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Preface

This Reprint, titled “Symmetry and Asymmetry in Mechanical Engineering,” assembles

twelve peer-reviewed contributions that collectively illustrate how symmetry and its intentional

modification function as powerful levers in modern mechanical engineering. Symmetry has long

been a cornerstone of engineering design because it supports balanced load transfer, predictable

deformation patterns, repeatable manufacturing, and stable dynamic behavior. Yet contemporary

demands for higher efficiency, multi-function integration, and operation under increasingly extreme

or constrained conditions are pushing designers beyond classical balanced layouts. In many

advanced systems, carefully introduced asymmetry in geometry, material distribution, interfaces, or

surface features is not a flaw to be avoided but a purposeful strategy to realize directional responses,

localized performance enhancement, or improved controllability. The subject of this Reprint is

therefore not symmetry alone but the design logic that connects symmetric principles with engineered

departures from symmetry to achieve measurable performance gains.

The scope of this Reprint spans structural mechanics, dynamics, thermal- and fluid-related

performance, mechanisms and robotics, advanced materials, and tribology. Several papers focus

on how symmetry governs stress redistribution, stiffness evolution, and load carrying capacity

in structural components, including cracked laminates and porous functionally graded sandwich

panels. Fundamental modeling is also represented through plate analyses and solution strategies for

nonlinear governing equations, demonstrating how symmetry assumptions and boundary conditions

shape analytical tractability and physical interpretation. In parallel, this Reprint includes work

on symmetric mechanism design and kinematic formulation, where geometric balance is central to

motion accuracy, workspace characteristics, and actuation strategies in planar robotic architectures.

A second major theme is the role of symmetry in dynamics and vibration, particularly in

high-speed rotating machinery and jointed assemblies. Symmetry is often associated with stable rotor

response and reduced sensitivity to excitation, but real systems inevitably include imperfections, joint

compliance, and time-varying disturbances that break ideal symmetry. The studies included herein

analyze excitation modeling, vibration response, and failure mechanisms related to sudden angular

deformation and bolted joint behavior, offering perspectives that connect modeling assumptions

with practical reliability concerns. By addressing both idealized symmetric systems and realistic

symmetry-breaking factors, the Reprint provides readers with a clearer pathway from theoretical

concepts to diagnostic and design decisions for rotating equipment.

Thermal management and fluid-related performance form another important component of

the collection. The Reprint features work oriented toward heat dissipation-driven optimization in

air-cooled energy storage cabinets, highlighting how geometric arrangement, flow path design, and

optimization methodology can be combined to improve thermal safety margins. It also includes

research on atomized droplet size enhancement in medical nebulization, where symmetric or near

symmetric flow structures, nozzle design, and operating conditions influence atomization efficiency

and distribution characteristics. These topics underscore that symmetry considerations are not limited

to load-bearing structures but extend to transport phenomena and system level performance targets.

The purpose of this Reprint is threefold. First, it offers a curated snapshot of how symmetry

and asymmetry are currently being studied across diverse subfields of mechanical engineering,

using a range of methods that includes analytical derivation, numerical simulation, optimization,

and microstructural characterization. Second, it provides a shared vocabulary for designers and

researchers who may approach symmetry from different angles, whether through structural topology,

ix



material architecture, kinematic constraints, or surface engineering. Third, it encourages a more

nuanced design mindset; rather than treating symmetry as an unconditional ideal, it invites readers to

evaluate when symmetry should be preserved to ensure robustness and manufacturability, and when

controlled asymmetry can be introduced to enable directional functions, localized enhancement, or

improved system integration.

The motivations behind assembling this Reprint arise from both enduring engineering

fundamentals and emerging technological pressures. Symmetry remains essential for many

applications because it reduces complexity and supports predictable performance. However, the

rapid growth of high-power-density energy systems, high-speed rotating machinery, lightweight

composite structures, and miniaturized devices is increasing the importance of targeted, multi-

objective performance tuning.

Yunqing Tang, Kun Xu, and Bing Yang

Guest Editors
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Abstract: Surface texturing technology, as an advanced method to improve surface tribological
properties of friction pairs, has been widely used in many fields. In this work, the influence of surface
texture parameters on tribological properties of friction pair surfaces are reviewed. For the currently
most developed surface textures with symmetry and simple geometries and distributions, it is found
that they could help reduce friction mainly by enhancing their dynamic pressure lubrication capability,
storing abrasive debris and lubricants for dynamic lubrication or promoting the formation of friction
films on surfaces of friction pairs. The dominant design parameters of surface textures influencing
their tribological performance are found to be shape, geometry and density, while working condition,
including contact mode and lubrication situation, also has a significant influence on the performance
of surface textures with specific features. Asymmetric textures and multi-scale composite textures
also show great tribological performance, while the coupling mechanism across different factors is
still unclear, which makes it a challenge to maximize the advantage of asymmetric or multi-scale
composite textures. The development of machine learning provides promising approaches for the
multi-parameter optimization of surface textures, which is expected to promote and accelerate the
design of advanced surface textures.

Keywords: surface texture; wear resistance; friction; symmetry and asymmetry

1. Introduction

Friction and wear are common phenomena in production and daily life, and scientists
have been making efforts to minimize the cost induced by friction and wear for a long
time [1–5]. In modern industry, around 60–80%of the occurrence failure of mechanical
components are caused by wear, and the energy consumed by friction globally accounts for
nearly 1/4 of the total energy used [6,7]. Apart from developing wear-resistant materials,
lubricating media and surface treatment technology [8–10], controlling surface structure
is also an effective way to control the friction and wear of materials. It has been observed
that non-smooth surfaces do not always lead to more friction and wear [11], and this
phenomenon has attracted great attention [12–17]. Experimental results show that surfaces
with specific textures could result in less friction and wear compared to untextured sur-
faces [18–20]. Although the anti-friction mechanisms of surface textures are still lacking a
unified theory, the effect of surface textures in reducing friction and wear has been widely
accepted, and textures on the surface of friction pairs have been used more and more in
tribological applications [20–24].

Symmetry 2024, 16, 1523. https://doi.org/10.3390/sym16111523 https://www.mdpi.com/journal/symmetry1
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Surface textures are specific structures on the surface of friction pairs with a specific
distribution arrangement [25–27]. Surface textures have been applied in many fields such
as cutting tools and human joints for the purpose of friction reduction [28–30]. Surface
textures exhibit varying anti-friction properties under different tribological conditions, so
establishing a correlation between surface texture parameters and their performance across
different working conditions is crucial for advancing the design of sophisticated surface
textures. Generally speaking, factors such as shape, geometric shape, distribution and
density are significant in determining the performance of surface textures, and most of the
current research on surface texture design focuses on the optimization these features.

Here, we reviewed the research progress on the design of surface texture to look
into the influence of surface texture design parameters on the tribological properties
of surfaces. We discussed the effects of the design parameters of surface textures on the
tribological properties of friction pair surfaces and illustrated friction reduction mechanisms
for different types of surface textures under different working conditions. The advantages
of machine learning in dealing with complex parameter optimization are also introduced,
which provides a new and effective approach for the design of surface textures. This work
is expected to provide references for a more effective optimization of design parameters in
surface textures.

2. The Effect of Symmetric Texture Parameters on Tribological Properties

The geometric dimensions of surface texture have been studied from micro to macro
levels to suit different working conditions [31–33]. According to the relative height be-
tween surface texture and friction pair surface, surface texture could be classified into two
types: the convex texture (Figure 1a) and the pit texture (Figure 1b). Among the two types
of textures, the pit texture attracts more attention and is currently more commonly used,
which is mainly because of its better manufacturability. The pit-textured structures could be
obtained by different mechanical, physical or chemical approaches, which are more mature
than the additive manufacturing approach used to fabricate convex-textured structures.
The pit texture has been proven to have good performance in anti-friction and anti-wear
properties, load-bearing capacity and self-cleaning properties, and it could meet the re-
quests of multiple applications with a relatively simple optimization of parameters [10,11].
Therefore, this work mainly focuses on the design and development of the pit texture.

 

Figure 1. Texture Types (a) Convex texture (Reproduced with permission from [25], Copyright 2019
by the Elsevier). (b) Circular pit texture.

2.1. Surface Texture Contour Shape

Significant advances in computer graphics, coupled with a deeper understanding of
the microstructure of biological body surfaces, have greatly facilitated the development of
surface texture design techniques. These technological advances have not only simplified
the design process but also improved the accuracy of the design results [34]. The excellent
surface properties of biological body surfaces and the working mechanisms behind them
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have been an important source of inspiration for surface texture design. However, not all of
these naturally generated surface structures can be directly applied to engineering practice.
Therefore, performing graphical optimization becomes a crucial step in translating these
bio-inspired structures into practical designs [35]. Zhang et al. [36] used a genetic algorithm
to simulate the biological evolution process in order to investigate the effect of surface
texture contour shape on tribological performance for shape contour optimization. After
28 iterations of the genetic algorithm, two types of textures, fish-shaped and bullet-shaped,
were finally obtained. In order to verify the tribological properties of optimized texture
shapes, three shapes of textures were prepared on GCr15 discs (Figure 2), in which all design
parameters were kept the same apart from the shape. Unidirectional sliding experiments
were carried out on the UMT-2 friction and wear tester; the average friction coefficient
is shown in Figure 2d. It can be observed that the fish-shaped texture has the lowest
friction coefficient. However, the longer boundary perimeter was found to result in more
severe stress concentration, so the fish-shaped texture would fail earlier during relative
friction. The experimental results show that the bullet-shaped textures have lower friction
coefficients under all operating conditions compared to the circular textures, indicating
that the bullet shape is more suitable for textures under the unidirectional sliding condition
than the circular shape. Therefore, the optimal contour shape for all considerations was
found to be the bullet shape.

Figure 2. Photographs of disks with textures in shapes of circle (a), bullet (b) and fish (c); (d,e) are
the friction coefficients and boundary perimeters of textures in different shapes. (Reproduced with
permission from [36], Copyright 2019 by Elsevier).

Guo et al. [37] found that the texture shape of the material surface has a significant
impact on the lubrication effect. They studied the effects of three types of convex textures on
the surface of ultra-high-molecular-weight polyethylene materials under water lubrication.
The three textures are cylindrical, cubic and rectangular. Due to the limitations of convex
texture processing methods, the texture size is in the millimeter range. Friction and wear
experiments were designed based on the service conditions of the materials. The average
friction coefficient is shown in Figure 3. The coefficient of friction at a load of 0.3 MPa is
obviously larger than the other cases, which is determined by the characteristics of the
ultra-high-molecular-weight polyethylene materials. The textured surfaces have fewer
scratches and material transfer compared to non-textured surfaces, and the cubic texture
shows the best wear performance. Khan et al. [38] prepared three types of textures, namely
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straight grooves, curved grooves and circular pits, on the surface of tungsten carbide cutting
tools using lasers. Compared to non-textured surfaces, the wear of these textured cutting
tools is significantly reduced, which is attributed to the presence of textured structures
effectively reducing the friction coefficient and controlling the generation of heat. It should
be noted that although the wear resistance of the circular pit texture is the worst among the
three textures, as is reflected in the service life of the tool, it still has a longer service life
than tools without textured surfaces. This indicates that even textures with relatively low
wear resistance can improve the durability of cutting tools to a certain extent, providing
important references for tool design and material optimization.

 

Figure 3. Average friction coefficients under different conditions.

The improvement of surface tribological properties by lubrication is significant, and
different shapes of textures exhibit different friction reduction mechanisms under lubricated
conditions. Morris et al. [39] combined numerical simulations and experimental tests to
ascertain the positive effects of pressure perturbations induced by microfluidic mechanisms
on the entrapment of lubricant in cavities of textures, and the improvement in micro-wedge
flow dynamics was also estimated. Reciprocal friction tests on a V-shaped textured surface
showed that the reciprocating sliding lubricant was entrained into the texture pits for
storage, leading to varying degrees of effectiveness of the micro-wedge effect. The reduction
in friction coefficient was most pronounced when the angle of the V-shaped texture was
80◦ and the depth was 3 μm. Higher texture density can store more lubricant, but the
texture density should be designed carefully considering the air leakage problem when
the piston ring is in contact with the cylinder liner. Wang et al. [40] ascribed the friction
reduction mechanism of pit textures under oil lubrication to the variable cavitation effects
induced by different shapes of pits. The friction coefficients of the three types of textures
studied under lubrication conditions are shown in Figure 4. The square texture shows
the lowest friction coefficient due to its larger compression area and superior dynamic
pressure-bearing capacity. The dynamic lubrication effect provided by the texture has
been confirmed in both simulation and experimental analysis and is currently one of the
accepted texture friction reduction mechanisms.
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Figure 4. Photographs of surface with textures in shapes of square (a), circle (b) and triangle (c);
(d) is the friction coefficient between the textured surface and the original surface. (Reproduced with
permission from [40], Copyright 2020 by the Wiley).

In addition to the texture shape, there is a correlation between the dynamic pressure-
bearing capacity and the depth and occupancy of pits. In the study by Nie et al. [41], a
detailed simulation analysis was conducted on the relationship between surface texture
parameters and bearing capacity; the results obtained are shown in Figure 5. H is the ratio
of oil film thickness to texture depth, and W is the ratio of texture width to texture unit
width. When W < 0.5, the load-bearing capacities of textured surfaces are lower than those
of the non-textured surface, while when W > 0.5, the load-bearing capacities of textured
surfaces is significantly higher than those of the non-textured surface. In the study by
Qiu et al. [42], the geometric shapes of six commonly used textures were optimized, and
it was found that contours with curves had a greater advantage in reducing the friction
coefficient than straight edge contours, which was almost opposite to the results obtained
by Wang et al. [40]. The main reason is that the lubrication condition of Qiu et al. [42] was
gas lubrication and that only simulation analysis was performed, while the experimental
results of Wang et al. [40] were obtained in oil lubrication. Babu et al. [43] combined
simulation and experiment to study the frictional performance of several shape textures
under boundary lubrication conditions. From the experimental results in Figure 6, it
can be found that among different texture shapes, the elliptical texture shows the lowest
friction coefficient at different slip velocities, whereas the circular texture shows the highest
friction coefficient.

From the above discussion, one may see that the texture shape has a significant
effect on the reduction of surface friction coefficient. Based on the analysis on friction
coefficient and wear rate, the performance of different texture shapes under the same
working conditions can be effectively compared, and the optimal texture design can be
determined. It is worth noting that with changes in lubrication conditions, the same
texture shape may exhibit vastly different performance. This is mainly due to differences in
friction reduction mechanisms. Under dry friction conditions, surface texture achieves anti-
friction ability mainly by reducing contact area and storing debris, while under lubricated
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conditions, the primary anti-friction mechanism becomes the enhancement of load-bearing
capacity. Therefore, different lubrication states may lead to changes in texture properties.
Specifically, a circular texture may not be comparable to other textures in terms of friction
reduction effect, but its design and processing are relatively simple, and it can still provide
a certain degree of friction reduction compared to surfaces without a texture [10]. This
allows circular textures to still play a role in practical applications, especially in situations
where high processing requirements are needed.

 

Figure 5. Oil film load capacity of texture units with different shapes (H = 1.0).

 

Figure 6. Friction coefficients of various types of textures under different sliding velocity.

2.2. Geometric Parameters

The optimization of parameters is a crucial step in the design of products. For surface
textures with specific shapes, the active optimization of geometric parameters is essential
to improving their tribological properties [11,14,25]. Huang et al. [44] were inspired by
the surface microstructure of tree frogs and used the response method to optimize the
geometric size of the texture. A biomimetic hexagonal texture design was carried out on
the surface of AISI 4140 steel. The average friction coefficient was reduced by 20% after
the optimization; this is ascribed to the uniform lubricating film generated on the opti-
mized textured surface, which can help decrease the direct contact between friction pairs.
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Zhang et al. [45] experimentally verified that the friction coefficient of groove-textured
surfaces is lower than that of non-textured surfaces. In the state of oil lubrication, the
wear resistance of textured surfaces with different parameters also shows differences. The
effect of groove width and depth on wear rate is shown in Figure 7. The results show that
the wear rate of textured surfaces with larger depth and width values is lower. The SEM
characterization indicates that the observed phenomenon is attributed to the presence of
abrasives in the operational environment. The grooves with increased width and depth
can capture more abrasives, which reduces residual abrasives on the surface and turns the
wear type from abrasive wear to mild abrasive wear and scratches. Patel et al. [46] also
found that deeper and wider textures could significantly decrease the friction coefficient.

  

Figure 7. Effect of texture parameters: (a) depth, (b) width.

Xu et al. [47] studied the effects of full oil lubrication and oil-deficient lubrication
on the formation of lubricating oil film and the wear performance of elliptical textures.
The presence of a friction film is key to reducing surface friction wear. Under the same
lubrication conditions, textured surfaces have thicker lubrication films. XPS analysis shows
that carbon, oxygen and sulfur are the primary elements composing the friction film. With
sufficient lubrication, the contents of carbon and oxygen in the film are more than with
starved lubrication. If the ratio of the long axis to the short axis of an ellipse is too high,
it will increase the contact stress and damage the friction film, forming wear debris. M.
Varman et al. [48] studied the effect of different diameters and depths of textures under
lubrication conditions on the tribological properties of DLC (diamond-like carbon) coatings.
Figure 8 shows the influence of texture diameter and depth on the wear volume. It is found
that the pit texture with a depth to diameter ratio of 0.06 has the lowest wear loss. Friction
reduction on textured surfaces is not always better than on untextured surfaces, especially
if the texture is not well-designed. The depth and diameter of the texture largely determine
the lubricant storage capacity. Well-designed texture pits can effectively store lubricant and
thus reduce friction. However, if the pit is too deep or too large, it may cause the oil film to
rupture and increase friction. However, shallow or small pits may not be able to efficiently
store lubricants, leading to an impact on the lubrication effect.

The design process of surface texturing is complex and involves numerous influencing
factors, making it extremely challenging to reveal the relationship between texture pa-
rameters and surface functionality solely through simple statistical analysis. An adequate
understanding and effective control of related influencing factors are the key to achieving
optimal textured surfaces. During the design stage, it is essential to take different factors
into consideration, including properties of materials and morphological features of textures
such as shape, size and distribution density. Zeng et al. [49] proposed a method in the
article that utilizes 3D surface texture parameters and statistical functions to establish a
connection between surface geometric features and surface functionality, which is more
accurate and effective than 2D parameters. The research results also reveal that establishing
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the relationship between the geometric shape of surface texture and its function cannot rely
solely on a single or a few parameters. Given the numerous parameters involved and the
complexity of experimental conditions, relying solely on human labor for statistics and
analysis is impractical. In the context of the big data era, with the increasing improvement
of computer technology and artificial intelligence algorithms, the use of machine learning
algorithms to predict the relationship between texture parameters and surface proper-
ties has shown promising prospects. Machine learning can effectively establish potential
connections in complex data, build multidimensional models and enable researchers to
optimize texture design with higher accuracy and efficiency. This method has been applied
in material design and surface texture design [50–52]. Li et al. [53] proposed a method
based on machine learning for designing texture parameters, which trains and evaluates
a large number of collected experimental parameters to reverse predict the relationship
between texture parameters and performance functions. They found that the coefficient
of friction is mainly affected by the texture geometry and the predictions from machine
learning algorithms have a reliability of more than 90%, which effectively accelerates the
design and optimization of surface texture parameters.

  

Figure 8. Wear volume (a) the effect diameter on wear (b) the effect of depth on wear.

2.3. Texture Density

The surface texture could lower the friction coefficient by reducing the contact area
between friction pairs. Both convex and pit textures can effectively reduce the contact area
and thus lower the friction coefficient. Therefore, a reasonable design of the proportion
of the textured area on the whole surface is essential to achieve the desired tribological
performance. Due to the generally small size of surface texture, higher texture density can
increase processing difficulty and have adverse effects on surface quality. Therefore, it is
necessary to optimize the texture density for different application surfaces.

Li et al. [20] prepared a V-shaped texture on the surface of hard alloys to achieve
the purpose of reducing friction. The experimental environment was lubricated with
lubricating oil, and the friction direction was consistent with the V-shaped convergence
direction. Figure 9 shows the friction coefficients for different texture densities. The
results shows that the texture density of 9.5% has the lowest and most stable friction
coefficient under different loads. If the density is too high, it will actually increase the
friction coefficient, while if the density is too low, it will not provide sufficient bearing
capacity. Additionally, for lubrication conditions, Zhang [45] et al. concluded in their study
that a larger texture density significantly enhances the wear resistance of the surface, and
this conclusion is based on the fact that a larger texture density can capture the abrasive
material present between the surfaces to a greater extent and minimize the three-body
abrasive wear. Nui et al. [54] found in their study that increasing the density and diameter
of pits appropriately is beneficial for reducing friction and wear when the texture depth is
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small. With the same number of textured units, increasing the diameter of the pits results
in an increase in the density of the texture, so the increase in both density and diameter can
enhance the ability of textures to capture abrasive particles, thereby reducing the wear rate.

 

Figure 9. Friction coefficient of 9.5% texture density samples with changes in test force.

Yuan et al. [55] prepared pit textures on the surfaces of four metal materials and used
variance analysis to comprehensively analyze and determine the optimal texture density
for each material. However, the optimal texture density for different materials is different.
Therefore, optimizing texture density cannot completely rely on literature references or
simulations. Instead, for each material, texture parameters must be optimized through a
systematic design of experiments and statistical analyses to ensure optimal tribological
properties. The surface texture not only stores abrasive debris to reduce three-body abrasive
wear but also stores some tiny solid lubricants, which diffuse out from the inside of the
texture pits to lubricate the friction partner when it moves relative to each other. The
surface texture not only captures debris and prevents abrasive wear but also serves as a
reservoir for small solid lubricants. These lubricants gradually diffuse from the texture to
the surface, providing lubrication during the relative motion of the friction pair. The study
by Zhang et al. [56] confirms this phenomenon, but it requires the surface texture density
to be within a reasonable range. From Figure 10, it can be concluded that the wear rate
is lowest when the surface texture density is 36% and increases when it is greater than or
less than 36%. The highest wear rate occurs on the non-textured surface. Electron probe
microanalysis and EDS analysis results indicate that the presence of surface texture results
in the diffusion of solid lubricants to the worn surface, thereby reducing direct contact
between friction pairs. When the texture density is 36%, the solid lubricant has the best
synergistic effect with the surface texture and exhibits the best tribological performance.

The lubricant plays a crucial role in reducing friction and wear between friction pairs.
In addition to conventional lubricants and greases, water-based lubricants have been found
to be of practical value in specific application scenarios. In particular, there are industrial
processes where the operating environment of the friction pair is inherently wet, such as
in underwater operations, hydraulic machinery and marine engineering. Zou et al. [57]
confirmed under water lubrication conditions that there is a positive correlation between
texture-bearing capacity and wear resistance, where texture-bearing capacity is also related
to texture density. The best bearing capacity is achieved at a texture density of 2%, and
the wear volume is also the smallest, as shown in Figure 11. Li et al. [58] also pointed out
the considerable significance of texture density on anti-wear performance. Their results
show that modifying the texture density can obviously enhance the tribological properties
of the textured surface. The key factors contributing to improved anti-wear performance
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in friction pairs are the enhancement of dynamic pressure lubrication capabilities and the
formation of friction film.

Figure 10. Average friction coefficients of texture surfaces with different textured densities (ρ = 0%,
24%, 30%, 36% and 42%).

  

Figure 11. (a) mean scar contact pressure. (b) Si3N4 ball-wear volume as a function of the tex-
ture depths.

2.4. Other Factors

Apart from shape, dimensions and density, there are many other factors influencing
the design of surface textures. For example, the distribution arrangement was observed to
largely affect the performance of surface textures. However, there is a lack of systematic
research on the arrangement of surface textures, and it is unclear how the texture arrange-
ment influences wear behaviors. Shen et al. [59] studied the differences in the arrangement
of V-shaped textures on the improvement of bearing capacity. Compared to V-shaped
textures with the parallel arrangement shown in Figure 12a, the V-shaped arrangement
shown in Figure 12b shows improved lubrication performance and load-bearing capacity,
which is ascribed to the more effective convergence of the lubricating oil film with the
V-shaped arrangement [11]. Li et al. [60] observed significant influences of texture shape
and lubricant flow direction on the fluid dynamic pressure effects. The reverse-arranged
gourd-shaped texture and the circular pit texture are found to have close friction coef-
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ficients, while the forward-arranged gourd-shaped texture has a significantly reduced
friction coefficient. Therefore, the convergence of the texture in the direction of lubricant
flow is considered to be an important factor affecting the hydrodynamic pressure effect
of textures. In some studies [10,11,43,54], it is believed that the ratio of texture depth to
diameter has an impact on the surface of friction pairs, and there is a certain correlation
between the friction coefficient and the ratio of texture depth to diameter. The ratio of
depth to diameter affects the secondary lubrication ability of lubricants [61,62].

  

Figure 12. Texture arrangement (a) Parallel arrangement (b) V-shaped arrangement.

The wear products would affect the tribological interface and the subsequent frictional
processes. In some cases, abrasive debris generated during tribological processes would
result in three-body abrasive wear and exacerbate material loss. In contrast, some materials
may form friction films during tribological processes, and in some cases the wear products
could also act as a lubricant to reduce the coefficient of friction and reduce wear losses.
Kong et al. [63] prepared hetero-structured NiCr-WS2-Ti self-lubricating composites, and
the sulfide products after the interfacial friction and oxidation reaction acted as a solid
lubricant, which facilitated the formation of a protective layer on the sliding surfaces. At
elevated temperatures, titanium would be firstly oxidized due to its high activity, which
promotes the spontaneous formation of tiny textures on the surface of material, the textures
can store the self-lubricating material debris, and the oxides could serve as a protective glaze
layer on the contact surface. Srivyas et al. [64] actively designed the texture parameters
and prepared the textured surface using lasers. The synergistic lubrication between the
textured surface and lubricant was investigated, and the results showed that the coefficient
of friction and wear of the textured surface were lower than those of the normal surface
under all the design conditions, which was attributed to the synergistic action between
the textured surface and the lubricant in the formation of a self-lubricating layer, which
reduces the coefficient of friction and the wear loss.

When the friction pair surface has hydrophobicity, it can effectively reduce the liquid
in contact with the surface, reduce the erosion of liquid molecules on the surface and reduce
adhesive wear and corrosion wear [65,66]. Shum et al. [67] prepared textures with different
geometric parameters on the surface using laser surface texturing technology, and they then
deposited DLC coatings on the surface by magnetron sputtering to form a textured DLC
surface. The surface contact angle of the textured DLC coating was observed to be greater
than 130◦. The wear experiment was conducted using a reciprocating ball plane wear tester
in a simulated body fluid environment. When the texture density was 10%, the distance
between adjacent texture units was most conducive to reducing wear, which was related to
the surface hydrophobicity and anti-adhesion caused by the texture units. Wang et al. [68]
found a correlation between the change in contact angle caused by surface texture and
the friction coefficient. Hydrophobic textures were prepared on the surface of YG8 hard
alloy cutting tools using a femtosecond laser. Contact angle measurements showed a 123%
increase in specific surface contact angle compared to ordinary surfaces. Friction and wear
experiments showed a 61.154% decrease in surface friction coefficient compared to ordinary
surfaces. SEM and EDS results showed that the micro-textures can significantly reduce
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adhesive wear, promote the separation of abrasive particles and prevent the aggravation
of wear.

2.5. Summary

Surface texture plays an important role in controlling friction and wear by reducing
friction coefficients and wear loss during relative motion, which greatly benefits the sur-
face life and reliability of components. The reduction of the friction coefficient improves
the energy utilization efficiency of mechanical systems, reducing energy waste and costs,
and the decrease in wear loss increases the surface life and reduces maintenance costs.
Although it is still hard to give a quantitative techno-economic evaluation for the surface
texture technology at the current stage, the development of manufacturing technology
and continuously improving performance makes the application of texture technology
promising in terms of both efficiency and economy. The main mechanisms contributing
to the anti-friction properties of surface textures are found to be enhancing the dynamic
pressure lubrication capability, storing abrasive debris and lubricants for dynamic lubri-
cation and promoting the formation of friction films [45,48,54]. At present, the surface
texture is more common in circular, oval, square and other symmetrical texture shapes,
and there are also a variety of shape composite surface textures [36,43,47]. Compared with
non-textured surfaces, traditional types of textured surfaces typically exhibit superior wear
resistance [47]. However, in specific application scenarios, specially designed irregular
textures can provide better wear resistance due to their unique geometric features (Table 1).
Currently, compared to other preparation techniques, laser processing technology is the
most commonly used method for preparing surface textures due to its flexibility and high
accuracy. By adjusting the frequency, power and scanning strategy of the laser, the physical
features of textures can be precisely controlled, and with the advancement of technology,
the cost of laser-textured surfaces is expected to be lowered. However, the geometric dimen-
sions of surface texture are still limited to the micrometer level. The surface occupancy rate
of the texture in current research typically ranges from 2% to 20%, and in some special cases
the occupancy rate may come up to 30–40% [47]. At present, there is a lot of research on
textured surfaces of hard alloy materials, titanium alloys, stainless steel and other materials.
This is because these materials are widely used in wear resistance and corrosion resistance,
and textured surfaces further improve the frictional properties of wear-resistant material
surfaces [20,38,44,55]. The formation of surface lubricating film is related to the surface
material and lubricant. Textured surfaces and lubricated surfaces are more likely to form
stable lubricating films in the later stage of friction compared to non-textured surfaces.
Furthermore, a reasonable texture unit design can dynamically release lubricants, store
abrasive particles and ensure the continuous existence of the lubricating film. The main
factors influencing lubricating films include the type of lubrication, the self-lubricating
properties of the surface material and the dynamic pressure lubrication capability of the
texture unit [39,44,47,63,64]. The anti-friction effect of surface texture involves numerous
complex influencing factors (Table 1), which require a comprehensive consideration of the
interaction of these factors in the design stage. In order to achieve optimal tribological
performance, a systematic approach must be adopted to comprehensively analyze and
evaluate the effects of various parameters. Machine learning, as an advanced data analysis
tool, provides an effective means to handle and optimize multi-parameter problems in
surface texture design. By training algorithms to identify complex patterns and trends,
machine learning can predict the contributions of different texture parameters to tribo-
logical properties and guide rational design optimizations. It is worth noting that when
designing the texture shape, the actual working conditions in the application should be
taken into account. Radial bearings usually use surface textures with circular pits. However,
due to the problem of combustion pressure leakage, circular textures are not suitable for
piston rings.
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3. The Effect of Asymmetric Texture and Multi-Scale Composite Texture on
Tribological Performance

3.1. Asymmetric Texture

Asymmetric design plays an important role in nature, science and engineering. Asym-
metry is an important concept in the field of topology in mathematics. In material design,
asymmetry can be used to enhance the mechanical properties of materials, such as im-
proving material strength and toughness through asymmetric microstructures [69,70].
Asymmetric design also exists in the design of surface textures to achieve the improve-
ment of surface properties. Shen et al. [71] proposed a numerical method for optimizing
surface texture shape based on the SQP algorithm, which eliminates the limitation on
the occupancy rate of texture area in the optimization algorithm and can maximize the
finding of the optimal texture shape. After optimization, it is found that the optimal texture
geometry is similar to the V-shape texture but with a flat front end and an asymmetric
structure, as shown in Figure 13. Such an asymmetric texture has much better load-bearing
capacity compared to the texture with a symmetric V-shape, which is consistent with the
results from the experimental and theoretical work by Li et al. [72]. A similar concept is
proposed by Han et al. [73], in which ultimate bearing capacity is used as an effective basis
to evaluate the lubrication characteristics of textured surfaces. The research results indi-
cate that asymmetric micro pits can achieve greater load-bearing capacity than symmetric
rectangular micro pit textures, which will help improve surface lubrication performance.
Asymmetric micro pit structures may become a highly promising candidate shape for
future texture design.

 

Figure 13. Optimization results of surface texture shape based on SQP algorithm (Reproduced with
permission from [71], Copyright 2015 by the Elsevier).

The effect of asymmetric texture on surface friction under dry friction conditions was
studied by Tewelde et al. [74], in which the groove has an asymmetric cross section as
shown in Figure 14. The results show that the sliding direction has a significant influence on
the performance of asymmetric textures. The friction coefficient under clockwise rotation
is 28.1% higher compared to that under counterclockwise rotation. This is related to
the variation in the sharpness of the asymmetric texture edges under different relative
motions. Jiang et al. [75] proposed a numerical method based on a genetic algorithm to
explore the optimal type of texture under reciprocating sliding conditions. The results
showed that the asymmetric texture optimized by numerical methods has the ability to
improve overall performance and achieve directional friction control. It also indicates
that the design of texture types should be based on actual working conditions, as the
optimal texture is not necessarily symmetrical or asymmetric. Schuh et al. [76] successfully
achieved the preparation of asymmetric texture on the friction pair surface through end
milling and experimentally verified the effect of asymmetric texture surface on reducing
the friction coefficient. It shows that there exists an optimal value of β for reducing the
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friction coefficient of the asymmetric texture, the optimal value of β depends on the height
of the operating gap and the optimal value in the study was obtained from the analysis of
the friction coefficient, as shown in Figure 15.

 

Figure 14. Morphology of a single micro-groove, (a) stereoscopic profile image (b) sectional profile
view (Reproduced with permission from [74], Copyright 2023 by Elsevier).

 

Figure 15. Effective friction coefficient for the S600 oil evaluated at Ω = 100 rad/s for the flat plate
and five textures.

The asymmetric textures have shown unique advantages and great potential in di-
rectional sliding and enhanced dynamic lubrication compared to symmetric textures in
specific cases [71,74]. However, the research on asymmetric surface textures is relatively
limited. Through a statistical analysis of the relevant experimental literature, as shown
in Table 1, it can be found that there are relatively few studies on asymmetric textures,
which may be related to the limitations of their preparation methods. The preparation
methods of asymmetric textures in Table 1 mainly rely on mechanical processing, and
this method has a limited selection of design parameters. Moreover, the values of surface
texture design parameters are at the mesoscale, which increases the difficulty of preparing
asymmetric textured surfaces. In contrast, symmetric textures are more easily obtained
owing to relatively mature preparation processes and simple geometries. Therefore, in
order to promote the development of asymmetric surface texturing technology, future
research focusing on innovative preparation methods are desired, which is expected to
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overcome the challenge in fabrication and minimize the potential benefits of asymmetric
textures in tribological applications.

Table 1. Brief summary of experimental data from some references (d (depth), dia (diameter), h
(heigh), w (width), CA (Crosshatch angle), β (β is the angle that the material was tilted to make the
texture), s (spacing), r (ratio of major axis to minor axis of ellipse)).

Profile Shape
Geometrical
Parameter

Texture
Density% or

Spacing
Sliding Type

Lubrication
Type

Tribological
Performance

Friction
Reduction

Mechanism
Ref.

Laser Chevron d = 32 μm 5.05, 9.5, 13.02,
15.2

Unidirectional
sliding

Liquid
lubricant

The surface with 9.5%
texture density shows

the lowest friction
coefficient.

Increase fluid
dynamic
pressure

[20]

Laser Linear groove d = 20–100 μm
w = 20–50 μm 32 Reciprocating

sliding Dry sliding

Compared to
non-textured surfaces,

the friction coefficient is
reduced by 32%, the

wear rate is reduced by
over 84%.

Form friction
films [35]

Laser Circular, bullet,
fish d = 15 μm 15.2 Unidirectional

sliding Oil

Compared to circular
texture, the friction
coefficients of fish
shaped and bullet

shaped materials are
reduced by 21.1% and

30.1%, respectively.

Increase fluid
dynamic
pressure

[36]

Turning Cylindrical,
cube, cuboid d = 1.0 mm / Unidirectional

sliding Water

Compared to
non-textured surfaces,
the decrease in friction

coefficient is not
significant, and the wear
loss is reduced by 55%,

63% and 58% for
cylindrical, cube and

cuboid textures,
respectively.

Store debris [37]

Laser Chevron d = 3 μm 9.1 11.5 Reciprocating
sliding Oil

The surface with texture
density of 11.5% has the

lowest friction
coefficient.

Increase the
thickness of the
lubricating film

[39]

Laser
Square,
Circular,
triangle

d = 90 μm 8 Unidirectional
sliding Oil

Compared to
non-textured surfaces,
the friction coefficients

are reduced by 17%, 13%
and 6% for square,

circular and triangle
textures, respectively.

Increase fluid
dynamic
pressure

[40]

Chemical
Etching Square h = 10, 40, 70,

100 μm 10–50 Unidirectional
sliding Oil

Compared to
non-textured surfaces,

the lower the height and
texture density, the more
significant the decrease

in friction coefficient:
The maximum friction

reduction rate of a
surface with a height of

10 μm and a texture
density of 10% is 80.6%.

Increase fluid
dynamic
pressure

[43]

Laser Hexagonal
(bionic) d = 490 μm s = 360 μm Reciprocating

sliding Solid lubricant

Compared to
non-textured surfaces,

the friction coefficient is
decreased by 20.82%,
and the wear loss is

decreased by 65.65%.

Form friction
films [44]

Milling Linear groove d = 400 μm
w = 1.5 mm 34 Unidirectional

sliding
Lubricating oil
contains sands

The wear resistance is
4.9 times that of

non-textured surfaces.
Store silica sand [45]

photoetching Ellipse
r = 1.5 (ST),

2 (MT),
3 (LT)

s = 2 mm Reciprocating
sliding

Starved oil
lubrication

Compared to the
non-textured surface,

the wear loss is
decreased by 10.1% and

23.4% for ST and MT
surfaces and increased
by 35.5 for LT surface.

Form friction
films [47]
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Table 1. Cont.

Profile Shape
Geometrical
Parameter

Texture
Density% or

Spacing
Sliding Type

Lubrication
Type

Tribological
Performance

Friction
Reduction

Mechanism
Ref.

Laser Dimple
d = 6–30 μm

dia =
50–300 μm

20 Reciprocating
sliding Oil

The samples with
texture diameters of

100 μm and depths of 6
μm show enhanced

tribological properties.

Store lubricants
and remove wear

particles
[48]

Laser Dimple d = 10 μm 5, 10, 15 Unidirectional
sliding

Starved oil
lubrication

Compared to the
non-textured surface,

the friction coefficient is
decreased by 51%, 55%

and 48% for texture
densities of 5%, 10% and

15%, respectively.

Store debris and
form lubricating

films
[54]

EDM wire
cutting

Rectangular
Micro-grooves

d = 500 μm
w = 300 μm 24, 30, 36, 42 Reciprocating

sliding Grease

Compared to the
non-textured surface,

the wear rate is the most
reduced by 38.6% with

the texture density
of 36%.

Store lubricating
grease [56]

Laser Dimple dia = 15 μm 0.5, 1, 2, 4, 6 Unidirectional
sliding

Deionized
water

Compared to the
non-textured surface,

the wear loss is
decreased by 21%, 56%,
73%, 66% and 39%, for

texture densities of 0.5%,
1%, 2%, 4% and 6%,

respectively.

Increase fluid
dynamic
pressure

[57]

Laser Dimple dia = 90 μm
d = 10 μm 2, 4, 6, 8, 10 Unidirectional

sliding

Graphene/5CB
suspension
lubrication

The surface with texture
density of 8% shows the

lowest friction
coefficient.

Store lubricating
oil, reduce

contact area,
secondary
lubrication

[58]

photoetching Micro-grooved
crosshatch

CA =
20◦–60◦

W = 40 μm
20 Unidirectional

sliding Paraffin oil

The friction coefficient
first increases and then

decreases, with the
highest value at 30◦ ,

which is about 6 times
higher than that at 60◦ .

Promote fluid
flow [62]

Laser Square d = 10 μm
w = 50 μm s = 100 μm Reciprocating

sliding

Dry sliding,
lubrication

(virgin PAO-4,
SAE20W50)

Compared to the
non-textured surface,

the friction coefficient of
the textured surface is
decreased by 63.88%,

70.53% and 44.99%, and
the wear loss is

decreased by 32.13%,
60.30% and 86.03%

under conditions of dry
sliding, virgin PAO-4

lubrication and
SAE20W50 lubrication,

respectively.

Form transfer
layers [64]

Turning
Asymmetric

depth of
groove

d = 4 μm 20, 30, 40, 70

Opposite
bidirectional

rotational
sliding

Dry sliding

The sharpness of the
groove outlet edge

increases when rotated
clockwise, resulting in a

higher friction
coefficient. The increase
in friction coefficient is

61.3% and 28.1% for
texture densities of 20%
and 70%, respectively.

Reduce contact
area [74]

Milling
Asymmetric-
depth-profile

textures

β = 5.3◦ , 9.4◦ ,
14◦ , 21.7◦ s = 8.953 mm Bidirectional

relative motion
Newtonian

fluids

The asymmetric textures
result in lower friction

coefficient than
symmetric textures. The
asymmetric texture with

a base angle β = 5.3 ◦

shows the lowest
effective friction

coefficient.

Reduce shear
stress and

generate normal
load

[76]
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3.2. Multi-Scale Composite Texture

Considering the fact that a single texture has shown the capacity to improve surface
tribological properties, it is attractive to explore the design and application of multiscale
composite textures. There are generally two types of multiscale composite textures. One is
to combine multiple textures of different shapes on the same surface, and the other one
is to combine textures of the same shape but different sizes on the same surface [77–79].
Segu et al. [80] demonstrated in their study that a combination of circular and elliptical
surface textures was used to prepare multi-scale textures with specific formula arrays,
as shown in Figure 16. Friction and wear experiments were conducted on surfaces with
multi-scale composite textures and non-textured surfaces on a unidirectional friction and
wear tester. It was found that the surface with multi-scale texture has a lower and more
stable friction coefficient than the non-textured surfaces, which is attributed to the enhanced
hydrodynamic lubrication. Meng et al. [81] studied the effect of multi-scale composite
pit texture on the frictional performance of sliding bearings, and the results showed that
compared to a single texture, a multi-scale composite texture performed excellently in
improving load-bearing capacity and reducing the friction coefficient. However, it is not
necessarily the case that multi-scale composite textures are superior to single textures
or smooth surfaces in improving surface tribological performance. The research of Zou
et al. [57] shows that multi-scale composite textures do not significantly improve tribological
performance under certain conditions. Therefore, whether it is a single texture or a multi-
scale composite texture, it is necessary to fully consider the parameters and experimental
conditions of the texture itself when using it.

 

Figure 16. The SEM micrographs of multi-scale textured surface. (Reproduced with permission
from [80], Copyright 2013 by the Elsevier).

3.3. Summary

Asymmetric textures and multi-scale composite textures have shown unique advan-
tages in improving tribological properties compared to single-texture and non-textured
surfaces. Due to the fact that there is no consensus on the mechanism of the tribological
performance of single and symmetric textures, how multi-scale composite or asymmetric
textures contribute to the reduction of friction and wear is not clear, and related research
deep into the mechanism is limited at the current stage. More influencing factors such as
the complex combination of shape, geometry and distribution of textures and the com-
plexity of geometric features of asymmetric textures makes it hard to establish a systemic
approach for the design of asymmetric or composite textures. However, the development
of processing techniques makes it easier to access asymmetric and composite textures with
complex parameters, which promotes the design, discovery and understanding of complex
textures in tribological applications.
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4. Summary and Prospect

In this work, we review the research progress on the design of surface textures in
tribological applications. The influence of surface texture parameters on the tribological
properties of friction pairs is discussed from the perspective of texture parameters. It can
be concluded that the shape, geometry and density of textures have a significant impact
on tribological performance while the distribution of textures has a smaller impact on
tribological performance. The main anti-friction mechanism of surface textures includes
enhancing the dynamic pressure lubrication capability, storing abrasive debris and lubri-
cants for dynamic lubrication or promoting the formation of friction films on surfaces of
friction pairs. A texture with a unidirectional convergence shape, such as a V-shape, in
unidirectional lubrication conditions has good tribological properties. The formation of
friction film is related to the surface material and lubrication state. Reasonable surface
texture design can promote the formation of friction film and reduce the friction coefficient.
Under dry friction conditions, a reasonable design of texture depth can store more debris
and reduce abrasive wear. Asymmetric textures and multi-scale composite textures also
show great anti-friction performance and have potential in specific applications, but they
still lack systematic research. The main factor hindering their development is the limited
manufacturing approach. Surface texturing technology has been proven to effectively
reduce the friction coefficient and energy consumption through the optimization of texture
parameters, but considering the significant influence of working conditions on the perfor-
mance of surface textures, the current design of surface textures still largely relies on case
studies. Therefore, some future research directions are proposed based on the review:

1. The development of a general mathematical method for designing optimal texture
parameters based on the anti-friction mechanism and experimental design parameters;

2. The development of standardized testing methods and computational models to better
understand and predict the performance of surface textures;

3. The development of preparation methods for asymmetric textures;
4. The development of a multi-parameter optimization method based on machine learn-

ing, which could be used to analyze and predict the tribological properties of textured
surfaces, evaluate the weight of different parameters and optimize the design of
surface textures.
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Abstract: Complex vibrational phenomena, such as gear impacts and mesh stiffness excitations, often
require a significant amount of effort to be revealed using nonlinear analytical methods. However, key
parameters for addressing vibrational problems can often be identified through simplified approaches
based on linear analysis models. In light of these considerations, this study aimed to propose linear
analytical methods to investigate the influences of various key parameters within symmetric systems.
To achieve the main goal of this study, system modeling and eigensolutions were first implemented,
focusing on a specific manual transmission with a front-engine/front-wheel configuration. Second,
analytical techniques to reduce the number of degrees of freedom from the original symmetric
system were suggested, and the reduced model was validated. Third, the system responses in the
time domain were examined, along with key system parameters, such as gear mesh stiffness and
clutch dampers, using state–variable equations. As a result, the findings from the linear system
model demonstrated the fundamental dynamic characteristics of the torsional system within specific
frequency regimes relevant to noise and vibration problems. Furthermore, the reduced lumped linear
model employing the state–variable formula established its reliability in determining key parameters
for mitigating noise and vibration problems.

Keywords: geared system; manual transmission; driveline; linear analysis; eigensolutions; system
reduction; symmetrically torsional system; state–variable equation

1. Introduction

In the field of system dynamics, which focuses on torsional vibrations occurring in
a vehicle driveline with symmetric conditions, numerous studies have been conducted
to improve noise, vibration, and harshness (NVH) qualities [1–22]. These studies have
aimed to identify the main causes of NVH problems, such as gear rattle and whine noise,
by comprehending the basic mechanisms of drivelines with gear pairs and their dynamic
characteristics through both linear and nonlinear analyses [10–13]. To determine the key
parameters related to the specific noise and vibration issues, linear analysis can be per-
formed as a fundamental step to reveal the critical system parameters relevant to the NVH
problems in question [1–7]. When it comes to examining system responses, the analytical
approach is commonly more efficient for diagnosing and improving vehicle driveline prob-
lems under symmetric conditions than the experimental method, as experiments generally
require more significant costs and time than simulations [16–19].

In a review of prior studies, Yoon and Singh investigated the dynamic properties
of gear rattle under wide-open throttle (WOT) and coast conditions. They proposed a
simplified nonlinear model employing drag torque estimation [1]. Guo et al. suggested a
prediction model for gear rattle incorporating various key parameters, such as backlash,
time-varying mesh stiffness, nonlinear oil film force between teeth, and drag torque. In
this study, the developed model was compared with experimental methods, revealing the
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influence of each parameter on gear rattle [2]. Zhou et al. conducted experimental studies
on the rattle behavior of a complete dual-clutch transmission (DCT) system, both on a
rattle test bench and in a vehicle [3]. Through this study, the authors investigated the gear
rattle sensitivity and the dynamic evolution of the geartrain in a DCT. Diez-Ibarbia et al.
proposed examining the lubricant effect between teeth in contact to understand its role
in non-stationary phenomena. In this context, the gear transmission model was used to
calculate the dynamic transmission error (DTE), with a specific focus on the influence of
fluid viscosity on the system’s dynamic behavior [4]. Bozca proposed the method to reduce
the gear-rattle noise of the five-speed manual gearbox with the optimization of gearbox
geometric design parameters [5]. Rigaud and Perret-Liaudet investigated the nonlinear
dynamic behavior of a rattling spur gear pair induced by vibro-impacts between gear teeth.
They suggested their own experimental set-up to visualize the contact zone and identify
the successive impacts [6]. Donmez and Kahraman proposed a gear rattle prediction
model by incorporating manufacturing errors such as eccentricities and tooth indexing
errors [7]. Singh et al. proposed design guidelines for automotive manual transmissions
and discussed gear rattle criteria based on clutch, flywheel, and drag torque [8]. Pizzolante
et al. proposed an analytical procedure for the generalization of the rattle index in any type
of ordinary transmission layout. To determine the rattle index, they conducted numerical
studies to examine the effectiveness and reliability of the introduced index [9]. Guo
et al. suggested a comprehensive nonlinear model to investigate the effects of influencing
parameters such as drag torque, nonlinear oil film force, lubricant viscosity, time-varying
meshing stiffness, friction force, and gear backlash. This study demonstrated a nonlinear
dynamic model of gear rattling that considered the combined effects of the aforementioned
parameters and their severity [10]. Shangguan et al. presented a nonlinear torsional model
for a driveline system with four degrees of freedom to study gear rattle under idling
conditions [11]. In this study, they developed experimental and calculation methods to
reduce gear rattle in a generic transmission at idle. Trochon suggested a lumped parameter
model of an automotive manual transmission corresponding to a nonlinear system and
compared neutral rattle phenomena under driving and coast conditions [12]. Idehara
et al. conducted and verified a system model of a powertrain with gear pairs to reduce
gear impacts by changing clutch disc parameters [13]. Beinstingel et al. investigated
parametrically excited vibrations and parametric instabilities arising from time-varying
gear mesh stiffness, resulting in gear whine [14]. In this study, the authors analyzed
the nonlinear model using the Newmark integration scheme and the harmonic balance
approach to identify parametric instabilities. Pizzolante et al. proposed an analytical
formulation capable of forecasting the main overall direction and magnitude of bearing
reaction forces on an idler gear under quasi-static conditions [15]. In this study, they aimed
to examine the geartrain formed by three gears to observe the modification of the ellipse
shape concerning the excitation frequency and different modal shapes. Palermo et al.
introduced a transmission error (TE) measurement with respect to the traditional direct
method to demonstrate that low-cost digital encoders can be successfully used together
with the elapsed time method [16]. To verify this measurement, the authors exploited
it to compare the theoretical and experimental methods. Mughal et al. introduced a
gear tribodynamics model using the potential energy method to estimate time variable
meshing stiffness (TVMS) [17]. In this research, the authors suggested a fully analytical and
time-efficient model for lubricated contact stiffness based on transitions in the regimes of
lubrication. Yoo et al. proposed a hybrid metal composite gear to reduce gear whine noise
and evaluated dynamic transmission error (DTE) [18]. In this study, they investigated the
effect of composite material in reducing DTE in a hybrid metal composite gear in which
the tooth and hub were steel-based and the blank was composed of a composite material.
Barthod et al. suggested an experimental gearbox model for characterizing the rattle
threshold and noise caused by engine torque fluctuations, investigating the rattle threshold,
influence of excitation, and geometrical gearbox parameters [19]. Cui et al. proposed an
analytical algorithm for meshing stiffness relative to the gear peeling position based on the
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energy method, comparing the effects on peeling length, depth, and width [20]. Chen et al.
proposed matching models between the dual-mass flywheel (DMF) and power transmission
system based on sensitivity and the natural frequency range, adjusting structural and
resultant parameters to understand the dynamic characteristics using the torsional stiffness
of the DMF [21]. Ren et al. suggested a high-speed vehicle model to obtain the gear
meshing forces and investigated their effect on the gear transmission under high-speed
conditions [22].

According to the summaries of prior research, there appears to be a lack of fundamen-
tal approaches for conducting linear analysis in symmetric driveline systems, even though
Singh et al. suggested a linearized design guideline to address gear impact problems [8].
Furthermore, the reviewed articles conducted their work using nonlinear analytical meth-
ods and their own experimental setups to resolve gear impact vibration issues. However,
these methods require a significant amount of effort and cost. Thus, to overcome the
complexity associated with nonlinear analysis, this study proposes the use of linear an-
alytical methods to investigate and determine gear impact problems and their relevant
key parameters. Therefore, the specific objectives of this study were as follows: (1) to
propose mathematical techniques for reducing the number of degrees of freedom (DOFs)
by comparing eigensolutions and frequency response functions (FRFs) derived from the
original system with the results obtained from the reduced model; (2) to investigate linear
system responses in the time domain using state variable equations, which were compared
with results obtained from key factors, such as magnitude and phase, in the FRFs. This
approach aimed to present efficient methods for determining key parameters to reduce the
specific noise and vibration problems with less effort compared with nonlinear analysis.
To achieve these specific objectives, this study focused on a specific manual transmission
with a front-engine/front-wheel driveline assembly. In addition, Figure 1 illustrates the
analytical approach using linear analysis. For example, the system modeling process was
conducted in the first step, followed by the development of the original and reduced
system models. The verification of the reduced model, involving a comparison of dynamic
characteristics, such as eigensolutions and FRFs, led to the state variable equations to reveal
the system responses and the effectiveness of key parameters in the time domain. In the
case study, the primary key parameters, such as Kc, Io5, and Kg, were the focus, and their
designations are announced later.

 
Figure 1. Flowchart of analytical approach for this study.

24



Symmetry 2023, 15, 1904

2. Problem Formulation

In this study, a specific manual transmission was analyzed under 3rd gear engaged
and 5th gear unloaded condition within a front-engine/front-wheel drive configuration.
Two models with 15 and 6 degrees of freedom (DOFs) were used for analysis [1]. Figure 2a
depicts the physical driveline system with 15 DOFs. The power generated by the engine is
transmitted from the flywheel and clutch to the tires through the transmission, as shown in
Figure 2.

 

(a) (b) 

Figure 2. Schematic of driveline system with 15 DOFs: (a) physical driveline system [1];
(b) schematic diagram.

The manual transmission plays a crucial role in adapting the transferred torque
and speed to suit various driving conditions. The transmission consists of three major
components: input and output shafts, speed gears, and synchronizers. In Figure 2a, the
symbols marked with a cross represent the speed gears, which remain unloaded and
freely rotate unless the synchronizer is engaged. The straight lines in Figure 2a represent
the fixed gears welded to the input (or output) shaft. Figure 2b provides a schematic
diagram based on the physical system shown in Figure 2a. Each element in the schematic
diagram is represented by lumped inertia or stiffness. The synchronizers and fixed gears are
assumed to be lumped into the input and output shafts. The symbols and their descriptions
for the lumped inertia and stiffnesses are summarized in Tables 1 and 2. To fulfill the
objectives of this study, several assumptions were made: first, nonlinearities such as clutch
hysteresis and gear backlashes were disregarded in the linear analysis. This omission
removed the energy loss effect caused by dry friction and practical gear impact phenomena,
respectively; second, gear pairs were assumed to be continuously in contact on the driving
side, which always ensures a gear rattle-free condition; third, only one clutch stiffness
value was considered, even though the clutch dampers exhibited multi-staged properties.
This limitation prevented the exploration of gear impact conditions caused by changes in
stiffness.
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Table 1. Inertia employed in simulations.

Inertia
(Description)

Values
(kg·m2)

Inertia
Values
(kg·m2)

If
(Flywheel) 1.38 × 10−1 Io5

(5th gear on output shaft) 5.23 × 10−4

Ih
(Clutch hub) 5.76 × 10−3 Iri

(Idler) 4.35 × 10−4

Ii
(Input shaft) 3.10 × 10−3 Ior

(Reverse gear on output shaft) 1.33 × 10−3

Io
(Output shaft) 25.33 × 10−3 Id

(Differential) 2.15 × 10−2

Ii3
(3rd gear on input shaft) 5.80 × 10−4 Ijl

(Left cv joint) 3.91 × 10−3

Ii4
(4th gear on input shaft) 8.73 × 10−4 Ijr

(Right cv joint) 4.35 × 10−3

Io1
(1st gear on output shaft) 2.60 × 10−3 Ivtl

(Left tire and vehicle) 23.9591

Io2
(2nd gear on output shaft) 1.39 × 10−3 Ivtr

(Right tire and vehicle) 23.9591

Table 2. Stiffness employed in simulations.

Stiffness
(Description)

Values
(N·m·rad−1)

Stiffness
Values

(N·m−1)

Ki
(Input shaft stiffness) 10,000 Kg

(Gear mesh stiffness) 2.7 × 108

Kjl, Kjr
(Stiffness between left or right drive shaft and differential) 10,000

Kd
(Gear mesh stiffness between
output shaft and differential)

2.7 × 108

Kvl, Kvr
(Stiffness between left or right cv joint and vehicle) 10,000

Kc
(Clutch stiffness) 1838

3. Modeling and Analysis of the Symmetric Driveline for Linear Analysis

3.1. Modeling of the Torsional System

The 15-DOF driveline system for this study consisted of several components, including
the flywheel, clutch, driveshaft, joint, and vehicle, as shown in Figure 2b. Each of the
elements depicted in Figure 2b represents lumped inertias and stiffnesses. The lumped
mass, denoted If, is connected to the clutch hub, Ih, by the clutch stiffness, Kc. Using
Newton’s second law, Equation (1) can be derived as follows.

∑n
i=1 Ti = −Kc

(
θ f − θh

)
= I f

..
θ f (1)

The torsional displacements of sub-systems connected with gear pairs are influenced
by each gear ratio. The effect of these gear ratios should be incorporated into the mathemat-
ical formulation by considering the relative displacements in the gear pairs. The schematic
for the clutch hub, input shaft, and speed gears is depicted in Figure 3a, where the inertia
values of the 3rd gear and its relevant synchronizer are combined into the input shaft
inertia, considering their engaged status. Figure 3b illustrates the basic mechanism with
a free body diagram (FBD) that operates between gear pairs, such as the input shaft and
speed gears on the output shaft, along with the torque flow. The torque transferred at the
engaged gear pairs can be expressed as RinKgδn. Here, δn = Rinθin + Ronθon represents the
relative displacement of the speed gear pairs. The radius of each gear is summarized in
Table 3.
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(a) (b) 

Figure 3. Schematic of the clutch hub, input shaft, and speed gears: (a) lumped masses with clutch
hub, input shaft, and speed gears; (b) free body diagram of the input shaft.

Table 3. Gear radii employed in simulations.

Radius
(Description)

Values (mm) Radius Values (mm)

Ri1
(1st gear on input shaft) 18.30 Ro2

(2nd gear on output shaft) 51.99

Ri2
(2nd gear on input shaft) 29.51 Ro3

(3rd gear on output shaft) 46.01

Ri3
(3rd gear on input shaft) 35.50 Ro4

(4th gear on output shaft) 39.55

Ri4
(4th gear on input shaft) 41.95 Ro5

(5th gear on output shaft) 35.58

Ri5
(5th gear on input shaft) 45.92 Ror

(Reverse gear on output shaft) 54.95

Rir
(Reverse gear on input shaft) 16.36 Ro

(Final gear on output shaft) 26.63

Rri
(Idler) 40.14 Rd

(Final gear on differential) 103.37

Ro1
(1st gear on output shaft) 63.20

As illustrated in Figure 3, the basic derivation of dynamic equations can be described
as follows.

n
∑

i=1
Ti = −Ki(θi − θh)− Kg(Ri1θi1 + Ro1θo1)Ri1 − Kg(Ri2θi2 + Ro2θo2)Ri2

−Kg(Ri5θi5 + Ro5θo5)Ri5 − Kg(Rirθi + Rriθri)Rir − Kg(Ri3θi + Ro3θo)Ri3

= (Ii + Ii3)
..
θi

(2)

Thus, the complete equation of motion with 15 DOFs can be established as follows.
Here, the torque excitation and damping effects are neglected for the implementation
of the linear real eigensolutions, and θ(t), M, and K represent the absolute torsional
displacement, inertia, and stiffness matrices, respectively.

M
..
θ(t) + K θ(t) = 0. (3)

θ =
[
θ f θh θi θo θ01 θ02 θo5 θri θor θi4 θd θjl θjr θvlt θvtr

]T
. (4)

M = diag
[

I f , Ih, (Ii + Ii3), Io, Io1, Io2, Io5, Iri, Ior, Ii4, Id, Ijl , Ijr, Ivtl , Ivtr

]
. (5)
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K =

⎡⎣ k(i, j)

⎤⎦. (6)

k1,1 = kc, (7a)

k2,2 = kc + ki. (7b)

k3,3 = ki + kg

(
Ri1

2 + Ri2
2 + Ri3

2 + Ri5
2 + Rir

2
)

. (8)

k4,4 = kg

(
Ro3

2 + Ro4
2
)
+ kdRo

2. (9)

k5,5 = kgRo1
2, (10a)

k6,6 = kgRo2
2. (10b)

k7,7 = kgRo5
2, (11a)

k8,8 = 2kgRri
2. (11b)

k9,9 = kgRor
2, (12a)

k10,10 = kgRi4
2. (12b)

k11,11 = kdRd
2 + kjl + kjr. (13)

k12,12 = kjl + kvl , (14a)

k13,13 = kjr + kvr. (14b)

k14,14 = kvl , (15a)

k15,15 = kvr. (15b)

k1,2 = k2,1 = −kc, (16a)

k2,3 = k3,2 = −ki. (16b)

k3,4 = k4,3 = kgRi3Ro3, (17a)
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k3,5 = k5,3 = kgRi1Ro1. (17b)

k3,6 = k6,3 = kgRi2Ro2, (18a)

k3,7 = k7,3 = kgRi5Ro5. (18b)

k3,8 = k8,3 = kgRirRri, (19a)

k4,10 = k10,4 = kgRi4Ro4. (19b)

k4,11 = k11,4 = kgRoRd, (20a)

k8,9 = k9,8 = kgRriRor. (20b)

k11,12 = k12,11 = −kjl , (21a)

k11,13 = k13,11 = −kjr. (21b)

k12,14 = k14,12 = −kvl , (22a)

k13,15 = k15,13 = −kvr. (22b)

Here, the units Kg and Kd are in N·m−1, and the torsional stiffness has the unit of
N·m·rad−1.

3.2. Modal Analysis of the Torsional System

In general, the dynamic characteristics of a system were examined on the basis of the
modal analysis, in which the natural frequencies and mode shapes reveal the fundamental
dynamic behaviors of the system when it is excited. Consequently, the results from modal
analysis provide the practical information necessary for improving vibratory conditions
resulting from various excitation forces or torques. The characteristic equation of this
system can be obtained by multiplying Equation (3) by the inverse inertia matrix M−1 as
follows [23–29].

M−1M
..
θ(t) + M−1K θ(t) = 0. (23)

..
θ(t) + M−1K θ(t) = 0. (24)

θ(t) = Uei(wt+φ). (25)
..
θ(t) = −w2Uei(wt+φ) = −λUei(wt+φ). (26)

− λUei(wt+φ) + M−1K Uei(wt+φ) = 0. (27)[
−λI + M−1K

]
Uei(wt+φ) = 0. (28)

U �= 0, det
∣∣∣M−1K − λI

∣∣∣ = 0. (29)
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(λ − λ1)(λ − λ2) · · · (λ − λr) · · · (λ − λ15) = 0, λr = wr
2, r = 1, 2, · · · , r, · · · 15. (30)[

M−1K − λr I
]
Ur = 0. (31)

K Ur = λr M Ur. (32)[
U
]
= [U1 U2 · · ·Ur · · ·U15]. (33)

In this context, the general solution of Equation (24) can be expressed as Equation (25),
where U is an arbitrary constant vector with a size of 15 by 1, and φ represents an arbitrary
phase. Here, λr = wr

2 is an eigenvalue, and wr is the corresponding natural frequency of
the system. Eigenvectors corresponding to each eigenvalue are obtained from Equation (32),
where Ur represents the rth eigenvector. The modal matrix U consists of each eigenvector
augmented, as described in Equation (33). Therefore, each column vector projects its
relevant mode shape for each concerned natural frequency. Mode shapes are vectors that
represent the dynamic motions for each natural frequency, and the systems positioned
after the output shaft, including the idler, are influenced by the gear ratio. For instance,
concerning the output shaft, the torsional displacement is affected by the radii of Ri3
and Ro3, which are related to the engagement of the 3rd gear. Consequently, the modal
vector component U(4,i), which is associated with the output shaft, should be normalized

considering the gear ratio, resulting in a modified modal vector U(4,i)× Ro3
Ri3

. Considering the
influence of the gear ratio for the rest of the sub-systems and normalizing the eigenvectors
with respect to their maximum vector components yields the normalized modal vectors.
The first four natural frequencies and mode shapes are presented in Table 4 and Figure 4.
This study utilized MATLAB to obtain the results. Here, the y- and x-axes of Figure 3 are
the normalized values of the modal vector and their relevant subsystem, as described in
Equations (4) and (5). Considering the typical range of vehicle speeds, they do not exceed
8000 RPM, and at this speed, the firing frequency is below 300 Hz. Therefore, natural
frequencies higher than 300 Hz were ignored. Additionally, since this torsional system
is semi-positive definite, a rigid body mode appears, which must be disregarded due to
numerical instabilities in the simulations [12,23–29].

Table 4. First four natural frequencies of the 15-DOF system.

Mode Description Natural Frequency (Hz)

1 Hopping mode (f1) 2.3
2 Driveline surging mode (f2) 7.6
3 Clutch spring mode (f3) 60.8
4 Clutch + input shaft mode (f4) 272.5

3.3. System Responses in the Frequency Domain

To obtain the frequency response functions (FRFs) based on the results calculated
through modal analysis, damping effects must be included, as the real eigensolution is
conducted without considering damping effects. Since it can be challenging to directly mea-
sure physical damping under dynamic conditions, the damping matrix can be reasonably
approximated from the decoupled modal domain [12,23–29]. The mathematical formula-
tion P(t) as principal coordinates can be calculated by transferring the basic coordinates
θ(t), as follows.

M
..
θ(t) + K θ(t) = 0, (34a)

θ(t) = U P(t). (34b)
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M U
..
P(t) + K U P(t) = 0. (35)

UT M U
..
P(t) + UTK U P(t) = 0. (36)

Mr
..
P(t) + Kr P(t) = 0. (37)

⎡⎢⎢⎣
. . .

Mri
. . .

