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Preface

This reprint is devoted to algorithms for the design, analysis, and implementation of PID

(Proportional–Integral–Derivative) controllers, one of the most enduring and widely applied control

strategies in engineering practice. Despite the rapid development of advanced control methodologies,

PID control remains at the heart of industrial automation, embedded systems, and process engineering.

Its apparent simplicity conceals a rich algorithmic structure that continues to evolve alongside modern

computational tools. The subject of this work is the systematic development of algorithms that

underpin PID controller tuning, adaptation, optimization, and digital realization. Particular attention

is given to soft-computing-based methods.

The primary aim of this reprint is to bridge the gap between theoretical formulations and

deployable algorithms. Rather than treating PID control merely as a set of heuristic rules, this

work seeks to present it as a coherent algorithmic framework grounded in control theory, numerical

methods, and systems engineering. It aspires to provide readers with both conceptual understanding

and practical tools for designing reliable and efficient controllers. The motivation for writing this

reprint arose from observing a persistent need for a comprehensive yet accessible treatment of PID

algorithms that reflects current computational capabilities. It is addressed to researchers and practicing

engineers in control engineering, automation, robotics, and related disciplines. It may also serve as

a reference for professionals engaged in industrial process control and embedded system design. A

foundational knowledge of linear systems and basic control theory is assumed, but the material is

presented with clarity and rigour to support both study and practical application.

We hope that this work will contribute to a deeper appreciation of PID control not merely as a

classical technique, but as a continuing field of algorithmic innovation.

Ramiro Barbosa and Paulo Moura Oliveira

Guest Editors
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Article

Analytical MPC Algorithm Using Steady-State Process Model

Piotr M. Marusak

Institute of Control and Computation Engineering, Warsaw University of Technology, Nowowiejska 15/19,
00-665 Warszawa, Poland; piotr.marusak@pw.edu.pl

Abstract: For some classes of control plants (e.g., large time delay or inverse response),
the PID controllers may offer unsatisfactory results; on the other hand, a Model Predictive
Control (MPC) algorithm based on a linear model may offer insufficient control quality
when applied to nonlinear control plants. To improve the MPC algorithm operation, one
can use a steady-state process model; this paper describes how to do this skillfully. The
obtained algorithm, based on the popular Dynamic Matrix Control (DMC) algorithm, is
detailed. The proposed approach consists in modifying the analytical version of the DMC
algorithm in such a way that it can still be expressed as the control law. Thus, the algorithm
can still be applied to fast control plants, requiring short sampling times. Though the
proposed approach does not modify the DMC algorithm much, it offers improvement in the
control quality when the algorithm is employed in a nonlinear control plant. Experiments
illustrating the efficiency of the proposed approach were conducted in the control system
of a nonlinear chemical reactor. The results show improvement in the control quality
compared to a case when the classical MPC algorithm is used.

Keywords: prediction; process control; model predictive control (MPC); dynamic matrix
control (DMC); nonlinear control; quadratic optimization; steady-state characteristic

1. Introduction

PID control is practically standard in the case of control systems with short sampling
times. Moreover, PID is still being researched and developed using modern techniques; see,
e.g., [1–4]. However, in the case of control plants with difficult dynamics (e.g., long time
delays, inverse response), other control techniques, like the Smith predictor (see, e.g., [5,6])
or the Model Predictive Control (MPC) algorithms, are used. The advantages of the MPC
algorithms originate in using the model of the process to predict its behavior [7–12]. It is good
to note that if an accurate analytical model is not available or is hard to obtain, an approach
based on artificial neural networks can be applied; see, e.g., [13–15]. The MPC algorithms
can be divided into two main groups. In the numerical MPC algorithms, the control signal is
generated after solving an optimization task online. In the second group of analytical MPC
algorithms, the control law is obtained after offline optimization. Numerous studies have been
concerned with numerical algorithms; the NMPC (nonlinear model-based MPC) algorithms
are based on non-convex, hard to solve, and computationally time-consuming, nonlinear
optimization problems solved at each iteration; see, e.g., [16–18]. To limit drawbacks of this
approach, the so-called fast NMPC algorithms, generating suboptimal solutions faster than
in the standard approach, were developed; see, e.g., [19–21]. In this next group of numerical
algorithms, the process model is skillfully used to formulate a prediction that is linear with
respect to the control action to simplify the algorithm by formulating the optimization task as
the quadratic optimization problem; see, e.g., [12,13,22–28].

Algorithms 2025, 18, 79 https://doi.org/10.3390/a18020079
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The explicit algorithms can be considered as being between numerical and analytical.
In the explicit approach, most of the calculations are done offline. The algorithms using a
nonlinear process model are suboptimal—see, e.g., [29–31]—but the ones based on the linear
model generate optimal solutions [32–34]. The main drawback of the explicit approach is
that the complexity of the controller grows rapidly with the number of constraints included
in the problem.

The analytical group of MPC algorithms has been researched more and more recently
as the computation power of modern microcontrollers has increased, allowing the imple-
mentation of analytical MPC algorithms. However, mainly basic versions of them based
on linear models have been used [35,36] or researched [37–39], including robust MPC
algorithms using Linear Matrix Inequalities (LMIs) to calculate the control signal [40–42].
They offer good control performance for processes that are not highly nonlinear but may
work poorly for other ones. Therefore, it is desirable to propose analytical MPC algorithms
designed for nonlinear plants; an algorithm based on the fuzzy process model is proposed
in [43]. The current paper contains a proposal for such an algorithm, which is a generaliza-
tion of the classical analytical DMC algorithm, utilizing only a process step response and a
steady-state process model.

The algorithm proposed in this article is intended to cope mainly with the nonlinearity
of the control plant, but at the same time, it is also capable of dealing with delay and other
non-minimum phase behaviors of control plants (for which predictive control algorithms
are usually applied). Moreover, the algorithm is designed in such a way that it offers good
performance with low computational demand and less computing power required by the
algorithm, which means cheaper chips can be used in the embedded systems, resulting in
fewer problems in the future when chips start to be rationed and access to them becomes
part of the economic rivalry between countries.

Moreover, the proposed algorithm uses a relatively small modification of the DMC
algorithm, so it can be easily adopted by someone who knows the popular Dynamic
Matrix Control algorithm. However, introducing such a small modification requires an
appropriate formulation of the control law; in this case, assuming the parameter λ varies in
time and depends on the gain of the control plant at the current operating point was crucial
and necessary.

2. Materials and Methods

2.1. MPC Algorithms

The MPC algorithms generate the future control signal trajectories in such a way
that, predicting many sampling instants ahead, the future behavior of the control plant
and the shape of control signals fulfill assumed criteria, which, for SISO (Single-Input
Single-Output) control plants, are expressed in the form of the following optimization
task [7,8,10,12]:

arg min
Δu

{
JMPC = (y − y)T · (y − y) + λ · ΔuT · Δu

}
(1)

where y =
[
yk+1|k, . . . , yk+p|k

]
, Δu =

[
Δuk|k, . . . , Δuk+s−1|k

]
, yk+j|k is the output value for

the (k + i)th sampling instant predicted at the kth sampling instant using a control plant
model, Δuk+i|k are future changes in the manipulated variable, and λ ≥ 0 is the weighting
coefficient for the changes of the manipulated variable; p and s denote prediction and
control horizons, respectively. The following vector defines the reference trajectory:

y =
[
yk+1|k, . . . , yk+p|k

]
. (2)

2
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As a solution to the optimization problem given in (1), the optimal vector of control
action is obtained in such a way that future predicted control errors are minimized (the first
component of the performance index) and the control signal does not change too much (the
second component). The Δuk|k element of the vector of decision variables Δu is applied to
the control system and the algorithm passes to the next iteration. The predicted values of
the output signal yk+j|k are derived using the control plant model the MPC algorithm is
based on. In order to take into account modeling uncertainty and unmodeled disturbances,
the prediction is calculated, including correction, which is the difference between the
measured process output and the output of the model used by the algorithm. If a linear
model is used, then (1) becomes quadratic with respect to the changes in the control signal.
Moreover, a control law can be obtained if the optimization problem is solved without
constraints. The DMC algorithm will now be detailed.

2.2. Analytical DMC Algorithm

The simplest MPC algorithms are based on linear process models; see e.g., [7]. One of
them is the DMC algorithm, based on the process model in the form of the step response:

ŷk =
pd−1

∑
n=1

an · Δuk−n + apd · uk−pd
, (3)

where an are the coefficients of the control plant step response, and pd is the horizon of
dynamics equal to the number of time instants, after which the step response coefficients
can be considered fixed.

The predicted output values, calculated from Model (3), are thus given by the
following formula:

yk+i|k = ŷk+i + dk, (4)

where dk = yk − ŷk is a model of unmeasured disturbances (it also includes the effect of
modeling errors) acting on the process; it is calculated as the difference between the current
process output measurement yk and the output of the model described by (3). If no better
information is available, it is assumed that it is constant over the entire prediction horizon.
This model of unmeasurable disturbances is called a DMC-type disturbance model. After
transformation of the prediction (4), one obtains the following:

yk+i|k =
i

∑
n=1

an · Δuk−n+i +
pd−1

∑
n=i+1

an · Δuk−n+i + apd · uk−pd
+ dk , (5)

The prediction (5) can be transformed to the following form:

yk+i|k = yk +
pd−1

∑
n=i+1

an · Δuk−n+i + apd ·
pd+i−1

∑
n=pd

Δuk−n+i −
pd−1

∑
n=1

an · Δuk−n

+
i

∑
n=1

an · Δuk−n+i|k. (6)

Note that in Formula (6), only the last component depends on future control changes;
the others depend on the past. Thus, the other components are elements of the free response:

ỹk+i|k = yk +
pd−1

∑
n=i+1

an · Δuk−n+i + apd ·
pd+i−1

∑
n=pd

Δuk−n+i −
pd−1

∑
n=1

an · Δuk−n. (7)

In such a case, the prediction of the process output values y expressed in the matrix–
vector form can be decomposed into two parts:

3
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y = ỹ + A · Δu , (8)

where ỹ =
[
ỹk+1|k, . . . , ỹk+p|k

]
is the free response of the plant, which describes the influ-

ence of the past values of control signals on the process output; the form of the free response
depends on the model used for prediction—see, e.g., [7,8,10,12]. The second component
in Formula (8), the forced response, depends on future changes in the control signal. The
dynamic matrix A is given by the following formula:

A =

⎡⎢⎢⎢⎢⎣
a1 0 . . . 0 0
a2 a1 . . . 0 0
...

...
. . .

...
...

ap ap−1 . . . ap−s+2 ap−s+1

⎤⎥⎥⎥⎥⎦. (9)

The free response (7) written in vector–matrix form is as follows:

ỹ =←−y +
←−
A · Δ←−u , (10)

where

←−
A =

⎡⎢⎢⎢⎢⎣
a2 − a1 a3 − a2 . . . apd − apd−1

a3 − a1 a4 − a2 . . . apd − apd−1
...

...
. . .

...
ap+1 − a1 ap+2 − a2 . . . apd − apd−1

⎤⎥⎥⎥⎥⎦, (11)

Δ←−u =
[
Δuk−1, . . . , Δuk−pd+1

]
, (12)

←−y = [yk, . . . , yk], (13)

where←−y vector has p elements.
After applying the prediction (8), the performance function (1) is transformed into a

function that depends quadratically on the decision variables Δu:

JLMPC = (y − ỹ − A · Δu)T · (y − ỹ − A · Δu) + λ · ΔuT · Δu . (14)

If, in each iteration, the optimization problem with performance function (14) is solved
without constraints, then it has the following solution given by the analytical formula:

Δu =
(

AT · A + λ · I
)−1 · AT · (y − ỹ) . (15)

After substituting the free response (10) into (15), we obtain

Δu = K · (y − ỹ) = K ·
(

y −←−y −←−A · Δ←−u
)

, (16)

where K =
(

AT · A + λ · I
)−1 · AT . Note that if Δu is calculated only for control, it is

sufficient to calculate only the value of the control increment for the current instant Δuk|k,
which is described by the following formula:

Δuk|k = K1 ·
(

y −←−y −←−A · Δ←−u
)

, (17)

where K1 is the 1st row of the matrix K. In this case, the value of the future control
increment Δuk|k depends in the analytical DMC algorithm on the current value of the
output and the past control increments. In addition, the matrix K and its individual rows
remain the same in each iteration. In this case, it is sufficient to determine this matrix once

4



Algorithms 2025, 18, 79

in the controller design stage. As a result, a large part of the calculations are performed
offline.

If one assumes that reference trajectory is constant on the prediction horizon, then the
vector y from (2) becomes

y = [yk, . . . , yk] , (18)

where yk is the current setpoint value. In such a case, the following control law can
be obtained:

Δuk|k = Δuk = r0 · ek +
pd−1

∑
i=1

ri · Δuk−i, (19)

where r0 = ∑
p
j=1 K1j,

[
r1, . . . , rpd−1

]
= K1 ·←−A , K1 =

[
K11, . . . , K1p

]
.

The output of the analytical DMC controller is the control increment. The following
formula describes the control value:

uk|k = uk−1 + Δuk|k . (20)

Applying an LMPC algorithm to a nonlinear process may result in unsatisfactory
control performance, especially if the MPC algorithm should operate at different operating
points. In such a case, the operation of the control system can be improved using an MPC
algorithm based on a nonlinear model.

2.3. Efficient SSDMC Algorithm

The algorithm proposed in this article is formulated in such a way that solving the
optimization task online is avoided, because, due to the assumed form of the linear ap-
proximation used to obtain the dynamic matrix and the appropriate choice of the tuning
parameter λ depending on time, it is possible to simplify the control law. Let us assume that
one has a static model of the process and the step response of the process. These models
will be used skillfully to formulate the proposed analytical algorithm. Of course, such an
algorithm will probably perform worse than an algorithm based on a well-identified model,
like the one proposed, e.g., in [26,27]. However, at a relatively low cost (assuming one
has a steady-state process model, which is often developed for the setpoint optimization
layer), one can obtain an algorithm that should offer better control quality than the LMPC
algorithm; this is especially true when the process has strong static nonlinearity.

Assume that in each iteration of the algorithm, for the current operating point, a linear
approximation of the process model is obtained using the following formula:

yL
k = Kk ·

(
pd−1

∑
i=1

ai · Δuk−i + apd · uk−pd

)
, (21)

where Kk is the slope of the steady-state characteristic of the process (the gain of the control
plant) around the current operating point; it is also assumed that the coefficients of the
step response ai are normalized in such a way that apd is equal to 1. Due to the form of the
adopted linear approximation of the process model, the proposed algorithm is an extension
of the DMC algorithm. Thus, it will be abbreviated as the SSDMC algorithm (Steady-State
Model-Based DMC—DMC algorithm using the steady-state characteristic of the process).
The dynamic matrix obtained in each iteration will thus be given by the following formula:

Ak = Kk · A, (22)

where A is described by Equation (9).

5
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The free response is calculated using the following formula:

ỹ = ←−y +
←−
A k · Δ←−u , (23)

where this time,
←−
A k changes at each sampling instant but depends on

←−
A as described by

Equation (11): ←−
A k = Kk · ←−A . (24)

Then, using the obtained dynamic matrix described by Equation (22) and the free response
given by Equation (23), one obtains the output prediction described by the following formula:

y = ỹ + Ak · Δu = ←−y +
←−
A k · Δ←−u + Ak · Δu. (25)

Next, the prediction given by (25) is used to formulate the quadratic optimization problem,
with the following performance index:

JSSDMC = (ỹ + Ak · Δu − y)T · (ỹ + Ak · Δu − y) + λk · ΔuT · Δu. (26)

As a result of solving the optimization task with the quadratic performance index defined
in Equation (26) without constraints, the following result is obtained:

Δu =
(

AT
k · Ak + λk · I

)−1 · AT
k · (y − ỹ) . (27)

It is important to note that in Equation (27), the dynamic matrix Ak changes at each
sampling instant due to the nonlinear nature of the control plant. Therefore, an additional
transformation must be made to account for these changes. Note that AT

k · Ak = K2
k · AT · A.

Then, after assuming the coefficient λk = K2
k · λ (which is crucial for obtaining a compact

control law), the following relation is obtained:(
AT

k · Ak + λk · I
)
= K2

k ·
(

AT · A + λ · I
)

. (28)

Therefore, after substituting Equations (22)–(24) into (27), along with performing the
appropriate mathematical transformations, one obtains the following result:

Δu =
1

Kk
· K ·
(

y −←−y + Kk · ←−A · Δ←−u
)

, (29)

where the matrix K =
(

AT · A + λ · I
)−1 · AT has the same form as in the classical DMC

algorithm. Then, as in the classical DMC algorithm, the main part of the calculations in
the SSDMC algorithm can be efficiently performed once at the algorithm design stage (in
the offline phase). This approach allows for a significant reduction in the computational
demand required by the algorithm during its execution.

After further transformations, one obtains the following formula, which describes the
current increment of the manipulated variable:

Δuk|k =
1

Kk
· K1 ·

(
y −←−y − Kk · ←−A · Δ←−u

)
=

1
Kk

· K1 ·
(
y −←−y )− K1 ·

(←−
A · Δ←−u

)
. (30)

Then, if a constant reference trajectory as in Equation (18) is assumed, the following
control law can be finally obtained:

Δuk|k = Δuk = r0,k · ek +
pd−1

∑
i=1

ri · Δuk−i, (31)

6
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where r0,k =
1

Kk
· r0 and r0, r1, . . . , rpd are derived in the same way as in the control law

presented in Equation (19) of the analytical DMC algorithm.
Although the control law obtained in the SSDMC algorithm is very close to that of

the standard Dynamic Model Control algorithm, it is important to note that the SSDMC
algorithm offers considerably better control quality when applied to nonlinear processes
compared to its predecessor.

Tuning of the parameters of the SSDMC controller can be achieved in the same way as
in the case of the DMC controller. The sampling period should be chosen in such a way
that the delay or inverse response is included in the step-response model. The prediction
horizon can be chosen to be equal to the dynamics horizon; tjos is the safest approach, and
in the case of the SSDMC algorithm, the control law is obtained. Therefore, the length
of the prediction horizon (and also the control horizon) has no influence on the online
computational demand of the controller. Both horizons can thus be chosen during offline
simulation experiments without any limitations. Moreover, the SSDMC algorithm was
designed in such a way that the λ parameter has a similar influence on the behavior of the
control system as in the case of the standard DMC algorithm.

3. Results

3.1. Control Plant

The control plant is a nonlinear, isothermal CSTR in which the van de Vusse reaction
takes place—a popular benchmark with difficult dynamics, used in much research to test
newly developed control algorithms (see, e.g., [26,27,44–47]) as well as in MIMO config-
uration, where not only concentration, but also temperature [48,49], is stabilized. Also,
other CSTRs with less demanding dynamics that are controlled in the MIMO configuration
can be found in the literature; see, e.g., [50,51]. The process model of the reactor is as
follows [52]:

dCA
dt = −k1 · CA − k3 · C2

A + F
V (CAf − CA) ,

dCB
dt = k1 · CA − k2 · CB − F

V CB ,
(32)

where CA, CB—the concentrations of components A and B, respectively; F—the flow rate,
where it is assumed that its upper bound is equal to Fmax = 60 L/h; V—the volume in
which the reaction takes place (assumed constant and V = 1 L); and CAf—the concentration
of component A in the inlet flow stream (CAf = 10 mol/L if not declared otherwise). The
parameters of the model have the following values: k1 = 50 L/h, k2 = 100 L/h, and
k3 = 10 L/(h · mol). The output variable is the concentration CB of substance B, the
manipulated variable is the flow rate F, and CAf is the disturbance variable.

The control plant under consideration is highly nonlinear. Its step responses obtained
for different flow rate values (F1 = 54.3 L/h, F2 = 44.3 L/h, F3 = 34.3 L/h, F4 = 24.3 L/h,
F5 = 14.3 L/h) are shown in Figure 1. Although the difference between the subsequent
values of the flow rate is the same (ΔF = 10 L/h) the obtained responses are asymmetric; it
is clear that the control plant has both nonlinear dynamics and statics. Moreover, inverse
response is present in the step responses obtained.

The same control plant was also used during the tests in [26,27], where advanced
numerical versions of the Fuzzy MPC algorithms were proposed and tested; the nonlinear
steady-state characteristic of the process is depicted in Figure 2. The algorithm proposed in
the current article exploits this characteristic.

7



Algorithms 2025, 18, 79

Figure 1. Step responses of control plant.

Figure 2. Steady-state characteristic of control plant.

To calculate the current gain Kk, the equation that describes the steady-state character-
istic was obtained from Equation (32). The equations were rewritten for the steady-state;
the constant V = 1 L was also taken into account. Moreover, it is important to note that all
variables representing the steady-state are denoted by an overline to clearly distinguish
them from their dynamic counterparts. The first equation from (32), therefore, transforms
into the following equation:

0 = −k1 · CA − k3 · C2
A + F

(
CAf − CA

)
. (33)

And the second one transforms into the following equation:

0 = k1 · CA − k2 · CB − FCB . (34)

8
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After rewriting Equation (33), one obtains

−k3 · C2
A − (k1 + F

)
CA + F · CAf = 0 ; (35)

and after transforming Formula (34), the following expression that describes CB is obtained:

CB =
k1 · CA

k2 + F
. (36)

After conducting the necessary and appropriate transformations, and assuming that
the operating point would be positioned on the left-hand side of the steady-state character-
istic curve, the following equation was obtained as a result of this analysis:

CB(F) =
k1 + F −

√
(k1 + F)2 + 4 · k3 · F · CA f

−2 · k3 · k2+F
k1

. (37)

Then, the approximate value of the derivative was calculated using the equation,
which takes into account the change in the function’s value relative to a small change in the
input variable:

Kk =
CB(F + ΔF)− CB(F)

ΔF
, (38)

where ΔF = 0.01 was assumed.

3.2. Simulation Results

The performance of the SSDMC algorithm was compared with the classical DMC
algorithm’s performance in the chemical reactor’s control system. In both algorithms,
the following values of parameters were assumed: prediction horizon p = 70, control
horizon s = 35, and coefficient λ = 0.001. Moreover, a constant reference trajectory on the
prediction horizon was assumed. The control systems were simulated in Matlab on a PC
equipped with the AMD Athlon II X3 460 processor running at 3.40 GHz. A sampling time
equal to Ts = 3.6 s was assumed. The control plant was simulated using the Dormand–
Prince method implemented in the ode45 solver. The structure of the control system is
shown in Figure 3.

Figure 3. Structure of simulated control system.

The responses of control systems with DMC and SSDMC controllers are shown in Figure 4.
The response to the change of the setpoint to CB1 = 1 mol/L obtained in the control system with
the SSDMC controller (red lines) practically does not have overshoot; therefore, the control time
is slightly shorter than in the case when the DMC controller (blue lines) is used. In the case
of disturbance response, the SSDMC controller does not generate overshoot, but the maximal
temporary control error is slightly higher than in the control system with the DMC controller.

9
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Moreover, the DMC controller compensates the disturbance faster. On the other hand, the control
signal achieves much smaller values than with the SSDMC controller, generating the calm control
signal. In the case of responses to the change of the setpoint to CB2 = 1.25 mol/L, the SSDMC
controller outperforms the DMC controller. It is significantly faster than the DMC controller
and generates responses without overshoot. This time, the SSDMC controller compensates the
disturbance faster than the DMC controller. However, the maximal temporary control error is
slightly bigger in the control system with the SSDMC controller.

Figure 4. Responses of control system to changes in setpoint to CB1 = 1 mol/L and CB2 = 1.25 mol/L
and to change in disturbance by 10% in 6th minute of experiment; λ = 0.001; SSDMC—red lines,
DMC—blue lines.

To improve the operation of the SSDMC controller, experiments with decreasing λ coeffi-
cient were conducted; the results are depicted in Figure 5. Initial responses (for λ = 0.001) are
drawn with red lines; the ones obtained for λ decreased 10 times—with blue lines, and for λ

10
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decreased 100 times—with magenta lines. Decreasing λ did not influence the overshoot—it is
not present at all in responses to the change of the setpoint to CB1 = 1.25 mol/L and almost not
present in responses to the change of the setpoint to CB1 = 1 mol/L. Decreasing λ in all cases
brought a decrease in the maximal temporary control error in disturbance responses. Decreasing
λ 10 times visibly accelerated the control system’s responses. However, the further decrease in λ

to 10−5 almost did not influence the control time. Moreover, in the latter case and in the case of
the change of the setpoint to CB1 = 1 mol/L, oscillations of the control signal at the beginning
of the experiment occurred. For the next experiment, λ = 10−4 was chosen.

Figure 5. Responses of the control system with the SSDMC controller to changes in the setpoint to
CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in the 6th minute
of the experiment. λ = 10−3—red lines; λ = 10−4—blue lines; λ = 10−5—magenta lines.
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In addition, experiments with different values of the control horizon s were performed;
the results are shown in Figure 6. The control horizon gradually decreased from s = 35.
Interestingly, the responses obtained remained unchanged even for s = 4 (they are drawn
with the red lines). A tiny change occurred for s = 3 (blue lines); the response was a
little slower. The further decrease in the control horizon to s = 2 (green lines) and s = 1
(black dashed lines) continued this trend; the slowest responses were obtained for s = 1.
In this last case, the maximal temporary control error in the disturbance response near
CB1 = 1 mol/L slightly increased, and oscillations occurred in the control signal at the
beginning of the experiment. However, in all cases, the response to the setpoint change to
CB2 = 1.25 mol/L remained the same.

Figure 6. Responses of the control system with the SSDMC controller to changes in the setpoint to
CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in the 6th minute
of the experiment. λ = 10−4; s between 4 and 35—red lines; s = 3—blue lines; s = 2—green lines;
s = 1—black dashed lines.
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Experiments were also conducted to test the robustness of the proposed algorithm. In
Figure 7, responses of the control system to the change in the setpoint to CB1 = 1 mol/L
and CB2 = 1.25 mol/L and to the change in the disturbance by 10% in the 6th minute of
the experiment are shown; the responses are shown when the output was subject to a delay
of one sampling time that was not included in the model the algorithm was designed with
(blue lines). Despite the delay not being known to the controller, it operates only slightly
worse than in the ideal case. The responses to setpoint changes are slightly slower. The
overshoot in the response to the setpoint change to CB1 = 1 mol/L increased a little. The
responses to the disturbance change worsened. Also, the maximal control error was larger
especially when the setpoint was equal to CB2 = 1.25 mol/L.

Figure 7. Responses of the control system with the SSDMC controller to changes in the setpoint
to CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in the 6th
minute of the experiment; λ = 10−4; s = 4. No measurement delay—red lines; with additional
measurement delay—blue lines.
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In Figure 8, responses of the control system to the change of the setpoint to
CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in
the 6th minute of the experiment are shown; the responses are given when the output
was subject to a measurement noise. This was simulated using random numbers from
the interval [−0.005, 0.005] added to the output measurement and sent to the controller.
The proposed SSDMC controller copes well with the measurement noise. It achieves the
setpoints without problem, even CB2 = 1.25 mol/L though small oscillations of the control
signal occurred when it hit the constraint. The change of disturbance was also compensated
without problems.

Figure 8. Responses of the control system with the SSDMC controller to changes in the setpoint to
CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in the 6th minute
of the experiment; λ = 10−4; s = 4; measurement noise added.

14
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Experiments were also conducted with changes in values of the parameters k1, k2, and
k3 in the control plant model—a 10% change was made to each value so that the constraint
was not active, and each change was made separately. The obtained responses of the control
system to the change of the setpoint to CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the
change of the disturbance by 10% in the 6th minute of the experiment are shown in Figure 9.
In all cases, the control system remains stable, though the obtained responses became worse.
When k1 = 55 L/h was assumed (the parameters k2 and k3 having nominal values), the
responses drawn with the red lines were obtained. A significant overshoot occurred in the
response to the setpoint change to CB2 = 1.25 mol/L, and a small overshoot occurred in the
case of the setpoint change to CB2 = 1 mol/L. The response to the disturbance change near
CB2 = 1 mol/L did not change, and near CB2 = 1.25 mol/L, it became better (a smaller
maximal control error was obtained compared to the nominal case).

When k2 = 90 L/h was assumed (k1 and k3 parameters having nominal values), the
responses drawn with the blue lines were obtained. The biggest overshoot occurred in the
response to the setpoint change to CB2 = 1.25 mol/L, a slightly larger overshoot than that
obtained in the previous case for the setpoint change to CB2 = 1 mol/L. The responses
are the slowest among all the ones depicted in Figure 9. The responses to the disturbance
change are almost the same as in the case where only the k1 parameter was changed.

When k3 = 9 l/(h · mol) was assumed (k1 and k2 parameters having nominal values),
the responses drawn with the magenta lines were obtained. The smallest overshoot
occurred in the response to the setpoint change to CB2 = 1.25 mol/L, as well as for the
setpoint change to CB2 = 1 mol/L. Unfortunately, in the response to the setpoint change
to CB2 = 1.25 mol/L, oscillations occurred. The response to the disturbance change near
CB2 = 1 mol/L is almost the same as in the other cases, while that near CB2 = 1 mol/L is
the worst; the maximal control error is the largest among the cases considered.

Figure 9. Cont.
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Figure 9. Responses of the control system with the SSDMC controller to changes in the setpoint to
CB1 = 1 mol/L and CB2 = 1.25 mol/L and to the change of the disturbance by 10% in the 6th minute
of the experiment. λ = 10−4; s = 4; k1 changed to 55 L/h (k2 = 100 1/h, k3 = 10 L/(h · mol))—red
lines; k2 changed to 90 1/h (k1 = 50 L/h, k3 = 10 l/(h · mol))—blue lines, k3 changed to 9 L/(h · mol)
(k1 = 50 L/h, k2 = 100 L/h)—magenta lines.

4. Discussion and Conclusions

It is worth noting that the computational complexity of both DMC and SSDMC con-
trollers is similar. In the SSDMC algorithm, in addition to the operations performed in
the DMC algorithm, only the slope of the steady-state characteristic (the derivative of a
specific function) needs to be calculated additionally, which does not significantly compli-
cate the proposed algorithm. Moreover, in the example under consideration, determining
the derivative is particularly easy due to the relative simplicity of obtaining the analytical
formula for calculating it.

The main tuning parameter, λ, is still available in the SSDMC controller and has the
same meaning as in the standard algorithms. It decides on the size of the penalty for the
control signal changes. However, inside the algorithm, it depends on the process gain at
the current operating point to obtain the compact control law.

The next main tuning parameter, the control horizon s, does not influence the responses
obtained as much as the parameter λ. Moreover, its decrease slightly slows down the
responses obtained, worsening the control quality. On the other hand, thanks to the
formulation of the SSDMC algorithm in the form of the control law, the longer control
horizon does not influence the numerical complexity of the algorithm.

An important advantage of the proposed algorithm is its robustness to measurement
noise, measurement delay, and the uncertainty of process parameters. Even when the
parameters of the control plant were significantly changed, the controller managed to
stabilize the reactor and maintain satisfactory performance.

The use of a dynamic model in the form of the process step response and static
characteristic of the process, combined in a skillful way in order to synthesize the MPC
algorithm, resulted in a computationally efficient predictive control algorithm in which the
main part of the calculations needed to determine the control value is performed offline
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as in a conventional, analytical DMC algorithm. However, note that despite the relative
simplicity of the controller obtained and the relatively straightforward way of receiving it,
it can offer much better control quality than the conventional DMC controller based on the
linear model.
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Abbreviations

The following abbreviations are used in this manuscript:

CSTR Continuous Stirred-Tank Reactor
DMC Dynamic Matrix Control
LMI Linear Matrix Inequality
LMPC Linear Model-Based Model Predictive Control
MPC Model Predictive Control
NMPC Nonlinear Model-Based MPC
PID Proportional–Integral–Derivative
SISO Single-Input Single-Output
SSDMC Steady-State Model-Based Dynamic Matrix Control
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Abstract: The autonomous navigation of unmanned ground vehicles (UGVs) in unstructured
environments, such as agricultural or forestry settings, has been the subject of extensive re-
search by various investigators. The navigation capability of a UGV in unstructured
environments requires considering numerous factors, including the quality of data
reception that allows reliable interpretation of what the UGV perceives in a given
environment, as well as the use these data to control the UGV’s navigation. This article aims
to study different PID control algorithms to enable autonomous navigation on a robotic
platform. The robotic platform consists of a forestry tractor, used for forest cleaning tasks,
which was converted into a UGV through the integration of sensors. Using sensor data, the
UGV’s position and orientation are obtained and utilized for navigation by inputting these
data into a PID control algorithm. The correct choice of PID control algorithm involved
the study, analysis, and implementation of different controllers, leading to the conclusion
that the Vector Field control algorithm demonstrated better performance compared to the
others studied and implemented in this paper.

Keywords: PID control; UGV; algorithms; real environment tests

1. Introduction

Unmanned ground vehicles (UGVs) have received significant attention due to their
ability to operate in unstructured and dynamic environments where human intervention
is limited or hazardous. These robotic platforms are widely used in applications for
unstructured environments, such as in agriculture, where the current literature reports the
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20



Algorithms 2025, 18, 63

application of UGVs in specific agricultural tasks [1,2]. Additionally, in forestry, although
advancements are more limited compared to agriculture, the literature already highlights
some progress, as demonstrated in [3,4]. The navigation of UGVs in unstructured outdoor
environments has been challenging due to the presence of adversities/unpredictable factors
such as lighting, shadows, obstructions, dynamic obstacles, and rugged or demanding
terrains [5,6]. Given these constraints, the focus of research by many investigators in the
field of mobile robotics has been on developing UGVs capable of navigating autonomously
and efficiently.

Such autonomous systems in challenging environments require a computational
component to enable UGVs to perform trajectory planning. The ability of a UGV to plan
a trajectory that not only reaches a target destination but also avoids obstacles with time
and efficiency guarantees are basic functions that UGVs must possess, regardless of the
application scenario. We can identify three types of controllers commonly used in this field:
classical control, referred to as Proportional, Integral, and Derivative (PID); intelligent and
adaptive control (Fuzzy); and predictive control [7]. However, for the work addressed in
this article, the PID controller is used.

Thus, the autonomous navigation technology of UGVs in unstructured environments
involves trajectory planning and control, precise positioning, and other functions.

The current literature reveals the existence of various navigation systems, with the
most commonly used being the real-time kinematic global satellite navigation system
(RTK-GNSS). This type of system achieves centimeter-scale accuracy in satellite position-
ing, but requires a clear line of sight [8]. In addition to this navigation system, other,
less predominant systems also appear in the literature, which collects different types of
sensory data. These systems include GNSS/INS, which result from the combination of a
Global Navigation Satellite System (GNSS) and an Inertial Navigation System (INS) [9,10];
GNSS/VISUAL/INS systems, which combine GNSSs, visual information, and INSs [11];
GNSS/VISUAL/IMU/MAP systems [12]; and others.

For the work in question, the GNSS-RTK/INS navigation system was used, which
combines data from GNSS + RTK + IMU sensors to obtain the position, as well as a
magnetometer to determine the heading or yaw (referring to the robot’s rotation along the
Z-axis of the UGV).

Thus, in this article, a set of PID control algorithms, referred to as follows, is evaluated
and studied:

• ON–OFF controller;
• PID Heading controller (PID-H);
• PID Cross Track Error controller (PID-CTE);
• PID Cross Track Error + Heading controller (PID-CTE + H);
• PID Vector Field (PID-VF).

Thus, this article aims to demonstrate which of the implemented algorithms achieves
the most efficient behavior for UGV navigation in unstructured environments (in this case,
the unstructured environment under study consists of a forest environment).

This paper is organized as follows: Section 1 introduces the motivation behind this
work. Section 2 presents topics related to the state of the art of PID controllers. Section 3
details the methodology, including a description of the robotic platform used and its
integrated sensors, the PID control algorithms with a detailed explanation of each one
employed, and, finally, the performance evaluation metrics. Section 4 shows the results
obtained through real-time experiments and the evaluation of the proposed PID control
algorithms. Section 5 concludes with an overall analysis of the work carried out.
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2. Related Work

2.1. Advantages and Disadvantages of Different Control Methods

The PID controller is one of the most widely used methods in UGV control systems
due to its simplicity, robustness, and effectiveness in adjusting control variables such as
speed and direction. In addition to this type of control, the literature also highlights three
others: the ON–OFF controller, fuzzy controller, and Model Predictive Control (MPC).

The ON–OFF controller is particularly simple and practical to implement, such that
quick response capabilities can be realized in systems with on-off inputs, and thus the
ON–OFF controller is widely employed for binary actuations. Despite this, it is power
hungry and imprecise and therefore not suitable for applications that demand control with
optimal or continuous control [13].

The PID controller, with its three parameters, can control the steady-state and transient
responses nicely and provides simple yet effective control solutions for a wide range of
control problems. Nowadays, they are widely used in a variety of industries because of
their simple structure and intuitive understanding of the controller principle, as compared
to other types of controllers. As described, the behavior of PID controllers depends on
these parameters. Yet, the potential vulnerability of their robustness and simplicity can
make them challenging to parameterize [14].

The fuzzy controller has significant benefits in energy consumption and convergence
time. It also affords a more stable response across variable conditions in contrast to
conventional approaches that may be responsive to initial torques and to inhomogeneity
in friction. Despite these benefits, the fuzzy design has a number of problems, such as
the accuracy being affected by the actuation deadband and the computational complexity,
meaning that the design frequently needs to be simplified [15].

Model Predictive Control (MPC) is a powerful control architecture that uses dynamic
models to predict and optimize control actions within a time window. It can accommodate
input and output constraints, making it ideal for complex and dynamic systems, such as
industrial process level control. However, the validity of MPC depends upon the validity
of the system models, and the absence of this validity may lead to suboptimal behavior.
Moreover, real-time optimization procedures may be computationally heavy, resulting in
implementation difficulty [16].

PID controllers are widely preferred due to their simplicity, readability, and ability to
handle both steady-state and transient responses. Although more sophisticated controllers
such as fuzzy logic and Model Predictive Control (MPC) have specific advantages, e.g., a
better energy efficiency or optimization for dynamic systems, they generally come with
disadvantages, e.g., increased complexity or larger computational needs. Table 1 shows the
advantages and disadvantages of each type of control.

Table 1. Advantages and Disadvantages of each type of controller.

ON–OFF PID Fuzzy Logic Predictive Control

Simplicity
√ √ × ×

Accuracy × √ √ √
Computational Cost

√ √ × ×
Stability × √ √ √
Speed

√ √ √ √
Tuning

√ × √ √

2.2. Comparative Approaches to the Use of PID Controller Algorithms in UGVs

Several studies and reviews are available in the literature addressing UGV navigation
methods, whether in structured or unstructured environments. The work conducted by Ji
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Y. et al. demonstrates the application of a UGV in unstructured environments, where the A-
STAR algorithm was used, enhanced with improvements in the heuristic function to achieve
shorter paths [17]. In [18], the authors proposed a method involving a hierarchical adaptive
control strategy for UGVs, using a PID to estimate the yaw moment and PSO optimization
to handle structural uncertainties, distributing the yaw moment among the motors. Sun Y.
et al. present a trajectory-following PID control design for a three-wheeled UGV, addressing
lateral directional control, vector-field-based orientation, and sensor fusion using a Kalman
filter [19]. In [20], the authors introduced a method based on vector differences and
self-adaptive mechanisms for PID tuning, aimed at minimizing human intervention in
the adjustment of PID controllers across a diverse and extensive set of problems/tasks.
To achieve this, an innovative approach based on the Differential Evolution algorithm
with Success-Based Particle Adaptations (DEPA) was employed. This algorithm utilizes a
memory mechanism to autonomously and efficiently adapt control parameters.

Moreover, modern control techniques also stand out in complex systems such as
Markov jump systems. For instance, Vijayakumar et al. [21] proposed an approach based on
a Proportional–Integral Observer (PIO) and disturbance rejection techniques with IEID, as
well as a Smith predictor for systems with input delays and state-dependent nonlinearities.
This method employs linear matrix inequalities (LMI) and Lyapunov stability theory to
ensure robust output tracking with disturbance rejection. Similarly, Song and Jin [22]
presented a tracking control approach based on observers for Markov jump systems with
partially known transition rates, utilizing LMI and stochastic stability theory. This method
focuses on reference control and ensuring stability for systems with undefined transitions.
Although this work targets specific transition rate conditions, it highlights the importance
of observers in improving accuracy and stability in uncertain systems.

However, Gomathi N. et al. introduced an adaptive trajectory planning framework
where a UGV equipped with LIDAR and a camera was used to monitor agricultural terrains.
For trajectory planning, they proposed the HSAStar hybrid algorithm (Hybrid SLAM and
A Star), which combines SLAM and A* to allow the UGV to continuously monitor the
path while mapping [23]. Farag W. et al. developed a PID controller designed to improve
the capability of autonomous cars to perform maneuvers on pre-calculated tracks. They
proposed three approaches to design and tune the controller’s hyperparameters, using the
CTE as input and generating steering commands as output. Simulations on complex tracks,
including sharp curves, were used to evaluate the controller’s performance at different
speeds [24]. In [25], the authors proposed a PID controller to address the trajectory tracking
problem in mobile robots with differential kinematics. The developed method consists of a
trial-and-error technique with six tuning parameters to allow the robot to follow a desired
trajectory. The controller was designed to handle the non-linearity of reference trajectory
tracking and adjust the speeds of the robot’s DC motors.

Additionally, Akopov et al. [26] adopted an algorithmic optimization approach for
autonomous systems by introducing a simulation-based optimization technique for au-
tonomous transport systems. They implemented a Real-Coded Genetic Algorithm with
Scalable Non-Uniform Mutation (RCGA-SNUM). This method was designed to minimize
traffic accidents through the simulation of autonomous vehicles on an Artificial Multi-
Connected Road Network (AMCRN).

Despite extensive study on PID control for UGVs, issues persist in its adaptation to
dynamic and unstructured situations. These issues encompass the management of nonlin-
ear dynamics resulting from fluctuating terrain conditions, the assurance of dependable
trajectory tracking amongst external disturbances, and the achieving of real-time sensor
fusion for accurate control. The design is further complicated by the need for scalability
across various workloads and the minimization of latency in resource-constrained systems.
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3. Methodology

3.1. System Description

The UGV used for the development of this work is an internal combustion tractor
called Green Climber LV600, manufactured by MDB in Abruzzo, Italy, as illustrated in
Figure 1a. This platform is equipped with a sensory box (referred to as Sentry), as shown
in Figure 1b, which integrates a variety of sensors and hardware elements. This setup is
connected to the tractor, thus providing a set of features for autonomous navigation in
unstructured environments.

  
(a) (b) 

Figure 1. Robotic platform (forest tractor) equipped with a sensory box: (a) UGV; (b) sensory box
(Sentry) to control the UGV.

Thus, the goal is to enable the above robotic platform to perform autonomous trajectory
navigation. The trajectories are defined by a set of Cartesian points, and the objective is for
the robot to execute these trajectories using a PID algorithm, where the control variables
are derived from a navigation system.

The adopted navigation system, which will collaborate with the PID algorithms,
is based on GNSS-RTK/INS, where the PID control algorithms will receive data on the
position and orientation/heading of the UGV. The position and heading values are provided
by a sensor located on top of the sensory box, called Duro Inertial. The Duro Inertial system
is ideal for navigation systems as it consists of sensors such as GPS, an accelerometer, a
gyroscope, and a magnetometer, and through the combination/fusion of these, it is possible
to obtain the position and orientation. This sensor, when connected to the RTK system, can
provide a position accuracy of between 1 cm and 1.5 cm [27].

