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Mehrija Hasičić, Spyridon Angelopoulos, Aphrodite Ktena and Evangelos Hristoforou

A Study on the Effect of Plastic Strain on Magnetic Phenomenology and Microstructure
Reprinted from: Magnetism 2025, 5, 1, https://doi.org/10.3390/magnetism5010001 . . . . . . . . 22

Konstantin Guslienko

Magnetic Hopfions: A Review
Reprinted from: Magnetism 2024, 4, 25, https://doi.org/10.3390/magnetism4040025 . . . . . . . 35

Frank Zhigang Wang

Can We Still Find an Ideal Memristor?
Reprinted from: Magnetism 2024, 4, 14, https://doi.org/10.3390/magnetism4030014 . . . . . . . 52

Lingqi Kong, Alexander Schuchinsky, Sumin Joseph, Taylan Eker and Yi Huang

Loss Mitigation in Self-Biased Microstrip Circulators
Reprinted from: Magnetism 2023, 3, 10, https://doi.org/10.3390/magnetism3020010 . . . . . . . 61

Michael Ortner, Peter Leitner, and Florian Slanovc

Numerically Stable and Computationally Efficient Expression for the Magnetic Field of a
Current Loop
Reprinted from: Magnetism 2023, 3, 2, https://doi.org/10.3390/magnetism3010002 . . . . . . . . 75

Arun Kumar Paul

Practical Study of Mixed-Core High Frequency Power Transformer
Reprinted from: Magnetism 2022, 2, 22, https://doi.org/10.3390/magnetism2030022 . . . . . . . 96

Gildas Diguet, Joerg Froemel, Hiroki Kurita, Fumio Narita, Kei Makabe and Koichi Ohtaka

Magneto Elasticity Modeling for Stress Sensors
Reprinted from: Magnetism 2022, 2, 21, https://doi.org/10.3390/magnetism2030021 . . . . . . . 118

Braden Kidd

Vector-Based Magnetic Circuit Modelling of Induction Motors
Reprinted from: Magnetism 2022, 2, 10, https://doi.org/10.3390/magnetism2020010 . . . . . . . 136

v





About the Editors

Roberto Zivieri

Roberto Zivieri is a theoretical condensed matter physicist. He received a Master’s Degree in

Medicine and Surgery and in Physics with honors, and a Ph.D. in Physics (grade excellent) from

the University of Modena, Italy. His main research interests are phonon dynamics and scattering

cross-section lattices, theoretical magnetism and microscopic magnetic models, magnonic crystals

and spin excitations in periodic magnetic systems, scattering of light on magnetic systems and

scattering cross-section, topological defects in condensed matter physics with special regard to 2D

magnetic skyrmions, quantum magnetic models, classical and quantum statistical thermodynamics,

the second law of thermodynamics, magnetic models applied to naval systems, and theoretical

acoustics and applications in acoustics transducers. He is the author of around 200 scientific

contributions in international and reputed journals. He serves on a respected Editorial Board. He is

a Project Manager of scientific international projects. He is a member of the APS, ACS, Italian Society

of Mathematical Physics, Italian Society of Physics, and Italian Society of Magnetism. He was the

winner of the APS Award “Outstanding Referees 2016,” equivalent to a journal APS Fellowship; of

the Albert Nelson Lifetime Achievement Award; and is a Fellow of the International Association of

Advanced Materials. He was Editor-in-Chief of the book series “Theoretical and Computational Models

in Condensed Matter Physics” for Aracne Publishing House in Rome. His teaching has focused on

solid state physics, the structure of matter, and the physics of critical phenomena.

Giancarlo Consolo

Giancarlo Consolo was born in Messina on June 24, 1980. He graduated summa cum laude

in Electronic Engineering from the University of Messina in 2004 and earned a PhD in Advanced

Technologies for Optoelectronics, Photonics and Electromagnetic Modeling in 2008. He became a

permanent Researcher in Mathematical Physics in 2011 and has served as an Associate Professor

of Mathematical Physics at the University of Messina since 2016. In 2009, he received the Young

Researcher Award from the University of Messina.

He has led several competitive research projects funded by INdAM-GNFM and the Italian

PRIN program. These include projects on mathematical models in biology, ecology, and fluid

dynamics; emergent behaviors in hyperbolic reaction–diffusion systems; multiscale phenomena in

continuum mechanics (PRIN 2017); ecosystem resilience under climate change (PRIN 2022 PNRR);

and mathematical modeling for biofuel production (PRIN 2022 – MOMENTA). He was also a member

(2010–2020) of the academic spin-off Goparallel s.r.l., established with the University of Salamanca.

Prof. Consolo has played major organizational roles in international conferences and workshops

and has served as evaluator of national and international research projects since 2013. He is a

member of INdAM-GNFM, the European Society for Mathematical and Theoretical Biology, and the

Accademia Peloritana dei Pericolanti.

He serves on Editorial Boards of international journals and regularly reviews for leading journals

in physics and applied mathematics.

His research focuses on reaction–diffusion and reaction–transport models in biology and

ecology, micromagnetism and spintronics, and magnetoelastic phenomena. He has authored around

100 peer-reviewed papers and 4 book chapters, and has delivered numerous invited and contributed

talks.

vii



Israa Medlej

Israa Medlej is a former Postdoctoral Researcher in Advanced Spin-Wave Research: Experiments

and Micromagnetic Modeling, Spintronics and Magnonics at the esteemed International Quantum

Academy, Southern University of Science and Technology (SUSTech), Shenzhen, China. She holds

a Ph.D. in Physics from the University of Messina, Italy, where she investigated magnetic skyrmion

dynamics and THz oscillations in antiferromagnets. Her scientific activity includes micromagnetic

simulations using MATLAB and other platforms to study magnetic skyrmions, as well as self-taught

expertise in Mumax3 for modeling antiferromagnetic materials and topological spin textures like

magnetic hopfions and torons. Her interdisciplinary research bridges theory and experiment,

with a focus on spin-wave-driven phenomena for quantum computing. She has authored several

peer-reviewed publications and received numerous awards, including High-Level Foreign Talents

(Category A)—Southern University of Science and Technology, 2021, Shenzhen, China; Erasmus +

International Credit Mobility Student [KA107]—University of Santiago de Compostela, 2019, Spain;

Best Poster Award—Italian Magnetism Association Conference (MAGNET 2019), 2019, Messina,

Italy; Excellence Ph.D. Dissertation—University of Messina and EDST, 2019, Messina, Italy; Best Oral

Presentation—Research Day in Forbach, 2016, France; and Master 2 Internship Grant—University

of Lorraine, 2016, Saint Avold, France. She actively contributes to the scientific community through

conference presentations, manuscript reviews for journals such as PRL, PRB, and many other journals,

and editorial roles.

viii



Editorial

Mathematical Modelling and Physical Applications of Magnetic
Systems

Roberto Zivieri 1,*, Israa Medlej 2 and Giancarlo Consolo 3

1 Department of Engineering, University of Messina, Contrada Di Dio, Vill. Sant’ Agata, 98166 Messina, Italy
2 Shenzhen Institute for Quantum Science and Engineering, Southern University of Science and Technology,

Shenzhen 518055, China; medlej.israa@gmail.com
3 Department of Mathematical and Computer Sciences, Physical Sciences and Earth Sciences, University of

Messina, Contrada Di Dio, Vill. Sant’ Agata, 98166 Messina, Italy; giancarlo.consolo@unime.it
* Correspondence: roberto.zivieri@unife.it

1. Introduction

Recently, nanoscale magnetic materials have attracted widespread attention due to
their intriguing properties in both theoretical and experimental contexts. During the last
two decades, the underlying physics of the complex magnetization dynamics in magnetic
systems, such as ferromagnetic and antiferromagnetic films and confined magnetic systems
of different shapes, including nanopillars and waveguides, has been widely studied via the
formulation of sophisticated mathematical models, both in terms of classical and quantum
descriptions. On the other hand, during the same period, intense experimental activity
has successfully confirmed the existence several phenomena predicted by the theoretical
models and revealed their effects. Concrete applications, such as magnetic memory, logic
devices, diodes, transistors, microwave oscillators, and spintronic devices, etc., have been
observed. Two main physical phenomena—spin transfer torque (STT) and spin-Hall
effects (SHE)—paved the way for the fabrication of spintronic devices. The main goal
of this Special Issue of Magnetism, “Mathematical Modelling and Physical Applications
of Magnetic Systems,” was to encourage world-leading scientists to present their latest
exciting theoretical and experimental results at the nanoscale dimension, discussing the
fundamental physics of these systems. The collection of articles highlights theoretical,
experimental, and technological applications in the field of low-dimensional magnetic
systems; the contributions are summarized in the following sections.

2. The Present Special Issue

In the SI “Mathematical Modelling and Physical Applications of Magnetic Systems”
9 papers were selected for publication following a strict review process. The main findings
of these articles are described and discussed below.

However, before delving into the realm of the published articles, it is important to
address three main inquiries: (1) What are the main arguments discussed, and why are they
so important for magnetic systems? (2) Are these systems 1D, 2D, or 3D or all of them? (3) If
they are also 3D, what are the advantages of studying them compared to low-dimensional
1D and 2D magnetic systems?

(1) What are the main arguments discussed and why are they so important for magnetic

systems?

Magnetism 2026, 6, 2 https://doi.org/10.3390/magnetism60100021
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In this Editorial, the main topics addressed are the mathematical modeling, deep
phenomenological physics, and technological application of magnetic systems at different
scales of dimensionality. Accurate descriptions of magnetization dynamics, spin–orbit cou-
pling, nonlinear effects, and topological phenomena are gathered to tailor strong advanced
theoretical approaches, such as the ones based on the extension of the Landau–Lifshitz–
Gilbert (LLG) equation.

These arguments are crucial for

• A better understanding of magnetism at low dimensions, taking into account that
theory and experiments need to be correlated.

• A deeper comprehension of physical phenomena, such as spin transport, spin torque
effects (STT, SHE), and emergent electrodynamics, which are crucial for tailoring
spintronic devices.

• Wider use of technological applications ranging from magnetic memory, logic devices,
to neuromorphic computing with special regard to quantum technology based on 3D
solitons like hopfions.

Topological spin-textures, magnetoelastic effects, and thermal–magnetic coupling are
promising candidates for the development of next-generation technological applications
correlated with magnetic materials.

(2) Are the magnetic topological systems studied 1D, 2D, or 3D—or all of them?

This collection investigates 1D, 2D, and 3D magnetic topological systems.

• 1D magnetic topological systems consist of domain walls and nanowires and were
studied in the framework of spin transport and torque.

• 2D magnetic topological systems are mainly represented by magnetic skyrmions
hosted in thin films, multilayers, and planar structures characterized by collective
excitations such as spin waves.

• 3D magnetic topological magnetic systems are mainly represented by magnetic hop-
fions and torons and reveal a novel way to provide topologically protected knots in
three dimensions.

One crucial consideration is the search for a novel approximation based on the inclu-
sion of spin–orbit and topological torques in the LLG equation, which leads to a unified
theory for 1D, 2D and 3D magnetic systems.

(3) If they are also 3D magnetic systems, what are the advantages of studying them

compared to the low-dimensional 1D and 2D magnetic systems?

• Topological richness: 3D systems have a topologically complex spin-texture, such as a
magnetic hopfion, characterized by the Hopf invariant, where magnetic field lines are
linked. This phenomenon cannot exist in 1D and 2D.

• Enhanced stability: greater stability is one of the main factors that makes 3D
systems more robust in relation to thermal fluctuations and defects, due to their
volumetric topology.

• Improved information density: through the 3D profile, a high storage capacity can be
achieved.

• New functionalities: 3D topological Hall transport and volumetric spin-wave modes
propagation can be obtained through the coupling between magnetic, electric, and
optical fields, paving the way for novel control mechanisms.

https://doi.org/10.3390/magnetism60100022
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3D magnetism is harnessed for technological applications (spintronics, magnonics,
neuromorphic architectures, and quantum devices), suppressing the limitation of a planar
geometry.

The topics can be subdivided into three main subjects:

1. Advanced Magnetic Phenomena and Theoretical Insights

Included Articles

• Magnetic Hopfions: A Review (Guslienko, 2024).
• A Study on the Effect of Plastic Strain on Magnetic Phenomenology and Microstructure

(Hasičić et al., 2025).
• Can We Still Find an Ideal Memristor? (Wang, 2024).

2. Magnetic Materials, Devices, and Applications

Included Articles

• Loss Mitigation in Self-Biased Microstrip Circulators (Kong et al., 2023).
• Practical Study of Mixed-Core High Frequency Power Transformer (Paul, 2022).
• Magneto Elasticity Modeling for Stress Sensors (Diguet et al., 2022).

3. Magnetic Modelling and Computational Methods

Included Articles

• Vector-Based Magnetic Circuit Modelling of Induction Motors (Kidd, 2022).
• Numerically Stable and Computationally Efficient Expression for the Magnetic Field

of a Current Loop (Ortner et al., 2022).
• The Role of Blood Perfusion in the Thermal Interaction Between Magnetic Nanoparti-

cles and Cancerous Tumors (Maniotis et al., 2025).

The review article by K. Guslienko, Magnetic Hopfions: A Review, deals with magnetic
hopfions, which are the 3D topological counterpart of well-known 2D topological spin
textures, such as magnetic skyrmions. Magnetic hopfions can be classified as field magnetic
solitons because they exhibit stable and localized spin configurations that maintain their
structure under continuous magnetic field deformation. Their creation can be numerically
reproduced by means of micromagnetic simulations using software such as Mumax3 [1] or
OOMMF [2]. On the other hand, their theoretical description is based on the LLG equation,
which governs the magnetization motion. The 3D topological charge, also known as the
Hopf index, can be extracted through the lens of emergent magnetic vector potential and
magnetic field. Magnetic hopfions are physically explained using classical field theory
and with toroidal coordinates which become crucial for properly describing them. Their
stability and dynamics, especially in ferromagnetic films and dots, are discussed.

In M. Hasičić et al.’s article, “A Study on the Effect of Plastic Strain on Magnetic
Phenomenology and Microstructure”, it is revealed that magnetic properties are affected by
plastic strain, correlating macroscopic behavior with microscopic mechanisms. The effect of
the strain on the magnetization depends on the anisotropy profile. Based on micromagnetic
simulations of hysteresis loops for different magnetic anisotropies, the different equilib-
rium configurations are discussed as a function of anisotropy, demagnetizing, and energy
exchange contributions. The magnetization can change in two ways: it can flip suddenly
(switching) or turn gradually to follow the magnetic field (rotation). A hard layer around
soft grains is created by compressive stress. Future research should focus on investigating
the secondary peak in permeability and how the angle alters between hard and soft areas.

The article “Can We Still Find an Ideal Memristor?” by F. Z. Wang sheds light on the
role of a memristor. An ideal memristor was invented by Chua in 1971 [3]. It correlates

https://doi.org/10.3390/magnetism60100023
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the magnetic flux Φ and the electric charge q with the two physical quantities nonlinearly
correlated. The direct interaction between Φ and q behaves like a memristor. It is shown
that the “ideal/real/perfect” memristor requires magnetism, but the structure still faces two
major limitations: (1) an inductive effect, and (2) bistability along with dynamic sweeping
across a continuous resistance range. Several innovations based on an “open” structure,
nanoscale dimensions, magnetic materials with cubic anisotropy and sequential switching
of magnetic domains are proposed. This discovery paves the way for next-generation ideal
memristors, even though they can still be considered a purely a mathematical concept.

L. Kong et al. focus on “Loss Mitigation in Self-Biased Microstrip Circulators”. The
use of ferrite devices in radio frequency (RF) systems and antennas is quite challenging
because they need external magnets. Hexaferrite-based devices can work without magnets
at high frequencies, but the loss of energy is recorded at lower frequencies used in wireless
communication. This paper examines La-Co (lanthanum-cobalt)-substituted hexaferrite
materials for low-GHz circulators.

A. K. Paul deals with the “Practical Study of Mixed-Core High Frequency Power
Transformer”. In the core of power electronics, the use of medium to high frequency aims
to remove heat in order to facilitate optimal use of both the core and copper. The thermal
conduction of a transformer device is complicated by the presence of loss centers. By
taking the core made by a soft magnetic material, a mixed-core profile to achieve superior
temperature profile and better long-term performance is employed. The new cores replace
the original ones under the windings. In addition, they share more of the heat dissipation
load. The magnetic and thermal behavior of the transformer is assessed through the lens of
two high-power applications. In the first case, the core operates at its rated flux, while in
the second case, the windings operate at their rated currents.

G. Diguet et al. delve into the realm of “Magneto Elasticity Modeling for Stress
Sensors”. In this article, the phenomena of stress/stress sensing hosted in the thin films
is discussed and demonstrated. Different main pillars such as the application of stress
(compressive and tensile) and the application of a DC electromagnetic field are the bases
of the sensing phenomena. Physical phenomena—magnetic susceptibility and magnetic
permeability—are examined by applying a strong exciting AC electromagnetic field aligned
along the same direction of the applied stress. The magnetic susceptibility of the material
changes with the applied stress and reaches a maximum value when the stress is close to a
critical level. For the DC electromagnetic field applied along the direction of the exciting
AC electromagnetic field and along the same direction as the applied stress, the critical
stress is shifted toward negative values, and for the DC electromagnetic field applied
perpendicularly, the critical stress is shifted towards larger positive values. Specifically,
when the DC electromagnetic field is in the same direction as the AC one, the critical
stress becomes smaller, while the critical stress becomes larger when the two fields are
perpendicular. In summary, in this investigation experimental endeavors were conducted
to obtain a clear overview on magnetoelastic properties for stress sensors.

B. Kidd proposes “Vector-Based Magnetic Circuit Modelling of Induction Motors”.
An electro-mechanical system is used together with applied and rotating magnetic fields.
Efficiency and accuracy are the two main factors needed to create a robust device. The
developed vector-based magnetic circuit equations give more accurate results to describe
the operational characteristics of induction motors if compared to regular flux models. The
exact equations are extracted through the shape and design of the device and the results
are reliable with a short calculation time.

M. Ortner et al. propose “Numerically Stable and Computationally Efficient Expres-
sion for the Magnetic Field of a Current Loop”. In this work, the authors show that direct

https://doi.org/10.3390/magnetism60100024
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implementations of standard textbook formulas for the off-axis magnetic field of a current
loop become numerically unstable over a wide region. Near the axis of symmetry and at
large distances from the loop, accuracy deteriorates rapidly. The instability comes from
numerical cancellation, which cannot be fixed algebraically. All exact expressions reported
in the literature suffer from similar issues. The authors explore unconventional computing
compared to conventional methods. Different approaches such as dipole, Taylor, and
binomial approaches are compared with classical ones. The novel method is based on an
analytic expression using Bulirsch’s complete elliptic integral.

N. Maniotis et al. propose “The Role of Blood Perfusion in the Thermal Interaction
Between Magnetic Nanoparticles and Cancerous Tumors: A Computational Study”. The
model studies how blood flow affects tumor heating during treatment with magnetic
nanoparticles. Blood flow removes heat from the tumor, so the temperature increase
is reduced. The heat produced by 15 nm magnetite nanoparticles is calculated from
micromagnetic simulations. In the numerical simulations are use a magnetic field of about
20 mT and a frequency of 100 kHz. The energy loss of nanoparticles is used to model
the tumor and healthy tissue. Normal and cancer tissues are distinguished based on
experimental differences in how blood flow changes with temperature. 2D bioheat model
is used with nanoparticles evenly spread in the tumor. The results show that tumors retain
more heat than healthy tissue because their blood flow increases less under heating, which
helps therapy. The tumor reaches a temperature ranging between 41 ◦C and 45 ◦C, while
the other nearby tissues are unaffected. As a main result, tumor heating treatments are
presented and improved through nanoparticles and blood flow.

3. Future Directions

In our opinion, there are numerous promising avenues for future technology based
on magnetism. First, in the framework of advanced magnetic phenomena and theoretical
insights, magnetic hopfions, which are 3D topological spin-textures, are highly promising,
with potential applications in the field of spintronics, memory data storage, and neuro-
morphic computing. Research focused on magnetic materials, devices, and applications
presents future smart materials and potential sensing applications that are built on magne-
toelasticity modeling. However, not all of these smart materials and sensing applications
rely exclusively on magnetoelastic effects. Some are based on other magnetic phenomena
and mechanisms beyond magnetoelasticity. Another main endeavor is based on magnetic
modeling and computational methods, mainly related to the efficiency and accuracy of
electromechanical systems, and focuses on linking analytical and numerical approaches
for real-time applications. The analysis is not limited to electromechanical systems but
it can also be applied to other magnetic and multi-physics systems. We pose two open
questions which arise as a continuation of the topics discussed in this Special Issue: What
about quantum computing linked to magnetism? And what about the synergy between
theory and experiment? At the moment, there are no final answers to these questions.
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The Role of Blood Perfusion in the Thermal Interaction
Between Magnetic Nanoparticles and Cancerous Tumors:
A Computational Study
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Abstract: In this study, the role of blood perfusion in modulating the thermal response of tu-
mors during magnetic nanoparticle hyperthermia was investigated through computational
modeling. The thermal dissipation of 15 nm magnetite nanoparticles was estimated using
micromagnetic simulations of their hysteresis loops under a magnetic field of 20 mT and a
frequency of 100 kHz. These calculations provided precise energy loss parameters, serving
as inputs to simulate the temperature distribution in a tumor embedded within healthy
tissue. Temperature-dependent blood perfusion rates, derived from experimental models,
were integrated to differentiate the vascular dynamics in normal and cancerous tissues.
The simulations were conducted using a bioheat transfer model on a 2D axisymmetric
tumor geometry with magnetite nanoparticles dispersed uniformly in the tumor volume.
Results showed that tumor tissues exhibit limited blood perfusion enhancement under
hyperthermic conditions compared to healthy tissues, leading to localized heat retention
favorable for therapeutic purposes. The computational framework validated these findings
by achieving therapeutic tumor temperatures (41–45 ◦C) without significant overheating
of surrounding healthy tissues, highlighting the critical interplay between perfusion and
energy dissipation. These results demonstrate the efficacy of combining nanoparticle mod-
eling with temperature-dependent perfusion for optimizing magnetic nanoparticle-based
hyperthermia protocols.

Keywords: magnetic nanoparticles; magnetic nanoparticle hyperthermia; blood perfusion;
finite element method; micromagnetic simulation; hysteresis losses; bioheat transfer

1. Introduction

During the clinical application of magnetic nanoparticle hyperthermia (MNH), it is
desirable to have complete knowledge of the temperature distribution in order to achieve
the therapeutic tumor temperature range (41–45 ◦C) [1]. Invasive temperature measurements
can provide information on the tissue temperature at discrete points only when the number
of probes that can be implanted is restricted by patient tolerance and practical aspects, and
thus the tissue temperature knowledge is limited [2]. Therefore, a mathematical model for
calculating tissue temperature during the treatment could prove valuable in complementing
the invasive temperature measurements. The difference between applied (cause) and heat-
generated (effect) fields, experimentally seen in vitro and in vivo, is overwhelming, and so
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is the heat distribution [3]. Bridging theory and experiment in these cases requires new
efforts in terms of heat measurement techniques and simulation approaches. Once a match
between the latter two has been achieved, there will be real chances of the routine use
of MNH as a treatment adapted to the specific requirements of each cancer case. One of
the main shortcomings of many in vitro models is the disregard of both tumor and body
physiological conditions. For the sake of simplicity, biological media are usually considered
to be a blood-flooded matrix composed of cells and interstitial space in physical models of
hyperthermia [4,5].

Specific heat, thermal, and electrical conductivities, mass density, as well as the dielectric
constant of the involved biological media (tumor and healthy tissue) must also be included in
models and simulations. In the case of deep-seated tumors, the perturbing effects of bones
(with low dielectric constant and thermal conductivity) are usually neglected due to the
added complexity and their relatively limited influence on the heat transfer [6,7]. Another
important element is vascularization. The heat transfer process greatly depends on blood
perfusion, which is different for tumors and normal tissue. Moreover, bifurcations in vessels
have an impact on the cooling effect of blood [8]. Finally, the heat sources, i.e., MNPs, must be
included so as to complete the basic tumor model of MNH. These may exhibit size distribution,
which influences their magnetic properties and, therefore, the heat generation process, and
spatial distribution, which determines the formation of “hot spots” and the uniformity of heat
deposition in the tissue where MNPs are infused [9,10].

Heat transfer in living tissues is a complicated process because it involves a combination
of thermal conduction in tissues, convection and perfusion of blood, and metabolic heat
production [11–13]. Over the years, several mathematical models have been developed to
describe heat transfer within living biological tissues. These models have been widely used in
the analysis of hyperthermia in cancer treatment, laser surgery, cryosurgery, cryopreservation,
thermal comfort, and many other applications. The most widely used bioheat model was in-
troduced by Pennes in 1948 [14]. Pennes proposed a new simplified bioheat model to describe
the effect of blood perfusion and metabolic heat generation on heat transfer within a living
tissue. Since the publication of Pennes’ landmark paper, the bioheat transfer equation (BHTE)
of his model has been widely used by many researchers for the analysis of bioheat transfer
phenomena. For any MNP construct, thermal modeling is critical for understanding the
heating efficacy at cellular level. The BHTE can be used to predict temperature profiles during
local hyperthermia [15,16]. Despite the development of more accurate temperature prediction
models, the BHTE can still be applied to almost every case of thermal modeling [16–20]. When
applying the BHTE, the specified magnetic field strength, frequency, background temperature,
estimated average perfusion, MNP concentration, and distribution in the target tissue yield an
energy term which is then used to estimate the power absorption and temperature distribution
within the target region [21–23].

Blood perfusion can be the dominant form of energy removal when considering heating
processes. It assumes that the blood enters the control volume at some arterial temperature
and then comes to equilibrium at tissue temperature. Thus, as the blood leaves the control
volume, it carries away the energy and therefore acts as an energy sink in MPH treatment.
In many works, blood perfusion is considered as a constant value that is characteristic of the
tissue [11,24–26]. In reality, blood perfusion is not static; it varies with temperature and time.
Tumor microvasculature exhibits unique thermal responses compared to healthy tissues, with
an initial hyperperfusion that may decline under prolonged hyperthermic conditions due
to vascular collapse or functional impairments [27–29]. Incorporating such complexities is
crucial for accurately simulating the thermal interaction between magnetic nanoparticles and
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tumors. Here, we address this gap by integrating temperature- and time-dependent blood
perfusion models into a computational framework for MNH simulations.

This study estimated the thermal dissipation of 15 nm magnetite nanoparticles sub-
jected to an alternating magnetic field of 20 mT and 100 kHz using micromagnetic simula-
tions, providing the energy loss parameters necessary for the analysis. Power dissipation
was integrated into a bioheat transfer model, and the finite element method (FEM) was em-
ployed to solve the heat transfer equations and compute spatial and temporal temperature
distributions within a spherical tumor surrounded by healthy tissue. The blood perfusion
rates in both tumor and healthy tissues were modeled as dynamic functions of temperature
and time, capturing the physiological variability inherent in the process. Prior to the appli-
cation of MPH in patients, safety and effectiveness must be ensured with the generation
of an accurate and reliable treatment plan. Consequently, the need for a numerical model
that considers variables such as the tissue density, specific heat and thermal conductivity,
metabolic heat generation, and blood perfusion rate is of high importance. Our model
takes into account all the suitable boundary conditions and, more importantly, should be
utilized within the framework of BHTE tailored to varied perfusion. Accurate treatment
planning can allow for the generation of a temperature spatiotemporal distribution which
can provide better visualization of the heat transfer present in the tumor region than single-
point thermometry. Thermal modeling that is in agreement with physical temperature
measurements can complement focal thermal monitoring. By incorporating temperature-
dependent and time-dependent blood perfusion rates into the FEM framework, this work
delivers a more accurate representation of thermal dynamics during MNH, offering critical
insights into optimizing this therapy for effective and safe clinical applications.

2. Materials and Methods

To determine the hysteresis losses of magnetic nanoparticles (MNPs), a detailed
micromagnetic numerical model was developed with OOMMF software [30], assuming
single-domain, spheroidal particles with identical material composition. The particles
interact with one another via magnetostatic dipole–dipole interactions, which were incor-
porated into the simulation framework. The model simulates the behaviour of an ensemble
of MNPs by numerically integrating the Landau–Lifshitz–Gilbert (LLG) [31] equation to
calculate their magnetic response under an alternating magnetic field. The energy losses Q
were evaluated by calculating the hysteresis loop area and multiplying it by the applied
magnetic field frequency. For these simulations, the Fe3O4 MNPs were characterized by
the following magnetic parameters: a damping coefficient alpha = 0.02, a saturation mag-
netization of bulk magnetite Ms = 480 kA/m, and a first-order cubic magnetocrystalline
anisotropy constant K = −13.5 kJ/m3. Those values were chosen based on the study [32]
which investigates a system of MNPs with the same properties, including size, shape,
material composition, and anisotropy. This ensures that the selected value is representative
of the specific MNPs used in our work. The volume concentration of MNPs in the simu-
lated environment was set to φ = 1%, and the anisotropy axes of individual particles were
randomly oriented to mimic realistic spatial distributions. This is an acceptable concen-
tration value usually employed both clinically [33–35] and in silico [36]. Simulations were
performed at an initial temperature of 300 K to ensure a thermally consistent representation
of the system. Field amplitude and frequency were chosen to simulate realistic clinical
conditions [9,37] and were set to 20 mT and 100 kHz, respectively.

The finite element model (FEM) utilized in this study comprises a spherical tumor with
a radius of 5 mm embedded within a healthy brain tissue region with a radius of 25 mm.
This geometric configuration was adopted from the works of K. Maier-Hauff et al. [38,39].
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The dimensions align with the realistic anatomical parameters observed in glioblastoma
multiforme cases, enhancing the applicability of the model for clinically relevant scenarios.
This configuration enables an accurate representation of heat distribution within the tumor
and surrounding healthy tissue during magnetic nanoparticle hyperthermia. In order
to save computational time and space but simultaneously obtain accurate results for the
realistic 3D space, we designed our geometry in a 2D (r,z) axisymmetric model as depicted
in Figure 1. The use of a 2D axisymmetric model is a well-established approach in heat
transfer studies, as it significantly reduces computational costs while maintaining the
key characteristics of heat distribution [40,41]. This approach is particularly valid when
considering radially symmetric tumor geometries and homogeneous heating conditions.

Figure 1. Geometry of the applied model: the model represents both MNPs bearing tumor and
healthy tissue as semicircles of radius 5 mm and 25 mm, respectively. The modeling plane is the rz-
plane: the horizontal axis represents the r-axis, and the vertical axis represents the z- axis. To obtain
the actual 3D geometry, we have to revolve the 2D geometry about the z-axis. The scale bar is
also indicated.

The heat transfer simulation was performed using COMSOL 3.5a Multiphysics soft-
ware [42]. The time-dependent “Bioheat Transfer” module is utilized to simulate the in vivo
MNH scheme studied here. The governing equation reads:

ρtct
∂T
∂t

+∇·(−kt∇T) = cbρbωb(Tb − T) + Qmet + Qext (1)

where ρt, ct, T, and kt are density, specific heat, temperature, and thermal conductivity of
the tissue, respectively. In addition, Tb is the temperature of arterial blood, Qmet is the
metabolic heat generation in W/m3, and ρb, cb, and ωb are density, specific heat, and
perfusion rate of blood, respectively. Finally, Qext is the energy deposition rate in W/m3

which is generated by an external heating source (in our case, the MNPs subjected to AC
field) and is related to the MNPs’ hysteresis losses Q through:

Qext = φQ (2)
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Metabolic heat generation Qmet is usually very small compared to the external power
deposition term Qext. It should be noted that metabolic heat generation is assumed to
be homogeneously distributed throughout the tissue. The first term on the left part of
Equation (1) describes the storage of thermal energy while the first term on the right is
related to heat diffusion. The term ρbcbωb (Tb − T), which accounts for the effects of
blood perfusion, can be the dominant form of energy removal when considering heating
processes. It assumes that the blood enters the control volume at some arterial temperature,
Tb, and then reaches equilibrium at tissue temperature. Thus, as the blood leaves the control
volume, it carries away the energy and therefore acts as an energy sink in MPH treatment.
Power deposition due to eddy currents can be neglected due to the low amplitude and
frequency of the applied alternating magnetic field (20 mT/100 kHz).

The thermophysical and other properties of the tumor and healthy tissue used for
simulation are summarized in Table 1. The properties of blood are summarized in Table 2.

Table 1. Thermophysical properties of healthy tissue and tumors taken from [43,44].

Tissue
Thermal Conductivity

(W/mK)
kt

Density (kg/m3)
ρt

Specific Heat (J/kgK)
ct

Viscosity (Pas)
n

Metabolic Heat Rate
(W/m3)

Qmet

Healthy tissue 0.64 1040 3693 0.1 6374.5

Tumor 0.57 1000 3500 0.1 31,872.5

Table 2. Thermophysical properties of blood taken from [32].

Density (kg/m3)
ρb

Specific Heat (J/kgK)
cb

Temperature (◦C)
Tb

Blood 1060 3894 37

The simulations also adopt the temperature-dependent blood perfusion rate model
introduced by Lang et al. [45], for both the tumor, ωb,tumor, and the healthy tissue (ωb,tissue)
in (1/s). Those blood perfusion rates depend on the temperature in the following way:

ωb,tumor =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0.000833 for T < 37 ◦C

0.000833 − (T − 37)4.8

5438000
for 37 ◦C ≤ T ≤ 42 ◦C |

0.000416 for T > 42 ◦C

ωb,tissue =

⎧⎪⎪⎨⎪⎪⎩
0.00045 + 0.00355 exp

(
− (T − 45)2

12

)
for T ≤ 45 ◦C

0.004 for T > 45 ◦C

(3)

Under the “Initial Values” node, the normal body temperature of 37 ◦C (310.15 K) was set
throughout the entire geometry. A general “Heat Source” Qext was added in the Tumor–MNPs
composite domain, assuming that all the MNPs are uniformly dispersed within the tumor
region, with a volume fraction of φ. A “Temperature” node of constant temperature (Dirichlet
boundary condition type) was selected to describe the conditions on the outer boundary of
the healthy tissue. Assuming that a sufficient volume of healthy tissue spans between the heat
source and the boundary, the metabolism and perfusion mechanisms should counterbalance
the effect of the source, thus the temperature at the boundary should be approximately equal
to the normal body temperature of 37 ◦C. Treatment time was equal to 3600 s. At tumor
boundaries, we set the continuity boundary condition. This boundary condition describes the
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energy transfer between the boundaries of the tumor and the external environment, which is
the healthy tissue. The general relation that describes this is the following:

n · (k1∇ T1 − k2∇ T2) = 0 (4)

where n is the vector perpendicular to the boundary surface. This condition specifies that
the heat flux in the normal direction is continuous across the boundary between material 1
(tumor) and material 2 (healthy tissue). The axial symmetry boundary condition is applied
along the z-axis of the model. This condition is used in boundaries in order to reduce
the overall size of the model and save system resources like CPU time and space. The
boundaries of the model are depicted in Figure 2a with different colored arrows.

×

Figure 2. (a) Color-indexed arrows for the various boundary conditions of the bioheat transfer
problem. (b) Size color legend (in meters) of the various triangular mesh elements used for the model.

Since the model contains rotational symmetry, the computational domain can be rep-
resented in 2D using cylindrical coordinates. Because of the computation time saved by
modeling in 2D, we can select a fine mesh that will provide extremely accurate results. An
extra-fine mesh was used throughout the entire geometry as shown in Figure 2b. It consisted
of 11,813 triangular domain elements and 586 boundary elements. The time-dependent study
of 3600 s is carried out for a time step of 0.1 s and a relative tolerance of 0.001. A direct
time-dependent solver is used throughout the simulations that included 23,886 degrees of
freedom (DOFs). All the boundary conditions used are presented in Table 3.

Table 3. Simulating conditions used for each boundary.

Arrows Color Index in Figure 2a Boundary Condition

red Axial symmetry

blue Continuity (Energy Transfer)

black Dirichlet (constant temperature at 37 ◦C)

3. Results

3.1. Micromagnetic Simulation

The hysteresis loop, depicted in Figure 3, reflects the reduction in magnetization due
to the nanoscale size of the particles compared to the bulk material [46]. Furthermore, the
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low field of 20 mT cannot cause a completely saturated magnetization of the system of
interacting nanoparticles since the characteristic field of the cubic anisotropy is as high as
2K/M_s = 60 mT, which is much higher than the coercive field obtained here (≈8 mT). By
integrating the data of Figure 3, we found that hysteresis loop area equals to 3.6 J/kgMNPs.
By multiplying this value to the driving frequency value, we found Qext = 360 W/gMNPs.

Figure 3. Hysteresis loop for interacting magnetite nanoparticles of diameter 15 nm. The applied
magnetic field amplitude and the bulk saturation magnetization are equal to 20 mT and 480 kA/m.
Temperature fluctuations also attenuate the magnetization of particles.

3.2. Blood Perfusion

After using COMSOL 3.5a to numerically solve the time-dependent Equation (1), we
obtained the distributions of variables such as blood perfusion, temperature, and MNPs’
volumetric power dissipation in order to appraise the validity of our method. First, we
obtained the blood perfusion temporal distribution for the healthy tissue and tumor which
is depicted in Figures 4a and 4b, respectively. Note that the blood perfusion rate distribu-
tions presented in Figure 4 correspond to average values across the boundaries of both the
tumor and healthy tissue. This approach accounts for spatial variations in temperature and
provides a representative measure of the perfusion response in each region.

Figure 4. Cont.
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Figure 4. Blood perfusion temporal distribution for (a) healthy tissue and (b) tumor after 1 h
of magnetic nanoparticle hyperthermia (MNH) treatment. The healthy tissue demonstrates an
adaptive vascular response, increasing blood flow as temperature rises to enhance heat dissipation.
In contrast, the hypertrophic vascular system of the tumor shows an elevated initial blood flow at
normal temperatures but a reduced ability to respond at higher temperatures, leading to decreased
perfusion. This differential perfusion behavior facilitates selective heating of the tumor, supporting
the therapeutic efficacy of MNH.

It can be seen that healthy tissue is characterized by a normal vascular system, which
supplies the tissue with more blood as the temperature rises in order to extract heat. The
vascular system of the tumor is hypertrophic and consequently, at normal temperature,
it provides greater blood flow. On the other hand, at higher temperatures, the vascular
system of tumor fails to increase the blood flow and therefore reduces it. Thus, it is easier
to heat the tumor. This property is beneficial for the whole process of the in vivo MNH.

3.3. Heat Transfer

Then, we estimated temperature distribution within the geometry. The heating source
of the tumor are the MNPs, with their losses given by Equation (2). Since blood acts as
a heat sink because of perfusion, an efficient amount of energy is required to attain an
MNH-appropriate temperature increase, which is illustrated in Figure S1 after t = 3600 s of
MNH treatment. Temperature as a function of the radial distance is depicted in Figure 5,
together with the distributions obtained for different values of blood perfusion found in
the literature. Figure 5 highlights the significant role of blood perfusion in determining
the achievable temperatures within the tumor and surrounding healthy tissue. The curves
indicate that higher perfusion rates lead to enhanced heat dissipation, resulting in lower
steady-state temperatures. Conversely, lower perfusion rates contribute to increased tumor
heating. Our model incorporating variable perfusion ωb = ωb(T,t) predicts a more realistic
temperature distribution, as it accounts for physiological responses to hyperthermia treat-
ment. The results demonstrate that assuming a fixed perfusion rate may underestimate
the temperature profile, affecting treatment predictions. This variability emphasizes the
need for considering a range of perfusion values, as biological properties are subject to
individual differences.

A contour temperature plot within the tumor volume is presented in Figure S2a.
We see that the entire volume of the tumor enters the MNH window limits, i.e., between
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41 ◦C and 45 ◦C, whereas tumor boundaries are above the MNH threshold. On the other
hand, the temperature within the healthy tissue did not increase significantly, as illustrated
in the contour temperature plot of Figure S2b. The maximum temperature reached in
healthy tissue volume is 41 ◦C, while at the center of the tumor, the temperature reached
the value of 45.6 ◦C. This temperature increase in healthy tissue (ΔT = 4 ◦C) does not affect
cellular mechanisms, as already been demonstrated in the literature [47].

Figure 5. Temperature distribution as a function of the radial distance from the tumor center,
incorporating different tumoral blood perfusion rates, ωb, found in the literature. A vertical dashed
line marks the tumor boundary, distinguishing the intratumoral and healthy tissue regions. The plot
includes various constant perfusion rates as well as our proposed temperature- and time-dependent
perfusion model, demonstrating its impact on thermal behavior. The black point on our model’s curve
indicates the position where the distribution curvature changes due to high temperature gradients
within the tumor.

To validate our method, temperature values attained both in the center and at the
boundaries of the tumor were compared to the corresponding experimental temperature
values obtained in a clinical studies [38,39] under the same particles (material, size, concen-
tration) and field (amplitude and frequency) conditions. There, the authors performed heat-
ing treatment to patients suffering from glioblastoma multiforme by intracranial injection of
the magnetic fluid MFL AS (MagForce Nanotechnologies AG, Berlin, Germany [48]), which
is subject to European medical device regulations [35] and consisted of aminosilane-coated
magnetite nanoparticles (15 nm core size) dispersed in water at the same concentration
(1%) used here. Temperature values attained both in the center and at the boundaries
of the tumor are compared to the corresponding experimental temperature values ob-
tained in [29,30] to evaluate our method. The results are presented in Table 4 where a
good agreement between experimentally measured and numerically calculated values
is revealed.

Table 4. Comparison between experimental (Tmeasured) and numerical (Tcalculated) temperature
values estimated intratumorally and at tumor boundaries.

Position in Tumor Tmeasured [29,30] (◦C) Tcalculated (◦C) Deviation (%)

center 44.6 45.6 2.2

boundaries 42 41.5 1.2
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Time evolution of temperature at the position where the curvature of their radial
distribution changes (2.5 mm from the center of the tumor) and at tumor boundaries (5 mm
from the center of the tumor) are depicted in Figure 6.

Figure 6. Temperature time evolution at two different tumor positions. The intratumoral distribution
corresponds to the site positioned 2.5 mm from the center of the tumor (black point in Figure 5) while
the distribution in the boundaries between tumor and healthy tissue is taken at 5 mm.

The results illustrated in Figure 6 show a significant and rapid rise in temperature
within the intratumoral region, which stabilizes after approximately 15 min, reaching a
steady state. This elevated and sustained temperature is crucial for inducing thermal dam-
age to tumor cells. Conversely, the tumor boundaries exhibit a slower rate of temperature
increase and reach a lower steady-state temperature compared to the intratumoral region.
This gradient in temperature distribution can be attributed to the heat dissipation effects
of surrounding healthy tissues, which have a more robust vascular response and blood
perfusion rate. The distinct temperature profile highlights the efficiency of MNH in selec-
tively heating the tumor core while sparing adjacent healthy tissue. Such a differentiation
in temperature dynamics between the tumor center and its periphery underscores the
importance of the tumor’s impaired vascular system, which limits heat dissipation.

