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Preface

This Reprint brings together several valuable papers published in the Special Issue Principles of

Variational Methods in Mathematical Physics of the prestigious journal Axioms. It represents a collection

of articles and reviews centered on the major themes of the fundamental principles of variational

methods, the theoretical aspects related to the main theorems and their numerous variants, and

various problems in mathematical physics addressed using these approaches.

This series of papers falls within the scope of applying variational methods to fundamental

problems in mathematical physics and to the modeling of real phenomena. Within this Reprint,

it is once again demonstrated that the foundation of the calculus of variations lies in Ekeland’s

variational principle, together with its generalizations and variants, as well as the theorems derived

from or equivalent to it. These ensure the theoretical framework upon which solutions to problems in

mathematical physics are constructed. Based on such constructions, the analysis is further developed

through appropriate numerical methods suggested by the variational approaches used to obtain the

solutions.

Both theoretical developments and applications are included in order to characterize important

real and concrete phenomena. The present studies include methods for solving and/or characterizing

solutions to certain problems in mathematical physics involving the p-Laplacian and the

p-pseudo-Laplacian. These methods rely on surjectivity and variational results to characterize weak

solutions of Dirichlet or Neumann problems for the aforementioned operators, thereby contributing

to the completion of solutions for a sequence of models arising from real phenomena.

In addition, a version of Ekeland’s variational principle on a weighted graph is established,

together with its equivalence to Caristi’s fixed point theorem and to Takahashi’s minimization

principle. The usual notions of completeness and topology are replaced by weaker versions expressed

in terms of the considered graph, and converse results, namely, the completeness of weighted graphs

for which one of these principles holds, are also investigated.

Furthermore, the inverse problem of the calculus of variations, which seeks the variational

antecedent of a given partial differential system, is addressed. Since statements regarding the

underlying Lagrangian structure of a dynamical system are typically affirmative rather than

constructive, each successful construction is ad hoc and relies on intuitive steps that must be

independently inferred for each problem. By exploiting a formal structural affinity between two

different physico-mathematical entities, one of which, being second-order in time, possesses a natural

Lagrangian structure, the Lagrangian of the other is constructed through an appropriate modification,

thereby yielding a well-structured solution.

A systematic approach to the thermodynamically consistent modeling of isothermal dissipative

continuum problems, based on the concept of standard dissipative continua, is also proposed and

applied to two example problems. The formulation explicitly allows for different spatial regions

associated with different physical behaviors, as well as for the description of interfacial processes.

The variational approach proves advantageous for both temporal and spatial discretization of the

space-time continuous problem; in particular, for certain classes of problems, generic temporal

discretization schemes with known convergence properties are employed.

A rigorous mathematical analysis is also provided for the problem of an elastic body with a thin

rigid inclusion crossing the external boundary at zero angle. The existence of solutions is established,

and an asymptotic analysis with respect to the damage parameter is carried out, considering the limits

as this parameter tends to infinity and to zero. The well-posedness of the boundary value problem is

ix



demonstrated, and the corresponding limit models are analyzed.

The existence of a solution to an associated optimal control problem is also proved, enabling the

determination of the optimal shape of the rigid inclusion. In addition, a study of the data completion

problem for the Cauchy-Stokes equation in a cylindrical domain is presented, in which Neumann and

Dirichlet boundary conditions are prescribed on part of an overdetermined boundary, with the aim of

reconstructing the missing data on the remaining portion. This approach is based on the factorization

of elliptic boundary value problems, allowing a direct expression of approximations of the missing

data, formulated as an optimal control problem.

In one of these works, a fractal modification of the nonlinear Schrödinger equation is presented

for the first time based on the fractal derivative. The semi-inverse method is employed to establish the

corresponding fractal variational principle. This principle is expected to deepen the understanding of

the nature of physical phenomena in fractal space and to provide new perspectives for the application

and further development of variational approaches.

I believe that this collection of eight scientific papers, connected by the common theme of

applying variational methods to solving problems in mathematical physics, with a view toward their

application in modeling real phenomena, represents a significant contribution to scientific literature.

Irina Meghea

Guest Editor
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Review

Solutions for Some Mathematical Physics Problems Issued
from Modeling Real Phenomena: Part 1

Irina Meghea

Department of Mathematical Methods and Models, Faculty of Applied Sciences, University POLITEHNICA of
Bucharest, 060042 Bucharest, Romania; irina.meghea@upb.ro or i_meghea@yahoo.com; Tel.: +40-756575418

Abstract: This paper brings together methods to solve and/or characterize solutions of some prob-
lems of mathematical physics equations involving p-Laplacian and p-pseudo-Laplacian. Using
surjectivity or variational approaches, one may obtain or characterize weak solutions for Dirichlet or
Newmann problems for these important operators. This article details three ways to use surjectivity
results for a special type of operator involving the duality mapping and a Nemytskii operator, three
methods starting from Ekeland’s variational principle and, lastly, one with a generalized variational
principle to solve or describe the above-mentioned solutions. The relevance of these operators and
the possibility of their involvement in the modeling of an important class of real phenomena deter-
mined the author to group these seven procedures together, presented in detail, followed by many
applications, accompanied by a general overview of specialty domains. The use of certain variational
methods facilitates the complete solution of the problem via appropriate numerical methods and
computational algorithms. The exposure of the sequence of theoretical results, together with their
demonstration in as much detail as possible has been fulfilled as an opportunity for the complete
development of these topics.

Keywords: modeling real phenomena; mathematical physics problems; p-Laplacian; p-pseudo-
Laplacian; surjectivity methods; variational methods; Dirichlet problem; Neumann problem

MSC: 35A01; 35A15; 35J35; 35J40; 47J30

1. Introduction

Problems for partial differential equations involving the p-Laplacian and p-pseudo-
Laplacian are mathematical models that often occur in studies on the p-Laplace or p-pseudo-
Laplace equation, generalized reaction–diffusion theory, non-Newtonian fluid theory,
non-Newtonian filtration, the turbulent flow of a gas in a porous medium, glaciology, non-
Newtonian rheology, etc. These fractional order operators are very important mathematical
models describing a multitude of anomalous dynamic behaviors in applied sciences. In the
non-Newtonian fluid theory, the quantity p is a medium characteristic. Media with p > 2 are
called dilatant fluids and those with p < 2 are pseudoplastics. If p = 2, they are Newtonian
fluids. The p-Laplacian appears in the study of flow through porous media in turbulent
regime at Diaz et al. [1,2] or glacier ice when treated as a non-Newtonian fluid with a
nonlinear relationship between the rate deformation tensor and the deviatoric stress tensor,
as described by Glowinski et al. [3]. It is also used in the Helle-Shaw approximation for a
moving boundary problem by King et al. [4] and also for “power-law fluids” at Aronson
et al. [5]. The p-Laplacian also appears in the study of flow in porous media (p = 3/2, at
Schowalter et al. [6]) or glacial sliding (p ∈ (1, 4/3], at Péllissier [7]). Quasilinear problems
with a variable coefficient appear in the mathematical model of the torsional creep (elastic
for p = 2, plastic for p → ∞; see in Bhattacharya et al. [8] and at Kawohl [9]). A nonlinear
field equation in Quantum Mechanics involving the p-Laplacian for p = 6 was proposed by
Benci et al. [10].

Axioms 2023, 12, 532. https://doi.org/10.3390/axioms12060532 https://www.mdpi.com/journal/axioms1
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Surjectivity methods to solve and/or characterize the solutions for Dirichlet problems
involving the p-Laplacian and the p-pseudo-Laplacian have been previously used by the
author in [11], together with other variational results, in [12] where two solving methods
are displayed, in [13] which discusses some Fredholm alternative types, in [14] with solu-
tions for the p-pseudo-Laplacian treated following two approaches, and in [15] involving
surjectivity methods. Solving such problems via results obtained with Ekeland variational
principle and other generalized variational principles has been the goal of other works of
the author where some Dirichlet or Newmann problems have been studied as in [12,14,16]
with the use of a perturbed variational principle, in [17] with variational procedures, as
also in [18]. Mountain pass theorem variants and applications involved in modeling real
phenomena are performed by the author in [19], while other applied variational methods
are capitalized on by the author in [20,21], and several variational principles, together with
generalizations and variants, have been compared and analyzed in the monograph [22].

The fractional differential equations are frequently used as modeling tools for pro-
cesses implied in anomalous diffusion or spatial heterogeneity [23]. Also, in water resources,
fractional models have been used to design chemical or contaminant transport in heteroge-
neous aquifers. In the field of magnetic resonance, fractional models of the Bloch–Torrey
equation for drawing anomalous diffusion have been considered. Concerning the domain
of cell biology, anomalous diffusion has been measured in fluorescence photo-bleaching
recovery and fractional-in-time models have been created for simple types of chemical
reaction–diffusion equations and for the simulation of microscale diffusion in the cell wall
lining of plants. Similar problems appear in models of chemical reactions, heat transfer,
population dynamics and so on [24]. Power law diffusion equations with p-Laplacian
having constant and/or variable p are significantly related to researches on non-Newtonian
fluids, turbulence modeling phase transitions, data clustering, machine learning and image
processing. Many studies devoted to power-law diffusions call for the development of effi-
cient numerical methods for solving elliptic partial differential equations with nonlinearities
of p-type gradient [25].

The interest in these kinds of operators is topical both for mathematical approaches
and results, as at Mukherjee et al. [26], Zhang et al. [27], Benedikt et al. [28], Lafleche
et al. [29], Cellina [30], Khan [31], Xu [32], Akagi et al. [33], Gulsen et al. [34] and Lee
et al. [35], and also for applications in many models in various fields, as in Rasouli [36],
Yang et al. [37], Elmoataz et al. [38], Gupta et al. [39], Liero et al. [40] and Silva [41].

In this paper, several sequences of results are proposed, starting from the most gen-
eral and abstract theory, passing step by step through many concrete stages until their
applications in models issued from design of real phenomena. The focus falls on a very
extended justification, containing all the necessary details and displaying all the theoretical
arguments. Some of the results presented in this paper are introduced with an integer
justification background and they are used to obtain and/or characterize the solutions
of equations of mathematical physics proposed by other authors for similar problems
for which they gave solutions via different methods. For such problems resulting from
mathematical modeling, we came up with original solving methods following the in-
volved abstract frame. From these original approaches stems the novelty of this work.
Our interest is now focused on such kinds of problems and their solutions, and this is
one of the initial studies for future developments to find a mathematical model (there is
none available) that can be applied for describing diffusion phenomena involved in the
micro-emulsification of disperse systems in tight connection with surface properties at the
interface in self-organized systems.

This article is the first part of review type of the work under this title containing
whole theoretical support detailed in a complete exposition of the arguments, while many
applications of the results presented here represent the aim of another original paper under
the same title, Part two.
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2. Surjectivity for the Operators λJϕ − S: Applications to Partial
Differential Equations

2.1. Surjectivity of the Operators of the Form λT − S

In this section, a generalization of a theorem from [42] (Theorem 1.1) is presented
and in this result the author used: normed space instead of Banach space, bijection with
continuous inverse instead of homeomorphism. Two corollaries of this statement, obtained
in [12,14], have also been presented.

Firstly, to have a short expression, we introduce the following.

Definition 2.1. T: X → Y, where X and Y are normed spaces, is (K, L, a), where K > 0, L > 0,
a > 0, if

K ‖x‖a ≤ ‖Tx‖ ≤ L ‖x‖a ∀x from X.

Proposition 2.1. Let X and Y be real normed spaces, T: X → Y (K, L, a) odd bijection with
continuous inverse and S: X → Y odd compact operator. For any λ �= 0, if

lim
||x||→+∞

||λTx− Sx|| = +∞,

then λT − S is surjective.

Proof. Let z0 be from Y; we state that:

∃ x0 in X e.g., λTx0 − Sx0 = z0. (2.1)

Take R > 0 with the property (see the hypothesis)

‖x‖ ≥ R ⇒ ‖λTx − Sx‖ > ‖z0‖ (2.2)

and the open ball from Y σ : = B(0, r), r : = |λ| LRa. If y ∈ ∂σ and y = λTx, then ‖x‖ ≥ R,
and hence,

‖ λTx− Sx ‖
(2.2)
> ||z0|| (2.3)

Let be the operator A: Y → Y,

Ay = ST−1
( y

λ

)
A is compact, odd and Ay �= y when y ∈ ∂σ (ad absurdum, put y in the form λTx and

take into account (2.3), i.e., 0 /∈ (I − A)(∂σ)). Applying Borsuk theorem, the Leray-Schauder
degree d(I − A, σ, 0) is odd. However,

H : [0, 1] × σ → Y, H(t, y) = Ay + tz0

being a homotopy of compact transformations on σ, we have

d(I − H(0, ·), σ, 0) = d(I − H(1, ·), σ, 0), i.e.,
d(I − A, σ, 0) = d(I − A − z0, σ, 0),

consequently, d(I − A, σ, 0) is an odd number, particularly different from zero, therefore
∃y0 in σ, e.g., (I − A − z0)(y0) = 0 and it remains only to take x0 in X with y0 = λTx0 to
obtain (2.1). �

3
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Corollary 2.1. Let X, Y be real normed spaces, T: X → Y odd (K, L, a) bijection with continuous
inverse, S: X → Y odd compact operator and α : = lim

||x||→+∞

‖Sx‖
‖x‖a < +∞. If

|λ| >
α

K
, λ ∈ R,

then λT − S is surjective.

Explanations [43], Volume 5, V, §5, 11.91, p. 372: f : X → Y, X and Y normed spaces,

lim
||x||→+∞

‖ f (x) ‖de f
= inf

ρ>0
sup
x∈X
||x|| ≥ρ

‖ f (x) ‖ = lim
ρ→+∞

sup
x∈X
||x|| ≥ρ

‖ f (x) ‖ .

If α = lim
||x||→+∞

‖ f (x) ‖, then xn ∈ X ∀n from N, and ‖xn‖→ +∞ implies lim
n→∞

‖ f (xn) ‖
≤ α.

If α = lim
n→∞

‖ f (xn) ‖, for any (xn) with xn from X and ‖xn‖ → +∞, then α = lim
||x||→+∞

‖f

(x)‖.

Proof. It remains to prove:

lim
||x||→+∞

||λTx− Sx|| = +∞, (2.4)

Assuming, ad absurdum, the contrary, obtain ρ > 0 and a sequence (xn)n≥1, xn ∈ X, ‖xn‖ →
+∞, e.g.,

‖λTxn − Sxn‖ ≤ ρ ∀n ≥ 1. (2.5)

From (2.5),

lim
n→∞

∥∥∥∥ λTxn

||xn||a
− Sxn

||xn||a
∥∥∥∥ = 0,

hence, lim
n→∞

[
|λ|‖Txn‖
‖xn‖a − ‖S(xn)‖

‖xn‖a

]
= 0, and as lim

n→∞
‖S(xn)‖
‖xn‖a ≤ α, it results

lim
n→∞

|λ|‖Txn‖
‖xn‖a ≤ α. (2.6)

But the condition (K, L, a) imposes:

K ≤ lim
n→∞

‖Txn‖
‖xn‖a . (2.7)

From (2.6) and (2.7), we obtain K ≤ α
|λ| . If α �= 0, then |λ| ≤ α

K , which contradicts
the hypothesis, and if α = 0, then K = 0, also in contradiction with the hypothesis, and
consequently, (2.4). �

Corollary 2.2. Under the conditions of Corollary 2.1, if α = 0, then λT − S is surjective for λ any
in R\{0}.

2.2. Surjectivity for Operators of the Form λJϕ − S, Jϕ Duality Map
2.2.1. Preliminaries—Duality Map

Let X be a real Banach space, X* its dual (), x* an element any in X*, 2M the set of
subsets of M.

Definition 2.2. ϕ: R+ → R+ continuous and strictly increasing with ϕ(0) = 0 and lim
r→+∞

4
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ϕ (see, for instance [43], Volume 2, p. 27r) = +∞ is, by definition, weight or normalization function.
The multiple-valued map Jϕ : X → 2X*, ϕ weight,{

Jϕ0X = {0X∗},
x �= 0 ⇒ Jϕx = ϕ(||x||){x∗ ∈ X∗ : ||x∗|| = 1, x∗(x) = ||x||},

equivalently,

x ∈ X ⇒ Jϕ x = {x* ∈ X*: ‖x*‖ = ϕ(‖x‖), x*(x) = ϕ(‖x‖)‖x‖},

is, by definition, the duality map (on X) relative to ϕ. (Beurling-Livingstone).
Its name becomes normalized duality map when ϕ(t) = t (in this case, x* ∈ Jϕ x ⇐⇒ x*(x)

= ‖x‖2 = ‖x*‖2).

Definition 2.3. Let X be a real normed space. A nonempty set β of bounded subsets of X, having
the properties:

1o
⋃

A∈β
A = X, 2o A ∈ β⇒ −A ∈ β, λA ∈ β(λ > 0) and

3◦ β is filtered to the right related to the inclusion “⊂”, i.e.,

for any A, B in β ∃ C in β, e.g., A ⊂ C and B ⊂ C,

is called bornology on X.

Let β be a bornology on X. The function f : X → R, which is locally finite in the point
a (i.e., there exists a neighborhood of a on which f is finite), is, by definition, β-differentiable
in a if there exists ϕ in the topological dual X* such that for every S in β, we have:

limu
t→0
h∈S

f (a + th)− f (a)
t

= ϕ(h) (uniform limit on S for t → 0).

ϕ is the β-derivative of f in a, and it is denoted by

∇β f (a).

If β is the set βG of the finite symmetrical parts of X or the set βF of the bounded
symmetrical parts of X, the β-derivative coincides with the Gâteaux derivative and Fréchet
derivative, respectively.

Proposition 2.2. 1◦ Jϕ x �= ∅ ∀x in X;
2◦ For any x in X, Jϕ x is a convex, closed, bounded part of X* (it is contained in the sphere of

the equation ‖y‖X* = ϕ(‖x‖));
3◦ Jϕ x = ∂ψ (x), the subdifferential in x, where

ψ(u) =
‖u‖∫
0

ϕ(t)dt

(apply Asplund theorem; since ψ is continuous and convex, ψ is Gâteaux differentiable in x iff
∂ψ(x) has a single element, and then ψ′(x) = ∂ψ(x); consequently, Jϕ is uni-valued iff ψ is Gâteaux
differentiable, and in this case, Jϕ x = ψ′(x));

4◦ Jϕ is odd (Jϕ (−x) = − Jϕ x ∀x in X);
5◦ Jϕ(λx) = ϕ(λ‖x‖)

ϕ(‖x‖) Jx, ∀x in X\{0}, ∀λ ≥ 0;

5
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6◦ Jϕ is monotonous; more precisely: ∀x, y in X and ∀x*, y* from Jϕ x, Jϕ y,

(x* − y*)(x − y) ≥ [ϕ(‖x‖) − ϕ(‖y‖)](‖x‖ − ‖y‖) ≥ 0;

7◦ The normalized duality map is linear iff X is a Hilbert space;
8◦ If x* ∈ Jϕ x, then x ∈ Jϕ−1 (x*) (duality map on X*);
9◦ Jϕ, Jϕ1 being duality maps on X, there exists μ: [0, +∞] → [0, +∞) such that

Jϕ x = μ(‖ x ‖)Jϕ1 ∀x in X;

10◦ Let x, y be in X. Then, ‖x‖ ≤ ‖x + λy‖ ∀λ ≥ 0 iff there exists x* in Jx, J the normalized
duality map on X, with the property x*(y) ≥ 0 (Kato).

Furthermore, retain that if Jϕ is uni-valued, then it is coercive since:

lim
‖x‖→+∞

〈Jϕx, x〉
‖ x ‖ = lim

‖x‖→+∞
ϕ(‖ x ‖) = +∞.

The Banach space X is, by definition, smooth (Krein) if

∀x �= 0 there exists x*
0 unique in X∗, e.g., ‖ x∗0‖= 1, x∗0(x) = ‖ x ‖ .

Thus, any duality map on a smooth space is uni-valued and reciprocal.
Since x*

0 from X* is sub-gradient in x0 �= 0 for x → ‖x‖, iff ‖x*
0‖ = 1 and x*

0(x) = ‖x‖
and x → ‖x‖ is convex and continuous.

Proposition 2.3. X is smooth space iff the norm of X is Gâteaux differentiable on X\{0}.

From this, combined with Proposition 2.2, 3◦, we obtain:

X smooth ⇒ Jϕ x = ϕ(‖x‖)‖x‖′, x �= 0. (∗)

To validate this formula, we prove the following:

Proposition 2.4. Let X and Y be real normed spaces and f : X → Y be Gâteaux differentiable, F:
Y → R of Gâteaux C1 class. Then, g : = F o f is Gâteaux differentiable, and g′(x) = F′(f (x)) o
f′(x) [43].

Proof. We use the formula of finite increases [43], Volume 9, p. 93:
Let β be a bornology on X and f : X → R β-differentiable on the segment [a, b] from X.

There exists θ in (0,1) such that:

f (b) − f (a) = ∇β f (a + θ(b − a))(b − a).

Standard justification. Take F: [0,1] → R, F(t) = f (a + t(b − a)). With δ being small,

F(t + δ)− F(t)
δ

=
1
δ
[ f (a + t(b− a) + δ(b− a))− f (a + t(b− a))],

let A be in β with b − a ∈ A (property 1◦ from the definition of the bornology), and take the
limit for δ→ 0, F′(t) = ∇β f (a + t(b − a))(b − a), F(1) − F(0) = F′(θ), with θ in (0,1), etc. �

6
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We continue the proof of this proposition. Let x0 and h be in X.1   1   
,

lim   , lim   0,lim   0
and hence the conclusion, since:   and      :  ,       
(the sequence (‖ F′(yn) ‖) is bounded, being convergent),

‖ F′(yn)(a)− F′(b)(a)‖ = ‖
〈

F′(yn)−F′(b) , a〉 ‖ ≤ ‖ a ‖ ‖ F′(yn)−F′(b)‖. �

Finally, we introduce the following:

Definition 2.4. F: X → 2X* is upper semicontinuous in x0 if, for any neighborhood V of F(x0) in
the ∗-weak topology on X*, there exists U neighborhood of x0, e.g., F(U) ⊂ V.

Proposition 2.5. Any duality map Jϕ on X is upper semicontinuous on X (Browder).

Definition 2.5. A Banach space X is called strictly convex (Clarkson) if one of the following
equivalent properties is fulfilled:

1◦ x �= y, ‖x‖ = ‖y ‖ = 1 ⇒ ‖λx + (1 − λ)y ‖ < 1 ∀λ in (0, 1);
2◦ x �= y, ‖x‖ = ‖y‖ = 1 ⇒ ‖x + y‖ < 2;
3◦ ‖x + y‖ = ‖x‖ +‖y‖, y �= 0 ⇒ ∃ λ ≥ 0 with x = λy;
4◦ ‖x‖ = ‖y‖ = 1 and‖x + y‖ = ‖x‖ + ‖y ‖ ⇒ x = y;
5◦ The sphere {x ∈ X: ‖x‖ = 1} does not contain any segment;
6◦ Any x* from X* attains its inferior upper bound on the unity ball of X in at least one point;
7◦ The function x → ‖x‖2 is strictly convex.

Proposition 2.6. If X* is smooth (respectively strictly convex), then X is strictly convex (respec-
tively smooth). The reciprocal assertions are true when X is reflexive.

Proposition 2.7. If the Banach space X is reflexive, there exists a norm on X equivalent strictly
convex such that the dual norm is also strictly convex. (Lindenstrauss, Asplund).

Definition 2.6. A Banach space is uniformly convex (Clarkson) if

∀ε > 0 ∃δ > 0 such that ‖x‖ = ‖y‖ = 1 and ‖x − y‖ ≥ ε⇒ ‖x + y‖ ≤ 2(1 − δ),

equivalently

‖ xn ‖ = ‖ yn ‖ = 1 ∀nin N and ‖ xn + yn ‖ → 2 ⇒ lim
n→∞

(xn − yn) = 0.

7
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A Banach space is local uniformly convex (Lovaglia) if

∀ε > 0 and ∀x with ‖x‖ = 1 ∃δ > 0 e.g., ‖y‖ = 1 and ‖x − y‖ ≥ ε⇒ ‖x + y‖ ≤ 2(1 − δ),

equivalently,

‖ x ‖=‖ xn ‖= 1 ∀nin N and ‖ xn + x ‖ → 2 ⇒ lim
n→∞

xn = x.

Proposition 2.8. X uniformly convex ⇒ locally uniformly convex ⇒ X is strictly convex.

Proposition 2.9. X uniformly convex ⇒ x is reflexive. (Milman).

Proposition 2.10. If X is local uniformly convex, then, for any sequence (xn)n≥1, xn ∈ X,

xn
w→ x and ‖ xn ‖ → ‖ x ‖ ⇒ xn → x.

Here is a characterization of the uniform convexity.

Proposition 2.11. X and X* are uniformly convex iff the norm on X* and X, respectively, is
uniformly Fréchet differentiable.

Clarification. f is uniformly Fréchet differentiable
de f⇔ ∀ε > 0 ∃δ > 0 with the property

‖h‖ ≤ δ⇒ ‖ f (x + h) − f (x) − f ′(x)(h)‖ ≤ ε‖h‖ ∀x with ‖x‖ < 1;

x → ‖x‖ is uniformly Fréchet differentiable iff it is Fréchet differentiable and the Fréchet
derivative is uniformly continuous on the unity ball.

Proposition 2.12. If X is local uniformly convex and reflexive, then the norm on X* is Fréchet
differentiable.

Proposition 2.13. For any reflexive Banach space, there exists on this an equivalent norm for which
it becomes local uniformly convex. (Troianski).

Proposition 2.14. For any reflexive Banach space X, there exists an equivalent norm on X for
which X and X* are locally uniformly convex. (Asplund).

Thus, the equivalent norm and its dual norm are Fréchet differentiable (Proposi-
tion 2.12).

Proposition 2.15. If X is smooth, for any weight ϕ, Jϕ is uni-valued and continuous from X, with
the strong topology on X* endowed with the ∗-weak topology.

Proof. Take Proposition 2.5 into account. �

Corollary 2.3. If X is smooth and reflexive, any duality map J on X is semicontinuous.

Proof. Let xn → x. Setting x∗n: = xn, x* : = Jx, we have x∗n(u) → x*(u) ∀u from X, i.e., denoting
u** : = Φu, Φ is the canonical embedding in bidual, u**(x∗n) → u**(x*), hence Jxn

w→ Jx. �

The strict convexity can be characterized by the duality map.

Proposition 2.16. X is strictly convex iff any duality map on X is strictly monotonous. (Petryshin).

Consequently,

8
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Proposition 2.17. If X is strictly convex and smooth, then any duality map on X is uni-valued
and injective.

Proposition 2.18. Let X be smooth and local uniformly convex, J duality map on X and (xn)n≥1 ,
xn ∈ X. If (Jxn − Jx)(xn − x) → 0, then xn → x.

Proposition 2.19. Let X be Banach space. A duality map on X is uni-valued and continuous in the
topologies of the norms iff the norm on X is Fréchet differentiable.

Proof. Necessary. X is smooth, and the norm is Gâteaux differentiable (Proposition 2.3),
even of the C1 Gâteaux class in accordance with (∗). Sufficient. This results from a Cudia
theorem. �

Proposition 2.20. Let X be a Banach space and Jϕ a duality map on X. X* is uniformly convex iff
Jϕ is uni-valued and uniformly continuous on the bounded sets of X.

Proof. Necessary. X* is uniformly convex
Proposition 2.11⇒ x → ‖x‖ is Fréchet differentiable ⇒

Jx = ϕ(‖x‖)‖x‖′, x → ‖x‖′ is uniformly continuous on the closed unity ball. Sufficient. J uni-

valued
Proposition 2.3⇒ x → ‖x‖ is Gâteaux differentiable

Proposition 2.11⇒ x → ‖x‖ is uniformly

Fréchet differentiable
Proposition 2.11⇒ X* is uniformly convex. �

Place here the characterization of the reflexivity of a Banach space.

Proposition 2.21. The Banach space X is reflexive iff any x* in X* attains sup
‖x‖≤1

x∗(x).

In the following, there is a characterization of the reflexivity of the duality map.

Proposition 2.22. Let X be a Banach space and Jϕ duality map on X. X is reflexive iff

X∗ =
⋃

x∈X
Jϕx.

Proof. Necessary. Let x∗0 be in X∗. There exists x0 in X with ‖x0‖ = 1 and x∗0(x0) = ‖x∗0‖; take
t0 > 0, e.g., ϕ(t0) = ‖x∗0‖, then x∗0 ∈ Jϕ (t0 x0). Sufficient. Use Proposition 2.21. Let x∗0 be any
in X*, ∃ x0 in X, e.g., x∗0 ∈ Jϕ x0, i.e., ‖x∗0‖ = ϕ(‖x0‖), x∗0(x0) = ϕ(‖x0‖)‖x0‖. For y0: = x0

‖x0‖ ,
we have ‖y0‖ = 1, x∗0(y0) = ‖x∗0‖ = sup

‖x‖≤1
x∗0(x). �

Corollary 2.4. Let X be a smooth space and J a duality map on X.
1◦ X is reflexive ⇐⇒ J is surjective;
2◦ X is reflexive and strictly convex ⇐⇒ J is bijective.

Proof. Take Proposition 2.22 and Proposition 2.16 into account. �

Proposition 2.23. Let X be a reflexive and smooth space and Jϕ a duality map on X. Then J−1 : X*
→ 2X, J−1 x* = {x ∈ X: Jϕ x = x*} coincides with J∗

ϕ−1 , the duality map on X* coincides with the
weight ϕ−1 (identification via canonical embedding Φ in the bidual). If X is also strictly convex,
then J−1 is uni-valued, and the formula holds true:

J−1
ϕ = Φ−1 J∗

ϕ−1

9
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Proof. The statement is, in accordance with Corollary 2.4, correct. First assertion. Let x*
be any in X*. x ∈ J−1 x* ⇐⇒ x* = Jϕ x ⇐⇒ ‖x*‖ = ϕ(‖x‖) and x*(x) = ϕ(‖x‖)‖x‖ ⇐⇒ ‖x‖
= ϕ−1(‖x*‖) and x(x*) = ϕ−1 (‖x*‖)‖x*‖ ⇐⇒ x ∈ J∗

ϕ−1 x*. Second assertion. X* is smooth
(Proposition 2.6). �

Pass to continuity properties of the duality map. A previous result is represented by
Corollary 2.3.

Definition 2.7. A Banach space has the property (h) if

xn
w→ x and ‖ xn ‖ → ‖ x ‖ ⇒ xn → x.

A Banach space has the property (H) if it is strictly convex, and it has the property (h).
For instance, any local uniformly convex space has the property (H) (Propositions 2.8

and 2.9).

Proposition 2.24. If X is reflexive and X* has the property (H), then any duality map J on X is
uni-valued, surjective and continuous relative to the strong topologies on X and X*.

Proof. J is indeed uni-valued (Proposition 2.6) and surjective (Corollary 2.4). Let xn → x.
Then, Jxn

w→ Jx (Corollary 2.3); moreover, ‖Jxn‖ → ‖Jx‖ since ‖Jxn‖ = ϕ(‖xn‖) and ‖Jx‖ =
ϕ(‖x‖). Therefore, Jxn → Jx. �

Combining Proposition 2.24 with Corollary 2.4, one obtains the following.

Proposition 2.25. If X is reflexive and strictly convex and X* has the property (H), then any
duality map on X is uni-valued, bijective and continuous relative to the strong topologies on X and
X*.

We next proceed to the continuity of the inverse of the duality map.

Proposition 2.26. If X is reflexive, smooth and has the (H) property, then any duality map Jϕ on X
is bijective with J−1

ϕ continuous relative to the strong topologies on X and X∗.

Proof. Jϕ is bijective (Corollary 2.4), and X* is reflexive, smooth and strictly convex
(Proposition 2.6). Let x∗n → x0. Then, J∗

ϕ−1 x∗n
w→ J∗

ϕ−1x* (Corollary 2.3), and the formula
from Proposition 2.23 imposes J∗

ϕ−1 x∗n → J∗
ϕ−1 x* (see (H)). �

Combining Propositions 2.25 and 2.26, one obtains the following.

Proposition 2.27. If X is reflexive and X and X* have the property (H), then any duality map on X
is a homeomorphism of X in X* relative to the strong topologies.

We finish this subsection with the following result:

Proposition 2.28. Any uni-valued duality map Jϕ on a local uniformly convex space X has the
property S+:

xn
w→x and lim

n→∞
〈Jϕxn − Jϕx0, xn − x0〉 ≤ 0 ⇒ xn → x.

Proof. The hypothesis implies

lim
n→∞

〈Jϕxn − Jϕx0, xn − x0〉 ≤ 0,

10
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but
0 ≤ [ϕ(‖ xn ‖)−ϕ(‖ x0 ‖)](‖ xn ‖ − ‖ x0 ‖ ≤ 〈Jϕxn − Jϕx0, xn − x0〉,

consequently,
lim

n→∞
[ϕ(‖ xn ‖)−ϕ(‖ x0 ‖)](‖ xn ‖ − ‖ x0 ‖) = 0. (2.8)

We denote tn: = ‖ xn ‖, t0 : = ‖ x0 ‖. Somehow,

lim
n→∞

tn = t0, (2.9)

we apply Proposition 2.11 and obtain xn → x. Assume, ad absurdum, that tn � t0. Then
there exists (tkn) subsequence of (tn) e.g., for instance, tkn≥ ρ > t0 ∀n. (tkn) is bounded,
otherwise it has a subsequence (tikn ), tikn → +∞, which implies ϕ(tikn ) → +∞, [ϕ(tikn ) −
ϕ(t0)](tikn − t0)→ +∞, in contradiction with (2.8). Thus, (tkn) has a convergent subsequence
(tl kn ), tl kn → t′0 �= t0. Consequently, since ϕ(tl kn ) → ϕ(t′0) �= ϕ(t0), from a rank on, we have,
with δ > 0,

|tl kn − t0| ≥ δ, |ϕ(tl kn)−ϕ(t0)| ≥ δ

and one obtains a final contradiction with (2.8). Here is another justification for (2.9). (tn)
is bounded (see above); let t* be an adherence value any for this sequence (a fortiori t* ∈
R) and (tjn) subsequence with lim

n→∞
tjn = t*. Then, from (2.8), [ϕ(t*) − ϕ(t0)](t* − t0), which

implies t* = t0 (ad absurdum !) and, consequently, (2.9). �

2.2.2. Main Results

Proposition 2.29. Let X be a real reflexive Banach space, smooth and having the property (H), Jϕ
duality map on X with ϕ being (K, L, a) function, S: X → X* odd compact operator and

α : = lim
||x||→+∞

‖Sx‖
‖x‖a < +∞.

Then
1◦ α > 0 ⇒ λJϕ − S is surjective ∀λ with |λ| > α

K ;
2◦ α = 0 ⇒ λJϕ − S is surjective ∀λ �= 0.

Proof. Jϕ is odd and bijective with a continuous inverse (Proposition 2.26). Moreover, since

Kta ≤ ϕ(t) ≤ Lta ∀t ≥ 0,

we have
K‖x‖a ≤ ϕ(‖x‖) = ‖Jϕ x‖ ≤ L‖x‖a ∀x from X,

i.e., Jϕ is (K, L, a). We apply Corollaries 2.1 and 2.2 from Section 2.1. �

Proposition 2.30. Let X be a real reflexive Banach space, smooth with the property (H), and Jϕ the
duality map on X with ϕ(t) = tp−1, p ∈ (1, +∞). Suppose that X is compactly embedded by the
linear injection i in a Banach space Z,

‖i(u)‖ ≤ c0 ‖u‖ ∀u from X (2.10)

and N: Z → Z* is an odd semicontinuous operator with the property

‖Nx‖ ≤ c1‖x‖q-1 + c2 ∀x from Z, c1, c2 ≥ 0, q ∈ (1, p). (2.11)

Then λJϕ − N is surjective for any λ �= 0.
Explanation. N is the short notation for the operator, which acts from X to X*, i′ o N o i,

i′ being the adjoint of i.

11
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Proof. It follows to state that

∀h from X* ∃u in X, e.g., λJϕ u − (i ‘ o N o i) u = h. (2.12)

Apply Proposition 2.1 with T = Jϕ (correctly, as ϕ is (K, L, a) with K = L = 1, a =
p − 1), S = i′ o N o i. S is obviously odd and also compact: let (xn)n∈N, xn ∈ X, be a
bounded sequence (i(xn))n≥1 has a convergent subsequence (xkn)n≥1; let i(xkn ) → γ, γ ∈
Z, then N(i(xkn )) w→ N(γ) and, consequently, i′(N(i(xkn ))) → i′(N(γ)) since i′ is also compact
(Schauder theorem). So, to obtain the conclusion, it remains to prove

lim
||u||→+∞

‖(i′ ◦ N ◦ i)u‖
‖u‖p−1 = 0. (2.13)

‖i ‘(N(i(u)))‖ ≤ ‖i ‘‖ ‖N(i(u))‖
(2.10),(2.11)

≤ c0 (c1 ‖i(u)‖q–1 + c2) ≤ c0 (cq−1
0 c1 ‖u‖q−1 + c2), from

which it results (2.13) (‖i′‖ ≤ ‖i‖ ≤ c0 has been used) [11,12,15]. �

In the following, we search for the surjectivity of the operator λJϕ − N, when N
verifies the growth condition (2.11), where q = p, i.e.,

‖Nx‖ ≤ c1 ‖x‖p-1 + c2 ∀x from Z, c1, c2 ≥ 0. (2.14)

For this reason, we present the statement:

Proposition 2.31. Let X be a real reflexive Banach space compactly embedded by the linear injection
i in the Banach space Z,

‖ i(u) ‖ ≤ c0 ‖ u ‖ ∀u f rom X. (2.15)

If

λ1 := inf
{ ||u||p
||i(u)||p : u ∈ X\{0}

}
, p ∈ (1,+∞),

then
1◦ λ1 is attained and nonzero;

2◦ λ
− 1

p
1 is optimal for (2.15) (i.e., λ

− 1
p

1 ≤ c0 for any c0);
3◦ If X and Z are smooth and JXX* : X → X*, JZZ* : Z → Z* are duality maps relative to the

same weight ϕ: ϕ(t) = tp–1, then λ1 is the smallest eigenvalue of the couple (JXX*, JZZ*) [44].

Clarification. λ is, by definition, eigenvalue for the couple (JXX*, JZZ*) if there exists u0 �=
0 in Z, e.g., λ (i′ o JXX* o i) u0 = JZZ* u0. In this case, u0 is, by definition, an eigenvector.

Proof. The set from the statement is correctly defined: u �= 0 ⇒ i(u) �= 0.
1◦ We have

λ1 = inf {‖v‖p : v ∈ X, ‖i(v)‖ = 1}

(the two sets coincide, as
∥∥∥ i

(
u

i(u)

)∥∥∥ = 1). Let (vn)n≥1, vn ∈X, be with ‖i(vn)‖ = 1 and ‖vn‖

→ λ
1
p
1 .
X being reflexive, (vn)n≥1 has a subsequence (we use the same notation for it) that is

weakly convergent in X, vn
w→ v (Kakutani theorem [43], Volume 3, p. 155). Then,

‖ v ‖ ≤ lim
n→∞

‖ vn ‖,

‖v‖p ≤ λ1. (2.16)

12
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On the other hand, since i is compact, we have i(vn) → i(v), which implies ‖i(vn)‖
→ ‖i(v)‖, ‖i(v)‖ = 1 and hence ‖v‖p ≥ λ1, ‖v‖p (2.16)

= λ1, and λ1 is attained and, a fortiori,
nonzero.

2◦ We take the definitions of λ1 and 10 into account.
3◦ Firstly, we show that λ1 is an eigenvalue for the couple (JZZ*, JXX*), i.e., ∃u0 �= 0 in

X e.g.,
λ1 (i′ o JZZ* o i)u0 = JXX* u0. (2.17)

Taking the functional Φ: X → R,

Φ(u) =
1
p
‖ u ‖p−λ1

p
‖ i(u) ‖p .

Φ(u) ≥ 0 ∀u in X (see the definition of λ1) and, for u0 �= 0 e.g., λ1
10
=

(
‖u0‖
‖i(u0)‖

)p
, Φ(u0) = 0,

which imposes (taking into account Proposition 2.3)

Φ′(u0) = 0 (Gâteaux derivative). (2.18)

Then (the formulae: (∗) and that from Proposition 2.4), ∀u in X,

0   .
(u0)(u) = 1

0 0( ),pu u u 1
1

0 0( ) ( ( )), ( )pi u i u i u = (JXX*u0)(u) – 1(JZZ*(i(u0))(i(u))) =

* 0 1 * 0( ' )( ),XX ZZJ u i J i u u , i.e. (2.17).

Let λ now be an eigenvalue for the couple (JZZ*, JXX*) and u be a corresponding eigenvector.
Then

‖ u ‖p= (JXX∗ u)(u) = λ〈JZZ∗(i(u)), i(u)〉= λ ‖ i(u) ‖p,

hence

λ =
‖u‖p

‖i(u)‖p ≥ λ1. �

We can now state the following.

Proposition 2.32. Let X be a real reflexive Banach space, smooth and have the property (H), Jϕ

duality map on X with ϕ(t) = t p−1, p ∈ (1, +∞). Suppose that X is compactly embedded with the
linear injection i in the Banach space Z and let N: Z → Z* be an odd semicontinuous operator with:

‖Nx‖ ≤ c1 ‖x‖p-1 + c2 ∀x from Z, c1, c2 ≥ 0.

Then, for any λ, if

|λ| > lim
‖u‖→+∞

||(i′ ◦ N ◦ i)u||
||u||p−1 , a fortiori if |λ| > c1λ

−1
1 ,

where

λ1 := inf
{ ‖u‖p

‖i(u)‖p : u ∈ X\{0}
}

,

then λJϕ − N is surjective (N means i′ o N o i).

Proof. The statement is correct, λ1 �= 0 (Proposition 2.31, 10). We apply, as for Proposition
2.30, Proposition 2.29 with T = Jϕ, S = i′ o N o i. We prove

lim
‖u‖→+∞

||(i′ ◦ N ◦ i)u||
||u||p−1 ≤ c1λ−1

1 (2.19)

13
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using 2◦ from Proposition 2.31, which will be sufficient to impose the conclusion. ‖(i ‘ o N o

i)u‖ ≤ ‖i ‘‖ ‖N(i(u))‖ ≤ λ
− 1

p
1 (c1λ

1−p
p

1 ||u||p−1 + c2) (||i′|| ≤ ||i|| ≤ λ
− 1

p
1 ), and (2.19) becomes

obvious. �

Remark 2.1. Propositions 29, 30 and 32 have been briefly presented by the author in [11,12,15].

2.3. Existence of the Solutions of the Problems

Consider the problems

(∗)
{ −λ div(|∇u|p−2∇u) = f ( · , u( · )) + h, x ∈ Ω

u|∂Ω = 0
, p ∈ (1,+∞)

and

(∗∗)

⎧⎨
⎩ −λ

n
∑

i=1

∂
∂xi

(∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

)
= f ( · , u( · )) + h, x ∈ Ω

u|∂Ω = 0
, p ∈ [2,+∞)

In this subsection, we apply (the idea originates in [45]) the results from Section 2.2 to
partial differential equations (weak solutions).

2.3.1. Preliminaries for Sobolev Spaces

To prepare the framework for this subsection and to be coherent and understandable,
we start with a theoretical recapitulation for Sobolev spaces.

The spaces Lp(Ω) (Lebesgue integral in RN).
Let Ω be a nonempty open set in RN.

p ∈ [1,+∞) ⇒ Lp(Ω) : = {u : Ω → R : umeasurable,
∣∣u∣∣p Lebesgue integrable},

‖ u ‖Lp(Ω): =

⎛
⎝∫

Ω

|u|pdx

⎞
⎠

1
p

.

This norm is Gâteaux differentiable on Lp(Ω)\{0} for p > 1. It is even of Fréchet C1

class ([43,46]).

p = + L ( ) : = {u: R: umeasurable, c > 0 e.g. |u(x)| c on a.e.}, : = inf c.
If μ(Ω) < +∞, then ‖ u ‖Lp(Ω)≤ [μ(Ω)]

1
p− 1

q ‖ u ‖Lq(Ω), 1 ≤ p ≤ q ≤ +∞.

p ∈ [1,+∞] ⇒ ‖ u ‖0,p : = ‖ u ‖Lp(Ω).

Lp(Ω), modulo the known factorization, is a Banach space for p ∈ [1, +∞], Lp(Ω) is
uniformly convex and hence reflexive (Proposition 2.9) for p ∈ (1, +∞), L1(Ω) and L∞ (Ω)
are not reflexive, Lp(Ω) is separable for p ∈ [1, +∞), and L∞ (Ω) is not separable.

For p in [1, +∞], p’ is defined by:

1
p
+

1
p′

= 1.

Then,

p ∈ (1,+∞) ⇒ (Lp (Ω))∗ = Lp′(Ω), (L1(Ω))∗ = L∞ (Ω), (L∞ (Ω))∗ ⊃
�=

L1(Ω).

14
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L1
loc(Ω) : = {u: Ω → R: u integrable on any compact part of Ω}.

At the end of this part of the exposure, we prove ([43], Ω is a Lebesgue measurable
set):

Proposition 2.33. When p ∈ (1, +∞), u → ‖ u ‖Lp(Ω) is of Fréchet C1 class on Lp(Ω)\{0}.

Proof. For the following calculus, we use the inequalities [47]:

, RN, p (1, + ) p 2 p 2

]2,1(,||||

2,||)||||(|||||
1p

2p

pc

pc
,

c independent by , . (2.20)

Let
Φ(u) : = ‖ u ‖0,p, Ψ(u) : =

1
p
||u||p0,p,

hence,
Φ(u) = p

1
p [Ψ(u)]

1
p . (2.21)

Ψ is Gâteaux differentiable on Lp(Ω) and [48]

Ψ′(u)(h) =
∫
Ω

|u|p−1(sgnu)h dx, ∀h in Lp(Ω)

We prove that u → Ψ’(u) is continuous on Lp(Ω) and then (2.21) will impose the conclusion,
taking into account Proposition 2.4.

Let
un → u0 in Lp(Ω). (2.22)

It follows to prove

n
lim ’(un) = ’(u0) in ( ( ))*, i.e.

n
lim

1||h|| p,0

sup | ’(un) ’(u0), h | = 0.
(2.23)

‖h‖0,p = 1 ⇒ |〈Ψ’(un) − Ψ’(u0), h〉| = |
∫
Ω
(|un|p−1sgnun − |u0|p−1sgnu0)h dx| ≤

∫
Ω
|(|un|p−1sgnun − |u0|p−1sgnu0)h| dx

H
..
older
≤ An, An: = ‖|un|p−1 sgn un − |u0|p−1 sgn

u0||Lp′(Ω), since ‖h||Lp(Ω) = 1, where 1
p + 1

p′ = 1.

However, | |un|p−1 sgn un − |u0|p−1 sgn u0 |p′ = | |un|p−2 un − |u0|p−2 u0 |p′

(2.20)
≤ {

c0|un − u0|p′(|un|+ |u0|)p′(p−2), p > 2
c0|un − u0|p, p ∈ (1, 2]

,

hence Ap′
n =

∫
Ω
| |un|p−1sgnun − |u0|p−1sgnu0|p′ dx ≤

⎧⎪⎨
⎪⎩

c0
∫
Ω
|un − u0|p′(|un|+ |u0|)p′(p−2)dx, p > 2

c0
∫
Ω
|un − u0|pdx = c0||un − u0||p0,p, p ∈ (1, 2]

,

therefore, when p ∈ (1, 2], lim
n→∞

Ap′
n = 0 (see (2.22)), i.e., lim

n→∞
An = 0 and hence (2.23), and

when p > 2,
lim

n→∞
Ap′

n = 0, (2.24)

15
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i.e., lim
n→∞

An = 0 and hence (2.23). (2.24) is proved as follows:∫
Ω
|un − u0|p′(|un|+ |u0|)p′(p−2)dx

H
..
older
≤ ‖|un − u0|p′‖0, p

p′
‖(|un|+ |u0|)p′(p−2)‖0, p

p′(p−2)

= (||un − u0||0,p)
p′‖|un| + |u0|||p′(p−2)

0,p , lim
n→∞

‖un − u0‖p′
0,p

(2.22)
= 0, and the second factor is

bounded, since ‖ |un| + |u0| ‖0,p ≤ ‖un‖0,p + ‖u0‖0,p and ‖un‖0,p
(2.22)→ ‖u0‖0,p. �

Corollary 2.5. When p ∈ (1, +∞), any duality map on Lp(Ω) is a homeomorphism of Lp(Ω) on
Lp′ (Ω).

Proof. Lp(Ω) is smooth (Proposition 2.3) and uniformly convex, hence local uniformly
convex (Proposition 2.8) and, in particular, has the (H) property, even Lp′ (Ω) has the same
properties (by applying Proposition 2.27). �

Let Ω be a nonempty open set from RN and p in [1, +∞].
W1,p(Ω) designates the real vector space of the functions u from Lp(Ω) for which there

exists g1, . . . , gN in Lp(Ω) e.g.,

∀ϕ in C∞
c (Ω)

∫
Ω

u
∂ϕ

∂xi
dx= −

∫
Ω

giϕdx, i = 1, N.

In the definition, C∞
c (Ω) can be replaced by C1

c (Ω). We denote, for each i, 1 ≤ i ≤ N,

∂u
∂xi

:= gi, the weak derivative.

These are uniquely determined.

Remark 2.2. By weak differentiation, one remains in Lp(Ω).

Additionally, for u from W1,p(Ω),

  grad , … , , the weak gradient
| |   ,

div   , the weak divergence.
| |  : | |    , | |   .

Moreover, for p ∈ (1, +∞) and p’ the conjugated coefficient,

| | ,   1, ,
,   1, .

16
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To justify the above two relations, for

2, | |   | | , | | ,
, 2   1,

and for p = 2—obviously since p′ = 2.
We define:

‖ u ‖W1,p(Ω) := ‖ u ‖Lp(Ω) +
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

,

a norm on W1,p(Ω).
Sometimes, when p ∈ [1, +∞), one takes the equivalent norm:

(
‖ u ‖p

Lp(Ω)
+

N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p

.

W1,p(Ω) is a Banach space for p ∈ [1, +∞], it is uniformly convex and reflexive for p ∈
(1, +∞) and separable for p ∈ [1, +∞). When p > N, any function from W1,p(Ω) is Fréchet
differentiable on Ω a.e. ([49], Chapter VIII).

We now provide some clarifications related to the weak derivative, p ∈ [1, +∞]. If u
∈ C1 (Ω) ∩ Lp(Ω) and ∂u

∂xi
∈ Lp(Ω), i = 1, N (derivatives in the usual meaning), then u ∈

W1,p(Ω) and the weak derivatives coincide with them in the usual sense. In particular, if Ω
is bounded, then C1 (Ω) ⊂ W1,p(Ω). Reciprocally, if u ∈ W1,p(Ω) ∩ C(Ω) and ∂u

∂xi
∈ C(Ω), i =

1, N (weak derivatives), then u ∈ C1 (Ω).
Let p be in [1, +∞).

W1,p
0 (Ω) := C1

c (Ω)
W1,p(Ω)

= Cc(Ω)
W1,p(Ω)

.

W1,p
0 (Ω) with the norm induced is a separable Banach space. It is reflexive if p ∈ (1, +∞).

Since C1
c (RN) is dense in W1,p(RN), W1,p

0 (RN) = W1,p(RN). However, when Ω �= RN, in
general, W1,p

0 (Ω) �= W1,p(Ω).

Proposition 2.34. For any p in [1, +∞),

W1,p(Ω) ∩ Cc (Ω) ⊂ W1,p
0 (Ω).

The following considerations strongly imply W1,p
0 (Ω) in the theory of partial differential equations.

Definition 2.8. We define, by local charts, W1,p(Γ) with p ∈ [1, +∞), Γ regular manifold, for
instance Γ = ∂Ω, Ω open set of C1 class with ∂Ω bounded. In this situation there exists a unique

continuous linear operator γ: W1,p(Ω) → W1− 1
p ,p(∂Ω), the trace, such that γ is surjective and

u ∈ W1,p (Ω) ∩ C (Ω) ⇒ γ(u) = u | ∂Ω.

By the way,

Proposition 2.35. Let Ω be of C1 class and u in W1,p(Ω) ∩ C (Ω), p ∈ [1, +∞). Then

u ∈ W1,p
0 (Ω) ⇐⇒ u | ∂Ω = 0.

17
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Here is another characterization of the spaces W1,p
0 (Ω).

Proposition 2.36. Let Ω be of C1 class and u in Lp(Ω), p ∈ (1, +∞). Then

u ∈ W1,p
0 (Ω)⇐⇒ ∃c > 0 such that

∣∣∣∣∫Ω
u

∂ϕ

∂xi
dx

∣∣∣∣ ≤ c‖ ϕ ‖
Lp′ (Ω)

, i = 1, N, ∀ϕ in C1
c (Ω).

Suppose μ(Ω) < +∞. Then u → ‖|∇u|‖Lp(Ω) is a norm on W1,p
0 (Ω) equivalent (and hence

also complete) to u → uW1,p(Ω).
We denote:
u ∈ W1,p

0 (Ω) ⇒ ‖u‖1,p: = ‖|∇u|‖Lp(Ω) (= ‖|∇u|‖0,p, when confusion cannot appear).

This norm, when p ∈ (1, +∞), is Gâteaux differentiable on W1,p
0 (Ω)\{0} (combine Proposition

2.15 and Proposition 2.4), which assures uni-valued duality maps (Proposition 2.3).

Proposition 2.37. (W1,p
0 (Ω), ‖ · ‖1,p), p ∈ (1, +∞), is uniformly convex and hence particularly

reflexive.

Proof ([50]). The case p ∈ [2, +∞). We use the following inequality: ([51], Euclidean norm)

ξ, ζ ∈ Rn, n ≥ 1 ⇒
∥∥∥∥ξ+ η

2

∥∥∥∥p
+

∥∥∥∥ξ− η

2

∥∥∥∥p
≤ 1

2
(‖ ξ ‖p + ‖ η ‖p) (2.25)

Let ε be from (0, 2] and u, v from W1,p
0 (Ω) with

‖u‖1,p = ‖v‖1,p = 1, ‖u − v‖1,p ≥ ε. (2.26)

Then

2 , 2 ,   2 2 .
12 | | | |   12 , ,   . 1, 2 , . 1 2 .

We take δ > 0 defined by [
1−

(ε
2

)p] 1
p
= 1− δ.

The case p ∈ (1, 2). We use

ξ, ζ ∈ Rn , n ≥ 1 ⇒
∥∥∥∥ξ+ η

2

∥∥∥∥p′
+

∥∥∥∥ξ− η

2

∥∥∥∥p′
≤

[
1
2
(‖ ξ ‖p + ‖ η ‖p)

] 1
p−1

, (2.27)

p′ the coefficient conjugated with p ([51]).
We remark that, for u in W1,p

0 (Ω),

|∇u|p′ ∈ Lp−1 (Ω), ‖u‖p′
1,p=‖ |∇u|p′ ‖0,p−1. (2.28)

Let ε be in (0, 2] and u, v in W1,p
0 (Ω). Then |∇u|p′ , |∇v|p′

(2.27)
∈ Lp−1(Ω) and as

‖ |∇u|p′ ‖0,p−1+ ‖ |∇v|p′ ‖0,p−1 ≤ ‖ |∇u|p′ + |∇v|p′ ‖0,p−1 . (2.29)

18
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Since 0 < p − 1 < 1, it results:

∥∥∥∥u + v
2

∥∥∥∥p′

1,p
+

∥∥∥∥u− v
2

∥∥∥∥p′

1,p

(2.28),(2.29),(2.27)
≤

[
1
2
(‖u‖p

1,p + ‖v‖p
1,p)

] 1
p−1

,

consequently, if ‖u‖1,p = ‖v‖1,p = 1 and ‖u − v‖1,p ≥ ε, one obtains

∥∥∥∥u + v
2

∥∥∥∥p′

1,p
≤ 1−

(ε
2

)p′

and hence the conclusion. �

The dual of W1,p
0 (Ω), p in [1, +∞), is denoted

W−1,p′(Ω),

p′ the coefficient conjugated to p.
If Ω is bounded,

2N
N + 2

≤ p < +∞ ⇒ W1,p
0 (Ω) ⊂ L2(Ω) ⊂ W−1,p′(Ω)

with continuous injections and dense and, if Ω is not bounded,

2N
N + 2

≤ p ≤ 2 ⇒ W1,p
0 (Ω) ⊂ L2(Ω) ⊂ W−1,p′(Ω).

