heritage documentation [299], animal body
measurement for growth and health studies [300], 3D sensing for autonomous robot con-
struction activities [301], local defect detection for quality inspection [302], wheel tread
profile reconstruction for railway inspection [303], and many others.

This section is not intended to be exhaustive, but rather to describe motivating applica-
tion examples. This paper aims to provide an elementary background for constructing and
operating a fringe projection profilometer. Readers are encouraged to contribute innovative
ideas, models, techniques, and applications to drive 3D metrology with even more efficient,
accurate, practical, affordable, and valuable optical profilometers.
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Figure 19. (a) Visible–thermal fringe projection profilometry reconstructing a remote controller with
a heated battery compartment simulating a failure [19]. (b,c) Two of the forty-eight fringe patterns
used for 3D reconstruction. (d,e) Visible and thermal images providing multimodal texture on the
object surface. (f) Multimodal (visible–thermal) 3D object reconstruction.

8. Conclusions

The theoretical and experimental fundamentals of fringe projection profilometry have
been reviewed. Helpful insights explaining challenging and confusing concepts were
provided, making this technology a straightforward tool. Simple yet powerful methods
for fringe-pattern processing, triangulation, and calibration were presented. The studied
methods provide the reader with an adequate background to understand and operate a
fringe projection profilometer. Some applications were described to expand the reader’s
scope and stimulate research on further developments, driving 3D metrology toward
new frontiers.
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Abstract

Measurement technology employing optical interference phenomena such as a fringe
pattern or frequency shift has been evolving for more than a century. Systems are being de-
signed better, and their components are being built better. However, the major components
themselves hardly change. Most modern interferometers rely on the same conventional
set of components to separate the electromagnetic field into multiple beams, such as plate
optics and beam splitters. This naturally limits the design scope and thus the potential
applicability and performance. However, recent investigations suggest that incorporating
novel, higher-dimensional linear optical splitters in interferometer design can lead to sev-
eral improvements. In this work, we review the underlying theory of these novel optical
scatterers and some demonstrated configurations with enhanced resolution. The basic prin-
ciples of optical interference and optical phase sensing are discussed in tandem. Emphasis
is placed on both familiar and unfamiliar scatterers, such as the maximally symmetric
Grover multiport, whose actions are left unchanged by certain gauge transformations.
These higher-dimensional, gauge-invariant multiports embody a new class of building
blocks that can tailor optical interference to metrology in unconventional ways.

Keywords: optical phase; linear optics; interferometry; multiport; Grover coin; gauge
symmetry

1. Introduction

Optical systems have long been a popular choice for high-precision measurement and
sensing. Their general use and advancements over the last century have been derived
from several factors. First, the intrinsic sensitivity of any wave interference is typically
a small fraction of the wavelength, which, for visible light, is on the order of a micron.
Technological achievements in lasing and detection at even the single-photon level continue
to grow, all while the once room-filling tabletop optical systems are being scaled down to
integrated photonic chips.

Another core aspect of any optical system, beyond the optical sources and detectors, is
the materials used to manipulate the light. Without matter, generated beams are tautologi-
cally only able to propagate through a vacuum. Materials are needed to both control the
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characteristics of light reflecting from or transmitting through them and impart signatures
of physical phenomena on the light for the sake of inference. Common components include
beam splitters [1,2], which divide and combine beams, as well as devices to modify the
orientation of the electric field [3]. Optical system building blocks like these have been
optimized through decades of scientific research and engineering. Tolerances have im-
proved, losses have decreased, and components have become more widely available and
customizable, through both traditional component suppliers and chip foundries supporting
nanophotonic fabrication processes [4,5].

While undoubtedly novel and sophisticated optical systems have since been proposed
and demonstrated for metrological purposes, such as metamaterials and spatial light
modulators, these tools are often still used in conjunction with familiar components like
the beam splitter and/or are used in unconventional sensing configurations. Meanwhile,
the available building blocks for use in traditional interferometers have largely remained
the same.

Several alternative elementary linear scatterers have recently been studied and demon-
strated for use in optical interferometry. These devices are called higher-dimensional
multiports since they actively employ more optical modes than their traditional counter-
parts [6–10]. The most general class of these multiports admits strong coherent backreflec-
tions, which has been demonstrated in a few cases recently [11–13]. One important example
in this class is the four-port Grover coin. (This device is named for the diffusion operator
used in the quantum search algorithm of L. Grover [14], while the term “coin” is used to
describe generic N-port scattering operators, especially in the study of quantum walks,
since they behave like a hypothetical N-sided coin. The general form of an N-port Grover
coin is specified in Section 2). Another is the symmetric Y-coupler, which is schematically
compared to a traditional 50:50 beam splitter in Figure 1. All three of these devices are
interrelated and possess certain symmetries, which will be discussed later in the text. These
higher-dimensional, backscattering or “directionally unbiased” devices have recently been
shown to offer various enhancements to interferometric sensing systems, such as increased
resolution, the synchronous readout of several quantities, and a reduced resource count.
These devices and the basic interferometric configurations that they improve will form
the main subject of this review. Some of the interferometric configurations to be discussed
further are depicted in Figure 2. In conjunction with this, we will also present the basic prin-
ciples of linear optical scatterers and interferometers, emphasizing a practical mathematical
framework for identifying the symmetries that these devices possess.

Beyond the devices capable of dividing and recombining light, which typically entails
interfacing different materials, yet another crucial building block of an optical system is
ordinary transparent matter. Bulk transparent matter imparts a phase to the electromagnetic
wave propagating within it. This acquired phase differs from the phase that the wave
would normally acquire in empty space. For a transparent region of length d, source
wavelength λ (in vacuum), and refractive index n, the phase φ acquired is

φ =
2πnd

λ
. (1)

This simple formula is of fundamental importance in optical phase metrology, since it
illustrates precisely which quantities can alter the phase and thus ultimately be inferred
from a phase-sensing instrument. The wavelength dependence makes it clear that different
colors naturally acquire different phases while propagating through any medium, even
a vacuum. The refractive index n is a dimensionless quantity that indicates the speed
of light propagating through the material or, equivalently, the change in the apparent
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wavelength. It is entirely responsible for the difference in phase acquired inside and
outside the material. Inside a material, its value is intrinsic to its composition of matter and
thus varies in a considerable number of ways. These different variations underlie much of
optical metrology, enabling many physical quantities to impart an optical phase shift that
can be detected.

Figure 1. Comparison of some common symmetric multiports. The balanced beam splitter (a) pro-
duces two transmitting beams of equal 50% intensity for any single input, while the four-port Grover
coin (b) produces four outgoing beams of 25% intensity, with one of these being a backreflection.
The symmetric Y-coupler (c) produces two equally intense beams when input to port 1, with no
backreflection. However, when input to port 2, a 25% backreflection occurs, while 50% of the energy
returns to port 1 and 25% scattering to port 3. Due to the underlying symmetry, input to port 3 is the
same as input to port 2. Symmetry, in this context, is not just in the sense of having equal probabilities.
The full mathematical description of the symmetries that a scattering device can possess is given in
Section 2.3. These higher-dimensional devices generalize traditional interferometric configurations;
some of the examples to be discussed in detail later are shown in Figure 2.

In the next section, we present a general mathematical framework to describe how
fixed distributions of optical materials scatter light. This framework abstracts away the
underlying physical dynamics, treating the action on an input field energy distribution as a
linear transformation enacted by the scatterer. It allows the possessed symmetries of linear
optical scatterers to be identified in relation to certain field transformations, which merely
represent a change in gauge and therefore do not affect any measurable quantity. Certain
symmetric scatterers such as the ones shown in Figure 1 emerge when their parent space is
restricted to sets that remain invariant under such transformations. Thereafter, in Section 3,
interferometers are defined as phase-tunable scatterers, formed from graphs. The nodes of
these graphs are scatterers of the static type, and each edge connecting two scatterers is
associated with an optical phase parameter. There, we review the operating principles
of traditional phase-sensing interferometers. This provides a baseline for contrasting
the modern proposals that employ higher-dimensional multiport building blocks. After
discussing these systems and their advantages, general conclusions are summarized in
Section 4.
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Figure 2. Examples of traditional interferometers (a) and their corresponding multiport general-
izations (b). The beam splitters in the Michelson and Sagnac configurations are replaced with the
higher-dimensional Grover coin, while the two-dimensional plate optics forming the Fabry–Pérot in-
terferometer are replaced with three-dimensional Y-couplers. In each of the multiport interferometers
in (b), the increased dimensionality combined with backscattering behavior creates a new pair of
coupled resonators. All of the pictured systems, along with other multiport interferometers, will be
presented in detail in Section 3.

2. Optical Interference and Linear Optical Scatterers

2.1. Background

The phenomenon of interference is fundamentally the result of superimposing, or
adding together, different waves that exist in space. The goal of this section is to provide a
mathematical description of this superposition in optical scattering devices. The optical
states will be represented as a vector with complex-valued entries. The complex-number
representation allows both the phase and magnitude (total energy) to be encoded in each
entry. Meanwhile, the scatterers, which distribute the optical energy according to a linear
transformation, will be represented by a matrix, which acts on these vectors.

Generally, any wave or periodic phenomenon can be expressed or decomposed into
a basis of orthogonal modes, such as the m-indexed functions sin(mx) and cos(mx) that
underlie Fourier series expansions. In optics, the fields comprising the electromagnetic
waves produced by a given source can be expanded in a modal basis, which depends on
the refractive index distribution considered. In a homogeneous medium, such as a vacuum,
these are the familiar plane wave functions of the form E0eik·r−ωt, where |k| = 2πn/λ, the
optical frequency ω is 2πc/λ, c is the vacuum speed of light, n is the material refractive
index, and λ is the vacuum wavelength. E0 is the complex-valued mode amplitude. The
problem of finding the modal functions in general involves solving a complicated boundary
value problem, which often must be done numerically. However, it is not completely
necessary to provide a useful description of optical interferometers. The present approach
is one of many other prevalent matrix methods employed in optical calculations [15,16].
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2.2. Matrix Formalism of Linear Optical Scattering

We will adopt the quantum optical notation since it generalizes to the two-photon
states employed in a later section and encompasses all possible input states. We use the
operator a†

j (ω, ε) to denote the creation of a photon of fixed frequency ω and polarization
vector ε in spatial mode j. Hereafter, the scope will be confined to a single frequency
and polarization, so the explicit dependence of the frequency and polarization of a†

j can
be omitted. The spatial mode index is also implicitly tied to some definite wave vector
kj (plane wave model). This dependence can also be omitted without loss of generality,
as long as the propagation direction is specified with an additional subscript whenever
counterpropagating excitations are present within the same spatial mode.

With this notation, a state corresponding to a single photon propagating within
this mode would be denoted as |ψ〉 = a†

j |0〉 = |j〉. These single-photon basis states are
orthogonal: 〈k|j〉 = 1 for k = j and 0 otherwise. The general superposition of a photon
across d spatial modes is then denoted as

|ψ〉 =
d

∑
j=1

cj|j〉. (2)

The coefficients cj are the photon’s complex-valued probability amplitudes. The real
number |cj|2 = c∗j cj is then the probability of measuring the photon in mode j. The state is

assumed normalized, so that ∑d
j=1 |cj|2 = 1.

By identifying the modal basis vectors |j〉 with the standard basis vector ej, whose kth
element is 1 for k = j and 0 otherwise, the state in the preceding equation can be placed
into a state vector

d

∑
j=1

cj|j〉 −→
d

∑
j=1

cjej =

⎛
⎜⎜⎜⎜⎝

c1

c2
...

cd

⎞
⎟⎟⎟⎟⎠. (3)

This representation makes it clear that the total number of modes d is a measure of dimen-
sion. Optical qubit states employ two modes. States involving coherent superpositions of d
modes are sometimes known as qudits.

The classical equivalent of a state in the form of Equation (2) is found by replacing the
creation operator with the classical field mode function. This rescales all of the amplitudes
by the square root of the total power in the beam, converting the probabilities into optical
power or a proportionally related quantity. Hence, the probability distribution |cj|2 vs. j is
effectively a normalized distribution of optical energy in the state |ψ〉. Besides this rescaling,
in terms of the algebraic formalism, it only shifts what is being tied to the standard basis
{e1, . . . , ed}. This has no impact on the description of the scattering devices and thus the
resulting interference that they induce. Any distinction made between single-photon states
and classical coherent states in the context of linear interferometry is largely inconsequential
other than an overall normalization factor. Ref. [17] contains further commentary on this.

A linear scatterer will act on the incident state |ψin〉 according to a d× d matrix trans-
formation U, producing the state |ψout〉 = U|ψin〉. This implicitly reverses the direction
of all modes, as depicted by the general scattering situation in Figure 3. U is known as
the scattering matrix. When a photon located entirely in mode j enters the corresponding
port of U, the state produced, in the form of Equation (3), is simply column j of U. This
implies that the element Uij is the probability amplitude for a photon entering port j of the
scattering device to emerge at port i. Thus, |Ujj|2 is the probability for a photon entering
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port j to reflect directly backwards. The corresponding amplitudes for this backscattering
lie on the diagonal of U.

When a photon impinges on port j, the requirement for energy or probability conserva-
tion entails that 〈ψout|ψout〉 = ∑d

i=1 |Uij|2 = 1, which must then hold for all j. Maintaining
orthogonality at the output, across different single-photon inputs, similarly requires that
∑d

j=1 UijU∗jk = 0 whenever i �= k. These restrictions, when combined, imply that U†U = I,

where U† is the Hermitian conjugate or complex transpose of U, U† = (UT)∗. This con-
dition is equivalent to the columns of U forming an orthonormal basis of Cn. In other
words, energy-conserving linear optical scatterers are represented by unitary matrices. This
subset of matrices forms a group, known as the unitary group in d-dimensions, and will be
denoted as U(d).

For a general input superposition, the scattering matrix U redistributes the inputted
energy into a new outgoing superposition. This redistribution of energy is the harbinger of
general interference, allowing energy from separate beams to be combined into one. The
net outcome of this redistribution will be a function of both the scattering matrix U and the
initial state amplitudes and, in particular, the relative phases of these state amplitudes.

This discussion pertains to an arbitrary but fixed frequency and polarization, making U
a constant. Nonetheless, the scattering behavior of photons of different frequencies and/or
polarizations will generally vary due to the variation in a material’s optical response with
respect to changes in these quantities. This in turn causes U = U(ω, ε) to be a matrix-
valued function. In fact, since the material scattering response will generally be affected by
any change in the refractive index distribution of the material comprising the scatterer, U
will as well. Optical scattering devices are often engineered to resist this variation.

Figure 3. A generic, lossless, linear optical scattering device. This d-port device is mathematically
represented by a d× d unitary scattering matrix U. Port j is identified with two spatial modes, one for
each direction of propagation. The scatterer converts an input optical state |ψin〉 to the output state
|ψout〉 = U|ψin〉. This scattering action redistributes the optical energy in the input state. The arrows
represent the flow of the associated state amplitudes. For clarity, the counterpropagating arrows at
the same port are drawn spatially separated, but, in reality, the counterpropagating energy flow is
perfectly collinear in each spatial mode. Scattering devices like U can be viewed as nodes of a general
graph. Depictions like the above and more traditional nodal depictions such as those in Figure 4 will
be used interchangeably. A graph of scattering devices is generally called an interferometer.
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Enforcing symmetries by requiring that U remains invariant under a certain field trans-
formation can impose constraints on U [18]. An example is reciprocity, which originates
in name from the Lorentz reciprocity theorem. This result pertains to a transformation
that interchanges the sources and fields in an enclosed region. A reciprocal scatterer is
defined as being invariant to the interchange of the source and detector. Recalling that Uij

is the probability of detecting a single photon at port i when it enters port j, we see that
reciprocity stipulates that Uij = Uji or that U is a symmetric matrix: U = UT [19].

Figure 4. Geometric gauge transformations involve relabeling the field modes identified with
the ports of a scattering device U. The indices j of the mode operators undergo a permutation
transformation p(j), which transforms the scattering matrix U to PUPT , where P is the permutation
matrix associated with the permutation function p. Permuting the port labels is also equivalent to
applying geometric transformations to the scattering device while leaving the labels themselves
fixed. Any example is shown here for a generic three-port scattering device, where the exchange of
two labels equates to reflection about the line between them. The edge colors at the red and blue ports
are used to signify the orientation of this pointlike scatterer U. General permutations P in higher
dimensions will enact reflections and/or rotations in higher-dimensional spaces.

Non-reciprocal scattering devices are far less common than reciprocal ones. They often
are formed by locally breaking the time reversal symmetry, such as with a Faraday rotator.
A global rotation of the system can also produce a non-reciprocal phase accumulation, via
the Sagnac effect [20]. In these devices, forward-propagating light will acquire a phase that
differs from that of backward-propagating light in the same mode. Transmission can also
be non-reciprocal. For instance, a circulator provides the non-reciprocal routing of light.
An ideal three-port circulator can be prescribed a scattering matrix

U =

⎛
⎜⎝0 0 1

1 0 0
0 1 0

⎞
⎟⎠ �= UT . (4)

A physical device with this scattering matrix would be able to perfectly convert coun-
terpropagating excitations in one spatial mode into identical excitations that populate
separate spatial modes, and vice versa. However, circulators in practice tend to experience
both losses and crosstalk. Circulators are readily defined in higher dimensions and can be
obtained by chaining together low-dimensional ones.
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2.3. Scattering Process Gauge Symmetries

Maxwell’s equations are known to possess a certain property known as gauge in-
variance. This property allows the underlying field potentials to be redefined in a certain
way without changing the physical situation. This principle has since been extensively
generalized and utilized in other areas of physics. Generally speaking, the transformations
between different choices of gauge form a symmetry group. In the following subsections,
we describe analogous transformations to the optical states and/or scattering devices.
These are reminiscent of the gauge transforms employed in general field theories, mainly in
the sense that they do not physically alter the underlying process’s description. Any given
gauge can be used freely for the sake of convenience. The particular forms of the trans-
formation are different, so, while they might be referred to more precisely as a scattering
center symmetry or generalized gauge transformation, we will use the generic terminology
“gauge transformation” as shorthand. The first set of scattering gauge transformations
considered also forms a group of its own, the symmetric group Sd.

For radiation of a fixed frequency and polarization expanded into a basis of orthogonal
spatial modes, as in Equation (2), there are two basic transformations that do not change
the physical situation [21]. These each provide a formal equivalence relation, which can
be used to relate scattering matrices. Scattering devices within the same equivalence class
will not be measurably distinguishable but can appear as completely different scattering
matrices. The different scattering matrices can be viewed as the same underlying physical
action but expressed in a different gauge.

First, the physical description of any optical scattering process would be unchanged
if the numerical labels used to identify the field modes were modified, as these labels are
completely arbitrary. Formally, the relabeling process enacts a permutation p on the creation
operator indices: a†

j → a†
p(j). This is equivalent to relabeling the ports of a given scattering

device, such as that shown with its labels in Figure 3. This variant of transformation will be
discussed in Section 2.3.1.

The second transformation is the application of a phase shift to each field mode. In
a general state of the form of Equation (2), this will enact the change cj → eiφj cj. Since
(eiφj cj)

∗(eiφj cj) = |cj|2, this transformation does not affect the distribution of detection
probabilities, which is the physical observable. This transformation can be applied locally
to any given scattering device in a general network. Further discussion of this class of trans-
formations is deferred to Section 2.3.2. After presenting an overview of the two interrelated
transformations and their general implications, the subsequent sections discuss specific
consequences and examples for the scattering groups U(2), U(3), and U(4).

2.3.1. Geometric Scattering Transformations

A permutation or relabeling of d objects can be defined by a bijective function p,
which maps the set of original labels {1, . . . , d} onto itself. There are generally d! such
maps, and each can be represented by a d× d matrix P, which acts on a column vector
of labels. Throughout this work, we will always denote the permutation function and
its corresponding matrix by an upper and lowercase pair of the same symbol. Each
permutation P has a well-defined inverse given by PT , which “undoes” the permutation
enacted by P. A full treatment of permutations can be found in any standard algebra text,
such as Ref. [22].

For a general d-mode optical scattering state, the permutation of the mode labels acts
in the following way:

|ψ〉 =
d

∑
j=1

cj|j〉 → |ψ′〉 =
d

∑
j=1

cj|p(j)〉 (5)
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The energy distribution encoded by this state is unchanged. It is merely being rewritten
in a new basis provided by P. Conversely, had we simultaneously permuted the cj to ch(j)
for a permutation h, which may or may not equal p, then the spatial energy distribution
would have been measurably different before and after the permutation. This is why only
the labels and not the coefficients are permuted.

Element Uij of a general scattering matrix is the probability amplitude for an incident
photon at port j to scatter to port i. Permuting the mode labels affixed to each port maps
Uij → Up(i)p(j). This permutes both the rows and columns by the same permutation p.

It can be shown that the pre-multiplication of U by the associated permutation matrix
P will permute the rows of U. Then, post-multiplying U by PT will enact the permutation
p on the columns of U, which can be deduced by expressing UPT = (PUT)T . Combining
the two results, we see that the aggregate affect of mode or port relabeling on a scattering
matrix U is the similarity transformation

U → PUPT . (6)

This is the general form of the geometric gauge transformation—that is, it describes how to
transform the matrix U written in one gauge into a different gauge. Being a conjugation
transformation, it allows any given U to be associated with the equivalence class {PUPT :
P is a permutation matrix}. Any members common to the same equivalence class will
not be physically distinguishable, despite the general possibility that the form of their
scattering matrices will differ. In accordance with this, the equivalence of two scattering
matrices U1 and U2 will be written as U1 ∼ U2.

The gauge freedom provided by this transformation is the ability to label the ports or
modes in a way that produces the form that is most convenient to work with. In tandem, it
provides a means to show that two apparently different scatterers are in fact the same. Beyond
this, though, it naturally leads to the notion of a symmetric scatterer. These so-called
gauge-invariant devices are left unchanged by a specific permutation. This implies that
U = PUPT . After post-multiplying by P and rearranging, this is equivalent to

UP− PU := [U, P] = 0. (7)

Scattering matrix families can be defined by this condition with a certain P in mind, greatly
reducing the number of free parameters that they possess. Specific examples of this will
be provided later in this section. In essence, the gauge invariance corresponds to certain
subsets of ports behaving identically when excited by the same input state. This can
be connected to physical symmetries of the scattering process, such as mirror reflection
symmetry and/or rotational symmetry. This is because permutation operations, such as
exchanging or cyclically permuting subsets of the mode labels, are equivalent to reflecting or
rotating the physical device while leaving the original labels fixed. An example illustrating this
equivalence notion with a generic three-port device is illustrated in Figure 4.

Like any other scattering matrix, a gauge-invariant device can only be physically
specified up to its equivalence class. Applying different gauges to a specific gauge-invariant
device will not change the fact that it commutes with some permutation matrix, but the
commuting matrix itself can change. It is straightforward to show that, for U0, which is
gauge-invariant with respect to P0, after expressing U0 as U in some new gauge Q, the
corresponding invariance-inducing permutation is transformed to P0 → QP0QT = P. This
leads to the concept of equivalent permutation classes, which are the conjugacy classes
{QPQT : Q, P are permutation matrices}. Members of the same class generate the same
kind of gauge-invariant scattering device. An intuitive picture of these permutation classes
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can be built with the equivalence of Figure 4 in mind. First, a gauge-invariant scatterer
is viewed as a device that is left unchanged by a geometrical transformation acting on
it while its port labels stay fixed. This geometric transformation is tied to an underlying
permutation P. Then, the equivalent permutations of P are merely re-expressions of the
original port labels that are used to label U before and after the geometrical transformation.
Clearly, this relabeling has no effect on the geometrical transformation encoded by P.

The transformation enacted by Equation (6) possesses several basic algebraic proper-
ties, which all reflect the fact that it cannot change the physical description of the scattering
process that U represents. The gauge transformation will always preserve the reciprocity
and unitarity of U. Another important example concerns the spectrum of U as a gauge
transformation is made. In this case, the eigenvalues are unchanged while the eigenvectors
corresponding to these eigenvalues are permuted by P.

Permutation invariance can also be applied to optical states. Since the phases of the
state amplitudes are immaterial when the state undergoes detection, these can be discarded.
Then, a symmetric scattering state is defined by having an energy distribution that is
left unchanged by some gauge transformation P. This is the type of symmetry usually
associated with balanced scatterers that produce beams of equal intensity when a single
beam impinges on them. The gauge invariance of the scattering device alone is generally
unrelated to the creation of symmetric states.

2.3.2. External Phase Shifts

In addition to relabeling the field mode indices, which are directly tied to a scattering
device’s port labels, external phase shifts placed around a scattering device will have no
affect on its measured energy distribution when a photon enters one of its ports. External
phases translate the total phase acquired by the photon in each mode j by some constant φj.
However, the input excitations have no absolute reference phase, so this translation will not
be measurable, due to a lack of knowledge of the starting point. (A non-reciprocal phase is a
relative entity, shared between the counterpropagating directions of the same spatial mode.
Therefore, an external non-reciprocal phase is able to have a measurable effect on scattering
systems in general. For example, consider a standard Mach–Zehnder interferometer, where
a tunable phase shift φ in one arm is used to produce an interferogram. An external phase
shift placed in this arm will naturally add with φ. If it is reciprocal, this simply translates
φ and the interferogram that it produces, which has no absolute starting point in any
case. However, an external non-reciprocal phase will generate measurable non-reciprocal
transmission in a device comprising entirely reciprocal scattering devices.).

The general action of a set of externally placed phase shifts is mapping the input
state coefficients cj → cje

iφj , which can be encoded as a pre-multiplication by the diagonal
matrix D = diag(eiφ1 , . . . , eiφd). This means that, when scattering through the device with
the external phases, |ψin〉 → DUD|ψin〉, or, equivalently,

U → DUD. (8)

This induces another equivalence notion between different scattering matrices. Two scat-
tering matrices U1 and U2 are equivalent in this sense whenever a suitable selection of
external reciprocal phases converts one scattering matrix into the other. In other words,
this gauge freedom allows the arbitrary selection of desired reciprocal external phases to
recast U into the different but equivalent form DUD. It is readily verified that changing
the gauge in this form will neither affect unitarity nor reciprocity.
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All elements U in the equivalence class {DUD : diag(eiφ1 , . . . , eiφd), φ1, . . . , φd ∈ R}
necessarily have the same probability matrix, formed by taking the elementwise modulus
square of U. In some special cases, the probabilities will be zero, allowing the corresponding
phases to be chosen freely. This can enable some more non-trivial equivalences. On the
other hand, the notion of gauge invariance has little use here, since it would require
DUD = U. This is generally only valid when the external phases are brought to zero, so
that D = I. This case is omitted, as it was for P = I in the previous section, since all U
are equivalent to a matrix that is gauge-invariant in this sense. For this reason, the term
“gauge-invariant” is only used in the context of non-trivial (i.e., P �= I) geometric gauge
transformations throughout this work.

Although this phase gauge freedom can be invoked in conjunction with the geometric
gauge freedom, the effects of these two gauge freedoms are not completely separate. Scatter-
ing devices that are gauge-invariant in the geometric sense will lie in the same phase–gauge
equivalence classes as devices that are not, since these phases are easily reselected to break
any given geometric symmetry. External phases also will generally change the eigenvectors
of the scattering device that they surround. Notwithstanding, considering the two gauge
freedoms together allows fairly non-trivial equivalences to be made. Establishing such an
equivalence in turn implies that interferometers formed by substituting one scatterer for its
equivalent counterpart will produce the same interferometer, up to global translations of
its parameter space.

Besides writing the external phase gauge transformation as U → DUD for a diagonal
phase matrix D, the map Uij → Uije

iφi+iφj admits another useful form. Let eiφi+iφj =

eiφi eiφj = vivj be written as the outer product vvT . When external phases are selected for a
scattering matrix U, U is elementwise multiplied by the corresponding matrix vvT , denoted
as U � vvT .

This form, U → U � vvT for vj = eiφj , can be more practical than the first one; it
provides an algorithm to quickly determine whether two scatterers are equivalent or not
and, if they are, which phases are required to construct the explicit gauge transformation
between them. Let U1 and U2 be scattering matrices with the same classical probability
matrix. Express U1 = |U| � Q1 and U2 = |U| � Q2, where |U| is the matrix formed by
taking the magnitude of each element of U1 and U2. Next, define Q = Q1 �Q◦−1

2 , where
Q◦−1

2 is found by taking the scalar inverse of each element of Q2. The matrices Q1 and Q2

will be entirely phase factors, so this inverse is always well defined. Since U1 and U2 have
the same underlying probability matrix, Q = U1 �U◦−1

2 . By the above, if Q is expressible
as an outer product, then U1 ∼ U2, and Q directly prescribes the gauge transformation as
U2 �Q = U1.

For an outer product matrix, each column must be a scalar multiple of the first column.
This is easy to check, can be done in parallel, and can be halted upon any column’s failure
to meet the condition. If Q meets the condition, the outer product factorization vwT = Q is
found during the assessment stage, since v will form the first column of Q, while the very
factors that scale this column to generate each other column will form w. A global scale
factor 1 = eiθ−iθ can then be used to exchange the phase between v and w to symmetrize
the outer product into the form vvT .

2.4. Directionally Biased and Unbiased Devices

Now that the background theory for the two scattering gauge freedoms has been estab-
lished, specific systems can be considered in detail. When an input scattering state |ψin〉 is
directed toward a gauge-transformed U′ = PUPT , the output state is |ψout〉 = PUPT |ψin〉.
This product can be intuitively described in the following steps: first, the input state is
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transformed by PT = P−1 to undo the permutation; then, it experiences the scattering
action of the original U; then, it is placed back into the correct labeling with P.

When these permutations are applied to the indices of the scattering state’s mode
operators, it has been implicitly assumed that the input modes and output modes are the
same. This is a direction-free or directionally unbiased convention. Strictly speaking, the
incident state basis is different from that of the scattered state leaving the device, since the
modes corresponding to counterpropagating optical excitations in a given spatial mode
are distinct. It is often unambiguous to disregard this distinction, but, in instances where
counterpropagating excitations populate the same spatial mode, the direction needs to
be specified. For instance, a†

jF can represent forward propagation, while a†
jB represents

backward propagation. This would effectively double the dimensions of all matrices
involved: the operator basis would change from {a†

1, . . . , a†
d} to {a†

1F, . . . , a†
dF, a†

1B, . . . , a†
dB},

where F represents ingoing and B represents outgoing.
By definition, the only scattering that occurs is cross-coupling between the ingoing

and outgoing modes. This means that any scattering or permutation matrix A expressed in
the direction-free basis would become a block matrix

A →
(

0 A∗

A 0

)
(9)

in the direction-specific basis. The conjugate is needed to express the coupling going
backwards, or from outgoing to ingoing, in order to maintain time reversal symmetry. The
dimensionality is not changed in either representation: the block 2d system has dimension-
ality d, so, for the sake of convenience, the compact d× d notation is used.

The sparse notation in the preceding equation can be viewed as a feedforward or
feedthrough system, where the scattering device routes all of the energy in one set of modes
through to another disjoint set of modes. An analogous reduction in dimensionality can
occur once again, in the direction-free picture, under the assumption of the following gauge
symmetry. Let d be an even number and U be a d× d scattering device (expressed in the
compact notation). Assume that U commutes with the gauge transform operator P, where

P =

(
0 I
I 0

)
(10)

and I is the d/2 identity matrix. Expressing U in the block form

U =

(
A B
C D

)
(11)

and enforcing PUPT = U leads to the conditions A = D and B = C, so that U can be
written as

U =

(
A B
B A

)
. (12)

This is the general form of a scattering device endowed with the gauge symmetry P. A
block feedforward scattering device additionally satisfies the condition A = 0. This produces
the matrix

U =

(
0 B
B 0

)
. (13)
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Thus, a block feedforward matrix scatters all light in the set of modes {a†
1, . . . , a†

d/2} into
the disjoint set {a†

d/2+1, . . . , a†
d}, mimicking the form of Equation (9). Sometimes, these

scattering devices are called directionally biased, since they admit a unidirectional sense of
energy flow, which is illustrated in Figure 5. These block feedforward devices are a special
case of the general non-reflecting or feedforward scattering device, which is defined by
the condition that its diagonal values are all zero. The resemblance to Equation (9) is even
closer when the transformation is reciprocal, as this allows U to be written as

U =

(
0 BT

B 0

)
. (14)

Reciprocal block feedforward devices are ubiquitous. They allow the d× d matrix U to be
represented by an even further compactified transmission matrix B. B inherits the unitarity of
U, so block feedforward scatterers can be viewed as the embedding of a lower-dimensional
unitary group in a higher-dimensional space. This change in the effective dimensionality is
tied to the underlying gauge symmetry, which itself results from the system possessing a
mirror symmetry with respect to the entire sets of input and output modes.

Figure 5. Two equivalent scattering matrix conventions. In convention (a), the ingoing and outgoing
modes are associated with the same port, producing a d × d matrix U. In convention (b), these
sets of modes are kept distinct and assigned to different ports. This produces the 2d × 2d block
matrix form in Equation (9). The ports are abstract entities, so their identification with a single
mode or pair of counterpropagating modes is immaterial. Nevertheless, certain, so-called block
feedforward scattering matrices expressed in the unbiased convention mimic the block form and can
be compactified further, as in Equation (13).

Even if U is reciprocal, the block B itself does not need to satisfy B = BT . This allows
block feedforward devices to produce effectively non-reciprocal mathematical operations.
The aforementioned gauge freedoms also may be applied to B. In fact, the condition B = BT

can be tied to another gauge invariance, corresponding to block mirror symmetry between
the input and output sets of modes.

Block feedforward scattering devices include the standard beam splitter, the waveg-
uide coupler, and the Reck and Clements beam splitter meshes [23,24]. Multimode waveg-
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uide interferometers and d× d waveguide couplers such as a fiber tritter also realize this
form [25]. The Hadamard convention beam splitter transmission matrix H is

H =
1√
2

(
1 1
1 −1

)
(15)

whereas its regular scattering matrix is

(
0 H
H 0

)
. (16)

The three-port optical circulator introduced in Equation (4) serves as the physical link
between the feedforward and unbiased forms of any given scattering device. Placing a
circulator at each port of an unbiased device will produce the equivalent block feedforward
one. To convert a block feedforward device into an unbiased one, each input/output pair
needs to be connected to a common three-port circulator.

2.5. U(1) Scattering Processes

A U(1) scattering process is simply a backreflection that acquires some necessarily
reciprocal constant phase eiφ. This phase can always be gauged away using the external
phase shift freedom. The only permutation available is the trivial identity permutation, so
no interesting geometric gauge invariants exist in this space. Overall, this scattering space
is trivial, containing only the identity equivalence class.

2.6. U(2) Scattering Processes

For a generic U(2) scattering device U with external phase shifts φj at port j, light
entering either port can either transmit through or reflect back. The general form of this
transformation (for φ1 = φ2 = 0) is thus

U =

(
r1eiδ1 t2eiγ2

t1eiγ1 r2eiδ2

)
. (17)

The numbers r1, r2, t1, t2 are the magnitudes that lie in the range [0, 1], while δ1, δ2, γ1, and
γ2 are the corresponding real-valued phases. Due to unitarity, we have normalization
conditions r2

1 + t2
1 = r2

2 + t2
2 = 1, as well as orthogonality, manifesting as

r1t1e−iδ1+iγ1 + r2t2eiδ2−iγ2 = 0. (18)

This can be rewritten as

r1(1− r2
1)

1/2 + r2(1− r2
2)

1/2eiφ = 0, (19)

where φ = δ1 + δ2 + γ1− γ2. Both r1(1− r2
1)

1/2 and r2(1− r2
2)

1/2 are positive real numbers,
implying that the variable φ must be selected such that eiφ = −1, yielding

r1(1− r2
1)

1/2 = r2(1− r2
2)

1/2. (20)

This can only be satisfied for r1 = r2 (meaning t1 = t2) as well. Thus, a two-dimensional
unitary scattering device cannot have non-reciprocal transmission. The phase constraint is that

φ = δ1 + δ2 − γ1 − γ2 = 2πm + π (21)
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for any integer m. This constraint is unchanged when external phases are included, but
including them allows us to set φ1 = −(γ1 + γ2− δ2)/2 and φ2 = −δ2/2, so that φ1 + φ2 =

−(γ1 + γ2 − δ2)/2− δ2/2 = −(γ1 + γ2)/2, resulting in

(
−r (1− r2)1/2ei(γ2−γ1)/2

(1− r2)1/2e−i(γ2−γ1)/2 r

)
=

(
−r (1− r2)1/2eiΔ

(1− r2)1/2e−iΔ r

)
, (22)

where 2Δ = γ2 − γ1. This analysis has reduced a generic two-dimensional unitary optical
scatterer to its minimum number of measurable parameters—two. r controls the energy
division and Δ determines the degree of non-reciprocity. If the device is reciprocal, Δ = 0,
and the only measurable parameter is the splitting ratio. In fact, for this two-dimensional
case, enforcing U to be gauge-invariant with respect to the swap of labels 1 ↔ 2 in turn
implies that U is a reciprocal matrix. Consequently, in two dimensions, reciprocity and the
only non-trivial gauge symmetry imply one another. This is intuitively rooted in the fact
that reciprocity asserts invariance under permutation of the source and detector, and the
gauge symmetry P, which permutes the only two ports, effectively asserts the same fact.

Returning to Equation (22) and setting Δ → 0, we arrive at the reciprocal two-port
splitter with reflection probability r2:

U =

(
−r (1− r2)1/2

(1− r2)1/2 r

)
. (23)

This matrix is realized by a plate optic excited at normal incidence, with r governed by the
interface’s refractive indices through the Fresnel equations. The device generates symmetric
states when r is set to 1/

√
2 artificially; no gauge symmetry can induce this naturally.

If another external phase gauge transformation is made, different sign conventions are
obtained. For instance, to obtain a geometrically gauge-invariant form of this matrix, add
additional external phases φ′1 = 3π/4 and φ′2 = 5π/4, producing

U′ =
(

−rei3π/2 (1− r2)1/2ei8π/4

(1− r2)1/2ei8π/4 rei5π/2

)
=

(
ir (1− r2)1/2

(1− r2)1/2 ir

)
∼ U. (24)

2.7. Gauge-Invariant U(3) Scatterers

In the two-dimensional case, there was only one gauge-invariant transformation to
consider, which was generated by swapping labels 1 and 2. In three dimensions, there are
3! = 6 permutations comprising two non-trivial classes. These two classes are shown in
Figure 6. In this section, we present these gauge-invariant classes, highlighting how the
gauge freedoms reduce the number of free variables in the scattering process description.

2.7.1. Generalized Three-Port Circulators

In addition to the permutations that correspond to exchanging the labels of any given
pair of modes, there are now distinct cyclic permutations, (1, 2, 3) → (3, 1, 2), with the
associated permutation matrix

P =

⎛
⎜⎝0 0 1

1 0 0
0 1 0

⎞
⎟⎠, (25)

and (1, 2, 3)→ (2, 3, 1), which is similarly associated with PT .
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The general result of imposing a gauge symmetry on a scattering device U will set
various elements of U equal to one another, reflecting the fact that input to some ports
behaves no differently than the same input to others. For

U =

⎛
⎜⎝u11 u12 u13

u21 u22 u23

u31 u23 u33

⎞
⎟⎠ (26)

enforcing PUPT = U generates the constraints u11 = u22 = u33 := a, u21 = u13 = u32 := b,
and u23 = u31 = u12 := c, reducing U into the form

U =

⎛
⎜⎝a c b

b a c
c b a

⎞
⎟⎠. (27)

Each column of U is a cyclic permutation of its neighbor. Matrices with this general
property are known as circulant. The same form can alternatively be derived by assuming
two reflection symmetries: two exchanges is equivalent to a cyclic permutation in this
space. For instance, (1, 2, 3) → (1, 3, 2) after one exchange and then, after the second,
(1, 3, 2) → (3, 1, 2) or (1, 3, 2) → (2, 3, 1). The net transformation in either case is a cyclic
permutation of (1, 2, 3).

Figure 6. A generic three-dimensional scattering matrix U can be equipped with two distinct gauge
symmetries: one corresponding to a reflection symmetry (a) and one corresponding to rotation (b).

When a = 0, exactly one of either b or c must also be zero, and then the system (27)
reduces to the circulator, Equation (4), or a matrix that is equivalent to it. This example
illustrates that, unlike in the two-dimensional case, a geometric gauge symmetry does not
always induce reciprocal symmetry. Imposing reciprocity on U in addition to its rotational
symmetry would set b = c.

2.7.2. Y-Couplers

The reflection symmetry derived from the exchange of labels 2 and 3 produces a
permutation matrix

P =

⎛
⎜⎝1 0 0

0 0 1
0 1 0

⎞
⎟⎠. (28)
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Imposing this symmetry on the general U of Equation (26) constrains U to be of the form

U =

⎛
⎜⎝a c c

b d h
b h d

⎞
⎟⎠. (29)

This is the general form of a non-reciprocal Y-coupler or Y-branch. The C-valued a, b, c, d
and h would produce ten unconstrained degrees of freedom, but unitarity reduces this.
Normalization lowers the count to eight; then, the orthogonality conditions lower this
count to five. Finally, the symmetry-preserving external phases φ1 and φ2 = φ3 can remove
two more degrees of freedom, making the final count three.

If this gauge symmetry is also assumed with reciprocity, the added condition b = c
removes two more degrees of freedom, leaving just one parameter left. This case was
studied in Appendix I of Ref. [26]. The device, which was a backreflecting symmetric
Y-branch, was found to have the scattering matrix

Y =

⎛
⎜⎝ r

√
(1− r2)/2

√
(1− r2)/2√

(1− r2)/2 −(1 + r)/2 (1− r)/2√
(1− r2)/2 (1− r)/2 −(1 + r)/2

⎞
⎟⎠, (30)

where r can freely be chosen in the set (−1, 1). The different scattering states produced by
this device, for a single-photon input on precisely one of its ports, is shown in Figure 7. For
any value of r, the output state produced when a single photon enters port 1 will have a
symmetric energy distribution under the same symmetry operator, P. Moreover, although
the mirror symmetry ensures that the behavior for light entering port 2 is the same as when
it enters for port 3, the output state produced when one of these ports is excited is not
necessarily symmetric in its energy distribution. This only occurs when r is brought to zero,
so that the matrix becomes

Y =

⎛
⎜⎝ 0 1/

√
2 1/

√
2

1/
√

2 −1/2 1/2
1/
√

2 1/2 −1/2

⎞
⎟⎠. (31)

This matrix, which originated from a nine-parameter unitary space, is uniquely specified
by its various symmetries. This is often the intended scattering matrix when an otherwise
unspecified Y-branch is discussed. It is conventionally used as a compact beam splitter
to realize the transformation a†

1 → (a†
2 + a†

3)/
√

2. The device is a hybrid in that it is
feedforward for input to port 1 but backreflecting for its other inputs. The general behavior
of this symmetric version of the Y-coupler is shown in Figure 1c. This hybrid behavior
can only occur in dimensions d ≥ 3. The complete family of reciprocal, hybrid scattering
devices in U(3) is also derived in Appendix I of Ref. [26].

Y-couplers in practice can exhibit losses, violating the assumption of unitarity. This
is especially common in integrated photonic implementations, where the light tends to
radiate out of the device rather than backreflect at ports 2 and 3. This is not due to an
inferior design methodology or fabrication quality. Instead, the devices are only designed
for the forward transformation. Optimizing the design for the reverse transformation
while imposing the reflection gauge symmetry on the device structure would produce a
Y-coupler that is more similar to that of Equation (31). It would also automatically produce
the forward transformation via reciprocity. For some applications, the backreflections are
viewed as an unwanted nuisance, so employing only the forward transform is useful in
these cases. Nevertheless, to obtain an ideal Y-coupler, a simple decomposition with a
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beam splitter can be used. This is shown in Figure 8 and can be employed in any platform,
e.g., free-space optics, fiber optics, and integrated photonic waveguides.

Figure 7. A Y-coupler or Y-branch is a three-port scattering device with a mirror symmetry, such as
P shown above. If the device is also reciprocal, its scattering matrix can only have a single degree
of freedom r, taking on the form in Equation (30). As shown in diagram (a), this device always
produces a mirror-symmetric distribution of energy when a photon enters port 1. The transmission
coefficient t =

√
1− r2/2. However, diagram (b) illustrates that input to port 2 or 3 generally does

not produce another symmetric output state, as r′ = −(1 + r)/2 and t′ = (1− r)/2. However, when
r is brought to zero, these amplitudes become −1/2 and 1/2, respectively, so that their probabilities
are equal, and the output state is symmetric. This form of the Y-coupler exhibits added symmetry
and is uniquely specified by the scattering matrix (31).

Figure 8. An ideal 50:50 beam splitter and mirror (a) can produce an ideal symmetric Y-coupler (b).
By labeling the beam splitter as shown, its scattering matrix takes on the form below. The first row
and column already match those for the intended Y-coupler. However, light entering port 2 or 3 loses
energy to port 4. Placing the mirror there redirects the energy back into the beam splitter, splitting
the beam a second time. This ultimately produces the Y-coupler matrix. The phase acquired between
the mirror and beam splitter is immaterial, since external phases can always be used to equivalently
adjust its value.

2.8. Gauge-Invariant U(4) Scatterers
2.8.1. Beam Splitters

The general definition of an ideal beam splitter is a U(4) scattering device that pos-
sesses the block feedforward gauge symmetry described above. In this case, the relevant
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block feedforward permutation invariance is with respect to the swap of the ordered pairs
(1, 2) ←→ (3, 4). This is associated with a diagonal reflection symmetry in traditional
schematics of beam splitters, as shown by the red dashed line in Figure 9. The assumed
symmetry produces the beam splitter scattering matrix

B =

⎛
⎜⎜⎜⎝

0 0 r1 t2

0 0 t1 r2

r1 t2 0 0
t1 r2 0 0

⎞
⎟⎟⎟⎠ (32)

reducing the device to an embedding of a U(2) scattering device in a four-dimensional
space. Therefore, in essence, everything pertaining to the four-port optical beam splitter is
described in Section 2.6 for two-dimensional scattering devices.

The matrix B in Equation (32) is not necessarily reciprocal. However, in this system,
reciprocity is tied to a second reflection symmetry, over the anti-diagonal line in Figure 9.
The underlying permutation matrix is

P =

(
σ 0
0 σ

)
, (33)

where σ represents the swap operator for two modes. Once the block feedforward symme-
try is assumed, this symmetry P is both a necessary and sufficient condition for reciprocity.
If B is reciprocal, adding external phases allows it to be put into the form

B =

⎛
⎜⎜⎜⎝

0 0 r t
0 0 t r
r t 0 0
t r 0 0

⎞
⎟⎟⎟⎠. (34)

Figure 9. An optical beam splitter is defined as any four-port scattering device that satisfies the
following conditions. First, it exhibits zero coupling between (1, 2) and itself, as well as (3, 4) and
itself. Second, it possesses the red line mirror symmetry, induced by scattering matrix invariance
to the permutation of label pairs (1, 2) ←→ (3, 4). The symmetry over the blue axis is induced by
invariance to the simultaneous swap of the mode labels 1 ↔ 2 and 3 ↔ 4. After the original (red)
symmetry constraint is enforced, the second (blue) one becomes a necessary and sufficient condition
for reciprocity.
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Loopless graphs composed solely of beam splitters will generally produce higher-
dimensional scattering devices that also possess block feedforward gauge symmetry. These
decompositions, which represent a higher-dimensional scattering device as a graph of lower-
dimensional ones, can be made to span the full unitary group. Two well-known decompo-
sitions with the underlying reflection symmetry of all input and output modes are due to
Reck and Clements et al. [23,24,27,28]. These both require O(d2) beam splitters and con-
trollable phase shifts to span U(d). These meshes are versatile, but, in practice, they suffer
from error accumulation and non-trivial reprogramming procedures. This has limited their
size d to about a few dozen modes today [29,30]. A non-reciprocal phase placed inside
one of these meshes would break the input/output mirror symmetry, leading to an overall
non-reciprocal U. In terms of Equation (11), this scattering matrix would have A = D = 0
but B �= C.

2.8.2. Grover Four-Ports

Although a reciprocal, balanced beam splitter commutes with the block feedforward
gauge symmetry operator, there are a number of other potential gauge symmetries that it
lacks. However, the Grover four-port

G =
1
2

⎛
⎜⎜⎜⎝
−1 1 1 1
1 −1 1 1
1 1 −1 1
1 1 1 −1

⎞
⎟⎟⎟⎠ (35)

is unchanged by all possible permutations of its labels and thus commutes with any gauge
symmetry operator. Beyond this, it produces a fully uniform, symmetric energy distribution
when any one of its ports is excited. It is precisely the uniform energy distribution that is
invariant to any permutation of mode labels.

The matrix originally appeared as a quantum logic gate in the Grover search algo-
rithm [14]. It has since been employed as a general scattering coin for quantum walks [31]
and more recently as an optical scattering device. Having the same number of ports as a
beam splitter allows the Grover coin to replace the latter in any system, effectively boosting
the underlying dimensionality. These two devices are compared in Figure 1.

A general d-dimensional Grover coin can be defined by first enforcing reciprocity, a
reflection symmetry, and a rotational symmetry, producing a reciprocal, circulant matrix,
and then by minimizing the reflection probability [26]. This produces a reflection amplitude
r = 2/d − 1 with a transmission amplitude t = 2/d. In general, Grover coins in one
dimension can easily be converted to those in the other dimensions by either closing off
ports with a mirror or by connecting two coins together [32]. General circulant matrices
have been studied for quantum walks [33].

The realization of a four-port Grover coin is important for interferometric applications,
which are discussed in the next section. Although a static, single-element Grover coin
has yet to be experimentally realized, a Grover coin can and has been obtained using the
decomposition of two Y-couplers [13,26]. The Y-couplers themselves can be decomposed
with a beam splitter and a mirror, as shown in Figure 8. The Grover decomposition is
shown in Figure 10. It is formed by connecting the feedforward ports of two symmetric
Y-couplers to each other. This is a slightly more general decomposition, due to the bridge
phase φ. φ parametrizes a family of uniform-probability U(4) scattering devices. The
various static devices produced are generally not gauge-equivalent to one another in the
external phase sense. The standard Grover coin occurs for φ = 0.
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Figure 10. Forming a generalized four-port Grover coin using two symmetric Y-couplers. The
standard Grover coin is obtained when φ = 0.

3. Optical Interferometry

The previous section dealt entirely with static or passive scattering devices. These are,
by definition, presumed to be fixed for excitations of a given frequency and polarization
mode. Static scatterers are generally represented as a graphical node, like the Y-coupler
shown in Figure 7.

The present section will consider ways in which multiple passive nodes can form a
graph, called an optical interferometer, which is commonly used as a central element in opti-
cal sensors. This graph will generally be a function of both the scattering matrices forming
it and the phases acquired on the edges between connected nodes. Controllable phase
shifters could also be equivalently affixed to an unweighted graph as block feedforward
nodes of their own. In either case, when multiple scattering devices are treated as part of
the same system but are left unconnected, a block-diagonal aggregate scattering matrix is
obtained. Adding connections couples energy between the constituent scattering nodes,
breaking the block-diagonal structure. Any remaining unconnected edges allow light to
couple in and out of the network. Thus, the interferometer itself is another scattering device
that is tunable or active.