Finally, we estimated the Cumulative Equivalent Minutes at 43 ◦C (CEM43) to quantify
the thermal dose delivered during the treatment based on the expression [49,50]

CEM43 =
∫ tfinal

t=0
R(43−T(t))dt (5)

where R is a temperature-dependent factor: R = 0.5R = 0.5 for T ≥ 43 ◦C and R = 0.25 for
T < 43 ◦C. From temperature profiles in Figure 6, we found that the intratumoral region
reaches CEM43 = 60 min within 16 min while the tumor boundary requires 29 min to reach
the same dose. These characteristics ensure a therapeutically effective thermal dose to the
tumor while minimizing potential thermal damage to the surrounding tissue. These results
confirm that the applied heating strategy provides an effective thermal dose in accordance
with established hyperthermia treatment standards.
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4. Discussion

This study investigates the thermal interaction between magnetic nanoparticles
(MNPs) and a cancerous tumor using computational models to evaluate the impact of
temperature- and time-dependent blood perfusion rates. The findings illustrate the complex
interplay between nanoparticle heat dissipation, tissue perfusion, and tumor physiology,
providing critical insights into the optimization of magnetic nanoparticle hyperthermia
(MNH) for clinical cancer treatment. The results confirm that tumor tissues can be se-
lectively heated during MNH due to their impaired vascular response, which contrasts
with the robust blood perfusion system in healthy tissues. The tumor’s hypertrophic
vascular structure initially exhibits elevated blood perfusion compared to normal tissue.
However, its inability to maintain this increase under hyperthermic conditions results
in reduced heat dissipation, allowing for sustained temperature rise in the tumor core.
These findings are consistent with previous studies [3,11,51,52] that highlight the vulnera-
bility of tumor vasculature to thermal stress, which enhances the therapeutic efficacy of
hyperthermia treatments.

Micromagnetic simulations of 15 nm magnetite nanoparticles were used to accurately
determine their thermal dissipation, incorporating realistic material properties such as
saturation magnetization, damping coefficient, and anisotropy. In the temperature range
of room temperature (ΔT ≈ 20 K), the heating efficiency of MNPs remains largely unaf-
fected, as the Curie temperature of magnetite (≈850 K) is significantly higher, ensuring
stable magnetic properties and negligible variations in the specific loss power (SLP) during
hyperthermia treatment. The power dissipation derived from these simulations matches
well with earlier studies using similar nanoparticle systems [53–57]. The adoption of
temperature- and time-dependent blood perfusion models in finite element simulations
further advances the state-of-the-art by capturing dynamic physiological responses, ad-
dressing a critical limitation in previous literature that relied on static perfusion rates.
In conventional models, blood perfusion is treated as a fixed parameter characteristic
of specific tissue types, disregarding its physiological response to temperature changes.
However, in reality, perfusion varies with temperature, particularly in tumor tissues where
vascular regulation is impaired. The assumption of a constant perfusion rate leads to an
underestimation of the tumor’s temperature rise during hyperthermia. This could result in
an inaccurate assessment of treatment efficacy, as the thermal dose delivered to the tumor
would appear lower than what actually occurred. In contrast, our model accounts for the
reduction in tumor perfusion at higher temperatures, better reflecting the real physiological
response and predicting a more localized and sustained heating effect. The implications
of this discrepancy are critical for hyperthermia treatment planning. Underestimating the
temperature increase could lead to suboptimal treatment protocols, potentially reducing
therapeutic effectiveness. Conversely, an overestimation of heat dissipation in healthy
tissues could cause unnecessary concerns regarding thermal side effects. Our findings
highlight that incorporating a variable perfusion model is essential for improving the accu-
racy of MNH simulations, ensuring a more reliable prediction of the thermal response and
enhancing the precision of clinical hyperthermia applications. Furthermore, the inclusion of
parametric analysis strengthens the study by providing a broader perspective on treatment
effectiveness under different physiological conditions.

From the bioheat transfer simulations, it is evident that the MNH treatment achieves
therapeutic temperatures (41–45 ◦C) in the tumor without overheating the surrounding
healthy tissue. This selective heating highlights the potential of MNH in minimizing ad-
verse side effects, which is a persistent challenge in other cancer treatment modalities like
chemotherapy and external beam radiotherapy. The use of realistic anatomical dimensions
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for the tumor and brain geometry, based on the work of Maier-Hauff et al. [29,30], ensures
clinical relevance and applicability of the results to glioblastoma multiforme treatment
scenarios. The findings also endorse the working hypothesis that the differential thermal
and vascular responses of tumors and healthy tissues can be exploited to achieve precise
and localized heating of tumors during MNH. In our model, we assume that the heat
generated by MNPs via hysteresis losses is uniformly distributed within the tumor volume.
This assumption is based on the use of surfactants and other stabilizing agents used in
the literature that help ensure a homogeneous dispersion of MNPs, thereby minimizing
aggregation effects. Variations in MNP concentration may occur due to aggregation driven
by strong dipolar interactions. These spatial inhomogeneities could lead to localized differ-
ences in heating efficiency. Our recent study [58] has demonstrated that MNP concentration
significantly affects heating efficiency, as evidenced by specific loss power (SLP) estimations
derived from micromagnetic simulations. In scenarios where aggregation occurs, the over-
all heating efficiency might be reduced, potentially leading to deviations in the predicted
temperature profiles. Thus, several factors require further investigation. For example,
nanoparticle distribution within the tumor and agglomeration effects could influence the
overall heat generation, warranting more advanced modeling techniques. Similarly, the
impacts of non-uniform tissue properties and variations in vascular density need to be
explored to refine the predictive accuracy of computational models.

Future research should focus on validating these computational findings with experi-
mental in vivo studies to establish robust correlations between modeling predictions and
biological outcomes. Investigating the long-term effects of MNH treatment, including
tumor recurrence and vascular recovery, would provide a more comprehensive under-
standing of its therapeutic potential. Furthermore, the combination of MNH with other
treatment modalities, such as immunotherapy or targeted drug delivery, could open new
avenues for enhancing therapeutic outcomes.

5. Conclusions

By employing the experimental conditions and MNP parameters that were used in a
clinical application of MNH found in the literature, bioheat transfer modeling was carried
out in order to visualize the temperature profile within the biological tissues (tumor and
healthy tissue). Simulations revealed that temperature increase and heating rate within the
tumor are maintained in ideal therapeutic levels (within moderate hyperthermia levels)
without affecting thermally the healthy tissue. The results are also verified in the literature
and validate our technique.

The modeling of heat generation and transfer process in MNH will increase the under-
standing of physical phenomena and allow a successful transition of this technology from
bench to bedside. In addition, modeling through simulation can be used in the planning of
the MPH treatment and it also serves as a new alternative method for temperature mapping
due to the difficulty in real-time clinical temperature measurement during the treatment.
Conclusively, the beneficial role of modeling implementation in an in vivo MPH scheme
can be illustrated through the following aspects:

(i) MPH treatment can be optimized with respect to the heat application geometry by
maximizing the therapeutic effect while minimizing unwanted side effects.

(ii) The outcome of the treatment can be evaluated based on model predictions.
(iii) It can also be used for extensive parametric studies in order to characterize the stability

of various treatment parameters and conditions.
(iv) New treatment strategies can be proposed and evaluated.
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Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/magnetism5010006/s1, Figure S1: Temperature mapping within our
model geometry after 3600 s of MPH treatment at 20 mT/100 kHz due to the applied volumetric power
dissipation in tumor; Figure S2: Temperature contour plots within (a) tumor and (b) healthy tissue.
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Abstract: The present work aspires to contribute to the discussion on the relationship
between macroscopic measurements and microstructure, helping establish a methodology
that will allow the quantitative assessment of the effect of strain on magnetic properties
in the plastic deformation regime. In particular, we study the effect of strain on the
magnetization process as a result of varying the anisotropy profile at the grain level.
Results on micromagnetic calculations of hysteresis loops for various configurations of
magnetic anisotropy are shown and discussed against the interplay between the energy
terms involved in the calculations, namely anisotropy, demagnetizing, and exchange. The
results are in line with previously obtained results using vector Preisach modeling with the
Stoner–Wohlfarth model acting both as a switching and rotation mechanism. The hysteresis
loop phenomenology is consistent with the emergence of a hard phase in the form of a
boundary around soft grains which is assumed to be the result of the onset of compressive
stresses in the plastic region. Future research will be oriented toward the study of the effect
of the secondary peak in differential permeability, which is observed experimentally in the
plastic deformation region, and its dependence on the angle of misalignment between the
hard boundary and the soft grain.

Keywords: macroscopic measurements; micromagnetic calculations; hysteresis loops

1. Introduction

Nondestructive testing and evaluation (NDT&E) techniques are important both for
the monitoring of critical structures as well as for zero-defect manufacturing. In particular,
magnetic NDT&E is one of the most promising technologies where magnetic materials are
involved, as in the case of steel structures and the steel manufacturing industry.

The underlying concept of magnetic NDT&E is the dependence of the magnetization
process on strain. Mechanical stresses applied at the manufacturing stage, mechanical and
thermal treatments, loading, and aging during the lifetime of a material are all causes of
strain which manifests itself as deformation at the lattice, grain, or macroscopic level and
results in residual stresses [1].

These techniques fall under two major categories, namely those based on major or
minor loop measurements [2–6] and those based on magnetic Barkhausen noise [7–11]
measurements. Coercivity, remanence, and magnetic permeability are all properties that
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have been proposed as metrics in the first case, while the noise root mean square (rms)
voltage envelope, counts or energy are proposed for the second category.

Magnetic NDT&E techniques are appealing due to the low-cost sensor arrangements
and their adaptability to various applications in the field, which is most important for both
monitoring and manufacturing uses. However, it often suffers from drawbacks, such as
low repeatability as well as a lack of benchmarking and standardization, which makes it
appropriate for qualitative rather than quantitative assessment [6,11–14].

Modeling the effect of strain on the magnetization process is important for understand-
ing the underlying mechanisms governing the dependence of the measured/monitored
magnetic parameters on microstructural changes related to strain and residual stresses.

The modeling of stress-dependent magnetization processes has been studied by a
number of groups at various scales [15–18]. The stress tensor contributes to the effective
magnetic field distribution in a strained magnetic material and affects the magnetization
reversal mechanism; e.g., when a tensile (positive) stress is applied along the dominant
magnetization axis of a sample with positive magnetostriction, it assists the alignment of
the domains with the dominant magnetization direction, whereas if compressive (negative)
stress is applied, the domains tend to rotate away from the dominant magnetization direc-
tion. This approach has been used in a modification of the Jiles–Atherton model [19]. The
effect of stress and/or microstructure in order to make better predictions on the efficiency
and performance of different electrical machines has been modeled for several applica-
tions: the effect of grain size and dislocation density on hysteretic magnetic properties in
steels [19], the influence of biaxial stress on anhysteretic behavior [20], strain broadening
under the effect of dislocations [21], asymmetry in the magnetomechanical effect under
tensile and compressive stress [22], and the effect of multiaxial stress on magnetic hysteresis
of electrical steel sheets [23].

The stress-depending effective field approach is not as straightforward in the case of
plastically deformed materials in the unloaded state where compressive stresses coexist
with tensile stresses and the stress tensor is not known.

In this work, we aspire to contribute to the discussion on the relationship between
macroscopic measurements and microstructure on the way toward establishing a methodol-
ogy that will allow the quantitative assessment of the effect of strain on magnetic properties
in the plastic deformation regime. Our starting point is experimental evidence and previous
modeling results concerning martensitic steels [15]. Tensile stress in the plastic deformation
regime results in the emergence of compressive residual stresses and a magnetically hard
phase in the grain boundaries [1,24]. This is reflected on hysteresis loops with increased
coercivity as well as lower remanence and differential permeability. This phenomenology
has been reproduced by a modeling approach based on the Preisach formalism which
assumes the existence of a hard phase and stress-dependent long-range interactions, i.e.,
magnetostatic energy increasing with strain [15]. In this work, we treat the effect of strain
on the magnetization process in the plastic deformation regime as a result of a varying
anisotropy profile at the grain level, and more specifically, we consider the emergence of
a magnetic hard phase in the form of a grain boundary. Using the open-source software
OOMMF 1.2b2 [25,26] and the energy minimization approach, major loops are calculated
for various configurations, and the interplay between the energy terms involved is studied.

In the following section, we present the materials and experimental evidence on
which our work is based, and we describe the proposed methodology. In Section 3, we
present the simulation results and their discussion, and the conclusions are presented in
Sections 4 and 5, respectively.
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2. Materials and Methods

The assumptions of the modeling approach presented in this work originate from
observations on experimental results. In particular, the measurements shown here have
been obtained using commercial electrical steel laminates, featuring a low-carbon steel
typically used as the magnetic core in transformers and motors and typical of similar
measurements in the literature [1,2,4,10,11,14,27]. Samples 30 mm × 3 mm cut from the
same 0.5 mm sheet [2] have been used.

Three types of measurements are used to study the response of the sample to applied
magnetic fields as well as to applied and residual stresses. First, stress–strain curves
(Figure 1) have been obtained at three different rates of applied stress, namely 0.1 mm/min,
0.5 mm/min, and 1 mm/min, using an INSTRON 8800 machine. The stress–strain curve is
used to establish the ranges of the elastic and plastic regions of the samples used in this
study. The transition to the plastic region is observed at strain levels exceeding 3%.

 
 

(a) (b) 

Figure 1. (a) Stress–strain curves measured at different rates of applied tensile stress and (b) corre-
sponding magnetic Barkhausen noise counts.

During the stress–strain curve measurement, a sensor monitoring the magnetic
Barkhausen noise (mBN), as described in [26], was also attached to the sample. The ex-
citation is provided by a triangular waveform at 10 Hz. The magnetic field is applied along
the same direction as the applied stress. The mBN counts (using MagLab MEB2c) exceeding a
specific threshold are used as the mBN metric of choice [11] in Figure 1. Similar results are
obtained when the mBN voltage is used instead. The effect applied stress on mBN counts is
directly linked to the effect of stress on strain. This measurement demonstrates the coupling
between magnetic and mechanical properties and the potential of magnetic macroscopic
parameters for the monitoring of mechanical properties such as strain. The transition to the
plastic region at strains higher than 3% is also observed in the mBN measurements.

The third type of measurement concerns hysteresis loop measurements using AC
magnetometry where an excitation coil wrapped around a yoke [26] generates a low
frequency < 0.5 Hz sinusoidal field and magnetizes the sample [2,6,11]. A sensing coil
wound around the sample measures the induced output voltage which is proportional
to the differential permeability of the material in the volume enclosed by the sensing coil.
The hysteresis loops (Figure 2) are obtained on unloaded strained samples to study the
effect of residual stress on the magnetization process; first, tensile stress is applied on the
sample using the 0.5 mm/min strain rate up to a given strain level. Then, the sample is
unloaded, and the hysteresis loop is measured. The magnetic field is applied along the

24



Magnetism 2025, 5, 1

direction the stress has been previously applied, namely along the length of the sample.
The hysteresiograph is an inhouse device which has not been calibrated, hence the use a.u.

 

Figure 2. Hysteresis loops measured at various strain levels.

In the plastic deformation regime, there is a monotonic dependence of coercivity and
differential permeability on strain. Coercivity increases and permeability decreases. At the
microstructural level, higher plastic strain is related to more, finer and misaligned grains
and the emergence and development of a hard phase around soft grains, which is the result
of the compressive residual stresses that set in [1,24]. The coercivity increase is explained
as a result of the hard phase which increases with strain in the plastic region and increased
domain wall pinning due to misaligned grains and longer grain boundaries. The decrease
in differential permeability is attributed to the emergence of hard boundaries, as the result
of compressive residual stresses, whose effective anisotropy is transverse or not aligned
with the direction of tensile stress which caused the plastic deformation.

In our previous work, a Preisach model was constructed which used the Stoner–
Wohlfarth mechanism as a 2D vector hysteresis operator allowing for both reversible and
irreversible rotation and assumed a dispersion of anisotropy around a main easy direction.
The emergence of the hard magnetic phase was introduced via secondary Preisach density
functions and long-range interactions [15].

Based on the conclusions drawn from both experimental and modeling results, we
use the OOMMF open-source software [25] to model the effect of microstructure on the
hysteresis loop computed as the result of the free energy minimization for each applied
field value. The total energy for a given applied field value is the sum of the Zeeman,
anisotropy, exchange, and magnetostatic energy terms.

The reason for this approach is that in engineering applications, the measured param-
eters involved in the NDT&E of systems containing magnetic materials are usually those
obtained from a major loop: e.g., coercivity, remanence, differential permeability, etc. As
explained in the Introduction, the goal is to eventually correlate macroscopic parameters
obtained from major loop measurements to microstructural changes related to strain. The
effect of strain is modeled indirectly through microstructural configurations involving
more than one magnetic phase.

In order to study the effect of microstructure and magnetic parameters on the
phenomenology depicted by the major loop calculation, the following approach has
been designed.
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The assumptions of the simulated experiments are outlined below:

• The sample studied (Figure 3) is a parallelpiped of dimensions L × L × H (nm)3. L is
in the order of 2000 nm and H is at least two orders of magnitude smaller.

Figure 3. Geometry of a sample modeled.

• It is discretized in N cubic cells of side a nm. N is determined by the sample dimensions
and the cell size by dividing each side of the sample with the parameter a. The cell
size depends on the magnetostatic exchange length for the soft magnetic materials
and monocrystalline exchange length for the hard magnetic materials, which are
determined by the material parameters MS, K1, and/or Aex, namely, the saturation
magnetization, anisotropy constant and exchange constant, respectively.

• Each cell represents one magnetic dipole with parameters MS, K1, and/or Aex. Figure 4
shows typical magnetization plots generated by the software of a soft magnetic matrix
and soft grains enclosed by misaligned hard boundaries.

  

(a) (b) 

Figure 4. Magnetization plots for two types of simulated samples: (a) soft grain with hard magnetic
boundary and (b) four identical soft grains surrounded by misaligned hard magnetic boundaries. The
total volume of hard magnetic material is the same in both samples. For clarity, one arrow represents
the magnetization of 19 neighboring cells.

Several simulation experiments have been performed to study the effect of microstruc-
ture on the major loop, e.g., hard inclusions in a soft matrix, hard inclusions and voids, and
finally soft grains surrounded by misaligned hard boundaries [13–15] as those depicted in
Figure 4, which is closer to what is reported in experimental studies. The geometries of the
models presented in Figure 4a,b serve as initial conditions of the simulations presented in
Table 1, (#2–#5) and (#6–#11), respectively. Material parameters were changed to study the
effects on the hysteresis loop as explained later in the paper and presented in Table 1.
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Table 1. Simulation parameters of the configurations shown in Figure 4.

# Configuration
K1—

Magnitude
[J/m3]

K1—
Direction

[x y z]
Aex, [J/m]

MS—
Magnitude

[A/m]

Applied Field
[mT]
[x y z]

1 Homogeneous case Ignore 1 0 0 1.30 × 10−11 1.70 × 106 [1000 0 0]

2 4 hard grain boundaries 4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106
[1000 1000 0]

1.00 × 106 1 1 0 1.30 × 10−11 1.40 × 106

3 4 hard grain boundaries 4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106 [1000 0 0]
1.00 × 106 1 1 0 1.30 × 10−11 1.40 × 106

4 4 hard grain boundaries 4.80 × 103 1 0 0 2.10 × 10−11 1.70 × 106
[1000 1000 0]

1.00 × 106 1 1 0 1.30 × 10−11 1.40 × 106

5 4 hard grain boundaries 4.80 × 103 1 0 0 2.10 × 10−11 1.70 × 106
[1000 1000 0]

1.00 × 106 1 1 0 2.10 × 10−11 1.40 × 106

6 1 hard (thin) grain boundary 4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106
[1000 1000 0]

1.00 × 106 1 1 0 1.30 × 10−11 1.40 × 106

7 1 hard (thick) grain boundary: 179200
hard cells

4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106
[1000 1000 0]

1.00 × 106 1 1 0 1.30 × 10−11 1.40 × 106

8 1 hard (thick) grain boundary: 179200
hard cells

4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106
[1000 1000 0]

5.00 × 105 1 1 0 1.30 × 10−11 1.40 × 106

9
1 hard grain boundary

_179200hardcells_topbottomYdir
4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106

[1000 1000 0]
1.00 × 106 1 1 0

0 1 0 1.30 × 10−11 1.40 × 106

10
1 hard grain boundary _179200hard-

cells_topbottomstrongerx
4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106

[1000 1000 0]
1.00 × 106 1 1 0

1 0.5 0 1.30 × 10−11 1.40 × 106

11
1 hard grain boundary _179200hard-

cells_topbottomstrongerx_Hxdir
4.80 × 103 1 0 0 1.30 × 10−11 1.70 × 106

[1000 0 0]
1.00 × 106 1 1 0

1 0.5 0 1.30 × 10−11 1.40 × 106

In the energy minimization approach, the magnetization process is the result of
the interplay between the energy terms involved, namely the exchange, anisotropy and
magnetostatic energy densities, and the applied field. Therefore, we focus on the effect of
microstructural parameters on the energy terms involved.

3. Results

The results reported here concern the geometry shown in Figure 4. The simulation
parameters for these results are summarized in Table 1. In the column “Configuration”, we
present different simulations studies: homogeneous case, different cases that include four
soft grains (#2–#5) with hard boundaries in a soft matrix (“4 hard grain boundaries”), and
the cases with one soft grain (#6–#11) with hard boundaries in a soft matrix (“1 hard (thick)
grain boundary”). The presented case with the four soft grains is then examined more
through changing the value of the exchange energy coefficient (A [pJ/m]) and the direction
of the applied field to observe the effect of the exchange energy coefficient and the applied
field on the hysteresis. Then, to observe the effect of the geometry of the soft grains, we
have simulated a sample with only one soft grain with hard boundaries where we observed
one scenario when the hard boundary is thin (#6), and the rest of the cases are with thick
boundaries (#6–#11) keeping the same number of the hard cells in the grain boundary
(179,200 hard cells) as used in (#2–#5). Furthermore, we used different anisotropy profiles in
the top and bottom part of the boundary by changing the direction of the anisotropy in those
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sections (#9–#11), while the sides of the hard grain boundary remain the same. The direction
of the anisotropy in the mentioned cases is indicated in the name of the configuration; i.e.,
(#9) “1 hard grain boundary _179200hardcells_topbottomYdir” indicates that the simulated
sample has one soft grain with hard boundaries that contains 179,200 hard cells, and the
top and bottom of the grain have anisotropy along the positive y-direction. The anisotropy
profile of the whole sample can be read from columns K1-magnitude and K1-direction,
where the first value in the cell represents the magnitude/direction of the anisotropy in the
soft matrix and the grain, while the second value represents the magnitude/direction of the
anisotropy in the grain boundary. In the case where we have two entries in the K1-direction
cell for the hard grain boundary, the first one represents the anisotropy direction in the
sides of the grain boundary, while the second one represents the anisotropy direction of
the top and bottom of the grain boundary, i.e., (#9). Here, we have indicated that the top
and bottom are in the positive y-direction, as discussed above, the K1-direction cell has
values 1 0 0, 1 1 0, and 0 1 0, which means that the soft matrix and the grain have anisotropy
along the positive x-direction [1 0 0], the sides (left and right) of the grain boundary have
anisotropy along the xy-plane with 45 degrees being the angle of the direction [1 1 0], and
the top and bottom are oriented along the positive y-direction [0 1 0].

4. Discussion

Figure 5 shows the comparison of major hysteresis loops obtained for cases #6, #7 and
#8 with one soft grain (Figure 4a) surrounded by a hard magnetic boundary of variable
thickness and anisotropy direction against the hysteresis loop of soft homogeneous mag-
netic material which represents the base case (#1), which we consider the ‘unstrained’ case.
The increase in boundary thickness corresponds to higher levels of plastic deformation
which is related to higher compressive residual stresses.

Figure 5. Major hysteresis loop obtained for the soft homogeneous case #1 (black), case #6 with one soft
grain enclosed by a hard grain boundary of K1 = 1000 kJ/m3 and 100 nm thickness (green), case #7 with one
soft grain enclosed by a hard grain boundary with K1 = 1000 kJ/m3 and 300 nm thickness (red) and case #8
with soft grain enclosed by a hard grain boundary with K1 = 500 kJ/m3 and 300 nm thickness (blue).

The misaligned hard grain boundary leads to a major hysteresis loop with lower
saturation since a number of grains can no longer align with the field. This is in line with
experimental evidence (Figure 2). The maximum value of saturation reached depends
on the direction of the anisotropy of the hard boundary. In the results shown in Figure 5,
the direction of the anisotropy and applied field direction is kept the same. A thinner
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grain boundary yields lower remanence for the same anisotropy constant. However, the
observed coercivity depends both on the thickness of the hard boundary or the volume
of the hard phase and the anisotropy constant. The sample with the thicker and harder
boundary yielded the highest coercivity though not the lowest remanence. Experimental
evidence reports on the non-monotonic dependence of remanence on strain, which is the
reason why it is not a preferred quantity to monitor in magnetic NDT&E techniques.

Next, we show the effect of the studied microstructure on the energy terms involved
in the calculations. The interplay of the four energy components for the four loops shown
in Figure 5 is presented in Figure 6a–d.

Figure 6. Energy terms of the (a) homogeneous case #1, (b) case #6 with hard grain boundary of
K1 = 1000 kJ/m3 and 100 nm thickness, (c) case #7 with hard grain boundary of K1 = 1000 kJ/m3 and
300 nm thickness and (d) case #8 with hard grain boundary of K1 = 500 kJ/m3 and 300 nm thickness.

The shape and parameters of the major hysteresis loop are mainly determined by
the interplay between the anisotropy and magnetostatic energy. In all cases shown in
Figure 6b–d, the magnetostatic energy has the same value approaching saturation, which
is in line with the saturation magnetization being the same for the same orientation of
the hard phase earlier discussed. On the other hand, the value of the anisotropy energy
term toward saturation is higher when the boundary thickness is lower, but its slope
increases as the field approaches zero. This is in line with the lower remanence observed
in Figure 5 when the boundary is thinner. Both anisotropy and magnetostatic energy are
gradually decreasing as the applied field decreases from saturation to allow for reversible
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rotations away from the initial orientation direction. However, when the sample enters
the magnetization reversal region, we observe a steeper decrease in the anisotropy energy
with a sharp increase before coercivity which resists the reversal. The profile of this peak
in anisotropy energy as well as in the exchange energy controls the coercivity value and
depends on both the thickness and the hardness of the boundary. Exchange energy does not
seem to have major effect, and we observe a peak in the exchange energy only at coercivity.
The Zeeman energy term increases slightly with the boundary thickness.

Next, we explore the effect of anisotropy orientation in the hard grain boundary. We
study the case of one hard grain boundary, case #10, where the anisotropy of the top and
bottom sides is pinned in the y-direction ([0 1 0]), while on the right and left sides, it remains
along the xy-drection, ±45 degrees ([1 1 0]), as shown in case #8. The results obtained are
compared against the loop obtained for the configuration shown in Figure 4a, case #8, and
presented in Figures 7 and 8.

Figure 7. Major hysteresis loop for the case #7 of one hard grain boundary with K1 = 1000 kJ/m3 in
xy-direction ±45 degrees and 300 nm thickness (blue) compared against the case #9 of a hard grain
boundary with K1 = 1000 kJ/m3 and 300 nm thickness where the top and bottom side are pinned
along the y-direction while the left and right side are kept in the xy-drection ±45 degrees (red).

Figure 8. Energy terms for the loops shown in Figure 7: (a) hard grain boundary of 300 nm thickness
with K1 = 1000 kJ/m3 in the xy-direction ±45 degrees and (b) hard grain boundary of 300 nm
thickness with K1 = 1000 kJ/m3 where the top and bottom sides are oriented along the y-direction
while the left and right sides are kept along the xy-drection ±45 degrees).
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Pinning one part of the hard grain boundary along the y-axis affected all of the energy
terms involved. It resulted in significantly stronger anisotropy energy which yielded a higher
coercivity as observed in the major loop shown in Figure 7. However, as the field decreases
from saturation, the anisotropy decreases almost linearly, which is consistent with rotation
mainly of the soft phase and the high remanence observed. Both magnetostatic and exchange
energy terms control the magnetization reversal, while the Zeeman term is less enhanced. The
switching of the soft matrix around the grain occurs first. Vortexes are formed at the edges of
the configuration studied, moving from the top and bottom of the xy plane and meeting in
the middle of the material. The soft matrix having smaller anisotropy switches first, while the
hard boundaries due to the stronger anisotropy cannot align with the field, which results in
decreased remanence and increased coercivity. The soft material inside the grain switches at a
lower field—however, not at the same one as the rest of the soft material.

Next, in Figure 9 we compare the loops obtained for the configurations of cases #7 and
#2 shown in Figure 4a,b. The volume of hard phase is the same in both cases; however, in
case #7 of Figure 4a, there is one soft grain surrounded by a hard boundary, while in case #2
of Figure 4b, there are four soft grains enclosed by hard boundaries. All other parameters
and anisotropy orientations are kept the same in both cases.

Figure 9. Major hysteresis loop obtained for case #7 with one soft grain with hard grain boundary
(blue) and case #2 with four soft grains with hard grain boundary (red).

The two loops in Figure 9 have the same saturation since the anisotropy orientation
of the hard boundaries is the same in both cases. For the four-grain configuration, the
remanence is slightly lower and the slope of the loop, e.g., the differential permeability, is
lower, which is in line with the increasing and higher slope of the anisotropy energy term
as the field approaches zero (Figure 10b). Coercivity is higher and controlled by the profile
of the magnetostatic and exchange energy. The peaks of all four energy terms are higher
at coercivity.

31



Magnetism 2025, 5, 1

Figure 10. Energy terms for (a) case #7 with one soft grain with hard grain boundary and (b) case #2
with four soft grains with hard grain boundary.

Finally, looking closer into the values of the various energy terms, we found that
the maximum values of demagnetizing and exchange energy were higher in the studies
performed on the four-grain configuration. The maximum value of the anisotropy on
average is higher in the studies performed on the four-grain model as well; however, the
highest value of the anisotropy energy among all studies has been observed in the on-grain
configuration when the top and bottom of the hard grain boundary had an enhanced
x component.

Overall, the results corroborate our initial assumption that in the plastic deformation
region, the magnetization configuration is the result of the emergence of a magnetically
hard phase which is the result of the onset of compressive residual stresses which increase
with strain. Also, the effect of plastic strain on the macroscopic magnetic parameters
depends on the angle of misalignment between the hard boundary and the soft grain,
which affects the demagnetizing and anisotropy energy.

5. Conclusions

In this work, we use micromagnetic calculations with an open-source software to
study the effect of microstructure on the phenomenology of the major hysteresis loop. The
motivation stems from the need to link the macroscopic parameters obtained from magnetic
measurements used in NDT&E, such as the differential permeability and coercivity, to
plastic strain levels. The main assumption of our calculations is that strain in the plastic
region leads to compressive residual stresses which are linked to the emergence of a
hard magnetic phase in the form of a grain boundary. The major loop calculations were
based on energy minimization involving four energy terms: namely anisotropy, exchange,
magnetostatic and Zeeman terms. In our calculations, we focused on the properties of this
boundary and studied the resulting interplay of the four energy terms.

The simulations have been carried out for two different configurations: one with one
grain enclosed by hard boundaries and the other with four symmetrical grains enclosed by
hard boundaries while keeping the same the amount of the hard material in the model. The
effect of the anisotropy profile in each configuration was explored, and the results showed
that for the same amount of the hard material in the model, lower remanence and higher
coercivity were observed when the model was composed of more grains. All energy terms
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peak around the coercivity field while the anisotropy energy is increasing as the switching
occurs, which is contrary to what we observed in the interplay of the energy terms obtained
on the configuration with four soft grains enclosed by hard magnetic boundaries.

The effect of texture was investigated through the change in the anisotropy profile of
the hard magnetic boundary. The top and bottom of the hard magnetic boundary were
pinned in the y-direction while the rest of the configuration was kept the same. Lower
remanence, higher coercivity and lower permeability were observed in this case. This is
consistent with the assumption about the onset of compressive stresses in the plastic region.

The effect of the amount of the hard material and the effect of the magnitude of the
anisotropy of the hard phase was explored using the configuration with one soft grain
enclosed by a hard magnetic boundary with various thickness and anisotropy constants.
The results were in line with what was observed experimentally; i.e., less hard material
or a decrease in the anisotropy of the hard phase both result in lower coercivity. This is
consistent with the assumption that plastic stresses favor the emergence of the hard phase.

Future research will be oriented toward the study of the effect of the secondary peak
in differential permeability, which is observed experimentally in the plastic deformation
region, and its dependence on the angle of misalignment between the hard boundary and
the soft grain.
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Abstract: Recent advances in the research area of 3D magnetic topological solitons (hopfions) in
restricted geometries are reviewed. The description of the magnetic solitons is based on a macroscopic
micromagnetic approach and the Landau–Lifshitz equation of the magnetization motion. The
concepts of the gauge emergent vector potential and emergent magnetic field are widely used to
calculate the 3D topological charge (the Hopf index) of magnetic textures. The relation of the magnetic
hopfions with classical field theory is demonstrated, and a special role of the curvilinear toroidal
coordinates in the description of the hopfions is underlined. The hopfion stability and dynamics in
ferromagnetic films and dots are considered. A critical discussion of calculations of the magnetization
emergent magnetic field and the Hopf index of the toroidal magnetic hopfions in restricted geometries
is presented.

Keywords: 3D magnetization textures; topological solitons; Hopf index

1. Introduction

Non-linear configurations of the continuous classical field (solitons) play an important
role in the different fields of modern physics such as classical field theory, optics, condensed
matter physics, etc. The solitons are localized, particle-like objects, and, in many cases,
the solitons can be classified by integer numbers related to their topology (topological
charges) [1].

Let us assume that a physical system can be described by a classical 3D vector field
n(r) of unit length n2 = 1 (the order-parameter space is a unit sphere S2 in 3D space)
depending on three spatial coordinates, represented by the vector r. For instance, in the
area of ferromagnetism, such a field is the unit magnetization field [2]. The vector field in
optics is the Stokes vector field [3,4], whereas in liquid crystals, it is a director field [5,6], etc.
There are topologically non-trivial configurations of the vector field n(r), which describes
an order parameter in the media. Such field configurations can be classified by using a
mapping r → n(r) from the coordinate space (r) to the order parameter space n(r) [7].

The macroscopic equation to describe a magnetization equilibrium configuration and
magnetization dynamics in ordered magnetic media (the Landau–Lifshitz equation) is
essentially nonlinear and allows for several soliton-type solutions including topological
magnetic solitons [2]. Topologically non-trivial magnetization configurations in ferro-
magnets and ferri- and antiferromagnets, such as domain walls, vortices, skyrmions, and
hopfions, etc., are currently a focus of researchers working in the area of solid-state mag-
netism. However, the existence of the different stable 3D magnetization configurations
M(r) and the role of 3D (Hopf index) and 2D (skyrmion number) topological charges in
the magnetization dynamics are still subject of intensive research. Nowadays, complicated
3D magnetization configurations in ferromagnetic media can be observed experimentally
using electron holography or X-ray magnetic imaging [8,9].

The magnetization field M(r) is the vector order parameter of a ferromagnet. The
magnetization configuration M(r) in 3D space is represented by the unit field vector
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m(r) = M(r)⁄|M(r)| depending on three spatial coordinates r (x1, x2, x3). There are particu-
lar cases when the magnetization configurations depend only on one spatial coordinate
(domain walls) or two spatial coordinates (magnetic vortices and skyrmions in thin mag-
netic films or in flat magnetic dots). For stable magnetization configurations m(r), it is
possible to calculate topological charges, which describe the degrees of mappings (ho-
motopy invariants) of a 1D- (R1) or 2D coordinate space (R2) to the unit sphere m2 = 1
in the magnetization space S2(m), i.e., R1 → S2(m), R2 → S2(m). The mapping of the 3D
coordinate space R3(r) to the magnetization unit sphere m2 = 1 (S2) is more complicated
and is related to the Hopf index (3D topological charge). The corresponding magnetization
configurations with a non-zero Hopf charge are called magnetic hopfions. The 3D mag-
netization textures are topologically equivalent if they have the same degree of mapping
(the Hopf index). The magnetic energy of the given field configuration E[m(r)] can be
calculated as a functional of the unit magnetization field m(r) and spatial derivatives of
the vector m(r). Such energy includes the exchange, magnetostatic, magnetic anisotropy,
etc., energy contributions. The minimization of the energy functional E[m(r)] yields some
equilibrium (stable or metastable) magnetization field configurations m(r). Then, the mag-
netization dynamics of these equilibrium configurations can be considered on the base of
the Landau–Lifshits equation of the magnetization motion, and any parameters, including
the topological charges, can be calculated.

In this review, I consider 3D magnetic topological solitons—hopfions and Bloch points.
In particular, toroidal hopfions, which were introduced in field theory, are analyzed in
detail. Such magnetic solitons reveal intriguing and novel physical properties due to their
topologically non-trivial 3D magnetization configurations m(r). The article is organized
as follows. The basic properties of the hopfions in classical field theory are considered
in Section 2. The concept of the emergent electromagnetic field and definition of 3D
topological charges of the magnetic textures are presented in Section 3. The static and slow
dynamics behaviors of the magnetic hopfions are considered in Section 4. The fast linear
and nonlinear hopfion dynamics are considered in Section 5. The review is concluded by a
summary in Section 6.

2. Hopfions in the Classical Field Theory

Topological three-dimensional solitons with a non-zero Hopf charge, named hop-
fions, were first introduced in classical field theory in connection with the non-linear
σ-model [7,10–12]. The explicit form of the mapping of a 3D space (R3) to the surface of the
unit sphere n2 = 1 of the classical field n(r), R3 → S2 , was introduced by Hopf in 1931 [13].
Later, it was found that the Hopf charge (a degree of the mapping R3 → S2(n) ) can be
expressed as some integral of the function composed by a continuous classical field n(r)
(for instance, the magnetization field m(r)) and spatial derivatives of the field n(r) [14].

Faddeev [15] suggested a new Lagrangian to describe the field n(r) (sometimes re-
ferred to as the Faddeev’s or Faddeev–Skyrme´s Lagrangian), which has stable soliton
solutions for the three-component classical field n(r) in 3D coordinate space. The stable
solutions conserve a 3D topological charge (the Hopf charge). The Faddeev–Skyrme´s La-
grangian is a linear combination of two invariants of the rotation group O(3) represented by
the spatial derivatives of the vector field n(r). Then, de Vega [16] explicitly found the field
n(r) components (calling the field configurations “closed vortices”) for the simplest non-
trivial unit Hopf charge in the toroidal coordinates. Such hopfions are now called toroidal
hopfions or torus-like vortex rings. Nicole [17] suggested an analytical form of the Hopf
mapping of 3D-coordinate space R3 to the surface of the unit sphere n2 = 1, R3 → S2(n) ,
which allowed for the explicit introduction of analytic equations for the soliton field con-
figuration with the unit Hopf index. Later, motivated by the excellent paper by Faddeev
and Niemi [7], a series of papers on the toroidal hopfions in classical field theory were
published [10–12,18]. Gladikowski et al. [10] introduced the field configurations n(r) of the
toroidal hopfions with an arbitrary Hopf index and presented explicit expressions for the
emergent magnetic field and vector potential components in the toroidal coordinates. The
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toroidal coordinates play a special role in the theory of the hopfions because the analytical
equations are essentially simplified in these curvilinear coordinates. The toroidal hopfions
attracted considerable attention from researchers because such topological solitons are
special stable solutions of the Faddeev–Skyrme´s model [15]. A recent review can be found
in Ref. [1].

For calculations of the soliton topological charges, it is important to distinguish
localized and non-localized solitons. The field n(r) approaches a constant vector value n0 at
infinity |r| → ∞ for the localized solitons. The field is inhomogeneous at infinity |r| → ∞
for non-localized solitons. The condition n(r) → n0 means that the Hopf index, which
characterizes the different homotopy classes for the mapping R3 → S2(n) , is an integer
number π3(S2) = Z in infinite media [7]. Therefore, the toroidal hopfions, which are
described by an integer Hopf index QH = 0, ±1,±2 . . ., represent a class of the hopfions
in ordered media. The Hopf index of the toroidal hopfions can be represented as a product
of two winding numbers [10], the planar winding (the azimuthal vorticity) and the twisting
of the field configuration n(r) along the hopfion tube (the poloidal vorticity), respectively.
Due to the property that the vector field is asymptotically trivial, n(r) → n0 at |r| → ∞ , it
is possible to compactify the three-dimensional coordinate space to the four-dimensional
unit sphere surface, R3 → S3 . The toroidal hopfions as localized solitons of a classical
three-dimensional vector field resemble particle-like objects.

To illustrate the toroidal hopfion field n(r), we introduce the toroidal coordinates
r(η, β, ϕ). The connection between the cylindrical (ρ, ϕ, z) and toroidal (η, β, ϕ) coordinates
is ρ = aτ−1sinh(η), z = aτ−1sin(β), ϕ = ϕ, and τ = cosh(η)− cos(β), where the toroidal
parameter η varies from 0 to ∞, the poloidal angle β varies from −π to π, the azimuthal
angle ϕ varies from 0 to 2π, and a is a scale parameter (the hopfion radius in the plane
z = 0). The toroidal hopfion field components are [19]

nz(η) = p 1−cosh2m(η)tanh2n(η)

1+cosh2m(η)tanh2n(η)
,

nx(r) + iny(r) =
√

1 − n2
z(η)exp[i(nϕ + mβ)],

(1)

where p = nz(η = 0) is the hopfion polarity, p = ±1, and the integer numbers m, n are the
hopfion poloidal and azimuthal vorticities, respectively.

The profiles of the out-of-plane field component, nz(ρ), of the toroidal hopfions are
shown in Figure 1 for the different hopfion vorticities (m, n). The profiles can be plotted by
substituting the poloidal coordinate η(ρ, z) = atanh

(
2aρ/

(
ρ2 + z2 + a2)) to Equation (1).

The component nz(0) = nz(∞) = 1 and nz(a) = −1 at the hopfion radius ρ = a in the basal
plane z = 0 if the hopfion polarity p = +1.

Nowadays, different kinds of hopfions are investigated in the field of condensed
matter physics (magnetic media [20], liquid crystals and colloids [5], ferroelectrics [21]) and
in electromagnetism and gravitation [22] photonics [3], optics [4], etc. There is a growing
interest in 3D inhomogeneous magnetization textures classified by a linking number of
the preimages of two different points on an S2(m) unit sphere in the 3D coordinate space
(R3), i.e., by the non-zero Hopf index. For a given magnetization texture m(r), it is possible
to plot preimages, the 3D curves in real space, r(m1) and r(m2) of two points m1 and
m2 on the magnetization unit sphere m2 = 1 and visually check the number of their
crossings (a linking number of the preimages). The linking number introduced solely for
the toroidal hopfions is an integer number by definition and is equal to the Hopf index of
a magnetization texture m(r). However, aside from the toroidal hopfions, there are other
kinds of hopfions, and the Hopf index is, in general, not integer and cannot be calculated
as the linking number of preimages. Although, 3D localized topological magnetic solitons
were introduced by Dzyaloshinskii et al. [23] a long time ago, and the reincarnation of
interest to such magnetization field 3D textures started after the publication of the papers
by Sutcliffe [24,25] relatively recently.
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Figure 1. The profiles of the out-of-plane field component, nz(ρ), of the toroidal hopfions in the plane
z = 0. The green solid line corresponds to (m, n) = (1, 1), the red dashed line—(m, n) = (1, 2), and
the blue dotted line—(m, n) = (2, 1). The hopfion polarity p = +1.