The elements of W−1,p′ (Ω) can be characterized by the following.

Proposition 2.38. Let F be from W−1,p′ (Ω). There exists f0, . . . , fN in Lp′ (Ω) such that

F(u) =
∫
Ω

f0udx +
N

∑
i=1

∫
Ω

fi
∂u
∂xi

dx ∀u in W1,p
0 (Ω)

and
‖ F ‖= max

1≤i≤N
‖ fi ‖Lp′(Ω).

When Ω is bounded, one can take f 0 = 0.

2.3.2. The Operators −Δp, −Δs
p and Nf

−Δp, p ∈ (1, +∞), the p-Laplacian

Let Ω be an open set, with the finite Lebesgue measure, from RN, N ≥ 2. The norm on
W1,p

0 (Ω) will be u → ‖u‖1,p.

Consider the operator − Δp : W1,p
0 (Ω) → W−1,p′(Ω),

Δp u = div(|∇u|p−2∇u). (2.30)

This acts according to [45]:

〈−Δp u, v〉 =
∫
Ω

|∇u|p−2∇u · ∇vdx∀u, v in W1,p
0 (Ω). (2.31)

Taking into account the following, the next property of the p-Laplacian—the identification
with a particular duality map—is the most important.
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Proposition 2.39. Let Ψ: W1,p
0 (Ω) → R,

Ψ(u) =
1
p
||u||p1,p.

Then Ψ is Gâteaux differentiable on W1,p
0 (Ω)\{0}, and

Ψ′(u) = −Δp u = Jϕ u∀ufrom W1,p
0 (Ω),

where ϕ(t) = tp−1 ([50]).

Proof. Since Ψ(u) =
||u||1,p∫

0
ϕ(t)dt, we have

Jϕ u = ∂ Ψ(u) ∀uin W1,p
0 (Ω) (Proposition 2.2),

thus, it remains to prove that Ψ is Gâteaux differentiable and

Ψ′(u) = −Δp u ∀uin W1,p
0 (Ω). (2.32)

Ψ = g o f, where g: Lp(Ω) → R, g(u) = 1
p ||u||

p
0,p, f : W1,p

0 (Ω) → Lp(Ω), f (u) = |∇u|.
From now on, the proof is continued as in [11] and has been proposed by the author.
g is of Fréchet C1 class on Lp(Ω) (Proposition 2.33). f is Gâteaux differentiable on

W1,p
0 (Ω)\{0} and f ′(u)(h) = ∇u·∇h

|∇u| ∀h in W1,p
0 (Ω) [50]. Applying Proposition 2.4, u �= 0 and h

∈ W1,p
0 (Ω) ⇒ Ψ′(u)(h) =

∫
Ω
| ∇u|p−1 ∇u·∇h

|∇u| dx =
∫
Ω
| ∇u|p−2∇u · ∇h dx

(2.31)
= 〈− Δp u, h〉 and

the case u = 0 remains to finish with (2.32).
However, Ψ′(0)(h) = lim

t→0
1
t Ψ(th) = lim

t→0
tp−1

p ‖h‖p
1,p = 0 = 〈− Δp 0, h〉. �

Remark 2.3. Ψ has even the Fréchet C1 class on W1,p
0 (Ω) [44,52].

Corollary 2.6. u → ‖u‖1,p is Gâteaux differentiable on W1,p
0 (Ω)\{0} and W1,p

0 (Ω) is smooth.

Proof. For the first assertion, apply Proposition 2.4 considering ϕ(u) = ‖u‖1,p = p
1
p [Ψ(u)]

1
p ;

for the second assertion, we use Proposition 2.3. �

Proposition 2.40. The operator − Δp: W1,p
0 (Ω) → W−1,p′(Ω) is bijective with monotonous

inverse, bounded and continuous.

Proof. −Δp = Jϕ (Proposition 2.39), and W1,p
0 (Ω) is uniformly convex; apply Proposition

2.26 and take into account the formula J−1
ϕ = Φ−1 Jϕ−1, Φ is the canonical embedding in

bidual (Proposition 2.23). �

−Δs
p, p ∈ (1, +∞), the p-Pseudo-Laplacian

Let Ω be an open set of finite Lebesgue measure from RN, N ≥ 2, and p in (1, +∞).

�u�1,p :=

(
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p
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is a norm on W1,p
0 (Ω) since

(
N

∑
i=1

∥∥∥∥ ∂u
∂xi

+
∂v
∂xi

∥∥∥∥p

0,p

) 1
p

≤
[

N

∑
i=1

(∥∥∥∥ ∂u
∂xi

∥∥∥∥p

0,p
+

∥∥∥∥ ∂v
∂xi

∥∥∥∥p

0,p

)p] 1
p

,

applying Minkovski inequality.
The dual of (W1,p

0 (Ω), � · �1,p) is also designated by W−1,p′ (Ω), where p′ is the exponent
conjugated with p.

� · �1,p is equivalent to the norm |u|1,p : =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

:

N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

≤ N�u�1,p ≤ N
N

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥
Lp(Ω)

.

However, | · |1,p is equivalent to ‖ · ‖1,p since ‖u‖1,p ≤ |u|1,p ≤ N ‖u‖1,p. Consequently,

Proposition 2.41. (W1,p
0 (Ω), � · �1,p), p ∈ (1, +∞), is Banach space.

Furthermore,

Proposition 2.42. (W1,p
0 (Ω),� · �1,p), p ∈ [2, +∞), is uniformly convex.

Proof. The following proof was proposed by the author in [11]. Use the inequality (2.25):

ξ, η ∈ Rn, n ≥ 1 ⇒
∥∥∥ ξ+η

2

∥∥∥p
+
∥∥∥ ξ−η

2

∥∥∥p
≤ 1

2 (‖ξ‖p + ‖η‖p) with the Euclidean norm [51].

Let ε be in (0, 2] and define u, v with �u�1,p = �v�1,p = 1, �u − v�1,p ≥ ε. Suppose p ∈ [2,

+∞). � u+v
2 �

p + � u−v
2 �

p =
N
∑

i=1

∫
Ω

(∣∣∣∣ ∂u
∂xi

+ ∂v
∂xi

2

∣∣∣∣p +

∣∣∣∣ ∂u
∂xi
− ∂v

∂xi
2

∣∣∣∣p
)

dx ≤
N
∑

i=1

∫
Ω

1
2

(∣∣∣ ∂u
∂xi

∣∣∣p +
∣∣∣ ∂v

∂xi

∣∣∣p)dx = 1,

and hence, � u+v
2 �

p
1,p
≤ 1 −

(
ε
2
)p, take δ defined by 1 − δ =

[
1−

(
ε
2
)p

] 1
p . �

Let Ω be an open set in RN, N ≥ 2, of the finite Lebesgue measure and p in (1, +∞).
Considering the operator −Δs

p: W1,p
0 (Ω) → W−1,p′(Ω),

−Δs
pu = −

n

∑
i=1

∂

∂xi

(∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

)
.

This acts according to [45]:

〈−Δs
pu, h〉 =

N

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂h
∂xi

dx, ∀u, h in W1,p
0 (2.33)

Proposition 2.43. The function Ψ: Ψ(u) = 1
p �u�

p
1,p, p ∈ (1, +∞), is Gâteaux differentiable on

W1,p
0 (Ω)\{0}, and

Ψ′(u) = −Δs
pu = Jϕ u, ϕ(t) := tp−1.
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Proof ([11]). Fix the index i, 1 ≤ i ≤ N, and let g: W1,p
0 (Ω) → R, g(u) =

∥∥∥ ∂u
∂xi

∥∥∥p

0,p
. We have g

= F o f, f : W1,p
0 (Ω) → Lp(Ω), f (u) = ∂u

∂xi
, F: Lp(Ω) → R, F(v) = ‖v||p0,p. As f ′(u)(h) = ∂h

∂xi
and

F′(v)(h) = p
∫
Ω
|v|p−2vhdx ([48]), g′(u) = F′(f (u)) o f ′(u) (formula from Proposition 2.4),

g′(u)(h) = p
∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂h
∂xi

dx (2.34)

and hence

Ψ′(u)(h) =
N

∑
i=1

(∥∥∥∥ ∂u
∂xi

∥∥∥∥p

0,p

)′
(h)

(2.34),(2.33)
=

〈
−Δs

pu, h
〉

.

The rest of the proof is the same as for Proposition 2.39. �

Corollary 2.7. u → �u�1,p, p ∈ (1, +∞), is Gâteaux differentiable on W1,p
0 (Ω)\{0}. Consequently,

(W1,p
0 (Ω), � · �1,p) is a smooth space.

Proof ([11]). Taking Φ(u) = �u�1,p, we have

Φ(u) = p
1
p (Ψ(u))

1
p .

We apply the formula from Proposition 2.4. For the second assertion, we take Proposition 2.3
into account. �

Nemytskii Operator Nf

In the following, some statements from [53] are necessary to develop some results.

Definition 2.9. Let Ω be a nonempty open Lebesgue measurable (L.m.) set from RN, N ≥ 1, μ the
Lebesgue measure in RN and M (Ω) : = {u: Ω → R: u L.m.}. By definition, f : Ω × R → R is a
Carathéodory function if:

1◦ f (·, s) is L.m. ∀s in R;
2◦ f (x, ·) is continuous∀x in Ω\A, μ(A) = 0.

Proposition 2.44. If f : Ω × R → R is a Carathéodory function, then, for any u in M (Ω), x →f
(x, u(x)) is L.m.

Proof. Let (ϕn)n≥1 be a sequence of real functions, simple, L.m., with

ϕn (x) →
x∈Ω

u(x).

Fn : Fn (x) : = f (x, ϕn (x)) is L.m. on A1, . . . , Ap, where ϕn | Ak = constant, k = 1, p (10

from Definition 2.9), hence Fn is L.m. on Ω. ∀x in Ω\A, and since ϕn (x) → u(x), we have
Fn (x) → f (x, u(x)) (20 from Definition 2.9), which implies, since the Lebesgue measure is
complete, x → f (x, u(x)) L.m. �

Definition 2.10. Thus, one may consider the Nemytskii operator:

Nf : M (Ω) → M (Ω), (Nf u)x = f (x, u(x)).

Proposition 2.45. Suppose μ(Ω) < +∞. Then

un (x)
μ→

x∈Ω
u0 (x) ⇒ Nf u(x)

μ→
x∈Ω

Nf u0 (x).
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Proof ([54]). It is sufficient to show the proof in the case f (x, 0) = 0 ∀x in Ω and un (x)
μ→

x∈Ω
0;

thus, it remains to prove that:

∀ε, η > 0 ∃ N in N, e.g., n ≥ N ⇒ μ({x ∈ Ω: | f (x, un (x))| ≥ ε}) ≤ η. (2.35)

Set Ω0 : = Ω\A. For k ∈ N, Ωk : = {x ∈ Ω0 : |s| < 1
k ⇒ | f (x, s)| < ε} (nonempty set for

sufficiently big k; f (x, ·) is continuous in 0), we have Ωk ⊂ Ωk+1 ∀k and Ω0 =
∞⋃

k=1
Ωk, hence

μ(Ω0) = lim
k→∞

μ(Ωk) and hence ∃ k0 in N, e.g., μ(Ω0\Ωk0 ) ≤ η
2 . Let An: = {x ∈ Ω0 : |un (x)|

< 1
k0

}, ∃ N in N, e.g., n ≥ N ⇒ μ(Ω0\An) ≤ η
2 . Setting Bn: = {x ∈ Ω0 : |f (x, un (x))|< ε},

we have, since An ∩ Ωk0 ⊂ Bn, n ≥ N ⇒ μ(Ω0\Bn) ≤ μ(Ω0\An) + μ(Ω0\Ωk0) ≤ η, which
implies (2.35). �

Proposition 2.46. If the Carathéodory function f verifies the growth condition:

|f (x, s)| ≤ c|s|r + β(x), ∀x ∈ Ω\A with μ(A) = 0 ∀s ∈ R,
where c ≥ 0, r > 0, β ∈ Lp(Ω), 1 ≤ p ≥ +∞,

then
1◦ Nf (Lpr(Ω)) ⊂ Lp(Ω);
2◦ Nf is continuous (p < +∞) and bounded on Lpr(Ω).

Clarification. A map between metric spaces is bounded if the image of any bounded set
is bounded.

Proof. 1◦ Let u be in Lpr(Ω).

|f (x, u(x))| ≤ c |u(x)|r + β(x), x ∈ Ω\A, s ∈ R, (2.36)

but |u|r ∈ Lp(Ω), β ∈ Lp(Ω), hence Nf u ∈ Lp(Ω) (when p < +∞, taking the power p, the
first member is integrable and measurable (Proposition 2.44); when p = +∞, the justification
is obvious).

2◦ From (2.36),

||Nf u||Lp(Ω) ≤ ||c |u|r + β||Lp(Ω) ≤ c || |u|r ||Lp(Ω)+||β||Lp(Ω)= c||u||rLp(Ω) + ||β||Lp(Ω),

and hence Nf is bounded on Lpr(Ω).
We proceed to the continuity. Suppose f (x, 0) = 0 ∀x in Ω, and let

un → 0 in Lpr(Ω). (2.37)

We will prove:
Nf un → 0 in Lp(Ω). (2.38)

For (2.38), it is sufficient to prove that any subsequence (Nf ukn ) has a subsequence (Nf
ulkn

) convergent to 0 in Lp(Ω) (if (xn), the sequence in the metric space X has the property
that any subsequence (xkn ) has a subsequence (xlkn

) with xlkn
→ x0, and then xn → x0 − ad

absurdum justification).
Since ukn → 0 in Lpr(Ω), ∃ (ulkn

) a subsequence with

ulkn
(x) → 0, x ∈ Ω\B, μ(B) = 0

and
|ulkn

(x)| ≤ g(x), g ∈ Lpr(Ω).
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From (2.36),

| f (x, ulkn
(x))| ≤ c(g(x))r + β(x), x ∈ Ω\(A ∪ B). (2.39)

Taking the power p in (2.39), the second member is integrable, and as x ∈ Ω\(A ∪ B) ⇒f (x,
ulkn

(x)) → 0, it results in (Lebesgue theorem of dominated convergence)

∫
Ω

|Nfun(x)|pdx → 0,

i.e., (2.38).
Pass to the general case and let un → u0 in Lpr(Ω). g: Ω × R → R,

g(x, s) = f (x, s + u0 (x)) − f (x, u0 (x)),

is a Carathéodory function. Since g(x, 0) = 0 ∀x in Ω and un − u0 → 0 in Lpr(Ω), we obtain
Ng (un − u0) → 0 in Lp(Ω) and, hence Nf un → Nf u0 in Lp(Ω). �

Remark 2.4. Retain the inequality:

||Nfu||Lp(Ω)≤ c||u||r
Lpr(Ω)

+||β||Lp(Ω).

2.3.3. The Problem

Consider the problem

(∗)
{ −λ Δp u = f ( · , u( · )) + h, x ∈ Ω, λ ∈ R

u|∂Ω = 0

The next two propositions were obtained by the author and are given in [11,12,15].

Proposition 2.47. Let Ω be an open bounded set of the C1 class from RN, N ≥ 2, p ∈ (1, +∞), h
be from W−1,p′(Ω) and f : Ω × R → R a Carathéodory function with the properties

1◦ f (x, − s) = − f (x, s) ∀s from R, ∀x from Ω,
2◦ |f (x, s)| ≤ c1 |s|q–1 + β(x) ∀s from R, ∀x from Ω\A, μ(A) = 0,
where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1

q +
1
q′ = 1.

Then, for any λ �= 0, the problem (∗) has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanations. The relationship u | ∂Ω from (∗) is in the sense of the trace (Definition 2.8).
Moreover, γ−1(0) = W1,p

0 (Ω). f (·, u) = Nf u, where Nf is the Nemytskii operator (see
Section 2.3.2 above), and so the equation from (∗) can be written as

− λ Δp u = Nf u + h. (2.40)

From 2◦ of the last assertion, it is determined (via Proposition 2.46) that Nf maps Lq(Ω)
on Lq′(Ω), and it is continuous and bounded. Moreover (Proposition 2.46),

‖ Nf u ‖0,q′ ≤ c1 ||u||q−1
0,q +c2 , c2 := ||β||0,q′ , ∀uin Lq(Ω). (2.41)

Since q ∈ (1, p) and q < p* (the Sobolev conjugated exponent), (W1,p
0 (Ω), ‖ · ‖ 1, p) is

compactly embedded in Lq(Ω). Let i (linear injection) be such an embedding,

‖ i(u) ‖0,q ≤ c0,q ‖ u ‖1,q ∀uin W1,p
0
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(using the Rellich-Kondrashev theorem and taking into account that the norms ‖ · ‖1, p and
‖ · ‖W1,p(Ω) are equivalent).

Let i’: Lq′(Ω) → W−1,p′(Ω) be the adjoint of i (as (Lq(Ω))* = Lq′(Ω)!).
u0 from W1,p

0 (Ω) is a solution for (∗) in the sense of W−1,p′(Ω) if

− λ Δp u0 = (i’ o Nf o i)u0 + h. (2.42)

We proceed to the proof of Proposition 2.47.

Proof. −Δp
Proposition2.39

= Jϕ, where Jϕ is the duality map with ϕ(t) = tp−1; the Banach

space (W1,p
0 (Ω), ‖ · ‖1,p) is uniformly convex (Proposition 2.37) and, consequently, has

the (H) property, and it is reflexive (uniformly convex ⇒ reflexive). It is also smooth
(its norm being Gâteaux differentiable on W1,p

0 (Ω)\{0} (Proposition 2.3)). Thus, one can
apply Proposition 2.30 with X = W1,p

0 (Ω), Z = Lq(Ω), N = Nf − odd continuous operator
(Proposition 2.46) and Z* = Lq′(Ω) and take (2.41) into account; the operator λ(−Δp) − S:
W1,p

0 (Ω) → W−1,p′(Ω), where S = i ′ o Nf o i is surjective, a fortiori the operator −λΔp − S
− h is surjective (commutative group) and hence ∃u0 in W1,p

0 (Ω) which verifies (2.42). �

By replacing q with p in Proposition 2.47, 20, and by applying Proposition 2.32, we
obtain the following:

Proposition 2.48. Let Ω be an open bounded set of the C1 class from RN, N ≥ 2, p ∈ (1, +∞), h
from W−1,p′(Ω) and f : Ω × R → R Carathéodory function having the properties

1◦ f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ |f (x, s)| ≤ c1 |s|p−1 + β(x) ∀s from R, ∀x from Ω\A, μ(A) = 0,
where c1 ≥ 0, β ∈ Lp′ (Ω), 1

p + 1
p′ = 1.

Finally, let i : W1,p
0 (Ω) → Lp(Ω) be linear compact embedding. Then, for any λ, if

|λ| > c1λ−1
1 , λ1 := inf

{ ||u||p1,p

||i(u)||p0,p
: u ∈ W1,p

0 (Ω)\{0}
}

then the problem (∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proof. The statement is correct since (W1,p
0 (Ω), ‖ · ‖1, p) is compactly embedded in Lp(Ω)

(Rellich-Kondrashev theorem). Apply Proposition 2.32. �

Remark 2.5. The condition from Proposition 2.48 can be replaced (Proposition 2.32 allows this) by:

|λ| > lim
||u||→+∞

||(i′ ◦ Nf ◦ i)u||
||u||p−1 .

Attention to λ1: λ
− 1

p
1 is optimal for the inequality from the statement; it is attained and nonzero,

and it is the smallest eigenvalue of the couple (JLq Lq′ , J
W1,p

0 W−1,p′ ) (see Proposition 2.31).

2.3.4. The Problem

Consider the problem

(∗∗)
{
−λ Δs

p u = f ( · , u( · )) + h, x ∈ Ω, λ ∈ R

u|∂Ω = 0

The following two statements are obtained by the author and given in [11,12,15].
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Proposition 2.49. Let Ω be an open bounded set of C1 class from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R → R Carathéodory function with the properties

1◦ f (x, − s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ |f (x, s)| ≤ c1 |s|q–1 + β(x) ∀s from R, ∀x from Ω\A, μ(A) = 0,
where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1

q +
1
q′ = 1.

Then, for any λ �= 0, the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanations (similar to those for Proposition 2.47): The relationship u | ∂Ω from (∗∗)
is in the sense of the trace. f (·, u) = Nf u, Nf Nemytskii operator, and so the equation from
(∗∗) can be written as

− λΔs
pu = Nf u + h. (2.43)

Now, the norm that endows W1,p
0 (Ω) is � · �1,p, and (W1,p

0 (Ω), � · �1,p) is a Banach space
that is compactly embedded in Lq(Ω) since � · �1,p and ‖ · ‖1,p, and hence also || · ||W1,p(Ω),
are equivalent (see above). Let i be the embedding.

Let i′: Lq′(Ω) → W−1,p′(Ω) be the adjoint of i (as (Lq)* = Lq′). u0 from W1,p
0 (Ω) is a

solution for (∗∗) in the sense of W−1,p′(Ω) if

− λΔs
p u0 = (i′ o Nf o i)u0 + h. (2.44)

Proof. −Δs
p

Prop.2.43
= Jϕ, Jϕ duality map with ϕ(t) = tp−1, the Banach space (W1,p

0 (Ω), � ·
�1,p) being uniformly convex (see above, proposition 2.42). It is also smooth (its norm

being Gâteaux differentiable on W1,p
0 (Ω)\{0}). So, we apply Proposition 2.30 with X =

W1,p
0 (Ω), Z = Lq(Ω), N = Nf − odd continuous operator, Z* = Lq′(Ω), take into account ‖Nf

u‖0,q′ ≤ c1||u||q−1
0,q + c2, c2 : = ‖β‖0,q′ , ∀u from Lq(Ω) the operator λ (−Δs

p) − S: W1,p
0 (Ω)

→ W−1,p′(Ω), where S = i′ o Nf o i is surjective, a fortiori the operator − λΔs
p − S − h is

surjective (commutative group) and hence ∃u0 in W1,p
0 (Ω) which verifies (2.44). �

Replacing q with p in 2◦ from Proposition 2.49 and applying Proposition 2.32, obtain:

Proposition 2.50. Let Ω be an open bounded set of C1 class from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R → R Carathéodory function having the properties

1◦ f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
2◦ | f (x, s)| ≤ c1 |s|p−1 + β(x) ∀s from R, ∀x from Ω\A, μ(A) = 0,
where c1 ≥ 0, β ∈ Lp′ (Ω), 1

p + 1
p′ = 1.

Finally, let i: W1,p
0 (Ω) → Lp(Ω) be a linear compact embedding. Then, for any λ, if

|λ| > c1λ−1
1 , λ1 : = inf

⎧⎨
⎩ �u�

p
1,p

||i(u)||p0,p
: u ∈ W1,p

0 (Ω)\{0}

⎫⎬
⎭,

the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proof. The proof is the same as for Proposition 2.48. �

Remark 2.6. The condition from Proposition 2.49 can be replaced (see Proposition 2.48) by:

|λ| > lim
||u||→+∞

||(i′ ◦ Nf ◦ i)u||
�u�

p−1 .
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Attention to λ1 : λ
− 1

p
1 is optimal for the inequality from the statement; it is attained and nonzero,

and it is the smallest eigenvalue of the couple (JLq Lq′ , J
W1,p

0 W−1,p′ ) (see Proposition 2.31).

Remark 2.7. The above results will be used to provide solutions, together with their characteriza-
tions, for particular problems from glaciology [55–57], for nonlinear elastic membrane [41,58], for
the pseudo-torsion problem [9,59] for nonlinear elastic membrane with the p-pseudo-Laplacian as
in [60]. They are presented in the second part of this paper.

3. Results of the Fredholm Alternative Type for Operators λJϕ − S
3.1. Important Results

In this section, we continue with results that complete the previous theory provided
in Section 2. The statements from this section originate from the generalization due to
the author in [11,13] of a theorem of Nečas [42,61] in which normed space is used instead
of Banach space and the goal function is a bijection with continuous inverse instead of
homeomorphism. The results mentioned above have been obtained based on this theorem
and also on propositions of the author and presented in the previous section.

Definition 3.1. Let X, Y be real normed spaces and F: X → Y, F0 : X→ Y. F is strongly closed and
strongly continuous, respectively, if

xn
w→ a and F(xn) → α⇒ α = F(a),

and, respectively,
xn

w→ a and F(xn) → F(a).

For instance, any linear compact operator between Banach spaces is strongly continuous [62].

Definition 3.2. Let a be a real, strictly positive number. F is, by definition, a-homogeneous if F(tu)
= ta F(u), ∀u in X, ∀t ≥ 0.

F is a-quasi-homogeneous relative to F0, and F0 is a-homogeneous if

tn ↓ 0, un
w→ u0 and ta

n F
(

un

tn

)
→ γ ⇒ γ = F0 (u0).

F is a-strongly quasi-homogeneous relative to F0, F0 a-homogeneous if

tn ↓ 0, un
w→ u0 and ta

n F
(

un

tn

)
→ F0 (u0).

Proposition 3.1. Let F be an a-homogeneous and strongly closed (respectively, strongly continuous),
then F is a-quasi-homogeneous (respectively a-strongly quasi-homogeneous) relative to F.

Proof. Observe, in both cases, that ta
n F

(
un
tn

)
→ F0 (u0). �

Proposition 3.2. If F is a-strongly quasi-homogeneous relative to F0, then F0 is a-homogeneous
and strongly continuous.

Proof. First assertion. t > 0. Let u0 be arbitrarily fixed from X and tn ↓ 0, un
w→ u0. Then

ta
nF

(
un
tn

)
→ F0 (u0), hence (ttn)

a F
(

un
tn

)
→ ta F0 (u0), but (ttn)

a F
(

tun
ttn

)
→ F0 (tu0) since tun

w→ tu0, ta F0 (u0) = F0 (tu0). t = 0. It should be shown that F0 (0) = 0. Take tn ↓ 0 and (un)n≥1

with un = 0 ∀n. Then, ta
n F

(
un
tn

)
→ F0 (0), but F

(
un
tn

)
= 0, etc.
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Second assertion. From the hypothesis,

lim
t→0+

taF
(u

t

)
= F0(u)∀u in X. (3.1)

Suppose, ad absurdum, that F0 is not strongly continuous. Then there exists un, un
w→ u0,

and
F0(un) → F0(u0). (3.2)

ε > 0 being arbitrarily fixed, from (3.2), there exists a subsequence of (un), it is denoted in
the same manner, e.g.,

‖F0 (un) − F0 (u0)‖ ≥ ε ∀n ≥ 1. (3.3)

Furthermore, from (3.1), for any n from N ∃ tn, 0 < tn ≤ 1
n , for which

‖ F0 (un)− ta
n F

(
un

tn

)
‖ ≤ ε

2
. (3.4)

Then

ε
(3.3)
≤ ‖ F0 (u0)− F0 (un) ‖ ≤ ‖ F0 (u0)− ta

n F
(

un

tn

)
‖ + ‖ ta

n F
(

un

tn

)
−F0 (un) ‖

(3.4)
≤ ε

2
+ ‖ F0 (u0)− ta

n F
(

un

tn

)
‖,

and taking the limit for n → ∞, we obtain ε ≤ ε
2 , which is a contradiction. �

Proposition 3.3. The uni-valued duality map Jϕ is a-homogeneous iff ϕ is a-homogeneous.

Proof. Necessary. ∀u �= 0, ∀t ≥ 0, Jϕ (tu) = ϕ(t‖u‖)
ϕ(‖u‖) Jϕ u (Proposition 2.2, 5◦), Jϕ (tu) = ta Jϕ

u, and by taking the norm, ϕ(t‖u‖) = ta ϕ(‖u‖), taking into account that u → ‖u‖ takes all
the values from R+. Sufficient. Use the same formula. �

Thus, for p ∈ (1, +∞), −Δp and −Δs
p are (p − 1)-homogeneous maps on W1,p

0 (Ω)
(Propositions 2.39 and 2.43).

Proposition 3.4. If the Banach space is reflexive, smooth and has the property (H), then any duality
map Jϕ on X is strongly closed.

Proof. Let un
w→ u0 and Jϕ un → γ. We have

〈Jϕ un − Jϕ u0, un − u0〉 → 0,

but

〈Jϕ un − Jϕ u0, un − u0〉 ≥ [ϕ(‖un‖) − ϕ(‖u0‖)](‖un‖ − ‖u0‖) ≥ 0 (Proposition 2.2),

hence lim
n→∞

[ϕ(‖ un ‖) − ϕ(‖u0‖)](‖un‖ − ‖u0‖) = 0, which implies ‖un‖ → ‖u0‖ (see the

proof for Proposition 2.28). With X having the property (H), we obtain un → u0, which
implies (X is smooth reflexive ⇒ Jϕ is semicontinuous, Corollary 2.3) that Jϕ un

w→ Jϕ u0
and hence Jϕ u0 = γ. �

Corollary 3.1. If the Banach space X is reflexive, smooth and has the property (H), any duality map
on X Jϕ that is a-homogeneous is a-quasi-homogeneous related to Jϕ.

Proof. Combine Propositions 3.1 and 3.4. �

We proceed to the basis proposition of this section. The conditions are slightly weak-
ened. Previously:
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Definition 3.3. The map f : X → Y, where X and Y are normed spaces, is regularly surjective if it
is surjective and ∀R > 0 ∃r > 0 e.g.,

‖ f (x) ‖ ≤ R ⇒ ‖x‖ ≤ r.

Proposition 3.5. Fredholm alternative. Let X and Y be real normed spaces, T: X → Y a(K, L,
a) and a-homogeneous bijection, odd with a continuous inversei and S: X → Y an odd compact
a-homogeneous operator. Theni for any λ �= 0, λT − S is regularly surjective iff λ is not an
eigenvalue for the couple (T, S).

Proof. Necessary. Let, ad absurdum, x0 �= 0 be from X such that

λT(x0) − S(x0) = 0. (3.5)

Multiplying (3.5) by ta, we obtain

λT(tx0) − S(tx0) = 0 (3.6)

and as lim
t→+∞

‖tx0‖ = +∞, (3.6) imposes (ad absurdum!) the conclusion that λT − S is not

regularly surjective, which is a contradiction.
Sufficient. Firstly, we prove that:

ρ := inf
||x||=1

‖ λT(x)− S(x) ‖ > 0. (3.7)

Assume, ad absurdum,
ρ = 0. (3.8)

With (3.8), we obtain a sequence (xn)n∈N, xn ∈ X,

‖xn‖ = 1 (3.9)

and
lim

n→∞
[λT(xn)− S(xn)] = 0. (3.10)

The sequence (xn) being bounded, (S(xn))n∈N has a subsequence (xkn ) convergent in Y,
and let γ = lim

n→∞
S(xkn ). However, T is surjective and λ �= 0, so ∃ x0 ∈ X such that λT(x0) = γ,

and then, from (3.10),
lim

n→∞
λT(xkn) = λT(x0). (3.11)

From (3.11), T having a continuous inverse, we obtain

lim
n→∞

xkn = x0. (3.12)

(3.12) imposes, on the one hand, ‖x0‖
(3.9)
= 1 and, on the other hand, lim

n→∞
S(xkn ) = S(x0),

which, combined with (3.10) and (3.11), gives λT(x0) − S(x0) = 0, which is a contradiction,
and hence (3.7).

Thus, from (3.7), ∥∥∥∥λT
(

x
||x||

)
− S

(
x
||x||

)∥∥∥∥ ≥ ρ ∀x ∈ X\{0},

so
ρ‖x‖a ≤ ‖λT(x) − S(x) ‖ ∀x ∈ X\{0}. (3.13)
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From (3.13),
lim

||x ||→+∞
‖ λT(x)− S(x) ‖= +∞, (3.14)

from which one concludes that λT − S is surjective (see Proposition 2.1).
This surjectivity is regular. Indeed, assuming, ad absurdum, the contrary, we obtain

R > 0 such that ∀n ∈ N ∃x′n ∈ X, ‖x′n‖ > n and

‖ λT(x′n)− S(x′n) ‖ ≤ R. (3.15)

However, since lim
n→∞

‖x′n‖ = +∞, we have lim
n→∞

‖λT(x′n) − S(x′n)‖(3.14)
= +∞ and obtain a

contradiction with (3.15). �

Proposition 3.6. Let X be a real reflexive Banach space, smooth and having the property (H),
which is compactly embedded in the real Banach space Z, and N: Z → Z* an a-homogeneous odd
semicontinuous operator. Then the operator λJϕ − N, with Jϕ being the duality map on X with ϕ(t)
= ta, λ �= 0, is regularly surjective iff λ is not an eigenvalue for the couple (Jϕ, N) ([11]).

Explanation. In the expressions λJϕ − N and (Jϕ, N), N is actually i′ o N o i, i: X → Z
linear compact injection, i′: Z* → X* is its adjoint.

Proof ([11]). We apply Proposition 3.5 with T : = Jϕ, S : = i′ o N o i, correctly, as Jϕ is (K, L,
a) with K = L = 1, bijective with continuous inverse (Proposition 2.26), odd and S is odd,
a-homogeneous and compact (see the proof of Proposition 2.30). �

3.2. Applications
3.2.1. Application for the p-Laplacian and p-Pseudo-Laplacian

In Proposition 3.6, we now take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p), where p ∈ (1, +∞)

and Ω is an open bounded set of C1 class from Rn, n ≥ 2 (hence Jϕ = − Δp, ϕ(t) = tp−1,
Proposition 2.39), (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω) → Lp′ (Ω), 1

p + 1
p′ = 1, Nu = |u|p−2

u.
W1,p

0 (Ω) is uniformly convex (Proposition 2.37) and hence also reflexive (Proposition
2.9) with the property (H), with its norm being Gâteaux differentiable (Corollary 2.6) and
hence smooth (Proposition 2.3). It is compactly embedded in Lp(Ω). For the last assertion,
we can mention the following:

Theorem 3.1. Let Ω be a bounded set of the C1 class. Then

p < n W1,p ( ) ( ) q in [1, p*], = ,
p = n W 1,p ( ) ( ) q in [1, + ),

p > n W 1,p ( ) C ( ),

in all cases with compact injections (Rellich-Kondrashev).

Concerning N, it is the duality map on Lp(Ω) relative to the weight t → tp−1 (see
the following Proposition 3.8); consequently, N is a homeomorphism of Lp(Ω) on Lp′ (Ω)
(Corollary 2.5), odd and (p − 1)-homogeneous.

We apply Proposition 3.6 in order to obtain the following statement [11,13].

Proposition 3.7. Let p be from (1, + ∞) and λ �= 0. If

λ(−Δp u) = |u|p−2 u
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does not have a nonzero solution in W1,p
0 (Ω), then, for any h from W−1,p′(Ω), the equation

λ(−Δp u) = |u|p−2 u + h

has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Explanation. The term |u|p−2 u from (3.16) and (3.17) is actually considered to be its
image through a compact embedding of Lp′ (Ω) in W−1,p′(Ω) (use Schauder’s theorem).

Regarding the operator N, we can complete it with the following result.

Proposition 3.8. The duality map on Lp(Ω), p ∈ (1, +∞), of weight ϕ(t) = tp−1 is

Jϕ u = |u|p−1 sgn u, u ∈ Lp(Ω)

i.e.,
〈Jϕ u, h〉 =

∫
Ω

|u|p−1(sgnu)hdx ∀h ∈ Lp(Ω)

Proof. Let Ψ: Ψ(u) = 1
p ||u||

p
0,p. As Ψ(u) =

||u||0,p∫
0

ϕ(t)dt, we have (Proposition 2.2, 3◦)

Jϕ (u) = ∂Ψ(u).

However, Ψ′(u)(h) =
∫
Ω
|u|p−1(sgnu)hdx ∀h from Lp(Ω) ([46]), and thus the conclusion. �

Proposition 3.9. In the statement of Proposition 3.7, if p ∈ [2, +∞), then −Δp can be replaced
by −Δs

p ([11,13]).

Proof ([11,13]). In Proposition 3.6, we take (X, ‖ · ‖) = (W1,p
0 (Ω), � · �1, p) (see above),

and (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω) → Lp′ (Ω), 1
p + 1

p′ = 1, Nu = |u|p−2 u, and

take into account that (W1,p
0 (Ω), � · �1,p) is uniformly convex (see also Proposition 2.42

and Corollary 2.7 above). The compact embedding of W1,p
0 (Ω) in Lp(Ω) is given by the

equivalence of the norms � · �1,p and ‖ · ‖1,p since � · �1,p is equivalent to the norm | · |1, p
(see the p-pseudo-Laplacian in Section 2.3.2). �

3.2.2. Another Application for p-Laplacian

Here, in Proposition 3.6, we take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p), where Ω is an open

bounded set of C1 class in Rn, n ≥ 2, (Z, ‖ · ‖Z) = (Lp(Ω), ‖ · ‖0,p), N: Lp(Ω) → Lp′ (Ω), 1
p + 1

p′

= 1, Nu = Nf u, Nf is the Nemytskii operator, with f : Ω × R → R a Carathéodory function
which verifies

1◦ | f (x, s)| ≤ c1 |s|p–1 + β(x) ∀s ∈ R, ∀x ∈ Ω\A, μ(A) = 0, where c1 ≥ 0, β ∈ Lp′ (Ω);
2◦ f is odd and (p − 1)-homogeneous in the second variable.
Then, Nf is odd, (p − 1)-homogeneous and continuous (Proposition 2.46). We apply

Proposition 3.6 (see also Section 3.2.1 above) and obtain the following:

Proposition 3.10. Let p be from (1, +∞) and λ �= 0. If

λ(−Δp u) = Nf u

has no nonzero solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω), then, for any h from W−1,p′(Ω),

the equation
λ(−Δp u) = f (·, u(·)) + h, x ∈ Ω
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has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω) ([11,13]).

Remark 3.1. This statement can be compared with Proposition 2.48 above.

Remark 3.2. Applications to real phenomena regarding the nonlinear elastic membrane with
p-Laplacian and with p-pseudo-Laplacian will be developed in the second part of this article.

4. Surjectivity to Different Homogeneity Degrees

The propositions in this section originate from another assertion of the author [11,15],
which generalizes a theorem of Fučik [42], but they are also based on other propositions
obtained by the author. Applications to partial differential equations (weak solutions) are
also given.

4.1. Theoretical Results

Proposition 4.1. Let X and Y be real normed spaces, X complete and reflexive, T: X → Y (K, L,
a) bijection odd with continuous inverse and S: X → Y odd compact operator b-strongly quasi-
homogeneous relative to S0, b < a. For any λ �= 0, the operator λT − S is surjective.

Remark 4.1. The author proposed this weakened version of the theorem from [42], i.e., with normed
space instead of Banach space, and bijection with continuous inverse instead of homeomorphism.

Proof. According to Corollary 2.2, it is sufficient to prove:

lim
||x||→+∞

||Sx||
||x||a

(
= lim

||x||→+∞

||Sx||
||x||a

)
= 0. (4.1)

Supposing, ad absurdum, the contrary, we obtain a sequence (xn)n∈N, xn ∈ X\{0}, lim
n→∞

‖xn‖
= +∞, for which

||S(xn)||
||xn||a

≥ ε0 ∀n in N, (4.2)

where ε0 > 0. With X being complete and reflexive, the bounded sequence (yn)n∈N, yn : =
xn
||xn || has a weakly convergent subsequence, one denotes this identically, yn

w→ y0. Then,

lim
n→∞

S(||xn||yn)

||xn||b
= S0 (y0)

and as lim
n→∞

||xn ||b
||xn ||a = 0, we obtain

lim
n→∞

||S(xn)||
||xn||a

= 0,

in contradiction with (4.2), and hence (4.1). �

An immediate consequence:

Proposition 4.2. Let X be a real reflexive Banach space and smooth with the property (H) which
is compactly embedded in the real Banach space Z and N: Z→ Z* odd semicontinuous and b-
homogeneous operator.
Then, for any λ �= 0,

λJϕ − N,

Jϕ the duality map on X with ϕ(t) = ta, a > b, is surjective ([11,15]).
Clarification. In the expression λJϕ − N, N is actually (abbreviation!) the operator i′ o

N o i, i′ is the adjoint of i.
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Proof ([11,15]). Applying Proposition 4.1, with T = Jϕ (K = L = 1 is odd bijective with
continuous inverse (Proposition 2.26)), S : = i′ o N o i is odd, compact and b-homogeneous.
It remains only to prove that S is b-strongly quasi-homogeneous relative to S. Let tn

↓ 0 and un
w→u0, then tb

nS
(

un
tn

)
= S(un) and S(un) → S(u0): un

w→u0
i compact⇒ i(un) → i(u0)

N semicontinuous⇒ N(i(un)) w→N(i(u0))
i′ compact⇒ S(un) → S(u0). �

4.2. Applications
4.2.1. First Application

We now take (X, ‖ · ‖X) = (W1,p
0 (Ω), ‖ · ‖1, p) with p ∈ (1, +∞) and (X, ‖ · ‖X) =

(W1,p
0 (Ω), � · �1,p) with p ∈ [2, +∞), respectively, and Ω is open bounded set of C1 class in

Rn, n ≥ 2, ϕ(t) = tp−1; hence Jϕ = −Δp (Proposition 2.39) and Jϕ = − Δs
p (Proposition 2.43),

respectively, (Z, ‖ · ‖Z) = (Lq(Ω), ‖ · ‖0,q) with q ∈ (1, p), N: Lq(Ω) → Lq′(Ω), Nu = |u|q−2

u, 1
q + 1

q′ = 1. N is odd, continuous (an even homeomorphism; see Proposition 3.8 and
Corollary 2.5 above) and (q − 1)-homogeneous, q − 1 < p − 1. Applying Proposition 4.2,
we obtain the following.

Proposition 4.3. Under the above conditions, for any λ �= 0 and for any h from W−1,p′(Ω), there
exists u0 in W1,p

0 (Ω) such that

λ(−Δp)u0 = (i′ o N o i)u0 + h

and
λ(−Δs

p)u0 = (i′ o N o i)u0 + h

respectively ([11,15]).

4.2.2. Second Application

This second application of Proposition 4.2 is made by replacing the operator N from
Proposition 4.3 with Nf, the Nemytskii operator. More precisely, we take N: Lq(Ω)→ Lq′(Ω),
N = Nf, with f : Ω × R → R odd Carathéodory function and (q − 1)-homogeneous in the
second variable, which verifies the growth condition

|f (x, s)| ≤ c1 |s|q−1 + β(x) ∀s in R, ∀x in Ω\A, μ(A) = 0,

where c1 ≥ 0, β ∈ Lq′(Ω).
Then, Nf is odd, (q − 1)-homogeneous and continuous (Proposition 2.46), and one can

apply Proposition 4.2 to obtain:

Proposition 4.4. Under the above conditions, for any λ �= 0 and for any h in W−1,p′(Ω), there
exists u0 in W1,p

0 (Ω) such that

λ(−Δp)u0 = (i′ o Nf o i)u0 + h

and
λ(−Δs

p)u0 = (i′ o Nf o i)u0 + h

respectively ([11,15]).

Remark 4.2. Applications to models of real phenomena involving a nonlinear elastic membrane
and a nonlinear elastic membrane with p-Laplacian and the p-pseudo-Laplacian will be provided in
the second part of this work.
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5. Weak Solutions Starting from Ekeland Variational Principle

5.1. Critical Points and Weak Solutions for Elliptic Type Equations

The theoretical results in the following two subsections were obtained by the author
in [17].

5.1.1. Theoretical Support

In order to introduce the first result, theoretical support will be given, starting with:

Ekeland Principle. Let (X, d) be a complete metric space and ϕ: X → (−∞, +∞] bounded from
below, lower semicontinuous and proper. For any ε > 0 and u of X with

ϕ(u) ≤ inf ϕ(X) + ε

and for any λ > 0, there exists vε in X such that

ϕ(vε) < ϕ(w) +
ε

λ
d(vε, w) ∀w ∈ X\{vε}

and
ϕ(vε) ≤ ϕ(u), d(vε, u) ≤ λ

([22,63,64]).

We continue with the following:

Definition 5.1. Let X be a real normed space, β a bornology (Definition 2.3) on X, and let ϕ: X
→ R. Let c be in R and F a nonempty subset of X. ϕ verifies the Palais-Smale condition on level c
around F (or relative to F), (PS)c,F, with respect to β, when ∀(un)n≥1 a sequence of points in X for
which

lim
n→∞

ϕ(un) = c, lim
n→∞

||∇βϕ(un)|| = 0 and lim
n→∞

dist(un, F) = 0, (5.1)

this sequence has a convergent subsequence.

To clarify the above notation, see Definition 2.3 regarding the β-derivative.
Let us introduce the definition of the metric gradient in order to provide other obser-

vations related to this central notion for the following statement.

Definition 5.2. In a real normed space X, consider the Gâteaux-differentiable functional f : X →
R. The metric gradient of f is the multiple-valued mapping:

∇ f : X → P (X), ∇ f (x) = i−1 J∗ f ′w(x),

where J∗: X* → P (X**) is the duality mapping on X* corresponding to the identity, and i is the
canonical injection of X into X**: i(x) = x**, 〈x**, x*〉 = 〈x*, x〉, ∀x* ∈ X*.

Consequently, for any x ∈ X: ∇f (x) = {y ∈ X: i(y) ∈ J∗ f ′w(x)} = {y ∈ X: 〈i(y), f ′w(x)〉 =
〈 f ′w(x), y〉 = ‖ f ′w(x)‖2, ‖i(y)‖ = ‖y‖ = ‖ f ′w(x)‖}. If X is reflexive, for any x ∈ X, ∇f (x) is
nonempty. X** being strictly convex, J∗ is single-valued. So, if X is reflexive and strictly
convex, then ∇f : X → X, ∇f (x) = i−1 J∗ f ′w(x), and the following equalities hold:〈

f ′w (x), ∇ f (x)〉 = || f ′w(x)||2, ||∇ f (x)|| = || f ′w(x)||.

Through the minimization of a functional on F (minimization with constraints), its global
critical points may be obtained.

As a preliminary, we generalize some results from [65] by introducing Banach space
instead of Hilbert space and Gâteaux differentiability instead of C1-class Fréchet.
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Proposition 5.1. Let X be real reflexive strictly convex Banach space, let ϕ: X → R be lower
semicontinuous and Gâteaux differentiable and let F be a closed subset of X such that for every u
from F with the metric gradient ∇ϕ (u) �= 0, for sufficiently small r > 0,(

u− δ
∇ϕ(u)
||∇ϕ(u)||

)
∈ F, ∀δ ∈ [0, r]. (5.2)

Then, if ϕ is lower bounded on F, for every (vn)n≥1 a minimizing sequence for ϕ on F, there
exists a sequence (un)n≥1 in F such that

‖ϕ′(un)‖ ≤ √
εn, (5.3)

ϕ(un) ≤ ϕ(vn) ∀n (5.4)

lim
n→∞

‖un − vn‖ = 0, (5.5)

where εn > 0 and εn → 0 .

Remark 5.1. This result is reported in [65] as Lemma 9 in the frame of Hilbert spaces having
the function ϕ of the Fréchet C1 class, but the condition (5.3) is more complicated due to another
condition imposed on the set F.

Proof. Denote c : = inf ϕ(F) and let n be from N. For εn : = ϕ(vn)− c + 1
n , hence εn > 0, we

have ϕ(vn) < c + εn. We apply the enounced Ekeland principle with λ =
√
εn, ∃un in F, with

known properties. Thus, we obtain the sequence (un)n≥1 satisfying (5.4), (5.5) (||un − vn||
≤ √

εn, εn → 0) and
ϕ(v) ≥ ϕ(un)−

√
εn||v− un|| ∀v ∈ F. (5.6)

Next, we verify (5.3). It is sufficient to work under the assumption that ||ϕ′w(un)|| > 0
∀n. Thus, we apply the hypothesis made in the statement with respect to F with u = un

and, denoting, for δ ∈ (0, r], vδ := un − δ
∇ϕ(un)
||∇ϕ(un)|| (∈ F), replace vδ in (5.6) and find

√
εn||vδ − un|| ≥ ϕ(un)−ϕ(vδ),

multiply this inequality by 1
δ , δ > 0, and take the limit for δ→ 0+ in order to keep the sense

of the inequality. We remark that lim
δ→0

vδ = un; lim
δ→0

||vδ−un ||
δ = lim

δ→0

δ
||∇ϕ(un)||
||∇ϕ(un)||

δ = 1. Consider that

the existence of the limit for δ→ 0 implies the existence of the limit for δ→ 0±, together

with their equality, lim
δ→0+

ϕ(un)−ϕ(vδ)
δ = lim

δ→0+

ϕ
(

un−δ
∇ϕ(un)
||∇ϕ(un)||

)
−ϕ(un)

−δ = ϕw
′(un)

(
∇ϕ(un)
||∇ϕ(un)||

)
=

1
||∇ϕ(un)|| 〈ϕw

′(un), ∇ϕ(un)〉 = 1
||∇ϕ(un)||||ϕ′w(un)||2 = ||ϕ′w(un)||; taking into account

the definition of the Gâteaux derivative and the above considerations on the metric gradient,
(5.3) is also fulfilled. �

Remark 5.2. The Gâteaux derivative from the above statement can be replaced by any β-derivative,
and the result remains the same. In the case of the Fréchet derivative, the condition “ϕ lower
semicontinuous” must be removed from the statement.

Notation. ϕ: X → R is β-differentiable, c ∈ R ⇒

Kc(ϕ) :=
{

x ∈ X : ϕ(x) = c, ∇βϕ(x) = 0
}

.

Proposition 5.2. Let X be a real reflexive strictly convex Banach space and ϕ: X → R lower
semicontinuous and Gâteaux differentiable and let F be a nonempty convex closed subset such that
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(I −∇ϕ)(F) ⊂ F, where I is the identity map. If ϕ is lower bounded on F, then for every (vn)n≥1, a
minimizing sequence for ϕ on F, there is a sequence (un)n≥1 in F such that

ϕ(un) ≤ ϕ(vn) ∀n, lim
n→∞

‖un − vn‖ = 0, lim
n→∞

‖ϕ′w(un)‖ = 0.

Moreover, if ϕ satisfies (PS)c,F, where c = inf ϕ(F), then

F ∩ Kc(ϕ) �= ∅.

Proof. Applying Proposition 5.1, (5.2) is satisfied; indeed, if u ∈ F and ϕ′w(u) �= 0, then, F
being convex,

u− δ
∇ϕ(u)
||∇ϕ(u)|| =

(
1− δ

||ϕ′w(u)||

)
u +

δ

||ϕ′w(u)||
(I −∇ϕ) (u) ∈ F.

Let (un)n≥1 be the sequence given by the statement. c ≤ ϕ(un) ≤ ϕ(vn) ∀n, hence ϕ(un) →

c. ||ϕ′w(un)||
(5.3)
≤ √

εn, hence ||ϕ′w(un)|| → 0 , clearly dist (un, F) = 0, and consequently,
(un)n≥1 has a convergent subsequence (ukn)n≥1, ukn → u0 ∈ F . This implies ||ϕ′w(ukn)|| →
||ϕ′w(u0)|| = 0 and thus u0 is a global critical point of ϕ contained in F. �

5.1.2. Weak Solutions

Open set of C1 class in RN. We use the following notations (the norm is that Euclidean
from RN−1): RN

+ = {x = (x′, xN): xN > 0}, Q = {x = (x′, xN) : ‖x′ ‖ < 1, |xN| < 1}, Q+ = Q
∩ RN

+, Q0 = {x = (x′, xN): ‖x′‖ < 1, xN = 0}. Let Ω be an open nonempty set in RN, Ω �= RN

and ∂Ω its boundary. By definition, Ω is of C1 class if ∀x from ∂Ω ∃U is a neighborhood of
x in RN and f : Q → U is bijective such that f ∈ C1(Q), f−1 ∈ C1(U), f (Q+) = U ∩ Ω, and

f (Q0) = U ∩ ∂Ω.

Weak solution. Let Ω be an open bounded nonempty set in RN, N > 1, f : Ω × RN → R,
and u0 ∈ W1,p

0 (Ω). Consider the problems:

(∗)
{−Δpu = f (x, u), x ∈ Ω

u = 0 on ∂Ω,

and

(∗∗)
{−Δs

pu = f (x, u), x ∈ Ω
u = 0 on ∂Ω.

The equality u = 0 on ∂Ω for both problems is in the sense of the trace (Definition 2.8). u
from X = W1,p

0 (Ω) is, by definition, a weak solution for (∗) and (∗∗) if u = 0 on ∂Ω in the sense
of the trace and ∫

Ω

|∇u|p−2∇u · ∇vdx−
∫
Ω

f (x, u(x))vdx = 0 ∀v ∈ W1,p
0 (5.7)

and
n

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂v
∂xi

dx−
∫
Ω

f (x, u(x))vdx = 0 ∀v ∈ W1,p
0 (5.8)

respectively.

Remark 5.3. Here, ∇w is the weak gradient (see Section 2.3.1 here and what follows). X : =
W1,p

0 (Ω) is endowed in the first case (∗) with the norm ‖ · ‖1, p that was defined in Section 2.3.1,
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which is equivalent to the norm u →
(
||u||pLp(Ω)

+
n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

(also highlighted there). For

the second case (∗∗), equip the same vector space with the norm u → �u�1,p =
(

n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

,

which is equivalent to u → |u|1, p =
n
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

(Section 2.3.2).

For the Nemytskii operator, see also Section 2.3.1 and suppose now that μ(Ω) < +∞.
Then,

un(x)
μ→

x∈Ω
u0 (x) ⇒ Nfun(x)

μ→
x∈Ω

Nfu0(x).

Assume that f satisfies the growth condition:

| f (x, s)| ≤ c |s|p−1 + b(x), ∀x ∈ Ω\A with μ(A) = 0, ∀x ∈ R,

where c≥ 0, p > 1 and b∈ Lq(Ω), q∈ [1, +∞]. Then Nf (Lq(p−1)(Ω))⊂ Lq(Ω); Nf is continuous
(q < +∞) and bounded on L(p−1)q(Ω) (Proposition 2.46). If Ω is bounded and 1

p +
1
q = 1, then

Nf(Lp(Ω)) ⊂ Lq(Ω) with Nf continuous; moreover, NF(Lp(Ω)) ⊂ L1(Ω), with NF continuous

(ibidem), where F(x, s) =
s∫

0
f (x, t)dt, and Φ: Lp(Ω) → R, Φ(u) =

∫
Ω

F(x, u(x))dx is of Fréchet

C1 class and Φ′ = Nf [65], so it is also Gâteaux differentiable.

Theorem 5.1. Let Ω be an open bounded nonempty set in RN and f : Ω × R → R a Carathéodory
function with the growth condition:

|f (x, s)| ≤ c|s|p−1 + b(x), (5.9)

where c > 0, 2 ≤ p ≤ 2N
N−2 when N ≥ 3 and 2 ≤ p < +∞ when N = 1, 2, and where b ∈ Lq(Ω),

1
p + 1

q = 1.