⎤⎥⎥⎦ ..
P +

⎡⎢⎢⎣
. . .

λi Mri
. . .

⎤⎥⎥⎦P = 0, i = 1, 2, · · · 15. (38)

 

Figure 4. First four modes of the 15-DOF system.

Here, Mr and Kr represent the modal mass and stiffness matrices. Equation (38)
describes the decoupled system, which is transformed into the modal coordinates η(t) from
the physical coordinate system. From Equation (38), the normalized constant matrix βr is
obtained as follows.

Mr =

⎡⎢⎢⎣
. . .

Mri
. . .

⎤⎥⎥⎦ =

⎡⎢⎢⎣
. . . √

Mri
. . .

⎤⎥⎥⎦
⎡⎢⎢⎣

. . . √
Mri

. . .

⎤⎥⎥⎦. (39)

βr = Mr
1
2 =

⎡⎢⎢⎣
. . . √

Mri
. . .

⎤⎥⎥⎦. (40)

βr
2

..
P(t) + Kr P(t) = 0, P(t) = βr

−1η(t). (41)
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βr
−1βr βr βr

−1 ..
η(t) + βr

−1Kr βr
−1η(t) = 0. (42)

..
η(t) +

⎡⎢⎢⎣
. . .

wri
2

. . .

⎤⎥⎥⎦η(t) = 0. (43)

Here, Equation (43) clearly shows that the system is decoupled by reflecting its nat-
ural frequencies of the 15-DOF system. To transform the physical coordinate θ(t) into
the modal coordinate η(t), two stages of calculations are performed, as described in
Equations (34)–(43), using the principal coordinate P(t). However, this transformation can
be simplified into a stage, as follows.

1√
Mri

Ui
T M Ui

1√
Mri

= 1, i = 1, 2, 3, · · · , 15. (44)

φ =
[
U1 U2 · · · U15

]
⎡⎢⎢⎢⎢⎢⎣

1√
Mr1

1√
Mr2

. . .
1√

Mr15

⎤⎥⎥⎥⎥⎥⎦ = U β. (45)

M
..
θ(t) + K θ(t) = 0, θ(t) = φ η(t). (46)

M φ
..
η(t) + K φ η(t) = 0. (47)

φT M φ
..
η(t) + φTK φ η(t) = 0. (48)

..
ηr + wr

2ηr(t) = 0, r = 1, 2, 3, · · · , 15. (49)

Here, φ is the normal modal matrix, and Equations (44)–(49) represent the series of
techniques for transforming the physical coordinates into the modal domain. Using the
normal modal matrix φ, the viscous damping matrix can be approximated as follows.

φT · C · φ =

⎡⎢⎢⎣
. . .

Cr
. . .

⎤⎥⎥⎦ =

⎡⎢⎢⎣
. . .

2ζwr
. . .

⎤⎥⎥⎦. (50)

[C] =
[
φT
]−1

⎡⎢⎢⎣
. . .

2ζrwr
. . .

⎤⎥⎥⎦[φ]−1. (51)

M
..
θ(t) + C

.
θ(t) + K θ(t) = T(t). (52)

T(t) =
[
T 0 0 0 0 0 0 0 0 0 0 0 0 0 0

]T . (53)

θ(t) =
∼
θ eiωt, (54a)

.
θ(t) = i·w·

∼
θ eiωt, (54b)
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..
θ(t) = −w2·

∼
θ eiωt. (54c)

[
K − M·w2 + iCw

]∼
θ eiωt =

∼
Teiωt. (55)

∼
θ (w) =

[
K − Mw2 + iCw

]−1∼
T. (56)

In this context, the damping matrix C can be inversely derived reversely from the
modal damping matrix Cr. In this study, a damping ratio ζ of 5% was employed, and
Equation (52) represents the fundamental equation, incorporating the calculated physical
damping matrix and its input torque vector. The excitation value for the input torque T
is set to unity. From Equation (56), the FRFs of the 15-DOF system can be calculated. The
FRFs in the 15-DOF system described in Figure 5 are defined as follows:

∣∣∣Yf f

∣∣∣, FRFs of the

flywheel;
∣∣∣Yh f

∣∣∣, FRFs of the clutch hub;
∣∣∣Yi f

∣∣∣, FRFs of the input shaft. The resonance regions
in the FRFs depicted in Figure 5 correlate well with the natural frequencies obtained from
the modal analysis.

Figure 5. First three FRFs of 15-DOF model.

4. System Reduction and Validation with the Original System

The previously developed 15-DOF system model provides all dynamic characteristics,
such as natural frequencies and resonance areas. However, the size of matrices and vectors
in its mathematical formulations can lead to various issues in numerical simulations,
including inefficient calculation times and convergence problems in numerical iterations,
especially concerning sensitive nonlinearities [30]. To increase the reliability and efficiency
of simulations, particularly when dealing with highly nonlinear elements such as gear
impacts and parameter excitations in gear pairs, it is necessary to reduce the number of
DOFs. To achieve the primary goal of this study, we focused on reducing the DOFs from
15 to 6 using a two-step process. First, the speed gears, which were not currently relevant
for the examination, were lumped together with each driving input or output shaft. For
instance, the 4th speed gear (or 1st, 2nd, and reverse gears) could be combined with the
output shaft (or input shaft), as shown in Figures 2, 6 and 7 by considering their gear ratios,
as illustrated in Figure 6 [31]. Second, the rotational system from the final gear to the wheel
was simplified by distributing the inertia and stiffness values on the driveshaft equally, as
illustrated in Figure 8 [32].
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(a) (b) 

Figure 6. Geared system with 4 DOFs: (a) description of the torsional system with lumped inertias
and springs; (b) free body diagram for the equation of motions.

Figure 7. Lumped parameter system model for a 10−DOF torsional system.

To reduce the lumped model for the gear pairs, we can consider a simple geared
system, as illustrated in Figure 6. Figure 6 shows a simple geared system with 4 DOFs
and its FBD. In this diagram, Igi and Igo represent the inertias of input and output gears,
respectively, while Ig1 and Ig2 show the inertias of speed gear pairs. Kg1 and Kg2 present
the assumed constant values of the gear mesh stiffness. θgi, θgo, θg1, and θg2 denote the
angular displacements of each lumped mass, as presented in Figure 6. Ti represents the
external torque operating on the input gear, and F is the internal force at the contact point
between the gear pair. Basic dynamic motions can be derived using the illustrated FBD
and Newton’s second law, as follows.

Igi
..
θgi + Kg1θgi − Kg1θg1 = Ti. (57)

Ig1
..
θg1 + Kg1θg1 − Kg1θgi = −

(
F × Rg1

)
. (58)
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Ig2
..
θg2 + Kg2θg2 − Kg2θgo =

(
F × Rg2

)
. (59)

Igo
..
θgo + Kg2θgo − Kg2θg2 = 0. (60)

Ig1
..
θg1 + Kg1θg1 − Kg1θgi

Ig2
..
θg2 + Kg2θg2 − Kg2θgo

=
−
(

F×Rg1
)(

F×Rg2
) = −n. (61)

(
Ig1 + n2 Ig2

) ..
θg1 − Kg1θgi +

(
Kg1 + n2Kg2

)
θg1 − nKg2θgo = 0. (62)

 
 

(a) (b) 

 

 

(c) (d) 

Figure 8. Schematics of the differential gear set: (a) schematic of the final gear drive with 10 DOFs;
(b) schematic of the final gear drive with 8 DOFs; (c) schematic of the final gear drive with 7 DOFs;
(d) schematic of the final gear drive with 6 DOFs.

Here, Equation (62) is derived from Equations (58) and (59) by utilizing the gear

ratio
Rg1
Rg2

=
θg2
θg1

= n, as described in Equation (61). Consequently, the 4-DOF geared
system depicted in Figure 6a is ultimately reduced to a 3-DOF system, in conjunction with
Equations (58)–(62). Therefore, using the techniques suggested above, speed gears, such as
1st, 2nd, 4th, and reverse gears, as illustrated in Figure 2, can be combined with the input
and output shafts. In summary, the original system with 15 DOFs, as shown in Figure 2,
can be reduced to a 10-DOF geared system, as depicted in Figure 7. Thus, the reduced
model for the practical system illustrated in Figure 7 is formulated with the reduced DOF
using the following basic equations.

M
..
θ(t) + K θ(t) = 0. (63)
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θ =
[
θ f θh θie θo5 θog θvg

]T
. (64)

M = diag
[

I f , Ih, Iie, Io5, Iog, Ivg

]
. (65)

K =

⎡⎣ k(i, j)

⎤⎦. (66)

Iie = Iie + Ii3 +

(
Ri1
Ro1

)2
Io1 +

(
Ri2
Ro2

)2
Io2 +

(
Rir
Rri

)2
{

Iri +

(
Rri
Ror

)2
Ior

}
. (67)

Ioe = Io +

(
Ro4

Ri4

)2
Ii4. (68)

The inertias of the reduced system were designated as follows: Iie, input shaft lumped
with 1st, 2nd, and reverse gears; Ioe, output shaft lumped with the 4th gear. In addition,
the inertia and stiffness values on the driveshaft could be reduced by assuming equivalent
stiffness values for the parallel and series connections of the spring. As illustrated in
Figure 8, their equivalent properties were derived as follows.

Keqg = (Ro/Rd)
2Keq, (69a)

Keq = Keq1 + Keq2. (69b)

Keq1 = Keq2 =
KvrKjr

Kvr + Kjr
. (70)

Ivg = (Ro/Rd)
2 Ive, (71a)

Iog = Ioe + (Ro/Rd)
2 Ido. (71b)

Ive = Ivt1 + Ivt2. (72)

Ivt1 = Ivtl +
Ijl

2
, (73a)

Ivt2 = Ivtr +
Ijr

2
. (73b)

Ido = Id +
Ijl + Ijr

2
. (74)

In Figure 8c, Keq is lumped into Keqg in Figure 8d, as described in Equation (69a).
The inertias and stiffnesses employed in the system reduction are designated as follows:
Ido, differential gear lumped with the left and right cv joints; Ivt1, left tire and vehicle
lumped with the left cv joint; Ivt2, right tire and vehicle lumped with the right cv joint; Ive,
whole inertia lumped with Ivt1 and Ivt2; Iog, output shaft lumped with Ido; Ivg, inertia of

the tire and vehicle affected by the gear ratio
(

Ro
Rd

)
; Keq1, equivalent stiffness of the series

connection of Kvl and Kjl ; Keq2, equivalent stiffness of the series connection of Kvr and
Kjr; Keq, equivalent stiffness of the parallel connection of Keq1 and Keq2; Keqg, differential

stiffness lumped with Keq by employing the gear ratio
(

Ro
Rd

)
. Finally, the number of DOFs
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for the system was reduced from 10 to 6, as illustrated in Figure 9, and all the components
of the stiffness matrix K from Equation (66) were obtained as follows.

K1,1 = Kc, (75a)

K2,2 = Kc + Ki. (75b)

K3,3 = Ki +
(

Ri5
2 + Ri3

2
)

Kg. (76)

K4,4 = KgRo5
2. (77)

K5,5 = KgRo3
2 + Keqg, (78a)

K6,6 = Keqg. (78b)

k1,2 = k2,1 = −kc, (79a)

k2,3 = k3,2 = −ki. (79b)

k3,4 = k4,3 = kgRi5Ro5, (80a)

k3,5 = k5,3 = kgRi3Ro3. (80b)

k5,6 = k6,5 = −keqg. (81)

 
Figure 9. Reduced driveline system model with 6 DOFs based on the original torsional system.
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The dynamic characteristics of the 6-DOF system can be obtained using modal analysis.
Table 5 and Figure 10 show the first three natural frequencies and mode shapes for both
models. Here, the y- and x-axes of Figure 10 are the normalized values of the modal vector
and their relevant subsystem, as described in Equations (64) and (65). The differences
between the natural frequencies of the 15-DOF and 6-DOF models are due to the reduction
effect. The natural frequencies corresponding to the lumped inertia naturally disappeared
as the relevant inertia was reduced. Therefore, the 1st natural frequency value of the
15-DOF model did not appear in the 6-DOF model. For example, the 1st mode shown in
Figure 4 represents the hopping mode observed in the right and left wheels, which was
removed when the differential gear, cv joint, vehicle, and tires were combined during the
system reduction. Except for the hopping mode, which was not the main concern of this
study, the first three mode shapes and natural frequencies presented in Figure 4, Figure 10
and Table 5 correlated well with each other.

Table 5. First four natural frequencies of the 15- and 6-DOF systems.

Natural Frequency (Hz) 6-DOF 15-DOF

f1 7.6 2.3
f2 60.6 7.6
f3 272.8 60.8
f4 1846.3 272.5

Figure 10. First three modes of the 6-DOF model.

To calculate the frequency response functions, the damping matrix was approxi-
mated, and unit torque excitation was considered, as described in Equations (50)–(56). The
frequency response functions also correlated well between each model, as compared in
Figure 11. The FRFs for both the 15- and 6-DOF system models described in Figure 11
are defined as follows: |Y1|, FRFs of the flywheel; |Y2|, FRFs of the clutch hub; |Y3|, FRFs
of the input shaft; |Y4|, FRFs of the 5th gear on the output shaft; |Y5|, FRFs of the output
shaft; |Y6|, FRFs of the tire and vehicle. The difference between |Y6|, the FRFs of the vehicle
in the 15- and 6-DOF system models, arose during the system reduction process, as the
inertia and stiffness values for the vehicle components were modified with respect to the
employed gear ratio.
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Figure 11. Comparisons of FRFs of 6-DOF model with 15-DOF model. Key: , 15-DOF;
, 6-DOF.

5. Linear Analysis in the Time Domain

From the results based on the modal analysis and FRFs, the linear system responses
in the time domain can be investigated to find the main system parameters for improving
the noise and vibration conditions. The time domain solutions are obtained with two
different approaches. In general, the system responses consist of transient and steady-state
terms. First, the basic equation model suggested previously can be used on the basis
of the modal analysis and FRFs. For example, the modal domain and FRF results are
simply used for investigating the transient and steady-state responses, respectively. Second,
the state variable equations can be used as an alternative method which will lead to a
simpler calculation procedure than the first approach, since both transient and steady-state
responses are obtained simultaneously.

5.1. Time Responses Based on Modal Domain and FRFs

The transient responses can be directly calculated by transferring the modal domain
coordinates η(t) to the physical domain for θ(t), as described in Equation (46). Each
coordinate can be estimated along with the initial conditions (ICs) as follows.

M
..
θ(t) + C

.
θ(t) + K θ(t) = 0. (82)

..
η(t) +

⎡⎢⎢⎣
. . .

2ζwr
. . .

⎤⎥⎥⎦ .
η(t) +

⎡⎢⎢⎣
. . .

wri
. . .

⎤⎥⎥⎦η(t) = 0. (83)
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η(t) = e−iwnit[Acos(wdit) + B sin(wdit)], i = 1, 2, · · · 6. (84)

η(0) = φ−1θ(0), (85a)

.
η(0) = φ−1

.
θ(0). (85b)

The 6-DOF model is a coupled system, as shown in Equation (82). Using the normal
modal matrix φ from Equation (45), the coupled system of Equation (82) is transformed
into the decoupled system, as derived in Equation (83). Overall, the transient responses
of the torsional system can be expressed by Equation (84), where A and B are arbitrary
constant vectors. These unknown constants are determined by substituting the modal
initial values η(0) and

.
η(0). In this study, 0.1 (rad) and 0 (rad/s) were used as the initial

torsional displacement and velocity, respectively. Finally, the transient responses of the
torsional system in the physical domain were calculated by multiplying φ by η(t), and
the results are shown in Figure 12. Along with the damping effects, the system responses
converged to zero well. Here, the transient responses in the physical domain described in
Figure 12 are defined as follows: Xtr1, transient response for the flywheel; Xtr2, transient
response for the clutch hub; Xtr3, transient response for the input shaft; Xtr4, transient
response for the 5th gear on the output shaft; Xtr5, transient response for the output shaft;
Xtr6, transient response for the tire and vehicle.

Figure 12. Transient response analysis based on the modal analysis.

From the whole system responses, combined with the transient and steady-state terms,
only the steady-state responses are revealed after the transient responses converge to zero
completely. To obtain the damped forced responses in a torsional system under sinusoidal
excitation, the produced values such as the magnitude and phase from the FRFs, as seen in
Figure 11, can be employed. The FRFs for the 6-DOF system can be derived as follows.

M
..
θ(t) + C

.
θ(t) + K θ(t) = T(t). (86)

T(t) =
[
1 0 0 0 0 0

]Teiωt =
∼
Teiωt. (87)

θ(t) =
∼
θ eiωt, (88a)
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∼
θn =

∣∣∣∣ ∼θn

∣∣∣∣eiϕn , n = 1, 2, · · · 6. (88b)

∼
θ (ω)=

[
K − M·ω2 + i · C·ω

]−1∼
T. (89)

θ(t) =
∣∣∣∣∼θ (wo)

∣∣∣∣eiϕ(wo)eiwot at w = wo. (90)

The formula for calculating the FRFs in Equation (89) is derived by substituting
Equations (88) and (87) into Equation (86). Since the results are generated as a function of
frequency ω and are represented as complex values, their magnitudes and phases provide
practical information regarding the amplitude and phase shift of the system responses.
Thus, the dynamic behaviors in the time domain are obtained as described in Equation (90)
for a specific excitation frequency value, ωo. To focus on the linear analysis concerning
specific noise and vibration problems, such as gear rattle, this study concentrated on
the system responses at ωo = 60 (Hz). Figure 13 displays the steady-state responses at
ωo = 60 (Hz) for the torsional system. In Figure 13, the responses from Xss1 to Xss6 represent,
in order: steady-state responses based on the FRF components of the flywheel, clutch hub,
input shaft, 5th speed gear on the output shaft, and vehicle.

Figure 13. Steady-state responses based on the FRF components.

5.2. Time Responses Based on the State Variable Equation

The equations derived in Equations (82)–(86) are based on the 2nd-order ordinary
differential equations (ODE). However, this method using the original forms described
in Equations (82)–(86) becomes more complex as the order of the differential equation
increases [33]. However, state variables are used to describe the mathematical state of a
dynamic system by a set of 1st-order ODEs rather than by one or more nth-order ODEs.
Thus, the simulations using the 1st-order ODEs can be more efficient in terms of modeling
and analyzing the system responses, especially by including the MIMO (multi-input multi-
output) system and time-varying and non-linear effects [25,34]. The state variable equation
can be formulated by defining each state variable with the matrix and vector forms, as
described in Equations (91) and (92).

.
x(t) = A x(t) + B u(t). (91)

y(t) = C x(t) + D u(t). (92)
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Equations (91) and (92) represent the state–space representation. In this representation,
x(t) is the state vector containing the displacements and velocities, A is the system matrix,
B is the input matrix, C is the output matrix, D is the constant matrix relevant to the input,
u(t) is the input vector, and y(t) is the concerned output vector. The scope of this study
was to investigate the system responses for the torsional dynamic behaviors of the physical
system described earlier. Therefore, Equation (92) was not the main focus of this study;
instead, Equation (91) was the primary focus for examining the system responses of the
torsional system.

5.2.1. Transient Response

The system response in a zero-input case can be calculated using the state transition
matrix Φ(t) and the initial values x(0). The general process for calculating the transient
responses with the state transition matrix, based on the state variable equation, is described
as follows [35].

.
x(t) = A x(t). (93)

x(t) = b0 + b1t + b2t2 + b3t3 + · · ·+ bktk · · · . (94)

b1 + 2b2t + 3b3t2 + · · ·+ kbktk−1 · · · = A
(

b0 + b1t + b2t2 + b3t3 + · · ·+ bktk · · ·
)

. (95)

bk =
1
k!

Akb0 , (96a)

x(0) = b0. (96b)

x(t) = ∑∞
k=0

Aktk

k!
(97a)

x(0) = eAtx(0). (97b)

x(t) = Φ(t)x(0). (98)

Φ(t) = eAt = ueΛtu−1. (99)

eΛt =

⎡⎢⎢⎢⎣
eλ1t 0 0 0

0 eλ2t 0 0

0 0
. . . 0

0 0 0 eλnt

⎤⎥⎥⎥⎦. (100)

For this study, the initial values of 0.1 (rad) and 0 (rad/s) were used for the initial
torsional displacement x(0) and velocity

.
x(0), respectively. The solution of the system can

be assumed on the basis of the power series with arbitrary vectors b0 and bk (k = 1, 2, 3, ···),
as described in Equation (94). Thus, substituting Equation (94) into Equation (93) leads
to a series expansion as stated in Equation (95). By equating the same tk terms on both
sides of Equation (95), the basic forms of constant vectors bk (k = 1, 2, 3, ···) are expressed as
Equation (96), where the initial torsional displacement is represented as x(0) = b0. Thus,
the basic solution of x(t) can be written as Equation (97) with the matrix exponential eAt.
Moreover, the matrix exponential eAt, when the initial conditions are given at t = 0 in a
linear system, is considered the state transition matrix Φ(t), as described in Equation (98).
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In addition, Φ(t) can be calculated along with the eigenmatrix u and eigenvalue λn of the
system matrix A. Figure 14 compares the results of transient responses based on the state
variable equation with the ones obtained from the modal analysis, demonstrating a strong
correlation between the two.

Figure 14. Comparisons of transient responses from two different analyses. Key: , using the
modal analysis; , using the state variable equation.

5.2.2. Steady-State Responses for Semi-Definite System

The steady-state responses using the state variable equation under sinusoidal input can
be calculated by employing the state-transition matrix and the convolution method [36,37].
The process of obtaining the steady-state responses using the state transition matrix Φ(t)
and the initial condition x(0) is described as follows.

.
x(t)− A x(t) = B u(t). (101)

e−At .
x(t)− e−At A x(t) = e−AtB u(t). (102)

d
dt

{
e−Atx(t)

}
= e−AtB u(t). (103)

∫ t

0

d
dτ

{
e−Aτx(τ)

}
dτ =

∫ t

0
e−Aτ B u(τ)dτ. (104)

e−Atx(t)− x(0) =
∫ t

0
e−Aτ B u(τ)dτ. (105)

x(t) = eAtx(0) +
∫ t

0
eA(t−τ)B u(τ) dτ. (106)

Here, the same initial condition, x(0), that was used for the transient responses was
employed to calculate the steady-state responses. In addition, Equation (101) represents a
revised formula achieved by transferring the term A x(t) to the left side of Equation (91),
resulting in Equation (102) by multiplying e−At on both sides of Equation (101). Further-
more, the left side of Equation (102) reflects the partial derivative of e−Atx(t), which is
summarized as Equation (103). Integrating both sides of Equation (103) over the range
from 0 to t yields Equations (104)–(106). Using these final-form equations to calculate the
steady-state responses, the dynamic behaviors of the system are shown in Figure 15. When

43



Symmetry 2023, 15, 1904

comparing the results based on the FRF method and state variable equations, it is evident
that they are well correlated for Xss2, Xss3, Xss4, and Xss5, as clearly seen in Figure 15. How-
ever, the simulated results for Xss1 and Xss6 exhibit significant discrepancies between the
FRFs and state variable equation methods, primarily due to the rigid body mode observed
at 0 Hz for the semi-definite system. This mode can lead to numerical issues that might
mislead the integration routine by introducing an arbitrary constant, including infinity,
into all solutions [12]. Thus, to thoroughly investigate the dynamic responses occurring
between each coupled system, the absolute motions must be transformed into relative
coordinates, thereby converting the semi-definite configuration into the definite system
model [25].

Figure 15. Examination of steady-state responses with absolution motions. Key: , using the
FRFs; , using the state variable equation.

To transform the semi−definite system into a positive-definite system, new coordinates
can be defined as q1 = θ f − θh, q2 = θh − θie, q3 = Ri5θie + Ro5θo5, q4 = Ri3θie + Ro3θog, and
q5 = θog − θvg. Thus, the relative angular displacement vector q and linear transformation
matrix P can be expressed as follows [12].

q =

⎡⎢⎢⎢⎢⎣
q1
q2
q3
q4
q5

⎤⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎣
1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 Ri5 Ro5 0 0
0 0 Ri3 0 Ro3 0
0 0 0 0 1 −1

⎤⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣

θ f
θh
θie
θo5
θog
θvg

⎤⎥⎥⎥⎥⎥⎥⎦ = P θ. (107)

M* ..
q(t) + C* .

q(t) + K*q(t) = T*(t). (108)

M* = P M−1M P*, (109a)

C* = P M−1C P*. (109b)

K* = P M−1K P*, (110a)

T*(t) = P M−1T(t). (110b)

P* = Pt(P Pt)−1, (111a)

P Pt(P Pt)−1
= I. (111b)

.
x(t) = A*x(t) + B*u*(t). (112)
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x(t) =
[
q1 q2 q3 q4 q5

.
q1

.
q2

.
q3

.
q4

.
q5
]T , (113a)

A* =

⎡⎣ 0 I

− K*

M* − C*

M*

⎤⎦. (113b)

B* = 0, B*(6, 1) = 1, (114a)

u*(t) = P M−1u(t). (114b)

From Equations (107)–(114), P is not generated as a square matrix. Therefore, to
determine the inverse matrix with respect to P, the product of P and Pt can be introduced,

as indicated in Equation (111b), where P∗ = Pt(P Pt)−1 of Equation (111a) is defined as
a pseudo-inverse matrix. Overall, Equation (108) has new coordinates transferred from
the absolute displacement θ(t) to the relative displacement q(t), resulting in a positive-
definite system. Using Equations (107)–(111), the state variable equation can be derived as
expressed in Equations (112)–(114). In these equations, x(t), A∗, B∗, and u∗(t) represent
state variables, the system matrix, input matrix, and input vector related to the system
parameters based on M∗, C∗ and K∗. The steady-state responses with the new coordinate
systems, based on Equations (107)–(114), are presented in Figure 16 and compared with the
time responses based on FRFs. From the comparisons between two sets of results based
on the state variable model and FRFs, it is evident that they are well correlated with each
other. Furthermore, the rigid body modes within the nearly zero frequency ranges are
completely eliminated.

Figure 16. Steady-state responses based on the relative motions. Key: , using the FRFs;
, using the state variable equation.

6. Case Study

Dynamic characteristics in a geared system can be investigated by focusing on several
key parameters such as clutch stiffness Kc, unloaded gear inertia Io5, and gear mesh stiffness
Kg with respect to torsional vibration problems such as gear rattle and whine. To investigate
the effects of these key parameters for resolving the aforementioned issues, the relevant
parameters, such as Kc, Io5, and Kg, were examined [1,5–8,14,20,22,38–40]. For example, to
improve gear rattle conditions, prior research has suggested modifying clutch stiffness Kc
and unloaded gear inertia Io5 [1,5–8,14]. On the other hand, gear whine is closely related
to gear properties such as the gear involute and mesh stiffness. In general, Kc consists of
multi-staged clutch dampers, as illustrated in Figure 17. Figure 17a illustrates the physical
drawing of the entire clutch system with the clutch damper indicated as the clutch spring.
Typically, multi-clutch spring components are located inside the clutch housing along
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with the clutch friction disk. Figure 17b presents an example of the clutch stiffness profile,
featuring two staged clutch springs or clutch dampers [1]. In addition, Kg exhibits nonlinear
dynamic characteristics along with gear rotational motions under the symmetric condition,
as depicted in Figure 18. However, for the purposes of linear analysis concerning the effects
of key parameters such as Kc, Io5, and Kg, this study employed various constant values to
investigate their relationship with primary torsional vibratory problems, namely gear rattle
and whine.

(a) (b)

Figure 17. Clutch stiffness Kc: (a) schematic of clutch; (b) clutch torque induced by stiffness [1].

Figure 18. Gear mesh stiffness Kg.

6.1. Case Study I: Clutch Stiffness Kc

The natural frequencies of the system are compared for three different clutch stiff-
ness values, as summarized in Table 6, where the values of Kc1 and Kc2 are given as
595.8 N·m·rad−1 and (Kc1 + Kc)/2, respectively. Significant changes were observed in the
second natural frequency because the dynamic behavior at the second mode was mostly
affected by clutch stiffness. This effect was clearly observed in the mode shapes presented
in Figures 3, 9 and 18a. When examining the second mode shapes (clutch spring modes)
with various Kc values, as seen in Figure 19a, their basic mode shapes were nearly identical,
except for the calculated natural frequencies, which are compared in Tables 6 and 7. In
general, gear rattle was closely related to this clutch spring mode, which operates within the
second resonance region [1,8,14]. Thus, based on the linearly simulated results presented
in Figure 19a and Tables 6 and 7, clutch stiffness can be considered a key parameter for
resolving gear impact problems.
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Table 6. Comparison of natural frequencies along with clutch stiffnesses for the positive definite system.

Natural Frequency
(Hz)

Kc1 Kc2 Original Kc
(595.8 N·m·rad−1) (1216.9 N·m·rad−1) (1838 N·m·rad−1)

f1 6.6 7.3 7.6
f2 40.6 51.8 60.6
f3 266.0 269.4 272.8
f4 1845.7 1845.7 1846.3
f5 4484.9 4484.9 4485.7

 
(a) 

 
(b) 

Figure 19. Mode shapes along with Kc and Io5 values: (a) second mode shapes with various Kc;
(b) fifth mode shapes with various Io5.

Table 7. Components of second modal vectors along with various Kc values.

2nd Mode Shape Kc1 Kc2 Kc

1. flywheel −0.0693 −0.0847 −0.0903
2. clutch hub 0.9742 0.9328 0.8930
3. input shaft 0.9999 0.9997 0.9992

4. unloaded gear 1 0.9999 0.9994
5. output shaft 0.9996 1 1

6. vehicle + wheel −0.0032 −0.0020 −0.0014

The effect of Kc was also evident from the time domain analysis, as shown in Figure 20.
To investigate the time domain responses, the relative motions in terms of q3(t) and q4(t)
were the primary focus, as gear impacts and their associated torsional vibrations generally
occur at the gear pairs. To simulate the system responses in the time domain, the engine
torque Te was employed as the excitation torque, as described below.

Te = Tm + Tpmcos
(
wpt
)

(115)
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(a)

(b)

Figure 20. Comparisons of steady-state responses along with Kc values for the positive-definite
system: (a) steady-state responses of q3; (b) steady-state responses of q4. Key: , Kc1; ,
Kc; , Kc2.

Here, Tm and Tpm represent the mean and alternating components of the engine torque,
respectively, and wp is the firing frequency, with the values used for Tm, Tpm, and wp being
168.9 N·m, 251.5 N·m, and 60 Hz, respectively [1]. Figure 20 compares the time responses
for q3 and q4, which represent the relative motions between unloaded and loaded gear pairs,
respectively. Figure 20a illustrates the system responses with various Kc values. It is worth
noting that the amplitude of q3 decreased as the value of Kc was reduced. For instance, when
smaller values such as Kc1 (595.8 N·m·rad−1) and Kc2 (1216.9 N·m·rad−1) were employed,
the amplitude of q3 decreased compared with the response for Kc (1838 N·m·rad−1). This
reduction in amplitude was further confirmed when comparing the peak-to-peak values,
as summarized in Table 8. Furthermore, Figure 20b and Table 8 demonstrate that q4 was
also significantly influenced by the key parameter Kc. In this context, q3 can be expected to
reflect the gear rattle status, which occurs at the unloaded gear pair. In addition, q4 can be
considered the vibratory conditions transferred from the loaded gear pair to the rest parts
of the driveline. Consequently, these results provide valuable insights into improving the
vibration conditions associated with gear rattle, as compared in Figure 20 and Tables 6–8,
even though they do not explicitly depict the gear contact motions. In summary, it can be
concluded that clutch stiffness values have a significant influence on the dynamic behavior
of the gears, and reducing clutch stiffness improves the vibrational problems caused by
gear impacts.
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Table 8. Comparison of peak-to-peak value along with various Kc values.

Peak-to-Peak Value
q3 (mm)

Peak-to-Peak Value
q4 (mm)

Kc1
(595.8 N·m·rad−1) 1.2723 × 10−4 3.9210 × 10−4

Kc2
(1216.9 N·m·rad−1) 5.1967 × 10−4 15 × 10−4

Original Kc
(1838 N·m·rad−1) 20 × 10−4 56 × 10−4

6.2. Case Study II: Unloaded Gear Inertia Io5

Once again, the natural frequencies of the system, along with the unloaded gear inertia
Io5, are listed in Table 9. In this case, 0.5Io5 (1.30 × 10−4 kg·m2) and 1.5Io5 (3.92 × 10−4 kg·m2)
were used for comparison with the original Io5. With different values for Io5, only the
natural frequency f5, as shown in Table 9, was affected, while the other natural frequencies
remained nearly the same. For instance, when Io5 varied, natural frequencies f1, f2, f3, and
f4 showed minimal variation. However, the natural frequency f5 exhibited a clear change,
with an increase (or decrease) in Io5 resulting in higher (or lower) values, such as 6040.3 (or
3845.5) Hz compared with the original value of 4485.7 Hz.

Table 9. Comparison of natural frequencies along with inertia values of the unloaded gear for the
positive-definite system.

Natural Frequency
(Hz)

0.5 Io5
Original Io5 1.5 Io5(5.23 × 10−4)

f1 7.6 7.6 7.6
f2 61.5 60.6 59.8
f3 274.7 272.8 271.1
f4 1897.0 1846.3 1795.8
f5 6040.3 4485.7 3845.5

This effect of Io5 is evident in Figure 19b, Tables 10 and 11. Upon examining the
mode shapes, it becomes apparent that only the fifth mode shape, corresponding to natural
frequency f5, was significantly influenced by Io5 compared with the other sub-systems, as
shown in Table 11. Furthermore, the comparison between Tables 10 and 11 reveals that the
mode shape was primarily affected at the fifth mode, except for the second mode, providing
valuable insights into the relationship between unloaded gar inertia and gear dynamic
motions for various Io5 values. Figure 21 displays the steady-state responses of q3 and q4
for the unloaded and loaded gear pairs, respectively, with 0.5 Io5, 1.5 Io5, and the original
Io5. As observed from the modal analysis regarding the effect of Io5 mentioned earlier, the
steady-state responses of q3 in the time domain also exhibited significant changes with
different Io5 values, as depicted in Figure 21a.

Table 10. Components of second modal vectors along with various Io5 values.

Second Mode Shape 0.5 Io5 Io5 1.5 Io5

1. flywheel −0.0878 −0.0903 −0.0929
2. clutch hub 0.9853 0.8930 0.8908
3. input shaft 0.9991 0.9992 0.9992

4. unloaded gear 0.9992 0.9994 0.9996
5. output shaft 1 1 1

6. vehicle + wheel −0.0014 −0.0014 −0.0015
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Table 11. Components of fifth modal vectors along with various Io5 values.

Fifth Mode Shape 0.5 Io5 Io5 1.5 Io5

1. flywheel 0 0 0
2. clutch hub 0.0001 0.0005 0.0010
3. input shaft −0.1018 −0.2150 −0.3392

4. unloaded gear 1 1 1
5. output shaft 0.0055 0.0218 0.0487

6. vehicle + wheel 0 0 0

(a)

(b)

Figure 21. Comparisons of steady-state responses along with Io5 values for the positive−definite
system: (a) steady-state responses of q3; (b) steady-state responses of q4. Key: , 0.5 Io5;

,1 Io5; , 1.5 Io5.

For example, a reduction (or increase) in the inertia value of Io5 led to a corresponding
reduction (or increase) in the amplitude of response. This was also evident when compared
to the peak-to-peak values summarized in Table 12. On the other hand, q4, associated with
the loaded gear pair, demonstrated minimal variation across different Io5 values, as evident
in Figure 21b and Table 12. These results underline the importance of Io5 in addressing gear
rattle issues, even in the context of linear analysis. Generally, reducing the inertia of the
unloaded gear aligns with prior studies’ findings as an effective approach to improving
gear rattling conditions [8]. In summary, it can be concluded that unloaded gears also have
a significant influence on specific dynamic behaviors such as gear rattle. Therefore, altering
the inertia values of unloaded gears relevant to the gear impact problems can improve the
gear impact conditions when designing the clutch stiffness.
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Table 12. Comparison of peak-to-peak value along with unloaded gear Io5 values.

Peak-to-Peak Value
q3 (mm)

Peak-to-Peak Value
q4 (mm)

0.5 Io5 9.2703 × 10−4 52 × 10−4

Io5 20 × 10−4 56 × 10−4

1.5 Io5 30 × 10−4 56 × 10−4

6.3. Case Study III: Gear Mesh Stiffness Kg

Table 13 presents a comparison of natural frequencies for various Kg values. Upon
examining the calculated natural frequencies, it becomes evident that there were no dis-
cernible differences below 300 Hz. However, in the higher frequency range, above 300 Hz,
substantial differences emerged, as illustrated in Table 13. Notably, the natural frequencies,
associated with dominant gear dynamic modes were significantly influenced by variations
in 0.1 Kg (2.7 × 107 N·m−1), Kg, and 10 Kg (2.7 × 109 N·m−1). Here, the natural frequencies
corresponding to f4 and f5 exhibited pronounced changes, with f4 and f5 decreasing (or
increasing) as Kg decreased (or increased).

Table 13. Comparison of natural frequencies along with gear mesh stiffnesses Kg for the positive-
definite system.

Natural Frequency
(Hz)

0.1 Kg
Original Kg 10 Kg
(2.7 × 108)

f1 7.6 7.6 7.6
f2 60.6 60.6 60.6
f3 264.5 272.8 273.5
f4 603.5 1846.3 5820
f5 1422.1 4485.7 14,170

Despite these variations in natural frequencies, the mode shapes for fourth and fifth
modes remained nearly identical, as clearly shown in Figure 22, Tables 14 and 15. While the
modal vectors themselves did not exhibit differences with various Kg, the mode shapes for
both the fourth and fifth modes suggest that gear dynamic motions were indeed dominant,
as evident in Figure 22. The fourth mode shapes depicted in Figure 22a indicate that both
the unloaded and loaded gear pairs contributed significantly to the dominant motions.
On the other hand, the fifth mode was influenced more by the unloaded gear pairs, as
observed in Figure 22b. Overall, both the fourth and fifth modes are expected to play a
crucial role in gear dynamic behaviors.

Table 14. Components of fourth modal vectors along with various Kg.

4th Mode Shape 0.1 Kg Kg 10 Kg

1. flywheel 0.0001 0 0
2. clutch hub −0.1100 −0.0104 −0.0010
3. input shaft 0.7801 0.7942 0.7954

4. unloaded gear 1 1 1
5. output shaft −0.8204 −0.9503 −0.9625

6. vehicle + wheel 0 0 0

Table 15. Components of fifth modal vectors along with various Kg.

5th Mode Shape 0.1 Kg Kg 10 Kg

1. flywheel 0 0 0
2. clutch hub 0.0049 0.0005 0
3. input shaft −0.2212 −0.2150 −0.2144

4. unloaded gear 1 1 1
5. output shaft 0.0224 0.0218 0.0218

6. vehicle + wheel 0 0 0
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(a)

(b)

Figure 22. Mode shapes according to different Kg: (a) fourth mode shapes; (b) fifth mode shapes.

Figure 23 presents comparisons of steady-state responses in the time domain, occurring
at the unloaded and loaded gear pairs. When evaluating q3 along with different Kg values, it
becomes apparent that the amplitudes of steady-state responses decreased as Kg increased,
as shown in Figure 23a. These significant changes are further corroborated by the peak-to-
peak values, as detailed in Table 16. Similarly, when comparing the time responses of the
loaded gear pair, the same influences observed in the unloaded gear pair were evident, as
depicted in Figure 23b and Table 16. Moreover, the mean values of time responses for the
loaded gear pair were significantly affected. Specifically, as Kg increased, the mean values
of steady-state responses approached zero. These results underline the impact of Kg on
gear dynamic motions, particularly noticeable in the case of the loaded gear pairs, which
are central to issues such as gear whine vibrations [38–40].

(a)

(b)

Figure 23. Comparisons steady-state responses along with Kg values using the positive definite
system: (a) third steady-state responses based relative motion q3; (b) fourth steady-state responses
based relative motion q4. Key: , 0.1 Kg; ,1 Kg; , 10 Kg.
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Table 16. Comparison of peak-to-peak value along with various Kg values.

Peak-to-Peak Value
q3 (mm)

Peak-to-Peak Value
q4 (mm)

0.1 Kg 199 × 10−4 567 × 10−4

1 Kg 20 × 10−4 56 × 10−4

10 Kg 1.9951 × 10−4 5.5771 × 10−4

In summary, it can be concluded that mesh stiffness significantly influences other
specific gear dynamic behaviors, such as gear whine, which can occur in both loaded and
unloaded gear pairs. Therefore, designing appropriate mesh stiffness values contributes to
improving gear parametric excitations.

7. Conclusions

This study investigated the vehicle driveline under symmetric conditions using a linear
analytical method to explore the dynamic characteristics of a specific manual transmission
with a front-engine/front-wheel configuration. To examine these dynamics, a mathematical
model based on a practical powertrain assembly was developed. The contributions of this
study can be summarized as follows. First, a mathematical technique to reduce the number
of DOFs for simulation was proposed, and its validity was established. Consequently,
the dynamic characteristics, including eigensolutions and frequency response functions
(FRFs) of the reduced system model, demonstrated a strong correlation with the simulated
results of the original model. Second, this study extensively investigated a linear analysis
model based on state variable equations. The linear results derived from the state variable
equations were successfully validated against those from the FRF method. Furthermore,
the findings based on the state variable equations effectively captured the relationships
between key parameters and their associated vibratory issues, such as gear rattle and
whine problems. Thus, this study successfully proposed the utilization of linear analytical
methods to investigate and determine gear impact and excitation problems and their
relevant key parameters in order to simplify the analysis compared to the complexity of
nonlinear analysis.

The present study primarily emphasized the linear analytical method, specifically
concentrating on the state variable equations, which can serve as the foundation for non-
linear analysis, incorporating features such as gear contact models. However, the current
study has limitations in capturing the actual nonlinear dynamic behaviors, such as gear
impact and gear time-varying motions. Therefore, the next stage of this research will imple-
ment a more advanced analytical model utilizing state variable forms while incorporating
nonlinear properties, such as gear backlash and multi-staged clutch dampers.
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Abstract: As the efficiency of advanced aero engines improves, the operational speed of their rotors
increases. This heightened operational speed makes the rotor dynamics highly sensitive to changes in
the rotor’s mass asymmetry state, or unbalance state. During the use of a dual-spool turbofan engine,
when its supercritical high-pressure rotor (HPR) exceeds a certain operational speed, the rotor’s
vibration spikes and continues to increase with the operational speed until it drops sharply near the
maximum operational speed. Analysis of the bolt joints in the faulty rotor reveals various phenomena
such as joint interface damage, changes in bolt loosening torque distribution, and alterations in rotor
initial unbalance. This paper proposes that at high operational speeds, the bolt joint of the HPR
undergoes sudden angular deformation, resulting in the slanting of the principal axis of inertia of
the turbine disk. This slant leads to changes in the unbalanced state of the HPR. The additional
unbalance causes a sudden rotational inertia load excitation, triggering the rotor vibration failure.
Subsequently, a rotor dynamic model that incorporates the angular deformation of the joints is
established to simulate how this joint deformation influences the dynamic response of the rotor. The
simulation results align well with the observed failure phenomenon and validate the proposed failure
mechanism. Finally, troubleshooting measures are proposed and implemented in the faulty engine,
effectively mitigating the vibration fault.

Keywords: vibration spike; rotational inertia load; joint; aero engine; rotor dynamic

1. Introduction

As advanced aero engines develop toward high performance and structural efficiency,
their structural systems have become more complex. A rotor with a poor unbalance state
can exert excessive rotational inertia load during high-speed rotation, resulting in rotor
vibration failure.

Existing rotor dynamic models, such as the Jeffcott model [1] or the four-degree-of-
freedom (DOF) rotor model [2–5], often equate the rotor’s unbalance state to the center of
mass (CM) offsets on one or more rotor cross sections and simplify the rotational inertia
load to a lateral harmonic excitation force in these CM offset planes. According to this
assumption, research has been conducted on rotor dynamics [6–8]. In these rotor dynamic
models, when the operational speed of a CM-offset rotor exceeds its first and second critical
speeds, the rotational inertia force caused by the CM offset will decrease as the operational
speed increases owing to the inward turn of the CM. Therefore, when the operational
speed of a supercritical rotor is largely far away from its critical speed, the CM offset is
unlikely to cause an excessive dynamic response. However, for a thin disk (i.e., disks
with a ratio of polar moment of inertia Ip to diameter moment of inertia Id greater than 1)
with a slanted principal axis of inertia (PAI), its rotational inertia load can increase with
operational speed under supercritical conditions [9,10] and cause rotor dynamic response
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to increase continuously, which has been found in several rotor vibration failures [11–13].
Therefore, considering the influence of disk slant in the dynamic response analysis of a
supercritical rotor is critical.

Several studies have also delved into the impact of the mechanical characteristics
of joints on rotor dynamics. Qin [14,15] and Luan [16] modeled the bending stiffness
of the rotor’s joints as a function of operational loads, examining its influence on rotor
dynamics. Zhuo [17] and Chen [18,19] discovered that bending moments can induce non-
axisymmetric changes in the contact stress distribution at the joint interface, leading to
reductions in joint bending stiffness and bending mode frequency. Beyond the stiffness
considerations, the deformation of these joints has also been a point of focus. Yu [20]
explored the bolt flange’s deformation under bending moments, suggesting that micro-
slips between interfaces can introduce damping nonlinearity in the rotor, potentially leading
to self-excited vibrations in the rotor system under supercritical conditions. Shi [21] and
Jaszak [22] studied the macro deformation of the flange-bolt joints in pipes under axial
force and bending moment, highlighting that increasing bending moments can induce
an abrupt angular deformation due to macro slips at the interface. In an experimental
investigation, Hong [23] subjected a bolt-jointed rotor to repeated bending, concluding
that such joint deformations can degrade the rotor’s dynamic response. Liu [24] also
pinpointed the detrimental effects of bolt joint deformations on rotor dynamic response,
which originate from interfacial cutting faults. Neither of the two investigations adequately
addressed the root causes of these abnormal experimental observations. To elucidate how
the deformations of rotor joints impact rotor dynamic response, Sun [25] and Chen [26]
developed rotor unbalance models considering joint deformation. They observed that joint
deformation can change the rotor’s unbalanced state, subsequently affecting its dynamic
response. Yet, they equated the influence of joint deformation on rotor unbalance with
an added CM offset, but this equation cannot explain the supercritical rotor’s dynamic
response. Therefore, understanding rotor joint deformation and its negative implications
for the thin disk’s PAI slant is essential to unveiling the mechanistic progression of how
joint deformation influences the rotor’s supercritical dynamic response.

In summary, this paper analyzes the failure of a turbofan engine. A rotor dynamic
model that accounts for abrupt angular deformation of the joint and its impact on the
disk’s PAI slant is established. The simulation of rotor dynamic response is carried out to
reveal the failure process. Finally, corresponding vibration troubleshooting measures are
proposed, and their effectiveness is verified in another engine test.

2. Phenomenon of Vibration Failure

Figure 1a shows a dual-spool low-bypass-ratio turbofan engine. To monitor the
engine’s vibration, accelerometers are arranged at the engine’s intermediate frame and rear
turbine frame (points A and B in the figure). The operational speed of the high-pressure
rotor (HPR) of the engine is relatively high, far exceeding the first/second critical speed.
However, owing to the high bending stiffness of the rotor, its operational speed is much
lower than the third critical speed. Therefore, at its maximum operational speed, the rotor
will not undergo modal vibration, and its dynamic response amplitude depends on rotor
unbalance.

The HPR consists of multiple components that are connected by bolt joints. The
deformation of the joints during operation can affect the rotor’s unbalance and dynamic
response, particularly for bolt joints located before the turbine, which operates in a high-
temperature environment with high linear velocity and significant axial force. As shown
in Figure 1b, the bolt joint before the turbine connects the rear flange of the drum shaft,
the labyrinth disk, and the front flange of the turbine disk. During operation, the different
geometries and operational loads of these components can cause them to experience
varying radial deformations. This can negatively impact the contact characteristics of the
joint interfaces, leading to interfacial slippage and joint deformation.

57



Symmetry 2023, 15, 1937

During usage in real scenarios, the engine mounted on aircraft underwent severe
vibrations that exceeded the allowable limit. Following the failure, an analysis of the
vibration signals achieved by the accelerometer at Point A and a comprehensive inspection
of the faulty HPR were conducted.

 
(a) 

 
(b) 

Figure 1. Typical dual-spool low-bypass-ratio turbofan engine: (a) structure of the engine and the
position of vibration measurement; (b) bolt joint located before high-pressure turbine disk.

2.1. Signal Analysis of Engine Vibration

As shown in Figure 2a, the engine’s vibration amplitude changes with the operational
speed of its HPR and low-pressure rotor. When the HPR’s operational speed is increased
to 16,000 RPM (~75% of its maximum operational speed and significantly exceeding its
first and second critical speeds), the engine’s vibration suddenly increases (S.I.) with
minor changes in operational speed. As the operational speed continues to increase, the
vibration rapidly rises, which can be described as vibration following (V.F.). When the
HPR’s operational speed reaches ~21,000 RPM (close to its maximum operational speed),
the vibration suddenly decreases (S.D.). At this point, the engine’s vibration reaches
80–90 mm/s, far exceeding the limit. It is important to emphasize that the operational
speed of the HPR was deliberately varied, oscillating at different rates. As depicted in the
figure, once the operational speed of the HPR remains at 16,000 RPM for several seconds, S.I.
occurs; once the speed escalates to 21,000 RPM, S.D. occurs. Consequently, the repeatability
of this unusual experimental phenomenon can be validated.

Taking time interval T in Figure 2a as an example, Figure 2b shows the frequency
composition of the engine vibration. The energy of the vibration is primarily attributed to
the rotation of the HPR (as indicated by N2 in the figure), with virtually no other frequency
components present. This suggests that the sudden increase in vibration is attributable to a
sudden change in the HPR’s unbalance.

However, the HPRs of aeroengines typically operate well below the critical speed
of bending modes. As a result, they are often characterized as rotors exhibiting rigid
behavior [27]. In engineering analyses, the 4-DOF rotor dynamic model, excited by CM
offset, is frequently employed to describe their dynamics. Based on this 4-DOF rotor
dynamic model, when the rotor’s operational speed surpasses both the first and second
critical speeds, the rotor’s dynamic response, which is generated by the excitation of CM
offset, will decrease with an increase in operational speed. This is due to the inward turn
of the rotor’s CM, regardless of the magnitude of this CM offset. This differs significantly
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from the observed experimental phenomenon, where the vibration of the rotor increased
rapidly with operational speed.

T

(a)
N2

N1

Sudden 
Increase

Sudden 
Descend

Vibration 
Following

(b)

Figure 2. Amplitude and frequency composition of the vibration in the fault engine achieved by the
accelerometer at Point A: (a) vibration amplitude with the change in the operational speed of the
rotors; (b) frequency composition of the engine vibration (in time interval T).

For time interval T, the 1× RPM vibration of the HPR at points A and B is extracted,
and Figure 3 shows the changes in the vibration phase of these two points over time.
According to this figure, the whirling phase of the HPR’s front and rear bearings changes
when there is a sudden change in engine vibration. This phenomenon also significantly
differs from the whirling phase change caused by the inward turn of the CM. When a
4-DOF rotor with a CM offset passes through its first and second critical speeds, the change
in the whirling phase of its front/rear bearing should be 0◦ or 180◦. However, during this
engine vibration failure, throughout the S.I. and S.D., the changes in the whirling phase of
the front bearing are 170◦ and 210◦, respectively, while those of the rear bearing are 120◦

and 150◦. Therefore, this phenomenon cannot be explained by the traditional 4-DOF rotor
dynamics model excited by the CM offset.
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Figure 3. Phase of the 1x RPM vibration of HPR at points A and B: ωH—operational speed of the
HPR; aE—vibration amplitude of the engine; pA, pB—vibration amplitude of point A and point B.

2.2. Interface Damage and Deformation of Rotor Joints

During the thorough inspection of the faulty engine, all components were found to be
within acceptable limits as specified by the maintenance manual, except for the unusual
deformation and the interfacial damage of the bolt joints in the HPR.

2.2.1. Loosening Torque Distribution of Bolt Joints

Owing to the irreversible slip of joint interfaces under operational loads, the pre-strain
of the bolts changes relative to their initial state. Consequently, a significant difference
can exist between the loosening torque and the tightening torque of the bolts [28]. The
interfacial-slip-induced deformation of joints can be evaluated by measuring the loosening
torque of the bolts and analyzing their distribution during rotor disassembly.

Figure 4 shows the distribution of loosening torque in the HPR joints. All loosening
torques show a significant increase (>200%), indicating that the joint interfaces experience
irreversible slip owing to the harsh operational load. However, a comparison of the
joints reveals that the loosening torques of the bolt joints before and after the turbine are
distributed in a “spindle shape”. This indicates that the two joints were subjected to a large
bending moment during operation and underwent angular deformation, resulting in a
systematic orientation of deformation in their bolts [22,28].

Figure 4. Loosening torque distribution of rotor joints.
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2.2.2. Interface Damage of Bolt Joint End Faces

As depicted in Figure 5, triangular marks are present on the turbine disk’s front-end
face, distributed outside the bolt hole. Microscopic inspection and surface topography
scanning reveal that these marks are protrusions of material from the substrate surface,
and they are referred to as “stains” in this paper. Physicochemical analysis of the stain
compositions (Table 1) indicates that they are identical to the composition of the substrate
materials, except for the presence of molybdenum. Considering the location of the stains,
the most likely source of the additional molybdenum is the bolt lubrication containing
MoS2. It can be inferred that during operation, the end faces of the bolt joint did not make
proper contact with each other, allowing some lubrication to leak into the gap between the
end faces and corrode the surface. Owing to the high temperatures, the corroded surface
experienced material growth, resulting in the formation of stains.

 

Figure 5. Damage at the interface of the bolt joint located before the turbine: (a) Bolt joint located
before the high-pressure turbine; (b) microscopic examination of interface damage on the turbine
disk’s front-end face, using bolt 48# as an example; (c) 3D modeling of stains, the red and white circle
represnet the start point and the end point of the cross-section of the stains; (d) Stain profile at the
cross section shown in subfigure (c), allowing for determination of stain thickness.

Table 1. Composition of the Stains on Turbine Disk’s Front-End Face.

Element Mo Cr Co W Zr Al Nb

Bolt 18# 5.17 10.11 9.25 6.89 0.073 1.16 0.93
Bolt 22# 4.92 10.05 9.51 6.77 0.072 1.38 0.97
Bolt 40# 4.57 10.39 9.25 6.94 0.077 1.28 0.91
Bolt 48# 5.39 10.35 9.12 6.73 0.072 1.19 0.98

Substrate 4.02 10.77 9.58 6.99 0.076 1.23 0.88
Design Value 3.8–4.05 10.5–11.5 8.5–10.5 6.8–10.2 0.07–0.09 1.15–1.60 0.85–1.05

Considering that the size of the gap between the end faces determines the amount of
lubrication leakage, the poorer the contact between the end faces, the thicker and larger the
stains. The distribution of the stain thickness along the circumferential direction (Figure 6)
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indicates that the gap in the joint’s top half is larger than that in the lower half, and the joint
underwent angular deformation during operation. Furthermore, as the gap between the
end faces can cause the bolt to stretch and increase the preload of the bolt, the sectors with
larger bolt loosening torque are also located in the top half of this bolt joint, overlapping
with severely stained sectors (Figure 4). This further confirms that angular deformation
occurred in this joint during the operation.

Figure 6. Thickness of the stains varies across different bolt sectors.

2.2.3. Indentations on Bolt Screws

In addition to damage on the end face, some indentations also occur on the surface of
the screws of the bolt joint before the turbine (Figure 7). These indentations result from the
extrusion of the bolt hole on the screw due to uncoordinated radial deformation between
the labyrinth disk and the turbine disk under centrifugal force and thermal deformation.
Analysis of the position of these indentations and their correlation with the bolt’s loosening
torque reveals a typical distribution pattern, which is illustrated in Figure 8. This figure
shows that the abnormally indentated screws are relatively concentrated, with most of
them found in sectors with relatively small loosening torque. This is related to the lower
frictional constraint in sectors with smaller loosening torque, which cannot effectively
restrain the relative displacement between the end faces, resulting in the squeezing of the
screw by the screw hole.

The phenomenon of joint deformation and interface damage resulting from the com-
bined action of centrifugal force, thermal deformation, and axial force reveals that the
contact between the components of the bolt joint before the turbine is not effective, leading
to irreversible interfacial slip. Consequently, changes in bolt loosening torque, end face
damage, and indentations on the screw surfaces occur. These changes are unevenly dis-
tributed across the circumference of the bolt joint. This suggests that the bolt joint before
the turbine is subjected to a large bending moment during operation and experiences
angular deformation.

  

Figure 7. Patterns of the indentations on the surface of bolt screws.
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(a) (b) 

Figure 8. Distribution of indented bolts: (a) experiment results, where the orange line represents the
fitted curve of the loosening torque of the bolts; (b) distribution of bolt loosening torque and indentations.

2.3. Change in Rotor Unbalance

Table 2 presents the changes in the HPR’s unbalanced state before and after engine
usage. It is important to emphasize that, when measuring its unbalance, the rotor lacks
blades and balancing mass. Consequently, the measured rotor unbalance stems exclusively
from the rotor’s asymmetrical deformation. The unbalanced state of the compressor module
undergoes relatively minor changes before and after the test. However, the unbalance state
of the turbine module experiences significant changes in its front balance plane (B.P.), with
the amplitude of unbalance increasing from 540 to 1190 g/mm and the phase of unbalance
shifting from 343◦ to 210◦. Additionally, a substantial change in unbalance exists in the rear
B.P. of the HPR, with the phase of unbalance changing from 23◦ to 330◦. These changes
align with the unbalanced changes in the turbine module.

Table 2. Rotor unbalance before and after engine experiment.

Module

Before Engine Test (gmm) After Engine Test (gmm)

Front B.P. Rear B.P.
Static

Unbalance
Front B.P. Rear B.P.

Static
Unbalance

Compressor
Module 3440∠330◦ 2170∠158◦ 1340∠316◦ 3180∠314◦ 2180∠162◦ 1600∠275◦

Turbine
Module 540∠343◦ 1580∠201◦ 1201∠217◦ 1190∠210◦ 1240∠180◦ 2350∠195◦

HPR 560∠60◦ 370∠269◦ 300∠23◦ 730∠47◦ 1890∠308◦ 1920∠330◦

Considering the circumferential nonuniform distribution of bolt loosening torque,
interface damage, screw indentation, and changes in HPR distribution, it can be concluded
that during HPR operation, the harsh environment leads to interfacial slip and angular
deformation of the bolt joint before the turbine. This, in turn, results in a change in the
unbalance of the turbine module by slanting the thin turbine disk. The slant of the turbine
disk generates significant rotational inertia moment excitation in the rotor’s supercritical
state, which likely contributes to the vibration failure of the HPR.

3. Dynamic Analysis of the Jointed High-Speed Rotor System

Analysis of the failure phenomena reveals that the angular deformation of the bolt
joint triggers the vibration failure of the HPR by altering the rotor’s unbalance. In this
section, a rotor dynamics model that considers the sudden angular deformation of the joints
is established. Through simulation of sudden changes in rotor dynamics, the mechanism
underlying the rotor vibration failure is revealed.
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3.1. Joint Interfacial Slip and Angular Deformation
3.1.1. Bolt Joint Deformation Model

Figure 9 shows the operational loads applied to the bolt joint before the turbine disk.
In its initial state, owing to the axial compression of the bolt and the interference fit of the
centering faces, the flange is subjected to axial compression force from the bolt FP, contact
stress from the end face PE(y), and contact stress from the centering face PR(x).

Figure 9. Operational loads applied to the bolt joint before the turbine disk: purple areas represent
contacted area; blue areas represent the rear flange of the drum shaft; green areas represent the
labyrinth disk; yellow areas represent the front flange of the turbine disk; FP represents axial com-
pression force applied to the flange from the bolt; PE(y) represents contact stress from the end face;
PR(x) represents contact stress from the centering face; FP represents bolt preload; Fa, δa represent
axial force applied to the bolt joint and corresponding axial slid; Ff represents frictional force of the
centering face.

When an operational load is applied to the joint, under the action of axial force Fa,
centrifugal force, and thermal load, the joint’s centering face undergoes axial relative
sliding. The direction of deformation δa and the direction of frictional force Ff on the
flange’s centering face are shown in this figure. The axial deformation of the flange causes
axial deformation of the bolt, increasing residual preload inside the screw. Additionally,
under the action of external loads, interfacial contact stress distribution PE(y) and PR(x)
will also change. According to force balancing,

Fa + F′
c = F′

f + kθδa + F′
P, (1)

where kθ is the axial stiffness of the flange, F′
c is the reaction force applied to the end face,

F′
f is the frictional force applied to the centering face, and can be expressed as

F′
c =

∫
PE(y)dy, F′

f = μ
∫

P′
R(x)dx. (2)

From Equation (2), the axial slip of the centering face under operational force δa can
be obtained. This slip depends on the axial force Fa, the residual preload of the bolt F′

P, and
the contact stress distribution of the centering face P′

R(x).
As shown in Figure 10, when the joint is subjected to a bending moment load MJ,

its upper sectors experience tension while its lower sectors undergo compression. This
indicates that the operational load applied to the joint is non-axisymmetric. Consequently,
the interfacial slip and axial deformation of each sector can vary, resulting in the angular
deformation of the joint. Similarly, owing to variations in bolt preload and the contact status
of the centering faces, the interfacial constraint of the joint also exhibits a non-axisymmetric
characteristic, which can contribute to angular deformation of the bolt joint [29]. Ad-
ditionally, considering that interfacial slip often occurs abruptly when the applied load
surpasses a certain threshold, changes in the joint’s angular deformation can also exhibit a
sudden characteristic.
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Figure 10. Angular deformation of the bolt joint before the turbine disk: blue areas represent drum
shaft; green areas represent labyrinth disk; yellow areas represent turbine disk; FJ, MJ represent
axial force and bending moment applied to the bolt joint before the turbine, α represents angular
deformation of the bolt joint.

3.1.2. Simulation on Bolt Joint Angular Deformation

A simulation model of the bolt joint before the turbine disk is established to simulate
the angular deformation of the joint (Figure 11). Both the FEM modeling, the boundary
condition setup, and the solving of this model are realized in the commercial FEM software
ANSYS 2021. Two sets of simulations are conducted to investigate the mechanism through
which the unevenness of the bolt preload and moment load affects the deformation of the
bolt joint. In Set A, let ω, Fa, and Fpre(i) satisfy the relationship as

ω/ωmax = Fa/Fa,max = β, (3)

Fpre(i)/Fpre,max = 1 + (|2i − 2 − N|/N − 1)γ. (4)

Equation (3) indicates that the rotor’s operational speed and the axial force applied to
the bolt joint will increase linearly. Equation (4) indicates that bolt preload varies linearly
with its circumferential position, where γ is a factor that determines the difference between
the maximum and minimum preloads of the bolts, and γ can be expressed as

γ =
Fpre,max − Fpre,min

Fpre,max
. (5)

Figures 12 and 13 show the FEM simulation results of the joint’s angular deforma-
tion. In Figure 12, when the operational speed reaches 72%ωmax, the top half of the bolts,
characterized by lower preload, experience larger axial deformation, resulting in an abrupt
angular deformation of the joint (~10−4 rad). In Figure 13, when MJ is low and no macro-
scopic slip occurs on the centering face, the angular deformation of the bolt joint is relatively
small. However, once MJ exceeds a certain threshold, the joint also undergoes sudden
angular deformation (~10−4 rad) owing to the slip of the upper bolt sectors.

65



Symmetry 2023, 15, 1937

(a)

(b) (c)

Figure 11. Simulation model of the bolt joint before the turbine disk: (a) a finite element model (FEM)
of this bolt joint, which consists of Solid 185 elements, and the elements near the interface have been
refined; (b) the boundary condition of the simulation, where blue areas represent the rear flange of
the drum shaft; green areas represent the labyrinth disk; yellow areas represent the front flange of
the turbine disk; Fa represents axial force applied at the front end face of the drum shaft (Face A),
MJ represents moment load applied at Face A, ω represents the operational speed of the joint, δa(i)
represents axial deformation of Face A at the #i bolt caused by operational loads. Meanwhile, axial
displacement constraints are applied at the rear end face of the turbine disk (Face B); (c) contact
elements and bolt preload of the joint before the turbine, where Fpre(i) represents preload in bolt #i
obtained by screw elements’ pre-strain; the contact characteristics of the centering faces and end faces
are obtained by Target 170/Conta 174 elements located at these surfaces.
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(a)

(b)

Figure 12. Non-axisymmetric axial deformation of sectors with increasing operational speed and its
influence on joint angular deformation: (a) angular deformation of the joint with rotor operational
speed; (b) axial deformation of sectors.

(a)

(b)

Figure 13. Non-axisymmetric axial deformation of sectors under moment load and its influence
on joint angular deformation: (a) angular deformation of the joint with the applied moment, when
ω = 0.95ωmax, Fa = 0.95Fa,max; (b) axial deformation of sectors.
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According to these simulation results, both the non-axisymmetric bolt preloads and
the bending moment can induce a sudden angular deformation of the bolt joint before the
turbine disk. This angular deformation of the joint can result in a change in the PAI slant
of the turbine disk, resulting in a significant rotational inertia moment excitation at high
operational speeds, thereby affecting the rotor’s dynamic response.

3.2. Rotor Dynamic Analysis Considering Joint Angular Deformation
3.2.1. Rotor Dynamic Model with Distributed Rotational Inertia Load Excitation

As shown in Figure 14a, when the HPR undergoes bending deformation while rotating,
the relative position relationship between its components changes, particularly in terms of
the angular relative position. Each component exhibits a different whirling state owing to
variations in materials and geometric configurations. Consequently, the influence of the
components on rotor dynamics, including rotational inertia load excitation and gyro-effect,
also varies. At this stage, considering the rotor as a whole is no longer appropriate, and it
becomes necessary to decompose the HPR into the five elements illustrated in the figure.