The simplest magnetic toroidal hopfions with the Hopf index |QH | = 1 were consid-
ered in infinite ferromagnetic films [26,27] and cylindrical dots [25,28–30] using the vector
field toroidal hopfion ansatz [10,11]. It was shown numerically that the toroidal hopfions
with |QH | = 1 can be the ground state of circular ferromagnetic nanodots [29] assuming
a strong surface uniaxial magnetic anisotropy. The first experimental observation of the
3D magnetization configurations interpreted as magnetic hopfions was carried out in the
Ir/Co/Pt multilayer films [31]. It is shown in Ref. [32] that aside from the toroidal magnetic
hopfions, there is, in soft magnetic materials, another class of the magnetization textures
with a non-zero Hopf index—the Bloch points. The skyrmion-like winding magnetic
hopfions are considered in Section 5.

For the simplest magnetic hopfion with the vorticities m = 1, n = 1, |QH | = 1 , the
hopfion magnetization field components (1) in the cylindrical coordinates are [11]

mz = 1 − 8ρ2a2

(a2 + ρ2 + z2)
2 , mx + imy =

4aρexp(i(ϕ + ϕ0))
(
2za + i

(
ρ2 + z2 − a2))(

a2 + ρ
2 + z2

)2 . (2)

It is evident from Equation (2) that the toroidal hopfion magnetization field m(r)
approaches a constant vector at infinity |r| → ∞ , m(∞) = (0, 0, 1), as it should be for the
localized solitons. The constant angle ϕ0 describes a freedom of choosing the directions
of the Ox and Oy coordinate axes in the basal xOy plane. According to Ref. [27], we can
distinguish Bloch hopfions (ϕ0 = 0, π) and Neel hopfions ϕ0 = ±π/2 analogously to the
Bloch and Neel skyrmions [33]. The magnetization rotates in the ϕ̂ẑ plane (mρ = 0) for the
Bloch hopfions or in the ρ̂ẑ plane (mϕ = 0) for the Neel hopfions when one goes from the
coordinate system origin r = 0 to the hopfion radius ρ = a along the radial direction ρ̂ in
the xOy plane.

The in-plane magnetization configurations (z = 0) of the toroidal Bloch and Neel
hopfions plotted according to Equation (2) are shown in Figure 2. The spatial distribution
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of the magnetization components mx, mz of the toroidal Bloch hopfion (ϕ0 = 0) with the
vorticities (m, n) = (1, 1) plotted in the xz plane is shown in Figure 3.

Figure 2. The in-plane magnetization components mx, my of the toroidal hopfions with the vorticities
(m, n) = (1, 1) in the z = 0 plane calculated by Equation (2): (A) the Bloch hopfion, ϕ0 = 0; (B) the
Neel hopfion, ϕ0 = −π/2.
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Figure 3. The magnetization components mx, mz of the toroidal Bloch hopfion (ϕ0 = 0) with the
vorticities (m, n) = (1, 1) in the xz plane calculated by Equation (2).

3. Emergent Electromagnetic Field and the Hopf Index

An inhomogeneous and moving magnetization texture m(r, t) results in the appear-
ance of effective magnetic and electric fields, which act on other subsystems. These so-called
emergent magnetic and electric fields are related to the spatial and time derivatives of
the magnetization field m(r, t). Initially, this effect was calculated by Korenman et al. [34]
and Volovik [35] as a result of the exchange interaction of the local spins with the spins
of itinerant electrons in ferromagnetic metals. Then, it was shown [36] that this is a more
general, pure geometrical effect related to the choice of the local moving coordinate frame
with the Oz axis parallel to the local instant magnetization m(r, t).

The emergent electromagnetic field tensor can be written as

Fμν(m) = m·(∂μm × ∂νm
)
, (3)

where ∂μ = ∂/∂xμ denotes spatial and time derivatives. The indices μ, ν = 0, 1, 2 , 3, where
x0 = ct and r = (x1, x2, x3), correspond to the components of a 3D radius–vector r in an
orthogonal coordinate system. The field tensor (represented in the units of Φ0/4π, where
Φ0 = h/e is the magnetic flux quantum) is related to the emergent field four-component
vector potential A = (A0, A1, A2, A3) as Fμν(m) = ∂μAν(m)− ∂νAμ(m). The emergent
magnetic field (sometimes called gyrocoupling density) B = ∇× A, A = (A1, A2, A3) can
be defined as in classical electrodynamics Bi(m) = εijkFjk(m)/2 [36], where the indices i, j, k
mark the spatial coordinates xi. It is important that the emergent field B is a divergence-free
vector field, ∇·B = 0. The flux of the emergent magnetic field B = ∇× A through a closed
surface defines a 2D topological charge (skyrmion number).

The emergent magnetic field introduced above differs from the real magnetic field
defined in standard electrodynamics and is “fictious” in some sense. Nevertheless, the
emergent field results in some experimentally measurable effects. Prominent examples
of such effects are the topological Hall effect (influence of the emergent magnetic field
on trajectories of the conductivity electrons) and skyrmion Hall effect (appearance of
the magnetic soliton velocity component transverse to the driving force direction due
to the gyroforce). A theoretical approach to exploiting the topological Hall resistance to
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electrically detect the magnetic hopfion 3D magnetization textures was recently suggested
by Göbel et. al. [30]. The flux of the emergent magnetic field trough the plane z = const in
2D ferromagnets determines the gyrovector, an important parameter to describe the motion
of 2D topological solitons, magnetic vortices, and skyrmions. The consequences of the non-
zero gyrovector in 2D nanostructures have been investigated many times experimentally.
A prominent example is the vortex/skyrmion gyrotropic excitation mode immediately
related to the gyrovector (see a recent review [33]).

The dot product A·B of the emergent field vector potential A and the emergent mag-
netic field B defines a 3D topological charge or the Hopf index [37]

QH =
1

(4π)2

∫
d3rA(m)·B(m) (4)

of a 3D magnetization texture m(r). There is a gauge freedom in choosing the vector
potential A. To have a physical sense, the Hopf index should be gauge invariant. The
necessary condition for infinite samples is either the nullification of the emergent magnetic
field at the sample borders S, BS = 0, or the field B being tangential to the sample surface,
B·σ = 0, where σ is the external normal to the surface. The condition BS = 0 is satisfied
for the localized solitons (toroidal hopfions, for instance) in infinite samples. The condition
B·σ = 0, in general, is not satisfied at the sample surface. It was shown in Ref. [19] for the
toroidal hopfions that only a particular choice of A = −2∇γ + Ae, Ae = (1 − cosΘ)∇Φ,
related to the hopfion helicity γ leads to the integer and invariant values of the Hopf
indices QH in infinite samples, allowing for considering them as the degrees of mapping
(the linking numbers or integer numbers of crossings of the magnetization configuration
m(r) preimages). Here, Θ(r) = Θ(ρ, z), Φ(r) = nϕ + γ(ρ, z), are the spherical angles Θ, Φ
of the magnetization, and the hopfion helicity is represented by the poloidal angle β as
γ(ρ, z) = mβ(ρ, z), β(ρ, z) = atan

(
2az/

(
ρ2 + z2 − a2)) [19]. The gauge invariance should

be considered with respect to this particular choice of the vector potential A = −2∇γ + Ae.

In the case of finite samples and magnetization textures different from the toroidal hopfions,
the situation is more complicated. It is difficult to choose a proper form of the emergent field
vector potential and prove the gauge invariance of the Hopf index. The important question
about an integer Hopf index and its gauge invariance should be carefully investigated for
each magnetization texture in a restricted geometry.

Recently, Zheng et al. [38] reported on a direct experimental observation of the mag-
netic toroidal hopfions forming coupled states with skyrmion tube strings in the submicron
FeGe plates. They also provided a theoretical interpretation of the observed hopfions
(hopfion rings). Zheng et al. [38] used the hopfion ring magnetization to calculate the
Hopf invariant (Hopf index) by applying the concept of the emergent magnetic field. The
hopfion topological charge (QH) was calculated for confined samples. However, the large
values of QH = 5, 6, 10, 12 are very strange from the point of view of the theory of 3D
magnetization configurations (including the magnetic hopfions [7,19,27]). The calculation
method resulted in such large integer values of QH , and gauge invariance of the calculated
values of the Hopf index QH should be carefully analyzed.

Obviously, the magnetization configurations considered by Zheng et al. are not the
so-called toroidal hopfions (torus-like vortex rings) introduced in field theory for infinite
media; see Refs. [19,27] and references therein. It was proved that the Hopf index is an
integer only for the toroidal hopfions in infinite space (see Section 2). In [38], Zheng et al.
considered neither toroidal magnetic hopfions nor infinite samples. Therefore, there is
no ground for the speculations about the integer Hopf index and its equivalence to the
linking number of their 3D magnetization textures. The Hopf index can be calculated by
Equation (4) and is, in general, non-integer for arbitrary 3D magnetization configurations
in a finite domain like the ones considered in the paper by Zheng et al. [38].

The strong statement about the integer Hopf index of an arbitrary magnetization
configuration in a finite sample was made by Zheng et al. without proof or a proper
reference. In modern hopfion theory, such a statement is only valid for the toroidal hopfions
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in infinite media. The simulations of the equilibrium magnetization configurations m(r) and
the corresponding Hopf indices were conducted by Zheng et al. for finite samples: 0.5 μm
diameter circular dot with a thickness of 180 nm; the square plate, 180 × 1000 × 1000 nm
or “bulk” sample 700 × 350 × 350 nm. None of the samples used for the simulations in
Ref. [38] is an infinite sample.

The Hopf index can be calculated only if an explicit expression for the vector potential
A of the emergent magnetic field is known. The authors of Ref. [38] suggested a heuristic
equation to calculate the vector potential A. However, they did not discuss the important
problem of the vector potential gauge and the gauge invariance of the Hopf index. It was
shown in Ref. [27] that to make the Hopf index (4) gauge invariant, the emergent field
B(r) components should decay fast enough when approaching zero and increasing the
absolute value of the radius vector r up to infinity |r| → ∞ . This is possible to implement
only in an infinite sample. In other words, the Hopf index is invariant and does not
depend on the vector potential gauge in infinite samples. Even if one introduces the
artificial boundary condition for the magnetization m in a finite sample at the sample
borders (m = m0 = const) as Zheng et al. [38] suggested, such boundary conditions do not
guarantee that the emergent magnetic field B goes to zero at the borders because this field
is defined via the magnetization space derivatives, not via the magnetization m itself. There
is a specific case of the axially symmetric magnetization configuration m(r) = m(ρ, z) in a
cylindrical sample [19,27] (r = (ρ, ϕ, z) are the cylindrical coordinates), for which B = 0 at
the sample surface if m = m0 = ẑ (ẑ is a unit vector in the out-of-plane direction) at the
borders. None of the magnetization configurations simulated by Zheng et al. is axially
symmetric. Moreover, in many cases, the square plates or “bulk” rectangular samples were
used for the simulations. The boundary condition m = ẑ used in Ref. [38] means a strong
surface uniaxial magnetic anisotropy. It has no physical sense for such magnetic material
as FeGe with a cubical crystal structure [39]. Therefore, we can exclude this particular
case of axial symmetry from the consideration. It is important that if B �= 0 at the sample
borders, then the Hopf index is not gauge invariant [27] and cannot be used to characterize
a magnetization texture m(r). Even if one can suggest an artificial expression for the vector
potential like the equation used by Zheng et al. to satisfy the equation B = ∇× A, this
does not mean that the introduced vector potential is correct.

An expression, alternative to Equation (4) for the Hopf index, is suggested in Refs. [40,41].
This expression is based on the double volume integral from the emergent magnetic
field B(r) components and can be derived as a result of the application of the Helmholtz
theorem [42] (the fundamental theorem of vector calculus) to the field B(r). An important
consequence of the Helmholtz theorem used in Refs. [40,41] is the integral representation
of the vector potential A via the emergent field B, namely

A(r) = − 1
4π

∫
d3r′ R × B(r′)

R3 , R = r − r′. (5)

This expression for A(r) (5) is different from the expression for the emergent field vec-
tor potential given by Zheng et al. [38]. Therefore, the heuristic vector potential introduced
by Zheng et al. contradicts the Helmholtz theorem [42] and the integral expressions for the
Hopf index used in Refs. [40,41]. The similar wrong heuristic expressions for the vector
potential (represented as one-fold integral from the emergent magnetic field B) were used
in Refs. [20,43] without any justification.

An expression for the vector potential was used by Liu et al. [28] for calculations of
the Hopf index of the circular magnetic dots in the momentum representation. Liu et al.
calculated the Hopf index to be 0.96 for their dot parameters. However, Liu et al. [26,28]
used the Coulomb gauge for the emergent field vector potential, ∇·A = 0, which is not
compatible with Equation (5) for the potential A(r) given above. The gauge ∇·A = 0 is
unphysical for the particular case of the toroidal hopfions. This can be checked if one uses
the toroidal vector potential components calculated explicitly in Ref. [19].
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The value of the Hopf index represented by Equation (4) depends essentially on the
choice of the vector potential A of the emergent magnetic field. Recently, it was shown [19]
that a definite gauge of the vector potential A should be chosen for the toroidal hopfions in
infinite samples to guarantee the integer values of the Hopf index QH . The heuristic vector
potential given by Zheng et al. [38] can guarantee neither the integer Hopf indices nor their
stability with respect to the vector potential gauge change in the finite samples. It seems
that the integer values of QH simulated in the paper by Zheng et al. [38] are some arbitrary
and ungrounded numbers resulting in a confusion of the readers who are not specialists in
the theory of 3D magnetic textures (hopfions, in particular). Therefore, the methods and
calculations used in Ref. [38] should be reconsidered to bring them in accordance with the
hopfion theory.

4. Static Properties of Magnetic Hopfions

Recently, the stability of the toroidal hopfions was studied numerically in chiral ferro-
magnets FeGe [28,29] and in confined ferroelectric nanoparticles (nanospheres of PbZrTi
oxide) [21]. Based on the previous theoretical predictions [28,29], the first experimental
observation of magnetic toroidal hopfions was carried out in the Ir/Co/Pt multilayer
systems [31] with ultrathin Co layers. A restricted sample cylindrical geometry was used
for the chiral ferromagnets FeGe and Ir/Co/Pt with a strong Dzyaloshinskyi-Moriya inter-
action and out-of-plane uniaxial magnetic anisotropy on the sample faces. The calculated
Hopf index QH for chiral ferromagnets was equal to 1 [29,31] or close to 1 [28]. It was
simulated in Ref. [28] that the toroidal hopfions are metastable states of a chiral nanodisk ex-
isting at a large-enough disk thickness and radius. Their magnetic energy E[m(r)] is higher
than the energy of the monopole–antimonopole pair 3D magnetization configuration.

The hopfions were also considered in ferroelectrics. The Hopf index of the polarization
field P was defined using a non-standard equation in Ref. [21]. If one assumes that
the polarization field P(r) for ferroelectrics is similar to the magnetization field M(r) for
ferromagnets, then the definition of the Hopf index should be the emergent magnetic field
B(r), not the field M(r) (or P(r)). Therefore, the parameter H defined in Ref. [21] as a volume
integral from the dot product P·A is not a Hopf index, although the spatial configuration
of the field P(r) is similar to the one for the toroidal hopfion of the magnetization field M(r).
It is not a surprise that the Hopf index H is not an integer for the considered spherical
samples. The calculated values of the Hopf index are not listed in Ref. [21].

The magnetization configurations of the toroidal magnetic hopfions in infinite media
with the integer Hopf index QH = mn and the arbitrary poloidal and azimuthal hopfion
vorticities m, n were explicitly calculated in Ref. [19] using the toroidal and cylindrical
coordinates. The calculation method was based on the Hopf mapping’s explicit definition
and the concept of the emergent magnetic field defined via spatial derivatives of the
magnetization field m(r). It was shown that the Hopf index density can be represented as
a Jacobian of the transformation from the toroidal to the cylindrical coordinates [19]. The
calculated components of the emergent magnetic field and emergent field vector potential
can be used, in particular, for explanations of the topological and skyrmion Hall effects of
the toroidal magnetic hopfions.

The separate problem is the stability of the different 3D magnetization textures m(r).
It was proven within field theory [44,45] that for any physical systems with a squared
gradient field term in the Lagrangian, there are no stable, stationary, localized solutions
in the 3D case for any form of the potential. This statement is known as the Hobart–
Derrick theorem. However, stable localized solutions (localized solitons) may exist if any
energy contributions linear with respect to spatial derivatives or with higher-order spatial
derivatives of the magnetization field are present in the Lagrangian [46,47]. In the theory
of magnetism, there are some specific energy terms with the first-order derivatives, so-
called Lifshitz invariants, accounting for the Dzyaloshinskii–Moriya interactions (DMI) in
ferro-magnetic materials with broken inversion symmetry. Another opportunity to obtain
a stable 3D magnetization field configurations is accounting for the higher-order spatial
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derivatives in the Lagrangian. The term quartic in spatial derivatives was introduced by
Skyrme [48] and Faddeev [15] a long time ago within classical field theory. It was shown
that the Faddeev–Skyrme Lagrangian

L =
1
2

∫
d3r

[(
∂μn

)2
+ g

(
Fμν(n)

)2
]

(6)

has stable 3D localized soliton field solutions in the form of toroidal hopfions [7,10–12].
Here, g is the coupling constant.

The toroidal hopfions belong to a class of the localized topological solitons and are
characterized by integer values of a 3D topological charge (Hopf index) [13,14]. It was
shown recently [20] that the classical Heisenberg model with competing long-range ex-
change interactions results in quadratic terms in the second spatial derivatives of the
magnetization field. Although such Heisenberg model is beyond the standard theory of
micromagnetism, it may lead to the stabilization of the toroidal magnetic hopfions. The
question is this: is it possible to stabilize the toroidal magnetic hopfions in a ferromagnet
with the standard micromagnetic exchange energy (avoiding exotic exchange interactions)
due to non-zero DMI terms and/or magnetostatic energy? Such micromagnetic energy
contributions are beyond the field theory frameworks and, therefore, the applicability of
the Hobart–Derrick theory to the evaluation of the stability of the magnetization field
configurations should be reconsidered. The simple scaling analysis accounting for the DMI
energy terms was conducted in Ref. [49]. However, this scaling analysis ignored the finite
sample sizes and the magnetostatic interaction (which is unavoidable in real ferromagnetic
samples). The complicated non-local magnetostatic energy is usually not accounted for
in the theory of magnetic skyrmions and hopfions or accounted for in a simplified form.
The skyrmions are usually considered in the bulk ferromagnetic crystals without inversion
symmetry or in ultrathin magnetic films. In both cases, the magnetostatic energy is reduced
to a local form and accounted for as an extra contribution to the magnetic anisotropy energy.
Accounting for the magnetostatic energy in relatively thick ferromagnetic dots [50] allows
us to stabilize quasi-2D magnetic skyrmions without the presence of any DMI terms if a
small out-of-plane magnetic uniaxial anisotropy is included in the energy functional. The
magnetostatic energy was not included in the energy functional in Refs. [25,29,30] describ-
ing the toroidal magnetic hopfions in thick cylindrical dots. The hopfion’s constant phase
angle ϕ0 introduced in Section 2 does not contribute to the exchange energy. However, the
magnetostatic and DMI energies depend on the particular value of ϕ0 and are different for
the Bloch and Neel toroidal hopfions. We note that the magnetostatic energy can also lead
to the stabilization of other kinds of 3D magnetization textures: the Bloch point hopfions
with non-zero Hopf charge or half-hedgehog (3D quasi-Neel skyrmion) magnetization
textures even in soft magnetic materials with no DMI [32,51,52].

It is demonstrated in Ref. [53] that the Bloch toroidal hopfion magnetization texture
is a metastable state of a thick cylindrical dot or a long cylindrical wire of a finite radius
R. The existence of this metastable state is a result of a competition of the exchange and
magnetostatic energies. The Dzyaloshinskyi–Moriya exchange energy and magnetic uni-
axial anisotropy are of the second importance for the toroidal hopfion stabilization. The
important role of the magnetostatic interaction in the toroidal hopfion stabilization in a
cylindrical dot was confirmed by simulations [43].

5. Dynamics of Magnetic Hopfions

A numerical study of the spin excitation spectra of the toroidal magnetic hopfions
was performed in recent papers [54,55]. Very recently, theoretical papers on the magnetic
hopfion dynamics [26,43,56,57] were published.

The spin-polarized electrical current-induced 3D dynamics of the toroidal magnetic
hopfions were studied both analytically (the collective coordinates approach) and numer-
ically in Ref. [26] in an infinite frustrated ferromagnet (different signs of the exchange
integrals for the nearest neighbor spins). The hopfions exhibit complicated dynamics in-
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cluding a longitudinal motion along the current direction, a transverse motion with respect
to the current direction, a rotational motion, and dilation [26]. The skyrmion Hall effect (due
to non-zero hopfion gyrovector) is clearly seen in the solutions, although the gyrovector
was not explicitly defined. The calculated hopfion velocity is quite small, <10 m/s, for the
typical values of the current intensity. The results by Liu et al. [26] are in some contradiction
with the hopfion dynamics calculated by Wang et al. in Ref. [27], where the hopfion’s
internal structure dynamics were ignored. Wang et al. did not observe any skyrmion Hall
effect in the course of the toroidal hopfion motion in magnetic stripes. The hopfions moved
under the drive of the spin-transfer torque or spin Hall torque along the nanostripe with
velocities up to 20 m/s. The origin of this discrepancy is still unclear. The Hopf index was
|QH | = 1 in both cases.

The hopfion dynamics depend essentially on the phase angle ϕ0 defining the toroidal
hopfion static magnetization (2). The spin wave excitation spectra of the Bloch and Neel
toroidal hopfions in FeGe nanodisks were investigated numerically in Ref. [43]. It was
shown that the Bloch hopfions reveal very dense eigenfrequencies in the low-frequency
region (<5 GHz). Only a few eigenfrequencies were detected for the Neel hopfions. The
eigenmode spatial distributions were found for some selected spin excitation modes. The
modes were mainly localized at the disk edge for the Bloch hopfions or near the dot
center for Neel hopfions [43]. The eigenmode classification according to their symmetry
or number of the nodes in different spatial directions were not presented. It seems that
the Bloch hopfion frequency spectra are numerical artifacts and further careful analysis
is necessary. The Hopf index of the Neel hopfions calculated using the concept of the
emergent electromagnetic is above 0.9. It is unclear why the Neel hopfions transform
from a circularly symmetric shape (azimuthal symmetry) to a square shape, increasing the
axial magnetic field [43]. There is no reason to break the azimuthal symmetry of the static
magnetization configurations.

The spin excitation modes of the Bloch toroidal hopfions in nanodisks (the radius R is
100 nm and thickness L is 70 nm) were simulated in Ref. [54] in a wide frequency range of
0–20 GHz. The spin eigenmodes were classified according to their symmetry, number of
the nodes in the azimuthal and out-of-plane directions, and degree of the mode localization.
The dot edge, dot middle, and dot center localized modes were identified. No simple rule
establishing a connection of the mode localization with its frequency was found. The edge
and middle localized modes had large azimuthal indices. Such complicated inhomogeneous
mode patterns mean that the ferromagnetic resonance intensity (average mode volume
magnetization) of the modes is small and it will be difficult to observe these modes by the
standard ferromagnetic resonance spectroscopy technique. It was found numerically [55]
that the toroidal hopfions have distinctly less resonance peaks in comparison with skyrmion
tubes. It was also found in Ref. [55] that the hopfion breathing excitation modes (oscillations
of the hopfion radius) and rotating spin modes (magnetization rotates in the hopfion basal
plane xOy) hybridize, applying the oscillation magnetic field along the hopfion axis 0z.

As it is well known, the skyrmion Hall effect (existence of a gyroforce, which is
perpendicular to the soliton velocity) for magnetic topological solitons is attributed to a
non-zero gyrovector. The gyrovector, in the case of the magnetic vortices and skyrmions,
determines their low-frequency dynamics in both 3D and 2D cases [58,59]. Therefore, the
problem of the calculation of the magnitude and direction of the gyrovector of the magnetic
hopfions is of practical importance. The components of the emergent magnetic field in the
cylindrical coordinate system, defining the gyrovector G of the toroidal magnetic hopfion,
are presented in Ref. [27]. It is proven unambiguously [27] that the gyrovector out-of-plane
component Gz of an axially symmetric toroidal magnetic hopfion with the Hopf index
|QH | = 1 is equal to zero. Concerning the zero values of the two in-plane gyrovector
components, only a plausible assumption is considered that they have to vanish due to the
toroidal hopfion and system symmetry. Nevertheless, this assumption was accepted in a
number of subsequent articles, where the equality to zero of all components of the toroidal
hopfion gyrovector G was mentioned as a proven fact [56,57,60]. Meanwhile, this issue
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needs to be clarified, since the possible non-zero values of the gyrovector components affect
essentially both the three-dimensional current-induced hopfion translational motion [26]
and the spin waves excited over the hopfion background [56] by the external magnetic field.
Liu et al. [57] excluded the toroidal hopfion gyrovector from consideration and represented
the hopfion dynamics solely in terms of the hopfion emergent magnetic field toroidal
T = 1/2

∫
dV(r × B) and octupole moments. Such an approach resulted in a specific

toroidal hopfion dynamic presented in Ref. [57]. The static toroidal hopfion ansatz for the
particular case of the Hopf index |QH | = 1 in Ref. [26] was initially written incorrectly, and
then it was corrected in a paper (Ref. [60]) by the same group.

The calculation approach suggested in Ref. [61] is based on the concept of the emer-
gent magnetic field B(r) introduced in Section 3 and a calculation of the emergent field
components and their volume averages for the toroidal hopfion magnetization texture in
the appropriate curvilinear coordinate systems. The simplest non-trivial toroidal hopfion
with the Hopf index |QH | = 1 in the cylindrical magnetic dot was considered, and the
dependencies of the Hopfion gyrovector components on the dot sizes were calculated. It
was demonstrated by analytical calculations that the magnetic hopfion gyrovector G is
not equal to zero and does not vanish even in the limit of an infinite sample. Namely, two
components of the gyrovector in the curvilinear cylindrical coordinates, Gz and Gϕ, are
finite. The out of-plane z-component of the hopfion gyrovector (Gz) goes to zero, increasing
the dot radius; however, the in-plane gyrovector ϕ-component (Gϕ) remains finite [61].
The calculated components of the hopfion emergent magnetic field and gyrovector can be
used for calculations of the topological and skyrmion Hall effect of the toroidal magnetic
hopfions, respectively. It was recently shown [62] that the toroidal hopfions reveal a Hall
motion (skyrmion Hall effect) under the current pulses, while the skyrmionium moves
only along the current direction. This is because the gyrovector (2D topological charge) of
skyrmionium vanishes, whereas it is not equal to zero for the toroidal magnetic hopfions in
accordance with Ref. [61]. The fractional Hopf index QH = 0.8 was calculated in Ref. [62]
due to the restricted geometry of FeGe samples. The current pulses were employed to drive
the dynamics of the fractional hopfions. An asymmetric Hall motion of the hopfions with
respect to the current direction was detected [62].

Space–time magnetic hopfions are suggested in Ref. [63]. They are treated as 2D
magnetic textures (skyrmions) excited by an oscillating magnetic or electric field. The
authors considered the coupled dynamics of the skyrmion radius and helicity using the
model of the exchange interaction quadratic and quartic on the magnetization spatial
derivatives. The authors of Ref. [63] believe that the introduced hopfion topological
invariant, the space–time Hopf charge (QH = ±1), can be tuned by the applied electric
field. The emergent magnetic field Bi(m) = εijkm·(∂jm × ∂km

)
(i, j, k = x, y, t) and gauge

vector potential Awere introduced using the standard equations. However, these equations
are valid only if the indices i, j, k used in their definition [63] mark the spatial coordinates, for
instance, the Cartesian coordinates (x, y, z). However, one of the indices i, j, k corresponds
to time (t) according to Knapman et al. [63]. If the index i = t, then the emergent field
component Bt has no physical sense because B=

(
Bx, By, Bz

)
is a vector in three-dimensional

coordinate space (x, y, z). If the indices j = t or k = t, then the vector B is not the emergent
magnetic field, and the equation B = ∇ × A is not valid. In the case of j = t or k = t,
the field B is an emergent electric field E proportional to the time derivative of the unit
magnetization vector m. The relation of the emergent electric field defined as Ei = Fi0
( i = x, y, z) or E = ∇A0 − ∂A/c∂t and the four-vector potential A = (A0, A) is essentially
different from the equation B = ∇× A for the emergent magnetic field. Only the space
Hopf index defined by Equation (4) via the dot product (A·B) has physical sense. The time
derivative of the magnetization m and emergent electric field E ∼ ∂m/∂t cannot be used
for the calculation of the Hopf index defined by Equation (4). Therefore, the equations
defining the space–time Hopf index used by Knapman et al. [63] are wrong and should
be corrected.
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The hopfions considered by Knapman et al. are a particular case of 3D winding
hopfions introduced by Kobayashi et al. [64] in the R2 × S1 coordinate space, where the
third coordinate S1 (z) is directed along the sample thickness, L. Knapman et al. [64]
substituted the thickness coordinate (z) to time (t). There is the standard angular parame-
terization of the magnetization m(r) components via the spherical angles Θ(r), Φ(r). The
hopfion magnetization spherical angles should be written in an axially symmetric form,
Θ(r) = Θ(ρ, z), Φ(r) = nϕ + γ(ρ, z), as it was performed for the azimuthally symmetric
toroidal hopfions in Refs. [19,53]. If following Ref. [64] one introduces the hopfion he-
licity as γ(ρ, z) = −Pg(z), where the phase angle g(z) satisfies the boundary condition
g(L)− g(0) = 2π at the sample upper/down faces and P is an integer, then the calculated
Hopf index of the winding hopfion is an integer. Kobayashi et al. assumed that the angle
Θ(ρ, z) does not depend on the thickness coordinate z. Therefore, the dependence Θ(ρ)
describes a 2D skyrmion profile in the xOy plane.

Following Kobayashi et al. [64], we introduce the winding hopfion magnetization
components as

mz(ρ) = cosΘ(ρ), mx(r) + imy(r) = sinΘ(ρ)ei(nϕ−Pg(z)+ϕ0), (7)

where Θ(ρ) is the skyrmion magnetization polar angle satisfying the boundary conditions
Θ(0) = π, Θ(∞) = 0, n is the azimuthal vorticity, and ϕ0 is a constant phase angle.

To plot the winding hopfion magnetization, we take the skyrmion profile in the
Belavin–Polyakov form [33] cosΘ(ρ) =

(
ρ2 − 1

)
/
(
ρ2 + 1

)
(ρ is taken in the units of the

skyrmion radius ρc, mz(ρc,) = 0) and the function g(z) = 2π(z/L) in the simplest form
satisfying the conditions g(L)− g(0) = 2π. The magnetization components of the winding
hopfions are plotted in Figure 4. We note that the skyrmions at the film surfaces z = 0, L
are of the Neel type at ϕ0 = 0 (Figure 4A) or Bloch type at ϕ0 = π/2 (Figure 4B).

The calculation by Equation (4) yields QH = QP, where Q = n is the skyrmion
number [36] (2D topological charge). However, in the finite samples, Q is not an integer
and the condition g(L) − g(0) = 2π, in general, is not satisfied. Therefore, the Hopf
index of the winding hopfions can be an arbitrary number. The winding hopfions are very
different from the toroidal magnetic hopfions, which have almost integer Hopf indices
even in finite samples [28,29].

Very recently, the paper by Saji et al. [65] was published, where the authors rewrote
the toroidal hopfion magnetization in the spherical coordinates regardless of whether the
hopfion has a cylindrical (azimuthal) symmetry. The validity of the ansatz derived in
Ref. [65] for the Hopf index QH > 1 should be proven. It is also unclear why the emergent
vector potential calculated by Saji et al. [65] differs from the vector potential presented
in Ref. [59] calculated on the base of field theory [10,11]. In Refs. [26,60,65], the toroidal
hopfion magnetization, emergent magnetic field, and vector potential are presented via an
arbitrary smooth function f (r) satisfying the boundary conditions f (0) = 0, f (∞) = π to
ensure an integer Hopf index QH in an infinite sample. Therefore, these important local
parameters m(r), B(r), A(r) are not completely defined and cannot be used for calculations
of any effects related to the toroidal magnetic hopfions. Using the function f (r) is not
necessary because the exact explicit expressions for m(r), B(r), A(r) of the toroidal magnetic
hopfions in infinite media were found in Ref. [19] for any values of the 3D topological
charge QH .

The authors of Ref. [65] demonstrated that the spin waves excited over the hop-
fion background experience the emergent electromagnetic field generated by the toroidal
hopfion magnetization texture m(r). In particular, it was shown that the spin waves propa-
gating along the toroidal hopfion symmetry axis (0z) are deflected by the hopfion magnetic
texture. This effect using an analogy with the skyrmion topological Hall effect was named
as “magnonic Hall effect”.
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Figure 4. The magnetization components mx, mz of the winding hopfions in the xz plane calculated
by Equation (7): (A) ϕ0 = 0; (B) ϕ0 = π/2 . The azimuthal vorticity n = 1. The parameter P = 1. The
vertical coordinate z ∈ [0, 1] is plotted in units of the film thickness L. The horizontal coordinate x
varies from −3 to 3 in units of the skyrmion radius ρc.

48



Magnetism 2024, 4

6. Summary

I briefly review above the current status of research on 3D magnetic topological solitons
(hopfions) in restricted and infinite geometries. The hopfions are initially introduced,
similarly to the skyrmions, in classical field theory. Then, these complicated 3D textures are
calculated and measured in ferromagnetic media. It is shown that the concepts of the gauge
emergent vector potential and emergent magnetic field are absolutely necessary to describe
the magnetic hopfions. The toroidal hopfions with the integer Hopf indices found in the
field theory occupy a special place among the magnetic hopfions. However, one should be
careful using the equations developed for infinite media to calculate the hopfions in finite
samples. Except for the toroidal hopfions, other hopfions with a non-zero and non-integer
Hopf index are also possible (the Bloch points and winding hopfions, for instance). I
note that the Hopf index (3D topological charge) can be used as an important parameter
(invariant) to characterize a given 3D magnetization texture. The magnetization textures
with the same values of the Hopf index are topologically equivalent. The Hopf index has
less physical sense in comparison to a 2D topological charge (skyrmion number) because
the latter defines the soliton gyrovector resulting, in particular, in the vortex/skyrmion
gyrotropic excitation mode observed experimentally.

The main articles on the toroidal hopfion stability and dynamics in ferromagnetic
films and dots are reviewed. Both topics are considered mainly theoretically (numerically)
because it is difficult to observe stable hopfions and their dynamics experimentally. No
applications of the magnetic hopfions have been realized to the moment. I believe that it
can be achieved in the near future.

A critical discussion on the calculations and simulations of the magnetization, emer-
gent magnetic field, and Hopf index of the toroidal magnetic hopfions and other kinds of
magnetic hopfions in restricted geometries is presented. The critical point is using proper
equations for the hopfion emergent magnetic field and vector potential and proof of gauge
invariance of the calculated Hopf index.
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Abstract: In 1971, Chua defined an ideal memristor that links magnetic flux ϕ and electric charge
q. In a magnetic lump with a current-carrying conductor, we found that the direct interaction
between physical magnetic flux ϕ and physical electric charge q is memristive by nature in terms of
a time-invariant ϕ-q curve being nonlinear, continuously differentiable and strictly monotonically
increasing. Although we succeeded in demonstrating that the “ideal/real/perfect/. . . memristor”
needs magnetism, the structure still suffers from two serious limitations: 1. a parasitic “inductor”
effect and 2. bistability and dynamic sweep of a continuous resistance range. Then, we discussed how
to overcome these two limitations to make a fully functioning ideal memristor with multiple or an
infinite number of stable states and no parasitic inductance. We then gave a number of innovations
to the current memristor structure, such as an “open” structure, nanoscale size, magnetic materials
with cubic anisotropy (or even isotropy) and sequential switching of the magnetic domains. Contrary
to the conjecture that “an ideal memristor may not exist or may be a purely mathematical concept”,
we remain optimistic that an ideal memristor will be discovered in nature or will be made in the
laboratory. Our finding of the memristive flux–charge interaction may advance the development and
application of the memristor technology.

Keywords: magnetism; magnetic lump; ideal memristor; neuromorphic computing; brain-inspired
computer

1. Introduction

Chua defined the ideal memristor in 1971, which directly interacts with physical
magnetic flux ϕ and physical electric charge q [1], analogous to the resistor, which directly
interacts with physical voltage and physical current; the capacitor, which directly interacts
with physical voltage and physical charge; and the inductor, which directly interacts with
physical current and physical flux.

In 2008, HP made a memristor in titanium dioxide, in which the dopants tend to drift
in the direction of the current [2]. Such mobility makes a memristor change resistance.
However, from a rigorous theoretical physics perspective, the HP memristor is too incom-
plete (no magnetic flux), too complex (a “sandwich” structure) and too specialised (even a
chemical reaction in the memory-holding oxygen vacancies) to be fundamental.

The major concern is that the HP memristor lacks a magnetic flux term in the original
memristor definition. Williams from HP thought the actual definition of memristance
would be more general. Williams argued, “Linking electric charge and magnetic flux is one
way to satisfy the definition, but it’s not the only one. In fact, it turns out you can bypass
magnetic interaction altogether.” [3].

Can we truly bypass magnetic interaction to define a memristor?
Unfortunately, thus far, it has been somewhat popular to define “ϕ” and “q” in a

purely mathematical way without giving “ϕ” and “q” any physical interpretations: “ϕ”
was defined as the time integral of voltage “v” and “q” was defined as the time integral
of current “i”. Most people simply “abused” Chua’s suggested fingerprint [4]. “If it
(the v-i hysteresis loop) is pinched, it is a memristor” by ignoring its prefixing (from an
experimental perspective) and its context (“This definition greatly broadens the scope
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of memristive devices. . . into three classes: Ideal Memristors, Generic Memristors, and
Extended Memristors.”) [4].

At least three examples can be given to demonstrate that it is highly risky to define a
memristor along the v-i plane.

The first example is indefinite integration itself. Starting from v, we have
∫

v(t)dt =
ϕ(t) + C, where C is an arbitrary constant [meaning that any value for C makes ϕ(t) + C a
valid antiderivative of v(t)]. This constant expresses an ambiguity inherent in the construc-
tion of integration; there is an indefinite number of antiderivatives of v(t), and therefore,
a given v-i curve (as postulated by Chua [1], i is a pinched hysteresis loop (looking like a
diagonal “∞”)) cannot uniquely determine the ϕ-q curve, as shown in the inset of Figure 1.

Figure 1. Conformal differential transformation is similar to 3D object projection in terms of projecting
something from a “high-dimensionality” space into a “low-dimensionality” space.

In other words, the ϕ-q plane is a space with “high-dimensionality” (if the charge–flux
relationship of a memristor is a high-order polynomial as imagined by Chua [5]), whereas
the v-i plane is its “dimensionality-reduced” space. Conformal differential transforma-
tion [4,5] projecting the ϕ-q curve onto the v-i plane just plays the role of dimensionality
reduction (e.g., dxn

dx = nxn−1). Imagine that we are shining a light from above a 3D object
and looking at the shadow it casts on a 2D screen. The transformation from 3D to 2D is
unique, but the opposite is not; we cannot work out whether the original 3D object is a
ball, cylinder or cone when the 2D projection viewed is a circle. A schematic (Figure 1) best
illustrates this. We cannot simply restore the lost information in the projection in a single
“anti-projection”.

The second example is that, as shown in Figure 2, no hysteresis can be seen in the v-i
curve if the ϕ-q curve is odd-symmetric, although it complies with all the three criteria [1]
for the ideal memristor’s ϕ-q curve: 1. nonlinear, 2. continuously differentiable and 3.
monotonically increasing. The ϕ-q curve projects to the corresponding v-i curve via the
so-called conformal differential transformation (for a periodic input current): obtain the
angle of incline α of the tangent line at an operating point in the ϕ = ϕ̂(q) curve and draw
a straight line through the origin on the v-i plane whose angle of incline is also α.

The third example is that, as shown in Figure 3, a pinched v-i curve that is asymmetric
results from even a double-valued ϕ-q curve, which indicates that the corresponding
memristor is not ideal at all. It is concluded that an ideal memristor that is originally
defined on the constitutive ϕ-q plane should not be characterized on the v-i plane.

What we have observed from the above three examples is that “even if it’s pinched it
may not be an ideal memristor”. In our opinion, it is bad to define the ideal memristor on
the v-i plane, it is worse to have no physical magnetic flux, and it is even worse to pretend
to have a magnetic flux that is virtual and calculated from other physical attributes. Strictly
speaking, it is incorrect to bypass or replace the direct, physical charge–flux interaction
with a “virtual” interaction between the charge (that is normally physical, e.g., oxygen
vacancies as ionic current in the HP memristor [2]) and the integral over the voltage (having
no choice due to the lack of magnetic flux).
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Figure 2. No hysteresis can be seen in the v-i curve for an ideal memristor with an odd-symmetric
ϕ-q curve.

Figure 3. A nonideal memristor even has a pinched v-i hysteresis loop. This memristor has two ϕ-q
characteristic branches, each of which is chosen depending on the polarity of the input current. Some
practical devices exhibit such q–ϕ curves [6].

Other sceptics have also expressed a similar concern regarding the lack of a charge–flux
interaction in the HP memristor. As mentioned in the same issue of IEEE Spectrum, as
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early as in 2009, sceptics have argued that the HP memristor is not a fourth fundamental
circuit element but an example of bad science [7]. In 2015, Vongehr even declared, “The
Missing Memristor Has Not Been Found” (the title of their Nature Scientific Reports paper)
in the sense that an ideal memristor device should be grounded in fundamental symmetries
of basic physics, here electromagnetism and that the “ideal/real/perfect/. . . memristor”
needs magnetism [8]. It is worth mentioning that Vongehr’s work [8] is only one facet of
the opposition to the ideality of a new passive fundamental electrical component. In 2017,
Sundqvist, et al. showed that the claim that the present memristor functions describe a
passive device violates the second law of thermodynamics in many cases [9,10]. In 2018,
Abraham proposed a case to reject the memristor as a fundamental circuit element [11].
In 2022, Kim, et al. refuted the claim that all resistance-switching memories are memristors
and doubted the existence of ideal memristors as actual physical devices that can be
fabricated experimentally [12].