Then, the energy functional ϕ : W1,p
0 (Ω) → R, and

ϕ(u) =
1
p
||u||p1,p −

∫
Ω

F(x, u(x))dx, f or the problem (∗) (5.10)

and
ϕ(u) =

1
p
�u�

p
1,p−

∫
Ω

F(x, u(x))dx, f or the problem (∗∗), (5.11)

where F(x, s) =
∫ s

0 f (x, t)dt is Gâteaux differentiable on W1,p
0 (Ω)\{0} and, respectively,

ϕ′w(u)(v) =
∫

Ω
|∇u|p−2∇u · ∇vdx−

∫
Ω

f (x, u(x))vdx, ∀u, v ∈ W1,p
0 (Ω) (5.12)

and

ϕ′w(u)(v) =
N

∑
i=1

∫
Ω

∣∣∣∣ ∂u
∂xi

∣∣∣∣p−2 ∂u
∂xi

∂v
∂xi

dx−
∫

Ω
f (x, u(x))vdx, ∀u, v∈ W1,p

0 (Ω). (5.13)

Proof. One may consider ϕ, in both cases, to be the sum of two other functions. The
second of these functions being Gâteaux differentiable (see the above considerations), it is
sufficient to remark that the maps u → 1

p ||u||
p
1,p and u → 1

p �u�
p
1,p are also Gâteaux differen-

tiable on W1,p
0 (Ω)\{0} (Propositions 2.39 and 2.43) and then ϕ is Gâteaux differentiable on

W1,p
0 (Ω)\{0}. �
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Corollary 5.1. Let Ω and f be as in Theorem 5.1 above. Then the weak solutions of (∗) and (∗∗) are
precisely the critical points of the functional ϕ : W1,p

0 (Ω)→ R, respectively:

ϕ(u) =
1
p
||u||p1,p −

∫
Ω

F(x, u(x))dx, F(x, s) :=
∫ s

0
f (x, t)dt

and
ϕ(u) =

1
p
�u�

p
1,p−

∫
Ω

F(x, u(x))dx, F(x, s) :=
∫ s

0
f (x, t)dt.

Proof. Indeed, if u is a weak solution of (∗) and (∗∗), then ϕ′w(u)(v) = 0 ∀v ∈ W1,p
0 (Ω)

((5.7) and (5.8) respectively (Theorem 5.1)), hence, ϕ′w(u) = 0. The inverse assertion is
obvious. �

Weak subsolutions and weak supersolutions of (∗) and (∗∗). Let Ω be an open bounded set
of C1 class in RN, N ≥ 3, f : Ω × R → R a Carathéodory function and let u ∈ W1,p

0 (Ω). u is
a weak subsolution and a weak supersolution, respectively, of (∗) or (∗∗) if

u ≤ 0 on ∂Ω and u ≥ 0 on∂Ω, respectively, and⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫
Ω
|∇u|p−2∇u · ∇vdx ≤

∫
Ω

f (x, u(x))vdx ∀v ∈ W1,p
0 (Ω), v ≥ 0

respectively∫
Ω
|∇u|p−2∇u · ∇vdx ≥

∫
Ω

f (x, u(x))vdx ∀v ∈ W1,p
0 (Ω), v ≥ 0.

(5.14)

or ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n
∑

i=1

∫
Ω

∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

∂v
∂xi

dx ≤
∫
Ω

f (x, u(x))vdx ∀v ∈ W1,p
0 (Ω), v ≥ 0

respectively
n
∑

i=1

∫
Ω

∣∣∣ ∂u
∂xi

∣∣∣p−2
∂u
∂xi

∂v
∂xi

dx ≥
∫
Ω

f (x, u(x))vdx ∀v ∈ W1,p
0 (Ω), v ≥ 0.

(5.15)

Proposition 5.3. Let Ω be an open bounded set of C1 class in RN, N ≥ 3, and let f : Ω × R →
R be a Carathéodory function and u1 and u2 from W1,p

0 (Ω) bounded weak subsolution and weak
supersolution of (∗), respectively, with u1 (x) ≤ u2 (x) a.e. on Ω. Suppose that f verifies (5.9) and
there is ρ > 0 such that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω),
supu2(Ω)]. Then there is a weak solution u of (∗) in W1,p

0 (Ω) with the property

u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω.

Proof. Taking the equivalent norm on X = W1,p
0 (Ω), we obtain

||u|| =
(

ρ||u||pLp(Ω)
+

n

∑
i=1

∥∥∥∥ ∂u
∂xi

∥∥∥∥p

Lp(Ω)

) 1
p

.

Considering the functional ϕ: W1,p
0 (Ω)→ R,

ϕ(u) =
1
p
||u||p −

∫
Ω

G(x, u(x))dx, G(x, s) :=
s∫

0

g(x, t)dt. (5.16)

where ϕ is Gâteaux differentiable, and its critical points are the weak solutions of (∗) (see
Corollary 5.1 above). ϕ is also lower-bounded, with the norm on Lp(Ω) actually being of
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Fréchet C1 class (see, for instance, [43], Volume 2). Use Proposition 5.2, (X, ‖ · ‖) being a
reflexive strictly convex Banach space (see Section 2). Let

F : = {u ∈ W1,p
0 (Ω) : u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω}.

F is closed convex. We also obtain

(I − ∇ϕ)F ⊂ F.

Here, ∇ϕ denotes the metric gradient of ϕ. Since (X, ‖ · ‖) is reflexive and strictly convex
(see in Section 2), ∇ϕ is thus uni-valued, and it has the above-described properties. Indeed,
let u be in F and v := (I − ∇ϕ)(u). We should prove that v ∈ F. v = u − ∇ϕ(u) ∈
W1,p

0 (Ω) and u1(x) ≤ v(x) ≤ u2(x). Since the definition relation of the subsolution for u1

actually means ϕw
′(u1)(w) ≤ 0 ∀w in W1,p

0 (Ω) with w(x) ≥ 0 almost everywhere (a.e.) on
Ω, and that of the supersolution for u2 is ϕw

′(u2)(w) ≥ 0 ∀w in W1,p
0 (Ω), verifying w(x)

≥ 0 a.e. on Ω, we will prove that v(x) − u1(x) ≥ 0 a.e. on Ω and u2(x) − v(x) ≥ 0 a.e.
on Ω using the Gâteaux derivatives of ϕ in u1 and u2, respectively. ϕw

′(u1)(v − u1) =
ϕw

′(u1)(u1 − u) − ϕw
′(u1)(∇ϕ(u)) ≤ −ϕw

′(u1)(∇ϕ(u)) ≤ −ϕw
′(u)(∇ϕ(u)) = −‖ϕw

′(u)‖2

≤ 0 (take into account that u1 ≤ u, ϕw
′(u1) is a linear map and some properties of the metric

gradient). Also ϕw
′(u2)(u2 − v) = ϕw

′(u2)(u2 − v) + ϕw
′(u2)(∇ϕ(u)) ≥ ϕw

′(u2)(∇ϕ(u)) ≥
ϕw

′(u)(∇ϕ(u)) = ‖ϕw
′(u)‖2 ≥ 0. ϕ is lower bounded on F, ϕ being continuous, actually

(for this assertion, see Section 2). Until now, applying Proposition 5.2, for every (vn)n≥1, a
minimizing sequence for ϕ on F, there is a sequence (un)n≥1 in F such that ϕ(un) ≤ ϕ(vn)
∀n, lim

n→∞
||un − vn|| = 0, lim

n→∞
||ϕ′w(un)|| = 0. So lim

n→∞
ϕ(un) = c and since c : = inf ϕ(F),

we have lim
n→∞

||ϕ′w(un)|| = 0 already, and the last property from the (PS)c,F condition is

verified. To finish the proof, we once again apply Proposition 5.2. �

Example 1. Consider the problem (Ω is an open bounded set of C1 class in RN, N ≥ 3){ −Δpu = α(x) u |u|p−2on Ω,
u = 0 on ∂Ω,

(5.17)

where p = 2N
N−2 and α is continuous with 1 ≤ α(x) ≤ a < +∞ on Ω. Then u1 : = 1 is a weak

subsolution, u2 : = M, M > 1 sufficiently big, is a weak supersolution, |f (x, s)| ≤ a|s|p−1

(condition (5.9)), and s → α(x)s|s|p−2 + s is increasing in s on [1, M]; consequently, according to

Proposition 5.3, (5.17) has a weak solution
−
u with 1 ≤ u(x) ≤ M a.e. on Ω.

Proposition 5.4. Let Ω be an open bounded set of C1 class in RN, N ≥ 3, and f : Ω × R → R a
Carathéodory function and u1, u2 from W1,p

0 (Ω) bounded weak subsolution and weak supersolution
of (∗∗), respectively, with u1 (x) ≤ u2 (x) a.e. on Ω. Suppose that f verifies (5.9) and there is ρ > 0
such that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω), sup u2(Ω)].
Then there is a weak solution u of (∗∗) in W1,p

0 (Ω) with the property

u1(x) ≤ u(x) ≤ u2(x) a.e. on Ω.

Proof. We follow, step by step, the above proof for Proposition 5.3 considering the real
reflexive strictly convex Banach space X = W1,p

0 (Ω) endowed with the norm u → �u�1, p =(
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

or the equivalent norm u → u1,p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

, which are both also

equivalent to the other two norms used in Remark 5.3. The function ϕ is from (5.11), having
the weak derivative given in Theorem 5.1. Using similar calculus, we obtain a similar
conclusion. �
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Example 2. Consider the problem (Ω is an open bounded set of the C1 class in RN, N ≥ 3){ −Δs
pu = α(x) u |u|p−2on Ω,

u = 0 on ∂ Ω ,
(5.18)

where p = 2N
N−2 and α is continuous with 1 ≤ α(x) ≤ a < +∞ on Ω. Then, u1 : = 1 is a weak

subsolution, u2 : = M, M > 1 being sufficiently big, is a weak supersolution, |f (x, s)| ≤ a|s|p−1

(condition (5.9)), and s → α(x)s|s|p−2 + s is increasing in s on [1, M]; consequently, according to
Proposition 5.8, (5.18) has a weak solution u with 1 ≤ u(x) ≤ M a.e. on Ω.

Remark 5.4. The results from Sections 5.1.1, 5.1.2 and 5.2.1 have been reported by the author
in [17].

Remark 5.5. Applications to real phenomena, as well as an application in glaciology, a nonlinear
elastic membrane, the pseudo-torsion problem and a nonlinear elastic membrane with the p-pseudo-
Laplacian, will be presented in the second part of this article.

5.2. Critical Points for Nondifferentiable Functionals
5.2.1. Theoretical Results

The meaning of the title is actually “not compulsory differentiable”. We start this
section with the following:

Definition 5.3. x0 is a critical point (in the sense of the Clarke subderivative) for the real function f
if 0 ∈ ∂ f (x0). In this case, f (x0) is a critical value (in the sense of the Clarke subderivative) for f.
To clarify this notion, the Clarke derivative should be introduced. Let X be a real normed space, E ⊂
X, f : E → R, x0 ∈

o
E and v ∈ X. We set

f 0(x0; v) := lim
x → x0
t → 0+

f (x + tv)− f (x)
t

.

The upper limit obviously exists. f 0 (x0; v) is by definition the Clarke derivative (or the generalized
directional derivative) of the function f at x0 in the direction v. The functional ξ from X* is by
definition Clarke subderivative (or generalized gradient) of f in x0 if f 0 (x0; v) ≥ ξ(v) ∀v ∈ X. The
set of these generalized gradients is designated as ∂ f (x0).

Here it is a generalization at p-Laplacian and p-pseudo-Laplacian of an application of
this concept from [66].

Let Ω be a bounded domain of RN with the smooth boundary ∂Ω (topological bound-
ary). Consider the nonlinear boundary value problems (∗) and (∗∗) from Section 5.1.2
above, where f : Ω × R → R is a measurable function with subcritical growth, i.e.,

(I) |f (x, s)| ≤ a + b|s|σ ∀s ∈ R, x ∈ Ω a.e.,

where a, b > 0, 0 ≤ σ < N+2
N−2 for N > 2 and σ ∈ [0, +∞) for N = 1 or N = 2.

Set [67]:
f (x, t) = lim

s→t

f (x, s), f (x, t) = lim
s→t

f (x, s).

Suppose

(II) f and f : Ω × R → R are measurable with respect to x.

We emphasize that (II) is verified in the following two cases:
1◦ f is independent of x;
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2◦ f is Baire measurable and s → f (x, s) is decreasing ∀x ∈ Ω, in which case we have:

f (x, t) = max{ f (x, t+), f (x, t−)}, f (x, t) = min { f (x, t+), f (x, t−)}.

Definition 5.4. u from W1,p
0 (Ω), p > 1, is solution of (∗) and (∗∗) if u = 0 on ∂ Ω in the sense of

the trace (see in Section 2.3.2 above) and

−Δp u(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.19)

and
−Δs

pu(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.20)

respectively.

Let X : = W1,p
0 (Ω), but in the first case (∗), the norm endowing X is ‖ · ‖1, p i.e.,

‖u‖1, p
notation
= ||u||

W1,p
0 (Ω)

=||u||Lp(Ω)+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

, which is equivalent to the norm u →(
||u||pLp(Ω)

+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

. For the second case (∗∗), equip (also as previously) the

same set X with the norm u → �u�1,p =
(

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to u →

|u|1, p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

.

Associate with (∗) the locally Lipschitz functional Φ : X → R,

Φ(u) =
1
p
‖ u ‖p

1,p −
∫
Ω

F(x, u)dx, u ∈ X, (5.21)

and associate with (∗∗)

Φ(u) =
1
p
�u�

p
1,p−

∫
Ω

F(x, u)dx, u ∈ X, (5.22)

where F(x, s) =
s∫

0
f (x, t)dx. Set

Q(u) : =
1
p
‖ u ‖p

1,p, u ∈ X, Ψ1 (u) : =
∫
Ω

F(x, u)dx, u ∈ X, (5.23)

and
Q(u) : =

1
p
�u�

p
1,p, u ∈ X, Ψ1 (u) : =

∫
Ω

F(x, u)dx, u ∈ X, (5.24)

respectively, where F, a map defined on Ω × R, taking values in R, is locally Lipschitz (use
(I)). The functional Ψ: Lσ+1(Ω) → R, Ψ(u) =

∫
Ω

F(x, u)dx, is also locally Lipschitz (again (I)).

Using the Sobolev embedding X ⊂ Lσ+1(Ω), we find that Ψ1: = Ψ|X is locally Lipschitz on
X, which implies that Φ is locally Lipschitz on X, and consequently, according to a local
extremum result for Lipschitz functions (if x0 is a point of local extremum for f, then 0 ∈ ∂ f
(x0)), the critical points of Φ for Clarke subderivative can be taken into account. One may
state:
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Proposition 5.5. Suppose (I) and (II) are satisfied. Then Ψ is locally Lipschitz on Lσ+1 (Ω) and
(i) ∂ Ψ (u) ⊂ [ f (x, u (x)), f (x, u (x))] in Ω a.e.

(ii) If Ψ1 = Ψ|X, where X = W1,p
0 (Ω) endowed with the norm ‖ · ‖1, p for the problem (∗)

and � · �1, p for the problem (∗∗), respectively, then

∂ Ψ1 (u) ⊂ ∂ Ψ (u) ∀u ∈ X.

Proof. The proof for (i) can be found in [67], Theorem 2.1, which remains the same here,
while the problem was solved for the Laplacian with X = H1

0(Ω) only. In order to prove (ii),
we use 2.2 from [67], observing for both cases (X is endowed with each one from those two
norms) that X is reflexive and dense in Lσ+1(Ω), as can be seen, for instance, in Section 2,
where they are summarized. �

Proposition 5.6. If (I) and (II) are verified, every critical point of Φ is a solution for (∗) and (∗∗),
respectively.

Proof. Problem (∗). Let u0 be a critical point for Φ. We have

0 ∈ ∂ Φ(u0) ⊂ ∂ Q(u0) + ∂ (−Ψ1)(u0) (5.25)

since Φ
(5.21)
= Q − Ψ1, and we apply some rules of subdifferential calculus concerning finite

sums. ∂ Q(u0) = {Q′(u0)}, where Q′(u0)(v) =
∫
Ω
|∇u0|p−2 · ∇vdx = 〈−Δp u0 , v〉 (Section 2).

Using (5.25) and a specific property of a function f Lipschitz around x0 (f 0 (x0; v) =
sup

ξ∈∂ f (x0)

ξ(v), ∀v ∈ X, f 0 the Clarke derivative of f ), we find

0 ≤
∫
Ω

|∇u0|p−2 · ∇vdx + (−Ψ1)0 (u0; v).

However, (−Ψ1)0 (u0; v) = Ψ0
1(u0; −v) (a property of the Clarke derivative; see [22]), and

thus, ∫
Ω

|∇u0|p−2 · ∇(−v)dx ≤ Ψ0(u0; −v) ∀v ∈ X;

that is,
μ0 (v) : =

∫
Ω

|∇u0|p−2 · ∇vdx ≤ Ψ0
1(u0; v) ∀v ∈ X,

μ0 = −Δp u0 ∈ ∂ Ψ1 (u0) and, using Proposition 5.5, −Δp u0 ∈ ∂ Ψ(u0). Since ∂ Ψ(u0) ⊂
(Lσ+1(Ω))* = L(σ+1)/σ(Ω), we obtain u0 ∈ W2, (σ+1)/σ(Ω) and (5.19):

−Δp u0 (x) ∈ [ f (x, u0(x)), f (x, u0(x))] in Ω a.e.

Problem (∗∗). Let u0 be a critical point for Φ. We have

0 ∈ ∂ Φ(u0) ⊂ ∂ Q(u0) + ∂(−Ψ1)(u0) (5.26)

since Φ
(5.22)
= Q − Ψ1, and we apply some rules of subdifferential calculus concerning finite

sums (Section 2).

∂ Q(u0) = {Q′(u0)}, where Q′(u0)(v) =
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx =
〈

Δs
pu0, v

〉
.
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Using (5.26) and a mentioned property of a function f Lipschitz around x0, we find

0 ≤
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx + (−Ψ1)0 (u0; v).

However, (−Ψ1)0 (u0; v) = Ψ0
1(u0; −v) (a property of the Clarke derivative, see [22]), and

thus,
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂(−v)
∂xi

dx ≤ Ψ0 (u0;−v) ∀v ∈ X;

that is

μ0 (v) : =
N

∑
i=1

∫
Ω

∣∣∣∣∂u0

∂xi

∣∣∣∣p−2 ∂u0

∂xi

∂v
∂xi

dx ≤ Ψ 0
1 (u0, v) ∀v ∈ X,

μ0 = −Δs
pu0 ∈ ∂ Ψ1(u0) and, using Proposition 5.5, −Δs

pu0 ∈ ∂ Ψ(u0). Since ∂ Ψ(u0) ⊂
(Lσ+1(Ω))* = L(σ+1)/σ(Ω), we obtain u0 ∈ W2, (σ+1)/σ(Ω) and (5.20),

−Δs
pu0 (x) ∈ [ f (x, u0(x)), f (x, u0(x))] in Ω a.e.

�

Remark 5.6. Some applications to characterize the solution of the modeling given in [68] and
solutions using this kind of definition for Dirichlet problems derived from the previously presented
problems of the movement of glacier, nonlinear elastic membrane, pseudo-torsion problem or a
nonlinear elastic membrane with the p-pseudo-Laplacian will be developed in Part two of this article.

5.3. Other Solutions

The results from this section have been obtained by the author in [18].

5.3.1. Basic Results

Let us now consider the two problems (∗) and (∗∗) from the above two subsections,
but the boundary condition is now by Bu = 0 instead of u = 0. Once again, we take the
function f as in Section 5.2.1 with the corresponding f and f , as was performed there.

Definition 5.5. u from W2,p(Ω), p > 1, is solution of (∗) and (∗∗) from this section if Bu = 0 on ∂
Ω in the sense of the trace (whose meaning is introduced above) and

−Δp u(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.27)

and
–Δs

pu(x) ∈ [ f (x, u(x)), f (x, u(x))] in Ω a.e. (5.28)

respectively.

We now continue with some necessary results on Lipschitz functions and Palais-Smale
type conditions. First, we provide some comments related to the Clarke derivative. From
Definition 5.3, the Clarke derivative is:

f 0(x0; v) = inf
V ∈ V(x0)

r ∈ (0, + ∞)

sup
x ∈ V

t ∈ (0, r)

f (x + tv)− f (x)
t

. (5.29)
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Proposition 5.7. Let f be Lipschitz around x0 with the constant L. Then
1◦ the function v → f 0 (x0; v) has values in R, is positive homogeneous and subadditive on X

and ∣∣∣ f 0(x0; v)
∣∣∣ ≤ L‖v‖ ∀v ∈ X;

2◦ f 0 (x0; − v) = (− f )0 (x0; v) ∀v ∈ X, λ ≥ 0 ⇒ (λ f )0 (x0; v) = λ f 0 (x0; v) ∀v ∈ X;
3◦ v → f 0 (x0; v) is Lipschitz on X with the constant L [69].

Proof. 1◦ f 0 (x0; v) ∈ R. For x near x0 and with t strictly positive near 0, we have∣∣∣∣ f (x + tv)− f (x)
t

∣∣∣∣ ≤ 1
t

L ‖ tv ‖= L ‖ v ‖ . (5.30)

From (5.30), we obtain ∣∣∣ f 0(x0; v)
∣∣∣ ≤ L‖ v ‖ and so f 0 (x0; v) ∈ R. (5.31)

Indeed, suppose ad absurdum that f 0 (x0; v) > L‖v‖, for instance. Then, with ∀V from V
(x0) and ∀r from (0, +∞), we have

sup
x ∈ V

t ∈ (0, r)

f (x + tv)− f (x)
t

> L ‖ v ‖,

in contradiction with (5.30).
v → f 0(x; v) is positive homogeneous. Since f 0 (x0; 0) = 0, let λ > 0. Then, f 0 (x0; λv) =

λ lim
x → x0
λt → 0+

f (x+tλv)− f (x)
λt , etc.

v → f 0(x; v) is subadditive.

f (x0; v1 + v2) = t
xftvxf

t
tvxftvtvxf )()()()(lim 1121

0t
xx 0

t
tvxftvtvxf )()(lim 121

0t
xx 0

+ .)()(lim 1

0t
xx 0 t

xftvxf

(5.32)

As lim
x → x0
t → 0+

(x + tv1) = x, in the third member of (5.32), the first term is equal to f 0(x0; v2),

and the second is equal to f 0(x0; v1).
2◦ f 0(x0;−v) = lim

x → x0
t → 0+

f (x−tv)− f (x)
t

u=x−tv
= lim

u → x0
t → 0+

(− f )(u+tv)−(− f )(u)
t = (−f )0 (x0;

v), since lim
x → x0
t → 0+

(x− tv) = x0. For the second statement, we use Formula (5.29).

3◦ Let v and w be arbitrary in X. For x near x0 and with t strictly positive near 0, we
have

f (x0 + tv)− f (x0) ≤ f (x0 + tw)− f (x0) + Lt‖v− w‖.

Dividing by t and taking the upper limit for x → x0 and t → 0+, one finds:

f 0(x0; v) ≤ f 0(x0; w) + L‖v− w‖.
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Exchanging v with w, we come to the desired conclusion. �

Proposition 5.8. Let f be locally Lipschitz on X. The function Φ : X × X → R,

Φ(x; v) = f 0 (x0; v)

is upper semicontinuous [69].

Proof. Let (x0, v0) be a point in X × X and (xn, vn)n≥1 be an arbitrary sequence such that
(xn, vn) → (x0, v0). We show that

lim
n→∞

f 0(xn, vn) ≤ f 0(x0; v0). (5.33)

According to (5.29), we have ∀m, p ∈ N

f 0(xn; vn)−
1
n
< sup

x ∈ B(xn, 1
m )

t ∈ (0, 1
p )

f (x + tvn)− f (x)
t

. (5.34)

We fix m, p in N and let kn be in N, kn > n such that

1
m

+
1
p
<

1
kn

. (5.35)

With (5.34), we find ykn and tkn such that
∥∥ykn − xn

∥∥ < 1
m and tkn ∈

(
0, 1

p

)
, hence

∥∥ykn − xn
∥∥+ tkn

(5.35)
<

1
kn

(5.36)

and moreover (see (5.34)),

f 0(xn; vn)−
1
kn

<
f (ykn + tkn vn)− f (ykn)

tkn

. (5.37)

The second member of (5.37) is equal to

f (ykn + tkn v0)− f (ykn)

tkn

+
f (ykn + tkn vn)− f (ykn + tkn v0)

tkn

,

consequently passing in (5.37) to the upper limit for n → ∞, and taking into account ykn →
x0, tkn → 0 (see (5.36)) and

∣∣ f (ykn + tkn vn)− f (ykn + tkn v0)
∣∣ ≤ Ltkn‖vn − v0‖, we find even

(5.33), since lim
n→∞

f (ykn+tkn v0)− f (ykn )
tkn

≤ f 0(x0; v0). �

Proposition 5.9. If f is Lipschitz around x0, and L is the constant, then
1◦ ∂ f (x0) is nonempty, convex, ∗-weakly compact (for X complete) and

‖ξ‖ ≤ L ∀ξ ∈ ∂ f (x);

2◦ f 0(x0; v) = sup
ξ∈∂ f (x0)

ξ(v) ∀v ∈ X ([69]).

Proof. 1◦ With the function v → f 0 (x0; v) being positive homogeneous and subadditive
(Proposition 5.7), there is a linear functional ξ such that

− f 0 (x0; −v) ≤ ξ(v) ≤ f 0 (x0; v) ∀v ∈ X.
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However,

f 0(x0; v)
Proposition 5.7

≤ L‖v‖,− f 0(x0;−v) ≥ −L‖−v‖,

consequently |ξ(v)| ≤ L‖v‖ ∀v ∈ X, hence ξ ∈ X*, ξ ∈ ∂ f (x0) and ‖ξ‖ ≤ L.
The convexity is obvious according to Definition 5.3.
For the remaining statement, i.e., ∂ f (x0) is ∗-weakly compact, it is sufficient to show

that ∂ f (x0) is ∗-weakly closed (corollary of the Alaoglu-Bourbaki-Kakutani theorem [43],

Volume 10, p. 144, 3.371). Let ξ ∈ ∂ f (x0)
∗−weak

. Prove

f 0 (x0; v) ≥ ξ(v) ∀v ∈ X. (5.38)

Fix v in X and let ε > 0 be arbitrary. There is μ in ∂ f (x0) such that |(ξ − μ)(v)| < ε. Thus
μ(v) > ξ(v) − ε and we have

f 0 (x0; v) ≥ μ(v) ≥ ξ(v) − ε.

We pass to the limit for ε→ 0 and obtain (5.38).
2◦ Suppose, ad absurdum, that ∃ v0 ∈ X such that f 0(x0; v0) �= sup

ξ∈∂f(x0)

ξ(v0). Since f 0

(x0; v0) ≥ ξ(v0) ∀ξ ∈ ∂ f (x0), this implies

f (x0; v0) > ξ(v0) ∀ξ ∈ ∂ f (x0). (5.39)

We take μ, a linear functional on X, with

μ(v0) = f 0 (x0; v0) (5.40)

and −f 0 (x0; −v) ≤ μ(v) ≤ f 0 (x0; v) ∀v ∈ X ([43], Volume 10, p. 91, 2.2). However, μ ∈ ∂ f
(x0) (see the beginning of the proof), and consequently, (5.40) contradicts (5.39). �

Proposition 5.10. Let X be a reflexive or separable Banach space and f : X → R locally Lipschitz.
For every x0 from X and ε > 0, there is δ > 0 such that, for every ξ in ∂ f (x) with ‖x − x0 ‖ ≤ δ,
there exists ξ′ in ∂ f (x0) having the property ([67], p. 105)

|(ξ − ξ′)(v)| ≤ ε ∀v ∈ X.

Proof. Suppose, ad absurdum, the contrary, ∃ x0, v0 ∈ X, ε > 0, and also the sequences
(xn)n≥1 in X, (ξn)n≥1, ξn in ∂ f (xn) such that ∀n ∈ N:

‖xn − x0‖ ≤
1
n

and |(ξn − ξ)(v0)| > ε0 ∀ξ ∈ ∂ f (x0). (5.41)

According to (5.41), xn is, for n ≥ N, in a neighborhood of x0 as in Proposition 5.9,
hence n ≥ N ⇒ ‖ξn‖ ≤ L, so there is a subsequence (ξkn)n≥1 that is weakly convergent
(Šmulian corollary [43], Volume 10, p. 171, 4.29) and, consequently, ∗-weakly convergent

(X reflexive ⇔ X* reflexive (Pettis [43], Volume 10, p. 151, 4.7)). Let ξkn
∗−weak→ ξ0, i.e.,

ξkn(v)→ ξ0(v) ∀v ∈ X (5.42)

([43], Volume 10, p. 145, 3.39 or p.145, ex.9 or p. 164, 4.25). However, ξ0 ∈ ∂ f (x0). Indeed,
with u being arbitrarily fixed in X, ∃ (hn)n≥1, hn → 0 and (tn)n≥1, tn ↓ 0 such that (use
Definition 5.3—the Clarke derivative)

∀n
1
tn
[ f (xkn + hn + tnu)− f (xkn + hn)] ≥ ξkn(u)−

1
n

,
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pass to the limit for n → ∞, taking (5.42) into account, f 0 (x0; u) ≥ ξ0(u), i.e., ξ0 ∈ ∂ f (x0).
Thus, it can take ξ = ξ0 in (5.41), and one obtains a contradiction with (5.42). �

Remark 5.7. In [67], Proposition 5.10, alias 1, (6), has another formulation. Moreover, X must be
reflexive or separable.

Proposition 5.11. Let X be a real reflexive space and f : X → R be locally Lipschitz.
1◦ For every x0 in X, there is ξ0 in ∂ f (x0) such that

‖ξ0‖ = inf {‖ξ‖: ξ ∈ ∂ f (x0)}.

2◦ The function μ: X → R

μ(x) = inf {‖ξ‖: ξ ∈ ∂ f (x)}

is lower semicontinuous ([67], p. 105).

Proof. 1◦ The application ξ→ ‖ξ‖ of X* in R is weakly lower semicontinuous and hence
∗-weakly lower semicontinuous ([43], vol 10, p. 147, (0)), since X* is reflexive. On the other
hand, ∂ f (x0) is ∗-weakly compact (Proposition 5.9), hence the conclusion.

2◦ Suppose, ad absurdum, the contrary and let x0 and xn, n ∈ N, be from X, xn → x0,
with

lim
n→∞

μ(xn) < μ(x0). (5.43)

We take ξn in ∂ f (xn) with μ(xn) = ‖ξn‖ (see 1◦). Proposition 5.10 yields, for every n from
N, ξn in ∂ f (xn) and ξ0

n in ∂ f (x0) such that

|(ξn − ξ0
n)(v)| ≤

1
n
∀v ∈ X. (5.44)

With ∂ f (x0) being ∗-weakly compact (Proposition 5.9), it is bounded, and hence, (ξ0
n)n≥1

has a weakly convergent subsequence and hence is ∗-weakly convergent,
(
ξ0

kn

)
n≥1

,

ξ0
kn

∗−weak→ ξ0 ∈ ∂ f (x0). (5.45)

Since
|(ξkn−ξ0)(v)| ≤ |(ξkn − ξ0

kn
)(v)|+ |(ξ0

kn
− ξ0)(v)|,

from (5.44) and (5.45), we obtain ξkn
∗−weak→ ξ0, and this attracts lim

n→∞

‖ ξkn‖ ≥ ‖ξ0‖ ([43],

Volume 10, p. 145, 3.39, 3◦), i.e., lim
n→∞

μ(xkn ) ≥ ‖ξ0‖ ≥ μ(x0) and we obtain a contradiction

with (5.43). �

Remark 5.8. In [67], 1, (7) (here, Proposition 5.11), the condition “X reflexive” is lacking, and this
is an error.

Definition 5.6. Let X be a real normed space, E ⊂ X and x0 ∈ E. The vector v of X is by definition
a possible direction for E according to x0, if there is ρ > 0 such that x0 + tv ∈ E ∀t in (0, ρ). In
addition, let be f : E → (−∞, +∞] and x0 ∈ dom f. If

lim
t→0+

f (x0 + tv)− f (x0)

t

exists and is finite, it is designated by
f ′(x0; v),
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the derivative of f at x0 according to the vector v or according to the direction v (directional
derivative). Thus

f ′(x0; v) = lim
t→0+

f (x0 + tv)− f (x0)

t
.

Remark 5.9. Suppose E convex, f convex and finite on a neighborhood V of x0. Then there exists f ′

(x0; v). Indeed, one can suppose V an open ball with the center in x0, let δ be its radius, δ ≤ ρ‖v‖.
Consider the function F :

[
0, δ
‖ v ‖

)
→ R, F(t) = f (x0 + tv) (we supposed v �= 0, f ′ (x0; 0) = 0). F

is convex: t1, t2 ∈
[
0, δ
‖ v ‖

)
and λ1, λ2 ≥ 0, λ1 + λ2 = 1 ⇒ F(λ1 t1 + λ2 t2) = f ((λ1 + λ2)x0 +

(λ1t1 + λ2t2)v) = f (λ1 (x0 + t1v) + λ2 (x0 + t2v)) ≤ λ1 f (x0 + t1v) + λ2 f (x0 + t2v) = λ1F(t1) +
λ2F(t2). Thus the function Φ :

(
0, δ
‖ v ‖

)
→ R, Φ(t) = F(t)−F(0)

t is increasing, that is the function

t → f (x0+tv)− f (x0)
t has this property on

(
0, δ
‖ v ‖

)
, consequently lim

t→0+

f (x0+tv)− f (x0)
t is finite.

Proposition 5.12. Let E be a convex subset of a real Banach space and f : E → R be convex. If f is

Lipschitz around x0 ∈
o
E, then for every v in X, we have

f 0 (x0; v) = f ′(x0; v)

and the set of subderivatives in x0 coincides with the set of Clarke subderivatives in x0 ([69]).

Proof. It is sufficient to prove the first statement because the second is obtained by the
formulae that are found in Proposition 5.9 and [22], I, 5.5. We obviously suppose that v �= 0
and let ε > 0 be arbitrarily fixed. We set

α : = inf
V∈V(x0)
r∈(0,+∞)

sup
x∈V

t∈(0,r)

f (x + tv)− f (x)
t

(
(5.29)
= f 0(x0; v)),

β := lim
r→0+

sup
||x−x0||<rε

sup
t∈(0,r)

f (x + tv)− f (x)
t

. (5.46)

The suppositions α < β and β < α lead to a contradiction (attention to the definitions: limit,
least upper bound and greatest lower bound), therefore α = β. However, with the function
t → f (x+tv)− f (x)

t , x near x0, increasing on an interval (0, η) (see Remark 5.9), we obtain,
via (5.46),

f 0 (x0; v) = lim
r→0+

sup
||x−x0||<rε

f (x + rv)− f (x)
r

. (5.47)

However, we have

f (x + rv)− f (x)
r

=

[
f (x + rv)− f (x)

r
− f (x0 + rv)− f (x0)

r

]
+

f (x0 + rv)− f (x0)

r

and, via the Lipschitz condition verified on the open ball B(x0; rε) for r near 0, x ∈ B(x0; rε)
⇒

∣∣∣ f (x+rv)− f (x)
r − f (x0+rv)− f (x0)

r

∣∣∣ ≤ 2εL, and hence, using (5.47),

f 0 (x0; v) ≤ lim
r→0+

f (x0 + rv)− f (x0)

r
+ 2εL = f ′(x0; v) + 2εL

and hence
f 0 (x0; v) ≤ f ′(x0; v).
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We take the opposite inequality. We have, with ∀t from (0, r),

f (x0 + tv)− f (x0)

t
≤ sup

x∈V
t∈(0,r)

f (x + tv)− f (x)
t

, where V ∈ V (x0);

hence, lim
t→0+

f (x0+tv)− f (x0)
t ≤ sup

x∈V
t∈(0,r)

f (x+tv)− f (x)
t and, consequently, according to (5.29),

f ′(x0; v) ≤ f 0 (x0; v).

�

Remark 5.10. The second part of the proof uses only the hypothesis “there exists f′(x0; v)”.

Proposition 5.13 (Local extremum). Let f be Lipschitz around x0. If x0 is a point of the local
extremum for f, we have ([69])

0 ∈ ∂ f (x0).

Proof. x0 local minimum point. Let v be arbitrary in X. We must prove that f 0(x0; v) ≥ 0.
Suppose ad absurdum that f 0(x0; v) < 0. There is, according to (5.29), V in V (x0) and r > 0
such that sup

x∈V

f (x+tv)− f (x)
t < 0; hence, in particular, we have t ∈ (0, r) ⇒ f (x0 + tv) − f (x0) <

0, which prevents x0 from being a local minimum point for f, which is a contradiction.
x0 local maximum point. In this case, x0 is a local minimum point for −f, and hence 0 ∈

∂(−f )(x0) = −∂ f (x0) ([22], Rules of subdifferential calculus, 5.26), 0 ∈ ∂ f (x0). �

5.3.2. Some Palais-Smale Type Conditions

We now present some results following from some ideas in [67] that are improved and
generalized. These results contain conditions of Palais-Smale type suggested by Ekeland
principle.

Let X be a complete metric space, ϕ: X → R and c ∈ R.
ϕ satisfies the (PS)∗c,+ condition when, for every sequence (un)n≥1, un ∈ X, (εn)n≥1 and

(δn)n≥1, εn, δn ∈ R+, εn → 0 and δn → 0, if

ϕ(un) → c (5.48)

and
∀u ∈ X d(un, u) ≤ δn ⇒ ϕ(un) ≤ ϕ(u) + εnd(un, u), (5.49)

then
(un)n≥1 has a convergent subsequence.

By changing un and u to each other in (5.49), we obtain the (PS)∗c,− condition. Finally,
(PS)∗c condition means (PS)∗c,+ + (PS)∗c,−.

When, with X being a real Banach space, the conclusion required by the hypothesis

“(un)n≥1 has a convergent subsequence”

is replaced by
“(un)n≥1 has a weak convergent subsequence”,

we obtain, respectively, the conditions

(PS)∗c, w, +, (PS)∗c, w, −, (PS)∗c, w.
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Suppose that X is a real Banach space and ϕ is locally Lipschitz. ϕ satisfies the [PS]∗c,+
condition (obvious definition for [PS]*

c,−, [PS]*
c) when the properties in (5.48) and (5.49)

imply that
c is a critical value of ϕ (for the Clarke subderivative).

The definition is, according to Proposition 5.9, coherent. We have

(PS)∗c, + ⇒ [PS]∗c, +,

and the reciprocal assertion it is not true (consider ϕ: R → R Lipschitz, periodic and

c = inf ϕ(R) or c = sup ϕ(R)).

Finally, we provide the last version of the Palais-Smale condition according to Chang [67].
Let X be a real Banach space, ϕ: X → R be locally Lipschitz and c ∈ R. ϕ satisfies the (PS)ch

c
condition when, for every sequence (un)n≥1 from X, if

ϕ(un) → c (5.50)

and
μ(un): = inf {‖ξn ‖: ξn ∈ ∂ ϕ(un)} → 0, (5.51)

then
(un)n≥1 has a convergent subsequence.

The definition is correct, ∂ϕ(un) �= ∅ ∀n (Proposition 5.9, see also Proposition 5.10).
One can state the following.

Proposition 5.14. Let X be a real Banach space and ϕ: X → R locally Lipschitz and convex. Then,

ϕ verifies (PS)ch
c ⇒ ϕ verifies (PS)∗c,−.

Proof. Let (un) be a sequence from X and let (εn) and (δn) be sequences from R+, εn → 0, δn
→ 0, such that

ϕ(un) → c

and
‖un − u‖ ≤ δn ⇒ ϕ(u) ≤ ϕ(un) + εn un − u ∀u ∈ X. (5.52)

We must prove, for finding a convergent subsequence of (un), that

μ(un): = inf {‖ξn‖: ξn ∈ ∂ ϕ(un)} → 0. (5.53)

Take u: = un + tv, ‖v‖ = 1, 0 < t ≤ δn. Since ‖un − u‖ ≤ δn, (5.52) gives:

ϕ(un + tv)−ϕ(un)

t
≤ εn

and, passing to the limit for t → 0+, we obtain (Proposition 5.12):

ϕ0(un; v) = ϕ′(un; v) ≤ εn,

and consequently, ξ(v) ≤ εn ∀ξ ∈ ∂ ϕ(un) (Proposition 5.9); hence, changing v in −v,

‖ξ‖ ≤ εn ∀ξ ∈ ∂ ϕ(un). (5.54)

Let ξn be in ∂ϕ(un) such that ‖ξn‖ = μ(un) (see Proposition 5.9). Then, taking (5.50)
into account, we obtain

μ(un) ≤ εn,
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which yields (5.49) by passing to the limit. �

Remark 5.11. The last statement represents what the author recovered from Proposition 5.3 in [67],
p. 475. The proof of this ([67], p. 483) contains, among other things, the implicit statement that v
→ Φ0 (u0; v) is not a subnorm, but an even linear functional.

We now proceed to some propositions of [67].

Proposition 5.15. Let X be a complete metric space, ϕ: X → R lower bounded, lower semicontinu-
ous and c : = inf ϕ (X). c is attained when ϕ verifies (PS)*

c, +.

Proof. Let (vn)n≥1, vn ∈ X, be a minimizing sequence for ϕ such that, for every n, εn: =
ϕ(vn) − c > 0, and hence εn → 0. Applying Ekeland principle with ε = εn, λ = 1, one finds
(un)n≥1, a sequence in X, with the properties

ϕ(un) ≤ ϕ(vn),
ϕ(un) ≤ ϕ(u) + εn d(un, u) ∀u ∈ X.

Since c ≤ ϕ(un), we have ϕ(un) → c; applying (PS)*c, + and letting (ukn )n≥1 be a convergent
subsequence, ukn → u0. However, ϕ(u0) ≤ lim

n→∞

ϕ(ukn ) = c, and this imposes ϕ(u0) = c. �

Proposition 5.16. Let X be a real Banach space, ϕ: X → R lower bounded, locally Lipschitz and c :
= inf ϕ(X). If ϕ satisfies (PS)*c, +, then ϕ has critical points (for the Clarke subderivative).

Proof. Apply Proposition 5.15 combined with Proposition 5.13. �

Proposition 5.17. Let X be a real Banach space, ϕ: X → R lower bounded, locally Lipschitz and c :
= inf ϕ(X). If ϕ verifies [PS]∗c, +, then c is a critical value of ϕ (for the Clarke subderivative).

Proof. Let (εn)n≥1, εn > 0, εn → 0. For every εn, take vn such that ϕ(vn) ≤ c + εn and apply
Ekeland principle with λ = 1. ∃ un such that ϕ(un) ≤ ϕ(vn),

ϕ(un) ≤ ϕ(u) + εn ‖un − u‖, ∀u ∈ X. (5.55)

Since ϕ(un) → c, (5.54) allows the application of the hypothesis [PS]∗c, +, where c is a critical
value. �

As an application, we continue with the problems (∗) and (∗∗) in this subsection.
However, firstly:

Proposition 5.18. Let X : = W1,p(Ω) and Φ: X → R, Φ(u) = 1
p ||u||

p
1,p −

∫
Ω G(u)dx−

∫
Ω hudx

and Φ(u) = 1
p �u�

p
1,p−

∫
Ω G(u) dx−

∫
Ω hudx, respectively, where G : R → R has the period T and

is Lipschitz, h ∈ Lp′ (Ω) and
∫

Ω huhudx = 0. Then, for every c from R, Φ verifies [PS]∗c.

Clarification. On X = W1,p(Ω), we can consider for this statement the following norms:

‖u‖1, p =
(
||u||pLp(Ω)

+
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to the norm u → ‖u||Lp(Ω) +

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

for (∗). For the second case (∗∗), we equip the same vector space with the

norm u → �u�1,p =
(

N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥p

Lp(Ω)

) 1
p

, which is equivalent to u → |u|1, p =
N
∑

i=1

∥∥∥ ∂u
∂xi

∥∥∥
Lp(Ω)

(see the considerations in the sections above).
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Proof. It is sufficient to prove this for [PS]∗c, +. Let (un)n≥1 be a sequence from X, (εn)n≥1
and (δn)n≥1 sequences from R+ convergent to 0. Suppose Φ(un) → c and

‖un − u‖ ≤ δn ⇒ Φ(un) ≤ Φ(u) + εn ‖un − u‖. (5.56)

We decompose X into the direct sum

X = X0 ⊕ X1, (5.57)

where X1 is the vector space of constant functions, and X0 = X1
⊥, the vector subspace of

functions from W1,p(Ω) having a mean value equal to 0. Let un = vn + cn, vn ∈ X0, cn ∈

R and |G(s)| ≤ M on R. Hence

∣∣∣∣∣∫Ω G(un)dx

∣∣∣∣∣ ≤ ∫
Ω
|G(un)|dx ≤

∫
Ω

Mdx = Mμ(Ω), and since∫
Ω

cnh dx = 0, we have, in the first case,

(un) = p
n 1,p

1 || ||u
p

n( )G u dx nhu dx = p
n n 1,p

1 || ||v c
p

n n( )G v c dx

n n( )h v c dx p
n n p

1 || ||v c
p

+
pN

n

i 1 i p

1 v
p x

Mμ( ) nhv dx nc h dx

p
n p

1 || ||v
p

+
pN

n

i 1 i p

1 v
p x

Mμ( ) ||h||p’ ||vn ||1,p = p
n 1,p

1 || ||v
p

Mμ( ) ||h||p’ ||vn ||1,p

(un) ||vn ||1,p ( p 1
n 1,p

1 || ||v
p

||h||p’ Mμ( ))
(5.58)

since
∫
Ω

hvndx ≤ |
∫
Ω

hvndx| ≤ ‖h‖p′ ‖vn ‖p ≤ ‖h‖p′ ‖vn ‖1,p, and, similarly, for the second

case,

(un) = p
n 1,p

1 u
p

| | n( )G u dx nhu dx =
p

n n 1,p
1 v c
p

| | n n( )G v c dx

n n( )h v c dx p
n n 1, p

1 v c
p

| | Mμ( ) nhv dx nc h dx p
n 1, p

1 v
p

| |

Mμ( ) ||h||p’ ||vn ||p = p
n 1,p

1 v
p

| | Mμ( ) |vn|1,p

(un) |vn|1,p ( p 1
n 1,p

1 v
p

| | Mμ( ))
(5.59)

since
∫
Ω

hvndx ≤ |
∫
Ω

hvndx| ≤ ‖h‖p′ ‖vn ‖p ≤ α �vn�1,p.

As (Φ(un))n≥1 is bounded, (5.58) and (5.59) impose that (
∫
Ω
|∇vn|2dx)n≥1 is bounded,

and hence, (‖vn‖1,p)n≥1 and (�vn�1,p)n≥1, respectively, are also bounded.

Consider the sequence (ũn)n≥1, ũn = vn +
∼
c n, where

∼
c n ≡ cn (modulo T) and

∼
c n ∈

[0, T]. Since Φ has the period T, (5.56) gives

||∼un−(u +
∼
c n−cn)|| ≤ δn ⇒ Φ(

∼
un ) ≤ Φ(u) + εn ||(

∼
un−u) + (cn − ∼

c n)||,

i.e.,
||∼un−w|| ≤ δn ⇒ Φ(

∼
un ) ≤ Φ(w) + εn ||

∼
un − w||. (5.60)
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However, (vn) and (
∼
c n) are bounded, and hence (

∼
un) is bounded, consequently, it has

a weakly convergent subsequence (
∼
ukn)n≥1,

∼
ukn

weak→ ∼
u (Eberlein–Šmulian), whence the

existence of a convergent subsequence of (
∼
ukn)n≥1, and using the same notation,

∼
ukn →

∼
u (5.61)

(the same proof as in Proposition 4 [67], p. 484). In (5.60), taking w =
∼
ukn + δkn v, ‖v‖ =

1, we obtain Φ(
∼
ukn + δkn v) − Φ(

∼
ukn ) ≥ −εknδkn , − εkn ≤ 1

δkn
[Φ(

∼
ukn + δkn v) − Φ(

∼
ukn )], and

passing to the limit, we find that, since (
∼
ukn , δkn )

(5.61)→ (
∼
u, 0), 0 ≤ lim

n→∞
1

δkn
[Φ(

∼
ukn + δkn v)

− Φ(
∼
ukn )] ≤ Φ0(

∼
u; v), 0 ≤ Φ0(

∼
u; v), ‖v‖ = 1, whence 0 ≤ Φ0 (

∼
u; v) ∀v ∈ X (0 ≤ Φ0 (

∼
u;

v
||v|| ) = 1

||v||Φ
0(
∼
u; v)) (Proposition 5.7), i.e., 0 ∈ ∂ Φ(

∼
u). Moreover, c = Φ(

∼
u), since Φ(

∼
ukn ) =

Φ(
∼
ukn −

∼
c kn + ckn ) = Φ(

∼
ukn ) → c, and also Φ(

∼
ukn )

(5.61)→ Φ(
∼
u) (Φ is continuous, being locally

Lipschitz), and c is a critical value for Φ. �

Now:

Proposition 5.19. Nonlinear Neumann problems

(N)

{−Δpu = g(u) + h(x), x ∈ Ω
Bu = 0 on ∂Ω,

and

(N′)

{
−Δs

pu = g(u) + h(x), x ∈ Ω
Bu = 0 on ∂Ω,

respectively, with the conditions

(III) g : R → R boundedmeasurable T− periodic,
T∫

0

g(s)ds = 0

and
(IV) h boundedmeasurable,

∫
Ω

hdx = 0,

have solution in W1,p(Ω) in the sense of (5.27) and (5.28), respectively.

Proof. We are in the presence of problems of types (∗) and (∗∗) (this subsection), respec-
tively, with f (x, u) = g(u) + h(x). Conditions III and IV imply (I) (σ = 0) and (II) from
Section 5.2.1. The associated functionals are

Φ(u) =
1
p
||u||p1,p−

∫
Ω

G(u) dx−
∫
Ω

hudx, u ∈ W1,p(Ω),

and
Φ(u) =

1
p
�u�

p
1,p−

∫
Ω

G(u) dx−
∫
Ω

hudx, u ∈ W1,p(Ω),

respectively, where G(u(x)) =
u(x)∫
0

g(t)dt. G is Lipschitz and has the period T (use (III)).

Since (I) and (II) are satisfied, any critical point of Φ is, according to Proposition 2.6, a
solution for the problems (N) and (N′), respectively. However, Φ verifies [PS]∗c for every c
in R, particularly for c = inf

u∈W1,p(Ω)
Φ(u). This is correct since Φ is lower bounded (the same
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justification as for (5.58) and (5.59), respectively). It only remains to apply Proposition 5.18,
c is a critical value, c = Φ(u0), u0 a critical point, u0 is a solution for (N) or (N′), respectively.
�

Remark 5.12. The series of results in this subsection has been presented by the author in [18].

Remark 5.13. Other applications to the velocity problem under the assumption of solid friction, or
to the problem studied in [70], for thermal transfer or another pseudo torsion problem are provided
in the second part of this work.

6. Weak Solutions Using a Perturbed Variational Principle

An Application of Ghoussoub-Maurey Linear Principle to p-Laplacian and to p-Pseudo-Laplacian

The results in this section have been partially reported by the author in [17]. We
start with the statement of the generalized perturbed variational principle. To clarify the
involved notions, we present the following:

Definition 6.1. Let X be a real normed space, f : X → (−∞, +∞], and C a nonempty subset of X,
x0 ∈ C. f strongly exposes C from below in x0 when f (x0) = inf f (C) < +∞ and xn ∈ C ∀n ≥ 1, f
(xn) → f (x0) ⇒ xn → x0. “f strongly exposes C from above in x0” and has a similar definition. We
remark that, taking C = X in the given definition, we fall on the definition of strongly minimum
point. And also, a set of Gδ type means a set that is a countable intersection of open sets. A set of the
Fσ type means a set that is a countable union of closed sets.

Ghoussoub-Maurey Linear Principle. Let X be a reflexive separable space and ϕ: X → (−∞,
+ ∞] lower semicontinuous and proper.

(I) If ϕ is bounded from below on the closed bounded nonempty subset C, the set

{ξ ∈ X* : ϕ + ξ strongly exposes C from below}

is of Gδ type and everywhere dense.
(II) If, for any ξ from X*, ϕ + ξ is bounded from below, the set

{ξ ∈ X* : ϕ + ξ strongly exposes X from below}

is of Gδ type and everywhere dense.

The above linear principle devolves (see the continuation to Theorem 6.1) from the
more general Theorem 6.1, and we proceed to its preparation with definitions and some
auxiliary propositions.

Definition 6.2. Let X be a real normed space and C, D with C ⊂ D nonempty subsets of X*. C is
strict w-Hδ set in D or strict w*-Hδ set in D if

D\C =
∞∪

n=1
Kn, (6.1)

dist (Kn, C) > 0, and Kn convex and weakly compact or ∗-weakly compact, respectively.

For instance,

Proposition 6.1. Any nonempty closed set C of a separable reflexive space X, C �= X, is strict
w-Hδ set in X. In particular, if ϕ: X → (−∞, +∞] is l. s. c. (lower semicontinuous) and proper,
then the epigraph of ϕ in X × R is strict w-Hδ set in X × R.

Proof. Let (xn)n≥1 be a sequence with the set of the terms dense in X\C (open set). Take,
for each n from N, Kn the closed ball centered in xn with the radius rn : = 1

4 dist (xn, C). Kn is
convex, weakly compact (Kakutani–Šmulian theorem [43], Volume 10, p. 151) and dist(Kn,
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C) > rn : let x be from Kn, dist (x, C) ≥ dist (xn, C) − dist (x, xn) ≥ 4rn − rn = 3rn. We take

the greatest lower bound. Moreover, X\C =
∞∪

n=1
Kn: let x be from X\C, and let ∃ (xpn )n≥1

subsequence of (xn)n≥1 such that xpn → x, which also implies that dist (xpn , C) → dist (x,
C), and if u and v are taken such that 0 < u < v < dist (x, C), from a rank on, we have 4 dist
(xpn , x) < u but, on the other side, 4rn = dist (xpn , C) > v, and hence x ∈ Kpn . �

Let X be a reflexive space and C, D subsets of X*, C ⊂ D. We set

M (C, D) : = {x ∈ X : ∃ ξ ∈ C such that Jx (ξ) ≥ Jx (η) ∀η ∈ D},

otherwise expressed, M (C, D) is the set of x from X for which Jx is upper-bounded on D,
and the least upper bound is attained at a point of C, J the Hahn embedding of X in X**. So,
with X being reflexive, J is an isomorphism of vector spaces that preserves the norms.

In the following, to abridge the writing, sometimes x designates Jx.
Retain that if C is ∗-weakly compact, M (C, D) is closed.
Notations. BX (x0, r) ≡ the closed ball centered in x0 of radius r in the normed space X.

BX ≡ BX (0,1).

E ∗ ≡ the closure of the subset E from X* for the ∗-weak topology.
We proceed to the auxiliary propositions.

Definition 6.3. Let (X, d) be metric space and (M, δ) the metric space of real functions defined on
X. For each nonempty subset A of X, we consider

MA : = {f ∈ M : f upper bounded on A}

and, for each f from MA and t > 0, the slice of A,

S(A, f , t) def
= {x ∈ A : f (x) > sup f (A)− t},

is a set that is obviously nonempty when MA �= ∅.

Proposition 6.2. Let X be a reflexive space, D⊂ X* and K ⊂D, and K be convex ∗-weakly compact.
If

BX (x, α) ⊂ M(K, D),

then, for any ε > 0,
S(D, Jx, ε) ⊂ K +

ε

α
Bx ∗ .

In particular, when C ⊂ D ⊂ conv ∗C, we have

dist (K, C) = 0.