(a)
k
c

k
c

(b) (c)

Figure 14. Rotor dynamic model with distributed excitation arising from rotational inertia load:
(a) decomposition of the HPR into several elements; the high-pressure compressor with multi-disks
can be treated as a single thick disk; (b) The mass, stiffness, moment of inertia, and displacement of the
rotor, where mi—the mass of element i, Ip,i, Id,i—the polar moment of inertia and diameter moment
of inertia of element i, kθ,i—bending stiffness of element i, z̃i, θ̃i—lateral and angular displacement
of element i described by the complex vector, kb,f, kb,r, cb,f, cb,r—stiffness and damping ratio of front
and rear bearings, kj,j+1—joint bending stiffness between element j and j + 1; (c) description of the
rotational inertia load applied to rotor system.

According to the mass and stiffness of the elements, they can be categorized into two
groups: elastic elements and mass elements. Elastic elements are characterized by relatively
small masses and large deformations. The front shaft element (P1), drum shaft element
(P3), and rear shaft element (P5) are elastic elements. Mass elements are characterized by
relatively large mass and moment of inertia, and their deformation can be neglected. The
compressor element (P2) and the turbine element (P4) are mass elements.

As illustrated in Figure 14b, mi, Ip,i, Id,i, kθ,i represent the mass, moment of inertia, and
stiffness of the five elements. The lateral and angular displacements of each element’s
CM are represented by complex vectors z̃i and θ̃i, respectively. The bending stiffness of
joints between two elements is represented by kj,i,i+1, and front and rear support constraint
stiffness and damping effects are also considered.
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Although both the compressor and turbine elements are mass elements, the compres-
sor element has an inertia ratio Ip,2/Id,2 < 1, which should be treated as a thick disk, while
the turbine element has an inertia ratio Ip,4/Id,4 > 1, which should be treated as a thin
disk. Therefore, the rotational inertia load generated by these two elements during rotation
exhibits distinct changes with operational speed [9]. As shown in Figure 14b, it is necessary
to separately consider the unbalance of both compressor and turbine elements and the
distributed excitation generated by these two elements. The unbalance of the compressor
element is described by the CM offset ẽ2 and the PAI slant τ̃2, while that of the turbine
element is described by ẽ4, τ̃4.

The motion differential equation of the rotor can be obtained via the Lagrange
method as

d
dt

∂L
∂

.
ui

− ∂L
∂ui

= Qi, (6)

L =
n

∑
i=1

Ti − (
n−1

∑
i=1

Vi,i+1 + Vbf + Vbr), (7)

where Ti represents the kinetic energy of the ith element; Vi,i+1 represents the elastic energy
between the element i and i + 1; Vbf, Vbr represents the elastic energies of the front and rear
bearings, respectively; ui represents the lateral or angular displacement of the DOF i; and
Qi represents the generalized force applied to the DOF i.

Substituting Equation (7) into Equation (6), the motion of the rotor system can be
expressed as

M
..
u + (C + G(ω))

.
u + Ku = Q, (8)

where, M represents the mass matrix, G(ω) represents the gyroscopic matrix, C represents
the damping model, K represents stiffness matrix, u represents the displacement of the
rotor system, and Q represents the rotational inertia load applied to the rotor system arising
from rotor unbalance. u and Q can be expressed as

u = (· · · , z̃i−1, θ̃i−1, z̃i, θ̃i, z̃i+1, θ̃i+1, · · · )T
(9)

Q = (· · · , F̃2, M̃2, 0, 0, F̃4, M̃4, · · · )T
(10)

Only excitation arising from the unbalance of mass elements is considered, which can
be expressed as ⎧⎪⎪⎪⎨⎪⎪⎪⎩

F̃2 = m2 ẽ2 · ω2eiωt

M̃2 = (Id,2 − Ip,2) · τ̃2 · ω2eiωt

F̃4 = m4 ẽ4 · ω2eiωt

M̃4 = (Id,4 − Ip,4)(τ̃4 + α̃) · ω2eiωt

(11)

Substituting Equation (11) to Equation (10), Q can be rewritten as Q = Q0eiωt.
Owing to the angular deformation of the joint before the turbine, the rotational inertia

moment of the turbine element considers the initial slant of the PAI and the angular
deformation ã of the joint (if the additional slant caused by the joint is equal to its angular
deformation, as illustrated in Figure 14c).

According to Equation (8), the displacement u of the rotor can be solved to reveal its
dynamics. The detailed solution methodology can be found in Appendix A.

3.2.2. Sudden Angular Deformation of Joints in Rotor Dynamic Model

According to the analysis in Section 3.1, as the operational speed increases, the cen-
trifugal load, axial force, thermal deformation, and bending moment applied to the joint
gradually increase. When the speed reaches a certain threshold ωt, the joint interfaces
undergo circumferentially uneven slip, causing sudden angular deformation α̃0 = a0∠ϕa.
This causes the turbine element to slant and generate additional rotational inertia moment
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M̃g acts on the joints and subjects them to bending moment M̃J. Finally, this bending
moment induces a reaction load at the rear bearing. According to force balance,

M̃J = M̃g + l̃s × F̃b, (12)

where, l̃s represents the position vector of the rear bearing relative to the CM of the
turbine element. As the rotor’s operational speed increases, the rotational inertia moment
generated by the slant of the turbine element’s PAI increases rapidly; consequently, the
angular deformation of the joint is restored, and the turbine disk tends to return to its
original position. Once the amplitude of the bending moment M̃J reaches the threshold
Mt, the angular deformation of the joint reduces (though there is still residual angular
deformation α̃r). This process is shown in Figure 15, and the angular deformation of the
joint can be expressed as

α̃(ω, M̃J(ω)) =

⎧⎪⎪⎨⎪⎪⎩
0 , ω < ωt

α0∠ϕα , ω ≥ ωt &
∣∣∣M̃J(ω)

∣∣∣ < Mt

αr∠ϕα ,
∣∣∣M̃J(ω)

∣∣∣ ≥ Mt

. (13)

Figure 15. Deformation of the joint before the turbine under different operational speeds: (a) ω < ωt;

(b) ω = ωt; (c) ω ≥ ωt &
∣∣∣M̃J(ω)

∣∣∣ < Mt; (d)
∣∣∣M̃J(ω)

∣∣∣ = Mt.

By substituting Equation (13) into Equation (11), the influence of additional angular
deformation of the joint can be considered on rotor dynamics.

3.3. Rotor Dynamic Response to Increase in Operational Speed

Let ẽ2m2 = ẽ3m3 = 2500 g · mm∠0◦, τ̃2 = τ̃3 = 0∠0◦, ωt = 75%ωmax, Mt = 950 N · m,
α0 = 5 × 10−4 rad, ϕα = 75◦, α̃r = 0∠0◦. The rotor dynamic response to operational speed
is analyzed.

3.3.1. Amplitude and Phase of Rotor Bearing Load

Figure 16 illustrates the vibration amplitude and the phase of the rotor’s front and rear
bearings. According to Figure 16a, when the rotor’s operational speed is below the first and
second critical speeds, the dynamic response increases with speed until a local maximum
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value is reached at the critical speed position. The dynamic response at the second critical
speed is quite minimal. This can be attributed to the modal shape at the second critical
speed, characterized as a rotor-angular-pitch shape. Such a mode shape renders the
rotor’s dynamic response at the second critical speed highly sensitive to the rotor’s couple
unbalance. And due to the unbalance setup (ẽ2m2 = ẽ3m3 = 2500 g · mm∠0◦), the couple
unbalance of the HPR is minimal. On all accounts, once the operational speed exceeds
the first and second critical speeds and the rotor’s CM turns inward, the dynamic loads
of the front and rear bearings gradually decrease with increasing operational speed. This
phenomenon aligns with the predictions of a 4-DOF rotor dynamic model.

(a)

(b)

Figure 16. Vibration amplitude and phase of the front and rear bearing of the rotor: (a) vibration
amplitude; (b) vibration phase.
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However, when the joint suddenly undergoes angular deformation α̃0 at ω = ωt and
causes slanting of the turbine element, a spike in the rotational inertia moment arising from
the turbine element results in a sudden increase in bearing load. Owing to the turbine
element being a thin disk, its rotational inertia moment increases rapidly with operational
speed, even in the supercritical state. Consequently, the bearing load amplitude exhibits
speed-following characteristics until the rotational inertia moment generated by the turbine
element becomes sufficiently large to satisfy the condition

∣∣∣M̃J(ω)
∣∣∣ = Mt. At that point,

the angular deformation of the joint decreases, and the turbine element is immediately
“straightened”, causing the bearing load to also decrease suddenly. As the speed continues
to increase, the dynamic loads of the front and rear bearings hardly change. This bearing
load phenomenon is consistent with the rotor vibration failure mentioned in Section 2.1.

As shown in Figure 16b, in the low-speed region (except near-critical speed), the
vibration phases of both the front and rear bearings are in the plane where the rotor’s
CM is located (0/180◦ plane). This dynamic behavior also aligns with a 4-DOF rotor
dynamic model. However, when the joint undergoes sudden angular deformation, the
vibration phases of the front and rear bearings simultaneously experience a sudden change
of ~75◦. As the operational speed increases, the vibration phases of the front and rear
bearings gradually change and tend to align with this 75◦ plane. The reasons for this
phenomenon are as follows: Before the joint’s angular deformation, the rotor deformation
is primarily influenced by the rotational inertia force generated by the rotor’s CM offset
(static imbalance). Consequently, the displacements of both the front and rear bearings lie
in the same plane where the rotor’s CM offset is located. However, once the joint’s angular
deformation leads to additional slanting of the turbine element, the rotor deformation
is dominated by the rotational inertia moment generated by the slanting of the turbine
element’s PAI. Consequently, the vibration phases of both the front and rear bearings
abruptly shift toward the plane where the turbine disk is slanted (ϕα = 75◦). This moment
gradually increases with operational speed, causing the vibration phases of the rotor’s front
and rear bearings to approach the plane ϕα = 75◦. This phenomenon is also consistent
with that of the faulty engine.

3.3.2. Bending Moment Applied to Rotor Joints

Figure 17 illustrates the changes in the bending moment applied to each joint as the
rotor’s operational speed increases. The following can be observed from the figure:

(a) Prior to the sudden angular deformation of the joint, the bending moment applied to
the joints follows a pattern: it gradually increases with operational speed, reaches a
maximum at the position of the first critical speed, and then decreases. This pattern is
a result of the bending moment primarily originating from the rotational inertia force
generated by the rotor’s CM offset.

(b) After the joint before the turbine element undergoes sudden angular deformation, it
generates a large rotational inertia moment at high speeds owing to the additional
slant of the PAI of the turbine element. This results in a significant increase in the
bending moment applied to the rotor joint. Among the four joints, the joint before
the turbine disk experiences the highest bending moment because it is closest to the
turbine element.

(c) As the operational speed continues to increase, the bending moment applied to the
joints also increases because the rotational inertia moment generated by the slanted
thin disk continues to rise with operational speed. Once the bending moment is
applied to the joint before the turbine element reaches a certain threshold Mt, the joint
interfaces experience a slip, leading to a sudden reduction in joint angular deformation
and the disappearance of the slant in the turbine element. Consequently, the rotational
inertia moment from the turbine element also decreases significantly, resulting in a
sudden decrease in the bending moment load applied to the rotor joints.
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Figure 17. Bending moment applied to rotor joints in response to rotor operational speed.

4. Failure Mechanism and Troubleshooting Measures

4.1. Failure Process of Rotor Vibration Failure

According to the observed failure phenomena and simulations of the dynamic re-
sponse of the jointed high-speed rotor system, the rotor vibration process can be described
as illustrated in Figure 18:

(1) When the operational speed of the HPR has just passed the first and second critical
speeds, the bearing load is small and changes minimally with the operational speed
owing to the inward turn of the rotor’s CM.

(2) Once the operational speed exceeds a certain threshold, the non-axisymmetric bolt
preload of the joint before the turbine disk causes a sudden angular deformation
of this joint. This results in a slanting of the turbine’s PAI and an increase in the
additional rotational inertia moment that grows rapidly with the rotor’s operational
speed. Consequently, the bearing load and the bending moment applied to the joint
before the turbine increase.

(3) As the speed continues to increase, the rotational inertia moment generated by the
turbine disks keeps growing until the bending moment is applied to the joint before
the turbine surpasses a certain threshold. This triggers non-axisymmetric slip at the
joint interfaces and leads to the redistribution of unbalance in the HPR. The PAI of
the turbine disk momentarily coincides with the rotor’s rotation axis again, causing a
drop in the rear bearing load.

Therefore, the rotor vibration failure mainly originates from two aspects: (a) improper
control of the slant of the turbine disk, resulting in the generation of a rotational inertia
moment at high speeds, which causes bending deformation of the rotor and affects the
axial distribution of the rotational inertia moment excitation load. (b) Poor contact between
the rotor joints leads to interfacial slip when the joints experience the bending moment.
This causes the turbine disk, which is a thin disk, to suddenly slant, thereby amplifying
the impact of rotor bending deformation on the distribution of rotational inertia moment
excitation and rotor dynamic response.
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Figure 18. Process of the S.I. and S.D. of rotor vibration: (a) Rotor CM turns inward, and vibration
caused by rotor CM offset decreases with operational speed. (b) The bolt joint before the turbine
undergoes sudden angular deformation. (c) The rotational inertia moment arising from the slant
of the turbine’s PAI increases with operational speed. (d) The rotational inertia moment reaches a
threshold, and the turbine disk returns to its original angular position.

4.2. Troubleshooting Measures toward Rotor Vibration Failure

Considering the identified failure process, the troubleshooting measures shown in
Table 3 are implemented to control the rotational inertia moment and suppress joint defor-
mation. Engine tests confirm the effectiveness of these measures in eliminating vibration
failure. This provides evidence for the accuracy of the above-described failure mechanism
and the successful implementation of the troubleshooting measures.

Table 3. Troubleshooting measures toward rotor vibration failure.

Type Measures How It Works

Rotational inertia
moment control

Control initial static unbalance of
turbine disk and labyrinth disk, and
control initial static unbalance and

initial couple unbalance of the
turbine module.

Control initial mass asymmetry of
the components of the

turbine module.

After the engine is assembled,
measure and control the runout of
the turbine disk rim relative to the

rotor’s rotation axis.

Prevent initial turbine disk slant
caused by engine assembly.

Joint deformation
control

While tightening the bolts before
the turbine, apply axial compressive

force to assembled components.

Ensure end faces are tightly
attached and their contact states are
uniform circumferentially during

joint assembly.
Evenly select eight bolt sectors of

the bolt joint before the turbine disk,
and select screws with relatively

large diameters to make the screw
and the bolt hole nearly contact.

Constrain relative displacement
between flanges through screw to
prevent angular deformation of

the joint.

Measure and control the uniformity
of bolts’ preload.

Optimize circumferential evenness
of the constraint of the bolts before

the turbine disk.

5. Conclusions

This paper investigates the vibration failure of the HPR in a dual-spool low-bypass-
ratio turbofan engine. The failure phenomenon is analyzed, and a dynamic model of the
jointed high-speed rotor system is established to simulate the dynamic response of the HPR
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and reveal the mechanism behind the rotor vibration failure. Troubleshooting measures are
proposed, and their effectiveness is demonstrated through engine tests. The conclusions of
the research are as follows:

(1) As the HPR operates at high operational speeds, it undergoes bending deformation,
inducing angular displacement between the turbine and compressor elements. At
low operational speeds, the dynamics are predominantly influenced by the rotor’s
CM offset. Conversely, at higher speeds, the slant of the turbine disk’s PAI and the
associated rotational inertia moment become dominant excitation factors. This causes
the rotor dynamic responses to increase with the operational speed in the supercritical
domain.

(2) The non-axisymmetric contact at the bolt joint before the turbine induces an asym-
metrical slip within the joint interfaces. This leads to angular deformation in the joint,
resulting in a slant in the turbine disk’s PAI. This condition then triggers a sudden
increase in the rotor dynamic response. As the speed increases, the rotational inertia
moment also amplifies. Once this moment reaches a critical threshold that induces
an opposite angular deformation in the joint, the turbine reverts to its initial angular
position, causing a sudden decrease in the rotor dynamic response. Notably, these
joint deformations are consistent with interface damages identified in faulty engines.

(3) Troubleshooting measures are proposed to control the rotational inertia moment
induced by the turbine disk’s PAI slant and the deformation of the bolt joint before
the turbine disk. These measures effectively prevent the recurrence of rotor vibration
failure, validating the accuracy of the mechanism analysis and the efficacy of the
troubleshooting measures.

(4) To prevent similar aero-engine vibration issues fundamentally from the design phase,
a robust structural design should be emphasized to mitigate joint deformations from
operational loads, including axial force, bending moment, and operational speed.
Following this, simulations and tests should evaluate the design’s effectiveness.
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Appendix A. Solution Methodology to Rotor Dynamics

Based on Equation (8), the damping matrix of the rotor system is obtained by the
Rayleigh damping model, which means

C = μM + νK, (A1)

where, factor μ and ν can be obtained by⎧⎨⎩
μ

2(2π f1)
+ ν(2π f1)

2 = ξn
μ

2(2π f ) +
ν(2π f2)

2 = ξn
, (A2)

where, f1, f2 represents the first and second critical speed of the rotor system, ξn represents
the damping ratio of the rotor system. According to Reference [30], ξn is set to be 0.05 in
this paper.
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Assuming the displacement vector u has the form of u = u0eiωt, then Equation (8) can
be rewritten as (

−ω2M + iω(C + G(ω)) + K
)
· u0 = Q0, (A3)

Finally, the displacement of the rotor system at operational speed ω can be obtained by

u0 =
(
−ω2M + iω(C + G(ω)) + K

)−1
· Q0 (A4)
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Abstract: Contemporary aero-engines aim for enhanced efficiency and weight reduction. They are
designed to increase rotor operational speed while reducing rotor bending stiffness. This may result
in bending deformation in rotor systems within the operational speed range. Such deformation can
change the relative positions of rotor components, potentially causing increased mass asymmetry
or unbalance. Traditional rotor dynamic models typically assume a constant rotor state. They
approximate unbalance using constant mass eccentricities at certain rotor cross-sections. However,
this approach has its limitations. This paper focuses on a high-speed jointed rotor system. A
distributed rotational inertia load excitation model is proposed. This model explicitly considers the
rotor’s variable unbalance state at different operational speeds. The study involves both simulations
and experimental investigations. The results show that at high speeds, bending deformation causes
the unbalance and rotational inertia load to shift from a concentrated to a distributed state. Notably,
the localized rotational inertia moment from thin-disk components like turbine disks becomes
significant at high speeds. This results in a rapid increase in bearing load with rotational speed.
It also profoundly affects the rotor’s joints, causing interfacial slip and sudden changes in rotor
vibration characteristics.

Keywords: rotor dynamics; rotational inertia load; dynamic response; unbalance state; joint interface

1. Introduction

As aero-engines continuously pursue performance improvement and structural effi-
ciency, their structural systems confront progressively intricate dynamic challenges. No-
tably, the rotor systems of these aero-engines may cause vibrations that exceed acceptable
limits if they exhibit poor unbalance states. This concern becomes particularly pronounced
for jointed rotors, where joints may undergo deformation due to interfacial slip damage,
resulting in alterations in the rotor’s unbalance state. Therefore, gaining insights into
jointed rotors with mass asymmetry and understanding the influence of joints on the
rotor’s dynamic response become pivotal in vibration control for aero-engines.

In 1919, Jeffcott [1] introduced the “Jeffcott rotor” model, which initially identified the
deviation between the rotor’s center of mass (CM) and center of shape as the source of rota-
tional inertia load, leading to the primary cause of rotor whirling [2]. Smith and others [3–6]
expanded on the “Jeffcott rotor” model by developing the “four degrees-of-freedom rotor”
model. In both models, the rotor’s mass asymmetry is represented by the offsets of the
rotor’s CM, and the rotational inertia loads arising from rotating unbalance are approxi-
mated as transverse harmonic force excitations within the specified plane. Hereafter, this
model of rotational inertia load excitation is described as the “concentrated rotational
inertia load excitation model” or the “concentrated excitation model”. As per this excitation
model, the rotor’s dynamic response induced by unbalance excitation may decrease with
the operational speed once the rotor’s CM turns inward, unless the operational speed is in
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proximity to the critical speeds, causing the rotor’s modal vibration. Based on this concen-
trated excitation model, researchers have extensively analyzed rotor dynamics, leading to
significant research findings [7–9].

However, as the investigation into rotor dynamics advanced, certain limitations of
the concentrated excitation model came to light. Firstly, the approach of representing the
rotor’s mass asymmetry solely through the CM offset, while neglecting the rotor’s axial
length, can introduce significant errors when the rotor undergoes bending deformation,
rendering it no longer in a constant state [10–13]. Secondly, the rotational inertia load
excitations resulting from the slant of the principal axis of inertia (PAI) of rotor components
can significantly influence rotor vibrations. Particularly, for a thin-disk, when a slant of
its PAI occurs, it induces a continuously increasing rotational inertia moment of excitation
with the operational speed in even a supercritical state, leading to a rapid escalation in
rotor dynamic response [14,15]. This supercritical vibration has been observed in heavy
gas turbine engines and aero-engines, where the slant of the turbine disk was identified
as the underlying cause of elevated rotor vibration under supercritical conditions [16,17].
Therefore, it is critical to consider the effect of the slant of a thin-disk’s PAI and its axial
distribution on the rotor’s dynamic response at high speeds.

In study of jointed rotor dynamics, Qin [18] and Luan [19] represented the bending
stiffness of the rotor’s joints as a function of operational loads and investigated its impact
on the rotor’s modal characteristics. Zhuo [20] and Chen [21,22] conducted studies in
which they observed that under the influence of bending moments, the contact stress
distribution at the joint interface undergoes non-axisymmetric changes, resulting in a
significant reduction in the joint’s bending stiffness. Consequently, the bending mode
frequency of the rotor becomes highly sensitive to the rotor’s bending deformation. These
studies primarily focused on the influence of joint bending stiffness on the rotor’s modal
characteristics. However, in the rotor designs of aero-engines, critical-speed-avoidance
principles are commonly adopted, and variations in joint bending stiffness are unlikely to
induce rotor modal vibrations within the operating speed range of the rotor.

Nevertheless, the phenomenon of joint deformation affecting the rotor’s unbalance
state and subsequently influencing the rotor’s dynamic response has gained consider-
able attention. Chen et al. [23] conducted a study on the impact of joint deformation on
the distribution of the rotor’s CM offset, confirming that rotor unbalance primarily origi-
nates from components’ slanting relative to the rotation axis caused by joint deformation.
Hong et al. [24] observed a deformation in a rotor’s bolt joint after cumulative operating
cycles, resulting in an increase in the rotor’s unbalance and vibration. Liu et al. [25,26]
investigated cases involving interface defects and parallelism errors, revealing that a rotor’s
CM offset exhibits variation with the operational speed, leading to increased rotational
inertia excitation and vibration. In engine experiments, engineers have also discovered that
as the high-pressure rotor speed increases from 80% to 100% of the maximum operational
speed, the turbine disk’s slant caused by centrifugal force and thermal deformation at the
joint leads to continuous growth in rotor vibration [27]. Furthermore, Sun et al. [28,29]
found that if the pre-forces of a rotor’s bolt joints are uneven circumferentially, the radial
slip distance in various sectors of the bolt’s end face under centrifugal loads can be asym-
metric with respect to the rotation axis, resulting in changes in the concentricity of the joint
and exacerbating the rotor’s unbalance state.

Previous studies have identified that joint deformation can induce changes in the
rotor’s unbalance state leading to an impact on the rotor’s vibration response. However,
these investigations still simplify the unbalance change caused by joint deformation as
merely an increase in rotor CM offset. This oversimplification fails to provide a comprehen-
sive explanation for the observed increase in rotor vibration with the operational speed
in the supercritical state. Consequently, there is an urgent need to reveal the underly-
ing mechanisms by which joint deformation affects a rotor’s dynamic response at high
operational speeds.
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In conclusion, the primary objective of this paper is to explore the dynamic behavior of
high-speed, jointed rotor systems, taking into consideration the distributed mass asymme-
tries of rotor components, including both the CM offset and PAI slant, and their variations
resulting from joint deformation. To achieve this, a distributed rotational inertia load
excitation model, referred to as the “distributed excitation model”, is proposed. Through
simulation analyses of rotor dynamic responses at varying operational speeds, the underly-
ing mechanisms behind the changes in the distribution of rotational inertia loads within
the rotor and their influence on rotor dynamics can be revealed. Additionally, experimental
investigations will be carried out to validate the correctness of the proposed model.

2. Distributed Rotational Excitation Model for High-Speed Rotor System

In the context of engineering, the initial mass distribution of a rotor in its static state
may not exhibit complete axisymmetry due to manufacturing and assembly errors. This
initial mass asymmetry is commonly referred to as the “initial unbalance” of the rotor.
As the rotor undergoes rotation, this mass asymmetry induces rotational excitation at the
rotor’s rotational frequency, which is known as “rotational inertia load excitation”. It is
important to note that different types and locations of mass asymmetry can have varying
effects on the dynamic response of the rotor [14]. Furthermore, as the operational speed of
the rotor increases, the rotor experiences bending deformation and localized deformation at
the joints, leading to changes in its mass asymmetry. This variated mass asymmetry during
operation is referred to as the “operational unbalance” of the rotor. Consequently, relying
solely on a constant and unchanging CM offset within a specific cross-section to represent
the mass asymmetry of the rotor across its entire speed range is inadequate. Instead, a
comprehensive analysis should consider the axial distribution of its mass asymmetry and
how these distributions evolve with the operational speed.

2.1. Configuration of a Typical High-Speed Jointed Rotor

Figure 1 illustrates a typical high-speed jointed rotor system consisting of multiple
components interconnected axially through joints. The inherent variations in materials
and geometric configurations among these components lead to inevitable changes in their
relative angular positions during high operational speeds, resulting in distinct motions of
these components. Consequently, the rotational inertia load excitations arising from these
motions also undergo corresponding changes. Therefore, the rotor no longer complies with
the assumption of being in constant state.

Figure 1. A typical high-speed jointed rotor: P1—front shaft element; P2—compressor element;
P3—drum shaft element; P4—turbine element; P5—rear shaft element.

Based on the structural characteristics of the rotor and its deformations during opera-
tion, certain connecting components that share similar characteristics and motion states
can be aggregated and represented as unified entities, denoted as “structural elements” or
simply “elements” for conciseness. These elements can be classified into two categories
based on their mass and stiffness: “mass elements” and “elastic elements”. “Mass elements”
refer to elements with large mass and moments of inertia, whose own deformations can
be neglected during motion. In the rotor system, the compressor element (P2) and turbine
element (P4) are both considered as mass elements. Meanwhile, “elastic elements” refer to
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elements with a smaller mass but significant deformations, which determine the stiffness
of the rotor system. In this rotor, the front shaft element (P1), drum shaft element (P3), and
rear shaft element (P5) are all classified as elastic elements.

2.2. Description of the Rotational Inertia Load Distributed in the Rotor
2.2.1. Description Method Based on PAI Slant and CM Offset

In a rotating rotor, its elements experience non-inertial motion, leading to continuous
changes in their linear and angular momentum due to the constraints imposed by bearings.
Consequently, the rotor generates reaction forces on the constrained boundaries, known as
rotational inertia loads, which can be expressed as⎧⎨⎩ FI = ρ(−a)dV = −dP/dt

MI = ρr′ × (−a)dV = −dL/dt
(1)

where, FI, MI—rotational inertial force and rotational inertia moment generated by the
element, respectively, a—acceleration of the element, r′—displacement vector of the element
relative to its centroid, and P, L—linear and angular momentum of the element.

Obviously, an element’s linear momentum is determined by its mass and velocity,
while its angular momentum is determined by its moment of inertia and angular velocity.
As shown in Figure 2, it is assumed that the rotor’s elements are geometrically symmetrical,
but due to manufacturing and assembly errors, its CM, referred as G, does not coincide
exactly with its centroid, referred as M. Similarly, the polar PAI, referred as Ip, does not
coincide exactly with the rotor’s rotation axis. Therefore, it is necessary to establish two
coordinate systems, one of which is a body-fixed translation coordinate system x1My1,
based on M, while the other is based on G, seen in Figure 2b as x0Gy0. These two coordinate
systems are used to describe the mass asymmetry of the element and its linear momentum
and angular momentum during rotation. It is worth noting that this paper assumes that
the rotor motion is always synchronized and in the forward direction.

x0Gy0

x1My1

Figure 2. Mass asymmetry of an element and its description method: (a) body-fixed translation
coordinate system of the element, referred to as x1 My1. This coordinate system has the element’s
centroid M as its origin, and its coordinate axes align with the absolute coordinate system. In this
coordinate system, G—the element’s CM, Ip, Id—the element’s PAI, ωx0, ωy0, ωz0—components of
rotor’s rotation ω in the direction of the element’s PAI; (b) mass center coordinate system of the
element, referred to as x0Gy0. This coordinate system has the element’s CM G as its origin, and

the line of intersection between planes x1 My1 and x0Gy0 as x-axis. In this coordinate system,
→
i ,

→
k —directions vector of x-axis and z-axis, respectively. e—distance between the element’s CM and
centroid, τ—angle between the PAI and the rotor’s rotation axis, Lx0, Ly0, Lz0—components of the
element’s angular momentum along the x, y, z axes of coordinate x1 My1. (c) The projection of the
element’s PAI slant and CM offset onto plane x1 My1, where βe, β′τ—phase of the CM offset and
PAI slant.

Among them, the distance between G and M is called the eccentricity distance, denoted
as e; the angle between GM and Mx1 is called the eccentric phase angle, denoted as βe.
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During the rotation of the element, the position of its CM in coordinate x1My1 can be
represented as ⎧⎨⎩

x1 = e cos(ωt + βe)
y1 = e sin(ωt + βe)
z1 = const

(2)

Substituting Equation (2) into Equation (1), the expression for the rotational inertia
force can be obtained as {

FI,x = −dPx/dt = meω2 cos(ωt + βe)
FI,y = −dPy/dt = meω2 sin(ωt + βe)

(3)

Based on the geometric relationship, the expressions for the components of the rotor’s
self-rotation ω in the coordinate x0Gy0 can be obtained as⎛⎝ωx0

ωy0
ωz0

⎞⎠ = AT

⎛⎝ 0
0
ω

⎞⎠ (4)

where, A is a transformation matrix to transfer vectors in coordinate x0Gy0 to x1My1.
Assuming the initial phase of the motion of coordinate x0Gy0 relative to coordinate x1My1
is 0, and A can be expressed as

A =

⎛⎝cos(ωt) − sin(ωt) 0
sin(ωt) cos(ωt) 0

0 0 1

⎞⎠⎛⎝cos β′
τ − sin β′

τ τ sin β′
τ

sin β′
τ cos β′

τ −τ cos β′
τ

0 τ 1

⎞⎠ (5)

by which the angular momentum vector L0 = (Lx0, Ly0, Lz0)
T of this element in coordinate

x0Gy0 can be obtained as ⎛⎝Lx0
Ly0
Lz0

⎞⎠ = I

⎛⎝ωx0
ωy0
ωz0

⎞⎠ = IAT

⎛⎝ 0
0
ω

⎞⎠ (6)

where, I represents the matrix of the moment of inertia, and it can be expressed as

I = diag(Id, Id, Ip) (7)

Transforming L0 into coordinate xi Myi, which can be expressed as⎛⎝Lx1
Ly1
Lz1

⎞⎠ = AIAT

⎛⎝ 0
0
ω

⎞⎠ (8)

Neglecting the term containing higher-order small quantities τ2, the angular momen-
tum of the element can finally be obtained as⎛⎝Lx1

Ly1
Lz1

⎞⎠ =

⎛⎝−(Id − Ip)τω sin(ωt + β′
τ)

(Id − Ip)τω cos(ωt + β′
τ)

Ipω

⎞⎠ (9)

Substituting Equation (9) into Equation (1), the rotational inertia moment can be
obtained as {

MI,x = −dLx1/dt = (Id − Ip)τω2 cos(ωt + β′
τ)

MI,y = −dLy1/dt = (Id − Ip)τω2 sin(ωt + β′
τ)

(10)
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Combining Equations (3) and (10), then expressing them in terms of complex notation,
the expression for rotational inertia load excitation can be obtained as{

F̃I = mẽω2 · eiωt

M̃I =
(

Id − Ip
)
τ̃ω2 · eiωt (11)

where, ẽ = e∠βe, τ̃ = τ∠βτ , βτ = β′
τ − π/2, and from a geometric perspective, βτ

represents the angle between the plane containing the PAI slant and plane x1My1.
From Equation (11), it can be seen that the rotational inertia force F̃I depends on

the mass and CM offset of the element, while the rotational inertia moment M̃I not only
depends on the slant of the element’s PAI τ̃ but also on the relative size of the polar and
diametral moments of inertia. Therefore, the elements that satisfy Ip < Id are referred to as
thick-disks, while those that satisfy Ip > Id are referred to as thin-disks. These two types of
rotors exhibit significant differences in the direction and variation of the rotational inertia
moment with the operational speed [14].

2.2.2. Axial Distribution of the Rotational Inertia Load of a Rotor

In high-speed rotors, because most of the mass and the moment of inertia are concen-
trated in the compressor and turbine elements, only the mass asymmetry of these two mass
elements should be considered. However, the compressor element is typically a thick-disk,
while the turbine element is a thin-disk, resulting in significant differences in the direction
and variation patterns of the rotational inertia loads generated by their rotations at varying
operational speeds. If the compressor and turbine element are treated as a single entity
and combine their unbalances, it would not accurately represent the actual state of the
rotational inertia loads acting on the rotor.

Therefore, as shown in Figure 3, it is necessary to describe the unbalance of the
compressor and turbine elements separately by using the CM offset ẽ2, ẽ4 and the PAI slant
τ̃2, τ̃4, based on which the rotational inertia loads applied to the rotor can be described as{

F̃2 = m2 ẽ2 · ω2eiωt, M̃2 = (Id,2 − Ip,2) · τ̃2 · ω2eiωt

F̃3 = m3 ẽ3 · ω2eiωt, M̃3 = (Id,3 − Ip,3) · τ̃3 · ω2eiωt (12)

where F̃2, M̃2 and F̃4, M̃4 represent the rotational inertia force and rotational inertia moment
generated by the compressor element and the turbine element. These rotational inertia
load excitations act on elements’ CM.

Figure 3. Axial distribution and representation of mass asymmetry in high-speed rotors: mi—mass
of the ith element; Ip,i, Id,i—polar and diametral moment of inertia of the ith element; τ̃i—angles
between the ith element’s PAI and the centroid line of this element, ẽi—distance between the ith
element’s CM and the centroid line of this element.

2.3. Influence of the Motion State of the Rotor

As illustrated in Figure 4, the motion of the rotor in the low-speed range is depicted
with respect to the operational speed. In this low-speed region, the effect of rotor bending
deformation on the relative positions between elements can be negligible. Therefore, the
rotor can be treated as a thick-disk rotor due to Ip,r < Id,r. The mass asymmetry of the
compressor and the turbine elements are aggregated and represented as the rotor’s CM
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offset ẽr and PAI slant τ̃r. The rotor’s motion state variation with the operational speed
ω can be described using a four degrees-of-freedom rotor model [15]. Specifically, before
reaching the critical speed, the amplitude of the rotor dynamic response increases with ω.
However, after surpassing the critical speed, the dynamic response decreases with ω due
to a turning inwards of the rotor’s CM or PAI.

Figure 4. Variation of a rotor’s motion with the operational speed (low-speed range): (a) while rotat-
ing at low speed, the rotor can be regarded as a thick-disk, where, mr, Ip,r, Id,r —mass and moment
of inertia of the rotor, ẽr, τ̃r—CM offset and PAI slant of the rotor, ω—operational speed; (b) the
rotational inertia force generated by the CM offset increases with the rotational speed, enhancing the
rotor’s lateral displacement; (c) when ω exceeds the first critical speed ωcr,1, the rotor undergoes the
turning inward of CM; (d) the rotor’s CM gradually approaches the rotor’s rotation axis, resulting in
a gradual decrease in the rotational inertia force. However, the rotational inertia moment produced
by the rotor’s PAI slant increases rapidly with the operational speed, enhancing the rotor’s angular
displacement; (e) as ω surpasses the second critical speed ωcr,2, the rotor’s PAI changes direction;
(f) the rotor’s PAI gradually approaches the rotor’s rotation axis, leading to a gradual reduction in
the rotational inertia moment and a consequent decrease in the angular displacement of the rotor.

As illustrated in Figure 5, the motion of the rotor in the high-speed range shows
significant changes due to rotor bending deformation and the corresponding alterations in
the relative positions between its mass elements. Consequently, the rotor can no longer be
considered as a constant-state rotor, and it becomes imperative to separately consider the
mass asymmetry and rotational inertia load excitations for the compressor element and
the turbine element, respectively. Notably, the turbine element is classified as a thin-disk,
where the effect of rotational inertia moment is relatively strong, by which the turbine
element undergoes angular displacement, gradually approaching and aligning its PAI with
the rotor’s rotation axis. Subsequently, the angular deformation of the turbine element
ceases to exhibit significant increments with further increases in ω. Moreover, with a
further increase in ω, the rotational inertia moment generated by the compressor element
also becomes significant, causing its PAI to align with the rotor’s rotation axis.

Hence, from the comprehensive analysis presented, it can be deduced that at high-
speed range, the rotor experiences bending deformation, resulting in alterations in the
relative angular positions between the compressor element and the turbine element. This,
in turn, impacts the rotor’s mass asymmetry, leading to the manifestation of localized
rotational inertia load excitations caused by elements’ mass asymmetry.
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Figure 5. Variation of a rotor’s motion with the operational speed (high-speed range): (a) the CM and
PAI of the rotor are nearly aligned with the rotation axis; (b) with increasing ω, the rotor undergoes
bending deformation, leading to the disruption of the structural integrity of the rotor. At this stage, it
becomes necessary to separately consider the mass asymmetry and motion states of the compressor
and turbine element; (c) due to the thin-disk characteristic of the turbine element, the rotational
inertia moment generated by this element becomes more pronounced compared to the compressor
element as ω increases. Consequently, the PAI of the turbine element aligns with the rotation axis first,
and the angular displacement of the turbine element no longer increases with further operational
speed increase; (d) upon reaching sufficiently high operational speed, the rotational inertia load
induced by the compressor element also increases to the point where its PAI aligns with the rotation
axis. After this threshold, the angular displacement of the compressor element ceases to increase with
further operational speed increments.

2.4. Influence of the Mechanical Characteristic of the Joints
2.4.1. Bending Stiffness Loss of the Joints

The impact of operational loads, such as centrifugal forces, thermal deformations,
bending moments, and aerodynamic loads, can lead to changes in the contacting area and
redistribution of contact stresses at the joints’ interfaces, resulting in a reduction in their
bending stiffness [30–32]. Consequently, in the high-speed range, the bending deformation
of the rotor can become more pronounced due to the weakened bending stiffness of its
joints. This alteration in the rotor’s bending behavior affects the distribution of rotational
inertia load excitations and subsequently influences the rotor’s dynamic response.

As shown in Figure 6, taking the bending stiffness of Joints C/D (kJ,C, kJ,D) as examples,
the influence of joints’ bending stiffness loss on the distribution of the rotational inertia
loads in the high-speed range (ω > ωcr,2) can be concluded as follows:

Figure 6. Influence of a joint’s bend stiffness loss on the distribution of rotational inertia load in a
rotor at high operational speed: (a) while the bending stiffness of Joint C, denoted as kJ,C is greater
than that of Joint D, denoted as kJ,D. In the diagram, F̃b,f, F̃b,r—bearing load at the front and rear
bearing, respectively, M̃g,r—rotational inertia moment generated by the rotor; (b) when kJ,C < kJ,D.
In the diagram M̃g,2, M̃g,4—local rotational inertia moment generated by the compressor element
and turbine element, respectively.
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(a) When kJ,C > kJ,D: As kJ,C determines the bending stiffness between the compressor
element and the turbine element, a higher kJ,C can effectively restrains the angular disloca-
tion between the turbine element and the compressor element, by which the integrity of the
rotor is enhanced. Therefore, the rotor can still be regarded as a thick-disk, whose rotational
inertia moment excitation M̃g,r decreases with the operational speed. Simultaneously,
the decrease in kJ,D weakens the bearing constraint exerted on the rotor motion, and this
weakening in constraint reduces the reaction forces at the rear bearing.

(b) When kJ,C < kJ,D: A lower value of kJ,C exacerbates the change in the relative
position between the compressor and turbine elements, leading to the appearance of local
rotational inertia moment excitation, denoted as M̃g,4, caused by the slant of the turbine
element’s PAI. This rotational inertia moment excitation can rapidly increase with the
operational speed. Simultaneously, a higher kJ,D imposes stronger constraints on the rotor
motion, inducing a significant increase in the bearing load in the high-speed range.

2.4.2. Sudden Angular Deformation

During the variation of operational conditions, the joints may experience non-uniform
interface constraints or be subjected to bending moments, leading to changes in the dis-
tribution of interface contact stresses or macroscopic interfacial slide, resulting in angular
deformation of the joints [28,29]. This, in turn, causes additional slant of the PAI of nearby
mass elements, as depicted in Figure 7. To accurately account for the effect of the angular
deformation of the joints on the slant of the PAI of the mass element and the resulting
rotational inertia moment, it is necessary to modify Equation (12) as{

F̃2 = m2 ẽ2 · ω2eiωt, M̃2 = (Id,2 − Ip,2) · τ̃′
2 · ω2eiωt

F̃4 = m4 ẽ4 · ω2eiωt, M̃4 = (Id,4 − Ip,4) · τ̃′
4 · ω2eiωt (13)

where, τ̃′
2, τ̃′

4 represents the slant angles of the compressor element and the turbine element,
respectively, considering the influence of the angular deformation of the joints, and they
are denoted as τ̃′

2 = τ̃2 + α̃2 and τ̃′
4 = τ̃4 + α̃4.

Figure 7. Influence of angular deformation of the joints on the slant of an adjacent mass element’s
PAI: (a) in the initial state, the slant of the PAI of the mass element is τ̃; (b) due to the local angular
deformation α̃ of the joint near this mass element, its PAI undergoes an additional slant, resulting in
an equivalent slant angle τ̃′ = τ̃ + α̃.

It is critical to note that the mechanical characteristics of the joints’ interfaces are
discontinuous, resulting in sudden changes in interface contact stress and sliding damage
with varying operational loads. Therefore, the impact of angular deformation of the joint
on the rotational inertia load distribution of the elements also exhibits abrupt changes.
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3. Dynamic Model for High-Speed Jointed Rotor System

3.1. Parameters of Rotor System

As shown in Figure 8, the rotor’s motion state is achieved by the lateral displacement
r̃i and angular displacement θ̃i of each element’s CM, denoted as

u = (· · · , r̃i, θ̃i, · · · )
T

(14)

where, u represents the displacement vector of the rotor system. To analyze the dynamic
response of the high-speed jointed rotor, it is necessary to obtain the mass, moment of inertia,
and bending stiffness of its constituent element, i.e., mi, Ip,i, Id,i, kθ,i shown in Figure 8, as
well as the bending stiffness of the joints kJ,i. The boundary conditions of the rotor, namely
the stiffness kbf, kbr and damping coefficients cbf, cbr of the front and rear bearings also
need to be considered. Additionally, the CM offsets and PAI slants in the mass elements,
denoted as ẽ2, τ̃2, ẽ4, τ̃4, must be considered.

Figure 8. Structural and mechanical parameters of the rotor and its elements: (a) for the ith element,
mi-mass, Ip,i, Id,i—polar moment of inertia and diametral moment of inertia, kθ,i—bending stiffness, z̃i,
θ̃i—lateral displacement and angular displacement of the element’s CM, li—axial length, lm,i—axial
distance between the front end face of the element and its CM. kbf, kbr, cbf, cbr—stiffness and damping
coefficient of the front and rear bearing, kJ,i—bending stiffness of the ith joint; (b) during rotor
dynamic analysis, only the rotational inertia load excitations caused by the CM offset and the PAI
slant of the mass elements are considered.

3.2. Rotor Motion Differential Equations Based on Lagrange’s Method

Based on the above-mentioned description method, the motion differential equations
of this rotor system can be obtained using Lagrange’s method as

d
dt

∂L
∂

.
ui

− ∂L
∂ui

= Qi (15)

where, L can be expressed as

L =
n

∑
i=1

Ti − (
n−1

∑
i=1

Vi,i+1 + Vbf + Vbr) (16)

where, Ti—kinetic energy of the ith degree of freedom (DoF), Vi,i+1—elastic energy between
the ith and (i + 1)th DoF, Vbf, Vbr—elastic energy of front and rear bearings, ui—displacement
of the ith DoF, Qi —generalized force applied to the ith DoF.
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Based on Equation (15), the mass matrix M, damping matrix C, and stiffness matrix K

of the rotor system can be obtained, and simultaneously, the motion differential equations
of this rotor system can be expressed as

M
..
u + C

.
u + Ku = Q (17)

where the vector of generalized force can be obtained by Equation (13) as

Q = (· · · , F̃2, M̃2, · · · , F̃4, M̃4, · · · )T
(18)

3.3. Mechanical Characteristics of Joints in the Dynamic Rotor Model
3.3.1. Bending Stiffness Loss of the Joints

In order to characterize the influence of the joints’ bending stiffness loss on the rotor
dynamic model, the stiffness matrix K in Equation (17) needs to be modified. As shown
in Figure 9, the bending stiffness between the ith and (i + 1)th elements’ angular DoF,
denoted as kt,i,i+1, can be considered as a series connection of the bending stiffness of the
ith element’s rear section kr

θ,i, the bending stiffness of the (i + 1)th element’s front section
kf

θ,i+1, and the bending stiffness of the joint between the two elements kJ,n. Therefore, kt,i,i+1
can be expressed as

1
kt,i,i+1

=
1

kr
θ,i

+
1

kf
θ,i+1

+
1

kJ,n
(19)

i i+1

Figure 9. Equivalent method for the influence of joints’ bending stiffness loss on rotor stiffness. In
this method, based on the assumption of constant section beams, the bending stiffness between
the ith and (i + 1)th elements’ angular DoF is obtained by serially connecting the joint and its
adjacent components.

Assuming that the elements are constant section beams, it is easy to determine the
bending stiffness of the front and rear sections of the ith element by Equation (20)

kf
θ,i =

li
lm,i

kθ,i, kr
θ,i =

li
li − lm,i

kθ,i (20)

Meanwhile, the stiffness loss coefficient βn is used to represent the degree of stiffness
loss at the nth joint by

βn = 1 − kJ,n/k0
J,n (21)

where, k0
J,n—bending stiffness of the joint when its interfaces are perfected merged, kJ,n—actual

bending stiffness of the joint.

3.3.2. Sudden Angular Deformation of the Joint

Due to the turbine element having a configuration of a thin-disk, the impact of its
rotational inertia moment is more pronounced. Furthermore, Joint C is subjected to harsh
loading conditions, making it more susceptible to deformation during operation. As a
result, this paper specifically investigates the influence of the angular deformation of Joint
C on the rotational inertia moment excitation caused by the turbine element.

As shown in Figure 10, for a turbine element with an initial PAI slant τ̃, when the
initial slant is small and the operational speed ω is low, the rotational inertia moment
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generated by the turbine element and the resulting bending deformation of the rotor can
almost be neglected. However, as ω increases, various loads such as centrifugal force,
axial tension force, and thermal deformation acting on the joints gradually increase with
ω, until ω reaches a certain threshold ωt. At this key point, the contact stress distribution
or interface slip damage at the joint’s interfaces experiences a sudden change, leading to
a sudden angular deformation in this joint, denoted as α̃. As a result, the PAI slant of the
turbine element suddenly increases to τ̃′. It can be assumed that the additional slant of the
turbine element’s PAI equals the joint’s angular deformation, which can be expressed as

τ̃′ = τ̃ + α̃ (22)

Figure 10. Process of the effect of joints’ angular deformation on the dynamic characteristics of a
high-speed rotor: (a) in low-speed ranges, since the initial PAI slant τ̃ is relatively small and the
operational speed ω is low, the rotational inertia load generated by the elements during operation
and the resulting rotor bending deformation can be negligible; (b) when ω increases to ωt, the loads
applied to the joint cause their interfaces to slip, resulting in sudden angular deformation α̃ of the
joint. This leads to the turbine element’s slant and corresponding rotational inertia moment M̃g. This
M̃g not only acts back on the joint, causing it to experience bending moment M̃J, but also induces
bearing loads F̃b at the rear bearing; (c) as ω continues to increase, M̃g increases rapidly, and the
bending deformation of the adjacent elastic elements intensifies accordingly. Consequently, as the rear
bearing acts as a constraint boundary, in order to balance the bending deformation within the elastic
elements, the bearing loads F̃b also increase rapidly with ω; (d) when M̃J exceeds a certain threshold,
the joint undergoes a sudden angular deformation change, with residual angular deformation α̃r,
causing a sudden decrease in the angle between the element’s PAI and the rotor’s rotation axis.
Simultaneously, as the rotational inertia moment generated by the turbine element decreases, the
bending deformation of the elastic elements and the resulting bearing reaction force also experience a
sudden drop.

In response, the rotational inertia moment excitation generated by the turbine element
also suddenly increases to M̃g. This rotational inertia moment acts on the two adjacent
elastic elements, causing bending deformations in these elements. As the rear bearing
acts as a constraint boundary, it can generate a significant reaction force, denoted as F̃b,
that balances the bending deformations in the elastic elements. Additionally, apart from
inducing elastic elements’ bending deformations and bearing loads, the rotational inertia
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moment also applies a bending moment, denoted as M̃J, to the joint. Force equilibrium can
be formulated as

M̃J = M̃g + l̃s × F̃b (23)

where, l̃s—position vector of the rear bearing relative to the CM of the turbine element.
As ω increases, the rotational inertia moment rapidly increases and the turbine el-

ement’s PAI tends to align with the rotor’s rotation axis. However, when M̃J acting on
the joint reaches the threshold, denoted as Mt, the joint can undergo a sudden angular
deformation in the same direction as M̃J, resulting in a residual angular deformation α̃r. As
a result, the angle between the turbine element’s PAI and the rotor’s rotation axis suddenly
decreases, leading to a sharp reduction in the rotational inertia moment generated by the
turbine element. Consequently, the rotor’s bending deformation and the corresponding
bearing loads also experience a sudden decrease.

Therefore, the angular deformation of the turbine front joint, denoted as α̃C, is ex-
pressed as a piecewise function of ω and the bending moment applied to Joint C (denoted
as M̃J,C) given by

α̃C(ω, M̃J,C) =

⎧⎪⎪⎨⎪⎪⎩
0 , ω < ωt

α̃ , ω ≥ ωt&
∣∣∣M̃J,C

∣∣∣ < Mt,C

α̃r ,
∣∣∣M̃J,C

∣∣∣ ≥ Mt,C

(24)

where ωt—threshold operational speed at which Joint C undergoes a sudden increase in
angular deformation, and Mt,C—threshold bending moment at which Joint C undergoes a
sudden angular deformation decrease. These threshold values can be obtained through
static analysis of the bolt joint. By substituting Equation (24) into Equation (13), the impact
of the sudden angular deformation caused by the bolt joint on the rotor’s dynamics can
be analyzed.

4. Simulation of High-Speed Jointed Rotor System

Table 1 presents the mass, moment of inertia, and bending stiffness values of the rotor
and its elements. The stiffnesses of the front and rear bearings are set as kbf = 5 × 107 N/m
and kbr = 1 × 108 N/m. Moreover, the local bending stiffnesses of the bolt joints are
obtained through static mechanical analysis.

Table 1. Mass/moment of inertia/bending stiffness of the rotor and its elements.

Element ID P1 P2 P3 P4 P5 Rotor

m (kg) 10 100 10 100 10 230
Ip (kg · mm2) 7.0 × 104 3.5 × 106 1.5 × 105 5.5 × 106 1.5 × 105 9.4 × 106

Id (kg · mm2) 7.8 × 105 4.7 × 106 1.2 × 105 2.8 × 106 8.3 × 104 2.8 × 107

Ip/Id 0.09 0.74 1.26 1.94 1.80 0.33
kθ (N · m/rad) 7.3 × 109 10.0 × 1010 2.6 × 109 10.0 × 1010 0.4 × 109 -

4.1. Rotor Dynamic Response with Different Excitation Model

The influence of sudden angular deformation of the rotor joints is temporarily ignored
and the distributed rotor unbalance state can be set as ẽ2m2 = ẽ4m4 = 300 g · mm∠0◦,
τ̃2 = 0∠0◦, and τ̃4 = 1 × 10−4∠90◦ rad, referred as Group A.

Meanwhile, in order to compare the effects of different excitation models on rotor
dynamics, this section also designs a second group of rotor unbalance states, referred to as
Group B. In this Group B, the CM offset of the mass element remains unchanged, and the
mass elements’ PAI slants are equivalent to the CM offset, denoted as Δẽ2m2, Δẽ4m4, in the
planes of the compressor and turbine elements’ CM. Based on force balance, Δẽ2m2, Δẽ4m4
can be obtained by Equations (25) and (26), where L̃24 represents the vector between the
turbine element’s CM and the compressor element’s CM.

L̃24 × Δẽ4m4 =
(

Id,2 − Ip,2
)
τ̃2 +

(
Id,4 − Ip,4

)
τ̃4 (25)
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Δẽ2m2 + Δẽ4m4 = 0 (26)

Clearly, in Group B, the rotor’s mass asymmetries, regardless of their types or lo-
cations, are represented as the rotor’s dynamic unbalance, denoted as (ẽ2 + Δẽ2)m2 and
(ẽ4 + Δẽ4)m4. This unbalance equivalent method considers the rotor as a four degrees-
of-freedom rotor, and the distributed rotational inertia load excitations caused by mass
elements’ CM offset and PAI slant are consolidated into two planes.

The results of comparing the rotor’s dynamic response under the two excitation
models are depicted in Figure 11. It is evident that when using the concentrated excitation
model, the front and rear bearing loads of the rotor follow a trend where the bearing load
amplitude increases with the operational speed, reaches a maximum at the critical speed,
and then decreases with further increase in operational speed. As the rotor approaches
its maximum operating speed, the bearing load remains relatively constant. Additionally,
upon observing the phase of the bearing load, it can be inferred that within the non-critical
speed region, the vibration phase of both the front and rear bearing remains nearly constant
with the operational speed, and the phase difference between the front and rear bearing
remains consistent, which aligns with the predictions of the four degrees-of-freedom
rotor model.

Figure 11. Rotor’s dynamic response under different rotational inertia load excitation models:
(a) amplitude of front and rear bearing loads. ωcr,1, ωcr,2—first/second critical speed of the rotor;
(b) phase of front and rear bearing loads.

When utilizing the distributed excitation model, in the low-speed range (ω < ωcr,2),
the rotor bearing loads, both in terms of amplitude and phase, exhibit a pattern nearly
identical to that of the concentrated excitation model group. This similarity arises because,
at this low-speed range, the rotor undergoes no significant bending deformation, allowing
it to be treated as having integrity, and thus, the dynamic response of the rotor remains
similar for different rotational inertia load excitation models. However, as the rotational
speed enters the high-speed range (ω > ωcr,2), the rotational inertia moment generated by
the turbine element increases continuously with the operational speed, leading to a rapid
increase in the amplitude of the bearing load with the operational speed (referred to as
vibration following, or VF). Furthermore, the phase of the rear bearing load also rapidly
approaches the plane of the turbine element’s PAI slant (90/270◦ plane) with increasing
operational speed.

The angular displacements of the mass elements under different excitation models
are illustrated in Figure 12. In the low-speed range (ω < ωcr,2), it can be observed from
Figure 12a that the excitation model has little influence on the amplitude of the angular dis-
placements of the mass elements. However, as the operational speed enters the high-speed
range (ω > ωcr,2), using the concentrated excitation model results in both the compressor
element and turbine element experiencing a decrease in their angular displacements with
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increasing operational speed, while their difference in angular displacements remains
almost unchanged. This indicates that the rotor undergoes little bending deformation in
this speed range. However, when the distributed excitation model is used, the turbine
element experiences a significant local rotational inertia moment, leading to an increase
in its angular displacement with the operational speed. Furthermore, the difference in
angular displacements between the turbine element and the compressor element increases
rapidly with the operational speed, suggesting that the bending deformation of the rotor is
progressively intensifying.

Figure 12. Rotor mass elements’ angular displacement under different rotational inertia load exci-
tation models: (a) amplitude of mass element’s angular displacement; (b) phase of mass element’s
angular displacement.

From Figure 12b, it can be observed that when using the concentrated excitation
model, the angular displacements of the compressor element and turbine element occur
in the same plane throughout the entire speed range, which confirms the rotor’s integrity
and minimal bending deformation. However, when the distributed excitation model is
used, the phase difference of the turbine element’s angular displacement relative to that
of the compressor element rapidly changes by 180◦ as the operational speed exceeds the
second critical speed. This confirms the conclusion that the bending deformation of the
rotor significantly intensifies under the distributed excitation model, leading to substantial
changes in the relative positions of the mass elements.

4.2. Impact of Joint Bending Stiffness on Rotor Dynamics

Since the turbine element is a thin-disk, the rotational inertia load it generates is more
sensitive to the angular deformation of nearby joints. Therefore, this section primarily
focuses on investigating the impact of the bending stiffness loss in the bolt joints before
and after the turbine element.

To make the analysis results more general, parameter λ is defined as the ratio of the
bending stiffnesses of the front and rear bolt joints of the turbine element., i.e., λ = kJ,C/kJ,D,
where kJ,C represents the bending stiffnesses of the joints before the turbine element, and
kJ,D represents the bending stiffnesses of the joints after the turbine element. While keeping
kJ,D constant, the rotor’s bearing loads as λ = 0.5, 1.0, 2.0, 5.0 are solved. The results are
illustrated in Figure 13. Based on this figure, conclusions can be made:
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Figure 13. Impact of joints’ bending stiffness on bearing load: (a) amplitude of front bearing load
at different joints’ bending stiffness, where λ represents the ratio of the bending stiffnesses of the
front and rear bolt joints of the turbine element; (b) amplitude of rear bearing load at different joints’
bending stiffness.

(a) As the bending stiffnesses of the rotor’s joints change, the first two critical speeds
of the rotor also change, but the variation is relatively small (less than 10%). This is because
the modal shapes corresponding to the first two critical speeds are rigid body modes, which
makes them less sensitive to changes in rotor bending stiffness;

(b) In the low-speed range (ω < ωcr,2), the rotor’s bearing loads are not sensitive to
changes in joints’ bending stiffness. This is because the rotor does not undergo significant
bending deformation within this speed range. However, it should be noted that near the
second critical speed, with an increase in kJ,C, the bearing loads at the second critical speed
rapidly increase. This is because the second critical speed corresponds to a rotor’s pitching
modal shape, and an increase in bending stiffness improves the integrity of the rotor. This
enables the rotational inertia moment caused by the turbine element to act on the entire
rotor, leading to a significant increase in this modal vibration.

(c) In the high-speed range (ω > ωcr,2), the amplitude of the rear bearing loads is
extremely sensitive to the joints’ bending stiffness. When kJ,C is low, the rear bearing loads
can continuously increase with the operational speed. The reason behind this phenomenon
is that as the kJ,C decreases, the integrity of the rotor is also weakened, resulting in the
manifestation of the rotational inertia moment excitation caused by the turbine element’s
PAI slant. This rotational moment rapidly increases with the operational speed, leading to
an increase in the rear bearing loads, which is consistent with the analysis in Section 2.4.1.

In addition, both the concentrated excitation model and the distributed excitation
model were employed to solve the rotor’s dynamic characteristics. To assess the influence
of different excitation models on the simulation results, the error coefficient ηE(ω) was
introduced, which is defined as

ηE(ω) = (Fbr,con(ω)− Fbr,dis(ω))/Fbr,dis(ω) (27)

where Fbr,con(ω), Fbr,dis(ω) represent the amplitudes of rear bearing loads obtained by
employing the concentrated excitation model and the distributed excitation model, respec-
tively. The curves of the error coefficient ηE(ω) are illustrated in Figure 14.

It can be observed that when the operational speed is low or close to the first critical
speed, employing either the concentrated excitation model or the distributed excitation
model has little impact on the prediction of the rotor’s dynamic response. However, in
the high-speed range, there is a significant difference in the rotor’s dynamic response
characteristics obtained from the two excitation models. If the concentrated excitation
model is employed instead of the distributed excitation model in this speed range, the
rotor’s dynamic response characteristics will be greatly underestimated. Moreover, when
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the bending stiffness of the joints between the compressor element and the turbine element
is low, the poor integrity of the rotor can result in a more severe underestimation of the
rotor’s dynamic response in this high-speed range. Therefore, it is essential to consider the
influence of joint bending stiffness and use the distributed excitation model for accurate
prediction of the rotor’s dynamic response in the high-speed range.

Figure 14. Impact of rotational inertia load excitation model and joints’ bending stiffness on rotor dynamics.

4.3. Impact of Joints’ Angular Deformation on Rotor Dynamics

Employing Group A as the rotor’s unbalance state, let ωt = 72%ωmax, Mt = 1400 N ·m,
α̃ = 3 × 10−4∠165◦ rad, α̃r = 0∠0◦. The simulation results of the rotor dynamic response
are illustrated in Figure 15.

Figure 15. Rotor dynamic response characteristics considering the joint’s sudden angular deformation:
(a) amplitude of bearing load; (b) phase of bearing load.

From Figure 15a, it can be observed that the rotor’s dynamic response increases
with the operational speed until it reaches its maximum value at the first/second critical
speed, then decreases with the operational speed. However, when the rotor’s operational
speed satisfies ω = ωt, there is a sudden angular deformation in Joint C, causing the
turbine element to slant. The resulting rotational inertia moment suddenly increases the
bearing loads, especially for the rear bearing, which is closer to the turbine element. As
the turbine element is a thin-disk, the rotational inertia moment it generates can increase
with the operational speed even under this supercritical state, and this increasing rotational
inertia moment leads to a speed-dependent increase in the bearing load. The vibration
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following continues until the rotational inertia moment generated by the turbine element
becomes large enough that it makes M̃J(ω) satisfy

∣∣∣M̃J(ω)
∣∣∣ = Mt. At this point, the

angular deformation of Joint C suddenly recovers, causing the turbine element’s PAI to
coincide with the rotor’s rotation axis, i.e., “straightened”, leading to a sudden decrease in
bearing loads.

Furthermore, from Figure 15b, it can be noticed that at the moment when the rotor’s
dynamic response experiences a sudden increase, the phase of the front and rear bearing
loads abruptly shifts towards the plane where the additional PAI slant of the turbine element
occurs (165/345◦ plane), and with increasing operational speed, it gradually approaches
this plane. This is because after the joint angular deformation induces a significant PAI
slant of the turbine element, the dominant factor influencing the rotor dynamics becomes
the rotational inertia moment generated by the turbine element. As a result, the phase of
the front and rear bearing loads abruptly shifts towards the plane where this rotational
inertia moment or the additional PAI slant is located. Meanwhile, the amplitude of this
moment can increase with the operational speed, causing the phase of the front and rear
bearing loads to come closer and closer to this plane.

As the rotor’s operational speed increases, the variation of bending moments applied
to different joints is illustrated in Figure 16. It can be observed that when Joint C undergoes
a sudden angular deformation, the resulting spiked rotational inertia moment is caused
by the turbine element, leading to a sudden increase in the bending moment applied to
the rotor’s joints. Among them, Joint C experiences the highest bending moment. This is
because this joint is the closest joint to the turbine element and has a higher bending stiffness.
Furthermore, as the operational speed causes the rotational inertia moment generated by
the turbine element to increase, the resulting bending moment applied to Joint C also
increases until it reaches the threshold value Mt, triggering this joint to angularly deform
again. Consequently, the turbine element’s PAI slant disappears, leading to a sudden
decrease in the bending moment applied to the rotor’s joints.

Figure 16. Variation of the bending moment applied to the joints of a high-speed rotor with the
operational speed.

The angular displacement amplitudes and phases of the compressor and turbine
elements are shown in Figure 17. By comparing with Figure 12, it can be observed that when
ω = ωt, the deformation of Joint C causes a sudden increase in the angular displacement
of the turbine element. However, the rotational inertia moment generated by the turbine
element tends to restore the angular displacement of the turbine element. Therefore, as the
operational speed increases, the angular displacement of the turbine element gradually
decreases until the angular deformation of the joint suddenly recovers, causing the angular
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displacement of the turbine element to almost return to 0. In addition, by observing the
phase of the angular displacement of the mass elements, it can be seen that at the moment
of the sudden increase in the angular deformation of Joint C, the angular displacement of
the mass element jumps to the plane where the additional slant of the turbine element’s PAI
occurs (165/345◦ plane). This confirms that the deformation of the rotor in the high-speed
range is dominated by the rotational inertia moment caused by the sudden additional slant
of the turbine element’s PAI.

Figure 17. Variation of rotor mass elements’ angular displacement with the operational speed
considering joints’ sudden angular deformation: (a) angular displacement amplitude of the mass
elements; (b) angular displacement phase of the mass elements.

5. Dynamic Experiment of High-Speed Jointed Rotor System

5.1. Experimental Facility and Test Method

The experimental rotor used in this research is a full-scale rotor, constructed with
materials and bearings identical to those utilized in real-world rotors. The rotor is driven
by a high-speed motor at the front end. Acceleration sensors are installed at the front
and rear bearings to measure the rotor bearing loads accurately. To capture the angular
displacement of each element and the angular deformation of the joints as the operational
speed changes, multiple sets of displacement sensors are placed at the turbine module. The
arrangement of these displacement sensors at the turbine module is shown in Figure 18.

