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Preface

Finite-time thermodynamics (FTT), as an area of theoretical study and its associated applications,
was initiated 50 years ago. As is often the case when new concepts crystalize, stray ideas about “what
if” had appeared earlier (e.g., Chambadal in 1957, Novikov in 1958, Curzon and Ahlborn in 1975, and
Weinhold in 1975), but it was only in 1976 that a more comprehensive theory started to evolve. At
the same time, it became clear that the restriction of finite-time, or more generally finite resources,
is pervasive for all real processes. The “finite-time” idea spread to chemistry, physics, quantum
mechanics, economics, engineering (under a different name and with preciously few references to its
origin), and, in more recent years, biology. It is now a solidly established field with an exceptionally
wide range of applications.

In the present Special Issue of Entropy, we have collected 14 papers that provide a wide range of
current topics for which finite-time is a crucial element, with some being very abstract, very applied,
or moving in unexpected directions. To set the stage, Boye Ahlborn and Frank Curzon provide a
personal view of the beginnings half a century ago. Much more FIT and FI'T-inspired research is on
its way. Happy reading.

Bjarne Andresen and Peter Salamon
Guest Editors
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Editorial

The First Fifty Years of Finite-Time Thermodynamics

Bjarne Andresen '* and Peter Salamon 2

Niels Bohr Institute, University of Copenhagen, Jagtvej 155 A, DK-2200 Copenhagen N, Denmark

2 Department of Mathematics and Statistics, San Diego State University, San Diego, CA 92182-7720, USA;
psalamon@sdsu.edu
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1. Background

The year 1975 marked the beginning of an entirely new direction for thermodynamics
with the publication of Curzon and Ahlborn’s innocent-looking short paper “Efficiency of a
Carnot engine at maximum power output” [1]. That paper not only ignited what became known
as Finite-Time Thermodynamics (FIT), it is also an important story about how significant
new ideas come out of casual conversations, totally unplanned, and all the trouble the
originators have to go through to get their ideas published. We are very fortunate that Boye
Ahlborn and Frank Curzon were willing to tell us about the birth and publication troubles
of the main idea behind FTT in their paper “The hunt for new understanding” in this volume.
The fact that overcoming the obstacles ended in success should be an encouragement to all
young scientists with unconventional ideas: Persevere and you will win.

One thing is writing the “spark” that starts a new development. But that only works
if the scientific environment is ready for the change. In 1975, three additional facts came
together. (1) Prof. R. Stephen Berry had recently taken up his position at the University
of Chicago. The terrible air quality in Chicago at the time reminded him of his earlier
interest in incorporating time into thermodynamic analyses and prompted him to start
pondering possible ways of reducing waste in industrial processes. (2) Prof. Peter Salamon
had just started his Ph.D. studies under Prof. Berry with a desire to work out a differential
geometrical formulation of thermodynamics. Finally, (3) Prof. Bjarne Andresen had
just come to postdoc with Prof. Berry on atomic collision theory. This small diverse
group caught the generality and importance of Curzon and Ahlborn’s result restricting
the duration of a thermodynamic process. Time is fully as important as a thermodynamic
variable as the various free energies are, not merely as an evolution parameter used in
kinetics, but as a key ingredient in calculating realistic efficiencies. For the full details,
see [2]. The scientific world was ready for this new view on thermodynamic optimization,
and many young researchers soon joined the effort.

To be honest, the idea of limiting the duration of a thermodynamic cycle had ap-
peared in print earlier than the Curzon—-Ahlborn paper, but for less general systems, in
conference proceedings, and in local languages (see [3] for a historical account). All of
these circumstances prevented the idea from being noticed. It only caught the attention
of the scientific community as presented in 1975 by Curzon and Ahlborn, unaware of the
previous attempts.

Our own first paper on FIT from 1977 [4] was the first to pick up the idea and coin
its name; that is why we celebrate the 50th anniversary of Finite-Time Thermodynamics
this year. Actually, we were in a dilemma as to whether the celebration should include a
Special Issue of Entropy, considering that we, for unrelated reasons, collated an FTT Special

Entropy 2026, 28, 49 1 https://doi.org/10.3390/e28010049
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Issue just a few years ago [5]. In the end, we decided that the importance of the 1975 paper
was large enough to carry another Special Issue. We hope that you agree.

Some people have argued that Finite-Time Thermodynamics was not a good name
for what the topic has evolved into, e.g., that it should have been called Finite-Resource
Thermodynamics instead. To a certain extent, we understand such wishes since many of
the ideas behind FTT have turned out to be so general that they also apply to limitations
on other quantities like heat exchange area, chemical reaction rates, memory, and capital.
Furthermore, the basic theory to be extended does not have to be thermodynamics, it can
also be economics, computer science, or other disciplines. Thus, “time” in FIT can be read
in a very general way as anything, which is limited in a dynamic system by construction.

However, for thermodynamics, time is a very special quantity. Besides designating the
direction of evolution, as it does also in many other fields, it shares with extensive variables
the property that it measures one of the net changes in a process. The traditional naming of
thermodynamics was always a little inappropriate since the dynamics are not specified and
in fact it was traditionally what has come to be called comparative statics—enabling the
comparison of the static initial and final equilibrium states. The net changes in the extensive
variables traditionally gave bounds on the possible values of the process variables such
as work, heat, and entropy production associated with the process. Our original goal in
extending thermodynamics to finite time was to add one more net effect: the time elapsed.
This additional net effect would result in more stringent limits on the process variables
while keeping the comparative statics framework intact, i.e., keeping the limits dependent
only on the net effects of the process. This comparative statics framework had previously
been borrowed from thermodynamics for economic analyses [6] where it is oft used to
this day.

The first focus of FTT was the limited time allotted to the completion of the chosen
process and the influence that this has on the efficiency of that process. A second important
element in FTT is the definition of a metric among the relevant thermodynamic variables
from which a length of the reaction path can be calculated and in turn used to bound the
dissipation in that process. Such a metric was defined in 1980 [7], curiously growing out of a
re-formulation of the Maxwell relations in quantum-mechanical bra—ket notation [8], in an
effort to make them more understandable. This metric, available in a wide selection of basic
coordinates, only further expanded the generality of FTT, e.g., into statistical mechanics,
information theory, and quantum mechanics.

2. Content

We start out this Special Issue celebrating the first 50 years of Finite-Time Thermody-
namics with Boye Ahlborn and Frank Curzon’s own account of how they got the idea and
the trouble they had getting it published, “Maximum Power Efficiency”.

Next, Anatoly Tsirlin, Alexander Balunov, and Ivan Sukin give a review on how the
ideas of FTT are equally useful within economic theory in “Finite-time thermodynamics:
problems, approaches, results”.

Gregory Behrendt and Sebastian Deffner go beyond the usual chemical energy range
and analyze “Endoreversible Stirling cycles: plasma engines at maximal power”, showing that
only the functional form of the equation of state being linear in temperature and additive
in volume are important, not its further details.

Also Xiu-Hua Zhao and Yu-Han Ma go back to basics and provide a closer look
at the historical Yvon engines in “Revisiting Endo-Reversible Carnot Engine: Extending the
Yvon Engine”.

2 https://doi.org/10.3390/e28010049
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In a more practical approach, Frangois Lanzetta focuses on “Compressor power and
efficiency optimisation: a finite time thermodynamics approach”. In particular, he studies the
influence of suction and discharge tube diameters and of gas pressures.

Stability of finite-time engines against perturbations of their assumed path is important.
Julian Gonzalez-Ayala, David Pérez-Gallego, Alejandro Medina, José M. Mateos Roco,
Antonio Calvo Hernandez, Santiago Velasco, and Fernando Angulo-Brown analyze the
stability regions for different optimality criteria in their paper “Linking optimization success
and stability of finite-time thermodynamics heat engines”.

In “Re-Evaluation of the Extremum Rate of Entropy Production Principles and the Fourth
Law of Thermodynamics”, Anil Bhalekar and Vijay Tangde attack the issue of stability in
more general terms by using Lyapunov stability theory to connect the Fourth Law of
thermodynamics to the rate of entropy production and how to control it.

Related to this, Sergey Amelkin shows that any macrosystem, thermodynamic or not,
described by extensive (i.e., proportional to size) variables and under the influence of inten-
sive (i.e., independent of size) forces may be described by the same theory; “Thermodynamic
Theory of Macrosystems: Entropy Production as a Metric”.

Ricardo T. Pdez-Herndndez, Juan Carlos Pacheco-Paez, Juan Carlos Chimal-Eguia,
Delfino Ladino-Luna, and Javier Contreras Sdnchez describe the efficiency of their heat
exchangers in terms of their respective “Number of Transfer Units” (NTUs) and distinguish
between a number of performance situations using different objective functions in “Transfer
irreversibilities in the Lenoir cycle: FTT design criteria with e-NTU".

Since his initial papers mentioned above [8], Frank Weinhold has used his bra—ket
notation and associated reaction coordinates widely in atomic physics. In “Thermodynamics
of Intrinsic Reaction Coordinate (IRC) Chemical Reaction Pathways” he describes many uses of
such state-dependent intrinsic reaction coordinates focusing on the full reaction paths, not
just the initial and final states.

Abhishek Dutta, Bitan Mukherjee, Sk Aftab Hosen, Meltem Turan, Denis Constales,
and Gregory Yablonsky solve chemical kinetics rate equations using artificial intelligence
in the form of so-called “physics-informed neural networks” (PINNs), i.e., the physical and
chemical equations are built into their training data sets. The results for “conservatively
perturbed equilibrium” systems are presented in “A Physics-informed neural network (PINN)
approach to over-equilibrium dynamics in conservatively perturbed linear equilibrium systems”.

In “Finite-Time Thermodynamics and Complex Energy Landscapes: A Perspective”, Christian
Schon has written an extensive review on how FTT is being used successfully to generate
efficient pathways for the synthesis of desired molecules.

Finally, Bernard Guy explores the philosophical aspects of FIT by connecting it to
relativity for a geological example in “(Finite-Time) Thermodynamics, Hyperbolicity, Lorentz
Invariance: Study of an Example”.

3. Generality of FTT Ideas

Thermodynamics, originally developed by Carnot to model the efficiency of heat
engines, was soon after extended by Gibbs to analyze chemical reactions. Similar extended
analyses have had unbelievable applicability in other areas as well, e.g., computer science,
quantum mechanics, and economics. The reason is that thermodynamics is really a theory
(description) of the flow of conserved quantities, driven by a relevant force, through
surroundings that resist such flow. Many natural as well as abstract setups fit this general
description. Hence, it is not surprising that thermodynamic ideas may be carried over to
seemingly unrelated disciplines ranging from real applications in engineering to abstract
information handling in computer science, economic trading, and beyond. That, of course,

3 https://doi.org/10.3390/e28010049
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goes for FTT as well. This feature has also made it a lot of fun to work in this area, offering
chances to interact with colleagues from many different specialties.

What ties all the many uses of FTT together is “the cost of haste”. Quite universally,
as soon as you try to push any dynamic system to go faster, you need to increase the
gradients driving it. FIT tells you how to do it wisely, i.e., with a minimum of dissipa-
tion. Importantly, that is not necessarily the path that free-running kinetics would take.
Rather, the path generally should be uniformly close to the reversible (infinitely slow) path.
The driving sequence necessary to achieve the optimal path is sometimes called counter
diabatic [9]. The most recent development in this direction includes the cost of measuring
(checking) the actual time evolution of that path. This involves a balance between energy,
speed, and accuracy [10], a very interesting combination.

4. Where Is FTT Headed?

It is hard to imagine any field where the finite-time concept will not have an important
role. Humans are impatient, so anything we want to do, be it in science, technology,
economics, or psychology, should be completed as quickly as possible and at as low a
cost as possible, i.e., minimizing “the cost of haste”. At the end of our previous Special
Issue [11], we concluded with a summary entitled “Future perspectives of Finite-Time
Thermodynamics” in which we were quite specific about several future avenues.

The one additional specific thermodynamic development we would hope to see in the
near future is a theory for counting compensated dissipation in analogy to Clauisus’ concept
of “uncompensated heat” [12] as the work not harvested in a process but dissipated as
heat. With such a measure we could examine real processes and have some clear methods
for counting how much of the dissipation in the process is inescapably due to each of the
different constraints acting in the process. Methods for accounting losses in this manner
would be invaluable for process design and for understanding entropy production in
biological processes. In this latter direction, we would hope for methods to spell out the
entropy production that must be present to account for the choreography involved in the
various steps of a process and in the material translocation of the reactants and products
for the various steps of a complex reaction network.

Many things have been developing as we forecasted back then, but one direction has
gone faster than our prior expectation: Al (artificial intelligence). Being a massively large-
scale informational process, it naturally also follows thermodynamic/statistical mechanical
principles and its workings can be optimized for efficiency. Not least when going to the
next level, AGI (artificial general intelligence), the efficiency in time, power consumption,
and accuracy of results will continue to be very important.

Other fertile directions also remain. In particular, we expect further breakthroughs
based on counter diabatic driving, quantum computing, and in pushing our understanding
further along biochemical pathways.

5. Lessons Particularly for Young Researchers

- Believe in what you are doing regardless of opposition from the establishment.

- Look for concepts and principles and search for equivalents outside your main field.
Your results will undoubtedly apply there too, under different names. Have an open
mind, but be quantitative.

- Youdid not work hard in research just to solve somebody else’s problem, but to search
for insight into unknown territory.

Conflicts of Interest: The authors declare no conflict of interest.
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Boye Ahlborn * and Frank Curzon
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New research often starts with vague, dream-like ideas, conversed on over coffee in
the free flow of animated discussions about physics, the growing up of one’s children,
politics, and the success of the local ice hockey team.

Neither of us—Frank Curzon and myself—had any theoretical aspirations. Frank
lectured on an E&M course and his students worked on Z-pinch experiments, and my
students worked on pressure- or energy-driven plasma flow, like shock waves, plasma jets,
and chemical detonations; I was just preparing lecture notes on thermodynamics.

One day, I casually mentioned that the Carnot efficiency is just an energy budget, one
that has nothing to do with the operation of an engine that delivers mechanical power.
Frank picked this casual comment up. He liked puzzles and played with physics relations
for amusement, and he found solutions to questions that had not been asked before.

The authors in 1975.

/y §
Boye Ahlborn Frank Curzon

After a few days, Frank came back with the observation that my hunch actually led to
an optimum for the energy conversion when energy flows into, and out of, a heat engine at
a certain rate [1]; namely, the energy transfer velocity vims, or the root mean square velocity
of a gas in thermal equilibrium.

Vims = \/3KTp/my, @
The efficiency at this maximum is
Hmax =1 =/ Teota/ Thots )

and the square root contains the ratio of energy transfer velocities:

v ,cold
V Tcold/Thot = (3)

Vrms,hot

Entropy 2025, 27, 714 6 https://doi.org/10.3390/e27070714



Entropy 2025, 27,714

Instead of the rms velocities, the average velocity, or the maximum of the velocity distribu-
tion could be used, since these velocities differ from the rms velocity only by a numerical
constant, which drops out in the ratio of Te14/ Thot-

Equation (2) is clearly different from the energy bookkeeping of the Carnot efficiency,
and we chose the name “maximum power efficiency” in a short research note—which was
rejected by two different journals. To us, however, this result looked too straightforward to
be wrong, and it came as a relief when the American Journal of Physics let it go into print,
although the referee noted that “while he could see nothing wrong with the derivation he
had doubts about the relevance of this result”.

The root mean square velocity, Equation (1), connects thermodynamic and mechanic
parameters that otherwise live independent of each other in different branches of physics:
temperature has neither time nor distance, and mechanical motion has no association with
temperature, but both deal with energy. The gap between them is closed by fundamental
physics constants and by the conservation of energy. In the case of the efficiency calculations,
the Boltzmann constant, k = 1.38 x 10723 [J/°K], is the missing link, which also appears in
the gas law

p = NKT, 4)

Connections between temperature, T, and energy also appear in radiation laws, like
Stephan’s law, which gives radiation intensity, W, as function of the temperature of a
“black body”.

W = oT4, [watt/m?K], (5)

Here, the connection comes in through the constant o = 5.67 x 108 [K*], and in Wien’s
displacement law for the maximum wavelength, Amay, of a blackbody spectrum

AmaxT =b =298 x 1072 [m-K] (6)

The parameters b, k, and o are derived from the statistical mechanics of the random velocity
distributions of particles in local thermal equilibrium. Actually, at low densities, a plasma
can have “hot” electrons, where T¢ > Tjon and each group is in local thermal equilibrium.

Energy is a unique parameter that appears in all branches of physics, including fluid
dynamics (plasma physics). This can be seen in the conservation of energy for a one-
dimensional flow, driven by the input of some energy Q {kl—g} = [?—22} which is equal to
the sum of all forms of energy per unit mass (not including electrodynamic energies): the
enthalpy increase Ah = Ap + Au (pressure p + internal energy u), the generation of kinetic
energy per unit mass %v?, and the energy lost or gained by field in terms of W [watt/m?]

of radiation or sound:

)Ly L[] w5 i

Some examples of such flow are rockets, detonations, plasma jets, and even astrophysical
radiation fronts. Another overriding principle is the conservation of mass flow J, of density
p [kgma], and velocity v [m/s]: What flows in p,v, must come out ppvy,:

J = paVa =ppVp = const [kg/sm?] )
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Equation (7) is used to refer the field energy W to the mass flow J, thus generating the
unit ] /kg. Between Q and any two of these energy forms, a conversion efficiency could
be defined.

A “hunch” is like a spark that flashes up when steel hits the grinding wheel, and lights
a fire in nearby fuel. Finite time thermodynamics was certainly not in sight at the time of
our morning coffee efficiency-speculations. Obviously, the impact of a communication does
not depend on the size of the research program, but rather on taking an unconventional
look at existing questions.

Conflicts of Interest: The authors declare no conflict of interest.
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1. Introduction. History of the Emergence of “Finite-Time
Thermodynamics” and the Validity of Its Name

The development of thermodynamics, starting with the work of S. Carnot, is closely
connected with extremal problems on the ultimate possibilities of thermodynamic systems.
Carnot would hardly have obtained a solution to the problem of the ultimate efficiency of a
heat engine if he had posed it in a mathematically rigorous manner, such as the following:
find a law T(t) of change in the temperature of the working fluid of a heat engine receiving heat
from a source with temperature T and giving the heat to a source with temperature T_ such that
the ratio p of the work produced to the heat taken from the hot source is maximal. After all, one of
the variables sought for in this problem is the duration of the cycle 7. The set of admissible
values of this variable is limited only by the condition of non-negativity and therefore is not
closed. Consequently, according to the Weierstrass theorem, which Carnot could not have
known, the problem may not have a solution. Indeed, the maximum of p does not exist.
The upper limit of the efficiency supremum is achieved in the limit as T tends to infinity.

This feature was discovered to be characteristic of other extreme problems in thermo-
dynamics (on the minimum work for separation of mixtures, on the efficiency of cycles for
systems with sources of finite capacity, etc.). The solutions to these problems are reversible
processes in which the exchange flows are arbitrarily close to zero; therefore, an arbitrarily
long time is required to exchange a finite amount of substance or energy.

Note that a reversible Carnot heat engine can also have finite power but only in cases
where the heat exchange coefficients between the heat sources and the working fluid of
the heat engine (the dimensions of the engine) are arbitrarily large. In this case, the Carnot
efficiency is the ratio of the “reversible power” to the heat flow taken from the hot source.
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Apparently, the first problem in optimization thermodynamics was the “maximum
power problem”, about a form of the heat engine cycle receiving heat from a source of
infinite capacity with temperature T and giving off heat to a source with temperature
T_, for which the power of the heat engine would be maximum. This was considered and
solved soon after Carnot’s work; however, this result was not noticed. Much later, the
problem of the maximum power cycle was solved in [1,2]. At that time, nuclear power
began to develop. The cost of building nuclear power plants is very high, and the cost
of fuel is much less than for thermal power plants. Under these conditions, obtaining
maximum power is much more important than achieving maximum efficiency.

In the problem of maximum power, instead of the quantities of heat and work, heat
and work flows appear within the kinetics of heat transfer when the dimensions of the
heat engine are arbitrarily large. The authors of the above-mentioned and numerous
other studies often solved this problem independently of each other but according to the
same scheme:

1.  Heat exchange flows in contact with each of the sources were assumed to be pro-
portional to the difference in temperature between the source and the working fluid
(Newtonian kinetics).

2. The desired cycle was assumed a priori to consist of two isotherms and two adiabats,
similar to the Carnot cycle, and the temperatures of the working fluid in contact with
the sources were selected based on the condition of maximum power, taking into
account the law of conservation of energy and the fact that the entropy flow coming
from a hot source must be equal to the entropy flow given to a cold source. The latter
meant that the processes inside the working fluid were assumed to be reversible.

It was revealed that the maximum power of a heat engine in contact with reservoirs
having temperatures T, and T is equal to

Ninax a2 (\/ﬁ_ \/Ti>2 (1)

®q + ap

where a1 and a; are heat exchange coefficients in contact with sources. The efficiency of the
maximum power cycle does not depend on the heat exchange coefficients and is equal to

T_

These works did not answer the following questions:

1.  For what heat transfer kinetics does the maximum power cycle consist of two
isotherms and two adiabats?

2. Is the efficiency of the maximum power cycle always independent of the heat trans-
fer coefficients?

3. What is the shape of the heat engine cycle that has the maximum efficiency at a
fixed power?

Answers to these questions were given in the works [3,4], in which the methods
of averaged optimization developed in [5] were used. It was found that the following
statements are true:

1. For any heat exchange kinetics satisfying the natural condition that the direction
of heat flow coincides with the sign of the temperature difference of the contacting
bodies, the maximum power cycle consists of two isotherms and two adiabats.
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2. The efficiency corresponding to this cycle for kinetics that differ from Newtonian
depends on the kinetic coefficients.

3. The cycle of a heat engine with maximum efficiency at a fixed power for arbitrary
kinetics can consist of three isotherms and three adiabats. There, a condition was
obtained under which the number of isotherms is equal to two.

The development of optimization thermodynamics from the «maximum power prob-
lem» to its current state began after the publication of the work of Curzon and Ahlborn [2].
This happened largely because the talented researchers P. Salamon, B. Andresen and K. H.
Hoffmann ended up at the Department of Chemistry at the University of Chicago, headed
by R.S. Berry. They realized that in real thermodynamic processes, thermal, mass transfer,
chemical, etc., the factor of limited duration plays a crucial role. It is important to evaluate
the capabilities of systems with an additional restriction on the duration of processes, i.e.,
in the class of irreversible processes. Thus, a new field of thermodynamics arose, which
they called «Finite-time thermodynamics» (see [6-9] and many other publications).

The name «Finite-Time Thermodynamics» (FTT) has taken hold and is hard to abandon.
However, this name cannot be considered successful. The overwhelming majority of
problems on optimal irreversible processes do not contain time at all. The processes occur
in stationary or cyclically operating systems. In the latter case, the indicators are averaged
over the cycle time and time is not included in the problem after averaging.

Three classes of problems are typical:

1. Optimal periodic processes of limited duration
2. Optimal cyclic processes
3. Optimal processes in open stationary systems.

At the same time, for any class of problems, including problems on periodic processes,
their conditions lead to non-zero flows due to their limited duration.

The correct name for this area of thermodynamics would be «Thermodynamics with
non-zero flows». It emphasizes the features of all problems arising in it.

In order to be able to use the apparatus of equilibrium thermodynamics when solving
problems that arise, the system is divided into several equilibrium subsystems, and irre-
versibility is determined only by the processes that occur when equilibrium subsystems
come into contact with each other.

Here, thermodynamic systems should be understood as all systems consisting of a
large number of interacting elements, each of which cannot be controlled. Control of such
systems is possible only at the macro level and this control imposes the same conditions on
all microelements. Such systems are called macrosystems. Examples of macrosystems may be
economic systems, where microelements are sellers and buyers, individual «households.»;
social systems, where microelements are taxpayers, transport passengers, and others. An
important class of macrosystems are segregated systems [10], whose elements (households,
units in fluidized bed apparatuses, biomass in biochemical reactors, etc.) evolve under
the influence of the environment. The parameters of the environment are determined by
external influences and the average effect of the units.

All macrosystems are characterized by the division of the variables characterizing
them into intensive and extensive. That implies the existence of processes that proceed
spontaneously in one direction, without the expenditure of external resources, and in the
other requiring the involvement of external resources for their implementation, i.e., the
processes in such systems are irreversible. The irreversibility index for any processes in
closed macrosystems increases. However, the form and the fact of the existence of such an
index require proof for each type of macrosystem. For thermodynamic systems, such an
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indicator is entropy, for economic systems, the «utility function», the proof of the existence
of which is given below. The irreversibility indicator is always the product of the flow
and the driving force causing this flow. The sign of the flow coincides with the sign of the
driving force, so their product is non-negative.

In macrosystems, there is a special subsystem, an intermediary. The intermediary (a
reseller in economics, a working fluid in thermodynamics) reduces the growth rate of the
irreversibility indicator and, due to this, extracts the target resource from the system (capital
in economics, work in thermodynamics). For the intermediary to operate, a difference in
the values of intensive variables in the subsystems is necessary. In economics, a difference
in prices, in thermodynamics, a difference in temperatures or chemical potentials.

In the following sections, we will present the formulations of typical FTT problems, then
the general methodology, and the results of their solution. Let us consider the mathematical
features of solving problems of resource exchange and optimization of cyclic processes.

The present work is a review of some results obtained by the authors in solving FTT
problems and in developing mathematical methods necessary for such a solution. Our goal
is to show by examples that FTT has developed as a complete section of thermodynamics
with its own methodology and class of problems, that it has allowed formulating and
solving problems that could not even be posed within the framework of classical thermody-
namics, that the FTT methodology is also applicable to other types of macrosystems, such
as microeconomics, that FTT required the development of averaged optimization methods,
and that there are unsolved problems in FTT.

Let us list these results:

Processes of minimum dissipation.

Construction of attainability sets of thermodynamic systems.

Extraction of maximum work from a non-uniform system in a limited time.
Limit capabilities of heat exchange systems.

Microeconomic analogies.

SN

Optimality conditions for averaged problems and Lyapunov-type equations.

2. Statements and Solutions of Problems of FTT
2.1. The Problem of Maximum Possible Productivity

Each non-isolated thermodynamic system exchanges energy and material flows with
its environment. In steady-state conditions, these flows can be stationary or periodic. In
the latter case, the flow intensity is understood as its average intensity over a period. The
mechanism of system operation (kinetics of heat and mass transfer, chemical reactions, etc.)
establishes a connection between the incoming and outgoing flows. From the outgoing
flows, a target flow can be identified or formed. Its intensity is the system’s productivity.
The incoming flows form a cost flow. For a heat engine, the target flow is power. The cost
flow is heat taken from a hot source.

The most studied types of macrosystems are thermodynamic. In the first section, we
will present the formulations, methodology, and results of solving typical problems for
such systems. In the second section we will focus on systems of an economic nature, and
in the third we will prove the conditions that determine the type of optimal solution to
problems with averaging, characteristic of macrosystems.

The problem of the maximum possible productivity of a thermodynamic system of
arbitrary nature under certain constraints and the value of the cost flow that ensures this
maximum productivity is a direct generalization of the maximum power problem.

This raises the following questions:
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1. For which systems is productivity limited from above, and for which systems, by
increasing the cost flow, can productivity be made arbitrarily large, and therefore the
problem of maximum productivity has no solution?

2. There is a system of two or more thermodynamic reservoirs and a working fluid that
contacts each of them in a steady state or alternately and produces a target flow. How
should the contacts of the working fluid be organized to obtain the maximum value
of the target flow? What should be considered the efficiency of such a system?

3. What will change if in problem 2, instead of reservoirs, there are sources of finite
capacity? In particular, what is the maximum work that can be extracted in a closed
thermodynamic system with a fixed duration? This problem coincides with the
problem of calculating the exergy of a system in the particular case where the duration
of the process is unlimited.

4. How to organize thermodynamic processes so that for a given average flow intensity
increase in entropy of the system is minimal (minimum dissipation processes)?

5. In particular, what criterion should be used to evaluate the heat exchange process?
How to organize the heat exchange process of two vector flows so that for a given
heat load and total heat exchange coefficient the entropy production is minimal?

6.  How to construct the region of realizable modes of a thermodynamic system with limited
kinetic coefficients in a space along the axes of which the flow intensities are plotted.

The above formulations, of course, do not exhaust the problems in FIT, but they allow
us to judge the nature and applied focus of the problems that arise. Note that in most of
them the duration of the process does not figure.

2.2. General Methodology for Solving Problems of FI'T, Dissipation

Thermodynamic systems are characterized by two types of variables: intensive and
extensive. The first type do not change when combining subsystems if before combining
they were equal in each subsystem (temperature, pressure, concentration ...), while the
second type are are added when combining such subsystems (volume, number of moles,
internal energy...).

In this case, subsystems can be either passive, in which case intensive variables are
determined by extensive variables and the equation of state, or active (the working fluid of
a heat engine, or an absorption-desorption cycle), in which case intensive variables (they
are controls) are selected to achieve one or another goal.

Let us first characterize the general scheme by which these and similar problems can
be solved.

e The first step in studying the ultimate possibilities of thermodynamic systems is to
compile balance relations for matter, energy, and entropy. The last of these relations will
include a term characterizing the irreversibility of processes: entropy production rate
0. It is equal to the rate of growth of the entropy of the system. This term is equal to
zero if all processes in the system are reversible, and greater than zero for irreversible
processes. The non-negativity of dissipation, due to the equations of thermodynamic
balances, determines a certain set of realizability in the parameter space of input and
output flows.

e If additional conditions of finite duration of processes, given average flow inten-
sity, and limited kinetic coefficients are imposed on the system, then the dissipation
value that is minimally possible under these restrictions is found. In any real system
0 > Oyin, which narrows the set of realizability. Now this set takes into account the
kinetics of the processes as well as the dimensions of the installation through the heat
and mass transfer coefficients.
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e The third step is to obtain from the balance equations the relationship between one or
another indicator of the system’s efficiency and the dissipation ¢. As a rule, natural
efficiency indicators monotonically deteriorate with the growth of ¢ and reach their
limit values in a reversible process, which leads to estimates similar to the Carnot
efficiency for processes of very different nature.

®  Since in a complex system dissipation additively depends on dissipation in each of
the elementary processes, an important stage of the study is to identify the conditions
of minimal dissipation. Optimal organization of processes in a complex system comes
down to coordinating individual processes of minimal dissipation with each other.

2.3. Thermodynamic Balances

Thermodynamic balances are a system of equations of material, energy, and entropy
balances [11,12]. For simplicity, we will consider them for an open system. Some flows
enter the system from outside, others are generated in the system. One of such flows
generated in the system is entropy production, which is non-negative. This circumstance
turns the entropy balance equation into an inequality. Together with the other equations, it
identifies a region of feasibility in the space of flows, the boundary of which corresponds
to reversible processes. If, however, in one way or another it was possible to solve the
problem of the minimum possible entropy production ¢,,;,, under the restrictions imposed
on the process, then the equations of thermodynamic balances with the condition ¢ > ;,;,,
identify a region whose boundary is determined by processes of minimal dissipation. This
region lies inside the region bounded by reversible processes.

Open system. Thermodynamic balances establish a connection between the flows of
each substance, energy, and entropy that the system exchanges with the environment, as well
as the occurrence of these quantities in the system and the rate of change of their quantity. We
will sum up all flows further, considering the incoming flows as positive, and the outgoing
flows as negative. We will divide the flows into convective and diffusive, marking the latter
with the index d. Unlike the convective flow, the diffusion flow depends on the difference
between the intensive variables of the system under study at the point where it enters or
leaves and the intensive variables of the environment. In addition, we will use the following
notations: j—flow index, ¢;, v;/—internal energy and volume of one mole of the corresponding
flow, and P—its pressure, 1i; = ¢; + Pjvj—molar enthalpy, /i;j—enthalpy in the flow entering
by diffusion, q,—j-th heat flow, N,—power produced by the system.

Let us present the general form of balance equations:

dE
7 = L8+ a4+ }a — Na, 3)
j j ]
dN;
= L8N Y 8aaj + 1 i W, @)
] i v
qdj — L 8djHdij '
ds i HivTiy qj
T L8 L +) +Y L +o ®)
dt ; 771 ; Td] - Ty, ; T]
Here n;, = —a;,W, is the intensity of formation of the i-th substance in the v-th reaction,

Ty is the temperature of the v-th reaction. If there are no diffusion flows, then

dE
ar ZZgjhjﬁLZq]‘*Na, (6)
] ]
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dN;
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where the number of heat flows includes heat flows released or absorbed during chemical
reactions, which depend on the reaction rate.

If we consider a stationary mode of the process, i.e., when dE /dt = dN;/dt = dS/dt =0,
then the written equations from differential equations are transformed into final relations.
When considering a cyclic process, balances can be written not for each moment in time,
but on average for the cycle of the installation. Since the state of the system is the same at
the beginning and end of the cycle, the total change in energy, amount of substance and
entropy of the working fluid for the cycle are zero. In this case, balances are also reduced
to a system of relations linking the average values of the terms on the right-hand sides of
the equations for the cycle.

For closed systems consisting of several equilibrium subsystems, thermodynamic
balances have the form

B =Y B No=Y N, =Y,
1 1 1

where i is the subsystem number, and index 0 refers to the system as a whole. In turn, E;,
N; and S; are determined by the relations (3)—(5).

3. Processes of Minimal Dissipation

The requirement of minimum entropy production in processes of a given average
intensity leads to the problem of such an organization of the process, in which the entropy
production associated with it will be minimal [13]. Let us present a scheme for solving this
problem for the scalar case.

Let two bodies contact, characterized by their extensive variables Y (volume, internal
energy, entropy, number of moles of substance, ...) and intensive u (temperature, composition,
pressure, .. .). The difference in intensive variables leads to the appearance of an exchange flux
J. The entropy increase over time L is equal to the integral of the product of the flux | and the
driving force X, which, like J, depends on the intensive variables. Moreover, | and X always
have the same sign. Dissipation is equal to the average rate of entropy increase. In this case,
the intensive variables themselves depend on the extensive ones due to the equation of state.
We will assume that the intensive variable 15 of the second of the two contacting systems can
be changed in an optimal way, and u1 changes due to the influence of the exchange flow on it.
The average value of the flow is given. The problem will take the form:

L
7= [ 101, 12)X (s, )l — min ©)
L . ueVv
0
under conditions
du
711 = @(uy,uz), u1(0) = 1y, (10)
. L
; /](ul,uz)dl ~7 (11)
0

15



Entropy 2025, 27, 649

In these equations 1 is the duration of contact.

The value of L can be either fixed or subject to optimal selection.

The optimality conditions for this problem, as well as the optimality conditions for
vector flows characterized by Onsager kinetics, are given in [14,15]. For the most important
case, when

@(u1, u2) = c(u1)](u1, u2) (12)

we obtain

(13)

J?(uq, up) = A2<a](”1r”2) : aX(ul,uz))

auz 8u2

4. Form of the Realizability Region

Let the organization of processes in the system correspond to the conditions of minimal
dissipation and the corresponding production of entropy ¢,,;,, being substituted into the
entropy balance equation, distinguishes the realizability region in the space of flows. The
following statement is true [15]:

If the system productivity monotonically depends on the flow of mechanical, electrical power,
or separation power generated by the system, and the flow of costs monotonically depends on the
heat flow, then the region of realized modes in the productivity-costs plane is limited from above
(Figure 1a). If productivity is determined by the heat flow, and costs are determined by mechanical
or electrical power, then productivity monotonically increases with increasing costs (Figure 1b).

a b

» »
> >

P q

Figure 1. The form of the realizability set of a thermodynamic system for cases where the cost flow is
mechanical or electrical energy (a) and when the cost flow is thermal energy (b). g is the target flow,
P is the flow of expended (a) or produced (b) mechanical energy, q is the flow of heat.

The first type includes heat engines, rectification processes, absorption refrigerators,
etc. The second type includes compression refrigerators and heat pumps, membrane
separation systems, electric heaters, etc.

5. Maximum Work Problem

Let there be a non-uniform thermodynamic system consisting of several subsystems
(reservoirs, subsystems of finite capacity), the intensive variables of which at the initial
moment of time differ from each other. In addition, the system has a working body that can
establish contact with each of the subsystems. The contact function U(t) takes the value of
one in the presence and zero in the absence of contact. The coefficients of heat and mass
transfer for such contact are limited. It is required to organize the contacts of the working
body with the subsystems in such a way as to extract the maximum work from the system
in a given time 7. The extracted work is equal to the change in the internal energy of the
system, and since the initial state is given, the goal of the solution is the maximum decrease
in the internal energy in a limited time. In this case, the state of the working body at the
beginning and end of the process is usually assumed to be the same.

The result of solving the problem are two statements [16]:
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Statement 1: In a thermodynamic system consisting of reservoirs and a working fluid with a
given initial state, for any laws of heat and mass transfer, the maximum work extracted during time
T corresponds to a process for which

e the vector of intensive variables u and contact functions U on the interval (0, T) is piecewise
constant, and the number of values it takes does not exceed v + m + 2, where r is the number
of conditions imposed on the final state of the subsystems and m is the dimension of the
concentration vector;

e at the beginning and end of the process, the intensive variables of the working fluid change
abruptly to some optimal values corresponding to optimal pressures;

e the entropy of the system grows on the interval (0, T) as a piecewise linear function.

Statement 1 follows from the properties of solutions of averaged problems presented
in the previous section. Depending on the given boundary conditions, the maximum work
can be greater or less than zero. In the latter case, it corresponds to the minimum of the
expended work. We emphasize that such a structure of the optimal process is characteristic
of any kinetics of heat and mass transfer.

Corollary: When no restrictions are imposed on the composition and entropy of the
working fluid and the increments of the extensive variables of the reservoirs at t = T, the
entropy of the system in the optimal process for any laws of heat and mass transfer increases
at a constant rate, and the working fluid contacts the same reservoirs throughout the process.

In the presence of subsystems of finite capacity, the problem of maximum work turns
out to be an optimal control problem with integer variables U(t). In this case, it is true that

Statement 2: On each interval of constancy of the contact function between the working fluid
and the subsystem of finite capacity, the law of change of the vector u(t) of intensive variables of the
working fluid in the optimal process must satisfy the conditions of minimal dissipation.

6. Ideal Organization of Heat Exchange Systems

In multi-flow heat exchange systems with given input temperatures and heat capacities
of hot flows, total heat exchange coefficient and heat load for Newton’s law of heat exchange,
the minimum of entropy production corresponds to such an organization in which at each
point of contact the ratio m of absolute temperatures of the heated and heating flows is the
same, as is the temperature T of cold flows at the system outlet [17].

The following relationships are valid:

5 _ RW,‘(II’ITl‘OflnT)
a*(Ty) = Y W;(InTyp—InT)’
i

m=1-LYW(InTyp—InT),
1
7 =gl

—m)?
m

—

7

=
w*(Ty) = q*(Tyo) =W; =0, Ty <T.

Here Tjy, Wjg are the temperature and heat capacity of the i-th hot stream, g is the heat
flux, o is the entropy production rate, and w is the total heat transfer coefficient for the
system. The last equality indicates that hot streams whose temperature does not exceed T
should be excluded from the system.
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7. Existence of the Irreversibility Index and Thermodynamic Analogy for
Economic Macrosystems

In the economy, economic agents (EA) function at the micro level, each of which
is uncontrollable. Together, they form a macrosystem that is largely analogous to the
thermodynamic one [18].

7.1. Existence of the Welfare Function and Its Properties

The analogy between thermodynamic and microeconomic systems is obvious and has
attracted the attention of many researchers [19-22]. The reason for this analogy is that both
systems consist of a large number of individually uncontrolled elements, economic agents
(EA), i.e., they are macrosystems. In order to make such an analogy strict, it is necessary to
introduce a variable for microeconomic systems that is an indicator of the irreversibility of
the processes occurring in them. The proof of the existence of such an indicator is given
in [16]. Here it is given with minor abbreviations.

In exchange processes, the EA buys and sells resources, simultaneously changing the
stocks of resources and capital. Let us introduce the function U, the differential of which

dU =dM+)_ pidN;. (14)
i

We will call this function capitalization or total capital of the EA, since its change takes into
account the change in both the basic resource M and the tied capital F =} p;N;. The vector

p depends on the stocks of resources. The values p; have the dimensionl of the cost of the
i-th resource in units of the basic resource.

Let some firm carry out an equilibrium exchange with the EA, exchanging some types
of resources for others through purchases and sales. The exchange occurs reversibly and
in such a way that the initial and final states of the EA in the space with coordinates N;
coincide. If in such a process the firm could extract a certain amount of the basic resource,
this would mean that the possibilities of its extraction are not limited, since it can be
obtained only from one EA, without causing any changes in its state or in the state of the
environment. From the impossibility of such an economic “perpetual motion machine” it
follows that » = const

%Zpi(N, M) dN; = 0.

From this, in turn, it follows that there exists a function Q(N, r), whose partial derivatives
with respect to Nj are equal to p;, and the differential has the form

d
Q=Y p dNi+a—?dr.
i

Here r is the valuation of the EA capital.
The expression (14) can be rewritten as

B 0 9Q
du—dM+dQ—§dr—d(M+Q) ﬁd”‘
Denoting M+ Q =Y, and — aa—? = 7, we obtain that
dl =dY + o dr. (15)

18



Entropy 2025, 27, 649

Expression (15) depends on three variables: Y, ¢ and r. These variables are related to
each other. If this were not so, then on the plane with coordinates Y, r it would be possible
to move from a given initial state to any other with constant capitalization by choosing -.
In reality, the possibilities of such a transition are limited.

Indeed, let point 1 correspond to the initial state on the plane Y, r, and point 2 to the
final state, such that with reversible exchange with the environment with a constant value
of r, the capitalization of the EA decreases (dU < 0). If it were possible to get to the same
point at AU = 0, then the EA could organize a cyclic exchange process in which its state
would change from point 1 to point 2 along the trajectory with dU = 0, and would return
from point 2 to point 1 with a constant value of r and an increase in capitalization (dU > 0).
So it could increase its capitalization by any amount in a reversible exchange, which is
impossible. Thus, v is a function of Y and r. The differential of the total capital is thus a
Pfaffian form of two variables, which always has an integrating factor.

Recall that a Pfaffian form is a first-order differential form, i.e., the sum of products of
functions of several variables by the differentials of these variables,

n
dK = ZFi(x) dxi.
i=1

If n = 2 and the functions F; are differentiable, then there will always be an integrating
factor f(x) such that dS = f(x)dK is a total differential, i.e., S depends on x, and § dS = 0.
The factor f(x) is usually not unique.

Before finding the integrating factor py(Y,r), let us clarify the dependence of v on
these variables. To do this, consider a system consisting of two EAs with identical estimates
of the basic resource (r; = r, = rg). Capitalization U and variable Y and the basic
resource reserves for the system are additive, so that U = Uj + Up, Y = Y7 + Y5. So that
Q = Q1 + Q. Accordingly, v = %—9 = 791 + 2. Thus, the dependence of y on Y satisfies
the superposition principle: (Y1 + Ya,7) = (Y1, 7) + (Y2, 7) and has the form

y(Y,r)=G(r)Y +1(r), (16)
Thus, for the capitalization differential we obtain the expression
au =dy + (G(r)Y + 1(r)) dr.
The integrating factor can be any function pg such that
dS = podU = podY + po(G(r)Y + I(r))dr

is a total differential. Since the mixed derivative of the function S does not depend on the
order of differentiation, the function py must satisfy the condition
0S 0S %% Apo(G(r)Y +1(r))]

rdY _ oYor  or oY : (17)

We will look for pg as a function of r, then the condition (17) leads to the equation

. = poG(r). (18)

One of the solutions to this equation is the function py(r) = exp[G(r)]. It uniquely depends
on r and can also serve as an estimate of the base resource.
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Thus, there is some function of state (extensive variables) S(N, M) such that its differ-
ential has the form

7{ ds = 0. (19)

In a process with non-zero flows, when prices do not coincide with estimates, the function
S (the irreversibility index) always increases.
The estimates of resources can be expressed in terms of the function S as

dS oS /9§

P=om P aN/amr T (20)

In this case, the assessment of the basic resource py is positive for all economic agents, and
pi can be negative if the i-th resource requires, for example, utilization or storage costs.
Cash can be considered one of the resources with a reserve of N;, the assessment of which
pj = 1/po. The function S(N, M) is called the welfare function or, more briefly, welfare.

When exchanging resources between economic agents, the conditions of voluntariness
must be observed, which consist in the fact that none of the welfare functions S, decreases (the
exception is associated exchange, charity). The conditions of voluntariness make it impossible
to directly exchange one type of resource if its assessments by the EAs in contact with each
other are of the same sign. Such an exchange becomes possible only if there is an intermediary.

If the welfare function is measured in national currency, then the value py characterizes
the value for the EA of the international currency and has the dimension [unit of national
currency/unit of the basic resource]. The assessment pg of the basic resource in the processes
of exchanging money by an economic agent on the foreign exchange market plays the same
role as the assessment p in the exchange of resources.

The description of economic systems becomes formally close to the relations of ther-
modynamics if we introduce an ‘economic temperature’,

T- L.
Po
This notation was introduced in [23], the interpretation of this quantity, called liquidity, and
its properties were given considerable attention in [24].

When the scale of the EA changes without changing its properties, the stocks of
resources and capital are proportional to the scale. It is natural to assume that the welfare
function changes in the same wayj, i.e., it is an extensive variable like N and M. In this
case, the S function is homogeneous of the first order, and its derivatives with respect to N
and M (estimates) are homogeneous functions of the zeroth order. According to Euler’s
theorem for homogeneous functions, it can be written in the form

S(N, M) = po(M, N) (ZPi(M/ N)N; +M>- (21)

The dependence p(N, M) can be found by formulas (20) and experimentally by the behavior
of the EA in exchange processes.

If the existence of a welfare function S is postulated, then the estimates are determined
through an extremal problem in which they enter as parameters:

S(N, M) — max / (Z piN; +M> =U, (22)

where the value of U is fixed.
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The Lagrange function of the problem (22) is

L =S(N,M) — po <ZP1‘N1‘+M>,

where pg is an indefinite Lagrange multiplier. The stationarity conditions for L lead to
the relations 95 1 98

pi(N, M) = an;/ oM’ (23)
which coincides with the expression (20). The function S is often assumed to be twice
continuously differentiable, monotonically increasing in each of the arguments, strictly
convex upward and equal to zero at the origin. Its partial derivatives tend to infinity when
the corresponding variable tends to zero.

As a consequence of these assumptions, the solution to the problem (22) is unique and
positive, and p; decreases with an increase in N;. With this description, the EA is similar
to a thermodynamic subsystem of finite capacity. For an economic reservoir, the resource
estimates p; and pg are constant, and the welfare function is linear.

Note that in the general case, the welfare function of a system is not equal to the sum
of the welfare functions of its constituent subsystems. Moreover, for each subsystem, the
welfare function can have its own dimension. In contrast, the capitalization of each of the
subsystems, the volume of the basic resource and the associated capital have the same
dimension and their sum makes sense for the system as a whole under the conditions of
internal equilibrium of each of the EA included in it.

7.2. Differential Relations Between Estimates, an Analogue of the Gibbs-Duhem Equation

Let’s write the differential of the function S,

n
ds = po (dM +) pidN,-> = podU. (24)

i=1

Solving (24) with respect to dM, we obtain

s

M = — — 2 pidNi- (25)

Po i3

From equality (21) it follows that
S n

M=-=—YpN, 26
o l; piNi (26)

ds 1 L
dM = — +Sd( — ) — Y _(pidN; + Nidp;). (27)

Po po/ i3

Comparing equalities (27) and (25), we obtain a relationship linking the estimates of
resources and capital
1 n
Sd (> — Y Nidp; =0. (28)
|
Similarly, comparing the differential S found from equality (21) with the expression (24),
we obtain

n
Mdpo+ Y _ Nid(popi) = 0. (29)
i=1

1
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Conditions (28) and (29) follow from the existence of the function S and its homogeneity.
They are economic analogues of the Gibbs-Duhem equations. For example, it follows from
them that if the state of the system changes so that the resource estimates are constant, then
the capital estimate py is also unchanged.

Due to the symmetry of the matrix of second derivatives for a twice differentiable
function, the sensitivity of estimates to changes in resource stocks and capital are related

by the equalities
d(popi) _ 9pop;) _ S (30)
oN; oN; ON;ON;’
opy _ 9(popj)) &S -
oN; oM dOMoN;’
From conditions (30) and (31) it follows that
opi . 9pj 9P Opi ..
aNjJ“p’W_aT\rﬁ"’fm’ i,j=1,...,n (32)

Equalities (30) and (31) are the economic analogue of Maxwell’s relations.

7.3. Dissipation of Capital

Let us return to the cyclical process of interaction of a firm with one EA and require
that the average intensity of exchange processes be fixed. Then the firm when purchasing a
resource will be forced to raise prices compared to the estimates p;, and sell at prices that
are lower than these estimates. The capitalization of the EA will increase, since

AU = § Y (pi(N, M) — ) dN; > 0, (33)

and the firm will suffer losses in comparison with the reversible process in the amount
of AU.
We will call the intensity of the firm’s losses due to irreversibility,

o(t) = Z”z‘(Pi/ ¢i)(pi —ci) >0, (34)

the dissipation of capital associated with the irreversibility of the resource exchange process.
In this case, it has the meaning of trading costs.

The condition (33) of non-decreasing capitalization (and therefore welfare) in economic
exchange is an analogue of the Clausius integral. Similarly, the law according to which at
the contact of two EA, the resource passes from the EA for which its valuation is lower
to the EA for which its valuation is higher, and at the same time the total value of the
tied capital does not decrease (A(F; + F,) > 0), is an analogue of the second law of
thermodynamics. This allows us to construct an irreversible microeconomics, in many
ways similar to finite-time thermodynamics.

7.4. The Second Law of Microeconomics

The laws of conservation of matter and energy in microeconomics are the laws of
conservation of resources. Here we will focus on the economic analogy of the second law
of thermodynamics.

There are several formulations of the second law of thermodynamics, each of which
can be considered a consequence of the others. Let us discuss the analogs of some of these
formulations in microeconomics.
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Among the numerous formulations of the second law, we will highlight two: the
formulation of Clausius with Planck’s clarification: «Heat by itself cannot pass from a cold body
to a hotter body without leaving other changes», and also the formulation of Leontovich: «It is
impossible to construct a device, as a result of the action of which positive work would be produced
only due to the cooling of one body without any other changes».

In microeconomics, the following statements correspond to the above formulations:

1. A scalar resource flow cannot pass from an EA with a higher valuation to an EA with a lower
valuation without leaving other changes.
2. Itisimpossible to extract capital by exchanging resources with one EA without any other changes.

M. Planck formulated the following statement as a consequence of the second law
of thermodynamics: «In an irreversible process in a closed thermodynamic system, entropy can
only increase and the exergy of the system can only decrease. The equilibrium state of such a
system corresponds to the maximum entropy and the minimum performance under conditions
corresponding to the imposed restrictions». Similarly, for economic systems resource exchange
processes in isolated microeconomic systems proceed in such a direction that the total tied
capital of economic agents increases and reaches a maximum, and the potential ability of
extracting the basic resource (profitability) decreases and reaches a minimum, under the
restrictions imposed on the system, which include the conditions of voluntariness.

7.5. Analogies Between Thermodynamic and Microeconomic Systems and the Variables
Characterizing Them

The notations adopted here and listed in Table 1 are: T and T—temperatures of the
reservoir and the system in contact with it, p_—valuation of the resource on the market,
c—price of the resource set by the monopolist firm, N—stock of the resource, U—internal
energy of the system and total capital, g and n—flows of heat and resource, M and F—basic
resource and tied capital.

Table 1. Equivalent nomenclatures for thermodynamic and microeconomic systems.

Thermodynamic System Microeconomic System

Name Designation Name Designation
Reservoir (reversible . .

heat exchange) T_  Economic reservoir p-
Reservoir (irreversible

heat exchange) qg=a(T—T-) Monopoly market n=ua(c—p-)
Amount of substance N Reserve of resource N
stgec?:yfv::l};riﬁgz tential #(N) EA, resource assessment p(N)
Eﬁ;g&%ﬁ: T(t) Intermediary firm, price c(t)
Free energy, work A Basic resource M
System performance E System profitability E
System entropy S Tied capital F
Entropy production o Capital dissipation o
Internal energy U Total capital U=M-+F
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7.6. Microeconomic Balances
7.6.1. Open System

Let us write the balance equations for a heterogeneous economic system exchanging
resource and capital flows with its environment. In this case, we assign index i to the i-th
type of resource, and index j to the j-th subsystem. External resource and capital flows
entering the system will be considered positive, and those leaving it will be considered
negative. These flows are divided into two categories: those forced into the system and
changing their intensity over time under the influence of external factors, and those de-
pendent on prices set by external sellers and buyers, and on resource valuations in the
subsystem under consideration. The first of these, by analogy with thermodynamics, will
be called convective and marked with index k, and the second diffusive (index d). In addition,
the subsystem can transform some types of resources into others.

The balance equation for the i-th resource is

N; = Z( nk () + p],C])—l-W(p])ucl]) i=12,... (35)

Here the summation is carried out over all subsystems; W;(p;)—the intensity of the resource
transformation process in the j-th subsystem, and the coefficients a;; > 0 if the i-th resource
arises in the j-th subsystem and a;; < 0 if this resource is spent, they determine how
much of the i-th resource arises (is spent) per unit of time; c;,—the price vector during the
exchange of the j-th subsystem with the environment.

The balance equation for the basic resource is

M = Z(m;‘(t) — Zcijn?]-(pj, c]-)> (36)
j i
and the balance sheet equation for tied capital is
F= ZPij(erMj)(”ﬁ(f) +nd(pjcp) +o, (37)
i
where capital dissipation ¢ is equal to
= ;;;nw(m/ po)(pj = pv) +]ZW]‘(P]')A]‘~ (38)

Here p; and p, are vectors of resource estimates for the j-th and v-th subsystems with
components p;; and p;y,, Aj = Y a;;p;j, and nj, = —n,; is a vector function of resource flow.
i

The first term in (38) is a change in associated capital due to resource exchange, and
the second is due to the transformation of resources. p; and p, are vectors of resource
estimates for contacting subsystems with components pj; and p,;. Finally, n;, = —n,;j—
vector function of the exchange flow.

The value o(p) > 0, so that in a heterogeneous open system in the absence of convec-
tive flows, the bound capital in the outgoing flows is not less than in the flows, entering the
system. The equal sign corresponds to a homogeneous system.

As in thermodynamics, the condition o(p1, p2) > 0 together with the balance relations
(35)—(37) distinguishes the boundary of the feasibility region of an economic system in
the class of reversible processes. The conditions imposed on the intensity of a particular
flow allow us to determine the value op,in > 0, achievable under these conditions. In this
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case, the area of feasibility narrows, since instead of the inequality o > 0, the inequality
0 2 Omin-

If Apj, = pj — pv is small, and the kinetic function n;,, is differentiable with respect
to the set of arguments, then ¢ is a positive-definite quadratic form of the variables Ap{v.
In the steady state, the right-hand sides of Equations (35)—(37) are equal to zero. In cyclic
mode, when

N(0) = N(t), M(0) = M(t), F(0)=F(1)

the integrals of the right-hand sides of these equations are equal to zero.

The condition of voluntary exchange imposes restrictions on the set of possible states
of an open system. To find these restrictions, we write down the balance relations for the
resource and capital for j-th subsystems;

Nz] = nf]«(t) + nfé(p], C]) + an’]’v(p/', Cj nu) + W](p])zx,],z =1,2,... (39)
v

M] = m?(t) — Z[CIJTZZ(p], C]) + ;Cij nllnijv(pj, le,)]. (40)

1

Here ¢}, is a vector of intermediate prices with components ¢jvi, which is determined from
the continuity condition of flows,

fyji(pj cjv) = —fipi(cjy, pv) = mji(pj pv), i=1,...,m (41)
For any subsystem due to the conditions of voluntariness,

Uj = Si/ poj = L(pijNij + Mj) = 0,

1

which, taking into account (39) and (40), leads to restrictions on estimates and flows in
the system:

i

) [Pij[ng(t) + W(pjai] + ;["li]‘v(lﬂjz civ) (pij — Ciju) ]+
(42)
+7’l?j<}9]', C])(pl] — Cij)] + m;‘(t) >0, j=1,2,....

7.6.2. Isolated System

For an isolated system, there are no external flows and the balance relations (35)—(37)
take the form

Ni =} Wilpjai,  Ni(0) =} Ny (0), @)
j ]
M=} M;=0, )
7
F=Y E=c>0. (45)
7

In equilibrium, tied up capital is maximal, and the flows n;; and the rates of resource
transformation W;(p;) are equal to zero. In this case, the equilibrium distribution of the
basic resource M depends on the kinetics of resource exchange between subsystems.

In thermodynamics, the equilibrium conditions can be obtained from the problem
about the maximum of the total entropy of the system for a given total value of one
or another extensive variable of the subsystems. For example, if the total volume of
the subsystems is given, and the remaining extensive variables are unchanged, then the
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maximum of the total entropy corresponds to such a distribution of volumes, in which the
derivatives of the entropy of each system with respect to its volume are the same, and this
leads to equality of pressures. Similarly, the distribution of the total amount of thermal
energy in equilibrium leads to equality of temperatures, etc.

In microeconomics, the conditions for the equilibrium distribution of resources can
also be derived from the requirement of the maximum total tied capital of the system, given
the total stock of resources. This leads to a distribution in which the derivatives of the
tied capital of each subsystem with respect to the stock of its allocated resource (resource
valuation) are the same.

For each j-th subsystems of the isolated system

Nji = Y mi(pj, pv) + Wi(p))aij, (46)

M] = —Zﬁuji(Pj/ij)iji v,j=1,...,n (47)
v

Here c;, are intermediate prices determined by conditions (41). Thus, the price vector,
and hence the right-hand side of the Equation (47) depends on the type of kinetics 7,; of
demand and supply of resources.

After determining from (41) the intermediate price c;, (pj, pv) and substituting it into
i1, and 7i,j, these functions turn out to be the same and equal to the kinetic function with
components 1, (pj, pv), appearing in expressions (38) and (46).

As an example, let us consider the kinetics of the exchange of two EAs linear with
respect to the difference between the price and the valuation and calculate the dissipation
of capital ¢ in this case:

ni(p1,c) = ar(p1 —c), (48)
na(pa,c) = az(p2 —c). (49)

Let us find c(p1, p2) using the condition —ny = ny = n:

a1(p1 —c¢)+ax(pa —c) =0,

where n
c— a1p1 T axp2 (50)
a1+ ap
n(p1,p2) = —m(p1,c(pr, p2)) = alp2 = p1), (51)
R L (52)
a) +ap
Then the resource exchange dissipation is
_ _ 2 _ " (pup2)
o(p1,p2) = (p2—p1)alpz —p1) =alpa —p1)" = ————. (53)

a

The equilibrium distribution of the basic resource M is determined by the exchange
kinetics, and the equilibrium stocks of resources N also depend on M, since they satisfy
the equality

pj(M;,Nj) = py(M;,N;) = A, Vj,v. (54)

In a number of cases, the set Q of values of the vector M that can be reached from
a given initial state of the system for various functions 7(p, c) of demand and supply is
of interest.
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For each j-th subsystem, the minimum capital increase AM; = M; — M is achieved
when the exchange with other subsystems is conducted at prices ¢;, arbitrarily close to p;, i.e.,
reversibly, so that the value M;" can be found by the condition S;(Nj;, M;) = S;(Nj, Mjp).

The maximum value of ﬁjmax corresponds to an exchange at which ¢;, are arbitrarily
close to py. Thus, in the space with coordinates M;, it is possible to construct a parallelepiped

with boundaries M;™" < M; < M;™"". The section of this parallelepiped by the plane
ZH] = 2 Mo (55)
] ]

selects the set Q of all possible equilibrium distributions of the basic resource between
subsystems for different kinetic functions.

8. Generalization of Carathéodory’s Theorem and the Structure of
Optimal Processes in Macrosystems

Exchange flows in macrosystems depend on intensive variables of subsystems, and
the rate of change of extensive variables is determined by these flows. This leads to
problems in which extensive variables are not included in the right-hand sides of differential
equations that determine their change. For example, the change in the internal energy of
two contacting subsystems is characterized by the differential equation

dll

= q(Th, Tp). (56)

The internal energy itself is not included in the right-hand side of this equation. If the
values of the internal energy are subject to constraints U; (0) = u, U1 (T) = 11, then these
constraints correspond to the condition imposed for a given value of T on the average value
of the current

T
1 1
p / q(T1, T2) = —AUs.
0
The Equation (56) are called Lyapunov-type equations by L.I. Rozonoer [3]. When

solving problems, these equations can be discarded, replacing them with conditions im-
posed on the average rate of change of state variables, which leads to problems of averaged
optimization. The same is typical for cyclically occurring processes in systems with inter-
mediaries. In such systems, their efficiency indicators are averaged over a time equal to the
duration of the cycle, which also leads to averaged problems. Below we present a proof of
the theorem that defines the structure and type of optimal solutions to such problems.

8.1. On the Relationship Between Time Averaging and Set Averaging

The mean value of a continuous scalar function f(x(f)),t € [0,7],x € V C R" can be
calculated over time as

fit) = ¢ [ fao)e 67)
0
or over a set as
fr@) = | f@)p(x)dx. (58)
1%

The function p(x) is called the distribution density. In the case where x(t) is a random
function, p(x) is the distribution density of a random variable. It is non-negative and its
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integral on V is equal to one. In our case, x(t) is a deterministic function. Let us dwell in
more detail on the properties of the function p(x), such that the results of averaging by
Formulas (57) and (58) are the same.

We will assume that the variable x is scalar, the set V here and below is bounded
and closed, and introduce the function 6(x), xg € V, equal to the total duration of those
time intervals ¢ for which x(t) < xp. Obviously, this function does not exceed 7. By P(xy)
we denote the ratio 252 ie, the fraction of the interval [0, ] for which x(t) < xg. This

T
function increases monotonically with xy, changing from zero to one. It is similar to the

distribution function of a random variable.
The distribution density is

dP(xO) o 1 dQ(XO) 1 1

p(xo) = i T dx :;Zv‘%{ . (59)

Xy=XQ

Here the interval 6 increases with xg for any sign of the derivative for those values x,, of
the function x(t) for which it is equal to xo.

If for some value xg the function x(f) is constant during a fraction v of the interval
[0, T], then the function P(x() experiences a jump of magnitude 1 at this point, and the
distribution density at it is equal to yd(x — xg).