Proof. First assertion. This reverts to

ξ /∈ K +
ε

α
BX∗ ⇒ ξ /∈ S(D, x, ε). (6.2)

Suppose ad absurdum that ξ ∈ S(D, x, ε), i.e., (see Definition 3.3)

x(ξ) > sup x(D) − ε (x ∈ M(K, D) ⇒ Jx (D) upper bounded). (6.3)

The first member of (6.2) gives

||ξ− η||X∗ >
ε

α
∀η ∈ K. (6.4)
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Let z be from X such that

‖Jz‖X** (= ‖z‖) = 1 and Jz(ξ − η) = ‖ξ − η‖X* (6.5)

(Hahn lemma [43], Volume 10, p. 94).
Combining this with (6.4) and taking the least upper bound, one obtains

sup z(K) ≤ z(ξ)− ε

2
. (6.6)

However, x + αz
(6.5)
∈ BX (x, α) ⊂ M(K, D), hence ∃η0 is in K such that

(x + αz)(η0) ≥ (x + αz)(ξ). (6.7)

However,

(x + αz)(ξ) = x(ξ) + αz(ξ)
(6.3),(6.6)

> [sup x(D)− ε] + α[sup z(K) +
ε

α
] ≥ x(η0) + z(η0)

and we obtain a contradiction with (6.7); thus, (6.2) is validated.
Second assertion. This results from

∩
ε>0

S(D, x, ε) ⊂ K, (6.8)

∩
ε>0

S(D, x, ε) ∩ C �= ∅. (6.9)

For (6.8): ξ∈ ∩
ε>0

S(D, x, ε)
(6.2)⇒ ξ = ηε + ε

α uε, ηε ∈ K, ‖uε‖ ≤ 1, and hence ||ξ − ηε|| ≤ ε
α , ξ

is strong adherent point of K, and the strong closure of K is included in the ∗-weak closure
of this, which is in K. �

Proposition 6.3. Let X be reflexive space, C ⊂ X* nonempty and U ⊂ X nonempty open having
the property

sup Jx (C) < +∞ ∀x ∈ U.

Then Jx, for any x from U, is upper bounded on conv ∗C and attains its least upper bound.

Proof. Set D : = conv ∗C. We have

sup Jx (C) = sup Jx (D)

[ξ ∈ conv C ⇒ ξ = λ1 ξ1 + λ2 ξ2, ξ1, ξ2 ∈ C, λ1 + λ2 = 1, λ1, λ2 ≥ 0 ⇒ Jx (ξ) = λ1 Jx (ξ1) + λ2

Jx(ξ2) ≤ sup Jx (C); ξ ∈ D ⇒ ∃ ξn ∈ conv C, ξn
∗−weak→ ξ⇒ ξn (x) → ξ(x), ξn (x) ≤ sup Jx (C)

∀n ≥ 1, hence ξ(x) ≤ sup Jx (C)], and so,

sup Jx (D) < +∞ ∀x ∈ U, (6.11)

and the first assertion is proved.
We proceed to the second assertion. We fix x from U, ∃ε > 0 with x + εz ∈ U ∀z in BX.

Then
sup J(x + εz)(D) = sup (Jx + εJz)(D) < +∞ ∀z ∈ BX ((6.11)),

consequently, once again using (6.11),

sup Jz (D) < +∞ ∀z ∈ BX, (6.12)

which implies
sup Jz (D) < +∞ ∀z ∈ X (6.13)
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(for any fixed z, z �= 0, replace z in (6.12) with z
||z|| , Jy(ξ) = ξ(y)). Replacing z with −z in

(6.13), one finds
inf Jz (D) > −∞ ∀z ∈ X. (6.14)

However, X is reflexive, hence (6.13) and (6.14) express that D is weakly bounded, and
consequently, D is even bounded. With D also being ∗-weakly closed, it is ∗-weakly
compact ([43], Volume 10, p. 144), hence the conclusion by applying Weierstrass theorem.
�

Remark 6.1. Proposition 6.3 is Lemma 2.7 from [65], Ch.2. Here, an improved proof is proposed.

Proposition 6.4. Let X be a reflexive space, C ⊂ X* nonempty and U nonempty open from X such
that

sup Jx (C) < +∞ ∀x ∈ U.

If C is a strict w*-Hδ set in D: = conv ∗C, then the set

V : = {x ∈ U: Jx attains sup Jx (D) in C}

includes a set of Gδ type that is dense in U.

Proof. According to the definition

D\C =
∞∪

n=1
Kn, (6.15)

Kn is convex ∗-weakly compact and dist (Kn, C) > 0. Every Jx, x ∈ U is upper bounded on
D and attains its supremum on this (Proposition 6.3). As dist (Kn, C) > 0, Proposition 6.2
prevents M(Kn, D) from including any nonempty ball; in other words, ∀n ≥ 1 int M(Kn, D)
= ∅, and so M(Kn, D), being also closed, is thin, and Un : = X\M(Kn, D) is open and dense

in X. Then
∞∩

n=1
Un is dense in X (Baire theorem), hence

∞∩
n=1

(U ∩Un), a set of the Gδ type, is

dense in U. We see that if x ∈ ∞∩
n=1

(U ∩Un), then Jx, which is upper bounded on D, attains

a fortiori its least upper bound on C, as x /∈ M(Kn, D) ∀n ≥ 1 and one takes into account
(6.13). �

Proposition 6.5. Let X be a reflexive space, C subset of X* and separable, D : = conv ∗C and U
nonempty open subset of X such that sup Jx (C) < +∞ ∀x ∈ U. Suppose that M(C, D) includes a
dense and of Gδ-type subset of U. Then, for any K ⊂ D ∗-weakly compact with K ∩ C = ∅ and for
any ε > 0, the set

G(K, ε) :=
{

x ∈ U : ∃r > 0 such that S
∗
(D, Jx, r) ∩ K = ∅ and diam S

∗
(D, Jx, r) < ε}

is open and dense in U.

Proof. G(K, ε) is open. We use the fact that, D being bounded (proof for Proposition 6.3), the
subset S(D, Jx, r) is also bounded.

G(K, ε) is dense in U. Let V ⊂ U, V nonempty open arbitrary. C being separable, we
can find a sequence (Cn)n≥1, Cn ⊂ D, with Cn being convex ∗-weakly compact, with the
properties

C ⊂ ∞∪
n=1

Cn, (6.16)

dist (Cn, K) > 0 ∀n, (6.17)

diam Cn ≤ ε

2
∀n. (6.18)
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We obviously have V ⊃ ⋂ ∞∪
n=1

M(Cn, D) ∩ V
(6.16)
⊃ M(C, D) ∩ V. However, the last member

includes, according to the hypothesis, a set of the Gδ type that is dense in V, which forces,
via the Baire theorem, the second member to have at least one term, let this term be M(Cn0 ,
D) ∩ V, with a nonempty interior. From this interior, we take a point x. It remains to show

x ∈ G(K, ε). (6.19)

Applying Proposition 6.2, for every ρ > 0, there exists r > 0 such that

S(D, Jx, r) ⊂ Cn0 + ρBX∗ (6.20)

(∃ α > 0 such that BX (x, α) ⊂ M(Cn0 , D), taking r = αρ). We take

ρ < min
{ε

4
, dist (Cn0 , K)}. (6.21)

(6.20) gives
S ∗(D, Jx, r) ⊂ Cn0 + ρBX∗

∗
= Cn0 + ρBX∗ (6.22)

because the last term, being ∗-weakly compact, is also ∗-weakly closed. However,

(Cn0 + ρBX∗) ∩ K = ∅ : (6.23)

let, ad absurdum, ξ + ρu = ζ, ξ ∈ Cn0 , u ∈ BX*, ζ ∈ K, then ρ = ‖ξ − ζ‖ ≥ dist (Cn0 , K),
and we obtain a contradiction with (6.21). So, (6.22) and (6.23) give S

∗
(D, Jx, r) ∩ K = ∅.

Moreover,

diam S ∗(D, Jx, r)
(6.22)
≤ diam Cn0+2ρ

(6.18),(6.21)
<

ε

2
+
ε

2
= ε,

which finishes the proof. �

Now:

Theorem 6.1. Let X be a reflexive space, C separable subset of X*, which is a strict w*-Hδ set in D :
= conv ∗C, and U be open subset of X such that sup Jx (C) < +∞ ∀x ∈ U. Then
(I) The set

{x ∈ U: Jx strongly exposes D from above at a point of C}

is of the Gδ type and dense in U.
(II) If ϕ: C → (−∞, +∞] is proper lower semicontinuous and ϕ + Jx is, ∀x from X, bounded

from below on C, then the set

{x ∈ X: ϕ + Jx strongly exposes C from below}

is of Gδ type and dense in X (N. Ghoussoub, B. Maurey [65]).

Proof. (I). According to the hypothesis, D\C =
∞∪

n=1
Kn, Kn is convex ∗-weakly compact,

dist (Kn, D) > 0. M(C, D) includes a subset of the Gδ type dense in U (Proposition 6.4),
but then, for each n from N, the set Vn : = G(K1 ∪ K2 ∪ . . . ∪ Kn, 1

n ) is open and dense in

U (Proposition 6.5), consequently
∞∩

n=1
Vn is dense in U (relativized Baire theorem) and it

remains only to observe that
∞∩

n=1
Vn = {x ∈ X: Jx strongly exposes D from above at a point

of C}.
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(II). C × R, separable subset of X* × R, is a strict w*-Hδ set in D × R and then, ϕ being l. s.
c., the epigraph epi ϕ in C × R (nonempty set, ϕ is proper) is a strict w*-Hδ set in D × R

and hence also in conv ∗epi ϕ. W : = {(x, α): x ∈ X, α < 0} is open in X × R, and sup (Jx,
α)(epi ϕ) < +∞ ∀(x, α) ∈ W [(Jx, α), continuous linear functional, acts on C × R by the rule
(Jx, α)(ξ, λ) = Jx(ξ) + αλ]. Indeed, Jx(ξ) + αλ ≤ Jx(ξ) + αϕ(ξ), ∃ a in R, such that (J x

α )(ξ) +
ϕ(ξ) ≥ a ∀ξ ∈ C (the hypothesis), hence Jx(ξ) + αϕ(ξ) ≤ αa ∀ξ ∈ C. We show that for each
ε > 0, ∃ y0 with ‖y0‖ ≤ 2ε and ϕ + Jy0 strongly exposes C from below, which is enough to
validate (II). Applying (I), ∃ (xε, αε) in W such that

‖(xε, αε) − (0, −1)‖ ≤ ε (6.24)

((0, −1) ∈ W !) and (Jxε, αε) strongly exposes epi ϕ from above at a point (ξ0, λ0). Then, ∀
(ξ, λ) from epi ϕ with ξ �= ξ0, we have

Jxε (ξ0) + αε λ0 > Jxε (ξ) + αε λ,

consequently, taking y0 : = xε
αε

, we have, in particular,

ϕ(ξ0) + Jy0 (ξ0) < ϕ(ξ) + Jy0 (ξ) ∀ ξ ∈ C\{ξ0},

ξ0 is a strict global minimum point for ϕ + Jy0. Moreover, as ε < 1
2 can be supposed, we have

‖y0‖ = ‖xε‖
|αε| ≤ 2ε, because, via (6.24), ‖xε‖ ≤ ε and |αε + 1| ≤ ε, hence, αε ∈

(
− 3

2 ,− 1
2

)
.

Finally, let (ξ n)n≥1 be a minimizing sequence for ϕ + Jy0 on C, then (ξn, ϕ(ξn))n≥1 is
maximizing sequence for (Jxε, αε) which strongly exposes epi ϕ in (ξ0, λ0), which imposes
ξn → ξ0. �

Proof of Ghoussoub-Maurey linear principle

Proof. (I). Set Y : = X*, a separable reflexive space ([43], Volume 10, p. 162). Then, Y* = X
(identification via the Hahn embedding; X is reflexive). C is separable and strict w*-Hδ set
in Y* (Proposition 6.1, the weak and ∗-weak topologies coincide) and hence also in D : =

conv∗C (X\C =
∞∪

n=1
Kn with the properties from (6.1), take the intersection with D). Apply

(II), Theorem 6.1 transcribed with Y replaced by X; this is correct, as ϕ + ξ, ξ ∈ X* = Y**, is
bounded from below |(ξ(x)| ≤ ‖ξ‖ ‖x‖ and C is bounded).

(II). The epigraph epi ϕ of ϕ in X × R is strict w-Hδ set in X × R (Proposition 6.1).
In the following, using the proof for (II), Theorem 6.1 beginning from (6.24), epi ϕ is that
considered above. �

Corollary 6.1. Let X be reflexive space, C a subset of X* separable bounded strict w*-Hδ set in D :
= conv∗C and ϕ: X → (−∞, +∞] bounded from below, l. s. c. and proper. For any ε > 0, there
exists x0 in X with ‖x0‖ ≤ ε and ξ0 in C such that

1◦ (ϕ + Jx0)(ξ0) < (ϕ + Jx0)(ξ) ∀ξ ∈ C\{ξ 0};
2◦ Any minimizing sequence from C for ϕ + Jx0 converges to ξ0 ([65]).

Proof. C bounded implies that ϕ + Jx bounded from below ∀x ∈ X, consequently (II),
Theorem 6.1 can intercede to obtain 1◦ and 2◦. �

We imply this theorem in two generalizations of a minimization problem of the
form [71]:

Cf : = min{
∫
Ω

[
1
p

(
|u|p +

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p
)
− f (u)

]
dx: u ∈ W1,p

0 (Ω), ‖ u ‖ 2∗ = 1}, (6.25)
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and

Cf : = min{
∫
Ω

(
1
p

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p − f (u)

)
dx: u ∈ W1,p

0 (Ω), ‖ u ‖ 2∗ = 1}, (6.26)

where Ω is open set of C1 class in RN, N ≥ 3, f ∈ W−1,p′(Ω) (= (W1,p
0 (Ω))*), 1

p + 1
p′ = 1, 2* =

2N
N−2 —the critical exponent for the Sobolev embedding (for the necessary explanations,
here and in the following, see Section 2).

Let Ω be an open bounded set of the C1 class in RN, N ≥ 3. Consider the problems
(∗) and (∗∗) from Section 5.1.2, where f : Ω × R → R is a Carathéodory function with the
growth condition

| f (x, s)| ≤ c|s|p−1 + b(x), > 0, 2 ≤ p ≤ 2N
N − 2

, b ∈ Lp′(Ω),
1
p
+

1
p′

= 1. (6.27)

The functionals ϕ: W1,p
0 (Ω) → R,

ϕ(u) =
∫
Ω

[
1
p

(
|u|p +

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p
)
− F(x, u(x))

]
dx (6.28)

and

ϕ(u) =
∫
Ω

(
1
p

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p − F(x, u(x))

)
dx, (6.29)

with F(x, s) : =
s∫

0
f (x, t) dt, are of the Fréchet C1 class and their critical points are the weak

solutions of the problems (∗) and (∗∗), respectively.
Problem (∗). Let λ1 be the first eigenvalue of –Δp in W1,p

0 (Ω) with a homogeneous
boundary condition. We have (see, for instance, Section 2)

λ1 = inf {
||u||p1,p

|i(u)|p0,p
: u ∈ W1,p

0 (Ω)\{0}} (the Rayleigh− Ritz quotient). (6.30)

Now, we provide an answer to (6.25). We use the norm ‖ · ‖1, p on W1,p
0 (Ω) (see above). We

denote the dual of (W1,p
0 (Ω), ‖ · ‖1, p) by W−1,p′(Ω), where p′ is the conjugate of p (i.e., 1

p +
1
p′ = 1).

Proposition 6.6. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s, (6.31)

with 0 < c1 < λ1, α ∈ Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = −f (x, s), ∀x from Ω, the

following assertions hold:
(i) The set of functions h from W−1,p′(Ω), having the property that the functional ϕh : W1,p

0 (Ω)
→ R,

ϕh (u) =
1
p
||u||pp−

∫
Ω

(F(x, u(x)) + h(u(x)))dx (6.32)

has an attained minimum in only one point and includes a Gδ set that is everywhere dense.
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(ii) The set of functions h from W−1,p′(Ω), having the property

the problem
{−Δpu = f (x, u) + h (u) in Ω

u = 0 on ∂ Ω
has solutions,

includes a Gδ set that is everywhere dense.
(iii) Moreover, if s → f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

the problem
{−Δpu = f (x, u) + h(u) in Ω

u = 0 on ∂Ω
has a unique solution,

includes a Gδ set that is everywhere dense.

Remark 6.2. This is a generalization applied to the p-Laplacian and at W1,p
0 (Ω) of Theorem 2.13

from [65].

Proof. It is sufficient to justify (i). Consider, for each h from W−1,p′(Ω), the functional ξh
from W−1,p′(Ω),

ξh (u) = −
∫
Ω

h(u(x)) dx. (6.33)

One may see that ϕh = ϕ + ξh (see (6.28)). Consequently, according to the Ghoussoub-
Maurey linear principle, (II), if we show that ϕh is bounded from below for any h from
W−1,p′(Ω), then (i) is proven. However, taking into account the Sobolev embedding and
(6.31), we have ∀u ∈ W1,p

0 (Ω),

( + h)(u) = p
1
||u p

p1,|| ))(,( dxxuxF ))(( dxxuh
p
1
||u p

p1,|| c1
p|)(| dxp

xu

))()( dxxux ))(( dxxuh
p
1
||u p

p1,|| p
c
1

1 ||u p
p1,|| || ||q ||u||q ||h p',1W

|| ||u||1, p

1

111 c
p ||u p

p1,|| r||u||1, p = ||u||1,p ruc
p

1p
p1,

1

1 ||||11 ,

r ∈ R, and hence the conclusion since 1 − c1
λ1

> 0. To prove some of these inequalities,

))(,( dxxuxF
p

)()(|)(| dxxuxp
xu

= p
1
||i(u) p

p0,|| + )()( dxxux

1

1
p ||u p

p1,|| + || ||0, q ||u||q
1

1
p ||u p

p1,|| + K||u||1, p

(see q and properties of Sobolev spaces in Section 2) and∫
Ω

h(u(x)) dx= 〈h, u〉 ≤ ||h||W−1,p′ ||u||1,p (the norm of the linear continuous map).

�
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Problem (∗∗). Let λ1 be the first eigenvalue of –Δs
p in W1,p

0 (Ω) with a homogeneous
boundary condition. We have (see Section 2)

λ1 = inf

⎧⎨
⎩ �u�

p
1,p

|i(u)|p0,p
: u ∈ W1,p

0 (Ω)\{0}} (the Rayleigh− Ritz quotient).

Now, we provide an answer to (6.26). We use the norm � · �p on W1,p
0 (Ω) (see above). We

denote the dual of (W1,p
0 (Ω), � · �p) also by W−1,p′(Ω), where p′ is the conjugate of p (i.e.,

1
p + 1

p′ = 1).

Proposition 6.7. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s,

with 0 < c1 < λ1, α ∈ Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = −f (x, s), ∀x from Ω, the

following assertions hold.
(i) The set of functions h from W−1,p′(Ω), having the property that the functional ϕh : W1,p

0 (Ω)
→ R,

ϕh (u) =
1
p
�u�

p
p−

∫
Ω

(F(x, u(x)) + h(u(x)))dx

has an attained minimum in only one point and includes a Gδ set that is everywhere dense.
(ii) The set of functions h from W−1,p′(Ω), having the property

the problem
{−Δs

pu = f (x, u) + h (u) in Ω
u = 0 on ∂ Ω

has solutions,

includes a Gδ set that is everywhere dense.
(iii) Moreover, if s → f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

the problem
{−Δs

pu = f (x, u) + h(u) in Ω
u = 0 on ∂Ω

has a unique solution,

includes a Gδ set that is everywhere dense.

Remark 6.3. This is a generalization applied to the p-pseudo-Laplacian and at W1,p
0 (Ω) of Theorem

2.13 from [65].

Proof. The proof and the afferent calculus follow, step by step, those for Proposition 6.6.
There, one replaces the norm ‖ · ‖p on W1,p

0 (Ω) with the norm � · �p, and the inequalities
and considerations remain the same. �

Remark 6.4. For the above results, there are some applications for particular problems from [72–74],
together with others for the pseudo torsion problem.

7. Conclusions

Seven methods to obtain and/or characterize weak solutions for some problems
of mathematical physics equations involving Dirichlet or Neumann problems for the p-
Laplacian and the p-pseudo-Laplacian have been developed. They were presented starting
from the most general abstract framework, together with detailed proofs, and numerous
auxiliary propositions are highlighted. The aim of this unfolding is to be applied to
problems derived from the modeling of real phenomena.

62



Axioms 2023, 12, 532

The first three ways use surjectivity results (obtained from three generalizations due to
the author of three surjectivity theorems of Fučik and Nečas) and they are applied to duality
maps and Nemytskii operators. The novelty of this work consists of the presentation of all
the proof details, together with examples, to use this theory to solve mathematical physics
problems describing real phenomena. Many demonstration details are explained in accor-
dance with the aim of this journal. We proposed solving methods, and the characterization
of the solutions for problems derived from glaciology, a nonlinear elastic membrane either
with the p-Laplacian or with the p-pseudo-Laplacian and the pseudo torsion problem will
be provided in Part two of this work.

The fourth sequence of results starts with Ekeland variational principle to obtain
theoretical propositions that generalize two statements given by Ghoussoub, in which
the author replaced the real Hilbert space with a real reflexive uniformly convex Banach
space and the Fréchet C1 class of the goal function with the condition imposed that it
be lower semicontinuous and Gâteaux differentiable. It is also worthwhile to underline
that Gâteaux differentiability can be replaced by the property of β-differentiability, with β

being a bornology any. These theoretical statements have been used to characterize weak
solutions for the p-Laplacian and for the p-pseudo-Laplacian. Some adequate examples
will be also given in Part two of this work. The novelty consists in using these results for
the targeted modeling of real phenomena problems solved for glaciology, nonlinear elastic
membrane with p-Laplacian and p-pseudo-Laplacian and pseudo torsion problem.

The fifth succession of statements establishes results for nondifferentiable functionals
using the Clarke gradient and critical points for this type of map and other specific notions
until their insertion for the characterization of weak solutions for Dirichlet problems with
the p-Laplacian and the p-pseudo-Laplacian, respectively, in W1,p

0 (Ω). Applications in
thermal transfer, for Dirichlet problems derived from previously presented problems of
the movement of a glacier, nonlinear elastic membrane, the pseudo torsion problem or
nonlinear elastic membrane with the p-Laplacian and p-pseudo-Laplacian will be presented
in Part two.

The sixth series of results, using properties of the Clarke subderivative, conditions of
the Palais-Smale type and Ekeland principle, are results for Neumann or mixed problems.
They are involved in the solution of corresponding problems for the p-Laplacian and
the p-pseudo-Laplacian. The novelty resides in applications to solutions for the velocity
of solid friction, the study of glacier flow, injection molding, thermal transfer and the
pseudo-torsion problem.

The last sequence of assertions starts from the Ghoussoub-Maurey linear principle,
which is used in order to solve some minimization problems. Generalizations of the
minimization problem for the Laplacian given by Brezis and Nirenberg have been obtained
in conjunction with the characterization of weak solutions of Dirichlet problems for the
p-Laplacian and for the p-pseudo-Laplacian.

We are particularly interested in these applications, and this work is a necessary study
for our future developments since our final goal is to obtain a mathematical model for a
specific process involving transfer phenomena for the targeted environmental engineering
application. The role of the reactor (in nanofabrication) in nano-liquid-liquid dispersed
systems, in which micro- or nano-droplets play this role, and the determinant parameters
are related to surface phenomena as a result of special intermolecular forces at the interface.
In this context, some innovative mathematical modeling methods have to be proposed
and tested in order to properly simulate the physical-chemical interactions and processes
specific to nanofabrication. However, one may stress that there are no models available that
can be applied for describing the diffusion phenomena involved in the micro-emulsification
of dispersed systems in connection with surface properties at the interface in self-organized
systems, and this will be the subject of future research.
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Abstract: This paper brings together methods to solve and/or characterize solutions of some prob-
lems of mathematical physics equations involving p-Laplacian and p-pseudo-Laplacian. Using the
widely debated results of surjectivity or variational approaches, one may obtain or characterize weak
solutions for Dirichlet or Newmann problems for these important operators. The relevance of these
operators and the possibility to be involved in the modeling of an important class of real phenomena
is once again revealed by their applications. The use of certain variational methods facilitates the
complete solution of the problem using appropriate numerical methods and computational algo-
rithms. Some theoretical results are involved to complete the solutions for a sequence of models
issued from real phenomena drawing.
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1. Introduction

This paper is devoted to obtaining some solutions for special problems of mathema-
tical physics equations involving p-Laplacian and p-pseudo-Laplacian for models issued
from real phenomena. This is still a current topic that is very widely debated, as is proven
in papers [1–4] considering the p-Laplacian where the accent falls on the applications
and the importance of the models. Positive solutions for boundary value problems with
p-Laplacian are obtained and discussed in [5–7].

Global weak solutions for evolution problems with logarithmic nonlinearities invol-
ving the p-pseudo-Laplacian are presented in [7–10], and those with p-Laplacian are studied
in [11]. The existence of periodic solution [12], radial symmetry [13], symmetry [14], or
principal eigenvalues [15] for fractional p-Laplacian, minimizers [16], and Picone type
identities for p-Laplacian [17] or p-pseudo-Laplacian [18], regularity, and multiplicity
results [19] represent interesting and topical issues that have important implications.

This paper is the requisite continuation of the work under the same title, part one [20].
The theoretical framework is constructed and correspondingly extended in [20] in order to
understand the entire abstract background, while the next step towards the real problems is
made by applying the main results to propose solutions and/or their characterizations for
real phenomena models. In this work, problems for partial differential equations involving
the p-Laplacian and p-pseudo-Laplacian are studied considering Dirichlet problems derived
from glaciology, nonlinear elastic membrane with p-Laplace or p-pseudo-Laplace equation,
vibration of a nonhomogeneous membrane fixed along the boundary, and pseudo torsion
problems are solved using propositions from [20] obtained via surjectivity results. Fred-
holm alternative type results are used to solve applications for nonlinear elastic membrane
with p-Laplacian and p-pseudo-Laplacian. Surjectivity to different homogeneity degrees
also provides some statements which are involved here to provide the formulation of the
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existence of the solution for nonlinear elastic membrane for both operators, but under
different conditions. Critical points and weak solutions for elliptic type equations prove
existing propositions applied for real models issued from glaciology, nonlinear elastic
membrane, and the pseudo torsion problem. Critical points for nondifferentiable function-
als provided the appropriate frame to characterize the solution in modeling the thermal
transfer, and also some of the problems mentioned above. Other results obtained through
the Ekeland variational principle and some conditions of the Palais-Smale type provide
solving methods for some problems from glaciology, injection mold filling, thermal transfer,
or the pseudo torsion problem. Finally, the last frame, which originated in a perturbed
variational principle, was provided to intervene in the study of a generalized Helle-Show
flow of a power-law fluid, and also for the pseudo torsion problem. For some of the prob-
lems derived from real phenomena modeling presented in this work, the author proposed
different solving methods to those reported in the paper [21]. Starting from theoretical
results based on a namely version of Mountain Pass Theorem, the study [21] aimed to
gain a better understanding of the passage from the high abstract frame to characterize the
solution, with designing new models for special physical phenomena being the final goal.
Some other applications for problems involving the p-Laplacian having the theoretical
background in a perturbed variational principle have been presented by the author in [22].

For these problems that resulted from the mathematical modeling, we came up with
original solving methods following the abstract frame from [20]. The novelty of this work
stems from these original approaches, as it represents one of the preliminary studies for
future developments to find a mathematical model (there are none available) to be applied
for describing diffusion phenomena involved in micro-emulsification of disperse systems
in tight connection with surface properties at the interface in self-organized systems.

This paper is organized in the following manner: the propositions or the theorems
which are directly related to the discussed problems are briefly remembered, followed by
the model derived from the real phenomenon considered. For any theoretical detail, the
paper [20] can be consulted.

2. Surjectivity for the Operators λJφ − S. Applications to Partial
Differential Equations

2.1. Theoretical Results

We start this section displaying the (final) theoretical results widely presented in [20]
which are directly involved in solving some types of mathematical physics problems and
characterization of their solutions for a few models drawing real phenomena.

The role of surjectivity in solving problems of the following types was highlighted
in [20], and one can cite recent papers such as [23] where new surjectivity (based on Eke-
land variational principle) results are discussed and involved in applications for Dirichlet
problems for p-Laplacian.

Statement for the Problem

(∗)
{ −λ Δp u = f (· , u(·)) + h, x ∈ Ω, λ ∈ R

u | ∂Ω = 0

Proposition 1. Let Ω be an open bounded set of C1class from RN, N ≥ 2, p ∈ (1, +∞), h from
W−1,p′(Ω) and f : Ω × R → R a Carathéodory function with the properties

10 f (x, − s) = − f (x, s) ∀s from R, ∀x from Ω,
20 | f (x, s)| ≤ c1|s|q−1+ β(x) ∀s from R, ∀x from Ω \ A, μ(A) = 0,

where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1
q +

1
q′ = 1.

Then, for any λ �= 0, the problem (∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).
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Proposition 2. Let Ω be an open bounded set of C1 class from RN, N ≥ 2, p ∈ (1, +∞), h from
W−1,p′(Ω) and f : Ω × R → R Carathéodory function having the properties

10 f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
20 | f (x, s)| ≤ c1|s|p−1+ β(x) ∀s from R, ∀x from Ω \ A, μ(A) = 0,

where c1 ≥ 0, β ∈ Lp′(Ω), 1
p + 1

p′= 1.

Finally, let i : W1,p
0 (Ω) → Lp(Ω) be linear compact embedding. Then, for any λ, if

|λ| > c1 λ
−1
1 , λ1: = inf

⎧⎨
⎩

∣∣∣∣∣∣u∣∣∣∣∣∣p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭,

the problem (∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Statement for the Problem

(∗∗)
{
−λΔs

p u = f (·, u(·)) + h, x ∈ Ω, λ ∈ R

u | ∂Ω = 0

Proposition 3. Let Ω be an open bounded of C1 class set from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R → R Carathéodory function with the properties

10 f (x, − s) = − f (x, s) ∀x from Ω, ∀s from R,
20 | f (x, s)| ≤ c1|s|q−1+ β(x) ∀s from R, ∀x from Ω \ A, μ(A) = 0,

where c1 ≥ 0, q ∈ (1, p), β ∈ Lq′(Ω), 1
q +

1
q′ = 1.

Then, for any λ �= 0, the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proposition 4. Let Ω be an open bounded set of C1class from RN, N ≥ 2, p ∈ [2, +∞), h from
W−1,p′(Ω) and f : Ω × R → R Carathéodory function having the properties

10 f (x, −s) = − f (x, s) ∀x from Ω, ∀s from R,
20 | f (x, s)| ≤ c1|s|p−1+ β(x) ∀s from R, ∀x from Ω \ A, μ(A) = 0,

where c1 ≥ 0, β ∈ Lp′(Ω), 1
p + 1

p′= 1.

Finally, let i : W1,p
0 (Ω) → Lp(Ω) be linear compact embedding. Then, for any λ, if

|λ| > c1 λ−1
1 , λ1: = inf

⎧⎨
⎩ � u �

p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭,

the problem (∗∗) has solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

2.2. Applications in Solving some Real Models

Apply propositions 1, 2, 3, and 4 to solve problems issued from real phenomena
mo-deling.

2.2.1. Application in Glaciology

Elliptic partial differential equations with the principal part Δpu are applied in phy-
sics, for instance, the description of phenomena in glaciology as the sliding of glaciers,
see [24–26]. In [27], a Dirichlet problem is formulated:

− Δpu = 1onΩ,
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u = ϕ on ∂Ω,

with p = 1+ 1
g , g being the Glen exponent, where 0 < g < +∞, hence 0 < p < +∞ and, for a real

glacier, g ≥ 3, and usually taken, g = 3, so p = 4
3 . Replacing u by v = u − ϕ on the boundary

of Ω in the sense of the trace and u ≡ v on the interior of Ω, one can apply Proposition 1 in
the particular case f ≡ 0, h ≡ 1, λ = 1 (hence λ �= 0) to give another proof for the existence
of the solution of the above problem.

Novel and interesting applications, completely solved via special variational and
numerical methods, can be consulted in [28].

2.2.2. Nonlinear Elastic Membrane

I. To describe a nonlinear elastic membrane under the load f, we can use the
mathematical model:

− Δpu = f onΩ

u = 0 on ∂Ω.

The solution u stands for the deformation of the membrane from the rest posi-
tion [29,30]. The nonlinearity of the p-Laplacian is often used to reflect the impact of
non-ideal material to the usual vibrating homogeneous elastic membrane modeled by
Laplace operator. In this case, the deformation energy is given by

∫
Ω
|∇u|pdx. Therefore,

the greatest lower bound on W1,p
0 (Ω)\{0}, λ1, of the Rayleigh quotients from the above

Proposition 2 is usually referred to as the principal frequency of the vibrating nonlinear
elastic membrane.

Consider the problem:

−λΔp u = |u|p−2u, x ∈ Ω, λ ∈ R

u|∂Ω = 0.

This can be considered as (∗) with f ( · , u( · )) = |u|p−2u and h ≡ 0. f having this form
fulfills the two conditions − properties of Carathéodory function from Proposition 2 taking
c1 = 1 and β ≡ 0 in 20. Therefore, for any λ, e.g., |λ| ≥ λ−1

1 , the last problem has a solution

in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

II. In the paper [31], a model was proposed for the vibration of a nonhomogeneous mem-
brane which is fixed along the boundary. Several materials (with different densities) were
investigated there, following the location of these materials inside Ω by studying the first
mode in the vibration of the membrane. Ω is a bounded smooth domain in RN and g is a
Lebesgue measurable function verifying the condition 0 ≤ g(x) ≤ H, ∀x ∈ Ω, where H is a
positive constant, g �≡ 0 and H. g can be replaced by any Lebesgue measurable function,
equal to it almost everywhere. Consider the eigenvalue Dirichlet problem:

−Δpu = λg(x)|u|p−1u, x ∈ Ω,

u|∂Ω = 0.

To superpose our theory, it is sufficient to replace λ by 1
λ since this is made with the

equation: − λΔpu = f ( · , u( · )) + h( · ). Take in Proposition 2: f (x, s) = g(x)|s|p−1, so
| f (x, s)| = |g(x)||s|p−1 ≤H|s|p−1, hence 20 is fulfilled with h≡ 0, c1= H, and, for any λ with∣∣∣ 1

λ

∣∣∣≥ Hλ−1
1 , equivalent |λ| ≤ λ1

H , λ1: = inf

{ ∣∣∣∣∣∣u∣∣∣∣∣∣p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

}
, the above prob-

lem has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω). in the sense of W−1,p′(Ω).

III. Using Proposition 2, we can propose a proof for the existence of the solution of the
nonlinear problem of elastic membrane under the load f + h, in the general case when f is
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a Carathéodory function which fulfills the conditions 10 and 20, h from W−1,p′(Ω) and λ

such that

|λ| > c1 λ
−1
1 , λ1: = inf

⎧⎨
⎩

∣∣∣∣∣∣u∣∣∣∣∣∣p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭

from the cited result.

The nonlinear elastic membrane treated with variational methods is another actual
research field, as the papers [32–35] prove.

2.2.3. The Pseudo Torsion Problem

In [36], we found the pseudo torsion problem:

− Δs
pu = 1

u|∂Ω = 0

for which we applied Proposition 3 in the particular case f ≡ 0, h ≡ 1, λ = 1 (hence λ �= 0)
to provide another proof for the existence of the solution of the above problem.

The torsion problem has been treated as a Dirichlet eigenvalue problem in [37], with the
bounded reaction (free term of the fractional differential equation) involved in a Dirichlet
problem in [38], and the asymptotic behavior for solutions of some torsional-creep type
problems is studied in [39].

2.2.4. Nonlinear Elastic Membrane with p-Pseudo-Laplacian

I. In [40], the expression
∫
Ω

n
∑

i=1

∣∣∣ ∂u
∂xi

∣∣∣pdx was proposed for the deformation energy of the

membrane and was woven out of elastic strings in a rectangular form. The phenomenon
can be modelled with a Dirichlet problem for the p-pseudo-Laplacian:

−λΔs
p u =|u|p−2 u, x ∈ Ω, λ ∈ R

u|∂Ω = 0.

Under the above notation, 1
λ is the eigenvalue for such a problem. One can apply

Proposition 4, taking f ( · , u( · )) = |u|p−2u, h ≡ 0 and with c1 = 1 and β ≡ 0 in 20, to
obtain that the last exposed problem has a solution in W1,p

0 (Ω) in the sense of W−1,p′(Ω), for
any λ, with ∣∣∣λ∣∣∣ >λ−1

1 , λ1: = inf

⎧⎨
⎩ � u �

p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭.

II. Take in I the load f + h, in the general case when f is a Carathéodory function, which ful-
fills the conditions 10 and 20 from Proposition 4, h from W−1,p′(Ω) and λ e.g.,
|λ| > c1λ

−1
1 ,

λ1: = inf

⎧⎨
⎩ � u �

p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭

from the cited result.

Nonlinear elastic membrane is one of the wide subjects which also benefits the eigen-
values and eigenfunctions. An extended theoretical study exploited to model such a kind
of phenomenon is presented in [41] by the extension through the numerical simulation.
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3. Applications for Results of the Fredholm Alternative Type for Operators λJφ − S
3.1. Results

Proposition 5. Let p be from (1, +∞) and λ �= 0. If

λ(− Δp u) =|u|p−2 u

does not have a nonzero solution in W1,p
0 (Ω), then, for any h from W−1,p′(Ω), the equation

λ(− Δp u)=|u|p−2 u + h

has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Proposition 6. In the statement of Proposition 5, if p ∈ [2, +∞), then − Δp can be replaced
by −Δs

p.

Proposition 7. Let p be from (1, +∞) and λ �= 0. If

λ(− Δp u) = Nf u

has no nonzero solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω), then, for any h from W−1,p′(Ω),

the equation:
λ(−Δpu) = f (·, u(·)) + h, x ∈ Ω

has a solution in W1,p
0 (Ω) in the sense of W−1,p′(Ω).

Statements of the Fredholm alternative type represent an important theoretical instru-
ment to solve fractional evolution problems having a certain kind of boundary conditions
as the paper [42] provides, and they can also be involved in optimization and evaluation of
the process performance, as the recent work [43] proves.

3.2. Applications for Real Phenomena
3.2.1. Nonlinear Elastic Membrane

Take the nonlinear elastic membrane under the load f, for which the mathematical
model can be considered:

− Δpu = f onΩ

u = 0 on ∂Ω.

In the case of the homogeneous problem:

−λ Δpu = |u|p−2u, x ∈ Ω, λ ∈ R

u|∂Ω = 0.

has no nonzero solution. By applying Proposition 5, for any h from W−1,p′(Ω), the pro-blem:

λ(− Δp u)=|u|p−2u + h, x ∈ Ω, λ ∈ R

u|∂Ω = 0.

has a solution in the sense of W−1,p′(Ω).

Remark. For the load f being a Carathéodory function, one can obtain a similar result
using Proposition 7.
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3.2.2. Nonlinear Elastic Membrane with p-Pseudo-Laplacian

When the membrane is woven out of elastic strings in a rectangular form, then the
phenomenon can be modelled with a Dirichlet problem for the p-pseudo-Laplacian and the
load f has another form as in Section 2.2.4, and if the homogeneous problem:

−λ Δs
p u =|u|p−2u, x ∈ Ω, λ ∈ R

u|∂Ω = 0.

has no nonzero solution, therefore, applying Proposition 6 for p ∈ [2, +∞),

−λ Δs
p u =|u|p−2u + h, x ∈ Ω, λ ∈ R

u|∂Ω = 0

has a solution in the sense of W−1,p′(Ω), for any h from W−1,p′(Ω).

4. Problems Solved Using Surjectivity to Different Homogeneity Degrees

4.1. Theoretical Results

Proposition 8. Under the above conditions, for any λ �= 0 and for any h from W−1,p′(Ω), there
exists u0 in W1,p

0 (Ω) such that

λ(− Δp)u0 = (i’ o N o i)u0 + h

respectively,
λ(−Δs

p)u0 = (i’ o N o i)u0 + h.

Proposition 9. Under the above conditions, for any λ �= 0 and for any h in W−1,p′(Ω), there exists
u0 in W1,p

0 (Ω) such that

λ(− Δp)u0 =
(

i’ o Nf o i)u0 + h

respectively,
λ(−Δs

p)u0 =
(

i’ o Nf o i)u0 + h.

The association of homogeneity and fractional problems remains a very current topic,
as the rich development of results from the paper [44] demonstrates.

4.2. Applications to Real Phenomena Models
4.2.1. Nonlinear Elastic Membrane

I. Use Proposition 8 to prove the existence of the solution for the problem of a nonlinear
elastic membrane under the load f + h, where we can use the mathematical model:

λ(− Δp u)=|u|q−2 u + honΩ

u = 0 on ∂ Ω,

with q ∈ (1, p), 1
q +

1
q′ = 1, ∀λ �= 0 and ∀h in W−1,p′(Ω).

II. Similarly, for the problem:

λ(− Δp)u = f + honΩ

u = 0 on ∂Ω,
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with f : Ω × R → R an odd Carathéodory function and (q − 1) - homogeneous in the
second variable, which verifies the growth condition:

| f (x, s)| ≤ c1|s|q−1 + β(x)∀s in R, ∀x in Ω\A,μ(A) = 0,

where c1 ≥ 0, β ∈ Lq′(Ω) by applying Proposition 9.

4.2.2. Nonlinear Elastic Membrane with p-Pseudo-Laplacian

I. Demonstrate the existence of the solution from W1,p
0 (Ω) in the sense of W−1,p′(Ω) for

the problem:

λ(−Δs
p u)=|u|q−2u + h, x ∈ Ω, λ ∈ R,

u|∂Ω = 0,

with q ∈ (1, p), 1
q +

1
q′ = 1, λ �= 0 and h in W−1,p′(Ω) by applying Proposition 8.

II. For a similar problem:

λ(−Δs
pu) = f + h, x ∈ Ω, λ ∈ R,

u|∂Ω = 0,

with f : Ω × R → R an odd Carathéodory function and (q − 1) - homogeneous in the
second variable, which verifies the growth condition:

| f (x, s)| ≤ c1|s|q−1 + β(x)∀s in R, ∀x in Ω\A,μ(A) = 0,

where c1 ≥ 0, β ∈ Lq′(Ω) and we have the existence of the solution by applying
Proposition 9.

5. Problems Having Weak Solutions Starting from Ekeland Variational Principle

There are three groups of results. The first two are based on critical point notion and
the last one, which is of a different kind, will be involved in the construction of the solutions
of some mathematical physics problems. Many methods use critical points theory to find or
characterize solutions for fractional boundary problems as in [45]. Both highly theoretical
and extremely applicative approaches involving critical points and fractional calculus were
performed in [46] to draw solutions for several real models and obtain the concrete solution
via specific numerical methods.

5.1. Critical Points and Weak Solutions for Elliptic Type Equations − Applications
5.1.1. Theoretical Support

Let Ω be an open bounded nonempty set in RN and let f : Ω × R → R be a
Carathéodory function with the growth condition:

| f (x, s)| ≤ c|s|p−1 + b(x), (1)

where c > 0, 2 ≤ p ≤ 2N
N−2 when N ≥ 3 and 2 ≤ p < +∞ when N = 1, 2, and where

b ∈ Lq(Ω),
1
p
+

1
q
= 1.

Consider the problems:

(∗)
{−Δpu = f (x, u), x ∈ Ω

u = 0 on ∂Ω ,
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and

(∗∗)
{−Δs

pu = f (x, u), x ∈ Ω
u = 0 on ∂Ω .

Proposition 10. Let Ω be an open bounded of C1 class set in RN, N ≥ 3, f : Ω × R → R a
Carathéodory function and u1, u2 from W1,p

0 (Ω) bounded weak subsolution and weak supersolution
of (∗), respectively, with u1(x) ≤ u2(x) a.e. on Ω. Suppose that f verifies (1) and there is ρ > 0 such
that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω), sup u2(Ω)]. Then
there is a weak solution u of (∗) in W1,p

0 (Ω) with the property

u1(x) ≤ u(x) ≤ u2(x) a.e.on Ω

Proposition 11. Let Ω be an open bounded of C1 class set in RN, N ≥ 3 and f : Ω × R → R a
Carathéodory function and u1, u2 from W1,p

0 (Ω) bounded weak subsolution and weak supersolution
of (∗∗), respectively, with u1(x) ≤ u2(x) a.e. on Ω. Suppose that f verifies (1) and there is ρ > 0
such that the function g: g(x, s) = f (x, s) + ρs is strictly increasing in s on [inf u1(Ω), sup u2(Ω)].
Additionally, there is a weak solution u of (∗∗) in W1,p

0 (Ω) with the property:

u1(x) ≤ u(x) ≤ u2(x) a.e.on Ω.

5.1.2. Applications to Real Phenomena

I. Application in Glaciology

Consider once again the problem presented in Section 2.2.1:

− Δpu = 1 on Ω,

u = 0 on ∂Ω,

and remark that we can characterize the weak solution for this using Proposition 10.
Observe that all the conditions from the cited result are fulfilled here by combining it, for
instance, with the above example.

II. Nonlinear Elastic Membrane

Take once again the problem describing a nonlinear elastic membrane under the load
f, for which we use the mathematical model:

− Δpu = f on Ω

u = 0 on ∂Ω.

When the free term of the equation fulfills the conditions from Proposition 10, one
obtains a characterization of the solution of the considered problem.

III. The Pseudo Torsion Problem

Consider once again the pseudo torsion problem discussed in Section 2.2.3:

− Δs
pu = 1 on Ω,

u|∂Ω = 0.

By applying Proposition 11, one obtains a characterization of the weak solution of this
(remark that the conditions from the cited result are fulfilled combining, for instance, with
the above example).

IV. Nonlinear Elastic Membrane with p-Pseudo-Laplacian

When the phenomenon can be modelled with a Dirichlet problem for the
p-pseudo-Laplacian:

−Δs
p u =|u|p−2u, x ∈ Ω,
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u|∂Ω = 0,

by applying Proposition 11, one gives a characterization of the solution for the
above pro-blem.

Furthermore, the right-hand term f of the last equation is as in Proposition 11, then
one obtains a more general characterization of the solution of such a problem.

5.2. Applications of Critical Points for Nondifferentiable Functionals
5.2.1. Theoretical Results

Let Ω be a bounded domain of RN with the smooth boundary ∂Ω (topological boun-
dary). Consider the nonlinear boundary value problems (∗) and (∗∗) from Section 5.1.2
above, where f : Ω × R → R is a measurable function with subcritical growth, i.e.,

(I) |f (x, s)| ≤ a + b|s|σ ∀s ∈ R, x ∈ Ω a.e.,

where a, b > 0, 0 ≤ σ < N+2
N−2 for N > 2 and σ ∈ [0, +∞) for N = 1 or N = 2.

Set:
f (x, t) = lim

s→t
f (x, s), f (x, t) = lim

s→t
f (x, s)

Suppose

(II) f , f : Ω×R → R are measurable with respect to x.

Associate to (∗) the locally Lipschitz functional Φ: X → R,

Φ(u) =
1
p

∣∣∣∣∣∣u∣∣∣∣∣∣p1,p−
∫
Ω

F(x, u) dx, u ∈ X,

and associate to (∗∗)

Φ(u) =
1
p
� u �

p
1,p−

∫
Ω

F(x, u) dx, u ∈ X,

where F(x, s) =
s∫

0
f (x, t)dx.

Proposition 12. If (I) and (II) are verified, every critical point of Φ is a solution for (∗) and
(∗∗), respectively.

5.2.2. Applications − Real Phenomena Modeling

I. We propose here an immediate application to characterize the solution of the modeling
given in [47] for thermal transfer. Among cryogenic fluids used in industrial or laboratory
applications, helium II offers remarkable properties. However, its behavior, both mechan-
ical and thermal, appears particularly complex. Regarding the heat transfer at the heart
of this fluid and through the interface with a solid, the two phenomenological laws have
been used in [47] in order to obtain a mathematical model which should make it possible
to optimally ensure the desired temperature in the problems associated with cooling by
helium II; this goal is particularly crucial for multifilamentary superconductors.

The mathematical model proposed in the last cited work aims to determine u: Ω → (0,
c) (the value of c is experimentally obtained as 2.4844 × 10−3) such that:

− Δpu = r on Ω,

where r is a source term for a given p ≥ 1, and the second time the value p = 4
3 is established

there, together with a boundary condition of Dirichlet type u = ϕ on ∂Ω in the sense of the
trace. If ϕ≡0, one can replace u by v = u − ϕ. When the conditions from Proposition 12
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are fulfilled, conclude that one can characterize the solution of this problem to be a critical
point for the corresponding Φ functional.

II. One can give characterizations of the solutions using this kind of definition for the
Dirichlet problems issued from the already-presented problems of the movement of the gla-
cier, nonlinear elastic membrane, pseudo torsion problem, or nonlinear elastic membrane
with p-pseudo-Laplacian.

5.3. Other Solutions Starting from Ekeland Principle
5.3.1. Theoretical Results

Definition 1. u from W2,p (Ω), p > 1 is solution of (∗) and (∗∗), respectively, from this section
if Bu = 0 on ∂Ω in the sense of trace (meaning introduced above) and

– Δpu(x) ∈
[

f (x, u(x)), f (x, u(x))
]

in Ω a.e. (2)

and
–Δs

pu(x) ∈
[

f (x, u(x)), f (x, u(x))
]

in Ω a.e. (3)

respectively.

Proposition 13. Nonlinear Neumann problems

(N)

{−Δpu = g(u) + h(x), x ∈ Ω
Bu = 0 on ∂Ω,

and

(N’)
{−Δs

pu = g(u) + h(x), x ∈ Ω
Bu = 0 on ∂Ω,

respectively, with the conditions
(III) g: R → R bounded measurable T-periodic,

∫ T

0
g(s)ds = 0 and

(IV) h bounded measurable, ∫
Ω

hdx = 0,

have a solution in W1,p(Ω) in the sense of (2) and (3) respectively.

5.3.2. Related Applications

I. We can apply Proposition 13 with g≡ 1 and h≡ 0 to prove that there exists a solution
for the velocity problem under the assumption of solid friction, see [26],

− Δpu = sgn u on Ω,

|∇u|p−2 ∂u
∂n

=

{
0, on Γ0
− f , on Γ1

,

where p = 1 + 1
n , 1 < p < 2, u in W2,p(Ω).

This problem appears when the flow of glaciers is studied [26], i.e., to determine the
velocity under the Weertman hypothesis:

− Δpu = sgn u on Ω,

|∇u|p−2 ∂u
∂n

= 0 on Γ0,
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|∇u|p−2 ∂u
∂n

+c1|u|π−2u= 0 on Γ1,

where p = 1 + 1
n and π = 1 + 2

n+1 , c1 > 0 is a constant, and n is the exponent from the Glen law.

II. Involve Proposition 13 to give another solution for the problem studied in [48]. Accor-
ding to [42], the physical problem is as follows: the polymer is injected, over a period of
time, t0 < t < t1 at some point x1 ∈ Ω. It is not necessary to have the domain Ω simply
connected. Some notations: Ωt = the part of Ω which is filled by fluid at time t; ϕ = pressure;
v = fluid velocity (averaged over − h ≤ z ≤ h); Γ0 = ∂Ωt ∩ Ω, and Γ1 = ∂Ωt ∩ ∂Ω. Γ0 is the
flow front. It is assumed that ∂Ω is solid (except for air vents). The equation for ϕ is:

Δpϕ= 0 on Ωt \ {x1},

where p = 1
n + 1, n is a material constant. Further, ϕ = constant (chosen 0) on Γ0 and ∂ϕ

∂n = 0
on Γ1. It follows that the fluid front Γ0 meets ∂Ω at right angles (provided that ϕ is smooth
up to the boundary and ∇ϕ �= 0). Also note that ϕ must have a singularity at x1. In this
approach, the development with time of the domain Ωt filled by fluid is controlled by
ϕ, which is determined from an elliptic partial differential equation. Note that, in this
physically oriented description, all considered curves, functions, and vector fields are
assumed “smooth”, such that each of the crucial expressions has a well-defined pointwise
meaning. Following [48], the mathematical problem means to obtain the solution ϕ of
the instantaneous flow problem which can be obtained as the solution ϕ* of a convex
extremum problem by an appropriate and rather obvious choice of that problem. Taking
g ≡ 1 and h ≡ 0, Ωt instead of Ω in (N), we are placed under the conditions of Propo-
sition 13 and give, via this result, another proof for the existence of the solution for the
mentioned problem.

III. We can add here the example of the solution of the modeling given in [47] for thermal
transfer described at Section 5.2.2 with the same equation under Neumann boundary
conditions (flux imposed): |∇u|p−2 ∂u

∂n = ψ on ∂Ω. Proposition 13 establishes the existence
of the solution.

IV. Consider the pseudo torsion problem:

− Δs
pu = sgn u on Ω,

∂u
∂n

∣∣∣∣
∂Ω

= 0

for which we applied Proposition 13 in order to establish an existence result.

6. Weak Solutions Using a Perturbed Variational Principle

6.1. Theoretical Results

Let Ω be an open bounded set of C1 class in RN, N ≥ 3. Consider the problems (∗)
and (∗∗) from Section 5.1.1, where f : Ω × R → R is a Carathéodory function with the
growth condition

| f (x, s)|≤ c|s|p−1 +b(x), c > 0, 2 ≤ p ≤ 2N
N − 2

, b ∈ Lp′(Ω),
1
p
+

1
p′ = 1.

The functionals ϕ: W1,p
0 (Ω) → R,

ϕ(u) =
∫

Ω

[
1
p

(
|u|p +

N

∑
i=1

∣∣∣∣ ∂u
∂xi

∣∣∣∣p
)
− F(x, u(x))

]
dx
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and

ϕ(u) =
∫

Ω

(
1
p

N

∑
i=1

∣∣∣∣∂u∂

xi

∣∣∣∣p
− F(x, u(x))

)
dx,

with F(x, s) : =
s∫

0
f (x, t) dt, are of Fréchet C1 class and their critical points are the weak

solutions of the problems (∗) and (∗∗), respectively.

Problem (∗). Let λ1 be the first eigenvalue of –Δp in W1,p
0 (Ω) with a homogeneous boun-dary

condition. We have (see, for instance, in the Section 2)

λ1 = inf

⎧⎨
⎩

∣∣∣∣∣∣u∣∣∣∣∣∣p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭ (the Rayleigh-Ritz quotient).

Proposition 14. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s,

with 0 < c1 < λ1, α ∈Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = − f (x, s), ∀x from Ω, the

following assertions hold:
(i) The set of functions h from W−1,p′(Ω), having the property that the functional

ϕh: W1,p
0 (Ω) → R,

ϕh(u) =
1
p

∣∣∣∣∣∣u∣∣∣∣∣∣pp−∫
Ω

(F(x, u(x)) + h(u(x)))dx

has in only one point an attained minimum, includes a Gδ set everywhere dense;
(ii) The set of functions h from W−1,p′(Ω), having the property

the problem
{−Δpu = f (x, u) + h (u) in Ω

u = 0 on ∂ Ω
has solutions,

includes a Gδ set everywhere dense;
(iii) Moreover, if s → f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

the problem
{−Δpu = f (x, u) + h(u) in Ω

u = 0 on ∂Ω
has a unique solution,

includes a Gδ set everywhere dense.

Problem (∗∗). Let λ1 be the first eigenvalue of –Δs
p in W1,p

0 (Ω) with a homogeneous boundary
condition. We have (see in Section 2)

λ1= inf

⎧⎨
⎩ � u �

p
1,p∣∣∣∣∣∣i(u)∣∣∣∣∣∣p

0,p

: u ∈ W1,p
0 (Ω)\{0}

⎫⎬
⎭ (the Rayleigh-Ritz quotient).