2. Magnetic Lump with Flux–Charge Interaction

In order to design an artificial device with a direct interaction between physical
magnetic flux and physical electric charge and then prove that the interaction is memristive,
the first principles originating from Aristotelians more than 2300 years ago may help. That
is to say, we should start directly at the level of the established memristor concept based on
physical charge and physical flux without making any assumption such as an empirical
model (e.g., a pinched hysteresis voltage–current loop) and parameter fitting (e.g., voltage
as a derivative of flux and current as a derivative of the charge).

After numerous failures, the structure in Figure 4 was eventually designed to introduce
a direct charge–flux interaction. Through the conductor that carries a current and the
magnetic lump that hosts magnetization, the amount of the charge can be controlled by the
time interval of the current flow. The flux can be adjusted by the magnetization rotation. In
order to pick up a signal from the charge–flux coupling, this conductor can simultaneously
play two roles; on the one hand, it carries a current to switch the magnetization in the lump,
and on the other hand, it can also sense the voltage possibly induced by the switched flux.

Figure 4. The flux–charge interaction in a structure with a magnetic lump and a current-carrying

conductor. The Oersted field generated by the current i rotates or switches the magnetization M
inside the magnetic lump, and consequently, the switched magnetic flux ϕ induces a voltage v across
the conductor, resulting in a changed (equivalent) memristance. The LLG model of flux reversal
is also shown. If the magnetic field Heff is applied in direction Z, the saturation magnetization
vector M(t) follows a precession trajectory from its initial position (m0 ≈ −1) until (m ≈ 1), i.e., the
magnetization M(t) reverses itself and is eventually aligned with the magnetic field Heff.
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3. LLG Model of Magnetic Flux Reversal

The resulting equivalent resistance, the ratio between the sensed voltage and the
driving current, of the above structure is possibly memristive. It would be highly unlikely
that it would have a linear charge–flux interaction due to the existence of magnetic material
with rich hysteresis. That is, it is the magnetic lump material that may provide a source of
nonlinearity necessary for such a structure.

In order to describe the charge–flux interaction in a mathematically and physically
rigorous way, the Landau–Lifshitz–Gilbert equation [13,14] was used. Assuming m(t) =
MZ(t)

MS
, in which MZ is the component of the saturation magnetization MS in the Z axis, and

a magnetic field H is applied along Z. The model is expressed as below:

m(t) = tanh
[

q(t)
SW

+ C
]

, (1)

in which SW is a switching coefficient, and C is a constant of integration such that
C = tanh−1m0 (m0 is the initial value of m) if q(t = 0) = 0 (no accumulation of charge
at any point).

By Faraday’s law, the induced voltage v(t) is

μ0S
dMz

dt
= S

dBz

dt
=

dϕz

dt
= −v(t), (2)

where μ0 is the permeability of free space and S is the cross-sectional area.
From Equation (2), we obtain

ϕ = μ0SM + C′ = μ0SMSm + C′, (3)

where C′ is another constant of integration.
Assuming ϕ(t = 0) = 0, we have C′ = −μ0SMSm0; so,

ϕ = μ0SMs

[
tanh

(
q

SW
+ tanh−1m0

)
− m0

]
� ϕ̂(q). (4)

Equation (4) complies with the three new criteria [6] for the ideal memristor: 1. non-
linear; 2. continuously differentiable; and 3. strictly monotonically increasing. Figure 5
shows a typical ϕ-q curve with m0 = −0.964 (such a value reflects the intrinsic fluctuation;
otherwise, M will stick to the stable equilibriums m0 = ±1).

Figure 5. Intuitively, the S-shaped ϕ-q curve (Equation (4)) of this structure vividly depicts the
self-limiting charge–flux interaction in a circuit element. It complies with the three new criteria
for the ideal memristor [1,6]: a. nonlinear; b. continuously differentiable; c. strictly monotonically
increasing.

Figure 5 agrees with those experimentally observed ϕ-q curves in the magnetic
cores [15–17]. Therefore, Equation (4) is used as a constitutive curve in this work. The consti-
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tutive curve in Figure 4 is dramatically different from that of Chua’s “fictitious” memristor
with a charge–flux relationship ϕ = 1

3 q3 + q in his tutorial [5]. We have lim
q→±∞

tanh(q) = ±1

for a hyperbolic function whose output range is normalized from −1 to 1 (no matter
how big the input is), whereas we have lim

q→±∞

(
1
3 q3 + q

)
= ±∞ for a polynomial function

(that diverges to infinity). In other words, such a structure’s operation range is finite
(where M(q) = dϕ

dq �= 0), whereas the “fictitious” memristor’s range is infinite. Such a
self-limiting hyperbolic tangent function is more natural than other functions since the S
curve approaches 1 as x is +∞ and approaches zero as x is −∞. In biology and ecology, a
self-limiting colony of organisms limits its own growth by its actions (releasing waste that is
toxic to the colony once it exceeds a certain population) [18]. In this instance, there is a clear
physical explanation for the saturation of this structure: it is because the magnetization
vector is as aligned as the magnetic field allows it to be. The change in the magnetization
alignment is negligible on increasing the field above this.

If a step-function excitement current is applied and its rise time is short enough in
approaching constant I, by Faraday’s law, the induced voltage is

v(t) =
dϕ

dt
=

μ0SMS I
SW

sech2
(

I
SW

t + tanh−1m0

)
. (5)

Equation (5) is depicted in Figure 6.

Figure 6. Induced voltage vs. a step-function input current. The higher the amplitude of the current I,
the shorter the switching time ts.

From Equation (4), the memristance M(q) of our memristor is

M(q) =
dϕ

dq
=

μ0SMs

SW
sech2

(
q

SW
+ tanh−1m0

)
≥ 0. (6)

4. Parasitic Inductance and Stepwise Memristance

Inevitably, parasitic inductance of this structure in Figure 4 coexists, especially if it is a
core with a high coupling efficiency (Figure 7), which can be described by

L = 0.4πμN2 A
l
× 10−5(mH), (7)

where L is the inductance (mH) of the magnetic core, A = D−d
2 ·h (cm2) is the cross-sectional

area of the core, l = π·D+d
2 (cm) is the average length of the core, μ is the permeability of

the core, N is the number of the turns in the coil (N = 1 in Figure 4), D (cm) is the outer
diameter of the core, d (cm) is the inner diameter of the core, and h (cm) is the height of the
core [19].
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Figure 7. Geometry of a magnetic core for the inductance calculation.

If a fixed aspect ratio D = 2d = 2h is taken, Equation (5) can be simplified to

L = 0.4πμN2 h
3
× 10−5(mH), (8)

which implies that the inductance of a magnetic core scales with its physical size. This is
truly encouraging in the sense that, in principle, an ideal memristor at the nanoscale is
expected to have negligible parasitic inductance.

Notably, as shown in Equation (6), the parasitic inductance in this device is not a
function of the charge (otherwise, it will become a mem-inductor [20,21]), whereas its
resistance (memristance) is a function of the charge.

An antiferromagnet/ferromagnet heterostructure [22] was found to exhibit a stepwise
memristance (due to the sequential switching of the domains in the ferromagnetic layer),
in which one can freeze the resistance statically at any intermediate time point. It exhibits
a continuous “state-dependent Ohm’s law” and provides a solution of Chua’s Enigma:
All non-volatile memristors have continuum memories [23]. Pershin, Di Ventra and Kim
designed a test to check experimentally if a resistor with memory is indeed a memristor, in
terms of its resistance depending only on the charge that flows through it or on the history
of the voltage across it [24–26].

5. Conclusions and Arguments

Our innovative work represents a step forward in terms of verifying the memristive charge–
flux interaction, but we have not reached the final The structure has two serious limitations:

1. The aforementioned memristive fingerprint hides behind a superficial inductor effect
due to its inductor-like structure. It was necessary to apply a constant input current
(such as a step-function or a sequence of square-wave pulses) to depress the inductor
effect (∵ v = L di

dt = 0). Despite the existence of parasitic inductance, the structure
displays memristivity; similarly, a real-world resistor is still thought to be a resis-
tor despite the existence of an (inevitable) parasitic inductance and/or capacitance.
Most importantly, the structure exhibits that its charge–flux interaction is memristive
by nature.

2. The structure is bistable and dynamically sweeps a continuous range of resistances.
This “dynamical continuity” results from the uniaxial magnetic anisotropy of the pro-
totype, which contains magnetic material with only one easy axis. A fully functioning
ideal memristor should have multiple or an infinite number of stable states so its
static memristance can be “frozen” at any intermediate point in time.

Limitation 2 (“dynamic continuity”) may be overcome by using magnetic materials
with cubic anisotropy (three or four easy axes as shown in Figure 8 [27]) or even a magneti-
cally isotropic material (no preferential direction for its magnetisation) [28]. In addition,
an antiferromagnet/ferromagnet heterostructure exhibits stepwise memristance due to
sequential switching of the domains in its ferromagnetic layer [22]. However, this bilayer
is nonideal since its resistance is a function of several internal state variables, including
temperature, and it is not a function of only charge [22].
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Figure 8. Cubic anisotropy energy surfaces. The magnetic moment in cobalt has a dependence of
energy level towards one particular direction (the easy axis); then, it has uniaxial anisotropy. The
biases in iron (left) and nickel (right) are toward many particular directions; then, they have multiple
easy axes and possess cubic anisotropy [27].

A fully functioning charge–flux-interaction-based ideal memristor with multiple or
an infinite number of stable states and no parasitic inductance is still highly in demand in
terms of filling the gap of 50 years [1,7,8] and advancing the development and application
of memristor technology. The existence of such a fundamental circuit element may appeal
to many researchers in the memristor field within the context of the theoretical circuit inno-
vations that depend on charge–flux linkage [28–32]. We are still optimistic that researchers
will discover an ideal memristor in nature or make one in the laboratory, although some
researchers feel that an ideal memristor may not exist or may be a purely mathematical
concept [25].
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Abstract: Integration of the ferrite devices in the RF front-end and active antennas is hindered by
the need for external magnets, biasing soft microwave ferrites. The hexaferrite-based self-biased
nonreciprocal devices can operate without external magnets at mm-wave frequencies but the currently
available hexaferrite materials inflict high RF losses at lower frequencies, particularly in the wireless
communication bands. In this paper, the parameters of La-Co-substituted hexaferrite compounds are
used for the self-biased circulators in the low GHz frequency bands, and a means of the dissipation
loss reduction are discussed.

Keywords: hexaferrite; magnetic loss; magnet-free nonreciprocal device; self-biased circulator

1. Introduction

Nonreciprocal passive devices are indispensable elements of the high-performance
transceivers in radio frequency (RF) front ends of communication systems and radars [1–3].
Circulators and isolators protect the very sensitive front end of the receivers, operating in a
duplex mode with transmitters connected to the same antenna.

Conventional passive nonreciprocal microwave components employ magnetically soft
ferrites with a narrow linewidth of ferrimagnetic resonance. They are biased by external
permanent magnets [4,5]. However, magnets make the ferrite devices bulky and difficult to
package with other RF components and antennas in modern highly integrated electronic
systems. Magnets also cause high RF losses and interfere with surrounding densely packed
electronic circuits. Therefore, low-loss magnet-free circulators and isolators compatible
with modern fabrication technologies are a long-standing goal [5].

Hexaferrites with strong magneto-crystalline anisotropy have been the primary can-
didates for realizing magnet-free nonreciprocal devices; see [6] and references therein.
However, the high RF losses of hexaferrite materials remain the main obstacle. Recent
advances in the synthesis of magnetically hard La-Co-substituted hexaferrite compounds
have reinvigorated efforts in the development of miniature self-biased low-loss circulators
and isolators [7–11]. The magnet-free microstrip circulators were reported to achieve a
fractional bandwidth (FBW) of 3% and an insertion loss (IL) of 1.52 dB at a centre frequency
of 13.65 GHz [8] and 1 dB losses at 30 GHz [10]. A lower IL of 0.87 dB was achieved in
the waveguide junction circulator with a hexaferrite post [11] at the centre frequency of
41 GHz. Additionally, its IL dramatically reduced to 0.21 dB when an external magnetic
bias was applied to the hexaferrite post of this circulator. Such a major improvement of the
IL implies that the high losses are not endemic to the hexaferrite-based devices and they
can be significantly decreased by conditioning the internal magnetic field of the self-biased
hexaferrite junction resonator. However, the conventional hexaferrite materials are not
suitable for low GHz frequencies, and high performance self-biased circulators are not
commercially available for frequencies below 26 GHz [12].

An alternative concept of magnet-free circulators and isolators is based on the in-
herent nonreciprocity of voltage-biased FET and varactor diodes [13–16]. The published
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simulation and experimental results have proved the principle, but the ILs of such de-
vices achieved to date still exceed 3 dB and remain notably higher than the IL of the
hexaferrite-based devices. It is also necessary to stress that the inherent nonlinearity of the
semiconductor-based passive nonreciprocal devices imposes additional constraints on their
use in the high-performance RF front ends exposed to the high RF power.

In this paper, the mechanisms of RF loss in self-biased microstrip circulators on
hexaferrite substrates are examined and a means of a significant loss reduction are discussed.
The properties and performance of a La-Co-substituted hexaferrite composition tailored
for Ku band operation are outlined in Section 2. In Section 3, the sources of RF loss in
self-biased circulators are discussed and a low-loss circulator with a central frequency
of 16 GHz is described. It is demonstrated that the RF losses can be reduced by more
than half, to the level below 0.66 dB, and the fractional bandwidth increases to about 5%
when the matching transformers are located on the alumina substrate surrounding the
hexaferrite junction resonator. The performance of the self-biased microstrip circulators
with the operating frequencies of 4 and 6 GHz are evaluated and discussed in Section 4.
The main results are summarized in the Conclusion.

2. La-Co Hexaferrites for Circulator Junction Resonators

Hexaferrites with high remanent magnetization, 4πMr, and low magnetic loss are the
key elements of magnet-free passive nonreciprocal RF devices. Unlike soft microwave
ferrites, which require permanent magnets for external DC magnetic bias, hexaferrites are
self-biased and retain their magnetisation. They contain two sublattices:

• Hard sublattice provides a magnetic bias, like an external permanent magnet.
• Soft sublattice acts similarly to the soft microwave ferrite.

Thus, the soft lattice is biased internally by the DC magnetic field of the hard lattice.
As a result, at RF frequencies, hexaferrite can behave like a conventional soft ferrite biased
by the DC magnetic field of its hard lattice. The gyrotropic properties of hexaferrite
compounds are rendered by the strong coercive magnetic field Hc > 4πMr created by the
uniaxial magneto-crystalline anisotropy. A particular hexaferrite composition is dictated by
the device operating frequency and the trade-offs between magneto-crystalline anisotropy,
the demagnetizing field and ferrimagnetic resonance linewidth ΔH. A range of M-type-
and SM-type-substituted hexaferrites has been developed for high RF applications [6].

2.1. Properties of La-Co-Substituted Hexaferrites

The La-Co-substituted hexaferrite compounds of type Sr1−xLaxFe12−xCoxO19 have
been recently developed for RF applications. The salient features of these compositions
include the possibility of adjusting the magneto-crystalline anisotropy by varying the
substitution rate x up to 0.4 with negligible effect on the high value of 4πMr and Curie
temperature which remains above 400 ◦C. This allows the hexaferrite parameters to be
tailored for the specific operational frequency bands.

Polycrystalline hexaferrites can be produced using the ceramic fabrication process [17].
Their raw ingredients, SrCo3, Fe2O3, La2O3, and Co3O4, are milled and mixed together
first. Then the mixture is calcinated at a temperature between 1000 ◦C and 1100 ◦C. The
produced powder is finely milled again and sintered at temperatures of 1200–1300 ◦C. A
crystallographic orientation of the specimens is enforced by the DC magnetic field, Hex,
applied when the calcinated powder is pressed. A high rate of crystallite alignment is
facilitated by the use of very fine powder with submicron particles and a strong magnetic
bias Hex exceeding 10 kOe.

Disk-shaped hexaferrite specimens of a diameter of 1.74 mm and thickness of 200 μm
were characterized by superconducting quantum interference device (SQUID) magnetome-
ter [18]. The measurements were made along the sample’s principal magnetic axes: the
easy c-axis and the hard axes a and b, defined in Figure 1. The magnetization was measured
versus Hex varied up to 70 kOe to ensure that the magnetically hard hexaferrite crystallites
are fully aligned and saturated along each axis.
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Figure 1. Hysteresis curves of magnetization 4πM(Hex) normalized to the saturation magnetization
4πMs ≈ 4500 Gs for the M-type (red line) and SM-type (blue line) hexaferrites. DC magnetic field Hex

is directed along the easy c-axis.

The measured hysteresis curves of the magnetization M(Hex) normalized to the satura-
tion magnetization 4πMs are shown in Figure 1 for the base compound SrFe12O19 and the
substituted hexaferrite Sr0.8La0.2Fe11.8Co0.2O19 (x = 0.2), labelled M and SM, respectively.
It is evident in Figure 1 that the La-Co-substituted SM-type hexaferrite magnetized along
the c-axis has a squarer hysteresis loop than the M-type hexaferrite. The higher remanent
magnetization of the SM-type hexaferrite is the result of its stronger coercive magnetic
field, Hc. Its resilience to demagnetization is especially beneficial for the homogeneity of
Hc, which serves as an internal DC magnetic bias Hi of the hexaferrite.

An average magnetization of the hexaferrite substrate of the SM-type was measured
by the SQUID magnetometer, and the effective linewidth ΔHeff was retrieved from the
waveguide measurements similar to [19]. The hexaferrite permittivity was determined
separately by using the coaxial line [20]. The obtained physical parameters of the hexaferrite
substrate are summarized in Table 1, where 4πMs is the saturation magnetization; 4πMr
is the remanent magnetization; Hc is the coercive magnetic field (internal magnetic bias);
εf and tan δf are relative permittivity and dielectric loss tangent; ΔH is the ferrimagnetic
resonance linewidth measured at frequency fr = 53.48 GHz; and Δeff is the effective linewidth
evaluated at frequency 16 GHz. These parameters are used for modelling and analysis of
the self-biased junction circulators in Section 3.

Table 1. Parameters of La-Co-substituted SM-type hexaferrite substrate.

4πMs, kGs 4πMr , kGs Hc, kOe εf tan δf ΔH, Oe ΔHeff, Oe

4.5 4.0 19.1 25 0.002 1000 20

2.2. DC Magnetic Field Profile in Hexaferrite Slab

Distributions of the DC magnetic field HDC on the surfaces of a thin slab of SM-type
hexaferrite were mapped by the Hall sensor with an active area of 1.0 × 0.5 mm2. A sample
with a surface area of 5.0 × 6.0 mm2 and thickness of 250 ± 3 μm was magnetized to
saturation along the c-axis normal to the layer surface.

A contour plot of the normal component of HDC mapped at the height of 3.5 mm
above the surface is shown in Figure 2. The measured HDC distributions are similar on
both sides of the layer, but the field magnitudes differ slightly due to minor differences in
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the probe positioning. The measured HDC is fairly uniform above the specimen central
area but gradually decreases towards the edges. Such a pattern of HDC suggests that the
internal magnetic bias, Hi, in the hexaferrite layer is reasonably homogeneous.

Border of hexaferrite specimen

Figure 2. Pattern of the normal component of DC magnetic field HDC measured in Oe at the height of
3.5 mm above the hexaferrite slab with a surface area of 5.0 × 6.0 mm2 and thickness of 250 μm.

It is necessary to stress that the homogeneity of Hi and remanent magnetization, 4πMr,
are the essential prerequisites for the low-loss operation of nonreciprocal ferrite devices.
Therefore, La-Co-substituted SM-type hexaferrite slab with inherently strong magneto-
crystalline anisotropy, high 4πMr and strong Hc is particularly apt for these applications.
Small spatial variations of the demagnetizing field due to the shape of the hexaferrite
specimens can be mitigated similarly to [11] where the inhomogeneous DC magnetic
bias was applied externally to compensate for the effects of shape and aspect ratio of the
hexaferrite specimen.

3. Self-Biased Microstrip Junction Circulators

The junction resonator on the hexaferrite substrate is the core element of the self-biased
circulator enabling its nonreciprocal response. Hexaferrite, magnetized along the z-directed
c-axis, is described by the Polder tensor of permeability [21]

μ = μ0

⎡⎣μ −jκ 0
jκ μ 0
0 0 1

⎤⎦ (1)

where
μ = 1+

ω0ωm

ω2
0 − ω2

(2)

κ =
ωωm

ω2
0 − ω2

(3)

ω0= γ(Hi + jΔH) (4)

ωm= γ4πMr (5)

ω is an angular frequency, 4πMr is the remanent magnetization, ω0 is the complex-valued
angular frequency of ferrimagnetic resonance, Hi = Hc is the internal DC magnetic bias
equal to the average magnitude of the coercive magnetic field, imposed by the magneto-
crystalline anisotropy of hexaferrite, ΔH is the ferrimagnetic resonance linewidth, and
γ = 2.8 GHz/kOe is the gyromagnetic ratio.
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The geometry of hexaferrite-based Y-junction circulators can be initially approximated
with the aid of the models developed in [22–24] for the stripline circulators with externally
biased ferrite resonators. Bosma’s model [22] defines the approximate relation between
circulator operating frequency ω, radius R of the disk-shaped junction resonator, and the
hexaferrite relative permittivity εf and effective permeability μe

kR
√

εfμe≈ 1.84 (6)

where k = ω/c is the free space wavenumber, c is the speed of light in free space,

μe =
μ2 − κ2

μ
=

(ω0 + ωm)2 − ω2

ω0(ω0 + ωm)− ω2 (7)

is an effective permeability and the frequency of the transverse ferrimagnetic resonance

ω⊥ = Re
(√

ω0(ω0 + ωm)

)
(8)

Numerical estimates of (2), (3) and (7) show that at the hexaferrite parameters specified
in Table 1, μ ≈ 1.23 + 0.002j, κ ≈ 0.069 + 0.002j, μe ≈ 1.226 + 0.002j are in the middle of
the Ku band. It is noteworthy that the magnetic losses of hexaferrite at these frequencies
are commensurate to the dielectric losses despite ΔH of the hexaferrite is much larger
than that of the soft ferrites. This is the result of the operating frequency offset from the
transverse ferrimagnetic resonance (8) at ω⊥/2π ≈ 54.5 GHz, which is dictated by the
trade-off between the hexaferrite magnetic loss and gyrotropy at the operating frequencies.

The junction resonator radius R ≈ 0.99 mm was initially obtained from the circulation
condition (6) at the hexaferrite parameters specified in Table 1. This approximation of R
was about 6% larger than the resonator radius Rd deduced from the full-wave simulations,
summarized in Table 2. It should be noted that the accuracy of (6) was also limited by
the model assumption that the junction resonator is bounded by the magnetic wall at its
circumference. Therefore, the junction resonator radius had to be adjusted to account for
the effects of fringing fields and discontinuities of the resonator joints with the output
transformers. The correction of R was proposed in [24] but the resulting R values were
about 30% smaller than those obtained from the full-wave simulations.

Table 2. Dimensions and characteristics of the circulators on hexaferrite substrates.

Junction
Resonators

ts, mm Rd, mm atri, mm RL *, dB Iso *, dB IL *, dB

0.17 0.93 - 37.9 28.4 1.33

0.09 - 2.46 33.7 21.5 1.66

0.34 - 2.02 31.5 25.7 1.71

* IL, RL and Iso are at frequency f 0 = 16 GHz.

The full-wave EM simulations in CST MW Studio were adopted here for the analysis
and modelling of the circulator performance. The correct value of R was particularly
important for the design of the self-biased circulator where the internal magnetic bias
could not be adjusted without remagnetizing the entire hexaferrite resonator and/or
altering its composition. Thus, the microstrip circulators on hexaferrite substrates were
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analysed and optimised using the parameters specified in Table 1 and the initial value of R
obtained from (6).

3.1. Analysis of Losses in Self-Biased Microstrip Circulators

High ILs are a major problem in the design of self-biased hexaferrite circulators. Recent
progress in the synthesis of hexaferrite materials has enabled magnet-free microstrip and
waveguide junction circulators with ILs below 1 dB in the frequency band 30–40 GHz [10,11].
However, at lower frequencies, the ILs in the microstrip circulators on hexaferrite substrates
remain stubbornly high, exceeding 1.5 dB in the Ku band [8].

In the conventional microstrip circulator with the cross-section shown in Figure 3a,
ILs are incurred by both a junction resonator and matching transformers located on the
same hexaferrite substrate. Their individual contributions to the total IL depend on the
junction resonator shape, and the substrates of different thicknesses are required for the
same operating frequency [1,2]. Namely, the substrate of a disk-shaped junction resonator
has to be thicker than that of the apex-fed triangular resonator but thinner than the side-fed
triangular resonator. The matching transformers have to be adjusted for each substrate
thickness, too. Table 2 summarises the simulated IL, return loss (RL) and isolation (Iso) of
the disk and triangular-shaped junction circulators with centre frequency f 0 = 16 GHz, and
Rd is the radius of the disk-shaped resonator and atri is the side length of the equilateral
triangular resonator. The hexaferrite substrates have the same material parameters specified
in Table 1 but different thicknesses ts.

Figure 3. Self-biased disk-shaped junction circulator on hexaferrite substrate of thickness ts = 0.17 mm
biased by the internal magnetic field Hi normal to the surface. (a) microstrip circulator cross-section;
(b) pattern of the RF magnetic field on the substrate top surface at frequency f 0 = 16 GHz; (c) the
simulated S-parameters.

Table 2 shows that the RL and Iso of all three types of junction resonators are com-
mensurate. But the IL in the circulator with the disk-shaped resonator is lower than ILs in
both circulators with triangular resonators. The circulator with the disk-shaped junction
resonator on the hexaferrite substrate also exhibits a slightly lower IL than the circulator
on the stacked hexaferrite-Duroid substrate reported in [8]. Further optimization of the
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circulator layout, including the use of tapered matching transformers, noticeably improves
the RL and Iso across a 5.6% frequency band, highlighted grey in Figure 3c. But the IL is
barely improved and remains high.

The causes of the stubbornly high IL and the effect of hexaferrite substrate thickness
ts on the IL in the disk-shaped junction circulator were examined first. The simulated
characteristics of the circulator with several different ts are summarized in Table 3. They
show that as the hexaferrite substrate becomes thinner, FBW broadens whilst the RL and
Iso remain high. But the reduction of the IL at smaller ts is marginal, and the IL decrement
becomes even smaller at thinner substrates.

Table 3. Characteristics of the disk-shaped junction circulator on hexaferrite substrates of different
thicknesses ts at centre frequency f 0 = 16 GHz.

ts, mm IL, dB RL, dB Iso, dB FBW, %

0.253 1.58 24.27 24.0 3.5

0.17 1.33 39.7 28.4 5.6

0.14 1.31 27.8 35.4 6.7

0.12 1.29 26.0 38.6 6.9

To identify the causes of the circulator’s high losses, the RF magnetic field distribution
was evaluated on the surface of La-Co-substituted SM-type hexaferrite substrate with a
disk-shaped junction resonator and matching transformers. The inspection of the magnetic
field pattern in the circulator, Figure 3b, reveals two important features:

• Hot spots exist in the small peripheral regions of the junction resonator near ports
1 and 2 only.

• Standing wave patterns appear in the matching transformers.

A strong magnetic field at the edges of the junction resonator unavoidably increased
the dissipative losses. The contribution of the edge to the overall losses was determined
by the localisation of the total power flow at the circumference of the junction resonator,
which was proportional to the ratio ts/Rd. Therefore, the IL in the circulators with thinner
substrates should be lower, which was confirmed by the simulation results as shown
in Table 3.

The field distribution in the matching transformers located on the hexaferrite substrate
has the standing wave pattern seen in Figure 3b. Such a pattern causes significant losses that
are commensurate or even exceed the losses in the junction resonator itself. To discriminate
the individual contributions of the transformers and junction resonator to the total loss, the
circulator substrate was modified—the hexaferrite substrate outside the junction resonator
disk was replaced by the low-loss alumina substrate of the same thickness as illustrated
by Figure 4a. Then the matching transformers were located on the alumina substrate [7].
This modification has several advantages. First, the transformers have no magnetic losses.
Second, alumina has a smaller refractive index than hexaferrite puck and increases the field
confinement to the junction resonator by reducing the parasitic effect of fringing fields.
Thus, the circulator with the composite hexaferrite–alumina substrate has a significantly
lower IL as discussed next.
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Figure 4. Self-biased disk-shaped junction circulator on a composite hexaferrite–alumina substrate
with the internal magnetic bias field Hi normal to the surface. (a) microstrip circulator layout; (b) RF
magnetic field distribution on the substrate top surface at frequency f 0 = 16 GHz; (c) simulated
S-parameters. The junction resonator radius is 0.91 mm; the transformer length is 1.8 mm and the
width of the tapered transformers varies from 0.36 mm at the proximity end to 0.14 mm at the distal
end; substrate thickness ts = 160 μm and hexagon side length is 5.68 mm.

3.2. Self-Biased Microstrip Circulator on Composite Substrate

A circulator with the hexaferrite–alumina substrate of thickness ts = 0.16 mm and the
layout shown in Figure 4a was simulated using the hexaferrite parameters specified in
Table 1 and the alumina relative permittivity εd = 9.8 and tanδd = 0.0001. Even in the basic
circulator layout with the quarter-wave matching transformers, the IL at centre frequency
f 0 = 16 GHz nearly halved by decreasing from 1.33 dB to 0.79 dB at the RL of 17.5 dB and
isolation of 33.2 dB remaining practically unchanged. This is a significant improvement
of the IL as compared with the case of the whole circulator on the hexaferrite substrate,
illustrated in Table 3. This was the result of the field confinement to the hexaferrite junction
resonator and the transformer placement on the low-loss alumina substrate. The FBW of
2.5%, obtained in such a circulator with the composite substrate, remained rather narrow.
It was limited by the basic quarter-wave transformers and their suboptimal coupling to the
junction resonator. These shortcomings were remedied by the use of the tapered matching
transformers that provide a better coupling to the junction resonator.

The circulator layout with tapered impedance transformers on the alumina substrate is
shown in Figure 4a. Its IL is further reduced to 0.66 dB at an RL of 25.3 dB and Iso of 26.7 dB
at centre frequency f 0 = 16 GHz. The RL over 17 dB and Iso over 20 dB were achieved across
the FBW over 5% of the highlighted grey area in Figure 4c. Thus, both IL and FBW are
noticeably improved here as compared to the circulator with the quarter-wave transformers.
A pattern of the RF magnetic field on the substrate surface is shown in Figure 4b. It
demonstrates a fairly smooth wave flow through the junction resonator and matching
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transformers. Further reduction of the IL can be achieved by optimizing the matching
transformers and the hexaferrite with a narrower line of ferrimagnetic resonance ΔH.

The effects of fabrication tolerances and variations of the dimensional and material
parameters on the circulator characteristics were assessed. The sensitivity analysis showed
that deviations of the junction resonator diameter and internal magnetic field Hi from their
nominal values have a stronger effect on the circulator performance than the other parame-
ters. But their effect is limited to a shift of the centre frequency that can be readily adjusted
by conditioning the magnetic bias or dimensions of the hexaferrite junction resonator.

4. Self-Biased Microstrip Circulators at Low GHz Frequencies

The analysis of the self-biased circulators in Section 3 was based on the averaged
parameters of hexaferrite materials. They were deduced from the measurements whereas
the actual distribution and magnitude of the DC magnetic bias in the hexaferrite specimens
cannot be obtained directly. Namely, the magnitude and orientation of the internal DC
magnetic field inside the polycrystalline hexaferrite layer depend not only on the grain
size and density but also on their orientation. In the flat specimens, internal magnetic
bias was also inhomogeneous as illustrated by the magnetic field pattern in Figure 2. But
the effect of the nonuniform magnetic bias was somewhat mitigated with the aid of the
more complicated matching circuits and transformers adjusted for the specified operational
frequencies as discussed below.

4.1. Requirements to the Hexaferrite Materials for the Low GHz Self-Biased Circulators

For hexaferrite use at the low GHz frequencies, its internal magnetic bias Hi became
smaller than the frequency of 4πMr. Therefore, the circulators had to be analysed in the
two limiting cases of weak and strong internal demagnetisation separately, viz.

- The internal magnetic bias is Hi = Ha − weak demagnetisation (ND).
- The internal magnetic bias is Hi = Ha – 4πMr − strong demagnetisation (SD).

Hi defines the FMR frequency as

fFMR= flHi (9)

where γ = 2.8 GHz/kOe is the gyromagnetic ratio and f FMR varies in the wide range

fl(H a − 4πMr) ≤ fFMR ≤ flHa (10)

The geometrical parameters of the junction resonator strongly depend on Hi and differ
significantly in the two limiting cases.

The operational frequency of the self-biased circulator had to be away from the fFMR
frequency to avoid high losses. But it should not be too far from the fFMR to exploit the
hexaferrite gyrotropy. Therefore, the internal magnetic bias Hi of the hexaferrite must
be carefully tailored to the desired operational frequency. This causes serious difficulties
because Ha should be notably larger than 4πMr but small enough for the use at the low
GHz frequencies. Therefore, the existing hexaferrite materials developed for the mm-wave
frequencies do not meet these requirements.

The losses and the operational band of the circulators are critically dependent on the
FMR linewidth ΔH, especially at low GHz frequencies. But synthesis and fabrication of
hexaferrites with low Ha and narrow ΔH (ΔH ≤ 500 Oe) remain the challenging tasks. The
recently developed SM-type hexaferrites have allowed the circulator losses to be reduced
below 0.7 dB at the frequencies of 16 GHz as demonstrated in Section 3 but their use at
lower frequencies requires further investigations.

4.2. Self-Biased Microstrip Circulators at Low GHz Frequencies

The self-biased microstrip circulators were analysed at frequencies 4 and 6 GHz using
the commercially available hexaferrites 08CЧA5B and 08CЧA1B with the parameters
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are specified in Table 4 [25]. It is necessary to note that the anisotropy field Ha of these
hexaferrites is too strong for the considered operational frequencies that results in a weak
gyrotropy. Therefore, the designed circulators have narrow bandwidths and high losses at
the specified frequencies.

Table 4. Parameters of the hexaferrite materials [25] used for the circulator simulations.

Material 4πMs, kOe 4πMr, kOe Ha, kOe εf tan δf ΔH, Oe

08CЧA5B 3.4 3.06 6 17 0.001 2500

08CЧA1B 3.7 3.33 11 17 0.001 2500

Similar to the circulator discussed in Section 3, a composite substrate was made of a
hexaferrite disk embedded in the surrounding alumina layer of the same thickness. The
circulator layout with the impedance transformers and advanced matching circuits is
shown in Figure 5. The matching circuits were modified for the lower frequency use and to
alleviate the limitations imposed by the parameters of the existing hexaferrite materials.
Three outstretched lengths of the transmission lines with extension stripes at the ends
were added for the impedance matching of the junction. The dimensions of the junction
resonators and the matching circuits are summarised in Table 5 for the ND and SD cases.

 

 
 

(a) 

(b) (c) 

Figure 5. Self-biased microstrip junction circulator with matching circuits: (a) exploded view of the circu-
lator layout. (b) Cross-section of the structure. (c) Top view with the geometrical parameter definitions.

Table 5. Dimensions in mm of the self-biased circulators for 4 GHz and 6 GHz frequency bands.

f 0, GHz Case a w1 w2 w3 w4 g1 d1 y R0 *

4
SD 12.0 0.35 1.17 1.1 4.0 0.2 0.4 1.65 2.9

ND 12.0 0.08 0.62 1.3 4.0 0.2 0.1 1.75 3.6

6
SD 6.0 0.17 0.95 0.6 3.0 0.2 0.2 0.75 2.5

ND 6.0 0.08 0.93 0.6 2.8 0.2 0.1 1.30 2.6

* The hexaferrite disk radius R0 is 5% larger than the junction conductor radius R1.

The S-parameters of the self-biased circulator with the hexaferrite 08CЧA5B were
simulated at the centre frequency 4 GHz. Figure 6a,b show the two extreme cases of SD
and ND of the hexaferrite disk with internal magnetic bias Ha = 6 kOe and FMR linewidth
ΔH = 2.5 kOe. In the SD case, shown in Figure 6a, the isolation exceeds −15dB when
frequency varies from 3.92 to 4.08 GHz, i.e., a fractional bandwidth (FBW) is 4%. The RL
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is above 12.4 dB and the IL varies from 2.8 dB at a centre frequency to 2.9 dB at the band
edges. In the ND case shown in Figure 6b, the FMR frequency is further away from the
operational band, and the internal magnetic bias is lower. This results in the lower IL
ranging from 1.3 dB to 1.9 dB and the RL above 10.7 dB across the specified operational
band. But the Isolation band at the level of -20 dB is narrower here, varying from 3.98 GHz
to 4.05 GHz.

  

(a) (b) 

  
(c) (d) 

Figure 6. The simulation results of the self-biased microstrip circulators for 4 GHz (a,b) and 6 GHz
(c,d) in the cases of strong demagnetisation (SD)—(a,c) and no demagnetisation (ND)—(b,d).

The characteristics of the self-biased circulator in the 6 GHz band are illustrated in
Figure 6c,d. A hexaferrite 08CЧA1B was used here. It has a larger Ha = 11 kOe and the
same ΔH = 2.5 kOe. The simulation results in the SD case show that the IL is notably lower,
varying from 1.1 dB at the centre frequency to 1.6 dB at the band edges, whilst RL is above
11.2 dB at the band edges. The frequency band of Isolation at the level of −15 dB ranges
from 5.87 to 6.15 GHz and the FBW is 4.7%. In the case ND, the IL is lower and varies from
0.8 dB at the centre frequency to 1.3 dB at the band edges, whilst the RL is above 11.6 dB at
the band edges. The frequency band of Isolation at the level of -15 dB varies from 5.92 to
6.08 GHz that corresponds to the narrower FBW of 3.7%.

The circulator BW, IL, RL and isolation are the interdependent characteristics. There-
fore, their optimal values cannot be realised simultaneously. As a result, some trade-offs
can be made in the design of the circulator transformers. The effect of the matching circuit
dimensions w2 and w4 on the circulator S-parameters is illustrated in Figure 7 for the case
of strong demagnetisation. It shows that a higher transmission and wider bandwidth can
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be obtained at the cost of reducing isolation. By changing w2 from 0.7 mm to 1.1 mm, the
transmission FBW at the level of −3 dB widens from 9.05% to 12.53%, but the IL increases
for 0.34 dB and the isolation band becomes narrower and shallower at a larger w2. A
trade-off between the IL and isolation exists when increasing the w4, which is the length
of the matching strips at the end of the outstretched arms shown in Figure 5c. It is seen
in Figure 7c that the IL increases from 1.3 dB to 1.36 dB when w4 increases from 3 mm to
5 mm. But the opposite trend of deepening and widening the isolation curves is observed
in Figure 7d. Thus, better matching circuits are necessary for the design of the self-biased
circulators in the low GHz frequency bands.

  
(a) (b) 

  
(c) (d) 

Figure 7. The simulated characteristics of the 4 GHz self-biased microstrip circulator with strong
demagnetisation in the cases of variable w2: (a,b) and w4: (c,d).

5. Conclusions

The mechanisms of RF loss in self-biased microstrip circulators on hexaferrite sub-
strates have been examined, and a means of significant loss reduction in the three frequency
bands are discussed. The La-Co-substituted hexaferrites with strong magneto-crystalline
anisotropy are used for the design of the self-biased circulators in the Ku, X and C bands.

The pattern of the DC magnetic field is mapped first above the hexaferrite layer
surface. It suggests that the magnetic bias is fairly uniform inside a thin hexaferrite layer.
The hexaferrite parameters retrieved from the measurement data are used for the full-wave
analysis of the self-biased microstrip circulators. It is found that the insertion losses are
slightly lower in the circulators with thinner hexaferrite substrates, and this is attributed to
a weaker effect of the fringing field at the edges of the junction resonators.
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The causes of the high losses in self-biased circulators were examined and individual
contributions of the matching transformers and junction resonators were separated. Our
analysis has revealed that the matching transformers, located on the hexaferrite substrate,
make a major contribution to the circulator’s overall losses. To reduce the circulator losses, it
is suggested that a composite hexaferrite–alumina substrate be used, where the hexaferrite
disk is confined to a junction resonator only whilst the matching transformers are placed
on the surrounding alumina substrate. Then the ILs are reduced by more than half. Merits
of such an arrangement are illustrated by an example of the Ku band circulator on the
hexaferrite–alumina substrate where the IL can be reduced to 0.66 dB at the RL over 17 dB
and isolation over 20 dB across the FBW over 5%. These significant improvements of the IL
and FBW of the self-biased circulators have made them viable candidates for integration in
the RF front-end modules and active antennas.

The self-biased circulators for the low-GHz communications bands have been exam-
ined in the C and X bands. In the C band, the 4 GHz self-biased circulators with 08CЧA5B
hexaferrite are analysed separately in the extreme cases of the strong and weak demagneti-
sations. It is found that when the hexaferrite substrate is strongly demagnetised, circulator
ILs are high and vary from 2.8 to 2.9 dB at isolation about -15 dB in the FBW of 4%. In the
case of weak demagnetization, the IL is lower, varying from 1.3 to 1.9 dB. In the X band,
the self-biased circulators are simulated with 08CЧA1B hexaferrite. In the case of strong
demagnetisation, the ILs of the circulator are notably lower, varying from 1.1 dB to 1.6 dB
across the FBW of 4.7%. In the case of weak demagnetization the operational frequency is
farther away from the FMR. This results in the lower ILs varying from 0.8 to 1.3 dB, but the
obtained operational bandwidth remains narrow.

The presented analysis demonstrates the great potential of the self-biased circulators
for the current and future communications systems operating in the low and mid GHz
frequency bands.
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Abstract: In this work, it is demonstrated that straightforward implementations of the well-known
textbook expressions of the off-axis magnetic field of a current loop are numerically unstable in
a large region of interest. Specifically, close to the axis of symmetry and at large distances from
the loop, complete loss of accuracy happens surprisingly fast. The origin of the instability is catas-
trophic numerical cancellation, which cannot be avoided with algebraic transformations. All exact
expressions found in the literature exhibit similar instabilities. We propose a novel exact analytic
expression, based on Bulirsch’s complete elliptic integral, which is numerically stable (15–16 signifi-
cant figures in 64 bit floating point arithmetic) everywhere. Several field approximation methods
(dipole, Taylor expansions, Binomial series) are studied in comparison with respect to accuracy,
numerical stability and computation performance. In addition to its accuracy and global validity, the
proposed method outperforms the classical solution, and even most approximation schemes in terms
of computational efficiency.

Keywords: magnetic field; current loop; analytic solution; numerical stability; computation performance

1. Introduction and Motivation

Analytic expressions for the magnetic field of current and magnetization problems are
widely used in modern science and engineering. They offer much faster field computation
than their numerical counterparts, and the superposition principle often makes up for the
simple geometries for which solutions exist. User friendly, but much slower numerical
alternatives like ANSYS Maxwell [1] or Comsol [2] are often not available due to their sub-
stantial financial costs, and implementations through open-source packages like FEniCS [3],
or NG-Solve [4] are time consuming and require substantial know-how.