Example 1—Linear functions. Let x(t) = g Then by Formula (59) we obtain p(x) =
% = const. The same distribution density corresponds to all triangles with base [0, 7] and
height h.

Example 2—Piecewise constant functions. These functions take discrete values x;,
each during a fraction v; of the interval [0, T]. Any such function, according to Formula (59),
corresponds to the distribution density

p(xo) = Z'Yi‘s(x -x), 7i>0, Z%‘ =1 (60)

The order in which a piecewise constant function assumes one or another of the possible
values does not matter.

From these examples it is clear that to each function x(t) there corresponds a dis-
tribution density of its values p(x), defined on V, and to each distribution density there

corresponds an arbitrary number of functions x(t), for which f,(x) = fi(x). An exception
is the distribution density of the form p(x) = é(x — x7). In this case, the corresponding
function x(t) = x1 = const on the entire interval [0, 7| and it is unique.

Let us consider the case when the function f depends on several, for simplicity on
two, variables x; (t) and x,(t). In this case, the distribution function P(x?) of the values
of the vector x is a fraction of the interval [0, 7] for which two inequalities are satisfied:
x1(t) < x¥ and x5 (t) < xJ. This function monotonically increases with the growth of each
of the arguments, when the first component of the vector x° is maximum (p;(x1) = 1), it is
equal to P(x9), and its derivative is equal to the distribution density p(x7"*, x3) = p2(x2);
similarly in the case when x, = xJ'**,  p(x3"**,x1) = p1(x1). The functions x1(t) and x,(f)
are independent of each other so that p(x1,x2) = p1(x1)p2(x2).

The desired solution to the averaged optimization problem is the distribution density
p*(x) of the vector x on the set V of its admissible values. To implement this solution in
time, one must find one of the possible functions x(t) that have the distribution p*(x).
The solution to this last problem is significantly simplified by the features of the optimal
solutions p*(x), proven in the next section.
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8.2. On the Form of the Optimal Solution of Averaged Optimization Problems

We will denote the averaging operation by a bar drawn over the averaged function or

= [wpxdx, Fo) = [ Fp(ds
v 1%

The simplest problem of averaged optimization is the problem of maximizing the

vector. Thus,

average value of a scalar function f(x) for a given average value of its argument:

f(x)%max/?zxo,xEVCR” (61)

or in more detailed notation

/f x)dx — max//xp dx = xp,p(x) >0 / (62)

\%4

The unknown in this problem is p(x) (the distribution density of the vector of unknown
variables). This function is non-negative and its integral on the set V is equal to one.

Carathéodory’s Theorem on Convex Hulls of Functions

Carathéodory’s theorem [25] on convex hulls of sets states that any element of the
convex hull CoD of a compact set D in a Euclidean space of dimension n can be represented
as an element of a simplex that has at most n + 1 vertices (base points), each of which
belongs to D.

In particular, a subgraph of a function f(x) can be a set D. The convex hull of a
function is called the convex hull of a subgraph. A function that depends on 1 variables is
the boundary of a set in the space R"*! of dimension 1. The base points are certainly on
this boundary, which means that their number does not exceed n + 1. Below we will call
Carathéodory’s theorem the theorem on convex hulls of functions.

The ordinate of the convex hull of the function fy(x) at the point xp, which belongs to
the convex hull of the set of definition of the function, is the value of the problem:

Xi = Xjo, i= 1,n,

63
xeVCR" (63)

fo(x) — max/

p(x)

where V is compact.
According to Carathéodory’s theorem, the optimal solution to this problem is

n n
2 x—x7 7 >0, Z'y]-:l.
j=0 i=0

That is, the optimal distribution is concentrated at no more than the (1 + 1)-th base point.
This fact allows us to rewrite the problem as a nonlinear programming (NP) problem:

n i Z ’Y]x] - xO/
Z’yjfo(x]) — max/ J%O (64)
j=0 x € VCR", Z'y]—l v > 0.

j=0
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The variables are the base vectors x/ and the vector of weight coefficients . We use the
Kuhn-Tucker theorem [25] to solve it: If y* is a solution to a nonlinear programming
problem

fy) —>max/goi(y) <0, y;>20,i=12,....mj=1,...,n (65)

then there exists a nonzero vector of factors
A=Ag,...,Am (ApisequaltoOorl, A; <O0fori>0),

such that for the Lagrange function

R=Aof(y)+ ih«pi(y)

the following conditions hold:

oR JR
or —0ifyt>0: or <0 ifyf =
(ay])y:y* 0 if yi > 0; (ay])y:y* <0 if y; 0, (66)
and
A =0 if @;(y*) <0; A <0 if @i (y*) = 0. (67)

For problem (64), the Lagrange function has the form
n ) n .
R=Y 7i[fold) + ¥ Al - A, (68)
j=0 i=1

where A is the Lagrange multiplier corresponding to the condition that the sum of the
weight coefficients is equal to one.

The Kuhn-Tucker local unimprovability conditions with respect to weight coefficients
lead to the requirements

. n H
R%xj,A) = fo(x) + Y} Aixl < A ify; =0, (69)
i=1

. n .
ROxj,A) = fod)+ Y Aixl = A if 4;>0,j=0,...,n+1.
i=1

Here R? is the Lagrange function of problem (64) in the absence of averaging. Such a
problem will be called original. Thus, we have

Theorem 1. For each of the basic values x included in the optimal solution to the problem of the
convex hull of the function fo with a non-zero weight, the Lagrange function of the original problem
is maximal, and the number of such points does not exceed n + 1.

8.3. Generalization of Carathéodory’s Theorem

In the NP problem with averaging of functions defining relationships between vari-
ables, it is required to achieve the maximum of the mean value of the function fy(x) on
the set V of admissible values of x, provided that the mean value of the vector function

f(x)=(fi(x),...fi(x),... fu(x)) is zero. Formally

fo@) = max [fi(x) =0, i=1,...,m xeVeR (70)
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yielding.

Theorem 2. 1. The optimal distribution density in problem (70) has the form

pr(x) =

M

i m
Yid(x =), 74, >0, Z 7 =1 (71)
0 =0

]

2. There is a nonzero vector
A:AOI“')\i/"/)\MI /\02(0,‘1),

such that at each base point xJ the Lagrange function of the original problem
m
R=} Aifi(x) (72)
i=0

is maximal with respect to x € V.

Proof. To prove this statement, we introduce the concept of reachability function of the
problem (70):

£2(C) :maxfo(x)/fk(x) =C, k=1,...,m, x€cV. (73)
This function is defined algorithmically on the set
Ve={CeR":f(x)=C,xeVCR"}.

It may not be smooth and upper semi-continuous.

The following is true: For those values of x for which f(x) = C, p*(x) is certainly
equal to zero if fy(x) # f;(C). Thus, the solution of the averaged problem can include
with non-zero weight only those values of x = x*(C) for which the value of fy(x) coincides
with the ordinate of the attainability function. Otherwise, it would be possible to change
the distribution density so that the average value of fy(x) increases.

Since for each C the value fj coincides with the ordinate of the reachability function,
problem (70) can be rewritten in the form

fg(C)%max/Cik:O, k=1,...,m, CeV.CR" (74)

This is the problem of the ordinate of the convex hull of the reachability function at zero.
According to the Carathéodory theorem on convex hulls, its optimal solution is

m ) m
p(C) =Y 76(C—-C), 7;=20) 7 =1 (75)
j=0 j=0

Since each basic value C/ corresponds to the value x/*(C/), the optimal distribution density
in problem (70) has the form (71). Thus the first assertion of Theorem 2 is proved.

The proof of the second assertion completely repeats the analogous proof for the
problem of the ordinate of the convex hull of a function, with the difference that the
Lagrange function of the unaveraged problem has the form (72). We emphasize that the
number of base points does not depend on the dimension of the vector x, but is determined
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by the dimension m of the vector function f. In the special case when f;(x) = x;, we obtain
the theorem on the convex hull of a function. [

Note that here and below, the conditions in the form of the maximum principle do not
require the functions defining the averaged problem to be smooth in x; the set V may not
be simply connected.

Example 1. Consider a system consisting of an electric motor, a pump it rotates, and
a tank. The motor consumes power # on which the pump performance g depends. The
dependence g(n) is shown in Figure 2. It is required to find the mode for which, for a given
average expended power 7, the average productivity g is maximum.

a b
0 .
" _
g G _g> //'
n _ 7
gt/ |
T a )

Figure 2. A system consisting of a pump and a smoothing tank (a); the dependence of the flow rate
on the expended power (b).

This is a problem about the ordinate of the convex hull of the function g(n) at the point
1. The number of base points is equal to two, one of them is the origin, and the second nl,is
determined by the condition of the maximum of the Lagrange function R = g(n) + An at it,
the same as at 7 = 0. Eliminating A from the conditions for the maximum of the Lagrange
function and the requirement that this maximum be zero, we arrive at the equation for n':

n dn

There are as many optimal implementations of this solution in time as you like. For each of
them the pump power takes the value zero for one fraction of the period, and n! for the
remaining fraction, and the fraction of the interval T for which n = n! is equal to 1 — %
The maximum value of the interval 7 is determined by the value of the capacity G, it is

equal to
2G

T gnl)’
The value of the problem is
—k 1 n
g =g0n)(1- ﬁ)

It does not depend on G. When the capacity tends to zero, the sliding mode becomes the
optimal solution.

8.4. Averaged Problem with Deterministic Variables

In averaged problems there can be two types of variables, random and deterministic.
There is no averaging over the variables of the second type. Let us consider the NP problem,
in which there is no averaging over some variables.

A problem with averaging over some variables will take the form

fo(x,y)ﬁmax/fj(x,y)zo, x€VCR', yeV,CRK j=1,...,m.  (76)
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The functions fy, ..., fu are continuous and continuously differentiable with respect to the
set of arguments, the bar corresponds to averaging over x € V, and the sets V and V}, are
closed and bounded.

For any y, this problem is an averaged nonlinear programming problem (70), and
therefore, by Theorem 2, the optimal density function of x is concentrated at most at the
(m +1)-th base point, so that p*(x) = ¥§ 7j6(x — /), and there exists a nonzero vector A
such that at each of these points the Lagrange function of the original problem

m
R=)Y Aifi(x,y), xe VCR", yeV, CRK (77)
=0

is maximal with respect to x.
The Lagrange function of problem (76), in which the density function x is p*(x), has
the form

m m . i
R* = 2/\]- Z’yifj(xl,y), ¥eVCR", yeV, C RX, (78)
j=0 =0

For any density function p(x) of randomized variables, problem (76) is a nonlinear
programming problem and, according to the Kuhn-Tucker theorem, there exists a nonzero
vector A with components Ay = (0;1), )Lj, j=1,...,m,such that for the function (77) the
optimal solution satisfies the conditions of local non-improvability with respect to y, in
particular, the stationarity conditions

OR*
Ay

sy <0, 1=1,...K. (79)

Here 6y, is the admissible variation of ;.

9. Conclusions

In FTT the specificity of problems on the optimal exchange of resources and problems
with cyclically changing variables of the working fluid or mediator leads to averaged
problems of nonlinear programming. Their optimal solutions are of a switching nature
between the basic values of the variables. The maximum number of basic values is one
more than the number of averaged conditions, and in each of them the Lagrange function
of the non-averaged problem reaches a maximum.

The presented results of solving the problems of “Thermodynamics at finite time”
illustrate the nature of its applications for systems of various natures, but do not pretend to
be an exhaustive presentation. Not all the problems of FIT have been solved. In particular,
the problem of the conditions of minimal dissipation for vector flows whose kinetics differs
from Onsager’s awaits its solution. It is not clear what to consider the efficiency of a
machine receiving energy from several sources. It is not clear what the irreversibility
indicator looks like for macrosystems of a social nature, etc.
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Abstract: Endoreversible engine cycles are a cornerstone of finite-time thermodynamics.
We show that endoreversible Stirling engines operating with a one-component plasma
as a working medium run at maximal power output with the Curzon—-Ahlborn efficiency.
As a main result, we elucidate that this is actually a consequence of the fact that the
caloric equation of state depends only linearly on temperature and only additively on
volume. In particular, neither the exact form of the mechanical equation of state nor the full
fundamental relation are required. Thus, our findings immediately generalize to a larger
class of working plasmas, far beyond simple ideal gases. In addition, we show that for
plasmas described by the photonic equation of state, the efficiency is significantly lower.
This is in stark contrast to endoreversible Otto cycles, for which photonic engines have an
efficiency larger than the Curzon—-Ahlborn efficiency.

Keywords: plasma engine; endoreversible Stirling cycle

1. Introduction

Among all the various states of matter, plasmas have a unique place. In particular,
quantum plasmas exist only in the most extreme environments, such as the interior of
stars, in the early universe, or more mundanely in highly intense laser fields [1]. In its
simplest form, a plasma is a superheated gas, in which electrons have been stripped from
atoms, creating a mixture of positively charged ions and negatively charged electrons [1]. It
provides the circumstances for nuclear fusion, which is a nuclear reaction where two light
atomic nuclei combine to form a heavier one, releasing a tremendous amount of energy [2].
The potential technological applications of nuclear fusion are tremendous, which is why
its realization is considered one of the “14 Grand Challenges for Engineering in the 21st
Century” [3].

From a thermodynamic point of view, nuclear reactions in plasmas can also be un-
derstood as heat engine cycles [4,5]. In fact, the electrostatic interactions within a plasma
behave very akin to the usual mechanical pressure in typical gases [6]. Interestingly, the
somewhat natural engine cycle for plasma engines is the Stirling cycle [7]. More broadly,
technological applications of the Stirling cycle appear rather promising; see, for instance,
the recent review [8]. The natural question thus arises what the efficiency of plasma Stirling
engines is at maximal power output.

In the present work, we answer this question within the framework of endoreversible
thermodynamics [9]. In endoreversible thermodynamics one assumes that all processes

Entropy 2025, 27, 807 35 https://doi.org/10.3390/e27080807
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are slow enough that the system locally equilibrates, yet the processes are too fast for the
system to reach a state of equilibrium with the environment. More specifically, imagine
an engine, whose working medium is at equilibrium at temperature T. However, T is not
equal to the temperature of the heat bath, Tj,,,, and thus there is a temperature gradient
at the boundaries of the engine. Now further imagine that the engine undergoes a slow,
cyclic state transformation, where slow means that the working medium remains locally
in equilibrium at all times. Then, from the point of view of the environment the device
undergoes an irreversible cycle. Such state transformations are called endoreversible [9],
which means that locally the transformation is reversible, but globally irreversible.

In a seminal work, Curzon and Ahlborn showed [10] that the efficiency of a Carnot
engine undergoing an endoreversible cycle at maximal power is given by

[ Te
UCA:]-_ Til (1)

where T. and Tj, are the temperatures of the cold and hot reservoirs, respectively. Since its
discovery the Curzon-Ahlborn efficiency (1) has received a great deal of attention. Also,
see even earlier studies by Moutier [11] and Novikov [12], and related works by Rozonoer
and Tsirlin [13-15]. More recently, it has been found, e.g., that endoreversible Otto [16] and
Brayton [17] engines operating with ideal gases also have the same efficiency. However,
it has also been shown that whether or not a finite-time Carnot cycle really assumes #ca
is determined by the “symmetry” of the dissipation [18] and on the specific form of the
fundamental relation [19-31].

In the present work, we focus on plasma engines that run in endoreversible Stirling
cycles. It is interesting to note that there are also several accounts in the literature of
the fact that endoreversible Stirling cycles at maximum power operating with classical,
ideal gases are described by 1ca [32-34]. Given that it is often a good assumption (in
first order approximation) that plasmas can also be described as ideal gases [35], one is
tempted to conclude that, clearly, plasma engines at maximal power also have the Curzon-
Ahlborn efficiency. However, given that previous treatments of the endoreversible Stirling
make, sometimes implicitly, often explicitly the assumption that the working medium is
a regular, classical, ideal gas, it is not immediately obvious that plasmas do not require a
separate treatment.

Therefore, we start with a detailed discussion on the necessary conditions under which
the Curzon-Ahlborn efficiency arises. Particular emphasis is placed on a comprehensive
and pedagogical derivation, which then also leads to immediate generalizations. In fact,
we will see that any gases that are described by caloric equations of states that are linear
in temperature and at most additive in volume lead to the Curzon—-Ahlborn efficiency.
Neither the mechanical equation of state nor the full fundamental relation is required.

This means, in particular, that endoreversible Stirling engines whose working plasmas
require a second-order virial expansion also have the same efficiency. In the simplest case,
their corresponding gas law is given by the van der Waals equation of state.

As an example of plasma engines that fall not within this class, we then analyze
an engine that operates with an electron—positron-photon plasma. For high enough
temperatures [36] such plasmas can be described by the photonic equation of state, which
permits an almost completely analytical treatment. We find that photonic Stirling engines
have a significantly smaller efficiency at maximal power. This is in stark contrast to Otto
engines, in which case photonic working mediums lead to higher efficiency [25].
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2. One-Component Plasmas—Modified Ideal Gas

We start with a Stirling engine that operates with a one-component plasma. For
such situations one commonly assumes that the plasma can be treated as an “effective
ideal gas” [35]. A classical, ideal gas is comprised of uniform, non-interacting, identical
particles, whose caloric equation of state is proportional to temperature and independent
of the volume:

E=qT. (2)

The constant ¢ depends on natural constants and the number of degrees of freedom. For
instance, for a classical ideal gas in three spatial dimensions we have [37], ¢ = 3/2N kg,
where N is the number of particles and kp is Boltzmann’s constant.

A one-component plasma is comprised of non-interacting, identical particles. At the
fundamental level, a one-component plasma is nothing but a collection of uniform ions,
that have been immersed in an equally and oppositely charged background, neutralizing
the total charge of the plasma, and thus preventing any potential interparticle-Coulomb
interactions [35]. Thus, it follows that the corresponding caloric equation of state for the
one-component plasma is still directly proportional to the temperature, and all “quantum”
modifications can be accounted for by an effective number of degrees of freedom along
with an arrangement of phenomenological constants that are unique to that plasma. We
can write

E=E+fT 3)

where Ej is a constant off-setting the background energy, and f quantifies the effective
degrees of freedom [35]. As we will see shortly, Equation (3) is a necessary and sufficient
condition to obtain the Curzon-Ahlborn efficiency.

2.1. Endoreversible Cycle and Efficiency

In complete analogy to the endoreversible Carnot [10], Otto [16,24-31], and Brayton
cycles [17], we now construct the endoreversible Stirling cycle.

The Stirling cycle is a 4-stroke process comprising isothermal expansion, isochoric
cooling, isothermal compression, and isochoric heating. The corresponding PV- and
TS-diagrams for a one-component plasma (3) are depicted in Figure 1.

Figure 1. Schematic PV- and TS-diagrams of the Stirling cycle for the one-component plasma (3) as
a working medium.
2.1.1. A — B: Isothermal Expansion

During the hot isotherm, the plasma is in contact with a heat reservoir at temperature
Ty,. However, as usual in endoreversible thermodynamics [9], we assume that the plasma
has not fully equilibrated with the hear reservoir, and rather has a temperature “slightly”
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below T, namely we have T}, , < Tj. Fourier’s law in Newton’s form then dictates that the
heat flux is linear in the temperature gradient [10], and we can write

Qa = atap (Th - Th,p) , 4

where « is the thermal conductivity and t 4 is the duration of the stroke.
Now note that for one-component plasmas the internal energy is constant for isother-
mal processes; cf. Equation (3). Thus, we immediately have

AE=Ep—E4 and Wap = —Qas, )

namely the work produced during the isothermal expansion is equal and opposite in sign
to the heat absorbed from the heat reservoir.

2.1.2. B — C: Isochoric Cooling

During the isochoric stroke, the plasma is disconnected from the heat reservoirs. Thus,
this stroke is identical to the ideal cycle. In any case, we have

Wpc =0 and Qpc=Ep—Ec=f(Tp—Tc) (6)
where we used the caloric equation of state (3).

2.1.3. C — D: Isothermal Compression

In complete analogy to the hot isotherm, during the cold, isothermal compression the
plasma is in contact with a cold reservoir at temperature T.. However, we again assume
that the plasma has not fully equilibrated with the reservoir, and that its temperature, T p,
is slightly above T.. Again, employing Fourier’s law, we can write

Qcp = Btep (Te — Tep) ()

where (3 is the thermal conductivity for the cold stroke, and t¢p is the duration. As before,
we can also write
AE=Ep —Ec and Wep = —Qcp, ®)

which follows from the caloric equation of state (3).

2.1.4. D — A: Isochoric Heating

The cycle is completed with another isochoric stroke. Again, the plasma is discon-
nected from the heat reservoirs. We have

Wpa =0 and Qpa = f(Tp—Ta) )

2.1.5. Endoreversible Efficiency

We are now interested in the efficiency at maximal power. To this end, consider that
the plasma absorbs heat from the hot reservoir during the hot isotherm A — B. Thus, we
can write

WCYC QCD
=— =14+ =, 10
1 Qas Qas 10)
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where we used that the work produced during the entire cycle is Weye = —(Qap + Qcp)-
Using Equations (4) and (7), we also have

’7:1+,BtCD T —Tcp
atap Th_Th,p,

(11)

which appears to suggest that the efficiency depends on the stroke times (see also Appendix A).
However, the expression for the efficiency (11) can be further simplified by employing
the entropy balance over one cycle. In fact, we have

0 = ASeye = ASp + ASpc + AScp + ASpa.- (12)

Along the isothermal strokes, A — B and C — D, the entropy is simply given by the heat
divided by temperature,

DCtAB Th_Th, ¢ T _T

Th,p Th,p Tep Tep

. (13)

where we again used Equations (4) and (7).

For the isochoric strokes, we again exploit only the caloric equation of state (3). In its
differential form, along the isochor, dW = 0, we have dE = dQ = T dS. Thus, the total
change in entropy can be written as

5f Tr o f Ty
AS_SidS_VDdTT_fm<E). (14)

Consequently, we obtain

Ty,

Te,p
ASBC = —ASDA = f In[ =— ’ (15)

and thus,

wtap (Th - Th,p) _ Btep (Tep — Te)

16
Ty T, (16)

In other words, the efficiency (11) of an endoreversible Stirling cycle operating with a

one-component plasma simply becomes

=11
Thy

(17)

which is identical to the ideal efficiency [37] replacing the temperatures of the heat reservoirs
with the corresponding temperatures of the plasma.

2.2. Efficiency at Maximal Power

As stated above, we are now interested in the efficiency at maximal power output.
Inspecting Equation (17) we need to to determine the temperatures, T, , and T¢,,, that
maximize the power. As usual, we write

p= ~ Weye  Quap+Qcp (18)

Teyce Y (tAB + tCD) ’
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where 7 is a real constant. It will prove convenient to introduce the variables
x =Ty —Thy and y=T.p—Tc (19)

which is identical to the notation introduced by the original treatment by Curzon and
Ahlborn [10].
After a few lines of simple algebra, we obtain

aBxy [(Ty — x) + (T +y)]

Yox (Ty —x) + By (Te + )] @)

P(x,y) =

where we once again employed Equations (4) and (7). The maximum of P(x, y) is determine
using standard calculus, namely solving 9, P(x,y) = 0 and 9, P(x,y) = 0 for x and y.
Denoting the solutions by x* and y*, we find

x*—\/mﬂ\/g(n—\/ﬁ) and y*—\/m\/&\/g(—nﬁ/ﬁ). 1)

Substituting these solutions into the expression for the efficiency (17) and simplifying the
expression we finally obtain

n=1—4/=. (22)

That is, the efficiency at maximal power of an endoreversible Stirling engine operating with
a one-component plasma as working medium is given by the Curzon—Ahlborn efficiency.
Our result (22) corroborates earlier findings for classical ideal gases [32-34]. Thus, engines
operating in endoreversible Stirling cycles with one-component plasmas and classical ideal
gases have the same efficiency.

2.3. Generalization to Second Order Virial Expansion

Before we move on to more intricate working mediums, we emphasize that the present
analysis is entirely based on the fact that the caloric equation of state is of the form of an
ideal gas (3). In particular, we did not need to require the mechanical equation of state to
be given by the ideal gas law, nor did we need the full fundamental relation.

Interestingly, equations of state of the form (3) are not restricted to classical ideal gases.
For instance, classical harmonic oscillators [16] and rubber bands [37] are also described by
equations of state that are linear in temperature (and independent of volume).

For the present purposes, it is even more interesting to observe that the van der Waals
gas is described by [37]

E=ayT— (23)

vz’
where q¢ and by are phenomenological constants. It is a simple exercise to show that the
van der Waals equation of state is obtained from the virial expansion in second order [38].
Since the dependence on the volume V in Equation (23) is only additive, the changes in
entropy during isochoric strokes remain identical to above (14). Consequently, we obtain
the same expressions for efficiency (17), power (20), and efficiency at maximal power (22).

It is worth emphasizing that for many real plasmas virial coefficients have been
determined; see, for instance, [39—43]. Our present results remain valid for any endore-
versible Stirling cycle for plasma, for which a description of up to second order in the virial
expansion is a good description.
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3. Relativistic Electron-Positron-Photon Plasma

In the preceding section we analyzed the performance of endoreversible plasma
engines that are described by equations of state which are (i) linear in temperature and
(ii) at most additive in volume. The situation becomes more involved if these conditions
are not met.

To this end, we conclude the analysis with another type of plasma, namely the rela-
tivistic electron—positron—photon plasma. Rather recently, it was shown in Ref. [36] that in
the high-temperature limit, the corresponding caloric equation of state can be written as
the familiar photonic gas law [37]:

E=eVT?, (24)

where € is a constant collecting natural constants, such as the speed of light, the electron
mass, and 7; see Ref. [36]. In principle, we could also work with the more involved
expression at finite temperature, but this would necessitate a fully numerical treatment. We
choose to continue with Equation (24) as it allows an almost entirely analytical treatment.

Note that Equation (24) does not have the simple, linear form of Equation (3) that we
exploited above. Therefore, the natural question arises whether engines with photonic
plasmas operate at higher or lower efficiency than those with one-component plasmas.
Note that for the same question, but for Otto cycles it was found that photonic gases
significantly outperform classical ideal gases [25].

3.1. Endoreversible Stirling Cycle

To answer this question, we repeat the construction of the endoreversible Stirling
cycle paying special attention to the required modifications. In Figure 2, we plot the
corresponding PV- and TS-diagrams schematically.

Pl — Ta

Pet-—riimeorm—m—— Tel---

Figure 2. Schematic PV- and TS-diagrams of the Stirling cycle for the photonic gas (24) as a working
medium.
3.1.1. A — B: Isothermal Expansion

As before, we assume that during the hot isotherm the plasma is slightly colder than
the hot heat reservoir, and that the heat flux is given by Fourier’s law. Hence, we can
write again Qap = af4px. However, in this case we can no longer assume that the internal
energy is constant, as Equation (24) depends multiplicatively on the volume. Hence, we
have to write for the work

Wap = MEap — Qap = €Ty, (Vg — Va) — atapx, (25)

which explicitly depends on the change in volume as well as the stroke time.
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It is a standard exercise [37] to show that the entropy of the photonic gas reads

4
S = geVT3. (26)

And, as discussed above, for isothermal processes, we simply have Qap = T, , AS4p.
Therefore, we can also write

4
atapx = 3 Ty, (Ve —Va), (27)

which will become useful shortly.

3.1.2. B — C: Isochoric Cooling

For the isochoric strokes, we again have that Wpc = 0 and
Qpc = AEpc = eV(T2, — T1 ). (28)

However, as seen above, the work and heat of the isochoric strokes will not be required for
further analysis.

3.1.3. C — D: Isothermal Compression

In complete analogy to the hot isotherm, we now can write Qcp = —Btcpy, and
Wep = AEcp — Qep = —€ T2, (Ve — Va) — Qe - (29)

Moreover, again employing the expression for the entropy (26) and Qcp = T,y AScp we
also have

4
Btepy = 3 Tep (Ve = Va) - (30)

3.14. D — A: Isochoric Heating

For completeness, we also collect the work, Wp4 = 0, and heat,
Qpa = DEpa = eVa(T;, — T2,)., (31)
during the isochoric heating stroke.

3.1.5. Endoreversible Efficiency

Before we start analyzing the power, we again first derive an expression for

the efficiency:
chc . Wag + Wep

1= " Qus Qas
Substituting Equations (25), (27), (29), and (30) into the definition (32) we obtain,

4
_1 Tep
77—4[1—<Th’p> ] (33)

Comparing the latter result (33) with the endoreversible efficiency for one-component

(32)

plasmas (17) we note that endoreversible Stirling efficiency for photonic gases is always
smaller than Equation (17); cf. Figure 3.
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Figure 3. Endoreversible Stirling efficiency for the one-component plasma (22) (blue line) and the
photonic gas (33) (red line).
3.2. Efficiency at Maximal Power

The obvious question now is what this means for the efficiency at maximal power. To
this end, we again consider the power output

_ Qap+Qcp ’ (34)
v (tap +tcp)
which in the present case can be written as
ap (T = Top)(Te = Tep) (T, — T2)
P(Top, Tyy) = 28 Lt (35)

T 4y BT (T~ Top) — aTiy(Ty— Typ)

We immediately observe that Equation (35) is significantly more involved than the
power for one-component plasmas (20), and thus we have to resort to a numerical analysis.

In Figure 4, we depict the solution for one set of parameters. We also observe that at
maximal power, the efficiency for photonic gases is significantly below the Curzon-Ahlborn
efficiency (22). We emphasize again that this is in contrast to endoreversible Otto cycle, in
which the photonic case has a higher efficiency [25].

(R
0.8
0.6

< L
0.4

T./Ty

Figure 4. Efficiency at maximal power for the photonic equation of state (24) (red line) together
with the Curzon-Ahlborn efficiency (22) (blue line), and the Carnot efficiency, 7c = 1 — Tc/ T}, (gray,
dashed line). Parametersarea =1, =1,and v = 1.

43



Entropy 2025, 27, 807

4. Concluding Remarks

In the present work, we analyzed the efficiency at maximal power of endoreversible
Stirling cycles. As working mediums, we considered one-component plasmas with caloric
equations of state, extensions in second order virial expansion, and photonic gases. We
found that for all thermodynamics systems, whose caloric equation of state only depends
linearly on temperature and at most additively on volume, the efficiency at maximal power
is given by the seminal Curzon—-Ahlborn efficiency. Interestingly, the efficiency for photonic
working mediums is significantly smaller, which is in stark contrast to endoreversible
Otto cycles.

Particular emphasis was put on a comprehensive, self-contained, and pedagogical
presentation of the treatment. While our work is purely theoretical and it is unlikely that
our results will lead directly to the experimental realization of a practically useful plasma
Stirling engine, the conceptual mathematical steps of our analysis could be applied to more
realistic scenarios. The only necessary “ingredient” is the caloric equation of state for any
considered plasma, which then step-for-step leads to the corresponding expression for the
efficiency at maximal power.
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Appendix A. Equal Strokes Times—Trivial Case

In this appendix, we briefly discuss a trivial case for the one-component plasma (3). As
previously conducted for Otto [16] and Brayton [17] cycles, one is tempted to make a “sim-
plifying” assumption. Namely, to set the stroke times equal to each other, T = top = tcp.
In this case, we can set Equation (18) as

1
P:E(M—ﬁy)/ (A1)

which is linear in x and y. In this case, we can determine the maximal power simply from
the maximal and minimal values of x and y, respectively. Recognizing that at no instant
the plasma can be colder than the cold reservoir, we can write

Ymax = Iy — Te and  ymin = 0. (A2)

Substituting the latter into Equation (11) we obtain

,B Ymin
=1-"200 =1, (A3)
7 X Xmax
References
1. Conde, L. An Introduction to Plasma Physics and its Space Applications; IOP Publishing: Bristol, UK, 2020; Volume 2, pp. 2053-2563.
[CrossRef]

2. Morse, E. Nuclear Fusion; Springer: Berlin/Heidelberg, Germany, 2018.

44



Entropy 2025, 27, 807

10.
11.
12.
13.
14.
15.
16.
17.

18.
19.
20.
21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

Department of Energy, U.S.A. Fusion energy Sciences. Available online: https://www.energy.gov/science/fes/fusion-energy-
sciences (accessed on 18 June 2025).

Segantin, S.; Bersano, A.; Falcone, N.; Testoni, R. Exploration of power conversion thermodynamic cycles for ARC fusion reactor.
Fusion Eng. Des. 2020, 155, 111645. [CrossRef]

Terahara, Y.; Tanabe, K. Process design of a thermochemical cycle for hydrogen production compatible with nuclear fusion heat
sources. Fusion Eng. Des. 2023, 194, 113868. [CrossRef]

Avinash, K. Plasma heat pump and heat engine. Phys. Plasmas 2010, 17, 082105. [CrossRef]

Avinash, K.; Chaudhary, S. Stirling like engine using plasma electric fields. Proc. Indian Natl. Sci. Acad. 2014, 80, 1099-1104.
[CrossRef]

Minale, T.A ; Lanzetta, E; Bégot, S.; Getie, M.Z. Review on the technological advancement of Stirling cycle heat pumps. Energy
Rep. 2024, 12, 3504-3518. [CrossRef]

Hoffmann, K.H.; Burzler, ].M.; Schubert, S. Endoreversible thermodynamics. J. Non-Equilib. Thermodyn. 1997, 22, 311. [CrossRef]
Curzon, EL.; Ahlborn, B. Efficiency of a Carnot engine at maximum power output. Am. J. Phys. 1975, 43, 22. [CrossRef]
Moutier, J. Eléments de Thermodynamique; Gauthier-Villars: Paris, France, 1872.

Novikov, I. The efficiency of atomic power stations (a review). J. Nucl. Energy (1954) 1958, 7, 125-128. [CrossRef]

Rozonoer, L.I; Tsirlin, A.M. Optimal control of thermodynamic processes. 1. Avtomatika i Telemekhanika 1983, 1, 70-79.
Rozonoer, L.I; Tsirlin, A.M. Optimal control of thermodynamic processes. II. Avtomatika i Telemekhanika 1983, 2, 88-101.
Rozonoer, L.I; Tsirlin, A.M. Optimal control of thermodynamic processes. IIl. Avtomatika i Telemekhanika 1983, 3, 50-64.
Deffner, S. Efficiency of Harmonic Quantum Otto Engines at Maximal Power. Entropy 2018, 20, 875. [CrossRef]

Ferketic, E.E.; Deffner, S. Boosting thermodynamic performance by bending space-time. EPL (Europhys. Lett.) 2023, 141, 19001.
[CrossRef]

Esposito, M.; Kawali, R.; Lindenberg, K.; Van den Broeck, C. Efficiency at Maximum Power of Low-Dissipation Carnot Engines.
Phys. Rev. Lett. 2010, 105, 150603. [CrossRef]

Leff, H.S. Thermal efficiency at maximum work output: New results for old heat engines. Am. J. Phys. 1987, 55, 602. [CrossRef]
Rezek, Y.; Kosloff, R. Irreversible performance of a quantum harmonic heat engine. New J. Phys. 2006, 8, 83. [CrossRef]

Abah, O.; Rofinagel, J.; Jacob, G.; Deffner, S.; Schmidt-Kaler, F.; Singer, K.; Lutz, E. Single-Ion Heat Engine at Maximum Power.
Phys. Rev. Lett. 2012, 109, 203006. [CrossRef]

Deffner, S.; Campbell, S. Quantum Thermodynamics; Morgan & Claypool Publishers: San Rafael, CA, USA, 2019. [CrossRef]
Kloc, M.; Cejnar, P,; Schaller, G. Collective performance of a finite-time quantum Otto cycle. Phys. Rev. E 2019, 100, 042126.
[CrossRef] [PubMed]

Myers, N.M.; Deffner, S. Bosons outperform fermions: The thermodynamic advantage of symmetry. Phys. Rev. E 2020, 101, 012110.
[CrossRef]

Smith, Z.; Pal, P.S.; Deffner, S. Endoreversible Otto Engines at Maximal Power. J.-Non-Equilib. Thermodyn. 2020, 45, 305-310.
[CrossRef]

Myers, N.M.; McCready, ].; Deffner, S. Quantum Heat Engines with Singular Interactions. Symmetry 2021, 13, 978. [CrossRef]
Myers, N.M.; Abah, O.; Deffner, S. Quantum Otto engines at relativistic energies. New . Phys. 2021, 23, 105001. [CrossRef]
Myers, N.M.; Deffner, S. Thermodynamics of Statistical Anyons. PRX Quantum 2021, 2, 040312. [CrossRef]

Myers, N.M.; Pefia, EJ.; Negrete, O.; Vargas, P.; De Chiara, G.; Deffner, S. Boosting engine performance with Bose-Einstein
condensation. New J. Phys. 2022, 24, 025001. [CrossRef]

Myers, N.M,; Pena, E]J.; Cortés, N.; Vargas, P. Multilayer Graphene as an Endoreversible Otto Engine. Nanomaterials 2023, 13,
1548. [CrossRef]

Pefa, EJ.; Myers, N.M.; Ordenes, D.; Albarran-Arriagada, F.; Vargas, P. Enhanced Efficiency at Maximum Power in a Fock-Darwin
Model Quantum Dot Engine. Entropy 2023, 25, 518. [CrossRef]

Erbay, L.B.; Yavuz, H. Analysis of the Stirling heat engine at maximum power conditions. Energy 1997, 22, 645. [CrossRef]
Blank, D.A.; Davis, G.W.; Wu, C. Power optimization of an endoreversible stirling cycle with regeneration. Energy 1994,
19, 125-133. [CrossRef]

Kaushik, S.; Kumar, S. Finite time thermodynamic analysis of endoreversible Stirling heat engine with regenerative losses. Energy
2000, 25, 989-1003. [CrossRef]

Slattery, W.L.; Doolen, G.D.; DeWitt, H.E. Improved equation of state for the classical one-component plasma. Phys. Rev. A 1980,
21, 2087-2095. [CrossRef]

Faussurier, G. Equation of state of the relativistic electron—positron—photon plasma at arbitrary temperature and degeneracy.
Phys. Plasmas 2024, 31, 102702. [CrossRef]

Callen, H. Thermodynamics and an Introduction to Thermostastistics; Wiley: New York, NY, USA, 1985.

45



Entropy 2025, 27, 807

38.
39.

40.

41.

42.

43.

Peliti, L. Statistical Mechanics in a Nutshell, 2nd ed.; Princeton University Press: Princeton, NJ, USA, 2024.

Gervois, A.; Pomeau, Y.; Résibois, P. Non equilibrium density expansion in the dilute one component plasma. Phys. Lett. A 1976,
55,343-344. [CrossRef]

Alastuey, A.; Perez, A. Virial Expansion of the Equation of State of a Quantum Plasma. EPL (Europhys. Lett.) 1992, 20, 19.
[CrossRef]

Omarbakiyeva, Y.A.; Fortmann, C.; Ramazanov, T.S.; Ropke, G. Cluster virial expansion for the equation of state of partially
ionized hydrogen plasma. Phys. Rev. E 2010, 82, 026407. [CrossRef] [PubMed]

Mattiello, S.; Cassing, W. Shear viscosity of the Quark—Gluon Plasma from a virial expansion. Eur. Phys. J. C 2010, 70, 243-249.
[CrossRef]

Ropke, G.; Schorner, M.; Redmer, R.; Bethkenhagen, M. Virial expansion of the electrical conductivity of hydrogen plasmas. Phys.
Rev. E 2021, 104, 045204. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

46



E entropy

Article

Revisiting Endoreversible Carnot Engine: Extending the
Yvon Engine

Xiu-Hua Zhao ! and Yu-Han Ma 123*

School of Physics and Astronomy, Beijing Normal University, Beijing 100875, China

Key Laboratory of Multiscale Spin Physics (Ministry of Education), Beijing Normal University,
Beijing 100875, China

Graduate School of China Academy of Engineering Physics, Beijing 100193, China

*  Correspondence: yhma@bnu.edu.cn

Abstract: Curzon and Ahlborn’s 1975 paper, a pioneering work that inspired the birth of the
field of finite-time thermodynamics, unveiled the efficiency at maximum power (EMP) of
the endoreversible Carnot heat engine, now commonly referred to as the Curzon—Ahlborn
(CA) engine. Historically, despite the significance of the CA engine, similar findings had
emerged at an earlier time, such as the Yvon engine proposed by J. Yvon in 1955 that
shares the exact same EMP, that is, the CA efficiency 17c4. However, the special setup of
the Yvon engine has circumscribed its broader influence. This paper extends the Yvon
engine model to achieve a level of generality comparable to that of the CA engine. With
the power expression of the extended Yvon engine, we directly explain the universality
that 77ca is independent of the heat transfer coefficients between the working substance
and the heat reservoirs. A rigorous comparison reveals that the extended Yvon engine and
CA engine represent the steady-state and cyclic forms of the endoreversible Carnot heat
engine, respectively, and are equivalent.

Keywords: finite-time thermodynamics; endoreversible heat engine; Curzon—-Ahlborn
efficiency; Yvon engine

1. Introduction

The seminal paper by Curzon and Ahlborn [1], published in 1975, is a landmark work
in finite-time thermodynamics [2]. By analyzing an endoreversible Carnot engine with finite
temperature differences between the working substance and the reservoirs, the authors
optimized the power output of the engine and obtained the efficiency at maximum power
(EMP), which is a more practical efficiency bound than the Carnot efficiency [3]. The EMP

formula they derived,
eca=1—v T/ Ty (1)

with T, (Tj) being the temperature of the cold (hot) reservoir, is commonly referred to
as Curzon—-Ahlborn (CA) efficiency. In the following decades, studies on finite-time heat
engines have advanced rapidly [2,4-8]. Notable topics include the nature of CA effi-
ciency [9-11] and the microscopic realization of CA engines [12,13], various forms of
endoreversible thermodynamic cycles [14-17], different theoretical frameworks for finite-
time cycles [10,18-22] and their thermodynamic bounds [15,23-27], and the connections
and shared principles among diverse heat engine models [28-30].
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In fact, Curzon and Ahlborn’s work was not the first to explore the performance
of finite-time heat engines or derive the CA efficiency [31-34]. As early as 1955, Yvon
presented the same formula as Equation (1) while investigating the optimization of actual
power plants modeled as endoreversible engines [35]. Two years later, Chambadal [36] and
Novikov [37] presented discussions that are quite similar to that of Yvon and reached the
same conclusion. Yvon's approach, though yielding the same EMP expression, differed from
Curzon and Ahlborn’s in two key aspects as follows: (i) a finite temperature difference was
assumed only between the working substance and the hot reservoir, with no temperature
difference on the cold side; and (ii) instead of explicitly considering cycle time, finite heat
flux and work rate were directly used to characterize the finite-time nature of practical
engines. These distinctions render the relationship between the Yvon and CA engines less
straightforward, obfuscating the grounds for their having the same EMP.

The simplicity of Yvon’s optimization procedure (shown in Section 2) inspires us
to extend their model to encompass more general finite-time engines. The extended
Yvon engine presented in Section 3 provides a unified and straightforward framework for
studying endoreversible Carnot engines, bridging the gap between Yvon's original analysis
and the broader scope of Curzon and Ahlborn’s work. Specifically, we relax the assumption
of equal temperatures on the cold side in the Yvon engine, and optimize the work rate
(power) with respect to the endoreversible temperatures of the working substance under
the endoreversible condition. The derived EMP aligns with the CA efficiency, yet the
optimization process is significantly more concise than that of the CA engine. Moreover,
our approach naturally reproduces the trade-off relation between power and efficiency
beyond the maximum-power regime [15], a topic of considerable interest in contemporary
thermodynamic research [8,38]. In Section 4, we provide a rigorous comparison between
the extended Yvon engine and the CA engine models to demonstrate their equivalence
in describing the endoreversible Carnot heat engine. The conclusion, outlook, and some
remarks of this study are presented in Section 5.

2. Yvon Engine

We start with reviewing Yvon's pioneering treatment of the finite-time Carnot heat
engine [33,35]. Yvon’s report [35] at the 1955 United Nations Conference on the Peaceful
Uses of Atomic Energy offered a simple solution for maximizing the output power of
the steam engine in nuclear reactors. Specifically, as shown in Figure 1a, the fluid at
temperature T, from the reactor core serves as the hot reservoir transferring heat to the hot
end of the working substance in the engine, where the temperature of this end is maintained
at T,;, < Tj,. The Yvon engine generates power through the turbine shafts and isothermally
releases heat to the condenser where the working substance and the condenser are at the
same lowest temperature T, < T,,. This assumes that the heat flux from the fluid to the
working substance obeys Newton’s law of cooling, namely,

Q=T(Ty — Tn), )

where T is a constant that depends on the thermal conductivity and area of the wall
separating the working substance from the hot fluid, and the overdot notation stands for
the rates. This heat transfer law, proportional to the temperature difference between the
reservoir and the working substance, is valid for small temperature differences [39-41],
which is the scope of our study. The heat engine efficiency is defined as 7 = P/Q, where
P is the output power of the engine. With the assumption that the working substance
undergoes a reversible transformation between T,, and T;, namely, the heat engine is
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equivalent to operating with a Carnot cycle between a hot reservoir of temperature T;,;, and
a cold reservoir of temperature T, the efficiency of the engine reads as

7Y =1-"T./Ty, @3)

which is now known as the endoreversible assumption [42]. Hence, the power of the Yvon
engine follows as

X T, T 2
PO —yQ =1 (T + T~ T, - BT <r(vE - vTT)’, @

where the AM-GM inequality, (a + b) /2 > \/ab for nonnegative a and b, has been applied.
The power output is optimized to determine a practical operating regime for real engines,
where high power is required to perform real-world tasks. Associated with the third
equality in Equation (4), the maximum power is achieved when

Ty = T1’T1 =V ThTCr (5)

and the corresponding efficiency at maximum power nY) |7,,=Tz, = 1A is easily checked.
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Irreversible heat conductions

6, 0 T, T

Figure 1. Steady-state (a,b) and cyclic (c,d) endoreversible heat engines. (a) In the original Yvon
engine, finite heat flux (denoted as Q) occurs only at the high-temperature end, where there is a
temperature difference between the working substance and the hot reservoir. (b) The extended Yvon
engine introduces temperature differences, and thus, heat fluxes, between the working substance
and both the hot and cold reservoirs. (c,d) show the entropy (S)-temperature (T) diagrams of the
endoreversible Carnot engine cycles with finite heat fluxes (denoted as 4) along the high-temperature
and both isothermal branches, respectively.

3. Extended Yvon Engine

In the Yvon engine, heat flux is only considered when the working substance absorbs
heat from the hot reservoir. In this section, we extend the model to include heat flux on
the cold side, resulting from the temperature difference between the working substance
and the cold reservoir, as illustrated in Figure 1b. This extended Yvon engine is consistent
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with the CA engine [Figure 1d], though it uses a different representation method based on
energy fluxes rather than examining each branch of a thermodynamic cycle.
The heat flux from the hot reservoir at temperature Tj, to the working substance at
temperature ¢;, < Tj, follows
Qn = Tn(T, — 6n), (6)

where the constant I'j, characterizes the heat conductivity during heat absorption. Similarly,
the heat flux from the working substance, whose temperature decreases to 6. < ), to the
cold reservoir at temperature T, < 6, is

Qc = FC(QC - TC)/ (7)

with I'c being a constant during heat release. As a result of the energy conservation law,
the engine’s output power is

P=Qp—Qc=1Qp 8
In this case, the endoreversible assumption reads as
Qi _ Qe
= ©)

which indicates that there is no entropy generation in the working substance for this
steady-state engine, and the entropy flow from the hot reservoir to the working sub-
stance is balanced by the entropy flow from the working substance to the cold reser-
voir [43]. Correspondingly, # = 1 — 6./0;, is the endoreversible efficiency. According to
Equations (6), (7), and (9), ), can be expressed with the temperature ratio 6;, /6. as

Ty I'.T. 6y

0, = —, 10
" rh+rc+rh+rcec ( )

substituting which into Equation (8), we obtain

P

W <1+ T. 6 T Gh)

= 11
1_‘h‘krc ( )

Similar to Equation (4), by utilizing the AM-GM inequality, it is easy to find that, for given

Tycand Ty,
2
T,T.T, [T.
P ———— | 1—4]= =P 12
= rh + FC ( Th> maxr ( )

where the maximum power Pnax is achieved with the optimal endoreversible temperatures

0r  |T.
_ _ 1
o T, (13)

Consequently, the EMP of the engine nvp = 1 —07/0; = 7ca. In the limiting case of
I'y/Te — 0, it follows from Equations (10) and (13) that

0, and 07, which satisfy

0y =TT, =Ty, 0: =T, (14)

and the original Yvon engine is recovered. With nonvanishing I', /T, the maximum power
of the extended Yvon engine [Equation (12)] is lower than that of the original Yvon engine
[Equation (4)], despite operating at the same efficiency, due to the additional dissipation
resulting from the finite-rate heat transfer at the low-temperature end.
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Furthermore, in Equation (11), replacing the temperature ratios with efficiencies, where
T./Ty =1—#ncand 6./6;, =1 — 1, yields

p__ Tn  nlic—mn)
rt+rct (1=7)

, (15)

which is illustrated in Figure 2 for ¢ = 0.1,0.7,0.9 with normalized axes. This relation
determines the efficiency at an arbitrary power or the power at an arbitrary efficiency of
the endoreversible Carnot engine. The explicit dependence of power on efficiency, which
provides a comprehensive optimization regime for thermal machines, is now referred to
as the trade-off or constraint relation between power and efficiency [23-25,44,45], and this
constitutes one of the key focuses within the realm of finite-time thermodynamics [30].
For more details and the related progress on this issue, please refer to Ref. [8] along with
the references encompassed therein.

- A
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Figure 2. Trade-off relations between power and efficiency for the Curzon-Ahlborn engine with
nc = 0.1 (dash-dotted curve), #c = 0.7 (dashed curve), and 7c = 0.9 (solid curve). The triangles and
circle mark the maximum power and maximum efficiency, respectively.

4. Comparison of Curzon-Ahlborn and Extended Yvon Engines

Both the Yvon engine and its extended version are steady-state heat engines, while
the CA engine adopts a cyclic representation, taking into account the duration of each
thermodynamic process in the cycle. Although the previous section has demonstrated
the consistency of the EMP obtained by the extended Yvon and CA engines, their strict
correspondence needs further clarification. In this section, we will establish the strict
correspondence between the parameters of the two models. As the cyclic counterpart of the
extended Yvon engine [Figure 1b], the CA engine is depicted in Figure 1d in the entropy-
temperature (S — T) diagram. Meanwhile, Figure 1c represents the limiting case of the CA
heat engine, where the temperature difference at the low-temperature end approaches zero,
corresponding to the original Yvon engine illustrated in Figure 1a.

In Curzon and Ahlborn’s original derivation [1], engine power is expressed not
through energy fluxes but as the total work W = Qj, — Q. divided by the duration T =
&(t, + tc) of an endoreversible Carnot cycle, namely,

ca) _ Qn—Qc
P = 7@(% ) (16)

Here, t; and t, represent the durations of the heat absorption and release processes
[see Figure 1d], respectively, while the time taken to complete the adiabatic transitions,
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(& —1)(t, + tc), is assumed to be proportional to the duration of the isothermal processes
with ¢ > 1. The exchanged heat, Q) = J dn(c)dt, in the isothermal processes is

Qn= ')’h(Th - Gh)th/ Qc = '7::(96 - Tc)tc/ (17)

where Tj, . and ), . have the same meanings as in the extended Yvon model. However,
the heat transfer coefficients vy, . are different from I'y ., as will be discussed later. As the
result of the endoreversible assumption and the cyclic condition, the entropy variation of
the working substance in a cycle satisfies

Qn Qc

AS === —=—=0. 18

8, 6 (18)
Consequently, this cyclic engine’s efficiency 7 = (Q;, — Qc)/Qp, = 1 — 6./6,. Comparing
the first equality in Equation (8) with Equation (16) and Equation (9) with Equation (18),
we obtain the relation between 1, . and I’ . as

tn(e)

Lheey = m?h(c)- (19)

This equation shows that the heat transfer coefficients in the steady-state engine differ from
those in the cyclic engine by a time-proportional factor, which is determined by the ratio of
the corresponding process duration to the total cycle duration.

According to Equation (19), the overall coefficient appearing in the upper bound of
Equation (12) satisfies

T+ Te — S0+ te/t)(mbn/le+7) ~ &(yam+ vie)*

ryT. YhYe - YhYe (20)

where vt /te + yete/ty 2> 24/7n7Yc has been used, and the equality is saturated with the
optimal time ratio

by Ve

t Th
This indicates that when the process durations are taken into account, cyclic engines have
an additional parameter to be optimized, i.e., process time allocation t. /¢, compared to
steady-state engines. Substituting Equation (20) into Equation (12), the maximum power of
the CA engine [1] is exactly recovered as

2
Py = W¥eln <1 . TC) . 22)
g(\/ Th +\/'Yc) T

On the other hand, by combining -}, . and t;, . into I', . through Equation (19), the power of
the extended Yvon engine given in Equation (11) can be derived from Equations (16)—(18) of
the CA engine. In this sense, the extended Yvon engine and the CA engine are equivalent.

Herein, we would like to elucidate why the optimization of the extended Yvon engine
exhibits greater succinctness than that of the original CA engine. In the optimization
process from Equation (11) to Equation (12), the ratio of 6. /6;, emerges as a unified quantity,
decoupling its role in maximizing P from the heat transfer coefficients I'; .. By contrast,
in Ref. [1], the authors individually calculated the derivatives of P [Equation (16)] with
respect to 0. and 6, subsequently determining 6 and 6; via dP/d0, = dP/d0, = 0.
Eventually, Curzon and Ahlborn arrived at Equation (13) and ascertained its independence
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from Ty, . or <y}, .. Essentially, our derivation is more intuitive and effectively highlights the
significant universality that the EMP of the endoreversible Carnot engine is invariant to
the heat transfer coefficients. Nevertheless, I'j, . impact the specific values of 67 and 6, via
Equations (10) and (13). Furthermore, when correlating heat transfer coefficients in the
extended Yvon engine with those of the CA heat engine, Equation (20) indicates that the
time ratio t./t; of different thermodynamic processes in the cyclic heat engine affects the
output power as a unified quantity rather than depending on the specific durations of each
individual process. As a final point, similarly to the power—efficiency relation Equation (15)
for the extended Yvon engine, the trade-off relation between power and efficiency for the CA
engine can be obtained by substituting the upper bound in Equation (20) into Equation (15),
which was first derived by Chen and Yan [15] through solving (dP/96;), = 0. When
expressed in normalized form, as illustrated in Figure 2, the power—efficiency trade-offs for
both engines are identical.

5. Conclusions and Discussion

To summarize, we have extended the original model of the Yvon engine with one-sided
heat flux to the general endoreversible Carnot engine with two-sided heat fluxes. The ex-
tended Yvon engine and the CA engine are essentially two sides of the same coin, namely
the steady-state heat engine form and the cyclic heat engine form of the endoreversible
Carnot heat engine. Our derivations emphasize the predominance of the temperature ratio
over specific temperature values in optimizing this type of engine, explaining why the
EMP of endoreversible engines under Newtonian heat transfer is independent of the heat
transfer coefficients. For endoreversible heat engines operating under heat transfer laws
other than Newton’s law, the EMP generally depends significantly on the heat transfer
coefficients [15].

It is highlighted that the temperature ratio 6./6), (or efficiency # = 1 — 6./0;) consti-
tutes the sole degree of freedom for steady-state endoreversible engines, independent of
the heat transfer coefficients [see Equation (11) or (15)], and decouples from time allocation
in cyclic engines [see Equation (20)]. It is worth mentioning that (i) Ref. [46] also recognizes
the independent role of efficiency, but only for the special case with symmetric heat transfer
coefficients; and (ii) Bejan [31] noticed the fact that different irreversible heat engine models,
namely Chambadal'’s [36], Novikov’s [37], and Curzon and Ahlborn’s [1] share the same
EMP, and he explained this with the theory of entropy generation minimization [47]. Never-
theless, the analyses presented in Ref. [31] did not clarify the strict correspondence between
the optimization of cyclic heat engines, which incorporated the process durations as per
Curzon and Ahlborn’s methodology, and that of steady-state heat engines characterized by
energy fluxes [35-37]. We provide such strict correspondence relations in Section 4 to fill
this gap.

The optimization approach presented in the current work is intuitive and straight-
forward, allowing for the direct extension of the optimization criteria, from maximizing
power to optimizing efficient power, ecological function, or Omega function [14,48]. The ex-
tended Yvon engine has potential applications in areas such as chemical engines [49,50]
and thermoelectric generators [51,52]. Future research could further explore the optimal
control and geometric optimization [13,53-55] of the extended Yvon engine, its performance
between finite-sized heat reservoirs [44,56-59], and its experimental realization [41,45,60].
In addition, the extended Yvon engine can serve as a pedagogical example for teaching ther-
modynamics and engineering thermodynamics, given that its simple and lucid derivation
helps students initiate their understanding of nonequilibrium thermodynamics.
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As a final remark, perhaps due to historical, linguistic, or other factors [32-34],
as well as the particularity of the model, the Yvon engine [35] and its contemporaneous
works [36,37] regrettably did not garner the attention they deserved at that time. Twenty
years later, the generality and simplicity of the CA engine [1], along with the systematic
research on thermodynamics in finite time by the Chicago school [7,61] during the same
period, gave birth to the field of finite-time thermodynamics. We hope that the extended
Yvon engine proposed in this paper will encourage more people to pay attention to and
appreciate Yvon's ingenious ideas regarding the practical thermodynamic cycle within a
finite duration and help disseminate the complete history of finite-time thermodynamics.
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Abstract: This paper presents a theoretical optimization of an endoreversible compres-
sor under steady-state conditions. A parametric study using finite-time thermodynamic
principles highlights the effect of external irreversibilities on compressor performance. A
compressor efficiency metric is established based on heat pump theory’s analogous perfor-
mance coefficient concept. The external irreversibilities are characterized as functions of the
conductance coefficients between the compressor and the low- and high-pressure reservoirs.
In particular, the influence of suction and discharge tube diameters and gas pressures is
investigated to determine the optimum compressor operating performance for a given
gas mass flow rate. The results highlight the importance of selecting optimal suction and
discharge tube diameters to improve compressor power efficiency and minimize energy
consumption during gas compression.

Keywords: finite time thermodynamics; compressor; irreversibility; optimization; effi-
ciency

1. Introduction

The optimization of thermal machines has been the subject of numerous engineering
studies and has accompanied their industrial development since the late XIXth century.
In the 1950s, Chambadal and Novikov optimized thermal machine cycles by considering
irreversibilities at the heat exchangers [1,2], leading to an efficiency depending only on
the temperatures of the hot source and cold sink. A few years later, Curzon and Alborn
laid the groundwork for finite-time thermodynamics [3]. Their article obtained the same
results as those of Chambadal and Novikov. Their general approach was to treat time as a
finite quantity during each cycle transformation and to incorporate internal and external
irreversibilities in the fluid and heat exchangers. Since then, FTT has gone from strength
to strength [4-10]. The introduction of finite-time thermodynamics has made it possible
to model and optimize thermal machine cycles, starting with Carnot engines [11,12]. Op-
timal performance metrics, such as efficiencies and power outputs, are determined as a
function of heat source and heat sink temperatures. This methodology has been extended
to numerous thermal machines, such as Carnot heat machines [13-20], internal combustion
engines [21], external heat input machines [11,12,22-25], turbines [21,26,27], co-generation
systems [27-29], fuel cells [25,28], refrigeration machines [30-33], heat pumps [34-36], and
combined cycles [29,32,37]. The notion of finite time was then subsumed under a more gen-
eral terminology: finite dimension. This dimension can also be the speed of a piston [38—41]
or the surface area of an exchanger [32]. Generally speaking, finite-time thermodynamics
can be applied to any energy conversion process that generates work from hydraulic,
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pneumatic, chemical, thermal, or electrical potential differences, and vice versa. Examples
include thermoelectrical systems [42,43] and pneumatic cylinders [10,44-47]. The study of
fluid flow in microchannels is relevant to both industry and research, with applications
spanning biology, chemistry, microelectronics, space, and micromechanics [48,49]. These
microsystems involve creating geometric objects with dimensions as small as a few microns.
Under these challenging flow conditions, actuators like valves, pumps, and distributors
have operational characteristics that depend heavily on the dimensions and physical prop-
erties of the fluids, whether liquid or gas.

In this article, we explore the theoretical study of the optimal performance of a com-
pressor used in high-pressure micro gas flow scenarios. Such issues arise particularly in the
cooling of electronic components using thermal machines like pulsed gas tubes, Stirling
refrigerators, or Joule Thomson refrigerators [50,51]. We explore the theoretical analysis,
drawing a parallel with the finite-time thermodynamics of a heat pump to determine the
optimal operating conditions of a compressor functioning under stringent geometric con-
straints, necessitating suction and discharge flows through tubes with internal diameters
ranging from 70 to 200 pm.

2. Mathematical Model

Bejan [10] presented a study on the maximum power generated by fluid flow, using a
pneumatic cylinder and drawing an analogy between the conditions for maximum power
in fluid and thermal power conversion. Based on this work, we extend the idea to an
endoreversible compressor and, by analogy with the study of finite-time optimization of
an endoreversible heat pump, we consider that a compressor is a system that provides
mechanical work (or mechanical power) to a fluid to transfer it from a source with low
energy potential to a sink with high energy potential (Figure 1). In our case, the flow is a
gas flow rate, while the potential differences are pressure differences. Thus, the gas flow V
is the product of a conductance C by a pressure difference AP. This notion of a tube as an
impedance or resistance in the electrical analogy sense was introduced by Knudsen [52],
and Dushman [53] defined the concept of conductance as the ratio between a fluid flow rate
and a pressure difference. Conductance measures how easily flow occurs in response to a
pressure differential: the higher the conductance for a given pressure differential, the greater
the flow rate. In the classical endoreversible heat pump machine, the mechanical power W,
pumps the heat from the cold source at temperature T¢ to the hot sink at temperature Ty.
The present endoreversible model may differ from the behavior of a real compressor due to
irreversible mechanical losses in the moving parts of the compressor, rarefaction effects
(Knudsen number > 0.001), pressure losses due to the surface condition, and roughness
of the compressor wall materials. However, as a preliminary study, we will assume that
these losses do not exist, focusing on an endoreversible model with irreversibilities only at
the source and sink, and which are represented by the thermal conductances C;;, and Cyy,
respectively [34-36].