Proposition 15. Under the above assumptions and, in addition, the growth condition

F(x, s) ≤ c1
sp

p
+ α(x)s,

with 0 < c1 < λ1, α ∈ Lq′(Ω) for some 2 ≤ q ≤ 2N
N−2 and f (x, −s) = − f (x, s), ∀x from Ω, the

following assertions hold.
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(i) The set of functions h from W−1,p′(Ω), having the property that the functional
ϕh: W1,p

0 (Ω) → R,

ϕh(u) =
1
p
� u �

p
p−

∫
Ω

(F(x, u(x)) + h(u(x)))dx

has in only one point an attained minimum, includes a Gδ set everywhere dense;
(ii) The set of functions h from W−1,p′(Ω), having the property

theproblem
{−Δs

pu = f (x, u) + h (u) in Ω
u = 0 on ∂ Ω

has solutions,

includes a Gδ set everywhere dense;
(iii) Moreover, if s → f (x, s) is increasing, then the set of functions h from W−1,p′(Ω), having

the property

theproblem
{−Δs

pu = f (x, u) + h(u) in Ω
u = 0 on ∂Ω

has a uniquesolutions,

includes a Gδ set everywhere dense.
Both unconstrained and constrained minimization problems for the energy func-

tional, involving a special kind of Dirichlet problem with p-Laplacian, have been studied
in [49], where the existence and the uniqueness of some types of solution have been
obtained. One of the most important characteristics of the application of variational prin-
ciples is the possibility to conduct the solving of the problem until the visualization of
the result of the real-world model via an appropriate numerical method as the work [50]
successfully sustains.

6.2. Applications

I. As the first application, we propose characterizing the solution of the Dirichlet problem
which models the compression molding of polymers. This means to study a generalized
Helle-Show flow of a power-law fluid which leads to the p-Poisson equation for the
instantaneous pressure in the fluid. Therefore, this pressure u is the solution of:

− Δpu = 1 on Ω,

u = 0 on ∂Ω,

where p = 1
n + 1, n being the power-law index of the polymer, a typical value going over the

interval (0.3, 0.5) [51,52]. Observe that the conditions from Proposition 6, (iii) are fulfilled
when we take f ≡ 0, as in the equation above. One can consider h ≡ 1 to obtain that the
pressure Dirichlet problem has a unique solution using the cited result. One can also apply
Proposition 14, (ii) or (iii), considering the same f and h fulfilling either the conditions from
(ii) or those from (iii) to prove either the existence only or the existence and the uniqueness
of the minimum for the corresponding functional for pressure, and hence one can discuss
about its dual problem which has as solution (maximum) the flow function [53].

II. We can also prove the existence and the uniqueness of the solution of the pseudo
torsion problem:

− Δs
pu = 1

u|∂Ω = 0,

for which we apply Proposition 15. For the right-hand member of the equation of the form
f + h, as in Proposition 15 (ii) or (iii), we can obtain either the existence only or the existence
and the uniqueness of the solution.
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7. Conclusions

In this paper, some methods to solve different problems issued from real phenomena
models have been presented. The theoretical results widely developed and debated in
the paper under the same name, part one, are applied in order to draw the solutions and
to characterize them. This is the natural step towards an appropriate numerical method,
hence the validation of the model.

The novelty of this work consists in the presentation of detailed applications invol-ving
the obtained theory in solving mathematical physics problems describing real phenom-
ena. We proposed solving methods and characterization of the solutions for problems
issued from glaciology, nonlinear elastic membrane either with p-Laplacian or with p-
pseudo-Laplacian and for the pseudo torsion problem, those starting from some surjectivity
statements for a special kind of operators, or via theorems of Fredholm alternative types, or
surjectivity at different homogeneity degrees.

Weak solutions starting from the Ekeland variational principle, applied to critical
points and weak solutions for elliptic type equations, critical points for nondifferentiable
functionals applied for glaciology problems, pseudo torsion problems, nonlinear elastic
membrane with p-Laplacian and p-pseudo-Laplacian, thermal transfer models, Neumann
problems issued from injection mold filling, and other Neumann problems with p-pseudo-
Laplacian have been presented. In the end, using a result obtained via a perturbed varia-
tional principle, the solution for a Dirichlet problem studying a generalized Helle-Show
flow of a power-law fluid and the existence and the uniqueness of the solution for a pseudo
torsion problem are obtained.

We are particularly interested in these applications, and this work is a necessary study
in our future developments, as our final goal is to obtain a mathematical model for a
specific process involving transfer phenomena for targeted environmental engineering
applications. The role of the reactor (in nanofabrication) in nano-liquid-liquid dispersed
systems is played by micro- or nano-droplets, and the determinant parameters are related
to surface phenomena as a result of special intermolecular forces at interface. In this
context, some innovative modeling mathematical methods have to be proposed and tested
in order to properly simulate the physical-chemical interactions and processes specific to
nanofabrication. However, one may stress that there is no model available to be applied for
describing diffusion phenomena involved in the micro-emulsification of disperse systems
in connection with surface properties at the interface in self-organized systems. Moreover,
such disperse systems can be successfully applied for the removal of organic or inorganic
pollutants from wastewater, and this is the subject of future research.
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1. Introduction

Ekeland Variational Principle (EkVP) [1] is one of the most important tools in nonlinear
analysis that is used to minimize lower semicontinuous (LSC for short) and bounded from
below functions on a metric space. To date, it has been applied in various contexts, see [2–7],
and the references therein. For instance, in [7], it was applied to the so-called “end problem”
in behavioral sciences, that is, to know when and where a human dynamic, which starts
from an initial position and follows a transition, ends somewhere. On the other hand,
another important issue is the “Completeness problem”, meaning to know under what
circumstances the validity of some result implies the completeness of the underlying
space. Notice that a thorough analysis of various situations when the validity of a result
(variational principle, fixed point) on a metric space forces its completeness was given
in [8].

Due to its usefulness and applicability in mathematics and other related disciplines,
EkVP has been studied in different contexts. Not so long ago, Alfuraidan, and Khamsi [9],
following the approach taken by Jachymski [10], obtained a version of EkVP in metric
spaces endowed with a graph, via the OSC property for sequences. In the present paper we
follow this line by proving a version of Ekeland Variational Principle (EkVP) in a weighted
graph G and its equivalence to Caristi fixed point theorem and to Takahashi minimization
principle. The usual completeness and topological notions are replaced with some weaker
versions expressed in terms of the graph G (called G-completeness, G-LSC, etc). Converse
results, meaning the completeness of weighted graphs for which one of these principles
holds, are also considered.

We start by recalling Ekeland Variational Principle, both the weak and the full version.

Axioms 2023, 12, 247. https://doi.org/10.3390/axioms12030247 https://www.mdpi.com/journal/axioms84
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Theorem 1 (Ekeland Variational Principle—weak form (wEkVP)). Let (X, d) be a complete
metric space and f : X → R∪ {+∞} an LSC and bounded from below proper function. Then for
every ε > 0 there exists an element yε ∈ X such that

f (yε) ≤ inf f (X) + ε, (1)

and
f (yε) < f (y) + εd(y, yε), ∀y ∈ X \ {yε}. (2)

The full version of EkVP is the following.

Theorem 2 (Ekeland Variational Principle—EkVP). Let (X, d) be a complete metric space and
f : X → R∪ {+∞} an LSC bounded below proper function. Let ε > 0 and x0 ∈ dom f .

Then, given λ > 0, there exists z = zε,λ ∈ X such that

(a) f (z) +
ε

λ
d(z, x0) ≤ f (x0);

(b) ∀x ∈ X, x �= z, f (z) < f (x) +
ε

λ
d(z, x).

(3)

If further, x0 satisfies the condition

f (x0) ≤ inf f (X) + ε, (4)

then
(c) d(z, x0) ≤ λ.

A function f : X → R ∪ {∞} is called proper if dom( f ) := {x ∈ X : f (x) ∈ R} is
nonempty.

Remark 1. Notice that condition (a) in the above theorem implies f (z) ≤ f (x0). Sometimes EkVP
is formulated with this condition instead of (a).

An important consequence of the full version of EkVP is obtained by taking λ =
√

ε
in Theorem 2.

Corollary 1. Under the hypotheses of Theorem 2, for every ε > 0 and x0 ∈ X with f (x0) ≤
inf f (X) + ε there exists yε ∈ X such that

(a) f (yε) +
√

εd(yε, x0) ≤ f (x0);

(b) ∀x ∈ X, x �= yε, f (yε) < f (x) +
√

εd(yε, x);

(c) d(yε, x0) ≤
√

ε.

(5)

Taking further εn = 1/n , one obtains a sequence (yn) approximating the minimum
point of the function f .

Note that the validity of Ekeland Variational Principle (in its weak form) implies
the completeness of the metric space X. This was discovered by Weston [11] in 1977 and
rediscovered by Sullivan [12] in 1981 (see also the survey [13]).

More exactly, the following result holds.

Theorem 3. For a metric space (X, d) the following statements are equivalent.

1. The metric space (X, d) is complete.
2. If for every Lipschitz function f : X → [0, ∞) there exists a point z ∈ X such that

f (z) ≤ f (x) + ρ(z, x) for all x ∈ X , (6)
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Notice that the class of Lipschitz functions considered in 2 is smaller than that of LSC
functions considered in Theorem 1.

Ekeland Variational Principle is equivalent to many results in fixed point theory,
geometry of Banach spaces (the drop theorem) and optimization. We mention only two of
these, namely Caristi fixed point theorem and Takahashi minimization principle.

We start with Caristi fixed point theorem [14] (see also [15]), presented both in single-
valued and set-valued versions.

Theorem 4 (Caristi fixed point theorem). Let (X, d) be a complete metric space and ϕ : X →
[0, ∞) be an LSC function.

1. If T : X → X is a mapping satisfying the condition

∀x ∈ X, d(T(x), x) ≤ ϕ(x)− ϕ(T(x)) , (7)

then T has a fixed point, i.e., there exists z ∈ X such that z = T(z).
2. If T : X ⇒ X is a set-valued mapping satisfying the condition

∀x ∈ X, ∃y ∈ T(x), d(y, x) ≤ ϕ(x)− ϕ(y) , (8)

then T has a fixed point, i.e., there exists z ∈ X such that z ∈ T(z).
3. If T : X ⇒ X is a set-valued mapping with nonempty values satisfying the condition

∀x ∈ X, ∀y ∈ T(x), d(y, x) ≤ ϕ(x)− ϕ(y) , (9)

then there exists z ∈ X such that T(z) = {z}.

Notice that both 2 and 3 are extensions of 1—if the mapping T is single-valued, then
each of them agrees with 1.

Another result is Takahashi minimization principle [16] (see also [17]).

Theorem 5 (Takahashi minimization principle). Let (X, d) be a complete metric space and let
ϕ : X → [0, ∞) be an LSC function.

If for every x ∈ X satisfying the condition ϕ(x) > inf ϕ(X) there exists y ∈ X \ {x} such
that

ϕ(y) + d(x, y) ≤ ϕ(x) , (10)

then ϕ attains its infimum on X, i.e., there exists z ∈ X such that ϕ(z) = inf ϕ(X).

Remark 2. Replacing ϕ with ϕ̃ = ϕ− inf ϕ(X), the above results can be automatically extended
to a bounded from below LSC function ϕ : X → R. Considering an extended proper LSC function
ϕ : X → R∪ {∞}, then the results hold on dom(ϕ) := {x ∈ X : ϕ(x) ∈ R}.

Recall that a function ϕ : X → R∪ {∞} is called proper if dom(ϕ) �= ∅.

2. Preliminaries

In this section, we present some notions and results on partially ordered metric spaces
and graph theory, needed for the main results of the paper.

A partial order on a nonempty set X is a reflexive, transitive and antisymmetric relation
� on X. One also says that (X,�) is a partially ordered set. We consider orders � on a metric
space (X, d) in which case we shall say that (X, d,�) is a partially ordered metric space.
Initially, no relation between the order � and the metric d is supposed to hold but, in order
to make the things to work, some connections are needed (see Definition 1).

We present now some preliminary notions from graph theory. A good introductory
text, with many examples, is [18], Chapter 8, (see also [19] or [20]).

A directed graph (digraph for short) G is formed by a set V(G), called the set of vertices of
the graph G, and a set E(G) of edges corresponding to ordered pairs (u, v) ∈ V(G)×V(G).
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The graph will be denoted by G = (V(G), E(G)). Two edges e1, e2 are called parallel if they
correspond to the same pair (u, v). In this paper, we shall always suppose that the graph G
has no parallel edges, so that the set E(G) can be viewed as a subset of V(G)×V(G). A path
in the graph G connecting two points u, v ∈ V(G) is a succession (u, u1), (u1, u2), . . . , (un, v)
of edges, where n ≥ 1 and the points u, u1, . . . , un, v are pairwise distinct. A path with
v = u is called a cycle. A graph without cycles is called acyclic.

A graph G = (V(G), E(G)) is called:

• reflexive if (u, u) ∈ E(G) for all u ∈ V(G);
• transitive if (u, v), (v, w) ∈ E(G) implies (u, w) ∈ E(G).

A weight on a graph G = (V(G), E(G)) is a function (usually non-negative) d : E(G)→
R. We say that G = (V(G), E(G), d) is a weighted graph. In this paper, we shall suppose that
the graph is contained in a metric space (X, d) and that the weight is the metric d.

The next remark emphasizes the tight connection between graphs and partial orders.

Remark 3. Let (X,�) be a partially ordered set. Put V(G) = X and E(G) = {(x, y) ∈ X × X :
x � y}. Then G = (V(G), E(G)) is a reflexive transitive acyclic directed graph.

Conversely, given a reflexive transitive acyclic directed graph G = (V(G), E(G)) put

x ≤G y ⇐⇒ (x, y) ∈ E(G) . (11)

Then ≤G is a partial order on V(G) and the graph G̃ associated with the order ≤G in the way
described above agrees with G.

Consequently, there is a one-to-one correspondence between reflexive transitive acyclic directed
graphs and partial orders.

Only the relation between acyclicity and antisymmetry needs some explanation, the
others (reflexivity, transitivity) being obvious.

Suppose that G is the graph corresponding to a partial order � in the way described
in Remark 3. If u, u1, . . . , un, u is a loop in G, then, by the definition of E(G), u � u1 � u
with u1 �= u, in contradiction to the antisymmetry of �. This shows that the graph G is
acyclic.

Conversely, let ≤G be the partial order associated with a graph G (having the prop-
erties mentioned in Remark 3). If u ≤G v and v ≤G u, for some u �= v in V(G), then
(u, v), (v, u) ∈ E(G), i.e., u, v, u is a loop in G, in contradiction to the acyclicity of G.

We introduce now some notions in weighted graphs and their analogs in partially
ordered metric spaces.

Definition 1.

• A weighted digraph G = (V(G), E(G), d), where d is a metric on V(G), is said to satisfy the
OSC property if (x, xn) ∈ E(G) for all n ∈ N, for every sequence (xn) in V(G) such that

xn
d−→ x and (xn+1, xn) ∈ E(G) for all n ∈ N.

• A partially ordered metric space (X, d,�) is said to satisfy the OSC condition if x � xn for

all n ∈ N, for every sequence (xn) in X such that xn
d−→ x and xn+1 � xn for all n ∈ N.

Remark 4. In [9], the OSC property for graphs is defined with the supplementary condition that
(y, xn) ∈ E(G), n ∈ N, implies (y, x) ∈ E(G). In a partially ordered metric space this corresponds
to the condition that x = infn xn .

The condition OSC, as given in Definition 1, is also used by Jachymski [10].
For partially ordered metric spaces the OSC condition was introduced in [21] in the study of

fixed points for contractions on ordered metric spaces. Some authors consider a weakened version
of the OSC, where one asks that the conclusion holds only for a subsequence (xnk )k∈N of (xn).
As remarked Jachymski [10], the transitivity of � implies the equivalence of these conditions.
Furthermore, if � is a reflexive relation on the metric space (X, d) satisfying the OSC property,
then � is transitive.
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We introduce now the definitions of completeness and of some topological notions
expressed in terms of the graph and of the partial order.

Definition 2. Let G = (V(G), E(G), d) be a weighted digraph, where d is a metric on V(G).

• A sequence (xn) in V(G) is called a G-sequence if (xn+1, xn) ∈ E(G) for all n ∈ N.
• A G-Cauchy sequence is a G-sequence that is Cauchy with respect to d.
• A subset Y of V(G) is called G-closed if y ∈ Y for every G-sequence (yn) in Y, d-convergent

to y ∈ V(G).
• A function f : V(G) → R is called G-continuous (G-LSC) if limn f (xn) = f (x) (resp.

f (x) ≤ lim infn f (xn)) for every G-sequence (xn) in V(G) d-convergent to x.

In a partially ordered metric space (X, d,�) the notions of decreasingly Cauchy sequence,
decreasingly closed set, decreasingly continuous (or LSC) function, can be defined in a similar way
by replacing the condition (xn+1, xn) ∈ E(G) with xn+1 � xn.

Let (X, d) be a metric space and ϕ : X → [0, ∞) be a function. We define a partial
order ≤ϕ on X by

x ≤ϕ y ⇐⇒ d(x, y) ≤ ϕ(y)− ϕ(x)

⇐⇒ ϕ(x) + d(x, y) ≤ ϕ(y).
(12)

Remark 5. The relation (12) is a partial order on X, called by some authors the Brønsted order
(see [22,23]). It is related to the Bishop-Phelps theorem on the denseness of the support functionals
of a closed bounded convex subset of a Banach space, see [24,25].

The following proposition contains some simple remarks about ≤ϕ.

Proposition 1. Let (X, d) be a metric space, ϕ : X → [0, ∞) and let ≤ϕ be defined by (12).

1. The relation ≤ϕ is a partial order on X.
2. Every ≤ϕ-decreasing sequence in X is Cauchy.

3. If ϕ is LSC, then y ≤ϕ x for every sequence (yn) in X satisfying yn ≤ϕ x and yn
d−→ y.

Furthermore, the partial order ≤ϕ satisfies the OSC.

Proof.

1. The proof is a straightforward verification.
2. Let (xn) be a sequence in X such that xn+1 ≤ϕ xn for all n ∈ N. The inequality

0 ≤ d(xn, xn+1) ≤ ϕ(xn)− ϕ(xn+1)

shows that (ϕ(xn))n∈N is a decreasing sequence in R+, so convergent and, hence, Cauchy.
The transitivity of ≤ϕ implies xn+k ≤ϕ xn, that is,

d(xn, xn+k) ≤ ϕ(xn)− ϕ(xn+k) ,

an inequality which shows that (xn) is d-Cauchy.
3. We have

yn ≤ϕ x ⇐⇒ ϕ(yn) + d(yn, x) ≤ ϕ(x) .

Taking into account the LSC of the function ϕ, one obtains

ϕ(y) + d(y, x) ≤ lim inf
n

[ϕ(yn) + d(yn, x)] ≤ ϕ(x) ,

that is, y ≤ϕ x.

Let now (yn) be a sequence in X such that yn+1 ≤ϕ yn, n ∈ N, and yn
d−→ y. By

transitivity yn+k ≤ϕ yn, n, k ∈ N, which, fixing n and letting k → ∞, yields y ≤ϕ yn for all
n ∈ N.
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Remark 6. Supposing ϕ only decreasingly LSC, then 3 holds for convergent decreasing sequences
only. A similar result holds for G-sequences in a weighted graph G.

3. Ekeland Variational Principle in Metric Spaces Endowed with a Graph

The following theorem is an extension of a result proved in [9], Theorem 3.3, (see also
[26]). The main modification consists of the replacement of topological and completeness
conditions with their G-versions. A property P on a set X can be interpreted as a function
P : X → {0, 1}, where P(x) = 1 means that x has property P , while P(x) = 0 means that
x does not have it. Let Dom(P) := {x ∈ X : P(x) = 1}. If X is a topological space, then
we say that P is closed if Dom(P) is closed.

The following example will be used to prove the equivalence of EkVP in weighted
graphs to that in ordered metric spaces (see Theorem 7).

Example 1. Let G = (V(G), E(G), d) be a weighted digraph, where d is a metric on V(G) and
let ϕ : X → [0, ∞) be a function. For ε > 0 we define a property Pε on X by

Pε holds for x ∈ V(G) ⇐⇒ ϕ(x) ≤ inf ϕ(X) + ε .

Then
Dom(Pε) = {x ∈ X : ϕ(x) ≤ inf ϕ(X) + ε} .

The set Dom(Pε) is closed (G-closed) provided the function ϕ is LSC (G-LSC).

The closedness property of Dom(Pε) follows from the fact that a function ϕ is LSC
(G-LSC) if and only if the set {x ∈ X : ϕ(x) ≤ α} is closed (G-closed) for every α ∈ R.

Theorem 6. Let G = (V(G), E(G), d) be a reflexive transitive acyclic weighted digraph, where d
is a G-complete metric on V(G) having the OSC property for G-sequences. Consider a G-closed
property P on V(G) such that Dom(P) is nonempty and a G-lower semi-continuous function
ϕ : V(G)→ [0, ∞). For any given ε > 0 and λ > 0 let x0 ∈ Dom(P) be such that

ϕ(x0) ≤ inf ϕ(Dom(P)) + ε . (13)

Then there exists z ∈ Dom(P) such that

(i) ϕ(z) + λ−1ε d(x0, z),≤ ϕ(x0),

(ii) d(x0, z) ≤ λ,

(iii) ϕ(z) < ϕ(x) + λ−1ε d(x, z),

(14)

for all x ∈ Dom(P) such that x �= z and (x, z) ∈ E(G).

Proof. Put, for convenience, Y = Dom(P). Let also γ = ε/λ and dγ = γ · d. Then dγ is a
metric on V(G), Lipschitz equivalent to d, so that all the properties holding for d holds for
dγ too. Define the partial order ≤γ by (12) with dγ instead of d. For x ∈ Y let

S(x) = {y ∈ Y : y ≤γ x and (y, x) ∈ E(G)} . (15)

Claim I. The sets S(x) have the following properties:

(i) y ∈ S(x) implies S(y) ⊆ S(x) and ϕ(y) + dγ(y, x) ≤ ϕ(x);

(ii) S(x) is G-closed.
(16)
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Indeed, let y ∈ S(x) and z ∈ S(y). Then

y ≤γ x and (y, x) ∈ E(G),

z ≤γ y and (y, z) ∈ E(G) ,

so that, by the transitivity of ≤γ and of E(G),

z ≤γ x and (z, x) ∈ E(G) ,

that is, z ∈ S(x).
Let (yn) be a G-sequence in S(x), d-convergent to some y ∈ Y. Then yn ≤γ x for all

n ∈ N, so that, by the G-LSC of ϕ, y ≤γ x (see Proposition 1 and Remark 6). Furthermore,
(yn, x) ∈ E(G) and, by the OSC, (y, yn) ∈ E(G), so that, by transitivity, (y, x) ∈ E(G).

Consequently, y ∈ S(x), showing that S(x) is G-closed.
Let J(x) = inf ϕ(S(x)). We define now inductively a sequence of sets in Y.
Choose x1 ∈ S(x0) such that

ϕ(x1) ≤ J(x0) +
1
2

,

and let xn+1 ∈ S(xn) be such that

ϕ(xn+1) ≤ J(xn) +
1

2n+1 , n ∈ N.

Then (xn) satisfies

xn+1 ≤γ xn and (xn+1, xn) ∈ E(G),

for all n ≥ 0, so that, By Proposition 1, it is a G-Cauchy sequence. Since Y is a G-closed
subset of V(g), it follows that it is also G-complete, so that the sequence (xn) is d-convergent
to some z ∈ Y.

Since xn+k ∈ S(xn+k) ⊆ S(xn) and S(xn) is G-closed, it follows z ∈ S(xn) for all n ≥ 0.
From z ∈ S(x0) and Claim I, ϕ(z) + λ−1ε d(x0, z) ≤ ϕ(x0), i.e., the inequality (i) from (14)
holds true.

Let us show that
S(z) = {z} . (17)

Let x ∈ S(z). We have S(z) ⊆ S(xn) for all n ≥ 0, so that, taking into account the
choice of the elements xn, one obtains

ϕ(xn+1)−
1

2n+1 ≤ J(xn) ≤ ϕ(x) ,

implying ϕ(xn+1)− ϕ(x) ≤ 1
2n+1 . Since x ≤γ xn+1, we have

dγ(x, xn+1) ≤ ϕ(xn+1)− ϕ(x) ≤ 1
2n+1 ,

for all n ≥ 0. Letting n → ∞, one obtains dγ(x, z) = 0 and so x = z.
Suppose now that x ∈ Y is such that x �= z and (x, z) ∈ E(G). Then, by (17), x /∈ S(z),

so that the inequality x ≤γ z fails, that is

γd(x, z) > ϕ(z)− ϕ(x) ,

which is equivalent to the inequality (iii) in (14).
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Since z ∈ S(x0) we have z ≤γ x0, so that, by (13),

ε

λ
d(z, x0) ≤ ϕ(x0)− ϕ(z) ≤ ϕ(x0)− inf ϕ(Y) ≤ ε .

Hence d(z, x0) ≤ λ.

Taking P on X with Dom(P) = X one obtains the following weak form of EkVP in
weighted graphs.

Corollary 2. Let G = (V(G), E(G), d) be a weighted graph satisfying the hypotheses of Theorem 6.
Then for every ε, λ > o there exists z ∈ X such that

ϕ(z) < ϕ(x) + λ−1ε d(x, z), (18)

for all x ∈ X \ {z} with (x, z) ∈ E(G).

Remark 7. Similar results for equilibrium versions of Ekeland Variational Principle were obtained
by Alfuraidan and Khamsi [2].

Theorem 7. Consider the following statements.

1. For every reflexive transitive acyclic weighted digraph G = (V(G), E(G), d), where d is
a G-complete metric on V(G) such that the OSC property for G-sequences is satisfied, the
following property holds.

(A1) For any G-closed property P on V(G) such that Dom(P) is nonempty, every G-
lower semi-continuous function ϕ : V(G) → [0, ∞), any given ε > 0 and λ > 0 and
x0 ∈ Dom(P) such that

ϕ(x0) ≤ inf ϕ(Dom(P)) + ε ,

there exists z ∈ Dom(P) such that

(i) ϕ(z) + λ−1ε d(x0, z) ≤ ϕ(x0),

(ii) d(z, x0) ≤ λ,

(iii) ϕ(z) < ϕ(x) + λ−1ε d(x, z),

(19)

for all x ∈ Dom(P) with x �= z and (x, z) ∈ E(G).
2. For every partially ordered decreasingly complete metric space (X, d,�) with the OSC prop-

erty for decreasing sequences, the following property holds.
(A2) For any decreasingly lower semi-continuous function ϕ : X → [0, ∞), any ε > 0, any
λ > 0, and any x0 ∈ X satisfying

ϕ(x0) ≤ inf ϕ(X) + ε

there exists z ∈ X such that

(i) ϕ(z) + λ−1ε d(x0, z) ≤ ϕ(x0),

(ii) d(z, x0) ≤ λ,

(iii) ϕ(z) < ϕ(x) + ελ−1d(x, z),

(20)

for all x ∈ X with x �= z and x � z.
3. For every complete metric space (X, d) the following property holds.

(A3) For any LSC function ϕ : X → [0, ∞), any ε > 0 and any x0 ∈ X satisfying

ϕ(x0) ≤ inf ϕ(X) + ε
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there exists xε ∈ X such that

(i) ϕ(xε) + ε d(xε, z) ≤ ϕ(x0),

(ii) d(xε, x0) ≤ 1,

(iii) ϕ(xε) < ϕ(x) + ε d(x, xε),

(21)

for all x ∈ X with x �= xε.
4. For every complete metric space (X, d) the following property holds.

(A4) For any LSC function φ : X → [0, ∞) and for any ε > 0 there exists xε ∈ X such that

φ(xε) ≤ inf φ(X) + ε

and
ϕ(xε) < ϕ(x) + ε d(x, xε),

for all x ∈ X with x �= xε.

Then
1 ⇐⇒ 2 ⇒ 3 ⇒ 4 .

Proof. 1 ⇒ 2. Take V(G) = X and

E(G) = {(x, y) ∈ X × X : x � y}.

Then G = (V(G), E(G)) is a reflexive transitive acyclic digraph (see Remark 3). The
completeness of (X, d,�) for decreasing Cauchy sequences implies the G-completeness of
(V(G), d).

Furthermore, by the definition of the graph G, the OSC property for decreasing
sequences in (X, d,�) implies the OSC property for G-sequences of the graph G.

Define now P as in Example 1, i.e., P(x) holds if and only if ϕ(x) ≤ inf ϕ(X) + ε.
Then Dom(P) is nonempty as ϕ is bounded below (by 0) and decreasingly closed (because
ϕ is decreasingly LSC), hence Dom(P) is G-closed in G.

Now, a direct application of 1 yields the first two inequalities in (20) as well as the
third one, but only for x ∈ Dom(P) with x �= z and x � z. If x /∈ Dom(P), then

ϕ(x) > inf ϕ(X) + ε ≥ ϕ(x0) ≥ ϕ(z),

so that
ϕ(z) < ϕ(x) < ϕ(x) + ελ−1d(x, z),

(no matter x satisfies x � z or not).
Consequently, the third inequality holds for all x ∈ X with x �= z and x � z.

2 ⇒ 1. Suppose that we are given a weighted graph G(V(G), E(G), d), a function
ϕ : V(G) → [0, ∞) and a property P on V(G) such that the hypotheses from 1 hold for
these data.

Define X = Dom(P) and the partial order � by

x � y ⇐⇒ (x, y) ∈ E(G) ,

for x, y ∈ X. Again, the G-closedness of X and the G-completeness of G, imply the G-
completeness of (X, d), and so the completeness of (X, d) for decreasing Cauchy sequences.
The fact that ϕ is decreasingly LSC is a direct consequence of G-lower smicontinuity of ϕ.

Now, the conclusions from (A1) follows from those in (A2).
2 ⇒ 3. Define an order on X by

x � y ⇐⇒ d(x, y) ≤ ϕ(x)− ϕ(y).
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Then � is a partial order on X which, by Proposition 1, satisfies the OSC. The result
follows now from 2 with λ = 1.

Indeed, by 2, the third inequality in (23) holds for all x ∈ X \ {xε} with x � xε and,
by the definition of the order �, it is automatically satisfied for all x ∈ X for which the
inequality x � xε fails.

3 ⇒ 4. Notice that 4 is a particular case of 3.

Theorem 8. The following properties hold.

1. Let G = (V(G), E(G), d) be a reflexive transitive acyclic digraph, where d is a metric on G
such that the OSC property holds on G. The following statements are equivalent:

(i) The metric space (V(G), d) is complete.
(ii) For any lower semi-continuous function ϕ : V(G)→ [0, ∞) and any ε > 0 there exists

xε ∈ V(G) such that
ϕ(xε) < ϕ(x) + ε d(x, xε), (22)

for all x ∈ V(G) with x �= xε and (x, xε) ∈ E(G).

2. Let now (X, d) be a metric space. The following statements are equivalent:

(i) The metric space (X, d) is complete.
(ii) For any partial order � on X satisfying the OSC property, any continuous function

ϕ : X → [0, ∞) and any ε > 0 there exists xε ∈ X such that

ϕ(xε) < ϕ(x) + ε d(x, xε), (23)

for all x ∈ X with x �= xε and x � xε.

3. For a metric space (X, d) the following statements are equivalent:

(i) The metric space (X, d) is complete.
(ii) For any continuous function ϕ : X → [0, ∞), any ε > 0, λ > 0 and any x0 ∈ X

satisfying
ϕ(x0) ≤ inf ϕ(X) + ε

there exists z ∈ X such that

ϕ(z) + λ−1ε ≤ ϕ(x0),

d(xε, x0) ≤ λ,

ϕ(z) < ϕ(x) + λ−1εd(x, z),

(24)

for all x ∈ X with x �= z.
(iii) For any continuous function ϕ : X → [0, ∞) and for any ε > 0 there exists xε ∈ X

such that
ϕ(xε) < ϕ(x) + εd(x, xε) ,

for all x ∈ X with x �= xε.

Proof. 3. (i) ⇒ (ii) is Ekeland Variational principle, while (ii) ⇒ (iii) is trivial. The implica-
tion (iii) ⇒ (i) is Sullivan’s result [12] (see Theorem 3).

2. We suppose that (ii) from 2 holds for the metric space (X, d) and show that, in this
case, statement (iii) from 3 holds, which will imply the completeness of (X, d).

Let ϕ : X → [0, ∞) be a continuous function and ε > 0.
On the metric space (X, d) consider the order

x � y ⇐⇒ d(x, y) ≤ ϕ(y)− ϕ(x) .

Since ϕ is continuous, the OSC property holds in (X, d,�) (by Proposition 1). It follows
that there exists xε ∈ X such that the inequality (23) holds. Since d(x, xε) > ϕ(xε)− ϕ(x) for
all x ∈ X for which x � xε fails, it follows that the inequality (23) holds for all x ∈ X \ {xε}
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with x �= xε. Consequently, the statement (ii) from 3 holds, implying the completeness of
(X, d).

1. The relation
x � y ⇐⇒ (x, y) ∈ E(G)

establishes a one-to-one correspondence between reflexive transitive acyclic weighted
graphs and partially ordered metric spaces (see Remark 3) as well as the equivalence
between the properties expressed in terms of the graph and those expressed in terms of the
order. Consequently, 1 is a rephrasing of 2 in terms of graphs.

4. Caristi Fixed Point Theorem and Takahashi Minimization Principle on Weighted
Graphs

In this section, we present versions of Caristi fixed point theorem (Theorem 4) and
Takahashi minimization principle (Theorem 5) on weighted graphs.

We start with Caristi fixed point theorem.

Theorem 9. Let G = (V(G), E(G), d) be a reflexive transitive acyclic digraph, where d is a
G-complete metric on V(G) such that the OSC property for G-sequences holds on G and let
ϕ : X → [0, ∞) be a G-LSC function.

1. If T : X → X is a mapping satisfying the condition

∀x ∈ X, (T(x), x) ∈ E(G) and d(T(x), x) ≤ ϕ(x)− ϕ(T(x)) , (25)

then T has a fixed point, i.e., there exists z ∈ X such that z = T(z).
2. If T : X ⇒ X is a set-valued mapping such that for every x ∈ X there exists y ∈ T(x)

satisfying the condition

(y, x) ∈ E(G) and d(y, x) ≤ ϕ(x)− ϕ(y) , (26)

then T has a fixed point, i.e., there exists z ∈ X such that z ∈ T(z).
3. Suppose that T : X ⇒ X is a set-valued mapping with nonempty values such that T(X)×

X ⊆ E(G) and for every x ∈ X and all y ∈ T(x),

d(y, x) ≤ ϕ(x)− ϕ(y) . (27)

Then there exists z ∈ X such that T(z) = {z}.

Proof. Consider again the order ≤ϕ given by

x ≤ϕ y ⇐⇒ d(x, y) ≤ ϕ(y)− ϕ(x) ,

and for x ∈ V(G) let

S(x) = {y ∈ V(G) : y ≤ϕ x and (y, x) ∈ E(G)} .

Since a single-valued mapping T : X → X can be viewed as a set-valued one x �→
{T(x)}, x ∈ X, conditions (25) and (26) can be expressed as

∀x ∈ X, S(x) ∩ T(x) �= ∅ ,

implying that 1 is a particular case of 2.
To prove 2 we appeal to Corollary 2. Observe that condition (18) for λ = ε = 1 can be

expressed as: there exists z ∈ X such that

S(z) = {z} .

But the condition S(z) ∩ T(z) �= ∅ means that z ∈ T(z), i.e., z is a fixed point for T.
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3. Observe that

T(X)× X ⊆ E(G) ⇐⇒ ∀x ∈ X, T(x)× {x} ⊆ E(G)

⇐⇒ ∀x ∈ X, ∀y ∈ T(x), (y, x) ∈ E(G).

Let z ∈ X satisfying (18).
Since the mapping T has nonempty values and T(X) × X ⊆ E(G), it follows that

condition (27) implies (26). Hence, the proof of statement 2 shows that z ∈ F(z). If it would
exists and element x �= z in F(z), then (x, z) ∈ E(G) so that, by (18),

ϕ(z) < ϕ(x) + d(x, z) ,

in contradiction to (27).

A point z satisfying T(z) = {z} is called a stationary point (or a strict fixed point) of T.
A point z satisfying T(z) = {z} is called a stationary point (or a strict fixed point) of T.
A point z satisfying T(z) = {z} is called a stationary point (or a strict fixed point) of T.
We present now a version of Takahashi minimization principle in weighted graphs.

Theorem 10. Let G = (V(G), E(G), d) be a reflexive transitive acyclic digraph, where d is a
G-complete metric on V(G) such that the OSC property for G-sequences holds on G and let
ϕ : X → [0, ∞) be a G-LSC function.

If for every x ∈ V(G) satisfying the condition ϕ(x) > inf ϕ(X) there exists y ∈ V(G) \ {x}
such that

(y, x) ∈ E(G) and ϕ(y) + d(x, y) ≤ ϕ(x) , (28)

then ϕ attains its infimum on V(G), i.e., there exists z ∈ V(G) such that ϕ(z) = inf ϕ(V(G)).

Proof. Considering again the order≤ϕ and the sets S(x) as given in the proof of Theorem 9,
condition (28) can be expressed as

S(x) \ {x} �= ∅ ,

for every x ∈ V(G) with ϕ(x) > inf ϕ(V(G)). By Corollary 2 there exists z ∈ V(G) with
S(z) = {z}. It follows that this z must satisfy

ϕ(z) = inf ϕ(V(G)).

5. The Equivalence of Principles

We prove in this section the equivalence of Ekekand, Caristi and Takahashi principles.
We formulate them in terms of the order ≤φ and the sets S(x).

Theorem 11. Let G = (V(G), E(G), d) be a reflexive transitive acyclic digraph, where d is a
metric on V(G) and let ϕ : X → [0, ∞) be a function. Let ≤ϕ be the partial order on V(G) given
for x, y ∈ V(G) by

y ≤ϕ x ⇐⇒ d(x, y) ≤ ϕ(x)− ϕ(y) ,

and, for x ∈ V(G), put

S(x) = {y ∈ X : y ≤ϕ x and (y, x) ∈ E(G)} .

Then the following statements are equivalent.

(wEk) The following holds
∃z ∈ V(G) such that S(z) = {z} . (29)
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(Car) Any mapping T : X → X satisfying

T(x) ∈ S(x) for all x ∈ V(G), (30)

has a fixed point, i.e., there exists z ∈ V(G) such that T(z) = z.
(Tak) If

S(x) \ {x} �= ∅ , (31)

for every x ∈ V(G) with ϕ(x) > inf ϕ(V(G)), then there exists z ∈ V(G) such that
ϕ(z) = inf ϕ(V(G)).

Proof. The implication (wEk) ⇒ (Car) is contained in the proof of Theorem 9.
(Car) ⇒ (wEk).
We prove the equivalent implication ¬(wEk) ⇒ ¬(Car).
Observe that ¬(wEk) means that

S(x) \ {x} �= ∅ for all x ∈ V(G) . (32)

Let T : V(G) → V(G) be defined for x ∈ V(G) by T(x) = yx, where yx ∈ S(x) \ {x}.
Then T satisfies (30), but, by the choice of yx, T(x) �= x for all x ∈ V(G), i.e., (Car) fails.

(Tak) ⇐⇒ (wEk).
We prove the equivalent assertion ¬(Tak) ⇐⇒ ¬(wEk).
Observe that (Tak) can be formally written as[

∀x ∈ V(G), ϕ(x) > inf ϕ(X) ⇒ S(x) \ {x} �= ∅
]

⇒
[
∃z ∈ V(G), ϕ(z) = inf ϕ(V(G))

]
,

so that, its negation ¬(Tak) is given by

¬(Tak)

⇐⇒
[
∀x ∈ V(G), ϕ(x) > inf ϕ(X) ⇒ S(x) \ {x} �= ∅

]
∧
[
∀z ∈ V(G), ϕ(z) > inf ϕ(V(G)

]
⇐⇒ ∀x ∈ V(G), S(x) \ {x} �= ∅

⇐⇒ ¬(wEk) .

(The last equivalence from above follows from (32)).

These equivalences and Theorem 8 show that the completeness of (V(G), d) is also
equivalent to the fulfillment of each of these principles.

Corollary 3. Let G = (V(G), E(G), d) be a reflexive transitive acyclic digraph, where d is a metric
on V(G) such that the OSC property for G-sequences holds on G. Then the following statements
are equivalent.

1. The metric space (V(G), d) is G-complete.
2. (wEk) For every G-LSC function ϕ : V(G)→ [0, ∞) there exists z ∈ V(G) such that

S(z) = {z} . (33)

3. (Car) For every G-LSC function ϕ : V(G)→ [0, ∞) and any mapping T : V(G)→ V(G)
satisfying

T(x) ∈ S(x) for all x ∈ V(G), (34)

there exists z ∈ V(G) such that T(z) = z.
4. (Tak) For every G-LSC function ϕ : V(G)→ [0, ∞) such that

S(x) \ {x} �= ∅ , (35)
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for all x ∈ V(G) with ϕ(x) > inf ϕ(V(G)), there exists z ∈ V(G) with ϕ(z) =
inf ϕ(V(G)).

Remark 8. In the proof of Theorem 11 we have used some rules from Mathematical Logic (calculus
of propositions and calculus of predicates). The sign ¬ stands for negation, ∨ is for “or”, while ∧
is for “and”.

¬(¬p)↔ p, ¬(p ∨ q)↔ (¬p ∧ ¬q), ¬(p ∧ q)↔ (¬p ∨ ¬q),

(p → q)↔ (¬p ∨ q), ¬(p → q)↔ (p ∧ ¬q), (p → q)↔ (¬q → ¬p),

¬(∀x, P(x))↔ (∃x, ¬P(x)),

¬(∃x, P(x))↔ (∀x, ¬P(x)) .

6. Conclusions

There are many extensions of Ekeland Variational Principles and its equivalences
obtained either relaxing the conditions on the function ϕ (e.g., by considering functions
with values in an ordered vector space) or considering spaces more general than the metric
ones (uniform spaces, quasi-metric spaces, w-metric spaces, partial-metric spaces, etc.),
or both.

In the present paper such an extension is given within the framework of metric
spaces endowed with a graph and for a function ϕ satisfying a weaker notion of lower
semi-continuity as well as a weaker notion of completeness, all expressed in terms of the
graph, completing in this way the results obtained by Alfuraidan and Khamsi [2] and
Jachymski [10].
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1. The Problem

Unlike the Roman Deity Janus enshrined with two equal faces, in the calculus of
variations most of the attention is given to the direct venue which emerges naturally
when a scientific problem is ab initio introduced via the variational principle. However,
in many scientific endeavors, in particular when the underlying problem is partially
phenomenological, models are derived on the level of differential equations, thus raising a
natural quest for an underlying Lagrangian structure which apart from “scientific beauty”
would carry many advantages, with conservation laws being one of them. The ‘upstream’
path from Equations to the underlying variational structure is known as an inverse problem
of calculus of variations. Unfortunately, our ability to tackle the inverse problem and thus
deduce the underlying Lagrangian structure from a given dynamical system is far more
modest in spite of the long-standing attempts, c.f., [1–5], which date back to Helmholtz, as
those efforts, rather than provide us with a definite algorithm to construct the Lagrangian,
provide us the conditions for its existence or statements of equivalence rather than with a
specific ‘how’ (notably, there is a far richer literature on Hamiltonian structures than on
Lagrangians, though a more balanced approach may be found in texts on dispersive waves.
c.f., [6–8]).

In the present communication, we unfold the algorithm to determine the underlying
Lagrangian of a particular dynamical system as it relates to the K(n, n) equations

K(n, m) ut = (um)x + (un)xxx, 1 < n, m, (1)

and a variety of their extensions. Equation (1) were introduced by us some time ago,
refs. [9,10] and for 1 < n beget the compaction, solitary wave with a finite span. In the
particular case m = n, its compactons take a simple trigonometric form. For instance, when
n = 2

u =
4λ

3
cos2

( x + λt
4

)
H(2π − |x + λt|), (2)

with H being the Heaviside function. However, besides compactons, the K(m, n) equations
had many other fascinating features; at the time the model was introduced, Lagrangian
structure did not seem to be one of them. The apparent lack of a Lagrangian structure was
the main critique directed at the K(m, n) models by Cooper et al. [11], who introduced an
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alternative, compacton-supporting model derived from an ab initio assumed Lagrangian.
In what follows, for the m = n and m = n + 1 cases we shall construct the seemingly
’missing’ Lagrangian and thus, at least in part, refute their critique, but first let us note that
to account for other physically relevant cases [12], the K(m, n) model was extended to the
C(m; a, b) setup [10]

C(m; a, b) ut = (um)x +
[
ua(ub)xx

]
x, and n .

= a + b, (3)

which conserves

I1 =
∫

udx and Iω =
∫

uωdx, (4)

where ω
.
= b + 1− a. For a = 0, Equation (3) reduces to the K(m, n) setup and with model

in [11] being a particular b = a + 1 case.
As shown in [10], for ω = 2, i.e., b = a + 1, the C(m; a, a + 1) equations follow from a

conventional Lagrangian which in terms of u = ψx reads

L =
∫

dt
∫ {1

2
ψtψx +

ψx
m+1

m + 1
− 1

2
ψn−1

x ψ2
xx

}
dx, (5)

adding to the conservation roster the conservation of energy. However, since in the K(m, n)
equations a = 0, in this setup only the semi-linear, Korteveg–deVries-like sub-cases are
endowed with the Lagrangian structure (5).

Yet, insofar as the m = n and m = n + 1 cases are concerned, i.e., for the K(n, n)
and K(n + 1, n) cases, the claim in [11] was too sweeping as it refers only to the conventional
Lagrangian structure (5). We have recently demonstrated [13], that both setups admit a Lagrangian
structure which, however, is ‘hidden from sight’ and, as we shall see shortly, quite different
from the conventional one (5). Consequently, the two conservation laws in (4) were
appended with an additional, non-local, conservation law.

As we shall see shortly, in both K(n, n) and K(n+ 1, n) setups, the derivation of the non-
standard Lagrangian was based on non-obvious steps/tricks. The present communication
aims to re-derive the underlying Lagrangian of the K(n, n) setup via a more algorithmic
approach, which exploits a certain formal affinity between the K(n, n) equations and a
dynamical system describing the motion of a Newtonian mass-spring chain which is not
only easily deduced from a Lagrangian setup, but is often ab initio formulated via its
Lagrangian. Although tying two very different setups may seem at first to be yet another
ad hoc trick, as we shall see the idea may be easily extended to other dynamical systems,
and thus has potentially a much wider scope. To avoid misunderstanding, we note that we
assume the considered problems to be stated on the whole line with solutions vanishing
at infinity and thus satisfying the natural boundary conditions implied by the variational
derivation.

Let us first briefly summarize the derivation in [13]; see also [10]. To this end, the
K(n, n) equations are rewritten as a Hamiltonian system

ut = ∂xL2 δ

δu
Iω where L2 = 1 +

∂2

∂x2 . (6)

This step is deductive. The maneuver which leads to the breakthrough is to introduce
a new variable v via

u = L[v], (7)

with L understood in a pseudo-differential sense. In terms of L, we have

vt = ∂x
δ

δv

∫ 1
1 + n

(
L[v]

)1+ndx = ∂xL
(
L[v]

)n. (8)

The next, final step consists of introducing a ‘potential’ variable ψ [7–9], where v = ψx
that casts Equation (8) into a form which, as per ref. [4], is akin to the Lagrangian
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L =
∫

dt
∫ {1

2
ψtψx −

1
n + 1

(
L[ψx]

)n+1
}

dx (9)

of what, prior to their map, were K(n, n, ) equations.
Two remarks are in order:
(1) As noted, in the preceding discussion we have tacitly assumed that our system is

given on a line with all data vanishing at infinity, thus the natural boundary conditions
assumed tacitly in the variational derivation hold trivially. If non-trivial boundary condi-
tions are at play, the issue may become more evolved. However, recalling the very recent
work of Olver [14] who further developed the old observation [1–5] that one may modify
the variational problem without altering the corresponding Euler–Lagrange equations by
adding a null Lagrangian to the integrand, we note that since this modification changes the
associated natural boundary conditions, it enables one to enlarge the range of boundary
value problems akin to variational techniques. Thus, the core difficulty remains to find the
underlying Lagrangian, whereas its extension to handle non-natural boundary conditions
may be delegated to the unfolding of a proper null Lagrangian.

(2) Note that the last step of introducing a potential in (5) is well known and apart from
its more recent use in dispersive systems [6–8], it could be found in the classical textbooks
in electrodynamics., c.f., [15], or continuum [16,17].

With a Lagrangian and its invariant properties at hand, in addition to the conservation
of mass and energy, we now also have conservation of the momentum

∫
v2dx, which in

terms of the original variables, turns into the conservation of

I2 =
∫

uL−2[u]dx.

It is easily seen that though the presented approach was applied to a very particular
problem it may be quite naturally extended. Thus, for instance, one may consider

ut = ∂xL2
∗(F(u)), (10)

where L2
∗ is any ‘reasonable’ linear operator and F(u) any nice function [4]. For instance, in

Ref. [18] addressing synchronisation of oscillators F(u) = cos u was assumed. Using the
previous notation, in terms of v we have

vt = ∂xL∗
(

F(L∗v)
)
. (11)

In terms of ψ, v = ψx, the underlying Lagrangian reads,

L =
∫

dt
∫
{1

2
ψtψx − G

(
L∗[ψx]

)
}dx, and F = G′. (12)

As another extension, consider the second order in time system (c.f., Equation (27))

utt = ∂2
xL2

∗(F(u)). (13)

In terms of ψ, v = ψx, its Lagrangian reads,

L =
∫

dt
∫
{1

2
ψ2

t − G
(
L∗[ψx]

)
}dx, (14)

and F = G′.
In the next section, we take a detour needed to tie our problem with the obvious

Lagrangian structure of a Newtonian mass-spring lattice which will render a more natural
path toward the deduction of a Lagrangian structure of the K(n, n) equations. Yet another
take on the lattice–Lagrangian relations is briefly discussed in the Appendix A.

2. The Newtonian Chain

We start with the Hamiltonian of an unrelated mass-particle chain [19,20],
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H =
+N

∑
N

{m
2
(
ẏn

)2
+ P

(yn+1 − yn

h
)}

. (15)

Let yn = y(t, nh), � = h/2, m = ρh, ρ ↓ 1, and Dx
.
= �∂x, then expansion of the potential

P yields

P
(yn+1 − yn

h
)
= P(yx)−

h2

24
(yxx)

2P′′(yx) +O(h4).

To this order of expansion and the standard discrete-continuum association, the
ab initio available Lagrangian density becomes

L =
∫ ∫ {1

2
(yt)

2 − P(yx) +
h2

24
(yxx)

2P′′(yx)
}

dtdx, (16)

with its equations of motion

ytt =
∂

∂x

[
P′(yx) +

h2

12

√
P′′(yx)

∂

∂x
(
√

P′′(yx)yxx)
]
. (17)

Thus, if P(s) = s4/4 and u = yx, then after one differentiation the resulting PDE reads

utt =
[
u3 +

h2

8
u(u2)xx

]
xx. (18)

However, we shall also need an alternative description. Let

M(�)
.
=

2�∂x

e�∂x − e−�∂x
, LD .

= M−1, (19)

and v a new variable defined via

y = M(�)[v] or v = LD [y], (20)

then in terms of v, the Hamiltonian (13) reads

H =
∫ ∫ {1

2
(Mvt)

2 + P(vx)
}

dtdx, (21)

which yields

M2vtt =
[
P′(vx)

]
x. (22)

Acting on (20) with LD2 and ∂x we obtain

utt = L2
D
[
P′(u)

]
xx where u = vx. (23)

Actually, without invoking v, we may use y ab initio and rewrite the Hamiltonian (13) in
terms of y

H =
∫ ∫ {1

2
(yt)

2 + P(LDyx)
}

dtdx, (24)

with its Lagrangian density

L =
∫ ∫ {1

2
(yt)

2 − P(LDyx)
}

dtdx, (25)

which yields

ytt =
[
LDP′(LDyx)

]
x
. (26)
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Of course, since u = vx = LDyx, acting with LD∂x, turns Equation (24) into (21).

Note that if, say, P′(u) = u3 and LD = 1+ h2

12 ∂2
x, obtained after carrying the expansion

of LD to fourth order, Equation (21) turns into a second order in time variant of the
K(n, n) equation

utt =
[
un +

h2

12
(un)xx

]
xx. (27)

With its Lagrangian structure given via (14). Both Equations (18) and (27) and their
underlying Lagrangians provide a quasi-continuum rendition of the same lattice, with
expansions centering around different nodal locations.

Bridging between the Two Systems

The Newtonian system is second order in time. To turn it into a structurally analogous,
but of first order in time system, we modify the kinetic part in (23)

y2
t → ytyx (28)

with the resulting Lagrangian becoming

L =
∫ ∫ {1

2
ytyx − P(LDyx)

}
dtdx. (29)

Identifying P with G and ψ with y, begets a Lagrangian form identical to (12), with a related
dynamical system which is first order in time. Setting u = LDyx yields Equation (11). In
particular, P(s) = 1

n+1 sn yields the K(n, n) setup with the resulting sought-after Lagrangian
structure.

Finally, consider again the direct expansion of the lattice and its underlying standard
Lagrangian (14). Assuming again that P(s) = 1

n+1 sn+1, m = n and repeating the y2
t → ytyx

association, we recover module normalizable coefficients, the Lagrangian (5) and the
underlying Equation (3); C(m; a, a + 1), with 2a = n− 1.

Thus, as with Equations (21) and (25), with each of the expansions being based on
a different nodal location on the lattice, we obtain a different equation of motion and a
different corresponding Lagrangian: one which is conventional and readily available, and
the other hidden and subject of the present exploration.

3. Closing Comments

The present note is a modest take on the inverse problem of the calculus of variations
to seek from a particular partial differential system its variational antecedent. At the present
state of affairs, the statements regarding the underlying Lagrangian structure of a given
dynamical system are affirmative rather than constructive. Every success is ad hoc and
relies on certain intuitive steps which have to be inferred independently for each problem.

