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It is not easy to give a precise definition of the concept of multiscale modelling (MM).
As is customary nowadays, we posed our question to AI and received the following
response: “MM is an approach to system simulation that integrates multiple levels of detail,
often employing diverse models to improve sampling efficiency and capture phenomena
across different scales”.

Having accepted this definition as a working one, let us say a few words about the
essence of the matter. Predictions of large-scale behaviour based on fine-scale theory
are a key goal of modern natural sciences and of particular importance to numerous
engineering applications. However, for a long time, this description was understood as the
construction of a hierarchy of models describing processes of different scales according to
phase space variables (temporal, spatial, etc.). In this case, for a more accurate description,
one simply needs to change the scale. This reductionist approach has proven effective
in physics and mechanics. However, with the increasing complexity of the phenomena
under consideration, especially with the transition to nanostructures and metamaterials,
it has become clear that describing complex systems based solely on knowledge of the
dynamics or behaviour of their components is often insufficient. For example, in modern
materials science, it is often necessary to consider several different and distinct scales of the
object of investigation simultaneously. The set of concepts and algorithms that enable the
analysis of objects and phenomena in various fields of science and engineering, taking into
account the interaction of different scales, has been named MM. For example, “in physics
and chemistry, multiscale modeling is aimed at the calculation of material properties or
system behavior on one level using information or models from different levels” (https:
//en.wikipedia.org/wiki/Multiscale_modeling (accessed on 25 December 2025)).

Recent major progress in this area is due to the development of advanced computa-
tional and experimental methodologies, along with the establishment of powerful mathe-
matical frameworks operating on multiple length and time scales. Computational MM can
make accurate predictions about various phenomena, simultaneously considering several
different and distinct scales of the phenomena. However, as stated by R. Thom, “Prediction
is not explanation”.

What is meant by explanation? Once again, we encounter an ambiguous concept, the
detailed interpretation of which would lead us too far into philosophical territory. For a
significant portion of the current generation of mathematicians and physicists, explanation
means the existence of a model within the framework of continuous mathematics. We
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will not deny ourselves the pleasure of quoting Kolmogorov, who wrote about the rela-
tionship between discrete and continuous mathematics: “It is quite probable that with the
development of modern computing techniques, it will become understood that in many
cases it is reasonable to study real phenomena without making use of the intermediate step
of their stylization in the form of infinite and continuous mathematics, passing directly
to discrete models. Pure mathematics was successful developed mainly as the science of
the infinite. Apparently, this state of affairs is deeply rooted in our consciousness, which
operates with great ease with an intuitively clear understanding of unbounded sequences,
limiting processes, continuous and even smooth manifolds, etc.”

Whether this situation is related to the peculiarities of our subconscious or is caused
by the modern education system, which focuses primarily on continuous mathematics, is a
matter of debate. However, the prevalence of continuous mathematics models in modern
science and engineering is evident. At the same time, we are witnessing a rapidly growing
trend towards discrete models. Of course, discrete and continuous approaches to modelling
the real world are not competing but complementary. Modelling multiscale phenomena
both mathematically and computationally allows us to describe the phenomenon under
study in its entirety. Although this SI is mainly devoted to issues of mathematical MM, it
also addresses computational aspects of MM.

The problems of MM are often interdisciplinary in nature, as confirmed by this SI,
which includes articles devoted to the application of MM in the theories of discrete systems
(contributions 1 and 2), elasticity (contributions 3 and 4) and hydroelasticity (contribution 5),
composite materials, and metamaterials and quasicrystals (contributions 6, 7 and 8), as
well as in hydromechanics (contribution 9), biomechanics (contribution 10), geomechanics
(contribution 11), and tribology (contribution 12). Among the methods of mathematical
MM, asymptotic approaches stand out. The articles in this SI used methods of continua-
tion (contributions 1 and 2), homogenisation (contribution 3), the regular (contribution 9)
and singular (contributions 4, 5 and 7), perturbation methods, and Padé approximants
(contribution 1). The theory of self-adjoint operators (contribution 6) and the integral
formalism based on two-dimensional Green tensors (contribution 8) were also applied.
Multiscale numerical approaches (contributions 10 and 11) and multiscale statistical anal-
ysis (contribution 12) were also used. The results obtained confirm the importance of
considering discreteness for constructing refined continuous models (contributions 1, 2
and 3). It has been shown that when describing composite materials, especially those with
high-contrast components, it is not sufficient to determine only the effective characteristics;
the microstructure must also be taken into account (contribution 6). In general, MM re-
quires, along with the study of the global behaviour of systems, the analysis of local effects
(contributions 4, 5, 6 and 7).

As guest editors, we would like to sincerely thank the authors who responded to our
invitations and submitted their work to this SI. The constructive and insightful feedback
from reviewers contributed to improving the quality of the accepted articles and enhancing
their style of presentation. We would also like to note the professionalism of the editors of
the MDPI journal Mathematics.

The aim of this SI was to demonstrate effective MM methods and their applicability
for in-depth analysis of systems and processes in various fields of science and engineering.
We hope that the published works will be of interest to readers, both for the specific results
obtained and for the general ideology of the research and the methods and approaches used.

Conflicts of Interest: The author declares no conflicts of interest.
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Shaped Myocardium Sample with Heterogeneous Properties
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Abstract

In this study, we have performed 3D numerical simulations of the excitation and contrac-
tion of thin slab-like samples of myocardium tissue. The samples included a narrow region
of almost non-excitable tissue simulating impaired myocardium. In the numerical experi-
ments, we considered the heterogeneity of myocardium excitation and the Ca2+ activation
of its contraction, as well as the orientation of the muscle fibers. Those characteristics
varied throughout the thin wall of the sample. The simulations were performed in our
numerical framework for the problems of cardiac electromechanics developed recently. The
framework was previously tested for the benchmark problems in which formulations took
into account only myocardium electrophysiology and passive mechanics. The study could
be considered as an approbation of the framework performance with the fully coupled
mathematical model of myocardium electromechanics. Here we dealt with the problems
requiring a multiscale approach, taking into account cell-level electrophysiology, cell-level
mechano-chemical processes, macromechanics (strain and stress) of the 3D sample, and
interconnections between the levels. It was shown how the tissue heterogeneity and its
strain affected the propagation of excitation–contraction waves in the sample, including, in
particular, the formation of spiral waves.

Keywords: numerical simulation; cardiac modeling; cardiac electromechanics; computational
framework; multiscale modeling

MSC: 92C10; 74L15; 92-10; 74-10; 74H15

1. Introduction

Mathematical modeling of heart excitation and contraction has been an actively devel-
oping tool for application in the treatment of heart disease. Among others, arrhythmia is a
serious and frequently encountered problem, which could be caused by different factors,
including dysfunctions of ionic currents and impaired tissue excitation or conductance,
and even could be affected by myocardium deformation. The mathematical modeling of
such complex cardiac dysfunctions always involves numerical simulations, as the models
have to include descriptions for the complex cell-level (for a single cardiomyocyte) and
tissue-level (for myocardium) processes leading to the functioning of heart chambers at
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the organ level. The computational implementation of the multiscale simulation of cardiac
activity is not easy from the computational point of view, which encourages researchers to
develop new numerical suits and optimize numerical schemes and methods.

The computation frameworks and libraries for the numerical simulations of my-
ocardium excitation and contraction commonly have implementations of multiscale math-
ematical models at their core. For the correct simulation, one should take into account
the mechanics of the myocardium sample undergoing large strain, cell-level models of
cardiomyocyte excitation and contraction, and a macro-level model for the propagation of
the excitation waves within the tissue. Heterogeneity and anisotropy of the material should
also be accounted for at all levels of the modeling. The model blocks are typically inter-
connected with each other. In particular, the processes of excitation–contraction coupling
and mechano-electric feedback (MEF) should be specified in the models. In addition, while
considering a whole-organ mathematical formulation, one should couple the mechanics of
the heart chambers with a model of blood circulation, specifying corresponding boundary
conditions. Having a numerical framework for cardiac modeling in mind, one should note
that the variety of the problem formulations and models requires the framework to allow
its users to incorporate new models, specify the equations, along with their boundary and
initial conditions, and operate with different geometry and meshes with ease.

A 0D model of cardiomyocyte electrophysiology commonly defines a set of ionic
currents specified by a system of ordinary differential equations (ODEs). As most of
the currents are very fast, the systems of ODEs are stiff and should be handled with the
numerical methods applicable to that case. Excitation propagation through the tissue is
commonly described by a reaction–diffusion equation for the transmembrane potential, or
by a system of the equations if some other electric potentials, like the potential of external
medium, are considered. The excitation models are required to reproduce the dynamics of
the transmembrane potential (called action potential (AP) when it grows from its resting
value) and the dependence of the action potential duration (APD) on the stimulation
frequency. Complex electrophysiological simulations at the heart level are challenging
from the computational point of view, even if one does not take cardiac mechanics into
account [1]. Speaking of cardiac mechanics, the myocardium is generally treated as an
incompressible or nearly incompressible anisotropic (orthotropic or transversely isotropic)
nonlinear material with finite strains. Active stress in cardiac muscle during its contraction
is much higher than its passive response to strain. Because the active forces are aligned
with the fiber directions, the corresponding components of the stress tensor are especially
high during the contraction. All of these factors lead to ill-conditioned stiffness matrices
emerging from finite element methods. That means that the linear algebraic equations,
which one has to deal with while applying solvers for the nonlinear equations, require
efficient methods for the matrix preconditioning before applying a reliable iterative solver.
Examples of the studies on numerical methods implemented for the simulation of cardiac
electromechanics can be found in [2–5]. Moreover, the solver choice sometimes depends
on the problem setup. Therefore, it would be convenient to be able to choose from several
different solvers for systems of ODEs and nonlinear and linear algebraic equations. Recent
studies on the MEF in myocardium, both experimental and involving numerical simulation,
show that the tissue deformations could be crucial for the initiation of spiral waves or
their breakup, as conductance velocity in the tissue decreases upon its stretch [6–10]. For
example, experimental data show that the rotation dynamics of the excitation waves in the
left ventricle occurring during ventricular fibrillation is associated with the propagation of
deformation waves in myocardium, which was studied numerically [11]. Thus, in order
to reproduce arrhythmogenic phenomena accurately, numerical studies on the problems
of heart electrical activation should take cardiac mechanics into consideration, at least for

5
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the heart ventricles, as the myocardium in the ventricular walls undergoes large strains. In
addition, the computational tools for cardiac simulation should provide ways to couple the
macroscopic strains with cell-level models and allow their users to specify the dependencies
required for the coupling without resorting to modification of the major code segments.

The computational packages, libraries, and frameworks developed by various groups
for modeling in cardiology or for more general multiphysics problems include LifeX (https:
//gitlab.com/lifex/lifex (accessed on 30 May 2025)), OpenCARP (https://opencarp.org/
(accessed on 30 May 2025)), Cardioid (https://github.com/LLNL/cardioid (accessed on
30 May 2025)), and Chaste (https://github.com/Chaste (accessed on 30 May 2025)). Some
of the libraries developed by scientific groups are based on general-purpose computing
platforms, such as FEniCS (https://fenicsproject.org/ (accessed on 30 May 2025)). Some of
those computational suits and libraries were used successfully to simulate both excitation
and contraction of myocardium samples or heart chambers. However, there are only a few
computational tools that provide the options to specify electrophysiology and mechanics
model blocks and their two-way coupling in a user-friendly manner, while, in addition,
providing the instruments for flexible discretization of equations in each model block.

Our study focuses on the numerical experiments with spiral waves in anisotropic
myocardium samples undergoing myocardial contraction. The spiral waves can cause or
accompany some types of arrhythmia, and thus their dynamics seems to be an important
subject of numerical simulation. The application of a fully coupled electromechanical
model in the computations could also be especially useful, as the strain and heterogeneity
of the tissue structure both affect the waves’ dynamics [12,13]. In this paper, we present
several 3D problems formulated for a myocardium sample of simple geometrical shape,
which had a region with impaired myocardium excitation. The sample was deformed,
followed by a periodic stimulation of one of its sides. For several numeric experiments,
we also considered the variation of the characteristics of the regulation of myocardial
contraction and the orientation of muscle fibers through the tissue. The simulations were
run with our new computational framework for mathematical modeling in cardiology,
CarNum [14], to test its capabilities and observe the modeled effects of the sample strain
on the propagation of the excitation waves. The test problems were also supposed to
demonstrate what changes in the behavior of the excitation–contraction waves we could
obtain by introducing the heterogeneity of the myocardium stated above.

We pursued two goals in this study. On the one hand, we expected that the simulation
results would be able to reveal important changes in the dynamics of the excitation–
contraction waves upon the introduction of the spatial heterogeneity of the contraction
regulation, since we used the model accounting for strain dependence of both the regulation
and the propagation of the electrical activation in the myocardium. The features of the
myocardium model used here, in particular, the presence of mechano-electric feedback, in
combination with the specifics of the modeled samples determined our interest in the study.
On the other hand, we intended to test and debug our framework CarNum while working
on the formulation and solution of the problems of cardiac electromechanics, in which
material anisotropy and heterogeneity of different myocardium cell-level properties were
assumed as being important to take into account. CarNum is still under development, and
this paper demonstrates its applicability to research tasks rather than stating its superiority
over other packages, which differ in software architecture, approaches to solving problems,
user interfaces, etc. The numerical methods used in CarNum and the related issues have
already been described in [15] and will only be briefly mentioned here.
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2. Materials and Methods

2.1. Numerical Implementation and CarNum Framework

We performed the simulations in the framework for cardiac electromechanics, Car-
Num. It was used to build the coupled numerical scheme, assemble the linear systems, and
customize the exchanges and interactions between the individual submodels. CarNum has
been developed on the basis of several other frameworks and libraries with flexibility in
mind, providing the ability for a user to use their own discretizers and several pre-built
solvers, as well as to implement custom cell-level models of cardiac electrophysiology and
mechanics. The platform core is built on the parallel computing framework INMOST [16] and
extended by the FEM toolkit AniFem++ (https://github.com/INMOST-DEV/INMOST-FEM
(accessed on 30 May 2025)). We used heavily modified OpenCARP’s open-source library,
Limpet (https://opencarp.org/doxygen/master/limpet.html (accessed on 30 May 2025)),
to set the variables and equations of cell-level models in EasyML language. We used the
SUNDIALS (v7.0.0) computation suit for the solvers of nonlinear algebraic and ordinary
differential equations [17]. We have verified [14] the platform and the implemented solvers
with electrophysiological and mechanical benchmarks. Our results of the test problems
showed good agreement with the results obtained by other research groups. Parallel
computations demonstrated the good performance and scalability of our software. The
framework allows one to specify several parameters to set up the mathematical problem
and numerical methods using the command line.

The algorithm for the problem solution and the numerical methods were as follows.
The equations of continuous mechanics (the motion and incompressibility equations for the
sample) and the partial differential equation for the transmembrane potential (monodomain
model) were solved by the finite element method, while the cellular ODEs (for the cell-
level contraction model, ionic balance for cell compartments, ionic currents, or for the
phenomenological variables of simplified models) were solved independently at the points
of the quadratures on the corresponding meshes. The values of the cell-level variables
computed at the current time step in the elements’ points of quadrature integration were
used to compute the “ionic current” terms of electrophysiological equations. Those “micro-
scale” variables also included active stress developed by myocardium contractile proteins,
and that stress term was included in the motion equation. To solve the ODEs of the cellular
activation–contraction model, we used the CVODE solver from the SUNDIALS suit using
a backward differentiation formula (BDF) of variable order. The nonlinear system of
equations obtained after discretization of the continuous mechanics equations was solved
by the inexact Newton method implemented in the KinSol package (numerical solvers
included in the SUNDIALS suit). We solved linear systems arising at the Newton steps of
the KinSol solvers, as well as the equations obtained after discretization of the monodomain
equation, by the iterative BiCGStab solver with the parallelized second-order Crout-ILU
preconditioner implemented in the INMOST framework [16].

The following features of CarNum that we find important and convenient for the
cardiac modeling can be highlighted.

– The flexible processing of parallel computational grid meshes in common formats
(inherited from the INMOST computational suit).

– The cellular block of the model (ODEs for cardiomyocyte mechanics, ionic currents
or their phenomenological approximations, supplementary equations of electrome-
chanical coupling) is specified in a human-readable language. One is able to link the
block’s parameters with spatial coordinates and strains, as well as import cell-level
variables into tensors of the macromechanical formulation. Macro- and micro-level
blocks are interconnected by the cell-level variables.

7
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– The framework utilizes the processing of symbolic algebraic expressions and their auto-
matic differentiation, simplifying the mathematical formulation of the cardiology related
problems, including the specification of myocardium properties and boundary conditions.

– Separate time steps can be used to solve equations of mechanics, electrophysiology,
and cell-level activation–contraction models.

– Users can choose from a variety of numerical methods. Generally, methods based
on backward differential formula are used to solve stiff ODEs, and inexact Newton
methods are used to solve nonlinear algebraic equations that arise from PDEs for
the electrical propagation and continual mechanics. Those methods utilize a custom
implementation of adaptive time-step and allow one to choose one of several precon-
ditioners used in linear iterative solvers. Parallel computation using OpenMP and
MPI are supported.

2.2. Excitation–Contraction Model of Cardiomyocyte

We used the myocardium model by Syomin et al. [18] in the simulations. The model
combines the phenomenological model of excitation by Aliev and Panfilov [19] with the
model of cardiac mechanics developed by our group earlier. The Aliev–Panfilov model at
the cell level is set by a system of two ODEs for non-dimensional transmembrane potential
U and a phenomenological variable v simulating, to some extent, the ionic currents that
affect the AP repolarization. The equations in non-dimensional form were as follows:

τ
∂CmU

∂t
+ kAPU(U − aAP)(U − 1) + Uv = Istim,

τ
∂v
∂t

= −
(

ε +
μ1v

μ2 + U

)
(v + kAPU(U − bAP − 1)).

(1)

Here, Cm is the membrane capacitance, aAP sets the excitation threshold, and all other
parameters do not have any physical meaning, while their values were taken from [19]. In
this study, we used the model modification taking into account mechano-electric feedback
(MEF) implemented through the non-instant dependence of the membrane capacitance on
strain upon muscle stretching. Assuming the rate of the capacitance variation to be much
slower than the rate of change in the potential, the first equation was transformed into the
following equations,

τCm
∂U
∂t

+ kAPU(U − kexcaAP)(U − 1) + krepUv = Istim,

∂Cm

∂t
= km

(
Km

(
λ f − 1

)
+
− (Cm − 1)

)
,

(2)

where (x)+ = (|x|+ x)/2, λ f =
√
(Ff,Ff) is the strain of muscle units, sarcomeres, with

deformation gradient F = I+∇u and fiber direction given by the vector f, ‖f‖ = 1. krep is
equal to 1 in the Aliev–Panfilov model, while in this study we varied this “repolarization
rate” parameter to change the APD through the sample tissue (see Section 2.3). We also
varied this parameter and an additional multiplier kexc to make the AP very short and the
excitation threshold higher in the tissue regions with simulated impaired excitability.

The mechanical block was described by a system of ODEs for a set of state variables for
contractile and regulatory proteins in sarcomeres, an ensemble-average distortion (muscle
microscopic strain) of the formed contractile structures, cross-bridges, per sarcomere, the
concentration of Ca2+ ions in different cell compartments, and a few other variables, which
affected the calcium currents and provided correct functioning of excitation–contraction
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coupling. The general forms of the equations for cell-level mechanics and electromechanical
coupling were

ṅ = fcb1(n, A1, δ),

θ̇ = fcb2(n, θ, A1, δ),

δ̇ = fδ

(
λ̇ f , n, Ai

)
,

Ȧi = fA

(
nθ, Ai, δ, ccyt, λ f

)
,

ċcyt = fc1

(
U, ccyt, coth, λ f

)
.

ċoth = fc2

(
U, ccyt, coth

)
.

(3)

Here, n is the non-dimensional concentration of the contractile proteins interacting through
the formation of cross-bridges, θ is a fraction of the cross-bridges being in the additionally
deformed strongly bound state, and δ is the cross-bridges’ average distortion. A1 and A2

are the non-dimensional concentrations of complexes formed by muscle regulatory proteins
binding Ca2+ ions, and ccyt is the concentration of free Ca2+ in the cytoplasm. The equations
for A1 and A2 take into account the length-dependence and so called cooperativity of the
muscle activation. coth notes a vector of variables for Ca2+ concentration in other cell
compartments and additional variables regulating the calcium currents. The equations
for coth describe calcium-induced calcium release and were sufficient to reproduce the
dependencies of the peak force and ccyt on the stimulation frequency, as well as the speed-
up in muscle relaxation at increased stimulation frequency. Active stress Tact generated by
the cross-bridges depended on their number (n), strain (the average strain δ and additional
constant strain h of the strongly bound cross-bridges, whose fraction among all attached
cross-bridges equals θ), and the sarcomere length (can be substituted by the fiber strain λ f ).

Tact = kactn(δ + θh)Wov

(
λ f

)
. (4)

The right-hand side of (4) includes the coefficient kact defined from the stiffness of a
cross bridge, the maximal number of cross bridges per sarcomere, and the number of
contractile filaments per unit area. Wov is a function of sarcomere length corresponding to
the normalized length of the overlap zone of thick and thin contractile filaments, which
affects the maximal number of binding sites for the cross-bridges. Details of the model of
cell-level mechanics and electromechanical coupling can be found in Appendix A.1.

2.3. Mathematical Formulation for the Simulation of a Slab-like Myocardial Sample

The mathematical problem was specified by the following partial differential equa-
tions. Electrical propagation in the tissue domain Ω was described by the monodomain
electrophysiology model, which was the first equation of (2) expanded to the tissue scale.

Cm
∂U
∂t
−∇ · (D∇U) + Iion(U, v) = Istim(t), X ∈ Ω (5)

with an insulating boundary condition on the surface with normal vector N,

(D∇U) ·N = 0, X ∈ ∂Ω, (6)

where the diffusion term emerges with the conductivity tensor D given by

D = Diso I+ Daniso f⊗ f,

9
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which contains the terms for isotropic Diso and anisotropic (aligned with the muscle fibers)
Daniso conductivity. The continuum mechanics were described by the equilibrium equation for
the first Piola–Kirchhoff stress tensor P with the assumption of quasi-stationary contraction.

3

∑
j=1
∇jPij = 0, i ∈ 1, 3, X ∈ Ω, (7)

with the general form of boundary conditions specified as

PN + (k‖N⊗N + k⊥(I−N⊗N))(u− uspr) = −pext JF−TN, X ∈ ∂Ω. (8)

Here, k⊥ ≥ 0, k‖ ≥ 0 are stiffness coefficients for normal and tangential mounting springs,
and displacements uspr were either zero or equal to the displacements of the initially
free boundaries of the sample after its preliminary stretch or inflation, preceding their
fixation. pext is an external pressure at the boundary, and F = I+∇u and J = det F are
the deformation gradient and its third invariant. The stress tensor included the isotropic
stress defined by a strain-energy function for the hyperelastic isotropic material, the stress
caused by incompressibility (optional), and the anisotropic term for the stress caused by
the forces applied along the muscle fibers. That last term was the sum of the nonlinear
response of the elastic protein titin and the active tension developed by the contractile
proteins in muscle (Tact in the Equation (4)). The expression for the titin stress was modified
compared to the one from [18] and was described in [15]. The stress–strain curve was fitted
by the exponential polynomial function of λ f to avoid values close to zero emerging in
the denominator of the original expression during the numerical simulations and to make
the myocardium stiffer at sarcomeres shortening. The isotropic part of the stress–strain
relationship was specified by a modified Fung model for hyperelastic materials [20]. The
details can be found in Appendix A.2.

The initial conditions for the cell-level ODEs were chosen from the solution of the 0D
problem of the isometric contraction at the sarcomere length of 2.25 μm with the transitions
to the isotonic contraction at fixed load. Under the load, the sarcomeres shortened to
approximately 1.8 μm and then stretched to their initial length; after that, the contraction
mode switched back to the isometric one. Dimensional minimal and maximal values for
AP were −20 and 80 mV.

The interconnections between the model blocks are shown in Figure 1, and a summary
of the model equations and associated processes is presented in Table 1.

Figure 1. Simplified diagram showing the model blocks and their interconnections.
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Table 1. Mathematical formulation of the model blocks.

Equations (Reference
Numbers)

Physical Processes Mesh Associated Variables Numerical Solvers

PDEs: (5), (6) AP propagation in the tissue Nodal (P1, linear basis function)
values of the action potential

Solution of the corresponding system
of linear equations by iterative
BiCGStab solver with the parallelized
second-order Crout-ILU preconditioner

PDEs: (7), (8) Continuum mechanics:
equilibrium equations

Nodal (P2, quadratic basis
functions) displacements

Solution of the corresponding system
of nonlinear equations by the inexact
Newton method, solution of linear
equations at the Newton method’s
iterations by iterative BiCGStab solver
with the parallelized second-order
Crout-ILU preconditioner

ODEs: the second eq.
in (1), the second
eq. in (2)

Phenomenological description of
ionic currents through the cell
membrane and strain-dependence
of the membrane capacitance

Values of v and Cm in integration
points of the mesh cells (elements)

Solution of ODEs system by BDF of
variable order.

ODEs: (3)
Interaction of muscle contractile
and regulatory proteins,
Ca2+ currents

Values of the state variables describing
muscle contraction and its regulation,
calcium concentrations. The variables
are solved for integration points of the
mesh cells (elements)

Solution of ODEs system by BDF of
variable order.

The sample of myocardial tissue studied in the numerical experiments had a simple
shape of a thin parallelepiped slab with a size of 9× 9× 1 cm. The material was considered
to be transversally isotropic, and the anisotropy was defined by the orientation of the
cardiac fibers, whose distribution differed between the numerical experiments. The left
edge plane of the slab (X = 0) and one of the wide planes (Z = 0) were fixed by stiff linear
elastic springs with a stiffness of 10 kPa for the left side and 50 kPa for the right one (X, Y, Z
are Lagrangian reference coordinates). For the first test series of numerical experiments,
the pressure was applied to the right plane (X = L = 9 cm) of the sample. The pressure
was grown linearly in time up to 1 kPa during 100 ms in order to stretch the sample to
approximately the length of 1.1L. After that, the pressure was fixed and the right side
was fastened to its current position by springs, more flexible than the ones used at the left
side (2 kPa). All other planes were free of load. After the stretching, an external stimulus
of 3 ms duration was applied with a period of 0.5 s, initiating the sample contraction. A
non-excitable region, surrounded by the gray zone, was simulated by the parameters kexc

and krep, which provided high excitation threshold and fast repolarization. The details on
the parameters and equations for their spatial variation are presented in Appendix A.3.
We performed the computations of the myocardial sample contraction with variation of
the following factors. The first one was the fiber orientation, which was horizontal and
linearly changing through the Z-axis from 80◦ at Z = 0 to −60◦ at Z = 1 cm; the second
one was the MEF, which was taken as the strain-dependent membrane capacitance (the
second equation in Equation (2)) or turned off (Cm being constant).

Another series of numerical experiments was set with the sample more similar to a
part of the ventricular wall. For that purpose, the initial slab was inflated by incrementally
increasing pressure applied to one of its wide surfaces. The pressure was increased linearly
up to 0.05 kPa. Two edges (X = 0 and X = L) of the pressured surface were fixed by
springs with a stiffness of 10 kPa. The orientation of the muscle fibers was specified in
the initial non-inflated slab: the fibers were located in the XY plane and had their angle
with the X-axis changing from 80◦ in the pressured inner, “endo”, surface to −60◦ in the
unloaded “epi” surface. We introduced a heterogeneity of the cell-level properties of the
electromechanical model to reproduce two effects observed in the myocardium of the
left ventricle: the variations of the APD and length-dependence of the contraction activa-
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tion from the endocardial layer to the epicardial layer. The activation length-dependence
was specified by the model parameters, which defined the dependence of the kinetics of
calcium-troponin complexes on lambda f (Equation (A3) in Appendix A.1) to reproduce
experimental data [21]. The authors of that paper showed how the Ca2+ sensitivity differed
through the ventricular wall. The sensitivity was measured by a difference in levels of
calcium concentrations corresponding to half-maximal force (EC50) or by a difference of
pCa50 = −lgEC50 in steady-state isometric contraction at two different sarcomere lengths.
Another effect taken into account was the APD variation: shorter AP in epicardium and
longer AP in endocardium. In the case of the detailed electrophysiological model, that
effect would be partially provided by the length-dependent change in the Ca2+ regula-
tion. However, the Aliev–Panfilov model used here does not account for this type of
calcium-excitation feedback. Therefore, we varied the APD through the repolazitation rate
krep. The modified parameters and the introduced spatial dependencies are presented in
Appendix A.3. To observe the heterogeneity effect more clearly without making the sample
thicker (larger in the Z-direction), which would require more cells of the computational
mesh, we decreased the isotropic conductance in some of the simulations with the sample.

Previously, we conducted a comprehensive study on the convergence of the compu-
tations of cardiac electromechanics problems, similar to those presented here, published
in [15]. Here, for the sake of faster computations, we considered larger spatial steps than
the optimal ones found in the convergence study. The chosen mesh sizes sufficed to show
the qualitative and relative quantitative effects of various factors on the propagation of
excitation–contraction waves. Our computational mesh for the numerical simulations
shown below in Section 3 had the following specifications. The time steps for the cell-level
ODEs, equations of the monodomain model, and equilibrium equations were 0.01 ms,
0.01 ms, and 1 ms, respectively. The mesh element size was equal to 2.5 mm. Linear
discretization was used for the AP variables, and quadratic discretization was used for
the displacements, together with fifth-order quadrature integration formulas. Relative
tolerances of 10−8 and 10−12 were used for the nonlinear and linear solvers. Overall, 1 s of
simulated contraction took approximately 7 h to compute on the computing cluster with
16 MPI tasks and 4 OpenMP processes per task.

3. Results

3.1. Excitation–Contraction of Uniaxially Stretched Slab-like Myocardial Sample

First, we ran the computations of the sample contraction with fiber orientation aligned
with the X-axis. The sample was stretched along the fiber direction prior to the first stimulus.
We analyzed the waves’ behavior in the simulated excitation–contraction cycles, initiated
by 2 Hz stimulation of the left side (X = 0) of the sample. This problem setup resulted
in relatively large strain of the initially elongated fibers, as well as high strain gradients
arising during the sample contraction. The results also showed the concentrations of stress
and strain in the boundary areas of the “scar”. So, the computations demonstrated both
characteristic propagation of the excitation waves passing around the non-excitable region
and mechanical stress and strain accompanying the excitation. Thus, we believe that this
numerical experiment, which involved the model of myocardial electromechanics, was
illustrative as a test problem. The computations were also useful for the debugging process
of the framework implementation of the numerical methods. Analyzing the results, we
focused on the waves’ detachment from the non-excitable region and checked how the
MEF affected the contraction slowing the conduction speed. Figures 2 and 3 show the
AP maps and the maps of relative sarcomere strain at 150 ms and 300 ms after a periodic
external stimulus.
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Figure 2. The excitation and contraction of the myocardial slab-like sample with narrow tissue region
with impaired excitability and homogeneous properties of myocardium outside the region. The
sample was stretched along the muscle fibers, aligned horizontally, before the first stimulation. Panels
(a,b) correspond to 150 ms and 300 ms after the external stimulation. The color map is for the values
of action potential in mV. The stimulated edge is highlighted with a magenta gradient.

Figure 3. Strains in the periodically stimulated myocardial slab-like sample with narrow tissue region
with impaired excitability and homogeneous properties of myocardium outside the region. The
sample was stretched along the muscle fibers, aligned horizontally, before the first stimulation. Panels
(a,b) correspond to 150 ms and 300 ms after the external stimulation. The color map is for the values
of relative minimal strain per element. The stimulated edge is highlighted with a magenta gradient.

At the time instant of 150 ms after stimulation, the fiber elongations (minimal per
element and relative to initial relaxed fiber length) above the “scar” area varied from 3% to
9% over 2 cm (along the X-axis), while the fiber lengthened by a maximum of 22% in the
right side of the sample and shortened by 3% in the left side. It should be recalled that the
sample was stretched by 10% before the stimulation, and thus the area behind the wave
front shortened, while the relaxed fibers located in the right inactivated area elongated.
After the excitation–contraction wave rotated around the “scar”, a region of high strains of
20% was formed near the non-excitable zone with a boundary of shortened (by 10%) fibers,
which can be seen at the time instant of 300 ms after the stimulus.

While the first wave of electrical activation ran through the “scar” gray zone without
any visible disturbance and almost did not change its horizontal direction, the following
waves detached from the “scar” and tended to rotate around its boundary as soon as a
stable periodic mode for the variable v, which controls the repolarization in Aliev–Panfilov
model, was set up. However, when the MEF was turned off in the cell model through
the usage of a constant cell capacitance instead of a non-instant length-dependent one, no
wave rotation was observed (Figure 4).
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Figure 4. The simulations of the excitation–contraction waves in the pre-stretched myocardial slab-
like sample with constant cardiomyocyte capacitance (no MEF taken into account). Panels (a,b)
show action potential in mV and the relative muscle strain, minimal per element, 150 ms after the
external stimulation, correspondingly. The color map is for the values of action potential in mV. The
stimulated edge is highlighted with a magenta gradient.

The results demonstrated that the MEF influence taken into account in the simulations
shown in Figures 2 and 3 led to an increase in the membrane capacitance ahead of the
wavefront by 22–25% due to the initial stretching. That resulted in a slowdown in the
excitation propagation. In particular, in the computations with the MEF, the wavefront
reached the right edge of the sample in 150 ms after the stimulation compared to 110 ms in
the simulations without the MEF taken into account.

We also performed similar numerical experiments with the horizontally pre-stretched
myocardium sample, but varying the orientation of the muscle fibers linearly through
the coordinate Z as described in Section 2.3. In those simulations, the fiber orientation
affected the wave propagation, changing its direction rather predictably. Figure 5 shows
the snapshot taken 220 ms after the stimulation, which was more suitable to compare to
the simulation results for the slab with horizontally oriented fibers (Figure 2b), 300 ms after
the stimulus, because of the difference in wave velocity. The variation in fiber orientation
resulted in a slightly slower wave propagation in the horizontal direction (155 ms to reach
the right edge) compared to the simulation shown in Figure 2, despite the fact that the
MEF effect was weaker. Although the cell capacitance ahead of the wavefront was high
(increased by 35%) in the middle (over Z-axis) of the slab, it increased by only 5% in the
“epi” side and by less than 1% in the “endo” side. However, due to the non-horizontal
fiber orientation, the vertical propagation of the front was much faster than in the case of
horizontally oriented fibers, as the wave reached the bottom side of the sample in 155 ms
instead of 240 ms after the moment of passing through the top side of the “scar”. The
detachment of the excitation wave was less clear, noticeably tending to a rotation mode
only in the “epi” side, at the Z = L, α f = −60◦ surface. The wave propagated along the
boundary of the “scar” nearly without a detachment in the “endo” surface, where the fibers
were oriented almost vertically. The wavefront dynamics are shown by the small magenta
colored squares approximately representing the trajectory of the point with local maximum
curvature on the wavefront.
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Figure 5. The excitation and contraction of the myocardial slab-like sample with narrow tissue region
with impaired excitability and the distribution of the fibers’ orientation through the Z-axis. The
fiber’s angle to the X-axis varied from 80◦ at Z = 0 to −60◦ at Z = 1 cm. The sample was stretched
along the X-axis before the first stimulation. Panels (a,b) correspond to the views of “epi” and “endo”
(X-axis direction is from right to left) surfaces, correspondingly, 220 ms after the external stimulation.
The color is for the values of action potential in mV. Magenta colored points refer to approximate
positions of the point with maximal curvature on the wavefront. The stimulated edge is highlighted
with a magenta gradient.

3.2. Excitation–Contraction of Convex Slab-like Myocardial Sample

We then proceeded to the series of simulations of the excitation and contraction of
the convex slab, embowed by pressure applied to the Z = 0 surface, whose value was
growing linearly up to 0.05 kPa for the duration of 50 ms before the first external stimulus.
Myocardial regulatory and excitation properties and the orientation of muscle fibers were
changing through the thin wall of the sample. Below, we would like to present the results
demonstrating noticeable effects, caused by the variations of the following factors: the
fibers’ orientation, excitation threshold, and mechano-electric feedback. We also ran the
simulations without the heterogeneity of APD and activation length-dependency to see its
effect on the propagation of the excitation–contraction waves specifically. Hereafter, we
refer to the simulation of 2 Hz stimulation of the convex slab with “normal” excitation
threshold, the heterogeneity of fibers’ orientation, heterogeneity of cell-level properties,
and with the MEF taken into account as a “default” one. The excitation waves obtained in
the default simulation are shown in Figure 6.

The results were similar to those obtained in the simulations of the horizontally pre-
stretched sample with linearly varying fiber orientation. However, the wave detachment
and its consequent rotation, observed in the “epi” surface of the sample, were even less
prominent, presumably because of faster propagation speed caused by lower elongation
of the majority of the fibers during the slab inflation, in comparison with the case of its
uniaxial stretch. Although the fibers with zero spiral angle, located in the mid-wall of
the slab, were stretched by higher values than in the “endo” and “epi” layers, the strains
in that area seemed to have a negligible effect on the waves’ dynamics. The increase
in the capacitance of cardiomyocyte membrane reached 15% in the middle layers of the
sample, decreasing towards its “endo” and “epi” sides to values of about 3% and less than
1%, respectively. Excitation waves reached the right edge of the slab in 135 ms, and the
trajectory of the local curvature maximum of the wavefront was observed to be located
even closer to the “scar” boundary than in the previous simulation, which is presumably a
result of the very weak MEF influence.
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Figure 6. The excitation and contraction of the myocardial slab-like sample with narrow tissue region
with impaired excitability and heterogeneous properties of myocardium outside the region. The
sample was embowed to the convex form before the stimulation of its left surface. Results of the
simulations with the “default” myocardium properties. Panels (a,b) correspond to the views of “epi”
and “endo” (X-axis direction is from right to left) surfaces, correspondingly, 190 ms after the external
stimulation. The color is for the values of action potential in mV. Magenta colored points refer to
approximate positions of the point with maximal curvature on the wavefront. The stimulated edge is
highlighted with a magenta gradient.

To look further into the heterogeneity, we focused on examining the effects of the
distribution of the muscle regulatory properties and APD in the sample myocardium. To
observe the effects, we compared the results of the “default” simulation with the results of
computations for the sample, in which only the fiber orientation was changing through
the sample’s shortest dimension. The comparison demonstrated almost no difference in
the propagation of the action potential and only a slight difference in contractility, which
could be estimated by the concentration of activated regulatory complexes in the overlap
region of thin and thick muscle filaments, A1 (Equation (3)). The difference in speed of the
action potential propagation was less than 0.5%, and the difference in the peak activation
level locally reached 9%, while being less than 3% on average. In an attempt to reveal more
significant effects of heterogeneity, we also ran the computations with five times slower
isotropic conductance (Diso = 0.1 mm2/ms instead of Diso = 0.5 mm2/ms). The results
of those simulations demonstrated more noticeable difference between the samples with
constant and transmurally varying properties, although the difference was still very small,
except for some boundary areas. While the cell-level values in the “epi” surface differ by
less than 3%, the shortened AP propagating in the “endo” surface, as well as higher A1

values near the right (X = L) boundary of the heterogeneous sample, compared to the
homogeneous sample, were observed. Higher levels of contractility are presumably caused
by the increased length-dependence of Ca2+-activation. The values of A1 250 ms after the
stimulation are shown in Figure 7, where the maximal difference in peak activation levels
was equal to 15%.

The time courses of Ca2+ concentration and A1 in an element in the upper right
corner of the sample are presented in Figure 8. Although the solution had not reached
a periodic mode during 3 s of 2 Hz stimulation, the result plots could still be used to
compare the sample contractility showing the small difference of the variables between
the “default” simulation and the simulation of the homogeneous sample. The values for
the homogeneous sample were slightly lower than for the heterogeneous one, which was
presumably caused by a longer APD in the “endo” layers of the heterogeneous sample. The
maximal difference between those cell-level variables seemed to increase along with their
peak values, while the simulation slowly approached the periodic mode. The differences
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in peak calcium concentrations and activation levels measured in the point were 7% and
6%, respectively.

Figure 7. The excitation and contraction of the myocardial slab-like sample with narrow tissue region
with impaired excitability and heterogeneous properties of myocardium outside the region. The
sample was embowed to the convex form before the stimulation of its left surface. Myocardium
isotropic conductance was set five times lower than its default value. The color map is for the
concentration of activated regulatory complexes in the filaments overlap zone (A1 value, average per
each element’s integration points). The “endo” sample surface 250 ms after the external stimulus
is shown. Panel (a,b) present the results for the samples with heterogeneous and homogeneous
distribution of the activation length-dependence and APD, correspondingly. The stimulated edge is
highlighted with a magenta gradient.

Figure 8. Computed time courses of cell-level variables in the upper right corner of “endo” surface of
the convex-shaped myocardial slab with a narrows “scar” and the myocardium isotropic conductance
five times lower than its default value. The curves for element-average values of non-dimensional free
intracellular Ca2+ in μM (ccyt, solid lines) and non-dimensional concentration of activated regulatory
complexes in the filament overlap zone of a sarcomere (A1, dashed lines) are plotted. The blue color
corresponds to the “default” simulation and the red one is for the simulation without Z-dependent
heterogeneity, except for the fiber orientation.

We then proceeded to the simulations in which we could obtain the results featuring
general effects of the sample-wide increased excitation threshold and our implementation of
MEF. Both modifications result in expected changes in the propagation speed of excitation–
contraction waves, leading to different behaviors of the waves upon passing through the
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“scar” area. Figure 9 shows the results of the simulation with uniformly increased excitation
threshold kexc in Equation (2) (the parameter kexc0 = 0.1 was changed to kexc0 = 0.15).
Action potential values 250 ms after another stimulus are presented, as the horizontal
region of the wavefront at that time point was almost at the same location as the wavefront
for the “default” simulation 190 ms after the stimulus. The results are shown in Figure 9.

Figure 9. The excitation and contraction of the myocardial slab-like sample with narrow tissue region
with impaired excitability and heterogeneous properties of myocardium outside the region; the tissue
excitation threshold was increased by half uniformly. The sample was embowed to the convex form
before the stimulation of its left surface. Panels (a,b) correspond to the views of “epi” and “endo”
(X-axis direction is from right to left) surfaces, correspondingly, 250 ms after the external stimulation.
The color is for the values of action potential in mV. Magenta colored points refer to approximate
positions of the point with maximal curvature on the wavefront. The stimulated edge is highlighted
with a magenta gradient.

The propagation speed of the waves was slower compared to the “default” simulation,
as it took about 165 ms after the stimulus for the wave to reach the right edge of the sample.
The waves’ detachment in the “epi” surface of the sample was more pronounced than in
all previous simulations, which is shown by the trajectory points located much further
from the “scar” boundary in its upper half. In the “endo” side, the excitation waves only
tended slightly to the transition to the rotation mode, though that transition was more
distinctive than in the “default” numerical experiments. Proceeding to the discussion of
the computations with the MEF “turned off”, the absence of the strain-dependence of the
membrane capacitance resulted only in mild speed-up of the excitation waves (135 ms from
the stimulus to reach the right side). However, the consequences of the “turned off” MEF
were different in the numerical experiments with either decreased isotropic conductance or
horizontal orientation of the muscle fibers. In the absence of the MEF, those factors resulted
in an almost uniform propagation of the waves after they passed the impaired region
instead of the wave detachment from the “scar”, as the wave was propagating through the
gray zone of the impaired region near its bottom border. The effect is shown in Figure 10.
We suppose that the reason for that wave passing through the “scar” area might be the
non-impaired conductivity of the modeled scar. Apparently, both horizontal orientation
of the fibers and reduced isotropic conductivity resulted in the diffusion of the excitation
across the “scar” under our model assumptions, limited to high excitation threshold and
repolarization rates of the scar tissue.

A summary on the performed simulations and their results is presented in Table 2.
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Table 2. Summary on the numerical simulations performed during the study.

Preliminary
Deformation

Heterogeneity over Z-Axis Additional Conditions Dynamics of Excitation–Contraction Waves

H
or

iz
on

ta
lly

st
re

tc
he

d
sl

ab

Uniform myocardium properties over Z-axis;
horizontal fiber orientation MEF is taken into account

Apparent detachment of the wave from the “scar”
region and its further rotation. Moderate slowdown
in the wave propagation because of the MEF.

Uniform myocardium properties over Z-axis;
horizontal fiber orientation No MEF taken into account The wave propagation along the scar border without

detachment, faster propagation speed.

Uniform myocardium properties over Z-axis;
linear variation of the fiber orientation MEF is taken into account

Apparent detachment of the wave from the “scar”
region and its further rotation, which was much less
pronounced in the “endo” side. The wave
propagation in horizontal direction was slower
because of the varying fiber orientation, in spite of
the weaker MEF effect (fibers’ preliminary strains
and cell capacitance were lower in average than at
horizontal fibers).

C
on

ve
x

em
bo

w
ed

sl
ab

Linear variation of APD and the
length-dependence of the contraction activation
over Z-axis; linear variation of the
fiber orientation

MEF is taken into account; simulations
at normal and reduced
isotropic conductance

The wave detachment was less pronounced and was
almost absent at the “endo” side, where the waves
propagated along the “scar” boundary. The wave
propagation was faster than in the simulations
presented above in rows 1 and 3 due to very weak
MEF effect (the fiber strains and cell capacitance were
much lower on average).

Uniform myocardium properties over Z-axis;
linear variation of the fiber orientation

MEF is taken into account; simulations
at normal and reduced
isotropic conductance

There is no difference in propagation of the excitation
waves comparing to the previous case, except for the
APD. While comparing the simulations under the
condition of reduced isotropic conductance, a small
difference in myocardial contractile properties was
observed, which did not lead to the difference in
excitation because of the weak MEF effect.

Linear variation of APD and the
length-dependence of the contraction activation
over Z-axis; linear variation of the
fiber orientation

MEF is taken into account; increased
excitation threshold

The wave detachment and rotation were more
pronounced than in the other simulations, while the
horizontal wave propagation was much slower.

Linear variation of APD and the
length-dependence of the contraction activation
over Z-axis; linear variation of the
fiber orientation

No MEF taken into account;
simulations at normal and reduced
isotropic conductance

Only a slight increase in propagation speed at normal
isotropic conductance was observed. However, at
reduced isotropic conductance the wave detachment
was barely distinguished, and the waves passed
through the bottom part of the “scar” region.

Linear variation of APD and the
length-dependence of the contraction activation
over Z-axis; horizontal fiber orientation

No MEF taken into account
A significant increase in propagation speed was
observed. The waves passed through the “scar”
region without rotation.

Figure 10. The excitation and contraction of the myocardial slab-like sample with narrow tissue
region with impaired excitability and heterogeneous properties of myocardium outside the region.
Myocardium isotropic conductance was set five times lower than its default value, and cardiomy-
ocytes’ membranes had constant capacitance (no MEF taken into account). The sample was embowed
to the convex form before the stimulation of its left surface. Panels (a,b) correspond to the views of
“epi” and “endo” (X-axis direction is from right to left) surfaces, correspondingly, 100 ms after the
external stimulation. The color is for the values of action potential in mV. The stimulated edge is
highlighted with a magenta gradient.
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4. Discussion

4.1. Major Results and Limitations

The problems’ formulations and their solutions presented here should be considered
not as the computations that reproduce some important phenomena of myocardial exci-
tation and contraction but rather as the numerical test experiments demonstrating how
our computational framework deals with the modeling of coupled electromechanics in
an anisotropic and heterogeneous myocardium sample. The main effects shown in the
simulations are the tendency of the excitation–contraction waves to transform into spiral
waves as they pass around a narrow obstacle. We have also shown how the wave propa-
gation depended on some conditions varied by the model parameters. The demonstrated
effects are well known and have been studied thoroughly in experiments and numerical
simulations [22–24]. It is also known that the effects grow stronger when the excitation
takes place in the tissue with an obstacle with impaired excitability or under localized or
global slowed conductance [13,25]. We observed that the waves’ behavior at the boundary
of non-excitable regions in the “epi” and “endo” sides of the deformed slab-formed sam-
ples differed from each other, and the difference was larger at slower “transmural” (Z-axis
oriented) propagation, when the isotropic term of conduction was decreased. Still, it could
be said that the influence of fiber orientation and APD on the excitation was also rather pre-
dictable, as those factors changed the conduction velocity, including its direction near the
“scar” boundary. That resulted in alternations of the wavefront’s curvature, which is known
to affect the initiation of spiral waves at fast-paced stimulation [26]. Even considering
those phenomena as being well-studied, the application of the fully coupled electrome-
chanical model allowed us to specify the heterogeneity in myocardium contraction and
to make an attempt to examine how the variation of the properties of the contraction and
electromechanical coupling in the sample would affect the sample’s excitation and strains.
Although we were not able to show any clear cases of re-entry formation caused by the
contraction heterogeneity, the simulations seem to be useful as example problems. The
successful simulations demonstrated that we should be able to set up and solve similar
problems for myocardium in the ventricular wall using our computational framework.
We would also like to note that the heterogeneity of the cell-level properties did affect the
distribution of the activated regulatory units. That resulted in different fields of strain
and stress, especially at the higher relation of anisotropic and isotropic conductance. With
mechano-electric feedback of any kind being taken into account, this difference in strain
might lead to disturbances in the excitation under some conditions, as it did, to some extent,
in our numerical experiments with strain-dependent cardiomyocyte capacitance.

We would also like to comment on the “scar” tissue in our simulations. Although a
scar region is usually considered as an insulated area, we used a less strict formulation here.
Only the coefficients of excitation threshold and repolarization rate were increased in the
scar zone, varying continuously from the values in the normal myocardium through the
gray zone tissue. The equations of the cell-level model were solved for the scar region as if it
was a part of the myocardial tissue and not a separate region of connective tissue. However,
in the simulations, due to high values of the excitation threshold and fast repolarization,
the action potential was never high enough to provide the calcium influx into the cell
cytoplasm, and thus no active tension was generated. The transmembrane potential was
also allowed to change due to the diffusion across the scar boundary, which could affect the
behavior of the waves near the scar border differently, compared to the scar with no-flow
boundary conditions. Normal conductivity of the scar region might be a reason for the
absence of the waves’ rotation in the simulation with the heterogeneous convex slab and
the MEF being “turned off”.
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Another remark should be made about the contraction mode obtained in the per-
formed simulations. While the simulations were run at the stimulation frequency of 2 Hz,
the initial conditions for the cell-level equations were set to the diastolic values obtained for
the 1 Hz periodic uniaxial contraction. Those conditions, including, in particular, low (for
the 2 Hz contraction) diastolic Ca2+ concentration in sarcoplasmic reticulum, together with
simplifications of the model (absence of the balance equations for sodium and potassium
concentrations) resulted in low values of free cytosolic Ca2+ during the first several seconds
of the simulation, while the peak Ca2+ values were slowly increasing to much higher values
of the periodic solution. Thus, active tension and myocardium strain were rather low in
the case of the convex slab, in which sarcomere shortening was less than 10%. Presumably,
the effect of non-uniform strain-dependence of the contraction activation would be more
significant at higher strain values. However, we believe that the qualitative effects shown
in the results would be similar even at higher strains.

Discussing the choice of spatial grid size in our study, we would like to make the
following remark. Several studies on the modeling of the propagation of excitation waves
in myocardium have shown that a computation grid size of less than 500 μm should be
used to obtain an accurate solution for the reaction–diffusion equations, while the motion
equations have more relaxed requirements. In this study, we performed the simulations
using a coarse grid with a spatial size of 2.5 mm, which can presumably lead to a notable
difference in the results compared to the computations on a finer mesh. This difference
can also involve the different effects of the mechano-electric feedback at the same model
parameters because of the error in the conduction velocity. However, our study did not
aim to estimate the precise values of characteristics, such as fibers’ strains or excitation
threshold, at which the wave rotation becomes apparent. Moreover, we suppose that the
simplified phenomenological excitation model used here would not allow us to obtain
accurate results even on a fine grid. To investigate possible numerical errors, we performed
a test simulation on a homogeneous, except for the “scar” region, uniaxially pre-stretched
sample on a mesh that was twice as fine as the one used in our study, with an element size
of 1.25 mm. Some results are presented in the Supplementary Materials File S1.

4.2. CarNum Performance and Perspectives

In the study, we used the new cardiac modeling framework CarNum for the numerical
simulations. The framework and its dependencies were entirely implemented in C/C++.
The core methods of our computational platform were based on their implementations in
the massively parallel framework INMOST and inherited its MPI/OpenMP parallelization
properties with the computations running on high-performance computing systems. The
CarNum platform was designed to solve the problems of coupled cardiac mechanics by
dividing them into different physical processes (blocks), where continuous mechanics,
electrical activation propagation, and cellular electrophysiology and mechanics were the
major ones. This structure allows one to organize the computations of the individual
model blocks with different space and time steps, as well as to use different discretization
strategies for the different model blocks [15]. The linking of the blocks to each other and
the organization of their interactions is managed by the software’s user, which provides
great flexibility. When setting up the model by the platform’s methods, the user should
provide descriptions of functional dependencies and parameters included in the model
blocks. For interaction with user-provided functions and equations, the platform offers
tools for the processing of symbolic expressions and methods of automatic differentiation.
To make rapid implementation of individual submodels possible, some special capabilities
have been implemented, which include support for a human-readable language for the
descriptions of cellular models, expressions of the strain-energy functions used in passive
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continual mechanics, and configuration files. The interaction with the fully specified model
is implemented with the use of configuration files and command line arguments.

The structure and features of the CarNum framework allowed us to switch quickly
between different mathematical formulations, changing the boundary conditions and
stimulation strategies, and to introduce tissue regions with special properties of the my-
ocardium. We also used the framework’s flexibility to modify the equations of the cell
model, continuous mechanics, and the variables shared between the blocks of microme-
chanics and macromechanics with relatively small effort, while debugging and correcting
the mathematical setup and its implementation. We believe that our platform proved to be
both effective and efficient while dealing with the electromechanical problems studied here,
and it can be modified further to simulate more complex objects, such as heart chambers.

4.3. Peculiarities of Numerical Implementation

Our initial attempts to run the computations for the electromechanical problems stated
here were unsuccessful because of a divergence of the nonlinear solver. We found out that the
divergence was caused by a very fast variation of the microscopic strain δ. The change rate of
δ depended on the sarcomere strain rate and the fast cross-bridge kinetics. The first problem
was that the active stress in myocardium depended on δ explicitly, leading to the dependence
of the time derivative of the stress term on the strain rate. It was shown earlier [4] that the
usage of the microscopic strain from a previous time step in a similar problem resulted in
cycling through repeated consequential increments and decrements in strain, as the solution
was unable to satisfy the equilibrium equation. This problem could be solved by the usage
of the unknown (at the current time step) strain rate, expressed through unknown nodal
displacements, instead of the one from the previous step. However, here we encountered
another problem. The active stress depended also on the number of the cross-bridges and
the fraction of strongly bound cross-bridges, while the variation of both of those variables
depended on δ. Moreover, the δ variation depended on the cross-bridge kinetics, and these
kinetics, together with the muscle active stress, reacted significantly to such low changes in δ

as 2 nm, while the rate of sarcomeric strain could reach 1 μm/s and higher. This caused the
numerical methods to perform poorly at the reasonable time-steps of 1 ms. We tried several
approximation approaches, and our final workaround was to replace δ in the equilibrium
equations by the value of δ obtained in the steady-state solution of the system (3). The
constant strain rate was expressed in terms of the unknown nodal displacements. Then δ in
the cell-level model block was calculated after the step of solution of the balance equations
for macromechanics in accordance with its ODE. The time-derivative of λ f in the right-hand

part of the ODE for δ was expressed as
(

λt
f − λt−1

f

)
/Δt, where the time indexes and time

increments corresponded to the macromechanics time-mesh. We had also found that solving
the ODE for θ in (3) (see also (A1)) instead of its quasi-steady-state approximation, which was
used earlier in [18] and other studies on that model, resulted in better convergence due to the
not instantaneous dependence of θ on δ in that case.

4.4. Novelty

The mathematical formulations of the problems of cardiac excitation and contraction
presented here are rather simplistic, and similar numerical studies with 2D patches or thin
3D slabs, including ones with more sophisticated structure and conditions than in our
paper, have been performed by different scientific groups [7,27,28]. However, we would
like to highlight the following aspects of the study.

The problems examined in the study were formulated and solved to initially test our
new computational framework. The results demonstrated that the framework performed
well for 3D computations of coupled electromechanical problems. When performing a
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numerical analysis of myocardium excitation, researchers generally do not take into account
muscle active contraction, and only a few research groups consider more or less detailed
models of cardiac mechanics in the simulations. In addition, only a few groups presented
the simulations of fully coupled cardiac electromechanics (see, for example, [29,30]). The
effects of the MEF type considered here were studied in 3D simulations, but without
active muscle contraction in consideration [10,31]. One can notice that the qualitative
effects observed here in the sample of the simplistic geometrical form could be examined
in 2D simulations, as our group did earlier. However, it was important to examine if
the framework could deal with mechanics-related 3D problems, in particular, when the
material anisotropy that was heterogeneous over the sample depth (Z-dimension) was
taken into account.

As we have plans to apply our software to the case of the heart ventricles contracting
within the circulatory system, we needed first to demonstrate that the simulations operated
properly for a sample with more simple geometry under different conditions. We have
performed the important numerical tests showing that we were able to consider the het-
erogeneity of the sample’s material and introduce customizable parameters of the model’s
blocks without significant changes of the program code. Even though the heterogeneity
taken into account for the cubic sample did not lead to results that would be as meaningful
as the ones that could be obtained in the simulations of heart chamber contraction, this
study’s results are still useful and significant. The investigation of the test problems, which
were numerically studied here, has provided insight into the possible difficulties that could
arise while proceeding to the planned 3D simulation of the ventricles’ function. The study
also helped us to optimize the introduction of space-dependent and strain-dependent
parameters of the cell-level models. The results demonstrated that the strain-dependence
of the cardiomyocyte capacitance affects the conditions under which arrythmogenic phe-
nomena occur within the myocardium. The variation of some parameters of the muscle
activation combined with the variation in the fibers’ orientation was also shown to have an
effect on the dynamics of excitation–contraction waves.

5. Conclusions

In this study, we focused on a series of spatially simple problems related to my-
ocardium excitation and contraction, which could potentially reveal the influence of strain
and distribution of some myocardial properties in tissue on the propagation of excitation–
contraction waves. At the same time, the results could help us to improve our computa-
tional framework and identify its strengths and weaknesses when applied to the problems
requiring a two-way coupled model of cardiomyocyte electromechanics. We have presented
the results of numerical simulations of the excitation–contraction waves in a thin-walled
slab-shaped myocardial sample with heterogeneity of some of tissue properties and a nar-
row region imitating a non-excitable scar. Two different initial deformations were applied
to the samples. The uniaxial stretch was useful to examine the effects of elongation of the
muscle fibers, and the inflation of the sample imitated the region of the ventricular wall to
some extent. The results of the simulations helped us to debug and modify the modules of
our computational framework to deal with the problems of cardiac electromechanics more
effectively, coupling macro- and microscopic deformations of a simulated sample and to set
any changes of the tissue properties in specified locations. In addition, we could examine if
the tissue heterogeneity, the fibers’ orientation, muscle strain, and the increased excitation
threshold affect propagation of the excitation–contraction waves through the sample. While
the fibers’ orientation strongly affected the waves’ behavior, the effects of non-constant
APD and length-dependence of contraction activation were almost negligible. However,
the effects were slightly stronger in the case of slower conductivity across the muscle fibers.
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At the thicker myocardial tissue and larger strains, those factors could be rather important
for correct simulations of myocardium electromechanics. The clear effects of the increased
excitation threshold and the MEF were also shown in the numerical studies. We plan to
obtain more strongly-pronounced results by applying our computational framework to
simulations of ventricular contraction within the cardiovascular system.
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//www.mdpi.com/article/10.3390/math13162606/s1, File S1: Comparison of the test numerical
simulations performed on spatial grids of 2.5 mm and 1.25 mm size. The simulations were performed
using a homogeneous slab-like sample with a non-excitable region and horizontally oriented muscle
fibers. The sample was preliminary stretched along the fibers’ direction.
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Appendix A

Appendix A.1. Equations of the Cell-Level Model

Muscle contraction occurs due to the interaction of the contractile proteins, actin
and myosin, which form filaments in muscle units called sarcomeres. Parts of myosin
molecules, the so-called myosin heads, can bind to actin, forming cross-bridges. Main
cell-level variables for contractile mechanics were the number of the cross-bridges bound
to actin n, their ensemble-average non-dimensional distortion δ, and their fraction being in
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the strongly bound state, θ, in which the cross-bridges were additionally deformed by the
value of h. The kinetic equations had the following form.

dn
dt

= kcb

(
k01

(
A2

1 − n
)
− k10n

)
,

dθ

dt
= kcb

(
k12(1− θ)− k21θ −

(
k01

(
A2

1 − n
)
− k10n

)
/n

)
,

dδ

dt
=

⎧⎨⎩0, δrhs > 0 and δ > δmax,

δrhs, otherwise,
δrhs =

Ls0

2h
dλ f

dt
− δkcbk01

(
A2

1 − n
)

/n.

(A1)

The kinetic rates kij depended only on δ and were given by expressions

k21 = 20, k12 = k21 · e−ccbhδ,

k01 =

⎧⎨⎩
(

δ∗
δ∗−δ

)2
, δ > 0,

1, otherwise,
k10 =

⎧⎨⎩acb +
δ

δ∗−δ , δ > 0,

acb + bcbδ2, otherwise.

(A2)

The kinetic equations for the activation of regulatory units in the overlap (A1) and
non-overlap (A2) zones of the thick and thin filaments were based on the binding of Ca2+

ions from the cell cytoplasm (with the free calcium concentration ccyt) by troponin. The
length-dependence of the activation and the cooperativity effects were provided by the
functions of λ f , Ai, and nθ in the right-hand sides of the equations.

dA1

dt
= kA

((
1 + kl ·

(
λ f − 1

)) ccyt

ccyt + KB
−

− KA ∗
(

1 + kθ1

(
e−kθ2nθ − 1

)
ekACoop(A1−0.5)

) A1

ccyt + KA

)
,

dA2

dt
= kA

((
1 + kl ·

(
λ f − 1

)) ccyt

ccyt + KB
− KA ∗

(
ekACoop(A2−0.5)

) A2

ccyt + KA

)
.

(A3)

kl was substituted by kl = klENDO + (klEPI − klENDO)Z to simulate the heterogeneous
length-dependency of the contraction activation.

The equations for Ca2+ concentrations in different cell compartments, free intracellular
calcium ccyt, calcium in the sarcoplasmic reticulum csr, and calcium in subspace between
the cell membrane and the gates of the reticulum css, all of which could bind to buffer
proteins, were as follows.

αcyt
d
dt

(
ccyt +

Bcytccyt

ccyt + Kcyt

)
= INCX − Iup + Gx f er

(
css − ccyt

)
+ Gleak

(
csr − ccyt

)
− ITn,

αsr
d
dt

(
csr +

Bsrc
csr + Ksr

)
= Iup − Irel − Gleak

(
csr − ccyt

)
,

αss
d
dt

(
css +

Bssc
css + Kss

)
= ICaL + Irel − Gx f er

(
css − ccyt

)
.

(A4)

Here, I∗ are the calcium currents, G∗ are the maximal conductance values for the correspond-
ing currents, B∗ are concentrations of the buffer proteins, and K∗ are the equilibrium constants.

The currents between the compartments were set by the following equations. Ca2+

current through voltage-dependent L-channels into the cell was specified as

ICaL = GCaLφ(U),

φ(U) =
p0 + p1U + p2U2

1 + ekU(U0−U)
.

(A5)
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Na-Ca exchange through the cell membrane depended only on the transmembrane po-
tential U and free intracellular Ca2+ ccyt, but we also took into account the slow length-
dependence of the contraction by means of intracellular Na+ concentration depending on
λ f . The equation had the form

INCX = GNCX
Na3

i Caoψ1(U)− αNCXccytNa3
oψ2(U)

(1 + ksatψ2(U))
(

Na3
o + K3

Na
)
(Cao + KCa)

,

ψ1 = eηNCX
(−80+100U)eq

kBT , ψ2 = e(ηNCX−1)
(−80+100U)eq

kBT ,

Nai = Nai0

(
1 + kNCXL

(
λ f − 1

))
.

(A6)

Uptake into the sarcoplasmic reticulum, which depended on the concentration of phospho-
rylated phospholamban p, was set as

Iup = Gup
c2

cyt p

K2
up + c2

cyt
, (A7)

and p kinetics was specified by equation

dp
dt

= kp

(
c2

cyt(1− p)− K2
p p
)

. (A8)

Calcium-induced calcium release into the subspace between the cell membrane and the gates of
sarcoplasmic reticulum, whose activation was specified by variable R, was set by the equations

Irel = Grel R(csr − css)
c2

ss

c2
ss + K2

rel
,

dR
dt

= kR

(
1− R− KR

cssR
css + KssR

)
.

(A9)

ITn denotes the Ca2+ flow caused by the formation and dissociation of CaTnC complexes
(the complexes formed by Ca2+ binding to the regulatory proteins).

ITn =
dCTnC

dt
,

CTnC =
CTn
La

(
ccyt

ccyt + KB

(
WovA

(
λ f

)
(1− A1) +

(
La −WovA

(
λ f

))
(1− A2)

)
+

+
ccyt

ccyt + KA

(
WovA

(
λ f

)
A1 +

(
La −WovA

(
λ f

))
A2

))
,

(A10)

where the normalized length of actin filaments overlap with myosin filaments WovA, and
the length of actin filament La appears from our differentiation between the activated
regulatory complexes in overlap zone and beyond it.

The last equation in Equation (A4) was solved in quasi-static approximation and,
taking in account the expressions for Ca2+ currents, was transformed into a cubic equation.(

Grel R + Gx f er

)
c3

ss −
(

Grel RCsr + Gx f erccyt + GCaLφ(U)
)

c2
ss + Gx f erK2

relcss−

−K2
rel

(
Gx f erccyt + GCaLφ(U)

)
= 0.