In addition, analytic forms enable extreme computation precision up to 12–14 signifi-
cant digits in Double (64 bit) floating point arithmetic when they are properly implemented.
The downside is that the expressions found in the literature are mostly arranged to look as
simple as possible, with little or no thought given to their implementation. A straightfor-
ward transfer to the computer code often results in numerical instabilities close to symmetry
positions and special cases, surface and edge extensions, and at large distances from the
magnetic field sources.

A good example is the classical textbook expression for the radial component of the
B-field of a circular current loop [5],

Bρ =
μ0i0
2π

z
((ρ + ρ0)2 + z2)1/2

[
−K

(
k2)+ ρ2 + ρ2

0 + z2

(ρ − ρ0)2 + z2 E
(
k2)], (1)

with k2 =
4ρ0ρ

(ρ + ρ0)2 + z2 .

The current loop with radius ρ0 lies in the z = 0 plane, with center in the origin of a
cylindrical coordinate system (ρ, ϕ, z), and carries a current i0. The vacuum permeability
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is denoted by μ0, and K and E are the complete elliptic integrals of first and second kind,
respectively, for which fast and stable numerical algorithms exist [6,7] and implementations
are provided by common tools like Mathematica [8], Matlab [9] and Scipy [10].

A straightforward implementation B̂ρ of expression (1) is numerically troublesome
because catastrophic cancellation happens close to the axis, ρ � ρ0, and at large distances
from the loop, ρ2 + z2 � ρ2

0. The magnitude of this phenomenon is easily underestimated.
For example, evaluations of B̂ρ in Double floating point format give only four correct
significant figures when evaluated at not very distant positions r = (0.01ρ0, ϕ, 100ρ0).
The extent of the problem is laid out in Figure 1. There, the first quadrant in ρz-space is
depicted for an arbitrary ϕ. The other quadrants follow from the symmetry of the problem.

Figure 1. (a) Sketch of a current loop and the observed first quadrant. (b) The number of correct
significant figures of a straightforward implementation of the textbook expression for the radial
component of the B-field of a current loop on a log–log scale.

Discussions in the Magpylib [11] forum on Github underline the practical relevance of
the issue. Magpylib is an open-source Python package that combines analytic solutions
of permanent magnets and current problems with a geometric reference frame API. It
enables users to easily compute the magnetic fields of sources at observers with arbitrary
relative position and orientation. In the now outdated version 3.0.5, a numerically unstable,
straightforward implementation is used for the current loop field, together with a special
case for ρ = 0. When an unsuspecting user creates such a current loop object and rotates
it about an observer located on the loop axis, see Figure 2a, the limited precision of the
rotation naturally results in a misalignment between the observer and loop axis by small
values of the order of the machine precision. In the reference frame of the current loop,
the observer is thus moved from the stable special case, ρ = 0, to the numerically unstable
position 0 < ρ � ρ0. The resulting bad computation is shown in Figure 2b for multiple
angles α ranging from 0 to 360 degrees. Complete loss of precision can be observed in
many cases.

Achieving numerical stability is of critical importance. Instabilities like the one de-
scribed in this work are often not visible, but can lead to erroneous computation results that
are difficult to track down. In this paper, we analyze various expressions for the B-field of
a current loop in terms of range of validity, precision, numerical stability and performance.
Eventually, a reader can decide by himself which formulation suits his needs best.

The structure of the manuscript is as follows: In Section 2, the classical textbook
expression is discussed, the origin of the problem is identified, and several expressions
for the B-field are introduced and analyzed in terms of accuracy. In Section 3, all these
expressions are tested in terms of computation performance. In Section 4, all results are
reviewed and discussed. Finally, in Appendix A, various algorithms used in this work
are provided.
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Figure 2. (a) Sketch of typical current loop positioning with the package Magpylib. (b) Demonstrating
the relevance of the numerical instability, which becomes visible when a current loop rotates about
an observer.

2. Numerical Stability

2.1. Fundamentals and Annotation

As this paper is intended mostly for physicists and engineers, we outline a few basic
concepts and annotation details common in numerical analysis, following the textbook
Accuracy and Stability of Numerical Algorithms [12].

Evaluation of an expression in floating point arithmetic is denoted f l(·). A basic
arithmetic operation op ∈ {+,−, ∗, /} satisfies

f l(x op y) = (x op y)(1 + δ), |δ| ≤ u. (2)

Here, u is the machine precision, which is 2−52 ≈ 1.11 × 10−16 for the standard 64 bit
Double floating point format, which is also used in this work. In contrast to the textbook,
we use the common notation that bold symbols denote vectors, and also do not distinguish
between accuracy and precision.

Computed quantities wear a hat, i.e., f̂ denotes the computed value of an expression
f . The absolute error of a computed quantity is defined as, Eabs( f̂ ) = | f − f̂ |. In relation to
the function value, it gives the important relative error

Erel( f̂ ) =
| f − f̂ |
| f | . (3)

The intuitive measure of correct significant figures of an evaluation is a flawed concept,
as explained in the textbook, but is used here nonetheless by rounding the relative error.
In most cases, an evaluation of f̂ experiences large relative errors about zero crossings
of the function f , accompanied by a respective loss of significant figures. However, this
is generally not a problem as long as the absolute error is reasonably bounded there,
Eabs( f̂ ) � ε.

We speak of numerical stability when the relative error is small, or at zero crossings,
when the absolute error is, respectively, smaller than the mean absolute function value
in the vicinity of the crossing. In Double floating point format, proper implementations
of analytic expressions are expected to give relative errors below 10−10 to 10−12, or in the
vicinity of zero-crossings, absolute errors that are at least 10–12 orders of magnitude smaller
than the mean absolute function value.

77



Magnetism 2023, 3

When a vector field g is studied, this is done componentwise with (3), or vectorwise
using the Euclidean norm || · ||,

Erel(ĝ) =
||g − ĝ||
||g|| . (4)

Such a measure can also mitigate the apparent relative error problem about zero-
crossings of individual components.

Rounding happens when an internal operation results in a number that has more
decimal places than is provided by the used floating point arithmetic. For example,
the input a = 8 can be fully represented in Single (32 bit) precision, while the result
of b = a/3 = 2.6666667 is rounded off. Rounding is by itself not a problem, since the error
appears only in the last digit. The relative error according to (3) yields Erel(b̂) = 1.25× 10−8,
which is in the expected range for Single precision with 7–8 significant digits. However, this
rounding error sets the stage for numerical cancellation. Consider that a number c = 2.6666
is subtracted from the previous result. The outcome is d = b − c = 6.67 × 10−5 and has
only three significant figures. The resulting relative error increases to Erel(d̂) = 5 × 10−4 in
this case. Further computation with this value must be treated with great care. Numeri-
cal cancellation happens when subtracting rounded values of equal size from each other,
and can even lead to a complete loss of precision, i.e., no correct significant figures.

A power series can be assumed to be stable when implementing the sum with falling
order (small terms first). The limit of precision of a series expansion is mostly a result of
the chosen truncation.

In this work, all quantities are evaluated in Python v3.9.9, and making use of the
standard packages Numpy v1.21.5 and Scipy v1.7.3. Many of the used implementations
are reproduced in Appendix A.

2.2. The Classical Solution

The exact analytic expressions for the off-axis magnetic field of a circular current loop
have been known for a long time. They can either be derived by direct integration over
the current density, or by solving a boundary value problem. A few examples included in
classical textbooks show expressions derived in cylindrical coordinates [5] and in spherical
coordinates [13] via the vector potential. A solution via the boundary value problem is
demonstrated in [14]. A detailed summary of analytic expressions for the current loop
field and their derivatives in different coordinate systems is given in [15]. More recent
developments show a computation through the law of Biot–Savart where the result is
expressed in terms of hypergeometric functions [16]. In [17], the field of arc segments is
reviewed and expressed in terms of incomplete elliptic integrals, where the special case of
a complete current loop is shown to yield the classical results.

Two recent works focus on computationally efficient approximation schemes: Prant-
ner et al. [18] use local Taylor series approximations about supporting points. This has the
advantage that the resulting expressions are simple, numerically stable and fast to compute.
On the other hand, the validity is limited to small regions about the supporting points,
and for each new region, a new series must be constructed. A very elegant solution was
proposed by Chapman et al. [19]. They make use of a binomial expansion and reduce the
field to a simple series with a high level of accuracy everywhere. Their work aligns strongly
with this paper, is reproduced in Section 2.6, and analyzed in terms of performance in
Section 3.

Hints towards stability problems of the classical solutions are found in [20], where
the authors use a series expansion to “obtain simpler expressions valid at intermediate
distances”, and in [21], where various analytic representations are derived and studied.
Proper numerical implementation, numerical stability and computation performance are
hardly discussed in the literature beyond basic algorithms for the complete elliptic integrals
and Taylor series expansions.
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All works that offer exact analytic forms for the field of the current loop end up
with the same expressions in cylindrical coordinates, or with expressions that are easily
transformed to the following one

BClassic
ρ = B0

k√
ρ̄

z̄
ρ̄

1
q2

[
(1 + q2)E(k2)− 2q2K(k2)

]
︸ ︷︷ ︸

ξ0(k,q)

, (5a)

BClassic
z = B0

k√
ρ̄

1
q2

[
2q2K(k2)−

(
1 + q2 − k2

ρ̄

)
E(k2)

]
︸ ︷︷ ︸

ξ1(ρ̄,k,q)

(5b)

with k2 =
4ρ̄

z̄2 + (1 + ρ̄)2 , q2 =
z̄2 + (1 − ρ̄)2

z̄2 + (1 + ρ̄)2 .

The loop lies in the z = 0 plane of a cylindrical coordinate system (ρ, ϕ, z), with the
origin at its center. Bρ and Bz denote radial and axial component of the B-field, respectively.
Everything is expressed in dimensionless quantities, ρ̄ = ρ/ρ0 and z̄ = z/ρ0 with the loop
radius ρ0, and B0 = μ0i0/8πρ0 with the vacuum permeability μ0. The functions K and E
denote the complete elliptic integrals of first and second kind, respectively, for which fast
and stable algorithms exist [6,10].

The formulation is chosen through the two dimensionless quantities k and q that satisfy

q2 = 1 − k2. (6)

While k and q can be expressed through each other, it is important that they are computed
individually to avoid numerical cancellation effects. Specifically, a pure k-formulation results
in additional problems about the singularity at ρ̄ = 1, z̄ = 0, while a pure q-formulation adds
to the main instability described in the next section.

The system is independent of the azimuth angle ϕ, so that the parameter space of
interest, covering all of R3 except the loop itself, is,{

ρ̄ ∈ [0, ∞), z̄ ∈ (−∞, ∞) : ρ̄ �= 1 ∨ z̄ �= 0
} → k, q ∈ [0, 1]. (7)

Due to the symmetry, we only study positive values of z̄.

2.3. Numerical Stability of the Classical Solution

By straightforward implementation, we mean naive transfer of a function to the
computer script. A code example for such an implementation B̂Classic of Equation (5) is
provided in Appendix A.1. This implementation is component- and vectorwise numerically
unstable, which can be seen from the relative errors shown in Figure 3. An increasing loss
of precision with distance from the loop (ρ̄2 + z̄2 � 1) can be observed in all subplots.
In addition, the radial component becomes unstable towards the axis (ρ̄ � 1). This instabil-
ity translates partially to the vectorwise error in (c), despite the dominating amplitude of
the stable BClassic

z . The troublesome "speckled" region in (c) is the result of the competing
error between the two components. Finally, the relative error diverges naturally in a nar-
row band about the zero crossing of the z-component, outlined with a dotted line in (b).
All error computations in this work are achieved by comparison to stable forms that are
derived below.

The origin of the observed instabilities is numerical cancellation when evaluating the
functions ξ0 and ξ1 in (5). Both functions are made up of two summands that tend to π and
−π, respectively, for k → 0, which corresponds to regions close to the axis and far from the
loop, as can be seen from Figure 3d.

The cancellation effect is best demonstrated with the function ξ0. Figure 4a shows
a straightforward implementation of ξ0, and an implementation of its Taylor series for
small k including eight terms up to order k18. The fluctuation of ξ̂0 with decreasing k is
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a result of the numerical cancellation, which ends in a complete loss of accuracy below
k2 ≈ 3.5 × 10−8. Loss of precision resulting from the truncation of the Taylor expansion,
as k approaches 1, is made visible in the inset figure.

Figure 3. Relative error of a straightforward implementation of the textbook expressions for the
B-field of a current loop. (a) Radial and (b) axial components, as well as (c) vectorwise analysis reveal
a high level of numerical instability. (d) The relation between the cylindrical coordinates and the
important quantity k.

Figure 4. (a) Two different implementations of the function ξ0 and (b) the relative difference when
comparing them to each other.

Relative errors of the two implementations are shown in Figure 4b. With decreasing
k the straightforward implementation loses precision. Below k2 ≈ 3.5 × 10−8 the relative
error exceeds 1 which is understood as a complete loss of precision. On the other hand,
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the accuracy of the Taylor series increases with decreasing k until the truncation error
undercuts the machine precision. For small values of k, this Taylor series can be used as an
excellent numerical reference.

All exact expressions for the magnetic field of a current loop that are provided in the
literature seem to exhibit similar instabilities. This includes the tempting form in spherical
coordinates [13,15]. Rearrangement of the problematic summands can partially reduce
some cancellation effects, but the main problem remains.

2.4. Dipole Approximation

Dipole models are commonly used to describe the magnetic field at large distances
from the sources. They are numerically stable, easy to implement and fast to compute.
Specifically for current loops, dipole models are used when coupling distant coils [22], or in
some geomagnetic works [23,24]. The relation between the magnetic dipole moment and
the current loop parameters is m = (0, 0, i0ρ2

0π). The resulting dipole field in cylindrical
coordinates is given by

BDipole = B0
2π

(ρ̄2 + z̄2)5/2

⎛⎝ 3ρ̄z̄
0

2z̄2 − ρ̄2

⎞⎠. (8)

Straightforward implementations of (8) are numerically stable, so that the precision of
the dipole model is limited only by the approximation error. The vectorwise relative error
is shown in Figure 5a. It can be observed that the accuracy of the dipole approximation
increases only slowly with distance from the loop. At ρ̄ = 100, the relative error is still
above 10−4. The large difference between current loop and dipole model is also noted
in [20].

The colorful contour lines in the figure correspond to the vectorwise relative error of
B̂Classic, and are taken from Figure 3c. While the dipole approximation saves the day at
large distances, the figure also reveals that both computations fail to give correct results in
a large region of interest close to the axis.

Figure 5. Vectorwise relative error of the dipole approximation (a) and a Taylor approximation
(b) of the B-field of a current loop. The colored contour lines show the numerical error from a
straightforward implementation of the classical textbook expressions.
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2.5. Taylor Approximation

In Section 2.3, it is explained that the classical textbook expressions suffer from the
numerical instabilities of ξ0(k, q) and ξ1(ρ̄, k, q) for small values of k. A series expansion
seems like a natural choice. Taylor approximations of (5a) and (5b) about k = 0 calculate as

BTaylor-k
ρ = B0

z̄
ρ̄3/2

3π

16q2

[
k5 +

1
4

k7 +
15

128
k9 +O(k11)

]
, (9a)

BTaylor-k
z = B0

1
ρ̄3/2

π

2q2

[
k3 − 2 + 3ρ̄

8
k5 − 3

1 + 3ρ̄

64
k7 +O(k9)

]
. (9b)

The vectorwise error of such a series expansion with up to order k21 (10 terms) is
shown in Figure 5b. Such an expansion with a simple cutoff criterion kc = 0.26 can be
combined with the classical solution (5) to yield at least 10 significant digits everywhere.

Moreover, it is possible to provide a second Taylor series about q = 0, which is accurate
when the k-series fails,

BTaylor-q
ρ = B0

kz̄
ρ̄3/2

[
1
q2 +

3
4

ln
(

eq2

16

)
+

3
64

ln
(

e256
q4

)
q2 +O(q4)

]
, (10a)

BTaylor-q
z = B0

k
ρ̄3/2

[
(1 − ρ̄)

1
q2 − 1

4

(
4 + ln

(
eq2

16

)
(1 + 3ρ̄)

)
+O(q2)

]
. (10b)

Here e denotes Euler’s number. It is shown in Figure 6 that it is possible to cover all of
R

3 by overlapping a k-series and a q-series. Specifically, two such series that include terms
up to order q60 and k61 with cutoff criterion kc = 0.7 globally undercut a componentwise
relative error of 10−10. The respective kc = 0.7 contour is shown in Figure 6a,b.

Figure 6. Vectorwise relative error of Taylor approximations of the B-field of a current loop. (a) Ex-
pansion for small k. (b) Expansion for small q.

Proper implementations of these series are provided in Appendix A.2, together with
detailed information about the series precision with respect to the chosen truncation.
Computation performance is discussed in Section 3.

2.6. Binomial Expansion

It is proposed in [19] to make use of a binomial expansion to generate the following
series approximation for the B-field of a current loop,
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BBinom
ρ = B0

2πz̄ρ̄

(ρ̄2 + z̄2 + 1)5/2 ∑
i

AiFi, (11a)

BBinom
z = B0

2πρ̄

(ρ̄2 + z̄2 + 1)5/2 ∑
i

(
4

W1/2 Bi − ρ̄Ci

)
Fi. (11b)

The quantity W is closely related to k4,

W =
4ρ̄2

(ρ̄2 + z̄2 + 1)2 , (12)

and the functions Fi and coefficients Ai for the lowest five orders are given by

F0 = 1, A0 = 3,
F1 = W/(1 − W), A1 = 3.601265264628424,
F2 = (ln(1 − W) + W)/W, A2 = 7.270215646065023 × 10−1,
F3 = ln(1 − W), A3 = −5.22255035327797 × 10−2,
F4 = W, A4 = −8.69531084533186 × 10−3,
F5 = W2, A5 = −1.4574683941872 × 10−3.

The corresponding coefficients Bi and Ci are

B0 = 1, C0 = 3,
B1 = 9.003162495383443 × 10−1, C1 = 3.601264998153377,
B2 = −3.044435633189330 × 10−2, C2 = 7.276276696916009 × 10−1,
B3 = −2.5946696478408 × 10−2, C3 = −5.27599282256922 × 10−2,
B4 = −3.9595895609185077 × 10−3, C4 = −8.92318142802500 × 10−3,
B5 = −7.177536438 × 10−4, C5 = −1.5500658123898 × 10−3.

Here, we have simply reproduced the results from Chapman et al. in a format that aligns
with this work. Coefficient C3 has a different sign due to a typo in the original publication.

When implementing the above expressions, great care must be taken with the functions
F2 and F3, as they are numerically unstable for small values of W. For this purpose,
special implementations, commonly termed log1p and log1pmx, can be used. The resulting
accuracy is displayed in Figure 7, and confirms the claims made in [19], that more than five
significant digits are achieved everywhere with this approximation.

Figure 7. Vectorwise relative error of the binomial expansion for the B-field of a current loop.
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2.7. An Exact and Stable Representation

Bulirsch’s general complete elliptic integral [25] is defined as

cel(kc, p, c, s) =
∫ π/2

0

c cos2 ϕ + s sin2 ϕ

(cos2 ϕ + p sin2 ϕ)
√

cos2 ϕ + k2
c sin2 ϕ

dϕ. (13)

An efficient algorithm exists for the computation of cel. Its original implementation
by Bulirsch [25] is reviewed in [26] and is reproduced here in Appendix A.3. A slightly
faster, but more verbose implementation by Fukushima can be found in [27]. Algorithm
convergence and performance is discussed in Section 3.

It is pointed out in [28] that sums of complete elliptic integrals can be expressed in
terms of cel,

λK(m) + μE(m) = cel(
√

1 − m, 1, λ + μ, λ + μ(1 − m)). (14)

This identity enables us to re-express the troublesome functions ξ0 and ξ1 in the
form of

ξ0(k, q) = cel(q, 1, k2,−k2q2), (15)

ξ1(ρ̄, k, q) = cel(q, 1, k2(1 − 1/ρ̄),−k2q2(1 + 1/ρ̄)). (16)

Again, we have chosen a favorable argument representation through k and q to avoid
instabilities about the singularity at z̄ = 0 and ρ̄ = 1.

In principle, the transformation from E and K to cel eliminates the numerical can-
cellation problems of ξ0 and ξ1. However, the implementations by Bulirsch and by
Fukushima become themselves numerically unstable for small values of k when evaluating
(15) and (16).

A closer look at the algorithm in Appendix A.3 reveals the problem: At first (line 7–34),
a set of parameters is prepared from the input arguments, thereon (line 35–44) the solution
is computed iteratively. For the input arguments in (15), it happens that line 28 becomes
cc = k2 − k2q2, which exhibits cancellation for k � 1. This problem is easily fixed by
rewriting the expression as cc = k4 in that line. Similar problems, which can be solved by
algebraic transformations in the first part of the algorithm, happen also when computing
ξ1 in (16).

In Appendixes A.4 and A.5, we show modified cel algorithms, termed cel∗(k, q) and
cel∗∗(ρ̄, k, q) for computing ξ0 and ξ1, respectively, that are stable and fast. For improved
performance, the first part of Bulirsch’s original algorithm is shortened down by assigning
all parameters their respective values, and the improvements proposed by Fukushima [27]
are adapted. Comparisons to overlapping Taylor series expansions, introduced in Section 2.5
confirm the global numerical stability of the two algorithms.

As all other terms in (5) are numerically stable, the following expressions will give the
components of the B-field of a current loop with machine precision everywhere,

BStable
ρ = B0

z̄
ρ̄

k
q2√ρ̄

cel∗(k, q), (17a)

BStable
z = B0

k
q2√ρ̄

cel∗∗(ρ̄, k, q). (17b)

2.8. Loss of Precision at Sign Change

The z-component of the B-field exhibits a sign change when passing from small to
large values of ρ̄. In (17b), the sign change is revealed by the following relation:

cel∗∗(ρ̄, k, q) =
k2

ρ̄
E(k2)− cel∗(k, q). (18)
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Both functions E and cel∗ are positive. Towards the coordinate axis, the first term
dominates, while for large values of ρ̄, the second term does. The zero-crossing in-between
corresponds to the change in sign.

The relative error of the z-component naturally diverges around the zero-crossing.
As explained in Section 2.1, we do not speak of numerical instability in this case, however,
a loss of significant digits of the z-component still occurs. How fast the loss of significant
digits occurs depends on the gradient of the field. In this case, a helpful criterion is
found empirically

lost digits ≈ log10 |Bρ/2Bz|, (19)

which corresponds only to a very narrow band about the crossing.

3. Performance

Analytic solutions are mostly used for their computation efficiency, so that the per-
formance of the proposed algorithms is critical. For a performance comparison on equal
footing, all algorithms are implemented for scalar inputs in native Python, and making use
of the standard math package. This means that only sequential execution is considered,
the potential for code vectorization is not analyzed here. Algorithms for the complete
elliptic integrals, that can also be found in the Scipy library, have been reproduced. All
tests were run on CentOS Linux 7.9.2009 operating system on a AMD EPYC 7513 2.6 GHz
CPU architecture with 32 cores.

The performance test is designed as follows: Each B-field expression is evaluated for
input parameters (ρ̄0, z̄0). This is repeated for a set of 200 different points, that all corre-
spond to a similar value of k. The points are equally distributed on the respective k2 contour
lines that are shown in Figure 3d. This procedure is repeated in a loop 1000 times. For each
value of k, every expression is thus evaluated 200,000 times. The order of evaluation is
mixed up by design, to avoid distortions from computation performance spikes resulting
from Python garbage collection and hardware issues. For each k, the computation times of
every tested expression are summed up.

The results of this test are shown in Figure 8a for different values of k2 ∈ [10−12, 1).
Computation times are displayed with respect to the fastest one, which is always the dipole
expression. Most algorithms evaluate the same expression independent of k, and show
similar timings for all inputs. The proposed stable algorithm is of an iterative nature,
and requires less iterations for smaller values of k. The steps from four iterations close to
the loop filament down to zero iterations are clearly visible in the figure. The binomial
approximation exhibits a step at about k2 ≈ 0.2, which results from the special imple-
mentation of log1pmx that was used here. This function is not available in Python math,
and makes use of a 4-term power series for small W.

In Figure 8b, we show the maximal vectorwise relative computation errors of the
different methods. Interestingly, convergence and divergence of most methods can be
observed well as functions of k2. For the dipole approximation only positions with ρ̄ ≥ 1
on the k2 contour lines are included, because it does not converge close to the origin.
The stable solution is not visible in this figure, because it is used as a reference. It has
machine precision everywhere.

The combination of the two figures enables users to choose the scheme that is most suit-
able for their purpose. When only computation time and accuracy are taken as measures,
Figure 8 shows that the proposed method is extremely competitive. The only solutions that
are faster and have similar precision are the Taylor k-series and the dipole approximation,
both with limited validity. However, in many cases users might not require machine preci-
sion, and can be compelled by the simple analytic expressions offered by the approximation
schemes, which also enable effortless computation of the derivatives.
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Figure 8. (a) Computation times of various methods with respect to the fastest one (dipole) as a
function of k2. (b) The respective vectorwise relative errors.

4. Discussion and Conclusions

We have studied straightforward implementations of the textbook expressions for
the B-field of a current loop (5), and have found that these commonly used forms are
numerically troublesome at large distances from the loop and close to the axis. The
computationally fast dipole approximation (8) appears to be an unsatisfactory option, as it
converges very slowly and solves the problem only at large distances. Instead, a well-
chosen Taylor series approximation (9) with a simple cutoff criterion can mitigate the
instability globally. It is also possible to cover all of R3 with two overlapping Taylor
series (9) and (10). However, to achieve good precision, the series must include a high
order, which makes them computationally slow. A recently proposed binomial expansion
(11) offers simple expressions and excellent computation performance. The only downside
is the limited accuracy (more than five significant figures) in the vicinity of the loop. The real
advancement of this paper is a novel, exact, numerically stable representation in terms
of modified Bulirsch cel functions (17). Implementations based thereon offer machine
precision everywhere and much faster computation times than the classical solution.

For achieving numerical stability, series approximations are always an interesting
option. However, there are several arguments that speak for the proposed cel approach: The
approximation error of the series is a result of truncation and cannot improve unless more
terms are included, while the machine precision limit of the proposed cel algorithm depends
only on the chosen floating point arithmetic. This means that a 128 bit implementation
will give twice as many correct significant figures as a 64 bit implementation when using
cel, while the series will not improve. Of course, this comes at the cost of more automatic
iterations. Secondly, most approximations have a limited region of validity which requires
cut-off criteria and treating multiple cases. This is problematic because in addition to
programming complexity, case splitting hinders code vectorization, which can be a serious
performance issue. Moreover, a cel-based implementation can further reduce computation
time by combining the time consuming iterative parts of both field components in a single
vectorized operation.
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The biggest advantage of the approximation schemes is their simple form, which
makes it easy to find analytic expressions for their derivatives. While it is also possible to
determine derivatives of the proposed cel expressions, making them numerically stable
seems quite laborious.

Similar stability problems of analytic forms can be found throughout the literature
when systems of cylindrical symmetry are involved. Specific examples are expressions
found for the axially magnetized cylinder [26], the diametrically magnetized cylinder [29],
and homogeneously magnetized ring segments [30]. It is very likely that the arc solu-
tions [17] also suffer from this problem. A similar treatment should be attempted for the
extremely useful expressions in these works.

Finally, we are happy to announce that the proposed implementation of the magnetic
field of a current loop, based on the cel∗ and cel∗∗ algorithms, was adopted into the open-
access Python package Magpylib version 4.2.0 and is already available to the general public.
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Appendix A. Algorithms

All algorithms in this section are written in Python 3.9. They are presented in a scalar
form for readability.

Appendix A.1. Straightforward Implementation

The following code shows a naive implementation of the classical expressions (5) of
the B-field of a current loop in cylindrical coordinates.

1 import math as m
2 from sc ipy . s p e c i a l import e l l i p e , e l l i p k
3
4 def B ( rho , z ) :
5 """
6 B− f i e l d o f c u r r e n t l o o p in c y l i n d r i c a l c o o r d i n a t e s in u n i t s o f (mT) .
7 """
8 z2 = z * * 2
9 x0 = ( z2 + ( rho +1) * * 2 )

10
11 k2 = 4* rho/x0
12 q2 = ( z2 + ( rho −1) * * 2 ) / x0
13
14 k = m. s q r t ( k2 )
15 E = e l l i p e ( k2 )
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16 K = e l l i p k ( k2 )
17
18 x1 = k/m. s q r t ( rho ) /q2/20
19 x2 = (1+ q2 ) *E − 2* q2 *K
20
21 Br = x1 * z/rho * x2
22 Bz = − x1 * ( x2 − k2/rho *E )
23
24 return ( Br , 0 , Bz )

Appendix A.2. Taylor Series Implementations

The following code is an implementation of the Taylor series expansion (9a) with
orders up to k61.

1 import math as m
2
3 def Br_taylor_k ( rho , z ) :
4 """
5 T a y l o r s e r i e s o f t h e r a d i a l component o f t h e B− f i e l d o f a c u r r e n t l o o p f o r

s m a l l k up t o o r d e r k * * 6 1 .
6 I n p u t s : R a d i a l and a x i a l p o s i t i o n s , rho = rho / rho0 and z = z / rho_0 .
7 Output : B− f i e l d in u n i t s o f m i l l i t e s l a
8 """
9 z2 = z * * 2

10 x0 = ( z2 + ( rho +1) * * 2 )
11 k2 = 4* rho/x0
12 q2 = ( z2 +( rho −1) * * 2 ) /x0
13 k = m. s q r t ( k2 )
14
15 P = (
16 4.348319233471567 e −05 , # k * *61
17 4.660399561232684 e −05 ,
18 5.007331535430794 e −05 ,
19 5.394505893886228 e −05 ,
20 5.828397724486921 e −05 ,
21 6.316839218549437 e −05 , # k * *51
22 6.869375982346906 e −05 ,
23 7.497737506313522 e −05 ,
24 8.216465605330530 e −05 ,
25 9.043764518687763 e −05 ,
26 1.000266678574197 e −04 , # k * *41
27 1.112265650306444 e −04 ,
28 1.244196727442359 e −04 ,
29 1.401089569905765 e −04 ,
30 1.589667810126675 e −04 ,
31 1.819083471102810 e −04 , # k * *31
32 2.102052011052137 e −04 ,
33 2.456659045960062 e −04 ,
34 2.909335350495146 e −04 ,
35 3.499952301347544 e −04 ,
36 4.290963192983367 e −04 , # k * *21
37 5.384738124528147 e −04 ,
38 6.958738499390220 e −04 ,
39 9.343201341838618 e −04 ,
40 1.321260795815562 e −03 ,
41 2.013349784099904 e −03 , # k * *11
42 3.451456772742693 e −03 ,
43 7.363107781851078 e −03 ,
44 2.945243112740431 e −02 , # k * * 5
45 )
46
47 r e s u l t = P [ 0 ]
48 for p in P [ 1 : ] :
49 r e s u l t *= k2
50 r e s u l t += p
51 r e s u l t *= k2 * k2 * k * z/rho * * ( 3 / 2 ) /q2
52
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53 return r e s u l t

The following code is an implementation of the Taylor series expansion (10a) with
orders up to q60.

1 import math as m
2
3 def Br_taylor_q ( rho , z ) :
4 """
5 T a y l o r s e r i e s o f t h e r a d i a l component o f t h e B− f i e l d o f a c u r r e n t l o o p f o r

s m a l l q up t o o r d e r q * * 6 0 .
6 I n p u t s : R a d i a l and a x i a l p o s i t i o n s , rho = rho / rho0 and z = z / rho_0 .
7 Output : B− f i e l d in u n i t s o f m i l l i t e s l a
8 """
9 z2 = z * * 2

10 x0 = ( z2 + ( rho +1) * * 2 )
11 k2 = 4* rho/x0
12 q2 = ( z2 +( rho −1) * * 2 ) /x0
13 k = m. s q r t ( k2 )
14 log_q2 = m. log ( q2 )
15
16 P = (
17 2.140383169962052 e −08 − 2.157384139784586 e −07 * log_q2 , # q * *60
18 2.448605439302092 e −08 − 2.386401724650211 e −07 * log_q2 ,
19 2.814368061953632 e −08 − 2.649020096262435 e −07 * log_q2 ,
20 3.251058034393473 e −08 − 2.951635428013855 e −07 * log_q2 ,
21 3.775841577054470 e −08 − 3.302162609809064 e −07 * log_q2 ,
22 4.410934326064394 e −08 − 3.710473232630592 e −07 * log_q2 , # q * *50
23 5.185372706900618 e −08 − 4.188984109787034 e −07 * log_q2 ,
24 6.137516212651031 e −08 − 4.753457145857628 e −07 * log_q2 ,
25 7.318631654988898 e −08 − 5.424099936978626 e −07 * log_q2 ,
26 8.798105223936001 e −08 − 6.227100551585218 e −07 * log_q2 ,
27 1.067114704413582 e −07 − 7.196799136541265 e −07 * log_q2 , # q * *40
28 1.307038624714910 e −07 − 8.378809805536608 e −07 * log_q2 ,
29 1.618366787740300 e −07 − 9.834587570977332 e −07 * log_q2 ,
30 2.028196779163440 e −07 − 1.164823878536536 e −06 * log_q2 ,
31 2.576424314628448 e −07 − 1.393689567281251 e −06 * log_q2 ,
32 3.323144988153871 e −07 − 1.686689932371525 e −06 * log_q2 , # q * *30
33 4.361242251684836 e −07 − 2.067972330876966 e −06 * log_q2 ,
34 5.838535308384648 e −07 − 2.573476678424669 e −06 * log_q2 ,
35 7.998285803570591 e −07 − 3.258245255466363 e −06 * log_q2 ,
36 1.125665818448870 e −06 − 4.209410019484494 e −06 * log_q2 ,
37 1.635873678758604 e −06 − 5.570347093453165 e −06 * log_q2 , # q * *20
38 2.471262120850365 e −06 − 7.588088919874281 e −06 * log_q2 ,
39 3.915944146725158 e −06 − 1.071259612217546 e −05 * log_q2 ,
40 6.591535804299384 e −06 − 1.582168042659760 e −05 * log_q2 ,
41 1.200571004791862 e −05 − 2.478361129760742 e −05 * log_q2 ,
42 2.434841408803401 e −05 − 4.205703735351563 e −05 * log_q2 , # q * *10
43 5.769486681760943 e −05 − 8.010864257812500 e −05 * log_q2 ,
44 1.750345560741787 e −04 − 1.831054687500000 e −04 * log_q2 ,
45 8.433137044373718 e −04 − 5.859375000000000 e −04 * log_q2 ,
46 1.534025963549897 e −02 − 4.687500000000000 e −03 * log_q2 ,
47 −6.647207708399180 e −02 + 3.750000000000000 e −02 * log_q2 , # q * * 0
48 5.000000000000000 e −02 ,
49 )
50
51 r e s u l t = P [ 0 ]
52 for p in P [ 1 : ] :
53 r e s u l t *= q2
54 r e s u l t += p
55 r e s u l t *= k * z/rho * * ( 3 / 2 ) /q2
56
57 return r e s u l t

The following code is an implementation of the Taylor series expansion (9b) with
orders up to k61.

1 import math as m
2
3 def Bz_taylor_k ( rho , z ) :
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4 """
5 T a y l o r s e r i e s o f t h e a x i a l component o f t h e B− f i e l d o f a c u r r e n t l o o p f o r

s m a l l k up t o o r d e r k * * 6 1 .
6 I n p u t s : R a d i a l and a x i a l p o s i t i o n s , rho = rho / rho0 and z = z / rho_0 .
7 Output : B− f i e l d in u n i t s o f m i l l i t e s l a
8 """
9 z2 = z * * 2

10 x0 = ( z2 + ( rho +1) * * 2 )
11 k2 = 4* rho/x0
12 q2 = ( z2 +( rho −1) * * 2 ) /x0
13 k = m. s q r t ( k2 )
14
15 P = (
16 4.348319233471567 e −05 * rho + 1.499420425335023 e −05 , # k * *61
17 4.660399561232684 e −05 * rho + 1.608947467568427 e −05 ,
18 5.007331535430794 e −05 * rho + 1.730929419655089 e −05 ,
19 5.394505893886228 e −05 * rho + 1.867328963268310 e −05 ,
20 5.828397724486921 e −05 * rho + 2.020511211155466 e −05 ,
21 6.316839218549437 e −05 * rho + 2.193346950885221 e −05 , # k * *51
22 6.869375982346906 e −05 * rho + 2.389348167772837 e −05 ,
23 7.497737506313522 e −05 * rho + 2.612847918866833 e −05 ,
24 8.216465605330530 e −05 * rho + 2.869241957417010 e −05 ,
25 9.043764518687763 e −05 * rho + 3.165317581540717 e −05 ,
26 1.000266678574197 e −04 * rho + 3.509707644119991 e −05 , # k * *41
27 1.112265650306444 e −04 * rho + 3.913527288115264 e −05 ,
28 1.244196727442359 e −04 * rho + 4.391282567443621 e −05 ,
29 1.401089569905765 e −04 * rho + 4.962192226749586 e −05 ,
30 1.589667810126675 e −04 * rho + 5.652152213783733 e −05 ,
31 1.819083471102810 e −04 * rho + 6.496726682510037 e −05 , # k * *31
32 2.102052011052137 e −04 * rho + 7.545827731982029 e −05 ,
33 2.456659045960062 e −04 * rho + 8.871268777078002 e −05 ,
34 2.909335350495146 e −04 * rho + 1.057940127452780 e −04 ,
35 3.499952301347544 e −04 * rho + 1.283315843827433 e −04 ,
36 4.290963192983367 e −04 * rho + 1.589245627030877 e −04 , # k * *21
37 5.384738124528147 e −04 * rho + 2.019276796698055 e −04 ,
38 6.958738499390220 e −04 * rho + 2.650947999767703 e −04 ,
39 9.343201341838618 e −04 * rho + 3.633467188492796 e −04 ,
40 1.321260795815562 e −03 * rho + 5.285043183262248 e −04 ,
41 2.013349784099904 e −03 * rho + 8.388957433749600 e −04 , # k * *11
42 3.451456772742693 e −03 * rho + 1.533980787885641 e −03 ,
43 7.363107781851078 e −03 * rho + 3.681553890925539 e −03 ,
44 2.945243112740431 e −02 * rho + 1.963495408493621 e −02 ,
45 − 7.853981633974483 e −02 , # k * * 3
46 )
47
48 r e s u l t = P [ 0 ]
49 for p in P [ 1 : ] :
50 r e s u l t *= k2
51 r e s u l t += p
52 r e s u l t *= −k/rho * * ( 3 / 2 ) /q2 * k2
53
54 return r e s u l t

The following code is an implementation of the Taylor series expansion (10b) with
orders up to q60.

1 import math as m
2
3 def Bz_taylor_q ( rho , z ) :
4 """
5 T a y l o r s e r i e s o f t h e a x i a l component o f t h e B− f i e l d o f a c u r r e n t l o o p f o r

s m a l l q up t o o r d e r q * * 6 0 .
6 I n p u t s : R a d i a l and a x i a l p o s i t i o n s , rho = rho / rho0 and z = z / rho_0 .
7 Output : B− f i e l d in u n i t s o f m i l l i t e s l a
8 """
9 z2 = z * * 2

10 x0 = ( z2 + ( rho +1) * * 2 )
11 k2 = 4* rho/x0
12 q2 = ( z2 +( rho −1) * * 2 ) /x0
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13 k = m. s q r t ( k2 )
14 log_q2 = m. log ( q2 )
15
16 P = (
17 2.140383169962052 e −08 * rho + 5.756366599134164 e −07 , # q * *60
18 2.448605439302092 e −08 * rho + 6.367692247077877 e −07 ,
19 2.814368061953632 e −08 * rho + 7.068759571675434 e −07 ,
20 3.251058034393473 e −08 * rho + 7.876663620944477 e −07 ,
21 3.775841577054470 e −08 * rho + 8.812562039945226 e −07 ,
22 4.410934326064394 e −08 * rho + 9.902847920909337 e −07 , # q * *50
23 5.185372706900618 e −08 * rho + 1.118072627259595 e −06 ,
24 6.137516212651031 e −08 * rho + 1.268835739807469 e −06 ,
25 7.318631654988898 e −08 * rho + 1.447980732716223 e −06 ,
26 8.798105223936001 e −08 * rho + 1.662516406570504 e −06 ,
27 1.067114704413582 e −07 * rho + 1.921636483711170 e −06 , # q * *40
28 1.307038624714910 e −07 * rho + 2.237557829363388 e −06 ,
29 1.618366787740300 e −07 * rho + 2.626747507371085 e −06 ,
30 2.028196779163440 e −07 * rho + 3.111754087360531 e −06 ,
31 2.576424314628448 e −07 * rho + 3.723999925319969 e −06 ,
32 3.323144988153871 e −07 * rho + 4.508141566084171 e −06 , # q * *30
33 4.361242251684836 e −07 * rho + 5.529063837031901 e −06 ,
34 5.838535308384648 e −07 * rho + 6.883443473579986 e −06 ,
35 7.998285803570591 e −07 * rho + 8.719539805210148 e −06 ,
36 1.125665818448870 e −06 * rho + 1.127244058408705 e −05 ,
37 1.635873678758604 e −06 * rho + 1.492981081843003 e −05 , # q * *20
38 2.471262120850365 e −06 * rho + 2.036144759732213 e −05 ,
39 3.915944146725158 e −06 * rho + 2.879192411774280 e −05 ,
40 6.591535804299384 e −06 * rho + 4.262260553943059 e −05 ,
41 1.200571004791862 e −05 * rho + 6.700276866917860 e −05 ,
42 2.434841408803401 e −05 * rho + 1.143628488115506 e −04 , # q * *10
43 5.769486681760943 e −05 * rho + 2.201260551956201 e −04 ,
44 1.750345560741787 e −04 * rho + 5.143424513214410 e −04 ,
45 8.433137044373718 e −04 * rho + 1.748691113312115 e −03 ,
46 1.534025963549897 e −02 * rho + 1.931709939249829 e −02 ,
47 −6.647207708399180 e −02 * rho + 2.784264097200273 e −02 , # q * * 0
48 5.000000000000000 e −02 * rho − 5.000000000000000 e −02 , # q ** −2
49 )
50 Q = (
51 2.157384139784586 e −07 * rho + 8.701449363797829 e −06 , # q * *60
52 2.386401724650211 e −07 * rho + 9.306966726135822 e −06 ,
53 2.649020096262435 e −07 * rho + 9.977975695921838 e −06 ,
54 2.951635428013855 e −07 * rho + 1.072427538845034 e −05 ,
55 3.302162609809064 e −07 * rho + 1.155756913433172 e −05 ,
56 3.710473232630592 e −07 * rho + 1.249192654985633 e −05 , # q * *50
57 4.188984109787034 e −07 * rho + 1.354438195497808 e −05 ,
58 4.753457145857628 e −07 * rho + 1.473571715215865 e −05 ,
59 5.424099936978626 e −07 * rho + 1.609149647970326 e −05 ,
60 6.227100551585218 e −07 * rho + 1.764345156282479 e −05 ,
61 7.196799136541265 e −07 * rho + 1.943135766866142 e −05 , # q * *40
62 8.378809805536608 e −07 * rho + 2.150561183421063 e −05 ,
63 9.834587570977332 e −07 * rho + 2.393082975604484 e −05 ,
64 1.164823878536536 e −06 * rho + 2.679094920634033 e −05 ,
65 1.393689567281251 e −06 * rho + 3.019660729109378 e −05 ,
66 1.686689932371525 e −06 * rho + 3.429602862488768 e −05 , # q * *30
67 2.067972330876966 e −06 * rho + 3.929147428666235 e −05 ,
68 2.573476678424669 e −06 * rho + 4.546475465216915 e −05 ,
69 3.258245255466363 e −06 * rho + 5.321800583928393 e −05 ,
70 4.209410019484494 e −06 * rho + 6.314115029226741 e −05 ,
71 5.570347093453165 e −06 * rho + 7.612807694385992 e −05 , # q * *20
72 7.588088919874281 e −06 * rho + 9.358643001178280 e −05 ,
73 1.071259612217546 e −05 * rho + 1.178385573439300 e −04 ,
74 1.582168042659760 e −05 * rho + 1.529429107904434 e −04 ,
75 2.478361129760742 e −05 * rho + 2.065300941467285 e −04 ,
76 4.205703735351563 e −05 * rho + 2.943992614746094 e −04 , # q * *10
77 8.010864257812500 e −05 * rho + 4.539489746093750 e −04 ,
78 1.831054687500000 e −04 * rho + 7.934570312500000 e −04 ,
79 5.859375000000000 e −04 * rho + 1.757812500000000 e −03 ,
80 4.687500000000000 e −03 * rho + 7.812500000000000 e −03 ,
81 −3.750000000000000 e −02 * rho − 1.250000000000000 e −02 , # q * * 0
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82 0 . ,
83 )
84
85 r e s u l t = P [ 0 ] − Q[ 0 ] * log_q2
86 for p , q in zip ( P [ 1 : ] , Q[ 1 : ] ) :
87 r e s u l t *= q2
88 r e s u l t += p − q * log_q2
89 r e s u l t *= −k/rho * * ( 3 / 2 ) /q2
90
91 return r e s u l t

In most cases, the 30 provided terms will not be necessary. A relation between the
number of terms included and precision of the Taylor series is shown in Table A1. The table
gives values of k below (k-series) or above (q-series) which a series has a precision below
the indicated number of significant figures when the indicated order is included in the
sum. For example, an implementation of Br_taylor_k that includes up to order k21 has at least
8 digits of precision when k ≤ 0.46. An implementation of Br_taylor_q that includes up to
order q40 has at least 10 digits of precision when k ≥ 0.69.