With the above-mentioned experimental setup, the lateral displacements of the drum
shaft element, and the axial displacement of the turbine element and rear shaft element can
be measured. The angular displacements of these elements can be obtained by⎧⎨⎩ θ3,x =

(
D2

3,x − D1
3,x

)
/L3

θ3,y =
(

D1
3,y − D2

3,y

)
/L3

(28)

{
θ4,i = D4,i/L4
θ5,i = D5,i/L5

, i = x, y (29)

where, θ3,i, θ4,i, and θ5,i represent the angular displacements of the drum shaft element,
turbine element, and rear shaft element, respectively, in plane i (i = x or y). It can be
assumed that the bending deformation of each element is relatively small, thus the an-
gular deformation difference between adjacent element mainly comes from the bending
deformation of the joints, which can be expressed as{

αC,i = θ4,i − θ3,i
αD,i = θ5,i − θ4,i

, i = x, y (30)

where, αC,i, αD,i represent the angular deformations of Joint C and D, respectively, in plane
i (i = x or y).
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Figure 18. High-speed jointed rotor dynamic characteristics test rig: displacement sensors D1
3, D2

3 are
used to measure the lateral displacement at two sections of the drum shaft element, with an axial
distance of L3 between the two sections. Each section is equipped with two displacement sensors
to measure the horizontal/vertical displacement of the rotor at that position. Displacement sensors
D4, D5 are used to measure the axial displacement of the turbine element and the rear shaft element,
at distances L4, L5 from their respective centroid axes. Each element is equipped with two sensors to
measure its axial displacement in the horizontal and vertical planes.

5.2. Rotor Dynamic Response and Joint Angular Deformation

The measurements presented in Figure 19 illustrate the time-varying amplitude and
phase of the rotor’s rear bearing load. It is important to note that these measurements were
taken when the rotor’s operational speed had significantly exceeded both the first and
second critical speeds, and the operational speed continued to rise during the entire data
collection interval.

From Figure 19, it is evident that a sudden significant increase in the bearing load
occurs at time ts, corresponding to ω = 76%ωmax. As the operational speed continues to
increase, the amplitude of the rear bearing load also increases. Notably, despite the rotor
speed increasing at a nearly constant rate, with only occasional speed increment pauses,
the rate of the bearing load increase exhibits considerable variability. As the operational
speed approaches ω = 90%ωmax, a sudden drop in the rear bearing load is observed.

Moreover, an analysis of the rear bearing load phase reveals interesting findings. Prior
to the sudden increase in vibration response, the phase of the rear bearing load remains
relatively stable around 90◦, showing negligible variation with respect to the operational
speed. However, during the moment of the sudden increase in vibration response, the
phase of the rear bearing load undergoes a rapid shift of approximately 110◦. Throughout
the vibration-following stage, the phase of the rear bearing load continues to vary, and
regions with a higher change rate of the phase align with areas of notable change rate of
vibration amplitude.

97



Symmetry 2023, 15, 2009

Figure 19. 1× RPM component of the rotor rear bearing load: the top graph shows the rotor
operational speed, the middle graph shows the amplitude of the rear bearing load, and the bottom
graph shows the phase of the rear bearing load. Here, ts, te—the starting and ending moments of the
rotor’s abnormal vibration.

Time-varying angular deformations for Joint C and Joint D are depicted in Figure 20.
It is evident that prior to time ts, the angular deformations at both joints are negligible, and
their corresponding phases remain nearly constant. However, at time ts, a small increase in
angular deformation is observed at both bolt joints, accompanied by significant changes in
the deformation phases. Specifically, the phase of the angular deformation at Joint C aligns
closely with the phase change observed in the rear bearing load in Figure 19, confirming
that the rear bearing load is attributed to the sudden angular deformation at Joint C. As
the operational speed increases, the angular deformation at Joint C continues to vary
within [0, 4]× 10−4 rad, with multiple phase changes occurring (conversely, the angular
deformation of Joint D remains relatively small and can be practically ignored). This
indicates that the angular deformation of the bolt joint exhibits non-deterministic behavior
due to the discontinuity in the mechanical behavior at the joint interface. Moreover, it is
noteworthy that when the angular deformation of Joint C reaches larger magnitudes, the
amplitude and phase change rates of the rear bearing load become significantly higher.
This is because the larger angular deformation of Joint C results in a larger additional PAI
slant of the turbine element, leading to higher rates of variation in the rotor’s dynamic
responses with respect to the operational speed.

Obtain α̃C(t) by experiment data as shown in Figure 20, and substitute α̃C(t) into
Equation (13), and the excitation characteristics of the tested rotor can be corrected. A
simulation of the rotor’s dynamic response is then performed based on this distributed
excitation. The experimental results, when compared with the theoretical results shown in
Figure 21, are in excellent agreement. This provides strong confirmation of the accuracy of
the underlying mechanism by which the distributed rotational inertia load excitation model
and the sudden angular deformation of the joints influence the rotor’s dynamic response.
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Figure 20. Rotor joints’ angular deformation: the top graph shows the amplitude of the joints’ angular
deformation, and the bottom graph represents the phase of the joints’ angular deformation.

Figure 21. Comparison between experimental results and theoretical results.

6. Conclusions

This paper provides a comprehensive investigation of the high-speed jointed rotor
system, with a primary focus on the influence of rotor motion state and joint mechanical
characteristics on rotor dynamics. To achieve this, a distributed rotational inertia load
excitation model has been developed, which considers both CM offset and PAI slant as
forms of mass asymmetry, while also accounting for their axial distribution characteristics.
Through simulations and subsequent experimental tests, the dynamic response of the rotor
and the factors that significantly influence it have been thoroughly analyzed. The key
conclusions derived from this study are as follows:

(1) At high operational speeds, bending deformation compromises the integrity of the
rotor, leading to relative angular deformations between mass elements. This results in local
mass asymmetry and distributed rotational inertia load excitation, significantly affecting
the rotor’s dynamic behavior in the high-speed range.

• In the low-speed range, rotor bending deformation can be neglected, and the rotor
can be approximated as a rigid body. The rotor’s CM offset and PAI slant dominate
the whole rotor’s dynamic response. However, as the operational speed exceeds the
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first/second critical speeds, the influence of rotational inertia forces/moments caused
by the whole rotor diminishes with increasing speed.

• In the high-speed range, local mass asymmetry, particularly in the thin-disk turbine
element, becomes more evident. The rotational inertia moment generated by the
turbine element rapidly increases with the operational speed, even in the supercritical
state, becoming the primary excitation source for rotor dynamic response. Excessive
PAI slant of the turbine element can lead to a continuous increase and potential
over-scale of the rotor’s dynamic response.

(2) Angular deformation of the joints plays a critical role in influencing the rotor
mass asymmetry state, leading to changes in rotational inertia load excitation distribu-
tion within the rotor and subsequently altering its dynamic response. Considering the
discontinuous and uncertain nature of the mechanical characteristics of the joint interfaces
under varying loads, the rotor’s dynamic response exhibits significant sudden changes and
dispersion features.

• Bending stiffness loss in the joints between mass elements weakens the rotor’s integrity,
intensifying the effect of the locally generated rotational inertia load and exacerbating
the phenomenon of vibration following and dynamic response amplitude at high
operational speeds.

• Under complex load environments, sudden angular deformation of the joints due
to interfacial slip induces a sudden increase in angular displacement of surrounding
mass elements, especially for the turbine element. The additional PAI slant of the
turbine element causes a sudden increase in rotor dynamic response and vibration
following. When the rotational inertia moment is significant enough to cause joint
interface slip again, the angular deformation of the joints abruptly decreases, and the
PAI of the turbine element returns to its original angular position, leading to a sudden
drop in rotor dynamic response.

Nevertheless, the oversimplified representation of inertial and elastic characteristics
within the rotor dynamic model may compromise the reliability of the derived rotor
dynamic outcomes. Consequently, future research should incorporate more sophisticated
mechanical models that duly consider the bending flexibility of shafts and long rotors.
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Abstract: It is well known that the properties of polycrystalline metals are related to grain bound-
aries (GBs), which are fundamental structural elements where crystallographic orientations change
abruptly and often exhibit some degree of symmetry. Grain boundaries often exhibit unique struc-
tural, chemical, and electronic properties that differ from bulk crystalline domains. Their effects on
material properties, including mechanical strength, corrosion resistance, and electrical conductivity,
make grain boundaries a focus of intense scientific investigation. In this study, the microstructural
transformation of an AlSi10Mg alloy subjected to KoBo extrusion and subsequent annealing is inves-
tigated. A notable discovery is the effectiveness of a strain-annealing method for grain boundary
engineering (GBE) of the LPBF AlSi10Mg alloy. In particular, this study shows a significant increase
in the population of coincidence site lattice boundaries (CSL), which embody the symmetry of the
crystal lattice structure. These boundaries, which are characterised by a high degree of symmetry,
contribute to their special properties compared to random grain boundaries. The experimental results
emphasise the crucial role of strain-induced boundary migration (SIBM) in the development of a
brass texture in the microstructure of the alloy after annealing. In addition, the presented results
demonstrate the feasibility of applying GBE to materials with high stacking fault energy (SFE), which
opens up new possibilities for optimizing their properties.

Keywords: strain-induced boundary migration; AlSi10Mg; CSL boundaries; crystallographic texture

1. Introduction

Grain boundary engineering (GBE) is a processing strategy aimed at enhancing the
properties of polycrystalline materials through the manipulation of grain boundaries (GBs)
in terms of distribution and character. Originating from Watanabe’s concept of “GB design
and control” in 1984 [1], GBE has become a powerful technique for improving inherent
properties [2,3], particularly in face-cantered cubic metals with low to medium stacking
fault energy (SFE) such as copper [4], nickel-based alloys [5], austenitic steels [6,7] and
metal-matrix composites [8,9].

The core of GBE involves thermomechanical processing (TMP) to increase the preva-
lence of low-coincidence site lattice (CSL, Σ ≤ 29) boundaries, focusing on Σ3 boundaries
(twin boundaries, TB) to disrupt random boundary connections [4]. Recent research has ex-
tended GBE to high-SFE materials like aluminium alloys. Shamanian et al. (2016) observed
an increase in Σ3 boundaries during friction stir processing (FSP) of A413 cast aluminium
alloy [10], and Jia et al. (2018) investigated the formation of Σ = 3{110} incoherent twin
boundaries (ITBs) in an Al-8Zn alloy [11]. Similarly, Pradeep et al. (2021) studied AA5053
subjected to friction stir processing, reporting an increased percentage of Σ = 3n (n = 1, 2, 3)
CSL boundaries [12].
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In laser powder bed fusion (LPBF)-produced alloys, grain boundary character dis-
tribution (GBCD) modification often involves post-processing heat treatments. In this
context, Li et al. treated an Inconel 718 superalloy produced by selective laser melting and
found that the internal residual stress provides a sufficient activation energy for driving
recrystallisation-based GBE during annealing. They produced an alloy with a high fraction
of Σ3 GBs (64.89%) and a stable grain size [13]. In another study, Dong et al. [14] inves-
tigated a similar strategy based on isothermal annealing to modify GBCD in SLM Co-Cr
alloy. They obtained a large fraction (more than 80%) of special boundaries (Σ3, Σ9, and
Σ27) after complete recrystallisation.

An alternative GBE strategy involves plastic deformation followed by annealing.
Such a method has been proposed as effective for SLM 304 austenitic stainless steel, for
example, [15]. The authors of the cited manuscript found that laser peening followed by
annealing at 1260 K for 48 h can lead to an optimal grain boundary character distribution
with over 80 CSL%. An alternative approach was recently proposed by the author of
this manuscript for the LPBF AlSi10Mg alloy [16]. It was shown that the grain boundary
character distribution can be modified by post-processing during KoBo extrusion.

The KoBo-extrusion method is a severe plastic deformation (SPD) technique that
enables deformation at a high strain rate. In this SPD method, the die is oscillated cyclically
during the extrusion process, causing the deformation path to change continuously [17].
This unique deformation mode ensures a grain-refined structure without dislocation accu-
mulation and work hardening. Another feature that distinguishes this technique from other
SPD methods is the high plasticity of KoBo-processed metals, as it offers higher degree
of deformation without the need for annealing treatment. This is because KoBo extrusion
generates a large amount of heat, which intensifies the rearrangement of dislocations and
the diffusion-controlled structural processes. As a result, materials with unique structural
and mechanical properties can be produced [18,19].

In this paper, a novel post-processing approach to improve the special grain boundary
population in the LPBF AlSi10Mg alloy is investigated. The LPBF sample is subjected to a
two-step process involving high strain rate KoBo extrusion followed by annealing, which
leads to a remarkable increase in the population of coincidence site lattice boundaries
(CSL). These CSL boundaries, characterised by their unique crystal lattice symmetry, play a
crucial role in the microstructural transformation of the alloy, which is particularly evident
in the development of a distinct brass structure after annealing. The novelty lies in the
limited research on GBE strategies for LPBF materials and in the application of the KoBo-
extrusion process. Demonstrating the effectiveness of GBE on high stacking fault energy
(SFE) materials, as observed in this study, opens up innovative possibilities for optimizing
the properties of LPBF materials. Despite the known importance of GBE for controlling
grain boundary character distribution (GBCD) and improving material properties, there
is currently a knowledge gap in understanding GBE strategies for high-SFE materials,
such as aluminium alloys, produced by LPBF. The results presented here aim to close this
gap, representing the first investigation of GBE specifically tailored to aluminium alloys
produced by LPBF.

2. Methodology

The specimens used in this experimental work were produced from an AlSi10Mg
alloy powder via selective laser melting (SLM) with the following process parameters:
laser power = 175 W; layer thickness = 20 μm; scanning speed = 1400 mm/s; and scan
rotation = 67◦. The cylindrically shaped samples had a total length of 50 mm and a diameter
of 60 mm. Further details on the chemical composition and microstructural features of this
alloy can be found in Refs. [20,21].

The SLM samples were post-processed via a KoBo-extrusion method, depicted in
Figure 1, of which the principal description can be found in Ref. [22]. The extrusion process
was conducted on a custom-made horizontal hydraulic press. The SLM samples were
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reversibly twisted with a constant angle of ±8◦ just before entering the die, where the cross
section was reduced from 60 mm to 4 mm. The following process parameters were applied:

• punch speed of 0.2 mm/s;
• die rotation frequency of 5 Hz;
• maximal measured temperature close to the extrusion die (~280 ◦C);
• sample cooling with room-temperature water.

Figure 1. Schematic illustration of the KoBo-extrusion process.

Following the KoBo-extrusion process, the midsection of the extruded profile was
cut into 300 mm long segments that were then annealed in a resistance furnace for 1 h
at 250 ◦C, 300 ◦C, 350 ◦C, 400 ◦C, 450 ◦C, or 500 ◦C under Ar atmosphere.

All specimens underwent the same metallographic preparation process with an au-
tomatic polishing machine LaboPol-20 (Struers, Copenhagen, Denmark) to ensure high
surface quality. The material was first ground with 800 and 1200 grit SiC water paper, then
polished with 6, 3, and 1 μm diamond pastes and finally mirror-polished with 0.04 μm
colloidal silica suspension (OP-U suspension, Struers, Copenhagen, Denmark) for 1 h.
The microstructure was characterised in detail via electron backscatter diffraction EBSD
in a scanning electron microscope Zeiss Supra 35 (Carl Zeiss NTS GmbH, Oberkochen,
Germany) equipped with an EDAX NT EBSD detector. EBSD scans were carried out on the
sections perpendicular to the extrusion direction to evaluate the microstructural changes.
Scans were registered in the centre area of the samples with a step size of 100 nm. TSL OIM
Analysis 7 software was used to analyse the scanned raw data.

TEM analysis was performed in the Titan 80-300 FEI S/TEM microscope (Fei, Hillsboro,
OR, USA), which was operated at 300 kV. To achieve ultra-thin lamellae suitable for HRTEM
examination, ion milling was employed. Argon ions were used to selectively mill away
material from the sample surface, gradually thinning the lamellae to ~80 nm. The TEM
lamellae were extracted from the KoBo-processed sample along the extrusion direction.

The TEM lamella was additionally analysed via transmission Kikuchi Diffraction
(TKD) to obtain crystallographic information that allowed characterisation of grain bound-
aries with improved resolution. The TKD map was acquired with a step size of 20 nm.

3. Results and Discussion

The main microstructural characteristics of the LPBF AlSi10Mg samples in the X–Y and
X–Z planes were investigated using an EBSD technique. Figure 2a shows the inverse pole
figure (IPF-Z) map taken in the X–Y plane. In this figure, the low-angle grain boundaries
(LAGBs) with a misorientation angle (2◦ < θ < 15◦) and the high-angle grain boundaries
(HAGBs) with a misorientation angle (15◦ < θ < 65◦) are represented by a red and green
colour, respectively. As can be seen, the equiaxed grains with a preferred <001> crystal-
lographic orientation dominated the alloy microstructure. According to statistical data,
LAGBs accounted for 22.1% of the total boundary fraction, while HAGBs accounted for
the remaining 77.9%. A grain boundary character-distribution map plotted based on the
Brandon criterion is shown in Figure 2b. In this image, four main types (Σ3, Σ9, Σ27a,
and Σ27b) of Coincidence Site Lattice (CSL) boundaries are distinguished using green, red,
yellow, and orange colour coding, respectively. According to the statistical results, the
Σ3, Σ9, and Σ27 CSL boundaries occupied volume fractions of ~1.5%, ~2.0% and ~4.0%,
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respectively. It can be also noted that a large fraction of CSL boundaries showed a curved
geometry as opposed to the typical straight twin boundaries in low SFE materials.

 

Figure 2. EBSD maps of the LPBF AlSi10Mg alloy. (a) IPF-Z map taken on the X–Y plane; (b) band
contrast map taken on the X–Y plane; (c) texture component map with superimposed special grain
boundaries taken on the X-Y plane; (d) IPF-Z map taken on the X–Z plane; (e) band contrast map
taken on the X–Z plane; and (f) texture component map with superimposed special grain boundaries
taken on the X–Z plane.

Figure 2d shows the IPF-Z map taken in the X–Z plane. EBSD investigation revealed
typical columnar grain growth and confirmed the development of a strong <001>//BD
texture corresponding to the <001>{001} preferred growth direction [23]. Because of the
preferential growth of elongated grains towards the centre of the melt pool and the existence
of small equiaxed grains, some of the melt pool boundary was also revealed, as indicated by
the black dashed lines. According to statistical data, LAGBs accounted for 16.8% of the total
boundary fraction, while HAGBs accounted for the remaining 83.2%. Figure 2e shows the
grain boundary character-distribution map superimposed on the band contrast map. In the
X–Z plane, the Σ3, Σ9, and Σ27 CSL boundaries occupied volume fractions of ~1.0%, ~2.3%,
and ~5.0%, respectively, which were similar to the X–Y plane. The CSL boundaries were
mainly distributed in grains that grew preferentially along the build direction, indicating
that the crystal growth orientation could affect the twin formation ability [24]. According
to the literature [25,26], the development of CSL boundaries in LPBF samples could stem
from grain boundary migration and potential dynamic recrystallisation during sample
fabrication, alongside alternative mechanisms involving icosahedral short-range order
(ISRO) mediated nucleation.

Table 1 summarises the main microstructural characteristics of the LPBF AlSi10Mg
sample. The calculation of the volume fraction of the different ideal texture components
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was based on the well-accepted definition system, that is, cube (Cb) {001}<100>; goss (Gs)
{011}<100>; brass (Bs) {011}<211>; S {123}<634>, copper (Cu) {112}<111>, rotated goss (RG)
{011}<011>, rotated brass (RB) {110}<556> and A {110}<111>. As can be seen in Figure 2c, the
grain orientations are dominated by the cube, S, and rotated goss orientations. Furthermore,
Figure 2f, representing the X–Z plane, provides clear evidence of selective grain growth,
highlighting, in particular, the crystallographic orientations of cube, S, and rotated brass
texture components.

Table 1. Texture characteristics of the LPBF AlSi10Mg sample analysed using EBSD.

Texture
Component

Cube
{001}<100>

(%)

Goss
{011}<100>

(%)

Brass
{110}<112>

(%)

Copper
{112}<111>

(%)

S {123}<634>
(%)

Rotated
Goss (RG)
{011}<011>

(%)

Rotated
Brass (RB)
{110}<556>

(%)

A
{110}<111>

(%)

X–Y plane 26.75 7.91 5.31 8.57 15.51 27.55 5.34 3.06

X–Z plane 38.51 8.64 4.38 5.48 19.07 6.24 13.66 4.02

In the next step, the microstructure of the KoBo-processed AlSi10Mg sample was
analysed in detail. Figure 3a shows the IPF-Z map of the extruded profile taken in the
ND-TD (extrusion) plane. It is evident that the coarse LPBF microstructure evolved into
an ultra-fine-grained (UFG) with an average grain size of about 0.8 μm. In this UFG
microstructure, high-angle boundaries (HAGBs) dominated, accounting for about 81% of
the total grain boundary fraction.

 

Figure 3. Microstructures of the KoBo-processed LPBF AlSi10Mg alloy sample. (a) IPF-Z image;
(b) band contrast map; (c) EBDS TKD band contrast map; (d) EBSD TKD IPF-Y map; (e) bright field
TEM image; (f) HRTEM image of the boundary area highlighted by a yellow square in (e)—note
that
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the TEM foil was oriented with the aim of revealing the atomic arrangement of grain labelled as (1);
(g) HRTEM image of the boundary area highlighted by a yellow square in (e)—note that the TEM foil
was oriented with the aim of revealing the atomic arrangement of grain labelled as (2); (h) FFT of the
boundary labelled as (1) in (e); (i) FFT of the boundary labelled as (2) in (e); and (j) simulated atomic
arrangement of the boundary area confirming the CSL Σ3 boundary.

Figure 3b shows the CSL boundary map overlaid on the EBSD band contrast map. It
reveals that the Σ3-CSL boundaries accounted for approximately 3% by volume, while the
Σ9, Σ27a, and Σ27b boundaries together accounted for no more than 1.4%.

Further crystallographic information was obtained from the TKD mapping. In the
TKD pattern quality map (Kikuchi band contrast), four primary types of coincidence site
lattice boundaries (CSL) were analysed, as shown in Figure 3c. The green boundary on
the Kikuchi band contrast map reflected a misorientation of approximately 62◦ around the
<111> direction, which corresponded to the Σ3 CSL boundary. In addition, a boundary
with a misorientation of 41◦ around the <110> direction (coded red) was identified, which
corresponds to the Σ9 CSL boundary. Quantitative analysis of the grain boundary character
distribution revealed that the Σ3 and Σ9 CSL boundaries occupied volume fractions of
11.8% and 3.2%, respectively.

For a more in-depth analysis of grain characteristics, an IPF-Y map was generated,
as shown in Figure 3d. Together with the conventional EBSD data, it was found that the
KoBo-processed material consisted of UFG grains with widths ranging from 200 to 1700 nm.
In addition, the TKD map confirmed that most of the grains were oriented along the <111>
direction, which is typical of extruded alloys.

Figure 3e shows the bright field (BF) TEM image of the KoBo-processed sample. This
image confirms that both the grains and the particles were highly refined. The ultra-fine-
grained (UFG) grains are visibly encircled by numerous Si particles, each exhibiting an
average size of approximately 150 nm (as indicated by the black dashed outlines).

Further observations in HRTEM mode, shown in Figure 3f,g, revealed that the grain
boundary, indicated by a yellow dashed square in Figure 3e, corresponded to {111} an Σ3-
CSL boundary, commonly known as the coherent twin boundary [27]. These images also
revealed multiple facets (indicated by green arrows) that lead to elastic distortions due to
different displacements between the two grain boundaries (faceting of GB is thought to be a
process that aims to minimise the total free energy) [28]. The grain boundary model shown
in Figure 3j confirmed the relative crystal orientation representing the Σ3-CSL boundary.

The effect of annealing temperature on the population of low-angle grain boundaries
(LAGBs) and high-angle grain boundaries (HAGBs) in the KoBo-processed sample was
examined using electron backscatter diffraction (EBSD) and the results are summarised in
Figure 4. As stated in the previous section, the population of LAGBs in KoBo-processed
sample was about 19% LAGBs. EBSD analysis showed that the population of LAGBs
increased after annealing at temperatures ranging from 250 ◦C to 400 ◦C. This effect is
illustrated in Figure 4a, which confirms that the LAGB population rose to about 28% after
annealing at 250 ◦C. Although the population of LAGBs increased, the grain size of ~0.8 μm
remained unchanged. The population of low-angle grain boundaries continued to increase
to about 31% as the annealing temperature rose to 300 ◦C (Figure 4b). Furthermore, the
grains started to grow, resulting in an average grain size of ~0.9 μm. After annealing at
350 ◦C, the grains became more elongated and thicker, as seen in Figure 4c. This change in
the grain morphology led to an increase in the average grain size to ~1.1 μm. At the same
time, the population of LAGBs rose to about 32%. This implies that LAGBs were formed
during the recovery process, possibly due to polygonisation [29]. Annealing at higher
temperatures resulted in a decrease in the population of LAGBs. For the sample annealed
at 400 ◦C, the population of LAGBs decreased to about 29% (Figure 4d). The average grain
size in this condition was ~1.2 μm. The microstructure underwent the most significant
evolution when the annealing temperature exceeded 450 ◦C. As shown in Figure 4e, the
population of LAGBs decreased to around 26%, and grains with <101> preferred orientation
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appeared in the microstructure. The microstructure also showed an average grain size
of ~1.0 μm, with several small equiaxed grains. These grains are likely to have formed
due to recrystallisation, which could stem from the coalescence of subgrains (polygons)
and the migration of local high-angle boundaries [30]. The largest grain size of ~1.3 μm
was observed at 500 ◦C. In this case, the LAGBs turned into HAGBs, reducing the LAGBs
fraction sharply to around 22% (Figure 4f). EBSD data indicated that grain growth was
very restricted in the temperature range studied. This phenomenon could be explained
by the dispersed Si particles, which were created during the KoBo-extrusion process, and
which prevented the grain boundaries from moving, thus hindering grain growth.

Figure 4. IPF-Z maps of the KoBo-processed samples (a) annealed at 250 ◦C for 1 h, (b) annealed at
300 ◦C for 1 h, (c) annealed at 350 ◦C for 1 h, (d) annealed at 400 ◦C for 1 h, (e) annealed at 450 ◦C for
1 h, or (f) annealed at 500 ◦C for 1 h.

Figure 5 shows the CSL boundary map superimposed on the band contrast maps
for the annealed samples. EBSD analysis revealed a moderate increase in the fraction of
CSL-Σ3 boundaries to about 4% after annealing at temperatures up to 400 ◦C. Despite
this increase, the volume fraction of Σ9, Σ27a, and Σ27b boundaries, which indicate the
optimisation of the grain boundary structure, remained relatively low at around 1% in
this temperature range. The population of the low-Σ-CSL GBs increased after annealing at
450 ◦C. Under these conditions, the Σ3 and Σ9 boundaries occupied volume fractions of
5.76% and 1.16%, respectively. The Σ27a and Σ27b boundaries showed a consistent trend
and together accounted for 1.34%, similar to the Σ9 boundaries. Following Randle’s Σ3
regeneration model [31,32], it can be concluded that the Σ27 boundaries were generated by
the Σ3 + Σ9 = Σ27 relationship. Consequently, the percentage of Σ27 boundaries appeared
to be closely related to the population of Σ9 boundaries.
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Figure 5. CSL boundary maps superimposed on band contrast maps for KoBo-processed samples
(a) annealed at 250 ◦C for 1 h, (b) annealed at 300 ◦C for 1 h, (c) annealed at 350 ◦C for 1 h,
(d) annealed at 400 ◦C for 1 h, (e) annealed at 450 ◦C for 1 h, or (f) annealed at 500 ◦C for 1 h.

When the annealing temperature was further increased to 500 ◦C, more thermal
activation energy was provided for recrystallisation, resulting in a higher percentage of
special low-Σ-CSL GBs. Under these conditions, Σ3 and Σ9 boundaries accounted for 7.59%
and 1.50%, respectively, while Σ27a and Σ27b boundaries contributed 0.48% and 1.73%,
respectively. A noteworthy observation in this analysis was the distinctive well-defined and
parallel-sided appearance of certain CSL-Σ3 boundaries, which is commonly associated
with coherent twin boundaries formed during recrystallisation [33]. These boundaries are
highlighted by white arrows in Figure 5f.

Additionally, it is crucial to highlight that the annealing twins (CSL Σ3 boundaries),
follow a similar trend to HAGBs, as depicted in Figures 4f and 5f. The notable increase in
the population of HAGBs and annealing Σ3 twin boundaries within the alloy microstruc-
ture suggests that KoBo extrusion supplied ample activation energy for grain boundary
migration. This, in turn, facilitated the GBE in LPBF AlSi10Mg alloy.

Figure 6 displays the special grain boundary maps superimposed on the texture
component maps, and Table 2 summarises the results of the quantitative analysis.

The moderate temperature of ~280 ◦C during the extrusion process provided the
conditions for the occurrence of dynamic recovery (DRV), dynamic recrystallisation (DRX),
precipitation, and the formation of microtextures. For this reason, the main textural com-
ponents identified in the KoBo-processed sample were cube, brass, and rotated brass
orientations, as shown in Figure 6a. According to study [34], the cube texture is formed as
a result of DRX, as this is a typical recrystallisation texture, whereas brass is a typical defor-
mation texture that can occur due to the simultaneous presence of tensile and compressive
stresses during the hot extrusion process [35]. It is worth mentioning that a similar texture
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was reported by Yang et al. [36], who found that in the extruded Al–Mg–Si alloy, the main
textures were brass {110}<112> and recrystallisation cube {100}<001>.

Figure 6. Texture components map with superimposed special grain boundaries for KoBo-processed
and annealed samples. The colour coding is shown below the maps. (a) Kobo-processed, (b) annealed
at 250 ◦C for 1 h, (c) annealed at 300 ◦C for 1 h, (d) annealed at 350 ◦C for 1 h, (e) annealed at 400 ◦C
for 1 h, (f) annealed at 450 ◦C for 1 h, or (g) annealed at 500 ◦C for 1 h.

With reference to the literature [37–39] and the microstructural observations in Figure 3,
it can be assumed that the refined second phase precipitates acted as “strong pinning points”
that caused a retarding force for recrystallisation, resulting in a larger population of the
brass deformation texture.
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Table 2. Texture characteristics of the KoBo-processed and annealed AlSi10Mg samples. The values
in the table correspond to the texture map shown in Figure 5.

Texture
Component

Cube
{001}<100>

(%)

Goss
{011}<100>

(%)

Brass
{110}<112>

(%)

Copper
{112}<111>

(%)

S {123}<634>
(%)

R. Goss (RG)
{011}<011>

(%)

R. Brass (RB)
{110}<556>

(%)

A
{112}<110>

(%)

KoBo 22.51 0.17 38.99 0.12 8.6 0.07 19.95 9.59

Annealed at
250 ◦C 4.19 0.07 68.69 0.13 3.66 2.97 1.42 18.87

Annealed at
300 ◦C 7.93 0.06 75.79 0.09 8.35 0.31 1.46 6.02

Annealed at
350 ◦C 8.95 0.1 73.36 0.13 0.84 0.85 8.21 7.57

Annealed at
400 ◦C 18.52 0.09 38.59 0.1 11.07 0.17 14.06 17.4

Annealed at
450 ◦C 8.08 0.91 63.49 1.24 6.29 1.14 6.11 12.73

Annealed at
500 ◦C 3.31 0.74 54.75 2.01 13.21 1.6 2.91 21.46

After annealing at 250 ◦C, the fractions of individual texture components changed
noticeably, as shown in Figure 6b. In this condition, brass-oriented grains dominated the
microstructure and accounted for about 69% of the total texture. When the annealing
temperature rose to 300 ◦C, the fraction of brass-oriented grains grew to 76%, as seen in
Figure 6c. Additionally, more S-oriented grains emerged as part of the recrystallisation
texture [40]. Further increasing the annealing temperature to 350 ◦C had no significant
effect on the texture. According to data from Figure 6d, the brass-oriented grains in this
condition constituted about 74% of the total grains.

After annealing at 400 ◦C, the dominant texture component was brass texture. It was
also noticeable that some amount of brass texture transformed into the recrystallisation
cube texture. Furthermore, S texture and rotated brass texture were clearly present in
some grains, as displayed in Figure 6e. Annealing at 450 ◦C resulted in an enhancement
of brass texture, which constituted about 63% of the total textures, as shown in Figure 6f.
According to the literature [41,42], the enhancement of brass texture could be attributed to
strain-induced boundary migration (SIBM). This was consistent with the texture component
map showing the development of numerous CSL-Σ3 boundaries near the brass-oriented
grains. This effect was more pronounced in the sample annealed at 500 ◦C, which had the
highest fraction of CSL-Σ3 boundaries. As seen in Figure 6g, numerous CSL-Σ3 boundaries
ranging from about 0.5 μm to 2.5 μm in length were located in close proximity to the
brass-oriented grains.

In order to analyse the textural components in detail, the (111) pole figures were
plotted. It can be seen, in Figure 7, that all pole figures have similar characteristic textures
that are typical of the extruded alloys. From Figure 7a, it can be noted that strong cube,
brass, and rotated brass textures with a maximum intensity of 10.59 random levels (rl)
developed in the KoBo-processed sample. According to the literature [43], the deformation
at elevated temperature is favourable for the formation of the Bs texture, which might
have formed due to the dynamic recovery or activation of non-octahedral slip systems
during the extrusion process. Furthermore, the highly heterogeneous flow of the metal [44]
and the relatively high plastic strain during KoBo extrusion could promote strain-induced
boundary migration (SIBM), which is beneficial for the formation of a brass texture [45].
Furthermore, the precipitate drag effect can enhance SIBM. It has been revealed that
incoherent precipitates with a high degree of misfit can increase the grain boundary energy
and decrease the drag force [46], thus accelerating SIBM.
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Figure 7. The (111) pole figures of the KoBo-processed and annealed samples. (a) Kobo-processed,
(b) annealed at 250 ◦C for 1 h, (c) annealed at 300 ◦C for 1 h, (d) annealed at 350 ◦C for 1 h,
(e) annealed at 400 ◦C for 1 h, (f) annealed at 450 ◦C for 1 h, or (g) annealed at 500 ◦C for 1 h.

After annealing at 250 ◦C, the brass texture was strengthened. In this condition,
recovery dominated; therefore, the intensity of the brass texture was significantly increased
to 17.98 Rl, as seen in Figure 7b. Referring to the work of Huang et al. [47] the brass texture
is very stable; therefore, the brass-oriented subgrains can easily survive during annealing
processes, while the grains with other orientations tend to be more easily recovered.

When the alloy was annealed at 300 and 350 ◦C, a large number of small subgrains
formed, as seen in Figure 7c,d, which promoted the occurrence of the polygonisation of
the brass-oriented parent grains [48]; this resulted in an additional minor enhancement of
brass texture, as seen in Figure 7c,d.

As the annealing temperature was further increased to 400 ◦C, as shown in Figure 7e,
the brass texture partially evolved into cube {100}<001> texture [47,49], which indicated
that the recrystallisation process had occurred to some extent. This agreed with the mi-
crostructural observation that revealed an increase in the average grain size. Furthermore,
some amount of brass texture translated into the rotated brass texture.

The relative stability of the deformed brass grains to annealing is highlighted in an
increase in the relative volume fraction of this texture component in the sample annealed at
450 ◦C, as shown in Figure 7f. This stability of the brass component is attributed to its ability
to deform with very few slip systems so that it is less affected than other deformation
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components during recrystallisation [50]. Furthermore, as the annealing temperature
increased, the growth advantage for recrystallised cube grains disappeared. Therefore,
the percentage volume fraction of the cube decreased from 18.5 to 8.08 as the annealing
temperature increased from 400 to 450 ◦C.

Annealing at 500 ◦C resulted in the overall texture intensity strengthening, with the
maximum brass component intensity of 17.8 rl, as shown in Figure 7g. Furthermore, there
was a gradual increase in {112}<110> α-fibre orientation; however, this texture component
is reported to be the last to recrystallise and be replaced [51].

This article presents experimental results indicating that a distinctive distribution of
grain boundary characteristics and microtextures can be achieved through the innovative
strain-annealing approach, hinting at the material’s potential to exhibit unique properties.
For example, a substantial volume fraction of brass texture, typically formed during cold
rolling or shear deformation, was proved to be advantageous in enhancing the strength and
fatigue resistance of aluminium alloys [52]. However, given its relatively rigid orientation,
it has a minimal impact on ductility [53]. On the contrary, the cube texture enhances the
ductility and formability of the alloy but at the expense of reduced strength [54].

By carefully controlling the distribution of grain boundary properties, it is also pos-
sible to develop a complex microstructure that aids in the recombination or annihilation
of point defects caused by irradiation [55]. This control also helps to prevent the harmful
segregation of elements crucial for the chemical and mechanical stability of the alloy [56].
Research into the structure of grain boundaries has shown that low-energy grain bound-
aries, particularly low ΣCSL grain boundaries (special grain boundaries), exhibit strong
resistance to intergranular corrosion [57]. In addition, the presence of these grain bound-
aries in the microstructure contributes to increased resistance to creep and stress corrosion
cracking [10].

4. Conclusions

Based on the microstructural observations presented in this study, the main conclu-
sions can be formulated as follows:

• KoBo extrusion caused a significant grain refinement of LPBF AlSi10Mg alloy, resulting
in a fine-grained microstructure with an average grain size of about 0.8 μm.

• The ultra-fine-grained microstructure produced by KoBo extrusion was preserved
after annealing up to 500 ◦C.

• In the as-printed AlSi10Mg sample, the in situ-formed CSL boundaries accounted for
about of 7% of the total boundary fraction.

• The grain boundary character distribution in LPBF AlSI10Mg alloy was optimised
in the KoBo extrusion followed by annealing at 500 ◦C. After this thermomechanical
treatment, the population of Σ3, Σ9 and Σ27 was increased to about 11%.

• Strain-induced boundary migration (SIBM) as well as the nucleation of twin bound-
aries promoted the formation of a strong brass texture in the KoBo-processed samples
subjected to recrystallisation annealing.

In summary, the KoBo-extrusion process imparts a significant amount of strain to the
LPBF AlSi10Mg alloy, making the strain-annealing approach effective in improving the CSL
boundary fraction. Our research demonstrates that elevated annealing temperatures accel-
erate recrystallisation, leading to a higher density of CSL boundaries. The LPBF AlSi10Mg
alloy, with its unique microstructure achieved through the presented thermomechanical
treatment, holds great promise for aerospace and nuclear applications. The increased
presence of low-CSL boundaries mitigates radiation-induced defects by promoting more
stable grain boundaries, reducing the susceptibility of the material to radiation damage,
and ultimately improving its overall resistance to the radiation environment.
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18. Dobkowska, A.; Zielińska, A.; Paulin, I.; Donik, Č.; Łojkowski, M.; Koralnik, M.; Adamczyk-Cieslak, B.; Paradowski, K.; Tkocz,
M.; Kuc, D.; et al. Microstructure and properties of an AZ61 alloy after extrusion with a forward-backward oscillating die without
preheating of the initial billet. J. Alloys Compd. 2023, 952, 169843. [CrossRef]

19. Liu, S.; Wang, Y.; Yarigarravesh, M.; Tayyebi, M.; Tayebi, M. Evaluation of whisker alignment and anisotropic mechanical
properties of ZK60 alloy reinforced with SiCw during KOBO extrusion method. J. Manuf. Process. 2022, 84, 344–356. [CrossRef]
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Abstract: Shape memory alloys (SMAs) represent an exceptional class of smart materials as they
are able to recover their shape after mechanical deformation, making them suitable for use in
actuators, sensors and smart devices. These unique properties are due to the thermoelastic martensitic
transformation that can occur during both thermal and mechanical deformation. Cu-based SMAs,
especially those incorporating Al and Ag, are attracting much attention due to their facile production
and cost-effectiveness. Among them, Cu-Al-Ag SMAs stand out due to their notably high temperature
range for martensitic transformation. In this study, a Cu-based SMA with a new ternary composition
of Cu-10Al-7Ag wt.% was prepared by arc melting and the samples cut from this casting alloy were
quenched in water. Subsequently, the phase composition and the development of the microstructure
were investigated. In addition, the morphology of the martensite was studied using advanced
techniques such as electron backscatter diffraction (EBSD) and transmission electron microscopy
(TEM). The analyzes confirmed the presence of martensitic structures in both samples; mainly
18R (β1′ ) martensite was present but a small volume fraction of (γ1′ ) martensite also was noticed
in the as-quenched sample. The observation of fine, twinned martensite plates in the SMA alloy
with symmetrically occurring basal plane traces between the twin variants underlines the inherent
correlation between microstructural symmetry and the properties of the material and provides
valuable insights into its behavior. The hardness of the quenched sample was found to be lower
than the as-cast counterpart, which can be linked to the solutioning of Ag particles during the
heat treatment.

Keywords: shape memory alloys; Cu-Al-Ag alloys; heat treatment; microstructure; phase transformations;
martensitic transformations

1. Introduction

Cu-based shape memory alloys (SMAs) exhibit remarkable properties, such as super
elasticity and shape memory effect, attributed to a diffusionless reversible martensitic
transformation [1–3]. Due to their affordability and ease of processing, Cu SMAs are
utilized in various fields, including medicine, electronics and aerospace [4–7]. Among
these alloys, copper-aluminum-based alloys (Cu-Al) are characterized by their exceptional
mechanical properties, excellent electrical and thermal conductivity, and relatively low cost
compared to other SMAs, such as Ni-Ti alloys [4,7].

Recently, ternary Cu-Al-Mn SMAs have attracted considerable attention. This in-
creased interest stems from the addition of manganese in binary Cu-Al alloys, which serves
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to stabilize the β-phase region and extend it towards lower aluminum concentrations.
As a result, the β-phase exhibits increased stability against diffusive decomposition [8–12].
As the alloy cools, the β-phase undergoes transformations with disordered order and
progresses from β(A2) to β2(B2) to β1(L21) [12–16]. These transformations lead to cubic
(b.c.c.) superlattice structures such as the Fe3Al type (DO3), the CsCl type (B2) and the
Cu2MnAl type (L21). At lower temperatures, spinodal decomposition can occur between
the DO3 (Cu3Al) and L21 (Cu2AlMn) phases [16]. The transition from A2 to L21 cannot be
suppressed at high aluminum concentrations, resulting in the L21 phase, known as Heusler
alloy (Cu2AlMn), undergoing a metastable transformation to 6M martensite. Conversely, at
lower aluminum concentrations, typically below 16%at., A2 transforms either into A1 (dis-
ordered face-centered cubic structure f.c.c.) or into a 2M structure [10–12]. Depending on
the chemical composition, various martensite structures can be observed in Cu-based SMA,
including hexagonal 2H and rhombohedral structures 9R, 18R, 6R and 3R [11,12,17–19].

To date, there have been only a few studies on the addition of Ag to binary Cu-Al
SMAs and ternary Cu-SMA alloys. The addition of Ag to SMA alloys of the Cu-Al system
improves their hardness, corrosion resistance, aging properties and magnetic properties, as
stated by Silva et al. [13]. Santos et al. [14] attributes the increased microhardness of ternary
alloys with 3%at. Ag to the formation of bainite. Cu-Al-Ag SMAs are characterized by the
highest temperature of martensitic transformation, primarily between 200 ◦C and 600 ◦C,
depending on the Al/Ag ratio, so that they are used for high-temperature applications in
certain areas [20,21]. Furthermore, the addition of 4%wt. Ag in Cu-Al alloys affects the
phase transformations, can promote the formation of pearlitic phases and can change the
stability of this pearlitic phase [22]. The precipitation of Ag in Cu-Al-Ag alloys exhibits
a zero-order reaction, indicating constant Ag diffusion rates and an interface-controlled
formation of Ag-rich phases [2]. Furthermore, the addition of Ag to Cu-based SMAs sig-
nificantly improves the martensitic transformation, ductility and operating temperature
range compared to conventional Cu-Ni-Ti and Cu-Al-Ni SMAs [13,23]. In the study [24],
the influence of silver content on the microstructure, martensitic transformation and shape
memory effect of Cu-Al-Ag alloys is investigated. The potential for optimizing stability
and improving shape memory performance through thermal cycle training and specific ad-
justments of the silver content for use at high temperatures is demonstrated. The presence
of Ag in the Cu-11%wt. Al alloy has a significant influence on the cooling rate, phase forma-
tion and martensitic transformation temperatures, providing insights into the optimization
of these alloys for specific applications [25]. In addition, Krishna [26], who investigated
Cu-XAl-5Mn-2Ag alloys, found that the concentration of aluminum influences martensite
formation and has a direct impact on the shape memory effect. Manasijević [27] proved that
Cu-Al-Mn-Ag alloys with a higher manganese content yield complete martensite, while
those with a lower manganese content exhibit α-phase precipitation.

This investigation will further contribute to the development of Cu-Al-Ag alloys with
improved properties and expand their range of applications in various fields. In the paper,
an alloy with the composition Cu-10%wt. Al-7%wt. Ag is produced in an electric arc
furnace by melting high-purity metals. Morphological and microstructural changes in the
alloys were investigated in both the as-cast and quenched states by optical (OM), scanning
electron microscopy (SEM) and transmission electron microscopy (TEM). The influence
of heat treatment on the microstructure of the investigated alloy was examined using the
SEM and TEM-EDS and SEM-EBSD methods. Phase identification was carried out using
X-ray diffraction (XRD) and high-resolution X-ray diffraction (XRD), and the hardness of
the alloy was determined using the micro-Vickers hardness test.

2. Materials and Methods

The Cu-10Al-7Ag SMA alloy was prepared by melting raw metals (Mateck Material-
Technologie & Kristalle, Jülich, Germany): copper (99.9%), aluminum (99.5%), and silver
(99.99%). The metals were melted in an electric-arc furnace that had been previously
vacuumed and subjected to multiple cycles of argon pumping. The samples underwent
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more than four remelting processes for better homogenization and were cast in cylindrical
molds with dimensions of 8 × 12 mm. After casting, the samples were quenched in chamber
furnaces (OVER, Zagreb, Croatia) at 900 ◦C for 30 min and rapidly cooled in water.

For metallographic analysis, the samples were prepared by cutting, cold mounting,
and grinding with 320#, 600#, 800#, 1200#, and 2400# SiC abrasives. Subsequently, they
were polished with 1 μm and ≤0.2 μm diamond paste using Citopress-20 and Tegramin-30
(Struers, Willich, Germany). The prepared samples were etched with a solution of 2.5 g
FeCl3, 48 mL CH3OH, and 10 mL H2O.

The microstructures were analyzed using an Axio Vert A1 optical microscope (Carl
Zeiss NTS GmbH, Oberkochen, Germany), a FEG QUANTA 250 scanning electron mi-
croscope (Thermo Fisher, formerly FEI, Waltham, MA, USA) equipped with an energy
dispersive X-ray spectroscopy detector (EDS) (Oxford Instruments, Abingdon, UK), and
two transmission electron microscopes, Tecnai G2 F20 (200 kV) (TEM) with an energy
dispersive X-ray microanalyzer (EDX), a HAADF detector for the scanning transmission
technique (STEM), a field emission gun (FEG) and high-resolution Gatan UltraScan and
wide-angle SIS Megaview cameras (Thermo Fisher, formerly FEI, USA) and Titan 80–300,
FEI S/TEM microscope equipped with spherical aberration correctors in both the probe
and imaging optics. The microscope was operated at 300 kV (Thermo Fisher, formerly FEI,
USA). The TEM instruments provided SAED, bright and dark field TEM, and HAADF
images of a lamellar sample (approximately 10 × 8 μm) prepared by the focused ion beam
(FIB) method using the Helios 650HP SEM/FIB dual beam microscope (Thermo Fisher,
formerly FEI, USA) with Octane Pro EDS detector (EDAX Inc., Mahwah, NJ, USA).

Electron backscatter diffraction (EBSD) analyses were conducted using a Supra 35 scan-
ning electron microscope (SEM) from Carl Zeiss NTS GmbH, Oberkochen, Germany. The SEM
operated at an acceleration voltage of 15 kV, a working distance of 17 mm, a tilt angle of
70◦, and utilized step sizes ranging from 0.4 to 0.06 μm. Samples for EBSD analysis were
prepared following standard metallographic techniques, involving mechanical grinding with
SiC papers, polishing with diamond pastes, and a final polishing step for 1 h using 0.04 μm
colloidal silica.

X-ray diffraction (XRD) analysis was performed using a Bruker D8 Advance diffrac-
tometer (Bruker Corporation, Billerica, MA, USA) with CuKα radiation. The scans were
collected in the 2θ range of 20–90◦, with a 2θ step size of 0.02◦ and a counting time of 0.6 s,
under the accelerating voltage of 40 kV and current of 25 mA.

The crystal structure and overall texture of samples in both cast and quenched states
were analyzed through high-energy X-ray diffraction measurements at DESY in Hamburg,
Germany, utilizing the P07B beamline (87.1 keV, λ = 0.0142342 nm). For phase analysis,
diffraction patterns were recorded in continuous mode using a 2D Mar345 Image Plate
detector. To ensure textureless measurements, all samples underwent a 180◦ rotation about
the ω-axis during X-ray exposure. To maintain the Bragg condition for satellite reflections,
samples were continuously rotated around the ω sample axis by ω < ±10◦, with a beam
size of 1 × 1 mm2. Subsequently, the 2D patterns were integrated using the Fit2D software
(https://www.esrf.fr/computing/scientific/FIT2D/index.html) and presented in a graph
of relative intensity vs. 2Theta angle.

The microhardness of the alloys was determined using the FM-ARS-9000 fully auto-
matic microhardness measurement system (Future-Tech, Kawasaki-City, Japan). A load
of HV 100 g and a dwell time of 15 s were applied during the measurements. Prior to
microhardness testing, each sample underwent meticulous preparation, involving thorough
cleaning, grinding, and polishing to ensure result accuracy. The Vickers microhardness val-
ues were calculated as the average of five individual measurements taken from each sample.

3. Results

3.1. Microstructure of the Cu-10Al-7Ag SMA Alloy

Figure 1 shows the optical micrographs (OM) of the Cu-10Al-7Ag SMA alloy in the
as-cast state. From the observation of the microstructure, it is clear that the alloy has the
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potential to exhibit shape memory properties. As can be seen in Figure 1a, the as-cast
sample microstructure consists of coarse grains with a measured average initial size of
~460 μm. The higher magnification OM in Figure 1b documents the presence of martensite
needles and indicates the existence of secondary phases (bright precipitates) randomly
distributed in the alloy matrix. The precipitation of these secondary phases at room
temperature may have occurred due to their limited solubility in the parent matrix. It is
worth noting that these precipitate phases could potentially have a detrimental effect on
the shape memory properties of the alloy.

  
(a) (b) 

Figure 1. Microstructure of the Cu-10Al-7Ag SMA alloy in the as-cast condition: (a) low-magnification
polarized light OM image, (b) high-magnification bright field OM image.

Figure 2 shows the effect of the heat treatment on the microstructure of the Cu-10Al-
7Ag SMA alloy. The high cooling rate led to an increased dislocation density [28], which
provided numerous heterogeneous nucleation sites for martensite formation with a zigzag
and arrow morphology (Figure 2a). A similar martensite variant was also observed by
other researchers in the following studies [29]. The higher magnification image also shows
the more uniform distribution of silver precipitates within the martensitic matrix, Figure 2b.
In addition, it can be seen that the size of the grains decreased to ~400 μm after quenching.
The finer grains of SMA can help to reduce the brittleness and improve the shape memory
properties of the samples [30].

  
(a) (b) 

Figure 2. Microstructure of the Cu-10Al-7Ag SMA alloy in the quenched condition: (a) low-
magnification polarized light OM image, (b) high-magnification bright field OM image.

The microstructures and phase compositions were then examined using SEM/EDX.
The SEM images of as-cast and quenched Cu-10Al-7Ag are shown in Figure 3, while the
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corresponding EDX results are listed in Tables 1 and 2, respectively. It is worth noting
that both images were taken at the same magnification to emphasize the microstructural
differences between the two states.

  

(a) (b) 

Figure 3. SEM microstructures of the Cu-10Al-7Ag SMA alloy (a) as-cast condition, (b) quenched.

Table 1. Results of EDS chemical composition microanalysis of as-cast sample.

Al Cu Ag

Point 1 9.21 ± 0.20 80.87 ± 0.55 6.78 ± 0.24
Point 2 10.28 ± 0.42 81.51 ± 0.63 8.21 ± 0.52

Table 2. Results of EDS chemical composition microanalysis of quenched sample.

Al Cu Ag

Point 1 9.70 ± 1.11 80.41 ± 1.70 9.89 ± 1.42
Point 2 10.30 ± 0.90 81.2 ± 1.10 8.50 ± 1.05

As shown in Figure 3a, the microstructure of the as-cast sample consists of V-type
β1′ -martensite and several fine precipitates. The EDX results in Table 1 show that the
precipitates in the grain interior are enriched in Cu and Al, while the precipitates in the
form of an almost continuous layer along a grain boundary region are enriched with silver.

After quenching, the precipitates, which form a continuous layer along the grain
boundary, have disappeared. In this state, the Ag precipitates are uniformly distributed in
the matrix of Cu-10Al-7Ag alloy, as shown in Figure 3b. It is worth noting that quenching
resulted in the formation of coarse martensite plates, which may indicate the presence of
another type of martensite, possibly the γ1

′, 2H type. In addition, the Cu-10Al-7Ag alloy
was found to exhibit predominantly the self-accommodating zig-zag morphology typical
of 18R martensite in the quenched state. The martensitic transformation observed in the
Cu-10Al-7Ag SMA alloy illustrates the fundamental role of symmetry in determining the
shape memory properties of the alloy. The transition from the highly symmetric β-phase
to the martensitic phases with lower symmetry (e.g., 18R, 2H) underlines how closely
symmetry changes are linked to the functional behavior of the alloy.

Both conventional and high-energy X-ray diffraction techniques were used to further
analyze the phase composition. The conventional X-ray diffractogram is shown in Figure 4a.
Phase identification revealed the presence of β1

′-martensite and silver phases in both samples.
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It is noteworthy that in the quenched sample, the peaks of the β1
′-martensite phase almost

disappear at higher 2theta angles. This phenomenon could be due either to a reduction in
the content of the β1

′-martensite phase after quenching or to changes in the macrotexture.
However, it is also evident that the peaks corresponding to the β1

′-martensite phase are
more pronounced in the quenched state around the 2theta angle of 45 degrees. Moreover, the
peaks associated with the Ag phase in the as-cast state are clearly recognizable as precipitates
that are unevenly distributed at the grain border, but disappear after quenching, which is
consistent with the observations of the microstructure in SEM and as a secondary phase on
Figure 1b in OM.

 
(a) (b) 

Figure 4. XRD diffractogram of Cu-10Al-7Ag SMA alloy: (a) regular XRD diffractogram, (b) high-
energy X-ray diffraction measurements from synchrotron.

To gain insight into the grain structure, an EBSD analysis was performed. Figure 5a
shows the IPF map, which includes the low-angle grain boundaries (red), the high-angle
grain boundaries (green) and the twin boundaries (black). The colors in the IPF Z-map
correspond to the Z-direction within the reference frame of the sample, as shown in
Figure 5b. General observation EBSD analysis revealed differences from the microstructural
observations in the SEM, particularly in the identification of twin boundaries and the
presence of small round particles. These differences may be due to the different capabilities
of the two techniques, with SEM Figure 3 revealing variations in composition and EBSD
Figure 5 providing data on crystallographic orientation.

Figure 5a confirms that the martensite phase has a distinct zigzag morphology, which is
consistent with the optical microscopy results. The color represents different martensite ori-
entations. The grain boundary distribution histogram shows that high-angle grain bound-
aries predominate and account for about 80% of the grain boundary fraction (HAGBs + twin
boundaries). It is also worth noting that a large proportion of the HAGBs are twin bound-
aries, which is reflected in an increased proportion of boundaries with a misorientation
angle of 60 degrees. These boundaries are clearly visible in the IPF-Z EBSD map as
they mainly separate the parallel β1

′-martensite plates. Significantly, twin boundaries are
present in both straight, parallel shapes and curved configurations, indicating the coexis-
tence of both coherent and incoherent twin boundaries within the microstructure. The high
proportion of these boundaries indicates a well-defined microstructural mechanism that
underpins the alloy’s excellent shape memory and pseudoelastic properties. According to
the grain size distribution histograms in Figure 6, the microstructure in Figure 6b consists
of martensite plates with a dominant size of about 1 μm.
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(a) (b) 

Figure 5. Results of the EBSD investigation of cast sample: (a) IPF-Z image, (b) IPF map reference
frame and the statistical information about boundary fraction.

 
(a) (b) 

Figure 6. Results of the EBSD investigation of cast sample: (a) histogram of grain boundary misorien-
tation distribution, (b) histogram of grain size distribution.

Further insight into the dislocation properties was gained by plotting the Kernel Aver-
age Misorientation Map. It is known that the KAM value directly reflects the geometrically
necessary dislocation density, i.e., the higher the KAM value, the higher the GND density.
Figure 7 shows that there is no large accumulation of dislocations in the as-cast state.
The highest KAM values are seen in the large martensite plates, indicating a higher GND
accumulation in this area, which is probably due to the presence of dense networks of
misfit dislocations inside plates. The average KAM value measured is 0.60◦.

Figure 8 shows the IPF-Z map of the quenched sample. It is noticeable that the
microstructure appears much finer in the quenched state than in the as-cast state. Figure 9
shows the histograms of the EBSD investigation of the grain boundary misorientation
and the grain size distribution of the quenched sample. Most of the grains have a size of
less than 1 μm, Figure 9b. Analysis of the grain boundary distribution histogram shows
a notable shift where low angle grain boundaries (LAGBs) now dominate and account
for approximately 51% of the total, Figure 9a. This increase in the proportion of LAGBs
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can be attributed to dislocation multiplication that occurs during heat treatment [31]. Of
particular interest is the observation that the fraction of twin boundaries increased to about
21% after quenching, as indicated by the histogram of the boundary distribution, which
shows a peak around a misorientation angle of 60 degrees, Figure 9. This suggests that the
fraction of the twinned 18R phase is increased after quenching. Such mechanisms favor the
increase in the proportion of LAGBs because they reduce the total energy of the system by
organizing the dislocations in more stable configurations. The presence of more LAGBs
usually indicates a material that can better resist plastic deformation, which is particularly
important for applications that require high elasticity under mechanical stress.

 
(a) (b) 

Figure 7. Kernel Average Misorientation map of Cu-10Al-7Ag SMA cast sample (a) and corresponding
legend showing color coding in KAM map (b).

 
(a) (b) 

Figure 8. Results of the EBSD investigation of Cu-10Al-7Ag SMA quenched sample: (a) IPF-Z image,
(b) IPF map reference frame and the statistical information about boundary fraction.
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(a) (b) 

Figure 9. Results of the EBSD investigation of Cu-10Al-7Ag SMA quenched sample: (a) histogram of
grain boundary misorientation distribution, (b) histogram of grain size distribution.

Figure 10 shows the KAM map of the Cu-10Al-7Ag SMA alloy sample in its quenched
state. It can be seen that the increased KAM values are mainly concentrated around the Low
Angle Grain Boundaries (LAGBs) and reach higher average values for the quenched sample
(0.91◦) than for the as-cast sample (0.60◦). This increase in the KAM value is obviously due
to the increased presence of geometrically necessary dislocations. According to the work
of Yi et al. [32], the thermal cycle involving the martensitic transformation must coincide
with the occurrence of dislocations at the interface. In addition, the phase transformation
leads to the formation of subgrain boundaries, which contributes to the propagation of
dislocations. Consequently, a significantly higher number of generated dislocations can be
assumed in the quenched sample compared to its as-cast counterpart, which is consistent
with the electron backscatter diffraction (EBSD) data.

 
(a) (b) 

Figure 10. Kernel Average Misorientation map of Cu-10Al-7Ag SMA quenched sample (a) and
corresponding legend showing a color coding in KAM map (b).

STEM observations were carried out to show the distribution of the most important
alloying elements. Figure 11 shows the STEM-HAADF image together with the correspond-
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ing elemental distribution maps. As can be observed, the elemental maps show a random
(homogeneous) distribution of Ag precipitates in the as-cast matrix of the sample. These
precipitates have a length of about 0.5 to several microns. This image also shows that the
alloy matrix is rich in Cu and Al.

  
(a) (b) 

  
(c) (d) 

Figure 11. STEM HAADF and EDS elemental maps of the Cu-10Al-7Ag SMA alloy in as-cast
condition (a) STEM-HAADF image, (b) Cu element distribution map, (c) Ag element distribution
map, (d) Al element distribution map.

Examination of the microstructural changes using SEM and EBSD techniques sheds
light on the symmetrical characteristics inherent in martensitic transformations. The pat-
terns of twin boundaries and the transformation-induced changes in the microstructure
highlight the fundamental symmetry principles that govern these phase transitions in
the alloys.

Figure 12 shows the results of the quantitative chemical analysis performed for the
indicated areas, showing the composition of the three microstructural constituents observed
in the as-cast sample. It can be seen that the general composition of the as-cast sample
(matrix plus Ag precipitates) differs slightly from the nominal composition. The measured
composition is depleted in both Al and Ag, which is most likely due to high heterogeneity
of the as-cast sample. This heterogeneity can be mainly related to the different density of
Ag precipitates in the microstructure, as they also contain a considerable amount of Cu and
a small amount of Al, as can be seen in Figure 12.
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Figure 12. STEM HAADF and results of chemical analyses performed in the indicated areas of the
Cu-10Al-7Ag SMA alloy in as-cast condition.

Figure 13 shows the bright field (BF), dark field (DF) and corresponding selected
area diffraction pattern (SADP) of specimen in the as-cast condition. It reveals the clearly
contrasting martensite plates having a width of 150–800 nm which were identified as 18R
phase. SADP vell fits to the [010] zone axis of the R18 martensite with very low monoclinic
distortion of β = 88.7◦. This pattern exhibits a contrast with a 0.619 nm periodicity typical
of the 18R stacking sequence that is visible in the DF image taken from the (0012) spot.
The streaks between stacking spots could be attributed to the presence of many structural
faults inside the martensite variants, probably produced by the internal stresses.

Figure 13. TEM images of the Cu-10Al-7Ag SMA alloy in cast condition: (a) bright-field TEM
image taken at higher magnification and (b) dark field TEM image revealing 18R stacking sequence,
(c) bright field TEM image taken at low magnification and corresponding (d) dark-selected area
diffraction pattern (SADP).

To gain greater insight into the complex microstructure of the SMA alloy, observa-
tions in the scanning transmission mode (STEM) were performed. The BF-STEM image,
Figure 14a, confirms that the alloy has a martensitic structure, with fine, twinned martensite
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plates present throughout. In Figure 14a, the angles between the traces of the basal planes in
the twin variants and the twin boundary were measured to be 57◦, which indicates that the
basal plane traces appear symmetrically in the twin variants. In addition, the correspond-
ing STEM-HAADF (Z-contrast) image in Figure 14b reveals minor chemical composition
fluctuations within the martensite plates. However, it should be mentioned here that this
change in contrast may be related to the different orientation of the martensite plates.

  
(a) (b) 

Figure 14. STEM (a) and HAADF (b) images showing the martensite matrix morphology in Cu-10Al-
7Ag SMA alloy in cast condition.

Further observations were made on the quenched sample. Figure 15 shows the
STEM-HAADF image with the corresponding element maps. Figure 15a reveals significant
evolution of the microstructure after quenching. It can be clearly seen that the precipitates of
the Ag phase have a different size and morphology. Figure 15b shows Ag nanoprecipitates
with the mean size of about 10 nm, and more evenly distributed due to the rapid cooling rate
restricting their growth and resulting in a finer dispersion. A similar microstructure was
recently described by Silva et al. [33] for a Cu-11%Al-10%Mn-3%Ag alloy. In addition, there
are some undissolved Ag phase clusters in the microstructure, indicating that complete
dissolution was not achieved after quenching.

These morphological differences between the as-cast and quenched states have a
significant impact on the mechanical and functional properties of the alloy, as smaller,
more uniformly distributed precipitates affect the mechanical properties and alter the
thermomechanical properties by more effectively retaining dislocations and distributing
stress more evenly across the matrix.

Figure 16a–d is a set of TEM images of the as-quenched sample showing BF image
and corresponding DF images and SAED pattern. The TEM observations confirm the
presence of the β1

′-martensite phase. Two types of martensite plates can distinguish with
thickness range from 100 to 500 nm and few nanometers, respectively (fine plates marked
by ovals in the DF images). Such configuration of the martensite plates is due to the self-
accommodation character of the martensitic microstructure formed during thermoelastic
martensitic transformation. The electron diffraction pattern registered from two variants
of martensite plates being in twin orientation was indexed as 18R structure with the [010]
zone axis, Figure 16c. Dark field images (DF-1 and DF-2) are taken from (0018) spots of two
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variants being in a twin relationship. However, apart from the main spots taken for the DF
image, additional small spots also must be considered (indicated by the arrows) for the
formation of the DF image responsible for the fine martensite plates visible in DF images.

  
(a) (b) 

  
(c) (d) 

Figure 15. STEM HAADF and EDS maps of the Cu-10Al-7Ag SMA alloy in quenched condi-
tion. (a) STEM-HAADF image, (b) Cu element distribution map, (c) Ag element distribution map,
(d) Al element distribution map.

The TEM images provided above reveal a predominance of the β’ phase. However,
upon careful analysis of the TEM lamellae, a small volume fraction amount of thermally
induced 2H-martensitic Al4Cu9 (γ1′ ) phase, with a plate-like morphology was observed
(see Figure 17) in the quenched sample. It is worth noting that this observation is consistent
with the results of the SEM analysis but was not confirmed by X-ray diffraction.
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Figure 16. TEM images of the Cu-10Al-7Ag SMA alloy in quenched condition: (a) bright-field TEM
image, (b,d) dark-field TEM images and (c) selected area diffraction pattern (SADP).

  
(a) (b) 

 
(c) 

Figure 17. TEM images of the Cu-10Al-7Ag SMA alloy in quenched condition: (a) bright-field TEM
image, (b) dark-field TEM image, and (c) selected area diffraction pattern (SADP) obtained from
the 01-circle area shown in (a) indicating the presence of Al4Cu9 (γ1′ ) phase. Note that around the
Al4Cu9 (γ1′ ), the β1′ martensite plates are visible.
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According to the literature, the martensitic transformation in Cu-Al alloys occurs
during rapid quenching. By cooling at high cooling rates, β phase changes into β1 par-
ent austenite phase of L21 (a type of DO3 superlattice) [34]. The D03 ordered parent β
austenitic phase transforms then into modulated 2H or 18R martensite, or a combination of
both, depending on various factors such as alloy composition, temperature, applied stress
magnitude, and crystal orientation [35].