(A11)
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Appendix A.2. Mechanics Constitutive Equations

We used the following decomposition for the stress tensor:

P = Ppas + Pvol + Pcell ,

where the first two terms represent isotropic hyperelastic passive stress with volumetric
penalty, introduced because of near-incompressibility being taken into account. The last
term is the stress provided by the cell-level processes, which also includes the active stress.
The isotropic passive terms were obtained from an elastic potential.

Ptype =
∂Wtype(F)

∂F
, type ∈ {pas, vol}.

To describe the passive properties of the myocardium, the isochoric variant of the Fung-type
strain energy function for isotropic material [20] was considered,

Wpas =
μpas

2
(exp(bpas tr(Ê2))− 1),

and the volumetric term was given by

Wvol =
Kpas

4
(J2 − 1− 2 ln J)),

where Ê = 1
2 (J−

2
3 FTF− I) is the isochoric variant of the Green–Lagrange strain tensor,

J = det F. The stress caused by the cell-level contraction had the form

Pcell = Tcell(λ f , ∂tλ f , vc)
Ff⊗ Ff

λ f
,

where vc is the vector of the cell-level variables, f is the non-deformed unit vector aligned with
the fiber orientation, λ f =

√
(Ff,Ff) is the relative fiber strain, and ∂tλ f = ∂λ f /∂t is the fiber

stretch-rate. Scalar tension Tcell is the sum of two terms: Tcell = Tact + Ttit, which are active
muscle tension (see Equation (4)) and the passive tension of titin protein. The titin stress was
described by an exponential polynomial of λ f approximating more complex expression for
the worm-like chain model that was used in the previous studies on the myocardium model.

Ttit = ttitελ ·

⎧⎨⎩exp(q1ελ + q2ε2
λ + q3ε3

λ), ελ > 0,

exp(q1ελ + q∗2ε2
λ), otherwise,

ελ = λ f − 1.

The expanded expression for Tact was defined as

Tact = Ecb · Nm · Ncb · n · h(δ + θ)Wov

(
λ f

)
.

It differs from Equation (4) because here δ is a non-dimensional variable. Ecb, Nm, and Ncb

are the cross-bridge’s stiffness, the number of myosin filaments per cross-section area of
muscle fibers, and the number of cross-bridges per half of a myosin filament, respectively.
The expression for the overlap zone Wov was as follows.
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Wov(λ f ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, Ls ≤ Lmin,
Ls−Lmin

Lm+2Lz−Lmin
W0, Lmin < Ls ≤ Lm + 2Lz,

W0 + (1−W0)
Ls−Lm−2Lz

2La−Lb−Lm−2Lz
, Lm + 2Lz < Ls ≤ 2La − Lb,

1, 2La − Lb < Ls ≤ 2La + Lb,

1− Ls−2La−Lb
Lm−Lb

, 2La + Lb < Ls ≤ Lm + 2La,

0, Ls > Lm + 2La

,

W0 = 2
Lm + Lz − La

Lm − Lb
, Ls = λ f Ls0,

WovA = (Lm − Lb) ·Wov · 0.5,

where 2La and Lm are the lengths of actin and myosin filaments, Lb is the length of the bare
zone (free of myosin heads) of the myosin filament, 2Lz is the length of special structures,
z-disks, acting as sarcomeres’ borders. Ls and Ls0 are actual and initial sarcomere lengths.

Appendix A.3. Specifications of “Scar” Area and the Heterogeneity

The non-excitable region in the simulations was specified by the parameters kexc and
krep, which were defined as follows:

kexc(x) = kexc0 + (kexcSc − kexc0) fscar(x, y),

krep(x) = krep0 +
(
krepSc − krep0

)
fscar(x, y),

fscar(x, y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1, (x, y) ∈ [x1, x2]× [y1, y2],

0, (x, y) �∈ [x1 − dx, x2 + dx]× [y1 − dy, y2 + dy],

1− ρ2(x,[x1,x2])+ρ2(y,[y1,y2])

I(x �∈[x1,x2])d2
x+I(y �∈[y1,y2])d2

y
, otherwise.

Here, ρ(x, [x1, x2]) = min
y∈[x1,x2]

|y− x|, I(·) is an indicator function, while xi, yi specify the

“scar” position, and dx, dy specify the gray zone size. The coefficients kexc and krep changed
from their values in tissue, kexc0 and krep0, to their values in the “scar” region, kexcSc and krepSc,
setting the tissue excitability and APD. The parameters are presented in Table A1.

Table A1. The model parameters defining the “scar” area and the heterogeneity.

Parameter Value

kexc0
1—normal conditions
1.5—impaired excitation

krep0 1 (in the simulations with homogeneous APD properties)

krepENDO 0.85

krepEPI 1

kexcSc 4.5

krepSc 6

kl 4 (in the simulations with homogeneous APD properties)

klENDO 6.5

klEPI 2.5

x1, x2 0.35 · L , 0.4 · L (L = 9 cm)

y1, y2 0, 0.6 · L

dx, dy 0.005 · L, 0.03 · L
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Introducing the “endo”-to-“epi” heterogeneity, we varied the model parameter of
linear dependence on λ f in the equations for calcium-troponin complexes Ai (kl = 4
in [18], see also Equation (A3) in Appendix A.1). We varied the length-dependence
parameter linearly from 6.5 at the “endo” surface to 2.5 at the “epi” surface: kl =

klENDO + (klEPI − klENDO)Z. We chose the values comparing the steady-state solution,
in particular, the length-dependence shift of Ca2+-force curves, with experimental data [21].
The APD was varied through the krep0 parameter, which affected the decrease rate of
AP, changing its value linearly from 0.85 in the “endo” surface to 1 in the “epi” surface:
krep0 = krepENDO +

(
krepEPI − krepENDO

)
Z. That corresponded to the variation of APD

from 340 ms to 280 ms at the same external initiating stimulus in the 0D simulations of
uniaxial contraction.

Other model parameters are listed in Table A2.

Table A2. Parameters for all model blocks.

Cross-bridge kinetics

kcb 75 s−1

acb 1.5 -
bcb 8.5 -
ccb 0.4 nm−1

k21 20 -
h 10 nm
δ∗ 0.4 -

Regulation kinetics

kA 50 s−1

KA 0.2 -
KB 2.5 -
kACoop 3 -
kθ1 0.35 -
kθ2 40 -

Monodomain model

Diso 5 cm2/s
Daniso 45 cm2/s

Aliev–Panfilov model and MEF

τ 0.0129 s
kAP 8 -
aAP 0.1 -
bAP 0.1 -
μ1 0.2 -
μ2 0.3 -
ε 0.01 -
km 1 s−1

Km 2.5 -

Calcium currents

CTn 70 μM
αcyt 0.75 -
αsr 0.05 -
Bcyt 130 μM
Kcyt 1 μM
Bsr 10 mM
Ksr 1 mM
Gx f er 3.8 s−1

Grel 150 s−1

Krel 400 μM
Gleak 0.03 s−1

GCaL 400 μM/s
p0 6.211 -
p1 −7.233 -
p2 1.648 -

29



Mathematics 2025, 13, 2606

Table A2. Cont.

Calcium currents

kU 13.33 -
U0 0.75 -
GNCX 52.5 mM/s
Nai0 10.5 μM
Cao 2 mM
Nao 140 μM
αNCX 2.5 -
ηNCX 0.35 -
ksat 0.1 -
kNCXL 0.8 -
KNa 87.5 μM
KCa 1300 μM
Gup 500 μM/s
Kup 0.4 μM
kp 1 μM−2/s
Kp 0.325 μM
kR 0.25 s−1

KR 125 -
KssR 200 μM

Passive myocardium stress

μpas 0.55 kPa
bpas 2.85 -
Kpas 50 kPa

Titin tension

ttit 1.03 kPa
q1 37.02 -
q2 -257.47 -
q∗2 772.41 -
q3 556.32 -

Active tension

Ecb 2.5 pN/nm
Ncb 150 -
Nm 283 μm−2

Sarcomere dimensions

Ls0 1.9 μm
Lmin 1.3 μm
La 1.12 μm
Lm 1.63 μm
Lb 0.15 μm
Lz 0.035 μm
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Abstract: A composite-coated inclusion is embedded in a matrix, where the conductivity
(permittivity) of the phases is assumed to be complex-valued. The purpose of this paper
is to demonstrate that a non-zero flux can arise under specific conditions related to the
conductivities of the components in the absence of external sources. These conditions are
unattainable with conventional positive conductivities but can be satisfied when the con-
ductivities are negative or complex—a scenario achievable in the context of metamaterials.
The problem is formulated as a spectral boundary value problem for the Laplace equation,
featuring a linear conjugation condition defined on a smooth curve L. This curve divides
the plane R2 into two regions, D+ and D− � ∞. The spectral parameter appears in the
boundary condition, drawing parallels with the Steklov eigenvalue problem. The case of
a circular annulus is analyzed using the method of functional equations. The complete
set of eigenvalues is derived by applying the classical theory of self-adjoint operators in
Hilbert space.

Keywords: complex-valued permittivity; functional equation; coated inclusion; spectral
boundary value problem

MSC: 74Q15; 35P15

1. Introduction

One of the most prominent models in the theory of composites, the coated disk (or
sphere) assemblage, represents a composite structure comprising circular inclusions of one
phase embedded within a matrix of another phase. This model was first introduced by
Hashin [1] and developed in [2] (Chapter 7) and [3–5]. The problem can be approached
as a neutral inclusion problem, wherein researchers sought a specific non-zero solution
to illustrate the cloaking phenomenon, the process of concealing an object from detection.
This perspective played a pivotal role in the advancement of the metamaterial theory [6,7],
a rapidly evolving domain in modern physics. In the quasistatic limit, the electromagnetic
wave propagation equations are simplified to standard conductivity equations, albeit with
complex local fields and complex-valued conductivity (or permittivity). Veselago first
observed the negative permittivity values [8]. Complex permittivity values emerge due

Mathematics 2025, 13, 1862 https://doi.org/10.3390/math13111862
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to energy loss in certain materials. The real part of permittivity represents the traditional
dielectric constant, while the imaginary part characterizes energy dissipation, also known
as loss permittivity [2,9]. Although the number of pure substances in nature is finite,
their diverse compositions give rise to an infinite variety of materials at the macroscale.
Consequently, the classical theory of composites covers a broad range of material property
constants, including complex-valued parameters for metamaterials that adhere to some
bounds [2]. In previous studies, analytical formulas and simulations of local fields were
employed to demonstrate the physical attributes of the structures examined. The current
work extends this exploration by linking such problems to a classical spectral framework.

Spectral boundary value problems for PDEs are classic analysis topics [10–13]. We
omit an extended study on spectral problems for ODEs and instead refer to one of the
latest papers [14]. To present the significance of the new result obtained in this paper, first,
we outline three types of spectral problems and describe the third type related to a new
physical trend concerning metamaterials.

Spectral problems involving a spectral parameter λ that is a control parameter of a
partial differential equation have been sufficiently well studied. Equation Δu + λu = 0 in a
domain D with the Dirichlet boundary condition u = 0 on ∂D is one of the fundamental
spectral problems. The main keys of the theory for this problem in a Riemannian manifold
D are presented in [15]. A recent review of this problem can be found in [10–13], and the
works cited therein.

The study of spectral boundary value problems with the spectral parameter in the
boundary condition begins with the Steklov eigenvalue problem for the Laplace equation
Δu = 0 in D with the boundary condition ∂u

∂n u = λu on ∂D, where ∂
∂n denotes the normal

derivative. Recent results on this problem can be found in [16–19], and the works cited
therein. The present paper is devoted to the third type of spectral problem when, instead
of a boundary condition, the following linear conjugation condition is given on a smooth
curve L, dividing the plane R2 ≡ C into two domains D+ and D− [20–23]:

u+ = u−,
∂u+

∂n
= λ

∂u−

∂n
on L = ∂D+, (1)

where the signs ± correspond to the limit values of the function u harmonic in D± and
continuously differentiable in the closures of D±. Here, it is convenient to consider the
extended complex plane Ĉ = C∪ {∞} and assume that ∞ ∈ D−. It should be noted that
the domain D+ may not be connected, and the constants λ may be different in the different
components of L. The conjugation condition is called the perfect contact or transmission
condition in the theory of composites.

Schiffer [24] considered an eigenvalue problem for a double-layer potential on a set
of curves and showed that this problem can be reduced to the spectral problem (1). The
spectral parameter λ was supposed to be the same for all components of the curve.

The present paper is devoted to studying a coated composite with complex-valued
conductivity (permittivity) phases. This physical problem is stated as a spectral R-linear
problem. The problem is reduced to an iterative functional equation [25]. It is established
that the theory of neutral inclusion related to metamaterials may be considered a new type
of spectral problem with the spectral parameter λ in the conjugation condition (1).
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2. Functional Spaces

Let H2(U) denote the classic Hardy space of analytic functions in the unit disk
U = {C : |z| < 1} [26], and let H2(Ur) be the corresponding space on the disk
Ur = {C : |z| < r}. The Hilbert spaceH2(Ur) is endowed with the norm

‖ f ‖ = sup
0≤r0<r

1
2π

∫ 2π

0
| f (r0 exp(iθ)|2dθ. (2)

Introduce a sequence space h2
r isomorphic toH2(Ur) as follows. Let a function

F(z) =
∞

∑
k=1

αkzk (3)

belong to H2(Ur). Then, the coefficients {αk}∞
k=0 of the function (3) can be considered

as elements of a discrete space. The sets of these coefficients {αk}∞
k=0 form the space h2

r
isomorphic toH2(Ur).

The isomorphism H2(Ur) ≡ h2
r has to be checked on the level of the scalar product

since the considered spaces are Hilbert. Consider the radial limit of F(z) on the circle
z = r exp θ existing for almost every argument θ ∈ [0, 2π):

f (θ) := F
(

reiθ
)

, 0 ≤ θ < 2π. (4)

The scalar product (F, G) in the Hardy spaceH2(Ur) coincides with the scalar product
( f , g) in the space L2 given by the integral

( f , g) =
1

2π

∫ 2π

0
f (θ)g(θ)dθ. (5)

Using (4), find

(F, G) = ( f , g) =
1

2πi

∫
|z|=r

F(z)G(z)
dz
z

. (6)

Transform the integral (6)

(F, G) =
1

2πi

∫
|z|=r

F(z)G
(

r2

z

)
dz
z

. (7)

By substituting the Taylor series of functions F(z) and G(z), we find that

F(z) =
∞

∑
k=1

αkzk, G(z) =
∞

∑
k=1

βkzk, |z| < r. (8)

Find

G
(

r2

z

)
=

∞

∑
k=1

βk
r2k

zk , |z| = r (9)

and substitute the first expressions of (8) and (9) into (7). The obtained integral can be
calculated by the residue theorem, by the coefficient in 1

z of the integrand

(F, G) =
∞

∑
k=1

r2kαkβk. (10)
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Consequently, the norms in the considered spaces can be written in the form

‖ f ‖ = ‖F‖ =
∞

∑
k=0

r2k|αk|2. (11)

3. Spectral Problem

Let D1 = {z ∈ C : |z| < r}, D2 = {z ∈ C : |z| > 1} and D = {z ∈ C : r <

|z| < 1} be domains in the extended complex plane Ĉ = C ∪ {∞} (see Figure 1). We are
looking for functions u1(x1, x2), u2(x1, x2) and u(x1, x2) that are harmonic in D1, D2, and D,
respectively, and belonging to the Sobolev spaces W(1,2) [27] in the corresponding domains.

Consider the following conductivity problem. Let the domains D1, D2, and D be occu-
pied by the materials of conductivities σ1 and σ2, and the normalized conductivity σ = 1,
respectively. The perfect contact between the components of the considered composite has
the form [21]

u1 = u, σ1
∂u1

∂n
=

∂u
∂n

, |z| = r, (12)

u2 = u, σ2
∂u2

∂n
=

∂u
∂n

, |z| = 1, (13)

where ∂
∂n are the outward normal derivatives to the circles. It is supposed that

u2(∞) = 0. (14)

The boundary value problem in Equations (12)–(14) can be stated for the spectral
parameter σ1 or σ2. We will demonstrate below its equivalence for a complex boundary
value problem in relation to Equations (12)–(14).

Figure 1. A coated composite on the complex plane. The domains D1 and D2 are occupied by
materials of conductivities σ1 and σ2, respectively. The conductivity of the annulus r < |z| < 1 is
normalized to unity.

Following [21], we introduce complex potentials analytically in the considered domain:

u(z) + iv(z) = ϕ(z), z ∈ D, (15)

uk(z) + ivk(z) =
2

σk + 1
ϕk(z), z ∈ Dk (k = 1, 2), (16)
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where vk are the imaginary parts of the considered analytic functions. Let ∂
∂s denote a

tangent derivative, where s is a natural length parameter of arcs. The Riemann–Cauchy
conditions on the circles L1 = {z ∈ C : |z| = r} and L2 = {z ∈ C : |z| = 1} have the form

∂u
∂n

=
∂v
∂s

,
∂u
∂s

= − ∂v
∂n

. (17)

Then, the second Equations (12) and (13) become

∂v
∂s

(t) = σk
∂vk
∂s

(t), t ∈ Lk (k = 1, 2), (18)

By integrating (18), we get

v(t) = σkvk(t) + dk, t ∈ Lk, (19)

where dk are arbitrary constants.
We then introduce the contrast parameters

�k =
σk − 1
σk + 1

, on Lk (k = 1, 2). (20)

The first real Equation (12) and the real Equation (19) for k = 1 can be written in the
first of one complex equation. The same concerns the second pair of real equations for
k = 2. The obtained complex equations can be written in the form of the R−linear problem:

ϕ(t) = ϕk(t)− �k ϕk(t) + Ck, t ∈ Lk (k = 1, 2), (21)

where Ck are constants. The function ϕ2(z) is bounded at infinity.
We introduce the complex velocity

ψ(z) = ϕ′(z) =
∂u
∂x1

(z)− i
∂u
∂x2

(z), z ∈ D, (22)

and
ψk(z) = ϕ′k(z), z ∈ Dk (k = 1, 2). (23)

The boundary conditions (21) can be differentiated along the curves Lk. It was shown
in [20,21] that

ψ(t) = ψk(t) + �kn(t)2 ψk(t), t ∈ Lk (k = 1, 2), (24)

where the unit outward normal vectors n(t) are expressed in terms of complex values.

4. Functional Equation

In the present section, the boundary value problem is reduced to a functional equation
that will be solved.

The normal vector can be written as follows:

n(t) =

⎧⎪⎨⎪⎩
t
r , |t| = r,

t, |t| = 1.
(25)
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Substitute (25) into (24) and write the resulting equation in the extended form:

ψ(t) = ψ1(t) + �1
r2

t2 ψ1(t), |t| = r,

ψ(t) = ψ2(t) + �2
1
t2 ψ2(t), |t| = 1.

(26)

The function ϕ2(z) near infinity is represented by the series

ϕ2(z) = constant +
c1

z
+

c2

z2 + . . . . (27)

Hence,

ψ2(z) = −
c1

z2 −
2c2

z3 + . . . , (28)

in particular,
ψ2(∞) = 0. (29)

The spectral problem for the complex velocity can be stated as follows. It is required
to find ψ1, ψ2 and constants such as �1 and �2 that the boundary value problem given
by Equations (26) and (29) has a non-zero solution. One of the parameters �1 and �2 can
be fixed. For example, �1 is fixed, and �2 has to be found. In the case of the unknown
�1 = �2 = �, we arrive at the Schiffer spectral problem [24].

Introduce the analytic function separately in |z| < r, r < |z| < 1, and |z| > 1, and
ensure that it is separately continuous in the closures of the considered domains:

Φ(z) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ1(z)− �2
1
z2 ψ2

(
1
z̄

)
, |z| � r,

ψ2(z)− �1
r2

z2 ψ1

(
r2

z̄

)
, |z| � 1,

ψ(z)− �1
r2

z2 ψ1

(
r2

z̄

)
− �2

1
z ψ2

(
1
z̄

)
, r < |z| < 1.

(30)

Calculate the jump of Φ(z) across |t| = r using the relation t = r2

t̄ ,

Φ+(t)−Φ−(t) = ψ1(t)− ψ(t) + �1
r2

t2 ψ1

(
r2

t̄

)
=

= ψ1(t) + �1
r2

t2 ψ1(t)− ψ(t) = 0,

(31)

according the first relation (26). Therefore, Φ(z) is analytically continued through the circle
|z| = r by the principle of analytic continuation. In the same way, one can check that Φ(z)
is analytically continued through the circle |z| = 1. Find Φ(∞) = 0 using Equation (29).
By Liouville’s theorem, Φ(z) = 0 everywhere in the extended complex plane. Writing
Φ(z) = 0 in the extended form (30) in |z| � r and |z| � 1, we obtain the system of
functional equations

ψ1(z) = �1
1
z2 ψ2

(
1
z̄

)
, |z| � r,

ψ2(z) = �2
r2

z2 ψ1

(
r2

z̄

)
, |z| � 1.

(32)

37



Mathematics 2025, 13, 1862

Substituting 1
z̄ instead of z in the second Equation (32), we obtain

ψ2

(
1
z̄

)
= �2r2z2ψ1

(
r2z

)
, |z| � 1. (33)

Substituting Equation (33) into the first Equation (32) yields the functional equation

ψ1(z) = �1�2r2ψ1

(
r2z

)
, |z| � r. (34)

The unknown function ψ1(z) is analytic in the disk |z| < r and continuous in |z| � r.
One can consider the functional equation in the wider Hardy spaceH2(Ur). The result does
not depend on the space since the function ψ1(z) is analytically continued to the complex
plane C by Equation (34).

4.1. Case of Equal Contrast Parameters

In the present section, consider the case � := �1 = �2. Introduce the operator

(Aψ1)(z) = r2ψ1

(
r2z

)
(35)

acting on ψ1(z) in the written part of Equation (34). This is a shift operator inside the
domain of analyticity. According to Shapiro [28], the shift operator is a compact operator in
H2(Ur). Thus, we arrive at the eigenvalue problem for the operator A:

λψ1 = Aψ1 ⇐⇒ λψ1(z) = r2ψ1

(
r2z

)
, |z| � r (36)

with the spectral parameter λ = |�|−2.
Represent the unknown function in the form of its Taylor series as follows:

ψ1(z) =
∞

∑
k=0

αkzk, |z| < r, (37)

Substitute it into Equation (36) and take the coefficients in the same power of z:

λαk = r2αkr2k, k = 0, 1, . . . . (38)

Equation (38) has a countable number of non-zero solutions:

λk = r2(k+1), k = 0, 1, . . . . (39)

The corresponding solutions of the functional Equation (36) have the form

ψ
(k)
1 (z) = zk, k = 0, 1, . . . . (40)

Theorem 1. The compact operator A defined by Equation (35) is self-adjoint in H2. Its simple
eigenvalues are given by Equation (39) and the eigenfunctions in (40). The relation (39) can be
written in the form

|�|2r2(k+1) = 1, k = 0, 1, . . . . (41)

Proof. Find an operator A∗ adjoint to the operator A by the definition of the scalar prod-
uct (5)
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(A f , g) = ( f , A∗g). (42)

It will be shown that A = A∗.
We have

( f , g) =
∞

∑
k=0

fk ḡkr2k. (43)

Using (35), calculate

(A f , g) =
(

r2 f
(

r2z
)

, g(z)
)
=

∞

∑
k=0

fk ḡkr2(k+1)r2k. (44)

Equate the latter expression to ( f , A∗g)

(A∗g)(z) = r2
∞

∑
k=0

gkr2kzk = r2g
(

r2z
)

. (45)

Hence, A = A∗. Therefore, the operator A is self-adjoint.
It follows from the properties of the compact self-adjoint operators in the Hilbert

space that the spectrum of the operator A consists of the eigenvalues in (39) satisfying
the inequality

λ0 > λ1 > λ2 > . . . λk > . . . . (46)

One can see that λk → 0, as k → ∞, corresponds to the general theory. The eigenvalues
given by (40) are simple since the monomials zk are orthogonal with respect to the inner
product (5), and form a basis forH2(D1).

The theorem is proved.

4.2. Case of Different Contrast Parameters

In the present section, the parameter �1 is fixed and �2 is considered as a spectral parameter.
Introduce the operator

(Bψ1)(z) = �1r2ψ1

(
r2z

)
, (47)

acting on ψ1(z) in the right part of (34).

Theorem 2. The compact operator B defined by Equation (47) is self-adjoint inH2. Its eigenvalues
are given by

λk = �1r2(k+1) (k = 0, 1, . . .), (48)

the corresponding eigenfunctions zk. The relation (48) can be written in the form

�2�1r2(k+1) = 1 (k = 0, 1, . . .). (49)

Proof. Substitute the series (37) into Equation (34)

λ
∞

∑
k=0

αkzk = �1r2
∞

∑
k=0

αkr2kzk, (50)

where λ = 1
�2

. In Equation (50), the coefficients with the same powers z are taken as

λαk = �1r2αkr2k, k = 0, 1, . . . (51)

This yields Equation (48) and λk → 0, as k → ∞.
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The operator B = B∗ is self-conjugate. It is proven in a similar way to Theorem 1 for
the operator A.

The theorem is proved.

Consider the particular case when �1 > 0. Then,

λ0 > λ1 > λ2 > . . . . (52)

A numerical example of the vector field for k = 1 is presented in Figures 2 and 3. It
is worth noting that the domains D1 and D2 are occupied by conducting and absorbing
materials, respectively. This serves as the physical explanation of the non-vanishing field
in the free-source medium. The vector field is expressed by the complex velocity. The
gradient (22) can be calculated by the formula(

∂u
∂x1

(z),
∂u
∂x2

(z)
)
= (Re ψ(z),−Im ψ(z)), z ∈ D, (53)

and (
∂uj

∂x1
(z),

∂uj

∂x2
(z)

)
=

2
σj + 1

(
Re ψj(z),−Im ψ(z)

)
, z ∈ Dj (j = 1, 2). (54)

Figure 2. Vector field in the plane calculated by Formulas (53), (22), (23), and (39) for k = 1. The
circles |z| = 0.7 and |z| = 1 are shown by dashed white lines. The domains |z| < 0.7 and |z| > 1 are
occupied by materials of conductivities σ1 = 20 and σ2 = −1.555, respectively. The conductivity of
the annulus 0.7 < |z| < 1 is normalized to unity. The legend scale shows the intensity of the field,
which is equal to |ψ(z)| in D and |ψj(z)| in Dj (j = 1, 2).
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Figure 3. The contour plot illustrating the potentials u(z) = Re ϕ(z) and uk(z) = 2
σk+1 Re ϕk(z)

(k = 1, 2) of the vector field from Figure 2.

4.3. Hashin–Shtrikman Assemblage

The Hashin–Shtrikman assemblage is not governed by the spectral problem considered
above. The condition (29) means that the external flux at infinity is absent. Replace
Equation (29) by the condition of the non-vanishing external flux parallel to the OX-axes:

ψ2(∞) = 1. (55)

Then, we arrive at the Hashin–Shtrikman problem. Its solution is then written in terms
of complex potentials in the corresponding domains:

ψ1(z) = 1, ψ2(z) = 1, ψ(z) = 1 +
�2

z2 . (56)

The analog of spectral relation (49) has the form

�2 = �1r2 ⇐⇒ σ2 − 1
σ2 + 1

=
σ1 − 1
σ1 + 1

r2. (57)

Here, σ1 and 1 are the conductivities of the core and the coating, respectively. In the
framework of the Hashin–Shtrikman model, σ2 yields the effective conductivity of neutral
non-overlapping, coated inclusions distributed in the plane. It can be written in the form
of the Hashin–Shtrikman bound and, equivalently, as the Clausius–Mossotti (Maxwell)
approximation [2] (Chapter 7). It is worth noting that condition (57) can be fulfilled for
positive conductivities σ1 and σ2.

5. Conclusions and Discussion

The coated inclusions in the theory of composites distinguish many exceptional prop-
erties. In the present paper, we consider a composite, displayed in Figure 1, with complex-
valued conductivities under the absence of any sources and sinks in the whole plane,
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including infinity. It is established that a non-zero flux takes place under the conditions (49)
or (41) on the contrast parameters �1 and �2 expressed through the conductivity of com-
ponents by Equation (20). The relations (49) and (41) cannot be fulfilled for the traditional
positive conductivities σ1 and σ2 and can hold only for negative and complex values. Such
a case takes place for metamaterials [6,8].

A boundary value problem is stated with the spectral parameter on the boundary.
Complex potentials are introduced in the considered domain through analytic functions.
Next, the boundary value problem is reduced to a spectral problem for a functional equation
that has been solved. Equal and different contrast parameters are considered. Using the
classic theory of self-adjoint operators in the Hilbert space, the complete set of eigenvalues
and eigenfunctions modeling special fields are written without external sources.

The classic spectral problem with the parameter λ in the partial differential equation,
e.g., Laplace’s equation, models wave processes for the special frequencies when an initial
mode holds in a medium. In the considered model, Laplace’s equation is not perturbed,
which corresponds to a stationary process. However, the wave mode is hidden in the imag-
inary parts of the material constants σ1 and σ2 [9]. Hence, the main physical mechanism,
wave mode, is the main reason for the occurrence of unusual phenomena in materials. It is
interesting to study the general geometric configurations to check this hypothesis.

The Hashin–Shtrikman assemblage discussed in Section 4.3 is an example of neutral
inclusions [2,3] with the classical case of positive material constants σ1 and σ2. It is worth
noting that the complex velocity is bounded at infinity, e.g., Equation (55). At the same
time, the complex potential ϕ2(z) defined by Equation (16) has a pole at infinity. This
observation distinguishes the neutral inclusion from others.

The results obtained highlight the significance of the eigenvalue problem in meta-
material theory. This approach helps refine the range of specific metamaterial constants,
contributing to a more precise characterization.
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Abstract: Using the eight-dimensional framework of the integral formalism of one-
dimensional quasicrystals, the analytical expressions for the displacement fields and stress
functions of line defects, which are dislocations and line forces, in one-dimensional hexag-
onal quasicrystals of Laue class 10 are derived. The self-energy of a straight dislocation,
the self-energy of a line force, the Peach–Koehler force between two straight dislocations,
and the Cherepanov force between two straight line forces in one-dimensional hexagonal
quasicrystals of Laue class 10 are calculated. In addition, the two-dimensional Green tensor
of one-dimensional hexagonal quasicrystals of Laue class 10 is given within the framework
of the integral formalism.
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1. Introduction

Quasicrystals represent an interesting class of novel materials discovered by Shecht-
man et al. [1]. Quasicrystals are aperiodic crystals and possess long-range orientational
order but no translational symmetry in quasiperiodic directions. Quasicrystals have un-
usual physical properties such as high hardness, low conductivity, resistivity that decreases
with temperature, very low conductivity, small specific heat, low friction coefficients, and
wear and oxidation resistance [2–4]. The basis of the continuum theory of solid quasicrys-
tals consists of two elementary excitations, namely the phonons and the phasons [5,6]. In
the atomistic picture, phonons are related to the translation of atoms, and phasons lead to
local rearrangements of atoms in a cell. The generalized elasticity theory of quasicrystals
including phonon and phason fields was developed by Ding et al. [7].

Dislocations are important line defects in quasicrystals that cause plasticity and influ-
ence the physical properties of quasicrystals (see, e.g., [6,8–14]). Dislocations have been
observed in quasicrystals in many experimental studies (see, e.g., [15–21]). To understand
the effects of dislocations on the physical properties of quasicrystals and to simulate the
electron micrographs of dislocations in quasicrystals, the elastic fields of dislocations in qua-
sicrystals are necessary. Therefore, the determination of the elastic fields of dislocations in
quasicrystals is an important task in theory and experiment. For quasicrystals, the basic key
equations of dislocations were given by Ding et al. [22,23] and Lazar and Agiasofitou [24].
The general expressions for the displacement fields induced by straight dislocations
in quasicrystals in terms of the elastic Green tensor were given by Ding et al. [22,23].
Ding et al. [25] extended the Stroh formalism [26,27] and the integral formalism [28,29] for
the displacement field of a dislocation in quasicrystals (see also [14,30]). Ding et al. [25] de-
rived the integral formalism from the Stroh formalism for quasicrystals using the eigenvectors

Mathematics 2025, 13, 1493 https://doi.org/10.3390/math13091493
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and eigenvalues of the Stroh formalism. Using the extended Stroh formalism, Li and Liu [31]
studied a dislocation in an icosahedral quasicrystal and Radi and Mariano [32] investigated
the steady-state propagation of dislocations in quasicrystals. Wang and Schiavone [33]
have given the detailed structure of the extended Stroh formalism for quasicrystals. In
the Stroh formalism, the fields of line defects are given as complex form solutions of an
eigenvalue problem and in the integral formalism, the fields of line defects are given as
real-form solutions of a matrix partial differential equation of the first order (see [34]).

Lazar [35] recently derived the extended integral formalism of line defects (straight
dislocations and line forces) for the displacement fields and stress functions for quasicrystals
in a straightforward manner without an unnecessary detour via the Stroh formalism.
Lazar [35] extended the six-dimensional framework of the integral formalism for line
defects in anisotropic elasticity towards a 2n-dimensional integral formalism for line defects
in quasicrystals (n = 4, 5, 6 for one-, two-, three-dimensional quasicrystals). For generalized
plane strain in quasicrystals, the appropriate two-dimensional matrix partial differential
equation of the first order and its solution of the integral formalism have been given
in [35]. For line defects in quasicrystals, the solution gives the 2n-dimensional vector of the
n-dimensional displacement vector U and the n-dimensional stress function vector Φ of
a straight dislocation with Burgers vector b and a line force with strength F. The integral
formalism provides suitable expressions for both analytical and numerical modelling of
line defects in quasicrystals.

Explicit analytical solutions require analytical expressions for the integrals in the inte-
gral formalism. In the general case, only numerical solutions are possible using numerical
integration. For quasicrystals with high symmetry and symmetrical orientation of the
defect line, the complexity is reduced and analytical solutions become possible because
the integrals in the integral formalism can be computed analytically. In the case of lower
symmetry of quasicrystals and of the orientation of the line defect, numerical treatment
is required in the integral formalism. The successful derivation of analytic solutions is of
particular value because it confirms and manifests the theoretical prediction. The form
of the analytic solutions shows their functional dependence on all relevant parameters.
Analytic solutions are always useful as benchmark solutions with which to verify numerical
results, and they are useful for degenerate cases (special orientations or ratios of elastic
constants) where the numerics may diverge [36].

The most suitable type of quasicrystals for testing the integral formalism are one-
dimensional hexagonal quasicrystals of Laue class 10. The Laue class 10 is the Laue
class with the highest symmetry for one-dimensional quasicrystals. A one-dimensional
quasicrystal is defined as a three-dimensional body which is periodic in the x1x2-plane and
quasiperiodic in the x3-direction. One-dimensional quasicrystals are quasicrystals with
crystallographic symmetries, namely 31 point groups and 10 Laue classes [13,30,37].

In this work, analytical solutions of line defects in one-dimensional quasicrystals
are derived for the first time using the integral formalism. In particular, the closed-form
expressions for the displacement fields and the stress functions of line defects in one-
dimensional hexagonal quasicrystals of Laue class 10, where the defect line is parallel to
the aperiodic direction, are the aim of this work. Within the framework of the integral
formalism, the self-energies of a straight dislocation and a line force, the Peach–Koehler
force between two straight dislocations, and the Cherepanov force between two line forces
in one-dimensional hexagonal quasicrystals of Laue class 10 are calculated. In addition, the
two-dimensional Green tensor of one-dimensional hexagonal quasicrystals of Laue class 10
is derived within the framework of the integral formalism.
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2. Generalized Elasticity of One-Dimensional Quasicrystals

We consider one-dimensional quasicrystals which are periodic in the x1x2-plane
and quasiperiodic in the x3-direction. A one-dimensional quasicrystal can be obtained
by projecting a four-dimensional periodic structure onto the three-dimensional physical
space. The four-dimensional hyperspace E4 can be decomposed into the direct sum of two
orthogonal subspaces:

E4 = E3
‖ ⊕ E1

⊥ , (1)

where E3
‖ is the three-dimensional physical or parallel space of the phonon fields and E1

⊥
is the one-dimensional perpendicular space of the phason field with quasiperiodicity in
the x3-direction. Throughout the text, phonon fields will be denoted (·)‖ and phason fields
(·)⊥. Note that all quantities (phonon and phason fields) depend on the so-called material
space coordinates x ∈ R3. Indices in the parallel space are denoted by small Latin letters
i, j, k, l with i, j, k, l = 1, 2, 3.

In the theory of generalized elasticity of one-dimensional quasicrystals, the (elastic)
phonon and phason distortion tensors, β

‖
kl and β⊥3l , are defined as the gradients of the phonon

displacement vector u‖k ∈ E3
‖ and the phason displacement field u⊥3 ∈ E1

⊥, respectively,

β
‖
kl = ∂lu

‖
k , (2)

β⊥3l = ∂lu⊥3 , (3)

where ∂l = ∂/∂xl denotes the partial differentiation with respect to xl . Therefore, the
phason displacement vector has only one component u⊥3 . The constitutive relations for a
one-dimensional quasicrystal are given by

σ
‖
ij = Cijkl β

‖
kl + Dij3l β

⊥
3l , (4)

σ⊥3j = Dkl3jβ
‖
kl + E3j3l β

⊥
3l , (5)

where σ
‖
ij and σ⊥3j are the phonon and phason stress tensors, respectively. Note that the phonon

stress tensor is symmetric, σ
‖
ij = σ

‖
ji, whereas σ⊥3j �= σ⊥j3 (see [24,38]). Cijkl is the tensor of

the elastic moduli of phonons, E3j3l is the tensor of the elastic moduli of phasons, and Dij3l is the
tensor of the elastic moduli of the phonon–phason coupling. The constitutive tensors possess the
following symmetries [7,24]:

Cijkl = Cklij = Cijlk = Cjikl , Dij3l = Dji3l , E3j3l = E3l3j . (6)

Using the hyperspace notation of quasicrystals given by Lazar and Agiasofitou [24],
the phonon and phason fields can be unified in the corresponding extended fields in the
hyperspace. The components of the extended fields will be denoted by capital letters,
e.g., I, K = 1, 2, 3, 4. In the hyperspace notation, we have the extended displacement vector
UK ∈ E3

‖ ⊕ E1
⊥:

UK =

{
u‖k , K = 1, 2, 3 ,
u⊥3 , K = 4 ,

(7)
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the extended elastic distortion tensor BKl ∈
(
E3
‖ ⊕ E1

⊥
)
⊗ E3

‖:

BKl =

{
β
‖
kl , K = 1, 2, 3 ,

β⊥3l , K = 4 ,
(8)

the extended stress tensor ΣI j ∈
(
E3
‖ ⊕ E1

⊥
)
⊗ E3

‖:

ΣI j =

{
σ
‖
ij , I = 1, 2, 3 ,

σ⊥3j , I = 4 ,
(9)

and the tensor of the extended elastic moduli CIjKl ∈
(
E3
‖ ⊕ E1

⊥
)
⊗ E3

‖ ⊗
(
E3
‖ ⊕ E1

⊥
)
⊗ E3

‖:

CIjKl =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dij3l , I = 1, 2, 3 ; K = 4 ,
Dkl3j , I = 4 ; K = 1, 2, 3 ,
E3j3l , I = 4 ; K = 4 .

(10)

The tensor CIjKl retains the major symmetry:

CIjKl = CKlIj . (11)

In matrix form, Equation (10) can be written as

CIjKl =

(
Cijkl Dij3l

Dkl3j E3j3l

)
. (12)

Using the hyperspace notation, Equations (2) and (3) reduce to

BKl = ∂lUK (13)

and the constitutive relations (4) and (5) become

ΣI j = CIjKl BKl = CIjKl∂lUK , (14)

which is the extended Hooke law for quasicrystals.
In the absence of external forces, the extended stress tensor (9) can be written in terms

of an extended stress function tensor ΦIm ∈
(
E3
‖ ⊕ E1

⊥
)
⊗ E3

‖:

ΣI j = εjkm∂kΦIm (15)

with

ΦIm =

{
Φ‖im , I = 1, 2, 3 ,
Φ⊥3m , I = 4 ,

(16)

where Φ‖im and Φ⊥3m are the phonon and phason stress function tensors, respectively. Here, εjkm

denotes the three-dimensional Levi–Civita tensor. Substituting Equation (15) into the left
hand side of the extended Hooke law (14), we obtain

εjkm∂kΦIm = CIjKl∂lUK , (17)

which is nothing but the extended Hooke law (14) written in terms of UK and ΦIm.
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3. Integral Formalism for One-Dimensional Quasicrystals

The integral formalism for one-dimensional quasicrystals is based on the framework
of generalized plane strain of one-dimensional quasicrystals. In generalized plane strain,
all fields are independent of the variable x3. The extended displacement fields depend only
on x1 and x2, and x ∈ R2, but with index in the hyperspace UI(x1, x2), I = 1, 2, 3, 4.

We consider a Cartesian coordinate system in the parallel space. Using a unit vector m
in the x1-direction and a unit vector n in the x2-direction (m ≡ e1, n ≡ e2) and the notation

(a b)IK = ajCIjKlbl , (18)

which is a 4× 4 matrix in the hyperspace, it follows from the major symmetry (11) of the
extended constitutive tensor CIjKl that

(a b)IK = (b a)KI . (19)

The extended constitutive relation (14) reads for generalized plane strain:

ΣI1 = (m m)IKBK1 + (m n)IKBK2 (20)

ΣI2 = (n m)IKBK1 + (n n)IKBK2 (21)

with I, K = 1, 2, 3, 4. For a one-dimensional quasicrystal, the characteristic 4× 4 blocks of
the constitutive tensor CIjKl entering the extended constitutive relations (20) and (21) are
given by

(m m)IK =

⎛⎜⎜⎜⎝
C1111 C1121 C1131 D1131

C2111 C2121 C2131 D2131

C3111 C3121 C3131 D3131

D1131 D2131 D3131 E3131

⎞⎟⎟⎟⎠ = CI1K1 (22)

(m n)IK =

⎛⎜⎜⎜⎝
C1112 C1122 C1132 D1132

C2112 C2122 C2132 D2132

C3112 C3122 C3132 D3132

D1231 D2231 D3231 E3132

⎞⎟⎟⎟⎠ = CI1K2 (23)

(n n)IK =

⎛⎜⎜⎜⎝
C1212 C1222 C1232 D1232

C2212 C2222 C2232 D2232

C3212 C3222 C3232 D3232

D1232 D2232 D3232 E3232

⎞⎟⎟⎟⎠ = CI2K2 . (24)

Due to the major symmetry of CIjKl , (m m)IK and (n n)IK are symmetric.
For generalized plane strain, the extended stress tensor can be written in terms of an

extended stress function vector ΦI3 ≡ ΦI , and Equation (15) reduces to

ΣI1 = ∂2ΦI (25)

ΣI2 = −∂1ΦI . (26)
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Substituting Equations (13), (25) and (26) into the extended Hooke law (20) and (21),
we obtain

∂2ΦI = (m m)IK∂1UK + (m n)IK∂2UK (27)

−∂1ΦI = (n m)IK∂1UK + (n n)IK∂2UK . (28)

Equations (27) and (28), which have the meaning of the extended Hooke law (14) written in
terms of UK and ΦI for generalized plane strain, are the two components of Equation (17)
for generalized plane strain with j = 1, 2.

After rearrangement of Equations (27) and (28), we obtain the following matrix partial
differential equation of the first order

[I ∂2 − N∂1]

(
U(x1, x2)

Φ(x1, x2)

)
=

(
0

0

)
. (29)

This is the matrix differential equation for generalized plane strain of one-dimensional qua-
sicrystals. We have introduced the 8-vector of the extended displacement vector and the
extended stress function vector for generalized plane strain:(

U
Φ

)
≡
(

UI

ΦI

)
, I = 1, 2, 3, 4 (30)

and the 8× 8 real matrix is defined by its 4× 4 blocks

N = −
(

(n n)−1 (n m) (n n)−1

(m n) (n n)−1 (n m)− (m m) (m n) (n n)−1

)
. (31)

Here, I is the 8× 8 identity matrix. The 8× 8 matrix N is the fundamental elasticity matrix
for one-dimensional quasicrystals depending on the elastic constants of quasicrystals.

Now, we choose two orthogonal unit vectors m and n, which are orthogonal to t such
that (m, n, t) forms a right-handed Cartesian basis in E3

‖. This basis is rotated around t by

an angle φ against another fixed (m0, n0, t) basis in E3
‖, such that

⎛⎜⎝m(φ)

n(φ)
t

⎞⎟⎠ =

⎛⎜⎝ cos φ sin φ 0
− sin φ cos φ 0

0 0 1

⎞⎟⎠
⎛⎜⎝m0

n0

t

⎞⎟⎠ (32)

as shown in Figure 1. It yields m ≡ m(φ) and n ≡ n(φ). Only the independent vari-
able xj is transformed, but not the dependent variables UI and ΦI . Using the rota-
tion given in Equation (32) and polar coordinates (r, φ), the matrix partial differential
Equation (29) becomes

[
I

1
r

∂φ − N(φ) ∂r

](
U(r, φ)

Φ(r, φ)

)
=

(
0

0

)
. (33)

Here, the 8× 8 matrix N(φ) is defined by contraction of the elastic constants with orthogo-
nal unit vectors m and n according to Equation (18). As mentioned above, the vectors m(φ)

and n(φ) are turned against the m0, n0 coordinate system by an angle φ (see Figure 1), so
that N depends on the angle φ
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N(φ) = −
(

(n n)−1 (n m) (n n)−1

(m n) (n n)−1 (n m)− (m m) (m n) (n n)−1

)
. (34)

m0

n0

m

n

φ

Figure 1. The unit vectors m and n are to be turned anticlockwise from m0 and n0 by an angle φ.

4. Line Defects in One-Dimensional Quasicrystals

Here, we consider a line defect in a one-dimensional quasicrystal, namely a straight
dislocation with extended Burgers vector b and a line force with extended strength F in
a one-dimensional quasicrystal located at the origin of the coordinate system. The defect
line runs along the axis t, which is parallel to the quasiperiodic direction. The fields of
the straight dislocation and line force are the extended displacement vector U and the
extended stress function vector Φ. In the hyperspace notation, the extended Burgers vector of
a straight dislocation in a one-dimensional quasicrystal is given by

bI =

{
b‖i , I = 1, 2, 3 ,
b⊥3 , I = 4 ,

(35)

where b‖i is the phonon component and b⊥3 is the phason component of the extended Burgers
vector, bI ∈ E3

‖ ⊕ E1
⊥, and the extended body force vector of a line force in a one-dimensional

quasicrystal reads

FI =

{
F‖i , I = 1, 2, 3 ,
F⊥3 , I = 4 ,

(36)

where F‖i is the phonon component and F⊥3 is the phason component of the extended
strength FI ∈ E3

‖ ⊕ E1
⊥.

For one-dimensional quasicrystals, the solution of Equation (33) for a straight dislo-
cation with extended Burgers vector b and a line force with extended strength F reads
(see [35]) (

U(r, φ)

Φ(r, φ)

)
= − 1

(2π)2

[
I ln r +

∫ φ

0
N(ω)dω

] ∫ 2π

0
N(ω)dω

(
b
−F

)
. (37)

Equation (37) is the 8-vector of the solution of the extended displacement vector U and the
extended stress function vector Φ for a straight dislocation with extended Burgers vector b
and a line force with extended strength F in a one-dimensional quasicrystal. Using

Ñ(φ) =
1

2π

∫ φ

0
N(ω)dω (38)
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and Ñ(2π) = Ñ(φ = 2π), the solution (37) can be written in compact form as (see
also [35,39]) (

U(r, φ)

Φ(r, φ)

)
= −

[
1

2π
I ln r + Ñ(φ)

]
Ñ(2π)

(
b
−F

)
. (39)

The 4× 4 matrices SIK, QIK and BIK, which are tensors of rank two in the hyperspace,
are the 4× 4 blocks of the 8× 8 matrix Ñ, Equation (38), with the block structure (34)

Ñ(φ) =

(
S(φ) Q(φ)

B(φ) ST(φ)

)
(40)

and

Q(φ) = − 1
2π

∫ φ

0
(n n)−1 dω , (41)

S(φ) = − 1
2π

∫ φ

0
(n n)−1(n m)dω , (42)

ST(φ) = − 1
2π

∫ φ

0
(m n)(n n)−1 dω , (43)

B(φ) = − 1
2π

∫ φ

0

[
(m n)(n n)−1(n m)− (m m)

]
dω , (44)

where S, Q, B and ST (the transpose of S) are 4× 4 matrices resulting from the four blocks
in N (see Equations (34) and (38)).

Equation (39) can be decomposed into its four pieces, which are four vectors in the
four-dimensional hyperspace (see [35]):

• The extended displacement vector of a straight dislocation with extended Burgers
vector bI :

UK(r, φ) = −bI

[
1

2π
SKI(2π) ln r + QKM(φ)BMI(2π) + SKM(φ)SMI(2π)

]
. (45)

• The extended displacement vector of a line force with extended strength FI :

UK(r, φ) = FI

[
1

2π
QKI(2π) ln r + SKM(φ)QMI(2π) + QKM(φ)ST

MI(2π)

]
. (46)

• The extended stress function vector of a straight dislocation with extended Burgers
vector bK:

ΦI(r, φ) = −bK

[
1

2π
BIK(2π) ln r + BIM(φ)SMK(2π) + ST

IM(φ)BMK(2π)

]
. (47)

• The extended stress function vector of a line force with extended strength FK:

ΦI(r, φ) = FK

[
1

2π
ST

IK(2π) ln r + BIM(φ)QMK(2π) + ST
IM(φ)ST

MK(2π)

]
. (48)

Using the extended stress function vector of a straight dislocation (47) for r = r0/R
and φ = 0, the elastic self-energy of a straight dislocation per unit length reads [35]
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E =
1
2

bIΦI(r0/R, 0)

=
1

4π
bI BIK(2π)bK ln(R/r0) , (49)

where r0 and R are the inner and outer cutoff radii. Using the extended displacement vector
of a line force (48) for r = r0/R and φ = 0, the elastic self-energy of a line force per unit
length reads [35]

E =
1
2

FKUK(r0/R, 0)

= − 1
4π

FI QIK(2π)FK ln(R/r0) . (50)

The Peach–Koehler force per unit length between a straight dislocation with Burgers
vector b(A)

I at position (r, φ) in the stress field Σ(B)
I j produced by another dislocation with

Burgers vector b(B)
K located at the position (0, 0) is given by (see [35])

FPK(AB)
l = εl j3

b(A)
I b(B)

K
2πr

[
njBIK(2π) + mj

[
(m n)(n n)−1(n m)− (m m)

]
IMSMK(2π)

+ mj
[
(m n)(n n)−1]

IMBMK(2π)
]

. (51)

In polar coordinates, the two non-vanishing components of the Peach–Koehler force (51) read

FPK(AB)
r =

b(A)
I b(B)

K
2πr

BIK(2π) , (52)

FPK(AB)
φ = − b(A)

I b(B)
K

2πr

[[
(m n)(n n)−1(n m)− (m m)

]
IMSMK(2π)

+
[
(m n)(n n)−1]

IMBMK(2π)
]

. (53)

The radial component (52) is connected with the matrix B, and the tangential com-
ponent (53) is connected with the matrices S and B. Note that the φ-dependence in
Equation (53) is due to the φ-dependence of m and n.

The Cherepanov force per unit length between a line force with strength F(A)
K at

position (r, φ) in the elastic distortion field B(B)
Kl produced by another line force with

strength F(B)
I located the the position (0, 0) is given by (see [35])

FC(AB)
l =

F(A)
K F(B)

I
2πr

[
mlQKI(2π)− nl(n n)−1

KN
(
ST

NI(2π) + (n m)NMQMI(2π)
)]

. (54)

In polar coordinates, the two non-vanishing components of the Cherepanov force (54) read

FC(AB)
r =

F(A)
K F(B)

I
2πr

QKI(2π) , (55)

FC(AB)
φ = − F(A)

K F(B)
I

2πr
(n n)−1

KN

[
ST

NI(2π) + (n m)NMQMI(2π)
]

. (56)

The radial component (55) is connected with the matrix Q, and the tangential compo-
nent (56) is connected with the matrices ST and Q. The φ-dependence in Equation (56) is
due to the φ-dependence of m and n.
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5. Line Defects in One-Dimensional Hexagonal Quasicrystals of Laue
Class 10

We consider one-dimensional hexagonal quasicrystals of Laue class 10 characterized
by the following elastic constants (see [37]), namely five elastic moduli of phonons:

C1111 = C2222 = C11 , C1122 = C2211 = C12 ,

C1133 = C2233 = C3311 = C3322 = C13 , C3333 = C33 ,

C2323 = C2332 = C3223 = C3232 = C1313 = C1331 = C3113 = C3131 = C44 ,

C1212 = C1221 = C2112 = C2121 = C66 = (C11 − C12)/2 , (57)

three elastic moduli of phonon–phason coupling:

D1133 = D2233 = R1 , D3333 = R2 , D3232 = D2332 = D3131 = D1331 = R3 (58)

and two elastic moduli of phasons:

E3333 = K1 , E3131 = E3232 = K2 . (59)

The conditions of positive definiteness for the elastic constants of one-dimensional hexago-
nal quasicrystals of Laue class 10 to ensure a positive elastic energy density read [40,41]

C11 > |C12| , (C11 + C12)C33 − 2C2
13 > 0 , C44 > 0 , (60)

C44K2 − R2
3 > 0 , (61)[

(C11 + C12)C33 − 2C2
13
]
K1 + 2(2C13R2 − C33R1)R1 − (C11 + C12)R2

2 > 0 . (62)

A one-dimensional hexagonal quasicrystal of Laue class 10 is a transversely isotropic
medium, concerning generalized elasticity of quasicrystals, namely, a one-dimensional
hexagonal quasicrystal of Laue class 10 is isotropic in the basal x1x2-plane (see [38]). Laue
class 10 consists of the following point groups [13]: 62h2h, 6mm, 6m2h, 6/mhmm. Therefore,
the Laue class 10 is the Laue class with the highest symmetry for one-dimensional quasicrys-
tals. In order to keep equations as simple as possible, we may use C66 = (C11 − C12)/2
instead of C12 in the formulas. For one-dimensional hexagonal quasicrystals of Laue class
10, Equations (22)–(24) reduce to

(m m)IK =

⎛⎜⎜⎜⎝
C1111 0 0 0

0 C2121 0 0
0 0 C3131 D3131

0 0 D3131 E3131

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
C11 0 0 0
0 C66 0 0
0 0 C44 R3

0 0 R3 K2

⎞⎟⎟⎟⎠ (63)

(m n)IK =

⎛⎜⎜⎜⎝
0 C1122 0 0

C2112 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
0 C12 0 0

C66 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ (64)

(n n)IK =

⎛⎜⎜⎜⎝
C1212 0 0 0

0 C2222 0 0
0 0 C3232 D3232

0 0 D3232 E3232

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
C66 0 0 0
0 C11 0 0
0 0 C44 R3

0 0 R3 K2

⎞⎟⎟⎟⎠. (65)
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Therefore, for generalized plane strain, only three elastic moduli of phonons C11 = C1111 = C2222,
C12 = C1122, C44 = C3232 = C3131, C66 = (C11 − C12)/2 = (C1111 − C1122)/2 = C2121 =

C2112 = C1212; one elastic modulus of phonon–phason coupling R3 = D3232 = D3131; and
one elastic modulus of phasons K2 = E3131 = E3232 are relevant.

The four 4× 4 blocks of the 8× 8 matrix N read

(n n)−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1/C66 0 0 0
0 1/C11 0 0

0 0
K2

C44K2 − R2
3

− R3

C44K2 − R2
3

0 0 − R3

C44K2 − R2
3
− C44

C44K2 − R2
3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(66)

(n n)−1(n m) =

⎛⎜⎜⎜⎝
0 1 0 0

C12/C11 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ (67)

(m n)(n n)−1 =

⎛⎜⎜⎜⎝
0 C12/C11 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ (68)

and

[(m n)(n n)−1(n m)− (m m)] = −

⎛⎜⎜⎜⎝
α 0 0 0
0 0 0 0
0 0 C44 R3

0 0 R3 K2

⎞⎟⎟⎟⎠, (69)

where

α =
C2

11 − C2
12

C11
. (70)

The angular behaviour of the 4× 4 matrices Q, S, and B is obtained by the transfor-
mations (see also [42,43])

Q(φ) = − 1
2π

∫ φ

0
(n n)−1(ω)dω

= − 1
2π

∫ φ

0
RT(ω) (n n)−1(0) R(ω)dω , (71)

S(φ) = − 1
2π

∫ φ

0
[(n n)−1(n m)](ω)dω

= − 1
2π

∫ φ

0
RT(ω) [(n n)−1(n m)](0) R(ω)dω , (72)

B(φ) = − 1
2π

∫ φ

0
[(m n)(n n)−1(n m)− (m m)](ω)dω

= − 1
2π

∫ φ

0
RT(ω) [(m n)(n n)−1(n m)− (m m)](0) R(ω)dω , (73)
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where

R =

⎛⎜⎜⎜⎝
cos ω sin ω 0 0
− sin ω cos ω 0 0

0 0 1 0
0 0 0 1

⎞⎟⎟⎟⎠ (74)

is a 4× 4 rotation matrix in the x1x2-plane.
Carrying out the integrations, we obtain

Q(φ) = − 1
4π

⎛⎜⎜⎜⎜⎜⎜⎜⎝

βφ + γ cos φ sin φ γ sin2 φ 0 0
γ sin2 φ βφ− γ cos φ sin φ 0 0

0 0
2K2φ

C44K2 − R2
3

− 2R3φ

C44K2 − R2
3

0 0 − 2R3φ

C44K2 − R2
3
− 2C44φ

C44K2 − R2
3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (75)

where

β =
1

C66
+

1
C11

=
C11 + C66

C11C66
(76)

γ =
1

C66
− 1

C11
=

C11 − C66

C11C66
, (77)

B(φ) =
1

2π

⎛⎜⎜⎜⎜⎜⎝
α

2
(φ + cos φ sin φ)

α

2
sin2 φ 0 0

α

2
sin2 φ

α

2
(φ− cos φ sin φ) 0 0

0 0 C44φ R3φ

0 0 R3φ K2φ

⎞⎟⎟⎟⎟⎟⎠ (78)

and

S(φ) =
1

2π

⎛⎜⎜⎜⎜⎜⎜⎝

C11 − C66

C11
sin2 φ −C66

C11
φ− C11 − C66

C11
cos φ sin φ 0 0

C66

C11
φ− C11 − C66

C11
cos φ sin φ −C11 − C66

C11
sin2 φ 0 0

0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎠. (79)

For φ = 2π, the matrices (75), (78), and (79) reduce to

Q(2π) = −1
2

⎛⎜⎜⎜⎜⎜⎜⎜⎝

β 0 0 0
0 β 0 0

0 0
2K2

C44K2 − R2
3

− 2R3

C44K2 − R2
3

0 0 − 2R3

C44K2 − R2
3

2C44

C44K2 − R2
3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (80)

B(2π) =

⎛⎜⎜⎜⎝
α/2 0 0 0

0 α/2 0 0
0 0 C44 R3

0 0 R3 K2

⎞⎟⎟⎟⎠ (81)
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and

S(2π) =

⎛⎜⎜⎜⎝
0 −C66/C11 0 0

C66/C11 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠. (82)

These three matrices (80)–(82) obey the relations

B(2π) S(2π) + ST(2π) B(2π) = 0 (83)

Q(2π) ST(2π) + S(2π) Q(2π) = 0 (84)

B(2π) Q(2π) + ST(2π) ST(2π) = −I (85)

as in anisotropic elasticity (see [44,45]).
Now, substituting Equations (75), (79)–(82) into Equation (45), the extended displace-

ment vector of a straight dislocation with extended Burgers vector bI reads in matrix form:

2πU = bφ + b
(

C11 − C66

C11

)⎛⎜⎜⎜⎝
sin φ cos φ sin2 φ 0 0

sin2 φ − sin φ cos φ 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠− b
C66

C11
ln r

⎛⎜⎜⎜⎝
0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ (86)

and the four components of Equation (86) read explicitly:

u‖1 =
b‖1
2π

(
arctan

x2

x1
+

C11 − C66

C11

x1x2

r2

)
+

b‖2
2π

(
C66

C11
ln r +

C11 − C66

C11

x2
2

r2

)
, (87)

u‖2 = − b‖1
2π

(
C66

C11
ln r− C11 − C66

C11

x2
2

r2

)
+

b‖2
2π

(
arctan

x2

x1
− C11 − C66

C11

x1x2

r2

)
, (88)

u‖3 =
b‖3
2π

arctan
x2

x1
, (89)

u⊥3 =
b⊥3
2π

arctan
x2

x1
. (90)

Equations (87)–(90) are the displacement components of a straight dislocation with ex-
tended Burgers vector (b‖1 , b‖2 , b‖3 , b⊥3 ) in a one-dimensional hexagonal quasicrystal of Laue
class 10. Equations (87) and (88) are the displacement components of an edge dislocation
with Burgers vector b‖1 or b‖2 . Equations (89) and (90) are the displacement components

of a screw dislocation with Burgers vector components b‖3 and b⊥3 . It can be seen that all
four components of the Burgers vector are uncoupled. The displacement components
of a straight dislocation in a one-dimensional hexagonal quasicrystal of Laue class 10
(87)–(90) obtained in the framework of the integral formalism are in agreement with the
expressions given by Li and Fan [46], directly solving the field equations for the phonon
and phason displacement fields (see also [47]). The only difference is an irrelevant constant
displacement in Equation (88), leading to x2

1/r2 instead of −x2
2/r2 in [46]. The phonon

displacement fields (87)–(89) take the same form as in hexagonal crystals.
Substituting Equations (75), (79), (80), and (82) into Equation (46), the extended dis-

placement vector of a line force with extended strength FI reads in matrix form:
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4πU = Fγ

⎛⎜⎜⎜⎝
− sin2 φ sin φ cos φ 0 0

sin φ cos φ sin2 φ 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠− F ln r

⎛⎜⎜⎜⎜⎜⎜⎜⎝

β 0 0 0
0 β 0 0

0 0
2K2

C44K2 − R2
3

− 2R3

C44K2 − R2
3

0 0 − 2R3

C44K2 − R2
3

2C44

C44K2 − R2
3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(91)

and the four components of Equation (91) read explicitly:

u‖1 = − F‖1
4π

(
C11 + C66

C11C66
ln r +

C11 − C66

C11C66

x2
2

r2

)
+

F‖2
4π

C11 − C66

C11C66

x1x2

r2 , (92)

u‖2 =
F‖1
4π

C11 − C66

C11C66

x1x2

r2 − F‖2
4π

(
C11 + C66

C11C66
ln r− C11 − C66

C11C66

x2
2

r2

)
, (93)

u‖3 = − F‖3 K2 − F⊥3 R3

2π(C44K2 − R2
3)

ln r , (94)

u⊥3 =
F‖3 R3 − F⊥3 C44

2π(C44K2 − R2
3)

ln r . (95)

Equations (92)–(95) are the displacement components of a line force with strength com-
ponents F‖1 , F‖2 , F‖3 and F⊥3 . In Equations (94) and (95), it can be seen that the phonon

and phason components F‖3 and F⊥3 are coupled due to the elastic constant of the phonon–
phason coupling R3.

Substituting Equations (78), (79), (81), and (82) into Equation (47), the extended
stress function vector of a straight dislocation with extended Burgers vector bK reads
in matrix form:

2πΦ = b
α

2

⎛⎜⎜⎜⎝
− sin2 φ sin φ cos φ 0 0

sin φ cos φ sin2 φ 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠− b ln r

⎛⎜⎜⎜⎝
α/2 0 0 0

0 α/2 0 0
0 0 C44 R3

0 0 R3 K2

⎞⎟⎟⎟⎠ (96)

and the four components of Equation (96) read explicitly:

Φ‖1 = −C2
11 − C2

12
2C11

[
b‖1
2π

(
ln r +

x2
2

r2

)
− b‖2

2π

x1x2

r2

]
, (97)

Φ‖2 =
C2

11 − C2
12

2C11

[
b‖1
2π

x1x2

r2 − b‖2
2π

(
ln r− x2

2
r2

)]
, (98)

Φ‖3 = − b‖3C44 + b⊥3 R3

2π
ln r , (99)

Φ⊥3 = − b‖3 R3 + b⊥3 K2

2π
ln r . (100)

Equations (97)–(100) are the stress function components of a straight dislocation with
extended Burgers vector (b‖1 , b‖2 , b‖3 , b⊥3 ) in a one-dimensional hexagonal quasicrystal of Laue
class 10. Equations (97) and (98) are the stress function components of an edge dislocation
with Burgers vector b‖1 or b‖2 . Equations (99) and (100) are the stress function components of

a screw dislocation with Burgers vector components b‖3 and b⊥3 . In Equations (99) and (100),

it can be seen that the phonon and phason components b‖3 and b⊥3 are coupled due to the
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elastic constant of the phonon–phason coupling R3. It is interesting to note the similarity
between the displacements of a line force (92)–(95) and the stress functions of a dislocation
(97)–(100).

Substituting Equations (78)–(80) and (82) into Equation (48), the extended stress func-
tion vector of a line force with extended strength FK reads in matrix form:

2πΦ = −Fφ− F
(

C11 − C66

C11

)⎛⎜⎜⎜⎝
sin φ cos φ sin2 φ 0 0

sin2 φ − sin φ cos φ 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠+ F
C66

C11
ln r

⎛⎜⎜⎜⎝
0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ (101)

and the four components of Equation (101) read explicitly:

Φ‖1 = − F‖1
2π

(
arctan

x2

x1
+

C11 − C66

C11

x1x2

r2

)
+

F‖2
2π

(
C66

C11
ln r− C11 − C66

C11

x2
2

r2

)
, (102)

Φ‖2 = − F‖1
2π

(
C66

C11
ln r +

C11 − C66

C11

x2
2

r2

)
− F‖2

2π

(
arctan

x2

x1
− C11 − C66

C11

x1x2

r2

)
, (103)

Φ‖3 = − F‖3
2π

arctan
x2

x1
, (104)

Φ⊥3 = − F⊥3
2π

arctan
x2

x1
. (105)

Equations (102)–(105) are the stress functions of a line force with strength components F‖1 ,

F‖2 , F‖3 and F⊥3 . It can be seen that all four components of the strength components F‖1 , F‖2 ,

F‖3 , and F⊥3 are uncoupled. The phonon stress functions (102)–(104) take the same form as
in hexagonal crystals. It is interesting to note the similarity between the displacements of a
dislocation (87)–(90) and the stress functions of a line force (102)–(105).