A photon entering an open or unconnected port of a general interferometer can be
viewed as conducting a random walk on its graph. This variant of the random walk is
known as a quantum walk, since the paths that it traverses are able to coherently interfere;
this distinction is embodied in the use of a unitary time evolution operator instead of the
traditional probability matrix used in studies of Markov chains. The study of quantum
walks in general forms a subdomain of general quantum information processing. It has
been shown that universal computation and efficient search on a graph can be achieved
with quantum walks [34–38]. For an introduction to the field, consult Ref. [31].

For each set of input phases and constituent scattering devices, the action of any
interferometer can be computed by finding the steady-state distribution of the walk, which
is the outputted scattering state in the limit of long time. This can be found numerically
using a finite element assembly approach. This involves using the graph interconnect
information to construct a global time evolution operator for the walk, enforcing boundary
conditions pertaining to the unconnected ports, and finally computing its action in the
long-time limit. This is effectively accomplished by finding the eigenspectrum of the time
evolution operator, either directly or through a matrix inversion problem. The general
approach is described in Ref. [39]. For the special case of a chain of two-dimensional
scattering devices, this finite element method has been shown to reduce to the Redheffer
star product, which is extensively used to compute the aggregate scattering matrices of two
or more coupled optical thin films [40].
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The quantum walk model of an interferometer typically begins with the assumption
that the input single-photon state is perfectly coherent, which is akin to assuming that
the source is perfectly monochromatic. This in turn permits the summation of paths with
arbitrarily large optical path length differences to obtain the output after interference.
For a real source, interference will only be observed among paths whose corresponding
path lengths are smaller than the coherence length of the source. The other paths will
only appear in the output as an incoherent background. The adoption of a very narrow
linewidth source can extend the coherence length to several kilometers or more, making
this assumption valid to an excellent approximation. This discussion holds in an analogous
way for non-planar sources with finite spatial coherence. To obtain the most ideal behavior,
a high degree of collimation and alignment is necessary.

The general methodology of the quantum walk finite element approach can also be
followed algebraically, for the sake of finding an interferometer’s scattering matrix as
a function of its parameters. A common obstruction, however, is arriving at a closed-
form expression for the inverse or eigenspectrum of the constructed d× d matrix function.
However, this can often be accomplished in low-dimensional systems; many examples will
be discussed in the sections to follow. We will first review the operating principles of several
traditional interferometers. Then, by substituting their components for higher-dimensional
gauge-symmetric scattering devices, we show that these devices gain access to new degrees
of freedom. These in turn lead to various enhancements of the phase readout, thus resulting
in a substantial improvement in the resolution of optical sensors.

3.1. Interferometric Gauge Freedoms

The gauge freedoms of passive scatterers naturally generalize to active ones. External
phases can be applied to open ports in the same way as before, and phase shifts can
also be applied to the ports of the internal nodes. This shifts the total phase acquired
between the scattering nodes by a constant. Because the true global value of these phases
is indeterminate, translation by another constant will not change the physical situation
either. It can be freely absorbed into or removed from the definition of the acquired phase
between two nodes. Therefore, two interferometers are considered equivalent in this sense
if a suitable translation of each internal and external phase of either system produces the
other system, for all values of the internal phases. In other words, it is obtained when the
parameter spaces of the two networks coalesce when the input parameters are shifted by
appropriate constants.

This definition is employed so that changes in the external phase convention of the
internal scattering nodes (such as Hadamard vs. symmetric beam splitters) do not affect
the equivalence class of the overall network. It is a different comparison regarding that for
two static scattering devices, where only external phases can be placed. To highlight the
distinction in an example, consider the generalized Grover coin decomposition in Figure 8
and let the scattering matrix of the network be denoted by G1(φ). The standard Grover
coin is obtained as a static device when φ is fixed at the value 0. For φ �= 0, the static
device produced is, in general, not equivalent to the standard Grover coin. However, now,
form a copy of this device, G2, and add a second phase in the bridge, φb. φb may or may
not be coming from external phases placed at port 1 and/or port 1′, since this distinction
is immaterial. Nevertheless, the total bridge phase is now φ + φb. Clearly, for non-zero
φb, the static devices produced for fixed values of φ and φb, G1(φ) and G2(φ + φb) will
not be equivalent. However, φ cannot be defined up to an absolute, so it can be shifted
freely. Redefining the phase φ → φ− φb in G2 causes G1 and G2 to be equal for all values
of φ, signifying the equivalence of the two networks. This example is trivial because
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the compared networks have the same graph topology. In some more interesting cases,
equivalence in this sense can be established between different graphs.

The geometric gauge symmetry of a scattering node is also able to produce a sym-
metrical scattering graph, assuming that the graph itself preserves the symmetry in its
interconnect configuration. Since the external port relabeling of the graph is equivalent to
a geometric transformation enacted on it, the entire graph can remain invariant to such a
transformation if the underlying vertices and phase parameters maintain the symmetry.
One practical use of interferometric gauge symmetry is to simplify the computation of
the network output: if symmetry implies that certain sets of input ports all scatter light in
the same way, only one input case has to be studied, and then the rest follow by suitable
permutations of the graph parameters. Gauge-invariant interferometric graphs are readily
constructed in general. First, form a graph that is invariant to some permutation to any
subset of its nodes. This can correspond to a global symmetry of the overall network
topology, such as invariance to rotations of the whole graph by a fixed angle. Then, assign
the same scattering matrix to each relevant node, providing them with the same vertex
label or color.

Two well-known interferometric configurations, the Michelson and Mach–Zehnder
interferometers, are shown in Figure 11. As functions of their internal phases φ1 and φ2,
these interferometers tunably produce the complete space of reciprocal U(2) and U(4)
scattering devices. They inherit the symmetries from the reciprocal beam splitters that
form them. In the case of the Michelson one (Figure 11a), the exchange of labels 1 ↔ 2
of the external ports and the phase parameters leaves the scattering response unchanged.
Thus, the computed output corresponding to an input excitation at port 1 can be converted
to the output corresponding to input at port 2 simply by exchanging the output mode
labels and exchanging the phase parameter labels. The Mach–Zehnder interferometer
shown in Figure 11b can be generated by mirroring the Michelson device about the blue
dashed line. This preserves the symmetry defined by the red dashed line. The blue dashed
line symmetry represents the gauge invariance tied to the block feedforward symmetry
(1, 2) ←→ (3, 4) of the configuration. Together, these two symmetry lines allow the full
device output to be found immediately from just one calculation corresponding to input at
any single port.

The general output calculation entails starting with an initial state that is a single
photon impinging on a given port, such as |ψin〉 = a†

j |0〉. Then, the scattering matrices are
used to sequentially propagate the state though the graph until every state component has
reached the output. This is equivalent to finding all the possible paths that the photon can
travel from an input j to each output port i. Each individual path is first weighed by the
product of all the scattering amplitudes that it encounters moving from port j to i. The final
scattering matrix element is found from the sum of these weighted paths, corresponding to
the coherent interference of all paths. The general problem of path counting can become
complicated, especially as resonant structures are introduced to the graph, causing the
number of possible paths to grow indefinitely. Some cases can be explicitly summed, but,
at other times, an automated path-counting and summing algorithm is needed, which is
what Ref. [39] accomplishes.

For both of the devices in Figure 11, there are always only two possible paths: one
for each arm j containing the phase φj. Their only difference in output is a meaningless
global phase shift of π, originating from the common convention of adding a π phase shift
to the state when it reflects at a mirror. Whether this phase can be observed physically or
not, it can be lumped into the definition of φ1 and φ2. This causes the device outputs to
be identical. We will consider a photon inputted to port 1 of either device and assume,

92



Metrology 2025, 5, 65

without loss of generality, that the beam splitters take on the Hadamard convention of
Equations (15) and (16). Then, there is an initial splitting into two state components, one in
each arm. These each acquire a phase φj and then are reintroduced to a beam splitter in
some way, splitting a second time. The possible paths from port 1 to port 1 (3) are double
reflection with phase φ1 and double transmission with phase φ2. The corresponding path
amplitudes are (1/

√
2)(eiφ1)(1/

√
2) = eiφ1 /2 and similarly eiφ2 /2. The aggregate reflection

amplitude for the device is then r(φ1, φ2) = (eiφ1 + eiφ2)/2. The transmission amplitude is
similarly t(φ1, φ2) = (eiφ1 − eiφ2)/2, where the minus sign is incurred from the back-side
beam splitter reflection when using the Hadamard beam splitter convention.

Figure 11. Two common interferometric configurations, due to Michelson (a) and Mach and Zehnder
(b). Like static scattering devices, the open ports of interferometric graphs can also be freely relabeled,
naturally extending the notion of geometric gauge symmetry to scattering graphs. Assuming that
the underlying 50:50 beam splitters and phase shifters are reciprocal, the devices will possess the
reflection symmetry indicated by the red dashed line. This symmetry implies that input to any port
on one side of the line will behave in the same way as input to its mirrored counterpart, so long as φ1

and φ2 are exchanged. The Mach–Zehnder interferometer can be viewed as constructed by mirroring
the Michelson interferometer over the blue dashed line. This line corresponds to the device’s block
feedforward symmetry. Since these devices inherit the symmetries and overall dimensionality of
their lower-dimensional counterparts (cf. Figure 9), they are often viewed as tunable versions of
them. That is, a Michelson interferometer can be viewed as a phase-tunable plate splitter, while
the Mach–Zehnder interferometer can be viewed as a tunable beam splitter. These active building
blocks can replace their passive equivalents in any larger interferometric graph. The phase gauge
freedom also allows the placement of external phases at ports 1 and 2 and the translation of the
values of φ1 and φ2 by arbitrary fixed constants. These can be used to put the overall scattering
matrix for each device in the form shown beneath its schematic. Here, the correspondence between
nodes and local scattering matrices is clear, since the associated optical schematic is shown with it. In
general, the nodes of a scattering graph need to be clearly associated with a specific scattering matrix,
e.g., through a vertex label or color.

Thus, the aggregate scattering matrix for any lossless Michelson interferometer is
equivalent to

UMI(φ1, φ2) =

(
r(φ1, φ2) t(φ1, φ2)

t(φ1, φ2) r(φ1, φ2)

)
(36)
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while that for a Mach–Zehnder is equivalent to, in block form,

UMZI(φ1, φ2) =

(
0 UMI(φ1, φ2)

UMI(φ1, φ2) 0

)
. (37)

The underlying scattering amplitudes are

r(φ1, φ2) =
eiφ1 + eiφ2

2
= eiφ1/2+iφ2/2 cos(φ1/2− φ2/2), (38a)

t(φ1, φ2) =
eiφ1 − eiφ2

2
= eiφ1/2+iφ2/2i sin(φ1/2− φ2/2). (38b)

From these forms, it is easy to see that the scattering probability for reflection is
R = |r|2 = cos2((φ1 − φ2)/2), while, for transmission, it is T = |t|2 = sin2((φ1 − φ2)/2).
This sinusoidal modulation, which is only sensitive to the optical phase difference (φ1− φ2),
is characteristic of the two-beam superposition accomplished by devices such as these. A
plot of either scattering probability P versus either phase φ is known as an interferogram.
φ itself could be viewed as a phase difference Δφ = φ− φg for an indeterminable global
phase φg. The typical sinusoidal interferogram for two-beam interference is shown in
Figure 12. The system can act as a basic phase sensor: for small changes in the input phase
about some bias point φ0, the output change in probability ΔP is given by the product of
the input phase change and the slope at the bias point. A bias point with a larger slope will
then have heightened sensitivity.

Figure 12. Sinusoidal interferogram produced by two-beam interference, such as with a Michelson
or Mach–Zehnder interferometer. This basic interferometric configuration can be used as a phase
readout. First, the system is placed at a bias point φ0, verified by measuring the corresponding
probability P(φ0). Then, a small change in phase Δφ induces a change in probability ΔP given by the
product of Δφ and the slope of the probability at the bias point. A larger slope dP/dφ at φ0 naturally
produces a more sensitive response to phase changes, allowing smaller phase changes to be detected.

3.2. Traditional Interferometric Sensing Systems

Three two-port interferometers are shown in Figure 13. In case (a), we show the
Michelson configuration, which was discussed in the previous section. It is the most simple
phase sensor of reciprocal phase shifts. Even if φ1 or φ2 were non-reciprocal, meaning that
the phase acquired depended on the propagation direction, this could not be observed in
a Michelson interferometer. This is because the double pass through each arm gives the
summed phase for each direction as a single phase shift: φj = φjF + φjB.

The configuration in Figure 13b is the Sagnac interferometer, which is the simplest
configuration for non-reciprocal phase inference. By converting the two spatially separated
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arms of a Michelson interferometer into a loop, any non-reciprocal difference in phase
acquired moving clockwise around the common-path loop versus counterclockwise will
be evident. Let the total clockwise phase be φ + δ and the total counterclockwise phase be
φ− δ. Since this configuration is essentially the same two-beam interference present in a
Michelson or Mach–Zehnder interferometer, the same results can be applied here, but with
these phases. The corresponding transmission probability is then

T = |t|2 = sin2(φ1/2− φ2/2) = sin2((φ + δ)/2− (φ− δ)/2) = sin2(δ). (39)

Thus, the transmission probability is zero for a fully reciprocal phase (δ = 0) and increases
as the non-reciprocal component δ increases. However, the effect can be challenging to
observe due to the intrinsic weakness of non-reciprocal phase sources, combined with
this weak O(δ2) response for small δ. Nevertheless, it allows the non-reciprocal portion
of a phase shift to be naturally isolated from the reciprocal one and extracted from a
direct measurement. The configuration is named for Georges Sagnac, who established
the existence of a physical effect by which the rotation of a looped optical path induces
a non-reciprocal phase shift [20]. The non-reciprocal phase shift δ is proportional to the
product of the loop area and angular velocity and inversely proportional to the optical
wavelength. It is the fundamental operating principle of optical gyroscopes and was
famously used in 1925 by Michelson and Gale to measure the rotation rate of the Earth [41].
The last century has seen a number of applications and generalizations to the Sagnac effect
proposed [42–45].

Figure 13. Traditional low-dimensional interferometric configurations. The optical schematic is
shown above the associated scattering graph. The Michelson one (a) is a common tool for the
inference of reciprocal phases, while the Sagnac device (b) is used to infer non-reciprocal ones. The
Fabry–Pérot interferometer (c) is a simple resonant cavity typically employed as a narrowband filter
of light.

The third device, in Figure 13c, is the parallel-plate Fabry–Pérot interferometer. (If the
plates are movable so that the central phase shift φ can be tuned, the device is traditionally
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called an interferometer, whereas, if the plates are fixed, it is known as an etalon.) The
multipass structure allows φ to accumulate many times, sharpening the phase response
around certain values of φ. This translates directly to a sharpened frequency or narrowband
wavelength dependence about certain wavelength centers.

The normally incident transmission amplitude of the Fabry–Pérot interferometer is
readily calculated by summing the different paths from input to output. For an input to
port 1, each path is indexed by the number of bounces that it takes before exiting at port 2.
The principle beam transmits directly through both plates, acquiring an amplitude t1eiφt2,
where tj is the transmission coefficient of plate j and φ is the phase acquired between the
plates. The plates are assumed to be reciprocal U(2) scattering devices. This allows the
reflection coefficients to be written as rj = i

√
Rj, where Rj is the plate reflection probability.

Then, tj =
√

1− Rj.
The nth beam transmits through the first plate up to the second plate, acquiring t1eiφ,

and then makes n bounces between the two plates, acquiring (r1r2e2iφ)n, and finally passes
through the last plate with amplitude t2. The net amplitude for the path conducting n
bounces before transmitting is thus t1t2eiφ(r1r2)

ne(2iφ)n. Summing these paths produces
the Fabry–Pérot transmission amplitude, t, given by

t = t1t2eiφ
(

1 +
∞

∑
n=1

(r1r2ei2φ)n
)
= t1t2eiφ

(
1 +

∞

∑
n=0

(r1r2ei2φ)n − 1
)

. (40)

Evidently, this amplitude and the associated transmission probability |t|2 can be decom-
posed into a product of the output that would have resulted without path interference,
|t1|2|t2|2, and an interference factor in parentheses. Its sum can be evaluated as a geometric
series, which converges whenever the product of plate reflections |r1r2| = |r1||r2| is less
than 1. This fails to occur only if either plate is fully reflecting, in which case no light will
transmit. Otherwise,

t(φ) = t1t2eiφ
( ∞

∑
n=0

(r1r2ei2φ)n
)
=

t1t2eiφ

1− r1r2ei2φ
. (41)

Using the fact that rj = i
√

Rj and Tj = |tj|2 = 1− Rj, the transmission probability T = |t|2
can be written as

T(φ) =
(1− R1)(1− R2)

1 + R1R2 − 2
√

R1R2 cos(2φ)
. (42)

Now, if the optical plates are symmetric, R1 = R2 = R, T can be simplified using the fact
that cos 2φ = 1− 2 sin2 φ. Substituting this into the denominator yields

1 + R2 − 2R cos(2φ) = 1 + R2 − 2R(1− 2 sin2(φ)) = (1− R)2 + 4R sin2(φ), (43)

so that
T(φ) =

1
1 + F sin2(φ)

, (44)

where the coefficient of finesse is

F =
4R

(1− R)2 . (45)

The transmission probability T is a composition of f (φ) =
√

F sin φ with the Lorentzian
function L(x) = 1/(1 + x2). Several examples of this transmission probability are shown
in Figure 14a. The finesse parameter is strictly increasing with R in the range (0, 1) and
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ultimately determines the sharpness of the resonance. The larger the reflection R, the more
round trips can occur, on average, before the photon transmits out of the plates. This in
turn corresponds to higher phase sensitivity.

Using the fact that φ = 2πnd/λ allows the Fabry–Pérot interferometer wavelength
response to be investigated. Plots of T vs. λ are shown in Figure 14b for the case where
d = 10−4 meters. The mirror reflection R is assumed to be constant with respect to the
wavelength. The narrowband response around certain wavelengths makes this device
an excellent tool for filtering out a specific wavelength or frequency. Perhaps the most
intriguing physical aspect of this configuration is that the act of aligning two highly
reflective plates perpendicular to one another enables certain colors to pass through with
perfect transmission. This is a result of the interference altering the effective transmission
and reflection coefficients of the combined system.

Figure 14. Transmission response of a symmetric Fabry–Pérot interferometer (Figure 13c) vs. the
half-round-trip phase φ (a) and wavelength (b).

3.3. Novel Higher-Dimensional Interferometric Sensors

The conventional two-port interferometric configurations shown in Figure 13 employ
low-dimensional linear scatterers, namely beam splitters and plate splitters, in simple
graphical configurations. The Sagnac and Michelson devices superimposed two beams,
producing a sinusoidal interference pattern. This interferogram was ultimately only sensi-
tive to one parameter in either case, despite the general presence of two. In the Michelson
one, this was the phase difference φd = φ1 − φ2, and, for the Sagnac case, this was the
non-reciprocal portion of the loop δ, which is also a relative phase. Meanwhile, the Fabry–
Pérot configuration sums an infinite number of paths in a geometric series, resulting in
resonances whose width is a function of the plate reflectivities, which are generally fixed.

In this section, we introduce a basic generalization to each of these interferometric con-
figurations. We shall see how the generalization to higher dimensions results in each system
gaining a parametric degree of freedom. For each case, the constituent scattering devices
are replaced with a gauge-symmetric, higher-dimensional equivalent. These configurations
are pictured in Figure 15. The Grover–Michelson and Grover–Sagnac configurations are
formed by replacing the central beam splitter of each conventional configuration with the
four-port Grover coin, while a higher-dimensional Fabry–Pérot interferometer is formed
by replacing the two-port plate splitter with the three-port, symmetric Y-coupler. The
replaced scatterers are directionally unbiased, allowing light to backscatter. As a result,
the single-pass arms of the Michelson device are converted to a pair of optical resonators.
These cavities are coupled to one other by the Grover coin. The Grover–Sagnac configu-
ration is essentially the same; the two resonators share a common path inside the loop,
corresponding to the two counterpropagating modes of the loop. Because it is a common
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path configuration, phase differences are only acquired through a non-reciprocal phase δ.
The Y-coupler system similarly converts the single-cavity Fabry–Pérot into a coupled cavity
version.

All of these graphical configurations are highly symmetric. The cavity cross-coupling
and out-coupling are equal in each case. Beyond this, each device possesses reflection
symmetry with respect to the exchange of its external ports. The Y-coupler device also has
reflection symmetry about the line through these two ports, implying that the response
is unchanged when φ1 and φ2 are exchanged. The same parametric exchange symmetry
is found in the Grover–Michelson case with φ1 and φ2, as well as the Grover–Sagnac one,
which occurs when the sign of the non-reciprocal phase port δ is flipped.

Figure 15. Higher-dimensional analogues of the systems in Figure 13. The Grover–Michelson (a) and
Grover–Sagnac (b) configurations replace the traditional beam splitter with the Grover four-port.
In configuration (c), three-port Y-couplers replace the U(2) plate beam splitters of the conventional
Fabry–Pérot system. The Grover coin, being fully permutation-invariant, does not need to have a
specified orientation, but the Y-coupler’s feedforward port must be specified. Here, we assume that
this port is the external, unconnected one for each side. In all three of these systems, a pair of coupled
optical resonators is formed from the backreflecting response of the constituent scattering device.
This increase in dimensionality provides access to new degrees of freedom in the system output.

3.3.1. Experimental Demonstration of the Grover–Michelson Interferometer

The Grover–Michelson system was originally considered in Ref. [32]. In that work, the
output amplitudes were found by studying the normal-mode evolution of the superposition
states a†

c1 ± a†
c2, where a†

cj is the creation operator for a photon propagating within arm
j. Defining

B :=
1
2
(eiφ1 + eiφ2), (46)

C :=
1
2
(eiφ1 − eiφ2), (47)

which are precisely the traditional Michelson scattering amplitudes from Equation (36), the
reflection r and transmission t scattering coefficients of the device were found to be

r =
(

C2

2B− 2
− B

2
− 1

2

)
, (48)

t =
(

C2

2B− 2
− B

2
+

1
2

)
. (49)

This can be rewritten as

r =
1
2
(eiγGMI − 1) = eiγGMI/2i sin(γGMI/2) (50)

t =
1
2
(eiγGMI + 1) = eiγGMI/2 cos(γGMI/2) (51)
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where

γGMI(φ1, φ2) = arctan
(

sin(φ1 + φ2)− sin φ1 − sin φ2

cos(φ1 + φ2)− cos φ1 − cos φ2 + (1 + cos(φ1 − φ2))/2)

)
. (52)

Thus, replacing the beam splitter with a Grover coin can be viewed as a phase trans-
formation of the linear response (φ1 − φ2) to a synthetic non-linear one γGMI(φ1, φ2).
This is essentially a reparametrization of the general interferometric graph’s phase re-
sponse. Example plots of the Grover–Michelson transmission probability are shown
in Figure 16. The probability is plotted with respect to φ1 for different fixed values
of φ2. The red curve is the traditional Michelson response, for φ2 = 0. Changing
φ2 merely translates this curve. However, in the Grover–Michelson interferometer,
sweeping φ2 continuously deforms the curves. Being the normal sinusoid but com-
posed of the synthetic phase, the deformation does not affect the visibility, given by
V = (maxφ1 T −minφ1 T)/(maxφ1 T + minφ1 T), which remains fixed at the value of 1 for
any φ2. The position of the transmission peak in φ1 is given by 2π− φ2. As this peak moves
towards the value 0 mod 2π, the peak narrows, leading to a heightened phase response in
this region. The slope ∂T/∂φ1 grows much larger than in the traditional Michelson case,
suggesting much higher phase sensitivity at the appropriate bias point.

The decomposition of the Grover coin into two Y-couplers (Figure 10) and the Y-
coupler into a beam splitter and mirror (Figure 8) enables the experimental implementation
of the Grover coin with a relatively small number of common tabletop optics. As a
proof of principle, a Grover coin was experimentally assembled in this way in bulk and
used to form a Grover–Michelson interferometer [13]. The arm phases φ1 and φ2 were
controlled by modifying their corresponding optical path lengths, which was accomplished
by a piezoelectrically actuated translation stage. The source was a quasi-monochromatic,
continuous-wave diode laser with an operating wavelength of 633 nm and coherence
length exceeding a kilometer. The input power was in the microwatt range; there was no
need to reduce the power to the single-photon level since the output obtained was directly
proportional to the output probability in this case. Nevertheless, the genuine single-
photon implementation would have presented some differences. As the output power
is reduced and approaches the single-photon level, rather than observing a continuous
decrease in registered power as the classical wave picture predicts, the quantized nature of
the individual photon energies will eventually manifest as a discrete sequence of clicks,
corresponding to the detection of single photons. More experimental details of the setup
can be found in Ref. [13].

The assembled Grover–Michelson system exhibited curve tunability with high visibil-
ity. One example of this, measured from the reflection signal, is overlaid with the measured
response of a reference Michelson interferometer. This comparison is shown in Figure 17.
The phase response for the same input phase was notably improved, as loosely depicted by
the blue lines. In this case, where Δφ1 ≈ 145 mrad, the corresponding intensity modulation
is about 14 times larger for the Grover–Michelson interferometer than for its traditional
counterpart. This might be further improved by reducing the losses. Other modifications
to the system could also be considered, as in Ref. [46].
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Figure 16. Transmission probability for the Grover–Michelson interferometer. The device is now a
function of two parameters, so that the transmission curve generated by sweeping one parameter
can be continuously deformed by changing the value of the other parameter. The response can be
tuned to exhibit a substantially large slope, which heightens the phase sensitivity. Figure adopted
from Ref. [32].

Figure 17. Measured interferogram comparison of a traditional Michelson interferometer (red) and a
Grover–Michelson one (black). The blue bars loosely depict the difference in intensity modulation
for the same input phase modulation of about 145 mrad. The Grover–Michelson system exhibited a
roughly 14× higher intensity change, with visibility of 97%. Figure adopted from Ref. [13].

3.3.2. Grover–Sagnac Interferometer

A similar analysis has been applied to the Sagnac configuration [47]. Instead of γGMI,
the phase function

γGSI(φ, δ) = φ− arctan
(

sin φ sin2 δ

2 cos δ− cos φ(1 + cos2 δ)

)
(53)

is obtained. Plots of the associated transmission are shown in Figure 18. When δ = 0,
γGSI = φ. Thus, the reflection and transmission probabilities depend on the reciprocal part
of the loop phase, φ, and can take on any output value. This is not the case in a traditional
Sagnac interferometer, where the lack of non-reciprocal phase forces the transmission to
be zero regardless of the reciprocal loop phase. Moreover, the resonance—or pole in the
phase response—occurs around the point δ = 0. This means that small values of δ create a
sharp dip in the transmission of full-width 2δ. Scanning φ around the origin provides a
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direct readout for this in the interferogram. This signature is linear in δ for any δ, whereas
the traditional Sagnac interferometer’s transmission is given by δ2 for small δ, placing
constraints on the detector resolution. The full-modulation dip is easy to detect but requires
inducing a change in phase φ to be significantly lower than δ in order to resolve δ with
high precision.

3.3.3. Higher-Dimensional Fabry–Pérot Interferometer

The output of the Y-coupler Fabry–Pérot device pictured in Figure 15 and also can
be expressed in terms of that of a regular Michelson interferometer [26]. The output is
given by

r = − C2

1− B2 , (54a)

t = B(1− r). (54b)

The traditional Fabry–Pérot system only has one phase parameter, which, for symmet-
ric plates, traced a Lorentzian-like function whose sharpness was determined by the finesse
F. F is a function of the plate reflectivity, which is typically a quantity fixed by material
properties. In the higher-dimensional Y-coupler version, there are now two phases. The
additional degree of freedom allows the tuning of the effective out-coupling between the
cavity and the output ports. Thus, the effective finesse is tunable through interference.
This allows the widths and heights of certain spectral regions to be controlled with consid-
erable flexibility. A basic example is shown in Figure 19. The arms are each assumed to
be 1.55 · 10−4 meters with a refractive index of 1. By perturbing the index of one relative
to the other, a phase difference is created between the two arms. Increasing this index
perturbation completely reconfigures the filter characteristics, allowing transmission bands
to be converted to reflection bands. Overall, the device acts as a tunable dichroic.

Figure 18. Transmission probability of the Grover–Sagnac interferometer. Unlike in the traditional
Sagnac interferometer, the probability is a continuous function of both φ and δ. For δ = 0, the curve
is sinusoidal in φ but exhibits resonance whenever δ �= 0. This leads to the formation of a sharp dip
about the origin φ = 0. The full width of this dip is 2δ, enabling a high-contrast, direct readout of δ.
Figure adopted from Ref. [47].
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Figure 19. Example output curves for the Y-coupler Fabry–Pérot interferometer. The phase was
modulated by perturbing the refractive index in one arm relative to the other. The arms were each
assumed to be 155 μm long. Changing the relative phase acquired by each arm can bring certain
bands from high transmission to high reflection, acting as a tunable dichroic.

3.4. Hong–Ou–Mandel Two-Photon Interference

Up to this point, all of the input states have been single-photon states, which only
exhibit classical interference. In this section, we consider two-photon states entering
separate ports of an optical scattering device, which are of the form |ψin〉 = a†

1a†
2|0〉. The

resulting two-photon interference can be measured with multiple detectors placed at
the output ports that count the photons that arrive simultaneously. Perfect destructive
interference of the underlying coincident amplitude leads to the famous Hong–Ou–Mandel
(HOM) dip in the rate of coincidences [48,49]. This situation is shown in Figure 20a.
Two identical photons impinge on separate ports of a generic unitary beam splitter of the
form in Equation (32). Each individual photon sees its normal scattering action, resulting
in the transformation

a†
1a†

2|0〉 → (r1a†
3 + t1a†

4)(r2a†
4 + t2a†

3)|0〉. (55)

The coincident amplitude, which leads to the a†
3a†

4 term, is then r1r2 + t1t2. From the
structure of the beam splitter, we recall that the amplitudes r1, r2, t1 and t2 originate from a
two-dimensional unitary transformation, which can be written in the form of Equation (17),
in which the coefficients are rewritten as separated magnitudes and phases. A consequence
of unitarity in two dimensions is the phase constraint of Equation (21), which states that
the difference between the summed phases of the rj and the summed phases of the tj has to
be π. This is precisely the relative phase between the two terms comprising the coincident
term. After dropping the irrelevant global phase, this coincident term can be rewritten as
|r1||r2| − |t1||t2|. Accordingly, if and only if the unitary beam splitter has a 50:50 splitting
ratio, the coincident term vanishes. This is the origin of the HOM effect, producing an
output state (a2†

3 + a2†
4 )|0〉. The produced state is of two clustered photon amplitudes. The

clusters each populate a single mode. There is an equal probability of measuring a cluster
in either of the two modes.
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Figure 20. (a) The traditional Hong–Ou–Mandel effect. When a pair of identical photons enter
different ports of a balanced unitary beam splitter, the coincident amplitude corresponding to one
photon populating each of the two output modes destructively interferes. The output state is then
composed of two clusters of two photons each. Each cluster occupies a single mode. (b) Higher-
dimensional Hong–Ou–Mandel effect. When the two photons impinge on a Grover coin, clusters
form again, with destructive interference occurring across four pairs of output modes. The resulting
clusters are each distributed over two modes instead of the usual one. This increase in dimensionality
enables the energy in each cluster to be routed into one of two different output modes.

A higher-dimensional generalization to this occurs when two photons impinge on
two ports of a Grover coin [50]. This situation is depicted in Figure 20b. The state pro-
duced is

a†
1a†

2 →
1
4
(−a†

1 + a†
2 + a†

3 + a†
4)(a†

1 − a†
2 + a†

3 + a†
4)|0〉. (56)

Another cancellation of cross-terms occurs, since (−a†
1 + a†

2 + a†
3 + a†

4)(a†
1 − a†

2 + a†
3 + a†

4) =

(a†
1 − a†

2)
2 + (a†

3 + a†
4)

2 + (a†
3 + a†

4)(a†
1 − a†

2) − (a†
3 + a†

4)(a†
1 − a†

2). The final state is also
clustered into two components,

|ψ〉 = 1√
2
(|ψr〉+ |ψt〉). (57)

The reflected component is |ψr〉 = (1/2
√

2)(a†
1 − a†

2)
2|0〉 whereas the transmitted compo-

nent is |ψt〉 = (1/2
√

2)(a†
3 + a†

4)
2|0〉. These symmetric state components are two-photon

eigenstates of the Grover coin: G|ψt〉 = |ψt〉, while G|ψr〉 = −|ψr〉.
The output state (57) encapsulates the simultaneous destructive interference of coinci-

dent amplitudes over four mode pairs: (1, 3), (1, 4), (2, 3), and (2, 4). These are the pairs on
opposite sides of the Grover coin shown in Figure 20. The clustered components are also
now distributed over two modes instead of the usual one. This readily enables the energy
spread across each cluster to be concentrated into a single mode. There are two routing
options for each of the two clusters, allowing the emergent two-photon amplitudes to
take on the same form as the traditional Hong–Ou–Mandel effect but with four different
switchable options. This effect has since been shown to enable the complete routing of
entangled states in a general quantum network [50,51].

If the two photons in either Hong–Ou–Mandel configuration enter the device with a
time delay between them, the delay introduces temporal distinguishability, which dimin-
ishes the perfect destructive interference [49,52]. Varying the delay allows the degree of
distinguishability to be tuned, inducing a change in the coincident rate. As the delay passes
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through the zero point, perfect destructive interference occurs in a sharp dip, which can
be used to measure small time delays or the degree of indistinguishability of the source.
Because of the fourfold cancellation of cross-terms in the higher-dimensional Hong–Ou–Mandel
configuration, four simultaneous dips will occur. The relative positions of each dip and peak
will be given by the difference in phase acquired after the photons exit the Grover coin.
When the phases are equal, the dips will overlap, allowing the simultaneous determination
of the three relative phases. These are defined across a given port and the other three
relative to this. Sensing multiple phase shifts is a general benefit of multimode interference
systems. Another example will be considered in the next section.

3.5. Two-Photon Grover–Mach–Zehnder Interferometry

A double-rail generalization of the Mach–Zehnder interferometer (shown in Figure 11)
can be obtained by replacing the two beam splitters with Grover coins and linking the
two unconnected ports to obtain the configuration in Figure 21a. The circulators in red
are used to inject two photons into the first Grover coin, G. The emergent state is of the
form (57). After it emerges from G1, the state acquires the phases φ0, φ1 and φ2; scatters
from a second Grover coin G2; and then exits the system with another set of circulators.
The state is detected across four detectors, labeled A, B, C and D. (Since the circulators are
only used to separate input from output, the same configuration could be achieved without
them if block feedforward Grover coins were used. This feedforward Grover matrix is
equivalent to the system pictured in Figure 5 of Ref. [53]).

Figure 21. (a) Dual-rail Grover–Mach–Zehnder configuration. Two photons are injected at the input
via circulators, scatter off a Grover coin G1, and acquire the phases φ0, φ1, and φ2 while traversing
the two double-rail arms. After this, the optical state scatters off another Grover coin G2 and then is
out-coupled to detectors A, B, C, D with circulators. By recording the coincidences of each detector
pair, the three phases can be determined simultaneously. (b) By introducing a circulator into the
dual-rail arms and placing the arms in different planes, the acquired phases can made to depend
on the rotation rates of the different axes, as described by Equation (61). This allows the system to
simultaneously detect rotations about three axes. Figure adopted from Ref. [54].

The coincidence rates of each detector pair are readily extracted from the output state
amplitudes [54]. For i, j in {A, B, C, D}, denote the coincidence rate between detectors i
and j as Rij. These rates can be related to the phases φ0, φ1, and φ2:
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RAC + RAD
2R0

= sin2 φ1 + sin2 φ2 (58a)

RAD + RAC
2R0

= 2 sin φ1 sin φ2 cos(2φ0 + φ1 − φ2) (58b)

RAB + RCD
2R0

= (1 + cos2 φ1) + (1 + cos2 φ2) + 2 cos(2φ0 + φ1 − φ2)(1 + cos φ1 cos φ2) (58c)

RAB + RCD
2R0

= 2(cos φ1 + cos φ2)(1 + cos(2φ0 + φ1 − φ2)). (58d)

This set of four independent equations allows the three phases and the constant R0 to be
obtained simultaneously. In the case of two independent phase shifts, i.e., φ1 = φ2, the
inversion of the above equations becomes direct as, in this case,

cos 2φ0 = Λ1 (59a)

cos φ1 =
1±
√

1−Λ2
1

Λ2
(59b)

where

Λ1 =
RAD − RAC
RAD + RAC

(60a)

Λ2 =
RAB − RCD
RAB + RCD

. (60b)

The parameters φ0, φ1, and φ2 are general phase shifts. If the system were rotated,
these phases could be shifted in conjunction with the Sagnac effect. Placing the arms in
different planes allows rotations about different axes to affect the different phase shift
parameters. By adding a circulator to the loops, as shown in Figure 21b, a third loop can be
obtained, which allows all three phases to be tied to a rotation direction. With the circulator
added, the path from G1 to G2 exiting a1 or b1 comprises a half-loop about the z axis, the
path leaving b2 comprises a half-loop about the x axis, and each path leaving a2 comprises
both a full loop about y and a half-loop about x. This allows the phase shifts φ0, φ1, and φ2

above to be expressed in terms of the phase shifts induced by rotations about the x, y, and
z axes as follows:

φ0 = (φx − φz)/2, (61a)

φ1 = φz, (61b)

φ2 = φx + φy. (61c)

Given the measurement of φ0, φ1, and φ2, the above equations are readily inverted to obtain
the rotation phases,

φx = 2φ0 + φ1 (62a)

φy = −2φ0 − (φ1 + φ2) (62b)

φz = φ1. (62c)

Thus, the system offers the simultaneous determination of three rotations about differ-
ent axes.
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4. Discussion

In this review, we have discussed the design principles of novel gauge-invariant
optical devices capable of providing a substantial boost in resolution for interferometric
sensors. A general approach for identifying physically equivalent scatterers has been
presented, which provides a basis on which to recognize or enforce certain symmetries
in a scattering transformation. An emphasis is placed on the gauge-invariant, higher-
dimensional Y-coupler and Grover coins due to their roles in interferometry. The general
matrix theory for optical scattering has several other extensions and applications, such as
unitary control [55–57]. Certain assumed global symmetries can also be used to bound
the elements of a scattering matrix [58,59]. Although the Grover coin and Y-coupler were
constructed through a beam splitter decomposition, there has yet to be a demonstration
of a passive, single-element implementation of these devices in any platform. Such an
implementation would be valuable to reduce the number of resources used in larger
systems. A variety of beam splitters have been realized using metasurface technology,
making this a potential candidate for realizing higher-dimensional unbiased multiports in
the future [60–64]. Other possible approaches include integrated multimode interference
(MMI) devices [65–70] and nanophotonic inverse design [71–73]. These approaches all
involve reducing the scale of the optical device. This would be advantageous in situations
where the coherence length of the source is no longer large enough to be approximately
ignored. When the coherence length becomes finite, as in the case of a pulsed or broadband
white light source, the interference of field amplitudes will no longer occur when the
difference in the optical path lengths becomes greater than the coherence length. Even if the
individual path components are short, devices involving multiple bounces with low loss can
obtain a large path length in effect. Here, this potential problem was avoided with perfect
coherence, which was provided by an assumed monochromatic source. Nevertheless, this
configuration is only employed in some optical interferometric systems, so it remains to be
seen how other sources with lower coherence may be employed for unbiased multiport
interferometry, as well as the effects of different system scales on the output.

All systems reviewed were also assumed to be unitary. However, non-unitary systems
with loss are a practical reality, stemming from artifacts such as absorption or undesired
radiation out of the system under consideration. Although a non-unitary system can
always be cast into a higher-dimensional unitary space to account for inaccessible “lossy
modes”, non-unitary systems themselves have become an increasingly popular area of
research. This is because, in general, a non-unitary system is not bound to the same limits
as a unitary scatterer, which enables other new effects to be observed [74–79].

Interferometers were defined as graphs of static scattering devices, producing a scat-
terer that is a function of tunable parameters such as the induced phase shifts. After
discussing traditional interferometric systems, higher-dimensional systems built around
the Grover coin and Y-coupler were presented. These scatterers utilize more field modes
per scattering event, exhibiting rich interference effects that directly translated into practical
improvements for interferometric phase sensors. These improvements included higher
resolution, more control freedom, and the ability to measure several phases simultane-
ously. Naturally, systems employing coupled resonances, such as the Grover–Michelson
interferometer, will tend to exhibit a smaller range where the slope is increased. This local
narrowing of the response range requires an active phase controller to bias the system at the
sensitive point. Other applications that may benefit from the increased sensitivity exhibited
in these systems include optical switches and modulators, phase contrast microscopes, and
optical filters.
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The enhancements resulted directly from the replacement of a lower-dimensional
scattering device with a higher-dimensional one in the same graphical configuration. It
remains to be seen which effects other configurations and inputted optical states may
produce in these symmetric interferometers.
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Abstract: In the fabrication of optical polymer-based components, such as diffractive gratings and
waveguides, high throughput and high precision are required. The non-destructive evaluation of
these complex polymer-based structures is a significant challenge. Different measurement techniques
can measure the structure geometry directly or via its functionality indirectly. This study investigates
various measurement techniques aimed at assessing these structures from 200 nm up to 20 μm.
Environmental scanning electron microscopy (ESEM), white light interferometry (WLI), atomic
force microscopy (AFM), micro computed tomography (μCT), optical coherence tomography (OCT),
phase contrast microscopy (PCM), and Mueller matrix ellipsometry (MME) are investigated for their
practical limits of lateral resolution and aspect ratio. The impact of the specimens’ complexity factors,
including structure width and aspect ratio, on measurement quality is discussed. A particular focus
of this study is on the suitability of different measurement systems for evaluating undercuts and
enclosed structures while considering structure size, slant angle, and cover thickness. The aim is to
discuss the specific advantages of the individual measurement systems and their application areas in
order to be able to quickly select suitable measurement systems for a non-destructive evaluation of
polymer-based micro and nanostructures.

Keywords: measurement analysis; scanning electron microscopy; white light interferometry; atomic
force microscopy; micro computed tomography; optical coherence tomography; phase contrast
microscopy; Mueller matrix ellipsometry; polymer structures; nanostructures

1. Introduction

In micro and nanofabrication, polymer-based structures are used to maximize the
functionalization of the smallest possible devices [1]. In optics, for example, diffractive
gratings are used for light coupling and decoupling, as well as structures for light guiding
(waveguides) [2–4] or intended phase shifting (holograms) [5,6]. Typical structure sizes
here are in the sub-wavelength range from 200 nm to a single-digit micrometer range. The
complexity of these structures increases when the gratings are slanted and overhangs are
generated [7]. The quality of diffractive and refractive elements directly influences light
transmission and imaging efficiency [8–10]. There are other applications that are based
on polymer structures that are larger than those of a single-digit micrometer range, such
as biofluidic devices. For example, small channels and filter elements are manufactured
for lab-on-chip devices and rapid diagnostics [11,12]. The size of the structure varies from
rather small channels with a width of 3 μm [13] to 8 μm [14] up to larger channels of
200 μm [15]. Therefore, precise manufacturing of the chips is a prerequisite for precise
diagnostics [16,17].
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As already outlined, the precision of micro and nanofabrication is very important with
respect to the given examples of optical and biofluidic systems. In order to be able to assess
the fabrication processes, measurements and evaluation of the functionalized structures
are required. Measurements can be made directly through optical [18] or tactile [19]
measurement of the geometry or indirectly through the structure function. The more
complex the structures are, the more difficult it is to make a reliable assessment.

A complexity factor is the geometry of the structure. As structures become smaller,
microscopic imaging becomes increasingly difficult [20]. Especially if the measuring sys-
tems are limited by diffraction, the structures of diffractive gratings are sometimes smaller
than the resolution limit of a microscope objective [21]. Another complexity factor is the
ratio of structure height and width, the so-called aspect ratio. The greater the aspect ratio,
the more difficult it is to detect the interior of the structure, both optically and in a tactile
way. A high numerical aperture is required for optical detection [22] and the smallest
possible tip for tactile detection [23]. The complexity factor is also increased as soon as
structures with overhangs or enclosed structures within a polymer solid are to be measured
and evaluated. For this purpose, the measurement system must be able to penetrate the
polymer solid [24] and to visualize the undercuts and cavities or derive information about
the geometric quality via the optical function of the structures [8,25]. In summary, complex
polymer structures are those that are very small (<1 μm), have a large aspect ratio (>1),
have overhangs, or are enclosed.

Different measurement techniques have their strengths and weaknesses that can be
utilized in the evaluation of complex polymer structures without damaging the structure
during measurement. In this study, we investigate different measurement techniques such
as environmental scanning electron microscope (ESEM), white light interferometer (WLI),
atomic force microscope (AFM), micro computed tomography (μCT), optical coherence
tomography (OCT), phase contrast microscope (PCM), and Mueller matrix ellipsometer
(MME). First, the limits of lateral resolution and maximum aspect ratio are examined using
pillar structures. These pillar structures were written into a commercial acrylate-based resin
using two-photon polymerization (2PP) [26]. It will be discussed for which measurement
systems the complexity factors, structure width from 200 nm up to 20 μm and aspect
ratio 0.1 up to 2.86, have a definable influence on the measurement quality. Furthermore,
it will be investigated which measurement systems are suitable for the measurement of
undercuts and enclosed structures and where the limits are by taking the structure size and
the covering layer height into account. The specific advantages of the individual measuring
systems and their application areas are discussed in order to be able to quickly select a
suitable measurement system for a given polymer structure.

2. Measurement Systems and Methods

A WLI, AFM, OCT, ESEM, μCT, PCM, and MME were used to investigate polymer-
based micro and nanostructures. The applied systems and the respective main settings
are summarized in Table 1. For a better understanding, the measurement principle of
the used systems and, if necessary, the post-processing method for data acquisition are
described below.

Table 1. Used measurement systems and their main settings in the investigation using polymer-based
structures.

System Name Manufacturer Dimensions Main Settings

WLI NewView8300 Zygo, Weiterstadt, Germany 3d 50×, NA 0.5, 1024 × 1024 px

AFM EDU-AFM1/M Thorlabs, New Jersey,
Vereinigte Staaten 3d 250 × 250 px, 200 px/s, different

magnifications

OCT Spectral domain OCT
according to VDI/VDE 5565 non-commercial 3d 50×, NA 0.8, FOV 0.1 (factor)
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Table 1. Cont.

System Name Manufacturer Dimensions Main Settings

ESEM Prisma ESEM
Thermo Fisher Scientific,

Massachusetts, Vereinigte
Staaten

2d LDV, 5 kV, 50 Pa, different
magnifications

μCT Xradia Versa 610 Zeiss, Oberkochen, Germany 3d 40×, 80 kV, 10 W, different
magnifications

PCM BZ-X800 Keyence, Ōsaka, Japan 2d 40×, 960 × 720 px

MME Imaging Mueller matrix
ellipsometry, Accurion EP4 Park Systems, Suwon, Korea 2d 50×, incidence angle 40◦, 500 nm

2.1. White Light Interferometer

The used WLI is based on the measuring principle of a Mirau interferometer with a
broadband light source (spectral width 120 nm) and a 50× Mirau objective. During the
WLI measurement, the Mirau objective is moved by a piezo actuator along the optical axis.
The interference signal is processed in a frequency domain analysis (FDA [27,28]) and a
three-dimensional profile is reconstructed as shown in Figure 3a. WLI measurements are
particularly suitable for flat structures in the sub-micrometer range [18].

2.2. Atomic Force Microscope

In an AFM measurement, a measuring tip scans the sample. The individual AFM
techniques differ in how the sample is scanned by the tip and which measurement vari-
ables are gained. Using frequency-modulated AFMs, the tip oscillates and the oscillation
amplitude or the phase shift of the tip oscillation is acquired with or without contact to the
sample [29–32]. In the case of scanning tunneling AFM, an additional reference voltage is
applied between the tip and the sample and the tunnel current is measured to reconstruct
the height [29,33]. Using the constant force measurement mode, the mechanical deflection
of the tip (ContAl-G-10, BudgetSensors, Sofia, Bulgaria, tip radius approx. 10 nm) on the
sample’s surface is detected by a laser triangulation and compensated by a piezo actuator.
The voltage of the piezo actuator, that is needed to compensate for the tip deflection in
order to keep the force constant, is recorded [32,34]. The recorded voltage values of the
piezo actors are reconstructed to a metric height profile as shown in Figure 3b using a
calibration factor. An AFM can be used to resolve structure sizes below the microscopic
diffraction limit [19,35].

2.3. Optical Coherence Tomograph

The used spectral domain OCT is based on a broadband point light source, which
is directed onto the measurement object and a reference mirror via a beam splitter. The
reflection from the mirror and the measurement object is guided back into a spectrometer
via the same beam splitter. In the spectral domain analysis, the metric distances of the
reflection layers at a certain point of the sample are reconstructed [36]. The sample is
scanned laterally with a scanning unit, and a three-dimensional data stack of the reflection
layers is generated. Figure 3c shows the recorded surface of the sample based on the
summed stack of all vertically recorded reflection intensities. The height data need to
be calibrated for an absolute measurement. OCT is particularly suitable for material
examinations, as it can detect material layers [24] or defects [37] below the polymer surface
based on refraction differences.

2.4. Environmental Scanning Electron Microscope

In the ESEM measurement, the sample is scanned by an electron beam. Atoms
in the sample react by emitting secondary electrons (SE), among other things. The SE
are captured by a SE-detector. Non-conductive materials, such as polymers, charge up
particularly quickly with the primary electrons. To avoid charging defects during an
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ESEM measurement, the chamber vacuum is set as low as possible (e.g., 50 Pa) or water
is actively introduced into the vacuum chamber to discharge the sample surface. Using
the ESEM, structures below the usual light microscopic resolution can be captured in
two dimensions [38,39]. Cross-sections of the structures are often recorded to image
undercuts [7,40]. An exemplary ESEM measurement is shown in Figure 3d. The gray values
represent the detected SE at the respective position in the scan field and no information
about the structure height can be gained. Since the structure edges have a significantly
higher SE dose as illustrated in Figure 1a and in the respective top view (b), the position of
the edges can be used to determine the structure width by binarizing the ESEM image as
shown (c). The edges are detected (1) or the entire structure of the pillar is detected (2).

 
(a) (b) (c) 

Figure 1. The shot with primary electrons causes secondary electrons to be emitted at the sample
surface (a). During the scan of the sample surface, the dose of emitted secondary electrons is
significantly higher at the structure edges than at the surface areas (b). In order to determine the
width of the structure, the ESEM images are binarized to identify the edges of the structure. The
width of the structure w is equal to the distance between the outer edges (1) or to the diameter of the
circular surface (2) (c).