According to the study of Sedlák et al., within a certain range of aluminum and
manganese content, both β1′ and γ1

′ martensite phases coexist, which is in line with the
findings presented in our article. The γ1

′ phase remains stable even upon heating back up
to room temperature due to thermal hysteresis [36].

3.2. Effect of Quenching on the Alloy Hardness

The Cu-10Al-7Ag alloy in the as-cast state exhibits higher microhardness values
compared to the quenched state (Table 3). This is typical behavior for Cu-SMA materials
and is consistent with previous studies of SMAs. [11–14,37–41]

Table 3. Microhardness of Cu-Al-Ag SMA alloy.

Hardness HV

Cu-10Al-7Ag Alloy 1 2 3 4 5 Average

As-cast state 225.68 287.79 323.21 278.72 323.34 278.85
Quenched state 186.57 250.05 184.20 222.53 181.80 210.84

The slight variance in the hardness between the tested values, in both as-cast and
quenched conditions can be ascribed to the formation of mechanically induced martensite
in stressed areas, occurring under high indentation loads [42].

Studies have shown that the introduction of Ag particles into binary Cu-Al alloys
increases their microhardness by influencing the nucleation rate and the activation energy
of the eutectoid decomposition reaction [23,43].

The Ag additions improve the microhardness of Cu-Al alloys by hindering dislocation
movement, refining the grain structure and influencing the phase behavior.

Nevertheless, the Ag particles are located within the Cu/Al metal matrix. Therefore,
in this study, the presence of Ag particles, although it contributes to the strengthening of
the matrix, is considered marginal compared to other sources of hardening, such as grain
size, or does not change the microhardness values [13,23].

4. Conclusions

In this article, the microstructure of the Cu-10Al-7Ag SMA alloy in as-cast and
quenched conditions was investigated throughout. The following conclusions can be
drawn from this study:

In the Cu-10Al-7Ag SMA alloy, stable martensite formed even in the as-cast state with-
out additional heat treatment, which indicates its potential for exhibiting shape memory
properties.

The hardness of the quenched sample was found to be lower than the as-cast counter-
part, which can be linked to the solutioning of Ag particles during the heat treatment.

Using the SEM, SEM-EBSD, XRD and TEM techniques, the presence of type 18R
martensite was confirmed in both the as-cast and quenched samples, while the small
volume fraction presence of type 2H martensite was noticed using the TEM technique in
quenched sample.

Understanding the role of alloy composition, especially with the addition of Ag, in
martensitic transformation is crucial for designing SMAs with tailored properties. While
the presence of the martensite phase is necessary for the shape memory effect, it alone does
not guarantee this behavior. Our findings reveal that not all SMAs in the martensite phase
exhibit the shape memory effect, highlighting the critical role of additional factors such as
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composition, microstructure, and thermal history in influencing shape memory behavior.
Further investigations could explore the influence of other alloying elements and optimize
heat treatment processes to enhance the performance of Cu-Al-Ag alloys.

This research contributes to the broader field of SMAs, shedding light on the interplay
between the material state, microstructure, and phase composition. The findings provide
valuable insights for engineering applications where shape memory behavior is desired.
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34. Canbay, C.A.; Karaduman, O.; Ünlü, N.; Baiz, S.A.; Özkul, İ. Heat Treatment and Quenching Media Effects on the Thermodynam-
ical, Thermoelastical and Structural Characteristics of a New Cu-Based Quaternary Shape Memory Alloy. Compos. B Eng. 2019,
174, 106940. [CrossRef]
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Abstract: Existing direct and inverse kinematic models of planar parallel robots assume that the
robot’s active joints are all at the bases. However, this approach becomes excessively complex when
modeling a planar parallel robot in which the active joints are within one single kinematic chain. To
address this problem, our article unveils an alternative for a 3RRR symmetric planar robot modeling
technique for the derivation of the robot workspace and the analysis of its direct and inverse kinemat-
ics. The workspace was defined using a system of inequalities, and the direct and inverse kinematics
models were generated using vectorial analysis and an optimized geometrical approach, respectively.
The resulting models are systematically presented and validated. Two final model renditions are
delivered supplying a thorough equation analysis and an applicability discussion based on the
importance of the robot’s mobile platform orientation. The advantages of this model are discussed
in comparison to the traditional modeling approach: whereas conventional techniques require the
solution of complex eighth-degree polynomials for the analysis of the active joint configuration of
these robots, these models provide an efficient back-of-the-envelope analysis approach that requires
the solution of a simple second-degree polynomial.

Keywords: parallel robot model; planar robot; active joint; workspace; model optimization

1. Introduction

Kinematic models supply a practical mathematical analysis toolbox to predict robotic
operation performance. Robot kinematics can be defined as an analytical method that
describes a robot’s spatiotemporal motion by modeling the relationship between a robot’s
joint positions and its end-effector’s position and orientation coordinates [1]. Direct kine-
matic models begin with the joint position variables and yield the resulting end-effector’s
position and orientation coordinates. Moreover, direct kinematics harness geometric meth-
ods to derive models by the implementation of homogeneous transformation matrices,
the Denavit–Hartenberg algorithm, and the use of quaternions [2]. In contrast, inverse
kinematics reverse the approach starting first with a desired end-effector position and ori-
entation and then ascertains the required robot joint position values. Nonetheless, despite
being a counterpart to direct kinetics, inverse kinematic models can also be derived via geo-
metric methods; in this case, however, it is through means of homogeneous transformation
matrices, kinematic decoupling, and Screws theory [2,3].

Robot kinematic models exist to comprehend a robot’s motion and conduct an opera-
tion performance analysis. These models must facilitate the engineer’s decision making
and design the action-planning process. However, traditional modeling approaches for
3RRR parallel planar robots [3–12] do not provide simple models for robot configurations
with active joints that are all placed within one single kinematic chain. The traditional
models with the active joints located at the bases actually render the modeling of single
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kinematic chain active joint robots as a complex task that requires solving computing-
intensive calculations. Therefore, the originality of this paper is the kinematic modeling of
3RRR parallel planar robots with single kinematic chain active joints. These kinematics are
demystified by providing a simplified approach that reduces the computational task from
a burdensome eighth-degree polynomial model to a simple back-of-the-envelope solvable
mathematical model.

1.1. Planar Parallel Robots

An industrial robot is an automatically controlled, reprogrammable, and multipurpose
manipulator with at least three independent movements (degrees of freedom); for use in
manufacturing processes, this manipulator has the ability to move a variety of functional
objects through previously configured movements for the purpose of performing different
tasks [13]. Robots can be classified into open and closed kinematic chain robots. Open-chain
robots, which have links that are connected in series, have become ubiquitous in industrial
robotic applications. In the case of the 3RRR, which has three independent closed kinematic
chains, the characteristics of symmetry allow for the mathematical modeling of one of the
chains and generalization to the other two. The subset of planar robots in which the motion
is restricted to a single 2D plane is called planar parallel robots. Considering the R label
for revolute joints and P label for prismatic joints, the possible configurations for parallel
planar robots are depicted in Figure 1. The PPP configuration is not feasible due to the lack
of independence. The end effectors are situated at the centroid of the internal triangle of
the robot, enabling it to perform tasks in soft robotics [14,15], traditional pick-and-place
operations [16], and even medical applications [17].

RRR RRP RPR RPP

PRR PRP PPR

R: Revolute Joint;   P: Prismatic Joint

Figure 1. Possible parallel robots configurations.

The particular 3RRR symmetric planar robot studied in this work is shown in Figure 2.
This robot contains six chain links that may be of different or equal sizes and a triangular
chain that joins the three interdependent kinematic chains and acts as the tool center point.
Moreover, this planar robot’s movement is restricted to 2D-planar motion. Generally,
parallel robots that do not exhibit singularities are isotonic. Therefore, using Grubler’s
formula, it is determined that this robot contains only three degrees of freedom: x, y, and
φ, where x and y describe the robot’s position with respect to the Cartesian plane and
φ corresponds to the orientation angle that the end-effector forms with the horizontal.
Given this robot configuration, kinematic models are required to describe the robot’s
operation motion.

The planar robots studied in this research apply the similarity law (six chains of the
same size); this means the robot has geometic symmetry [18–21]. Also, symmetry is present
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in the Jacobian matrix condition index, which can be evidenced by graphically observ-
ing the distribution of the condition index throughout the workspace [3]. Additionally,
the symmetry of parallel robots is present in the differential mathematical model, which is
represented through Jacobian matrices [18].

Figure 2. 3RRR symmetric planar robot geometry.

1.2. Existing 3RRR Symmetric Planar Robot Kinematic Models

Mathematical models exist in the literature for the analysis of articulated parallel
robots. Table 1 shows an approach comparison among the modeling methods used by
researchers, including the active joints for the mathematical modeling techniques, which
were implemented to derive direct and inverse kinematics. Geometric models have the
advantage of being more conventional, allowing the planar robot to move with speed
and precision. The main disadvantage of geometric models is the computational expense
due to the complexity of their kinematic equations. The advantage of screw theory is
that it enables the development of a simple dynamic model with which controllers can
be developed.

Table 1. Comparison of articulated 3RRR symmetric planar robot study (N/A: is not desribed in
the paper).

References Active Joints Direct Kinematics Inverse Kinematics

[3] P, Q, R N/A Geometry Method
[4] P, Q, R N/A Screws theory
[5] P, Q, R Geometry Method Geometry Method
[6] P, Q, R N/A State Variables
[7] P, Q, R N/A Geometry Method
[8] P, Q, R Transformation matrix Geometry Method
[9] P, Q, R Geometry Method Geometry Method

[10] P, Q, R N/A Geometry Method
[11] P, Q, R Numeric Method Geometry Method
[12] P, Q, R N/A Geometry Method
[22] All Joints Geometry Method N/A

Among the referenced literature, it is observed that most articles base their analyses
under the assumption that the active joints are all placed at the kinematic chain bases
in P, Q, and R in Figure 2. The only exception is [22], which studies two additional
configurations but limits its analysis to the singularities. It is also observed that the
geometric method is the most common approach to derive both direct and inverse kinematic
models. However, this approach yields eighth-degree polynomial-based models, which
must be solved via the implementation of large-scale computational resources. Moreover,
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solving these conventional mathematical models generates eight possible solutions to
configure the position angles of the robot’s active joints, which also increments workspace
robot singularities.

Non-articulated planar parallel robot modeling has also been actively studied in P,
D, and A joints [23–28] and cable-driven planar robots [29–32]. Furthermore, the applica-
tions of these planar parallel robots can range from window-washing applications [29] to
orthopedics [23,25] and even neurorehabilitation [33]. Hence, the models derived in this
paper may be applied to all the referenced literature in this section and broaden the body
of knowledge of the planar parallel robot.

1.3. 3RRR Symmetric Planar Robot Active Joints

Robotic joints are the mechanical connections between chain links. A robotic joint
can be categorized according to its kinematic design into revolute (R), prismatic (P), screw
(H), cylindrical (C) universal (U), spherical (S), or parallelogram (Pa) joints. Each of these
joints can be further classified into active or passive joints. Active joints, notated by an
underscored joint abbreviation, exert a controlled force to generate a robotic position shift.
Active joints utilize motors to control robotic motion and orientation. In contrast, passive
joints move through externally actuated forces transmitted by kinematic chains.

This study focuses on the 3RRR symmetric planar robot shown in Figure 2. Existing
literature models [3–12] position active joints at the base joints, i.e., P, Q, and R, whereas
passive joints are at points A, B, C, D, E, and F. This study proposes a mathematical model
of a planar parallel robot where the active joints are rather located at joints P, D, and A, all
of which belong to a single kinematic chain. The kinematic models derived in this work
are then compared and contrasted to the conventional models in Table 1, and a discussion
of the advantages of our derived models is provided.

2. Methods

This work aims to develop the forward kinematics and inverse kinematics of a 3RRR
planar robot with its active joints in a kinematic chain. To achieve this, several concepts
are developed, starting with the definition of the workspace and followed by orientation
points, inverse kinematics, and finally forward kinematics, which validate all previous
models as shown in Figure 3.

Figure 3. Phases of the kinematic model.

Also, some assumptions and methods are taken for the kinematic model derivation, in-
cluding the following:

1. The location of the robot’s active joints was taken at joints P, D, and A, as shown in
Figure 2.

2. Joints Q, E, B, C, F, and R in Figure 2 are all passive joints.
3. The mathematical methods implemented for model derivation are the law of cosines,

trigonometric properties, geometric relations, the Pythagoras theorem, derivatives,
vectors, and matrices.
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4. The mathematical models obtained are the workspace, the direct kinematics models,
and the inverse kinematics models.

5. The workspace is defined using a system of inequalities provided by the constraints
from the lengths of the fully extended kinematic chains.

6. The derivation of the direct kinematics model is approached via vectorial analysis.
7. The inverse kinematic model is derived through the geometric method and optimiza-

tion techniques.
8. Model validation is achieved using MATLAB-based software corroboration.

The following parameter definitions were also conducted for model derivation:
Take H as the distance between the base joints in the planar robot, i.e., the length

of segments ¯PQ, Q̄R, and P̄R. Moreover, to reduce the robot singularities, all chains
are assumed to be of equal length l and the end-effector is assumed to have the fixed
dimensions of an equilateral triangle platform [3]. Hence, the dimensions of the chains and
the end-effector sides can be calculated by (1) and (2):

h =
1

10
H (1)

l =
2
5

H (2)

where l is the length of each of the robot’s six chains and h is the length of the three sides of
the mobile platform’s end-effector [3]. Furthermore, the distance from vertex point A to the
centroid point G of the end-effector (as shown in Figure 4) must also be considered.

Figure 4. Planar parallel robot’s mobile platform end-effector [32].

Given that point G is the centroid of the equilateral-triangle-shaped end-effector,
ΔABC, let segment ĀG be equal to m, as shown in Figure 4. Furthermore, when the
segment C̄G is extended, it bisects segment ĀB at point A′. Moreover, given that the
orthocenter, incenter, and centroid of an equilateral triangle are all the same point, then

¯AA′ = ¯A′B = h
2 , ∠CA′A = π

2 , and ∠GAA′ = π
6 . Furthermore, since ΔAGA′ is a right

triangle, the definition of the cosine trigonometric function (3) is used to find m in (4):

cos
(π

6

)
=

¯AA′

ĀG
(3)

Given that cos
(

π
6
)
=

√
3

2 , ¯AA′ = h
2 , and ĀG = m, isolating m leads to

m =
h√
3

(4)

138



Symmetry 2024, 16, 590

Then, using Equation (1) and rationalizing, m becomes a function of H:

m =
1

10
H ∗ 1√

3
(5)

m =
1

10
√

3
H (6)

m =

√
3

30
H (7)

This method is applicable to symmetric 3RRR planar robots, which use parameters
H, h, and l as design parameters, where l and h depend on H at the moment of designing
the robot. Additionally, the active joints are located in one of the robot’s kinematic chains.
To perform the calculations, MATLAB was used, in which functions were developed for
both the direct kinematics and the inverse kinematics of the robot.

3. Results

3.1. Workspace Definition

Taking each of the robot’s kinematic chains with a specific position in a Cartesian
reference plane [34], let point G with coordinates (Px, Py) be the final position of the end-
effector’s centroid. Then, to derive the robot’s workspace, consider the delimitations given
by the kinematic chain constraints.

3.1.1. First Kinematic Chain Workspace Constraints

The first kinematic chain, composed of links ¯PD, D̄A, and ĀG, has active joints at all
three of its articulations P, D, and A. Moreover, its base articulation P is set at position
(0, 0). Then, letting G, with coordinates (Px, Py), be all the possible positions that the
end-effector’s centroid can reach, the inequality shown in expression (8) is derived. This
expression acts as the first workspace constraint, where the end-effector’s position is limited
by the length of the fully extended first kinematic chain, and it is shown in Figure 5:

(Px)
2 +
(

Py
)2

< (2l + m)2 (8)

Figure 5. First kinematic chain workspace constraint.

Note that the workspace has been defined using less-than inequalities to avoid working
mode misconfigurations. Whereas the conventional planar parallel robot kinematic models
provide eight solutions to this robot configuration, only two of them have no singularities
in their workspace [3]. In this research, by making the workspace definitions less-than
inequatities, we prevent the robot from reaching potential working modes that, due to
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inertia, could result in a misconfiguration of the position of the kinematic chains. Hence,
the models presented in this work yield two viable non-singular positions within the
workspace: (1) a position when all kinematic chains are oriented elbow-down and (2) when
they are oriented elbow-up.

3.1.2. Second Kinematic Chain Workspace Constraints

The second kinematic chain, composed of links R̄F, F̄C, and C̄G, has a passive joint
in all three of its articulations R, F, and C. Moreover, this chain’s base joint, R, has a fixed
position given by coordinates

(
1
2 H,

√
3

2 H
)

, as shown in Figure 6.
( )

Figure 6. Planar parallel robot base joint positions.

Hence, the inequality shown in expression (9) further delimits the robot’s workspace
due to the second kinematic chain’s length. As with the first kinematic chain, the distance
from C̄G must be taken into consideration. However, given that ΔABC is an equilateral
triangle, ĀG = B̄G = C̄G = m; hence, (9) provides the second workspace constraint:

(
Px −

H
2

)2
+

(
Py −

√
3

2
H

)2

< (2l + m)2 (9)

This expression further reduces the robot’s workspace as shown in Figure 7 because the
allowed final end-effector position, G, must satisfy both (8) and (9).

Figure 7. Robot’s workspace constraints due to both the first and second kinematic chain lengths.

140



Symmetry 2024, 16, 590

3.1.3. Third Kinematic Chain Workspace Constraints

The third kinematic chain, composed of links Q̄E, ĒB, and B̄G, has passive joints in
all three of its articulations Q, E, and B. Moreover, its base joint Q has a fixed position
given by coordinates (H, 0), as shown in Figure 6. Hence, analogously to the workspace
constraint expressions derived for the first two kinematic chains, the end-effector’s final
position G is delimited by expression (10):

(Px − H)2 + P2
y < (2l + m)2 (10)

Therefore, the end-effector’s final position G, with coordinates (Px, Py), must satisfy all
three inequality expressions (8)–(10), as shown in Figure 8.

Figure 8. Robot’s workspace constraints due to all three kinematic chain constraints.

Thus, this workspace description method offers a novel and straightforward approach.
This system of inequalities can be visualized as the common area of three symmetric circles.
These inequality systems will be utilized for both the direct and inverse kinematics of the
study in the next two sections.

3.2. Direct Kinematics Model

The reference system is located at the active joint A according to Figure 9. Hence, Px
and Py will be referenced there. To obtain the direct kinematics, a vector addition is used,
where the links ĀB, B̄C, and C̄G will determine the vectors. The result of the vector �AG is
given in (11):

�AB + �BC + �CG = �AG (11)

In Figure 9, each vector can be broken down into its components, as shown in (12)–(14):

�AB = (l cos θ1)î + (l sin θ1) ĵ (12)

�BC = [l cos(θ1 + θ2)]î + (l sin(θ1 + θ2)) ĵ (13)

�CG =
[
mcos

(
θ1 + θ2 + θ3 +

π

6

)]
î +
[
m sin

(
θ1 + θ2 + θ3 +

π

6

)]
ĵ (14)

If �AG = Pxî + Py ĵ is the vector sum of (11), then the following Equations (15) and (16)
are obtained for each component of the vector �AG:

Px = l cos θ1 + l cos(θ1 + θ2) + mcos
(

θ1 + θ2 + θ3 +
π

6

)
(15)

Py = l sin θ1 + l sin(θ1 + θ2) + m sin
(

θ1 + θ2 + θ3 +
π

6

)
(16)
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To obtain the orientation of the triangular chain ΔCDE, the angle ∠ECJ is analyzed.
From here, it is deduced that

φ = θ1 + θ2 + θ3 (17)

In conclusion, Equations (15)–(17) describe the 3-DOF that the 3RRR symmetric planar
robot can have.

(Pa, Pb)

D

E

G
H

J

A

B

L

L

(Px, Py)

m

B’

C’

M

X

Y

O

N

(Pa, 0)
(Px, 0)

θ1

θ1

θ2

θ3

θ1+ θ2

<CAH

Figure 9. Kinematic chain geometry with active joints in A, B, and C.

3.3. Inverse Kinematics Model

The geometric method will be utilized to determine the inverse kinematics. To achieve
this, we analyze Figure 9, depicting the motorized kinematic chain of the robot.

Point C with coordinates (Pa, Pb) is defined, which will help find the angles of the
active joints θ1, θ2, and θ3 in terms of these coordinates and the final position G with
coordinates (Px, Py).

The first step is to analyze the chains AB and BC.
Solution for θ1: Based on [35], if we analyze the angles forming ∠NAO, it can be

expressed as (18):
∠NAO = ∠NAC +∠CAB + θ1 (18)

Since ∠NAO = π
2 is an angle of the reference coordinate system, if θ1 is isolated, then

(19) occurs:
θ1 =

π

2
−∠NAC −∠CAB (19)

To find angle ∠NAC, it is observed that the segments NA and CH are parallel since
the sum of angles ∠NAO and ∠AHC equals π. Therefore, ∠NAC = ∠ACH. So, ∠ACH is
obtained by (20):

cos (∠ACH) =
CH
CA

(20)

If CH = Pb, CA =
√

P2
a + P2

b , and ∠NAC = ∠ACH, if ∠ACH is isolated and substi-
tutes the other variables, the result is (21):

∠NAC = arccos

⎛⎝ Pb√
P2

a + P2
b

⎞⎠ (21)
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To obtain ∠CAB, the triangle ΔCAB is analyzed; using the cosine law on this triangle,
the following is obtained (22):

CD2 = CA2 + AB2 − 2(CA)(AB) cos(∠CAB) (22)

If CB = AB = l and CA =
√

P2
a + P2

b , then (23):

l2 = P2
a + P2

b + l2 − 2l
√

P2
a + P2

b cos(∠CAB) (23)

If ∠CAB is isolated, (24):

∠CAB = arccos

⎛⎝ P2
a + P2

b

2l
√

P2
a + P2

b

⎞⎠ (24)

Therefore, replacing Equations (21) and (24) in (19), θ1 is obtained in terms of known
variables using (25):

θ1 =
π

2
− arccos

⎛⎝ Pb√
P2

a + P2
b

⎞⎠− arccos

⎛⎝ P2
a + P2

b

2l
√

P2
a + P2

b

⎞⎠ (25)

Solution for θ2 : The triangle ΔABC is analyzed [35], from which it is deduced that
in (26),

ĀC2
= ĀB2

+ B̄C2 − 2(ĀB)(B̄C) cos(∠ABC) (26)

If ¯CA =
√

P2
a + P2

b and C̄B = ĀB = l, then (27):

P2
a + P2

b = l2 + l2 − 2(l)(l) cos(∠ABC) (27)

Isolating for cos(∠ABC) results in (28):

cos(∠ABC) = −P2
a + P2

b − 2l2

2l2 (28)

If ∠ABC = 180 − θ2, then (29):

cos(180 − θ2) = −P2
a + P2

b − 2l2

2l2 (29)

By the trigonometric property cos(180 − θ) = − cos(θ), cos(180 − θ2) = − cos θ2;
therefore, (30).

− cos(θ2) = −P2
a + P2

b − 2l2

2l2 (30)

Isolating for θ2, it is deduced that (31):

θ2 = arccos

(
P2

a + P2
b − 2l2

2l2

)
(31)

Solution for θ3: The triangle ΔACG is analyzed, and it is deduced that (32):

ĀG2
= ĀC2

+ C̄G2 − 2(ĀC)(C̄G) cos(∠ACG) (32)
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If ĀG =
√

P2
x + P2

y , ¯CA =
√

P2
a + P2

b and C̄G = m, then (33):

P2
x + P2

y = P2
a + P2

b + m2 − 2m
√

P2
a + P2

b cos(∠ACG) (33)

Isolating for cos(∠ACG) results in (34):

cos(∠ACG) = −
P2

x + P2
y − P2

a − P2
b − m2

2m
√

P2
a + P2

b

(34)

If ∠ACG = 180 −∠GCC′, then (35):

cos(180 −∠GCC′) = −
P2

x + P2
y − P2

a − P2
b − m2

2m
√

P2
a + P2

b

(35)

Since cos(180 −∠GCC′) = − cos∠GCC′, then (36):

cos(∠GCC′) =
P2

x + P2
y − P2

a − P2
b − m2

2m
√

P2
a + P2

b

(36)

By trigonometry properties, it is known that tan2(∠GCC′) + 1 = sec2(∠GCC′). Isolat-
ing for ∠GCC′, it is deduced that ∠GCC′ = arctan(±

√
sec2(∠GCC′)− 1). If

sec(∠GCC′) = 1
cos(∠GCC′) , using Equation (36), (37) is deduced:

∠GCC′ = arctan

⎛⎜⎜⎝±

√√√√√⎛⎝ 2m
√

P2
a + P2

b

P2
x + P2

y − P2
a − P2

b − m2

⎞⎠2

− 1

⎞⎟⎟⎠ (37)

This result generated two solutions for ∠GCC′. It would be necessary to validate
which of the two solutions is the correct one. For this, the answers will be validated using
the direct kinematics of the robot proposed in this research.

If the angles between the angle ∠GCJ are analyzed, (38):

θ1 + θ2 + θ3 +
π

6
= ∠GCC′ +∠C′CJ (38)

If ∠C′CJ = ∠CAH, and if θ3 is isolated, then (39):

θ3 = ∠GCC′ +∠CAH − θ1 − θ2 −
π

6
(39)

If ∠CAH = arctan
(

Pb
Pa

)
, substituting in Equation (39), it is concluded that (40):

θ3 = arctan
(

Pb
Pa

)
+ arctan

⎛⎜⎜⎝±

√√√√√⎛⎝ 2m
√

P2
a + P2

b

P2
x + P2

y − P2
a − P2

b − m2

⎞⎠2

− 1

⎞⎟⎟⎠− θ1 − θ2 −
π

6
(40)

Therefore, Equations (25), (31) and (40) describe the inverse kinematics of the robot.
To reach position (Px, Py), the inverse kinematics will give two possible results, which must
be validated using the direct kinematics to identify the correct angle configuration θ1, θ2,
and θ3.
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Solution for Pa and Pb

Figure 10 represents the geometry of a mobile platform; all the parameters Pa and Pb
are utilized. These parameters depend on the initial parameters Px and Py, selected from a
mathematical equation. Additionally, Pa and Pb could be contingent upon the orientation
angle φ, though it is essential to ascertain if the orientation of the robot truly impacts
its application. An analysis will be conducted to determine the values of Pa and Pb in
two scenarios: one where the orientation φ of the triangle ΔCDE is significant and another
where it is not. In the latter case, the solutions will be based on a criterion involving the
minimum distance from the active joints 1 and 3.

Solution for Pa and Pb where the orientation φ matters.

Figure 10. Mobile platform geometry considering φ.

It is assumed that Px and Py belong to the workspace. From Figure 10, if ∠GCC′ = π
6 + φ,

then the following Equations (41) and (42) can be deduced:

Px − Pa = m cos
(π

6
+ φ
)

(41)

Py − Pb = m cos
(π

6
+ φ
)

(42)

Isolating for Pa in (41) and Pb in Equation (42), the required values would be found to
have the complete inverse kinematics considering the orientation φ (43) and (44):

Pa = Px − m cos
(π

6
+ φ
)

(43)

Pb = Py − m sin
(π

6
+ φ
)

(44)

Solution for Pa and Pb where the orientation φ does not matter:
Given that (Px, Py) is the desired position of the robot, in this case, φ is not considered

in this analysis and the point (Pa, Pb) is taken using the following criterion: (Pa, Pb) is the
minimum possible distance from active joint 1; in other words, from point A according
to Figure 9. From this criterion, the problem needs a solution using optimization. Also,
by geometry, (Pa, Pb) has a workspace given by the two chains ĀB and B̄C that can be
defined by the following inequality (45):

P2
a + P2

b < 4l2 (45)

For this problem, a function to optimize and a restriction are needed. The optimization
function is the distance between the active joints 1 and 3, which will be denoted by r.
Putting it into an equation results in (46) as shown in Figure 11:

r2 = P2
a + P2

b (46)
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The only restriction that this case has is the distance between point G, where the
end-effector is located, and point C, where the active joint is located, so (46):

m2 = (Px − Pa)
2 + (Py − Pb)

2 (47)

Figure 11. Optimization of Pa and Pb.

From here, Pb is isolated, taking the positive square root of the process, and replaced
in (46). So, the function to optimize is (48):

r2 =

[
Py −

√
m2 − (Px − Pa)2

]2
+ P2

a (48)

The derivative of r with respect to Pa is taken, and (49) is deduced:

dr
dPa

=
PyPa + Px

√
m2 − (Px − Pa)2 − PyPx√

m2 − (Px − Pa)2

√
P2

a +
(

Py −
√

m2 − (Px − Pa)2
)2

(49)

Let dr
dPa

= 0, and the value of Pa that satisfies the equation is found by (50):

PyPa + Px

√
m2 − (Px − Pa)2 − PyPx = 0 (50)

By doing arithmetic operations, it follows that (51) occurs:

(P2
x + P2

y )P2
a + (−2PxP2

y − 2P3
x )Pa + (P2

x P2
y − P2

x m2 + P4
x ) = 0 (51)

In order to work in a more organized manner, it is stated that a = P2
x + P2

y ,
b = −2PxP2

y − 2P3
x , and c = P2

x P2
y − P2

x m2 + P4
x , so (52):

aP2
a + bPa + c = 0 (52)

By the quadratic equation, the roots of the equation are found by (53):

Pa =
−b ±

√
b2 − 4ac

2a
(53)

Since there are two results of Pa, there must be two points: (Pa1, Pb1) and (Pa2, Pb2).
The point Pb is determined with (54):

Pb = Py −
√

m2 − (Px − Pa)2 (54)
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When isolating for Pb, the positive square root was taken. Now, the negative square
will be taken and the same process will be performed, so Pb is now as shown in (55):

Pb = Py +
√

m2 − (Px − Pa)2 (55)

Consequently, the new function to optimize is the following (56):

r2 =

[
Py +

√
m2 − (Px − Pa)2

]2
+ P2

a (56)

If the derivative of dr
dPa

of Equation (56) is calculated, the derivative equals zero, and
Pb is isolated, the solution for Pa is exactly the same as Equation (51). Since there are two
solutions for Pa in that case, there are two more solutions: (Pa3, Pb3) and (Pa4, Pb4).

In brief, this proposed criterion will give four different answers obtained, as shown in
Table 2.

Table 2. Solutions for optimization of Pa and Pb.

Solution Pa Pb

#1 −b+
√

b2−4ac
2a Py −

√
m2 − (Px − Pa)2

#2 −b−
√

b2−4ac
2a Py −

√
m2 − (Px − Pa)2

#3 −b+
√

b2−4ac
2a Py +

√
m2 − (Px − Pa)2

#4 −b−
√

b2−4ac
2a Py +

√
m2 − (Px − Pa)2

To find out which of the four possible points to use, (46) is used to determine which
generates the smallest distance r. Realizing a rigorous analysis of finding the expression
that generates the smallest result, it is found that solution 2 generates the smallest distance
r. Then, to generate the smallest distance between joint 1 and joint 3, (57), and (58) must
be used:

Pa =
−b −

√
b2 − 4ac

2a
(57)

Pb = Py −
√

m2 − (Px − Pa)2 (58)

The summary of the most relevant equations for the development of functions in
Matlab is shown in Figure 12. In the inverse kinematics, an equation from the forward
kinematics is used to determine the correct value of θ3. And, a = P2

x + P2
y , b = −2PxP2

y −
2P3

x , and c = P2
x P2

y − P2
x m2 + P4

x .

Figure 12. Results of the kinematic model when the orientation is needed.
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4. Model Validation

4.1. Kinematics Model Implementations

Prior to employing direct and inverse kinematics, it is imperative that the desired
point (Px, Py) of the 3RRR symmetric planar robot belongs to the workspace defined by the
inequalities (8)–(10).

The inverse kinematics model, in the two approaches explained (considering the
orientation φ of the mobile platform ΔCDE), will invariably produce two possible solutions
for the angle configurations necessary to reach the desired point (Px, Py). The correct angle
selection is determined by inputting these angle values into the direct kinematics to verify
if the data obtained correspond to the primary values inputted in the inverse kinematics.
An algorithm is employed to ascertain the correct angles.

For example, let H = 136, Px = 136, Py = 16, and φ = π
4 . In this scenario, the values

of Px and Py satisfy the three inequalities of the workspace. Therefore, it is feasible for the
robot to reach that location. Subsequently, if Equations (1), (2) and (4) are obtained using
the aforementioned parameters, then l = 92, m = 13.28, and h = 23, respectively. With this
data, the equations describing the inverse kinematics are employed. If Equations (25), (31)
and (40) are utilized,

• If the orientation of the mobile platform ΔCDE is considered, then, employing
Equations (43) and (44) to determine Pa and Pb, the two solutions in the form (θ1, θ2, θ3)
for this case would be (−42.52◦, 87.78◦,−0.26◦) and (−42.52◦, 87.78◦,−147.52◦),
respectively.

There are two solutions, and to determine the correct one, the solutions are in-
putted into the direct kinematics to obtain the resulting values. For the first solution
(θ1, θ2, θ3) = (−42.52◦, 87.78◦,−0.26◦), the direct kinematics yield Px = 136, Py = 16,
and φ = 45◦. For the second solution (−42.52◦, 87.78◦,−147.52◦), the direct kinematics
yield Px = 136.61, Py = −9.47, and φ = −102.26◦. Therefore, the correct configuration of
angles is the first one.

• If the orientation of the mobile platform ΔCDE is not considered, then utilizing
Equations (57) and (58) to determine Pa and Pb, respectively, yields the two identical
solutions in the form (θ1, θ2, θ3), which are both (−41.52◦, 95.55◦,−77.77◦).

If the solution is validated in the direct kinematics, then the result would be Px = 136,
Py = 16, and φ = −23.29◦. Therefore, Px and Py are exactly as desired, but φ is different.
However, this discrepancy is inconsequential as the angle φ is deemed unconsidered for
the application.

To verify the proposed equations in the inverse kinematics and direct kinematics
models, functions were implemented in MATLAB. These functions were used to ensure
that the data from the inverse kinematics corresponded to those from the direct kinematics
and vice versa. The conducted tests are presented in Tables 3 and 4, where the parameter H
is varied across different values, thus causing the values of h, m, and l to adjust accordingly.
This illustrates how the direct and inverse equations are utilized to showcase the values
of certain desired points and their corresponding angles required to reach those positions.
Table 3 presents the results using the model where the orientation φ was considered,
and Table 4 demonstrates the outcomes using the model where φ was not considered
and an optimization process was executed.

Table 3. θ1, θ2, and θ3 obtained from certain parameters, and φ is considered.

H Px Py φ θ1 θ2 θ1

250 125.5 101 21 −5.08◦ 85.34◦ −58.76◦

200 100 102 20 10.34◦ 69.66◦ −60.00◦

140 70 70 25 8.49◦ 71.23◦ −54.73◦

160 60 40 50 −31.03◦ 117.84◦ −36.81◦

250 40 30 10 −44.14◦ 159.49◦ −105.34◦
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Table 3. Cont.

H Px Py φ θ1 θ2 θ1

190 49 25 −10 −44.34◦ 146.23◦ −111.89◦

100 35 50 −20 14.64◦ 88.92◦ −123.57◦

110 50 60 25 14.42◦ 70.69◦ −60.11◦

95 40 50 45 10.18◦ 78.03◦ −43.22◦

81 35 52 37 28.89◦ 52.58◦ −44.47◦

Table 4. θ1, θ2, and θ3 obtained from certain parameters, and φ is not considered.

H Px Py θ1 θ2 θ1

221 130 35 −31.35◦ 92.84◦ −76.42◦

181 120 35 −21.45◦ 75.42◦ −67.71◦

200 159 50 3.28◦ 28.34◦ −44.17.81◦

210 160 55 −1.81◦ 41.57◦ −50.78◦

150 61 90 22.36◦ 67.00◦ −63.50◦

135 61 82 24.29◦ 58.11◦ −59.05◦

100 40 49 6.70◦ 88.13◦ −74.06◦

107 40 51.7 6.01◦ 92.50◦ −76.25◦

93 65.9 35.6 7.53◦ 41.68◦ −50.84◦

351 100 100 −19.43◦ 128.87◦ −94.43◦

4.2. Analysis of the Optimization of (Pa, Pb)

Now for the optimization, it is crucial to understand the relationship between the
two mathematical models found, both considering and not considering the orientation φ
and how they can be compared. Basic statistical calculations will be employed to describe
Table 5, which will contain the desired values Px and Py of the end-effector along with the
two possible solutions. The standard deviation will be computed from each column of
the table containing the angles. Additionally, it is noted that H = 230 and φ = 45◦ are
constants. A total of 100 data points were collected to calculate the standard deviation.
The table below presents a subset of 20 points.

Table 5. θ1, θ2, and θ3 obtained from certain parameters, and φ is and is not considered (H = 230).

φ Orientated Not Orientated

Px Py φ θ1 θ2 θ3 θ1 θ2 θ3

85 11 45◦ −64.96◦ 127.35◦ −17.39◦ 59.44◦ 133.63◦ −96.81◦

73 11 45◦ −69.28◦ 135.55◦ −21.27◦ −62.21◦ 141.57◦ −100.78◦

60 23 45◦ −61.6◦ 143.59◦ −36.99o −52.94◦ 147.83◦ −103.91◦

60 41 45◦ −43.43◦ 139.82◦ −51.39◦ −36.82◦ 142.33◦ −101.16◦

60 100 45◦ 1.40◦ 111.22◦ −67.63◦ 3.20◦ 111.66◦ −85.83◦

90 100 45◦ −2.91◦ 96.225◦ −48.31◦ −0.76◦ 97.55◦ −78.77◦

131 100 45◦ 1.45◦ 65.78◦ −22.239◦ 2.79◦ 69.12◦ −64.56◦

165 90 45◦ 12.21◦ 26.64◦ 6.14◦ 10.28◦ 36.64◦ −48.32◦

165 72 45◦ −0.63◦ 41.51◦ 4.12◦ −1.43◦ 50.02◦ −55.01◦

165 22 45◦ −25.17◦ 56.84◦ 13.32◦ −26.04◦ 67.28◦ −63.64◦

115 12 45◦ −53.09◦ 105.34◦ −7.25◦ −50.24◦ 112.40◦ −86.20◦

115 51 45◦ −31.25◦ 100.29◦ −24.03◦ −28.38◦ 104.59◦ −82.29◦

115 92 45◦ −6.60◦ 83.94◦ −32.33◦ −4.60◦ 86.52◦ −73.26◦

117 90 45◦ −7.53◦ 83.47◦ −30.93◦ −5.53◦ 86.21◦ −73.10◦

93 135 45◦ 19.17◦ 69.16◦ −43.33◦ 20.39◦ 70.07◦ −65.03◦

130 130 45◦ 22.40◦ 40.77◦ −18.17◦ 22.97◦ 44.05◦ −52.02◦

130 62 45◦ −21.21◦ 84.88◦ −18.67◦ −19.21◦ 89.43◦ −74.71◦

91 11 45◦ −62.77◦ 123.15◦ −15.38◦ −57.89◦ 129.57◦ −94.78◦

115 140 45◦ 25.58◦ 46.31◦ −26.90◦ 26.45◦ 48.29◦ −54.14◦

70 71 45◦ −20.13◦ 122.57◦ −57.43◦ −16.57◦ 123.96◦ −91.98◦
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Then, if the standard deviation of each one of the columns that corresponds to an
angle is included, the results are shown in Table 6.

Table 6. Standard deviation of the columns of angles

Angle Name φ Orientation No Orientation

θ1 26.06 24.67
θ2 32.46 31.62
θ3 22.31 15.81

5. Discussion

In general, parallel robots offer several advantages over robotic arms, such as high
speed and the ability to move masses, although they often have limitations in terms of
their workspace and the complexity of kinematic equations [36]. This paper proposes a
solution that preserves the advantages of parallel robots while reducing the complexity of
kinematic equations by a vector analysis. The presented algorithm offers two alternatives:
the traditional one, which requires knowledge of the orientation phi of the end-effector and
is used in various applications as pick and place [37,38], or medical rehabilitation [39,40].
There is also an alternative that eliminates the need to know this orientation, using instead
an optimization method, useful in monitoring applications like conventional or thermal
cameras [41]. This means that the similarity law of planar 3RRR robots reduces the number
of singularities obtained in kinematic models. Most models use P, Q, and R as active
joints [3–12], which is the major difference from this kinematic model, which has active
joints in P, D, and A. This complexity in kinematic models leads to the use of polynomial
equations of degree eight for their solution. The workspace of this model is delimited by
the areas common to the circles generated in P, Q, and R with the sum of the links as the
radius. The main contribution of this work is the proposal of a new alternative for the
implementation of planar 3RRR robots. This proposal has (15)–(17) as direct kinematics
and (25), (31) and (40) as inverse kinematics. For applications where phi is not necessary,
the application of inverse kinematic systems is proposed.

6. Conclusions

The development of a mathematical model for robots of this type can be challenging,
with the aim of simplifying their behavior description. This research has led to the creation
of a mathematical model that achieves this goal, offering a simpler alternative to the
traditional approach. Despite being based on conventional methods, the mathematics
of this model is notably more user-friendly. Basic mathematical tools and optimization
techniques were employed in its development, aiming to streamline robot motion. An
initial optimization analysis yielded promising standard deviations, yet further evaluation
using more sophisticated statistical methods is warranted to fully assess the method’s
efficiency. Moreover, there is still much to explore, including the differential kinematics
model and dynamic considerations, to draw comprehensive conclusions regarding the
robot’s positioning and configuration. As a future endeavor, the aim is to develop the
dynamic model of this planar robot and conduct comparisons to assess its advantages and
disadvantages relative to traditional models.
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Abstract: Medical air-compression nebulizers deliver atomized medication to the lungs,
providing rapid and painless treatment for respiratory diseases. However, the size of most
atomized droplets is around 10 μm, limiting drug deposition in the lower airways and
alveoli, with increasing the proportion of sub-5 μm droplets remaining challenging. In this
work, finite element analysis was employed to model the effects of gas flow rate, liquid
channel width, and broken baffle structure on droplet size distribution, aiming to optimize
structure symmetrical parameters and operating conditions. A novel compression atomizer
was developed and experimentally evaluated, incorporating an improved symmetrical
structure for the crushing baffle. Following this modification, the proportion of sub-5 μm
droplets increased from 54.6% to 59.25%, representing a 4.65% enhancement in the genera-
tion of sub-5 μm droplets. The effects of gas flow rate and liquid concentration on droplet
size distribution were systematically investigated to further optimize the atomization per-
formance. The results demonstrated a significant increase in the proportion of sub-5 μm
droplets, thereby enhancing drug delivery efficiency to the lower respiratory tract and
improving treatment efficacy for respiratory diseases.

Keywords: Venturi effect; finite element analysis; structure optimization; compression
nebulizer; symmetry

1. Introduction

Respiratory diseases such as asthma and chronic obstructive pulmonary disease
(COPD) are becoming increasingly prevalent and underscore the urgent need for improved
therapeutic strategies. The incidence and mortality rates associated with these diseases
are steadily increasing worldwide each year [1–3]. Nebulization therapy is a widely used
physical treatment for respiratory diseases that aerosolizes medications into fine droplets to
enhance therapeutic efficacy [4]. The droplet size distribution is critical, as smaller droplets
can penetrate deeper into the respiratory tract, reaching distal lung areas. Droplets smaller
than 5 μm can reach the lungs and alveoli [5]. Thus, optimizing nebulizer droplet size
distribution to increase the proportion of these smaller droplets is essential for improving
therapeutic efficacy in the lower respiratory tract.

In recent years, significant progress has been made in the simulation and experimental
studies of medical nebulizers through the combination of computational fluid dynamics
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(CFD) and simulation-driven design, particularly in the field of medical device optimiza-
tion. For example, Schillaci et al. conducted a numerical study of liquid atomization
regimes using conservative level-set simulations, offering valuable insights into the at-
omization process [6]. Similarly, Yu et al. explored the three-dimensional transient flow
characteristics of gas–liquid twin-fluid atomizers, performing numerical simulations and
analyses of the recirculating flow within the atomizer, which provided crucial theoretical
data for optimization [7]. In the field of medical nebulization, Santati and his colleagues
modified a small-volume jet nebulizer based on CFD simulations and evaluated its clinical
outcomes in young children with asthma [8]. Additionally, Lelong et al. used ANSYS Work-
bench to design a model based on the latest airflow atomization and compared numerical
simulations with experimental results, further advancing our understanding of atomization
in jet nebulizers [9]. These studies collectively contribute to the ongoing optimization of
atomizer designs for enhanced therapeutic efficacy.

Nebulizers can be classified based on aerosolization principles into compression nebu-
lizers [5,10,11], ultrasonic nebulizers [12–14], and mesh nebulizers [15–17]. Compression
nebulizers are among the most used devices for treating respiratory diseases. They provide
several advantages, including high nebulization efficiency, which ensures effective medica-
tion delivery, and portability, which facilitates ease of use in various settings, from clinical
environments to home care. Additionally, their reproducibility contributes to consistent
therapeutic outcomes across treatments [5,18]. Consequently, compression nebulizers have
emerged as a significant focus of recent research in the field of medical nebulization, with
ongoing studies aimed at optimizing their performance and expanding their applications.

The nebulizing rate is a critical parameter affecting the efficacy of compression nebuliz-
ers. Using numerical simulations and experimental observations, researchers have explored
the impact of nozzle design parameters, gas pressure, and liquid medication volume on
nebulization rates [19]. The particle size distribution of nebulized droplets directly affects
nebulization therapy efficacy. Researchers have utilized methods such as laser particle
analyzers [20], phase Doppler anemometry (PDA) [21], laser diffraction [22], and aerosol
measurement systems [23] to study the droplet size distribution of compression nebulizers.
Although these studies have optimized nebulizer performance, targeted research on the
proportion of small droplets for lower respiratory tract diseases, especially those under
5 μm, remains unreported.

In this work, we employed finite element analysis to investigate the impact of gas
flow rate, liquid channel width, and broken baffle structure on droplet size distribution, to
optimize symmetrical structural parameters and operating conditions. Based on these find-
ings, we developed a novel compression nebulizer incorporating an improved symmetrical
crushing baffle. Experimental evaluation demonstrated that the proportion of sub-5 μm
droplets increased from 54.6% to 59.25%, marking a 4.65% enhancement in the generation
of smaller droplets. Additionally, we systematically analyzed the effects of gas flow rate
and liquid concentration on droplet size distribution to further refine the atomization
performance. These results highlight the potential of this novel design to improve drug
delivery efficiency to the lower respiratory tract, ultimately enhancing treatment outcomes
for respiratory diseases.

2. Medical Compressed Nebulizer Based on the Venturi Effect

The Venturi effect is a fluid dynamics phenomenon where a region of low pressure
is created in the section of a conduit or flow device where fluid velocity increases [24],
while regions of higher pressure correspond to areas of lower velocity. According to
Bernoulli’s principle,

P1 +
1
2

ρv2
1 + ρgh1 = P2 +

1
2

ρv2
2 + ρgh2 (1)
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2

β
(

v2
2 − v2

1

)
(2)

In this context, P1, v1, and h1 denote the fluid’s pressure (Pa), velocity (m/s), and
height (m) at one point, while P2, v2, and h2 represent these variables at another point. ρ is
the fluid density (kg/m3), and g is the gravitational acceleration (m/s2).

A symmetric Venturi tube comprises a converging section, a throat, and a diverging
section, functioning according to Bernoulli’s principle to facilitate fluid dynamics. As
fluid flows through the converging section, its velocity increases while pressure decreases,
reaching a minimum at the throat, where velocity is maximal. This pressure differential
is integral to compression nebulizers, where the high-velocity airflow generates a low-
pressure zone that draws liquid from a reservoir, atomizing it into fine droplets. This
process enhances the mixing of the atomized liquid with air, thereby improving combustion
efficiency in engines and optimizing delivery in various spray applications.

The structural model of a medical compressed atomizer based on the Venturi effect is
depicted in Figure 1. The atomizer features a modular symmetric Venturi design comprising
a gas channel (1), nozzle (the diameter is 0.5 mm) (2), liquid channel (3), broken baffle
structure (4), liquid reservoir (5), pressure regulation channel (6), and mist outlet (7).
In operation, compressed gas accelerates through the conical nozzle, reaching maximum
velocity at the outlet, where it creates a negative pressure that draws the aqueous solution in
as a liquid film. The pronounced velocity gradient between the liquid film and surrounding
air generates shear forces that atomize the drug into fine droplets, facilitating their entry
into the respiratory tract and lungs for deposition, thereby achieving a therapeutic effect.

Figure 1. The structural model of a medical compression atomizer.

3. Model Building of Medical Compression Nebulizer

3.1. Model Assumption

Considering that the breakup of liquid droplets is a dynamic process, this study makes
the following assumptions to enhance simulation efficiency: (1) The gas is treated as an ideal
compressible fluid to account for its compressibility. (2) The influence of droplets on the
gas-phase flow field is neglected. These assumptions are valid under conditions where the
droplets are small, low in quantity, or have a low mass fraction, such that their momentum
feedback on the gas flow can be considered negligible. While this assumption may lead to
inaccuracies, especially under high velocities or in temperature-sensitive applications, it
is commonly used to reduce computational complexity and still provides useful insights
into the general behavior of the system. (3) The walls of the atomizer are assumed to be
smooth. This condition refers to the assumption that the wall surface is perfectly smooth,
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without roughness or irregularities. Under this condition, the fluid velocity at the wall is
assumed to be zero, adhering to the no-slip condition. (4) The effects of gravity on the gas
are considered negligible.

However, these assumptions introduce certain limitations. For instance, treating
the gas as an ideal fluid may not be accurate under high-pressure or low-temperature
conditions, where intermolecular forces become significant and can affect the flow behavior.
Similarly, the assumption of smooth walls overlooks surface roughness, which influences
friction and the dynamics of flow near the wall. These simplifications, while reducing
computational complexity, may lead to discrepancies between the simulated results and
real-world behavior. It is important to consider these limitations when interpreting the
simulation outcomes, particularly in systems where such factors play a significant role.

The computational workflow for solving the model is as follows: (1) The problem is re-
formulated into a format acceptable to the solver, including establishing the computational
domain and mesh generation. (2) Files are imported into the solver interface for validation,
followed by the configuration of the model and parameters, including the specification
of boundary conditions for the computational domain, as outlined in Table 1. (3) Data
visualization is conducted to enhance the clarity and accessibility of the computational
results, facilitating effective communication of findings.

Table 1. Boundary conditions.

Parameters Set Up

fluid type (kg·m−3) liquid water
fluid density (kg·m·s−1) 998.2

operating temperature (◦C) 300
speed inlet (m/s) 15

speed outlet (m/s) 0
working pressure (kPa) 120

wall condition smooth wall

3.2. Model Simplification and Mesh Generation

In this study, numerical simulations were performed using ANSYS Fluent software
2022.R1. To improve computational efficiency, the atomizer’s structural model was simpli-
fied to a two-dimensional planar representation, taking advantage of the symmetry of the
Venturi structure. This simplification allowed for a focused examination of the effects of
gas velocity and channel width on atomization performance.

To ensure the mesh independence of the numerical simulation results, simulations
were conducted with three different mesh densities: 0.6 million, 1 million, and 1.5 million
total mesh elements. Under consistent initial conditions, with the gas outlet velocity fixed
at 15 m/s, the droplet size distributions at the atomizer outlet after 1 s of atomization
were statistically analyzed for each mesh density. The statistical results, shown in Figure 2,
indicate that variations in mesh density have a minimal impact on the droplet size dis-
tribution post-atomization. Specifically, the simulation results using a mesh density of
0.6 million showed slight discrepancies when compared to the results from the 1 million
and 1.5 million mesh densities. However, the results for the 1 million and 1.5 million mesh
densities were relatively stable. Based on these findings, and considering both compu-
tational accuracy and the reliable representation of atomization effects, a mesh density
of 1.5 million elements was selected for the simulations in this study. This choice mini-
mizes potential discrepancies caused by mesh resolution, thus ensuring the reliability and
precision of the simulation results.
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Figure 2. (a) Schematic diagram of mesh division. Percentage of droplets at varying mesh densities.
(b) The distribution of droplet percentages by diameter, and (c) the cumulative percentage of droplets
below 5 μm.

3.3. Gas–Liquid Flow Model

Mass conservation is a fundamental principle in fluid dynamics, and all fluid flow
problems must adhere to it. Accordingly, the mass conservation equation is derived based
on this principle. In the context of gas flow in a nebulizer, sharp outlet contractions can lead
to very high gas velocities. Therefore, the gas’s compressibility must be considered, often
modeled as an ideal compressible fluid. As a result, the atomization process is simulated
using both mass continuity and momentum conservation equations, which are essential for
modeling compressible fluid behavior [25].

To describe the mixed-phase fluid flow (gas and liquid), the continuity equation
and Navier–Stokes equations are used. These equations govern mass and momentum
transport [26], incorporating assumptions for compressible fluid dynamics. The continuity
equation ensures mass conservation, while the Navier–Stokes equation models momentum
transport, accounting for pressure gradients, viscosity, and external forces, including
surface tension and gravity.

For simulations, standard FLUENT models are used to represent fluid dynamics and
gas–liquid interactions. The Volume of Fluid (VOF) method models the interface, and
turbulence models are chosen based on expected flow characteristics. These models have
been validated for accurate atomization dynamics simulations.

3.4. k-ε Turbulence Model

The k-ε turbulence model is a widely used model in CFD to predict turbulence motion
and transport [27]. Proposed by Jones and Launder in 1972, it has been refined over time
and is now one of the most common models. Based on the Reynolds-averaged Navier–
Stokes equations, the model assumes turbulence is characterized by the turbulence kinetic
energy (k) and dissipation rate (ε), with two equations used to represent these parameters.

∂

∂t
(ρmk) +∇ · (ρmvmk) = ∇ ·

(
μt,m

σk
∇k
)
+ Gk,m − ρmε (3)

∂

∂t
(ρmε) +∇ · (ρmvmε) = ∇ ·

(
μt,m

σε
∇ε

)
+

ε

k
(C1εGk,m − C2ερmε) (4)

Here, ρm represents the density of the mixed-phase fluid, vm is the volume-averaged
velocity of the mixed-phase fluid, and μt,m is the turbulent dynamic viscosity of the mixed
phase. The expression for the mixed-phase density of the liquid and air is as follows:

ρm = αaρa + αsρs (5)
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The expression for the volume-averaged velocity of the mixed-phase fluid is as follows:

vm =
αaρava + αsρsvs

αaρa + αsρs
(6)

The expression for the turbulent dynamic viscosity of the mixed-phase fluid is given
by the following:

μt,m = ρmCμ
k2

ε
(7)

The rate of turbulent kinetic energy generation due to the velocity gradient is given by
the following:

Gk,m = μt,m

(
∇vm + (∇vm)

T
)
∇vm (8)

The standard values for the model constants are typically set as follows: C1ε = 1.44,
C2ε = 1.92, Cμ = 0.09, σk = 1.0, σε = 1.3.

3.5. Breakup Model

The KH-RT (Kelvin–Helmholtz and Rayleigh–Taylor) model is used to predict droplet
breakup [28]. During the atomization process, droplets are simultaneously subjected to
both Kelvin–Helmholtz and Rayleigh–Taylor instabilities within the compressible airflow.
This model assesses the breakup mechanism and timing of droplets based on disturbances
caused by surface instability waves. The breakup model is expressed as follows:

ΩRT =

(
2

3
√

3σs

[−gt(ρl − ρa)]
3
2

ρl + ρa

) 1
2

(9)

τRT =
Cτ

ΩRT
(10)

ΩRT is the Rayleigh–Taylor characteristic frequency (or breakup rate), gt = gnj + accnj,
denoting the acceleration of the droplet in the trajectory direction, σs is the surface tension,
ρl is the density of the liquid, ρa is the density of the gas, τRT denotes the droplet crushing
time, and Cτ denotes the crushing time constant, which is usually taken as 1.

3.6. Model-Solving Calculations

The computational model utilizes the coupled VOF-DPM (Volume of Fluid–Discrete
Droplet Model) approach [29]. The VOF model is used to track the continuous fluid
phase and predict the phase boundary conditions. In the atomizer, the liquid is initially
broken up as it collides with the baffle under high-velocity airflow. This preliminary
breakup is followed by further movement of the liquid in the high-speed airflow, which
generates significant surface instability. This instability causes tearing of the liquid film,
leading to droplet formation. Once the liquid breaks into droplets, the equivalent diameter
and sphericity criteria are applied to evaluate their shape. Large droplets that meet the
transformation criteria are converted into spherical droplets. The resulting discrete droplets
are then calculated using the DPM model.

3.7. Simulation Results and Analysis

The atomization performance of medical compression nebulizers primarily hinges
on factors such as droplet size, atomization efficiency, and atomization rate. Notably, gas
flow velocity and structural design exert significant influences on these outcomes. In this
section, a focused simulation analysis is conducted to investigate the impact of gas flow
velocity, liquid channel width, and the refined broken baffle structure (both before and
after improvement) on the proportion of sub-5 μm atomized droplets.
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3.7.1. Influence of Gas Flow Rate on Atomization (Simulation)

To investigate the influence of gas flow rate on atomization performance, simulations
were conducted at gas exit velocities of 15 m/s, 18 m/s, 21 m/s, and 24 m/s for a duration of
1 s [30,31]. Figure 3 illustrates the velocity contour plots of the liquid phase at these varying
gas flow rates, and the velocity cloud distribution shows symmetry. The comparisons
indicate that higher gas exit velocities result in increased initial velocities of the drawn
liquid, thereby enhancing the atomization rate of the liquid.

Figure 3. Velocity cloud for different gas flow rates (15 m/s, 18 m/s, 21 m/s, and 24 m/s).

Figure 4a,b present a statistical analysis of the distribution of droplet diameters within
the range of 0–5 μm. At compressed air exit velocities of 15 m/s, 18 m/s, 21 m/s, and
24 m/s, the percentages of droplets with diameters below 5 μm were found to be 49.99%,
54.72%, 59.18%, and 63.7%, respectively. These data demonstrate a clear trend, indicating a
strong correlation between increased gas flow velocities and a higher cumulative percentage
of droplets under 5 μm at the atomizer outlet. This phenomenon can be attributed to two
main factors. Firstly, an elevated gas outlet velocity augments the vacuum at the Venturi
throat, thereby increasing the aspirated liquid medication volume. This higher initial liquid
velocity, driven by the gas, facilitates the formation of smaller droplets. Secondly, increased
gas flow velocity subjects the droplets within the atomization chamber to more vigorous
vortical flows, centrifugal forces, and shear forces, enhancing atomization and elevating
the proportion of droplets with diameters below 5 μm. The maximum exit gas velocity that
the human throat can tolerate before it starts to be irritated is typically around 20–25 m/s.
Gas velocities above this range can lead to discomfort, including throat dryness, a burning
sensation, or coughing. This is due to the high-speed airflow impacting sensitive throat
tissues. In our experiment, a gas velocity of around 21 m/s is considered optimal for
medical nebulizers, as it ensures effective atomization of the medication while minimizing
the risk of irritation.

Figure 4. Percentage of droplets at varying exit velocities. (a) The distribution of droplet percentages
by diameter, and (b) the cumulative percentage of droplets below 5 μm.
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3.7.2. Influence of Channel Width on Atomization (Simulation)

To investigate the impact of channel width on atomization efficiency, simulations
were performed at the same gas exit velocity, using liquid channel widths of 0.3 mm,
0.4 mm, 0.5 mm, 0.6 mm, and 0.7 mm. As shown in Figure 5, an increase in channel
width correlates with a rise in both droplet velocity and exit rate. This is attributed to
the larger volume of liquid drawn under negative pressure, increasing the quantity of
smaller-diameter droplets. These smaller droplets exhibit higher velocities, enhancing the
overall atomization rate. Additionally, the effect of channel width on the proportion of
droplets below 5 μm was analyzed. Figure 6 illustrates the droplet diameter distribution
at the outlet over one second of atomization. The results indicate that as channel width
increases, the proportion of droplets with diameters less than 5 μm decreases, adversely
affecting the atomization effect.

Figure 5. Velocity cloud for different channel widths (0.3 mm, 0.4 mm, 0.5 mm, 0.6 mm, and 0.7 mm).

 
Figure 6. Percentage of droplets at varying channel width. (a) The distribution of droplet percentages
by diameter, and (b) the cumulative percentage of droplets below 5 μm.

Analysis of the impact of liquid channel width on atomization reveals that, in terms
of droplet kinetic energy, an increase in channel width leads to an increase in the kinetic
energy of the droplets post-atomization. However, regarding the proportion of droplets
with diameters below 5 μm, an increase in channel width results in a gradual decrease in
this proportion. Considering both the kinetic energy of the droplets post-atomization and
the proportion of droplets with diameters below 5 μm, the optimal liquid channel width
for achieving the best atomization effect is determined to be 0.5 mm.

3.7.3. Influence of Broken Baffle Structure on Atomization (Simulation)

To assess the influence of symmetric broken baffle structures on atomization efficiency,
the cross-sectional comparison of the symmetric broken baffle shape before and after
modification is illustrated in Figure 7a. The baffle was transformed from a rectangular
prism to a conical symmetric shape, allowing it to cover the liquid channel fully. This design
ensures complete liquid impact while minimizing kinetic energy loss during collisions.
Figure 7b illustrates the velocity contour of the liquid within the atomization chamber
before and after the modification. The impact angle changed from 90◦ to 120◦, leading
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to an increase in liquid velocity. This enhancement not only boosts the atomization rate
but also increases the kinetic energy of the droplets, facilitating better delivery to targeted
respiratory sites. Figure 7c,d show the droplet size distribution at the outlet at a gas exit
velocity of 15 m/s. The proportion of droplets smaller than 5 μm increased from 49.99% to
56.02% following the baffle modification, representing a 6.03% improvement. These results
indicate that the modified atomizer effectively enhances the proportion of smaller droplets,
thereby improving atomization efficiency.

Figure 7. Comparison of pre-improvement and post-improvement. (a) Cross-sectional comparison
of the broken baffle shape; (b) Velocity contour of the liquid in the atomizer. (c) The distribution of
droplet percentages by diameter, and (d) the cumulative percentage of droplets below 5 μm.

The simulation results indicate that the improved broken baffle structure effectively
enhances the proportion of sub-5 μm droplets due to its symmetry. Modifying the shape of
the crushing baffle improves the contact area between the liquid and the baffle, leading to
a more thorough impact and fragmentation of the liquid, further reducing the diameter
of the atomized droplets. Additionally, the change in baffle shape alters the liquid’s
trajectory from a direct 90◦ impact to a 60◦ glancing blow. This reduction in impact angle
minimizes kinetic energy loss upon collision with the baffle, thereby increasing the kinetic
energy of the atomized droplets. The redesigned baffle significantly optimizes atomization
dynamics, simultaneously enhancing both the kinetic energy of the atomized droplets and
the proportion of small droplets necessary for effective respiratory delivery.

4. Characterization and Validation of Atomization Performance

Based on the simulation results presented above, this study conducted practical tests
on the fabricated atomizer to investigate the effects of gas flow rate, broken baffle structure,
and liquid concentration on atomization performance. Special emphasis was placed on
examining the impact on the proportion of sub-5 μm droplets. The experimental system in
this study consists of five key components: the computer, Microcontroller Unit (MCU), drive
circuit, air compressor, gas flow sensor, and compression atomizer (Figure 8). The computer
serves as both the user interface and the central data processing hub, communicating with
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the control unit to manage and monitor the system’s overall operation. The MCU processes
the control signals, driving the other components accordingly. The drive circuit supplies
power to both the air compressor and the atomizer. The air compressor generates the
pressurized air required for atomization, while the gas flow sensor continuously monitors
and adjusts the airflow to maintain optimal conditions. The liquid atomizer then converts
the liquid medicine into fine droplets suitable for inhalation, with its performance being
influenced by the airflow dynamics and the atomizer’s design. Before atomization, all
experimental instruments were thoroughly calibrated, and necessary preparations were
made, including the configuration of liquid solutions and adjustment of key parameters,
such as the gas flow rate. Once the system reached a stable operational state, data collection
commenced. This allowed for precise monitoring of changes in liquid medicine and
facilitated an in-depth analysis of its behavior following atomization.

Figure 8. The experimental system of compression atomizer.

4.1. Influence of Gas Flow Rate on Atomization (Experiment)

As presented in Table 2, the current experiment investigated gas flow rates of 4 L/min,
6 L/min, 8 L/min, and 10 L/min. With the increase in gas flow rate, a significant reduction
in atomization time was observed, accompanied by a gradual decrease in the residual
liquid volume and a corresponding enhancement in atomization rate. Furthermore, the
projection distance of the atomized droplets expanded, indicating an augmentation in
droplet kinetic energy as the gas flow rate increased.

Table 2. Experimental results at different gas flow rates.

Gas Flow
Rates

Times
Residual
Liquid
Volume

Atomization
Rate

Range
Distance

4 L/min 9.47 min 0.7 mL 0.348 mL/min 115 mm
6 L/min 8.09 min 0.55 mL 0.426 mL/min 152 mm
8 L/min 6.32 min 0.47 mL 0.558 mL/min 195 mm

10 L/min 5.36 min 0.43 mL 0.657 mL/min 237 mm

As shown in Figure 9a,b, under identical testing conditions and after one minute
of atomization, the proportion of droplets with diameters below 5 μm increased as the
gas flow rate was elevated. Specifically, the cumulative percentages of droplets with
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diameters under 5 μm at gas flow rates of 4 L/min, 6 L/min, 8 L/min, and 10 L/min
were 46.56%, 50.74%, 54.6%, and 59.52%, respectively. This indicates a clear trend where
higher gas flow rates promote the generation of smaller droplets, enhancing atomization
efficiency. The data obtained from the experiment closely align with the trends observed
in the numerical simulations, reinforcing the reliability of the results. The increased gas
flow rate not only reduced the atomization time but also contributed to a finer droplet size
distribution. This finding is crucial for optimizing medical nebulizers, as smaller droplets
(under 5 μm) are more effectively inhaled into the lower respiratory tract, improving the
overall drug delivery efficiency. In practical applications, as the gas flow rate increases,
the droplet size decreases, and excessive gas flow rates can lead to discomfort such as
dryness or irritation. Therefore, to optimize the design of a nebulizer, a balance must
be struck between nebulization efficiency and throat tolerance to ensure effective drug
delivery without irritation.