The system that inputs data into the PID controller can be seen in the diagram pre-
sented in Figure 2. The robot’s position, whose origin/acquisition is based on work
developed in [28], is essentially obtained by combining data from the GNSS + RTK system,
which provides the latitude and longitude, along with an IMU that gives information on
the robot’s acceleration and velocity in three dimensions. These data are then aggregated
in a Kalman filter, which allows, with some confidence, to provide the robot’s x and y
position. The robot’s heading, which is derived from work developed in [28,29], comes
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from a three-dimensional magnetometer, and through the magnetic fields, it is possible
to obtain the heading in Cartesian space (which, in this case, refers to the yaw of the
UGV). However, before processing the magnetometer data, it undergoes a filtering process,
where a Raised Cosine Moving Average (RCMA) filter is applied to minimize the noise
present in these types of sensors. After filtering, these data are integrated with IMU data to
compensate for inclinations in the terrain.

Figure 2. Process of acquiring the variables to be implemented in the algorithms of the PID control.

3.2. Control System and Controller Selection for UGV Navigation

The robot control system is a MIMO (Multiple Inputs and Multiple Outputs) system
equipped with various controllers. Due to the lack of knowledge regarding the speeds of
each track, its control is achieved by obtaining the position and orientation of the UGV.
Through the ROS platform, it is possible to acquire both the position and orientation of the
robot via various published “topics”, as well as the linear and angular velocity of the robot
through the “cmd_vel” topic. Since it is not possible to directly control the UGV’s speed,
we assume the velocities as control variables but treat them as indicators to understand the
UGV’s movement.

Given that we are dealing with a differential structure, it only has two axes, x and
z, with the x-axis corresponding to linear velocity and the z-axis to angular velocity. To
ensure system safety, software protection has been included where the sum of these two
components cannot exceed 1. In other words, 1 is considered the system’s maximum speed,
and 0 is the minimum speed. Table 2 provides several examples illustrating how the robot
should move based on the values obtained from the “cmd_vel” topic.

Table 2. Behavioral responses based on “cmd_vel” values.

Linear Velocity (v) Angular Velocity (w) Behavior

v = 1 w = 0 Front Linear Movement
v = −1 w = 0 Back Linear Movement
v = 0 w = 1 Rotate Anti-Clockwise
v = 0 w = −1 Rotate Clockwise

v = 0.5 w = 0.5 Circular Movement Anti-Clockwise
v = 0.5 w = −0.5 Circular Movement Clockwise

The “controller” publishes the commands, but the voltage applied to the UGV is
controlled by a driver managed by the “microcontroller”. The microcontroller operates as a
state machine, adjusting the voltage sent to the tracks based on the “cmd_vel” topic.

Initial tests established the maximum and minimum voltage limits for the reliable
operation of the solenoid valves and tracks. These tests involved gradually applying
voltage and observing the effects on speed, steering, and stability. Using the results,
functions were created to model how the solenoid valves and tracks respond to voltage
variations. This allowed the development of rules to optimize the UGV’s performance and
ensure efficient operation.
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The references R1 and R2 are desired values from the UGV’s trajectory planning
system, serving as inputs for the controllers. Errors e1 and e2 are calculated as the difference
between desired and actual values. The controllers send corrections to the microcontroller,
which adjusts the tracks to align the UGV’s movement with the planned trajectory.

The UGV’s various controllers can be selected based on the operating circumstances.
For example, a controller can be activated to maximize traction and stability on inclined
or slippery terrain, thereby improving safety and efficiency. Additionally, the ability to
dynamically switch controllers helps reduce environmental impacts, such as choosing
a gentler controller in sensitive areas where soil and vegetation preservation is critical,
thereby avoiding inevitable damage to the surrounding ecosystem. The use of multiple con-
trollers in forestry operations is a significant innovation in this context. This methodology
provides technical advantages and enhances the sustainability of operations in challeng-
ing environments, showcasing the technology’s ability to tackle diverse challenges while
promoting more ethical and effective practices in navigating these machines.

The next section discusses different types of controllers developed for controlling
the robot, such as the ON–OFF controller and various PID controllers for managing
different variables.

3.3. ON–OFF Controller

The ON–OFF controller is represented in Figure 3 and operates by switching between
two values, meaning that it involves an instantaneous change between two states [30].

 
Figure 3. ON–OFF controller block diagram.

In the context of this study and analysis, several variables play crucial roles in under-
standing and controlling the system shown in Figure 3. The Target (T) variable defines
the desired location on the map, while the Actual Position (AP) variable is the precise
position relative to a reference point. The On–Off Error (eON-OFF) variable represents the
position error, where if it exceeds a certain threshold, a new trajectory is calculated. This
error is the difference between the desired position (T) and the actual position (AP) of
the system. The Angular Value (ωr) variable expresses the angular value associated with
rotational or curvilinear movement. The Microcontroller (μC) is the “brain” of the system,
responsible for processing the values obtained from the “cmd_vel” topic to control the UGV.
The Voltage Right Wheel (VR) and Voltage Left Wheel (VL) variables indicate the voltages
applied to the right and left wheels, respectively, of the locomotion system, influencing the
movement and direction.

Based on the desired trajectory, two parallel trajectories were created with a tolerance
distance of ±0.25 m. Initially, the robot aligns with the desired trajectory. If the robot’s
position coincides with any point of these parallel trajectories during navigation, the
algorithm performs a recalculation between the current position and the destination. This
action is repeated until the robot’s position is within a 0.25 m radius (R) of the destination.

The algorithm is as follows (Algorithm 1):
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Algorithm 1. ON–OFF controller algorithm.

Flag_Goal_Reached = FALSE

Flag_Rotation = TRUE

FOR coordinates in FILE:
WHILE Flag_Goal_Reached = FALSE:

IF detect_people = TRUE:
VL = 0 and VR = 0 (STOP MACHINE)

ELSE:
eON−OFF =

√
(Tx − APx)

2 +
(
Ty − APy

)2
IF eON−OFF ≤ R:

VL = 0 and VR = 0 (STOP MACHINE)
Flag_Goal_Reached = TRUE

IF Flag_Rotation = TRUE:
IF Rotation_Finished:
VL = 0 and VR = 0 (STOP MACHINE)
Flag_Rotation = FALSE

ELSE:
υ = 0 and ω �= 0 (ROTATE MACHINE)
IF 10_Seconds_Passed_Without_Changing_Position:
INCREASE ROTATION (ω ++)

IF Flag_Rotation = FALSE:
IF Not_Between_Lines:
HeadingRotation = ActualHeading
Flag_Rotation = TRUE

VL = 0 and VR = 0 (STOP MACHINE)
ELSE:
GO IN FRONT (constant Vr and Vl)

Algorithm 1 defines a navigation process and decision-making for the UGV’s move-
ment. The system is designed to respond dynamically to environmental conditions and
the proximity to the destination point. Algorithm 1 begins by setting two main flags:
“Flag_Goal_Reached” and “Flag_Rotation”, initially configured as true or false, respectively.
The algorithm processes the coordinates until “Flag_Goal_Reached” becomes true.

The first check in the algorithm is the detection of people; if detected, the UGV will stop
moving to ensure safety. If no one is detected, the algorithm evaluates whether the destina-
tion has been reached. If the goal is reached, the machine stops, and “Flag_Goal_Reached”
is set to true. If there is a rotation required (i.e., “Flag_Rotation” is true), the algorithm
checks whether the rotation is complete. If the rotation is finished, the machine stops,
and “Flag_Rotation” is set to false. If the rotation is not completed, the machine continues
rotating, and after 10 s with no position change, the rotation speed is increased.

If rotation is not needed (i.e., “Flag_Rotation” is false), the algorithm checks whether
the UGV is within the desired path. If it is not, “Flag_Rotation” is reactivated, the machine
stops, and the UGV realigns its orientation. If the UGV is within the accepted limits, it
continues moving towards the goal, as shown in Figure 4.

3.4. PID Controller

The PID (Proportional, Integral, and Derivative) controller is widely used in linear
control systems, known for its ease of implementation and effectiveness in controlling
processes and variables (such as temperature, pressure, speed) to a desired value [31].
PID control involves three separate control actions, whose outputs are summed to form a
single output signal. The current reading of the controlled parameter is subtracted from
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the command to generate an error signal. This error signal is processed by three distinct
units [32]. The PID controller is commonly used in industry and automated systems due to
its effectiveness and ease of implementation, as shown in Figure 5 [33].

Figure 4. Trajectory with the ON–OFF algorithm.

Figure 5. Basic description of the PID controller.

Proportional Action (P), also known as the proportional gain (Kp), multiplies the error
between the desired value and the actual value by this coefficient. Therefore, the larger the
error, the greater the correction applied by the controller. The proportional controller can
correct the error, but if the gain is too high, it may cause oscillations around the desired
value [34,35].

Integral Action (I) helps to eliminate the accumulated error over time. This control
action, known as the integral gain (Ki), allows the controller to correct persistent errors,
even if the proportional action is not sufficient to eliminate them. Additionally, the integral
term is useful for eliminating steady-state error, which can occur when there is a constant
disturbance in the system [36].

Derivative Action (D) predicts the rate of change of the error over time. This control
action, known as the derivative gain (Kd), is useful to prevent excessive oscillations and re-
duces the controller’s response to rapid changes in the error variable. It acts as a “damping”
effect that smooths the response and improves the overall stability of the system [37,38].

The combination of these terms allows the controller to react quickly to disturbances,
correct persistent errors, and keep the controlled variable close to the desired value. The
tuning of the coefficients is essential to optimize system performance, minimize oscillations,
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and improve the response time. The PID controller represents the contribution of these dif-
ferent control actions. Over 95% of control problems can be solved with this type of control
system, although some may only require two control actions, such as PI (Proportional–
Integral) without the derivative action or PD (Proportional–Derivative) without the integral
action [39].

3.4.1. PID Heading Controller

The PID Heading Controller (PID-H) aims to control both linear and angular trajec-
tories. To achieve this, two independent PID controllers are used, as shown in Figure 6,
where the initial focus is located on a line with the destination coordinates. This initial
alignment adjusts the UGV relative to the destination point with a precision of up to four
degrees, which is the accepted angular threshold.

Figure 6. Controller with error associated with heading.

The error values related to the robot’s orientation and its position relative to the
destination are updated during the navigation process. The system thus allows for a
maximum limitation of ±2 degrees within the scope of orientation error. The voltage
applied to the tracks is corrected when the controller detects that this limit has been
exceeded. Therefore, the UGV stays on the path between the origin and the destination.
As the angular error is reduced, this effect contributes to a smooth trajectory and applies a
voltage level to the robot’s tracks corresponding to the calculated error. The angular error
between the robot and the destination point is input as a reference into the PID controller
as the robot starts its trajectory, intending to align the robot with the destination point as
accurately as possible. The algorithm aims to optimize navigation, ensuring precise and
smooth movement toward the destination.

In this study and analysis context, various variables play crucial roles in understanding
and controlling the system shown in Figure 6.

The variable Desired Heading (θDes) represents the desired orientation or the angle
to be reached or maintained by the system.

The variable Target (T) defines the desired location on the map. The variable Actual
Position (AP) is the precise position relative to a reference point. The variable Heading
Error (eHead) is the error between the desired angle (θDes) and the actual angle (θ) of the
system. The variable Position Error (ePos) is the error between the desired position (T)
and the actual position (AP) of the system. The variable Angular Value (ωr) represents
the angular value associated with rotational or curvilinear movement. The variable Linear
Value (Vr) represents the linear motion of the system, and the variable Actual Heading (θ)
indicates the actual angle or current orientation of the system. The variable Microcontroller
(μC) is the “brain” of the system, responsible for processing the values obtained from the
“cmd_vel” topic to control the UGV. The variables Voltage Right Wheel (VR) and Voltage
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Left Wheel (VL) indicate the voltages applied to the right and left wheels, respectively, of
the locomotion system to influence movement and direction.

The algorithm is shown in the pseudocode below (Algorithm 2), aiming to move
as illustrated in Figure 7. It is somewhat more complex than the previous one, as it
incorporates a PID controller in its control system.

Algorithm 2. PID Heading Controller algorithm.

Flag_Goal_Reached = FALSE

Flag_Rotation = TRUE

FOR coordinates in FILE:
WHILE Flag_Goal_Reached = FALSE:

IF detect_people = TRUE:
VL = 0 and VR = 0 (STOP MACHINE)

ELSE:
IF Flag_Rotation = TRUE

IF Not_Aligned AND 10_Seconds_Passed_Without_Changing_Position:
υ = 0 and ω �= 0 (ROTATE MACHINE)

ELSE:
Original_Position = Actual_Position
Flag_Rotation = FALSE

ePosition =
√
(Tx − APx)

2 +
(
Ty − APy

)2
θDesired = atan2

(
Ty − APy , Tx − APx

)
eHeading = θDesired − θReal

IF ePosition ≤ R:
VL = 0 and VR = 0 (STOP MACHINE)
Flag_Goal_Reached = TRUE

Flag_Rotation = TRUE

IF eHeading > Δθ and ePosition > R:
Angular PID

ω = Kθ
peHeading + Kθ

i
∫

eHeading dt + Kθ
d

deHeading
dt

Linear PID
υ = Klinear

p ePosition + Klinear
i
∫

ePosition dt + Klinear
d

dePosition
dt

VL = υ − L
2 ω AND VR = υ + L

2 ω

Figure 7. Trajectory with the PID Heading algorithm.

The scenario outlined by the presented pseudocode defines a highly sensitive naviga-
tion process where the UGV dynamically adapts to various circumstances. The foundation
of this process relies on two flags: “Flag_Goal_Reached” and “Flag_Rotation”. The first flag
starts inactive, indicating that the destination has not yet been reached, while the second
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begins active, signaling the need for a rotation. The detection of people is a priority, leading
to an immediate stop of the UGV if detected. In the absence of people, the algorithm guides
the UGV according to the planned trajectory.

When a rotation is needed (“Flag_Rotation” is active), the algorithm checks whether
it has been completed or if no position change has occurred after 10 s. If the rotation is
completed, the machine stops, and “Flag_Rotation” is deactivated. However, if no position
change occurs after 10 s, the “Flag_Rotation” is also deactivated. Otherwise, the machine is
directed to perform the rotation.

When no further rotation is needed (“Flag_Rotation” is inactive), the algorithm checks
whether the destination has been reached. If so, the machine stops, “Flag_Goal_Reached”
is activated, and “Flag_Rotation” is reactivated to calculate the best orientation. If the
destination is not reached, the algorithm calculates the distance and orientation errors
relative to the destination. The linear and angular PID controllers ensure that the UGV
maintains its precise trajectory, staying aligned with the destination point, as shown in
Figure 7.

3.4.2. PID Heading Cross Track Error Controller

The PID CTE (Cross Track Error) controller autonomously manages both linear and
angular trajectories using two separate PID controllers, as shown in Figure 8. The error
values are continuously updated during the navigation process and include the robot’s
relative position concerning the line and its final destination. A maximum tolerance of
±10 cm is considered for the position error relative to the desired trajectory. The controller
adjusts the voltage supplied to both tracks when it detects that the robot is nearing the
allowed tolerance. This adjustment enables the UGV to navigate accurately, keeping it
close to the planned trajectory between the origin and destination.

Figure 8. Controller with error associated with trajectory distance.

The position error serves as a reference, allowing the system to modify the voltage
applied to the tracks depending on the proximity to the destination. This means that the
voltage can either increase or decrease based on the distance, enabling the UGV to adapt to
changing conditions.

In this study and analysis, several variables play crucial roles in understanding and
controlling the system shown in Figure 8. These are similar to the previously mentioned
variables, except for the desired distance from the line (D_DFL), the current distance from
the line (A_DFL), and the error in this distance (e_CTE).

The PID CTE algorithm, as shown in the pseudocode below (Algorithm 3), aims to
move the UGV as depicted in Figure 9. This algorithm is quite similar to the previous one,
but the error variable used as input for the PIDs is based on the distance between the robot
and the desired trajectory.
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Algorithm 3. PID Cross Track Error controller.

Flag_Goal_Reached = FALSE

Flag_Rotation = TRUE

FOR coordinates in FILE:
WHILE Flag_Goal_Reached = FALSE:

IF detect_people = TRUE:
VL = 0 and VR = 0 (STOP MACHINE)

ELSE:
IF Flag_Rotation = TRUE

IF Not_Aligned AND 10_Seconds_Passed_Without_Changing_Position:
υ = 0 and ω �= 0 (ROTATE MACHINE)

ELSE:
Original_Position = Actual_Position
Flag_Rotation = FALSE

ELSE:
ePosition =

√
(Tx − APx)

2 +
(
Ty − APy

)2
eCTE = ActualDistanceFromLine − DesiredDistanceFromLine

IF ePosition ≤ R:
VL = 0 and VR = 0 (STOP MACHINE)
Flag_Goal_Reached = TRUE

Flag_Rotation = TRUE

ELSE:
Angular PID
ω = KDFL

p eCTE + KDFL
i
∫

eCTE dt + KDFL
d

deCTE
dt

Linear PID
υ = Klinear

p ePosition + Klinear
i
∫

ePosition dt + Klinear
d

dePosition
dt

VL = υ − L
2 ω AND VR = υ + L

2 ω

0 cm 48 cm 

46 cm 29 cm 
31 cm 

Figure 9. Trajectory with the PID CTE algorithm.

This pseudocode outlines the UGV’s navigation approach, focusing on both effi-
ciency and safety as it follows a predefined path. The flags “Flag_Goal_Reached” and
“Flag_Rotation” are central to this algorithm, guiding the UGV’s behavior in response
to various contexts. While traversing coordinates, the algorithm prioritizes two aspects:
detecting people and adjusting the trajectory. If people are detected, the UGV immediately
stops to ensure safety. In the absence of detection, the focus shifts to movement precision.
When rotation is necessary (“Flag_Rotation” is activated), the system checks whether the
UGV is misaligned and, if there is no positional change after 10 s (indicating it is stuck),
the rotation is performed. If the criteria are not met, the original position is logged, and
the “Flag_Rotation” is deactivated. When no further rotation is needed (“Flag_Rotation”
= FALSE), the algorithm checks whether the destination has been reached. If the goal is
met, the UGV stops, the “Flag_Goal_Reached” is activated, and the movement ceases. If
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the goal has not been reached, errors in distance from the target and line are calculated,
allowing the UGV to adjust its trajectory accurately.

3.4.3. PID CTE + H

The PID CTE + H controller autonomously manages the UGV’s linear and angular
trajectories using a set of two PID controllers, as depicted in Figure 10. This nonlinear
controller consists of two distinct parts. Initially, the reference angle, θ, is obtained from
the trajectory planning system, the “Path Planner”. In the block diagram, the external loop
provides feedback by comparing the robot’s current trajectory with the planned trajectory
provided by the “Path Planner”.

Figure 10. CTE + H controller.

The obtained value is then converted into a correction angle through a proportional
controller with a gain, Kct, resulting in a correction term, ϕ. This correction is subtracted
from the θ value to obtain the new desired θ, which will be the new reference input for the
internal loop of the block diagram. This internal loop, in turn, uses the current orientation
with feedback to calculate the necessary actuation effect.

In this context, several variables play crucial roles in understanding and controlling
the system depicted in Figure 10. The variable “Bearing of the path” (φ) represents the
orientation the system should follow relative to a reference point.

The “Distance from point to line” (DDFPL) measures the perpendicular distance
between a specific point and the reference line. This measure helps evaluate how close the
system is to the desired route and correct any deviations. The “Cross track error” (e_CTE)
measures the lateral deviation of the system from the desired trajectory. It indicates how
far the system is from the planned route and is used to calculate corrections. The “Gain”
(KCT) is a multiplicative factor applied to certain variables or controller actions. It regulates
the intensity of corrections or system responses as needed. The “Corrective turn angle”
(ϕ) determines the angle by which the system must adjust to correct deviations from the
planned trajectory, guiding the system back onto the correct route.

The “Desired Heading” (θDes) represents the desired orientation or the angle the
system should achieve or maintain. The “Target” (T) defines the desired location on the
map. The “Actual Position” (AP) is the precise position relative to a reference point. The
“Heading Error” (eHead) is the error between the desired angle (θDes) and the actual angle
(θ) of the system. The “Position Error” (ePos) is the error between the desired position (T)
and the actual position (AP) of the system.

The “Angular Value” (ωr) expresses the angular value associated with rotational or
curvilinear motion. The “Linear Value” (Vr) represents the system’s linear motion, and
the “Actual Heading” (θ) indicates the current orientation or real angle of the system.
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The “Microcontroller” (μC) is the system’s “brain”, responsible for processing the values
obtained from the “cmd_vel” topic for UGV control. The “Voltage Right Wheel” (VR)
and “Voltage Left Wheel” (VL) represent the voltages applied to the right and left wheels,
respectively, of the locomotion system to influence movement and direction.

The CTE + H algorithm is shown in the pseudocode below (Algorithm 4) and is
presented as depicted in Figure 11. It is a more complex algorithm than the previous ones
because it includes both error variables from the earlier algorithms. This algorithm can be
characterized as the integration of the PIDH and PIDCTE algorithms.

Algorithm 4. PID CTE + H controller.

IF No_Goals = TRUE

RETURN FALSE
Flag_Goal_Reached = FALSE

Flag_Rotation = TRUE

WHILE Flag_Goal_Reached = FALSE:
IF detect_people = TRUE:
VL = 0 and VR = 0 (STOP MACHINE)

ELSE:
IF Flag_Rotation = TRUE

IF Not_Aligned AND 10_Seconds_Passed_Without_Changing_Position:
υ = 0 and ω �= 0 (ROTATE MACHINE)

ELSE:
Original_Position = Actual_Position
Flag_Rotation = FALSE

ELSE:
ePosition =

√
(Tx − APx)

2 +
(
Ty − APy

)2
eCTE = ActualDistanceFromLine − DesiredDistanceFromLine

φ = KCT ∗ eCTE

θDesired = θpath − φ

eHeading = θDesired − θReal

IF ePosition ≤ R:
VL = 0 and VR = 0 (STOP MACHINE)
Flag_Goal_Reached = TRUE

Flag_Rotation = TRUE

ELSE:
Angular PID

ω = Kθ
peHeading + Kθ

i
∫

eHeading dt + Kθ
d

deHeading
dt

Linear PID
υ = KCTE

p eCTE + KCTE
i
∫

eCTE dt + KCTE
d

deCTE
dt

VL = υ − L
2 ω AND VR = υ + L

2 ω

The pseudocode outlines a systematic approach for the UGV’s navigation, incorpo-
rating multiple factors to ensure effectiveness and safety. The process begins with a check
for “No_Goals”, returning FALSE if no goal is set, thus preventing the execution of the
algorithm. Following this, two flags, “Flag_Goal_Reached” and “Flag_Rotation”, are ini-
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tialized, with the first set to FALSE, indicating that the goal has not yet been reached, and
the second set to TRUE, signifying that rotation is required. At the core of the algorithm is
a loop that continues until the goal is reached (“Flag_Goal_Reached” = FALSE).

Figure 11. Trajectory with the CTE + H algorithm.

During this loop, person detection takes priority, halting the UGV immediately if
someone is detected. In scenarios where rotation is necessary (“Flag_Rotation” = TRUE), the
algorithm evaluates the trajectory alignment and the elapsed time without any positional
change. If trajectory adjustment is needed, the UGV is directed to rotate. Otherwise, the
original position is updated, and the “Flag_Rotation” is deactivated.

When no further rotation is needed (“Flag_Rotation” = FALSE), the algorithm
checks whether the goal has been achieved. If the goal is met, the machine stops, and
“Flag_Goal_Reached” is activated. If the goal has not been reached, a series of error calcula-
tions are performed, involving the “Cross_Track_Error” (CTE) for orientation control, the
position error for linear control, and the heading error for angular control.

3.4.4. PID Vector Field

The algorithm is shown in pseudocode below (Algorithm 5) and presented in Figure 12.
It is somewhat different from the others, as it also uses PID control, but its error is derived
from the vector sum of the virtual forces encountered during navigation.

The pseudocode presents a dynamic strategy for the UGV’s navigation, incorporating
multiple checks and calculations to ensure a precise and safe trajectory. The process begins
with a check for “No_Goals”, which returns FALSE if no goals are defined, preventing
the algorithm from proceeding without a clear purpose. Next, two flags are initialized:
“Flag_Goal_Reached” and “Flag_Rotation”. The first starts as FALSE, indicating that
the goal has not yet been reached, while the second is initialized as TRUE, signaling
the need for rotation. The core of the algorithm is a loop that continues until the goal
is reached (“Flag_Goal_Reached” = FALSE). During each iteration, a priority check for
person detection is performed. If a positive detection occurs, the UGV is immediately
halted, prioritizing safety. In cases where rotation is required (“Flag_Rotation” = TRUE),
the algorithm evaluates whether the UGV is not aligned and whether 10 s have passed
without positional change. If both criteria are met, the UGV is directed to rotate. Otherwise,
the original position is updated, and the “Flag_Rotation” is deactivated. When rotation
is no longer needed (“Flag_Rotation” = FALSE), the algorithm checks whether the goal
has been reached. If the goal is met, the machine stops, and “Flag_Goal_Reached” is
activated. If the goal has not been reached, the algorithm enters a series of calculations
involving the “S_Star” error (for linear trajectory control) and the “Tau_Error” (for angular
orientation control).

This algorithm is based on the concept of following a trajectory by creating a vector
field around the path to be followed. The vectors in this field provide orientation commands
to guide the robot towards the desired trajectory.

The goal is not to follow a moving point, but rather to position the robot along the
trajectory as it moves. The vectors in this field are directed toward the path that should be
followed, following the desired direction of navigation [40]. These vectors act as orientation
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commands for the robot. As shown in Figure 13, which represents a sample of a vector
field between the start and the destination (black arrows), this approach directs the robot
(red arrow) along the line between points from the start of its navigation.

Algorithm 5. PID Vector Field controller.

IF No_Goals = TRUE

RETURN FALSE
Flag_Goal_Reached = FALSE

Flag_Rotation = TRUE

WHILE Flag_Goal_Reached = FALSE:
IF detect_people = TRUE:

VL = 0 and VR = 0 (STOP MACHINE)
ELSE:

IF Flag_Rotation = TRUE

IF Not_Aligned AND 10_Seconds_Passed_Without_Changing_Position:
υ = 0 and ω �= 0 (ROTATE MACHINE)

ELSE:
Original_Position = Actual_Position
Flag_Rotation = FALSE

ELSE:
χ f = atan2

(
w2y − w1y , w2x − w1x

)
S∗ = (z−w1)T(w2−w1)

||w2−w1||

ε =||z − (S∗ ∗ (w2 − w1) + w1)||

ρ = sign((w2 − w1) ∗ (z − w1))

IF S∗ ≥ 1:
VL = 0 and VR = 0 (STOP MACHINE)
Flag_Goal_Reached = TRUE

Flag_Rotation = TRUE

IF S∗ < 1:
ε = ρ ∗ ε

IF |ε| > τ:
χd = χ f − ρ ∗ χe

IF |ε| ≤ τ:
χd = χ f − χe(ε

τ

)k
Angular PID
ω = Kθ

pχ
d + Kθ

i
∫
χd dt + Kθ

d
dχd

dt
Linear PID
υ = Klinear

p S∗ + Klinear
i
∫

S∗ dt + Klinear
d

dS∗
dt

VL = υ − L
2 ω AND VR = υ + L

2 ω

The concept of vector fields, as shown in Figure 14, is comparable to that of potential
fields, which have been widely used as a tool for trajectory planning. Potential fields can be
applied in robot navigation for obstacle avoidance and collision prevention scenarios [41].
Vector fields differ from potential fields in that they do not always represent the gradient
of a potential. Instead, the vector field simply indicates a desired direction of movement.
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As we can see, the vector field force (black arrow) will guide the robot between it starting
point (green dot) and its goal (red dot).

 

Figure 12. Trajectory with the Vector Field algorithm.

Figure 13. Typical magnetic field in navigation with the Vector Field algorithm.

 

Figure 14. Representation of the variables in the Vector Field algorithm.

The following steps represent the process of the Vector Field algorithm:

1. Calculation of the Orientation Angle (χf): In this step, the desired orientation angle
(χf) is calculated for the robot to move from the first waypoint (w1) to the second
waypoint (w2).

χf = atan2
(
w2y − w1y , w2x − w1x

)
(1)

2. Calculation of Position Along the Trajectory (S*): Here, the robot’s position along the
trajectory between the waypoints is determined. The vector connecting the current

37



Algorithms 2025, 18, 63

position (z) and the first waypoint (w1) is projected onto the vector between w1 and
w2, giving a measure of where the robot is along the trajectory.

S∗ = (z − w1)T(w2 − w1)
||w2 − w1|| (2)

3. Calculation of Distance to the Trajectory (ε): This step calculates the distance between
the robot’s actual position (z) and the closest point on the trajectory between the
waypoints. This helps understand how far the robot is from the desired path.

ε =||z − (S∗(w2 − w1) + w1)|| (3)

4. Determination of the Side of the Trajectory (ρ): Here, a value (ρ) is calculated to
indicate which side of the trajectory the robot is on. This is achieved using the cross
product between the vector connecting the waypoints (w2 − w1) and the vector from
the current position (z) to the first waypoint (w1). The sign of this value indicates
whether the robot is to the left or right of the trajectory.

5. Verification of Position Relative to Waypoint 2: If the value of S* is greater than 1, it
means the robot has passed the second waypoint. In this case, the robot transitions to
the next waypoint, as it has reached the destination of the current waypoint.

6. Change of Waypoint: The transition to the next waypoint in the trajectory is made.
7. Continuation of the Process: If S∗ is less than 1, it means the robot is still between the

waypoints, and its navigation continues.
8. Defining ε as ρε: In this step, the value of ε is updated to ρε, which represents the

distance of the robot to the trajectory, considering which side of the path the robot
is on.

9. Verification of Distance to the Trajectory: If the absolute value of ε is greater than
a predefined threshold τ, it indicates that the robot is significantly far from the
desired path.

10. Calculation of Desired Angle (χd): If the robot is far from the trajectory, χ f is calculated
as the difference between the reference angle χ f and the product of ρ and χe, where
χe is a correction factor.

χd = χ f − ρ ∗ χe (4)

11. Otherwise (Trajectory Distance Within the Limit): If the absolute value of ε is less than
or equal to τ, it means the robot is close enough to the trajectory.

12. Calculation of Desired Angle with Correction (χd): In this scenario, χd is calculated as
the difference between the reference angle χ f and the product of χe, τ, and a factor k.

χd = χ f − χe
( ε
τ

)k
(5)

13. End of the Process: The process concludes here.

These steps enable the robot to follow a desired trajectory using vector fields, adjusting
its orientation and position dynamically to ensure that it stays on course while accounting
for any deviations.

3.5. Process of Calculating PID Coefficients

To calculate the respective gains of the controller, there are several methods,
which can be divided into two categories: closed-loop and open-loop methods. Nu-
merous methods can be implemented for PID controller tuning, such as the Ziegler–
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Nichols (Z-N) method, Tyreus–Luyben (T_L), C-H-R, Cohen and Coon (C-C), Fertik, and
Ciancone–Marlin (C-M) [42].

The Ziegler–Nichols (Z-N) and Cohen–Coon (C-C) controllers are simple and easy to
implement. The Cohen–Coon method for PID control is an extension of the Ziegler–Nichols
method. This technique improves the steady-state response, especially when there is a
large delay in the process compared to the open-loop time constant [43]. To achieve this,
the PID parameters are obtained through open-loop experiments, as shown in Figure 15.

Figure 15. Open-loop reaction curve [44].

From the obtained data, it is possible to calculate the associated gains, as shown in
Table 3.

Table 3. Gain calculation formulas [43].

Cohen–Coon KC TI TD τ a

PID 1.35
a

(
1 + 0.18τ

1−τ

)
2.5−2.0τ
1−0.39τ ∗ L 0.37−0.37τ

1−0.81τ ∗ L L
L+T

Kprocess∗L
T

3.6. Evaluation Criteria for PID Control Algorithms

In the methodology for designing a PID controller, one of the most important perfor-
mance criteria is the difference (error) between the system’s output and the reference value.
Generally, optimization functions are formulated based on error equations, with the three
most common being [45]:

• Integral of the Absolute Error Magnitude (IAE);
• Integral of the Squared Error (ISE);
• Integral of the Time multiplied by the Absolute Error Magnitude (ITAE).

These are given as follows [45]:

IAE =
∫ T

0
|e(t)|dt (6)

ISE =
∫ T

0

∣∣∣e(t)2
∣∣∣dt (7)

ITAE =
∫ T

0
t|e(t)|dt (8)

To complement the values provided by the metrics given in formulas 6–8, multi-
objective optimization (MOO) techniques were used with the selection of Pareto-optimal
solutions. This method, as mentioned in [46], explains that optimization aims to maximize
performance with minimal resources and is divided into exact methods, which guarantee
optimal solutions but have limited applicability, and meta-heuristic methods, which effec-
tively handle complex, real-world problems. In MOO, multiple conflicting objectives are
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addressed simultaneously, resulting in a set of Pareto-optimal solutions where no single
solution is universally better, requiring trade-offs.

A decision vector x* ∈ S is Pareto-optimal if no other vector x ∈ S can improve all
components without worsening at least one [47]. Mathematically, point x* ∈ S is Pareto-
optimal only if there is no point x ∈ S such that f(x) ≤ f(x*) with at least one fi(x) > fi(x*) [46].

As noted by [48], all Pareto-optimal solutions in decision variable space form the
Pareto-optimal set. Furthermore the representation of the Pareto optimal set in the objective
function space is called the Pareto-optimal front [49], expressed as:

PF∗ = {f(x∗)|x∗ ∈ PS∗} (9)

This indicates that the Pareto-optimal front (PF) is the set of objective function values
for all Pareto-optimal solutions (PSs) in the decision space, showcasing the trade-offs
between conflicting objectives.

In addition to the criteria mentioned, further evaluation metrics were added to com-
plement the above criteria. These metrics consist of the mean, standard deviation, and
maximum, with the scale being in meters. With these three metrics, the aim was to analyze
the position error of the robot relative to the trajectory that the UGV should follow. Finally,
the navigation time was also considered to determine which of the control algorithms could
execute a given trajectory in the shortest possible time.

4. Experimental Results

The various control algorithms derived from the PID controller that were proposed
were successfully analyzed and evaluated. It was possible to determine which control
algorithms offer greater efficiency and precision. By placing the UGV on a forest terrain (i.e.,
unstructured) to investigate the differences between the presented controllers, real-time
navigation data were collected during these practical experiments.

Thus, this section aims to present the experimental results regarding the process of
tuning the PID coefficients (Kp, Ki, and Kd), followed by an analysis of the proposed
control algorithms, highlighting the characteristics of each one.

4.1. Response of PID Parameters

For the PID gain calculations, the Cohen–Coon open-loop method was used. For
each controller, two tests were conducted: one for the angular component and another
for the linear component. In the linear component test, the UGV moved forward until
reaching the requested reference of 8 m, where we observed the system’s response curve
for each controller. In the angular component, the UGV was asked to change its reference
orientation by 45◦, and we also observed the response to this movement, as shown in
Table 4.
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Table 4. Graphs of the responses obtained for each PID control algorithm.
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After the values were calculated, it was possible to deduce and experiment with the
values. The calculated values are represented in Table 5.

Table 5. Parameters obtained for each PID control algorithm.

Controller
PID Linear Coefficient PID Angular Coefficient

Kp Ki Kd Kp Ki Kd

PID H 0.642 0.071 0.90 0.101 0.0054 0.0040
PID CTE 1.882 0.607 0.83 0.084 0.0295 0.0376

PID CTE + H 0.298 0.021 0.69 0.297 0.411 0.0546
PIDH (VF) Uses S* 0.385 0.1026 0.0211

4.2. PID Algorithm’s Control Performance

To visualize the data from the experiments carried out for each control system, we
created a visual presentation to provide a clear and comparative perspective of the per-
formance of each controller. This practical approach aims to provide more practical and
valuable insights into the behavior and effectiveness of navigation controllers in the real
world. All the tests conducted can be observed in Figure 15.

After thoroughly analyzing the results obtained from the field tests, we decided to
conduct additional tests to more precisely identify the most promising methods to be
incorporated into an obstacle avoidance algorithm during navigation. Through this careful
analysis, we aimed to select approaches that demonstrate consistency and effectiveness in
a variety of situations. Figure 16 is a visual representation of the various paths taken under
different control types.

Figure 16. Tests conducted in a real environment.
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We observed that the proposed destinations were successfully reached; however, since
this was not an ideal environment and contained disturbances, additional comparisons
were made by repeating the same trajectories for all algorithms. In our case, we considered
the square movement, where the robot passed through the coordinates [(8.0, 0.0); (8.0, 8.0);
(0.0, 8.0); (0.0, 0.0)], respectively. All tests started with the UGV facing east before navigation.
In all tests, the robot used GPS + RTK technology, providing an accuracy of up to 2 cm. For
all navigation tests, an offset of 0.2 m was considered until the destination was reached.
For each of these tests, an analysis of the robot’s position error relative to the trajectory
it should follow was performed. That is, the mean error, maximum error, and standard
deviation were calculated for each situation. In the graphs, a position translation of 1.1 m
is noticeable. This means that the robot’s location, instead of being at the “Sentry” point
where the GPS is located, was now situated at the robot’s center of rotation, affecting the
observed trajectories. This occurred because the position did not start from the origin point
(0,0), but from the point (1,0).

To better clarify the different paths taken by the UGV, Figure 17 shows the impacts that
the robot took and moved. This visualization enables an accurate analysis by presenting
the observed data with the context given in Figure 16.

Figure 17. Final result of the trajectory of each PID control algorithm (separately).

Table 6 presents the performance evaluation criteria used to evaluate and compare the
proposed algorithms, focusing on their effectiveness in terms of error reduction, routing
accuracy, and navigation efficiency.
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Table 6. Evaluation criteria applied to each controller during the experiments.

Algorithm ITAE IAE ISE Mean [m] Standard Deviation [m] Max [m] Navigation Time [s]

ON–OFF 2815.625 118.19 46.844 0.33 0.19 0.89 103.60
Heading 1695.307 138.11 44.1836 0.21 0.18 0.85 88.90

CTE 1541.619 131.13 46.9071 0.18 0.14 0.65 86.45
CTE + H 1257.305 95.303 19.6773 0.21 0.19 0.74 93.60

Vector Field 520.9629 66.989 11.8488 0.18 0.17 0.66 82.46

The analysis of the data presented in the table reveals that the CTE (Cross Track
Error) and Vector Field Control (VFC) algorithms outperform the others in terms of overall
performance. In particular, the VFC algorithm exhibits the best results in key quantitative
performance parameters, including ITAE (Integral Time Absolute Error), IAE (Integral
Absolute Error), and ISE (Integral Square Error).

The VFC algorithm obtains the lowest values of ITAE (520.96), IAE (66.989), ISE
(11.8488), indicating stability and accuracy with minimal accumulated errors over time.
Moreover, the stationary error (Mean [m] = 0.18) and the mean (Standard Deviation [m]. = 0.17)
show low values, indicating that a route is always closer to the correct route. During travel,
the VFC is also efficient, completing the task in 82.46 s, which is the shortest among all
algorithms considered.

Figure 18 illustrates the UGV navigating the 8 × 8 square path in the actual field where
the PID controller algorithms were previously tuned. The figure comprises four distinct
images, each capturing the robot positioned at one of the square’s corners.

  
(a) (b) 

  
(c) (d) 

Figure 18. Representation of all paths taken on the terrain during the execution of the 8 × 8 m squares:
(a) initial position; (b) first coordinate; (c) second coordinate; (d) third coordinate.
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These results indicate that the VFC algorithm performs particularly well for applica-
tions that require high accuracy in trajectory execution and time efficiency. The potential
reason for this superior performance is the ability to continuously optimize control vectors,
allowing the UGV (unmanned ground vehicle) to better adapt to planned changes in direc-
tion so that it meets and resolves sliding obstructions quickly and accurately. In contrast,
the ON–OFF and other algorithms exhibit the highest cumulative error (ITAE = 2815.625,
IAE = 118.19, and ISE = 46.844) and the largest position error (Max [m]). = 0.89). This
indicates a very basic and inefficient method of control, meaning that they are highly
unsuitable for applications requiring more optimized trajectories and higher accuracy.

To complement the validity of the robustness of the obtained values, the Pareto-
optimal front can be observed in Figures 19–21. These graphs demonstrate how improving
one objective impacts others. In our case, the ideal focus is on minimizing each objective,
highlighting that the Vector Field controller emerges as the optimal choice, dominating all
other controllers.

Figure 19. Pareto front between ITAE and IAE objectives.

Figure 20. Pareto front between ITAE and ISE objectives.
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Figure 21. Pareto front between IAE and ISE objectives.

5. Conclusions

In summary, the comprehensive research on the autonomous navigation of unmanned
ground vehicles (UGVs) within unstructured environments, such as those commonly
encountered in agriculture and forestry, has highlighted the vital importance of various PID
control algorithms in enhancing their operational effectiveness. The capability of UGVs
to navigate independently in these intricate environments is not merely a technological
enhancement, but an essential requirement for efficiency, safety, and sustainability in tasks
that are frequently hazardous or overly labor-intensive for human operators.

The study thoroughly assessed multiple PID control algorithms, including the
ON–OFF controller, PID Heading controller, PID Cross Track Error (CTE) controller,
PID CTE + Heading controller, and PID Vector Field controller. Each algorithm underwent
rigorous testing in real-world scenarios using a forestry tractor converted into a UGV,
equipped with advanced sensors for precise data acquisition. The evaluations revealed
significant variations in performance metrics among the different control strategies.

Notably, the PID Vector Field controller was identified as the optimal approach, demon-
strating exceptional performance regarding navigation efficiency, trajectory tracking precision,
and adaptability to the unpredictable conditions inherent in unstructured terrain. Utilizing the
multi-objective optimization framework confirmed that this method properly balanced stability,
adaptability, and computing efficiency. This algorithm’s capacity to derive its error from the
vector sum of virtual forces enabled dynamic adjustments during navigation, ensuring that the
UGV could stay close to its intended path despite obstacles or irregular terrain features.

Additionally, the integration of high-accuracy GNSS-RTK positioning alongside in-
ertial measurement units (IMUs) supplied the UGV with crucial data for the continuous
real-time monitoring of its position and orientation. This confluence of technologies not
only elevated the precision of the navigation system, but also fostered the formulation of
reactive control strategies prioritizing safety and efficiency.

However, the performance of a PID control algorithm also depends on environmental
factors. Variability in terrain conditions, such as soil, mud, or uneven surfaces, can affect
the traction of the UGV, thereby complicating its navigation. Since the scope of this article
focuses on unstructured environments, specifically forested areas, the presence of dense
vegetation and trees may reduce the reliability of GNSS-RTK signals, potentially impacting
the PID control algorithms.

The practical implications of these results are substantial. The effective adaptation of PID
control algorithms for UGVs represents a significant advancement in robotics applications
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within sectors such as agriculture and forestry, where the demand for autonomous systems
continues to grow. The capacity for UGVs to function effectively in challenging environments
can reduce labor costs, lower environmental impacts, and enhance safety for human operators.