2.5. Mirco Computed Thomograph

In a conventional μCT measurement, the object is rotated in an X-ray beam, and the
transmitted X-rays are captured by a detector. The single detector images at different
rotation angles are combined to form a three-dimensional data stack. For a better resolution
down to the sub-micrometer range, magnification lenses are placed in front of the detector
of the utilized μCT as standard [41]. Figure 3e shows an image from the top view. Similarly
to OCT, μCT is also suitable for sub-surface material analysis of polymers as demonstrated
in [42,43].

2.6. Phase Contrast Microscope

The PCM is based on a conventional bright-field microscope. In addition, it has a
phase ring for phase shifting by a quarter wavelength (λ/4) and a ring aperture between
the light source and condenser lens. This allows phase shifts to be visualized as intensity
differences, as shown in Figure 3f, for example. Thus, the phase shift Δϕ is caused by a
change in the propagation time through the sample as visualized in Figure 2a. If the focus
is well set, the structure can be well identified in the top view (b). Similarly, to the ESEM
images, the PCM images are binarized to detect the edges and calculate the diameters of
the structures (c). The visualization of phase shifts can be used in the material analysis of
polymers and blends, as demonstrated in [44,45].

2.7. Imaging Mueller Matrix Ellipsometer

The imaging MME system combines conventional ellipsometry and bright-field mi-
croscopy. The main measurement parameter is the Mueller matrix M. The 4 × 4 Mueller
matrix describes the change of an electromagnetic wave after interaction with a sample
based on the change in the initial Stokes parameters Si and final Stokes parameters Sf, as
can be described by [46]:

Sf = M Si (1)
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(a) (b) (c) 

Figure 2. The phase difference in the propagation through the sample Δϕ (a) is visible in the intensity
image of the top view (b). After binarization, the structure width w is equal to the diameter of the
white circle (c).

Instead of averaging the sample’s polarization behavior at the entire illumination
spot of the ellipsometer, the Mueller matrix values are calculated for each pixel of the
camera image using the imaging MME. Due to the calculation of the local polarization
behavior, non-periodic structures and structures that are smaller than the illumination spot
can be evaluated [47]. Figure 3f shows the sample’s microscope image and the respective
normalized value M32 of the 4× 4 Mueller matrix for example. A change in geometry can be
detected indirectly by a shift in the local polarization behavior of the structure. Comparable
indirect measurement techniques for polymer nanostructures are scatterometry [10] or
diffraction tests [35].

 
 

(a) (b) 

  
(c) (d) 

  
(e) (f) 

 
(g) 

Figure 3. The overview shows examples of the captured images of the investigated measurement
systems WLI (a), AFM (b), OCT (c), ESEM (d), μCT (e), PCM (f), and MME (g). The respective
measurement characteristics such as measurement outputs and the field of view are compared using
selected pillars. All images show pillars with a width of 2.8 μm and a height of 0.5 μm. The scaling of
the height was adapted to the individual measurement in order to clearly display the measurement
characteristics.
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3. Polymer-Based Test Patterns

3.1. Pillar Arrays

In the investigation of the practical limits of the lateral resolution and the aspect ratio,
a pillar test pattern is used, as shown in Figure 4. A pillar as given in (a) has a diameter
of width w and a height h that ranges from the base to the top of the pillar. The base
width corresponds to twice the pillar width 2w and the base height b is 1.5 μm for all pillar
arrays. The pillars are rotationally symmetric as shown in (b). A pillar array consists of
integer multiples of a pillar from (b) within a field of 120 μm, as illustrated in (c). To check
the directional dependence of the measurement systems, a distinction is made between
horizontal slices in the x-direction (blue) and vertical slices in the y-direction (orange).

 
(a) (b) (c) 

Figure 4. A polymer-based pillar array is used to investigate the practical limits of the lateral
resolution and aspect ratio. The pillar width w varies from 0.2 μm to 20 μm and the height h from
0.5 μm to 4 μm. The base layer height b of 1.5 μm is constant (a). The pillars are rotationally
symmetrical and measured in the horizontal (blue) and vertical (orange) directions (b,c). An integer
multiple of pillars is arranged in a square array of 120 μm (c).

The pillar arrays illustrated in Figure 4 were realized using two-photon polymeriza-
tion (2PP, introduced in [26,48]). In the manufacturing process, the pillars were written
with a 2PP system (QuantumX, Nanoscribe, Karlsruhe, Germany) in a 2PP polymer (IP-Dip,
Nanoscribe, refractive index n 1.55 @ 590 nm [49]) on a 2′′ borosilicate wafer (MicroChem-
icals, Ulm, Germany, refractive index n 1.52 @ 590 nm). To improve the adhesion of the
2PP polymer to the borosilicate wafers, the wafers were pretreated with oxygen plasma
(Zepto BLS-W6, Electronic Diener, Ebhausen, Germany) and a silanizing adhesion pro-
moter (Primer20, MicroResist, Berlin, Germany). In Table 2, the chosen pillar widths w
and heights h are defined concerning the manufacturing process. To achieve the maximum
resolution, the pillars are a multiple of the smallest voxel width of 200 nm of the 2PP system.
Examining eight different pillar widths ranging from 0.2 μm to 20 μm with an exponential
step size (w = 0.1 e0.66 n), n = [1:8]) ensures a comprehensive investigation, even below the
resolution limit of diffraction-limited systems. When varying the height h from 0.5 μm to
4 μm, the aspect ratio a of h/w results in 0.1 to 5. In the design of the experiment, 26 pillar
arrays were manufactured and their respective indexes are written in brackets in Table 2.

Table 2. Pillar geometry.

Width w [μm]

0.2 0.4 0.8 1.4 2.8 5.0 10.0 20.0

H
ei

gh
th

[μ
m

]

0.5 2.50 (1) 1.25 (2) 0.63 (3) 0.36 (4) 0.18 (5) 0.10 (6)

1.0 5.00 (7) 2.50 (8) 1.25 (9) 0.71 (10) 0.36 (11) 0.20 (12) 0.10 (13)

2.0 5.00 (14) 2.50 (15) 1.43 (16) 0.71 (17) 0.40 (18) 0.20 (19) 0.10 (20)

4.0 5.00 (21) 2.86 (22) 1.43 (23) 0.80 (24) 0.40 (25) 0.20 (26)

A laser scanning microscope image of the realized pillar test structure is shown in
Figure 5. According to this figure, arrays with an aspect ratio of 5 (like the arrays 7, 14, and
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21) are defectively manufactured in the selected 2PP polymer. Therefore, the test range is
restricted to aspect ratios of 0.1 to 2.86.

Figure 5. The 2PP pillar test structure captured by a laser scanning microscope consists of 26 pillar
arrays. Structures with an aspect ratio of 5 (array 7, 14, and 21) are excluded from the investigation
due to their defects.

3.2. Slanted Test Pattern

Test patterns with slanted gratings are used to analyze the measurability of the under-
cuts. The slanted test pattern in Figure 6a is used to investigate the lower limit at which
undercuts can be detected with respect to the size of the structure w and the slanted angle
α. The structure width w and the height h are always equal. Hence, the aspect ratio always
remains one. Structures with a height h of 1, 2, and 3 μm as well as 10, 20, and 30 μm (factor
10 larger) are tested. The slant angle α is varied in steps of 0◦ to 40◦ in 10◦. A slanted grating
element is 12 μm or 120 μm in the y direction with respect to (b). Three slanted grating
elements were placed in the x direction. A captured overview of the realized structures is
provided in (c). The slanted polymer structure was produced as already described in the
manufacturing process of the pillar test structure using the 2PP technique. In the analysis,
the slanted test samples are captured from the top, and a slice in the x direction is used for
evaluation.

(a) (b) (c) 

Figure 6. The slanted gratings vary in height h (=width w) between 1 μm and 30 μm. The slant angle
is in the range of 0◦ to 40◦ (a). At least three elements are investigated based on the top and the
cross-section view in the x-direction (blue line) (b). The microscope image of the slanted gratings
shows the arrangement of the sample (c).
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3.3. Covered Pillar Test Pattern

Covered pillars are used to assess the possible penetration depths of measurement
systems through a polymer layer (IP-Dip, n = 1.55). The design of the covered pillars is
visualized in Figure 7. As shown in (a), the pillars are hollow and have a constant width
w and height h of 4 μm. The covering layer thickness hc varies from 0.5 μm to 2 μm in
0.5 μm increments. The 2PP structure is connected to the substrate via base pillars in order
to be able to rinse the cavities underneath the covering layer. The base pillars also have a
height hb and a diameter of 4 μm. They are offset symmetrically to the structure pillars as
shown in (b) and (c). The pillars fill a square of 80 μm and the different cover heights are
tagged on the top side as displayed in (c). For a better understanding, a three-dimensional
representation of the designed structure is given in (d).

 
(a) (b) (c) (d) 

Figure 7. The coved pillar structure is based on hollow pillars (width w = 4 μm, height h = 4 μm)
and a varying cover thickness hc. The cover thickness hc ranges from 0.5 μm to 2 μm. To be able to
flush the hollow pillars free during the 2PP manufacturing process, the structure is supported by
base pillars (height hb = 4 μm) (a). The pillars are symmetrically offset (b,c). The covered pillars are
distributed over an area of 80 μm × 80 μm and the quadrants have the given cover thicknesses hc (c).
The three-dimensional slice shows how the hollow and base pillars are arranged in relation to each
other and where the cover thickness hc is measured (d).

4. Results and Discussion

4.1. Pillar Analysis: Investigation of the Lateral Resolution and Aspect Ratio Limits

For an assessment of the limits with respect to the lateral resolution and the aspect
ratio, the pillars’ test range and all successful measurements of the measurement systems
(WLI, AFM, OCT, ESEM, μCT, PCM, MME) are plotted in Figure 8. The measurements
were classified as successful if the pillars were identifiable based on the diameter at half
height (FWHM) or at half intensity (using the described image processing methods such
as binarization). According to the comparison in Figure 8, the smallest structures from a
width of 0.4 μm can be measured with the ESEM. The AFM and OCT measure structures
starting at 0.8 μm. The WLI, μCT, PCM, and MME detect structures with a width of at least
1.4 μm. Pillars with a maximum aspect ratio of 2.86 can be visualized using the WLI, OCT,
ESEM, PCM, and MME. Due to the end of the test range, it is possible that higher aspect
ratios can be measured. This can be investigated by further tests with higher aspect ratios.

At this point, the μCT measurement is remarkable in contrast to other systems’ mea-
surements. The smallest pillar array that could be measured by the μCT was the fourth
array with a width of 1.4 μm and a height of 0.5 μm. The corresponding μCT images
are shown in Figure 9a and the respective slice in (b). The biggest challenge of the μCT
measurements is the low contrast of the 2PP polymer. An attempt was made to compensate
for this using a long exposure time, power optimization (loss of contrast at high power),
and measuring ‘in phase’. In the end, long exposure times must be selected that exceed
48 h per pillar array so that the contrast is sufficient and the pillars can be reconstructed.
Another way to improve the contrast of the polymer would be to enrich the polymer with
high atomic number elements, e.g., barium or silver, and increase its absorption [50].
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Figure 8. In the pillar analysis, the plotted pillar dimensions could be measured by the referenced
measurement systems.

(a) (b) 

Figure 9. The μCT images of the pillar with a width of 1.4 and a height of 0.5 μm are shown. The
individual pillars are visible in the top view (a). The cross-section at the blue line is shown in (b).
There are slight diffraction effects.

Figure 8 shows that several measurement systems are suitable, especially for larger
structure widths (>1.4 μm). However, the measurement quality of the measurement
systems differs. In order to be able to select the most suitable measurement system for a
certain measurements task, the measurement quality is investigated. In the following, the
deviation from the expected value (residuals) and the measurement repeatability (standard
deviation) of all measurement systems (except MME) are examined as a function of the
structure width in Figure 10. Horizontal ( ) and vertical (�) measurements are separated
by their symbols.

The percentage residuals as a function of the structure width for each comparable
measurement system are shown in Figure 10. The respective aspect ratio of the measure-
ment can be assigned via the color and the legend of the measurement. The higher the
aspect ratio, the lighter the respective color. Analyzing the AFM and ESEM measurements,
it is noticeable that the horizontal and vertical measured values including the standard
deviation do not overlap. The difference is significant and is examined in more detail.
The AFM and ESEM measurement images and the respective statistical evaluation of the
third array (w = 0.8 μm, a = 0.63) are shown in Figure 11a,b. These measurements of
the same structure clarify that the 2PP pillars are not ideally round. In the analysis of
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the 0.8 μm pillars, the vertical diameter is 20% (0.16 μm of w = 0.8 μm) smaller than the
horizontal diameter. Theoretically, this would be 40% for the 0.4 μm pillars (0.16 μm of
w = 0.4 μm). This is confirmed exactly in the ESEM analysis. Therefore, in the measuring
range below 1.4 μm, statements can only be made about the repeatability based on the
standard deviation. It is assumed that the absolute deviation of 160 nm affects every pillar
due to the 2PP manufacturing. However, this deviation is marginal for pillar widths of 1.4
μm and wider, as it is 10% of the total width or less. In that case, it cannot be distinguished
from the measurement inaccuracy due to the scattering of the measured values. From
a pillar width of 1.4 μm, both the residuals and the standard deviation can be used for
evaluation.

Figure 10. The measurement deviation corresponding to the structure width of comparable
geometrical-based systems (WLI, AFM, OCT, ESEM, PCM) is shown to evaluate the measurement
quality. Horizontal ( ) and vertical (�) measurements are plotted separately. The aspect ratio a of the
measured pillars can be classified using the color bar.

 
(a) (b) 

Figure 11. The WLI image (a) and the ESEM image (b) show pillars with an expected width of 0.8 μm
and a height of 0.5 μm. The measurment lines are marked in red. The offset between the horizontal
and vertical diameters is 20% of the expected structure width of 0.8 μm.

In the measurement range up to 1.4 μm, the standard deviation of the OCT is the
largest reaching more than 20% (e.g., w = 0.8 μm: 23%, w = 1.4 μm: 27%). Compared to the
other measuring systems, this is more than twice as large as the maximum deviation of WLI,
AFM, and ESEM. Therefore, it is recommended to use OCT for a width of 2.8 μm at least.
At a structure size of 1.4 μm, the measured values of all measurement systems overlap
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within their standard deviation, and the measurement quality does not differ significantly.
In the measurement range from a structure width of 5 μm and wider, the measured values
of the WLI and the ESEM are the most stable. The deviation from the expected value is
less than 10%. The standard deviation is less than 5% and is negligible. From a structure
width of 20 μm, the residuals of the PCM are less than 10% as well. In contrast, the AFM
and OCT measurements have residuals of up to 25% (w = 5 μm) and −26% (w = 10 μm) in
this range. Consequently, the use of WLI and ESEM is recommended for structure widths
equal to or greater than 5 μm and the PCM for structures equal to or greater than 20 μm.

Analyzing the residuals and the standard deviation as a function of the structure
width, the impact of the aspect ratio has been neglected. Therefore, the impact of the aspect
ratio on the reproducibility (standard deviation) is displayed in Figure 12. Up to an aspect
ratio of 0.2, the standard deviation of all measuring systems is less than 5%. Subsequently,
this deviation can be neglected. In addition, this means that there is no difference between
the measurement systems in terms of their repeatability up to an aspect ratio of 0.2. The
standard deviation increases on average as the aspect ratio of the measurement system
increases according to the dashed trend lines. The measurements of the AFM (slope
m = 2.4) and OCT (slope m = 10) are most influenced by an increasing aspect ratio. A linear
relationship between aspect ratio and standard deviation could not be demonstrated for
any measurement system. The deviation of the measurement points from the trend line is
too large, and the coefficient of determination R2 does not reach a minimum target value
of 0.95. In order to improve the measurement accuracy, it is proposed to measure with a
maximum of 10% standard deviation. Accordingly, OCT and PCM would be suitable for
structures with an aspect ratio up to 0.4.

 

Figure 12. The influence of the aspect ratio is evaluated on the basis of the repeatability (standard
deviation) of the measurements. The greater the gradient m of the trend line, the greater the impact
of the aspect ratio on the measurement quality.

The limitations and recommendations resulting from the investigation of the mea-
surement quality based on the measurement deviation and repeatability are applied below
to the valid measurements map in Figure 13. In addition, application areas are defined.
An application area extends from the lower resolution limit (left limit) via the maximum
aspect ratio (upper limit) to the maximum measurable structure size (right limit). It is
assumed that the maximum structure width is equal to the edge length of the field of view
of the measurement system measuring the maximum aspect ratio. Restrictions limit the
application areas based on the investigation of the measurement quality. With respect
to Figure 13, the smallest structures with a width less than 1.4 μm can be measured by
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ESEM and AFM. Medium-sized structures can be measured with OCT. If the structure
widths of a sample vary greatly in width, the WLI, μCT, and PCM are suitable because they
cover a large structure size range. Structures with high aspect ratios greater than two can
preferably be examined with the ESEM, WLI, and MME.

Figure 13. In the map of the application areas, the colored dots indicate valid measurements of the
respective measurement systems. The application areas were defined taking into account the quality
of the measurement. The application areas range from the lower resolution limit (left limit) to the
maximum aspect ratio (upper limit) to the maximum structure width (right limit).

4.2. Undercut and Enclosed Structure Analysis: Evaluation of the Minimum Structure Size and
Maximum Cover Heights
4.2.1. White Light Interferometer

The WLI measurements of the chosen slanted gratings and the covered pillars are
shown in Figure 14. In (a), the 40◦ inclined structures with a structure size of 1 μm, 2 μm,
and 3 μm are captured from the top view. The respective slice is shown below. In the
slice, the ground plane and structure plateaus are connected via less isolated measuring
points. These isolated measurement points indicate that the measurement resolution is
not sufficient to reconstruct the slanted edge or undercuts for these structure sizes. The
larger slanted edges with a height of 10 μm, 20 μm, and 30 μm with a 40◦ angle in (b) can
be reconstructed. Based on the measurements of the larger slanted gratings in (b) and the
enclosed structures with different cover heights hc (0.5 μm–2 μm) in each quadrant in (c), it
is clear that the WLI used can only look at a structure from the top and not into or through
the structure. This is due to the signal recording of the measurement system. In the specific
frequency domain analysis, only the interference signal of the sample’s surface is used to
calculate the height values [28]. Therefore, the underlying surface cannot be reconstructed.

The reconstruction quality of the WLI depends on the slant angle of the gratings as
shown in Figure 15. The density of the measurement points is only sufficient to reconstruct
the edges from a slant angle of at least 30◦. The reflected light at the edges must be
captured by the WLI objective (ZeGage, Zygo, Weiterstadt, Germany, NA 0.5) to enable the
reconstruction of slanted edges. Using a high numerical aperture (NA) objective, smaller
slant angles can be captured and reconstructed. The exact slant limit could be tested using a
sinusoidal structure since it has a continuous change in inclination as demonstrated in [51].
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(a) (b) (c) 

Figure 14. The slices of the 1 μm to 3 μm slanted structures with a 40◦ slant angle show that the
edges cannot be reconstructed sufficiently since only a few measurement points are detected (a). The
comparable structures with a 10 μm to 30 μm height have reliably measured edges on the top sides
(b). The undercuts could not be captured. This also becomes clear in the image of the covered pillars
(c), as no undercuts can be captured below a transparent surface. The steps in the slice view of (c) are
due to the different cover heights hc on top of the quadrants ranging from 0.5 μm to 2 μm.

 

Figure 15. The structures 10 μm to 30 μm are compared with respect to their slant angles. From
a slant angle of 30◦ the edges are captured sufficiently. The minimum slant angle depends on the
maximum angle of incidence (numerical aperture) of the WLI objective.

4.2.2. Atomic Force Microscope

The AFM measurements of the slanted gratings and the covered pillars are shown
in Figure 16. Only the smaller slanted structures with a size of 1 μm in (a), 2 μm in (b),
3 μm in (c) could be scanned. For example, the measurement of the samples with a 40◦
slant angle are displayed in Figure 16. The scanned edges in (a) to (c) are blurred and
partially distorted, which indicates that the tip is stuck during movement. The standard tip
(Tap300Al-G, BudgetSensors, Sofia, Bulgaria, tip height: 17 μm, half cone angles 20◦–30◦,
radius 10 nm) is limited by its geometry. In measurements of larger structures, the tip
would have remained stuck in the structures until it broke. According to Figure 16b,c,
two tip behaviors can be distinguished. In the first, the tip touches the edges of the
structure with its side surfaces, and the edges vanish as shown in (b) and (c) in red-lined
area 1. In the scan lines below, there are tip displacements similar to tip contamination
artifacts [52,53]. In the second behavior, the tip jumps over the edges as given in (b) and
(c) in area 2. The structures look as if they have broken off, although the structures are
defect-free. The phenomena are comparable to known misinterpretations by tip-sample
convolution [52]. Since measurement defects cannot be sufficiently distinguished from
slanted edges, a standard AFM is not recommended for slanted structures, even in the
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smaller measurement range below 3 μm. However, there are special AFMs with individual
tips that are designed for high aspect ratios [23] as well as undercuts and sidewalls [54,55].
The covered pillars of Figure 16d cannot be measured using a basic tactile measurement
technique. One possibility would be to measure these covered pillars with contact resonance
atomic force microscopy as presented in [56]. The ripples in the slices are caused by the
2PP manufacturing of the cover layer and can also be found in the measurement of the
WLI in Figure 14c (different scaling).

 
(a) (b) (c) (d) 

Figure 16. The AFM measurements and the respective slices of the 40◦ slanted gratings with a
structure size of 1 μm (a), 2 μm (b), and 3 μm (c) demonstrate the challenge of a tactile measurement.
The AFM tip either sticks with its flange (red area 1) or jumps from the structure top to ground
level (red area 2). The measurement of the covered pillars (d) shows that no enclosed structures can
be detected, but the vertical resolution is very high and small height deviations (<100 nm) can be
detected. In (a), the height scaling has been changed in order to improve the analysis of the structures.

4.2.3. Optical Coherence Tomograph

The slanted gratings with a size of 10 μm, 20 μm, and 30 μm could be captured by
the OCT as shown based on the 40◦ structures in Figure 17a–c. Smaller slanted structures
(1 μm–3 μm) could not be imaged. Especially in the processed slices of the OCT images,
the structures appear several times with low intensity (2). These artifacts are caused by the
autocorrelation signal which leads to double interpretations. They do not influence the
dominant measurement signal (1). Therefore, only the measurement signal (1) is analyzed.
The reflection strength at the slanted edges decreases compared to horizontal interfaces,
as the reflection cannot be completely captured by the objective. Similarly, to the WLI,
the measurability of the edges depends on the NA of the objective. Compared to the
WLI, however, undercuts and covered structures can also be measured. In the slice of
Figure 17d, the interfaces of the covered structures are visible. At this point, it is important
to mention that the scaling of the height refers to air. The average pillar width is 3.7 ± 0.2
μm, measured in the horizontal direction along the blue slice line. In this measurement,
the measured pillar widths are independent of the cover thickness hc (left side: 0.5 μm,
right side: 2 μm). It was proven that the measurement with the OCT through a 2 μm thick
polymer is successful. It is assumed that much thicker layers than 2 μm can be penetrated
since the system has a limiting scan depth of 600 μm and comparable systems (Fourier
Domain OCTs) have been shown to penetrate much thicker layers than the tested 2 μm
([57], crack in 1500 μm depth; [58], 50 μm film thickness). A measurement can be carried
out without any difficulties as long as the refraction effects along the structure edges still
allow for a reliable measurement of the enclosed structure.
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(a) (b) (c) (d) 

Figure 17. The top view of the OCT measurements and their cross-sections of the 10 μm (a), 20 μm,
(b) and 30 μm (c) structures show that the undercuts of the slanted structures can be captured by
OCT. The enclosed pillars (d) have a cover thickness of 0.5 to 2 μm. In this measurement range, no
significant impact of the cover thickness on the measurement accuracy could be proven.

4.2.4. Environmental Scanning Electron Microscope

Using the ESEM, the samples are tilted by 30◦ in order to detect undercuts based on
their lateral profile. The captured ESEM images of the 1 μm, 2 μm, and 3 μm structures
as well as the 30 μm structure with a slant angle of 40◦ are shown in Figure 18a,b. The
profile can be reconstructed using the measured distances and recalculating the vertical
scale with the factor of the tilt angle. A reconstruction or measurement of the undercuts in
the middle of the structure is impossible using the intensity image. Cavity structures such
as the covered pillars in Figure 18c cannot be detected unless the cover layer is thin enough
that its charge density differs from the surrounding surface areas. At a cover thickness of
0.5 μm (top left), different intensities can be seen at the location of the hollow pillars. It is
assumed that the difference in intensity is due to the waviness of the cover layer, which
was also seen in the WLI (Figure 14c) and AFM images (Figure 16d).

 
(a) (b) (c) 

Figure 18. The ESEM images show small structures (1 μm, 2 μm, and 3 μm) with different tilt angles
in (a) and a large structure (30 μm, 40◦) in (b). In the ESEM images of (a,b), the sample was tilted by
30◦. The covered pillars in (c) are captured from the top view. In the two right-hand quadrants (top:
hc = 2 μm, bottom: hc = 1.5 μm), a difference in charge density can be seen on the structure’s surface.
This charge difference was caused by ESEM scans of the left side taken shortly before.
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4.2.5. Phase Contrast Microscope

The PCM could capture all slanted structures from 1 μm to 30 μm. The slanted gratings
from 1 μm to 3 μm with a slant angle of 20◦–40◦ and the 30 μm structure with 40◦ slant
are shown in Figure 19a,b. The smaller structures in (a) suffer under diffraction effects at
the edges. Since the PCM measurement is based on transmitted light, the measurements
are susceptible to diffraction effects, which lead to vanished structure edges, especially of
slanted structures, as can also be seen in (a). The greater the angle of inclination, the less
clearly the geometry is displayed. Due to the refraction of light at the structure’s edges and
the phase shift filters of the PCM, only the left side of the slanted grating elements appears
bright. The right side with the undercut appears dark. As a result, the PCM light image of
(b) implies that the structure is tilted to the left, although it is tilted to the right as indicated
by the red reference line in the image. Consequently, slanted gratings cannot be captured
reliably with the PCM. In contrast, the covered pillars are reliably recognizable in the PCM
images in (c). Depending on the focus position, the hollow pillars or the base pillars appear
sharp. In (c), the focus was set on the hollow pillars. The intensity slice through the top
view image does not contain any helpful information; therefore, it is not shown. Using the
image in the top view, an average pillar width of 3.6 ± 0.2 μm could be measured. This is
consistent with the OCT measurements (3.7 ± 0.2 μm). The possible penetration depth of
the PCM depends on the transmission properties of the polymer. The limit of the PCM’s
penetration depth could not be identified using a maximum cover layer of 2 μm.

 
(a) (b) (c) 

Figure 19. The PCM image of the small structures (1 μm, 2 μm, and 3 μm) shows increased diffraction
effects while increasing the slant angle (a). According to the image of the large structure (30 μm, 40◦),
it seems like the slanted structure is tilted to the left, although it is tilted to the right. A reference
slice has been drawn in red corresponding to the position of the PCM image’s slanted gratings (b).
In contrast, the covered pillars are recognizable. When testing a 2 μm cover height (top right), the
maximum penetration depth of the PCM has not yet been reached (c).

4.2.6. Imagining Mueller Matrix Ellipsometer

The imaging MME enables an analysis of the polarization properties of the slanted
gratings as shown for the smaller structures of 1 μm–3 μm and a slant angle of 10◦–40◦ in
Figure 20a and the corresponding Mueller matrix in (b). In this case, the Mueller matrix
element M32 was selected due to its high contrast to determine the influence of the slanted
edges on the structure’s polarization properties. The different slanted gratings (0◦–40◦) of
the first slanted grating image (SG1) in (b) show in the Mueller matrix element M32 that all
1 μm slanted gratings (left column) do not differ in their polarization properties. To confirm
this statement, two additional 2PP slanted gratings SG2 in (c) and SG3 in (d) were printed
and measured. Consequently, it is assumed that the geometry of 1 μm gratings with slant
angles from 0◦ to 40◦ does not differ significantly. However, the polarization properties
of the 2 μm and 3 μm structures change with an increasing slant angle and an increasing
structure width. For example, as the slant angle increases, the areas with higher Mueller
matrix values become larger, and more red pixels (especially at the gratings’ edges) can be
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observed in more detail in (b). If the polarization property of a reference structure (same
structure, same material) is known, the shape fidelity and the polarization property of the
test structure can be compared using the Mueller matrices. In addition, a simulation of the
polarization behavior can be applied for a more reliable structural evaluation in order to be
independent of system-induced influences [47].

 

 

(a) (b) 

 
(c) (d) 

Figure 20. The intensity image in (a) shows the 1 μm, 2 μm, and 3 μm structures (left to right) with
slant angles from 0◦ to 40◦ (top to bottom). The respective polarization property is displayed by the
local M32 values of the Mueller matrix in (b). In comparison, two additional samples SG2 (c) and
SG3 (d) were measured. They show the same polarization behavior as SG1. This proves that the
polarization behavior can be measured with imaging MME from a structure width of 1 μm, even
with slanted gratings.

As before, the covered pillars were also measured with the imaging MME to investigate
the influence of the cover thickness. According to the covered pillars in Figure 21a and the
corresponding Mueller matrix elements M33 and M34 in (b) and (c), the values fluctuate
over the entire structure area and no significant difference can be seen in the quadrants
with different cover heights. That implies that the polarization properties of the hollow
pillars differ over the entire test structure independently from the cover height. Thus, it
could be shown that the MME is not significantly influenced by the thickness of the cover
in a range of 0.5 μm to 2 μm. The difference between the basic pillar probe of Figure 3g and
the covered pillar probe in the polarization property can be seen at the edges of the pillars.
In comparison, the edges of the covered pillars are not captured, only the position of the
pillar can be estimated due to the dominant polarization change in the middle of the pillar.
It is assumed that this difference is due to the inverse geometry (hollow instead of filled
pillars), the additional base pillars, and the wet development process of the 2PP structure.
If the cavities cannot be completely rinsed out during the wet development process, the
propagation and the polarization behavior are changed.
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(a) (b) (c) 

Figure 21. The polarization properties of the covered pillar structure in (a) are represented by the
Mueller matrix elements M33 and M34 in (b,c) using the imaging MME. The polarization properties
of the covered pillars vary across the entire structure surface, regardless of the cover height of 0.5 μm
to 2 μm. Consequently, it has been demonstrated that the MME is not significantly affected by the
cover thickness.

4.2.7. Interim Summary of the Undercut and Enclosed Structure Analysis

The investigations of complex polymer structures with slant angles of 0◦ to 40◦ and
structure heights of 1 μm to 30 μm show that the application areas of the individual
measurement systems differ as summarized in Figure 22. Accordingly, ESEM and MME
measurements are suitable for evaluating small slanted structures with a height of less
than 10 μm. The slanted edges of structures larger than 10 μm and slant angles equal to
and greater than 30◦ can be reliably captured by WLI and OCT. The suitability of WLI and
OCT to detect slanted edges depends on the numerical aperture of their objectives. It is
assumed that the μCT can also reliably reconstruct slanted edges from a structure size of
10 μm since its resolution is comparable to the WLI’s and OCT’s (with respect to the pillar
analysis in Figure 8). Due to the sample rotation during the measurement, it should be
possible to record the edges regardless of their angles. The AFM and PCM are not suitable
for evaluating slanted structures.

Figure 22. The map shows the application areas of WLI, AFM, OCT, ESEM, μCT, PCM, and MME
with respect to their suitability to capture slanted edges in a specific structure size range. The dashed
measurement range of the μCT is based on the assumption that structures of 1.4 μm and larger can
be resolved and that the slant angle does not influence the measurement quality due to the rotation
during the measurement.

The investigation results of covered structures with a cover height of 0.5 μm to 2 μm
are illustrated in Figure 23. It could be shown that the tested cover height is not a challenge
for the OCT, PCM, and MME and that the limit of penetration was not reached. OCT and
μCT in particular are suitable for penetrating deeper polymers. Comparable OCT systems
were able to detect objects in thicker polymers of 50 μm [58] and 1500 μm [57]. The used
μCT penetrates through a 500 μm thick borosilicate waver (n = 1.52 @ 590 nm, not X-ray
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related) and a 1.5 μm polymer layer (IP-Dip, n = 1.55 @ 590 nm, not X-ray related) during
the measurement of the basic pillars. Comparable μCT systems penetrate polymers based
on bisphenylglycidyl dimethacrylate (Bis-GMA) and triethylene glycol dimethacrylate
(TEGDMA) with thicknesses of 1000 μm [59] and more than 5000 μm [60]. If necessary, for
the μCT measurement, the polymer must be enriched with particles that support X-ray
absorption [50,60]. The WLI, AFM, and ESEM only measure the surfaces and are not
suitable for measuring structures below the surface. At this point it is important to note
that the measurement capability in terms of penetration always depends on the sample’s
material. We used a standard acrylate (IP-Dip) and in principle the results are transferable
to all materials that have similar absorption and scattering properties at the measurement
system’s specific wavelength.

Figure 23. The OCT, μCT, PCM, and imaging MME can penetrate polymer layers of 2 μm without a
significant loss of measurement accuracy. OCT and μCT in particular are suitable for deep penetration
of polymer layers according to the literature * [57,58] ** [59,60]. The WLI, AFM, and ESEM are only
suitable for measuring structures on surfaces.

5. Conclusions

In the investigations, WLI, AFM, OCT, ESEM, PCM, and imaging MME are utilized
for the non-destructive evaluation of complex polymer-based micro and nanostructures.
According to the pillar analysis, the practical limits of the lateral resolution and aspect
ratio were identified for each measurement system, and application areas were defined
with respect to the measurement quality. The ESEM and AFM were suitable for measuring
the smallest structures down to 0.4 μm, while the WLI, OCT, μCT, PCM, and MME were
effective for larger structures starting in the single-digit micrometer range. The WLI, μCT,
and PCM in particular cover a wide range of structural width variance. Furthermore, some
analysis results of slanted and enclosed structures should be highlighted. According to
the analysis, the ESEM (with a tilted sample) and the MME are suitable for measuring
slanted edges from 0◦ to 40◦ on small structures that are equal or larger than 1 μm. The
OCT, μCT, PCM, and imaging MME are reliably suitable for penetrating materials with
similar absorption and scattering properties as the standard acrylate (IP-Dip) used, up to
a thickness of 2 μm. The OCT and μCT are especially suitable measurement systems for
measuring in thicker polymer layers up to the millimeter range. On the basis of the defined
application areas, suitable non-destructive measurement systems can be quickly selected to
reliably measure polymer structures depending on their specific geometry.
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Abstract: Minimizing optical losses in resonant cavities is crucial for improving photonic device
performance. This study focuses on the development of a simulation tool to analyze scattering
losses in Fabry–Pérot interferometers (FPIs), offering precise modeling of waveguide dynamics and
contributing to accurate loss predictions across various platforms. Optical cavities often suffer from
scattering losses due to surface roughness and material defects. Our approach integrates theoretical
models and simulations to quantify these losses, utilizing the FPI as a model system. We identified
upper and lower reflectivity thresholds, beyond which accurate measurement of losses becomes
unreliable. For reflectivity below a certain threshold, measurement errors arise, while excessively
high reflectivity can reduce fringe visibility and introduce detector sensitivity issues. Simulations
were used to validate the model’s ability to predict reflectivity and attenuation in waveguides
with varying loss levels. The software’s flexibility to adjust transmission parameters for different
cavity configurations enhances its utility for a broad range of photonic systems. Our study offers
a novel methodology for optical loss analysis, with practical applications in optimizing photonic
devices. By providing a reliable tool for precise loss measurement, this work supports advancements
in optical technologies, enabling the design of more efficient, high-performance devices across
various applications.

Keywords: optical loss measurement; Fabry–Pérot interferometers; waveguide reflectivity; scattering
losses; photonic device optimization

1. Introduction

Integrated photonics leverages light for transporting information and enabling diverse
applications on several substrates. The goal is to miniaturize and integrate optical functions
and devices into a unified platform, akin to how electronic circuits are incorporated into
a microchip [1,2]. The primary advantage of integrated optics lies in its capability to
manipulate and control light signals on a microscopic scale, resulting in compact and highly
efficient optical systems. By embedding various optical components into a single chip, it
becomes feasible to execute complex optical tasks, such as signal generation, modulation,
amplification, routing, and detection, using a small and stable platform [3].

Silicon photonics, a dominant technology in this field, allows for seamless integration
and fabrication within standard electronics foundries [4–6]. On the other hand, advances in
glass waveguide fabrication technologies, such as femtosecond laser writing, offer promis-
ing alternatives. This technique employs ultrafast laser pulses to inscribe waveguides
directly into glass substrates, providing precise control over the waveguide’s geometry and
properties [7–9]. By utilizing femtosecond laser writing, it is possible to create complex,
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three-dimensional photonic circuits that can be used in various applications, enhancing the
versatility and performance of photonic devices. Numerous platforms exist for fabricating
waveguides, including polymers, crystals, and others, each offering distinct characteristics
that make them suitable for specific applications. Polymers, for example, are known for
their flexibility and ease of processing, making them ideal for applications requiring large-
scale or flexible photonic devices [10]. Crystals, conversely, often provide superior optical
properties such as low loss and high nonlinearity, which are crucial for high-precision
applications like nonlinear optics and high-power lasers [11]. Each material platform
comes with its own set of advantages and disadvantages, necessitating careful selection
based on the specific requirements and constraints of the intended application [2,12].

Independent of the technology, waveguides that confine and direct guided modes are
central to the functionality of photonic devices. From a platform-based photonic design
perspective, the propagation loss coefficient is essential in balancing device performance
and physical footprint. Accurate measurement of these losses is, therefore, critical [13–16].
Consequently, developing a comprehensive model to describe the losses occurring in
waveguides, regardless of the platform, is essential for the targeted and efficient design
of integrated photonic devices. Several established methods for waveguide loss measure-
ments exist [17], including the cut-back method, scattering microscopy, optical time domain
reflectometry (OTDR), and integrating sphere techniques. Each of these approaches has
specific advantages and limitations. For instance, the cut-back method is simple but de-
structive, while scattering microscopy provides localized information but lacks a holistic
characterization of losses along the waveguide. Transmission-based techniques, such as
FPI, offer non-destructive and rapid results but depend heavily on precise facet reflectivity
calibration [18,19]. Our proposed methodology builds upon the Fabry–Pérot (FP) approach,
addressing challenges in low-reflectivity systems by integrating high-reflectivity coatings
and advanced simulations. This enables accurate loss measurements across diverse mate-
rials, overcoming the limitations of conventional methods and enhancing the design and
optimization of photonic devices. This approach embeds both material absorption and scat-
tering due to surface roughness into a single loss factor. By forming an optical cavity with
the waveguide, it allows for the encapsulation of all loss mechanisms within the cavity’s
behavior. Understanding this combined loss factor enables engineers and researchers to
optimize waveguide geometries and material choices, thereby enhancing device perfor-
mance. Moreover, an accurate loss model is crucial for predicting the overall efficiency and
reliability of photonic circuits, facilitating the integration of complex optical functions on a
single chip. This predictive capability is indispensable for advancing photonic technologies
and expanding their applications in communications, sensing, and computation.

Previous studies have suggested that measuring waveguide losses in glass is challeng-
ing due to its very low reflectivity, which impedes reliable loss assessment [20]. However,
in a prior work, we demonstrated that this limitation can be overcome by applying a
removable highly reflective coating (~0.40 reflectivity) to the waveguide facets [7]. This
innovation enabled accurate loss measurements in glass waveguides using the FP tech-
nique, and our results showed a strong agreement with theoretical predictions. Building
upon these results, the current study introduces advanced simulations developed using
our purpose-built software. The simulations are designed to estimate propagation losses
based on facet reflectivity, allowing us to explore waveguide performance across different
material platforms, including low-, medium-, and high-reflectivity materials. By adjusting
the reflectivity, we demonstrate how varying loss factors impact waveguide efficiency
and functionality.

Our findings indicate that with appropriate modifications, such as the application of
reflective coatings, accurate loss measurements can be achieved across a range of mate-
rials. This work not only validates the feasibility of loss measurements in glass but also
extends the methodology to other platforms, providing a versatile tool for the design and
optimization of integrated photonic devices.
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2. Losses in a Waveguide

Waveguide losses can be categorized into three primary components [21]. Firstly,
absorption losses arise from the intrinsic properties of the waveguide material itself, where
the material absorbs some of the propagating light. Secondly, the finite number of bound
modes in the waveguide allows for the existence of a continuum of radiative modes. Surface
roughness acts as a perturbative element that couples these guided modes with radiative
modes, leading to scattering losses. This scattering effect occurs due to imperfections on
the waveguide surface, causing some of the light to scatter out of the guided modes into
radiative modes. Thirdly, surface roughness can also induce backscattering within the
guided mode, where the light is scattered in the reverse direction. However, material
absorption losses are generally smaller compared to scattering losses caused by surface
roughness, and, consequently, they are frequently regarded as negligible in many practical
scenarios [19,22].

In our FP technique-based method, all contributions to propagation losses are en-
capsulated into a single factor (attenuation coefficient). This approach simplifies the loss
characterization process while enhancing the robustness and accuracy of our simulations.
By integrating these loss mechanisms into a unified model, we can more effectively predict
and optimize waveguide performance across various platforms. This not only streamlines
the design process but also enhances the capability to simulate and mitigate losses in
integrated photonic devices.

3. The Fabry–Pérot Technique

Waveguide low-loss evaluation can be effectively performed using the FP technique,
which was initially applied to lithium niobate (Li : NbO3) systems [23,24]. This technique
offers significant advantages, such as independence from optical coupling and the ability to
produce rapid results without altering the physical properties of the sample during testing.
The simplicity and non-destructive nature of this method make it particularly appealing for
practical applications. However, the accuracy of this method is constrained by the precision
with which the modal facet reflectivity is known, as this parameter is critical for accurate
measurements [25].

The planar phase front of a guided mode allows the transmission characteristics of a
waveguide to be treated similarly to those of an FP resonator under plane–wave approxima-
tion [26]. This hypothesis simplifies the analysis, enabling the use of established resonator
theory to evaluate waveguide performance. Specifically, in a single-mode waveguide with
a monochromatic input, the transmission can be described by the Airy function, which
characterizes the resonant behavior of the waveguide, providing a clear framework for
understanding and quantifying losses:

TFP = η
T2e−αL

(1− R′)2 + 4R′sin2
(

φ
2

) , (1)

where η is the coupling efficiency, L the waveguide length, α the modal attenuation coef-
ficient, R(T) the reflectivity (transmission) of the two facets (supposed to be equal), and
R′ = R e(−αL) the combined loss–reflection factor. As in [26], TFP is a periodic function
of the round-trip dephasing φ = 2k0ne f f L + φ0, with k0 being the free-space wave vector
and ne f f the mode effective index. In practical scenarios, the finite bandwidth of the light
source can influence fringe visibility and, consequently, the accuracy of attenuation co-
efficient calculations, resulting in a slight increase in measurement uncertainty [27]. By
adjusting the input wavelength or altering the effective index (such as through changes
in sample temperature), the transmission TFP oscillates between its maximum (Tmax) and
minimum (Tmin) values, which are solely dependent on the reflectivity R′. This variation
in transmission can be observed by measuring the contrast of the transmission fringes as
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K =
(Tmax − Tmin)

(Tmax + Tmin)
, (2)

The reflectivity R′ can be determined using the following relation:

R′ = 1
K

(
1−
√

1− K2
)

, (3)

Given the known modal reflectivity R of the facet, the attenuation coefficient can be
computed using the following formula:

K =
(Tmax − Tmin)

(Tmax + Tmin)
, (4)

For single-mode, weakly confining waveguides (such as, for example, Ti : LiNbO3, or
annealed H+ : LiNbO3 waveguides), the Fresnel formula provides a good approximation
for the reflectivity R as

R =

(
ne f f − 1
ne f f + 1

)2

, (5)

due to the guided mode’s small numerical aperture. This method typically achieves high
accuracy in measuring the attenuation coefficient, often better than 0.1 dB/cm.

Reflectivity R can be modified by applying high-reflectivity coatings (HRCs) or anti-
reflection (ARCs) coatings to the end facets. Using HRCs at the waveguide’s end facets
reduces interference from additional FP cavities in the measurement setup. This interference
can introduce modulations in the measured TFP across the wavelength range, complicating
the determination of the contrast K from the sample being tested, as shown in [7].

4. Simulation Framework and Experimental Setup

As mentioned before, different systems employ a variety of techniques to measure
optical losses, and in cases such as transparent polymers with low reflectivity, the method
presented in this study could offer substantial advantages. However, prior to applying the
HRCs to the facets of these materials, it is crucial to determine the minimum reflectivity
required for accurate attenuation coefficient measurements.

To address this, we developed a Python-based simulator that integrates scientific and
graphical packages to model the required reflectivity, based on typical material losses. The
simulator is based on the transfer–matrix method (TMM) in optical cavities; it is analytical
and scalable [28]. This tool facilitates precise simulations, allowing us to identify the
optimal reflectivity necessary for accurate loss measurements. This approach not only
improves the reliability of the measurement process but also broadens its applicability
across a wider range of material systems. The TMM is inherently flexible and can be
adapted to other resonant photonic cavities, such as ring resonators or photonic crystal
cavities. However, the effectiveness of the method depends on the specific geometry and
refractive index profile of the structure being analyzed. For example, while FP systems are
well suited to planar waveguides, additional considerations such as bending losses and
mode coupling may arise in ring resonators. This adaptability demonstrates the potential
of the proposed methodology to extend beyond glass waveguides, addressing a wide range
of photonic platforms. Additionally, the TMM assumes a separation between the transverse
(XY) and longitudinal (Z) components of light propagation, enabling an efficient analysis
of waveguide behavior. This simplification makes the method particularly suitable for
systems dominated by the fundamental mode, which exhibits symmetric field profiles and
lower loss characteristics. However, in multimode systems, where higher-order modes
exhibit more complex patterns and intermodal coupling, the TMM may provide averaged
results rather than mode-specific details. Extensions of the method to account for such
complexities are possible but require additional computational frameworks [29].
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The Python-based simulation tool (see Supplementary Materials) leverages the TMM
to model FP fringes with high accuracy. The methodology accounts for various key param-
eters, including facet reflectivity, waveguide loss levels, and external cavity interference,
systematically varying these factors to replicate experimental conditions for glass waveg-
uides and other materials. This enables the identification of reflectivity thresholds and
the precise evaluation of attenuation coefficients. Additionally, the influence of external
factors, such as interference from unintended cavities, is integrated into the analysis to
ensure robust predictions of fringe visibility and measurement precision.

In a typical characterization setup, the primary components include a fiber at the
injection side (see Figure 1a), with the sample positioned centrally (see Figure 1b), and
either a fiber or a lens at the collection side (see Figure 1c,d). Utilizing a lens for light
collection enhances the efficiency of the characterization process, particularly when dealing
with multiple waveguides on the same sample. Switching between waveguides is facilitated
by transitioning to visible light and verifying alignment on a whiteboard after the lens,
which ensures accurate light injection. This setup involves four interfaces and three
optical cavities.

 
Figure 1. (a) The fiber (right) in front of the sample, a waveguide in a glass matrix; (b) the sample,
30 waveguides directly written on a glass matrix with femtosecond pulsed laser; (c) the characteriza-
tion setup, the fiber, the sample, and the collecting lens; (d) the characterization setup, the fiber, the
sample, and the collecting lens with antireflection coating (ARC).

5. Data Analysis

In the subsequent simulation, we analyze the overall transmission across four scenarios
where the sample is inscribed within a glass matrix using a femtosecond laser. Figure 2
depicts scenarios with a single cavity (the sample, 2.24 cm in length and 5% reflectivity
at both facets, black line), two cavities (the cleaved injection fiber with a micro-scale focal
distance, 5% reflectivity, and the sample, blue line), and three cavities (the fiber, the sample,
and a BK7 lens with a 1.8 cm focal length) both without (red line) and with waveguide
losses (α2 = 0.35 cm−1, magenta line).

The third cavity, formed between the back facet of the sample and the collecting lens,
significantly affects the observed fringe pattern. This additional interference distorts the
visibility of the fringes, introducing unwanted modulations in the measurement spectrum,
which reduce the contrast necessary to accurately assess the waveguide’s performance. As
a result, the visibility of the fringes is compromised, and it becomes increasingly difficult
to obtain a precise estimate of the optical losses within the waveguide. This interference
can obscure important details about the attenuation, making it challenging to isolate the
FP fringes associated with the sample from those introduced by the external cavity. Such

137



Metrology 2024, 4

disturbances lead to inaccuracies in loss measurement, particularly when trying to apply
standard methods for determining the attenuation coefficient. Therefore, minimizing or
mitigating the effects of this third cavity is crucial to ensuring the reliability and precision
of the loss measurements.

 
Figure 2. (1) The FP fringes in transmission when we study the waveguide only (setup configuration
in Figure 1b); (2) the FP fringes in transmission when we study the waveguide with the coupling fiber
(setup configuration in Figure 1a); (3) the FP fringes in transmission when we study the waveguide
with the coupling fiber and the collecting lens without losses in the sample (setup configuration in
Figure 1c); (4) the FP fringes in transmission when we study the waveguide with the coupling fiber
and the collecting lens with losses in the sample (setup configuration in Figure 1c).

Technological advancements in the optical component market now offer solutions
to mitigate these issues. To maintain the described setup configuration, it is possible to
purchase lenses with anti-reflection coatings (see Figure 1d), which could significantly
reduce the influence of the third cavity [30].

Figure 3, line 2 (blue line) demonstrates how the previous configuration (fiber, sam-
ple, and lens) with a lossy waveguide could benefit from applying an anti-reflection
coating (ARC) to the collecting lens. Despite this, the fringe pattern remains affected
by interference between the second and third cavities, which complicates the accurate
estimation of visibility—a crucial factor for calculating sample losses, as detailed in the
previous paragraph.

Figure 3. The FP fringes in transmission of lossy waveguides (1) without coating (Figure 1c); and
(2) with an anti-reflection coating (ARC) on the collecting lens interface (Figure 1d).

To enhance visibility for a more precise loss estimation in the waveguide, we proposed
an additional technological step. By using our simulation software, we provide a method
to determine the optimal minimal high-reflectivity coating (HRC) to be deposited on the
sample’s end facets. This approach strengthens the contribution of the second cavity,
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effectively amplifying its role in the interference pattern and, as a result, improving the
overall accuracy of the measurement.

The results from the simulations are summarized in Figure 4. As shown, we present
the outcomes for two different loss levels—0.3 cm–1 and 0.5 cm–1—depicted in panels (a)
and (b), respectively, as a function of the reflectivity of the device faces. The simulation
indicates that higher losses correspond, as expected, to reduced visibility, as observed in
the color map.

Figure 4. Transmission fringes as function of the wavelength and reflectivity for a waveguide with
(a) 0.3 cm−1 and (b) 0.5 cm−1 losses.