Substituting Equation (81) into Equation (49), the self-energy per unit length of
a straight dislocation in a one-dimensional hexagonal quasicrystal of Laue class 10 is
given by

E =
1

4π

[α

2

(
b‖1 b‖1 + b‖2 b‖2

)
+ C44b‖3 b‖3 + 2R3b‖3 b⊥3 + K2b⊥3 b⊥3

]
ln(R/r0) . (106)

Substituting Equation (80) into Equation (50), the self-energy per unit length of a line
force in a one-dimensional hexagonal quasicrystal of Laue class 10 is given by

E =
1

8π

[
β
(

F‖1 F‖1 + F‖2 F‖2
)
+

2
C44K2 − R2

3

(
K2F‖3 F‖3 − 2R3F‖3 F⊥3 + C44F⊥3 F⊥3

)]
ln(R/r0) .

(107)

Using Equations (81) and (82), the non-vanishing components of the Peach–Koehler
force per unit length between two straight dislocations, Equations (52) and (53), read for a
one-dimensional hexagonal quasicrystal of Laue class 10:

FPK(AB)
r =

1
2πr

[α

2

(
b‖(A)

1 b‖(B)
1 + b‖(A)

2 b‖(B)
2

)
+ C44b‖(A)

3 b‖(B)
3 + R3b‖(A)

3 b⊥(B)
3 + R3b⊥(A)

3 b‖(B)
3 + K2b⊥(A)

3 b⊥(B)
3

]
, (108)

FPK(AB)
φ =

α

4πr

[(
b‖(A)

1 b‖(B)
1 − b‖(A)

2 b‖(B)
2

)
sin 2φ−

(
b‖(A)

1 b‖(B)
2 + b‖(A)

2 b‖(B)
1

)
cos 2φ

]
. (109)

Equation (108) contains phonon, phason and phonon–phason-coupling contributions,
whereas Equation (109) contains only phonon contributions. If we consider only two par-
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allel screw dislocations, Equations (108) and (109) reduce to the Peach–Kohler force
given in [38,46]. In the isotropic limit (see below), the Peach–Koehler force, given in
Equations (108) and (109), reduces to the Peach–Koehler force between straight disloca-
tions in isotropic elasticity given in [48–51].

Using Equations (80) and (82), the non-vanishing components of the Cherepanov
force per unit length of between two line forces, Equations (55) and (56), read for a one-
dimensional hexagonal quasicrystal of Laue class 10

FC(AB)
r = − 1

4πr

[
β
(

F‖(A)
1 F‖(B)

1 + F‖(A)
2 F‖(B)

2

)
+

2
C44K2 − R2

3

(
K2F‖(A)

3 F‖(B)
3 − R3F‖(A)

3 F⊥(B)
3 − R3F⊥(A)

3 F‖(B)
3 + C44F⊥(A)

3 F⊥(B)
3

)]
, (110)

FC(AB)
φ = − β

4πr

[(
F‖(A)

1 F‖(B)
1 − F‖(A)

2 F‖(B)
2

)
sin 2φ−

(
F‖(A)

1 F‖(B)
2 + F‖(A)

2 F‖(B)
1

)
cos 2φ

]
. (111)

Equation (110) contains phonon, phason and phonon–phason-coupling contributions,
whereas Equation (111) contains only phonon contributions. In the isotropic limit (see be-
low), the Cherepanov force, given in Equations (110) and (111), reduces to the Cherepanov
force between straight line forces in isotropic elasticity given in [52].

6. Green Tensor in the Integral Formalism

Within the framework of the integral formalism, the displacement field of a line force,
Equations (92)–(95), gives the two-dimensional 4× 4 Green tensor for quasicrystals in the
hyperspace, namely

UK = GKI FI (112)

with

GKI =

⎛⎜⎜⎜⎜⎝
G‖‖11 G‖‖12 G‖‖13 G‖⊥14

G‖‖12 G‖‖22 G‖‖23 G‖⊥24

G‖‖13 G‖‖23 G‖‖33 G‖⊥34

G‖⊥14 G‖⊥24 G‖⊥34 G⊥⊥44

⎞⎟⎟⎟⎟⎠. (113)

Therefore, the non-vanishing components of the two-dimensional Green tensor for
one-dimensional hexagonal quasicrystals of Laue class 10 read

G‖‖11 = − 1
4π

(
C11 + C66

C11C66
ln r +

C11 − C66

C11C66

x2
2

r2

)
, (114)

G‖‖12 =
1

4π

C11 − C66

C11C66

x1x2

r2 , (115)

G‖‖22 = − 1
4π

(
C11 + C66

C11C66
ln r− C11 − C66

C11C66

x2
2

r2

)
, (116)

G‖‖33 = − K2

2π(C44K2 − R2
3)

ln r , (117)

G‖⊥34 =
R3

2π(C44K2 − R2
3)

ln r , (118)

G⊥⊥44 = − C44

2π(C44K2 − R2
3)

ln r . (119)
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Note that the three-dimensional Green tensor of one-dimensional hexagonal quasicrys-
tals of Laue class 10 has been recently given by Lazar et al. [40].

7. Isotropic Limit

Now, we obtain the isotropic limit of the phonon displacement fields and stress
functions of a straight dislocation and a straight line force:

u‖i → ui, Φ‖i → Φi, b‖i → bi and F‖i → Fi.
To verify the isotropic limit of Equations (87)–(89), we need C11−C66

C11
→ 1

2(1−ν)
, C66

C11
→

1−2ν
2(1−ν)

, where ν denotes the Poisson ratio; we obtain for the three components of the
displacement vector of a straight dislocation in an isotropic medium

u1 =
b1

2π

(
arctan

x2

x1
+

1
2(1− ν)

x1x2

r2

)
+

b2

4π(1− ν)

(
(1− 2ν) ln r +

x2
2

r2

)
, (120)

u2 = − b1

4π(1− ν)

(
(1− 2ν) ln r− x2

2
r2

)
+

b2

2π

(
arctan

x2

x1
− 1

2(1− ν)

x1x2

r2

)
, (121)

u3 =
b3

2π
arctan

x2

x1
, (122)

which are in agreement with deWit [53] and Mura [54].
To verify the isotropic limit of Equations (92)–(94), we need R3 → 0, C11+C66

C11
→ 3−4ν

2(1−ν)
,

1
C66
→ 1

μ and 1
C44
→ 1

μ , where μ denotes the shear modulus, and we obtain for the three
components of the displacement vector of a line force in an isotropic medium

u1 = − F1

8πμ(1− μ)

(
(3− 4ν) ln r +

x2
2

r2

)
+

F2

8πμ(1− μ)

x1x2

r2 , (123)

u2 =
F1

8πμ(1− μ)

x1x2

r2 − F2

8πμ(1− μ)

(
(3− 4ν) ln r− x2

2
r2

)
, (124)

u3 = − F3

2πμ
ln r , (125)

which are in agreement with Lazar and Agiasofitou [52].

To verify the isotropic limit of Equations (97)–(99), we need R3 → 0, C2
11−C2

12
2C11

→ μ
1−ν ,

C44 → μ, and we obtain for the three stress functions of a straight dislocation in an
isotropic medium

Φ1 = − μ

1− ν

[
b1

2π

(
ln r +

x2
2

r2

)
− b2

2π

x1x2

r2

]
, (126)

Φ2 =
μ

1− ν

[
b1

2π

x1x2

r2 − b2

2π

(
ln r− x2

2
r2

)]
, (127)

Φ3 = −μ b3

2π
ln r , (128)

which are in agreement with Ni and Nemat-Nasser [55].
To verify the isotropic limit of Equations (102)–(104), we need C11−C66

C11
→ 1

2(1−ν)
, C66

C11
→

1−2ν
2(1−ν)

, and we obtain for the three stress functions of a line force in an isotropic medium
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Φ1 = − F1

2π

(
arctan

x2

x1
+

1
2(1− ν)

x1x2

r2

)
+

F2

4π(1− ν)

(
(1− 2ν) ln r− x2

2
r2

)
, (129)

Φ2 = − F1

4π(1− ν)

(
(1− 2ν) ln r +

x2
2

r2

)
− F2

2π

(
arctan

x2

x1
− 1

2(1− ν)

x1x2

r2

)
, (130)

Φ3 = − F3

2π
arctan

x2

x1
. (131)

Note that the components (129) and (130) are in agreement with Ni and Nemat-Nasser [55].
It is obvious that the component Φ3 given in Ni and Nemat-Nasser [55] has a mistaken
pre-factor.

8. Conclusions

Using the eight-dimensional integral formalism for one-dimensional quasicrystals, we
have derived exact analytical solutions of the displacement fields and the stress functions of
line defects, namely straight dislocations and line forces, parallel to the aperiodic direction
in a one-dimensional hexagonal quasicrystal of Laue class 10. Moreover, we have calculated
the self-energies of a straight dislocation and a line force, the Peach–Koehler force between
two straight dislocations, and the Cherepanov force between two straight line forces. It has
been shown that in the limit to isotropic elasticity, well-known results for the displacement
fields and the stress functions of straight dislocations and line forces are recovered. The
two-dimensional Green tensor of one-dimensional hexagonal quasicrystals of Laue class 10
has been derived within the framework of the integral formalism.
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Abstract: This paper presents an analytical study on the in-plane vibrations of a rectangular elastic
lattice plate. The plane lattice is modelled considering central and angular interactions. The lattice
difference equations are shown to coincide with a spatial finite difference scheme of the corresponding
continuous plate. The considered lattice converges to a 2D linear isotropic elastic continuum at the
asymptotic limit for a sufficiently small lattice spacing. This continuum has a free Poisson’s ratio,
which must be lower than that foreseen by the rare-constant theory, to preserve the definite positive-
ness of the associated discrete energy. Exact solutions for the in-plane eigenfrequencies and modes
are analytically derived for the discrete plate. The stiffness characterising the lattice interactions at
the boundary is corrected to preserve the symmetry properties of the discrete displacement field.
Two classes of constraints are considered, i.e., sliding supports at the nodes, one normal and the other
parallel to the boundary. For both boundary conditions, a single equation for the eigenfrequency
spectrum is derived, with two families of eigenmodes. Such behaviour of the lattice plate is like that
of the continuous plate, the eigenfrequency spectrum of which has been given by Rayleigh. The
convergence of the spectrum of the lattice plate towards the spectrum of the continuous plate from
below is confirmed. Two continuous size-dependent plate models, considering the strain gradient
elasticity and non-local elasticity, respectively, are built from the lattice difference equations and are
shown to approximate the plane lattice accurately.

Keywords: lattice/discrete elasticity; continuum elasticity; elastodynamics; difference equations;
partial differential equations; in-plane vibrations; eigenvalue problem; discrete plate
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1. Introduction

This paper presents new solutions for the in-plane vibration problems of two-dimensional
rectangular linear elastic lattices. The exact solution of this discrete problem is connected
to that of a continuous plate, obtained at the asymptotic limit for an infinite number of
particles in each direction. Bridging discrete and continuous elasticity is an old problem of
mechanics that emerged during the 19th century with the so-called molecular foundation of
elasticity (see the historical analysis of Capecchi et al., 2010, [1] Capecchi et al., 2011 [2] or
Challamel et al., 2023 [3]). This problem of bridging discrete to continuous elasticity is still
active nowadays, and the problem also includes the development of generalised continuum
elasticity (Andrianov et al., 2021 [4]; dell’Isola and Steigmann, 2020 [5]; Wang et al., 2020 [6]).

Although many solutions are available for 1D lattices since the solution obtained by
Lagrange (1759) [7,8] for the eigenfrequencies of a fixed–fixed lattice string (mathematically
equivalent to a lattice rod), the exact solutions for the free vibration of 2D or 3D finite elastic
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lattices are not so well documented in the literature. There are reference solutions for the
out-of-plane vibration of lattice membranes and plates. Rosenau (1987) [9], Andrianov and
Awrejcewicz (2008) [10], Lombardo and Askes (2010) [11] and Hérisson et al. (2018) [12]
obtained the exact wave dispersive equation in the infinite lattice membrane. Rosenau
(1987) [9] also derived a lattice-based continuous nonlocal membrane model, by using the
Padé approximant of the associated pseudodifferential operator of the discrete lattice. The
eigenfrequencies of a fixed–fixed rectangular lattice membrane (finite lattice membrane)
have been analytically found by Hérisson et al. (2018) [12] from the resolution of a linear
difference eigenvalue problem. This approach is mathematically equivalent to the finite dif-
ference (FD) formulation of the continuous membrane problem, regarding which the exact
discrete resolution was already presented by Chen (1971) [13] and Tong et al. (1971) [14].
Hérisson et al. (2018) [12] also investigated the efficiency of the nonlocal continuous mem-
brane model pioneered by Rosenau (1987) [9] for approximating the eigenfrequency of the
fixed–fixed lattice membrane.

Zhang et al. (2015) [15] studied analytically the free vibration of simply supported lattice
rectangular plates (discrete Kirchhoff–Love plate model) and derived natural frequencies as
exact solutions of the associated linear difference eigenvalue problem. As the mathematical
problem is equivalent to the finite difference (FD) formulation of a continuous Kirchhoff–Love
plate, the eigenfrequencies of the simply supported lattice plate coincide with those derived
exactly from the FD scheme by Chen (1971) [13]. Wang et al. (2020) [6] gave exact solutions
for lattice plates with various constraints (including Levy-type boundary conditions), thus
generalising the solution of Chen (1971) [13] and Zhang et al. (2015) [15], that has been
restricted to Navier-type boundary conditions. Challamel et al. (2016) [16] and Hache et al.
(2017) [17] (see also Challamel et al., 2021 [18]) derived a gradient and a nonlocal continuum
Kirchhoff–Love plate model from the lattice plate model and compared the higher-order
solutions to the lattice one for simply supported boundary conditions. These two structural
cases of out-of-plane vibration of a discrete membrane and plate are 2D one-field discrete
problems, i.e., with only one kinematic field for the unknown displacement.

To the authors’ knowledge, there is no analogous result for in-plane 2D/3D finite
lattices described by a two-field or a three-field unknown displacement. Most results
available in the literature for in-plane 2D or 3D lattices hold for infinite media, for which the
dispersion response has been analytically characterised (Born and von Kármán, 1912 [19];
Gazis et al., 1960 [2]; Challamel et al., 2023 [3]). Born and von Kármán (1912) [19] first
introduced the mixed differential-difference equations of a cubic lattice with central and
non-central interactions. They also derived the wave dispersive property in an infinite
Lagrange lattice, and in infinite 3D lattices [19]. The non-central interactions considered
by Born and von Kármán [19] are of the shear type, which have been shown later to
violate the rotation invariance principle (the conditions for rotational invariance of lattices
were extensively studied during the 1960s by Lax, 1965 [20], Gazis and Wallis, 1966 [21],
Keating, 1966 [22] and Keating, 1966 [23]). Gazis et al. (1960) [24] obtained the mixed
differential-difference equations of a cubic lattice with central and non-central (angular-
type) interactions, consistent with the rotation invariance principle. The mixed differential-
difference equations derived by Gazis et al. [20] differ from the ones of Born and von
Kármán [19], as shown by Challamel et al. [3] for 2D or 3D lattices. Gazis et al. [20] also
analytically characterised the wave dispersive behaviour of such infinite lattice. To the
authors’ knowledge, the exact solutions for the vibrations of finite cubic lattices with central
and angular interactions have not been derived in the literature.

The paper is focused on the analytical determination of the in-plane eigenfrequencies
of a rectangular lattice (2D lattice). The lattice considered herein is the cubic lattice intro-
duced by Gazis et al. (1960) [24]. This lattice exhibits central and non-central interactions
that make it possible to calibrate the macroscopic elastic parameters for a wide range
(see the discussion in Challamel et al., 2023 [3] and Challamel et al., 2024 [25]). Gazis
et al. (1960) [24] already obtained the exact dispersive curves of their lattice in the case of
infinite media. Mindlin (1968) [26] expanded the difference equations of Gazis et al.’s [23]
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lattice and obtained a lattice-based gradient elasticity model, if second-order terms are
included. Mindlin (1970) [27] obtained exact solutions for Gazis’ type of finite lattices for
four problems: thickness-shear vibration of a plane lattice; face-shear and thickness-twist
waves in a plate; axial shear vibration and, in the end, the torsion of a rectangular bar.
The first three are reduced to a one-dimensional eigenfrequency problem, whereas the last
one is a static problem. The present paper is restricted to a linear vibration analysis, due
to the linearity behaviour in each periodic lattice cell. We do not explore the vibration
behaviour of nonlinear elastic lattices, as initially studied by Fermi et al. (1955) [28] for a
one-dimensional periodic lattice with a nonlinear restoring force. The nonlinear lattice of
Fermi et al. (1955) [28] initiated some new research areas in the field of nonlinear wave
propagation and soliton theory (Weissert, 1997 [29]; Dauxois et al., 2005 [30]; Dauxois and
Peyrard, 2006 [31] or more recently Vainchtein, 2022 [32]). The papers of Potapov et al.
(2002) [33] or Friesecke and Matthies (2003) [34] on solitary waves in 2D lattices may be
mentioned for 2D nonlinear lattices, where the interactions have been restricted to the
central type.

In this paper, the in-plane vibration of a rectangular linear elastic lattice according
to the model by Gazis et al. [24], in which non-central interactions are of the angular
type, is investigated to obtain the exact solutions for the eigen-frequencies and modes
analytically, for simply supported boundary conditions (in-plane vibration problem with
sliding supports). This lattice problem (discrete problem) has not been solved analytically
in the literature. The free vibration characteristics of the rectangular lattice are obtained
by posing and solving a linear two-field difference eigenvalue problem. The stiffness
of the lattice interactions in the vicinity of the boundary is corrected to preserve the
symmetry properties of the discrete displacement field along the boundaries. Two classes of
constraints are considered, i.e., sliding supports at the nodes, once normal and then parallel
to the boundary. For both boundary conditions, a single equation for the eigenfrequency
spectrum is derived, with two families of eigenmodes. The lattice solution is compared
to the available continuous one of the in-plane eigenfrequency for a plate, analytically
derived by Rayleigh (1894) [35] (see also Rayleigh, 1889 [36]), and numerically obtained by
Bardell et al. (1996) [37] and Gorman (2006) [38]. We also derived higher-order continuum
plate models, under plane stress assumptions, which are asymptotically formulated from
the lattice plate difference equations. It is possible to obtain the exact solutions of the
eigenfrequencies for both higher-order plate models, a strain gradient elasticity plate model
and a nonlocal plate model. The strain gradient plate model is similar to the one derived by
Mindlin (1968) [26], here restricted to plane stress assumptions. Both higher-order continua
are shown to accurately fit the behaviour of the lattice, including its scale-dependence
behaviour, i.e., the dependence of the normalised eigenfrequency with respect to the
number of cells in each direction. Both models converge towards the local plate solution
derived by Rayleigh (1894) [35] when the number of cells in each direction is sufficiently
large.

2. In-Plane Vibrations of a Discrete Rectangular Plate

We investigated the free vibration of a 2D linear elastic lattice exhibiting central
and non-central angular interactions (see Figure 1). This lattice is the one pioneered by
Gazis et al. (1960) [24] for cubic lattices with angular interactions, which has also been
studied by Mindlin (1968) [26] and Mindlin (1970) [27]. This lattice, restricted to a 2D
analysis in this study, is monatomic and square, composed of particles with an equal mass
M and lattice spacing a. The linear elastic interactions among them consist of (a) nearest
and next-to-nearest central forces, represented by axial springs of stiffness α and β between
the nearest and next-to-nearest particles, respectively; (b) non-central interactions given
by force couples, represented by rotational springs of stiffness C = γ a2. α and β are the
two parameters of the central interaction, whereas γ is the parameter of the non-central (or
angular) interaction. The three stiffness parameters α, β and γ have the same dimensions.
The governing equations of the lattice may be derived from the elastic potential energy.
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U = ∑
i

∑
j

α

4

[(
ui+1,j − ui,j

)2
+
(
ui+1,j+1 − ui,j+1

)2
+
(
vi,j+1 − vi,j

)2
+
(
vi+1,j+1 − vi+1,j

)2
]

+
β

4

[(
ui+1,j+1 − ui,j + vi+1,j+1 − vi,j

)2
+
(
ui+1,j − ui,j+1 − vi+1,j + vi,j+1

)2
]

+
1
2

γ

[ (
ui,j+1 − ui,j + vi+1,j − vi,j

)2
+
(
ui+1,j+1 − ui+1,j + vi+1,j − vi,j

)2

+
(
ui,j+1 − ui,j + vi+1,j+1 − vi,j+1

)2
+
(
ui+1,j+1 − ui+1,j + vi+1,j+1 − vi,j+1

)2

] (1)

where the stiffnesses α, β, γ are positive to ensure the positive definiteness of the energy;
pure central interactions are attained if γ = 0 (Navier’s, Poisson’s or Cauchy’s molecular
assumption).

 
Figure 1. Lattice plate with central and angular interactions on sliding support (case A); n = m = 3;
corrections of the elastic interactions at the border.

Since the lattice has concentrated masses only, its kinetic energy has the simple form:

T = ∑
i

∑
j

1
2

M
.
u2

i,j +
1
2

M
.
v2

i,j (2)

where the superdot denotes the time derivative. Hamilton’s principle applied to the
Lagrangian L = T − U yields the mixed differential-difference equations of the 2D Gazis
et al.’s lattice (Challamel et al., 2022 [39]):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

α
(
ui+1,j − 2ui,j + ui−1,j

)
+ β

2
(
ui+1,j+1 + ui−1,j−1 + ui−1,j+1 + ui+1,j−1 − 4ui,j

)
+(

β
2 + γ

)(
vi+1,j+1 − vi−1,j+1 − vi+1,j−1 + vi−1,j−1

)
+ 4γ

(
ui,j+1 − 2ui,j + ui,j−1

)
= M

..
ui,j

α
(
vi,j+1 − 2vi,j + vi,j−1

)
+ β

2
(
vi+1,j+1 + vi−1,j−1 + vi−1,j+1 + vi+1,j−1 − 4vi,j

)
+(

β
2 + γ

)(
ui+1,j+1 − ui−1,j+1 − ui+1,j−1 + ui−1,j−1

)
+ 4γ

(
vi+1,j − 2vi,j + vi−1,j

)
= M

..
vi,j

(3)

If n, m are integers, we calculate the in-plane eigenfrequencies of rectangular lattices
of length L1 = na along the ‘horizontal’ and width L2 = ma along the ‘vertical’ with sliding
supports at their boundaries. In Figure 1, for instance, the lattice plate on sliding supports
is represented with n = m = 3. Then, if ω is the circular frequency of the in-plane natural
vibration, the mixed differential-difference equation, Equation (3), is reduced to a system of
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spatial difference equations. We must solve the linear eigenvalue problem resulting from
the coupled system of difference equations⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
α
(
ui+1,j − 2ui,j + ui−1,j

)
+ β

2
(
ui+1,j+1 + ui−1,j−1 + ui−1,j+1 + ui+1,j−1 − 4ui,j

)
+(

β
2 + γ

)(
vi+1,j+1 − vi−1,j+1 − vi+1,j−1 + vi−1,j−1

)
+ 4γ

(
ui,j+1 − 2ui,j + ui,j−1

)
+ Mω2ui,j = 0

α
(
vi,j+1 − 2vi,j + vi,j−1

)
+ β

2
(
vi+1,j+1 + vi−1,j−1 + vi−1,j+1 + vi+1,j−1 − 4vi,j

)
+(

β
2 + γ

)(
ui+1,j+1 − ui−1,j+1 − ui+1,j−1 + ui−1,j−1

)
+ 4γ

(
vi+1,j − 2vi,j + vi−1,j

)
+ Mω2vi,j = 0

(4)

We consider two cases of constraints (which can be referred to as simply supported
boundary conditions) provided by sliding supports at the boundary particles, as discussed,
for instance, by Gorman (2006) [38] for a continuum in the shape of a plate:

- In case A (Figure 1), the tangential displacement and the normal load at the lattice
boundary vanish (sliding supports normal to the boundary). The displacement-based
boundary conditions are as follows:

v0,j = 0 for j ∈ {0, 1, . . . , m}; vn,j = 0 for j ∈ {0, 1, . . . , m};

ui,0 = 0 for i ∈ {0, 1, . . . , n}; ui,m = 0 for i ∈ {0, 1, . . . , n}; (5)

The discrete Dirichlet boundary conditions in Equation (5) for the simply supported
edges (case A) are completed by the discrete Neumann boundary conditions of vanishing
normal force along the four edges. The same boundary conditions of case A can be
considered for the continuous plate, as shown in Figure 2.

- In case B (Figure 3), the normal displacement and the tangential load at the lattice
boundary vanish (sliding supports parallel to the boundary).

u0,j = 0 for j ∈ {0, 1, . . . , m}; un,j = 0 for j ∈ {0, 1, . . . , m};

vi,0 = 0 for i ∈ {0, 1, . . . , n}; vi,m = 0 for i ∈ {0, 1, . . . , n}; (6)

 
Figure 2. Continuous plate on sliding support (for the in-plane continuous plate problem)—case A.
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Figure 3. Lattice with central and angular interactions on sliding support (case B); n = m = 3;
corrections of the elastic interactions at the border.

The discrete Dirichlet boundary conditions in Equation (6) of simply supported edges
(case B) are completed by the discrete Neumann boundary conditions of vanishing of the
tangential force along the four edges. The same boundary conditions of case B can be
considered for the continuous plate, as shown in Figure 4.

 

Figure 4. Continuous plate on sliding support (for the in-plane continuous plate problem)—case B.

As shown in Figures 1 and 3 for a square lattice with n = m = 3, the stiffness of
border springs is half of that for the inner springs, as detailed by McHenry (1943) [40]
and Hrennikoff (1941) [41] for 2D lattices with pure central interactions; we used the
same approach in Challamel et al. (2023) [3] and Challamel et al. (2024) [25] to obtain
the static responses of Gazis et al.’s lattices with central and non-central interactions. We
follow here the same methodology for the free in-plane vibration of such lattices: the
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eigenfrequencies and eigenmodes derive from the linear algebraic problem associated with
the discrete displacement (standard matrix eigenvalue problem), and the stiffness and the
mass matrices are assembled from the difference equation, Equation (4).

Additionally, some exact solutions can be obtained for the eigenfrequencies and
eigenmodes of the (n × m) rectangular lattice supported as in cases A and B. Using a
methodology described by Mindlin (1970) [27] for the free shear vibration of Gazis et al.’s
lattice, and posing the (k1, k2) mode numbers, the solution for case A simply supported
edges (with sliding normal to the boundary) is thought to be in the form:

ui,j = U cos
(

k1πai
L1

)
sin

(
k2πaj

L2

)
= U cos

(
k1π i

n

)
sin

(
k2π j

m

)
for i ∈ {0, 1, . . . , n} and j ∈ {0, 1, . . . , m}

and vi,j = V sin
(

k1πai
L1

)
cos

(
k2πaj

L2

)
= V sin

(
k1π i

n

)
cos

(
k2π j

m

)
for i ∈ {0, 1, . . . , n} and j ∈ {0, 1, . . . , m} (7)

Similarly, the solution for case B simply supported edges (with sliding support along
the boundary) is thought to be in the form:

ui,j = U sin
(

k1πai
L1

)
cos

(
k2πaj

L2

)
= U sin

(
k1π i

n

)
cos

(
k2π j

m

)
for i ∈ {0, 1, . . . , n} and j ∈ {0, 1, . . . , m}

and vi,j = V cos
(

k1πai
L1

)
sin

(
k2πaj

L2

)
= V cos

(
k1π i

n

)
sin

(
k2π j

m

)
for i ∈ {0, 1, . . . , n} and j ∈ {0, 1, . . . , m} (8)

For both simply supported lattice plate problems with case A and case B boundary con-
ditions, the substitution of Equation (7) into Equation (4) or the substitution of Equation (8)
into Equation (4) furnishes:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

[
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(
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)
+ 2β

[
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2m

)
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(
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n
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(
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)]
+ 16γ sin2

(
k1π
2n

)
−Mω2

]
V = 0

(9)

which can be rewritten as: {
A11

(
ω2)U + A12V = 0

A21U + A22
(
ω2)V = 0

(10)

with:⎧⎪⎪⎪⎨⎪⎪⎪⎩
A11

(
ω2) = 4α sin2

(
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2n

)
+ 2β

[
1− cos

(
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n

)
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(
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m
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+ 16γ sin2

(
k2π
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)
−Mω2

A21 = A12 = (2β + 4γ) sin
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ω2) = 4α sin2

(
k2π
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1− cos

(
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n

)
cos
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+ 16γ sin2

(
k1π
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)
−Mω2

(11)

The vanishing of the determinant of the system in Equation (9) or Equation (10),
with the positions in Equation (11), gives a quartic characteristic equation for the in-plane
eigenfrequencies of the rectangular lattice constrained according to cases A or B, which
is then:

A11

(
ω2

)
A22

(
ω2

)
− A12 A21 = 0 (12)
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This quartic equation can be explicitly written as:

M2ω4

−Mω2
[
(4α + 16γ)
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sin2
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)
+ sin2
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(
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(
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m
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(
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4α sin2

(
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2m

)
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[
1− cos

(
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n

)
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(
k2π
m
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(
k1π
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)]
−(2β + 4γ)2 sin2

(
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sin2

(
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(13)

and admits two families of solutions: shearing modes (which we will see correspond to
smaller roots) and the longitudinal modes (larger roots). For each boundary condition
(simply supported edges with case A or B), the modes associated with the eigenfrequencies
are selected to preserve the kinematic compatibility, as detailed below for the continuous
plate problem.

3. Continuous Calibration and Numerical Results

The difference equations Equation (4) of Gazis et al.’s lattice asymptotically converge
to Navier’s partial differential equations for a sufficiently small spacing between pairs of
particles. Between the discrete and the equivalent continuum connected at the nodal points
ui,j = u(x = ai, y = aj) and vi,j = v(x = ai, y = aj), and for sufficiently smooth functions,
it is:

ui+1,j+1 = u(x + a, y + a) = ea(∂x+∂y)u(x, y) and vi+1,j+1 = v(x + a, y + a) = ea(∂x+∂y)v(x, y) (14)

We shall make use of the technique developed by Cauchy (1828) [42], which allows
the expansion of some difference operators in the Taylor series of differential operators
by assuming a sufficiently smooth evolution function. The expansion of the difference
operators in the governing equation, Equation (4), up to the first terms yields Navier’s type
of partial differential equations:⎧⎨⎩ (α + β) ∂2u

∂x2 + (2β + 4γ) ∂2v
∂x∂y + (4γ + β) ∂2u

∂y2 + ω2 M
a2 u = 0

(α + β) ∂2v
∂y2 + (2β + 4γ) ∂2u

∂x∂y + (4γ + β) ∂2v
∂x2 + ω2 M

a2 v = 0
(15)

Navier’s asymptotic continuous linear isotropic equations for plane stress are:⎧⎨⎩
E

1−υ2
∂2u
∂x2 +

E
2(1−υ)

∂2v
∂x∂y + E

2(1+υ)
∂2u
∂y2 + ω2ρu = 0

E
1−υ2

∂2v
∂y2 +

E
2(1−υ)

∂2u
∂x∂y + E

2(1+υ)
∂2v
∂x2 + ω2ρv = 0

(16)

Comparing Equations (15) and (16) makes it possible to identify the elastic constants
of the lattice, yielding the following micro/macro scaling relations (see also Challamel et al.,
2023 [3]):

M = ρa2h and

⎧⎪⎨⎪⎩
α + β = Eh

1−υ2

2β + 4γ = Eh
2(1−υ)

4γ + β = Eh
2(1+υ)

⇒

⎧⎪⎨⎪⎩
α = Eh

1+υ

β = Ehυ
1−υ2

γ = Eh(1−3υ)
8(1−υ2)

(17)

where h is the depth of the plane element, E the Young’s modulus, υ is the Poisson’s ratio
and ρ is the mass density of the material per unit volume.

The definite positivity of the potential energy of Gazis et al.’s lattice in plane stress
implies the positivity of each central and non-central stiffness parameters, i.e.,

α ≥ 0, β ≥ 0 and γ ≥ 0 ⇒ E ≥ 0 and υ ∈
[

0;
1
3

]
(18)
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It is possible to include other non-central interactions, based on the surface potentials,
to calibrate the lattice so as to have larger equivalent Poisson’s ratios υ, as shown by
Challamel et al. (2024) [25].

With these scaling coefficients, the difference equations to be solved for the free
vibration of Gazis et al.’s (1960) lattice could be equivalently rewritten as (as obtained by
Challamel et al., 2023 [3] or Challamel et al., 2024 [25]):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

E
1+υ

(
ui+1,j − 2ui,j + ui−1,j

)
+ Eυ

2(1−υ2)

(
ui+1,j+1 + ui−1,j−1 + ui−1,j+1 + ui+1,j−1 − 4ui,j

)
+

E
8(1−υ)

(
vi+1,j+1 − vi−1,j+1 − vi+1,j−1 + vi−1,j−1

)
+ E(1−3υ)

2(1−υ2)

(
ui,j+1 − 2ui,j + ui,j−1

)
+ ω2ρa2 ui,j = 0

E
1+υ

(
vi,j+1 − 2vi,j + vi,j−1

)
+ Eυ

2(1−υ2)

(
vi+1,j+1 + vi−1,j−1 + vi−1,j+1 + vi+1,j−1 − 4vi,j

)
+

E
8(1−υ)

(
ui+1,j+1 − ui−1,j+1 − ui+1,j−1 + ui−1,j−1

)
+ E(1−3υ)

2(1−υ2)

(
vi+1,j − 2vi,j + vi−1,j

)
+ ω2ρa2 vi,j = 0

(19)

In this way, the elastic lattice turns to a finite difference (FD) formulation of the
continuous elastic plate (see Challamel et al. [3]). It is also possible to provide a non-
dimensional formulation of the problem, starting from the introduction of the dimensionless
frequency Ω:

Ω =
ω L1

cL
with cL =

√
E

ρ(1− υ2)
(20)

where cL is the longitudinal wave speed of the asymptotic elastic linear isotropic continuum.
The dimensionless frequency can be also defined with respect to the lattice parameters:

Ω =
ω L1

cL
with cL =

√
α + β

ρh
= a

√
α + β

M
(21)

By Equations (20) and (21), the difference equations, Equation (19), can be equivalently
formulated as:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(1− υ)
(
ui+1,j − 2ui,j + ui−1,j

)
+ υ

2
(
ui+1,j+1 + ui−1,j−1 + ui−1,j+1 + ui+1,j−1 − 4ui,j

)
+

1+υ
8
(
vi+1,j+1 − vi−1,j+1 − vi+1,j−1 + vi−1,j−1

)
+ 1−3υ

2
(
ui,j+1 − 2ui,j + ui,j−1

)
+ Ω2

n2 ui,j = 0
(1− υ)

(
vi,j+1 − 2vi,j + vi,j−1

)
+ υ

2
(
vi+1,j+1 + vi−1,j−1 + vi−1,j+1 + vi+1,j−1 − 4vi,j

)
+

1+υ
8
(
ui+1,j+1 − ui−1,j+1 − ui+1,j−1 + ui−1,j−1

)
+ 1−3υ

2
(
vi+1,j − 2vi,j + vi−1,j

)
+ Ω2

n2 vi,j = 0

(22)

The discrete eigenfrequency problem only depends on three dimensionless parameters,
Poisson’s ratio υ and the number of particles in each direction n and m:

Ω = Ω(υ, n, m) (23)

For a square plate, the eigenfrequency problem only depends on the Poisson’s ratio
and the number n = m of particles, Ω = Ω(υ, n). At the asymptotic limit n → ∞ , i.e., for
the asymptotic continuum, the eigenfrequency determination of the square continuous
plate only depends on the Poisson’s ratio υ.

The numerical results for the in-plane eigenfrequencies of square lattices composed of
10× 10, 20× 20 and 40× 40 Gazis et al.’s cells with the Poisson’s ratio υ = 0.3 are presented
in Tables 1 and 2 (case A), and in Tables 3 and 4 (case B). Tables 1 and 3 show a perfect
agreement between the analytical solution obtained from the quartic equation and the direct
numerical method based on matrix eigenvalues. The eigenfrequencies increase with respect
to the number n of cells, and asymptotically converge to those of the continuous plate.
It is also confirmed that the two cases, A and B, controlled by the same eigenfrequency
equation, do not have the same spectra, due to the incompatibility of some modes with the
given constraints. Consequently, the two boundary conditions yield distinct spectra for
both the lattice and the asymptotic continuum. The eigenmode numbers associated with
each mode are indicated in Tables 2 and 4 for cases A and B, respectively. The eigenmodes
for both boundary conditions are shown in Figures 5 and 6: note that the mode shapes
of both the lattice and continuum do not depend on the Poisson’s ratio, as highlighted
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by the eigenmode equations, Equation (7) (case A) and Equation (8) (case B). The 10 first
modes are shown for cases A and B for the 20 × 20 cells lattice: this confirms the physical
difference between the two lattices with distinct constraints. The lattice appears well suited
for a better understanding of the discrete modes according to the lattice cell deformations.

Table 1. Comparison of eigenfrequencies Ω between the lattice solution (analytical) and the numerical
lattice solution from the algebraic eigenvalue computation—υ = 0.3—case A.

Mode

Numerical Solutions for Lattice Model, Ω Analytical Solutions for Lattice Model, Ω Analytical Solutions
for Continuous

Plate, Ω
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice

1 1.851 1.857 1.858 1.851 1.857 1.858 1.859

2 1.851 1.857 1.858 1.851 1.857 1.858 1.859

3 2.620 2.626 2.628 2.620 2.626 2.628 2.628

4 3.656 3.702 3.713 3.656 3.702 3.713 3.717

5 3.656 3.702 3.713 3.656 3.702 3.713 3.717

6 4.104 4.143 4.153 4.104 4.143 4.153 4.156

7 4.104 4.143 4.153 4.104 4.143 4.153 4.156

8 4.391 4.430 4.440 4.391 4.430 4.440 4.443

9 5.188 5.240 5.253 5.188 5.240 5.253 5.257

10 5.372 5.524 5.563 5.372 5.524 5.563 5.576

Table 2. Eigenfrequency Ω and eigenmode lattice solution (numerical and analytical)—υ = 0.3—
case A.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, Ω
Analytical

Solutions for
Continuous

Plate, Ωk1 k2 Mode
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice

1 0 1 shearing 1.851 1.857 1.858 1.859

2 1 0 shearing 1.851 1.857 1.858 1.859

3 1 1 shearing 2.620 2.626 2.628 2.628

4 0 2 shearing 3.656 3.702 3.713 3.717

5 2 0 shearing 3.656 3.702 3.713 3.717

6 1 2 shearing 4.104 4.143 4.153 4.156

7 2 1 shearing 4.104 4.143 4.153 4.156

8 1 1 longitudinal 4.391 4.430 4.440 4.443

9 2 2 shearing 5.188 5.240 5.253 5.257

10 0 3 shearing 5.372 5.524 5.563 5.576
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Table 3. Comparison of eigenfrequencies Ω between the lattice solution (analytical) and the numerical
lattice solution from the algebraic eigenvalue computation—υ = 0.3—case B.

Mode

Numerical Solutions for Lattice Model, Ω Analytical Solutions for Lattice Model, Ω Analytical Solutions
for Continuous

Plate, Ω
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice

1 2.620 2.626 2.628 2.620 2.626 2.628 2.628

2 3.129 3.138 3.141 3.129 3.138 3.141 3.142

3 3.129 3.138 3.141 3.129 3.138 3.141 3.142

4 4.104 4.143 4.153 4.104 4.143 4.153 4.156

5 4.104 4.143 4.153 4.104 4.143 4.153 4.156

6 4.391 4.430 4.440 4.391 4.430 4.440 4.443

7 5.188 5.240 5.253 5.188 5.240 5.253 5.257

8 5.691 5.830 5.866 5.691 5.830 5.866 5.877

9 5.691 5.830 5.866 5.691 5.830 5.866 5.877

10 6.180 6.257 6.277 6.180 6.257 6.277 6.283

 
 

Mode 1 Mode 2 

  
Mode 3 Mode 4 

Figure 5. Cont.
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Mode 5 Mode 6 

 
 

Mode 7 Mode 8 

 
 

Mode 9 Mode 10 

Figure 5. Eigenmodes of the lattice plate on sliding support (for the in-plane lattice plate problem)—
20 × 20 cell square lattice (case A).
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Mode 1 Mode 2 

  
Mode 3 Mode 4 

  
Mode 5 Mode 6 

Figure 6. Cont.
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Mode 7 Mode 8 

  
Mode 9 Mode 10 

Figure 6. Eigenmodes of the lattice plate on sliding support (for the in-plane lattice plate problem)—
20 × 20 cell square lattice (case B).

Table 4. Eigenfrequency Ω and eigenmode lattice solution (numerical and analytical)—υ = 0.3—
case B.

Mode

Eigenmode Numbers and Mode Type Analytical Solutions for Lattice Model, Ω Analytical Solutions for
Continuous Plate, Ω

k1 k2 Mode
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice

1 1 1 shearing 2.620 2.626 2.628 2.628

2 0 1 longitudinal 3.129 3.138 3.141 3.142

3 1 0 longitudinal 3.129 3.138 3.141 3.142

4 1 2 shearing 4.104 4.143 4.153 4.156

5 2 1 shearing 4.104 4.143 4.153 4.156
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Table 4. Cont.

Mode

Eigenmode Numbers and Mode Type Analytical Solutions for Lattice Model, Ω Analytical Solutions for
Continuous Plate, Ω

k1 k2 Mode
10 × 10 Cell

Lattice
20 × 20 Cell

Lattice
40 × 40 Cell

Lattice

6 1 1 longitudinal 4.391 4.430 4.440 4.443

7 2 2 shearing 5.188 5.240 5.253 5.257

8 1 3 shearing 5.691 5.830 5.866 5.877

9 3 1 shearing 5.691 5.830 5.866 5.877

10 0 2 longitudinal 6.180 6.257 6.277 6.283

4. In-Plane Vibrations of Continuous Plates—Rayleigh Solution

We now detail and comment on the exact solution of continuous plates compared to
that of discrete lattices. Navier’s partial differential equations for linear isotropic elastic
plates, Equation (16), hold for plane stress and describe the in-plane vibration. As for the
lattice constrained by sliding supports, we consider two boundary conditions (see also
Gorman, 2006 [38]):

- In case A (Figure 2), the continuous tangential displacement and normal stress vanish
(sliding supports normal to the boundary). The solution can be thought of in the same
form considered for the lattice under the constraints of case A:

u(x, y) = U cos
(

k1π x
L1

)
sin

(
k2π y

L2

)
and v(x, y) = V sin

(
k1π x

L1

)
cos

(
k2π y

L2

)
(24)

- In case B (Figure 4), the continuous normal displacement and shear stress vanish
(sliding supports along the boundary). The solution can be thought of in the same
form considered for the lattice under the constraints of case B:

u(x, y) = U sin
(

k1π x
L1

)
cos

(
k2π y

L2

)
and v(x, y) = V cos

(
k1π x

L1

)
sin

(
k2π y

L2

)
(25)

The substitution of Equation (24) into Equation (16), or Equation (25) into Equation (16)
gives the same eigenfrequency solution (for both simply supported boundary conditions)
for the linear elastic 2D continuous medium in plane stress, which coincides with the
expressions in Rayleigh (1894) [35]:⎧⎪⎪⎨⎪⎪⎩

[
E

1−υ2

(
k1π
L1

)2
+ E

2(1+υ)

(
k2π
L2

)2
− ρω2

]
U + E

2(1−υ)

(
k1π
L1

)(
k2π
L2

)
V = 0

E
2(1−υ)

(
k1π
L1

)(
k2π
L2

)
U +

[
E

1−υ2

(
k2π
L2

)2
+ E

2(1+υ)

(
k1π
L1

)2
− ρω2

]
V = 0

(26)

From Equation (26), the eigenfrequencies are solutions of a quartic equation:

[
E

1−υ2

(
k1π
L1

)2
+ E

2(1+υ)

(
k2π
L2

)2
− ρω2

] [
E

1−υ2

(
k2π
L2

)2
+ E

2(1+υ)

(
k1π
L1

)2
− ρω2

]
− E2

4(1−υ)2

(
k1π
L1

)2( k2π
L2

)2
= 0

(27)

which may be presented in the equivalent form:

(
ρω2

)2
− E(3− υ)

2(1− υ2)

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

ρω2 +
E2

2(1 + υ)(1− υ2)

[(
k1π

L1

)2
+

(
k2π

L2

)2
]2

= 0 (28)
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Equation (28) gives the two families of frequencies for the in-plane vibration in
plane stress:

ρω2 =
1
4

E
1− υ2 [3− υ± (1 + υ)]

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

(29)

The position in Equation (20) holds here also; thus, we obtain the non-dimensional
frequency of the continuous plate for both boundary conditions:

Ω2 =
1
4
[3− υ± (1 + υ)]π2

[
k2

1 + k2
2

(
L1

L2

)2
]

(30)

which can be also written as:

Ω2 =
1− υ

2
π2

[
k2

1 + k2
2

(
L1

L2

)2
]

for the shearing modes

or Ω2 = π2

[
k2

1 + k2
2

(
L1

L2

)2
]

for the longitudinal modes (31)

Equation (31) was obtained by Rayleigh (page 405 of Rayleigh, 1894 [35]) and numer-
ically confirmed by Bardell et al. (1996) [37] using a Rayleigh–Ritz approach. Rayleigh
(1894) [35] implicitly gave the solution for a cylinder with an infinite radius that converges
to a plate, with cyclic boundary conditions equivalent to simple supports.

For a square plate, L1 = L2, and we have for both boundary conditions:

Ω =

√
1− υ

2
π
√

k2
1 + k2

2 for the shearing modes

or Ω = π
√

k2
1 + k2

2 for the longitudinal modes (32)

It is worth studying the situations when k1 or k2 vanishes; for instance, let k2 = 0 in
Equation (26): ⎧⎪⎪⎨⎪⎪⎩

[
E

1−υ2

(
k1π
L1

)2
− ρω2

]
U = 0[

E
2(1+υ)

(
k1π
L1

)2
− ρω2

]
V = 0

(33)

For the boundary condition of free normal stress (case A), k2 = 0 is associated with
U = 0; then, only the shearing modes must be considered:

k2 = 0 ⇒ Ω = k1π

√
1− υ

2
(34)

An analogous result is obtained considering k1 = 0; thus, for k1 = 0 or k2 = 0 and the
boundary conditions of case A, only the shearing modes must be selected:

k1 = 0 ⇒ Ω = k2π

√
1− υ

2
or k2 = 0 ⇒ Ω = k1π

√
1− υ

2
(35)

For the boundary condition of no normal displacement (case B), k2 = 0 is associated
with V = 0; then, only the longitudinal modes must be considered:

k2 = 0 ⇒ Ω = k1π (36)
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An analogous result is obtained considering k1 = 0; thus, for k1 = 0 or k2 = 0 and the
boundary conditions of case B, only the longitudinal modes must be selected:

k1 = 0 ⇒ Ω = k2π or k2 = 0 ⇒ Ω = k1π (37)

To summarise, the two boundary conditions of cases A and B are associated with
the same spectrum (with different mode shapes), except for the limit situation in which
k1k2 = 0. In such situation, we must consider only pure shear modes for case A and only
pure longitudinal modes for case B. The numerical results are presented in Table 5 for a
continuous square plate constrained as in cases A and B.

Table 5. Exact eigenfrequencies Ω of a simply supported square local continuous plate—in-plane
vibrations; case A and case B boundary conditions; υ = 0.3.

(k1, k2)
Case A (as Analysed by
Bardell et al., 1996 [37])

Case B

(0, 1) π[(1 − υ)/2]ˆ0.5 ≈ 1.859

(1, 0) π[(1 − υ)/2]ˆ0.5 ≈ 1.859

(1, 1) π[1 − υ]ˆ0.5 ≈ 2.628 π[1 − υ]ˆ0.5 ≈ 2.628

(0, 1) † π ≈ 3.142

(1, 0) † π ≈ 3.142

(0, 2) π[2*(1 − υ)]ˆ0.5 ≈ 3.717

(2, 0) π[2*(1 − υ)]ˆ0.5 ≈ 3.717

(1, 2) π[5*(1 − υ)/2]ˆ0.5 ≈ 4.156 π[5*(1 − υ)/2]ˆ0.5 ≈ 4.156

(2, 1) π[5*(1 − υ)/2]ˆ0.5 ≈ 4.156 π[5*(1 − υ)/2]ˆ0.5 ≈ 4.156

(1, 1) † π[2]ˆ0.5 ≈ 4.443 π[2]ˆ0.5 ≈ 4.443

(2, 2) 2π[1 − υ]ˆ0.5 ≈ 5.257 2π[1 − υ]ˆ0.5 ≈ 5.257
† These are longitudinal modes (all the others are shearing modes).

In conclusion, the eigenfrequencies for the square plate constrained as in case A are:

Ω =

√
1− υ

2
π
√

k2
1 + k2

2 for the shearing modes including k1k2 = 0

or Ω = π
√

k2
1 + k2

2 for the longitudinal modes with k1k2 �= 0 (38)

The eigenfrequencies for the square plate constrained as in case B are:

Ω =

√
1− υ

2
π
√

k2
1 + k2

2 for the shearing modes with k1k2 �= 0

or Ω = π
√

k2
1 + k2

2 for the longitudinal modes including k1k2 = 0 (39)

The same conclusions hold for the plane lattice for both boundary conditions of cases
A and B. Note that the modes of the lattice and of the continuous plate coincide, while the
eigenfrequencies differ between the discrete and the continuous problem. As highlighted
by Tables 1 and 3, the eigenfrequencies of the plane lattice converge to those of the con-
tinuous plate from below, as classically obtained from Finite Difference Methods (FDMs)
applied to homogeneous structural dynamic problems (see, for instance, Collatz, 1960 [43];
Challamel et al., 2015 [44]; Wang et al., 2020 [6]). Challamel et al. (2015) [44] commented
on the lower status of FDM for one-dimensional continuous eigenvalue problems, such
as the free vibration of finite rods or strings. The FDM has also a lower bound status for
the eigenfrequency calculation of continuous membranes with the so-called lumped mass
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method (see also Polya, 1952 [45] or Tong et al., 1971 [14] for FD linear 2D homogeneous
eigenvalue problems such as that of the membrane). It is worth mentioning that the lower
bound or upper bound status of the discrete approach is strongly sensitive to the mass
repartition in the lattice, as analysed by Polya (1952) [45] for the discrete membrane prob-
lem or Challamel et al. (2016) [46] for the discrete rod or string problem (lumped mass
method as opposed to the consistent distributed mass method).

5. Higher-Order Elasticity and Nonlocal Elasticity

By using the continualisation procedure presented in Equation (14), the difference
eigenvalue problem in Equation (22) can be approximated via a higher-order elasticity
continuous eigenvalue problem, by considering second-order terms in the asymptotic
expansion of the difference operators:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂2u
∂x2 +

(
1+υ

2

)
∂2v

∂x∂y +
(

1−υ
2

)
∂2u
∂y2

+ a2

12

[
∂4u
∂x4 +

(
1−υ

2

)
∂4u
∂y4 + 6υ ∂4u

∂x2∂y2 + (1 + υ)
(

∂4v
∂x3∂y + ∂4v

∂x∂y3

)]
+ Ω2

L2
1

u = 0
∂2v
∂y2 +

(
1+υ

2

)
∂2u

∂x∂y +
(

1−υ
2

)
∂2v
∂x2

+ a2

12

[
∂4v
∂y4 +

(
1−υ

2

)
∂4v
∂x4 + 6υ ∂4v

∂x2∂y2 + (1 + υ)
(

∂4u
∂x3∂y + ∂4u

∂x∂y3

)]
+ Ω2

L2
1

v = 0

(40)

Mindlin (1968) [26] adopted the same reasoning to derive cubic strain gradient elastic-
ity equations from the 3D lattice model of Gazis et al. [20]. Equation (40) corresponds to
the partial differential equations of a strain gradient elastic continuum under plane stress
assumptions, with additional terms proportional to a2/12 that account for the lattice’s
small-scale effects. Equation (40) was also derived by Challamel et al. (2023) [3] and
Challamel et al. (2024) [25].

The substitution of Equation (24) into Equation (40) or Equation (25) into Equation (40)
gives the same linear system (for both simply supported boundary conditions) for the
linear strain gradient elastic 2D medium:{

B11
(
Ω2)U + B12V = 0

B21U + B22
(
Ω2)V = 0

(41)

with:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

B11
(
Ω2) = (

k1π
L1

)2
[

1− a2

12

(
k1π
L1

)2
]

+
(

1−υ
2

)(
k2π
L2

)2
[

1− a2

12

(
k2π
L2

)2
]
− a2

2 υ
(

k1π
L1

)2( k2π
L2

)2
− Ω2

L2
1

B21 = B12 =
(

1+υ
2

)(
k1π
L1

)(
k2π
L2

)
− a2

12 (1 + υ)
(

k1π
L1

)(
k2π
L2

)[(
k1π
L1

)2
+
(

k2π
L2

)2
]

B22
(
Ω2) = (

k2π
L2

)2
[

1− a2

12

(
k2π
L2

)2
]

+
(

1−υ
2

)(
k1π
L1

)2
[

1− a2

12

(
k1π
L1

)2
]
− a2

2 υ
(

k1π
L1

)2( k2π
L2

)2
− Ω2

L2
1

(42)

The quartic equation for the in-plane eigenfrequencies of the lattice-based rectan-
gular strain gradient elastic plate (with case A or case B boundary conditions) is then
obtained from:

B11

(
Ω2

)
B22

(
Ω2

)
− B12B21 = 0 (43)

A nonlocal plate model is obtained by multiplying the partial differential equations,
Equation (40), by the differential operator (1 − a2Δ/12), where Δ is the 2D Laplacian
operator, and limiting to the terms in a2 to avoid higher-order differential operators (see
also Challamel et al., 2022 [39] who applied this methodology for deriving 2D lattice-based
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nonlocal elasticity equations in plane strain, or Zhang et al., 2021 [47] for alternative 2D
lattices in plane stress). The nonlocal elasticity equations in plane stress are:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂2u
∂x2 +

(
1+υ

2

)
∂2v

∂x∂y +
(

1−υ
2

)
∂2u
∂y2

+ a2

24

[
(−3 + 13υ) ∂4u

∂x2∂y2 + (1 + υ)
(

∂4v
∂x3∂y + ∂4v

∂x∂y3

)]
+ Ω2

L2
1

(
1− a2

12 Δ
)

u = 0
∂2v
∂y2 +

(
1+υ

2

)
∂2u

∂x∂y +
(

1−υ
2

)
∂2v
∂x2

+ a2

24

[
(−3 + 13υ) ∂4v

∂x2∂y2 + (1 + υ)
(

∂4u
∂x3∂y + ∂4u

∂x∂y3

)]
+ Ω2

L2
1

(
1− a2

12 Δ
)

v = 0

(44)

This lattice-based nonlocal plate model has the advantage of avoiding higher-order
differential operators and the discussion of higher-order variationally based boundary
conditions. As already commented by Zhang et al. (2021) [47] or Challamel et al. (2022) [39],
these lattice-based partial differential equations differ from the in-plane Eringen’s non-
local plate model (based on Eringen’s differential law—Eringen, 1983 [48] applied to
plate mechanics), due to the additional spatial coupling terms in Equation (44) (this phe-
nomenon was already commented on for the out-of-plane responses of lattice plates in
Challamel et al., 2021 [18]). The substitution of Equation (24) into Equation (44), or Equa-
tion (25) into Equation (44) gives the same linear system (for both simply supported
boundary conditions) for the linear lattice-based nonlocal elastic 2D medium:{

C11
(
Ω2)U + C12V = 0

C21U + C22
(
Ω2)V = 0

(45)

with: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C11
(
Ω2) = (

k1π
L1

)2
+
(

1−υ
2

)(
k2π
L2

)2
− a2

24 (−3 + 13υ)
(

k1π
L1

)2( k2π
L2

)2

−Ω2

L2
1

[
1 + a2

12

[(
k1π
L1

)2
+
(

k2π
L2

)2
]]

C21 = C12 =
(

1+υ
2

)(
k1π
L1

)(
k2π
L2

)[
1− a2

12

[(
k1π
L1

)2
+
(

k2π
L2

)2
]]

C22
(
Ω2) = (

k2π
L2

)2
+
(

1−υ
2

)(
k1π
L1

)2
− a2

24 (−3 + 13υ)
(

k1π
L1

)2( k2π
L2

)2

−Ω2

L2
1

[
1 + a2

12

[(
k1π
L1

)2
+
(

k2π
L2

)2
]]

(46)

The quartic equation for the in-plane eigenfrequencies of the simply supported lattice-
based rectangular nonlocal elastic plate (with case A or case B boundary conditions), is
then obtained from:

C11

(
Ω2

)
C22

(
Ω2

)
− C12C21 = 0 (47)

The lattice-based gradient elasticity and the nonlocal elasticity solutions for the plate
are then compared to the exact lattice plate solution in Tables 6 and 7 for a 10× 10 cell square
lattice (with an asymptotic Poisson’s ratio υ equal to 0.3), for both boundary conditions.
As expected, an excellent agreement can be noticed between the second-order (gradient or
nonlocal) elastic plate models and the lattice one, especially for the lower modes. For both
models (gradient and nonlocal plate models), and for both simply supported boundary
conditions, the fundamental eigenfrequencies of the enriched continuous models coincide
with the lattice fundamental eigenfrequencies up to three digits. The difference tends
to increase with the mode numbers. This is also confirmed by the curves in Figures 7–9
also valid for the n × n cell square lattice with the asymptotic Poisson’s ratio υ equal
to 0.3. The dependence of the dimensionless fundamental frequency Ω1,0 = Ω0,1 with
respect to the number n of cells in each direction (with case A simply supported boundary
conditions) is compared in Figure 7 for the lattice, the strain gradient and the nonlocal
elastic plate models. For the three models, the convergence towards the local solution
(Rayleigh solution) is from below. Additionally, it is shown that both the gradient elasticity
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and the nonlocal elasticity solutions give accurate results for small values of n such as n = 4.
As expected, the higher-order solutions which are obtained from asymptotic analysis for
sufficiently large values of n become more precise with an increasing value of n. The same
tendencies are observed in Figure 8 for the dimensionless fundamental frequency Ω1,1 with
respect to the number n of cells in each direction (with case B simply supported boundary
conditions). For both fundamental eigenfrequencies, the gradient elasticity model furnishes
slightly better results than the nonlocal elastic plate model. Finally, the dimensionless
eigenfrequency Ω2,2 for both sliding supports—case A (which corresponds to mode 9) or
Case B (which corresponds to mode 7) (for the in-plane lattice plate problem)—is plotted
versus the number n of cells. The higher-order solutions are less accurate for this higher
frequency regime, but they still constitute a relevant approximation of the lattice solution,
especially for the lattice-based strain gradient plate solution.

Table 6. Eigenfrequencies Ω of the gradient elasticity and nonlocal plate models compared to the
lattice ones—υ = 0.3—case A.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, Ω Local
Continuous

Plate, Ωk1 k2 Mode
10 × 10 Cell

Lattice
Gradient
Elasticity

Nonlocal
Elasticity

1 0 1 shearing 1.851 1.851 1.851 1.859

2 1 0 shearing 1.851 1.851 1.851 1.859

3 1 1 shearing 2.620 2.620 2.620 2.628

4 0 2 shearing 3.656 3.656 3.658 3.717

5 2 0 shearing 3.656 3.656 3.658 3.717

6 1 2 shearing 4.104 4.103 4.105 4.156

7 2 1 shearing 4.104 4.103 4.105 4.156

8 1 1 longitudinal 4.391 4.390 4.391 4.443

9 2 2 shearing 5.188 5.189 5.193 5.257

10 0 3 shearing 5.372 5.366 5.380 5.576

Table 7. Eigenfrequencies Ω of the gradient elasticity and nonlocal plate models compared to the
lattice ones—υ = 0.3—case B.

Mode

Eigenmode Numbers and Mode Type
Analytical and Numerical Solutions for

Lattice Model, Ω Local
Continuous

Plate, Ωk1 k2 Mode
10 × 10 Cell

Lattice
Gradient
Elasticity

Nonlocal
Elasticity

1 1 1 shearing 2.620 2.620 2.620 2.628

2 0 1 longitudinal 3.129 3.129 3.129 3.142

3 1 0 longitudinal 3.129 3.129 3.129 3.142

4 1 2 shearing 4.104 4.103 4.105 4.156

5 2 1 shearing 4.104 4.103 4.105 4.156

6 1 1 longitudinal 4.391 4.390 4.391 4.443

7 2 2 shearing 5.188 5.189 5.193 5.257

8 1 3 shearing 5.691 5.683 5.698 5.877

9 3 1 shearing 5.691 5.683 5.698 5.877

10 0 2 longitudinal 6.180 6.179 6.182 6.283
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n

Ω 0,1 =Ω 1,0

Figure 7. Evolution of the fundamental eigenfrequency Ω1,0 = Ω0,1 of the n × n cell lattice plate
on sliding support—case A (for the in-plane lattice plate problem)—comparison between the exact
lattice plate, the strain gradient elastic plate, the nonlocal elastic plate and the continuous local plate
models; υ = 0.3.

n

Ω 1,1

Figure 8. Evolution of the fundamental eigenfrequency Ω1,1 of the n × n cell lattice plate on sliding
support—case B (for the in-plane lattice plate problem)—comparison between the exact lattice plate,
the strain gradient elastic plate, the nonlocal elastic plate and the continuous local plate models;
υ = 0.3.
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n

Ω 2,2

Figure 9. Evolution of the eigenfrequency Ω2,2 of the n × n cell lattice plate on sliding support—case
A (mode 9) or Case B (mode 7) (for the in-plane lattice plate problem)—comparison between the
exact lattice plate, the strain gradient elastic plate, the nonlocal elastic plate and the continuous local
plate models; υ = 0.3.

6. Remarks—Plane Strain

The 2D problem investigated in this paper can be alternatively analysed in plane strain,
by comparing the lattice difference equations with those valid for linear elastic isotropy in
plane strain: ⎧⎨⎩ (λ + 2μ) ∂2u

∂x2 + (λ + μ) ∂2v
∂x∂y + μ ∂2u

∂y2 + ρω2u = 0

(λ + 2μ) ∂2v
∂y2 + (λ + μ) ∂2u

∂x∂y + μ ∂2v
∂x2 + ρω2v = 0

(48)

We identify the micro–macro relations for the plane strain analysis:⎧⎨⎩
α = 2μh
β = λh
γ = μ−λ

4 h
(49)

The eigenfrequencies of the rectangular lattice in plane strain constrained as in cases A
and B can be calculated using the same methodology applied in a plane stress framework.
For the continuum problem based on Equation (48), the displacement fields in Equation (24)
and Equation (25) are assumed for both boundary conditions of cases A and B. Inserting
Equation (24) or Equation (25) into Equation (48) gives the eigenfrequency problem for the
linear elastic 2D medium in plane strain:⎧⎪⎪⎨⎪⎪⎩

[
(λ + 2μ)

(
k1π
L1

)2
+ μ

(
k2π
L2

)2
− ρω2

]
U + (λ + μ)

(
k1π
L1

)(
k2π
L2

)
V = 0

(λ + μ)
(

k1π
L1

)(
k2π
L2

)
U +

[
(λ + 2μ)

(
k2π
L2

)2
+ μ

(
k1π
L1

)2
− ρω2

]
V = 0

(50)

From Equation (50), the eigenfrequencies are solutions of a quartic equation:
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[
(λ + 2μ)

(
k1π
L1

)2
+ μ

(
k2π
L2

)2
− ρω2

] [
(λ + 2μ)

(
k2π
L2

)2
+ μ

(
k1π
L1

)2
− ρω2

]
−(λ + μ)2

(
k1π
L1

)2( k2π
L2

)2
= 0

(51)

which may be presented in the equivalent form:

(
ρω2

)2
− (λ + 3μ)

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

ρω2 + μ(λ + 2μ)

[(
k1π

L1

)2
+

(
k2π

L2

)2
]2

= 0 (52)

Equation (52) gives the two families of frequencies in plane strain:

ρω2 =
1
2
[λ + 3μ± (λ + μ)]

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

(53)

as obtained by Mindlin (2006) [49]. Equation (53) can be also rewritten as:

ω2

c2
shear

=

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

or
ω2

c2
long

=

[(
k1π

L1

)2
+

(
k2π

L2

)2
]

(54)

where we have used the following wave speed valid for the plane strain analysis:

cshear =

√
μ

ρ
; clong =

√
λ + 2μ

ρ
(55)

7. Long-Range Interactions

The present analysis, valid for the in-plane vibration of a plane lattice composed of
Gazis et al.’s [20] cells, exhibiting central and non-central interactions, can be extended to
the vibration of lattices composed of cells exhibiting both short- and long-range interactions,
as already investigated by Challamel et al. (2024) [50] for the wave propagation problem in
infinite media:

α1
(
ui+1,j − 2ui,j + ui−1,j

)
+ α2

(
ui+2,j − 2ui,j + ui−2,j

)
+

β1
2
(
ui+1,j+1 + ui−1,j−1 + ui−1,j+1 + ui+1,j−1 − 4ui,j

)
+ β2

2
(
ui+2,j+2 + ui−2,j−2 + ui−2,j+2 + ui+2,j−2 − 4ui,j

)
+(

β1
2 + γ1

)(
vi+1,j+1 − vi−1,j+1 − vi+1,j−1 + vi−1,j−1

)
+
(

β2
2 + γ2

)(
vi+2,j+2 − vi−2,j+2 − vi+2,j−2 + vi−2,j−2

)
+

4γ1
(
ui,j+1 − 2ui,j + ui,j−1

)
+ 4γ2

(
ui,j+2 − 2ui,j + ui,j−2

)
+ Mω2ui,j = 0

and

α1
(
vi,j+1 − 2vi,j + vi,j−1

)
+ α2

(
vi,j+2 − 2vi,j + vi,j−2

)
+

β1
2
(
vi+1,j+1 + vi−1,j−1 + vi−1,j+1 + vi+1,j−1 − 4vi,j

)
+ β2

2
(
vi+2,j+2 + vi−2,j−2 + vi−2,j+2 + vi+2,j−2 − 4vi,j

)
+(

β1
2 + γ1

)(
ui+1,j+1 − ui−1,j+1 − ui+1,j−1 + ui−1,j−1

)
+
(

β2
2 + γ2

)(
ui+2,j+2 − ui−2,j+2 − ui+2,j−2 + ui−2,j−2

)
+

4γ1
(
vi+1,j − 2vi,j + vi−1,j

)
+ 4γ2

(
vi+2,j − 2vi,j + vi−2,j

)
+ Mω2vi,j = 0

(56)

where the short-range stiffnesses α1, β1, γ1 are positive to ensure the positive definiteness of
the associated short-range energy, and the long-range stiffnesses α2, β2, γ2 are also positive
to ensure the positive definiteness of the associated long-range energy. This model can also
be understood as a two-cell 2D interaction lattice.
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For this generalised lattice problem with two generic interactions in plane stress, we
have the possible material calibration:⎧⎪⎨⎪⎩

α1 = Eh
1+υ ξ1

β1 = Ehυ
1−υ2 ξ1

γ1 = Eh(1−3υ)
8(1−υ2)

ξ1

and

⎧⎪⎪⎨⎪⎪⎩
α2 = Eh

1+υ
ξ2
4

β2 = Ehυ
1−υ2

ξ2
4

γ2 = Eh(1−3υ)
8(1−υ2)

ξ2
4

and ξ1 + ξ2 = 1; ξ1 ≥ 0; ξ2 ≥ 0 (57)

where (ξ1, ξ2) are weighting coefficients which control the proportion of short-range to
long-range interactions. (ξ1, ξ2) = (1, 0) corresponds to a pure short-range interaction
problem, as previously studied, whereas (ξ1, ξ2) = (0, 1) corresponds to a pure long-range
interaction problem.