Table A1. Precision of various Taylor implementations in relation to the number of terms included in
the respective sums.

Br_taylor_k (k ≤ value) Br_taylor_q (k ≥ value)

sig.figs k-order included in series sig.figs q-order included in series
21 31 41 51 61 20 30 40 50 60

8 0.46 0.62 0.71 0.77 0.81 8 0.77 0.67 0.60 0.55 0.50
10 0.35 0.53 0.63 0.70 0.75 10 0.85 0.76 0.69 0.63 0.58
12 0.27 0.45 0.56 0.64 0.69 12 0.90 0.82 0.75 0.70 0.65

Bz_taylor_k (k ≤ value) Bz_taylor_q (k ≥ value)

sig.figs k-order included in series sig.figs q-order included in series
21 31 41 51 61 20 30 40 50 60

8 0.43 0.59 0.68 0.74 0.78 8 0.86 0.76 0.70 0.64 0.59
10 0.33 0.50 0.61 0.68 0.73 10 0.91 0.83 0.76 0.71 0.66
12 0.26 0.43 0.54 0.62 0.68 12 0.94 0.87 0.81 0.76 0.72

Appendix A.3. Original Implementation of Bulirsch’s cel Algorithm

The original implementation of Bulirsch’s cel algorithm [25] is reproduced here. This
implementation is also found in the first edition of the popular Numerical Recipes [31] and
is commented on in [26]. Advantages of the algorithm over representations in terms of
Carlson’s functions are discussed in [32]. A slightly faster implementation by Fukushima is
found in [27].

1 import math as m
2
3 def c e l ( kc , p , c , s ) :
4 """
5 B u l i r s c h ’ s c e l a l g o r i t h m t a k e n from Derby2010
6 """
7 i f kc == 0 :
8 r a i s e RuntimeError ( " FAIL " )
9 e r r t o l = 0 .000001

10 k = abs ( kc )
11 pp = p
12 cc = c
13 ss = s
14 em = 1 . 0
15 i f p > 0 :
16 pp = m. s q r t ( p )
17 ss = s / pp
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18 else :
19 f = kc * kc
20 q = 1 . 0 − f
21 g = 1 . 0 − pp
22 f = f − pp
23 q = q * ( ss − c * pp )
24 pp = m. s q r t ( f / g )
25 cc = ( c − ss ) / g
26 ss = −q / ( g * g * pp ) + cc * pp
27 f = cc
28 cc = cc + ss / pp
29 g = k / pp
30 ss = 2 * ( ss + f * g )
31 pp = g + pp
32 g = em
33 em = k + em
34 kk = k
35 while abs ( g − k ) > g * e r r t o l :
36 k = 2 * m. s q r t ( kk )
37 kk = k * em
38 f = cc
39 cc = cc + ss / pp
40 g = kk / pp
41 ss = 2 * ( ss + f * g )
42 pp = g + pp
43 g = em
44 em = k + em
45 return (m. pi / 2) * ( ss + cc * em) / (em * (em + pp ) )

Appendix A.4. Implementation of cel∗

Here, we show a modification of Bulirsch’s cel algorithm for computing the function
cel∗, described in Section 2.7. Input arguments are k2 and q2. A vectorized version of this
algorithm is provided by the open-source library Magpylib [11].

1 import math as m
2
3 def c e l x ( k2 , q2 ) :
4 """
5 M o d i f i e d B u l i r s c h c e l a l g o r i t h m f o r computing
6 x i 0 = (1+ q2 ) *E ( k2 ) −2* q2 *K( k2 )
7 = c e l ( q , 1 , k2 , −k2 * q2 )
8 with 0 < k2 < 1 , and q2 = 1−k2
9 """

10 qc = m. s q r t ( q2 )
11 p = 1 + qc
12 g = 1
13 cc = k2 * k2
14 ss = 2 * cc * ( qc / ( qc + 1) )
15 em = p
16 kk = qc
17
18 while m. fabs ( g − qc ) >= g * 1e −8:
19 qc = 2 * m. s q r t ( kk )
20 kk = qc * em
21 f = cc
22 cc = cc + ss / p
23 g = kk / p
24 ss = 2 * ( ss + f * g )
25 p = p + g
26 g = em
27 em = em + qc
28 return 1.5707963267948966 * ( ss + cc * em) / (em * (em + p ) )
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Appendix A.5. Implementation of cel∗∗

Here, we show a modification of Bulirsch’s cel algorithm for computing the function
cel∗∗, described in Section 2.7. Input arguments are ρ̄, k2 and q2. A vectorized version of
this algorithm is provided by the open-source library Magpylib [11].

1 import math as m
2
3 def c e l x x ( rho , k2 , q2 ) :
4 """
5 M o d i f i e d B u l i r s c h c e l a l g o r i t h m f o r computing
6 x i 1 = (1+ q2−k2 / rho ) *E ( k2 ) − 2* q2 *K( k2 )
7 = c e l ( q , 1 , k2 * (1 −1/ rho ) , −k2 * q2 * ( 1 + 1 / rho ) )
8 with 0 < k2 < 1 , and q2 = 1−k2
9 """

10 qc = m. s q r t ( q2 )
11 p = 1 + qc
12 g = 1
13 cc = k2 * ( k2 −( q2 +1)/rho )
14 ss = 2 * k2 * qc * ( k2/(1+ qc ) − ( qc +1)/rho )
15 em = p
16 kk = qc
17
18 while m. fabs ( g − qc ) >= g * 1e −8:
19 qc = 2 * m. s q r t ( kk )
20 kk = qc * em
21 f = cc
22 cc = cc + ss / p
23 g = kk / p
24 ss = 2 * ( ss + f * g )
25 p = p + g
26 g = em
27 em = em + qc
28 return 1.5707963267948966 * ( ss + cc * em) / (em * (em + p ) )
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Abstract: The design of medium- to high-frequency power electronics transformer aims not only
to minimize the power loss in the windings and the core, but its heat removal features should also
allow optimal use of both core and copper. The heat removal feature (e.g., thermal conduction) of
a transformer is complex because there exist multiple loss centers. The bulk of total power loss
is concentrated around a small segment of the core assembly where windings are overlaid. The
primary winding is most constrained thermally. For superior use of core and copper, the temperature
rise in different segments of the transformer should be well below their respective safe operating
limits. In practice, cores of same soft-magnetic materials are traditionally used. To achieve superior
temperature profile and for better long-term performance, this article proposes to use the mixed-core
configuration. The new core(s) would replace the parent ones from the segment where windings are
laid. The characteristic features of new cores would share increased burden of heat removal from the
transformer. To obtain the qualitative insight of magnetic and thermal performance, the proposed
mixed-core transformer would be thoroughly validated practically in two different high-power
applications. In the first case, the core is always energized to its rated value, and in the second one,
windings are always energized at respective rated current capacity.

Keywords: hot spot temperature; mixed-core magnetic circuit; power electronics systems; power
electronic transformer (PET); soft magnetic materials

1. Introduction

Power electronics converters [1] are used to ensure efficient handling of electrical
energy where, as shown in Figure 1, power electronic transformer (PET) is an integral
part [2–7]. Though it is a passive component, its role in power converters is immense.
Apart from mandatory safety isolation, a PET could be used either for voltage [8] or
current multiplication [4] to match the load characteristics of applications. Depending
upon the topology of power converter used, additionally, it is often used to perform certain
assisting roles in different soft-switched inverter operations [9–11]. The PET is used for
instantaneous power transfer, and it should be efficient and compact. Due to the availability
of a wide range of soft magnetic materials [12,13] in different geometries as well as of copper
conductors (litz wires and copper foils) [14], the process of design optimization of a PET is
now elaborate. For optimal design of a PET, the following aspects need to be looked into:

1. The power loss characteristics and its distribution in core and copper [15–21].
2. The distribution of steady state temperature in different parts of the core and copper

windings [3,21].
3. The influence of soft magnetic materials of suitable geometry [13] as well as that of

copper conductors.
4. The leakage inductance [11,22].
5. The prospect of static and dynamic DC bias in the PET [8,17], etc.
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Figure 1. Arrangement of a basic power electronics system.

One typical 2-winding PET is shown in Figure 2. Its design optimization involves
optimal use of core and copper; it is possible if both the core and copper losses are mini-
mized. The copper loss Pcu depends on the current density of conductors, the impact of
proximity effects on the resistance values of primary and secondary conductors, winding
configuration and the construction of conductors [14,23]. On the other hand, the core
loss Pcore depends on the properties of the core material, peak operating flux density Bm,
the excitation frequency f s, the waveform pattern and the core temperature [18,19,24,25].
Thirdly, the design also involves devising a thermal circuit so that the temperature rise in
core, copper and insulation are not only within the respective safe operating limit, but there
should also be increased uniformity of maximum temperature rise in different parts of
windings as well as in the core. Ensuring near-uniform temperature rise is complex because
the distribution of power loss in the core is not uniform and so is the case for windings.
Moreover, the thermal behavior of each circuit is also different. Ideally, for the design of
the thermal circuit for heat removal, the average flux density per cycle is considered to be
zero where the core loss is decided by the values of Bm and f s; it is true when the DC bias
in core is absent [17]. The presence of DC bias could adversely affect the performance of
the PET in several ways. Primarily, the core loss increases significantly under DC bias; it
could work as a hindrance to draw any comparative statement on performance among
different PETs. Secondly, depending upon the DC bias capacity of the magnetic circuit,
there could be core saturation that affects the performance of the power controller. The
DC bias capacity of the magnetic circuit is poor for zero-gap magnetic circuit using high
permeability materials (e.g., toroidal core using nanocrystalline materials). The DC bias
could be static [26] or dynamic [27,28].

Figure 2. Typical power transformer using EE or UU cores.

Except in a few applications [8] where certain leakage inductance is desired, the
design of PET necessitates that the two windings are overlaid on a small segment of the
core volume [29]. Therefore, the bulk of its total power loss is concentrated around a small
core volume (e.g., the central limb of Figure 2). Removal of such concentrated heat loss is a
complex task. It would decide the operating limits of the core and the windings [21]. Large,
concentrated power loss along with the constrained heat removal features of core and
windings would result nonuniform temperature rise [3]. The respective value of maximum
temperature rise would decide the capacity of core and windings. It forces the core to
operate at reduced flux density because the maximum permissible operating temperature
of core is less than that of copper or its insulation. It would affect the power density of the
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PET. To get the desired flux level, several cores are integrated. Until recently, for medium-
to high-frequency PETs, ferrites have been prominently used to build the magnetic circuit.
As shown in Table 1, for ferrites, the heat removal by thermal conduction is not attractive
where the prospect of creation of hot spot is comparatively large [20]. The safe operating
temperature range of ferrites is also not large and several of its parameters are sensitive to
temperature [13]. Therefore, cores are usually integrated to achieve multiple goals, e.g., to
meet the desired flux level, to have improved thermal conduction features to distribute
the core loss over larger core surface area, to reduce the number of turns and layers in the
windings, etc.

Table 1. Comparison on basic parameters of a few soft magnetic materials for transformer.

Core Material Si-Steel Ferrite Amorphous Nanocrystalline

Thermal conductivity
K, ◦C/mK 18.6 ≤5 10 10

Loss density (W/kg) at 0.1 T,
20 kHz 20.0 1.9 4.7 0.9

Loss density (kW/m3) at 0.1 T,
20 kHz

150 9.1 34 6.6

Relative permeability μr 900 2200 15,000 15,000

Maximum operating
temperature, ◦C 150 100 150 120–150

Saturation flux density Bsat at
25 ◦C 1.8 4.9 1.56 1.23

Curie Temperature, ◦C 770 230 415 570

As detailed in [3], the temperature rise in various segments of core and copper is
different; the safe operating temperature limit of each component of a PET could as well be
different. For any power electronic component, for example, the differential value between
its limiting temperature and maximum (hot spot) operating temperature would decide
its utility as well as the service life [30]. The prospect of creation of hot spot temperature
in copper is high on winding close to the core. The temperature of core is also maximum
there [3]. The value of thermal conductivity K of core could play an important role in
controlling the temperature distribution because, as shown in Figure 2, a major part of core
assembly remains exposed to the surrounding environment. The bulk of power loss in a
PET is concentrated around a small part of the core where primary and secondary windings
are overlaid. Traditionally, to share the magnetic burden (flux density, core loss) equally,
several cores of a similar type have been used to integrate the flux in the magnetic circuit
and reduce the core loss density. Laterally, it would reduce the thermal resistance of the
magnetic circuit. Often, for parametric matching dynamically, the. same batch code of cores
has been strongly recommended. Now, wide-range soft magnetic materials possessing
different parametric values are available. To improve the utility of a PET, can different
core materials [12,13,25,31,32] be integrated in the magnetic circuit? What could be their
characteristic features for integration in series or parallel configuration in a magnetic circuit
to reduce either the power loss and/or to improve the thermal behavior of the PET?

The inspiration for this experiment-driven research has been the work reported in [3].
Using finite element analysis (FEA) and validated by requisite practical demonstration,
it could correctly estimate the temperature distribution in different segments of core and
copper. With the aim to improve the performance of PET, this article proposes, with detailed
practical demonstration, to integrate different soft magnetic materials into the magnetic
circuit. Here, an improved thermal conductivity and/or reduced loss density of the new
core placed in a zone of high power loss is aimed to aid the cooling of regions of maximum
heat generation. The structure of the article is organized as follows: Section 2 details the
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features of PETs for two different characteristics applications—one used for voltage ratio
and the other for current multiplication. It also discusses their design issues. Section 3
details the different perspectives of two types of mixed-core configuration suitable for two
different applications. To take care of important issues such as the magnetic compatibility,
etc., it also introduces application specific suitability factor for integrating different soft
magnetic materials into the core. Finally, Section 4 details the practical validation of
mixed-core, air-cooled transformers for two different application domains.

2. Power Electronics Transformer for Divergent Load Characteristics

Any new idea needs to be validated in different application domains. A PET is
used to make the load compatible to the source; it could be achieved in several ways. A
PET could be part of power transfer in PWM controlled full-bridge DC−DC converters
(FBDC) [21,33], resonant converters [6,34] or for feeding a resonant tank circuit [4]. The
nature of waveforms of current and voltage could change in applications. The PET could be
used for voltage ratio where, at zero output power, the current in windings could be zero,
or it could be used for current ratio where its primary voltage is decided by the load. In the
first case, the magnetic circuit could remain loaded and the value of copper loss Pcu could
be zero at no load. In the second case, irrespective of the magnitude of the delivered power,
the windings always draw the set current. The value of the core loss Pcore is negligible at
zero power.

Achieving optimum power density of a PET is a major design goal [35]. It depends
on the total power loss and the design of thermal circuit. The PET is said to be thermally
loaded to its capacity when the rated power, say, PPET, is delivered to the load. Traditionally,
the area product AwAc in Equation (1) is used to define the extent of optimization of a PET.
At a particular frequency f s, it suggests a large value of Bm in core as well as the current
density J in copper windings, as given below,

Aw Ac ∝
PPET

Bm J
(1)

The expression of Bm for a square wave input voltage Vin is,

Bm =
Vin

4np Ac fs
(2)

Aw is the window area, Ac is the core area and np is the number of primary turns.
For effective use of a PET, its core loss Pcore [18] and copper loss Pcu [23] need to be

calculated accurately. For sinusoidal primary voltage, the Steinmetz equation [16] is used to
calculate the value of Pcore; its parameters are mostly mentioned in core datasheet. However,
in high-frequency applications, the primary voltage is rarely sinusoidal. Using the same
Steinmetz parameters, the improved generalized Steinmetz equation (iGSE) is used to
calculate Pcore for any input voltage waveform [17,19]. Using the iGSE, the expression of
Pcore with square wave excitation is,

Pcore = WcKI2(α+β) f ∝
s Bβ

md(1−α)
pwm (3)

where KI =
KS

2(β+1)π(α−1)(0.2761+ 1.7061
α+1.354 )

.

KS, α and β are Steinmetz parameters, dpwm is duty cycle of square wave input and Wc
is the core weight. For pure square wave input (dpwm: 1.0), Equation (3) may be modified to,

Pcore = WcKS1 f ∝
s Bβ

m, where, KS1 = KI2(α+β) (4)

The expressions of Pcu = Ppri + Psec in primary (Ppri) and secondary (Psec) windings are,

Ppri = F1rdc1i2p and Psec = F2i2s rdc2 (5)
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F1 and F2 are the ac resistance factors, ip and is are the primary and the secondary
current, respectively, and rdc1 and rdc2 are their respective dc resistance values. Both F1
and F2 depend on several factors such as skin and proximity effects where proper choice of
copper conductors (litz wire or thin foil) and layout of windings are important [23].

The popular geometry of the magnetic circuit could be based on any of EE, UU or
CC as shown in Figure 3a, or zero-gap toroidal shaped cores of Figure 3b. The dynamic
profile of the input voltage Vin decides the value of Bm in core; it depends on the power
controller and the characteristics of the connected load. Depending upon the value of Bm,
the magnetic circuit could face nonlinearity as well as the magnetic saturation. Here, two
application types are considered where the dynamics of Vin or Bm are completely different.

(a) (b) 

Figure 3. Popular arrangements of PET where magnetic circuit is configured in (a) series reluctance
circuit model and (b) parallel reluctance circuit model.

2.1. PET for Full-Bridge DC−DC Converter (FBDC)

One typical circuit of FBDC is shown in Figure 4. Here, the magnitude of output
current depends on the power drawn by the applied load at voltage VL and its effective
resistance, e.g., battery charging [11], arc welding [33], etc. Even at zero load current the
cores could be fully loaded. For a nonlinear load (e.g., welding arc), the dynamic control
of DC current Ia would decide the value of Vin or Bm through dynamic change in dpwm,
such as,

d
dt
(Ia) =

1
L1

(k1u − VL) =
1
L1

(
VDC

n
dpwm − VL

)
=

1
L1

(
Vin

n
− VL

)
(6)

Figure 4. Typical power circuit of full-bridge DC−DC converter.

VDC is the supply voltage, n = np/ns is the ratio of primary (np) to secondary (ns)
turns, k1 is constant and the control u = f (e) is used to ensure zero current error. The
transient disturbance in the arc welding process is large [28].
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The permissible value of J in windings would be decided by several factors such as
values of F1, F2 and dpwm. For the arrangement of secondary side rectifier of Figure 4, the
primary current ip and the current is in each bifilar secondary could be expressed as,

ip =
Ia

n

√
dpwm and is =

√
1
2

Ia (7)

If care is not taken, there could be error in Pcore because the core in FBDC often faces
both the static or dynamic DC bias. The static DC bias could be compensated by a simple
approach [26]. The dynamic DC bias [27,28] in core would depend on how the control u (or
dpwm) reacts to ripple in steady state error as well as the load transients. The DC bias is
more prominent when the loop gains are large where the ripple in Ia becomes transparent
in control input u [28]. Under DC bias conditions, the values of Steinmetz parameters
drifts.

2.2. PET for Series Resonant Induction Heating Equipment

The characteristics of the connected load to PET as well as its associated dynamics
is quite different in induction heating. Here, the coil head L4 is kept energized with
rated current iL at the frequency decided by the tank circuit parameters L4 and Cr. The
coil facilitates the power transfer when a metallic object is taken close to the coil. For a
noncontact mode of power transfer, normally, the coil current iL is kept large. To reduce the
stress on primary side components, as shown in Figure 5, the induction heating transformer
(IHT) is used to step up the inverter current. The value of Pcu is always at its rated value.
The loading of its magnetic circuit and hence the core loss Pcore depends on the power
POUT drawn through L4; it depends on multiple parameters, such as,

POUT = KcL4i2L fs = i2LReq (8)

Figure 5. The power circuit for a series resonant induction heating controller.

L4 is the inductance value of coil, iL is the coil current, f s is frequency of iL and the
parameter Kc depends on coupling between the coil and the load. Req represents the
effective load resistance reflected in the tank circuit.

The input voltage to IHT is a square wave
(
dpwm = 1

)
, but the current in both the

windings are pure sinusoidal. The DC blocking capacitor Cdc is connected to eliminate
any static DC bias present in the core. Zero voltage switching (ZVS) condition of switches
Q5–Q8 is inherently achieved because the phase-locked loop (PLL) ensures f s at slightly
higher than the resonant frequency fr = 1/2π

√
L4Cr. Plus, the buck converter controls the

input voltage Vin to achieve near-zero current switching of Q5–Q8. Under ZVZCS condition,
the inverter input voltage VCH or the primary voltage of IHT could be approximated as,

VCH ≈ Vin ≈ 0.787n
(
rac + Req

)|iL| (9)
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where rac is the ac resistance of L4 and n is the turns ratio of IHT. At no load, the value of
Bm is negligible because the value of Vin ≈ 0.787nrac|iL| is small. The change in load of
IHT, i.e., the change in Req is never abrupt. Its value increases when a job is brought close
to the coil (i.e., when more power is drawn through L4), and decreases gradually either
near the Curie point or when the job is taken away from the coil head mechanically. They
ensure that the dynamic change in Bm is also not abrupt. Moreover, the response time of
the buck chopper decides the dynamics of Vin. Therefore, the prospect of dynamic DC bias
in IHT would be small. Furthermore, the slow dynamic DC bias in the core, if any, could be
effectively tackled in the PLL loop [36].

The design of IHT involves deciding on the values of np and ns; selecting a core
material of suitable geometry to afford optimal values of Bm and J. In ZVZCS conditions,
the value of n would be maximum at nmax because the load behaves as resistive,

n = nmax =
np

ns(min)
= 1.27

VCH(max)(
rac + Req

)|iL|
≈ 1.27

VDC(
rac + Req

)|iL|
(10)

At n = nmax, the current is minimum in the primary winding and the length of
conductor used in the secondary is also minimized, and together they help minimize Pcu.
Large values of Bsat and small values of Pc of nanocrystalline cores would allow optimal
choice of np as well.

Secondly, for efficient transfer of power POUT = i2LReq, tracking of f r should be accurate.
The value of Req would be more at higher values of f r [37]. When L4 is loaded, its inductance
value drifts down to, say, Leq; then, the corresponding value of f r is,

fr =
1

2π
√(

Llk + Leq
)
Cr

≈ fs (11)

Llk is leakage inductance of IHT; its large value would be a hindrance to effective power
transfer [37]. The value of Llk is small for high-permeability ungapped toroidal cores.

Thirdly, the primary current ipri consists of triangular wave magnetizing current with
peak at Im plus the reflected sinusoidal coil current iL. For minimum phase error between
Vpri and ipri of IHT, the value of Im should be small; it is expressed as,

Im =
lmBm

μ0μrnp
(12)

where lm is the mean core length. A large value of μr is needed for small value of Im and
np.

For IHT, the high-permeability nanocrystalline material-based ungapped toroidal
cores (shown in Figure 3b) would be preferred [15,38–40], particularly because the DC bias
in the core is negligible. Laterally, these cores would ensure small values of Im and Llk and
also the minimum of number of turns where the value of Bm would be large.

3. Mixed-Core Transformer Configuration

It was clear in Sections 2.1 and 2.2 that the type of application or load characteristics
could influence the design of PET. The nature of loading of magnetic circuit, in particular,
could vary in applications, e.g., the value of Pcore could be fixed and that of Pcu would be
decided by the load. Along with reducing the core and the copper losses, the optimization
process involves design of a thermal circuit to ensure near-uniform temperature rise in
core and also in copper so that the PET is enabled to deliver more power. Due to multiple
loss centers, the thermal circuit of the core and windings are coupled. For the magnetic
circuit, the distribution of heat and its removal by thermal convection could be improved if
the value of K as well as that of the surface area of core are increased. To have requisite
flux AcBm, several cores are integrated. Often, for magnetic compatibility, cores of the
same material with the same batch code are preferred. It is important to find whether such
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arrangement is best suitable for efficient heat removal, both from the core assembly as well
as from the windings. On the other hand, can some other combinations, such as the hybrid
core configuration, manage the heat loss or the thermal issues better?

3.1. Thermal Behavior of Power Electronic Transformer

As shown in Equations (3) and (5), the values of Pcore and Pcu, respectively, increase
exponentially with Bm and with J2. The design optimization of a PET is complex because
the layout of the windings and thermal behavior of the PET often contradict. As shown in
Figure 3a,b, two windings are overlaid for better magnetic coupling and also for reduced
eddy current loss in core [29]. Such arrangement needs good heat removal features because
the bulk of total power loss (Ptot = Pcore + Pcu) is concentrated around a small core segment
where the secondary winding is laid above the primary. Removing the heat loss from the
multilayered primary winding is difficult because there exists insulation on either side of
each layer and also between the windings. The prospect of creation of hot spot is more
in the primary [3]. Furthermore, due to the increased impact of the proximity effect, the
value of Pcu would be more in multilayered winding. Though the thermal circuit of PET
is coupled in a complex manner, the limiting values of Bm and J would be decided by the
effectiveness of the thermal circuit [3,39,40]. With given loss, the safe operating temperature
for the core would depend on the soft magnetic materials and that for copper would be on
the insulation of litz wire strands as well as that placed between the layers.

Due to the complex nature of the thermal circuit, there exist multiple heat conduction
channels with different heat transfer coefficients, and they are mostly coupled [3]. The
directions of heat flow would be decided by the location of the hot spot temperature Ths of
the PET; it could be decided by the temperature differential ΔT = Ths − Tamb, such as,

Ths − Tamb = ΔT = RPET(Pcore + Pcu) (13)

RPET = Rth + Rconv is the effective thermal resistance of the PET and Tamb is the
ambient temperature. RPET mostly consists of thermal conduction (Rth) and thermal
convection (Rconv). Though it plays certain role, the heat transfer by radiation is ignored
here. For compact design of PET, apart from reducing the total loss Ptot, the value of ΔT
should be minimum. Large surface area of the core and the secondary winding are available
for heat transfer. The major part of Ptot is removed by thermal convection [21,41,42]
where the speed of the moving medium would play a significant role. The expressions of
conductive and convective thermal resistances are,

Rcond =
1

hcond Acond
and Rconv =

1
hconv Aconv

(14)

Acond and Aconv, respectively, are areas available for conduction and convection and
hcond and hconv are corresponding heat transfer coefficients. The value of hconv depends
on thermal conductivity of the attached medium and also on its speed where fan cooling
improves its value significantly. Backed by practical validation, the finite element method
(FEM) was extensively used to establish reasons behind the formation of hot spots in
core and copper in high-power transformers [3]. It was realized that the temperature rise
in copper was alarming on multilayer winding with constrained heat transfer features,
e.g., the primary winding of Figure 3a. In multilayer winding, a significant part of Pcu is
concentrated in the internal layer of primary winding closest to the core where the proximity
effect is more prominent. The hot spot temperature Ths is located here; its value needs
to be reduced. It could be made possible if a part of Ppri close to I-section, in particular,
is channelized to the ambience through the core. Considering the heat conduction is
symmetrical around the I-section of Figure 3a, the overall heat conduction circuit of half of
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the PET (shown in Figure 6a), is represented in Figure 6b. The part Pcu1 of total copper loss
Pcu that could be channelized through the core is expressed as [41],

Pcu1 = Pcu
Rw + Rwa − Rca

Pcore
Pcu

Rw + Rwa + Rca + RF
= Pcu f (Pcore, Rca) (15)

 
(a) (b) 

Figure 6. (a) Symmetrical half of PET of Figure 3a and (b) equivalent thermal circuit to remove
heat loss.

Rw and Rwa, respectively, are the conductive and the convective resistance of the
winding, and RF and Rca, respectively, are the effective thermal resistance of the coil former
and the core. It is clear that more heat loss (i.e., Pcu1) would be channelized through the
core if either of Rca or Pcore or together could be reduced through design or selection of
suitable soft magnetic material; reduction of RF would also play certain assisting role.

To achieve the abovementioned objective, it is proposed to use a mixed-core config-
uration for the magnetic circuit. It is known that a small fraction of core volume handles
most of Ptot while the major part of its surface area is exposed to the ambience. Therefore, if
that particular small section of core volume is replaced by a suitable soft magnetic material,
then better heat removal feature by convection and radiation could be realized. The new
core material is desired to possess following features:

1. Superior thermal conductivity.
2. Reduced core loss density.
3. Higher maximum operating temperature than the parent core.
4. The new material must be magnetically compatible.

Basic features of different soft magnetic materials are listed in Table 1.

3.2. Magnetic Compatibility of Different Types of Magnetic Circuits

For a given magneto motive force (MMF) Fm, the magnitude of magnetic flux ϕ
linking the windings is decided by the reluctance value Rm of its magnetic circuit. The
reluctance circuits of the core assemblies of commonly used high-power PETs of Figure 3a,b
could, respectively, be represented in Figure 7a,b. Traditionally, the value of loss density Pc
is considered at the same value everywhere. It means, for one type of cores, the value of
Bm should be same everywhere. However, in the proposed idea of using the mixed core
configuration, the value of loss density could be different. The expression of flux ϕ linking
the windings is,

ϕ =
Fm

Rm
where Rm =

lm
μ0μr Ac

(16)
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(a) (b) 

Figure 7. Reluctance circuit model of the (a) PET of Figure 3a and (b) PET of Figure 3b.

For Figure 7a, with MMF Fm1, the total flux ϕ1 = ϕ2 + ϕ3 in the central limb is,

or, ϕ1 =
Fm1

Rm
=

npim1

Rm
, where, Rm = Rm1 +

Rm2Rm3

Rm2 + Rm3
(17)

It is desired to have ϕ2 = ϕ3, and it could be achieved when Rm2 = Rm3 is met.
For the magnetic circuit of Figure 7b, considering the same value of reluctance in each

circuit, the total flux ϕ in the core assembly could be expressed as,

ϕ = ϕ4 + · · ·+ ϕ7 ≈ 4
np2im2

Rm4
· · · ≈ 4

np2im2

Rm7
(18)

where im2 is the magnetizing current and np2 is the number of turns at primary. Neglecting
the dimensional tolerance of the cores, the dynamic value of Rm of each parallel path plays
an important role in flux distribution. When composite core segments are used, the dynamic
behavior of μr becomes critical for designing the magnetic circuit of Figure 7b. The value of
μr could change differently with respect to operating value of Bm, f s, temperature, etc.

Characteristics of Different Soft Magnetic Materials

It is clear that for the magnetic compatibility, the role of relative permeability μr is
extremely important. For better thermal performance, the heat distribution (Equation (15))
should be proper, i.e., more heat needs to be transferred to the core surface area exposed to
the environment. Here, both the core loss density Pc and the thermal conductivity K would
play significant roles. The basic parameters of popular soft magnetic materials are listed in
Table 1 [20]. For ferrite cores, the parametric variation with respect to temperature [13] is
large. Compared to others, its Curie temperature is much lower. The reduction in Bsat value
vs. temperature is also sharp. For integration of different core types into a magnetic circuit
of PET, the value of μr at different flux density and core temperature is important. The
influence of temperature on μr of different soft magnetic materials is shown in Figure 8 [43]
where nanocrystalline cores appear to be parametrically robust. It is also known that,
for ferrite cores, the value of μr changes significantly with flux density [4]. However, for
nanocrystalline cores, as shown in Figure 9, the value of μr is mostly constant, and only at
large values of Bm is there gradual monotonic drooping in its value. Moreover, compared
to other soft magnetic materials, the core loss of nanocrystalline cores at a particular
frequency is comparatively less at any flux density (shown in Figure 10). Therefore,
due to the parametric robustness, small core loss density, superior thermal conductivity,
higher saturation flux density and high Curie temperature, the nanocrystalline cores of
proper ribbon thickness are superior candidates for mixed-core configuration. It would not
disturb the behavior of the magnetic circuit. If geometry permits, Fe-based nanocrystalline
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cores could ideally be suitable as flux integrators for medium- to high-frequency PETs.
The drooping characteristics of μr, as shown in Figure 9, make these cores suitable for
integration into a magnetic circuit where the MMF feeds several parallel magnetic circuits
(shown in Figure 3b).

Figure 8. Behavior of relative permeability of soft magnetic materials vs. temperature [43].

Figure 9. Permeability vs. flux density of competitive nanocrystalline cores have similar droop-
ing characteristics.

Figure 10. At a particular frequency the core loss density in nanocrystalline cores is minimum.

3.3. Figure of Merit of Mixed-Core Magnetic Circuit for Series Reluctance Model

It is known that for the PET of Figure 3a, the bulk of total power loss Ptot is concentrated
around the central I-section EFGH. The hot spot temperature in the core and the primary
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winding, in particular, would reside in and around the I-section [3]. In order to properly
utilize the large surface area of core exposed to the ambient medium for thermal convection
and radiation, there needs to be an improvement in spreading the heat loss in the core
by thermal conduction. A higher value of thermal conductivity K of core in the I-section
EFGH would help remove the concentrated heat loss to the surface area of the magnetic
circuit. As detailed in Equation (15), more power loss could be channelized if,

1. The value of Pc of the I-section is small.
2. The value of K of soft magnetic material used in the I-section is more.
3. The value of thermal resistance in coil former is reduced.

The first two features could simply be achieved if the central I-section is replaced by a
geometrically compatible core material (shown in Figure 11a) with superior features so that
the value of ΔT (see Equation (13)) in the I-section of core is reduced. The compatibility of
the new material would be based on its dynamic magnetic parameters, core loss density Pc
and the value of K. From the magnetic characteristics point of view, the role of I-section
is not complicated. The Figure of Merit of the new core material for the I-section could be
gauged by a suitability parameter Score(SR); it is introduced in simple form as,

Score(SR) =
K
Pc

and, μrn ≥ μrp (19)

(a) (b) 

Figure 11. Mixed-core assembly is for better use of the (a) electrical circuit of PET, i.e., the windings,
and (b) magnetic circuit or the core assembly.

When compared with parent material, a smaller value of Pc and the same or larger
value of K would result in superior distribution of heat in core. The permeability μrn of
new I-section should be around the same value as μrp, i.e., of parent material. The value of
K and other relevant parameters for different core materials are listed in Table 1.

3.4. Figure of Merit of Mixed-Core for Parallelly Connected Magnetic Circuit

Multiple toroidal cores are stacked (shown in Figure 3b) to support the desired flux
level in the core of IHT. It is difficult to remove the heat loss from each core uniformly.
The surface area of inner cores exposed to the ambient medium is relatively much less. It
could lead to differential temperature rise across the core segments. In practice, the inner
cores are found to be hotter. Like the PET of Figure 11a, here as well, as shown in the
arrangement of Figure 11b, the problem could be reduced if the inner cores are replaced by
a superior material. For a magnetic circuit where cores are used in parallel, it is difficult to
establish the desired flux density everywhere. The dynamic value of relative permeability
of each core being integrated would play an important role. To find the compatibility of the
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new core material for parallel reluctance model, and also to take care of sharing of flux, the
suitability factor Score of Equation (19) is modified to,

Score(PR) =
μr(Bm)

Pc
K, and for Bm1 > Bm2, μr1 < μr2 (20)

where μr(Bm) is the value of μr of core at the operating value of Bm. It takes care of the
distribution of flux when the condition (for Bm1 > Bm2, μr1 < μr2) is met. As shown in
Figure 9, nanocrystalline cores support such characteristics. Furthermore, as shown in
Figure 8, the value of μr for this core is also stable against temperature.

4. Experimental Validation of Mixed-Core Transformers

To validate the proposed idea of improving the thermal performance of a mixed-core
PET, two divergent application domains were considered. In the first, to ignore any role
of DC bias, the magnetic circuit was completed using two UU cores. In the second case,
because the dynamics of Bm were sluggish, the ungapped toroidal shaped cores were
assembled. In the first case, the prospect of transient DC bias was more. The magnetic
circuit needed to be built with large DC bias capacity where, for large power applications,
EE, UU or CC cores were suitable. On the other hand, for IHT, the prospect of transient DC
bias was small. Therefore, ungapped toroidal cores with large permeability were preferred
in the magnetic circuit.

4.1. Validation of Mixed-Core PET Where the Magnetic Circuit Uses UU cores

Ferrite cores in EE or UU shape are prominently used in high-power PET of Figure 3a
where the central limb hosts both the windings. Due to their superior characteristics, as
described in Equation (19), nanocrystalline cores would ideally be preferred for the I-section
of Figure 11b. However, these ribbon-type cores are not dimensionally compatible as yet
with the commonly available ferrite cores. It is difficult to match important dimensions
one-to-one, e.g., the core area Ac, the window area Aw, the mean magnetic length lm, etc.

It was difficult to procure I-shaped nanocrystalline cores physically or geometrically
compatible to commonly used UU or EE ferrite cores. Therefore, to study the role of K and
Pc on the thermal performance of PET, as shown in Figure 12, two mixed-core transformers
(MCT) were built using different ferrite cores with different values of Pc and K. For core
assembly, each MCT combined two different core types A and B procured from separate
manufacturers. Relevant parameters of these cores are listed in Table 2.

(a) (b) 

Figure 12. Mixed-core transformers for FBDC where windings are overlaid on the core of material
type (a) A for PET A and (b) B for PET B.
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Table 2. Properties of ferrite cores type A and type B.

Core Material Ferrite Core A Ferrite Core B

At temperature 25 ◦C 100 ◦C 25 ◦C 100 ◦C

Initial permeability 2500 2200

Bsat, T 0.47 0.38 0.49 0.39

Curie temp., ◦C >230 >210

Pc @ 0.2 T, 25 kHz, kW/m3 130 65 130 57

Pc @ 0.1 T, 100 kHz, kW/m3 135 65 140 50

Thermal conductivity K, W/mK ≤4.3 5.0

For testing of PETs A and B of Figure 12, one 20 kHz full-bridge DC−DC converter
(shown in Figure 4) operating at 20 kHz was developed. The power controller is shown in
Figure 13. For switching of inverter, IGBTs (Type: 2MBI075VAA-120-50) were used. The
value of VDC was 560 V. The value of inductor L1 was 100 μH. The winding layout of PETs
A and B was similar, each had two secondary bifilar windings. To practically compare the
magnetic compatibility at high flux density, the turns-ratio np:ns:ns of PETs was deliberately
chosen at 24:2:2. The value of Bm at maximum value of dpwm at 80% was 0.325T. Moreover,
at the rated output power PL at 4.5 kW (PWM duty cycle dpwm ≈ 57%), the magnetic circuit
would be loaded to the rated value of Bm at around 0.2 T. Each PET used one pair of UU
cores, the value of Ac was 8.4 cm2. At rated load current (Ia: 200 A) with dpwm at 57%, the
current density J (A/mm2) at primary (strand dia.: 0.1 mm, 450 strands) and secondary litz
wire (strand dia.: 0.1 mm, 3780 strands) conductors were 3.56 and 4.72, respectively. Due to
higher value of J, the power loss in secondary conductors was more.

Figure 13. Prototype of a 4.5 kW DC−DC converter for performance testing of PET A and PET B.

Two sets of waveforms with an exactly similar nature of the magnetizing current
im1 (both secondary: open) in Figure 14a,b demonstrated that the core A and B were
magnetically compatible even in the nonlinear zone of the B–H curve. At dpwm of 80%, the
value of Bm was deliberately kept large at 0.325 T so that the magnetic compatibility in
the nonlinear zone was verified. The magnetic circuit had rated value of Bm (≈0.2 T) at
designed power output.
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(a) (b) 

Figure 14. At zero secondary current, even in nonlinear operating zone of B-H curve (Bm = 0.325 T),
the behavior of the magnetic circuit of (a) PET A was similar to that of (b) PET B.

To evaluate the thermal performance comparatively, the two transformers were (re-
sistive) load tested until the temperature in core and copper stabilized. The ambient
temperature was 28 ◦C. The delivered power to load was 4.5 kW where the load voltage
VL was maintained at 22.5 V. At full load, the calculated value of Bm was 0.207 T. Various
waveforms of the FBDC using PET A and PET B are shown in Figures 15a and 15b, respec-
tively. Using the Fluke make 59 Mini IR thermometer, the temperature was recorded in
each winding and also in the core segment close to the windings. The measured value of
the hot spot temperature in the core and the windings of two PETs are listed in Table 3. It
was clear that, compared to PET A, the temperature distribution of PET B was superior.
The experimental results made it clear that the core type with lower value of Pc and/or
possessing higher value of K would be more suitable for the core segment where the wind-
ings are laid. It could be stated that the situation would improve further if the I-section
was replaced by a suitable nanocrystalline core material.