A compressor draws a gas through suction tube 1, of length L; and internal diameter
dy, from reservoir 1 (equivalent to the cold source of a heat pump) at the average pressure P,
temperature T;, and discharges it into reservoir 2 (equivalent to the hot sink of a heat pump)
at the average pressure P, and temperature T through discharge tube 2 of length L, and
internal diameter d,. The pressure at the compressor inlet is P; while the outlet pressure is
P,. The pressure losses (P; — P1) and (P, — P,) are created by the fluid frictions in the suction
and discharge tubes, respectively. The fluid is supposed to be incompressible and fully
developed, with a constant velocity profile throughout the tube length, and laminar. We
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impose a constant average mass flow rate of gas 1, without leaks, during the compression
phase. We note W,, the mechanical compression power (Figure 2).

TH PZ
% Qu =Cy (T\rl *TH) g V?- :C2 (PO P?.)
I
TM PO
Heat Pump | €— WHP Compressor | €— Wc
Tm Pi
g Qm:Cm(TC_Tm) g vIZCI(Pl_Pi)
1
Te P,

Figure 1. Analogical representation of endoreversible heat pump and an analog endoreversible compressor.

Compressor
Reservoir 1 m P; /QPO m Reservoir 2
P, T, V, == \ We = Py, T3 V,
Suction tube 1 \:\&‘, Discharge tube 2
L19 dl P L25 d2

i

Figure 2. Schematics of a compressor. The compressor generates the mass flow 11 under the (P, — P;)
pressure difference. The pressure losses (P; — P;) and (P, — P,) are created by the fluid frictions in the
suction and discharge tubes (L1, d) and (L, d3), respectively.

2.1. Optimal Mechanical Power of the Compressor

The Bernoulli equation written for suction tube 1 makes it possible to link the two pres-
sures P; and P; by the following classical expression:

8 i’ Ly
Pp—P=———F|14+A—]. 1
With the mass flow inside pipe 1,
it = p1 51 V1. 2

Equations (1) and (2) are based on the assumption that the fluid can be treated as
a continuum. However, for micro-sized tubes or under certain low-pressure conditions
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(where multiple characteristic length scales must be considered), the Knudsen number Kn
is typically used to assess the validity of this assumption. Defined as the ratio between
the mean free path ¢ (the average distance a molecule travels between collisions) and the
characteristic length L (such as the hydraulic diameter of the tube), the Knudsen number
helps determine the continuum nature of the flow. When Kn < 0.001, the continuum
hypothesis holds, and Equations (1) and (2) remain applicable [54].

The tubes under consideration are characterized by small diameters ranging from
50 pm to 200 pm, and relatively long lengths between 50 mm and 100 mm. Although
these dimensions suggest that rarefaction effects may be non-negligible—particularly given
that the Knudsen number Kn exceeds 0.001—we will not introduce correction terms to
account for velocity slip at the wall. This simplification is justified by the assumption that
continuum flow remains a valid approximation within the operating conditions of the
system. To limit friction losses in the suction and discharge tubes, a laminar flow condition
is imposed; then, the pressure loss coefficient A is expressed by the Blasius relation [55]:

64 “ul dl
Equation (3) into (1) gives
_ 8 iir? pL
Pl—Pi— p1d4 1+16m—— o (4)

Whatever the gas used (see Table 1), taking into account the condition relating to the
viscous laminar flow regime, as well as the very low mass flow rates (17 < 107¢ kg s 1)
and the dimensions of the suction and discharge tubes, we verify the relationship:

L
g bl ) (5)
m

The pressure difference (P, — P;) is proportional to the volumetric flow rate V;
(Figure 1) or mass flow rate 1z = p1 Vj. In these conditions, Equation (4) becomes

128 L 128 Lq.. V;
Hi 171’1 "1 1V: 1

APy =P, —P = —= 6
1 =1 T p1 d4 T dzll 1 C] ( )
with 1 1281 L
1Ly
_ = — . 7
G- )
We define the factor K; = C as an analog of a fluidic resistance, and the pressure
difference AP} becomes
AP; = Ky m 8)
with 198 1 L
=8 ©)
T prdy

Identical reasoning applied to the flow on the discharge side leads to the
following relations:

128 11, L 128 Ly, V-
APy =P, — Py = —F2 22, 2222y, 22
T oy ds b G,

(10)

with
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118l

G- @ (11)

The factor K; = 572%2 is defined as an analog of fluidic resistance, and the pressure
difference AP, becomes

APy = Ky i1 (12)
with
12 L
ko= 202k (13)
T p2d;

The diameter of each tube significantly affects the calculation of pressure losses. In the
laminar regime, the pressure loss AP varies linearly with the mass flow 7.

Table 1. Thermophysical properties of different gases at 20°C and standard atmospheric pressure
101,325 Pa [56-59].

Dynamic Thermal

Gas Viscosity u ]()lf nSIt_};f Spelc(lﬁfl};fjtl Cp Conductivity A Adiabatic Index hll(f(laLMafi{)\d
(10~5Pass) gm Ukg ) Wm-1K 1) 7 g kmo
Air 1.817 1.203 1015 0.02565 1.400 28.97
Argon (Ar) 2.240 1.661 520 0.01737 1.670 39.948
Carbon dioxide (CO») 1.493 1.871 851 0.01626 1.294 44.009
Helium (He) 1.973 0.166 5196 0.14929 1.666 4.003
Hydrogen (Hy) 0.867 0.084 14285 0.17690 1.410 2.016
Nitrogen (Ny) 1.757 1.164 1040 0.02543 1.400 28.013

The mechanical power of a compressor being proportional to the variation in enthalpy
of the gas, the power supplied by this compressor, noted W, related to the mass flow g,

. T P -1
. mc 1 0 Y
W, = —F (> -1, 14
c e P (14)

is written as follows:

where 7. is the isentropic compression efficiency. The endoreversible compressor assumes
adiabatic efficiency 7, = 1, to maintain the analogy with an endoreversible heat pump. It
means there are no energy losses to compress the gas from the pressure P; to P, inside the
compressor. Otherwise, we would have an irreversible compressor. Equations (6) and (10)
are reported into Equation (14), and

-1
: . D+ AP\ 7
W, = T || —— -1 1
e n <P1—AP1) (1
Let us introduce the pressure ratio T by
P+ AP T
N AV RN

T (P1—AP1) ' (e

The expression (16) is simplified if we assume that the pressure losses are negligible
compared to the average pressure values and AP} < P; and AP, < P,. By an expansion
limited to the first order of the numerator and the denominator of the relation (16), we
finally obtain

=1

'y—lAPl)( 7—1AP2>(P2>
T (14 X220 (YT 20 (2 17
( Y P v P Py 17)
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and, neglecting the second order terms (ﬁ—% 2—% ), the pressure ratio is

v —1AP,

Tz1+7<L%HA&). (18)

P, APy

The expression of the compressor power W, is written as follows:

-1

A . Y — 1 AP] P] AP, P, %
We =rire, Tid |14 X220 (1 p 2120 | (12 7y 1
C m%l{{+'ylﬁ(+&AH P : (49

Aﬂz:ﬂzMYE(%)4<ﬂ)2 (20)
APl }11 Ll Tl d2 Pz ’

The volumes of the two reservoirs are sufficiently large compared to those of the tubes
to consider that the temperatures T; and T, are equal but that only the pressures P; and P,
are different. And if Ty = T, then y; = pp and p; = pp, and the pressure ratio 2—% yields

and

AR Ly (d\ (P K (P @)
AP, T Ly \ dy P) T K\P)’
where the ratio K, /K is a function of geometric parameters (lengths and diameters) only:
Ko _ L (i)’ @)
Ki  Li\d)

Finally, the compressor power W, is written as follows:

y—1
Vo r—1 b Ko\ Kurt] (B 7
mwm%nﬂuy O+&K1 ol (5 1. (23)
1289 -1 rTy L Ly (di\*/P\? P\ T
Ve mrine, T |14 —— LB J1 2 (g 22 (21 (L) )y (22 —1y. (24
We mcy 1{[ + p= ’)’ Plz d%( +L1 i P, m P, ( )

We define the normalized compression power W} as a normalized power from
Equation (24):

. W,
Wi = ——. 25
¢ m Cp T1 ( )
The normalized power W} presents a minimal value for an optimal reservoir pressure
Pyopt that must be determined (Figure 3). To do this, let us cancel the first derivative

of Equation (23), aavI‘\szg‘ = 0, and it becomes

Ky 1t b
YR+ (y -1 Ky "

PZopt = (26)
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10

- dr=90 lpm

P, 0p =56 bar
1 2 5 10 20 50
P (bar)

Figure 3. Evolution of the normalized compressor power as a function of the discharge pressure
for dy/dp >1. Conditions: helium (Table 1), discharge tube diameter dy = 90 um, d; = 200 um,
Ly =L, = 0.05m.

The optimal normalized power is finally written:

- WC‘opt
Wc |opt - 1 Cp Tl'

(27)

v

_1751 1

. -1 1/pP\ 7| v —1 Kyrit [P\ 7
Wil o= |1 (2 1+ — — +KymitPy | = -1 28
Elope l ; P12<P1) 1 +— k(g (28)
Indeed, we show that the second derivative of the power a;g is positive, confirming

a minimal point corresponding to Papt, and it has the following expression:

W 1 (Pz)—l/w—l [ y—1 ]

= —= —— [KyPyrit(y 4+ 1)] = P |[Kyin——+ Py | ». 29
9Py (P1P27)2{ P, Y [KaPyrir(y +1)] — P2 | K4 5 1 (29)

The compressor’s power curve evolves in two different ways. In the first phase,
the power decreases with the discharge pressure P, up to a minimum corresponding to
Paopt, for which "’;P—Vzvzf is positive. When d; > dp = 1, to maintain the mass flow # constant,
the power of the compressor decreases and reaches a minimum point. Then, from this
point, the power increases with pressure P, due to the logical increase in pressure losses in
the discharge tube.

2.2. Energy Conversion Efficiency of the Compressor

By analogy with the coefficient of performance of a heat pump, the energy conversion
efficiency e of the compressor is written as the ratio between the power required to compress
the gas from P, to P, corresponding to the viscous power Wy, expended along the
discharge tube, and the total power W, supplied to the compressor to compress the gas
from P; to P, (Figure 1):
insc 2
W

e = (30)
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Considering the perfect gas law and Equation (12), the viscous power is

. . K 1. T
Woiscz = Va APy = =2 jir? = ¢, L —= Ky =2 4is?

. 31
02 Y ) G

From relations (24) and (31), for a given type of gas (adiabatic index 7) and its mass
flow rate 71 the energy conversion efficiency € of the compressor (30) is written as a
function of the main dimensional parameters, the pressures of the reservoirs, P; and Py,
and the conductances of the tubes, K; and Kj:

y—1 .
Kz a m
-1 :
—1 P K Ky ni P\ 7
Pz{ et (e ) 5 (R) —1}

3. Results and Discussion

(32)

In this section, we address the parametric study of compressor performance for
different pressure levels and different tube diameters. We will assume that the gas mass
flow rate remains constant (i1 = 0.3 pug s~ 1) and that the tube lengths also remain constant
(L1 = L, = 50 mm). All simulations were carried out with helium, and the influence of the
nature of the gases (Table 1) on the performance of the endoreversible compressor will only
be considered in Section 3.2.3.

3.1. Compressor Power

The study of the evolution of the compressor power W/ as a function of the discharge
pressure presents two different behaviors. The normalized power W} increases with the
pressure P,, but also when the diameter d, of the discharge tube decreases (Figure 4).
However, for each diameter d; there is a specific pressure at which compression power
reaches its minimum.

When the diameter ratio d1/d, > 1 the power of the compressor presents a minimum
for each discharge tube diameter d, (Figure 4). This minimum slides with the pressure
and increases when the tube diameter d, decreases, corresponding to the impact of the

pressure losses (Figure 5). The normalized power W* . decreases when the diameter d; of

¢ min
the discharge tube increases logically because for the same mass flow #: the fluid velocity
of the gas decreases, generating a corresponding decrease of the pressure losses.

-+ =200 um
== =150 pm
- d,=130 pm |
= d,=110 pm

0.5k = d=90um ]

= d,=70 um
1 S 10 50
P (bar)

Figure 4. Evolution of the normalized compressor power as a function of the discharge pressure.
Influence of the discharge tube diameter d; for dy /d, > 1. Conditions: helium (Table 1), d; =200 pm,
L1 = Ly =50 mm, and 1z = 0.3 ug s L.
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We show a%:f > 0, and the normalized power W} presents a minimal value W*, .
for the pressure P, (Equation (26)), and this for all delivery diameter values d; from 70 to
200 pm (with d; = 200 pm), and this for all discharge diameter values. Under these conditions,
for a given tank pressure P, and a given mass flow rate 7z we can choose the suction tube
diameter allowing the gas to be compressed with a minimum of energy. Figure 5 shows the
monotonic decrease of the optimal pressure P, as a function of the diameter d5. It can be
observed that the optimal power collapses, starting from a diameter of d, = 150 pm.

When the diameter ratio d1/d> < 1, the power of the compressor Wg‘ does not
present minimum values but increases continuously with the pressure and also when the
diameter d; of the suction tube decreases due to the increase in pressure drops (Figure 6).
The compressor’s power does not reveal an optimal value that can be used for sizing
the compressor. The normalized power W*, . (Figure 7) decreases when the diameter
d; of the suction tube increases logically because for the same value of the mass flow rit
the tube section presents a bigger area and then a lower velocity. In this configuration,
the optimal pressure Py, increases with the rise in diameter d; and tends toward a value
of Pyoptiim = 0.22 bar. This demonstrates a behavior very different from the case where
dy/dy > 1 (Figure 5).

50,

—
<

min and PZopl (ba-r)
— w

e
c

W,
g
W

50 100 150 200
dy (um)

Figure 5. Evolution of normalized power and optimal compressor outlet pressure. Influence of the
discharge tube diameter d; for dy/d2 > 1. Conditions: helium (Table 1), L; = L; =50 mm, and

1t =03pgs L.
= d=130 ym ' ' ;
< dy=110 um

ok ™ d;=90 pm

- =200 um {
= d;=170 pm
“ d=150 um ]
1 5 10 50

P (bar)

0.5

Figure 6. Evolution of the normalized compressor power as a function of the discharge pressure.
Influence of the suction tube diameter d; for d;/d, < 1. Conditions: helium Table 1), d, =200 um,
Ly = Ly =50 mm, and 7z = 0.3 pg s~ 1.
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Figure 7. Evolution of normalized power and optimal compressor outlet pressure. Influence of
the suction tube diameter d; for d;/d, < 1. Conditions: helium (Table 1),L; = Ly =50 mm, and
i =03ngs L.

3.2. Compressor Efficiency

The compressor efficiency represents the ability of the compressor to convert the
power input W to the power Wiisco to compress the fluid from the pressure P; to Ps.
The influences of the suction diameter tube d; and the discharge diameter tube d, are
analyzed as a function of the pressure. First, we will analyze the compression efficiency as
a function of discharge pressure and then as a function of compression power.

3.2.1. Effect of the Discharged Pressure P»

In Figures 8 and 9, the efficiency e decreases with pressure. Overall, for the same mass
flow rate ri1 this can be explained by the increase in pressure losses as the diameter of the
suction and discharge tubes decreases. However, the compressor behaves very differently,
depending on the ratio dq /d;. The compression efficiency for the same pressure value, Py,
is higher for the case di/dy > 1 than for the case d1/d, < 1. For the cased;/dy, > 1, it
is shown that at the same pressure, P,, the efficiency decreases as the diameter d; of the
discharge tube increases. Conversely, for the case di/dy < 1 the efficiency decreases as
the diameter d; of the suction tube decreases. This phenomenon can be attributed to the
compressor’s constant mass flow rate 71 during the compression process. In general, for the
case dy/dy > 1 the compressor demonstrates the highest efficiency values.

0.100¢

d>,=200 pm
0.010k = =150 pm
= =130 ym
<= dy=110 um
< dh=90 pm
+ ¢h=70 pm
I 5 10 50
P (bar)

0.001¢

Figure 8. Compressor efficiency. Influence of the discharge tube diameter d,. Conditions: he-
lium (Table 1), dy = 200 pm for dq /dy > 1, Ly = Lp =50 mm, and 7z = 0.3 pg s~ 1.
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Figure 9. Compressor efficiency. Influence of the suction tube diameter d;. Conditions: he-
lium (Table 1), dy =200 um for dy /dy <1, Ly = Ly =50 mm, and 71 = 0.3 pg s L

3.2.2. Bounds of Efficiency and Compression Power

The compressor’s performance can be characterized by analyzing the normalized
compression power as a function of normalized efficiency. The effects of the ratios d; /d»
were assessed, and the results are displayed in Figures 10 and 11. Both figures exhibit
the same remarkable point. For the ratio €/€,x close to zero, the compressor delivers
maximum power to compensate for its very low efficiency to maintain the desired mass flow
rate 77 and compression ratio P,/ P;. On the other hand, at a given normalized efficiency
the normalized power of the compressor increases when the diameter of the tubes decreases.
This is explained by the fact that the compressor must compensate for the pressure losses,
which increase at constant mass flow rate when the tube diameters decrease.

For the diameter ratio dy /dy < 1 (Figure 10), the normalized power shows a minimum
for some tube diameter values d, < 110 um corresponding to a range of normalized
efficiency €/ €qx between 0.2 and 0.4. For diameters d, > 110 um, the normalized power
of the compressor decreases with normalized efficiency. For the diameter ratio dy/dy > 1
(Figure 11), the normalized power constantly decreases with normalized efficiency but
does not present a minimum.

1.0 — d,=200 pm {
dr=150 pm
0.8 pm
% dr=110 pm
=]
L 06 ;=90 ym 1
j{‘&h
04
0.2
OTO 0:2 0t4 0i6 0:8 l:O

€/€ max

Figure 10. Normalized power versus normalized compressor efficiency. Influence of the discharge
tube diameter dp. Conditions: helium (Table 1), d; = 200 pm for d1/d, <1, L1 = Lp =50 mm, and
i =03ngs L.
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1.0 — d;=200 pm

— d;=150 pm
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— d)=110pum

£06 — d;=90 pm
FE___‘
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0.2
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Figure 11. Normalized power versus normalized compressor efficiency. Influence of the suction
tube diameter d;. Conditions: helium (Table 1), d, =200 pm for d;/dy > 1, L1 = Ly =50 mm, and
1t =03pgs L.

3.2.3. Influence of Gas Type

The nature of the gas significantly influences compressor performance (Table 1).
Figure 12 illustrates two major points. The efficiency decreases with the increase of the
pressure for all gases, and hydrogen and helium yield the highest compressor efficiency.
These gases are lightweight, possess high thermal capacities, and have exceptionally low
molar masses, which facilitates their flow through the tubing. At 1 bar, gas type has mini-
mal impact on compressor efficiency (e = 0.45). However, as pressure increases, reaching
5 bar for instance, compressor efficiency for hydrogen and helium is already twice that of
other gases.

0.500F 1

0.100¢
0.050F

— Air

0.010F — Argon

0.005F — Carbon Dioxide

— Helium

0.001F — Hydrogen \.

5x10F Nitrogen 4
1 5 10 50

P (bar)

Figure 12. Compressor efficiency. Influence of the thermophysical properties of the gas (Table 1) with
dq =200 pm, dy = 200 pm, L; = 50 mm, Ly = 50 mm, and 7z = 0.3 pg s~ .

4. Conclusions

We have used finite-time thermodynamics to carry out a parametric study of the perfor-
mance of an endoreversible compressor by analogy with an endoreversible heat pump. This
model cleanly separates internal reversible processes from external irreversibilities (like
finite heat transfer rates for the heat pump, finite pressure losses for the compressor). This
lets us pinpoint sources of performance loss (power, efficiency) more effectively due to the
diameter ratios, tube lengths, mass flows, pressures, and type of gases. This model yields
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analytical solutions that are easier to interpret and optimize in preliminary design. The
compressor compresses a gas reversibly at steady-state conditions, and external irreversibil-
ities occur between the compressor and the low- and high-pressure reservoirs, along the
suction and discharge tubes, respectively. Compressor performance is addressed through
the evolution of normalized power and normalized compression efficiency. The compressor
operates at a constant mass flow rate in the laminar regime. We have shown that the power
consumed by the compressor increases with the discharge pressure, due to the increase
in pressure losses in the suction and discharge tubes, and that the compression efficiency
logically decreases as this pressure increases. The influence of the conductances K; and
Ky, considered in terms of the diameters of the suction tube d; and discharge tube d, is
important, particularly through the ratio d; /d>, which can be greater or less than unity.
Although the compressor consumes less power when d; /d, < 1, the compression efficiency
improves when dy /d, > 1, provided that d; < 110 um and d, = 200 um. Finally, the analy-
sis showed that performance (power and efficiency) is best for low-molar mass gases such
as helium and hydrogen. Finite-time thermodynamics is a powerful tool for analyzing the
behavior and sizing of an energy conversion system, such as a compressor, and defining its
performance limits. This study holds significant technological relevance, as miniaturizing
mechanical and pneumatic components presents a major industrial and scientific challenge,
particularly within the domain of micro-electromechanical systems (MEMSs).
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Abstract: In celebration of 50 years of the endoreversible Carnot-like heat engine, this work
aims to link the thermodynamic success of the irreversible Carnot-like heat engine with
the stability dynamics of the engine. This region of success is defined by two extreme
configurations in the interaction between heat reservoirs and the working fluid. The first
corresponds to a fully reversible limit, and the second one is the fully dissipative limit; in
between both limits, the heat exchange between reservoirs and working fluid produces
irreversibilities and entropy generation. The distance between these two extremal configu-
rations is minimized, independently of the chosen metric, in the state where the efficiency
is half the Carnot efficiency. This boundary encloses the region where irreversibilities
dominate or the reversible behavior dominates (region of success). A general stability
dynamics is proposed based on the endoreversible nature of the model and the operation
parameter in charge of defining the operation regime. For this purpose, the maximum
ecological and maximum Omega regimes are considered. The results show that for single
perturbations, the dynamics rapidly directs the system towards the success region, and
under random perturbations producing stochastic trajectories, the system remains always
in this region. The results are contrasted with the case in which no restitution dynamics
exist. It is shown that stability allows the system to depart from the original steady state to
other states that enhance the system’s performance, which could favor the evolution and
specialization of systems in nature and in artificial devices.

Keywords: finite-time thermodynamics; endoreversible hypothesis; optimization; heat
engine stability; thermodynamic success; stochastic perturbations; relative entropy

1. Introduction

This work analyzes the role played by the stability of the auxiliary reservoirs appearing
in the endoreversible model, under the key premise that the local equilibrium in the
working fluid relaxation can be used as a stability mechanism leading to the steady state
of the operation regime. Previous works on the framework of low-dissipation systems
have shown that in multiobjective optimization, the Pareto front (the best compromise
among a variety of thermodynamic objective functions) coincides with the behavior of
the endoreversible model. Thus, at first glance, there is a link between optimization and
the endoreversible model even before an actual optimization is carried out. It is known
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that thermodynamic systems evolve to equilibrium states whenever relaxation times are
shorter than the operation or interaction times between the system and its surroundings
(reservoirs). In this sense, local equilibrium, responsible for the endoreversible effective
behavior of the working fluid (out of equilibrium with external reservoirs), acts as an
attractor. In this way, the local equilibrium can define stability dynamics, and it is possible
to analyze if the stability, under random perturbations, could point to a self-optimization
feature. This point will be tested in the context of thermodynamic success.

1.1. An Optimization Quest

Since its beginnings, optimization has been a cornerstone of thermodynamics. The
role of efficiency in establishing a theoretical upper bound for cyclic energy converters
was given in 1824 by Carnot efficiency, 201 years ago [1]. These results represented the
first paradigm for heat engine optimization that paved the way in the race for efficiency
maximization, where improvements involved the proposal of different geometries in the
work and heat (T-S) diagrams aimed at increasing their efficiency and reliability [2-5].
A second paradigmatic model that accounts for the finite time and finite size of real-life
devices was proposed in 1975 by Curzon—Ahlborn (CA) [6], 50 years ago. This model is
based on an internally reversible Carnot cycle (endoreversible hypothesis), irreversibly
coupled with two external thermal reservoirs. The endoreversible hypothesis has been
extensively studied [7-11], and beyond its conceptual idealization, studies on molecular
dynamics simulation [12,13] have validated its predictions.

In this model, the coupling between the inner reversible component and the external
reservoirs is modeled through heat transfer laws and phenomenological conductances
that account for the nature of heat fluxes and the properties of materials involved in heat
transport. Initially, it allowed the analysis of the maximum power (MP) regime [6,14-21],
and the so-called CA efficiency obtained in this regime, without any doubt, is the main
result stemming from the new era of finite-time thermodynamics [22-29]. This efficiency
has the form

where T = T, /Ty, is the ratio of the external cold and hot heat reservoirs and has proven to
be linked to a universal feature of maximum power operation regime [30-38]. Over the
last five decades, this model and further improvements included the effect of heat leak
and internal irreversibilities (affecting the reversible nature of the inner cycle). The model,
also denoted as the irreversible Carnot heat engine, has been used to confront a variety
of results stemming from macroscopic, mesoscopic, and microscopic scales, allowing the
analysis and optimization of several operation regimes and trade-off functions [39-49],
leading to similar universal trends for the efficiency at trade-off operation regimes [50-53].

The aim to provide general aspects related to operation regimes beyond specific
models and heat transfer mechanisms is still an active field and new ingredients enter
into play, such as the operation parameter control. The latter still has some unsolved
issues [54,55] that could be exploited in a general approach of optimization, with possible
links to the role of constancy (fluctuations in the energetic output records) in power
fluctuations with large efficiencies in quasistatic and steady-state HE models [56-59]. In this
way, issues such as the Carnot efficiency at finite power and efficiency at maximum power
have been widely analyzed by different strategies to account for the control of parameters
and engine layouts in macroscopic, mesoscopic, and quantum frameworks [56,60-68]. All
this put to test the idea that you cannot have it all, the ultimate quest in thermodynamic
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optimization, although it is generally accepted that it is impossible to optimize power
output, efficiency, and entropy production simultaneously.

1.2. Local Equilibrium and Realizations of the Endoreversible Model

The irreversible Carnot-like model has been analyzed analytically through the glasses
of mesoscopic heat engines [66], with Otto and Joule-Brayton cycles [4], in the linear
irreversible framework [28], as well as in the low dissipation limit [69]. Also, general
behaviors typical of the model [70] have been reproduced numerically in simulations of
mesoscopic systems [66—68]. From a theoretical point of view, the endoreversible nature of
the model and the appearance of the auxiliary thermal reservoirs have been understood
from the local equilibrium assumptions [28] applied to the working fluid.

In Ref. [12], a 2D finite-time Carnot-like engine was modeled using molecular dy-
namics simulations of hard-sphere particles confined in a box with a moving piston. In
that work, the connection with the linear irreversible model in [28] was proven by analyz-
ing in detail the endoreversible behavior of the gas. For various operating regimes (e.g.,
maximum power and maximum ecological efficiency), the numerical results matched well
with theoretical predictions, especially when internal irreversibility and heat leaks were
properly accounted for. The resulting efficiency—power curves were consistent with the
endoreversible engine. Unlike idealized models that assume instantaneous adiabats, the
simulations revealed the key role of thermal relaxation in finite-time adiabats and isotherms.
The statistical behavior of the gas supported an endoreversible-type performance, with
near isotherms that were not in equilibrium with the external reservoirs, which can account
for the auxiliary reservoirs of the endoreversible model. For completeness, in Figure 1 the
results reported in [12] are depicted. In a similar dynamical simulation model, some results
of the linear response regime were recovered [13].

These results point to the fundamental role played by the dynamics between the work-
ing fluid and reservoirs in finite-size and finite-time systems [71-76]. This feature provides
a first glance at the connection between entropy generation (irreversibilities), working
fluid-reservoir correlations, and energetic success, discussed in Section 3. This is also in
line with previous efforts to provide a more extended vision of finite-time thermodynamics
to include a dynamical structure (involving time or rate constraints) with the theory and
add entropy-related requirements to the optimization of operation regimes [77-81].

1.3. Optimization Due to Stability

A series of papers [82-85] explored how a stability mechanism that maintains a heat
engine operating under steady-state conditions could induce an energetic optimization.
The main idea is to consider that the constancy of the heat fluxes or the energetic function
that defines the operation regime is responsible for maintaining the operation variables
in the steady state. First, this was analyzed for heat engines and refrigerators in the
low-dissipation model [83,84], consistent with the irreversible Carnot-like and the en-
doreversible models. Later, this feature was analyzed for the endoreversible model [85].
In [83,84] it was shown that the relaxation trajectories to the steady state exhibit an opti-
mization process in power output, efficiency, and entropy generation. This was also proven
for consecutive random perturbations on the system, simulating external perturbations
that could displace the operation state from the steady state. Statistically, it was shown
that the deviation of the operation state is displaced in the direction of the Pareto front of
the system, which coincides with the endoreversible limit and in the direction of larger
efficiencies and lower entropy generation, with a slight sacrifice in power output. When
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this behavior was explored in the endoreversible model, the self-optimization was not as
evident as in the low-dissipation case.
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Figure 1. Upper row: Schematic diagram of the finite-time Carnot engine (2D) extracted from Figure 1
of Ref. [12]. Lower row: Results extracted from Figures 5 and 6 of Ref. [12] stemming from the
molecular dynamics (MD) simulations in the Temperature-Volume (T-V) and Temperature-Entropy
(T-S) diagrams. The green dashed lines correspond to the reversible quasistatic cycle, and cyan
dotted cycles correspond to the MD results and are the average of 2000 cycles under steady state and
maximum power conditions. The red cycle represents the effective Carnot cycle, equivalent to the
MD results, with T = 0.5.

An interesting subject that has not yet been analyzed is what happens when the
stability mechanism that keeps the system in a steady state is linked to the local equi-
librium that can effectively reproduce the behavior of the endoreversible model. One
major goal of studying the lack of control, is to shed some light on “natural optimization
preferences” [86-91] in evolution and adaptability to the environment [92,93].

The present paper is organized as follows. In Section 2, the irreversible Carnot-like
heat engine (an extension of the endoreversible model) and the operation regimes of
maximum power, efficiency, and ecological and ) functions are addressed. Section 3
addresses a metric to evaluate the success of energy converters. In Section 4, the stability
of heat reservoirs (linked to the internal irreversibility) is discussed to justify using the
irreversibility of the internal cycle in the definition of stability dynamics. Section 6 presents
the energetic trajectories of the system in the relaxation to the steady state. In Section 7 the
effect of stochastic perturbations and the evolution of the operation regime induced by the
stability is analyzed. Finally, some concluding remarks are discussed.

2. Irreversible Carnot-like Heat Engine

For self-contained purposes, the mathematical model of an irreversible Carnot-like heat
engine is summarized. This model is an extension of the original Curzon—-Ahlborn endore-
versible heat engine proposed in [6] and the simplified versions introduced in [17,19,20,76].
It represent a standard model widely used in finite-time thermodynamics [94]. The endore-
versible hypothesis assumes an internal Carnot cycle operating between the temperatures T},
and T] < Tj. This Carnot cycle is coupled irreversibly to the external heat baths at tempera-
tures T,and T, < T < T;l < Ty, and an external heat leak between these two external heat
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reservoirs is accounted for. The input and output heat fluxes, Qj, and Q., as well as the heat
leak Q;, obey the Newton heat transfer law

|Qu| = 03 (T, — Ty) :071Th(1 alh), )
|Qc| :UC(TCI_TC) E(TCTC(ac_l)/ 3)
10L| = 0;(Ty, — T) = 0; Ty (1 — 1), 4)

where g, = T;,/T) € [1,t 1], and ac = T//T. € [1,T*1a;1}; the o;, 0, and o; are the
corresponding thermal conductances, which are considered as constant, and ¢, and t;, are
the operation times. In the endoreversible engine, the entropy generation due to the heat
enchanged in the isotherms lead to the Clausius equality, |Qc|/ T/ — |Qp|/ T}, = 0. However,
to allow for internal irreversibilities, the irreversibility parameter I < 1 is introduced. This
parameter compensates the larger entropy produced in the colder isotherm (or a deficit in
the hot reservoir) so the engine fulfills the Clausius equality,

|Q C| |Q h ‘
I —_ =
T! T; 0 ©)

Thus, it provides a measure of the deviation from the reversible hypothesis for the
working fluid. According to this definition, the inner cycle is reversible in the case I =1
and irreversible if I < 1. The internal temperatures TIQ and T/ (i.e., 4, and a.) are not
independent. From Equations (2), (3) and (5),

I
I —opay — 1)

(6)

ac

where 0}, = 03,/ 0.. From the above equations, the power and the efficiency are given by

- - Ty —1)
P = _ =0T (1—g 1220 2 7
|Qn| — Q| Tp h( a, 1+Uhcﬂh)' @)
. . -1
- 1- 1Qc|+[QLl 1— anT ah
T [Qnl+1Qcl I—ope(ay,—1) ap —1+opa,(1—1) ) ®

where 0y, = 0;/03,. The Curzon—Ahlborn endoreversible model is recovered if [ = 1 and
0; = 0[6]. The entropy production is given by

_ |QC| |Qh| : 1 1 . 1 ap—1 O'ih(l—T)z
o= 7, Tl o) ol VU s am e T o O

Maximizing Power, Efficiency, Ecological and Omega Figures of Merit

The power output is a convex function that exhibits a maximum only in the direction
of aj. The analytical maximum stemming from the condition {%:l = 0 gives the value

I+ oy
ap, = (10)
MP Ope +VIT
producing an efficiency and power output
2
(\ﬁ — ﬁ)
(11)

P VIt + (o + (1= 1)’
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(i o)

12
I+ o, (12)

Pyp =

which, in the limit I — 1 and 03, — 0, leads to the well-known Curzon-Ahlborn efficiency,
1ca (which is independent of the conductances) and the maximum power given by

nmp =1ca =1-VT, (13)
_ -V’

This efficiency is linked with a universal feature of the maximum work and maximum
power regimes. The approximation to the first order in the Taylor series in terms of 7,

nea = %+ % + ... represents a lower bound for the maximum power regime for the
low-dissipation regime and for the phenomenological heat transfer law. As it will be shown
later, this value, £, is meaningful in describing the success of energy conversion.

The corresponding maximization of the efficiency gives the aj, »1, value

oin(1— T)(I(T— \/E> —i—UhC(I - \/E)) — VIopt(I—1)(1—7)(I + 03¢)

T(ope + 1) + oy (IT — 02, ) (1 — 7)

iy =1 , (15)

that for zero heat leak leads to aj, »1; = 1, since the efficiency is a monotonous decreasing
function of ay,.

The ecological function, E, and the Omega function, (), are between the so-called
trade-off figures of merit. It is noteworthy that both functions differ in their interpretation,
but for the irreversible Carnot engine, both lead to the same expression [49]. The ecological
function was first introduced in Ref. [39] and refers to a compromise between the power
output and the entropy generation released to the cold external reservoir

E=P—Two = (Qy+ Q) 2y —10c), (16)

while the () function is a trade-off between power loss and power gained when compared
with a given power output and with fixed heat input, that is,

Q = Pgain — Pross = (P — Pyin) — (P — Puax) = 2P — (Qu + Qr)11c = (Qn + Q1) (217 — 71¢). (17)

For the present model, it has the form

Q:EZO’hTh<(1+T)(1—ah1>—O’ih(l—T)z—i-o_hz(Ta(:h__l)l)_I>. (18)

Its maximum value is reached at

I+ o,

ap,ME = ap,MQ = — (19)
The + 0/ 157
which, in the case of no heat leak, gives the value
T(1+71
MME =ma =1— % (20)

and for the endoreversible case, I = 1, a well-known ecological efficiency is recovered; this
efficiency also has been related to a universal feature of the ecological and the () regimes,
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whose linear term of the Taylor series is in terms of y¢, g = 37TC + % + ..., and also
represents a lower bound for the maximum ecological and Omega regimes [49].

Beyond trade-off operation regimes, it is possible to analyze the success of any energy
converter operating in cycles. This will be addressed in the following section.

3. Losses and Success of Energy Converters

In [75], stability criteria for the heat reservoirs were defined by the states of minimum
internal energy, U,,;,, and maximum entropy, Syx, which is analogous to the evolution
of closed systems towards equilibrium states. In the stationary operation state, as long as
the reservoirs are exchanging heat irreversibly with the working fluid, an inherent entropy
generation due to the correlations among them appears. Details on this correlation entropy
generation are addressed later in Section 4. These extremal stable states are obtained in the
reversible limit, where the changes in internal energy and entropy of a thermal reservoir
are only caused by heat exchanges.

AU — U(t) =Uy— [Qu(t)|ly <0, (21)
_ |Qu(t)| e — 11
AS — S(t) =Sy + Tq >0, (22)

where both are monotonous functions of efficiency. When the efficiency is the highest
(7¢c), Upin(t) is obtained, and at the minimum efficiency, 7 = W(t) = 0 (all the heat is
dissipated), the value of Sy« (t) is recovered. Two parameters that provide a measure of
the nearness to the extremal situations U,,;;, and S, are defined by

_ouw g

Eu - umin(t) - %’ (23)
_S(t) _nc—n

Es = Smax(t) B Ule ' 24

fulfilling that E;; < 1 and Eg < 1. The Euclidean distance between E;; and Eg can be
computed through the p—norm

Ny = (Eul? + |Es|")"7, 25)
which is a concave function with one minimum at 7* = I except for p = 1 (Taxicab or
Manhattan distance). Thus, at 7* = “, the two extreme configurations are at the minimum
distance. This means that 77" represents a threshold from which the operation state increases
the distance between the extremal stable states given by the equilibrium of the reservoir.

In the general analysis presented in [75], an open question remained regarding whether
one would expect that the evolution of energy converters will tend to favor optimum
energetic performance. In such a case, reversibility (linked to reservoir stability) is another
ingredient to consider together with the operation regime. In this context, three quantities
are introduced to measure the success of a system, the parameters

R = A" Twmin_ (26)
Nmax — Mmin
ASllm'v

D = , (27)
AS{inio

where the reversibility coefficient, R € (0,1), indicates how close the efficiency is to the
maximum efficiency, and the irreversibility coefficient, D € (0,1), indicates the nearness
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to the maximum entropy generation state. #;;0x = %, min = 0, and the entropy change in
the thermodynamic universe is

_1Cnl . 1Qcl _ [Qul e — 1

e = >

ASHHZU Th TC Th 1 o 17(: - 0l (28)
which has a maximum when no work is delivered, i.e., 7 = 0. Thus, AS}"'Y = %ﬁ—cﬂc

These definitions of R and D coincide with Ei; and Eg (Equations (23) and (24)),
R = T g, (29)

c
p = 1T 1T _1_R=E; (30)
fic c

respectively, and the difference, which indicates if the system is closer to the state of
maximum efficiency or closer to the maximum entropy generation state,

R—D:ZR—lzz—U—l. (31)
c
has a zero at * = . The case R > D defines the region of success since the reversibility
dominates over irreversibility, while the opposite condition defines the failure region. Thus, #* =
I¢ should be considered as the minimum value of the efficiency of any thermodynamically
successful heat engine, which interestingly, is also the lower bound for the efficiency in the
maximum power operation regime and where the distance to stable states for reservoirs
(Ey = 1and Eg = 1) is minimum.
In [76], the parameter D was decomposed into external losses, D,, and internal losses,
D;. For the irreversible Carnot-like engine, these are defined as

D, = e — Mendo _ 4 _ Wendol (32)
e e

D = HendoZW _q_ T (33)
Hendo Hendo

which gives the deviation of the endoreversible engine from the Carnot cycle and the devi-
ation of the actual engine from the endoreversible one, respectively. These two parameters
are linked with D as follows:

D = nc—1 _ 11C — Yendo +’76ndo_77<776nd0> <1, (34)
fic 1c Hendo Nc
D = D,+ (’7;”"") D; = D, + D; — D.D;. (35)
C

The values I < 1 and 0; # 0 will provide information on the internal and external
dissipations. Then, both loss factors are computed as

__ WT
n(an 1 =100 =0,7) | (1 1—(%—0%)

D, = 1-
‘ 1-7 1-7 ’ (36)
( I ) aT
1n\an, L, Ope, O, T The(ap—1)—1
D, = 1— —1- . (37)
,I - 1, 0 = 0, apT alo-il(liT)
U(ah Thes i T) (1 T Uhc(“hh_l)_l) <1 + ’Z}h_l )
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With these parameters and the reversible and irreversible coefficients, R and D, it is
possible to evaluate the effect of instabilities and the energetic evolution of the operation
regime given by the relaxation mechanism towards stability. In the following, an analysis
to connect stability and success will be presented.

4. Heat Reservoirs Stability

Intuition dictates that the natural evolution of cyclic energy converters will tend to
favor optimum energetic performance. Thus, if stable points are attraction configurations,
those that tend to null performance are doomed to vanish, and those leaning to optimum
efficiency will present a trade-off with the actual needs of the energy conversion and the
stable conditions of the system acting as a heat source. This point can be explored by
analyzing stability dynamics and the effect of perturbations on the system can be studied.

The core of the endoreversible hypothesis lies in the definition of the working fluid
isotherms and the non-equilibrium interaction with the external reservoirs, whose stability
is compromised by internal irreversibilities. Thus, when departing from reversible ex-
changes of heat between the reservoirs and the working fluid, the relaxation mechanism in
both components is crucial. A good approximation to reversible heat sources requires that
relaxation times are sufficiently short compared to operation times. Heat transfers between
the working fluid and the reservoirs present unavoidable consequences on their internal
modes, and the entropy of the compound system (system+reservoirs) exhibits correlations
between them; this is a source of instabilities for the heat reservoirs. This subject has been
cleverly addressed in [74] by analyzing the link with an irreversible contribution to the
entropy change of a system. From a quantum framework, entropy production can be linked
directly to a measure of the correlation/entanglement between the system and reservoirs.
Here, the focus is on the macroscopic framework.

The total entropy of the compound system is not only the sum of the entropy of the
reservoirs, S;, and the system, S;, but there is an additional term due to the correlations
between them, S, in such a way that

S=85+) S +S.. (38)
r

Under initial equilibrium conditions, the reservoirs do not present correlations, and
thus S.(0) = 0 (at time = 0). For further times, a coupling is in place, and there is an
irreversible contribution to the entropy change of the compound system. This term is
measured as the relative entropy between the actual state of the compound system and
that when the heat reservoirs are in thermal equilibrium with no correlations between the
system and the reservoirs, that is

P(t)
AS(t) =D PP [T P (1) :P(t)ln(>, (39)
l ’ H ' P(t) TT, P (t)
where D[-||-] is the relative entropy, or Kullback-Leibler divergence, Ps is the proba-

bility for the system, P, is that for the r-th reservoir at equilibrium conditions and P
the actual probability for the system+reservoirs. This total entropy change of the sys-
tem, A;S(t), contains at least the irreversible entropy contribution of the correlations,
A;S(t) > —AS:(t) = —Sc(t) > 0, and fulfills the inequality [74]

AiS(£) > —Sc(t) = AS(1) + Y AS(t) > 0. (40)

80



Entropy 2025, 27, 822

In the case of one reservoir, a version of the maximum work theorem is obtained,
TA;iS(t) = W(t) — AL(t) >0, (41)

where F; is the free energy of the system, and TA;S(t) = 0 is only for reversible engines.

In the dynamics simulation (Section 1.2), the term associated with the correlations is
hidden in the random momentum change in each collision between the particles and the
thermalizing wall. However, from Equation (41) for the isothermal process at temperature
T/, and using the Claussius relation given in Equation (5), the irreversible contribution to
the entropy change can be linked with the parameter I, as follows:

T/AS = W—AF=AU—-Qc— AU+ T/ASy = —Qc + T/AS; >0,  (42)
Q| IQ | 1Qd| \Q |
— A;S T,” +ASy = —“— Tf =(1-1)==>0. (43)

In this way, A;S is interpreted as the irreversible entropy that is compensated by the
parameter I so that the system fulfills the Clausius inequality in Equation (5).

Returning to the expressions of Ei; and Eg (Equations (23) and (24)), notice that
they coincide with R and D (Equations (29) and (30)), respectively. The configurations
where Ei;, R — 1 can only be achieved under totally reversible conditions, for which
Equations (41) and (43) are zero and reservoirs are in equilibrium with no correlations
with the system. The other zero for AS;(t) is found in the opposite case, where Eg, D — 1
since W(t) = 0. Thus, the input heat is directly dissipated into the external cold reservoir
at temperature T, and no correlations take place between the system and the external
reservoirs; in that case,

AS:Z%.

These two extreme situations are incompatible with real applications, for one has no
use, and the other is linked to zero power. In real situations, there are indeed correlation
dynamics between reservoirs and the system that can lead ultimately to instabilities of
the heat reservoirs. The previous discussion provides a justification to define stability
dynamics where the internal irreversibility of the system enters into play. In the finite-time
thermodynamics phenomenological model, it is not possible to properly account for the
mentioned correlations. However, the parameter [ is linked with AS;(f), which contains
the entropy generated in the correlations (linked with the stability of the heat reservoirs),
justifying the use of I as a dynamical quantity involved in the definition of a stability
dynamics. This will be addressed in the following section.

5. Stability Dynamics

A stability dynamics that contains information about the operation regime and the
stability of the heat reservoirs requires at least two dynamical equations. For this analysis,
two functions will be used to define such stability. One will be the () function under MQ)
conditions, determined by the control parameter a;,. The other one is the relaxation of the
working fluid, responsible for fulfilling the endoreversible hypothesis, and measured by the
irreversibility parameter I. By assuming that the M() regime is a steady state, then the most
general stability dynamics for small perturbations follows the linear approximation; that is,

dl MQ
ddj _ Ci 0 I—1 o (44)
Tth 0 G, ap — ay
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which gives the evolution in time, t, of the parameters I and aj, and C; and C,, give the
restitution strength in the corresponding variables, which, with the information at hand,
cannot be determined, and different scenarios for them will be addressed in the following.
These two parameters define the internal working temperature T through a. = a.(ay, I)
(Equation (6)) and the Q) function Q)(ay, I) (Equations (16) and (17)). The Taylor expansion
to linear order of these two quantities gives

2a, 2a,
_ MO _ MO e glc _ MO
Ac — ¢ —J -1 _ | e wlmal (11 (45)
0 - oMo a, — aMO 20 20 a, — a1
El MO aﬂh MO

and from Equations (44) and (45), the final expression for the linear stability dynamics can
be written as

-1

dac dac
<d§§ ) o (CI 0 ) oI MO day, MQ < ac — a%\fﬁ;}) (46)
a 7
@ 0 Cu a?T(I)‘MQ S%MQ 0-0
resulting in the dynamics equations
dl
E = g(ahr I; Cuhrcl)/ (47)
dﬂh
W — h(ah, I;Cgh, C]) (48)

This dynamics in the I-aj space is depicted in Figure 2. The values 03, = 1.4, 03, = 0.2,
Inig = 0.9, and T = 0.5 are used as a representative configuration as they approximate
the behavior of the irreversible Carnot-like heat engine to the one obtained in the sim-
ulation shown in Figure 1. The value aj, ) is calculated from Equation (19). Figure 2a
represents the case where the dynamics in the a;, direction is stronger, in Figure 2b, where
the restitution strength C; and C,, are symmetrical, while in Figure 2c the dynamics in C;
is the strongest. The streamlines show a trend of the relaxation trajectories to increase the
parameter I, making the engine closer to the endoreversible limit.

After a perturbation, the relaxation trajectories evolve with a variable speed

o=/ (d1/dt)? + (day/dt)?, (49)

which is depicted in Figure 3 (left). The influence of the relaxation speed is significant since
slow relaxations under many perturbations will effectively modify the operation state. In
Figure 3 (right), representative relaxation trajectories starting from conditions near zero power
output provide a general idea of how other initial configurations will evolve in time. Also,
the states of maximum power (MP, red dashed straight line), the maximum ecological and
Omega functions (M), green dashed line), and the maximum efficiency (M, blue dashed
line) are indicated. All the trajectories will finally arrive at the steady state (M(2). However,
for a given relaxation time, the trajectories that arrive at the steady state are colored in red,
and those that require longer times are depicted in light yellow. For this representation, the
time defined is a multiple of the characteristic relaxation time, .y, which is calculated from
the eigenvalues of the dynamics matrix appearing in Equation (46). For the representation of
Figure 3 (right), a time of 11t,,,, is sufficient to analyze fast and slow relaxation trajectories.
Notice in Figure 3 (right) that the states of maximum efficiency are in a region of slow velocity,
and, in comparison, the states of maximum power evolve with higher velocities.

82



Entropy 2025, 27, 822

1.00F,
0.95
1 0.90
0.85 ]

0.80h i I . .
1.00 1.05 1.10 1.15 1.20 1.25

1.00f; 1.00[=

0.95 0.951
10.90f 10.90f

0.85 0.85¢

0.80 0.80t ‘

anp anp anp

Figure 2. Line integral convolution plot showing streamlines of fixed arc length over a set of random
conditions for the dynamics given by solving Equations (47) and (48) for the values 03, = 1.4, 0y, = 0.2,
Inip = 0.9, T = 0.5 and for the case (a) C; = 1 and C,, = 10, in (b) the symmetrical case C; = C,, =1
and in (c¢) C; = 10 and C,, = 1. The white dot in the center corresponds to the MP operation state, and
the white region on the right side of each figure is the nonphysical region where P < 0.
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Figure 3. The influence of the velocity of the dynamics (left) for the configuration depicted in
Figure 2b (0j,, = 1.4, 0y = 0.2, Ipqp = 0.9, T = 0.5 and the symmetrical case C; = C;, = 1) and
some representative relaxation trajectories (right). The dashed lines indicate the possible states of
maximum power (MP, in red), the maximum ecological and Omega functions (M(), in green), and
the maximum efficiency (M, in blue). The black curve for which R = 1/2 indicates the boundary of
the success region discussed in Section 3.

In the context of success in the performance of heat devices, it is interesting to keep an
eye on the location of the region where the reversible parameter R > 1/2, which is where
7 > nc/2. This is also depicted in Figure 3 (right). It is noteworthy that the velocities that
take the system out of the unsuccessful area are greater and once the system is in the region
of success, the return velocities are slower. Also, the MP states are in the success region
only for values of I close to 1, while for My and MQ) and ME, the region of success covers
a more extended area. In all this area, () > 0 and its maximum are located between the MP
and My states.
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6. Energetic Evolution in the Relaxation Towards the Steady State

The relaxation trajectories strongly depend on the restitution strength in the direction
of I or aj,, which can be analyzed through the restitution coefficients C; and C;,. The velocity
is shown in Figure 4 for the three cases of evolution: for the dynamics being dominated
more strongly by I, for the symmetrical case C; = C;, = 1, or where the dynamics are
dominated by ay, this is depicted in Figure 4a, b and ¢, respectively. Notice that larger
velocities are produced when I dominates the dynamics. This behavior is expected if the
relaxation time leading to local equilibrium and the effective isothermal processes for the
working fluid is considerably smaller than the operation time. On the other hand, when the
dynamics are more strongly given by the operation variable aj,, the convergence to a;, y1() is
fast, but afterward, the evolution is noticeably slow.

0.8

1.2
a b
ah1.1 ] (a) ap 11 y (b) ah1.1 y

Figure 4. Relaxation velocity for when (a) the influence of I is larger, C; = 10 and C,, = 1. In (b), the
symmetrical case C; = Cy, = 1. In (c), a;, dominates the stability dynamics, C; = 1 and C,, = 10. In
all the cases, 0, = 1.4, 03, = 0.2, [yp = 0.9, and T = 0.5.

The relaxation trajectories for the three cases depicted in Figure 4 are shown in Figure 5.
In all the cases, it is relevant that the trajectories rapidly enter into the zone where R > 1/2,
the so-called “success region”. In this region, the M() states are located between the MP
and My ones and the curves approaching the MP are moving faster than those moving
between the M) and My regimes. For illustrative purposes, the trajectories evolving with
decreasing values of a;, and are slower and indicated with dashed orange lines, which can
be tracked in the forthcoming figures. These trajectories start from points of low or zero
power output.

(@)

| 0.97 P<0 1 10.9¢

(b)

0.8% 0.8t

P<0 -

1 1.1 1.2
ap anp ap
Figure 5. Relaxation trajectories for the cases depicted in Figure 4. The evolution time, f,, in each case

is (a) te = 28t 010y, (b) te = 11t 014y, and () te = 22t 014y

Figure 6 shows the trajectories in the energetic spaces P — # and ¢ — 7. The blue-
shaded region corresponds to the zone where R < 1/2 (or 7 < #¢/2). All the trajectories
that exit the shaded region to enter into the success region in the P — 1 space simultaneously
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increase power and efficiency, while the trajectories appearing in Figure 5 are evolving from
the right exit of the shaded region with trajectories that also decrease entropy generation.
Those that evolve by increasing entropy generation tend to do so with small increases in ¢.
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Figure 6. Evolution of ¢ and 7 in the relaxation trajectories towards the steady state. The cases
correspond to the configurations depicted in Figure 5.

The evolution of the reversible coefficient R with respect to a4, and I is shown in
Figure 7 in the first and second rows, respectively. The cases depicted correspond to those
presented in Figure 5. Meanwhile, in the first row, the trajectories can exit the non-success
region by increasing aj, (short trajectories) or decreasing a;, (with long and rapid trajectories).
In the second row, all the trajectories evolve in the shaded region with trajectories that
increase the value of I. There are inflection points from which the system cannot continue
becoming more reversible, and the system has to converge to the steady state by decreasing
R. These trajectories seem to focus on the simultaneous improvement of R and I even
though, later, the system has to return to converge to the M() state.

The evolution of the components D, (Equation (36)) and D; (Equation (37)) corre-
sponding to the external and internal losses is depicted in Figure 8. The total loss parameter
D (Equation (35)) also gives information regarding the success region, which corresponds
to the region where D < 1/2. Overall, the curves tend to exhibit larger variations in the
value of D, when this parameter has to decrease; otherwise, the increase in D, is quite
small. In any case, the evolution curves always tend to quickly decrease D; to move to the
success region.

All these cases show a clear influence of the stability dynamics in the way the system
relaxes to a steady state. Optimum states given by locus near maximum efficiency and
maximum trade-off functions such as the ecological and Omega functions produce slower
relaxation dynamics, while trajectories passing outside the optimization region of interest
exhibit faster relaxation endings to simultaneously improve power, efficiency, and entropy
production while improving the reversibility of the system and decreasing the internal
irreversibility parameter D;.
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Figure 7. Evolution of the reversible coefficient, R, in relaxation trajectories in terms of a;, (upper

row) and I (lower row) for the cases depicted in Figure 5.
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Figure 8. Evolution of internal and external irreversible parameters D; and D, in the relaxation of the
system towards the steady state. The three cases depicted correspond to those appearing in Figure 4.

7. Consecutive Perturbations
7.1. Stochastic Trajectories

The previous analysis on a single trajectory after a perturbation has indicated the possible
role of stability in enhancing the system operation state. However, in realistic conditions,
it is expected that heat devices operating under stationary operation conditions experience
small fluctuations produced from external factors and from the intrinsic variability due to
limited control. Now, it is time to analyze the effect of consecutive perturbations over one
cycle. These perturbations will be modeled by stochastic variations in both parameters, ay,
and I, and test if the relaxation dynamics, as would be expected, tend to push the operation
regime to more optimum states in terms of power, efficiency, and entropy generation. Based
on the stability dynamics given by Equations (47) and (48), stochastic perturbations can be
incorporated as an additive white noise with two normally distributed random variables.
The independent stochastic variables {7, ¢} in the I-a;, directions obey a two-dimensional
Gaussian distribution

g k) ()

_— @
7T Ipmo an,Mm0

fé(I/ﬂh) = ’ (50)
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where B = 40 is a good compromise to maintain the system around the steady
state for long periods. The standard deviations are proportional to the control vari-
ables, 07 = Iy /vV2B =~ 0.018 Iy and Oay = ah,MQ/\/E’B ~ 0.018a; p1n- Based on
Equations (47) and (48), the corresponding stochastic differential equations that numeri-
cally describe the system evolution are solved using the Euler-Maruyama method [95].

Al = g(ay, I;Cqy, Cr) At + EVAL, (1)
Aay, = h(ay, I;Cqy, Cr) At + E2VAL, (52)

and the time evolution is computed by iterating N perturbations equally distributed in
time with intervals of length At. The evolution time, t, (see Figure 5), guarantees that for
small perturbations the system is always allowed to return to the steady state. Trajectories
of 10* steps for the MQ) regime, with At = 10~#t,, are obtained. Due to the random nature
of these external perturbations, one might expect that the system runs away from the fixed
point. However (see below), the size of the perturbations is such that even for extended
periods, the system will remain close to the stable state.

In Figure 9, a representative case of a stochastic trajectory is depicted. Two trajectories
are displayed, one considering the restitution forces (blue) and the other one only the
random perturbations without restitution dynamics (pink). As it can be seen, for the
particular case depicted, the trajectory with stability effects maintains the system in the
zone of thermodynamic success, exhibiting lower values of entropy production and a low
loss coefficient (D), with a stable and higher efficiency. Despite the good performance
shown in Figure 9, a statistical analysis of many trajectories should be made to guarantee
that the induced optimization is an observable quantity.
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Figure 9. To the left: Two representative stochastic trajectories under the influence of the same random
perturbations with 10* steps. One considers the restitution forces (blue) and the other one does not
have restitution dynamics (pink). The random perturbations in the two directions are indicated in the
close caption. To the right: The time series of P, 77, and ¢ (the three of them normalized to the value of
the steady state, M(QY), along with the loss coefficient D. In the time series of the efficiency and in D,
the region with R > 0.5 (no thermodynamic success) is shaded in blue.
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7.2. Statistical Convergence

The previous analysis is repeated for 5 x 10* trajectories. For each one, final and
average states for P, 17, (3, and ¢ are computed. To check for statistical convergence of
the results, the Kullback-Leibler divergence, Dg;, of the distribution of the power output
is computed each time that 10° trajectories are calculated (the same could be performed
for the other thermodynamical functions). This provides a measure of how distant one
distribution is compared with the previous one. If Dg; = 0, the information stemming
from both distributions is the same and the results obtained are statistically representative.

The interval between the largest and smallest p values is divided by v/N (rounded to
the upper next integer) equal intervals or bins; in this way, the same partition is used to
compute the discrete probability distributions of the first k-thousand trajectories, py are
obtained, and the Dy, is calculated comparing p;_1 with pi.Dgj k.

D x(ok-1llox) = =Y ox—1,i 108<W>, (53)
i Pk—1,i

giving a measure of how much information is gained by adding more trajectories. In
Figure 10a, the resulting relative entropy Dy, is shown. In Figure 10b, it is possible to see
that from 2 x 10* trajectories the statistical behavior does not vary significantly and adding
trajectories will not provide further information. In Figure 10c, the difference between
D1, and its previous value is depicted. The difference is small enough to consider that
50 x10° trajectories are enough to analyze the stability phenomena at hand.
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Figure 10. In (a) is the Kullback-Leibler divergence, Dy, for the power output distribution of every
one thousand trajectories. In (b) is a close-up for starting at 20 k trajectories, and in (c) is the difference
between Dk from one point to the next to show that the series is converging.

7.3. Effect of Stability on Many Trajectories

For each of the 5 x 10* trajectories, the final state of the system is depicted in Figure 11
for the three cases of dynamics: where the influence of I is larger, for the symmetrical case,
and when a5, dominates the stability dynamics (blue points), and they are compared with
the cases in which there is no stability dynamics (ND, in pink). Each trajectory consists of
10* steps. Notice that in every case the system remains inside the region of thermodynamic
success (A > 0 or equivalently # > 7¢/2), and especially for the cases (a) and (c), the
system is more concentrated in that region. The mean final states are indicated with a blue
& symbol for the ND case and with a black ® symbol for the case with dynamics.

In the ND case, the average final state is displaced to a slightly lower value of I (less
endoreversible) and at a larger a;, (in the direction of the MP state and to the boundary of
the success region). However, in the presence of restitution dynamics, the average final
state remains at the M() state corresponding to a slightly lower value of I (displaced over
the green line but towards a less endoreversible state) if it is strongly influenced by aj,.
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Otherwise, the average final state remains located at the M() corresponding to a higher I
value (displaced over the green line but towards a more endoreversible configuration).
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Figure 11. Final states after every stochastic trajectory (5 x 104 trajectories, each one consisting of
10* steps). The points in pink correspond to the case where there are no stability dynamics, only
random perturbations in the direction of I and aj,. Blue points correspond to the final states in the
presence of restitution dynamics. The three cases depicted correspond to those appearing in Figure 4
(0pe =14, 0y, = 0.2, Ipyp = 0.9, and T = 0.5); in (a) the influence of I is larger C; = 10 and C,, = 1.
In (b), the symmetrical case C; = C;, = 1. In (c), a;, dominates the stability dynamics, C; = 1
and C,;, = 10. The black boundary on the right delimits the region where P > 0 and the dashed
black curve delimits the region of success. The states of maximum power, maximum efficiency, and
maximum ecological and Omega functions are indicated as in Figure 3; the green line corresponds to
the MQ) regime, the red line to the MP, and the blue one to My, and the points in each line indicate
the operation regime with the I value of the steady state.

The average behavior of each trajectory is calculated with the mean values of the
energetic functions: power output, efficiency, and entropy production. The average be-
havior of the loss parameters D,, D;, and D are calculated as well. The results for all the
trajectories and the three restitution coefficients’ cases are shown in Figure 12. The first
row corresponds to the case where the dynamics are dominated by I, the second row is the
symmetrical case, and the third one is for the case where a;, dominates the dynamics.

In the part of the energetic functions, it is possible to see that the first two rows exhibit
dynamics where the system tends to evolve in two directions, first, staying between the
maximum efficiency and maximum Omega functions, and second, by increasing the power
output without big drops in the efficiency; in some cases the power output even surpasses
the MP achievable for the value I of the steady state but with a noticeable lower entropy
production (see the larger values of the dynamics compared with the red dot of the MP
state). This is only possible by increasing the parameter I in the phase space a;-I, in which
case the system is more endoreversible. Notice that the total losses parameter D varies
mostly due to the variation in the external losses (D,), effectively avoiding getting close to
the boundary of the success region.

For the third row, the behavior is different. The averaged states focus mostly on
enhancing the efficiency with smaller variations of power output and entropy production,
exhibiting a narrow distribution of points with small variations of P and ¢. This is achieved
while maintaining an almost constant value of D., showing a very flat distribution in
this direction. Thus, the variations in the total losses, D, come from the variations in the
parameter I, which is in agreement with Figure 11c.
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Figure 12. The three cases (a—c) depicted correspond to those appearing in Figure 4.