To investigate its vibration, it is possible for both boundary conditions of cases A and
B to assume the modes in Equations (7) and (8), thus leading to the coupled system of
linear equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡⎣ 4α1 sin2
(

k1π
2n

)
+ 4α2 sin2

(
k1π

n

)
+ 2β1

[
1− cos

(
k1π

n

)
cos

(
k2π
m

)]
+2β2

[
1− cos

(
2k1π

n

)
cos

(
2k2π

m

)]
+ 16γ1 sin2

(
k2π
2m

)
+ 16γ2 sin2

(
k2π
m

)
−Mω2

⎤⎦ U

+
[
(2β1 + 4γ1) sin

(
k1π

n

)
sin

(
k2π
m

)
+ (2β2 + 4γ2) sin

(
2k1π

n

)
sin

(
2k2π

m

)]
V = 0[

(2β1 + 4γ1) sin
(

k1π
n

)
sin

(
k2π
m

)
+ (2β2 + 4γ2) sin

(
2k1π

n

)
sin

(
2k2π

m

)]
U

+

⎡⎣ 4α1 sin2
(

k2π
2m

)
+ 4α2 sin2

(
k2π
m

)
+ 2β1

[
1− cos

(
k1π

n

)
cos

(
k2π
m

)]
2β2

[
1− cos

(
2k1π

n

)
cos

(
2k2π

m

)]
+ 16γ1 sin2

(
k1π
2n

)
+ 16γ2 sin2

(
k1π

n

)
−Mω2

⎤⎦ V = 0

(58)

The vanishing of the determinant of the system Equation (58) gives the quartic equa-
tion for the in-plane eigenfrequencies of rectangular lattices composed of cells with long-
range interactions:

D11

(
ω2

)
D22

(
ω2

)
− D12D21 = 0 (59)

with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D11
(
ω2) = 4α1 sin2

(
k1π
2n

)
+ 4α2 sin2

(
k1π

n

)
+ 2β1

[
1− cos

(
k1π

n

)
cos

(
k2π
m

)]
+2β2

[
1− cos

(
2k1π

n

)
cos

(
2k2π

m

)]
+ 16γ1 sin2

(
k2π
2m

)
+ 16γ2 sin2

(
k2π
m

)
−Mω2

D12 = (2β1 + 4γ1) sin
(

k1π
n

)
sin

(
k2π
m

)
+ (2β2 + 4γ2) sin

(
2k1π

n

)
sin

(
2k2π

m

)
D21 = D12 = (2β1 + 4γ1) sin

(
k1π

n

)
sin

(
k2π
m

)
+ (2β2 + 4γ2) sin

(
2k1π

n

)
sin

(
2k2π

m

)
D22

(
ω2) = 4α1 sin2

(
k2π
2m

)
+ 4α2 sin2

(
k2π
m

)
+ 2β1

[
1− cos

(
k1π

n

)
cos

(
k2π
m

)]
2β2

[
1− cos

(
2k1π

n

)
cos

(
2k2π

m

)]
+ 16γ1 sin2

(
k1π
2n

)
+ 16γ2 sin2

(
k1π

n

)
−Mω2

(60)

Equation (60) is a quartic equation for long-range, also dubbed as multi-cell, interac-
tions, which generalises the one valid for the in-plane vibration of the rectangular lattices
composed of Gazis et al.’s cells [20] exhibiting only short-range, also dubbed as cell-to-
cell, interactions.

8. Conclusions

Studied herein is the in-plane vibration problem of rectangular elastic lattice plates.
The lattice considered here is a 2D model pioneered by Gazis et al. (1960) [24] and accounts
for central and non-central interactions, the latter of the angular type. For sufficiently small
spacing, the lattice converges to a linear isotropic elastic continuum, at the asymptotic limit.
The rectangular lattice plate is assumed to be constrained by sliding supports along its
boundary. The elastic interaction in the vicinity of the boundaries is corrected, as described
by Hrennikoff (1941) [41] and McHenry (1943) [40] for central lattices. The exact solutions in
terms of eigenfrequencies and eigenmodes are analytically derived for this in-plane discrete
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plate problem from the resolution of a linear difference eigenvalue problem. We show how
the eigenfrequency spectrum of the rectangular lattice converges to the continuous one
(provided by Rayleigh [35]) from below, when the lattice spacing decreases, as usually
observed for such spatial finite difference eigenvalue problems. We also developed two
lattice-based higher-order continuous plate models to account for the specific scale effects
associated with the lattice response. The gradient elasticity model derived herein is built by
asymptotic expansion of the lattice difference equations, including central and non-central
interactions. The gradient elasticity equations coincide with the ones of Mindlin (1968) [26],
even if Mindlin [26] developed the 3D gradient elasticity model from the 3D Gazis et al.
lattice model [20], whereas in the present paper we apply the same methodology for the
plane stress problem. An exact solution for the eigenfrequencies of the simply supported
gradient elasticity plate is also presented, and is shown to accurately fit the lattice response.
We also present the exact solutions for a lattice-based nonlocal plate model which avoids
the used of higher-order differential operators. The exact eigenfrequency solution for this
alternative nonlocal plate model is also derived and compared to the lattice model. Both
size-dependent lattice-based plate models accurately capture the scale effects of the in-plane
lattice. A possible extension of this work would be to consider more general long-range
elastic interactions for the lattice. It would be also interesting to include some additional
inner masses (2D or 3D mass-in-mass lattices), as recently studied by Karampour et al.
(2024) [51] for simply supported mass-in-mass rectangular lattices.
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Abstract: This paper deals with the long-wavelength behaviour of a Euler beam periodically sup-
ported by co-located rotation and compression springs. An asymptotic homogenization method
is applied to derive the several macroscopic models according to the stiffness contrasts between
the elastic supports and the beam. Effective models of differential order two or four are obtained,
which can be merged into a single unified model whose dispersion relations at long and medium
wavelengths fit those derived by Floquet-Bloch. Moreover, the essential role of rotation supports is
clearly evidenced. A mixed “discrete/continuous” approach to the boundary conditions is proposed,
which allows the boundary conditions actually applied at the local scale to be expressed in terms of
Robin-type boundary conditions on macroscopic variables. This approach can be applied to both
dominant-order and higher-order models. The modal analysis performed with these boundary
conditions and the homogenised models gives results in good agreement with a full finite element
calculation, with great economy of numerical resources.

Keywords: homogenisation; dynamics; boundary conditions; asymptotic method; multi-supported
beams
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1. Introduction

Multi-supported beams are widely used in a variety of engineering fields, including
long multi-supported bridges, multi-span steel structures, rails connected to sleepers,
pipelines supported by regularly distributed foundations, and pipe networks attached to
structural elements. Understanding their vibratory behaviour is of interest for safer and
more efficient design, in particular for better control of their response to moving loads
or to stresses induced by external actions such as ambient vibrations, earthquakes, etc.
Another field of application is the monitoring and control of the in-service condition of
these structures using structural health monitoring (SHM) vibration methods.

Due to their wide range of applications, many studies have focused on dynamics
of beams that rest on continuous foundations or on discrete flexible supports. For good
reviews in this field one can refer to [1,2].

As for continuous foundations, the precursor works of [3–5] deal with Euler or Tim-
oshenko beams, respectively, lying on an elastic or visco-elastic foundation of a Winkler
compressional type. Let us mention the instability analysis developed by [6] and the
work of [7,8] dealing with non-linear foundations and stratified foundations, respectively.
The continuous approach has also been applied to discrete foundations by redistributing
discrete forces in continuous form, e.g., [9].

Studies that explicitly take into account the discrete nature of supports were initiated
by Mead for periodic [10] or non-periodic [11] distributions with the aim of determining
their vibro-acoustic behaviour. More recently, ref. [2] investigates the steady-state dynamic
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response under the influence of an axial force. It should be noted that in these studies the
supports are often restricted to compression springs, and their rotational stiffness is much
less frequently considered [10]. However, in a bending beam system, this type of spring
necessarily plays an essential role that cannot be neglected in practice.

Several methods have been used to address the dynamic behaviour of multi-supported
beams. Among them, the most usual are the transfer matrix method [9,12,13], the use of
Green functions e.g., [2], and the numerical approach by the finite element method e.g., [7].
Asymptotic methods have been used less frequently. Particular mention should be made of
the work of [14], who is interested in the dynamics of stretched beams with concentrated
masses and discrete compressional elastic supports.

The objective of this paper is twofold: first, to develop a unified model that encom-
passes the phenomena of rotation/compression/bending within a synthetic formulation,
thereby translating the overall behaviour of multi-supported structures; and second, to
formulate the relevant boundary conditions in order to perform the modal analysis.

Despite recent advances in the field, to our knowledge, no unified model is available
in the literature. Given the large number of possible situations, the study focuses on an
Euler beam periodically supported by co-localised compression and rotation elastic springs,
as illustrated in Figure 1. The stiffnesses of these springs, in comparison to that of the
beam, can vary over a wide range. From the academic point of view, this example is both
simple enough to allow analytical developments and rich enough to illustrate how to
overcome some theoretical issues. Nevertheless, the framework of the method would allow
Timoshenko beams or viscoelastic supports to be considered.

Figure 1. Above, irreducible period Ω. Bottom, beam periodically supported by the spring system
(C,K).

To establish this model, we will use an asymptotic method (homogenization of discrete
periodic media; HPDM) whose advantages are as follows: (i) the determination, within
a rigorous framework, of explicit macroscopic models that describe the long-wavelength
dynamics on the basis of period parameters and their contrasts; (ii) the identification of local
and global efforts; (iii) the delimitation of the domains of validity of each obtained model;
(iv) the significant savings in computational resources (compared with a full calculation)
thanks to the model reduction thus achieved; and (v) the physical understanding of the
various possible situations by retaining only the dominant effects on a macroscopic scale.

The modal analysis in the long-wave range requires, in addition to the identification
of the equivalent macroscopic model, the determination of the appropriate boundary
conditions. Let us briefly comment on these two aspects.

The homogenization method is based on the assumption of a strong separation of
scale between the macroscopic phenomenon and the microscopic structure. It has been first
developed for continuous media [15–17], then extended to discrete systems, such as retic-
ulated structures or continuous networks by [14,18–20]. The homogenization of periodic
discrete media (HPDM) has in particular been used to establish generalised beam mod-
els [21–23]. Furthermore, homogenization analysis has also shown its interest in exploring
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effects linked to imperfect scale separation through higher-order terms [24]. In quasi-static
regimes, this work has made it possible to establish a link between phenomenological
theories [25–27] of higher-order or micromorphic media and homogenised higher-order
descriptions e.g., [28–30]. In the field of elastodynamics, these higher-order terms make it
possible to tackle long wavelength dispersion, whether in 3D composite or stratified media,
cf. [31–33].

The homogenised models are to be applied within the domain and must be completed
at the edges of the domain. Nevertheless, the boundary conditions expressed on the vari-
ables of the homogenised model only imperfectly reflect the actual boundary conditions.
This difficulty has been identified since the work of [34]. A way to overcome this draw-
back is to introduce a boundary layer that connects the true boundary condition to the
homogenised condition inside the domain. The work of [35–37] provides a mathemati-
cal framework for these concepts. Despite these advances, this question is still topical,
as shown by the recent work [38] in static regime, [39] in dynamic regime, and [40] for
defining boundary layers in higher-order continuous media. As far as discrete media are
concerned, to our knowledge, no specific work on this subject has been developed.

The study presented in this article deals with the various aspects mentioned above. The
article is structured as follows: The first part is devoted to the determination of macroscopic
models. These are constructed at the leading order using the HPDM method for each
order of magnitude of stiffness contrasts in rotation and compression. The role of the
contrasts on the order of the differential operator governing the overall dynamic behaviour
is clearly highlighted. A so-called generic model, which encompasses all the descriptions,
is established. It is shown by comparison with a Floquet-Bloch analysis that its range
of validity extends well beyond the theoretical hypothesis of very large scale separation.
The second part focuses on the formulation of relevant boundary conditions. A mixed
“discrete/continuous” approach is proposed, which gives the effective boundary conditions
to be applied to the macroscopic variables in order to reproduce the real conditions. The
Robin-type conditions thus established associated with the macroscopic models can be
used directly to carry out the modal analysis of these systems. The results obtained are
very close to those obtained from a complete finite element calculation.

2. Method

In order to determine the eigenmodes of the periodic structure from the macroscopic
model, the general procedure proposed is as follows:

1. Reduce the continuous structure studied to an equivalent discrete model. This is done
by condensing the forces at the period nodes.

2. Derive the exact finite difference equation for the equilibrium between adjacent nodes
in the discrete system.

3. Define the small scale parameter ε, which is used (i) to define the orders of magnitude
of the spring stiffnesses as a function of the bending stiffness of the beams and (ii) to
develop the kinematic variables asymptotically.

4. Solve the problems in increasing order of ε until you get a macroscopic model where
the order of the differential operator allows all physical boundary conditions to be
considered.

5. A boundary condition relating to a kinematic variable is applied directly to the
corresponding macroscopic variable. A force boundary condition, on the other hand,
is applied by re-expressing the local equilibrium at the node under consideration
using the macroscopic kinematic variables.

Note that the Floquet-Bloch theory provides the dispersion relation for a periodic
material at any wavelength. However, knowledge of these properties is not sufficient
to carry out a modal analysis of a domain of finite size, which requires the boundary
conditions to be taken into account.
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2.1. Euler Beam Dynamics

Let us consider a Euler beam (width a, length �, depth h, inertia I = a3h/12, cross-
section A = ah, Young modulus E, volumic mass ρ) in a harmonic regime at angular
frequency ω that denotes (v(s), θ(s)) the transversal displacement and rotation field, where
s is the abscissa along the beam (the time dependency eiωt is omitted) and linked by
the relationship:

θ(s) =
dv(s)

ds
(1)

The shear force Tbeam(s) and the momentum Mbeam(s) follow the local balances:

dTbeam(s)
ds

= ρAω2v(s) (2a)

dMbeam(s)
ds

+ Tbeam(s) = 0 (2b)

The bending behaviour law for small deformations reads:

Mbeam(s) = −EI
dθ(s)

ds
(3)

Introducing (1)–(3) in the derivative of (2b) yields:

d4v(s)
ds4 −

(γ

�

)4
v(s) = 0 with γ =

4

√
ρAω2

EI
� =

2π�

λb
(4)

where γ and λb are, respectively, the dimensionless bending wavenumber and the bending
wavelength. Denoting by m and Kf the mass and bending stiffness of the beam of length �,
respectively, we define the reference angular frequency ωb as

m = ρA� ; Kf =
12EI
�3 ; ωb =

√
EI

ρA�4 =

√
Kf

12m
; γ4 =

(
ω

ωb

)2
(5)

Integrating (4) with the displacement/rotations conditions (vB, θB) and (vE, θE) at the
extremities B and E of the beam (see Figure 2) provides:

v(s) = C1 cos(γ
s
�
) +C2 sin(γ

s
�
) +C3 cosh(γ

s
�
) +C4 sinh(γ

s
�
) (6)

with ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2C1 =

(
1 +

6
γ2 f3(γ)

)
vB − 6

γ2 f6(γ)vE +
4�
γ2 f2(γ)θ

B +
2�
γ2 f5(γ)θ

E

2C2 = − 12
γ3 f1(γ)vB +

12
γ3 f4(γ)vE +

�

γ

(
1− 6

γ2 f3(γ)

)
θB − 6�

γ3 f6(γ)θ
E

2C3 =

(
1− 6

γ2 f3(γ)

)
vB +

6
γ2 f6(γ)vE − 4�

γ2 f2(γ)θ
B − 2�

γ2 f5(γ)θ
E

2C4 =
12
γ3 f1(γ)vB − 12

γ3 f4(γ)vE +
�

γ

(
1 +

6
γ2 f3(γ)

)
θB +

6�
γ3 f6(γ)θ

E
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and:

f1(γ) =
sin(γ) cosh(γ) + cos(γ) sinh(γ)

1− cos(γ) cosh(γ)
γ3

12

f2(γ) =
sin(γ) cosh(γ)− cos(γ) sinh(γ)

1− cos(γ) cosh(γ)
γ

4

f3(γ) =
sinh(γ) sin(γ)

1− cos(γ) cosh(γ)
γ2

6

f4(γ) =
sinh(γ) + sin(γ)

1− cos(γ) cosh(γ)
γ3

12

f5(γ) =
sinh(γ)− sin(γ)

1− cos(γ) cosh(γ)
γ

2

f6(γ) =
cosh(γ)− cos(γ)

1− cos(γ) cosh(γ)
γ2

6

(7)

The functions the functions { fi(γ)}, i = 1, . . . , 6 have the following properties:

lim
γ→0

fi(γ) = 1 ; ∀γ, ∀i ∈ �4; 6�, fi(γ) �= 0 (8)

Introducing (6) into (3) provides the expressions of the forces F =

(
Tbeam

Mbeam/�

)
exerted

by the beam at its extremities (FB at the beginning; FE at the end) as a function of the

displacement U =

(
v
�θ

)
at its extremities (UB at the beginning; UEat the end). They are

written in matrix form as:

FB(UB, UE) = Kf

(
HBB.UB + HBE.UE

)
FE(UB, UE) = Kf

(
HEB.UB + HEE.UE

) (9)

where the following elasto-inertial matrices have been introduced:

HBB =

[
f1(γ)

1
2 f3(γ)

1
2 f3(γ)

1
3 f2(γ)

]
HEE =

[− f1(γ)
1
2 f3(γ)

1
2 f3(γ) − 1

3 f2(γ)

]
HBE =

[ − f4(γ)
1
2 f6(γ)

− 1
2 f6(γ)

1
6 f5(γ)

]
HEB = −THBE =

[
f4(γ)

1
2 f6(γ)

− 1
2 f6(γ) − 1

6 f5(γ)

]

Figure 2. Kinematic variables and forces at the nodes defined in the local frame of each beam element.

2.2. Dynamics of Multi-Supported Beam—Finite Difference Formulation

The period Ω of the system is composed by a beam of size � and a system of springs
(K, C) of positive stiffnesses. At each node xn = n� of the system, the springs exert a
restoring force FKn = −Kvn and a restoring momentMC

n = −Cθn. Hence, we define the
stiffness matrix R and the restoring forces fn as:

fn = −KfR.Un ; KfR =

[K 0
0 C/�2

]
= Kf

[
β 0
0 δ

]
Expressing, at each node n the balance Tn of the transverse force, and the balance Mn/� of
the �-reduced momentum yields(

Tn
Mn/�

)
= FE(Un−1, Un)− FB(Un, Un+1) + fn = 0 (10)
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which can be rewritten:

HEB.Un−1 +
(

HEE −HBB − R
)

.Un +
T HEB.Un+1 = 0 (11)

It is convenient to introduce the diagonal matrices F(ω) = HBB − HEE and D(ω) =
1
2

(
HEB +T HEB

)
then the antisymmetric matrix C(ω) = 1

2

(
HEB −T HEB

)
, i.e., explicitly:

D(ω) =

[
f4(γ) 0

0 − 1
6 f5(γ)

]
; C(ω) =

[
0 1

2 f6(γ)
− 1

2 f6(γ) 0

]
; F(ω) =

[
f1(γ) 0

0 1
3 f2(γ)

]
to rearrange (10) in a finite difference set. The two balance equations are coupled through
the antisymmetric matrix C(ω):

1
Kf

(
Tn

Mn/�

)
= D(ω).(Un−1 − 2Un + Un+1)

+C(ω).(Un−1 −Un+1) +
(
2D(ω)− 2F(ω)− R

)
Un = 0 (12)

2.3. Asymptotic Method

The switch from the finite difference description to a continuous description is made
using the homogenization method for discrete media. This requires a net scale separation
between the characteristic vibration length L and the period length �, i.e., � = εL, with ε � 1.
Consequently, each local beam undergoes a quasi-static regime with a small dimensionless
bending number γ � 1.

Notation: In the following, comparisons of orders of magnitude are made. The
following notations are used:

• If an adimensional variable (e.g., γ) is of order εm, we note that

γ = γ�εm = O(εm) with γ� = O(1)

• an expression A = O(ε) ⇔ A(1 + O(ε1)) = 0 means that all terms smaller than ε
with respect to A are neglected. With this notation, it is not necessary to specify the
dimensions of the terms to be compared.

The steps of the method are as follows:

Continuation of discrete variables: introduction of a continuous displacement U(x) =(
v(x)
�θ(x)

)
as in the nodes of the system:

U(xn = n�) = Un =

(
vn
�θn

)
(13)

Expansion of kinematic variables: Under the assumption of scale separation, the varia-
tion in displacements between two consecutive nodes is small. It is then possible
to expand the displacements at the neighbouring nodes of the nth node into Taylor
series, giving rise to macroscopic derivatives denoted by ∂x:

Un±1 = U(xn ± εL) = U(xn)± εL∂xU(xn) +
(εL)2

2
∂2

xU(xn)±
(εL)3

6
∂3

xU(xn) +
(εL)4

24
∂4

xU(xn) + O(ε5)

Thus, the two finite difference terms of (12) become in the continuous representation:

Un−1 − 2Un + Un+1 = (εL)2∂2
xU(xn) +

(εL)4

12
∂4

xU(xn) + O(ε6)

Un−1 −Un+1 = −2εL∂xU(xn)−
(εL)3

3
∂3

xU(xn) + O(ε5)

96



Mathematics 2024, 12, 1844

Moreover, the continuous kinematic variables are also asymptotically expanded into
powers of ε:

U(x) = ∑
j≥0

εjU(j)(x) with U(j)(x) = O(ε0U(0)(x))

Expansion of frequencies: as γ � 1, functions { fi}1≤i≤6 (see (7)) are expanded in a Taylor
series:

fi(γ) = 1 + ∑
j≥1

γj∂
j
γ fi(0) (14)

Finally, the angular frequency is small compared to the reference frequency ωb
(see (5)), thus is expanded asymptotically around the zero pulsation:

ω = γ2ωb = 0 + ∑
j≥1

εjω(j) with ω(j) = O(ε0ωb) (15)

By introducing (15) into (14), the matrices D, C and F can be asymptotically expanded
into powers of ε.

Normalization: In this step, the geometric and mechanical contrasts are defined in order
of magnitude of ε. In accordance with the Euler-Bernoulli beam hypothesis, each
beam element must be sufficiently slender (width a � �). This geometric contrast is
expressed by considering (without loss of generality) that:

a/� = e0ε = O(ε)

In addition, the order of magnitude of the spring stiffnesses in translation and rotation
is weighed in power of ε compared to the bending stiffness of a local beam:

β =
K
Kf

= O(εp) ; δ =
C

Kf�2 = O(εq)

Playing with these two orders of magnitude can generate different behaviours in the
medium on a macroscopic scale. This will be the subject of Section 3.

Resolution: All the previous expansions are introduced in (12), so that:

1
Kf

(
Tn

Mn/�

)
= −∑

j≥0
εj

(
T(j)

M(j)/�

)
= 0 ; ∀ε → 0 (16)

Considering the equilibria for each order separately, the following successive equa-
tions arise for the first four orders:

(
T(−1)

M(−1)

)
= −R(−1).U(0)(x) = 0(

T(0)

M(0)

)
= −R(−1).U(1)(x) +

(
2
(

D(0) − F(0)
)
− R(0)

)
.U(0)(x) = 0(

T(1)

M(1)

)
= −R(−1).U(2)(x) +

1

∑
i=0

(
2
(

D(i) − F(i)
)
− R(i)

)
.U(1−i)(x)− 2LC(0).∂xU(0)(x) = 0(

T(2)

M(2)

)
= −R(−1).U(3)(x) +

2

∑
i=0

(
2
(

D(i) − F(i)
)
− R(i)

)
.U(2−i)(x)− 2L

1

∑
i=0

C(i).∂xU(1−i)(x) + L2D(0).∂2
xU(0)(x) = 0

. . .

The explicit formulation of these equations can be found in Appendix A. In order to
encompass in a single framework the different possible levels of stiffness contrast expressed
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by β and δ, these parameters are also developed in the form of β = ∑4
j=−1 εjβ(j) and

δ = ∑4
j=−1 εjδ(j). Thus, a εp contrast for β will result in β(p) �= 0 and β(j �=p) = 0 (and

similarly for a εq contrast for δ)

3. Multi-Supported Beam Models

The aim of this section is to establish the equivalent macroscopic models for multi-
supported beams corresponding to different pairs of spring stiffnesses. First, two basic
models are presented that show the crucial influence of stiffness contrasts. It is then shown
that by combining the characteristics of these two models, it is possible to build a generic
model that covers all possible contrast situations. Finally, the validity of these macroscopic
descriptions is analysed by comparing the dispersion curves obtained for these models
with those obtained using the classical Floquet-Bloch approach.

3.1. On the Level of Beam/Support Contrasts

Obviously, the stiffness contrast between the beam and the supports plays a crucial
role. Indeed, in the case of vanishing support stiffness, the multi-beam system tends to
behave as a single long beam, while at very high support stiffness, the multi-beam system
tends to behave like a chain of clamped (and therefore independent) beams. The situations
of interest lie between these two extreme cases.

In order for the supports to play an effective role, it is necessary for the restoring forces
to act as a source in the force and moment balance. With a view to an assessment, the
localised restoring forces can be redistributed along the length � of the beam. This gives the
following relationships:

O(
dTbeam

ds
) ≤ O(

Kv
�

) ; O(
dMbeam

ds
) ≤ O(

Cθ
�
)

In the scale separation assumption, assuming that both v and θ vary with the macroscopic

length, one derives from the beam constitutive laws that O( dTbeam
ds ) = O(EI v

L4 ) = O(Kf�
3

L4 v)

and O( dMbeam
ds ) = O(EI θ

L2 ) = O(Kf�
3

L2 θ). These assessments reported in the previous rela-
tions provide the lower bound of the contrasts below that support the effect vanishes, i.e.,

O(Kf
�3

L4 ) ≤ O(
K
�
) =⇒ O(β) ≥ ε4 ; O(Kf

�3

L2 ) ≤ O(
C
�
) =⇒ O(δ) ≥ ε2

On the other hand, the contrast β is also limited by an upper bound. In fact, a
strong support imposes that the rotation and the curvatures vary at the local scale so that
O(θ) = O(v/�) and O( dθ

ds ) = O(v/�2), while, according to the scale separation assumption,
the transverse force and moment vary at the large scale. This gives the following maximum
estimate of dTbeam

ds that the restoring force can balance

O(
dTbeam

ds
) = O(EI

v
�2L2 ) = O(

Kf�

L2 v)

Hence
O(Kf

�

L2 ) ≥ O(
K
�
) =⇒ O(β) ≤ ε2

Thus, the contrasts of interest are in the ranges ε4 ≤ O(β) ≤ ε2 and ε2 ≤ O(δ).

3.2. Basic Models

The two basic models are established by considering the cases where the compressional
supports are as stiff as possible, i.e., O(β) = ε2 and the rotational supports are either stiff
or soft.
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3.2.1. Multi-Supported Beam with Stiff Rotational Support

Let us consider multi-beam supported by stiff supports such that

β =
K
Kf

= β(2)ε2 ; δ =
C

Kf�2 = δ(0)ε0

The macroscopic description at leading order is obtained by solving problems (A2) to
(A4) in the Appendix A) in the growing order of powers of ε. Problems (A1) and (A2) are
trivially verified with θ(−1) = 0. At the order ε1, (A3) gives:⎧⎨⎩ T(1) =0

M(1) =
(

δ(0) + 1
)

Lθ(0) − L∂xv(0) = 0

from which we can deduce the kinematic relationship to the dominant order:

θ(0) =
1(

δ(0) + 1
)∂xv(0) (17)

The equilibrium equation for the shear force at order 2 (A4) gives:

T(2) = L2∂xθ(0) +

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(0) − L2∂2

xv(0) = 0

By introducing (17) into T(2), we obtain the macroscopic description at leading order, with
ω = εω(1) + o(ε): (

K−mω2
)

v(x)− Ceq∂2
xv(x) = O(ε) (18a)

θ(x) =
Ceq

C ∂xv(x) +O(ε) (18b)

where Ceq represents the effective rotational stiffness, which combines in series the stiffness
C and stiffness Kf�

2 of the beam, i.e.,

1
Ceq

=
1
C +

1
Kf�2 (19)

The rotational spring C plays an essential role in the macroscopic balance equation (18a),
which differs fundamentally from that of a bending beam. C also affects the kinematic rela-
tionship (18b) between the rotation θ and the displacement v. In addition, the compression
spring imposes a cut-off pulsation ωc defined by:

ωc =

√
K
m

(20)

below which the differential operator (18a) driving v is not propagative.

The macroscopic description (18a) can be interpreted in terms of the balance of a
macroscopic transverse force −T (x) linked to the displacement gradient by an apparent
modulus μ =

Ceq
� .

∂xT (x) = ρAω2v(x)− K
�

v(x) (21a)

T (x) = −Ceq

�
∂xv(x) (21b)

Hence this model, denoted MSB-Stiff in the sequel behaves macroscopically as a kind
of shear-beam for which (i) the effects of the local bending and of the rotational spring
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are encapsulated in the effective shear modulus μ and (ii) the effect of the compressional
spring results in an effective lineic force −K� v(x).

3.2.2. Multi-Supported Beam with Soft Rotational Support

This model is obtained by reducing the stiffness of the rotational spring (compared to
the previous case), so that:

β =
K
Kf

= β(2)ε2 ; δ =
C

Kf�2 = δ(2)ε2

As before, the problems (A1) to (A2) are trivially verified with θ(−1) = 0. For the next order,
(A3) gives: {

T(1) =0

M(1) =Lθ(0) − L∂xv(0) = 0

which leads to the classical kinematic relationship of a Euler beam:

θ(0) = ∂xv(0)

At order ε2, the equilibrium equations (A4) are:⎧⎪⎪⎨⎪⎪⎩
T(2) =

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(0) = 0

M(2) =Lθ(1) − L∂xv(1) = 0

T(2) gives the expression for the first angular frequency term ω(1), and M(2) gives the same
kinematic relationship as in the previous order. Thus:

ω(1) =
√

β(2)ωb > 0 ; θ(1) = ∂xv(1)

At the order ε3, (A5) gives:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
T(3) =− ρL2

Ee2
0

2ω(1)ω(2)v(0) = 0

M(3) =Lθ(2) +

[
δ(2) − ρL2

210Ee2
0
(ω(1))2

]
Lθ(0) − L∂xv(2) − 13ρL2

210Ee2
0
(ω(1))2L∂xv(0) = 0

As ω(1) �= 0, T(3) imposes ω(2) = 0, and M(3) provides a second-order correction to the
kinematic relationship:

θ(2) = ∂xv(2) +

(
β(2)

15
− δ(2)

)
θ(0)

Finally, the equilibrium (A6) in shear force at order ε4 is written:

T(4) =− L2δ(2)∂2
xv(0) +

L4

12
∂4

xv(0) −
[
(β(2))2

60
+

ρL2

Ee2
0

2ω(1)ω(3)

]
v(0) = 0

Since ω(2) = 0, the angular frequency expands to: ω = εω(1) + ε3ω(3) + o(ε3) and con-
sequently ε42ω(1)ω(3) = ω2 − (εω(1))2 + o(ε4). By introducing this expression into T(4),
as well as all those resulting from the solutions to the previous problems, we obtain the
following macroscopic description:(

−mω2 +Keq

)
v(x)− C∂2

xv(x) + EI�∂4
xv(x) = O(ε) (22a)
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θ(x) = ∂xv(x) +O(ε) (22b)

Keq is an effective stiffness that takes into account the stiffness 60Kf due to the beam in
bending and K of the support in compression. Note that as K = βKf = O(ε2Kf), Keq
corresponds at this order to a series association between these two elements.

Keq = K(1− K
60Kf

) =
1

1
K + 1

60Kf

+ o(ε2) (23)

As before, the presence of Keq introduces a cutoff angular frequency below which the
differential operator (22a) is not propagative.

ωc,eq =

√
Keq

m
< ωc (24)

We note that in the model described by (22a) and (22b), the kinematic relationship of the
elementary beam is transferred to the macroscopic scale as well as the bending term, which
is translated by the same fourth-order differential operator. This leads to the introduction
of the macroscopic transverse force T (x) and momentM(x), which allow the model to be
rewritten in terms of the transverse force and moment balances as shown below.

∂xT (x) = ρAω2v(x)− Keq

�
v(x) (25a)

∂xM(x) + T (x) = −C
�

θ(x) (25b)

M(x) = −EI∂2
xv(x) (25c)

θ(x) = ∂xv(x) (25d)

This formulation emphasises that the presence of the springs (K, C) simply results in forces
of volume −Keqv(x) and a moment of volume −C∂xv(x), without modifying the inherent
behaviour of the beams.

3.3. Multi-Supported Generic Beam Model

The basic models make it possible to build a single generic model that incorporates the
characteristics of each. To do this, we keep the equilibrium Equations (25a) and (25b), and
we replace the kinematic relationship between the macroscopic variables (25d) by (18b).
This leads to the following set, where (Keq, Ceq) are the equivalent stiffnesses (19) and (23):

∂xT (x) = ρAω2v(x)− Keq

�
v(x)

∂xM(x) + T (x) = −C
�

θ(x)

M(x) = −EI∂2
xv(x)

θ(x) =
Ceq

C ∂xv(x)

Combining these equations leads to the leading-order macroscopic behaviour equation,
where the ωc,eq cut-off angular frequency is defined as (24):

m
(

ω2 −ω2
c,eq

)
v(x) + Ceq∂2

xv(x)− EI�∂4
xv(x) = 0 (26)
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3.4. Dimensional Analysis

A dimensional analysis of (26) divided by mω2
b = Kf/12 highlights the dominant

effects according to the order of magnitude of the stiffnesses (K = βKf and C = δKf�
2). To

do this, the displacement is rewritten in the form

v = vrV� (27)

where vr is the reference displacement and V� the adimensional displacement, V� = O(ε0).
In addition, we perform the change of variables x̂ = x/L (where L = �/ε � � is related to
the wavelength λ by the relation L = λ/2π). By defining the contrasts (β = β�εp, δ = δ�εq)
(26) becomes: (

ω

ωb

)2
V�︸ ︷︷ ︸

Tω

−12
β�εp

1 + β�

60 εp
V�

︸ ︷︷ ︸
Tβ

+12
δ�εq+2

1 + δ�εq ∂2
x̂V�︸ ︷︷ ︸

Tδ

− ε4∂4
x̂V�︸ ︷︷ ︸
Tb

= 0 (28)

The terms Tβ,Tδ,Tb represent respectively the effect of the elastic restoring of the compres-
sion springs, the rotation springs, and the bending of the beam elements. The term Tω rep-
resents the force of inertia of the system represented adimensionally by (ω/ωb)

2 = γ4 � 1.
The dynamic balance (28) requires the Tω − Tβ term linked to V� to be balanced by the
elastic terms Tδ and/or Tb. This makes it possible to determine, according to the order
of magnitude (K, C), the associated model, which retains only the dominant terms of the
same order and the order of magnitude of the angular frequency.

3.4.1. Family of Models

The generic model (26) degenerates into less rich models depending on the order of
magnitude of the different terms. Three main types of degenerate models (29)–(31) occur
in the case of strong compression springs (β = O(ε2)). These expressions are general and,
depending on the contrast, the (Ceq,Keq) parameters themselves may degenerate and the
cut-off angular frequency ωc,eq may disappear.

Multi-supported beam with stiff rotational support (MSB-Stiff) (q ≤ 1):

In that case Tβ = O(Tδ) = O(Tω)� Tb, thus the action of the rotational springs and
internal bending, included in Ceq, balances the inertia and elastic restoring forces of
the compression springs.

m
(

ω2 −ω2
c,eq

)
v(x) + Ceq∂2

xv(x) = O(ε) (29)

Multi-supported beam with medium rotational support (MSB-Medium) (q = 2):

In that case, all the terms are of the same order of magnitude. The action of the
rotational springs and the bending of the beam elements are differentiated and
balance the inertia and elastic restoring forces of the compression springs.

m
(

ω2 −ω2
c,eq

)
v(x) + C∂2

xv(x)− EI�∂4
xv(x) = O(ε) (30)

Multi-supported beam with soft rotational support (MSB-Soft) (q ≥ 3):

In that case, Tω − Tβ = O(Tb)� O(Tδ) This means that the action of the rotational
springs disappears at the dominant order, and only the global bending balances the
inertia forces of the restoring elastic forces of the compression springs.

m
(

ω2 −ω2
c,eq

)
v(x)− EI�∂4

xv(x) = O(ε) (31)

Table 1 shows all macroscopic descriptions depending on stiffness contrasts.
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Table 1. Set of macroscopic descriptions of multi-supported beams as a function of the order of
magnitude of the stiffness constraints (β, δ). The first column shows the three models (i) MSB-Stiff (in
blue), (ii) MSB-Medium (in orange), and (iii) MSB-Soft (in green).

β(p≤1) β(2) β(3) β(4) β(p≥5)

δ(q≤−1) m
(
ω2−ω2

c
)
v(x) + Kf�

2∂2
xv(x) = 0 mω2v(x) + Kf�

2∂2
xv(x) = 0

δ(0) m
(
ω2−ω2

c
)
v(x) + Ceq∂2

xv(x) = 0 mω2v(x) + Ceq∂2
xv(x) = 0

δ(1) m
(
ω2−ω2

c
)
v(x) + C∂2

xv(x) = 0 mω2v(x) + C∂2
xv(x) = 0

δ(2) m
(

ω2−ω2
c,eq

)
v(x) + C∂2

xv(x) + EI�∂4
xv(x) = 0 m

(
ω2−ω2

c
)
v(x) + C∂2

xv(x) + EI�∂4
xv(x) = 0 mω2v(x) + C∂2

xv(x) + EI�∂4
xv(x) = 0

δ(q≥3)

N
o

sc
al

e
se

pa
ra

ti
on

m
(

ω2−ω2
c,eq

)
v(x)− EI�∂4

xv(x) = 0 m
(
ω2−ω2

c
)
v(x)− EI�∂4

xv(x) = 0 mω2v(x)− EI�∂4
xv(x) = 0

Some of the results presented in [14] are recovered, in particular the role of compression
springs, which reveal a cut-off frequency. Our study emphasises the essential role of rotation
springs, which was not considered in [14].

3.4.2. Order of Magnitude of Frequencies

Denoting max(Tδ,Tb) = O(εm), (with m ≥ 2 by construction) there are three distinct
situations for the order of magnitude of the frequency:

1 If Tβ � max(Tδ,Tb), then Tω = O(max(Tδ,Tb)). In these cases, the macroscopic
descriptions are always propagative, and the angular frequency expands as follows:

ω2 = O(ω2
bεm) (32)

2 If Tβ = O(max(Tδ,Tb)), then Tω = O(εm) and the macroscopic behaviour equations
are propagative only for angular frequencies (32) greater than ωc.

3 If Tβ � max(Tδ,Tb), then it is necessary that the difference is Tω − Tβ = O(εm). In
other words, the expansion of the angular frequency is of the form:

ω2 −ω2
c = O(εmω2

b) where
(

ωc

ωb

)2
= O(εp) (33)

Macroscopic descriptions are only propagative for angular frequencies greater than a
cut-off frequency ωc,eq.

3.5. Dispersion Relationships at Long Wavelengths

Macroscopic models assume that ε → 0. To determine the extent of the validity domain
of these models for finite values of ε, the dispersion relations of the various degenerate
homogenised models (cf. Section 3.5.1) and of the generic model are compared with those
obtained by the exact Floquet-Bloch analysis (cf. Section 3.5.2), which is not restricted by
the scale separation condition.

3.5.1. Dispersion Relationships for the Different Models

By inserting v of the form v(x) = V�eikω x in each of the three models (29)–(31) and (26),
the following dispersion relationships are obtained:

MSB-Stiff (q ≤ 1): (
ω

ωb

)2
=

(
ωc,eq

ωb

)2
+

12δ

1 + δ
(kω�)

2 (34)

MSB-Medium (q = 2): (
ω

ωb

)2
=

(
ωc,eq

ωb

)2
+ 12δ(kω�)

2 + (kω�)
4 (35)
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MSB-Soft (q ≥ 3): (
ω

ωb

)2
=

(
ωc,eq

ωb

)2
+ (kω�)

4 (36)

MSB-Generic (∀q): (
ω

ωb

)2
=

(
ωc,eq

ωb

)2
+

12δ

1 + δ
(kω�)

2 + (kω�)
4 (37)

The wavenumber kω is real only above the cut-off angular frequency ωc,eq; otherwise, it is
purely imaginary. These relationships are presented in Figure 3 for three multi-supported
systems with β and δ stiffness contrasts corresponding to each of the models, which
correspond to a typical value of ε = 0.1:

Case (β = 10−2, δ = 1) (in blue): model MSB-Stiff (34);

Case (β = 10−2, δ = 10−2) (in orange): model MSB-Medium (35);

Case (β = 10−5, δ = 10−3) (in green): model MSB-Stiff (36) in which ωc,eq = 0.

Floquet-BlochMSB dominant order

Figure 3. Dispersion relationships ω/ωb versus the adimensional wavenumber kω�/π, kω ∈ [0, π
� [.

For the three types of contrast, the dispersion relationships derived from the models are plotted as
solid lines. The relationships calculated by Floquet-Bloch for the same contrasts are in dots.

Figure 3 also shows the dispersion curves obtained by the Floquet-Bloch analysis
described below for the same contrast values.

3.5.2. Dispersion Relations by Floquet-Bloch

The exact dispersion relation for the system described by (12) is obtained by searching
for Un in the form:

Un = U0e−ikωn� kω ∈ [0,
π

�
[ (38)

By introducing (38) into (12), we get:

D.U0 =
[
2 cos(k�)D(ω) + 2I sin(k�)C(ω)− 2F(ω)− R

]
.U0 = 0
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The determinant of D must vanish so that U0 is not identically zero. The dispersion relation
is then written as det(D) = 0, i.e.,:

E(ω, kω) = 0 =
1
3
(β + 2 f1(γ)− 2 f4(γ) cos(kω�))(3δ + 2 f2(γ) + f5(γ) cos(kω�))

− f6(γ)
2 sin2(kω�)

(39)

This non-linear relationship is solved numerically for the contrasting stiffnesses (β, δ)
indicated in Section 3.5.1. The results reported in Figure 3 show that the models MSB-Soft
and MSB-Medium coincide with the exact calculations for wavenumbers kω ∈ [0, π

� [. The
MSB-Stiff model is tangent to the exact solution and is a good approximation of the latter up
to kω� = ε ≈ 0.3π, i.e., wavelengths greater than three periods. These homogenised models
at the dominant order are therefore valid well beyond the scale separation condition ε � 1.

This conclusion is supported by the use of the dispersion relation of the generic model.
This is shown in Figure 4, where the dispersion from the generic model and that from the
exact calculation are compared for the three types of contrast. For kω ∈ [0, π

� [ the dispersion
of the generic model coincides with that given by the exact calculations for the models
MSB-Soft and MSB-Medium. Dispersion relationships are therefore not affected by model
enrichment. Applying the generic model to the MSB-Stiff case makes it possible to follow
not only the tangency but also the curvature of the exact solution, which leads to a good
approximation up to ε ≈ 0.5π.

In conclusion, the macroscopic models make it possible not only to recover (well
beyond the limit of the scale separation hypothesis) the dispersion curves derived from the
Floquet-Bloch approach but also to access the macroscopic forces (in a generalized sense),
which are not accessible by Floquet-Bloch.

Floquet-BlochGeneric MSB dominant order

Figure 4. Dispersion relationships for kω ∈ [0, π
� [ from the generic model (dashed line) for the three

types of contrast, compared with the dispersions from the Floquet-Bloch calculation (in dots).

4. Boundary Conditions

The macroscopic dynamic models established in the previous section have shown
their validity in infinite media within the limit of wavelengths greater than three periods.

The modal analysis of such finite-length systems requires the specification of the
boundary conditions. This question involves two difficulties:

• Is it possible (and if so, how?) to use the macroscopic force and/or displacement
variables to express the boundary conditions actually imposed on the real system that
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condition the microscopic force and/or displacement variables? This is the subject of
Section 4.1;

• If the order of the differential operator of the macroscopic model is less than that of the
4th order operator of the bending beams (4), the number of macroscopic conditions is
less than that required to express the real local conditions. A higher-order model is
constructed in Section 4.4 in order to obtain a well-posed problem that is compatible
with the real boundary conditions.

4.1. Energy Approach

Let us consider a multi-supported beam consisting of N periods Ω (see Figure 1)
with a total length of H = N�. The energy balance of the generic beam is established
by multiplying (26) by 1

2 v(x) and integrating over [0, H]. After two integrations by parts,
we obtain:

1
2

∫ H

0
mω2v(x)2 dx =

1
2

∫ H

0

(
�
M(x)2

EI
+

(
Keqv(x)

)2

Keq
+

(Cθ(x))2

Ceq

)
dx +WBC +O(ε)

where WBC =
�

2

[
T (x)v(x) +M(x)θ(x)

C
Ceq

]H

0
and θ(x) =

Ceq

C ∂xv(x)

(40)

Equation (40) gives, at the leading order, the kinetic energy, the deformation energy, and
the workWBC of the boundary conditions expressed in macroscopic variables.

4.2. Effective Boundary Conditions
4.2.1. Displacement/Rotation Boundary Conditions

By construction in Section 2.3, the kinematic variables at the nodes are the macroscopic
kinematic variables, see (13). Consequently, the kinematic boundary conditions imposed
locally on the real system are directly related to the macroscopic kinematic variables. If at
x = 0 (node 1) or x = H (node N + 1), the imposed kinematic (denoted Uimp) conditions
give the following macroscopic boundary conditions:

U(0) = Uimp
1 =

(
vimp

�θimp

)
|x=0

; U(H) = Uimp
N+1 =

(
vimp

�θimp

)
|x=H

(41)

4.2.2. Force/Moment Boundary Conditions

These forces, which are correctly described within the structure, are disturbed at the
ends due to the absence of the adjacent node. In fact, at the extreme nodes, the equilibrium
is no longer governed by (11) but by an expression that can be derived by (i) removing the
contributions of elements outside the domain and adding the imposed forces; (ii) replacing
the discrete variables at the nodes by continuous variables at these points according to (13).
We therefore write at the extremities x = 0 and x = H:

−HBB.U(0) +T HEB.U(�) = FB
((

v(0)
�θ(0)

)
,
(

v(�)
�θ(�)

))
=

(
Timp

Mimp/�

)
|x=0

HEB.U(H − �) +
(

HEE − R
)

.U(H) = FE
((

v(H − �)
�θ(H − �)

)
,
(

v(H)
�θ(H)

))
− R.

(
v(H)
�θ(H)

)
=

(
Timp

Mimp/�

)
|x=H

(42)

whose explicit formulation in terms of macroscopic kinematic variables is as follows at
x = 0:

v(0) f1(γ)− v(�) f4(γ) +
�

2
[θ(0) f3(γ) + θ(�) f6(γ)] =

(
Timp

)
1
/Kf (43a)

1
2
[v(0) f3(γ)− v(�) f6(γ)] +

�

3

[
f2(γ)θ(0) +

1
2

θ(�) f5(γ)

]
=
(

Mimp
)

1
/(�Kf) (43b)

and at x = H
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−v(H)( f1(γ) + β) + v(H − �) f4(γ) +
�

2
[θ(H) f3(γ) + θ(H − �) f6(γ)] =

(
Timp

)
N+1

/Kf (44a)

1
2
[v(H) f3(γ)− v(H − �) f6(γ)]−

�

3

[
θ(H)( f2(γ) + δ) +

1
2

θ(H − �) f5(γ)

]
=
(

Mimp
)

N+1
/(Kf�) (44b)

Note that this type of condition is similar to the Robin conditions coupled in v and θ. In
particular, note that the nullity of the macroscopic forces T (H) andM(x) or ofWBC does
not reflect the free end condition. To put it in a nutshell:

1. A real condition on a kinematic variable is directly transposed into the homogenised
model for the corresponding macroscopic kinematic variable.

2. A real condition on force or moment does not apply to the corresponding macro-
scopic effort of the homogenized model. In this case, it is necessary to express the
force/moment equilibrium at the node using the macroscopic kinematic variables of
this node and the adjacent internal node.

In all cases, this approach gives four boundary conditions expressed in macroscopic vari-
ables, which, for models of differential order four, make it possible to respect the conditions
actually applied to a multi-supported beam of finite length. However, for models of differ-
ential order two, these four conditions are overabundant. This question is addressed in the
next section.

4.3. Modal Analysis of a Differential Model of the Second Order

In this section, we focus on structures with stiff rotational springs that behave at the
leading order as the model MSB-Stiff described by (29) (see Section 3.2.1). This situation
needs to address the discrepancy between the number of boundary conditions required (two
conditions at each edge beam) and the order of the differential operator in the macroscopic
description (one condition at each extremity). In this view, three strategies are studied:

• Use the macroscopic model (29) whose differential operator is of order two and
where only two boundary conditions can be expressed. The driving variable is the
displacement, while the rotation is merely a hidden variable derived from it. This
forces us to consider the boundary condition in displacement vimp and forces Timp

(and disregard rotations θimp and moments Mimp) in (41) and (42).
• Use the extension of the model by the generic model (26) with a differential operator of

the fourth order. In this case, four conditions (41) and (42) can be effectively applied.
• Use the model (55) developed in Section 4.4.2, which is enriched at higher orders

and results in a fourth-order differential operator that allows the application of four
boundary conditions (41) and (42).

These options have been explored in the context of the modal analysis of a multi-
supported beam of kind MSB-Stiff (β = 10−2; δ = 1) with fixed-fixed and fixed-free
boundary conditions.

4.3.1. “Reduced” Macroscopic Modal Analysis

As an example, let us consider a fixed-fixed MSB-Stiff beam consisting of N = 10
periods. The “reduced” macroscopic modal analysis is based on (i) the MSB-Stiff model
and (ii) the two zero displacement conditions imposed at the edges (and therefore ignores
the zero rotation conditions imposed). This situation leads directly to the macroscopic
modal deformation of the jth mode:

v(x) = A sin
(
(kω)jx

)
; θ(x) =

Ceq

C ∂xv(x) = A(kω)j cos
(
(kω)jx

)
, with (kω)j =

jπ
H

, j ∈ N� (45)

where the angular frequency ωj, which is associated with (kω)j is defined by the dispersion
relation (34). Figure 5 shows the modal deformations of the first three modes thus obtained.
For comparison, the numerical results from a finite element calculation (taking into account
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the zero rotation conditions) of the real fixed-fixed structure are also shown (after mesh
study, eight bending beam elements are considered per beam).

In the model MSB-Stiff, the stiffness of the rotation springs is of the same order of
magnitude as the bending stiffness of each beam element. The modal deformation of
the system can be decomposed into (i) the amplitude of the displacements at the nodes
and (ii) the deformation of the beams between the nodes. It can be seen that in the case
of MSB-Stiff beams, the displacements (and rotations) of the nodes are fixed by the total
length of the system, regardless of the stiffness of the supports and beams. On the other
hand, the rotational supports play a significant role in the inter-node deformation of the
beams. This effect is clearly visible both for rotational deformations (angular points at
the nodes of the system caused by the discontinuity of moments between two elements)
and for displacement deformations (curvature of each beam element linked to the rotation
differential between two nodes). The compression springs do not influence the modal
deformation, but they do influence the modal frequency; see (34).

There is good general agreement between the macroscopic model and the numerical
model. The omission of the zero rotation condition in the model MSB-Stiff is clearly visible
near the edges, mainly in the first period on each side. It should be noted that the differences
between the homogenised model and the calculation increase from the fundamental mode
to the third mode. In the latter case, however, they remain relatively limited due to the
small-scale separation.

Remark 1. The choice of zero rotation would have led to θ(x) = A sin
(
(kω)jx

)
and therefore

a deformation v(x) = B1 cos
(
(kω)jx

)
+ B2. This expression is not admissible because it does

not respect the fixed-fixed conditions on the driving variable. This is confirmed by the modal
deformations obtained from the numerical simulations (see Figure 5), which show that v is indeed of
the form (45).

(a) (b) (c) (d)

Figure 5. First three modal deformations of a 10−period fixed−fixed structure (β = 10−2; δ = 1)
of the MSB-Stiff model (in blue) compared with the finite element model (in black). From left to
right: (a) modal deformation in displacement v(x), (b) difference between homogenised model and
finite element model vMacro(x)− vFE, (c) modal deformation in rotation θ(x), (d) difference between
homogenised model, and finite element model θMacro(x)− θFE(x). The dots represent the nodes
between the beams where the springs are located.
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4.3.2. “Full” Macroscopic Modal Analysis

The full macroscopic modal analysis was carried out on a structure consisting of
N = 30 periods. The two models used are that of the generic beam and that of the beam
MSB-Stiff enriched with the higher orders; see Section 4.4. In each case, the four boundary
conditions are those indicated in Section 4.2.

Figure 6 shows the fundamental modes determined by these two models with bound-
ary conditions either fixed-fixed (Figure 6-top) or fixed-free (Figure 6-bottom). For compar-
ison, the results obtained using finite elements and those obtained using “reduced” modal
analysis are also shown.

Compared to the 10-period fixed-fixed structure, we can see that tripling the number
of periods, as assumed, results in better scale separation and a gain in accuracy of the
reduced modal analysis approach. Moreover, the concentration of the error for rotations on
the periods at the edges is even more obvious.

For both types of boundary conditions, it can be seen that “full” modal analyses
performed with four boundary conditions significantly improve the results. Furthermore,
it appears that the higher-order model leads to a better approximation than the generic
model. This is explained by the fact that the additional term in the higher-order model is
inherited from effects specific to the contrast under study. This improves the description
as it provides a model of an accuracy up to O(ε3). In contrast, the generic model is built
up in such a way that it gives an accuracy up to O(ε) regardless of the contrasts. It is
always valid at the dominant order in the sense that the terms naturally vanish when
they are not relevant. Nevertheless, even if the differential operator of the generic model
is of fourth order, one cannot expect that it will reach the same level of accuracy as the
higher-order model.

(a) (b) (c) (d)

Figure 6. First modal deformation of periodic structures (N = 30 periods, (β = 10−2; δ = 1)) with
fixed-fixed (top) and fixed-free (bottom) boundary conditions. The homogenised models of order
O(ε) are shown in blue (MSB-Stiff) and green (MSB-Generic); the homogenised model of order
O(ε3) in red (MSB-Stiff higher-order) and the finite element model in black. From left to right:
(a) modal deformation in displacement v(x), (b) difference between homogenised model and finite
element model vMacro(x)− vFE, (c) modal deformation in rotation θ(x), and (d) difference between
homogenised model and finite element model θMacro(x) − θFE(x). The dots represent the nodes
between the beams where the springs are located.

4.3.3. Synthesis

In order to quantify the differences between the modes calculated according to a
homogenised model and those calculated according to a finite element analysis, two
indicators have been defined: (i) following (46), the modal deformations in displacement

or in rotation are compared only at the nodes, such as the more M̃ACX=v or θ is weak and
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the more the compared modal shapes are close; (ii) the modal angular frequencies are
compared according to (47), where γ represents the local bending wavenumber; see (5).

M̃ACX = 1−MACX = 1−
(

Xhomo.XFE

‖Xhomo‖ ‖XFE‖

)2

X ∈ {v, θ} (46)

%γ = 100
|γhomo − γFE|

γFE ; γ4 =

(
ω

ωb

)2
(47)

Figure 7 shows the three indicators
(

M̃ACv, M̃ACθ , %γ
)

for the three first modes of the
structure constituted by N = 30 periods. Systematically, it can be noted that (i) the “full”
boundary conditions lead to more accurate descriptions, the best being obtained for the
higher-order model, and (ii) the higher modes are described with less precision due to the
smaller scale separation. It should be noted, however, that the dynamics of the system are
relatively undisturbed by the “reduced” boundary conditions, as indicated by the good
estimation of the eigenfrequencies (%γ ≤ 0.8% for the third mode); see Figure 7-right.

Fixed-fixed

Fixed-Free

Figure 7. Comparisons of the modes of the structures with N = 30 periods according to the indicators

(from left to right)
(

M̃ACv, M̃ACθ , %γ
)

for two types of boundary conditions: fixed-fixed (top),

fixed-free (bottom). The homogenised models of order O(ε) are shown in blue (MSB-Stiff) and green
(MSB-Generic); the homogenised model of order O(ε3) in red (MSB-Stiff higher-order).

4.4. Higher-Order Macroscopic Model

The aim is to enrich the MSB-Stiff model with higher order terms so that the order
of the macroscopic differential operator corresponds to the order of the differential op-
erator of the local problem (4) and allows all local conditions to be translated. In the
enriched representation of discrete media, e.g., [39,41], and in higher-order continuous
media, e.g., [25,26,31,42], it is necessary to construct generalised boundary conditions that
are consistent with the order of the differential operator. On the other hand, for MSB-
Stiff beams, the macroscopic model must be enriched to take into account all the real
boundary conditions.

Returning to the asymptotic expansion of Section 3.2.1, solving it to second-order leads
to the macroscopic kinematic relation (18b). Moreover, the transverse force equilibrium at
order 2 gave the macroscopic balance at the dominant order. This equilibrium is rewritten
in the form (48), which is systematically used in higher-order expressions.

ρL2

Ee2
0
(ω(1))2v(0) = β(2)v(0) − L2 δ(0)

δ(0) + 1
∂2

xv(0) (48)
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4.4.1. First-Order Macroscopic Model

The second-order moment (A4) gives a kinematic relation at the first order identical to
that of the dominant order:

θ(1) =
1

δ(0) + 1
∂xv(1) (49)

The third-order shear equilibrium (A5), in which the relation (49) has been introduced,
provides the first-order macroscopic equation:

−L2 δ(0)

δ(0) + 1
∂2

xv(1) +

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(1) − ρL2

Ee2
0

2ω(1)ω(2)v(0) = 0 (50)

Denoting Θ(1) = θ(0) + εθ(1) and V(1) = v(0) + εv(1) the first-order approximations of θ
and v, respectively, the kinematic relation is written as (17) + ε(49):

Θ(1) =
1

δ + 1
∂xV(1)

The asymptotic expansion of the angular frequency is ω = εω(1) + ε2ω(2) + o(ε2). This
involves that ω2 = ε2(ω(1))2 + 2ε3ω(1)ω(2) + o(ε3). Consequently, the first-order macro-
scopic equation is written as:

m
(

ω2 −ω2
c

)
V(1) + Ceq∂2

xV(1) = O(ε2) (51)

The Equation (51) is identical to (18a); only the precision of the expansion differs. Since
the derivation order (two) of the operator is unchanged, it is not possible to apply all the
boundary conditions. It is therefore necessary to expand asymptotically to the next order.

4.4.2. Second-Order Macroscopic Model

The second-order moment (A5) gives the second-order kinematic relation, rewritten
using (48):

θ(2) =
1

δ(0) + 1

(
∂xv(2) +

β(2)

210

(
13 +

1
1 + δ(0)

)
∂xv(0) +

L2

210
δ(0)

δ(0) + 1

(
22− δ(0)

δ(0) + 1

)
∂3

xv(0)
)

(52)

The second-order approximations of θ and v are denoted by

Θ(2) = θ(0) + εθ(1) + ε2θ(2) ; V(2) = v(0) + εv(1) + ε2v(2)

By summing (17) + ε(49) + ε2(52), the kinematic relation enriched to the second order is:

Θ(2) =
Ceq

C

(
∂xV(2)

[
1 +

β

210

(
13 +

1
1 + δ

)]
+

�2

210
δ

δ + 1

(
22− δ

δ + 1

)
∂3

xV(2)
)
+ O(ε3) (53)

The fourth-order shear equilibrium (A6) provides the following second-order equilibrium
equation, in which (48) has been used to swap the time and space derivatives:

β(2)v(2) − 1
60

(β(2))2v(0) − ρL2

Ee2
0

(
(ω(1))2v(2) + 2ω(1)ω(2)v(1) +

(
(ω(2))2 + 2ω(1)ω(3)

)
v(0)

)

− L2 δ(0)

δ(0) + 1

(
∂2

xv(2) +
β(2)

210

(
20 +

1
δ(0) + 1

)
∂2

xv(0)
)
+

L4

12

⎛⎝1− 2
35

(
δ(0)

δ(0) + 1

)2(
23
2
− δ(0)

δ(0) + 1

)⎞⎠∂4
xv(0) = 0

(54)
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The sum of the three Equations (18a)+ ε(50)+ ε2(54) provides the second-order macroscopic
behaviour equation in ε called MSB-Stiff higher-order:

m
(

ω2 −ω2
c,eq

)
V(2)(x) + C(2)∂2

xV(2)(x)− E(2) I�∂4
xV(2)(x) = O(ε3) (55)

with (C(2), E(2)) the elastic coefficients (C, E) enriched by taking into account the stiffnesses
(β, δ).

C(2) = Ceq

[
1 +

β

210

(
20 +

1
1 + δ

)]
; E(2) = E

[
1− 1

35

(
δ

1 + δ

)2(
23− 2

δ

1 + δ

)]
(56)

The model (55) is enriched by two orders compared to MSB-Stiff (18a). This can be inter-
preted mechanically in terms of transverse forces and moments. This leads to the definition
of beam model forces, generalised to the second order T (2)(x),M(2)(x), which satisfy the
following system of equations:

∂xT (2)(x) = ρAω2V(2)(x)− Keq

�
V(2)(x) (57a)

∂xM(2)(x) + T (2)(x) = −C(2)

�
∂xV(2)(x) (57b)

M(2)(x) = −E(2) I∂xV(2)(x) (57c)

C(2)

�
∂xV(2)(x) =

Ceq

�

1 + β
210

(
20 + 1

1+δ

)
1 + β

210

(
13 + 1

1+δ

)( C
Ceq

Θ(2)(x)− �2

210
δ

δ + 1

(
22− δ

δ + 1

)
∂3

xV(2)
)

(57d)

Indeed, it takes into account a bending moment M(2)(x), which raises the order of
the differential operator to the fourth order. Note that the effective elastic modulus E(2)

is modified by the presence of the rotation springs. The force balance (57a) involves a dis-
tributed force source whose elastic parameter Keq takes into account both the compression
spring support and the bending stiffness of the beam. Finally, the momentum balance
(57b) is subjected to a source of distributed momentum associated with the gradient of the
deflection. The elastic parameter C(2) involves both the compression and rotation spring
support as well as the bending stiffness of the beam. The enriched kinematic relation shows
that the deflection depends on the rotation Θ(2) and on the variation of curvature ∂3

xV(2).

4.4.3. Dispersion Curve Based on the Model MSB-Stiff Higher-Order

The dispersion equation of the model MSB-Stiff higher-order is obtained by inserting
V(2) in the form V(2) = V�eikω x into (55).(

ω

ωb

)2
=

(
ωc,eq

ωb

)2
+

12δ

1 + δ

C(2)

Ceq
(kω�)

2 +
E(2)

E
(kω�)

4 (58)

Figure 8 compares the dispersion relationships corresponding to the following models:
(i) MSB-Stiff (34), (ii) MSB-Generic (37), (iii) MSB-Stiff higher-order (58), and (iv) Floquet-
Bloch (39).

The MSB-Stiff higher-order model, like MSB-Generic, takes into account the bending
moment and therefore the (kω�)

4 term, which makes it possible to follow the variation
in the dispersion branch more precisely than MSB-Stiff. For MSB-Stiff higher-order, the
improvement over MSB-Generic lies in the introduction of correctors (C(2), E(2)), which
are specific to the magnitudes of the contrasts (β(2), δ(0)). Improving the dispersion by
integrating higher orders in the homogenised description is a well-known method; see, for
example, [31] for composite elastic media, [43] for mass/spring networks, and [39] for 1D
stratified media.
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Floquet-BlochMSB higher order

MSB dominant order Generic MSB dominant order

Figure 8. Dispersion relationships (large wavelength) for the system of contrasts (p = 2, q = 0)
with ε = 0.1 according to four models: MSB-Stiff (solid line), MSB-Generic (dotted line), MSB-Stiff
higher-order (dashed line), and Floquet-Bloch (dots).