6. Discussion

As the losses increase, the constraints on the HRC that can be applied to the de-
vice also become more stringent. While it might seem logical to assume that increasing
HRC would consistently improve the accuracy of attenuation coefficient measurements
in waveguides—especially when aiming for nearly perfect reflectivity values such as
99.99%—our simulations revealed a more complex reality. We found that there is a critical
threshold to the HRC that can be effectively applied, beyond which further increases in
reflectivity not only fail to enhance accuracy but can hinder the measurement process.
This threshold becomes particularly important in high-loss systems, where exceeding the
optimal reflectivity point results in a significant reduction in fringe visibility. Thus, instead
of achieving better precision, excessive reflectivity creates conditions where the measure-
ment’s reliability is compromised by detector limitations and noise, ultimately degrading
the quality of the data. These findings suggest the importance of carefully balancing HRC
values to match the specific loss characteristics of the waveguide material being tested,
rather than assuming that higher reflectivity universally leads to better outcomes. For
instance, as shown in Figure 4, visibility for waveguides with losses of 0.3 cm−1 drops
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significantly beyond 90% HRC, while for waveguides with losses of 0.5 cm−1, visibility
declines sharply after 75% HRC.

Additionally, our findings indicate a lower threshold for the HRC, which is also intri-
cately linked to the inherent losses within the waveguide. This emphasizes the importance
of finding the right balance between achieving the desired reflectivity and managing the
associated uncertainty. Previous studies, such as that of Hofstetter et al. [31], although
providing a foundational analysis of FP resonators, focused on the use of Fourier analysis
for loss measurements in high-finesse laser systems. In contrast, this work extends the
methodology to include practical limitations such as detector sensitivity and interference
from external cavities, providing validated experimental results for materials like glass
waveguides. This highlights the applicability of the proposed approach to integrated pho-
tonic systems with diverse material platforms. Figure 5a,b illustrate the optimal trade-off
between loss measurement and uncertainty, revealing that this balance is highly depen-
dent on the specific loss characteristics of the waveguide. For waveguides with lower
losses, convergence occurs more rapidly as the HRC increases, resulting in a corresponding
decrease in measurement uncertainty. Conversely, waveguides with higher losses also
show convergence as the HRC increases, but at a slightly slower rate and with greater
uncertainty.

 

Figure 5. Calculated losses with the FP technique for a waveguide with 0.3 cm−1 (a) and 0.5 cm−1 (b)
losses as function of the HRC at the sample end facets.

With both sets of results at hand, we present a more comprehensive analysis of
the trends depicted in Figures 4 and 5, offering deeper insights into the implications
of the simulation outcomes. These figures illustrate the trade-offs associated with high-
reflectivity coatings (HRCs). For example, while HRCs improve fringe visibility and
measurement accuracy, excessive reflectivity can introduce fringe distortion and achieve
detector limitations, particularly in high-loss systems. Figure 5 further demonstrates
the critical balance required between reflectivity and loss characteristics, highlighting
that the ideal HRC level depends on the material properties and specific experimental
conditions. These findings underscore the practical implications of reflectivity optimization
and validate the versatility of our approach across different material platforms.

This relationship highlights that while increasing the HRC generally improves mea-
surement accuracy by reducing uncertainty, the extent of this benefit varies depending on
the initial loss characteristics of the waveguide. To validate our approach, we conducted a
detailed study on a waveguide with 0.1 cm−1 loss (Figure 6).

In this scenario, the visibility of the interference fringes can be detected with an HRC
of up to 99%. For a loss level value of 0.1 cm−1, the convergence is faster compared to
cases with higher losses, such as 0.3 cm−1 and 0.5 cm−1. However, it is only when the
HRC reaches 60% that the uncertainty is reduced to 20% of the target value, reinforcing the
importance of optimizing the HRC to achieve precise measurements. This optimization
is essential to minimize measurement uncertainty and ensure precise loss estimation, as
shown in the results of Figure 5.
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Figure 6. Calculated losses with the FP technique for a waveguide with 0.3 cm−1 (a) and 0.5 cm−1 (b)
losses as function of the HRC at the sample ad facets.

Additionally, during our study, we observed that for reflectivity below a certain
threshold (specifically around 5%), the simulations began to yield negative loss values
(particularly for target losses of 0.1 cm−1 and 0.3 cm−1), clearly indicating that such low
reflectivity values make it impossible to accurately measure waveguide losses. This is a
critical insight, as it shows that for reflectivity below this threshold, the interference fringes
lack the necessary visibility to produce reliable attenuation measurements. Beyond this
observation, our simulations further demonstrate that there is a minimum reflectivity limit
which is directly tied to the level of loss in the waveguide. This lower limit is crucial, as it
highlights that attempting to measure losses with reflectivity below this value leads not
only to unreliable data but also to substantial uncertainty in the results. As waveguide
losses increase, the reflectivity threshold required to obtain meaningful measurements also
rises. This observation stresses the importance of carefully selecting appropriate reflectivity
values based on the specific loss characteristics of the material being tested, ensuring that
the measurement process remains both accurate and consistent. These findings underscore
that while higher reflectivity helps reduce uncertainty, striking the optimal balance between
HRC and waveguide loss characteristics is essential for accurate measurements.

7. Conclusions

In conclusion, our study provides valuable insights into optimizing waveguide loss
measurements by carefully tuning the high-reflectivity coatings (HRCs). While earlier
studies suggested limitations in measuring losses for low-reflectivity materials, we success-
fully demonstrated that by applying HRCs and using targeted simulations, it is possible to
achieve accurate attenuation coefficient measurements even in challenging systems such as
glass or transparent polymer waveguides. Through simulations, we established both upper
and lower reflectivity thresholds, ensuring optimal visibility and minimized uncertainty
across a range of loss values.

Our findings underscore the importance of balancing HRC to suit the specific loss
characteristics of the waveguide. Higher reflectivity does not always guarantee better
precision, as there are critical thresholds beyond which further increases in HRC introduce
more challenges, such as detector sensitivity issues. At the same time, a lower reflectivity
bound is essential to avoid excessive measurement uncertainty. The flexibility of our
approach extends beyond glass waveguides, showing promise for use with other platforms
like polymers and medium-reflectivity materials.

The methodology developed here not only addresses the critical limitations of existing
loss measurement techniques but also introduces a systematic framework for optimizing
reflectivity thresholds. This ensures accurate characterization even in low-reflectivity
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materials, which are essential for the advancement of integrated photonics. Ultimately,
this work presents a practical framework for improving the precision and applicability of
loss measurements in integrated photonic devices, contributing to advancements in optical
communications, sensing technologies, and photonic system optimization. The potential
to apply this method across diverse material platforms makes it a relevant tool for future
developments in the field.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/metrology4040044/s1, Figure S1: Graphical user interface (GUI)
for simulating waveguide loss measurements using the Fabry-Pérot technique, displaying input
parameters and real-time transmittance visualization.
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Abstract: There is a growing field that is devoted to developing inexpensive microscopes
and measurement devices by leveraging low-cost commercial parts that can be controlled
using smartphones or embedded devices, such as Arduino and Raspbery Pi. Examples
include the use of Blu-ray optical heads like the PHR-803T to perform cytometry, spinning
disc microscopy, and lensless holographic microscopy. The modular or disposable nature
of these devices means that they can also be used in contaminating and degrading environ-
ments, including radioactive environments, where replacement of device elements can be
expensive. This paper presents the development and operation of a confocal microscope
that uses the PHR-803T optical device in a Blu-ray reader for both imaging and detection
of temperature variations with between 1.5 and 15 μm resolution. The benefits of using a
PHR-803T confocal system include its relatively inexpensive design and the accessibility
of the components that are used in its construction. The design of this scanning confocal
thermal microscope (SCoT) was optimized based on cost, modularity, portability, spatial
resolution, and ease of manufacturability using common tools (e.g., drill press, 3D printer).
This paper demonstrated the ability to resolve microscale features such as synthetic spider
silk and measure thermal waves in stainless steel using a system requiring <USD 1000 in
material costs.

Keywords: commercial off-the-shelf (COTS); confocal microscopy; blu-ray; thermal
characterization

1. Introduction

In the study of nuclear materials, post-irradiation examination (PIE) is a critical part of
understanding the impact that radiation damage has had on the material performance [1].
The process is broken up into different stages (Figure 1) based on the size and radioactivity
of the sample [2]. The materials of interest are pulled from the reactor core and allowed
to cool in a pool, after which they are moved into a hot cell, where handling of materials
can only be accomplished with “requester–responder” manipulators [3]. The sample
preparation process begins with dismantling the assembly and ends with samples being cut
into the appropriately sized specimens for further analysis [2] within a hot cell. The current
paper presents the development of an inexpensive microscope (the scanning confocal
thermal (SCoT) microscope) that has the potential to be used in these post-irradiation
examination (PIE) processes.

Metrology 2025, 5, 2 https://doi.org/10.3390/metrology5010002144
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Figure 1. Overview of post-irradiation examination (PIE) process [2].

Prior to more expensive testing, which often involves electron or X-ray microscopy,
metallography or ceramography is performed within the hot cell using optical microscopes
to understand the macroscopic nature of the material [4]. This allows the 2D morphology of
the material to be measured at the μm to mm scale, with a focus on the detection of grains,
porosity, bubbles, and cracking [5]. Recent developments in thermal characterization
microscopy [6] have also allowed measurements of the spatial distribution of the material’s
thermal properties to be taken [7]. Confocal microscopy, where either reflected or emitted
light is collected from a single optical plane of the sample, has been used to recreate the
fracture behavior of ferritic/martensitic steel by measuring the surface topology of the
fracture surface [8]. It has also been used to understand the erosion of plasma-facing
components in fusion tokamaks [9] by again measuring the topography of the irradiated
sample. A microscope that can observe both thermal and topological changes [10] within
the material would be a valuable tool.

Confocal microscopy [11] involves the use of an illumination or excitation light source
that is focused through a pinhole (or iris) onto a sample that is capable of fluorescing
and the collection of the emitted light through a pinhole (Figure 2). The locations of the
pinholes are such that only light emitted from the sample at a particular plane is collected
into the detector, as opposed to standard microscopy, where light from multiple planes is
collected by the detector. This allows for higher-contrast images, while movement of the
sample along the focal axis allows “slices” of the sample at different depths to be imaged
to understand the topography of the material [12].

As the devices in the hot cell are in a radioactive environment, expensive radiation-
resistant materials have to be used to prevent browning of the optical components (i.e.,
going opaque) and to shield any electrical equipment to ensure the device continues to
operate [13]. For imaging, the standard approach is to buy a single, expensive, custom-made
radiation-hardened camera from companies such as Optique Peter. A second approach
is to buy a commercial off-the-shelf (COTS) webcam, fully expecting it to have a short
lifespan. The latter “disposable” model has been implemented successfully at the hot cell
in Pacific Northwest National Laboratory [14], but this approach has not yet been applied
to other imaging or measurement systems. This paper presents the proof-of-concept of a
dual-purpose microscope based on COTS devices and low-cost, modular electronics that is
meant to perform optical (confocal in particular) and thermal measurements.
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Figure 2. A diagram of the device optics, showing the light paths for both excitation and emission
that are required for performing confocal microscopy.

In order to develop inexpensive do-it-yourself (DIY) confocal microscopes, researchers
have leveraged a variety of low-cost, commercially available equipment, such as by mod-
ifying existing epifluorescence or total internal reflection fluorescence microscopes [15].
As an example, Gong [16] developed a simple LED-powered, camera-imaged, partially
3D-printed, and non-automated confocal microscope for USD 5188, while commercial de-
vices cost between USD 10 k and USD 100 k. Further developments of cheap microscopes
involved a scanning point fluorescence microscope that imaged biological samples rapidly
by using the disc drive and PHR-803T optical head of a Blu-ray player [17]. An optical head
is the part of an optical disc reader that contains the laser diodes, optical components (mir-
rors, filers, lenses), and detectors to measure light on the optical disc. Another researcher
used the Blu-ray PHR-803T optical head to determine impurities in crystals at cryogenic
temperatures [18].

In further support of this low-cost, COTS, and expendable approach to instrumenta-
tion, there is a surprisingly large, and growing, body of work in the literature on the use of
the Arduino platform in the development of measurement systems. The applications of this
are varied, including allowing for remote health monitoring [19], remote measurements on
UAVs [20], small satellites [21], high-altitude prototypes [22], and educational tools to train
students for internet of things [23] or laboratory systems [24]. The Arduino platform has
also been used to control fluorescent microscopes using the PHR-803T, a low-cost, compact
optical system [25,26].

The PHR-803T is the optical component that is used to read disc data in Blu-ray and
HD-DVD players and is often used in many DIY projects by hobbyists and academic
researchers [27]. This has ensured that there is a large amount of existing software and
hardware to make the optical head function. This is because the optical head is relatively
cheap (USD 15) and contains 405 nm, 660 nm, and 785 nm lasers in a small, pre-engineered
package [27]. This hacking has been useful in biosensing with bioassays on the Blu-ray
disc [27], high-contrast label-free imaging of cells [28], optical tweezers in microfluidic
devices controlled by an Arduino [29], atomic force microscope imaging [30], digital
lenseless holographic microscopy [31], and as a Blu-ray scanning microscope [17]. Another
DIY microscope (not laser scanning) was able to be constructed from an open-source series
of modules based on Rasperry Pi and Arduino systems [32]. Our previous research [26]
used the PHR-803T in a stationary fluorescent scanning thermal microscope to provide
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optical illumination, focusing, and optical transmission to a separate photodiode. However,
it could not scan the surface of the sample to determine its surface characteristics.

This paper presents the design and operation of a modular, low-cost, confocal laser
scanning microscope using the PHR-803T and controlled by an Arduino that would fit
within this “disposable” model for hot cell usage to characterize nuclear materials. The abil-
ity of the SCoT microscope to measure in reflection mode, confocal fluorescent mode,
and temperature-sensitive mode will be demonstrated. The final spatial resolution of the
SCoT microscope is 12.5 μm in the horizontal and 1.5 μm in the vertical directions.

2. Device Overview

This section provides an overview of the SCoT microscope (Figure 3), including its
basic features, such as the optical system (including the PHR-803T Toshiba PHR-803T,
Tokyo, Japan), the positioning system, and the electronics. The design has been guided by
constraints on cost, modularity, portability, spatial resolution, and ease of manufacturability
using common tools (e.g., drill press, 3D printer).

Figure 3. Overview of the entire microscope system, showing the microscope with motors, optics,
and sensors on the left and the COTS electronics and hardware on the right.

2.1. Hardware—Structural Frame

Most of the physical components making up the housing of the device were 3D-
printed using fused deposition modeling to supply the diversity of structural frame shapes
involved in the design. Having a printable design also allows for easy construction of the
device for diverse academic or development purposes, not just those with manufacturing
capabilities. A 3D-printed housing contains the optics, motors, and linear bearings for 3D
positioning, while the device skeleton consists of two thick (0.5′′) plates of aluminum that
are joined in an L-shape to provide rigidity to the system, as Figure 3.
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2.2. Hardware—Optics and Lasers

The optics of the device include several more expensive components (e.g., <USD 600)
that make up the majority of the cost. These components have been mounted into a
structural system as shown in Figure 4 and will be discussed in detail below.

(a) (b)

(c) (d)

Figure 4. (a) Image of hardware showing optical components and motorized stages. (b) Schematic
view of the SCOT device shown in (a). (c) Additions to the optical stack include the photodiode,
filter stack, pinhole, focusing lens, and PHR mount. The numbers 750 and 450 refer to 750 nm and
450 nm as the cut-off and cut-on wavelengths, respectively. (d) Schematic view of the SCOT device
shown in (c).
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2.2.1. PHR-803T

The main optical component of the system is the PHR-803T, which will henceforth
be referred to as the PHR. The PHR was designed to read HD-DVDs and other discs.
Included in the optics of the device are three lasers: a red, a blue, and an infrared (IR). It
also has its own focusing system that is capable of making minute adjustments using a
small lens within a voice-coil that can be manipulated by a fast PWM signal to the PHR
driver board (Figure 5a). The microscope has been designed to have manual control of this
voice-coil-based focusing via manual buttons to reach an optimal intensity, because the
auto focusing function is less reliable for non-mirror-like finishes. This system involves
two buttons and a switch. The two buttons control the vertical actuation, and the switch
changes between a “fine” and a “course” movement speed. The microscope is considered
to be in focus when the output of the photodiode at the top of the optical stack reaches a
maximum from the emitted blue laser.

Figure 5. (a) Top and (b) side view of the PHR showing the blue laser light path and midrange visible
wavelength transmission (colored green, yellow, and orange to represent the wavelengths of light
transmitted to the photodiode. (c) When illuminated by a white light source through the focusing
lens, the light is split into the red, blue, and midrange visible (mid-λ) bands. M represents a mirror,
and BS represents a beam splitter.

The optics of the PHR (Figure 5c) allow red/IR (660/785 nm) and blue (405 nm) light
to be transmitted within the optical head and to the sample while transmitting midrange
visible wavelengths through its dichroic mirror towards the photodiode. This light is used
to create the images of the microscope. The light from the blue laser is reflected through a
turning mirror onto the sample. The resultant fluorescent light (in the middle of the visible
range) transverses back through the focusing lens before being collected in the photodiode,
which is mounted directly above the PHR and the optical stack. This can be seen in Figure 4.
To locally heat the sample, the 785 nm laser in the PHR can be removed, and a more
powerful external IR laser can be inserted in the 3D-printed PHR housing. Sinusoidally
modulating the intensity of the IR laser with a function generator and detecting sinusoidal
changes in the fluorescent signal can enable the detection of small changes in temperature,
as will be shown in Section 4.3.
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The benefits of using a PHR-803T confocal system include its relatively inexpensive
design and the accessibility of the components that are used in its construction. The majority
of its structure being 3D-printed allows for easy adjustments to the design, and the printing
of these can be carried out in any environment with suitable 3D printing equipment, such
as a college campus. With easily replaceable components, the quality of the results can be
modulated to fit the needs of those working with the designs of the device.

2.2.2. Optical Stack

An optical stack is used to filter light and act as the confocal pinhole; Figure 4b shows
the elements in the stack. To remove the blue light that is used to excite the fluorescent
dye, a band pass filter (Thorlabs FESH0750, 400 nm to 740 nm passing band, Thorlabs,
Newton, NJ, USA) was implemented. To reduce the possible out-of-plane light, a focusing
lens and a small (∼1 mm diameter), 3D-printed pinhole were added to the optical stack.
All 3D-printed parts were printed using acrylonitrile butadiene styrene (ABS) on a fused
deposition modeling (FDM) printer.

For the purposes of the confocal fluorescent microscope, only a single filter is needed
(450 nm highpass filter, as shown in Figure 4b). Two filters are used for the ambient red
light in the thermal application (IR and 750 nm lowpass filters). Any filters in use are
placed in a filter mount that is connected to the photodiode surface. A pinhole is used to
block light coming into the area of the photodiode at odd angles. Even with less-reflective
surfaces, trace amounts of this ambient light can be observed going through the filters if
the microscope is not covered, creating a need to calibrate the obtained results with the
assumption that the ambient light remains static.

The focusing of the laser, performed specifically by the fine-focus voice-coil actuator as
opposed to the vertical motion stepper motor, is the final stage of the focusing process and
ensures that the area of laser effect on the sample matches the predetermined calculated
values during readings. If a 3D image is needed, the fine-focus is able to be lowered to
alternative depths of the sample (see Section 4.2.2).

2.2.3. Photodiode

The microscope uses a Thorlabs amplified photodiode (PDA36A2, Thorlabs, Newton,
NJ, USA) to collect light from the microscope, which is set to a maximum output ampli-
fication (70 dB). The position of the photodiode is able to be changed to account for any
error in the location of the focused fluorescent signal. This is achieved manually by use of a
screw on the back of the system. The location is fixed in place at the point where the highest
signal is measured. Further details of the photodiode circuit are provided in Section 2.4.3.

2.2.4. External IR “Heating” Laser

The existing IR laser in the PHR does not have sufficient power to heat the surface of
sample materials (e.g., stainless steel) enough to detect heat diffusion in the samples via
changes in the fluorescent intensity of deposited dyes. An external IR laser (Aziz, Wuhan,
China, 780 nm 150 mW Laser Module 12 × 30 mm) was added into the system to provide
heating with the requisite power. It was placed externally to the PHR optical head after
the existing 785 nm laser was removed from the optical head (Figure 6b). The IR laser was
housed in a cylinder that was pinned to the 3D-printed holder, and a servo motor arm was
connected to the cylinder to allow the laser positions to change relative to the blue laser
spot. A continuous rotation servo motor was controlled by an Arduino Mega (Arduino,
Scarmagno, Italy) to adjust the position of the IR laser relative to the fluorescent emission.
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IR light was used because it did not induce fluorescence and was also outside the emission
spectrum of the Rhodamine B and quantum dot fluorescent materials used in this work.

Integrating the external IR laser required three key changes to the optical system that
was used for basic confocal microscopy. The first inclusion was a collimator lens on the
785 nm laser, which was used to ensure that the laser beam is parallel and focused onto the
sample. This better allows the PHR’s built-in lens to focus the beam and more precisely
target the area of interest on the sample.

The second addition is a set of filters that are mounted just below the photodiode,
which is used to filter out all other wavelengths of light except for the desired emission
from the fluorescent dye. The fluorescent dye has a peak emission wavelength of roughly
600 nm when excited with radiation from the 405 nm laser probe from the PHR-803T.
The specific wavelength band of the filter was selected to more effectively filter out the
405 nm wavelength while still allowing the 600 nm wavelength to reach the photodiode.
This ensures that only the emission of interest is collected by the detector.

Finally, a 27.5 mm focal length lens was added to focus the emitted light from the
sample onto the photodiode detector. This lens is specifically designed to maximize the
amount of light that reaches the detector, improving the sensitivity of the system and
allowing for the detection of even smaller temperature differences (which manifested as
changes in fluorescent intensity) in the sample. To further improve the optical accuracy,
an additional pinhole (Thorlabs ID15, Thorlabs, Newton, NJ, USA with a minimum hole
size of 1.2 mm) was used to ensure that the spatial distribution of the laser remained as a
clean Gaussian beam. Because the thermal analysis occurs in the frequency domain, only
relative instead of absolute changes in temperature are needed to see heat diffuse through
the sample [33].

(a) (b)

Figure 6. (a) Images of the additional modifications made to the PHR holder to include a higher-
powered external IR heating laser and servo motor. (b) The 785 nm laser in the PHR was removed to
allow the external laser to be directed at the sample through the PHR optics.

2.3. Hardware—Positioning Motors

Figure 7 shows the sample tray with its associated motor systems. The design of the
position system uses motors that are mounted to the sample tray to move the “stage” in the
x and y directions while the laser position remains fixed, which is easier to accomplish with

151



Metrology 2025, 5, 2

a 3D-printed support structure. This approach is based on the work of Arunkarthick [34],
who used a confocal microscope to create 3D images of pollen.

Three linear actuating stepper motors control the x and y location of the sample (on
the sample tray), as well as the z position of the optics (for the vertical direction). NEMA
8 linear actuators with a 100 mm long lead screw and a 0.3 mm screw lead were used
(Pololu Corporation, Las Vegas, NV, USA). The motors themselves have a 1.8◦ step angle
and function at 0.5 A/Phase. These provide precision movement without having to invest
in an expensive high-precision adjustable sample tray. To avoid unnecessary bending or
shaking of the platform, the threaded rods of the linear actuators are centered on the tray
table and run through the center of the tray table (see Figure 7). This custom stage allows
the sample to be repositioned at various locations to take measurements. Section 4.1 will
discuss some issues with FDM printing of the platforms and how the SCoT microscope
accounts for this.

The motor control process incorporates the time that it takes to read the analog input
pin with data from the photodiode into the time delay that is required for the motor to
take a single step. This means that the motor is able to continuously move while the
measurements are being taken, greatly decreasing the time it takes to map an image of the
fluorescing sample.

Figure 7. Image of device’s motorized sample tray surface (left) and internal structure (right).

2.4. Electronics Overview

The Arduino Mega board was used as the main processing unit because it is cheap,
easy to use, and easily replaceable. Outside of the Arduino, several other important circuits
are used to control the device. Overall, the electronics (Figure 8) can be broken up into
the following sections: the PHR-803T driver, the stepper motors, the thermal hardware,
and the amplification circuit.

As shown in Figure 9, at the center of all the electronics functionality is the Arduino. It
controls the flow of all information throughout the system. It communicates with nearly all
other components of the device, including the blue laser control board, stepper motor driver
board, laser focus system, photodiode, and MATLAB programs on the PC. After receiving
the proper information from the Arduino via a mix of PWM and digital signals, the blue
laser control board commands the intensity of the blue laser on the sample to remain stable.
This is the source of the fluorescent signal and has limited change in function after testing
has initiated.

The stepper motor driver boards (Polulu 8834, Pololu Corporation, Las Vegas, NV,
USA) govern the positioning of the stepper motors. This is facilitated by the use of the
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full stepper motor driver PCB. This PCB simplifies the distribution of the signal from the
Arduino’s digital pins. It also includes voltage regulation to avoid any component burnout.

Data from the photodiode in the optical stack are passed as an analog signal to the
Arduino, which converts it to a digital signal using its own internal analog-to-digital
(ADC) converter (10 bit, 4.88 mV resolution). A USB cable is used for the Arduino-to-PC
communication. Protocalls for this communication are governed via the MATLAB and
Arduino code programming. The power for all the devices is regulated by a central power
board derived from an XBox 360 disc player (Microsoft, Redmond, WA, USA) and split
into 5-volt or 12-volt sources depending on the voltage demand. The only other power
connection is for the photodiode, which takes a 120 VAC external wall connection.

Figure 8. Image of the electronics showing the different components used in the SCoT microscope.
The larger SRS 830 lock-in amplifier that is used to measure the thermally sensitive signal connects to
this board via the BNC connector on the Motor Driver Board.
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Figure 9. Block diagram of the various electronic components of the SCoT microscope. Portions of
the electrical schematic in the green outlined region represent additional hardware, used to detect the
thermally sensitive signal (labeled as thermal hardware).

2.4.1. Motor Control

The sample tray’s horizontal motion and system’s vertical motion are controlled using
a system of three stepper motors. The motors are controlled using external motor driver
boards that are mounted on a custom-built PCB. The motor driver board step configuration
pins are set up on its lowest 32nd of a step setting. The PCB is designed as a central hub for
all signal control. It is provided with general commands from the Arduino such as speed,
step, and directional information. This can all be controlled by preprogramming; however,
buttons to manually control each motor were also included for debugging purposes.

2.4.2. Laser Control

A few functional capabilities of the PHR, such as the laser intensity and fine-focus
actuation, are only possible through a designated laser driver control board. The design
for this board was developed by DiYouware, last accessed on 14 December 2023 (http://
www.diyouware.com/), with some minor modifications to allow for fabrication simplicity.
A 12 V output of the Xbox360 disc player power supply was connected to a 5 V voltage
regulator, with the addition of a large heat sink to help dissipate the extra power that
otherwise would have caused fluctuations in the laser intensity.

2.4.3. Amplification Circuit

The circuit, using a conventional setup with an LM324 amplifier (TI, Dallas, TX, USA),
takes the analog signal produced by the photodiode and increases it to the measuring range
of the Arduino. As the signal intensity is dependent on the setup of the system, the gains
of the amplifier are tunable to either the confocal or thermal imaging configuration of
the SCoT microscope. This signal is given by the photodiode and should account for a
significant portion of the fluorescence that is emitted by the Rhodamine B (Millipore-Sigma,
Darmstadt, Germany) or quantum dot (QD, Millipore-Sigma, Darmstadt, Germany)-coated
sample, or reflected light from the PCB image. The amplifier circuit zeroes the signal
to a set minimum and then amplifies it to readable levels. The amplifier gain was set
using a 10–100 kΩ potentiometer. This sets the gains at about 100× based on a resistor
value of 1000 Ω. The offset potentiometer is able to match an output voltage to ensure a
reasonable range.
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The Arduino’s maximum measurable voltage is 5 V. Calibration was needed to set
the photodiode output’s minimum and maximum voltage range to match those of the
Arduino input. This value was determined iteratively, because the output maximum and
minimums are influenced by the ambient light in the room during testing, the position of
the sample during testing, any minute changes in the photodiode position, and the amount
of fluorescent dye on the sample.

2.4.4. Thermal Hardware

The thermal hardware consists of a servo motor, an external heating laser (Figure 6),
a waveform generator to produce a sinusoidal analog signal, and a lock-in amplifier.
The servo motor is directly controlled by the Arduino Mega and was included to change
the relative position between the external heating laser and the fluorescent emission on the
sample caused by the PHR’s blue laser.

The external IR laser is used as a modulated heating source. The intensity of the IR
laser is controlled with an input sine wave signal from the AD9833 function generator
(Analog Devices, Wilmington, MA, USA). By modulating the heating source, the SCoT
microscope is able to detect the diffusion of heat through the sample by locking it in to
changes in the fluorescent intensity of the sample at the modulation frequency. Because the
fluorescent intensity is a function of temperature, this allowed the relative changes in
temperature to be measured. Additionally, locking in to the temperature-sensitive signal
allows for small perturbations in temperature to be measured that would normally be below
the noise floor of the measurement system. These variations in temperature are termed
thermal waves and fall under a class of measurements called photothermal methods [35],
which are often used to measure the thermal properties of materials or detect microscale
defects in materials.

An SRS 830 lock-in amplifier (LIA, Stanford Research Systems, Sunnyvale, CA, USA)
was used to perform the lock-in detection. The amplified output of the photodiode was
recorded by the LIA as the amplitude and phase of the fluorescent light that was collected
by the SCoT microscope. The diffusion of heat from the IR laser could then be observed
as a decrease in the amplitude and phase as the distance between the IR and blue laser
spots were changed. The lock-in amplifier requires that the temperature fluctuations reach
a steady state, which takes between 2 and 40 s, based on the modulation frequency of the
laser. This time is the factor that defines the scanning speed of the SCoT microscope.

3. Operation of the Device

This section will describe the basic operation of the SCoT microscope and debugging
processes, as well as component replacement considerations.

3.1. Operation

The operation of the SCoT microscope consists of two fundamental procedures
(Figure 10): system positioning and data acquisition. The device is first powered on
by connecting to the power supply board. The Arduino is then reset to start the control
program and data collection until the PC is enabled. A sample is placed on the mounting
stage. The system positioning process begins with the tray table stepping through a set
number of locations, performing data readings at each location as it moves. The fluorescent
emission readings are taken from the amplified photodiode. The system guides the laser
focus location across an initial row, steps to the next row, changes direction, and continues
to collect emission data in the opposite direction. This process is repeated until the full
designated collection area has been traversed. The amplified photodiode readings are
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written either directly to an external SD card for post-processing or transferred over a
USB-to-serial connection for analysis on the PC. The benefit of the SD-card-based data
collection is that it has less compatibility issues with the programs and electronics used.

To use the SCoT microscope in thermal detecting mode, the lock-in amplifier is con-
nected to a BNC adapter that is located on the motor driver board to provide the modulated
sine wave that is sent to the external heating IR laser. The output of the photodiode is also
connected to the lock-in amplifier. Amplitude and phase data are transmitted to the PC,
and the servo motor is used to move the IR laser to another location.

(a) (b)

Figure 10. (a) Flow chart of Arduino code for operating the SCoT microscope. (b) Description of
MATLAB software, v2019a for operating the SCoT microscope.

3.2. Debugging and Replacement Parts

During the development of the SCoT microscope, the device was dismantled and
reconstructed multiple times during troubleshooting of the device’s operation. This pro-
vided insights into several debugging processes when setting up the device, as well as
highlighting which components need more frequent replacement.

3.2.1. Debugging

The most common issues during assembly were with the electronic components com-
pared to the physical hardware. The general debugging process for the electronics was
broken down into the following categories in the recommended order to follow when trou-
bleshooting: (1) checking wire connections; (2) checking soldered connections; (3) checking
the quality of the output data; and (4) checking the functionality of each board (power,
motor control, laser focusing, Arduino Mega, etc.) and replacing if necessary. Standard
test procedures were established so that the instrument had a consistent performance after
component replacement.

3.2.2. Component Replacements

This section will discuss the most common components that needed to be replaced
during testing and those that would be expected to need more frequent replacement when
exposed to harsh conditions.

The most common component that needed to be replaced was the PHR-803t because
of the blue laser diode and the IR laser. This happened because the laser would overheat
when it was operated at full power for multiple days. Limiting the output of the laser
and/or providing cooling helped extend its lifetime.
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The second most commonly replaced components during testing were the Arduino
Mega and the laser driver board. The Arduino Mega failure was often caused by a defect
in the board because of the low production quality of the device. The laser driver board
issues were focused mainly on soldering problems and fluctuations in laser intensity when
powering both the IR laser and the PHR-803t using a 5 V source. The soldering issues
were resolved by increasing the size of the PCB and using screen printing with soldering
paste and surface mount electronics. The fluctuations in the laser intensity were fixed by
powering the board with a 12 V source into a 5 V regulator and dissipating extra heat with
a heat sink.

When exposed to harsh environments, the optical lenses will brown and need to be
replaced, as will the Arduino Mega if it is not properly shielded against radiation. The 3D-
printed housing, motor spindle housings, and PHR-803t holder will likely be the next
most replaced components based on embrittlement or swelling. However, the stresses
on the parts is low, so the swelling will likely cause the most issues with the motor
spindle housings.

4. Results

This section will discuss the use of the microscope in reflection mode (without a filter)
and fluorescent mode (with a filter). Both modes use the pinhole shown in the optical stack
in Figure 4 to limit in-plane light. Additionally, the detection of a weak thermally sensitive
signal is also presented when adding a modulated heating source by an IR laser.

4.1. Reflective Imaging

The microscope was used to image text on a PCB. During initial scanning, the device
followed the “rastering” path given by Figure 11a. This had the side effect of a noticeable
and consistent drift, as observed in Figure 11b, where the number “6” that was being imaged
is skewed by a consistent amount. The corrected image uses a diagonal shift, as illustrated
in Figure 11e. This shift is tuned to the current setup and remains constant throughout
testing. Additionally, the corrected image, shown in Figure 11f, can be recreated and is
comparable to the image produced by an Opti-Tekscope Digital USB Microscope Camera
(Opti-Tekscope LLC, Chandler, AZ, USA).

This slight drift occurs due to marginal inconsistencies in the motorized baseplates,
resulting in a change in the motion of the sample tray. Because the scanning resolution
is on the order of μm, these inconsistencies result in a slight drift in the measurements.
The change in the motion of the sample tray was caused by the distortion of the used
3D-printed components and imperfections in the bearing rods governing the motion of
the tray. Although the use of 3D-printed parts is a root cause of this issue, one of the
goals of this work was to produce a low-cost and modular device. To avoid expensive
machining solutions, this issue was solved by modifying the imaging path that is taken by
the microscope (Figure 11c). This greatly improved the drift issue caused by the distortion of
the 3D-printed components. Figure 11d shows the improved imaging with this path, but a
consistent sawtooth pattern was still observed in the image. To overcome this, a consistent
shift in both the x- and y-axes was performed after a non-imaging scan, resulting in the
imaging path shown in Figure 11e. The use of both of these imaging compensations
resulted in the imaging of the numeral “1” in Figure 11f at a spatial resolution of 12.5 μm
in the horizontal and 1.5 μm in the vertical directions. The resolution can be further
improved with more expensive motor systems, and greater accuracy in the resolution could
be obtained using a resolution target like 1951 USAF.
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Figure 11. The path of the laser during scanning following a typical rastering pattern. (a) The
original scanning path of the laser. (b) (i) Text on a PCB, imaged using a digital microscope camera.
(ii) Confocal microscope image of the same sample suffering from an x-axis shift. (iii) Corrected
confocal microscope image. (c) The necessary scanning path to compensate for the “Sawtooth” image
distortion. (d) An example of “Sawtooth” image (i) distortion and (ii) the corrected image. (e) The
necessary scanning path to compensate for both image drift and “Sawtooth” distortion. (f) (i) Text
on a PCB, imaged using a digital microscope camera. (ii) Resultant image when using the correct
scanning path.

4.2. Fluorescent/Confocal Imaging

This section focuses on the use of the microscope to create a simple planar image of
Rhodamine B on an opaque, brass sample to test the contrast of the fluorescent image
against the background. This will be followed by a series of depth images through a
transparent synthetic spider silk [36] sample that is treated with quantum dots as the
fluorophore. The spider silk images are compared to the results of images taken by a
commercial Leica scanning confocal microscope of those same silks.

4.2.1. Imaging a Reflective Surface Coated with a Fluorescent Dye

A brass sample was coated in Rhodamine B (>95% HPLC from Millipore-Sigma, Darm-
stadt, Germany), as shown in Figure 12. The droplets of water containing the dyes were
each applied roughly 1 month apart to test the sensitivity of the SCoT microscope to fluo-
rescent intensity changes. The photobleaching effect of the dye is clearly seen in the colored
microscopic image in Figure 12. Although this effect is not easily observed visually because
the red color does not look that different, the generated image shows a significant difference
in fluorescence, where the fresher, less photobleached dye provides a stronger fluorescent
signal. This demonstrates the ability to differentiate between fluorescent intensities based
on changes in the fluorophore.
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Figure 12. Image obtained using the fluorescent detection method. The image pixel resolution is
0.23 mm. The brighter yellow and orange areas highlight the unbleached section of Rhodamine B.
The color bar indicates the excitation voltage generated from the photodiode used for measurement
and represents the intensity of the fluorescence. While using a 1000× amplifier with an output range
of 5 V, the photodiode emission range was from 0 V (dark blue) to 5 V (dark orange).

The movement of the sample tray was calculated to be approximately 1.5 μm. This was
determined as an average step size when the system was jogged through a 100-step cycle.
The final distance averaged to 151 μm, with an error of approximately 5 μm. The size and
accuracy limitations were, respectively, limited due to the resolution of the stepper motors
and the 3D-printed construction of the device. This resolution can be easily improved by
decreasing the step size of these motors at the expense of speed. Improvements to the
accuracy of the step size can possibly be achieved by the integration of better 3D printing
methods (such as resin-based stereolithography, SLA) and higher-accuracy components
into the device.

4.2.2. Multi-Planed Fluorescent Scanning

To test the confocal capabilities of the SCoT microscope, the focusing lens in the
optical head was moved to allow different imaging planes to be the focus of the blue laser.
The sample used for this testing was a silk thread that was mounted to a cover slip, which
was previously treated with quantum dots. The synthetic silk was created from spider silk
protein produced in transgenic goats that underwent the extrusion and pulling process
described in Refs. [36,37]. This dye-coating process is similar to that described in our
previous work [38]. The silk fiber was then imaged with the SCoT microscope, and the
resulting image is shown in Figure 13a.

The axial focus of the images are rather poor quality, as each step is roughly 18 μm
apart. This focus resolution can be decreased to 9 μm, but the quality of the images can
only be increased by the inclusion of an improved iris that is located at the collection
point to further restrict out-of-plane light. The iris will help to filter out the light from all
other focus locations than the one of interest. An iris of a sufficient size would require
high-resolution printing, which is achievable by a micro-3D printer [39] or the purchase of
precision pinholes such as ThorLabs stainless steel foils.

Figure 13b shows the same silk fiber when it is imaged using a commercial Leica
scanning confocal microscope with a much higher resolution. The images provided are
roughly 4 μm apart in focus depth and show significantly better resolution in the individual
images. However, the change in width of the silk is observable with both microscopes as
the imaging plane moves through the fiber.
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(a) (b)

Figure 13. (a) Image of synthetic spider silk, obtained using the SCoT microscope. Each layer is offset
by 18.5 μm. The resolution is 15 μm in the X direction and 1.5 μm in the Y direction. (b) Comparison
image of the spider silk sample using a commercial Leica scanning confocal microscope, where the
height of the microscope focus is changed in the z-direction. The offsets of each image are 4 μm apart.

4.3. Detection of Temperature-Sensitive Fluorescent Signal

This section shows the capability of the SCoT microscope to detect relative temperature
changes in the sample as a function of the spacing between a heating laser and the blue
laser. The photoluminescence that is emitted by a fluorescent probe (illuminated by the
blue laser) is dependent on the temperature of the probe, where decreases in light intensity
are associated with increases in temperature.

To allow the SCoT microscope to image temperature-dependent processes, several
additions to the optical stack and electronic hardware were required. Full details were
provided in the device overview (Section 2). These modifications are designed to more
efficiently focus the desired light towards the photodiode and eliminate any reflected
light from the IR heating laser with additional filters, as shown in Figure 14. Additionally,
they provide a higher intensity of IR laser light to be transmitted to the sample surface to
increase the local temperature. The data acquisition system records a batch of amplitude
and phase data for each position of the servo motor moving the IR heating laser.
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Figure 14. Schematic of the optical path of the two laser beams (blue and orange) and fluorescent
luminescence (red) of the SCoT microscope in the thermal detection configuration.

To prepare a sample for measuring relative temperature changes, Rhodamine B in an
ethanol solution was spin-coated onto a stainless steel 304 disc (Figure 15a). The thickness
of the coating was measured using a Zeta 20 profilometer (KLA, Ann Arbor, MI, USA)
as 20.7 μm thick. Stainless steel was selected as the sample material, because the current
design of the SCoT microscope cannot be used with ferromagnetic materials. This is to
avoid any interaction with the magnetic actuator that is located on the PHR that is used for
focusing the lasers.

(a) (b)

Figure 15. (a) A stainless steel sample with Rhodamine B film deposited by spin coating. (b) A graph
of the phase delay vs. displacement for the measurement of a stainless steel surface coated in a layer
of Rhodamine B. This phase delay is between the initial heating provided by the IR laser and the
resultant temperature changes in the sample, which are measured as changes in the intensity of the
fluorescent dye.

The sinusoidal modulation of the IR heating laser’s intensity results in a thermal wave,
which is a periodic variation in the local temperature of the material [38]. This temperature
variation occurs at the same frequency as that of the modulated heating but is delayed in
time, as the heat needs to diffuse from the heating spot. The use of lock-in amplification
allows the temperature-sensitive fluorescent signal at the modulation frequency to be
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isolated and amplified, but this also results in the signal being mapped into the frequency
domain. As fluorescent data are collected at increasing distances from the heating spot,
the thermal wave amplitude decreases, and the time delay between the heating wave and
the temperature response increases. This results in the phase delay shown in Figure 15b.

Figure 15b shows a linear trend in the phase delay when the IR and blue lasers are
spaced more than 80 μm apart. Thermal wave theory predicts that at distances greater than
about 5× the diameter of the laser spot size, a thermal wave has a linear slope in the phase
delay between the modulated heating source and the temperature of the material away
from the heating source [6]. This phase delay is large for thermally insulating materials
and small for thermally conductive ones. The outlier that deviates from linearity when the
laser spot spacing is about 75 μm could have been caused by the presence of a microscopic
defect in the sample, such as the scratch shown in Figure 15a. Hua demonstrated that grain
boundaries can create a phase jump of about 1◦ in the thermal wave, and larger defects are
expected to create large phase delay jumps [40]. The results in Figure 15b demonstrate that
the SCoT microscope is able to detect these thermal waves.

5. Conclusions

This paper presents the design and operation of a scanning confocal thermal (SCoT)
microscope. Using inexpensive components, the device was able to create microscopic
images using fluorescent emissions by means of the PHR-803T optical head, optical filters
and lenses, positioning motors, and a 3D-printed structural frame. This was demonstrated
by using the microscope in a reflective mode (imaging writing on a PCB board without
fluorescent probes) and in a confocal mode (observing the photobleaching of Rhodamine B
and imaging different planes of synthetic spider silk). Additional features in the design of
the system include post-processing techniques and construction calibration features that
are key to improving the quality of the system but are not necessary for its functionality.
This research also demonstrated how the device can be used as a thermal microscope by
using additional filters and a heating laser to detect thermally induced fluctuations in
fluorescent dyes.

One improvement of the device could be the use of a smaller pinhole print, located at
the collection sight of the laser. Based on the function of the laser, an accurately located and
sized pinhole can improve the vertical resolution in 3D imaging applications. Additionally,
modeling specialized components could also greatly reduce the cost of the system while
maintaining the integrity and precision of the results.
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Abbreviations

The following abbreviations are used in this manuscript:

ABS Acrylonitrile butadiene styrene
ADC Analog-to-digital converter
DIY Do-it-yourself
FDM Fused deposition modeling
HD-DVD High-density digital video disc
IR Infrared
LIA Lock-in amplifier
PCB Printed circuit board
PIE Post-irradiation examination
PWM Pulse width modulation
QD Quantum dots
SCoT Scanning confocal thermal
SLA Stereolithography
UAV Unmanned aerial vehicle
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Abstract: The microfluidic industry faces a significant challenge due to the lack of sensitive
and standardized methods. One critical need is the measurement of internal channel di-
mensions in fully assembled chips. This study presents and compares several protocols for
measuring these dimensions, including optical profilometry, optical microscopy, and tiled
digital imagery. Standardized chips made from two materials commonly used in microflu-
idics (borosilicate glass and Cyclic Olefin Copolymer) were evaluated using each protocol.
A consistency analysis using normalized error statistics identified optical profilometry as
the most reliable method, offering the lowest uncertainty and the highest consistency with
nominal geometry values. However, all protocols encountered difficulties with vertical
depth measurements of internal structures. Future research should focus on addressing
these limitations, including investigating the influence of multiple refractive surfaces on
optical profilometry and exploring confocal microscopy. In conclusion, this work provides
a comprehensive comparison of measurement protocols for internal microfluidic structures
and offers a practical solution for applications in the microfluidic industry, while also
identifying important directions for future research.

Keywords: microfluidic chips; optical measurements; channels dimensions; methods validation

1. Introduction

Microfluidics has long held the potential to disrupt a wide range of fields [1–3]. Aiming
at the miniaturization of analytical and chemical methods [4], microfluidics continues to
promise revolutionary advancements across many industries [5].

In recent years, the microfluidics industry has experienced remarkable growth, driven
by applications such as chemical analysis, point-of-care diagnostics [6,7], and pharmaceuti-
cal research [8,9], including microphysiological systems [10,11]. The growth is projected to
continue at a compound annual growth rate of 2.2% until 2028 [12].

Regardless of the application, the internal geometry of microfluidic channels is often
crucial to the functionality of the device. For example, point-of-care diagnostic devices
required precise dilution ratios, while microphysiological systems need physiologically
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relevant shear stresses [13,14], both of which impose strict geometrical constraints on
chip manufacturers.

Given the importance of the internal geometry to a device’s functionality, it is crucial
for the industry to be able to accurately characterize the internal dimensions of a chip.
Microfluidic chips are often made of multiple structured layers that are sealed together to
form the final product. While measuring the dimensions of the structure before assembly is
feasible (for example, using optical microscopy or stylus profilometry), once sealed, the
channels are encapsulated inside the chip. This makes their characterization more difficult
due to material properties and physical constraints. This issue is significant because the
assembly process can change the structure of the chip compared to its pre-assembled
state, leaving both the manufacturer and the user uncertain about the actual geometry and
dimensions of the flow circuit in use.

The industry itself has identified the lack of sensitive and standardized testing methods
as one of the major hurdles preventing microfluidics from fulfilling its promises [15,16].
To help address this challenge, this work presents multiple protocols for measuring the
internal dimensions of fully assembled transparent chips. The reproducibility and precision
of each protocol are analyzed and compared. Both glass and polymer chips are used as
substrates to evaluate the influence of material on measurement reproducibility.

The protocols described in this study enable automated, non-destructive, reproducible
characterization of the internal geometry of transparent microfluidic chips after assembly,
making them suitable for industrial applications. By removing the uncertainty caused
by potential deformation during assembly, these protocols ensure that users can trust the
devices they are using, and manufacturers can be confident in the quality of the chips they
are providing.

Here, we describe the chip designs and different measuring techniques. The dif-
ferent sets of results are analyzed through consistency tests between the protocols
and nominal values. Finally, we examined the influence of two different materials on
dimension measurements.

2. Chips Geometries

Batches of chips were designed and manufactured using two different materials:
D263©bio glass [17] (a common type of borosilicate glass) and COC (Cyclic Olefin Copoly-
mer, tradename TOPAS© [18]). The chips made from each material have different internal
dimensions and designs. The choice of geometries was based on different applications for
these chips within the EURAMET 20NRM02 MFMET project [19] (MFMET–Establishing
Metrology Standards in Microfluidic devices [20]). These tests mainly include leakage
tests [21], flow resistivity tests [22], and the dimensional measurements described here.

All designs adhere to the ISO 22916:2022 standard on interoperability requirements for
dimensions, connections, and initial classification of microfluidic devices [23]. This standard
has a notable influence on the chips’ footprint, as well as the positions and dimensions
of their connections. This allows different participants to use the same connector and be
confident that the chips were compatible with each other’s measurement setup. In addition,
these chips are intended to serve as transfer standards for other laboratories. By adhering
to ISO 22916:2022, compatibility with laboratories outside the scope of this project will also
be facilitated.

2.1. Glass Transfer Standard Chips

Eight designs (footprint 15 mm× 45 mm) were developed for glass chips (see Figure 1).
Each design has one or several main channels, with some connected to one or multiple
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“leakage channels”—these are significantly smaller in cross-section compared to the main
channels, simulating a leak. All designs, except Design 08, include a reference channel
(Channel 01 in Figure 1) that does not have any additional side channels. Figure 2 shows
an example of Design 04 chips. Technical design drawings of these glass transfer standard
chips are available in the Electronic Supplementary Information.

Figure 1. Different glass chip designs and their geometry nomenclature for measurements.

Figure 2. Example of a glass transfer standard chip, Design 04.

The glass chips were fabricated by IMT Masken und Teilungen AG, Greifensee,
Switzerland, using D263©bio glass [17], via isotropic wet-etching techniques, employing
hydrofluoric acid-based etching solutions commonly used in the semiconductor industry.
The final chips consist of two halves that were individually fabricated and then bonded
together. The critical dimensions of the device were verified during and after processing
for quality assurance. For Designs 01 to 05, four chips were produced, while Design 06 and
07 had three chips each, and Design 08 had two. One chip from each design was reserved
as a backup.

2.2. Polymer Transfer Standard Chips

The polymer transfer standard chip has the same footprint as a standard microscope
slide and contains eight different designs on a single chip (see Figure 3). Each design
consisted of two main channels with a “leakage channel”. The leakage channels came
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in two distinct lengths: four designs had longer leakage channels, and the other four
had shorter ones. The cross-section of the leakage channels is rectangular and varies
between designs. Figure 4 shows an example of one of the polymer chips. Detailed designs,
technical drawings, and CAD files of the polymer chip design can be found in the Electronic
Supplementary Information.

Figure 3. Polymer chip design and its geometry nomenclature for measurements.

Figure 4. Example of a polymer transfer standard chip.

The polymer chips were produced by microfluidic ChipShop GmbH, Jena, Germany,
using injection molding.

Once the fabrication process is complete, the top part containing the microfluidic
structure is sealed onto a thin bottom slide to close the chip. The entire chip is made of
COC (Cyclic Olefin Copolymer, tradename TOPAS© [18]).

3. Three Different Measurement Protocols

The different pieces of equipment used for the measurement protocols set out below
are shown in Figure 5, with specifications given in Table 1.