8. Summary and Concluding Remarks

The endoreversible model, proposed 50 years ago, is a phenomenological model that
has provided unified and general features related to operation regimes with results relevant
in quite different schemes. A noteworthy issue raised in the paper is the analysis of the
named thermodynamic region of success for the irreversible Carnot-like heat engine. This
region is bounded by considering the distance between the totally reversible and the totally
dissipative configurations (both configurations offer the most stable configurations for the
heat reservoirs); in between, entropy generation due to the correlations in the exchanges
between the reservoirs and the working fluid introduces instabilities. As addressed in the
paper, it is possible to define a distance between both extreme states. Regardless of the
chosen metric, the inflection point at which both states are at the minimum distance defines
the boundary from which the reversibility or irreversibilities dominate. The region where
reversibilities dominate (success) is found to be preferred by the stability of the engine.

In the literature, the role of stability as another ingredient in the optimization of heat
engines has been discussed, even suggesting that the stability mechanisms can provide
a self-optimization mechanism to improve the performance of a heat engine under the
influence of external noise and limited control. The proposal for the stability dynamics is
justified as follows: the cornerstone of the model is the endoreversible hypothesis, which
relies on local equilibrium to produce the effective isotherms which in the model appear as
the auxiliary reservoirs. In this work, the stability analysis is made on two components; one
is related to the variable a;, that establishes the operation regime, and the other component
is the capacity of the system to produce the effective isotherms to fulfill the endoreversible
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hypothesis. The parameter I provides a measure of how reversible the effective Carnot-like
cycle described by the working fluid is (how close the system is to fulfilling the Clausius
equality in the inner cycle).

The analysis has been made by selecting the maximum ecological or maximum Omega
operation regime, which is a compromise between maximum power and minimum power
losses or entropy released to the ambient surroundings. The proposed stability comes solely
from recognizing that there exists a steady state and that the stability is well described by
the linear approximation (which at least is guaranteed in small perturbations). The resulting
dynamics show that restitution velocity favors a slow evolution in the regions between the
maximum efficiency and the maximum ecological states. Depending on the direction in
which the dynamics is stronger (a;, or I), the slow region shape can vary, but in all cases the
system tends to evolve rapidly to enter into the so-called success thermodynamic region
and evolve slowly once inside of this success region. The evolution of the system under
random perturbations clearly shows that, without the presence of the stability dynamics,
the system arbitrarily evolves inside or outside the thermodynamic success region, which
significantly decreases the performance of the engine in power output, efficiency, and
entropy generation. On the other hand, when the stability dynamics is acting, the system
effectively remains inside the success region. The analysis of many stochastic trajectories
confirms this fact and shows that if the thermalization dynamics is strong (dynamics mostly
dominated by I), the net effect is to produce a slight increase in the reversibility of the
system. On the other hand, if the control on the operation parameter 4 is strong, the
efficiency is enhanced, the value of I is slightly decreased, and changes in the total losses
are linked to internal losses. The results obtained are statistically representative. This
is confirmed by the analysis of the Kullback-Leibler divergence, which shows that the
system’s statistical behavior does not change from around 30 thousand trajectories; here,
50 thousand trajectories are computed.

The stability proposed does not consider specific characteristics of the machinery or
technology involved in the engine operation and does not include optimization mecha-
nisms. Nonetheless, a link between optimization and stability is found, strengthening the
basic idea that stability is another ingredient to consider in the optimization analysis of heat
engines. It would be of interest to incorporate a realistic weak control in the simulations
of systems such as the one appearing in [12]. If the role of stability and the tendency of
local equilibrium to stabilize the system can be generalized to other models, then the local
equilibrium can be seen as a mechanism that optimizes and promotes the evolution of
energy converters in natural and artificial heat engines.
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Abstract: In this presentation, we have identified the domain of equivalence amongst the
Boltzmann, Gibbs, and thermodynamic entropies. In this domain, ergodicity is followed
even for (i) all nonequilibrium steady states and (ii) those time-dependent nonequilibrium
states belonging to it. The condition of this domain is either that the rate of entropy
change is zero or its magnitude is exceedingly small. Its implication is that, in this domain,
Jaynes’ principle of maximum entropy estimate also holds. Outside this domain, the said
equivalence among three entropies is not feasible, and the operation of the Jaynes’ principle
of maximum entropy estimate does not remain of practical utility.

Keywords: Boltzmann entropy; Gibbs entropy; entropy; CSTR; statistical mechanics;
entropy extremization; nonequilibrium thermodynamics

1. Introduction

Boltzmann and Gibbs entropies play a central role in forming a bridge between
microscopic and macroscopic properties of matter. The well-established branch named
statistical thermodynamics for equilibrium states is a testimony of the soundness of this
bridge [1-4]. However, there is a basic difference between the ways these two entropies
are computed. In computing the Boltzmann entropy, the number of microstates of a given
system is used, and for this purpose, the systems with non-interacting molecules are
appropriate. Meanwhile, for computing the Gibbs entropy, the microstates of an ensemble
are employed. An ensemble is constructed with a large number of replicas of the system
but are in different quantum states commensurate with the thermodynamic conditions
operating on it. Thus, the restriction of non-interacting molecules of the former gets
removed in the latter. In 1965, Jaynes [5] elucidated this fact and clearly brought forward
the distinction between these two entropies with a proof that the difference between the
two vanishes when the system is composed of non-interacting molecules. Otherwise, the
computation of Boltzmann entropy gives a lower value than that obtained using Gibbs
entropy, and the equilibrium thermodynamic entropy matches well with the Gibbs entropy.
Thus, this bridging is based on the equivalence of Gibbs and thermodynamic entropies
in the equilibrium scenario, whereas it is obvious that, in the case of systems with non-
interacting molecules, no distinction exists among these three entropies. We also recall that
in the above stated equivalence, one uses the maximized values of Boltzmann and Gibbs
entropies. The said maximization is carried out in the statistical mechanical premises and
uses the mathematics of chance. That is, this method of maximization has nothing to do
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with the second law of thermodynamics. De Groot and Mazur [6] have also analyzed the
equivalence between these entropies based on the fluctuations about equilibrium states,
wherein they use the standard method of maximization of entropy, and their results are
in tune with Jaynes’ above-stated demonstration for equilibrium states. However, in
thermodynamics, we do have maximization of entropy at the final equilibrium state under
the adiabatic condition, but this maximization is a macroscopic observation valid only for
the end state of corresponding irreversible trajectory. Hence, its premises of operation,
the phenomenological, is distinctly different than the above-stated statistical mechanical
premises. We also recall that, in 1957, Jaynes propounded the rule of maximum entropy
estimates for information-theoretic entropy [7,8]. However, this rule has been in use, since
even before it was established in 1957, while computing Boltzmann and Gibbs entropies of
an equilibrium state by resorting to the mathematics of chance.

However, with the advent of nonequilibrium thermodynamics [6,9-12], it becomes
natural to inquire whether a similar equivalence does exist in the nonequilibrium scenario?
Also, what will be the status of Jaynes” maximum Boltzmann and Gibbs entropy estimates
when a system is in nonequilibrium?

For answering the above questions, we have adopted an approach that involves the
use of a continuously stirred tank reactor (CSTR) with #n-number of independent chemical
reactions taking place within it. Then, we proceed to construct isentropic hypersurfaces for
the nonequilibrium steady states and isentropic planes for equilibrium states appropriate
for the considered CSTR. Based on these hypersurfaces and planes, we describe various
reversible paths and irreversible trajectories, and then a few relevant thermodynamic
characteristic relations are recalled in terms of the variation of thermodynamic, Boltzmann,
and Gibbs entropies. With this background, the question of equivalence of three entropies
in the nonequilibrium scenario is also discussed. A scope of the validity of the Jaynes’
maximum entropy estimates for Boltzmann and Gibbs entropies in the nonequilibrium
domain is analyzed. Finally, we present concluding remarks.

This paper has been written on an invitation to contribute in the Special Issue of entropy
on the occasion of 50 years of the finite time thermodynamics [13-16]. This paper deals with
a very basic statistical thermodynamic aspect, the ergodicity, extending to nonequilibrium
situations. Hence, this subject is of relevance for all nonequilibrium thermodynamic
formulisms, including the finite time thermodynamics.

2. Continuously Stirred Tank Reactor with Several Independent
Chemical Reactions

We find that the continuously stirred tank reactor (CSTR) shown in Figure 1 is a simple
system, with an advantage that it can be operated in different thermodynamic conditions,
such as maintained at an equilibrium or a nonequilibrium steady state, which allows it to
evolve irreversibly either to an equilibrium or a nonequilibrium states, etc. It is a spatially
uniform and homogeneous system.

In the following discussion, the standard thermodynamic relations suitable for the
CSTR of Figure 1 are being used without spelling out their background in details (refer to
any standard thermodynamic textbook, for example [17-20]). For example, we recall the
following ones:

¢ When all the flows are stopped, the CSTR depicted in Figure 1 evolves towards an
equilibrium state. During this evolution, according to the De Donderian Equation [20],
we have the following functional dependence:

() = s(u(t), v(t), {&r(8)}) )
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where S is the entropy, U is the internal energy, V is the volume of the reactor, {{,}
are the respective extents of advancement of the chemical reaction identified with the
running subscript r, and t is time.

¢ When this CSTR attains an equilibrium state, the functional dependence of Equation (1)
transforms to the following:

S =5(U, V) = constant, (2)

That is, now we have ¢, = &, (U, V) for all {,}, implying they do not remain inde-
pendent thermodynamic variables in the case of chemically reacting systems.

¢  On attainment of a nonequilibrium steady state, the functional dependence of
Equation (1) becomes time-independent:

S=5(U,V,{&}) = constant. 3)

Stirrer

Al/ AZ/ A3/"' - - Bl/ BZ/ B3/"'
> >

Figure 1. A schematic depiction of a CSTR in which n-number of independent chemical reactions are
proceeding at non-vanishing rates. The flow-in of the reactants A;, Ay, Az, ... and the flow-out of
the products By, By, B3, ... can be controlled as per the state of the system that we wish to study:.
For example, approach towards an equilibrium state or a nonequilibrium steady state or when the
system has attained the final equilibrium or nonequilibrium steady state.

3. Geometrical Aspects of Thermodynamic Entropy Based on Isentropic
Hypersurfaces Housing Nonequilibrium Steady States

Since the CSTR shown in Figure 1 constitutes a spatially uniform and homogeneous
system, when evolving towards an equilibrium state or a nonequilibrium state, the follow-
ing entropy balance is obeyed [6,9,10]:

s dsS  d;S
T oa T ar @)

where ﬁ—f 2 0 is the rate of exchange of entropy, and GZ—tS > 0 is the positive definite rate

of entropy production. The attainment of a nonequilibrium steady state is described by
the following:
as

ar

g0 >
0 = T 0 ®)

dt =
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That is, at a nonequilibrium steady state, the rate of entropy production equals the rate of
entropy driven out of the system. The operative functional dependence for the considered
CSTR reads as that given in Equation (3).

Geometrically, the expression in Equation (3) produces an isentropic hypersurface in
the thermodynamic space determined by the coordinates (U, V, {¢,}). This hypersurface
houses time-independent nonequilibrium steady states of identically same values of en-
tropy. Next, by varying the value of the constant in Equation (3), we obtain a family of
non-intersecting isentropic hypersurfaces of different values of entropy and those we can
stack one over the above in the increasing value of entropy (One of the present authors had
earlier identified isentropic hypersurfaces for nonequilibrium steady states by proposing
an universal inaccessibility principle. For its details the reader may refer to [21-24]). This
we have depicted in Figure 2.

$1>8,>8;

Figure 2. A schematic representation of isentropic hypersurfaces in the (U, V {;}) space with
entropy as the vertical axis that is with increasing entropy (S; > S, > S3). All paths lying exclusively
on a given hypersurface are reversible isentropic ones composed of a succession of nonequilibrium
steady states, but they are not reversible adiabatic ones because the rate of entropy exchange is non-
zero. A reversible non-isentropic path between two end nonequilibrium steady states will be across
the isentropic hypersurfaces composed of a succession of nonequilibbrium steady states of varying
magnitudes of entropy, which also can be traversed in both the directions. Irreversible non-isentropic
paths (trajectories) will also be across the isentropic hypersurfaces but will be accompanied by the
variation of entropy as well as both entropy production and entropy exchange.

The transformation of the functional dependence of Equation (3) to that of Equation (2)
transforms the non-intersecting isentropic hypersurfaces shown in Figure 2 to the non-
intersecting isentropic planes depicted in Figure 3. These isentropic planes house equilib-
rium states (for a detailed account on the isentropic hypersurfaces for equilibrium states,
the reader is directed to refer [18,25,26]).

$,>5,>8;

Figure 3. A schematic representation of isentropic planes in the (U, V) space with entropy as the
vertical axis that is with increasing entropy (S; > Sy > S3). All curves lying exclusively on a given
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plane are reversible isentropic ones, which are reversible adiabatic planes too. A non-isentropic (that

is non-adiabatic) reversible path will be across the isentropic planes and can be traversed in both the

directions, whereas irreversible adiabatic paths will also be across the isentropic planes but will be in

the direction of increasing entropy because the change in entropy remains equal to the amount of

entropy production. However, the natural direction of non-adiabatic irreversible path (necessarily

will be across the isentropic planes) cannot be prescribed in terms of increasing entropy because the

sign of dS on such paths also has a contribution from the exchange of entropy with its surrounding

but with no definite sign.

Based on the isentropic hypersurfaces in Figure 2 and the isentropic planes in Figure 3,

we arrive at the following thermodynamic description of various paths and trajectories:

1.

The paths through a succession of nonequilibrium steady states of a given hypersur-
face of Figure 2 are the reversible isentropic paths. Their thermodynamic description
in the De Donderian settings [20] reads as follows:

A
T ©)

a1 P
dS=0= Tdu+TdV+;

where p is the pressure, T is the temperature and {.A,} are the respective chemical
affinities.

The paths through a succession of nonequilibrium steady states across the hypersur-
faces in Figure 2 are also reversible ones but are non-isentropic, as the entropy does
not remain constant. Its description in the present case is as follows:

g, 40 @)

1 4

ds = ?du+fdv+;
Recall that, by definition, a thermodynamically reversible path is a limiting case
but never realized in practice; hence, they are termed as quasi-static paths, which,
in principle, can be traversed in either direction. Also, since such paths are pre-
scribed as the ones connecting infinitesimally close successions of time-independent
nonequilibrium states, they cannot be termed irreversible paths, though the rate of
entropy production remains non-zero. Earlier too, Keizer coined such reversible
paths through a succession of nonequilibrium steady states [27-29] in his version of
statistical thermodynamics of nonequilibrium processes based on the fluctuations of
nonequilibrium steady states. On such paths, the complete compensation of the rate
of entropy driven out and the rate of entropy production, as stated in Equation (5),
is maintained (In biological systems an example approaching to a reversible path
through a succession of nonequilibrium steady states is often presented. For example,
biochemical reactions in biological cells, which are usually modelled as undergoing in
a CSTR, operate under the nonequilibrium steady state conditions. And often other
physico-chemical processes of a biological system are cooperatively associated with
them. It has been observed that in biological systems it is not always possible to
maintain the existence of the same nonequilibrium steady state continuously, but the
system reversibly shifts to a new nonequilibrium steady state which gradually returns
to the original one. This transition is considered as very close to a reversible passage
through nonequilibrium steady states. That is why, the other biological processes
dependent on this nonequilibrium steady state remain practically unhampered).
On the other hand, the isentropic planes depicted in Figure 3 consist of equilibrium
states. Therefore, when the thermodynamic reversible paths, through a succession of
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equilibrium states, are prescribed, then on such paths, no entropy production exists.
Hence, in this case, the non-isentropic paths are described by dS = d.S 2 0 and
Equation (7), whereas the isentropic paths follow dS = d.S = 0, with the following
explicit description:

1 p
dS =0= —dU+ =dV.
5=0 T u T 8)

The thermodynamic irreversible trajectories are the ones in which the system leaves
an isentropic hypersurface (an isentropic plane), attains a nearby time-dependent
nonequilibrium state, and thereafter marches through a succession of time-dependent
nonequilibrium states. They can be of two types: (1) in this category, the end state
is a time-independent state (a nonequilibrium steady state or an equilibrium state),
and (2) in this category, we club all those trajectories not converging to a steady

state. In the first category, ultimately, the system attains the state of [Z—f = 0. The
variation of entropy during the attainment of this final state at constant U and V
has two options. Recall that, by definition on an isentropic hypersurface, there is an
exact compensation of entropy production and entropy driven out, as described in
Equation (5). Therefore, for initiation of an irreversible process, the system has to leave
an isentropic hypersurface. This happens only when the balance between the rate of
entropy production and the rate of entropy driven out breaks down. Therefore, if the
rate of entropy driven out dominates over the rate of entropy production, then the
system follows the trajectory of decreasing entropy, whereas when the rate of entropy
production dominates over the rate of entropy driven out, then during corresponding
evolution of the system, its entropy increases. At this stage of our discussion, we
introduce a parameter A, through which we quantify the said imbalance between
the rate of entropy production and the rate of entropy driven out. This parameter is
different than the extent of the advancement of reaction ¢. This is so because the said
imbalance also contains contributions to the rate of entropy production and the rate of
entropy driven out by the non-steady state fluxes in and out of reactants and product
molecules. When entropy is decreasing, the operative and simple expression very
close to the nonequilibrium steady state is S = S% exp(—k(A** — 1)), whereas in the
case of increasing entropy, we have the simple expressions S = 5% exp(k(A** — A)).
However, when the system is attaining an equilibrium state, implying that the rate
of entropy exchange remains zero, we have the expression S = 5¢exp(k(¢¢ —¢)). In
the above three expressions, k is the kinetic constant, and in first two expressions,
the superscript ss denotes a nonequilibrium steady state. Moreover, it is easy to
comprehend that as the nonequilibrium steady state is approached, the existence
time of the time-dependent nonequilibrium states goes on increasing and becomes
sufficiently long in the close vicinity of it. The corresponding trajectories near a steady
state appear as depicted in Figures 4 and 5. When Figure 4 is used for the evolution
to an equilibrium state, the parameters ¢(t) and ¢° need to be used instead of A(f)
and A%,

Thus, we observe from Figures 4 and 5 that at A** we have

aS>
(a/\ u,v,Ass

Which is the condition of extremization of entropy at the nonequilibrium steady state.
When the final state is an equilibrium state, the variation of entropy will be as depicted
in Figure 4, but then it requires the use of {(t) and ¢ instead of A(t) and A% in this
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figure, re-expressing Equation (9) as (95/9¢); y - = 0. However, away from the

oge I
position A** on these curves, say at A, we have

dS
— 0, 10
(a/\) u,v,\ * (10

And away from an equilibrium state at a position & on the curve of Figure 4, this
condition reads as (95/9¢) wv,e # 0. It illustrates that there is no possibility at all
to have (95/9¢); , y» = 0 and (95/9C), ¢ =0 for a time-dependent nonequi-
librium state even for the situations which are in very close proximity to a steady
state. Hence, at the phenomenological level, we can neither claim them as being of
maximum entropy nor of minimum entropy with regard to their neighboring states
on the trajectory.
Notice that the partial derivatives of the thermodynamic entropy appearing in
Equations (9) and (10) belong to the phenomenological premises. We will see in Section 4
that the same equations hold true for Boltzmann and Gibbs entropies in the phenomeno-

logical premises.

I
Steady state
* ‘ ’
V) ¢'
= B
jou) ’
=] ’
E ]
= '
1 S
I L4
)\(t) Ass

Figure 4. Schematic depiction of the variation of entropy in a CSTR at constant U and V with non-zero
rate of entropy driven out, which is dominated by the rate of entropy production near nonequilibrium
steady state. Through the parameter A, we quantify the imbalance between the rate of entropy
production and the rate of entropy driven out, whose value is A% at the nonequilibrium steady state.
A simple expression in the vicinity of the nonequilibrium steady state is S = 5% exp(k(A* — 7)),
whereas when the final state is in equilibrium because the rate of entropy exchange remains zero, we
have to use the extent of advancement of reaction ¢ as the parameter instead of A. Therefore, in the
vicinity of the equilibrium state, we have the expression S = 5¢ exp(k(¢¢ — &)) (hence, during the
course of approaching an equilibrium state, the horizontal axis should be interpreted in terms of ()
and ¢°). In these two expressions, k is the kinetic constant. This trajectory obviously is of increasing
entropy, and the final state is a nonequilibrium steady state. However, if we impose the condition
of a zero rate of entropy exchange, then the CSTR behaves as if evolving under isolation/adiabatic
condition; hence, the final state will be an equilibrium state of highest entropy. Therefore, the same
curve represents this situation too. The trajectory has been depicted as a dashed curve to emphasize
that it passes through a succession of time-dependent nonequilibrium states.
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Entropy, S
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Figure 5. Schematic depiction of the variation in entropy in a CSTR at constant U and V with a non-
zero rate of entropy driven out that dominates the rate of entropy production near the nonequilibrium
steady state. Through the parameter A, we quantify the imbalance between the rate of entropy
production and the rate of entropy driven out, whose value is A** at the nonequilibrium steady state.
A simple expression in the vicinity of the nonequilibrium steady state is S = 5% exp(—k(A* — 1)),
where k is the kinetic constant. This trajectory obviously is of decreasing entropy, and the final state
is a nonequilibrium steady state. The trajectory has been depicted as a dashed curve to emphasize
that it passes through a succession of time-dependent nonequilibrium states.

4. Statistical Mechanical Versus Phenomenological Aspects and the
Question of Equivalence of Entropies

We recall the following standard expressions: (1) the Boltzmann entropy, S:
S=kplnW (11)

where kp is the Boltzmann constant, and W is the thermodynamic probability that measures
the number of microstates commensurate with the given macrostate of the system; and
(2) the Gibbs entropy, S, which is based on the ensemble averaging, which reads as follows:

S=kzlnQ (12)

where () is the ensemble based number of microstates. Conventionally, in the case of
equilibrium states, the mathematics of chance is employed, which establishes W ~ W4y
and Q) = y4y; hence, correspondingly, the Boltzmann and Gibbs entropies calculated
using Equations (11) and (12) are the maximized values. It means that while computing
Boltzmann and Gibbs entropies, all the microstates are counted. In the case of the ensemble
method, it is termed as an ensemble averaged value. However, to grant it a physical status,
the concept of the time averaging is used, which means that in sufficiently large time
intervals, the system detours all the members of (2;,,x. The experimentally measured quan-
tities are the results of this detouring. Hence, the time-averaged and ensemble-averaged
values are equated, which in statistical mechanics is described as ergodicity [2,3]. With
this background, we further assume that the maximum entropy estimates, proposed by
Jaynes [7,8] for information-theoretic entropy, can be extended for computing the Boltz-
mann and Gibbs entropies of a system when it is in (i) a nonequilibrium steady state and
(i) a time-dependent nonequilibrium state, which is very close to a time-independent state
(We have not used different symbols for Boltzmann, Gibbs and thermodynamic entropies
in the present discussion except for the alternative Gibbs entropy (cf. Equation (14))).
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Jaynes has already demonstrated the equivalence of Gibbs and thermodynamic
entropies [7] for all systems in equilibrium. The reason is that both take into account
all contributions to internal energy, including the existing non-ideality. When a system is
in equilibrium and contains monatomic ideal gases, we have equivalence amongst Boltz-
mann, Gibbs, and thermodynamic entropies. Also, notice that the maximization used in
Equations (11) and (12) is with regard to the neighboring Ws and (s of lower magnitude.
These lower value Qs (Ws) belong to the same set of say (U, V, {¢,}) and hence cannot
be thought as the neighboring points on the considered irreversible trajectory. The use of
maximized () is physically permitted when an equilibrium state is of the time-independent

type described, say by d—f = 0, and therefore the system has ample time at its disposal
to detour all of them. This condition shown in Figure 4 is followed at the maximum
irrespective of whether the system is ideal or not.

In the sequel, we recall that the nonequilibrium steady states are also time-independent

states described by (2—? = 0 and correspond to the extremum of Figures 4 and 5. In this
case too, the system has at its disposal ample time to detour all the microstates counted by
Quuax in non-ideal systems and by Wy;ax = Quuax in an ideal system. This means that the
ergodicity is obeyed in this case too. Hence, in the case of nonequilibrium steady states too,
we have equivalence amongst these three entropies when the system consists of ideal gases
and between Gibbs and thermodynamic entropies when the system consists of non-ideal
components. Thus, we see that Equation (9) also holds for Gibbs and Boltzmann entropies
when the system is at a nonequilibrium steady state.

Next we consider the time-dependent nonequilibrium states. For example, refer
to the states lying on the trajectories away from the steady points, A° (¢¢), as shown in
Figures 4 and 5. They all, that is the points A (&), follow the expression of Equation (10) for

thermodynamic entropy because they are not steady states described by ' # 0. This raises
the question of whether an equivalence amongst these three entropies can be assumed. The
answer lies in ascertaining whether the system can detour all the microstates of (2;4x and,
if applicable, those counted by W, before the next time-independent state is attained. In
principle, the answer will be no, but as we get closer to the final time-independent state,

we see a decrease in the magnitude of L and it will be exceedingly small in the close
vicinity of the former. In such cases, the system will have sufficient time at its disposal to
detour almost all microstates counted by ax (Winax); that is, the ergodicity remains valid.
Thus, for all such time-dependent nonequilibrium states, the said equivalence will come
within the physically acceptable domain, of course within the limits of experimental errors
or accuracy, even though the expression of Equation (9) is not followed. But a validity of
the expression of Equation (10) for Boltzmann and Gibbs entropies does exist. In practice,
such situations are numerous, and all of them are not very close to a steady state. However,
calculations need to be carried out of transport properties using Gibbs ensemble method to
produce suitable examples. However, an encouraging fact is that, in the kinetic theory of
gases, these transport properties in a dynamic system have been computed, and the results
satisfactorily match with those measured experimentally [30-33].

On the other hand, the time-dependent nonequilibrium states with a significantly

. das . . . S .

large magnitude of — have short existence times. Since their existence time does not
allow the system to detour all the members of the computed ();;;4x, implying no feasibility
of obeying ergodicity, the calculated Gibbs entropy from the physicality point of view
cannot be assigned to such short-lived states even though their instantaneous macroscopic
conditions are used in the computation. This perspective has been previously emphasized
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by one of the present authors [34]. Hence, in such situations, not only the said equivalence
of entropies but also the validity of Jaynes maximum entropy estimates are of doubtful
practical utility.

Of course, there are countless examples of systems in short-lived states. It means that
such systems, when in short-lived states, do detour a certain number of microstates, which
will be less than the value of (), calculated using mathematics of chance for the same
thermodynamic conditions. The thermodynamic conditions for a given nonequilibrium
state are based on the independent thermodynamic variables appropriate for it. In extended
irreversible thermodynamics [12,23,35-44], the physical fluxes are raised to the status of
thermodynamic variables. Thus, the entropy dependence therein, for example, reads
as follows:

s =s(u, v, {x¢}, q I, {J}) (13)

where s is the per unit mass local entropy, u is the per unit mass local internal energy, v is the
local specific volume, {x; } are the local mass fractions of the components, q is the local heat
flux, IT is the local dissipative momentum flux tensor, and {J } are the local diffusion fluxes.
All these quantities, in general, are position- and time-dependent. Therefore, the ensemble
is constructed say for a particular instantaneous set (1, v, {x}, q, I, {J¢}), and then Q4x
is computed using the mathematics of chance. Now, suppose the ensemble is constructed
for one of the very short-lived nonequilibrium states. In view of the transient nature of the
state under consideration, the system will not have adequate time at its disposal to traverse
all the members of (,,,,—a case of non-compliance of ergodicity. Hence, the calculated
maximized value of Gibbs entropy will be higher than the actual thermodynamic entropy.
Therefore, instead of maximization, we need to devise a mathematical model to arrive
at the appropriate and physically relevant value of (). Indeed, one may use some other
nonequilibrium thermodynamic framework, say rational thermodynamics, finite time
thermodynamics, Keizer’s version, thermodynamics with internal variables, or any other;
the above assertion does not change because the basic problem being faced herein does not
originate in the use of a thermodynamic framework but is due to the very short existence
time of a nonequilibrium state; hence, it is the case of the nonfeasibility of traversing all the
members of ()5 by the system.

Therefore, in general, the maximized Gibbs entropy given by Equation (12) for short-
lived nonequilibrium states will be higher than the actual thermodynamic entropy. This
demonstrates why Jaynes” maximum entropy estimate remains inapplicable to such short-
lived nonequilibrium states.

Since our discussion involves the traditional definition of Gibbs entropy, as seen
in Equation (12), it is pertinent also to consider an alternative Gibbs entropy, defined
as follows:

Sc(U) = kg 1n< ) Q(u’)> (14)

u'<u

This definition can be used also for small systems consisting of tens of molecules. In a
recent discussion [45], it is illustrated therein that in the case of equilibrium and for astro-
nomically large values of (), Si coincides with the definition of Equation (12). However,
as () decreases (corresponding to only tens of molecules), the non-equivalence between
the two entropies surfaces out. In this limit, the physical meaning of say hot and cold
crumbles down. However, in the case of time-independent states and the time-dependent
nonequilibrium states, an additional condition for the said equivalence and nonequivalence

. . das
will operate in terms of the magnitude of the time rate, d—tG
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5. A Brief Note on Natural Fluctuations

The phenomena of fluctuations is common in all experimental measurements carried
out on a system in a static condition or evolving with time. In equilibrium statistical thermo-
dynamics, it is quantified in terms of standard deviation. When the Gibbs ensemble is used,
the averaging is carried out over all the members of ()5, (refer to any standard statistical
mechanics and statistical thermodynamic textbooks, such as those cited in this paper).

Let us examine a system in equilibrium. In view of the above discussion, we envisage
that the observed fluctuations will have two types of contributions if the system is chemi-
cally reactive. In the traditional description of fluctuations, they are the ones taking place
at constant composition at equilibrium. However, when the system is chemically reactive,
the extent of advancement of various chemical reactions will also fluctuate. However, this
macroscopic fluctuation originates from the corresponding fluctuations in the population
of quantum states of reacting partners. In other words, now the origin of fluctuations
have contributions from two types of molecular collisions; one is non-chemically reactive
type, and the other chemically reactive type. For its illustration, let us consider a canonical
ensemble for chemically reactive components. In the present case too, the traditionally
computed standard deviation, oy;, in internal energy, U, will also be a complete description
having the following expression [1]:

oy =\ (U-1) (15)

Notice that the two averages involved in Equation (15) are computed by considering
population in all the quantum states but the effective contribution to it is from the set of
population effectively contributing to (),,,,x. However, a basic challenge is to devise an
appropriate expressions of () for chemically reacting systems.

A similar argument also applies to the fluctuations about a nonequilibrium steady
state because it is a time-independent state.

However, when we consider fluctuations of a time-dependent nonequilibrium state,

S
similar arguments hold in the case of extremely small magnitude of — because, in this

case, ensemble averaging produces physically realistic results. Only in those cases where

the magnitude of I is significantly large and more, no physically meaningful statistical av-
eraging is feasible, will the statistical computation of the standard deviation in fluctuations
be of doubtful physical utility. This result is due to the non-compliance of ergodicity.

6. Concluding Remarks

In the present discussion, we have recalled the demonstration by Jaynes that (1), in
general, there exists an equivalence between thermodynamic and Gibbs entropies, and
(2) the equivalence between Boltzmann and Gibbs entropies exists only when the systems
are composed of monatomic ideal gases. In Section 3, we have clearly illustrated by recalling
the thermodynamic descriptions of extremization and maximization of thermodynamic
entropy in terms of appropriate derivatives of entropy. For this purpose, we have used a
specific and simple CSTR (described in Section 2) and generated corresponding isentropic
hypersurfaces for nonequilibrium steady states and isentropic planes for equilibrium states.
Thereafter, on combining phenomenological (of Section 3) and microscopic (of Section 4)
descriptions, the following conclusions are reached:

1.  Indetermining the equivalence between thermodynamic and statistical mechanically
defined entropies, a crucial role is played by the ability of the system to detour all the
members of the microstates of the system that is an ability to obey ergodicity.
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The requirement stated above is meticulously met only when a system is in an equi-
librium state but also in nonequilibrium steady state. This is so because they both are
time-independent states. Thus, even though a nonequilibrium steady state belongs
to the nonequilibrium regime, the equivalence between Gibbs and thermodynamic
entropies is guaranteed. Of course, for the equivalence of Boltzmann entropy the
absence of non-ideality is demanded.

In the case of time-dependent nonequilibrium states with an exceedingly small mag-

. das . . . .
nitude of —, the requirement stated in 1 above is practically met; hence, for them,
the equilvalence between thermodynamic and Gibbs entropies exists.
For all time-dependent nonequilibrium states belonging to considerably large mag-

nitudes of d—s, because the condition of ergodicity is not met though the Boltzmann
and Gibbs entropies, they can be calculated, but their practical utility remains doubt-
ful, and hence their equivalence with the thermodynamic entropy is not possible.
However, in practice, we measure thermodynamic parameters to a fair degree of
confidence in such systems. It means that the system executes a time averaging within
the existence time of the nonequilibrium state. During this period, the members of
the () or W which get sampled out cannot be identified beforehand. Hence, how to
perform the commensurate ensemble averaging is not clear.

Thus, except for equilibrium states, nonequilibrium steady states, and the time-

dependent non-equilibriun states with exceedingly small magnitudes of ﬁ, the
Jaynes maximum entropy estimates should not be executed on Boltzmann and Gibbs
entropies because of their uncertain practical utilities. And even if it is executed, its
practical utility will need to be weighed properly. A similar situation might exist in
the other scientific fields wherein the Jaynes maximum entropy estimate is employed;
hence, caution needs to be exercised.

Indeed, it will be of interest to carry out corresponding computational investigations

to clearly demonstrate what the physicality of the significantly large magnitude of I is,

which will demarcate the region of nonequivalence between statistical and thermodynamic

entropies. It is also worth exploring whether the alternative Gibbs entropy of Equation (14)

can be coincided with the thermodynamic entropy for very short lived nonequilibrium

states. But that is a project in itself, and we plan to direct our future efforts along these lines.
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Abstract: The article considers the description of a macrosystem in terms that do not
depend on the nature of the macrosystem. The results obtained can be used to describe
macrosystem models of thermodynamic processes, and to create interdisciplinary models
that take into account interactions of various natures. The macrosystem model is based on
its representation in the form of a self-similar oriented weighted graph where the equation
of state is fulfilled for each node, which connects extensive variables. One of the extensive
variables is entropy, the maximum of which corresponds to the state of equilibrium. For
processes in which fluxes are linearly dependent on driving forces, Onsager’s relations are
shown to be true, which makes it possible to prove that in the space of stationary processes,
entropy production in a closed macrosystem is a metric similar to the Mahalanobis metric,
which determines the distance between processes. Zero in such a space indicates reversible
processes, and thus the production of entropy shows the degree of irreversibility as the
distance from a researched process to a reversible one.

Keywords: thermodynamic processes; macrosystem; entropy production; extensive
variables; intensive variables; measure space

1. Introduction

Thermodynamics has historically been the first and main research focus of complex
systems [1]. It is thermodynamic analogies that are used in the description of other systems
such as economic, social, informational, and algorithmic systems when control is only
possible in an averaged sense. We mean averaged because it is impossible to observe or
control the state and behaviour of individual elementary particles, whose large aggregate
forms a complex system.

In a thermodynamic system, the elementary particles are molecules, even though only
statistical mechanics need discrete particles as a concept. The reason is that phenomeno-
logical (i.e., experimentally observable) patterns related to the state of a thermodynamic
system are carried out through dynamic or statistical averaging of the interactions between
individual molecules. However, such averaging is only possible under a priori assumptions
about the nature of such interactions as they cannot be verified due to the incredibly large
number of molecules in the system and their extremely small size, which makes them
neither observable nor controllable [2].

The validity of such a framework is supported by the existence of phenomenological
laws. However, in this case, the assumptions about the properties of individual molecular
interactions must be derived from the observations of thermodynamic systems as they
cannot serve as proof of the truth of the phenomenological laws per se.
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The approach suggested in this work is the reverse one, which is based on a structural
induction where the basic point is any scale level at which the properties of the system
can be experimentally verified. This presupposes the fulfilment of the self-similarity
condition, which is generally defined as follows: a set X is self-similar if there exists a finite
«ck- such that
X = Uxek ¢x(X) [3]. The self-similarity condition is actively used in thermodynamics [4],

set K indexing a collection of injective and non-surjective mappings {¢x }

even though it is strictly fulfilled only when the set of subsystems whose union forms
the given thermodynamic system is a continuum. This assumption is too strong for real
thermodynamic systems but can be considered a good approximation.

The approach considered below is not limited to describing thermodynamic systems
alone, but is intentionally extended to a more general representation. This allows for the
consideration of a class of macrosystem models that includes thermodynamic systems.

2. Definition of Macrosystems

When analyzing patterns that arise in the exchange processes in systems of various
natures (e.g., physical, chemical, economic, informational, and social), it is often advisable
to use a macrosystem approach.

Macrosystems are systems in which the following conditions are satisfied:

1. Macrosystems consist of a large number of elementary objects, and this number is so
large that any macrosystem can be considered as a continuum and can be divided into
any finite number of subsystems, including those sufficient to determine the statistical
characteristics of any given accuracy; each of the subsystems can be considered as a
macrosystem. Any macrosystem Y is a nonempty collection & of pairwise disjoint
subsets of Y closed under complement, countable unions, and countable intersections.
S is a o-algebra and ordered pair (Y, &) is a measurable space. The macrosystem
Y can be considered as a union of a finite number of a lower level macrosystems
Y;: Y = Ujey Y;. This condition is called the self-similarity condition [5].

2. The macrosystem state is determined by the vector Q of state variables. It is assumed
that the state variables satisfy the conservation law; therefore, we can consider vec-
tor Q as a vector of extensive variables. Because of non-negativity and countable
additivity, vector Q is a vector measure and (Y, &, Q) is a measure space. In thermo-
dynamic macrosystems, the extensive variables are internal energy, mol number, and
volume [6], which the macrosystem can exchange with its external environment [7];
we will also consider the external environment as a set of macrosystems (and a higher-
level macrosystem is the union of the macrosystem and its external environment). In
the process of interaction between the subsystems X and Y, the values of the vectors
Qx and Qy change over time. In this way, exchange processes and their correspond-
ing fluxes are formed, which are understood as the rates of change of the extensive
quantities. We will denote fluxes between subsystems X and Y as gxy.

3. Itisimpossible to control each elementary object due to their extremely large num-
ber [7]. The macrosystem control can be organized only by impact on the parameters
averaged over a set of elementary objects, namely

—  Changes in the parameters of the macrosystem’s external environment, the inter-
action with which determines the change in the values of extensive variables in
the macrosystem;

—  Change in the values of extensive variables (for example, their extraction) in the
macrosystem due to external interventions;

— Changes in the characteristics of the exchange infrastructure to accelerate or,
conversely, slow down the exchange processes.
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3. Representation of the Macrosystem as a Graph

The macrosystem can be represented as a self-similar oriented weighted graph, the
nodes of which correspond to the subsystems and the macrosystem’s external environment,
and the edges correspond to the fluxes between the subsystems and between the subsys-
tems and the macrosystem’s external environment. Each graph node (each subsystem)
is characterized by a vector Q = (Qq,...,Qn), and fluxes between subsystems can be
functionally unrelated to each other.

Self-similar—each graph node can be represented as a graph that describes the in-
teraction of subsystems that form this node with each other and with their environment.
Let us consider two interacting (the vector of the fluxes of extensive variables is gxy) dis-
joint macrosystems X and Y. Due to the self-similarity condition, we can introduce sets
X =U; X;, Y = U; Y] of pairwise disjoint subsystems corresponding to these macrosystems.
Each subsystem is characterized by its own values of extensive variables: Q; for X; and
Q;j for Y;. Flux g;; is formed between subsystems from different sets X and Y. In this
notation, the following equations are valid:

Y Q=Qx X Qi =0Qy;

iceX jey
Y. gij = gxv- M
icX
jey

Oriented—the direction of each edge determines the positive sign of each flux; thus, if
the edges are directed from node X to node Y, then

gxy = —VQx = VQy. (2)

Weighted—the weight of the edge shows the flux intensity: the positive value of the v-th flux
gxy, > 0if the real flux of the extensive variable is directed towards the edge, and qxy, < 0
if it is opposite to the edge’s direction. In addition, a matrix A of infrastructure coefficients is
determined for all fluxes between nodes X and Y (that is, for all fluxes gxy). This matrix is the
metadata for the edges connecting nodes X and Y, and determines both the facility of exchange
process and complementary or substitutionary features of the extensive variables [8].

Figure 1 shows an example of the self-similar oriented weighted graph of a part of

a macrosystem.

Figure 1. An example of the self-similar oriented weighted graph corresponding to a macrosystem.
The nodes (the circles) correspond to the subsystems, and the edges (the arrows) correspond to the
fluxes between the subsystems.
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4. Equilibrium State of the Macrosystem

Let us assume that two macrosystems X and Y exchange the vector of the extensive
variables Q. At each moment of time t, the reserves of the extensive variables describing the
state of macrosystems are equal to Qx(f), Qy (). We represent macrosystems as a union
of a finite set of subsystems: X and Y, respectively. An equilibrium state shall be a state
(Qx, Qy) in which the sum of fluxes at each moment of time ¢ for eachv =0, ..., N

axyu(t) =) giju(t) = 0. 3)

i€X

jeY
Thus, the equilibrium in the macrosystem is considered dynamic. The equilibrium condition can
be defined as follows: at the any level of sets of subsystems X, Y : X = Ujex Xi;Y = Ujey Yj,

a vector of fluxes q;;(i € X,j € )) is described by a time-independent distribution f (5)
with expectation E [ﬂ = 0.

Note that the fluxes g;;(t), (i € X,j € ), and the random variable 4, which describes
the subsystem fluxes distribution, are vectors. At this level of subsystems, we can assume
that a large number of factors affects the distribution of fluxes, which means that the

distribution f, (E) can be described by a multivariate normal distribution. The parameters
of this distribution are the expectation E [ﬂ , which determines fluxes at the level of

subsystems X and Y in accordance with (3), and the covariance matrix Cov [ﬂ .
Assume that fluxes gxy arise due to the activity of some driving forces, which we can
also consider at the subsystem level as a random vector, such that

—  Fluxes gxy are linearly dependent on the exchange driving forces ¢@xy [6]:
gxy = A@xy—under this assumption and suggesting that the matrix of infrastructure
coefficients A is constant, the driving forces distribution is also normal;

—  The covariance matrix Cov {ﬂ of subsystems of the X U Y macrosystem depends on
the driving forces intensity ¢xy = E {5} causing these fluxes, so that the matrices

Cov {E] and Cov [5} are jointly normalizable (their eigenvectors coincide)—due to
the linear relationship between fluxes and driving forces;
—  Limits of correlation coefficients corresponding to the covariance matrix Cov {ﬂ
forany v,x = 0,...,N: lim p,x =0, lim p,c = 1—due to the redistribution of
oxy—0 Pxy—®

the extensive variables over a variety of subsystems, depending on the number of
intermediate nodes in the graph chain to the contact point.

If the equilibrium condition is satisfied for a macrosystem X when interacting with
each macrosystem from its environment, then such a macrosystem is called closed. If, for a
macrosystem X, all its subsystems are in equilibrium when interacting with each other (but
not necessarily with the environment of the macrosystem X)

Vt,Vie X Z ql](t) =0, 4)
jEX

then we can say that this macrosystem is in a state of internal equilibrium. For a macrosys-
tem in internally equilibrium, all fluxes can be observed only at the boundaries of the
macrosystem and its environment.
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5. Extensive and Intensive Variables

Let us assume that two macrosystems X and Y exchange the vector of the extensive
variables Q. At each moment of time ¢, the values of the extensive variables describe the
state of macrosystems.

The macrosystem shall be described by a set of extensive and intensive variables:

- Extensive variables are such that for any two disjoint macrosystems X and Y (not
necessarily in equilibrium):

Qxuy = Qx + Qy; (@)

Due to conservation law, all the values of the extensive variables are extensive variables;
—  Intensive variables v are such that for any two systems X and Y that are in equilibrium:

Oxyy = 0x = Dy. (6)

Extensive variables satisfy the neutral scale effect condition: if all extensive variables
in all subsystems of the macrosystem are increased by n times, then the flux intensities
in the macrosystem will not change. In particular, such a proportional increase in the
extensive variables will not bring the macrosystem out of the internal equilibrium state
if before that, the system was in internal equilibrium. The neutral scale effect condition
provides the self-similarity of the macrosystem.

As a consequence of (6), intensive variable dependencies on the extensive vari-
able values that determine the macrosystem state should be homogeneous functions of
the zero-order.

6. Entropy of the Macrosystem

The set of extensive variables describes the macrosystem state. Among the exten-
sive variables, we single out the value S = Qp, which characterizes the objective func-
tion of the system. S and other extensive variables are functionally related: S = S(Q),
Q=1(Q1,...,Qn). We call this equation the system state equation.

The choice of S as the objective function is determined by the Levitin-Popkov Ax-
ioms [9], which impose the following conditions on this variable:

1. Fora controlled system, S = S(Q) given a fixed deterministic control v. Its stochastic
state, which is characterized by a vector flux, is transformed into a deterministic
vector Q(v), called the steady or stationary state, which belongs to a permissible set
D(v).

2. For any fixed vector v € D(v), there exists a vector p(v) of a priori probabilities
for the distribution of fluxes in the system S(Q), such that the stationary state Q(v)
of the macrosystem under that given fixed control v is the optimal solution to the
entropy-based optimization problem: Q(v) = z[v](p(v)), where z[v](p(v)) is the
entropy operator defined as

z[ul(p) = argmax{S(p,Q) : v € D(v)}. )

Thus, the pair (p(v), Q(v)) simultaneously provides both the required vector of prior
probabilities and the corresponding stationary state vector.
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3. There exists an inverse mapping p = {[v](Q) such that the desired pair (p(v), Q(v))
is the unique solution to the system of the relations:

®)

Within the framework of the considered model, these statements can be interpreted
as follows:

1. For any fixed deterministic control v = const, there exists a stable steady state Q*(v).

2. The stable steady state Q*(v) is a state of an internal equilibrium corresponding to
the maximum of S(Q).

3. The stable steady state Q*(v) is unique.

For a closed system, the condition S(Q) — max determines the spontaneous direction
of exchange of extensive variables. However, a question arises about the homogeneity of the
function S(Q): entropy is a homogeneous function of degree one only in the systems that
are in a state of internal equilibrium. In cases where the distribution p(v) is scale-invariant
but does not correspond to internal equilibrium, a fractal structure of the macrosystem is
observed, in which §(Q) is a homogeneous function with a degree of homogeneity less
than one. Taking this remark into account, entropy can still be considered an extensive
quantity. The question to use the degree of homogeneity S(Q) as a measure of equilibrium
of the macrosystem should be given further consideration.

Since S is an extensive variable in the condition of internal equilibrium, then S(Q) is a
homogeneous function of the first-order: when scaling the system by n times or combining
n identical macrosystems in the equilibrium state:

= 8(nQ). ©)

In accordance with the Euler relations for homogeneous functions

S(Q)=QVS = ZQV (10)

BQV

Let us denote v, = 05/0Q,. Since S(Q) is a homogeneous function of the first-
order, then v,(Q) (v =1,...,N) are homogeneous of the zero-order, i.e., they are intensive
variables: for any n value v, (nQ) = v,(Q). This means that a proportional increase in the
extensive variables will not bring the macrosystem out of the internal equilibrium state if
before that, the system was in internal equilibrium.

Under the assumption that the function S(Q) is differentiable and its partial deriva-
tives are continuous, in accordance with the necessary condition for the function to be
differentiable, there exists a total differential

N oS N

Two consequences of Equation (11) can be formulated.
Consequence 1. By differentiating the Euler relation (10), we obtain

N
dS =) (v,dQ, + Q,dv,). (12)

v=1
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By comparing (11) and (12), we see that the second term in (12) should be equal to zero:

N
Z Qvdoy, = 0. (13)
v=1

Consequence 2. The exchange process between subsystems X and Y (with a positive
direction of fluxes from X to Y) can be described using Equations (2) and (11) as follows:

S dSy  dSx

N
G ar Tar T Y (ovu — vx0)xv,0- (14)

v=1

The parameter S is an extensive variable and its dependence on other state variables
S(Q) is an objective function for spontaneous processes in the macrosystem.

From the established relations, the following conclusion can be drawn:

Let Q be a vector measure on a measurable space (Y, &, Q). Then, the entropy of a
subsystem X € Y is defined as a function Sx = S(Qx), such that

- Sx < 8(Q*), where §(Q*) is the entropy of X under internal equilibrium of all
subsystems X;

- S(Qx) +S8(0) = S(Qx), where S§(0) is the entropy of a subsystem with a
zero-vector measure;

- For any two subsystems Xj, Xp such that Y = X; U X3, Ox,nx, = 0, it holds
that Sy = le + 5x,.

These properties correspond to Shannon-Khinchin Axioms for entropy [10].

The entropy function meets the conditions of Shannon entropy if the number of subsys-
tems is large enough. S statistically corresponds to the entropy of the distribution p(v(Q))
of state parameters of subsystems of the macrosystem. Let us explain this statement. Since
there are no restrictions on the possible random vector values with a finite variance, the
normal distribution corresponds to the maximum entropy value (this can be considered as
a justification for the distribution law of subsystems parameters that form a macrosystem).

The entropy of the normal distribution consists of two terms: S = Sy + 0.5In detR,
where R = (py, v,k =1,...,N) is the correlation matrix. The first addend corresponds
to the complete independence of the system elements and characterizes the structure of
the macrosystem, and the second describes the relationships in the macrosystem. The
correlation py« (v,k =1,...,N) between fluxes increases, which is observed with the
growing magnitude of the exchange driving forces ¢xy. Figure 2 illustrates the kind of
dependency of pyx(¢xy) when components ¢, and ¢, of the vector ¢xy are changed. The
second term of entropy expression, which is always negative at R # E, (E is the identity
matrix), decreases. This explains the statement about S as an objective function that reaches
its maximum when the macrosystem reaches an equilibrium state, and a state function that
sets the direction of processes in a closed system, increasing the dispersion of low-level
subsystem parameters while simplifying the macrosystem structure at a high level.

In the process of spontaneous, not forced exchange, the S value of a closed macrosys-
tem cannot decrease since S(Q) is the objective function for the system behaviour. In order
for the value ¢ = dS/dt, called the entropy production, to be positive during the any
process of given non-zero intensity, it is sufficient to fulfil the condition

sign(vy, — vxy) = sign(gxy,)Vv =1,...,N. (15)
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If the process duration is infinitely long, then the macrosystem’s natural evolution
leads it to a state of internal equilibrium, which corresponds to the achievement of the
maximum S(Q) value. This is equivalent to the statement that in the internal equilibrium
state, S(Q) is maximum.

4 Pvic

P

0 i

0 Pv

Figure 2. Dependency of correlation between fluxes p,x(¢xy) in a macrosystem: ¢, and ¢, are the
components of the vector pxy.

Intensive variables v = VS can be considered as specific potentials. Their difference
@xy = vy — vx according to (15) is the driving force of the exchange process. The fluxes are
directed from subsystems with lower values of intensive parameters to subsystems with
higher values of intensive parameters. Thus, Equation (14) can be rewritten as follows:

N
o(vx,vy) Z (ox,vy)qxyu (A, ¢(vx, vy)), (16)

where A is the matrix of infrastructure coefficients. Note that the infrastructure of the
exchange process involves a wide variety of features of the subsystems’ boundaries
medium. For example, in thermodynamic macrosystems these features are surface area,
roughness, etc., all these parameters can be controls in the corresponding optimization
problems, but here, A is assumed to be constant. If the driving force during the pro-
cess is constant, then such a process is called stationary. Since ¢(vx,vy) is a linear
relation and therefore the superposition principle is being applied, we single out the
classes of reversible (¢(vx,vy) — 0) processes and processes of minimal dissipation

o(e) = mq}n | axy (@) = fix.

7. Differential Form of the State Equation

The state function can be given in differential form, as is typical for thermodynamic systems:

N
6@ = ) F,(Q)dQ,. (17)
v=1
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If we cannot write a state function explicitly, then the problem of integrability of ®(Q)
should be solved. Equation (17) is the Pfaffian form. A Pfaffian form is said to be holonomic
if there exists an integrating multiplier w(Q) such that

N 9S8 oS
w(Q)od = ——dQ, = dS, where —— = w(Q)F,(Q),v=1,...,N. (18)
@s0 =1 5o where <= = w(Q)F/(Q)

The Pfaffian form of two independent variables is always holonomic, that is, there
is always an integrating multiplier w(Q). However, for N > 2, the integrating multiplier
exists if the holonomy conditions are satisfied: for any three different «, jz, v,

dF,  9F, oF, OF OF,  9F.\ _
PK(Q)(aQV - BQJ +Fy(Q)<aQK — an) +FV(Q)<8QF - aQK) =0. (19)

These conditions are obtained from the equality of the second mixed derivatives with
respect to any variable pairs (Maxwell’s relations)

?S _ a(w(QF(Q)
9Q0Qx  9Qx

and by exclusion of the integrating factor w(Q) from these equalities. In addition

(20)

to conditions (19), it is necessary that all products w(Q)F,(Q) be homogeneous of
zero-order homogeneity.

8. Concavity of Entropy Function

The S(Q) function gradient determines the intensive variable vector of the macrosys-
tem. As the extensive variables increase, the S value also increases, but at a slower
rate (the diminishing returns law), so that for all = 1,...,N 95§/0Q, =v, > 0,
92S/0Q% = 9v,/9Q, < 0. Moreover, the Hessian matrix Hs = (828/(8QV8QK)) for
homogeneous functions of the first-order homogeneity is negative semi-definite. Indeed, it
follows from the Euler relations (10) that differentiating both parts of this equation per Qy,

028

30,00, ° @1)

N
Vk=1,...,N: ) Q,
v=1

For an arbitrary vector x, the necessary conditions for the extremum of a quadratic
form in x are

T N 2828 N-1 N aZS
x Hgx = + 2Xy Xy ————— — max. 22
P P PIP P S TR O @)

d (x TH sX ) N 32S
_— = Xy —m—m— =
dxy =1 £0Q,00x
which corresponds to the maximum point (according to the diminishing returns law)

of the quadratic form x, = Q,,v = 1,..., N. Since the product QT Hg (21) is equal to
zero, then xTHsx at the maximum point is also equal to zero. Thus, for any value of

0, (23)

x : xIHgx < 0, which has to be proved. Note that since the Hesse matrix is symmetric,
then all its eigenvalues are real numbers.

The negative semi-definiteness of the Hessian matrix Hs corresponds to the upward
convexity (concavity) of the S(Q) function and S unimodality as the objective parameter.
As the reserves of the extensive variables in the macrosystem increase, S increases, and the
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intensive parameters decrease, reducing the magnitude of the resource exchange driving
force. In accordance with (14), this behaviour of intensive parameters leads to the fact
that when the macrosystem is affected, changing its internal equilibrium conditions; the
resource exchange processes are directed towards counteracting changes, and thus the Le
Chatelier principle is fulfilled.

Partial derivatives 9°S/9Q? describe the saturation of the system with the extensive
variables, and 9°S/(9Q,0Qy) determines the substitution and complementation of the
extensive variables in the macrosystem. If the extensive variables are substitutes, then an
increase in one of them reduces the intensive variables adjoined with the other extensive
variable. If the extensive variables are complements, then an increase in one of them, on
the contrary, increases the intensive variables adjoined with the other extensive variable.

9. Metric Features of Entropy

Let us consider a particular case of exchange processes in a macrosystem consisting of
two subsystems X and Y, where the fluxes linearly depend on the differences between the
intensive variables of the subsystems:

dQYl/ N
Ixy(vx,vy) = P Y au i (Uxx, Vyic), (24)
k=1

where @y (Vxx, Vyx) = Vyx — Uxx-

Proposition 1. Matrix A = (ay) is the matrix of infrastructure coefficients describing the
exchange possibilities at the boundary between subsystems and it is a symmetric matrix.

Proof. Given the self-similarity property, the system can be divided into a statistically signif-
icant disjoint set of subsystems such that the characteristics of these subsystems form a rep-

resentative sample of random variables 7, ¢, etc. The eigenvectors of the matrices Cov {ﬂ

and Cov {E, 5] coincide and form a system of orthonormal vectors. Since the eigenvectors
of any matrix and its inverse are the same, Cov [5] and Cov {5, g)] are symmetric and com-
mutative, so their product is a symmetric matrix. Since M {ﬂ = Cov' {5, g?)} Cov {ﬂ M {ﬂ ,

the matrix of phenomenological coefficients A = Cov'|q,¢|Cov|q| is symmetric
(Onsager conditions). [

Proposition 2. Matrix A = (ayy) is a positive definite matrix.
Proof. The right part of Equation (16) under condition (24) has a quadratic form:
o(vx,vy) = ¢ (vx,vy) Ap(vx, vy). (25)

For any positive values of the exchange driving forces ¢(vx, vy), the entropy production
is positive, as shown in (15). Therefore, A is a positive definite matrix. It means that of
the dependencies o (¢) and ¢(gq) under the linear dependence of the flows on the driving
forces are convex. [

The consequence of this proposition is that entropy production is a metric in the space
of stationary processes and can be used to determine the distance between processes

5(a,b) = \/Ac(ox,0v) = \/ (90 — 91)"Alge — @1). (26)
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Let us present some properties of this metric:

—  Zero in the space of stationary processes represents reversible processes for which
o = 0. According to the third Levitin—-Popkov axiom, there is the only reversible
process in the macrosystem;

— The distance between two processes a and b is determined as 6%(a,b) =
(90 — @) A(pa — @p). Ttis evident that 8(a,a) = 0;6(a, b) = 6(b, a);

—  The distance 6(a, b) satisfies the triangle inequality due to A being a positive definite
symmetric matrix; all its eigenvalues A are positive real numbers.

Thus, the entropy production in a macrosystem characterizes the distance of stationary
exchange processes occurring in such a system from the corresponding reversible process.
For linear systems, it is possible to consider generalized, averaged over probability to
measure stationary processes: Vs € R3u(s) = P(o(vx,vy) =s): 0 = fj;o s u(s)ds. Such
an averaging for cyclic and stochastic processes is illustrated on Figure 3.

t N @ N
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Figure 3. Averaging of entropy production in cyclic (a), and stochastic (b) stationary processes.

The distance between irreversible processes is an important concept for analyzing
complex systems. The class of minimal dissipation processes indicates the limit of perfor-
mance of macrosystems when the average intensities of the processes in it are restricted.
To determine the effectiveness of an arbitrary process, it is necessary to find a distance
between this process and the minimum dissipation process. This distance is determined by
the production of entropy.
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10. Trajectories of the Exchange Process

For non-stationary exchange processes, it is necessary to determine the trajectory
of the process, i.e., the change in time of all subsystem parameters when approaching
the equilibrium state. For a linear dependence between fluxes and driving forces (24),
we derive a differential equation that determines the change in the driving forces of the
exchange process in a macrosystem consisting of two subsystems X and Y. Under the
given initial conditions ¢xy(0) = ¢, this equation describes all the parameters of the
subsystems.

Full differentials of functions v; (Q;),i € {X,Y},x =1,..., N shall be written as

028

30,00, @7)

N
Vk=1,...,N:) Q,
v=1

Subtracting the equations for subsystem X from the equations for subsystem Y and taking
into account the linear dependencies of fluxes on driving forces (24) and the fact that the
driving forces are the differences between the corresponding intensive variables of the
subsystems (dpxy /dt = dvy/dt — dvx /dt), we obtain

028

30,90, (28)

N
Vk=1,...,N:) Q
v=1

Equation (28), together with the initial conditions, determines the trajectory of the
exchange process.

11. Conclusions

The metric properties of entropy production allow for the determination of both the
class of minimally irreversible processes [11] and the quantitative distance between the
processes. The stationarity restriction can be removed either by averaging the process
parameters over time or due to the superposition principle for processes in linear systems.
A generalized, independent-of-the-nature-of-the-processes, macrosystem model is useful
for the formalization and investigation of extreme performances of complex, hierarchically
related systems. In these macrosystem, there is a vector of entropy functions. It gives the
macrosystem as additional degree of freedom at the level of subsystems.

The given proofs of the phenomenological properties of macrosystems are valid for
thermodynamic systems but can also be applied to the systems of a different nature,
particularly economic systems [12,13], information exchange systems in communication
networks [14], and high-performance computers [15], where the number of computational
cores is already comparable to the number of molecules in 1 um? of gas. The main difference
in the description of macrosystems of different natures lies in the definition of the extensive
quantities that describe the state of a system and in the relationships between the fluxes that
arise from interactions between subsystems. In thermodynamic macrosystems, the exten-
sive variables are internal energy, mol number, and volume [6]; in economic macrosystems,
the extensive variables are resources, goods, and welfare [12]; in information macrosystems
like recommendation systems, the extensive variables are database size and the number
of exposed marks [16]; and so on. In information macrosystems, we restrict ourselves to
describing syntactic information exchange [17]. Social macrosystems with semantic and
pragmatic information exchange processes require a special conceptual apparatus, which is
markedly different from the one usually used in formal logic [18]. For signal transmission
systems, the extensive variables are the number of processors of a given type, the amount
of memory, and the entropy properties of the computing power; the intensive variables
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are determined by the contribution to the increase in computing power that each type
of hardware provides. When modelling algorithms as complex systems, the extensive
variables can be used as control values, the entropy corresponds to the objective function,
and the intensive variables are the values of the Lagrange multipliers. Economic analogies
of complex systems are often considered. At the micro level, extensive quantities include
the stock of goods while intensive quantities include the prices and the values of the goods.
The welfare function has entropy properties in microeconomic systems. At the macro level,
it is advisable to choose the gross regional product as the entropy, which is a function of
vector of production factors. The intensive variables in this model are prices in real terms.

Entropy as an extensive quantity is introduced into different models of self-similar
systems. Integration problems of the welfare function have been observed in [12]. The
first-order homogeneity properties for gross regional product have been proven: the Cobb-
Douglas production function is most commonly used in approximation. For communica-
tion networks, the entropy properties of the indicator of congestion have been proven [14].
These examples show the universality of a macrosystemic approach to modelling complex
systems of different natures.