Exploiting a formal structural affinity between two different physico-mathematical
entities wherein one, being second order in time, is endowed with a natural Lagrangian
structure, the Lagrangian of the other is constructed via a natural modification. What saves
the presented approach from being yet another ad hoc spiel is the fact that the approach
carries to a wider set of problems wherein the first order in time dynamical system lacks an
obvious underlying Lagrangian, but a better chance may await us looking at structurally
similar second-order equations in time endowed with an obvious Lagrangian structure.
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Appendix A

Another take on the discussed problem is provided by the following first-order sys-
tem [8]

d
dt

un =
+N

∑
−N

f (un+1)− f (un−1)

2�
. (A1)

Let Dx = �∂x and L2
+

.
= LD, then

ut = ∂xL2
+ f (u). (A2)

If u = L+v, then

vt = ∂xL+ f (L+v). (A3)

As before, let v = ψx, then the desired Lagrangian is

L =
∫ ∫ {1

2
ψtψx −Q(L+ψx)

}
dtdx, (A4)

where f (u) = Q′(u).
We may approximate L+ in two ways. In the standard approach we utilize the first

two terms L2
+ # L2

a
.
= 1 + D2

x
6 of the exact expression

L2
+ = 1 +

D2
x

3!
+

D4
x

5!
+ . . . (A5)

which renders La a pseudo differential operator. But if instead we adopt

L2
+ # L2

b
.
= (1 +

D2
x

12
)2, (A6)

with Lb = 1 + D2
x

12 being a nice differential operator, and within small error covering the
first three terms in (A5).
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spatial and temporal discretization, which are the prerequisites for a numerical solution. Within the
present contribution, a novel systematic approach to standard dissipative formulations is proposed,
with the main goal being the development and implementation of generic procedures and algorithms
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example problems is discussed.
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1. Introduction

Starting from classical continuum theories, recent decades have seen substantial de-
velopments towards the modeling of nonlinear dissipative multi-physics phenomena.
Examples include electromechanical coupling in ferroelectric materials [1], magnetoelec-
tromechanical coupling in multiferroic materials [2] as well as electrochemomechanical
coupling in batteries [3] and hydrogels [4]. Although most continuum concepts are, in prin-
ciple, readily extended to account for such multiphysics effects, the formulation of ther-
modynamically consistent theories and their solution by numerical methods becomes
an increasingly tedious task as the number of coupled physics and, therefore, unknown
variables increases. This is particularly of concern for:

1. The model formulation in terms of a number of partial differential (or differential
algebraic) equations, which may often be combined in many different ways to form a
final set of space–time continuous equations;

2. The mathematical analysis of the space–time continuous equations, e.g., with regard
to the well posedness of the problem and stability properties;

3. The development of consistent, robust and efficient spatial and temporal discretiza-
tion schemes;

4. The numerical solution of the space–time discrete problem.

An established approach to reduce the mentioned difficulties is to formulate contin-
uum models in terms of variational principles based on a single functional of the unknowns
instead of partial differential equations, so that the solution of the problem furnishes an
extremum or a saddle point of the functional. This approach often provides a compact state-
ment of the problem, which clearly exposes its structure, and thereby facilitates the mathe-
matical analysis as well as the development of robust and efficient discretization and numer-
ical solution procedures. The latter has, e.g., been demonstrated by Simo and Honein [5],
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Ortiz and Stainier [6], and Hackl and Fischer [7] in the context of plasticity and viscoplas-
ticity, by Yang et al. [8] in the context of thermomechanically coupled problems, and by
Carstensen et al. [9] and Ortiz and Repetto [10] in the context of micro-structure formation.
Of particular interest in this regard is the concept of “standard dissipative continua” (see,
e.g., Halphen and Nguyen [11], Germain et al. [12]), which effectively involves minimum
or saddle point formulations, with thermodynamic consistency being ensured by choosing
a so-called dissipation functional to satisfy certain conditions. Examples illustrating the
wide applicability of this concept are, e.g., the early work of Biot [13] on fluid transport
in porous media as well as a multitude of contributions covering the homogenization
of inelastic micro-structures [14,15], gradient-enhanced plasticity [16–20], rate-dependent
ferroelectricity [21], magnetostriction with hysteresis [22], electro-magneto-mechanics [2],
fluid transport in porous media [23], Cahn–Hilliard-type and classical diffusion [24,25],
and fracture in lithium-ion batteries [26].

Regardless of whether differential (algebraic) equations or a functional together with
a variational principle are chosen as the point of departure, the mere implementation
effort required to obtain validated numerical software remains a substantial obstacle,
especially in the case of multiphysics problems. Due to this aspect, many sophisticated
continuum formulations are often only demonstrated for highly simplified situations (e.g.,
one-dimensional problems), while their application to real-world examples remains elusive.
This aspect provides the main motivation for the present contribution. In particular,
a systematic approach to standard dissipative formulations is proposed, which covers
the steps from problem formulation in the space–time continuous setting through its
discretization to implementation.

The plan of the paper is as follows: Firstly, the standard dissipative space–time
continuous problem formulation is formalized without reference to particular physics.
Secondly, simple approaches for the spatial and temporal discretization of the space–time
continuous problem are described. Thirdly, a preliminary implementation based on the
open source finite element library deal.II (Alzetta et al. [27], Bangerth et al. [28]) is briefly
discussed. Finally, the usefulness of the approach is shown by the application to two
multiphysics examples. The first example addresses the buckling behavior of a viscoelastic
dielectric elastomer subjected to an electric voltage, while the second example concerns
the swelling/shrinking of a hydrogel upon a change of exterior ion concentrations. Both
examples include numerical convergence studies with regard to spatial and temporal
discretization in order to show that the expected numerical properties indeed translate to
practical computations.

2. Formalization of the Space–Time Continuous Problem

In this section, a generic formulation for standard dissipative continua is proposed,
with the scope being limited to isothermal problems with elliptic or parabolic structure. It
is emphasized in this context that more general standard dissipative formulations than the
one presented below are possible. However, certain simplifications are unavoidable in view
of implementation aspects. The proposed formulation essentially represents a trade-off
between the generality of the formulation and complexity of the implementation into
numerical software. Furthermore, it is remarked that most of the theoretical developments
are, at least as far as the general ideas are concerned, in some form already available in
the pertinent literature. Here, the intended contribution is to compile the theory in a form
suitable for subsequent implementation.

The contents of this section are summarized as follows: Firstly, the computational
domain including subdomains, boundaries and interfaces is described together with the
notation required for bookkeeping purposes. Secondly, the notions of “generalized fields”
and “dependent fields” are introduced, and the form of the functionals considered in
this work is specified. Despite the fact that these aspects are of subordinate importance
from a physical standpoint, they are indispensable with regard to the desired problem-
independent implementation of the approach into computer code. Thirdly, the unknowns
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involved in the statement of the problem are grouped into several categories based on
their role in the variational formulation. Fourthly, the space–time continuous incremental
potential is introduced, followed by a statement of the space–time continuous incremental
variational principle assumed in the present work. Finally, ways to systematically reduce
the number of unknowns involved in the problem formulation are described.

2.1. Computational Domain

The Euclidean d-space Rd with d = 2 or d = 3 is considered for a range of time
T = [t0, te), with t0 and te being the initial and the final times, respectively. In what
follows, X ∈ Rd denotes a spatial location and t ∈ T an instant of time. As illustrated in
Figure 1, Rd is assumed to be split into (i) the “environment” Ω0; (ii) the bounded domain
Ω, which is further subdivided into NΩ “domain portions” Ωα labeled by α; and (iii) the
bounded, sufficiently smooth d− 1 dimensional interface Σ, which is further subdivided
into NΣ “interface portions” Σγ labeled by γ. It is generally assumed that the boundary
of each domain portion Ωα is a part of Σ. This means that ∂Ωα ∩ Σ = ∂Ωα. Moreover, it
is understood that Ω and Σ have no points in common, i.e., Σ ∩ Ω = ∅. In the sequel,
the union of Σ and Ω will be referred to as the “computational domain”. This computational
domain is generally assumed to be kept fixed. This means that it does not change with
time. Together with the interface Σ, a piece-wise continuous unit normal field N(X) is
introduced. Using this unit normal field, the ‘+’ and ‘−’ sides of the interface at a location
X ∈ Σ are defined such that N(X) points from the − to the + side.

Figure 1. Domain under consideration.

Remark 1.

• An interface portion Σγ need not necessarily be aligned with an interface between different
domain portions Ωα or an interface between a domain portion Ωα and the environment Ω0.
This means that a “slit” within a domain portion is permissible, as can be seen in the interface
portion Σ1 in Figure 1.

• A more complete description would also involve lower-dimensional entities (lines, line portions,
and points in three dimensions; points in two dimensions). However, these are firstly rarely
relevant to practical examples, and secondly, these are more difficult to implement. Therefore,
they are ignored below.

• The introduction of different domain and interface portions concerns in particular multiphysics
phenomena, with different physics being operative in different regions, and, possibly, combined
with interfacial effects.

• Keeping the domain of computation fixed does not imply that a Lagrangian or Eulerian
viewpoint is adopted. In fact, even arbitrary Lagrangian Eulerian formulations are possible.

2.2. Generalized Fields, Dependent Fields and the Form of Functionals

Before discussing the standard dissipative formulation considered in this work,
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(i) the notions of “generalized fields” and “dependent fields” are introduced, and
(ii) the form a functional can take within this work is narrowed down.

2.2.1. Generalized Fields

A generalized field G = G(X, t) comprises:

1. A number of NG,Ω time-dependent scalar fields, which are formally defined on the
entire computational domain, but which may only be non-zero on Ω. These fields
are collected in the vector GΩ = GΩ(X, t) and will be referred to as “domain-related
fields”. The latter may represent, e.g., mechanical displacements, velocities, pressures,
electric fields, etc.

2. A number of NG,Σ time-dependent scalar fields, which are formally defined on the
entire computational domain, but which may only be non-zero on Σ. These fields
are collected in the vector GΣ = GΣ(X, t) and will be referred to as “interface-related
fields”. The latter may represent, e.g., curvatures, electrical surface charges, interfacial
reaction rates, etc.

3. A number of NG,C time-dependent scalars. These scalars are collected in the vector
GC = GC(t); and they may represent quantities such as integral electric currents,
displacements and rotations of rigid domain portions, etc.

With these definitions,

G =

⎛
⎝GΩ

GΣ

GC

⎞
⎠ (1)

is as a vector of dimension NG = NG,Ω + NG,Σ + NG,C.
The derivative of G with respect to X, i.e., the gradient, is introduced according to

∇G =

⎛
⎝∇GΩ

∇ΣGΣ

0

⎞
⎠, (2)

with ∇Σ indicating the surface gradient, and ∇GΩ = 0 if X ∈ Σ and ∇ΣGΣ = 0 if X ∈ Ω.
It is noted that ∇G may be interpreted as an NG × d matrix.

The derivative of G with respect to t, i.e., the rate, is denoted by

Ġ =

⎛
⎝ĠΩ

ĠΣ

ĠC

⎞
⎠. (3)

Two generalized fields A and B may be concatenated to form a single generalized
field C. In this case, it is understood that the components are rearranged such that the
domain-related fields, the interface-related fields and the scalars are contiguous again. This
means that:

C =

(
A

B

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

AΩ

BΩ

AΣ

BΣ

AC

BC

⎞
⎟⎟⎟⎟⎟⎟⎠ =

⎛
⎝CΩ

CΣ

CC

⎞
⎠. (4)

This procedure can be applied recursively to concatenate more than two generalized fields.

Remark 2. Vector/tensor fields are considered to be represented by an appropriate number of scalar
fields, with the individual scalar fields typically representing vector/tensor coordinates with regard
to a particular basis system.
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2.2.2. Dependent Fields

For each generalized field G, a number of Ng,Ω “domain-related dependent fields” and
a number of Ng,Σ “interface-related dependent fields” are introduced. These dependent
fields are collected in the vectors gΩ and gΣ, respectively. In this section, the convention
will be followed that upper case letters denote generalized fields, while the corresponding
lower case letters denote the associated dependent fields.

The purpose of the dependent fields is the introduction of variables, in terms of
which the functionals governing the standard dissipative formulation can be conveniently
expressed without direct use of spatial derivatives. A typical example for a dependent
field is the mechanical strain field, which is used to introduce the strain energy density in
continuum mechanics.

The dependent fields gΩ and gΣ are assumed to be linearly related to the generalized
field G. In particular,

(gΩ)λ =
NG,Ω

∑
ε=1

[
aG,Ω

λε (GΩ)ε + bG,Ω
λε · (∇GΩ)ε

]
+

NG,C

∑
ι=1

cG,Ω
λι (GC)ι + dG,Ω

λ (5)

if X ∈ Ω and (gΩ)λ = 0 otherwise, with aG,Ω
λε , cG,Ω

λι and dG,Ω
λ being constants, bG,Ω

λε constant
vectors of dimension d, and (Y)λ denoting the component λ of a vector Y. Similarly,

(gΣ)ν =
NG,Σ

∑
η=1

[
aG,Σ

νη (GΣ)η + bG,Σ
νη · (∇ΣGΣ)η

]

+
NG,Ω

∑
ε=1

[
aG+

νε (GΩ|+)ε + bG+
νε · (∇GΩ|+)ε

]

+
NG,Ω

∑
ε=1

[
aG−

νε (GΩ|−)ε + bG−
νε · (∇GΩ|−)ε

]

+
NG,C

∑
ι=1

cG,Σ
νι (GC)ι + dG,Σ

ν

(6)

if X ∈ Σ and (gΣ)ν = 0 otherwise, with aG,Σ
νη , aG+

νε , aG−
νε , cG,Σ

νι and dG,Σ
ν being constants,

and bG,Σ
νη , bG+

νε , bG−
νε constant vectors of dimension d. In the latter equation as well as in

the following, the notation |+/− indicates that reference is made to the limit value as points
X ∈ Σ are approached from the + and the − side of the interface Σ, respectively.

Remark 3.

• The restriction of gΩ and gΣ to a dependence on first spatial derivatives of the generalized
field G may seem rather limiting. However, the formulation to be described does enable
the effective incorporation of higher-order derivatives through the introduction of auxiliary
quantities. In fact, including higher spatial derivatives would, in a finite element context,
require higher-order continuous finite elements; and the latter are rarely used in practice due
to the superiority of mixed formulations eliminating the higher spatial derivatives through
auxiliary quantities.

• The choice of the dependent fields is usually subject to a substantial degree of freedom and will
typically be determined by what is most convenient for the definition of the governing functionals.

• The constants and constant vectors appearing in (5) and (6) may be made dependent upon X

without affecting the discussion below. Furthermore, nonlinear dependencies of the dependent
fields on the generalized fields and derivatives thereof may be allowed for . However, such
dependencies are omitted here as they have not yet been implemented (nonetheless, they can be
incorporated through constraints, which can be implemented using Lagrangian multipliers).
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2.2.3. Form of Functionals

Let H[Aα; Bβ, t] be a functional of a number of generalized fields Aα indexed by α and
a number of generalized fields Bβ indexed by β, with the semicolon indicating that the
quantities to the right are regarded as parameters when the variations of the functional H
are computed. In the sequel it is assumed that every such functional is of the specific form

H[Aα; Bβ, t] =
∫

Ω
hΩ(aα,Ω; bβ,Ω, X, t)dV +

∫
Σ

hΣ(aα,Σ; bβ,Σ, X, t)dS

+ hC(Aα,C; Bβ,C, t), (7)

where dV is the volume element, dS the interface element, and hΩ, hΣ and hC are functions.

Remark 4. The previous assumption regarding the form of a functional will eventually ensure that
the incremental variational principle to be stated below implies a set of partial differential (algebraic)
equations and equations without spatial dependency (which may, however, involve integrals).

2.3. Unknown Variables

Conceptually, three different types of unknowns are considered, leading to the defini-
tion of the three following generalized fields:

1. A generalized “state variable” Q, which is used to describe the state within the
computational domain. Q may, besides classical “thermodynamic state variables”,
also comprise a number of “auxiliary state variables”, which will be used in the usual
way as Lagrangian multipliers enforcing constraints on the admissible thermodynamic
states (incompressibility constraints, electroneutrality constraints, etc.). In particular,
Q is assumed to be of the format

Q =

(
U

P

)
, (8)

where U comprises the thermodynamic state variables, while P comprises the auxiliary
state variables/Lagrangian multipliers. Q is subject to an initial condition of the form

Q(X, t0) = Q0(X), (9)

where Q0 may need to satisfy certain consistency requirements as will be remarked later.
2. A generalized “process variable” V, which may be interpreted as an auxiliary quantity

used to constrain the ways the thermodynamic state can change in that only certain
combinations of the rates Q̇ and V̇ are admissible. V is, without loss of generality,
subjected to the initial condition

V(X, t0) = V0(X) = 0. (10)

3. A generalized Lagrangian multiplier M, which will be used to actually incorporate
constraints for Q̇ and V̇.

Remark 5.

• The explicit distinction between state variables and process variables appears to be a feature dis-
tinguishing the present standard dissipative formulation from what is available in the literature
to date, although it is acknowledged that, e.g., the works of Biot [13] and Miehe et al. [23,24,25]
implicitly contain such a distinction. Physically, the introduction of process variables may,
e.g., be motivated by the following two simple examples: (i) diffusion processes, in which molar
concentrations are changed by species fluxes; and (ii) chemical reactions, in which the amounts
of the substances involved are changed by chemical reaction processes.
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• Ultimately, only the rate of the process variable, V̇, will enter the formulation. Hence, it would
seem more natural to directly introduce the rate as an unknown. However, the viewpoint
adopted here proves beneficial from the implementation point of view.

2.4. Space–Time Continuous Incremental Potential

The space–time continuous problem formulation in terms of an incremental variational
principle (herein, the term “incremental” refers to a formulation in terms of rate-type
quantities, and does not refer to a time-discrete formulation as it is often the case in the
literature) is based on

1. A Helmholtz free energy functional Ψ[Q]. Specifically, the Helmholtz free energy
functional is assumed to be of the form

Ψ[Q] = ΨU[U] + ΨP[P, U], (11)

with ΨP being linear in its first argument. In general, Ψ will be assumed to be Fréchet
differentiable. It is remarked in this context that the constraints for the thermodynamic
states U are obtained by requiring the first variation of ΨP with respect to P to be zero;
and ΨU represents the physical Helmholtz free energy for all thermodynamic states
consistent with these constraints.

2. A power functional P[U̇, V̇; U, t] accounting for the influence of the environment on
the computational domain under consideration. P is assumed to be linear in the pair
(U̇, V̇).

3. A dissipation functional Δ̊[U̇, V̇; U, t], which is related to the description of dissipa-
tive effects. It is assumed that Δ̊ is (i) non-negative; (ii) convex in the pair (U̇, V̇);
and (iii) satisfies the condition Δ̊[0, 0; U, t] = 0. The latter conditions are, within the
standard dissipative framework, sufficient for the satisfaction of the second law of
thermodynamics as will be remarked later.

4. A Lagrangian multiplier functional L[M, U̇, V̇; U, t] incorporating constraints for U̇

and V̇. L is assumed to be of the form

L = L1[M, U̇, V̇; U, t] + L2[M; U, t], (12)

where L1 is bilinear with regard to M and the pair (U̇, V̇) and L2 is linear in M.

Finally, the space–time continuous incremental potential

Π[Q̇, V̇, M; Q, t] = Ψ̇[Q, Q̇] + Γ[U̇, V̇, M; U, t] (13)

is introduced, where

Γ[U̇, V̇, M; U, t] = −P[U̇, V̇; U, t] + Δ̊[U̇, V̇; U, t] + L[M, U̇, V̇; U, t]. (14)

2.5. Space–Time Continuous Incremental Variational Principle

Using the previously introduced functionals, the space–time continuous incremental
variational principle now requires that Q̇, V̇, M furnishes a stationary point of Π at every
instant of time. This means that the problem can be formulated as

Find the unknowns (Q, V, M) such that Q(X, t0) = Q0, and V(X, t0) = 0, and

0 = δΠ[Q̇, V̇, M, δQ̇, δV̇, δM; Q, t]

= δΨ[Q, δQ̇] + δΓ[U̇, V̇, M, δU̇, δV̇, δM; U, t]
(15)

for all [δQ̇, δV̇, δM] and all t ∈ (T \ t0),

where the notation is used here and henceforth that the first variation of a functional
I[x1, . . . , xn; y1, . . . , yn] is δI[x1, . . . , xn, δx1, . . . , δxn; y1, . . . , yn].
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Remark 6.

• Equation (15) may be seen as an extension of Biot’s equation, cf. Equation (2.14) in Biot [29]
and Equation (2.14) in Biot [30].

• For the general case, partial differential algebraic equations are involved and, therefore, (15)
cannot generally be used as a “point-wise” equation to determine the rates Q̇, V̇ based on the
current thermodynamic state Q. Rather, neighboring instants of time need to be taken into
consideration by differentiating the equations implied by (15) with respect to time. This aspect
becomes particularly evident when considering the example of elasticity (which does not involve
dissipative processes). In this case, (15) implies the mechanical equilibrium condition, which
only involves the mechanical displacement and not the rate of the mechanical displacement.
Therefore, differentiation with respect to time is necessary in order to obtain an equation in
the rates.

• In order for the problem to be well posed, further conditions need to be satisfied. Although a
general discussion of this aspect without reference to a particular problem appears to be difficult,
a few further remarks are made in the following:

– The constraints represented by the functionals ΨP and L must be consistent in that they
are neither redundant nor contradictory.

– Non-convex ΨU and/or domains of admissible thermodynamic states may be a severe
issue with regard to unique solvability and stability, as can be seen in the discussion in
Abed-Meraim and Nguyen [31].

– The initial conditions need to be consistent in that Q0 must be such that a stationary
point of Π exists at t = t0.

• The problem formulation in terms of the first variation of Π implies the assumption of sufficient
regularity of the functionals involved. This becomes a crucial aspect in the case of problems
including rate-independent processes. In this case, the dissipation functional Δ̊ contains
contributions which are positively homogeneous of degree one in the rates. The associated
non-differentiability of Δ̊ invalidates (15), and hence it may appear that the formulation
cannot be used for these cases. However, the situation can be remedied by employing the
techniques of convex analysis and, in particular, replacing regular differentiation by the use
of subdifferentials (as can be seen, e.g., in Rockafellar [32], pp. 213 ff.), thus extending the
formulation to rate-independent processes.

• The above formulation in terms of an incremental variational principle is motivated by the
description of reversible isothermal processes, in which case the concepts of equilibrium ther-
modynamics apply and the free energy of the system under consideration is minimized at all
times. In order to account for the actual dissipative nature of the problem under consideration,
“generalized dissipative forces” are included into the formulation, which are mathematically
characterized by the Fréchet derivative of Δ̊ with respect to U̇ and V̇. These generalized dissi-
pative forces may be interpreted as those external loads, which would have to be applied by an
external agency at a certain instant of time t to bring the system instantaneously into equilib-
rium. This approach is abstract in that these external loads are fictitious and cannot be applied
in reality. However, accepting the approach based on the experience that it has been succesfully
applied to a wide range of problems in the past, the situation is formally transformed from a
problem of non-equilibrium thermodynamics into one of equilibrium thermodynamics, so that
the well-known concepts of equilibrium thermodynamics can be used, and a mathematically
sound formulation results, as can also be seen in Germain et al. [12]. Moreover, by ensuring
that δΔ̊(U̇, V̇, U̇, V̇; U, t) ≥ 0 for any choice of (U̇, V̇), it is guaranteed that the generalized
dissipative forces are always associated with a negative power (i.e., a positive dissipation), such
that the second law of thermodynamics is satisfied a priori and need not be discussed further.
The assumptions made above (Δ̊ is non-negative, convex with respect to the pair (U̇, V̇) and
satisfies the condition Δ̊[0, 0; U, t] = 0) indeed imply that δΔ̊(U̇, V̇, U̇, V̇; U, t) ≥ 0 .

2.6. Reduced Space–Time Continuous Incremental Variational Principles

In the following, two straightforward possibilities to reduce the set of unknown
variables are described. It is emphasized that further possibilities exist, which are not
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discussed here. Furthermore, it is noted that the space–time discretization methods as
well as the implementation discussed in the next sections are equally applicable to both,
the original and the reduced formulations.

2.6.1. Reduction of the Set of Process Variables and Lagrangian Multipliers

The introduction of the generalized process variable V and the generalized Lagrangian
multiplier M often leads to an excessive number of unknown fields. However, in many
cases, it is possible to systematically eliminate V and M, or rather subsets thereof, be-
fore actually numerically solving the problem. In particular, the space–time continuous
incremental functional Π only depends on V̇, but not on V itself. Furthermore, Π depends
on V̇ and M only through the contribution Γ. Thus, a reduced functional

Γred[U̇, V̇0, M0; U, t] = inf
V̇1

sup
M1

Γ[U̇, V̇, M; U, t] (16)

may be introduced by joint partial minimization and maximization, where

V =

(
V0

V1

)
M =

(
M0

M1

)
. (17)

Then, δΓ can be replaced by δΓred in (15) to obtain an equivalent formulation in the reduced
set of variables (Q, V0, M0).

Remark 7. The selection of the variables V0 and M0 typically depends on the properties of the
dissipation functional Δ̊. However, numerical considerations (e.g., with respect to the choice of finite
elements) may also be important in this regard.

2.6.2. Reduction of the Set of State Variables

Another possibility to reduce the set of variables exists if certain state variables factor
into Ψ, while Γ is independent of these variables. In order to discuss this case, it is
assumed that

Q =

⎛
⎝U1

U0

P0

⎞
⎠ =

(
U1

Q0

)
, (18)

and that Γ neither depends on U1 nor on U̇1, meaning that there exists a functional Γred

such that
Γ[U̇, V̇, M; U, t] = Γred[U̇0, V̇, M; U0, t]. (19)

Then, if Ψ is additionally convex in U1, a reduced thermodynamic potential

Ψred[Q0] = inf
U1

Ψ[Q] (20)

may be introduced; and δΨ and δΓ can be replaced by δΨred and δΓred in (15) to obtain an
equivalent formulation in the reduced set of variables (Q0, V, M).

Remark 8. Using this approach, the linearity of Ψ with regard to P may be lost, which does,
however, not have consequences for the applicability of (15).

3. Space–Time Discrete Formulation

The spatial discretization of the fields involved in Q, V and M is assumed to be
performed using the finite element method in this work. In this regard, standard methods
can be used, which will not be further discussed here. However, it is pointed out that
the satisfaction of the inf− sup condition is typically the most difficult part of spatial
discretization if the variational problem to be solved is of saddle point type, see, e.g.,
Bathe [33] and Auricchio et al. [34].
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With regard to temporal discretization, a number of simple and straightforward-to-
implement one step schemes have been discussed and analyzed in a somewhat narrower
context in a previous work [35]. These methods can be readily extended to the current
formulation; and for the self-containedness of the present work, these will be briefly
described below, although the reader is referred to [35] for details.

In the following, it is assumed throughout that the time interval [t0, te] is divided
by the discrete time points tn = t0 + nΔt, where n = 0, 1, . . . N and Δt = (te − t0)/N
(however, the formulations are not restricted to uniform time increments). The numerically
approximated values of Q, V and M at time tn are denoted by Qn, Vn and Mn, respectively;
and the initial values at time t0 are given by Q0(X) and V0(X) = 0.

3.1. Variationally Consistent Method

The “variationally consistent method” is based on a straightforward discretization
of the space–time continuous incremental functional Π. In particular, a time-discrete
counterpart ΔΠn→n+1 of Π is introduced according to

ΔΠn→n+1[Qn+1, Vn+1, Mn+1] = Ψ[Qn+1]−Ψ[Qn]

+ ΔtΓ
[

Un+1 −Un

Δt
,

Vn+1 −Vn

Δt
, Mn+1; Un, tn+1

]
. (21)

Then, the stationary point of ΔΠn→n+1 is searched during each time step to obtain Qn+1,
Vn+1 and Mn+1 based on the solution of the previous time step. The corresponding
stationarity condition leads to the time-discrete variational formulation

Find the unknowns (Qn+1, Vn+1, Mn+1) such that

0 = δΨ[Qn+1, δQn+1] + δΓ
[

Un+1 −Un

Δt
,

Vn+1 −Vn

Δt
, Mn+1,

δUn+1, δVn+1, ΔtδMn+1; Un, tn+1

] (22)

for all (δQn+1, δVn+1, δMn+1) and all n ∈ {0, 1, . . . N − 1},

which is a consistent approximation of (15). According to the analysis in [35], the method
represents a first-order accurate time integrator, provided that the the problem is suffi-
ciently regular.

Remark 9. As a result of discretizing Π, the variational structure of the space–time continuous
problem is preserved, which makes the method particularly attractive from the mathematical point of
view. This concerns, e.g., the fact that the resulting finite element systems are symmetric.

3.2. The α-Family

The “α-family” is based on the introduction of a real parameter α ∈ [0, 1], where α = 0
corresponds to a forward Euler type scheme, α = 1/2 to a Crank–Nicolson type scheme,
and α = 1 to a backward Euler type scheme. Moreover, the following quantities are defined:

Qα
n = (1− α)Qn + αQn+1 (23)

Mα
n = (1− α)Mn + αMn+1 (24)

tα
n = (1− α)tn + αtn+1. (25)

Then, the time-discrete version of (15) reads
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Find the unknowns (Qn+1, Vn+1, Mα
n) such that

0 = (1− α)δΨ[Qn, δQn+1] + αδΨ[Qn+1, δQn+1]

+ δΓ
[

Un+1 −Un

Δt
,

Vn+1 −Vn

Δt
, Mα

n, δUn+1, δVn+1, ΔtδMα
n; Uα

n, tα
n

] (26)

for all (δQn+1, δVn+1, δMα
n) and all n ∈ {0, 1, . . . N − 1}.

For a sufficiently regular problem, the method is second-order accurate for α = 1/2 or oth-
erwise first-order accurate [35]. However, the method is non-convergent for α < 1/2 if the
system of equations implied by (15) is of differential algebraic nature. Furthermore, no as-
sociated time-discrete incremental potential exists for the method if Γ exhibits a parametric
dependence on U, so that the finite element systems are unsymmetric in this case.

3.3. The Modified α-Family

The “modified α-family” is a “predictor-corrector” method. In particular, the quantities
Q̂n+1, V̂n+1, M̂α

n are introduced, which are “predictions” of Qn+1, Vn+1 and Mα
n. During

the predictor step, the problem

Find the unknowns (Q̂n+1, V̂n+1, M̂α
n) such that

0 = (1− α)δΨ[Qn, δQ̂n+1] + αδΨ[Q̂n+1, δQ̂n+1]

+ δΓ
[

Ûn+1 −Un

Δt
,

V̂n+1 −Vn

Δt
, M̂α

n, δÛn+1, δV̂n+1, ΔtδM̂α
n; Un, tα

n

] (27)

for all (δQ̂n+1, δV̂n+1, δM̂α
n)

is solved. Based on the resulting predicted values, the time-discrete problem is then

Find the unknowns (Qn+1, Vn+1, Mα
n) such that

0 = (1− α)δΨ[Qn, δQn+1] + αδΨ[Qn+1, δQn+1]

+ δΓ
[

Un+1 −Un

Δt
,

Vn+1 −Vn

Δt
, Mα

n, δUn+1, δVn+1, ΔtδMα
n; Ûα

n, tα
n

] (28)

for all (δQn+1, δVn+1, δMα
n) and all n ∈ {0, 1, . . . N − 1}, where Ûα

n = (1− α)Un +
αÛn+1.

For many (but not all) cases, the method provides the same accuracy as the α-family, while
retaining the symmetric and variational structure, so that corresponding time-discrete
incremental potentials exist for both steps.

4. Implementation

In order to show the feasibility of the approach, the space–time discrete formulation
described above has been preliminarily implemented in two and three dimensions for
both sequential and distributed memory parallel computations. In particular, the open
source C++ libraries GalerkinTools and IncrementalFE have been developed. The library
GalerkinTools allows for the definition of weak forms corresponding to functionals of the
generic form (7) (in fact, the library covers slightly more general weak forms including those
unsymmetric weak forms required for the α-family of methods for temporal discretiza-
tion). Furthermore, GalerkinTools provides methods for the automatic assembly of the
corresponding finite element systems based on the functionalities of the open source finite
element library deal.II (Alzetta et al. [27], Bangerth et al. [28]). In addition, interfaces for
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the solution of the resulting linear systems of equations are included. For this purpose, the
unsymmetric sparse direct UMFPACK solver (Davis [36]), the symmetric and unsymmetric
sparse direct PARDISO solvers (Schenk and Gärtner [37,38], Karypis and Kumar [39]),
the symmetric and unsymmetric sparse direct MUMPS solvers (Amestoy et al. [40,41])
and the symmetric sparse direct MA57 solver (HSL, a collection of Fortran codes for large-
scale scientific computation, see http://www.hsl.rl.ac.uk/ (accessed on 5 January 2023))
can currently be used. Based on the library GalerkinTools, the library IncrementalFE then
encapsulates the special functionality required for the solution of problems formulated
within the standard dissipative framework. In particular, this involves functionalities
for the definition of the functionals Ψ and Γ, together with the temporal discretization
schemes described in the previous section. Furthermore, IncrementalFE implements a
simple Newton–Raphson scheme, optionally combined with a line search, to solve the
nonlinear finite element problems arising in each time step. For details regarding the func-
tionalities and implementation of the libraries GalerkinTools and IncrementalFE, the reader
is referred to the documentation bundled with these libraries. However, the general se-
quence of steps needed to define and solve a particular problem is briefly described in
the following:

1. Setup of the finite element mesh, which corresponds to the definition of the computa-
tional domain. During this step, the domain Ω is first meshed using either the built-in
functionalities of deal.II or by importing a mesh from an external mesh generator.
Subsequently, the domain is partitioned into domain portions by assigning “material
IDs” to the individual cells of the mesh. This is followed by the definition of the inter-
face Σ based on faces of the previously defined volume-related cells, which also goes
along with the definition of the − and + sides of the interface as well as a partitioning
of the interface by assigning “material IDs”. As a final step of mesh generation, local
mesh refinement may be performed.

2. Definition of the unknowns Q, V and M of the problem and the corresponding finite
element spaces. During this step, the domain-related unknown fields, the interface-
related unknown fields and the scalars are defined. This includes the definition of the
finite elements to be used for the discretization of the domain-related and interface-
related unknowns as well as Dirichlet-type constraints. Furthermore, for each un-
known field, the domain portions and interface portions, respectively, are defined
where the respective field may be non-zero. In order to allow for the use of vector-
valued finite elements, several unknown fields of a particular type may be defined
at once.

3. Definition of the domain-related dependent fields qΩ, vΩ, mΩ and the interface-
related dependent fields qΣ, vΣ, mΣ based on the previously defined unknowns Q,
V and M according to Equations (5) and (6), respectively.

4. Definition of Ψ and Γ as functionals of the form (7). It is noted in this context that
the definition of the integrals over Ω and Σ, respectively, may be split into several
integrals, which are summed up subsequently. This split (i) facilitates the re-usability
of the implementation of certain terms (e.g., a Neo-Hookean strain energy density)
and thus makes the definition of Ψ and Γ “modular”; (ii) allows for using differ-
ent numerical quadrature schemes for different terms; and (iii) allows for a better
structuring of the problem, which can be internally exploited by the library Galerk-
inTools to determine which entries in the finite element system matrix are non-zero.
The actual definition of a single integral typically involves (i) the implementation of
the integrand (which is expressed in terms of the dependent fields relevant to the
integral) and its first and second derivatives; (ii) the specification of domain and
interface portions, respectively, where the integrand is non-zero; (iii) the definition of
the quadrature scheme to be used for evaluating the integral; (iv) the definition of the
temporal integration scheme to be used (in fact, one may use different schemes for
different terms, although this has not been discussed above); and (v) the definition of
parameters (particularly constitutive parameters).
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5. Solving the problem. Currently, time-stepping needs to be implemented manually,
although single time steps are automatically handled by the library IncrementalFE.

Remark 10.

• The entire problem definition is facilitated by the use of C++ as an object-oriented language.
As a result, e.g., each unknown field is a separate object, which leads to a rather natural
structuring of the code in that it closely resembles the underlying mathematical statement of
the problem under study in terms of formulae.

• Typically, the most time-consuming step of the problem definition is, besides in some cases
the mesh generation, the implementation of the integrands for the definition of Ψ and Γ.
However, due to the mentioned modular design, the implementation of certain integrands can
be re-used. This does, in principle, allow for a library of integrands covering a multitude of
situations. Furthermore, automatic differentiation schemes may be used in order to simplify
the implementation of the first and second derivatives of the integrands, which are required for
the solution of the problem.

• The library GalerkinTools also allows for the definition of “hidden variables” for each integrand,
so that, in principle, classical rate-independent plasticity approaches are covered. For example,
for the variationally consistent method, the latter may easily be achieved by locally “pre-
minimizing” the time-discrete incremental potential ΔΠn→n+1 with respect to the plastic
deformation variables. However, proper testing of classical plasticity approaches is yet to be
performed. Therefore, a discussion of these is not included in the present contribution.

• Implementation-wise, the main difficulties are the definition of functionals of the generic
form (7) and the assembly procedures for the associated finite-element systems. These func-
tionalities are provided by GalerkinTools; and, on this basis, the implementation of particular
temporal discretization schemes and iterative algorithms for the solution of the nonlinear
problems arising in each time step is straightforward. Hence, the library IncrementalFE is
rather slim; and if temporal discretization schemes and/or iterative algorithms other than
those discussed in this work need to be considered, these can be implemented with little effort
(provided that the temporally discretized versions are compatible with the assumed form for
functionals). The same applies to the use of other linear solvers than those mentioned above,
and, in particular, iterative linear solvers.

5. Examples

In this section, (i) the buckling behavior of a viscoelastic dielectric elastomer subjected
to an electric voltage, and (ii) the swelling/shrinking of a hydrogel subjected to a change
in exterior ion concentrations are discussed as examples. It is emphasized that the main
objective is to demonstrate the feasibility and practicability of the approach, and not to
give a detailed exposition of particular physical effects. Therefore, the statement of the
problems will be kept concise; and a discussion of the differential (algebraic) equations
implied by the formulations is omitted.

It is emphasized that the discussion of the example problems mostly follows the
sequence of steps described in Section 4, which highlights the systematic approach to
standard dissipative problems proposed in this work. The equations are written using the
symbolic vector/tensor notation; and it is tacitly assumed that each vector/tensor field is
represented by an appropriate number of domain-related/interface-related scalar fields,
which embody vector/tensor coordinates with regard to the standard basis of R3.

Moreover, it is noted that both example problems have been chosen to be axisymmetric
in order to reduce the computational cost and, therefore, facilitate numerical convergence
studies. Despite this fact, the problems will be described in the fully three-dimensional
setting for the sake of simplicity. The steps necessary for reduction to the axisymmetric
setting should be sufficiently obvious and are, therefore, not described in detail.
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5.1. Example 1: Buckling of a Viscoelastic Dielectric Elastomer

The first example problem is illustrated in Figure 2. A circular disc of incompressible
viscoelastic dielectric elastomer with radius L and thickness H is considered. The con-
stitutive behavior is assumed to be described by the relations proposed by Hong [42].
The radial displacement is constrained to zero on the entire lateral surface of the disc.
Furthermore, the average axial displacement is constrained to zero on the lateral surface.
The latter constraint was chosen instead of a homogeneous constraint on the entire surface
in order to avoid stress/strain singularities, which would complicate the convergence
studies due to the need for excessive local mesh refinement. The bottom surface and the
top surface are assumed to be electrodes, with a transient voltage U(t) applied across these
electrodes. As a result of Maxwell stress, the disc shrinks in the axial direction; and due to
the incompressibility of the material, this leads to buckling and large deformations of the
disc in the axial direction. In order to induce the “imperfection” needed for a well-defined
buckling behavior, the gravitational acceleration g is taken into account and assumed to
point downwards in the figure. Fringing fields at the edges of the electrodes are neglected
for simplicity.

Figure 2. Illustration of example problem 1.

5.1.1. Computational Domain

The computational domain Ω shown in Figure 2 represents the reference configuration
of the disc, which is assumed to be stress-free. It is noted that this reference configuration
is not actually assumed at any instant of time due to the action of the gravitational accelera-
tion. The in-plane Cartesian coordinates in Figure 2 are X1 and X2, while the out-of-plane
coordinate is X3. If a radial coordinate R and an axial coordinate Z of a cylindrical coordi-
nate system are introduced as shown in the figure, the body occupies the region described
by 0 ≤ R ≤ L and −H/2 ≤ Z ≤ H/2. The lateral surface of this disc is Σ1, the bottom
surface Σ2 and the top surface Σ3.

5.1.2. Unknown Variables
State Variables

The thermodynamic state variables

u :

{
Ω× T → R3

(X, t) �→ u(X, t)
(29)

D :

{
Ω× T → R3

(X, t) �→ D(X, t)
(30)

Ui :

{
Ω× T → R6

(X, t) �→ Ui(X, t)
(31)

are introduced together with the corresponding initial conditions

u(X, t0) = u0(X) (32)

D(X, t0) = D0(X) (33)

Ui(t0) = I, (34)
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with I being the identity tensor of rank 2. The thermodynamic state variables have the
following significance:

• u is the mechanical displacement field. It describes how the placements of material
points in the reference configuration are mapped onto their placements in the current
configuration. In particular, x(X, t) = X + u(X, t), with x(X, t) being the placement of
the material point X at time t.

• D is the referential electric displacement field.
• Ui is the (symmetric) inelastic stretch tensor.

The thermodynamic state variables are supplemented by the auxiliary state variables

ϕ :

{
Ω× T → R
(X, t) �→ ϕ(X, t)

(35)

p :

{
Ω× T → R
(X, t) �→ p(X, t)

(36)

pi :

{
Ω× T → R
(X, t) �→ pi(X, t)

(37)

luZ :

{
T → R
t �→ luZ (t)

(38)

together with the corresponding initial conditions

ϕ(X, t0) = ϕ0(X) (39)

p(X, t0) = p0(X) (40)

pi(X, t0) = pi
0(X) (41)

luZ (t0) = luZ
0 . (42)

The auxiliary state variables have the following significance:

• ϕ is the electric scalar potential, which acts as a Lagrangian multiplier enforcing the
condition that there is no free space charge density in the interior of the domain.

• p is a pressure type variable, which acts as a Lagrangian multiplier enforcing the
condition that the elastomer does not exhibit any overall local volume change.

• pi is a further pressure type variable, which acts as a Lagrangian multiplier enforcing
the condition that the elastomer does not exhibit any inelastic local volume change.

• luZ is used to constrain the average axial displacement of the disc on the lateral surface
Σ1 to zero.

The practical determination of the initial values u0(X), D0(X), ϕ0(X), p0(X), pi
0(X)

and luZ
0 will be discussed later.

Process Variables and Lagrangian Multipliers

For this first example, neither process variables nor Lagrangian multipliers are needed.

Dirichlet Constraints

The state variables u and D are constrained by the Dirichlet conditions

u ·N = 0 on Σ1 (43)

D ·N = 0 on Σ1. (44)

5.1.3. Dependent Fields

Here and in the following, only those dependent fields are listed explicitly, which are “non-
trivial” in that they are not equal to an unknown field itself or the gradient/divergence/curl
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of an unknown field (the divergence actually involves three unknown scalar fields in
three dimensions since a vector field is formally represented by an appropriate number of
scalar fields; and the curl involves three unknown scalar fields and three dependent fields).
In particular, the only non-trivial domain-related dependent fields used below represent
the mechanical deformation gradient

F = ∇u + I, (45)

where the latter equation must be expanded into coordinate-wise relations in order to
be consistent with the generic form of domain-related dependent fields according to
Equation (5).

5.1.4. The Functionals

As noted above, the functionals describing the variational problem are chosen such
that the constitutive behavior of the viscoelastic dielectric elastomer is described by the
constitutive model of Hong [42].

Helmholtz Free-Energy Functional Ψ

The Helmholtz free energy functional Ψ[Q] = ΨU[U] + ΨP[P, U] is composed of
the contributions

ΨU[U] =
∫
Ω

{
1
2ε

D · F$ · F ·D +
μe

2

[
tr
(

F$ · F
)
− 2 ln(J)− 3

]

+
μi

2

[
tr
(

Ui−1 · F$ · F ·Ui−1
)
− 2

(
J − Ji

)
− 3

]
+ ρ0g(u)Z

}
dV (46)

and
ΨP[P, U] =

∫
Ω

[
−ϕ∇ ·D + p(1− J) + pi

(
1− Ji

)]
dV −

∫
Σ1

luZ (u)Z dS. (47)

In these equations, J = det F, Ji = det Ui, (u)Z is the axial displacement, g is the gravita-
tional acceleration, ρ0 is the mass density of the elastomer in the reference state, ε is the
permittivity of the material and μe and μi are elastic constants.

Power Functional P

The power functional takes the form

P[U̇, V̇; U, t] = −
∫
Σ3

U(t)Ḋ ·N dS. (48)

In the following, the ramp loading

U(t) = Ue
t− t0

te − t0
(49)

with the maximum voltage Ue will be considered.

Dissipation Functional Δ̊

For the dissipation functional, the form

Δ̊[U̇, V̇; U, t] =
∫
Ω

ηtr(d · d)dV (50)

is assumed, where η is the viscosity and d = sym
(

F ·Ui−1 · U̇i · F−1
)

is the inelastic stretching.
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5.1.5. Reduced Formulations
Variant 1: Vector Potential Formulation

A first possibility to reduce the set of variables is to express D in terms of a vector
potential A according to

D = −∇×A. (51)

By doing so, D becomes a dependent field, while

A :

{
Ω× T → R3

(X, t) �→ A(X, t)
(52)

becomes a state variable. As a consequence of the identity ∇ · (∇×A) = 0, the Lagrangian
multiplier term−ϕ∇ ·D drops out in (47), such that ϕ is no longer required as an unknown
variable. Furthermore, the Dirichlet constraint D ·N = 0 on Σ1 is transformed to

A = ASN× e2 on Σ1, (53)

where e2 is the unit normal vector in the axial direction, and

AS :

{
T → R
t �→ AS(t)

(54)

is another state variable. For details regarding this boundary condition, the reader is
referred to [43]. In general, gauging is required for the uniqueness of the vector potential
in three dimensions, as can also be seen in [43]. However, for the axisymmetric case
considered herein, gauging can be achieved by requiring that only the circumferential
component of A is non-zero, which is assumed henceforth.

Variant 2: Scalar Potential Formulation

Another possibility is to apply the procedure described in Section 2.6.2 to eliminate
D. A technical difficulty occurring in this context is that the normal electric displacement
D ·N on the surfaces Σ2 and Σ3 cannot be eliminated. To resolve this issue, the additional
state variable

ω :

{
(Σ2 ∪ Σ3)× T → R
(X, t) �→ ω(X, t)

(55)

is introduced, which represents D ·N. Then,

ΨU,red[U] =
∫
Ω

{
− ε

2
∇ϕ · F−1 · F−$ · ∇ϕ +

μe

2

[
tr
(

F$ · F
)
− 2 ln(J)− 3

]

+
μi

2

[
tr
(

Ui−1 · F$ · F ·Ui−1
)
− 2

(
J − Ji

)
− 3

]
+ ρ0g(u)Z

}
dV, (56)

ΨP,red[P, U] =
∫
Ω

[
p(1− J) + pi

(
1− Ji

)]
dV −

∫
Σ1

luZ (u)Z dS−
∫

Σ2∪Σ3

ϕω dS, (57)

and
P[U̇, V̇; U, t] = −

∫
Σ3

U(t)ω̇ dS, (58)

while Δ̊ remains unchanged. In this formulation, ω̇ acts as a Lagrange multiplier enforcing
the boundary conditions
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ϕ = 0 on Σ2 (59)

ϕ = U(t) on Σ3. (60)

By imposing the latter conditions directly as Dirichlet constraints for ϕ, the state variable ω
is eliminated from the set of unknown variables.

5.1.6. Normalization

In order to improve the conditioning of the finite element system matrices and to
remove units from the simulations, it is advantageous to normalize the equations. Here,
the normalization proposed by Hong [42] is used:

X̃ =
X

H
, t̃ =

tμi

η
, ∇̃( ) = ∇( )H, ˜̇( ) = ˙( )

η

μi ,

ũ =
u

H
, D̃ =

D√
με

, Ũi = Ui, Ã =
A

H
√

με
,

ϕ̃ =
ϕ

H

√
ε

μ
, p̃ =

p
μ

, p̃i =
pi

μ
, l̃uZ =

luZ

μ
,

t̃0 =
t0μi

η
, t̃e =

teμi

η
, Ũe =

Ue

H

√
ε

μ
,

H̃ = 1, L̃ =
H
L

,

μ̃e =
μe

μ
, μ̃i =

μi

μ
, ε̃ = 1, η̃ =

μi

μ
, ρ̃0 g̃ =

ρ0gH
μ

,

(61)

where μ = μe + μi.

5.1.7. Parameters

The parameters used in the numerical example below are listed in Table 1.

Table 1. Parameters used for example 1.

Quantity Value

t̃0 0
t̃e 2.25
Ũe 0.45

L̃ 30

μ̃e 0.5
μ̃i 0.5
η̃ 0.25

ρ̃0 g̃ 1 · 10−5

5.1.8. Spatial Discretization, Temporal Discretization

The α-family with α = 1/2 is used for temporal discretization. The spatial discretiza-
tion is done in the two-dimensional axisymmetric setting, thus reducing the number of
scalar fields required for the representation of u and D to two each, and for Ui to four. In the
case of the vector potential A, only a single scalar field is required since only the circumfer-
ential component is non-zero. The particular quadrilateral finite elements employed for the
analysis are compiled in Table 2. In this table, the nomenclature of the deal.II library [44] is
used. It is noted that the use of the pair RT1 −DGQ1 for D− ϕ is empirical since the usual
proof of stability cannot be readily extended to the axisymmetric case. In contrast, positive
results concerning the stability of the pair Q2 − P1 for u− p for the axisymmetric Stokes
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problem are available in the literature [45]. Moreover, it is noted that the support points of
the elements used for Ui and pi have been chosen to coincide with the quadrature points;
and, as a consequence, these variables become “local” variables similar to the plastic strain
in classical elastoplasticity (in fact, these variables can be eliminated at the quadrature
point level, although this was not performed herein).

Table 2. Finite elements used for example 1.

Variable Finite Element

u Q2
D RT1
Ui DGQ2
A Q2
ϕ DGQ1 (Q2 for scalar potential formulation)
p DGP1
pi DGQ2

5.1.9. Initial Values

As mentioned earlier, the initial values for the state variables and auxiliary state
variables need to be determined before the calculation. Due to the action of the gravita-
tional acceleration, the initial state is inhomogeneous and must, therefore, be determined
numerically. This has for simplicity been achieved by taking a very small time step of
1 · 10−8 t̃e with α = 1 before the actual computation, such that any increments in Ui remain
negligibly small. A more rigorous approach would be to explicitly constrain U̇i to zero for
determining the initial values. This has, however, not been implemented yet.

5.1.10. Example Calculations and Results

The implementation of the constitutive equations and the numerical procedures were
first validated against the results obtained by Hong [42], as can be seen in Appendix A.
Subsequently, spatial and temporal convergence studies have been performed for the
formulations in terms of D− ϕ (“mixed formulation”), A (“vector potential formulation”)
and ϕ (“scalar potential formulation”). The starting point for these simulations is to take
Nt = 16 equally spaced time increments for the entire simulation together with a coarse
finite element mesh consisting of five rectangular cells in the radial direction and a single
rectangular cell in the axial direction, see Figure 3 for an illustration of the coarse finite
element mesh. Then, the number of time increments is increased to Nt = 16 · 2mt

, where mt

is the refinement cycle. Similarly, the finite element mesh is uniformly refined mh times
(in this work, the term “uniform refinement” refers to splitting a rectangular cell into
four equally shaped rectangular cells by introducing new vertices at the midpoints of the
edges and at the center of the cell). In particular, calculations with mt = 0, 1, . . . , mt,max

(mt,max = 6) and mh = 0 were performed to study the convergence behavior in time;
and calculations with mh = 0, 1, . . . , mh,max (mh,max = 6) and mt = 0 were performed to
study the spatial convergence behavior. For the finest mesh with mh = 6, this results
in 1,231,108 degrees of freedom for the scalar potential formulation, 1,395,075 degrees
of freedom for the mixed formulation, and 1,231,109 degrees of freedom for the vector
potential formulation. However, it is emphasized that the computational cost cannot be
directly related to the number of unknowns, since the system structure as well as the linear
solver employed also play a major role in this regard; and the study of these aspects is
beyond the scope of the present contribution.
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Figure 3. Coarse finite element mesh in the reference configuration together with radial inelastic
stretch in the deformed configuration at t = te (result obtained with mt = 0 and mh = 6).

With regard to the convergence behavior in time, the error emt is, for each mt =
0, 1, . . . , mt,max − 1, evaluated according to

emt =
∥∥∇̃ũmt − ∇̃ũmt,max

∥∥
L2 . (62)

For simplicity, no other unknowns are included into the error. However, it has also been
checked that the other unknowns show the expected convergence behavior.

An analogous approach is utilized to assess the spatial convergence behavior. In par-
ticular, the error emh is, for each mh = 0, 1, . . . , mh,max − 1, evaluated according to

emh =
∥∥∇̃ũmh − ∇̃ũmh,max

∥∥
L2 . (63)

The deformed shape of the disc is shown in Figure 3 together with the radial inelastic
stretch. It can be noticed that substantial inelastic deformation of approximately 10% takes
place at the lateral surface of the body. Figure 4 shows the results of the convergence
studies. In particular, Figure 4a shows the temporal convergence behavior, while Figure 4b
shows the spatial convergence behavior. It is seen that in both cases the expected rates of
convergence of kt = 2 and kh = 2 are observed for all three formulations, which confirms
the validity of the approach. It is interesting that all three formulations essentially exhibit
the same convergence behavior, a fact which is likely to be attributed to the relatively
simple electric field distribution in the disc.

10−2 10−1 100
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t
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Mixed
Vector pot.
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Vector pot.

(a) (b)

Figure 4. Convergence results for example 1: (a) temporal convergence; and (b) spatial convergence.
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5.2. Example 2: Swelling/Shrinking of a Hydrogel

The second example problem is illustrated in Figure 5. A circular cylinder of hydrogel
material with radius H and height H is considered. The hydrogel is assumed to consist
of a polymeric backbone material with charged groups attached to it, and an electrolyte
composed of water and the ions of a fully dissociated monovalent salt. The polymeric
backbone material and water are assumed to be incompressible, and the volume change
associated with a change in the concentrations of cations and anions is neglected. It is
further assumed that there are no voids in the hydrogel and, hence, the volume fractions
of polymeric backbone material and water must locally add up to 1. The constitutive
behavior of the hydrogel is assumed to be described by the relations proposed by Acartürk
[4], with the simplification of local electroneutrality (i.e., the local net space charge density
is assumed to be zero). The displacement is fixed to zero at the center of the bottom surface
of the cylinder, while all other surfaces are mechanically free. No matter is allowed to
flow across the bottom and lateral surfaces. In contrast, water and ions may be exchanged
across the top surface, which is in contact with an external electrolytic solution. The latter
is composed of water and a fully dissociated monovalent salt of the same type as in the
hydrogel, with a prescribed transient homogeneous molar concentration of both cations
and anions, of c̄ext(t). Starting from equilibrium, the external ion concentration is changed
and the response of the hydrogel in terms of swelling/shrinking deformation and change
in local water and ion concentrations is tracked.

Figure 5. Illustration of example problem 2.

5.2.1. Computational Domain

The computational domain Ω shown in Figure 5 represents the reference configuration
of the cylinder, which coincides with the configuration at the initial time t = t0. The in-plane
Cartesian coordinates in Figure 2 are again X1 and X2, while the out-of-plane coordinate is
X3. In terms of the radial coordinate R and the axial coordinate Z of a cylindrical coordinate
system, the body occupies the region described by 0 ≤ R ≤ H and 0 ≤ Z ≤ H. The lateral
surface of the cylinder is Σ1, the bottom surface Σ2, and the top surface Σ3.

5.2.2. Unknown Variables
State Variables

The thermodynamic state variables
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u :

{
Ω× T → R3

(X, t) �→ u(X, t).
(64)

cH2O :

{
Ω× T → R
(X, t) �→ cH2O(X, t)

(65)

ci :

{
Ω× T → R
(X, t) �→ ci(X, t)

(66)

are introduced, where i ∈ {A+, B−}. The corresponding initial conditions read

u(X, t0) = 0 (67)

cH2O(X, t0) = cH2O
0 (68)

ci(X, t0) = ci
0, (69)

with cH2O
0 and ci

0 being constants since the initial state is homogeneous. The thermodynamic
state variables have the following significance:

• u is the mechanical displacement field.
• cH2O is the referential molar concentration of water (with regard to the total volume in

the reference state).
• ci are the referential molar concentrations of the A+ and B− ions (with regard to the

total volume in the reference state).

These thermodynamic state variables are supplemented by the auxiliary state variables

p :

{
Ω× T → R
(X, t) �→ p(X, t)

(70)

ϕ :

{
Ω× T → R
(X, t) �→ ϕ(X, t)

(71)

together with the corresponding initial conditions

p(X, t0) = p0 (72)

ϕ(X, t0) = ϕ0, (73)

where p0 and ϕ0 are constants. The auxiliary state variables have the following significance:

• p is a pressure type variable, which acts as a Lagrangian multiplier enforcing the
condition that the volume fractions of water and polymeric backbone material must
add up to 1 everywhere.

• ϕ is the electric scalar potential, which enforces the local electroneutrality condition.