Table 1. Specifications of the different instruments used for dimension measurements.

Instrument Lens Lighting Calibration
Uncertainty Linked to

Calibration

OGP SmartScope
ZIP®250

×1
×2

Substage LED profile
Coaxial LED surface

SmartRing™ LED ring light

Annual calibration
report by OGP

In plane (XY):
±2 μm + 4 L/1000

Vertically (Z):
±2.5 μm + 5 L/1000

In-image:
<1 μm
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Table 1. Cont.

Instrument Lens Lighting Calibration
Uncertainty Linked to

Calibration

Olympus BX53M
×1.5
×5
×15

Substage tungsten bulb
lighting

Test pattern
(see Figure 5) 0.1%

Leica Wild M3Z ×2.56 Overhead LED ring light Test pattern
(see Figure 5) 2%

Nikon D5300 ×1, f/2.8,
105 mm macro lens

Fluorescent tube lighting
below sample

Test pattern
(see Figure 5)

In-image:
0.45%

On tiled images:
0.76%

Zeiss AxioObserver ×2.5 Transmission lighting from
quartz halogen bulb

Test pattern
(see Figure 5) 0.15%

Figure 5. The different setups used for dimension measurements. (a) Optical profilometer OGP
SmartScope ZIP®250. (b) Optical microscope Olympus BX53M with its calibration gauge. (c) Stereo
binocular microscope Leica Wild M3Z with its calibration gauge. (d) Digital camera Nikon D5300
with its calibration gauge. (e) Optical microscope Zeiss AxioObserver with its calibration gauge.

Examples of the optical images obtained from each of the techniques are given in
Figure 6, together with details showing which points in the images were used as reference
criteria from which the measurement values were obtained.

Figure 6. Cont.
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Figure 6. Definition of measurement points (images (b–h) from the Optical Profiler; (i) from the
Leica Wild M3Z; (j) from the Olympus BX53M; (k) from the Nikon D5300; and (l) from the Zeiss
AxioObserver). (a) The width of the channels is taken as the maximum width. (b) The diameter of
the holes is measured by recognizing the internal hole features. (c) Point at the bottom Z-plane of the
polymer channel. (d) Point at the top Z-plane of the polymer channel. (e) Point at the top plane of the
glass chip when the chip is the right way up (see Section 3.1). (f) Point at the measurable channel
plane of the glass chip when the chip is the right way up. (g) Point at the top plane of the glass chip
when the chip is upside down (see Section 3.1). (h) Point at the measurable channel plane of the
glass chip when the chip is upside down. (i) MountainsMap©’s “Distance between two points” and
“Customized path” tools applied to Design 08. (j) MountainsMap©’s “Distance between two points”
and “Customized path” tools applied to S-channel in design 04. (k) A stitched image of Design 01
created using the Nikon D5300 camera. (l) A stitched image of Design 04 created using the Zeiss
AxioObserver with Ludl BioPoint2 stage showing the ability to discern the leakage channel (left hand
side of image) when using higher NA optics.

3.1. Protocol 1: Optical Profilometry

The first protocol entails optical profilometry, a method that uses light instead of a
physical probe to characterize geometries. This allows non-destructive measurements with-
out direct contact with the object, making it particularly suitable for transparent substrates.

A SmartScope ZIP®250 (with its accompanying software, ZONE3©, both from Optical
Gaging Products (OGP), part of Quality Vision International (QVI), Rochester, NY, USA)

171



Metrology 2025, 5, 4

was used to perform measurements of the internal geometries. Table 1 gives details of the
instrument, and the setup is shown in Figure 5a.

The instrument is annually recalibrated by OGP staff, ensuring the accuracy shown
in Table 1 (Calibration report available in the Electronic Supplementary Information). It
is important to note the difference in uncertainty between measurements where the stage
moves a distance, L, between two measured points and static in-image measurements.

The OGP SmartScope ZIP®250 can automatically focus on a plane within a user-
defined margin. The software identifies geometrical features from the focused image and
measures the dimension of interest. For example, to determine the width of a channel, the
profilometer finds the focus plane at the top of the channel, identifies the outermost edges,
and measures the width between these edges (see Figure 6).

Depth measurements proved to be more challenging, particularly in glass compared to
polymer chips. For polymer chips, the depths of all channels were measured by determining
focus planes at the top and bottom of the channel using the software’s “Focus” tool, which
establishes a 3D point on each plane. The software then calculates the channel depth by
measuring the distance in Z-axis between these two points (Figure 6).

However, depth measurements inside transparent materials using optical profilometry
are subject to distortion due to the material’s refractive index, which depends on both
material and the wavelength of light used to determine the focus plane. The SmartScope
ZIP®250 uses grid light with a wavelength range from 575 nm to 625 nm. For polymer
chips, a refractive index (RI) of nD = 1.53 for 589 nm at 25 ◦C (provided by microfluidic
ChipShop GmbH, Germany) was used to correct for the difference between and optical
path length and physical distance measurement [24]; thus, all depth measurements in
polymer chips were multiplied by nD.

For glass, the optical profilometer struggled to differentiate between the focus planes
at the top and bottom of the channels. Therefore, a more complex approach was used to
estimate the channel depth. The profilometer could determine the top and bottom planes
of the chip and one plane of the channel (Figure 6). The assumption was made that this
plane belonged to the upper channel. In this method, when the chip is right-side up, the
top of the chip, the top of the channel, and the bottom of the chip are measured. When the
chip is flipped upside down, the bottom of the chip, the bottom of the channel, and the top
of the chip are measured. The following formula was then used to estimate the depth of
the channel:

D = ((zchnl,2 − ztop,2)− (zchnl,1 − ztop,1)) · nD (1)

where D is the estimated channel depth; z_(chnl,2) and z_(top,2) are the z-coordinates
of the measurable channel plane and the top plane measured when the chip is upside
down; z_(top,1) and z_(chnl,1) are the z-coordinates of the measurable channel plane and
the top plane measured when the chip is right-side up; and nD is the refractive index of
D263©bio glass. Based on the OGP light wavelength range, a refractive index = 1.5230 for
589.2938 nm [25], provided by Schott AG, Germany, was used to correct for RI effects [17].

The length of the main channels was defined as the maximum distance between the
inlet and outlet hole centers. Hole diameters were determined using the “Feature finder”
tool, which measures the internal circumference of the holes (Figure 6). Leakage channel
lengths were measured using start and end reference points taken from the mid-point of a
line drawn across the intersection of the leakage channel with the wall of a main channel.

Measuring the lengths of more complex, non-linear channels (such as L-, U-, and
S-shaped channels) posed difficulties. Despite multiple attempts using different settings
and ZONE3© tools, no reproducible parameters were found.
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All the above steps are programmable on the OGP SmartScope ZIP®250. This allows a
specific measurement protocol—including positions, fields of view, focus zones, lighting,
and image processing settings—to be stored and repeated for identical objects. Once
established, the measurement program was run three times on each chip.

Using the data from each run, an average and a standard deviation (sr) were de-
termined. Together with the uncertainty from the instrument’s calibration (uc), noted
in Table 1, the standard uncertainty (u) of the measurement was calculated using the
following formula:

u =
√

u2
c + s2

r (2)

The calculation assumes that these are the two largest sources of uncertainty. For the
purpose of this article, variability in the refractive index was not considered, which could
be investigated in future research.

3.2. Protocol 2: Optical Microscopy

The second protocol uses standard optical microscopy. Depending on the size of the
microfluidic geometries, two different microscopes were employed: an optical microscope
(Olympus BX53M) or a stereo binocular microscope (Leica Wild M3Z) was used. Details of
both instruments are provided in Table 1.

Each instrument has its own calibration gauge structure (Figure 5), ensuring that mea-
surement results are traceable to the International System of Units (SI). The uncertainties
associated with the calibration of each instrument can be found in Table 1.

The width and length of the leakage channels, the width of the main channels, and
the diameters of the holes were all measured using the Olympus BX53M (with the ×5 or
×10 lens). Images were taken and analyzed using Olympus Stream Essentials 2.3.3 (Build
17023). This software has the capability to continuously capture images and automatically
detect different focal planes, creating a merged image where measurements were made.

Similar to the optical profilometer in Protocol 1, the largest dimension was used to
define the channel width (Figure 6). The length of the main channels was measured as the
maximum distance between the inlet and outlet holes, using the Leica Wild M3Z binocular
microscope. The focal plane was manually adjusted for these measurements.

For hole diameter measurements, a circle tool was used. However, identifying the
correct focal plane was difficult, as multiple focal planes were closely spaced. It was
hypothesized to be due to the hole-drilling process during chip manufacturing. Several
measurements were performed, and an uncertainty value was assigned to take into account
the various focal planes and irregularities in the structure.

The length of non-linear channels (both main and leakage channels) was measured
using specific tools from the MountainsMap© version 10 software package (from Digital
Surf, France). Depending on the channel shape’s complexity, either the “Distance between
two points” tool or the “Customized path” tool was used (Figure 6). In both cases, the
length was determined along the median line of the channel width.

As with Protocol 1, each chip was measured three times, and the results were used to
calculate a standard uncertainty using the same approach.

3.3. Protocol 3: Tiled Digital Imagery

The third protocol uses two different instruments, both with a wide field of view:
a Nikon D5300 digital camera fitted with a 105 mm, 1×, f/2.8 macro lens; and a Zeiss
AxioObserver optical microscope equipped with a Ludl BioPoint2 motorized stage, Zeiss
EC Plan Neofluar 2.5×/0.085 objective, and Zeiss HRc camera. Details of both devices are
included in Table 1.
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Digital cameras, such as the Nikon D5300, offer portability, affordability, and high
resolution. Since they can detect events within entire microfluidic devices, they have been
widely used with paper–microfluidic devices for on-site diagnosis [26,27] and high-speed
imaging and detection of events within microfluidic devices [28]. The Zeiss AxioObserver,
similar to the microscope used in Protocol 2, provides more precise measurements.

Both instruments were calibrated using standard reference bars (Figure 6), which al-
lowed for the determination of the resolution of the instruments and the uncertainty
linked to calibration (Table 1). The calibration report is available in the Electronic
Supplementary Information.

In this protocol, measurements were made using image processing. For hole diameters
and channel widths, both instruments could produce results from a single image. The
uncertainty in these measurements was based solely on the consistency associated with the
instruments’ calibration.

For measuring the lengths of the main channels, tiled images were used. The num-
ber of frames needed to cover the entire microfluidic channel depended on the field of
view of the instrument. The accuracy of the measurement was affected by how well the
frames were stitched together, the quality of images, and the uncertainty linked to the
instrument’s calibration.

The Nikon D5300 camera, with its large field of view, required only two frames
to cover an entire main channel in the glass chips (see Figure 6 for an example). The
images were taken with overlapping areas such that they could be stitched together in
ImageJ by overlaying blemishes in successive frames. The uncertainty from stitching
was 3 pixels/frame (1 pixel = 8.44 μm according to calibration). Due to the lower image
quality, there was a significant uncertainty in defining the ends of the channels. This was
approximately 6 pixels at each end, resulting in a total uncertainty of 15 pixels, which
equals 0.31% of the total length of 39,800 μm. Furthermore, the leakage channels were not
sufficiently visible in the images, making accurate measurements unreliable. Including
the instrument uncertainty (0.45%; see Table 1), the potential total uncertainty for length
measurements using this system was 0.76%.

The Zeiss AxioObserver, equipped with a motorized Ludl BioPoint2 stage, also used
stitched images (see Figure 6 for an example). However, the precision and reproducibility
of the Ludl BioPoint2 stage (<1 μm) were sufficient, so the results were highly consistent.
The main advantage of this instrument was the higher numerical aperture (NA) of the
2.5× objective (NA = 0.085), which gave clearer images. This improved clarity made it eas-
ier to define channel and hole borders, resulting in a notable improvement in measurement
precision. Therefore, the uncertainty in defining the channel ends was negligible, with an
error of at most 1 pixel. Hence, the total uncertainty for the length measurements using the
Zeiss AxioObserver was the same as its in-image uncertainty from calibration (i.e., 0.15%;
see Table 1).

Both instruments were used to measure multiple glass chips, and the average of
multiple measurements from each method was taken as final value. Given this combination
of two different methods, the standard uncertainty definition from Equation (2) needs to be
updated as follows:

u =
√

u2
c1 + u2

c2 + s2
r (3)

where uc1 is the standard uncertainty associated with the Nikon D5300 (which differs be-
tween in-image and tiled-image measurements, as shown in Table 1), uc2 is the uncertainty
associated with the calibration of the Zeiss AxioObserver, and sr remains the standard
deviation between the two values.
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3.4. Evaluation of the Measurement Results

To evaluate the consistency of the three protocols, their results are compared against a
reference value. For each measurement (for example the diameter of Hole 01 in Channel
01 of Design 01), a reference value can be defined. This reference value (called RV) is
determined as the mean of the measurement values from the three protocols combined,
using the weighted means formula. The inverse square of the standard uncertainty (un)
associated with the average of a protocol’s measurement values (xn) serves as its weighting
factor [29]:

RV =
x1/u2(x1) + . . . + xn/u2(xn)

1/u2(x1) + . . . + 1/u2(xn)
(4)

The following formula gives the standard uncertainty, u(RV), associated with the
reference value [29]:

u(RV) =

√√√√ 1
1

u2(x1)
+ . . . + 1

u2(xn)

(5)

Once the reference value and its standard uncertainty are determined, the measure-
ment values from each protocol can be tested for consistency with this reference value. To
identify this consistency, the normalized error (En) is calculated [30]:

En =
xn − RV√

U2(xn)−U2(RV)
(6)

where En is a protocol’s consistency indicator for a specific measurement; xn is the average
of a protocol’s measurement values; RV is the reference value of the same measurement;
and U (xn) and U (RV) are their associated expanded uncertainties, calculated as U = k × u
with k = 2.

The value of En leads to the following conclusions:

• If |En| ≤ 1, the protocol’s measurement values are consistent for a certain measure-
ment (test passed).

• If |En| > 1, the protocol’s measurement values are inconsistent for a certain measure-
ment (test failed).

This approach allows for a comparison of the protocols between each other. However,
it does not necessarily indicate the accuracy of all protocols. Besides a reference value,
a nominal value can also be defined for all measurements. These nominal values and
their standard uncertainties are based on the design drawings with quality assurance
measurements and statistical tolerances provided by IMT Masken und Teilungen AG. The
nominal values represent the theoretical dimensions that the geometry should have.

For the diameters of the holes, no statistical data were available, so the nominal value
from the design (i.e., 800 μm) was used. Based on IMT’s experience, a standard uncertainty
of 15 μm was assumed, resulting in an expanded uncertainty of 30 μm.

The depth was measured by IMT during quality assurance, with values falling within
a range of (98.3 ± 0.4) μm, giving an expanded uncertainty of 0.8 μm.

The width of the main channels was estimated using the known depth, leading to a
calculated nominal width of (996.6 ± 2.66) μm for this specific batch of chips.

Finally, the length of the main channels, defined as the maximum distance between the
inlet and outlet holes (designed at 39,800 μm), depends on the precision of hole placement.
Based on IMT’s experience, a precision of 7.5 μm per hole was assumed, leading to a total
standard uncertainty of 15 μm for the length of the main channels and, thus, an expanded
uncertainty of 30 μm.
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Using these estimations, the consistency of the measurement values of each protocol
with the nominal values can be tested.

To investigate the influence of material on measurements, a straightforward approach
was adopted. Protocol 1 was applied to both glass and polymer chips, and the standard
uncertainty of the measurements was compared. This standard uncertainty, defined in
Equation (2), consists of a standard deviation term (sr), related to the actual measurements,
and an uncertainty term (uc), related to the calibration of the machine used. Since the
calibration uncertainty for the OGP SmartScope ZIP®250 is identical for both polymer and
glass measurements, it is more informative to compare the standard deviations of the actual
measurements. Thus, the standard deviations from Protocol 1 for both polymer and glass
measurements will be compared.

4. Results

4.1. Glass Chips

Each protocol naturally gave a set of results for the glass chips. The three complete
sets of results can be found in the Electronic Supplementary Information. For analysis
purposes, the results from a single chip, Design 01—series 01, and only its first channel,
Channel 01, will be treated here. In this channel, the protocols performed the following
measurements:

− The diameter of Hole 01;
− The diameter of Hole 02;
− The width of the channel;
− The depth of the channel;
− The length of the channel.

The subsequent figures (Figures 7–11) show the resulting values from all three proto-
cols, their associated reference value, and the nominal value of each measurement.

Figure 7. Consistency test for the diameter of Hole 01 in Channel 01 of chip Design 01—series
01. Error bars represent the expanded uncertainty. Likewise, U(RV) is the expanded uncertainty
associated with the reference value.

To determine the consistency between the different protocols and their resulting
reference value, the normalized error values (ED) are shown in Table 2.
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Table 2. Normalized error values between protocols and their resulting reference value (RV) for each
measurement. Values that indicate inconsistency are marked in red.

Diameter
Hole 01

Diameter
Hole 02

Width Depth Length

Protocol 1 −1.78 −4.44 −1.57 N/A 1.48

Protocol 2 0.33 4.14 1.65 N/A 0.32

Protocol 3 2.30 1.12 −0.40 N/A −1.95

Figure 8. Consistency test for the diameter of Hole 01 in Channel 01 of chip Design 01—series
01. Error bars represent the expanded uncertainty. Likewise, U(RV) is the expanded uncertainty
associated with the reference value.

Figure 9. Consistency test for the depth of Channel 01 of chip Design 01—series 01. Error bars
represent the expanded uncertainty. Likewise, U(RV) is the expanded uncertainty associated with the
reference value.

177



Metrology 2025, 5, 4

Figure 10. Consistency test for the width of Channel 01 of chip Design 01—series 01. Error bars
represent the expanded uncertainty. Likewise, U(RV) is the expanded uncertainty associated with the
reference value.

Figure 11. Consistency test for the length of Channel 01 of chip Design 01—series 01. Error bars
represent the expanded uncertainty. Likewise, U(RV) is the expanded uncertainty associated with the
reference value.

Given that the depth was only measured with Protocol 1, there is no reference value
or normalized error for a consistency test.

Finally, the consistency between the protocols and the nominal value was determined
for each measurement. The normalized errors for this consistency test are shown in Table 3.

Table 3. Normalized error values between protocols and the nominal value for each measurement.
Values that indicate inconsistency are marked in red.

Diameter
Hole 01

Diameter
Hole 02

Width Depth Length

Protocol 1 0.16 0.33 −0.93 −7.81 0.02

Protocol 2 0.35 0.96 0.23 N/A 0.20

Protocol 3 0.99 0.99 −0.42 N/A −2.04
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4.2. Polymer Chips

The full set of results from the polymer chips acquired with Protocol 1 can be found in
the Electronic Supplementary Information. As an excerpt, Table 4 shows the width and
depth measurements, as well as their standard deviations, for the first design of one of
the COC chips. To facilitate a more meaningful comparison of these standard deviations
against those from measurements made on glass chips, they are expressed in percentages.

Table 4. Measurements of the width and depth of the channels in Circuit 1 of one of the TOPAS©
COC chips, as well as their associated standard deviations.

Width Depth

Average
Measured

Standard
Deviation

Average
Measured

Standard
Deviation

Channel 01 503.1 μm 0.1 μm
(0.0%) 358.0 μm 1.7 μm

(0.5%)

Leakage
Channel 01 108.5 μm 0.1 μm

(0.1%) 123.6 μm 1.8 μm
(1.4%)

Channel 02 508.1 μm 0.1 μm
(0.0%) 372.9 μm 2.7 μm

(0.7%)

For comparison purposes, Table 5 provides measurements and uncertainties from
Protocol 1 for the measurement directions corresponding to those of Table 4.

Table 5. Measurements of the width and depth of the channels of glass chip Design 01—series 01, as
well as their associated standard deviations.

Width Depth

Average
Measured

Standard
Deviation

Average
Measured

Standard
Deviation

Channel 01 991.3 μm 0.2 μm
(0.0%) 13.8 μm 4.6 μm

(33.0%)

Channel 02 992.1 μm 0.2 μm
(0.0%) 17.9 μm 1.3 μm

(7.6%)

Channel 03 992.4 μm 0.2 μm
(0.0%) 20.2 μm 3.3 μm

(16.3%)

Leakage channel 143.0 μm 0.5 μm
(0.3%) N/A N/A

5. Discussion

5.1. Comparison of Protocols

The normalized error values in Table 2 suggest that the protocols are often inconsistent
with the reference values. On the contrary, Table 3 shows the protocols mostly consistent
with the nominal values. The consistency of Protocol 1 with the nominal values slightly
outperforms that of Protocol 2, which in turn slightly outperforms Protocol 3. This implies
while the different protocols produce different values, they remain consistent with the
nominal values and their expanded uncertainties. This also indicates the need for a more
detailed exportation of the uncertainty calculations, as they are likely underestimated
across all protocols.

In particular, for longer dimensions, such as the channel length, the accuracy of the
optical profilometer is higher than that of the other protocols.
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Several factors may explain the decreased accuracy of the length measurements in
Protocol 3. The most evident reason is the extra uncertainty term introduced in the standard
uncertainty definition due to the combination of two different methods (see the comparison
between Equation (2) to Equation (3)). Additionally, the uncertainty of each method
includes an extra factor related to image stitching, on top of the uncertainty associated with
calibration. Lastly, the average and standard deviations for Protocol 3 are based on two
measurement points, one from each method. Improving any of these three factors might
potentially improve the consistency of this protocol with the nominal values for length.

In terms of uncertainty, Protocol 1 presents smaller values than the others in all
measurement dimensions.

5.2. Close-Up on Depth Measurements

For the depth measurements shown in Figure 10, only Protocol 1 was capable of
providing results, but these were inconsistent with the nominal values (see Table 3
and, additionally, Table 5). Several factors could explain this inconsistency and suggest
potential improvements.

First, the measurements were corrected with the refractive index of the material. The
refractive index is given for a specific wavelength (589 nm), which may not exactly match
the wavelength of the SmartScope ZIP®250 used in Protocol 1. OGP indicated that the
wavelength of the grid light for measurements in Z could range from 575 to 625 nm (Table 6).
However, even if the wavelength is different slightly, considering the material’s refractive
index variations, it is unlikely to cause significant changes in the measured values [17,25].

Table 6. Refractive indices of D263©bio glass for different wavelengths spanning the SmartScope.

nC′ (643.8469 nm) ZIP®250 focus light range. 1.5209

nD (589.2938 nm) 1.5230

ne (546.074 nm) 1.5255 ± 0.0015

If the value of the refractive index is not the issue, then it may be the method of
applying it. The straightforward multiplication of the measured values with the refractive
index to correct for deformation is regularly used for structures with a single refractive
interface. However, for an internal channel with two refractive interfaces, this assumption
might not hold, and further investigation is warranted, which would also take into account
the NA of the imaging optic and its influence on the estimated optical path length.

Another possibility is that the optical profilometer did not accurately measure either of
the two surfaces. Given the high surface quality of wet-etched channels and the proximity
of its top and bottom planes, the channel itself might act as a lens. In this case, the
low surface roughness, which is usually considered an advantage, might impede proper
measurement. This too would be worth further investigation.

It seems unrealistic to hypothesize that the bonding process has altered the channel
depth from the quality assurance value of 98.3 ± 0.4 μm to the measured values in Table 5.
A destructive test could verify this; however, other tests performed on these chips within
the 20NRM02 MFMET project would likely have detected such a drastic geometry change.

To suggest further improvements in depth measurement for internal microfluidic
channels, an additional method was tested. The following paragraph describes preliminary
results obtained during this work, which could provide an interesting avenue for future
work on depth measurement protocols for internal microfluidic channels.

Leakage Channel 02 of a polymer chip was measured using a Zeiss LSM 510 confocal
fluorescence microscope. The instrument operates based on a confocal principle, which
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eliminates out-of-focus light from focal planes (called optical sections) and collects serial
optical sections. In comparison to conventional epifluorescence microscopy, confocal
microscopy can produce three-dimensional images by stacking up a series of Z-images.
Confocal microscopy is well suited to measure the depth of an enclosed microfluidic
channel. It must be noted that a fluorophore solution was injected into the chip for
these measurements.

The obtainable resolution in Z depends on the NA value and the magnification of
the microscope’s objectives. Two objectives were used: an ×20 NA = 0.5 objective and an
×100 NA = 1.3 objective, allowing for a resolution in Z of 2.07 μm and 0.44 μm, respectively.
The higher NA value objective thus enables thinner optical slicing. With this objective,
however, for optical sections further away from the base of the channel, the fluorescence
intensity significantly decreases because of fluorescence self-absorption effects. This effect
is clearly visible in Figure 12.

Figures 13 and 14 show the resulting Z-stacks of the confocal fluorescence measure-
ments made with the ×20 N = 0.5 objective and the ×100 NA = 1.3 objective, respectively.

To estimate the channel height using these confocal measurements, first it is necessary
to determine the sections at which the fluorescence intensity in the channel is significant
compared to outside the channel. This can be performed by comparing the intensity at
the center of the channel to the intensity measured outside of the channel (as shown in
Figure 12).

Figure 12. Average fluorescence intensity for successive optical sections (slices) measured in the
center of the channel (black) and to the side of the channel (red). Base of the channel at slice 0.
(a) Measurements from the ×20 NA = 0.5 objective, 2.07 μm sections. (b) Measurements from the
×100 NA = 1.3 objective, 0.44 μm sections.

Figure 13. Integrated fluorescence intensity from Z-stack of all 50 optical sections taken with the
×20 NA = 0.5 objective. (a) Cross-section of channel height. (b) Fluorescence Intensity profile of all
optical sections over an x-cut perpendicular to both the long channel axis and the channel height axis.
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Figure 14. Integrated fluorescence intensity from Z-stack of all 180 optical sections taken with the
×100 NA = 1.3 objective. (a) Cross-section of channel height. (b) Fluorescence Intensity profile of all
optical sections over an x-cut perpendicular to both the long channel axis and the channel height axis.

Secondly, a decision needs to be made about the minimum value of fluorescence
intensity within an optical section corresponds to that confocal slice being substantially
within the channel. This decision is necessary because the confocality is not perfect: for all
practical pinhole sizes, light from a range of Z-distances will pass through. For a homo-
geneous fluorescence solution, such as the one in use here, a lower limit for fluorescence
intensity to determine whether an optical section is substantially within the channel could,
for example, be taken as 1% of that found at the channel’s mid-height.

Using this 1% criteria, it is possible to estimate that 37 of the 50 optical sections from
the ×20 NA = 0.5 objective are substantially within the channel. With its resolution in Z
of 2.07 μm (calibrated to be accurate to 0.1 μm using an internal encoder), the channel
height of the polymer device is estimated at (74.5 ± 4) μm (there will be at least on slice
uncertainty at both the top and bottom of the channel).

Despite the fact that the profiles collected using the ×100 NA = 1.3 objective appear
noisy (especially at sections further from the channel base), it is possible to make an accurate
estimate of which slices have a fluorescence intensity above the 1% threshold. For the
×100 NA = 1.3 objective, there are 166 out of 180 optical sections above the 1% fluorescence
intensity criteria, corresponding to a channel height estimate of (73.0 ± 0.8) μm.

Thus, the two measurements are consistent with each other, with the
×100 NA = 1.3 objective having greater precision.

There is a channel height discrepancy between the design specifications and the height
measured by confocal microscopy. These parts are made by sealing an upper piece, which
bears the imprinted channel profile, to a lower piece that is a plain (flat) plastic substrate. A
significant fraction of this discrepancy in heights is most likely due to the bonding process
used to seal the two pieces together. As can be seen from the fluorescence x-cut profiles of
Figures 13 and 14, the measured width of the lowest 5–10 μm of the channel is significantly
larger than the main part of the channel (at approximately 30 μm above the base). If this
lower, wider part of the channel profile is disregarded, and the fluorescence criteria used
to define the channel height is relaxed from 1% to 5% of the main channel intensity, then
the measurement of upper piece channel height becomes 56 μm, significantly closer to the
design specification of 50 μm.

These preliminary results hint in the direction of another interesting method worth
investigating in future work for depth measurements of internal channels in transparent
microfluidic devices.
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5.3. The Influence of Different Materials

Following the comparison between protocols, the influence of different materials on
measurements will be considered. Measurements taken on polymer and glass chips in the
XY-plane will be considered separately from those taken in the Z-axis.

The standard deviations in the XY-plane (width measurements from Tables 4 and 5)
are generally within the range of a few tenths of micrometers for both polymer and glass
measurements. When expressed as percentages, it becomes even more evident that the
standard deviation is negligible for both materials.

It would be interesting for future research to investigate whether this observation
holds true for other materials commonly used in microfluidics (e.g., PP, PC, COP, and
PMMA) and other measurement methods (e.g., optical or confocal microscopy). Experience
suggests that the SmartScope ZIP®250’s apparent indifference to material type may not
necessarily extended to other techniques.

In contrast, the standard deviations of the depth measurements in TOPAS© COC are
much lower than those for D263©bio glass.

During the measurements, it was noticed that the SmartScope ZIP®250 seemed to
distinguish more clearly between the top and bottom planes of the internal channels in the
polymer chips. For this reason, the Z-coordinates of the top and the bottom planes were
subtracted directly to calculate the channel depth. As mentioned earlier, it is hypothesized
that the polymer chips’ higher surface roughness, which is usually a disadvantage, might
have helped the optical profilometer better define a focus plane compared to the near-
perfect smoothness of the wet-etched glass channels. Testing this hypothesis would be an
interesting avenue for future research.

It is worth noting that, regardless of whether the standard deviation is low or high,
the accuracy of depth measurements in both materials is questionable. In both TOPAS©
COC and D263©bio glass, the depth measurements were inconsistent with their nominal
values. In addition, although the profilometer was seemingly capable of distinguishing
between the top and bottom of the internal channels in the polymer chips, it is difficult to
differentiate it from the actual bottom of the chip. This might explain the overestimation of
the depth of Leakage Channel 01, as shown in Table 4.

6. Conclusions

Accurately measuring internal structures after chip assembly is a well-recognized
challenge in the microfluidic industry. This study, conducted as part of the EMPIR MFMET
project, compared three different protocols, namely optical profilometry, optical microscopy,
and tiled digital imagery, for measuring different internal microfluidic structures in chips
made from D263©bio glass and TOPAS© COC.

A consistency analysis using normalized error statistics revealed Protocol 1, optical
profilometry, as the preferred method due to its low uncertainty compared to the other
protocols and its higher consistency with nominal geometry values.

However, challenges were encountered in measuring the depth of the internal ge-
ometries. The only protocol able to provide a measurement of the internal channel depth,
optical profilometry, gave results that are highly inconsistent with their nominal values.
Several avenues for future research are proposed, including a study of how to apply the
refractive index for deformation compensation when dealing with multiple refraction
interfaces. Another promising method is confocal fluorescence microscopy, which showed
promising preliminary results.

The performance of TOPAS© COC chips was not significantly better or worse than that
of D263©bio glass chips. This suggests that both materials are equally compatible with op-
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tical profilometry. However, depth measurements presented an exception, as channels with
poorer surface roughness were easier to measure using the optical profilometer. Despite
that, the depth measurements for the TOPAS© COC chips were also unsatisfactory. Further
research comparing other common materials in microfluidics and different measurement
techniques is recommended.

The results of this work directly address the current lack of accurate, robust, and
validated measurement methods for internal microfluidic structures, offering a compre-
hensive comparison of different protocols and ultimately suggesting a preferred option
for immediate application in the microfluidic industry. Additionally, this study offers
valuable directions for future research, taking an important step toward overcoming a
significant challenge that has hindered the microfluidic industry from reaching its full
potential. The information obtained in this work also indicates the need for standardization
in the field of dimensional measurements in microfluidic technology, especially after the
chip’s assembly. New European standardization projects will help in the development
of standards for microfluidic dimension application within ISO/TC48/WG4 microfluidic
devices, as foreseen in their new roadmap.
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//www.mdpi.com/article/10.3390/metrology5010004/s1, Table S1: Glass Measurements Analysis;
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Polymer Measurements protocol 1 CEA; File S1: ChipDesign GlassTransferStandard IMT; File S2:
ChipDesign PolymerTransferStandard MCS (pdf); File S3: ChipDesign PolymerTransferStandard
MCS (stp); File S4: Calibration Report protocol1 CEA; File S5: Calibration Report protocol3 UofG.
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Abstract: Droplet-based microlens fabrication using Ultra Violet (UV) curable polymers
demands the precise measurement of three-dimensional geometries, especially for non-axisymmetric
shapes influenced by electric field deformation. In this work, we present a polar
coordinate-based contour fitting method combined with Hermite interpolation to reconstruct
3D droplet geometries from two orthogonal shadowgraphy images. The image segmentation
process integrates superpixel clustering with active contours to extract the droplet boundary,
which is then approximated using a spline-based polar fitting approach. The two
resulting contours are merged using a polar Hermite interpolation algorithm, enabling
the reconstruction of freeform droplet shapes. We validate the method against both
synthetic Computer-Aided Design (CAD) data and precision-machined reference objects,
achieving volume deviations below 1% for axisymmetric shapes and approximately 3.5%
for non-axisymmetric cases. The influence of focus, calibration, and alignment errors is
quantitatively assessed through Monte Carlo simulations and empirical tests. Finally, the
method is applied to real electrically deformed droplets, with volume deviations remaining
within the experimental uncertainty range. This demonstrates the method’s robustness and
suitability for metrology tasks involving complex droplet geometries.

Keywords: 3D reconstruction; contact angles; droplet deformation; image processing;
optical simulations; polar fitting; polymer droplets; image segmentation; shape measurement;
volume estimation; shadowgraphy

1. Introduction

Microlenses are small lenses with apertures between several micrometers and
millimeters. They have emerged in recent years as important optical components in many
technological areas, such as microlens arrays and optical fiber coupling, for example, in
biomedical applications. There are different methods for fabricating microlenses, such as hot
embossing, lithography, inkjet printing, or more recently, two-photon polymerization [1–3].
Among these, the approaches using liquid-based photopolymerization offer a significant
advantage due to the inherent energy minimization properties of the liquids, making it
possible to achieve smooth optical surfaces with little or no post-processing [4–6]. However,
the control of the shape of the liquid droplets is still an area of active research, particularly
regarding the use of electric fields. The first experiments in this field were conducted by
Taylor, who discovered that the application of a high electric field on a liquid deforms
the liquid and leads to electrospraying [7]. This concept has since been used in many
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publications to deform liquid droplets, for example, for adaptive optics [8] or for deformed
and subsequently solidified aspherical lenses [9]. When the droplet is axisymmetric, the
measurement of its contour is straightforward and can be achieved in several ways. An
often used method is the Axisymmetric Drop Shape Analysis (ADSA), where the shape and
the surface tension are related and the Laplacian equation of capillarity is used to iteratively
calculate the droplet shape [10]. More recent approaches include Hou et al.’s use of two
mutually perpendicular ellipses (TMPEs) to approximate the shape of an axisymmetric
droplet deformed by gravity, and similarly, Tran et al. used asymmetrical ellipses to describe
the contour of droplets with large contact angles [11,12]. Wang and Yu used an ellipse to
approximate sessile droplets on flat and spherical surfaces [13].

For real freeform geometries, however, the droplet is not axisymmetric. For such
non-axisymmetric shapes, the above methods cannot be used. There has been significant
development to describe the contour of non-axisymmetric sessile droplets. Timm et al.
used hydrodynamic equations to describe droplets on an angled surface [14], while El
Sherbini and Jacobi applied a two-circle fitting method to droplets on inclined surfaces [15].
Bateni et al. and Quetzeri-Santiago et al. used polynomials to determine only the contact
angles of sessile droplets [16,17]. Andersen and Taboryski utilized a subpixel edge detection
scheme developed by Trujillo-Pino et al. to characterize the dynamic contact angles [18,19].
Stalder et al. developed a snake-based approach using b-splines and reflections of the
droplet [20]. For non-axisymmetric inclined droplets, Rotenberg et al. described the shape
using biquadratic spline functions [21]. All of these methods require extensive knowledge
about the droplet, which limits their application to real freeform geometries. Furthermore,
none of these methods provide a practical or validated way to reconstruct the full 3D
geometry of electrically deformed, non-axisymmetric droplets using just two orthogonal
views. This represents a critical methodological gap.

For optical components, a purely two-dimensional contour is not sufficient when the
droplet is not axisymmetrical. In such cases, a three-dimensional description is required.
The reconstruction of the 3D shape of sessile droplets presents additional challenges. The
simplest approaches involve using the Pappus centroid theorem [22] or summed circular
slices [23]. El Sherbini and Jacobi extended their two-circle method by integrating the contour
over the circumference of the base [15]; however, this approach fails for droplets with freeform
geometries. Ríos-López et al. demonstrated a method to reconstruct the 3D geometry of a
droplet by combining side and top images [24]. Brown et al. used the finite element method
to describe the 3D shape of a non-axisymmetric droplet on an inclined surface where gravity
plays a significant role [25]. Other mathematical techniques include the use of Bézier curves
for meniscus shapes by Lewis and Matsuura [26] and the application of cubic splines to
describe the axisymmetric shape of rotating droplets by Jakhar et al. [27].

Many of these reconstruction methods originate from inkjet printing. For instance,
Nguyen et al. reconstructed non-axisymmetric flying droplets using the multiplicative
algebraic reconstruction technique (MART) [28]. In the same field, an effective method
for analyzing flying droplets involves slicing the droplet into pixel-height disks and
calculating the cumulative volume based on the assumption that flying droplets maintain
circular cross-sections at each slice level [23,29,30]. This technique has also been
adapted for calculating the volume of pendant drops [31]. While these methods are
conceptually diverse, they share limitations: they are computationally intensive, require
many viewpoints, or assume axisymmetry. None are designed for sessile, non-axisymmetric
droplets imaged with only two cameras.
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More recent advances in 3D reconstruction explore imaging and computational
methods: Fu and Liu, as well as Masuk et al., applied the visual hull method with space
carving, focusing primarily on bubble geometries [32,33].

The methods described offer a wide range of strategies for calculating both the
two-dimensional contour geometry and the full three-dimensional shape and volume
of droplets, whether sessile, flying, or pendant. However, these methodologies exhibit
significant limitations when applied to electrically deformed, non-axisymmetric droplets,
as examined in the present study. Furthermore, few studies address practical aspects such
as image focus, segmentation robustness, or calibration stability, all factors that critically
influence the accuracy of volume reconstruction but are often neglected.

To address this identified gap, we present the Polar-Based Contour Approximation
(PBCA) method. Our approach reconstructs the 3D geometry by combining this novel
contour-fitting technique with the powerful Polar-Coordinate Hermite-Interpolation-based
Droplet Reconstruction (PHDR) algorithm, which was first introduced by Liu et al.
for flying droplets [34]. This combination is specifically tailored to enable the 3D
reconstruction of sessile, electrically deformed, non-axisymmetric droplets from only two
orthogonal views.

2. Experimental Setup

The underlying aim of the experiments is to deform a UV-curable polymer droplet,
which is then cured to preserve geometry and to manufacture microlenses. This
experimental setup is designed to perform two primary functions. First, it must be able
to generate and adjust a high-voltage electrical field. Second, the setup is required to
observe and record the deformation data, including the voltage measurements. The setup
is illustrated in Figure 1a. A high-voltage power supply (hivolt HAR42-4 with HA3B3-S)
capable of delivering up to ±3000 V and noise of less than 20 mVRMS is employed. Voltage
control and data acquisition are handled by a National Instruments USB-6001 card (National
Instruments, Austin, TX, USA) which has an accuracy of 26 mV and noise of 0.7 mVRMS.
Two orthogonal shadowgraphy sets are used for imaging the experiment, placed 90◦ apart.
In Figure 1b, a shadowgraphy image of an experiment is shown. Each set-up includes
a grayscale camera (Matrix Vision MV 1013G-1111 with 1280 × 1024 resolution and
5.3 μm pixel size, Matrix Vision GmbH (today Balluff MV GmbH), Oppenweiler, Germany)
paired with a zoom lens (Thorlabs MVL6X12Z, Thorlabs GmbH, Bergkirchen, Germany).
The lowest magnification setting of 1.4× provides a depth of field of 0.95 mm. This
magnification is used for the conducted experiments. Illumination is provided by a white
LED (Opto Engineering LTCLHP016-W LED, Opto Engineering S.r.l., Rovigo, Italy) with a
diffuser that suppresses diffraction artifacts at the edges. The diffuser is made from a Leica
Surgipath Apex Adhesive Slide (Leica Biosystems, Wetzlar, Germany). Figure 1c shows
the complete optical setup. At the intersection of the X and Y optical axes, two motorized
stages (Thorlabs PT1-Z825, Thorlabs GmbH, Bergkirchen, Germany) are positioned to focus
the droplet. The Z movement of the droplet is done using a manual stage because the Z
movement is only needed to move the droplet into the camera’s field of view. A set of
three of the same motorized stages with a resolution of 0.05 μm and repeatability under
1.5 μm is used to precisely move the anode along the X, Y, and Z axes. A tool-changing
system (Schunk SHS, Schunk GmbH & Co. KG, Lauffen am Neckar, Germany) is employed
for eased the swapping of the anodes. An array of precision connectors (RM 2.54 mm)
serves as the anode, with a 6 mm pin or an aluminum plate as the cathode. The anode
configuration is shown in Figure 1d, where the shown anode connects to the positive pole
and the cathode to the negative pole of the power supply.
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(a) (b) 

  
(c) (d) 

Figure 1. Overview of setup. (a) Sideview of setup. (b) Shadowgraphy image of an experiment.
(c) Top view of the camera systems and the orientation. (d) Precision connector anode.

The entire setup is housed within an electrically grounded security box, maintaining a
constant temperature of 17 ◦C with a precision of ±0.5 ◦C. Temperature is monitored at
seven positions inside the box (using 5 PT1000 Heraeus M1020 sensors (Heraeus GmbH,
Hanau, Germany) and 1 BME680 sensor (Bosch Sensortec GmbH, Reutlingen, Germany))
and at one external position (1 BME680 sensor)). The BME680 sensors also measure
humidity and pressure. MATLAB R2024a is used to control the entire system.

To create ground-truth data of the droplets, the cameras need to be calibrated. The
state-of-the-art method is Zhang’s method. That is why both cameras are calibrated
individually using MATLAB’s implementation of Zhang’s method for camera calibration,
using a distortion target (Thorlabs R1L3S3P positive grid, Thorlabs GmbH, Bergkirchen,
Germany) [35]. The object in the optical path is automatically focused using the motorized
stages and the Tenengrad focus measure [19]. All images are undistorted using the camera
parameters calculated from the calibration. The root means that the squared position
reprojection error is 0.3 pixels, which corresponds to about 3 μm in both cameras. All
experiments are conducted using this setup.

3. Image Processing and 3D Geometry Reconstruction Workflow

The complete proposed method is shown in Figure 2. First, the images are captured
with both cameras as seen in Figure 2a,b. Using image segmentation and our newly
proposed PBCA, the droplet contour can be extracted from both cameras, as shown in
Figure 2c. Combining these contours in three-dimensional space and using a Hermite
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interpolation scheme, a 3D geometry can be reconstructed. In Figure 2d, the two contours
in three-dimensional space is shown, and in Figure 2e, the reconstructed geometry is shown.

 
 

(a) (b) 

  
(c) (d) 

(e) 

Figure 2. Reconstruction process: (a) Image acquisition. (b) Captured image. (c) Contour extracted
fitted using PBCA. (d) Combined contours. (e) Reconstructed droplet geometry.

The components of this process are discussed in more detail in the following sections.

3.1. Segmentation of Droplet Contours via Superpixels and Active Contours

The droplet contour is segmented using a combination of conventional algorithms
using MATLAB. The whole process is shown in Figure 3. The image looks like a lens with
two curved sides, but in reality, the bottom half is just the reflection of the top half. Before
the process, the image intensity is adjusted using ‘imadjust’, which enhances the contrast.
After that, the input image shown in Figure 3a is segmented into so-called superpixels
using the Simple Linear Iterative Clustering (SLIC) algorithm, which clusters pixels into
the coherent regions seen in Figure 3b. This step makes the subsequent segmentation step
more robust. The primary role of the SLIC algorithm in our workflow is to generate a
robust initial mask for the subsequent active contour segmentation. Our analysis showed
that a minimum of approximately 1000 superpixels is required in our setup to reliably
resolve the droplet boundary and prevent it from merging with the background during the
initial graph cut. The value used in all experiments is 6916, which comfortably exceeds this
determined threshold [36]. Subsequently, a graph cut algorithm called Lazy Snapping is
used on top of the superpixels, as seen in Figure 3c. This is an easy and robust way to get
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an initial mask for the next step. For the Lazy Snapping algorithm to work, it is required to
define pixels as foreground and background pixels. Initially, the central pixel (x0, z0) of
the undistorted grayscale image is the foreground pixel. Because the droplet is not always
in the center of the image, a method is needed to ensure that the initial pixel is inside the
droplet. This is done by searching for a pixel close to the initial pixel that has a threshold
intensity of 50, which, in the images used here, has proven a good empirical threshold.
This is used to initialize the foreground region for segmentation, shown as a red point in
Figure 3c.

 
Figure 3. Sequence of the image segmentation. The red point with (x0, z0) is the foreground pixel,
the violet lines at the left and to the right edge of the image are the background pixels. (a) Input
image. (b) SLIC Superpixels. (c) Lazy snapping with superpixels. (d) Mask after active contour.
(e) Roberts extracted pixels are shown as red dashed line.

Background pixels are defined as the rows of pixels on the left and right edges of the
image, as seen at the edges in Figure 3 in violet. The resulting mask is also seen in Figure 3c.
Subsequently, an active contour algorithm based on the Chan–Vese method is applied
with 50 iterations to refine the droplet boundary, as shown in Figure 3d. This number
of iterations was chosen as it ensures that the contour reliably converges to the droplet
boundary for all observed shapes, while minimizing the unnecessary computational time.
This method minimizes the energy along the contour, resulting in a binary mask that
describes the shape of the drop. The segmented image is further refined by morphological
closing using a 10 pixel disk, to smooth the edges, and finally use Roberts edge detector to
extract the final contour points, represented as pixel coordinates (x, z) [37]. These points
are shown as a red dashed line in Figure 3e and are used for a further detailed analysis of
the shape of the droplet.

3.2. Polar-Based Contour Approximation

The PBCA method introduced here describes a droplet’s contour by fitting it in a polar
coordinate system rather than the conventional Cartesian system, akin to the representation
of a signature in image processing [38]. A droplet has, because of its energy minimizing
nature, a smooth surface and is generally circular in nature. The presented approach takes
that into account. Another challenge in representing a smooth droplet surface from the
pixelated data captured by a camera is the step-like distribution of the data. Particularly
at the apex region of the droplet, the pixel representation is inadequate because it is a
horizontal line due to discretization. Using our method, this straight line is transformed
into a curved representation in polar coordinates, which makes approximating the points
with a spline or polynomial more accurate. Figure 4 illustrates the entire methodology, and
a detailed explanation is provided in the subsequent sections.
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(a) (b) 

 
(c) (d) 

Figure 4. Aligning the centering and polar fitting of the extracted droplet contour. (a) Extracted
contour in red and mirrored extended contour in green. (b) Polar plot of the contour original in red,
stretched contour in blue. (c) Plot of the stretched contour using angular position and radial distance.
(d) Converted back to Cartesian space and rescaled fit in Cartesian coordinates.

Converting the points into polar coordinates causes variations in their polar angles
at the edges due to the tilt and their non-central positioning around zero. That can lead
to significant jumps in the radial distance at 2π and 0. This is why we limit the points in
polar coordinates between π and 2π. For this, the contour needs to be tilted and centered.
The process begins by identifying the left (xL, zL) and right (xR, zR) contact points of the
droplet along its contour. This identification occurs either by hand or algorithmically. The
tilt angle β required to make the droplet leveled at these points is determined by

β = −arctan
(

zR − zL
xR − xL

)
. (1)

Using this angle, a rotation matrix R(β) is used to rotate the contour points. The
rotated points (xut, zut) are then shifted to center the contour around the origin with

[
xut

zut

]
= R(β) ·

[
x
z

]
=

[
cos(β) −sin(β)

sin(β) cos(β)

]
·
[

x
z

]
(2)

and then the points are centered around zero in the x direction and the z coordinates are
limited to values larger than zero using

[
xal

zal

]
=

[
xut

zut

]
−
[

max(xut)+min(xut)
2

max(zut)

]
, (3)

with (xal , zal) as aligned x and z points. Due to the discretization, the exact positions of
the edge points are difficult to determine. The approach we use in PBCA is to extend
the segmented contour with 10 pixels of the edge areas of the contour. This avoids
approximation errors due to pixels at the contact points. This can be seen in Figure 4a, with
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the original contour in red with the mirrored extensions in green. Next, the aligned contour
coordinates (xal , zal) are transformed from Cartesian to polar coordinates (θ, ρ), where θ

represents the angular position and ρ represents the radial distance from the center with

θ = arctan
( zal

xal

)
, (4)

ρ =
√

xal
2 + zal

2. (5)

One challenge presented by the transformation is the uneven distribution of points
across the angle θ, dependent upon the initial point distribution in Cartesian coordinates.
For a precise approximation, it is optimal when the points are uniformly distributed within
the specified limits. To achieve this uniform distribution, the curve is pre-stretched prior
to transformation, ensuring that the maximum height of the droplet is equivalent to half
of the droplet’s diameter. This ensures that the curve that is approximated is always
roughly the same shape, even when the contour is not axisymmetric. This also achieves
an almost equidistant distribution of the points in polar coordinates. A polar plot of the
unstretched contour in red and the stretched contour in blue is shown in Figure 4b. To have
a continuous contour, the coordinates are sorted by sorting the angular coordinates θ in
ascending order. An unwrapped plot of θ and ρ is shown in Figure 4c. Next, a b-spline
is approximated on ρ(θ) using the MATLAB implementation of least-squares b-spline
approximation [39]. The knot points for the spline interpolation are selected in a two-step
process. First, the minima and maxima of the curve are found. They are used as a knot
with additional points between the ends. It was determined that, for the droplets utilized
in the present study, employing a total knot number of 30 and a spline degree of 9 is
the optimal configuration for the geometries under investigation, as it provides a good
balance between overfitting to pixel noise and capturing the true contour. For the final
knots, the MATLAB implementation of the “optimal” knot distribution is used [40–42].
This approximation smooths the contour while preserving its overall shape. Once the
approximation process is complete, the fitted radial coordinates fit ρ f it(θ) is transformed
back into Cartesian coordinates using the following equations

x f it = ρ f itcos(θ), (6)

z f it = ρ f itsin(θ). (7)

After transforming, the stretching is reversed. These fitted coordinates now provide a
smooth approximation of the droplet’s contour, as seen in Figure 4d.