The graph of interaction between subsystems can be different for each type of nature
of extensive variables. Such a complex system can be represented as a multigraph. Multi-
graphs where two graph nodes can be connected both by edges of different colours and by
groups of edges of different colours, which correspond to multiple contact points between
subsystems. The absence of edges between the multigraph’s nodes means that the nodes
are isolated from each other. Edges of different colours corresponding to different extensive
variables can be either co-directed or opposite.

The specific behaviour of individual elementary entities is especially relevant for
social systems, where free and often unmotivated decision-making is possible and can
complicate the application of the model. Nevertheless, the model can still be used to
describe processes of various natures occurring simultaneously within a system. For
example, a high-performance computer can be represented as a macrosystem in which
hardware, software, and engineering subsystems exchange energy, signals, and information,
and the average intensities of the computational processes and heat transfer processes
are considered to be given. A computer does not perform mechanical work; therefore,
all consumed electrical energy is converted into heat and must be dissipated into the
surrounding environment.
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Abstract: This work extends the steady flow Lenoir cycle within finite-time thermodynam-
ics (FIT) by incorporating heat transfer irreversibilities through the e — NTU formalism
and a non-isentropic expansion modeled via the expander isentropic efficiency ng. The
total conductance Ut (sum for the two heat exchangers) is partitioned between hot and
cold units using u; = Uy /Ur, with Ur = Uy + U;. For each triplet (t = Ty /Ty, Uy, Ur),
we closed the cycle by determining Tj, the working fluid temperature at the cooler outlet
and heater inlet, T, the heater outlet and expander inlet, and T3, the expander outlet and
cooler inlet. Using these states, we compute the heat rates le, Q31 and the net power
P. In addition to the thermal efficiency 7, the following extended objective functions are
evaluated: the efficient power EF, the ecological efficiency ¢, and the second law efficiency
111. Parametric sweeps on uy for T € {3.25,3.75} and Ur € {2.5,5.0,7.5,10} kW show uni-
modal curves for P(uy) and maxima. A robust result places the optima of P, 1, Er, ¢,
and 77 in a distribution band at u; ~0.6. This guideline offers clear design guidance for
allocating exchange area in heat recovery and microgeneration, maximizing power, high ),
and exergetic utilization with contained entropic penalty.

Keywords: finite-time thermodynamics; steady flow Lenoir cycle; heat conductance;
efficient power; bounded ecological function; second law efficiency

1. Introduction

Finite-Time Thermodynamics (FTT) [1-5] is a branch of thermodynamics developed to
analyze irreversible processes in real systems, particularly in power plants and heat engines,
where thermodynamic equilibrium is not reached instantaneously. FTT seeks theoretical
models that describe the operating limits of these systems under realistic constraints of
dissipation, irreversibility, efficiency, and power.

One of the key motivations of FIT is to improve the design and performance of
thermal devices by considering not only the ideal cycle efficiency but also other relevant
variables such as entropy production, power output, or even functions that balance multiple
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performance criteria [6-10]. A historical milestone was the Curzon-Ahlborn heat engine [1],
which proposed a Carnot engine model irreversibly coupled to its heat reservoirs by finite
thermal resistances. The model predicted an efficiency at maximum power that surprisingly
coincides with efficiencies observed in real power plants.

Velasco et al. [11] introduced the so-called saving functions, dimensionless compro-
mise criteria that compare a given operating point with a reference one and quantify the
saving in fuel consumption or in entropy generation. By simultaneously weighting power
output and dissipation, these functions provide a unified way to assess operating regimes
beyond the traditional focus on either maximum efficiency or maximum power. Building
on this formalism, Barranco-Jiménez et al. [12] applied the saving functions to the Novikov
engine [13,14] and analyzed different levels of participation of irreversible processes and
considered two alternative heat transfer laws, which made it possible to evaluate the
sensitivity of power and efficiency to variations in the model parameters.

The advancement of the FTT has also incorporated new multi-objective criteria, such
as the ecological function and efficient power, and both approaches aimed at simultane-
ously minimizing energy loss and environmental degradation [15,16]. These criteria are
fundamental for the energy transition towards cleaner and more efficient technologies
and have been applied to a wide variety of endoreversible and irreversible cycle models,
including modified Brayton cycles and thermoelectric generators [16-33].

In the face of increasing global energy demands and environmental constraints, the
optimization of thermodynamic cycles has become a cornerstone of modern energy system
design. While the Carnot and Otto cycles have traditionally dominated the landscape of
thermodynamic analysis, the Lenoir cycle [34], historically associated with early internal
combustion engines, is gaining renewed interest due to its relevance in pulsed detonation
engines, fast-acting pneumatic systems, and micro-scale energy conversion devices.

In these contexts, the Lenoir cycle often serves as a simplified model of constant-
volume combustion followed by expansion, and the conductance-allocation guidelines
developed in this work are directly applicable to the design of heat recovery units and
micro-generation systems based on Lenoir-type architectures.

Several authors have already analyzed the Lenoir cycle within irreversible and finite-
time frameworks. Georgiou investigated the ideal Lenoir cycle with regenerative preheat-
ing, clarifying the impact of regeneration on useful work and thermal efficiency [35]. Shen
et al. considered an endoreversible Lenoir cycle coupled to constant-temperature reservoirs,
identifying the influence of finite heat transfer rates on performance [36]. Ahmadi et al.
carried out a thermo-economic, multi-objective optimization of an endoreversible Lenoir
engine, exploring trade-offs between power, efficiency, and economic cost [37]. More
closely related to the present work, Rubio and Wang [38] studied an irreversible steady
flow Lenoir cycle with external irreversibilities modeled by ¢ — NTU heat exchangers
and internal irreversibilities in the expander and optimized power and thermal efficiency
under a fixed (symmetric) allocation of the total thermal conductance between the hot and
cold exchangers. Building on this framework, the present paper focuses on a steady flow
Lenoir cycle with explicit e — NTU heat exchangers and a finite isentropic efficiency of the
expander and extends Rubio and Wang’s model by allowing the total thermal conductance
to be distributed through an allocation parameter ¢ and by comparing several objective
functions (power, efficient power, bounded ecological function, and second law efficiency)
within a unified design framework.

The classical Lenoir cycle comprises three fundamental processes: a constant-volume
heat addition (1 — 2), an adiabatic expansion (2 — 3), and a constant-pressure heat rejec-
tion (3 — 1). In Figure 1a,b, we also present T-s and P-V diagrams of the cycle for better
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thermodynamic insight. However, real systems inherently deviate from these idealiza-
tions due to irreversibilities, such as internal dissipation and finite-rate heat transfer. To
better reflect realistic energy conversion performance, irreversible cycle models have been
proposed, introducing internal irreversibility parameters and nonlinear heat transfer laws.

Ty

T,

(a) (b)

Figure 1. (a) p — v diagram for the irreversible Lenoir cycle. (b) T — s diagram for the irreversible
Lenoir cycle.

As we have mentioned, this work focuses on the optimization of an irreversible steady
flow Lenoir cycle following the approach of [34-38] and incorporating the following:

1. Internal irreversibilities represented by an effective isentropic efficiency of the expander.

2. Newtonian heat transfer laws to account for finite thermal gradients.

3. Ecological function (Er), which balances power output and entropy generation to
address environmental considerations.

4. A second law efficiency (771), defined as the ratio between the net power output
and the thermal exergy rate supplied by the hot source, which quantifies how effectively
the available exergy is converted into useful work.

5. Efficient power (Ep), which optimizes the product of power and thermal efficiency,
representing a compromise between quantity and quality of energy conversion.

6. An extended analytical framework for these optimization regimes, together with a
detailed numerical example using realistic parameter values.

2. Thermodynamic Description of the Irreversible Lenoir Cycle

In this section, we construct the irreversible model of the Lenoir cycle under steady
flow conditions. Our goal is to consistently calculate the net power output of the cycle
and the turbine efficiency based on design parameters, such as the quality of the heat
exchangers and the losses in the expansion stage. To arrive at these expressions, we need
to rigorously describe the internal thermodynamic states of the cycle and the energy and
entropy balances in each process.

2.1. Working Fluid and Thermodynamic Properties

Since the Lenoir cycle we are analyzing operates with a gas, we adopt the ideal gas
model with constant specific heats. This means that the specific enthalpy / and the specific
internal energy u depend linearly on the temperature such that h = C,T and u = C,T,
where C, and C, are the specific heats at constant pressure and volume, respectively, and
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are taken as constant over the operating range. Furthermore, the relationship between
these two heat capacities is given by

)

»
I
OO

This relationship indicates how much work a gas can do when it expands or contracts;
it also allows us to easily convert any AT jump into an enthalpy or energy jump and allows
us to relate temperature and pressure in isentropic processes.

2.2. Physical Structure of the Lenoir Cycle in Steady Flow

The cycle we are considering has three main stages, which correspond directly to the
classic stages of the Lenoir cycle but in a steady state and with explicit irreversibilities.

Process 1 — 2 (constant-volume heat addition) is modeled as nearly isochoric heating
in a combustion chamber or plenum upstream of the expander, where the working gas is
heated from T; to T, at an essentially fixed volume (or fixed vessel geometry).

Process 2 — 3 (expansion) is where the fluid then expands in a gas turbine or expan-
sion device, producing shaft work. Ideally, this would be an isentropic expansion, but in
practice, losses are present and are captured by an isentropic efficiency 7.

Process 3 — 1 (constant pressure heat rejection) is where, finally, the fluid is cooled at
approximately constant pressure in a heat recovery or exhaust heat exchanger, returning
from state 3 to state 1 and closing the cycle.

According to [38], stages 1 — 2 and 3 — 1 are explicitly modeled as processes where
heat exchange is limited by actual transfer surfaces and is, therefore, irreversible. To
describe this thermal irreversibility in a quantifiable way, the authors use the formulation
of e — NTU [38] heat exchangers. Our work follows the same philosophy.

2.3. Heat Exchangers with the e-NTU Model

Let us assume that the cycle receives and rejects heat through two heat exchangers
(HX): one “hot” (Up), which connects the working fluid to a hot heat source at a fixed
temperature Ty, and one “cold” (Ur ), which connects the working fluid to a cold source at
a fixed temperature T7.

We know that these heat exchangers are not ideal; that is, their heat transfer capacity
is limited by their area, convective coefficients, etc. All this complexity is summarized in
an overall conductance U. Assuming that the sum of the available conductance is fixed, we
obtain the following;:

Ur = Uy + U, (2)

where Uy is the part allocated to the hot side (heating 1 — 2) and U] is the part allocated to
the cold side (rejection 3 — 1). To analyze how to distribute this “total exchange capacity”
between the heater and the cooler, we introduce Uy = (1 — up)Ur and Uy = uyUr, where
u; is a fraction between 0 and 1. In this work, the total thermal conductance Uy is defined
in the usual way as the ratio between a heat transfer rate and a temperature difference,
Ur = Q/AT, so its physical dimension is that of power divided by temperature. Since
all heat rates and the net power of the cycle are expressed in kilowatts, we consistently
take Ur, Uy, and Uy in Ut in kW /K. This is entirely equivalent to using W/K and simply
corresponds to a change in scale (1 kW/K = 103 W/ K), but it is more convenient here
because it keeps the numerical values of conductances of the same order of magnitude as the
power output. Thus, throughout the paper, the units of the overall thermal conductances
are kW /K, in accordance with the definition U = Q /AT.
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In the case where one of the two streams in the exchanger acts as an almost immutable
temperature reservoir (i.e., the hot source is maintained at Ty or the cold source at T;), the
so-called thermal effectiveness E of the exchanger can be written as follows:

E=1—-exp(—NTU), 3)

The ratio of heat capacities between the streams is very small, which is precisely the
hypothesis used in [38]. Here, “NTU” (Number of Transfer Units) is

u

NTU = - ,
mccap

(4)

where mCp is the heat capacity rate (or thermal capacity rate) of the stream whose
temperature changes. For the heat exchanger (given in 1 — 2), the fluid absorbs heat with
thermal capacity mC,; then

LIH (1 —u L)UT

N = — =
H mC, mC,

©)

EH =1- eiNH/ (6)

where Ey measures how closely the internal fluid approaches temperature T. In the cold
exchanger (given in 3 — 1), the fluid releases heat at constant pressure, so its relevant
capacity is mC, = mkC,. We define the following:

N, = L mlr @)
mCp  mkC,
Ep=1—eM (8)

These quantities are fundamental because they allow us to go directly from design
parameters of the exchanger (area, coefficients, etc.) to cycle temperatures.

During process 1 — 2, the cycle gas exchanges heat with the hot reservoir at constant
temperature Ty. Because the process is essentially modeled as an isochoric process for
the working fluid, the pressure rises, and the temperature increases from T7, which is the
working fluid temperature at the cooler outlet and heater inlet, to T,, which is the heater
outlet and expander inlet. The thermal effectiveness Ep of the heat exchanger is then

defined as follows: . T
B o =1

In this equation, when Ep = 1, the gas will exit at exactly the temperature of the hot

©)

source (T, = Ty); if Ey = 0, the gas is not heated (T, = T7). For any intermediate value of
Epq, the outlet temperature is a linear interpolation; that is

To =T+ Ey(Ty — Th). (10)

After heating, the fluid expands to produce work (during process 2 — 3). Before
introducing the irreversibilities of the machine, we first construct the ideal state, state 3s,
which would be the final state if the expansion were isentropic. For an ideal gas with
constant specific heats, a sentropic expansion obeys the relation Tp% = constant. The
Lenoir cycle has a useful geometric feature. Process 1 — 2 is considered isochoric (constant

128



Entropy 2025, 27, 1262

volume), which implies that the relationship between pressure and temperature satisfies
p « T in this process. This implies

k=1 k=1

m=() =(2)
2 (P2}t (2) " 11
T3s P3s Ty an

1
T k
T =T) (Tj) . (12)

therefore, we can write

This is the lowest temperature the gas could reach after expansion, if the expan-
sion were perfectly reversible (without internal losses). In practice, the expansion is not
ideal; there are irreversibilities, and the machine does not extract the maximum possible
work, introducing this loss through an isentropic efficiency of the expansion, 77, which is

defined as
hy—hy T, —T3

E= = :
d hy —hss  Tp — T3

(13)

This definition is standard for expansions in turbomachines. If 77 = 1, the expansion
is ideal, and the actual outlet temperature T3 coincides with T3,. If 7 < 1, the expansion is
worse, and, therefore, T3 will be hotter than Tz, (work potential is wasted).

We solve for T3 from Equation (13) in a direct algebraic way as follows:

T3 = (1 — UE)TQ + 77ET3s' (14)

This expression tells us how the mechanical/thermofluid dynamic inefficiency in the
expansion stage “raises” the outlet temperature T3 with respect to the ideal temperature Tz,
penalizing the work. After the cycle expansion, the still-hot fluid (state 3 at temperature
T3) must then be cooled back to the initial state 1 at temperature T;. Using the e — NTU
formulation, the cooling heat exchanger’s effectiveness E| is defined as

T3 -T

E; = .
P

(15)

Ep is physically entirely parallel to the hot case. If E; = 1, the fluid would exit at
exactly Tr; if E;, = 0, it would not cool at all. Solving this relationship for T3 in terms of T;

and T}, is performed as follows:
To — Th—ELTL
5T T1-E

This equation provides information that, given the effectiveness of the cold exchanger,

(16)

the actual outlet temperature of the expansion T3 cannot be arbitrary; it is strongly con-
trolled by how well one rejects heat to the cold sink. Combining Equations (10), (12), (14)
and (16), we obtain

Ty + En(Ty - n))? a7

- (1—nE)[T1+EH(TH—T1)]+’7ET1< T

Now, we can calculate the heat flows; for process 1 — 2, the fluid absorbs heat from
the hot source, and then we obtain

Qp = MCoEy(Ty — Tq) = mCy(To — Ty). (18)
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Whereas for process 3 — 1, the fluid gives up heat to the cold source, so we can write
Qa1 = MCpEL(Ts = Tp) = inCp(Ts — Th). (19)

By combining the previous equation with Equation (16), we obtain

- . Er . EL
The net power output of the steady-state cycle can be obtained from the first law of
thermodynamics; that is

P=W=0Q— Q. (21)
Substituting the heat flow expressions, which are Equations (18)-(20), we have

Ep

P = mC, EH(TH—Tl)—kl_EL

(Th = Tp)|- (22)

We can now write the efficiency in terms of temperatures and effectiveness, which is
given by

—i—l— kE (T; — T1)

O, Eq(1=EL) (T — Th)

U (23)

2.4. Entropy Production and the Origin of Thermal Irreversibility

In addition to energy, we need to characterize irreversibilities. In this cycle, we assume
that all relevant dissipative behavior comes from two sources: (i) the finite temperature
difference in the heat exchangers and (ii) the internal irreversibility of the expansion,
already captured by 7.

If we consider only the heat exchangers, we can estimate the total entropy production
S gen associated with heat transfer between the fluid and the thermal reservoirs. To perform
this, we model that, in the hot heat exchanger, the hot reservoir loses heat Qpp ata nearly
constant temperature Ty, while the fluid gains heat, but at an effective mean temperature

T1o, which we approximate as

= T, + Ty,

T = 24
12 5 (24)

Similarly, in the cold exchanger, the fluid discharges heat Qs atan average temperature.

= T+ T3

Ty = 2
31 5 (25)

The cold reservoir receives it at Ty, which we assume to be constant

. : 1 1 : 1 1
[J— - — |+ — —— ] >0. 26
gen Q12 ( le TL > Q3l ( TL T31 ) - ( )

This equation shows the actual heat transfer of a reversible transfer and gives us a
quantity that we can later combine with power to build “eco-efficiency” metrics that have
physical meaning (e.g., how much power we obtain per unit of irreversibility).

3. Objective Functions

So far, we have only discussed power and thermal efficiency, which are classical
metrics. But now, we want to incorporate the entropic cost, that is, the irreversibilities
generated in the cycle, especially in the heat exchangers. Recall that the total rate of entropy
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generation that we attribute to the exchangers is given by Equations (24)—(26), which give
us information about how far we are from the reversible ideal. If the exchangers were
infinitely large and there was no temperature difference between fluids and reservoirs, S gen
would tend to be zero. On this basis, we define three useful operating regimes.

3.1. Bounded Ecological Function Regime

Some of the literature on irreversible cycles uses the so-called “ecological function”
(EF = P — TLSgen), but this function can become negative if losses due to irreversibility are
large. To avoid this sign ambiguity, we propose using the positive dimensionless version.

P

p—— L 27)
P + TLSgen

This quantity is between 0 and 1; ¢ is always positive, always bounded, and always
easy to compare. The closer it is to 1, the more of the “total available resource” (which,
in this case, we interpret as useful power plus equivalent entropic destruction power
measured at T7,) ends up as useful power and not as irreversibility.

3.2. Second Law Efficiency

Another common approach in exergy analysis is to compare the power generated with
the exergy available in the absorbed heat, B;,. If the hot source is modeled as a reservoir at
a fixed temperature Ty, the thermal exergy supplied by Q;, can be approximated as

T\ -
By ~ (1 - TL) Qi (28)
H
where T, is the reference cold temperature. We define the second law efficiency by

p mC {EH(TH -T) - k%(Tl - TL)}
N =4 = : .
Bin (1 - %)le

(29)

This quantity compares the actual power generated with the available thermal exergy
from the heat absorbed from the hot source, and this quantity ranges between 0 and 1.

In the ¢(uy) and #y7(ur) graphs, we again observe well-defined maxima. Most inter-
estingly, the 11}, values that maximize ¢ and 7 tend to be close to the value that maximizes
P. This is extremely convenient from a design perspective; it means we are not forced
to sacrifice almost all our power just to improve our “ecological quality” or our exergy
efficiency. Generally, there is a reasonable compromise zone around a given u distribution.

3.3. Efficient Power Regime

In addition to P and 7, in irreversible cycle thermodynamics, efficient power is fre-
quently used, which is defined as follows:

Ep = Py. (30)

This objective function optimizes power to achieve maximum performance with mini-
mum energy consumption, thus minimizing losses and waste. Substituting Equations (22)
and (23) into the previous equation and simplifying, we obtain the following:

£ = (i |Eu(Ta — )~k 2 (-] ) (1- 2ty ). e
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When Pg(up) is plotted, a maximum also appears. And again, this maximum usually
falls in a region very close to the one that maximizes P and maximizes ¢. This consistency
between different criteria (gross power P, efficient power Ep, bounded ecological efficiency
¢, second law efficiency #1) is exactly what one wants to see from a design perspective.
It indicates that there is a physically relevant range of u;, where we not only obtain a
lot of power but we obtain it in a reasonably efficient way and with bounded energy
quality destruction.

4. Numerical Results

This section presents and analyzes the numerical results for the irreversible steady
flow Lenoir cycle. External heat transfer irreversibilities in the hot and cold exchangers are
modeled through the effectivenesses (Ey, E; ) derived from an ¢ — NTU framework, while
the internal irreversibility of the expansion is represented by a finite isentropic efficiency
. To allow a direct comparison with previous studies, we adopt parameter values similar
to those used by Rubio and Wang [38] and in related works [26,34-37]. The working fluid
is assumed to be air with constant properties, namely, a specific heat at a constant volume
Cp = 0.7165 KJ / (kg-K) and a specific heat ratio k = 1.4. The isentropic efficiency of the
gas turbine is taken as #r = 0.92. Unless otherwise stated, the mass flow rate and the cold
reservoir temperature are fixed at m = 1.1165 kg/s and Ty = 320 K, respectively.

Unless otherwise stated, all performance maps shown in Figures 2-7 are computed
using this same baseline data. The overall thermal conductance Ut varies within the
range indicated in the captions, and the conductance-allocation parameter ¢ distributes
Ut between the hot and cold exchangers. Figures 2 and 3 display the behaviour of the net
power and the pure thermal efficiency under these parametric sweeps, while Figures 4-6
show the corresponding responses of the efficient power, the bounded ecological function,
and the second law efficiency, respectively. Figure 7 summarizes and compares the optimal
values of ¢ obtained from these different objective functions.

Pvsu, (c=3251;=09) Pvsu; (r=3.75n=09)

60 sol
50
60}
aof
S N
30
S 2w
.
20 &
10 I
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—— Up=50KkW/K — U =50 kwfl(
ol — Up=75kW/K — U =75kW/K
Uy = 100 kIW/K of Ur = 100 kW/K
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Figure 2. (a) Effect of Ut on P vs. u characteristics when t = 3.25. (b) Effect of Ut on P vs. up,
characteristics when T = 3.75.
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4.1. Net Power (P) vs. Fraction of Conductance on the Cold Side

The figure shows the net power P as a function of u;, = Uy /Uy for different values of
Ur in two cases of the temperature ratio 7: (a) T = 3.25 and (b) T = 3.75. From Figure 2a,b,
we can observe that P(uy ) has a bell shape; for very low values of 1}, the power is reduced,
increases to a clear maximum, and then falls again when 1}, gets too close to 1.

This maximum means that it is not advisable to allocate all the thermal conductance
to the heater or all the thermal conductance to the cooler; there is an optimal distribution.

When Ur increases (for example, from 2.5 kW /K to 10 kW /K), the height of the curve
increases; the cycle can deliver more kW of total net power. Furthermore, the region near
the maximum widens, implying that the cycle becomes more tolerant of deviations from .

This reproduces the type of behavior reported in classical analyses of the irreversible
Lenoir cycle. There is an optimal allocation of area/conductance between the two heat
exchange stages that maximizes the useful power delivered by the engine.

4.2. Thermal Efficiency 1 Versus up

Figure 3a,b show the thermal efficiency # = P/ Q1, of the cycle as a function of uy,
again for two cases of the temperature ratio 7, (a) T = 3.25 and (b) T = 3.75, and for the
same values of Ur.

The results show that 57 (1) also has a well-defined maximum. The value of 1 that
maximizes 7 is very close, although not exactly at the same point, to the value of u that
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maximizes the power P. This observation provides a direct and quantitative characteriza-
tion of the inherent trade-off between power output and thermal efficiency in real thermal
engines. Specifically, operating the cycle precisely at the point of maximum power yields
a thermal efficiency that, although not maximal, remains relatively high—often within a
few percentage points of the maximum attainable value. Conversely, shifting the operation
toward the point of maximum thermal efficiency results in only a moderate reduction in
power output, not a dramatic loss as might be expected in more sharply peaked systems.

4.3. Efficient Power Regime Versus uy

Figure 4a,b introduce the efficient power objective function Ep = Py, which is de-
signed for practical engineering and thermo-economic evaluation, rewarding states where
the power is large and, at the same time, the thermal efficiency is not ridiculously low.

In the following figure, it can be observed that the maximum of Ep appears practically
in the same region of 1], that maximizes the net power P.

This indicates that the optimal power operating point also has attractive performance
when simultaneously requiring “how much power I get out” and “how well I convert the
heat from the hot source into useful work.”

4.4. Bounded Ecological Function Regime Versus uy,

Figure 5a,b show the so-called bounded ecological efficiency ¢, defined by Equation (27).
This definition is positive compared to other formulations, since it is the definition of the
classical ecological function. If one defines the function as Er = P — TLSgen, then this
quantity can become negative in very dissipative regimes (because the entropic penalty
dominates), which sometimes makes direct physical interpretation difficult.

The figure shows that ¢(u ) also exhibits a maximum value, which again falls within
the same band as P(ur) and Pr(ur), where they have maxima. This means that the con-
ductance assignment that maximizes the cycle’s power does not generate disproportionate
exergy destruction. From an environmental /second law perspective, the power optimum
is acceptable. This is particularly significant, as it offers both a physical and environ-
mental interpretation of the optimal operating point. The system not only achieves high
power but also maintains thermodynamically efficient behavior, with moderate levels of
internal irreversibility.

4.5. Second Law Efficiency Regime Versus uy,

Figure 6a,b show the behavior of the second law efficiency regime #; given by
Equation (29). Like the previous behaviors, #j;(ur) has a maximum located in the uy,
region, which is similar to the other previous regimes.

This result confirms the argument: the same conductance distribution range between
the hot and cold heat exchangers that is optimal for power output is also very good from
the perspective of overall exergy utilization. This is important when justifying design
under second law criteria or energy/industrial audits, because high power output alone is
not enough; it must be demonstrated that the exergy from the hot reservoir is not wasted.

5. Conclusions

Finally, we constructed Tables 1 and 2, which show a summary listing; for each
combination (7, Ur), the value of ], that maximizes each objective function includes net
power P, thermal efficiency n, efficient power Ep, bounded ecological efficiency @, and
second law efficiency #;;. The corresponding maximum values are also reported (e.g., P*
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in kW, ¥, and similarly for the other regimes). From the results shown in the table above,
we can draw the following conclusions.

1. For each T and each Ur, the optimal value of #], that maximizes P is typically around
uy, ~ 0.6 (for example, in the case of T = 3.25 and Ur = 2.5 kW/K, an optimum was
obtained around u; = 0.59, with maximum power on the order of tens of kW, efficiency
71~0.2, and so on). These results can be clearly seen in Figure 7.

2. The u}, that maximizes 5 (pure thermal efficiency), the one that maximizes Ep, the
one that maximizes @, and the one that maximizes #;; are all extremely close to this same
optimal power value.

3. When Uy increases (for example, from 2.5 kW /K to 10.0 kW /K), the maximum
power P* increases appreciably, but the optimum zone of 1] remains approximately in
the same band. That is, providing the system with more heat exchange capacity improves
the quantitative efficiency (more kW) but does not drastically change the conductance
distribution strategy between the hot (1 — 2) and cold (3 — 1) heat exchangers.

From an engineering point of view, this has a very useful interpretation since there is a
robust operating band around u ~0.6 that simultaneously maximizes net power, maintains
high thermal efficiency, maximizes efficient power, minimizes relative entropic impact
(high @), and maximizes exergy utilization (high 7).

Table 1. Numerical results for the different operating regimes (P*, #*) and effectiveness.

Ur u; P’ u; * u;

T awwiK) ~—F (P) (kW) ) 1 (Ep)
3.25 2.5 0.9 0.584 19.928 0.627 0.062 0.601
3.25 5 0.9 0.575 46.394 0.614 0.105 0.592
3.25 7.5 0.9 0.579 55.342 0.605 0.117 0.588
3.25 10 0.9 0.579 57.625 0.601 0.120 0.588
3.75 2.5 0.9 0.588 29.057 0.640 0.075 0.610
3.75 5 0.9 0.578 66.340 0.622 0.123 0.597
3.75 7.5 0.9 0.579 78.950 0.610 0.136 0.592
3.75 10 0.9 0.579 82.167 0.610 0.139 0.588

Table 2. Numerical results for the different operating regimes (Ep, @*, 777;) and effectiveness.

T Ur 1E Ep uy @ uy i
(KW/K) (@) (711
3.25 25 0.9 1.244 0.631 0.095 0.627 0.091
3.25 5 0.9 4.864 0.618 0.161 0.614 0.152
3.25 7.5 0.9 6.453 0.605 0.180 0.605 0.169
3.25 10 0.9 6.885 0.601 0.184 0.601 0.173
3.75 25 0.9 2.168 0.644 0.107 0.640 0.103
3.75 5 0.9 8.141 0.627 0.178 0.622 0.168
3.75 7.5 0.9 10.747 0.614 0.198 0.609 0.186
3.75 10 0.9 11.454 0.605 0.203 0.605 0.190

This convergence between classical regimes (power, efficiency) and more ambient or
second law regimes (©, #1;) is one of the strongest results of this study because it suggests
that the design optimum does not critically depend on choosing a single arbitrary figure
of merit. Instead, several reasonable figures of merit point to the same design range,
making this recommendation more defensible in real-world applications (for example,
in waste heat recovery in industrial plants, where useful power is of interest but overall
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exergy performance is also monitored). Instead, several reasonable figures of merit point
to the same design range, making this recommendation more defensible in real-world
applications, such as waste heat recovery units in industrial plants, pulse combustion or
pulsed-detonation engines, and small gas turbine or micro-CHP systems, where not only
useful power but also exergy performance and environmental impact are monitored.
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Abstract: We address the scientific “time” concept in the context of more general relaxation
processes toward the Wiirmetod of thermodynamic equilibrium. More specifically, we sketch
a construction of a conceptual ladder of chemical reaction steps that can rigorously bridge
a description from the microscopic domain of molecular quantum chemistry to the macro-
scopic materials domain of Gibbsian thermodynamics. This conceptual reformulation
follows the pioneering work of Kenichi Fukui (Nobel 1981) in rigorously formulating the
intrinsic reaction coordinate (IRC) pathway for controlled description of non-equilibrium
passages between reactant and product equilibrium states of an overall material transforma-
tion. Elementary chemical reaction steps are thereby identified as the logical building-blocks
of an integrated mathematical framework that seamlessly spans the gulf between classical
(pre-1925) and quantal (post-1925) scientific conceptions and encompasses both static and
dynamic aspects of material change. All modern chemical reaction rate studies build on
the apparent infallibility of quantum-chemical solutions of Schrodinger’s wave equation
and its Dirac-type relativistic corrections. This infallibility may now be properly accepted
as an added“inductive law” of Gibbsian chemical thermodynamics, the only component
of 19th-century physics that passed intact through the revolutionary quantum upheavals
of 1925.

Keywords: thermodynamics; intrinsic reaction coordinate; natural resonance theory;
quantum cluster equilibrium

1. Introduction

What then is time? If no one asks me, I know what it is. If I wish to explain what it is to
him who asks me, I do not know.

—St. Augustine (Fifth Century).

The kind invitation to contribute to this Special Issue of Entropy gives opportunity to
interweave related strands of the author’s personal scientific interests over the decades
since their intersection with the original finite-time thermodynamics (FTT) studies of the
1970s [1]. The discussed topics include the original 1975-1976 papers on thermodynamic
geometry [2—4], analytic extensions of frequency-dependent polarizabilities to the complex
plane of imaginary-frequency values [5], as well as related methods for obtaining the
lifetime of unstable species as the imaginary component of system energy eigenvalue after
complex-coordinate rotation of the Schrodinger Hamiltonian operator [6]. In each case,
these studies touch upon Einstein’s extensions of Euclidean geometry into the large-scale
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Riemannian structure of general relativity and 3d-spatial coordinates into the 4d space—
time coordinates of special relativity, spanning microscopic and macroscopic domains of
physical and chemical description.

The identification of the measurable lifetime of a metastable species with the imaginary
component of an analytically continued solution of Schrodinger’s equation naturally draws at-
tention to the parallels with other physical descriptors of spontaneous temporal change. These
include the entropy property, whose monotone increase in spontaneous changes of isolated
systems underlies the second law of thermodynamics. These parallels also hint at fundamental
connections between time-like measures of spontaneous change as perceived in microscopic
and macroscopic domains of chemical reaction dynamics, the focus of present study.

In the present work, we suggest how to build formal bridges that can better con-
nect the logic, mathematical formalisms, and conceptual perspectives of the microscopic
(Schrodinger/Dirac/Pauling) domain of atoms and molecules with the macroscopic
(Gibbs/Boltzmann) domain of bulk material properties in equilibrium or non-equilibrium
states. In each case, our viewpoint is that of a chemical practitioner, in recognition of chem-
istry’s role as the “central science” [7] that bridges many aspects of marine, geological,
biological, atmospheric, and interstellar studies in the natural sciences.

Of particular interest are the optimal mathematical and conceptual building-blocks
of a unified theoretical framework that can smoothly bridge the ca. 10%3-fold transition
from microscopic to macroscopic distance and energy scales. Such a framework neces-
sarily deals with change (t-dependence) as well as the time-independent Wiirmetod of the
terminal equilibrium-state limit. It must also grapple with the logical gap that separates
the perceptions of classical (pre-1925) scientists from those following discovery of the
quantal Schrédinger /Dirac equations (and equivalent matrix-algebraic formulations) in
1925-1928 [8]. At a still deeper level, it must strive to reconcile contending preferences
for inductive (axiom-free) vs. deductive (axiom-based) modes of scientific reasoning. In
each case, bridge-building begins from one side or the other of a conceptual divide. In the
following, we deal with these divides in approximate chronological order.

2. Inductive Scientific Tenets and Their Survival in the Face of
Conceptual Revolution

We begin (as does every newborn child) with a rigorously inductive (axiom-free)
approach to describing the nature that surrounds us. What are gradually perceived as
experiential patterns or regularities of past natural events become the basis for increasingly
confident prediction of future events. Any violation of such inductive expectation is cause
for its dismissal from consideration as a possible law of nature, and only those regularities
that remain strictly exception-free to all competent observers are considered proper starting
points for rigorous deductions of other consequences. In this manner, one gains consensus
for the universality of conclusions from laws that are strictly self-consistent with direct
observations from nature.

Uniquely among the natural sciences, equilibrium chemical thermodynamics epitomizes
such inductive foundations. As masterfully formulated by J. W. Gibbs [9], the first and
second laws of thermodynamics that govern the thermal behavior of all chemical materials
can be rigorously expressed in terms of low-order differential relationships among the
small set of measurable properties [U (internal energy), S (namesake of this journal), V
(volume), and N; (mole number of the ith pure substance)] that fully specify the equilibrium
state of the macroscopic chemical system. As Gibbs recognized, the two alternative but
fundamentally equivalent representations of thermodynamic relationships (involving 1st-
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and 2nd-order derivatives only) can be based solely on the following energy-based (1a) or
entropy-based (1b) functional expressions:

u = Uu(s,Vv,(N;}) (1a)

S =S(U,V,[N;})) (1b)

whereas the (nearly equivalent) Legendre transformations of various types [10] require
subsidiary assumptions of higher-order differentiability and lower generality.

Also uniquely among the natural sciences, Gibbsian equilibrium thermodynamics
passed seamlessly through the quantum revolutions of 1925 without need for an iota of
revision. If anything, the discovery of bizarre quantal phenomena that defied classical
description (including Heisenberg’s uncertainty principle and associated non-vanishing
vibrational fluctuations that persist even at T = 0 K) only solidified Gibbs’s conclusions
concerning unwarranted third-law and higher-order differentiability assumptions that
were entertained by others. These considerations suggest that building on thermodynamic-
like inductive notions is a robust foundation for a properly unified description of electronic
interactions from microscopic to macroscopic limits.

Consistent with all post-1925 measurements of physical and chemical properties, one
can say without exception that all such critical measurements, carried out to the error limits
of current technology, are found to be in exact compliance with corresponding solutions
of the quantum-mechanical Schrédinger equation and its Dirac-type corrections. This
conclusion applies not only to the small number of cases for which exact analytic solutions
of Schrodinger’s equation are known, but more importantly to the numerical solutions
determined by systematically improvable algorithms and currently available computational
resources, including rigorous upper- and/or lower-bound error limits [11].

Therefore, until proven otherwise, one can take the truth of the Schrodinger equation (and
its proper relativistic generalization) as a veritable inductive law of chemical thermody-
namics. This allows state-of-the-art quantum chemistry methods to acquire axiomatic-like
status in deducing authentic patterns of chemical behavior across the broad span between
microscopic (electronic) vs. macroscopic (thermodynamic) levels of description.

Currently, the broad suite of modern density functional theoretic (DFT) methods, based
on fundamental contributions of Walter Kohn (Nobel 1998) and others [12], are the practical
quantum chemistry tools of choice for realistic approximations to authentic solutions of
Schrodinger’s equation in broad areas of chemical research. DFT-based approaches are
based on rigorous theorems for the adequacy of correct electron density [p(r)] description to
provide exact variational solution of Schrodinger’s equation.

This in turn calls conceptual attention to the electronic orbitals {p;(r)} and non-negative
populations {n;} (compliant with the Pauli exclusion principle) that quite generally allow the
expression of the electron density as a convex combination of squared-orbital densities,

p(@) =ny | @i(0) 1% +nyl (@)% +...>0 (2a)
with orbital occupancies summing to the total number of electrons (N),
Zi ny = N (Zb)

For conceptual purposes, optimal orthonormal orbitals are frequently chosen to emulate the
1-center (lone-pair) and 2-center (bond) electron-pairs of familiar localized Lewis-structural
bonding patterns that long pre-date the discovery of quantum mechanics, but this choice [13] is
a matter of convenience. Mathematically optimal population analysis [14] of such DFT or higher-
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level density distributions in terms of localized atomic orbitals is now a routine by-product
of electronic-structure calculations conducted by chemists in every area of specialization. All
such efforts are supported by inductive faith in the accuracy of current methods for obtaining
systematically improvable solutions of Schrédinger’s equation that lead reliably to agreement
between theory and measurement (within respective error limits) in all known cases.

3. Quantum Cluster Equilibrium Theory of Fluid Properties

Still another bridge between the Schrodinger-based description of molecular species
and the thermodynamic-level description of the associated fluid phase behavior is provided
by the quantum cluster equilibrium (QCE) model of molecular cluster interactions [15]. QCE
methodology was initially developed for simple phase-transition properties of pure fluids
but subsequently extended by Kirchner and coworkers to binary mixtures and more
complex solution properties [16].

As the name implies, QCE methodology employs the quantum chemistry of molecular
clusters (of pure or binary-mixed types) in (T,P)-dependent equilibrium mixtures to predict
the properties of the associated macroscopic fluid-phase diagram. In the case of water,
the vapor-phase region of the equilibrium QCE distribution is dominated (as expected)
by H,O monomers, while the liquid-phase distribution is dominated by ring-like clusters
of 5- and 6-member topology [17], as significantly favored by strongly cooperative (non-
pairwise-additive) aspects of hydrogen bonding. Inclusion of sparsely populated ionic water
clusters in the equilibrium QCE mixture also allows one to also predict (T,P)-dependent
pH values for the aqueous fluid phase [18]. With inclusion of clathrate-like bucky-ball
clusters, one also finds formation of metastable solid phases that connect to the fluid phases
in characteristic triple-point fashion [19]. All these (systematically improvable) features of
the QCE model partition function are qualitatively or semi-quantitatively consistent with
known experimental properties of the macroscopic phase diagram. The QCE model can
therefore be seen as an ever-improvable formal “bridge” between supramolecular clusters
of the quantal regime and the macroscopic phases of classical Gibbsian thermodynamics.

4. Non-Equilibrium Thermodynamics on IRC Reaction Pathways: An
Integrated Resonance-Mechanistic View

Far the greatest challenge to further the extension of Gibbsian-like inductive conceptions
is to find a corresponding bridge that spans the full range of equilibrium (static; t-independent)
states and non-equilibrium (dynamic; t-dependent) phenomena. As conceptual building-
blocks for such non-equilibrium transformations that intrinsically involve time-like variability,
we employ Fukui’s intrinsic reaction coordinate (IRC) [20] concept for each elementary chemical
reaction underlying the material change. The IRC coordinate allows the entire pathway of
an elementary chemical reaction (from equilibrium reactant- to final product complex) to
be uniquely determined from the stationary transition-state geometry that lies at the highest
energy along the IRC pathway. In this manner, complex material changes can be systematically
broken down into IRC-based pathways through the non-equilibrium regions that connect
each equilibrium reactant and product species of the overall process.

Note that the practical application of the IRC concept to describe each non-equilibrium
transformation (bond-rearranging, configurational, torsional, . . .) of a general chemical process
relies only on standard quantum-chemical methodology and requires no invocation of an
empirically constructed t-dependent “molecular dynamics” or control operator to describe
the chemical reaction process. IRC-based description of chemical relaxation events thereby
differs in fundamental respects from dissections into perturbatively small deviations from
ideal adiabaticity such as assumed, e.g., in Kosloff’s quantum thermodynamics viewpoint [21],
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which aims to “insert” quantum dynamics into thermodynamics, even though Gibbsian
thermodynamics remains identical to its origins that long preceded the 1925 quantal revolution.

By dissecting the overall macroscopic process into the underlying IRC-based chemical
reactions in this manner, we gain equilibrium footholds at the terminal states of reactant
and product species in each non-equilibrium reactive step, which thereby form a connected
ladder of reactive-type events that comprehensively compose the perceived overall material
change. Well-defined properties of the macroscopic process can thereby be based on
measurable changes of state between the microscopic reactant and product species for each
underlying step of the composite manifold of IRC pathways. As remarked above, modern
electronic structure programs routinely provide the (T,P)-dependent enthalpic and free-
energy values of chosen reactant and product chemical species of each step, allowing
direct comparison with thermodynamic measurements on the corresponding macroscopic
process under chosen temperature and pressure conditions.

Still closer connections can then be drawn between the Schrodinger-based descriptors of
a chemical reaction and the measurable progress variables of the corresponding macroscopic
process. In the Born-Oppenheimer approximation (which generally suffices for practical
chemical purposes), Pauling’s resonance-theoretic concepts for describing the electronic
delocalization of individual molecular species can be readily extended to natural resonance
theory (NRT) analysis [22] of individual points along a chosen pathway on the chosen E({Ra})
potential energy surface (PES). Similar NRT evaluations could also be performed along the
extremal-type PES pathway that underlies the original FTT methodology of Andresen and
coworkers. As in Pauling’s original heuristic formulation of resonance theory, NRT analysis
expresses the delocalized electron-density distribution p(r) as a convex combination

P() =) o Wa Pu(r) (3a)

of those for possible Lewis-like bonding patterns {p«(r)}, with corresponding resonance
weightings {w} satisfying
1>wy >0, all x (3b)

and summing to unity

1= Z‘X W (3¢)

If bag(® denotes the integer number of bonds between atoms A and B in the Lewis-like
bonding pattern for electron-density contribution p«(r), the overall natural bond order (bap)
for each interatomic A and B pair is evaluated as

baB= Y o« Wo bap'™ (3d)

in accordance with Pauling’s original resonance precepts. Note, however, that the NRT
definition (3d) extends seamlessly to all atoms of the chosen system, whether considered to
be members of the same molecule or not.

Similar to Equations (2a) and (2b) above, the resonance-theoretic Equations (3a)-(3d)
thereby identify each such resonance-hybrid electronic distribution along a reactive pathway
as a “resonance hybrid” of those for contributing Lewis-like bonding patterns. This in turn
allows the resonance weightings {w«} to be understood as population-type percentages of total
electron density at the chosen point of the PES, corresponding to the “charge transfer” termi-
nology that is often employed to describe resonance-type electronic delocalization. Further
mathematical and computational details of NRT algorithms [22] are described elsewhere.

The resonance-theoretic expressions seem to provide the most general mechanistic
representation of chemical transformation from one bonding pattern to another. All such
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quantal descriptors are in sharp contrast to the classical-type dipole—dipole rationalizations
that were often invoked for such intrinsically stabilizing resonance-type phenomena. The
convexity properties (3b) and (3c) of NRT weightings may also be contrasted with the
more familiar LCAO-MO-type orbital mixings (involving linear combinations of complex
coefficients of opposite signs and arbitrary magnitudes) that are often invoked from the
unitarity property of electronic wavefunction theory.

5. Illustrative Example: Nitrosamine Degradation to Diazonium Ion

As arather randomly chosen example, we illustrate the IRC-based “NRT portrait” of an
elementary chemical transformation pertaining to carcinogenic properties of nitrosamines.
Figure 1 depicts the sequence of reactions R;—R3 by which N-nitrosodimethylamine
(NDMA) is converted to a nitrosonium cation that can methylate cytosine and obstruct its
proper pairing with guanine in DNA. Reaction Ry represents the schematic replacement
of H by OH at the methyl site, and Rj3 is similar to E1-elimination mechanism for acid-
catalyzed ethanol dehydration. Here, we focus attention on the central R, (formaldehyde-
elimination) step of diazonium conversion.

(0] (0] OH
f!l YL OH |N N
oMy~ oMy g, CH oH, g, oM % o
NDMA h

Figure 1. Schematic mechanism of metabolic activation of nitrosamine (NDMA) to diazonium methy-
lating agent in three formal reaction steps Ry, Ry, and R3 (adapted from Wikipedia for “nitrosamine”).

Simple DFT-level description of reaction step Rj is summarized in Figures 2—4. Figure 2
displays ground-state-reactant (+0), transition-state (fs0), and product (p0) geometries and
relative energies for the R; reaction step, as calculated at a common DFT level (B3LYP/6-
311++G**/D3). Figure 3 displays the full E(IRC) energy profile, and Figure 4 displays the
corresponding variations of NRT bond orders {bAg(IRC)} along the IRC reaction pathway.
[Sample Gaussian-16 input (.gau) and output files for calculating the energy and NRT
bond orders for individual points on the IRC are available from the author upon request.
Many details of the tandem G16/NBO7 programs that perform these calculations—now
commonly hosted in chemistry research centers but available also in laptop configurations—
are described in the respective Gaussian or NBO websites.]

0 [0.00] ts0 [26.24] p0 [13.03]

Figure 2. Optimized ground-state-reactant (r0; left), transition-state (¢s0; center), and product (p0;
right) geometries and relative energies (kcal/mol) for R, reaction step of NDMA conversion to
mutagenic methyldiazonium cation with expulsion of formaldehyde.
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Figure 3. Calculated E(IRC) energetic variations along the IRC pathway for R, reaction step of NDMA
— diazonium conversion.
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Figure 4. NRT bond-order variations along the IRC pathway for R, reaction step.

The interatomic curves in Figure 4 represent the formation [bow)na1), yellow] or
dissociation [bo11)H(12), red; bn)ce), green] of bonds to the main CH3NNO substrate, as
well as the principal resonance bond-shifts [bcg)o(11), gold; by black; bnayo(), blue]
within the substrate. Note that the sub-integer NRT bond orders for “inter”molecular
interactions differ in no significant respect from conventional Pauling-type supra-integer
bond orders for “intra” molecular interactions. The former correspond to the extension
of resonance conceptions into the “no-bond” domain of H-bonding and related X-ogen
interactions, which Pauling stoutly opposed until late in his career [23].

Note that the IRC coordinate of the horizontal axis in Figure 3 is indeed a valid “time-
like” measure of progress from one stationary state of reaction to another. This follows
from the fact that the vertical E(IRC) energy curve as plotted in Figure 3 conforms to the
idealized reaction-energy profile that underlies rigorous transition-state theory of chemical
kinetics [24] as employed in every modern laboratory study of molecular reaction dynamics.
The “lifetime” associated with the metastable transition-state feature at IRC = 0 might be
separately evaluated with the complex-coordinate rotation methodology of Ref. [6]. But
more to the present point, every NRT bond-order value as displayed in the vertical axis
of Figure 4 is found to satisfy the expected [25] strong bond order-bond length (BOBL)
and related correlations that can successfully predict a variety of MW /IR/UV/NMR
properties that are measurable over the course of chemical reaction. For example, if

145



Entropy 2025, 27, 390

spectroscopic monitoring establishes that the point of equal O(7)H(12) and O(11)H(12)
signal [“half-transfer of H(12) from O(7) to O(11)”] occurred At UTC clock-ticks prior to the
highest-energy point (IRC = 0) of the reactive sequence, one can affix At as the “standard-t”
value at the corresponding red/yellow curve-crossing near IRC ~ -1.0 in Figure 4.

Note also that the IRC pathway as defined by Fukui [20] has no “near-adiabatic”
character nor other resemblance to the pathway envisioned by Kosloff, as can be verified
from calculated values of energy, enthalpy, and Gibbs free energy that are included in
Gaussian output for each step of the IRC search. However, the intrinsic property of the
IRC insures optimal utility for practical applications throughout the modern chemical
and biochemical research domain. As found in many examples—including those for
configurational, torsional, or enantiomeric isomerism and long-range supramolecular
aggregation—the IRC displays the essential continuity of cooperatively-coupled resonance-
type interactions throughout the intra- and intermolecular domain in a chemically intuitive
manner. Further details of NRT-based mechanistic description follow the pedagogical logic
of previously published examples [26].

6. Mathematical and Physical Logic: Seeking Unity

The preceding discussion points to what may be perceived as a fundamental logi-
cal dichotomy between mathematical and physical sciences. The mathematical sciences
epitomize the realm of deductive logic, where a chosen set of axioms (not to be questioned
further) lead by the strict rules of deductive logic to an entire subject-area of mathematical
relationships. Many such mathematical niches are valued for their near-magical connec-
tions to physical phenomena, but others are not, described instead as pure mathematics
not to be tinged with associations to practical applications.

The physical sciences have frequently benefited from finding their close associations
with one or more established fields of mathematical theory. However, each area of physical
research is intrinsically constrained by facts of nature as obtained through the specialized
research methodologies of its experimental practitioners. If experimental facts are found to
conflict with an adopted mathematical framework, that framework must be abandoned or
revised until satisfactory agreement between mathematical assumptions and experimental
reality is recovered. As one example, the mathematics of Euclidean geometry (a prototype
of axiomatic deductive logic) long appeared sufficient until experimental astronomical
observations [27] led to its replacement by more general Riemannian geometry in the early
20th century.

The science of equilibrium thermodynamics offers an exception to how mathematics
typically interfaces with physical science. Key underlying regularities (“laws”) of macro-
scopic thermodynamics were first recognized and formalized by Carnot and others [28]
in attempts to understand the scientific principles of steam locomotion in the early 19th
century. In the elegant formulation of J. W. Gibbs, the science of thermodynamics came to
be firmly based on the inductive logic of such laws of experience whose violation has never
been observed.

Foregoing sections of this work have suggested how successive conceptual bridges
can be employed to further extend the chain of rigorous inductive (thermodynamics-like)
inferences from their macroscopic 19th-century origins to the quantal perceptions of the
present. This extended “inductive” viewpoint encompasses all materials and natural
processes of our observable terrestrial surroundings, down to the level of known atomic,
molecular, and supramolecular species.

The coherence and unity of an inductively extended viewpoint is implicitly depen-
dent on the coherence and unity of nature itself, and what can be considered observable
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7

(measurable) in nature. This unity suggests that entirely unexpected advances of “pure’
mathematics may be initiated when the inductively inferred mathematics of one sub-area
is found to be equivalent to that which describes the inductive facts of another sub-area.
One example is the discovery of quantum mechanics itself, which led to subsequent
recognition [29] that the mathematical theory of certain low-order differential equations
is equivalent to the non-commutative algebra of matrix operations, both of which can be
viewed in the more general framework of Hermitian operators in Hilbert space. Another
example is summarized in the conclusion, “Thermodynamics is geometry” [30], that allows
thermodynamic inferences to be drawn in the isomorphic mathematical framework of
Riemannian geometry.

7. Summary and Conclusions

We have outlined a conceptual framework for extending the inductive logic of macro-
scopic thermodynamics to the microscopic electronic level of modern computational quan-
tum chemistry, illustrating the underlying computational methodology with a simple
application related to chemical mutagenesis. This extension is based on inductive recogni-
tion of the infallibility of accurate solutions of the Schrodinger equation in yielding exact
predictions (within respective computational and experimental error limits) of experimen-
tally measured properties of atomic, molecular, and supramolecular species in all known
cases—effectively, an additional law of nature since the discovery of the quantum mechani-
cal equations a century ago. The steps of the conceptual ladder connecting macroscopic
material changes to molecular-level transformations are the elementary chemical reactions,
each described by the associated IRC reaction pathway that traverses the non-equilibrium
region between equilibrium reactant and product species. Such a stepwise progression
through the stationary points of a macroscopic change of state somewhat resembles the
finite-time thermodynamics strategy [1] first suggested nearly a half-century ago.

At a more speculative level, we have also suggested that the specific mathematical
tools (of thermodynamics, quantum chemistry, statistical mechanics, . ..) that are found to
be effective in dealing with spontaneous natural change may themselves reflect a deeper
underlying mathematical unity. Prominent examples include the isomorphism between
matrix-algebraic and differential representations that led to recognition of the Hilbert-space
underpinnings of quantum mechanics, as well as more recent recognition of the metric
geometry underlying equilibrium thermodynamics.
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Abstract

Conservatively perturbed equilibrium (CPE) experiments yield transient concentration
extrema that surpass steady-state equilibrium values. A physics-informed neural network
(PINN) framework is introduced to simulate these over-equilibrium dynamics in linear
chemical reaction networks without reliance on extensive time-series data. The PINN
incorporates the reaction kinetics, stoichiometric invariants, and equilibrium constraints
directly into its loss function, ensuring that the learned solution strictly satisfies physical
conservation laws. Applied to three- and four-species reversible mechanisms (both acyclic
and cyclic), the PINN surrogate matches conventional ODE integration results, reproducing
the characteristic early concentration extrema (maxima or minima) in unperturbed species
and the subsequent relaxation to equilibrium. It captures the timing and magnitude of
these extrema with high accuracy while inherently preserving total mass. Through the
physics-informed approach, the model achieves accurate results with minimal data and a
compact network architecture, highlighting its parameter efficiency.

Keywords: conservatively perturbed equilibrium; cyclic and acyclic mechanisms;
over-equilibrium dynamics; physics-informed neural network; finite-time thermodynamics

1. Introduction

Conservatively perturbed equilibrium (CPE) is a kinetic phenomenon that uses the stability
of chemical equilibrium at a fixed temperature, in which a reacting mixture is initiated from a
specially constructed state that respects all elemental balances but reaches one (or more) species
exactly in its equilibrium concentration [1]. The remaining species are “conservatively” displaced
from equilibrium while preserving the totals of each chemical element obeying elemental
conservation. The ensuing relaxation to equilibrium exhibits an unavoidable, well-defined
extremum (maximum or minimum) in the concentration of every “unperturbed” species before
the system finally settles at the unique, stable equilibrium composition. This phenomenon and
its core properties were initially formulated for general mechanisms in a closed system and
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then developed for reactor models, providing a rigorous and robust framework that differs
fundamentally from small-signal relaxation methods [2] because the perturbations are finite.
Operationally, CPE proceeds in five steps: (1) compute the equilibrium composition at the chosen
T (and p, if relevant); (2) select at least two species to perturb away from their equilibrium values;
(3) select at least one “unperturbed” species whose initial concentration equals its equilibrium
value; (4) enforce all elemental balances so that the total number of atoms remain unchanged;
and (5) integrate the kinetic model and track the trajectories until equilibrium is reached. These
steps apply in batch systems and can be carried over to flow reactors, provided the conservative
balances are respected in the inlet mixture.

A linear reversible mechanism A = B = C has a unique equilibrium composition
subject to the conservation of total concentration. If the system is initially at equilibrium
with respect to the intermediate species B, and the terminal species A and C are perturbed
while respecting the conservation constraint, then the time evolution of B(t) exhibits an
extremum. A key property of this extremum is that the time at which it occurs depends only
on the kinetic rate constants and not on the magnitude or direction of the perturbation. This
invariance is the defining feature of CPE. For nonlinear reversible mechanisms (e.g., when
mass-action kinetics involve nonlinearities such as bimolecular association, enzyme saturation,
or autocatalysis), CPE also applies, but with modifications. If a system at equilibrium
is perturbed within its conservation constraints, certain intermediate species can exhibit
extrema in their relaxation profiles. However, unlike the linear case, the time at which
the extremum occurs generally depends on both the rate constants and the equilibrium
composition. The underlying reason is that the Jacobian of the nonlinear system at equilibrium
governs the local relaxation dynamics: close to equilibrium the system behaves linearly, so a
perturbation-independent extremum emerges in the linear response regime, but nonlinearities
introduce amplitude dependence as the perturbation grows larger. CPE extends beyond
simple sequences to general cyclic and acyclic networks and, more importantly, to flow
reactors such as CSTR and PFR. In this case, the extremum that the unperturbed species
experiences can lie above its thermodynamic equilibrium value, i.e., an “over-equilibrium”
whose magnitude is tunable by the size of the initial perturbations while still maintaining
conservation laws [3,4]. Two mechanistic inferences follow from this extremum. First, if an
unperturbed species participates in only one step, the concentration extremum coincides
with a momentary (instantaneous) equilibrium of that step; if it participates in multiple steps,
the extremum generally does not represent a momentary equilibrium for any single step.
Second, in linear (first-order) reversible mechanisms, the position of the CPE extremum is
invariant to the size of the conservative perturbation, while its magnitude scales with the
perturbation amplitude; these features persist across standard reactor models (batch, CSTR,
and PFR) and provide methods for parameter extraction [4,5].

Physics-informed neural networks (PINNSs) are a class of function approximators that
embed governing equations, typically ordinary or partial differential equations, into the
learning objective so that the neural network’s predictions satisfy data and physics
simultaneously. A PINN trains by minimizing a composite loss that includes residuals of the
target equations evaluated at collocation points, alongside data misfit when observations are
available. In their foundational study, Raissi et al. [6] demonstrated how this can solve both
forward problems (predicting fields given parameters) and inverse problems (identifying
unknown parameters or hidden states), using automatic differentiation to compute the
residual terms with respect to network outputs and inputs. Recent overviews emphasize how
the “physics regularization” in the loss can be adapted to problem class (e.g., control-volume
and entropy-consistent formulations for shocks) and how architectures and priors can be
tailored to embed more structure when needed [7]. This structure naturally supports inverse
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modeling for kinetics: by differentiating the residual with respect to § during gradient-based
training, the network can estimate Arrhenius parameters or effectiveness factors while
reconstructing species trajectories. In practice, PINNs learn solutions and parameters jointly,
often with quasi-Newton (e.g., L-BFGS) or Adam-L-BFGS sequences, leveraging relatively
few measurements because the physics term constrains the solution manifold [8]. This same
study also highlights a practical caveat: when experimental data do not cover the full time
horizon, the PINN may minimize the residual by collapsing to plateaued solutions in the
uncovered region, underscoring the importance of collocation design and data coverage.
Stiff-PINN integrates the quasi-steady-state assumption (QSSA) into the architecture and loss:
fast (QSS) species are eliminated from the learned outputs and their algebraic closures are
enforced in the residual, leaving the network to learn only the slow manifold [9]. Simuilarly,
the Multiscale PINN (MPINN) also aims to restructure the learning task rather than the
physics: it segregates species by time scale, fits each group with a dedicated subnetwork,
and uses adaptive loss reweighting keyed to species-specific residual indicators [10]. Thus,
operationally the PINN proceeds in three steps: (1) Encode rate laws, stoichiometry, balances,
and boundary/initial conditions as hard or soft constraints; choose collocation schemes that
resolve fast transients and conserve invariants; and favor non-dimensionalization that handle
stiffness [9,11]. (2) Treat optimization as its own design space: monitor and adapt loss weights
and diagnose gradient issues early [12]. (3) Respect multiscale structure explicitly: group
species, mix subnetworks, or reduce models when justified [9].

Recent studies [13-15] show that physics-informed neural networks (PINNSs) are
becoming a versatile tool across chemical engineering, complementing classical first-principles
models in both steady-state and dynamic applications. Beyond their original formulation for
solving parametric PDEs, modern PINN variants, including adaptive loss PINNs, domain
decomposition PINNs, and gradient-enhanced PINNs, improve robustness for stiff and
multiscale systems that commonly arise in chemical processes [16,17]. General PINN-based
frameworks now target dynamic process systems governed by differential-algebraic equations,
embedding conservation laws and algebraic constraints directly into the loss function
to improve extrapolation and data efficiency compared with purely data-driven deep
learning models [18]. In transport phenomena, several studies apply PINNs to steady
and transient heat transfer problems such as conduction, convection, and conjugate heat
transfer, showing accurate temperature and heat flux fields from sparse measurements while
directly solving the governing PDEs without meshing [6,19,20]. In reactor engineering,
forward and inverse PINNs have been developed for isothermal fixed-bed CO, methanation
reactors, enabling simultaneous solution of the reactor model and parameter identification
under realistic operating conditions [21]. Dynamic process applications further include
CSTRs, separators, and flowsheets, where PINNs or physics-informed recurrent networks
reconstruct unmeasured states and estimate kinetic or transport parameters from limited
data [20,22]. At the multiscale level, CFD-PINN workflows have been proposed to accelerate
simulations of green ammonia synthesis in axial-radial packed-bed reactors by learning
effective source terms or closure relations from high-fidelity CFD data [13]. Finally, mass-
and energy-constrained neural networks generalize these ideas to both steady and dynamic
unit operations, ensuring exact satisfaction of global balances while learning remaining
nonlinearities from process data, which is particularly attractive for flowsheet-level integration
of hybrid first-principles/machine learning models [14].

The methodology of PINNs is well-suited to CPE systems because it allows the
embedding of the kinetic ODEs/PDEs, stoichiometric conservation laws, and equilibrium
relations directly into the loss so the model respects physical laws while fitting sparse
data. For CPE specifically, the equilibrium relations and the conservative constraints
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can be enforced as hard constraints (via parameterization) or soft penalties, enabling
the model to learn over-equilibrium deviations and their routes without violating mass
or charge balances. The outcome is a physics-consistent model that is data-efficient,
accelerates process exploration, and provides a basis for optimization and control of
CPE-intensified systems. In this study, a PINN framework has been implemented
for linear case studies with three and four species, both cyclic and acyclic, with a
proposition of an extended framework for scalability to higher-order systems. The specific
contributions of this study are threefold: (1) Application of PINNs to CPE systems,
demonstrating that physics-informed learning can capture over-equilibrium dynamics
and concentration extrema without dense time-series data; (2) physics-consistent loss
function design that enforces stoichiometric invariants, equilibrium constraints, and kinetic
ODEs simultaneously, ensuring mass conservation and thermodynamic consistency; and
(3) systematic validation across linear mechanisms of increasing complexity (three- and
four-species, acyclic and cyclic), establishing parameter efficiency and accuracy benchmarks
for extending PINNSs to finite-time thermodynamic phenomena.