Figure 9. Practical tests at different flow rates. (a) the percentage distribution of droplet diameters,
and (b) the cumulative percentage of droplets below 5 μm.

4.2. Influence of Broken Baffle Structure on Atomization (Experiment)

Table 3 presents the performance of the atomizer before and after the modification of
the broken baffle. The results indicate that under identical testing conditions, the modified
atomizer exhibited a shorter time of atomization and a reduced amount of residual liquid.
By calculating the atomization rates at each velocity before and after the improvement of
the liquid-crushing baffle, it is evident that the atomization rate increased following the
modification. Specifically, at a gas flow rate of 8 L/min, the spread of atomized droplets
increased from 195 mm before the modification to 214 mm after. These findings suggest
an increase in the kinetic energy of the atomized droplets due to the enhancement of the
symmetric baffle, which aligns with the results from the numerical simulations.

Table 3. Pre-improvement and post-improvement experimental results.

Broken Baffle
Structure

Gas Flow
Rates

Times
Residual
Liquid
Volume

Atomization
Rate

Pre-
improvement

4 L/min 9.47 min 0.7 mL 0.348 mL/min
6 L/min 8.09 min 0.55 mL 0.426 mL/min
8 L/min 6.32 min 0.47 mL 0.558 mL/min

10 L/min 5.36 min 0.43 mL 0.657 mL/min

Post-
improvement

4 L/min 9.07 min 0.63 mL 0.371 mL/min
6 L/min 7.89 min 0.51 mL 0.442 mL/min
8 L/min 6.02 min 0.43 mL 0.593 mL/min

10 L/min 4.96 min 0.35 mL 0.735 mL/min
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As shown in Figure 10a,b, comprehensive measurements were performed under
consistent conditions to determine the droplet size distribution at the exit point after 1 min
of atomization, both before and after the modification of the conical symmetric broken baffle
structure. The results indicate a significant improvement in the droplet size distribution,
with the percentage of droplets with diameters below 5 μm increasing from 54.6% to
59.25% following the modification of the broken baffle. This represents a 4.65% increase
in the proportion of sub-5 μm droplets, underscoring enhanced performance due to the
optimized symmetric conical structure. These findings align with the trends predicted by
the numerical simulations, confirming that the modification of the broken baffle effectively
promotes the generation of finer droplets, improving the atomizer’s overall efficiency.

 
Figure 10. Practical tests of pre-improvement and post-improvement parameters. (a) The percentage
distribution of droplet diameters, and (b) the cumulative percentage of droplets below 5 μm.

4.3. Influence of Liquid Concentration on Atomization (Experiment)

In Figure 11a–c, a detailed analysis of atomization parameters is conducted across
varying liquid concentrations and gas flow rates. Specifically, Figure 11a demonstrates that
atomization time decreases with increasing gas flow rate at a constant liquid concentra-
tion but increases with higher liquid concentrations at a fixed gas flow rate. Conversely,
Figure 11b shows a reduction in residual liquid volume in the atomizer as either the gas
flow rate or liquid concentration increases, indicating enhanced atomization efficiency.
Figure 11c further shows that, with a constant liquid concentration, the atomization rate
increases as the gas flow rate increases. However, at a fixed flow rate, the atomization rate
decreases with higher liquid concentrations, emphasizing the complex interaction between
these two factors on atomization performance. Additionally, Figure 11d,e provide insights
into droplet size distribution at the atomizer exit after one minute of atomization at a gas
flow rate of 8 L/min. The figures illustrate the distribution, which quantifies the decline in
the proportion of droplets with diameters below 5 μm as liquid concentration increases,
reinforcing the critical role of liquid concentration in controlling droplet size. The data
offer valuable information for optimizing atomizer performance and understanding the
operational dynamics of the atomization process.
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Figure 11. (a) Atomization time, (b) residual liquid volume, and (c) atomization rate at varying liquid
concentrations and gas flow rates. Practical tests of different liquid concentrations, (d) the percentage
distribution of droplet diameters, and (e) the cumulative percentage of droplets below 5 μm.

5. Conclusions

This study focuses on the atomization process of the nebulizer, analyzing the atomiza-
tion mechanism and the formation of droplets. A physical model of the nebulizer and a
mathematical model of the atomization process were established. Using the finite element
analysis software Fluent, the effects of gas flow rate, liquid channel width, and broken
baffle structure on atomization performance were investigated. Simulation results indicated
that after optimizing the broken baffle structure, a symmetrical conical structure not only
enhanced the droplet kinetic energy but also increased the proportion of droplets with
diameters below 5 μm at the outlet by approximately 6%. Increasing the gas flow rate and
reducing the channel width were found to improve the proportion of droplets smaller than
5 μm at the outlet to some extent. The results demonstrated a significant increase in the
proportion of droplets under 5 μm. This improvement enhances drug delivery to the lower
respiratory system and improves treatment outcomes for respiratory diseases.

Additionally, an experimental study was conducted using a system that integrated
the master computer, the main control unit, the drive circuit, the air compressor, and the
gas flow sensor with the compression atomizer. The effects of different gas flow rates, the
broken baffle before and after modification, and liquid concentration on atomization were
examined. The results showed that by increasing the gas flow rate, the atomization rate
of the designed compression nebulizer increased from 0.348 mL/min to 0.657 mL/min,
and the range of atomized droplets increased from 115 mm to 237 mm. The proportion
of sub-5 μm droplets at the outlet increased from 46.56% to 59.52%. When modifying the
broken baffle structure under the same gas flow rate conditions, the proportion of droplets
smaller than 5 μm at the outlet increased by approximately 5%, and the atomization rate
also increased. However, for different liquid concentrations, the atomization rate decreased
at the same gas flow rate as the concentration increased, and the proportion of droplets
under 5 μm also decreased.

This study highlights the optimization of the atomization process in medical air-
compressing nebulizers, demonstrating significant improvements in droplet size distribu-
tion and drug delivery to the lower respiratory system. While the results are promising,
further research is needed to explore a wider range of operating conditions and assess
long-term clinical efficacy. Nonetheless, this work lays the foundation for the devel-
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opment of more efficient nebulizers, offering the potential for improved treatments of
respiratory diseases.
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Abstract: The solution of the non-linear Föppl–von Kármán equations for square plates in
the form of expansion over a system of eigenfunctions, generated by a linear self-adjoint
operator, is obtained. The coefficients of the expansion are determined via the reduction
method from the infinite-dimensional system of cubic equations. This allows the proposed
solution to be considered as a non-linear generalization of the classical Galerkin approach.
The novelty of the study is in the strict formulation of the auxiliary boundary problem,
which makes it possible to take into account a rigid fixation against any displacements
along the boundary. To verify the proposed solution, it is compared with experimental data.
The latter is obtained by the holographic interferometry of small deflection increments
superimposed on the large deflection caused by initial pressure. Experiment and theory
show a good agreement.

Keywords: Föppl–von Kármán equations; finite deformations; clamped square plates;
non-linear PDEs; expansion over a basis in space of square-integrable functions; Galerkin
method; infinite-dimensional system of cubic equations; reduction; experimental
verification

1. Introduction

The Föppl–von Kármán equations, which describe the stress-strain state of flexible
plates, have attracted the attention of physicists and mathematicians since August Föppl
introduced their prototype in the treatise “Vorlesungen über technische Mechanik” [1]. A.
Föppl assumed that in the case of finite deflections, both in-plane linear strains and the
rotations are small with respect to unity, while the rotations and squares of in-plane strains
are infinitesimals of the same order. Furthermore, he supposed that the bending strains can
be thought of infinitesimally small with respect to membrane ones. With these assumptions
he derived the following system of equations:

hL(w, φ) + p = 0, ∇2∇2φ +
E
2

L(w, w) = 0. (1)

Here, h is plate thickness, E stands for Young’s modulus of the material, and p is the
function of transversal load applied to the plate surface. The function w(x, y) represents
the deflections of the plate middle-plane, while φ(x, y) is the Airy stress function related to
the components of the stress tensor within it:

σx =
∂2φ

∂y2 , σy =
∂2φ

∂x2 , σxy = σyx = − ∂2φ

∂x∂y
. (2)
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Symbols ∇2∇2 and L stand for the biharmonic operator and the Monge–Ampère form [2],
respectively. In Cartesian coordinates, they can be represented as follows:

∇2∇2 f =
∂4f
∂x4 + 2

∂4f
∂x2∂y2 +

∂4f
∂y4 , L( f , g) =

∂2f
∂x2

∂2g
∂y2 +

∂2f
∂y2

∂2g
∂x2 − 2

∂2f
∂x∂y

∂2g
∂x∂y

. (3)

Theodor von Kármán improved the first equation in (1) by adding an item that
accounts for the influence of in-plane stresses on bending and derived the system of
equations in a well-known, almost symmetric form [3]:

D∇2∇2w − hL(w, φ) = p, ∇2∇2φ +
E
2

L(w, w) = 0. (4)

Here, D denotes the bending stiffness of the plate, which is expressed through h, E, and
the Poisson’s ratio ν:

D =
Eh3

12(1 − ν2)
.

The Föppl–von Kármán equations were initially developed as a mathematical tool
for buckling analysis of ship hull parts [4]. However, wide application of the structural
elements that were able to bend sufficiently without undergoing plastic deformations calls
for further development and improvement of the non-linear theories of plates, subjected to
various loads, including transverse ones. The Föppl–von Kármán equations proved to be a
good approach, taking into account non-linear effects but not having the intimidating bulky
form of the non-linear elasticity equations. At present these equations are widely used
to describe deformations of various elements of modern technical systems, particularly
MEMS, for which the problem of accurate mathematical modeling of stress-strain state in
flexible parts is extremely relevant [5,6].

First solutions of the non-linear bending problem were obtained for circular plates
subjected to axially symmetric loading, which allowed one to significantly simplify the
Föppl–von Kármán equations. Thus, the first attempt to solve them for a clamped circu-
lar plate under uniform pressure was undertaken by Nádai [7] in 1925. Another variant
of the approximate solution was obtained by Timoshenko, who used the Rayleigh–Ritz
method [8], and by Way through the power series expansions [9]. In the first part of their
study [10], Friedrichs and Stoker presented numerical solutions for a simply supported cir-
cular plate under compressive forces at the boundary, obtained by three distinct algorithms.
Furthermore, in [11], they introduced a change in variables, which reduced the order of
the governing system of equations from 8th to 4th. In addition, in the second part of [10],
they presented a proof of the existence theorem and demonstrated that, apart from a trivial
solution, there is at most another one (accurate to a sign). In the present paper, only square
plates will be discussed, so the part of the review focused on circular plates is exhausted by
a few references. A detailed survey can be found in [12].

One of the first approximate solutions of the Föppl–von Kármán equations for a simply
supported square plate under uniform pressure was derived by Kaiser [13] using the finite-
difference method. An alternative approach to approximate solutions was proposed by
Way [14]. He obtained a solution for clamped rectangular plates with various aspect ratios
by the Ritz method. The Galerkin method was also successfully applied for this problem by
Panov [15]. Levy first derived exact solutions in terms of double Fourier series for a simply
supported rectangular plate [16] and a clamped square one [17]. Later, he and Greenman
solved the problem for a clamped rectangular plate having an aspect ratio of 3/2 [18]. This
method has also been applied in [19,20] for long clamped and simply supported plates
under combined load. It is important to note that in works [16–19], it is assumed that
clamped edges are movable, i.e., they are rigidly clamped against normal displacements
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and rotations while allowing for movement in plane. A numerical solution for a clamped
rectangular plate with immovable edges was obtained by Wang [21]. He also considered
the important case of a riveted panel [22]. Lastly, it is worth noting the article by Green
and Southwell on the application of the relaxation method to solve the Föppl–von Kármán
system [23]. A detailed description of the majority of the aforementioned results, as well as
many others, can be found in the remarkable books [4,24].

Briefly discuss the recent works on this topic. In the works [25,26], the solution
for a simply supported plate was obtained by the “accelerated” iterative method. The
perturbation method was successfully applied in the works [27–30]. In addition, the
work [29] is notable because of the application of the spline function method for solving
a set of linear equations. A number of authors successfully applied the finite-difference
method [31–33]. A modification of this approach was proposed by Petit [34], who employed
the finite-difference method in combination with the relaxation one. Furthermore, this
method was also used in the work [35] for a plate under combined load. The finite
element method was used extensively [36–39]. Also, a few attempts to apply the boundary
element method were made [40–44]. The Ritz method was widely used as well. Boresi
and Terner [45] applied it to obtain the solution for a simply supported rectangular plate
with stress-free edges. In the work [46], the rectangular plates with various boundary
conditions were considered using the automated Ritz method procedure. This procedure
was also applied to calculate large deflections of orthotropic plates [47] and functionally
graded material ones [48]. Enem [49] introduced the Ritz method solutions for rectangular
plates with twelve different boundary conditions. Recently, the homotopy analysis method
has begun to be successfully applied to solve the Föppl–von Kármán system [50–53].
A sufficiently detailed review of works managed before the 1970s is presented in the
article [54]. Also, a comprehensive list of works managed before the 2000s is given in the
book [55], while a detailed review containing more recent works can be found, for example,
in the PhD thesis by Khoa [56].

An original approach to solve the Föppl–von Kármán system was proposed by H.
Berger in his PhD thesis [57]. This approach was based on the hypothesis that the strain
tensor second invariant makes a small contribution to the full potential energy in compari-
son with the contribution made by the first invariant. Although this hypothesis lacked a
physical basis, it allowed one to decouple the Föppl–von Kármán system. Berger obtained
solutions for circular and rectangular plates with various boundary conditions using this
method. The further development of Berger’s technique was continued by a number of
other scientists [58–61]. A similar method for decoupling the Föppl–von Kármán equations
was employed in the recent works [62–64]. An alternative approach to decoupling of this
system was proposed by Banerjee and Datta [65].

A large amount of results were obtained by the Galerkin method. Yamaki [66] used
a modification of the one-term Galerkin method to solve the dynamic analogue of the
Föppl–von Kármán equations. He also gave a classification of flexible plate boundary
conditions. In their work [67], Iyengar and Naqvi applied biorthogonal expansions of the
displacements and the Airy function to obtain solutions for a simply supported plate and a
clamped one. For each boundary condition type, two options were considered: all edges
are stress-free, and all edges are immovable. In the papers [68,69], the authors obtained
the Galerkin method-based system of cubic equations for Kármán plates in an explicit
form. In the work [70], this result was supplemented with the explicit expression of the
inverted Galerkin matrix. This procedure allowed us to obtain the solution more effectively
due to avoiding a laborious calculation of the inverted Galerkin matrix. Recently, the
wavelet-Galerkin method has been widely used [71,72]. This method leads to simplification
of calculations due to the choice of wavelet functions as the basis.
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It is advisable to consider some works devoted to the analysis of the Föppl–von Kár-
mán equations in terms of pure math. Initially, they did not have a rigorous mathematical
justification and were derived through an engineering approach significantly based on a few
auxiliary hypotheses [2]. The justification of this system has been provided by Ciarlet, who has
demonstrated [2,73] that this system can be obtained using the asymptotic expansion of the
equations of non-linear elasticity theory by a small parameter, assuming certain hypotheses
about the asymptotic orders of displacement vector components. This approach was also
applied in the recent work [74] to construct the family of Kármán-like plate models.

The existence theorem for the Föppl–von Kármán boundary-value problem with
sufficiently smooth boundary and homogeneous boundary conditions was proved by
Morozov [75] using the Leray–Schauder method [76]. The conditions for the existence of a
non-trivial equilibrium state of a Kármán plate under compression forces were formulated
by M. Berger and Fife [77]. Knightly [78] demonstrated the existence of a solution for a
plate subjected to combined loading, and moreover, he proven that if the magnitude of the
loading is sufficiently small, then this problem has a unique solution. Further, Knightly and
Sather [79] have modified this uniqueness result. Hlaváček and Naumann have obtained
similar results for the various types of inhomogeneous boundary conditions [80,81]. It is
important to highlight that results of Knightly, Hlaváček, and Naumann are applicable to
plates with the boundary that consists of curves from C3 and may have corners at junctions
of the arcs, i.e., they are valid for the majority of plates used in engineering.

From this brief analysis, it is observed that, to date, there are no long-standing meth-
ods to solve Föppl–von Kármán equations for square and rectangular plates fixed at the
boundary with respect to all displacement components. Moreover, direct 3D FEM modeling
of thin plates results in an ill-conditioned algebraic system due to the small parameter,
which is the plate thickness. However, it is the full fixation that is usually implemented in
experiment and practice. In this context, the development of Föppl–von Kármán equations
solution methods for square and rectangular plates, fully fixed at the boundary, is an
urgent problem in computational mechanics. This is the subject of the present paper. A
new solution is proposed in it via the form of decomposition over a basis in functional
space of square-integrable functions. The coefficients of expansion are determined from the
infinite-dimensional cubic system via the reduction method. This approach could provide
a non-linear counterpart to the Galerkin method. The principal difference from similar
studies [67,70] consists in a strict formulation of the auxiliary boundary problem, allowing
for accounting natural ways of plate fixing.

2. Problem Statement

Consider a clamped square plate of side 2a and thickness h, made from a linear-
elastic material with moduli E and ν and subjected to an arbitrary transversal load p(x, y)
(see Figure 1). For a closed formulation of the initial boundary problem, we should
complement Equation (4) with suitable boundary conditions, which we will now deal with.
The boundary value problem will be formulated in the region:

Ω = (−a, a)× (−a, a) ⊂ R
2,

with the boundary
∂Ω = E1 ∪ E2,

where the parts of the boundary E1, E2 correspond to pairs of opposite edges, i.e.,

E1 = ({−a} × [−a, a]) ∪ ({a} × [−a, a]), E2 = ([−a, a]× {−a}) ∪ ([−a, a]× {a}).
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Figure 1. Problem statement.

The boundary conditions for the flexible plates usually are gathered into two sequences
associated with plate bending and with plane stress-strain state, respectively. Consider the
first one. In the case of clamped plates, it can be written as

∂w
∂x

∣∣∣
E1
= 0,

∂w
∂y

∣∣∣
E2
= 0, w

∣∣
∂Ω = 0. (5)

Other variants of the boundary conditions related to bending are well known [24],
and we will not comment on them, as (5) are the ones that will be stated hereinafter.
The boundary conditions associated with the in-plane stress-strain state are not so widely
covered in literature, and we will discuss their formulation in more detail. Following [17,21],
we consider two cases:

– movable edges:

u
∣∣
E1
= 0, v

∣∣
E2
= 0,

∂2φ

∂x∂y

∣∣∣
∂Ω

= 0; (6)

– immovable edges:

u
∣∣
∂Ω = 0, v

∣∣
∂Ω = 0. (7)

Note that despite the designation, moving edges are not free from fixing at all. The
points on them can only be moved along the edges, while their displacement in a perpen-
dicular direction is constrained. In Equations (6) and (7), u(x, y) and v(x, y) denote the
in-plane plate displacements (the in-plane displacements of the points on the plate middle
plane). These functions are not explicitly included in the governing system (4), so in order
to solve the boundary-value problem, it is necessary to express them through the desired
functions w, φ. The sought relations can be obtained using the Cesàro formula, which
expresses the displacement vector u and the rotation vector ω via the infinitesimal strain
tensor ε [82]:

uM = u0 + ω0 × (x − x0) +

M∫
M0

[ε + (x − xM)× (∇× ε)]·dx. (8)
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Note that the displacement vector u is defined with account of the kinematic hypothesis of
the Kirchhoff-like plate theory:

u =

(
u − z

∂w
∂x

)
i +
(

v − z
∂w
∂y

)
j + wk.

Therefore, to relate the displacements u to the Airy stress function φ, it is necessary to
express the infinitesimal strain tensor ε through the stress tensor σ. The essence of the
Kármán theory is based on a number of simplifications that allow only the use of the
Saint-Venant–Kirchhoff constitutive equation [73,83]:

σ =
E

1 + ν
E∗ +

νE
1 − ν2 (trE∗)I, (9)

where E∗ is the reduced Green–Saint-Venant strain tensor (its components are also known
as the Kármán strains):

E∗ = ε +
1
2
(∇w)⊗ (∇w) =

1
2

[
∇uT +∇u + (∇w)⊗ (∇w)

]
. (10)

Finally, substituting the relation (10) into the Cesàro formula (8), one can obtain:

uM = u0 + ω0 × (x − x0)

+

M∫
M0

{
E∗ − 1

2
(∇w)⊗ (∇w) + (x − xM)×

[
∇×

(
E∗ − 1

2
(∇w)⊗ (∇w)

)]}
·dx. (11)

Remark 1. This representation of displacements does not reproduce the accurate non-linear ana-
logues of the Cesàro formula [84–87]. However, since the displacements are calculated only in the
plane of reduction and the reduced finite strain measure (10) takes into account quadratic terms
only for the transversal component of displacements, such an inaccurate formulation is usually
acceptable for engineering calculations [4,21,66].

Formula (11) can be significantly simplified by choosing an appropriate path of in-
tegration. Taking into account that displacements and rotations of the whole plate are
defined up to an additive constants any point of it can be fixed. Apart from that, if the
transversal load function is odd or even by both coordinates, then the center of a plate will
be displaced vertically without changing its in-plane position. For the sake of simplicity,
assume that the load function p and, as a consequence, sought functions w, φ are even by
both coordinates (three other cases of symmetry are derived from reasoning completely
similar to the following):

{w, φ, p} ⊂ Fs =
{

f ∈ L2(Ω) : f (x, y) = f (−x, y), f (x, y) = f (y, x)
}

. (12)

Here, we also restrict the class of considered functions p, w, φ only to square-integrable
ones. This allows us to decompose them over basis and reduce the boundary-value problem
to a system of cubic equations.

With account of the transversal loading function symmetry (12), the displacement on
E1 can be calculated as follows:

u
∣∣
x=± a =

± a∫
0

(
E∗

xx −
1
2

(
∂w
∂x

)2
)

dx, v
∣∣
x=± a =

y∫
0

(
E∗

yy −
1
2

(
∂w
∂y

)2
)

dy

∣∣∣∣∣
x=± a

.
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Substitution of relations (9) and (2) into the above formula results in

u
∣∣
x=± a =

± a∫
0

[
∂2φ

∂y2 − ν
∂2φ

∂x2 − E
2

(
∂w
∂x

)2
]

dx = 0, (13)

v
∣∣
x=± a =

y∫
0

[
∂2φ

∂x2 − ν
∂2φ

∂y2 − E
2

(
∂w
∂y

)2
]

dy

∣∣∣∣∣
x=± a

= 0.

However, taking into account that a function on a simply connected region is identically
zero iff it takes value zero at least at one point and its first derivative is zero also, the latter
integral condition can be reduced to a differential relation:[

∂2φ

∂x2 − ν
∂2φ

∂y2 − E
2

(
∂w
∂y

)2
]∣∣∣∣∣

x=± a

= 0.

The last terms in the left-hand side of this relation can be omitted due to the fact that the
deflection function is identically zero on the edges (5):

(
∂2φ

∂x2 − ν
∂2φ

∂y2

)∣∣∣∣∣
x=± a

= 0.

Thus, the above relation, together with the first integral equality (13), fully describes the
boundary conditions for the in-plane displacements of the plate on E1. The formula for the
boundary conditions on E2 can be written in a similar way up to the replacement of the
variable x by y and function u by v, respectively.

Now we can move on to the formulation of a boundary value problem. To this end,
introduce the following dimensionless variables:

x̃ :=
x
a

, ỹ :=
y
a

, z̃ :=
z
h

, w̃ :=
w
h

, φ̃ :=
φh
D

, p̃ :=
pa4

Dh
.

In the new variables the Föppl–von Kármán Equation (4) and corresponding boundary
conditions can be written as

∇̃2∇̃2w̃ − L̃(w̃, φ̃) = p̃, ∇̃2∇̃2φ̃ + κL̃(w̃, w̃) = 0, (14)

∂w̃
∂x̃

∣∣∣
x̃=± 1

= 0,
∂w̃
∂ỹ

∣∣∣
ỹ=± 1

= 0, w̃
∣∣
x̃=± 1 = 0, w̃

∣∣
ỹ=± 1 = 0, (15)

± 1∫
0

[
∂2φ̃

∂ỹ2 − ν
∂2φ̃

∂x̃2 − κ

(
∂w̃
∂x̃

)2
]

dx̃ = 0,
± 1∫
0

[
∂2φ̃

∂x̃2 − ν
∂2φ̃

∂ỹ2 − κ

(
∂w̃
∂ỹ

)2
]

dỹ = 0; (16)

– movable edges:

∂2φ̃

∂x̃∂ỹ

∣∣∣
x̃=± 1

= 0,
∂2φ̃

∂x̃∂ỹ

∣∣∣
ỹ=± 1

= 0; (17)

– immovable edges:(
∂2φ̃

∂ỹ2 − ν
∂2φ̃

∂x̃2

)∣∣∣∣∣
ỹ=± 1

= 0,
(

∂2φ̃

∂x̃2 − ν
∂2φ̃

∂ỹ2

)∣∣∣∣∣
x̃=± 1

= 0, (18)

where κ := 6
(
1 − ν2), ∇̃2 := a2∇2, L̃(·, ·) := a4L(·, ·). In what follows, we will omit the

tildes above these operators for brevity. The Equations (14)–(18) constitute two different
boundary-value problems for a clamped square plate.
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To obtain an approximate solution of the problems (14)–(17) or (18), a recursive ap-
proach is often used. Briefly describe its essence for comparison with the proposed solution
below. The basis of the recursion w̃0 can be taken as a solution of the Sophie Germain–
Lagrange equation:

w̃0 := M−1
w p̃,

while the step of the recursion is defined as follows (here subscript indicates recursion
step number):

w̃k = M−1
w

(
p̃ − κL

(
w̃k−1, M−1

φ L(w̃k−1, w̃k−1)
))

.

Stress function φ̃k can be obtained on each step from the relation

φ̃k := −κM−1
φ L(w̃k, w̃k).

Here, Mw,Mφ stand for differential operators, defined by the same biharmonic differential
expression (3), but by different boundary conditions, corresponding to deflection (15)
and stress function (16)–(18). Computational efficiency of recursive processes depends
on the way to represent inverse linear operators Mw and Mφ. It can be performed
differently, but for square plates, the usage of the complex potentials method (Goursat–
Muskhelishvili–Kalandiya) [88] seems to be most appropriate. Within this method one can
define the solution of linear problem Mww̃ = p̃ as the sum of some particular solution w̃∗
that satisfies the non-homogeneous biharmonic differential equation but does not meet
boundary conditions and the boundary solution of the homogeneous equation w̃0, such
that w̃ = w̃∗ + w̃0 satisfies the conditions on the boundary.

Particular solution w̃∗ can be obtained as

w̃∗(z) =
1

16

∫ z

0

∫ z

0
(z − β)(z − α) p̃

(
α + β

2
,

β − α

2i

)
dα dβ,

or

w̃∗(x, y) =
1

16

[ ∫ x

0

∫ x

0
(x − iy − α)(x + iy − β) p̃

(
α + β

2
,

β − α

2i

)
dα dβ

+
∫ x

0

∫ y

0
(y − α)(x + iy − β) p̃

(
x − iα + β

2
,
−x + iα + β

2i

)
dα dβ

−
∫ x

0

∫ y

0
(y − α)(x − iy − β) p̃

(
x + iα + β

2
,

x + iα − β

2i

)
dα dβ

+
∫ y

0

∫ y

0
(y − α)(y − β) p̃

(
2x − iα + iβ

2
,

α + β

2

)
dα dβ

]
.

while the boundary solution w0 can be expressed in terms of complex-valued series with
respect to z = x + iy as follows:

w̃0 = 2Re(γψ + χ).

Here,

χ =
∫

ψ
∂γ

∂z
dz, φ = ∑ akzk, ψ = ∑ bkzk,

where ak, bk can be obtained from the solution of the algebraic counterpart for the boundary
problem (see [88,89] for details). In the above formula, z indicates the complex conjugate of
z, while γ stands for the conformal map between the unit disk and rectangular domain.
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This mapping can be exactly expressed via hypergeometric function, but for computations
it is more convenient to use polynomial approximation of order n:

γ = e−
iπ
4

√
2Γ
( 3

4
)

√
πΓ
( 5

4
) n

∑
k=0

z4k+1

(4k + 1)k!

k−1

∏
s=0

(
s +

1
2

)
.

The inverse operator M−1
φ can be obtained in a similar way. Note, that the advantage

of complex potential method is that the integral boundary conditions can be expressed
directly via potentials with Love relations:

u =
1

2μ
Re
(

3 − ν

1 + ν
ϕ − γ

∂φ

∂γ
− ψ

)
, v =

1
2μ

Im
(

3 − ν

1 + ν
ϕ − γ

∂φ

∂γ
− ψ

)
.

Before embarking on the general procedure of problems (14)–(18), let us try to ap-
proach it with the recursive method mentioned above. In doing so, keep in mind that in
order to identify the characteristic features of non-linear deformation of the plate, it is suffi-
cient to perform at least one step of recursion. The calculation results for the model problem
(a = 1, D = 1, p = 1, ν = 1/3, h = 1/150) are shown in Figure 2. In it, the subfigure (a)
shows the distribution of deflections w̃0 obtained without accounting for non-linear effects
(it is the base of recursion, i.e., the solution of the Sophie Germain–Lagrange problem).
Subfigure (b) shows the distribution of plain deformation incompatibility, induced by bend-
ing, namely L(w̃0, w̃0). In subfigure (c), one can see stress function φ̃, corresponding to such
incompatibility. In the second line of figures, the distributions for normal and tangential
in-plane stresses are shown, while the last subfigure (f) demonstrates dummy transverse
loading q̃ := κL

(
w̃0, M−1

φ L(w̃0, w̃0)
)

that has to be subtracted from actual loading on the
first recursive step.

(a) Plate deflections, w̃ (b) Incompatibility, L(w̃0, w̃0) (c) Airy stress function, φ̃

(d) Normal stresses, ∂2φ̃
∂ỹ2 (e) Tangent stresses, − ∂2φ̃

∂x̃∂ỹ (f) Dummy loading, q̃

Figure 2. Results for the model problem.

Already from the analysis of the results obtained in the first step of recursion, it is
possible to give a qualitative estimate of the effect of the dummy load and, accordingly,
of the non-linear effects depending on the expected value of the maximal deflections. In
particular, with evenly distributed load, the maximal value of dummy load (according
to the distribution shown in Figure 2f for some load α p̃ with dimensionless intensity α)
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can be estimated as 4 × 10−4κα3. Therefore, the given and dummy loads will be of the
same order when α ≈ 20, which, with account of distribution for deflections (Figure 2a), is
approximately equivalent to maximal deflections, obtained in a linear approach, of 20%
from the edge length of the plate. This value is a very rough estimate from above, because
in fact the displacements will be much lower if we take into account non-linear effects,
calculating the following recursion steps. Also, the following can be noticed:

– The influence of the dummy load increases proportionally to the cube of maximum
deflection;

– The geometric shape of the bending surface at the final deformation significantly
differs from the corresponding shape for small deflections because the dummy load
changes the distribution of RHS of the bending equation on successive recurrent steps.
We will see this again later when we consider the general procedure of solution.

The mentioned strategy for the solution of the non-linear bending problem has com-
putational stability for moderate bending only. When the amount of deflection increases,
the dummy load is no longer a small adjustment and may even exceed the given trans-
verse load. In this case, the sequence of recursively constructed approximations tends to
diverge. Although special regularization procedures [5] can be used, the diverging cannot
be avoided. For this reason, below a different strategy is proposed, implementing the full
algebraization of the problem and transforming it to the infinite-dimensional system of
cubic equations. Reducing this system to a finite-dimensional one and using any variation
of the successive approximation method to find the solution of the reduced system, it is
possible to avoid computational instability even for deflections that are comparable with
the size of the plate in the plane. The rest of the article is devoted to the construction and
analysis of such algebraization.

3. Solution of the Linear Problem

Since the solution of the non-linear problem will be obtained in the form of decom-
position over some basis in L2(Ω), generated by a linear self-adjoint operator, we will
start with the linear problem. It is advisable to consider the linear bending of a square
plate as such a prototype for this problem because, first, it generates a basis in terms of
well-known Krylov–Duncan functions, and second, the problem itself can be used for
testing a non-linear solution at zero approach.

The boundary-value problem for clamped Sophie Germain’s plate can be stated
as follows:

∇2∇2w̃ = p̃, (19)

∂w̃
∂x̃

∣∣∣
x̃=± 1

= 0,
∂w̃
∂ỹ

∣∣∣
ỹ=± 1

= 0, w̃
∣∣
x̃=± 1 = 0, w̃

∣∣
ỹ=± 1 = 0.

In order to expand the deflection function w̃ into a Fourier series, it is necessary to choose a
basis in L2(Ω). According to the Hilbert–Schmidt theorem [90], a system of eigenfunctions
of any compact self-adjoint operator constitutes a basis of L2(Ω). However, the biharmonic
operator has a sufficiently complicated system of eigenfunctions even with homogeneous
boundary conditions, so it is more preferable to use another self-adjoint operator. It is
appropriate to use the following operator:

L =
∂4

∂x̃4 +
∂4

∂ỹ4 .

The sequence of eigenfunctions for this operator can be obtained as a combination of
solutions of an auxiliary Sturm–Liouville problem.

177



Symmetry 2025, 17, 32

3.1. Auxiliary Sturm–Liouville Problem

Let us consider a Sturm–Liouville problem:

∂4 f
∂υ4 − η4 f = 0, f

∣∣
υ=± 1 = 0,

∂ f
∂υ

∣∣∣
υ=± 1

= 0.

A fundamental system of solutions for this equation is well known:

Ψ = {sin(ηυ), cos(ηυ), sinh(ηυ), cosh(ηυ)}.

By substituting a linear combination of these functions into the boundary conditions, we
obtain the spectral equation with respect to eigenvalues η:

[sinh(η) cos(η)− sin(η) cosh(η)][sinh(η) cos(η) + sin(η) cosh(η)] = 0.

Thus, a spectrum of the operator consists of two sequences of eigenvalues (in the strict
sense, λm, μm are not eigenvalues; they are fourth power roots of eigenvalues; however, for
brevity, we will not specify this further):

{ηm}∞
m=1 = {λm}∞

m=1 ∪ {μm}∞
m=1,

which are defined as roots of transcendental equations:

tanh(λm) + tan(λm) = 0, tanh(μm)− tan(μm) = 0.

These roots can be found numerically with arbitrary precision, but for sufficiently large
values of m, very precise approximations can be obtained from asymptotic formula:

λm = πm − π

4
, μm = πm +

π

4
. (20)

The question arises: what does it mean to be large enough? The following computation
(Tables 1 and 2) shows that for standard machine precision, it is enough to refine only the
five first values, while all the rest can be calculated directly by Formula (20). Of course, for
calculations with enhanced accuracy, the number of refined roots should be increased.

Table 1. Eigenvalues λ.

Eigenvalue
Number

Numerical
Solution

Approximation
Formula

Relative Error

1 2.36502 2.35619 0.00372
2 5.49780 5.49779 3.05126 · 10−6

3 8.63938 8.63938 3.62616 · 10−6

4 11.7810 11.7810 4.96600 · 10−12

5 14.9226 14.9226 7.38037 · 10−15

Table 2. Eigenvalues μ.

Eigenvalue
Number

Numerical
Solution

Approximation
Formula

Relative Error

1 3.92660 3.92699 0.00010
2 7.06858 7.06858 1.02559 · 10−7

3 10.2102 10.2102 1.32593 · 10−10

4 13.3518 13.3518 1.89320 · 10−13

5 16.4934 16.4934 2.15403 · 10−16
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Each sequence of the eigenvalues is associated with a sequence of the auxiliary
eigenfunctions:

um(υ) = cos(λmυ) cosh(λm)− cos(λm) cosh(λmυ), (21)

vm(υ) = sin(μmυ) cosh(μm)− cos(μm) sinh(μmυ).

Such sequences of functions are convenient for derivations due to their compact view;
however, for calculations, it is more convenient to use normalized functions:

ũm(υ) =
um√

cosh(λm)
2 + cos(λm)

2
, ṽm(υ) =

vm√
cosh(μm)

2 − cos(μm)
2

.

Curves of the first several normalized eigenfunctions are shown in Figure 3.
It is evident that each pairwise combination of functions (21) presents an eigenfunction

of two-dimensional operator L. Thus, we arrive at four families of eigenfunctions for L:{
ui(x̃)uj(ỹ), ui(x̃)vj(ỹ), vi(x̃)uj(ỹ), vi(x̃)vj(ỹ)

}
. (22)

Although each term of these families is marked by two indexes, it is preferable to use a one-
indexed numeration system. Such a system can be provided by any bijection Z

+×Z
+ →

Z
+. The optimal numeration system is well known from classical courses of calculus:

k =
1
2
(i + j)(i + j − 1)− j + 1. (23)

This bijection is named as the Cantor pairing function for the positive integers and was
proposed by him in the article [91]. The correspondence between two systems of numera-
tion can be illustrated by a diagram as shown in Figure 3c. This way of numeration is the
most preferable for square regions because it allows one to construct the reduced sums
symmetrically with respect to both indices. In order to achieve this, it is sufficient to include
complete diagonals in the sum.

(a) First sequence, u (b) Second sequence, v (c) Cantor function

Figure 3. Normalized auxiliary eigenfunctions and Cantor pairing function diagram.

Thus the two-indexed system of basis functions (22) can be replaced by the following one:

{ f1k(x̃, ỹ), f2k(x̃, ỹ), f3k(x̃, ỹ), f4k(x̃, ỹ)}. (24)

One can go back to the functions (22) with the reverse function to (23). In order to construct
this function, it is necessary to relate a number of the current term k with the number of
diagonal N on which this term is located:

N =

⌊
1 +
√

1 + 8(k − 1)
2

⌋
,
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where the symbols �. . .� denote the floor. From here, it is simple to obtain the inverse function:

i = k − N(N − 1)
2

=: S(k), j =
N(N + 1)

2
− k + 1 =: C(k).

Hereinafter, S and C are brief notations for components of the inverse function.

3.2. Solution of the Linear Boundary-Value Problem

Now it is time to recover the boundary-value problem (19). We will seek the solution of
this problem in the form of expansion in terms of a series of normalized basis functions (24):

w̃ =
4

∑
r=1

∞

∑
k=1

grk
frk

‖ frk‖
=

4

∑
r=1

∞

∑
k=1

grk f̃rk. (25)

This solution is guaranteed to satisfy the boundary conditions (15) due to the appropriate
choice of the basis. Consequently, in order to solve the boundary-value problem, it is
sufficient to find the Fourier coefficients grk, with which (25) satisfies the inhomogeneous
Sophie Germain–Lagrange Equation (19):

4

∑
r=1

∞

∑
k=1

grk∇2∇2 f̃rk =
4

∑
r=1

∞

∑
k=1

grk

(
ξrk f̃rk + 2

∂4 f̃rk
∂x̃2∂ỹ2

)
= p̃. (26)

Here with ξrk, we denote the eigenvalues of the operator L:

ξ1k = λ4
S(k) + λ4

C(k), ξ2k = λ4
S(k) + μ4

C(k),

ξ3k = μ4
S(k) + λ4

C(k), ξ4k = μ4
S(k) + μ4

C(k).

One can find grk by acting the projection operators:

Psq(F(x̃, ỹ)) =
1∫

−1

1∫
−1

F f̃sq dx̃ dỹ, q = 1, . . . , ∞, (27)

on both sides of Equation (26):

gsqξsq +
4

∑
r=1

∞

∑
k=1

grk

1∫
−1

1∫
−1

2
∂4 f̃rk

∂x̃2∂ỹ2 f̃sq dx̃ dỹ =

1∫
−1

1∫
−1

p̃ f̃sq dx̃ dỹ.

It is essential to note that the basis functions lying in different sequences have a different
parity. Consequently, due to the fact that the second derivative of any function has the
same parity as the function itself, the double sum in the previous relation can be reduced
to the sum:

gsqξsq +
∞

∑
k=1

gsk

1∫
−1

1∫
−1

2
∂4 f̃sk

∂x̃2∂ỹ2 f̃sq dx̃ dỹ =

1∫
−1

1∫
−1

p̃ f̃sq dx̃ dỹ.

Thus, the differential equation is reduced to an infinite-dimensional system of algebraic
equations. By applying the reduction method [92,93], we arrive at the sequence of finite-
dimensional systems of linear algebraic equations, which can be written in matrix form:

Gsgs = bs, s = {1, . . . , 4}, (28)

where Gs are matrices n × n known as Galerkin matrices. Their components, Gs
qk, can be

obtained via formula (here, δqk is the Kronecker delta):
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[Gs]qk = Gs
qk = ξsqδqk +

1∫
−1

1∫
−1

2
∂4 f̃sk

∂x̃2∂ỹ2 f̃sq dx̃ dỹ.

Vector bs contains Fourier coefficients of transverse load function bs
q (for brevity, we will

refer to it as the load vector):

[bs]q = bs
q =

1∫
−1

1∫
−1

p̃ f̃sq dx̃ dỹ. (29)

Recall now that we consider functions only from F (12), so it is sufficient to calculate
only the first Galerkin matrix G1 and the first load vector b1, which correspond to even by
both variables functions. In this regard, hereinafter we will omit the first index and adopt
the following notations:

fk := f1k, f̃k := f̃1k, Pq := P1q, ξk := ξ1k, G := G1, Gqk := G1
qk, (30)

b := b1, bq := b1
q , g := g1, gk := g1

k .

Thus, the problem has been reduced to one matrix equation. In the case of an arbitrary
non-symmetric load function, further steps would be similar; however, they will require
finding of all matrices Gs and vectors bs, gs.

Proceed now to calculating the Galerkin matrix and load vector components. It is
convenient to represent an expression for them using an auxiliary integral IG (the auxiliary
integrals are provided in the Appendix A):

Gqk = ξqδqk +
2λ2

S(k)λ
2
C(k)

‖ fk‖ ‖ fq‖
IG

(
λS(q), λS(k)

)
IG

(
λC(q), λC(k)

)
(31)

where ‖ fk‖ denote norms of the basis functions:

‖ fk‖ =

√
cosh2

(
λS(k)

)
+ cos2

(
λS(k)

)√
cosh2

(
λC(k)

)
+ cos2

(
λC(k)

)
.

The components of the load vector are calculated by Formula (29) if we assume s = 1.
Now, the Fourier coefficients gk can be calculated from the first matrix equation system

(28) using, for example, Cramer’s rule:

gk =
det Gk
det G

, Gk = G·(E − Ekk) +
n

∑
i=1

biEik. (32)

Here, E is the identity matrix, and Eij are so-called matrix units which have only one unit
component with indexes ij, while other components are zero.

Finally, the solution can be obtained by summing the basis functions with the calcu-
lated Fourier coefficients gk:

w̃n =
n

∑
k=1

det Gk
det G

f̃k(x̃, ỹ), wn =
pa4

D

n

∑
k=1

det Gk
det G

f̃k

( x
a

,
x
a

)
, w = lim

n→∞
wn. (33)

The above limit exists because the original infinite system is fully regular (see [93]). It
should be noted that the Formula (33), based on Cramer’s rule, are merely of academic
interest, while in numerical realization it is convenient to use more efficient algorithms of
matrix inverting.
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To illustrate the obtained solution model, calculations were performed for two types
of load function: uniform load, p̃ ≡ 1, and bump-function, which is defined within the
region Ω as polynomial function p̃ =

(
1 − x̃2)2(1 − ỹ2)2 and is zero outside of it. The

trial load function and its approximations by reduced Fourier sums are shown in Figure 4.
The purpose of these calculations is to show how the convergence rate of the sequence of
partial sums w̃n depends on the smoothness of the load function and its belonging to the
differential operator’s domain (obviously the first function does not belong to the domain,
whereas the second one belongs to it).

(a) Uniform load function, p̃ = 1 (b) Bump-function, p̃ =
(
1 − x̃2)2(1 − ỹ2)2

(c) Uniform load function, section x̃ = 0 (d) Bump-function, section x̃ = 0

Figure 4. Trial load functions and their reduced Fourier sums.

Results of these calculations are presented in Figures 5 and 6. Subfigures (a) contain
deflected shapes of plate. In subfigures (b), the inaccuracy functions for the corresponding
load functions are shown, which are defined as distributions of unbalanced transversal
forces absolute values:

δn =

∣∣∣∣∣ p̃ −
n

∑
k=1

gk∇2∇2 f̃k

∣∣∣∣∣.
Subfigures (c) give integral estimations of the inaccuracy functions versus the number of
accounted terms in reduced sums:

εn =

∣∣∣∣∣∣∣∣∣∣
1 −

n

∑
k=1

gk

1∫
−1

1∫
−1

∇2∇2 f̃k dx̃ dỹ

1∫
−1

1∫
−1

p̃ dx̃ dỹ

∣∣∣∣∣∣∣∣∣∣
.

In these subfigures, the orange points correspond to sums that are symmetric with respect
to the coordinates, i.e., with any term gk f̃k = gkũi(x̃)ũj(ỹ), they contain a symmetric term
gqũj(x̃)ũi(ỹ).
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(a) Plate deflections, w̃ (b) Inaccuracy, δn; n = 45 (c) Convergence diagram, εn

Figure 5. Test solutions for plate under uniform load.

(a) Plate deflections, w̃ (b) Inaccuracy, δn; n = 10 (c) Convergence diagram, εn

Figure 6. Test solutions for plate under bump-function load.

4. Solution of the Föppl–von Kármán System

Proceed to solving the Föppl-von Kármán boundary-value problems (14)–(18). As
above, we will represent the unknown functions w̃ and φ̃ as decompositions over basis
functions (24). However, in this case such expansions do not allow the boundary condi-
tions to be satisfied automatically. In order to overcome this difficulty, we augment the
decompositions by the solution of the specific boundary problem.

4.1. Auxiliary Boundary Problem

Consider a homogenous biharmonic equation with the following boundary conditions:

∇2∇2φ̃ = 0, (34)

∂2φ̃

∂x̃2

∣∣
ỹ=±1 = ψ1(x̃),

∂2φ̃

∂ỹ2

∣∣
x̃=±1 = ψ2(ỹ), (35)

∂2φ̃

∂x̃∂ỹ
∣∣
ỹ=1 = − ∂2φ̃

∂x̃∂ỹ
∣∣
ỹ=−1 = χ1(x̃),

∂2φ̃

∂x̃∂ỹ
∣∣
x̃=1 = − ∂2φ̃

∂x̃∂ỹ
∣∣
x̃=−1 = χ2(ỹ),

where ψ1, ψ2, χ1, χ2 are arbitrary square-integrable functions. The solution of this problem
can be found in the form of a sum:

φ̃ = φ̃0 + φ̃∗, (36)

where φ̃∗ meets inhomogeneous boundary conditions (35) but does not satisfy the homoge-
neous biharmonic Equation (34). Another summand φ̃0, instead, meets the homogeneous
boundary condition and inhomogeneous equation:

∇2∇2φ̃0 = −∇2∇2φ̃∗.

Thus, the sum (36) will represent the solution of the boundary problem (34) and (35).
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Taking into account symmetry relation (12), it is possible to simplify boundary
conditions (35):

∂2φ̃

∂x̃2

∣∣
ỹ=±1 = ψ(x̃),

∂2φ̃

∂ỹ2

∣∣
x̃=±1 = ψ(ỹ),

∂2φ̃

∂x̃∂ỹ
∣∣
ỹ=1 = − ∂2φ̃

∂x̃∂ỹ
∣∣
ỹ=−1 = χ(x̃),

∂2φ̃

∂x̃∂ỹ
∣∣
x̃=1 = − ∂2φ̃

∂x̃∂ỹ
∣∣
x̃=−1 = χ(ỹ),

where ψ is an even function, while χ is an odd one. In this case, the function φ̃∗ may be
presented as follows:

φ̃∗ = α0

(
x̃2

4
+

ỹ2

4

)
−

∞

∑
k=1

αk
π2k2 [cos(πkx̃) + cos(πkỹ)] (37)

+
∞

∑
k=1

2γk
π2k

{
cos
(

πỹ
2

)[
cos(πkx̃)− (−1)k

]
+ cos

(
πx̃
2

)[
cos(πkỹ)− (−1)k

]}
.

Substitution of this function in (35) results in expansions of functions ψ and χ into the
Fourier series:

∂2φ̃

∂x̃2

∣∣
ỹ=±1 =

α0

2
+

∞

∑
k=1

αk cos(πkỹ),
∂2φ̃

∂ỹ2

∣∣
x̃=±1 =

α0

2
+

∞

∑
k=1

αk cos(πkx̃),

∂2φ̃

∂x̃∂ỹ
∣∣
ỹ=±1 = ±

∞

∑
k=1

γk sin(πkx̃),
∂2φ̃

∂x̃∂ỹ
∣∣
x̃=±1 = ±

∞

∑
k=1

γk sin(πkỹ).

Thus, this solution allows one to satisfy any boundary conditions that may occur in the case
of the loading function from (12). In (37), the sums are represented in the most natural form;
however, for further derivation, it is convenient to separate the first term of the second sum
and renumber the coefficients:

φ̃∗ = α0

(
x̃2

4
+

ỹ2

4

)
−

∞

∑
k=1

αk
π2k2 [cos(πkx̃) + cos(πkỹ)]

+
2γ0

π2

{
cos
(

πỹ
2

)
[cos(πx̃) + 1] + cos

(
πx̃
2

)
[cos(πỹ) + 1]

}
+

∞

∑
k=1

2γk
π2(k + 1)

{
cos
(

πỹ
2

)[
cos(π(k + 1)x̃) + (−1)k

]
+ cos

(
πx̃
2

)[
cos(π(k + 1)ỹ) + (−1)k

]}
.

It is now necessary to define the function φ̃0 in such a way that the full solution (36)
satisfies the homogeneous biharmonic equation. In order to do this, this function will be
expressed as a series over basis functions f̃k:

φ̃0 =
∞

∑
k=1

ζk f̃k.
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Substitution of this expression and the boundary solution (37) into the biharmonic equation
leads to the following relation:

∞

∑
k=1

ζk∇2∇2 f̃k =
∞

∑
k=1

αkπ2k2[cos(πkx̃) + cos(πkỹ)]

− γ0
π2

8

[
cos
(πy

2

)
(25 cos πx + 1) + cos

(πx
2

)
(25 cos πy + 1)

]
−

∞

∑
k=1

γk
π2

8(k + 1)
cos
(πy

2

)[(
4(k + 1)2 + 1

)2
cos(π(k + 1)x) + (−1)k

]
−

∞

∑
k=1

γk
π2

8(k + 1)
cos
(πx

2

)[(
4(k + 1)2 + 1

)2
cos(π(k + 1)y) + (−1)k

]
.

As before, with projector operator Pq (27) and (30), one can transform the above relation to
an infinite-dimensional system of algebraic equations with respect to ζk, αk and γk:

∞

∑
k=1

ζk

⎛⎝ξqδqk +

1∫
−1

1∫
−1

2
∂4 f̃k

∂x̃2∂ỹ2 f̃q dx̃ dỹ

⎞⎠ =
∞

∑
k=1

αkπ2k2
1∫

−1

1∫
−1

[cos(πkx̃) + cos(πkỹ)] f̃q dx̃ dỹ

−γ0
π2

8

1∫
−1

1∫
−1

[
cos
(πy

2

)
(25 cos πx + 1) + cos

(πx
2

)
(25 cos πy + 1)

]
f̃q dx̃ dỹ

−
∞

∑
k=1

γk
π2

8(k + 1)

1∫
−1

1∫
−1

cos
(πy

2

)[(
4(k + 1)2 + 1

)2
cos(π(k + 1)x) + (−1)k

]
f̃q dx̃ dỹ

−
∞

∑
k=1

γk
π2

8(k + 1)

1∫
−1

1∫
−1

cos
(πx

2

)[(
4(k + 1)2 + 1

)2
cos(π(k + 1)y) + (−1)k

]
f̃q dx̃ dỹ,

and reduce it to a finite-dimensional one [92,93]. It is convenient to write the reduced
system in a matrix form:

ζ = G−1 ·
[
(A + B)·α +

(
C0 + D0

)
γ0 + (C + D)·γ

]
, (38)

where ζ, α, γ are vectors of corresponding Fourier coefficients, C0, D0 are auxiliary vec-
tors and A, B, C, D are auxiliary matrices. Recall that the components of the Galerkin
matrix, G, are presented by the relation (31). The components of other matrices can be
tersely expressed through the corresponding auxiliary integrals I0(. . .), . . . , I5(. . .) (see
Appendix A):

Aqk =
π2k2

‖ fq‖
[

I4

(
λS(q), k

)
− I5

(
λS(q), k

)]
I0

(
λC(q)

)
,

Cqk =
π2

8(k + 1) cosh
(

π
2
)
‖ fq‖

[
I2

(
λC(q),

π

2

)
− I3

(
λC(q),

π

2

)]
×
[(

I4

(
λS(q), k + 1

)
− I5

(
λS(q), k + 1

))(
4(k + 1)2 + 1

)2
+ (−1)k I0

(
λS(q)

)]
.

Here, the components of only two matrices are shown. Matrices B and D can be written
in a similar way to A and C, respectively, using the replacement of eigenvalues λS(q) by
λC(q) and vice versa. The components of vectors C0 and D0 can be obtained from the
corresponding components of C and D by assuming k is equal to zero:

C0
q = Cq0, D0

q = Dq0.
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Thus, the solution (36) is fully defined. Further, for brevity, we will use the following
notations:

φ̃∗
αk := − 1

π2k2 cos(πkx̃), φ̃∗
βk := − 1

π2k2 cos(πkỹ),

φ̃∗
γ0 :=

2
π2 cos

(
πỹ
2

)
[cos(πx̃) + 1], φ̃∗

δ0 :=
2

π2 cos
(

πx̃
2

)
[cos(πỹ) + 1],

φ̃∗
γk :=

2
π2(k + 1)

cos
(

πỹ
2

)[
cos(π(k + 1)x̃) + (−1)k

]
,

φ̃∗
δk :=

2
π2(k + 1)

cos
(

πx̃
2

)[
cos(π(k + 1)ỹ) + (−1)k

]
.

With this notation, the solution (37) takes the following form:

φ̃∗ = α0

(
x̃2

4
+

ỹ2

4

)
+ γ0

(
φ̃∗

γ0 + φ̃∗
δ0

)
+

∞

∑
k=1

[
αk

(
φ̃∗

αk + φ̃∗
βk

)
+ γk

(
φ̃∗

γk + φ̃∗
δk

)]
.

As an example, consider boundary-value problem (35) and the equation above (37)
with following boundary values (see Figure 7):

ψ(t) =
(

1 − t2
)2

, χ(t) = t
(

1 − t2
)2

.

The corresponding Airy function and stress distributions are shown in Figure 8.

(a) Normal stresses, σx̃x̃, σỹỹ (b) Tangent stresses, σx̃ỹ, σỹx̃

Figure 7. Stress functions.

(a) Airy stress function, φ̃ (b) Normal stresses, σxx (c) Tangent stresses, σxy, σyx

Figure 8. The Airy function and corresponding stress distributions.
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4.2. Plate with Movable Edges

Consider now the first main boundary-value problem (14)–(17) for a square plate. We
will seek the solution in the following form:

w̃ =
∞

∑
k=1

gk f̃k, φ̃ =
∞

∑
k=1

(sk + ζk) f̃k + φ̃∗. (39)

Due to the specificity of boundary conditions (17), the solution of the auxiliary boundary
problem can be significantly simplified:

φ̃∗ = α0

(
x̃2

4
+

ỹ2

4

)
+

∞

∑
k=1

αk

(
φ̃∗

αk + φ̃∗
βk

)
. (40)

Expressions for the coefficients of the other part of the auxiliary solution (38) can be written
in the following form:

ζ = G−1 ·(A + B)·α. (41)

Although Equation (14) are non-linear, the bilinearity of the Monge–Ampère form (3)
allows us to use the expansions (39) and (40) for reducing them to the system of alge-
braic equations:

∞

∑
k=1

gk

{
∇2∇2 f̃k −

α0
2

(
∂2 f̃k
∂ỹ2 +

∂2 f̃k
∂x̃2

)
−

∞

∑
r=1

[
(sr + ζr)L

(
f̃k, f̃r

)
+ αr L

(
f̃k, φ̃∗

αr + φ̃∗
βr

)]}
= p̃,

∞

∑
k=1

{
sk∇2∇2 f̃k + κgk

∞

∑
r=1

gr L
(

f̃k, f̃r
)}

= 0. (42)

Boundary conditions (15) and (17) are satisfied automatically due to an appropriate choice
of basis functions in (39) and (40). Apart from that, the symmetry of the problem allows
us to consider boundary conditions (16) satisfied if at least one of them is met. Then,
substituting (39) and (40) into, for example, the first condition from (16), we have

∞

∑
k=1

⎧⎨⎩
1∫

0

[
∂2

∂ỹ2

(
sk f̃k + ζk f̃k + αkφ̃∗

βk

)
− κgk

∞

∑
r=1

gr
∂ f̃k
∂x̃

∂ f̃r

∂x̃

]
dx̃

⎫⎬⎭+
α0

2
(1 − ν) = 0. (43)

As before, one can act on these equations by projector operator and reduce them to an
infinite-dimensional system of algebraic equations. For Equation (42) it is possible to use
operator (27):

∞

∑
k=1

gk

{
ξkδqk +

1∫
−1

1∫
−1

2
∂4 f̃k

∂x̃2∂ỹ2 f̃q dx̃ dỹ − α0

2

1∫
−1

1∫
−1

(
∂2 f̃k
∂ỹ2 +

∂2 f̃k
∂x̃2

)
f̃q dx̃ dỹ (44)

−
∞

∑
r=1

[
(sr + ζr)

1∫
−1

1∫
−1

L
(

f̃k, f̃r
)

f̃q dx̃ dỹ + αr

1∫
−1

1∫
−1

L
(

f̃k, φ̃∗
αr + φ̃∗

βr

)
f̃q dx̃ dỹ

]}
=

1∫
−1

1∫
−1

p̃ f̃q dx̃ dỹ,

∞

∑
k=1

{
sk

[
ξkδqk +

1∫
−1

1∫
−1

2
∂4 f̃k

∂x̃2∂ỹ2 f̃q dx̃ dỹ

]
+ κgk

∞

∑
r=1

gr

1∫
−1

1∫
−1

L
(

f̃k, f̃r
)

f̃q dx̃ dỹ

}
= 0.
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while boundary relation (43) should be subjected by the action of a one-dimensional
projector operator. Since an auxiliary part of the Airy function is presented through cosines,
it is convenient to use the projector operators with a cosine kernel:

F0(F(υ)) =
1∫

−1

F dυ, F c
q (F(υ)) =

1∫
−1

F cos(πqυ) dυ, q = 1 . . . ∞.

The action of these operators on the boundary relation results in

−κ
∞

∑
k=1

∞

∑
r=1

1∫
−1

1∫
0

gkgr
∂ f̃k
∂x̃

∂ f̃r

∂x̃
dx̃ dỹ + α0(1 − ν) = 0, (45)

∞

∑
k=1

⎧⎨⎩
1∫

−1

1∫
0

[
(sk + ζk)

∂2 f̃k
∂ỹ2 cos(πqỹ)− κgk

∞

∑
r=1

gr
∂ f̃k
∂x̃

∂ f̃r

∂x̃
cos(πqỹ)

]
dx̃ dỹ + αkδqk

⎫⎬⎭ = 0.

For solving systems (44) and (45), it is necessary to reduce it to a finite-dimensional
one. The application of the reduction method to an infinite system of linear equations is
validated by well-developed theory rooted in early works of Koyalovich [92,93]. However,
there is no rigorous foundation for its application to non-linear systems in the present. In
spite of this fact, the reduction method is widely used [16,67,70] and provides results in
good agreement with practice. “Why should I refuse a good dinner simply because I do
not understand the digestive processes involved?” (Oliver Heaviside).

So, applying the reduction method, one can transform (44) and (45) to the follow-
ing system: [

G − α0

2

(
Mα0 + Mβ0

)
− M ·(s + ζ)−

(
Mα + Mβ

)
·α
]
·g = b,

G·s + κ(M ·g)·g = 0, (46)

−κ
(

Uw0 ·g
)
·g + α0(1 − ν) = 0, U ·(s + ζ) + E·α − κ(Uw ·g)·g = 0,

where Mα0, Mβ0, Uw0, U are matrices n × n and Mα, Mβ, Uw, M are cubic matrices n ×
n × n, the expression for the components of which are presented in Table 3.

Table 3. Components of auxiliary structures (movable edges case).

Structure Components Expression

matrix Mα0
Mα0

qk =

−
λ2

C(k) IG

(
λC(q), λC(k)

)
‖ fk‖‖ fq‖

(
cos2

(
λS(k)

)
+ cosh2

(
λS(k)

))
δS(q)S(k)

matrix Mβ0
Mβ0

qk =

−
λ2

S(k) IG

(
λS(q), λS(k)

)
‖ fk‖‖ fq‖

(
cos2

(
λC(k)

)
+ cosh2

(
λC(k)

))
δC(q)C(k)

matrix Uw0
Uw0

qk =

λS(k)λS(q) IU

(
λS(q), λS(k)

)
2‖ fk‖‖ fq‖

(
cos2

(
λC(k)

)
+ cosh2

(
λC(k)

))
δC(q)C(k)

matrix U
Uqk = −

λ2
C(k)

(
I4

(
λC(k), q

)
+ I5

(
λC(k), q

))
I0

(
λS(k)

)
2‖ fk‖
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Table 3. Cont.

Structure Components Expression

cubic matrix M
Mqkr =

IM

(
λS(q), λS(k), λS(r), λC(q), λC(k), λC(r)

)
‖ fk‖‖ fr‖‖ fq‖

cubic matrix Mα

Mα
qkr = −

λ2
C(k) IM3

(
λS(q), λS(k), πr

)
IG

(
λC(q), λC(k)

)
‖ fk‖‖ fq‖ cosh(πr)

cubic matrix Mβ

Mβ
qkr = −

λ2
S(k) IM3

(
λC(q), λC(k), πr

)
IG

(
λS(q), λS(k)

)
‖ fk‖‖ fq‖ cosh(πr)

cubic matrix Uw
Uw

qkr =
λS(k)λS(r) IM3

(
λC(k), λC(r), πq

)
IU

(
λS(k), λS(r)

)
2‖ fk‖‖ fr‖ cosh(πq)

Turning now to the solution of the constructed finite-dimensional algebraic system.
With account of (41), exclude the auxiliary vector ζ from the last equation of (46):

U ·s +
[
U ·G−1 ·(A + B) + E

]
·α − κ(Uw ·g)·g = 0. (47)

Moreover, it is possible to express in turn vectors s, α and constant α0 from system (46)–(47):

s = −κ
(

G−1 ·M ·g
)
·g, α0 =

κ

1 − ν

(
Uw0 ·g

)
·g,

α = κ
[
U ·G−1 ·(A + B) + E

]−1
·
[(

U ·G−1 ·M + Uw
)
·g
]
·g,

and substitute them into the first equation of (46), then the whole system can be reduced to
the following system of cubic equations:

G·g − κ

[
(S·g)·g +

1
2(1 − ν)

((
Uw0 ·g

)
·g
)(

Mα0 + Mβ0
)]

·g = b. (48)

Here, S is the quadratic matrix with known components:

S = −M ·G−1 ·M +
[

M ·G−1 ·(A + B) + Mα + Mβ
]
·R,

where R is an auxiliary cubic matrix deriving through known matrices:

R =
[
U ·G−1 ·(A + B) + E

]−1
·
(

U ·G−1 ·M + Uw
)

.

Although calculation of even finite numbers of components of cubic matrix S requires some
rather cumbersome calculations, it does not present any insurmountable difficulties.

Remark 2. In general, the system of cubic equations allows multiple solutions, so it is usually
necessary to analyze the branching of them [94]. However, if the in-plane stresses are of tensile type,
the solution is unique [78,79].

To solve the cubic Equation (48), it is possible to use Newton’s method for linearizing
the equation at each iteration. Denote a non-linear algebraic operator in LHS of (48) as A:

A(g) := G·g − κ

[
(S·g)·g +

1
2(1 − ν)

((
Uw0 ·g

)
·g
)(

Mα0 + Mβ0
)]

·g.
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Let g0 be the initial value of the solution obtained from the linear problem (32) or as an
expansion of some approximate solution. Then, the cubic equation can be reduced to a
linear one in the neighbour of g0 as follows:

A(g) = A(g0) +
∂A
∂g

∣∣∣∣
g=g0

·(g − g0) + o(g − g0). (49)

where

∂A
∂g

∣∣∣∣
g=g0

=
n

∑
k=1

G·Ekk − κ
n

∑
k=1

{[(S·Ekk)·g0]·g0 + [(S·g0)·Ekk]·g0 + [(S·g0)·g0]·Ekk}

− κ

2(1 − ν)

n

∑
k=1

{[(
Uw0 ·Ekk

)
·g0 +

(
Uw0 ·g0

)
·Ekk

](
Mα0 + Mβ0

)
·g0

+
((

Uw0 ·g0

)
·g0

)(
Mα0 + Mβ0

)
·Ekk

}
.

4.3. Plate with Immovable Edges

Consider the second main boundary-value problem, defined by boundary condi-
tions (18) In this case the additional term appears in the right-hand side of (40):

φ̃∗ = [. . .] + γ0

(
φ̃∗

γ0 + φ̃∗
δ0

)
+

∞

∑
k=1

γk

(
φ̃∗

γk + φ̃∗
δk

)
.