Furthermore, this research establishes a foundational framework for future progress
in mobile robotics. By creating a performance evaluation framework based on criteria such
as Integral of Absolute Error (IAE), Integral of Squared Error (ISE), and Integral of Time
multiplied by Absolute Error (ITAE), along with metrics like mean, standard deviation,
maximum position errors, and navigation time, the study allows for a thorough analysis of
control algorithms. These metrics may serve as benchmarks for future research, facilitating
the ongoing enhancement of UGV navigation technologies.
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Abbreviations

The following abbreviations are used in this manuscript:

UGVs Unmanned Ground Vehicles
PID Proportional, Integral, and Derivative
RTK-GNSS Real-Time Kinematic Global Satellite Navigation System
GNSS Global Navigation Satellite System
INS Inertial Navigation System
PID-H PID Heading Controller
PID-CTE PID Cross Track Error Controller
PID-CTE + H PID Cross Track Error + Heading Controller
PID-VF PID Vector Field
PIO Proportional-Integral Observer
RCMA Raised Cosine Moving Average
MIMO Multiple Inputs and Multiple Outputs
T Target
AP Actual Position
eON-OFF On–Off Error
ωr Angular Value
μC Microcontroller
VR Voltage Right Wheel
VL Voltage Left Wheel
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R Radius
P Proportional Action
Kp Proportional Gain
I Integral Action
Ki Integral Gain
D Derivative Action
Kd Derivative Gain
PI Proportional–Integral
PD Proportional–Derivative
θDes Desired Heading
eHead Heading Error
θDes Desired Angle
θ Actual Angle
ePos Position Error
Vr Linear Value
D_DFL Desired Distance from the Line
A_DFL Current Distance from the Line
e_CTE Error in this Distance
φ Bearing of the Path
DDFPL Distance from Point to Line
ωr Angular Value
IAE Integral of the Absolute Error Magnitude
ISE Integral of the Squared Error
ITAE Integral of the Time multiplied by the Absolute Error Magnitude
MOO Multi-Objective Optimization
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Abstract: This work aims to develop and compare the performance of a line-following
robot using both neural networks and classical controllers such as Proportional–Integral–
Derivative (PID). Initially, the robot’s infrared sensors were employed to follow a line using
a PID controller. The data from this method were then used to train a Long Short-Term
Memory (LSTM) network, which successfully replicated the behavior of the PID controller.
In a subsequent experiment, the robot’s camera was used for line-following with neural
networks. Images of the track were captured, categorized, and used to train a convolutional
neural network (CNN), which then controlled the robot in real time. The results showed
that neural networks are effective but require more processing and calibration. On the
other hand, PID controllers proved to be simpler and more efficient for the tested tracks.
Although neural networks are very promising for advanced applications, they are also
capable of handling simpler tasks effectively.

Keywords: AGV; robot; Raspbot; PID; LSTM; CNN; AI; deep learning; line-follower

1. Introduction

In recent years, artificial intelligence techniques, such as machine learning and
deep learning, have revolutionized various fields of science and engineering, including
robotics [1–4]. These techniques have shown significant potential to enhance the autonomy
and intelligence of robots, enabling them to perform complex tasks with greater efficiency
and precision. One of the promising fields where these techniques are currently applied is
the control of mobile robots, including Autonomous Guided Vehicles (AGVs).

Traditionally, techniques such as PID control and trajectory planning algorithms
have been used in mobile robot control. However, these approaches face limitations in
dynamic and unstructured environments. Deep learning (DL) techniques offer a data-
driven approach that can enhance the adaptability and intelligence of these control systems.
Inspired by recent advances in artificial intelligence, modern alternatives like LSTM and
CNN networks have emerged, offering potential solutions to these challenges.

In this context, the development of a line-following robot control algorithm using DL
techniques was chosen. This practical and relevant application enables one to demonstrate
the effectiveness of neural networks in robot control, providing solid validation for new
control approaches. By comparing traditional and modern techniques, this work aims to
identify the advantages and limitations of DL, contributing to the development of smarter
and more efficient robotic systems. On the other hand, the use of DL algorithms such as
LSTM and CNN does not inherently require a mathematical model of the robot for its
control. The need for a mathematical model depends on the specific application and the role
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of neural networks in the control system. In the present case, the LSTM or CNN models are
trained to predict control actions directly from sensor data, and the robot can be controlled
using only the sensor inputs. This data-driven approach relies on neural networks to learn
the relationships between sensor input and control output during training. Thus, LSTM is
used to process sequential data, such as time series sensor readings, while CNN is used
to handle spatial data such as camera images. The results obtained are very promising,
showing that the quality and quantity of the training data used were sufficient to provide
satisfactory control of the robot in a real scenario. Therefore, the main contributions of this
work can be summarized as follows:

• Introducing the LSTM and CNN architectures for the control of a mobile robot.
• Providing detailed insights into the implementation of various control algorithms,

with a particular focus on the LSTM and CNN networks.
• Comparison of artificial intelligence algorithms with the classical PID controller.
• Evaluating and comparing the performance of different control algorithms using

various metrics.

The article is structured as follows. Section 2 presents the robot architecture and its
main components. The control methods are described in Section 3. Section 4 discusses
the details of the implementation of the three control strategies used, PID, LSTM, and
CNN. The results are provided in Section 5, while Section 6 includes a discussion of the
real experiments. Finally, Section 7 draws the main conclusions and outlines the future
developments of the presented work.

Literature Review

In recent years, the use of artificial intelligence and deep learning for autonomous ve-
hicle control has attracted a great deal of interest. In [5], the authors developed a Bluetooth-
and vision-controlled AGV for COVID-19, capable of carrying 10 kg and following a la-
beled user at an optimal distance of 80 cm and a 55° detection angle. The AGV reduces
contact risk, aids seniors by eliminating the need to push heavy loads, and operates via a
mobile app or autonomous tracking within a 10 m range. The work by [6] introduced an
AI-driven AGV for factory automation, using magnetic tape for navigation to handle goods.
The limitations include misjudgment when tape breaks and an inability to change routes
around obstacles. The study explored divergence-wheeled robots for smoother navigation
in crowded environments. In [7], an AGV was presented for seamless indoor and outdoor
navigation, utilizing a self-evolving free space detection (FSD) framework with online
active machine learning and sensor data fusion. The framework outperforms DeepLabV3+
by self-learning from real-time multimodal data, reducing the need for large datasets
while improving robustness in unstructured environments. In [8], an obstacle avoidance
system was implemented for AGVs using deep action learning (DAL) to enhance visual
navigation, object recognition, and decision-making. By integrating YOLOv4, SURF, and
kNN, the system achieves real-time obstacle avoidance and navigation, meeting Industry
4.0 standards for speed, accuracy, and robustness in unstructured environments. In [9],
the authors proposed an AGV obstacle avoidance system combining deep learning object
detection and grid-based path planning for dynamic industrial environments. Tested in
a simulated tobacco production workshop, the system achieved a 98.67% success rate in
obstacle avoidance and improved task efficiency by 27.29%, offering a reliable solution for
industrial AGVs. In [10], a deep-reinforcement-learning-based method for automatic PID
adjustment to ensure smooth AGV movement was presented. Using the Deep Q-Learning
Network (DQN), the approach transforms PID tuning into an action–value optimization
problem. Simulations and tests demonstrate the method’s effectiveness in achieving opti-
mal PID settings without manual intervention. Another study [11] introduced a two-wheel
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AGV platform utilizing sensor fusion and neural networks for intelligent path planning
and navigation in dynamic unknown environments. The neural network processes sensor
inputs to determine safe paths while avoiding arbitrarily shaped and moving obstacles,
with simulations validating the approach for Industry 4.0 applications. The work in [12]
reviewed recent applications of deep learning in UAVs for tasks like security, disaster
rescue, and warehouse management, highlighting the key techniques, their performance,
and limitations while discussing the challenges and future directions for UAV-based deep
learning solutions. The work in [13] presented an AI algorithm for platform autonomy,
enabling navigation without human intervention. Using cameras, LIDAR sensors, and
a vision system, the platform employs convolutional neural networks for environment
analysis and path optimization. Transfer learning trains the network, with the results
demonstrating its effectiveness. In [14], a deep reinforcement learning approach for map-
less AGV navigation using LiDAR and RGB cameras was presented. The NavACL-Q
method combines curriculum learning with soft actor–critic to address challenges like
sparse samples and partial observability. The results demonstrated a 40% performance gain
over random starts and a 60% boost with a pre-trained feature extractor, outperforming
map-based navigation.

2. System Architecture

This section describes the robot platform, its architecture, and the software tools used
for the project.

2.1. Mobile Platform

The robot chosen for this study was the Raspbot AI Vision Robot Car from Yah-
Boom [15]. It is equipped with the necessary sensors for implementing a line-follower,
including infrared sensors and a camera. Table 1 lists a summary of the main characteristics
of the Raspbot AI Vision Robot Car. It integrates vision functions based on open-source
computer vision (CV) via Python programming. This enables the robot to be controlled via
an app, infrared remote (IR), and the JupyterLab web interface.

Table 1. Main characteristics of Yahboom Raspbot AI Vision Robot Car.

Parameter Yahboom

Sensors Camera Lower and lateral
infrared Ultrasound

Infrared module 4

No. of wheels 4

No. of motors 4

Microcontroller Raspberry Pi 4B

Camera
5 Megapixels 1080P@30FPS/

720P@60FPS/480P@90FPS
interface CSI

Camera Gimbal Yes

Ultrasound NoGimbal

2.2. Robot Architecture

The Raspbot is equipped with interconnected components, including sensors, micro-
controllers, drivers, and motors. This setup enables the robot to perform several tasks
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necessary for the realization of this project. Figure 1 presents a block diagram of the system’s
architecture, highlighting the main components of the system and their connections [15].

Figure 1. Block diagram of the robot architecture.

The green blocks represent the system’s controllers, the main one being the Raspberry
Pi 4 model B. The Raspberry will be responsible for controlling all the system’s components.
The robot is equipped with six motors: 4 generic TT DC gearbox motors from TTmotors
in China [16] and 2 TS90A servo motors from TianKongRC, China [17]. In addition, it
has a Raspberry Pi Camera Rev 1.3 [18] (Figure 2a), capable of recording still images at
a resolution of 2592 × 1944 pixels. For line tracking, the robot employs a lower tracking
module equipped with four tracking probes in an optimized spacing layout. The two inner
probes accurately detect the black line, while the two outer ones assist the inner probes by
providing additional detection and early warnings. This configuration enables the robot to
navigate complex tracks, including 90◦ curves (Figure 2b) [15].

This setup provides remote access to the Raspberry Pi operating system through the
JupyterLab environment [15].

(a) (b)

Figure 2. (a) Raspberry Pi Camera Rev 1.3 [18] and (b) Yahboom’s 4-channel infrared tracking
sensor [15].

2.3. Software and Tools

For this work, an operating system (OS) distributed by the robot’s manufacturer (based
on Raspbian 5.10.63-v7l+) was used, which enables the user to connect the Raspberry Pi to
a Wi-Fi network without having to connect it to a monitor or keyboard afterwards. Once
connected, remote access to the system is also available through a JupyterLab 6.1.4 server
(Figure 3).
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Figure 3. JupyterLab environment.

The data collected by the robot for training the neural networks were transferred to a
more powerful computer equipped with an NVIDIA RTX 3060 GPU [19], a Ryzen 7 3700X
AMD CPU (3.6 GHZ base clock speed) [20], and 32 GB of DDR4 RAM. This setup enabled
faster neural network training and testing of different network configurations. The Python
language (version 3.7.4) was selected because of the greater degree of familiarity already
present and its powerful data visualization, which also helped the debugging process
during the development of the work. The main tools included the Anaconda environment,
the Jupyter Notebook, and libraries such as TensorFlow 1.14.0 and Keras 2.2.4 [21,22].

3. Control Strategies

The objective of this work was to develop, implement and test multiple control
methods to assess their performance in the control of a line-following robot. For that
purpose, classical and deep learning methods were studied. During execution, sensor data
from the infrared sensors or camera are sent to the Raspberry Pi and then the controller
implemented in the software will calculate the new motor speed values and send these
new values to the motors, as illustrated in Figure 4. The control is created with two values,
where a single value will be updated for both right motors (front and rear), and the other
value will be updated for the left motors.

Figure 4. Schematic of the system with the software controller.
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3.1. PID

For the classical methods, the PID (Proportional–Integral–Derivative) controller was
selected. The PID is the most common controller in industry and is widely used in
all control applications. It also represents an essential element of more sophisticated
controllers [23–26]. Figure 5 presents a block diagram of a PID-controlled system [27,28].

Figure 5. PID-controlled system.

The PID controller can be described as

u(t) = Kp

(
e(t) +

1
Ti

∫ t

0
e(τ) dτ + Td

de(t)
dt

)
(1)

where u(t) represents the controller action output and e(t) is a control error input, which is
the difference between the desired reference value and the current value of the variable to
be controlled. The controller output is thus the sum of three terms: the P-term (which is
proportional to the error), the I-term (which is proportional to the integral of the error), and
the D-term (which is proportional to the derivative of the error). The parameters Kp, Ti, and
Td are, respectively, the proportional gain, the integral time constant, and the derivative
time constant [29].

The discrete PID controller can be obtained as

u[n] = Kp

(
e[n] +

T
Ti

n

∑
k=0

e[k] +
Td
T
(e[n]− e[n − 1])

)
(2)

where T is the sampling period and n is the sample instant. Since T is constant (T = 1/80 s),
the following simplified equation was used:

u[n] = Kpe[n] + Ki

n

∑
k=0

e(k) + Kd(e[n]− e[n − 1]) (3)

where Ki =
KpT

Ti
is the integral gain and Kd =

KpTd
T the derivative gain.

3.2. LSTM

LSTM (Long-Short Term Memory) is an advanced type of RNN (recurrent neural
network) developed by Hochreiter and Schmidhuber [30]. Traditional RNNs are charac-
terized by using the previous output as one of the inputs of the network, similarly to PID
controllers. However, RNNs have difficulty learning long-term dependencies due to the
vanishing gradient problem. LSTM solves this problem by introducing a memory cell that
can retain information over extended periods of time. Figure 6 shows the structure of an
LSTM cell [31].

56



Algorithms 2025, 18, 51

++
tanhtanh

ht

CtCt 1

ht 1

ft it ot

xt

tanhtanh      
CtCt

ht
+

tanh

ht

CtCt 1

ht 1

ft it ot

xt

tanh   
Ct

ht
+

tanh

ht

CtCt 1

ht 1

ft it ot

xt

tanh   
Ct

ht

Input gate Output gate

Forget gate

~

Figure 6. LSTM cell.

The equations for the forward pass of an LSTM cell are as follows:

ft = σ(Wf · [ht−1, xt] + b f )

it = σ(Wi · [ht−1, xt] + bi)

C̃t = tanh(WC · [ht−1, xt] + bC) (4)

Ct = ft ∗ Ct−1 + it ∗ C̃t

ot = σ(Wo · [ht−1, xt] + bo)

ht = ot ∗ tanh(Ct)

where W terms denote the weight matrices, [ht−1, xt] the concatenation of the current input
and the previous hidden state, the b terms denote bias vectors, σ is the sigmoid activation
function, and i, f , o, and C are, respectively, the input gate, forget gate, output gate, and cell
activation vectors; ∗ is the elementwise multiplication, and tanh function is the activation
function.

The LSTM, by having the ability to capture long-term dependencies and process
sequential data efficiently, has revolutionized many fields, including natural language
processing, speech recognition, and time-series forecasting. Their advanced architecture,
which incorporates memory cells and gates, enables them to learn and retain complex
patterns over time, making them an essential tool in modern machine learning and artificial
intelligence applications, including image classification [32].

3.3. CNN

A CNN (convolutional neural network) is a widely used discriminative deep learning
architecture that learns directly from input data without the need for manual feature
extraction. As a result, CNN improves on the design of traditional ANNs (artificial neural
networks), such as regularized MLP (Multi-Layered Perceptron) networks. Each layer in
the CNN takes into account optimal parameters to produce a meaningful output, as well as
to reduce the complexity of the model [33].

They are specifically designed to handle a variety of 2D shapes, making them widely
used in visual recognition, medical image analysis, image segmentation, natural language
processing, and many other domains. The ability to automatically discover essential
input features without human intervention makes it more powerful than a traditional
network [34].
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Table 2 shows the CNN LeNet (LeNet-5) architecture to classify images [22]. LeNet-5
is characterized by having a total of 7 layers (3 convolutional layers, 2 pooling layers,
and 2 dense fully connected (FC) layers) and is a simple and efficient network generally
used for the categorization of handwritten letters and numbers. In the present work,
it was used for the classification of shapes of the black line in front of the robot. This
architecture was chosen primarily for its lightweight and computationally efficient design,
making it well suited for low-end hardware implementations, which is the case with
respect to the Raspberry Pi utilized. It also offers several advantages, including ease of
implementation, with fewer parameters than other CNNs, making it easier to train and
less prone to overfitting in smaller datasets.

Table 2. LeNet-5 architecture.

Layer
Layer Feature

Size
Kernel

Stride Activation
Type Map Size

Input Image 1 32 × 32 - - -

1 Convolution 6 28 × 28 5 × 5 1 tanh

2 Average 6 14 × 14 2 × 2 2 tanh
Pooling

3 Convolution 16 10 × 10 5 × 5 1 tanh

4 Average 16 5 × 5 2 × 2 2 tanh
Pooling

5 Convolution 120 1 × 1 5 × 5 1 tanh

6 FC - 84 - - tanh

Output FC - 10 - - softmax

4. Implementation

This section details the various control methods used for the control of the line-follower
robot. The project will be divided into two experiments. The first one uses the track on the
wooden floor and the infrared sensors with an LSTM network, and the second one, on a
modified track, uses the camera and a CNN for robot control.

4.1. PID

The objective is to control the robot to follow a line drawn on the ground utilizing
neural networks through infrared sensors. To achieve this, in order to collect and classify
data to be used to train the LSTM network, a PID controller was first implemented. There-
fore, whilst the robot is being controlled by the PID, the infrared sensor data and right and
left speeds are saved for use in the next experiment. Figure 7 shows the main loop of the
PID-controlled system. This loop is executed 80 times per second.

While the user does not interrupt the program, the algorithm will start on each loop
by obtaining the new error value to be fed to the PID controller. This error is defined as the
approximate distance between the central position of the infrared sensor module and the
central position of the line. Consequently, the current position value is first calculated by
the following equation:

Position =
(0 × S1) + (2750 × S2) + (3550 × S3) + (6300 × S4)

S1 + S2 + S3 + S4
(5)

where S1 to S4 represent the binary logic values of each sensor. This estimate is completed
using a weighted average of the sensor indexes multiplied by a specified value. The values
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used can be chosen arbitrarily, so the controller gains would need to be adjusted accordingly.
However, since the four sensors are not spaced equally apart, the solution found was to
match the gains to the distance between the different sensors. By measuring this distance,
the values were set to 0, 2750, 3550 and 6300, with the first weight being 0, kept in the
equation for clarity of the weight used for each infrared sensor of the module, as shown in
Figure 8.

Figure 7. Main loop of the PID controller.

Figure 8. Diagram of the weighted average used by the system and the error calculation.

Finally, with the distance calculated, the error can be determined by subtracting the
desired value (3150) from the current position, Error = 3150 − Position. In this way, if the
error is 0, the sensor is centered with the line; if it is negative, the line is to its right; and,
if it is positive, to its left. Furthermore, if the previous function returns −1, that is, the
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sensor ‘loses’ the line, the error will be adjusted taking into account the previous error. If
the previous error is negative, it will be changed to −6000, and, if positive, it will be set to
6000, as described in the implementation of Figure 7.

With the error determined, this value can be used as the parameter for the function
PID_Linefollow. Figure 9 illustrates the steps of this function:

Figure 9. Steps of the PID controller.

• Calculation of terms: proportional (P = error), integrative (I = I + error), and
derivative (D = Error − previousError), multiply by their respective gains, and add
them to calculate the PID value.
The gains were obtained experimentally, trying several combinations so that oscil-
lations were minimized and responsiveness optimized. In this case, the gains are
Kp = 0.04, Ki = 0.00002, and Kd = 0.035.

• Initial wheel speed adjustment: a default value is set for the motors to turn, in this
case 70, called the base speed. The adjustment will add the result of the PID to the
right-hand motors and subtract it from the left-hand motors so that the average value
of 70 is maintained in the forward direction of the robot.

• Apply the anti-windup mechanism to ensure that the integrative action does not
reach very high values, which could lead to the robot, when it loses the line, spinning
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indefinitely, unable to get back on track. In this way, if the wheel speeds exceed the
acceptable limit (less than −255 or more than +255), the amount by which these
speeds exceed the limits will be added to the anti-windup value.

• Recalculate the PID value: due to the fact that the anti-windup changes the value of
the integrative action, it is necessary to recalculate the output of the PID and the speed
of the wheels.

• Save data for analysis, debugging, and then training the neural network.
• Apply saturation to the motor speeds so that they do not exceed the limits (−255 to

+255), and finally apply these speeds to the motors.

The resulting scheme for the PID control is shown in Figure 10.

Figure 10. Block diagram of the implemented PID controller.

4.2. LSTM

With the data collected, it is now possible to train an LSTM neural network so that it
can simulate the behavior of the PID controller. To accomplish this, it is necessary to choose
a suitable model for this implementation.

Since the PID controller takes previous values to calculate the new output value, it is
important to consider a model that has the ability to use past values to calculate new motor
speeds. Therefore, an LSTM network was selected.

The implementation of an LSTM neural network involves several steps. First, the
training data are prepared by organizing the CSV data, identifying the inputs and outputs,
creating sequences, and splitting the data into training and test sets. The network is then
defined by determining the depth, type, and size of each layer. The following step is
the network training, which includes testing different configurations and depths while
comparing the errors obtained in each case. Finally, the trained model is saved and can be
transferred to the Raspberry Pi of the robot, where it will be used for control.

The LSTM model is designed to accurately deliver new left and right speeds to the
motors, striking a balance between complexity and regularization to optimize perfor-
mance while mitigating overfitting. Figure 11 illustrates the network model used in this
implementation. Table 3 lists the network parameters.
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Figure 11. Diagram of the LSTM network used.

Table 3. Hyperparameters of the LSTM model.

Hyperparameter Value

LSTM Units (Layer 1) 50

Input Shape (n_steps, 1)

Return Sequences (Layer 1) True

Dropout (Layer 1) 0.1 (10%)

LSTM Units (Layer 2) 50

Return Sequences (Layer 2) False

Dropout (Layer 2) 0.1 (10%)

Dense Units (Hidden) 50

Activation Function (Hidden) ReLU

Dense Units (Output) 2

Optimizer Adam

Loss Function MSE (Mean Squared Error)

Batch size 32

Epochs 60

Validation Data (X_test, y_test)

The network was trained along 60 epochs, that is, the number of times the entire
training dataset is passed through the network; for that and to ensure that the model
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is trained correctly, the dataset was divided into training and test data, the split was
configured so that 80% of the data are used for training and 20% for testing. It was
observed that training with more epochs enables the model to learn better, but too many
can lead to overfitting. Figure 12 shows the evolution of the model error as it is trained.

Figure 12. Evolution of the LSTM network’s error during training.

The resulting controller is shown in Figure 13. Evidently, the PID controller and the
anti-windup system were removed and replaced by the LSTM network.

Figure 13. Block diagram of the implemented LSTM controller.

This approach enabled the robot to be controlled with a neural network using only
infrared sensors as input. Its control is very similar to the PID control, which is expected,
since data from that controller were used to train the neural network. However, existing
similarities validate that the LSTM network was able to learn the associated patterns and
temporal dependencies of the PID controller.

4.3. CNN

In the second experiment, the aim is to develop a platform for the robot to follow a
line drawn on the ground using neural networks, as in the previous experiment, but using
a camera. In this case, the Raspberry Pi camera mounted on the robot will point downward
so that it can take successive images of the ground in front of it. These images will then be
fed to a neural network that will control the robot movement along the path.

With this strategy, the use of an LSTM neural network would offer limited benefits
compared to a CNN since the LSTM network was chosen for the previous experiment to
simulate the behavior of the PID controller, which requires past information to calculate the
new output. However, the use of real-time images to control the robot does not involve the
temporal dependence found in the PID controller. However, the use of an LSTM network
could easily, if configured with an incorrect number of steps for each sequence, lead to
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the network memorizing the path it was trained to follow, capable of causing the robot to
behave abnormally or incorrectly if placed on a different track. For these reasons, a CNN
was chosen.

As in the first experiment, a large amount of data is required to train the neural
network. In this case, the data will be a large number of images taken by the robot itself, so
it is necessary to develop a method for obtaining these images.

As mentioned, the first step is to take several images of the path and save them for
use in neural network training. This will be completed following the steps outlined in the
flowchart of Figure 14:

• Camera initialization and positioning: During initialization, the camera is configured
to capture images and is positioned correctly for the task. Additionally, the positions
of the servos connected to the camera are adjusted to ensure that the camera is aligned
pointing straight down for accurate image capture;

• Taking a new image: In each iteration of the loop, a new image is captured from the
camera (Figure 15). This continuous image acquisition is crucial for real-time image
processing;

• Image processing for line detection: The process begins by converting the color
image to grayscale (Figure 16), which simplifies the complexity of the image and
improves the effectiveness of binary thresholding. Binary thresholding is then applied
(Figure 17), where a threshold value transforms the image into a binary representation,
highlighting the relevant pixels in black and white. To optimize processing, the image
is then cropped to keep only the top part (Figure 18), thus reducing unnecessary areas
and improving the detection of the desired line near the robot, which is essential for
the control operation;

• Save image: After processing, the final image is saved to a file. The file path is
generated dynamically and the image is saved in .jpg format.

Figure 14. Process of capturing, processing, and saving images.
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Figure 15. Example of a raw image.

Figure 16. Example of a grayscale image.

With this procedure, several images of the track are taken at different locations, posi-
tions, and angles to ensure that the neural network is trained to handle any situation the
robot may encounter. The dataset has a size of 1800 images.

Figure 17. Example of an image with binary thresholding.
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Figure 18. Example of a cropped final image.

With the dataset obtained, the next step is to classify the images so that they can be
used to train the neural network. For this, each image will be assigned the action that the
robot will have to complete. These actions will be divided into the categories listed in
Table 4.

Table 4. Speed of the right and left motors for each category.

Category
Right
Speed

Left
Speed

forward 60 60

soft_left 50 70

soft_right 70 50

hard_left 30 90

hard_right 90 30

spin_left −50 70

spin_right 70 −50

lost_line - -

The wheel speed values are between −255 and +255, where negative values cause the
wheel to spin backward and positive values spin forward. Additionally, in the last category
(‘lost_line’) corresponding to when the robot loses the line, the robot will move accordingly
to the previous reading. So, if the vehicle was turning to the left on the previous reading,
the robot, when losing the line, will spin to the left and vice versa to the right.

For the classification task, eight different folders were created, one with the name
of each category, where all images taken in the previous step were manually classified.
Although this classification method is simpler, it requires considerably more time. With
this method, the robot will have eight different modes of operation. However, using more
categories would lead to greater difficulty in classifying the dataset due to the greater
ambiguity in distinguishing these categories.

With the dataset obtained and classified, it can finally be used to train the CNN
network, as depicted in Figure 19:

• Configure model: In the first step, the CNN network is configured using the LeNet
architecture, which is suitable for image classification tasks. The model is configured
to receive 36× 36-pixel grayscale images and classify them into one of eight categories,
each representing a different driving command;

• Load categorized images and assign labels: The dataset containing images is loaded
from the specified directories. Each image is read and resized to 36 × 36 pixels to
match the input dimensions of the CNN. The images are stored in a list for further
processing. The labels are derived from the directory structure: each folder corre-
sponds to a driving command (e.g., ‘forward’ or ‘soft_left’), which is then converted
into numerical label;
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• Divide the dataset into training and test data: To ensure a good generalization of
the model, the dataset is split into training and test sets. The split is configured so
that 75% of the data is used to train the model and the remaining 25% are reserved
for testing. This split enables the model’s performance to be assessed on data not
observed after training;

• Train the model: The CNN is trained using the training data. To avoid overfitting,
early stopping is implemented. This technique monitors validation loss and stops
training if the model stops improving after a certain number of epochs, ensuring that
the model does not overfit the training data and generalizes better;

• Model evaluation: After training, the model performance is evaluated by plotting the
training and validation loss over iterations. These plots provide information on how
well the model has learned to generalize. If the validation loss continues to decrease,
this indicates that the model is improving;

• Save the model: Finally, after the model has been successfully trained, it is saved to
disk. This enables the model to be used in the future.

Figure 19. Process of training the CNN.

The CNN model used is shown in Figure 20, and its hyperparameters are provided in
Table 5.
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Figure 20. Structure of the CNN used.

Table 5. Hyperparameters of the LeNet model.

Hyperparameter Value

Input Format (height, width, depth)

Number of Convolutional Layers 2

Filters in First Convolutional Layer 20

Filters in Second Convolutional Layer 50

Filter Size (Both Convolutional Layers) (5, 5)

Activation Function ReLU

Pooling Size (2, 2)

Pooling Stride (2, 2)

Dropout (After Pooling Layers) 0.25

Dropout (Before Classification Layers) 0.5

Number of Dense Layers 2

Units in First Dense Layer 500
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Table 5. Cont.

Hyperparameter Value

Units in Second Dense Layer 500

Units in Output Layer Number of classes

Output Activation Function Softmax

As mentioned, an early stopping method has been set up during the training of the
model, which will automatically evaluate the model’s performance. If the validation error
rises during three successive epochs, the model’s training will be interrupted. The evolution
of the model performance can be observed in Figure 21.

Figure 21. Evolution of the CNN error over the training.

Figure 22 shows the confusion matrix of the trained model, where each label value
corresponds to the class indicated in Table 6. This shows how many times the model was
able to correctly categorize the test data. Thus, the main diagonal shows the number of
times the model correctly predicted the class, while the off-diagonal shows the number
of times the model was incorrect, classifying one class as another. The performance of
the system is satisfactory as it is able, in most cases, to correctly categorize the data with
an accuracy (the ratio of correctly predicted instances (both positive and negative) to the
total number of predictions) of 79.17%, precision (the ratio of correctly predicted positive
observations to the total number of predicted positive observations) of 74.92%, recall
(the ratio of correctly predicted positive observations to all actual positive observations)
of 0.7375, and F1-score (the harmonic mean of accuracy and recall, providing a balance
between the two) of 0.7360.

It should be noted that an accuracy target was not defined, as the objective was to
strive for the highest accuracy possible within the scope and limitations of the project.
Ultimately, the objective is that the robot is capable of navigating the track effectively and
efficiently, which was met with an accuracy of 79.17%. Some ways to further improve this
value would require more careful classification and a larger dataset.
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Figure 22. Confusion matrix of the CNN model.

Table 6. Number corresponding to each class of the CNN.

Class
Corresponding

Label

forward 0

soft_left 1

hard_left 2

spin_left 3

soft_right 4

hard_right 5

spin_right 6

lost_line 7

5. Results

This section presents the results of the implemented control methods using pre-built
tracks to assess their performance.

5.1. Tracks

For testing, experimentation, and validation of the control methods implemented, two
tracks were built, as illustrated in Figure 23. Each track was built in such a way as to fit the
control methods developed. Both tracks have the same length of 475 cm.

The second track (Figure 23b) was built on a white platform so that noise from the
camera feed could be reduced since the use of the camera for data collection during the
first experiment would be greatly affected by the dark color, texture, and shininess of
the wooden floor. The attempt to use the first track (Figure 23a) resulted in noisy post-
processing images, making it difficult to distinguish the black line from the image. Other
more advanced filters could have been implemented in the image processing step to avoid
this problem. However, adding these filters would increase the processing overhead of the
control loop, increasing the control loop execution time, and thus further decreasing the
sampling rate.
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(a) (b)

Figure 23. (a) Track used for the first experiment and (b) track used for the second experiment.

5.2. PID

The performance of the PID control method is shown in Figure 24. For this experiment,
the first track was used (Figure 23a). The figure illustrates the plots of the error, the output
value of the PID with its terms P, I, and D, and the antiwindup effect over one lap of
the track.

Figure 24. Plots of the error, PID terms, and corresponding output with the anti-windup scheme over
one lap of the track.

5.3. LSTM

Figure 25 shows the results of the control with the LSTM network and the motor
speeds on one lap of the track. The first plot displays the error in the infrared sensor
readings, while the second plot shows the predictions generated by the LSTM network.
Unlike the PID controller, where the new calculated value is added to or subtracted from
the wheel speeds, the LSTM network directly outputs the wheel speeds. To compare the
performance of both control methods, a reverse operation was performed: using the new
wheel speeds, an approximate equivalent of the PID value was calculated. However, it is
important to note that this approximation does not perfectly correspond to the actual PID
value as the LSTM network is trained to emulate the behavior of the PID controller rather
than replicate its calculations exactly. In fact, comparing the two control methods, we can
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see that both are quite similar, as shown in Figure 26. Although some similarities can be
observed, the differences in the initial conditions and variations throughout the experiment,
even when using the same path, lead to notable differences between the two experiments.

Figure 25. Plots of the control with the LSTM network and the motor speeds over one lap of the track.

Figure 26. Comparison of the output of the PID and LSTM controllers.

5.4. CNN

The performance of the previous model was influenced by environmental and opera-
tional factors, which required adjustments to optimize behavior. One of the first changes
was to replace the original track, placed on a shiny wooden floor that generated noise in the
images, with a high-contrast black and white track (Figure 23b), which increased accuracy.

The lighting was also crucial because good lighting helps with track detection, but
too much could cause excessive reflections. Adjusting the light intensity proved to be
essential for consistent performance. Other sources of uncertainty can be attributed to the
classification; as it was conducted manually, the ambiguity between classes led to some
inaccuracy while classifying. The dataset could also be larger, which could result in a more
accurate model with fewer errors.
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Due to the high computational load of real-time image processing, the sampling rate
was reduced to 24 frames per second, which required slowing down the robot to ensure
that it had time to react to the track.

Figure 27 shows the graphs of the motor speeds and the CNN output over one lap of
the track.

Figure 27. Plots of the motor speeds and the output of the CNN over one lap of the track.

6. Discussion

In general, all the methods used were able to efficiently control the robot along a line
drawn on the ground. Consequently, both the PID controller and the LSTM and CNN
networks proved to be feasible approaches for this type of control. However, due to the
simple nature of the proposed line-following robot, PID control was revealed to be the
most effective.

It was observed that, while the PID controller is the most efficient method, it is not
perfect as it cannot overcome some obstacles on the track, such as sharp angles, which
the CNN network can handle more easily. This shows that, although PID has more
advantages over the other methods in the line-following experiment, neural networks and
deep learning are powerful tools that can be used in more complex scenarios.

Since the control methods are quite different from each other, it is difficult to obtain
common metrics to compare the performance between them. Table 7 shows the error
performance indices of Mean Squared Error (MSE), Mean Absolute Error (MAE), Root
Mean Squared Error (RMSE), the time taken for each method to cover one lap of the track
and the robot oscillations along the path. The sign “+” indicates the level of oscillations; the
higher the number of “+”, the greater the oscillation. These data were obtained by running
each method five times and obtaining the average values and standard deviations for
each of the control methods. As the values obtained in each test run were quite consistent
between each other, the somewhat arbitrary number of five test runs for each method was
chosen. This value represents a fair equilibrium between the execution time required to
execute each run and the variation in the standard deviation.
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Table 7. Performance results.

Method MSE MAE RMSE Lap Time (s) Oscillations

PID 10,684,111 ± 515,855 2257 ± 71 3267 ± 79 16.40 ± 0.22 +

LSTM 17,158,701 ± 1,598,305 3435 ± 242 4137 ± 192 20.53 ± 1.04 +++

CNN 21,040,166 ± 1,186,665 3857 ± 188 4585 ± 128 25.96 ± 0.29 ++

As mentioned, in a central position, the error of the sensor reading is 0, while when
it loses the line, the error becomes ±6000, with any value in this range defining an inter-
mediate position value. With this approach, the error values, especially the MAE, of the
PID controller are quite good compared to the other methods. Although the LSTM method
exhibits higher errors, it is still satisfactory when evaluated against the other controllers.

It should be noted that the indices for the CNN method do not accurately reflect the
network’s performance because it does not use the infrared sensors for control that were
used to calculate the error, but rather the camera, so the infrared sensors may not align
with the line. In addition, as the line in the second path is less wide, in a central position,
no sensor would detect the line, which will cause an increase in error.

Furthermore, the sample rate of each method was also measured, that is, how many
samples each method can evaluate from the sensors and return new motor speeds. The
sample rate was set to the highest value that the processor could handle. The PID method
had a sample rate of 80 Hz, LSTM 25 Hz, and CNN 24 Hz.

7. Conclusions

This paper investigated the use of neural networks in the control of a mobile line-
follower robot using the LSTM and CNN approaches.

Various control methods based on deep learning and PID were developed and tested
on the robot, resulting in a comparative analysis between the techniques. This comparison
demonstrated the advantages of neural networks for complex paths despite their greater
sensitivity to factors such as lighting and computational load, which required a reduced
sampling rate and limited speed.

The first approach, based on infrared sensors and using an LSTM model, proved to
be efficient for simple paths, with a higher sampling rate and reduced dependence on
environmental conditions. The second approach, which used a camera and a CNN, was
more effective for complex paths but revealed to be sensitive to noise and reflections from
the environment, requiring careful calibration. Another source of uncertainty was the
classification process, which, being performed manually, is not free from biases.

Compared to the PID controller, neural networks showed better adaptation to dif-
ficult paths but with high computational complexity. PID remains practical for simple
controlled paths, while neural networks offer great potential for AGVs in dynamic and
unpredictable scenarios.

For future work, we can consider creating a simulation environment that allows us
to test different scenarios, tracks, and configurations more quickly and under controlled
conditions, thus reducing time and resources. The use of non-linear controllers over the
traditional linear PID controllers could be an interesting research area. For better perfor-
mance and reliability, a hybrid approach could be used that combines the neural networks
of LSTM and CNN with the mathematical model of the robot. Another improvement
would be the use of pre-trained networks, such as those trained on large datasets for
autonomous navigation or path detection. To achieve this, the use of transfer learning
(adapting an already trained network for new tasks) could significantly reduce training
time and improve model accuracy under certain conditions. Testing the robot in more com-
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plex environments, simulating industrial or urban scenarios, would also make it possible
to validate the robustness of the models under more realistic and demanding conditions.
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Abstract: The control of bilateral teleoperation systems with time-varying delays is a challenging
problem that is frequently addressed with advanced control techniques. Widely known controllers,
like Proportional-Derivative (PD) and Proportional-Integral-Derivative (PID), are seldom employed
independently and are typically combined with other approaches, or at least with gravity compen-
sation. This work aims to address a gap in the analysis of bilateral systems by demonstrating that
the standard PID control law alone can achieve regulation in these systems when a human operator
moves any of the robots while exchanging delayed positions. Experimental results are consistent
with the theoretical analysis. Additionally, to illustrate the high degree of robustness of the standard
PID, further experiments are conducted in constrained motion, both with and without force feedback.

Keywords: bilateral systems; time-varying delays; robot manipulators; PID controllers; robustness

1. Introduction

Bilateral local-remote (or master-slave) systems allow people to perform complex
tasks in a remote, inaccessible, or dangerous environment [1,2]. The capabilities of a
bilateral teleoperation system rely on the exchange of measured positions, velocities,
and, if necessary, force data. Recent studies have addressed these challenges in bilateral
teleoperation systems.

For instance, Ref. [3] introduced a teleoperation algorithm that combines delayed and
undelayed position and velocity signals of the master and slave manipulators, employing
an adaptation law to compensate for time-varying delays. Similarly, Ref. [4] investigated
bilateral control of teleoperators with a closed architecture, proposing adaptive kinematic
and dynamic controllers robust to arbitrary bounded time-varying delays. However, the
local and remote manipulators are connected via a communication channel, which can
result in substantial delays between the command induced by the human operator and the
moment this command is received by the remote robot, not to mention that the information
the latter sends back also endures a time delay [5,6].

Time-varying delays are a critical factor in many real-world teleoperation scenarios.
These delays often arise from network instability, bandwidth limitations, or fluctuating
latency in communication channels, which are commonly encountered in remote or hazar-
dous environments. For example, in industrial applications, high latency may result from
long-distance data transmission, while in medical or underwater teleoperation, signal
interference or environmental factors can lead to variable delays. Addressing these challen-
ges requires robust control strategies that ensure stability and performance under such
uncertain conditions.
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The present study incorporates time-varying delays to model these practical chal-
lenges and demonstrates how the proposed PID controller effectively handles them, as
supported by [7]. Due to the inherent delay characteristics, neither exact tracking posi-
tion nor transparency in teleoperation can be achieved. For this reason, many control
approaches are designed to guarantee only position regulation.

The problem of bilateral systems with time-varying delays is so complex and deman-
ding that most solutions found in the literature are based on advanced control techniques.
Just to mention a few recent works as illustrative examples rather than as a deep survey,
in [8], a robust adaptive nonlinear teleoperation system using an improved extended active
observer, an adaptive Smith predictor, and a sliding mode control is proposed to handle
time delays in the communication channel and the nonlinear robot model uncertainties.
Recent studies, such as the extended dissipative analysis of affine-transformed interval
type-2 (IT2) fuzzy control systems with time delay and disturbances [9], have explored
advanced control techniques to address time-delay challenges. These approaches focus on
enhancing system performance and robustness through sophisticated methods. While such
methods provide significant improvements, they often come with increased computational
complexity. In contrast, the present study validates the application of a standard PID
controller, offering a simpler and more practical solution for scenarios where extreme
precision is not required but robustness and simplicity are prioritized.

Furthermore, Ref. [10] analyzed the impact of sampling effects on the absolute stability
of discrete-time bilateral teleoperation systems, highlighting the importance of appropriate
sampling periods in maintaining system stability. Additionally, Ref. [11] proposed a po-
sition and force tracking control based on force estimation, utilizing a time-delay state
observer to estimate system state variables affected by delays. The research in [12] intro-
duced an adaptive PD control method using deep reinforcement learning to compensate
for stochastic time delays in local-remote teleoperation systems. Similarly, in [13], an adap-
tive observer-based scaled four-channel control approach, applying damping injection for
nonlinear teleoperation systems, is presented. This approach unifies the study of robotic
dynamic uncertainties, operator/environment force acquisitions, and asymmetric time-
varying delays. In [14], a bounded force feedback control law is introduced to improve
transparency in nonlinear bilateral teleoperation systems in the presence of input satura-
tion, asymmetric time-varying communication delays, and parametric uncertainties. The
proposed controller is a nonlinear proportional plus nonlinear damping controller with the
addition of an adaptive term.

Another widely employed technique is Neural Networks (NNs). For instance, in [15],
an NN-based four-channel wave-based time domain passivity approach (TDPA) is pro-
posed for a teleoperation system with time-varying delays. The applied NN is used to
eliminate the system’s dynamic uncertainties. Under the linearity assumption on the hu-
man and environment, the stability analysis is carried out by using the Lyapunov method.