2. Methodology
2.1. Conservatively Perturbed Equilibrium (CPE)

A closed, isothermal, well-mixed reaction network is considered whose dynamics are
linear in the concentrations

de(t)
dt
where M is the kinetic generator assembled from elementary forward and reverse rate

= Mc(t), c(t) €RN, 1)

constants. The equilibrium composition c., satisfies Mc,; = 0. Conservatively perturbed
equilibrium (CPE) experiments are modeled by constructing an initial state exactly at
equilibrium and then applying a finite concentration perturbation to a strict subset of
species while leaving at least one species unaltered. Let P C {1, ..., N} denote indices of
perturbed species and U its complement (unperturbed). The CPE initial condition is

c(0)=ceq+d, A=0({€l), AeC, 2)

where C is the linear subspace of admissible perturbations that preserve all elemental (or
other conserved) balances. Writing those invariants as rows of a matrix L, admissibility
reads LA = 0. In the present linear batch setting, the system returns to the same Ceqs the
transient encodes the mechanism through the interplay of the eigenstructure of M and the
choice of A. To make these notions concrete, consider first a four-species acyclic chain

Kok
A=B=C=0D, 3)
kp ko kg

with concentrations ¢ = [A,B,C,D]’. Using the mass-action rates r; = k;rA — kB,
rp = kyB—k;C,r3 = kj C —k; D, the dynamics are A = —ry, B=1r1 — 15, C =1, — 13,
and D = r3. Equivalently,

—kf ky 0 0
kb —(ky + k) ks 0
¢=Mc, M= |1 12 2 4
0 ky —(ky +k3) k3 @
0 0 ki —k;

153 https://doi.org/10.3390/e28010009



Entropy 2026, 28, 9

The equilibrium vector c,; is the normalized right null vector of M. Because the network is
closed, one may work with normalized concentrations so that 17¢(t) = 1 for all t; i.e.,

4

Te(t)y =Y ci(t)=1, 1=[1,1,1,1]". (5)
i=1
In that normalization the admissible perturbations satisfy 1A = 0 in addition to any
elemental balances encoded in L. A CPE realization on this chain perturbs, for example,
the end species A and D while leaving B and C strictly at their equilibrium values:
Ap = Ac = 0. Two immediate technical consequences follow from the structure of the
right-hand side. First, any unperturbed species that is not directly connected to a perturbed
neighbor has a zero initial time derivative. Indeed, evaluating B(0) = r1(0) — r»(0) with
B(0) = Beg, C(0) = Ceq, A(0) = Ay + Aa, and D(0) = D¢y + Ap, one has

2 (0) = ki"_ (qu + AA) — kl_qu = kTqu — kl_Beq +ki|—AA = kTAA,LZTld
—_————
=0 (6)

with B(0) = kjAs. If A4 = 0 as well (i.e., neither neighbor of B is perturbed), then
B(0) = 0. The same reasoning applies to C. This “initial shielding” is a sharp, local
diagnostic at ¢t = 0: it depends only on which species were perturbed and on network
connectivity, not on the perturbation magnitude. Second, whenever an end species (such
as A or D) is held unperturbed at ¢ = 0, any turning point of its trajectory occurs at a
momentary balance of the adjacent step. For instance, at an extremum of A(t) one has
A =0=r; =0= ki A=k B. This equality refers to the local step at the instant of the
extremum; it does not imply that the entire network is at detailed equilibrium yet. Taken
together, these two properties, i.e., zero initial velocity for shielded unperturbed species
and momentary step balance at turning points for end species, supply strict algebraic
equalities at specific times that can be enforced or monitored.

The same CPE construction can be written for a three-species acyclicchain A = B = C
by removing the third step and the species D. The generator and admissibility conditions
are identical in form, and the consequences just discussed specialize in a simpler way. If C
is left unperturbed while A and B are perturbed in a balance-preserving manner, then
C(0) = k3 B(0) — k; C(0) = kj Ap; thus C(0) is nonzero precisely when its neighbor is
perturbed. If instead B is the unperturbed species and only A and C are perturbed, then
B(0) = ki Ap + k5 Ac, showing how the initial drift of the unperturbed middle species is
controlled by the two adjacent perturbations. In either selection, the end species obey the
same “momentary balance at turning points” condition, e.g., A = 0 = kA = k| B. Fora
three-species cyclic network,

K ok K
A=B=C=A, (7)
o ke kg
the generator M becomes circulant-like, with nonzeros wrapping from C to A. The CPE
initialization is defined exactly as above, but a thermodynamic closure is additionally
required so that the cycle admits a consistent equilibrium. Writing equilibrium constants
K; =k} /k;, the standard loop constraint

K1K2K3 =1 (equivalently ) AG; =0) (8)

154 https://doi.org/10.3390/e28010009



Entropy 2026, 28, 9

ensures that a positive null vector ¢, exists and is unique up to normalization. This equality
can be treated as a parameter consistency condition when rate constants are specified a priori.
Because each species now participates in two steps, the “end species momentary balance”
observation no longer applies; nevertheless, the initial shielding logic still holds: an unperturbed
species whose two neighbors are both unperturbed has ¢;(0) = 0, while perturbing at least one
neighbor introduces a nonzero initial drift via the corresponding adjacent rate.

Across all of these cases, four families of CPE constraints emerge that are used
later as hard or soft conditions. First, the dynamic law itself must hold at every
time, ¢(t) — Mc(t) = 0, which is the formal statement of compliance with the chemical
mechanism. Second, the equilibrium anchor must be respected, c(t) — ce; as t — co with
Mce; = 0, and any constraints linking the rate constants on cycles (e.g., K1 KoKz = 1) must
be satisfied. Third, the conservation relations must hold for all f, Lc(t) = Lc(0) = Lcgg,
including, in normalized units, 17¢(t) = 1. Fourth, the CPE admissibility pattern must be
honored at t = 0: the chosen unperturbed indices U start exactly at equilibrium (A; = 0
fori € U), at least two species are perturbed to encode a genuine finite displacement, and
LA = 0 is satisfied.

2.2. Physics-Informed Neural Network (PINN)

The previous section established the mathematical and physical framework of CPE
systems. Building on that foundation, the following section details the physics-informed
neural network (PINN) architecture developed to reproduce, without dense numerical
data, the temporal evolution of such linear reaction networks. The network acts as a
differentiable solver that enforces the physics of the system at every collocation point in
time, thereby eliminating the need for large time-series datasets while retaining quantitative
fidelity to the chemical kinetics. The PINN is a machine learning technique designed to
solve problems involving ordinary/partial differential equations (ODEs and PDEs), which
can be given as

)

Pl D P ou Pud dudu uy
"dx dx?’ ox ox2” T dxm’ dt oxm’ ot )

Instead of relying on traditional numerical methods like finite difference or finite
element methods, PINNs use neural networks to approximate the solution of an ODE
by minimizing a loss landscape, which includes data loss and physics loss components.
The neural network learns to approximate the solution by minimizing these components,
which together guide the network toward satisfying both the governing equations and the
physical constraints of the problem; i.e, PINNs transform the problem of solving ODEs
into an optimization task, where the goal is to minimize a loss landscape that penalizes
deviations from the physical laws (ODEs) and boundary (BC) and initial (IC) conditions.

Figure 1 represents the PINN framework used in this study. The inputs of the PINN are
the independent variable x and time t. The output of the PINN is the predicted dependent
variable. An artificial neural network (ANN) in PINN 7 (x, t;0) is initially designed as a
surrogate for the solution u(x, t). The parameter § encompasses all the hyperparameters,
including the weight matrices W and bias vectors b within the ANN such that

ﬁ(x, t;g) = iwi -fl-_l(x, t) + b;, (10)
i=1

where f;_1(x,t) is the output from the previous layer, with (x,t) being the input to
the network.
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Figure 1. Schematic of physics-informed neural network (PINN) framework for solving a linear case
CPE system.

Traditional numerical solvers discretize the time domain and march the equations
forward with small steps, which requires dense data to capture transient shapes. By contrast,
the PINN represents c(t) as a smooth function parameterized by the neural network,
enabling differentiation with respect to time via automatic differentiation. This continuous,
differentiable representation makes it possible to compute the residuals ¢(f) — Mc(t) exactly
at arbitrary points in time, enforcing the chemical dynamics throughout the domain without
an explicit grid. For a CPE system where the equilibrium composition is known and the
trajectory begins from a perturbation thereof, this property is particularly advantageous.
The equilibrium vector and the initial perturbation pattern can be inserted as boundary
and invariance constraints within the loss function. As a result, the network inherently
learns trajectories that (i) conserve total mass, (ii) return to the correct equilibrium, and (iii)
respect the local kinetic connectivity discussed before.

Each species” concentration is learned simultaneously through a single neural
architecture. For the systems studied here, the network takes time t € [0, T] as input and
outputs the four-component concentration vector &(t) = [A, B, C, D]. To ensure numerical
stability and exact initialization, the model employs a residual-based formulation:

() = co + tNg(t), (11)

where cj is the known initial concentration vector obtained from the CPE perturbation and
Npy(t) is a fully connected neural subnetwork with trainable parameters 6. This construction
automatically satisfies the initial condition at t = 0 (¢(0) = ¢¢) and prevents spurious offsets.
Furthermore, the factor t in the expression ensures that early-time derivatives remain
well-conditioned, avoiding discontinuities at the origin that often destabilize training.
The subnetwork Nj(t) consists of L hidden layers with H neurons per layer:

t — Linear(1,H) — GELU... Linear(H,H) — GELU — Linear(H,4). (12)

For the current implementation in this study, five hidden layers (L = 5) with 128 neurons
each (H = 128) were found to balance expressiveness and numerical stability. The Gaussian
Error Linear Unit (GELU) activation was selected for its smooth differentiability, which yields
more accurate higher-order derivatives compared to ReLU-type activations. All computations
are performed in double precision (float64) to mitigate gradient underflow in stiff regions of
the dynamics.
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The central element of the PINN is the physics-informed loss function, which integrates

N
the CPE constraints derived before. For a randomly sampled set of collocation points {¢;} 7 1
within the time domain, the total loss is defined as follows:

L = Lphys + AinvLinv + AeqLey, (13)

where each component enforces a specific physical requirement. The physics residual loss

is defined as follows: 5

deé(t:)
dt

— Mé(t;)

£phys = I\]i Z‘ (14)
fi

which ensures that the learned function satisfies the governing kinetic equations at all

collocation points. The time derivative d¢/dt is obtained analytically via automatic

differentiation of the neural output with respect to ¢. The invariant loss is defined as follows:

L o Ta 102
Liny = N; Zi:(l &(t) —1) (15)

which enforces the global conservation of total concentration (or any other balance
expressed through the operator L& = Lcy). Finally, the equilibrium loss penalizes deviations
from the known steady state:

Leq = ||&(T) — ceq|?, (16)

with the option to include local equilibrium equalities (e.g., k;” A = k; B at turning points)
as additional regularization terms. The scalar weights A;,;;, and A¢; modulate the relative
influence of each contribution; empirical tuning showed that values near 0.5-1.0 provided
stable convergence without biasing toward any single term.

Training Strategy and Optimization

In this study, training proceeds by sampling Ny = 2000 collocation points uniformly
in the time interval [0, T]. Each point is treated as an “independent enforcement location”
of the governing equations, forming a Monte Carlo approximation to the continuous
residual norm. The optimizer is the Adam stochastic gradient method with an initial
learning rate of 1073, To improve convergence stability and prevent overshooting near
equilibrium, an exponential learning rate scheduler with decay factor y = 0.99 is applied
every 1000 epochs. In total, 2000 epochs are run for each system, which is sufficient for the
residuals to reach the 107°-10~° range.

The network is implemented in PyTorch (version 2.7.0) using automatic differentiation on
double-precision tensors. All operations are GPU-accelerated when available, allowing rapid
evaluation of gradients through the full computational graph. To further stabilize training,
gradient clipping and zero-bias initialization of the output layer are available, but the reported
runs use the default PyTorch initialization; the residual-stable envelope (¢(t) = ¢y + tNy(t))
already enforces (¢(0) = cp) exactly, keeping initial predicted rates well behaved near t = 0.
Each epoch computes the full loss, performs back-propagation, and updates the weights
according to Adam’s adaptive moment estimates. The scheduler then gradually decreases the
learning rate, refining the parameters toward the equilibrium regime. A distinct advantage of
this approach is that, because the derivative operator is embedded analytically, the trained
model implicitly satisfies smoothness and differentiability requirements, enabling direct
evaluation of higher-order quantities such as ¢(t) without numerical differencing.
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3. CPE-PINN Integration

As shown in Figure 1, the implementation can be viewed as a sequence of three tightly
coupled stages:

1. Physical initialization: The equilibrium composition ¢, is computed from the kinetic
matrix M as its normalized null vector. A valid CPE perturbation A satisfying LA = 0
is applied to construct the initial state co = ¢, + A.

2. Neural approximation and differentiation: The neural architecture é(t) = ¢y + tNpy(t)
generates continuous predictions for any ¢; automatic differentiation supplies the
exact time derivatives &(t).

3. Physics-consistent optimization: The total loss £ combines differential residuals,
invariance preservation, and equilibrium anchoring. Minimizing £ drives the network
toward full compliance with both the kinetic law and the CPE constraints.

Through this workflow, the PINN effectively solves the chemical kinetic problem
as part of its training. No synthetic or experimental time-series data are required
beyond the initial equilibrium composition and known rate constants. The resulting
neural surrogate is a compact, analytical representation of the entire temporal relaxation
trajectory. The constructed PINN for CPE systems merges domain knowledge and
machine learning into a unified computational framework. By encoding the kinetic
generator M, the equilibrium vector c,;, and the conservation structure directly within
its architecture and loss function, the network enforces physical realism at every stage of
training. The residual-based formulation guarantees the correct initial conditions, while
adaptive optimization and learning rate scheduling ensure smooth convergence toward the
physically consistent manifold of solutions. Consequently, the model provides a data-free
yet quantitatively faithful reconstruction of CPE transients, fully aligned with the principle
that learning is guided by physics rather than by data density. The present study restricts
analysis to linear reversible mechanisms where the kinetic generator matrix M is constant
and concentration-independent. This assumption is valid for elementary reactions with
mass-action kinetics in the dilute limit where activity coefficients approach unity. Extension
to nonlinear systems would require several modifications: (1) the PINN residual loss
would remain valid, as automatic differentiation can compute residuals exactly; (2) the
perturbation invariance property of CPE extrema would generally fail, as the system
Jacobian depends on initial composition; and (3) the thermodynamic closure constraint
kikoks = 1 would be replaced by more complex equilibrium relations.

4. Results and Discussion

Based on the workflow mentioned in Section 3, the CPE-PINN integration has been
implemented on a simple two-step, first-order, three-species mechanism as follows:

Kok
A=B=C.
ki ok

In this mechanism, the initial concentration of one species (A, B, or C) is set equal to
its equilibrium value, while the other two start away from equilibrium; thus the system
initially displays the CPE phenomenon. If two species are initialized at their equilibrium
concentrations, mass conservation forces the third species to assume its equilibrium value
as well; the system is therefore at equilibrium rather than in a CPE state. More generally,
for a mechanism with N chemical species, if N — 1 species have initial concentrations equal
to their equilibrium values, the remaining species is fixed by the total balance and the
whole system is at equilibrium; i.e., the CPE phenomenon cannot arise.
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Consequently, to observe CPE one must set at least one initial concentration equal to
its equilibrium value, but no more than N — 2 such concentrations. Figure 2 shows two CPE
transient regimes (6 = 0.5): (a) where the unperturbed species A rises to an unavoidable
maximum before relaxing to equilibrium and (b) where the unperturbed species yields
a pronounced minimum. At each extremum the local rate balance of the corresponding
single-step reaction is zero, so the step reaches a momentary partial equilibrium. The size
of the perturbation é appears as the initial offset from equilibrium for the two perturbed
species, while for the linear A — B — C mechanism the extremum timing is independent
of §. Correspnding to the numerical solution, the PINN has been implemented on the
governing ODEs. The PINN reproduces both CPE transient regimes shown in Figure 2: the
early extremum (maximum or minimum) and the subsequent relaxation to equilibrium
with near-perfect agreement with the reference solution. As can be observed, the predicted
concentration curves are visually indistinguishable and the PDE/ODE residuals are
negligible. The PINN also preserves overall mass balance throughout the transient
(with negligible conservation error) and accurately captures the timing and amplitude of
the extrema, demonstrating that a data-efficient, physics-constrained model can reliably

reproduce CPE dynamics.
0.7
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Figure 2. Concentration profiles of species A, B, and C for § = 0.5, comparing analytical solutions
(colour continuous lines) and PINN predictions (black dashed lines). (a) Case corresponding to a
maximum in species A, with rate constants kI = 1.75, ki = 3.00, k2+ = 150, and k;, = 0.50 s~ 1.
(b) Case corresponding to a minimum in species B, with k;r = 150, k; = 0.10, kz+ = 10.0,
and k, = 6.50 sl

Species are classified as either “perturbed” or “unperturbed”. While in the previous
case, the transient behavior of the unperturbed species in the two-step mechanism was
discussed, the following cases discuss the transient behavior of both the perturbed and
unperturbed species in the two-step (three-species) case and more complex (four-species)
mechanisms. It is important to note that a perturbation affecting a single species cannot,
in general, be made conservative (i.e., preserve the total amount of each conserved element),
so at least two species must be altered to obtain a conservative perturbation. Consequently,
for a mechanism with N species the number of species that can be perturbed conservatively
ranges from 2 to N — 1. The number of independent degrees of freedom of a conservative
perturbation equals the number of perturbed species minus the number of independent
conservation laws (see [1]). For a linear mechanism with N species, the number of perturbed
species, the number of unperturbed species, and the perturbation degrees of freedom are
related by simple counting and the number of independent conservation laws. For the
three-species case (N = 3), a two-species perturbation is considered; hence the number
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of unperturbed species is 3 — 2 = 1. Assuming a single independent conservation law
(for example total mass or an elemental balance), the number of degrees of freedom of the
conservative perturbation is 2 — 1 = 1. For the four-species case (N = 4), the number of
perturbed species could in principle be two or three; in the present study all perturbations
involve two species, so that the number of unperturbed species is 4 — 2 = 2 and the degrees
of freedom remain 2 — 1 = 1 under the same single-conservation-law assumption.

4.1. Analysis of Perturbed Species in a Three-Species Acyclic Mechanism

The three-species acyclic mechanism represents the simplest linear system in which
the CPE phenomenon can be observed. Under such conditions, unperturbed species
exhibit a single unavoidable extremum—either a maximum or a minimum—during the
transient evolution. This extremum corresponds to a momentary equilibrium if the species
participate in only one step. The timing of the extremum is independent of the perturbation
magnitude and reveals structural features of the mechanism. The transient response
of perturbed species in two-step mechanisms, i.e., through two successive elementary
reactions (steps) in a linear sequence, has been examined in previous work [2] as follows:

kT kT

1 2
A=B=C.

ki ky

To extend that analysis to perturbed species, a series of numerical simulations covering a
wide range of kinetic constants was carried out. From this ensemble, two representative
experiments are selected for case study and their parameter values are reported in Table 1.

Table 1. Two-step, three-species acyclic conservatively perturbed equilibrium (CPE) example
with settings.

Experiment Settings Experiment #1 Experiment #2
Kinetic Parameters (s !): ki =5k =4 ki =16,k; =4

ky =12,k =6 ky =12k, =6
Perturbed species: A, B A, B
Unperturbed species: C C

The transient trajectories of the three species in the two experiments along with the
PINN results are shown below in Figure 3a—d.

A deviation from equilibrium (%)

B deviation from equilibrium (%)

0.0 02 04 056 08 1.0 0.0 02 04 056 08 1.0
Time Time

(a) (b)
Figure 3. Cont.
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A deviation from equilibrium (%)
B deviation from equilibrium (%)

0.0 0.2 04 06 038 10 0.0 02 0.4 0.6 038 10
Time Time

(c) (d)

Figure 3. Two-step, three-species acyclic reaction mechanism. Panels (a,b) correspond to simulation
Experiment #1 using PINN, while panels (c,d) correspond to simulation Experiment #2 using PINN.
Analytical solutions are shown as colour continuous lines, and PINN predictions are shown as dashed
black lines. (a) Conversion of species A; (b) conversion of species B; (c) conversion of species A; and
(d) conversion of species B.

4.2. Analysis of Unperturbed Species in a Three-Species Cyclic Mechanism

The three-species cyclic mechanism introduces an additional reaction closing the
loop between terminal species, forming a triangular network. Despite this topological
change, the unperturbed species still shows a single concentration extremum under CPE
conditions, with the same analytical expression for its occurrence time as in the acyclic
case. However, the extremum time is generally shorter due to the additional pathway
accelerating relaxation. All species in the cycle participate in multiple steps, precluding
momentary equilibrium interpretation. A three-species cyclic mechanism displays an
added direct connectivity from species A to species C as follows:

B
N 5
NN 3
ks
A= > C
ks

The closed topology alters the stoichiometric constraints and the network’s structural
properties. Depending on the elementary step kinetics (mass-action vs. autocatalytic
or nonlinear steps), cyclic three-species models can exhibit richer dynamics than acyclic
chains. The thermodynamic consistency must satisfy the following Onsager condition,
which requires that the equilibrium constant of the third reaction equals the product of the
equilibrium constants of the first two reactions.

ok
ks kg
This enforces detailed balance around the three-reaction cycle and guarantees a single,

well-defined equilibrium state. From this ensemble, two representative experiments are
selected for case study and their parameter values are reported in Table 2.
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Table 2. Three-species cyclic conservatively perturbed equilibrium (CPE) example with settings.

Experiment Settings Value
ki =16 ky =4
Kinetic parameters (s~ 1): ky =12 ky =é6.
ky =8 ky =1
Perturbed species: A B
Unperturbed species: C

The experiments used the settings reported in Table 2, and the corresponding transient
trajectories of the three species in the two experiments along with the PINN results are
shown Figure 4. The first two pairs of kinetic parameters match those of Experiment 2;
a third reaction was then added, with its forward and reverse rate constants selected to
enforce the Onsager relation between the three reactions.

|
°
o

conversion(%)
&
o

time(s)

Figure 4. Conversion of the unperturbed species C in a two-step, three-species cyclic reaction
mechanism. The perturbation is introduced by changing the initial concentration of species A from 0
to 0.36 and that of species B from 0.92 to 0.56. Analytical solutions are shown as colour continuous
lines, while PINN predictions are shown as dashed black lines.

4.3. Analysis of Unperturbed Species in a Four-Species Acyclic Mechanism

The four-species acyclic mechanism serves as a baseline case, illustrating the
intricacies of CPE-induced dynamics in a linear reaction network. Under these conditions,
the concentration of an initially unperturbed species can exhibit two distinct extrema-a
transient maximum followed by a minimum separated by an inflection point during
relaxation to equilibrium. This striking multiple-extremum trajectory underscores the
distinctive transient behavior introduced by CPE conditions and the rich mechanistic
insights they provide. The four-species acyclic mechanism is as follows:

ki ks ks

BS
A
\
SY
A
\4
@
A
\J
o

ky ky ks

The experimental results of this case are summarized in Table 3.

The simulation parameters were held constant across all runs, so that the six cases
differ only in which species are perturbed; the full parameter list appears in Table 3, and one
representative case is plotted in Figure 5. Unperturbed species can exhibit complex transient
behavior during CPE, including two concentration extrema (a maximum and a minimum)
and an inflection point. This four-species mechanism leads to six distinct perturbation cases,
defined by the choice of two unperturbed species. The kinetic parameters and simulation
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settings for all six combinations are listed in Tables 4 and 5, while Figure 6 plots two
representative cases (Experiment #2 and Experiment #3) that demonstrate this behavior.

Table 3. Four-species acyclic conservatively perturbed equilibrium (CPE) example with settings.

Experimental Settings Value
k=2 k=1
Kinetic parameters (s7h): kz+ =3 k, =1
ky =1 ky =1
Perturbed species: A, D
Unperturbed species: B,C

80

60

conversion(%)

C conversion(%)

=20
0.0

05 1.0 15 2.0 25 3.0 35 4.0 0.0 0.5 1.0 15 2.0 25 3.0 35 4.0
time time

(a) (b)

Figure 5. Four-species acyclic mechanism, species B and C unperturbed: (a) conversion of
unperturbed species B with PINN; (b) conversion of unperturbed species C with PINN. Analytical
solutions are shown as colour continuous lines while PINN predictions are shown as dashed
black lines.

Table 4. Four-species acyclic conservatively perturbed equilibrium (CPE) example with
experimental settings.

Experimental Settings Values
ki =2 k =1
Kinetic parameters (s71): ky =3 ky =1

Table 5. Four-species acyclic conservatively perturbed equilibrium (CPE) example with cases
and results.

Experiment Perturbed Species Unperturbed Species Behavior
1 A, B C,D 2 extrema of [C], 1 of [D]
2 A, C B, D 1 extremum of [B], 1 of [D]
3 A, D B, C 2 extrema of [C], 1 of [B]
4 B,C A, D 1 extremum of [A], 1 of [D]
5 B, D A, C 1 extremum of [A], 1 of [C]
6 C,D A, B 1 extremum of [A], 1 of [B]
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Figure 6. (a,b) Experiment #2 with PINN: (a) concentration of the unperturbed species B;
(b) concentration of the unperturbed species D. (c,d) Experiment #3 with the PINN: (c) concentration
of the unperturbed species B; (d) concentration of the unperturbed species C. Analytical solutions

are shown as colour continuous lines, while PINN predictions are shown as dashed black lines.

4.4. Analysis of Unperturbed Species in a Four-Species Cyclic Mechanism

The four-species cyclic mechanism shares the same reaction sequence as the acyclic
case, with one additional link closing the network into a loop. Despite this added
connectivity, the CPE-induced transient behavior remains qualitatively similar: unperturbed
species still exhibit the same pattern of two transient concentration extrema with an
intervening inflection point during the approach to equilibrium. Thus, even with a
fully connected cyclic network, the hallmark transient features of the CPE phenomenon
persist, demonstrating the robustness of this behavior to increased reaction connectivity.
The four-species cyclic mechanism is as follows:
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The numerical values used for simulations, together with the choices of perturbed
species, are listed in Table 6. Representative temporal trajectories obtained from these
simulations are presented in Figure 7.

Table 6. Four-species cyclic conservatively perturbed equilibrium (CPE) example with settings.

Experiment Settings Value

k=2 k=1
ky =3  ky =1
ky =1 k3 =
ky =1 k, =6
Perturbed species: A, D
Unperturbed species: B,C

Kinetic parameters (s7b):

7

conversion (%)
conversion (%)

0.0 0.5 1.0 15 2.0 25 3.0 0.0 0.5 1.0 15 2.0 25 3.0
time time

() (b)

Figure 7. Four-species cyclic mechanism experiment with the PINN, B and C unperturbed:
(a) conversion of unperturbed species B; (b) conversion of unperturbed species C. Analytical
solutions are shown as colour continuous lines, while PINN predictions are shown as dashed
black lines.

Table 7 summarizes the unified PINN setup used for all CPE simulations, including a
fixed architecture and hyperparameters. The network architecture (shared across cases)
is a fully connected feedforward network with one input (time) and an output for each
species (three or four), comprising five hidden layers of 128 neurons with GELU activation.
Training was performed with the Adam optimizer (learning rate 10~3, decaying by 0.99
every 1000 epochs) for about 2000 epochs, using 2000 collocation points per epoch (drawn
50% uniformly and 50% from a Beta-distributed tail-biased sampling to emphasize late-time
dynamics). The loss function combined a physics residual term (enforcing the ODE
dynamics), a conservation term to maintain constant totals, and a final-time “tail anchor”
term to ensure correct equilibrium behavior, with weights of 1.0, 0.5, and 2.0, respectively.
This core configuration was applied consistently across all cases, and with double-precision
training plus validation against a high-accuracy ODE solver (LSODA, tol 10~7), it enables
the PINN to learn the over-equilibrium CPE dynamics accurately while strictly preserving
physical constraints.
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Table 7. Concise form of the main configuration for CPE-PINN systems used in this study.

Category  Parameter Value
Architecture 1— 128 — 128 — 128 — 128 — 128 — 3/4
Network  Activation GELU
Parameterization c(t) =co+1t-N(t)
Optimizer Adam (Ir = 1073)
Training Scheduler ExponentialLR (y = 0.99, every 1k epochs)
Epochs 2000 (standard) / 2500
Collocation Points (Nf)  2000-2200 per epoch
Sampling  Strategy 50% uniform + 50% Beta(3,1) tail-biased
Physics (Aphy) 1.0 x MSE (% b ns % o)
Loss Conservation (Acons) 0.5 x MSE(Y¢;, 1)
Tail Anchor (Ay)) 2.0 x MSE(residual@t = T') [256 pts]
Precision  dtype torch.float64

Validation Method solve_ivp (LSODA, tol = 1079)

Table 8 summarizes the system-specific PINN training configurations for each case
study, detailing the number of training epochs, collocation points (Ny), the conservation
loss weight (Acons), and any custom adjustments applied in each scenario. Notably, the core
PINN architecture and loss formulation remained consistent across all systems, but minor
hyperparameter tweaks were introduced to enhance training stability and accuracy for
different reaction networks. For example, a higher conservation loss weight (Acons = 5.0)
was used in one four-species case to enforce elemental balance more strongly, while another
scenario employed gradient clipping (limit = 1.0) and increased weighting for one species
to maintain numerical stability. In addition, a “tail anchor” loss term (with weight 2.0)
and biased collocation sampling at late times were incorporated for certain stiff systems to
stabilize the long-time behavior of the PINN. These targeted modifications did not alter the
fundamental PINN framework, but rather fine-tuned the training setup to the complexity
of each system, ensuring robust convergence and accurate dynamics predictions across all
case studies. A detailed version of the system-specific PINN training configurations for
each case study can be found in Appendix A Table Al. Table 9 quantitatively compares
the PINN surrogate against adaptive ODE solvers (RK45 and BDF) across acyclic and
cyclic reaction systems of increasing dimensionality. For all cases considered, the PINN
achieves L? errors on the order of 107>, comparable to high-accuracy adaptive integration,
while strictly preserving mass conservation to within 10~7. Although the adaptive solvers
dynamically refine time steps, particularly in cyclic and stiff systems, the trained PINN
provides fixed-cost evaluations that reproduce the full transient dynamics with essentially
identical accuracy. Notably, the wall-clock time per evaluation is reduced by more than
two orders of magnitude for the PINN, highlighting its suitability for repeated inference,
parameter sweeps, and embedding within optimization or inverse-problem workflows.

Table 10 summarizes the complementary strengths of the PINN and classical adaptive
ODE solvers from a computational and application-oriented perspective. While adaptive
solvers incur no upfront training cost and remain optimal for single-shot trajectory
evaluation, their computational expense scales linearly with the number of queries.
In contrast, the PINN incurs a one-time training cost but delivers sub-millisecond
inference thereafter, leading to a break-even point at approximately 103~10* evaluations.
This distinction makes PINNs particularly attractive for inverse problems, uncertainty
propagation, and real-time digital twin deployment. Importantly, both approaches achieve
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comparable residual accuracy, confirming that the efficiency gain of the PINN does not

compromise physical fidelity.

Table 8. Concise system-specific configuration for CPE-PINN systems used in this study.

Figure System Epochs Ny Acons Modifications

Figure 3a—c 3-sp cyclic 800 1000 0.5 Standard

Figure 3d 3-sp cyclic 1000 1000 0.5 Standard

Figure 4 3-sp cyclic 2000 1200 0.5 No tail anchor

Figure 5a 4-sp acyclic 2000 2000 5.0 High conservation weight

Figures 5b and 6a—c  4-sp acyclic/cyclic 2000 2000 0.5 Standard

Figure 6d 4-sp acyclic 2500 2200 0.5 +Grad clip (1.0), 1.6 x weight for C

Figure 7a,b 4-sp cyclic 2000 2000 0.5 +Tail anchor (2.0), Tail-biased collocation markers

Table 9. Comparison of PINN and adaptive ODE solvers (RK45 and BDF) for acyclic and cyclic
reaction systems with increasing species complexity.

Metric

ODE

3-Species Acyclic System

L% Error
Mass conservation
error

Adaptive steps taken

Wall-clock time
(single eval)

3-Species Cyclic System

L% Error

Mass conservation error

Adaptive steps taken

Wall-clock time
(single eval)

4-Species Acyclic System

L% Error

Mass conservation error

Adaptive steps taken

Wall-clock time
(single eval)

4-Species Cyclic System

L% Error

Mass conservation error

Adaptive steps taken

Wall-clock time
(single eval)

(RK45, Adaptive) (BDE, Adaptive) ' CteS
1.4 x 107° 1.3 x 107° Comparable accuracy
<107 <107 All sat1§fy physical
constraints
145 RK45 refines during transient
95 ms 112 ms QDE solver.slower for
single-shot inference
1.5 x 107° 1.2x107° Comparable accuracy
<1077 <1077 All satisfy conservation
Higher stiffness
168 detected
ODE slower;
115 ms 128 ms BDF handles stiffness
Comparable;
-5 -5 p ;
16510 15510 slight BDF advantage
<10~7 <10~7 All-m.amtam physical
validity
Increased complexity;
218
more steps
142 ms 155 ms ODE cost increases
with system size
1.7 x 1075 14x10°° BDEF superior in
cyclic/stiff case
<107 <107 All conserve mass
effectively
211 Highest stiffness;
BDF more efficient
138 ms 149 ms Comparable to RK45

despite more steps
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Table 10. Comparison of PINN and adaptive ODE solvers in terms of computational cost, accuracy,
and application suitability.

Metric PINN ODE Solver (Adaptive) Advantage
Training time 5-10 min 0 ODE
Single evaluation <lms 50-200 ms PINN (50-200x)
Break-even queries  ~4000 - PINN
Residual accuracy ~ 107°-107° 1075-107 None
Storage size <5MB Model code PINN
Inference accuracy Marginal . Stable and bounded ODE
extrapolation loss
Application fit Inverse problems, Single-shot evaluation Domain-dependent

Monte Carlo sampling

A critical distinction between CPE and arbitrary perturbations is the perturbation
invariance property of the extremum. While any off-equilibrium initial condition produces
transient extrema, CPE specifically ensures that the time at which the extremum occurs is
independent of the magnitude of the conservative displacement (for linear systems). This
fundamental property was theoretically established by Yablonsky in his seminal paper [2]
and later verified experimentally in complex esterification reactions. The invariance
property enables deterministic process control: the operator can modulate extremum
magnitude by varying perturbation size while maintaining predictable timing. In contrast,
arbitrary perturbations would yield timing that depends on both kinetics and initial
composition, prohibiting such quantitative control. This property is particularly valuable in
batch reactors and flow systems (CSTR and PFR), where fine-tuning product concentration
at a specific time window is desired without empirical parameter fitting. More recently,
Sachs et al. [23] demonstrated that CPE points as over-equilibria represent intriguing
opportunities for improving industrial yield, where achieving concentrations above
thermodynamic equilibrium can temporarily enhance product selectivity. Furthermore,
the conservatively perturbed framework has enabled novel kinetic analysis techniques:
thermodynamic and kinetic-thermodynamic invariant expressions can be derived from
CPE experiments, allowing extraction of kinetic parameters independently of equilibrium
descriptions, which are unavailable from standard arbitrary perturbation experiments.

4.5. Application of PINN to Higher-Order Linear CPE Systems

The above-mentioned methodology can be easily extended from three- and four-species
to arbitrary linear, closed reaction networks with N species and general topology. The state
is c(t) € RY, and the dynamics remain linear, as shown in Equation (2). For any reversible
link i = j with forward rate k$ and reverse rate kj;, Mjj <= Mjj + k;;, Mj; <= Mj; — (k].;),
M;; < M;j; + k;, and M;; + M; — (k;), and My, is zero otherwise. This rule scales
to any number of species and edges without altering the learning framework: only
the size, sparsity pattern, and numerical values of M change. A legal perturbation A
of the equilibrium must satisfy the linear conservation relations, which are compactly
written as LA = 0 for a fixed L € R™N encoding the r independent invariants (e.g., total
concentration and elemental balances). The initial state is ¢) = Ceq + A, with selected
indices left unperturbed by setting A; = 0 on that subset. The immediate kinematic
consequences scale cleanly with network size: because Mc,; = 0, the initial drift is
¢(0) = MA. Thus, any unperturbed species that is not graph-adjacent to the perturbed set
has ¢;(0) = 0 (“initial shielding”), while species directly adjacent to at least one perturbed
neighbor inherit a nonzero initial drift through the corresponding off-diagonal rates. No
additional casework is required; these statements are purely algebraic and hold for all N.
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The PINN parameterization also scales without conceptual change. Let a single network
(see Equation (11)) map time to an N-vector and retain the residual-stable envelope

&(t) = co+g(t)Na(t), (17)

with g(t) = t (or any smooth, strictly increasing function with ¢(0) = 0) and a fully
connected subnetwork Ny : [0, T] — RN. This guarantees ¢(0) = ¢y exactly, regardless of
N. The time derivative needed for the residual is obtained analytically,

(1) = ¢ (ONe(t) + () T (1), 18)

via automatic differentiation. Scaling the output dimension from 4 to N requires only
changing the size of the last linear layer; width and depth can be tuned with N (e.g.,
H = aN with « € [1,4] as a practical rule), but the formulation is unchanged. The loss
functional remains the sum of three terms, each now written in fully general form:

1
Ny 5

de

= o) — Mé(t)

5 Ainv i R ) .
TN Y lILE(t:) — Leo|2® + Aeq@(e(-);ceq). (19)
i=1

The first term enforces the kinetic law at randomly sampled collocation times {t;},
the second preserves all invariants in L (recovering the familiar 17¢(t) = 1 when L = 17),
and the third optionally anchors the long-time limit. In higher-dimensional, stiff systems it
is often preferable to implement the terminal anchor through a “stationarity” penalty local

to late times,
1 Nr
D(E(-); ceq) ——ZIIMC )22, Ty € [TxT], (20)

rather than a direct [|¢(T) — cel|3; this avoids biasing trajectories when multiple slow
eigenmodes coexist but still drives the prediction into the equilibrium manifold {c : Mc = 0}.
Two implementation details make the approach computationally scalable. First, evaluation
of M¢ exploits sparsity. Because M is typically very sparse in large networks, storing it
as a compressed sparse matrix and using sparse—dense products reduces the per-batch
complexity from O(N?) to O(|E|), where |E| is the number of directed edges. In practice
this is realized by constructing M computationally from the reaction list and keeping
it in a sparse tensor format, while all neural computations remain dense. Second, time
is non-dimensionalized to temper stiffness: choosing T = at with & ~ |A,;,(M)] (the
largest-magnitude nonzero eigenvalue) contracts the eigenvalue spread toward O(1),
which improves gradient flow and reduces the number of required collocation points at
early times. Collocation can also be biased toward the boundary layers by sampling T from
a Beta distribution or by the mapping t = Ts? with p > 1 to densify near ¢t = 0 without
altering the loss.

From an optimization perspective, the Adam-based training with exponential learning
rate decay suffices; only the batch sizes and width/depth may be increased with N. Double
precision remains advisable as N grows and eigenvalues separate; the envelope g(t) can be
kept as t, although in highly stiff cases a smoothed envelope (e.g., g(t) = log(1+ )
scaled to match T) can further stabilize early-time derivatives. Regularizers such as
L2-weight decay on the last layer or spectral normalization on hidden layers are optional
and mechanism-agnostic; they become useful only when the residual plateaus due to
ill-conditioning introduced by extreme rate disparities. A detailed form of the main
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configuration for CPE-PINN systems used in this study, which can be extended to
higher-order linear CPE systems, can be found in Appendix A Table A3.

5. Conclusions

Conservatively perturbed equilibrium (CPE) is not just a computational curiosity. It
should be viewed as a principled way to “shape” the transient path to that equilibrium
rather than to alter the endpoint. By exploiting conservative initialization, it is possible to
(i) create informative extrema that map directly onto mechanistic structures (single-step
versus multi-step participation), (ii) extract kinetic parameters with high sensitivity, and
(iii) design reactor starts that transiently deliver over-equilibrium performance at earlier
times or shorter lengths than conventional protocols would allow. It is also important
to note that the PINN formulation is not tied to any specific three- or four-species
example. The algebraic structure of linear kinetics that the network enforces is encoded
in a sparse, column-sum-zero generator, a set of linear invariants, and a CPE-consistent
initialization. The same residual-stable parameterization, the same physics-informed loss,
and the same optimizer produce differentiable surrogates for c(t) that remain consistent
to the chemical mechanism, thereby providing a general-purpose solver for linear CPE
over-equilibrium systems.
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Appendix A
Appendix A.1

Table Al serves as a comprehensive reference for the specific hyperparameters and
architectural configurations of the physics-informed neural network (PINN) used to
generate the results in Figures 3-7. This summary is essential for reproducibility and
highlights the system-specific tuning required to achieve accurate simulations for different
chemical reaction networks. The table documents the progression of this study, beginning
with three-species cyclic systems (Figures 3 and 4) and advancing to more complex
four-species acyclic (Figures 5 and 6) and cyclic (Figure 7) mechanisms. For each case, it
specifies the model’s training duration (Epochs) and the number of collocation points (Ny)
used to enforce the physical constraints. Crucially, the table reveals key variations in the
model’s loss function and training strategy. Early experiments (Figures 3 and 4) omitted
the tail anchor loss, a feature introduced in later models (Figures 5 and 6) to improve the
solution’s stability and accuracy at the final time (t = Tryp). Furthermore, the table shows
specific tuning of the conservation weight (e.g., increased to 5.0 for Figure 5a) and the
implementation of advanced strategies like tail-biased collocation sampling (Figure 6),
which concentrates collocation points near the end of the time domain. This fine-tuning,
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including species-specific weighting of the physics loss (e.g., “1.6x for C” in Figure 6d),

underscores the necessity of adapting the PINN architecture and loss formulation to the

unique dynamic characteristics of each CPE experiment.

Table Al. Detailed form of the system-specific variations for CPE-PINN systems used in this study.

Figure System Type Species Epochs Ny Cons. Weight  Special Features
Figure 3a—c  3-species cyclic A, B, C 800 1000 0.5 No tail anchor used
Figure3d  3-speciescyclic A, B,C 1000 1000 0.5 No tail anchor used
Figure 4 3-species cyclic A, B, C 2000 1200 0.5 No tail anchor used
Figure 5a  4-speciesacyclic A, B,C,D 2000 2000 5.0 Higher conservation
penalty; asymmetric o
Figure5b  d4-species acyclic A, B,C,D 2000 2000 0.5 Standard tail-biased
configuration
Figure 6a 4-species acyclic A, B,C,D 2000 2000 0.5 Tail-biased collocation
Figure 6b 4-species acyclic A, B,C,D 2000 2000 0.5 Tail-biased collocation
Figure 6c 4-species acyclic A, B,C,D 2000 2000 0.5 Tail-biased collocation
. . . Gradient clipping;
Figure 6d 4-species acyclic A, B,C,D 2500 2200 0.5 (1.6x for C) species-weighted physics
Figure 7ab  4-species cyclic A, B,C,D 2000 2000 05 Markers every 60 points
for visualization
Appendix A.2
The physics-informed neural network (PINN) used to model the conservatively
perturbed equilibrium (CPE) dynamics is structured as a five-layer feedforward MLP
with 128 neurons per layer and a GELU activation function. Training is performed using
the Adam optimizer with an initial learning rate of 1 x 1073 and an exponential decay
scheduler. The loss function is a critical component, incorporating the mean squared
error (MSE) of the governing ODE residuals (physics loss), a mass balance constraint
(conservation loss), and a tail-end stabilization term (tail anchor loss). The network is
trained on 2000-2200 collocation points, with validation performed against high-precision
solutions from the LSODA ODE solver.
Table A2. PINN architecture, training configuration, and numerical settings used in this study.
Component Setting Notes
Network 5-layer MLP, 128 neurons/layer GELU activation, linear output
Input/Output 1 input (t)/3 or 4 outputs (species) Matches problem dimensionality
Parameterization c(t) =co+t-N(t) Satisfies initial condition by construction
Optimizer Adam, Ir = 1073 Exponential decay y = 0.99 every 1000 epochs
Epochs 2000-2500 Longer for stiff or cyclic cases

Collocation Points

Loss Terms

Precision
Validation

Gradient Handling

Device

2000-2200 per epoch

Physics (1.0), Conservation (0.5-5.0),
Tail Anchor (2.0)

Double (float64)

LSODA (SciPy) with tol = 10~°
Clipping (1.0) in some cases

CUDA if available

50% uniform, 50% tail-biased (Beta(3,1))
Adjustable per case

Ensures stability and accuracy
High-precision reference integration
Used when numerical instability arises
Defaults to CPU otherwise
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Table A3. Detailed main configuration for CPE-PINN systems.

PINN Component Configuration Notes

Architecture
Network Type Feedforward MLP Sequential MLP
Input Dimension 1 Time (t)
Output Dimension 3or4 Species conc. (A, B, C) or (A, B, C, D)
Hidden Layers 5 Excl. input and output layers
Neurons per Layer 128 Uniform across hidden layers
Activation Function GELU Gaussian Error Linear Unit

Output Activation

None (linear)

Direct concentration output

Parameterization
Concentration Form
N(t)

c(t) = co+t-N(t)
Neural network output

Initial condition satisfied automatically
Learned time-dependent correction

Training
Optimizer
Learning Rate (Ir)
LR Scheduler
Scheduler Gamma (7y)
Epochs
Batch Size (Ny)

Adam
1x1073
Exponential LR
0.99

2000-2500
2000-2200

Adaptive moment estimation
Initial Ir

Multiplicative decay

Applied every 1000 epochs (typ.)
2000 standard; 2500 for Figure 6d
Collocation pts/epoch

Collocation Strategy
Base Sampling

Uniform random

50% points (60% in Figure 6d)

Tail-Biased Sampling  Beta(3,1) Dense near t = TgnD
Endpoint Inclusion Optional Includet =0and/ort =T
Loss Function
Physics Loss MSE(¢pinN, €phys ) ODE residual
Conservation Loss MSE( Yici, 1.0) Mass balance constraint
Tail Anchor Loss MSE at t = TgnD Stabilizes late-time behavior
Physics Weight 1.0 Base weight
Conservation Weight  0.5-5.0 0.5 standard; 5.0 for Figure 5a; 1.6 for C in Figure 6d
Tail Anchor Weight 2.0 Applied to 256 points at t = Tgnp
Gradient Management
Gradient Clipping 1.0 (norm) Applied in Figure 6d only
Autograd Method torch.autograd.grad Per-species derivative computation
Gradient Graph create_graph=True For higher-order derivatives

retain_graph

True

Keep graph for multiple species

Numerical Precision
Data Type
Device

torch.float64
CUDA (if available)

Double precision
Falls back to CPU

Time Domain

tspan System-dependent (0, 1-8) s (typ.)

Evaluation Points 600-1200 For plotting and validation
Validation

Reference Method scipy.integrate.solve_ivp LSODA method

ODE Tolerances rtol=1x 10" atol =1 x 1077 High-precision validation
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Abstract: Finite-time thermodynamics (FTT) describes the study of thermodynamic pro-
cesses that take place in finite time. Due to the finite-time requirement, in general the system
cannot move from equilibrium state to equilibrium state. As a consequence, excess entropy
is generated, available work is reduced, and /or the maximally achievable efficiency is not
achieved; minimizing these negative side-effects constitutes an optimal control problem.
Particularly challenging are processes and cycles that involve phase transitions of the
working fluid material or the target material of a synthesis process, especially since most
materials reside on a highly complex energy landscape exhibiting alternative metastable
phases or glassy states. In this perspective, we discuss the issues and challenges involved
in dealing with such materials when performing thermodynamic processes that include
phase transitions in finite time. We focus on thermodynamic cycles with one back-and-
forth transition and the generation of new materials via a phase transition; other systems
discussed concern the computation of free energy differences and the general applicability
of FTT to systems outside the realm of chemistry and physics that exhibit cost function
landscapes with phase transition-like dynamics.

Keywords: finite-time thermodynamics; energy landscapes; thermodynamic processes;
phase transitions; glasses; optimal control; metastable phases; free energy calculations

1. Introduction

One of the fundamental building blocks of physics characterized by its own set of basic
laws and equations is the field of thermodynamics [1-3]. Its three laws are well-known: the
conservation of energy in an isolated system, the non-decrease of the entropy of an isolated
system, and the fact that the entropy becomes constant at zero temperature. Sometimes
a zeroth law is added, i.e., that two systems that each are in equilibrium with a third
(reference) system are also in equilibrium with each other. A beautiful body of rules and
laws of thermodynamics has been built on this foundation, guiding the development of
modern technology wherever the application and exchange of work and heat are involved.

In parallel, the field of mechanics [4] has evolved from early formulations of force
laws via Newton’s equations and their derivation from optimality principles for systems
described by few parameters to the study of multi-particle systems [5]. Such systems
appear in the form of rigid, deformable, or fluid bodies that can be described on some level
of resolution in terms of continuum physics [6], in particular by the theory of elasticity
and fluid dynamics. Going beyond the fundamental entity of continuum physics, the so-
called material particle or material point [6]—characterized and named by its evolving
position in space on the mesoscopic level—, it is possible to address even smaller length
scales, in particular the atomic level. On this level of the ladder of description, the number
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of (to a large extent indistinguishable) particles which a macroscopic system consists of
usually exceeds the capacity to compute the evolution of the system according to the
laws of mechanics (as well as electromagnetism and quantum mechanics). Even a precise
definition or measurement of the initial state of the system at a given moment in time cannot
be established with the accuracy necessary to avoid getting caught up in the whirlwind
of chaotic behavior of such systems on the microscopic scale. Furthermore, for the vast
majority of multi-atom systems, the potential energy function over the state space of
classical atom configurations, or more generally quantum mechanical eigenstates, exhibits
a highly complex multi-minima structure, thereby introducing a multitude of time scales
relevant for characterization of the system’s dynamics [7,8].

Nevertheless, we can formulate empirical laws that can predict the behavior of such
macroscopic systems at the macroscopic, and to a certain extent the mesoscopic level,
in experiment, indicating that some kind of order on the meso- and macroscopic level can
emerge from the underlying chaos of the multi-atom dynamics. The bridge between the
atom-level description and that on the level of continuum mechanics and macroscopic
thermodynamics is the field of statistical mechanics [9]. Underlying statistical mechanics
is the assumption of equal probability for every microstate i of an isolated system in
the microcanonical ensemble, which allows us to compute a straightforward ensemble
average for any observable O,. By interacting with the environment, we can introduce the
intensive thermodynamic variables as Lagrange multipliers into the ensemble description
(e.g., temperature as the control for the exchange of energy with the environment), while
the assumption of ergodicity, i.e., the equality of the time average along infinitely long
trajectories and the ensemble average over all microstates for all observables, establishes
the connection to the classical or quantum mechanical time evolution of the system on the
atomic level.

However, in reality we are dealing with finite times, both regarding our measurements
of observables and the thermodynamic processes of interest, with potentially enormous
consequences. Here, we now meet the field of finite-time thermodynamics (FTT) [10-13].
This field was founded about 50 years ago [14,15], with earlier discussions going back
nearly 100 years [16,17]; it has since blossomed and found many applications within both
physics and chemistry as well as in engineering [18] and economics [10,19].

Below, after some preliminary remarks, we explore the issue of finite-time thermo-
dynamics in the context of thermodynamically metastable systems in more detail. While
the issue of establishing ergodicity and the stochastic or deterministic modeling of the
evolution of a material on the atomic level is of great interest by itself and involves the
complex energy landscape on its most elementary level, we will approach this analysis from
the thermodynamic side by adding mesoscopic and atom-level aspects on a step-by-step
basis. As the paradigmatic class of systems, we will consider the chemical materials that
serve as the material substrate of the engines that execute the processes in thermodynamic
space that are analyzed in the context of finite-time thermodynamics.

2. Preliminaries
2.1. Transition from Mechanics to Thermodynamics via Statistical Mechanics

Representing a very simple but immensely powerful assumption, the equal likelihood
postulate states that “For an isolated system in equilibrium within itself with a given
total energy E, volume V and number of particles N, the likelihood of the system to
occupy one of the M feasible microstates with energy E is the same for each microstate,
ie., 1/M”. This assumption makes it possible to show or at least justify that the laws
of thermodynamics should apply to such a macroscopic system [3,9]. The starting point
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is the definition of an entropy S(E,V,N) = kpgIn M. In the next step, thermodynamic
intensities I4 such as temperature T or pressure p can be introduced by allowing exchange
of extensive quantities A, such as energy or volume with the environment. The state of
the combined system we observe is now the one where the extensive quantity A is split
between the original system and the environment (A = A + Aeno) in the most likely
way; that is, among the many possibilities to achieve this split, we observe the one with
the maximum number of microstates. Determining this split for a given system involves
the side condition A = Agjg + Aeno; the Lagrange multiplier that takes this into account
corresponds precisely to the intensity 14 associated with the extensive quantity A, such that
the original system and the environment are in equilibrium with each other if the intensity
1,4 is the same for both systems: I Aorig = I,,,,- For example, the temperature follows from
the exchange of energy, while the pressure follows from the exchange of volume.

If we let the system interact with a generic environment at a temperature T via
exchange of energy, the probability of each microstate 7 is then weighted by the well-known
Boltzmann-factor p; = exp(—E;/T)/ ¥;exp(—E;/T), where the sum in the denominator
extends over all microstates of the system. As a consequence, we compute the expected
properties O, (system) of the system in equilibrium via the average of the properties O, (i)
for each microstate i over the ensemble of microstates {i} weighted by their likelihood p;:
Ou(system) = (Ou)ens = Y; Ox (i) p;- Because these properties will usually be different for
each microstate, in our measurement we need to sample a large enough set of microstates
that is representative of the whole system in order to determine O, (system) with the
desired accuracy.

Such a measurement in an experiment constitutes a time average (1/f,s) fot o Oy (i(t))dt
= (Oq)t,,, along the trajectory in state space i(t) over the observation time t,j;. Unless the
system has some unusual symmetry properties, the difference between the ensemble and
the time average (|(Og)ens — (Ou)t,,. | = a(Ou; tops)) is usually not zero for finite observation
times f,55, and one might even have to go to some effort to prove that it is zero in the
limit of infinite observation times. However, we can obtain a quantitative handle on
this problem by defining a system to be in (thermodynamic) equilibrium on time scale
tovs, if a(On;tops) < eq(On) for a defined level of accuracy a.;(O,) for all observation
times larger than f,,, [20]. In fact, this allows us to define an equilibration time 7, as the
smallest such observation time. Of course, this can only be a probabilistic definition; we
must consider averages of the observation times t,,s at which the value of a(Oy; t,ps) falls
below the critical value a.;(O,) for a given trajectory, where the average is taken over
all trajectories of the evolving system starting from all possible microstates of the system
when defining 7, (and similarly regarding the definition of the escape time below) [21].
Due to the importance of the agreement between time and ensemble averages in the
practical definition of thermodynamic equilibrium, we say that the system is ergodic
for the observable O, on time scales longer than 7,;(O,) with accuracy a.;(O,) if the
difference between time and ensemble averages is smaller than this accuracy. In practice,
one would prefer a(Oy; tys) to be dimensionless normalized quantities; we can achieve
this by dividing [(Ox)ens — (Ou)t,,.| bY |{Oa)ens|, i-e., the ergodicity criterion would be that
a"""(Ou; tops) = [(Ou)ens — (Ou )ty |/ [(Ou)ens| be smaller than a,,(O,). However, for the
purpose of this presentation, we will ignore this more technical aspect.

We note that this definition of equilibrium and ergodicity only applies to the observable
Og, while our common-sense definition of a system being in thermodynamic equilibrium
assumes that for all observables of interest the difference between ensemble and time
averages is below the required level of accuracy. Furthermore, in principle all of these vari-
ables Oy, Og, . .. could have different prescribed levels of accuracy, i.e., a¢q (On) # aeq(Oﬁ).
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In particular, this also implies that 7, is only defined for a given observable or set of
observables, i.e., in general 7o (Ox) # Teq(Op). In practice, we would focus on a finite set
of observables which are most relevant for our description of the system and define the
equilibration time 7, as the largest among the set of observable dependent equilibration
times Te; (O ). In principle, we can achieve such a “complete equilibrium” if we employ the
M statistical likelihoods L; of all M microstates i as the observables which must fulfill the
ergodicity requirement; since in the ensemble picture (L;)ens = pj, the requirement would
be [(L;)t,,. — pil < ae(L;) for all microstates i. Clearly, if all microstates of a system are
visited according to their ensemble equilibrium probability, then the time averages of all
their property observables must also fulfill the ergodicity requirement.

The condition of ergodicity is usually non-trivial to prove for a given physical system,
at least if one wants to prove that we can make a.;(O,) arbitrarily small in the limit
tops — 0. There has been considerable discussion of this issue in the literature [3,22-24],
since it is often unclear whether it is possible to reach (or be arbitrarily close to) every other
microstate from every initial microstate of the system. For our purposes, we will always
assume that a.; (O, ) is small but finite. In particular, this allows us to introduce the concept
of local ergodicity [20,25], which in many realistic physical or chemical systems is much
more appropriate than the global ergodicity we have considered up to now.

Here, we note that many macroscopic properties are actually only defined on the
mesoscopic or continuum level. Typical examples are densities, density related quantities,
and transport coefficients such as fluid densities, electric and magnetic polarizations, elastic
constants, viscosity, electric conductivity, thermal conductivity, and so on [6,26]. As a
consequence, values for such properties are only valid on time and length scales larger
than those that define the material point in the continuum approximation. The contin-
uum approximation implicitly assumes that we can treat the atoms contributing to the
material particle as if they were locally equilibrated within the region associated with
the particle; otherwise, the material point or material particle cannot be properly defined.
As a consequence, the material particle exists on a finite length and time scale; in order
to achieve smoothness of the system on the macroscopic level, continuum physics-based
quantities are only properly defined on length scales larger than at least ten nanometers
to ten micrometers (depending on the material, its phase, and the properties of interest).
In order for the system to be treated as a continuum, similar estimates need to be obtained
for the smallest time scales, depending on the equilibration times for the material point
and the speeds with which disturbances propagate in the system; for more details, we
refer to the literature [6,26]. Thus, we can usually ignore such physical properties as far as
the definition of ergodicity and the conceptual developments below are concerned. How-
ever, because these properties include transport coefficients such as thermal and electrical
conductivity, they play a role if one considers finite-size effects in thermodynamic models.

2.2. Concepts of Finite-Time Thermodynamics

The field of finite-time thermodynamics deals with the analysis of thermodynamic
processes and their applications in finite time, extending to generalizations to other cost
function-based processes that can be formulated somewhat analogously to thermodynamic
systems [10,27]. We typically prescribe a certain total time t;,,; which is available for a given
process, e.g., a thermodynamic cycle (typical for extraction of work via a thermodynamic
engine), or a line-type process in which the final location in thermodynamic space differs
from the starting point (typical for production of a compound via a chemical reaction).
When executing such a process for infinitely long process times, a total well-defined amount
of, e.g., entropy is produced together with a certain amount of net work being performed
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or a certain amount of product produced during the chemical reactions that take place [2,3].
However, if the process is to run in finite time, usually some additional excess entropy
is generated, while the amount of work extracted or the desired product generated is
smaller than for the infinite-time case [28]. In the latter case of infinite time being available,
one can proceed in a quasi-static fashion that is infinitely close to equilibrium, taking as
much time as needed to stay close to thermodynamic equilibrium along the trajectory in
thermodynamic space.

This contrasts with the FTT case, where the system never reaches true thermodynamic
equilibrium for real systems along the path in thermodynamic space. However, it is
usually assumed that we can stay close enough to equilibrium such that at each step it is
possible to imagine (or justify) that the system relaxes close to equilibrium on some (local)
relaxation time scale T,,,, meaning that the next step can be assumed to again start from
an equilibrium state [29,30]. This already points to the issue of characteristic time scales of
the real system that are relevant for a description, or at least a suitable model of the actual
processes taking place during such a cycle. We note that there are exceptions to the rule
that the process would ideally run infinitely slowly for an infinitely long time; for example,
we might want to capture the intermediary reaction product B in the reaction sequence
A — B — C, where an infinitely long reaction would result in total conversion of A to C.

Given some phenomenological laws or assumptions about how the finite-time condi-
tion affects the amount of (excess) entropy produced at each step, we can now perform a
global optimization over the possible ways of assigning the available time to the legs of the
cycle and how to allocate the time t;,;,; to the sub-steps within each leg. As the target of
this optimization, one frequently takes the maximum work extracted within the given time
trotar—o0T the maximum power where one employs heat and work flow (rates) instead of
heat and work [31]—; alternatively, one can aim for maximum efficiency in the spirit of the
original Carnot engine [14]. Furthermore, the optimization can also involve the choice of
the path itself in thermodynamic space. In this case, one would perform the time allocation
optimization along the path as an implicit sub-optimization step for each choice of path,
although a combined one-step path-plus-allocation optimization might also be feasible
in principle.

We note that these optimization or optimal control problems for a thermodynamic
cycle process usually assume that the system must follow the work cycle and that it will
be possible to return to the original state of the system. However, this condition is not
necessarily fulfilled if we are dealing with realistic systems involving complex energy
landscapes that possess metastable macroscopic states.

2.3. Abstract vs. Real Thermodynamic Systems

In many work cycles discussed in classical thermodynamics, it is implicitly assumed
that the stability of the material or device that one employs is perfect, and that one can
spend as much time as is needed (up to infinity) on each leg of the cycle, ensuring that
no excess work, entropy, etc., is generated beyond the amount implied by the laws of
equilibrium thermodynamics. In particular, it is assumed that global ergodicity holds,
and that metastable phases or marginally ergodic material states such as glassy states
or aging phenomena can be ignored. As pointed out in the previous subsection, this
assumption is not always true if we are dealing with processes that run in finite time,
where the system can be in non-equilibrium states for long times throughout the process.
In particular, if the material employed in building the device or used as the working
fluid exhibits more than one stable or metastable phase, then bifurcations during phase
transitions and nucleation-and-growth processes can occur. Note that for simplicity we
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will use the term ‘working fluid” throughout, even though the practical realization of the
working fluids we discuss will often be a solid material and not a liquid or gas.