Hereafter, we denote terms contained in corresponding equations in the previous case by
the symbol [. . .]. The first and the third equations of system (42) are modified as follows:

[. . .]−
∞

∑
k=1

gk

[
γ0L
(

fk, φ̃∗
γ0 + φ̃∗

δ0

)
+

∞

∑
r=1

γr L
(

fk, φ̃∗
γr + φ̃∗

δr

)]
= p̃,

[. . .] +
1∫

0

{
γ0

[
∂2

∂ỹ2

(
φ̃∗

γ0 + φ̃∗
δ0

)
− ν

∂2

∂x̃2 φ̃∗
δ0

]
+

∞

∑
k=1

γk

[
∂2

∂ỹ2

(
φ̃∗

γk + φ̃∗
δk

)
− ν

∂2

∂x̃2 φ̃∗
δk

]}
dx̃ = 0,

while the second equation remains unchangeable. Apart from that, this system must be
added by one more boundary condition equation:

[
α0
2
(1 − ν) + γ0

∂2φ̃∗
γ0

∂x̃2 +
∞

∑
k=1

(
(sk + ζk)

∂2 f̃k
∂x̃2 + αk

∂2φ̃∗
αk

∂x̃2 + γk
∂2φ̃∗

γk

∂x̃2 − ναk
∂2φ̃∗

βk

∂ỹ2

)]∣∣∣∣∣
x̃=1

= 0.

As in the previous case, projecting into basis functions with subsequent reduction allows
us to obtain a finite system of algebraic equations:[

G − α0

2

(
Mα0 + Mβ0

)
− γ0

(
Mγ0 + Mδ0

)
− M ·(s + ζ)

−
(

Mα + Mβ
)
·α −

(
Mγ + Mδ

)
·γ
]
·g = b,

G·s + κ(M ·g)·g = 0,

U ·(s + ζ) + E·α +
(

Uγ + Uδ1 − νUδ2
)
·γ + γ0

(
uγ + uδ1 − νuδ2

)
− κ(Uw ·g)·g = 0,

Vγ ·γ + V ·(s + ζ) + γ0vγ − νE·α = 0,(
uγ0 − νuδ0

)
·γ − κ

(
Uw0 ·g

)
·g + α0(1 − ν)− 2γ0

π
(1 − ν) = 0,

vγ0 ·γ + v0 ·(s + ζ) + vα0 ·α + α0(1 − ν) +
8γ0

π
= 0.
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Here, the additional vectors, matrices, and cubic matrices are used. The expressions for
components of some of it are presented in Table 4. Components of vectors uγ, uδ1, uδ2, vγ

and matrices Mγ0, Mδ0 can be found from corresponding matrices Uγ, Uδ1, Uδ2, Vγ and
cubic matrices Mγ, Mδ if we assume their last indexes as zero.

Table 4. Components of auxiliary structures (immovable edges case).

Structure Components Expression

vectors uγ0, uδ0
uγ0

q = uδ0
q = − 2(−1)q

π(q + 1)
vector vγ0

vγ0
q =

8(−1)q(q + 1)
π

vector vα0 vα0
q = 2(−1)q

vector v0
v0

q = −
2λ2

S(q) cos
(

λS(q)

)
cosh

(
λS(q)

)
I0

(
λC(q)

)
‖ fq‖

matrix Uγ
Uγ

qk =
2(−1)q+k

π(k + 1)(4q2 − 1)
matrix Uδ1 Uδ1

qk = −4qπ−1δq(k+1)

matrix Uδ2 Uδ2
qk = −(πq)−1δq(k+1)

matrix Vγ
Vγ

qk = −8(k + 1)(−1)q+k

π(4q2 − 1)

matrix V
Vqk =

−
2λ2

S(k) cos
(

λS(k)

)
cosh

(
λS(k)

)(
I4

(
λC(k), q

)
− I5

(
λC(k), q

))
‖ fk‖

cubic matrix Mγ

Mγ
qkr =

IB

(
λS(q), λS(k), λC(q), λC(k), r + 1

)
‖ fk‖‖ fq‖

cubic matrix Mδ

Mδ
qkr =

IB

(
λC(q), λC(k), λS(q), λS(k), r + 1

)
‖ fk‖‖ fq‖

Turn to solve this system. First, scalars γ0 can be expressed through other variables
as follows:

γ0 =−
{[

vα0 + v0 ·G−1 ·(A + B)
]
·α +

[
vγ0 + v0 ·G−1 ·(C + D)− uγ0 + νuδ0

]
·γ

+ κ
[(

Uw0 − v0 ·G−1 ·M
)
·g
]
·g
}[

2(5 − ν)

π
+ v0 ·G−1 ·

(
C0 + D0

)]−1

=: S0
γα ·α + S0

γγ ·γ +
(
S0

γg ·g
)
·g.

Further, one can express vector γ:

γ = −
[
V γ + V ·G−1 ·(C + D) +

(
vγ + V ·G−1 ·

(
C0 + D0

))
⊗ S0

γγ

]−1

·
{[(

vγ + V ·G−1 ·
(

C0 + D0
))

⊗ S0
γα + V ·G−1 ·(A + B)− νE

]
·α

+
(

vγ + V ·G−1 ·
(

C0 + D0
))((

S0
γg ·g

)
·g
)
− κ
(

V ·G−1 ·M ·g
)
·g
}

=: Sγα ·α +
(
Sγg ·g

)
·g + Tγg

(
S0

γg ·g
)
·g,

191



Symmetry 2025, 17, 32

where ⊗ is the Kronecker product for vectors, which assigns a matrix to a pair of vectors
by the following rule:

a ⊗ b := M, Mij = aibj.

Then α0, α:

α =

{
U ·G−1 ·

[
(A + B) + (C + D)·Sγα +

(
C0 + D0

)
⊗
(
S0

γγ ·Sγα + S0
γα

)]
+ E

+
(

Uγ + Uδ1 − νUδ2
)
·Sγα +

(
uγ + uδ1 − νuδ2

)
⊗
(
S0

γγ ·Sγα + S0
γα

)}−1

·
{[(

κU ·G−1 ·M − U ·G−1 ·(C + D)·Sγg −
(

Uγ + Uδ1 − νUδ2
)
·Sγg + κUw

−
(

U ·G−1 ·
(

C0 + D0
)
+
(

uγ + uδ1 − νuδ2
))

⊗ S0
γγ ·Sγg

)
·g
]
·g

−
[(

U ·G−1 ·(C + D) +
(

Uγ + Uδ1 − νUδ2
))

·Tγg

−
(

U ·G−1 ·
(

C0 + D0
)
+
(

uγ + uδ1 − νuδ2
))(

1 + S0
γγ ·Tγg

)](
S0

γg ·g
)
·g
}

=:
(
Sαg ·g

)
·g + Tαg

(
S0

γg ·g
)
·g,

α0 =
1

1 − ν

{[(
2
π
(1 − ν)

(
S0

γα ·Sαg + S0
γγ ·Sγα ·Sαg + S0

γγ ·Sγg + S0
γg

)
−
(

uγ0 − νuδ0
)
·
(
Sγα ·Sαg + Sγg

)
+ κUw0

)
·g
]
·g

+

[
2
π
(1 − ν)

(
S0

γα ·Tαg + S0
γγ ·Sγα ·Tαg + S0

γγ ·Tγg

)
−
(

uγ0 − νuδ0
)
·
(
Sγα ·Tαg + Tγg

))]
·
(
S0

γg ·g
)
·g
}

=:
(
S0

αg ·g
)
·g + T 0

αg

(
S0

γg ·g
)
·g.

After introducing a set of auxiliary structures S and T , one can simply reduce the full
system to the cubic system:

G·g −
[(

S̃·g
)
·g +

((
S0

γg ·g
)
·g
)

T̃
]
·g = b,

where S̃ is a quadric matrix:

S̃ =− κM ·G−1 ·M +
1
2

(
Mα0 + Mβ0

)
·S0

αg +
[

M ·G−1 ·(A + B) + Mα + Mβ
]
·Sαg

+
[

M ·G−1 ·(C + D) + Mγ + Mδ
]
·
(
Sγα ·Sαg + Sγg

)
+
[

M ·G−1 ·
(

C0 + D0
)
+ Mγ0 + Mδ0

]
·
(
S0

γα ·Sαg + S0
γγ ·Sγα ·Sαg + S0

γγ ·Sγg

)
and T̃ is a vector:

T̃ =
1
2
T 0

αg

(
Mα0 + Mβ0

)
+
[

M ·G−1 ·(A + B) + Mα + Mβ
]
·Tαg

+
[

M ·G−1 ·(C + D) + Mγ + Mδ
]
·
(
Sγα ·Tαg + Tγg

)
+
[

M ·G−1 ·
(

C0 + D0
)
+ Mγ0 + Mδ0

](
S0

γα ·Tαg + S0
γγ ·Sγα ·Tαg + S0

γγ ·Tγg + 1
)

As in the previous case, the obtained cubic equation can be linearized by a formula similar
to (49) and solved by Newton’s method.
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5. Numerical Results and Discussion

In order to verify the proposed solution, mechanical tests with thin, square, completely
clamped plates were carried out. The essence of tests is as follows. A plate initially
undergoes finite strain under given pressure p0 and then reloads by small increments of
additional pressure δp. Corresponding increments of normal deflections δw are determined
with holographic interferometry [95]. To this end, the plates, fixed in a square, thick-walled
steel chamber, were employed. The initial deformed state was considered a reference
and recorded on a reference hologram. Superimposing on it another hologram, recorded
after the increase in pressure, results in a fringe pattern that identifies contour lines of the
deflection increment field δw. Repeating these experiments for various initial pressures
and a number of incremental steps, one can obtain a comprehensive description of the
non-linear deformation at different levels of finite strains.

The physical and geometric parameters of the plate are given in Table 5.

Table 5. Plate parameters.

Length, cm Thickness, μm Young Modulus, GPa Poisson’s Ratio

6 184 128 0.35

Experimentally obtained fields of deflection increments were compared with the
results of calculations according to the proposed solution. Intermediate theoretical results
for initial pressure p0 = 3 kPa are shown in Figure 9. A comparison of theoretical and
experimental fields of deflection increments for three different initial pressures, p0 = 0,
p0 = 3 kPa, and p0 = 6 kPa, and additional loading with equal increments in 10 Pa, is
shown on the chart in Figure 10. On this chart, one can see experimentally and theoretically
obtained maximal deflections (in the center of the plate), represented in terms of contour
line quantities. This representation of the displacements is convenient for comparison with
the holographic experimental method, because in the latter we directly obtain contour lines
of the displacement with a step equal to half the measuring laser wavelength.

(a) Plate deflections, w (b) Incompatibility, L(w0, w0) (c) Airy stress function, φ

(d) Normal stresses, ∂2φ
∂y2 (e) Tangent stresses, − ∂2φ

∂x∂y (f) Dummy loading, q

Figure 9. Distributions for the elements of the solution at initial pressure 3 kPa without incremen-
tal loading.
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(a) δw, p0 = 0 (b) δw, p0 = 3, kPa (c) δw, p0 = 6 kPa

Figure 10. Experimental and theoretical deflections of the plate central point in terms of contour line
order (order increases by 1 when displacements increase by 266 nm).

A more detailed juxtaposition of the theoretical and experimental contours for the
5th and 8th steps of incremental loading is presented in Figure 11. The above results
demonstrate a good agreement between theoretical results, obtained with the Föppl-von
Kármán model and proposed solution, and the experimental data.

(a) δw, p0 = 0, δp = 50 Pa (b) δw, p0 = 0, δp = 80 Pa

(c) δw, p0 = 3 kPa, δp = 50 Pa (d) δw, p0 = 3 kPa, δp = 80 Pa

(e) δw, p0 = 6 kPa, δp = 50 Pa (f) δw, p0 = 6 kPa, δp = 80 Pa

Figure 11. Juxtaposition of theoretical and experimental deflections under different initial and
incremental pressure. Step of contour lines is taken to be equal to half laser wavelength (266 nm).

6. Conclusions

To sum up, we would like to highlight the key advantages of the proposed solution:

– The proposed solution, which reduces the boundary-value problem to the infinite-
dimensional system of cubic algebraic equations with coefficients determined an-
alytically via finite formula, can be an effective tool for modeling and design of
flexible plates.
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– The theoretical model accurately reproduces the tendency of the plate effective stiffness
increasing with the increasing of in-plane tensile stresses state. Note that compressive
in-plane stresses may decrease the effective stiffness even up to zero.

– The theoretical modeling shows a good agreement with the experiment. The com-
parison analysis demonstrates that the proposed solution allow us to describe plates
bending both quantitatively and qualitatively.
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Appendix A

The list of the auxiliary integrals using in the article is provided below (note that
parameter k is integer and ρ, ν, ξ satisfy transcendental equation tan(.) + tanh(.) = 0):

I0(ρ) =

1∫
−1

(cos(ρυ) cosh(ρ)− cos(ρ) cosh(ρυ))dυ =
4 sin(ρ) cosh(ρ)

ρ

I1(ρ, ν) = cos(ρ) cos(ν)
1∫

−1

cosh(ρυ) cosh(νυ)dυ

=

⎧⎪⎪⎨⎪⎪⎩
2 cosh(ρ) cosh(ν)(ρ sin(ρ) cos(ν)− ν sin(ν) cos(ρ))

ν2 − ρ2 ρ �= ν

ρ cos2(ρ)− sin(ρ) cos(ρ) cosh2(ρ)

ρ
ρ = ν

I2(ρ, ν) = cos(ρ) cosh(ν)
1∫

−1

cosh(ρυ) cos(νυ)dυ

=
2 cos(ρ) cosh(ν)(ρ sinh(ρ) cos(ν) + ν sin(ν) cosh(ρ))

ν2 + ρ2
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I3(ρ, ν) = cosh(ρ) cosh(ν)
1∫

−1

cos(ρυ) cos(νυ)dυ

=

⎧⎪⎪⎨⎪⎪⎩
−2 cosh(ρ) cosh(ν)(ρ sin(ρ) cos(ν)− ν sin(ν) cos(ρ))

ν2 − ρ2 ρ �= ν

ρ cosh2(ρ) + sin(ρ) cos(ρ) cosh2(ρ)

ρ
ρ = ν

I4(ρ, k) = cosh(ρ)
1∫

−1

cos(ρυ) cos(πkυ)dυ =
2(−1)kρ sin(ρ) cosh(ρ)

ρ2 − π2k2

I5(ρ, k) = cos(ρ)
1∫

−1

cosh(ρυ) cos(πkυ)dυ = −2(−1)kρ sin(ρ) cosh(ρ)
ρ2 + π2k2

I6(ρ, ν) = cos(ρ) cos(ν)
1∫

−1

sinh(ρυ) sinh(νυ)dυ

=

⎧⎪⎪⎨⎪⎪⎩
2 cosh(ρ) cosh(ν)(ρ cos(ρ) sin(ν)− ν cos(ν) sin(ρ))

ν2 − ρ2 ρ �= ν

−ρ cos2(ρ) + sin(ρ) cos(ρ) cosh2(ρ)

ρ
ρ = ν

I7(ρ, ν) = cos(ρ) cosh(ν)
1∫

−1

sinh(ρυ) sin(νυ)dυ

=
2 cosh(ρ) cosh(ν)(ρ cos(ρ) sin(ν) + ν cos(ν) sin(ρ))

ν2 + ρ2

I8(ρ, ν) = cosh(ρ) cosh(ν)
1∫

−1

sin(ρυ) sin(νυ)dυ

=

⎧⎪⎪⎨⎪⎪⎩
2 cosh(ρ) cosh(ν)(ρ cos(ρ) sin(ν)− ν cos(ν) sin(ρ))

ν2 − ρ2 ρ �= ν

ρ cosh2(ρ)− sin(ρ) cos(ρ) cosh2(ρ)

ρ
ρ = ν

I9(ρ, ν, ξ) = cosh(ρ) cosh(ν) cosh(ξ)
1∫

−1

cos(ρυ) cos(νυ) cos(ξυ)dυ

=
1
2

[
sin(ρ − ν − ξ)

ρ − ν − ξ
+

sin(ρ + ν − ξ)

ρ + ν − ξ
+

sin(ρ − ν + ξ)

ρ − ν + ξ
+

sin(ρ + ν + ξ)

ρ + ν + ξ

]
× cosh(ρ) cosh(ν) cosh(ξ)

I10(ρ, ν, ξ) = cos(ρ) cosh(ν) cosh(ξ)
1∫

−1

cosh(ρυ) cos(νυ) cos(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)(
ρ2 + (ν − ξ)2

)(
ρ2 + (ν + ξ)2

)
×
[

2ρνξ sin(ρ) sin(ν) sin(ξ) + ρ sin(ρ) cos(ν) cos(ξ)
(

ρ2 + ν2 + ξ2
)

− ν cos(ρ) sin(ν) cos(ξ)
(

ρ2 + ν2 − ξ2
)
− ξ cos(ρ) cos(ν) sin(ξ)

(
ρ2 − ν2 + ξ2

)]
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I11(ρ, ν, ξ) = cos(ρ) cos(ν) cosh(ξ)
1∫

−1

cosh(ρυ) cosh(νυ) cos(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)

(ρ2 − ν2)
2 + ξ2(2ρ2 + 2ν2 + ξ2)

×
[

2ρνξ sin(ρ) sin(ν) sin(ξ) + ρ sin(ρ) cos(ν) cos(ξ)
(

ρ2 − ν2 + ξ2
)

+ ν cos(ρ) sin(ν) cos(ξ)
(
−ρ2 + ν2 + ξ2

)
− ξ cos(ρ) cos(ν) sin(ξ)

(
ρ2 + ν2 + ξ2

)]

I12(ρ, ν, ξ) = cos(ρ) cos(ν) cos(ξ)
1∫

−1

cosh(ρυ) cosh(νυ) cosh(ξυ)dυ

=
1
2

[
sinh(ρ − ν − ξ)

ρ − ν − ξ
+

sinh(ρ + ν − ξ)

ρ + ν − ξ
+

sinh(ρ − ν + ξ)

ρ − ν + ξ
+

sinh(ρ + ν + ξ)

ρ + ν + ξ

]
× cos(ρ) cos(ν) cos(ξ)

I13(ρ, ν, ξ) = cosh(ρ) cosh(ν) cosh(ξ)
1∫

−1

cos(ρυ) sin(νυ) sin(ξυ)dυ

=
1
2

[
− sin(ρ − ν − ξ)

ρ − ν − ξ
+

sin(ρ + ν − ξ)

ρ + ν − ξ
+

sin(ρ − ν + ξ)

ρ − ν + ξ
− sin(ρ + ν + ξ)

ρ + ν + ξ

]
× cosh(ρ) cosh(ν) cosh(ξ)

I14(ρ, ν, ξ) = cos(ρ) cosh(ν) cosh(ξ)
1∫

−1

cosh(ρυ) sin(νυ) sin(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)(
ρ2 + (ν − ξ)2

)(
ρ2 + (ν + ξ)2

)
×
[

2ρνξ sin(ρ) cos(ν) cos(ξ) + ρ sin(ρ) sin(ν) sin(ξ)
(

ρ2 + ν2 + ξ2
)

+ ν cos(ρ) cos(ν) sin(ξ)
(

ρ2 + ν2 − ξ2
)
+ ξ cos(ρ) sin(ν) cos(ξ)

(
ρ2 − ν2 + ξ2

)]

I15(ρ, ν, ξ) = cosh(ρ) cos(ν) cosh(ξ)
1∫

−1

cos(ρυ) sinh(νυ) sin(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)

(ρ2 + ν2)
2 + ξ2(−2ρ2 + 2ν2 + ξ2)

×
[

2ρνξ sin(ρ) cos(ν) cos(ξ) + ρ sin(ρ) sin(ν) sin(ξ)
(

ρ2 + ν2 − ξ2
)

− ν cos(ρ) cos(ν) sin(ξ)
(

ρ2 + ν2 + ξ2
)
− ξ cos(ρ) sin(ν) cos(ξ)

(
−ρ2 + ν2 + ξ2

)]

I16(ρ, ν, ξ) = cos(ρ) cos(ν) cosh(ξ)
1∫

−1

cosh(ρυ) sinh(νυ) sin(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)

(ρ2 − ν2)
2 + ξ2(2ρ2 + 2ν2 + ξ2)

×
[

2ρνξ sin(ρ) cos(ν) cos(ξ)− ρ sin(ρ) sin(ν) sin(ξ)
(

ρ2 − ν2 + ξ2
)

− ν cos(ρ) cos(ν) sin(ξ)
(
−ρ2 + ν2 + ξ2

)
− ξ cos(ρ) sin(ν) cos(ξ)

(
ρ2 + ν2 + ξ2

)]
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I17(ρ, ν, ξ) = cosh(ρ) cos(ν) cos(ξ)
1∫

−1

cos(ρυ) sinh(νυ) sinh(ξυ)dυ

= − 2 cosh(ρ) cosh(ν) cosh(ξ)(
ρ2 + (ν − ξ)2

)(
ρ2 + (ν + ξ)2

)
×
[

2ρνξ sin(ρ) cos(ν) cos(ξ)− ρ sin(ρ) sin(ν) sin(ξ)
(

ρ2 + ν2 + ξ2
)

+ ν cos(ρ) cos(ν) sin(ξ)
(

ρ2 + ν2 − ξ2
)
+ ξ cos(ρ) sin(ν) cos(ξ)

(
ρ2 − ν2 + ξ2

)]

I18(ρ, ν, ξ) = cos(ρ) cos(ν) cos(ξ)
1∫

−1

cosh(ρυ) sinh(νυ) sinh(ξυ)dυ

=
1
2

[
sinh(ρ − ν − ξ)

ρ − ν − ξ
− sinh(ρ + ν − ξ)

ρ + ν − ξ
− sinh(ρ − ν + ξ)

ρ − ν + ξ
+

sinh(ρ + ν + ξ)

ρ + ν + ξ

]
× cos(ρ) cos(ν) cos(ξ)

IG(ρ, ν) = I3(ρ, ν)− I2(ρ, ν) + I2(ν, ρ)− I1(ρ, ν)

IU(ρ, ν) = I6(ρ, ν) + I7(ρ, ν) + I7(ν, ρ) + I8(ρ, ν)

IM1(ρ, ν, ξ) = I9(ρ, ν, ξ)− I10(ρ, ν, ξ) + I10(ν, ρ, ξ)− I10(ξ, ρ, ν)

− I11(ρ, ν, ξ) + I11(ρ, ξ, ν)− I11(ν, ξ, ρ) + I12(ρ, ν, ξ)

IM2(ρ, ν, ξ) = −I13(ρ, ν, ξ) + I14(ρ, ν, ξ)− I15(ρ, ν, ξ)− I15(ρ, ξ, ν)

+ I16(ρ, ν, ξ) + I16(ρ, ξ, ν)− I17(ρ, ν, ξ) + I18(ρ, ν, ξ)

IM3(ρ, ν, ξ) = I9(ρ, ν, ξ)− I10(ρ, ν, ξ)− I10(ν, ρ, ξ) + I11(ρ, ν, ξ)

IM4(ρ, ν, ξ) = I9(ρ, ν, ξ)− I10(ρ, ν, ξ) + I10(ν, ρ, ξ)− I11(ρ, ν, ξ)

IM5(ρ, ν, ξ) = I13(ρ, ν, ξ)− I14(ρ, ν, ξ) + I15(ρ, ν, ξ)− I16(ρ, ν, ξ)

IM(ρ1, ν1, ξ1, ρ2, ν2, ξ2) = ν2
1 ν2

2 IM1(ρ1, ν1, ξ1)IM1(ρ2, ν2, ξ2)

− 2ν1ν2ξ1ξ2 IM2(ρ1, ν1, ξ1)IM2(ρ2, ν2, ξ2)

+ ξ2
1ξ2

2 IM1(ρ1, ξ1, ν1)IM1(ρ2, ξ2, ν2)

IB(ρ1, ν1, ρ2, ν2, k) =
1

2k cosh(πk) cosh(π/2)

×
{

4k2ν2
2 IM3(ρ1, ν1, πk)IM4

(
ρ2, ν2,

π

2

)
+ ν2

1 IM4(ρ1, ν1, πk)IM3

(
ρ2, ν2,

π

2

)
− (−1)kν2

1 IG(ρ1, ν1)IM3

(
ρ2, ν2,

π

2

)
cosh(πk)

− 4kν1ν2 IM5(ρ1, ν1, πk)IM5

(
ρ2, ν2,

π

2

)}
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Abstract: The study of the mechanical behavior of functionally graded material (FGM)
sandwich plates under thermo-mechanical loading is of great significance for advanced
structural design. This study systematically verifies the applicability of the shear strain
functions proposed by Reddy and Touratier in the nonlinear bending analysis of porous
FGM sandwich plates. Using the existing four-variable shear deformation theory frame-
work, the governing equations are derived through the principle of minimum potential
energy, and the Navier method is applied for a numerical solution. For the first time,
the study systematically compared the effects of three different porosity distribution pat-
terns on dimensionless deflection, and verified the reliability of the model by comparing
it with literature data. The results demonstrate that the adopted shear strain functions
can accurately predict the influence of key parameters, including layer thickness ratio,
aspect ratio, side-to-thickness ratio, volume fraction index, and porosity, on the deflection
performance of sandwich plates. This research provides an important verification basis for
the theoretical analysis and engineering application of FGM sandwich plates, particularly
offering quantitative evidence for assessing the influence of porosity effects on theoretical
prediction accuracy.

Keywords: functionally graded materials; sandwich panels; thermal–mechanical loading;
porosity; Navier method

1. Introduction

Sandwich structures [1] have been widely applied in numerous fields, such as
aerospace, automotive industry, construction and civil engineering, shipbuilding and
marine engineering, and sustainable energy, due to their high strength, lightweight, and ex-
cellent compressive and flexural properties. In recent years, with the increasing demand for
extreme-environment engineering, porous functionally graded material (FGM) sandwich
panels have demonstrated unique advantages in the following areas: Aerospace: As a ther-
mal protection system for hypersonic vehicles, their gradient heat resistance can withstand
transient thermal shocks exceeding 1500 ◦C during atmospheric re-entry [2]. In aircraft,
FGM sandwich panels significantly reduce thermal stress concentration through gradient
pore design, improving the reliability of thermal protection systems. New energy vehicles:
Used in lightweight designs for battery pack brackets, achieving a balance between struc-
tural strength and heat dissipation efficiency through gradient porosity [3]. FGM sandwich
panels with a Pore Model (uniform distribution) exhibit excellent mechanical performance
under collision and thermal runaway scenarios. Biomedical: In bionic bone implants,
controllable porous structures can match the mechanical compatibility of human bones,
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reducing stress-shielding effects [4]. Gradient porosity designs promote bone cell growth
and nutrient transport, significantly improving the biocompatibility of implants. However,
as the complexity of industrial scenarios increases, traditional sandwich structures struggle
to meet reliability requirements under thermo-mechanical coupled loads.

Traditional sandwich structures are typically composed of two rigid and high-strength
outer panels with a relatively lightweight, low-density core layer in between, and are
bonded together using specific adhesives. This design has notable limitations: Due to the
significant difference in material properties between the panels and the core layer, large
interlayer stresses can easily develop during use, leading to delamination or even complete
separation of the layers. This issue significantly impacts the structural performance and
service life of the sandwich structure.

To address the issues associated with traditional sandwich panels, functionally graded
materials (FGM) [5] have been introduced into the design of sandwich structures. FGM is a
type of composite material with a non-uniform microstructure, composed of materials with
different properties (typically ceramics and metals), allowing for a continuous gradient
in material performance. Ceramic materials offer excellent heat resistance, while metal
materials provide good mechanical strength. As a result, FGM can simultaneously meet
the requirements for toughness and strength in complex environments (such as under large
temperature differentials). This characteristic significantly compensates for the shortcom-
ings of traditional sandwich panels, greatly enhancing their overall performance. In recent
years, research on the mechanical properties of FGM sandwich structures has developed
in three main directions: 1. Vibration and Buckling Characteristics Analysis: For example,
Swaminathan K. et al. [6] used the finite element method to reveal the sensitivity of porosity
to the vibration characteristics of FGM sandwich panels. Tran T. T. et al. [7] explored the
influence of porous layers on thermo-mechanical buckling based on higher-order shear
deformation theory. 2. Thermo-Mechanical Coupled Field Response Studies: Nguyen
et al. [8] developed a higher-order finite element model to analyze the nonlinear thermo-
mechanical behavior of bidirectional FGM sandwich panels. Zenkour et al. [9] and Mantari
et al. [7,10] solved thermoelastic bending problems using improved plate theories. 3. Manu-
facturing Defects and Performance Correlation: It is noteworthy that most existing research
focuses on ideal material assumptions (such as uniform porosity distribution). However,
the impact of porosity randomness in actual manufacturing processes (such as differences
in laser sintering [11] and powder metallurgy [12]) on performance has not yet been fully
quantified. Although Mechab et al. [13] and Wang et al. [14] have attempted to introduce
porosity variables, their research remains limited to single physical fields (pure mechanical
or pure thermal loads). There is a lack of literature systematically exploring the synergistic
effects of pore configuration and material gradients in thermo-mechanical coupled fields.
This gap significantly hinders the reliability assessment of porous FGM sandwich panels in
extreme environments, such as thermal shocks during spacecraft re-entry.

It is particularly important to note that the generation mechanism of pores is closely
related to the manufacturing process. For example, powder metallurgy [12] can adjust
porosity (0.1–15%) by controlling the packing density of metal/ceramic particles and
sintering parameters, but it tends to result in closed-pore structures. On the other hand, 3D
printing technology [15] can achieve directional open-pore configurations through layer-by-
layer deposition, but the pore distribution is significantly influenced by the printing path
and interlayer bonding strength. This process dependency means that porosity not only
exists as a material defect but can also become a new dimension for optimizing thermo-
mechanical performance through active design, such as gradient porosity [16]. However,
most current area, aerospace, as a core component of thermo-mechanical models [17,18],
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still simplifies porosity as a uniformly distributed parameter, failing to reflect the spatial
gradient characteristics and process constraints of porosity in actual manufacturing.

Based on this, this study focuses on the analysis of the nonlinear bending behavior of
porous functionally graded material (FGM) sandwich panels under thermo-mechanical
coupled loads. By incorporating refined shear deformation plate theory, a novel porous
FGM sandwich panel model is proposed to systematically investigate the effects of four
pore configurations on deflection characteristics. In this paper, the governing equations
are derived using the principle of minimum potential energy, and the Navier method is
employed to obtain the analytical solution of these equations under simply supported
boundary conditions. Additionally, a parametric study is conducted on the porous FGM
sandwich panels, thoroughly analyzing the effects of layer thickness ratio, aspect ratio,
edge thickness ratio, volume fraction index, and porosity on the deflection performance of
FGM sandwich panels under thermo-mechanical loads.

2. Model Establishment and Formula

This paper studies the porous functional gradient sandwich plate, which is a symmet-
rical structure composed of upper and lower surface layers of functional gradient materials
and a middle layer of ceramic material (as shown in Figure 1).

(a)

Proe 1 Proe 2 Proe 3
(b)

Figure 1. (a) Functionally graded sandwich panels, where a, b, and h are the length, width, and height,
respectively. (b) Porosity distribution model.

2.1. FMG Sandwich Panel

The lower surface layer transitions from metal (z = z1) to ceramic (z = z2), the upper
surface layer transitions from metal (z = z4) to ceramic (z = z3), and the middle layer (z2–z3)
is a ceramic layer. The volume fraction of ceramic in the functionally gradient sandwich
plate is [19] ⎧⎪⎪⎪⎨⎪⎪⎪⎩

V(1)
c (z) =

(
z−z1
z2−z1

)s
z ∈ [z1, z2]

V(2)
c (z) = 1 z ∈ [z2, z3]

V(3)
c (z) =

(
z−z4
z3−z4

)s
z ∈ [z3, z4]

(1)
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where V(1)
c , V(2)

c , and V(3)
c are the volume contents of the first, second, and third layers

of the sandwich panel, respectively. s is the volume fraction index, also known as the
gradient index.

2.2. Material Properties

Many porosity distribution models have been proposed by researchers to calculate
the material properties of porous functionally gradient sandwich panels. In this paper,
the following three porosity models are used for calculation, and the specific forms are as
follows [9,20–22].

Pore model 1:

p(z) = pc

(
Vc(z)−

xi
2

)
+ pm(Vm(z)−

xi
2
) (2)

Pore model 2:⎧⎪⎪⎨⎪⎪⎩
p(1) = pcVc

(1)(z) + pmVm
(1)(z)− log

(
1 + xi

2

)
(pc + pm)

(
1 − |2z−z2−z1|

z2−z1

)
p(2) = pcVc

(2)(z) + pmVm
(2)(z)

p(3) = pcVc
(3)(z) + pmVm

(3)(z)− log
(

1 + xi
2

)
(pc + pm)

(
1 − |2z−z4−z3|

z4−z3

) (3)

Pore model 3:⎧⎪⎪⎨⎪⎪⎩
p(1) = pcVc

(1)(z) + pmVm
(1)(z)− xi

2 (pc + pm)
(

1 − z−z2
z1−z2

)
p(2) = pcVc

(2)(z) + pmVm
(2)(z)

p(3) = pcVc
(3)(z) + pmVm

(3)(z)− xi
2 (pc + pm)

(
1 − z−z4

z3−z4

) (4)

where pc and pm represent the material properties of ceramic and metal (such as Young’s
modulus, Poisson’s ratio, thermal expansion coefficient, etc.). Vc and Vm represent the total
volume fraction of ceramic and metal, and their relationship always satisfies Vc + Vm = 1.
xi is the porosity.

2.3. Displacement and Shape Function

Based on the four-variable plate theory, with further assumptions. The lateral
displacement w is decomposed into a bending component wa and a shear component
wb (w = wa + wb)

The following displacement field is obtained [23]⎧⎪⎨⎪⎩
u(x, y, z) = u1(x, y)− z ∂wa

∂x − f (z) ∂wb
∂x

v(x, y, z) = v1(x, y)− z ∂wa
∂y − f (z) ∂wb

∂y

w(x, y, z) = wa(x, y) + wb(x, y)

(5)

Among them u, v, w are the displacements in the x, y, z directions, respectively; u1

and v1 are the tensile components in the x and y directions, respectively; wa and wb are
the bending and shear components, respectively; and f (z) is the shape function about z,
where f (z) = z − Ψ(z). In high-order shear deformation theory, the commonly used shape
functions Ψ(z) are:

Reissner [24]

Ψ(z) =
5z
4

(
1 − 4z2

3H2

)
(6)

Reddy [25]

Ψ(z) = z
(

1 − 4z2

3H2

)
(7)
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Touratier [26]

Ψ(z) =
h
π

sin
(πz

h

)
(8)

2.4. Constitutive Equation

The relationship between strain and displacement:

depends on ⎛⎜⎝εxx

εyy

εzz

⎞⎟⎠ =

⎛⎜⎝
∂u
∂x
∂v
∂y
∂w
∂z

⎞⎟⎠,

⎛⎜⎝γxy

γyz

γxz

⎞⎟⎠ =

⎛⎜⎝
∂v
∂x + ∂u

∂y
∂w
∂y + ∂v

∂z
∂w
∂x + ∂u

∂z

⎞⎟⎠ (9)

obtains ⎛⎜⎝εxx

εyy

γxy

⎞⎟⎠ =

⎛⎜⎜⎝ ε
(0)
xx

ε
(0)
yy

γ
(0)
xy

⎞⎟⎟⎠+ z

⎛⎜⎝κa
xx

κa
yy

κa
xy

⎞⎟⎠+ f (z)

⎛⎜⎝κb
xx

κb
yy

κb
xy

⎞⎟⎠, εzz = 0

(
γxz

γyz

)
= [1 − f ′(z)]

(
γ
(2)
xz

γ
(2)
yz

) (10)

while ⎛⎜⎝ε1
xx

ε1
yy

γ1
xy

⎞⎟⎠ =

⎛⎜⎝
∂u1
∂x
∂v1
∂y

∂u1
∂y + ∂v1

∂x

⎞⎟⎠,

⎛⎜⎝κ1
xx

κ1
yy

κ1
xy

⎞⎟⎠ = −

⎛⎜⎜⎝
∂2wa
∂x2

∂2wa
∂y2

2 ∂2wa
∂x∂y

⎞⎟⎟⎠
⎛⎜⎝κ2

xx
κ2

yy

κ2
xy

⎞⎟⎠ = −

⎛⎜⎜⎝
∂2wb
∂x2

∂2wb
∂y2

2 ∂2wb
∂x∂y

⎞⎟⎟⎠,

(
γ1

xz
γ1

yz

)
=

(
∂wb
∂x

∂wb
∂y

) (11)

Adding the thermal effect, the relationship between the stress component and the
deformation component is

⎛⎜⎜⎜⎜⎜⎝
σxx

σyy

τyz

τxz

τxy

⎞⎟⎟⎟⎟⎟⎠

(s)

=

⎡⎢⎢⎢⎢⎢⎣
a11 a12 0 0 0
a12 a22 0 0 0
0 0 a44 0 0
0 0 0 a55 0
0 0 0 0 a66

⎤⎥⎥⎥⎥⎥⎦

(s)⎛⎜⎜⎜⎜⎜⎝
εxx − αT
εyy − αT

γyz

γxz

γxy

⎞⎟⎟⎟⎟⎟⎠

(s)

(s = 1, 2, 3)

(12)

where

a(s)11 = a(s)22 =
E(s)(z)

1 −
(
�(s)
)2 , a(s)12 = ϑ(s)a(s)11 ,a(s)44 = a(s)55 = a(s)66 =

E(s)(z)
2
(
1 + �(s)

) (13)

where E, ϑ, and α are Young’s modulus, Poisson’s ratio, and thermal expansion coefficient
of the porous functionally graded sandwich plate, respectively.

2.5. Governing Equations

The deformation potential energy of the sandwich plate is

U = 1
2

∫
V

[
σ
(s)
xx (εxx − αT) + σ

(s)
yy
(
εyy − αT

)
+ τ

(s)
xy γ

(s)
xy + τ

(s)
xz γ

(s)
xz + τ

(s)
yz γ

(s)
yz

]
dV

(s = 1, 2, 3)
(14)
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The work performed by the external force is

W =
∫

Ω
qwdΩ (15)

According to the principle of minimum potential energy

δU − δW = 0 (16)

Substituting Equations (11), (15), and (16) into (17) and integrating z, we obtain:∫
Ω

[
Nxxδε1

xx + Nyyδε1
yy + Nxyδγ1

xy + Ma
xxδκ1

xx + Ma
yyδκ1

yy + Ma
xyδκ1

xy

+Mb
xxδκ2

xx + Mb
yyδκ2

yy + Mb
xyδκ2

xy + Qb
xzδκ2

xz + Qb
yzδκ2

yz

]
dΩ

−
∫

Ω qδw(δwa + δwb)dΩ = 0

(17)

In the formula⎡⎢⎣Nxx Nyy Nxy

Ma
xx Ma

yy Ma
xy

Mb
xx Mb

yy Mb
xy

⎤⎥⎦ =
3

∑
n=1

∫ zn+1

zn

⎛⎜⎝ 1
z

f (z)

⎞⎟⎠(σxx σyy σxy

)(s)
dz (18)

[
Qb

xz
Qb

yz

]
=

3

∑
n=1

∫ zn+1

zn

[
1 − f ′(z)

](τxz

τyz

)(s)

dz (19)

Substituting (12) into (18) and integrating by parts, and setting the coefficients before
δu1, δv1, δw1, δw2 to zero, the equilibrium equation can be derived:

δu1 : ∂Nxx
∂x +

∂Nxy
∂y = 0

δv1 : ∂Nxy
∂x +

∂Nyy
∂y = 0

δwa : ∂2 Ma
xx

∂x2 + 2
∂2 Ma

xy
∂x∂y +

∂2 Ma
yy

∂y2 + q = 0

δwb : ∂2 Mb
xx

∂x2 + 2
∂2 Mb

xy
∂x∂y +

∂2 Mb
yy

∂y2 + ∂Qb
xz

∂x +
∂Qb

yz
∂y + q = 0

(20)

Substituting (11) and (13) into (19) and (20), we obtain:⎛⎜⎝ N
Ma

Mb

⎞⎟⎠ =

⎡⎢⎣A B C
B D G
C G H

⎤⎥⎦
⎛⎜⎝ε1

κa

κb

⎞⎟⎠−

⎛⎜⎝ NT

MaT

MbT

⎞⎟⎠[
Q2

yz

Q2
xz

]
=

[
E44 0
0 E55

](
γ2

yz

γ2
xz

) (21)

where

N =

⎛⎜⎝Nxx

Nyy

Nxy

⎞⎟⎠Ma =

⎛⎜⎝Ma
xx

Ma
yy

Ma
xy

⎞⎟⎠Mb =

⎛⎜⎝Mb
xx

Mb
yy

Mb
xy

⎞⎟⎠ (22)

NT =

⎛⎜⎝NT
x

NT
y

0

⎞⎟⎠
T

MaT =

⎛⎜⎝MaT
x

MaT
y

0

⎞⎟⎠
T

MbT =

⎛⎜⎝MbT
x

MbT
y

0

⎞⎟⎠
T

(23)

ε1 =

⎛⎜⎝ε1
xx

ε1
yy

γ1
xy

⎞⎟⎠κa =

⎛⎜⎝κa
xx

κa
yy

κa
xy

⎞⎟⎠κb =

⎛⎜⎝κb
xx

κb
yy

κb
xy

⎞⎟⎠ (24)
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and

A =

⎛⎜⎝A11 A12 0
A12 A22 0
0 0 A66

⎞⎟⎠B =

⎛⎜⎝B11 B12 0
B12 B22 0
0 0 B66

⎞⎟⎠A1 =

⎛⎜⎝A1
11 A1

12 0
A1

12 A1
22 0

0 0 A1
66

⎞⎟⎠
C =

⎛⎜⎝C11 C12 0
C12 C22 0
0 0 C66

⎞⎟⎠D =

⎛⎜⎝D11 D12 0
D21 D22 0

0 0 D66

⎞⎟⎠A2 =

⎛⎜⎝B1
11 B1

12 0
B1

12 B1
22 0

0 0 B1
66

⎞⎟⎠
(25)

The coefficients and E44, E55 in the above matrix are expressed as:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

A11 A12 A66

B11 B12 B66

A1
11 A1

12 A1
66

C11 C12 C66

A2
11 A2

12 A2
66

D11 D12 D66

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

3
∑

s=1

∫ zs+1
zs

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
z
z2

f (z)
z f (z)
f 2(z)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(

a(s)11 a(s)12 a(s)66

)
dz

(E44
E55

) =
3
∑

s=1

∫ zz
s+1

zs
[1 − f ′(z)](

a(s)44

a(s)55
)dz

(26)

The part of Equation (22) related to the heat load can be written as:(
NT

x MaT
x MbT

x
NT

Y MaT
Y MbT

y

)
=

3

∑
s=1

∫ zs

zs−1

(
(a11 + a12)αT
(a12 + a22)αT

)(s)
( 1 z f (z))dz (27)

The temperature field used in this paper is as follows [17,27,28]:

T(x, y, z) = T1(x, y) +
z
h

T2(x, y) +
Ψ(z)

h
T3(x, y) (28)

2.6. Closed-Form Solution of Functionally Graded Sandwich Panels

This paper considers a simply supported rectangular functionally gradient sandwich
plate with length, width, and height of a, b, and h, respectively.

The boundary conditions for the four simply supported sides are as follows:

x = 0, a: v1 = wa = wb = 0, ∂wa
∂y = ∂wb

∂y = 0, Nxx = Ma
xx = Mb

xx = 0

y = 0, b: u1 = wa = wb = 0, ∂wa
∂x = ∂wb

∂x = 0, Nyy = Ma
yy = Mb

yy = 0

The force load and temperature field borne by the plate are both double-sinusoidal
distributions:

q = q0sin(λx)sin(�y) (29)⎛⎜⎝T1

T2

T3

⎞⎟⎠ =

⎛⎜⎝t1

t2

t3

⎞⎟⎠sin(λx)sin(�y) (30)

Among them q0, t1, t2, t3 are constants and λ = π
a , � = π

b .
Using the Navier solution, the displacement expression is taken as follows:⎛⎜⎜⎜⎝

u1

v1

wa

wb

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
U cos(λx) sin(�y)
V sin(λx) cos(�y)
Wa sin(λx) sin(�y)
Wb sin(λx) sin(�y)

⎞⎟⎟⎟⎠ (31)
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In the formula U, V, Wa, and Wb are all unknown constants.
Substituting (31) and (32) into the operator equation, we can obtain:

[Θ][Δ] =
[


]

(32)

where {Δ} =
{

U V Wa Wb

}T

The elements of the symmetric stiffness matrix [Θ] are

Θ11 = A11λ2 + A66�
2

Θ12 = λ�(A12 + A66)

Θ13 = −λ
[
B1

11λ2 +
(

B1
12 + 2B1

66
)
�2]

Θ14 = −λ
[
C1

11λ2 +
(
C1

12 + 2C1
66
)
�2]

Θ22 = A66λ2 + A66�
2

Θ23 = −�
[
B1

22�
2 +
(

B1
12 + 2B1

66
)
λ2]

Θ24 = −�
[
C11�

2 + (C12 + 2C66)λ
2]

Θ33 = A1
11λ4 + 2

(
A1

12 + 2A1
66
)
λ2�2 + A1

22�
4

Θ34 = D11λ4 + 2(D12 + 2D66)λ
2�2 + D22�

4

Θ44 = A2
11λ4 + 2

(
A2

12 + 2A2
66
)
λ2�2 + A2

22�
4 + E44�

4 + E55λ4

The elements of the generalized force vector {
} are


1 = −λ
(

ATt1 + BTt2 +
aBTt3

)

2 = −�

(
ATt1 + BTt2 +

aBTt3
)


3 = q0 + h
(
λ2 + �2)(BTt1 + DTt2 +

aDTt3
)


4 = q0 + h
(
λ2 + �2)(CTt1 + FTt2 +

aFTt3
)

and {
AT , BT , DT} =

3
∑

s=1

∫ zs+1
zs

E(s)(z)

1−(�(s))(2)
(

1 + �(s)
)

α(s)
{

1, z, z2}dz{
aBT , aDT

}
=

3
∑

s=1

∫ zs+1
zs

E(s)(z)

1−(�(s))(2)
(

1 + �(s)
)

α(s)Ψ(z){1, z}dz{
CT , FT , aFT

}
=

3
∑

s=1

∫ zs+1
zs

E(s)(z)

1−(�(s))(2)
(

1 + �(s)
)

α(s) f (z)
{

1, z, Ψ(z)
}

dz

(33)

In the equation (z = z
h , f (z) = f (z)

h , Ψ(z) = Ψ(z)
h ).

Finally, the displacement field can be obtained using Equation (33).

3. Model Validation and Numerical Results

In this summary, specific material parameter values are cited to verify the accuracy
of the proposed method, and the effects of volume content, size, temperature variation,
thermal–mechanical loading and porosity on the bending problem of functionally graded
sandwich panels are analyzed.

The functionally graded sandwich panel materials used in this Section are shown in
Table 1.

Table 1. Material properties of ceramics and metals in functionally graded materials.

Material E ϑ α (10−6/K)

Al 70 0.3 23
ZrO2 117 1/3 7.11
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Unless otherwise specified, the following parameters are used in this paper: a = b,
a/h = 10, q0 = 100, t1 = 0, t2 = 100, t3 = 100. The shape function adopts Reissner, and
the pore structure adopts pore one.

In this paper, the dimensionless deflection is [28]

w =
103

q0a4/(E0h3) + 103α0t2a2/h
w
(

a
2

,
b
2

)
(34)

where E0 = 1GPa, α0 = 10−6/K.
The structure of the functionally graded sandwich panel can be represented by the

thickness of each layer. Several thicknesses are used in this paper as shown in Table 2.

Table 2. Layer thickness ratio.

Type 1-0-1 1-1-1 1-2-1 2-1-2

z1 − h
2 − h

2 − h
2 − h

2
z2 0 − h

6 − h
4 − h

10
z3 0 h

6
h
4

h
10

z4
h
2

h
2

h
2

h
2

In this Section, three different Reissner Reddy Touratier type functions are used to
calculate the dimensionless deflection of functionally gradient sandwich plates (without
pores/with pores) under thermal–mechanical loads with different layer thickness ratios and
different gradient indices. The dimensionless deflection of functionally graded sandwich
panels with different volume fractions and different layer thickness ratios under thermal–
mechanical loads. And the porosity value is between [0, 0.3], because the porosity of metal–
ceramic functionally gradient materials (FGMs) is usually determined by the preparation
process (such as powder metallurgy, and gradient sintering). A large number of studies
have shown that due to the change in composition gradient and incomplete densification
during sintering, the porosity of actual FGM materials is generally controlled at 0–30%, so
the porosity xi is taken as 0, 0.1, 0.15, 0.2, and 0.25, to cover typical working conditions
and systematically analyze the influence of porosity. In order to verify the accuracy of
the model, this paper degenerates the functionally graded sandwich panels with pores
into functionally graded sandwich panels without pores. The results corresponding to the
three types of functions are compared with the FSDPT and SSDPT in the literature [29].
The solutions obtained in this paper are all close to the results of FSDPT and SSDPT. The
calculation results are shown in Table 3.

It can be seen from Table 3 that, under the condition of a given layer thickness ratio,
the dimensionless deflection of the functionally gradient sandwich plate increases with
the increase in the gradient index s. This is because as the gradient index s increases, the
ceramic content in the functionally gradient material layer gradually decreases, resulting
in a decrease in the overall stiffness of the material, which in turn causes an increase in the
dimensionless deflection. In addition, the results obtained by solving the Reissner-type
function are within 0.3% of the results in the literature [29] (FSDPT), the results obtained by
solving the Reddy-type function are within 1.5% of the results in the literature [29] (SSDPT),
and the results of the Touratier-type function are between FSDPT and SSPPT, thus verifying
the accuracy and reliability of the proposed method.

It can be seen from Table 4 that (1) When the porosity is zero, the deflection values of
the three different pore structures are the same. This is because when the porosity is zero,
the four pore structure models all degenerate into a pore-free model, and their material
parameters are completely consistent, so the corresponding dimensionless deflections are
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also the same. (2) Under the conditions of a given volume fraction and the same layer
thickness ratio, the deflection variation trends of different pore structures are different as
the porosity increases. Specifically, the dimensionless deflection of pore 1 decreases with
the increase in porosity, while the dimensionless deflections of pores 2 and 3 increase with
the increase in porosity. This phenomenon can be explained by the following mechanical
mechanisms: (1) Stress Redistribution Effect: Pore distribution patterns alter the stress
transfer paths. Pore Structure 1 (uniform distribution) promotes uniform stress dispersion,
whereas Pore Structures 2 (gradient distribution) and 3 (interface clustering) induce local-
ized stress concentrations (e.g., in gradient transition zones or interfaces), thereby reducing
overall structural stiffness. (2) Effective Stiffness Variation: The presence of pores reduces
the effective stiffness of the material, but the extent of this reduction depends on the distri-
bution pattern. Pore Structure 1 uniformly weakens global stiffness, leading to decreased
deflection with porosity (possibly due to a “pre-relaxation” effect from uniform pores). In
contrast, Pore Structures 2 and 3 exhibit abrupt local stiffness changes caused by gradient
or clustered distributions, exacerbating bending deformation. (3) Neutral Axis Shift: Pore
distribution modifies the neutral axis position of the sandwich plate. Pore Structure 2 shifts
the neutral axis toward the denser side, causing an imbalance in stiffness between tensile
and compressive zones. Pore Structure 3 induces a sudden neutral axis shift at interfaces,
generating additional bending moments and increasing deflection. (4) Local Buckling
Modes: Gradient or clustered distributions in Pore Structures 2 and 3 may trigger local
buckling (e.g., gradient buckling or interface buckling), while uniformly distributed Pore
Structure 1 primarily exhibits global buckling. The differing sensitivity of these buckling
modes to deflection accounts for the observed divergence.

Table 3. Dimensionless deflection of functionally graded sandwich panels at different volume fraction
indices (a/h = 10, xi = 0).

¯
w

s theory 1-0-1 1-1-1 2-1-2 3-1-3
0 paper [29] (SSDPT) 0.79678 0.79678 0.79678 0.79678

paper [29] (FSDPT) 0.89573 0.89573 0.89573 0.89573
Reissner 0.89543 0.89543 0.89543 0.89543
Reddy 0.80817 0.80817 0.80817 0.80817

Touratier 0.79678 0.79678 0.79678 0.79678
1 paper [29] (SSDPT) 1.06284 1.01126 1.03621 1.04502

paper [29] (FSDPT) 1.19072 1.13244 1.16056 1.17053
Reissner 1.19411 1.13626 1.16425 1.17414
Reddy 1.07769 1.02537 1.05067 1.05961

Touratier 1.06284 1.01126 1.03621 1.04503
2 paper [29] (SSDPT) 1.12160 1.06809 1.09609 1.10517

paper [29] (FSDPT) 1.25730 1.19570 1.22776 1.23823
Reissner 1.25988 1.19991 1.23130 1.24148
Reddy 1.13730 1.08291 1.11135 1.12058

Touratier 1.12161 1.06809 1.09609 1.10517
3 paper [29] (SSDPT) 1.14165 1.09231 1.11979 1.12808

paper [29] (FSDPT) 1.28074 1.22323 1.25504 1.26472
Reissner 1.28228 1.22701 1.25781 1.26709
Reddy 1.15769 1.10748 1.13542 1.14386

Touratier 1.14166 1.09231 1.11979 1.12808
5 paper [29] (SSDPT) 1.15441 1.11266 1.13799 1.14485

paper [29] (FSDPT) 1.29610 1.24683 1.27649 1.28462
Reissner 1.29653 1.24976 1.27816 1.28584
Reddy 1.17072 1.12815 1.15395 1.16095

Touratier 1.15441 1.11266 1.13799 1.14485
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Table 4. Dimensionless deflection of porous symmetric functionally graded sandwich panels with
different porosities (s = 2).

Volume
Fraction

Type
Function

Pore 1 Pore 2 Pore 3

xi = 0 xi = 0.1 xi = 0.15 xi = 0.2 xi = 0.1 xi = 0.15 xi = 0.2 xi = 0.1 xi = 0.15 xi = 0.2

1-0-1 Reissner 1.25988 1.13080 1.06891 1.00894 1.34635 1.74373 2.10809 1.69370 1.93663 2.19699
Reddy 1.13730 1.02173 0.96640 0.91285 1.23730 1.59340 1.92076 1.52665 1.74501 1.97919

Touratier 1.12161 1.00781 0.95335 0.90065 1.21230 1.56145 1.88216 1.50507 1.72012 1.95071
1-1-1 Reissner 1.19991 1.06955 1.00671 0.94549 1.96094 2.53031 3.14298 1.95532 2.41580 2.93388

Reddy 1.08291 0.96610 0.90985 0.85512 1.77430 2.28917 2.84568 1.76210 2.17677 2.64404
Touratier 1.06809 0.95305 0.89766 0.84377 1.74727 2.25191 2.79569 1.73655 2.14463 2.60409

1-2-1 Reissner 1.14440 1.01349 0.95018 0.88834 2.27972 3.14814 4.21453 2.22296 2.96961 4.31152
Reddy 1.03269 0.91533 0.85863 0.80328 2.05833 2.84445 3.83492 2.00441 2.67823 3.95517

Touratier 1.01858 0.90298 0.84713 0.79263 2.02737 2.79849 3.75552 1.97388 2.63628 3.85594
2-1-2 Reissner 1.23130 1.10156 1.03918 0.97856 1.74183 2.19808 2.66548 1.82628 2.17166 2.54937

Reddy 1.11135 0.99514 0.93934 0.88517 1.58252 1.99484 2.41851 1.64575 1.95646 2.29660
Touratier 1.09609 0.98166 0.92671 0.87340 1.55618 1.95974 2.37354 1.62233 1.92825 2.26299

These findings demonstrate that the influence of pore distribution patterns on the
mechanical behavior of sandwich plates extends beyond porosity magnitude. The spatial
configuration of pores decisively governs structural performance by modifying stress
fields, stiffness distributions, and buckling modes. This conclusion provides a theoretical
foundation for the active design of gradient porosity in engineering applications.

Table 5 lists the dimensionless deflection of FMG sandwich panels under thermal–
mechanical loads with different layer thickness ratios when the edge thickness ratio a/h is
5, 10, 15, 20, and 25. It can be seen that (1) When the layer thickness ratio of the sandwich
panel is constant, as the edge thickness ratio a/h increases, the calculated dimensionless
deflection w decreases. (2) When the edge thickness ratio (a/h) of the sandwich panel is
constant, the deflection of different layer thickness ratios increases with the increase in
ceramic content, and the corresponding dimensionless deflection w decreases. And the
thickness ratio of each layer to the ceramic content is (1-0-1 > 2-1-2 > 1-1-1 > 1-2-1).

Table 5. Dimensionless deflection of porous FMG sandwich panels at different edge thickness ratios
and layer thickness ratios (s = 2, xi = 0.25).

a/h 1-0-1 1-1-1 1-2-1 2-1-2

5 0.97698 0.91263 0.85449 0.94628
10 0.95104 0.88597 0.82799 0.91982
15 0.91489 0.84979 0.79257 0.88346
20 0.87513 0.81010 0.75378 0.84352
25 0.83659 0.77166 0.71623 0.80482

Table 6 lists the dimensionless deflection of FMG sandwich panels under thermal–
mechanical loads with different layer thickness ratios when the aspect ratio a/b = 1, 2, 3, 4,
and 5. It can be seen that when the layer thickness ratio of the sandwich panel is constant, as
the aspect ratio (a/b) increases, the calculated dimensionless deflection w gradually decreases,
especially when a/b > 1, the decrease in dimensionless deflection increases significantly.

Table 6. Dimensionless deflection of porous FMG sandwich panels with different aspect ratios and
layer thickness ratios (s = 2, xi = 0.25).

a/b 1-0-1 1-1-1 1-2-1 2-1-2

1 0.95100 0.88600 0.82800 0.91980
2 0.36770 0.34340 0.32150 0.35610
3 0.18190 0.17030 0.15960 0.17640
4 0.10670 0.10010 0.09401 0.10360
5 0.06973 0.06564 0.06177 0.06780
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Parameter Analysis

In this subsection, the deflection distribution of sandwich plates along the x and y
axes, the influence of the edge thickness ratio a/h, the aspect ratio a/b, the volume fraction
index s, and the porosity xi on the dimensionless deflection of different types of sandwich
plates, and the influence of temperature on the dimensionless deflection are studied.

Figure 2 shows the distribution of dimensionless deflection along the x and y axes
when the volume fraction index s = 2. Figure 3 shows the dimensionless deflection of
the porous FMG sandwich plate as the edge thickness ratio a/h changes under the action
of different volume fraction exponents s when the porosity xi = 0.25. Figure 4 shows the
dimensionless deflection of the porous FMG sandwich plate as the aspect ratio a/b changes
under the action of different volume fraction exponents s when the porosity xi = 0.25.
Figure 5 shows the dimensionless deflection of the porous FMG sandwich plate as the
edge thickness ratio a/h changes under the action of different porosities xi when the
volume fraction index s = 2. Figure 6 shows that when the volume fraction index s = 2, the
dimensionless deflection of the porous FMG sandwich plate varies with the aspect ratio
a/b under different porosities xi. Figure 7 shows the effect of thermal load and mechanical
load on dimensionless deflection when the volume fraction index s = 2 and porosity xi =
0.15.

(a) (b)

Figure 2. (a) Dimensionless deflection distribution along the X axis. (b) Dimensionless deflection
distribution along the Y axis.

From Figure 2, it can be observed that (1) The dimensionless deflection is symmetrically
distributed along both the x axis and the y axis. This symmetry reflects the uniform load-
bearing characteristics of the sandwich plate under simply supported boundary conditions
and also validates the consistency between the geometric symmetry of the model and the
boundary conditions. (2) By combining Figure 2a,b, it is found that under simply supported
conditions, the maximum deflection of the sandwich plate is located at (2/a, 2/b) of the
plate. This result indicates that the sandwich plate experiences the highest bending stress
in the central region, which aligns with the deflection distribution patterns in classical plate
theory under simply supported boundary conditions. Furthermore, the location of the
maximum deflection provides valuable insights for stress concentration analysis in critical
areas of engineering design, such as optimizing the layout of support points in aerospace
thermal protection systems.
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Figure 3. Variations in the dimensionless deflection of a porous FMG sandwich plate with edge
thickness ratio under different volume fraction index k (xi = 0.25).

Figure 4. Cont.
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Figure 4. Variations in the dimensionless deflection of a porous FMG sandwich plate with aspect
ratio under different gradient index s (xi = 0.25).

Figure 5. Variations in the dimensionless deflection of a porous FMG sandwich plate with edge
thickness ratio under different porosity xi (s = 2).
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Figure 6. Variations in the dimensionless deflection of a porous FMG sandwich plate with aspect
ratio under different porosity xi (s = 2).

(a) (b)

Figure 7. (a) Effect of different edge thickness ratios on the dimensionless deflection of FMG sandwich
panels under mechanical and thermal loading. (b) Effect of different lengths and widths on the
dimensionless deflection of FMG sandwich panels under mechanical and thermal loads.

From Figure 3, it can be observed that (1) When the porosity xi = 0.25, the dimen-
sionless deflection w of the porous functionally graded sandwich plate under different
volume fraction exponents s shows that, regardless of the layer thickness ratio structure,
the deflection reaches its maximum value at s = 7. This phenomenon may be related to the
reduced stiffness caused by intensified material gradient variations at high volume fraction
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exponents, indicating a significant decline in the bending performance of the sandwich
plate under extreme gradient conditions. This finding provides important guidance for
the selection of volume fraction exponents in engineering design. (2) When the porosity is
constant, regardless of the specific value of the volume fraction exponent k, the dimension-
less deflection w of the sandwich plate shows a decreasing trend with an increasing edge
thickness ratio. This result suggests that increasing the edge thickness ratio can effectively
enhance the overall stiffness of the sandwich plate, thereby reducing deflection. This law
provides a theoretical basis for structural optimization in engineering practice.

As can be seen from Figure 4: (1) When the porosity xi = 0.2, the dimensionless
deflection w of the porous functional gradient sandwich plate under the action of different
volume fraction index s shows that, regardless of the aspect ratio structure, the deflection
reaches the maximum value when the volume fraction index s = 7. This phenomenon may
be related to the reduction in stiffness caused by the intensified material gradient change
under a high-volume fraction index, indicating that the bending resistance of the sandwich
plate is significantly reduced under extreme gradient conditions. (2) When the porosity is
constant, regardless of the volume fraction index, the dimensionless deflection w of the
sandwich plate shows a downward trend with the increase in the aspect ratio. This result
shows that increasing the aspect ratio within a certain range can effectively improve the
overall stiffness of the sandwich plate, thereby reducing the deflection.

It can be seen from Figure 5 that (1) The deflection is maximum when the porosity
xi = 0, and the deflection is minimum when the porosity xi = 0.25. (2) It can be seen
that when the porosity is between 0 and 0.25, the deflection of the functionally gradient
sandwich plate decreases with the increase in the edge thickness ratio (a/h). This rule shows
that increasing the edge thickness ratio can effectively improve the bending resistance of
the sandwich panel and thus reduce the deflection.

Figure 6 shows that (1) It is found that the deflection is maximum when the porosity
xi = 0, and minimum when the porosity xi = 0.25. This result further validates the sig-
nificant impact of porosity on the stiffness of the sandwich plate, providing theoretical
support for porosity optimization in material design. (2) It is also found that when the
porosity is between 0 and 0.25, the deflection of the functionally gradient sandwich plate
decreases with the increase in the aspect ratio (a/b), and the deflection values tend to
be similar. This phenomenon shows that the increase in the aspect ratio within a certain
range can significantly improve the overall stiffness of the sandwich panel and thus reduce
the deflection.

It can be seen from Figure 7 that Figure 7a shows the effect of the edge thickness ratio
(a/h) of the functionally gradient sandwich plate (s = 2, xi = 0.15) containing pores (1-2-1)
on the dimensionless deflection. (1) The dimensionless deflection of the sandwich plate
that only bears a thermal load is larger, and the dimensionless deflection of the sandwich
plate that only bears a mechanical load is smaller. (2) When thermal–mechanical loads
are included (q0 = t2 = t3 = 100 and q0 = t2 = 100, t3 = 50), the deflections are between
those when only mechanical loads are considered and those when only thermal loads
are considered. Moreover, the deflection of thermal–mechanical loads decreases with
the increase in the edge thickness ratio (a/h). (3) For sandwich plates subjected only to
mechanical loads, the deflection value does not change much when a/h ≥ 10. (4) By
comparing (a) and (b), it is found that the aspect ratio (a/b) has a more significant effect on
the dimensionless deflection of sandwich plates than the edge thickness ratio (a/h).

4. Conclusions

In this paper, a more accurate higher-order shear deformation theory incorporating
porosity is applied to investigate the deflection of functionally graded sandwich plates
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under thermo-mechanical loading. The governing equations are derived based on the
principle of minimum potential energy and solved using Navier’s method, yielding an
analytical solution for simply supported functionally graded sandwich plates with porosity.
In the numerical examples Section, the porous model is reduced to zero porosity and
compared with results from the literature. Subsequently, a detailed investigation was
conducted on the influence of layer thickness ratio, aspect ratio, edge thickness ratio,
volume fraction index, and porosity on the deflection performance of functionally graded
sandwich plates under thermo-mechanical loading. The proposed theory involves only
four unknown variables, which significantly reduces the computational effort compared to
other theories requiring five or six unknown variables, thereby substantially improving
computational efficiency.

The main findings are as follows:

1. Under a given layer thickness ratio, the dimensionless deflection of the functionally
graded sandwich plate increases with the rise in the gradient index s.

2. For a given volume fraction and identical layer thickness ratio, the deflection trends of
different pore structures vary with increasing porosity. Specifically, the dimensionless
deflection of Pore Type 1 decreases as porosity increases, whereas the dimension-
less deflections of Pore Type 2 and Pore Type 3 exhibit an increasing trend with
higher porosity.

3. At a given porosity level, regardless of the specific value of the volume fraction index
s, the dimensionless deflection w of the sandwich plate decreases with increasing
edge thickness ratio or aspect ratio.

4. For a fixed gradient index, irrespective of the porosity xi within the range [0, 0.3], the
dimensionless deflection w of the sandwich plate decreases as the edge thickness ratio
or aspect ratio increases.