In [16], a control scheme is developed for a teleoperation system, combining radial
basis function neural networks (RBFNNs) and wave variable techniques to simultaneously
compensate for the effects caused by communication delays and dynamical uncertainties.
To overcome the potential instability problem in the presence of delayed communication
channels, wave variables and their corrections are effectively embedded in the control
system, and a Lyapunov-based analysis is performed to theoretically establish the closed-
loop stability. In [17], an adaptive control architecture based on velocity feedback filters and
RBFNNs is proposed to achieve stable and effective position synchronization control for
bilateral systems with time-varying delays. In [18], an adaptive neural learning fixed-time
control scheme incorporating an integral barrier Lyapunov function is proposed, while NNs
are utilized to reconstruct environmental forces and to approximate the total uncertainty
introduced by robots and the environment.

In [19], the problem of position synchronization for master-slave robots is solved
by using an RBFNN together with adaptive control methods to deal with the system
uncertainties. Furthermore, the design of virtual variables can effectively compensate

78



Algorithms 2024, 17, 580

for the effect of time-varying delays. In [20], a finite-time control method is designed
on the basis of the traditional proportional damping injection control by introducing a
non-integer power to the position error, velocity, and the combined error with position
error and velocity. The controller also incorporates an RBFNN and an adaptive approach
to compensate for unknown dynamics and external forces, thus avoiding the measurement
of force signals.

Another methodology frequently used is Fuzzy Logic (FL). For instance, in [21], data-
driven Type-2 Takagi-Sugeno (T-S) fuzzy modeling and control for bilateral teleoperation
with dynamic uncertainties and time-varying delays is developed. The Type-2 T-S fuzzy
model describes the nonlinear teleoperation system by a weighted sum of a group of linear
local models. Fuzzy model-based four-channel control laws are proposed to guarantee
motion synchronization and to enhance the operator’s force perception of the environment
when time-varying delays and large dynamic uncertainties exist.

In [22], a predictive control method for a bimanual teleoperation system without
force/torque and acceleration sensors is proposed. By accurately estimating the local force,
position predictors/observers are used to estimate the internal dynamics of the master and
slave simultaneously, thereby avoiding the use of delayed transmitted information. An
adaptive fuzzy control strategy based on linear matrix inequalities (LMIs) is proposed to
evaluate and suppress system uncertainties.

In [23], a combination of a force observer using Type-2 Fuzzy Neural Network (T2FNN)
and Moving Horizon Estimation (MHE) is proposed to estimate the external force/torque
and simultaneously filter out disturbances in bilateral teleoperation systems. Applying the
estimated forces, an external force-regulated Sliding Mode Control (SMC) strategy with the
support of machine vision is proposed to enhance the adaptability of the slave robot and
improve the perception of the operator about various scenarios by virtue of the detected
location of the task object.

In [24], a method based on a robust adaptive fuzzy control approach is developed for
nonlinear teleoperation systems with time-varying delays. It has been proven that both
position tracking and force feedback problems are solved.

SMC techniques have also been applied in many works. For example, in [25,26], sliding
mode-based finite-time synchronization algorithms for bilateral teleoperation systems
under unsymmetrical time-varying delays and uncertainties are presented.

In [27], a position/force hybrid control strategy is proposed for a class of uncertain
bilateral telerobotic systems under time-varying communication delays without using force
sensors. The proposed Terminal Sliding Mode (TSM)-based force observer can estimate the
human force and the environment force in a fixed time by applying a variable exponent
coefficient, which effectively avoids the temporal problems of other existing force observers.

In contrast with all previous works, most basic control techniques are scarcely used in
the control of bilateral systems with time-varying delays. This fact is easy to understand
in view of the complexity of the problem. Despite these advancements, the application
of standard Proportional-Integral-Derivative (PID) controllers in bilateral teleoperation
systems with time-varying delays remains underexplored.

This study aims to fill this gap by providing a technical stability proof demonstra-
ting that Standard Proportional-Integral-Derivative (PID) control can effectively regulate
position in such systems, even in the presence of time-varying delays.

Let us recall that for a single manipulator, it is very well-known that a simple
Proportional-Derivative (PD) control law is enough to achieve exact regulation if gravity
terms are cancelled out. In cases where the gravity term is unknown, exact regulation
can be carried out by implementing a Standard Proportional-Integral-Derivative (PID)
controller [28–30].

For the case of PD controllers, the extension for bilateral systems finds a first result
in [5], where a PD control law plus gravity compensation is employed to show consensus
for bilateral systems with constant and symmetric time delays. An extension for time-
varying delays can also be found in [31], but still, gravity compensation is necessary. The
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obvious solution to avoid gravity compensation is to employ PID controllers; yet, no
technical proof has been established in the literature to support its use on bilateral systems
with time-varying delays.

For instance, in [32], the case is analyzed but only for time-constant delays. Further-
more, the implementation requires the exchange not only of positions but also of velocities.
In [33], the use of PID controllers is studied, but once again, constant time delays are
considered, and instead of the highly nonlinear dynamics of robot manipulators, simple
linear transfer functions are considered.

More recently, in [34], the even more complex case of consensus for networked Euler-
Lagrange agents using a PID-like controller was solved. However, achieving a robust
global stability result requires the use of strictly increasing linear saturation functions and
some auxiliary variables. In [35], a simpler PID-like control law with observer design to
solve the consensus and force reflection problems was proposed. However, the integral
terms utilize a second-order sliding mode variable, and the stability result is only local.

In a recent work [36], a standard PID controller has been used for the control of a
2-DOF teleoperated manipulator; however, no stability proof is provided, and the PID
gains are found by using the well-known Ziegler-Nichols approach.

This result is not surprising since, despite the lack of theoretical results, it has recently
been shown that standard PID controllers exhibit strong robustness properties for nonlinear
systems [37].

The main contribution of the present work is the following:

1. This work presents a novel technical proof demonstrating the closed-loop stability of
PID laws in the control of bilateral systems with time-varying delays, addressing an
aspect not previously established in the literature.

The proposed theoretical framework was validated using these experimental procedures:

(a) The theory is tested by setting gains according to the main theorem of this contri-
bution, and letting a human operator move both local and remote end-effectors to
constant positions.

(b) The well-known robustness properties of PID controllers are shown by carrying out
experiments involving constrained motion of the remote manipulator, both with and
without force feedback.

The rest of the paper is organized as follows. The system’s model and some properties
are given in Section 2. The main theorem about closed-loop stability of bilateral robot
manipulators in free motion using standard PID control laws is stated in Section 3. Section 4
presents experimental results to validate the developed theory. The paper concludes in
Section 5.

2. Dynamic Model of a Teleoperator System

Consider a bilateral robotic system, consisting of a local (l) and a remote (r) mani-
pulator, each with n degrees of freedom (DOF), assuming for simplicity that all joints are
revolute. The dynamics of the bilateral system are described by the following equation [30]:

Hi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = ui + τhi = uτi, (1)

where, for i = l, r, qi ∈ R
n represents the vector of generalized joint coordinates, Hi(qi) ∈

R
n×n is the symmetric, positive-definite inertia matrix, Ci(qi, q̇i)q̇i ∈ R

n represents the
vector of Coriolis and centrifugal torques, and gi(qi) ∈ R

n denotes the gravitational torque
vector. The control torques applied to the joints are given by ui ∈ R

n, while τhi ∈ R
n

represents the torque applied by the human operator. Importantly, if τhl �= 0, then τhr ≡ 0,
and vice versa, ensuring that the human operator interacts with only one manipulator at a
time. Finally, uτi denotes the total torque applied to the system.

The largest and smallest eigenvalues of a matrix are denoted by λmax(·) and λmin(·),
respectively.
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By considering that only revolute joints are involved, the following properties can be
established [30]:

Property 1. It holds λhi‖x‖2 ≤ xTHi(qi)x ≤ λHi‖x‖2 ∀ qi ∈ R
n, x ∈ R

n, and 0 < λhi ≤
λHi < ∞, with λhi � min

qi∈Rn
λmin

(
Hi(qi)

)
and λHi � max

qi∈Rn
λmax

(
Hi(qi)

)
. λmin and λmax

denote the minimum and maximum eigenvalues of a matrix.

Property 2. By using the Christoffel symbols of the first kind to compute Ci(qi, q̇i), the matrix
Ḣi(qi)− 2Ci(qi, q̇i) is skew-symmetric.

Property 3. There exist positive constants 0 < kci < ∞, such that ‖Ci(qi, x)‖ ≤ kci‖x‖ holds ∀
x, qi ∈ R

n.

Property 4. The vector of the generalized gravitational torques gi(qi) satisfies

‖gi(qi1)− gi(qi2)‖ ≤ kgi‖qi1 − qi2‖ ∀qi1, qi2 ∈ R
n, (2)

for some positive constant kgi.

The time-varying delay from the local to the remote robot is denoted by Tl(t), whereas
the delay in the opposite direction is represented by Tr(t). The following assumptions
are considered:

Assumption 1. The initial states of Tl(t) and Tr(t) are assumed to be zero or small constant values,
i.e.,, Tl(t0) = Tr(t0) ≈ 0. This assumption ensures continuity in the delay dynamics, allowing for
a smooth initialization of the system.

Assumption 2. The time-varying delay Ti(t) is positive or zero, and it is bounded as well as its
first and second derivatives, Ṫi(t) and T̈i(t), respectively, i.e.,, 0 ≤ Ti(t) ≤ Ti < ∞, 0 ≤ |Ṫi(t)| ≤
T∗

i < ∞, and 0 ≤ |T̈i(t)| ≤ T∗∗
i < ∞, for i = l, r. Furthermore, the upper bound T∗

i is known.

Remark 1. Higher frequencies in the time delays result in larger bounds for their derivatives, which
may, in turn, affect the stability of the closed-loop system by necessitating higher control gains to
ensure stability. Nevertheless, it is typically assumed that T∗

i < 1 [38].

The following notation is used throughout this work. The symbol ‖x‖ represents the
standard Euclidean norm when x is a vector, whereas ‖A‖ denotes the induced 2-norm for
a matrix A. For any function f (t) : [t0, ∞) → R

n, the L∞-norm is defined as

‖ f (t)‖∞ = sup
t≥t0

‖ f (t)‖, (3)

and the L2-norm is defined as

‖ f (t)‖2 =

(∫ ∞

t0

‖ f (t)‖2dt
) 1

2
. (4)

3. Main Result

3.1. Problem Statement

The standard PID controller has been employed for decades in the control of robot
manipulators due to its ability to compensate for gravitational effects without the need to
explicitly compute the gravitational vector. Its key properties are as follows:

(1) It can achieve position regulation, but does not ensure exact trajectory tracking.
(2) It guarantees only local stability. For detailed proofs of these properties, refer to [28,30,39].
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The aforementioned characteristics do not suggest the possibility of obtaining a
stronger result for bilateral systems. Therefore, the primary objective of this work is
to provide a stability proof demonstrating that these properties hold for bilateral systems
with time-varying delays. The key distinction is that the desired (constant) position is
specified by a human operator on either of the robots.

Consider the following error definition:

êi = qi(t)− qj

(
t − Tj(t)

)
, (5)

where i = l implies that j = r, and vice versa. In this expression, qj

(
t − Tj(t)

)
denotes the

delayed position of manipulator j, taking into account a communication delay Tj(t).
The PID control laws are defined as follows:

ui = −Kpi êi − Kviq̇i − Kiiξui, (6)

ξ̇ui = êi, (7)

ξui(t0) = 0, (8)

where Kpi, Kvi, Kii ∈ R
n×n are positive-definite diagonal matrices. The integral term ξui,

initialized at zero, accumulates based on the relative error êi.
Note that a desired velocity of zero is assumed, simplifying the control law. However,

the error definition (5) does not account for the human operator’s intention to move the
robots in a specific direction. Therefore, it is assumed that the torque applied by the human
operator satisfies the following condition [16].

Assumption 3. The torque exerted by the human operator can be modeled as a proportional-integral
(PI) controller in the position space, i.e.,

τhi = −Kaiei − Kiiξhi, (9)

ξ̇hi = Aiei, (10)

ξhi(t0) = 0, (11)

where
ei = qi − qd, (12)

with qd ∈ R
n denoting the desired constant position specified by the operator for the i-th end-

effector. In this context, Kai, Ai ∈ R
n×n are positive-definite diagonal matrices for i = l, while

Kai = Ai = O for i = r, or vice versa.

Remark 2. Assumption 3 can be viewed as a specific instance of the widely accepted assumption of
human passivity [5], given that a PI control law inherently represents a passive system. It is worth
noting that this assumption is not novel, as it has also been employed in [16], for example. For a more
comprehensive discussion, the interested reader is referred to [16]. Some authors consider human
dynamics to be represented by a PID controller [40]; however, since the operator is never intended
to control the local (or remote) end-effector independently but always in conjunction with the PID
controller, providing a more elaborate description of their behavior becomes unnecessary. Finally, it
is important to highlight that the same integral gain Kii is assumed for both the human operator
and the PID control law. Naturally, this is impractical, and to avoid an unrealistic condition, the
gain Ai has been introduced in (10) and (11), making the effective integral gain for the human equal
to Kii Ai. This choice simplifies the stability analysis.

Figure 1 presents a block diagram of the complete control scheme. It is important to
note that, although the human operator is assumed to control the local end-effector, the
stability analysis is not limited to this specific scenario.
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Figure 1. Teleoperation system with time-varying delays composed by two manipulators and a
human operator interacting with the local robot.

3.2. Closed-Loop Dynamics and Equilibrium Points

Once the human operator generates the desired constant value qd ∈ R
n for both the

remote and local manipulators, the system is expected to achieve the following equilibrium:

lim
t→∞

qr, ql = qd, (13)

despite the presence of time-varying delays in the communication channel and the absence
of explicit gravity compensation.

To understand how (13) can be achieved using a standard PID controller, let us assume
that the manipulators exchange position data without any predetermined final value qd.
This assumption implies that the human operator is not interacting with either end-effector,
i.e., τhi = 0 for i = l, r.

Substituting (6) into (1), we obtain the following closed-loop dynamics:

Hi(qi)q̈i + Ci(qi, q̇i)q̇i + gi(qi) = −Kpi êi − Kviq̇i − Kiiξui. (14)

Together with (7) and (8), this describes the closed-loop dynamics of the system, whose
equilibrium is characterized by q̇i = êi = 0, and the integral term satisfies:

ξui = −K−1
ii gi(qci), (15)

for some constant vector qci. At equilibrium (q̇i = 0, q̈i = 0, êi = 0), the integral term of the
PID controller precisely compensates for the gravitational torque gi(qci). Here, qci denotes
the equilibrium position of manipulator i.

To determine qci, consider that at equilibrium, from (5), we have:

êi = 0 ⇒ qi(t) = qj

(
t − Tj(t)

)
= qci. (16)

From this relationship, the following conclusions can be drawn:

(1) qc l = qc r ≡ qc, and
(2) qc is not unique.

As a direct consequence, an infinite number of equilibrium points exist.
The main challenge is to determine whether (13) holds when the human operator

moves an end-effector to achieve the desired position qd. Since qci = qc is identical for
both manipulators, the error definition ei, as presented in (12), can be applied with the
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specific desired value qc = qd. By substituting this relationship into (5), the expression is
rewritten as:

êi(t) = qi(t)− qd − qj

(
t − Tj(t)

)
+ qd (17)

= ei(t)− ej

(
t − Tj(t)

)
.

This equation redefines êi(t) in terms of the human-induced error, as defined in
(12), and the delayed error, described in (5). This reformulation enables an analysis of
the interaction between the errors of both manipulators while explicitly accounting for
communication delays. From (17), it follows that if ei → 0 and ej → 0 for i, j = l, r, then
êi → 0 as well.

To facilitate the analysis, we define the delayed error as:

ēj = ej

(
t − Tj(t)

)
, (18)

and note that the time derivative of ēj can be expressed as:

˙̄ej =
(

1 − Ṫj(t)
)

ėj

(
t − Tj(t)

)
. (19)

This expression is obtained by applying the chain rule to the time-shifted error ēj =
ej(t − Tj(t)). Specifically, differentiating ēj with respect to time introduces the factor(

1 − Ṫj(t)
)

due to the time-varying delay Tj(t). This term accounts for the effect of the
delay’s rate of change on the overall error dynamics.

Since qd is a constant vector, we can rewrite (6)–(8) as:

ui = −Kpiei − Kvi ėi − Kiiξui + Kpi ēj, (20)

ξ̇ui = ei − ēj, (21)

ξui(t0) = 0. (22)

The term ξ̇ui accumulates the difference between the instantaneous error ei and the
delayed error ēj. Initially, ξui is set to zero at t0, ensuring that the integral term builds up
over time based on the dynamics of the errors.

We now include the assumed dynamics of the human operator given by (9)–(11),
resulting in a combined control law:

uτi = ui + τhi = −Kpiei − Kaiei − Kvi ėi − Kiiξ i + Kpi ēj, (23)

ξ̇ i = ξ̇ui + ξ̇hi = ei − ēj + Aiei, (24)

ξ i(t0) = 0. (25)

The total torque applied to the system, uτi, encompasses the contributions from the
PID controller, ui, and the torque applied by the human operator, τhi. The dynamics of
ξ i incorporate the integral terms associated with both the controller, ξ̇ui, and the human
operator, ξ̇hi. This combined behavior captures the interaction between the system’s
internal feedback mechanisms and the external inputs provided by the operator.

Note that the equilibrium point of (1) in closed loop with (23) and (24) is character-
ized by:

qi = qd (26)

q̇i = 0 (27)

ξ i = −K−1
ii gi(qd). (28)
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At equilibrium, the integral term ξ i compensates exactly for the gravitational torque
gi(qd), ensuring that the system remains stationary at the desired position qd.

For the stability analysis, a similar approach to that described in [39] can be employed,
which requires defining:

si = ėi + ΛiBiei − Λi ēj, (29)

where si represents a composite variable combining the tracking error dynamics ėi, the
delayed error term ēj, and the proportional error term ei scaled by Bi, with:

Bi = I + Ai. (30)

This formulation consolidates the key dynamic components into a single variable,
simplifying the stability analysis.

This selection renders (23) and (24) equivalent to the following system dynamics:

uτi = −Kvisi − Kωiωi + Kωi ēj, (31)

ω̇i = si, (32)

ωi(t0) = 0, (33)

where ωi serves as an auxiliary variable introduced to track the evolution of si.
The dynamics of ωi, as defined by (32) and (33), facilitate the design and analysis of the

system’s stability properties. Specifically, ω̇i = si establishes a direct relationship between
the auxiliary variable and the composite tracking error si, while ωi(t0) = 0 ensures a
consistent initial condition for the analysis.

The equivalence described above holds provided that the following parameter rela-
tionships are satisfied:

Kii = KωiΛi, (34)

Kai = KviΛi Ai, (35)

Kpi = KviΛi + Kωi. (36)

These parameter relationships, defined in (34)–(36), ensure a consistent interaction
between the controller gains and the system dynamics. By linking the integral gain Kii,
the proportional gain Kpi, and the dynamic contributions introduced by Λi and Ai, these
relationships guarantee that the closed-loop system achieves stability under the speci-
fied conditions.

Furthermore, the presence of Kωi in (31) highlights its role in shaping the system’s
response through the auxiliary dynamics ωi, which provides an additional layer of control
to enhance stability and performance.

Remark 3. Given any arbitrary set of gains Kpi, Kvi, and Kii, it is not always feasible to determine
an equivalent set of gains Λi and Kωi that satisfy (34)–(36). Therefore, it is necessary to select Λi
and Kωi first, ensuring that the corresponding values of Kpi, Kvi, and Kii can be derived accordingly
for implementation.

The previous analysis shows that the system described by (1), when in closed loop with
(31)–(33), achieves equilibrium at ei = si = 0 and ωi = −K−1

ωi gi(qd). This is equivalent
to q̇i = êi = 0, meaning that the tracking error vanishes and the desired position qd is
maintained. Additionally, the integral term ωi compensates precisely for the gravitational
torque gi(qd), as indicated in (28).

This equilibrium can be verified by substituting (31) into (1), which yields:

Hi(qi)ṡi + Ci(qi, q̇i)si + Kvisi + Kωiωi + gi(qi) = φai , (37)
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where:
φai = Hi(qi)Λi

(
Bi ėi − ˙̄ej

)
+ Ci(qi, ėi)Λi

(
Biei − ēj

)
+ Kωi ēj. (38)

The term φai encapsulates additional dynamic effects arising from delayed communi-
cation and system interaction. Specifically, it accounts for the dynamic coupling between
the manipulators, incorporating contributions from the inertia matrix Hi(qi), Coriolis and
centrifugal forces Ci(qi, ėi), and delayed error dynamics ēj. The factors Bi and Λi introduce
proportional and scaling adjustments, ensuring alignment with the controller design.

Furthermore, the assumption q̇d = q̈d = 0 simplifies the formulation by eliminating
variations in the desired trajectory. Together with (32)–(33), these equations describe the
closed-loop system dynamics. This formulation integrates the auxiliary dynamics of ωi,
which track the evolution of si, ensuring the system achieves stability and tracks the desired
trajectory under the effects of communication delays and gravitational torques.

Define now the state vector as:

y =
[

ωT
l eT

l sT
l ωT

r eT
r sT

r
]T, (39)

where ωl and ωr are auxiliary variables introduced to track the evolution of the composite
error dynamics sl and sr, respectively. The variables el and er represent the position tracking
errors for the local and remote manipulators. With this definition, the closed-loop dynamics
of the system can be expressed as:

ẏ =

⎡⎢⎢⎢⎢⎢⎢⎣

sl
−ΛlBlel + sl + Λlēr

−H−1
l {Clsl + Kvlsl − φal + Kωlωl + gl}

sr
−ΛrBrer + sr + Λrēl

−H−1
r {Crsr + Kvrsr − φar + Kωrωr + gr}

⎤⎥⎥⎥⎥⎥⎥⎦ . (40)

In (40), the terms ΛiBiei and Λiēj capture the proportional and delayed error corrections,
while φai encapsulates dynamic effects such as inertia, Coriolis forces, and delayed errors.

The arguments for Hi, Ci, and gi have been omitted for simplicity. The equilibrium
point of (40) is clearly given by ei = si = 0 and ωi = −K−1

ωi gi(qd), as previously determined.
This equilibrium reflects the condition where tracking errors vanish, and the gravitational
torques are fully compensated by the integral terms.

Consider the following change of coordinates:

x1 = ωl + K−1
ωl gl(qd), (41)

x4 = ωr + K−1
ωr gr(qd). (42)

These coordinate transformations center the auxiliary variables ωl and ωr around
their equilibrium values, simplifying the analysis by ensuring the equilibrium corresponds
to x1 = x4 = 0.

Under this change of coordinates, the system becomes:

ẋ =

⎡⎢⎢⎢⎢⎢⎢⎣

sl
−ΛlBlel + sl + Λlēr

−H−1
l {Clsl + Kvlsl − φal + Kωlx1 + gl(ql)− gl(qd)}

sr
−ΛrBrer + sr + Λrēl

−H−1
r {Crsr + Kvrsr − φar + Kωrx4 + gr(qr)− gr(qd)}

⎤⎥⎥⎥⎥⎥⎥⎦, (43)
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where

x =
[

xT
1 xT

2 xT
3 xT

4 xT
5 xT

6
]T

≡ [
xT

1 eT
l sT

l xT
4 eT

r sT
r
]T. (44)

In the equivalent system defined in (43), the equilibrium point simplifies to x = 0,
confirming its uniqueness. This reduction facilitates the stability analysis by consolidating
all dynamic terms into a unified representation.

The region of interest for stability analysis can be defined as:

D =
{

x ∈ R
6n\‖x‖ ≤ ε

}
, (45)

where D represents a bounded region around the equilibrium within which stability can
be studied. The parameter ε > 0 defines the radius of this region, reflecting the inherent
local asymptotic stability properties of PID control.

To facilitate the stability analysis and account for the dynamic interactions within
the closed-loop system, the matrix Kvi is defined as the sum of two diagonal positive-
definite matrices:

Kvi = Kvi1 + Kvi2 , (46)

where Kvi1, Kvi2 ∈ R
n×n. This decomposition provides additional flexibility in the tuning

of the control gains, allowing Kvi1 and Kvi2 to be adjusted independently to address distinct
aspects of the system’s behavior. For instance, Kvi1 may be selected to enhance damping
characteristics, while Kvi2 can be tailored to counteract specific dynamic effects or improve
robustness under varying conditions.

Moreover, this formulation aligns with the composite structure of the system, as it
allows for separate consideration of contributions from intrinsic manipulator dynamics
and external influences such as time delays or human interaction. As a result, the gain
matrix Kvi can be systematically tuned to ensure stability and performance across a broad
range of operating scenarios.

Assumption 4. There exist constants αj, β j ≥ 1 for j = l, r, such that the following inequali-
ties hold: ⎛⎝ t∫

t0

‖ej(θ − Tj(θ))‖2 dθ

⎞⎠ 1
2

≤ αj

⎛⎝ t∫
t0

‖ej(θ)‖2 dθ

⎞⎠ 1
2

, (47)

⎛⎝ t∫
t0

‖ėj(θ − Tj(θ))‖2 dθ

⎞⎠ 1
2

≤ β j

⎛⎝ t∫
t0

‖ėj(θ)‖2 dθ

⎞⎠ 1
2

, (48)

for all t ≥ t0.

Remark 4. Conditions (47) and (48) are relatively uncommon, warranting a thorough analysis of
the scenarios in which they are satisfied. First, assume that x(t) ≡ 0 for all t < t0 (see (50)) and
consider the state definition in (44).

Under these assumptions, it follows that el(t) = er(t) = 0 for t < t0. Additionally, since
sl(t) = sr(t) = 0 for t < t0, (29) implies that ėl(t) = ėr(t) = 0 for t < t0 as well.

Given this, consider rewriting (47) in the equivalent form:

t∫
t0

‖ej(θ − Tj(θ))‖2 dθ ≤ α2
j

t∫
t0

‖ej(θ)‖2 dθ, (49)

where αj ≥ 1.
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If Tj(t) ≡ Tj is constant, it is evident that (49) holds with αj = 1, and thus, (47) is satisfied
as well. Intuitively, a delay of the form Tj(t) = Tj + fdj(t), where fdj(t) is a high-frequency signal
of small magnitude, should also satisfy (47) with a similar value of αj. Indeed, simulation results
consistently indicate that (47) and (48) hold for finite values of αj and β j, often without requiring
large values.

Therefore, we assert that (47) and (48) are not ad hoc conditions but instead are satisfied by a
wide range of commonly encountered time delay scenarios. However, assuming that αj and β j are
known a priori is less realistic. Developing a methodology to calculate these parameters remains an
open area for future research. In the experimental results presented, the values αj = β j = 1 were
simply assumed for j = l, r.

The central contribution of this study is formalized in the following theorem.

Theorem 1. Let us consider the PID control law defined by (6)–(8), combined with the assumed
human dynamics given in (9)–(11). Assume, without loss of generality, that Ar = O and Kar = O,
where O denotes the null matrix of appropriate dimensions, and that the parameter relationships
specified in (34)–(36) are satisfied.

Under these conditions, the variables êi, q̇i, ei, and ξ i defined in (24)–(25) remain bounded for
all t ≥ t0, and the following convergence properties hold:

êi, q̇i, ei → 0, (50)

ξ i → −K−1
ii gi(qd), (51)

as t → ∞, provided that:

1. Assumptions 2 and 4 are satisfied.
2. The equivalent closed-loop system dynamics in (43) satisfy the following conditions:

x(t) ≡ 0, ∀t < t0, (52)

‖x(t0)‖ <

√
λ1

λ2
ε = δ, (53)

and the following additional constraints hold: |

λmin(Λr) ≥ δer + 3, (54)

λmin(Λl) ≥ δel + 3, (55)

λmin(Kvr2) ≥ δėr + 3, (56)

λmin(Kvl2) ≥ δėl + 2 + β2
l

(
1 + T∗

l

)2
⎛⎜⎝λmax

(
Λ2

r

)
λmax

(
K2

vr2

)
λmin

(
Λ2

r

)
λmin

(
Kvr2

)
⎞⎟⎠, (57)

λmin(Bl) ≥ 1

λmin

(
Λl

)(δel + 2
)
+

(
1
4

[
αrλmax

(
Λl

)
+ αlλmax

(
Λr

)]2)
λmin

(
Λl

)
+

βrλmax

(
Kvl2

)
λmax

(
Λl

)(
1 + T∗

r

)
λmin

(
Λl

)√
λmin

(
Kvl2

) , (58)
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λmin(Kvl1) ≥ δsl +
1
4

(
1 + kgl

)2
+

1
4

α2
r λmax(Kωl)

2 +
1
4

[
βrλHlλmax

(
Λl

)(
1 + T∗

r

)]2

+
1
4

(
λHlλmax

(
Λl

)
λmax

(
Bl

)
+ λmax

(
Λl

)
kcl

[
λmax

(
Bl

)
ε + ε

])2

, (59)

λmin(Kvr1) ≥ δsr +
1
4

α2
l λmax

(
Kωr

)2
+

1
4

[
λHrλmax

(
Λr

)
+ 2λmax

(
Λr

)
kcrε

]2

+
1
4

(
1 + kgr

)2

+
1
4

[
βlλHrλmax

(
Λr

)(
1 + T∗

l

)]2

, (60)

where ε is defined in (45), and δel, δer, δėl, δėr, δsl, and δsr are positive constants. Moreover,

λ1 =
1
2

min

{
λmin

(
Kωl

)
, λhl, λmin

(
Kωr

)
, λhr, 1

}
, (61)

λ2 = max
{

1
2

λmax

(
Kωl

)
,

1
2

λmax

(
Kωr

)
,

1
2
+ λmax

(
Kvl2ΛlBl

)
+ λmax

(
Kvr2Λr

)
,

1
2

λHl,
1
2

λHr, 2λmax

(
Kvl2Λl

)
+ 2λmax

(
Kvr2Λr

)
,

1
2
+ λmax

(
Kvr2Λr

)
+λmax

(
B−1

l Kvl2Λl

)}
. (62)

Here, kgl, kgr, kcl, kcr, λHl, λHr, T∗
l , and T∗

r are parameters defined in Section 2 and in
Assumption 2.

The detailed proof of Theorem 1 is provided in Appendix A.

Remark 5. The definition of the region D in (45) a priori facilitates the proof of Theorem 1, and
is based on the definition of uniform stability in the sense of Lyapunov, which establishes that the
equilibrium is uniformly stable if for each ε > 0, there exists a δ(ε) > 0 independent of t0 such
that:

‖x(t0)‖ < δ(ε) ⇒ ‖x(t)‖ < ε, ∀t ≥ t0. (63)

This condition holds as stated in [41]. This means that ε is a given value, while δ(ε) has to

be found as a function of it, mirroring what is carried out in (53) with δ(ε) =

√
λ1

λ2
ε, although

‖x(t)‖ ≤ ε is used to define D.
However, it is very important to emphasize that Theorem 1 does not state uniform stability,

but merely that êi, q̇i, ei, and ξ i are bounded and tend to the equilibrium point. Uniform stability
could be proven as outlined in [39], but it is not a mandatory step for the present work. On the other
hand, the use of D eliminates the need to assume that the manipulators’ joints are revolute; they
could alternatively be prismatic as well. However, for simplicity, this assumption is maintained.

Remark 6. Theorem 1 relies on Assumption 3, but at the same time, it introduces a second
assumption, i.e., there is only a human operator on one side, while on the other side, there is no one
holding the robot. However, including another human operator modeled also as a PI controller as
given in Assumption 3 would barely alter the proof of Theorem 1. This leads to the logical conclusion
that a PID controller plus a PI control law yields a stable closed-loop system.

It is possible to utilize this fact to address the scenario where one of the robots interacts with
its environment, requiring slight modifications to (6)–(8). First of all, change notation in (1) as
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τhi = τi, because one of the external forces is not generated by a human operator (say, the remote
side), and consider the following modifications to (6)–(8):

ui = −Kpi êi − Kviq̇i − Kiiξui ± τj(t − Tj(t))∓ KfiΔpi, (64)

ξ̇ui = êi, (65)

ξui(t0) = 0, (66)

Δpi =
∫ t

0

(
τi − τj(t − Tj(t))

)
dt, (67)

Δpi(t0) = 0, (68)

with Δpi ∈ R
n and τj(t − Tj(t)) ∈ R

n representing the external delayed torque transmitted from
one robot to the other.

In closed loop, the introduced modifications represent PI force/torque control schemes on both
sides of the bilateral system, where Kfi ∈ R

n×n is a diagonal positive-definite matrix for each robot
that represents the integral gain, and the positive sign (+) corresponds to i = l, and the negative
sign (-) corresponds to i = r. Note that Assumption 3 is no longer required.

4. Experimental Results

The theory developed in the previous section assumes that the human operator
behaves as a PI controller to provide a desired position for one manipulator (Assumption 3).
This assumption is justified in Remark 2, but it is unrealistic to claim that a person can be
tuned as required by Theorem 1. Consequently, it might be perceived that this result lacks
practical utility.

To demonstrate its practicality, five experiments have been carried out:

1. Two PID controllers, as described in (6)–(8), along with a PI control law for the local
side, were tuned following the guidelines provided by Theorem 1.

2. The PI control law was subsequently removed, and a human operator manually
controlled the robot-first on the local side and then on the remote side. This experiment
aimed to show that the gains derived in the previous step maintain the stability of the
closed-loop system.

3. The well-known PD controller combined with gravity compensation, as presented
in [31], was implemented to serve as a baseline for comparison.

4. To evaluate robustness, the remote end-effector was brought into contact with
its environment.

5. Finally, to enhance transparency, a force control term was incorporated into the basic
position PID controller.

The experimental testbed consists of two five-DOF Geomagic Touch haptic devices, de-
picted in Figure 2. Both robots were simplified to three-DOF manipulators, since actuation
is limited to the first three joints [30].

The remote robot is connected via Ethernet, while the local one is connected via USB
to a PC. The sampling time for data acquisition and control was set to T = 2 ms (the fastest
possible rate achieved). The software environment employed was VisualStudio 2022 using
C++ alongside the OpenHaptics library for communication between the manipulators and
the PC to exchange commands and data.

For this configuration, time delays are insignificant under normal circumstances.
However, to create a more challenging scenario, time-varying delays were artificially
introduced. Specifically, the mean delays for the local and remote robots were set to
Tl = 0.675 s and Tr = 0.625 s, respectively, with a variance of 0.05 s.
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Figure 2. Teleoperation system composed of two Geomagic Touch haptic devices.

This resulted in a combined delay of 1.25 s ≤ Tl(t) + Tr(t) ≤ 1.35 s, as shown in
Figure 3. Under these conditions, the round-trip time (RTT) was measured to be approxi-
mately 1.3 s.
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Figure 3. Typical round-trip time delay (RTT).

4.1. Gain Tuning

The initial step involves tuning the PID controllers and the PI control law according
to the conditions given in Theorem 1. As a starting point, the bounds λhi, λHi, kci, and kgi
must be obtained. To this end, an experimental approach was implemented, consisting of
recording position and velocity data from both robots while performing random move-
ments that span the entire task space. This information was saved in a data file. Once the
data acquisition was completed, the recorded information was processed to calculate the
bounds of the dynamics according to Properties 1, 3, and 4:

λhi = min
qi∈Rn

λmin

(
Hi(qi)

)
, (69)

λHi = max
qi∈Rn

λmax

(
Hi(qi)

)
, (70)

kci = max
qi ,q̇i∈Rn\{0}

‖Ci(qi, q̇i)‖
‖q̇i‖ , (71)

kgi = max
qi∈Rn

‖gi(qi)‖. (72)
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It is important to highlight that having prior knowledge of the system model is a
prerequisite. In this case, the model for both robots was obtained from [30]. The resulting
parameter values are summarized in Table 1.

Table 1. System parameter values and their respective units.

Variable Value Unit

λhl 5.75 × 10−4 N·s/m

λhr 5.42 × 10−4 N·s/m

λHl 0.0070 N·s/m

λHr 0.0050 N·s/m

kcl 0.0031 N/m

kcr 0.0021 N/m

kgl 0.1086 N/m

kgr 0.1317 N/m

These parameter values represent the lightweight and compact design of the robotic
manipulators, evident from their low inertia, damping, and gravitational terms. The values
were experimentally derived by analyzing the system dynamics across its operational
workspace. The small values of kcl and kcr indicate minimal Coriolis and centrifugal effects,
which is consistent with the manipulators’ limited mass and low-speed operation. These
parameters were essential to determine the appropriate control gains, ensuring stability
and performance under time-varying delays.

The controller gains were determined following the tuning guidelines established in
the previous section. First, the derivatives of time delays were assumed to be bounded by
T∗

l = T∗
r = 1. The parameters αi and βi were set as αl = αr = βl = βr = 1, representing

constant time delays. By defining δel = δer = 1, from (54) and (55), it was obtained
that λmin(Λl), λmin(Λr) ≥ 4. Through trial and error, the following gains were selected:
Λl = Λr = 11I to enhance damping and improve performance. Similarly, setting δėi and
δsi to δėl = δėr = δsl = δsr = 1 resulted in λmin(Kvr2) ≥ 4 according to (56). Thus, a value
of Kvr2 = 19I was chosen based on (57). This allowed for the definition of Bl = 20I as per
(58). By assigning Kωl = Kωr = 30I and ε = 10, the resulting gains were calculated as
Kvl1 = 245.22I and Kvr1 = 226.39I. Consequently, the overall gains are Kvl = 264.22I and
Kvr = 230.39I, following the computations in (46). Finally, the parameters were further
refined based on (30) and (34)–(36), yielding the following results: Al = 19I, Kpl = 2936I,
Kpr = 2564I, Kil = Kir = 330I, and Kal = 5.5195 × 104 I. For the remote side, assuming
that the human operator controls the local manipulator, Ar and Kar were both set to zero
matrices (O).

4.2. Experiment 1: Emulated Human Dynamics

In the first experiment, the interaction of a human operator with the local robot
is emulated using a PI control law, as described in (9)–(11). Standard PID controllers
are implemented on both robots in accordance with (6)–(8) and the tuning rules out-
lined in Section 4.1. Both robots begin with the same initial conditions: q̇i(0) = 0[◦/s],
qi(0) = [0◦, 30◦,−90◦]T.

The desired position is defined as:

qd =
[

50◦ 15◦ −40◦
]T. (73)

The induced RTT for this experiment is depicted in Figure 3. Figure 4 illustrates the
tracking error êl.
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Figure 4. Experiment 1. Position tracking with emulated human dynamics: êl = ql(t)− qr(t − Tr(t))
(—).

Despite the considerable RTT, the tracking error converges to zero, indicating that both
manipulators achieve the desired positions. It is worth noting that, although the tracking
error for the first joint becomes zero at approximately t ≈ 4 s, it does not remain constant
but increases slightly before converging to zero again.

This transient behavior occurs because the remote robot’s position continues to change,
affecting the local manipulator’s desired position. Ultimately, however, all tracking errors
converge to zero and remain stable, as expected.

To quantify the system’s performance, the Root Mean Square Errors (RMSEs) were
calculated using the following metric:

RMSE(e) =

√
1
m

m

∑
k=1

e(k)2, (74)

where m denotes the sample size and e represents the tracking error of interest. Table 2
presents the performance indices obtained for this experiment.

Table 2. Experiment 1: RMSE for position tracking êl under emulated human dynamics.

Joint RMSE [◦]
1 8.4560

2 4.3047

3 9.4689

The RMSE values in Table 2 demonstrate the effectiveness of the PID controllers under
emulated human dynamics. Joint 3 shows the highest RMSE, which is likely due to its
larger range of motion and sensitivity to communication delays.

These results highlight the need for precise gain tuning to address time delay effects
and ensure stable performance. Overall, the error values validate the theoretical tuning
guidelines provided earlier.

These results experimentally validate the tuning rules provided in Theorem 1. How-
ever, they do not confirm the feasibility of replacing the PI control law with an actual
human operator. Addressing this question is the focus of the second experiment.

Remark 7. Rather than directly supplying the desired position qd to the PI control law, fifth-order
polynomials were programmed. This approach better emulates the behavior of a human operator
while protecting the experimental testbed.
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4.3. Experiment 2: Human Interaction

The second experiment aims to demonstrate that the gain tuning rules provided in
Theorem 1 are applicable to real teleoperation scenarios involving time-varying delays and
a human operator controlling either robot. For this purpose, the PID controllers used in the
previous experiment were retained, while the PI control law emulating human dynamics
was removed.

In this setup, the human operator first moves the local end-effector, while the remote
manipulator tracks the delayed position of the local robot.

At approximately t ≈ 43 s, the operator brings the system to a desired position. The
results are depicted in Figure 5.
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Figure 5. Experiment 2. Position tracking with human interaction: ql(t) (—), qr(t) (- - -).

As shown in (24), both the human operator and the integral term of the PID controller
prevent the local end-effector from falling due to gravity. When the operator releases the
end-effector, it briefly descends before the system reaches consensus, and neither end-
effector falls to the ground. At t ≈ 62 s, the operator moves the remote end-effector until
it is brought to a stable position and released at approximately t ≈ 89 s. As in the first
instance, the remote end-effector initially descends slightly but stabilizes shortly thereafter,
compensating for gravitational effects.

A video of Experiments 2 and 5 can be viewed at https://www.youtube.com/watch?
v=GBkOU9fDd98 (accessed on 21 October 2024).

Table 3 provides the RMSE values for this experiment, which can be compared with
those from Table 2. The results indicate that human interaction yields better performance.
This improvement is expected, as the operator moves the end-effectors more slowly than
the programmed trajectory used to emulate human dynamics.

Table 3. Experiment 2: position tracking RMSE with human interaction.

Joint RMSE [◦]
1 2.7470

2 2.1181

3 1.5224

These RMSE values reflect a marked improvement when the human operator interacts
with the system compared to the emulated dynamics. For Joint 1, the RMSE is reduced by
over 60%, indicating the human operator’s ability to adapt to environmental variations
and system delays. The results confirm that the PID tuning methodology is robust and
effective in real-world teleoperation scenarios.
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4.4. Experiment 3: PD + Gravity Compensation

This experiment evaluates the performance of the standard PID controller compared
to an alternative control scheme, namely PD with gravity compensation [31]. Although
simpler, this scheme requires prior knowledge of the robot manipulators’ dynamics.

As a common and reliable approach, PD with gravity compensation provides a valid
baseline for assessing the suitability of the PID controller in bilateral systems with time-
varying delays. The operator attempts to reproduce the same experiment performed with
the PID controllers, although exact replication is inherently difficult. The results are shown
in Figure 6.
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Figure 6. Experiment 3: position tracking using PD + gravity compensation [31]: ql(t − Tl) (—), qr(t)
(- - -).

While the results are not directly equivalent to those in Figure 5, they can be compared
objectively through Tables 3 and 4.

Table 4. Experiment 3: position tracking RMSE with human interaction using PD + gravity compensation.

Joint RMSE [◦]
1 2.8800

2 1.9506

3 1.1187

The RMSE values in this table show that the PD controller with gravity compensation
performs slightly better than the PID controller, particularly in Joint 3. This difference
is attributed to the instantaneous compensation for gravity effects provided by the PD
approach, whereas the PID controller requires some time for the integral term to adjust.
Nonetheless, the PID controller achieves comparable performance while offering greater
robustness and less reliance on precise system modeling.