The PBCA method proves effective for the analysis of discretized irregular or complex
geometries that exhibit smooth contours. The suitability of this is particularly notable
in the characterization of droplet contours, as the approximated contour starts with an
accurate representation of the contact point. This effectiveness was previously identified
by Atefi et al., who employed the transformation from Cartesian to polar coordinates to
estimate the contact angles of droplets [43]. Another inherent advantage is that PBCA does
not suffer from the ambiguity that is present when a droplet has a contact angle over 90◦,
because in polar coordinates, the angles are unique, while in Cartesian coordinate for one x
value multiple values of y are necessary to describe a droplet of that shape.
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3.3. Three-Dimensional Geometry Reconstruction via Hermite Interpolation

The PBCA is used on the images of both cameras, which results in two slice
representations of the droplet from two sides with an angle of 90◦. The challenge presented
is to reconstruct the 3D shape of the droplet using only these two slices. Each contour is
represented in polar coordinates,

(
ρ f itx, θx

)
and
(
ρ f ity, θy

)
. Although both cameras are

calibrated, there is still some small deviation between the maximal points of the droplet.
To account for that, they must be scaled to avoid numerical errors. The scaling factor s is
calculated as a factor of the maximum height with

s =
min
(
ρ f ity
)

min
(
ρ f itx
) . (8)

A critical step in reconstruction involves the calculation of the midpoints for each
contour. This is necessary to align the two slices to each other and to obtain the points in
each z plane. This is done by numerical calculation of the midpoint on any given z height.
The midpoints are shown in Figure 5a for the x slice and in b for the y slice. The contour
lines are then combined and aligned at 90◦ with each other, corresponding to the orientation
of the cameras. This is done using a three-dimensional rotation matrix.

  
(a) (b) 

 
 

(c) (d) 

Figure 5. Middle and PHDR (a) Midpoint calculation of x slice. The yellow line are the midpoints at
any z-height. (b) Midpoint calculation of y slice. The yellow line are the midpoints at any z-height
(c) Aligned and scaled slices with points in one plane. The yellow line are the midpoints at any
z-height. (d) Curve interpolation using PHDR, each Hi has its own color.

For the reconstruction of each z slice, two points from each x and y slice are needed at
the same given z height. The aligned slices and the resulting points P1, P2, P3, and P4 can be
seen in in Figure 5c. The objective is to transform these points into a slice shape that closely
approximates reality. The most straightforward method for interpolation would typically
involve circular or elliptical approaches. However, we employed an interpolation algorithm
known as PHDR, which was first introduced by Liu et al. and has been demonstrated
to be superior to circular or elliptical methods [34]. It uses a modified cubic Hermite
interpolation, which considers the inherent shape of the droplets. Because the projection
direction is tangential, the derivative along this direction is zero, which simplifies the
Hermite formulation. The input points are transformed into polar coordinates, resulting in
four radii ρ and angles θ per slice. The modified interpolation equation is
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Hi(θ) = ρi

(
1 + 2

θ − θi
θj − θi

)(
θ − θj

θi − θj

)2

+ ρj

(
1 + 2

θ − θj

θi − θj

)(
θ − θi
θj − θi

)2

, (9)

where i = 1, 2, 3, 4 and j = 2, 3, 4, 1 are the indices of the points in the z plane and Hi(θ)

is the reconstructed curve using PHDR. The points and the reconstructed curves are shown
in Figure 5d. This is repeated for each z value, which leads to a reconstructed point cloud
representation of the droplet which can be seen in Figure 2e. The optimal balance between
accuracy and computation time was achieved with arc-length sampling by using a sample
size of 1000.

3.4. Numerical Volume Estimation from Reconstructed Contours

The volume calculation is performed analogous to Liu et al., employing the numerical
integration of the resulting contour by means of the Shoelace formula within Cartesian
coordinates for each slice to determine the area Ai. Subsequently, these areas are utilized
to estimate the volume between two slices through summation and multiplication, as
delineated by the following formula

V3D = ∑n−1
i=1 Δz · Ai (10)

with V3D as the reconstructed volume, n as the number of slices, and Δz as the height
between the area Ai and Ai+1. In conclusion, the combination of PBCA and PHDR provides
a method for reconstructing 3D geometries from two shadowgraphy images.

4. Validation Experiments and Error Analysis

In this section, a series of experiments are conducted to show the effectiveness and
limitations of the proposed contour approximation and the 3D reconstruction method.
This is done in subsections; first, the polar PBCA interpolation method is compared to
other standard methods of approximation with synthetic data. Then, the 3D reconstruction
is tested with known geometries, real and synthetic, to show the effectiveness of our
combined method. Furthermore, Monte Carlo simulations are used to assess the stability of
the process and the effects of focus and repeated measurements. In the end, experimental
research is conducted using electrically deformed droplets, which serve as a benchmark by
being weighed. Then, our method allows for the calculation of the volume based on the
material’s density, and this is compared to the weight measurement.

4.1. Evaluation of Polar-Based Contour Approximation on Synthetic Geometries

Since there are no valid approaches for the application to represent the droplet
geometry of nonaxisymmetric droplets that are produced by electrical field deformation,
PBCA is compared to common methods of approximating freeform shapes that are close
to the real observed data. Here, a polynomial least squares approximation of the eighth
degree, a Fourier least squares approximation of the eighth degree, and a b-spline least
squares approximation are used for comparison. The synthetic shapes, chosen to represent
the droplet deformation observed in previous experiments, contain rounded edges, exhibit
high and low contact angles, feature off-axis shapes, and have near-rectangular cross
sections, reflecting the range of deformation observed. To evaluate the performance of the
fit, we look at the important defining features of a non-axisymmetric droplet, such as the
droplet diameter ddroplet, the contact angles θL and θR as well as the apex position defined
by hapex and sapex. These are shown in Figure 6 on a schematic droplet.
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Figure 6. Defining features of a non-axisymmetric droplet.

The contact angles are calculated using a linear regression of the initial ten pixels at
the edges and using the slope to calculate the contact angles trigonometrically. The apex
position is calculated by finding the maximum of the droplet contour, and the diameter is
the difference between the first and last contour points. The geometrical shapes consist of
circle segments, hyperbolas, slanted hyperbolas, and a sigmoidal function to account for
rectangular shapes observed in multiple-anode arrangements. These shapes are chosen
because they all occur in the deformation of droplets. The data used to evaluate the
performance of PBCA is generated using the equations for the various shapes laid out in
the next few paragraphs. The shapes are sized, so that they fit into the virtual image with
an image width of wim = 1280 px and an image height him = 1024 px, to be of the same
size as the used cameras. To discretize the data, the values of x and y are rounded. For a
circle, the equations are

xcircle = rcircle · cos(θcircle), (11)

zcircle = rcircle · sin(θcircle) (12)

with (xcircle, zcircle) as circle coordinates, rcircle as circle radius, and θcircle as the angle of the
circle point. Circle segments are generated by defining the angle specific to the desired
segment. For the hyperbola, the formula is

zhyp = b ·
√

1 +
x2

hyp

a2 , (13)

with zhyp and xhyp as hyperbola coordinates, ahyp as horizontal stretch factor and bhyp as
vertical stretch factor. The slanted hyperbola has the same equation with aslhyp and bslhyp,
but is tilted using a rotational matrix. The rotation is defined as 15◦. The rectangular form
is generated using a function with sigmoidal properties. It is defined by two hyperbolic
tangent functions combined with the formula

zsig = −0.5 ·
(

tanh
( xsig + c

d1

)
− tanh

( xsig − c
d2

))
· 200, (14)

with xsig and zsig as rectangular coordinates, c as a distance of slope from zero an d1 and d2

as a parameter to control the slope. The used values for a, b, c, d1, d2, and rcircle are shown
in Table 1. The curves are then scaled so that the droplet base is half the image width and
the maximum height is one fifth of the image height using

xscaled = xunscaled · wim
2

, (15)

zscaled = zunscaled · him
5

, (16)
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with xscaled and zscaled as scaled coordinates and xunscaled and zunscaled as unscaled coordinates.

Table 1. Control variables of the curves, values are in pixels.

Line Color rcircle ahyp bhyp aslhyp bslhyp c d1 d2

Blue (1) 494 50 300 50 150 50 50 25
Red (2) 319 150 300 100 150 100 50 25

Yellow (3) 533 600 300 300 150 300 50 25

This ensures similarity to the droplet contours observed in the deformation experiment.
The drop image after which the curve is modeled as well as the three curves are shown
in Figure 7a–d.

    
(a) (b) (c) (d) 

Figure 7. Used synthetic curves with the real observed experiment image. The colors correspond to
the used parameters in Table 1. (a) Circle-shaped contour. (b) Hyperbola-shaped contour. (c) Slanted
hyperbola contour. (d) Rectangle-shaped contour.

To compare the measurement with the ground truth data, three metrics are used.
For evaluating the overall fit over the whole contour, the root mean square error (RMSE)
between the approximated curve and the ground truth curve is calculated with equation

eRMSE =

√
1
n
·

n

∑
i=1

(Gi − Ai)
2, (17)

with eRMSE as the root mean square error, n as the number of points, G as the ground
truth data, and A as the approximated data. To evaluate the performance over the
non-axisymmetric metrics such as the contact angles and the diameter, which are in different
units and magnitudes, the mean absolute percentage error (MAPE) is calculated using

eMAPE =
1
n

n

∑
i=1

∣∣∣∣Gi − Ai
Ai

∣∣∣∣ · 100, (18)

with eMAPE as the mean absolute percentage error. An alternative metric to compare the
same is the mean normalized error (MNE).

eMNE =
1
n

n

∑
i=1

∣∣∣∣Gi − Ai
Ri

∣∣∣∣, (19)

with eMNE being the mean normalized error and R as the value range; in this case, for
the angles where R = 180◦ and for the lengths where R = 300 px, this corresponds to
the drop base diameter. The comparison results are shown in Figure 8 as boxplots. In
Appendix A.1, all measurements are shown.

In the findings across all geometries, while PBCA may not consistently be the top
performer, it demonstrates the greatest reliability. Notably, the results for MAPE and MNE
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indicate that PBCA exhibits less variability compared to other methods. As these two
metrics directly measure errors in parameters specific to droplets, such as diameter, this
underscores its suitability for addressing issues related to deforming droplets. Next, the
3D reconstruction is tested.

  
(a) (b) (c) 

Figure 8. Boxplots of circles, hyperbola, slanted hyperbola, and rectangle measurements. The red
crosses are the outliers, the red line in the blue box is the median and the blue box covers 50% of the
values. (a) RMSE; (b) MAPE; and (c) MNE.

4.2. Accuracy of 3D Reconstruction Using Computer-Aided Design and Measured References

Initially, the approach is assessed using synthetic images that originate from 3D
models generated through Computer-Aided Design (CAD) software, specifically PTC
CREO PARAMETRIC 10.0.1.0. For a comparison with the reconstruction geometry, the
models were converted to stereolithography (STL) files. To minimize the effect of sampling,
the STLs are triangulated with the minimum possible step size of the triangulation mesh.
These STL files are then imported into MATLAB, and the triangulation nodes are used
as the ground truth point cloud. The images that will be used for reconstruction are
generated using the CREO render feature. Subsequently, PBCA is applied with PHDR to
reconstruct the 3D geometry and calculate the volume. The used geometries are like those
in Figure 7 using the geometries circle, hyperbola, slanted hyperbola, and rectangle. The
configurations consist of a semisphere depicted in Figure 9a, an on-axis deformed droplet
shown in Figure 9b, and an off-axis deformed droplet in Figure 9c.

   
(a) (b) (c) 

   
(d) (e) (f) 

Figure 9. Synthetic CAD models resembling droplets to test the 3D reconstruction and the top view
of the Euclidean distances between the ground truth and reconstructed model. (a) Semi sphere.
(b) On-axis deformed. (c) Off-axis deformed. (d) Top view of semisphere. (e) Top view of off-axis
deformation. (f) Top view of off-axis deformation.
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To calculate the volume, the scaling factor per pixel is needed for each model, to
convert the pixel values into SI units. The scaling factor is determined by counting the
pixels of the base and is calculated using

s f actor =
mmbase
pxbase

(20)

with s f actor as a scaling factor, pxbase as the base measurement in pixels, and mmbase as
a base measurement in millimeters of the CAD model. For the three geometries, the
reconstruction is carried out as previously described with a sampling of 1000. To align
the point clouds, the STL point cloud and the reconstructed point cloud are registered
using the Iterative Closest Point (ICP) algorithm [44]. Subsequently the RMSE between
the ground truth geometry and the reconstructed geometry is calculated as well as the
volume V3D of the reconstructed model and the absolute volume difference ΔV between
the ground truth and the reconstructed model. The volume is here used as a metric to
evaluate how close the reconstructed and ground truth data are. These values as well as the
scaling factors, base measurements, volumes, and eRMSE between the points of the ground
truth STL and the reconstructed geometry are shown in Appendix A.2. The volume metrics
and RMSE metrics are shown in Table 2. For the rectangular structure, our algorithm does
not work. For the algorithm to work, there needs to be a single maximal point with no
local minima. This is not the case for the rectangular structure, thus limiting our algorithm.
For the other geometries, the local Euclidean distance between the ground truth and the
reconstructed geometries are shown in Figure 9d–f. What is evident in all three plots is
the wavy distribution of the distance. This probably stems from spline interpolation in
the polar coordinate system, as splines are oscillating around the knots. Overall, the best
reconstruction is the one of the semisphere, with the maximum distance at around three
microns. The on-axis deformation also has a small distance, the maximal distance being
around 10 microns, but compared to the size of the whole object of 3 mm diameter, this
is still quite small. The worst of the three is the geometry that is modeled on the off-axis
deformation. There are two symmetric areas where the distance is around 50 microns. This
is likely due to the way that the reconstruction algorithm combines the two contours. The
deviation is still not large compared to the whole structure of 10 mm. In summary our
approach works very well with axisymmetric geometries with a eRMSE less than 3 microns
and a volume deviation of well under one percent. The non-axisymmetric case is still
good with an eRMSE of just above 20 microns, which is a ten-fold increase compared to the
axisymmetric case and a volume deviation of 3.5%.

Table 2. Metrics describing the scaling of the images and the results.

Semisphere On Axis Off Axis

VCreo
(
mm3) 7.07 61.5 99.89

V3D (mm3) 7.08 61.46 96.58
ΔVabs (mm3) 0.01 0.04 3.31

ΔVrel (%) 0.14 0.07 3.31
eRMSE (μm ) 1.05 3.19 21.16

Max distance (μm) 3.72 8.7 53.7

In addition to the droplet-like shapes, a more extreme geometry is tested with the
algorithm, which is normally not easy to represent with any other approximation that is not
defined piecewise. It is a pyramid and a crooked pyramid. The methodology is the same
as for the other CREO models. In Figure 10a, the x and y view of the pyramid in CREO is

200



Metrology 2025, 5, 56

shown, in Figure 10b, the crooked pyramid is shown. The Euclidean distances between
the ground truth and the reconstructed models are shown in Figure 10c,d. As before, these
geometries are represented rather well. A limitation that becomes obvious immediately
is at the tip of the pyramids. The tip of the pyramid has no good representation, because
of the continuity constraints of the spline-based polar fitting, which always leads to a
smoothed corner and not a sharp corner. As with the other CREO models before, the wavy
structure can be seen.

The distances are approximately 20 microns, which are relatively small when
considered with the 3 mm size of the whole models. This result hints that this algorithm
could also be used for other applications, such as tips, with the limitation that very sharp
corners are not represented well.

  
(a) (b) 

  
(c) (d) 

Figure 10. The synthetic CAD models of extreme geometries’ reconstruction and the top view of the
Euclidean distances between the ground truth and reconstructed model (a) Pyramid. (b) Crooked
pyramid. (c) Top view of pyramid. (d) Top view of crooked pyramid.

In the subsequent evaluation, actual images depicting the measured geometries are
utilized. Three specifically precision-machined pins with a circular section on top and a
coordinate measurement machine (CMM) ball are used. The pins approximate the shape
that droplets will assume on a pin with no external force, characterized by axial symmetry.
Utilizing a CMM, measurements were taken for three pins. Each pin features a base with a
diameter of 5 mm. The radii of their circular sections are 2.56 mm, 3.63 mm, and 6.5 mm,
respectively. The probing ball of the CMM has a diameter of 3 mm. These objects were
put into the shadowgraphy setup, focused, and then images were taken with the X and Y
cameras. These images can be seen in Figure 11a,b,e,f.

As with the synthetic CREO data, the PBCA is applied with PHDR to reconstruct the
3D geometries. But first, the circular section must be isolated by manually finding the
points where the pin and the circular section meet. This was done for all three pins. For
the CMM ball, only half of the ball was used to reconstruct the geometry. This ensures
that a comparable portion of the ball is used. Then, the ICP algorithm is used to align the
ground truth and the reconstruction, and subsequently, the RMSE between the ground
truth geometry and the reconstructed geometry is calculated as well as the volume V3D

and the volume difference ΔV. Furthermore, the maximal Euclidean distance between the
point clouds is calculated. The measurements of the ball and the pins are shown in Table 3.
The full data is shown in Appendix A.3.
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In Figure 11c,d,g,h, the local Euclidian distance is shown for each object. Like the
reconstruction of the synthetic CREO data, the distance also has a wavy nature as seen
especially in Figure 11c,d, stemming from the knots of the spline interpolation. For the
two pins with a smaller radius and the CMM ball, the deviations are rather small with a
maximum distance of 14 and 10 microns, as well as a small RMSE of around 4 microns
for the two pins and 2.48 microns for the CMM ball. The volume is also accurate with a
deviation of less than 0.3% for the pins and the ball. The outlier here is pin 3 with a large
radius of 6.5 mm. Analogous to a droplet balancing on a pin, this theoretical droplet would
show very small contact angles. As illustrated in Figure 11g, the plot showing the distance
of pin 3, a significant divergence appears exactly at the junction between the pin and the
curved segment, which is marked with red arrows. This finding indicates a constraint in
our algorithm’s ability to precisely handle small contact angles.

  
(a) (b) 

  
(c) (d) 

 
(e) (f) 

  
(g) (h) 

Figure 11. Real X and Y images of the precision machined pins and a CMM ball and the top view of
the Euclidean distances between ground truth and reconstructed models. (a) Precision pin with a
radius of 2.56 mm. (b) Precision pin with a radius of 3.63 mm. (c) Euclidian distance between the
ground truth and the reconstructed pin with a radius of 2.56 mm. (d) Euclidian distance between
the ground truth and the reconstructed pin with a radius of 3.63 mm. (e) Precision pin with a radius
of 6.5 mm. The red arrows show the points with the largest deviation. (f) Coordinate measurement
machine ball with a diameter of 3 mm. (g) Euclidian distance between the ground truth and the
reconstructed pin with a radius of 6.5 mm. The red arrows show the points with the largest deviation.
(h) Euclidian distance between the ground truth and the reconstructed CMM ball.
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Table 3. Metrics describing the CMM ball and the pins and the results.

Pin 1 Pin 2 Pin 3 CMM

V
(
mm3) 19.21 9.21 4.59 7.07

V3D
(
mm3) 19.19 9.21 4.60 7.02

ΔVabs (m m3) 0.02 0 0.01 0.05
ΔVrel (%) 0.1 0 0.22 0.7

eRMSE (μm) 4.28 4.17 11.15 2.48
Max. distance (μm) 14.36 14.47 292.05 9.76

4.3. Focus Sensitivity and Uncertainty Analysis

In the calculations, the focus seems to have an impact on how accurate the shape and
volume are calculated. To test the extent, we did two experiments to test the influence of
volume, general RMSE deviation, and focus. First, we randomly moved the CMM ball
along the optical axes of both cameras and took an image at each step. Second, we used our
autofocus to first focus both axes and then take an image of the CMM ball and repeat this
step multiple times. The first experiment quantifies how image sharpness impacts volume
estimation and the second tests whether autofocus maintains high focus and reduces
variability. Then, we use these images in both cases to calculate the Tenengrad focus
measure to evaluate the focus in the image, and then, we use our algorithms to calculate
the 3D shape and the volume. We did this with both cameras, because although they have
the same components, they have a slight difference in image quality. The magnification and
sharpness are slightly different, despite being the exactly the same components. The CMM
ball in the first experiment in the setup with the movement direction is shown in Figure 12a.
In Figure 12b,c, in blue, the calculated volumes for the moving CMM ball are shown and
the red line is the Tenengrad measure. Camera X records the movement on the Y axis, and
camera Y records the movement on the X axis. Additionally, the actual volume is indicated
by a dashed horizontal line, and the maximum sharpness is indicated by a full vertical
line. The same is depicted in Figure 12c for movement on the Y axis. The graphs clearly
demonstrate that, as the image becomes more focused, the estimated volume approaches
the true volume, indicating that our method is responsive to changes in focus.

   
(a) (b) (c) 

Figure 12. Experimental setup, volume, and Tenengrad measure of both cameras. The dashed
horizontal line indicates the true volume of the CMM ball as a reference. (a) CMM ball in the setup.
(b) Volume and Tenengrad measure for move on X axis. (c) Volume and Tenengrad measure for move
on Y axis.

To evaluate the relationship between image sharpness and reconstruction accuracy, we
computed the correlation coefficient between the Tenengrad focus measure and the RMSE
of the reconstructed shape. The Pearson correlation coefficient [45] is calculated using

ρcorrelation(X1, X2) =
Cov(X1, X2)√

Var(X1) Var(X2)
, (21)
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with ρcorrelation as the correlation coefficient, Cov(X1, X2) as the covariance of X1 and X2

and Var(X1) and Var(X2) as the variance of X1 and X2, respectively. The correlation
coefficient is computed by comparing the RMSE with the Tenengrad measure, illustrating
how geometric deviation correlates with image sharpness. Specifically, for motion along
the X axis, a negative correlation of −0.63 is observed, while for the Y axis, the correlation
is more pronounced at −0.85. These values indicate a substantial reliance on geometric
deviation relative to the image’s focus. As seen in Figure 12b,c, the least deviation of the
volume is where the image has the highest focus. This indicates not only that the volume is
more correct with a more focused image, but also that the overall geometric shape is closer
to the real shape with a better focus.

The thermal properties of the cameras were also examined in this experiment, as the
cameras experience an increase in temperature over time despite the temperature-controlled
setup. To understand the influence of the camera temperature, we tracked the camera
temperature using the built-in temperature sensor of the cameras. The X camera exhibited
a mean temperature of 44.49 ◦C, with a standard deviation of 0.16 ◦C and a variance of
0.02 ◦C2. In contrast, the Y camera recorded a mean temperature of 40.61 ◦C, accompanied
by a standard deviation of 0.30 ◦C and a variance of 0.09 ◦C2. These findings indicate
a discrepancy in the thermal characteristics of the two cameras. The root cause of this
variation remains unidentified; nonetheless, it is likely due to differences in the cameras and
their placement inside the temperature-controlled box, which exhibits slight temperature
fluctuations. The correlation coefficient between temperature and the Tenengrad measure
is 0.2 for the X camera and 0.16 for the Y camera, signifying a weak correlation across the
temperature spectrum, suggesting that small absolute temperature fluctuations have a
negligible effect on image sharpness and reconstruction quality.

We carried out the second experiment, which was mentioned earlier, to evaluate the
effectiveness of our autofocus mechanism by focusing on the CMM ball through both
cameras. The real volume of the ball is as before V = 7.07 mm3. In this experiment, the
mean volume is Vmean = 7.05 mm3 with a standard deviation of σV = 0.03 mm3 which
gives a 95% coverage interval of [6.99, 7.11] mm3. Additionally, the RMSE of the STL data
and the reconstructed volume were calculated for each reconstruction, resulting in a mean
RMSE of 2.7 μm with a standard deviation of 0.8 μm, suggesting the limited sensitivity in
the shape reconstruction. Lastly, the correlation coefficients between the volume and the
Tenengrad measure of both cameras were calculated to see whether there is any correlation
left with the autofocus. The correlation coefficients are for the X camera −0.06 and for the
Y camera 0.03, indicating that the autofocus compensates for focus-related variability.

In calculating the 3D volume, we presuppose a 90◦ angle between the two cameras,
yet our setup does not allow for the precise measurement of minor deviations. Additionally,
there is an imprecision in determining the contact points, which can be selected either
manually or through an algorithm, specifically at the intersection of the pin and the
circular section. To assess the uncertainties arising from both the camera angle and the
determination of contact points, we performed a Monte Carlo simulation integrating
images captured from pin 1, which possesses a radius of 2.56 mm. The contact points and
the angles were varied, and subsequently, the 3D shape was reconstructed, the volume
was calculated, and the RMSE between the true STL shape and the reconstructed shape
was calculated after aligning using the ICP algorithm. We assumed that the true location
differed from the contact points found by a normally distributed random error with a
standard deviation of 2 pixels. Angle noise is also assumed to be normally distributed,
with a standard deviation of 5◦. We performed 10,000 simulations. In Figure 13a, the pixel
noise is shown for the left and right contact points for both cameras, and in Figure 13b, the
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camera angles over all simulations are shown. In Figure 13c, the histogram of the simulated
volumes is shown, confirming that the normal distributed input noise leads to a normal
distributed volume. In Figure 13d, the boxplot of the simulated volumes is shown.

    
(a) (b) (c) (d) 

Figure 13. (a) Contact point random error. (b) Angles with random error. (c) Histogram of simulated
volumes. (d) Boxplot of simulated volumes, the red crosses are the outliers, the red line in the blue
box is the median and the blue box covers 50% of the values.

The mean of the volume is Vmean = 19.23 mm3 with a standard deviation of
σV = 0.18 mm3. The 95% coverage interval is [18.88, 19.6] mm3, and the real volume
of the circular shape of the pin is V = 19.21 mm3 which lies well within the coverage
interval, indicating good agreement between reconstruction and ground truth data. The
coverage interval is calculated here using the standard deviation, because the simulation
is based on one measurement. The standard error of the mean is 0.0018 mm3, which
indicates that the average of the Monte Carlo simulations is stable numerically. The RMSE
between STL and reconstruction was also calculated each time, resulting in a mean RMSE
of 4.9 μm with a standard deviation of 0.7 μm. These small RMSE values confirm that the
reconstructed geometry matches the ground-truth STL closely, even with the added noise.

4.4. Real-World Application: Electrically Deformed Droplet Volumetry

As final experiment, a real deformation experiment was conducted to test the
algorithm in real-world conditions with a droplet. For that, we use the full setup that
is described in 2. Measuring the true shape of a deformed liquid droplet directly is
challenging, so we employed an alternative method to indirectly determine the accuracy of
our method. To evaluate the accuracy without measuring the real shape of the droplets, a
comparing experiment was conducted.

A droplet of known density was weighed, put into the setup, and recorded while it
was deformed. The previous sections showed that the reconstruction of the shape and
the volume is accurate using known axisymmetric shapes, specifically a spherical cap.
The initial droplet shape is a spherical cap, which has an accurate shape and volume
reconstruction. In this experiment, the idea is to show how much the volume is changing
while deforming, which can give an indication how good the shape of the reconstruction is.
Oleic acid is chosen as the material because of its nonevaporating and non-hygroscopic
properties. The material density was first measured using a Schmidt & Haensch EDM
4000+ density meter with an accuracy of 0.1 kg

m3 . In the experiment, the temperature was

17 ◦C and the density was ρ = 893.8 kg
m3 . A 6 mm pin was placed inside a GRAM FV-120

analytical balance with an accuracy of 0.1 mg. These accuracies lead to an uncertainty
of σVolume = 0.11 mm3 in the applied volume range. Afterward, a specified volume of
the material is dispensed on top. The droplet is subsequently weighed and then put into
the experimental setup, where it is subjected to an electric field with nonaxisymmetric
deformation. The time between dispensing the oleic acid and the start of deformation is
less than 5 min.
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The experiment begins with a one-second interval during which no voltage is applied,
followed by a one-second interval of voltage application, and concludes with another
one-second interval without applied voltage. The droplet on top of the pin in the balance is
shown in Figure 14a. The anode that was used for this experiment is an elongated anode,
as seen in Figure 14b. As cathode the pin on which the droplet is sitting was used. This
process was carried out with three volumes and different anode positions. In Figure 14c,d,
the camera images of the X and Y cameras is shown.

    
(a) (b) (c) (d) 

Figure 14. (a) Oleic acid on top of the pin inside the balance. (b) The anode used in the experiment. (c) X
camera image of the undeformed droplet in the setup. (d) Y camera image of the undeformed droplet.

Using this process of oleic acid droplet application, weighting, and deformation, nine
experiments were conducted. The applied voltages in all Experiments was 3000 V, to attain
the maximum deformation. The nine experiments had different anode positions that can be
seen in Appendix B.1. In all the experiments, the X view shows the thin side of the anode
and the Y view shows the wide side of the anode, which is shown in Figure 14b.

These experiments were performed on three individual droplets of oleic acid, each of
which was subjected to three different deformations by varying the anode position relative
to the droplet. The initial weights and corresponding reference volumes of the three
droplets were as follows: Droplet 1: m1 = 18.6 mg (V1 = 20.81 mm3, used for Exp. 1–3);
Droplet 2: m2 = 10.5 mg (V2 = 11.75 mm3, used for Exp. 4–6); Droplet 3: m3 = 12.5 mg
(V3 = 13.99 mm3, used for Exp. 7–9).

In Figure 15, an exemplary experiment is shown. Experiment 5 is presented
as a representative example of a non-axisymmetric deformation. The results for all
nine experiments conducted, which show similar volumetric trends, are provided in
Appendix B.2. The image number in Figure 15a is the number of images that were taken
since the start of the experiment. In Figure 15b, the X-camera can be seen and the Y-camera
in Figure 15c. The droplet here will deform in the direction of the anode in X.

The third experiment is empty of data and thus not shown, because during the
experiment, the droplet was obscured by the anode, which eliminates the application of our
algorithm. If our algorithm would reconstruct the shape perfectly, then the volume would
be constant. However, the analysis of the synthetic data generated using a non-axially
deformed CREO model indicates that a minor error within the low percentage range is
anticipated. If we look at the volume progression during the experiment, a few things can
be derived. Initially, the volume, when there is no electric-induced deformation, matches
the calculated volume within the experimental measurement uncertainty, indicating the
accurate reconstruction under these conditions. However, as the droplet undergoes
deformation, the volume decreases, which hints at an increasing error in the reconstruction.
The amount of decrease is dependent on the experiment setup, although no systematics
could be derived. The only systematic is that the droplet volume reduces, hinting to an area
that is not seen in the two shadowgraphy images. But, when looking at the percentage error
of the volume, it ranges between 0 and 3%. Although the maximum observed volumetric
change was 3%, this remains within a realistic error range for non-ideal imaging setups.
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(a) (b) (c) 

Figure 15. Reconstructed volume and experimental views for a representative non-axisymmetric
deformation of Experiment 5. (a) Reconstructed volume over the course of the experiment. The red
dashed line indicates the reference volume from weighing, while the black dashed lines show the
uncertainty interval. (b) Shadowgraphy images from the X camera showing the droplet and anode
setup prior to deformation along the X axis. (c) Shadowgraphy images from the Y camera showing
the droplet and anode setup prior to superpixel deformation along the X axis.

This still provides good accuracy for the reconstruction of two images.

4.5. Limitations

The failure to reconstruct the droplet in experiment #3 highlights a practical limitation
of the proposed two-camera shadowgraphy setup. Strong deformations that require the
very close proximity of the anode can lead to the partial or full coverage of the droplet
contour in one or both camera views. If the PBCA algorithm cannot capture a complete
boundary, a 3D reconstruction is rendered impossible. Therefore, the method is limited to
scenarios where the entire droplet contour remains visible to both cameras without being
blocked by experimental hardware, such as the anode.

Our experiments also revealed the limitations inherent to the reconstruction algorithm.
The spline-based nature of PBCA, as observed with the pyramid models in Figure 10,
inherently smoothens sharp corners, making it less suitable for angular geometries.
Furthermore, the significant deviation for Pin 3 in Figure 11g, which represents the shape
of a droplet with a low contact angle, indicates reduced accuracy for flatter, less convex
droplets. Finally, the algorithms’ prerequisite of a single maximal point along the z axis
contour prevents the reconstruction of multi-peak or rectangular objects.

While these constraints are noteworthy, they are acceptable within the context of
the primary application, which is the fabrication of polymer microlenses for illumination
optics. The desired lens’ profiles for this purpose are typically smooth and convex. In
this context, the smoothing effect of the spline-fit is not a critical drawback and can be
considered beneficial as it mitigates pixel-level noise. However, for applications requiring
the high-fidelity reconstruction of angular or multi-peak topographies, the proposed
method would require substantial modification.

A final consideration is the transferability of the methods parameters. The values for
the superpixel count, active contour iterations, and spline knots were specifically tuned
to achieve optimal performance with our setup and image resolution. Consequently, the
application of this method to other optical systems would necessitate a re-optimization of
these parameters to ensure high accuracy.

5. Conclusions

In this work, we presented a polar coordinate-based contour approximation (PBCA)
with a Hermite interpolation strategy (PHDR) for approximating the contour and
reconstructing various shapes focusing on nonaxisymmetric droplets under electric field
deformation. Utilizing two shadowgraphy images, the proposed framework effectively
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circumvents conventional assumptions regarding droplet symmetry, thus providing reliable
3D shape and volume estimations. Numerical validations against synthetic CAD models
and real references confirm that our approach maintains accuracy with volume deviations
typically under 3%, while still being straightforward to implement.

The study further underscores the importance of proper focus and camera calibration in
minimizing measurement error; as demonstrated, slight misalignment or defocus can notably
shift volume and shape reconstructions. We observed a strong correlation between the image
sharpness and the reconstruction accuracy but could limit this influence by autofocusing.

However, certain limitations remain. First, extremely sharp or rectangular cross-sections
like the corners of pyramids are not captured correctly, suggesting that pure polar-based
fits may need extensions for highly angular geometries. Second, heavy obstructions in one
camera view can degrade the reconstruction if large portions of the droplet boundary are
unseen. Furthermore, shapes where there is no maximal point, like a rectangle, are also not
reconstructable with this approach. Added noise to the camera angle and the contact points
showed small but not significant deviations, showing the robustness of the method. Shape
deviations also restrict this type of reconstruction to illumination optics only, because, for
other applications, the deviations and especially the waviness is not acceptable.

Future work could incorporate multiview setups or advanced interpolation methods
that better handle multipeak droplet surfaces. In practice, combining the polar-based
method with real-time focus monitoring would further enhance reliability, especially in
dynamic or industrial environments where droplets may shift or vibrate. With these
refinements, the method promises to become an even more powerful tool for diverse
metrology tasks, including adaptive optics, specialized lens fabrication, and broader
microfluidic applications requiring detailed droplet shape measurements.
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Abbreviations

The following abbreviations are used in this manuscript:

PBCA Polar-Based Contour Approximation
PHDR Polar-Coordinate Hermite-Interpolation-based Droplet Reconstruction
3D Three-Dimensional
CAD Computer-Aided Design
CMM Coordinate Measuring Machine
ICP Iterative Closest Point
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LED Light-Emitting Diode
RMSE Root Mean Square Error
MAPE Mean Absolute Percentage Error
MNE Mean Normalized Error
STL Stereolithography (file format)
DOF Depth of Field
SLIC Simple Linear Iterative Clustering
UV Ultraviolet
px Pixel

Appendix A.

Appendix A.1. Visualization of the Evaluation Metrics

   

 

(a) (b) (c) (d) 

Figure A1. Detailed view of the measures. (a) RMSE, (b) MAPE and (c) MNE of the curves compared
to the ground truth and (d) is the legend.

The color corresponds to the shape, where blue is the circle, red is the hyperbola,
yellow is the slanted hyperbola, and purple is the rectangle. The number corresponds to
the extension of the shape as described.

Appendix A.2. Detailed Results for CREO Data

All values are for the CREO data.

Table A1. Metrics more detailed describing of scaling of the images and the results.

Semisphere On Axis Off Axis

pxxbase (px) 906 1040 1070
pxybase (px) 906 1040 1138

mmbase (mm) 3 (X & Y) 9 (X & Y) 9.64 (X) 10.26 (Y)
sxfactor

(
μm
px

)
3.31 8.65 9.01

syfactor

(
μm
px

)
3.31 8.65 9.02

VCreo
(
mm3) 7.069 61.499 99.893

V3D
(
mm3) 7.084 61.494 96.393

ΔVabs (mm3) 0.015 0.005 3.5
ΔVrel (%) 0.212 0.008 3.631

eRMSE (mm) 0.0011 0.0028 0.0224
eRMSE (px) 0.33 0.324 2.486

Max distance (mm) 0.003 0.010 0.056
Max distance (px) 0.906 1.156 6.215

Appendix A.3. Detailed Results for Precision Pins and CMM Ball

All data are for the precision pins and the CMM ball.
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Table A2. Metrics describing the CMM ball and the pins and the results in more detail.

Pin 1 Pin 2 Pin 3 CMM

rmeasured (mm) 2.56 3.63 6.49 1.5
dbase (mm) 4.86 4.87 4.90 1.5
V
(
mm3) 19.21 9.21 4.59 7.07

V3D
(
mm3) 19.19 9.21 4.60 7.02

ΔVabs (mm3) 0.02 0 0.01 0.05
ΔVrel (%) 0.1 0 0.22 0.7

eRMSE (μm) 4.28 4.17 11.15 2.48
Max Distance (μm) 14.36 14.47 292.05 9.76

Appendix B.

Appendix B.1. Images from the Start of Experiments

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

  
(g) (h) 

 

(i)  

Figure A2. All experiment start images with both cameras. (a) Experiment #1. (b) Experiment #2.
(c) Experiment #3. (d) Experiment #4. (e) Experiment #5. (f) Experiment #6. (g) Experiment #7.
(h) Experiment #8. (i) Experiment #9.
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Appendix B.2. Plots for All Reconstructed Volumes

    
(a) (b) (c) (d) 

    
(e) (f) (g) (h) 

Figure A3. Reconstructed volumes of the experiments over the course of the experiments. The red
dashed line indicates the reference volume from weighing, while the black dashed lines show the
uncertainty interval. (a) Experiment #1. (b) Experiment #2. (c) Experiment #4. (d) Experiment #5.
(e) Experiment #6. (f) Experiment #7. (g) Experiment #8. (h) Experiment #9.
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Abstract: Some laser scanners utilize stepper motor-driven optomechanical assemblies
to position the laser beam precisely during triangulation. In laser scanners such as the
presented Technical Vision System (TVS), to enhance motion resolution, gear transmis-
sions are implemented between the motor and the optical assembly. However, due to
the customized nature of the mechanical design, errors in manufacturing or insufficient
mechanical characterization can introduce deviations in the computed 3D coordinates. In
this work, we present a novel method for estimating the degrees-per-step ratio at the output
of the laser positioner’s transmission mechanism using a stereovision system. Experimental
results demonstrate the effectiveness of the proposed method, which reduces the need
for manual metrological instruments and simplifies the calibration procedure through
vision-assisted measurements. The method yielded estimated angular resolutions of ap-
proximately 0.06° and 0.07° per motor step in the horizontal and vertical axes, respectively,
key parameters that define the minimal resolvable displacement of the projected beam in
dynamic triangulation.

Keywords: laser scanner; vision-based calibration; stereovision; gear transmission
characterization

1. Introduction

Three-dimensional scanning systems have proven to be essential tools across a wide
range of applications, including obstacle detection in dynamic environments [1], industrial
inspection and manufacturing tasks [2,3], and detailed 3D reconstruction for geometric
analysis or autonomous navigation [4,5].

Among the most commonly used technologies are camera-based systems, which
reconstruct the geometry of a scene from images using techniques such as disparity esti-
mation, followed by epipolar triangulation for 3D reconstruction [6–8]. However, a key
limitation of these passive systems is their reliance on adequate lighting conditions, which
constrains their performance in dark or poorly illuminated environments [9,10]. Beyond
passive stereo, photogrammetry and structured-light scanning are widely used in optical
metrology: the former reconstructs geometry from multi-view images, while the latter
projects coded/phase patterns to achieve high short-range accuracy. Both can be sensitive
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to illumination and motion [7,8]. In contrast, active laser-based scanning systems can
operate reliably even in complete darkness [11,12]. One widely used solution is the LiDAR
(Light Detection and Ranging) system, which applies the time-of-flight (ToF) technique
by measuring the temporal delay between the emission and reception of a reflected laser
pulse [4,12]. Nevertheless, ToF-based systems may suffer from limited angular accuracy,
especially in compact or low-cost implementations [13–15].

An alternative approach is the Technical Vision System (TVS), which relies on the
principle of dynamic triangulation [16,17]. In this system, a laser spot is projected onto the
target surface, and its reflection is captured by an optical sensor. Given the precisely known
emission and reception angles, the 3D coordinates of the laser spot can be computed using
trigonometric relations. A complete surface scan is achieved by systematically sweeping the
laser beam across the measurement field. In active triangulation systems, spatial accuracy
strongly depends on the fixed angular resolution of the projected laser beam [18–21].

The TVS includes a positioning subsystem that directs the laser beam toward specific
regions of interest using rotational actuators. This subsystem has been implemented
using both DC motors and stepper motors, with the latter being preferred due to their
ability to perform discrete angular movements, which facilitates accurate estimation of the
laser position [16,17]. Although the TVS uses an 808 nm near-infrared laser, the spatial
resolution of the system is primarily defined by the angular precision of the mechanical
laser positioner, rather than by optical wavelength or power [9,17].

Since the triangulation process critically depends on angular accuracy, it is essential
to ensure proper calibration of the mechanical components involved in laser beam steer-
ing [22]. In particular, mechanical transmissions can introduce both systematic and random
errors if parameters such as the degrees-per-step ratio are not accurately known [23–26].
Many TVS prototypes are conceived as low-cost alternatives using additive manufactur-
ing [9]. As a result, their mechanical transmissions are not standardized and often exhibit
variations arising from the manufacturing and assembly processes. Therefore, experi-
mental characterization of these components becomes necessary to ensure proper system
calibration [17].

Numerous studies have focused on the fusion of heterogeneous sensors and their
extrinsic calibration, which involves estimating the rigid transformation that spatially
aligns the reference frames of each system, enabling coherent data integration [17,27–29].
However, very few works explore the potential of such multisensor configurations to
estimate internal parameters of one of the constituent systems. In this work, we leverage
the data provided by the stereovision system to characterize a key mechanical property
of the Technical Vision System: the degrees-per-step ratio of the two gear transmissions
responsible for controlling the orientation of the laser beam within the positioner subsystem.
This approach not only enhances the accuracy of dynamic triangulation, but also enables the
development of autonomous robotic systems with self-calibration capabilities, eliminating
the need for external references or human intervention.

Non-contact calibration techniques based on virtual gear artefacts have been proposed
for validating vision-based gear measurement systems [30]. However, these approaches
remain focused on software-level verification and do not directly recover fundamental
transmission parameters (such as the effective degrees-per-step ratio) in fully assembled
3D laser scanners. In contrast, our stereovision-based method performs an in situ kinematic
characterization after system assembly, thereby accounting for mounting tolerances and
eliminating cumulative mechanical alignment errors. To ensure accurate stereo correspon-
dence and 3D reconstruction, the stereovision system was previously calibrated using
Zhang’s method [31], which provides intrinsic and extrinsic camera parameters from a
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planar target. This camera calibration supports the metrological reliability of the proposed
angular estimation.

In this study, the main objective is to propose a method for characterizing the me-
chanical transmission parameters of the Technical Vision System (TVS) by leveraging a
stereovision system as an auxiliary metrological reference. By segmenting the laser spot
projected onto a planar surface, we developed an algorithm capable of accurately estimat-
ing the angular displacement of the beam, thereby enabling precise quantification of the
degrees-per-step ratio in the gear transmission of the laser positioner subsystem. Experi-
mental results are provided to validate the effectiveness of the proposed algorithm. The
novelty of the presented method is that it provides a non-invasive and cost-effective alter-
native for accurate and automated characterization of the mechanical subsystem, reducing
reliance on manual measurement tools or direct intervention on the laser scanner—an
essential task to ensure the system’s metrological reliability.

2. Materials and Methods

This study employs two 3D scanning systems: a Technical Vision System (TVS) and
a two-camera module that constitutes a stereovision system. The stereovision system
serves as an external reference for calibrating the gear transmission mechanism of the TVS,
with the aim of improving the accuracy of its 3D measurements.

This section describes the operating principles of each system, the hardware configu-
ration, the experimental setup, and the procedures followed during the data acquisition
and calibration phases.

2.1. Stereovision System

A stereovision system consists of two cameras separated by a known horizontal
baseline and aligned vertically to ensure collinearity. After performing camera calibration,
which allows the estimation of the intrinsic parameters (such as focal length, principal point,
and lens distortion), both cameras can capture synchronized images of the same scene.

When a 3D point is simultaneously captured by both cameras, its projections appear at
different horizontal positions in each image. This difference, known as disparity, is the basis
for depth estimation. This disparity, which occurs along the horizontal axis for rectified
stereo pairs, can be exploited using the constraints of epipolar geometry to triangulate the
3D coordinates of the observed point.

Figure 1 illustrates the typical geometric configuration of a calibrated stereovision
system under the pinhole camera model. After calibration, the coordinate system is defined
at the optical center of the left camera (0, 0, 0), while the right camera center is located at
(b, 0, 0), with b representing the baseline distance along the x-axis. A 3D point P(x, y, z)
is projected onto the left and right image planes as (ul , vl) and (ur, vr), respectively. The
disparity between these horizontal coordinates, together with the known baseline b and
focal length f , enables the estimation of the depth z via triangulation.

2.2. Technical Vision System (TVS)

The Technical Vision System (TVS) performs 3D measurements using a technique
known as dynamic triangulation [16]. It is composed of two main subsystems: the posi-
tioner, which directs the laser beam, and the aperture, which serves as the optical reception
module that detects the reflected signal. The geometric alignment between these subsys-
tems is critical for ensuring metrological accuracy.

Figure 2 shows the overall configuration of the TVS and its two principal subsystems.
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Figure 1. Geometric configuration of a calibrated stereovision system.

Figure 2. General configuration of the Technical Vision System (TVS).

In the positioner, the laser beam is emitted from the top and redirected by two 45◦

mirrors. The orientation of these mirrors is controlled by stepper motors, allowing precise
redirection of the laser beam. To improve angular resolution, the motors are coupled to
gear transmissions. Figure 3 details the components of the positioner.

On the other hand, the aperture subsystem is responsible for acquiring the reflected
laser beam. A rotating mirror collects the incoming light and directs it toward a photodiode,
which converts the optical signal into an electrical one. This signal is then digitized and
processed by a microcontroller. The angular position of the rotating mirror is synchronized
through an optical interrupter that detects a reference hole on an encoder disk. Figure 4
illustrates the optical acquisition subsystem, referred to as the aperture.

The 3D coordinates are computed using trigonometric relationships derived from the
law of sines. The angles of emission and reception, along with the known baseline distance
a, define a triangle from which the x, y, and z coordinates are computed as follows:

xij = a
sin Bij · sin Cij · cos ∑

j
j=1 β j

sin[180◦ − (Bij + Cij)]
(1)
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yij =

⎧⎨
⎩

a
(

1
2 −

sin Bij ·cos Cij
sin[180◦−(Bij+Cij)]

)
, if Bij ≤ 90◦

−a
(

1
2 +

sin Bij ·cos Cij
sin[180◦−(Bij+Cij)]

)
, if Bij > 90◦

(2)

zij = a
sin Bij · sin Cij · sin ∑

j
j=1 β j

sin[180◦ − (Bij + Cij)]
(3)

A two-axis scanning motion is achieved by driving the stepper motors horizontally
and vertically, while the rotating mirror in the aperture subsystem enables continuous
acquisition. The resulting point cloud accurately captures the scanned surface.

Figure 3. The positioner subsystem of the Technical Vision System (TVS).

Figure 4. The aperture subsystem of the Technical Vision System (TVS).

2.3. Prototypes of Scanning Systems and Experimental Setup

The two scanning systems used in this study are shown in Figure 5. The first is a
customized prototype of the Technical Vision System (TVS), which features a baseline of
20 cm and employs a near-infrared laser with a wavelength of 808 nm. The second is a
low-cost commercial stereovision module (GXIVision) equipped with LSM22100 cameras.
The module integrates two 1 MP CMOS sensors (1280× 720 pixels each) with 2.4 mm M12
lenses and operates with a fixed stereo baseline of 85 mm.
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Figure 5. Prototypes of the Technical Vision System (TVS) and the stereovision system employed in
the experimental procedures.

Since the stereovision system was used as a ground-truth reference for the intrinsic
calibration of the TVS, it was first calibrated using Zhang’s method [31]. This technique
estimates both intrinsic and extrinsic parameters based on the observation of a planar
checkerboard with known grid spacing. It is particularly effective when multiple images
are acquired from diverse viewpoints, ensuring sufficient geometric variation.

The calibration target is shown in Figure 6. It consists of a 10 × 7 checkerboard,
yielding 54 inner corners. A total of twenty images were captured from different positions
and orientations to ensure wide field-of-view coverage and geometric richness. These
images were used to minimize the reprojection error through a non-linear optimization
process. Each square of the checkerboard measured 25 mm per side, which ensured
an appropriate scale relative to the 1280 × 720-pixel resolution of the stereo cameras.
This configuration provided sufficient spatial detail for reliable corner detection during
calibration and guaranteed that the laser spot, whose diameter spanned several pixels,
could be adequately sampled for accurate centroid estimation.

Figure 6. The checkerboard used for calibrating the stereovision system.

Once calibrated, the stereovision system was employed to capture the position of
the laser spot projected by the TVS. These 3D reference measurements were used to
characterize the two gear transmission mechanisms responsible for the horizontal and
vertical movements of the positioner. Accurate characterization of these mechanisms is
essential for precise 3D coordinate computation using the TVS.

Figure 7 shows both scanning systems and the planar target, all mounted on an optical
breadboard with dimensions of 80× 50 cm. The flat surface, consisting of plain white
bond paper (40× 40 cm), included no fiducial markers or predefined dimensions, as the
proposed method relies exclusively on laser spot segmentation across the surface. Notably,
the procedure does not require perfect planarity of the target surface, making it suitable for
practical, unprepared environments.
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Figure 7. Experimental configuration showing the Technical Vision System (TVS), the stereovision
module, and the planar calibration surface mounted on an optical breadboard.

A Teensy 4.1 microcontroller was used to control the stepper motors of the Techni-
cal Vision System (TVS). Communication with the host computer (Intel Core i5-10300H,
2.50 GHz, Windows OS) was established via a serial interface. Custom Python scripts exe-
cuted on the laptop were responsible for motor control, image acquisition synchronization,
and 3D coordinate computation.

2.4. Novel Estimation Method for Degrees-per-Step Ratio

This section presents the methodology for estimating the relationship between the
number of commanded motor steps and the resulting angular displacement of the laser
beam, after transmission through the gear mechanisms coupled to the motors. The ap-
proach involves capturing the 3D coordinates of the laser impact point on a surface before
and after a controlled angular shift. From these data, the beam direction is computed
in each configuration, and the change in inclination is used to determine the angular
resolution of the system in units of degrees-per-step.

The methodology is illustrated in Figure 8. The procedure begins by projecting the
TVS laser beam onto a planar surface positioned at an arbitrary distance d1. It is essential
that the laser spot remains within the field of view (FoV) of both stereo cameras throughout
the process.