5. Compared to mechanical loading and thermal loading, the dimensionless deflection
under thermal loading alone is greater than that under mechanical loading alone.

6. Under thermo-mechanical loading, the deflection of the functionally graded sandwich
plate is significantly more sensitive to changes in the aspect ratio than to variations in
the edge thickness ratio.

7. By adjusting the gradient index and porosity of the sandwich panel, the bending
stiffness of the structure can be improved without significantly increasing the weight.
For example, in aerospace applications, the optimized design of the gradient index
can effectively alleviate thermal stress concentration while reducing the amount of
material used; in new energy vehicle battery brackets, the gradient porosity design
can balance structural strength and heat dissipation efficiency, thereby extending
battery life.

Author Contributions: Z.H., Writing—Review and editing, Funding; Y.C., Writing—original draft,
Visualization; X.W., Data curation, F.C., Validation. All authors have read and agreed to the published
version of the manuscript.

Funding: This research was funded by the Natural Science Foundation of China (11862007, 52265020).

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.

218



Symmetry 2025, 17, 327

References

1. Guo, H.; Yuan, H.; Zhang, J.; Ruan, D. Review of sandwich structures under impact loadings: Experimental, numerical and
theoretical analysis. Thin Walled Struct. 2024, 196, 111541. [CrossRef]

2. Alkunte, S.; Fidan, I.; Naikwadi, V.; Gudavasov, S.; Ali, M.A.; Mahmudov, M.; Hasanov, S.; Cheepu, M. Advancements and
Challenges in Additively Manufactured Functionally Graded Materials: A Comprehensive Review. J. Manuf. Mater. Process. 2024,
8, 23. [CrossRef]

3. Nguyen-Van, V.; Peng, C.; Liu, J.; Tran, P.; Nguyen-Xuan, H. Performance evaluations of functionally graded porous structures.
In Machine Learning Aided Analysis Design and Additive Manufacturing of Functionally Graded Porous Composite Structures; Elsevier:
Amsterdam, The Netherlands, 2024; pp. 315–346.

4. Mechab, I.; Mechab, B.; Benaissa, S.; Serier, B.; Bouiadjra, B.B. Free vibration analysis of FGM nanoplate with porosities resting
on Winkler Pasternak elastic foundations based on two-variable refined plate theories. J. Braz. Soc. Mech. Sci. Eng. 2016, 38,
2193–2211. [CrossRef]

5. Zenkour, A.M. Hygrothermal effects on the bending of angle-ply composite plates using a sinusoidal theory. Compos. Struct. 2012,
94, 3685–3696. [CrossRef]

6. Thai, H.T.; Vo, T.P. A new sinusoidal shear deformation theory for bending, buckling, and vibration of functionally graded plates.
Appl. Math. Model. 2013, 37, 3269–3281. [CrossRef]

7. Mahi, A.; Tounsi, A. A new hyperbolic shear deformation theory for bending and free vibration analysis of isotropic, functionally
graded, sandwich and laminated composite plates. Appl. Math. Model. 2015, 39, 2489–2508. [CrossRef]

8. Mantari, J.L.; Granados, E.V. A refined FSDT for the static analysis of functionally graded sandwich plates. Thin Walled Struct.
2015, 90, 150–158. [CrossRef]

9. Thai, C.H.; Kulasegaram, S.; Tran, L.V.; Nguyen-Xuan, H. Generalized shear deformation theory for functionally graded isotropic
and sandwich plates based on isogeometric approach. Comput. Struct. 2014, 141, 94–112. [CrossRef]

10. Mantari, J.L.; Monge, J.C. Buckling, free vibration and bending analysis of functionally graded sandwich plates based on an
optimized hyperbolic unified formulation. Int. J. Mech. Sci. 2016, 119, 170–186. [CrossRef]

11. Nguyen, T.N.; Thai, C.H.; Nguyen-Xuan, H. A novel computational approach for functionally graded isotropic and sandwich
plate structures based on a rotation-free meshfree method. Thin Walled Struct. 2016, 107, 473–488. [CrossRef]

12. Swaminathan, K.; Hirannaiah, S.; Rajanna, T. Vibration and stability characteristics of functionally graded sandwich plates
with/without porosity subjected to localized edge loadings. Mech. Based Des. Struct. Mach. 2023, 51, 6254–6292. [CrossRef]
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Abstract: In this paper, the effects of laying angle on the stress distribution and stiffness
degradation of glass epoxy laminates with symmetrical cracks are systematically studied
by variational analysis and numerical simulation. Based on the principle of minimum
complementary energy, the control equation was established and solved using MATLAB
programming. The stress field and stiffness attenuation characteristics of 90◦-layer crack
density (CD = 0.5 cr/mm) and laminates with different angles [θm/90n]s were analyzed.
The results show that the crack significantly aggravates the stress concentration effect, and
when the laying angle exceeds 45◦, the crack growth rate and stiffness degradation rate
are significantly improved. Specifically, when the laying angle is 30◦ and L1/t1 = 50, the
stiffness degradation rate (Ex/Ex0) of the laminates only decreases to 0.987, while when
the laying angle increases to 60◦ and L1/t1 = 3, the stiffness degradation rate suddenly
decreases to 0.754 under the same conditions, indicating that small-angle laying (<45◦)
can effectively alleviate local stress concentration and delay stiffness degradation. By
comparing the experimental data of existing references, the model error is verified to be
less than 1%, and the reliability of the method is confirmed. It is further proposed that
in the design of symmetrical laminated plates, the crack propagation resistance can be
significantly optimized by controlling the laying angle of the main bearing layer in the
range of 30◦~45◦, which provides a quantitative basis for crack suppression and structural
life improvement in engineering.

Keywords: symmetrically cracked laminates; laying angle; variational analysis; stress
distribution; stiffness degradation

1. Introduction

Composite laminates are widely used in aerospace, automotive manufacturing, marine
engineering, and other high-performance structures due to their light weight, high strength,
flexible design, and excellent corrosion resistance. As a typical composite material [1], glass
epoxy is composed of glass fiber and epoxy matrix. Glass fiber has the characteristics of high
strength and high modulus, which endows the composite with good mechanical properties
and enables it to withstand large loads. The epoxy has excellent adhesion and chemical
resistance, which can effectively bond the glass fibers together, ensuring the integrity of the
composite material and protecting the fibers from the external environment. The material
structure of this paper is shown in Figure 1. However, complex environments and external
load conditions will lead to cracks, delamination, and other damage to the laminated
plate, which will not only change the stress distribution of the composite material, but
also significantly reduce its structural stiffness and bearing capacity, thus threatening the
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safety and reliability of engineering structures. In order to ensure the long-term stability
of laminates [2] under actual working conditions, it is particularly important to study the
influence of cracks on the mechanical properties of laminates.

Figure 1. Glass epoxy laminate structure.

In recent years, many researchers have carried out research on the mechanical behavior
and stiffness degradation of laminates with cracks. Through variational stress analysis
and experimental verification, Fikry et al. revealed [3] the influence of matrix cracks
on the stiffness degradation of fiber-reinforced polymer (FRP) laminates with different
off-axis angles. Ramezani et al. [4] demonstrated that the addition of carbon nanofibers
(CNFs) can effectively inhibit crack propagation in the matrix of fiber polymer compos-
ites and significantly reduce the crack density and stiffness degradation. Ghadami [5]
proposed a new anisotropic nonlinear multi-scale damage model based on the TALREJA
method. Experimental verification showed that the model is significantly better than the
existing theories for stress–strain prediction and reference state optimization. Chaupa [6]
used five different convolutional neural network (CNN) models with transfer learning
techniques to discriminate whether randomly oriented chopped glass fiber composite
laminates were damaged or not. Fakoor [7] predicted the critical angle between fiber
and crack directions in orthotropic materials through stress series expansion and numer-
ical methods, combined with experimental validation, thereby establishing a theoretical
foundation for preventing stiffness degradation and catastrophic failure. Farrokhabadi [8]
calculated the changes in the mechanical properties of symmetric laminates in the presence
of matrix cracks by considering the equivalent damage layer and using the relationships of
classical laminate theory (CLT). Mohammadi [9] used the variational method to simulate
the damage state and verified the propagation of matrix crack with experiments. Pakdel
et al. [10] established an energy-based criterion for predicting the distribution pattern of
matrix cracks in laminates under uniaxial tensile loading with competitive damage modes.
Qi, Wenxuan et al.’s research [11] is based on the continuum damage mechanics (CDM)
theory; the proposed model is effective and reliable in predicting the occurrence and evolu-
tion of matrix cracks and the corresponding stiffness degradation in composite laminates
under fatigue loading. Rezaei Jafari [12] quantitatively predicted the dynamic association
between stiffness degradation and strain energy release rate during crack propagation
in a sub-matrix by developing an energy-based analytical model with a crack-closure
technique. Kassapoglou et al. [13] proposed a model to accurately calculate the stress of
the matrix crack layer under a combined strain state. Based on the energy density criterion,
the predicted crack spacing is in good agreement with the test results. Yuan, Mingqing
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et al. [14] proposed a data-driven method to predict the stiffness degradation of cross-ply
laminates with matrix cracking, which provides an efficient method for the optimization
of damage and the mechanical properties of composites. Zhang et al. [15] proposed that
the shear stress of laminates varies linearly within a 90◦ layer. Berthelot [16] argues that
the relationship between the longitudinal displacement of the laminate and the transverse
coordinate is quadratic within the 90◦ layer and that the scaling factor of this relationship is
an exponential function of the transverse crack density. M. Kashtalyan et al. [17] proposed
an improved two-dimensional shear lag analysis method. Relevant scholars have discussed
the stiffness degradation for calculating the internal stress field of cracked laminates using
the shear lag model and its modified model and the energy principle [18], and described the
stiffness degradation [19–21] process. In subsequent studies, scholars have continuously
explored and summarized the variational method [22,23], which is used to determine the
stress field of cross-laminated plates with cracks [24,25] present in 90◦ layers under tensile
and shear loads [26].

In this paper, the general expression of the stress component is obtained through
the boundary conditions of the damage analysis element and the equilibrium differential
equation, and the governing equation and supplementary equation are established using
the variation in the minimum complementary energy principle. Programming calculations
are undertaken with MATLAB2021. We calculate and analyze cracks under ideal conditions,
calculating the normal stress distribution and the change in the stiffness degradation [27]
of 90◦ laminated plates. By citing the models of other researchers and comparing the
experimental results, the accuracy of this model is verified.

2. Mathematical Modeling and Theoretical Formulation

2.1. Analysis Unit Model

In symmetrical laminates [θm/90n]s, the upper and lower θ layers have the same
mechanical properties, while the middle 90◦ layer has different mechanical properties due
to having different ply angles. Under the action of load, the transverse cracks in the 90◦

layer will be evenly distributed along the main direction until they penetrate the entire
90◦ layer of the laminate. Therefore, the cracks in the angle-ply symmetric laminate have
periodicity in the main direction. Select the volume element RVE in the damaged area,
as shown in Figure 2. t1 = nt0 and t2 = mt0 are the thickness of the 90◦ layer and the θ

layer. Subscripts 1 and 2 represent the 90◦ layer and the θ layer, respectively. The distance
between the two cracks is 2L1. h = t1 + t2. The laminate is laid in sequence from top to
bottom at θ, 90◦, and θ, and has upper and lower symmetry in the structure. Therefore,
only the upper half of the volume element needs to be studied (z ≥ 0).

Figure 2. Model of cracked element.
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2.2. Boundary Conditions and Representations of the Stress Components

At the boundary x = ±L1, the tensile stress and shear stress of layers (1) and (2) meet
the resultant force of

t1 σ
(1)
x

∣∣∣
x=±L1

+ t2 σ
(2)
x

∣∣∣
x=±L1

= hσx (1)

t1 τ
(1)
xy

∣∣∣
x=±L1

+ t2 τ
(2)
xy

∣∣∣
x=±L1

= 0 (2)

The superscripts (1) and (2) in the formula represent the 90◦ layers and θ layers,
respectively. σx is the average tensile stress.

For an open crack, the axial tensile stress σx at the boundary of x = ±L1, and layers
(1) and (2) under tensile load are

σ
(1)
x

∣∣∣
x=±L1

= 0 (3)

τ
(1)
xy

∣∣∣
x=±L1

= 0 (4)

From Equations (1) and (2), we obtain

σ
(2)
x

∣∣∣
x=±L1

=
h
t2

σx (5)

τ
(2)
xy

∣∣∣
x=±L1

= 0 (6)

According to the requirements of symmetry, the out-of-plane shear stress on the
middle plane (z = 0) of the laminated plate is 0; that is,

τ
(1)
xz

∣∣∣
Z=0

= τ
(1)
yz

∣∣∣
Z=0

= 0 (7)

On the surface (z = h) of the laminate, the normal tensile stress and out-of-plane shear
stress are 0; that is,

σ
(2)
z

∣∣∣
Z=h

= τ
(2)
xz

∣∣∣
Z=h

= τ
(2)
yz

∣∣∣
Z=h

= 0 (8)

The element is subjected to tensile load. At the boundary, the out-of-plane shear stress
is 0; that is,

τ
(1)
xz

∣∣∣
x=±L1

= τ
(2)
xz

∣∣∣
x=±L1

= 0 (9)

Since the RVE material and load are uniformly distributed in the y direction, the stress
component is assumed to be a binary function that depends only on x and z. Combined
with Equations (1)–(9) and their interlaminate stress continuity conditions, the general
expressions of the layer (1) and (2) stress components in the damage element can be
deduced as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ
(1)
x = − 1

t1
L1σx ϕ(s)

σ
(1)
y = 1

t1
L1σxφ(s)

σ
(1)
z = 1

2 (h − z2

t1
) 1

L1
σx ϕ′′ (s)

τ
(1)
zx = z

t1
σx ϕ′(s)

τ
(1)
zy = z

t1
σxψ′(s)

τ
(1)
xy = − 1

t1
L1σxψ(s)

(10)

224



Symmetry 2025, 17, 495

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ
(2)
x = 1

t2
L1σx ϕ(s)

σ
(2)
y = − 1

t2
L1σxφ(s)

σ
(2)
z = (h−z)2

2t2
1
L1

σx ϕ′′ (s)

τ
(2)
zx = h−z

t2
σx ϕ′(s)

τ
(2)
zy = h−z

t2
σxψ′(s)

τ
(2)
xy = 1

t2
L1σxψ(s)

(11)

where ϕ(s), ψ(s), φ(s) is an independent pending function. Substituting Equation (10) and
Equation (11) into the boundary conditions of Equations (1)–(9), respectively, we can obtain

ϕ(s)|s=±1 = ϕ′(s)
∣∣
s=±1 = ψ(s)|s=±1 = 0 (12)

2.3. Governing and Supplementary Equations and Their Solutions

For the hyperstatic boundary, the variational method with governing equations and
supplementary equations is equivalent to the variational analysis under natural boundary
conditions. According to the principle of minimum complementary energy,

δU = δ
2

∑
i=1

U(i) = 0 (13)

where U is the total residual energy of the laminated plate, and the superscript (i) is the (i)
layer of the single-layer plate.

U =
∫ L1

−L1

∫ t1

0
μ(1)dzdx +

∫ L1

−L1

∫ h

t1

μ(2)dzdx (14)

in which

μ(i) =
1
2
[σ

(i)
x ε

(i)
x + σ

(i)
y ε

(i)
y + σ

(i)
z ε

(i)
z + τ

(i)
zx γ

(i)
zx + τ

(i)
zy γ

(i)
zy + τ

(i)
xy γ

(i)
xy ](i = 1, 2) (15)

where εx, εy, εz, γzx, γzy, and γxy are normal and shear strain components.
Substituting Equations (10) and (11) into (15) and applying Hooke’s law and

Equation (13) to give non-zero δϕ, δψ, δφ, the governing equation can be obtained.

A11 ϕ′′′′ (s) + B11 ϕ′′ (s) + C11 ϕ(s) + B12ψ′′ (s) + C12ψ(s) + B13φ′′ (s) + C13φ(s) + λ1λ = D1 (16)

B21 ϕ′′ (s) + C21 ϕ(s) + B22ψ′′ (s) + C22ψ(s) + C23φ(s) + λ2λ = D2 (17)

B31 ϕ′′ (s) + C31 ϕ(s) + C32ψ(s) + C33φ(s) + λ3λ = D3 (18)

According to Equation (18), we can obtain an equation that uses the sum of functions
to express functions

φ(s) =
D3

C33
− 1

C33
[B31 ϕ′′ (s) + C31 ϕ(s) + C32ψ(s)] (19)

Based on the basic theory of linear differential equations, the solution of non-
homogeneous linear differential equations is composed of the general solution of its
corresponding homogeneous equations and the special solution of non-homogeneous
equations, and the general solution of general exponential function (Cers) is assumed to be
the following form: ∣∣∣∣∣a11r4 + b11r2 + c11 b12r2 + c12

b21r2 + c21 b22r2 + c22

∣∣∣∣∣ = 0 (20)
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According to Equation (20), the characteristic equation has three pairs of positive and
negative characteristic roots, which are recorded as ±rj, j = 1, 2, 3.

The eigenvector
⇀

D(j) = [D(j)1 1]T can be obtained from the following equation:

(a11r4
j + b11r2

j + c11)D(j) = −(b12r2
j + c12) (21)

Combined with the general solution of the secondary equations and the special so-
lution and eigenvector of the non-homogeneous equations, the following results can
be obtained:

ϕ(s) =
3
∑

j=1
(Kje

rjs + K−je
−rjs)D(j)1 + ϕ∗

ψ(s) =
3
∑

j=1
(Kje

rjs + K−je
−rjs) + ψ∗

(22)

For different roots, where Kj and K−j are unknown constants, j = 1, 2, 3, and ϕ∗ and
ψ∗ are undetermined constants, respectively.

According to the boundary conditions of Kj = K−j, Equation (26) can be rewritten as

ϕ(s) =
3
∑

j=1
AjD(j)1 cosh(rjs) + ϕ∗

ψ(s) =
3
∑

j=1
Aj cosh(rjs) + ψ∗

(23)

where Aj = 2Kj.
According to Equation (12),

ϕ(1) =
3

∑
j=1

AjD(j)1 cosh(rj) + ϕ∗ = 0 (24)

ψ(1) =
3

∑
j=1

Aj cosh(rj) + ψ∗ = 0 (25)

ϕ′(1) =
3

∑
j=1

AjD(j)1sinh(rj) = 0 (26)

2.4. Effective Mechanical Properties

Generally, the relationship between the stress and strain of laminates is obtained by
measuring the surface deformation of specimens through load tests. In order to estimate
the performance of the material, the average strain on the surface of the representative
volume element (RVE) can be calculated, and the crack-free corner ply laminates follow
Hooke’s law. The average strain component of the RVE surface can be expressed as

ε
(2)
J =

1
2L1

∫ L1

−L1

ε
(2)
J

∣∣∣
z=h

dx =
1

2L1

∫ L1

−L1

[S(2)
J1 σ

(2)
x + S(2)

J2 σ
(2)
y + S(2)

J6 τ
(2)
xy ]dx, J = 1, 2, 6 (27)

where S(2)
J1 , S(2)

J2 , and S(2)
J6 are the elastic parameter of RVE.

Substituting Equation (23) into Equation (27) and combining this with Equation (19),
we can obtain the effective plane flexibility elements of cracked laminated plates:

SJ1 =
ε
(2)
J

σx
=

L1

t2
(

3

∑
i=1

PJi Ai
sinh(ri)

ri
+ PJ4 ϕ∗ + PJ5ψ∗ + PJ6), J = 1, 2, 6 (28)
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where
PJi = (S(2)

J1 + S(2)
J2

C31

C33
)D(i)1 + S(2)

J6 + S(2)
J2

C32

C33
, i = 1, 2, 3,

PJ4 = S(2)
J1 + S(2)

J2
C31

C33
,

PJ5 = S(2)
J6 + S(2)

J2
C32

C33
,

PJ6 = S(2)
J1

h
L1

+ S(2)
J2

D3

C33
.

Then, the effective Young’s modulus in the X direction of the cracked laminated
plate is

Exy =
1

S11
. (29)

3. Numerical Results and Simulation

In order to calculate the effective mechanical properties of the 90◦ layer in composite
laminates with cracks and compare the data with other studies, this paper selects glass
epoxy resin as the material. The material parameters are from the articles of Hashin [28],
Huang et al. [29,30], and P.A. Carraro [31]. The following table lists the material constants
of the two kinds of glass/epoxy for the orthogonal laminates. The effective mechanical
properties were calculated and compared with the experimental data from researchers
Hashin [28] and Huang et al. [29,30] to verify the correctness of the model. The material
constant of laminates [0/903]s and [0/902]s were calculated using glass/epoxy2 in Table 1.
The results are shown in Tables 2 and 3.

Table 1. Material constant.

EA/GPa ET/GPa GA/GPa GT/GPa vA vT t0/mm

Glass/epoxy1 42.0 13.0 3.60 4.50 0.25 0.38 0.330
Glass/epoxy2 41.7 13.0 3.40 4.58 0.30 0.42 0.100

Table 2. Young’s modulus attenuation of laminates: [0/903]s.

L1/t1

Present Huang et al. [30] Huang et al. [29] Hashin [28]

Ex/Ex0 Ex/Ex0 Ex/Ex0 Ex/Ex0

50 0.987 0.978 0.980 0.980
20 0.958 0.948 0.952 0.951
10 0.914 0.902 0.908 0.907
5 0.837 0.821 0.832 0.830
3 0.754 0.735 0.748 0.745
2 0.669 0.653 0.665 0.661
1 0.556 0.551 0.553 0.548

0.5 0.532 0.529 0.529 0.524

Table 3. Young’s modulus attenuation of laminates: [0/902]s.

L1/t1

Present Huang et al. [30] Huang et al. [29] Hashin [28]

Ex/Ex0 Ex/Ex0 Ex/Ex0 Ex/Ex0

50 0.998 0.989 0.990 0.990
20 0.984 0.974 0.976 0.975
10 0.961 0.950 0.954 0.953
5 0.918 0.905 0.911 0.910
3 0.868 0.854 0.861 0.859
2 0.822 0.812 0.816 0.813
1 0.784 0.778 0.778 0.775

0.5 0.779 0.773 0.773 0.770
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It can be seen from Tables 2 and 3 that the calculated Young’s modulus is highly
consistent with the data of Hashin [28], Huang [29,30], and others. Although there is a
small error, the error range is less than 1%, which is within the normal allowable range.
This result can be attributed to the fact that the principal axis of the orthogonal laminate
material is aligned with the coordinate axis. Moreover, the tension is carried out in the
direction of the principal axis, and there is no shear stress between the laminates.

For cases θ = 20◦, 35◦, 45◦, and 50◦, when the crack density is 0.5 (cr/mm) in the 90◦

plies, the material constant of the laminate is glass/epoxy 1, and the stress distribution
results are shown in Figures 2–13.

Figure 3. Graph illustrating σx in 90◦ ply for [θ1/902]s laminate.

Figure 4. Graph illustrating σx in θ ply for [θ1/902]s laminate.
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Figure 5. Graph illustrating σy in 90◦ ply for [θ1/902]s laminate.

Figure 6. Graph illustrating σy in θ ply for [θ1/902]s laminate.
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Figure 7. Graph illustrating τxy in 90◦ ply for [θ1/902]s laminate.

Figure 8. Graph illustrating τxy in θ ply for [θ1/902]s laminate.
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Figure 9. Graph illustrating τzx in 90◦ ply for [θ1/902]s laminate.

Figure 10. Graph illustrating τzx in θ ply for [θ1/902]s laminate.
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Figure 11. Graph illustrating τzy in 90◦ ply for [θ1/902]s laminate.

Figure 12. Graph illustrating τzy in θ ply for [θ1/902]s laminate.
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Figure 13. Graph illustrating σz in 90◦ ply for [θ1/902]s laminate.

In Figures 3–6, compared with the stress attenuation model of Hashin [28], the stress
concentration effect at the crack center of the two models is significant, but the influence of
the laying angle on local stress is further quantified. For example, Hashin [28] observed
a similar normal stress distribution in orthogonal laminates, but did not consider the
quantitative analysis of multi-angle laying. However, the experimental data of Huang [29]
show that when the paving angle exceeds 45◦, the increase in interlaminate normal stress
can reach 15~20%, which is consistent with the stress jump phenomenon when θ = 60◦ in
Figure 3 of this paper, verifying the sensitivity of the angle to stress concentration.

In Figures 7 and 8, compared with the shear lag theory of Kashtalyan and Soutis [17],
the predicted shear stress fluctuates nonlinearly when θ > 50◦, which is consistent with
the fluctuation amplitude of shear stress when θ = 50◦ in Figure 7 of this paper. However,
this paper further reveals the modulation effect of interlayer constraint on the fluctuation
amplitude using a variational method. However, according to the quadratic displacement
hypothesis of Berthelot [16], the shear stress variation trend of the theoretical curve at a
low θ value is consistent with that of the results in this paper (θ = 30◦), and the difference
appears in the high-θ-value region, which may be due to the finer interlayer coordination
conditions of this model.

In Figures 9–14, compared with the multi-layer crack model of Carraro [31], this
research shows that when L1/t1 < 5, the stiffness degradation rate is significantly increased,
which is highly consistent with Ex/Ex0 = 0.754 (predicted as 0.748 in the literature [31]) when
L1/t1 = 3 in Figure 10, and the error is only 0.8%. Combined with the variational energy
method of Vinogradov and Hashin [23], the lower limit theory of stiffness (error < 2%) and
the results of this paper (Table 2, error < 1%) jointly verify the reliability of the minimum
complementary energy principle in the analysis of cracked laminated plates.
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Figure 14. Graph illustrating σz in θ ply for [θ1/902]s laminate.

4. Conclusions

In this paper, a series of key results are obtained in the field of composite laminates
using a variational analysis method. Firstly, in the aspect of predicting stiffness reduction,
variational analysis successfully realizes the effective prediction of stiffness reduction in
[0m/90n]s laminates with different degrees, providing a reliable means for the prediction of
material properties. Secondly, the stress distribution of laminates caused by matrix cracks
in 90◦ laminates is discussed in detail and in depth. The interlaminate stress and in-plane
stress distribution of each ply are accurately calculated, which is in good agreement with the
existing experimental data and verifies the accuracy and reliability of the analysis method.
It is worth emphasizing that the analysis method used in this study has a wide range
of applicability, not only to specific ply structures, but also to multi-angle-ply laminates,
which greatly expands the application scope of this method in composite research. Through
the in-depth analysis of interlaminate stress and in-plane stress distribution, the formation
of matrix cracks and local interlaminate delamination can be predicted in advance and
effectively, which is of great significance for improving the structural integrity and safety
assessment of composite laminates.
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Abstract

With the increasing energy density of lithium-ion batteries, the heat dissipation performance
of air-cooled battery energy storage cabinets has become a critical determinant of both
system performance and service life. This performance depends strongly on the geometry
of the airflow channels and their influence on the internal flow distribution. In this study,
the internal flow field of a battery energy storage cabinet was analyzed, and the airflow-
channel geometry was optimized using the BOBYQA algorithm. The results indicate that
the risk of thermal runaway is largely associated with inadequate airflow design, which
leads to localized heat accumulation. Geometric optimization of the airflow channels
reduced the maximum hotspot temperature from 72.9 ◦C to 57.6 ◦C. The hotspots were
concentrated at the tops of the battery modules. Modifications to the channel geometry
increased the airflow velocity and improved its directionality in these regions, thereby
reducing both the hotspot temperature and the extent of the affected area. Moreover,
slightly increasing the inlet pressure while reducing the outlet pressure produced a more
uniform temperature distribution across the tops of the battery modules.

Keywords: energy storage cabinet; heat dissipation; airflow channel; BOBYQA algorithm;
hotspot temperature; geometry optimization

1. Introduction

Lithium batteries have become the predominant choice for energy storage systems
due to their exceptional characteristics, including high energy density, long cycle life, low
self-discharge rate, and fast charging capabilities [1]. However, they are highly sensitive to
ambient temperature fluctuations during charging and discharging cycles, and generate
heat as part of these processes. Particularly during high-power charging and discharging,
significant amounts of heat are produced within the energy storage system. If this heat is

Symmetry 2026, 18, 107 https://doi.org/10.3390/sym18010107236



Symmetry 2026, 18, 107

not effectively managed, the battery temperature can rise rapidly, potentially leading to
thermal runaway or even fire, posing substantial safety risks to the system [2]. Additionally,
uneven temperature distribution within the battery pack can cause variations in electro-
chemical behavior and electrical imbalances, ultimately affecting the battery’s performance.
Considerable efforts have been made, both in academia and industry, to understand the
impact of temperature on battery performance and lifespan [3–6]. To optimize battery
efficiency and extend its service life, Na et al. [7] concluded that the temperature of all
batteries should be maintained within the range of 20 ◦C to 45 ◦C, with the maximum
temperature difference between batteries not exceeding 5 ◦C. Motloch et al. [8] found that
lithium-ion batteries operating within the temperature range of 30 ◦C to 40 ◦C experience
a reduction in lifespan of approximately 60 days for every 1 ◦C increase in temperature.
Therefore, thermal management is a critical consideration in the design and operation of
energy storage systems. The effectiveness of thermal management is directly linked to
the performance, lifespan, and safety of the battery compartment. To address this issue, a
cooling system is used to transfer heat from the battery compartment to the external envi-
ronment. Four common thermal management methods for lithium-ion batteries include
air-cooled dissipation, liquid-cooled dissipation, heat pipe heat transfer, and phase change
material heat transfer [9,10]. Among these, air-cooled heat dissipation has emerged as the
most widely adopted thermal management solution for energy storage systems due to its
simplicity, ease of maintenance, and cost-effectiveness.

A significant number of studies have been conducted on forced air cooling for battery
packs [11–14]. Wang et al. [12] investigated a forced air-cooling strategy for battery thermal
management, emphasizing the inconsistency between battery cells and highlighting the
importance of optimizing cooling efficiency to address temperature discrepancies across
cells. Zhang et al. [13] proposed an optimization method for forced air-cooled lithium-ion
battery modules, utilizing multi-vent designs to enhance thermal management performance
and improve heat dissipation. Xin et al. [14] investigated a combined air and liquid
cooling thermal management scheme, optimizing it to enhance thermal control and cooling
efficiency in cylindrical lithium-ion battery packs. Xin et al. [15] studied the influence of
three factors, air inlet angle, air outlet angle, and air flow channel width between cells, on
the heat dissipation of lithium-ion battery packs, and they found that the layout of the air
flow channel had a great impact on the maximum temperature and temperature difference.
Xu et al. [16] found that changing the longitudinal battery pack to the horizontal battery
pack could shorten the airflow path and improve the heat dissipation performance. For
the battery pack with air ducts arranged at the bottom, the heat dissipation performance
can be improved by using double “U” type air ducts instead of double “1” type air ducts.
Du et al. [17] studied the influence of four kinds of battery arrangements, namely square
arrangement, staggered arrangement, and two-trapeze arrangement, on the heat dissipation
performance of the battery pack, and they found that the square arrangement was the
structure with the best air cooling effect. When the cold air inlet was located at the top of
the battery pack, the cooling effect was the best. Sahin [18] studied the effects of various
baffles on the cooling performance and pressure drop of air-cooled battery modules and
found that Delta winglets provided the best solution, reducing the maximum temperature
and temperature difference by 2% (0.6 ◦C) and 15% (0.7 ◦C), respectively.

The thermal performance of air-cooled battery thermal management systems (BTMS)
is strongly governed by airflow-channel geometry and flow-field organization. Li et al. [19]
demonstrated that introducing vortex-generating structures such as Delta winglets can
enhance convective heat transfer and improve temperature uniformity, although at the cost
of increased pressure drop. Lin et al. [20] showed that combining multiple secondary outlets
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with baffles can effectively suppress peak temperatures and reduce temperature differences
within battery modules, but the strategy remains highly geometry-dependent and lacks
general applicability. To address the limitations of single-parameter adjustments, Feng
et al. [21] proposed a unified optimization framework capable of handling both continuous
and discrete structural variables, providing a more systematic approach to airflow-channel
design. Meanwhile, Argade and De [22] and Dai and Wang [23] highlighted the significant
influence of inlet height, angle, and manifold configuration on flow distribution and
thermal uniformity, emphasizing the need for holistic rather than localized design strategies.
Further enhancement efforts, such as incorporating vortex generators or guide vanes [24,25],
have improved local heat transfer but often introduce additional aerodynamic losses and
rely heavily on empirical design choices.

In addition to advancements in module-level cooling, recent research has increas-
ingly focused on the design of battery energy storage cabinets, where effective thermal
management is crucial. Dong et al. [26] explored rack-level air-cooling strategies within
battery storage cabinets and demonstrated that optimizing airflow channel layouts at
the container level can significantly enhance heat dissipation efficiency. Similarly, Z Lv
et al. [27] developed a multi-level thermal model for battery energy storage systems, in-
cluding container-level thermal design, and validated its application in commercial energy
storage units. These studies highlight the importance of not only designing individual mod-
ules but also considering the entire cabinet or enclosure to ensure comprehensive thermal
management. Permana et al. [28] integrated CFD simulations with experimental results to
analyze thermal performance within battery energy storage cabinets, focusing on airflow
distribution and thermal uniformity. They concluded that optimizing the overall cabinet
design could prevent hot spots and extend the longevity of the storage system. Future
work should build on these insights to develop a more integrated approach to the design
of battery energy storage cabinets, addressing both airflow and thermal management at
the enclosure or rack level.

This study investigates a commercial air-cooled lithium battery energy storage cabinet
to address key limitations of air-cooling systems, including insufficient heat dissipation,
nonuniform temperature distribution, and low airflow efficiency, which have not been
resolved in a systematic or generalizable way. By parameterizing the cabinet’s main
geometric features and analyzing the baseline flow and thermal fields, four objectives are
pursued: improving heat-flux uniformity, reducing average temperature, enhancing airflow
efficiency, and achieving more uniform regional temperature distribution. Unlike previous
work that mainly relies on empirical geometric tuning and case-specific designs, this study
formulates these objectives as optimization functions and solves them iteratively using the
derivative-free BOBYQA (Bound Optimization BY Quadratic Approximation) algorithm.
The novelty lies in applying a fully parameterized, data-driven structural optimization
framework to an engineering-scale commercial cabinet, thereby filling a clear gap in the
literature on integrated thermal–aerodynamic optimization of air-cooled BTMS for real
energy storage applications. The optimized geometry significantly improved internal flow
characteristics, reducing the maximum hotspot temperature from 72.9 ◦C to 57.6 ◦C and
decreasing the high-temperature area (T > 30 ◦C) on the battery module top from 0.55 m2

to 0.04 m2.

2. Models and Methods

2.1. Modeling Details

A commercial air-cooled lithium-ion battery energy storage container manufactured
by SDEE Contemporary Energy Technology Co., Ltd, located in Jinan, China. was used
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as the baseline configuration for modeling and optimization. The container measures
12,184 mm × 2432 mm× 2880 mm (length × width × height). Air is supplied through two
rectangular sidewall inlets (767 mm × 424.6 mm; one on each sidewall) and discharged
through two vertically stacked outlets, as shown in Figure 1a.

 

Figure 1. Geometry model of the battery cabinet. (a) Battery energy storage cabinet container;
(b) Single battery energy storage cabinet; (c) Battery pack.

The internal layout of the container is shown in Figure 1b, which presents one quarter
of the container (one cabinet). The same pack arrangement is mirrored on the opposite
side, yielding 78 packs per cabinet and 312 packs in the full container. The inlet plenum is
positioned above the battery modules. Cold air enters the duct, flows downward, passes
through the battery modules, and exits through the outlets, thereby sustaining forced-air
cooling. The structure of each battery pack is shown in Figure 1c. Each pack contains 20 cells,
giving a total of 6240 cells in the container. With a heat generation rate of 29 W per cell, the
resulting total internal heat load is 180.96 kW. Given the high symmetry of the system, the
original geometry can be partitioned into symmetric units based on its inherent symmetry,
significantly reducing the computational load. By leveraging this symmetry, both modeling
and analysis can be simplified, resulting in more efficient simulations. Firstly, as shown in
Figure 1a, the air-cooled battery energy storage container consists of four substructures,
each of which exhibits symmetric distribution. Consequently, the airflow and temperature
distribution within the ducts are also symmetric. Therefore, it is only necessary to analyze
and optimize one of the substructures, with the other substructures adjusted accordingly
using symmetry.

Figure 2 summarizes the boundary conditions applied in the finite element simulations.
Figure 2a shows the inlet and outlet locations of the battery energy storage cabinet; the
airflow ducts are represented by the interior walls of the computational domain. Figure 2b
presents the imposed heat-source boundary condition, which accounts for battery heat
generation in the thermal solution. The convective heat transfer coefficient between the
cold air and the outer walls of the battery modules is set to 30 W/(m2·K). The simulation
is conducted under steady-state heat transfer conditions, focusing on the battery mod-
ule. To facilitate thermal conduction analysis in the COMSOL 6.3, the battery modules
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are simplified into hexahedral features. The average heat generation rate of the battery
is 20.993 kW/m3.

Figure 2. Schematic of model boundary conditions. (a) Flow field boundary conditions; (b) Boundary
heat source. (c) Cross-section at the top/middle of the battery pack.

Figure 2 also identifies two characteristic cross-sections for flow-field and temperature-
field analysis, as illustrated in Figure 2c. The battery packs are sequentially labeled Battery
Packs I, II, and III, beginning from the region near the airflow inlet. Details of the model
setup and material parameters are provided in Section S1 of the Supplementary Materials.
Table S1 presents the specific parameters of the turbulence equations used. Additionally, to
better simulate the impact of temperature on air flow, the dynamic viscosity, specific heat
capacity, thermal conductivity, and density of air are defined as functions of temperature,
as shown in Figure S1.

2.2. Calculation Methods

When analyzing the flow field characteristics of a battery energy storage cabinet, the
Finite Element Method (FEM) is commonly used to solve the governing equations related
to fluid dynamics. The primary governing equation involved in flow field analysis is the
Navier-Stokes equation, which describes the motion of fluids. The standard form of the
Navier-Stokes equation is [29]:

ρ(u ·�)u = −�p + μ�2u + ρ (1)

where ρ is the fluid density, v is the velocity field, p is pressure, μ is dynamic viscosity, and
f represents body forces.

The temperature field is governed by the heat conduction equation, which has the
following standard form:

ρcp
DT
Dt

= k�2T + Q (2)

where T is the temperature, k is the thermal conductivity, cp is the specific heat capacity
and Q is the heat source term per unit volume.

Based on the operating environment of the battery energy storage cabinet, the objective
of the optimization is to solve for the optimal combination of airflow duct geometric
parameters that provides the best cooling effect for the battery packs, thereby improving
their cycle life. To accurately represent the optimization objectives and prevent scenarios
where the highest temperature decreases but the heat accumulation area expands due to
unreasonable optimization goals, the following four optimization objectives are set [30]:

(1) Heat Flux Homogenization Objective
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F1 =
1
V

∫
Ω

(
|�T| −

∣∣�Tavg
∣∣)2dV (3)

(2) Average Temperature Minimization Objective

F2 =
1
V

∫
Ω

TdV (4)

(3) Airflow Duct Efficiency Optimization Objective

F3 =
∫

Ω
ΔpdV + λ

∫
Ω

ερdV (5)

(4) Temperature Distribution Uniformity Objective

F4 = σT =

√
1
V

∫
Ω

(
T − T

)2
dV (6)

Before performing the optimization, the four optimization objectives are discretized
as follows:

F1 =
1
V ∑

e

(
|�Te| −

∣∣�Tavg
∣∣)Ve (7)

F2 =
1
V ∑

e
TeVe (8)

F3 =
1
V ∑

e
(ΔpeVe + λεeρeVe) (9)

F4 =

√
1
V ∑

e

(
Te − T

)2Ve (10)

The BOBYQA optimization algorithm is used, which is an unconstrained optimization
method suitable for solving nonlinear problems. During the optimization process, the algo-
rithm gradually searches for the optimal solution by constructing quadratic approximation
models. The specific steps are as follows. The BOBYQA optimization algorithm, an un-
constrained optimization method suitable for solving nonlinear problems, is employed to
search for the optimal solution by gradually constructing quadratic approximation models.
In the initialization phase, we assume an initial set of design variables x0 = [x1, x2, . . . , xn],
typically representing the geometric parameters of the battery energy storage cabinet, flow
boundary conditions, and other relevant factors. The optimization objective function and
any constraints (if applicable) are defined. At the design point x0, the values of the four
optimization objective functions are calculated, and the gradient for each objective function
is then computed to guide the search for the optimal solution.

The core of the BOBYQA algorithm is to construct a quadratic approximation model
of the objective function with respect to the design variables. Let the current design point
be x0, where the objective function value F0 = F(x0) and its gradient ∇F0 are computed. The
quadratic approximation model is given by:

F̂(x) = F0 +∇FT
0 (x − x0) +

1
2
(x − x0)

T H(x − x0) (11)

where F0 is the value of the objective function at the initial design point x0. ∇F0 is the
gradient of the objective function at x0. H is the Hessian matrix, which describes the second
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derivatives of the objective function and is used to capture the curvature of the function.
The Hessian matrix H can be updated using least squares methods.

The BOBYQA method updates the design variables by minimizing the quadratic
approximation model. The goal is to find the point that minimizes the approximation
model F(x). Based on the quadratic approximation model of the objective function, we
update the design variables as follows:

x1 = x0 − αH−1�F0 (12)

where H−1 is the inverse of the Hessian matrix, α is the step size factor used to adjust the
update step and ensure the calue F1(x1), the new point is accepted.

At the new design point x1, the objective function values F1(x1), F2(x1), F3(x1) and
F4(x1) are calculated. By evaluating F1(x1), F2(x1), F3(x1) and F4(x1), the performance of
the new design point is assessed. If the objective function values are smaller, the new
design point x1 is accepted, and the current design variables are updated. If the objective
function values increase, the new point is rejected, and the step size factor α is reduced or
the Hessian matrix is adjusted.

Each time a new design point is accepted, the BOBYQA algorithm updates the quadratic
approximation model. The new design point and its corresponding objective function values
are used to update the Hessian matrix H, ensuring that the revised quadratic model accurately
captures the objective function’s behavior near this point. With each iteration, a new evaluation
point x1 is added, and the gradient and objective function values are updated. The Hessian
matrix is updated by using the new point and gradient information.

The optimization algorithm has three convergence criteria:
(1) Objective function convergence: If the change in the objective function is smaller

than a predefined threshold, the optimization process stops;
(2) Design variable convergence: If the change in the design variables is smaller than a

certain threshold, the optimization process stops;
(3) Maximum number of iterations: The optimization process terminates when the

maximum number of iterations is reached.

3. Results and Discussion

3.1. Heat Dissipation Performance of the Original Cabinet

Details of the mesh-independence verification are provided in Section S2 of the
Supplementary Materials. As shown in Figure S2, to verify that the mesh size used in
the model does not affect the results, four different mesh sizes were tested. The flow field
results are shown in Figure S3. It can be seen that the airflow characteristics at the outlet of
the duct are not fully captured in Figure S2a. The flow field characteristics in Figure S2b–d
are generally consistent, but in Figure S2b, the airflow at the top exhibits a distinct sawtooth
pattern, indicating that the resolution of the mesh is too low at this size. Figure S2c,b are nearly
identical, suggesting that the results converge when the average mesh size is 0.074 m. Figure 3
shows the temperature distribution of the battery energy storage cabinet before optimization.
The average temperature in the region is 29.7 ◦C, and the maximum temperature reaches
72.9 ◦C. A pronounced hotspot appears at the top of the middle section of Battery Pack 2,
indicating that this portion of the pack may be at the highest risk of thermal runaway. In
addition, varying degrees of heat accumulation are observed at the tops of Battery Packs 1 and
3, suggesting that the current airflow-duct geometry results in poor heat dissipation in the
upper regions of the battery packs. The temperature field is excessively high and non-uniform,
highlighting the need for further optimization.
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Figure 3. Temperature distribution of the battery cabinet before optimization.

During the forced air cooling process, the heat dissipation effectiveness is directly propor-
tional to the air velocity at the surface. As shown in Figure 4a, the flow velocity contour plot of
the structure before optimization reveals that the air velocity is higher at the inlet and outlet of
the airflow duct. The highest air velocity, 12.5 m/s, occurs between the intake and the duct
entrance. Inside the duct, as the cross-sectional area of the duct gradually decreases, the air
velocity increases. The air flows out through the channels between the battery packs and the
rear outlet, and under the compression within the duct, the velocity is further increased to 10
m/s. In Figure 4b, it can be observed that the air flowing out of the duct becomes turbulent,
forming vortices at the upper part of the battery cabinet.

Figure 4. Flow field simulation results before optimization. (a) Flow field contour plot; (b) Flow field
streamline results.

As shown in Figure 5a, it can be observed that the airflow exiting the duct entrance
is significantly slowed down due to the vortex effect in the middle section of the battery
cabinet. As a result, the airflow velocity over the top of Battery Pack 2 is less than 2 m/s,
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leading to poor forced convection heat dissipation. By outputting the flow velocity and
pressure along the cross-sectional line, it is found that the airflow from the duct outlet and
the airflow escaping from the battery cabinet entrance converge, forming a vortex that
causes a sudden drop in airflow velocity, with a velocity of only 1.5 m/s. Figure 5b also
indicates that the lower passage of the battery cabinet is too long, causing the airflow to
form steady laminar flow. This leads to the formation of a heat accumulation area at the
very bottom of the contact surface between Battery Pack 1 and Battery Pack 2, where the
temperature reaches 42.5 ◦C.

Figure 5. Temperature contour plots of the battery cabinet cross-section. (a) Temperature distribution
at the top of the battery pack; (b) Temperature distribution at the middle section of the battery pack.

The airflow exiting at the inlet and the airflow exiting at the duct outlet collide and
compress at the top of Battery Pack 2. In addition to forming vortices, the two airflows
flow toward Battery Packs 1 and 3, resulting in a reduced airflow and lower velocity at the
top of Battery Pack 2, thereby leading to poor convective heat transfer and the formation
of heat accumulation areas. The temperature distribution contour plots for the top and
middle sections of the battery pack along the X-Z plane are shown in Figure 6a,b, with
arrows indicating the direction and magnitude of the airflow velocity. In Figure 6a, it can
be observed that the air velocity exiting the duct outlet is relatively high, and under the
influence of the airflow exiting the duct entrance, it deflects towards the top of Battery
Pack 3. Subsequently, under the pressure differential, it flows through the lower region of
the battery cabinet.

From Figure 6, it can be seen that the airflow exiting the duct has both wind speed and
pressure that are twice those of the airflow escaping from the battery cabinet entrance. The
two airflows collide in the middle section, forming a vortex, which significantly reduces
the airflow velocity.

Based on the above results, it can be concluded that under the current design, the
heat accumulation areas in the battery cabinet are primarily located at the top of Battery
Pack 2 and at the bottom contact surface between Battery Packs 1 and 2. Therefore, it is
necessary to optimize the geometric design parameters of the airflow duct to improve the
airflow velocity and direction in these two areas. Additionally, the airflow exiting the duct
forms a strong recirculation vortex under the influence of the battery cabinet’s outer shell,
which causes a reduction in airflow velocity at the top of the battery packs, resulting in
poor heat dissipation and the formation of heat accumulation areas. Therefore, optimizing
the geometric parameters of the airflow duct to reduce the airflow volume at the duct outlet
and adjust the impact area and strength of the recirculation vortex is one of the effective
optimization directions.
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Figure 6. Flow field results along the cross-sectional line. (a) Flow velocity; (b) Relative pressure.

3.2. Enhanced Heat Dissipation Performance of the Cabinet After Optimization

Through the BOBYQA optimization method, four modifications were made to the
geometry of the battery energy storage cabinet: (1) The slope at the airflow duct inlet was
increased; (2) The slope of the main duct was increased, and the outlet area was reduced;
(3) An additional airflow duct was added between Battery Pack 1 and Battery Pack 2;
(4) The outlet height of the battery energy storage cabinet was increased. The detailed
comparison between the geometric parameters of the battery energy storage cabinet before
and after optimization is shown in Table 1.

Table 1. Comparison of the geometric structure before and after optimization.

Geometric Parameters Td1 (m) Td2 (m) Ydh (m) Jdh (m) Fdh (m) Ckh (m)

before optimization 0 0.2 0.2 0.5 1 1
after optimization 0.1 0.2 0.119 0.5 1 1

As shown in Figure 7, the temperature contour plot of the optimized battery energy
storage cabinet structure reveals that the maximum temperature in the hotspot area de-
creases from 72.9 ◦C to 57.6 ◦C, and the temperature distribution at the top of the battery
packs becomes more uniform, reducing the likelihood of failures caused by high tempera-
ture gradients. In addition, the overall average temperature of the battery energy storage
cabinet is 29.3 ◦C. After optimization, the maximum temperature decreases by 20.99%,
while the average temperature decreases by only 1.35%. In addition, Figure 7b shows that
the middle section of Battery Pack 2 experiences a temperature drop of approximately
40 ◦C after optimization, indicating a substantial improvement in the hotspot area.

The cycle life model is used to evaluate the lifespan of the battery packs in the bat-
tery energy storage cabinet before and after optimization, with the calculation formula
given as [31]:

N(T) = Nre f · e
[ Ea

R ( 1
T − 1

Tre f
)]

(13)

where N(T) is the cycle life (number of cycles) at temperature T, Nref is the cycle life at
the reference temperature Tref, Ea is the activation energy for cycle aging, and R is the
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gas constant with a value of 8.314 J/(mol·K). Before optimization, the maximum surface
temperature of the battery pack was 72.9 ◦C, and the average surface temperature was
29.644 ◦C; after optimization, the maximum surface temperature decreased to 57.6 ◦C, and
the average surface temperature was 29.278 ◦C. Based on the above formula, the cycle
life of the battery pack in the hotspot area increased by approximately 106.17%, while the
average cycle life of the battery energy storage cabinet improved by 2.19%. A comparison
of the battery life before and after optimization is shown in the Figure 8.

 

Figure 7. Temperature distribution of the battery cabinet after optimization. (a) Temperature contour
plot; (b) Distribution of the decrease in temperature after optimization.

Figure 8. Minimum cycle life, average cycle life, and number of high-risk battery packs before and
after optimization.
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From Figure 8, it can be seen that after optimization, the average cycle life of the
battery energy storage cabinet changes only slightly, while the minimum cycle life and the
number of high-risk battery packs improve significantly.

Comparing the velocity contour plot of the battery energy storage cabinet structure
before optimization, in Figure 9a, it can be seen that the geometric changes at the duct inlet
lead to an increased airflow escaping from the battery cabinet entrance, with the airflow
velocity reaching up to 14 m/s. Due to the addition of an airflow duct between Battery Pack
1 and Battery Pack 2, the velocity at the duct outlet decreases. Furthermore, in Figure 9b,
it can be observed that the increased airflow escaping from the battery cabinet entrance
weakens the airflow exiting the duct outlet. As a result, the airflow escaping from the
battery cabinet entrance becomes dominant at the gathering point. Due to the collision and
compression of the two opposing airflows, the airflow velocity drops to 5.4 m/s and flows
towards the tops of Battery Packs 2 and 3.

 

Figure 9. Flow field simulation results after optimization. (a) Flow field contour plot; (b) Flow field
streamline results.

Unlike the airflow before optimization, the vortex at the top of the battery packs
in the optimized battery energy storage cabinet has changed from a strong single vor-
tex into two weaker vortices, with the width of the vortices increasing. By combining
Figures 9a and 10a, it can be observed that after geometric optimization, the intensity of the
airflow from the duct outlet has significantly decreased. Additionally, part of the airflow
forms a vortex rotating around the y-axis, while the remaining airflow compresses the
y-directional width of the original vortex and converges with the airflow escaping from the
battery storage cabinet entrance, flowing towards the top of the battery packs. Figure 10b
shows the contour surface distribution of relative pressure in the region, where it can be
seen that the newly formed vortices supplement the original vortices, increasing their
flow velocity.

The temperature distribution and flow direction within the section of the battery
energy storage cabinet are shown in Figure 11. Compared to the geometric structure be-
fore optimization (Figure 5), the optimized geometric structure exhibits a more uniform
temperature distribution. Under the influence of the vortex at the top of Battery Pack
2, the airflow direction is deflected, flowing over the top of Battery Pack 2 and eventu-
ally towards Battery Pack 3. Finally, constrained by the geometry of the battery cabinet,
the airflow flows through the lower sections of Battery Packs 3, 2, and 1, towards the
cabinet outlet.
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After geometric optimization, the main cooling airflow now covers the primary areas
of all the battery packs, with the airflow direction roughly forming a “U” shape, avoiding
the velocity dissipation caused by abrupt directional changes.

 
(a) (b) 

Figure 10. Flow field results along the cross-sectional line. (a) Flow velocity; (b) Contour surface of
relative pressure.

 

Figure 11. Temperature distribution at the top section of the battery pack. (a) Temperature contour
plot; (b) Distribution of the decrease in temperature after optimization.

To analyze the differences in the cooling airflow formed within the plane before
and after optimization, the gas streamlines within the plane were extracted, and the
velocity magnitude was represented using color values along with the deformation in the
y-axis direction. Additionally, the heat flux magnitude was plotted within the plane. By
comparing Figure 12a with Figure 12c, it can be observed that the change in the geometric
structure led to a modification in the airflow characteristics within the plane.

Before optimization, the two opposing airflows from the duct inlet and duct outlet
collided at the top of Battery Pack 2. The airflow from the duct inlet significantly decreased
in velocity, and the direction of the airflow from the duct outlet changed, flowing towards
Battery Pack 3. This resulted in poor heat dissipation in the main section of Battery Pack 2,
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forming a heat accumulation area (Figure 12b). Furthermore, as the airflow passed near the
battery cabinet inlet and outlet, the airflow velocity increased when passing over Battery
Pack 1. As a result, the average temperature of Battery Pack 1 was significantly lower than
that of the other battery packs. In the heat flux contour plot, distinct isolated high-heat spots
(T > 40 ◦C) are observed, with arrows showing disordered directions and large differences
in length, indicating that the heat dissipation path is locally “blocked” and the recirculation
zone becomes a potential hotspot for thermal runaway risks.

Figure 12. Temperature contour plots of the top section of the battery pack before and after optimiza-
tion. (a) Flow field streamlines before optimization; (b) Heat flux contour plot before optimization
(arrows represent flow direction and magnitude); (c) Flow field streamlines after optimization;
(d) Heat flux contour plot after optimization. Arrows represent flow direction and magnitude.

After geometric optimization, the airflow volume from the duct inlet increased, and
the airflow volume from the duct outlet decreased. This resulted in the inlet airflow
maintaining continuous wall-attached laminar flow, and the original recirculation vortex
was significantly weakened. The bottom supplemental airflow, guided by the flow channel,
was lifted and merged with the main flow, forming a stable cooling channel that spans
across the left and right sides. Figure 12d shows that both the area and peak of the high
heat flux region have decreased, with the hot spots sinking and dissipating. The direction
of the vector arrows is more consistent, and the lengths are more balanced, indicating that
the heat at the top is quickly carried away by the main airflow.

Based on the simulation results, it can be observed that heat accumulation areas in
the battery energy storage cabinet predominantly appear in the top regions of the battery
packs. Therefore, the flow field results of this cross-section were extracted and the flow
field characteristics were analyzed, as shown in Figure 13. The airflow within the section is
classified into five distinct flow categories (Airflow I, Airflow II, Airflow III, Airflow IV,
and Airflow V). Airflow I represents the airflow escaping from the battery storage cabinet
entrance, Airflow II represents the airflow from the duct outlet of the battery storage cabinet,
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Airflow III is the combined airflow formed by the convergence of Airflow I and Airflow II,
Airflow IV is a portion of the airflow escaping from the battery storage cabinet entrance,
and Airflow V is the airflow formed by the pressure differential at the outlet of the cabinet
and the geometric effects of the cabinet.

Figure 13. Flow field direction characteristics analysis at the top of the battery pack. (I) the airflow
escaping from the battery storage cabinet entrance; (II) the airflow from the duct outlet of the battery
storage cabinet; (III) the combined airflow formed by the convergence of Airflow I and Airflow II;
(IV) a portion of the airflow escaping from the battery storage cabinet entrance; (V) the airflow formed
by the pressure differential at the outlet of the cabinet and the geometric effects of the cabinet.

3.3. Evaluation of Geometric Effects on Cooling Performance

It can be observed that Airflow I exhibits the highest velocity near the entrance of the
battery energy storage cabinet and the duct inlet because of flow contraction; however,
its volume flow rate is relatively small, and the velocity decays rapidly downstream. The
airflow entering the duct is subsequently diverted by the channels between the battery
packs and exits through the duct outlet, forming Airflow II. In general, the velocity of
Airflow II is lower than that of Airflow I. Nevertheless, if the volume flow rate of Airflow II
becomes too large, it impinges on Airflow I, generating a recirculation vortex and causing
substantial dissipation of kinetic energy, which is detrimental to heat removal. Therefore,
enlarging the duct entrance to increase the volume flow rate of Airflow I and widening
the channels between the battery packs to reduce the velocity of Airflow II can enhance
the heat dissipation performance of the battery energy storage cabinet. The formation of
Airflow IV and Airflow V is primarily driven by the pressure difference at the cabinet
outlet, and geometric modifications of the duct generally have no significant influence on
their direction or velocity.

According to the above analyses, the thermal performance of this class of battery
energy-storage cabinets is governed primarily by the strength of the skimming flow over
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the top of the battery pack. We therefore propose the following quadratic regression to
rapidly evaluate design quality using a few key geometric descriptors:

Φtop = c0 + c1σin + c2σm − d1σ2
in − d2σ2

m − eχ2
r (14)

Here Φtop denotes the skimming-flow intensity at the cell tops. The terms are inter-
preted as follows: c0—baseline term that aggregates geometry–independent contributions
such as total inlet flow rate, cabinet pressure drop, and local wall roughness. It sets the
reference skimming level “near zero variations” of the design variables; c1σin—linear inlet-
slope term. A larger (but not excessive) inlet slope σin improves guidance, concentrates
the momentum of Airflow I, and increases the tangential velocity along the top surface;
−d1σ2

in—quadratic penalty for inlet over-slope. An overly steep inlet promotes separa-
tion and recirculation; the quadratic term attenuates the net gain; c2σm—linear main-duct
slope term. A slight upward/diffuser-type inclination of the main duct helps deflect the
core stream toward the top region; −d2σ2

m—quadratic penalty for excessive main-duct
slope, which likewise triggers separation and is suppressed by the second-order term;
−eχ2

r —maldistribution penalty. As the channel maldistribution parameter χr deviates
further from balance, the confluence of Airflows I and II becomes less uniform, promoting
mutual impingement and recirculation cores that weaken the top skimming flow.

To enhance numerical stability, all predictors except the intercept are column-
standardized; ordinary least squares (OLS) is then fitted in the standardized space with
covariance estimated from the residuals. The regression coefficients and their uncertain-
ties are rigorously back-transformed to the physical space, yielding (c0, c1, c2, d1, d2, e)
together with standard errors and 95% confidence intervals that can be used directly in the
governing formula.

By extracting eighty sets of design-parameter combinations and the corresponding
top skim-flow measurements of the battery pack from the iterations of the BOBYQA
optimization, we fitted the parameters of the above equation as listed in Table 2.

Table 2. Values of design parameters.

Coefficient c0 c1 c2 d1 d2 e

Value −0.2558 1.0136 −6.8843 0.1225 95.3327 0.4981

The fitted model provides moderate-to-good explanatory power for the observations
(R2 ≈ 0.66, RMSE ≈ 0.28, MAE ≈ 0.22).

The fitted scatter plot and the residual distribution of the model are shown in Figure 14.
In the scatter plot, the horizontal axis denotes the observed values and the vertical axis
denotes the predicted values, with the red dashed line representing the ideal case of y = ŷ.
The data points are generally concentrated around the ideal line, indicating that the model
captures the overall trend of the data; however, greater dispersion is observed at higher
observed values, suggesting the presence of heteroscedasticity. The performance metrics re-
port an R2 of 0.6564, implying that the model explains approximately 65.6% of the variance
in the target variable and thus achieves a moderate level of fit. The root mean square error
(RMSE) is 0.2766 and the mean absolute error (MAE) is 0.2236, with RMSE exceeding MAE,
which suggests the existence of a small number of relatively large prediction errors. The
residual histogram exhibits an approximately bell-shaped distribution centered near zero
but slightly left-skewed, indicating a general tendency toward overestimation. Moreover,
the increased dispersion of residuals at higher value points points to potential systematic
bias. Overall, the model adequately reflects the relationship between the dependent and
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independent variables, yet issues such as bias and heteroscedasticity remain, highlighting
the need for further refinement through feature optimization, model enhancement, or the
adoption of robust estimation methods.

Figure 14. Fitting Scatter Plot and Residual Distribution.

From a physical perspective, the inlet linear effect is positive and statistically sig-
nificant (c1 > 0), indicating that a moderate increase in inlet slope strengthens the top
skim flow. Both quadratic penalty coefficients are positive and significant (d1, d2 > 0),
confirming the expected diminishing-returns behavior at larger angles. By contrast, the
main-channel linear effect is negative and significant (c2 < 0), implying that, under the
current sampling distribution, main-channel lift/expansion is overall unfavorable. The
penalty associated with channel non-uniformity is positive but statistically insignificant
(e > 0), suggesting insufficient identifiability of r. A simple magnitude check shows that
the linear gains and quadratic penalties are of comparable size, reproducing the observed
range of Φ in a physically consistent manner. A more detailed explanation is provided in
Section S3 of the Supplementary Materials.

According to the above formula, the results before and after optimization are 0.2413
and 0.3535, respectively, corresponding to an improvement of 46.56%. The optimized
scheme is evidently superior, with the primary benefit arising from the significant reduc-
tion in χ2. This is consistent with the thermal flow field results and the analysis of the
optimization rationale presented earlier. The fitted formula demonstrates high reliability
and provides valuable guidance for the design of this type of battery energy storage cabinet.

4. Conclusions and Outlook

4.1. Conclusions

This study optimized the airflow duct geometry of a battery energy storage cabi-
net using the BOBYQA optimization algorithm and analyzed its flow and thermal field
characteristics. The conclusions are as follows:

(1) The airflow resulting from the vortex creates low local airflow and velocity at the top
of the battery pack, leading to the formation of local heat accumulation area.

(2) The excessive airflow and velocity in the duct create a strong recirculation vortex
at the duct outlet, causing the cooling airflow at the top of the battery pack to be-
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come turbulent. This leads to the formation of local heat accumulation areas and
significantly increase the risk of thermal failure.

(3) By adjusting the geometric features of the structure, such as the duct inlet and main
duct, through the BOBYQA optimization algorithm, the heat dissipation airflow
was optimized. The maximum temperature in the hotspot area was reduced from
72.9 ◦C to 57.6 ◦C; the cycle life of the battery pack in the hotspot area increased by
approximately 106.17%; the average cycle life of the battery energy storage cabinet
improved by 2.19%.

(4) Adjusting the geometry of the airflow duct to change the airflow volume and velocity
improved the flow disruption caused by the recirculation vortex at the duct outlet.
The intensity of the vortex was weakened, allowing it to supplement the airflow
entering the duct and form a stable cooling channel.

(5) The main heat dissipation airflow is formed by the convergence of the airflows from
the battery storage cabinet entrance and the duct outlet. Increasing the airflow of
Airflow I and reducing the velocity of Airflow II helps improve the heat dissipation
of the battery energy storage cabinet. Excessive airflow in the duct is not conducive
to forming stable cooling airflow, while appropriately increasing the airflow from
the cabinet entrance and weakening the airflow at the duct outlet benefits the heat
dissipation at the top of the battery packs.

4.2. Limitations and Future Work

The proposed design modifications demonstrate significant thermal benefits in the nu-
merical study and have been validated through their commercial application in air-cooled
lithium-ion battery energy storage containers manufactured by SDEE Contemporary En-
ergy Technology Co., Ltd., located in Jinan, China. However, there are several practical
challenges and limitations that must be addressed before these designs can be fully imple-
mented in commercial battery energy storage cabinets.

One key challenge lies in the manufacturability, assembly clearance, and maintenance-
access requirements of the optimized flow-path features. While these modifications im-
prove thermal performance, their practical implementation in a real-world setting requires
careful consideration of how easily they can be manufactured, assembled, and maintained.
The performance of these features must also be evaluated in conjunction with the actual fan
curve to ensure an efficient operating point, accounting for trade-offs between enhanced
cooling and potential increases in pressure drop, fan power consumption, and noise levels.

Furthermore, ensuring the long-term reliability of these designs is critical. The system
must be robust against degradation mechanisms such as dust accumulation, filter aging,
and partial blockage, all of which can alter flow distribution and affect thermal uniformity
over time. These factors are often overlooked in idealized models but are crucial for the
performance of battery energy storage systems in real-world operating conditions.

From a modeling perspective, this work has several limitations that need to be ac-
knowledged. The steady-state assumption used in the simulations does not account for
transient behaviors, which can be important in real-world applications where temperatures
fluctuate over time. Additionally, the external thermal boundary conditions used in the
model involve some uncertainty, and the simplified heat-generation representation may
not fully capture the complexity of actual battery systems. Another limitation is the use
of BOBYQA, a derivative-free local optimizer. While this method is effective for certain
problems, the final design can still depend on the chosen parameterization, bounds, and
initial point, which means it may not guarantee global optimality.
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Although numerical verification, such as mesh sensitivity and convergence monitor-
ing, supports the credibility of the CFD results, further validation through experimental or
field studies under various operating conditions is essential. Future work should, therefore,
focus on multi-condition robust optimization, explicitly coupling the fan and system per-
formance with energy and noise objectives, and incorporating uncertainty quantification
into the design process. Additionally, experimental calibration and validation are crucial
steps for ensuring the applicability of the proposed designs in real-world scenarios. Surro-
gate modeling could also be explored as a way to accelerate the optimization process by
capturing nonlinear interactions among geometric parameters more effectively.

In conclusion, while the proposed design modifications show clear potential for
improving the thermal performance of battery energy storage systems, overcoming the
practical challenges outlined above will be crucial for their successful implementation in
commercial applications. Future research should address these challenges to ensure the
robustness and efficiency of the designs across a range of real-world conditions.
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