The PD + gravity compensation scheme performs slightly better than the PID con-
troller, especially for the third joint. This behavior can be explained by the fact that when
the human operator releases the end-effector with the PID controller, it falls momentarily
until the integrator compensates for gravity. In contrast, the PD + gravity compensation ap-
proach cancels gravity effects instantaneously, eliminating this drawback. Despite this, the
performance of the standard PID controller remains acceptable for comparison purposes.

4.5. Experiment 4: Constrained Motion

One of the key strengths of the PID control law is its robustness, which makes it
particularly suitable for applications involving constrained motion in bilateral systems.
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While the stability proof in Section 3 focuses on free motion, it is essential to test
the system’s robustness when the remote robot interacts with its environment. In this
experiment, the remote robot contacts a book and an aluminum plate, as shown in Figure 7.

Figure 7. Experiment 4: surfaces used for constrained motion testing.

The book, being slightly deformable and subject to friction effects, poses a modeling
challenge. Conversely, the aluminum plate is rigid, with lower but measurable friction.
This complexity makes the experiment a robust test of the controller’s capabilities. Force
sensors attached to both end-effectors measure the forces applied during contact.

The experiment involves moving the remote end-effector to exert force on the book
along the z-axis and later on the aluminum plate along the y-axis.

Force measurements are displayed in Figure 8.
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Figure 8. Experiment 4: constrained motion. Force measurements: Fe(t)(- - -), Fh(t − Tl(t))(—).

Force measurements on the local side reflect the corresponding delays, as observed on
the remote side.

The results show that forces on both sides are not directly related, indicating that the
human operator applies higher forces when the local end-effector is unconstrained than
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when motion is restricted. For instance, this can be observed before contact with the book
at t ≈ 9 s.

Figure 9 shows the position tracking ql(t) versus qr(t − Tr(t)). During intervals when
the remote robot contacts its environment, the local position becomes constant but no
longer matches the remote position, as occurs during free motion.
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Figure 9. Experiment 4: constrained motion. Position tracking: ql(t) (—), qr(t − Tr(t)) (- - -).

This behavior indicates that the operator cannot move the local end-effector in the
direction constrained by the environment. Despite these challenges, the PID controller
maintains the stability of the closed-loop system under perturbations.

The force tracking errors remain bounded, as indicated in Table 5.

Table 5. Experiment 4: constrained motion. Force tracking RMSE.

Component RMSE [N]

x 0.3449

y 1.7693

z 1.8941

The RMSE values in this table demonstrate that the force tracking errors remain
bounded during constrained motion scenarios. The higher RMSE values in the y and z
directions are consistent with the increased difficulty of maintaining precise force control
when interacting with deformable and rigid surfaces, such as the book and aluminum plate
used in the experiment.

Despite these challenges, the PID controller effectively handles the dynamic perturba-
tions introduced by environmental constraints. In addition, the PID controller effectively
ensures position tracking stability during constrained motion, as evidenced by the position
tracking RMSE values in Table 6.

Table 6. Experiment 4: constrained motion. Position tracking RMSE.

Joint RMSE [◦]
1 3.1200

2 3.9702

3 1.4177
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The position tracking RMSE values indicate that the PID controller maintains stability
and acceptable performance even under constrained motion conditions. The slightly higher
errors compared to free motion experiments can be attributed to the physical restrictions
imposed by environmental interaction.

These results further highlight the robustness of the PID controller, as it successfully
stabilizes the system without compromising overall tracking accuracy.

4.6. Experiment 5: Force Reflection

The previous experiment demonstrated the robust performance of PID controllers in
constrained motion scenarios. Nevertheless, the results presented in Figure 8 reveal a lack
of force matching, which limits the system’s transparency.

To overcome this limitation, the concept of delayed kinematic correspondence, as
outlined in [35], is utilized. Force feedback is incorporated using controllers (64)–(68) with
the parameter Kfi = 1350I.

This control strategy relies on torque measurements, derived through the relationship
τi = JT

i (qi)F i [30], where Ji(qi) denotes the geometric Jacobian, and F i corresponds to the
measured forces.

The principle of delayed kinematic correspondence ensures minimal position errors on
the local side and accurate force tracking errors on the remote side. This mechanism allows
the operator to experience the remote environment as if it were directly reproduced locally.

Unlike Experiment 4, the operator maneuvers the local end-effector to bring the remote
end-effector into contact with the book. Subsequently, a circular motion is performed on
the book, followed by contact with the aluminum plate, where a linear motion is executed.
Finally, the end-effector is returned to its initial position.

Figure 10 presents the force tracking results, demonstrating acceptable performance
during contact with the book (from t ≈ 7 s to t ≈ 24 s) and the aluminum plate (from
t ≈ 29 s to t ≈ 44 s). These results indicate that the remote manipulator accurately applies
the forces commanded by the operator.
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Figure 10. Experiment 5: force reflection. Force tracking: Fe(t)(- - -), Fh(t − Tl(t))(—).

The RMSE values for force tracking are presented in Table 7, demonstrating signi-
ficant improvements compared to Table 5. These results highlight the effectiveness of
incorporating force feedback in enhancing system performance.

The force tracking RMSE values in Table 5 reveal that the addition of the force feedback
term enhances transparency during teleoperation. The lower RMSE in the x and z directions
highlights the effectiveness of force control in providing the human operator with a more
accurate perception of the remote environment. This improvement demonstrates the ability
of the PID controller with force feedback to handle dynamic interactions while preserving
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stability and robustness. Position tracking performance during force reflection is shown in
Figure 11.

Table 7. Experiment 5: force reflection. Force tracking RMSE.

Component RMSE [N]

x 0.5545

y 0.3855

z 0.3308
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Figure 11. Experiment 5: force reflection. Position tracking: ql(t) (—), qr(t − Tr(t)) (- - -).

The RMSE values, provided in Table 8, confirm that the PID controller maintains
precise tracking throughout the experiment, even under varying force conditions.

Table 8. Experiment 5: force reflection. Position tracking RMSE.

Joint RMSE [◦]
1 3.2540

2 2.2470

3 2.1648

The position tracking RMSE values in this table show a slight improvement compared
to constrained motion experiments without force feedback. This enhancement reflects the
synergistic effect of force feedback on position control, as the human operator benefits from
increased transparency when manipulating the local end-effector. These results validate
the proposed PID controller’s adaptability and effectiveness in scenarios requiring both
position and force control.

This level of position tracking performance is particularly critical during constrained
motion scenarios. Since both robots share identical kinematic configurations, the operator
perceives the remote environment as being directly reproduced locally [35]. The round trip
time (RTT), with a mean value of 1.3 s, remains a key metric for evaluating bilateral system
performance. As noted in [42], this RTT value represents superior performance for the stan-
dard PID controller compared to most alternative algorithms, as detailed in Table 3 of the
reference. In conclusion, the standard PID controller demonstrates acceptable performance
across all test scenarios. For further performance enhancements, more advanced control
methodologies may be considered.

To summarize the results of the experiments presented, Figure 12 provides a compa-
rative analysis of the RMSE values for position tracking across different scenarios. This
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figure highlights the improvement in performance from uncontrolled systems to controlled
configurations, including PID- and MRAC-based approaches. The synthesis underscores
the robustness and practicality of the PID control strategy under varying conditions, parti-
cularly when computational simplicity is prioritized. The comparison of RMSE values for
position tracking across different experiments is depicted in Figure 12.

Figure 12. RMSE comparison for position tracking. Emulated dynamics , human interaction ,
PD + gravity compensation , constrained motion , and force reflection .

5. Conclusions

This study provides a comprehensive theoretical and experimental analysis of the
application of the standard Proportional-Integral-Derivative (PID) controller to bilateral
systems consisting of robot manipulators with time-varying delays. Through a detailed
closed-loop stability proof, it is demonstrated that PID control ensures the convergence of
both manipulators to the desired position specified by the human operator on either side
of the system.

The stability proof provided does not rely on traditional Lyapunov theory or passivity
assumptions, but instead employs L2 and L∞ norms alongside Barbalat’s Lemma. While
it is assumed that human dynamics can be approximated by a simple PI control law,
experimental results confirm that this assumption does not limit practical implementation.
The derived tuning rules for the PID controllers yield consistent and robust performance,
even when a human operator directly controls either of the two robots.

Additionally, a comparison with the well-known PD + gravity compensation scheme
demonstrates that PID controllers achieve comparable performance, making them a viable
option for bilateral systems with time-varying delays. Experimental scenarios, including
free motion, environmental contact, and force feedback, highlight the robustness and re-
liability of the PID control strategy, as well as its ability to maintain system stability and
achieve a good degree of transparency. The main advantage of employing a standard PID
controller in this context lies in its simplicity and robustness. Unlike advanced control
techniques, which often require extensive computational resources or detailed system
modeling, the PID controller provides a practical and reliable solution for systems where
achieving stability under time-varying delays is more critical than attaining extreme preci-
sion. This study rigorously validates the application of a standard PID controller in bilateral
teleoperation systems with time-varying delays, demonstrating that, for applications where
simplicity, reliability, and robustness are prioritized, PID controllers represent an effective
and practical choice. As illustrated in Figure 12, the standard PID controller achieves
comparable performance to more complex control schemes, showcasing its viability as a
practical and robust solution for teleoperated systems with time-varying delays.
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The primary contribution of this work lies in validating the applicability of standard
PID control for systems where high precision or computational complexity is not required.
In such contexts, the simplicity and inherent robustness of PID controllers make them
the preferred choice, as they can handle delays and challenging environments without
significant modifications to the controller architecture.

Finally, while it is acknowledged that PID control cannot compete with more advanced
techniques in terms of maximum performance, this work demonstrates that its application
in bilateral systems with time-varying delays constitutes a practical and effective solution.
This makes standard PID controllers a valuable tool for industrial and research applica-
tions in teleoperated robotics, especially where simplicity, reliability, and robustness are
prioritized. However, for scenarios requiring extreme performance, the use of advanced
control methodologies remains essential.

While the results presented demonstrate the robustness and stability of the proposed
standard PID control strategy in bilateral teleoperation systems with time-varying delays,
certain limitations must be acknowledged. First, the theoretical stability proof assumes
idealized conditions, such as bounded time delays and linearized system dynamics, which
may not fully capture the complexities of highly nonlinear or uncertain real-world envi-
ronments. Second, the experiments were conducted using simplified 3-DOF manipulators,
which, while effective for validation, may not generalize directly to systems with higher
degrees of freedom or more complex operational requirements.

Future work could explore extending the stability proof to account for more general
cases, such as unbounded or stochastic time delays and interactions with more dynamic and
unpredictable environments. Additionally, integrating advanced control techniques, such
as adaptive or learning-based methods, may further enhance performance and adaptability
in highly nonlinear systems. Expanding the experimental validation to include higher-
DOF manipulators and more diverse scenarios, such as teleoperation in unstructured or
hazardous environments, would provide greater insight into the practical applicability of
the proposed approach.
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Appendix A

To establish the proof of Theorem 1, it is essential to rely on two widely recognized
lemmas:

Lemma A1 ([43]). Let x(t) : [t0, ∞) → R
n be a state vector such that x(t) ∈ L2 ∩ L∞ and

ẋ(t) ∈ L∞. Then, the following holds:

lim
t→∞

x(t) = 0. (A1)

Lemma A2. Barbalat’s Lemma ([44]). Consider a differentiable function x(t) defined over
[t0, ∞) such that it remains bounded and converges to a finite limit as t → ∞. If ẋ(t) is uniformly
continuous, then the time derivative satisfies ẋ(t) → 0 as t → ∞.

The proof is developed through the following steps:

1. Given that qd is assumed to remain constant, the PID control laws (6)–(8), in combi-
nation with the assumed human dynamics described in (9)–(11), are mathematically
equivalent to the formulation in (23)–(25) by applying the relationships in (17)–(18)
and the condition given by (12). Furthermore, under the definition (29), the control
law presented in (23)–(25) can also be expressed equivalently as (31)–(33), provided
that the conditions in (34)–(36) are satisfied.
As a result, the closed-loop system dynamics described by (43) are equivalent to those
obtained by substituting the PID control laws (6)–(8) and the human dynamics in
(9)–(11) directly into the system equations in (1). From this equivalence, the following
conclusions can be drawn:

x = 0 ⇒ êi = 0, q̇i = 0, (A2)

ei = 0, (A3)

ξ i = −K−1
ii gi(qd). (A4)

These results hold because, by applying the conditions in (34)–(36), if x = 0, then it
follows from (24), (29), (30), (32)–(33), (41), and (42) that:

wi = Λi

∫ t

0

(
ei − ēj + Aiei

)
dt = Λiξ i = −K−1

ωi gi(qd). (A5)

It is important to note that this does not represent a change of coordinates. Thus,
there is no diffeomorphism between the variables êi, q̇i, ei, ξ i, and the state vector x.
The equivalence established in this step, which connects the PID control laws (6)–(8)
and the human dynamics (9)–(11) to the closed-loop system formulation in (23)–(25)
and ultimately (43), ensures that the dynamics of the system are well-defined and
consistent under the given conditions. This equivalence lays the groundwork for
introducing a positive definite candidate function in the subsequent analysis, enabling
the examination of the stability properties of the system.

2. To establish that x → 0 as t → ∞, let us analyze the following positive definite
function Vi(x), which, although not a Lyapunov function, is constructed with respect
to the state variables of system (43):

Vi(x) =
1
2

xT
k Kωixk +

1
2

eT
i ei +

1
2

sT
i Hi(qi)si + (Biei − ēj)

TB−1
i Kvi2Λi(Biei − ēj), (A6)

where i = l, r and k = 1 for i = l or k = 4 for i = r. The positive definite function
Vi(x) is chosen because it encapsulates the energy-like properties of the system,
combining contributions from ei, si, and ėi. This facilitates the derivation of a well-
structured inequality for V̇i(x), which is central to analyzing the system’s stability.
The positive definite function Vi(x) is selected based on standard Lyapunov candidate
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functions, ensuring that its gradient satisfies the conditions for stability as outlined
in Theorem 1. This approach guarantees that the stability proof aligns with the
principles of Lyapunov theory while maintaining the robustness required for the
system’s dynamics.
Using Property 2, the following relationship is established:

−sT
i Kvi2si = −ėT

i Kvi2 ėi − 2ėT
i Kvi2Λi

(
Biei − ēj

)
−
(

Biei − ēj

)T
ΛiKvi2Λi

(
Biei − ēj

)
, (A7)

derived from (29) and (46). Substituting (A7) into the derivative of (A6), we obtain:

V̇i(x) ≤− λmin(Λi)λmin(Bi)‖ei‖2 + ‖ei‖‖si‖+ λmax(Λi)‖ei‖‖ēj‖ − λmin(Kvi1)‖si‖2

− λmin(Kvi2)‖ėi‖2 + kgi‖si‖‖ei‖+ λHiλmax(Λi)‖si‖
(

λmax(Bi)‖ėi‖+ ‖ ˙̄ej‖
)

+ λmax(Λi)kci‖si‖‖ėi‖
(

λmax(Bi)‖ei‖+ ‖ēj‖
)
+ λmax(Kωi)‖si‖‖ēj‖

− λmin(Λ
2
i )λmin(Kvi2)‖Biei − ēj‖2 + 2

λmax(Kvi2)λmax(Λi)

λmin(Bi)
‖ ˙̄ej‖‖Biei − ēj‖. (A8)

Next, assuming ‖x(t0)‖ < ε, where ε is defined in (45), and considering that Tj(t) ≥ 0
for j = l, r (by Assumption 2), the state variables remain bounded within a region D.
Substituting these bounds into (A8), the following refined inequality is obtained:

V̇i(x) ≤− λmin(Λi)λmin(Bi)‖ei‖2 + ‖ei‖‖si‖+ λmax(Λi)‖ei‖‖ēj‖ − λmin(Kvi1)‖si‖2

− λmin(Kvi2)‖ėi‖2 + kgi‖si‖‖ei‖+ λHiλmax(Λi)‖si‖
(

λmax(Bi)‖ėi‖+ ‖ ˙̄ej‖
)

− λmin(Λ
2
i )λmin(Kvi2)‖Biei − ēj‖2 + 2

λmax(Kvi2)λmax(Λi)

λmin(Bi)
‖ ˙̄ej‖‖Biei − ēj‖

+ λmax(Λi)kci‖si‖‖ėi‖(λmax(Bi)ε + ε) + λmax(Kωi)‖si‖‖ēj‖. (A9)

Next, the inequality (A9) refines (A8) by incorporating the assumption that
‖x(t0)‖ < ε. This ensures that x(t) remains within D, maintaining the bounded-
ness of terms such as ‖ēj‖ and ‖ ˙̄ej‖. These bounds are critical in demonstrating that
V̇i(x) remains negative definite for all x �= 0.
Finally, since V̇i(x) < 0, it follows that Vi(x) is a strictly decreasing function. Com-
bined with the positive definiteness of Vi(x), this guarantees that x(t) asymptotically
approaches 0 as t → ∞, completing the proof of stability for this subsystem.

3. Since any of the robots can be considered as local and the other one as remote, without
loss of generality, it is assumed that Ar = O and Br = I, according to (30), while
Al > O. Consequently, the following positive definite function for the entire system
is defined:

V(x) = Vl(x) + Vr(x), (A10)

where Vl(x) and Vr(x) represent the positive definite functions associated with the
local and remote robots, respectively.
The derivative of (A10) satisfies, based on (A9):
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V̇(x) ≤− λmin(Λl)λmin(Bl)‖el‖2 + ‖el‖‖sl‖+ λmax(Λl)‖el‖‖ēr‖ − λmin(Kvl1)‖sl‖2

− λmin(Kvl2)‖ėl‖2 + kgl‖sl‖‖el‖+ λHlλmax(Λl)λmax(Bl)‖sl‖‖ėl‖
+ λHlλmax(Λl)(1 + T∗

r )‖sl‖‖ėr(t − Tr(t))‖+ λmax(Kωl)‖sl‖‖ēr‖
+ λmax(Λl)kcl‖sl‖‖ėl‖(λmax(Bl)ε + ε)− λmin(Λ

2
l )λmin(Kvl2)‖Blel − ēr‖2

+

(
2

λmax(Kvl2)λmax(Λl)(1 + T∗
r )

λmin(Bl)

)(
‖ėr(t − Tr(t))‖‖Blel − ēr‖

)
− λmin(Λr)‖er‖2 + ‖er‖‖sr‖+ λmax(Λr)‖er‖‖ēl‖ − λmin(Kvr1)‖sr‖2

− λmin(Kvr2)‖ėr‖2 + 2λmax(Λr)kcr‖sr‖‖ėr‖ε + λmax(Kωr)‖sr‖‖ēl‖
+ kgr‖sr‖‖er‖+ λHrλmax(Λr)‖sr‖‖ėr‖ − λmin(Λ

2
r )λmin(Kvr2)‖er − ēl‖2

+

(
2λmax(Kvr2)λmax(Λr)(1 + T∗

l )

)(
‖ėl(t − Tl(t))‖‖er − ēl‖

)
+ λHrλmax(Λr)(1 + T∗

l )‖sr‖‖ėl(t − Tl(t))‖, (A11)

The positive definite function V(x) is constructed as the summation of the local and
remote components, ensuring the stability properties of the individual subsystems
are preserved in the analysis of the coupled system.
The transition from (A9) to (A11) follows naturally from combining the bounded
properties of Vl(x) and Vr(x), under the assumptions that Ar = O and Br = I. This
simplification maintains generality while allowing any robot to assume the role of the
local or remote subsystem.
Cross terms such as ‖er‖‖sr‖ and ‖ėl(t − Tl(t))‖‖er − ēl‖ are appropriately bounded
using the matrix norm properties λmin and λmax. This ensures that V̇(x) remains
negative definite for all x �= 0. Consequently, V̇(x) demonstrates that V(x) decreases
monotonically over time, leading to x → 0 as t → ∞, thereby proving the global
stability of the coupled system.

4. Instead of showing that V̇(x) ≤ 0, V̇(x) will be integrated. However, prior to per-
forming this integration, the following aspects must be considered:

(a) By applying the Cauchy-Schwarz inequality, which states that for any vector
signals a(θ) and b(θ), the following holds:

∫ t

0
aT(θ)b(θ)dθ ≤

[∫ t

0
‖a(θ)‖2dθ

] 1
2
[∫ t

0
‖b(θ)‖2dθ

] 1
2

, (A12)

the following relationships can be established:

t∫
t0

‖si(θ)‖‖ei(θ)‖dθ ≤
⎛⎝ t∫

t0

‖si(θ)‖2dθ

⎞⎠ 1
2
⎛⎝ t∫

t0

‖ei(θ)‖2dθ

⎞⎠ 1
2

, (A13)

Additionally, by leveraging the results from equations (47)—(48), the following
inequality is derived:

t∫
t0

‖ei(θ)‖‖ēj(θ)‖dθ ≤ αj

⎛⎝ t∫
t0

‖ei(θ)‖2dθ

⎞⎠ 1
2
⎛⎝ t∫

t0

‖ej(θ)‖2dθ

⎞⎠ 1
2

, (A14)

Similarly, applying the same inequality in the context of delayed signals yields:
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t∫
t0

‖si(θ)‖‖ėj(θ − Tj(θ))‖dθ ≤ β j

⎛⎝ t∫
t0

‖si(θ)‖2dθ

⎞⎠ 1
2
⎛⎝ t∫

t0

‖ėj(θ)‖2dθ

⎞⎠ 1
2

. (A15)

These inequalities, valid for i, j = l, r, are essential for bounding cross-product
terms such as ‖si‖‖ei‖, ‖ei‖‖ēj‖, and ‖si‖‖ėj(θ − Tj(θ))‖, which arise in the
derivative V̇(x). The absence of arguments in the final integrals reflects the
omission of delays for simplicity and clarity. These bounds make the integra-
tion of V̇(x) both mathematically rigorous and computationally tractable.

(b) The studies in (A13)–(A15) represent specific examples of norm products
that appear in (A11). While these inequalities are illustrative, they are not
exhaustive. Other norm product terms in (A11) can similarly be bounded
using analogous approaches, ensuring consistency across the entire analysis.

(c) The following compact notation will be employed (compare with (4)):

‖ f (t)‖2̂ =

(∫ t

t0

‖ f (t)‖2dt
) 1

2
. (A16)

The notation ‖ · ‖2̂, introduced in (A16), compactly represents the integrals
of squared norms over the interval [t0, t]. This simplifies the manipulation
of terms involving V̇(x) and provides a consistent framework for express-
ing bounds.

The transition from Step 3 to Step 4 involves shifting the focus from analyzing V̇(x)
directly to integrating it over a specified time interval. This approach builds upon the
boundedness established in Step 3 and leverages the inequalities outlined above to
ensure the integral remains well-defined and finite.

5. Keeping the previous item in mind, the integral of (A11) satisfies for t ∈ [t0, tε]:

t∫
t0

V̇dθ = V(x(t))− V(x(t0)) ≤− λmin(Λl)λmin(Bl)‖el‖2
2̂ + ‖el‖2̂‖sl‖2̂ − λmin(Kvl1)‖sl‖2

2̂

+ αrλmax(Λl)‖el‖2̂‖er‖2̂ − λmin(Kvl2)‖ėl‖2
2̂ + kgl‖sl‖2̂‖el‖2̂

+ λHlλmax(Λl)λmax(Bl)‖sl‖2̂‖ėl‖2̂ + αrλmax(Kωl)‖sl‖2̂‖er‖2̂

+ βrλHlλmax(Λl)(1 + T∗
r )‖sl‖2̂‖ėr‖2̂ + αlλmax(Λr)‖er‖2̂‖el‖2̂

+ λmax(Λl)kcl(λmax(Bl)ε + ε)‖sl‖2̂‖ėl‖2̂ − λmin(Λr)‖er‖2
2̂

− λmin(Λ
2
l )λmin(Kvl2)‖Blel − ēr‖2

2̂ + ‖er‖2̂‖sr‖2̂ − ‖ēl‖2
2̂

+

(
2

βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )

λmin(Bl)

)(
‖ėr‖2̂‖Blel − ēr‖2̂

)
− λmin(Kvr1)‖sr‖2

2̂ − λmin(Kvr2)‖ėr‖2
2̂ + kgr‖sr‖2̂‖er‖2̂

+ λHrλmax(Λr)‖sr‖2̂‖ėr‖2̂ + βlλHrλmax(Λr)(1 + T∗
l )‖sr‖2̂‖ėl‖2̂

+ 2λmax(Λr)kcrε‖sr‖2̂‖ėr‖2̂ + αlλmax(Kωr)‖sr‖2̂‖el‖2̂

+

(
2βlλmax(Kvr2)λmax(Λr)(1 + T∗

l )

)(
‖ėl‖2̂‖er − ēl‖2̂

)
− λmin(Λ

2
r )λmin(Kvr2)‖er‖. (A17)

Gains are chosen as in (54)–(60), and the relationship

−
(

a − 1
2

γb
)2

= −a2 + γab − 1
4

γ2b2, (A18)
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for any γ, a, b ∈ R and make some straightforward but long manipulations to show
that (A17) satisfies:

t∫
t0

V̇dθ = V(x(t))− V(x(t0))

≤− β2
l (1 + T∗

l )
2 λmax(Λ2

r )λmax(K2
vr2)

λmin(Λ2
r )λmin(Kvr2)

‖ėl‖2
2̂ −

βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )√

λmin(Kvl2)
‖el‖2

2̂

− λmin(Λ
2
r )λmin(Kvr2)‖er − ēl‖2

2̂ − λmin(Λ
2
l )λmin(Kvl2)‖Blel − ēr‖2

2̂ − δel‖el‖2
2̂

+

(
2

βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )

λmin(Bl)

)(
‖ėr‖2̂‖Blel − ēr‖2̂ − ‖ėr‖2

2̂

)
− δsl‖sl‖2

2̂

+

(
2βlλmax(Kvr2)λmax(Λr)(1 + T∗

l )

)(
‖ėl‖2̂‖er − ēl‖2̂

)
− δėl‖ėl‖2

2̂ − δer‖er‖2
2̂

− δsr‖sr‖2
2̂ − δėr‖ėr‖2

2̂ (A19)

The term

− βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )√

λmin(Kvl2)
‖el‖2

2̂ (A20)

appears to be unnecessary in (A19) since it could be included in δel. Indeed it helps
little on its own and it could be dropped in (A19), but its usefulness can be understood
by considering that it comes from the factor

βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )

λmin(Λl)
√

λmin(Kvl2)
(A21)

in (58) and its inclusion makes the relationship

βrλmax(Kvl2)λmax(Λl)(1 + T∗
r )

λmin(Bl)
≤ λmin(Λl)

√
λmin(Kvl2) (A22)

hold, so that (A19) satisfies for all t ∈ [t0, tε]

V(x(t)) + δL + δR ≤ V(x(t0)). (A23)

where

δL = δel‖el‖2
2̂ + δsl‖sl‖2

2̂ + δėl‖ėl‖2
2̂ (A24)

δR = δer‖er‖2
2̂ + δsr‖sr‖2

2̂ + δėr‖ėr‖2
2̂. (A25)

6. Consider now that V(x) in (A10) satisfies

λ1‖x‖2 ≤ V(x) , (A26)

∀ t ≥ t0 and ∀ x ∈ R
6n, where λ1 is given in (61). On the other hand, recall that from

Assumption 2, Tj(t) ≥ 0 for j = l, r. Thus, from condition (52), one must have either
ēj(t0) = 0 for Tj(t0) > 0 or ēj(t0) = ej(t0) for Tj(t0) = 0. Consequently, for (A10), the
following holds:
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V(x(t0)) ≤ 1
2

λmax(Kωl)‖x1(t0)‖2 +
1
2
‖el(t0)‖2 +

1
2

λHl‖sl(t0)‖2 + λmax(Kvl2ΛlBl)‖el(t0)‖2

+ 2λmax(Kvl2Λl)‖el(t0)‖‖er(t0)‖+ λmax(B−1
l Kvl2Λl)‖er(t0)‖2 +

1
2
‖er(t0)‖2

+
1
2

λmax(Kωr)‖x4(t0)‖2 +
1
2

λHr‖sr(t0)‖2 + λmax(Kvr2Λr)‖er(t0)‖2

+ 2λmax(Kvr2Λr)‖er(t0)‖‖el(t0)‖+ λmax(Kvr2Λr)‖el(t0)‖2

≤ λ2‖x(t0)‖2, (A27)

where λ2 is given in (62), and λHi is specified in Property 1 for i = l, r. Furthermore, it
is considered that Br = I. Combining (A23)–(A26) and (A27) results in the inequality:

‖x(t)‖ ≤
√

λ2

λ1
‖x(t0)‖ , (A28)

for t ∈ [t0, tε]. In order for (A23) and (A28) to hold for all t ≥ t0, the following
condition must be satisfied:√

λ2

λ1
‖x(t0)‖ < ε ⇒ ‖x(t0)‖ <

√
λ1

λ2
ε, (A29)

which justifies (53).
The value of ε is necessary to set λmin(Kvl1) in (59) and λmin(Kvr1) in (60). However,
these bounds are not directly used in (61)–(62), allowing ε to be made arbitrarily large
and independently of these conditions.

7. Since it has been shown that ‖x‖ < ε for all t ≥ t0 whenever (53) holds, then (A23)
also holds for all t ≥ t0, which means that the following becomes valid:

V(x(∞)) + δel‖el‖2
2 + δsl‖sl‖2

2 + δėl‖ėl‖2
2 + δer‖er‖2

2 + δsr‖sr‖2
2 + δėr‖ėr‖2

2 ≤ V(x(t0)). (A30)

This equation establishes an upper bound on the system’s energy at infinity in terms
of its initial energy, ensuring that all terms contributing to V(x) remain finite. The
coefficients δel, δsl, δėl , δer, δsr, δėr determine the decay rates of specific state variables.

8. Relationship (A30), together with (29), (A6) and (A26), guarantees that:

i. x1, el, ėl, sl, x4, er, ėr, sr ∈ L∞,
ii. el, ėl, sl, er, ėr, sr ∈ L2.

By using Lemma A1, it is concluded that:

iii. el, er → 0.

The application of Lemma A1 ensures that the system’s error states converge to zero
as time approaches infinity, affirming asymptotic stability. Moreover, the membership
of the state variables in L∞ guarantees boundedness, while their inclusion in L2
confirms energy dissipation.

9. To establish that ėl, ėr, sl, sr converge to zero, it is necessary to demonstrate that their
derivatives are bounded. Instead of relying on (43), it is more effective to use (29),
whose first derivative is expressed as:

ṡi = ëi + ΛiBi ėi − Λi(1 − Ṫj(t))ėj(t − Tj(t)) , (A31)

where (19) has been applied.
As previously shown, ėi ∈ L∞ for i = l, r, implying that ėj(t − Tj(t)) ∈ L∞. Moreover,
Ṫj(t) is bounded by Assumption 2. Therefore, ṡi ∈ L∞ provided that ëi ∈ L∞.
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Since ëi ≡ q̈i under the assumption that qd remains constant, it follows that uτi in (31)
must also be bounded. This can be verified by considering (41)–(42) and the fact that
x1, x4 ∈ L∞.
Therefore, from (1) and Property 1, q̈i ∈ L∞ and, as a consequence, ëi, ṡi ∈ L∞. Note
that the boundedness of q̇i = ėi had already been shown. Therefore, by taking into
account i. and ii., Lemma A1 can be used again to conclude:

iv. ėl, ėr, sl, sr → 0.

This conclusion demonstrates that all higher-order derivatives of the error and syn-
chronization variables decay to zero over time, ensuring smooth convergence of the
system’s dynamics. The boundedness of the inputs and intermediate terms guarantees
the validity of the assumptions used throughout the proof.

10. To demonstrate that x1 and x4 converge to zero, observe that from (43), x1 → 0 if
ṡl → 0, and similarly, x4 → 0 if ṡr → 0. The first derivative of (A31) yields:

s̈i = e(3)i + ΛiBi ëi + Λi T̈j(t)ėj(t − Tj(t))− Λi(1 − Ṫj(t))2ëj(t − Tj(t)), (A32)

where e(3)i =
d(3)

dt(3)
ei. By applying Assumption 2 and the previous analysis, it follows

that s̈i ∈ L∞ if e(3)i ∈ L∞, which holds if q(3)
i ∈ L∞. From (1), the expression for

q(3)
i is:

q(3)
i = H−1

i (qi)

{
u̇τi − Ḣi(qi, q̇i)q̈i − ġi(qi)− Ci(qi, q̇i)q̈i − Ċi(qi, q̇i, q̈i)q̇i

}
. (A33)

Considering that revolute joints are used, it follows that the vectors Ḣi(qi, q̇i)q̈i,
Ci(qi, q̇i)q̈i, Ċi(qi, q̇i, q̈i)q̇i, and ġi(qi) are bounded.
Consequently, q(3)

i ∈ L∞ if u̇τi ∈ L∞. From (31)–(33), it follows that:

u̇τi = −Kvi ṡi − Kωisi + Kωi(1 − Ṫj(t))ėj(t − Tj(t)), (A34)

demonstrating that u̇τi is indeed bounded.
The derivation of (A34) follows from substituting the auxiliary dynamics defined
in (A30)–(A32) into the closed-loop system’s stability analysis. Starting from the
composite variable:

si = ėi + ΛiBiei − Λiej, (A35)

the time derivative ṡi can be expressed as:

ṡi = ëi + ΛiBi ėi − Λi ėj. (A36)

Using the error dynamics and substituting ëi = −Kvisi − Kωiωi + Kωiej

(
t − Tj(t)

)
,

the dynamics of ṡi are rewritten as:

ṡi = −Kvisi − Kωiωi + Kωi

(
1 − Ṫj(t)

)
ej

(
t − Tj(t)

)
+ ΛiBi ėi − Λi ėj. (A37)

Subsequently, the control law uτi is defined as:

uτi = −Kvisi − Kωiωi + Kωiej

(
t − Tj(t)

)
. (A38)

Combining these equations and considering the bounded nature of the delay terms
Tj(t), Ṫj(t), and T̈j(t), Equation (A34) is derived. For clarity, the derivation assumes

bounded and smooth trajectories for the delayed terms ej

(
t − Tj(t)

)
and their time

derivatives, consistent with the assumptions outlined earlier in the proof.
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In summary, it has been shown that si → 0 and that ṡi is both bounded and uniformly
continuous, as s̈i is also bounded. By invoking Lemma A2 (Barbalat’s Lemma), it
follows that ṡi → 0 for i = l, r. Therefore, from (43), it can be concluded that:

v. x1, x4 → 0.

because φai in (38) vanishes at the origin.
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Abstract: Modelling and controlling an electrical Power Generation System (PGS), which consists of
an Internal Combustion Engine (ICE) linked to an electric generator, poses a significant challenge due
to various factors. These include the non-linear characteristics of the system’s components, thermal
effects, mechanical vibrations, electrical noise, and the dynamic and transient impacts of electrical
loads. In this study, we introduce a fuzzy modelling identification approach utilizing the Takagi–
Sugeno (T–S) structure, wherein model and control parameters are optimized. This methodology
circumvents the need for deriving a mathematical model through energy balance considerations
involving thermodynamics and the non-linear representation of the electric generator. Initially, a
non-linear mathematical model for the electrical power system is obtained through the fuzzy c-means
algorithm, which handles both premises and consequents in state space, utilizing input–output
experimental data. Subsequently, the Particle Swarm Algorithm (PSO) is employed for optimizing
the fuzzy parameter m of the c-means algorithm during the modelling phase. Additionally, in the
design of the Parallel Distributed Compensation Controller (PDC), the optimization of parameters
pertaining to the poles of the closed-loop response is conducted also by using the PSO method.
Ultimately, numerical simulations are conducted, adjusting the power consumption of an inductive
load.

Keywords: fuzzy c-means; PDC controller; power generation

1. Introduction

Electric Power Generation Systems (PGSs) based on Internal Combustion Engines
(ICEs) in combination with an electric generator are widely used in industrial and com-
mercial applications due to their low maintenance and ease of operation under several
environmental conditions. However, the low energy efficiency of ICEs reduces the per-
formance of the whole power generation system. In recent years, many researches have
proposed new strategies to optimize the results of this type of power generation systems.
Such research includes the development of new fuels and explosion chamber systems with
new materials for ICE operation, electrical generators with new architectures to maximize
fuel efficiency, and voltage and power regulation systems with control algorithms using
hybrid automatic identification and control techniques [1].

In order to optimize these systems, different strategies have been addressed, such as
the use of innovative control techniques [2,3] or the study of the compartmentalization of
electric power generation systems with different topologies of artificial neural networks to
predict and be efficient in the complicated characteristics of various types of engine with
different fuels [4].
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The authors in [5] reviewed typical applications of machine learning (ML) and data-
driven control (DDC) at the level of monitoring, control, optimization, and fault detection
of power generation systems, with a particular focus on finding out how these methods
can be used to evaluate, counteract, or withstand the effects of the associated uncertainties.
The benefits of ML and DDC techniques are accordingly interpreted in terms of visibility,
manoeuvrability, flexibility, profitability, and safety. The authors in [6] provide an overview
of artificial-intelligence (AI) applications for power electronic systems. The applications
of four categories of AI are discussed, which are expert system, fuzzy logic, metaheuristic
method (like PSO), and machine learning. In [7], the authors discussed the design choices
and parameters that affect the system performance, the closed-loop stability, and the con-
troller robustness. Moreover, they presented the solvers and control platforms that can be
employed for the real-time implementation of Model Predictive Control (MPC) algorithms.
Furthermore, in [8], a comprehensive review is conducted on artificial-intelligence applica-
tions in regards to optimization system configuration and energy control strategy, along
with the applicability of different energy storage technologies.

Most of the control techniques used for voltage regulation require a mathematical
model of the ICE coupled to the electric generator. However, obtaining a complete mathe-
matical model is a challenging task due to the interrelation between all the system compo-
nents and the corresponding determination of its parameters. In order to deal with this
issue, the authors in [9] proposed the use of a non-linear mathematical model, as well as the
combination of the first principle of thermodynamics, physical laws, and steady state data
of the engine mass air flow, obtained empirically. This type of approach typically results
in inaccurate models due to unmodelled system dynamics and, in addition, the resulting
complex mathematical models are not suitable to be used to derive voltage regulation
control laws.

One of the major potential areas of application of this type of power generator system
is autonomous vehicles. For instance, the authors in [10] developed an unmanned military
action vehicle, which uses a power generator system composed of a gasoline engine together
with an electric generator and a lithium iron phosphate cell. Similarly, the American
company Top Flight created the Airborg H8 10k [11], a hybrid powered UAV with eight
rotors and an estimated flight time of two hours with a 4 kg payload or one hour of flight
with a 10 kg payload, with a maximum speed of 40 mph. In addition, Sullivan UV is one of
the leading companies that develop power generator systems in the expanding market of
unmanned aerial vehicles [12].

1.1. Related Work

Techniques based on machine learning have proven to be effective approaches for
modelling and controlling ICEs, due to their robustness, which allows compensating vari-
ations in the electrical load and whose approach guarantees stability [3]. Nevertheless,
artificial-intelligence techniques require significant amounts of data to achieve a good
model; in addition, they are merely black boxes, in the sense of interpreting the system’s pa-
rameters and its mathematical structure. This contrasts with fuzzy models and controllers,
such as Mamdani linguistic systems, where an expert in the physical system dictates the
basis of operation rules, which are not optimal, but rather based on human experience. On
the other hand, the fuzzy modelling and control technique proposed by Takagi–Sugeno
(T–S) can be complemented with optimal parameter identification algorithms, as well
as with different control techniques. In the Mamdani fuzzy model, both the antecedent
and the consequent are fuzzy propositions, which are chosen by experts on the system to
be modelled or by an expert in fuzzy modelling, while in the T–S fuzzy modelling, the
antecedent is a fuzzy proposition and the consequent is a mathematical function, which
can have a polynomial state-space architecture [13]. This represents a strength for the mod-
elling of complex systems and control based on submodels represented in state space. For
instance, the authors in [14] presented a fuzzy logic-based control and power management
strategy for unmanned aerial vehicles, in which they developed a set of fuzzy rules for
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controlling and effectively dividing the power between the two power sources: electric
generator and ICE. Similarly, the authors in [15] used a fuzzy logic controller to improve
the performance of the traditional perturb and observe algorithm for power generation
using a photovoltaic system. The proposed fuzzy logic controller with a rule base collection
of 25 rules outperformed the controller using the traditional perturb and observe algorithm
due to its adaptive step size, enabling the fuzzy logic controller to adapt the photovoltaic
system faster to changing environment conditions.

However, the selection of the fuzzy parameter m of the fuzzy c-means algorithm is a
crucial aspect in the implementation of this type of techniques. The authors in [16] found
that the value of m must be greater than n/(n − 2) (where n is the total number of data
objects in the data set) viewed from the perspective of the algorithm convergence. More
recently, the authors in [17] proposed, based in their experience, a range of 1.1 ≤ m ≤ 5,
whereas [18] proposed a new guideline for m selection based on robust fuzzy c-means
analysis. They suggested to define m in the range [1.5–4]. The authors in [19] proposed a
method for the selection of the optimal m value using four cluster validity indices, obtaining
an optimal m value in the interval [2.5–3]. The authors in [20] analyzed the use of soft
computing techniques based on the c-means fuzzy classification algorithm and the T–S
type fuzzy rule structure in research developed in the field of ICE for the generation of
electric power. In [21], the authors proposed a novel semi-supervised fuzzy c-means
clustering algorithm using multiple fuzzification coefficients instead of an auxiliary matrix
to adjust the membership grade of the data elements, aiming to make the proposed fuzzy c-
means algorithm a semi-supervised machine-learning method. The authors demonstrated
the convergence of the algorithm and validated the efficiency of the method through a
numerical example and derived a supervised approach to determine the parameter m of
the c-means algorithm.

In our previous work [22], we used the fuzzy T–S technique to estimate the remaining
battery energy in an autonomous vehicle. We used the fuzzy c-means algorithm for the
assumptions and the consequents were obtained using linear polynomials, while the m
parameter used in the fuzzy c-means algorithm was found by implementing the Particle
Swarm Optimization (PSO) algorithm. The PSO metaheuristic algorithm has been pre-
viously used in several research works in combination with fuzzy logic techniques; for
example, the authors in [23] developed a time-delay network control model to predict the
output of the control system. In order to deal with the problem of falling into local opti-
mality, they proposed a non-linear fitting formula to obtain the PSO algorithm parameters
based on the number of iterations and using the T–S algorithm to obtain a global optimal
solution. Similarly, the authors in [24] employed a fuzzy logic control structure for load
frequency control of a dual-area power system, in addition to the PSO method to improve
its performance.

In the present research work, the technique proposed by Takagi–Sugeno and Tanaka
is used to identify a power generation system based on an internal combustion engine–
generator scheme controlled using a fuzzy strategy that allows the regulation of the voltage
generated by the system. With this strategy, it is sought to avoid the need to derive
a complex mathematical model. The contribution of the proposed strategies is not in
the development of a new fuzzy control law, but rather in the development of system
identification and control algorithms for a specific application to a power generation system.