5. Conclusions

The discrete medium homogenization method (HPDM) applied to multi-supported
beams yields three distinct models (29)–(31), which correspond to stiff, medium, and soft
rotation supports, respectively. Independently of the rotation springs, the stiffness of the
compression springs gives rise to the emergence of a cut-off angular frequency below which
the macroscopic dynamics is not propagative. The different models are synthesised into a
single generic model that fits the Floquet-Bloch dispersion curve up to wavelengths of the
order of three periods. Furthermore, the homogenization also provides an interpretation in
terms of macroscopic forces/moments.

A mixed “discrete/continuous” approach to the boundary conditions is proposed,
which allows the boundary conditions (natural or essential) actually applied at the local
scale to be expressed in terms of Robin-type boundary conditions on macroscopic variables.
The modal analysis performed with these boundary conditions and the generic model
gives results in good agreement with a full finite element calculation, with great economy
of numerical resources. Note that this condition can be used to define interface conditions
that allow different models to be connected.

Nevertheless, for sufficiently rigid supports whose homogenised model at the domi-
nant order is of differential order two, it is shown that the results provided by the generic
model and the “discrete/continuous” type boundary conditions can be further improved
by the dedicated homogenised model of higher order.

This work will be expanded in several directions. The findings of this study can
be extended to Timoshenko beams. The developments will be of a similar nature but
will require the introduction of another dimensionless parameter concerning the relative
effects of shear versus bending in the beams. This additional parameter will influence
the macroscopic model without modifying the general framework of the models or the
treatment of the boundary conditions.

Furthermore, it is straightforward to integrate a linear dissipative contribution to
the purely conservative supports in order to address, for instance, visco-elastic polymer
fixation systems or to deal with support foundations on soils expressed by impedance
conditions. In order to consider such supports, it is sufficient to consider springs with
complex frequency-dependent values. In this case, the dissipation introduced is transferred
to the macroscopic model, whose apparent dissipation and its frequency dependence will
depend on the beam/support system.
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It is also worth noting the possibility of dealing with high frequencies, which results
in the modulation of local beam modes following the approach implemented in [44,45].
The transposition of the mixed “discrete/continuous” boundary conditions to these high-
frequency dynamic regimes makes it possible to envisage a better consideration of real
boundary conditions.

The same method could also be used to analyse the instability of multi-supported
beams by considering the static equilibrium of bended beams in their deformed state
under the action of the normal force instead of the dynamic equilibrium expressed on the
undeformed state as assumed in this study.

Finally, these diverse perspectives also extend to the analysis of the mechanical be-
haviour of multi-supported plates or two-dimensional networks of multi-supported beams
at their nodes.
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Appendix A. Expansion of Equations of Equilibrium by Order of ε

In this appendix are presented the full expansions of the transverse and momentum
equilibria (16) to successive first orders of ε:

Order -1: {
T(−1) =0

M(−1) =δ(−1)Lθ(−1) = 0
(A1)

Order 0: ⎧⎨⎩ T(0) =0

M(0) =δ(−1)Lθ(0) +
(

δ(0) + 1
)

Lθ(−1) = 0
(A2)

Order 1: ⎧⎨⎩ T(1) =L2∂xθ(−1) = 0

M(1) =δ(−1)Lθ(1) +
(

δ(0) + 1
)

Lθ(0) + δ(1)Lθ(−1) − L∂xv(0) = 0
(A3)

Order 2:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
T(2) =L2∂xθ(0) +

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(0) − L2∂2

xv(0) = 0

M(2) =δ(−1)Lθ(2) +
(

δ(0) + 1
)

Lθ(1) + δ(1)Lθ(0) +

[
δ(2) − ρL2

210Ee2
0
(ω(1))2

]
Lθ(−1) − L∂xv(1) +

L3

6
∂2

xθ(−1)

(A4)

Order 3:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T(3) =L2∂xθ(1) +

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(1) − L2∂2

xv(1)

+

[
β(3) − ρL2

Ee2
0

2ω(1)ω(2)

]
v(0) +

13ρL2

210Ee2
0
(ω(1))2L2∂xθ(−1) +

L4

6
∂3

xθ(−1) = 0

M(3) =δ(−1)Lθ(3) +
(

δ(0) + 1
)

Lθ(2) + δ(1)Lθ(1) +

[
δ(2) − ρL2

210Ee2
0
(ω(1))2

]
Lθ(0) − L∂xv(2) +

L3

6
∂2

xθ(0)

+

[
δ(3) − ρL2

210Ee2
0

2ω(1)ω(2)

]
Lθ(−1) − 13ρL2

210Ee2
0
(ω(1))2L∂xv(0) − L3

6
∂3

xv(0)

(A5)

Order 4:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T(4) =L2∂xθ(2) +

[
β(2) − ρL2

Ee2
0
(ω(1))2

]
v(2) − L2∂2

xv(2) +

[
β(3) − ρL2

Ee2
0

2ω(1)ω(2)

]
v(1)

+
13ρL2

210Ee2
0
(ω(1))2L2∂xθ(0) +

L4

6
∂3

xθ(0) +

⎡⎢⎣β(4) − ρL2

Ee2
0
(ω(2))2 − ρL2

Ee2
0

2ω(1)ω(3) −
(

ρL2

Ee2
0

)2
(

ω(1)
)4

60

⎤⎥⎦v(0)

− 9ρL2

70Ee2
0
(ω(1))2L2∂2

xv(0) − L4

12
∂4

xv(0) +
13ρL2

210Ee2
0

2ω(1)ω(2)L2∂2
xθ(−1) = 0

M(4) =δ(−1)Lθ(4) +
(

δ(0) + 1
)

Lθ(3) + δ(1)Lθ(2) +

[
δ(2) − ρL2

210Ee2
0
(ω(1))2

]
Lθ(1) − L∂xv(3) +

L3

6
∂2

xθ(1)

+

[
δ(3) − ρL2

210Ee2
0

2ω(1)ω(2)

]
Lθ(0) − 13ρL2
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(A6)
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Abstract: Mathematical modelling of surface roughness is of significant interest for a variety of
modern applications, including, but not limited to, tribology and optics. The most popular approaches
to modelling rough surfaces are reviewed and critically examined. By providing counterexamples, it
is shown that approaches based solely on the use of the fractal geometry or power spectral density
have many drawbacks. It is recommended to avoid these approaches. It is argued that the surfaces
that cannot be distinguished from the original rough surfaces can be synthesised by employing the
concept of the representative elementary pattern of roughness (REPR), i.e., the smallest interval (or
area) of a rough surface that statistically represents the whole surface. The REPR may be extracted
from surface measurement data by the use of the “moving window” technique in combination with
the Kolmogorov–Smirnov statistic.
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1. Introduction

Tribology is the science devoted to studies of the interactions between rubbing surfaces.
It includes contact mechanics and research on friction, wear, and lubrication. Studies of
contact interactions between elastic solids started from the classic works of Hertz [1,2]
and Boussinesq [3]. They considered problems for solids having ideal canonical shapes,
e.g., elliptical paraboloids, spheres, cones, and flat-ended cylinders. However, it was
realised soon that the topography of surfaces may have a great influence on the resulting
stress–strain fields, while all engineering surfaces possesses some roughness, regardless
of their preparation method. The surface roughness and asperity deformations have very
significant influences on friction, wear, energy dissipation during the relative sliding of
surfaces, and other processes of tribology. For example, it was shown that the fatigue lives
of gears with superfinished teeth, i.e., whose average roughness was reduced by a factor
of 5, were about four-times greater than the lives of gears without the improved surface
finish [4].

The competition “Contact Mechanics Challenge” [5] was dedicated to celebrate
50 years of the Greenwood and Williamson (GW) model [6]. This research competition
was designed to test various approximate methods for solving the problem of an elastic
contact between the mathematically defined fractal rough surfaces under small adhesion [5].
Although 12 international groups took part in this “contact sport of rough surfaces”, the
results were not very impressive. The formulation of the task and the outcomes of the
competition raise doubts about their correctness: “this is disappointing as friction has been
studied since the times of Leonardo and in 500 years, no predictive model has emerged,
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nor any significant improvement from rough contact models” [7]. Thus, although no con-
vincing models so far have been presented, the international scientific community realises
that proper statistical approaches to surface roughness and modelling of contact between
the surfaces are of great practical interest, not only for the dry friction phenomenon, but
also for almost all areas of modern tribology. Here, we discuss various attempts to char-
acterise real surfaces by some statistical parameters or by various statistical models of
rough surfaces. We also discuss some standard parameters of roughness, surfaces having a
Gaussian distribution of asperity heights, along with models that are based on the fractal
assumptions or attempts to model rough surfaces by their power spectral density (PSD).
As Carpick has correctly noted, “For more realistic rough surfaces, the problem becomes a
multiscale exercise in surface-height statistics, even before including complex phenomena
such as adhesion, plasticity, and fracture” [8].

The term multiscale analysis has many rather different meanings. Usually, multiscale
asymptotic analysis is applied to systems that may be separated to subsystems whose
components have specific features at multiple temporary and/or spatial scales. If the
components or variables of the systems vary on different time or space scales, then it
is often convenient to introduce the so-called fast–slow or large–small variables. The
introduction of such variables enables the researchers to reduce the problem formulation
to problems for two or more subsystems. The multiscale analysis in application to some
physical problems is often treated as the renormalisation group method, which reduces
a difficult problem for a system to a sequence of simpler problems for separated scales.
Multiscale approaches are used in many branches of science ranging from Kolmogorov’s
multiscale approach to turbulent eddy cascade [9] to asymptotic analysis of space-periodic
steady convective magnetic dynamos in a rotating layer of incompressible electrically
conducting fluid [10]. As A. Chorin wrote in his Foreword to Barenblatt’s book [9], “We
are at the beginning of the age of multiscale science and multiscale computation, with a
growing need to understand not only phenomena on each of many scales but also the
interaction between phenomena at very different scales”.

Here, the term “scale” is related to the capabilities of the system to involve a differ-
ent physical/chemical mechanism of interaction between surfaces at each specific scale.
The model scale depends on the characteristic length under investigation, and it depends
also on the processes involved in interactions between surfaces. For example, the atomic
scale is responsible for chemical interactions (if any), the nanoscale asperities are mainly
responsible for molecular adhesion, and the microscale asperities are related to the mechan-
ical interlocking of surface protuberances and their plastic deformations. If two or more
mechanisms of interaction are involved in the model, then the model is a multiscale one.
This review does not intend to describe only recent results in the field of the analysis of
rough surfaces, but rather, it intends to provide a critical evaluation of key papers having a
crucial influence on engineers working in the area of tribology. We present a new look at
the papers that are customarily considered as the classic ones. We critically analysed these
papers and analysed some of the common misinterpretations of these paper that may be
considered as myths. Therefore, we refer to the original papers and not to recent papers,
which just repeat the common mistakes.

2. Preliminaries, Scales, and Levels of Surface Roughness

Questions related to the modelling of rough surfaces have been intensively studied; see,
e.g., the fundamental monograph by Whitehouse [11] and the references therein. In spite of
many attempts to involve surface topography in the problems of tribology, up to now, there
is no clear understanding of how roughness affects contact and dry friction phenomena.

The scale of consideration of any tribological problem is very important. For example,
further development of micro-/nanotechnologies requires studies of surfaces whose asper-
ities are at the nano-/molecular scale. Roughness has a crucial influence on the dry friction
phenomenon when liquid lubricants are not used, e.g., for nano-/microscale devices and
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devices used in a vacuum environment. The tribological properties of macro-mechanical
objects may differ by many orders of magnitude from the properties of nanoscale objects.

The following distinctions between the scales l may be introduced [12]: (i) the atomic
scale reflects the phenomena specific to the characteristic length l ≤ 1 nm, in particular
chemical interactions between surfaces; (ii) the nanoscale reflects phenomena specific to
the characteristic length 1 nm ≤ l ≤ 1 μm, mainly the van der Waals interaction between
surfaces; (iii) the microscale is specific to the characteristic length 1 μm≤ l ≤ 1 mm, namely
the mechanical interlocking of asperities or their plastic deformations.

The nanoscale has several specific features. For example, studying the asperities of
crystalline materials, one has to take into account the Polonsky–Keer effect: “when asperity
size decreases and becomes comparable to the characteristic microstructural length, contact
plastic deformation becomes increasingly difficult, and finally impossible”. Hence, “below
a certain threshold asperity size, the microcontact response becomes purely elastic” [13,14].

Another very importance feature of real surface roughness is its multilevel nature.
In 1957, Archard argued that real roughness has a hierarchical multilevel structure and
presented an iterative procedure of the model construction [15]. In fact, he considered a
spherical punch of radius R0 that was covered by small spherical asperities of radius R1
superimposed on the initial sphere. In turn, the latter set of asperities was covered by the
next generation of spherical protuberances of radius R2, and so on. Note that the Archard
construction leads to a number of overlapping regions, and hence, it was noted [16] that
the Archard profile is not a self-similar fractal, contrary to the statement of Greenwood and
Wu [17].

Let us specify our terms. The model is hierarchical if its vertical construction consists
of several generations of asperities. The question of whether a surface topography may
be specified as multilevel is related to the surface structure and to whether the asperities
of the m-th generation are located at the same height or not. If all asperities of the same
generation are located at the same height, then it is a single-level model, even if it was a
multiscale model, i.e., the configuration of the model would allow the single-level asperities
to be engaged in the mechanisms of the interactions between surfaces specific to at least
two length scales. If the location heights of the same-generation asperities vary, then it is a
multilevel model. For example, the CB profile introduced by one of the authors (F.B.) [16,18]
and some modifications of the profile (see, e.g., [19–21]) are single-level models, while the
profile introduced by Borodich and Onishchenko [22,23] is a multilevel model.

It is interesting to note that, although the statement that the roughness or attachment
devices of animals exhibit a multilevel hierarchical structure is currently widely accepted,
and it is attributed to the findings by S. Gorb (Kiel University) and his colleagues [24],
along with other experts in the biology of animals [25], the Archard concept of a hierarchi-
cal multilevel “bump on bump” or “protuberances on protuberances on protuberances”
structure of surface roughness remained largely undeveloped until 1993 when Borodich
and Onishchenko [22] introduced the multilevel hierarchical model of roughness.

The Archard concept was employed in numerical simulations of friction between a
rough surface and a nominally flat slider that was represented as a multiscale, hierarchical
system of connected deformable components [12]. The friction force has been calculated as
the ratio between dissipated energy Udissipated and sliding distance x. The assumption of the
vacuum environment allowed reducing the energy dissipation to three sources: (i) breaking
of metallic bonds, which corresponds to the atomic scale (Uchemical); (ii) breaking of van der
Waals bonds, which corresponds to the nanoscale (UvdW); and (iii) mechanical interlocking
of asperities at the microscale (Umechanical), i.e.,

Ff =
Uchemical + UvdW + Umechanical

x
.

In this case, the friction coefficient μ can then be expressed as μ = Udissipated/(P+ A), and it
can be split into several components attributed to the mechanism of energy dissipation [26].
Here, P is the normal force and A is the force of adhesion.
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Because the elastic components of the slider of different scales are coupled, a de-
formation of any asperity of the model causes deformations of the whole system, i.e.,
the assumptions that the asperities act independently was not used. In this model, the
Polonsky–Keer effect [13,14] was taken into account in application to nanoscale asperities
for the first time. This effect is the reason that the atomic-/nanoscale asperities do not have
plastic deformations even under very high pressure.

3. Early Methods of Roughness Characterisation and Contact Problems for Rough Surfaces

Let us consider a solid that nominally occupies a negative half-space z ≤ 0. We use the
Cartesian x, y, z coordinates. The solid is bounded by a nominally flat rough surface. Take
a plane y = 0 perpendicular to such a surface, then the cross-section between the surface
and the plane is referred to as a surface profile or a roughness profile z(x). The origin (O)
of the Cartesian coordinates x, y is at the point of initial contact between the Atomic Force
Microscope (AFM) or the stylus probe and the surface. We will consider profiles of nominal
length L or 2L.

Let z̄ denote the mean profile line, i.e.,

1
2L

∫ L

−L
[z(x)− z̄]dx = 0,

where 2L is the nominal length of the profile, i.e., the length of projection of the profile on
the boundary plane.

In practice, we measure the roughness at equidistant points x1, x2, . . . , xn, where
x1 = 0. Evidently, z̄ = 0 due to the choice of the origin of the coordinate system.

3.1. Some Popular Statistical Parameters of Roughness

Let us introduce the density probability function φ(z), which shows the probability
that the height z(x) at a surface point x is between z and z + dz. The right-tailed cumulative
distribution function of the surface heights Φ(z) is defined as

Φ(z) =
∫ ∞

z
φ(t) dt.

In 1933, Abbott and Firestone [27] suggested to calculate the total length of the slice of
the profile above the level z = h and equating this length to Φ(h). Apparently, this was the
first use of statistical tools in application to surface roughness. In tribology, this function is
called the Abbott–Firestone, Abbott, or bearing area curve.

After the Abbott–Firestone curve was introduced, there was a period that was charac-
terised by Whitehouse [28] as, “the parameter rash”, because a huge number of statistical
parameters of roughness were introduced. These characteristics were related to the vertical
distribution of heights, the horizontal distribution of the rough profiles, and the shapes
of asperities [29]. Apparently, the most popular height parameter is the maximum height
Rmax of the profile z(x) defined on an interval [−L, L], which is defined as

Rmax = max
x∈[−L,L]

z(x).

The arithmetical mean deviation of the surface Ra and the root-mean-squared (rms) height
Rq are also very popular parameters of surface roughness:

Ra =
1

2L

∫ L

−L
|z(x)| dx ≈ ∑n

i=1 |z(xi)|
n

, Rq =

[
1

2L

∫ L

−L
[z(x)]2 dx

]1/2

,

where n is the number of points of measurements on the interval and z(xi) is the measured
height at the interval point xi. Note that Rq is the square root of the mean-squared deviation
with respect to the mean profile line z̄ = 0.
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More than 30 statistical parameters of roughness are currently in use [29]. In spite
of these attempts, there is no clear understanding of how these parameters affect contact
and friction. This situation may confuse practical engineers because the engineers should
follow the standards, while the European and British standard [30] contains over 20 surface
and profile parameters. The situation is worse in the American standard [31] because
the local engineers followed the fashion to use the so-called fractal terminology and they
included in the standard not only all parameters of the European standard, but also many
additional parameters, including procedures for the evaluation of surface topography using
the fractal parameters.

Although some statistical parameters of roughness, e.g., the Abbott–Firestone curve,
may be quite useful for specific engineering purposes, most of them are rather useless [28].

3.2. Contact Problems for a Thin Elastic Layer

The Abbott–Firestone curve is a quite useful parameter that may be correlated with
the contact properties of the rough surfaces. For example, consider a rough punch that
contacts a soft thin elastic coating on a hard elastic half-space. It is known (see, e.g., [32,33]
and the references therein) that, if the characteristic size of the contact region is larger than
the layer thickness, then the leading term of the asymptotic solution may be represented
as the contact between the punch and the Fuss–Winkler foundation, which is also known
as the spring bed mattress elastic foundation [34]. If the half-space is rigid and E and ν
denote, respectively, the elastic modulus and Poisson’s ratio of the layer, then the spring
constant k of the Winkler–Fuss spring layer is

k =
E(1− ν)

h(1 + ν)(1− 2ν)
.

In this case, the compressing force is

P(δ) = kV(δ),

where V(δ) is the volume of the body under the cross-section of height z = δ.

3.3. Zhuravlev and Kragelsky Models of Contact between Rough Elastic Surfaces

In 1940, Zhuravlev presented a statistical model of contact between rough
surfaces [35,36]. It was assumed that spherical asperities of the same radius R have
various heights, and therefore, their number at a specific height ξ increases as the level of
consideration goes deeper into the rough surface.

Assuming the distribution of the summits of the asperities at various levels ξ of a
surface element are characterised by a function φ(ξ) (the same for both surfaces) and
employing the Hertz contact model for each asperity, he wrote the general relation between
the contact force P and the area A of true contact

P =

√
2R

3πk1N

∫ x/2

0

∫ x/2

0
[x− (ξ1 + ξ2)]

3/2φ(ξ1)φ(ξ2)dξ1dξ2,

A =
πR
2N

∫ x/2

0

∫ x/2

0
[x− (ξ1 + ξ2)]φ(ξ1)φ(ξ2)dξ1dξ2, (1)

where x is the relative compressing displacement of contacting surfaces, N is the total
number of asperity summits situated at various levels of the nominal unit element of
contacting surfaces from the highest summit to the level of depth x, k1 = (1− ν2)/πE, ν is
the Poisson ratio, and E is the Young modulus of the material. It was shown that, if φ(ξ) is
linear, then analytical integration of the expressions (1) is quite easy and A ∼ P10/11.

In 1948, Kragelsky [37] developed the statistical approach of Zhuravlev and modelled
contact and friction between two surfaces having different roughness. Instead of spherical
asperities, he considered asperities as a number of rods at various heights based on a rigid
plane. He argued that his model gives qualitatively the same results as the Zhuravlev one.
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He noted that roughness may have a Gaussian distribution of heights; however, the use of
this distribution would necessarily lead to numerical integration of general expressions.
Hence, for the demonstration of the model applications, he used only linear function φ(z),
as Zhuravlev did.

3.4. The Greenwood and Williamson Contact Model

The Greenwood and Williamson (GW) model [6] is based on the same assumptions as
the Zhuravlev one; however, they developed the model considerably by studying also plas-
tic deformations of asperities. In addition, as Greenwood noted [38], the Greenwood and
Williamson model, “improves on Zhuravlev by assuming a Gaussian height distribution
(still of identical spherical caps)”. In fact, the calculations were performed not for a Gaussian
height distribution, but rather, for an exponential distribution of the sphere summits.

We need to comment that, for processes at the nanoscale, the improvements of the Zhu-
ravlev model by Greenwood and Williamson are rather imaginary. Indeed, the nanoscale
asperities do not deform plastically due to the Polonsky–Keer effect, while the height
distribution of asperities is often non-Gaussian.

The use of the Zhuravlev–Greenwood–Williamson-type models assumes that the
radius of the summits of surface asperities is known. If the roughness is isotropic, then
the surface roughness z(x, y) is characterised by just a profile z(x). If the profile heights
zm = z(xm) are measured with a regular stylus or AFM step τ, i.e., one observes zm, then
the curvature (κ) of a protuberance zm can be defined as

κ = −(zm−1 + zm+1 − 2zm)/τ2

where zm−1, zm+1 < zm [39]. Whitehouse and Archard [40] found that different sampling in-
tervals gave different mean curvature, i.e., the mean curvature is a scale-dependent parameter.

4. Surface Topography as a Realisation of a Gaussian Process

In addition to attempts to characterise the roughness of nominally flat surfaces by
the selection of several roughness parameters, there are very popular models of surface
topography as realisations of random processes. A core assumption underlying most of
these models is the normality (Gaussian distribution) of asperity heights, either explicitly
stated or implied.

Models considering roughness as realisations of Gaussian (normal) processes are
well established. The vast majority of research employing statistical methods for surface
roughness description relies on the assumption that asperity heights follow a Gaussian
distribution. A Gaussian surface is completely defined by two parameters, a mean and a
covariance function K(δ) [40,41]:

K(δ) = lim
T→∞

1
2T

∫ T

−T
[z(x + δ)− z̄][z(x)− z̄] dx = 〈[z(x + δ)− z̄][z(x)− z̄]〉.

The function K(δ) measures the statistical dependence of the height values of roughness at
two points separated by the distance δ and, therefore, influences the horizontal distribution
of the asperities of a rough surface profile. Indeed, one needs to specify both the vertical
and horizontal distributions because, as was clearly formulated by Maugis [42], two profiles
may have the same height and peak height (local extrema) distributions, but they may
differ in the horizontal behaviour. Instead of K(δ), one can use its Fourier transform, the
power spectral density (PSD) G(ω) of the signal frequency ω:

G(ω) =
2
π

∫ ∞

0
K(δ) cos ωδ dδ.

The idea to model rough surfaces as such surfaces may be traced back to Linnik and
Khusu [43,44] and Whitehouse and Archard [40]. In fact, Linnik and Khusu suggested to

123



Mathematics 2024, 12, 1804

describe surface roughness using graphs of a stationary Gaussian random process having a
covariance function [43]:

K(x) = K(0) · e−α|x|,
where K(0) and α are the parameters of the roughness.

Various mathematical properties of Gaussian (normal) surfaces were intensively stud-
ied (see, e.g., [41,45] and the references therein). Many researchers studied non-adhesive
contact problems for surfaces having Gaussian roughness (see, e.g., [42,46,47]), while sev-
eral models of adhesive contact between such surfaces were developed by Fuller, Tabor,
and Galanov [48–51]. However, to use these models, one needs to demonstrate that the
surface roughness follows a Gaussian distribution. Unfortunately, the tools developed for
Gaussian surfaces are often used without proper justification in application to surfaces
whose height distribution is non-normal.

There exist various tests of normality of experimental data [52]. The most popular
tests of normality are the Kolmogorov–Smirnov (KS), Lilliefors (LF), Shapiro–Wilk (SW),
Anderson–Darling (AD), Cramer–von Mises (CVM), Pearson, and Shapiro–Francia (SF)
ones. Our statistical analysis of grinding surface roughness showed that the distribution
is not normal, either at the micro- or nanoscale [53]. The height distribution is normal for
polishing papers with nominal asperity sizes of 0.3, 1, 3, 9, and 12 μm [54]. The roughness
of carbon-based coatings deposited by direct current pulsed magnetron sputtering was
normal at the microscale and at the nanometre scale, when AFM measurements were taken
with 117 nm steps, while the same surface measured with the 10 nm AFM steps showed
that the roughness of the non-biased sample was not normal [55]. Thus, there are many
cases when the models developed for Gaussian surfaces are not applicable.

5. Models of Roughness Based on the Use of Fractal or PSD Concepts

The concept of “fractals” is often used in various applications. Many researchers
believe that they understand the concept very well. However, their belief is usually based
on the consideration of self-similar sets such as the von Koch curve, the Sierpinski carpet, or
the Cantor discontinuum, i.e., the sets that are described in the book for Russian teenagers
published by Vilenkin in 1965 [56]. The difficulty of studying fractals is caused by the
rather vague description of the subject introduced by Mandelbrot [57]. As Greenwood
commented on the situation: “Mandelbrot is somewhat reluctant to define ’fractals’ or
’fractal dimension’ preferring to offer examples” [39]. This is true (see, e.g., [58]). The lack of
established definitions has led to the situation that the papers dedicated to fractal analysis
of applied problems are often based on the repetition of common myths about fractals,
which are uncritically reported in a number of papers. As we have mentioned earlier [59],
the state-of-the-art approach is replaced by the state of-the-street one or, in another words,
by the vulgar fractal approach.

There are many papers trying to model roughness using fractal language. It is argued
here that the researchers should avoid the fractal approaches at least in application to
problems of tribology because these approaches do not have rigorous mathematical support
and they suffer from the lack of clear definitions of the main concepts. In addition, during
the last couple of decades, many papers have been published that tried to model rough
surfaces by their power spectral density (PSD). Unfortunately, the overwhelming majority
of these papers are just some interpretations of the fractal approaches. Hence, papers based
on the employment of fractal or PSD approaches are considered together here because they
share the same drawbacks.

5.1. The Weierstrass–Mandelbrot Function

The use of fractal concepts in tribology is due to the comment of Berry and Hannay [60]
on the results by Sayles and Thomas [61], who observed the power-law behaviour of the
scaled PSD of many real surfaces. Later, Berry and Lewis published a very popular pa-
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per [62], where they studied in detail the Weierstrass function modified by Mandelbrot [57].
They called this function W of complex variable t:

W(t; p) =
∞

∑
n=−∞

p(D−2)n(1− eipnt)eiφn , 1 < D < 2, p > 1,

the Weierstrass–Mandelbrot (W-M) function. Here, p is a parameter and φn are arbitrary
phases that can be chosen so that W exhibits either deterministic or stochastic behaviour. D
is equal to the box-counting (fractal) dimension of the graph of W(t). They also considered
the real part of the W-M function with φn = 0:

W1(x; p) =
∞

∑
n=−∞

p(D−2)n(1− cos pn)x, (2)

A paper by Majumdar and Bhushan [63], which had a big impact on the tribology
community, suggested to measure the PSD of a real rough surface and replace studying the
surface by studying a truncated W-M function:

W̃1(x; p) = Λ(D−1)
∞

∑
n=n1

p(D−2)n cos 2πpnx, 1 < D < 2, p > 1, (3)

having the same PSD. The integer number n1 corresponds to the low cut-off frequency of
the profile, and Λ is the so-called characteristic length scale of the profile.

The first papers where contact problems were studied for fractal-shaped indenters
were published in 1991 [18,64]. In [18], the CB profile was introduced, and the model
has been discussed above. The model of elastic–plastic contact presented by Majumdar
and Bhushan (M-B) employed the fractal W-M function (3). Borodich argued that the
M-B model’s assumptions are controversial and the M-B model exhibits inherent flaws.
Indeed, the model employs of superposition of the solutions of the nonlinear Hertz-type
contact problems with non-fixed contact regions. Evidently, one cannot decompose the
W-M function and use such superposition; nevertheless, it was used by many authors (see,
e.g., [64,65]). In addition, the Hertz approach is not applicable to their model because the
ratio of the contact radius to the radius of the asperity goes to infinity as the number of
generations of the prefractal increases [66]. Although this M-B model was withdrawn by
Bhushan, who wrote that, he, “now finds that any fractal characterisation model including
M-B model does not give unique values of fractal parameters” for roughness [67] and “the
fractal approach is not practical for engineering surfaces” [68], it is still very popular and it
is discussed by many researchers.

5.2. Mathematical and Physical Fractals

Studying fractal approaches to solid mechanics, one of the authors (F.B.) realised that
one should clearly distinguish mathematical and physical fractals [69]. Although both kinds
of fractals use the concept of a cover of the object (surface) by cubes or spheres of some size
δ, they are fundamentally different. Indeed, mathematical fractals are studied considering
limits for δ → 0, while physical fractals have to demonstrate a kind of power-law behaviour
in some interval between the lower δ∗ and upper Δ∗ cut-offs.

5.2.1. Some Features of Mathematical Fractals

Graphs of mathematical fractal curves are nowhere differentiable. Any part of a rough
profile modelled as a mathematical fractal has infinite length. Hence, one cannot use such
concepts as the surface energy or work of adhesion, and one can only use the concept of
the energy attributed to a unit of fractal measure [70].

One cannot use the concepts of tangential and normal vectors for a solid having a
fractal boundary. Even to formulate and prove the Gauss–Ostrogradsky theorem, one
needs to use quite sophisticated mathematical tools [71].
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It has been proven that the box-counting (Minkowski) fractal dimension of the W-M
function graph (2) is equal, D, while nobody could calculate the Hausdorff (Hausdorff–
Besicovitch) dimension of the graph. Hence, it is difficult to understand the statement [72]
that’ “for the Gaussian-based models that we have in mind, all the common definitions are
applicable, and all produce the same numerical value for the dimension”.

Thus, modelling of surface roughness by a mathematical fractal translates the difficult
problem of tribology to the more difficult problem of mathematical physics.

5.2.2. Limits of Physical Fractal Description of Roughness

Although it was often claimed that the fractal dimension is a scale-independent
or scale-invariant parameter of roughness (see, e.g., [18,64]), this is not true. A research
group from the Hebrew University of Jerusalem analysed data published in Physical Reviews
journals. They showed that the so-called fractal behaviour spreads usually for just 1.5 orders
of magnitude [73,74]. Mandelbrot disagreed with the conclusion of the Jerusalem group;
he said that the prevalence of published examples demonstrating power-law correlations
in tribology research might be attributable, in part, to an over-enthusiasm for the PSD
approach, potentially exacerbated by limitations in the peer-review process [75]. However,
the group insisted that limited-range relations for physical fractals dominate observations
in Nature [76]. If the FD value remains stable for less than two or three orders of magnitude,
the fractal approach becomes impractical, as Whitehouse pointed out [77]. Indeed, in
this case, if the lower cut-off of the observed power-law behaviour of roughness is, say,
δ∗ = 10 nm, then the upper cut-off is just Δ∗ = 310 nm, and one needs to use another
model for microscale roughness.

5.3. Parametric–Homogeneous Rough Surfaces

One can understand better the properties of the W-M function employing the theory of
parametric–homogeneous (PH) functions introduced and developed by Borodich [78–80].
In fact, applications of the concept to contact problems was discussed at ICTAM in Haifa
in 1992 [81]. In particular, the concept includes PH and parametric–quasi-homogeneous
(PQH) functions. They are defined in the following way. The function Bd : Rn → R is
called a PQH function of degree d and parameter p with weights α = (α1, . . . , αn) if there
exists a positive parameter p, p �= 1 such that it satisfies the following identity:

Bd(pmα1 x1, . . . , pmαn xn; p) = pmdBd(x; p), m ∈ Z.

The PH functions Bd are the particular case of PQH functions when α1 = . . . = αn.
From the definition of the PQH function, one can obtain the following properties. Any

PQH function of zero degree B0 : Rn
+ → R is an automorphic function with respect to a

discrete group of quasi-homogeneous dilations Γpαm , where Γpαm x = (pmα1 x1, . . . , pmαn xn).
For each Bd : Rn

+ → R, there exists a homogeneous function of degree d Hd : Rn
+ → R

and a PQH function of zero degree B0 : Rn
+ → R such that

Bd(x; p) = Hd(x)B0(x; p).

In fractal geometry, the quasi-homogeneous dilations of coordinates are usually called
the self-affine dilations. The graphs of PH functions can be smooth, e.g., the log-periodic
sinus functions, or they can be nowhere differentiable, in particular fractal. It can be shown
that such base sets used in fractal geometry as the von Koch curve, the W-M function, and
the Cantor staircase are examples of PH sets. However, in general, the fractal properties of
a curve and the PH property are independent of each other.

The W-M function is a PH function of degree d = (2− D) and parameter p; hence,
the graph of W1(x; p) has a specific trend that can be described as x2−D. The function is
a particular example of a fractal PH function, and it cannot be considered as the general
fractal model of rough surfaces.
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5.4. PSD Approach to Rough Surfaces

Over the past two decades, the PSD approach has gained significant traction within
the tribology community (see, e.g., [82,83]). In fact, the authors of the papers have focused
solely on the PSD to characterise rough surfaces in tribology.

It was noted that quantities varying with time have often fractal graphs, and one way
in which their fractal nature is manifested is by a power-law behaviour of the covariance
function K(x) [84]. This note was misinterpreted in many papers, which assumed that, if
K(x) and, respectively, G(ω) have power-law behaviour, then the graph or profile is fractal.
For example, Persson [83] states that the power spectrum of a self-affine fractal surface is
G(ω) ∼ ω−2(H+1), where H is the Hurst exponent and H is related to the fractal dimension
as D = 3− H.

Actually, one can find the last statement in many other papers, i.e., it is often assumed
that the scaling properties of rough surfaces are defined by the exponent H (the Hurst
exponent), and the fractal dimension D of the surface or a profile can be calculated as
H = E−D. Here, E is the Euclidean dimension of the space: E = 3 for a surface and E = 2
for a curve. This is usually explained by an example saying that, under quasi-homogeneous
scaling of coordinates x → λ1x and y → λ2y, the fractal surfaces appear as approximately
the same or

x → λx; z(x)→ λHz(x).

Here, λ1 = λ > 0 and λ2 = λH are scaling factors. Using the above-mentioned properties
of PQH and PH functions, one can construct a function having an arbitrarily given box-
counting fractal dimension D and an arbitrarily given trend xH , H > 0 (see the examples
in [78,79]). Hence, the term Hurst exponent is ill-defined and the statement that the fractal
dimension D = E− H is not correct.

5.5. Some Counterexamples to Popular Statements of Fractal and PSD Approaches
5.5.1. PSD of Some Smooth PH Functions

Let us show that the connections of the fractal dimension and the slopes of PSD func-
tions in logarithmic coordinates are meaningless. Let us show that some functions having
smooth graphs may have a power-law PSD. Consider a smooth PH unction, namely a sin
log-periodic function. Figure 1 shows the power spectra for z(x) = sin(2π ln(x)/ ln(p))
with x ∈ [0.0001, 1].

Figure 1. The power spectra of the profile z(x) = sin(2π ln(x)/ ln(p)) for x ∈ [0.0001, 1] with p = 3.5
(black), p = 2.5 (red), and p = 1.5 (blue).

Although the function itself is not fractal, its power spectrum exhibits a linear trend
on a logarithmic scale within a specific range.
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5.5.2. PSD Does Not Describe the Contact Properties of Surfaces

Using rather vague arguments, Persson represented the diffusion of stress fields in
a solid contacting with a rough counterpart using the diffusion equation [85]. Criticising
the Persson approach [85], Borodich [86] wrote that two punches with identical fractal
surface textures can exhibit distinct asymptotic behaviours in their load–displacement
relationships, depending on whether they are positioned above or below the surface. Then,
it was shown [53] that any surface and its replica have the same PSD; therefore, it is not
sufficient on its own to fully characterise the contact properties of rough surfaces. In spite
of this critique, this erroneous approach has been multiplied in a number of papers; see,
e.g., [87].

Let us demonstrate this by simple examples. A rough surface has asperities and
valleys that can be schematically considered as pins whose tips are directed up and down
(Figure 2a). If the surface was polished, then the asperities (the pins whose tips are directed
up) were removed (Figure 2b).

(a) (b)

Figure 2. Schematic representations of surfaces: (a) up (asperities) and down (valleys) pins; (b) down
pins (asperities were removed).

Now, let us consider a solid that is described by the fractal Mandelbrot function. It is
evident that, for the tribological effect of contact between the solid and the intact rough
surface having sharp asperities, the pins whose tips are directed up (Figure 3a) and the
polished surface that is the replica of the former one (Figure 3b) will be rather different.
However, the PSD of the former and the latter surfaces are the same. As a Russian poet
S. Marshak wrote ironically about a philosopher [88], “The world,” he taught, “is my
representation!”. When his son stuck a pin under the seat of his chair, he cried out, “Horror!
How terrible is my representation!” Thus, the rough surfaces cannot be represented solely
by the PSD.

(a) (b)

Figure 3. Schematic representations of contact between a fractal solid and two surfaces: (a) up and
down pins; (b) down pins (a polished surface).

5.5.3. PSD of Truncated Weierstrass–Mandelbrot Functions

Now, we demonstrate that the slopes of the PSD for different truncated Weierstrass–
Mandelbrot functions are almost the same.
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Let us consider two truncated Weierstrass–Mandelbrot functions:

Ct(x; p) =
N

∑
n=−N

p−(2−D)n(1− cos(pnx)), A(x; p) =
N

∑
n=−N

(−1)n p−(2−D)n sin(pnx),

where N is a large natural number, p > 1, and D ∈ (1, 2). In addition, let us consider a
function xD−2Ct(x; p). If N → ∞, then Ct(x; p) → C(x; p) and D is their box dimension;
however, they have different trends.

Let us fix the values p = 1.6 and D = 1.6 and vary N. The PSDs for these functions
can be calculated numerically and are presented in logarithmic coordinates in Figure 4.

Figure 4. The power spectra of the profile Ct(x; p) (black) and the profile xD−2Ct(x; p) (red) for
x ∈ [0, 1] with p = 1.6, D = 1.6, and N = 10, 25, 50, 100.

One can see that the average PSDs are approximately the same, while the functions
are rather different.

Now, let us fix the values p = 1.6 and N = 100, vary D, and numerically calculate the
PSD for the obtained functions. The results are presented in logarithmic coordinates in
Figure 5.

Figure 5. The power spectra of the profile Ct(x; p) (black) and the profile xD−2Ct(x; p) (red) for
x ∈ [0, 1] with p = 1.6 and N = 100 for D = 1.3 (left) and D = 1.8 (right).

Note that, for N = 100, the graphs of Ct(x; p) and xD−2Ct(x; p) are very close to the
graphs of the PH functions of degrees d = 2− D and d = 0, respectively. We know that
these functions have the same D and different trends (see the discussion above), while the
slopes of their PSDs are almost equal.

The same procedure we have outlined can be directly applied to analyse A(x; p) and
xD−2 A(x; p). The PSDs for these profiles are shown in Figure 6.
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Figure 6. The power spectra of the profile A(x; p) (black) and the profile xD−2 A(x; p) (red) for
x ∈ [0, 1] for x ∈ [0, 1] with p = 1.6 and N = 100 for D = 1.3 (left) and D = 1.8 (right).

We see that to the same conclusion holds as above.

5.5.4. PSD of Polished Surfaces

As has been mentioned, enhancing the surface finish can significantly extend the
lifespan of gears [4]. Considering the roughness of polished parts, Chen et al. [89] argued
that, after vibratory polishing, some elements of the topography of the initial surface
and the topography of the polished parts coexist in the final topography. To model the
topography obtained, they discussed the Pawlus superposition method [90] and the Tang
method [91]. Let us use some ideas of the Pawlus superposition method. Let an intact
surface be described by a realisation f1(x) of a Gaussian process. Let us assume that
the topography of polished parts is described by 0.1 f2(x), where the profile f2(x) is a
realisation of another Gaussian process. Hence, the fully polished surface is described by
f3(x) = min[ f1(x), 0.1 f2(x)], shown in Figure 7.

Figure 7. The “polished” profile f3(x) = min[ f1(x), 0.1 f2(x)], where the profiles f1(x) and f2(x) are
realisations of independent Gaussian processes.

Figure 8 shows the power spectra for the profile f1(x) (black), the profile f2(x) (red),
and the “polished” profile f3(x) = min[ f1(x), 0.1 f2(x)] (blue).

Figure 8. The power spectra for the profile f1(x) (black), the profile f2(x) (red), and the “polished”
profile f3(x) = min[ f1(x), 0.1 f2(x)] (blue).
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These three surface profiles, despite exhibiting distinct appearances and tribologi-
cal properties, surprisingly share the same exponent of 1.95 in their power spectra, i.e.,
G(ω)∼1/ω1.95. Thus, the slope of the power spectral density alone is not sufficient to
characterise the tribological properties of polished surfaces.

6. Statistically Justified Descriptions of Surface Roughness

The process of mimicking a real surface in order to create a synthetic surface is
called the surface synthesis. Synthesised surfaces offer tremendous value to tribology
researchers. By enabling the creation of surfaces with controlled properties, they allow for
the modelling and investigation of various tribological phenomena, such as friction, wear,
etc. [92]. It is assumed usually that some characteristics of synthetic roughness are the same
as the characteristics of the original surface. The chosen characteristics may be taken as
some characteristics from the international standards [30,31], the fractal dimension of the
roughness, or its PSD function. It can be also assumed that the roughness may be described
by some random process, e.g., the Gaussian process. However, one has to justify that a new
surface has the same statistical properties as the original one. As has been demonstrated
above, these methods of surface synthesis have various drawbacks, and usually, they do
give a solid statistical support. Therefore, we will discuss a statistical approach to problems
related to the synthesis of rough surfaces of solids introduced by two of the authors (F.B.
and A.P.).

Similar to the notion of the representative elementary volume used in the mechanics
of random inhomogeneous materials, we introduce the notion of the representative ele-
mentary pattern of roughness (REPR) and the statistically representative pattern of surface
roughness (SRPSR). The REPR is the smallest interval (or area) of a rough surface that
statistically represents the whole surface. Hence, from a statistical point of view, the REPR
cannot be distinguished from the original rough surface. For patterns smaller than the
REPR, a representative property cannot be obtained. Indeed, the Kolmogorov–Smirnov
(K-S) statistic is a nonparametric goodness-of-fit test, which may be used to determine
whether two distributions differ, i.e., the K-S statistic may test whether a given set of data
(its empirical distribution) deviates significantly from a hypothesised reference distribution
or another set of data. The K-S statistic provides a solid statistical support to the described
method and enabled us to extract the REPR of the surfaces. This will enable us to synthesise
simpler surfaces with equivalent roughness in terms of the height distribution.

The employment of some statistical techniques of time series analysis, e.g., the moving
window technique, may be effectively used for the extraction of the REPR from the experi-
mental data [93]. The moving window techniques are novel only for their use in tribology;
however, these techniques are used in many methods of time series analysis, in particular
in Singular Spectrum Analysis (SSA) methods [94]. It is known that the SSA methods may
be effectively used in many areas of applied statistics, and they are not computationally
demanding [95,96]. The presented algorithm for the determination of the REPR is even
simpler than the SSA algorithm. The REPR algorithm has been described by the authors
elsewhere [97]. It should be applied to representative sets of roughness profiles.

For the sake of simplicity, we describe it here just for one profile, which is described as
heights z1, z2, . . . , zN .

Take the moving window of length Ns, where Ns < N, and slide it along the profile.
Specifically, for the starting point i, 0 ≤ i ≤ N − Ns, take a subset series of heights within
the sliding window (zi+1, zi+2, . . . zi+Ns).

Compute the similarity between the long series z1, z2, . . . , zN of the profile and the
subset sample with the shift i using the Kolmogorov–Smirnov statistic:

DN,Ns :i = sup
x

∣∣∣FN(z)− FNs :i(z)
∣∣∣,

where FN(z) and FNs:i(z) are the cumulative distribution functions for two samples, respectively.
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For the fixed window of length Ns, define a subset sample that minimises the
Kolmogorov–Smirnov statistic with respect to the shift i. Also, we consider the KS-based
distance measure defined by

DN(Ns) = min
i=0,...,N−Ns

DN,Ns :i

as a function Ns.
Choose Ns such that the measure DN(Ns) is close to zero and Ns is not big, e.g., take

Ns as the smallest integer such that DN(Ns) < 0.05.
Let us consider an example. From real profilometer measurements of a cooper engi-

neering surface of length N = 668, one can obtain the REPR of length Ns = 52, as is shown
in Figure 9. As one can see, this REPR does not behave like a fractal or a realisation of a
Gaussian process.

Figure 9. The REPR for the roughness data obtained by a profilometer; N = 668, Ns = 52, and
i = 423.

However, we need to find the size of the moving window and its location such that
the appropriate pattern (the SRPSR) satisfies not only the condition that it is entirely
typical of the whole surface, but also it satisfies some additional conditions depending
on the contact problem formulation and the numerical solver used. For example, the
synthesised surface may be used by the Polonsky–Keer solver of contact problems for
rough surfaces [98,99] based on the use a Fast Fourier Transform (FFT). It is known that
the Fourier Transform converts a signal or a graph of a function to the frequency domain.
In the case of measurements of roughness, one needs to use a discrete Fourier Transform,
which is a rather slow process having complexity O(n2), where n is the number of discrete
measurements. The Fast Fourier Transform (FFT) may greatly reduce the complexity of
computation to O(n log n). However, the classic realisations of the FFT algorithm, e.g., the
Cooley–Tukey algorithm, are usually restricted to power-of-two sizes. Hence, if the the
Cooley–Tukey or a similar FFT algorithm is employed in the contact solver, then the REPR
should be extended to 2n points.

Another restriction is that the direct employment of the REPR for the synthesis of a
surface may cause artificial stress singularities. For example, for a profile (i.e., in the 2D
problem), to avoid stress singularities, one can request that the heights at the first point
and at the last point are the same.

It is assumed that the synthetic surfaces based on the described REPR techniques will
be used within the framework of various contact solvers. For example, the REPR-based
method may be combined with the Polonsky–Keer algorithm, which has demonstrated
its effectiveness for solving various problems of contact between rough surfaces (see,
e.g., [100]).

7. Conclusions

Enhancing engineers’ ability to predict real-world tribological behaviour requires mod-
elling the key features of rough surfaces across various roughness scales. The multiscale
approach is crucial for accurately capturing the complex interactions that occur between
contacting surfaces. If a tribological problem under consideration is governed by both
atomic/nano- and microscale phenomena, then the synthesis of surfaces should be based
on data obtained by a stylus, or white light interferometry (at the microscale) and AFM, or
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confocal microscopy (at the atomic/nanoscale). The REPRs should be obtained for both
sets of measurements.

Using examples, it was demonstrated that the many common statements about fractal
or power spectral density function are wrong or just meaningless. Some terms are ill-
defined, and papers based on the employment of the PSD and their applications to rough
surfaces create just “new clothes” for the vulgar fractal approach.

It is argued that the use of two new concepts, namely the representative elementary
pattern of roughness (REPR), i.e., the smallest interval (or area) of a rough surface that
statistically represents the whole surface, and the statistically representative pattern of
surface roughness (SRPSR) enabled us to synthesise surfaces that cannot be distinguished
statistically from the original rough surfaces. To extract the REPR from the experimental
data, one can use some modified statistical techniques of time series analysis, e.g., the
moving window technique. Using the Kolmogorov–Smirnov statistic, one can prove that
the surfaces consisting of the REPRs are statistically the same as the original surfaces.
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of other corrections appeared at the next order, contrary to the previous asymptotic developments for
fluid-loaded plates not assuming a light fluid loading scenario.
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1. Introduction

Numerous problems involving vibrating structures under fluid loading have been
studied in the literature since the late nineteenth century; for example, see “Theory of
Sound” [1] by Lord Rayleigh. The theoretical analysis on the subject most often makes use
of 2D structural theories such as the classical Kirchhoff theory for thin elastic plates, e.g.,
see the 1988 Rayleigh medal lecture [2] and the books [3,4]. Ideally, approximate coupled
models in fluid–structure interaction have to be mathematically justified starting from
3D dynamic theory in linear elasticity. At the same time, until recently, there have been
limited attempts to address this matter, mainly using the traditional formulations based
on 2D engineering structural theories using analytical methods [5–9], as well as [10–14]
promoting experimental and numerical techniques. As an exception, we mention the
paper by Johansson et al. [15], attempting to address this problem in the context of a fluid-
loaded elastic plate but lacking an asymptotic consistency. We also mention a previous
effort to adapt refined asymptotic setups for thin elastic shells not in contact with fluid to
fluid–structure interaction problems; e.g., see [16]. A fresh work by Kaplunov et al. [17]
developed a hierarchy of asymptotic models for a fluid-loaded elastic layer, emphasising
the point that such a layer requires a special treatment, extending the well-established setup
of Neumann boundary conditions for a layer with traction-free or mechanically loaded
faces; e.g., see [18]. In this case, the effect of fluid loading supports the so-called fluid-borne
bending wave; e.g., see [19], which assumed a novel asymptotic scaling. The methodology
developed in [17] was next extended to low-frequency acoustic wave scattering by a circular
cylindrical shell in [20].

It is worth noting that the aforementioned scaling does not cover the important
scenario of light fluid loading, for which the ratio of the density of the fluid to the density
of the solid is small. The general understanding of the related asymptotic limit from the
prospects of dynamic elasticity seems to be of significant interest for modelling various
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fluid-loaded elastic structures. A special focus on the light fluid loading limit is given by
Craster [21], establishing a perturbation scheme to obtain a robust approximate solution
for a fluid-loaded elastic solid; see also [22,23], tackling both light and heavy fluid loading
limits. A detailed asymptotic analysis of a Kirchhoff plate under light fluid loading was
reported by Chapman and Sorokin [24] using the same small parameter as in the cited
paper [21], involving the product of not only the ratio of densities of fluid and plate, but
also the related wave speeds. The aforementioned small parameter was also adopted
in [25], dealing with acoustic radiation due to harmonic vibrations of an elastic layer over a
broad frequency range.

The proposed analysis is motivated by a lack of consistent fluid-structure models
taking into account the effect of fluid loading. In particular, the dimension reduction for
immersed thin-walled structures has not been yet asymptotically validated. To this end,
the considerations in [17,20] have to be extended to the case of light fluid loading.

As an example, in this paper, we study a plane-strain time-harmonic problem for
an elastic layer immersed into compressible fluid. The ratio of densities is chosen as the
main small parameter. It seems to be more appropriate for the considered framework than
that adopted in [21,24]. Below, for the sake of simplicity, we determine the long-wave
scale through the above-mentioned small parameter. Its presence affects the asymptotic
analysis of fluid-borne wave dictation taking into account the plate transverse inertia at the
leading order. The transverse shear deformation, rotation inertia, and similar corrections,
including those in the impenetrability condition, also appear at lower-order approximations
in comparison with the treatment in paper [17].

This paper is organised as follows. The governing equations are given in Section 2.
Section 3 is concerned with the derivation of the leading and first-order approximations to
the full dispersion relation over the low-frequency range in the light fluid loading limit. This
motivates the scaling for further asymptotic analysis of the problem. Section 4 aims at the
formulation of the asymptotic models, supporting the above-mentioned approximations of
the dispersion relation. The presentation in this section is structured similar to that in [17],
which does not assume light fluid loading. The concluding remarks are summarised in
Section 5.

2. Governing Equations

Consider small-amplitude free vibrations of an isotropic linearly elastic layer of thick-
ness 2h immersed in a non-viscous compressible fluid. The Cartesian coordinate system
is set up in such a way that axis x1 goes through the midplane of the layer; see Figure 1.
The axis x2, perpendicular to the plane (x1, x3), is not shown in the figure. The following
notation is used throughout the paper: E is Young’s modulus, ν is the Poisson’s ratio, ρ
and ρ0 are the solid and fluid densities, respectively, c0 is the wave speed in fluid, and
c2 =

√
E/2ρ(1 + ν) is the shear wave speed in solid.

We limit ourselves to a plane-strain problem in the coordinates (x1, x3). Thus, the
equations of motion in linear elasticity may be written as

∂σ11

∂x1
+

∂σ31

∂x3
− ρ

∂2v1

∂t2 = 0,

∂σ13

∂x1
+

∂σ33

∂x3
− ρ

∂2v3

∂t2 = 0.
(1)

Here and below, vk (k = 1, 3) are displacements, σmn (m, n = 1, 2, 3) are stresses, and
t denotes time. The stresses and displacements given in the above equations satisfy the
following relations, e.g., see [18]
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σ11 =
E

1− ν2
∂v1

∂x1
+

ν

1− ν
σ33,

σ22 =
Eν

1− ν2
∂v1

∂x1
+

ν

1− ν
σ33,

∂v3

∂x3
=

1
E

(
σ33 − ν(σ11 + σ22)

)
,

∂v1

∂x3
= − ∂v3

∂x1
+

2(1 + ν)

E
σ31,

(2)

adapted for the forthcoming asymptotic analysis.p g y p y

x1

x3

0 2h

Figure 1. Elastic layer immersed in fluid.

In addition, the fluid velocity potential ϕ(x1, x3, t), see for example [25–27], satisfies
the wave equation

∂2 ϕ

∂x2
1
+

∂2 ϕ

∂x2
3
− 1

c2
0

∂2 ϕ

∂t2 = 0, (3)

with the interfacial conditions at x3 = ±h, given by

σ31 = 0, σ33 = ρ0
∂2 ϕ

∂t2 , v3 =
∂ϕ

∂x3
. (4)

The main objective of this paper is to derive asymptotic models of the formulated
problem over a long-wave low-frequency region under the conditions of light fluid loading.
For this, ρ0 � ρ, and h � L and h/c2 � T, with L and T denoting a typical wavelength
and time scale, respectively. We also restrict ourselves to bending vibrations. Prior to
proceeding with the asymptotic treatment of the equations of motion, we first study the
associated shortened forms of the dispersion relation corresponding to (1)–(4).

3. Asymptotic Analysis of the Dispersion Relation

In this section, we analyse the antisymmetric dispersion relation, e.g., see [28]

Ω4r cosh(A) cosh(B) + H

(
(2K2 −Ω2)2 sinh(A)

A
cosh(B)− 4K2B2 sinh(B)

B
cosh(A)

)
= 0, (5)

with
A =

√
K2 −Ω2κ2, B =

√
K2 −Ω2, H =

√
K2 −Ω2δ2, (6)

and
Ω =

ωh
c2

, K = kh, (7)
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where ω and k are angular frequency and wavenumber, respectively; δ =
c2

c0
and κ =√

1− 2ν

2− 2ν
.

Let us assume that r = ρ0/ρ � 1 for a light fluid loading scenario and try the
long-wave low-frequency scaling

Ω = Ω∗ r2, K = K∗ r, (8)

where Ω∗ and K∗ are assumed so far to be of order unity. In this case, the relation Ω ∼ K2,
characteristic of the bending wave on a free elastic plate, is satisfied; e.g., see [18].

Expanding Equation (5) into a Taylor series and taking into account the scaling (8), we
obtain a two-term expansion in the small parameter, r,(

(K∗ + 1)Ω2
∗ +

2K5
∗

3(ν− 1)

)
+

(
−15δ2(ν− 1)Ω4

∗ +
((
−10δ2 + 20(ν− 2)

)
K∗ + 30(ν− 1)

)
K3
∗Ω2

∗ + 4K8
∗
)

30K∗(ν− 1)
r2 = 0.

(9)

At the leading order, it yields

Ω2
∗ =

2K5
∗

3(K∗ + 1)(1− ν)
. (10)

Now, by replacing the Ω2
∗ and Ω4

∗ terms in the coefficient at r2 in (9) using (10), we obtain
an O(r2) correction to the leading-order estimation. It takes the form of

Ω2
∗ =

2K5
∗

3(K∗ + 1)(1− ν)
+

2
(
(7ν− 17)K2

∗ − (5δ2 − 19ν + 29)K∗ + 12(ν− 1)
)
K7
∗

45(K∗ + 1)3(1− ν)2 r2. (11)

Next, consider two limiting behaviours, for which K∗ � 1 and K∗ � 1, in order to elucidate
the relation with previous results. For the first case, we obtain from (10) and (11)

Ω2
∗ =

2K5
∗

3(1− ν)
, (12)

and

Ω2
∗ =

2K5
∗

3(1− ν)
− 2K6

∗
3(1− ν)

, (13)

respectively. In terms of parameters K and Ω, the latter becomes

Ω2 =
2K5

3r(1− ν)
− 2K6

3r2(1− ν)
. (14)

It is worth noting that it is identical to the two-term expansion in [28], not assuming light
fluid loading.

For K∗ � 1 we have from (10) and (11)

Ω2
∗ =

2K4
∗

3(1− ν)
, (15)

and

Ω2
∗ =

2K4
∗

3(1− ν)
+

2(7ν− 17)r2K6
∗

45(1− ν)2 . (16)
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We remark that for a plate without fluid loading, the two-term expansion of the
Rayleigh–Lamb dispersion relation for the bending wave in the long-wave low-frequency
region (Ω ∼ K2, K � 1) is given by, see [18],

Ω2 =
2K4

3(1− ν)
+

2(7ν− 17)K6

45(1− ν)2 . (17)

The last formula, rewritten in terms of K∗ and Ω∗, coincides with (16).
The rest of this section reports on numerical results for a steel layer immersed in water,

illustrated by Figures 2 and 3. The graphs presented in this paper have been produced using
Python and Maple 2021 software. The problem parameters utilised are c0 = 1480 m s−1,
ν = 0.2, c2 = 3156 ms−1, ρ = 7800 kgm−3, and ρ0 = 1000 kgm−3. Hence, the small
parameter, characteristic of the light fluid loading, is r = ρ0/ρ ≈ 0.128. Indeed, this type of
small parameter could be relevant to other materials, not just a steel/water combination.
The latter is chosen in this paper to illustrate the behaviour corresponding to light fluid
loading. For other materials with the same parameter r, the graphs will look similar.

The dispersion curves for leading-order (10) and first-order (11) approximations are
shown in Figure 2, along with that for the full dispersion relation (5), rewritten in terms of
(8). As can be observed, the first-order approximation works better in comparison with
the leading order one due to the fact that it takes into account higher-order terms in the
expansions and hence is in better agreement with the full dispersion relation.

Figure 3 demonstrates the limiting cases K∗ � 1 and K∗ � 1 of the leading-order
approximation (10). It shows the comparison of the leading-order approximation (10)
with the one-term expansions (12) and (15), oriented to the regions K∗ � 1 and K∗ � 1,
respectively. The intersection of the blue and red curves in Figure 3 arises due to the
approximation error being equal for both dispersion curves.

Figure 2. Comparison of the exact (solid black line) dispersion relation ((5) rewritten in terms of (8))
with the leading order-approximation (10) (dashed blue line) and the first-order approximation (11)
(dashed red line).
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Figure 3. Comparison of the leading-order approximation (10) (solid black line) with one-term
expansion (12) for K∗ � 1 (dashed blue line) and one-term expansion (15) for K∗ � 1 (dashed
red line).

4. Asymptotic Models

4.1. Scaling

Below, for the first time, we proceed with the asymptotic dimension reduction for the
dynamic equations in linear elasticity using the small ratio of densities r, typical for light
fluid loading, as the main small parameter. The developed procedure amends the approach
delivered in the recent paper [17].

First, scale the independent variables specified in the previous section by

t = Tτ, x1 = Lξ, x3 =

{
Lrζ, if |x3| < h,
Lγ, otherwise,

(18)

where for the sake of simplicity L = h/r, (L � h) is a typical wavelength and T =
h

r2c2
,

(T � h/c2), which is motivated by the relation ωh/c2 ∼ (kh)5/2 between angular frequency
ω and wave number k for a fluid-borne bending wave; see [28] as well as Formula (8) in
Section 3.

Next, introduce the dimensionless stresses, displacements, and fluid potential setting

σ11 = Erσ∗11, σ22 = Erσ∗22, σ31 = Er2σ∗31, σ33 = Er3σ∗33,

v1 = hv∗1, v3 =
h
r

v∗3, ϕ =
h2

r2 ϕ∗.
(19)

The starred quantities above are assumed to be of order unity. Hence, Equations (1) and (2)
can be written in the following dimensionless form

∂σ∗31
∂ζ

= −∂σ∗11
∂ξ

+
1

2(1 + ν)
r2 ∂2v∗1

∂τ2 ,

∂σ∗33
∂ζ

= −∂σ∗31
∂ξ

+
1

2(1 + ν)

∂2v∗3
∂τ2 ,

(20)
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and

σ∗11 =
1

1− ν2
∂v∗1
∂ξ

+
ν

1− ν
r2σ∗33,

σ∗22 =
ν

1− ν2
∂v∗1
∂ξ

+
ν

1− ν
r2σ∗33,

∂v∗3
∂ζ

= r4σ∗33 − νr2(σ∗11 + σ∗22),

∂v∗1
∂ζ

= −∂v∗3
∂ξ

+ 2(1 + ν)r2σ∗31.

(21)

In addition, the dimensionless form of relations (3) and (4) becomes

∂2 ϕ∗

∂ξ2 +
∂2 ϕ∗

∂γ2 − r2δ2 ∂2 ϕ∗

∂τ2 = 0, (22)

and

σ∗31

∣∣∣
ζ=±1

= 0, σ∗33

∣∣∣
ζ=±1

=
1

2(1 + ν)

∂2 ϕ∗

∂τ2

∣∣∣∣∣
γ=±r

,

∂ϕ∗

∂γ

∣∣∣∣∣
γ=±r

= v∗3
∣∣∣
ζ=±1

.

(23)

Next, expand the starred displacement and stress components as well as the fluid
displacement potential in an asymptotic series as

v∗1 = v(0)1 + r2v(1)1 + r4v(2)1 + . . .

v∗3 = v(0)3 + r2v(1)3 + r4v(2)3 + . . .

σ∗11 = σ
(0)
11 + r2σ

(1)
11 + r4σ

(2)
11 + . . .

σ∗22 = σ
(0)
22 + r2σ

(1)
22 + r4σ

(2)
22 + . . .

σ∗33 = σ
(0)
33 + r2σ

(1)
33 + r4σ

(2)
33 + . . .

σ∗31 = σ
(0)
31 + r2σ

(1)
31 + r4σ

(2)
31 + . . .

ϕ∗ = ϕ(0) + r2 ϕ(1) + r4 ϕ(2) + . . .

(24)

leading to shortened forms of the original plane-strain problem in hydro-elasticity.
In what follows, we restrict ourselves to antisymmetric motion about the midplane

x3 = 0. In this case, due to the symmetry of the problem, only the interfacial conditions
along the upper face x3 = h are considered.

4.2. Leading-Order Approximation

Here, we focus on the leading-order approximation of the problem formulated in the
previous subsection, retaining only the terms with the suffix (0) in the asymptotic series (24).
Firstly, integrating (21)3–(21)4 along the thickness variable ζ, we obtain, respectively,

v(0)3 = V(0)
3 (ξ, τ) and v(0)1 = −ζ

∂V(0)
3

∂ξ
. (25)
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Upon substituting the displacements (25) into (21)1–(21)2, we obtain

σ
(0)
11 = −ζ

1
1− ν2

∂2V(0)
3

∂ξ2 and σ
(0)
22 = −ζ

ν

1− ν2
∂2V(0)

3
∂ξ2 . (26)

Next, integrating (20)1 along ζ, taking into account (25) and (26), leads to

σ
(0)
31 = ζ2 1

2(1− ν2)

∂3V(0)
3

∂ξ3 + C(0)(ξ, τ), (27)

where C(0) is an arbitrary function. Finally, inserting (25)–(27) into (20)2 and integrating
along ζ yields

σ
(0)
33 = −ζ3 1

6(1− ν2)

∂4V(0)
3

∂ξ4 − ζ
∂C(0)

∂ξ
+ ζ

1
2(1 + ν)

∂2V(0)
3

∂τ2 . (28)

Furthermore, the fluid potential at the leading order can be obtained by inserting (24)7 into
(22), arriving at the Laplace equation

∂2 ϕ(0)

∂ξ2 +
∂2 ϕ(0)

∂γ2 = 0, (29)

which governs incompressible fluid. On the other hand, inserting (24) into (23), leads to
the interfacial conditions

σ
(0)
31

∣∣∣
ζ=1

= 0, σ
(0)
33

∣∣∣
ζ=1

=
1

2(1 + ν)

∂2 ϕ(0)

∂τ2

∣∣∣∣∣
γ=r

,
∂ϕ(0)

∂γ

∣∣∣∣∣
γ=r

= v(0)3 . (30)

By applying (30)1 and (30)2 to (27) and (28), respectively, we arrive at

C(0) = − 1
2(1− ν2)

∂3V(0)
3

∂ξ3 , (31)

and
2

3(1− ν)

∂4V(0)
3

∂ξ4 +
∂2V(0)

3
∂τ2 − ∂2 ϕ(0)

∂τ2

∣∣∣∣∣
γ=r

= 0. (32)

The derived equation corresponds to a fluid-loaded Kirchhoff plate, which is similar
to the one derived at the first (not leading) order in [17]. It is worth noting that the leading-
order approximation in [17], dealing with a non-contrast case, does not contain transverse
plate inertia, given by the second term in (32).