It is noted that the constants cH2O
0 , ci

0, p0, and ϕ0 cannot be chosen independently.
Rather, they are interrelated through the assumption that the initial state at time t = t0
is equilibrated.

Process Variables

The process variables involved in the problem are

IH2O :

{
Ω× T → R3

(X, t) �→ IH2O(X, t)
(74)

Ii :

{
Ω× T → R3

(X, t) �→ Ii(X, t)
(75)
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These have the following significance:

• IH2O is the time-integrated referential flux of water in the hydrogel.
• Ii are the time-integrated referential fluxes of the ionic species i ∈ {A+, B−}.

Lagrangian Multipliers

The Lagrangian multipliers

ηH2O :

{
Ω× (T \ t0)→ R

(X, t) �→ ηH2O(X, t)
(76)

ηi :

{
Ω× (T \ t0)→ R

(X, t) �→ ηi(X, t)
(77)

ϕs :

{
Σ3 × (T \ t0)→ R

(X, t) �→ ϕs(X, t)
(78)

are introduced. These have the following significance:

• ηH2O and ηi are used to incorporate the respective balance equations for water and
the ionic species A+ and B−.

• ϕs is used to ensure that no net charge flows locally across Σ3. It is noted in this
context that the assumption of no local net charge flow implies a certain behavior of
the external solution bath. Other assumptions are possible (e.g., no global net charge
flow), however, these are in any case only an approximation to the real behavior; and
for the proper resolution of the behavior at the boundary, the exterior solution bath
needs to be explicitly modeled.

Dirichlet Constraints

The unknowns u, IH2O, Ii and ηB− are subject to the following Dirichlet type constraints

u = 0 at X = (0, 0, 0) (79)

IH2O ·N = 0 on Σ1 ∪ Σ2 (80)

Ii ·N = 0 on Σ1 ∪ Σ2 (81)

ηB− = ηB−
0 at X = (0, 0, 0). (82)

Here, ηB− is constrained to the arbitrary constant ηB−
0 at the origin in order to ensure the

uniqueness of the involved scalar potential type quantities, which are only determined up
to a constant by the model.

5.2.3. Dependent Fields

As before, only the “non-trivial”-dependent fields are listed; and the mechanical
deformation gradient

F = ∇u + I (83)

is the only field of this type.

5.2.4. The Functionals
Helmholtz Free Energy Functional Ψ

The part ΨU of the Helmholtz free energy functional is assumed to take the form

ΨU[U] =
∫
Ω

ψel(F)dV +
∫
Ω

cH2Oψfl
(

ci

cH2O

)
dV, (84)
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with the first integral representing the elastic-free energy contribution of the polymeric
backbone and the second integral the free energy contributions of the fluid. In particular,

ψel =
μ

2

[
tr
(

F$ · F
)
− 2 ln(J)− 3

]
+ λ(1− n0)

2
(

J − 1
1− n0

− ln
J − n0

1− n0

)
, (85)

ψfl = ∑
i

ci

cH2O RT
[

ln
(

ci

cH2O

)
− 1

]
(86)

are assumed. Here, J = det F again, λ and μ are Lamé’s constants, n0 = 1− cH2O
0 VH2O

m is
the volume fraction of polymeric backbone material in the reference state, where VH2O

m
denotes the molar volume of water, R is the gas constant and T is the temperature.

The part ΨP of the Helmholtz free energy functional reads

ΨP[P, U] =
∫
Ω

p
(

n0 + cH2OVH2O
m − J

)
dV +

∫
Ω

Fϕ

(
∑

i
zici + zC−cC−

)
dV, (87)

where the first integral enforces the condition that the volume fractions of fluid and poly-
meric backbone material add up to 1, and the second integral incorporates the electroneu-
trality condition. In the latter term, F is Faraday’s constant, zi and zC− are the respective
charges of the ionic species A+, B− and the charged groups C− attached to the backbone
polymer in multiples of the elementary charge, and cC− is the (constant) referential molar
concentration of the charged groups.

Power Functional P

For the power functional, the form

P[U̇, V̇; U, t] =
∫
Σ3

[
μ̄H2O(t) İH2O ·N + ∑

i
μ̄i(t) İi ·N

]
dS (88)

is assumed, where

μ̄H2O(t) = 2RT
c̄ext(t)

VH2O
m

(89)

μ̄i(t) = −RT ln

(
c̄ext(t)

VH2O
m

)
. (90)

For the purposes of this example, the ramp function

c̄ext(t) = c̄ext
0 +

(
c̄ext

e − c̄ext
0

) t− t0

te − t0
(91)

is used for c̄ext(t), where c̄ext
0 is the initial concentration of ions in the external solution at

time t = t0, and c̄ext
e the final concentration at time t = te.

Lagrangian Multiplier Functional L

The Lagrangian multiplier functional is assumed to take the form

L[M, U̇, V̇; U, t] =
∫
Ω

ηH2O
(
−∇ · İH2O − ċH2O

)
dV

+
∫
Ω

∑
i

ηi
(
−∇ · İi − ċi

)
dV

+
∫
Σ3

Fϕs ∑
i

zi İi ·N dS.

(92)
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where the first two integrals incorporate the respective balance equations for water and the
two ion species, and the third integral enforces the condition that the local net charge flow
across Σ3 is zero.

Dissipation Functional Δ̊

For the dissipation functional, the form

Δ̊[U̇, V̇; U, t] =
∫
Ω

δ̊
(

İH2O, İi; F, ci, cH2O
)

dV (93)

is assumed. In this relation,

δ̊ =
cH2OVH2O

m

J

[
∑

i

RT
2Dici

(
İi − ci

cH2O İH2O
)
· F$ · F ·

(
İi − ci

cH2O İH2O
)

+
RT

2DH2OcH2O İH2O · F$ · F · İH2O
]

(94)

is the local dissipation function, where Di are the respective diffusivities of the ionic species
in water, and DH2O is a material parameter characterizing the Darcy type “resistance”
associated with the motion of water through the polymeric backbone material.

For later use, the dual local dissipation function is introduced according to

φ(∇ηH2O,∇ηi; F, ci, cH2O)

= − inf
İH2O,İi

[
∇ηH2O · İH2O + ∑

i
∇ηi · İi + δ̊

(
İH2O, İi; F, ci, cH2O

)]

=
J

cH2OVH2O
m

[
∑

i

Dici

2RT
∇ηi · F−1 · F−$ · ∇ηi +

DH2OcH2O

2RT

×
(
∇ηH2O + ∑

i

ci

cH2O∇ηi

)
· F−1 · F−$ ·

(
∇ηH2O + ∑

i

ci

cH2O∇ηi

)]
. (95)

5.2.5. Reduced Formulation

By using the procedure described in Section 2.6.1, the variables IH2O and Ii can be
eliminated on Ω. This leads to the reduced sets of variables

V0 =

(
IH2O
N
Ii
N

)
M0 = M, (96)

where

IH2O
N :

{
Σ3 × T → R
(X, t) �→ IH2O

N (X, t)
(97)

Ii
N :

{
Σ3 × T → R
(X, t) �→ Ii

N(X, t)
(98)

represent IH2O ·N and Ii ·N, respectively, on Σ3. The corresponding reduced functional is
obtained from Equation (16) using the dual local dissipation function (95). It reads

Γred[U̇, V̇0, M0; U, t] =−
∫
Ω

(
ηH2O ċH2O + ∑

i
ηi ċi

)
dV

−
∫
Ω

φ(∇ηH2O,∇ηi; F, ci, cH2O)dV
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−
∫
Σ3

[
ηH2O − μ̄H2O(t)

]
İH2O
N dS

−
∫
Σ3

∑
i

[
ηi − Fϕszi − μ̄i(t)

]
İ i
N dS. (99)

Similarly to example 1, IH2O
N and Ii

N can be eliminated by imposing appropriate Dirichlet
conditions for ηH2O and ηi. However, due to the involvement of ϕs in these conditions,
the resulting equations are more complicated to implement and hence, IH2O

N and Ii
N are

kept as variables.

5.2.6. Normalization

All quantities are normalized using the reference values c∗ = 1 mol/L,
D∗ = 1 · 10−4 cm2/s, R∗ = 8.3144 J/(mol K), T∗ = 298 K, F∗ = 96, 485.33 C/mol and
L∗ = 1 mm. In particular, the normalized quantities are

X̃ =
X

L∗
, t̃ =

tD∗

L∗2 , ∇̃( ) = ∇( )L∗, ˜̇( ) = ˙( )
L∗2

D∗ ,

ũ =
u

L∗
, c̃H2O =

cH2O

c∗
, c̃i =

ci

c∗
, p̃ =

p
R∗T∗c∗

, ϕ̃ =
ϕF∗

R∗T∗
,

ĨH2O =
IH2O

c∗L∗
, Ĩi =

Ii

c∗L∗
, ĨH2O

N =
IH2O
N

c∗L∗
, Ĩ i

N =
Ii
N

c∗L∗
,

η̃H2O =
ηH2O

R∗T∗
, η̃i =

ηi

R∗T∗
, ϕ̃s =

ϕsF∗

R∗T∗
,

t̃0 =
t0D∗

L∗2 , t̃e =
teD∗

L∗2 , ˜̄cext
0 =

c̄ext
0
c∗

, ˜̄cext
e =

c̄ext
e
c∗

,

H̃ =
H
L∗

,

c̃H2O
0 =

cH2O
0
c∗

, c̃i
0 =

ci
0

c∗
, p̃0 =

p0

R∗T∗c∗
, ϕ̃0 =

ϕ0F∗

R∗T∗
,

μ̃ =
μ

R∗T∗c∗
, λ̃ =

λ

R∗T∗c∗
, ṼH2O

m = VH2O
m c∗, ñ0 = n0,

z̃i = zi, z̃C− = zC− , c̃C− =
cC−

c∗
, D̃H2O =

DH2O

D∗ , D̃i =
Di

D∗ ,

R̃ =
R
R∗

, F̃ =
F
F∗

, T̃ =
T
T∗

.

(100)

5.2.7. Parameters

The set of parameters used below is listed in Table 3. The constitutive parameters have
been taken from Table 5.1 in Acartürk [4] and normalized. It is noted in this context that
some of the parameters are defined differently in the latter work than in the present work,
so that some conversion between the parameters is involved. This applies in particular to
DH2O, which is equal to RTkF/(γFRVH2O

m ) in the work of Acartürk [4] (the quantities kF

and γFR are defined in [4]).
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Table 3. The parameters used for the hydrogel example.

Quantity Value

t̃0 0
t̃e 5

˜̄cext
0 0.9

˜̄cext
e 0.1

H̃ 1

c̃H2O
0 41.509
c̃A+

0 0.75415
c̃B−

0 0.60415
p̃0 0.011077
ϕ̃0 −0.11088

μ̃ 0.040360
λ̃ 0.016144

ṼH2O
m 0.018069
ñ0 0.25

z̃A+ 1
z̃B− −1
z̃C− −1
c̃C− 0.15

D̃H2O 14.673
D̃A+ 0.05
D̃B− 0.08

R̃ 1
F̃ 1
T̃ 1

The initial values appearing in Table 3 were computed from the condition that the
initial state is an equilibrium state, which leads to the following equations

cH2O
0 =

1− n0

VH2O
m

(101)

cA+

0 = −1
2

zC−cC−

zA+ +
1

2|zA+ |

√(
zC−cC−

)2 − zA+zB−
(

2c̄ext
0 cH2O

0 VH2O
m

)2
(102)

cB−
0 = −1

2
zC−cC−

zB−
+

1
2|zB− |

√(
zC−cC−

)2 − zA+zB−
(

2c̄ext
0 cH2O

0 VH2O
m

)2
(103)

p0 =
RT

VH2O
m

(
cA+

0 + cB−
0

cH2O
0

− 2VH2O
m c̄ext

0

)
(104)

ϕ0 =
RT

FzA+ ln

(
c̄ext

0 cH2O
0 VH2O

m

cA+

0

)
. (105)

The corresponding normalized values given in Table 3 are subject to rounding. However,
in the simulations, values accurate to within numerical accuracy have been used. This also
applies to λ̃, μ̃ and D̃H2O.

5.2.8. Spatial Discretization and Temporal Discretization

Again, the α-family with α = 1/2 is used for temporal discretization, and the spatial
discretization is performed in the two-dimensional axisymmetric setting. The particular
quadrilateral finite elements employed for the analysis are compiled in Table 4. No elements
are given for IH2O and Ii in this table because only the reduced formulation is considered
in the numerical example below. It is noted that there are no interface terms coupling
the unknowns associated with the discontinuous finite elements of type DGP1 between
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neighboring cells. This means that the unknowns associated with these elements are local to
the cell and can be eliminated with little cost by the direct linear solver. Another possibility
would be to use discontinuous Lagrange elements of type DGQ2 for cH2O, ci and ϕ with
the support points coinciding with the quadrature points. However, to fully benefit from
this approach where the respective unknowns are local to the quadrature points, changes
to the implementation would be necessary, which have not been implemented yet.

Table 4. Finite elements used for example 2.

Variable Finite Element

u Q2
cH2O, ci, p, ϕ DGP1

IH2O
N , Ii

N Q2
ηH2O, ηi Q2

ϕs Q2

5.2.9. Example Calculations and Results

The implementation of the constitutive equations and the numerical procedures was
first validated against a result obtained by Acartürk [4], as can be seen in Appendix B.
Subsequently, spatial and temporal convergence studies have been performed for the
reduced formulation. In the latter case, the starting point is to take Nt = 4 equally
spaced time increments for the entire simulation together with a coarse finite element
mesh consisting of a single cell. With regard to the definition and evaluation of errors,
exactly the same approach as in Section 5.1.10 is used. However, for this example, the
convergence behavior in time is studied with mt,max = 8 and mh = 3, while the spatial
convergence study is conducted with mh,max = 7 and mt = 2. In the latter case, this results
in 577, 033 unknowns for the finest mesh with mh = 7.

The deformed shape of the hydrogel cylinder is shown in Figure 6 together with the
cation concentration c̃A+

and the outline of the undeformed cylinder; whilst Figure 7a,b
show the results of the temporal and spatial convergence study, respectively. The expected
rates of convergence of kt = 2 and kh = 2 are clearly observed as for the first example.

Figure 6. Deformed shape of the hydrogel cylinder at time t̃e together with cation concentration c̃A+

and outline of the undeformed shape (result obtained with mt = 2 and mh = 7).
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Figure 7. Convergence results for example 2: (a) temporal convergence, (b) spatial convergence.

6. Concluding Remarks

In the present contribution, a systematic approach to the thermodynamically consis-
tent modeling of isothermal dissipative continuum problems using the concept of standard
dissipative continua is proposed and applied to two example problems. The formula-
tion does explicitly allow for different spatial regions, which are associated with different
physics, as well as for the description of interfacial processes, which may be coupled to the
physics in the volume. An important conceptual feature of the approach is the distinction
between state variables, process variables and Lagrangian multipliers. While the state
variables have the usual significance in that they describe the thermodynamic state of
the system under consideration, the process variables are used to constrain the ways in
which the thermodynamic state can change; and the latter constraints are incorporated
with the help of the Lagrangian multipliers. Due to the variational structure of the formu-
lation, a systematic elimination of variables is possible under certain circumstances, thus
reducing the number of unknown variables, which is an important aspect for numerical
solution procedures.

The variational approach is also beneficial in view of the temporal and spatial dis-
cretization of the space–time continuous problem. With regard to temporal discretization, it
is, at least for a certain class of problems, possible to use generic discretization approaches
with known convergence properties. Similarly, when using the finite element method for
spatial discretization, much of the classical theory applies.

Albeit a large amount of formalization is clearly involved in the presented formulation,
it is expected that the associated systematic approach substantially reduces the time penalty
associated with implementing complex multiphysics models. At the same time, it likely
reduces the potential for error both, during the formulation of multiphysics models as well
as during the implementation into program code. In particular, it appears possible to solve
a large class of problems using a single, well-tested implementation.

Some of the above aspects were demonstrated by considering two example problems.
In this context, it was empirically shown that optimal rates of convergence in space and
time can be achieved. For the purposes of this work, the example problems were kept
simple. However, applications to more complex problems will be described in forthcom-
ing contributions.
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Appendix A. Validation of the Implementation for Example 1

In order to verify the correct implementation of the constitutive relations for example
1, some results were compared to those obtained by Hong [42], with Figure A1 showing
a representative example. In particular, a laterally free plate of viscoelastic dielectric
elastomer is considered, with the fringing fields neglected. An electric voltage is applied
across the electrodes on the bottom and top faces of this plate. The resulting nominal
electric field in the plate is Ẽ = ϕ̃/H̃, with H̃ = 1 being the normalized thickness of the
plate. The nominal electric field is increased at a rate of dẼ/dt̃ = 0.2 until instability takes
place. The material parameters used by Hong [42] coincide with the parameters given in
Table 1 (note that the definition of the viscosity used by Hong [42] differs by a factor of 2
from the one used in the present work). For the comparisons, the total time interval was
split into 1024 equally spaced time increments, and the α-family with α = 1/2 was used
for temporal discretization. Since the fields are homogeneous, the use of a single finite
element is sufficient. Figure A1 shows the results for the total lateral stretch λ and the
inelastic lateral stretch λi. It is seen that the results obtained with all three formulations
are indistinguishable; and these results are consistent with the results of Hong [42], which
confirms the correct implementation for at least the case of homogeneous uniaxial fields.
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Figure A1. Comparison between the present formulation and the results obtained by Hong [42].

Appendix B. Validation of the Implementation for Example 2

In order to verify the correct implementation of the constitutive relations for example 2,
an example problem described by Acartürk [4] is considered. The problem involves a block
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of hydrogel material with a width of 0.2 mm and a height of 1 mm in a plane strain setting.
The normal mechanical displacement is constrained to zero on the lateral surfaces of the
block as well as on its bottom surface, while the top surface is mechanically free. No
matter is allowed to flow across the lateral surfaces and the bottom surfaces, while the top
surface is in contact with a solution bath in the same way as shown in Figure 5. The ion
concentration is linearly ramped from ˜̄cext = 0.9 to ˜̄cext = 0.1 between time t̃0 = 0 and
t̃1 = 0.5. Subsequently, the external ion concentration is kept constant until the end of the
simulation at time t̃e = 200. In the present work, the calculation was performed with 80
finite elements in the axial direction. For the time stepping, an initial grid was created with
8 equally spaced time increments for the linear ramp and another 8 time increments for the
subsequent step with constant external concentration. In the case of the latter, no equal time
increment spacing was chosen. Rather, the time increment size was increased by a factor of
3 between subsequent time increments. For the actual computation, this initial temporal
grid was uniformly refined six times, thus resulting in 1024 time increments in total.
The resulting numerical solution is compared to the variant (SIb) discussed in Acartürk [4].
For this variant, the net electric current is constrained to zero; and for the particular
one-dimensional problem with a monovalent salt considered herein, this is equivalent
to the requirement of local electroneutrality used in this work. It is noted in this context
that a number of different formulations were discussed by Acartürk [4], which should
theoretically be equivalent. However, different results were obtained by Acartürk [4]; and
this suggests that there are either errors in the implementation or other numerical issues
for some of the formulations. The choice to consider the variant (SIb) for comparison
is motivated by the fact that the results of this variant agree very well with the results
of the present formulation. In particular, Figure A2 shows a comparison of the normal
displacement ũZ of the top surface of the hydrogel block over time. Excellent agreement
is evident for this case. Figure A3 shows comparisons for the cation concentrations (with
regard to the actual volume of the electrolyte) at different instants of time. Again, good
agreement is observed.
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Figure A2. Comparison of the results for the normal displacement of the top surface of the hydro-
gel block [4].

136



Axioms 2023, 12, 267

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

Figure A3. Comparison of the results for the cation concentration along the axial coordinate Z̃ at
different times [4].
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Abstract: This paper concerns an equilibrium problem for an an elastic body with a thin rigid
inclusion crossing an external boundary of the body at zero angle. The inclusion is assumed to
be exfoliated from the surrounding elastic material that provides an interfacial crack. To avoid
nonphysical interpenetration of the opposite crack faces, we impose inequality type constraints.
Moreover, boundary conditions at the crack faces depend on a positive parameter describing a
cohesion. A solution existence of the problem with different conditions on the external boundary is
proved. Passages to the limit are analyzed as the damage parameter tends to infinity and to zero.
Finally, an optimal control problem with a suitable cost functional is investigated. In this case, a
part of the rigid inclusion is located outside of the elastic body, and a control function is a shape of
the inclusion.
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1. Introduction

The engineering practice demonstrates a big variety of composite structures having
thin inclusions. In particular, thin inclusions may cross an external boundary of the
elastic body at zero angle. It is well known that, in general cases, Korn’s inequalities
are not valid in domains with non-smooth boundaries. This implies difficulties with a
solution existence of such problems. This paper focuses on the equilibrium problem for
a 2D elastic body with a thin rigid exfoliated inclusion crossing the external boundary
of the body at zero angle. The exfoliation implies a presence of the crack between the
inclusion and the elastic body. Moreover, the zero angle provides a non-smooth boundary
in the mathematical formulation of the problem. Consequently, a proof of the solution
existence requires additional arguments. We impose inequality type boundary conditions
at the crack faces. In addition, these boundary conditions depend on a positive damage
parameter characterizing a cohesion between the crack faces. Over the last decades, many
papers have been published concerning problems for elastic bodies with exfoliated thin
inclusions and inequality type boundary conditions. We refer the reader to [1–9]. Boundary
value problems with inequality type boundary conditions for cohesive cracks can be found
in [10–13]. The results for problems with a zero angle between the inclusion and the external
boundaries are presented in [14], where a fictitious domain method was used to prove
a solution existence. As for derivation of suitable models for thin inclusions in elastic
structures, see [15–19] and the references therein. There are a number of applied papers
related to thin inclusions in elastic bodies [20–26], as well as books with general approaches
to the description of nonhomogeneous bodies [27,28].

The model considered in this paper belongs to the class of problems with a free
boundary. The results obtained may be useful for other models with free boundaries, see
for example [29], as well as for models of functionally graded materials [30,31].
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From the practical point of view, the obtained results can be used for the modeling
and analysis of different elastic and nonelastic structures having non-smooth boundaries.

This paper is structured as follows: In Section 2, we prove a solution existence of
the problem. Variational and differential formulations of the problem are discussed. Pas-
sages to limits, as the damage parameter tends to infinity and to zero, are investigated in
Sections 3 and 4. Mixed boundary conditions on the external boundary are considered in
Section 5. A case of the inclusion partially extending beyond the elastic body is analyzed in
Section 6. A solution existence of the optimal control problem with a suitable cost functional
is proved.

2. Problem Formulation

Bounded domain in R2 with a smooth boundary Γ is denoted by Ω, and γ ⊂ Ω is a
smooth curve such that γ̄ ∩ Γ = (0, 0), Ωγ = Ω \ γ̄. The domain Ωγ fits to an elastic body,
and γ corresponds to a thin rigid inclusion. We assume that the angle between Γ and γ at
the point (0, 0) is equal to zero for the undeformed state of the elastic body, see Figure 1.
Denote Γ0 = Γ \ {(0, 0)} and introduce Sobolev space

H1
Γ0
(Ωγ) = {v ∈ H1(Ωγ) | v = 0 on Γ0}.

Assume that C = {cijkl} is a given elasticity tensor with the usual properties of symmetry
and positive definiteness, cijkl ∈ L∞

loc(R
2), i, j, k, l = 1, 2. Despite the cusp of the domain Ωγ,

Korn’s inequality is fulfilled in the space H1
Γ0
(Ωγ)2. Indeed, consider a fictitious domain

Ω0 with a smooth boundary ∂Ω0 as depicted in Figure 2 assuming that angles between ∂Ω0
and Γ at the points x1, x2 are nonzero. Extended domain Ωe = Ωγ ∪Ω0 ∪ γ1 ∪ γ2 has the
smooth cut γ. Let v ∈ H1

Γ0
(Ωγ)2. Since v = 0 on Γ0, this function can be extended by zero

to Ω0. Denote by ṽ the extended function defined in Ωe. It is clear that Korn’s inequality
holds for all such extended functions ṽ. Hence, it is valid for all v ∈ H1

Γ0
(Ωγ)2, since ṽ is

zero in Ω0, i.e., there exists a constant c0 > 0 such that∫
Ωγ

σ(v)ε(v) ≥ c0‖v‖2
H1

Γ0
(Ωγ)2 ∀v ∈ H1

Γ0
(Ωγ)

2. (1)

Here σ(v) is defined according to Hooke’s law σ(v) = Cε(v), ε(v) = {εij(v)}, εij(v) =
1
2 (vi,j + vj,i), i, j = 1, 2. To simplify the formulae, we write σ(v)ε(v) instead of σij(v)εij(v).
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x
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Figure 1. Geometry of the problem.
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Figure 2. Fictitious domain Ω0.

Denote by R0(γ) the space of infinitesimal rigid rotations,

R0(γ) = {ρ = (ρ1, ρ2) | ρ(x) = b(−x2, x1), b ∈ R, x = (x1, x2) ∈ γ}.

Let f ∈ L2(Ω)2 be a given external force acting on the elastic body. Introduce a set of
admissible displacements

S = {v ∈ H1
Γ0
(Ωγ)

2 | [vν] ≥ 0 on γ; v|γ− ∈ R0(γ)},

where vν = vν, [h] = h+ − h−; h± are traces of the function h on the crack faces γ±,
respectively. The signs ± fit to positive and negative crack faces with respect to the
outward unit normal vector ν to γ.

An equilibrium problem for the body Ωγ and the inclusion γ is formulated as fol-
lows: unknown functions are the displacement field uα = (uα

1, uα
2), the stress tensor

σ = {σij}, i, j = 1, 2, defined in Ωγ, as well as ρα
0 ∈ R0(γ), satisfying the following

equations and boundary conditions

−div σ = f , σ = Cε(uα) in Ωγ, (2)

uα = 0 on Γ0; uα = ρα
0 on γ−, (3)

[uα
ν ] ≥ 0,−σ+

ν +
1
α
[uα

ν ] ≥ 0, −σ+
τ +

1
α
[uα

τ ] = 0 on γ, (4)

[uα
ν ](−σ+

ν +
1
α
[uα

ν ]) = 0 on γ, (5)∫
γ

[σν]ρ = 0 ∀ρ ∈ R0(γ). (6)

Here α > 0 is a damage parameter characterizing a cohesion between the crack faces;
σν = σijνjνi, στ = σijνjτi, ν = (ν1, ν2), τ = (−ν2, ν1).

Relations (2) are the equilibrium equation and constitutive law ( Hooke’s law). The
first inequality in (4) provides a mutual non-penetration between the crack faces γ±. The
identity (6) provides a zero moment acting on the inclusion γ. The contact set between the
crack faces is unknown a priori, and the model (2)–(6) corresponds to a free boundary ap-
proach.
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The problem (2)–(6) has a unique solution. Indeed, consider the energy functional
Gα : H1

Γ0
(Ωγ)2 → R,

Gα(v) =
1
2

∫
Ωγ

σ(v)ε(v)−
∫

Ωγ

f v +
1

2α

∫
γ

[v]2.

Then the minimization problem

inf
v∈S

Gα(v) (7)

has a solution. To prove this statement, it suffices to use Korn’s inequality (1) and note
that the set S is weakly closed. Indeed, we have [vν] ∈ H1/2(γ). Hence, the set S is closed
and consequently weakly closed. The solution of the problem (7) satisfies the variational
inequality

uα ∈ S, (8)∫
Ωγ

σ(uα)ε(ū− uα)−
∫

Ωγ

f (ū− uα)+ (9)

+
1
α

∫
γ

[uα][ū− uα] ≥ 0 ∀ ū ∈ S.

The following statement takes place.

Theorem 1. For smooth solutions, problem formulations (2)–(6) and (8) and (9) are equivalent.

Proof. To simplify notations, we omit the symbol α. We first check that the equilibrium
equation follows from (8) and (9), see (2). To this end, we have to substitute in (9) test
functions of the form ū = u ± v, v ∈ C∞

0 (Ωγ)2. Next, we choose test functions ū =
u± v, [vν] = 0 on γ, v ∈ S, and substitute in (9). This implies

∫
Ωγ

σ(u)ε(v)−
∫

Ωγ

f v +
1
α

∫
γ

[u][v] = 0,

and consequently, taking into account the equilibrium equation, we obtain

−
∫
γ

[σν]vν −
∫
γ

[στvτ ] +
1
α

∫
γ

[uτ ][vτ ] = 0. (10)

Since v+τ is arbitrary on γ, from (10) we derive the third relation of (4). The relation (10) can
be written in the form

−
∫
γ

[σν]vν −
∫
γ

[στ ]v−τ +
∫
γ

[στ ]v−τ +
∫
γ

(σ−τ − 1
α
[uτ ])v−τ = 0 (11)

which gives

−
∫
γ

[σν]v− +
∫
γ

v−τ (σ
+
τ − 1

α
[uτ ]) = 0 (12)

providing, by the third relation of (4), the identity (6).
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Now we can choose test functions in (9) in the form ū = u + v, v ∈ H1
Γ(Ωγ)2, v+ν ≥ 0

on γ, supp v ⊂ Q̄, see Figure 3. It provides the following relation

∫
Ωγ

σ(u)ε(v)−
∫

Ωγ

f v +
1
α

∫
γ

[u]v+ ≥ 0.

Consequently, integrating by parts, we have

∫
γ

(σ+
ν v+ν + σ+

τ v+τ )−
1
α

∫
γ

[uν]v+ν −
1
α

∫
γ

[uτ ]v+τ ≤ 0. (13)

In view of the choice of v and the last relation of (4), from (13) the second relation
of (4) follows.

 

Q

Figure 3. Neighborhood Q.

It remains to check the condition (5). To this end, suppose that at a given point
x0 ∈ γ we have [uν(x0)] > 0. Take test functions in (9) of the following form: ū =
u± βψ, supp ψ ⊂ Q̄, β is a small parameter and Q is a small neighborhood of the point x0,
ψ is a quite smooth function, see Figure 3. We obtain

∫
Ωγ

σ(u)ε(ψ)−
∫

Ωγ

f ψ +
1
α

∫
γ

[u]ψ+ = 0,

consequently, by the third relation of (4),

∫
γ

σ+
ν ψ+

ν −
1
α

∫
γ

[uν]ψ
+
ν = 0,

and thus σ+
ν (x0) − 1

α [uν(x0)] = 0, i.e., [uν(x0)](σ+
ν (x0) − 1

α [uν(x0)]) = 0. On the other
hand, assuming that−σ+

ν (x0) + 1
α [uν(x0)] < 0, we easily derive [uν(x0)] = 0, and (5) easily

follows. Thus, from (8) and (9) we have derived all equations and boundary conditions
(2)–(6).
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Now we prove the converse statement. Let (2)–(6) be fulfilled. We take ū ∈ S and
multiply the first equation from (2) by ū− u. Integrating over Ωγ, one obtains∫

Ωγ

(div σ + f )(ū− u) = 0,

and consequently,

∫
Ωγ

σ(u)ε(ū− u)−
∫

Ωγ

f (ū− u)± 1
α

∫
γ

[u][ū− u]+ (14)

+
∫
γ

[σν(ū− u)] = 0.

To derive the variational inequality (9) from (14), it suffices to prove that

−
∫
γ

[σν(ū− u)] +
1
α

∫
γ

[u][ū− u] ≥ 0. (15)

But the inequality (15) easily follows from boundary conditions (4)–(5). Thus, the equiva-
lence of (8) and (9) and (2)–(6) is completely proved.

In addition to (2)–(6), we can provide one more differential formulation of the prob-
lem (8) and (9). It reads as follows (again omitting the symbol α): it is necessary to find a
displacement field u = (u1, u2), a stress tensor σ = {σij}, i, j = 1, 2, defined in Ωγ, and a
thin inclusion displacement ρ0 ∈ R0(γ) defined on γ such that

−div σ = f , σ = Cε(u) in Ωγ, (16)

u = 0 on Γ0, (17)

[uν] ≥ 0, u− = ρ0 on γ, (18)

−
∫
γ

[σν · u] +
1
α

∫
γ

[u]2 = 0, (19)

−
∫
γ

[σν · ū] +
1
α

∫
γ

[u][ū] ≥ 0 ∀ū ∈ S. (20)

Let us check that formulations (16)–(20) and (8) and (9) are equivalent for smooth solutions.
Assume that (8) and (9) take place. This provides the equilibrium equation, see (2). From (8)
and (9) we easily derive

∫
Ωγ

σ(u)ε(u)−
∫

Ωγ

f u +
1
α

∫
γ

[u]2 = 0. (21)

Making the integration by parts in (21), we obtain (19). By (21), the variational inequality (9)
can be rewritten as ∫

Ωγ

σ(u)ε(ū)−
∫

Ωγ

f ū +
1
α

∫
γ

[u][ū] ≥ 0 ∀ ū ∈ S,

thus, integrating by parts, the inequality (20) is obtained. Consequently, all relations (16)–(20)
are derived from (8) and (9).
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Conversely, let (16)–(20) be fulfilled. We take ū ∈ S and multiply the first equation
from (16) by ū− u. Integrating over Ωγ, we obtain∫

Ωγ

(div σ + f )(ū− u) = 0.

Thus, ∫
γ

[σν(ū− u)] +
∫

Ωγ

σ(u)ε(ū− u)−
∫

Ωγ

f (ū− u)± 1
α

∫
γ

[u][ū− u] = 0. (22)

We see that for obtaining the variational inequality (9) from (22), it is enough to prove the
inequality

∫
γ

[σν(ū− u)]− 1
α

∫
γ

[u][ū− u] ≤ 0. (23)

But the inequality (23) easily follows from (19)–(20). Thus, the equivalence of (8) and (9)
and (16)–(20) is proved for smooth solutions.

3. Passage to Limit in (8) and (9) as α → ∞

In this section, we justify a passage to limit in the model (8) and (9) as α → ∞. It turns
out that the limit model fits to zero friction at the positive crack face γ+.

From (9), it follows
∫

Ωγ

σ(uα)ε(uα)−
∫

Ωγ

f uα +
1
α

∫
γ

[uα]2 = 0. (24)

By Korn’s inequality valid in the space H1
Γ0
(Ωγ)2, the relation (24) implies a uniform in α

estimate

‖uα‖H1
Γ0
(Ωγ)2 ≤ c.

Choosing a subsequence, if necessary, we assume that as α → ∞

uα → u weakly in H1
Γ0
(Ωγ)

2, (25)

[uα]→ [u] weakly in L2(γ)2, (26)

u|γ− = ρ∞ ∈ R0(γ). (27)

By (25)–(27), a passage to the limit as α → ∞ can be fulfilled in (8) and (9) which implies

u ∈ S,
∫

Ωγ

σ(u)ε(ū− u)−
∫

Ωγ

f (ū− u) ≥ 0 ∀ ū ∈ S. (28)

Thus, we arrive at the following assertion.

Theorem 2. Solutions of the problems (8) and (9) converge in the sense (25)–(27) to the solution
of (28) as α → ∞.
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The problem (28) admits a differential formulation. It is necessary to find a displace-
ment field u = (u1, u2), a stress tensor σ = {σij}, i, j = 1, 2, defined in Ωγ, and ρ∞ ∈ R0(γ)
such that

−div σ = f , σ = Cε(u) in Ωγ, (29)

u = 0 on Γ0; u = ρ∞ on γ−, (30)

[uν] ≥ 0, σ+
ν ≤ 0, σ+

τ = 0, [uν]σ
+
ν = 0 on γ, (31)∫

γ

[σν]ρ = 0 ∀ρ ∈ R0(γ). (32)

We can prove the following assertion.

Theorem 3. For smooth solutions, problem formulations (28) and (29)–(32) are equivalent.

We do not prove this theorem since the arguments used are simpler as compared to
those of Theorem 1.

The model (29)–(32) is characterized by zero friction at the positive crack face γ+.

4. Passage to Limit in (8) and (9) as α → 0

This section concerns a passage to limit as α → 0 in the model (8) and (9). We will
prove that the limit model corresponds to the case without exfoliation of the rigid inclusion
from the surrounding elastic body, i.e., to the case without a crack between γ and the
elastic body.

Since the relation (24) takes place, we have the uniform in α estimate

‖uα‖H1
Γ0
(Ωγ)2 ≤ c. (33)

Moreover, (24), (33) imply ∫
γ

[uα]2 ≤ cα. (34)

Introduce a set of admissible displacements for the limit problem

S0 = {v ∈ H1
Γ0
(Ωγ)

2 | v|γ ∈ R0(γ)}.

Note that we have [v] = 0 on γ for v ∈ S0. By (33), (34), we can assume that as α → 0,

uα → u weakly in H1
Γ0
(Ωγ)

2, (35)

[uα]→ [u] weakly in L2(γ)2, (36)

u|γ = ρ0 ∈ R0(γ). (37)

In particular, we have [u] = 0 on γ.
Take in (9) test functions of the form ū = uα ± v, v ∈ S0, and pass to the limit as α → 0

taking into account (35)–(37). It gives

u ∈ S0,
∫

Ωγ

σ(u)ε(v)−
∫

Ωγ

f v = 0 ∀ v ∈ S0. (38)

Hence, the following assertion has been proved.

Theorem 4. Solutions of the problems (8) and (9) converge in the sense (35)–(37) to the solution
of (38) as α → 0.
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Notice that the problem (38) corresponds to minimization of the energy functional
over the set S0,

inf
v∈S0

{1
2

∫
Ωγ

σ(v)ε(v)−
∫

Ωγ

f v}. (39)

The minimization problem (39) has a unique solution satisfying (38).
To conclude this section, we provide a differential formulation of the problem (38):

find a displacement field u = (u1, u2), a stress tensor σ = {σij}, i, j = 1, 2, defined in Ωγ,
and ρ0 ∈ R0(γ) such that

−div σ = f , σ = Cε(u) in Ωγ, (40)

u = 0 on Γ0; u = ρ0 on γ, (41)∫
γ

[σν]ρ = 0 ∀ρ ∈ R0(γ). (42)

We see that the limit problem (40)–(42) fits to the rigid inclusion without exfoliation from
the surrounding elastic body.

Problems (38) and (40)–(42) are equivalent for smooth solutions. The proof of this
statement is simpler compared with that of Theorem 1.

5. Mixed Boundary Conditions on External Boundary Γ0

Along with the problem (2)–(6), it is possible to consider mixed boundary conditions
on Γ0. Denote by n a unit normal vector to Γ. Like in the previous sections, the angle
between Γ and γ at the point (0, 0) is zero. Suppose that γ1 is a smooth part of Γ as depicted
in Figure 4, meas Γ \ γ1 > 0. Problem formulation is as follows: unknown functions are the
displacement field uα = (uα

1, uα
2), the stress tensor σ = {σij}, i, j = 1, 2, defined in Ωγ, as

well as ρα ∈ R0(γ), satisfying the following equations and boundary conditions

−div σ = f , σ = Cε(uα) in Ωγ, (43)

uα = 0 on Γ \ γ1; σn = 0 on γ1; uα = ρα on γ−, (44)

[uα
ν ] ≥ 0,−σ+

ν +
1
α
[uα

ν ] ≥ 0, −σ+
τ +

1
α
[uα

τ ] = 0 on γ, (45)

[uα
ν ](−σ+

ν +
1
α
[uα

ν ]) = 0 on γ, (46)∫
γ

[σν]ρ = 0 ∀ρ ∈ R0(γ). (47)

We are planning to solve the problem (43)–(47) by minimizing a suitable functional.
To this end, preliminary arguments are needed. Introduce the space

H1
Γ\γ1

(Ωγ) = {v ∈ H1(Ωγ) | v = 0 on Γ \ γ1}.

By adding a fictitious domain Ω0, consider an extended domain Ωe = Ωγ ∪Ω0 ∪ γ2 with
a smooth cut γ ∪ γ1 ∪ {(0, 0)} and Lipschitz external boundary Γe, see Figure 2. Taking
v ∈ H1

Γ\γ1
(Ωγ)2, we can extend this function by zero to Ω0. The extended function is equal

to zero on Γe and belongs to the space H1
Γe
(Ωe)2, where

H1
Γe
(Ωe) = {v ∈ H1(Ωe) | v = 0 on Γe}.

Consequently, Korn’s inequality holds for such extended functions. This implies that
Korn’s inequality is valid in the space H1

Γ\γ1
(Ωγ)2.
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Figure 4. Partition of the external boundary.

To proceed, we introduce a set of admissible displacements

SN = {v ∈ H1
Γ\γ1

(Ωγ)
2 | [vν] ≥ 0 on γ; v|γ− ∈ R0(γ)}.

The set SN is closed and convex; hence, it is weakly closed. The above arguments imply
that the problem

inf
v∈SN

{1
2

∫
Ωγ

σ(v)ε(v)−
∫

Ωγ

f v +
1

2α

∫
γ

[v]2}

has (a unique) solution satisfying the following variational inequality

uα ∈ SN , (48)∫
Ωγ

σ(uα)ε(v− uα)−
∫

Ωγ

f (v− uα)+ (49)

+
1
α

∫
γ

[uα][v− uα] ≥ 0 ∀ v ∈ SN .

The following statement holds.

Theorem 5. For smooth solutions, problem formulations (43)–(47) and (48)–(49) are equivalent.

The arguments are omitted since they are similar to those of Theorem 1.

6. Optimal Control of the Inclusion Shape

We devote this section to the case of the rigid inclusion crossing the boundary Γ and
partially located outside of the elastic body. Denote by γ, γe internal and external parts
of the rigid inclusion γ0 = γ ∪ γe ∪ {(0, 0)}, Γ ∩ γ0 = (0, 0), see Figure 5. The part γ of
the inclusion γ0 is assumed to be a Lipschitz curve and γe is a continuous one. The angle
between γ0 and Γ at the point (0, 0) is zero. Tip points of the inclusion γ0 are x0 = (−1,−1)
and z0 = (1, 1). Moreover, y0 ∈ γ, y0 = (−1/2,−1). We suppose that the inclusion shape
located between the points x0 and y0 may change. The aim of this section is to analyze
an optimal control problem assuming that a control function is a shape of the inclusion
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located between x0, y0, and a cost functional is a displacement of the inclusion at the tip
point z0. To be more precise, consider a bounded and weakly closed set Ξ ⊂ H2

0(−1/2,−1)
assuming that the inclusion shape located between the points x0 and y0 is described as a
graph of the function

x2 = ξ(x1)− 1, x1 ∈ (−1/2,−1), ξ ∈ Ξ.

In this case, the curve γ corresponding to ξ is denoted by γξ , and Ωγξ
is denoted by Ωξ . An

equilibrium problem for the body Ωξ with a given function ξ and a fixed damage parameter
α is formulated as follows: unknown functions are the displacement field uξ = (uξ

1, uξ
2),

the stress tensor σ = {σij}, i, j = 1, 2, defined in Ωξ , as well as ρ
ξ
0 ∈ R0(γξ), satisfying the

following equations and boundary conditions

−div σ = f , σ = Cε(uξ) in Ωξ , (50)

uξ = 0 on Γ0; uξ = ρ
ξ
0 on γ−ξ , (51)

[uξ
ν] ≥ 0,−σ+

ν +
1
α
[uξ

ν] ≥ 0, −σ+
τ +

1
α
[uξ

τ ] = 0 on γξ , (52)

[uξ
ν](−σ+

ν +
1
α
[uξ

ν]) = 0 on γξ , (53)∫
γξ

[σν]ρ = 0 ∀ρ ∈ R0(γξ). (54)
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z

. .

.

00
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Figure 5. Inclusion γ0 = γ ∪ γe ∪ {(0, 0)}.

The problem (50)–(54) can be written in the variational form. To this end, introduce a
set of admissible displacements

Sξ = {v ∈ H1
Γ0
(Ωξ)

2 | [vν] ≥ 0 on γξ ; v|γ−ξ ∈ R0(γξ)}.

Then the problem (50)–(54) is equivalent to the following variational inequality

uξ ∈ Sξ , (55)
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∫
Ωξ

σ(uξ)ε(v− uξ)−
∫

Ωξ

f (v− uξ)+ (56)

+
1
α

∫
γξ

[uξ ][v− uξ ] ≥ 0 ∀ v ∈ Sξ .

Moreover, we know that the problem (55) and (56) corresponds to minimization of the
energy functional over the set Sξ ,

inf
v∈Sξ

{1
2

∫
Ωξ

σ(v)ε(v)−
∫

Ωξ

f v +
1

2α

∫
γξ

[v]2}. (57)

According to Section 2, the set Sξ is weakly closed, and the energy functional is coercive
on Sξ for any fixed ξ ∈ Ξ. Hence, the problem (57) indeed has a solution uξ satisfying
(55) and (56).

Note that a displacement of the γe− points is defined according to the function ρ
ξ
0

from (51). If

ρ
ξ
0(x) = (c1, c2) + b(−x2, x1), x = (x1, x2) ∈ γξ ,

then

ρ
ξ
0(x) = (c1, c2) + b(−x2, x1), x = (x1, x2) ∈ γe.

In particular, we can find a displacement of the inclusion γ0 at the tip point z0, i.e., ρ
ξ
0(1, 1) =

(ρξ
01(1, 1), ρ

ξ
02(1, 1)). Thus, for any ξ ∈ Ξ a value of a cost functional

J(ξ) = |ρξ
02(1, 1)|

can be defined. An optimal control problem to be analyzed below is formulated as follows

inf
ξ̄∈Ξ

J(ξ̄). (58)

We see that the inclusion shape is defined by the function ξ. Solving optimal control
problem (58), we find the best inclusion shape that minimizes the cost functional. The
following statement takes place.

Theorem 6. There exists a solution of the optimal control problem (58).

Proof. Consider a minimizing sequence ξm ∈ Ξ. By boundedness of Ξ and the imbedding
theorem, we can assume that as m → ∞,

ξm → ξ weakly in H2
0(−1/2,−1), ξ ∈ Ξ, (59)

ξm → ξ strongly in C1[−1/2,−1].

Introduce the notation

Sm = {v ∈ H1
Γ0
(Ωm)

2 | [vν] ≥ 0 on γξm ;

v|γ−
ξm
∈ R0(γξm)},
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where Ωm = Ω \ γ̄ξm . For any m, a solution of the problem

um ∈ Sm, (60)∫
Ωm

σ(um)ε(v− um)−
∫

Ωm

f (v− um)+ (61)

+
1
α

∫
γξm

[um][v− um] ≥ 0 ∀ v ∈ Sm

can be found. We can provide a transformation of the independent variables{
x1 = y1
x2 = y2 − ϕ(y)(ξm(y1)− ξ(y1)),

(62)

where x = (x1, x2) ∈ Ωξ , y = (y1, y2) ∈ Ωm. A smooth function ϕ with compact support
in Ωξ is chosen in such a way that ϕ = 1 in a neighborhood of the union

⋃
{(y1, y2) | y2 = ξm(y1)− 1, y1 ∈ [−1/2,−1]},

where all functions ξ, ξm are extended by zero outside of [−1/2,−1]. Denote

um(x) = um(y), x ∈ Ωξ , y ∈ Ωm.

Next, we can use the arguments of paper [32] where a perturbation of the inclusion shapes
is analyzed, and obtain a priori estimates from (60) and (61) being uniform in m,

‖um‖H1
Γ0
(Ωξ )2 ≤ c. (63)

By (63), we assume that as m → ∞,

um → u weakly in H1
Γ0
(Ωξ)

2,

and moreover, it is proved

um → u strongly in H1
Γ0
(Ωξ)

2. (64)

Making a transformation of the independent variables (62) in (60) and (61) and passing to
the limit as m → ∞, by (64), we obtain

u ∈ Sξ , (65)∫
Ωξ

σ(u)ε(v− u)−
∫

Ωξ

f (v− u)+ (66)

+
1
α

∫
γξ

[u][v− u] ≥ 0 ∀ v ∈ Sξ

which means u = uξ . It is turned out (see [32]) that if

ρm = um on γ−ξm ,

then as m → ∞,

ρm(x)→ ρ
ξ
0(x) (67)
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for all x ∈ γ, and consequently, for all x ∈ γe, where ρ
ξ
0 = (ρξ

01, ρ
ξ
02) = uξ |γ−ξ . Then, by (67),

inf
ξ̄∈Ξ

J(ξ̄) = lim inf
m→∞

J(ξm) = lim inf
m→∞

|ρm2(1, 1)| = |ρξ
02(1, 1)| =

= J(ξ) ≥ inf
ξ̄∈Ξ

J(ξ̄).

Thus, the limit function ξ from (59) is a solution of the optimal control problem (58).
Theorem 6 is proved.

7. Conclusions

This paper provides a rigorous mathematical analysis of the problem for an elastic
body with a thin rigid inclusion crossing the external boundary of the body at zero angle.
It is supposed that the inclusion is exfoliated from the surrounding body which implies
a presence of the interfacial crack. Inequality type constraints are imposed at the crack
faces proving a mutual non-penetration between them. In addition to this factor, boundary
conditions depend on a positive damage parameter describing the adhesion between the
opposite crack faces. These boundary conditions imply that the problem considered refers
to the problem with an unknown set of a contact. The solution existence of the problem is
proved, and asymptotic analysis is fulfilled with respect to the damage parameter assuming
that this parameter tends to infinity and to zero. Therefore, in the frame of a high–level
mathematical model, we prove a correctness of the boundary value problem and analyze
the limit models. Moreover, the existence of a solution to the optimal control problem is
proved which allows us to find the optimal shape of the rigid inclusion. The approaches
used in this paper can be useful for the analysis of various complex elastic and inelastic
structures formulated in terms of free boundary problems, and in particular, for those
having zero angles of the boundary.
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Abstract: In this paper, we study the data completion problem for the Cauchy–Stokes
equation in a cylindrical domain, Ω. Neumann and Dirichlet boundary conditions are
prescribed on part of the overdetermined boundary, Γ0, and the goal is to complete the
data on the other part of the boundary, Γa. Here, Γ0 and Γa represent the side faces of
the cylinder Ω. This problem is known to be ill-posed and is formulated as an optimal
control problem with a regularized cost function. To directly approximate the missing data
on Γa, we employ the method of factorization of elliptic boundary value problems. This
technique allows the factorization of a boundary value problem into a product of parabolic
problems. It is successfully applied to the optimality system in this work, yielding new and
significant results.
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1. Introduction

Completing the Navier–Stokes equations’ missing boundary data is a crucial task in
many engineering and scientific fields. When predicting the weather and modeling the
climate for accurate weather and climate forecasts, accurate simulations of oceanic and
atmospheric circulation are necessary. However, measurements of boundary conditions,
including the temperature gradients, pressure, and wind velocity, are frequently lacking.
Refining the numerical models employed in projections requires us to fill this data gap
(see [1,2]). Measurement method limitations might result in incomplete boundary data
in engineering domains such as hydrodynamics and aerodynamics. For example, not all
boundary conditions are understood in detail for wind tunnel studies. When these missing
data are filled in, accurate simulations are guaranteed, which is essential in developing
effective systems like turbines, cars, and airplanes (see [3]). In the field of biomedical
engineering, when simulating physiological flows like blood circulation in arteries or
respiratory system airflow, one frequently encounters unidentified boundary conditions
like pressure or wall shear stress. By filling in these missing data, the simulations are
improved and medical devices like artificial valves and stents can be designed more
effectively [4]. In environmental engineering, the modeling of water flows in natural

Axioms 2025, 14, 177 https://doi.org/10.3390/axioms14030177
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settings, such as rivers, lakes, or coastal regions, often involves inaccessible areas where
boundary data are missing. Completing these data is essential in simulating pollutant
dispersion, sediment transport, and flood dynamics, thereby informing environmental
management and disaster preparedness; see [5].

In applications such as drag reduction in aerodynamics or mixing enhancement in
chemical reactors, missing boundary data present significant challenges for active flow
control. Resolving this issue is essential in designing effective control strategies that
optimize system performance; see [6].

The problem of missing boundary data is often addressed using inverse problems,
where unknown boundary conditions are inferred from available measurements. Tech-
niques such as data assimilation, regularization methods, and physics-informed neural
networks are commonly employed to reconstruct the missing information, ensuring accu-
rate and reliable simulations.

For example, in the context of the Navier–Stokes equations, stability estimates have
been utilized in inverse problems to recover boundary coefficients from measurements.
These approaches are critical in ensuring the accuracy and reliability of simulations across
a range of applications.

In summary, completing missing boundary data in the Navier–Stokes equations is
fundamental for accurate modeling and simulation in various fields, including weather fore-
casting, industrial design, biomedical engineering, environmental management, and fluid
system optimization.

This work focuses on the Cauchy–Stokes problem within a cylindrical domain Ω,
where data are provided on a portion of Ω’s boundary. Notably, there is limited literature
on the Cauchy–Stokes problem. For instance, ref. [7] addresses this issue by modeling the
data recovery process as a least-squares tracking problem. Moreover, alternating iterative
algorithms have been applied in [8,9] for elliptic equations and in [10–13] for stationary
Stokes systems. The Poincaré–Steklov operator is employed in [14] as another method to
tackle this problem.

In this paper, we present the factorization method, which reformulates the elliptic
boundary value problem as a parabolic one. This technique provides a direct means of
computing the missing boundary data for any specified Cauchy data.

This technique consists of embedding the initial problem in a family of similar prob-
lems depending on a parameter, and these are solved recursively. It can be viewed as
an infinite-dimensional generalization of the block Gauss LU factorization. It has been
used by Bellman [15] and Lions [16] (in the infinite-dimensional case) to derive the op-
timal feedback law in linear-quadratic optimal control problems. The method applied
to the Poisson equation has been presented in [17,18], and it has recently been used by
Bouarroudj et al. in [19,20] to analyze boundary-value problems for fourth-order partial
differential equations Moreover, it has already been used to solve the electrocardiographic
imaging (ECGI) problem in the work by Addouche et al. [21]. The Cauchy–Stokes systems
have been presented in [22], which are the same as in [23,24]. Moreover, we have Dirichlet
and Neumann data on the whole boundary of Ω (see Figure 1), and we search for the speed
and the pressure in Ω. This problem is well-posed and has a unique weak solution. In our
work, we solve an inverse problem: a data completion problem for the Stokes equation in
Ω. The velocity U (a Dirichlet datum) and a force F are given on part of the boundary of
Ω, accessible via direct measurement, while no condition is given on Γa (inaccessible via
direct measurements). The data completion problem consists of recovering a boundary
condition on Γa to directly obtain an approximation of the missing data. This problem is
known to be severely ill-posed (see Hadamard [25]); it is set as an optimal control problem
with a cost function.
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Figure 1. Schematic representation of the cylindrical domain Ω.

This paper is organized as follows. In Section 2, we introduce the cylindrical geometry
of the domain Ω and establish key notations, Sobolev spaces, and the forward Stokes
problem. The inverse problem is then rigorously formulated as a Cauchy–Stokes data
completion task. Section 3 transforms this ill-posed inverse problem into a well-posed
optimal control framework, defining the energy-like error functional and proving its con-
vexity. Section 4 presents the core theoretical advancements, including the factorization
method’s application to derive decoupled Riccati equations for the Dirichlet-to-Neumann
(D) and Neumann-to-Dirichlet (Q) operators, alongside critical theorems governing the
optimality system. Section 5 provides the detailed proof of Theorem 1, elucidating the
structure and evolution of the operator D. In Section 6, we solve the optimal control
problem non-iteratively using the factorization method, proving Theorems 2 and 3 to char-
acterize the missing boundary data and establish compatibility conditions. Finally, Section
7 concludes with insights into the method’s efficiency, numerical prospects, and extensions
to non-cylindrical domains. This revised structure emphasizes the interplay between the-
oretical analysis and computational strategy, offering a cohesive pathway from problem
formulation to solution.