1.2. Contributions

The main contributions of this research work are summarized in the development of
the following two algorithms:

A1. An algorithm that uses input–output data corresponding to the control signal sent to
the Internal Combustion Engine (ICE) and the voltage signal acquired from the electric
generator. This algorithm aims to identify offline a T–S type fuzzy model of the power
generation system, where the consequent consists of four state-space fuzzy rules. The
model consists of four linear submodels, which represent the input–output operation
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within the learning space. In order to derive the fuzzy model, the consequents are
established using the fuzzy data clustering technique, namely the fuzzy c-means
algorithm. This method enables an optimal search for the premises of the fuzzy rules.
In this technique, an open problem is to determine the fuzzy parameter m, which
allows classification of the data into groups with fuzzy affinity. In the present paper,
we propose to employ the Particle Swarm Optimization (PSO) method to identify the
optimal value of the fuzzy parameter m from within the search space.

A2. An algorithm that uses Parallel Distributed Compensation (PDC) to regulate the out-
put voltage, whose gains are determined through the combination of pole placement
and PSO methods. This control technique, rooted in the T–S fuzzy model, leverages
the premises of the rules and adjusts the consequents using state feedback.

The remainder of the article is organized as follows: In Section 2, the description of
the power generation system is presented. In Section 3, the T–S fuzzy modelling algorithm
with the assumptions in the form of clustering and linear consequents, as well as the
construction of the fuzzy system, applied to the power generation system, are derived. The
PDC controller for the voltage regulation of the system is shown in Section 4. Finally, the
conclusions and future directions of this research work are presented in Section 5.

2. Simulation Platform

To obtain the required experimental data, the system is considered an open-loop
Power Generation System (PGS) in series configuration with an electric generator powered
by an Internal Combustion Engine (ICE) [25]. In this configuration, the generated voltage
is measured in open loop to first identify a fuzzy model of the power generation system
and then design a Parallel Distributed Compensation Controller (PDC) that regulates the
generated voltage in closed loop.

The PGS is composed of a myRIO-1900 device from National Instruments used for
data acquisition and processing. Both the generator/electric motor and the electric motor
used as an electrical load are U12 II (120 KV) brushless motors, while the Electronic Speed
Controller (ESC) is a 100 Amp Flame HV, all from T-Motor. The servomotor is a DS3230MG,
which is 30 kg/cm. The three-phase diode rectifier is 100 amps and 1600 volts. The ICE
used is the Stihl-2MIX model, which is a 1.1 HP/0.8 kW and 22.2 cm3 single-cylinder
engine, whose operation is two-stroke. We used a resistive voltage sensor to measure the
output voltage of the PGS.

A connection diagram of the proposed power generation system is shown in Figure 1,
where r(k) is the desired voltage, kr is a precompensation gain, e(k) is the voltage error, u(k)
is the obtained control signal, and VG(k) represents the generated voltage, and the variable
load block corresponds to an inductive load used to produce a richer system behaviour in
open loop in order to improve the off-line identification process.

ICE GeneratorPDC

INTERNAL COMBUSTION ENGINE-BASED
POWER GENERATORCONTROLLER

Variable
Load

Voltage
Sensor

Figure 1. Connection diagram of the power generator system.

3. T–S Fuzzy Modelling

Two main topics of research and application for the development of fuzzy systems,
known as Mamdani and Takagi–Sugeno, are highlighted in the bibliography [26]. The
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If–Then fuzzy rules contain two fundamental parts, which are the premises and the conse-
quents. In this work, we demonstrate a fuzzy algorithm with the T–S fuzzy system, where
the premises are extracted with the clustering technique, which consists of grouping the
learning data into subsets based on their similarity to each other. Since the fuzzy c-means
algorithm was developed for pattern recognition by [16], it has been of great technical value
for the fuzzy modelling and control of non-linear dynamic systems, as presented in this
work. We use the c-means clustering algorithm to extract the premises or firing degrees of
the fuzzy T–S rules, because it is effective and feasible in the search for the best prototypes
of the membership values; Equation (1).

The iterative fuzzy c-means algorithm is applied to find the clustering centres, ci, which
are the prototypes of the membership functions and the membership values, μik ∈ [0, 1],
in the learning phase [27].

J(Z; U, C) =
c

∑
i=1

N

∑
k=1

(μik)
m‖zk − ci‖2

I . (1)

where N is the pairs of input–output data used in order to perform learning, c is the
number of clusters proposed by the expert designer using a certain heuristic rule (in this
paper, we set c = 3 to illustrate the example of the fuzzy identification, modelling, and
control algorithm), Z = {z1, z2, . . . , zN} is the learning matrix, which can be a time series
of input–output measurements, U = [μik] is the fuzzy partition matrix, with i = 1, 2, . . . , c
and k = 1, 2, . . . , N, and C = [c1, c2, . . . , cc] is the vector of centres to identify. Normally,
the parameter fuzzy m > 1 defines the fuzziness, adjusted heuristically or with some
genetic algorithm, and has an important relevance for the representation of the premises
in the fuzzy rules. Here, we propose the PSO algorithm to find the best prototypes of the
membership functions within the learning space.

Several classification and modelling problems in hard sciences and in different topics
have been solved efficiently using the fuzzy c-means algorithm and its different variants.
In [27], the authors detail the steps to follow in order to implement the c-means algorithm;
the Euclidean distances of each sample of the data to be classified from the centres is
as follows:

D2
ikI = ‖zk − ci‖2

I = (zk − ci)
T

I(zk − ci), (2)

where I is the identity matrix. In the learning phase, the solution of Equation (1) for the
membership functions of each cluster is given by Equations (3) and (4) and is, iteratively:

μik =
1

∑c
j=1(

DikI
DjkI

)(2/m−1)
(3)

ci =
∑N

k=1(μik)
mzk

∑N
k=1(μik)m

, (4)

where μik is the firing value of the i-th cluster for the k-th sample, with 1 ≤ i ≤ c, 1 ≤ k ≤ N.
The construction of the T–S fuzzy model from experimental data was solved in

two steps: (1) the structure identification and (2) the estimation of parameters [28]. In
step (1), the structure of the model is proposed, using expert knowledge and observations
of the response of the system to be modelled.

Based on the model structure already defined, the learning matrix is defined for
the learning matrix for parameter estimation, using time sequences of the input–output
X ∈ R

N×n, where n is the number of state-space variables, as follows,

X =

⎡⎢⎢⎢⎣
x11 x12 · · · x1n
x21 x22 · · · x2n

...
... · · · ...

xN1 xN2 · · · xNn

⎤⎥⎥⎥⎦
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and the output vector Y ∈ R
N×1, Y = [y1, . . . , yN , ]T ; using Equation (5), the solution of the

weighted average least squares, the identification of the linear consequent parameters θ̂i
for each i-th rule,

θ̂i =
[

XTΓiX
]−1

XTΓiY, (5)

is defined by the matrix Γi = diag (μik) ∈ R
N×N , which contains in its main diagonal

the firing value of the i-th fuzzy rule, which gives it a weighting due to the membership
values of each rule (i = 1, . . . , c) and each instant (k = 1, . . . , N). A fuzzy T–S model is
proposed (6), based on 4 dynamic linguistic response labels within the discourse universe:
low, zero, medium, and high, Ri, i = 1, 2, 3, 4 rules. The premises are represented by clustering
centres; a discrete-time of the state-space model is proposed [29]:

Ri : If zk is ci then
{

xi(k + 1) = Aix(k) + Biu(k)
yi(k) = Cix(k)

(6)

where xi(k + 1) is the state vector at time (k + 1), Ai ∈ R
n×n is the state matrix of the

system, x(k) ∈ R
n is the state vector at time (k), Bi(k) ∈ R

n×m is the input matrix of the
system, Ci(k) ∈ R

q×n is the output matrix, u(k) ∈ R
m is the input vector of the system, and

yi(k) ∈ R
q is the output vector. The overall output of the fuzzy rule base (defuzzification)

is the weighted sum of the firing values of the fuzzy rules [28], given as:

x(k + 1) =
∑c

i=1 μik{Aix(k) + Biu(k)}
∑c

i=1 μik
. (7)

3.1. Fuzzy Identification of a Second-Order System

It is well known that any real-time system identification technique is commonly af-
fected by uncertainties and identification errors. In fact, if multiple runs of an identification
process applied to exactly the same model were performed, we would end up obtaining
similar but slightly different results [30]. For this reason, we decided to use fuzzy logic to
determine a model that was sufficiently close to the physical system and that would allow
us to perform the desired voltage regulation despite the inherent errors and uncertainties.

Since the central axis of the modelling with fuzzy logic lies in the knowledge base of the
system to be modelled, we rely on the observation of the operation of the power generation
system of this research work, and the experimental measurements of the input–output, to
propose four fuzzy rules.

Thus, the grouping of the power generator operation dynamics was divided into four
clusters, using the learning data Z = [VG(k− 1); VG(k); u(k)]. These clusters correspond to
the time series of the voltage measurements of the electrical generator and the excitation of
the system, which are respectively in variables of state x1 and x2 and the input signal u(k).

The centroids of the prototype membership functions were determined using the
c-means algorithm. Table 1 presents the 4 coordinates of the centroids, which were obtained
in Matlab® using the fcm() function inside the search loop for the best parameter m with
Algorithm 1. These values correspond to the time series of the measurements of the
voltage of the electric generator and the PWM excitation, which are, respectively, in the
identification of the states x1, x2, and u(k) control signal, as shown in Figure 1.

Table 1. Centres of the prototype membership functions.

Centroids x1 x2 u

1 45.5960 45.5858 0.7158
2 38.8837 38.8710 0.6258
3 21.2521 21.2416 0.3369
4 25.3004 23.9919 0.4860
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Algorithm 1 Fuzzy system identification and m parameter optimization.

VG, u ← Load open_loop_experimental_data.mat
Z ← [VG(k − 1), VG(k), u(k)]
c ← 4 � Number of rules or clusters
N ← Total number of data
function FUZZY C-MEANS(Z, c)

Calculate the centroids c
end function
return c
for i ← 1 to c do � Obtaining of consequents

Ai, Bi ← Equation (5) � Least squares
end for
return Ai, Bi
function PSO ALGORITHM � Open Loop System

for m ← 1.1 to 3 do � Fuzzy Parameter m
Optimize m using Equation (10) � Objective function

end for
end function
return m

Four clusters and their corresponding fuzzy rules, which map fuzzy linear subspaces,
were proposed. Each clustering operation is defined by locally mapping the system of
equations into state-space variables; Equation (6). The global model is the defuzzification
of the rules, which infers the non-linear response. The non-linearities of the ICE driver are
represented within the ensemble of the four T–S fuzzy rules; Equation (7).

Figure 2 shows the dynamics of operation, due to the excitation input and the response
in the state variables, as well as the clustering centres.

0.3
60

0.4

0.5

6040

0.6

0.7

40

0.8

20 20
0 0

Figure 2. Measurements of the excitation input and state variable responses, characterised with
groups by clustering centres identified as *.

The proposed state-space structure, Equation (8), for each of the four rules locally does
not represent all the effects acting on the system, but globally the rule base integrates the
non-linearity of the identified system.
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[
xi

1(k + 1)
xi

2(k + 1)

]
=

[
0 1
ai

2 ai
1

]
︸ ︷︷ ︸

Ai

[
x1(k)
x2(k)

]
+

[
0
bi

]
︸︷︷︸

Bi

u(k) (8)

where ai
1, ai

2, and bi are the linear parameters that are identified with the weighted least
squares algorithm. Table 2 shows the obtained values of Ai and Bi for the four identified
discrete systems.

Table 2. Resulting values for Ai and Bi.

A1 B1 A2 B2

0 1 0 0 1 0
0.8465 −0.0828 14.9186 1.0667 −0.1268 3.7456

A3 B3 A4 B4

0 1 0 0 1 0
0.9635 −0.07516 7.0516 0.9589 −0.1102 9.4053

In order to obtain the required data to conduct the system identification, we conducted
open-loop experiments under different scenarios. Figure 3 depicts the open-loop system
response in contrast to the output obtained from the identified fuzzy system (identified
voltage) with a multiple step input. The identified voltage is smooth with respect to the
actual signal from the electrical generator (generated voltage), mainly due to the linear
nature of the fuzzy rule consequents, as shown in Equation (6).
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Figure 3. Open-loop generated voltage and output of the identified fuzzy model.

Figure 4 depicts the open-loop system response in contrast to the output obtained from
the identified fuzzy system with a constant input and an inductive load used to produce a
richer system behaviour in open loop in order to improve the off-line identification process.
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Figure 4. Open-loop generated voltage and output of the identified fuzzy model under an inductive
load, where , Input, is the pwm signal sent to the servomotor used to moves the throttle of
the combustion engine, and , Load, is the pwm signal sent to the brushless motor used as an
inductive load.

To validate the discordance of the model, the Quality of Fit (QoF) was calculated by di-
viding the Mean Squared Error (MSE) of the identified model by the Mean Squared Output
(MSO) (9), which must be much smaller than 1 [31], resulting in a QoF = 6.1264 × 10−4

MSE
MSO

=
1
N ||θX − Y||2

1
N ||Y||2 (9)

3.2. Optimization of the Fuzzy Parameter m

To improve the approximation of the T–S fuzzy rule base with the input–output
learning data, it is proposed to use the PSO algorithm for the optimal search of the m
parameter of the c-means fuzzy algorithm. In addition, the PSO algorithm is also used for
the optimal selection of the poles of the closed-loop system of the fuzzy rules defined in
Equation (6), with a state feedback control structure for each of the fuzzy rules. In this search
for the best parameters within the learning space with the input–output measurements, the
PSO algorithm was used, as shown in [32,33].

The proposed cost functions for the optimization problem should be defined according
to the characteristics of the system one intends to work with. In our experiment, the
cost function of Algorithm 1 is proposed in order to minimise the error of the system
identification. On the other hand, the corresponding number of clusters in Algorithm 1 was
defined based on the open-loop response of the PGS. Since it presented four operational set
points, as depicted in Figure 3, we decided to use four clusters in order to capture most
of the system behaviour. This behaviour in the PGS is due to the hysteresis phenomena
introduced by the servomotor used to control the ICE’s accelerator.

In Algorithm 2, the cost function was defined based on the desired transient response.
In this sense, the system poles of the considered electromechanical system were defined
in the positive real axis inside the unite circle, since the desired system response should
be similar to the response of a first-order system. For a different system, the location
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of the desired closed-loop poles and the number of clusters/rules will depend on the
characteristics of the system, as well as on the desired system response.

Algorithm 2 Pole placement optimization and PDC control.

function PSO ALGORITHM � Close Loop System
for pi ← 0.01 to 0.9 do � Poles pi

Optimize pi using Equation (12) � Objective function
end for

end function
return pi
Calculate Ki for each ci using pole assignment
function PDC CONTROL(Ai, Bi, c, c, Ki, m, x1(0), x2(0))

for i ← 1 to N do
Calculate Euclidean distances using (2)
Calculate the membership degrees using (3)
Calculate the strategy control using (14)
Perform defuzzification using (7)

end for
end function

The cost function employed in the PSO to optimize the parameter m, shown in
Equation (3), in Algorithm 1 is based on the RMSE between the measurement obtained
from the PGS and the output of the identified fuzzy model, and is given as follows:

RMSE =

√
∑N

k=1(VG(k)− x2(k))
2

N
(10)

where VG(k) is the value of the physical system output and x2(k) is the output (state
variable) of the system identified through fuzzy modelling. Table 3 shows the values used
in the PSO algorithm, as well as the search values assigned to the m parameter and the
obtained optimal value of m.

Table 3. Parameters used in the PSO algorithm and obtained value for the parameter m.

Optimal
Value m Bounds

# of
Particles

Inertia
Coefficient ω

ς1, ς2
# of

Iterations

2.97 [1.1, 3] 300 0.0917 0.5959 100

To obtain the value of the constants ς1 and ς2, parameter ξ is calculated as:

ξ =
2κ∣∣∣2 − φ −√φ2 − 4φ

∣∣∣ (11)

where φ = φ1 + φ2. The constants φ1 and φ2 are bounded as φ ≥ 4 and ≤κ ≤ 1, whose
values are defined in [34] for the PSO algorithm. Thus, ς1 and ς2 are obtained as ς1 = ξφ1
and ς2 = ξφ2.

Algorithm 1 shows the procedure used to obtain the parameter m as well as to obtain
the identified system based on the number of defined clusters/rules.

3.3. Closed-Loop System Poles Optimization

For the optimization process of the poles of the closed-loop system, we used the
following cost function:

RMSE =

√
∑N

k=1(r(k)− x2(k))
2

N
(12)
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where r(k) is the desired voltage reference and x2(k) is the state variable, which approxi-
mates in a fuzzy way the voltage generated in closed loop. As explained before, in order
to obtain the best poles that minimises the system response guaranteeing that the poles
remain on the real axis inside the unit circle, the search limits were proposed in the interval
[0.01, 0.9]. Table 4 shows the values used in the PSO algorithm, as well as the values
obtained for the closed-loop poles.

Table 4. Parameters used in the PSO algorithm and obtained values for the poles.

Optimal
Poles

Bounds
# of

Particles
Inertia

Coefficient ω
ς1, ς2

# of
Iterations

0.3, 0.8 [0.01, 0.9] 300 0.3820 0.9549 100

In order to highlight the advantages in the implementation of the proposed PSO
algorithms, we used the index errors based on the Integral of the Squared Error (ISE), the
Integral of the Absolute Value of the Error (IAE), and the Integral of the Absolute Value
of the Error multiplied by Time (ITAE). Table 5 depicts the obtained values from the three
indexes applied to the simulation scenarios when the PSO algorithm was used and when it
was not employed.

Table 5. Error indexes using the algorithm PSO and without the algorithm PSO.

ISE IAE ITAE

∑N
k=0 e2(k)Ts ∑N

k=0 |e(k)|Ts ∑N
k=0 k|e(k)|Ts

With PSO 2.6677 × 103 51.6501 8.02 × 105

Without PSO 6.9970 × 106 2.6452 × 103 2.1061 × 109

Where N = 301 is the total number of samples, Ts = 1 s is the sampling time, and e(k) is the system output
tracking error.

From Table 5, we can see that the error indexes are bigger when the PSO algorithm
is not used. This is due the fact that the value of the fuzzy parameter has to be proposed
based on the designer expertise at the time of conducting the fuzzy modelling by trial and
error. Furthermore, since the optimal location of the system poles is obtained with the PSO
algorithm, the system performance is improved

4. PDC Fuzzy Control

To achieve the regulation of the T–S system, the control technique based on the
distributed parallel compensator was used. In this control strategy, the consequent of each
fuzzy rule of the model (6) is replaced by a control law with the form of linear state feedback
([29,35]). In the PDC approach with pole assignment, the eigenvalues of (Ai − BiKi) are
proposed. The consequent for each PDC fuzzy rule is given by:

ui(k) = −Kix(k) (13)

The global output of the PDC, in other words, the fuzzy aggregation of all control
rules, has the following form:

u(k) = ∑c
i=1 μikui(k)
∑c

i=1 μik
(14)

where Ki is the vector of gains of the i-th rule, as shown in Table 6, and kr = 1.38 is a
precompensation gain, as shown in Figure 1. For obtaining the PDC gains, the method by
pole assignment was used, as obtained by the PSO algorithm.
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Table 6. Defined gain values for each submodel.

Gains Values

K1 0.0448,−0.0559
K2 0.2130,−0.2118
K3 0.0529,−0.0632
K4 0.0720,−0.0809

Figure 5 shows the simulation results of the voltage regulation at different reference
values, in which it can be seen that the PDC controller regulates the generated voltage,
defined by reference steps of 30, 40, and 25 volts. These reference values are typical voltage
values in applications that employs LiPo batteries. In such applications, 25, 40, and 30 volts
are nominal voltages of LiPo batteries with different numbers of cells.

Furthermore, Figure 5 shows the control signal applied to the PGS, which is bounded
to values in a range of [0, 1]. This variable regulates the amount of gasoline in the explosion
chamber by manipulating the throttle unit (carburettor) with a servomotor. It is seen
that the PDC fuzzy controller regulates the voltage in the simulation test to the reference
voltage value.

Algorithm 2 describes the required steps for the optimization of the controller’s gains
as well as the implementation of the PDC controller. The fuzzy model tracking of the closed-
loop power generation system achieves a QoF = 3.4763 × 10−4, given by Equation (9). The
QoF is much less than 1, even though the PGS is subjected to noise in its generated voltage,
natural dead zones of the control actuator in the throttle body (carburettor servo motor),
and non-linear dynamically varying electrical disturbances (load).
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Figure 5. Simulation results of the voltage regulation using the obtained model of the power
generator system.
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Comparison of Implementing a PDC vs. PD Controller

In order to highlight the advantages of using the proposed strategies, we simulated
a classic PD controller and compared its performance with the one obtained with the
PDC strategy. We can see from Figure 6 that the PD controller is not able to reach the
desired voltages at different step inputs due to the fact that its gains can only be tuned for
a specific region of operation. When the desired voltage is defined at a different region of
operation, the proposed PDC controller uses the obtained firing value μik from the fuzzy
strategy to modify the corresponding controller’s gains. It is worth mentioning that this
type of electromechanical systems has different regions of operation due to its intrinsic
characteristics. These characteristics are given by the non-linear nature and complexity
of the system due to its different components, such as dead zones stemming from the
actuator utilized in the internal combustion engine’s accelerator, voltage fluctuations, and
non-linearities within the electric load and its associated electronic speed controller.
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Figure 6. Comparison between the PDC strategy and a classic PD controller.

5. Conclusions

The proposed algorithms based on the fuzzy c-means technique, along with the PDC
controller and the PSO metaheuristic optimization method, demonstrated effectiveness
in modelling, identifying, and controlling a complex system. This capability was verified
through numerical tests conducted on the obtained power generator system model.

Taking advantage of experimental data from the open-loop plant, the optimization
strategy utilizing the PSO algorithm enabled the determination of the optimal fuzzy pa-
rameter m for the c-means algorithm. It was demonstrated that, by optimizing the value of
m, the learning data pertaining to the premises of fuzzy rules are classified with greater
similarity. This leads to an enhanced interpretation and reduced approximation error of
the fuzzy model. Additionally, it facilitated the selection of poles within the unit circle
for each closed-loop rule’s consequent, aiding in the fine-tuning of fuzzy controllers via
state feedback.

By utilizing input and output data, the process of identifying a fuzzy model for the
power generation system bypasses the necessity to derive and identify a mathematical
model through conventional techniques. This is particularly advantageous given the
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significant challenge posed by the complexity of the entire system, which encompasses
both an internal combustion engine and a mechanically coupled electric generator.

The comparison of the proposed control strategies with a classical control law demon-
strated that classical controllers are not able to reach the desired voltages at different step
inputs due to the controller’s gains only being tuned for a certain region of operation. How-
ever, when the desired voltage is required to be defined at a different region of operation,
the proposed PDC controller modifies the corresponding controller’s gains thorough the
obtained firing value, μik, from the fuzzy logic strategy.

In our upcoming research work, we aim to deploy the developed algorithms onto a
physical power generation system. This step is crucial to validate their efficacy in addressing
the inherent complexities characteristic of such systems. These complexities include dead
zones stemming from the actuator utilized in the internal combustion engine’s accelerator,
voltage fluctuations, and non-linearities within the electric load and its associated electronic
speed controller.

The obtained quality-of-fit indexes between the regulated voltage and the identified
voltage are QoF = 3.4763 × 10−4 and QoF = 6.1264 × 10−4, respectively. For this index,
values much smaller than 1 are considered a good performance.
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Abstract: Gantry-type dual-axis platforms can be used to move heavy loads or perform precision
CNC work. Such gantry systems drive a single axis with two linear motors, and under heavy
loads, a high driving force is required. This can generate a pulling force between the drive shafts
in the coupling mechanism. In these situations, when a synchronization error becomes too large,
mechanisms can become deformed or damaged, leading to damaged equipment, or in industrial
settings, an additional power consumption. Effectively and accurately acquiring the synchronized
movement of the platform is important to reduce energy consumption and optimize the system.
In this study, a fractional-order fuzzy PID controller (FOFPID) using Oustaloup’s recursive filter
is used to control a synchronous X–Y gantry-type platform. The optimized controller parameters
are obtained by the measurement of control errors in a simulated environment. Four optimization
methods are tested and compared: particle swarm optimization, invasive weed optimization, a gray
wolf optimizer, and biogeography-based optimization. The systems were tested and compared in
order to optimize the control parameters. Each of the four algorithms is simulated on four contour
shapes: a circle, bow, heart, and star. The simulations and control scheme of the experiments are
implemented using MATLAB, and the reference paths were planned using non-uniform rational
B-splines (NURBS). After running the simulations to determine the optimal control parameters, each
set of acquired control parameters is also tested and compared in the experiments and the results
are recorded. Both the simulations and experiments show good results, and the tracking of the
X–Y platform showed improved performance. Two performance indices are used to determine and
validate the relative performance of the models and results.

Keywords: synchronized gantry stage; PMLSM; fractional-order PID controller; fuzzy PID controller;
particle swarm optimization (PSO); invasive weed optimization (IWO); grey wolf optimizer (GWO);
biogeography-based optimization (BBO); non-uniform rational B-splines (NURBS); contour tracking

1. Introduction

Biaxial gantry systems are often found in industrial settings because of their high-
speed and high-precision planar motions. Applications include CNC machines, automotive
assembly lines, material handling, surface chip mounters, and positioning stages. To
provide accurate Cartesian movement information to a multiple-axis configuration, the
control stage must be managed in a synchronous manner, especially when carrying heavy
loads. Conventional control methods use independent axis control, regardless of the
other axes. Synchronous errors cannot be reduced effectively through independent axis
control, and this leads to decreased precision in use. Design of a servo control system
with synchronous motion techniques [1–4] is critical for high-precision gantry systems,
especially where heavy loads could lead to process safety issues or damage to equipment.

Parallel synchronous control schemes are often driven by two linear motors. Without
any mechanical transmission, such as lead screws or gears, the payload can be directly
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driven. The design in this paper uses a permanent magnet linear synchronous motor
(PMLSM) [5] for its compact structure, rapid response, and high force density. Several other
approaches to the multi-axis de-synchronization problem have been proposed, such as a
master–slave motion control arrangement and cross-coupled controls. In [6], the authors
applied a nonlinear feedback control scheme to control the PMLSM position, and overcome
inherent nonlinear functions and parametric uncertainties. In [7], a synchronous control
was developed on a platform with only one axis, which is actuated by servo motors and
dual parallel ball screws. In addition, an identification method was proposed to build
a coupled system model. The cross-coupled synchronous control method [8,9] reduced
the contouring error in the gantry system. An optimized cross-coupled synchronizing
control [8] was proposed to improve synchronization accuracy in dual-feed drives. The
performance index includes the synchronous error, which is to be minimized. A cross-
coupled synchronous control system was also combined with a complementary sliding
mode control [9], to simultaneously converge position tracking and synchronous errors
for the gantry position stages with uncertainties. In this study, the authors designed a PID
control scheme for an X–Y-type gantry. Since a conventional PID control cannot overcome
problems associated with speed changes, load disturbances, and steady-state errors, a
fractional-order fuzzy PID (FOFPID) is incorporated for more flexible parameter tuning
than that of integer order.

In recent years, fractional order differentiation and integration have become more
commonly used in control design [10–13]. Since the calculus orders are not necessarily to
be integers, the dynamic models can be described more adequately. Also, a controller with
fractional orders is often more suitable than one using integer orders. A parameter tuning
approach for fractional order PD controllers was proposed [14] for a class of second-order
systems. This method can increase the robustness by fulfilling the given gain phase margin
and crossover frequency. A temperature control with a digital fractional order controller has
been demonstrated [15]. Furthermore, the practical application and improvement of PID
controllers using fractional order have also been shown [16–18]. Another fractional-order
fuzzy PID controller design [19] considered tuning the orders in the fuzzy controller, and
then used a genetic algorithm to optimize the controller by minimizing error indices.

Although fractional order differ-integrations make the controller adapt to the plant
more adequately, tuning the parameters becomes difficult. To improve the effectiveness of
the controller design, several optimization algorithms have been used to adjust the parame-
ters, such as particle swarm optimization (PSO) [20], invasive weed optimization (IWO) [21],
gray wolf optimization (GWO) [22], biogeography-based optimization (BBO) [23], and
genetic algorithms (GAs). In [13,24], the PSO algorithm was used for the adjustment of the
fractional order PID controller parameters. The results showed the parameters given by the
PSO led to a precise and strong anti-disturbance control. Another work used a modified
firefly algorithm (MFA)–PSO-based fractional order PID controller [25] for an effective
torque and speed regulation strategy for a BLDC motor. Other optimization algorithms,
such as the IWO [26] and GWO [27], were also applied to fractional order controllers to
improve their performance.

In this research, the fractional order fuzzy controller is implemented in a synchronized
gantry-type X–Y platform. Several optimization algorithms, namely PSO, IWO, BBO, and
GWO, are integrated with the FOFPID for precision trajectory tracking control, and their
relative performances are compared. The integral of the time-weighted absolute error
(ITAE) is an index for the optimization of the controller parameters. Two PMLSMs set up
in parallel on the Y-axis rails move a beam simultaneously, while another PMLSM moves
the head set up on the beam along the X-axis. A MATLAB system ID toolbox is used to
find the parameters of the PMLSM transfer functions. The simulation and experimental
results for the different reference contours are demonstrated to reveal the effectiveness of
the proposed controller, with improved tracking performance.

This paper is organized as follows: Section 2 presents the system dynamics and model
identification. Section 3 describes the fractional-order fuzzy PID controller. The PSO
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optimization algorithm used in this work is introduced in Section 4. The simulation and
experimental results are demonstrated in Section 5, and Section 6 presents the conclusions
drawn from the results.

2. System Model and Identification

2.1. PMLSM Model

The PMLSMs are used as the actuators in the gantry system and the mathematical model
is derived below. The dynamic model [2] in the d–q reference frame is represented by

vd = Rid + Ld
did
dt − π

τ vPLdiq

vq = Riq + Lq
diq
dt + π

τ vPLqid +
√

2
3

π
τ λmaxvP

(1)

where vd and vq denote the d-axis and q-axis voltages, Ld and Lq are the d-axis and q-axis
inductances, iq and id are the q-axis and d-axis currents, respectively, τ is the pole pitch,
vP and R are the velocity and resistance of the mover, and λmax denotes the maximum of
sinusoidal flux linkage. By (1), the derivative of these currents can be obtained as

[
did
dt
diq
dt

]
=

[
− R

Ld
−π

τ vP
Lq
Ld

−π
τ vP

Ld
Lq

− R
Lq

][
id
iq

]
+

⎡⎣ vd
Ld

1
Lq

(
vq −

√
2
3

π
τ λmaxvP

)⎤⎦ (2)

The dynamic equation of the mechanical part is expressed as

Fe = M
.
vP + BvP + FL = M

..
x + B

.
x + FL (3)

where M, B, and x are the mass, viscous friction coefficient, and displacement of the stage,
respectively, FL denotes the external loading, and Fe represents the electromagnetic force,
which is given by

Fe =
3π

2τ

[(
Ld − Lq

)
idiq + λmaxiq

]
(4)

Since the PMLSM exhibits a uniform air gap on the stator surface, the condition
Ld = Lq = L can be assumed and reduces (4) to

Fe =
3π

2τ
λmaxiq = ktiq (5)

where kt = 3π
2τ λmax is the force constant. Let vdr and vqr be the d- and q-axis voltage

commands and remove the coupled terms, then the derivative of the currents shown in (2)
can be rewritten: [

did
dt
diq
dt

]
= −R

L

[
id
iq

]
+

1
L

[
vdr
vqr

]
(6)

From (5), the q-axis current iq produces the motor driving force Fe. Integrating (3), (5),
and (6), and then applying a Laplace transform, provides the transfer function from the
voltage command V(s) to the displacement X(s):

X(s)
V(s)

=
Kt

MLs3 + (MR + BL)s2 + BRs
(7)

Figure 1 shows the model block diagram of the PMLSM system.
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Figure 1. The PMLSM equivalent model.

2.2. Mechanical Coupling Model and System Identification

A linear motor is set up on the X-axis of the gantry platform, while the Y-axis consists of
two parallel linear motors. Thus, mechanical coupling is inevitable. The displacements on
the X- and Y-axis are feedbacked by optical encoders. Figure 2 shows the experimental setup
of the gantry system, and the block diagram of the gantry platform is shown in Figure 3.
To address the coupling effect, here we adopt the coupled parallel linear servo scheme [9]
to build the Y-axis model. The transfer function TX(s) represents the X-axis PMLSM, while
TM_M(s), TS_S(s), TM_S(s), and TS_M(s) model the Y-axis structure. TM_M(s) and TS_S(s)
are the respective master and slave PMLSM models, and TM_S(s) and TS_M(s) describe the
models of the coupling effects YS/VM and YM/VS.

To identify the Y-axis coupling, first, a unit step voltage input VM is given to the master
axis linear motor to drive the coupling system, while the slave axis retains its movement
freely. Therefore, the slave axis is moved passively by the master axis, revealing the effect
of coupling. From the measured displacements of the slides YM and YS, it is possible to
build approximations of the transfer functions TM_M(s) and TM_S(s), which are composed
of the form shown in (7). The same process can be used to identify TS_S(s) and TS_M(s) by
giving a unit step input VS to the slave motor and measuring both the position outputs of
the slides YM and YS. Since the responses are presumed to be third-degree models, as in (7),
from the collection of the output position and input voltage data, the model coefficients can
be identified by using the MATLAB Toolbox. The third-order transfer functions describe
the gantry platform with coupling on the Y-axis, and are described by

TX(s) =
1.41 × 107

s3 + 76.1s2 + 144.73s
(8)

TM_M(s) =
1.032 × 109

s3 + 676.71s2 + 1.0681 × 105s
(9)

TM_S(s) =
5.541 × 109

s3 + 1565.4s2 + 5.6787 × 105s
(10)

TS_S(s) =
1.804 × 109

s3 + 862.93s2 + 1.862 × 105s
(11)

TS_M(s) =
6.957 × 109

s3 + 1735.1s2 + 7.156 × 105s
(12)

where TX(s) is the X-axis dynamic model, and TM_M(s), TM_S(s), TS_S(s), and TS_M(s)
represent the model for the Y-axis.
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Figure 2. The two-axis gantry platform.

sVM

sTX

sT MM

sT SS

sT MS

sT SM

sVS

sYM

sYS

Figure 3. Block diagram of the gantry platform.
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3. Control Design

3.1. Fractional Order Fuzzy PID Controller

The control scheme of the FOFPID shown in Figure 4 is a combination of fuzzy
PI, and fuzzy PD controllers [19,28], taking Ke and Kde as the input scaling factors, and
α and β as output factors. In addition, the differentiation and integration for D and I
control can be of fractional orders, such that the control system can be tailored to fulfill the
performance requirements.

 
Figure 4. The block diagram of the fractional order fuzzy PID controller.

The parameters Ke, Kde, α, and β are the PID controller gains, while μ and λ are the
orders of differentiation and integration, respectively. The two inputs of the fuzzy logic
controller are from the PD control in the front part of this scheme. One is the gain Ke
multiplied by the control error e(t), and the other is Kde, multiplied by the derivative dμe

dtμ .
The fuzzy controller output c(t) is subsequently input to the PI control in the rear part.
Then the control of the FOFPID can be obtained by

u(t) = α·c(t) + β·
∫ t

0
c(τ)dτλ (13)

where u(t) is the control output. The controller parameters Ke, Kde, α, β, μ, and λ need
tuning for precise tracking. However, it is hard to tune these gains, especially when
using fractional order values. The parameter tuning in this study utilizes an evolutionary
computation algorithm, discussed in the next chapter.

In the fuzzy inference system [19], the input and output signals are transformed into
fuzzy linguistic variables: PVB (Positive Very Big), NVB (Negative Very Big), PB (Positive
Big), NB (Negative Big), PM (Positive Medium), NM (Negative Medium), PS (Positive
Small), NS (Negative Small), and Z (Zero), respectively. The membership functions and rule
base are shown in Figure 5 and Table 1. The triangular-shaped membership functions are
chosen for the input variables, and singleton functions for the output. The two-dimensional
linear rule base shown in Table 1 is used in the fuzzy controller. The inference mechanism
is based on the Mamdani algorithm [19] and the rules are expressed by

IF e(t) is Ai AND
dμe
dtμ is Bi, THEN c(t) is Ci (14)

where Ai, Bi, and Ci are the linguistic labels of these linguistic variables e(t), dμe
dtμ and c(t),

and are characterized by membership functions for each variable. Here the max–min
composition is used, and a fuzzy set u(F) can be inferred from the following relation:

u(Fi) =
K∪

i=1

(
ui(A) ∩ ui(B)

)
(15)

where K denotes the number of fuzzy output sets, and ui(A) and ui(B) are the MFs of
the fuzzy sets A and B, respectively. ∩ and ∪ denote the min function (T-norm) and max
function (T-conorm), respectively. Fi represents the value of the i-th output MF, and u(Fi) is
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its membership value at the i-th quantization level. The center-average defuzzification is
utilized here to obtain the output c(t), as follows:

c(t) =
∑K

i=1 Fiu(Fi)

∑K
i=1 u(Fi)

(16)

μ

μ

dt
ed

Figure 5. Membership functions of the fuzzy logic controller.

Table 1. Rule base of the fuzzy logic controller.

c(t)
e(t)

NB NS Z PS PB

dμe
dtμ

NB NVB NB NM NS Z

NS NB NM NS Z PS

Z NM NS Z PS PM

PS NS Z PS PM PB

PB Z PS PM PB PVB
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Oustaloup’s recursive filter [29] is utilized here to implement the fractional-order
elements sλ (λ ∈ [−1, 1] ⊆ �). The filter is given by

Gf (s) = sλ = K
N

∏
k=−N

s + ω′
k

s + ωk
(17)

where the poles and zeros can be recursively evaluated by

ωk′ = ωb

(
ωh
ωb

) k+N+ 1
2 (1−λ)

2N+1
, ωk = ωb

(
ωh
ωb

) k+N+ 1
2 (1+λ)

2N+1
, K = ωλ

h (18)

The output of this filter is an approximation of a fractionally diff-integrated signal. λ
is the order of the differ-integration, [ωb, ωh] is the preset frequency range (rad/s), and N
is the order of the approximate integer-order transfer function. The selected parameters for
Oustaloup’s recursive filter used in this work are ωb = 0.001, ωh = 100, N = 3.

3.2. The Objective Function

Figure 6 shows the FOFPID control scheme. It consists of two subsystems: one is the
X-axis control loop, and the other is the Y-axis control loop, which possesses a mechanical
coupling effect. The design of this control scheme is to reduce X- and Y-axis tracking
errors, and also reduce the synchronous error in the Y-axis. To achieve this purpose
with an optimization algorithm, a fitness function containing these error terms should be
minimized. The ITAE performance criterion [30] is used to be the fitness function and is
expressed as

ITAE =
∫ T

0
t|e(t)|dt (19)

where e(t) denotes the tracking error at instant t.

+

+

+

+

−

−

−

−

teX

teYM

teYS

Figure 6. The proposed FOFPID synchronous control architecture.
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In the control design, compared to the IAE (integral of the absolute error) and ISE
(integral square error) indices, the ITAE performance index has smaller oscillations and
overshoots. There are eighteen tuning parameters in the control scheme: (1) Ke, Kde, α, β, μ,
and λ for the X-axis, (2) Ke1, Kde1, α1, β1, μ1, and λ1 for the master Y-axis, and (3) Ke2, Kde2,
α2, β2, μ2, and λ2 for the slave Y-axis. To find appropriate parameters for the controller
scheme, optimization algorithms can be used. For the gantry system described in Figure 4,
the optimization problem is to minimize the system ITAE index. The ITAE of the whole
system should consider the tracking errors for X-axis eX(t), master Y-axis eYM(t), and slave
Y-axis eYS(t), and the synchronous error, which is the difference of two Y-axes eYM(t). Thus,
the ITAE is given as

ITAE =
1
4
(

4

∑
r=1

ITAEr) (20)

with ITAE1 =
∫ T

0 t|eX(t)|dt, ITAE2 =
∫ T

0 t|eYM(t)|dt, ITAE3 =
∫ T

0 t|eYS(t)|dt,
ITAE4 =

∫ T
0 t|eYMS(t)|dt.

4. Optimization Algorithms

To choose the controller parameters, four evolutionary computations are tested and
compared: particle swarm optimization (PSO), invasive weed optimization (IWO), a gray
wolf optimizer (GWO), and biogeography-based optimization (BBO). The objective func-
tions for the optimal algorithms can be formulated with the aim of minimizing the ITAE
index. The time multiplication term in the ITAE index helps to reduce the settling time, for
the penalty increases with time.

4.1. Grey Wolf Optimizer (GWO) Algorithm

A grey wolf optimizer [22] is an intelligent group optimization algorithm proposed
by Mirjalili et al. of Griffith University, Australia, in 2014. The algorithm is an optimized
search method inspired by the behavior of gray wolves when they hunt prey. The levels of
the gray wolf social hierarchy are separated into α, β, δ, and ω from top to bottom. Wolf
α represents the fittest solution, whereas the second and third best solutions are β and δ,
respectively. The remaining wolves, ω, are candidate solutions. The GWO procedure has
three steps: encircling, hunting, and attacking. The encircling behavior is modeled by the
following equations:

→
D =

∣∣∣∣→C · →Xp(t)−
→
X(t)
∣∣∣∣ (21)

→
X(t + 1) =

→
Xp(t)−

→
A·→D (22)

where t denotes the current iterations,
→
X is the position vector of a grey wolf,

→
Xp is the

position vector of the prey, and
→
A and

→
C are coefficient vectors calculated by

→
A = 2

→
a ·→r1 −→

a (23)

→
C = 2·→r2 (24)

where
→
a is the convergence factor, decreasing linearly from 2 to 0 in the iterative process,

and
→
r1 and

→
r2 are random vectors on the range [0, 1]. The outcome of these equations is

that the random vectors
→
r1 and

→
r2 allow wolves to reach any position around the prey.

In the hunting stage, the first three best solutions obtained so far are saved, and other
wolves are forced to update their positions according to the best agent. The position update
equations are as follows:

→
Dα =

∣∣∣∣→C1·
→
Xα −

→
X
∣∣∣∣, →

Dβ =

∣∣∣∣→C2·
→
Xβ −

→
X
∣∣∣∣, →

Dδ =

∣∣∣∣→C3·
→
Xδ −

→
X
∣∣∣∣ (25)
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→
X1 =

→
Xα −

→
A1·
( →

Dα

)
,

→
X2 =

→
Xβ −

→
A2·
( →

Dβ

)
,

→
X3 =

→
Xδ −

→
A3·
(→

Dδ

)
(26)

→
X(t + 1) =

→
X1 +

→
X2 +

→
X3

3
(27)

The final stage of hunting is to “attack the prey” (obtain the optimal solution). As
iterations progress, the value of

→
a decreases from 2 to 0, pushing the wolves to approach

the prey. Note that the range of
→
A is related to the value of

→
a . When |A| < 1, the wolves

are forced to attack toward the prey.
With the GWO algorithm, the optimal control parameters of the proposed FOFPID

controller can be found. The procedure is described as follows:

(1) Initialize the wolf group (α, β, δ, ω) and select the GWO algorithm parameters.
(2) Design the appropriate parameters (Ke, Kde, α, β, μ, λ, Ke1, Kde1, α1, β1, μ1, λ1, Ke2,

Kde2, α2, β2, μ2, λ2), and let the initial populations be feasible candidate solutions.
(3) Conduct the tracking process for all contours on the X–Y gantry system, calculate the

ITAE, and then calculate the fitness function with (20).
(4) Set the iteration counter as one and the initial wolf group (α) as the best solution.
(5) Update the positions for the wolf group by (25)–(27) to obtain the new estimated

prey position.
(6) Again, perform all contour tracking for the X–Y gantry system, compute the ITAE,

and calculate the fitness value according to the new wolf group (α) position.
(7) Check whether the new fitness value is smaller than the best one. If the new fitness

value is smaller, then replace the new position with it.
(8) Update the wolf group position and the corresponding fitness values.
(9) If the iteration limit is not reached, increase the iteration counter and return to Step (5).