 
(a) (b) 

Figure 15. Waveforms of FBDC controller when 200 A was drawn by the load and, in that loading
condition, the magnetic circuit was loaded with Bm at 0.207 T, for both (a) PET A and (b) PET B.

Table 3. Measured hot spot temperature (◦C) in core and windings (Ambient temp.: 28 ◦C).

Transformer Primary Secondary Temperature of Core (◦C)

PET A 86.9 92.8 Core A: 61.7

PET B 83.6 89.3 Core B: 57.3

The results detailed above were found to be reproducible when thermal images of
PET A and PET B were captured by a camera (model: FLIR AX 5). In the captured images,
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the hot spot temperature of the secondary winding (SP1), primary winding (SP2) and also
in the core (SP3) for two different case studies are shown in Figure 16 (for PET A) and
in Figure 17 (for PET B). It was clear that the core of reduced value of Pc and of larger
value of K helped reduce the hot spot temperature of PET B. The results mostly tallied with
the findings of the temperature profile obtained through the noncontact type Fluke make
59 Mini IR thermometer.

 

Figure 16. Temperature distribution of PET A using thermal camera (ambient temp.: 33 ◦C).

 

Figure 17. Temperature distribution of PET B using thermal camera (ambient temp.: 33 ◦C).

4.2. Validation of Mixed-Core IHT for Parallelly Connected Core Assembly

The loading pattern of the magnetic circuit of IHT is different. The value of Pcu
is desired to be minimized because it is always at its rated value. It was analyzed in
Section 2.2 that the ZVZCS topology along with using a low-loss magnetic circuit with
a high effective value of μr and high saturation flux density Bsat would simultaneously
minimize the copper content in IHT and also the value of Pcu. It requires the core to operate
at a large value of Bm where cores with low loss density and high values of Bsat would be
suitable. When both windings are placed in single layers, the impact of proximity effect
on Pcu is minimized. Laterally, it would achieve better features for heat removal because
windings are exposed to the ambient medium. For the magnetic circuit, the ungapped
toroidal cores using nanocrystalline material would be a preferred choice because:

1. The value of magnetizing current would be small.
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2. The value of leakage inductance would be negligible.
3. IHT does not need large DC bias capacity; transient load disturbance is small.
4. For large value of Bm (>0.25 T), ferrites are not suitable.

To practically study the usability of the proposed MCT, one induction heating con-
troller was developed to deliver 40 kW output power. The complete experimental set up is
shown in Figure 18. For comparative analysis, two transformers, i.e., the traditional single
core-type IHT I and the mixed-core transformer IHT II, were designed using nanocrys-
talline cores. As shown in Figure 19a, in IHT I, four similar cores of, say, material type C,
were stacked. Whereas in IHT II, as shown in Figure 19b, two poorly ventilated central
cores were replaced by cores of different material, say, type D. The parametric details of
both C and D type cores are listed in Table 4. Due to the reduced thickness of ribbons, when
compared with core C, the value of Pc in core D was less. Naturally, the core D resulted
superior value of Score(PR) (see Equation (20)). The operating parameters of the inverter
and cores are listed in Table 5. To study the magnetic compatibility, one single-turn search
coil was wound on C and D cores each (shown in Figure 19b). The turns-ratio of each IHT
was 8:3. For the tank circuit, the value of L4 was 52 μH and that of Cr was 3.6 μF. The
inverter frequency was 12.5 kHz. With set coil current at 250 A, the value of J in primary
(strand dia.: 0.1 mm, 2880 strands) and secondary (strand dia.: 0.1 mm, 2 × 3780 strands)
conductors were 4.15 A/mm2 and 4.21 A/mm2, respectively.

Figure 18. 40 kW induction heating controller for testing of IHTI and IHT II.

(a) (b) 

Figure 19. Two 40 kW, 15 kHz transformers: (a) IHT I with original set of C cores and (b) IHT II with
mixed-core configuration (C-D-D-C).
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Table 4. Parameters of core C (black) and D (green).

Parameter Core C Core D

Bsat at 25 ◦C (130 ◦C), T 1.2 (1.18) 1.25 (1.21)

Initial permeability μr >300 k >300 k

KS1, α, β 0.94, 1.4364, 1.638 0.22, 1.608, 1.681

Value of μr at Bm = 1 T >12 k >12 k

Ribbon thickness, μm 30 22

Area of each core, cm2 5.25 5.62

Mean length of core, cm 29.8 29.8

Pc @0.2 T, 20 kHz, W/kg 4.98 1.82

Pc @0.6 T, 10 kHz, W/kg 11.2 3.78

Th. conductivity K, W/mK 10 10

Table 5. Operating parameters of IHT and core loss data.

IHT I IHT II

Delivered power, kW 35

Input voltage to inverter at
full load, V 450

Inverter frequency at full
load, kHz 12.5

Core area, cm2 21 21.74

Value of Bm in C, T 0.535 0.517

Value of Bm in D, T - 0.517

Core loss density in each of
C, W/kg 12.7 12.0

Core loss density in each of
D, W/kg - 4.21

Initially, the magnetic compatibility of cores C and D in the IHT II was tested for three
different operating conditions; they are:

1. The magnetic circuit operated at maximum value of Bm when the secondary was kept
open and the primary was excited with full voltage. The control circuit was disabled.
The current at primary was the magnetizing current. Waveforms in Figure 21a
validated that the two core types were magnetically compatible. Exactly similar
nature of induced voltages in the single-turn search coils Vsrc-C (core C) and Vsrc-D
(core D) proved that the flux density was shared appropriately.

2. The tank circuit was connected, but the power delivered through the coil head was
zero. Moreover, there was a DC blocking capacitor Cdc of 100 μF added between
primary of IHT II and the inverter output. The primary voltage was small. Here,
as well, the two core types were found to be magnetically compatible (shown in
Figure 21b) because even at very small flux density the readings in both the search
coils were similar dynamically.

3. Magnetic compatibility of cores of IHT II was also tested when the secondary was
loaded. The coil head L4 was loaded at 20 kW. The necessary waveforms are shown
in Figure 20a. Here, as well, the voltage waveforms of both search coils appeared
similar—in magnitude as well as in waveshape. Similar search coil voltage readings
at zero secondary current as well as under loaded condition proved that cores C and
D were integrated into the magnetic circuit of IHT II.
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(a) (b) 

Figure 20. (a) The magnetic compatibility of IHT II was also verified when the coil head was loaded.
(b) Waveforms of different variables of the inverter when the IHT was loaded at 35 kW while
delivering power to a section of pipe through the coil head L4.

(a) (b) 

Figure 21. Magnetic compatibility of C and D cores was verified through similar voltage readings
in search coils wound on the respective cores, when (a) the secondary of IHT II was kept open, and
(b) the DC blocking capacitor Cdc of 100 μF was added (shown in Figure 5) but the coil L4 was
not loaded.

In order to gauge the gain of using the MCT, both IHT I and IHT II were put on a
heat run test. The power drawn from the inverter was 35 kW (corresponding waveforms
are shown in Figure 20b). IHTs were kept in open air under natural convection (shown
in Figure 18). Each test was conducted until the steady state temperature in each core
was attained. The ambient temperature was 26 ◦C. Using the noncontact type Fluke make
59 Mini IR and subsequently verified by the RTD thermometers at the end of the test, the
temperature was recorded, as detailed in Figure 22, not only in each winding but also in
each core segment. The measured hot spot temperature in different core and the windings
of both the IHTs are shown in Figure 23. Due to the large value of K (see Table 4), the
temperature distribution was found to be nearly uniform in each core segment. Moreover,
compared to IHT I, temperature rise in each core of IHT II was reduced. The variation
in temperature rise among different cores was also reduced. The temperature reading
of internal cores with material D was much less when compared with that of IHT I. It
essentially demonstrated that the power handling capacity of the MCT could be upgraded,
and its power density could as well be increased.
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Figure 22. Sectional view of 40 kW transformer in mixed-core (core C and D) configuration.

 

Figure 23. Compared to IHT I, the steady state temperature in different parts of IHT II was not
only reduced, there was increased uniformity in maximum temperature in various parts of the
mixed-core transformer.

5. Conclusions

The total power loss (i.e., core plus copper losses) in the majority of PETs would
take place around a small core volume where the primary and secondary windings were
overlaid. The surface area belonging to the rest of the core volume would remain exposed
to the ambient environment. This article analyzed that the exposed surface area could
be utilized effectively for heat transfer to the surrounding medium if the heat loss was
easily channelized. The article proposed that a mixed-core configuration in the magnetic
circuit could be used to achieve the goal. The idea was to replace the critical segment of the
magnetic circuit having constrained heat conduction features by a geometrically compatible
new core segment. The new segment would possess certain superior features, e.g., in core
loss density, thermal conductivity, etc. To establish the compatibility of new core material,
suitability factors were introduced for two different types of reluctance circuits. To validate
the proposed idea, two transformers were built to cater two characteristically different
applications. Initially, the magnetic compatibility of both the magnetic circuits under a
worst-case operating condition were validated. Finally, both the transformers were put on
prolonged load testing to comparatively validate their thermal performance. For both type
of magnetic circuits, the superior thermal performance achieved during the heat run test
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validated the proposed idea. The reduced hot spot temperature in core and copper meant
that the capacity rating of mixed-core transformer could be upgraded.
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Abstract: In this article, the stress/stress sensing capability of FeSiB thin films is demonstrated and
discussed. The sensing relies on the change in permeability by the application of stress, compressive
and tensile, and the application of DC magnetic field. This susceptibility/permeability was tested by
the exciting field (AC) being in the same direction with the applied stress. The susceptibility was
shown to exhibit a maximal value at a given applied stress, the critical stress. Moreover, this maximal
amplitude and position was changing with the application of an external DC magnetic field. For the
DC field applied in the direction of the exciting field (AC) and longitudinal to the stress, the critical
stress was shifted toward negative values and for the DC field applied perpendicularly, the critical
stress was shifted toward larger positive values. This was experimentally demonstrated, and a model
was constructed for a better understanding.

Keywords: magnetostriction; inductance; magnetic anisotropy; susceptibility; simulation; stress-
impedance effect

1. Introduction

The magnetic properties of amorphous soft magnetic material can be used for magnetic
sensors [1]. Typical commercial magnetic field sensors are based on the Giant Magneto
Impedance (GMI) effect (Z(H) − Z(Hmax)/Z(Hmax), with Z being the impedance, H the
magnetic field and Hmax the largest applied field. This can sense magnetic field down to
μ0H = 10−12 T [1]. To produce this effect, an AC current is flowing through the material.
In this case, depending on the frequency, the current density is concentrated close to the
material edge (skin). The current density has a characteristic depth δ, called skin depth,
that can be expressed, for a semi-infinite planar interface as [2]:

δ =

√
1

μ0μrπ f γ
, (1)

where μ0 = 4π10−7 H/m is the vacuum permeability, μr is the material relative permeability,
γ is the material electric conductivity and f is the AC current frequency. Large permeability
is reducing the skin depth, and the impedance of the conductor becomes higher; and
the low permeability is increasing the skin depth, resulting in lower impedance. The
application of an external magnetic field can then reduce the magnetic permeability μr(H).
The GMI effect consists of the change in the measured impedance due to the application of
a DC magnetic field [3,4].

Change in material permeability can also be achieved by applying another type of
external stimulus. Especially, in the stress impedance (SI) effect, a strain or stress σ is
applied to the magnetic material and a change in the magnetic permeability μr(H, σ) also
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changes the measured impedance [5–7]: Z(σ) − Z(σmax)/Z(σmax), with Z the impedance, σ
the magnetic field and σmax the largest applied stress [8].

The SI effect has been used to successfully demonstrate strain sensing devices based
with wires, ribbons and also thin films [5,9–15]. They showed generally much higher gauge
factors than devices, using conventional effects (resistive, semiconductor). Beside general
investigations as a strain gauge, also more specific applications, such as for structural health
monitoring, pressure sensors, or force sensors have been proposed [15,16]. In a recent
work, an amorphous FeSiB material was used to demonstrate the application for stress
sensor [17]. A thin layer of this material was sputtered on top of a silicon beam. When
stress was applied to the beam, the bending of the beam results in compressive stress, or
tensile stress, in the magnetic layer, depending on the curvature of the beam. An external
magnetic field was applied along the beam direction or perpendicularly. This revealed the
complete map of the magneto elastic effect on the magnetic permeability. To complete this
work, a theoretical description of the system should be provided.

Some models of the GMI are presented in the literature [18–22], including the effect of
the stress on the GMI [23] to optimize the GMI because a low magnetostriction constant was
experimentally yielding to a large GMI measurement [24]. Although those models were
matching the experimental data, few models can be found for the susceptibility change with
stress, and most of them are modeling only the case with an applied stress perpendicular
to the anisotropy axis, and without external field [25,26].

In the present article, calculation of susceptibility is performed to understand the effect
for many possible cases (compressive and tensile stress, different magnetic field directions)
and to be able to predict permeability behavior with field and stress. Such results can be
used to optimize sensors based on the magnetic susceptibility change.

2. Materials and Methods

Sample production and mechanical test were described in [17] and are briefly sum-
marized here: the magnetic material, Ti/Fe79Si7B14/Ti, was sputtered using a magnetron
system (QAM-4-S, ULVAC, Inc., Tokyo, Japan) on a 300 μm thick Si wafer and the thick-
nesses were 20/500/20 nm, respectively. The titanium acted as adhesion layer and sur-
face protection. The samples were cut in rectangle with length l = 40.4 mm and width
w = 7.7 mm. A three-point bending test was applied to the sample and the applied force
was recorded using a load cell (Xforce P, ZwickRoell Corporation, Ulm, Germany) with
maximal force of 5 N. A coil was wrapped around the sample with the coil axis being
parallel to the sample length. The coil was connected to an impedance analyzer (PSM1735,
Newton4th Ltd., Leicester, the UK) for inductance measurements, at a frequency of 20 kHz.
An electromagnet was used to generate an external magnetic field, along or perpendicular
to the sample axis, with an amplitude of up to μ0H = 40 mT.

Magnetic characterizations, the M versus H loop, were performed in a BHV-50H
Vibrating Sample Magnetometer (VSM) from Riken Denshi Co. (Tokyo, Japan). The
applied field ranged from −1000 Oe to 1000 Oe (approximately − 80 kA/m to + 80
kA/m in S.I. units). From the magnetic loop the relative permeability was estimated as
μr(H) = 1+ (dM(H)/dH).

3. Experimental Results

The inductance change is presented in Figure 1 for the external field in the direction of
the sample and in Figure 2 for the external field applied perpendicularly [17].

Figure 1 presents the result of the inductance measurement of the coil, for the case
where the applied field was in the sample axis. For the case where there was no applied
field, H// = 0, the compressive stress affected the inductance differently when compared
to the tensile one. The curve was not symmetric with respect to the force. The curve
was maximum at a critical force Fc, and the decrease was smooth for the force on the
compression side and sharp on the tensile side of the curve. At a large applied force, F
> 1 N, the inductance became constant at a value of L ~ 3.46 μH. As the magnetic field
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H//was increased, the initial inductance measured at zero force was decreasing to the
same inductance value of L ~ 3.46 μH. In fact, the longitudinal field was (i) shifting the
inductance versus force curve toward compressive force and (ii) reducing the inductance
amplitude. Eventually, at larger fields, the inductances versus force curves were constant
with values of L ~ 3.46 μH in the force measurement range.

Figure 1. Measurement of the coil inductance versus the applied force with the applied longitudinal field.

Figure 2. Measurement of the coil inductance versus the applied force with the applied orthogonal field.

After this set of measurements, performed in the longitudinal magnetic field config-
uration, the electromagnet was rotated to apply the magnetic field perpendicular to the
sample axis. Figure 2 presents the result of the inductance measurement of the coil, for the
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case where the applied field was perpendicular to the sample axis. In this perpendicular
configuration and for H⊥ = 0, the curve was different than the previous experiments in the
longitudinal configuration and H// = 0. The experiments were performed first, by applying
force (compression and tensile) in the longitudinal configuration, then the experiments
were performed by applying force (compression and tensile) after setting the configuration
into the perpendicular configuration. Therefore, the sample has first experienced many
stimuli (tensile and compressive stresses, plus longitudinal) large enough to affect the
magnetic state. So, the state of these two curves, H// = 0 and H⊥ = 0 has no reason to be
exactly the same because of history. It is believed that there was a little hysteresis, but the
shape of the curve remained very similar to the previous case: smooth for the force on the
compression side and sharp on the tensile side of the curve. The effect of the field H⊥ was
different from the effect of H//: the inductance peaks were shifting toward tensile force
here. The inductances were reduced in both cases by the application of the magnetic field.

Figure 3a shows the result of the VSM measurement, and the magnetic loop is pre-
sented. Magnetic saturation was MS ~ 1.1 MA/m and a coercive field Hc was ~ 400
A/m. The relative permeability was then extracted and plotted here versus the applied
magnetic field in Figure 3a. This result was compared with the inductance measurement
of the coil around the sample with the applied magnetic field and without an applied
mechanical force.

 
(a) (b) 

Figure 3. (a) Permeability obtained from the VSM (black circle) and coil inductance (red square)
measured on a sample without a magnetic field; the inset shows the magnetic loop M versus H;
(b) Approximation of the relationship between the measured inductance to the permeability.

High inductances were observed at high permeability values and lowest inductances
are observed at lowest permeability values. In fact, when the magnetic field was larger than
μ0H = 10 mT, the permeability has a low value of μr = 1; this was corresponding to a low
and constant value of inductance L ~ 3.46 μH. This value L ~ 3.46 μH was then used to refer
to the saturation of the sample. The inductance of a coil is usually expressed as L = kμr with
the coefficient k being related to the number of turns of the coil, and the geometry of the coil
and the sample [27,28]. The positive and negative sides of the μr(H) curve, Figure 3a, were
then averaged as μr(Hi) = (μr(+Hi) + μr(−Hi))/2 and plotted versus the coil inductances
measured at the corresponding field L(Hi). Figure 3b is showing the value of permeability
plotted versus the inductance at the same magnetic field Hi amplitude: μr(Hi) versus L(Hi).

A linear approximation of the relationship between permeability and inductance can
be extracted as L = (4.33 × 10−5) × μr + 3.46. This line was also plotted in Figure 3b.

Figures 1 and 2 were presenting the inductance curve versus the applied force in
the case of longitudinal DC field (H//) and orthogonal DC field (H⊥), respectively. The
curves were presenting inductance peaks which can be characterized by the position
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of the peak, i.e., the critical force Fc, and the peak amplitude ΔLmax. This value of the
peak amplitude ΔLmax was extracted by subtraction of the saturation value of 3.46 μH:
ΔLmax = max(L) − 3.46 μH. This peak amplitude is an indicator of the permeability according
to the relationship highlighted in Figure 3b as ΔL ~ Δμr.

Figure 4 shows the critical force Fc and the peak amplitude ΔLmax for all the tested
configurations. The magnetic field direction was clearly changing the position of the
inductance peak. Longitudinal field (H//) was reducing the critical force (dFc/dH < 0) and
the orthogonal field (H⊥) was increasing the critical force (dFc/dH > 0). In both cases, a
linear tendency was observed. The peak amplitudes ΔLmax were reduced by the magnetic
field: with H//, the decrease was faster than with H⊥. The tendency of ΔLmax with applied
fields was nonlinear.

 
Figure 4. Experimental peak parameters: critical force Fc and maximal coil inductance change ΔLmax

versus the applied force. Data for the longitudinal (H//) and orthogonal (H⊥) configuration.

4. Modeling

In this section, a model built to understand these experimental observations is de-
scribed. According to the result of Figure 3b, the coil inductances can be interpreted by
the magnetic state of the material. In this model, the magnetic states will be calculated
as a function of stress and magnetic field. From these calculated magnetic states, the
susceptibilities χ will be derived. Susceptibilities and permeabilities of materials with such
large permeabilities will be supposed to be similar as for μr ~ 103, then χ = μr − 1 ~ μr.

First, the coupling between the magnetization and the applied magnetic fields has to
be expressed. For this coupling, there are two contributions: one from the AC exciting field
hac, created by the coil, and the second one is from the applied DC magnetic field H.

In the following, we will assume that the AC exciting field has a small amplitude
compared to the field; hac << H. The coupling between an applied magnetic field and a
magnetization vector, with an amplitude Ms, is expressed by the Zeeman energy. The
Zeeman energies are expressed for the two contributions as:

EZeeman_AC = −μ0
→

MS·
→
hac, (2)

and:
EZeeman_DC = −μ0

→
MS·

→
H. (3)
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It can be noticed that these Zeeman energies are minimized when the magnetization
and the field are collinear.

Secondly, the coupling between the magnetization and the magnetic anisotropy has to
be taken into account. In the following, we will assume two contributions: one from the
intrinsic magneto crystalline anisotropy (small for this amorphous material) and a second
one from the extrinsic magneto elastic coupling. For the magneto crystalline anisotropy,
the energy is expressed, assuming a uniaxial anisotropy in the y-direction, as:

Ea = Ka sin2(θ), (4)

where Ka is the first-order magnetic anisotropy constant and θ is the angle between the
magnetization vector and the anisotropy axis. This energy term minimization would
require that θ = 0, hence, the magnetization should be in the anisotropy direction.

When stress σ is applied to the magnetostrictive material, the corresponding magne-
toelastic anisotropy can also be expressed by Equation (4), with the corresponding constant
Kσ being expressed here as:

Kσ =
3λsσ

2
, (5)

In this Equation (5), λs is the magnetostriction constant of the material.
The final state of the magnetization, under magnetic field H, is obtained by minimizing

the sum of all these energetic contributions. For instance, in the case where the uniaxial
magnetic anisotropy and the applied field are orthogonal, the total magnetic interaction
energy E is expressed, as:

E(θ) = Ka sin2(θ)− μ0MSH cos
(π

2
− θ

)
, (6)

By defining the anisotropy field Ha as:

Ha =
2Ka

μ0MS
, (7)

the two magnetization components, ML (longitudinal, along with the field direction) and
MT (transverse to the field direction), can be expressed, for field H < Ha, as:

→
M = ML

→
ex + MT

→
ey =

MS

Ha

[
H

→
ex +

√
H2

a − H2→ey

]
, (8)

For field H > Ha the two components are then reduced to ML = MS and MT = 0. These
two curves are plotted in Figure 5a. For H < Ha, ML is linearly increasing up to MS and
remained ML = MS for H > Ha. For H < Ha, MT is decreasing from MS down to 0 and
remained MT = 0 for H > Ha.

The corresponding relative susceptibility (dM/dH) components, χL and χT, are di-
rectly obtained for field H < Ha from Equation (8) as:

χL =
MS

Ha
, (9)

and:
χT = −MS

Ha

1√(
Ha
H

)2 − 1

, (10)

For field H > Ha the two components are then reduced to χL = 0 and χT = 0. These
susceptibilities can be normalized according to the constant χa = MS/Ha.

These two curves are plotted in Figure 5b. It can be pointed out that, at H = Ha, there
was no susceptibility calculated. In fact, plotting the angle dependency of E for different
values of field H could reveal this particularity, as explained in detail in Appendix A.
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(a) (b) 

Figure 5. (a) Relative magnetization components (ML/MS and MT/MS) versus H/Ha for different
magnetic anisotropy direction θa; (b) Relative susceptibility components (χL/χa and χT/χa) versus
H/Ha for different magnetic anisotropy direction θa. The full lines are theoretical values (Equation
(8) for ML and MT, Equation (9) for χL and Equation (10) for χT) and square are numerical results
from model.

5. Calculated Results of the Model

The model was used in COMSOL software to calculate the magnetization direction and
then the susceptibility. This AC susceptibility was then calculated from the dependency of
the magnetization with the AC field hac. It was assumed that hac is in the sample’s main axis,
the x-direction (longitudinal direction). The longitudinal direction is then referred below
to as the x-direction and the orthogonal (perpendicular) direction as the y-direction. The
susceptibility was extracted from the x-component of the magnetization as χL = dMx/dhac.
This susceptibility was then calculated with the two types of external stimuli: applied
DC field H and stress σ. Especially, the DC field can be in the x-direction (longitudinal
configuration: H//) or in the y-direction (orthogonal configuration, H⊥). In addition, the
stress was supposed to be applied in the x-direction. Both tensile stress (positive values)
and compressive stress (negative values) were considered. Susceptibilities are then plotted
in the normalized unit (χL/χa) and the same for the applied field (H/Ha) and stress (Kσ/Ka)
to provide a general overview of the phenomenon. A summary of direction of physical
quantities is presented in Table 1.

Table 1. Physical quantity of the model.

Quantity Direction

DC field H Field H// (x-direction) or Field H⊥ (y-direction)
AC field hac x-direction

Stress σ x-direction
Anisotropy axis At angle θa to x-direction

Magnetization M Longitudinal ML (x-direction) or Transverse MT (y-direction)

5.1. Without Magnetostriction

Figure 5a is presenting the curves ML/MS and MT/MS versus different anisotropy
angles θa. The component ML is linear with the applied field H < Ha and is constant for the
applied field H > Ha for θa = π/2. The corresponding susceptibility, presented in Figure 5b,
is constant for H < Ha as χL = χa and for H > Ha as χL = 0. For other angles, the longitudinal
component ML is continuously increasing with H with an asymptotic behavior tending to
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the value MS. The corresponding susceptibility χL is observed to continuously decrease
with H tending toward the value 0. The inset of Figure 5b) is presenting the effect of θa on
χL at H = 0: this is following the law χL = χasin2(θa).

5.2. With Magnetostriction
5.2.1. No External Field

Figure 6 is presenting the curves χL/χa versus the anisotropy ratio Kσ/Ka: defined as
the ratio between the magnetoelastic anisotropy (Equation (5)) and magnetic anisotropy
constant, with an angle θa between these two anisotropy directions. The magnetostriction
constant was supposed to be λs = 30 ppm. Firstly, it can be observed that at angle θa = π/2,
a peak appeared in the tensile stress part (σ > 0) at the exact value Kσ = +Ka. This situation
is similar to the magnetic field H = Ha applied perpendicularly to the anisotropy axis,
as discussed previously, where the energy is independent of the magnetization angle
(Appendices A and B), yielding to largest susceptibility. At angle θa = 0, a sharp peak
appeared in the compressive stress part (σ < 0) at the exact value Kσ = −Ka because the
total energy angular dependence would disappear.

Figure 6. Relative susceptibility components (χL/χa) versus anisotropy ratio Kσ/Ka with λs = 30 ppm,
for different angle θa between these two anisotropies: from 0 (same direction) to π/2 (perpendicular).

In the case θa = π/2, the value Kσ = +Ka was corresponding to 3σλs = 2Ka, defining
the critical stress [25,26,29,30] as σc = 2Ka/3λs. The part of the curve with θa = π/2 and
σ < σc was a smooth increasing curve, whereas for σ > σc the curve became constant: the
magnetic moments were now aligned with the stress. When the angle θa was reduced, the
discontinuity disappeared and a continuous curve is observed until the angle was θa = 0
where the curve was again discontinuous at stress value corresponding to Kσ = −Ka. For
the intermediate angles, a bump appeared at an intermediate stress value (−Ka ≤ Kσ ≤ Ka).
However, by reducing the angle toward θa = 0, the global shape of the curve remained:
below the critical stress (σ < σc) the curve was smoothly increasing and over the critical
stress (σ > σc), the curve was more sharply decreasing.

The calculation was performed for different values of magnetostriction constant λs
when no DC magnetic field was applied (HDC = 0). The corresponding curves are plotted
in Figure 7. It can be observed that the stress has no influence on the susceptibility for
magnetostriction constant λs = 0. In this case, the susceptibility remains constant. For
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magnetostriction constant λs > 0, the susceptibility is then dependent on the amplitude of λs.
For the lowest value, λs = 5 ppm, the susceptibility is increasing linearly with the applied
stress in the range considered here. For the largest value λs = 30 ppm, the simulation
was performed over a wider range of stress, revealing more about the behavior of the
susceptibility curve: for large compression and large tensile stresses, the susceptibilities
were very low whereas, at the critical stress σc, the curve is exhibiting a maximum value.

Figure 7. Relative susceptibility components (χL/χa) versus stress σ for different magnetostriction
constant λs. The inset shows the inverse of the critical stress σc versus magnetostriction constant λs

and dashed line is a guideline.

As the value of λs was increased, the critical stress σc was shifted to relatively smaller
tensile stress. The inverse value of the extracted critical stress σc from these curves was
linearly increased when the value of λs was increased. The susceptibility was defined, in
the case of θa = π/2, by Equation (7), as χL = MS/Ha, where Ha was defined in Equation
(9). The susceptibility is χa = μ0Ms

2/(2Ka) and if Ka is low, then is χa large. Adding
the magnetostrictive term Kσ, then the effective anisotropy constant can be expressed as
Ka − Kσ (Appendix B). The largest susceptibility appeared at Ka − Kσ = 0, at the critical
stress σc [25,26,29,30]. The critical stress depends on the magnetostriction constant as
σc = 2Ka/3λs ∼= 1/λs. For positive magnetostriction constant (λs > 0), the critical stress σc
is positive (tensile) and for negative magnetostriction constant (λs < 0), the critical stress σc
is negative (compression). The effect of positive and negative stress was also investigated
here for value λs = 30 ppm and value λs = −30 ppm, as seen in Figure 7. The resulting
curves were found to be symmetric to each other. The critical stress σc occurred at opposite
values. This behavior was also observed in the literature [30,31]. For instance, Figure 8
shows an example of two materials permeability versus stress curves, one having a positive
(λs > 0) and the other material with a negative magnetostriction constant (λs < 0). The
two constants were not exactly opposite so the critical strains (εc = Eσc, with E the material
Young’s modulus) were not opposite too. Nonetheless, the shapes of the two curves were
in agreement with our calculations.
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Figure 8. Permeability (μr ~ χ) versus strain (ε = Eσ, with E the material Young’s modulus of the
materials) for a Fe-based material with positive λs and a Co-based material with negative λs [30].

5.2.2. With External Field

Finally, the results of the calculation, including the effect of the external magnetic
field, are presented in this section. First, the effect of the longitudinal field is plotted in
Figure 9. This curve is showing the susceptibility versus the applied stress and magnetic
field applied in the same direction. The curves are observed to shift towards negative
stress. These simulated curves are in agreement with the experimental curves presented in
Figure 1. Magnetization is, without stress and field, directed along the magnetic anisotropy.
As a stress is applied, the effective anisotropy is changing, as discussed in the previous:
compressive stress is reinforcing a perpendicular anisotropy, and the whereas the tensile
stress is lowering a perpendicular anisotropy. The effect of longitudinal field is similar
to the tensile stress and the longitudinal magnetization component, and therefore the
longitudinal susceptibility, are then affected (Figures A2 and A4).

The second configuration for the application of the external field, the perpendicular
configuration, is presented in Figure 10. In this case, the effect was the opposite: the
curves were shifted toward positive stress. The effect of perpendicular field is similar to the
compressive stress which reinforced the effect of the magnetic anisotropy. The longitudinal
magnetization component and therefore the longitudinal susceptibility are then affected
(Figures A3 and A4).

Figure 11 is presenting the peak parameters extracted from these simulated susceptibil-
ity curves for comparison with the experimental results, presented in Figure 4. The behavior
of the critical stress, in the longitudinal and perpendicular configurations, are matching the
behavior of the critical force experimentally found for the same configuration in Figure 4:
longitudinal field was linearly reducing the critical stress whereas the perpendicular field
was linearly increasing this critical stress. From Figure 11, the slope of the critical stress σc
versus applied field was extracted, by fitting the curve by linear fit method, for the case
of longitudinal field (H//) and for the case of perpendicular field (H⊥). The results are
presented in Table 2. The slope of the critical stress, in the longitudinal field configuration
was of −1.72 whereas it was 1.27 in the perpendicular field configuration. The longitudinal
value was 1.35 times larger than the perpendicular one (in absolute value). Experimentally,
inductances were measured for the force applied during the bending test. This force is
somehow believed to be proportional to the stress in the magnetic thin film. The change in
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the critical force measured under field is then proportional to the change in critical stress
with magnetic field. From the experimental critical force, shown Figure 4, the same linear
fit was performed to Fc(H) − Fc(H = 0); the experimental offset was subtracted. The linear
fit results are also presented in Table 2: in the longitudinal field configuration the slope
was of −0.29 N/mT whereas it was 0.16 N/mT in the perpendicular field configuration.
The experimental longitudinal slope value was 1.77 times larger than the perpendicular
one (in absolute value). These two values, 1.35 (exp.) and 1.77 (sim.), are in relatively
good agreement.

Figure 9. Relative susceptibility components (χL/χa) versus anisotropy ratio Kσ/Ka with λs = 30 ppm for
different longitudinal field.

Figure 10. Relative susceptibility components (χL/χa) versus anisotropy ratio Kσ/Ka with λs = 30 ppm
for different orthogonal field.
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Figure 11. Peak parameters: critical stress σc and maximal susceptibility change versus the applied
magnetic field.

Table 2. Fitting parameters for the critical stress and Force versus fields (H//and H⊥).

Quantity Linear Slope Coefficient Decay Coefficient

[σc(H//) − σc(H//= 0)]/σc(H// = 0) −1.72 (-) 1 -
[σc(H⊥) − σc(H⊥ = 0)]/σc(H⊥ = 0) 1.27 (-) 1 -

[Fc(H//) − Fc(H// = 0)] −0.29 N/(mT) 2 -
[Fc(H⊥) − Fc(H⊥ = 0)] 0.16 N/(mT) 2 -

χL(H//)/χa - 0.68 (-) 1

χL(H⊥)/χa - 1.48 (-) 1

ΔLmax(H//) - 1.32 (mT−1) 2

ΔLmax(H⊥) - 3.67 (mT−1) 2

1 Data extracted from Figure 11. Notice that parameters [σc(H) − σc(H = 0)]/σc(H = 0), χL(H)/χa and H/Ha have
no units. 2 Data extracted from Figure 4.

The behavior of the simulated susceptibility peak amplitudes was also similar to
the experimental results: the applied field was reducing the amplitude of the peak for
the two configurations, although the decrease was faster in the case of the longitudinal
configuration. To quantify these, a decay function: y = A*exp(−H/Hdecay) was arbitrary
selected to represented the behavior of the susceptibility peak amplitudes decrease with
applied fields (H//and H⊥). The curves ΔLmax(H), obtained from Figure 4 for H//and H⊥,
were fitted using this function. The results are given in Table 2. The decay coefficients
Hdecay obtained from the fitted curves of ΔLmax(H//) and ΔLmax(H⊥) were then 1.32 mT−1

and 3.67 mT−1, respectively. Hence, the experimental longitudinal coefficient value was
2.78-times smaller than the perpendicular one. The simulated χL(H//)/χa and χL(H⊥)/χa
versus H/Ha were fitted using the same decay function. The results are given in Table 2
as well. The decay coefficients Hdecay obtained from the fitted curves of χL(H//)/χa
and χL(H⊥)/χa were then 0.68 and 1.48, respectively. Hence the simulated longitudinal
coefficient value was 2.18-times smaller than the perpendicular one. These two values,
2.78 (exp.) and 2.18 (sim.), are in relatively good agreement.
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Finally, the important parameters, for the stress sensor application [32], of such sus-
ceptibility versus stress curves are presented in Figure 12. The chosen conditions were
selected to better understand the magnetization behavior in such materials, due to field
and stress was classical material (FeSiB) for GMI and SI, but not optimized for the best con-
dition. Stress-impedance sensors would have larger sensibility by several thermal/stress
and magnetic treatments [3,33]. The model presented above might help to predict these
parameters and to adapt and optimize the material’s magnetic behavior, as a high value
of susceptibility is needed to increase the sensitivity. The sensitivity direction can be se-
lected to have a positive slope or negative slope by selecting the magnetostriction constant
(Figure 7). In addition, the sensibility can be linear over a large range of stress by selecting
a low amplitude magnetostriction constant, as seen in Figure 7.

Figure 12. Stress sensor sensibility, calculated with MS = 1 MA/m, Ha ~ 800 A/m, (χa = 1250) and
with λs = 30 ppm and angle θa = 4π/10.

If the shape of the μr (~χ) versus stress σ (~ε) was directly controlled by the sign of
the magnetostriction constant λs, the position of the peak depends on the anisotropy stress
direction as seen in Figure 6, which was observed in [6]. Moreover, this susceptibility peak
can be shifted with a magnetic field, although this was decreasing the peak amplitude.

6. Conclusions

In this article, magneto elastic susceptibility was studied. Experimental data reported
that when a force (stress) was applied in the same direction as the exciting field (AC field),
for a critical force, the susceptibility was maximal. Under a longitudinal applied magnetic
field, this critical force was reduced, even getting negative, and on the other hand, with the
application of a perpendicular field, this critical force was shifted to larger values. In both
cases, the observed peak amplitudes were reduced.

From these observations, a model of this magnetic behavior was constructed. This
model assumed the magnetization rotation under the application of stress and magnetic
field, and magnetic anisotropy. By setting the magnetostriction constant positive around
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λs = 30 ppm, the shape of the susceptibility can be retrieved. Moreover, this model was
successful to demonstrate similar behavior of the magnetic field effect on the susceptibility.

It is believed that this model is useful to provide a guideline in the conception of a
stress sensor using the magneto elastic behavior of film based on the FeSiB type series; for
stress impedance sensors or for coil-type sensors, as they are both sensitive to the magnetic
state of the material under applied stress.

This can be used for both Fe-based (λs > 0) and Co-based (λs < 0) amorphous films. It
can also help to predict the critical stress value, where the best sensitivity of the sensor can
be found.
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Appendix A

These curves are presented in Figure A1. The curves corresponding to the case
H > Ha are clearly showing that the magnetization angle would be locked at an angle
θ = π/2: the field is strong enough to orientate the magnetization in the field direction. The
curves corresponding to the case H < Ha are showing a minimum between 0 and π/2: the
magnetization is at an intermediate angle between the anisotropy axis and field direction.
The curve corresponding to the case H = Ha shows a broader minimum. This means that
the magnetization can rotate more easily; the rotational susceptibility is then larger.

The Taylor expansion of E, Equation (6), around the angle θ = π/2, is:

Ẽ
(

θ ∼ π

2

)
∼ K − μ0MSH −

(
K − μ0MSH

2

)(
θ − π

2

)2
+ · · · , (A1)

Then, by rearranging the terms and using Ha = 2K/μ0Ms, we obtain:

Ẽ
(

θ ∼ π
2
)

K
∼ 1 − 2H

Ha
−
(

1 − H
Ha

)(
θ − π

2

)2
+ . . . , (A2)

By setting the field value as H = Ha, the energy expression is finally simplified as:

Ẽ
(

θ ∼ π
2
)

K
∼ −1 + · · · , (A3)

This Expression (A3) shows that if the field is applied perpendicularly to the Easy
Axis, and with amplitude as H = Ha, then the angular dependency vanished. These Taylor
expansions, Equation (A1), are plotted for field values around Ha, showing the inversion of
curvature as H is crossing the value H = Ha which is a flat curve.
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Figure A1. Angular dependence of the energy. Solid lines were constructed by using Equation (6)
and dotted lines were based on the Taylor expansion, Equation (A3).

This was the simple case where a uniaxial magnetic anisotropy exists with θa = π/2,
at other angles, the magnetization curves were smoother and the susceptibility could be
calculated for many field values. In the following, the effect of stress is considered along
with the fields.

Appendix B

In the case of two uniaxial anisotropies, the treatment is provided in [34] and adapted
below. Considering the anisotropy constants KA (magneto crystalline) and Kσ = 3σλs/2
(magneto elastic term) with perpendicular directions, then the total energy can be written as:

E(θ) = KA sin2(θ) + Kσ sin2(π
2 − θ

)
= KA sin2(θ) + Kσ cos2(θ)

= Kσ + (KA − Kσ)sin2(θ)
(A4)

If KA = Kσ, the total energy is then independent of the angle. The first derivative of
this energy is:

dE(θ)
dθ

= (KA − Kσ) sin(2θ), (A5)

In addition, the second derivative of this energy is:

d2E(θ)
dθ2 = 2(KA − Kσ) cos(2θ), (A6)

From Equation (A5), the minimum can be found at θ = 0 and/or π/2; to determine
whether the total energy is a minimum at these angles, the Equation (A6) must be positive.
So, a condition on (KA − Kσ) appeared: if KA > Kσ, then the minimum is for angle θ = 0
(then M is along the magneto crystalline direction) and if KA < Kσ, then the minimum is
for angle θ = π/2 (then M is along the stress direction). The term in sin2(θ), after adding
the magneto elastic term, behaves with an effective constant KA − Kσ. For tensile stress
(σ > 0), the effective term in sin2(θ) is reduced whereas for compressive stress (σ < 0), the
term in sin2(θ) is enhanced. Tensile stress is reducing the magneto crystalline anisotropy
and compressive stress is reinforcing it.
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Appendix C

Figure A2. Snapshots of the magnetic state of the Magnetization (in red) at a given magnetic
anisotropy (in black), for different stress (in green) and different longitudinal applied field (in blue).

Figure A3. Snapshots of the magnetic state of the Magnetization (in red) at a given magnetic
anisotropy (in black), for different stress (in green) and different perpendicular applied field (in blue).
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Figure A4. Relative longitudinal magnetization component (ML/MS) versus stress for different for
different applied field (top) and corresponding relative longitudinal susceptibility component χL

versus stress for different for different applied field (bottom).
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Abstract: Electro-mechanical devices incorporating rotating magnetic fields can be modelled using a
wide range of analytical techniques. Choosing a modelling technique usually requires a trade off between
computational efficiency and accuracy. Magnetic flux-based models aim to achieve an optimum balance
between computational intensity and accuracy, as required for real time control applications. This paper
demonstrates how vector-based magnetic circuit equations can be used to describe the operational
characteristics of an induction motor at a more fundamental level than commonly used magnetic flux
models. Doing so allows for closed form equations to be derived directly from device-specific geometry.
The resultant model has advantages of numerical method-based analytical techniques while retaining
the computational efficiency of closed form equations.
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1. Introduction

Modelling electromagnetic devices can be achieved using simple analytical techniques
such as those based on electrical and magnetic equivalent circuits. The elementary circuit
elements upon which these equivalent circuits are based were originally derived to describe
the characteristics of electromagnetic devices with no relative constituent motion. As such,
using them to model devices incorporating rotational motion often requires a high degree
of abstraction.

In the case of electrical equivalent circuits such as the Steinmetz equivalent circuit of
an induction motor, parameters can either be empirically derived [1,2], or derived using
more complex modelling techniques [3]. This results in a black box model, where internal
workings and parameters are unavailable. The models’ computational efficiency and the
ability to extrapolate its usage to non-ideal operating conditions [4] has kept it relevant
despite the availability of alternatives. However, the lack of access to internal dynamic
parameters limits its ability to be extrapolated to describe more complex operational
behaviour in its basic form [5].