A second challenge posed by the real materials employed in devices, working fluids,
or targets for thermodynamic engines and processes is the spatial dimension. It is typically
assumed that we are dealing with a homogeneous material and that the changes in the
environment, e.g., temperature, pressure, or volume changes, are instantaneously felt
throughout the material even though they are only applied at the surface of the material.
This treats the material (which in reality is macroscopic) like a small “point”, meaning
that heat transport due to a change in the external temperature, propagation of pressure
disturbances, etc. can be neglected as far as the analysis of the processes is concerned.
Again, while such neglect can be justified for the case of the infinitely slow processes
of classical thermodynamics, it cannot be justified for processes in finite time. Thus, we
encounter length scales of relevance in thermodynamic engines, where the speed with
which an external disturbance spreads throughout the material converts the relevant length
scale into the corresponding time scale.

While heat leaks and similar phenomena have been included in FTT models of pro-
cesses and cycles [32], delay times due to the spatial extent of a working fluid or target
material are usually not accounted for. We note that to a certain extent such phenomena are
included in the definition of the overall heat or work flow in the model systems employed
in FTT as a source of irreversibility and lost efficiency, where we postulate, e.g., a law for
heat conduction from the reservoir to the working fluid. In these typical endoreversible
models [12] of finite-time thermodynamic processes, we might (for instance) restrict the
speed with which heat is transferred to the working fluid; however, we usually do not
consider the processes that are taking place inside the working fluid or their limitations
and irreversibilities due to its finite size and possible internal structure. As a consequence,
the assumption of endoreversibility may be too optimistic, and it is necessary to consider
the details of the working fluid’s behavior during the process. Sometimes, this can be
achieved by splitting the working fluid into subsystems which each can be considered
endoreversible or even reversible [33,34], but this adds a lot of complexity and may not
always be possible.

Clearly, the challenge is even greater if the microstructure of the material on the
mesoscopic scale—single-crystal vs. granular composites vs. powder materials—becomes
an issue in the performance of the thermodynamic process. One way to address this issue
might be via the introduction of some “effective” or “average” properties of the material,
although this might not always be feasible. Here, we need to distinguish between the use
of the material as part of the device, as the working fluid, or as the target.

In the first instance, e.g., the development of a rust layer on an engine due to its
exposure to the working fluid or environment, would result in limitations on the speed
with which we can drive the engine when performing work without risking catastrophic
failure. As a consequence, we are dealing with limitations on the time we can spend in
various stages of the thermodynamic cycle, i.e., such deviations from the ideal material
impose “minimum/maximum time requirements” regarding the time spent in a part of the
cycle. If the material is employed as a working fluid, then the cycling through different
parts of thermodynamic space will be affected by changes in the microstructure of the
material as far as the speed with which the working fluid can react to, e.g., exposure to
different temperatures is concerned. In this case, the various phenomenological coefficients
characterizing, e.g., the heat conduction between the reservoir and the working fluid in
common generic model descriptions would change from cycle to cycle, or even within a
cycle. On the other hand, if the material itself is the target of the process of a chemical
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reaction or transformation—regardless of whether it is actually part of the working fluid
or is only acted upon by the working fluid during the process—then the microstructure
can be a crucial feature of the target material besides its more general atom level properties
such as the composition and selected crystalline modification.

2.4. Concepts of Energy Landscapes

Understanding the behavior and dynamics of materials, including their stability, re-
sponse to external forces, and various properties on the macroscopic, mesoscopic, and down
to the atomic level, leads to the study of their potential energy landscapes as well as var-
ious generalizations such as their enthalpy or free energy landscapes. [7,8] The energy
landscape of a physical or chemical system is a complex hypersurface or metagraph over a
high-dimensional continuous or discrete state space, respectively. This landscape consists
of microstates which underlie the microscopic dynamics of the system [7]. Each microstate
i is assigned an energy E(i), and the space of microstates exhibits a certain topology, i.e., a
neighborhood structure. This topology can represent the natural neighborhood reflecting
the microscopic dynamics of the system based on the laws of physics on the microstate
level. For example, for a chemical multi-atom system, a typical microstate corresponds to
one specific arrangement X = (¥,..Xy) of N atoms in 3D space, where ¥; € R? are the co-
ordinates of atom i and a neighbor microstate differs only minimally in the atom positions.

R3N  and the movement of the

Thus, the state space for a system with N atoms would be
system on the landscape can be described according to Newton’s laws via the gradient of
the potential energy landscape. The topology can also explicitly define the dynamics of
the system, e.g., by an exploration algorithm in a computer simulation of via probabilistic
transitions among microstates reflecting the quantum mechanical nature of the system
(at least partially); in such a case , we would speak of the moveclass of the system when
talking about its neighborhood structure.

Regardless of whether we are dealing with a discrete or continuous energy landscape,
we can now use the laws for classical or quantum mechanics to compute the time evolution
of the system. However, for many systems we will notice that the time averages of
observables along a trajectory of the system vary as function of the (randomly picked)
starting point of the simulations, even when employing long simulation times, and can
exhibit sudden jumps even after the average has seemed to converge to a fixed value.

The reason for this is that many such systems possess a multitude of metastable
macroscopic states R;, which (at least at low temperatures) can persist for very long
times that often far exceed the equilibration time qu(Ri ; agq) among all microstates that
contribute to this metastable macroscopic state. As a consequence, the system appears to
be in thermodynamic equilibrium for observation times ¢,;,; between the equilibration time
Teq(Ri; aeq) and the escape time from the metastable state Tesc(R;; besc ), beyond which the
likelihood of leaving the region of microstates that belong to the macrostate R; exceeds
besc: Tesc(Ris besc) > tops > Teq(Ri; aeq) [20,25]. For these observation times, the system
in the macrostate R; appears to be in perfect equilibrium and the laws of equilibrium
thermodynamics apply to the system. For a given set of thermodynamic parameters and
important physical observables, we can now determine (usually via numerical simulations
of the dynamics and landscape explorations) which subregions R; of the (state space of
the) landscape can equilibrate on a certain observational time scale while not leaving the
region, i.e., we can identify the so-called locally ergodic regions which fulfill the criteria of
local ergodicity by computing their equilibration and escape times [20,25].

In the case of chemical systems, each such locally ergodic region R; corresponds to a
thermodynamically (meta)stable compound on a given observational time scale of interest.
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Thus, on short time scales the phase diagram of the system needs to include metastable
phases as well [35]; only in the infinite observation time limit do we reach the classical
phase diagram [7]. In particular, one can perform classical thermodynamic processes with
the system restricted to this metastable compound (adding and extracting heat, applying
pressures, etc.) without ever noticing that the system is not in the global thermodynamic
equilibrium state, so long as the total time available for the process t,,; is much smaller
than the escape time from this region t;,1,; < Tesc(Ri; T, p) for all the values of pressure
and temperature along the process path. Figure 1 shows a plot of the Gibbs free energy
vs. the observation time, depicting the time ranges over which two crystalline phases, the
melt, and a glassy state, are locally ergodic.
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Figure 1. Qualitative sketch of the Gibbs free energies of some typical locally ergodic regions
found in a solid for three given temperatures T; < T, < T3 and standard pressure p, with data
for T1, T, and T3 marked in blue, black, and red, respectively. Here, C corresponds to individual
defect configurations, M represents the super-cooled melt for T; and T, and the actual melt for T3,
respectively, G is a glassy state, and P; and P, are (real, i.e., including all the local minima that
correspond to equilibrium defect configurations) crystalline modifications. At temperature Ty, P; is
the thermodynamically stable phase and P, is a metastable phase, just as the super-cooled melt is.
The glassy state is locally ergodic only on very short time scales; for longer observation times it is
only marginally ergodic and ages slowly (indicated by the dashed horizontal line). At temperature
T, the (high-temperature) phase P, is now the globally ergodic equilibrium phase, while P; is only
metastable. For both temperatures, the metastable phase and the glassy state are stable up to quite
large observation times. Finally, the high temperature T3 is above the melting temperature, and the
melt is in the thermodynamic equilibrium phase. Note that the escape times from the glassy state
and the crystalline phases are now quite short, even though their Gibbs free energies are much lower
than at low temperatures. The vertical lines denote various observation times; e.g., at time t; we have
only two locally ergodic regions left for temperature T,. Remember that after preparing the system in
one of the phases that are metastable for a given observation time, we will not know of the existence
of competing phases with possibly lower local free energies.

However, it should be noted that the escape and equilibration times for a metastable
state will (possibly strongly) depend on the external influences that the system is exposed to.
In particular, high temperatures can affect the stability of a metastable state, i.e., Tesc (Rl) can
rapidly become small when increasing the temperature. Similarly, the equilibration time
will vary with temperature, but usually not as strongly as the escape time. As a consequence,
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a given work cycle that includes temperatures that greatly reduce the escape time must
be executed quite quickly if one wants to return to the original state of the system in
thermodynamic space while avoiding a phase transition into a different (meta)stable phase
along the way. After all, a metastable state is by definition not in global thermodynamic
equilibrium; thus, the system will not return to this state after it has left the metastable state.
In this context, we remark on the concept of marginal ergodicity [7,36-38]. This
applies to, e.g., glassy systems and systems that exhibit aging [39—43]. In practice, we
find for such systems that they appear to be in equilibrium for some time interval ,4s; (i)
correlated to the time since their creation 4. (7), e.g., by quenching from a melt; this
falsely suggests that the landscape region R; that they explore is locally ergodic. For larger
times, these systems begin to show deviations from equilibrium. However, in contrast to a
transition to another metastable state R, where the system explores and equilibrates inside
a competing region R, here the system just explores a larger landscape region R; 1 that
encompasses the previous one (R; C R;11). If we pretend that we would have started the
experiment anew at the point of time after losing the equilibrium in region R;, except now
only starting our check of the equilibration after a time toge(i + 1) ~ tage(i) + fguasi(i)
had passed, the system would seem to be again in quasi-equilibrium, now in the larger
region R;;1. Furthermore, it would remain so for a longer time interval #;,,;(i + 1),
since the time from creation t4. (7 + 1) is longer than in the earlier part of the experiment
(tage(i+1) > tage(i)). However, instead of stabilizing and truly equilibrating in the region
Rit1, the system again falls out of equilibrium when t,,; exceeds te (i + 1), and the
process repeats itself on a longer time scale. From the point of view of ergodicity, we
are dealing with a sequence of ever-larger regions R; where R; C R;;1 and where the
equilibration and escape time for region R; are approximately equal. This does not allow
the system to truly enter a metastable state, while at the same time the escape time from
region R; is approximately equal to the equilibration time of the subsequent region R 1:
R Tese (Rig1) = Teg(Riv1) = Tesc(Ri) > Teq(Ri) ~ .. .. This process is frequently called
aging, since the time in quasi-equilibrium is often more or less proportional to the time one
has waited, giving the system time to “age” since its creation (f;,si (i) ~ tage(i))-
Next, we briefly mention the concept of self-averaging of macroscopic systems [7,44].
It is clearly impossible to completely sample the landscape of an infinite macroscopic
system on the microstate level in a finite time such that we can verify its global ergodicity
with 2,y = 0, and even for small finite values of a,, this is essentially impossible for real
systems. Thus, we must ask why we can still talk about ergodicity and thermodynamic
equilibrium for, e.g., a macroscopic solid, and why such systems can be employed in
thermodynamic processes. Recall that classical thermodynamics usually assumes the so-
called thermodynamic limit [9], where all extensive quantities of interest go to infinity
while their ratios approach finite values. To address this challenge, a chimera-like approach
is employed in which one represents the macroscopic system as an ensemble of essentially
identical small mesoscopic systems, each of which can reach equilibrium within a finite
observation time. At the same time, this set of mesoscopic systems constitutes an ensemble
representing the original macroscopic system in an approximate fashion, such that the
average over this ensemble’s time-averages on the time scale of observation yields a good
approximation of the true ensemble average of the (infinite) macroscopic system. Clearly,
such a self-average over the macroscopic solid only makes sense if the thermodynamic
ground state is homogeneous (exhibiting the same atom distribution and crystalline or
amorphous “structure” throughout the material); if the ground state consists of two disjoint
phases with different compositions, then self-averaging is not possible (or at least only
possible in the metastable phase sense discussed above).
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Here, we note that by representing the time evolution of a macroscopic material in the
self-averaging approximation, we are effectively constructing an approximate probabilistic
evolution of the system. This type of evolution is commonly employed in (abstract)
stochastic models such as Markov processes when describing the time evolution of a single
(') system in a probabilistic fashion, although the single system—defined on the microstate
level of the atomistic system—should follow its own trajectory in state space that would
be different from the stochastic trajectory of the probability distribution over all possible
(micro)states of the system. This issue is similar to the question of time scales beyond which
the results of molecular dynamics simulations agree with those of Monte Carlo random
walk-based simulations [45].

Finally, we must comment on the effect of placing a system described via such a
complex energy landscape in contact with an environment [7,46]. Here, we only con-
sider the assignment of thermodynamic intensities, in particular T and p; for more ex-
amples of interactions with the environment and their inclusion in the energy landscape
description, we refer to the literature [46]. Prescribing a certain temperature does not
change the potential energy landscape of the otherwise isolated system, but does influence
the existence, time scales, and size of the locally ergodic regions on the landscape [7].
However, the pressure and other intensities such as electromagnetic fields do affect the
landscape itself by adding terms such as +pV to the energy function [7,46,47]. In par-
ticular, for a non-zero pressure we are now dealing with a potential enthalpy landscape
Hpot(_}?;p)(” = "E(X;p)) = Epot(X) + pV(X) instead of a potential energy landscape
Epot(X). We can also visualize this as a family of such (potential energy/enthalpy) land-
scapes parameterized by the pressure p, where we switch to neighbor landscapes when
changing the pressure. Each of these enthalpy landscapes exhibits its own locally ergodic
regions, which correspond to, e.g., high-pressure phases or phases that are (meta)stable at
effective negative pressures. In particular, a thermodynamically stable modification can
become metastable or unstable in response to a change in pressure; thus, in searching for
metastable modifications of a material, one explores not only the potential energy landscape
but also a wide spectrum of potential enthalpy landscapes for both negative and positive
pressures [48].

In the chemical and physical literature, the complex energy landscapes of material
systems have been frequently employed to study (thermodynamic) behavior, particularly
of liquids [24,49-52] and glasses [53-58] (e.g., polymers [39,59-65], solids [66,67], spin
systems [68-71], etc.) as well as proteins and biopolymers [61,72-79], where the complexity
of the barrier structure of the multi-minima landscape is expected to prevent the system
from reaching global thermodynamic equilibrium. In the case of glassy materials, this
inability to equilibrate and the multitude of competing more-or-less disordered local
minima on the energy landscape constitutes nearly the defining quality of a glass. A major
goal of such studies has been to understand the way in which such materials can be fitted
into the classical phase diagram picture of matter, together with explaining their unusual
long-time dynamics exhibiting phenomena such as aging [39,40,80,81] which do not appear
in the usual ordered crystalline phases.

Furthermore, the ability of glasses to very rapidly become less viscous over a rather
small temperature range that remains below the melting point of the (crystalline) material
(the converse of the nearly exponential rise in viscosity upon quenching the glass-forming
melt [82]) remains a puzzling aspect of glassy systems. A possible answer has been pro-
posed based on the observation that many glass-forming systems exhibit an exponentially
growing local density of states [55,71,83,84]. It can be noted that for such systems we
observe a bifurcation behavior called “exponential trapping” when one computes the
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probability of the system residing in a given range of energies as a function of the tem-
perature [84-86]. The system is either deep inside the local minima basins, meaning that
it faces large barriers against transformation into energetically more favorable states (the
highly viscous quasi-equilibrium glassy state), or is found at the top of the energy range
for which the local densities of states are growing exponentially. In this case, the system
only needs to cross much lower energy barriers to neighbor basins with a concurrent much
higher mobility of the atoms, i.e., we are now dealing with a low-viscosity melted material.
Here, the fascinating aspect is that the range of temperatures over which the switch occurs
between these two different (marginally and locally ergodic, respectively) regions of the
energy landscape with very distinct rheological behavior is very small regardless of the
difference in energy between the top and the bottom of the part of the landscape exhibiting
the exponentially growing densities of state.

This is in contrast to the case of proteins, where a main challenge has been under-
standing the ability of certain proteins to reach their native folded state on comparatively
short time scales in spite of their complex landscape, in something like the converse of the
glass transition problem. One popular answer to this so-called Levinthal’s paradox [72]
is the assumption that the energy landscape exhibits a funnel-like structure for these spe-
cific proteins [75,87], with rather low energy barriers to neighboring local minima but a
clear trend for the pathways on the landscape to guide the probability flow towards the
low-energy region. This allows the protein system to reach this region of the landscape
corresponding to the native state in spite of the multitude of competing minima which
might otherwise trap the system along paths where the large majority of accessible paths
lead to the native state.

These issues and other related ones have been extensively discussed in the litera-
ture over the past sixty years. For general multi-minima systems in chemistry such as
crystals [48,88-101], clusters [102-112], and complex molecules [104,113-118], their complex
landscapes have been explored mainly with the goal of identifying promising (meta)stable
modifications and isomers. Furthermore, the free energies have been computed for individ-
ual locally ergodic regions, usually in the harmonic approximation [119], and (tree) models
for so-called free energy landscapes have been constructed [120-122] (“so-called” because
the issues of the relevant timescales for the existence of the locally ergodic regions and
the free energy barriers between them are typically ignored in their construction [123]).
Finally, equilibration trees have been computed that indicate the way in which different
sub-regions of the energy landscape equilibrate into larger locally ergodic regions on the
level of both microstates [71,83] and minima [124].

These are fascinating research questions in themselves, and have formed the motiva-
tion behind the development of many algorithms for studying complex energy landscapes.
They have also inspired many concepts and model descriptions of such landscapes; for an
overview, see [7,8]. However, although issues such as the glass transition and the folding
pathways on biologically relevant timescales highlight the finite-time aspect as part of their
formulation, we are not going to discuss these phenomena in this perspective, as the focus
here is on classical thermodynamic processes and the optimization of their output in finite
time, be it work or heat production and transfer without wasting work or generating excess
entropy, the efficiency of such processes, or the amount of material that can be produced
with minimal effort.

3. Prototypical Examples

This section briefly discusses prototypical examples of classes of processes for systems
where the complex energy landscape adds features that need to be taken into account
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when setting up (and subsequently solving) the optimization problems of finite-time
thermodynamics. For every class of systems, we will point out the time scales of relevance
that need to be considered, the quantities one might want to optimize, the type of cycles that
are of interest, and the special complications that can arise when modeling and optimizing
the relevant processes. Given this focus on the additional features and challenges due
to the complex energy landscape involved, we will not discuss standard aspects of the
FTT description of thermodynamic processes and their optimization, referring to the
literature for such details [10,11,13,27,125]. Similarly, we do not include finite-time studies
of thermodynamic engines where a phase transition occurs as part of the cycle but where
the actual transformation process is of no major concern, and is dealt with in a generic
way as part of the overall heat transfer along the leg where the (isothermal) transition
occurs [126].

These descriptions are only rough schematics, and are only meant to provide guidance
for dealing with actual problems of interest; realizing and solving such an example in
practice is a whole research project in itself [127,128], and goes beyond the purview of this
concept-focused presentation.

3.1. Thermodynamic Processes Involving Phase Transitions

The most relevant class of examples for FI'T processes involving systems with complex
energy landscapes concerns the use of materials as working fluids which can exhibit more
than one phase during operation of the engine along its path in thermodynamic space.
In a more general sense, this also includes the use of such materials in building the device,
as already discussed in Section 2.3, where possible complications due to wear and tear
of the real device were noted together with the limitations on the speed with which the
thermodynamic intensities T and p can spread throughout the working fluid. Such issues
can affect the efficiency and capability of the device, e.g., as limitations on the speed at
which the thermodynamic cycles can be performed.

We note that the pure “mathematical thermodynamicist” who wants to focus on
analytically solvable problems might prefer to consider issues concerning metastability,
instability, irreversibility, etc., as an external mathematical side-condition on the optimiza-
tion problem, such as adding heat conduction between hot and cold reservoirs leading to
leakage of heat from the system proportional to the time spent in the overall cycle. Still,
even such a researcher needs to first formulate a mathematical model of this feature that
represents real-life engines and working fluids, before such real-life aspects can afterwards
be reduced to a formal overall factor encapsulating a high entropy production rate or loss
of work at certain parts of the cycle.

3.1.1. No Competing Crystalline/ Amorphous Phases

The simplest case is a system with a working fluid that consists of a homogeneous
(infinitely large) material that can exist in several equilibrium phases but where neither
metastable modifications nor amorphous/glassy states are present. For each point in
thermodynamic space (T, p, .. .), only one phase is present, i.e., on all observational time
scales of interest, the energy/enthalpy landscape exhibits only one locally ergodic region,
which is identical with the globally ergodic equilibrium phase for this temperature and
pressure. For simplicity, we assume that only two equilibrium phases A and B exist in the
region of thermodynamic space where the cyclic or line-type path resides; here, we denote
a path to be a line-type one if the starting and end points are different and if the path does
not intersect itself. Figure 2 shows a simple cyclic path in (T, p) space, where for low and
high temperatures the thermodynamic equilibrium phases are A and B, respectively.
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The goal of the thermodynamic process is to perform some work in a finite time ¢;,,;,
where the excess entropy /heat production or loss of work due to the finite-time requirement
is minimized or the efficiency of the process is maximized. For simplicity, we assume a
cyclic process with a prescribed path in (T, p) space, where the time spent in each leg of the
path and the way in which the time is allocated along the legs are subject to the optimization.
Along this cyclic path, the material switches between two (or more) equilibrium phases,
such that at least two phase transitions will occur. We note that of course the case of a path
with only one transition that can occur when cycling around a second order phase transition
pointin (T, p) space—e.g., in some cycles involving a gas-liquid transition—also works,
and might be of interest in certain kinds of refrigeration cycles employing the gas-liquid
phase transition. In this context, we recall that the phase transitions occur along lines or
at points in thermodynamic (T, p) space; depending on which value is varied, one can
speak of transitions driven mainly by pressure changes or mainly by temperature changes.
In the kinds of materials we are discussing here, most of the transitions are first-order,
although second-order transitions can also occur. In solids, the latter are mostly associated
with small displacements of the atoms changing the symmetry group of the crystal to a
subgroup, such that no nucleation of the new phase followed by growth of the new phase
from this nucleus is needed. As a consequence, for second-order phase transitions there
is no free energy barrier for the atom rearrangement, and the amount of thermodynamic
work needed is small. Of course, if the transformation takes place at points in (T, p) space
that are some distance away from the second order transition point or line, then we are
dealing with a first-order transition.

T
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Figure 2. Sketch of a simple cyclic path ([1] — [2] — [3] — [4] — [1]) in (T, p) space, with two phase
transitions: from equilibrium phase A to equilibrium phase B in the first leg, and from phase B to
phase A in the third leg, respectively. The dashed blue line is the equilibrium phase separation line in
the (T, p) phase diagram. The points where the transition would occur for an infinitely slow cycle are
indicated by red spots.

Upon a change in temperature and /or pressure at the transition temperature/pressure
along the path, the material has to re-organize on the atomic level in order to transform into
the new equilibrium phase. To achieve this process in finite time, it is usually necessary
to move the system to temperatures/pressures deviating from the equilibrium transition
values such that the material enters a (potentially massively) non-equilibrium state. In this
state, the first phase is no longer stable, but the new equilibrium phase is not yet established;
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in order for the system to settle into this new phase within a finite time, excess entropy /heat
generation or extra work is required. Figure 3 shows another schematic cycle, where we
now indicate the ranges of metastability of phases A and B in the respective regions where
phases B and A are the equilibrium phases.
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Figure 3. Sketch of a simple schematic path in (T, p) space with two phase transitions: from equilib-
rium phase A to equilibrium phase B in the first leg, and from phase B to phase A in the third leg,
respectively. The dashed dark blue line is the equilibrium phase separation line in the (T, p) phase
diagram, while the dotted light blue lines indicate the range in (T, p) space where the metastable
phase (marked as A’ and B') is still locally ergodic on moderately large time scales. The points where
the transition would occur for an infinitely slow cycle are indicated by red spots, and the orange
colored part of the path shows the range of the path where “non-trivial” times would be needed to
perform the transition from the metastable phase to the equilibrium phase in the event that only a
finite time t;,,; is available for running the whole cycle. Note that the difficulty of nucleating phase
A from the metastable phase B’ extends to the fourth leg of the cycle, even though the stability of
phase B’ is greatly reduced around point [4], which marks the high-pressure and low-temperature
region along the path. On the other hand, after the transition has taken place, the metastable phase
becomes essentially inaccessible. Typically, the farther away we are from the actual equilibrium phase
transition line, the faster the nucleation-and-growth transition can take place. However, we note
that the actual length of the orange sections of the path would depend on the speed at which we are
moving along the path, relative to which transition times could be considered “non-trivial”; the more
slowly we can move along the cycle overall, i.e., the larger t,,,;, the shorter the orange sections will
be. This can lead to confusion if we were to interpret the orange color as indicating the section of the
path where we still observe the system in the respective metastable phase; such an interpretation
would only be appropriate for a given specific choice of time allocation along the path.

In order to design models of this process for the purpose of time-allocation optimiza-
tion, we note the relevant time scales involved. Obviously, there is the available time for the
whole cycle t;,,;, which distinguishes finite-time thermodynamics from classical thermody-
namics. Next, we discuss various equilibration time scales; note that in the following we do
not worry about 4,4 or about the observables O, used to classify ergodicity and equilibrium.
The first time scale of interest is the equilibration time T, (i; T, p) for phase i when starting
from a generic point inside phase i for general values of T and p for which phase i is
locally ergodic. The second time scale is the relaxation time Trelax(i? Thew — T, Prew — p)
for phase i after a (small) perturbation of the system away from equilibrium. Here, we
are starting from a point on the landscape belonging to the locally ergodic region R; of
the landscape associated with the system in equilibrium at (T, p), except that now the
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thermodynamic parameters have been shifted to (nearby) values (Tyew, Prew), placing this
point at the rim or even slightly outside the new locally ergodic region associated with
the thermodynamic point (Tyew, Prew)- Although strictly speaking being an equilibration
time, T,y corresponds to the usual relaxation time to equilibrium that is employed when
modeling and optimizing the time step allocation for a standard working fluid that needs to
be kept in or at least very close to equilibrium. Typically, one assumes that some simplified
(phenomenological) model can be used for the excess entropy production as long as the
time step associated with moving from (T, p) to (Tyew, Prew) is larger than e (7; Thew, Prew)-

The third group of time scales concerns those associated with the phase transition
A — B. The first is the equilibration time inside the locally ergodic region associated with
phase B, 7;(B; T, p). Next, there is the escape time from inside the unstable/metastable
phase A, Tosc(A; T, p). However, for complex energy landscapes it is not obvious that
leaving region A will automatically transfer the system at once into the neighborhood of
region B; instead, the system enters a general transition region that connects regions A and
B. This region can be quite large, and in general may border on many other (locally ergodic
or marginally ergodic) regions of the landscape. In particular, reaching the right “exit” from
such a complex transition region crossing all of the generalized barriers involved can require
quite a long time [38]. Thus, the escape time from region A together with the movement of
the system inside the transition region into the neighborhood of the (stable) target phase
B, Tesc(A — B; T, p) at the point (T, p) in thermodynamic space where phase B is the
equilibrium phase can be considerably larger than 7.s.(A4; T, p). Here, we note that during
the subsequent equilibration “into” phase B when starting from the region of the landscape
formerly associated with phase A or the transition region connecting A and B, the system
does not start from a generic point inside phase B, as is usually assumed in the definition of
Teq(B; T, p); instead, we start from a very specific point on the landscape inside the region
associated with the former locally ergodic phase A or the transition region surrounding it.
Thus, we denote this time scale by 7,;(A — B; T, p). Therefore, 7.;(B; T, p) will usually be
smaller than the time required to move from the exit of the transition region into the locally
ergodic region B and equilibrate there, i.e., To5(A — B; T, p) > T¢(B; T, p). These two time
scales Toy(B; T, p) < Tey(A — B; T, p) and Tesc(A; T, p) < Tesc(A — B; T, p) constitute lower
bounds on the time scale within which a successful transition from the newly unstable
phase A into the new equilibrium phase B takes place on the energy landscape.

If the system in phase A still has a certain degree of stability, as is often the
case in first order phase transitions, it can be considered locally ergodic on some
small time scale; thus, the quantity of interest would usually be this escape time
Tesc(A — B; T, p) > Teg(A — B; T, p). On the other hand, if the system can no longer equi-
librate on essentially any time scale of interest in phase A at point (T, p) in thermodynamic
space, then the equilibration time of the new phase would often be the relevant quantity,
ie, Tesc(A — B;T,p) < Teq(A — B;T,p).

A special very important case in this context consists of nucleation-and-growth pro-
cesses, which proceed in two stages: the formation of a stable nucleus of phase B inside the
metastable phase A, with its time scale ¢, (B in A; T, p) (a special case of Tesc(A — B; T, p)),
and the growth process of this nucleus into the macroscopic phase B on the time scale
te(Bin A; T, p) (a special case of 1,4(A — B; T, p)). We note that the system might well
have left the locally ergodic region A before the nucleus of phase B has come into exis-
tence, i.e., t,(Bin A; T, p) > Tesc(A; T, p). Furthermore, during first-order phase transi-
tions, ty(Bin A; T, p) can far exceed 14(B; T, p); thus, the total time t, (A — B;T,p)
needed for such a process can greatly exceed the sum of Tsc(A; T, p) and 7(B; T, p),
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thig(A — B;T,p) = ty(Bin A;T,p) + to(Bin A; T, p) (R Tesc(A — B;T,p) + Teg(A —
B;T,p)) > Tesc(A; T, p) + Teg(B; T, p).

Of course, we assume that a phase transition occurs in the first place: if Tosc (A; besc) >> tropar
for the starting phase A for all values of (T,p) along the path, then no transition happens
during the cycle and we stay in the same locally ergodic region A as far as the material
is concerned. Analogously, if Tesc(B; besc) > tioa, then the transition back to the initial
phase will not take place, and we are stuck in the second phase at the end of the cycle.
In this case, it is necessary to add a long waiting time before restarting the cycle in order
to allow the system to re-initialize and reach equilibrium in phase A. For a cycle that is
performed periodically, this waiting time clearly poses a problem. An alternative to deal
with either of these events within the available time t;,, can be the choice of a different
cycle, e.g., extending to higher or lower temperatures and/or different pressures, where
the escape times from phases A and B are much shorter and the cycle can be performed as
desired, though at the expense of a much higher excess entropy production or loss of work.

A related problem can occur if To5(A — B; T, p) > tio44 for the whole region of the
pathin (T, p) space where phase B is the equilibrium phase. In this instance, the working
fluid remains in a non-equilibrium state for the whole duration of this stage of the path,
never quite leaving the transition region connecting regions A and B, and we need to
explicitly model the thermodynamic processes during this stage on a non-equilibrium basis.
After entering the stage of the path where A is again the equilibrium phase, the problem
might be alleviated, since it is to be expected that the relaxation back to the phase A might
be rather fast and within the time limits of the process. Again, we can try to address this
issue by choosing a different thermodynamic path, along which the two phase transitions
occurring quickly enough.

In this context, we recall the probabilistic aspect of the escape time definition, incor-
porated in the characteristic constant bes.: if we attempt the transition 1/ b times, each
time running the simulation/experiment for a length of Tsc(besc), then we expect that we
will make a transition into the other phase at least once. In order to take this feature into
account, a probabilistic approach can be employed to model the behavior of the system
along the cycle, as outlined below in Section 3.1.5.

Assuming that neither of these serious problem cases occur, it is nevertheless clear
that we need to spend enough time in the phase transition region to reach the new phase
j from i, i.e., along these legs of the path, the times t,¢(i — j; T, p) need to be included
and subtracted from the total available time t;,;,;, and the excess heat or entropy produced
during the nucleation-and-growth stage must also be accounted for. As mentioned above,
in order to speed up the phase transformation process, we might have to employ values of
(T, p) that are (possibly considerably) larger /smaller than the values where the two phases
are in equilibrium. Depending on how much time we can afford to spend on the phase
transition, we can reduce the excess entropy production by staying closer to the transition
values of pressure and temperature. On the other hand, spending too much time at the
phase transition forces us to be “too fast” on the rest of the path, again producing excess
entropy. One critical issue in the modeling of such rather fast movements along the cycle
is that we might move the system so far out of equilibrium that the linear approximation-
based models for the entropy production during relaxation to equilibrium (frequently
used when computing or estimating optimal schedules [29]) are no longer applicable,
considerably complicating the modeling of the thermodynamic cycle. This usual (excess)
entropy production along the path in thermodynamic space and its finite-time optimization
is not discussed here; we assume that we know or can model the excess entropy production
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due to the usual finite-time movement along the path for a given material once it is
essentially equilibrated inside one phase, since this constitutes the standard FTT problem.
A detailed prototypical example of modeling a first-order phase transition using a
finite-time optimal control analysis can be found in the study of the liquid-gas transition
by Santoro et al. [127]. There, the authors minimized the excess work needed to perform
this phase transition in a finite time slightly away from the phase transition point in
thermodynamic space. Their study included explicit models for the nucleation and growth
processes. Such models would also be necessary for the study of any thermodynamic
cycle that includes phase transitions if one desires to obtain quantitative results for the
optimization of a specific phase transition in a given chemical or physical system.

3.1.2. Presence of Amorphous Precursor or Glassy States

In the preceding Section 3.1.1, we have considered the case of a system with only two
phases, which transform along a certain line in thermodynamic (T, p) space into each other.
For first-order phase transitions A — B, the transition is not instantaneous but commonly
takes place through a nucleation-and-growth process on a time scale ¢, ¢(A — B; T, p)
that depends on the thermodynamic conditions (T, p). For such processes, we deal with
free energy barriers that require a certain time to cross in order to create a nucleus of
critical size large enough to grow into the new phase [129-131]. In order to achieve this
in finite time, we must move beyond the transition line in (T, p) space deeper into the
region where phase B is the equilibrium phase, which requires excess work or excess
entropy. For simplicity, we can visualize the nucleation process being characterized by
the above-mentioned escape time T.sc(A; T, p) from phase A, while the time spent in the
growth stage of the transition is related to the equilibration time scale 7,;(B; T, p) in phase
B. We have noted already that 7;(B; T, p) is only a lower limit on the time that this growth
process can take, as we do not start from a generic point inside the locally ergodic region
B on the energy landscape. As a consequence, as already mentioned earlier, the overall
nucleation-plus-growth time scale usually exceeds the sum of the above two time scales,
thyg(A = BT, p) > Tesc(A; T, p) + Teg(B; T, p).

In practice the situation is more complex, since the nucleation process takes place via
the generation of a multitude of nuclei throughout the macroscopic material. The precise
number depends on the specific values of the temperature and pressure applied, quite
frequently leading to the formation of a polycrystalline material with less well defined
macroscopic properties instead of a single crystal. Furthermore, during a general nucle-
ation process the system resides in a transition region on the complex energy landscape,
from which in principle several alternative (metastable) phases can be reached, assuming
that such additional phases exist on the landscape in the first place.

In particular, in many materials such a transition region—while never being locally
ergodic in itself, and as such not corresponding to a thermodynamic (meta)stable phase—is
structurally realized in solid form as an amorphous precursor state AP or a glassy state G,
which can persist in some fashion for quite a long time at low enough temperatures. We note
that there are of course many amorphous solids with surprisingly high stability that can be
created employing a variety of alternative routes; the generation of amorphous SizB3Ny7 via
the sol-gel process [132,133] constitutes such a case. However, here we only focus on those
amorphous materials that are generated along a thermodynamic path, i.e., via quenching
from a melt or the gas phase, or via amorphization through high-pressure treatments.

In the general amorphous state, the material is far from global thermodynamic equi-
librium and serves as the matrix within which thermodynamically (meta)stable crystalline
phases i can nucleate. This synthesis approach of crystallization from an amorphous pre-
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cursor is frequently employed to access unusual crystalline modifications from, e.g., an
amorphous film deposited from the gas phase, or to reach a high-pressure phase from a
material that is being amorphized as an intermediary stage via application of high pressures
and temperatures. The corresponding time scale for the specific nucleation-and growth
process t,4¢(AP — i; T, p) now takes the place of the earlier mentioned time scales—Tesc (),
Teq(j), and t,1¢(i — j) during first-order phase transitions—and must be compared with
the total time available for the cyclic or line-type thermodynamic path. We note that the
ability to access multiple metastable phases from such a precursor can be an advantage if
one wants to reach valuable or just interesting phases that might not be accessible other-
wise [134-136]. However, this adds uncertainty to the process with respect to its outcome,
in addition to the excess work/entropy associated with the phase transition in finite time.
To deal with this uncertainty, we need to introduce a probabilistic scheme into the cycle
description, which is described in more detail in Section 3.1.5.

In many regards, the glassy state G can be treated as another instance of the amorphous
state, although it exhibits some features that are of particular relevance for the thermody-
namic cycles that include phase transitions which we are discussing here. Similar to the
amorphous state, the glassy material will also eventually transform into the thermody-
namically more stable equilibrium phase via some kind of nucleation and growth process.
However, the glassy state tends to be quite stable on long time scales as far as its macro-
scopic properties are concerned. This also often applies to its general structural features; in
particular, both the time scale of nucleation and the time scale for growth of a crystalline
phase i inside the glassy state G, t,(iin G; T, p) and t¢(i in G; T, p), respectively, can be very
large, and may often exceed the total time available for the cycle, t;y, < t,(iin G; T, p),
te(iin G; T, p).

This is related to the fact that in many materials of interest, glassy states appear when
quenching a melt (i.e., cooling the material too fast to a temperature below the freezing
temperature for nucleation of the crystalline equilibrium phase to occur). As a consequence,
the glassy material resembles a liquid with extremely high viscosity in many aspects. Here,
we note that the glassy state should not be confused with a metastable super-cooled liquid;
the moment the super-cooled liquid experiences a (local) disturbance above a certain (small)
strength, a spontaneous nucleation of many nuclei of the solid equilibrium phase takes
place and these nuclei very rapidly grow to produce a polycrystalline material. In contrast,
the glassy material is very stable, and even a strong disturbance like being hit with a
hammer only results in mechanical damage, not in the initiation of a nucleation and growth
process. As a consequence of being a quasi-equilibrium continuation of the melt in the
solid state, such glassy systems typically exhibit marginal ergodicity and show aging,
as discussed in Section 2.4.

For the thermodynamic cycles in finite time that we are interested in, such glassy states
can, e.g., occur if the two phases that are visited along the trajectory in (T, p) space corre-
spond to the solid crystalline modification (A) and the melt (B). Melting a solid crystalline
phase is usually quite straightforward as long as only one solid phase exists in the system
close to the melting temperature, and this melting transition usually takes place relatively
quickly even for temperatures close to the melting point. We note that some complications
can occur for unusual systems such as gallium [137]; however, here we focus on the stan-
dard case. Furthermore, the formation of the thermodynamically stable crystalline solid
phase from the melt when cooling the system usually requires a non-negligible amount
of time even if the material is not a glass former. As mentioned above, if glassy states
G in the system are possible or likely, then the time to reach the crystalline modification
A tnig(G— A;T,p) = tu(AiIn G; T, p) 4+ tg(Ain G; T, p) can be very large, far exceeding
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the equilibration time of the crystalline modification t,1¢(G — A;T,p) > 1eq(A; T, p),
and might require careful tuning of the thermodynamic conditions. Figure 4 shows the
simple cycle already discussed in Figures 2 and 3, except that now phase B is the melt
(denoted by M) and we encounter the added complication that the system can enter a
glassy state from the melt instead of nucleating into the equilibrium phase A.

For the purposes of our discussion, this implies that if tn+g(G — A;T,p) exceeds
tiotal, then we will remain in the glassy state of the material for the rest of the trajectory.
In particular, if the cycle is run with a starting point in the crystalline phase A, then we do
not reach the original starting point of the cycle, and not only in a small fraction of instances;
i.e., being stranded in the glassy state is not a low-probability occurrence. If the working
fluid at the start of the cycle had been the melt M, i.e., if the cycle were to have started at
point [2], and if the cycle included a transformation into the solid phase A before returning
back to the melt, then the situation is problematic but not completely lost. In this latter
case, the solid phase that we access and perform some of the work and heat transfer with is
just the glassy state of the material instead of the crystalline equilibrium phase. As long
as the properties of the glassy material are such that all relevant tasks can be performed—
although perhaps not with the same efficiency compared to using the crystalline state as
the working fluid—then the thermodynamic cycle can still be completed.

! o™ [4]

Figure 4. Sketch of a simple schematic path in (T, p) space with two phase transitions: from the
crystalline equilibrium phase A to the melt equilibrium phase M in the first leg, and from phase M to
phase A in the third leg, respectively. The dashed dark blue line is the equilibrium phase separation
line in the (T, p) phase diagram between the melt and the solid, while the dotted light blue lines
indicate the range in (T, p) space where the metastable phase (marked as A’ and M’) is still locally
ergodic on moderately large time scales. The points where the transition would occur for an infinitely
slow cycle are indicated by red spots, while the orange colored part of the path shows the range of
the path where “non-trivial” times would be needed to perform the transition from the metastable
super-cooled melt or super-heated crystalline phase to the crystalline or melt equilibrium phase,
respectively, when only a finite time t;,,; is available for running the whole cycle. As an added
complication, the system is assumed to be a glass-forming one, meaning that the glassy state can exist
on long time scales (below the dashed dark green line) in competition with the crystalline equilibrium
phase. If the nucleation and growth process of phase A from the melt does not take place along the
thermodynamic path, e.g., because we are moving too quickly through the phase transition region
close to the phase transition point on leg 3 of the cycle, then the system will exhibit a glass transition
and remain in the glassy state for the rest of the cycle. This is indicated by the light green path in
(T, p) space, which begins slightly below the equilibrium phase transition point on the third leg of
the cycle when the glassy state becomes long-time stable, and persists until the ending/starting point
[1] of the cycle has been reached.
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In principle, we could choose the glassy state and the melt as the two “phases” of
interest, since then we can complete the cycle, seemingly returning the working fluid to its
original state at point [1]. Nevertheless, even in this case we have to deal with the aging
of the glass that will occur while the material of the working fluid is in the glassy state.
Depending on the length of time for which the material remains a glass, it will slowly evolve;
along each point of the trajectory in (T, p) space, the system “quickly” leaves the marginal
quasi-equilibrium state reached for these thermodynamic conditions and continues to
respectively “emit” or “collect” (configurational) entropy into or from the universe as time
goes on, while approaching (though not reaching) the crystalline equilibrium phase. Here,
we note that this change in configurational entropy occurs in addition to the usual excess
entropy associated with the usual “equilibration” that we observe in the equilibrium solid
(crystalline) phase when perturbed (slightly) out of equilibrium. As a consequence, if we
want to use the glassy state as the starting state of the cycle together with the melt as the
second phase—a cycle which can be achieved, since melting a glass is no more problematic
than melting a crystal—then we have to realize that the final glassy state is unlikely to be
in exactly the same thermodynamic state as the starting one, which presumably had been
relaxed for a long time before the engine was started. Nevertheless, if we immediately
restart the engine after finishing one cycle, then after a few cycles the material will be in the
“same” (evolving) glassy state of the same age at point [1] from one cycle to the next.

Here, we note that such a very slow approach to the equilibrium solid state can also
appear in systems where the high-temperature phase corresponds to a solid solution in-
stead of the melt and where the solid equilibrium phase at lower temperatures corresponds
to a separation into two solids with different concentrations (possibly realized in a poly-
crystalline fashion). In particular, if the solid solution state is quenched to a temperature
much below the critical point of the miscibility gap in the phase diagram of the material,
where the thermodynamically stable phase would consist of two separated solid solutions
with different compositions [2,138], then it can occur that the system very slowly evolves
into the final two-solid phase. As a consequence, the material exhibits a state between
a simple homogeneous metastable solid solution and the equilibrium state consisting of
two segregated solids with different compositions, each of which is in thermodynamic
equilibrium by itself. Conversely, the same can happen if we raise the temperature on
the two-solid phase and have to wait a long time before the thermodynamically stable
homogeneous solid solution equilibrium phase has been able to form at the higher tem-
perature. Here, one should keep in mind that the solid solution phase is also a solid; thus,
the internal atom diffusion needed to establish the equilibrated solid solution phase is
likely to proceed quite slowly. Hence, we observe that returning to the original state of
the material can become extremely difficult. We need to spend a great deal of time at
the right transformation conditions (temperature, pressure, etc.) in order to nucleate the
thermodynamically stable phase out of the glassy, amorphous, or solid solution state. This
might force us to add a whole thermodynamic cycle or cycles after our original work cycle
in order to re-establish the original starting phase of the working fluid material.

In this context, we note that even if we do not transform the crystalline starting material
into the liquid state (from where the subsequent transformation into the glassy state would
occur) because we stay below the melting temperature along the whole path, softening (or
hardening) can still take place when approaching the melting temperatures/transformation
pressures, with cyclic fatigue phenomena appearing [139]. In this case, high amounts
of disorder can arise in the single-crystal material, which can result in both microscopic
and mesoscopic structural changes. Similarly, high pressures, even when quite far below
the actual transition pressures needed for the formation of a high-pressure phase, can
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change the amount and distribution of equilibrium and non-equilibrium defects, and create
domain changes which take considerable effort and time to reverse. This is particularly
critical if the properties of the material (electronic, mechanical, etc.) actually depend on the
number and distribution of the (equilibrium and non-equilibrium) “defects” in the solid.

Quite generally, in many materials we find slow weakening or other changes that can
occur during thermodynamic cycles and need to be accounted for during computation
of the efficiency of the cycle and the resulting excess entropy or loss of available work.
These are especially important if they concern the mesoscopic structure (crystallite size,
domain size, grain boundary and dislocation distribution, interfaces of composite ma-
terials), as these tend to be more difficult to reverse. This applies even if no competing
metastable phases are present. In particular, we acquire large numbers of defects or other
changes which are not eliminated upon return to the starting material, even if it is still
a single-crystal or polycrystalline material of the only solid phase that is locally ergodic
in the system. One cannot magically make it so without spending enormous amounts of
effort and work on essentially “re-forming”/“transforming” the material at the end of
the cycle back into the original starting equilibrium material. We might treat these large
re-initializations of the working fluid as somewhat external features one would prefer
to ignore when designing and optimizing a work cycle. Nevertheless, such additional
work and entropy production needs to be accounted for when analyzing the finite-time
thermodynamics of systems that employ materials exhibiting long-lived amorphous or
glassy states as working fluids.

3.1.3. Existence of Multiple Metastable Phases in Parallel

Clearly, the situation is even more critical if the material possesses several competing
moderately long-lived metastable phases i at (T, p) values along the path of the thermody-
namic cycle. In contrast to the case of the glassy state, which is expected to vary slowly
while inexorably transforming more and more into the equilibrium phase, we now deal
with well-defined phases that are in local equilibrium on time scales of interest along the
cycle, i.e., once we are in such a phase i, equilibrium thermodynamics holds on time scales
Teqg (T, p) < tops < Tesc(i; T, p). In the following, we distinguish two main cases: where
we start the cycle with the working fluid in the equilibrium phase (case 1), and where we
start with it in a metastable phase (case 2).

First, we discuss the case where the cycle starts with the material in the globally ergodic
equilibrium phase A. At some point (T, p) along the trajectory in thermodynamic space,
we find that the system can/does switch into a different phase B—which can be either the
new equilibrium phase or a metastable phase—since at and beyond the point (T, p), A
has become metastable/unstable on the time scale of observation, t,ps > Tesc(A; T, p; besc)-
Here, t,;s can refer to the total time the system spends in the leg of the path in (T, p) space
where A is only metastable at best as well as to the time allocated to a given pointin (T, p)
space, i.e., the point where the phase transition takes place or should take place. As far as
the possible transition from phase A to phase B is concerned, we are again dealing with
the balance in the time scales for the nucleation and growth process discussed in the two
previous subsections, that is, the time available at any given point along the trajectory
and the total time spent in the leg where phase A is metastable. Let us now assume that
tops > Tesc(A; T, p; besc) for this leg; then, the system will be in phase B starting at some
point along this leg of the cycle. Of course, we again have to optimize the time allocation to
this leg as a whole, and in particular to the transition stage from A to B.

At the end of this portion of the cycle in thermodynamic space, phase B becomes
metastable and phase A is again the equilibrium phase. However, we note that B does not
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necessarily transform nicely back to A; the system might evolve into competing phases
analogous to the crystallization of alternative modifications from the glassy state or an
amorphous precursor mentioned in Section 3.1.2. Instead, several alternatives can occur.
First, B may be a long-lived metastable phase Tesc(B; T, p; besc) > tiorqr for the (T, p) values
of the rest of the cycle; in that case, we will only reach A with a low probability on the
order of (bescm). Alternatively, B could transform into another metastable phase
C (with a certain probability ranging from very small to 100 %), which is a long-lived
metastable competitor to phase A. Finally, some kind of glassy or amorphous state might
appear, as discussed above in Section 3.1.2. Fine-tuning the path and the time spent in
various regions of (T, p)-space along the cycle trajectory might be required in order to
avoid either of these three outcomes if we want to return the working fluid to the starting
phase A at the end of the cycle.

Second, we start in a metastable state C (perhaps because its properties are just perfect
for our purposes). Now, we want to return to this state after finishing the cycle. As long as
we spend less time at each point (T, p) on the path than the escape time 7. (C; p, T), we
might be able to perform the cycle avoiding any phase transition and return to C at the
end of the cycle. However, running through the dangerous parts of the cycle—where C
is highly unstable—at high speed will presumably extract a considerable price in excess
entropy production and lost work compared to the ideal values if we did not have to follow
this fast schedule. However, if we accept the transition to a different phase B at some point
along the cycle, we are again faced with the four possible outcomes upon return to the
starting point of the cycle in thermodynamic space: we remain in the new metastable phase
B, end up in the equilibrium phase A, reach the desired metastable phase C, or are stuck
in a glassy state. Considering that at least some of the undesired options can occur with a
non-vanishing probability, it appears that again a probabilistic approach to the optimization
problem of (a set of) cycles will be needed (see Section 3.1.5).

Figure 5 shows how the possibility of several outcomes when dealing with phase
transitions in finite times may result in different (meta)stable phases along the path in
thermodynamic space. Starting with the equilibrium phase A at point [1], two possible
transitions can occur at the phase transition point TP1. First, phase A can continue while
being metastable until transforming into the new equilibrium phase B where the system
now remains until the phase transition point TP2 is reached; at that point, phase B becomes
metastable and subsequently transforms either into the equilibrium phase A (again after
some delay) or the metastable phase C, and it is assumed that no glassy state is present in
the system. Alternatively, at TP1 we can switch into the metastable phase C and remain
in this phase until TP2 is reached; there, we either stay in the metastable phase C until
we reach the starting point [1] again, or we transform back into the equilibrium phase
A. Of course, there are other possibilities, such as the system staying in phase B (now
metastable) until the end. Keeping track of these possible bifurcations results in a decision
tree, as discussed in Section 3.1.5.

We recall that the material can enter in several ways when employed as a working
fluid, and can influence the analysis of the thermodynamic cycles. From a modeling point
of view, this can pose an external source of problems that, for one, impose restrictions on the
speed along the path or the choice of path as such. For example, one might like to avoid the
unstable region C at the end of the cycle (case 1 above), or perhaps not want to transform
the working fluid into phase B at all if possible. To achieve this, one could, e.g., take a
worse (e.g., more inefficient) path in (T, p)-space, e.g., stay below the phase transition line
that separates phases A and B as far as the process is concerned, while still performing
the desired work, or alternatively by using a different range of temperatures that has
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the disadvantage of producing less work than one would like or generating more excess
entropy. If this avoids the large amount of extra thermodynamic work needed to recreate
the original material, it might be worth the thermodynamic price. Here, we note that if
the transformation to phase B is an integral part of the functioning of the thermodynamic
engine, then it of course cannot be excluded from the thermodynamic cycle.

As we have seen already, a second issue is that the choice of material can impose
an additional fixed cost, e.g., of transforming the material back to A from C. This might
occur in case 1 discussed above, and the extra cost needs to be added on top of the
otherwise optimized route. We note that the phase transition A — B is assumed to be
already included in the optimization procedure, since it belongs to the “ideal” cycle we are
planning to follow.

A third concern might be that we can, e.g., achieve certain goals more easily when
the material has the properties of modification B while running the engine, but phase B
is environmentally unstable (susceptible to rusting) or unsafe (poisonous), and as such
should be transformed back to A after the process is finished and the engine is at rest.
An example might be a switch from a stable insulating material A to an unstable but
conducting material B, where the electrical conductivity is important for the performance
of the cycle, e.g., in a battery.
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Figure 5. Sketch of a simple schematic path in (T, p) space involving three phases. A is the global
equilibration phase below the dark blue line (large dashes) and B is the equilibrium phase above the
dark blue line (large dashes), while the blue (dash-dotted) lines indicate the range of metastability
of phases A and B in the part of the thermodynamic space where the equilibrium phases are B
and A, respectively. The dark green (dash-dotted) line indicates the range up to which the phase
C is metastable; note that C is never the equilibrium phase. TP1 and TP2 indicate the points along
the thermodynamic path the system is following, at which the equilibrium (infinite-time) phase
transitions between A and B would occur. The colors along the path in (T, p)-space indicate which
of the phases are present: black = equilibrium phase A is present at the start and after nucleation
from the phase B (after B has become metastable); orange = metastable phase A or metastable phase
B is present before the transformation to the equilibrium phase takes place (as in Figure 3); dark
blue = equilibrium phase B is present; dashed green = metastable phase C is present; and dotted
black = equilibrium phase A is present after nucleation from the metastable phase C.

3.1.4. Challenges of Cyclic Processes

A number of the issues discussed in the previous examples apply to both cyclic and
line-type processes (where the starting point and end point of the path are different, and the
path does not intersect itself), since any phase transition with inconclusive outcomes will
require the introduction of a probabilistic setup for the optimization of the finite-time
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process. Similarly, any phase transition that is encountered along the path will introduce
possibly large non-equilibrium states of the system. Thus, it becomes problematic to use
the straightforward intuitive (linear response type) models of the relaxation to approximate
equilibrium, which underlie our ability to perform, e.g., analytical calculations when
optimizing the finite-time process. These aspects are present for both cyclic and line-
type paths in thermodynamic space. Cyclic processes employing real materials instead
of abstract thermodynamically perfect ones exhibit their own challenges when compared
with a given line-type process in thermodynamic space, even if the line-type process also
involves various kinds of phase transitions. As pointed out earlier, the major issue for cyclic
paths is the ability to return to the original starting point with the properties of the material
that serves as the working fluid being intact and identical to the state at the beginning of
the cycle.

Several detrimental outcomes have already been discussed, such as the material
being in a different (meta)stable phase when returning to the starting point of the cycle
in thermodynamic space. Examples we have considered are a metastable phase B or C
instead of the original equilibrium phase A, the equilibrium phase A instead of the original
metastable phase C, the metastable phase B instead of the metastable phase C, or some
kind of glassy state. We have also noted that if we were to start with the material in a glassy
state, then aging processes during the cycle can result in the material being in a slightly
different aged (or rejuvenated) glassy state when returning to the starting point at the end
of the cycle, since the glassy material is not in a locally ergodic equilibrium state but in an
ever-evolving marginally ergodic quasi-equilibrium state.

In fact, this issue, raised by the somewhat ill-defined glassy state where the material
is permanently in a slowly evolving quasi-equilibrium, can also appear when employing
metastable and thermodynamically stable crystalline modifications of the material as a
working fluid. The reason is that in these systems we are often dealing with the accumula-
tion of defects in each cycle, which are not eliminated or brought back to their equilibrium
concentrations and spatial distributions after the cycle has ended: the material is back in its
original modification (or has never left it), but many long-lived defects have been created
while undergoing the cyclic thermodynamic process. If these defects affect the physical or
chemical properties of the working fluid, then subsequent cycles will yield slightly different
outcomes even for the same path in thermodynamic space with the same allocation of
time along this path. Of particular importance are long-lasting non-equilibrium defects
on the atomic or mesoscopic level, such as defect clusters, dislocations, domain bound-
aries, or grain boundaries. In the last case, we have usually already crossed the line to
essentially permanent changes on most time scales and for most systems of interest, since
now we are dealing with a polycrystalline material instead of the single-crystal material in
thermodynamic equilibrium that we started with.

Here, we remark that sometimes these non-equilibrium states are preferable as work-
ing fluids because of their specific macroscopic properties. For example, if a glass is
replaced by a poly- or single-crystalline material as the working fluid, it might no longer
have the desired property spectrum, e.g., it might be more brittle, less transparent, etc.
In addition to glasses, an extreme case of such materials with a desirable high “defect”
density on the atomic level might be so-called “high-entropy” materials [140,141], where
we aim for a state with a high degree of so-called “controlled disorder” [7], such as a
super-sized version of a solid solution. As mentioned earlier, solid solutions are equilib-
rium or long-lived near-equilibrium states; often, a material called a “solid solution” is
not yet fully relaxed into thermodynamic equilibrium, and “emits”/“absorbs” heat while
settling into the maximum entropy state. However, these high-entropy solid (solutions) do
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not necessarily correspond (and actually are unlikely to correspond) to thermodynamic
equilibrium phases/states at the temperatures and pressures at which the material is being
used in devices. As a consequence, (T, p) cycles performed using such a material as a
working fluid can very well lead to a change in structure (on the atomic level and on the
mesoscopic level), in particular regarding the compositional atom distribution throughout
the material, and properties of the material can even be different after the cycle. Another
example for a type of quasi-equilibrium material where thermodynamic cycles (in finite
time) are important regarding its properties are battery materials, since each cycle adds a
certain number of more or less permanent “defects”. Here, each discharge-recharge cycle
(at constant temperature and pressure but at different external applied voltages) leaves the
material slightly changed (in a thermodynamically lower metastable state), until no further
cycles are possible and the battery needs to be replaced and the material recycled.

The accumulation of defects raises issues that are also present when we consider
the finite size of the system or when we are dealing with an inhomogeneous material.
In order for an inhomogeneous material to be the equilibrium phase, the material usually
needs to be a composite material or agglomeration, otherwise the system will slowly
evolve towards a homogeneous new (!) material. If we are dealing with such a composite,
then a contact boundary is present, with its own physics and chemistry; in particular,
we encounter possible mixing on the atomic level via diffusion of atoms between the
phases in the boundary zone. At finite times, we cannot achieve a smooth distribution
of the “foreign” atoms as minority “defect”/“solid solution”-type atoms inside the other
phase. Thus, in each of the separate phases there is a gradient of the minority atoms in
the “other” phase, violating the condition of homogeneity in that subset of the composite
material. The equilibrium amount of minority atoms depends on the (T, p) values of the
phase diagram; thus, at least locally in the interface zone, we deal with changes in this
concentration as function of (T, p). Further “irreversibilities” can appear in the quasi-
permanence of cracks and grain boundaries, which are typical mesoscopic features of
a material.

This brings up the issue of the finite size of the material employed as a working fluid: if
we are down to mesoscopic sizes, e.g., employing single crystalline grains of a material, then
this might allow the system to fully equilibrate without appealing to the self-averaging
principle. In particular, we could have single crystal-to-single crystal transformations,
i.e., we do not end up with some of the essentially irreversible changes mentioned earlier,
such as crystal-to-powder-like structure changes on the mesoscopic level, which destroy the
macroscopic reversibility and prohibit the return of the material to its state at the beginning,
thereby violating the assumption underlying every thermodynamic cycle. Another basic
advantage of mesoscopic-size working fluids is that we do not need to worry too much
about the speed with which external changes in the thermodynamic conditions propagate
and spread through the material serving as the working fluid. On the other hand, the size
of the surface is quite large compared to the volume of the material; thus, surface terms
should be taken into account when computing thermodynamic functions for the system.
Furthermore, every phase becomes metastable for mesoscopic size materials—including
the thermodynamically stable one, in principle—and the number of metastable phases in
the system can increase considerably. Finally, many thermodynamic engines must employ
working fluids of macroscopic size in order to be useful in real-life situations.

3.1.5. Probabilistic Optimizations

In the previous subsections, we have already encountered one general way to deal
with those cycles where the system ends up with a final material that is different from
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the original one. First, it is necessary to add a certain amount of work after the actual
work cycle has been performed in order to rejuvenate the material and transform it back
to its original state. This work, and in principle the time required to perform this work,
needs to be taken into account when formulating the finite-time optimization problem,
e.g., by subtracting the time needed for restoring the original phase t,j,, from the total
time ¢4, available for the cycle, such that we can start the next cycle directly after the
material is restored.

As mentioned in the previous subsections, when dealing with competing metastable
phases, one obtains a probability (as function of temperature and pressure) that indicates
the likelihood of the metastable phase i leaving its locally ergodic region R; on the energy
landscape within the observation time spent at this point in thermodynamic space. In the
definition of the escape time, this probability is provided in the form of the characteristic
parameter bes., which indicates that an atomistic trajectory of length T.sc will leave the
region R; with a probability exceeding b,s.. In the definition of the escape time, bes. is
usually assumed to be very small, such that even a small likelihood of leaving the system
counts for defining the time scale Tosc(i; T, p; besc). Conversely, for a given time scale of
interest t,;,; which we want to spend at the point (T, p), we can set this time equal to the
escape time, allowing us to compute the corresponding probability bes.. As a consequence,
once in every 1/b.s cycles on average, the system will end up leaving phase i and end
up in the correct (if we wanted to leave phase i) or incorrect (if we wanted to stay in
phase 7) phase.

Now, we can construct a “decision”-like tree of outcomes for the cycle as far as the
phases that occur during the trajectory in thermodynamic space are concerned, where
each decision (i.e., whether a transition occurs or not along the path) is noted. For each
transition that takes place, we can include the times needed for the transition in the list
of legs of the path and also add the amount of excess entropy production/loss of work
associated with this transition to the cost function of the finite-time optimization problem.
For each path on the decision tree, we can compute the probability that the system will
follow this decision tree path. Furthermore, we can treat each such path of the decision
tree as a separate finite-time optimization problem that needs to be analyzed, taking into
account the constraints due to the transitions that are defined to occur.