4.3. First-Order Approximation

In this subsection, the first-order approximation is derived, also retaining the terms
with the suffix (1) in the asymptotic series (24). The procedure is essentially the same as in
the previous subsection; hence, some of the intermediate computations are omitted. Now,
we have

∂2 ϕ(1)

∂ξ2 +
∂2 ϕ(1)

∂γ2 − δ2 ∂2 ϕ(0)

∂τ2 = 0, (33)
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and

v(1)3 = ζ2 ν

2(1− ν)

∂2V(0)
3

∂ξ2 + V(1)
3 (ξ, τ),

v(1)1 =
1

6(1− ν)
((2− ν)ζ3 − 6ζ)

∂3V(0)
3

∂ξ3 − ζ
∂V(1)

3
∂ξ

,

σ
(1)
11 =

1
6(1− ν)(1− ν2)

(2(1− ν)ζ3 + 3(ν− 2)ζ)
∂4V(0)

3
∂ξ4

− ζ
1

1− ν2
∂2V(1)

3
∂ξ2 + ζ

ν

2(1− ν2)

∂2V(0)
3

∂τ2 ,

σ
(1)
22 =

ν

6(1− ν)(1− ν2)
((1− ν)ζ3 − 3ζ)

∂4V(0)
3

∂ξ4

− ζ
ν

1− ν2
∂2V(1)

3
∂ξ2 + ζ

ν

2(1− ν2)

∂2V(0)
3

∂τ2 ,

σ
(1)
31 = − 1

12(1− ν)(1− ν2)
((1− ν)ζ4 + 3(ν− 2)ζ2)

∂5V(0)
3

∂ξ5

+ ζ2 1
2(1− ν2)

∂3V(1)
3

∂ξ3 − ζ2 1
4(1− ν2)

∂3V(0)
3

∂ξ∂τ2 + C(1)(ξ, τ),

σ
(1)
33 =

1
60(1− ν)(1− ν2)

((1− ν)ζ5 + 5(ν− 2)ζ3)
∂6V(0)

3
∂ξ6

− ζ3 1
6(1− ν2)

∂4V(1)
3

∂ξ4 + ζ3 1
12(1− ν)

∂4V(0)
3

∂ξ2∂τ2

− ζ
∂C(1)

∂ξ
+ ζ

1
2(1 + ν)

∂2V(1)
3

∂τ2 ,

(34)

where C(1) is an arbitrary function; the interfacial conditions are given by

σ
(1)
31

∣∣∣∣
ζ=1

= 0, σ
(1)
33

∣∣∣∣
ζ=1

=
1

2(1 + ν)

∂2 ϕ(1)

∂τ2

∣∣∣∣∣
γ=r

,
∂ϕ(1)

∂γ

∣∣∣∣∣
γ=r

= v(1)3 . (35)

Furthermore, applying (35)1 and (35)2 to (34)5 and (34)6, respectively, we obtain

C(1) =
2ν− 5

12(1− ν)(1− ν2)

∂5V(0)
3

∂ξ5 − 1
2(1− ν2)

∂3V(1)
3

∂ξ3 +
1

4(1− ν2)

∂3V(0)
3

∂ξ∂τ2 , (36)

and

2
3(1− ν)

∂4V(1)
3

∂ξ4 +
∂2

∂τ2

(
V(1)

3 +
7ν− 17

15(1− ν)

∂2V(0)
3

∂ξ2

)

+
∂2

∂τ2

(
8− 3ν

10(1− ν)

∂2 ϕ(0)

∂ξ2 − ϕ(1)

)∣∣∣∣∣
γ=r

= 0.

(37)

The comparison of (37) with the refined equation for an elastic plate in the absence of
fluid but subject to prescribed mechanical loading, as articulated in [18,29], manifests that
the two equations are in complete agreement. At this order, the terms involving transverse
shear deformation, plate rotatory inertia, and fluid compressibility have to be kept, unlike
in [17], where these terms did not appear until the third-order approximation.

145



Mathematics 2024, 12, 1465

4.4. Asymptotically Consistent Equations

This subsection is concerned with the formulation of asymptotic models, i.e., short-
ened equations of motion for a thin elastic plate immersed in fluid together with the
impenetrability conditions along the interfaces, originating from the results entrenched in
the previous section. At the leading order, we obtain from (29), (30)3 and (32)

2
3(1− ν)

∂4v∗3
∂ξ4 +

∂2v∗3
∂τ2 −

∂2 ϕ∗

∂τ2

∣∣∣∣∣
γ=r

= 0, (38)

∂2 ϕ∗

∂ξ2 +
∂2 ϕ∗

∂γ2 = 0, (39)

and
∂ϕ∗

∂γ

∣∣∣∣∣
γ=r

= v∗3, (40)

where v∗3(ξ, 0, τ) = V(0)
3 (ξ, τ) and ϕ∗(ξ, γ, τ) = ϕ(0)(ξ, γ, τ). In original variables,

Equations (38)–(40) become

Eh3

3(1− ν2)

∂4v3

∂x4
1
+ ρh

∂2v3

∂t2 − ρ0
∂2 ϕ

∂t2

∣∣∣∣∣
x3=h

= 0, (41)

∂2 ϕ

∂x2
1
+

∂2 ϕ

∂x2
3
= 0, (42)

and
∂ϕ

∂x3

∣∣∣∣∣
x3=h

= v3. (43)

It is important to note that here and for the rest of this section, v3 (the transverse displace-
ment) is taken at the midplane x3 = 0, i.e., v3 = v3(x1, 0, t). Hence, Equations (41)–(43)
correspond to the traditional setup of a Kirchhoff plate submerged in incompressible fluid.

Next, consider the sum of Equations (32) and (37), multiplied by the small parameter
r2, to obtain

2
3(1− ν)

∂4

∂ξ4

(
V(0)

3 + r2V(1)
3

)
+

∂2

∂τ2

(
V(0)

3 + r2V(1)
3

)

− ∂2

∂τ2

(
ϕ(0) + r2 ϕ(1)

)∣∣∣∣∣
γ=r

+ r2 7ν− 17
15(1− ν)

∂4

∂ξ2∂τ2

(
V(0)

3 + r2V(1)
3

)

+ r2 8− 3ν

10(1− ν)

∂4

∂ξ2∂τ2

(
ϕ(0) + r2 ϕ(1)

)∣∣∣∣∣
γ=r

+ O(r4) = 0.

(44)

In a similar manner, we have from Equations (29), (33), (30)3 and (35)3, respectively

∂2

∂ξ2

(
ϕ(0) + r2 ϕ(1)

)
+

∂2

∂γ2

(
ϕ(0) + r2 ϕ(1)

)
− r2δ2 ∂2

∂τ2

(
ϕ(0) + r2 ϕ(1)

)
+O(r4) = 0, (45)

and

∂

∂γ

(
ϕ(0) + r2 ϕ(1)

)∣∣∣∣∣
γ=r

= V(0)
3 + r2V(1)

3 + r2 ν

2(1− ν)

∂2

∂ξ2

(
V(0)

3 + r2V(1)
3

)
+ O(r4). (46)
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By neglecting terms of O(r4), Formulas (44)–(46) can be rewritten as

2
3(1− ν)

∂4v∗3
∂ξ4 +

∂2v∗3
∂τ2 −

∂2 ϕ∗

∂τ2

∣∣∣∣∣
γ=r

+ r2 7ν− 17
15(1− ν)

∂4v∗3
∂ξ2∂τ2

+ r2 8− 3ν

10(1− ν)

∂4 ϕ∗

∂ξ2∂τ2

∣∣∣∣∣
γ=r

= 0,

(47)

and
∂2 ϕ∗

∂ξ2 +
∂2 ϕ∗

∂γ2 − r2δ2 ∂2 ϕ∗

∂τ2 = 0, (48)

with
∂ϕ∗

∂γ

∣∣∣∣∣
γ=r

= v∗3 + r2 ν

2(1− ν)

∂2v∗3
∂ξ2 , (49)

where v∗3 = V(0)
3 + r2V(1)

3 and ϕ∗ = ϕ(0) + r2 ϕ(1). In terms of original variables,
Equations (47) and (49) take the form

Eh3

3(1− ν2)

∂4v3

∂x4
1
+ ρh

(
1 + h2 7ν− 17

15(1− ν)

∂2

∂x2
1

)
∂2v3

∂t2

− ρ0

(
1− h2 8− 3ν

10(1− ν)

∂2

∂x2
1

)
∂2 ϕ

∂t2

∣∣∣∣∣
x3=h

= 0,

(50)

with
∂ϕ

∂x3

∣∣∣∣∣
x3=h

=

(
1 +

νh2

2(1− ν)

∂2

∂x2
1

)
v3, (51)

together with Equation (3), governing the compressible fluid motion (Equation (48) in
original variables).

Hence, Equations (3), (50) and (51) correspond to the first-order asymptotic model,
which incorporates three corrections, including transverse shear deformation, plate rotation
inertia, and fluid compressibility. We re-iterate that the aforementioned first-order model
coincides with the third-order model derived in [17], which does not assume that r is a
small parameter.

4.5. Comparison of Dispersion Relations

The focus of this subsection is to derive the dispersion relations corresponding to the
approximate formulations established in the previous Section 4.4 and to establish the link
between these and the leading- and first-order approximations obtained in Section 3.

Begin with the travelling wave solution of the leading-order problem (41)–(43), setting

v3 = ei(kx1−ωt),

ϕ = −1
k

e−k(x3−h)+i(kx1−ωt),
(52)

Upon substituting (52) into the aforementioned formulae, we arrive at the dispersion
relation

Ω2 =
2

3(1− ν)

K5

r + K
, (53)

where K and Ω are dimensionless wavenumber and frequency, respectively, defined by (7).
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Next, we set

v3(x1, 0) = ei(kx1−ωt),

ϕ = −
(

k2 − ω2

c2
0

)− 1
2(

1− νh2k2

2(1− ν)

)
e
−
(

k2− ω2

c2
0

) 1
2
(x3−h)+i(kx1−ωt)

,
(54)

in Equations (3), (50) and (51), resulting in the dispersion relation for the first-order model,
given by

Ω2

(
60(1− ν)2H + 3r(3ν− 8)(2(ν− 1) + νK2)K2 + 4(1− ν)(17− 7ν)K2H

− 30r(1− ν)(2(ν− 1) + νK2)

)
= 40(1− ν)K4H,

(55)

where H is defined in (6).
It can be easily verified that substituting (8) into (53) leads to the leading-order ap-

proximation given by Equation (10). On the other hand, when substituting (8) into (55) and
expanding for small r and retaining of two terms leads to the first-order approximation
given by (11). This clearly demonstrates the link between the asymptotic models and the
approximate equations given in Section 3. The comparison of (11) and (55) is displayed in
Figure 4, showing excellent agreement.

Figure 4. Comparison of the first-order dispersion relation (55) (solid black line) with the first-order
approximation (11) (dashed red line) for the same parameters as in Section 3.

5. Concluding Remarks

In this paper, the two-step asymptotic analysis of light fluid loading has been de-
veloped. The first step is concerned with the derivation of the leading- and first-order
approximations of the full dispersion relation. The second step is oriented towards the
leading- and first-order asymptotic models, including the equations of motion and im-
penetrability condition. The presence of a small parameter, expressing light fluid loading,
assumes the plate inertia to be incorporated into the leading-order model. At the same
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time, transverse shear deformation, plate rotation inertia, fluid compressibility, and other
similar corrections appear at the next order.

The model problem considered in this paper can be readily extended to more elabo-
rated setups, including one-side contact, fluid-loaded thin elastic shells, and radiation and
scattering by submerged structures.
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1. Introduction

A diatomic lattice was proposed as a useful model in the theory of heat capacity by
Born and von Kármán [1,2]. This model is currently used to describe various metamateri-
als [3–6]. Therefore, the dynamics of the diatomic lattice has become a subject of extensive
investigations, in which both discrete model and its continuous approximations have been
considered [3,5,7–12].

It is worth mentioning the relationship between the discrete and continuous mod-
els. This issue was first discussed by the ancient Greeks. After Newton’s Calculus, the
continuous models had been a priority for a long time, and continuous mathematics accu-
mulated the huge number of tools for their analysis. The situation began to change with
the advent of modern computers. Kolmogorov wrote about the relations between discrete
and continuous mathematics [13]: “It is very likely that with the development of modern
computational techniques it will be understood that in many cases it makes sense to study
real phenomena without using the intermediate step of their stylization in the form of
infinite and continuous mathematics and proceeding directly to discrete models. Pure
mathematics was successfully developed mainly as a science of the infinite. Obviously, this
state of affairs is deeply rooted in our consciousness, which works with great ease with an
intuitively clear understanding of unbounded sequences, limiting processes, continuous
and even smooth manifolds, etc.”.

Continuous models can be treated as an asymptotic approximation to discrete models.
Their strength is that, as Kolmogorov noted, they are most accessible to our understanding
(or perhaps our understanding is distorted by traditional mathematical education, which
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tends to bias thinking in the direction of continuous mathematics). The advantage of con-
tinuous models is the possibility of using the powerful arsenal of continuous mathematics
for their analysis. At the same time, when using the continuous models to describe a
discrete structure, one must consider the natural limitations of these approximations to
avoid various “paradoxes” and artifacts [14–17].

Interestingly, continualization can lead to important insights, even in cases where it
does not allow a complete understanding of a discrete model. For example, “When Kruskal
derived the Korteweg–de Vries (K-dV) equation from the FPU lattice, he bypassed the
blockade imposed by the discrete to reach the enlightenment of the continuum. In this
moment of the journey of the FPU problem, the sweet fruit of solitonic integrability, one of
the most beautiful scientific discoveries of the second half of the last century, almost made
us forget that bypassing the blockade did not eliminate it. As later studies have clearly
shown, crossing the weak excitation threshold causes discretion to re-emerge in full force,
or in all its glory if you will, displacing K-dV and its siblings. The maturity of fifty years
of experience now makes us realize that Kruskal’s seminal leap is not a license to ignore
the discrete system, but rather a bridge to a synergetic methodology wherein we mediate
between this true system, for which our analytical means are quite poor, and an idealized
continuum system about which we can say many things.” [18].

The connection between discrete and continuous approximations is established by
the methods of discretization and continualization (homogenization) [3,4,8,14,15,19–22].
Discrete and continuous models are fundamentally different from each other. Thus, when
we replace one model by another, we can usually only achieve a good approximation of
some properties of the original object. Continualization often focuses on the comparison
of dispersion relations [3,14,15,22]. In addition, one can assume the correspondence of
the asymptotic behavior of wave processes in discrete and continuous media [19], the
equality of the group impedance matrices of the model and the modeled structure [4].
Homogenization of the discrete structure can also mean that a periodic structure is replaced
by a periodic structure of the same dimension and geometry whose periodicity cell is
the simplest discrete mechanical oscillatory system with the smallest possible number of
discrete parameters [3,4].

In the paper [20], the possibilities of deterministic discretization and chaotic continual-
ization were shown using the example of the logistic equation. This confirms the ambiguity
of the discretization and continualization processes.

Continualization is commonly understood as the approximation of non-local (pseudo-
differential or integral) operators by local (differential) ones. The simplest possibility is
a polynomial approximation [16] (the term “standard continuation” is also used for this
approximation [22]). It can be based on the Taylor series expansion of non-local operators
or the analysis of dispersion relations [16,17]. A continuous approximation based on
the first roots of the dispersion equation is also possible [16,17]. These procedures are
only suitable for describing the lower part of the spectrum or long waves and can lead
to ill-posed problems. In this regard, methods of regularization and extension for the
range of applicability of continuum models have become widespread. Padé approximants
(non-standard continualization [22]) [5,8,14,15,18–21] are often used for this purpose. They
allow the construction of improved long-wave approximations that approximate well the
asymptotic behavior of discrete wave processes or describe frequencies in the first Brillouin
zone. However, it must be taken into account that the use of such approximations has
significant limitations. As mentioned in [16], p. 65, “other approximation models that
are not associated with the polynomial approximation are also possible. An approximate
description of the dispersion curve over a wide range of wavelengths using an appropriate
function of the wavenumber k (for example when interpolating experimental data) can
be of interest in a number of cases. This model is good for describing non-decaying
waves, but in general it is incorrect to continue it in the complex region and use it for
boundary problems”.
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Our paper is devoted to the linear diatomic lattice. This classical problem still arouses
interest despite its long history [23–27]. In particular, [23–25] analyzed the question of
the range of wavenumbers that allow a correct description of the wave processes in the
diatomic lattice. The peculiarities of diatomic lattice modeling mentioned in [24,25] are
considered in our work.

There is extensive literature dealing with diatomic lattices. We only refer to studies
related to continualization using Padé approximants [8,21] and the construction of higher-
order continuous models [6].

Our paper is concerned with the continuization of diatomic lattices based on the
multipoint Padé approximants (Padé approximants of the second kind [28,29]). The prox-
imity of the dispersion curves of discrete and continuous models is used as a criterion for
approximation. It is shown that each natural frequency is also well approximated in this
case. An important feature of the continuous approximation constructed in this work is
that it is considered in the most natural periodic interval of wavenumbers.

2. Discrete System

Consider a finite lattice consisting of 2N + 2 alternating masses m1 and m2 connected
by springs of stiffness c (see Figure 1). We construct the final chain so that the number of
particles with masses m1 and m2 is equal. Since the total number of particles is assumed to
be large, this restriction is not important.

Figure 1. Diatomic lattice.

The oscillation of this system is described by a system of mixed differential-difference
equations:

m1
..
un + c(2un − un+1 − un−1) = 0, n = 1, 3, 5, . . . , 2N + 1,

m2
..
un + c(2un − un+1 − un−1) = 0, n = 0, 2, 4, . . . , 2N,

(1)

where (
.
u) ≡ du

dt .
The lattice is fixed at the ends

u0 = u2N+1 = 0. (2)

Substituting the solution in the form

un = A sin βeiωt, n = 1, 3, 5, . . . , 2N + 1,
un = B sin βeiωt, n = 0, 2, 4, . . . , 2N

(3)

into Equation (1) and eliminating the amplitudes A and B, we find the relations:(
−ω2 + ω2

1
)

A− 1
2 ω2

1 cos nπ
2N+1 B = 0,(

−ω2 + ω2
2
)

B− 1
2 ω2

2 cos nπ
2N+1 A = 0,

(4)

where β = nπ
2N+1 , ωi =

√
2c/mi, i = 1, 2.

It is worth noting that, for the infinite lattice, the variable β should be considered as
continuously changing in the interval 0 ≤ β ≤ π.
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The dispersion equation can be written as follows

ω4 −
(
ω2

1 + ω2
2
)
ω2 + ω2

1ω2
2 sin2 [πn/(2N + 1)] = 0,

n = 0, 1, 2, . . . , 2N − 1, 2N, 2N + 1.
(5)

The question of interest is as follows: in which interval of wavenumber β = nπ
2N+1

changes should we consider solutions for the dispersion Equation (5)? As indicated in the
articles [23–25], we can limit ourselves to the interval 0 ≤ β ≤ π/2 when determining the
oscillation frequencies. For a complete study of the system, the interval 0 ≤ β ≤ π should
be taken into account.

Consider various limiting cases. In the following, we assume 2N � 1, which is
justified since we consider the possibilities of a continuous approximation to the discrete
system. For 1/N � 1, Equation (5) can be approximately replaced by the following:

ω4 −
(

ω2
1 + ω2

2

)
ω2 +

π2n2

(2N + 1)2 ω2
1ω2

2 = 0. (6)

For n = N, n = [N/2] (here symbol [] means the integer part of the number) and
n = 2N + 1, we obtain from (5)

ω2 ≈ ω2
1; ω2 ≈ ω2

2, (7)

ω2 ≈ 0.5
(

ω2
1 + ω2

2 ±
√

ω4
1 + ω4

2

)
, (8)

ω2 = 0 and ω2 = ω2
1 + ω2

2, (9)

respectively.

3. Continuous Approximations

We suppose that the masses are uniformly distributed along the interval of length L of
the X-axis (Figure 1). Then, the distance between the masses is H = L/(2N + 1). Assuming
that the number of masses is large, namely 2N � 1, we can introduce a natural small
parameter h = H/L � 1. Let us introduce dimensionless spatial coordinate x = X/L. We
also introduce functions of spatial and time arguments Uj(x, t), j = 1, 2 as follows

U1(hk, t) = uk(t), k = 1, 3, 5, . . . ,

U2(hk, t) = uk(t), k = 0, 2, 4, . . .
(10)

“The basic idea is to establish a one-to-one correspondence between the functions of
discrete arguments and a class of analytical functions, as well as between the operations
on them. Let the function u(nh) be given by its values, which are generally complex,
at the points nh (nodes) of the X-axis. Let us consider the problem of interpolation of
u(nh) by a smooth function u(x). Obviously, u(x) is defined within any Ψ(x), which
vanishes in all nodes, i.e., u(x) + Ψ(x) will also be an interpolating function. It is obvious
to try to select the smoothest interpolating functions from the entirety of interpolating
functions filtering out rapidly oscillating components” [16]. (See also the explanation of
this question in [30], p. 59). In [16] the concept of the quasicontinuum is introduced and
the Whittaker–Shannon–Kotel’nikov function (sinc-function) of the form

sinc(x) =
sin (πx/h)

πx
(11)

is utilized.
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The functions Uj(x, t), j = 1, 2 are assumed to be infinitely differentiable with respect
to the spatial coordinate. Hence, they can be expanded into the Taylor series

Uj(x0 ± h, t) = Uj(x0, t) +
∞

∑
i=1

(−1)ihi d i Uj(x, t)
dxi

∣∣∣∣∣
x=x0

. (12)

Rewrite system (1) in the form

m1
..
U1(kh, t) + 2c [U1(kh, t)−U2(kh, t)]

−c [U2((k + 1)h, t)− 2U2(kh, t) + U2((k− 1)h, t)] = 0, k = 1, 3, 5, . . .
m2

..
U2(kh, t) + 2c [U2(kh, t)−U1(kh, t)]

−c [U1((k + 1)h, t)− 2U1(kh, t) + U1((k− 1)h, t)] = 0, k = 0, 2, 4, . . .

(13)

Using the pseudo-differential operators and sinc-function (11), we can represent
system (13) as follows{

m1
..
U1(x, t) + 2c [U1(x, t)−U2(x, t)]

}
Φ(x) + 4c sin2

(
− ih

2
∂

∂x

)
U2(x, t) = 0,{

m2
..
U2(x, t) + 2c [U2(x, t)−U1(x, t)]

}
Φ(x) + 4c sin2

(
− ih

2
∂

∂x

)
U1(x, t) = 0.

(14)

Here, 4 sin2
(
− ih

2
∂

∂x

)
is the pseudo-differential operator [25], Φ(x) =

2N+1
∑

n=0
sin c(x− nh).

For continualization, we use the expansion

sin2
(
− ih

2
∂

∂x

)
= − 1

2 ∑
k=1

h2k

(2k)!
∂2k

∂x2k

= − h2

4
∂2

∂x2

(
1 + h2

12
∂2

∂x2 +
h4

360
∂4

∂x4 +
h6

20160
∂6

∂x6 + . . .
) (15)

and the equality
Φ(x)→ 1 at h → 0 . (16)

In the zero approximation, where only terms of h0 order are considered, we obtain a
system of two coupled oscillators

..
U1 + ω2

1(U1 −U2) = 0,
..
U2 + ω2

2(U2 −U1) = 0.
(17)

Keeping the terms up to h4 in expansion (12), we obtain

..
U1 + ω2

1(U1 −U2)− 1
2 ω2

1h2[U2xx + (1/12)h2U2xxxx
]
= 0,

..
U2 + ω2

22c(U2 −U1)− 1
2 ω2

2h2[U1xx + (1/12)h2U1xxxx
]
= 0.

(18)

The comparison of the calculation results using Equation (18) with the solution of the
dispersion Equation (5) demonstrates the low accuracy of this continuum approximation.
In addition, as shown in [27,31], for Equation (18), the effect of the short wavelength
instability take place. This artifact can lead to instability or the divergence of numerical
algorithms when used to solve Equation (18).

Increasing the accuracy of continuous approximation and the short wavelength insta-
bility suppression can be achieved using Padé approximants [27,31]

1 +
h2

12
∂2

∂x2 ∼ 1/
(

1− h2

12
∂2

∂x2

)
. (19)

Hence, we obtain a “model with modified inertia” (the term was proposed in [32])
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(
1− h2

12
∂2

∂x2

)[ ..
U1 + ω2

1(U1 −U2)
]
− 1

2 ω2
1h2U2xx = 0,(

1− h2

12
∂2

∂x2

)[ ..
U2 + ω2

2(U2 −U1)
]
− 1

2 ω2
2h2U1xx = 0.

(20)

The boundary conditions for system (20) are formulated as follows

Uj = 0 at x = 0, 1. (21)

Boundary value problem (20), (21) describes well-posed continuous approximations
of original discrete systems.

The natural vibrations of the continuous system can be described as

Uj = Cj sin (nπx) exp (iω t). (22)

System (20) approximates the oscillation frequencies of a discrete system quite well [8].
It is sufficient to consider the system on the interval 0 ≤ β ≤ π/2. However, as mentioned
in [23–25], the original system should be considered on the interval 0 ≤ β ≤ π. In this
case, system (20) does not provide a good approximation to the dispersion curve of the
discrete system.

Let us construct a higher-order approximation system using the conditions for match-
ing the solutions to the dispersion equations of the discrete and continuous systems at n = N,
n = [N/2] and n = 2N + 1 (see (7)–(9)). This rational approximation is sometimes called the
Padé approximation of the second kind [28,29]. As a result, we obtain a continuous system
with modified inertia(

1 + d1h2 ∂2

∂x2 + d2h4 ∂4

∂x4 + d3h6 ∂6

∂x6

) [
∂2

∂t2 U1 + ω2
1(U1 −U2)

]
− 1

2 ω2
1h2 ∂2

∂x2 U2 = 0,(
1 + d1h2 ∂2

∂x2 + d2h4 ∂4

∂x4 + d3h6 ∂6

∂x6

) [
∂2

∂t2 U2 + ω2
2(U2 −U1)

]
− 1

2 ω2
2h2 ∂2

∂x2 U1 = 0,
(23)

where
d1 = 73

140 + 61
9π2 − 32

√
2

35 ; d2 = 1
63 π4

[
812 +

(
327− 288

√
2
)

π2
]
;

d3 = 16
315 π6

[
140 +

(
87− 72

√
2
)

π2
]
.

(24)

Unfortunately, system (22) requires additional boundary conditions. This is a typical
difficulty that arises when higher-order models, derived originally for infinite media, are
applied to bounded domains [5,14,15]. To overcome this fundamental difficulty, various
approaches are used.

In [33], this problem was studied for 1D linear lattice, when the exact solution can be
easily obtained. It is proposed to introduce boundary conditions so as to achieve the most
suitable frequencies and mode approximations. The limitations of this method are clear.

An often used technique is the formation of some edge zone. Thus, in [34,35], for
second-grade elasticity, it is proposed to introduce the so-called ortho-fiber—a thin, notional
fiber of a material, starting at the surface and extending inward along the direction of
normal. The length of the ortho-fiber is small compared to the macroscopic characteristic
length of the problem and tends to zero.

For continuous systems (beams, plates), the correct formulation of boundary condi-
tions requires the consideration of the methods of fastening the plates used in practice (for
example, embedding in a groove). For the problem of bending a plate, when deriving and
justifying the conditions of simply support, it is assumed that there is a narrow zone of
pinching of the plate edge, with the length of it tending towards zero as some power the
thickness of the plate [36].

Similar problems occur in grid methods (see overview in [5]), where they can be solved
by introducing some fictitious points outside the considered domain.

All these techniques are based on the simple consideration that, in reality, the condi-
tions of ends fixation have a fairly complex structure, which should be taken into account
when studying continuous or discrete systems.
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Using this ideology, we introduce fictitious masses at points k = −1,−2,−3, . . .;
k = 2N + 2, 2N + 3, 2N + 4, . . . (Figure 2).

Figure 2. Lattice with fictitious masses, the introduction of which was caused by the need for
additional boundary conditions.

Particularly in the case of a periodic spatial extension (“simple support”), one obtains
(see Figure 2):

ui = −u−i, i = 1, 2, 3, . . . ; u2N−j = −u2N+2+j, j = 0, 1, 2, 3, . . . (25)

In the continualization problems, this technique was applied in [14,15]. Using it for
the considered case, we arrive at the following boundary conditions

U1 = U1xx = U1xxxx = 0, U2 = U2xx = U2xxxx = 0 at x = 0, 1. (26)

From system (23), we obtain the dispersion equation for the continuous system

ω4 −
(
ω2

1 + ω2
2
)
ω2 + ω2

1ω2
2

( nπ
2N+1 )

2

1−d1( nπ
2N+1 )

2
+d2( nπ

2N+1 )
4−d3( nπ

2N+1 )
6 ×

×
[

1− ( nπ
2N+1 )

2

4
[
1−d1( nπ

2N+1 )
2
+d2( nπ

2N+1 )
4−d3( nπ

2N+1 )
6]
]
= 0.

(27)

The analysis of Equation (27) shows that the system (23), (24) is unconditionally stable.
Note that the boundary value problem of the continuous approximation (23), (26)

remains the same for the case of an infinite lattice.

4. Numerical Results

The results of comparing the dispersion curves for the discrete and continuous systems
at ω2

2/ω2
1 = 1.5 are shown in Figure 3.

The solid curves show branches with normal dispersion, and the dotted curves
show those with anomalous dispersion. The calculations were carried out at the points
n = 0, 1, 2, . . . , 2N, 2N + 1. The value 2β/π is plotted along the abscissa.

As can be seen from Figure 3, the continuous system (23), (24) provides a good
approximation to the dispersion curve of the discrete system over the entire range of
wavenumber changes. Recall that we assume 2N � 1, and the distance between the
masses is small. Hence, the dispersion curves in Figure 3 are shown as continuous lines.
Note that the curves corresponding to the discrete and continuous models practically merge
on the scale of the graph.

The variables U1, U2 have no obvious physical meaning (variables describing low-
frequency oscillations of the centers of mass of the cells and high-frequency oscillations
associated with internal degrees of freedom have physical meaning [9]).

The ratio of the amplitudes of mass vibrations C1 and C2 is given by the following
relations:

C1/C2 =
(−A2 + A1)ω

2
1

A1
(
−ω2 + ω2

1
) at ω2 ≤ ω2

1 (28)

and

C2/C1 =
(−A2 + A1)ω

2
2

A1
(
−ω2 + ω2

2
) at ω2

2 ≤ ω2, (29)

where A1 = 1− d1
( nπ

2N+1
)2

+ d2
( nπ

2N+1
)4 − d3

( nπ
2N+1

)6; A2 = 1
2
( nπ

2N+1
)2.
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The calculation results at ω2
2/ω2

1 = 1.5 are presented in Figure 4. The obtained curves
qualitatively coincide with the corresponding curves for the discrete system [24] and make
it possible to estimate the ratios of the amplitudes of the neighboring masses.

Figure 3. Comparison of the dispersion curves for the discrete (1) (curves 1 and 2) and continuous (23),
(24) (curves 3 and 4) systems at ω2

2/ω2
1 = 1.5.

Figure 4. Dependence for the ratio of the oscillation amplitudes of the neighboring masses in the
ranges: (a) ω2 ≤ ω2

1 and (b) ω2
2 ≤ ω2 at ω2

2/ω2
1 = 1.5. The value 2β/π is plotted along the abscissa.
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In the limiting case m1 = m2, the dispersion curve for the Lagrange lattice is obtained
(solid curve in Figure 5). The dotted curve corresponds to the displacements with zero
amplitude [24,25].

Figure 5. Limit transition of the Born–Kármán lattice to the Lagrange lattice at m1 = m2. The line of
curve 1 almost completely coincides with the line for curve 3, so it seems to be invisible.

Dispersion curves for the discrete (1) (curves 1 and 2) and continuous (23), (24) (curves
3 and 4) systems are presented at ω2

2/ω2
1 = 1. Note that the curves corresponding to the

discrete and continuous models practically merge on the scale of the graph.
We also compare the eigenfrequency dependence with respect to the mode number

for the finite diatomic lattice, both with the discrete and the continuous approximation
proposed in the paper. Such a comparison is uninformative because the frequency values
are of different orders. Comparing the values of frequencies ωd and ωc in some averaged
sense looks more reasonable. For that, we use the following expression for the average
approximation error [37]:

A =
100%

ωd

√√√√√ 2N+1
∑

i=0
(ωid −ωic)

2

2N + 2
, (30)

where ωd =

2N+1
∑

i=0
ωid

2N+2 .
The calculations were carried out at ω2

2/ω2
1 = 1.5. The maximum error was obtained

for the acoustic branch (Figure 3). The calculation results for various values of N are given
in Table 1.
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Table 1. The average error of the continuous approximations for frequencies.

N 5 10 15 20 25 30 35 40 45 50 ∞

A, % 0.4465 0.5837 0.6272 0.6471 0.6579 0.6645 0.6688 0.6718 0.6740 0.6755 0.6824

When calculating the limit, summation is replaced by integration for a sufficiently
large N as follows

ωd ≈ 1
2

2∫
0

ωd(n1) dn1,

2N+1
∑

i=0
(ωid−ωic)

2

2N+2 ≈ 1
2

2∫
0
(ωid(n1)−ωic(n1))

2 dn1, n1 = nπ
N+0.5 .

(31)

Hence, we obtain the following estimate:

A ≈

√
2

2∫
0
(ωid(n1)−ωic(n1))

2 dn1

2∫
0

ωd(n1) dn1

· 100% (32)

It is obvious that the approximation of frequencies using the continuous approximation
is quite satisfactory.

5. Conclusions

The continualization of a diatomic lattice was considered in the natural interval of
wavenumber changes. It provided a consistent limiting transition to the Lagrange lattice.

Note that the original system of 2N + 2 difference-differential Equation (1), each of
which contains the second-order derivative with respect to time, can be reduced to a system
of N + 1 difference-differential equations with the fourth-order derivative with respect
to time. After conducting its continualization, we obtain one continuous equation with
the fourth-order derivative with respect to time. This result agrees with the fourth-order
equation with respect to the time obtained from the continuous approximation (23).

The continualization consisted in the replacement of the original pseudo-differential
equations by a system of PDEs that provided a good approximation for the dispersion
relations. The use of the Padé approximants guaranteed the matching of the dispersion
relation values of the discrete and continuous models at several characteristic points. It
was not possible to limit ourselves to the second-order system of PDEs, which led to the
need for the correct formulation of boundary conditions. An adequate result was obtained
using a sixth-order system of PDEs with respect to spatial variables with modified inertia,
which is unconditionally stable.

The application of the continuous approximations allowed correctly describing not
only the frequency spectrum in the first Brillouin zone, but also the amplitude ratios of
neighboring masses.

The technique proposed in this paper can be used to construct continuous models for
flexural waves in the diatomic lattices [12]. The obtained continuous model can be also
applied to the nonlinear problems for the diatomic lattice described in [9,11,26].
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1. Introduction

In the book [1] (see also references therein, in particular [2–4]), Neumann Laplacians
Aε on thin manifolds, converging to metric graphs as ε → 0, were studied; see, e.g., Figure 1.
Here, ε represents the “thickness” of the manifolds in those parts where they converge to
the graph edges. The named works attacked the question of spectral (and, in the case of [1],
norm-resolvent) convergence of such partial differential operators to a graph Laplacian with
certain matching conditions at the graph vertices. This latter ordinary differential operator
is introduced as follows. Denoting by E the set of edges e of the limiting graph G, each
e ∈ E can be identified with the interval [0, le], where le is the length of e. We use notation
L2(e) for the associated Hilbert space L2(0, le). Similarly, we denote L2(G) := ⊕eL2(e).
The graph Laplacian AG is generated by the differential expression −u”, u ∈ H2(e) on each
edge e ∈ E separately (see [5] for details), subject to the vertex conditions discussed below.

ε

v

v

v

v

e

e

e

e

ε
d−1

d

Figure 1. An example of a thin network in the case of a resonant scaling of the edge thickness and
vertex diameter. The (non-dimensional) parameter ε is the ratio of the actual size to the wavelength.
As ε → 0, the structure converges to a graph; the related notation is introduced at the start of Section 2.
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It was proved in [2–4] that, within any compact K ∈ C, the spectra of Aε converge in
the Hausdorff sense to the spectrum of a graph Laplacian AG. In the book [1], the claimed
convergence was enhanced to the norm-resolvent type, with an explicit control of the
error as O(εγ), where γ > 0 depends on whether the ambient space is two-dimensional.
The matching conditions at the vertices of the limiting graph turn out to be any one of
the following:

(i) Kirchhoff (i.e., standard) if the vertex volumes are decaying, as ε → 0, faster than the
edge volumes;

(ii) “Resonant”, which can be equivalently described in terms of δ-type matching condi-
tions with coupling constants proportional to the spectral parameter z, see [2,3], if the
vertex and edge volumes are of the same order;

(iii) “Dirichlet-decoupled” (i.e., the graph Laplacian becomes completely decoupled) if the
vertex volumes vanish slower than the edge ones.

We also refer the reader to the frequently overlooked papers [6,7], where an alternative
approach to the asymptotic analysis of thin networks, aimed at capturing the resonant and
scattering features, is developed; see also the references therein. In the present paper we
consider the case of scalar PDEs, although our approach can be immediately generalised
to the case of PDE systems, in particular, in the context of thin elastic structures with
applications to, e.g., pentamodes (see [8,9]) by utilising the results of [10].

In the present paper, we are primarily interested in the most non-trivial resonant
case (ii). We provide a straightforward, alternative to [1], proof of the fact that the Neumann
Laplacians Aε in this case converge in a norm-resolvent sense to a linear operator acting in
the Hilbert space L2(G)⊕CN , where N is the number of vertices. The mentioned limiting
operator is in fact the one first pointed out in [4] as a self-adjoint operator whose spectrum
coincides with the Hausdorff limit of spectra for the family Aε.

On the technical side, our approach can be seen as a modification of the one developed
by us in [10,11]; see also [12–14]. We specifically point out that the framework originally
developed for high-contrast homogenisation admits a natural generalisation to setups
where the “contrast” is achieved by purely geometric means, including (but not limited
to) thin networks, as in the present paper. This seems to widen significantly the range
of dimension-reduction-type models that are amenable to this kind of analysis and thus
to establish a transparent connection between previously unrelated physical contexts,
providing for a possibility to develop new types of media in materials science.

We obtain a better error bound than [1] (Section 6.7) (and skip a visit to the “plumber’s
shop” of [1,15]). Our estimate in the planar case is O(ε| log ε|) and in the case of Rd, d ≥ 3,
it is O(ε). Unlike that of [1], our method does not allow us to study the full set of asymptotic
regimes in (iii). This is due to the fact that the argument of our paper [11] is based on the
Dirichlet-to-Neumann (DN) machinery. There is a possibility to modify the approach by
invoking Neumann-to-Dirichlet maps instead, which would have two advantages: one
could consider all rates of vertex volume decay in (iii), and certain geometric smoothness
requirements could be somewhat relaxed. Nevertheless, in this paper we stick with the DN
version of the approach in order to align the exposition with that of [11]. The alternative
strategy will be followed up elsewhere, both in the present context and in the setting of [11].

The above results of course imply the Hausdorff spectral convergence, at the same
time yielding a sharp estimate on its rate. Moreover, in contrast to [1], our approach
allows one to consider “high-frequency” regimes, i.e., setups where the spectral parameter
(which in the wave propagation context may represent the square of the frequency) is
no longer constrained to a compact set but is still constrained by some negative power
of the small parameter ε. (In non-dimensional terms this corresponds to the wavelength
being of the order of some positive power of ε). This leads to a sequence of “effective”,
dimensionally reduced, models of the thin structure, which are sequentially applicable
for a set of (asymptotic) frequency intervals. The complexity of the dimension reduction
process for these models increases along the sequence. While an initial result regarding the
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high-frequency situation is presented below (which suffices to reveal a metamaterial in a
periodic thin network of [16]), we postpone the full analysis to a future publication.

Alongside the high-frequency analysis, yet another sequence of models will be re-
vealed by a version of the same argument. This corresponds to the transition from the
resonant regime to the Dirichet-decoupled one and will allow us to reconcile the asymptotic
analysis of [1] with that of [7] by introducing “transitional” models of increasing complexity.
In these transitional regimes, from the point of view of [1], one gets arbitrarily close to
the Dirichlet-decoupled situation, see (iii) above, whereas from the point of view of [7]
(where the vertex volumes do not decay at all), one faces a highly non-trivial picture of
resonant scattering.

Aiming at better clarity, in the present paper we restrict ourselves to the case where
(without much loss of generality) the edge subdomains are assumed straight and uniformly
thin, whereas the vertex subdomains are smooth with, possibly, the exception of the points
where they meet the edges (see Section 2 for further details). These assumptions appear
very natural in view of the possible examples shown in Figures 1 and 2.

Γε
ev QeQv

Figure 2. An example of a vertex subdomain Qv and an edge subdomain Qe separated by a contact
plate Γε

ev of linear size ε. The volumes of Qv and Qe are assumed to be of the same order εd−1, which
is also the area of the contact plate. As in Figure 1, the (non-dimensional) parameter ε is the ratio of
the actual size to the wavelength.

The ultimate section of the paper is dedicated to the spectral analysis of the effective
graph Laplacian. We show that effective matching conditions at graph vertices, having
been commonly treated as impedance type (namely, linear in the spectral parameter), are
in fact of δ′ type after an application of a unitary gauge. This latter, however, introduces
constant magnetic potentials on the edges of the limit graph. It is notable that the presence
of such a magnetic field leads to a phase transition to a medium exhibiting double-negative
metamaterial properties; see [16]. This observation will permit us to construct thin periodic
networks with negative group velocity without the need for an external magnetic field,
by relying instead on the resonant geometric properties of the network.

2. Problem Setup and Preliminaries

In what follows, we consider a prototypical setup only, which already presents all the
challenges appearing in the general case. We also refer the reader to [1], where the most
general setup is meticulously introduced.

For the limiting graph, the following notation will be used: the metric graph G will
be identified with the set of edges E, so each individual edge is denoted by e ∈ E and
is associated with an interval [0, le]. We denote by V the set of graph vertices and treat
each v ∈ V as the set of edge endpoints meeting at v. The graph G is assumed to be
oriented throughout.

Proceeding to the setup for the Neumann Laplacian on a thin-graph-convergent
structure, let a connected (open) domain Q be the union of the “vertex” part QV , the “edge”
part QE, and the interface boundary Γε

v between the two, where QE will be assumed to be a
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finite collection of ε-thin cylinders (for d = 2, rectangular boxes), QE = ∪eQe of lengths le.
For each e, the domain Qe is assumed to be, up to a linear spatial transform (i.e., shift and
rotation), defined by (for d = 2)

Qe =
{

x ∈ R2 : x1 ∈ (0, le), x2 ∈ (0, ε)
}
= (0, le)× (0, ε).

In dimensions d ≥ 3, the set Qe is defined as the direct product of the interval (0, le)
and a smooth cross-section Qc

e of volume εd−1.
It is further assumed that QV = ∪vQv, where each of the disjoint domains Qv

is connected and has piecewise smooth boundary ∂Qv, which can be decomposed as
∂Qv = Γ̃ε

v ∪ Γε
v, where Γε

v is the interface between the vertex and edge domains and Γ̃ε
v is the

remaining part of ∂Qv. Henceforth, we often drop the dependence on ε in the notation for
those geometric elements where it can be removed by a rescaling or is otherwise irrelevant
in the analysis to follow.

The contact part Γε
v is further decomposed into a union of flat plates (for d = 2, straight

segments): Γε
v = ∪Γε

ev. Here, the union is taken over all edge domains Qe connected to
Qv so that Qe ∩ Qv = Γε

ev. In what follows, we will refer to the segments Γε
ev as contact

plates. Since operators of Zaremba (or mixed) boundary value problem [17] will be used
below, we further require that the contact plates Γε

ev meet Γ̃ε
v at angles strictly less than π;

see [18,19] for further details. We will further assume that the curves Γ̃ε
v are smooth.

Furthermore, we assume that for all vertices v the domains Qv have volumes of
order εd−1 and are obtained by suitable transformations of an ε-independent domain Q0

v
containing the origin. More precisely, we assume that for all v and ε > 0 one has

Qv = ε
d−1

d T ε
v (Q

0
v) + bε

v, (1)

where bε
v ∈ Rd, and the domain T ε

v (Q0
v) is obtained from Q0

v by a suitable homeomorphism
T ε

v that (a) preserves volume and (b) maintains the angles between the contact plates and
the adjacent parts of the boundary to be uniformly less than π, cf. [17,18].

For example, if Qv is star-shaped with respect to the origin (recall that a domain Qv is
said to be star-shaped with respect to xv ∈ Qv if for all x ∈ Qv one has
{xv + t(x − xv), t ∈ [0, 1]} ⊂ Qv), the deformation T ε

v can be constructed by “cut-and-
glue surgery” applied to Q0

v followed by a suitable “radial” scaling, as follows. The domain
Q0

v is first split into several conical (sectorial for d = 2) subdomains by making cuts along-
side the cone “generatrices” (“radii” for d = 2) from the origin to the boundary points
(endpoints for d = 2) of all subsets of ∂Q0

v pertaining to the contact plates of Qv. Each cone
is then transformed by a suitable change of variable so that (A) the images of the cone
bases pertaining to the contact plates of Qv have linear size ε1/d and (B) the image of the
complementary part of Q0

v is reattached to the lateral boundaries of the cones in A. Note
that this procedure in general changes the domain volume by a small quantity. In order to
restore the volume, a suitable “radial” scaling (centred at the origin) is applied, ensuring
that it does not affect any of the mentioned conical subsets.

We remark that the representation (1) guarantees that we are in the “resonant” (or
“borderline”) case of [2,3], i.e., that the volumes of the contact plates are proportional to the
volumes of vertex domains.

The requirement that the homeomorphism T ε
v in (1) be volume preserving is not

essential and can be removed, as long as the ratios of the volumes of the vertex domains to
the volumes of the contact plates are bounded below. In this case, the corresponding final
convergence estimates, similar to those we derive below (see Theorem 3), will in general
depend on the said ratios, as is evident from the formula (14).

On the domain Q, we consider a family of self-adjoint operators Aε defined by their
sesquilinear forms and corresponding to the differential expression−Δ subject to Neumann
boundary conditions. Other types of boundary conditions can be considered as well,
including those of Robin and Dirichlet [6,20], in which case the lower edge of the spectrum
is ε-dependent, which in the context of homogenisation corresponds to the so-called high-
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frequency regime or, using the terminology of M. S. Birman, to “the neighbourhood of the
edge of a gap” [21,22].

Consider σ > 0 and an arbitrary non-negative function R = R(ε), ε ∈ (0, 1) such
that R(ε)ε1/2| log ε|γ → 0 as ε → 0, where γ = 1 for d = 2 and γ = 0 otherwise. In what
follows, we will deal with the family of resolvents (Aε − z)−1. We shall always assume that
z ∈ C is separated from the spectrum of the original operator family. In particular cases,
we will assume that either z is constrained to the ε-growing compact set

Kε
σ := BR(ε)(0) \

{
z ∈ C| dist(z,R) ≥ σ},

where BR(ε)(0) denotes the ball of radius R(ε) centered at the origin, or

z ∈ Kσ :=
{

z ∈ C| z ∈ K a compact set in C, dist(z,R) ≥ σ
}

.

In particular, for all ε small enough, one has Kσ ⊂ Kε
σ. After we have established the

operator-norm asymptotics of (Aε − z)−1 for z ∈ Kσ, the result is extended by analyticity to
a compact set Kext

σ whose distance to the spectrum of the leading order of the asymptotics
is bounded below by σ, and the same statement holds in the case of Kε

σ.
Proceeding similarly to, e.g., [23] in the related area of critical-contrast homogenisation

and facilitated by the abstract framework of [24], we consider Aε as operators of transmis-
sion problems (see [25] and references therein) relative to the internal boundary Γε := ∪e,vΓε

ev.
The transmission problem is formulated as, given a function f ∈ L2(Q), finding the weak
solution u ∈ L2(Q) of the boundary value problem⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−Δu(x)− zu(x) = f (x), x ∈ QV or x ∈ QE,

uv(x) = ue(x),
∂uv

∂n
− ∂ue

∂n
= 0 on Γε

ev,

∂u
∂n

= 0 on ∂Q.

(2)

Here, uv := u|Qv , ue := u|Qe for all admissible e and v (i.e. when Γε
ev �= ∅), and n

represents the exterior normal on ∂Q and the “edge-inward" normal (i.e., directed from
Qv to Qe) on any of contact plates Γε

ev. By a classical argument, the solution of the above
problem is shown to be equal to (Aε − z)−1 f . Note that the boundary value problem for
the Neumann Laplacian on Q is given by the first and third lines in (2). While the second
line is, strictly speaking, redundant, it proves important in order to view the problem as a
transmission one relative to Γε.

It remains to be seen that the linear operator of the transmission problem (2) defined
via the technique in [24], which we briefly recall below, is the same operator Aε; the proof
of this fact follows easily by combining [24] and the main estimate of [25].

Following the approach of [24] (cf. [26,27] and references therein for alternative ap-
proaches), which is based on the ideas of the classical Birman–Kreı̆n–Višik theory (see [28–30]),
the linear operator of the transmission boundary value problem is introduced as follows.
Let H := L2(Γε) = ⊕e,vL2(Γε

ev), and consider the harmonic lift operators ΠV and ΠE
defined on φ ∈ H via

ΠVφ := uφ, where

{
Δuφ = 0, uφ ∈ L2(QV),
uφ|Γε = φ,

ΠEφ := uφ, where

{
Δuφ = 0, uφ ∈ L2(QE),
uφ|Γε = φ,

subject to Neumann boundary conditions on ∂Q. These operators are first defined on
φ ∈ C2

0(Γ
ε), in which case the corresponding solutions uφ can be seen as classical [17].

The results of [18] allow one to extend both harmonic lifts to bounded (in fact, compact) op-
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erators onH, in which case uφ are to be treated as distributional solutions of the respective
boundary value problems. The solution operator Π : H �→ L2(Q) = L2(QV)⊕ L2(QE) is
defined as follows:

Πφ := ΠVφ⊕ΠEφ.

Consider the self-adjoint operator family A0 (choosing not to reflect the ε-dependence
in the notation) to be the Dirichlet decoupling of the operator family Aε, i.e., the operator of
the boundary value problem on both QV and QE, where the Dirichlet boundary conditions
are imposed on Γε together with Neumann boundary conditions on ∂Q. The operator A0
is generated by the same differential expression as Aε. Clearly, one has A0 = AV

0 ⊕ AE
0

relative to the orthogonal decomposition L2(Q) = L2(QV)⊕ L2(QE); all three operators
A0, AV

0 and AE
0 are self-adjoint and positive-definite. Moreover, by [18,31] there exists a

bounded inverse A−1
0 . Note that dom A0 ∩ ran Π = ∅; see [24].

Furthermore, denoting by Γ̃V
0 and Γ̃E

0 the left inverse of ΠV and ΠE, respectively, one
introduces the trace operator ΓV

0 (respectively, ΓE
0 ) as the null extension of Γ̃V

0 (respectively,
Γ̃E

0 ) to the domain dom AV
0 � ran ΠV (respectively, dom AE

0 � ran ΠE). In the same way, we
introduce the operator Γ̃0 and its null extension Γ0 to the domain dom A0 � ran Π.

The solution operators SV
z , SE

z of the boundary value problems{
−Δuφ − zuφ = 0, uφ ∈ dom AV

0 � ran ΠV ,

ΓV
0 uφ = φ,{
−Δuφ − zuφ = 0, uφ ∈ dom AE

0 � ran ΠE,

ΓE
0 uφ = φ

are defined as linear mappings from φ to uφ, respectively. These operators are bounded
from L2(Γε) to L2(QV) and L2(QE), respectively, and admit the following representations:

SE
z = (1− z(AE

0 )
−1)−1ΠE, SV

z = (1− z(AV
0 )
−1)−1ΠV .

The solution operator Sz from L2(Γε) to L2(QV) ⊕ L2(QE) is now defined as
Sz = SV

z ⊕ SE
z ; it admits the representation Sz = (1− z(A0)

−1)−1Π and is bounded.
Having introduced orthogonal projections PV and PE from L2(Q) onto L2(QV) and

L2(QE), respectively, one has the obvious identities

SV
z = PVSz, SE

z = PESz, ΠV = PVΠ, ΠE = PEΠ.

Fix self-adjoint (and, in general, unbounded) operators ΛE, ΛV defined on domains
dom ΛE, dom ΛV ⊂ L2(Γε) (in what follows these operators will be chosen as DN maps of
Zaremba problems on QE and QV , respectively, and well-defined on H1(Γε), where H1(Γε)
is the standard Sobolev space pertaining to the internal boundary Γε). Still following [24],
we define the “second boundary operators” ΓE

1 and ΓV
1 to be linear operators on the domains

dom ΓE
1 := dom AE

0 � ΠE dom ΛE, dom ΓV
1 := dom AV

0 � ΠV dom ΛV .

The action of ΓE(V)
1 is set by:

ΓE
1 : (AE

0 )
−1 f � ΠEφ �→ Π∗

E f + ΛEφ, ΓV
1 : (AV

0 )
−1 f � ΠVφ �→ Π∗

V f + ΛVφ

for all f ∈ L2(QE), φ ∈ dom ΛE and f ∈ L2(QV), φ ∈ dom ΛV , respectively.
Alongside ΓE(V)

1 , introduce a self-adjoint operator Λ on dom Λ ⊂ H and then the
following “boundary” operator Γ1 :

dom Γ1 := dom A−1
0 � Π dom Λ,
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Γ1 : A−1
0 f � Πφ �→ Π∗ f + Λφ ∀ f ∈ L2(Q), φ ∈ dom Λ.

We remark that the operators Γ1, ΓE(V)
1 thus defined are assumed to be neither closed

nor indeed closable.
In our setup, we make the following concrete choice of the operators ΛE(V): in what

follows, they are the DN maps pertaining to the components QE and QV , respectively.
More precisely, for the problem

Δuφ = 0, uφ ∈ L2(QE),

uφ|Γε = φ, ∂nuφ|∂Q = 0,

the operator ΛE maps the boundary values φ of uφ to the negative traces of its normal derivative

∂nuφ|Γε := ∇u · n|Γε ,

where n = −nE is as above the “edge-inward” normal. This operator is well defined by its
sesquilinear form as a self-adjoint operator on L2(Γε) (see, e.g., [32,33]), and
dom ΛE ⊃ H1(Γε) by [18]. The above definition is inspired by [24]. Note that the op-
erator thus defined is negative the classical DN map of, e.g., [23].

On the vertex part QV , we consider the problem

Δuφ = 0, uφ ∈ L2(QV),

uφ|Γε = φ, ∂nuφ|∂Q = 0,

and define ΛV as the operator mapping the boundary values φ of uφ to the negative traces
of its normal derivative −∂nuφ|Γε , where n = nV is again the “edge-inward” normal.
The self-adjointness of ΛV on dom ΛV ⊃ H1(Γε) follows by an unchanged argument.

Finally we introduce the operator Λ which on φ ∈ H1(Γε) is the sum Λφ = ΛVφ + ΛEφ.
It is also a self-adjoint operator on dom Λ ⊃ H1(Γε). This can be ascertained either by
the argument of [25], in which case it is defined as the inverse of a compact self-adjoint
operator on the orthogonal complement to constants L2(Γε)! {c111}, extended to {c111} by
zero or, alternatively, from its definition by a closed sesquilinear form.

The choice of ΛE(V) made above allows us to consider Γ1 on the domain
dom A0 � Π dom Λ. One then writes [24] the second Green identity in the following form:

〈Au, v〉L2(Q) − 〈u, Av〉L2(Q) = 〈Γ1u, Γ0v〉L2(Γε) − 〈Γ0u, Γ1v〉L2(Γε)

for all u, v ∈ dom Γ1 = dom A0 � Π dom Λ, where the operator A is the null extension
(see [34]) of the operator A0 onto dom Γ1. Thus the triple (H, Γ0, Γ1) is closely related to
a boundary quasi-triple of [26] (see also [35]) for the transmission problem considered;
cf. [27] for an alternative approach.

The calculation of Π∗ in [24] shows that Π∗ = Γ1 A−1
0 and therefore Γ1 as introduced

above acts as follows:

Γ1 : u = PEu + PVu �→ ∂nPeu|Γε − ∂nPVu|Γε ,

where PE and PV are the orthogonal projections of L2(Q) onto L2(QE), L2(QV), respectively.
Therefore, transmission problem at hand (at least, formally so far) corresponds to the
interface (or “matching”) condition Γ1u = 0.

Definition 1 ([24]). The operator-valued function M(z) defined on the domain dom Λ for
z ∈ ρ(A0) (and in particular, for z ∈ Kε

σ) by the formula

M(z)φ = Γ1Szφ = Γ1(1− zA−1
0 )−1Πφ (3)

is referred to as the M-function of the problem (2).
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The following result of [24] summarises the properties of the M−function which we
will need in what follows.

Proposition 1 ([24], Theorem 3.3). 1. One has the following representation:

M(z) = Λ + zΠ∗(1− zA−1
0 )−1Π, z ∈ ρ(A0). (4)

2. M(z) is an analytic operator-function with values in the set of closed operators in L2(Γε)
densely defined on the z-independent domain dom Λ.

3. For z, ζ ∈ ρ(A0) the operator M(z)−M(ζ) is bounded and

M(z)−M(ζ) = (z− ζ)S∗z̄ Sζ

In particular, "M(z) = ("z)S∗z̄ Sz̄ and (M(z))∗ = M(z̄).
4. For uz ∈ ker(A− zI) ∩ {dom A0 � Π dom Λ}, the following formula holds:

M(z)Γ0uz = Γ1uz.

Alongside M(z), we define MV(z) and ME(z), which pertain to the vertex QV and
edge QE parts of the domain Q, respectively, by the formulae

MV(z)φ = ΓV
1 SV

z φ = ΓV
1
(
1− z(AV

0 )
−1)−1ΠVφ,

ME(z)φ = ΓE
1 SE

z φ = ΓE
1
(
1− z(AE

0 )
−1)−1ΠEφ.

(5)

As before, in the notation we suppress the dependence on the parameter ε for brevity.
The value of the fact that for φ ∈ H1(Γε) one has M(z)φ = ME(z)φ + MV(z)φ is

clear: in contrast to Aε, which cannot be additively decomposed into “independent" terms
pertaining to the vertex and edge parts of the medium Q owing to the transmission
interface conditions on Γε, the M-function is additive (see, e.g., [11,36], where this property
was observed and exploited in the related settings of homogenisation and scattering,
respectively). In what follows, we will observe that the resolvent (Aε − z)−1 can be
expressed in terms of M(z) via a version of the celebrated Kreı̆n formula, thus reducing
the asymptotic analysis of the resolvent to that of the corresponding M-function (see,
e.g., [26,37] for alternative approaches to derivation of the Kreı̆n formula in our setting).

Alongside the transmission problem (2), the boundary conditions of which can be
now (so far, formally) represented as u ∈ dom A0 � ΠL2(Γε), Γ1u = 0, in what follows
we will require a wider class of problems of this type. This class is formally given by the
transmission conditions

u ∈ dom A ≡ dom A0 � ΠL2(Γε), β0Γ0u + β1Γ1u = 0,

where β1 is a bounded operator on L2(Γε) and β0 is a linear operator defined on the domain
dom β0 ⊃ dom Λ.

In general, the operator β0Γ0 + β1Γ1 is not defined on the domain dom A. This problem
is being taken care of by the following assumption, which will be satisfied throughout:

β0 + β1Λ defined on dom Λ is closable inH.

We remark that by Proposition 1 the operators β0 + β1M(z) are then closable for all
z ∈ ρ(A0), and the domains of their closures coincide with dom β0 + β1Λ.

For any f ∈ H, φ ∈ dom Λ, the equality

(β0Γ0 + β1Γ1)(A−1
0 f + Πφ) = β1Π∗ f + (β0 + β1Λ)φ

170



Mathematics 2024, 12, 1161

shows that the operator β0Γ0 + β1Γ1 is correctly defined on A−1
0 H � Π dom Λ ⊂ dom A.

Denoting B := β0 + β1Λ with the domain domB ⊃ dom Λ, one checks that
HB := A−1

0 H � Π domB is a Hilbert space with respect to the norm

‖u‖2
B := ‖ f ‖2

H + ‖φ‖2
H + ‖Bφ‖2

H, u = A−1
0 f + Πφ.

It is then proved [24] (Lemma 4.1) that β0Γ0 + β1Γ1 extends to a bounded operator
from HB to H. For the sake of convenience, same notation β0Γ0 + β1Γ1 is preserved for
this extension.

We will make use of the following version of the celebrated Kreı̆n formula.

Proposition 2 ([24], Theorem 5.1). Let z ∈ ρ(A0) be such that the operator β0 + β1M(z) defined
on domB is boundedly invertible. Then

Rβ0,β1(z) := (A0 − z)−1 + SzQβ0,β1(z)S
∗
z̄ , where Qβ0,β1 := −(β0 + β1M(z))−1β1, (6)

is the resolvent of a closed densely defined operator Aβ0,β1 with the domain

dom Aβ0,β1 = {u ∈ HB|(β0Γ0 + β1Γ1)u = 0} = ker(β0Γ0 + β1Γ1).

In particular, the (self-adjoint) operator of the transmission problem (2), which cor-
responds to the choice β0 = 0, β1 = I, admits the following characterisation in terms of
its resolvent:

R0,I(z) = (A0 − z)−1 − Sz M−1(z)S∗z̄ . (7)

In this case, one clearly has HB = A−1
0 H�Π dom Λ and dom A0,I = {u ∈ HB|Γ1u = 0},

which, together with the discussion at the beginning of this section, yields A0,I = Aε.
We remark that the operators β0 and β1 above can be assumed z-dependent, as this

change does not impact the corresponding proofs of [24]. In this case, however, the cor-
responding operator-function Rβ0,β1(z) is shown to be the resolvent of a z-dependent
operator family. Within the self-adjoint setup of the present paper, Rβ0,β1(z) is guaranteed
to represent a generalised resolvent in the sense of [38–40].

3. Auxiliary Estimates

In this section, we collect a number of auxiliary statements required in our proof of
the main result.

We start with the analysis of the operators ΠV and SV
z introduced in Section 2. First,

we note that each of these operators admits a decomposition into an orthogonal sum over N
vertex domains {Qv} of Q. It therefore suffices to consider a single vertex domain Qv (we
recall for readers’ convenience that the volume of this domain is assumed to be decaying
with ε → 0). Its boundary ∂Qv contains a disjoint set of straight segments belonging to the
internal boundary Γε, which are, in line with what has been said above, denoted as Γε

ev; the
union of the latter is Γε

v.
The decoupled operator A0 has L2(Qv) as its invariant subspace. We will denote

by A(v)
0 its self-adjoint restriction, A(v)

0 := A0|L2(Qv)
. By construction, the operator A(v)

0
is the Laplacian with the so-called Zaremba, or mixed Neumann–Dirichlet, boundary
condition [17,41]. More precisely, it is subject to the Dirichlet boundary condition on Γε

v and
to Neumann boundary condition on its complement Γ̃ε

v. Clearly, this operator is boundedly
invertible; moreover, the following statement holds.

Proposition 3 (see [31,42]). There exists a constant C > 0 such that for all ε one has

∥∥(A(v)
0 )−1∥∥ ≤ C|Qv|

{
| log ε|, d = 2,

ε2−d, d ≥ 3
# ε| log ε|γ,
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where, as before, γ = 1 for d = 2 and γ = 0 otherwise.

Remark 1. The above proposition holds under more general conditions than those we impose.
Namely, the domain Qv is only required to be Lipschitz and no conditions whatsoever are imposed
on the geometry of the set Γε

v.

Next, we turn our attention to the solution operator S(v)
z := SV

z |Γε
v and the correspond-

ing harmonic lift Π(v) := ΠV |Γε
v . The two are clearly related by the formula

S(v)
z =

(
1− z(A(v)

0 )−1)−1Π(v).

In order to bound the norm of Π(v), we can follow, e.g., the following approach. First,
consider the corresponding Zaremba problem on Q0

v. We proceed by relating the norm
of the corresponding Poisson operator to the least Steklov eigenvalue of the bi-Laplacian,
following the blueprint of [43], based in turn on Fichera’s duality principle; see [44]. Since
the boundary of Q0

v is non-smooth, in doing so we follow the generalisations developed
in [45,46], with obvious modifications required when passing from the Dirichlet to Zaremba
setup. The estimate for the said Steklov eigenvalue is then taken from the norm of the
compact embedding of H2(Q0

v) to the traces of normal derivatives on the contact plates;
see, e.g., [47]. Rescaling back to Qv, we obtain the following auxiliary result.

Lemma 1. There exists C > 0 such that ‖Π(v)‖ ≤ C for all ε.

By Proposition 3, the above lemma yields the following estimate for the solution
operator S(v)

z .

Lemma 2. For ε ∈ (0, 1), uniformly in z ∈ Kε
σ (and, in particular, for z ∈ Kσ) one has

S(v)
z =

(
1 + O(|z|ε| log ε|γ)

)
Π(v) = Π(v) + O(|z|ε| log ε|γ),

where the error bounds are understood in the uniform operator norm topology.

Our next step is the analysis of the “part” of the DN map ΛV pertaining to the vertex
domain Qv. We will denote by ΛV

v its self-adjoint restriction ΛV |L2(Γε
v)
=: ΛV

v .
First, we note that the spectrum of ΛV

v (which can be termed as the Steklov spectrum
of the sloshing problem pertaining to A(v)

0 ; see [48]) is discrete and accumulates to neg-
ative infinity. The point λ1 = 0 is the least (by absolute value) Steklov eigenvalue with
ψv = |Γε

v|−1/2111|Γε
v being the corresponding eigenvector. For the second eigenvalue λ2, one

has the following estimate; see, e.g., [32] and references therein.

Lemma 3. There exists C > 0 such that |λ2| ≥ Cε−1.