A more fundamental approach to modelling electrical machines can be achieved using
numerical method-based computer simulations at the expense of greater computational
complexity. These modelling techniques divide the internal geometry of the simulated de-
vice into discrete elements, each with their own unique electrical, magnetic and mechanical
properties. Common examples of this approach are variations of the Lumped Parameter
Model (LPM) [6]. These models use an interconnected mesh of magnetic circuit elements to
calculate magnetic flux. In its most basic application, only linear magnetic field behaviour
can be modelled. However, its application can be extended to include modelling non-linear
behaviour such as magnetic saturation [7], fault detection [8] and thermal analysis [9].

The Finite Element Model (FEM) is another commonly used numerical method tech-
nique. It works by solving partial differential equations derived directly from Maxwell’s
equations at the boundaries of each discrete element. This is a more fundamental approach
to modelling electrical and magnetic fields compared to LPM and is therefore regarded as
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being more accurate [10,11]. A trade off for this improved accuracy is increased computa-
tion time [12]. Hybrid FEM models also exist that reduce computational complexity using
either equivalent circuits [13] or lumped parameters [14].

A compromise between computationally intensive numerical methods and equivalent
circuits can be achieved using magnetic flux-based models such as those based on the
Direct Quadrate (D-Q) model. These models define internal parameters such as flux
producing currents and torque producing currents [15]. By modelling internal dynamic
factors, a more detailed operational model can be implemented relative to high-level
equivalent circuits [16,17], with less computational complexity than numerical method-
based techniques.

In this paper, a set of partial differential equations describing a rotating magnetic field
and magnetic circuit power transfers will be defined. These equations describe the relation-
ship between magnetic flux and its time derivative. Power transfers due to the magnetic
flux-based variables and reluctance are also described. Using these equations and the ana-
lytical technique presented in this paper, it is possible to calculate inductive power transfers
between rotating objects. These equations can be applied to the analysis of any AC machine
incorporating a rotating magnetic field, including variable reluctance configurations.

To demonstrate the validity of this analytical technique, these magnetic circuit equa-
tions will be applied to the steady state analysis of an induction motor with results bench-
marked against those derived using FEM. It will be based on a more detailed electric motor
model than that used to derive the D-Q model. This approach results in a less abstract
model that can be derived in terms of closed form equations. While magnetic flux model
parameters are usually derived based on dynamic simulations [18,19], the proposed analyt-
ical technique parameters will be derived based on motor geometry and the electrical and
magnetic material properties.

The proposed analytical technique will only be applied to a specific case in this paper
involving steady state analysis. This will, however, provide the basis upon which further
applications of the underlying equations can be used to model more complex operational
modes, such as those involving transients and faults.

2. Elementary Definitions

To derive a magnetic circuit model of an induction motor, it is necessary to define key
parameters to be measured and to describe their behaviour in a environment experiencing
circular motion. These techniques are analogous to using circular motion equations to de-
scribe rotating objects. Although Newton’s second law of motion can be directly applied to
a rotating object, using equations of circular motion can considerably reduce the analytical
complexity of describing such an object. Similarly, using circular motion magnetic circuit
equations can simplify the analysis of rotating electromagnetic devices to the measurement
of a few key parameters.

There are four key parameters to be measured when analysing an electromagnetic
device incorporating circular motion. Electric current and voltage are two electrical domain
parameters with magnetic flux and the time derivative of magnetic flux being their corre-
sponding magnetic domain parameters. In this analysis, electrical domain parameters are
mapped onto magnetic domain parameters, then, the analysis is performed in the magnetic
domain. To define the relationship between the two magnetic domain parameters, consider
the vector representation of a rotating magnetic field as described by (1). This magnetic
flux vector is defined using a i, j, k coordinate system, with a radian frequency of ω, a phase
offset of θ and time represented by the variable t.

Φ = |Φ| cos(ωt + θ)î + |Φ| sin(ωt + θ) ĵ (1)

Differentiating (1), with respect to time, allows the derivative of the magnetic flux to
be expressed in vector form. For the general case, both the magnitude |Φ| and the phase θ
will be considered implicit functions of time and the radian frequency ω will be a constant.
Using these definitions, the time derivative of (1) can be calculated to be (2).
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∂Φ

∂t
=
(d|Φ|

dt
cos(ωt + θ)− |Φ|(ω +

dθ

dt
) sin(ωt + θ)

)
î

+
(d|Φ|

dt
sin(ωt + θ) + |Φ|(ω +

dθ

dt
) cos(ωt + θ)

)
ĵ

(2)

Taking the cross and dot product of the magnetic flux and its time derivative al-
lows (3) and (4), respectively, to be derived.

Φ × ∂Φ

∂t
= |Φ|2(ω +

dθ

dt
) (3)

Φ · ∂Φ

∂t
= |Φ|d|Φ|

dt
(4)

It is also possible to use the fundamental properties of the dot and cross product to
derive an equation that is independent of the angle between the magnetic flux and its time
derivative. This involves squaring both sides of (3) and (4), then adding them together,
resulting in (5). ∣∣∣∂Φ

∂t

∣∣∣2 =
(d|Φ|

dt

)2
+ |Φ|2(ω +

dθ

dt
)2 (5)

Another definition required for this analysis is an angular dependant measurement of
resistance. To define this quantity, consider the two conductors coloured grey in Figure 1.

Figure 1. Two electrical conductors with dimensions.

In Figure 1, the electrical current flows through each conductor coloured in grey
between the surfaces labelled A and B. Assuming the conductive material is homogeneous
throughout each volume, the resistance of the left most conductor can be calculated by
multiplying its resistance per unit length Rl by its length lr. Defining the resistance per unit
length provides a simple technique to calculate the conductor resistance for an arbitrary
length. A similar process can be applied to a change in angular dimension, as demonstrated
in the right most conductor. Defining a parameter Rθ with units of Ohm-radians allows
the resistance of the right most conductor R between the surfaces labelled A and B to be
calculated using (6), where θr is defined in Figure 1.

R =
Rθ

θr
(6)

Even if the conductor properties are not homogeneous, Rl can still be used if the
conductor is made of a series connection of identical segments, provided the resistance is
measured for an integer number of those segments. Similarly, (6) is still valid in situations
where periodic angular repetitions occur, provided the resistance is measured for integer
multiples of each identical angular segment.

During the operation of an induction motor, energy is transferred from the stator
to the rotor via electromagnetic induction. Quantifying the energy transfers due to this
process can be achieved using vector-based magnetic circuit equations. The power transfer
equation for magnetic circuits [20] is shown in (7).

P = �
(

Φ · ∂Φ

∂t

)
+

1
2

d�
dt

(
Φ · Φ

)
(7)
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For the analysis of an induction motor, magnetic reluctance will be assumed as con-
stant, thereby resulting in the second product term of (7) to equal zero. Therefore, magnetic
circuit power transfers can be calculated based on reluctance and both the magnitude and
angle of magnetic flux and its time derivative vectors.

Observing magnetic flux vectors from different rotating frames of reference will result
in (7) evaluating different values. It has been demonstrated that the induction motor rotor
torque can be calculated using the difference in power transfer to the rotor obtained by
evaluating (7) from the rotor’s and stator’s frame of reference [20].

Therefore, frame dependant quantities will be identified in this paper using a right
vertical line with a subscript identifying its frame of reference. For example, Φ|stator and
Φ|rotor are magnetic flux vectors evaluated from the stator’s and rotor’s frame, respectively.
While the magnitude of magnetic flux vectors is frame independent in this analysis, the
magnitude and vector value of the magnetic flux time derivative is frame dependant.

For the induction motor derived in this analysis, all rotor electric current-induced
magnetic flux will be represented as the single vector Φr and all stator current-induced
magnetic flux will be represented by the vector Φs. These two vectors are added together
using vector addition to form the net magnetic flux Φn. Rotor power transfers will then
be calculated by substituting the rotor magnetic flux vector into the magnetic flux term
in (7) and the time derivative of the net magnetic flux into the flux partial differential term
in (7). Repeating this process using stator magnetic flux instead of rotor magnetic flux is
used to calculate stator power transfers. A single and constant value of reluctance derived
by analysing the magnetic field energy in the motor will be used. Evaluating these power
transfers from different rotating frames can then be used to derive an operational model of
the induction motor.

3. Rotor and Stator Magnetic Flux Calculations

In an induction motor, magnetic flux is produced by electric currents flowing in the
stator windings and inducing currents in the rotor bars. To calculate the rotor’s magnetic
flux due to induced currents, consider two opposite rotor bars from a cage rotor, as shown
in Figure 2.

Figure 2. Two opposite rotor bars with superimposed vectors.

In Figure 2, the electric currents’ direction is shown by arrows on the rotor conductors
and Φrx is the resultant magnetic flux. This magnetic flux will flow through the shaded
rectangle with the time derivative of the net magnetic flux from the rotor’s frame of
reference determining the induced voltage around the conduction loop. This induced
voltage Vrx can be calculated to be (8), where θ∂Φ is the angular displacement from the
partial derivative of the net magnetic flux vector.

Vrx =

∣∣∣∣∂Φn

∂t

∣∣∣∣
rotor

∣∣∣∣ cos(θ∂Φ) (8)

The induced current in rotor bar pairs can be determined by dividing the induced
voltage Vrx by the resistance around the conduction loop. The conduction loop resistance,
and by extension the rotor’s magnetic flux, will depend on the number of rotor bars. When
the number of rotor bars is high, this analysis can be simplified using a homogenised model
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of the rotor bars with the rotor resistance measured in Ohm-radians. To illustrate how this
is achieved, consider the cross section of rotor bars as shown in the left diagram in Figure 3.

Figure 3. Rotor bar cross sections.

The angular displacement between rotor bars is 2π
nr

, where nr is the number of rotor
bars. As each rotor bar has identical dimensions and angular displacement from its
proceeding rotor bar, it is possible to define an angular resistance in Ohm-radians for the
rotor Rr by dividing the resistance of the current path as shown in Figure 2 by the angular
displacement between rotor bars. This allows the resistance of a conductive loop for a small
differential change in angular displacement dϕΦ to be described, as also shown in Figure 3.

Dividing the Figure 3 loop voltage by loop resistance allows the current bounded by
the angular displacement of dθ∂Φ, as represented by the variable iseg, to be calculated.

iseg =

∣∣∣∣∂Φn

∂t

∣∣∣∣
rotor

∣∣∣∣ sin(θ∂Φ)

Rr
dθ∂Φ (9)

The total rotor magnetic flux can be determined by combining the contribution of each
rotor current segment from Figure 3 into a single magnetic flux vector Φr . This cannot be
achieved using a vector addition, as the magnetic field from each rotor segment impacts
the other segments. To account for this effect, consider the magnetic field due to two
differential pairs of rotor bars and their resultant field directions, as shown in Figure 4.

Figure 4. Two differential currents with resultant field directions.

The fields from each current pair will spread approximately evenly around the air gap
between the rotor and stator to follow the course of least reluctance. When two current
pairs are at the same angular displacement from the i axis in Figure 4, components of their
fields cancel out while some field components combine. Based on this principle and the
geometry from Figure 4, the magnetic flux due to two current pairs Φrxd can be calculated
to be (10), where iseg is the current magnitude flowing in each current pair.

|Φrxd| =
4isegθ∂Φ

π� (10)
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Assuming the i axis from Figure 4 is aligned with the derivative of the net magnetic
flux vector, Equation (10) can be used to calculate the magnetic flux flowing through the
rotor using the (9) value of current magnitude.

|Φrxd| =
∣∣∣∣∂Φn

∂t

∣∣∣∣
rotor

∣∣∣∣4θ∂Φ sin(θ∂Φ)

πRr� dθ∂Φ (11)

Integrating (11) over the range of 0 ≤ θ∂Φ ≤ π
2 as shown in Figure 4, results in the (12)

value of rotor magnetic flux.

|Φr | = 4
πRr�

∣∣∣∣∂Φn

∂t

∣∣∣∣
rotor

∣∣∣∣ (12)

The Φr magnetic flux described by (12) was calculated in the direction of the ∂Φn
∂t

∣∣∣
rotor

vector, as shown in the right picture in Figure 3. This is true by definition, as the i axis in
Figure 4 is aligned with this vector. It can also be observed in Figure 4 that for any value of
θ∂Φ, the net magnetic flux along the j axis will be zero. This will result in no component
of the rotor magnetic flux vector being perpendicular to the time derivative of the net
magnetic flux vector as evaluated in the rotor frame.

As (12) was calculated using the rotor resistance in Ohm-radians, it is independent of
the specific number of rotor bars. However, the stator winding configuration cannot be
homogenised. Therefore, the relationship between stator currents and induced magnetic
flux must be derived separately for every stator winding configuration. For the purpose of
demonstrating the model in this paper, a two pole, three phase induction motor stator with
24 rotor slots will be analysed.

Each stator slot contains windings from two phases. For sinusoidal three phase current
flowing through the stator windings, the total current amplitude flowing through each
stator slot is can be calculated to be (13), where ip is the phase current amplitude and ns is
the number of turns per phase per stator slot.

is =
√

3ipns (13)

There are 12 different phase slot winding configurations arranged in groups of two.
The difference in the current phase between each adjacent group of two is 30◦. Based on
this information, the (10) formula for magnetic flux can also be applied to stator currents.
Substituting (13) into (10) for each differential stator slot pair allows (14) to be derived.

|Φs| = 8.3301
ipns

� (14)

As the number of stator turns per slot per phase ns and magnetic reluctance � are
constant in this application, (14) can be simplified using the variable Ki for further analysis,
as defined in (15).

|Φs| = Kiip (15)

4. Modelling Magnetic Reluctance

The conversion of the current into magnetic flux requires the magnetic path reluctance
to be known. The magnetic reluctance is calculated using magnetic field energy within
the motor as a function of the net magnetic flux Φn. Equation (16) will be used for this
calculation, where U is the magnetic field energy.

� =
2U

|Φn|2 (16)
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The motor will be divided into 5 regions to calculate magnetic field energy. These
concentric regions are shown in the Figure 5 motor cross section, cut perpendicular to the
axis of rotation.

In Figure 5, the inner rotor region that falls within the radius of ri is the section of the
rotor that does not contain the rotor bars. This will be modelled with a constant magnetic
permeability and parallel magnetic field lines. The total net magnetic flux Φn flows through
this region. Due to the assumed parallel nature of the magnetic field lines, the magnetic
flux density will be modelled as constant throughout this region. The magnetic flux density
within this region can be calculated to be (17), assuming that all of the net magnetic flux
Φn passes through this region and the rotor has an axial length of lm.

Binner_rotor =
|Φn|
2rilm

(17)

Integrating the inner rotor region energy due to the (17) magnetic flux density and
substituting this value into (16) allows the (18) value of reluctance to be calculated.

�inner_rotor =
π

4μ0μrlm
(18)

The rotor bar region and the stator slot region contain both electrical and magnetic
field conductors. To make this model easily transferable between different motors, these
regions will be modelled homogeneously with each differential angular segment containing
an electrical and magnetic conductive region. To achieve this, the ratio of the rotor bar
region cross sectional area that contains the rotor bars, relative to its total area, will be
defined as Cr.

Cr =
rotor bar area

rotor bar region area
(19)

To illustrate how this concept can be used to calculate the magnetic field energy within
the rotor bar region of the rotor, consider the small angular segment of this region bounded
by the angular displacement of dθΦ, where θΦ is the angular displacement from the net
magnetic flux vector.

Figure 5. Motor cross section.

In Figure 6, the top shaded region represents the electrical conductor and the lower
shaded region represents the magnetic field conductor within this angular segment. Mag-
netic flux will pass through both the electrical and magnetic conductive regions, although
most magnetic flux will pass through the magnetic conductor. The ratio of magnetic flux
passing through the electrical to magnetic flux region can be calculated using magnetic cir-
cuit equations based on the parallel connection of reluctance elements. Based on this model,
the magnetic flux density within the magnetic conductive region Bmcr can be calculated as
a function of distance from the rotational axis r to be (20).

Bmcr =
|Φn|μr cos(θΦ)

2lmr(Cr + μr(1 − Cr))
(20)
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Integrating this energy over the rotor slot area results in the (21) value of energy within
the rotor bar region’s magnetic conductors Umcr.

Umcr =
πμr|Φn|2(1 − Cr)

8μ0lm(Cr + μr(1 − Cr))
2 loge

(
ro

ri

)
(21)

The magnetic flux density in the electrical conductive region Becr of the rotor bar
region can be calculated using the same process to be (22).

Becr =
|Φn| cos(θΦ)

2lmr(Cr + μr(1 − Cr))
(22)

Integrating this energy over the rotor slot area results in the (23) value of energy within
the rotor bar region’s electric conductors Uecr.

Uecr =
π|Φn|2Cr

8μ0lm(Cr + μr(1 − Cr))
2 loge

(
ro

ri

)
(23)

Figure 6. Rotor bar region bound by small angular displacement.

The sum of (21) and (23) is the total magnetic field energy within the rotor bar region
of the rotor. Substituting this sum into (16) allows the reluctance of the rotor bar region
�rotor_bar to be calculated.

�rotor_bar =
π

4μ0lm(Cr + μr(1 − Cr))
loge

(
ro

ri

)
(24)

Calculating the air gap reluctance can be achieved using this same process. Alter-
natively, substituting Cr = 1 into (24) is valid for the air gap region due to its lack of
magnetically permeable material. The radius variables ro and ri from (24) need to be
changed to si and ro, respectively, as per the air gap dimensions in Figure 5, resulting in
the (25) value of air gap reluctance.

�air_gap =
π

4μ0lm
loge

(
si
ro

)
(25)

The stator slot region reluctance is calculated using the same technique used to de-
rive (24). This requires the cross sectional area of the stator slots divided by the cross
sectional area of the entire stator slot region Cs to be defined.

Cs =
stator slot area

stator slot region area
(26)

Repeating the rotor bar region reluctance calculation using the stator slot area dimen-
sions results in the (27) value of reluctance.

�stator_slot =
π

4μ0lm(Cs + μr(1 − Cs))
loge

(
sm

si

)
(27)
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Magnetic flux in the back plane will be the sum of all the magnetic flux that has entered
minus what has left. This can be calculated as a function of angular displacement from
the net magnetic flux vector θΦ by integrating the contribution of each differential flux
component leaving the stator slot region.

Φs_backplane =
∫ 0

θΦ

|Φn|dlm
2lm

cos(θΦ)dθΦ (28)

Φs_backplane =
|Φn|
2lm

sin(θΦ)dlm (29)

Dividing (29) by the stator back plane area allows the magnetic flux density in this
region to be calculated.

Bs_backplane =
|Φn|

2lm(so − sm)
sin(θΦ) (30)

Integrating the magnetic field energy due to (30) over the entire stator back plane
region and substituting the resultant energy value into (16) results in the (31) value of stator
back plane magnetic reluctance.

�s_backplane =
π(so + sm)

8μ0μr(so − sm)lm
(31)

The total equivalent magnetic reluctance � of the motor can be calculated by summing
together all reluctance elements as described by (32).

� = �inner_rotor +�rotor_bar +�air_gap +�stator_slot +�s_backplane (32)

5. Combining Magnetic and Electric Circuit Power Transfers

Magnetic flux from the rotor and stator will add together to form the net magnetic flux.
Due to the sinusoidal distribution of magnetic flux as a function of angular displacement,
the stator and rotor magnetic flux vectors can be added using a vector addition.

In a steady state operation of the induction motor, it can be assumed that the net
magnetic flux magnitude and the relative angle with its time derivative vector are constant.
Therefore, the time derivative of the phase variable θ from (5) can be set to zero. When the
derivative of the magnetic flux magnitude is zero, Equation (4) states the angle between the
magnetic flux, and its time derivative is 90◦. In this situation, Equation (5) can be simplified
to equal (33). ∣∣∣∣∂Φn

∂t

∣∣∣∣ = |Φn|ω (33)

The 90◦ angle between the net magnetic flux and its time derivative will be the same
for all rotating frames. However, the net magnetic flux derivative’s magnitude is frame
dependant due to the ω term in (33).

It was demonstrated in Section 3 that the rotor’s induced magnetic flux is parallel
to the derivative of the net magnetic flux vector. Using this information, the angular
relationship between the stator, rotor and net magnetic flux vectors and the derivative of
the net magnetic flux can be depicted in vector form, as shown in Figure 7.
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Figure 7. Induction motor magnetic flux vectors.

The stator magnetic flux vector Φs and the rotor magnetic flux vector Φr add together
to form the net magnetic flux vector Φn. As these vectors represent fields with a sinusoidal
air gap distribution relative to angular displacement, they can be summed together using a
vector addition. Using the vector geometry from Figure 7, it is possible to derive (34).

|Φn| = |Φs| cos(λs) (34)

The magnitude of the net magnetic flux can also be expressed in terms of the phase
current amplitude ip using (15) and (34).

|Φn| = Kiip cos(λs) (35)

Induced voltage is another quantity from the electrical domain that has a magnetic
domain equivalent. Just as the variable Ki can be used to calculate stator current from
the stator magnetic flux, the variable Kv can be used to calculate the derivative of the net
magnetic flux from induced voltage. If the stator winding voltage was only due to the
rotating magnetic field, Equation (36) would describe this relationship, where Vs is the
stator phase voltage amplitude. ∣∣∣∣∂Φn

∂t

∗∣∣∣∣ = KvVs (36)

However, Equation (36) cannot be exact, as induced voltages exist in the stator wind-
ings due to the resistive losses and inductance due to stray magnetic fields. The stator
winding voltage due to resistive losses can be calculated by multiplying the stator winding
resistance per phase Rs by the stator phase current is. As this product is a voltage, it can
be converted into the magnetic domain by multiplying by Kv to equal KvisRs. This vector
quantity will have a 180◦ phase shift relative to the stator magnetic flux vector Φs as per
electrical circuit laws. The induced voltage due to the derivative of the net magnetic flux
vector, as shown in Figure 7 and described by (33), will have a 180◦ phase shift as per
Lenz’s law. Figure 8 shows this information on a vector diagram.

Figure 8. Induction motor magnetic flux and voltage vectors.

In Figure 8, the angle θs is the angle between the net magnetic flux and the magnetic
flux derivative vector based only on the externally applied stator winding voltage. As this
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vector diagram is viewed from the stator’s frame of reference, the net winding voltage
when resistive induced voltages are subtracted from the applied voltage is a function of ω f ,
as shown by the left most vector in Figure 8.

Some of the stator windings magnetic flux does not pass through the rotor and
therefore cannot be included as part of the stator magnetic flux vector Φs. These stray
fields can be modelled as inductors in the series with the stator windings, with an effective
inductance of Ls. This effect requires the stator winding voltage drop due to both the
resistive losses and stray field inductance VR+L to be accounted for, as described by (37).

VR+L = is
√

R2
s + (ω f Ls)2 (37)

The induced winding voltage, as described by (37), will also have a phase shift relative
to the purely resistive current induced voltage, as depicted in Figure 8. This additional
phase shift is represented by the variable ρs, as defined by (38).

ρs = tan−1
(

ω f Ls

Rs

)
(38)

Incorporating this additional information into Figure 8 results in Figure 9.

Figure 9. Induction motor voltage vectors.

Equations (39) and (40) can be derived from the Figure 9 vector geometry.

Vs cos(θs) = is

√
R2

s + (ω f Ls)2 cos(λs + ρs) (39)

Vs sin(θs) = is

√
R2

s + (ω f Ls)2 sin(λs + ρs) +
|Φn|ω f

Kv
(40)

The angle between the KvVs and Kiis vectors from Figure 8 is the same as the phase
angle between the AC voltage and current. This is because transferring quantities between
the electrical and magnetic domain does not change phases in this example. The AC power
delivered to the motor from a three phase source Psupply can be calculated to be (41) from
elementary electrical identities.

Psupply =
3
2

Vsis cos(θs − λs) (41)

Substituting Equations (39) and (40) into (41) results in the (42) value of electrical power.

Psupply =
3
2

Rsi2s +
3ω f

2Kv
|Φn|is sin(λs) (42)
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Equation (35) can be substituted into (42) to eliminate is in the second product term,
resulting in the (43) value of Psupply.

Psupply =
3
2

Rsi2s +
3ω f

2KvKi
|Φn|2 tan(λs) (43)

The product of the variables Ki and Kv can be determined using the transforming
properties of electrical to magnetic domain conversions. Equation (41) is the power trans-
ferred to the stator in the electrical domain. Equating this to its equivalent magnetic domain
power transfer equation using (15) and (36) allows the product term KiKv to be calculated.

3
2

Vsis cos(θs − λs) = �Φs · ∂Φn

∂t

∗
(44)

KiKv =
3

2� (45)

Substituting (45) into (43) results in the (46) value of stator electrical power.

Psupply =
3
2

Rsi2s +�ω f |Φn|2 tan(λs) (46)

6. Power Losses

Power supplied to the induction motor can be described by (46), although at this
stage in the derivation, variables λs, is and Φn are unknown. To calculate these variables,
all sources of internal losses need to be quantified. Magnetic losses resulting from eddy
currents and hysteresis losses can be quantified using the Steinmetz’s equation. For this
model, stator magnetic power losses Psm will be approximated using (47), while rotor
magnetic losses Prm will be approximated using (48).

Psm = Mseω2
f |Φn|2 + Mshω f |Φn|2 (47)

Prm = Mreω2
s |Φn|2 + Mrhωs|Φn|2 (48)

In Equations (47) and (48), the variables Mse and Mre are the coefficients of stator eddy
current losses and rotor eddy current losses respectively. Msh and Mrh are the coefficients
of stator hysteresis losses and rotor hysteresis losses, respectively.

Rotor electrical power losses can be calculated using the magnetic circuit power
transfer equation, as described by (7). Substituting the (12) value of the rotor magnetic
flux and the (33) derivative of the magnetic flux evaluated from the rotor’s reference frame
into (7) results in the (49) value of the rotor electric power loss Pre.

Pre|rotor =
4

πRr
ω2

s |Φn|2 (49)

Evaluating Pre from the stator’s reference frame results in the (50) value of power loss.

Pre|stator =
4

πRr
ωsω f |Φn|2 (50)

The difference between the rotor electric power loss when evaluated from the stator’s
and rotor’s frame of reference is the rate electrical energy is converted into mechanical
energy due to the rotor torque. Only electrical losses need to be accounted for in this calcu-
lation, as they produce the mutually coupled magnetic flux between the rotor and stator.

Based on this information, the power transfer due to torque on the rotor can be
calculated to be (51), where ωr is the rotor rotational speed (ω f − ωs).

Pτ =
4

πRr
ωsωr|Φn|2 (51)
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7. Complete Power Transfer Equations

Equation (46) quantifies the rate electrical energy is transferred to the motor and is
made up of two product terms. The first product term describes energy lost due to the
electrical resistance of the stator windings, while the second describes inductive energy
transfers. These inductive energy transfers are the (50) rotor power and the (47) and (48)
magnetic losses. Equating the second product term of (46) to equal these inductive energy
transfers allows the value of tan(λs) to be calculated.

tan(λs) =
4ωs

πRr� +
Mseω2

f + Mshω f + Mreω2
s + Mrhωs

ω f� (52)

The value of λs can now be calculated using (52), as it is a function of known constants
and externally measurable variables.

It is also necessary to calculate the magnitude of the net magnetic flux Φn. This can
be achieved by first squaring (39) and (40), then adding them together to eliminate their
dependence on θs.

V2
s =i2s

(
R2

s + (ω f Ls)
2
)
+

(
ω f |Φn|

Kv

)2

+
2isω f

Kv
sin(λs + ρs)

√
R2

s + (ω f Ls)2 (53)

Substituting Equations (35), (38) and (45) into Equation (53) allows the is, ρs and Kv
terms to be eliminated, resulting in (54).

V2
s

|Φn|2 =
R2

s + (ω f Ls)2

K2
i

(
tan2(λs) + 1

)
+

(2�Kiω f

3

)2

+
4�ω f

3

(
Rs tan(λs) + ω f Ls

)
(54)

As the amplitude of the stator winding voltage Vs is known, Equation (54) can be used
to calculate |Φn|. This value can then be substituted into (51) to calculate the power transfer
due to the rotor torque. Electrical power supplied to the motor can be calculated using (46)
and the stator phase current using (35).

8. FEM Simulation Parameters

The equations derived in this paper can be used to predict the torque speed char-
acteristics of an induction motor. To validate the model derived in this paper, a FEM
simulation of an induction motor’s torque speed characteristics will be used to establish a
benchmark against which the accuracy of these equations can be assessed. The following
geometric parameters as described in Section 4 of this paper used in the FEM simulation
are as follows.

• ri = 43 mm
• ro = 65 mm
• si = 65.5 mm
• sm = 87 mm
• sb = 112 mm
• lm = 160 mm
• cr = 0.65
• cs = 0.65
• μr = 3000

The relative permeability of non-oriented superior motor grade electrical steel is used
in the simulation due to its popularity in small- to mid-sized motors [21]. Soft magnetic
materials such as silicon steel (3.2 wt% Si) are increasing in popularity due to low loss factors.
However, high processing costs and the difficulty in optimising all required mechanical
and electromagnetic parameters is still a limiting factor in the commercialisation of soft
magnetic materials [22]. As this analysis does not require a complex magnetic model to
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demonstrate its validity, the magnetic properties of conventional motor grade electrical
steel will be used where required.

Inserting these dimensions into the Section 4 magnetic reluctance equations results in
the following reluctance values.

• �inner_rotor = 1302 H−1

• �rotor_bar = 1536 H−1

• �air_gap = 29,933 H−1

• �stator_slot = 1055 H−1

• �s_backplane = 5182 H−1

The sum of these motor reluctance values results in � = 39,008 H−1.
Not all the magnetic flux produced by stator currents is mutually coupled with the

rotor. This results in stator leakage flux. Quantifying this value is required to calculate the
stator windings leakage inductance. Leakage flux can be quantified using FEM [23] or real
time emulation models [24]. Magnetic circuit-based leakage flux models are also effective
and can be derived based on geometric factors [25]. As such, the leakage inductance will
be calculated in this model using a reluctance mesh.

This value is determined by estimating the magnetic path reluctance encountered by
these stray fields. The path encountered by one set of stray fields is shown in Figure 10 by
the reluctance circuit surrounding a stator slot.

Figure 10. Stray fields’ magnetic flux path.

Figure 10 depicts the reluctance circuit surrounding a single stator slot. As a phase
winding current will flow through four adjacent slots, the parallel connection of four
reluctance circuits as depicted by Figure 10 will need to be calculated. Using the resulting
reluctance mesh, the reluctance encountered by stray flux is estimated to be 2.85 × 106 H−1.
The induction motor is wound with 26 windings per phase per stator slot. This results in
104 conductors enclosed by the stray fields’ reluctance mesh. Therefore, the effective series
inductance in the stator windings due to leakage flux can be calculated using (55).

L =
n2

� (55)

In (55), L is inductance, n is the number of turns and � is reluctance. Using this
relationship, the inductance due to a single phase winding passing through four adjacent
stator slots is 3.80 mH. As each phase has four sets of these windings, the leakage inductance
per stator phase winding, as represented by the variable Ls, is 15.2 mH.

The rotor resistance can be calculated by measuring the electrical path resistance of a
current loop encompassing two opposite rotor bars, as shown in Figure 2. This resistance
for the simulated rotor is estimated to be 1.14 × 10−4 Ω. Multiplying this value by the
angular displacement between rotor bars ( π

12 ) results in the rotor resistance Rr value of
2.98 × 10−5 Ohm-radians. The stator winding resistance Rs has been set in the simulation

149



Magnetism 2022, 2

to be 1.616 Ω. Other simulation parameters are a phase to phase RMS voltage of 400 V, a
Wye connection and a synchronous frequency of 100π radians per second.

For this simulation, all magnetic loss coefficients will be set to zero. This is to validate
the model derivation up to this point. Deriving magnetic loss coefficients directly from
motor geometry and magnetic material properties will require an analysis of approxi-
mately the same length as this paper up to this point. Alternatively, using FEM to derive
approximations for magnetic loss parameters would be using FEM to validate its own
modelling technique. This approach would also invalidate the claim in the introduction
that all parameters can be derived directly from physical laws without the aid of existing
simulation models.

9. FEM Simulation Results

Predictions made by the magnetic circuit-based model presented in this article will
be benchmarked against a commercially available FEM model to assess its accuracy. This
is achieved using the FEM simulation tools of Ansys Maxwell 16.0. A 3D rendering of
the simulated motor model is shown in Figure 11 from two angles with phase windings
colour-coded black, red and blue for phases 1, 2 and 3, respectively. The motor model is cut
both radially and axially, as the entire motor geometry is not required to be simulated due
to symmetries.

Figure 11. Three-dimensional rendering of FEM-simulated induction motor.

Using the parameters detailed in the previous section, a FEM simulation of the induc-
tion motor was undertaken to obtain its output power, phase current and efficiency as a
function of rotor rotational speed. A 2D rendering of the FEM simulated motor’s magnetic
fields is shown in Figure 12 once they have reached their steady state values.

Figure 12. Two-dimensional rendering of FEM-simulated induction motor with superimposed fields.

This rendering validates the assumptions of the magnetic field distribution within the
motor, as stated in Section 4. Magnetic field distribution within the inner rotor region is
approximately uniform in both magnitude and direction. Stator fields also vary in intensity,
reaching their peak values perpendicular to the direction of the inner rotor’s magnetic field
from the axis of rotation.

The FEM simulation also allowed the output power as a function of rotational speed
to be calculated, as shown in Figure 13. These simulated values are compared to those
obtained using the magnetic circuit model derived in this paper, with the rotational speed
measured in Revolutions Per Minute (RPM).

150



Magnetism 2022, 2

Figure 13. Output power vs. rotor rotational speed.

The simulated output power in Figure 13 slightly exceeds the predicted value for
rotational speeds between 500 RPM and 2000 RPM. However, the maximum predicted
output power was 7.29 kW, which is 70 W more than the simulated value of 7.22 kW. For
rotational speeds above 2800 RPM, which correspond to typical operating conditions, the
FEM-simulated and magnetic circuit predictions are closely matched. The RMS deviation
between the two output power data sets is 59.3 W or 2.47% of the average predicted value.

As the magnetic circuit parameters derived in this model do not correspond directly
with those used in the FEM simulation, it is difficult to identify which parameter caused
this discrepancy. It is worth noting that although the FEM-simulated magnetic losses were
set to zero in the material settings, a low but non zero value of magnetic loss was recorded.
This implies that the FEM model uses magnetic loss correction techniques to improve its
accuracy in practical settings.

The predicted phase current in Figure 14 is less than the FEM-simulated values
for rotational speeds below 1500 RPM. Both data sets are closely matched for rotational
speeds above 1500 RPM with only a slight divergence around 2400 RPM. Overall, the RMS
deviation between the two data sets is 0.223 A or 0.87% of the average predicted current.

Figure 14. Phase current vs. rotor rotational speed.

The predicted motor efficiency in Figure 15 was slightly less than its simulated value
for most rotational speeds. However, the peak predicted efficiency of 95.8% exceeds the
maximum simulated efficiency of 94.3%. Overall, the RMS deviation between the two data
sets is 0.92%.
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Figure 15. Motor efficiency vs. rotor rotational speed.

Figure 15 also reveals another possible reason for the differences between the FEM
and magnetic circuit-derived results. The FEM efficiency is lower than magnetic circuit
efficiency close to the synchronous frequency. In this operational region, the stator losses
dominate; thus, FEM stator losses might be higher than the magnetic circuit model. As
overall FEM efficiency is slightly higher, a larger FEM inductive coupling factor or lower
FEM rotor losses may also be responsible.

The efficiency function in Figure 15 increases with rotational speed across most of the
data set range, before quickly reducing to zero at the synchronous speed. This overall shape
is to be expected and can be inferred from the rotor power transfer Equations (50) and (51).
Only factoring these into the efficiency equation allows an upper limit on motor efficiency
to be derived. This upper limit is (56), where η is the motor efficiency.

η ≤ 1 − ωs

ω f
(56)

In (56), ωs is the slip frequency, which is the synchronous frequency minus the rota-
tional frequency. Equation (56) represents the theoretical limit of the inductive transfer
efficiency to the rotor with a constant reluctance. To achieve this efficiency, no stator losses
can be incurred. As such, the deviation in efficiency from (56) can reveal the impact of
stator related and mechanical sources of power loss on overall motor efficiency.

It is also possible to calculate the angle between the net and stator magnetic flux
vectors λs as a function of rotor rotational speed. As this is not a variable commonly
measured by simulation software, plotting this information offers a unique insight into the
internal magnetic field dynamics within the induction motor. The angle λs is an important
parameter, as it describes how much stator magnetic flux, and therefore, the stator winding
current, is needed to produce the net magnetic flux, as per (34). It also determines how
much stator winding current is required to achieve inductive power transfers. This value
can be determined by substituting (34) into (46).

The value of λs is shown in Figure 16 as a function of rotor rotational velocity.
It can be observed from Figure 16 that the angle between the stator and net magnetic

flux vectors λs is close to 90◦ for low rotor speeds and quickly approaches 0◦ near the
synchronous rotational speed. It is also interesting to note that the operating speeds most
likely to be encountered under normal load have the most variation in λs.
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Figure 16. Angle between net and stator magnetic flux vectors vs. rotor rotational speed.

Figure 16 also reveals that the relative angles between magnetic flux vectors can
change with rotational speed. Other magnetic flux models such as the D-Q model have a
fixed angle of 90◦ between their two magnetic flux vectors. As the angle between the rotor
and net magnetic flux vectors is 90◦, it is possible to see why this assumption might still
result in accurate observations. However, as per (4), this constant 90◦ angle is only possible
when the derivative of the net magnetic flux magnitude is zero, as the rotor magnetic flux
is parallel to the time derivative of the net magnetic flux. Any change to net magnetic flux
magnitude will also change this angle, irrespective of the angular frequency ω and phase
θ, as (4) is independent of these variables. Accounting for this change in angle between
magnetic flux vectors could therefore provide this model with an advantage over fixed
angle models.

The net magnetic flux magnitude |Φn| can be readily obtained from the magnetic
circuit equations derived in this paper. This value is shown in Figure 17 as a function of
rotor rotational speed.

Figure 17. Net magnetic flux magnitude vs. rotor rotational speed.

Figure 17 depicts a continual increase in the net magnetic flux magnitude as a function
of rotor rotational speed. The stator magnetic flux, which is directly proportional to the
stator current, as shown in Figure 14, only decreases when the rotational speed increases.
This illustrates the impact the angle between the net and stator magnetic flux has on the
operation of the induction motor. For low speeds, the stator and rotor magnetic flux are
almost opposite each other and therefore much of their magnetic flux is canceled out. As
the angle λs decreases, less stator flux and therefore phase current is required to produce
the net magnetic flux.
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10. Conclusions

This paper has demonstrated how magnetic circuit analysis can be applied to situations
involving rotating magnetic fields using energy and circular motion-based equations. The
key components of this analytical technique involves both magnetic flux and the time
derivative of magnetic flux in vector form. Quantifying these magnetic domain quantities
from their electrical domain equivalents and using the mathematical relationship between
them allows for the derivation of closed form equations. The resultant magnetic circuit
model can then be used to describe the motor’s operational characteristics and provide
insights into parameters not usually quantified in traditional models.

As a magnetic flux-based model, the proposed analytical technique bears some similar-
ities to the D-Q model. One advantage of this model over the D-Q model is that parameters
can be derived directly from motor geometry. Another is that it is derived at a lower
level of abstraction than the assumptions upon which the D-Q model is based. As such, it
involves a more fundamental approach, from the application of the laws of physics to the
description of AC machines.

It has also been demonstrated in this paper that magnetic circuit analysis can be used
to describe rotating machines without the need for ad hoc or unexplained variables to
match predictions with observations. The same parameters and variables were used to
derive all of the predicted data without the need for individual correction coefficients for
each measurements.

Due to the closed form equations derived using this analytical technique, there is
an inherent computational speed advantage of this model over numerical method-based
models. This could be advantageous for future applications of the underlying mathematical
relationships described in this paper if implemented in real time control applications. It
can also provide motor designers with information such as relative magnetic flux vector
angles, which cannot be readily obtained from some design software.

The model presented in this paper only represents one specific application of these
equations relating the magnetic flux and its time derivative. Therefore, there are still further
applications of this research using the underlying equations and analytical techniques to
derive dynamic models incorporating more complex losses. There is also the potential to
use these magnetic circuit equations as a basis on which to build control algorithms, which
has not yet been explored. Through further applications of the equations derived in this
paper, it may be possible to use magnetic circuit analysis to achieve a more optimal balance
between computational efficiency and accuracy in practical applications.
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Abbreviations

Symbol Quantity

B Magnetic flux density
Binner_rotor Inner rotor magnetic flux density
Bs_backplane Stator backplane magnetic flux density
Becr B field in rotor bar area electric conductor
Bmcr B field in rotor bar area magnetic conductor
Cr Rotor bar area to total area ratio
Cs Stator slot area to total area ratio
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ip Phase current amplitude
is Stator slot current amplitude
iseg Current in differential rotor segment
Ki Current to flux conversion coefficient
Kv Voltage to flux derivative coefficient
L Inductance value
lm Length of rotor and stator
lr Electrical conductor length
Ls Stator winding inductance
Mre Coefficient of rotor eddy current losses
Mrh Coefficient of rotor hysteresis losses
Mse Coefficient of stator eddy current losses
Msh Coefficient of stator hysteresis losses
n Number of winding turns
ns Winding turns per stator slot per phase
P Generic power variable
Pre Rotor electrical power loss
Prm Rotor magnetic eddy current losses
Protor Power transfer to the rotor
Psm Stator magnetic eddy current losses
Pstator Power transfer from stator
Psupply Electrical power supplied to motor
Pτ Mechanical power transfer due to rotor torque
r Radius variable used for integration
ri Inner rotor radius
ro Outer rotor radius
R Generic resistance value
Rl Linear resistivity
Rr Rotor angular resistance
Rs Stator winding resistance
Rθ Angular resistivity
� Magnetic reluctance
�air_gap Air gap reluctance
�inner_rotor Inner rotor reluctance
�rotor_bar Rotor bar area reluctance
�s_backplane Stator backplane reluctance
�stator_slot Stator slot reluctance
Sb Stator backplane radius
Si Stator inner radius
Sm Stator middle radius
t Time
U Generic energy variable
Uecr Energy in rotor bar area electric conductor
Umcr Energy in rotor bar area magnetic conductor
Vrx Induced voltage in rotor bar pair x
VR+L Stator resistive and inductive voltage
Vs Stator voltage amplitude
η Rotor power transfer efficiency
θ Generic angle variable
θr Angular resistivity measurement angle
θ∂Φ Angular displacement from Φn partial derivative
θΦ Angular displacement from Φn
θs Stator voltage vector angle
λs Stator current vector angle
μr Relative permeability
μ0 Vacuum permeability
ρs Inductive stator voltage phase shift
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Φ Generic magnetic flux variable
Φn Net magnetic flux
Φs Stator magnetic flux
Φr Rotor magnetic flux
Φrx Dual rotor bar magnetic flux
Φrxd Differential rotor magnetic flux
Φs_backplane Stator backplane magnetic flux
ω Generic frequency variable
ω f Synchronous frequency
ωs Slip frequency
ωr Rotor rotational frequency
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