Figure 8. Flowchart of experimental procedure for degrees-per-step ratio estimation.
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Next, stereo image pairs of the laser spot are captured using both cameras of the
stereovision system. These images are rectified to satisfy epipolar constraints, and a region
of interest is extracted and processed in the HSV color space to segment the laser spot
contour. Figure 9 shows an example of the segmentation result and the identification of its
centroid. Notably, the laser spot extended across multiple pixels in the images, ensuring
reliable centroid estimation relative to the 1280× 720-pixel resolution of the stereo sensors.

Figure 9. An example of laser spot segmentation and centroid detection. The green contour outlines
the segmented region, while the red dot marks the computed centroid.

The centroid of the segmented spot, C1 = (xc, yc), is computed from the binarized
contour. This point, identified in both the left and right images, is then triangulated to
obtain the 3D coordinates of the laser spot, P1 = (X1, Y1, Z1), with respect to the stereo
reference frame.

Next, the flat surface is moved to a new arbitrary position d2, and the same acqui-
sition and processing steps are repeated to obtain a second 3D point P2 = (X2, Y2, Z2),
corresponding to the new impact location.

Horizontal displacement of the laser beam is then performed by commanding a known
number of motor steps, denoted as Nsteps. While the surface remains fixed at d2, a third
point P3 is acquired. The surface is then returned to its initial position d1, and a fourth
point P4 is registered.

This sequence results in two distinct point pairs: P1, P2 before the beam is shifted,
and P3, P4 afterward. Each pair defines a projected beam direction corresponding to a spe-
cific orientation of the mirror assembly driven by the stepper motor and gear transmission
within the positioner subsystem of the TVS.

Figure 10 illustrates the two projected trajectories of the laser beam in the XY plane,
corresponding to the beam directions before and after the commanded displacement of the
mirror assembly.

Analyzing a horizontal displacement, the direction of each beam can be modeled
in the XY plane, where the X-axis represents depth (i.e., distance from the stereovision
system), and the Y-axis corresponds to the lateral shift of the beam. The projected angle
is computed as the arctangent of the ratio between the horizontal displacement and the
depth variation, as shown in Equation (4):

θi = tan−1
(

Y2 −Y1

X2 − X1

)
, θ f = tan−1

(
Y3 −Y4

X3 − X4

)
(4)

The angular resolution of the system, defined as the degrees-per-step ratio, is com-
puted by dividing the difference in beam orientation angles by the number of commanded
motor steps:

Degrees-per-step ratio =
θ f − θi

Nsteps
(5)
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This procedure is repeated for all four directions of motion—left, right, up, and down—
to account for potential asymmetries introduced by the gear transmission, such as fabrica-
tion inconsistencies. In the case of vertical displacements, the analysis is performed in the
XZ plane, where the X-axis represents depth and the Z-axis corresponds to the height of
the laser spot.

Figure 10. Angular trajectories of the laser beam projected onto the XY plane, before and after
mirror actuation.

3. Results and Discussion

To implement the proposed method for characterizing the degrees-per-step ratio,
a total of 24 independent experiments were conducted for each of the four movement
directions of the TVS positioner: left, right, up, and down. The horizontal displacements
(left and right) correspond to the Y-axis, while the vertical displacements (up and down)
are associated with the Z-axis; the X-axis represents the depth direction. The aim was to
experimentally evaluate the angular increment induced by each motor step, considering
that it is coupled to a gear-based mechanical transmission. This entire process is performed
without manual measurements, relying solely on the stereovision system as an auxiliary
metrological tool.

Figure 11 illustrates the 3D coordinate measurements obtained during an experiment
involving leftward displacement. Points P1 and P2 denote the initial position of the laser
beam prior to motor actuation, whereas P3 and P4 correspond to its location after executing
200 motor steps. Notably, P2 and P3 are captured on a second position of the planar surface,
which is shifted from an initial depth of approximately d1 = 17.5 cm to d2 = 27.5 cm.
The method demonstrates robustness against misalignments or placement inaccuracies of
the planar target on the optical bench, as the analysis relies on stereo triangulation using
3D world-coordinate data, which contains information about the three spatial components
of the laser spot and does not depend on the geometry of the optical breadboard.
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Figure 11. A 3D representation of the triangulated coordinates obtained during an experiment
involving leftward laser beam displacement.

By projecting these vectors onto the XY plane, the angular inclination of each trajectory
can be computed using the arctangent of the ratio between the lateral displacement and the
change in depth, as expressed in Equation (6):

θi = tan−1
(

Y2 −Y1

X2 − X1

)
, θ f = tan−1

(
Y3 −Y4

X3 − X4

)
(6)

Figure 12 displays the projected triangles used to estimate the initial and final angles
for the previously analyzed experiment.

Figure 12. Estimation of the laser beam angular displacement in the XY plane, based on the projected
trajectories before and after 200 motor steps.

In this particular example, the initial angle was measured as θi = 18.53◦, and the
final angle as θ f = 30.41◦, resulting in an angular difference of Δθ = 11.89◦. Given that
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200 motor steps were applied during this experiment, the estimated ratio is presented in
Equation (7):

Degrees-per-step ratio =
θ f − θi

Nsteps
=

30.41◦ − 18.53◦

200
=

11.89◦

200
= 0.0594◦/step (7)

The described procedure was repeated for the remaining three directions of motion.
For rightward displacements, the same analysis in the XY plane was applied, whereas for
vertical movements (upward and downward), the analysis was conducted in the XZ plane.
In these cases, the depth axis was retained as the adjacent leg, and the vertical component
Z was used as the opposite leg for angular estimation, which is computed according to
Equation (8):

θ = tan−1
(

Zfinal − Zinitial
Xfinal − Xinitial

)
(8)

To assess the consistency of the results, the degrees-per-step ratio was graphically
represented for each direction of motion. Figures 13–16 show the corresponding plots for
the 24 experiments conducted per direction, including the overall mean and the tolerance
bands corresponding to ±1σ, ±2σ, and ±3σ.

Figure 13. The statistical distribution of the degrees-per-step ratio for leftward displacements.

Figure 14. The statistical distribution of the degrees-per-step ratio for rightward displacements.
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Figure 15. The statistical distribution of the degrees-per-step ratio for upward displacements.

Figure 16. The statistical distribution of the degrees-per-step ratio for downward displacements.

Table 1 provides a statistical summary of the 24 experiments conducted for each direc-
tion of motion. It reports the mean and standard deviation of the degrees-per-step ratio,
enabling a quantitative description of the system’s behavior in each case. For the horizontal
transmission, the leftward and rightward experiments yielded mean values of 0.059◦/step
and 0.062◦/step, with standard deviations of 8.08× 10−4◦/step and 1.76× 10−4◦/step,
respectively. The relatively small dispersion confirms the repeatability of the vision-based
estimation, while the difference between leftward and rightward mean values highlights
the directional anisotropy of the gear transmission. In the case of vertical motion, the up-
ward and downward directions yielded mean values of 0.069◦/step and 0.068◦/step,
with standard deviations below 3.2× 10−4◦/step.
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Table 1. A statistical summary of the degrees-per-step ratio for each direction of motion.

Direction Mean [°/step] Standard Deviation

Left (X+) 0.059394 0.000808
Right (X−) 0.062023 0.000176

Up (Z+) 0.068974 0.000319
Down (Z−) 0.067865 0.000173

Overall, the proposed method offers a non-invasive and automated solution for
characterizing the laser positioner, avoiding disassembly or manual measurements. Its
main limitation is the need to place a flat reference surface within the field of view, which,
although practical in many setups, may constrain certain mobile or irregular scenarios.

4. Conclusions

In this work, a stereovision system previously calibrated using Zhang’s method [31]
was implemented as a metrological reference for the characterization of the gear-based
transmission mechanisms in a Technical Vision System (TVS). This characterization is
critical for accurate 3D reconstruction based on dynamic triangulation, since the identified
parameter directly affects the precision of the computed 3D coordinates.

To evaluate the angular behavior of the TVS laser positioner subsystem, an experimen-
tal procedure was designed using the stereo system as an auxiliary measurement tool. This
strategy enabled a high-precision estimation of the degrees-per-step ratio for the stepper
motors in each motion direction of the laser positioner subsystem, including both horizon-
tal and vertical displacements. The integration of the stereo system enhanced robustness
against misplacements of the reference surface, thereby increasing the operational tolerance
of the method and facilitating its use in mobile or constrained environments.

The experimental results yielded a degrees-per-step ratio of 0.059◦ for leftward motion,
0.062◦ for rightward motion, 0.069◦ for upward motion, and 0.068◦ for downward motion.
These variations reveal directional anisotropy, likely caused by manufacturing tolerances or
assembly misalignments in the gear transmission. Such anisotropy is particularly relevant
when estimating the laser emission angle α in the dynamic triangulation method used
to compute 3D coordinates with the TVS. This angle defines the laser beam’s projection
direction and is determined exclusively by the control commands sent to the positioner,
as no feedback sensors are available to monitor its actual orientation. On the other hand,
part of the observed variability may be attributed to the limited specifications of the low-
cost stereo module employed in this study; nevertheless, the method proved feasible
and could benefit from higher-resolution cameras in future implementations, potentially
improving the segmentation reliability of the laser spot.

In addition to these experimental findings, and beyond the specific case of the TVS,
the proposed vision-based characterization method for gear transmissions can be extended
to other engineering systems that rely on stepper motor actuators. Potential applications
include robotic platforms with hand–eye vision systems, CNC machines, and additive man-
ufacturing equipment, where accurate motion transmission is essential and disassembly of
the mechanisms is impractical. Autonomous ground vehicles equipped with 3D scanning
modules for navigation, as well as agricultural robots and structural inspection systems,
can also benefit from such non-invasive characterization. These examples highlight the
versatility of the proposed approach as a general solution to maintain the accuracy of
gear-based transmission mechanisms across diverse application domains.

Therefore, accurate and automated characterization of the mechanical subsystem is
essential to ensure the metrological reliability of the TVS. The proposed method provides a
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non-invasive and cost-effective solution that eliminates the need for manual measurement
tools or direct intervention on the laser scanner. It relies solely on two controlled dis-
placements of a planar surface placed in front of the system, which significantly simplifies
implementation and enables seamless integration into self-calibration routines. In fu-
ture work, this method is envisioned to be deployed on a mobile robot platform, where
the required spatial displacements can be performed autonomously by the robot itself,
eliminating the need to manipulate the calibration target manually.
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Abstract: Centro Español de Metrología (CEM) is developing a quantum frequency stan-
dard based on trapped calcium ions, marking its entry into the landscape of the second
quantum revolution. Optical frequency standards offer unprecedented precision by ref-
erencing atomic transitions that are fundamentally stable and immune to environmental
drift. However, the challenge of developing such a system from scratch is unaffordable for
a medium-sized National Metrology Institute (NMI), which seems to limit the ability of an
institute such as CEM to contribute to this field of research. To overcome this, CEM has
adopted a hybrid strategy, combining commercially available components with custom
integration to accelerate deployment. This paper defines and implements an architecture
adapted to the constraints of a medium-size NMI, where the main contribution is the
systematic design, selection, and interconnection of the subsystems required to realize this
standard. The rationale behind the system design is presented, detailing the integration
of key elements for ion trapping, laser stabilization, frequency measurement, and sys-
tem control. Current progress, ongoing developments, and future research directions are
outlined, establishing the foundation for spectroscopic measurements and uncertainty eval-
uation. The project represents a strategic step toward strengthening national capabilities in
quantum metrology for a medium-sized NMI.

Keywords: calcium optical frequency standard; National Metrology Institute; set-up defini-
tion

1. Introduction

The fundamental advantage of optical quantum frequency standards is that, by work-
ing in the optical regime with different atomic or ionic species, better instability and
uncertainty than those of caesium clocks can be achieved. However, the operation of these
optical clocks relies on two fundamental technological advances. The first is the application
of cutting-edge techniques for laser cooling, trapping, and the coherent interrogation of
species that exhibit narrow optical transitions which need to be resolved. The second is
the development of ultra-precise frequency metrology tools, such as frequency combs,
which provide the ability to measure optical frequencies with high resolution [1]. As a
consequence, advancements in these fields have led to research on and the development of
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optical clocks by many different groups using two leading architectures: optical lattices [2]
and trapped ions [3].

At CEM, there is an awareness of the duty and responsibility NMIs have when
implementing these advances, ensuring that the potential of quantum technologies is
transformed into tangible benefits for science, industry, and society.

For this reason, considering the importance that optical frequency standards can have
both for science and for the future redefinition, or mise en pratique, of the second [4], CEM
is developing a standard based on ion-trapping technology. However, while keeping
up to date with innovations is a major concern for the entire community, even more
challenges arise when talking about medium-sized NMIs, such as CEM. Because of this,
CEM has decided to approach frequency metrology from a different point of view, through
the establishment of a frequency standard based on calcium ions, which will enable the
use of commercially available equipment and therefore allowing an institute without a
previous group working in the time and frequency domain to conduct new quantum
standards research.

The research of this NMI is being developed through the MADQuantum–CM project,
aimed at revolutionizing communications through the use of quantum technologies. To
this end, as a network node, CEM will provide a frequency reference, which is essential for
the synchronization of the nodes in the communication network [5].

2. State of the Art

Given the relevance optical clocks have, numerous developments are being made,
from progress on optical lattice clocks with single species [6] to dual-mode operation [7], as
well as developments in ion-trapped clocks [8].

Not only are these investigations reducing possible sources of noise, and therefore
reaching uncertainties of 10−18 [9], they are also leading to the development of transportable
clocks for comparisons between different systems [10]. Along those lines, companies all
over the world are diving into the development of the state-of-the-art technology compris-
ing optical clocks, such as ultra-stable lasers and ion traps, with the aim of developing
commercially available optical clocks. It is with this technology that CEM is establishing its
frequency standard.

3. Operational Principle

The isotope 40Ca is the most naturally abundant form of calcium and possesses two
valence electrons in the 4s orbital. Notably, it has zero nuclear spin, which eliminates
hyperfine splitting and thereby simplifies its atomic energy level structure, as illustrated
in Figure 1a. The relevant electronic transitions for this work span wavelengths from
375 nm to 866 nm, all of which are accessible using commercially available laser systems.
Furthermore, not only are the lasers involved available but, as described in Section 4,
the ion trap system itself is a commercial solution [11] developed by Alpine Quantum
Technologies (AQT, Innsbruck, Austria). For this reason, 40Ca ions are the ideal candidate
for the realization of an optical frequency standard at CEM.

The procedure for realizing a frequency standard using a 40Ca+ optical ion clock [12]
begins with the generation of a low-pressure calcium vapor. This is achieved by ablating
a calcium target, often referred to as a “waffle”, using a 515 nm pulsed laser, Coherent
Flare NX 515 (Saxonburg, PA, USA). The resulting neutral atoms are then selectively ion-
ized through a two-step photoionization process employing 423 nm and 375 nm lasers,
Toptica’s MDL and iBeam smart (Munich, Germany), as illustrated in Figure 1b. The
produced ions are subsequently confined in a linear Paul trap, AQT’s PINE SET-UP, con-
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sisting of four electrodes and two endcaps [13]. Once trapped, the ions undergo a multi-
stage cooling sequence—Doppler cooling, polarization gradient cooling, and sideband
cooling—to reduce their motional energy within the trap. This cooling is facilitated by
lasers at 397 nm and 729 nm, along with repumping lasers at 866 nm and 854 nm, which are
included in the Toptica’s MDL laser system, to prevent population-trapping in metastable
D states during cooling and detection. The clock transition is driven by a highly stable 729
nm spectroscopy laser, Hz laser, whose frequency is locked using the Pound–Drever–Hall
(PDH) technique [14]. State-selective detection is performed via fluorescence monitoring
on the strong dipole-allowed 4S1/2–4P1/2 transition at 397 nm. Ions in the ground state
scatter photons, while those excited to the metastable 3D5/2 state remain dark, a method
known as electron shelving, which enables high-fidelity quantum state discrimination.
Finally, the frequency of the ultra-stable laser probing the clock transition is measured using
a fiber-based optical frequency comb, FC 1500-ULN from Menlo Systems (Martinsried,
Germany), ensuring the traceability of the system.

 

(a) (b) 

Figure 1. (a) Schematic diagram of the 40Ca+ atomic structure; (b) schematic of the levels used in
calcium to obtain photoionization.

4. Conceptual Design

As key components of the experimental setup necessary for the loading, trapping,
cooling, and detection of the ions, the following elements are needed.

4.1. Ablation Laser

Although calcium ions can be generated through the use of an oven, this method
has been proven to introduce contamination to the trap blades and degrade the vacuum
conditions [15]. Oven-based loading typically requires a warm-up period ranging from
seconds to minutes, during which the generated heat can cause residual heating of the
trap and surrounding vacuum components. In addition, oxidation of the oven material
can shorten its operational lifetime [16]. By contrast, laser ablation provides immediate
temporal control: the production of neutral atoms can be started or stopped instantaneously.
It also offers a highly localized source, faster and more precise timing of ion loading, and
significantly reduced thermal load on the ion trap [17]. Although ovens are mechanically
simpler and avoid the need for an ablation laser, they require continuous heating and can
introduce long-term thermal stress and unwanted deposition, which is undesirable in preci-
sion systems. Consequently, ablation loading is a reliable approach for ion trap loading [18],
and the preferred procedure for our system. This, combined with photoionization ensures
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isotope selectivity and controlled ion loading, forming an optimal strategy for precision
ion trap experiments.

As outlined in Section 4.4, the PINE SET-UP is designed for the employment of an
ablation laser available for the different ion species. For 40Ca+, a single pulse at 515 nm from
a passively Q-switched diode-pumped solid-state (DPSS) laser, offering a pulse duration of
~1 ns, is directed at the calcium target to produce a neutral atomic gas. The selected system
for this is the Coherent Flare NX 515, a short-pulsed DPSS laser featuring a pulse width
of 1.3 ns and a repetition rate of 2 kHz. The pulses are triggered via a transistor transistor
logic (TTL) signal controlled through the system described in Section 4.7.

4.2. Laser System

The system is equipped with Toptica’s iBeam smart, a high-performance single-mode
diode laser operating at 375 nm. This free-running diode laser supports external asyn-
chronous digital modulation, making it suitable for precision applications. As described in
Section 3, isotope-selective photoionization is achieved through a two-step process: the first
step employs an external cavity diode laser (ECDL) at 423 nm to enable isotope selectivity,
followed by ionization using the 375 nm iBeam smart laser.

Complementing this setup is Toptica’s modular, tunable single-mode diode laser
system, the MDL pro, which integrates four narrow-linewidth diode lasers used in CEM’s
experimental platform. These include lasers at 397 nm, 423 nm, 854 nm, and 866 nm. The
MDL pro system is designed for low-noise operation, providing a typical linewidth of
150 kHz over 5 μs for the cooling and ionization lasers [19], and offers remote control
capabilities via the digital control unit (DLC pro), enhancing stability and flexibility.

To ensure precise frequency stabilization, a low-finesse, low-drift optical reference
cavity is employed. Active stabilization is achieved via a feedback loop that precisely
controls the cavity length through piezoelectric and thermal actuators, ensuring sus-
tained resonance with a caesium reference [20]. AQT’s Beech module, equipped with
integrated proportional–integral (PI) controllers, can simultaneously stabilize the frequen-
cies of up to four laser wavelengths. By utilizing external frequency shifters, the Beech
module compensates for discrepancies between the target laser frequencies and the cavity’s
resonance modes.

The system is optimized for use with the calcium-specific wavelengths provided by
the MDL pro unit, that is, 397 nm, 423 nm, 854 nm, and 866 nm. The fiber-optic connections
between the lasers, reference outputs, and cavity ensure seamless integration and reliable
operation, making the Beech module a natural choice for CEM’s optical frequency standard.

Additionally, AQT’s ROWAN module has been incorporated into the setup. This mod-
ule features an acousto-optic modulator (AOM) in a double-pass configuration, enabling
precise frequency shifting, pulse modulation, and dynamic control of the laser beams.

4.3. High Stability Laser

In the development of a trapped-ion optical frequency standard, the ultra-stable laser
is a critical component for achieving the precision and accuracy required in high-end
metrology. Its frequency is stabilized using feedback control loops, most notably the
Pound–Drever–Hall (PDH) technique, which locks the laser to a resonance mode of a
Fabry–Pérot optical cavity acting as a narrowband frequency filter. This locking mechanism
enables extremely low linewidths [21–23] in the order of sub-hertz, essential for long-term
stability. For this purpose, Toptica provides an ultra-stable clock laser system, its clock laser
system, Hz Laser, specifically designed for optical clocks, offering a linewidth below 1 Hz
at one-second integration time.
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To maintain spectral purity during transmission, the laser beam passes through a series
of Fiber Noise Cancellation (FNC) modules [24]. These modules actively compensate for
phase fluctuations introduced by light propagation through the optical fiber, using AOMs
and radio-frequency (RF) modulation of both frequency and amplitude. The stabilized
beam is then directed into an acoustically and thermally isolated cavity setup, which
enables the PDH technique to be used. Finally, the PDH error signal is processed via
Toptica’s Fast Analog Linewidth Control (FALC) pro and DLC pro modules, which feed
back into the control loop to maintain laser stability.

4.4. Ion Trap

Building on advancements in trapped-ion quantum technologies, Alpine Quantum
Technologies (AQT) developed the PINE TRAP system, based on the design of the Univer-
sity of Innsbruck and the Institute of Quantum Optics and Quantum Information (IQOQI).
Through the meticulous selection of materials and precision fabrication techniques, the
system achieves optimized thermal and electrical conductivity. As a result, it enables
exceptionally low heating rates, less than one phonon per second at a trap frequency of
500 kHz, making it highly suitable for precision quantum control.

The ion trap is housed within an ultra-high-vacuum chamber, integrated into AQT’s
modular PINE SET-UP platform. This comprehensive setup includes not only the trap
and vacuum chamber, but also an RF resonator, vacuum pump, high numerical aperture
(NA) objective lens, a pump controller, multiple optical access ports for cooling, detection,
ablation loading, and photoionization lasers. The modularity and compactness of the PINE
TRAP system facilitate streamlined installation and operation.

In addition to these elements, the system incorporates a magnetic control architecture
designed to ensure stable operation of the ions. This consists of three pairs of electromag-
netic coils mounted along the principal axis of the setup. Although these coils provide
controlled stabilization of the magnetic field, and given the high-sensitivity of calcium
ions to magnetic fluctuations, additional shielding is required. For this purpose, a μ-metal
shield is planned. Its design is currently in progress, and a study of its effect on the overall
system performance will be carried out.

It is by acquiring this solution that CEM has been able to establish a foothold in
the time and frequency metrology community. As a medium-sized NMI, the in-house
development of a custom ion trap would have required substantial time and resources,
potentially delaying progress on optical frequency standards for years. In addition, the
choice of the AQT PINE TRAP was guided by its proven reliability, the availability of
technical support, and its compatibility with commercially available subsystems, factors
that aligned with CEM’s hybrid integration strategy and ultimately made it the most
suitable option for the project, balancing reliability, integration feasibility, and institutional
constraints. The adoption of AQT’s commercial system thus represents a strategic and
efficient path toward cutting-edge timekeeping capabilities.

4.5. Frequency Comb

One of the centerpieces of an optical frequency standard is the optical frequency
comb [25], which enables the down-conversion of the stabilized laser frequency, which
is locked to the transition into the microwave or RF domain. This conversion allows the
resulting frequencies to be distributed and processed using conventional electronic systems.
The integration of the frequency comb is essential for the project in order to distribute the
reference to the quantum communication network.
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The frequency comb operates by circulating a single laser pulse within an optical
cavity, generating a train of pulses separated by the cavity’s round-trip time. The rate
at which these pulses are emitted is known as the repetition rate. Each pulse is nearly
identical, except for a phase shift between the carrier wave and the intensity envelope,
referred to as the carrier–envelope offset (CEO) phase [26].

For this implementation, the Menlo Systems fiber-based optical frequency comb,
FC 1500-ULN, is used, offering a repetition rate of 250 MHz and a CEO frequency of
20 MHz. To achieve a stabilized frequency signal, two free parameters must be stabilized:
the comb spacing and the comb offset. To access the frequency offset of the FC1500
optical frequency synthesizer, the laser output is amplified in an erbium-doped fiber
amplifier (EDFA), specifically P250 PM Pulse EDFA unit. Moreover, in combination with the
P50 PM module, the High-Power Measuring Port (HMP) delivers a fiber-coupled, stabilized
comb output.

In addition, the MVIS amplifier and control module incorporates a Second Har-
monic Generation (SHG) and spectral extension into the visible range by means of a Pho-
tonic Crystal Fiber (PCF). This configuration extends the stabilized comb spectrum to the
500–1050 nm range by amplifying the light from the fiber ring, where the frequency
is doubled and sent to a highly non-linear fiber for spectral broadening. To interface
with the clock laser, the Beat Detection Unit (BDU), at 729 nm, generates and mea-
sures the beat signal between the comb and the external continuous wave laser through
fiber-coupled optics.

As previously noted, ultra-low-noise microwave generation in the MHz and GHz
range is especially needed when aiming to distribute the reference frequency. The Mi-
crowave Ultrastable RF Output module provides a commercial solution utilizing a high-
sensitive photodetector and a frequency divider.

Figure 2 presents a schematic overview of the Menlo Systems’s setup where the units,
from top to bottom, are MVIS SHG, P250 PM Pulse EDFA with HMP, FC1500-ULN, BDU
729, and the Microwave extension package. This system comprises the optical frequency
comb, a technology whose evolution over recent decades [27] has been noteworthy in
advancing time precision and frequency metrology.

 

Figure 2. Schematic overview of the optical frequency comb setup.
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4.6. Detection System

A robust detection system is required for a range of tasks in an optical frequency stan-
dard, including frequency monitoring, stability control, and fluorescence detection. These
applications demand high sensitivity and fast frame rates to accurately capture the weak
fluorescence signals emitted by trapped ions. Different tools can be used for fluorescence
detection, from photomultiplier tubes (PMT) to avalanche photodiodes (APD) [28]. Among
the various options, an electron-multiplying charge-coupled device (EMCCD) was selected
for the present system. While PMT and APDs offer excellent time resolution and sensitivity
for single-channel photon-counting, they do not provide spatial information. In contrast,
the EMCCD allows us to directly image the ion fluorescence, which allows for successful
ion-trapping to be confirmed. In addition, this system enables not only spatial resolution to
be recorded, but also the temporal evolution of the ion position inside the trap, offering
different acquisition modes [29]. At this stage of the project, the EMCCD provides evidence
of ion confinement and enables the alignment and optimization of the trapping setup.

The specific model chosen is the Andor iXon Ultra 897 (Oxford Instruments, Abingdon,
UK), a widely adopted solution in ion spectroscopy experiments due to its properties. This
is made up of a back-illuminated 512 × 512 sensor with 16 μm × 16 μm pixel size and an
electron multiplier gain up to 1000, which allows for single photon detection. Furthermore,
the camera supports a frame rate of 56 fps and incorporates a thermoelectric cooling system
that significantly reduces dark current, thereby minimizing thermal noise and enhancing
signal fidelity.

4.7. Control System

Automatization, synchronization, and system control are some of the most critical
processes in experiments with high requirements, such as those involving an optical
frequency standard. Due to this, a control system which allows for high precision is needed
for tasks such as laser control, frequency modulation, data acquisition, or even the execution
of precise experimental sequences. For this purpose, the ARTIQ control framework [30]
was adopted, in combination with various modules of the Sinara hardware.

At the core of the control architecture is the Kasli v2.0.2 FPGA carrier board from
Creotech Instruments (Piaseczno, Poland), which serves as the master or main controller.
Its FPGA is part of the Artiq-7 family, specially designed for high-performance applica-
tions, and includes 512 MB of DDR3 RAM. The board features 12 Eurorack Extension
Module (EEM) ports, enabling seamless integration with the rest of the modules. A digital
input/output extension module, specifically the DIO SMA v1.4.2, was acquired. It provides
eight digital I/O channels organized into two banks with switchable directionality. The
delivered outputs can supply TTL level signals into 50 Ω loads with pulse widths as short
as 5 ns. This is necessary, for example, for laser pulse triggering, as stated in Section 4.1.

For RF signal generation with high-accuracy, DDS Urukul v1.5.5 modules were se-
lected in both available models: AD9910 and AD9912. These modules are needed for the
control of different optical components, such as AOMs or electro-optic modulators (EOMs).
Each unit offers four independent channels which can generate frequency signals over 400
MHz, with a resolution of 0.25 Hz and 8 μHz for AD9910 and AD9912, respectively, and
with power attenuation ranging from 0 dBm up to −31.5 dBm.

However, the Urukul output has limited power, which can limit the correct operation
of the AOMs and EOMs. To address this, a Booster which amplifies the RF signal up to
useful levels for these devices was acquired, specifically the High-Linearity Booster from
Creotech Instruments. This device counts eight channels, each with up to 5 W output
power and 32 dB power gain.
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Finally, accurate and high-speed data acquisition is a vital aspect of system control.
For this, the Sampler v2.3.1 analog-to-digital converter (ADC) module was selected. It
features eight input channels with an update rate of up to 1.5 MSPS (mega-samples per
second), enabling real-time monitoring and the implementation of digital feedback loops
within the control system.

4.8. General Overview

The experimental platform developed at CEM for realizing a trapped-ion optical
frequency standard brings together a tightly integrated set of subsystems, each tailored for
precision, stability, and scalability. At its core is a modular infrastructure built around a
commercial ion trap system, housed in an ultra-high-vacuum environment and supported
by dedicated electronics and optics for ion generation, cooling, and interrogation.

Laser systems span a broad spectral range and serve multiple roles—from ablation
loading and isotope-selective photoionization to Doppler and sideband cooling. A key
element is the ultra-stable clock laser, at 729 nm, whose frequency is locked to 40Ca+ narrow
atomic transition, using high-finesse cavity stabilization techniques. This laser forms
the basis of the optical reference and is distributed through noise-canceled fiber links to
maintain coherence across the setup.

To bridge the optical and microwave domains, a fiber-based optical frequency
comb enables traceable frequency measurements and supports synchronization with
external systems.

Detection is carried out using high-sensitivity imaging hardware capable of resolving
single-ion fluorescence, while control and timing are orchestrated through a flexible FPGA-
based system that supports real-time sequencing and feedback.

The schematic in Figure 3 illustrates the interplay between these components, high-
lighting the layered architecture that underpins the system’s performance. Together, they
form a robust foundation for advanced time and frequency metrology, and position CEM
to contribute to emerging quantum technologies and international standards.

 
(a) 

Figure 3. Cont.
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(b) 

Figure 3. Schematic overview of the integration of all systems. (a) Integration of ultra-stable laser,
frequency comb, and detection unit; (b) integration of MDL lasers and control systems.

5. Outlook

With the installation of the system completed and the first ions successfully trapped
earlier this year, as illustrated in Figure 4, CEM now enters a critical phase in the de-
velopment of its optical frequency standard. The immediate objective is to carry out
initial spectroscopic experiments, accurately measure the clock transition of the trapped
40Ca+ ions, perform Rabi and Ramsey sequences, conduct magnetic field characterization
and compensation, and validate ion-trap characteristics such as heating rate. These ac-
tivities form part of a broader verification and validation strategy that will progressively
establish the system’s uncertainty budget. Achieving this requires the full deployment of
the control infrastructure, centered around the ARTIQ framework and the selected Sinara
hardware modules.

The control software must be developed to handle a wide range of tasks, from basic
TTL signal generation and the triggering of single laser pulses to the execution of complex
pulse sequences. These capabilities will support the first experimental procedures, includ-
ing ion detection, probing of the clock transition, and real-time data acquisition. In parallel,
system monitoring and visualization is implemented using Grafana [31], allowing for the
intuitive graphical control of laser parameters, such as laser current, temperature, applied
piezo control voltage, lock status and lock slow signals of the MDL lasers, environmental
conditions, such as the temperature and humidity of the laboratory, chambers and EOM
temperatures, and hardware interconnections, Beech cavity transmission values and imag-
ing, cavity pressure, ion pump current, temperature, battery voltage, and the pressure of
the 729 nm high-finesse cavity.

Once the initial spectroscopy is completed, attention will shift to characterizing and
quantifying systematic frequency shifts that affect the accuracy of the standard. These
include Zeeman shifts due to magnetic fields, second-order Doppler shifts from residual
ion motion, and excess micromotion within the trap. Special consideration will be given to
the potential mitigation offered by operating at the magic wavelength [32,33], which can
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suppress certain systematic effects. The results of these measurements will feed directly
into the evaluation of the standard’s uncertainty budget.

 

Figure 4. EMCCD camera image of the first trapped ions.

Looking ahead, CEM aims to become an active node within the MADQuantum–CM
project, contributing a stable and traceable optical frequency reference to the broader
quantum communication and metrology network. This long-term integration will position
CEM as a key partner in advancing national and international timekeeping capabilities.

6. Conclusions

The development of a trapped-ion optical frequency standard at CEM marks a signifi-
cant step toward establishing a national reference in quantum metrology. By leveraging
commercially available components and a modular architecture, the system combines pre-
cision, scalability, and accessibility, making advanced timekeeping technology attainable
for a medium-sized NMI. This effort is defined by the integration of subsystems into a
functional architecture suited to the constraints of CEM.

With the infrastructure now in place and the first ions successfully trapped, the
project is entering its experimental phase. Upcoming efforts will focus on probing the
clock transition, refining control protocols, and characterizing systematic frequency shifts.
These measurements will provide experimental data for the uncertainty budget and are
expected to demonstrate a fractional frequency instability approaching the 10−16 level at
the relevant averaging time. These results will validate the system’s performance against
international standards.

Beyond its technical milestones, this initiative positions CEM as a strategic contributor
to the MADQuantum–CM network, where it will serve as a reliable frequency node support-
ing collaborative research in quantum communication and precision timing. The project’s
ultimate purpose is to provide a frequency reference for national and European quantum
infrastructures, enabling comparisons via transportable optical clocks, satellite-based links,
or even fiber networks. In this way, the project not only strengthens national capabilities
but also reinforces Europe’s broader push toward quantum-enabled infrastructure.
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Abstract: An Abramson-type oblique-incident interferometer was used for the surface-form
measurement of hand-scraped marks consisting of rough surfaces. Although the Abramson
interferometer could measure the rough surface of hand-scraped marks under noncontact
conditions, the inconsistency in the measurement results was caused by the differences in
the incident direction of the measuring light. This study investigated the inconsistency in
the measurement results of the Abramson interferometer caused by the oblique incidence
of the measuring light. The reproducibility of inconsistencies due to the difference in the
incident direction of the measuring light was confirmed, and the relationship between the
inconsistency of the measurement results and the incident angle of the measuring light was
investigated. Consequently, it was confirmed that the inconsistency of the measurement
results due to the difference in the incident direction of the measuring light could be reduced
by decreasing the incident angle of the measuring light. To avoid the overcrowding of the
interference fringes caused by the reduction in the incident angle of the measuring light, an
oblique-incident interferometer with a near-infrared laser was constructed. The validity
of the developed oblique-incident interferometer was evaluated by comparison with a
commercially available contour measurement instrument. The surface form obtained by
the developed oblique-incident interferometer was confirmed to be consistent with the
envelope of the cross-sectional profile measured by the contour measurement instrument.

Keywords: oblique-incident interferometer; hand-scraped surface; near-infrared laser;
surface-form measurements

1. Introduction

Hand-scraping is a finishing process to create precision flat surfaces [1]. Hand-scraping
can produce a broader range of precision flat surfaces than lapping or grinding; thus, it has
been applied to large high-precision workpieces, such as the sliding parts of machine tools,
surface plates of precision-measuring instruments, and the matching surface of precision
parts [2,3]. Hand-scraping does not require the clamping of the workpiece; therefore, high
machining accuracy can be achieved without deformation. As hand-scraping can produce
a highly precise large flat surface without a machine tool, it should be reviewed from
the perspective of energy conservation and Sustainable Development Goals. However,
developing a high-precision flat surface by hand-scraping requires skilled workmanship,
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and it takes a long time to acquire hand-scraping skills [4]. One reason for the difficulty
in acquiring hand-scraping skills is the qualitative evaluation of scraped surfaces. In the
general inspection method, the finish condition of a hand-scraped surface is evaluated
based on the transfer of pigments, such as Prussian blue, coated onto the workpiece surface
upon contact with the standard surface plate. Although this method can qualitatively
detect convex positions on a workpiece, it cannot quantitatively estimate the height of a
convex position or the fine shapes of the hand-scraped marks. Several previous studies on
scraping automation proposed evaluation methods based on the observation of pigment
transfer on scraped surfaces [2,5]. These methods can efficiently identify areas to be scraped
by automatically determining the pigment transfer, which is visually performed by skilled
technicians. However, quantitatively determining the height or surface form of scraping
marks using finish evaluation methods based on pigment transfer detection is challenging.
Surface profilers, or surface roughness testers, that employ tactile probes can measure the
profile of hand-scraped marks consisting of a rough surface. However, measurements
based on tactile probes are time-consuming because they are line measurements.

Optical measurement methods facilitate noncontact surface measurements of rough
surfaces within a short duration. The measured light tended to scatter on the hand-scraped
marks because of the rough surface. Optical probe methods are effective approaches for
minimizing the influence of scattered light owing to rough surfaces. An evaluation system
for scraping a surface using a computer numerical control machine tool and laser trian-
gulation sensor was proposed [6]. An optical probe using a DVD pickup was developed
for the rapid measurement of scraped surfaces [7]. Although these methods can measure
the profiles of rough surfaces, they are time-consuming because they require individual
measurements at each point. The fringe projection techniques project a pattern onto a
workpiece using a laser or LED light source and observe the pattern reflected from the
workpiece surface [8]. This can measure the three-dimensional form of the workpiece in a
short time under noncontact conditions.

Interferometric measurement methods are effective for the rapid measurement of the
surface forms. These methods allow for highly accurate measurements because they calcu-
late the surface form based on a highly accurate reference surface and light wavelength.
However, when a typical commercially available vertical incident interferometer is used,
unmeasurable regions are observed during hand-scraped mark measurements owing to
the scattering of the measuring light [9]. Therefore, the ingenuity of the optical system is
crucial during the measurement of rough surfaces because the intensity and contrast of the
interference fringes decrease. A digital signal-processing algorithm was used to analyze in-
terference fringes to achieve fast, accurate, and repeatable three-dimensional measurements
of rough surface profiles [10]. Other methods based on heterodyne interferometry have also
been developed to measure the surface profile of speckle fields [11]. Although these meth-
ods can effectively measure rough-surface forms, they require specialized signal-processing
algorithms and complex optical systems.

An oblique-incident interferometer based on Abramson interferometry [12] can mea-
sure the surface form using a simple optical system because a single right-angle prism acts
as both a beam splitter and reference surface in the interferometer. In addition, because the
oblique-incident interferometer is less susceptible to the influence of the measured light
scattering, a sufficiently reflected light intensity can be obtained to generate interference
fringes, even on a rough surface. Consequently, the oblique-incident interferometer enables
three-dimensional surface-form measurements of hand-scraped marks [9,13]. However,
inconsistencies in the surface-form measurement results due to differences in the incident
direction of the measuring light were observed in the oblique-incident interferometer [9].
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The reason for this inconsistency has not been experimentally elucidated. If the inconsis-
tency in the measurement results is caused by an oblique-incident light, it may change by
changing the incident angle of the measuring light. However, as explained in Section 2,
when the incident angle of the measuring light decreases, the interval between the inter-
ference fringes decreases. Therefore, it is challenging to capture interference fringes using
an imaging sensor, and the surface form cannot be calculated based on the interference
fringes. Consequently, it is difficult for the oblique-incident interferometer used in previous
studies [9,13] to reduce the incident angle of the measuring light for measuring the surface
form of hand-scraped marks.

In this study, the light source of the oblique-incident interferometer was changed to a
near-infrared laser, which was a longer wavelength than that in previous studies, to expand
the interval of the interference fringes. Consequently, the incident angle of the measuring
light could be reduced without the overcrowding of the interference fringes. This study
investigated inconsistencies in the surface-form measurement results, which were obtained
by the oblique-incident interferometer, by changing the incident direction and angle of
the measuring light. The surface form of the same hand-scraped marks was measured by
changing the incident direction and angle of the measuring light to evaluate the relation-
ship between the inconsistency in the surface-form measurement results and the incident
angle of the measuring light. The measurement position on each surface was identified
using pattern matching, and the inconsistency in the measurement results was evaluated
based on the cross-sectional profiles of the hand-scraped mark at the same measurement
position. The inconsistency in the measurement results due to differences in the incident
direction of the measuring light was investigated using the correlation coefficient and the
difference between profiles acquired at the same incident angle of the measuring light. The
validity of the measurement results obtained using the oblique-incident interferometer was
evaluated based on comparisons with those of a commercially available optical noncontact
contour profilometer.

2. Methods

Figure 1 shows the principle of Abramson interferometry used in this study [9,13].
Abramson interferometry is a type of oblique-incident interferometry that uses a right-angle
prism (RAP). The B-C plane of the RAP was mounted to face the measured surface of the
workpiece. A collimated laser beam was incident on the B-C plane of the RAP through
the A-B plane. Part of the incident laser beam was reflected by the B-C plane and becomes
the reference light for the interferometer. The other part of the incident laser beam was
transmitted to the B-C plane and reflected onto the measured surface of the workpiece.
The light incident on the measured surface of the workpiece is called measuring light.
Angle θ, shown in Figure 1, indicates the incident angle of the measuring light with respect
to the measured surface. When the measured light is reflected on the measured surface
and incident on the B-C surface of the RAP, the reference and measured lights generate
interference fringes on the B-C plane. Because the RAP can be used as a beam splitter
and the reference surface of an interferometer, the Abramson interferometer enables the
construction of a simple and compact interferometer. The distance between the measured
surface and the B-C plane of the RAP, h, can be expressed by Equation (1):

h =
1

cosθ
·mλ

2
(1)
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where m is the order of the interference fringes and λ is the wavelength of the laser beam.
Therefore, the relationship between the interference fringe sensitivity, S, and the incident
angle of the measuring light, θ, can be expressed by Equation (2).

S =
λ

2cosθ
(2)

According to Equation (2), as the incident angle θ decreases, the interference fringe sen-
sitivity S increases. Consequently, the fringe interval decreases with decreasing incident
angle θ, resulting in an overcrowding of the interference fringes. When the interference
fringe interval was smaller than the resolution of the imaging sensor, the interference
fringes could not be captured. However, when the fringe sensitivity remained constant,
the incident angle θ could be reduced by increasing the wavelength λ of the light source.
Therefore, a laser light source with a longer wavelength can simultaneously decrease the
incident angle of the measured light and increase the interval between interference fringes.
In previous studies [9,13], a visible-light laser with a wavelength of 632.8 nm or 635 nm was
used, and the incident angle of the measuring light was set from 77◦ to 78◦. In this study, a
near-infrared laser with a wavelength of 880 nm was used. When interference fringes with
the same interval as those in previous studies were generated, the incident angle of the
measured light could decrease to 73.2◦ using a near-infrared laser source. Consequently,
the reduction in the interference fringe interval caused by the reduction in the incident
angle θ can be avoided, and the overcrowding of the interference fringes can be prevented.

Figure 1. Principle of Abramson interferometer.

In this experiment, the surface form was calculated from the interference fringe images
using the same procedure as in previous studies [9,13] to eliminate the possibility that the
surface form calculation algorithm may induce changes in the measurement results. The
surface forms of the measured workpiece were calculated using phase-shifting interfer-
ometry for the interference fringe images. Phase-shifting of the interference fringes was
conducted based on the displacement of the distance between the measured surface of the
workpiece and the B-C surface of the RAP. A five-step phase-shifting method [14,15] was
used to reduce the influence of displacement errors during phase-shifting. The phase distri-
bution, Ψ(x, y), obtained by the five-step phase-shifting method, was convolved within
the range of (−π, π] . Phase unwrapping was performed by applying the unweighted
least-squares phase-unwrapping (ULSPU) method [16,17]. The ULSPU method can reduce
the influence of phase singularity by minimizing the difference between the primary partial
differential of the phase distribution before and after the phase connection. The surface
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form of the measured surface can be calculated by converting the unwrapped phase dis-
tribution, Ψ′(x, y) into the height of the measured surface. The relationship between the
unwrapped phase distribution of the interference fringes and the height of the measured
surface, h(x, y) can be expressed as follows:

Ψ′(x, y) = 2h(x, y)cosθ·2π

λ
(3)

3. Results

3.1. Experimental Methods

Figure 2 shows the configuration of the oblique-incident interferometer used in this
study. A commercially available hand-scraped surface plate (OS-105, Ohnishi Sokutei,
Higashiosaka, Japan) was used as the measurement surface. Multiple hand-scraped marks
are present on the surface of the plate. The nominal flatness accuracy of the plate surface
used in the study was 15 μm. A near-infrared laser with a wavelength of 880 nm (TCSQ2-
08800010-4-CL, NEOARK, Hachioji, Japan) was used as the light source. The intensity of the
laser light was adjusted using a neutral-density (ND) filter, and the laser beam was passed
through a spatial filter (SF) consisting of a 40× objective lens and a 25 μm diameter pinhole.
The laser beam was expanded into a collimated beam through the lens and incident on
the A-B plane of the RAP (RPB-20-10H, SIGMA KOKI, Hidaka, Japan). The size of the B-C
plane of the RAP was 40 mm × 56 mm, and the surface accuracy of the RAP was λ/10.
The interference fringes generated on the B-C plane of the RAP were captured using an
imaging sensor (EO1312LE, Edmund Optics, NJ, USA) through a tilt-shift camera lens (TS-E
90 mm F2.8L Macro, Canon, Tokyo, Japan). The number of pixels in the imaging sensor
was 1280 × 1024. The tilt-shift camera lens facilitated the focusing of the entire area of
the inclined plane because the B-C plane of the RAP and the imaging sensor satisfied
the Scheimpflug principle. The size of the field of view captured by the imaging sensor
was 18.1 mm × 11.7 mm; thus, the estimated lateral resolution of the interferometer was
14.1 μm × 11.4 μm. Phase-shifting of the interference fringes was achieved by moving the
surface plate in the Z-direction using piezoelectric actuators (AE0203D08DF, MESS-TEK,
Wako, Japan). Four piezoelectric actuators were placed under the plate on which the surface
plate was mounted, expanded, and contracted in response to the driving signal from the
piezoelectric drivers, controlled using a personal computer. A homemade PZT-driven Z axis
positioning stage was mounted on a manual XY linear stage (LD-947-S1, Chuo Precision
Industrial, Tokyo, Japan) and a manual Z axis rotation stage (KSPA-986M, SIGMA KOKI,
Hidaka, Japan). The displacement of the piezoelectric actuator was monitored during the
phase shift using a calibrated cantilever-type displacement sensor (TELEMICRO ESM-01,
Ogasawara Precision Laboratory, Yamakita, Japan). The nominal resolution and accuracy
of the displacement sensor are 10 nm and 75 nm, respectively. Red solid and dashed lines
in Figure 2 indicate incident measuring light and interference light, respectively.

The incident angle of the measuring light can be changed by adjusting the height along
the Z-direction and the angle around the Y-axis of Mirror 2. Because the measured light
was refracted at the A-B and B-C planes of the RAP, it was not easy to precisely calculate
the incident angle θ from the incident angle of the laser beam to the A-B plane of the RAP.
In addition, it was necessary to evaluate the Z-directional displacement of the measured
surface corresponding to the phase-shifting of the interference fringe of π/2 rad for the use
of the five-step phase-shifting method. In this experiment, the surface plate was displaced
in the Z-direction using piezoelectric actuators, while the interference fringes generated on
the smooth surface of the surface plate were observed using the imaging sensor. The phase
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of the interference fringes was shifted to 6π rad while the Z-directional displacement of the
surface plate was measured using the displacement sensor. Based on Equations (1) and (2),
the interval and sensitivity of the interference fringes change with the incident angle of
the measuring light. The relationship between the Z-directional displacement of a certain
point on the measured surface, Δh, and the incident angle of the measuring light, θ can be
expressed by Equation (4).

Δh =
1

cosθ
·λ
2

(4)

Consequently, the incident angle of the measuring light θ can be calculated from
the displacement Δh, which corresponds to the phase of the interference fringe of 2π.
The incidence angle θ was calculated from the interference fringe phase-shifting on a
smooth surface, which was the dark area shown in Figure 3a, and the displacement of the
PZT-driven Z-stage.

Figure 2. Experimental configuration of oblique-incident interferometer.

Figure 3. Observation of the hand-scraped marks. (a) Hand-scraped marks observed under incoher-
ent light. The dark area is a ground smooth surface. (b) Interference fringes on the hand-scraped
marks.

3.2. Experimental Results and Discussions

The reproducibility of the surface-form measurements using the oblique-incident inter-
ferometer was investigated by measuring the same hand-scraped marks while changing the
direction and angle of incidence of the measuring light. Figure 3 shows the hand-scraped
marks observed using the developed oblique-incident interferometer. Figure 3a shows the
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hand-scraped marks observed under incoherent light. The hand-scraped marks appeared
brighter than the smooth surface because the incident light was scattered on the rough
surface created by hand-scraping. Figure 3b shows an example of interference fringes
on a hand-scraped surface irradiated by a near-infrared laser. The incident angle of the
measuring light was 76.0◦. The incident direction of the measuring light was changed
by rotating the surface plate by 180◦ around the Z-axis. Because the surface form of the
hand-scraped marks was rotated around the Z-axis after the rotation of the surface plate,
the surface form data were rotated around the Z-axis so that they were the same as before
the rotation. The rotational alignment of the workpiece was adjusted to within 0.1◦ using
the Z axis rotation stage and the images captured by the imaging sensor under incoherent
light. The rotational error of the workpiece corresponded to an alignment error of ±1 pixel
of at most.

Figure 4 shows the surface forms of the hand-scraped marks calculated from the
interference fringes generated when the incident angle of the measured light was set to
approximately 77◦. The incident angle of the measured light was the maximum angle
achievable with the constructed oblique-incident interferometer. At larger incident angles,
it was difficult to illuminate the entire measurement surface because of the interference
between the laser beam and optical components. The arrowheads in Figure 4 indicate the
incident direction of the measured light. It can be observed that the hand-scraped marks are
lower than the surrounding smooth surface. The incident angle of the measuring light and
the Z-directional displacement per step of the phase-shifting shown in Figure 4a were set to
77.4◦ and 0.51 μm, respectively. Figure 4b shows the surface form of the same hand-scraped
marks measured by changing the incident direction of the measuring light. In the case
of measurement results presented in Figure 4b, the incident angle of the measuring light
and the Z-directional displacement per one step of the phase-shifting were set to be 76.0◦

and 0.46 μm. Although Figure 4 shows the measurement results of the same hand-scraped
marks, the right side of the hand-scraped mark in Figure 4a is slightly deeper. However, the
left side of the hand-scraping mark is somewhat deeper, as shown in Figure 4b. Even when
a near-infrared laser source was used, inconsistencies in the surface-form measurement
results due to the incident direction of the measuring light were confirmed, as in a previous
study [8].