These steps can also be represented as a flow chart as shown in Figure 7.

4.2. Other Optimization Algorithms

To investigate the effects of different optimization algorithms on the proposed FOFPID
controller, three other optimization algorithms are tested for comparison: IWO, PSO, and
BBO. In the experimental results, the comparisons of the four algorithms are demonstrated.

IWO is an effective global optimization algorithm proposed by A. Mehrabian and C.
Lucas [21] in 2006. It is a numerical stochastic optimization algorithm evolved from the
principle of the rapid reproduction and growth of weeds in nature. The IWO process first
initializes the growth and reproduction of weeds, then updates the best fitness of weeds
with a distribution equation, and finally runs a number of iterations.

The PSO algorithm is a modem heuristic algorithm developed by Kennedy and
Eberhart in 1995 [20]. It formulates the optimization problems as bird flocking behavior. In
the PSO algorithm, each particle in the search space stands for a solution to the optimization
problem. Each particle possesses a fitness value and velocity to determine the distance
and direction of its movement. Then the particles follow the particle with the best fitness
values to search in the solution space. To implement this method, initialize a population of
particles, then update the particle locations, and iterate to produce an optimal solution.

The BBO approach was published by Dan Simon [23] in 2008. It uses the distribution
of species between neighboring islands to construct a mathematical model for species
extinction and migration. The process of optimization is as follows: initialize a habitat,
update that optimal habitat’s suitability using given migration and mutation rates, and
then iterate and update the process to obtain a solution.
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Figure 7. FOFPID flow chart controller design using the GWO algorithm.
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5. Experimental Results

The setup of the gantry-type platform is shown in Figure 2. The PMLSMs are CPC-
CLS-PM4 from Chieftek Precision Co., Ltd. and are actuated by the COR-5/230, which is a
PWM digital servo driver manufactured by Elmo Motion Control. The peak and continuous
force of the PMLSM are 74 N and 18.5 N. Its magnetic pole pitch and continuous current
are 15 mm and 5 A, respectively. The platform consists of two parallel motors on the Y-axis
and another one on the X-axis. A mechanical coupling happens on the Y-axis for these
two motors. Optical encoder sensors provide the measurement of the displacement on
each axis. The signals are transferred with an encoder card for position feedback while a
D/A converter card charges for control. The optical encoders are set up to measure the
displacements with the resolution of 1 μm. The sampling rate of the practical controller is
1 KHz. Both the X- and Y-axes possess a stroke of 225 mm.

5.1. Contour Planning

The contours in the simulations and experiments are planned by the non-uniform
rational B-spline (NURBS), which is a parametric curve composed of parameters such as
control point, knot vector, degree of curve, and weight [31–33]. The NURBS curves can be
modified by adjusting the weights and control points, or by changing the basis function
generated by the recursive calculation through different spacing of the elements in the node
vector. This means a NURBS-generated curve can be divided into a string of multi-interval
fitted splines. The equation for defining a NURBS curve is

C(u) =
∑n

i=0 Bi,d(u)WiPi

∑n
i=0 Bi,d(u)Wi

=
n

∑
i=0

Ri,d(u)Pi (28)

where Pi denotes the control point, Ri,d(u) is the rational basis function, Bi,d(u) is the basis
function, Wi is the weight, and d and u are the degree and parameter of the NURBS curve,
respectively. Table 2 shows the NURBS parameters of each contour. As shown in Figure 8a,
the star NURBS can be designed with 12 control points. Figure 8b–d shows the NURBS
control points for a circle, a bow, and a heart, respectively.

Table 2. NURBS parameters for the four contours.

Trajectory Type NURBS Parameters

Circle d = 2, P = [(0,0),(0, 25,000), (−50,000, 25,000),(−50,000, 0), (−50,000, −25,000), (0, −25,000), (0, 0)], k = [0, 0, 0,
0.25, 0.5, 0.5, 0.75, 1, 1, 1], w = [1, 0.5, 0.5, 1, 0.5, 0.5, 1]

Heart d = 2, P = [(0,0), (−30,000, 20,000), (−20,000, 50,000), (0, 36,000), (20,000, 50,000), (30,000, 10,000), (0,0)], k = [0, 0,
0, 0.25, 0.5, 0.5, 0.75, 1, 1, 1], w = [1, 1, 1, 1, 1, 1, 1]

Bow d = 2, P = [(0, 0), (−15,000, −15,000), (−15,000, 1.5), (0, 0), (15,000, −15,000), (15,000, 150,000), (0, 0)], k = [0, 0, 0,
0.25, 0.5, 0.5, 0.75, 1, 1, 1], w = [1, 2.5, 2.5, 1, 2.5, 2.5, 1]

Star
d = 2, P = [(0, 30,000), (−2500, −30,000), (−7500, 20,000), (−20,000, 20,000), (−1000, 10,000), (−12,500, 0), (0,
7500),(12,500, 0),(10,000, 10,000), (20,000, 20,000), (7500, 20,000),(2500, 30,000),(0, 30,000)], k = [0, 0, 0, 0.1, 0.1, 0.2,
0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.8, 1, 1, 1], w = [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1]

5.2. Optimization and Performance Indices

MATLAB and Simulink are used to complete the simulations. Simulations are con-
ducted based on the identified dynamic model (8)–(12), which represents the gantry plat-
form. All four optimization methods are tested: (1) PSO, (2) IWO, (3) GWO, and (4) BBO.
These optimization algorithms are employed to tune the parameters in the FOFPID con-
troller based on the ITAE criterion. To evaluate the ITAE for the four contour types, the
average is calculated by

ITAE =
ITAEC + ITAEB + ITAES + ITAEH

4
(29)
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where the subscripts of ITAEX denote the contour types circle, bow, star, and heart, re-
spectively. The number of iterations for each scheme is limited to 200. Table 3 shows the
parameters used in the optimization process.

  
(a) (b) 

 
(c) (d) 

Figure 8. Reference contours: (a) star, (b) bow, (c) circle, and (d) heart (μm).

Table 3. Parameters of the optimization algorithms.

Optimization Algorithm Parameters

PSO

population size: N = 30
leaning parameters: c1 = 1.2, c2 = 1.2
upper/lower bounds of the random velocity weight: vj

max = 0.72, vj
min = −0.72

upper/lower bound of the position: xj
max = 1.9, xj

max = 0.1

IWO

population size: N = 30
maximum group size itermax = 30
nonlinear harmonic parameter n = 2
initial standard deviation σi = 0.5
final standard deviation σi = 0.001
upper/lower bound of weed seeds: 1.9/0.1

GWO population size: N = 30
upper/lower bound of wolf group(alpha): 1.9/0.1

BBO
number of habitats: N = 30
max/min migration rates: E = I = 1, mmax = 0.1
upper/lower bound of habitat species: 1.9/0.1
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Two indexes, the tracking error standard deviation (TESD) and average tracking error
(ATE) are employed to evaluate the performances of both the simulations and experiments.
These indexes are defined by

(1) ATE:

m =
n

∑
k=1

e(k)
n

(30)

with e(k) =
√

e2
x(k) + e2

y(k) where ex(k) and ey(k) are the tracking errors in the X- and

Y-axis. As there are two slides on the Y-axis, the tracking error becomes ey(k) =
eym(k)+eys(k)

2 ,
and n denotes the number of all contour points.

(2) TESD:

Ts =

√
∑n

k=1(T(k)− m)2

n
(31)

The ATE and TESD indices are often used to measure contour tracking performance.
The former is used to measure the capability of trajectory tracking, while the latter can
evaluate the oscillation.

5.3. Simulation Results

Figure 9 shows the curves of ITAE in the iterations of optimization for the four methods.
Among them, PSO has the fastest decline, but IWO eventually approaches a lower value.
Table 4 shows the optimal learning parameters corresponding to the PSO, IWO, BBO, and
GWO methods. Common optimal parameters are employed in each simulation result,
and the tracking errors are compared and summarized. Table 5 shows the comparison
of the simulation results for the optimization algorithms. Taking an average of all four
contours, the IWO method achieved a higher accuracy, with an ATE of 1.7852 μm, TESD of
6.4548 μm, and ITAE of 692.6948.

Figure 9. The learning curves of four optimization searches for one trajectory tracking.
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Table 4. Optimal scaling factor parameters for all trajectory types.

value Ke μ Kde λ β α

PSO 1.8931 0.1097 0.4520 1.5940 1.9000 0.9726
IWO 1.8237 0.2757 1.8330 1.6256 1.4351 1.1889
BBO 1.8980 0.1006 1.8914 1.6927 1.9000 0.6967

GWO 1.3132 0.1285 1.8970 1.6103 1.8326 1.0344

value Ke1 μ1 Kde1 λ1 β1 α1

PSO 0.4488 0.1000 1.9000 1.4877 1.9000 0.8245
IWO 1.8866 0.1012 1.6841 1.5311 1.8837 0.7184
BBO 1.7297 0.4819 0.7888 1.4647 1.6594 0.8007

GWO 1.8825 0.1085 1.4989 1.3023 1.8645 1.4217

value Ke2 μ2 Kde2 λ2 β2 α2

PSO 1.2828 0.142 1.9000 1.4889 1.4156 0.6118
IWO 1.8302 0.1000 1.7325 1.5320 1.9000 0.7267
BBO 1.8914 0.4146 1.1917 1.4872 1.3578 0.6606

GWO 1.8992 0.2610 1.7539 1.3435 1.8493 1.3241

Table 5. The simulation results of all trajectories.

Method ATE (μm) TESD (μm) ITAE

Circle

PSO 1.4719 3.2174 728.4400
IWO 0.9100 1.6635 689.4438
BBO 1.5367 3.0456 732.9247

GWO 1.1919 1.4536 732.1176

Heart

PSO 1.3767 7.3135 687.1533
IWO 1.2314 5.5600 662.0899
BBO 1.4962 7.7701 706.2485

GWO 1.2854 4.7161 716.1556

Star

PSO 2.9381 9.7067 758.2886
IWO 2.9195 6.0844 732.7888
BBO 2.9834 9.8334 822.2761

GWO 2.8224 6.8502 800.8768

Bow

PSO 6.2185 30.6246 726.3240
IWO 2.0803 12.5113 686.4565
BBO 5.9139 27.0573 778.0170

GWO 5.0548 18.6534 795.2960

Average

PSO 3.0013 12.7156 725.0515
IWO 1.7852 6.4548 692.6948
BBO 2.9826 11.9266 759.8666

GWO 2.5886 7.9183 761.1115

5.4. Experimental Results

The real-time control experiments are conducted to verify the performance of the
proposed method. Figures 10 and 11, respectively, show the star position error trajectories
using the GWO and IWO algorithms. The controller parameters are obtained from the
optimization process in the simulations. Figures 10a and 11a illustrate the tracking errors
on the X-axis, Figures 10b and 11b show the tracking errors of the master and slave Y-axes
together, and Figures 10c and 11c show the synchronization errors, which are within 20
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μm and decay gradually. Figures 10d and 11d demonstrate the contour trajectories. The
smooth trajectories and small steady-state error can be seen in the results. The circle contour
tracking results using the GWO and IWO algorithms are shown in Figures 12 and 13,
respectively. Figures 12c and 13c show the synchronization errors, which are always
within 40 μm. Figures 14 and 15 are the position error trajectories of the bow tie with
GWO and IWO, respectively. Figures 14c and 15c show that the synchronization errors
are within 12 μm and 15 μm, respectively. The heart contour tracking results are shown
in Figures 16 and 17. The synchronization errors are shown in Figures 16c and 17c, and are
within 40 μm and 15 μm, respectively.

The ATE and TESD tracking indices for the star, circle, bow, and heart contours
are displayed in Table 6. From the average ATE and TESD indices in the experimental
results, it can be seen that GWO exhibited better tracking performance than IWO. Although
IWO has better tracking performance than the other algorithms in the simulations, the
experimental results are worse than the others. This situation may be due to an undetected
difference between the simulation and experimental setup. GWO has the best experimental
performance and the second-best simulation results; thus, it is concluded that a FOFPID
controller with a GWO parametric solution performs better than the same controller with
either IWO, BBO, or PSO.

 
(a) (b) 

 
(c) (d) 

Figure 10. Experimental results of the star contour tracking by using GWO algorithm, (a) position
tracking error on X–axis, (b) position tracking errors on master and slave Y–axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.
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(a) (b) 

 
(c) (d) 

Figure 11. Experimental results of the star contour tracking by using IWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.

 
(a) (b) 

Figure 12. Cont.
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(c) (d) 

Figure 12. Experimental results of the circle contour tracking by using GWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.

 
(a) (b) 

 
(c) (d) 

Figure 13. Experimental results of the circle contour tracking by using IWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.
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(a) (b) 

 
(c) (d) 

Figure 14. Experimental results of the bow contour tracking by using GWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.

 
(a) (b) 

Figure 15. Cont.
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(c) (d) 

Figure 15. Experimental results of the bow contour tracking by using IWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.

 
(a) (b) 

 
(c) (d) 

Figure 16. Experimental results of the heart contour tracking by using GWO algorithm, (a) position
tracking error on X−axis, (b) position tracking errors on master and slave Y−axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.
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(a) (b) 

 
(c) (d) 

Figure 17. Experimental results of the heart contour tracking by using IWO algorithm, (a) position
tracking error on X–axis, (b) position tracking errors on master and slave Y–axes, (c) synchronous
error, and (d) X–Y plane tracking trajectory.

Table 6. The experimental results of all trajectories.

Method ATE (μm) TESD ( μm) ITAE

Circle

PSO 12.33468 19.06461 1000.13697
IWO 22.55877 39.85242 1018.96457
BBO 13.65512 15.22419 1009.078

GWO 7.93084 8.69547 998.86251

Heart

PSO 17.05340 23.22570 1011.88779
IWO 23.88164 36.07943 1015.39364
BBO 18.09240 27.08182 1008.25875

GWO 9.09414 16.49567 994.75943

Star

PSO 19.17965 21.18270 997.62259
IWO 23.93769 29.72738 1007.70703
BBO 21.82199 24.02363 1009.45364

GWO 14.13845 15.14002 993.72111
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Table 6. Cont.

Method ATE (μm) TESD ( μm) ITAE

Bow contour

PSO 16.95719 28.80572 1018.65117
IWO 23.79299 42.70955 1018.99118
BBO 23.44690 39.53237 1014.40448

GWO 14.36346 24.53757 976.54349

Average

PSO 16.38123 23.06968 1007.07463
IWO 23.54277 37.092195 1015.26410
BBO 19.25410 26.46550 1010.29870

GWO 11.38172 16.21718 990.97163

6. Conclusions

An evolutionary computation-based FOFPID controller is developed in this study
to control a two-axis gantry platform. The fractional-order controller benefits from the
flexibility of the parameters, and consequently outperforms conventional PID variants.
Incorporating the fuzzy logic control structure helps increase design flexibility in the control
law. Several evolutionary computation algorithms are tested and compared in simulation
and experiment: PSO, IWO, GWO, and BBO. These are used to optimize the FOFPID
control parameters while minimizing the tracking error index as measured by the ITAE for
four contours, circle, heart, star, and bowtie. The optimization processes are implemented
in MATLAB/Simulink simulations and the acquired parameters are then examined in a
series of experiments using a practical gantry platform.

The simulation and experimental results verify that the control design could cope with
the synchronous control issues and mitigate contour tracking errors. The GWO algorithm
outperforms other optimization methods using ATE 11.38172 μm, TESD 16.21718 μm, and
ITAE 990.97163 when measured using the average of all contours. Compared to PSO,
BBO, and IWO, the GWO algorithm showed a performance advantage of 1.6%, 1.9%, and
2.4% in ITAE, respectively. The demonstrated control scheme effectively compensates for
synchronous tracking errors, which subsequently shows no significant peaks in turning, and
non-smooth positions of the contours. The contribution of this research is to integrate the
evolutionary computation algorithms with the FOFPID, optimize the controller parameters,
and compare their performance via simulations and experiments. The control scheme is
implemented on a PMLSM-actuated gantry platform to tackle the synchronous error and
achieve superior tracking results.
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Abstract: The shadowed type-2 fuzzy systems are used more frequently today as they provide an
alternative to classical fuzzy logic. The primary purpose of fuzzy logic is to simulate reasoning in a
computer. This work aims to use shadowed type-2 fuzzy systems (ST2-FS) to dynamically adapt the
crossing parameter of differential evolution (DE). To test the performance of the dynamic crossing
parameter, the motor position control problem was used, which contains an interval type-2 fuzzy
system (IT2-FS) for controlling the motor. A comparison is made between the original DE and the
algorithm using shadowed type-2 fuzzy systems (DE-ST2-FS), as well as a comparison with the
results of other state-of-the-art metaheuristics.

Keywords: shadowed type-2 fuzzy logic; interval type-2 fuzzy controller; differential evolution

1. Introduction

Fuzzy logic is a modern tool, and one of its most important applications is process
control. It has shown rapid growth as it can solve problems related to information or
knowledge uncertainty, providing a formal method for expressing knowledge in a way
that is understandable for humans. It uses linguistic variables for this purpose.

The success of applying fuzzy logic is primarily due to its ability to utilize ambiguous
concept models, which helps in reducing the intuitive complexity of a process. This allows
for control operations to be carried out, albeit in an approximate or heuristic manner, on
nonlinear or time-varying processes [1–5].

Fuzzy logic has achieved significant success in industrial control. While there are
various versions of controllers that employ fuzzy logic, the term “fuzzy controller” typi-
cally refers to a control system with an internal structure that includes a fuzzy system to
govern the controller. One of the frequently mentioned advantages of fuzzy controllers, in
comparison to other controller types, is their ability to be designed even in the absence of
an exact model of the plant to be controlled, as they are rule-based [6–15].

A new type of fuzzy sets of higher order, known as type-2 fuzzy sets, was proposed by
Zadeh in 1975 as an enhancement to fuzzy sets. These sets can handle system uncertainties
by considering degrees of membership. The literature demonstrates the development of nu-
merous works that utilize type-2 fuzzy controllers, which exhibit improved results [16–25].
Therefore, in this work, an interval type-2 fuzzy controller is implemented for this reason.

Similarly, this work also presents the utilization of shadowed type-2 fuzzy systems,
which represent an alternative branch in fuzzy logic. The concept of shadowed sets was
originally introduced to enhance the interpretability of type-1 fuzzy sets and address the
issues of excessive precision [26–30]. In this work, ST2-FSs will be employed to dynamically
adapt the crossover parameter (CR) of differential evolution, with the primary objective of
improving the results.
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The aforementioned aims to demonstrate the significance of this development, wherein
the CR parameter is dynamically utilized in DE. Few works in the literature showcase the
performance of the dynamic CR parameter, hence emphasizing the main reason for its
adoption. Furthermore, we have an interval type-2 fuzzy system controller for the motor,
which is commonly employed in the state-of-the-art technologies. Moreover, this work
presents the integration of these two concepts to validate the potential of their combined
application and assess their effectiveness.

The contribution of this article is to utilize a novel approach, shadowed type-2 fuzzy
systems (ST2-FS), for dynamically adapting the crossover parameter of differential evolu-
tion (DE), in this way obtaining a new variant of DE. This adaptation aims to enhance the
performance of the DE algorithm when applied to the optimization of the motor position
control problem with interval type-2 fuzzy logic.

This paper provides the following content: Section 2 presents the definition of ST2-FSs,
Section 3 introduces the DE theory, Section 4 describes the utilization of the DE algorithm
with shadowed fuzzy, Section 5 presents the controller, Section 6 outlines the Results, and
Section 7 concludes the paper.

2. Shadowed Type-2 Fuzzy Systems

Fuzzy logic, initiated in 1965 [31,32], is mainly based on the way we perceive the
world that cannot always be defined in terms of true or false sentences, that is, it is logically
applied to concepts that can take a value and any truth within a set of values.

The evolution of fuzzy logic over time was type-1 fuzzy systems (T1-FS), then intervals
type-2 fuzzy systems (IT2-FS), and later generalized type-2 fuzzy systems (GT2-FS); the math-
ematical equations of each of these systems are presented in Equations (1)–(3) respectively:

∼
A = {(x, μA(x))|x ∈ U, [0, 1]} (1)

In Equation (2) Jx is referred to the primary membership of x in
∼
A. For each value of x,

denoted as x = x′, the two-dimensional (2D) plane formed by the axes u and μ∼
A
(x′, u) is

known as a vertical slice of
∼
A.

A secondary membership function corresponds to a vertical slice of
∼
A, denoted as

μ∼
A
(x′, u), where x′ ∈ X and ∀u ∈ Jx′ ⊆ [0, 1]. It can be described as follows:

Ã = {(x, u), uÃ(x, u)|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]} (2)

A generalized type-2 fuzzy set, denoted by
∼
A, is defined by a type-2 membership func-

tion μ∼
A
(x, u), where x ∈ X, u ∈ Jx ⊆ [0, 1], and 0 ≤ μ∼

A
(x, u) ≤ 1. It can be represented by:

∼∼
A =

{(
(x, u),μ∼

A
(x)
)∣∣∣∀x ∈ X, ∀u ∈ Ju

x ⊆ [0, 1]
}

(3)

Figure 1 depicts the type-1 and interval type-2 fuzzy sets, while Figure 2 illustrates
the generalized type-2 fuzzy set, where the orange and yellow colors represent the primary
membership function of a trapezoidal, the green color represents the secondary membership
function of a Gaussian, and finally the blue color represents the fraction of uncertainty of
the kernel and the support of the secondary membership function respectively.

It is widely recognized that the utilization of generalized fuzzy systems entails a
significant computational cost for their execution. In order to mitigate this, alternative ap-
proaches have been proposed that offer lower computational overhead. These alternatives
include Z slices or vertical slices, as well as geometric approximations [33]. Additionally,
the literature presents another option known as horizontal sections or α-representation of
planes [34–36].
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Figure 1. Illustration of the type-1 and interval type-2 fuzzy sets.

Figure 2. Illustration of the general type-2 fuzzy set.

Taking into account the alternatives discussed in the literature, this paper investigates
the utilization of α-planes. Equations (4) and (5) outline the structure of an α-plane and the
combination of an IT2-FIS with an α-plane to model a GT2-FS, respectively.

∼
Aα = {((x, u), α)|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]} (4)

∼∼
A =

⋃ ∼
Aα (5)

The elimination of excessive precision is one of the main ones that is sought to be carried
out when using a ST2-FS, since this helps to reduce the computational cost. To achieve the
elimination of excessive precision, a GT2-FS is modeled using only 2 α-planes; this idea was
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proposed in Pedrycz concepts, thus creating the theory of shadowed sets [37–40], where
the main contribution is the creation of optimal α-planes.

Equation (6) explains the mathematical form of the shadowed sets; this formula is
built from 2 α-cuts on a T1-FS, with α and β values, producing three intervals.

SμA(x) =

⎧⎨⎩
1, i f μA(x) ≥ α
0, i f μA(x) ≤ β

[0, 1], i f α ≤ μA(x) ≥ β
(6)

According to the theory of shadowed sets, optimal values for the variables α and β

are proposed, which can be computed using Equation (7). Figure 3 illustrates the process of
obtaining the values of α and β, along with the three corresponding areas: the raised area,
the reduced area, and the shaded area. Each area is represented by a different color.

elevated area(α,β)(μA) + reduced area(α,β)(μA) = shadowed area(α,β)(μA) (7)

Figure 3. Illustration of the shadowed set.

Moreover, the optimal α and β values are obtained by the optimization of the V(α, β)
function described in Equation (8).

V(α, β) =

∣∣∣∣∣∣
∫

x∈Ar

μA(x)dx +
∫

x∈Ae

(1 − μA(x))dx −
∫

x∈S

dx

∣∣∣∣∣∣ (8)

3. Differential Evolution

The differential evolution (DE) algorithm is a population-based stochastic search
strategy that was proposed in 1995 by Storn and Price. Its main purpose is to solve
optimization problems involving real parameters.

In the literature, several works utilizing DE can be discussed as follows: the differential
evolution (DE) algorithm is considered to be a practical and effective method for numerical
optimization. It is known for its ease of understanding, simplicity of implementation,
reliability, and efficiency. This article attempts to comprehensively describe DE, providing
illustrations, valuable insights, and empirical advice. It acknowledges that globally optimal
solutions are often challenging to obtain, with many problems being intractable [41].

When dealing with functions that have numerous interacting local optima, the ap-
plication of fuzzy sets in the job-shop scheduling problem (JSP) with fuzzy processing
time and completion time (FJSP) allows for a more comprehensive modeling of scheduling.
Fuzzy relative entropy provides a method for evaluating the quality of a feasible solution
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by comparing the actual value with the ideal value, which is the due date. Consequently,
the multi-objective FJSP can be transformed into a single-objective optimization problem
that can be solved using a hybrid adaptive differential evolution (HADE) algorithm. This
algorithm considers the maximum completion time, total delay time, and total energy
consumption of jobs as optimization criteria. HADE employs a mutation strategy based
on DE/current-to-best and makes its parameters (CR and F) adaptive and normally dis-
tributed. The selection of new individuals in HADE is based on the fitness value (FRE)
obtained from a population consisting of N parents and N children [42]. Maximizing the
traffic capacity of an intersection and reducing the delay rate of vehicles have always been
challenges in traffic control research. The coordinated control of urban traffic signals is
considered a multi-objective optimization problem. In this study, we examine a mathemati-
cal model for urban trunk traffic. We establish models for average delay, average queue
length, total delay calculation at intersections, and vehicle exhaust emissions to formulate
an optimization model for a new coordinated control system for traffic trunks. To address
this, a study that combines fuzzy control theory with the adaptive sequencing mutation
multi-objective differential evolution algorithm (FASM-MDEA) was offered in [43].

In our proposed model, we utilize two well-known statistical methods, the Pearson
correlation coefficient and one-way analysis of variance, to select cost adjustment factors
that have a high correlation with the actual effort. Subsequently, we employ the fuzzy
C-means clustering algorithm with three cluster heads to group similar projects in the
COCOMO-81 dataset. Furthermore, we utilize an improved self-adaptive differential
evolution algorithm to optimize the parameters of the constructive cost model [44].

This paper focuses on the use of differential evolution to improve the approximation
properties of function approximation models based on fuzzy partitions. Two cases are
considered, fuzzy transform and fuzzy projection, and the design of hybrid evolutionary
fuzzy systems is studied. Even though function approximation techniques based on fuzzy
partitions have been well studied, few papers consider the problem of centroid selection
of the basic functions. Thus, in most cases, uniform fuzzy partitions are considered. By
using an evolutionary algorithm, a systematic approach on the selection of the partition is
provided. The optimization problem involves the determination of the model parameters,
which, in our case, are the fuzzy partition’s membership functions’ locations [45].

Type-3 fuzzy theory is a recent proposal in the literature. In a recent work, a study by
varying an important element of interval type-3 fuzzy sets, known as the LowerScale (λ)
parameter, was performed. By manipulating this parameter, different proposed fuzzy sys-
tems are utilized to dynamically adjust a parameter of the differential evolution algorithm
during its execution, aiming to enhance its convergence [46].

Although DE is considered an algorithm with an exceptionally simple evolutionary
strategy, it also proves to be significantly fast and robust. It relies on a small number of
parameters, namely:

NP: the number of parent vectors, corresponding to the population size or the number
of individuals.

F: the mutation factor or scale factor, typically chosen from the range [0,1].
CR: the recombination factor or crossover rate.
G: the maximum number of generations to be executed.
The performance of the algorithm is highly sensitive to these control values, and each

problem may exhibit different responses to different parameter settings.
The mathematical form of DE is expressed by the equations described in the

following sections.

3.1. Population Size

DE’s implementation, known for its versatility, consists of two vector populations.
Each population contains Np D-dimensional vectors with real-valued parameters. The
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current population denoted as Px is comprised of vectors xi,g that have been deemed
acceptable either as initial points or through comparison with other vectors.

Px,g =
(

xi,g
)
, i = 0, 1, . . . , Np − 1, g = 0, 1, . . . , gmax, (9)

xi,g =
(

xj,i,g
)
, j = 0, 1, . . . , D − 1, (10)

Indices start with 0 to simplify working with arrays and modular arithmetic. The
index, g = 0, 1, . . . , gmax, indicates the generation to which a vector belongs. In addition,
each vector is assigned a population index, i, which runs from 0 to Np − 1. Parameters
within vectors are indexed with j, which runs from 0 to D − 1. Once initialized, DE
mutates randomly chosen vectors to produce an intermediary population, Pv,g, of Np
mutant vectors, vi,g:

Pv,g =
(
vi,g
)
, i = 0, 1, . . . , Np − 1, g = 0, 1, . . . , gmax, (11)

vi,g =
(
vj,i,g
)
, j = 0, 1, . . . , D − 1, (12)

Each vector in the current population undergoes recombination with a mutant vector,
resulting in the creation of a trial population, Pu, comprising Np mutant vectors ui,g.

Pu,g =
(
ui,g
)
, i = 0, 1, . . . , Np − 1, g = 0, 1, . . . , gmax, (13)

ui,g =
(
uj,i,g
)
, j = 0, 1, . . . , D − 1 (14)

where:
Px: current population.
i: index of the population.
gmax: maximum number of iterations.
j: parameters within the vector.
During recombination, trial vectors replace the mutant population, allowing a single

array to hold both populations.
Initialization of the population requires specifying upper and lower bounds for each

parameter. These bounds are collected into two D-dimensional initialization vectors, bL
and bU, where subscripts L and U indicate the lower and upper bounds, respectively. Using
a random number generator, each parameter of every vector is assigned a value within the
specified range. For instance, the initial value (at g = 0) of the jth parameter of the ith vector
is determined as:

xj,i,0 = randj(0, 1)·(bj,U − bj,L
)
+ bj,L (15)

The random number generator, randj(0,1), returns a uniformly distributed random
number from within the range (0,1), i.e., 0 ≤ randj(0,1) < 1. The subscript, j, indicates that
a new random value is generated for each parameter. Even if a variable is discrete or
integral, it should be initialized with a real value since DE internally treats all variables as
floating-point values regardless of their type.

3.2. Mutation

Specifically, the differential mutation utilizes a random sampling equation to combine
three randomly chosen vectors and create a mutant vector.

vi,g = xr0,g + F·(xr1,g − xr2,g
)

(16)

The scale factor, F ∈ (0,1) is a positive real number that controls the rate at which the
population evolves.
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3.3. Crossover

To complement the differential mutation search strategy, DE also uses uniform crossover.
Sometimes this is known as discrete recombination. In particular, DE crosses each vector
with a mutant vector as indicated by the following expression:

ui,g = uj,i,g

{
vj,i,g i f

(
randj(0, 1) ≤ Cr or j = jrand

)
xj,i,g otherwise

(17)

3.4. Selection of the Best Individual

If the test vector ui,g has a value for the objective function equal to or less than its
target vector, xi,g, then it replaces the target vector in the next generation; otherwise, the
target retains its place in the population for at least another generation:

xi,g+1 =

{
ui,g i f f

(
ui,g
) ≤ f

(
xi,g
)

xi,g otherwise
(18)

The process of mutation, recombination and selection are repeated until the optimum
is found, or a pre-specified terminating criterion is satisfied.

4. Proposed Shadowed Fuzzy using DE Algorithm

The main contribution of this article is the utilization of a novel optimization technique,
shadowed type-2 fuzzy systems (ST2-FS), for dynamically adapting the crossover parameter
of differential evolution (DE). This adaptation aims to enhance the performance of the
DE algorithm when applied to optimize the motor position control problem with interval
type-2, specifically by identifying the optimal structure of the membership functions.

Figure 4 displays a flowchart illustrating the procedure employed in this article’s
general proposal. It demonstrates the utilization of ST2-FS to dynamically adjust the CR
parameter, followed by its simulation in the motor controller featuring an IT2-FS.

The equations utilized for constructing the fuzzy parameters of the input and output
are presented in Equations (19) and (20), respectively.

Generations =
Current Generation

Maximun o f generations
(19)

CR =
∑rCR

i=1 μCR
i (CR1i)

∑rCR
i=1 μCR

i
(20)

The number of rules in the fuzzy system for CR is denoted by rCR; CR1i, represents
the output result for rule i of CR, while μCR

i , represents the membership function (MF) of
rule i of CR.

The fuzzy system structure integrated into the DE algorithm consists of the following
characteristics. We refer to the combination of ST2-FS with the DE algorithm as DE-ST2-FS.
The system comprises an input representing the generations used in the DE algorithm, and
the output is the CR parameter that represents the crossover. In the original algorithm, this
parameter is defined within the range of [0,1]. Both the input and output are divided into
three membership functions (MFs), as depicted in Figure 5.

The rules that form the fuzzy system are presented below. These rules were developed
based on experimentation, which demonstrated that decreasing the CR parameter during
the algorithm’s execution yields favorable results.

1. If generation is low, then CR is low.
2. If generation is medium, then CR is medium.
3. If generation is high, then CR is high.
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Figure 4. Proposal flowchart.
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Figure 5. Shadowed fuzzy system integrated with the DE algorithm (DE-ST2-FS).

5. Interval Type-2 Fuzzy Systems Controller

Position control of a direct current (DC) motor is a circuit capable of controlling the
position of any DC motor with the simple movement of a potentiometer that acts as a
positioner, and it does so through proportional control [47–50]. One of the purposes of
this work is the optimization of the interval type-2 fuzzy controller, which we will call
(IT2-FLC), which is structured as illustrated in Figure 6.

Figure 6. IT2-FLC controller.
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The fuzzy system is defined as: the inputs are the error “Err” and the error change
“C_Err”, the output corresponds to the voltage “Voltage”, the “Err” input contains three
MFs, the ends are of type “trapIT2mf ”, and the center is “triIT2mf ”. The equations that
describe the knowledge of each function are shown in Equations (21) and (22).

The second input “C_Err” contains five membership functions, the ends are of type
“trapIT2mf ”, and the three central functions are of type “triIT2mf ”.

Finally, the output “Voltage” consists of five membership functions, the ends are of
type “trapIT2mf ”, and the three central functions are of type “triIT2mf ”.

trapIT2m f (x, [a1, b1, c1, d1, a2, b2, c2, d2, α])

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 < a2, b1 < b2, c1 < c2, d1 < d2

μ1(x) = max
(

min
(

x−a1
b1−a1

, 1, d1−x
d1−c1

)
, 0
)

μ2(x) = max
(

min
(

x−a2
b2−a2

, 1, d2−x
d2−c2

)
, 0
)

μ(x) =

⎧⎨⎩max(μ1(x), μ2(x)) ∀x /∈ (b1, c2)

1 ∀x ∈ (b1, c2)

μ(x) = min(α, min(μ1(x), μ2(x)))

(21)

triIT2m f (x, [a1, b1, c1, a2, b2, c2])

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1 < a2, b1 < b2, c1 < c2

μ1(x) = max
(

min
(

x−a1
b1−a1

, c1−x
c1−b1

)
, 0
)

μ2(x) = max
(

min
(

x−a2
b2−a2

, c2−x
c2−b2

)
, 0
)

μ(x) =

⎧⎨⎩max(μ1(x), μ2(x)) ∀x /∈ (b1, b2)

1 ∀x ∈ (b1, b2)

μ(x) = min(μ1(x), μ2(x))

(22)

IT2-FLC rules are outlined in Table 1.

Table 1. IT2-FLC rules.

C_Err

EN ENM SE EMM EM

Err
NV D D D D DM
CV AM AM M DM DM
PV AM A A A A

6. Results and Statistical Comparison

In this section, we are presenting the experimentation that were performed, the
parameters used, and the objective function used for the experimentation.

The root means square error (RMSE) represents the objective function for our experi-
mentation, where we seek to measure the difference between the desired and the obtained
in the controller. The formula that represents the RMSE is described in Equation (23),
where xt is the estimated value of the reference control signal, x̂t is the observed value
control-signal, and N represents the total number of observed samples.

RMSE =

√
1
N ∑N

t=1(xt − x̂t)
2 (23)

The parameters that involve the experimentation of the DE-ST2-FS algorithm are
described in Table 2, where we can importantly rescue the parameter CR that is dynamic
due to the ST2-FS.
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Table 2. Parameter configuration of the DE-ST2-FS.

Parameter Configuration

NP 20
D 25

GEN 20
F 0.5

CR Dynamic
Number of experiments 30

The conducted experimentation is summarized in Table 3, which demonstrates the
usage of the DE-ST2-FS proposal without applying noise to the controller. Subsequently,
the performance of a type-2 controller in handling intervals was evaluated by introducing
Gaussian random noise at three different levels: 0.3, 0.5, and 0.9.

Table 3. DE-ST2-FS fuzzy system.

DE-ST2-FS
without Noise

DE-ST2-FS
with Noise 0.5

DE-ST2-FS
with Noise 0.7

DE-ST2-FS
with Noise 0.9

Min. 5.48 × 10−1 5.28 × 10−1 9.38 × 10−2 1.31 × 10−2

Max. 6.08 × 10−1 6.01 × 10−1 9.78 × 10−2 7.63 × 10−2

Average 5.99 × 10−1 5.63 × 10−1 9.58 × 10−2 5.92 × 10−2

Standard D. 1.23 × 10−2 1.55 × 10−2 6.22 × 10−4 2.15 × 10−2

An analysis of Table 4 shows that the utilization of the controller with a noise level of
0.5 is better in terms of minimum error compared to the proposal without applying noise
to the controller.

Table 4. Z-test parameters.

Parameter Value

Level of Confidence 95%
Alpha α 5%

Ha μ1 < μ2
Ho μ1 ≥ μ2

Critical Value −1.645

On the other hand, it is also observed that, in comparison to the minimum error, a
better result is obtained when a noise level of 0.9 is applied compared to a noise level of 0.7.

Regarding the averages of the experimentation, they all have the same order, but it
can be observed how the average decreases when the noise level increases.

Figure 7 shows a comparison of the experimentation with the different noise levels.
The analysis of Figure 7 shows us that with a higher noise level, the DE-ST2-FS

proposal shown in this work obtains better results; however, not applying noise to the
DE-ST2-FS controller has a similar behavior to DE-ST2-FS with noise 0.5, while DE-ST2-FS
with noise 0.7 and DE-ST2-FS with noise 0.9 have very similar behaviors. Overall, a better
result is observed with DE-ST2-FS with noise 0.9.

The results of the minimum values obtained in Table 4 are represented in Figures 8–11,
showcasing the four different experimental scenarios: DE-ST2-FS without noise, DE-ST2-FS
with noise 0.5, DE-ST2-FS with noise 0.7, and DE-ST2-FS with noise 0.9.

Figure 8 shows the minimum RMSE of the simulation of the 30 experiments performed
with DEST2-FS without noise, where the value obtained was 5.48 × 10−1. In Figure 6, when
starting the simulation, it exceeds what is desired, but later it stabilizes in the second 0.12
to 0.14 and later it exceeds again from the second 0.14 to 0.2.
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Figure 9 illustrates the minimum RMSE of the simulation of the 30 experiments carried
out with DE-ST2-FS with noise 0.5, where the value obtained was 5.28 × 10−1. In the figure,
when starting the simulation, it exceeds between seconds 0.06 and 0.1, later a stabilization
is observed from second 0.16 to 0.2.

Figure 10 shows the minimum RMSE of the simulation of the 30 experiments carried
out with DE-ST2-FS with noise 0.7, where the value obtained was 9.38 × 10−2. In the figure,
the controller has stability from 0.1 s to 0.16 s, while between 0.16 s and 0.2 s the controller
output drifts slightly from the desired reference.

Figure 7. Graphical comparison of experimentation.

Figure 8. Best result DE-ST2-FS without noise.
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Figure 9. Best result DE-ST2-FS with noise 0.5.

Figure 10. Best result DE-ST2-FS with noise 0.7.

Figure 11. Best result DE-ST2-FS with noise 0.9.

Finally, Figure 11 shows the RMSE of the simulation of the 30 experiments carried
out with DE-ST2-FS with noise 0.9, where the value obtained was 1.31 × 10−2. In the
simulation obtained, it is observed that from second 0.1 the output of the plant has stability,
but in between seconds 0.16 and 0.2 it is possible to stabilize.

In order to demonstrate that better results are obtained when using DE-ST2-FS with
a high noise level, a statistical test was performed. The statistic used in this work is the
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Z-test, the parameters used are shown in Table 4, and Equation (24) was used to calculate
the Z value.

Z =

(
X1 − X2

)− (μ1 − μ2)

σX1−X2

(24)

The objective of the statistical test is to show that DE-ST2-FS with noise 0.9 has a lower
average than the other three variants of experimentation carried out: DE-ST2-FS without
noise, DE-ST2-FS with noise 0.5, and DE-ST2-FS with noise 0.7.

Three statistical tests were performed, where μ1 is equal to DE-ST2-FS with noise 0.9
and μ2 represents each of the statistical tests carried out. The results of the tests are outlined
in Table 5.

Table 5. Z-test results.

Case Study μ1 μ2 Z Value Evidence

Controller
DE-ST2-FS with noise 0.9 DE-ST2-FS without noise −119.3636 Significant

DE-ST2-FS with noise 0.9 DE-ST2-FS with noise 0.5 −104.1108 Significant

DE-ST2-FS with noise 0.9 DE-ST2-FS with noise. 0.7 −9.3201 Significant

The results of the tests show that the greater the uncertainty, the better results are
obtained. The three statistical tests carried out show that DE-ST2-FS with noise 0.9 has a
lower average than the other three proposals carried out.

Next, a comparison was made with other works found in the literature, in order to
be able to validate the proposal to make CR dynamic in the DE and having an interval
type-2 controller.

We use as reference “Shadowed Type-2 Fuzzy Systems for Dynamic Parameter Adap-
tation in Harmony Search and Differential Evolution” [51]. In this previous work, two
metaheuristics are used, where one of the parameters is dynamically adapted with a ST2-FS,
and the difference with the reference is that the controller used is a T1-FS compared to ours,
which is an IT2-FS.

Table 6 exhibits the results from the literature and the results of the best experi-
ments carried out in our work with ST2-FS with noise 0.9, reporting the averages and
standard deviations.

Table 6. DE-ST2FS with noise 0.9 comparison.

ST2FHS-FLC FLC
with Noise [51]

ST2FDE-FLC with
Noise [51]

DE-ST2-FS with
Noise 0.9

Average 4.62 × 10−1 2.1 × 10−2 5.92 × 10−2

Standard D. 2.83 × 10−2 1.90 × 10−2 2.15 × 10−2

Using the data from Table 6, two statistical tests were performed to check if our
proposal has a lower average than other methods in the literature. The previously shown
Z-test was used, according to Equation (23), and the same parameters used in Table 4
were employed.