Introduce the N-dimensional orthogonal projection

P := ∑
v
〈·, ψv〉ψv,

define P⊥ := 1 − P and consider the operator P⊥M(z)P⊥, which is well defined since
P dom Λ ⊂ dom Λ. By a straightforward estimate for sesquilinear forms, see [11] (Section 3.2),
and taking into account (4) applied to MV(z) and combined with Proposition 3 as well as
Lemmata 1, 3, one has the following statement.

Lemma 4. There exists C > 0 such that for all ε ∈ (0, 1) one has∥∥(P⊥M(z)P⊥)−1∥∥ ≤ Cε, z ∈ Kε
σ,
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where the operator P⊥M(z)P⊥ is considered as a linear (unbounded) operator in P⊥H.

We conclude this section by noting that, alternatively, one can derive the bound on
the Poisson operator Π(v) claimed in Lemma 1 by employing the scaling property of the
Dirichlet-to-Neumann map ΛV

v , similar to the argument of [32] referenced above, combined
with a standard estimate on the solutions to the classical Neumann problem.

4. Norm-Resolvent Asymptotics

We will make use of the Kreı̆n formula (7) to obtain a norm-resolvent asymptotics of
the family Aε. In doing so, we will compute the asymptotics of M−1(z) based on a Schur–
Frobenius-type inversion formula, having first rewritten M(z) as a 2× 2 operator matrix
relative to the orthogonal decomposition of the Hilbert space H = PH ⊕ P⊥H. In the
study of operator matrices, we rely upon the material of [49]; see also references therein.

The operator M(z) admits the block matrix representation

M(z) =
(
A B
E D

)
with A,B,E bounded.

For the inversion of M(z), we then use the Schur–Frobenius inversion formula [49]
(Theorem 2.3.3)

(
A B

E D

)−1

=

(
A−1 +A−1BS−1

EA−1 −A−1BS−1

−S−1
EA−1 S−1

)
with S := D−EA−1B. (8)

Note that by Proposition 1, one has "M(z) = ("z)S∗z̄ Sz̄. Moreover, since
Sz = (1− zA−1

0 )−1Π, one has

S∗z̄ Sz̄ = Π∗(1− zA−1
0 )−1(1− z̄A−1

0 )−1Π,

and therefore, for some constants c1, c2 > 0,

〈S∗z̄ Sz̄Pφ,Pφ〉H =
∥∥(1− z̄A−1

0 )−1ΠPφ
∥∥2 ≥ c1‖ΠPφ‖2 ≥ c1‖ΠVPφ‖2 ≥ c2‖Pφ‖2

H

for all φ ∈ H, z ∈ Kε
σ, where we have used the fact that the operator A0 is bounded below

by a positive constant. It follows that A−1 = (PM(z)P)−1 is bounded.
Proceeding exactly as in [11] based on the estimate provided by Lemma 4 which

now reads ∥∥D−1∥∥ ≤ Cε,

we use S−1 = (I −D−1EA−1B)−1D−1 to obtain S−1 = O(ε).
Returning to (8), one obtains

M(z)−1 =

(
A B

E D

)−1

=

(
A−1 0

0 0

)
+ O(ε) (9)

with a uniform estimate for the remainder term. Comparing our result with (6) of
Proposition 2 with β0 := P⊥ and β1 := P , one arrives at the following.

Theorem 1. There exists C > 0 such that for all ε ∈ (0, 1) and z ∈ Kε
σ (in partucular, for all

z ∈ Kσ) one has the estimate∥∥(Aε − z)−1 − (Aβ0,β1 − z)−1∥∥ ≤ C|z|2ε

for a universal constant C and β0 = P⊥, β1 = P , where the operator Aβ0,β1 is defined in
Proposition 2.
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Proof. The proof is identical to that of [11] (Theorem 3.1); we include it here for the sake
of completeness. For the resolvent (Aε − z)−1, the formula (7) is applicable, in which
for M(z)−1 we use (9). As for the resolvent

(
AP⊥ ,P − z

)−1, Proposition 2 with β0 = P⊥,
β1 = P is clearly applicable. Moreover, for this choice of β0, β1, the operator

QP⊥ ,P (z) = −
(
P⊥ + PM(z)

)−1P

in (6) is easily computable (e.g., by the Schur–Frobenius inversion formula of [49], see (8)).
The mentioned computation is facilitated by the fact that P⊥ + PM(z) is triangular
(A = PM(z)P , B = PM(z)P⊥, E = 0, D = I in (8)) with respect to the decomposi-
tionH = PH⊕P⊥H, yielding

QP⊥ ,P (z) = −P
(
PM(z)P

)−1P , (10)

and the claim follows.

Already the estimate of Theorem 1 establishes norm-resolvent convergence of the
family Aε to an operator which by (10) is a relative (i.e., with respect to the difference of
resolvents) finite-rank perturbation of the decoupled operator A0. However, in the case
z ∈ Kσ, which we will assume henceforth, it is possible to obtain a further simplification
of this answer, relating the leading-order asymptotic term to a self-adjoint operator on
the limiting metric graph. This procedure follows the blueprint of our paper [11]. We
next briefly outline the related argument. For the case of z not constrained to a compact,
a similar argument yields a sequence of dimensionally reduced models, as mentioned in
the Introduction.

Note first that (A0 − z)−1 = (AV
0 − z)−1 ⊕ (AE

0 − z)−1 is easily analysed. Indeed,
by Proposition 3 one has

(AV
0 − z)−1 = O

(
ε| log ε|γ

)
. (11)

Furthermore, the operator (AE
0 − z)−1, by separation of variables, is O(ε2)-close to the

Dirichlet Laplacian on the space

HG := ⊕vL2([0, le]× 111ε),

where 111e := ε−(d−1)/2111 is the normalised constant function in the variable transverse to the
edge e.

We remark that this is the only place where we use the assumption about the geometric
shape of the edge parts Qe of the thin structure. This can be generalised to the setup of [1],
allowing for curvature and non-uniform thickness, leading to Laplace–Beltrami operators
on the edges of the limiting graph.

The operator (A0 − z)−1 is therefore close, uniformly in z ∈ Kσ, to an operator that
is unitary equivalent to the resolvent of AG

0 , where AG
0 is the Dirichlet-decoupled graph

Laplacian pertaining to the graph G. The related error estimates are the same as in (11).
The finite-dimensional second term on the right-hand side of (10) is therefore expected to
encode the matching conditions at the vertices of the limiting graph G. In order to see this,
one passes over to the generalised resolvent Rε(z) := PE(Aε − z)−1PE, which is shown to
admit the following asymptotics.

Theorem 2. The operator family Rε(z) admits the following asymptotics in the operator-norm
topology for z ∈ Kσ:

Rε(z)− Reff(z) = O(ε),

where Reff(z) is the solution operator for the following spectral BVP on the edge domain QE:

−Δu− zu = f , f ∈ L2(QE),

β0(z)ΓE
0 u + β1ΓE

1 u = 0,
(12)
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with β0(z) = P⊥ − PB(z)P , B(z) := −MV(z) and β1 = P .
The boundary condition in (12) can be written in the more conventional form

P⊥u|Γε = 0, P∂nu = PB(z)Pu
∣∣
Γε .

Equivalently,
Rε(z)−

(
AE
P⊥−PB(z)P ,P − z

)−1
= O(ε),

where AE
P⊥−PB(z)P ,P , for any fixed z, is the operator in L2(QE) defined by Proposition 2 relative

to the triple (H, ΠE, ΛE), where the term “triple" is understood in the sense of [24]. This operator
is maximal anti-dissipative for z ∈ C+ and maximal dissipative for z ∈ C−; see [40].

The proof of the theorem follows immediately from Theorem 1; see [11] (Theorem 3.6),
together with the observation that

PM(z)P = PME(z)P + PMV(z)P .

The next step of our argument is to introduce the truncated (reduced) boundary space
H̆ in order to make all the ingredients finite-dimensional. In view of clarity, in what
follows we consistently supply the (finite-dimensional) “truncated” spaces and operators
pertaining to them by the breve overscript.

We put H̆ := PH (noting that in our setup H̆ is N-dimensional, where N is the number
of vertices; see Section 2). Introduce the truncated Poisson operator on H̆ by Π̆E := ΠE|H̆
and the truncated DN map Λ̆E := PΛE|H̆. Then, the following statement holds.

Proposition 4 ([11], Theorem 3.7). 1. The formula

Reff(z) =
(

AE
0 − z

)−1 − S̆E
z
(

M̆E(z)−PB(z)P
)−1

(S̆E
z̄ )
∗ (13)

holds, where S̆E
z is the solution operator of the problem

−Δuφ − zuφ = 0, uφ ∈ dom AE
0 � ran Π̆E,

ΓE
0 uφ = φ, φ ∈ H̆,

and M̆E is the M-operator defined in accordance with (3), (5) relative to the triple (H̆, Π̆E, Λ̆E).
2. The “effective” generalised resolvent Reff(z) is represented as the generalised resolvent of

the problem
−Δu− zu = f , f ∈ L2(QE), u ∈ dom AE

0 � ran Π̆E,

P∂nu
∣∣
Γε = PB(z)Pu

∣∣
Γε .

3. The triple (H̆, Γ̆εE
0 , Γ̆εE

1 ) is the classical boundary triple [50,51] for the operator Amax defined
by the differential expression −Δ on the domain dom Amax = dom AE

0 � ran Π̆E. Here, Γ̆εE
0 and

Γ̆εE
1 are defined on dom Amax as the operator of the boundary trace on Γ and P∂nu, respectively.

We now consider the operator PB(z)P in (13); since B = −MV by definition, we
invoke the estimates derived in Section 3 to obtain

PBP = −PΛVP − zPΠ∗
VΠVP + O(ε| log ε|γ) = −zΠ̆∗

VΠ̆V + O(ε| log ε|γ),

with a uniform estimate for the remainder term. Here, the truncated Poisson operator Π̆V
is introduced as Π̆V := ΠV |H̆ relative to the same truncated boundary space as above,
H̆ = PH. As a result, we obtain

Reff(z)− Rhom(z) = O
(
ε| log ε|γ

)
,
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with
Rhom(z) := (AE

0 − z)−1 − S̆E
z
(

M̆E(z) + zΠ̆∗
VΠ̆V

)−1
(S̆E

z̄ )
∗. (14)

By a classical result of [40] (see also [38,39]), the operator Reff(z) is a generalised
resolvent, so it defines a z-dependent family of closed densely defined operators in L2(QE),
which are maximal anti-dissipative for z ∈ C+ and maximal dissipative for z ∈ C−. Writing
the resolvent (Aε − z)−1 in the matrix form relative to the orthogonal decomposition
L2(Q) = PEL2(Q)⊕ PV L2(Q) = L2(QE)⊕ L2(QV) then yields the following result.

Theorem 3. The resolvent (Aε − z)−1 admits the following asymptotics in the uniform operator-
norm topology: (

Aε − z
)−1

= Reff(z) + O
(
ε| log ε|γ

)
,

where the operatorReff(z) has the following representation relative to the decomposition L2(QE)⊕
L2(QV):

Reff(z) =

⎛⎜⎝ Reff(z)
(
Kz̄
[
Reff(z̄)− (AE

0 − z̄)−1])∗Π̆∗
V

Π̆VKz
[
Reff(z)− (AE

0 − z)−1] Π̆VKz

(
Kz̄
[
Reff(z̄)− (AE

0 − z̄)−1])∗Π̆∗
V

⎞⎟⎠. (15)

Here, Kz := ΓE
0 |Nz with Nz := ran SE

z P , z ∈ C±, and the generalised resolvent Reff(z) is
defined by (14).

The above theorem provides us with the simplest possible leading-order termReff(z)
of the asymptotic expansion for (Aε − z)−1. However, it is not yet obvious whether it is the
resolvent of some self-adjoint operator in the space L2(QE)⊕ Π̆VH̆ ⊂ L2(Q). It turns out
that this is indeed so, which is seen via the following explicit construction.

Put L2(G) := ⊕eL2(0, le), H2(G) := ⊕e H2(0, le). For all u ∈ H2(G), denote by uev the
limit of ue(x) := u|e(x) at the vertex v. Let Heff := L2(G)⊕CN , and set

domAhom =
{
(u, β)$ ∈ Heff : u ∈ H2(G), uev = ue′v =: uv for any v

and e, e′ incident to v, and β = κuV
}

,
(16)

where uV is the N-dimensional vector of {uv}v∈V and κ is the diagonal matrix

κ := diag
{
|Q0

v|1/2}. (17)

The action of the operator is set by

Ahom

(
u
β

)
=

(
−u”

−κ−1∂nu|V

)
,

(
u
β

)
∈ domAhom, (18)

where ∂nu|V is the N-dimensional vector {∑e∼v ∂nue|v}v∈V , i.e., the vector for which each
element is represented by the sum of edge-inward normal derivatives of the function u over
all the edges incident to the vertex v. We write e ∼ v if and only if the edge e is incident to
the vertex v.

The main result of the present work, which is obtained by computing explicitly the
resolvent of (16)–(18) and comparing it with (15) (see details of a similar computation
in [13]), is formulated next.

Theorem 4. The resolvent (Aε − z)−1 admits the following estimate in the uniform operator norm
topology, uniform in z ∈ Kσ:(

Aε − z
)−1 −Θ

(
Ahom − z

)−1Θ∗ = O
(
ε| log ε|γ

)
,

where Θ is a partial isometry from Heff onto L2(Q), acting as follows:
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• For every edge e ∈ G, e = [0, le], it embeds u ∈ H2(e) into L2(Qe) as u(x)× ε−(d−1)/2111(y),
where y is the variable in the direction transverse to that of x;

• For every vertex v ∈ G, it embeds the value uv, i.e., the common value of u ∈ H2(G) at the
vertex v, into L2(Qv) as ε−(d−1)/2uv111.

5. Analysis of Vertex Matching Conditions

In the present section, we continue our study of the operator (16)–(18) associated with
an arbitrary metric graph G, with a view to analyse its spectral structure. We will show
that the matching conditions at graph vertices associated with the spectral problem for the
mentioned operator, albeit closely resembling δ-type conditions with coupling constants
linear in the spectral parameter z, can be in fact represented (up to a unitary gauge) by
δ′-type matching conditions for all z �= 0 (while for z = 0 they coincide with the classical
Kirchhoff condition). We will assume throughout that this graph contains no loops, in line
with the assumptions imposed on the thin network studied above. We will further assume
without loss of generality that the graph G is connected and that the matrix κ is invertible.

Since the operator Ahom can be viewed as a self-adjoint out-of-space extension (see,
e.g., [52] and references therein) of a symmetric differential operator on the metric graph
G, it is amenable to the classical boundary triples theory; see [53,54]. We recall that for a
closed and densely defined symmetric operator A on a separable Hilbert space H with
domain domA, a boundary triple is defined as follows.

Definition 2 ([55]). A triple (K, Γ0, Γ1) consisting of an auxiliary Hilbert space K and linear
mappings Γ0, Γ1 defined everywhere on domA∗ is called a boundary triple for A∗ if the following
conditions are satisfied:

(1) The abstract Green’s formula is valid

(A∗�u,�v)H − (�u,A∗�v)H = (Γ1�u, Γ0�v)K − (Γ0�u, Γ1�v)K, �u,�v ∈ domA∗ (19)

(2) For any Y0, Y1 ∈ K there exist �u ∈ domA∗, such that Γ0�u = Y0, Γ1�u = Y1. In other words,
the mapping �u �→ Γ0�u⊕ Γ1�u from domA∗ to K⊕K is surjective.

It can be shown (see [55]) that a boundary triple forA∗ exists, although it is not unique.

Definition 3. Let T = (K, Γ0, Γ1) be a boundary triple of A∗. The Weyl function of A∗
corresponding to T and denoted by M(z), z ∈ C \ R, is an analytic operator-function with a
positive imaginary part for z ∈ C+ (i.e., an operator R-function) with values in the algebra of
bounded operators on K such that

M(z)Γ0�u = Γ1�u ∀�u ∈ ker(A∗ − zI).

For z ∈ C \R one has (M(z))∗ = (M(z̄)) and "(z)"(M(z)) > 0.

A comparison with the assertion 4 of Proposition 1 shows that the Weyl function M(z)
in the context of the boundary triples theory is intimately related to the object introduced
in Definition 1. The overall setup leading to its construction is, however, different and is
based on the explicit choice of the boundary operators Γ0 and Γ1.

Definition 4. An extension A of a closed densely defined symmetric operator A is called almost
solvable and is denoted by A = AB, if there exist a boundary triple (K, Γ0, Γ1) for A∗ and a
bounded operator B : K → K defined everywhere in K such that

�u ∈ dom AB ⇐⇒ Γ1�u = BΓ0�u.

This definition implies that dom AB ⊂ domA∗ and AB is a restriction of A∗ to the
linear set dom AB := {�u ∈ domA∗ : Γ1�u = BΓ0�u}. In this context, the operator B plays
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the rôle of a parameter for the family of extensions {AB | B : K → K}. It can be shown
(see [36] for references) that the resolvent set of AB is non-empty (i.e., AB is maximal), both
AB and (AB)

∗ = AB∗ are restrictions of A∗ to their domains, and AB and B are self-adjont
or dissipative simultaneously.

Under the additional assumption that A is simple (or, in other words, completely non-
self-adjoint), that is, it has no reducing self-adjoint “parts”, the spectrum of AB coincides,
counting multiplicities, with the set of points z0 ∈ C into which (M(z0)− B)−1 does not
admit analytic continuation. In the general case, however, the spectrum is a union of the
“zeroes” of the operator-valued function M(z)− B introduced above and the spectrum of
the self-adjoint “part” of the symmetric operator A in its Wold decomposition [56].

Our immediate aim is to construct a convenient boundary triple for the operator Aeff.
In doing so, we rely upon the framework (in a particular case of a loop-graph with exactly
one vertex) of the paper [57].

We define the symmetric operator A as follows (cf. (16)):

domA =
{
(u, β)$ ∈ Heff : u ∈ H2(G), uev = ue′v =: uv for any v

and e, e′ incident to v, ∂nu|V = 0, and β = κuV

}
,

where uV is, as above, the N-dimensional vector of {uv}v∈V , κ is the diagonal matrix (17),
and ∂nu|V is the N-dimensional vector of {∑e∼v ∂nue|v}v∈V . The action of the operator A
is set by (18). The operator thus defined is clearly symmetric in L2(G)⊕CN ; its adjoint A∗
is defined by the same expression (18) on the domain

domA∗ =
{
(u, β)$ ∈ Heff : u ∈ H2(G), uev = ue′v =: uv for any v

and e, e′ incident to v
}

.

We have the following lemma.

Lemma 5. Let K = CN, Γ0(u, β)$ := ∂nu|V, and Γ1(u, β)$ := κ−1β − uV. The triple
(K, Γ0, Γ1) is a boundary triple for the operator A∗. The operator Aeff is a self-adjoint almost
solvable extension of A, corresponding to the matrix B = 0 with respect to this boundary triple.

The proof of the above lemma is obtained via integration by parts; for details, see [57].
We shall further require two ordinary differential operators on the metric graph G

together with their boundary triples. Consider Aδ
max to be the operator generated by the

negative Laplacian −Δ on L2(G), defined on the domain

dom Aδ
max = {u ∈ H2(G) : uv := uev = ue′v for any v and e, e′ incident to v}.

In the paper [58], it is shown that this is a natural choice of a maximal operator
if one seeks to consider the so-called δ-type matching conditions at the graph vertices,
i.e., matching conditions of the type

u continuous at every vertex v and ∂nu|V = η2uV , (20)

where η is a diagonal matrix. The conditions (20) reduce to Kirchhoff, or standard, matching
conditions under the choice η = 0. The natural boundary triple for Aδ

max is (K, Γδ
0, Γδ

1),
where K = CN , Γδ

0u = uV , and Γδ
1u = ∂nu|V . The corresponding Weyl function (“M-

matrix”) admits the form [58] Mδ(z) := {mδ
vv′ }v,v′∈V , where

mδ
vv′(k) =

{
−k ∑e∼v cot kle, v = v′,

k ∑e∼v,e∼v′(sin kle)−1, v �= v′.
(21)
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Here, k :=
√

z is such that "k ≥ 0.
Next, we consider the magnetic Laplacian on the graph G subject to δ′-type matching at

the vertices. Namely, we assume that for all edges e the action of the operator is described as

−
(

d
dx

+ iτe

)2

, (22)

where τe is an edgewise-constant magnetic potential. In order to introduce δ′-type matching,
consider the co-normal derivatives

∂τ
nue|v =

{
u′e|v + iτeue|v if v is the left endpoint of e,

−(u′e|v + iτeue|v) otherwise.

We say that the magnetic Laplacian on G is subject to δ′-type matching at the vertices if

∂τ
nu|v := ∂τ

nue|v = ∂τ
nue′ |v for any e, e′ ∼ v, and Σu|V = η2∂τ

nu|V ∀ v ∈ V, (23)

where ∂τ
nu|V and Σu|V denote the vectors {∂τ

nu|v}v∈V and {∑e∼v ue|v}v∈V , respectively.
By an argument similar to that of [58], see also [13], one easily checks that (K, Γ̂0, Γ̂1)

is a boundary triple for the magnetic Laplacian Aδ′
max defined on

dom Aδ′
max = {u ∈ H2(G) : ∂τ

nu|v := ∂τ
nue|v = ∂τ

nue′ |v for any v and e, e′ incident to v},

if K = CN , Γ̂0u := {∂τ
nu|v}v∈V , and, finally, Γ̂1u := −{∑e∼v ue|v}v∈V . The corresponding

M-matrix M̂(z) := {m̂vv′ }v,v′∈V admits the form [58]

m̂vv′(k) =

{
−k−1 ∑e∼v cot kle, v = v′,
−k−1 ∑e∼v,e∼v′ exp(iσe(v, v′)τele)(sin kle)−1, v �= v′.

Here k =
√

z such that "k ≥ 0 and σe(v, v′) = 1 if e is directed from v to v′,
σe(v, v′) = −1 otherwise.

We will now fix the values of the magnetic potential as follows: τe := π/le. The opera-
tor Aδ′

max corresponding to this choice will be henceforth denoted by Âmax. Its M-matrix M̂
relative to the triple (K, Γ̂0, Γ̂1) admits the form

m̂vv′(k) =

{
−k−1 ∑e∼v cot kle, v = v′,
k−1 ∑e∼v,e∼v′(sin kle)−1, v �= v′,

which coincides with (21) up to the factor z−1. We remark that the operator Âmax and any
of its self-adjoint restrictions can be unitary transformed into a regular (non-magnetic)
Laplacian on the same graph G by a standard gauge transform; this will, however, be
reflected in the corresponding change of matching conditions at the vertices. Motivated by
applications to electromagnetic wave propagation [16], here we prefer to proceed with the
magnetic setup.

Returning to the analysis of the operator Aeff, we now have the following lemma.

Lemma 6. Relative to the boundary triple of Lemma 5, the Weyl M-matrix of the operator Aeff
admits the form

M(z) = −M−1
δ (z)− 1

z
κ−2 = −1

z
(M̂−1(z) + κ−2).

Proof. In view of Lemma 5, consider the vector (u, β)$ ∈ domA∗ such that

A∗
(

u
β

)
= z

(
u
β

)
.
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By the definition ofA∗, one equivalently has−u” = zu on G and − κ−1∂nu|V = zβ. Ab-
breviating Γ0(u, β)$ =: α, one therefore has, in view of the definition of Γ0 (see Lemma 5):

β = −1
z

κ−1α.

Furthermore, taking now into account the definition of the second boundary operator
Γ1, one has

Γ1(u, β)$ = κ−1β− uV = −1
z

κ−2α− uV .

Note that the function u, by the definition of A∗, must be continuous at every v ∈ V
and therefore belongs to the domain of the operator Aδ

max. Therefore, u ∈ ker(Aδ
max − z)

and thus one has Γδ
1u = Mδ(z)Γδ

0u. By construction, one has Γδ
0u = u|V and Γδ

1u = ∂nu|V ,
whence uV = M−1

δ (z)α. Ultimately,

M(z)α = Γ1(u, β)$ = −1
z

κ−2α−M−1
δ (z)α,

as claimed.

Let E(·) denote the orthogonal operator spectral measure of the self-adjoint operator
Aeff and E(·) the orthogonal spectral measure of the self-adjoint operator Â−κ2 , where
the latter is defined as the almost solvable extension of (Aδ′

max)
∗ corresponding to the

parameterising operator B = −κ2. In other words, it is the magnetic Laplacian on the graph
G subject to the condition τe = π/le for all e ∈ E and δ′-type matching conditions (23) at
the graph vertices with η = κ. We have the following statement.

Theorem 5. For any c0 > 0, the operatorsAeffE(c0, ∞) and Â−κ2 E(c0, ∞) are unitary equivalent.

Proof. In the generic case when A is simple (in particular when all le are rationally inde-
pendent), the claim follows immediately from Lemma 6. Indeed, in this case no positive
z can be an eigenvalue of the operator A and the same applies to the operator (Aδ′

max)
∗.

Therefore, any reducing self-adjoint “part” of either symmetric operator can only be zero.
In the general case, if z0 > 0 is an eigenvalue of A, then the corresponding eigenfunction
solves −u” = z0u on G subject to −κ−1∂nu|V = z0β, uV = κ−1β, ∂nu|V = 0 and therefore
uV = ∂nu|V = 0. Thus, any eigenfunction must be of the form ce sin

√
z0x on each e; more-

over, one must also have sin
√

z0le = 0 for all e such that ce �= 0 and ∂nu|V = 0. For each of
these, the function that is edgewise transformed as ce sin

√
z0x �→ ce exp(−iτex) cos

√
z0x

is shown to be an eigenfunction of (Aδ′
max)

∗ corresponding to the eigenvalue z0. The same
argument applied in the opposite direction completes the proof.

Remark 2. The analysis of the unitary equivalence linking AeffE(c0, ∞) and Â−κ2 E(c0, ∞) is
an exciting possible development from the point of view of classical functional analysis, since it
appears to be a natural graph-based generalisation of the classical Hilbert transform. This can be
seen, in particular, from the explicit calculation in the case of an infinite chain graph [14].

The above theorem shows that the spectral analysis of the operator Aeff in relation to
its non-zero spectrum reduces to that of the magnetic graph Laplacian with (non-trivial)
δ′-type matching condition at the graph vertices, which could come as a surprise given that
the eigenvalue problem for Aeff yields, for the first component of the eigenvector (u, β)$,
the equation −u” = zu on G subject to ∂nu|V = −zκ2u|V , which on the face of it is a δ-type
matching condition, albeit with coupling constants proportional to the spectral parameter
z. It would seem natural, therefore, for the self-adjoint operator Aeff to be a H−1 singular
perturbation of the graph Laplacian with standard boundary conditions. Instead, our result
shows that it is in fact a more singular H−2 perturbation. The underlying reasons of this
peculiar behaviour are discussed in detail in [59], where the relationship of operators of
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the class considered with those in the area of zero-range potentials with internal structure,
as introduced by B. S. Pavlov [60,61], is explained. We also point out that the assertion of
Theorem 5 has been observed in a particular case of the cycle graph with one vertex (the
loop) in [14] in the context of a high-contrast homogenisation problem on the real line.

We conclude the spectral analysis of the operatorAeff by a brief discussion of its kernel
and the comparison of the latter with that of the operator Â−κ2 . It turns out that, unlike
what happens with its non-zero spectrum, the kernel kerAeff of the operator Aeff is that of
the Kirchhoff graph Laplacian.

Note first that kerAeff necessarily belongs to the non-simple (i.e., self-adjoint) part of
A. Indeed, for (u, β)$ ∈ kerAeff it has to satisfy

−u′′ = 0 on G, ∂nu|V = 0, uV = κ−1β,

where the boundary conditions are equivalent to Γ0(u, β)$ = 0, Γ1(u, β)$ = 0. On the
other hand, this is precisely the condition for u to be in the kernel of a graph Laplacian
with Kirchhoff matching conditions. One therefore infers from [5] that dim kerAeff = 1 (in
our case of connected graphs), and the elements of kerAeff are constants on G.

The kernel of Â−κ2 is spanned by functions u such that

−u′′ = 0 on G and Σu|V = κ2∂τ
nu|V .

It is easily checked that a non-trivial solution to this problem could exist only if
∂τ

nu|V = 0, Σu|V = 0 or, in other words, if Γ̂0u = Γ̂1u = 0. This means that, precisely as in
the case of Aeff, the kernel of Â−κ2 necessarily belongs to the non-simple (i.e., self-adjoint)
part of the symmetric operator (Aδ′

max)
∗. The question of its existence and dimension admits

a simple answer in terms of the graph topology. It is clear that it is trivial in the case when
G is a tree; in general, its dimension is shown to be equal to the cyclomatic number χ of the
graph G. In particular, this yields unitary equivalence of Aeff and Â−κ2 in the case where G
contains exactly one cycle.

Remark 3. The result of the present section seems to have been overlooked in a number of now-
classical papers dealing with Sturm–Liouville problems on an interval with boundary conditions
depending on a spectral parameter; see, e.g., [62–67].

Conjecture 1. The above discussion raises the question of which definition of δ′-type interaction on
a graph is motivated physically, i.e., whether it is the one emerging from the analysis of thin networks
as the operator Ahom, see (16)–(18), or the traditional (see [5]) definition (22)–(23). At first sight,
the difference between the two operators is insignificant: it is only in their kernels. However, it
can happen to be of paramount importance if, e.g., one considers an ε-periodic graph with δ′-type
matching conditions, in which case the homogenisation procedure [11,12] will lead to drastically
different outcomes for the two related setups, as it relies upon a “threshold effect" [68] in the
behaviour of the least eigenvalue of the operator on the fundamental cell for small quasimomenta.
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Abstract: The utilization of seismic barriers for protection against the hazardous impact of natural or
technogenic waves is an extremely promising emerging technology to secure buildings, structures and
entire areas against earthquake-generated seismic waves, high-speed-transport-induced vibrations,
etc. The current research is targeted at studying the effect of seismic-barrier shape on the reduction of
seismic-wave magnitudes within the protected region. The analytical solution of Lamb’s problem
was used to verify the adopted numerical approach. It was demonstrated that the addition of
complementary geometric features to a simple barrier shape provides the possibility of significantly
increasing the resulting seismic protection. A simple genetic algorithm was employed to evaluate
the nontrivial but extremely effective geometry of the seismic barrier. The developed approach can
be used in various problems requiring optimization of non-parameterizable geometric shapes. The
applicability of genetic algorithms and other generative algorithms to discover optimal (or close
to optimal) geometric configurations for the essentially multiscale problems of the interaction of
mechanical waves with inclusions is discussed.
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1. Introduction

The use of seismic barriers to protect buildings and structures from the potentially
harmful energy of surface waves of natural or technogenic origin is a relatively new emerg-
ing approach in modern seismic protection developments. In contrast to the traditional
approaches, which, in most cases, rely on the installation of damping between the structure
basement and the structure itself, the considered seismic barriers provide the possibility
of ensuring territorial protection, significantly reducing the amplitude of displacements
and accelerations in the area encircled by the barrier and embracing protected buildings
and structures. Installation of a seismic barrier makes it possible to ensure the required
levels of protection for buildings and structures inside the protected area, and it possesses
a number of significant advantages over more traditional seismic protection methods. The
major advantages of the considered territorial seismic protection include the following:

• Barriers protect the area on which the structure is placed, along with the structure itself;
• Seismic barriers are not a part of the protected structure; thus, degradation and fracture

of barriers do not directly affect the strength and stability of the structure;
• The functionality of the barrier is not significantly affected by the frequency spectrum

of oncoming seismic waves (unlike more traditional seismic protection systems that
are designed to operate in a certain frequency range);
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• Basement slabs are also protected;
• Barriers can be used to protect structures placed on weak soils that potentially can

be exposed to the earthquake-induced liquefaction (as seismic barriers prevent the
propagation of seismic waves into the protected area);

• Barriers can be retrofitted to protect the existing structures;
• In many cases, the creation of seismic barriers is economically much more efficient

compared with the more traditional seismic protection systems.

The potential of various seismic protective structures based on specially designed
metamaterials [1–7], seismic barriers [1,7–16], or even seismic barriers filled with metamate-
rials [2,4,5,8] was explicitly revealed in a large number of previous works. Earlier research
clearly demonstrates the possibility of using seismic barriers for effective protection against
seismic waves of different origins. A seismic barrier represents a vertical inclusion made
from a material having physical properties different from the ambient medium. The inter-
action of the incident wave with this inclusion (seismic barrier) can result in the diffraction,
reflection, refraction and scattering of waves. In addition to this, part of the wave energy
can be captured inside the barrier. These effects can result in a decrease in wave amplitude
behind the barrier. A schematic representation of the vertical barrier is given in Figure 1: A
time-dependent load P(t) is initiating a wave travelling along the surface of a half-plane
simulating the effect of an earthquake at areas not directly adjacent to the earthquake
epicentre; the seismic barrier (black rectangular area in Figure 1) interacts with a seismic
wave caused by the applied dynamic surface load, which generates surface Rayleigh waves
along with bulk waves emanating from the point force load; the wave amplitudes are
measured by a sensor located on the free surface behind the barrier.

Figure 1. Vertical seismic barrier for protection against vibrations induced by load P(t).

The efficiency of a seismic barrier (i.e., its capability of decreasing the amplitudes of
displacements and accelerations) is determined by the properties of materials forming the
barrier and the barrier geometry. The effect of material properties has been studied before,
e.g., [17]. The present study is one of the first attempts to address the effect of the barrier
shape. Previously, only barriers of the simplest (mostly rectangular) cross-sections were
considered (e.g., [14–16]). In [18], Brennan et al. present a review of the state of the art in the
utilization of soft barriers for protection against seismic hazards. The most sophisticated
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cases of seismic protection geometry reported by the authors are a V-shaped protective
barrier numerically studied by Flora et al. [3] and a bowl-shaped barrier with an analytical
solution reported by Le et al. [19]. Some authors study periodic protective elements as
part of the structure basement (e.g., [20]) or that are erected in a vicinity of the structure
to be protected (e.g., [15]). In addition to the fact that the available literature about the
utilization of barriers for vibration protection is limited to the simplest barrier shapes (i.e.,
the shape-optimization problem was previously only solved in terms of finding optimal
barrier dimensions), there is no practical possibility for a direct quantitative comparison of
the observed protective properties to previously published results. The reason for this is
that the quantitative data are highly specific to the problem geometry, boundary conditions
and loading conditions. At the same time, the protective properties observed below for
barriers of simple shape (i.e., a rectangular barrier filled with a single material) are an
indication of the protective properties reported in the available literature. It should also be
noted that though there are almost no published attempts to optimize the shape of seismic
protective barriers, the problem of shape optimization for acoustic protective barriers is
much more explored in literature. For example, Duhamel [21] utilizes a genetic algorithm
for the shape optimization of noise barriers.

2. Numerical Model

Consider the 2D generalized plane-strain problem (Figure 1) for a halfplane with
a barrier of an arbitrary shape. The motion within the halfplane is given by the Lame
equation for displacements ui in the directions xi:

ρui,tt = (λ + μ)uj,ji + μui,jj, (1)

where μ and ν are the material Lame parameters and ρ is the material mass density. Stresses
are coupled with strains by Hooke’s law:

σij = λδijuk,k + μ(u i,j+uj,i

)
, (2)

At t = 0, the halfplane is stress-free, and the velocity field is zero everywhere in the plane:

σij
∣∣
t=0 = u,t|t=0 = 0. (3)

The load P(t) is applied as a concentrated force at the surface at x = 0. The time depen-
dence of the force is given graphically in Figure 2. The force amplitude Ppeak = 1000 N.

σxz|z=0 = 0; σzz|z=0 = P(t)δ(x). (4)

This problem (1–4) is solved numerically by utilizing the finite-element method
(FEM) [17]. To study the interaction of the incident waves with a barrier, a transient
dynamic solution accounting for inertia effects should be employed. Herein, the LS-DYNA
commercial FEM software [22] was used to solve the dynamic linear-elastic problem of surface
wave propagation within the studied domain, taking advantage of explicit time integration.

Solutions for various shapes of a protective barrier are compared with the reference
solution, which corresponds to the case when no protective barrier between the source and
the sensor point is installed. The reference configuration represents the well-studied 2D
Lamb’s outer problem [23,24]. The existence of the exact analytical solution for Lamb’s outer
problem provides the possibility of verifying the accuracy of the numerical FEM approach.
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Figure 2. Temporal shape of P(t) used in simulations.

The analytical solution for Lamb’s problem with the P(t) given in Figure 2 can be
found as a convolution of the Lamb’s solution [23–25] for the Dirac delta function with
P(t) [26,27]. For a point force applied at the surface and given by:

Fx(x, t) = Phδ(x)δ(t); Fz(x, t) = Pvδ(x)δ(t), (5)

where Fx and Fy are the horizontal and vertical components of the force (see Figure 1), Ph
and Pv are the corresponding force amplitudes in the horizontal and vertical directions and
δ() being the Dirac delta function, the solution for displacements at the plane surface can
be obtained; for example, following Kausel [24]. In (6)–(9), the solution is given separately
for the vertical (uzz, uzx) and horizontal (uxx, uxz) components of total displacement caused
by the horizontal and the vertical component of the surface load:

uxx =
Phβ

πμ|x|

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, f or τ < a

4τ2(1−τ2)
√

τ2−a2

(2τ2−1)
4
+16τ4(τ2−a2)(1−τ2)

, f or a ≤ τ ≤ 1

−
√

τ2−1
(2τ2−1)

2
+4τ2

√
τ2−a2

√
τ2−1

, f or τ > 1

(6)

for displacements in the horizontal (or x) direction caused by the horizontal component of
the surface-loading force. Displacements in the vertical (or z) direction caused by the force
applied in the vertical direction are:

uzz =
Pvβ

πμ|x|

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, f or τ < a

−(2τ2−1)
2√

τ2−a2

(2τ2−1)
4
+16τ4(τ2−a2)(1−τ2)

, f or a ≤ τ ≤ 1

−
√

τ2−a2

(2τ2−1)
2
+4τ2

√
τ2−a2

√
τ2−1

, f or τ > 1

(7)

Displacements in the horizontal direction induced by the vertical component of the
force are:

uxz =
Pvβ

πμ|x|

⎧⎪⎪⎨⎪⎪⎩
2τ(2τ2−1)

√
τ2−a2

√
1−τ2

(2τ2−1)
4
+16τ4(τ2−a2)(1−τ2)

, f or a ≤ τ ≤ 1

π(2τ2
R−1)

3

4(1−4τ2
R+8τ6

R(1−a2))
δ(τ − τR), else

(8)
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Displacements in the vertical direction induced by the horizontal component of the
force are:

uzx = − Phβ

πμ|x|

⎧⎪⎪⎨⎪⎪⎩
2τ(2τ2−1)

√
τ2−a2

√
1−τ2

(2τ2−1)
4
+16τ4(τ2−a2)(1−τ2)

, f or a ≤ τ ≤ 1

π(2τ2
R−1)

3

4(1−4τ2
R+8τ6

R(1−a2))
δ(τ − τR), else

(9)

In the equations above, τ = tβ
|x| , τR = β

CR
, a = β

α = 1−2ν
2(1−ν)

, where α and β are the
longitudinal and transversal wave speeds and CR is the Rayleigh wave speed. The resulting
displacement for any point on the halfspace surface at any time can be obtained as the sum
of the above displacements (i.e., u = uzz + uzx + uxx + uxz).

Obviously, making use of the above explicit solution for displacements and by per-
forming convolutions for time and the x-coordinate along the surface, one can obtain
surface displacements for an arbitrary system of forces, each having an arbitrary time
profile, applied on the surface of the studied halfspace. Performing the convolution with
the time profile of the point load (given in Figure 2), an exact analytical solution for the
reference configuration of the problem (no barrier) will be obtained. Figure 3 plots the
comparison between the exact analytical solution and the corresponding numerical solu-
tion of the same problem. The observed remarkable coincidence between the exact and
the numerical result confirms the applicability of the developed numerical approach to
accurately solve the problem of the propagation of elastic waves within the halfplane.
The same numerical model was utilized to calculate the amplitudes of displacements and
accelerations at a sensor point in the case of a halfspace with a barrier.

 
Figure 3. Comparison of displacement history at the sensor point for the exact analytical solution
(black line) and the results of FEM numerical simulations (red line) for the reference configuration
(no barrier).

Unfortunately, there is no possibility of developing an exact analytical solution for
the more complicated problem of the interaction between a wave and an inclusion within
a halfplane. The developed numerical model was validated in comparison to the exact
analytical solution in the case of no seismic barrier (or, equally, a seismic barrier with
properties similar to the ones in the surrounding media). It is demonstrated that the
numerical approach can accurately simulate the propagation of dynamic waves, including
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bulk waves and surface waves (i.e., Rayleigh waves). It is expected that the same model, for
which the properties of the material are altered for some locations, should still accurately
simulate the propagation of elastic waves in a media with a seismic barrier.

The load duration T is chosen to be equal to the time needed for the fastest (longi-
tudinal) wave to travel a distance equal to the barrier depth in the material representing
the halfspace. There is no doubt that the load duration will significantly affect the wave
interaction with a barrier of a prescribed geometry and, hence, will have a substantial
impact on the effective barrier protective properties. It is apparent that barriers with sizes
significantly smaller than the oncoming wave wavelength cannot have any notable influ-
ence on the passing wave. Waves with wavelengths comparable to or smaller than the
barrier size can be significantly transformed in the process of interacting with the barrier.
Credibly, the waves with wavelengths substantially smaller than the barrier dimensions can
be effectively filtered by the barrier with no pronounced dependency on the wavelength.
Thereby, the most interesting, from both the theoretical and the practical points of view,
is the case of waves with wavelengths comparable to the dimensions of the protective
barrier itself.

For each of the tested barrier configurations, the maximum overtime displacement
induced by the load P(t) at the sensor point (see Figure 1) is scaled with the magnitude of
displacement at the same point for the case with no seismic barrier to obtain the protection
factor for the corresponding barrier configuration. Namely:

PF =
max

t

(
u
(

xsp, t
))

ure f
max

, (10)

where xsp gives the location of the sensor point, u(x, t) gives the time history of the total

displacement at a point with location x and ure f
max gives the magnitude of displacement at

the sensor point for a reference configuration with no barrier.
For example, a protection factor equal to 2.0 means that the magnitude of displace-

ments in the sensor point is reduced by a factor of 2. The aim of this study is to identify
barrier shapes that provide the maximum possible protection, i.e., find the barrier’s geomet-
ric shape that maximizes the protection factor. Within the framework of the 2D plane-strain
problem, it is assumed that the barrier can occupy an area of 1.0 m × 2.0 m. Finite-element
mesh consists of quadratic elements, with the element side equal to 1/3 dm, which gives a
domain of 30× 60 elements for the seismic barrier area. The domain is divided into clusters
of 2 × 2 elements each, and the barrier area is represented by a 15 × 30 array of clusters.
Each of the 450 clusters can be occupied by either a material with the same properties as the
halfplane or by another material (barrier material)—see Figure 4. This means that a barrier
can be represented as a binary vector in 450-dimensional space. The medium is simulated
as a linear elastic material with the properties typical of soil: elastic modulus, E = 30 MPa;
density, ρ = 1750 kg/m3; Poisson’s ratio, ν = 0.3. The material representing the barrier has
properties typical of concrete: E = 30 GPa; ρ = 2400 kg/m3; Poisson’s ratio, ν = 0.35.

Initially, an attempt to “guess” a good (providing maximized protection factor) barrier
shape was performed. The hypothesis was that adding “scatters” to a simple rectangular-
shaped seismic barrier can significantly improve its efficiency. Also, several periodic
configurations were tested. Table 1 shows some of the tested barrier shapes with their
corresponding protection factors.

Case 1 in Table 1 corresponds to a simple rectangular shape of a seismic barrier
(securing a protection factor of 2.2). Case 11 corresponds to the domain completely filled
with concrete, with a protection factor of 2.64, being the maximum PF observed at that
stage. It is concluded that, within the framework of the problem solved, there is most
probably impossible to design a seismic barrier with a PF exceeding the one for the entire
domain filled with concrete.
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Figure 4. Finite-element discretization and randomly generated barrier geometry.

Table 1. Several of the tested seismic barrier shapes and the computed corresponding protection
factors (PFs). Larger protection factors correspond to better protective properties. The brown material
corresponds to soil (with the same properties as the surrounding medium) and the gray material
corresponds to concrete.

      
1. PF = 2.19 2. PF = 2.0 3. PF = 1.82 4. PF = 2.03 5. PF = 2.14 6. PF = 2.23

     
7. PF = 2.24 8. PF = 1.46 9. PF = 1.98 10. PF = 2.22 11. PF = 2.64
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3. Genetic Algorithm

To reaffirm the conclusion of the previous section and to develop a method for finding
an optimal geometric configuration for similar problems (for example, for the case of
several different materials that could be used to form a barrier), some method to evaluate
the optimal or close-to-optimal configuration of a seismic barrier is needed. This paper is
not studying the case of more than one material utilized to form the barrier (in addition
to the material of the surrounding media), but this can be explored in the following work.
Calculation of the PF for a given geometric configuration of a barrier requires around 5 min
of processor time on a high-performance computer system. Obviously, there is no practical
possibility of calculating the PF for every possible configuration of a barrier (2450 possible
configurations). To find “good” geometric shapes for a seismic barrier, it was decided
to employ a genetic algorithm (see, e.g., [21,28]) to initiate a process for the evolutionary
development of barrier geometric configurations that converges to a configuration with
the maximum PF possible. The idea of a genetic algorithm is to mimic the principles of
natural selection and genetic inheritance to optimize barrier configurations with respect
to protective properties over successive generations. Figure 5 gives the basic scheme of a
genetic algorithm.

Figure 5. The basic scheme of a genetic algorithm.

Initially, a population of diverse geometric configurations is randomly generated.
Alternatively, if there are assumptions about how a “good” seismic barrier configuration
should look, these can be used for the generation of the initial population. Every species
(barrier configuration) in the population is evaluated using the previously described nu-
merical method to evaluate the PF. For the problem being solved, the PF serves as a fitness
function that quantifies the performance of a given barrier shape.

Once the protection factors are calculated, through the process of selection, configura-
tions with higher PFs are chosen as parents for the next generation. The selected barrier
configurations undergo genetic operations, including crossovers and mutations, mimicking
genetic recombination and variation. Crossover involves combining the geometries of two
parent configurations to create a species for the new generation.

Mutation introduces small random changes into the geometry to explore new possi-
bilities. This is implemented by switching materials in a random position inside a barrier.
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Combining the operations of crossover and mutation, a new population with the same
number of species is generated. The species (barrier geometry) with the highest PF in
the previous generation is taken to the next generation unchanged to guarantee that the
maximum PF is a non-decreasing function of evolution time.

The process of selection, crossover, and mutation is repeated iteratively. As the
generations progress, the population tends to converge toward more optimal configurations,
driven by the improvement in the PF. By iteratively applying these genetic operators and
evaluating the PF of the resulting configurations, the genetic algorithm explores and refines
the space of possible geometric configurations, ultimately converging toward those that
exhibit maximum possible protective properties.

4. Implementation of the Genetic Algorithm

Initial population. There are no constraints imposed on the possible shape of the barrier.
This means that there are no “prohibited” configurations for the barrier, and any shape can
be potentially achieved in the process of evolution. To receive the results presented below,
the population (i.e., barrier shapes) for the first generation is generated randomly. This
means that every point within a barrier (see Figure 4) is assigned a material with either the
properties of concrete or soil with equal probability. This results in approximately equal
fractions of soil and concrete within the initial barrier configurations. There is also the
possibility of using different fractions of concrete and soil within the initial population. To
investigate the convergence of the developed algorithm by demonstrating the independence
of the evolution results on the variation of the initial population, computations were
performed for various initial fractions of concrete (see Table 2). It was found that the
final result of the GA evolution for this problem is not significantly affected by the initial
fraction of concrete. For equal fractions of concrete and soil, the GA convergence is slightly
faster. The following results were obtained for an initial population with equal fractions of
concrete and soil.

Table 2. Examples of initial configurations of barriers with various fractions of concrete. The brown
material corresponds to soil (with the same properties as the surrounding medium) and the gray
material corresponds to concrete.

     
10% of concrete 30% of concrete 50% of concrete 70% of concrete 90% of concrete

Population size. Calculations were performed for different numbers (4, 8, 12, 24, 40) of
species (barrier geometries) in a population. It was found empirically that the final result
of the GA evolution for this problem is not significantly affected by the population size. It
was found empirically that for the problem solved and the computational system utilized
for these simulations, having 8–12 species in a population provides the fastest possible
convergence. The below results were obtained for a population of 12 species.

Calculation of fitness. For each individual species, fitness is calculated utilizing (10)
and with the results of the described above FEM solution (Figure 4), solving the problem
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of (1)–(4). Fitness is determined by the protection factor, which reflects the ability of the
definite barrier geometry to decrease the amplitudes of vibrations at the surface behind
the barrier.

Selection. Following the calculation of fitness for each species in the generation, half
of the species with the lowest fitness is dismissed. The other half of the species is used
to produce the next generation via crossover and mutation. The species with the highest
fitness in the generation is taken to the next generation unchanged to guarantee that the
fitness is never decreasing through the evolutionary process.

Crossover. A very simple approach to performing a crossover between two species
was adopted: the child’s geometry takes the upper half of the geometry from one parent
and the lower half of geometry from the other parent. Random crossover between the
higher-fitness species of the previous generation was used to create the species of the new
generation (except for the species with the highest fitness from the previous generation,
which is always copied to the next generation).

Mutation. Mutation involves switching the material (soil→concrete or concrete→soil)
at a random location of a barrier. It was found empirically that switching materials at more
than one point at a time does not have any benefit and impedes the convergence. The
probability of mutation is ½.

Genetic algorithm. Once the new generation is produced following selection, crossover
and mutation, the fitness is calculated for this new generation, and then the process is
looped until the condition for termination is fulfilled. For the computations presented
below, the process was terminated once the predefined number of generations was reached
(typically 1000 generations). As seen from the results presented below, the fitness is
still improving at the typical termination time, but the observed changes to the barrier
geometry are minor and there is no major benefit to performing computations for additional
generations. Alternatively, the termination condition can be the achievement of a definite
fitness value or a significant decrease in the convergence rate.

5. Results

Figure 6 plots the observed evolution of fitness (maximum protection factor) for the
genetic algorithm evolution that was started from a randomly generated initial population.
The same figure shows that the final (biggest PF) configuration of seismic barrier geometry
gives a protection factor of 2.84. This is significantly higher than the protection factor for
a barrier with the entire domain filled with concrete (PF = 2.64, see Table 1), which was
previously believed to provide the biggest PF possible.

Figure 6. Evolution of fitness (PF) during the genetic algorithm evolution. The picture shows the
final barrier shape securing a protection factor of 2.84.
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In order to study the convergence and repeatability, the developed GA evolution was
executed several times, starting from a randomly generated initial population. A total of
more than 50 GA runs were executed, all resulting in very similar optimal barrier geometries
after 1000 generations. Some of the final shapes obtained and their corresponding protection
factors are presented in Table 3.

Table 3. Final shapes and their corresponding protection factors for three GA evolutions with a
randomly generated initial population. Comparison with the protection factor for a barrier with the
entire domain filled with concrete.

    
GA run 1. PF = 2.84 GA run 2. PF = 2.75 GA run 3. PF = 2.82 100% concrete. PF = 2.64

An attempt was made to initiate a new GA evolution using final barrier shapes from
previous evolutions as an initial population. This attempt is also important for evaluating
the optimal shape as, typically, there is still an increase in the fitness at the termination time
of a GA starting from a random initial population (Figure 6). Figure 7 shows the resulting
evolution of the PF and the final barrier shape obtained, with the PF = 2.92.

Figure 7. Evolution of fitness (PF) during the genetic algorithm evolution using barrier shapes from
Table 2 as the initial population. The picture shows the final barrier shape securing a protection factor
of 2.92.
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6. Conclusions and Discussion

Utilization of a GA provided the possibility of revealing barrier shapes with protection
factors significantly exceeding the protection factor for a homogeneous barrier entirely
filled with concrete, which was previously believed to give the highest possible PF. All
of the obtained “good” barrier shapes are very similar, which is an indication of the GA
convergence and repeatability. The barrier shapes with high PFs have concrete concentrated
at the lower end of the barrier from the direction of the wave arrival (left). The rest of the
barrier resembles a layered structure inclined at 45◦. It is not yet clear what diffraction
processes lead to this kind of structure. To understand these processes, presumably a finer
discretization of the barrier domain is required. The observed asymmetry of the optimized
barrier is the result of the essential asymmetry of the studied problem. For most practical
cases of seismic protection, the direction from which the seismic wave is expected to arrive
is known. However, if this direction is not known, the constraint on the barrier symmetry
should be imposed before the shape optimization is initiated. This present work does not
explore this case.

Unfortunately, increasing the barrier discretization density implies a significant in-
crease in both the time needed to obtain the numerical solution for a given barrier shape
and the number of PF calculations for convergence of the GA. For example, the calcula-
tions presented in Figure 6 (single run of a GA evolution for 1000 generations) required a
week of computational time on a high-performance computer system. For this reason, any
significant complication of the existing problem will result in the practical impossibility of
obtaining the GA convergence.

At the same time, it is believed that there exists a possibility to significantly reduce
the number of PF computations needed for the evaluation of “good” barrier geometric
shapes. This will require a substantial modification of the GA or its substitution by another
generative algorithm (e.g., indirect evolutionary algorithm [29]).

A crucial aspect of the interaction between mechanical waves and inclusions is the in-
herent multiscale character of this phenomenon. The dimensions of the geometric features
within these inclusions are closely tied to the frequency of the incident waves with which
the inclusions can effectively interact. Therefore, methods that presuppose the possible
existence of certain geometric patterns hold the potential for both significant acceleration
of the algorithm convergence and uncovering highly efficient, intricate geometric config-
urations. The compositional pattern-producing network (CPPN) (see, e.g., [30]) is one of
the generative approaches that can be used to efficiently construct the optimal geometric
shapes for inclusions interacting with waves. At this stage, it is not possible to directly
compare the performance of the developed genetic algorithm to other available generative
algorithms as this will require the implementation of these algorithms to solve the same
problem and the following long-term simulations.

It should also be noted that a wide variety of fundamental and engineering prob-
lems require the optimization of shape in the case when it is not possible to parametrize
this shape with several parameters. For example, this kind of problem appears in the
construction of various protective structures, in the design of metamaterials, in materials
engineering, etc. In most cases, the evaluation of optimal geometric shape results in an
attempt to predict what the optimal shape should be. As demonstrated in this research,
even a very simple GA can be efficiently applied to evaluate extremely nontrivial geometric
shapes that cannot be parameterized.
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Abstract: A steady plane hydrodynamic problem of lubrication of a lightly loaded contact of two
parallel cylinders lubricated by a non-Newtonian fluid with Giesekus rheology is considered. The
advantage of this non-Newtonian rheology is its ability to properly describe the real behavior of
formulated lubricants at high and low shear stresses. The problem is solved by using a modification
of the regular perturbation method with respect to the small parameter α, characterizing the degree to
which the polymeric molecules of the additive to the lubricant follow the streamlines of the lubricant
flow. It is assumed that the lubricant relaxation time and the value of α are of the order of the
magnitude of the ratio of the characteristic gap between the contact surfaces and the contact length.
The obtained analytical solution of the problem is analyzed numerically for the dependencies of the
problem characteristics such as contact pressure, fluid flux, lubrication film thickness, friction force,
energy loss in the lubricated contact, etc., on the problem input parameters.

Keywords: Giesekus lubricant rheology; hydrodynamic lubrication problem; method of regular
perturbations; lubricant mobility factor; lubricant relaxation time
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1. Introduction

Most machine elements work in lubricated environments. Generally, the usage of
lubrication allows a decrease in frictional losses in contacts and, thus, an increase in their
durability. When such lubricated contacts are mathematically modeled, the rheology of the
lubricant is considered to be Newtonian or non-Newtonian. The former case is significantly
simpler and a lot of studies for the cases of homogeneous material and coated solids [1–10]
were dedicated to it. The latter case is more complex, but it better corresponds to the real
behavior of lubricants because polymeric additives make their behavior significantly non-
Newtonian, which allows for a distinctly different lubricant behavior at low and high shear
stresses. Different rheological models for lubricant behavior were used to catch various
aspects of real lubricant behavior such as lubricant relaxation time, etc. An overview
and analysis of different fluid rheological models is given in [11,12]. One of the simplest
rheological models of non-Newtonian lubricant behavior among generalized Newtonian
fluids [13] is the Ree–Eyring model [14–16]. Some studies of fluids with complex non-
Newtonian rheology were presented in [17–22].

Experimental data show that lubricant viscosity depends not only on pressure but
also on lubricant shear stress and velocity [23]. The actual behavior of polymer-formulated
lubricant flowing through narrow gaps is most accurately described by the Giesekus
rheological model [12,24,25]. The Giesekus model differs from the Maxwell, Jeffris, Oldroyd
A and B, etc., rheological models by the presence of a nonlinear term determined by the
mobility factor α and stress state of the fluid. It provides the opportunity to take into
account the degree to which the fluid viscosity is dependent on the shear stress in the
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fluid. In particular, this model allows for proper accounting of relatively high viscosity
for low and relatively low viscosity for high shear stresses in the fluid. The model takes
into account four parameters of the fluid: the relaxation time, the viscosities of base oil
and polymeric additive and the mobility factor. If the mobility factor is set to zero, then
the Giesekus model turns into the convected Maxwell model [11,12]. The Giesekus model
is nonlinear and, therefore, more complex for analysis. A relatively simple case of a fluid
with Giesekus rheology flowing between two parallel surfaces is considered in [26,27].
In [28], the analysis of a lightly loaded trust bearing lubricated by a fluid with the Giesekus
rheology was performed by the perturbation methods. However, the presence of convective
terms and the base oil were not taken into account.

The present paper is the continuation of the series of the author’s studies of hydro- and
elastohydrodynamic problems for Newtonian [29,30] and non-Newtonian [13] lubricating
fluids including the study of a lightly loaded trust bearing lubricated with a fluid with the
Giesekus rheology [31]. Also, the authors previously considered a similar but more simple
problem under the condition when the mobility factor α is significantly greater than the
ratio of the characteristic gap between the surfaces and length of the contact [32]. In this
case, in a two-term asymptotic solution, the inertia terms can be neglected. The first two
terms of asymptotic representation for contact pressure with respect to the small parameter
α are obtained in the analytical form. Numerical analysis of the obtained relationships for
contact pressure, lubrication film thickness, lubricant flux, friction, contact energy loss, etc.,
as functions of the input parameters of the Giesekus model is performed. Some applications
of perturbation methods to steady problems similar to the one used are described in [33,34].

2. Formulation of the Lubrication Problem and General Description of the
Analysis Applied

Let us consider a steady plane problem for a lubricated contact of two parallel infinite
cylinders of the radius R (see Figure 1), both of which are made of rigid materials (the case
of cylinders of different radii is considered at the end of the paper). It is assumed that the
lubricant is described by the Giesekus model [12] with a constant viscosity μ and relaxation
time λ1. The x-axis of the coordinate system is directed along the contact and perpendic-
ular to the cylinder axes, the y-axis is directed along the cylinder axes, and the z-axis is
perpendicular to both x- and y-axes. A continuous lubricant layer separates the cylinders
which steadily roll and slide with the surface linear speeds u1 and u2 in the direction of the
x-axis. The upper cylinder is subjected to the normal load P along the z-axis. The lubricant
velocity components are represented by functions u(x, y, z), v(x, y, z), and w(x, y, z). Due
to the problem geometry, v(x, y, z) = ∂v(x,y,z)

∂y = 0. Therefore, the problem parameters are
independent of y and the motion equations of such a fluid are as follows [13,29].

u ∂u
∂x + w ∂u

∂z = 1
ρ (

∂pxx
∂x + ∂pzx

∂z ), ∂pxy
∂x +

∂pzy
∂z = 0,

u ∂w
∂x + w ∂w

∂z = 1
ρ (

∂pzx
∂x + ∂pzz

∂z ).
(1)

In addition to that, one needs to consider the continuity equation. It is assumed that
the fluid is incompressible, i.e., ρ(x, z) = constant. That leads to the continuity equation

∂u
∂x + ∂w

∂z = 0. (2)

In this case, the stress tensor components are as follows

pxx = −p + τxx, pxy = τxy = 0, pzx = τzx, pzz = −p + τzz, pzy = τzy = 0, (3)

where p is the pressure and τxx, τxy, τzx, τzz, and τzy are the additional stress components
acting in the corresponding directions. These tensor components satisfy the Giesekus fluid
model which is a certain generalization of the Maxwell model and takes into account the
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degree to which the additive polymeric molecules follow the lubricant flow. The rheological
equations are as follows [12]

τ = τs + τp, μ = μs + μp, τs = μsγ̇,

τp + λ1τp(1) − α λ1
μp
{τp · τp} = μpγ̇,

(4)

where τ is the full stress tensor while τs and τp are the solvent and polymer stress tensors,
respectively, μs and μp are the constant solvent and polymer dynamic viscosities, γ̇ is the
deformation tensor, λ1 is the constant relaxation time, and α is the dimensionless constant
mobility factor describing the degree of the alignment of polymeric molecules with the
lubricant flow, 0 ≤ α ≤ 1.

Figure 1. The general view of a lubricated contact.

In (4), the following definitions of the tensor operators τp(1) and {τp · τp} [12] are used

τp(1)xx = u ∂τpxx
∂x + w ∂τpxx

∂z − 2 ∂u
∂z τpxz − 2 ∂u

∂x τpxx,

τp(1)xz = u ∂τpxz
∂x + w ∂τpxz

∂z − ∂u
∂x τpzx − ∂u

∂z τpzz − ∂w
∂x τpxx − ∂w

∂z τpzx,

τp(1)zz = u ∂τpzz
∂x + w ∂τpzz

∂z − 2 ∂w
∂z τpzz − 2 ∂w

∂x τpzx,

{τp · τp}xx = τ2
pxx + τ2

pxz,

{τp · τp}xz = τpxxτpxz + τpxzτpzz,

{τp · τp}zz = τ2
pxz + τ2

pzz.

(5)

and [12]
γ̇xx = 2 ∂u

∂x , γ̇xz =
∂u
∂z + ∂w

∂x , γ̇zz = 2 ∂w
∂z . (6)

It is necessary to impose some boundary conditions on the components u and w of the
lubricant velocity on the surfaces of the contacting solids. It is assumed that the no-slip
and no-penetration conditions are valid on the solid boundaries. The contact is considered
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to be concentrated, i.e., Lz/Lx � 1 (where Lx and Lz are the characteristic contact sizes
along the x- and z-axes) or equivalently dh(x)/dx � 1, where h(x) is the gap between the
cylinder surfaces at point x. Using the above boundary conditions will take the form

u(x,− h(x)
2 ) = u1, u(x, h(x)

2 ) = u2, (7)

w(x,− h(x)
2 ) = − u1

2
dh(x)

dx , w(x, h(x)
2 ) = u2

2
dh(x)

dx . (8)

It will be shown later that in the simplified formulation the function of pressure p is
independent of the variable z. Therefore, under pressure, one can impose the boundary
conditions stemming from the fact that at the contact boundaries the fluid pressure p is
equal to the atmospheric one and, therefore, can be neglected. To avoid cavitation at the
exit from the contact [13], the boundary conditions on p have the form

p(xi) = p(xe) =
dp(xe)

dx = 0, (9)

where xi and xe are the coordinates of the inlet and exit points of the contact.
In addition to that, it is required that the stress −pzz from (3) supports the normal load

P applied to the cylinder, i.e.,

xe∫
xi

[p(x)− τzz(x, h(x)/2)]dx = P. (10)

Being interested in a two-term asymptotic problem solution in α, in (9) and (10), it
is assumed that the two-term asymptotic expansion of pressure p(x, z) in α (i.e., a linear
function of α) is independent of z. That assumption is confirmed later for small α up to the
order of O(α), α � 1, i.e., in the asymptotic expansion of p in α � 1, terms p0 and p1 are
independent of z, while terms p2, p3, . . . depend on both x and z.

The goal is to determine the contact pressure p(x), the gap between the two cylinders
h(x), the coordinate of the exit point from the lubricated contact xe, the components of the
tensor τ in the fluid, etc. Typically, the point of entrance in the lubricated contact, i.e., the
coordinate of the inlet point xi, is known, and it is determined by the amount of lubricant
supplied to the contact. The region where the problem solution is searched is bounded by
x = xi and x = xe as well as by z = −h(x)/2 and z = h(x)/2. Out of these four boundaries
of the region, three are unknown, i.e., x = xe, z = −h(x)/2, and z = h(x)/2 are unknown.
One needs to find a perturbation solution to the above-determined problem in the case
when α � 1. In this case, xe and h(x) are just slightly perturbed values of the exit point xe0
and gap h0(x) realized in a lubricated contact with Newtonian fluid, i.e., when α = 0.

The general case of

α = α0ε, α0 = O(1), ε = Lz
Lx
� 1, (11)

will be considered. Here, α0 is a nonnegative constant. This case allows us to take into
account some of the convective as well as major and minor dissipative terms of the equa-
tions. Also, it allows us to consider the limiting cases α � ε and α � ε by correspondingly
taking α0 � 1 and α0 � 1.

3. Simplification of the Rheological Equations and the Equations of Lubricant Motion

It was shown that the problem solution should be searched for not in the original (x, z)
independent variables but in slightly modified ones (x0, z0). It is due to the fact that the
exit x = xe and upper z = h(x)/2 and lower z = −h(x)/2 boundaries of the lubricated
contact are perturbed ones of the corresponding boundaries x = xe0 and z = ±h0(x0)/2 of
the contact lubricated by a Newtonian fluid (for α = 0). Therefore, let us assume that

xe = xe0 + αxe1 + . . . , h(x) = h0(x0) + αh1(x0) + . . . , (12)

201



Mathematics 2023, 11, 4679

where xe1 and h1(x0) will be determined as a part of the problem solution. Then, the
problem can be projected on the region [xi, xe0]× [−h0(x0)/2, h0(x0)/2] by introducing the
following new independent variables

x = x0 + αxe1
x0−xi
xe0−xi

, z = h(x)
h0(x0)

z0. (13)

When x0 = xi and x0 = xe0 with the precision of O(α2), α � 1, one obtains x = xi and
x = xe, respectively, and vice versa (see (12) and (13)). The actual definition of the new
variable x0 can be taken as x0 = (xi + xe0)/2 + ξ(xe0 − xi)/2, −1 ≤ ξ ≤ 1, which varies
between xi and xe0.