Figure 4. Surface form obtained with incident angle of approximately 77◦. (a) Incident angle of 77.4◦.
(b) Incident angle of 76.0◦.
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Figure 5 shows the surface forms of the hand-scraped marks measured at smaller
incident angles of the measuring light. The incident angle of the measuring light was
set to approximately 70◦, which was the minimum incident angle in the oblique-incident
interferometer used in this experiment. When the incident angle was smaller than 70◦,
phase-shifting of the interference fringes could not be detected because of the increase in
the scattered light intensity on the rough surface of the hand-scraped marks. In addition to
Figure 4, the arrowheads in Figure 5 indicate the direction of the incident light. In Figure 5a,
the incident angle of the measuring light and the Z-directional displacement per step of
the phase-shifting were set to 70.1◦ and 0.32 μm, respectively. Similarly, in Figure 5b, the
incident angle of the measuring light and the Z-directional displacement per step of the
phase-shifting were set to 70.5◦ and 0.33 μm, respectively.

Figure 5. Surface form obtained with incident angle of approximately 70◦. (a) Incident angle of 70.1◦.
(b) Incident angle of 70.5◦.

To investigate the effects of the incident angles of the measuring light, the cross-
sectional profiles of the same position on the hand-scraped marks were compared. The
measurement position on each surface form was identified pixel-by-pixel by pattern match-
ing, using the area surrounded by the black frame indicated in Figure 5b as a template. As
for the pattern matching, the method from previous research shown in Reference 13 was
applied. Template matching using the normxcorr2 function in MATLAB 2023a was used.
The template area was set to include the entire the hand-scraped mark near the center of
Figure 3a because it includes the lowest position of the hand-scraped mark. The red lines
in Figures 4 and 5 represent the same positions on the same hand-scraped mark identified
by pattern matching. Figure 6 shows the cross-sectional profiles represented by the red
lines in Figures 4 and 5. The number of measurement points for each profile was 786.
The correlation coefficients between the template of the pattern matching and identified
locations extracted from Figure 4a,b were evaluated as 0.80 and 0.77, respectively. Similarly,
the correlation coefficient between the template location and the identified location ex-
tracted from Figure 5a was 0.94. The correlation coefficients were larger than 0.7, and each
location indicated a strong correlation with the template of pattern matching. Therefore,
the profiles shown in Figure 6 are considered to be at the same position on the surface plate.
As shown in Figure 6a, when the incident angle of the measured light was approximately
77◦, a significant difference in the cross-sectional profiles was observed. The correlation
coefficient between the two profiles, shown in Figure 6a, was estimated to be 0.78. However,
when the incident angle of the measuring light was approximately 70◦, the two profiles
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shown in Figure 6b exhibited good agreement. The correlation coefficient between the
two profiles, shown in Figure 6b, was estimated to be 0.96. Figure 7 shows the absolute
values of the differences between the two cross-sectional profiles shown in Figure 6a,b. The
green plots in Figure 7 indicate the difference in the cross-sectional profiles when the inci-
dent angle of the measuring light is approximately 77◦, and the average and the maximum
difference are 0.71 μm and 1.91 μm, respectively. In contrast, the yellow plots in Figure 7
represent the difference between the cross-sectional profiles when the incident angle of the
measuring light is approximately 70◦, and the average and the maximum difference are
0.20 μm and 0.75 μm, respectively. It can be observed that the discrepancy in the mea-
surement results due to the incidence direction is significantly reduced by decreasing the
incidence angle of the measurement light.

Figure 6. Cross-sectional profiles indicated by red lines in Figures 4 and 5. (a) Cross-sectional profiles
in Figure 4. Incident angle of approximately 77◦. (b) Cross-sectional profiles in Figure 5. Incident
angle of approximately 70◦.

Figure 7. Absolute values of the difference in the cross-sectional profiles shown in Figure 6.

The cross-sectional profile of the same hand-scraped mark was measured using a
commercially available noncontact contour-measuring instrument (Mitaka Koki, NH-3s) to
confirm the validity of the surface-form measurement using the developed oblique-incident
interferometer. Figure 8 shows a comparison of the cross-sectional surface profiles. The
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orange line represents the average cross-sectional profile shown in Figure 6b, measured
using the developed oblique-incident interferometer with an incident angle of 70◦. The
black line represents the surface profile obtained using NH-3s. The green line represents
the peak envelope of the surface profile obtained by NH-3s. The envelope was calculated
using the envelope function in MATLAB 2023a. The number of samples in the envelope
calculation was set to 30, which is the condition where the difference between the enve-
lope and the oblique incidence interferometer profile was the smallest. The surface form
was measured using a point autofocus probe [18] with a 100× objective lens (numerical
aperture: 0.80). The number of measurement points and measurement intervals of the
NH-3s were set to 1108 and 10 μm, respectively. The measurement interval of the NH-3s
was almost the same as the lateral resolution of the oblique-incident interferometer. The
root-mean-square heights Pq of the surface profiles measured using the oblique-incident
interferometer and NH-3s were 0.93 μm and 2.71 μm, respectively. The maximum differ-
ence between the cross-sectional profile obtained by the oblique-incident interferometer
and the envelope was evaluated to be 3.6 μm. NH-3s could measure finer and deeper
groove shapes on the hand-scraped surface than the oblique-incident interferometer. These
differences are attributed to the difference in the lateral resolution and incident angle
of the measuring light between the oblique-incident interferometer and the NH-3s. The
lateral resolution of the oblique-incident interferometer was determined from the field
of view of the oblique-incident interferometer and the number of pixels of the imaging
sensor, which was determined to be 14.1 μm × 11.4 μm. The laser spot diameter of the
NH-3s in this experiment was 1 μm, which corresponded to the lateral resolution of the
NH-3s. Since the laser spot diameter of the NH-3s was smaller than the lateral resolution
of the oblique-incident interferometer, it was possible to measure finer grooves on the
hand-scraped marks. Furthermore, the incident angle of the measuring light of the NH-3s
is 53◦, which is smaller than that of the oblique-incident interferometer. Consequently, the
measured light of the NH-3s can reach deeper into the grooves than the oblique-incidence
interferometer, facilitating measurements inside the deep grooves. However, the cross-
sectional profile obtained using the oblique incidence interferometer was almost the same
as the envelope of the surface-shaped profile measured using the NH-3s. Therefore, it is
assumed that the developed oblique-incident interferometer can adequately measure the
surface of hand-scraped marks to a depth of several micrometers. It was confirmed that
the inconsistencies in the measurement results of the surface form of the hand-scraped
marks using the oblique-incident interferometer could be improved by reducing the inci-
dent angle of the measuring light. As shown in the measurement results using NH-3s in
Figure 8, the hand-scraped marks are several μm deep, and their surfaces consist of steep
undulations. In the surface-form measurement using the oblique-incident interferometer, it
was assumed that the measurement results changed depending on the incident direction of
the measuring light because part of the measuring light was blocked by depressions and
steep undulations of the hand-scraped marks. It is believed that a reduction in the incident
angle of the measuring light reduces the partial blocking of the measuring light near the
surface, thereby improving the inconsistency in the measurement results.

Although the horizontal resolution of the oblique-incident interferometer was inferior
to that of the NH-3s used in this study, it had an advantage in terms of measurement time.
NH-3s is a line measurement, and the measurement time for one line, as shown in Figure 8,
is approximately 5 min. In contrast, the developed oblique-incidence interferometer is a
surface measurement, and the measurement time for each surface form was shorter than
1 min. This is expected to achieve the rapid measurement of hand-scraped surfaces in the
range of tens to hundreds of square millimeters.
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Figure 8. Comparison of the cross-sectional profiles.

The surface-form measurement using the oblique-incident interferometer consists
in area scanning. In this method, discontinuities in the phase of the interference fringes
make it difficult to calculate the surface form. On the other hand, since measurements
are taken simultaneously in all measurement directions, errors due to drift, creep, and
so on during the measurement are very small. The commercially available profiler (NH-
3s) performs point scanning, which means that profiles can be obtained even if there
are partially unmeasurable areas. The profile acquired in the probe scanning direction
as shown in Figure 8 shows high measurement accuracy. However, the profile in the
direction perpendicular to the probe scanning direction in two-dimensional measurement
is significantly affected by measurement errors due to drift, creep, and so on. Therefore, the
proposed method using the oblique-incident interferometer is expected to be effective for
the wide-area scan measurement of hand-scraped surfaces. Furthermore, the developed
oblique-incident interferometer may be applicable to other rough surfaces as long as the
intensity of the specular reflected light is sufficient to detect the interference fringes.

On the other hand, although this study qualitatively clarified the inconsistencies in
the measurement results of the oblique-incident interferometer, it has not yet elucidated
the cause. In particular, the quantitative relationship between the measurement accuracy
and the angle of incidence of the measurement light, surface roughness, shape, and so
on has not yet been clarified. In order to analyze these phenomena, the introduction of
ray-tracking simulations is planned as a future direction of this study. The reflection of the
measuring light on the microtopography of the workpiece surface or phase difference with
the reference light will be simulated, and the relationship between the incident angle of the
measuring light, the workpiece surface microtopography, and the interference fringe phase
distribution will be clarified.

4. Conclusions

This study investigated the inconsistency in the surface-form measurement results,
which were obtained by the Abramson-type oblique-incident interferometer, by changing
the incident direction and angle of the measuring light. An oblique-incident interferometer
with a near-infrared laser was developed to expand the interval of the interference fringes.
The expansion of the interference fringe interval prevented the overcrowding of the inter-
ference fringes on the rough surface by hand-scraping and enabled a reduction in the angle
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of incident angle of the measuring light. The inconsistency in the measurement results
due to the difference in the incident direction of the measuring light was also confirmed
by the measurement using the oblique-incident interferometer with a near-infrared laser.
Therefore, it was confirmed that the cause of the inconsistency was the oblique incidence of
the measuring light. The relationship between the incident angle of the measuring light
of the oblique-incident interferometer and the inconsistency in the measurement results
of the hand-scraping surface form was investigated. The forms of the same hand-scraped
surface were measured at the maximum and minimum incident angles of the measuring
light, which could be realized using the developed oblique-incident interferometer. It was
confirmed that the inconsistency in the measurement results due to the incident direction
of the measuring light could be improved by reducing the incident angle of the measur-
ing light. The validity of the measurement results obtained using the oblique-incident
interferometer was evaluated by comparison with the results obtained using a commer-
cially available noncontact contour measurement instrument. The cross-sectional profile
of the surface form measured by the oblique-incident interferometer was in agreement
with the envelope of the contour form measured by the noncontact contour measurement
instrument, confirming the validity of the oblique-incident interferometer.

The method proposed in this study enables the area scanning of rough surface forms in
a short time. Attempts to expand the measurement range of oblique incidence interferome-
ters by stitching surface profile data have already been reported [13]. The oblique incidence
interferometer developed in this study may be applicable to other rough surface profile
measurements, especially for on-machine or in-process measurements, and is expected to
be applied to quality control and automated measurements.
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Abstract

Photoacoustic (PA) velocimetry offers a promising solution to the limitations of conventional
techniques for measuring blood flow velocity. Given its moderate penetration depth and high
spatial resolution, PA imaging is considered suitable for measuring low-velocity blood flow
in capillaries located at moderate depths. High-resolution measurements based on PA signals
from individual blood cells can be achieved using a high-frequency transducer. However,
high-frequency signals attenuate rapidly within biological tissue, restricting the measurable
depth. Consequently, low-frequency transducers are required for deeper measurements.
To date, PA flow velocimetry employing low-frequency transducers remains insufficiently
explored. In this study, we investigated the effect of the concentration of particles that mimic
blood cells within vessels under low-concentration conditions. The performance of flow
velocity measurement was evaluated using an ultrasonic transducer (UST) with a center
frequency of 10 MHz. The volume fraction of particles in the solution was systematically
varied, and the spatially averaged flow velocity was assessed using two different distinct
analysis methods. One method employed a time-shift approach based on cross-correlation
analysis. Flow velocity was estimated from PA signal redpairs generated by particles dispersed
in the fluid, using consecutive pulsed laser irradiations at fixed time intervals. The other
method employed a pulsed Doppler method in the frequency domain, widely applied in
ultrasound Doppler measurements. In this method, flow velocity redwas estimated from the
Doppler-shifted frequency between the transmitted and received signals of the UST. For the
initial analysis, numerical simulations were performed, followed by experiments based on
displacement measurements equivalent to velocity measurements. The target was a capillary
tube filled with an aqueous solution containing particles at different concentration levels.
The time–domain method tended to underestimate flow velocity as particle concentration
increased, whereas the pulsed Doppler method yielded estimates consistent with theoretical
values, demonstrating its potential for measurements at high concentrations.

Keywords: photo-acoustics; particle concentration; velocimetry; pulsed Doppler;
cross-correlation; spatial resolution; measurement uncertainty

1. Introduction

Blood flow measurement is essential for detecting abnormalities in the human body.
In patients with diabetes, the amount of low-density lipoprotein cholesterol in the blood
increases, accumulating beneath the endothelial cells of blood vessels and forming sub-
stances known as plaques. These substances accumulate, and can lead to peripheral artery
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disease, thereby resulting in abnormal blood flow. In cases of peripheral artery disease,
small vessels in the feet tend to become clogged, which can eventually lead to difficulty
in walking [1]. Therefore, detecting abnormalities in the body before they progress into
serious diseases through blood flow measurement is highly effective.

Existing diagnostic methods for blood flows include ultrasound Doppler and laser
Doppler methods. In the ultrasound Doppler method, the blood velocities are estimated
by measuring the frequency shifts between the transmitted and received waves [2,3]. Al-
though it enables deep tissue measurement because of the low scattering of sound waves
in the body, it has low spatial resolution because it is difficult to distinguish between the
reflected waves from the target and those from surrounding tissues. The laser Doppler
method [4,5] estimates flow velocities from Doppler shifts of the frequencies of the scatter-
ing light caused by the particles’ motions through the region where a pair of laser beams
are focused. This method offers a high spatial resolution due to significant differences in
the optical absorption characteristics of tissues. However, the strong scattering of light
within the body limits measurements to shallow depths near the skin surface. In this
study, we focus on blood flow measurement using PA technology [6]. Photoacoustics
enables the measurement of microvessels at moderate depths that can not be measured
using conventional methods, with the advantage of differences in optical absorption con-
trast of tissues and the deep penetration of ultrasound [7]. Table 1 lists a comparison
of the resolution and measurement depth of ultrasound Doppler, laser Doppler, and PA
flowmetry (PAF) [8]. PAF includes optical resolution (OR) and acoustic resolution (AR).
In OR-PAF, successful measurements were confirmed using animal blood; however, it
requires focused light inside the tissue, and thus the measurement depth is limited to near
the skin surface, which restricts utilizing the potential of photoacoustics to measure at
moderate depths [9]. AR-PAF enables deep-tissue measurements by diffusing laser light
and acquiring localized PA signals using a focused probe. Brunker and Beard reported
OR-PAF measurements using particle suspension [10]; however, these were limited to
concentrations one order of magnitude lower than the actual blood volume ratio, and
measurements at the high concentrations required for actual blood have not been achieved.
In addition, for the spatial resolution, OR-PAF requires the ability to distinguish individual
particles, meaning that the spatial resolution of PA ultrasound must be smaller than the
inter-particle distance by principle. This necessitates a receiver element with a frequency
bandwidth exceeding tens of MHz [11]. On the other hand, high-frequency ultrasound
attenuates easily within the body and is unsuitable for deep measurements, which makes
low-frequency measurements necessary [12]. Recently, flowmetry based on a series of
reconstructed three-dimensional images redhas been implemented in three-dimensional
PA tomography [13,14]. In their measurements, the magnitude and direction of blood flow
velocities were estimated based on the image processing of the reconstructed volume fields
of the blood vessels. However, their processing is based on the reconstructed images that
suffer from the imperfect reconstruction of the blood vessels [15]. Flowmetry based on a
physical principle is expected.

Table 1. Comparison of measurement performance of existing techniques for blood flow velocity.

Resolution Measurement Depth

Ultrasound Doppler Several hundred micrometers Several hundred millimeters

Laser Doppler Several micrometers Several millimeters

redPhotoacoustic Tens to hundreds micrometers A few to several tens
redof millimeters
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In this study, flow velocity measurements are conducted using a low-frequency ultra-
sound transducer (UST). The volume ratio of the particles to the solution is varied to 1%,
5%, 10% for investigating how the volume ratio affects the accuracy of the low-frequency
UST. In addition, time–domain analysis using the time-shift method and frequency–domain
analysis using the pulsed wave (PW) Doppler method are performed to compare the results.

The rest of this manuscript is organized as follows. In Section 2, we explain the princi-
ples of measurement methods with the limit of measurement uncertainty. In Section 3, we
describe the methods and conditions used in both numerical analysis and experiments. In
Section 4, we present the results of the numerical analysis and measurements in the experi-
ments. The results are discussed concerning the volume fraction of particles (VFPs) and
different measurement methods: time-shift method and PW Doppler method. In Section 5,
we present the conclusions of this study.

2. Principle

2.1. Time-Shift Method

The velocity of an absorbing object is obtained as the displacement of the object
divided by a time difference of the pulsed irradiation of light [10]. The displacement is
measured as a product of the sound speed multiplied by the time difference of the arrival
time of a pair of PA waves detected by a UST. The time difference arises because of object
movement; otherwise, it remains zero. The sign of the time difference indicates the direction
of object motion. For calculating the time difference of arrival times, a cross-correlation (CC)
analysis is used for signal processing. The CC of a pair of PA waves enables evaluating the
time difference, assuming the object velocity is unchanged during the emission of the signal
pair. The measurement performance of the time-shift method has been redextensively
investigated in a previous study [16].

We consider a pair of continuous PA signals in the time domain, x(t) and y(t). If the
CC function is denoted as R(redτ), and time-shift is τ, then R(τ) can be expressed as

R(τ) =
∫ ∞

−∞
x(t)y(t− τ)dt. (1)

Next, we consider the discrete case. Let us take two discrete data sets x[j] and y[j], with j
being their index. If the CC function in the discrete case is denoted as r[k] with k being the
shift index, and then, r[k] can be expressed as

r[k] =
∞

∑
j=−∞

x[j]y[j− k]. (2)

The CC function shifts when there is a phase difference between the signals before and
after the object movement. This shift enables us to determine the shift amount n at which
the correlation value between the signals before and after movement is maximized. The
product of this value and the time resolution of the oscilloscope dt corresponds to the
difference in signal arrival time. Therefore, the time difference tp can be obtained as

tp = n dt. (3)

We set the time interval of successive pulse irradiations Δt, the particle displacement
during the time interval L, speed of sound c, time difference in the arrival of the signal
tp, resolution of the time dt, and amount of data shift n. The data shift n is defined as the
value at which the CC between the two signals reaches its maximum. Then the velocity v
can be expressed as follows.
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v =
L

Δt
=

cndt
Δt cos θ

. (4)

2.2. Pulsed-Wave Doppler Method

The PW Doppler method is a technique used in ultrasound Doppler measurements. In
ultrasound Doppler, an ultrasound wave is transmitted toward the target, and the reflected
wave from the target is received. The frequency spectrum of the reflected wave shifts from
that of the transmitted wave (Doppler shift when the target is in motion) [12]. The flow
velocity is measured based on this Doppler frequency. We verify this method using PA
waves. When pulsed lasers are sequentially irradiated with a time shift onto light-absorbing
particles dispersed in a fluid, the generated PA signals exhibit a phase shift because of the
Doppler effect caused by particle motion. The Doppler frequency can be determined, from
this phase difference and the flow velocity v can be calculated. The theoretical expression
for the PW method is

v =
fdc

fpho cos θ
. (5)

Here, fd, c, fpho and θ represents the Doppler frequency, speed of sound, frequency
of the PA wave, and angle between the target and the probe axis of the UST, respectively.
Figure 1a shows a sine wave with a phase shift of −π/8 from the original wave. When
the phase shift is small, the value of the convolution integral at the zero shift approaches 1.
Figure 1b shows a sine wave with a phase shift of −π, which results in an inverse phase
compared to the original wave, yielding an integral value of −1. Figure 1c shows a sine
wave with a phase shift of −15π/8, and the corresponding integral value becomes 0. By
shifting the phase in steps of −π/8 and calculating the convolution integral value at each
zero shift, the integral value first decreases and then increases again. This behavior is plotted
in Figure 1d. The resulting waveform in Figure 1d has a period Td, which corresponds to
the time it takes for the PA wave to shift by one wavelength. The Doppler frequency can be
obtained by taking the inverse of this period. Since PA waves are broadband, it is difficult to
determine their frequency precisely. Therefore, the PA signal is processed with a fast Fourier
transform (FFT), and a bandpass filter is applied around the frequency peak to approximate a
redsingle-wavelength signal, determining the PA frequency fpho. Moreover, filtering helps
approximate a single-wavelength signal and facilitates the observation of waveforms such as
those shown in Figure 1 because actual PA signals include multiple frequency components.

2.3. Directional Characteristics of UST

An UST exhibits either directional or omnidirectional characteristics. A fully direc-
tional UST has an extremely narrow, cylindrical measurement volume. In this case, more
than one absorber does not exist at the same distance from the transducer, and thus, the
PA signals are not spatially averaged. An omnidirectional UST spatially averages PA
signals generated from absorbers located at the same distance from the transducer. Vari-
ations between adjacent particles are smoothed out when the distance between particles
is smaller than the spatial resolution, thereby resulting in spatial averaging. A focused
UST may exhibit intermediate characteristics between the directional and omnidirectional
types because it forms a narrow cylindrical measurement volume at the focal point. The
directional and omnidirectional characteristics of USTs were investigated using k-Wave: a
redMATLAB� R2023b Toolbox for the time–domain simulation of acoustic wave fields [17].
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Figure 1. Theoretical diagram of Doppler frequency analysis using the PW Doppler method: (a) time
signal with a phase shift of −π/8, (b) time signal with a phase shift of −π, (c) time signal with a phase
shift of −3π/2, and (d) variation of correlation values with a phase change.

2.4. Uncertainty Limit

The measurement uncertainty of the flowmetry includes a statistical part contributed
by randomly changing samples and a biased one intrinsic in the method or instrument.
The statistical part can be reduced by acquiring a greater quantity of samples, whereas the
biased part remains constant. One can recall the concept of the Cramér-Rao Lower Bound
(CRLB) in the statistical signal processing to estimate the uncertainty limit [18]. Although
the lower limit by the CRLB originates from the statistical process, it contributes to the
uncertainty as a bias. The CRLB provides a base value of uncertainty at a given condition
of the signal-to-noise ratio (SNR). In the time-shift method, the deviation Δτ of time shift τ

caused by electronic noise and uncorrelated physical processes is referred to as a jitter error.
The lower bound of the jitter error based on the CRLB under a given SNR condition was
derived by [19] as

σ(Δτ − Δ̂τ) ≥
√√√√ 3

2 f 3
0 π2T(B3 + 12B)

{
1

ρ2
(
1 + SNR−2

)2 − 1

}
, (6)

where σ, f0, T, B, redand ρ redrepresent the jitter error, center frequency, time window
length, fractional bandwidth, normalized CC coefficient, and signal-to-noise ratio, respec-
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tively. Based on the experimental conditions, the center frequency f0 was set to 10 MHz,
time window T to 3 μs, and fractional bandwidth B to 1.2. The normalized cross-correlation
coefficient ρ strongly depends on the SNR, and therefore the CRLB was calculated by
varying ρ between 0.8 and 1.

3. Methods and Conditions

The UST used in this study had a focal diameter of 2 mm with the performance
regarded as intermediate between directional and omnidirectional USTs described in
Section 2.3. The characteristics of both directional and omnidirectional USTs were investi-
gated using numerical analysis.

3.1. Numerical Analysis
3.1.1. Directionality of UST

The characteristics of a fully directional UST were investigated using numerical analy-
sis. A computational grid of 150 × 150 × 150 points with a spacing of 15 μm was generated.
An omnidirectional sensor was placed at the position (20, 75, 75). The sensor character-
istics were set with a center frequency of 10 MHz and a frequency range from 3.8 MHz
to 16.2 MHz. A spherical initial pressure source simulating a particle was placed along a
single direction, coaxial with the sensor to reproduce the characteristics of a directional
UST. The center of the sphere was positioned along the line from (50, 75, 75) to (150, 75,
75), and a spherical initial pressure with a diameter of 50 μm was generated for each center
coordinate. The number of particles N was varied from 1 to 100, and a numerical simulation
was performed for each case.

3.1.2. Non-Directionality of UST

The characteristics of a nondirectional UST were investigated using numerical analysis.
A computational grid of 150 × 150 × 150 points with a spacing of 15 μm was generated.
An omnidirectional sensor was placed at the position (20, 75, 75). The sensor characteris-
tics were set with a center frequency of 10 MHz and a frequency range from 3.8 MHz to
16.2 MHz. Particles were randomly distributed according to each VFP within the coordinate
range from (25, 25, 25) to (125, 125, 125) to reproduce the features of an omnidirectional
sensor. Spherical initial pressures with a diameter of 50 μm were generated at each par-
ticle position. The VFP was varied from 0.01% to 40%, and a numerical simulation was
performed for each case. The Wigner–Seitz radius was computed to compare the weighted
average of frequency spectrum (WAFS) with the inter-particle distance. Assuming the
effective volume occupied by a single particle as a sphere, the total solution volume V was
divided by the number of particles N, and the radius of this sphere was referred to as the
Wigner–Seitz radius rs.

rs =

(
3V

4πN

) 1
3

. (7)

Using the Wigner–Seitz radius rs and particle radius r, the inter-particle distance g was
calculated under the assumption that the particles were uniformly arranged.

g = 2(rs − r). (8)

3.2. Experimental Apparatus

The experimental setup for the time-shift method is shown in Figure 2. A particle
suspension prepared by mixing black particles with a solution was used as the measurement
target. The suspension was injected into a silicone tube with outer and inner diameters
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of 1.5 mm and 1.0 mm, respectively. We used black paramagnetic polyethylene particles
with a specific gravity of 1.2 and a particle diameter in a range of 53–63 μm (redCospheric:
Santa Barbara, California, USA, BKPMS-1.2 53–63 μm). The solution was prepared by
mixing water and glycerol at a mass ratio of 1:4.2 to prevent the particles from settling;
this resulted in a specific gravity of 1.2. An Nd:YAG pulsed laser with a wavelength of
532 nm and a pulse duration of 5–9 ns (redRayture Systems: Shinjuku, Tokyo, Japan, GAIA
Dual) was used as the irradiation source. Although the maximum repetition rate of a single
laser was around 20 Hz, two lasers were used in combination, and the pulse interval was
controlled using a function generator (redRigol Technologies: Suzhou, China, DG1022Z)
and a delay generator (Quantum Composers: Bozeman, Montana, USA, 9618). A focused
UST (redEvident Scientific: Shinjuku, Tokyo, Japan, V311-SU) with a center frequency
of 10 MHz, a focal length of 30 mm, and a focal diameter of 2 mm was used. The UST
was connected to an amplifier to amplify the signal, which was then recorded using an
oscilloscope (redRohde & Schwarz: Munich, Bavaria, Germany, RTM3004). The timing
of the laser irradiation was detected using a photodetector (redThorlabs: Newton, New
Jersey, USA, DET10A2).

Figure 2. Experimental setup at the time-shift method: Black polyethylene particles were used as the
light-absorbing particles, and a pulsed laser with a 532 nm wave length was irradiated. The time
interval of the irradiation was set to 500 μs, and the actual timing was monitored with a photodetector.
The generated photoacoustic waves were acquired using an UST with a center frequency of 10 MHz.

3.3. Time-Shift Method

A pulse signal with a frequency of 15 Hz was sent from the function generator to the
delay generator, and the laser excitation and irradiation timing were set with reference to
the first pulse signal. The laser irradiation interval was set to 500 μs. Each pulse emission
timing was detected by a photodetector (response time: 1 ns). The VFP in the solution
was set to 1%, 5%, 10%. The average flow velocity inside the tube, based on the flow rate
setting of the syringe pump, ranged from 20 mm/s to 90 mm/s, and ten pairs of PA signals
were acquired at 10 mm/s intervals. The photodetector and PA signals were interpolated
100 times using spline interpolation. The irradiation timing was determined by calculating
the time derivative of the photodetector signal using the central difference scheme and
identifying its maximum value. Based on this reference, the PA signals were extracted
using an arbitrary number of data points. The data shift between the two PA signals was
obtained via CC analysis. The measured flow velocity vm corresponding to each preset flow
velocity vt was calculated from this data shift using Equation (4). The measured velocities
were averaged over ten trials for each flow rate condition. The bias between the measured
and preset velocities for each volume ratio was calculated using
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Bias =
vm − vt

vt
× 100. (9)

3.4. PW Doppler Method

The experimental configuration for the PW Doppler method is schematically shown
in Figure 3. The displacement was estimated using the PW Doppler method. The flow
tube into which the solution was injected was fixed using a device fabricated with a 3D
printer. The setup was mounted on a redlinear translation stage (Thorlabs XR25P/M),
which enabled movement in 10 μm increments. Agar (mixture mainly composed of agarose
and agaropectin [20]) was added to the solution at a mass ratio of 10% to suppress particle
movement within the flow tube. A photograph of the experimental setup was captured,
and the angle between the flow tube and probe was measured using the software tool
ImageJ 1.54d. The fixed flow tube was moved in steps of 10 μm, 20 μm, 30 μm, 40 μm, and
50 μm, and the signals were acquired ten times at each displacement. The displacement
was calculated from the signal at 0 μm and the signals at each displacement; these values
were compared with the actual displacements.

Figure 3. Experimental configuration at the PW Doppler measurement: Black polyethylene particles
were used as light-absorbing particles, and a nano-second pulsed laser was irradiated. A particle
suspension solidified with agar was placed in the flow tube, and it was displaced at equal intervals
using a redlinear translation stage.

4. Results and Discussion

4.1. Numerical Analysis
4.1.1. Effect of Directional UST

Representative results of the numerical analysis redfor the directional UST are shown
in Figure 4. The first column shows initial pressure distributions; the second column,
acquired signals; and the third column, frequency spectra of the signals. Changes were
observed in the frequency spectra with the VFP. We calculated the WAFS for each case
to evaluate the variation. The results are shown in Figure 5, where the horizontal axis
indicates the inter-particle distance for each number of particles, and the vertical axis
shows the WAFS. When the inter-particle distance was longer than 50 μm, signals did
not overlap, and the WAFS remained nearly constant. The low-frequency components
decreased as the signals began to overlap, and the WAFS shifted toward higher frequencies.
The WAFS dropped sharply, when the inter-particle distance fell below 0 μm. In other
words, when the distribution changed from heterogeneous to homogeneous, the WAFS
shifted toward the lower-frequency range. The center frequency of the UST was 10 MHz,
which redcorresponded to a spatial resolution of around 75 μm. Even when compared to
this value, the WAFS did not shift to lower frequencies below the spatial resolution. This
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implies that UST can individually identify particles within a heterogeneous target if the
UST has perfect directivity, regardless of the axial spatial resolution.

Figure 4. Simulation of directional UST: A 150 × 150 × 150 grid with a spacing of 15 μm was
generated, and an omnidirectional sensor with a center frequency of 10 MHz and a frequency range
from 3.8 MHz to 16.2 MHz was placed at (25, 75, 75). (a) Simulation results with a single particle:
The spectrum peak spreads around 11 MHz in accordance with the characteristics of the sensor.
(b) Simulation results with five particles: With the increase of inter-particle distance, the signals
hardly overlap. Further the spectrum spreads around 10 MHz, following the characteristics of the
sensor. (c) Simulation results with 16 particles: The signals overlap, which lead to a reduction in
low-frequency components. (d) Simulation results with 100 particles: The particles overlap and form
a cylindrical initial pressure distribution. The signals overlap, and the spectrum shifts toward the
lower frequency range compared to (a).
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Figure 5. Relationship between inter-particle distance and weighted-averaged frequency spectrum
(WAFS) in directional UST. The horizontal axis represents the particle spacing, and the vertical axis
shows the WAFS of the frequency spectrum obtained from the simulation results. Up to around
50 μm, the WAFS remains nearly unchanged where the signals do not overlap. The low-frequency
components decrease as the signals begin to overlap causing the WAFS to increase. When the particle
spacing falls below 0 μm, which results in overlapping particles, a downshift occurs toward lower
frequencies occurs. This continues until the particles completely overlap, forming a cylindrical initial
pressure distribution.

4.1.2. Effect of Non-Directional UST

Representative results of the numerical analysis redfor the non-directional UST are
shown in Figure 6. The first column shows the initial pressure distributions; the second
column, acquired signals; and the third column, frequency spectra of the signals. Figure 7
shows the inter-particle distance and spatial resolution for each VFP. Figure 8 presents a
comparison between the inter-particle distance and WAFS. By comparing Figures 7 and 8, it
can be observed that the WAFS remains nearly constant when the inter-particle distance is
well above the lateral spatial resolution (i.e., below 1% VFP). When the inter-particle distance
approaches or falls below the spatial resolution (i.e., above 5% VFP), the WAFS shifts toward
lower frequencies. This shift can be attributed to spatial averaging, which smooths out the
variations between particles. Thus, under these conditions, the omnidirectional UST exhibits
spatial averaging above 5% VFP, which treats particles within a heterogeneous target as a
uniform medium.
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Figure 6. Simulation of omnidirectional UST. A 150 × 150 × 150 grid with a spacing of 15 μm was
generated, and an omnidirectional sensor with a center frequency of 10 MHz and a frequency range
from 3.8 MHz to 16.2 MHz was placed at (20, 75, 75). At 1% VFP, where the particle spacing is
below the spatial resolution, the frequency spectrum follows the characteristics of the sensor and
is distributed around 11 MHz. At 10% VFP, where the particle spacing is also below the spatial
resolution, it increases the low-frequency components of the frequency spectrum. At 40% VFP, the
low-frequency components further increase.
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Figure 7. Particle spacing at each volume fraction of particles. The horizontal axis represents the VFP,
and the vertical axis represents the particle spacing. Comparing the spatial resolution of 75 μm red
(illustrated as horizontal line) with the particle spacing , at 1% VFP, the particle spacing is well above
the spatial resolution, whereas at 10% VFP, it falls below the redresolution.

Figure 8. Relationship between particle spacing and spectrum in omnidirectional UST. The horizontal
axis represents the inter-particle distance, and the vertical axis represents the WAFS of the frequency
spectrum. For particle spacings below 1% VFP, which are well below the spatial resolution, the WAFS
shows little change. The frequency spectrum shifts toward the lower frequencies when the particle
spacing approaches or falls below the spatial resolution.

4.2. Measurements Based on the Time-Shift Method
4.2.1. Effect of VFP on Measurement

Figure 9 shows the measurement results of the flow velocities at 1% VPF. The mean bias
is 5.7%, and the measured flow velocity changes linearly with the theoretical values. The
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uncertainty is 13 mm/s, which corresponds to a time delay of 3 ns. Here, the average SNR
of the signal is 28 dB, and the normalized CC coefficient is 0.9. The CRLB was calculated by
substituting these values into Equation (6). Under the experimental conditions, the CRLB was
estimated to be ~1 ns, which is on the same order as the uncertainty in the experimentally
obtained time shift. This implies that the uncertainty in the measurement is reasonable and
likely caused by factors such as electronic noise and uncorrelated physical processes.
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Figure 9. Flow velocity measurement results at 1% VFP. The average bias was 5.7%, and the measure-
ment results varied linearly by the theoretical values.

The sound speed in the solution without particles was 1500 m/s at the experiment [21].
Under the same temperature, the sound speeds at each particle concentration were esti-
mated based on existing models [22,23]. In general, the sound speed increases when solid
particles are suspended in a liquid. The estimated sound speeds were 1505 m/s, 1528 m/s,
and 1551 m/s for the concentrations of 1%, 5%, and 10%, respectively [21]. Figure 10 shows
the measurement results when the variation of VPF. The target velocities were plotted in
the graph for the individual VFPs taking into account of the viscosity increases with an as-
sumption of Newtonian fluid with particle suspensions [24]. The average bias was 5.7% at
1% VFP, −42% at 5% VFP, and −68% at 10% VFP. Figure 11 shows representative frequency
spectra for 1% VFP and 10% VFP. The measurement results show that increasing the VFP
underestimates the flow velocity. Two factors can be considered in this regard: (1) the effect
of the light penetration depth. Increasing the VFP increases the amount of light absorption,
which limits light absorption to the low-speed region of the flow inside the tube, possibly
leading to an underestimation of the flow velocity. (2) The other is the effect of the UST
characteristics. The USTs have a narrow cylindrical measurement area at the focal volume,
potentially exhibiting intermediate characteristics between directional and non-directional
USTs. As shown in Section 4.1.1, directional USTs can individually identify particles in
non-uniform media regardless of the lateral spatial resolution. The omnidirectional UST
may not be able to individually identify particles when the inter-particle distance is below
the spatial resolution, thereby resulting in spatial averaging because of the dominance of
low-frequency components in the frequency spectrum. If the UST used in this experiment
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is omnidirectional, it may not individually identify particles or observe particle movement,
potentially leading to an underestimation of flow velocity.

Figure 10. Measurement result of the flow velocity in the tube with different concentrations of
the particles at 1% VFP, 5% VFP, and 10% VFP. The results are compared to the redcorresponding
theoretically-expected value as the bulk mean velocity of the fully-developed laminar flow of Newto-
nian fluid based on the volumetric flowrate of the syringe pump. The results shows a tendency to
underestimate with an increase in the VFP, and bias of 5.7% for 1% VFP, −36% for 5% VFP, and −65%
for 10% VFP.

Figure 11. Comparison of frequency spectra of photoacoustic signals with different concentrations at
(a) 1% VFP, (b) 10% VFP. At 10% VFP, low-frequency components are more dominant compared at 1% VFP.
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4.2.2. Light Penetration Depth

Increasing the VFP increases the amount of light absorbed per unit volume, limiting
light irradiation to the vicinity of the tube wall. When the flow inside the tube follows
the velocity distribution of a fully-developed laminar flow (Hagen–Poiseuille flow) of a
Newtonian fluid, the flow velocity will be underestimated if light irradiation is limited to
the vicinity of the wall. The light absorption coefficient at each VFP was calculated using
Lambert-Beer’s law to investigate the effect of the light penetration depth [25].

Table 2 presents the absorption coefficients and attenuation ratios of the light energy
before and after transmission through a 1 mm-thick glass cuvette for each VFP. The light
energy was corrected based on the measurement results at VFP 0%. The absorption
coefficients were calculated using the redLambert-Beer’s law. The light attenuation ratios
across the cross-sectional area of the flow tube were calculated using these values. The
results are shown in Figure 12. The computational grid was set to 100 × 100 with an
interval of 0.01 mm, and a circle with a radius of 0.5 mm was used as the cross-section of the
flow tube. Assuming that light was irradiated from the positive X direction, the distance
between each coordinate and the wall surface in the positive X direction was taken as the
light path, and the light attenuation ratio was calculated using Lambert-Beer’s law. Light is
sufficiently irradiated near the wall surface in the positive X direction and attenuates as it
progresses in the negative X direction. This was calculated based on the light absorption
coefficient at each VFP. The light attenuation became more pronounced with an increase in
VFP. The weighted flow velocity vω was calculated from the following equation, using this
light attenuation ratio as the weight.

vω(x, y) = ω(x, y)× vmax

(
1− x2 + y2

R2

)
. (10)

Table 2. Absorption coefficients and attenuation ratios at each VFP.

Absorption Coefficient [mm−1] Attenuation Ratio

1% VFP 0.42 0.66

5% VFP 0.87 0.42

10% VFP 2.0 0.14

Figure 12. Light attenuation ratio across the cross-section of the flow tube. The light attenuation ratio
in the cross-sectional area of the flow was calculated using the light absorption coefficient for each
VFP. When the incident light is irradiated from the positive X-direction, the attenuation is smaller
near the wall in the positive X-direction and increases toward the center. Higher VFP results in more
pronounced light attenuation.
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We calculated the weighted average flow velocity for each velocity range. The spatial
distributions of the flow velocities were calculated for the cross-sectional area inside the tube.
The results are shown in Figure 13. The redunderestimation rate was −3.2% at 5% VFP
and −9.1% at 10% VFP, which is smaller than the redunderestimation rate of flow velocity
measurements. Therefore, light penetration depth has a minor effect on the underestimation.

Figure 13. Weight-averaged flow velocity. The weight-averaged flow velocity was calculated using
the light attenuation ratio across the cross-sectional area of the flow, weighted by the light absorption
coefficient for each VFP. For all the VFP, the flow velocity changes linearly with the target.

4.2.3. Effect of UST Properties

Spatial averaging occurs in an omnidirectional UST when the inter-particle distance
falls below the lateral spatial resolution, and low-frequency components become dominant.
Figure 7 shows that the particle spacing is well above the spatial resolution at 1% VFP;
however, it falls below it at 10% VFP. In addition, as shown in Figure 11, at 10% VFP,
low-frequency components become dominant compared to those at 1% VFP. Under the
experimental conditions of this study, increasing VFP causes the inter-particle distance to
fall below the spatial resolution, which leads to spatial averaging. The spatial averaging
prevents the identification of individual particles, thereby hindering the observation of
particle movements and leading to an underestimation of flow velocity. This is likely
because the focal diameter (2 mm) of the UST at the experiment was 40 times larger than
the particle diameter (50 μm), leading to the omnidirectional effect becoming dominant.

4.2.4. Effect of Spatial Resolution

Directional UST can identify individual particles within an inhomogeneous target
regardless of the axial spatial resolution. This suggests the possibility of improving the
measurement performance at a high VFP by reducing the focal diameter and narrowing
the measurement area. We describe the experimental results obtained using another
UST with a smaller focal diameter (Japan Probe, B10K20I R30). We used a UST with a
center frequency of 10 MHz and a focal diameter of 2.0 mm (hereafter UST (2.0 mm)),
and another UST with a center frequency of 10 MHz and a focus diameter of 0.5 mm
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(hereafter UST (0.5 mm)). The experiment using the UST (0.5 mm) was conducted under
the same conditions as that using the UST (2.0 mm). The particle concentration was set
to 5% VFP and 10% VFP, and the measurement performance was compared. Figure 14
shows the measurement results of the flow velocity at 5% VFP and 10% VFP. At 5% VFP,
the UST (2.0 mm) underestimated the flow velocity by 36%, whereas the UST (0.5 mm)
underestimated it by 6.9%. At VFP 10%, the UST (2.0 mm) underestimated the flow velocity
by 65%, whereas the UST (0.5 mm) underestimated it by 24%. Narrowing the measurement
area reduced the degree of underestimation. This can be attributed to the increased effect
of the directionality of a UST and the reduced influence of spatial averaging. However,
given the 32% underestimation at 10% VFP, measurement at 40% VFP close to whole blood,
would be difficult even with the UST (0.5 mm). Therefore, verification with a UST having
an even smaller measurement area is desired to measure particle phantoms close to whole
blood in the low-frequency range.

Figure 14. Comparison of the flow velocities measured with the two probes with different focal
diameters for the different concentrations at (a) 5% VFP, (b) 10% VFP. One UST was with a focus
diameter of 2.0 mm (UST (2.0 mm)), and the other with 0.5 mm (UST (0.5 mm)). The degree of the
underestimate was consistently smaller for the UST (2.0 mm) compared to that for the UST (0.5 mm).

4.3. Measurements Based on the PW Method

Figure 15a shows the waveform obtained by interpolating the signal with zero dis-
placement 1000 times using spline interpolation. The frequency spectrum is shown in
Figure 15b. The weighted average frequency was 9.7 MHz. A bandpass filter was applied
by setting the transmission frequency range to ±2.5 MHz around the weighted average
frequency. Figure 15c shows the bandpass filtered PA signals. The application of the filter
made the PA signal closer to a single wavelength. Figure 15d presents the frequency spec-
trum of the filtered signal. The weighted average frequency of the bandpass filtered signal
was 7.6 MHz, which was defined as the frequency of the PA wave fpho. Figure 16a shows a
plot with the horizontal axis representing the time interval when the pulsed laser irradiation
was applied at 20 Hz, and the vertical axis representing the normalized convolution integral
values for each displacement. Figure 16b shows the result of applying spline interpolation
1000 times to Figure 16a. The angle between the flow tube and probe is θ = 49◦. The
flow velocity v can be expressed using the PA wave frequency, Doppler frequency, and
angle between the flow tube and the probe. Figure 15a shows the waveform extracted
by averaging the signal with zero displacement ten times and interpolating it 1000 times
using a spline interpolation. The frequency spectrum is shown in Figure 15b. The weighted
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average frequency was 9.7 MHz. A bandpass filter was applied by setting the transmitting
frequency range to ±2.5 MHz around the weighted average frequency. Figure 15c shows
the PA signal after the filtering. The application of the bandpass filter resulted in the PA
signal approaching a single wavelength. Figure 15d presents the frequency spectrum after
the filtering. The weighted average frequency after the filtering was 7.6 MHz, which was
defined as the frequency of the PA wave fpho. Figure 16a shows a plot with the horizontal
axis representing the time interval when the pulsed laser irradiation was applied at 20 Hz,
and the vertical axis representing the integral values of the normalized convolution for
each displacement. Figure 16b shows the result of applying spline interpolation 1000 times
to Figure 16a. Assuming that the particle moves 10 μm during a single pulsed irradiation,
the estimated velocity is 0.2 mm/s. If the particle moves 20 μm and 30 μm, the estimated
velocities are 0.4 mm/s and 0.6 mm/s, respectively. These values are used as the theoretical
flow velocities. From Figure 16, the times at which the CC value reached 0.5 or 0 were
obtained. These times correspond to 1/8 or 1/4 of the wave period, and their eightfold
or fourfold reciprocals were defined as the Doppler frequency. The angle between the
flow tube and probe is θ = 49◦. The flow velocity v can be expressed using the PA wave
frequency, Doppler frequency, and angle between the flow tube and the probe as

v =
fdc

fpho cos θ
=

0.28× 1500× 103

4.79× 103 × cos 49◦
= 0.12 [mm/s]. (11)

Figure 15. Typical time signals and their frequency spectra obtained in the experiment, (a) extracted
time signal, (b) frequency spectrum of the time signal shown in (a), (c) bandpass filtered time signal
shown in (a), (d) frequency spectrum of the bandpass filtered time signal shown in (c).
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Figure 16. Comparison of the normalized cross-correlation distributions, (a) before the interpolation,
(b) after the interpolation.

This corresponds to the result for a theoretical flow velocity of 0.2 mm/s. The measured
results obtained using the time-shift method are compared with the theoretical values. The
measurement results are shown in Figure 17. Each estimated flow velocity was measured
ten times, and the average value was plotted. The standard deviations were shown as error
bars. From the comparison in Figure 17, the time-shift method showed a bias from −9% to
−33% compared to the theoretical flow velocity, while the PW Doppler method exhibited
a bias ranging from −0.085% to −35%. Both the time-shift method and the PW Doppler
method generally followed the theoretical values.

Figure 17. Comparison of the measurement results of the time-shift and PW Doppler methods with
the theoretical values. The results of both methods are consistent with the theoretical values. The
time-shift method shows a bias from −9% to −33%, whereas the PW Doppler method shows a bias
from −0.085% to −35%.
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5. Conclusions

We investigated the performance of the PA measurement of flow velocity at the
different VFPs using an ultrasound transducer in the low-frequency range. The target VFPs
were set to 1% VFP, 5% VFP, and 10% VFP dispersed in fluid flow in a silicone tube. The
numerical analysis was performed on the directional and non-directional characteristics
of a UST. In the experiment, the measurement of the flow velocities was conducted with
the set velocities ranging from 20 mm/s to 90 mm/s. The two different methods were
employed for the velocity measurements. The time-shift method is based on the CC of a
pair of PA signals, whereas the PW Doppler method relies on the Doppler frequency shift
of the PA signals. The following conclusions are drawn:

• The directivity characteristics of USTs was revealed with the numerical analysis. For
a directional UST, the WAFS of the PA signal did not shift into the low-frequency
direction if the inter-particle distance did not move toward lower frequencies. In other
words, directivity USTs can discriminate individual particles in a heterogeneous target,
regardless of the axial spatial resolution. On the other hand, for an omnidirectional
UST, the WAFS of the PA signal shifted toward lower frequencies when the inter-
particle distance was smaller than the lateral spatial resolution. This is considered to
be due to spatial averaging and smoothing of variations between adjacent particles.

• From the results at 1% VFP, the time delay was 3 ns. The time delay was consistent
in the order with the value of 1 ns predicted from the CRLB, indicating the lower
bound of the jitter. The jitter includes factors such as electronic noise and uncorrelated
physical processes.

• In the flow velocities measured at the different VFPs, the bias against the set velocity
was 5.7% at 1% VFP,−36% at 5% VFP, and−65% at 10% VFP for the time-shift method.
There was a tendency to underestimate the flow velocity with an increase in the VFP.
The underestimation was not attributed to the penetration depth of the incident light
based on the simulation of the attenuation of the irradiated light in the tube. The effect
of light attenuation is minimal because the weight-averaged flow velocity exhibited
linear variation with the VFP.

• On the effect of UST characteristics on the measurement, the inter-particle distance
was smaller than the spatial resolution at 10% VFP, which resulted in the dominance
of low-frequency components. With the increase of the VFP, the spatial averaging
hindered the ability to distinguish individual particles, leading to an underestimation
of the flow velocity for the time-shift method. Hence, an omnidirectionality of the
UST was predominant in the high VFP conditions.

• In the measurement with a UST (2.0 mm), the bias relative to the set flow velocities
was −36% at 5% VFP and −65% at 10% VFP for the time shift method. The reduction
in the degree of underestimation was confirmed when using a focused UST (0.5 mm),
as the stronger influence of the UST’s directionality led to a smaller measurement
volume. Biases of −6.9% at 5% VFP and −24% at a 10% VFP were obtained.

• In the displacement measurement experiment, both the time-shift method and the PW
Doppler method generally agreed with the theoretical values.

These conclusions revealed that PAF using a 10 MHz UST can be performed with a focal
diameter of around 2 mm at up to 1% VFP. However, at concentrations of 5% VFP or higher, the
measurement performance deteriorated rapidly because of the effect of the omnidirectionality
of a UST. Nevertheless, in the displacement measurement using the PW Doppler method, the
results generally followed the theoretical values. The concentration of the particle suspension
remained lower than that of actual blood. Therefore, future work should involve flow velocity
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measurements at concentrations closer to that of blood to investigate the effect of higher particle
concentrations on measurement accuracy in realistic environments.
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Abbreviations

The following abbreviations are used in this manuscript:

AR Acoustic resolution
CC Cross-correlation
CRLB Cramér-Rao lower bound
FFT Fast Fourier transform
OR Optical resolution
PAF Photoacoustic flowmetry
PA Photo-acoustic
PD Photo detector
PW Pulsed wave
SNR Signal-to-noise ratio
UST UltraSound transducer
VFP Volume fraction of particles
WAFS Weight-averaged frequency spectrum
YAG Yttrium aluminum garnet
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