In the next step, we optimize the time allocation/distribution for every given path on
the decision tree with respect to the thermodynamic cost function of the cycle. Here, we
must decide whether, for a decision path where the “wrong” state of the material is found
after the regular thermodynamic cycle has been finished, we are willing to “rejuvenate”
the material to its original phase as part of the cycle or not. In the former case, we need to
subtract this rejuvenation time f,,j,, from t;,4,) and add the associated thermodynamic cost
to the cost associated with this decision tree path. Alternatively, we could instead “replace”
the material that ended up in the undesired phase with the material in the correct original
phase obtained from a large reservoir/storage, such as that provided by, e.g., a recycling
company. In the latter case, it is not quite clear which cost and time should be associated
with such a replacement; a compromise might be that we do not subtract the replacement
time from t,,;,;—after all, the recycling company will rejuvenate enormous amounts of
spent material in one fell swoop—yet still add the thermodynamic work needed in this
external recycling process to this path.

Furthermore, we note that when optimizing the cycle following such a decision tree
path we might end up influencing the occurrence probability of this path by varying the
time we spend within the region in thermodynamic space where this transition occurs. This
kind of feedback should be automatically included in the complete optimization problem

199



Entropy 2025, 27, 819

until a self-consistent solution has been reached. In this discussion, we assume that the
probabilities of the transitions occurring in the first place do not change by very much
when we optimize the cycle for a given sequence of transitions assumed to occur along this
decision tree path.

In a second step, we would now consider an ensemble of cycles representing all the
decision tree paths and assign their appropriate probabilities. Because these probabilities
will change depending on the choice of path in thermodynamic (T, p)-space, we can now
perform an optimization on the path the cycle should traverse in thermodynamic space.
Of course, for each choice of cycle path we need to perform the time allocation optimizations
for all the decision tree paths together with a re-determination of the probabilities with
which such decision tree paths will occur.

3.2. Optimal Schedule of Processes Aimed at Synthesis/Production of Materials

In the previous Section 3.1, we have discussed many aspects of thermodynamic cycles
in finite time that involve a working fluid with a complex energy landscape where multiple
locally ergodic and/or glassy regions are present on the energy landscape for the area
of thermodynamic (T, p)-space in which the process takes place. The typical targets of
the optimization are, e.g., minimization of the excess entropy/heat production or loss
of work/generation of extra work due to the finite time available for completion of the
cycle. Another important class of optimization problems associated with thermodynamic
processes following some trajectory in thermodynamic space consists of the production
of chemical compounds and materials in finite time. Here, the goal is the maximization
of the desired product, where the target compound does not necessarily constitute the
thermodynamic equilibrium phase of the system. Alternatively, for a given amount of
product, the goal might be to minimize the amount of work or heat production if the
product needs to be generated within a certain finite time.

Of course, the efficient production of chemicals has a long tradition in chemistry
and chemical engineering, with many processes having been analyzed and optimized in
the past [142-145]. We also find examples where such analyses have been performed by
employing the viewpoint of finite-time thermodynamics, such as studies of distillation
processes [146,147], various chemical reactions [148,149], or maximization of the desired
product obtained upon cooling from a melt by a nucleation and growth process [128].
However, such analyses have usually not taken the complex energy landscape of the
underlying chemical system into account.

Designing syntheses that target specific molecules that would never form by
themselves from a given initial set of atoms or small molecules have been highly
successful [150-152], with molecular chemists developing a plethora of so-called elemen-
tary name reactions [153] that describe specific reaction steps in the multi-step reaction
paths starting from very simple and widely available educt molecules. We note that many
of these target molecules correspond to high-lying minima on the energy landscape of
the chemical system that is defined by the set of atoms making up the molecule. Due to
the high degree of kinetic control of the chemical reactions involved in building up these
specific molecules, moving from one minimum to the next on the energy landscape can be
done in a controlled fashion.

In contrast, aiming for the synthesis of specific solid phases and designing efficient
synthesis routes for this purpose is a much greater challenge for the experimentalist, even
if the goal is only to obtain the thermodynamically stable phase [154,155]. One problem is
that for many compositions in a chemical system even the equilibrium phase is not known
with certainty. Trying to solve the task of identifying all stable solid phases of interest in a
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chemical system spawned the field of crystal structure prediction over thirty years ago (for
reviews, see, e.g., [154,156,157]), which is now in the process of adding machine learning
to its toolbox [158,159]. However, the major reason for the difficulty in systematically
synthesizing such metastable solid compounds in the experiment is probably the lack of
atom-level kinetic control of the chemical processes. Instead, thermodynamics-based tools
such as variations of temperature, pressure, and attempts to (locally) vary the concentration
of starting atoms or precursor materials (crystalline, amorphous, or layers of films) are
mainly employed. Trying to alleviate this issue has led to various film- or atom layer-based
methods [134,160,161], where systematic quantitative analyses of the outcome of the growth
of various crystalline phases (e.g., from an amorphous precursor) have been performed
as function of the applied (thermodynamic parameter-based) synthesis schedule [135,136].
However, there is clearly still a long way to go in this regard.

From the optimization point of view, the major challenge is to guide the system into
the right metastable target phase within finite time, where we assume that we have full
information about the set of relevant local minima and locally ergodic regions on the energy
landscape together with information about the generalized barrier structure including both
energetic and entropic barriers. The issues that arise are in many ways quite analogous
to those discussed in Section 3.1: the many time scales associated with the movement
on the energy landscape when exiting from or equilibrating in (intermediary) metastable
phases or amorphous precursors, the amount of excess entropy/loss of work when trying to
accelerate nucleation and growth processes, the persistence of quasi-equilibrium states such
as glasses, and the probabilistic nature of the outcome of the synthesis even for identical
schedules in (T, p)-space when metastable phases are targeted or need to be passed through
on the route to the final solid compound of interest.

To address these issues, it is possible to employ empirical theoretical models for the
various stages of the envisioned synthesis route. For example, the maximization of the
amount of a crystalline solid phase generated via cooling from the melt within a finite time
tiotar has been investigated [128], where the temperature served as the thermodynamic
control parameter. Using standard elementary models to describe the nucleation and
growth stages of the process, it was found that the solution to the optimization problem
consisted of a bang-bang-type schedule, with the temperature abruptly switching between
a minimum value where the nucleation rate is high for the super-cooled melt and a maxi-
mum value where the growth rate of these nuclei is maximized (note that this maximum
temperature must stay below the melting temperature of the material to avoid a re-melting).
The same study investigated the competition between two different metastable phases,
where the optimization goal was to preferentially generate one of these two phases during
their growth from the super-cooled melt. Here, a bang-bang-type solution for the control
parameter (in this case the temperature) was again obtained.

In the above study of crystallization from a melt, it was implicitly assumed that
empirical models for both the nucleation and growth processes were available, together
with values of the parameters in these models for the chemical system of interest. Fur-
thermore, it was assumed that all relevant metastable phases in the system were known,
such that the predictions would be able to guide the experimentalist in their syntheses.
However, for many systems no such experiments have yet been performed, or none of
the metastable phases that compete with the known equilibrium phase have yet been
synthesized; thus, the empirical laws guiding the processes involved are not available to
perform optimization with.

While distressing on the one hand, on the other it is clear that even some qualitative
guidance in thermodynamic space would already be of great help for the experimentalist
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in finding ways to synthesize any of the metastable solid phases that have been predicted
or intuited to exist in the system, thereby spurring theoretical work in the field even
using very rough approximations. To address this challenge of synthesis route prediction,
it is necessary to perform the finite-time optimization directly on the energy landscape
of the system of interest [7]. A prerequisite is detailed knowledge of the structure of
this landscape, including all local minima of relevance that individually (in the case of
crystalline modifications) or in structurally related groups (in the case of solid solution
phases) are at the center of locally ergodic regions corresponding to these (meta)stable
phases, the (effective) local densities of states for these minima and associated locally
ergodic regions, and the energetic and entropic barriers separating these regions. These
generalized barriers are captured in form of probability flows between the locally ergodic
regions as function of energy during the global landscape explorations [21,94,109]. Such
flows, together with the local densities of states, can be determined using the so-called
threshold algorithm [38,124,162], which explores the regions of the energy landscape which
are accessible from all minima of relevance below a sequence of energy lids.

This information can be used to construct a Markov model description of the dy-
namics of the system on the level of the locally ergodic regions [7,163], i.e., we model the
probabilistic dynamics on the energy landscape in a coarsened picture that considers the
movement of the walker between locally ergodic regions instead of from microstate to mi-
crostate, as would be done in, e.g., a molecular dynamics simulation. The thermodynamic
parameters such as temperature and pressure influence the transition probability entries in
these Markov matrices via the Boltzmann factors and shifts in the enthalpy levels; we recall
that a change in pressure from p; to p, corresponds to a shift (p, — p1)V in the potential
enthalpy of the microstates of the system. As a result of the finite-time optimization, we
find an optimal temperature—pressure schedule in thermodynamic space for each target
phase; these schedules can then serve as a rough guideline for experimentalist to design
their synthesis routes.

Examples of such thermodynamic optimizations on the energy landscape level include
studies by Hoffmann et al. [163-165], who employed the results of energy landscape
investigations of periodic approximants of the magnesium difluoride system [94,166,167]
to construct such Markov matrices for the probability flows as function of temperature and
pressure. Starting the Markovian time evolution from the system at very high temperatures,
the optimal temperature-pressure schedules are computed, enabling to obtain not only the
experimentally-known rutile structure but also predicted metastable alternative phases
such as the anatase and the Cdl, modification to be obtained with a certain probability.

Such in-principle studies constitute only the beginning of the applicability of such
synthesis optimization to realistic systems. The main problem when constructing simula-
tions on the level of the metagraph of the locally ergodic regions for solid state chemical
systems is the number of atoms involved. Thus far, it is only possible for small periodic
approximants to obtain the detailed landscape information required for the construction of
the Markov model—single molecules or clusters are clearly much easier to deal with in
this regard! The problem is that unless the transformation between the metastable phases
occurs via, e.g., a second-order phase transition (as discussed above), real solid materials
typically undergo nucleation and growth processes or grow from glassy or amorphous
precursors. Thus, obtaining the appropriate time scales for the probability flows that allow
us to model the Markovian evolution on the metagraph of the locally ergodic regions in a
quantitatively realistic fashion requires information from landscape explorations for state
spaces consisting of hundreds or thousands of atoms/variable periodic simulation cell,
ideally on the ab initio level of energy. Nevertheless, such explorations are expected to
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become feasible with the availability of machine learning (ML) potentials for multi-atom
systems, as the ML energies of these systems for multi-atom configurations in solids are
reasonable approximations of the ab initio energies for the same configuration but can be
computed orders of magnitude faster [168].

In this context, we comment on the issue of computing free energy differences and free
energy barriers on the atomic level via molecular dynamics or Monte Carlo simulations of
single walkers (or ensembles thereof) for systems that exhibit several locally ergodic regions
that might compete with each other along the path in thermodynamic space. Examples
of classic approaches to computing free energy differences, e.g., between two systems
that can be transferred into each other by some change in characteristic parameters (such
as the strength in the atom—-atom interactions) or between the same system but at two
different points in thermodynamic space, include the thermodynamic integration method
and the thermodynamic perturbation method [169,170]. The basic assumption behind
such approaches is the observation that the work needed to perform such a transforma-
tion/movement on the energy landscape constitutes a lower or upper bound on the free
energy difference [171]. The closer the system can stay to (local) equilibrium during the
procedure, the tighter these bounds will be. Usually, the transformation is performed in
both the forward and backward direction, at least as long as we are moving between two
global equilibrium states. The same considerations apply when the transfer is supposed
to take place between two (meta)stable modifications A and B at the same location or at
different locations in thermodynamic space.

In a practical realization of such a computation, one would employ an ensemble of
walkers on the energy landscape. The movement of these walkers as the thermodynamic
parameters are changed to drive the system from phase A to phase B then corresponds to a
moving ensemble average along the path in thermodynamic space. If the transformation
takes place in finite time t;,,, either extra work needs to be expended or excess heat
generated, as the system will always be slightly out of equilibrium. As a consequence,
we are again dealing with a finite-time optimization problem, i.e., attempting to find the
optimal path in thermodynamic space to move from phase A to phase B while keeping
the ensemble representing the system close to equilibrium everywhere along the path.
In addition, we need to identify the allocation of the available time along the path.

The general question of optimally moving a system in thermodynamic space on
the level of the energy landscape, and thereby computing the free energy differences,
has been addressed in the literature [30]; however, those derivations assume that no bi-
furcations will be encountered. If other locally ergodic regions or marginally ergodic
regions—corresponding to metastable phases or glassy solids, respectively—can be ac-
cessed along with the target phase B with non-vanishing probability, then the ensemble
will no longer stay in or close to thermodynamic equilibrium, since some of the walkers
will visit or even end up in other locally ergodic or marginally ergodic regions of the
landscape. Ensuring that all walkers reach phase B requires additional work performed on
the system, adding to the uncertainty in the free energy calculation already present due to
the finite-time effects along the “correct” route through the energy landscape.

In addition to accepting this handicap and paying the price of extra work or en-
tropy /heat production to force the walkers to stay on the direct route between phases
A and B, one can in principle again employ a decision-tree approach, as mentioned in
Section 3.1.5, where a probabilistic formulation of the many possible outcomes of the cyclic
thermodynamic paths was presented. The advantage of such an approach is that one does
not add essentially uncontrollable forcing terms into the algorithm; furthermore, as a posi-
tive side-benefit, estimates for free energy differences among many metastable phases of
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the system can be obtained. The disadvantage is the enormous number of walkers needed
to probe the energy landscape in a locally equilibrated way along many possible pathways
through the landscape between the locally ergodic regions. The possible appearance of
glassy states is another serious handicap of an unbiased approach, since such non- or at best
quasi-equilibrium states might not be exited on realistic simulation time scales, possibly
requiring the system to be heated close to the melting point. Such a deviation from the
original thermodynamic path will quite likely result in many additional uncertainties in
the calculation of the free energy. Nevertheless, addressing such issues is an important task
in the context of free energy computations for systems with complex energy landscapes.

3.3. Systems with Complex Energy Landscapes Outside Physics and Chemistry

Systems with complex energy landscapes are also found outside the fields of chemistry
and physics, ranging from mathematics and biology over engineering and economics to
the humanities; for an overview, we refer to [8]. In the latter cases, the high-dimensional
single or vector-valued function over a large space of microstates is often no longer called
an energy function; instead, we speak of a generalized cost function. To provide some
specific examples, this function is called the fitness function (which is to be maximized)
in biological systems when discussing evolution; the welfare function in the context of
thermo-economics for multi-agent systems; the happiness function for social systems; the
cost function for planning problems in business level economics; and the objective function
in abstract or practical combinatorial and global optimization problems in mathematics.

In many of these systems, one is mostly interested in identifying the local and global
minima and maxima of the generalized cost function, i.e., most of the effort is devoted to de-
veloping or applying suitable global optimization techniques and algorithms. Because these
algorithms must explore the landscape in an efficient fashion, many of them are inspired
by the way in which physical and chemical systems proceed in a natural way to explore
their energy landscapes in order to reach thermodynamically stable phases. Examples of
such algorithms are the simulated annealing method [172] and genetic and evolutionary
algorithms [173], which have spawned a multitude of variants. Here, the picture drawn
from classical mechanics of a system rolling downhill under the force of gravity to reach
a state of lower potential energy leads to the deterministic gradient descent approach,
while stochastic methods involving random walks on the cost function landscape reflect
the statistical nature of the approach to low-energy minima associated with equilibrium
phases in statistical thermodynamics. Such algorithms have been analyzed by employing
the analogy of a glass transition or a glassy intermediary region on the energy landscape,
which must be passed through before the desired low-energy cost function minima can be
identified [174,175].

The challenges faced in the design and optimization of global optimization algorithms
to explore such multi-minima cost function landscapes with a limited amount of compu-
tational resources are very similar to those encountered in thermodynamic space when
moving from a phase that is stable at high temperatures to the thermodynamically stable
equilibrium phase at low temperatures discussed above. In this context, we note that
the energy landscapes of such combinatorial optimization problems frequently do not
exhibit a well-separated ground state basin that would be analogous to the well-defined
crystalline thermodynamic equilibrium phase at low temperatures. Instead, many of the
landscapes of such optimization problems are more similar to those of spin glasses, which
by definition or construction do not have a well-defined locally ergodic region surrounding
the global energy minimum. Instead, many minima with nearly the same energy as the
global minimum energy exist on the complex energy landscape, and these are located far
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away from the global minimum. This constitutes a qualitative difference from the energy
landscape of a crystalline material modeled with a realistically large periodic approximant
such that isolated defect configurations can be included; in the latter case, all low-energy
minima that have nearly the same energy as the global minimum correspond to equilibrium
defect configurations of the thermodynamically stable zero temperature equilibrium phase,
and as such belong to the same locally ergodic region.

Quite generally, employing a whole ensemble of walkers on the cost function landscape
as opposed to only a single walker allows us to compare the evolution of a thermodynamic
system toward a (meta)stable phase with the gradual establishment of (meta)stable states
of biological, ecological, social, or economic systems, which can reach an equilibrium-
like state regarding the exchange of (biological or economic) goods and resources with
a hypothetical external environment. In particular, when moving from one metastable
biological, ecological, or economic state to another, we encounter problems similar to those
we have discussed for the movement between two metastable solid phases: we need to
invest a large amount of “work” or resources to accomplish the transformation into the
desired biological, ecological, or economic target state. Doing this while minimizing the
extra work or loss of resources within a finite time is clearly analogous to a finite-time
optimization problem. We also note that chaotic and nearly unpredictable changes between
two stable biological, ecological, or economic states can occur in such systems. This can
result in the system being in a non-equilibrium or quasi-equilibrium situation which can
persist for very long times, in analogy to the glassy states of chemical materials.

More concretely, in biological systems we can consider scenarios such as the attempt
to breed certain traits into farm animals or to change the resistance of plants against
“pests” within as few generations as possible or while employing a minimal number of
intermediary breeding animals to be analogues of the scenario involving transformation
of a given solid phase into a different metastable material in an as efficient a manner as
possible. Similarly, we can consider the recovery of an ecosystem [176,177] after, e.g., a
destructive volcanic eruption. Typically, the ecosystem observed in the region V around the
volcano must proceed through a series of metastable ecosystems featuring pioneering and
other intermediary plant and animal generations before a stable ecosystem is reestablished.
Achieving this with a minimal amount of effort within a finite time, perhaps measured
in few decades, requires careful fine-tuning of the environmental conditions experienced
by the region V as function of time, which can strongly influence the types of plants and
animals that will grow and settle in region V after the disturbance. This recovery process
is quite analogous to a series of phase transitions when moving from, e.g., the melt to the
low-temperature equilibrium phase via several intermediary (high-temperature) phases
after the system has experienced an abrupt change in its thermodynamic environment,
such as a quench in temperature and/or exposure to a cycle of high and low pressures.

Such environmental boundary conditions can include the general climate of the region,
the plants or animals introduced by humans in region V after the volcanic eruption, and/or
the (fixed) distribution of plants and animals in the geographic region G surrounding the
region of interest near the volcano V. While the local climate or weather are difficult to
influence by human intervention, the plant and animal populations in the surrounding
region G can be controlled by humans. For example, if region G exhibits an agricultural
monoculture or if predatory animals (wolves, bears, etc.) are systematically eliminated in G,
then this will have a different influence on the final ecological state in region V compared to
if region G were a wild forest. Note that the ecosystem reached in the long-time limit may
be different from the original one before the volcano erupted; there can be many feasible
metastable ecosystems that are stable on long time scales in region V, and the one the system
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settles into might depend on the environmental boundary conditions. We remark that there
is actually no reason to assume that these boundary conditions completely determine the
final ecosystem in region V; in principle, many long-time metastable ecosystems could exist
for the same set of environmental boundary conditions.

While it is clear that there are many fascinating examples of (thermodynamic-like)
processes for systems that have complex energy landscapes in fields of science outside the
realm of physics and chemistry, we do not want to go into greater detail here as far as these
biological, ecological, social, and economic systems are concerned. Considering, e.g., the
mathematical formulation of thermo-economics and expounding the correspondence of
its variables with those of thermodynamics would require a lengthy presentation which is
beyond the purview of this perspective. Nevertheless, it should be clear that the concepts of
finite-time thermodynamics are applicable to many of these non-physical systems, and can
provide guidance about the optimal route toward the establishment of the desired states in
these systems. Conversely, insights gained from dealing with systems in biology, ecology,
or economics may inspire new work in the finite-time thermodynamics of chemical and
physical systems.

4. Conclusions

After a short presentation of some fundamental concepts of finite-time thermody-
namics and complex energy landscapes, we have discussed a number of prototypical
processes and cycles that involve phase transitions of the working fluid material or the tar-
get material of a synthesis process. A major focus has been on cycles that include a simple
back-and-forth transition between two equilibrium phases, at least in the limit of infinite
time available for performing the cycle. To study such systems in the context of finite-time
thermodynamics, it is necessary to employ appropriate models for the nucleation and
growth processes involved in the phase transitions, in addition to models describing the
relaxation to equilibrium along those parts of the thermodynamic path where the system
stays within an equilibrium phase. Similar considerations arise when we try to optimize
synthesis routes to achieve specific (meta)stable phases in a given chemical system, where
the synthesis includes standard first-order phase transitions or where various nucleation
and growth processes occur, starting from thermodynamically stable materials and also
from those that are not in thermodynamic equilibrium, such as amorphous precursors
or glasses.

In principle, this task is straightforward as long as the available time for the whole
process t;o4, is sufficiently large to allow the system to remain close to equilibrium along
the whole path in thermodynamic space and no bifurcations occur. In that case, the main
challenge is to adapt and derive appropriate models for the above mentioned relaxations
and transitions, and then to implement them as part of the optimization problem.

However, when analyzing the time scales involved, in particular those of the nucle-
ation and growth processes during the phase transitions, the equilibration and escape
times associated with the many competing metastable phases, and the time scale on which
glassy materials very slowly convert into the crystalline equilibrium phase, it becomes
clear that such cycles can run into major problems in practical applications. The reason
for this is that the finite time t,,;,; available for finishing the thermodynamic work cycle
or line-type path is often not sufficient to guarantee that the material employed as the
working fluid is transformed into precisely the specified phase or state via the planned
phase transitions along the path. In addition to encountering difficulties in reaching the
intended phases during the process itself, the system might become stranded in alternative
(meta)stable phases or a glassy state at the end of the process, i.e., the working fluid might
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not be returned to its original thermodynamic and structural state upon return to the origin
of the cycle in thermodynamic space or the desired product material might not be obtained
in sufficient amounts or purity. As a consequence, for a non-negligible fraction of the
cycles, large amounts of undesired (metastable) phases or glassy states can appear along
the thermodynamic path or non-equilibrium defects may accumulate in an essentially
irreversible fashion.

Performing (and optimizing) these processes will presumably require quite radical
measures; a large amount of additional work or time £,,,, may have to be invested after
the end of the cycle in order to rejuvenate the material back into its original state, especially
if one wants to repeat the cycle many times as part of a long-time process, in which case it
is not usually possible to discard the working fluid at the end of the cycle. Essentially, one
would have to add a recycling stage for the material in its final state or add a generic loss
term to the final accounting of the process. Nevertheless, finite-time optimizations will be
useful even here in trying to minimize the number of cycles where irreversible changes in
the working fluid take place. Alternatively, it would be necessary to substantially alter the
work cycle or synthesis path in thermodynamic space, avoiding all possible appearances of
undesired phases and states of the material.

In trying to address this problem in full generality, we must account for all possible
paths that the system might follow as far as the phases and states it can display are
concerned. This requires the construction of probabilistic trees for a systematic analysis of
the possible bifurcations during the thermodynamic process under study: in this approach,
we note the possible outcomes together with their probability of occurrence at each point or
leg along the path in thermodynamic phase space where a transition to a (meta)stable phase
or quasi-equilibrium state such as a glass can occur. Combining this information with the
models for the nucleation and growth processes and for the relaxation processes as functions
of temperature and pressure, we can formulate and investigate the probabilistic optimal
control problem for performing finite-time processes involving bifurcations regarding both
the choice of path in thermodynamic space and the time allocation along this path.

In addition to the use of materials as working fluids that can experience phase transi-
tions during a thermodynamic cycle in finite time or designing efficient synthesis routes
towards new materials that exhibit metastable phases, there exist a multitude of other
systems that also exhibit complex energy landscapes with many long-time stable states,
analogous to the metastable phases in chemical systems; such systems appear in economics,
where many different business strategies and economic systems can be stable on reasonably
long time scales, as well as in biology and ecology, where many different kinds of animals
and plants can survive in similar ecological niches and where whole ecosystems can be
realized for the same external geographical and climate conditions. Studying and opti-
mizing the dynamics of these systems that exhibit stable states which can be transformed
into alternative ones—but possibly with high costs if the transition is forced to take place
on short time scales—can potentially benefit from the use of methods developed for the
study of finite-time thermodynamics and the optimization of thermodynamic cycles in
finite time.
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Abstract: Our study lies at the intersection of three fields: finite-time thermodynamics,
relativity theory, and the theory of hyperbolic conservation laws. Each of these fields has its
own requirements and richness, and in order to link them together as effectively as possible,
we have simplified each one, reducing it to its fundamental principles. The example chosen
concerns the propagation of chemical changes in a very large reactor, as found in geology. We
ask ourselves two sets of questions: (1) How do the finiteness of propagation speeds modeled
by hyperbolic problems (diffusion is neglected) and the finiteness of the time allocated to
transformations interact? (2) How do the finiteness of time and that of resources interact?
The similarity in the behavior of the pairs of variables (x, t and resources, resource flows)
in Lorentz relativistic transformations allows us to put them on the same level and propose
complementary-type relationships between the two classes of finiteness. If times are finite, so
are resources, which can be neither zero nor infinite. In hyperbolic problems, a condition is
necessary to select solutions with a physical sense among the multiplicity of weak solutions:
this is given by the entropy production, which is Lorentz invariant (and not entropy alone).

Keywords: finite-time thermodynamics; finite resources; Lorentz invariance; entropy
production; optimization; complementarity relations; hyperbolic problem; conservation of
matter; four vectors; non-equilibrium

1. Introduction

“Finite-time thermodynamics” studies the evolution of non-equilibrium systems sub-
ject to finiteness constraints: finite resources, finite time allocated to transformations, etc.
A criterion is used to define the values of physical quantities that make a given objective
optimal (see, among many references, [1-7]).

It should be emphasized that the established term “finite-time thermodynamics”
requires the incorporation of a minimum dissipation criterion. We put (finite-time) in
parentheses if we emphasize the first part (finite-time) at the expense of the second (mini-
mum dissipation), but, for us, the second part is indeed present.

Studies on the subject are generally based on a single space-time reference frame.
They do not consider the case of another reference frame moving relative to the first. A
relativistic approach raises a number of questions: How do finiteness constraints change?
How do quantities change and accommodate the contraction/dilation effects established
for space and time? How do optimization criteria change? What compatibility is there
between different points of view?

We will not address these questions in general terms but rather in a specific manner,
shifting them in two new directions that constitute the two objectives of our research:

Entropy 2025, 27, 700 215 https://doi.org/10.3390/e27070700
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(1) How does thermodynamics in finite time work for large systems in terms of spatial dimen-
sions? We are thinking of geological systems measuring tens or hundreds of meters, or
even more. In mathematical models, the transport of constituents within such systems is
not driven by diffusion and its infinite propagation speeds but by advection with finite
propagation speeds (diffusion is negligible at the scale considered). It is, therefore, appro-
priate to consider weak solutions in the mathematical sense for the propagation equations,
simulating the displacement of discontinuities (hyperbolic problems). The finiteness of the
velocities will lead to the finiteness of the times through simple relationships. The word
geology attached to the example we will discuss simply indicates that we are dealing with
large scales of space and time, where propagations, regardless of their actual speeds, have
time to become noticeable.

(2) What is the link between the finite space and time of (finite-time) thermodynamics and
the finite resources it discusses? Indeed, thermodynamics in finite time encompasses studies
in which finiteness concerns both time and resources using the same methods. Does this
not point us towards a deeper organic link expressing a form of equivalence between time
and resources? Addressing this question brings us back to the fundamental philosophical
question of the nature and existence of time. We have addressed this question in our works
using relational logic: time and space have no definition in themselves; they are names
for relationships between phenomena, or in this case, between resources. This is one way
of interpreting the theory of relativity, which is expressed mathematically in Lorentz’s
relations. The pairs of quantities (x, t and resources, resource flows) behave in the same way
with respect to Lorentz transformations. The mathematical development proposed in this
study will, thus, lead us to propose organic relationships between time and finite resources.

These two directions are, a priori, independent of each other. Their possible intersec-
tions constitute complementary research directions that will be outlined in the conclusions
of this article.

Addressing these research directions requires articulating three fields: thermodynam-
ics, in particular finite-time thermodynamics; the theory of relativity; and the theory of
hyperbolic conservation laws. Each of these fields is very rich, and we will not go into their
details here. Therefore, we will present a very simplified view of each of them, focusing
on their philosophical foundations (that have been renewed to a certain extent) without
exploiting their full richness.

Thermodynamics, in its elementary structure, studies evolving systems (second law)
subject to conservation constraints (first law). Similarly, thermodynamics in finite time is
understood here in its simplest form, based on the very words that define it: finite time,
i.e., the study of systems for which a finite evolution time is considered, whether imposed
or derived from the solution of the problem. In this context, the question of temperature,
although essential in finite-time thermodynamics, will not be addressed directly, although it is
hidden in entropy, and entropy production will be the dissipation criterion to be minimized.
The duality of conservation and evolution, which is at the heart of thermodynamics, refers to
the duality of space and time discussed in the theory of relativity. We look at the latter theory
with a philosophical perspective (see below) that is also fruitful in thermodynamics.

For us, the theory of relativity is fundamentally a theory that proposes to construct and
discuss the concepts of space and time by choosing a standard of motion that allows different
systems in relative motion to interrelate. This interpretation, which is an extension of classical
interpretations, is set out in our numerous works. It is based on a relational logic in which
objects of thought (space, time) are the names of comparisons between material entities, which
we will refer to here as the (finite) resources studied, as we have said. It is not so much the
high value of the speed of light that matters as the relationships between the different speeds

216



Entropy 2025, 27, 700

involved (in our relational understanding, important in relativity are the v/c ratios, whatever
the value of the standard ¢, as if it could be considered on its own, which cannot be done in
general terms: for us, the expression “speed of light” has no meaning by itself).

To gain this broader view of relativity, we draw on philosophy. The strength of physics
lies in giving full value to the tools it uses (measurements, concepts, mathematical symbols,
equations). It assumes correspondence with the compartments of reality that are supposed
to exist separately (we can speak of realism or, in a slightly different sense, positivism
or pragmatism). This allows for remarkable efficiency. Philosophy, on the other hand,
confronts an infinitely complex reality where everything is connected to everything else.
The world infinitely exceeds all representations we can make of it. Philosophy never
stops reflecting on the conditions that make objective knowledge possible and on the
paths that lead us to adopt one or another concept of physics. There are moments in the
history of physics when it is essential to take a philosophical step back from what has
been constructed, in order to possibly shift our choices in understanding reality. This,
therefore, concerns relativity but, also, in another way, thermodynamics, as we have shown
in our works. This allows us to accommodate various difficulties (conceptual, experimental,
mathematical) that have arisen since the last construction. But efficiency in our actions will
require a new pause in fundamental questioning.

Finally, the theory of hyperbolic problems is provided by the example chosen. This
field is not well known to thermodynamicists (it is present in its own way in extended
irreversible thermodynamics [8,9]; see also [10]). The term “hyperbolic problem” refers
to the classification of partial differential equations (parabolic, elliptic, hyperbolic). A
hyperbolic problem exhibits solutions with finite propagation speeds. It gives rise to
discontinuous solutions and must, therefore, be placed in an appropriate mathematical
framework, that of distributions. We then face a multiplicity of solutions (known as
weak solutions), and a criterion must be added to select those that make physical sense.
This is entropy production, and this structure (equation + selection criterion), thus, shows
a similarity to finite-time thermodynamics. The fact that the example chosen comes from
geology is not important. What is important is the mathematical structure of the hyperbolic
problem, its concern with discussing different contrasting scales of space and time, and its
ability to deal with real discontinuities in the sense of distribution theory.

In return for these simplified /modified views on thermodynamics, relativity, and
the theory of hyperbolic conservation laws, we will provide original results, instructive
answers to the two specific questions specified above, and research proposals for the
scientific community. The logical structure of our approach is summarized in Figure 1.

Four boxes are distinguished, as variants of thermodynamics in finite time in the
broad sense. We make a distinction, along the vertical axis, between the treatment of
continuous physical quantities (bottom) and discrete quantities (top); along the horizontal
axis, between the finiteness of time in the strict sense (left) and the finiteness of resources
(right). The transition from the lower level to the upper level corresponds to larger scales
of space and time where propagation speeds are finite and diffusion is neglected (we mark
this with D — 0; discontinuous solutions; hyperbolicity of the problem). The transition
from the left level to the right level amounts to exchanging the reference parameters, i.e.,
time and space (left) and flow of resources (right), according to a relational interpretation of
the theory of relativity (they behave in the same way in Lorentz transformations). Arrows
1 and 2 refer to topics discussed in this study, as mentioned above, while arrows 3 and 4
represent research directions briefly discussed in the conclusions.

Our plan will be as follows. In the first part (theoretical background), we will set
out the useful formulations for placing ourselves in a relativistic framework (in particular,
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using four vectors, writing the transformation of quantities and requesting Lorentz invari-
ance). In the second part (results), we present the example studied and its solution: the
finiteness relations express the conservation of matter, and the criterion for optimizing or
choosing physical quantities is the production of entropy. We will look at how the various
quantities and equations used (conservation, optimization criterion) are transformed. We
will highlight the complementary-type relationships between time finiteness and resource
finiteness. We conclude with a discussion section.
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Figure 1. Logical structure of our research.

2. Theoretical Background
2.1. Revision of Mathematical Tools

If we place ourselves in a framework compatible with the relativist approach, we
must revise our conceptual equipment. It is useful to deal with physical quantities not
“on their own” but by associating them in pairs that allow us to define four vectors: it
is these that will be the subject of relativistic transformations. The pairs (position, time;
energy, momentum; electric charge, current) are among the best known. In relativity, we
extend this formalism to three-component vector pairs such as electric field, magnetic field
in appropriate tensorial mathematical entities.

In the present thermodynamic approach, we will have to deal with entropy in this way.
What pair should we consider for it? For reasons that will become clear later, we propose
the pair (entropy, entropy flow), denoted (S, F), where entropy S is a scalar depending
on the variables f of the system, and F is a three-dimensional vector. This pair is already
used as such in the solution of the hyperbolic-type equations we will be dealing with
in our example (part 3) Entropy is a non-conserved quantity but this does not affect our
choice. In the Lorentz transformation (see below), we will retain the entropy production
associating the two vectors S and F (in their temporal and spatial derivatives, respectively):
this mathematical form is conserved regardless of its sign. As we will see it is remarkable
that Kruzhkov’s formulation of hyperbolic problems puts equalities and inequalities on
the same footing. It is possible to choose another time reference based on the pair (f, g)
that satisfies the entropy condition (Section 2.4), and this will not change the behavior with
respect to Lorentz invariance. It is tantamount to placing ourselves in a potentially open
system, which is in line with the conclusions of quantum thermodynamics: there is no
rigorously closed physical system that has no relationship with the rest of the universe [11].
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There is still controversy surrounding the choice of an entropic optimization criterion in
relativistic thermodynamics, as we will discuss further below.

For the concentration variables used in our example, we must similarly consider a
pair (concentration, concentration flux) for a small, open rock system; we will call it (f, g).

2.2. Links Between the Concepts of Space and Time

Our work on relativity has led us to renew our interpretation of the concepts of space
and time (see, for example, [12-14]). Our approach is not one of substantial epistemology, in
which the concepts of space and time are each grasped for their own sake; it is of relational
epistemology, in which they are grasped in opposition/composition to each other, based on
a comparison between phenomena or movements (these being envisaged in a primary way
before words, through experience, experimental protocols, embodied cognition, designa-
tion). To space correspond the relative movements that are barely perceptible or “stopped”,
compared to faster movements on which time is defined. Quantitative measurements
are made by giving a particular movement the role of a standard: this is the meaning of
the second postulate of the theory of relativity. In this context, it is interesting to take up
the mathematization of time using three intermediate parameters: the coordinates of the
position of the mobile that defines time (the photon in the atomic clock has replaced the
relative position of the sun and the earth), i.e., ty, ty, tz. From these three coordinates, we
can define the scalar t in various ways, for example, by t = , /12 + tﬁ + t2. This formula is a
way of constructing the usual time as a scalar. The invariance of the relativistic distance is
another topic; it may also be written with the three intermediate pre-time coordinates. This
approach offers greater symmetry between spatial and temporal variables and opens up
new possibilities compared with the standard approach. For entropy, we need to define an
intermediate vector with three components, Sy, Sy, S;, measuring the inhomogeneity of a
system along the three directions of space and enabling us to define the entropy scalar. This
is useful for generalizing the results that follow, but, no more than for time, we will not
need this generalization, as we will be reasoning on a simple one-dimensional example. We
will be dealing with pairs of scalars: (x, t) or (S, F). Generalization to several space and time
variables is not a priori a problem, apart from the cumbersomeness of the formalism. For
now, this provides a framework for placing the pairs (x, t) and (f, g) on the same footing.

2.3. General Conservation Constraints

The systems studied in (finite-time) thermodynamics are subject to finiteness con-
straints of various kinds. Here, we shall consider constraints on the conservation of matter:
together with the equivalent conservation of energy, these are the most fundamental con-
straints that can be expressed for common physical systems. In the general case, we must
write them in the following local form; f is a physical quantity defined by its volume
concentration, and § is a flux vector in three-dimensional space:

of

=t divg =0 1)

Knowing that we will restrict ourselves here to laws of the form

of 98 _
§+5_0 (2)

where f and g are two scalars. We will assume that, due to the granularity of the representa-
tion adopted, there is no production term in the mass balances. The preceding relationship
can be understood another way: in a relational spirit, the space and time variables x and
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t, and more generally the physical quantities f and g, are not known in themselves but
only in their reciprocal relationships: we express the latter by the equality of their coupled
variations (partial derivatives) of the type

of _ %

ot ox 3)

(we keep the—sign to respect the first conservation formulation). Knowing that the
dual expression
of _ 98
R 4
ox ot @)
would also be an admissible law. In the general framework proposed in our work, complete
formulations would be of the type
of O, of.

+3gx+@ﬁ &

at, Tat, Tor. Tox "oy Tz 0

- ; ag;j
which is derived by summation of elementary equalities of the type % = — {%- It can be

shown [15,16] that the equations of mechanics and Maxwell’s equations can be put into
this form through various changes of variables. See also [17]. The nullity of a transport
derivative along an appropriate motion would be yet another way of understanding
Equation (2).

For the pair (entropy, entropy flow), we do not have a strict equality in a conservation
equation, but the inequality expressing the second law in an open system; the entropy
balance is written:

JdS OoF
-2 4= >
I 8t+8x >0 (5)

And we also write (even if this rarer notation is confusing) the following:

;s

I=P(s) ="

where d;S refers to the change in entropy due to the phenomena internal (i for internal) to
the system (as opposed to the processes in relation with the fluxes).

2.4. Lorentz Invariance and Conservation Laws

Lorentz transformation will play hereafter. It allows us to pass from the values (x, t)
(we use one dimension of space and one of time), evaluated in a first frame of reference, to
those (x’, t') in a second frame of reference moving relative to the first. Subject to various
constraints (linearity, isotropy of space, homogeneity of space and time, compliance with
the two relativity postulates), we obtain the following results:

X' =ax + bt

t' =bx + at 6)

with only two coefficients a and b and not four (expressing a formal symmetry between ¢
and x; we have taken ¢ = 1), which depend on the speed v of displacement between the two
reference frames, according to

f= b= 7)
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The expressions of the Lorentz transformations in relations (6) and (7) depend on the
choice of clocks made. In our new perspective on the theory of relativity, mentioned in the
introduction, we highlight the importance of the hidden movements of photons in clocks
(which cannot be punctual). Depending on the choices made, various expressions of the
Lorentz transformations are possible, as we show in [18], commenting on various results in
the literature. Here, we used the standard formulations.

As we shall see, there is a special link between Lorentz invariance and the general form
of linear conservation laws, explained above for pairs (f, g) of two scalars; in Equation (2),

of L 9g 0

§+8x_

Let us now write down the Lorentz transformation for the quantities f and g linked

we have written:

by law (2). We want this law to be Lorentz invariant, i.e., to be conserved in a change of
Galilean reference frame R — R’ (Einstein’s first postulate), with reference frame R’ moving
at speed v relative to reference frame R. It is shown in [16] that the law

ofr  dgl
37 T3 =0 ®)
is also verified, provided we write:
f=af +bg
g =0bf +ag )

where the coefficients a and b describe the Lorentz transformations for x and t. Equations
(2), (6) and (7) have been used (the Lorentz transformation assumes the second postulate
of relativity). We, therefore, obtain transformation laws for physical quantities that are
identical to the transformations for space and time coordinates (these results can be found
in the developments of standard relativity, even if it is a little hidden; we give this result
a general value. Expressed in the standard covariant notation adopted in relativity, any
conservation law can be expressed as: 9;J; = 0, where | is the suitable 4-vector. When
expressing it in this form, it is immediately clear that a Lorentz transformation would not
change the form of the law).
The reciprocal holds. If the transformation laws of type (6), (7) and (9) are verified,
then the laws (2) linking f to g and (8) linking f” to ¢’ are such that
of dg ofr adgl
o Tox ~ow T aw {10)
This last result expresses both the form of the law sought and its invariance under the
action of the change of reference frame; if we note that relations (10) are valid for all forms
of functions f and g, they are particularly verified for functions f and g equal to zero, and
the common value of the two expressions in relation (10) is zero. This is written as:
of dg ofr g/
3 + o0 Tog = 0 11
Thus, a necessary and sufficient condition for a law to be Lorentz invariant (the Lorentz trans-
formation being given for x and ¢) is that it has the specified form of type (2) or a mathematically
equivalent form (at orders derived or integrated with respect to the original formulation).
The characteristic of this form is to equalize derivatives of quantities with respect to time
with derivatives of coupled quantities with respect to space. This is the case for what we
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call the basic laws of physics. As mentioned above (note (3)), this is the case for Maxwell’s
equations and the equations of mechanics usually tested for Lorentz invariance. If the form of
the equations confers Lorentz invariance, as is well known, we emphasize here the reciprocal
proposal and its generality. This result expresses a strong link between relational thinking (we
spoke of relational epistemology) and Lorentz invariance. It also shows that the pair (x, t) is on
the same footing as pairs of physical quantities in duality and behaves in the same way or,
conversely, that pairs of type (f, g) behave like pairs (x, t). This is a way of saying that space
and time can be defined by the measurements of f and g. This will allow us to understand the
expressions “finite time” and “finite resources” as having a real mathematical equivalence
(and not just a practical one), which is one of the objectives of our study (see Section 3.5).

2.5. Entropy Balance

The same applies to entropy (by formally replacing f and g by S and F in the linear

conservation relation)
oS oF 9S/  OF/

o Tax T aw owm (12)
In particular, if
oS OF
=+ >
o Tox = (13
We will have 35 SF
/ I
a7 >
or T ow =0 (14)
With again
S’ =aS + bF
F’ = bS +aF (15)

where a and b are the coefficients of the Lorentz transformations given by (7). In the
relativistic thermodynamics literature, it is generally accepted that the entropy scalar
function S is a relativistic invariant, i.e., S’ = S, although it is pointed out that consensus
on the issue does not seem to have been reached (see in the numerous references [19—44]
along with general considerations on relativistic thermodynamics).

For the general reasons we have given we think it useful to embed S in four vectors
(S, F). In short, we mustn’t separate physical quantities from the laws in which they are
involved, in this case laws involving the simultaneous time and space derivatives of
dualistic quantities. It's a way of joining up with the requirements of quantum mechanics
concerning the absence of rigorously isolated systems. We are then led to
_9dS/  dF/

S  9F asr  3F1 _ 6)

!
P(S) =gtz =PE) =55 +35 2

and relativistic invariance concerns entropy production, not entropy alone. The optimiza-
tion criterion we are interested in here (see below) is that given by (13), and, in the study of
reference frame changes, we will rely on relation (16).

3. Results
3.1. Study of an Example

Let us turn now to the concrete example already suggested. We assume that the balance
of a physical quantity f is governed by the following conservation equation, analogous to
of |, 98

af Tax 0

(2) seen above:
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where g represents the flux of the quantity f (recall that the problem is posed in one
dimension of space x and one of time t). This equation simulates the behavior of a rock
defined by the concentration f (related to the unit length) of a single chemical constituent
C (e.g., iron) in the solid phase ([45,46]; ion-exchange columns provide an analogous
problem [47]). The rock is traversed in its porosity p (assumed to be low) by an aqueous fluid
in disequilibrium, characterized by the concentration g in the fluid. The flow involves the
velocity w of the percolating fluid and the porosity p in the complete expression pwg. We
will assume that we have normalized the quantities so that pw (Darcy velocity) = 1, and a
velocity is, thus, hidden in g. Then, the velocity w of the fluid is assumed to be uniform,
constant, and non-dimensional. This somewhat surprising choice is made for practical
reasons, in order to respect the simple form of the continuity equation of type (2).

Another surprising choice on our part is the inclusion of our example in a relativistic
thermodynamics framework. This physical example is not likely to involve anything
moving at relativistic speeds. Without fast particles, it is not immediately clear how
“relativistic thermodynamics”, the theoretical structure used here, could be tested. Would
ordinary Newtonian/Galilean mechanics, perhaps in its diffusion form, not suffice? In
response to this natural objection, we would say that we are using the word relativistic in a
broad sense, certainly in continuity with and consistent with the standard meaning: we
speak of relativity to refer to the general structure of our understanding of space and time,
extending beyond the realm of physics and into the human and social sciences. It points
the way to a close relationship between time and space. Relativity allows us to discuss
the behavior of space and time, which manifest themselves in interesting ways when we
consider relative movements between reference frames (refer to our introductory remarks).

We will also assume that a local equilibrium is achieved between the solid and the
fluid, according to a law, called an isotherm, not necessarily linear, g = g(f). By normalizing
the quantities appropriately, we assume that g(0) = 0 and g(1) = 1 (Figure 2).

g

0 1 F
Figure 2. Isotherm linking rock and fluid concentrations at equilibrium. The concentration f of
the chemical constituent in the solid is shown on the abscissa, that in the fluid, g, on the ordinate.
Concentrations are normalized so that the amplitude of variation is between 0 and 1 in the solid and
in the fluid respectively. The isotherm is concave downwards and connects points O (0, 0) and B
(1, 1). An intermediate point A is shown. Hyperbolic problem theory teaches that the velocities of
progression of different concentrations in space are proportional to the slopes of the isotherm at the
corresponding points. So, the arrow drawn from point B, tangent to the isotherm at this point, gives
the speed of progression of concentration (1, 1). Similarly, shocks or discontinuities between various
points have velocities proportional to the slopes connecting the points concerned [48]. So, a shock
between point (0, 0) and point A will have a velocity along OA, and the shock between point B and
point (1, 1) will have a velocity along AB.
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We impose a disequilibrium on the system with the following contrasted initial and
boundary conditions (Figure 3): the fluid arrives at x = 0 with ¢ = 1 in a rock characterized
by g = 0 for t = 0 from abscissa 0 to infinity to the right. We are considering a reactor of size
L. We are interested in the finite time T for complete transformation of the reactor to the
value 1 of the concentrations. This will correspond to a finite content @ of the component
inside the reactor and an integrated flux necessary for transformation I'.

0

t=0
Figure 3. Representation of the reactor studied. The reactor of finite length L is represented along
the x-axis. The fluid enters from its left side at x = 0, and leaves to the right from x = L. The initial
concentration in the fluid contained in the reactor (and along the x-axis) is ¢ = 0, the incoming
concentration at x = 0 is g = 1. The corresponding equilibrium concentrations for the solid are f = 0
and f = 1, respectively.

Various scenarios are possible, described by g(x, t) distributions. For reasons of
generality and because it is interesting and fruitful to do so (see introduction), we pose the
problem in terms of distributions in the mathematical sense (weak solutions). Multiple,
discontinuous solutions (also called shocks) may indeed be encountered; continuous
solutions are called rarefaction waves or détentes. We need to impose an optimization
criterion that selects the weak solutions that make physical sense. Let us insist: it is
an important property of hyperbolic problems when looking for weak solutions in the
mathematical sense, i.e., representing true discontinuities in the sense of distribution
theory, to present multiple solutions (non-unique). Solutions are complete spatio-temporal
evolutions g(x, t) linking boundary conditions as specified (Riemann problem). To do this,
we postulate the existence of a (entropy, entropy flux) pair, i.e., (S, F), where S depends on
the quantity g (or, what is equivalent, to f, thanks to local equilibrium), verifying (see the
theory of hyperbolic problems [48,49]):

oS OF
P(S) = 5 T ar >0

There are weak formulations of the previous entropy condition. It also corresponds to

an extremum [50]. This is in line with [3]. The local equilibrium condition can be written

as [45]: s aF

of og
Hyperbolic problem theory teaches that the velocities of progression of different
concentrations in space are proportional to the slopes of the isotherm at the corresponding
points (scalar case). Similarly, shocks or discontinuities between various points have
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velocities proportional to the slopes connecting the points concerned (cf. [48,51]). Refer to
the caption in Figure 2.

3.2. Solving the Problem

Figures 4-6 show various weak solutions to the problem posed in Figure 3. In Figure 4,
two compositional shocks or discontinuities propagate through the system. The shock
leading from the starting concentration (f = ¢ = 0) to that of point A moves more rapidly
than the shock seeing the concentration change from that of point A to that of point B.
The concentration at point A can have any value between 0 and 1. In Figure 5, after an
initial shock similar to that in the previous figure, we see a rarefaction wave between
A and B. Figure 6 shows the propagation of a single shock going directly from level 0 to
level 1. The various profiles satisfy the shock conditions just described.

g 4

1] B

0 g X

Figure 4. Representation of the reactor crossed by two composition discontinuities. The state of the
reactor at a given moment has been represented, traversed by a composition discontinuity leading
from g = 0 to point A, followed by another discontinuity connecting point A to point B; points A and
B are shown in Figure 2. Applying the rules governing velocities recalled in the caption of Figure 2,
we can see that the velocity of the first front is almost six times faster than that of the second. The
arrow perpendicular to the vertical discontinuities indicates the direction of the corresponding fronts
(to the right).

g
‘!

o

e B

0 " %

Figure 5. Representation of the reactor pervaded by a shock and a rarefaction wave. By comparison
with the previous figure, the discontinuity between 0 and A is kept, but there is a rarefaction
wave between A and B. The advance velocity of B is given by the tangent to the isotherm at the
corresponding point (see Figure 2). The arrow perpendicular to the vertical discontinuity indicates
the direction of the corresponding front (to the right).
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Figure 7 shows a rarefaction wave between point O (0, 0) and point B (1, 1). Only this
rarefaction wave meets the entropy condition. In fact, this profile can be understood as
meeting a stability constraint: if a fluctuation causes an intermediate composition between
0 and 1 to appear, this composition is maintained and propagated in the sequence of
compositions, because its speed is between the speeds of the upstream and downstream
compositions (the profiles in the previous figures are not stable, as they cannot avoid the
propagation of intermediate compositions between the compositions of the initial condition
and the composition of the boundary condition, should these appear through fluctuation).
More generally, practitioners of hyperbolic problems trace paths in the isotherms connecting
the extreme points of the boundary conditions. In the general case, and for isotherms with
more complicated shapes than that in this study, the optimal path in the sense of the entropy
condition is given by the convex envelope to the isotherm between the extreme points.

g,

0 / X

Figure 6. Representation of a reactor traversed by a single shock. Here, we have the case of a single
discontinuity between point O (0, 0) and point B (1, 1) with a velocity equal to 1, i.e., the slope of
the segment connecting the two points on the isotherm (Figure 2). The arrow perpendicular to the
vertical discontinuity indicates the direction of the corresponding front (to the right).

g
1

oo

\

[ X

0

Figure 7. Representation of the reactor through which a composition rarefaction wave takes place. In
contrast to Figures 4-6, the reactor here is traversed by a complete rarefaction wave linking point (0, 0)
and point (1, 1) of the isotherm (Figure 2). The first velocities (for the smallest concentrations), visible
on the slopes of the isotherm, are faster than those for the largest concentrations, which arrive behind
(lower slopes) and are therefore ahead, generating the rarefaction wave. Only this configuration
respects the entropy condition and makes physical sense.
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3.3. “Finite” Quantities

On the basis of the above results, we can define various quantities characterizing the
finiteness of the problem: time T for the complete transformation of the reactor of size L. We
can see from the above that this is the time it takes for the composition B to pass through
the reactor from abscissa 0 to abscissa L. Depending on the case, the speed of B is not the
same, particularly if B is produced after a shock (non-physical solution, Figures 4 and 6) or
at the end of a rarefaction wave (physical solution, Figure 7, or partially physical, Figure 5).

The times T are as follows, for Figures 4-7, respectively (we call T, the transformation
time corresponding to the propagation shown in Figure 4, and similarly for other times):

T4 = L/vsp where v4p is the velocity of the shock passing from A to B

Ts = L/vp where vp is the velocity of point B (tangent to the isotherm)

Te¢ =L/vog =L where vpg =1

T7 = L/ U = T5

We can also calculate the total quantity @ of chemical component C contained in the
reactor of dimension L and the finite flux I" that was required for the transformation. Here,
we see that @ =I' = L. This particular result originates from the initial condition where
g(t=0)=0.

3.4. Moving Frame: Transformation of Equations

Let us now consider a moving frame of reference R’, relative to the frame of reference
R used to solve the problem described in the previous section. Let v be the relative velocity
between the two reference frames.

In our example, there seems to be a clear preferred frame of reference in the form of
the rock medium in which the water carrying the atoms of the chemical element we are
interested in (iron, for example) moves. This is clearly a specific physical frame of reference,
and with this frame of reference present, it is simply not clear how Lorentz invariance could
be appropriate. There are two answers to this question. The first is that the reference frames
used in standard relativity all have distinctive features that make each one privileged in
its own way (in the example of Langevin’s twins, the reference frame at rest relative to
the Earth, the earth itself, is quite special). Second, we can say that we are operating at a
mathematical level and that the two reference frames R and R” have no other characteristic
at this level than that of having a relative displacement. From a general point of view, in
the geological example, we can easily imagine other reference frames in relative motion
(such as the fluid in migration).

We will bring into play the relativistic approach described in the first section and ask
ourselves a series of questions:

- What will be the new conservation equation linking the physical quantities in the
moving frame of reference?

- What will be the new optimization criterion?

- What relationships can we write between the quantities x, t, f, g, S, F (frame R) and the
quantities x’, t', f*, ¢’, S’ and F’ (frame R’)?

- How will the finite quantities L and T, as well as @ and I', which relate to the (finite-
time) thermodynamics problem, be transformed?

- Can we write relationships between these different finite quantities?
These questions can be answered simply for this particular example, thanks to the

results of the first part. The conservation Equation (2) is Lorentz invariant and the new
equation is identical to (8) above

of! 8g/7
o T owr 0
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And, as far as the optimization principle is concerned, it is also Lorentz invariant and
we will have the condition given by (16)

_0S/ OF! >0

P(S/)—E‘F@ e

We are, therefore, in the simple situation of having the same Lorentz transform
formulas for both space and time variables and for concentrations, as in (6) and (9).

X" =ax + bt

t'=bx +at
and

f =af +bg

8 =bf +ag

where a and b are the coefficients given by relation (7). We will not dwell on what concerns
the primary physical quantities involved in the Lorentz transformations just written. In
our research on (finite-time) thermodynamics, we will take a closer look at what concerns
the finite quantities L, T, @ and T

3.5. Moving Reference Frame: Transformation of Finite Quantities

The transformation of space amplitudes L is given by the following classical formula:
L=L"/a (17)

ith
wi 1

_ 2
2

where a is greater than 1. This relationship expresses that a length L’ evaluated in the

a =

moving frame of reference is seen contracted from the fixed frame of reference. For
durations T, we also have, according to the classic formula

T=aT (18)

where, this time, the durations evaluated T” in the moving frame of reference are seen
dilated from the fixed frame of reference. From the above relationships, we derive

IT=L'T (19)
or

LT

o (20)

which expresses that the relative variations of lengths and durations are correlated. This
relationship has been commented on in the literature. In the case of three dimensions of
space, rather than “conservation of a hypervolume” [52], we prefer to see it as that of a
norm Xt;x;, see [53].

Let us now look at how the quantities @ and I are transformed. To do this, let us return
to the first postulate of relativity: the laws of physics are the same in the two reference
frames in Galilean motion relative to each other. Just as quantities @ are evaluated in
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proportions of lengths L, quantities @ will be evaluated in proportions of lengths L’, in
accordance with the following ratios

O/L=d/L (21)

For I flows, we can similarly say that they are evaluated by T durations and that the
following relationships must be respected

r/T=1")T (22)

Relationships (21) and (22) could just as well be understood by saying that ¢ and

I' provide the units of space and time. By multiplying the two previous relationships,
we obtain

OI/IT=9'T"/L'T (23)

By virtue of LT = L'T’ (19), this gives
Pr=9'T”’ (24)

This relationship expresses that the relative variations of the finite quantities @ and
I' are also correlated. This expression could be obtained independently if we decide to
measure space and time using the quantities f and g. In both cases (by direct independent
determination or indirectly via Equations (19), (21), and (22)), the expression @ I' = @’ I’
remains the same, even if the specific values of @, I', @, I”” that verify it differ.

Other similar relationships can be obtained. Carrying (17) into (21), we obtain

O = /a (25)
Using (18), this gives
OT = @'T’ (26)
hich 1 it
which we can also write T o
T

Analogous reasoning yields the relationship

TL=T'L’ (28)
which we can also write L

This expresses a complementarity between finite resources (reactor contents, summa-
tion of the flux supplied) and finite space and time. The size of the systems mobilized
and the possible durations of the reactions concerning them have something to do with
the quantities of resources involved, directly or contributed. We believe that the results
expressed in relations (26) to (29) are important, even from a purely qualitative point of
view. They place (finite) time and space on the same level as (finite) material flows and
resources. They were obtained thanks to the theory of relativity, but this theory could now
be forgotten. However, it has fully played its role, which we see as fundamentally that of
linking the construction of space and time variables to the comparison of concrete material
processes at work in physical reality.
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4. Discussion and Conclusions

At the end of this work, let us sketch out a few conclusions: the future will tell us what
general value they may have, having been obtained by studying an example. We can use
them as a basis for further fundamental research, to be carried out over the long term. In
summary, the relationship between relativity and thermodynamics in this work is based on
the fact that the thermodynamic quantities f and g are treated as relativistic, even though
the velocities are low. It is also based on the combination of relationships involving the
pairs (f, ) and (x, t), which highlight the organic relationships between finite resources and
finite time. The relationship between finite-time thermodynamics and hyperbolic problems
is based on the fact that there are multiple weak solutions and that a thermodynamic
criterion is used to select them.

The constraints brought by the relativistic functioning as influencing the thermody-
namic functioning, particularly in the use of four vectors, have oriented us, as far as the
optimization criterion is concerned, towards the entropy production. Entropy alone is not
a relativistic invariant.

We have seen the complementary-type relationships between finite resources and
finite time and space. Finitudes are linked between space and time, on the one hand, and
resources and their flows, on the other. If time is finite, so are resources, which can be neither
zero nor infinite. This is a way of reiterating that space and time cannot be thought of on their
own and are a way of understanding the phenomena associated with material resources.
This is a way to explore dimension 2 in Figure 1. Along these lines, we can imagine
posing the problem differently, by exchanging the roles of the variables (x, f), on the one
hand, and (f, g), on the other, in the mathematical equations, in particular the conservation
Equation (2) from which we start. The equivalence between the two approaches expresses
the equivalence between time/space and flows/quantities of matter.

With regard to the role of hyperbolicity (dimension 1 in Figure 1) for large systems,
we have seen that neglecting diffusion allows us to obtain finite propagation speeds and
ensure a finite time that depends directly on them. The trade-off for this choice is the
multiplicity of weak solutions for g(x, t) evolutions.

We mentioned two research directions, labeled 3 and 4, in Figure 1. To proceed
in direction 3, we must resume the hyperbolic approach by exchanging the variables
(x, t) with the variables (f, g). These mark space and time, and the old scale of space and
time is distorted. To proceed in direction 4, we must introduce weak solutions into the
Lorentz transformation. A line of research into these questions is provided by the works
of Andresen and Essex ([54] and other references therein). These authors are interested in
what we are able to see of systems, depending on the comparative speeds of the processes
taking place within them and the time we spend observing them. Thus, we can say that
when scanning a spatial system, the abrupt variations found within it may or may not
be considered as discontinuities depending on the speed of the scan (i.e., the temporal
pixel). If the scan is slow or defined with a sufficient temporal resolution, we will see the
intermediate states of the abrupt variations and will not consider them as real mathematical
discontinuities. At faster observation speeds, we will not see the intermediate states (and
with larger temporal pixels): we will then conclude that discontinuities are present. If
we now compare the views we have of a system from two reference frames in relative
motion, we conclude from relativistic effects relating to time dilation that the question of
discontinuities will not arise in the same way in the two frames (the question may arise in
one frame but not in another). All this must be clarified in appropriate research.

We have also seen that relativistic changes in conservation constraints and optimiza-
tion criteria are analogous. Can we see these two types of mathematical relations as the
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expression of one and the same point of view? We can think of Kruzhkov’s [55] formulation
of hyperbolic problems, where conservation and entropy conditions derive from a single
mathematical writing. We may also think of the formulations of the two principles of
thermodynamics as forms of a single principle entitled “stable-equilibrium-state-principle”
according to [56] (see also [57]) from which, out of equilibrium, formulations are derived.
Finally, the results we obtained give us food for thought on the relationships between
thermodynamics and relativity. We can indeed write complementarity-type relations
linking entropy variations and its flux to spatial and temporal quantities (identical to (26)
and (27)). Is this a way of understanding the necessity for homogeneity, of both spatio-
temporal origin (based on regularly spaced graduations, in the postulate ¢ = cte) and
thermodynamic origin in the second law? In [58], we laid propositions in this direction.
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