2. Preliminaries

2.1. Notations

Let Ω be the open-bounded cylinder Ω = ]0, a[×O in Rn, where a > 0, and O is a
bounded open set in Rn−1, representing the cross-section of the cylinder. Let Σ = ]0, a[× ∂O
denote the lateral boundary and Γ0 = {0} × O and Γa = {a} × O be the faces of the
cylinder. A general point (x1, x2, . . . , xn) is also denoted by (x, y), where x = x1 is the
coordinate along the axis of the cylinder, and y = (x2, . . . , xn) represents the coordinates
in the cross-section, perpendicular to the axis. The cylindrical geometry simplifies the
presentation of the factorization method, but the method can be easily generalized to
regular non-cylindrical domains.

Firstly, to emphasize the role of the component along the axis of the cylinder, which
will play a crucial role in the factorization method, we introduce the following notations.

• For a given vector field Θ, we denote by Θx the component of Θ along the axis of the
cylinder and by Θy its components with respect to the coordinates in the cross-section.

• ∇ represents the gradient vector, where ∇x =
∂

∂x1
, and ∇y denotes the components

with respect to the coordinates in the cross-section.
• For a given vector field Θ, we define the divergence as

div(Θ) =
n

∑
i=1

∂Θ
∂xi

,

with

divx(Θ) =
∂Θ
∂x1

, divy(Θ) =
n

∑
i=2

∂Θ
∂xi

.

Secondly, we introduce the following notations.
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• ν represents the fluid kinematic viscosity.
• The strain tensor is given by

T(u) =
1
2
(∇u + (∇u)t),

where

(T(u))ij =
1
2

(
∂uxi

∂xj
+

∂uxj

∂xi

)
, 1 ≤ i, j ≤ n.

• The stress tensor is defined as

σ(u) = 2νT(u)− pI.

• I denotes the identity matrix.
• N is the outward unit normal vector; in our case, N = (−1, 0, . . . , 0) on Γ0 and

N = (1, 0, . . . , 0) on Γa.
• We denote by ∇u : ∇v the trace of their product, which is defined as

∇u : ∇v = tr(∇u∇v) =
n

∑
i=1

∇uxi∇vxi =
n

∑
i,j=1

∂uxi

∂xj

∂vxj

∂xi
,

where

∇u =

⎛
⎜⎜⎝
∇ux1

...
∇uxn

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

∂ux1
∂x1

. . .
∂ux1
∂xn

...
. . .

...
∂uxn
∂x1

. . . ∂uxn
∂xn

⎞
⎟⎟⎠.

The Laplacian of u is given by

Δu =

⎛
⎜⎜⎝

Δux1
...

Δuxn

⎞
⎟⎟⎠.

Finally, we define the following Sobolev space.

• The Sobolev space H1/2
00 (O) is defined, as stated in Theorem 11.7 (p. 72) of [16], as the

1
2 -interpolation between H1

0(O) and L2(O). Its dual space is denoted by
(

H1/2
00 (O)

)′
.

2.2. Forward Problem

The direct problem is defined as follows: for a given U ∈ H1/2
00 (Γ0) and G ∈(

H1/2
00 (Γa)

)′
, find the velocity u ∈ H1(Ω) and the pressure p ∈ L2(Ω) satisfying

(P)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔu +∇p = 0 in Ω,
div(u) = 0 in Ω,
u = 0 on Σ,
u = U on Γ0,
σ(u) · N = G on Γa.

(1)

Physical Interpretation

In Problem (P) (Equation (1)), the unknowns u and p represent the following.

• Velocity field (u): u ∈ H1(Ω) describes the fluid motion in Ω, satisfying the following:

– No-slip condition, u = 0 on Σ;
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– Prescribed velocity, u = U on Γ0;
– Traction condition, σ(u) · N = G on Γa.

• Pressure field (p): p ∈ L2(Ω) enforces incompressibility (div(u) = 0) and balances
viscous forces through ∇p.

We need the following lemma that provides a general integration by parts formula.

Lemma 1 ([14,26]). If u ∈ H1(Ω), such that div(u) = 0 in Ω, then Δu = 2∇ · T(u) and

−
∫

Ω
νΔu · v dx =

∫
Ω

2νT(u) : T(v) dx−
∫

∂Ω
2νT(u) N · v dx, for all v ∈ H1(Ω).

Let the space Y =
{

u ∈ H1(Ω) : div(u) = 0 and Ω, u = 0 on Σ ∪ Γ0
}

. Then, a mixed
formulation of the Stokes equations is obtained by multiplying the first equation of (P)

by a test function v ∈ Y, by integration over Ω, and by applying Lemma 1 as well as the
divergence theorem. Then,

∫
Ω

2νT(u) : T(v) dx−
∫

Ω
p div(v) dx =

∫
∂Ω

(2νT(u) N) · v dx−
∫

∂Ω
(p N)v dx.

Using the boundary conditions where u ∈ Y satisfies the constraint u|Γ0
= U ,

we obtain ∫
Ω

2νT(u) : T(v) dx =
∫

∂Ω
(2νT(u)− p) N · v dx

=
∫

Γa
(2νT(u)− p) N · v dx

=
∫

Γa
Gv dx.

We write, for all (u, v) ∈ Y ×Y,

a(u, v) =
∫

Ω
2νT(u) : T(v) dx and l(v) =

∫
Γa
Gv dx.

So, u is a weak solution of (P) if and only if a(u, v)− l(v) = 0, for all v ∈ Y.
The well-posedness of the above variational formulation is given by the Lax–Milgram

theorem (see [16] for more details).

2.3. The Inverse Problem

Assuming a given velocity U ∈ H1/2
00 (Γ0) and a force F ∈

(
H1/2

00 (Γ0)
)′

on Γ0, the data
completion problem for the Stokes operator can be formulated as a Cauchy problem.

Find the velocity u ∈ H and the pressure p ∈ P satisfying

(PI)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔu +∇p = 0 in Ω,
div(u) = 0 in Ω,
u = 0 on Σ,
u = U on Γ0,
σ(u) · N = F on Γ0.

(2)

We have on Γ0

σ(u) · N = F on Γ0 ⇒

⎧⎨
⎩ p(0)− 2ν

∂ux1
∂x1

(0) = Fx1 ,

−ν(
∂uxj
∂x1

(0) +
∂ux1
∂xj

(0)) = Fxj , j = 2, . . . , n.
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This can be expressed as follows:

p(0)− 2ν ∂ux
∂x (0) = Fx,

−ν(
∂uy

∂x (0) + (∇y)ux(0)) = Fy,
(3)

where ∇y = (∂x2 , . . . , ∂xn)
t is the gradient operator defined on the section of the cylinder;

ux = ux1 and uy = (ux2 , . . . , uxn)
t are the components of the vector u.

This problem is known to be ill-posed in the sense that the dependence of (u, p) on the
data (U ,F ) is not continuous and the solution does not exist for any pair of data; see [25].

The Cauchy data (U ,F ) are called compatible if the problem (2) has a solution.
In order to reconstruct the unknown boundary data u|Γa and σ(u) · N|Γa on Γa, we will

use the factorization method (see [27–29] for the Laplace equation). The inverse problem is
formulated as an optimization one.

2.4. Data Completion Problem

The considered data completion problem (P0) can be stated as follows: for given
compatible data (U ,F ) ∈ H1/2

00 (Γ0)× (H1/2
00 (Γ0))

′, for which the existence and uniqueness
of the solution are guaranteed, find the unknown boundary data (V, G) ∈ H1/2

00 (Γa) ×
(H1/2

00 (Γa))′ such that

(P0)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−νΔu +∇p = 0 in Ω,
div(u) = 0 in Ω,
u = 0 on Σ,
u = U on Γ0,
σ(u) · N = F on Γ0,
u = V on Γa,
σ(u) · N = G on Γa.

(4)

To solve this problem, the unknown data (V, G) will be characterized as the minimum
of an energy-like functional; see [8,30,31].

2.5. Optimal Control Problem

The data completion problem (P0) is transformed into an optimal control problem
following the approach used in [8]. It has two states and translates into the two following
Stokes problems. Find uN and uD solutions of

(P1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔuN +∇pN = 0 in Ω,
div(uN) = 0 in Ω,
uN = 0 on Σ,
σ(uN) · N = F on Γ0,
uN = v on Γa.

(P2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔuD +∇pD = 0 in Ω,
div(uD) = 0 in Ω,
uD = 0 on Σ,
uD = U on Γ0,
σ(uD) · N = g on Γa.

The unknown data (V, G) appearing in the problem (P0) can be characterized as the
solution of the following minimization problem:

(V, G) = arg min{E(v, g); (v, g) ∈ Uad}
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where E is the following energy-like error functional defined on Uad =
(

H1/2
00 (O)

)
×(

H1/2
00 (O)

)′
by

E(v, g) =
1
2

∫
Ω

σ(uN(v)− uD(g)) : ∇(uN(v)− uD(g))dx. (5)

Lemma 2. The functional E defined by Equation (5) is an energy functional that is positive, and, if
U and F are compatible, then there exists a unique solution that is the minimum of the functional E.

E(v, g) =
1
2

∫
Ω

σ(uN(v)− uD(g)) : ∇(uN(v)− uD(g))dx.

We write ũ = (uN(v)− uD(g))dx and p̃ = pN − pD.
Then,

E(v, g) =
1
2

∫
Ω

σ(ũ) : ∇(ũ)dx

=
1
2

∫
Ω
(∇ũ + (∇ũ)t − p̃I) : ∇ũdx

=
1
2

∫
Ω
(∇ũ : ∇ũ + (∇ũ)t : ∇ũ− p̃ div ũ︸ ︷︷ ︸

0

dx

=
1
2

∫
Ω

n

∑
i,j=1

(∂ũxi

∂xj

∂ũxj

∂xi
+

(∂ũxi

∂xj

)2)dx.

We have

n

∑
i,j=1

(∂ũxi

∂xj
+

∂ũxj

∂xi

)2
=

n

∑
i,j=1

(∂ũxi

∂xj

)2
+

(∂ũxj

∂xi

)2
+ 2

∂ũxi

∂xj

∂ũxj

∂xi

= 2
( n

∑
i,j=1

(∂ũxi

∂xj

)2
+

∂ũxi

∂xj

∂ũxj

∂xi

)
,

and then

E(v, g) =
1
4

∫
Ω

n

∑
i,j=1

(∂ũxi

∂xj
+

∂ũxj

∂xi

)2dx.

So, E(v, g) is positive energy. For the existence of a minimum of E when (U, F) is a
compatible pair, see [14].

3. Brief Sketch of the Factorization Method

In this section, we apply the factorization method to the states uN , uD. We embed
the control problem in a family of similar problems defined on the Ωs subdomain of Ω.
For this, we define Γs = {x = s}×O as a mobile border that will move from x = 0 to x = a.
At each position x = s, one can thus define a subdomain Ωs of surface side Σs delimited by
surfaces Γ0 and Γs (see Figure 2).

Figure 2. Schematic representation of the moving domain Ωs.
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For given boundary data (ψ, ϕ) ∈ H1/2
00 (Γs)×

(
H1/2

00 (Γs)
)′, we define uNs and uDs as

the solutions to the following two problems in Ωs:

(P s
1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔuNs +∇pNs = 0 in Ωs,
div(uNs) = 0 in Ωs,
uNs = 0 on Σs,
uNs = ψ on Γs,
σ(uNs) · N = F on Γ0.

(P s
2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔuDs +∇pDs = 0 in Ωs,
div(uDs) = 0 in Ωs,
uDs = 0 on Σs,
uDs = U on Γ0,
σ(uDs) · N = ϕ on Γs,

• Dirichlet to Neumann mapping

By splitting the problem (P s
1) into two well-posed subproblems, we can write uNs as

the sum of two functions γs
N and βs

N depending linearly on ψ and F . The functions
γs

N and βs
N are solutions of the following two problems:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔγs
N +∇qNs = 0 in Ωs,

div(γs
N) = 0 in Ωs,

γs
N = 0 on Σs,

σ(γs
N) · N = 0 on Γ0,

γs
N = ψ on Γs.

and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔβs
N +∇lNs = 0 in Ωs,

div(βs
N) = 0 in Ωs,

βs
N = 0 on Σs,

σ(βs
N) · N = F on Γ0,

βs
N = 0 on Γs,

(6)

where uNs = γs
N + βs

N , pNs = qNs + lNs .
Without loss of generality, we assume in what follows that ν = 1 (the pressure p and
velocity u can be rescaled proportionally to ν). For every s ∈ ]0, a], we define the

Dirichlet to Neumann mapping D(s) : H1/2
00 (Γs) −→

(
H1/2

00 (Γs)
)′

by

D(x = s)ψ =
∂γs

N
∂x

| Γs. (7)

We also define the residual part ωN by ωN(s) =
∂βs

N
∂x . We have

∂uNs

∂x
|Γs= D(s)ψ + ωN(s). (8)

Henceforth, we denote uN (instead of uNs ) and rewrite Equation (3) in the form

∂uN

∂x
= DuN + ωN ⇒

⎛
⎜⎜⎝

∂uN
x

∂x

∂uN
y

∂x

⎞
⎟⎟⎠ = D

⎛
⎜⎝uN

x

uN
y

⎞
⎟⎠+

⎛
⎜⎝ωN,x

ωN,y

⎞
⎟⎠, (9)

where (uN
x , uN

y )t and (ωN,x, ωN,y)
t are the components of the vectors uN and ωN .

We can represent D as follows:

D :=

(
Dxx Dxy

Dyx Dyy

)
, (10)
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where Dxy = (D12, D13, . . . , D1n), Dyx = (D21, D31, . . . , Dn1)
t, and Dyy is the part

(Dij, 2 ≤ i, j ≤ n). From (9), we obtain

∂uN
x

∂x
= DxxuN

x + DxyuN
y + ωN,x, (11)

and
∂uN

y

∂x
= DyxuN

x + DyyuN
y + ωN,y. (12)

• Neumann to Dirichlet mapping

By splitting the problem (P s
2) into two well-posed subproblems, we can write uDs as

the sum of two functions γs
D and βs

D depending linearly on ϕ. The functions γs
D and

βs
D are solutions of the following two problems:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔγs
D +∇qs

D = 0 in Ωs,
div(γs

D) = 0 in Ωs,
γs

D = 0 on Σs,
γs

D = 0 on Γ0,
σ(γs

D) · N = ϕ on Γs,

and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−νΔβs
D +∇ls

D = 0 in Ωs,
div(βs

D) = 0 in Ωs,
βs

D = 0 on Σs,
βs

D = U on Γ0,
σ(βs

D) · N = 0 on Γs.

(13)

We use the same methodology as in the previous section. We define the Neumann to

Dirichlet mapping Q(s) :
(

H1/2
00 (Γs)

)′
−→ H1/2

00 (Γs) by

Q(x = s)ϕ = γs
D|Γs

where Q(0) = 0. We also define the residual part ωD(s) = βD|Γs ∈ H1/2
00 (Γa), where

ωD(0) = U . We have
uDs |Γs = Q(s)ϕ + ωD(s).

4. Main Results

The factorization method plays a central role in this work by decomposing the orig-
inal boundary value problem, defined on a cylindrical domain, into a family of coupled
subproblems along the cylinder axis. By introducing a mobile boundary Γs, this approach
transforms the state equation into a system of decoupled Riccati-type differential equations
for the Dirichlet-to-Neumann (D) and Neumann-to-Dirichlet (Q) operators, as well as
the associated residual functions. This factorization enables the explicit expression of the
cost function in terms of the controls v and g, thereby avoiding the direct resolution of
complex global problems. It provides a recursive and geometrically adaptive strategy, par-
ticularly effective for optimal control and inverse problems, such as in electrocardiography,
where reconstructing data on inaccessible boundaries requires a robust and numerically
stable approach.

Theorem 1. The Dirichlet-to-Neumann operator D, the Neumann-to-Dirichlet operator Q, and the
residual functions ωD and ωQ satisfy decoupled Riccati-type differential equations along the
cylinder axis.

Theorem 2. For a pair (v, g) ∈ H1/2
00 (Γa)× (H1/2

00 (Γa))′,

∂E
∂v

(h) =
∫
Γa

σ(γh
N) · N(uN − uD)dΓa, for all h ∈ H1/2

00 (Γa),
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∂E
∂g

(k) =
∫
Γa

σ(uD − uN) · Nγk
DdΓa, for all k ∈ (H1/2

00 (Γa))
′,

where γh
N and γk

D are the solutions of

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−Δγh
N +∇qh

N = 0 in Ω,
div(γh

N) = 0 in Ω,
γh

N = 0 on Σ,
σ(γh

N) · N = 0 on Γ0,
γh

N = h on Γa,

,

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−Δγk
D +∇qk

D = 0 in Ω,
div(γk

D) = 0 in Ω,
γk

D = 0 on Σ,
σ(γk

D) · N = k on Γa,
γk

D = 0 on Γ0.

Theorem 3. For a compatible datum (U ,F ), the optimum of E is attained for v and g, the unknown
Cauchy data on the inaccessible boundary part where direct measurement is unavailable. These
variables satisfy the system{

(I −Q(a)D
′′
)v = Q(a)ω

′
N + ωD

(I − D
′′
Q(a))g = D

′′
ωD + ω

′
N

where

D
′′

=

(
0 2(−∇y)t

Dyx Dyy +∇y

)
and ω

′
N =

⎛
⎜⎝−pN

ωN,y

⎞
⎟⎠

5. Proof of Theorem 1

5.1. The Dirichlet-to-Neumann Operator and the Residual Function ωN

We consider, for x < s, that the restriction of uNs(ψ) to Ωx is a solution to the problem(
P s

1
)
. By the same argument as previously made, we have the relation

∂uNs

∂x
(x, ψ) = D(x)uNs(x, ψ) + ωN(x).

From Equation (9), we obtain

∂uN
x

∂x
= DxxuN

x + DxyuN
y + ωN,x (14)

and
∂uN

y

∂x
= DyxuN

x + DyyuN
y + ωN,y. (15)

From the second equation of the problem (P s
1), we have

∂uN
x

∂x
= −divyuN

y (16)

From Equations (14) and (16), we deduce that Dxx = 0, Dxy = (− ∂
∂x2

, . . . ,− ∂
∂xn

) and
ωN,x = 0. Then, the first line of D is (0, (−∇y)t).

Using the equation satisfied by uN in the problem (P), we have

−ΔuN +∇pN = 0 ⇒ −Δ

(
uN

x
uN

y

)
+

(
dpN

dx
∇y pN

)
=

(
0
0

)
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and then {
−ΔuN

x + dpN

dx = 0,
−ΔuN

y +∇y pN = 0.
.

The operator −Δ = − d2

dx2 − Δy is decomposed into

d2uN
x

dx2 = −ΔyuN
x +

dpN

dx
(17)

d2uN
y

dx2 = −ΔyuN
y +∇y pN . (18)

The derivative of (15) with respect to x gives

∂2uN
y

∂x2 =
∂Dyx

∂x
uN

x + Dyx
∂uN

x
∂x

+
∂Dyy

∂x
uN

y + Dyy

∂uN
y

∂x
+

∂ωN,y

∂x
.

Using (14), (15), and (18), we obtain

(−Δy −
∂Dyy

∂x
− D2

yy + Dyxdivy)u
N
y − (DyyDyx +

∂Dyx

∂x
)uN

x +∇y pN − DyyωN,y −
∂ωN,y

∂x
= 0. (19)

where pN = qN + lN .
Let us introduce the operators KN and HN :

pN = KN(x)uN
x + HN(x)uN

y + lN (20)

KN and HN are defined on the section Γs, dependent only on x. We have

∇y pN = HN∇yuN
y + KN∇yuN

x +∇ylN (21)

and
∂pN

∂x
=

∂HN
∂x

uN
y + HN

∂uN
y

∂x
+

∂KN
∂x

uN
x + KN

∂uN
x

∂x
+

∂lN

∂x
Using (14) and (15), we obtain

∂pN

∂x
= (

∂HN
∂x

+ HN Dyy − KNdivy)u
N
y + (

∂KN
∂x

+ HN Dyx)uN
x + HNωN,y +

∂lN

∂x
(22)

Substituting (21) into Equation (19), we find

(−Δy +∇yHN −
∂Dyy

∂x
− D2

yy + divyDyx)u
N
y + (∇yKN − DyyDyx −

∂Dyx

∂x
)uN

x +

∇ylN − DyyωN,y −
∂ωN,y

∂x
= 0. (23)

We also take the derivative of (16) with respect to x, and we obtain

−∂2uN
x

∂x2 = − ∂

∂x
(−divyuN

y ) = divy(DyxuN
x + DyyuN

y + ωN,y). (24)

By substituting ∂2uN
x

∂x2 and dpN

dx using (24) and (22) in Equation (17), we obtain

(
∂HN
∂x

+ HN Dyy − KNdivy + divyDyy)u
N
y + (HN Dyx +

∂KN
∂x

+ divyDyx − Δy)uN
x

= −HNω1,y − divyωN,y −
∂lN

∂x
. (25)
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According to the definition of the operator D, we have

∂γN
∂x

(s) = D(s)γN(s) (26)

and then
∂γN,y

∂x
(s) = Dyx(s)γN,x(s) + Dyy(s)γN,y(s) (27)

where γN = (γN,x, γN,y).
From Equation (3) and using the condition

σ(γN(s)) · N = 0 on Γ0 (28)

we have
∂γN,y

∂x
(0) = −∇yγN,x(0). (29)

From Equation (27), we obtain

−∇yγN,x(0) = Dyx(0)γN,x(0) + Dyy(0)γN,y(0) (30)

and, by identification, we find

Dyy(0) = 0 and Dyx(0) = −∇y. (31)

Then, the matrix operator D(0) is represented by

D(0) =

(
0 (−∇y)t

−∇y 0

)
.

From Equation (3), we have

pN(0)− 2
∂uN

x
∂x

(0) = Fx ⇒ pN(0) + 2divyuN
y (0) = Fx (32)

⇒ pN(0) = Fx − 2divyuN
y (0)

Writing relation (20) at x = 0,

pN(0) = HN(0)uN
y (0) + KN(0)uN

x (0) + lN(0). (33)

So, by identification, we obtain

HN(0) = −2divy, KN(0) = 0 and lN(0) = Fx. (34)

Writing the relation (15) at x = 0,

∂uN
y

∂x
(0) = Dyx(0)uN

x (0) + Dyy(0)uN
y (0) + ωN,y(0) (35)

and, from Equation (3), we have

∂uN
y

∂x
(0) = −∇yuN

x (0)−Fy(0) (36)

and thus
ωN,y(0) = −Fy(0). (37)
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By (23) and (25), and taking into account that uN
x , uN

y are arbitrary, we obtain the
following decoupled system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂Dyy

∂x + Δy −∇yHN + D2
yy − Dyxdivy = 0; Dyy(0) = 0,

− ∂Dyx
∂x +∇yKN − DyyDyx = 0; Dyx(0) = −∇y,

∂HN
∂x + HN Dyy − KNdivy + Dyydivy = 0; HN(0) = −2divy,

∂KN
∂x + HN Dyx + Dyxdivy − Δy = 0; KN(0) = 0.

(38)

⎧⎪⎨
⎪⎩

− ∂ωN,y
∂x − DyyωN,y +∇ylN = 0; ωN,y(0) = −Fy(0),

∂lN

∂x + HNωN,y + divyωN,y = 0; lN(0) = Fx.

(39)

After solving these equations, we find uN via the backward integration of the implicit
differential equation:

∂uN

∂x
= DuN + ωN ,

∂uN

∂x
(a) = D(a)v + ωN(a)

where

D =

(
0 (−∇y)t

Dyx Dyy

)
, ωN =

(
0

ωN,y

)
(40)

and we obtain
pN = uN

x + HNuN
y + lN .

The system (38) can be written in the following form:

dD
dx

+D
(

I 0
0 0

)
D +D

(
0 0

−divy 0

)
+

(
0 −∇y

0 0

)
D =

(
−Δy 0

0 Δy

)
(41)

D(0) =

(
0 −∇y

−divy 0

)
, (42)

where

D =

(
Dyy Dyx

HN KN

)
,

is the operator matrix relating the Dirichlet condition to the normal derivative of the
tangential component of the velocity and the pressure.

5.2. The Neumann-to-Dirichlet Operator and the Residual Function ωD

We consider, for x < s, that the restriction of uDs(ϕ) to Ωx is a solution to the problem
(P s

2). By the same computations as those previously used, we have the relation

uDs(x, ϕ) = Q(x)ϕ + ωD(x). (43)

We denote by uDs , Q and ωD the applications uDs(x), Q(x) and ωD(x), respectively.

uDs = Qϕ + ωD (44)
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In the same way as in the previous section, we will note uD instead of uDs .

uD = Qϕ + ωD ⇒
(

uD
x

uD
y

)
=

(
Qxx Qxy

Qyx Qyy

)(
ϕx

ϕy

)
+

(
ωD,x

ωD,y

)

⇒
{

uD
x = Qxx ϕx + Qxy ϕy + ωD,x

uD
y = Qyx ϕx + Qyy ϕy + ωD,y

(45)

Then,
duD

x
dx

=
dQxx

dx
ϕx + Qxx

dϕx

dx
+

dQxy

dx
ϕy + Qxy

dϕy

dx
+

dωD,x

dx
(46)

and
duD

y

dx
=

dQyx

dx
ϕx + Qyx

dϕx

dx
+

dQyy

dx
ϕy + Qyy

dϕy

dx
+

dωD,y

dx
. (47)

We will express dϕx
dx and dϕy

dx according to ϕx and ϕy and replace them in Equations (46)
and (47).

We have
σ(uD) · N = 2T(uD) · N − pD · I · N = ϕ on Γs

where N = (1, 0, . . . , 0) on Γs, so ⎧⎪⎪⎨
⎪⎪⎩

2 ∂uD
x

∂x − pD = ϕx

∂uD
y

∂x +∇yuD
x = ϕy

(48)

and then ⎧⎪⎪⎨
⎪⎪⎩

dϕx
dx = 2 d2uD

x
dx2 − dpD

dx

dϕy

dx =
d2uD

y

dx2 +∇y
duD

x
dx .

(49)

From Equations (17) and (18), we obtain⎧⎪⎪⎨
⎪⎪⎩

dϕx
dx = −2ΔyuD

x + dpD

dx ,

dϕy

dx = −ΔyuD
y +∇y pD +∇y

duD
x

dx .

(50)

From Equations (45) and (48), substituting uD
x , uD

y and duD
x

dx in (50), we obtain

⎧⎪⎨
⎪⎩

dϕx
dx = −2Δy(Qxx ϕx + Qxy ϕy + ωD,x) +

dpD

dx ,

dϕy

dx = −Δy(Qyx ϕx + Qyy ϕy + ωD,y) +∇y pD +∇y(
pD

2 + ϕx
2 ).

(51)

pD = HD(x)ϕy + KD(x)ϕx + lD. (52)

From Equation (48), we have

pD(x) = 2
∂uD

x (x)
∂x

− ϕx(x)

and, from the second equation of problem (P2), we also have

∂uD
x

∂x
= −divyuD

y
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with
uD

y = Qyx ϕx + Qyy ϕy + ωD,y

Then,

pD(x) = −2divyuD
y (x)− ϕx(x)

= −2divy

(
Qyx(x)ϕx(x) + Qyy(x)ϕy(x) + ωD,y(x)

)
− ϕx(x), ∀x ∈ [0, a].

By identification with (52), we obtain ∀x ∈ [0, a]:⎧⎪⎨
⎪⎩

HD(x) = −2divyQyy(x),
KD(x) = −(I + 2divyQyx(x)),
lD(x) = −2divyωD,y(x).

(53)

Substituting (52) in (51), we obtain

dϕx
dx = −2Δy(Qxx ϕx + Qxy ϕy + ωD,x) +

∂HD
∂x ϕy + HD

∂ϕy

∂x + ∂KD
∂x ϕx + KD

∂ϕx
∂x + ∂lD

∂x

dϕy

dx = −Δy(Qyx ϕx + Qyy ϕy + ωD,y) +
3
2 (∇yHD ϕy +∇yKD ϕx +∇ylD) +

1
2∇y ϕx

and then⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(I − KD)
dϕx
dx =

(
− 2ΔyQxx − HDΔyQyx +

3
2 HD∇yKD + 1

2 HD∇y +
∂KD
∂x

)
ϕx+(

− 2ΔyQxy +
∂HD
∂x − HDΔyQyy +

3
2 HD∇yHD

)
ϕy − 2ΔyωD,x + HD(−ΔyωD,y +

3
2∇ylD) +

∂lD
∂x

dϕy
dx =

(
− ΔyQyx +

3
2∇yKD + 1

2∇y

)
ϕx +

(
− ΔyQyy +

3
2∇yHD

)
ϕy − ΔyωD,y +

3
2∇ylD

(54)

We multiply Equation (46) by (I − KD). From Equations (48) and (54), we obtain[
(I − KD)

dQxx
dx − 2QxxΔyQxx −Qxx HDΔyQyx +

3
2 Qxx HD∇yKD + 1

2 Qxx HD∇y+

Qxx
dKD
dx − (I − KD)QxyΔyQyx +

3
2 (I − KD)Qxy∇yKD + 1

2 (I − KD)Qxy∇y − (I−KD)(I+KD)
2

]
ϕx+

[
(I − KD)

dQxy

dx − 2QxxΔyQxy + Qxx
∂HD
∂x −QxxΔyHD Qyy +

3
2 Qxx HD∇yHD − 1

2 (I − KD)HD

−(I − KD)QxyΔyQyy +
3
2 (I − KD)Qxy∇yHD

]
ϕy + (I − KD)

dωD,x
dx + Qxx

∂lD
∂x − 2QxxΔyωD,x−

Qxx HDΔyωD,y +
3
2 Qxx HD∇ylD − (I−KD)lD

2 − (I − KD)QxyΔyωD,y +
3
2 (I − KD)Qxy∇ylD = 0

(55)

Proceeding in the same way for Equation (47), we have[
(I − KD)

dQyx
dx + Qyx

dKD
dx + (I − KD)∇yQxx − 2QyxΔyQxx −QyxΔyHDQyx+

3
2 QyxKD∇yHD + 1

2 Qyx∇yHD − (I − KD)QyyΔyQyx +
3
2 (I − KD)Qyy∇yKD+

1
2 (I − KD)Qyy∇y

]
ϕx +

[
(I − KD)

dQyy

dx − 2QyxΔyQxy + Qyx
dHD
dx −QyxΔyHDQyy+

3
2 Qyx HD∇yHD − (I − KD)QyyΔyQyy +

3
2 (I − KD)∇yHD + (I − KD)∇yQxy − (I − KD)

]
ϕy+

(I − KD)
dωD,y

dx + Qyx
∂lD
∂x − 2QyxΔyωD,x −Qyx HDΔyωD,y +

3
2 Qyx HD∇ylD − (I − KD)QyyΔyωD,y+

3
2 (I − KD)Qyy∇ylD + (I − KD)∇yωD,x = 0

(56)

Taking into account that ϕx and ϕy are arbitrary in (55), (56), and by (53), we obtain
the decoupled system
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dQyx
dx + 1

2 (I − KD)∇yQxx −QyxΔyQxx − 1
2 QyxΔyHDQyx +

3
4 QyxKD∇yHD

+ 1
4 Qyx∇yHD − 1

2 (I − KD)QyyΔyQyx +
3
4 (I − KD)Qyy∇yKD + 1

4 (I − KD)Qyy∇y = 0

dQyy

dx −QyxΔyQxy − 1
2 QyxΔyHDQyy +

3
4 Qyx HD∇yHD − 1

2 (I − KD)QyyΔyQyy+
3
4 (I − KD)∇yHD + 1

2 (I − KD)∇yQxy − (I − KD) = 0

(I − KD)
dQxx

dx − 2Qxxdivy
dQyx

dx − 2QxxΔyQxx −Qxx HDΔyQyx +
3
2 Qxx HD∇yKD + 1

2 Qxx HD∇y

−(I − KD)QxyΔyQyx +
3
2 (I − KD)Qxy∇yKD + 1

2 (I − KD)Qxy∇y − (I−KD)(I+KD)
2 = 0

(I − KD)
dQxy

dx − 2Qxxdivy
dQyy

dx − 2QxxΔyQxy −QxxΔyHD Qyy +
3
2 Qxx HD∇yHD

− 1
2 (I − KD)HD − (I − KD)QxyΔyQyy +

3
2 (I − KD)Qxy∇yHD = 0

(57)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2
dωD,y

dx − 2QyyΔyωD,y + 3Qyy∇ylD − 2QyxΔyωD,x + (I − KD)∇yωD,x = 0

(I − KD)
dωD,x

dx − 2Qxxdivy
dωD,y

dx − 2QxxΔyωD,x −Qxx HDΔyωD,y +
3
2 Qxx HD∇ylD

− (I−KD)lD
2 − (I − KD)QxyΔyωD,y +

3
2 (I − KD)Qxy∇ylD = 0

(58)

with the following conditions:

Q(0) = 0, ωD(0) = U , (59)

After solving these equations, we find uD via the backward integration of the implicit
differential equation:

uD = Qϕ + ωD, uD(a) = Q(a)g + ωD(a)

where

Q =

(
Qxx Qxy

Qyx Qyy

)
, ωD =

(
ωD,x

ωD,y

)

and
pD = HD ϕy + KD ϕx + lD.

6. Solving the Optimal Control Problem Using the Factorization Method

In contrast to classical iterative methods that are widely used in the literature to solve
optimal control or inverse problems, this work proposes a radically different non-iterative
factorization approach. While existing techniques (e.g., conjugate gradient algorithms,
Newton-type methods, or domain decomposition schemes) rely on successive updates and
often costly convergence criteria, our method leverages the structural decomposition of
the problem through decoupled Riccati equations. This originality entirely avoids itera-
tive optimization loops by directly expressing the optimal solution via the operators D,
Q and residual functions ωD, ωN . Furthermore, the geometrically adaptive formulation
based on the mobile boundary Γs provides intrinsic numerical stability, particularly ad-
vantageous for non-cylindrical domains or ill-posed problems, where iterative methods
struggle to ensure robustness and precision. This innovation introduces new possibilities
in electrocardiography and distributed control, offering significant advantages through
reduced computational costs.

Let us show now that the energy functional E(v, g) can be expressed directly in terms
of the control variables v and g using the operators D and Q. Thus, it is not pointless to
introduce an adjoint state to derive the optimality condition.
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Proof of Theorem 2. We have

E(v, g) =
1
2

∫
Ω

σ(uN(v)− uD(g)) : ∇(uN(v)− uD(g))dx.

Using the Green formula and Lemma 1, the partial derivative of E with respect to v is
given by (see [14,26])

∂E
∂v

(h) =
∫
Ω

2T(uN − uD) : ∇γh
Ndx =

∫
∂Ω

σ(γh
N) · N(uN − uD)dx.

Since σ(γh
N) · N = 0 on Γ0 and uN = uD = 0 on Σ, we obtain

∂E
∂v

(h) =
∫
Γa

σ(γh
N) · N(uN − uD)dΓa, for all h ∈ H1/2

00 (Γa). (60)

In a similar way, we derive the partial derivative of E with respect to g :

∂E
∂g

(k) =
∫

∂Ω

σ(uD − uN) · Nγk
Ddx.

Since γk
D = 0 on Γ0 and Σ, we obtain

∂E
∂g

(k) =
∫
Γa

σ(uD − uN) · Nγk
DdΓa, ∀k ∈ (H1/2

00 (Γa))
′.

Proof of Theorem 3. From Equations (3) and (44), we have

uD(a) = Q(a)σ(uD)(a).N + ωD(a), (61)

∂uN

∂x
(a) = D(a)uN(a) + ωN(a).

where

σ(uD) · N =

⎛
⎜⎝ 2 ∂uD,x

∂x − pD

∂uD,y
∂x +∇yuD,x

⎞
⎟⎠

∂uN

∂x
(a) = D(a)uN(a) + ωN(a)⇒

⎛
⎜⎜⎝

∂uN
x

∂x

∂uN
y

∂x

⎞
⎟⎟⎠ =

(
0 (−∇y)t

Dyx Dyy

)⎛
⎜⎝uN

x

uN
y

⎞
⎟⎠+

⎛
⎜⎝ 0

ωN,y

⎞
⎟⎠

⇒

⎛
⎜⎜⎝

2 ∂uN
x

∂x − pN

∂uN
y

∂x

⎞
⎟⎟⎠+

(
0

∇yuN
x

)

︸ ︷︷ ︸
σ(uN)·N

=

(
0 2(−∇y)t

Dyx Dyy

)
︸ ︷︷ ︸

D′

⎛
⎜⎝uN

x

uN
y

⎞
⎟⎠+

⎛
⎜⎝−pN

ωN,y

⎞
⎟⎠

︸ ︷︷ ︸
ω
′
N

+

(
0

∇yuN
x

)
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⇒ σ(uN) · N = D
′
uN + ω

′
N +

(
0 0
∇y 0

)⎛
⎜⎝uN

x

uN
y

⎞
⎟⎠

︸ ︷︷ ︸
RuN

⇒ σ(uN)(a) · N = (D
′
+ R)︸ ︷︷ ︸

D′′

uN(a) + ω
′
N(a). (62)

Using (61) and (62), we obtain

∂E
∂v

(h) =
∫
Γa

(D
′′
h)(v−Q g−ωD)dΓa,

∂E
∂g

(k) =
∫
Γa

(g− D
′′
v−ω

′
D)(Qk)dΓa. (63)

The relation (63) at the optimum of E is equivalent to

∂E
∂v (h) = 0, for all h ∈ H1/2

00 (Γa), ∂E
∂g (k) = 0, for all k ∈ (H1/2

00 (Γa))′

Then, 〈
D
′′
h, v−Q g−ω2

〉
Γa

= 0,
〈

g− D
′′
v−ω

′
N , Q k

〉
Γa

= 0

which is equivalent to〈
(D

′′
)t(v−Q g−ωD), h

〉
Γa

= 0, for all h ∈ H1/2
00 (Γa)〈

Qt (g− D
′′
v−ω

′
N), k

〉
Γa

= 0, for all k ∈ (H1/2
00 (Γa))′

and we obtain

(D
′′
)t(v−Q g−ωD) = 0 and Qt (g− D

′′
v−ω

′
N) = 0,

where (D
′′
)t and Qt represent, respectively, the transposes of D

′′
and Q.

By construction, the two operators Q and D
′′

are injective, so{
v−Q g−ωN = 0,
g− D

′′
v−ω

′
D = 0.

⇒
{

v−Q(D
′′
v + ω

′
N)−ωD = 0,

g− D
′′
(Q g + ωD)−ω

′
N = 0.

⇒
{

(I −QD
′′
)v = Qω

′
N + ωD,

(I − D
′′
Q)g = D

′′
ωD + ω

′
N .

Then, the optimum of E is reached for v and g, satisfying the above-mentioned system.

Remark 1. The compatibility of the data (U ,F ) with respect to the Cauchy problem is given by
one of the three following assertions that are equivalent:

1. Qω
′
N + ωD ∈ Im(I −QD

′′
),

2. D
′′
ωD + ω

′
N ∈ Im(I − D

′′
Q).
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Algorithm Process
Step 1: Problem Setup

• Define cylindrical domain Ω = [0, a] × O with boundaries Γ0 = {0} × O, Γa =

{a} ×O.
• Prescribe known data: Dirichlet velocity U ∈ H1/2

00 (Γ0) and Neumann traction F ∈(
H1/2

00 (Γ0)
)′.

• Goal: Reconstruct missing velocity V and traction G on Γa.

Step 2: Optimal Control Formulation

• Define energy functional

E(v, g) =
1
2

∫
Ω

σ(uN − uD) : ∇(uN − uD) dx,

where uN (Neumann state) and uD (Dirichlet state) solve

(P1) : Stokes system with σ(uN) · N = F on Γ0

(P2) : Stokes system with uD = U on Γ0.

• Admissible controls: (v, g) ∈ H1/2
00 (Γa)×

(
H1/2

00 (Γa)
)′.

Step 3: Factorization via Riccati Equations

• Introduce moving boundary Γs = {x = s} ×O.
• Define operators for subdomains Ωs:

– Dirichlet-to-Neumann (D(s)) and Neumann-to-Dirichlet (Q(s)).
– Residual functions ωN(s), ωD(s).

• Solve decoupled Riccati Equations (41) and (57).
• Integrate residual Equations (40) and (58) with boundary conditions from U and F .

Step 4: Solve Optimality System

• Compute terminal operators at s = a: D(a), Q(a) and the functions ωN(a), ωD(a)
and pN .

• Solve coupled system (39)

(I −Q(a)D′′)v = Q(a)ω′
N + ωD,

(I − D′′Q(a))g = D′′ωD + ω′
N .

D
′′

=

(
0 2(−∇y)t

Dyx Dyy +∇y

)
and ω

′
N =

⎛
⎜⎝−pN

ωN,y

⎞
⎟⎠.

• Obtain optimal controls: v = V, g = G on Γa.

Step 5: Reconstruct Missing Data

• Output reconstructed boundary data:

u|Γa = V

σ(u) · N|Γa = G.
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7. Conclusions

The method presented in this paper is an efficient technique to solve the data comple-
tion problem for the Cauchy–Stokes equation. Our approach is based on the factorization of
elliptic boundary value problems, which allows the direct expression of the approximations
of the missing data of the data completion problem, written as an optimal control problem.
In this formulation, the Dirichlet-to-Neumann operator D and the Neumann-to-Dirichlet
operator Q are independent of the data. So, if this problem must be solved for multiple data
sets, for each new couple (U ,F ), we only have to solve the equations for the residual parts
of D and Q, respectively. In addition, the proposed method leads to interesting analytical
calculations to obtain high-quality information and offers several new perspectives and
problems in the area of data completion problems.

In our future work, we will numerically test this method and we will try to extend it
to more general geometries beyond cylinders.
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Abstract: The well-known nonlinear Schrödinger equation (NLSE) plays a crucial role in
describing the temporal evolution of disturbances in marginally stable or unstable me-
dia. However, when the media is a fractal form, it becomes ineffective. Thus, the fractal
modification to the NLSE is presented based on the fractal derivative in this work for
the first time. The semi-inverse method is employed to establish the fractal variational
principle. The entire process of deriving the fractal variational principle is presented in
detail. To our knowledge, the fractal variational principle mentioned in this article is
the first exploration and report to date. The fractal variational principle established in
this paper is expected to deepen our understanding of the essence of physical phenom-
ena in the fractal space and offer new ideas for the application and exploration of the
variational approaches.

Keywords: fractal derivative; semi-inverse method; lagrange function; stationary condition;
variational principle

MSC: 37J51; 37K58

1. Introduction

The importance of nonlinear partial differential equations (NPDEs) lies in their status
as a fundamental discipline in modern mathematics, serving as a bridge between mathemat-
ics and other scientific fields involving in optics [1,2], thermodynamics [3–5], biomedical
science [6,7], plasma physics [8,9] and others [10–14], and capable of describing various im-
portant and complex natural phenomena in the objective world. To better reflect the real life
and some phenomena that occur in nature, solving NPDEs is particularly important. There-
fore, many researchers always focus on researching how to obtain precise solutions. Many
mathematicians and physicists have conducted in-depth research in this field, creating
many special methods for solving the NPDEs, and these solutions have formed their own
theories, for example the Kudryashov’s approach [15,16], tanh-function technique [17,18],
generalized auxiliary equation [19,20], Darboux transformation approach [21,22], Hirota
bilinear method [23,24], and so on. In addition, the research on the variational principles of
the NPDEs is also a hot topic, as the variational principles can help us gain a more intuitive
and in-depth understanding of the solutions’ physical properties. However, generally
speaking, it is relatively difficult to find the variational principles of the NPDEs, and not
all NPDEs can establish their variational principles. In this study, we first consider the
unstable NLSE as follows [25]:

i
∂ψ

∂t
+

∂2ψ

∂x2 + 2α|ψ|2ψ− 2βψ = 0 (1)

Axioms 2025, 14, 376 https://doi.org/10.3390/axioms14050376
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which can be used to describe the temporal evolution of disturbances in marginally stable
or unstable media, i =

√
−1, α, and β are non-zero arbitrary constants. In [25], the

extended simple equation technique is adopted to find the different wave structures of
Equation (1). In [26], the lie symmetries are explored. In [27], three different methods,
the sine-cosine technique, exp(-φ(ξ))-expansion approach and the Riccati–Bernoulli sub-
ODE approach are used to study the different wave structures. In [28], the modified
Kudraysov method is employed to seek the abundant wave solutions. In [29], the new
Jacobi elliptic function rational expansion method is adopted to construct the exact wave
solutions. In [30], the improved modified Sardar sub-equation method is used to explore
the diverse wave solutions. In [31], the expa and hyperbolic function methods are utilized
to investigate the explicit exact solutions. In [32], the modified extended direct algebraic
method is manipulated to plumb the abundant soliton solutions. In [33], the modified
extended mapping method is utilized to seek for different optical soliton solutions. In [34], a
modified mathematical method is proposed to look for the exact wave solutions. In [35], the
modified exponential rational function method is consindered to study the exact traveling
wave solutions. In [36], a new trial equation method is presented to develop the different
kinds of soliton solutions. In [37], the extended rational sine-cosine/sinh-cosh approach
is employed to explore the solitary and periodic wave solutions. In [38], the three-wave
method, double exponential method, and the positive-quadratic function approach are
used to find the abundant wave solutions. In [39], the improved auxiliary equation tool is
adopted to develop the diverse wave structures. However, Equation (1) becomes powerless
when the medium is the fractal form. Thus, we need to carry out the fractal modification
for Equation (1) through the fractal derivative as follows:

i
∂ψ

∂tγ
+

∂2ψ

∂x2γ
+ 2α|ψ|2ψ− 2βψ = 0 (2)

where γ(0 < γ ≤ 1) represents the two-scale fractal dimension, ∂
dxγ , and ∂

dtγ are the fractal
derivatives as follows [40,41]:

∂

∂xγ
ψ
(

xγ
0 , tγ

)
= Γ(1 + γ) lim

x− x0 = Δx
Δx �= 0

ψ(xγ, tγ)− ψ
(

xγ
0 , tγ

)
(x− x0)

γ (3)

∂

∂tγ
ψ
(

xγ, tγ
0
)
= Γ(1 + γ) lim

t− t0 = Δt
Δt �= 0

ψ(xγ, tγ)− ψ
(

xγ, tγ
0
)

(t− t0)
γ (4)

which admits the following chain rules [42]:

∂2

∂x2γ
=

∂

∂xγ

∂

∂xγ
(5)

It should be noted that Equation (2) reduces into the classic unstable NLSE in Equa-
tion (1) for γ = 1. As we all know, the variational principle plays a crucial role in describing
the nonlinear phenomena from a physical perspective. In addition, it is also the funda-
mental theoretical basis of the variational approaches. Thus, hereby in this study, we
focus on constructing the fractal variational principle for Equation (2) by applying the
semi-inverse method.
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2. The Fractal Variational Principle

The function ψ can be written as follows:

ψ = θ + iϕ. (6)

Tanking it into Equation (2) yields the following:

i
(

∂θ

∂tγ
+ i

∂ϕ

∂tγ

)
+

(
∂2θ

∂x2γ
+ i

∂2 ϕ

∂x2γ

)
+ 2α

(
θ2 + ϕ2

)
(θ + iϕ)− 2β(θ + iϕ) = 0, (7)

which can be divided into the imaginary imaginary and real components, respectively,
as follows:

∂θ

∂tγ
+

∂ϕ

∂x2γ
+ 2α

(
θ2 + ϕ2

)
ϕ− 2βϕ = 0, (8)

and
− ∂ϕ

∂tγ
+

∂θ

∂x2γ
+ 2α

(
θ2 + ϕ2

)
θ − 2βθ = 0, (9)

Then, we will employ the semi-inverse method to find the variational principle of
Equations (8) and (9) as follows [43–50]:

J(θ, ϕ) =
�

L
(

θ, θ
(γ)
t , θ

(γ)
x , ϕ, ϕ

(γ)
t , ϕ

(γ)
x , . . .

)
dtγdxγ, (10)

where θ
(γ)
t = ∂θ

∂tγ , θ
(γ)
x = ∂θ

∂xγ , ϕ
(γ)
t = ∂ϕ

∂tγ , ϕ
(γ)
x = ∂ϕ

∂xγ , and L is called the trial-Lagrange
function (TLF) and the Euler—Lagrange equations of Equation (10) are the following:

δL
δϕ

=
∂L
∂ϕ

− ∂

∂x

(
∂L

∂ϕ
(γ)
x

)
− ∂

∂t

(
∂L

∂ϕ
(γ)
t

)
. (11)

and
δL
δθ

=
∂L
∂θ
− ∂

∂x

(
∂L

∂θ
(γ)
x

)
− ∂

∂t

(
∂L

∂θ
(γ)
t

)
, (12)

In order to find the variational principles of Equations (8) and (9), the TLF can be
assumed as follows:

L = θ
∂ϕ

∂tγ
+

1
2

(
∂ϕ

∂xγ

)2
+ F

(
θ, ϕ, θ

(γ)
t , θ

(γ)
x , ϕ

(γ)
t , ϕ

(γ)
x

)
. (13)

where F
(

θ, ϕ, θ
(γ)
t , θ

(γ)
x , ϕ

(γ)
t , ϕ

(γ)
x

)
is a undetermined function of θ, ϕ, θ

(γ)
t , θ

(γ)
x , ϕ

(γ)
t , and

ϕ
(γ)
x . By Equation (11), we have the following:

− ∂θ

∂tγ
− ∂2 ϕ

∂x2γ
+

δF
δϕ

= 0, (14)

where δF
δϕ is the variational derivative in this study as follows:

δF
δϕ

=
∂F
∂ϕ

− ∂

∂t

(
∂F

∂ϕ
(γ)
t

)
− ∂

∂x

(
∂F

∂ϕ
(γ)
x

)
. (15)

A comparison between Equations (14) and (8) yields the following:

δF
δϕ

=
∂F
∂ϕ

− ∂

∂t

(
∂F

∂ϕ
(γ)
t

)
− ∂

∂x

(
∂F

∂ϕ
(γ)
x

)
= −2α

(
θ2 + ϕ2

)
ϕ + 2βϕ, (16)
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To identify F, we can set:

∂F
∂ϕ

= −2α
(

θ2 + ϕ2
)

ϕ + 2βϕ, (17)

∂F

∂ϕ
(γ)
t

= 0, (18)

∂F

∂ϕ
(γ)
x

= 0, (19)

From Equations (17)–(19), we can easily determine F as follows:

F = −αθ2 ϕ2 − 1
2

αϕ4 + βϕ2, (20)

Now we can update the TLF as follows:

L = θ
∂ϕ

∂tγ
+

1
2

(
∂ϕ

∂xγ

)2
− αθ2 ϕ2 − 1

2
αϕ4 + βϕ2 + f

(
θ, ϕ, θ

(γ)
t , θ

(γ)
x , ϕ

(γ)
t , ϕ

(γ)
x

)
, (21)

where f
(

θ, ϕ, θ
(γ)
t , θ

(γ)
x , ϕ

(γ)
t , ϕ

(γ)
x

)
is an undetermined function of θ, ϕ, θ

(γ)
t , θ

(γ)
x , ϕ

(γ)
t , and

ϕ
(γ)
x . By Equation (12), we have the following:

∂ϕ

∂tγ
− 2αθϕ2 +

δ f
δθ

= 0, (22)

where δ f
δϕ is the variational derivative in this study as follows:

δ f
δθ

=
∂ f
∂θ
− ∂

∂t

(
∂ f

∂θ
(γ)
t

)
− ∂

∂x

(
∂ f

∂θ
(γ)
x

)
. (23)

From Equations (9), (22), and (23), there are the following:

δ f
δθ

=
∂ f
∂θ
− ∂

∂t

(
∂ f

∂θ
(γ)
t

)
− ∂

∂x

(
∂ f

∂θ
(γ)
x

)
= − ∂2θ

∂x2γ
− 2αθ3 + 2βθ, (24)

For identifying f , we can set:

∂ f
∂θ

= −2αθ3 + 2βθ, (25)

∂ f

∂θ
(γ)
t

= 0, (26)

− ∂

∂x

(
∂ f

∂θ
(γ)
x

)
= − ∂2θ

∂x2γ
, (27)

Based on Equations (25)–(27), we can easily determine f as follows:

f =
1
2

(
∂θ

∂xγ

)2
− 1

2
αθ4 + βθ2 (28)

Then, the TLF L can be found as follows:

L = θ
∂ϕ

∂tγ
+

1
2

(
∂ϕ

∂xγ

)2
+

1
2

(
∂θ

∂xγ

)2
− αθ2 ϕ2 − 1

2
α
(

ϕ4 + θ4
)
+ β

(
ϕ2 + θ2

)
. (29)
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Thus, the variational principle is established as follows:

J(θ, ϕ) =
� {

θ
∂ϕ

∂tγ
+

1
2

(
∂ϕ

∂xγ

)2
+

1
2

(
∂θ

∂xγ

)2
− αθ2 ϕ2 − 1

2
α
(

ϕ4 + θ4
)
+ β

(
ϕ2 + θ2

)}
dtγdxγ. (30)

Proof. Computing the stationary conditions of Equation (30) with respect to ϕ and θ, we
can obtain the Euler–Lagrange equations as follows:

δL
δϕ

:
∂θ

∂tγ
+

∂2 ϕ

∂x2γ
+ 2αϕ

(
θ2 + ϕ2

)
− 2βϕ = 0, (31)

and
δL
δθ

: − ∂ϕ

∂tγ
+

∂2θ

∂x2γ
+ 2αθ

(
ϕ2 + θ2

)
− 2βθ = 0. (32)

Obviously, we can see Equations (31) and (32) equal to Equations (8) and (9), re-
spectively, which fully confirms the correctness of the obtained variational principle in
Equation (30).

Then, by Equation (6), we have the following:

θ =
ψ + ψ∗

2
, (33)

and

ϕ = − i(ψ− ψ∗)
2

. (34)

Taking them into Equation (30) yields the fractal variational principle to Equation (2)
as follows:

J(ψ, ψ∗) =
� {

−i(ψ + ψ∗)
∂

∂tγ
(ψ− ψ∗) + 2

∂ψ

∂xγ

∂ψ∗

∂xγ
− 2αψ2(ψ∗)2 + 4βψψ∗

}
dtγdxγ.

(35)
�

3. Proof of the Fractal Variational Principle

Proof. Calculating the functional stationary conditions of Equation (35) in regard to ψ∗

and ψ, respectively, yields the following:

−i
[

∂

∂tγ
(ψ− ψ∗) +

∂

∂tγ
(ψ + ψ∗)

]
− 2

∂2ψ

∂x2γ
− 4αψ2ψ∗ + 4βψ = 0. (36)

and
δL
δψ

: −i
[

∂

∂tγ
(ψ− ψ∗)− ∂

∂tγ
(ψ + ψ∗)

]
− 2

∂2ψ∗

∂x2γ
− 4αψ(ψ∗)2 + 4βψ∗ = 0, (37)

After simple calculations, we have the following:

δL
δψ∗

: i
∂ψ

∂tγ
+

∂2ψ

∂x2γ
+ 2α|ψ|2ψ− 2βψ = 0, (38)

and
δL
δψ

: i
∂ψ∗

∂tγ
− ∂2ψ∗

∂x2γ
− 2α|ψ∗|2ψ∗ + 2βψ∗ = 0, (39)
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It is obvious that Equation (38) is the same with the fractal unstable NSLE given in
Equation (2), thus confirming the correctness of the constructed fractal variational principle
in Equation (35). �

4. Conclusions

The fractal unstable NLSE for the fractal media was proposed in this work for the first
time. Taking advantage of the semi-inverse method, its fractal variational principle was
developed and the entire construction process was displayed in detail. The correctness of
the established fractal variational principle was also confirmed through the Euler–Lagrange
equations, which were obtained by taking the stationary conditions. To the best of the
author’s knowledge, the fractal variational principle is first probed in this work and has
never been reported in other literature yet. In addition, the extracted fractal variational
principle can describe the nonlinear phenomena from a physical perspective in a fractal
space, enabling a better understanding of the essence of physical phenomena and offer
some new inspiration for the exploration of the analytical solutions and numerical scheme
of the fractal NPDEs arising in physics.
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