For the statistical test, μ1 is equal to DEST2-FS with noise 0.9 and μ2 is equal to the
two different methods ST2FHS-FLC with Noise and ST2FDE-FLC with Noise [51]. Table 7
reports the Z-test results for the two tests.

The test results indicate that we have sufficient significant evidence to conclude that
DE-ST2-FS with noise 0.9 has a lower average than ST2FHS-FLC with Noise. However,
for the second statistical test, we do not have enough significant evidence to claim that
DE-ST2-FS with noise 0.9 has a lower average than ST2FDE-FLC with Noise.
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Table 7. Statistical Z-test results.

Case Study μ1 μ2 Z Value Evidence

Controller

DE-ST2-FS with noise 0.9 ST2FHS-FLC FLC
with Noise [51] −62.0761 Significant

DE-ST2-FS with noise 0.9 ST2FDE-FLC with
Noise [51] 7.1395 Not Significant

7. Conclusions

For our conclusions, the main contribution is the use of the dynamic CR parameter in
differential evolution, as well as the ST2-FS, as this combination is new and there are no
current works that utilize our DE-ST2-FS proposal.

This work demonstrates that the use of uncertainty improves the obtained results. In
the DE-ST2-FS proposal we used the ST2-FS controller without applying noise and later the
noise level was increased in order to demonstrate that at higher noise levels, the IT2-FLC
has better stability. The statistical test supports that DE-ST2-FS with noise 0.9 has a lower
average than DE-ST2-FS without noise, DE-ST2-FS with noise 0.5, and DE-ST2-FS with
noise 0.7.

Figures 8–11 illustrate the improvement achieved by increasing the noise level, as
they display the minimum RMSE obtained from each of the different experiments. The
comparison with the two methods, namely ST2FHS-FLC with Noise and ST2FDE-FLC with
Noise, reveals that our proposal exhibits a lower average than ST2FHS-FLC with Noise.
However, we did not obtain significant evidence in favor of our proposal compared to
ST2FDE-FLC with Noise. In the latter case, the reference method utilizes a ST2-FS, which
makes the F (mutation) parameter of the differential evolution algorithm dynamic. We
believe that this is the reason why we lack significant evidence in our proposal. Previous
works have statistically confirmed that making the F parameter dynamic yields better
results than making the CR parameter dynamic.
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Abstract: This study presents the design and real-time applications of an Interval Type-2 Fuzzy PID
(IT2-FPID) control system on an unmanned aerial vehicle (UAV) with a flexible cable-connected
payload in comparison to the PID and Type-1 Fuzzy PID (T1-FPID) counterparts. The IT2-FPID control
has significant stability, disturbance rejection, and response time advantages. To prove and show
these advantages, the DJI Tello, a commercial UAV, is used with a flexible cable-connected payload to
test the robustness of PID, T1-FPID, and IT2-FPID controllers. First, the optimal coefficients of the
compared controllers are found using the Big Bang–Big Crunch algorithm via the nonlinear UAV
model without the payload. Second, once optimised, the controllers are tested using several scenarios,
including disturbing the payload and the coverage path planning area to examine their robustness.
Third, the controller performance results are evaluated according to reference achievement and
point-based tracking under disturbances. Finally, the superiority of the IT2-FPID controller is shown
via simulations and real-time experiments with a better overshoot, a faster settling time, and good
properties of disturbance rejection compared with the PID and the T1-FPID controllers.

Keywords: fuzzy PID controller; unmanned air vehicles; nano quadcopter; interval type-2 fuzzy
controller; autonomy

1. Introduction

Significant and rapid advances in unmanned aerial vehicle (UAV) technology have
made them economically viable and easily maintainable. They have been used in research
and in civil, military, and commercial applications, such as military UAVs, search and
rescue, and agriculture [1–5]. Even though they can complete tasks, they still face many
challenging problems because of the sensor accuracy and the coupled highly nonlinear
system dynamics. Considering the controller of the UAV, which is one of the challenging
problems, encouraged many researchers to take on such challenges and propose several
control designs, such as proportional–integral–derivative (PID) [6,7], fuzzy PID control
(FPID or T1-FPID) [8–10], linear quadratic regulator (LQR) [11,12], linear quadratic Gaus-
sian and loop transfer recovery (LQG/LTR) [13], model predictive control (MPC) [12,14,15]
and H∞ [16,17] control algorithms.

The controller algorithms and the calculation of their parameters are directly related to
the physical dynamics of the system. However, the physical dynamics of the UAV represent
a challenge for many of the control algorithms implemented on these UAVs, mainly when
the control parameters are determined by using limited known dynamic model parameters.
Moreover, knowing all parameters of the physical dynamics is almost impossible due to
uncertainties or inaccessible parameters. Therefore, the stable controller parameter might
cross to the unstable region in the presence of uncertainty or inaccessible parameters. To
explain and illustrate the problem, it is scaled and tested using a mini UAV. For indoor
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experimental research, nano or mini UAVs have proven their efficiency concerning easy
access, small sizes and weights [18]. As a result, researchers have used several commercial
UAVs, such as Bitcraze Crazyflie 2.0 [8,19–22], Parrot Mambo Minidrone [9,10,12] and DJI
Tello [23–25].

In many studies, the connection with the payload represents a further research chal-
lenge [23,26–28]; the control problem under uncertain payloads is solved using reinforce-
ment learning. The UAV has a flexible cable, payloads, and magnets. When using the
magnets, the payloads can connect to UAV. Hence, the weights cannot be known, adding
additional uncertain parameters. Thanks to model-based meta-reinforcement learning, the
system’s inputs and outputs are trained and created model-based data using a human-
based remote controller. After designing a model-based meta-reinforcement learning
dynamic model, a model predictive control algorithm is implemented to cope with such
effects [23].

UAVs face other challenges not only due to the payload but also due to wind dis-
turbances. In [27], a path following a control algorithm for a UAV with cable-connected
payload is designed under wind disturbances. In addition, near hovering and cruising
states are included in the control, as well as an employed position-based tracking control
algorithm for the outer structure. A whole system model is developed with payload and
disturbance effects, meaning that they are not unknown parameters in [27]. Consider-
ing unknown parameters, such as the payload mass, an excellent example of associated
research work can be attributed to [26] on adaptive UAV control for a cable-suspended
unknown payload. The system is tested with a nonlinear and adaptive PD controller. The
coefficients/parameters of the UAV controllers are tuned via many different optimisation
methods [29], and each of them has its advantages and disadvantages. In [30], a compar-
ative study of different controllers for UAVs is investigated in terms of limitations and
strength parts. In this study, we focus on fuzzy-based PID controllers since they have
better accuracy than PID controllers and are computationally efficient, which makes them
applicable to UAVs in real time [7].

Contributions

This study shows the successful implementation of the Interval Type-2 Fuzzy PID (IT2-
FPID) controller under a nonlinear dynamic model and unknown/uncertain parameters
of the UAV with a payload in simulation and real-time systems. The implementation
comes from model-based tuned parameters to overcome an unknown weighted flexible
cable-connected payload. It is aimed to eliminate the oscillating payload effect on DJI Tello
UAV and to follow the given references by using these controllers. PID, T1-FPID, and
IT2-FPID are tuned using the Big Bang–Big Crunch (BB-BC) optimisation method [31] on
the dynamical model of the UAV without a payload. Due to the unmodelled dynamics,
such as inaccessible parameters or uncertainties, the controller coefficients are fine-tuned on
a real-time UAV without the payload before being tested with the flexible cable-connected
payload. After that, it is expected that the UAV will be able to eliminate disturbing
payload effects and demonstrate efficient tracking of the designed trajectory. Moreover, the
performance of the IT2-FPID is compared with T1-FPID and PID under the same scenarios.
The presented results of the study clearly show that the designed IT2-FPID control system
is superior in comparison to its T1 and conventional counterparts. The video file provided
in the Supplementary Material shows the real-time control performance of the deployed
IT2-FPID.

The rest of the study is organised as follows: Section 2 provides the UAV model,
including the DJI Tello model and the problem statement and challenges. Section 3 presents
implemented controller methods, which are PID, T1-FPID and IT2-FPID, and the simulation
results. Then, Section 4 shows the indoor testing area and the designed offline path.
Moreover, the process of position localisation of the UAV is explained in this section. The
real-time results of the PID, T1-FPID and IT2-FPID controllers are given in Section 5. Finally;
Section 6 presents the conclusions and a perspective on future work.
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2. UAV Model and the Problem Definition

This section presents the mathematical model for the dynamics of DJI Tello UAV, and
the problem statement and challenges. The first part of this section describes the dynamic
model of the UAV. This dynamic model is shown without any payload. After that, the
problem of the UAV with a flexible connected payload is explained.

2.1. Model Dynamics of DJI Tello UAV

Before outlining the UAV model, we show the main coordinate frames used in this
study: (.)I represents the global Earth-fixed Earth-centred inertial frame, and (.)B is the
body-fixed frame, fixed at the UAV centre of mass (CoM) as given on Figure 1. There are
two types of configurations for the UAV, which are × and + configurations [8,20,32]. In this
study, the ×-type UAV is modelled and used.

Figure 1. The DJI Tello UAV used in the implementation [33].

The position (pI) and attitude (η I) of the UAV with respect to the frame I are defined
as follows:

pI = [x y z]T , η I = [φ θ ψ]T ,
υI = ṗI = RυB, ω I = η̇ I = TωB,

(1)

where the vector pI contains the x, y, and z Cartesian position coordinates of the UAV
inertial frame, and υI and ω I are the derivative of position and attitude values, respectively.
The superscripts (.)I and (.)B denote, respectively, the inertial and body frames. The
η I vector contains the angles of roll φ, pitch θ, yaw ψ of the UAV body frame, R is a
rotational matrix, and T is a translation matrix used in frame conversions. These rotation
and transformation matrices are used to calculate the transformation of the inertial frame
to the body frame or vice versa. The rotation and transformation matrices are written in
Equation (A1) of Appendix A.

The υ variable is used to represent the linear velocity, and ω is used to represent the
angular velocity. In this study, the heading angle of the UAV, yaw reference (ψr) is equal to
ψr = 0○ in order to overlap the inertial and the body coordinate frames of the DJI Tello.

After the defining position and orientation, a nonlinear dynamic equation for the DJI
Tello UAV can be written with the Newton–Euler formulation as given below [8,20]:

muavυ̇I = FI = FI
gravity + FI

thrust,
IBẇB = −wB × (IBwB) + τB

rotor.
(2)

In Equation (2), muav is the mass of the UAV to the CoM of the UAV, FI
gravity is the

gravity force, FI
thrust is the total thrust force which comes from the propellers, IB is a

moment of inertia, and IB is referred to as the inertia matrix. The cross product at the
right-hand side of the angular velocity dynamics equation comes from the Coriolis force
effect. Considering the DJI Tello UAV, this effect can be ignored because of the size of the
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UAV. Ref. [8] tested a fixed heading angle and ignored the Coriolis effect on the DJI Tello
UAV, which has an almost similar size to the DJI Tello UAV. Therefore, the formula can
be written as IBẇB = τB

rotor, and the UAV torques (τB
rotor) are expressed by τφ,τθ , and τψ,

respectively:
FI

gravity = [0 0 −muavg]T ,
FI

thrust = RFB
thrust.

(3)

To overcome the gravity effect, the force is applied to the CoM of the UAV as FI
gravity.

The acceleration due to Earth’s gravity is denoted as g. The FI
thrust forces are generated by

propellers, and the formula is written as Equation (4). The angular velocity of each rotor’s
propeller is denoted as Ωi, and the thrust coefficient is referred to as b

FB
thrust = [0 0 b∑4

i=1 Ω2
i ]T , (4)

υ̇I = ⎡⎢⎢⎢⎢⎢⎣
ẍ
ÿ
z̈

⎤⎥⎥⎥⎥⎥⎦ =
b

muav
∑4

i=1 Ω2
i =
⎡⎢⎢⎢⎢⎢⎣

s(φ)s(ψ) + c(φ)s(θ)c(ψ)−s(φ)c(θ) + c(φ)s(θ)s(ψ)
c(φ)c(θ)

⎤⎥⎥⎥⎥⎥⎦ −
⎡⎢⎢⎢⎢⎢⎣

0
0
g

⎤⎥⎥⎥⎥⎥⎦. (5)

In Equation (5), s(.) and c(.) denote the sine and cosine, respectively. In the equations
above, the nonlinear dynamical model for the translational motion of the UAV is repre-
sented, and a detailed linear dynamical model of the UAV is written in Equations (A5)–(A7)
of Appendix A. The angular velocity dynamics of the UAV also can be found in
Equations (A3) and (A4). As aforementioned about the mass of UAV (muav), it only gives
the UAV weight.

In the above equations, mass equals muav = 0.08 kg, and the length between the CoM
and propeller is 0.6 m. The detailed parameters of the DJI Tello UAV are explained in
Refs. [24,34].

2.2. Problem Statement and Challenges

In Figure 2, the UAV with the flexible cable-connected payload and its pendulum
effects are shown. The figure shows the different perspectives of the UAV with cable-
connected payload and the variable payload in detail. A 3D-printed part is created and
mounted to provide a UAV connection with a payload cable. The cable length is 35 cm and
is chosen as flexible. Taking into account the pendulum effects, forces FP, FR and the angles
α, ε, β, and λ vary with the acceleration of the UAV due to Newton’s second law. The
maximum carrying payload is measured with empirical methods, and its maximum value
is determined as 75 g for the experiments. This weight (mp) is a significant value when
considering the mini UAVs. Then, it is able to rewrite the equations as mtotal = muav +mp.
Instead of rewriting the dynamical equations and calculating the controller parameters
using swinging mtotal, we propose that the compared controllers can eliminate the unknown
payload effects and the variable CoM problems without redesigning or the calculation.

Understandably, unknown payloads and disturbances directly relate to the system
dynamics. Therefore, the main objective of this work is to overcome these adverse effects.
At this point, instead of re-writing the equations of the UAV dynamics and redesigning the
controllers by considering the whole mathematical model with the additional dynamics of
the swinging payload, the controllers are designed by considering the known dynamics
of the UAV itself without taking the payload and disturbance effects into account so that
the robustness of the three controllers is compared with each other, then the IT2-FPID
controller gives the results in terms of system stability and robustness.
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Figure 2. DJI Tello and payload connection.

The most important question is as follows: why do we focus on uncertain parameters,
such as unknown payload and flexible cable effects? This system is a simulation of a
commercial agricultural UAV problem. Commercial agricultural UAVs may contain liquid
or other payloads. However, the problem is that these payloads, such as seeds or pesticides,
are unknown loads because of their variable weights and variable centre of masses during
the flight.

3. Implemented Controllers

In this study, we design and deploy PID, T1-FPID and IT2-FPID controllers as x-y
position controllers that generate the x-y velocity reference signals υx, υy (m/s) to be tracked
by the on-board velocity controller by DJI Tello UAV. In this context, let us first define the
position errors to be minimised by the controllers on the x and y axes ex, ey as follows:

ex = xre f − xobs
ey = yre f − yobs

(6)

where (xre f , yre f ) and (xobs, yobs) are the references and the feedbacks (actual position of the
UAV), respectively. In this study, the reference and feedback units are in meters (m) in the
position-based controller. To minimise ex, ey, we designed two controllers that generate
the velocity signals ux = υx, uy = υy. Within the scope of this study, we do not handle the
altitude z and yaw ψ control problems of the UAV and use the onboard controller directly.
Throughout the study, we set altitude reference zre f = 90 cm and heading angle reference of
the UAV ψre f = 0○.

In this section, as the x-y position controllers have the same structure, the subscripts(x, y) in ex, ey, ux, uy are dropped in the rest of the section for a better understanding.

3.1. PID Controller

The PID control law for the UAV is represented as follows:

u = Kc
⎛⎝e + 1

Ti
∫ edt + Td

de
dt
⎞⎠, (7)

where u is a reference signal for the inner controller, e is represented as the error, and Ti, Td,
and Kc are the integrator, derivative, and proportional gain, respectively.
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3.2. Type-1 Fuzzy PID Controller

In this section, the general structure of the T1-FPID is presented. Before starting
T1-FPID, the fuzzy PID control block for T1 and IT2 is shown in Figure 3 [35]. The position
error (e), and its rate of change (Δe) are shown as controller inputs [8,9].

Figure 3. Illustration of the T1- and IT2-FPID controller.

As shown in Figure 3, the input scaling factors (SFs) are denoted as Ke and Kd, while
the output scaling factors (SFs) are denoted as K0 and K1. The equation is in the form

E = Kee, ΔE = KdΔe, (8)

where E and ΔE denote the FLC inputs. The output of the FLC (U) is transformed to the
actual control signal of the T1 or IT2 fuzzy PID controllers (u) as follows:

u = K1U +K0 ∫ Udt. (9)

The employed fuzzy logic controller (FLC) is designed with 3 × 3 rules as given in
Table 1. The consequent part of the rules is described with crisp singletons. Moreover, they
are represented with five linguistic fuzzy terms, which are defined as follows: PB—positive
big; PM—positive medium; Z—zero; NM—negative medium; and NB—negative big.

Table 1. The rule table of T1- and IT2-FPID controller.

E/ΔE P Z N

P PB:1 PM:0.65 Z:0

Z PM:0.65 Z:0 NM:−0.65

N Z:0 NM:−0.65 NB:−1

In Figure 4, the membership functions (MFs) of the T1-FPID are presented for the
UAV [8,9]. There are three MFs in T1-FPID, N, Z and P abbreviated from “negative”,
“zero”, and “positive”, which are the linguistic fuzzy variables. The antecedents are defined
with uniformly distributed symmetrical triangular MFs. In this study, triangular MFs
are selected instead of Gaussian or other types of MFs. Triangular MFs provide a fast
computational time and real-time implementation [7]. Moreover, the MFs values are
determined based on empirical evaluations. The resulting control surface is shown in
Figure 4. The implemented FLC uses the product implication and operates the centre of sets
defuzzification method [36–38]. In this study, the fuzzy weighted average defuzzification
method is used, and the equation is written as Equation (10):

U = ∑M
i=1 yi f i

∑M
i=1 f i

(10)

where U is the final output of the Takagi–Sugeno–Kang fuzzy inference system [39], f is
the firing function of T1-FPID, y is denoted as consequent MFs, and M is the total number
of rules. Table 1 is used for T1-FPID.
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Figure 4. Illustrated T1 fuzzy MFs and control surface.

3.3. Interval Type-2 Fuzzy PID Controller

Just like the T1-FPID controller, the IT2-FPID controller is composed of choosing E
and ΔE as inputs and the control action of the IT2-FLC U as output as displayed in Figure 3.
The IT2-FLC has the same N = 9 rules and is presented in Table 1. The MFs of IT2-FPID
are characterised by triangular MFs, and the control surface of the IT2-FPID is given in
Figure 5. The linguistic fuzzy variables are N, Z, and P, respectively. Here, mn is the only
parameter that creates the footprint of the uncertainty of the IT2-FPID [40]. We employ the
following parameters: m2 = α and m1 = m3 = 1− α as suggested in [36,40–42]. Therefore, the
selection of the parameter (α) is vital because it directly affects U.

Figure 5. Interval type-2 fuzzy MFs and control surface.

Several methods have been used for the calculation of the controller output (U) [40,43].
In this study, the Biglarbegian–Melek–Mendel method is used [40]. The equation relating
to this method is given as follows:

ȳ = ∑M
i=1 f i

hyi

∑M
i=1 f i

h

y = ∑M
i=1 f i

l yi

∑M
i=1 f i

l
U = ζy + (1− ζ)ȳ.

(11)

where yi shows consequent MFs, M is the total number of rules (Table 1 is used for IT2), ζ is
a weighting parameter for the type reduced set ([y, ȳ]), and U is the output of FLC. Lastly,
fl and fh are defined as the lower and upper firing functions of IT2-FPID, respectively. In
Figure 5, the control surface, which selected ζ = 0.25 and α = 0.25 for IT2-FPID, is illustrated.

Parameters of T1-FPID and IT2-FPID are selected aggressively by using rule-based
FLCs and MFs. The ζ and α parameters are selected by trial and error so that an aggressive
control surface is created for IT2-FPID, then it is defined as ζ = 0.5 and α = 0.25 in the study.
After that, a comparison of the control surfaces (ΔU) of the T1-FPID (UT1) and IT2-FPID
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(UIT2) is presented in Figure 6, taking into account their aggressiveness and smoothness.
The differences between them are formulated as ΔU = UT1 −UIT2. An aggressive control
action is characterised by a relatively higher control action output compared to the others.
Specifically, if a line lies above another line in the positive region where E, ΔE ≥ 0 (or below
in the negative region where E, ΔE < 0), the resulting control action is deemed aggressive.
Conversely, if this condition is not met, it is deemed a smooth control action.

Figure 6. The control surface differences between T1-FPID and IT2-FPID.

3.4. Optimisation Results and Simulation

All implemented controllers are optimised via the BB-BC algorithm, described in
Appendix B. The cost function of BB-BC is defined as

ISE = ∫ (e2
x + e2

y)dt. (12)

In the equation above, errors are defined for two axes as ex, ey of the UAV. The error
values are explained in Equation (6), and integral square error (ISE) is selected for the per-
formance criteria of the optimisation algorithm. In the BB-BC algorithm, the population size
is chosen as 50, and the maximum iteration number is selected as 200 for the optimisation
process of each controller. The BB-BC optimisation algorithm is used to tune Kc, Ti, and Td
for the PID controller, and the Ke, Kd, K0, and K1 parameters for fuzzy-based controllers are
tuned using BB-BC, separately. It is noticed that α and ζ are defined empirically. The BB-BC
approach evaluation over simulated data is performed within the Matlab environment [44].
The computation times for the controllers are measured between 1 and 4 ms; these values
are negligible considering the sampling time in real-time and simulation experiments. The
selected controllers and their parameters are in the Python environment [45]. Control
signals υx and υy are constrained between −12 m/s and 12 m/s during the BB-BC search.

In Table 2, parameters of the controllers and the best performance criteria (ISE) ob-
tained by BB-BC are listed. For tuning to the parameters of each controller, the position
reference points are xre f = 1.1 m and yre f = 0.52 m for BB-BC optimisation.

Table 2. Tuned parameters and their performance criteria results.

Controller Parameters ISE

PID Kc = 0.0472, Ti = 0.0052, Td = 0.0445 82,133.4
T1-FPID Ke = 0.019, Kd = 0.0019, K0 = 0.0001, K1 = 30 55,128.2
IT2-FPID Ke = 0.019, Kd = 0.0019, K0 = 0.0001, K1 = 30, (α = 0.25, ζ = 0.5) ⋆ 36,371.9
⋆: These parameters have been selected before BB-BC.
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The optimised controllers are tested on the simulation model, and the results can
be seen in Figure 7. In the simulation, the reference signals are defined as 1.1 m for the
x-axis and 0.52 m for the y-axis. They are the same as the references given in the controller
parameter optimisation process using BB-BC.

These simulation results show that the IT2-FPID controller leads to the best results,
with no overshoot, the slightest steady-state error, and the rise time. In addition, T1-FPID
gives a smoother response than the PID controller. Considering the compared controllers,
they do not have the same system responses in both axes due to the fact that the feedbacks
of the UAV in both axes have different levels of noise. The aim of choosing different levels
of noise is that the payload is not connected to the CoM of the UAV, and it will have a
directly different effect on the axes. Oscillation and steady-state errors seen in Figure 7
are caused by the Gaussian disturbances added to the simulation model in the testing
stage to show the robustness of the compared controllers against external disturbances.
Gaussian distribution parameters for the x and y axis are defined as N(0, 5) and N(0, 15),
respectively. After testing the controllers in the simulation, the controllers are implemented
in the UAV.

Figure 7. Testing results of the compared controllers in the simulation.

4. Indoor Testing Area

In Figure 8, an overview of the system, including the proposed IT2-FPID-based
position controller, is shown. Figure 8 presents the overall structure of the system, including
the proposed IT2-FPID-based position controller. Reference signals and controls and
position estimates are calculated on the computer controlling the UAV remotely. The
computer used in the real-time experiments has Intel i7 CPU, 32 GB RAM and NVidia
GTX 1650Ti GPU. The generated outputs of the computer are the reference signals of the
UAV. Moreover, the Python 3.10 environment is used in the system [45]. The computer
and the UAV communicate via a Wi-Fi communication protocol. The design process
of the main system starts with the generation of the reference signals for the desired
UAV trajectory. Considering the main system, the process starts with the reference path
generation. There are two different reference points in the proposed approach. The first
one is about disturbing the payload. It means that when the UAV tracks the reference
points using a stick, it is disturbed, and the flex cable-connected payload is a disturbance.
Then, the second test is initiated as coverage path planning (CPP). Next, the offline CPP is
explained, and the resulting reference points are given [46–48]. The last part is about how
to detect the UAV position with a camera and vision-based localisation algorithm. In the
following two sections, these are explained intensively.
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Figure 8. Fuzzy logic-based position control system.

4.1. Intel RealSense Depth Camera and Vision-Based Localisation Method

In this study, an Intel RealSense depth camera is used for the experiments [49], as it is
a low-cost localisation system [8,50]. There are several advantages to using this particular
depth camera in terms of its size, camera specifications and 3D Cartesian coordinate
detection. Moreover, it has a 69○ × 42○(α × β) field of view (FoV) for the RGB sensor,
1280× 720 px2 resolution, and a 30 fps RGB frame rate.

To find the localisation of the UAV, RGB colour detection is used to track it. A red-
coloured circle piece is put on the region of interest of the area, and the colour parameters
are measured as shown in Table 3. These colour parameters are in the hue, saturation, and
value colour space (HSV). Moreover, the HSV values have maximum and minimum limits,
which are shown in Table 3.

Table 3. Camera HSV parameters.

HSV Hue Saturation Value

Maximum Values 160 60 0
Minimum Values 200 255 255

After detecting the HSV parameters, some trigonometric formulas are used to find
the transformed centre points of the UAV. Figure 9 shows the three-axis sizes of the testing
area (x, y, z ∶ 200, 150, 250, respectively), camera position, UAV altitude level (za ∶ 90 cm),
and detected surface on the UAV.

Figure 9. Camera trigonometric formation scheme and the UAV position.

In Equation (13), the raw centre points of the UAV (x̂px and ŷpx) are defined, which
are converged to the transformed centre points. In the matrix, sx, sy, shx, shy and tx, ty
stand for scale factors, shear factors, and translation factors, respectively. Moreover, these
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parameters are determined by using “Computer Vision Toolbox for Matlab” [44] and using
the following model: ⎡⎢⎢⎢⎢⎢⎣

x̂px
ŷpx
1

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣

sx shy 0
shx sy 0
tx ty 1

⎤⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎣

xpx
ypx
1

⎤⎥⎥⎥⎥⎥⎦. (13)

Normally, this calculation is set for the two axes because the z-axis is fixed. For the
calculation for the three axes, the trigonometric formula is used via Equation (14). In this
equation, Mx and My show the total number of pixels for the x-y axes, and also σx and
σy are defined as the relative mounting angles of FoV. Lastly, h (or z-axis) is used for the
distance between the camera and the ground or floor. In Figure 9, the x-y-z-axes dimensions
are given as 200 cm, 150 cm, and 250 cm, respectively, and by accounting for the following
relations:

xobs = −ztan(σx + β(ŷpx/Mx − 1)),
yobs = −ztan(σy + α(x̂px/My − 1)). (14)

4.2. Coverage Path Planning

This section presents the implemented CPP algorithm. CPP is another challenging
problem for UAVs [46–48]. The UAV aims to track the specific points defined by using the
CPP method.

In Figure 10, the boundaries, starting point, and the specific reference of the CPP lines
are shown and coloured yellow, black, and turquoise, respectively. This is because the UAV
has a task: reaching the specific points, which are the endpoints of the path segments. The
following relation is used:

d = w.(1− υ). (15)

Figure 10. Example of coverage path planning.

The shape, length, and direction of the path constructed by the CPP algorithm depend
on d, w, and ls values, and these correspond to the distance among rows, the half of the
camera footprint, and the width of the original polygon, which is swept, respectively,
and the percentage of vertical overlap between the width of the camera footprints on
consecutive rows are denoted by υ and with a total number n of turns equal to

n = ⎧⎪⎪⎨⎪⎪⎩
2.⌈z/d⌉ if (z mod d) ≤ w/2,
2.(⌈z/d⌉ + 1) if (z mod d) > w/2.

(16)

The total number of turns n resulting from the CPP algorithm is given in Equation (16),
and this algorithm aims to minimise n to some degree, as it can be seen that this number
depends on the z value, which is a function of the polygon width that is z = ls − w/2.
Therefore, the direction in which the polygon width is defined determines the value of n.
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If the gap between the last row of the created path and the vertex or the edge of the
original polygon is greater than half of the camera footprint w, then an extra row is added to
the end of the path to reduce the gap as mentioned earlier; therefore, the distance between
the last row and the original polygon might be less than w/2. In Figure 11, the difference
between the distances from the border of the polygon to the initial row and the last row of
the CPP path is an example of this case. The optimal line sweep direction and the path are
determined by the following algorithm given in Algorithm 1 [46,47].

Algorithm 1 Basic CPP algorithm.
Step 1: (Farthest vertex v from the edge e)
For each edge, find the farthest vertex with respect to Euclidean distance and keep this (e,
v) pair and the calculated distance value.
Step 2: (Minimum distance pair (e,v))
Compare the distance values and find the (e, v) pair which gives the minimum distance
value.
Step 3: (Orthogonal direction vector)
The optimal line-swept direction is the vector that is orthogonal to the edge from the (e, v)
pair found in Step 2, and the rows constructed by the CPP algorithm will be parallel to
this edge e.
Step 4: (Path construction)
The path is defined by the way points that are connected by line segments. These way
points are placed in such a way that the line segments connecting them are parallel to the
edge on which the polygon width is defined and the distance between a way point and
the border of the polygon satisfies the camera footprint requirements.

The CPP algorithm is employed in the testing area offline as shown in Figure 11. After
reference-point generation by the CPP algorithm, all the controllers implemented in this
study are tested over the area.

Figure 11. Coverage path planning for the UAV.

In the following section, the training and the testing results of the compared controllers
are given, and it is shown that the best performance results are obtained by the IT2-FPID
controller.

5. Real-Time Experimental Results

In this section, the performance of the IT2-FPID controller is compared with the PID
and the T1-FPID controllers by the data gathered from real-time experiments. All experi-
ments are in two parts: without/with disturbance and payload on the set-point tracking.
The tuned parameters without payload using the BB-BC algorithm are employed in the
UAV. After that, the set-point tracking shows all the results of the compared controllers
under the flexible cable-connected payload and disturbance effects. Comparison results
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for these controllers are shown as root mean square error (RMSE) values. The sampling
time (Ts) is chosen as 055 ms. The selected optimal value of Ts and the UAV IP address
are communicated via Wi-Fi from the computer to the UAV. The latencies are taken into
consideration, and these have a minimal impact on the real-time algorithm performance.
The performance of the proposed approach can be observed via the video file provided as
Supplementary Material.

The implemented controllers are tested for three cases. First, the UAV tracks the set
point without any disturbance and the payload. Secondly, the controllers try to stabilise
the system under disturbance and the payload. Additionally, the square reference points
are given to the UAV. The last case is giving the reference path for the UAV by the CPP
algorithm. In the CPP scenario, any external disturbance is not applied because when
UAV follows the reference trajectory, the flexible cable-connected payload may generate
disturbances on both axes due to the fact that the payload is not connected to the CoM of
the UAV.

Disturbing the payload aims to investigate the controller responses under disturbance.
In the last test, CPP aims to compare the controller performances for minimum time and
maximum accuracy. Disturbing the payload and the CPP results show the robustness of
the controller in real-time.

5.1. Set-Point Tracking without Disturbance and the Payload

Before testing with the unknown payload, all control methods and their control
parameters are tested without a connected payload. The reason for this is that the defined
controller parameters may need further fine-tuning.

In Figures 12 and 13, the PID, T1-FPID and IT2-FPID position results can be seen. The
reference, PID, T1-FPID, and IT2-FPID are coloured black, green, blue, and red, respectively.
The starting point of the UAV is selected as x0 = 0.2 m, y0 = 0.2 m, and the reference points
are chosen as xre f = 1.1 m, yre f = 0.52 m.

Figure 12. Set-point tracking results on the x-axis.

In Figure 12, the IT2-FPID results show the best performance compared to other
controllers regarding settling time, oscillation, steady-state error, and overshoot. PID gives
more overshoot and then arrives at coverage of the reference area after 31 s. T1-FPID has a
slower response compared with IT2-FPID, but it also reaches the reference faster than PID.
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Figure 13. Set-point tracking results on the y-axis.

In Figure 13, unlike the results on the x-axis, all the controllers do not achieve good
results on the y-axis. Significantly, the PID controller has an overshoot problem and does
not reach the reference or converge to the circle. Moreover, IT2-FPID looks faster than
T1-FPID, and the system response is the best.

5.2. Set-Point Tracking with Disturbance and the Payload

The results of set-point tracking with disturbance and the payload consist of two
different parts. The first relates to payload disturbing, and the second applies to CPP. In
this part, all controller structures are tested under disturbance. The payload is disturbed
using a stick to implement the disturbances as external disturbances, directly impacting
the system stability. After that, in the CPP scenario, the disturbances are generated by
themselves as explained in the aforementioned above section.

In Figure 14, the disturbance effects are seen on the x-axis. PID and T1-FPID give slow
responses, and generally, they do not reach the reference points. IT2-FPID is not as affected
as the others.

Figure 14. Disturbance results on the x-axis.

In Figure 15, the biggest problem for all controller types is on the y-axis. The PID
cannot guarantee stability under disturbance, and T1-FPID and IT2-FPID show a slight
overshoot.
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Figure 15. Disturbance results on the y-axis.

After the disturbance-based results, some specific points are given for each controller.
The second experiment of the IT2-FPID controller is coverage path planning. Each vertex of
the coverage path planning is fixed and determined before the test, and these are given as
reference points. The reference point changes to the next vertex when the UAV converges
or reaches the current vertex. Considering the task compilation time, IT2-FPID, T1-FPID,
and PID complete the task in 74.55 s, 112.35 s, and 120.15 s, respectively. In addition to a
faster completion time, IT2-FPID also shows better results in other ways.

The first experiment of the CPP is the PID controller structure for the real-time UAV
with a flexible cable-connected payload as shown in Figure 16. PID shows a small steady-
state error and slower system response on the x-axis. However, PID has a problem on the
y-axis. It does not reach the reference points properly.

In Figure 17, T1-FPID does not show promising results compared with the PID results
on the x-axis, but it completes the task time faster than the PID controller; these results are
plausible. However, T1-FPID oscillates on the y-axis. This issue can be explained by the
fact that the payload is not at the CoM of the UAV but nearer the front side. Therefore, the
problem on the y-axis is expected for all of the controller’s structures.

The last and the best results achieved with the IT2-FPID are shown in Figure 18. It
completes the CPP task in 74.55 s. In addition, it has a better settling time, oscillation,
and steady-state error in terms of minor errors and short time. Although the payload
position problem on CoM exists for the other controllers, IT2-FPID overcomes the problem
steadfastly.

Figure 16. Coverage path planning with PID.
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Figure 17. Coverage path planning with T1-FPID.

Figure 18. Coverage path planning with IT2-FPID.

The experimental results on each axis are analysed separately. RMSE is chosen as a
performance index for the comparison of the controllers. In Table 4, the results of RMSE on
the x-axis are shown. The best results of each experiment are IT2-FPID on the x-axis.

Table 4. RMSE values on x-axis.

RMSE Values (m) PID T1-FPID IT2-FPID

Set-Point Tracking 0.2275 0.2255 0.2218
Under Disturbance 0.5574 0.5490 0.4971
CPP Results 0.5719 0.5597 0.4540

As far as the RMSE values obtained in the set-point tracking scenario and in the
testing against the disturbance, that is, disturbing the payload with a stick, are considered,
IT2-FPID shows almost two times better results when compared to PID and T1-FPID as
given in Table 5.

Table 5. RMSE values on y-axis.

RMSE Values (m) PID T1-FPID IT2-FPID

Set-Point Tracking 0.137 0.0964 0.0805
Under Disturbance 0.3103 0.1877 0.1810
CPP Results 0.1338 0.1298 0.1068

In summary, IT2-FPID has the best performance results in all two robustness tests.
Considering the aim of the testing for IT2-FPID, the minimum task time, and RMSE values,
maximum accuracy is obtained. However, although T1-FPID is not as good as IT2-FPID, it
has better results than the compared PID controller. In the simulation, 20 independent tests
are conducted, and then 5 independent tests are run in the real-time system.
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6. Conclusions and Future Works

In this study, the flexible cable-connected unknown payload, which is a challenging
engineering problem, is described. The challenging problems are related to the swinging
unknown payloads and point-based reference trajectories. For this challenging engineering
problem, a proportional–integral–derivative (PID) controller, type-1 Fuzzy PID controller
(T1-FPID), and interval type-2 Fuzzy PID controller (IT2-FPID) are tuned and implemented
on a real UAV. The control algorithms are generic and can be applied to different types
and sizes of UAVs, although the experiments are performed using a DJI Tello UAV. The
performance of the IT2-FPID is also compared against a PID and a T1-FPID controller.
After set-point tracking and robustness testing via disturbing the payload with a stick and
changing the reference points in coverage path planning (CPP), causing the payload to
swing, the experimental results show that the IT2-FPID is better than the controllers. There
are different aims for each test, such as minimum task time and RMSE. Disturbing effects
of the flexible cable-connected payload on the UAV are shown throughout the experiments.
These adverse effects can be eliminated by the three compared controllers to some point,
but the results show the superiority of the IT2-FPID. As an example from the experiments,
although the PID controller may solve the trajectory-tracking problem, the uncertainties,
such as the unknown payload connection via flexible cable and disturbing the payload,
lead to highly detrimental results for the PID controller. Thanks to implementing the
IT2-FPID controller, these problems are eliminated considerably. Consequently, the system
stability is guaranteed without considering the changes in the system dynamics equations
and redesigning the controller.

After the controller design, the sensor part of the UAV will be improved to achieve
better accuracy. In order to improve the sensor accuracy, the noise distribution will also be
investigated, and then the system will be tested both in the simulation environment and in
real time. According to the type of distribution, a filter design will be included to eliminate
such noise and general disturbances. Lastly, a theoretical analysis of the performance of the
proposed approach under internal and external disturbances is a topic of future work.
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Appendix A. UAV Linear Model

The transformation between the body-fixed frame and the inertial frame is achieved
with a rotation matrix R for inverse mapping and a transitional matrix T [8,9,32,51] of
the form

R = ⎡⎢⎢⎢⎢⎢⎣
1 0 −s(θ)
0 c(φ) c(θ)s(φ)
0 −sin(φ) cos(φ)c(θ)

⎤⎥⎥⎥⎥⎥⎦, T = ⎡⎢⎢⎢⎢⎢⎣
1 s(φ)t(θ) c(φ)t(θ)
0 c(φ) −s(φ)
0 s(φ)/c(θ) c(φ)/c(θ)

⎤⎥⎥⎥⎥⎥⎦. (A1)
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In this study, the heading angle of the UAV—yaw (ψ)—is fixed and is equal to ψ = 0○.
For this reason, the defined rotation matrix form is R = RφRθ .

Unlike the nonlinear model of the UAV, the definition of the linear model is represented
with simpler equations. As a consequence, U shows the control input values of the system
of Equation (A2):

U = [FB
thrust τφ τθ τψ]. (A2)

Equation (A3) is obtained from the equation corresponding to each U input value:

U =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

FB
thrust
τφ

τθ

τψ

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡⎢⎢⎢⎢⎢⎢⎢⎣

b b b b−bl −bl bl bl−bl bl bl −bl−d d −d d

⎤⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ω2
1

Ω2
2

Ω2
3

Ω2
4

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (A3)

ẇB = I−1
B τB

rotor =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
Ix

blτφ/√2

1
Iy

blτθ/√2

1
Iz

dτψ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (A4)

In the above equations, Ωi denotes the angular velocity of the UAV propeller, d is the
drag coefficient of rotors, and l is the distance between the rotor and CoM. When writing
the inertia matrix (IB) for each torque, they are defined as inertia tensors (Ix = 0.679× 10−2,
Iy = 0.679× 10−2, Iz = 1.313× 10−2 [24,34]).

To linearise the equation above by using the Taylor approximation, the following
equation is used:

Ui = U0
i + dUi

dΩi
∣Ω0

i
(Ω −Ω0

i ). (A5)

In the equation above, the subscript of (.)0 means the hovering mode condition of the
UAV. Therefore, the UAV hovering operation point is given by the following equation:

U0 = [mg 0 0 0]T ,

Ω0
i =
√

mg
4b

.
(A6)

⎡⎢⎢⎢⎢⎢⎣
ẍ
ÿ
z̈

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣

g(s(ψ0)φ + c(ψ0)θ)
g(s(ψ0)θ + c(ψ0)φ)

FB
thrust

⎤⎥⎥⎥⎥⎥⎦. (A7)

Appendix B. Big Bang–Big Crunch Optimisation Method

To find the optimal parameters of the controllers, we use the Big Bang–Big Crunch
(BB-BC) optimisation method. The proposed optimisation method has shown a faster
response than the global optimisation methods [31]. The BB-BC exists in two primary
phases. The “Big Bang phase” involves randomly distributed candidate solutions across
the search space, followed by the “Big Crunch phase,” which involves calculating the
population’s centre of mass using a contraction procedure. Like other evolutionary search
methods, the initial Big Bang population is produced randomly over the search space.
Similarly, all following Big Bang phases are randomly distributed around the centre of
mass or the best-fitted individual.

In [31,52], the working concept of this evolutionary approach consists of changing a
converging result into a chaotic state, which is a new set of solutions. The algorithm starts
by generating a random population of candidates for calculating fitness values. Using
Equation (A8), the centre of mass is calculated, and the selection is based on either the
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best individual (fitness value) or the centre of mass. Similar to evolutionary computing
(EC) algorithms, a new set of candidates is generated based on the previously selected
individual via adding or subtracting a random number whose value changes adaptively.
The whole process is then repeated (without the initialisation) if the stopping criterion has
not been met.

During the Big Crunch, a contraction method is used after the Big Bang. The con-
traction operator computes a centre of mass using the current locations of each candidate,
resulting in the population and its associated cost function value. The centre of mass xc
position may be calculated using the following formula:

xc = ∑
N
i=1

1
f ixi

∑N
i=1

1
f i

. (A8)

where xi is the candidate position, and f i is the cost function value for each candidate i and
population size N. The new value xnew

i is

xnew
i = xc + σ. (A9)

where xi is the new candidate result and σ gives the standard deviation of a standard
normal distribution.

For the next iteration Big Bang phase, the new generation is distributed around xc as
follows:

σ = rα(xmax − xmin)
k

, (A10)

In Equation (A10), the standard deviation reduces as each repetition progresses. More-
over, r is a random number and α is a parameter bounding the size of the search space
and

xnew
i = xc + rα(xmax − xmin)

k
. (A11)

Here, the maximum and minimum limits are given as xmax and xmin, respectively.
Additionally, k is the number of iterations for the optimisation. While, typically, distributed
numbers may exceed ±1, the population must be limited to the search space boundaries.
Therefore, the candidate results are constrained inside the search space boundaries due to
this narrowing.
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