As it was shown earlier, this projection of the original problem onto the region
[xi, xe0]× [−h0(x0)/ 2, h0(x0)/2] is also dictated by the asymptotic expansion of the bound-
ary conditions on pressure p(x) at the exit point x = xe [31,32].

Let us consider the solution form which should be used in this case. One needs
to modify integration and differentiation operators while converting the problem from
variables (x, z) to variables (x0, z0) as follows (see (12) and (13))

dx = [1 + α xe1
xe0−xi

+ . . .]dx0, dz = [1 + α
h1(x0)
h0(x0)

+ . . .]dz0,

∂
∂x = [1− α xe1

xe0−xi
+ . . .] ∂

∂x0
, ∂

∂z = [1− α
h1(x0)
h0(x0)

+ . . .] ∂
∂z0

.
(14)

Let us consider an arbitrary sufficiently smooth function f (α, x, z) which has to be
expanded asymptotically in α � 1. Then, based on (12) and (13), one has [31,32]

f (α, x, z) = f (0, x, z) + α f1∗(x, z) + . . .

= f (0, x0 +
αxe1(x0−xi)

xe0−xi
+ . . . , (h0(x0)+αh1(x0)+...)z0

h0(x0)
)

+α f1∗(x0 +
αxe1(x0−xi)

xe0−xi
+ . . . , (h0(x0)+αh1(x0)+...)z0

h0(x0)
) + . . .

= f (0, x0, z0) + α[ f1(x0, z0) +
xe1(x0−xi)

xe0−xi

∂ f (0,x0,z0)
∂x0

+ z0h1(x0)
h0(x0)

∂ f (0,x0,z0)
∂z0

] + . . . ,

(15)

where f1∗(x, z) = ∂ f (0,x,z)
∂α and the derivative of f with respect to x0 and z0 are also taken

for α = 0. Therefore, the solution of the problem one will search using the Taylor expan-
sions of the unknown functions such as p(x), u(x, z), τxx(x, z), etc., about x0 and (x0, z0),
retaining just the first two terms of the expansions as well as taking into account the sample
expansion (15) and the perturbed expressions for xe and h(x) from (12) and (13).

In the form the problem is formulated above it is very complex for any analytical anal-
ysis except the perturbation method. Therefore, the first goal is to simplify Equations (1)–(8)
and to reduce them to much simpler equations which would allow for an analytical solution
and derivation of analogs of the Reynolds equation. One needs to retain only the terms of
higher orders of magnitude. As it was mentioned earlier, due to the fact that the thickness
of the lubrication layer is much smaller than the extent of the lubricated contact, one has a
small parameter ε = Lz/Lx � 1. Also, let Ux and Uz be the characteristic velocities of the
lubricating fluid in the directions of the x- and z-axes. Then, the following scaling of the
equations can be introduced

λ′1 = Ux
Lx

λ1, x′ = x
Lx

, z′ = z
Lz

, p′ = p L2
z

μ∗Ux Lx
,

u′ = u
Ux

, w′ = w
Uz

, s0 = 2 u2−u1
u1+u2

, {μ′, μ′s, μ′p} = 1
μ∗ {μ, μs, μp},

{τ′xx, τ′sxx, τ′pxx, τ′zx, τ′szx, τ′pzx, τ′zz, τ′szz, τ′pzz} =
Lz{τxx ,τsxx ,τpxx ,τzx ,τszx ,τpzx ,τzz ,τszz ,τpzz}

μ∗Ux
,

(16)
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where μ∗ is the characteristic value of the lubricant viscosity. For simplicity, in the further
analysis, the primes at the dimensionless variables are dropped.

By introducing the above scaling in the continuity Equation (2), one obtains

∂u
∂x + Uz

Ux
Lx
Lz

∂w
∂z = 0. (17)

To retain both terms in Equation (17), one needs to assume that

Uz
Ux

Lx
Lz

= 1. (18)

Then, Equation (17) becomes
∂u
∂x + ∂w

∂z = 0. (19)

Introducing scaling (16) in Equations (1) and (3)–(6) leads to equations

εRe0{u ∂u
∂x + w ∂u

∂z } = −
∂p
∂x + ε ∂τxx

∂x + ∂τzx
∂z ,

ε3Re0{u ∂w
∂x + w ∂w

∂z } = ε2 ∂τzx
∂x −

∂p
∂z + ε ∂τzz

∂z ,
(20)

τxx = τsxx + τpxx, τzx = τszx + τpzx, τzz = τszz + τpzz, τsxx = ε2μs
∂u
∂x ,

τszx = μs(ε2 ∂w
∂x + ∂u

∂z ), τszz = ε2μs
∂w
∂z = −ε2μs

∂u
∂x ,

(21)

τpxx + λ1[u
∂τpxx

∂x + w ∂τpxx
∂z − 2

ε
∂u
∂z τpzx − 2 ∂u

∂x τpxx]− α λ1
εμp

(τ2
pxx + τ2

pzx) = 2εμp
∂u
∂x ,

τpzx + λ1[u
∂τpzx

∂x + w ∂τpzx
∂z − 1

ε
∂u
∂z τpzz − ∂u

∂x τpzx − ∂w
∂z τpzx − ε ∂w

∂x τpxx]

−α λ1
εμp

(τpxx + τpzz)τpzx = μp(
∂u
∂z + ε2 ∂w

∂x ),

τpzz + λ1[u
∂τpzz

∂x + w ∂τpzz
∂z − 2 ∂w

∂z τpzz − 2ε ∂w
∂x τpzx]− α λ1

εμp
(τ2

pzx + τ2
pzz) = 2εμp

∂w
∂z ,

(22)

where Re0 = ρUx Lz
μ∗ is the local Reynolds number.

Let us assume that not only ε � 1 but also Re0 = O(1), α � 1, and

λ1 = λε, λ = O(1), ε � 1. (23)

The latter assumption makes the rheological equations solvable. Otherwise, for λ1 = O(1),
ε � 1, these equations do not have a reasonable solution.

Then, Equations (20)–(22) can be simplified. Based on the example of function f (α, x, z)
expansion for α � 1, one needs to search the problem solution in the form

{τsxx(x, z), τsxz(x, z), τszz(x, z)} = {τsxx0(x0, z0), τsxz0(x0, z0), τszz0(x0, z0)}

+α{τsxx1∗(x0, z0), τsxz1∗(x0, z0), τszz1∗(x0, z0)}+ . . . ,

{τsxx1∗(x0, z0), τsxz1∗(x0, z0), τszz1∗(x0, z0)}

= {τsxx1(x0, z0), τsxz1(x0, z0), τszz1(x0, z0)}

+xe1
x0−xi
xe0−xi

∂
∂x0
{τsxx0(x0, z0), τsxz0(x0, z0), τszz0(x0, z0)}

+z0
h1(x0)
h0(x0)

∂
∂z0
{τsxx0(x0, z0), τsxz0(x0, z0), τszz0(x0, z0)},

(24)
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{τpxx(x, z), τpxz(x, z), τpzz(x, z)} = {τpxx0(x0, z0), τpxz0(x0, z0), τpzz0(x0, z0)}

+α{τpxx1∗(x0, z0), τpxz1∗(x0, z0), τpzz1∗(x0, z0)}+ . . . ,

{τpxx1∗(x0, z0), τpxz1∗(x0, z0), τpzz1∗(x0, z0)}

= {τpxx1(x0, z0), τpxz1(x0, z0), τpzz1(x0, z0)}

+xe1
x0−xi
xe0−xi

∂
∂x0
{τpxx0(x0, z0), τpxz0(x0, z0), τpzz0(x0, z0)}

+z0
h1(x0)
h0(x0)

∂
∂z0
{τpxx0(x0, z0), τpxz0(x0, z0), τpzz0(x0, z0)},

(25)

p(x) = p0(x0) + αp1∗(x0) + . . . ,

p1∗(x0) = p1(x0) + xe1
x0−xi
xe0−xi

dp0(x0)
dx0

,

u(x, z) = u0(x0, z0) + αu1∗(x0, z0) + . . . ,

u1∗(x0, z0) = u1(x0, z0) + xe1
x0−xi
xe0−xi

∂u0(x0,z0)
∂x0

+ z0
h1(x0)
h0(x0)

∂u0(x0,z0)
∂z0

,

w(x, z) = w0(x0, z0) + αw1∗(x0, z0) + . . . ,

w1∗(x0, z0) = w1(x0, z0) + xe1
x0−xi
xe0−xi

∂w0(x0,z0)
∂x0

+ z0
h1(x0)
h0(x0)

∂w0(x0,z0)
∂z0

,

(26)

where p0(x0), u0(x0, z0), w0(x0, z0), τsxx0(x0, z0), τsxz0(x0, z0), τszz0(x0, z0), τpxx0(x0, z0),
τpxz0(x0, z0), τpzz0(x0, z0) and u1(x0, z0), w1(x0, z0), τsxx1(x0, z0), τsxz1(x0, z0), τszz1(x0, z0),
τpxx1(x0, z0), τpxz1(x0, z0), τpzz1(x0, z0) are the unknown main and first-order approxima-
tions of the corresponding functions while the gap h(x) between two contact rigid solids
and functions h0(x0) and h1(x0) are described by the equations (see (12))

h(x) = he +
x2−x2

e
γ0

,

h(x) = h0(x0) + αh1(x0) + . . . , he = he0 + αhe1 + . . . ,
(27)

h0(x0) = he0 +
x2

0−x2
e0

γ0
, h1(x0) = he1 +

2xe1
γ0

[ x0(x0−xi)
xe0−xi

− xe0], (28)

where γ0 = 2LzRe
L2

x
, he is the a priori unknown lubrication film thickness at the exit point

x = xe, Re is the effective curvature radius of the contacting solids, Re = R/2 and he0, he1,
xe0, and xe1 are unknown components of the perturbed solution.

Substituting (12) and (15) and using (14) in Equations (19)–(22), taking into account (11),
and expanding all equations in α � 1 for the first two terms of each of the above expansions,
one obtains equations

− ∂p0
∂x0

+ ∂τzx0
∂z0

= 0, ∂p0
∂z0

= 0,

Re0
α0
{u0

∂u0
∂x0

+ w0
∂u0
∂z0
} = − ∂p1∗

∂x0
+ xe1

xe0−xi

∂p0
∂x0

+ 1
α0

∂τxx0
∂x0

+ ∂τzx1∗
∂z0

− h1
h0

∂τzx0
∂z0

,

− ∂p1∗
∂z0

+ h1
h0

∂p0
∂z0

+ 1
α0

∂τzz0
∂z0

= 0,

(29)

as well as the solutions for the tensor components as follows
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τxx = τsxx + τpxx, τzx = τszx + τpzx, τzz = τszz + τpzz,

τsxx0 = 0, τszz0 = 0, τsxx1∗ =
2μs
α0

∂u0
∂x0

,

τszx0 = μs
∂u0
∂z0

, τszx1∗ = μs[
∂u1∗
∂z0
− h1

h0

∂u0
∂z0

],

τszz1∗ =
2μs
α0

∂w0
∂z0

,

(30)

τpxx0 = 2λμp(
∂u0
∂z0

)2, τpzx0 = μp
∂u0
∂z0

, τpzz0 = 0. (31)

τpxx1∗ = 6λ3μp(
∂u0
∂z0

)4 + 4λμp
∂u0
∂z0

[ ∂u1∗
∂z0

− h1
h0

∂u0
∂z0

]

+λμp(
∂u0
∂z0

)2[4λ2( ∂u0
∂z0

)2 + 1] + 2μp
α0
{ ∂u0

∂x0
− 3λ2 ∂u0

∂z0
[u0

∂2u0
∂x0∂z0

+ w0
∂2u0
∂z2

0
]},

τpzx1∗ = 3λ2μp(
∂u0
∂z0

)3 + μp[
∂u1∗
∂z0

− h1
h0

∂u0
∂z0

]− λμp
α0
{2 ∂u0

∂z0

∂u0
∂x0

+ u0
∂2u0

∂x0∂z0
+ w0

∂2u0
∂z2

0
},

τpzz1∗ = λμp(
∂u0
∂z0

)2 − 2μp
α0

∂u0
∂∂x0

.

(32)

Here, the approximation of the continuity Equation (19) for the main terms of u and w is
used in the form

∂u0
∂x0

+ ∂w0
∂z0

= 0. (33)

Equations (29)–(31) show that functions p0 and p1∗ are independent of z0, i.e., p0 = p0(x0)
and p1∗ = p1∗(x0). That supports the form (26) in which p(x) will be searched as well as
the choice of the boundary and additional conditions imposed on pressure p in the form (9)
and (10).

4. Derivation of the Lubricant Velocity Components u and w

Before solving the continuity Equation (19) and equations of motion (29), one needs to
determine the boundary conditions imposed on u0, u1, w0, and w1. To do that, let us take
conditions (7) and (8) and substitute into them the expansions from (26). Expanding the
obtained boundary conditions in α � 1, one obtains the boundary conditions for the main
and first-order approximations of u and w in the form

u0(x0,− h0(x0)
2 ) = u1, u0(x0, h0(x0)

2 ) = u2,

u1(x0,− h0(x0)
2 ) = −xe1

x0−xi
xe0−xi

∂u0(x0,−h0(x0)/2)
∂x0

+ h1(x0)
2

∂u0(x0,−h0(x0)/2)
∂z0

,

u1(x0, h0(x0)
2 ) = −xe1

x0−xi
xe0−xi

∂u0(x0,h0(x0)/2)
∂x0

− h1(x0)
2

∂u0(x0,h0(x0)/2)
∂z0

,

(34)

w0(x0,− h0(x0)
2 ) = − u1

2
dh0(x0)

dx0
,

w0(x0, h0(x0)
2 ) = u2

2
dh0(x0)

dx0
,

w1(x0,− h0(x0)
2 ) = −xe1

x0−xi
xe0−xi

∂w0(x0,−h0(x0)/2)
∂x0

+ h1(x0)
2

∂w0(x0,−h0(x0)/2)
∂z0

+ u1
2 {

xe1
xe0−xi

dh0(x0)
dx0

− dh1(x0)
dx0

},

w1(x0, h0(x0)
2 ) = −xe1

x0−xi
xe0−xi

∂w0(x0,h0(x0)/2)
∂x0

− h1(x0)
2

∂w0(x0,h0(x0)/2)
∂z0

− u2
2 {

xe1
xe0−xi

dh0(x0)
dx0

− dh1(x0)
dx0

}.

(35)

205



Mathematics 2023, 11, 4679

Now, one can turn to solving Equations (19) and (29). Solving the first equation in (29) with
boundary conditions from (34) and taking into account that p0 is independent of z0, one
finds that

u0(x0, z0) = u1 + ( z0
h0

+ 1
2 )(u2 − u1) + (z2

0 −
h2

0
4 ) 1

2μ
dp0
dx0

. (36)

An asymptotic expansion of the continuity equation in α produces Equation (33) and
a similar equation ∂u1∗

∂x0
− xe1

xe0−xi

∂u0
∂x0

+ ∂w1∗
∂z0

− h1
h0

∂w0
∂z0

= 0 for u1∗ and w1∗. Let us integrate
Equation (33) with respect to z0 from −h0/2 to z0 which leads to

w0(x0, z0) = − u1
2

dh0
dx0
−

z0∫
−h0/2

∂u0
∂x0

dz0. (37)

A similar analysis for w1∗ produces the expression

w1∗(x0, z0) = − u1
2 ( dh1

dx0
− xe1

xe0−xi

dh0
dx0

)−
z0∫

−h0/2
{ ∂u1∗

∂x0
+ [ h1

h0
− xe1

xe0−xi
] ∂u0

∂x0
}dz0. (38)

However, the solution to the latter equation does not represent a significant interest as w1∗
is not involved in any relationships for the first-order approximations of functions p, u,
etc., and it will not be considered in detail.

Using (36) in (37), one obtains

w0(x0, z0) = − u1
2

dh0
dx0

+ (z2
0 −

h2
0

4 ) u2−u1
2h2

0

dh0
dx0

+ (z3
0 +

h3
0

8 ) 1
3μh0

dh0
dx0

dp0
dx0

−(z3
0 −

3h2
0z0
4 − h3

0
4 ) 1

6μh2
0

d
dx0

(h2
0

dp0
dx0

).

(39)

To show that this expression for w0 satisfies the second boundary condition from (35) at
z0 = h0/2, it is sufficient to use the Reynolds equation of order zero (see below Equation (44)).

Now, let us determine u1. Keeping in mind that p0 and p1∗ are independent of z0 and
using the third equation in (29) and the third and fourth boundary conditions in (34) as
well as the representation of u1∗ from (26), one obtains

u1(x0, z0) = xe1
x0−xi
xe0−xi

dh0
dx0

(z0
u2−u1

h2
0

+ h0
4μ

dp0
dx0

)− h0h1
4μ

dp0
dx0

+ (z2
0 −

h2
0

4 ) 1
2μ

dp1
dx0

− 3λ2μp
μ2

dp0
dx0
{ 3

2 (z
2
0 −

h2
0

4 )( u2−u1
h0

)2 + (z3
0 +

h3
0

8 ) u2−u1
h0

1
μ

dp0
dx0
− (z0 +

h0
2 ) u2−u1

h0

h2
0

4μ
dp0
dx0

+(z4
0 −

h4
0

16 )
1

4μ2 (
dp0
dx0

)2} − z0(u2 − u1)
h1
h2

0
+

λμp
2α0μ (z

2
0 −

h2
0

4 ){(u2 − u1)
2 1

h3
0

dh0
dx0

+ u1+u2
2

1
μ

d2 p0
dx2

0
− h2

0
4μ2

dp0
dx0

d2 p0
dx2

0
− h0

4μ2
dh0
dx0

( dp0
dx0

)2}+ Re0
α0μ{−

u2−u1
4h0

[(z4
0 −

h4
0

16 )
u2−u1

6h2
0

+(z3
0 +

h3
0

8 ) u1+u2
3h0

+ (z2
0 −

h2
0

4 ) 3u1+u2
4 − (z0 +

h0
2 )h0

u1+u2
12 )] dh0

dx0
+ [(z5

0 +
h5

0
32 )

u2−u1
15h0

+(z4
0 −

h4
0

16 )
u1+u2

12 − (z2
0 −

h2
0

4 )h2
0

5u1+u2
24 − (z0 +

h0
2 )h3

0
u2−u1

240 ] 1
4μ

d2 p0
dx2

0

+[−z3
0 −

3z2
0h0
2 +

z0h2
0

4 +
3h3

0
8 ] u1

12
1
μ

dh0
dx0

dp0
dx0

+ [
z6

0
45 +

z3
0h3

0
18 +

z2
0h4

0
16 −

z0h5
0

72 −
23h6

0
1440 ]

1
8μ2

dp0
dx0

d2 p0
dx2

0

+[(z0 +
h0
2 )4 − h3

0(z0 +
h0
2 )] h0

96μ2
dh0
dx0

( dp0
dx0

)2}.

(40)
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5. Reynolds Equations and Their Analysis

Based on the above analysis, let us derive the zero- and first-order Reynolds equations.
Integrating the continuity Equation (2) with respect to z from −h(x)/2 to h(x)/2, using
the boundary conditions (7) and (8) as well as changing the order of integration and
differentiation leads to the equation

d
dx

h/2∫
−h/2

u(x, z)dz = 0, (41)

which will lead to the necessary Reynolds equations. Using (14) and the asymptotic
representations of u from (26) and h from (27) and (28) and expanding (41) in α � 1, one
derives the zero-order Reynolds equation

d
dx0

h0/2∫
−h0/2

u0(x0, z0)dz0 = 0, (42)

and the first-order Reynolds equation

d
dx0
{

h0/2∫
−h0/2

u1∗(x0, z0)dz0 +
h1
h0

h0/2∫
−h0/2

u0(x0, z0)dz0} = 0. (43)

Substituting the expression for u0 from (36) into (42) leads to the zero-order Reynolds
equation which is just the traditional Reynolds equation for a Newtonian fluid

d
dx0
{ h3

0
12μ

dp0
dx0
− u1+u2

2 h0} = 0. (44)

Similarly, substituting u0, u1, and u1∗ from (36), (40), and (26) into (42), one derives the
first-order Reynolds equation

d
dx0
{ h3

0
12μ

dp1
dx0
− u1+u2

2 h1 + xe1
x0−xi
xe0−xi

h3
0

12μ
d2 p0
dx2

0
+

h1h2
0

4μ
dp0
dx0
− 3λ2μp

4μ2 h0
dp0
dx0

[(u2 − u1)
2

+
h4

0
20μ2 (

dp0
dx0

)2] +
λμph3

0
12α0μ [

(u2−u1)
2

h3
0

dh0
dx0

+ u1+u2
2

1
μ

d2 p0
dx2

0
− h2

0
4μ2

dp0
dx0

d2 p0
dx2

0
− h0

4μ2
dh0
dx0

( dp0
dx0

)2]

− Re0
16α0μ [

(u2−u1)(3u2+7u1)
15 h2

0
dh0
dx0

+ u2+11u1
90

h5
0

μ
d2 p0
dx2

0

+ u1
3

h4
0

μ
dh0
dx0

dp0
dx0
− 3h7

0
140μ2

dp0
dx0

d2 p0
dx2

0
− h6

0
20μ2

dh0
dx0

( dp0
dx0

)2]} = 0,

(45)

which takes into account the presence of polymeric additive in the lubricant.
Now, let us determine the boundary and additional conditions for p0 and p1. Substi-

tuting the representation for p(x) from (26) in (9) and expanding them in α � 1 leads to
the boundary conditions on p0 and p1 in the form

p0(xi) = p0(xe0) = 0, dp0(xe0)
dx0

= 0, (46)

p1(xi) = p1(xe0) = 0, dp1(xe0)
dx0

= −xe1
d2 p0(xe0)

dx2
0

. (47)

Let us introduce dimensionless variables (16) in (10) which will result in the equation

xe∫
xi

{p(x)− ετzz(x, h(x)
2 )}dx = P. (48)
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Taking into account that α � 1 and that τzz0 = 0 (see (30) and (31)), and taking into
account (14), (24) and (25), and expanding this integral condition in α � 1 and integrating
by parts produces equations

xe0∫
xi

p0(x0)dx0 = P, (49)

xe0∫
xi

p1(x0)dx0 = 0. (50)

Now, one can finally formulate the specific boundary value problems for the zero-
order Reynolds equation, i.e., for the given values of Re, u1, u2, P, and xi, one needs to
solve Equations (44), (46) and (49), and the first equation in (28) for p0(x0), h0(x0), he0,
and xe0 while for the first-order Reynolds equation for the given values of Re, u1, u2, P, xi
and main solution p0(x0), h0(x0), he0, and xe0, one needs to solve Equations (45), (47)
and (50), and the second equation in (28) for p1(x0), h1(x0), he1, and xe1. Let us use the
dimensionless variables (16) more convenient for the analysis of hydrodynamic lubrication
problems [29] by assuming that

{a, c0, c1} = {xi, xe0, xe1}, Lx = 2Re
θ , Lz = h0e,

Ux = u1+u2
2 , Uz =

u1+u2
2

h0eθ
2Re

, u′1 = 1− s0
2 , u′2 = 1 + s0

2

(51)

and
{F′f r−, F′f r+} = 1

P{Ff r−, Ff r+}, E′ = 1
P(u1+u2)

E,

Q′ = 2
(u1+u2)h0e

Q, N′1 = 2h0e
μ∗(u1+u2)

N1, θ2 = P
3πμ∗(u1+u2)

, γ0 = θ2 he0
2Re

,
(52)

Here, θ is a dimensionless constant dependent on some of the problem input data, a
and c are the dimensionless coordinates of the contact inlet and exit points, respectively,
c = c0 + αc1 + . . ., s0 is the slide-to-roll ratio, γ0 is the main term of the dimensionless
lubrication film thickness at the exit from the contact, Q is the lubricant volume flux
through the gap between the contact solids, N1 is the additional pressure which in the
dimensional form is given by N1 = τxx − τzz, Ff r− and Ff r+ which are the friction forces
acting on the surfaces of the two cylinders, respectively, which in the dimensional form are

equal to Ff r± =
xe∫
xi

τxz(x,±h(x)/2)dx, while E is the loss of energy in the contact, which in

the dimensional form is E =
xe∫
xi

dx
h/2∫
−h/2

τxz(x, z) ∂u(x,z)
∂z dz. In the dimensionless form, these

formulas have the following form (primes are omitted)

Ff r± = 1
6πγ0θ {

c0∫
a

τxz0(x0,± h0(x0)
2 )dx0

+α
c0∫
a
[τxz1∗(x0,± h0(x0)

2 ) + c1
c0−a τxz0(x0,± h0(x0)

2 )]dx0}+ . . . ,

(53)

E = 1
12πγ0θ {

c0∫
a

dx0

h0(x0)/2∫
−h0(x0)/2

τxz0(x0, z0)
∂u0(x0,z0)

∂z0
dz0

+α
c0∫
a

dx0

h0(x0)/2∫
−h0(x0)/2

[τxz0(x0, z0)
∂u1∗(x0,z0)

∂z0

+τxz1∗(x0, z0)
∂u0(x0,z0)

∂z0
+ c1

c0−a τxz0(x0, z0)
∂u0(x0,z0)

∂z0
]dz0}+ . . . ,

(54)
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Q(x0) = h0(x0)
1/2∫
−1/2

u0(x0, z)dz + α{h1(x0)
1/2∫
−1/2

u0(x0, z)dz

+h0(x0)
1/2∫
−1/2

u1(x0, z)dz}+ . . . ,

(55)

N1 = τxx(x, z)− τzz(x, z) = τxx0(x0, z0) + α[τxx1∗(x0, z0)− τzz1∗(x0, z0)] + . . . , (56)

he = 1 + αhe1 + . . . (57)

Obviously, Q(x0) = const, i.e., it is independent of x0.
In these dimensionless variables, the small parameter ε involved in (23) is determined

as follows ε = γ0
θ (see (51) and (52)).

By introducing the dimensionless variables from (52), one obtains the following
dimensionless problems for the Reynolds equation of the zero-order

h3
0

12μ
dp0
dx0

= h0 − 1, p0(a) = p0(c0) = 0,

γ0(h0 − 1) = x2
0 − c2

0,
c0∫
a

p0(x0)dx0 = 6πγ2
0.

(58)

and the following dimensionless problem for the Reynolds equation of the first-order

d
dx0
{ h3

0
12μ

dp1
dx0
− h1 + c1

x0−a
c0−a

h3
0

12μ
d2 p0
dx2

0
+

h1h2
0

4μ
dp0
dx0
− 3λ2μp

4μ2 h0
dp0
dx0

[s2
0 +

h4
0

20μ2 (
dp0
dx0

)2]

+
λμph3

0
12α0μ [

s2
0

h3
0

dh0
dx0

+ 1
μ

d2 p0
dx2

0
− h2

0
4μ2

dp0
dx0

d2 p0
dx2

0
− h0

4μ2
dh0
dx0

( dp0
dx0

)2]− Re0
16α0μ [

2s0(5−s0)
15 h2

0
dh0
dx0

+ 12−5s0
90

h5
0

μ
d2 p0
dx2

0
+ 2−s0

6
h4

0
μ

dh0
dx0

dp0
dx0
− 3h7

0
140μ2

dp0
dx0

d2 p0
dx2

0
− h6

0
20μ2

dh0
dx0

( dp0
dx0

)2]} = 0,

h1(x0) = he1 +
2c1

c0−a [h0 − 1 + a(c0−x0)
γ0

],

p1(a) = p1(c0) = 0, dp1(c0)
dx0

= −c1
d2 p0(c0)

dx2
0

.

(59)

Equation (58) describe the lubrication process by a Newtonian fluid [13,29] and their
solution has the form

p0(x0) = 12μγ2
0{K2(x0)− γ0K3(x0)}, (60)

where the unknown constants γ0 and c0 satisfy the following system of algebraic equa-
tions [13,29]

K2(c0)− γ0K3(c0) = 0, μ{K2(c0)− γ0K3(c0)} = π
2 . (61)

Double integration of the Reynolds equation from (59) with its boundary and addi-
tional condition leads to the solution

p1(x0) = 12μ{3γ3
0[γ0K4(x0)− K3(x0)]he1 − 2c0c1γ2

0(3γ0K4(x0)− 2K3(x0))

+
9λ2μp

5μ [(5s2
0 + 36)γ4

0K4(x0)− γ5
0(5s2

0 + 108)K5(x0) + 108γ6
0K6(x0)− 36γ7

0K7(x0)]

+
λμp

12α0μ [2c0γ2
0(s

2
0 + 12)K3(x0)− (s2

0 + 12)γ2
0L3(x0) + 72γ3

0(L4(x0)− γ0L5(x0))]

− Re0
16μα0

[
4c0(−s2

0+12)
15 γ2

0K3(x0) +
2(s2

0+
12
7 )

15 L1(x0) +
8
35 γ0L2(x0)− 72γ2

0
35 L3(x0)]},

(62)
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where the unknowns c1 and he1 are determined from the system of two linear algebraic
equations

12μ{3γ3
0[γ0K4(c0)− K3(c0)]he1 − 2c0c1γ2

0(3γ0K4(c0)− 2K3(c0)) +
9λ2μp

5μ [(5s2
0

+36)γ4
0K4(c0)− γ5

0(5s2
0 + 108)K5(c0) + 108γ6

0K6(c0)− 36γ7
0K7(c0)]

+
λμp

12α0μ [2c0γ2
0(s

2
0 + 12)K3(c0)− (s2

0 + 12)γ2
0L3(c0) + 72γ3

0(L4(c0)− γ0L5(c0))]

− Re0
16μα0

[
4c0(−s2

0+12)
15 γ2

0K3(c0) +
2(s2

0+
12
7 )

15 L1(c0) +
8

35 γ0L2(c0)− 72γ2
0

35 L3(c0)]} = 0,

(63)

12μ{3γ3
0[γ0K4(c0)− K3(c0)]he1 − 2c0c1γ2

0(3γ0K4(c0)− 2K3(c0))

+
9λ2μp

5μ [(5s2
0 + 36)γ4

0K4(c0)− γ5
0(5s2

0 + 108)K5(c0) + 108γ6
0K6(c0)− 36γ7

0K7(c0)]

+
λμp

12α0μ [2c0γ2
0(s

2
0 + 12)K3(c0)− (s2

0 + 12)γ2
0L3(c0) + 72γ3

0(L4(c0)− γ0L5(c0))]

− Re0
16μα0

[
4c0(−s2

0+12)
15 γ2

0K3(c0) +
2(s2

0+
12
7 )

15 L1(c0) +
8

35 γ0L2(c0)− 72γ2
0

35 L3(c0)]} = 0,

(64)

In (60)–(64), the following integrals—Kn(x0), Ln(x0), and Kn(c0), Ln(c0), n ≥ 1—
are used

Kn(x) =
x∫
a

dx0
γn

0 hn
0 (x0)

= 1
2(n−1)(γ0−c2

0)
[ x
(γ0−c2

0+x2)n−1 − a
(γ0−c2

0+a2)n−1 ]

+ 2n−3
2(n−1)(γ0−c2

0)
Kn−1(x), n > 1,

Kn(c0) =
c0∫
a

Kn(x0)dx0 = c0Kn(c0)− 1
2 Ln(c0),

Ln(x) =
x∫
a

2x0dx0
γn

0 hn
0 (x0)

= 1
1−n [

1
(γ0−c+02+x2)n−1 − 1

(γ0−c2
0+a2)n−1 ], n > 1,

Ln(c0) =
c0∫
a

Ln(x0)dx0 = 1
1−n [Kn−1(c0)− c0−a

(γ0−c2
0+a2)n−1 ], n > 1.

(65)

The solution of the nonlinear system (61) for c0 and γ0 can be found iteratively using
Newton’s method. To start the iteration process, an initial approximation of the solution
should be chosen according to [13,29].

Therefore, the approach to solution of the problem is first to solve the system (61)
for γ0 and c0 and then to solve the linear system (63) and (64) for he1 and c1. Having the
values of γ0, he1, c0, and c1 allows to analytically calculate the functions of pressure p(x0)
and gap h(x0) as well as the exit lubrication film thickness he = 1 + αhe1 + . . . and the
exit coordinate c = c0 + αc1 + . . . . In addition, from Formulas (53)–(56), one can find the
friction forces Ff r±, the energy loss E in the contact, the lubricant volume flux Q, and the
additional pressure N1.

Using integrals Kn, Kn, Ln, and Ln, the problem solution can be calculated analytically.
However, due to the fact that the formulas are sufficiently complex for manual calculations,
it is advisable to use some quadrature formulas (for example, the trapezoid rule) for
calculation of some of the integrals, for example, the integrals for Ff r±, E, etc.
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6. Examples of Some Specific Lubrication Problem Solutions and Discussion

Now, let us consider some results which can be extracted from the obtained approxi-
mate solutions. It will always be assumed that μ = 1. The basic set the following values:
a = −10, Re = 0.01 m, P = 2× 104 N/m, μ∗ = 6× 10−3 N·s/m2, ρ = 800 kg/ m3, u1 = 0,
u2 = 10 m/s, ε = γ0/θ ≈ 0.0008, μp = 0.2, λ = 1, α0 = 1, and s0 = 2 will be taken. Below,
all figures are presented in the dimensionless variables.

Figure 2 represents the plots of contact pressure in the lubricated contact obtained
for different values of α0 and λ. For α0 = 1 and λ = 2, the pressure distribution is very
close to the one for the corresponding Newtonian fluid (see [13,29]). It is clear from these
graphs that the maximum of the contact pressure tends to increase with the growth in
α0 and λ, while the size of the contact region tends to decrease due to decrease in c (see
Figure 3). The variations in the contact pressure distribution compared to the corresponding
Newtonian one remain insignificant for small values of the mobility factor α0 even for a
relatively large lubricant relaxation time λ. However, for relatively large values of the
mobility factor α0, the former variations in pressure p(x) and exit coordinate c become
significant. Figure 4 shows the dependence of the exit coordinate c on the lubricant additive
viscosity μp, which qualitatively (being linear) resembles the dependence of c on λ from
Figure 3 which is nonlinear.

For α0 = 0, the Giesekus model becomes the convected Maxwell model and the value
of the exit coordinate c tends slightly to increase with increase in both λ and μp.

The dependence of the exit film thickness he on the lubrication relaxation time λ and
lubricant additive viscosity μp is represented in Figures 5 and 6, which show beneficial
(increasing) behavior of he with increase in α0, λ, and μp. The only difference is in whether
it happens linearly or nonlinearly. A similar behavior of the minimum lubrication film
thickness hmin is shown in Figures 7 and 8.

Figure 2. Plots of contact pressure distributions p(x) for the basic set of input parameters and
different values of α0 and λ.
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Figure 3. Plots of the dependence of the relative lubricated contact exit coordinate c/c0 versus λ for
different values of α0.

Figure 4. Plots of the dependence of the relative lubricated contact exit coordinate c/c0 versus μp for
different values of α0.
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Figure 5. Plots of the dependence of the exit lubrication film thickness he versus λ for different values
of α0.

Figure 6. Plots of the dependence of the exit lubrication film thickness he versus μp for different
values of α0.
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Figure 7. Plots of the dependence of the minimum lubrication film thickness hmin versus λ for
different values of α0.

Figure 8. Plots of the dependence of the minimum lubrication film thickness hmin versus μp for
different values of α0.

As it is clear from Figures 9 and 10, depending on the value of the mobility factor
α0, the friction force F+ may display an increasing or decreasing behavior with λ and
μp. Specifically, for smaller values of α0, the friction force F+ decreases with λ and μp,
while for larger values of α0, the friction force F+ monotonically increases with λ and μp.
A similar behavior exhibits the energy loss in the contact E presented in Figure 11. The fact
that the exit lubrication film thickness he always is greater than in the corresponding case
of a Newtonian fluid and that one can pick the mobility factor α0 value for which the
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friction force F+ and energy loss E are just a bit higher than in the case of a Newtonian
liquid provides an opportunity to optimize the lubricant design to increase lubrication
film thickness and, at the same time, to practically not increase the frictional and energy
losses. For example, for α0 = 1 and λ = 3, it is possible to achieve an increase in the
minimum lubrication film thickness hmin by about 2% while the friction F+ and energy E
losses would increase by about only 1% compared to the lubricant with the corresponding
Newtonian rheology.

Figure 9. Plots of the friction force F+ versus λ for different values of α0.

Figure 10. Plots of the friction force F+ versus μp for different values of α0.
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Figure 11. Plots of the contact energy loss E versus λ for different values of α0.

The behavior of the lubricant flux Q as a function of the lubricant relaxation time λ
and lubricant additive viscosity μp are depicted in Figures 12 and 13, and its behavior
resembles the behavior of the exit film thickness he from Figures 5 and 6.

Some graphs of the additional pressure distribution N1 versus x for z = 0 are presented
in Figures 14 and 15. In a sense, the behavior of N1(x, 0) resembles the behavior of p(x)
from Figure 2.

Figure 12. Plots of the lubricant volume flux Q versus λ for different values of α0.
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Figure 13. Plots of the lubricant volume flux Q versus μp for different values of α0.

Figure 14. The plots N1 is constructed at z = 0 and λ = 1 for different values of α0.
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Figure 15. The plots N1 is constructed at z = 0 and λ = 3 for different values of α0.

7. One Problem Generalization

In the above analysis, a lubrication problem for two parallel cylinders of the same
radius has been considered. Now, let us briefly consider the generalization of this problem
on the case of two parallel cylinders with different radii R1 and R2. Then, in the same
coordinate system as before, all equations of the problem formulation remain the same as
before except for the boundary conditions for the lubricant velocity components, which
now look as follows

u(x,−H1(x)) = u1, u(x, H2(x)) = u2, (66)

w(x,−H1(x)) = −u1
dH1(x)

dx , w(x, H2(x)) = u2
dH2(x)

dx , (67)

and the equilibrium condition

xe∫
xi

[p(x)− τzz(x, H2(x))]dx = P, (68)

where z = −H1(x) and z = H2(x) are the cylinder surfaces which are represented by
equations

Hi(x) = he
2 + x2−x2

e
2Ri

, i = 1, 2, h(x) = H1(x) + H2(x),

Hi(x) = hi0(x0) + αhi1(x0) + . . . , i = 1, 2, he = he0 + αhe1 + . . . ,
(69)

h0(x0) = h10(x0) + h20(x0) = he0 +
x2

0−x2
e0

2Re
,

h1(x0) = h11(x0) + h21(x0) = he1 +
xe1
Re
[ x0(x0−xi)

xe0−xi
− xe0],

(70)

where Re is the effective radius of the cylinders, 1/Re = 1/R1 + 1/R2.
The analysis of the system of these equations is conducted for α � 1 in the manner

similar to the one used above, but in (13), the variable z remained intact. The assumptions
(11) and (23) regarding α and λ1 remain the same. Then, using the same dimensionless
variables as in (16) and asymptotic representations of solution components in which terms
proportional to h1 are omitted, one obtains Equations (29)–(32), in which terms proportional
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to h1 are omitted. To derive the expressions for u0, w0, and u1, one needs to use asymptotic
boundary conditions (34) and (35) following from (66) and (67), in which h1(x0)

2 on the lower
and upper surfaces should be replaced by h11(x0) and h21(x0), respectfully.

After that, the expressions for u0, w0, and u1 have the form

u0(x0, z) = (u2h10+u1h20)
h0

+ (u2−u1)
h0

z + (z− h20)(z + h10)
1

2μ
dp0
dx0

, (71)

w0(x0, z) = −u1
dh10
dx0

+ (u1 − u2)
(z+h10)

2

2h2
0

dh20
dx0

+ (u1 − u2)
(z+h10)(z−h10−2h20)

2h2
0

dh10
dx0

+((z + h10)(z− h10 − 2h20)
dh10
dx0

− (z + h10)
2 dh20

dx0
) 1

4μ
dp0
dx0

+(z + h10)
2(z− h10 − 2h20)

1
6μ

d2 p0
dx2

0
,

(72)

u1(x0, z) = xe1
(x0−xi)
(xe0−xi)

[(h20 − z) dh10
dx0

+ (h10 + z) dh20
dx0

] 1
2μ

dp0
dx0

+[(z− h20)h11 − h21(z + h10)]
1

2μ
dp0
dx0

+ (u2 − u1)xe1
(x0−xi)
(xe0−xi)

[(z− h20)
dh10
dx0

+(h10 + z) dh20
dx0

] 1
h2

0
+ (z− h20)(z + h10)

1
2μ

dp1
dx0
− (u2 − u1)(zh1 + h12h10 − h11h20)

1
h2

0

− 3λ2μp

μ2
dp0
dx0
{3(u2 − u1)

2(z− h21)(z + h11)
1

2h2
0
+ (u2 − u1)(z− h21)(z + h11)(z

+ h11−h21
2 ) 1

h0

1
μ

dp0
dx0

+ (z− h21)(z + h11)(z2 − h11 + h21 +
h2

11+h2
21

2 ) 1
4μ2 (

dp0
dx0

)2}

+
λμp
2α0μ (z− h20)(z + h10){(u2 − u1)

2 1
h3

0

dh0
dx0

+ u1+u2
2

1
μ

d2 p0

dx2
0
− h2

0
4μ2

dp0
dx0

d2 p0

dx2
0

− h0
4μ2

dh0
dx0

(
dp0
dx0

)2}+ Re0
α0μ (z− h20)(z + h10){−(u2 − u1)

1
24h3

0
[(u2 − u1)[3h2

10

+3(z + h20)h10 + z2 + h20z + h2
20] + 4u1h0(z + 2h10 + h20)]

dh0
dx0

+[−(z + 2h10 + h20)
h0u1

3 + 1
4 (u1 − u2

3 )[3h2
10 + 3(z + h20)h10 + z2 + zh20 + h2

20]

−(u1 − u2)(2h2
10 + 2(z + h20)h10 + z2 + h2

20)(z + 2h10 + h20)
1

15h0
] 1

4μ
d2 p0

dx2
0

−u1(z + 2h10 + h20)
1

12μ
dh0
dx0

dp0
dx0

+ [4z4 + 4(5h10 + h20 − 3h0)z3 + (40h2
10

+4(5h20 − 12h0)h10 + 4h2
20 − 12h20h0 + 15h2

0)z
2

+(40h3
10 + 8(5h20 − 9h0)h2

10 + (45h2
0 − 48h20h0 + 20h2

20)h10 + 4h3
20 − 12h2

20h0

+15h2
0h20)z + 20h4

10 + 8(−6h0 + 5h20)h3
10 + (45h2

0 − 72h20h0 + 40h2
20)h

2
10

+(45h2
0h20 − 48h2

20h0 + 20h3
20)h10 + 4h4

20 − 12h3
20h0 + 15h2

20h2
0]

1
1440μ2

dp0
dx0

d2 p0

dx2
0

+[3h2
10 + 3(z + h20)h10 + z2 + h20z + h2

20]
h0

96μ2
dh0
dx0

(
dp0
dx0

)2}.

(73)

The Reynolds equations of the first and second order are derived from the equation (for
comparison, see (41))

d
dx

H2∫
−H1

u(x, z)dz = 0. (74)
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Using the obtained asymptotic solution representations, one derives the zero-order Reynolds
equation

d
dx0

h20∫
−h10

u0(x0, z)dz = 0, (75)

and the first-order Reynolds equation

d
dx0
{

h20∫
−h10

u1∗(x0, z)dz + h11u1 + h21u2} = 0. (76)

Substitution of the expressions for u0 and u1 from (71) and (73) into (75) and (76) leads
to precisely the same Reynolds Equations (44) and (45) with boundaries (46) and (47) and
additional conditions (49) and (50) derived for the case of cylinders of the same radius R;
however, in this case, 1/Re = 1/R1 + 1/R2. The rest of the analysis is identical with the
one conducted above for the case of cylinders of the same radius R.

Formulas for the friction forces Ff r± and energy loss E obviously become transformed
to the following ones

Ff r− =
xe∫
xi

τxz(x,−H1(x))dx,

Ff r+ =
xe∫
xi

τxz(x, H2(x))dx,

E =
xe∫
xi

dx
H2∫
−H1

τxz(x, z) ∂u(x,z)
∂z dz.

(77)

8. Conclusions

This study is concerned with the new asymptotic solution of the steady hydrodynamic
problem of lubrication of two rigid cylinders rolling and sliding over each other and then
being separated from each other by a non-Newtonian fluid described by the Geisekus
rheology. The problem is considered in the case when the lubricant mobility factor α,
lubricant relaxation time λ1, and characteristic dimensionless gap ε are of the same order
of magnitude. Using the modification of the regular perturbation method, it was possible
to simplify the original rheological equation of the Giesekus model and to obtain the
first two Reynolds equations for determining the main and first terms of the asymptotic
expansion of contact pressure with respect to small mobility factor α. The solutions of these
equations are obtained analytically. Using these solutions, the coordinate of the exit point
from the contact and the exit lubrication film thickness were determined. After that, it
was numerically investigated the influence of the problem input parameters on contact
pressure, lubrication film thickness, lubricant flux, friction force, contact energy loss, etc.
For α = 0, the Giesekus rheology turns into the convected Maxwell one. Graphs show that
as the mobility factor α increases, the problem characteristics significantly deviate from
the ones for the convected Maxwell case. Also, the solution demonstrates a significant
dependence on the lubricant relaxation time. Therefore, the conclusion can be drawn that
neglecting to take into account the lubricant mobility factor and lubricant relaxation time
can lead to a significantly distorted picture of what is going on in a lubricated contact.
The relatively simple solution obtained in the study would allow us to take into account
the details of a complex rheology of lubricating oils.
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Abstract: The effect of high contrast on the multiscale behaviour of elastic laminates is studied.
Mathematical modelling in this area is of significant interest for a variety of modern applications,
including but not limited to advanced sandwich structures and photovoltaic panels. As an example,
the antiplane shear of a symmetric, three-layered plate is considered. The problem parameters
expressing relative thickness, stiffness and density are assumed to be independent. The high contrast
may generally support extra length and time scales corresponding to degenerated boundary layers
and propagating long-wave low-frequency vibration modes. The main focus is on the relation
between these two phenomena. The developed multiparametric approach demonstrates that those
do not always appear simultaneously. The associated explicit estimates on contrast parameters are
established. In addition, the recent asymptotic extension of the classical Saint-Venant’s principle
is adapted for calculating the contribution of the degenerate boundary layer or long-wave low-
frequency propagation mode. The peculiarity of the limiting absorption principle in application to
layered media is also addressed.

Keywords: laminate; high contrast; multiparametric; multiscale; asymptotic; Saint-Venant’s principle;
boundary layer; long-wave; low-frequency; radiation conditions

MSC: 74J05; 74B05; 74G50

1. Introduction

The mathematical modelling of layered elastic structures has been a subject of numer-
ous publications; see, e.g., [1–4] and references therein. More recently, a growing interest in
high-contrast laminates has been inspired by modern important applications, including
laminated glass, photovoltaic panels, lightweight sandwich-type structures; see, e.g., [5–8].
In addition, we mention the related contributions [9–11].

Two of the most significant observations regarding high-contrast layered structures
include a degeneration of the boundary layers, demonstrating slow decay into the interior,
studied in [12–15], along with the emergence of a specific low-frequency shear vibration
spectra, characterised by a small cut-off frequency with the value tending to zero as powers
of small parameters standing for contrast (see [16]) treating three-layered symmetric papers
for several mechanical and geometrical setups; see also [17]. The eigenvalue problem
on the plate’s transverse cross section also arises in the case of free longitudinal vibra-
tions of a strongly inhomogeneous, three-component rod [18]. The presence of an extra
low-frequency shear mode supports two-mode long-wave low-frequency asymptotic theo-
ries for asymmetric three-layered strips, subject to antiplane elastic deformation; see [19].
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The cited paper also suggests a non-trivial asymptotic generalisation of Saint-Venant’s prin-
ciple for the considered high-contrast scenario, stating the consistent boundary conditions
(see also [20]) for extension to the anti-plane shear of multi-layered structures. The extra
approximate boundary condition in [19] ensures the equilibrium of stress couples applied
along the contour of a soft layer. The number of extra asymptotic boundary conditions
in [20] coincides with that of soft layers and may be interpreted in a similar manner.

The relation between the degenerated boundary layers and the extra low-frequency
modes has not yet been studied systematically, with the exception of [19], addressing only
one specific parametric setup. At the same time, the static analysis in [12–14] is mainly
restricted to studying the roots of the related transcendental equation without a more
general insight into the peculiarities of the stress and strain fields. The main objective
of the present paper is elucidation of the link between these two phenomena. Enhanced
understanding of this link is relevant for new technological advances over virtually all of
the above-mentioned applications, including modern sandwich panels.

A basic example of the antiplane problem in dynamic elasticity for a three-layered
high-contrast symmetric laminate with Neumann boundary conditions on the faces is
considered. The results of the full multiparametric analysis are presented for the anti-
symmetric low-frequency wave. In this case, the ratios of thicknesses, stiffnesses and
densities of the layers are assumed to be independent of each other. The tackled exam-
ple clearly illustrates a multiscale nature of the high contrast effect. Indeed, it brings an
extra relatively large length scale (compared to thickness) corresponding to a degenerate
boundary layer, as well an extra time scale (small compared to the time elastic waves take
to propagate the distance of order thickness) associated with the lowest cut-off, in addition
to laminate thickness. Obviously, the aforementioned length and time scales do not arise in
non-contrast situations.

It is established that the extra low-frequency modes do not always accompany the
degenerate boundary layers. It is shown that both uniform and non-uniform approxi-
mations of the associated dispersion curve are possible. The asymptotic bounds on the
problem parameters, corresponding to various options are found. Numerical illustrations
are presented.

Another emphasis of the paper is on the explicit solution of the forced problem for a
semi-infinite symmetric three-layered strip with traction-free faces under a self-equilibrated
edge stress. The decay condition in [19] generalising Saint-Venant’s principle is adapted.
Above the cut-off frequency, this transforms to a radiation condition aimed at excluding
the long-wave propagating mode; see [21] for more detail. As a result, the amplitude of the
mode of interest is found. In addition, the peculiarity of the implementation of the limiting
absorption principle for layered structures is briefly addressed for the long propagating
mode originating from the cut-off in question. Along with the analysis of the coexistence of
slowly decaying boundary layers and low-frequency vibration modes, this also contributes
to the novelty of the paper.

The paper is organised as follows. The problem is formulated in Section 2 with the
dispersion relation and the associated eigensolutions derived in Section 3. Section 4 is
concerned with multiparametric analysis of the dispersion relation. The main result of
the paper addressing the general issue of the relation between the degenerated boundary
layer and the low-frequency cut-off is also exposed in this section. The explicit solution
to the forced time-harmonic problem for a semi-infinite three-layered strip is obtained in
Section 5. Several concluding remarks are summarised in Section 6.

2. Problem Statement

Consider a semi-infinite, three-layered, symmetric, elastic laminate; see Figure 1. Let
the horizontal axe pass through the middle of the inner layer. Then, the latter occupies
the domain {0 ≤ x1 < ∞, −h1 ≤ x2 ≤ h1, −∞ < x3 < ∞}, whereas the outer skin layers
are located at {0 ≤ x1 < ∞, h1 ≤ |x2| ≤ h1 + h2, −∞ < x3 < ∞}. Below, we focus on
antiplane shear motion, with the displacement field given by u = (0, 0, u3(x1, x2, t)), more
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specifically, on an antisymmetric problem, for which the out-of-plane displacement satisfies
u3(x1,−x2, t) = −u3(x1, x2, t).

x1

0

x3

x2

h1
f (x2, t)

h1 + h2
traction-free

traction-free

−h1

−h1 − h2

Figure 1. Schematic of a three-layered laminate.

The wave equations of motion are written conventionally as

Δu3 −
1
c2

∂2u3

∂t2 = 0, (1)

where Δ =
∂2

∂x2
1
+

∂2

∂x2
2

is the two-dimensional Laplacian in x1 and x2, and the transverse

wave speed c is defined as

c =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

√
μ1

ρ1
, |x2| ≤ h1;

√
μ2

ρ2
, h1 ≤ |x2| ≤ h1 + h2.

(2)

Here, μi and ρi (i = 1, 2) stand for the shear moduli and volume mass densities of the core
and skin layers, respectively.

The traction-free boundary conditions at the faces x2 = ±(h1 + h2) are assumed, i.e.,

σ32 = 0, (3)

while the perfect contact conditions along the interfaces x2 = ±h1 are formulated as

[u] = 0, [σ32] = 0, (4)

where [ ] indicate jumps of the associated quantities.
Here and below, the stresses σ3j (j = 1, 2) are given by

σ3j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
μ1

∂u3

∂xj
, |x2| ≤ h1;

μ2
∂u3

∂xj
, h1 ≤ |x2| ≤ h1 + h2.

(5)

In addition, let a shear edge loading be modelled by the boundary condition

σ31 = f (x2, t) (6)
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at x1 = 0, where f (x2, t) is a prescribed stress, being an odd function in x2, for the sake of
simplicity, in order to exclude the fundamental mode from the consideration. At infinity
x1 → ∞, we impose decay or radiation conditions on the sought-for solution.

The formulated problem has a clear multiparametric nature, characterised by several
dimensionless parameters, including the relative stiffness, density and thickness, given by

μ =
μ1

μ2
, ρ =

ρ1

ρ2
, and h =

h1

h2
. (7)

Below all of them are assumed to be independent unless specified otherwise. The prob-
lem apparently provides the simplest step forward from 1D analysis in [18] to a 2D setup.

3. Dispersion Relation

First, we introduce the travelling wave ansatz for the displacement in the form

u3 = A(x2)ei(kx1−ωt), (8)

where k and ω conventionally denote the wave number and angular frequency, respectively,
and A(x2) is a sought for odd function; hence, below, we may restrict ourselves to the
interval 0 ≤ x2 ≤ h1 + h2.

Then, we infer from (1) that

A(x2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
A1 sin(α1η), 0 ≤ η ≤ h

h + 1
;

A2 sin(α2η) + A3 cos(α2η),
h

h + 1
≤ η ≤ 1,

(9)

where
η =

x2

h1 + h2
(10)

is the dimensionless transverse variable; A1, A2 and A3 are arbitrary real constants; and the
parameters α1 and α2 are defined by

α1 =
√
(1 + h−1)2Ω2

1 − K2, α2 =
√
(1 + h)2Ω2

2 − K2, (11)

with

K = k(h1 + h2), and Ωj = ωhj

√
ρj

μj
, j = 1, 2, (12)

standing for the dimensionless wave number and frequencies, respectively.
Next, inserting (8) and (9) into boundary and interfacial conditions (3) and (4), we

arrive at the dispersion relation

α2

α1
tan

(
α1h

1 + h

)
tan

(
α2

1 + h

)
= μ. (13)

The eigenform amplitude A(x2) is then given by

A(x2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C cos

(
α2

h + 1

)
sec(α2) csc

(
α1h

h + 1

)
sin(α1η), 0 ≤ η ≤ h

h + 1
;

C[tan(α2) sin(α2η) + cos(α2η)],
h

h + 1
≤ η ≤ 1,

(14)

where C is an arbitrary constant.
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In what follows, we consider the long-wave low-frequency behaviour of this disper-
sion relation, assuming that

|K| � 1 and Ωi � 1. (15)

This setup has been earlier defined as a global low-frequency one (see [18]), since it is asso-
ciated with polynomial variation of the sought-for displacement field across the thickness
within each of the layers. The absolute value of K in (15) indicates that both propagating
and evanescent modes are studied.

4. Multiparametric Analysis

Below, the dispersion relation (13) is subject to asymptotic analysis in three inde-
pendent parameters (7) over the long-wave low-frequency domain (15). As mentioned
above, the focus is on the relation between the two most importance consequences of high
contrast, namely the degeneration of boundary layers and the shift of cut-off frequencies
to the low-frequency domain. It is worth noting that the latter are related to specific extra
scales, including a large length scale and slow time scale, respectively. For these scales,
a typical decaying rate is much greater than the laminate thickness, and a characteris-
tic time considerably exceeds that elastic waves take to propagate the distance between
laminate faces.

Consider first the static limit at Ωi = 0. In this case, the transcendental equation has
small imaginary roots

K = ±iK∗ ,

where, at leading order,

K∗ ≈
√

μ

h
(h + 1)� 1, (16)

provided that

μ � h
(h + 1)2 . (17)

In contrast to homogeneous structures, the root K∗ corresponds to the so-called degenerated
boundary layer, which does not decay at the distances of order thickness away from the
edge. The asymptotic behaviour (16) was earlier established in [12]. However, the two-
parametric origin of the problem was not taken into consideration; namely, it was supposed
that h ∼ 1. As a result, the restriction (17) has not appeared in the cited paper.

Next, turn to the asymptotic analysis of the lowest cut-off frequencies, coming from
the dispersion relation (13) at K = 0. In this case, the aforementioned global low-frequency
regime (Ωj � 1, j = 1, 2) takes place over the following parameter range:

μ � h � 1
ρ

, (18)

see [16,18] for more detail. Then, for the sought-for cut-off frequency

Ω2 = Ω∗ ≈
√

μ

h
(19)

or

Ω1 =

√
ρ

μ
h Ω∗ ≈

√
ρh. (20)

It might be easily verified that a non-contrast setup, for which Ω∗ ∼ 1, does not support
low-frequency cut-offs.

Let us now investigate the inequalities (17) and (18) simultaneously. First of all, it
is clear that for h � 1, i.e., excluding the laminates with thin skin, the condition (18)
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guarantees not only a low cut-off, but also a slowly decaying static boundary layer. More
generally, both phenomena occur when

μ � h
(h + 1)2 and h � 1

ρ
. (21)

In particular, for h � 1, i.e., for conventional sandwiches with thin skin, the low-frequency
vibration mode appears along with the strongly localised static boundary layer (typical of
homogeneous or weakly inhomogeneous structures), provided that

1
h
� μ � h � 1

ρ
. (22)

Next, by taking leading-order Taylor expansions, we derive a shortened form of the
dispersion relation (13). It is given by

α2
2 = μ

(1 + h)2

h
, (23)

or, equivalently,

Ω2
2 −

K2

(1 + h)2 = Ω2
∗. (24)

As might be expected, the last equation implies the values of K = K∗ at Ω2 = 0,
and also Ω2 = Ω∗ at K = 0, which is in agreement with the estimates (16) and (19),
respectively. Moreover, it is obvious that the approximation (24) of the full dispersion
relation is uniformly valid over the domain

|K| ≤ K∗, 0 ≤ Ω2 ≤ Ω∗, (25)

provided that the conditions (17) and (18) are satisfied. The shortened dispersion relation (24)
also shows that the quasi-static limit occurs at Ω2 � Ω∗.

At the same time, above the cut-off frequency, the validity range of the approximation (24)
is given by

K � min
{

1,
1 + h

h

√
μ

ρ

}
(26)

and

Ω2
2 −Ω2

∗ � min
{

1
(1 + h)2 ,

Ω2
∗

ρh

}
. (27)

These strong inequalities generalise earlier considerations for one-parametric setups
in [16,19].

Let us now present several graphical illustrations highlighting the observations above.
First, we present a sketch characterising the domains corresponding to conditions (17) and
(18) in parametric space. For the sake of clarity, we present a 2D graph in μ and h only, but

bearing in the mind the restriction h � 1
ρ

, which is assumed to be valid. The highlighted

domains in Figure 2 correspond to various ranges of the dimensionless parameters μ
and h, defined by the conditions (17) and (18), for which the latter are either satisfied
simultaneously (yellow), or the relation (18) holds but (17) is violated (green), or when both
(17) and (18) fail (blue).

Now, let us illustrate the case of a small cut-off frequency along with a rapidly decaying
boundary layer, i.e., when the the strong inequalities (18) are satisfied but condition (17) is
violated. It is clearly seen from Figure 3, displaying the approximate curve (24) covering
both domains of the real and imaginary wavenumber K. The approximate value in the
static limit at Ω2 = 0 and K ≈ 3.5i on the approximate curve (24) is far off from the
numerical solution of the exact dispersion relation (13) at Ω2 = 0, K∗ ≈ 1.6i. At the same
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time, the approximate curve is clearly passing very close to the exact point of the cut-off
frequency K = 0, Ω2 = Ω∗.

Figure 2. Validity of the strong inequalities (17) and (18) in μ-h plane.

Figure 3. Approximation (24), the exact static limit K∗, and the lowest cut-off frequency Ω∗ for the
dimensionless parameters (7) chosen as μ = 1, h = 10, ρ = 0.01.

An opposite scenario is presented in Figure 4, in which the parameters μ = 0.1, h = 1
and ρ = 10 are chosen such that the condition (17) is satisfied, and the inequalities (18) do
not hold. Consequently, it is observed that the approximate curve (24) passes close to the
static limit K∗, but misses considerably on the cut-off frequency Ω∗.

Figure 4. Approximation (24) and the exact static limit K∗ and lowest cut-off frequency Ω∗ for the
dimensionless parameters (7) taken as μ = 0.1, h = 1, ρ = 10.

Finally, we are displaying the setup when both conditions (17) and (18) are satisfied;
see Figure 5. In this case, the approximate curve (24) is shown by a dashed line and is
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complemented by the exact dispersion (13), depicted by solid curve. It is also remark-
able that approximation (24) provides a uniform approximation both for decaying and
propagating modes.

Figure 5. Dispersion curve (13) (solid line) and its approximation (24) (dashed line) for the dimen-
sionless parameters (7) specified as μ = 0.1, h = 1, and ρ = 0.1.

5. Forced Vibration

Consider now time-harmonic forced vibration of a semi-infinite laminate, starting
from the formulation in Section 2. For the sake of simplicity, restrict ourselves to a one-
parametric scenario in which μ � 1, h ∼ 1 and ρ ∼ μ. In this case, as follows from (14),
the leading-order behaviour of the eigenform becomes

A(x2) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
C

h + 1
h

η, 0 ≤ η ≤ h
h + 1

;

C,
h

h + 1
≤ η ≤ 1.

(28)

To determine the constant C, we adapt the decay conditions in [19,20], generalising the
classical Saint-Venant’s principle for high-contrast laminates. For a three-layered symmetric
structure excited by a prescribed (self-equilibrated) shear edge stress P(x2), an appropriate
asymptotic condition becomes

h1∫
0

x2P(x2)dx2 + h1

h1+h2∫
h1

P(x2)dx2 = 0. (29)

This condition ensures the static equilibrium of the soft layer with respect to stress
couples applied to both its edge and interfaces; in doing so, the first and second terms
in (29) correspond to the contributions of edge x1 = 0 and interfaces x2 = ±h1, x1 > 0,
respectively. In fact, this condition is also applicable at leading-order to low-frequency
vibration, see [22]. Below, the factor e−iωt is assumed to be omitted. Note that for the
frequencies above the cut-off Ω∗, this condition becomes a radiation one, prohibiting
long-wave propagating modes; see [21].

Let us now implement the substitution

P(x2) = f (x2)− σ31(0, x2), (30)

in (29), where σ31 is calculated from (5) starting from the leading-order eigenform (28). This
guarantees rapid decay (at the scale of the thickness) of the boundary layer corresponding
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to the discrepancy between the given edge load f (x2) and the stress σ31(0, x2) associated
with the low-frequency mode of interest. As a result, we arrive at

C ≈ 1
ikμ2h1h2

⎡⎣ h1∫
0

x2 f (x2)dx2 + h1

h1+h2∫
h1

f (x2)dx2

⎤⎦. (31)

The related wave number in the exponential term in (8) is approximated from (24) by

k ≈ i
1
h2

√
r, (32)

below the cut-off, and

k ≈ 1
h2

√
r, (33)

above the cut-off, where

r =
μ1h2 − ρ2ω2h1h2

2
μ2h1

. (34)

The last expression satisfies the Sommerfeld radiation principle, also giving room for
the simple implementation of the alternative limiting absorption principle; see [23,24] and
references therein. To this end, we assume in (34)

μj = μj0(1− iγj), j = 1, 2, (35)

where γj � 1. As a result,

r =
h2
(
μ10(1− iγ1)− ρ2ω2h1h2

)
(1 + iγ2)

h1μ20(1 + γ2
2)

. (36)

It may be seen from the latter that when Ω2 = Ω∗,

r = − iγ1h2μ10(1 + iγ2)

h1μ20(1 + γ2
2)

. (37)

hence, on the cut-off frequency only the absorption over the soft inner layer appears in
the expression for Im(r). Clearly, for low-frequency propagating modes (with frequencies
above the cut-off) the absorption in both soft and stiff layers needs to be taken into consid-
eration. At the same time, as in most of the cases, the results coming from Sommerfeld and
limiting absorption principles agree with each other.

6. Conclusions

The developed multiparametric framework for high-contrast elastic laminates demon-
strates that degenerated boundary layers do not always coexist with specific low cut-off
frequencies. Explicit conditions in the form of strong inequalities on the contrast problem
parameters along with numerical illustrations are presented in Section 4.

For a semi-infinite strip, the amplitude of the mode varying slowly both in space
and time (decaying or propagating) is determined in Section 5 using a generalisation of
Saint-Venant’s principle [19,20] oriented to strongly inhomogeneous laminates. For low-
frequency propagating modes, it is shown that the implementation of the limiting absorp-
tion principle assumes taking into consideration small dissipation in both the core and skin
layers, whereas on the cut-off frequency, only the absorption in the soft inner layer plays
a role.

The basic example considered in the paper appears to be highly informative for
elucidating a number of important multiscale phenomena characteristic of high-contrast
laminates. In particular, it elucidates the general idea of the near-cut-off long-wave be-
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haviour typical for elastic waveguides with strong transverse inhomogeneity, characterised
by the transition from slowly decaying boundary layers to low-frequency propagating
modes. The established framework allows for various extensions, including asymmetric
multi-layered thinwalled structures of more general geometry; vector plane and 3D prob-
lems; and analysis of various boundary conditions along faces and interfaces, e.g., arising
at the mathematical modelling of elastic coatings.
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